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Analyzing Business
Data

1.1 DEFINITION OF BUSINESS STATISTICS

Statistics refers to the body of techniques used for collecting, organizing, analyzing, and interpreting data.
The data may be quantitative, with values expressed numerically, or they may be qualitative, with
characteristics such as consumer preferences being tabulated. Statistics is used in business to help make
better decisions by understanding the sources of variation and by uncovering patterns and relationships in
business data.

1.2 DESCRIPTIVE AND INFERENTIAL STATISTICS

Descriptive statistics include the techniques that are used to summarize and describe numerical data for the
purpose of easier interpretation. These methods can either be graphical or involve computational analysis (see
Chapters 2, 3, and 4).

EXAMPLE 1. The monthly sales volume for a product during the past year can be described and made meaningful by
preparing a bar chart or a line graph (as described in Section 2.11). The relative sales by month can be highlighted by
calculating an index number for each month such that the deviation from 100 for any given month indicates the percentage
deviation of sales in that month as compared with average monthly sales during the entire year.

Inferential statistics include those techniques by which decisions about a statistical population or process
are made based only on a sample having been observed. Because such decisions are made under conditions of
uncertainty, the use of probability concepts is required. Whereas the measured characteristics of a sample are
called sample statistics, the measured characteristics of a statistical population, or universe, are called
population parameters. The procedure by which the characteristics of all the members of a defined population
are measured is called a census. When statistical inference is used in process control, the sampling is concerned
particularly with uncovering and controlling the sources of variation in the quality of the output. Chapters 5
through 7 cover probability concepts, and most of the chapters after that are concerned with the application of
these concepts in statistical inference.

Copyright 2004, 1996, 1988, 1976 by The McGraw-Hill Companies, Inc. Click Here for Terms of Use.



2 ANALYZING BUSINESS DATA [CHAP. 1

EXAMPLE 2. 1In order to estimate the voltage required to cause an electrical device to fail, a sample of such devices can
be subjected to increasingly higher voltages until each device fails. Based on these sample results, the probability of failure
at various voltage levels for the other devices in the sampled population can be estimated.

1.3 TYPES OF APPLICATIONS IN BUSINESS

The methods of classical statistics were developed for the analysis of sampled (objective) data, and for the
purpose of inference about the population from which the sample was selected. There is explicit exclusion of
personal judgments about the data, and there is an implicit assumption that sampling is done from a static
(stable) population. The methods of decision analysis focus on incorporating managerial judgments into
statistical analysis (see Chapter 18). The methods of statistical process control are used with the premise that
the output of a process may not be stable. Rather, the process may be dynamic, with assignable causes
associated with variation in the quality of the output over time (see Chapter 19).

EXAMPLE 3. Using the classical approach to statistical inference, the uncertain level of sales for a new product would be
estimated on the basis of market studies done in accordance with the requirements of scientific sampling. In the decision-
analysis approach, the judgments of managers would be quantified and incorporated into the analysis. Statistical process
control would focus particularly on the pattern of sales in a sequence of time periods during test marketing of the product.

1.4 DISCRETE AND CONTINUOUS VARIABLES

A discrete variable can have observed values only at isolated points along a scale of values. In business
statistics, such data typically occur through the process of counting; hence, the values generally are expressed as
integers (whole numbers). A continuous variable can assume a value at any fractional point along a specified
interval of values. Continuous data are generated by the process of measuring.

EXAMPLE 4. Examples of discrete data are the number of persons per household, the units of an item in inventory, and
the number of assembled components that are found to be defective. Examples of continuous data are the weight of a
shipment, the length of time before the first failure of a device, and the average number of persons per household in a large
community. Note that an average number of persons can be a fractional value and is thus a continuous variable, even though
the number per household is a discrete variable.

1.5 OBTAINING DATA THROUGH DIRECT OBSERVATION VS. SURVEYS

One way data can be obtained is by direct observation. This is the basis for the actions that are taken in
statistical process control, in which samples of output are systematically assessed. Another form of direct
observation is a statistical experiment, in which there is overt control over some or all of the factors that may
influence the variable being studied, so that possible causes can be identified.

EXAMPLE 5. Two methods of assembling a component could be compared by having one group of employees use one of
the methods and a second group of employees use the other method. The members of the first group are carefully matched
to the members of the second group in terms of such factors as age and experience.

In some situations it is not possible to collect data directly but, rather, the information has to be obtained
from individual respondents. A statistical survey is the process of collecting data by asking individuals to
provide the data. The data may be obtained through such methods as personal interviews, telephone interviews,
or written questionnaires.

EXAMPLE 6. An analyst in a state’s Department of Economic Security may need to determine what increases or
decreases in the employment level are planned by business firms located in that state. A standard method by which such data
can be obtained is to conduct a survey of the business firms.
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1.6 METHODS OF RANDOM SAMPLING

Random sampling is a type of sampling in which every item in a population of interest, or target
population, has a known, and usually equal, chance of being chosen for inclusion in the sample. Having such a
sample ensures that the sample items are chosen without bias and provides the statistical basis for determining
the confidence that can be associated with the inferences (see Chapters 8 and 9). A random sample is also called
a probability sample, or scientific sample. The four principal methods of random sampling are the simple,
systematic, stratified, and cluster sampling methods.

A simple random sample is one in which individual items are chosen from the target population on the basis
of chance. Such chance selection is similar to the random drawing of numbers in a lottery. However, in
statistical sampling a table of random numbers or a random-number generator computer program generally is
used to identify the numbered items in the population that are to be selected for the sample.

EXAMPLE 7. Appendix 1 is an abbreviated table of random numbers. Suppose we wish to take a simple random
sample of 10 accounts receivable from a population of 90 such accounts, with the accounts being numbered 01 to 90. We
would enter the table of random numbers “blindly” by literally closing our eyes and pointing to a starting position. Then
we would read the digits in groups of two in any direction to choose the accounts for our sample. Suppose we begin
reading numbers (as pairs) starting from the number on line 6, column 1. The 10 account numbers for the sample would
be 66, 06, 59, 94, 78, 70, 08, 67, 12, and 65. However, since there are only 90 accounts, the number 94 cannot be
included. Instead, the next number (11) is included in the sample. If any of the selected numbers are repeated, they are
included only once in the sample.

A systematic sample is a random sample in which the items are selected from the population at a uniform
interval of a listed order, such as choosing every tenth account receivable for the sample. The first account of the
10 accounts to be included in the sample would be chosen randomly (perhaps by reference to a table of random
numbers). A particular concern with systematic sampling is the existence of any periodic, or cyclical, factor in
the population listing that could lead to a systematic error in the sample results.

EXAMPLE 8. If every twelfth house is at a corner location in a neighborhood surveyed for adequate street lighting, a
systematic sample would include a systematic bias if every twelfth household were included in the survey. In this case, either
all or none of the surveyed households would be at a corner location.

In stratified sampling the items in the population are first classified into separate subgroups, or strata,
by the researcher on the basis of one or more important characteristics. Then a simple random or systematic
sample is taken separately from each stratum. Such a sampling plan can be used to ensure proportionate
representation of various population subgroups in the sample. Further, the required sample size to achieve a
given level of precision typically is smaller than it is with simple random sampling, thereby reducing
sampling cost.

EXAMPLE 9. In a study of student attitudes toward on-campus housing, we have reason to believe that important
differences may exist between undergraduate and graduate students, and between men and women students. Therefore, a
stratified sampling plan should be considered in which a simple random sample is taken separately from the four strata: male
undergraduate, female undergraduate, male graduate, and female graduate.

Cluster sampling is a type of random sampling in which the population items occur naturally in subgroups.
Entire subgroups, or clusters, are then randomly sampled.

EXAMPLE 10. If an analyst in a state’s Department of Economic Security needs to study the hourly wage rates being
paid in a metropolitan area, it would be difficult to obtain a listing of all the wage earners in the target population.
However, a listing of the firms in that area can be obtained much more easily. The analyst then can take a simple
random sample of the identified firms, which represent clusters of employees, and obtain the wage rates being paid to
the employees of these firms.
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1.7 OTHER SAMPLING METHODS

Although a nonrandom sample can turn out to be representative of the population, there is difficulty in
assuming beforehand that it will be unbiased, or in expressing statistically the confidence that can be associated
with inferences from such a sample.

A judgment sample is one in which an individual selects the items to be included in the sample. The extent
to which such a sample is representative of the population then depends on the judgment of that individual and
cannot be statistically assessed.

EXAMPLE 11. Rather than choosing the records that are to be audited on some random basis, an accountant chooses the
records for a sample audit based on the judgment that these particular types of records are likely to be representative of the
records in general. There is no way of assessing statistically whether such a sample is likely to be biased, or how closely
the sample result approximates the population.

A convenience sample includes the most easily accessible measurements, or observations, as is implied by
the word convenience.

EXAMPLE 12. A community development office undertakes a study of the public attitude toward a new downtown
shopping plaza by taking an opinion poll at one of the entrances to the plaza. The survey results certainly are not likely to
reflect the attitude of people who have not been at the plaza, of people who were at the plaza but chose not to participate in
the poll, or of people in parts of the plaza that were not sampled.

A strict random sample is not usually feasible in statistical process control, since only readily available
items or transactions can easily be inspected. In order to capture changes that are taking place in the quality of
process output, small samples are taken at regular intervals of time. Such a sampling scheme is called the
method of rational subgroups. Such sample data are treated as if random samples were taken at each point in
time, with the understanding that one should be alert to any known reasons why such a sampling scheme could
lead to biased results.

EXAMPLE 13. Groups of four packages of potato chips are sampled and weighed at regular intervals of time in a
packaging process in order to determine conformance to minimum weight specifications. These rational subgroups provide
the statistical basis for determining whether the process is stable and in control, or whether unusual variation in the sequence
of sample weights exists for which an assignable cause needs to be identified and corrected.

1.8 USING EXCEL AND MINITAB TO GENERATE RANDOM NUMBERS

Computer software is widely available to generate randomly selected digits within any specified range of
values. Solved Problems 1.10 and 1.11 illustrate the use of Excel and Minitab, respectively, for selecting simple
random samples.

Solved Problems

DESCRIPTIVE AND INFERENTIAL STATISTICS

1.1. Indicate which of the following terms or operations are concerned with a sample or sampling (S), and
which are concerned with a population (P): (a) Group measures called parameters, (b) use of inferential
statistics, (c) taking a census, (d) judging the quality of an incoming shipment of fruit by inspecting
several crates of the large number included in the shipment.

(@) P, (b) S, () P, (d) S
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TYPES OF APPLICATIONS IN BUSINESS

1.2.

Indicate which of the following types of information could be used most readily in either classical statistical
inference (CI), decision analysis (DA), or statistical process control (PC): (@) Managerial judgments about
the likely level of sales for a new product, (b) subjecting every fiftieth car assembled to a comprehensive
quality evaluation, (c¢) survey results for a simple random sample of people who purchased a particular
automobile model, (d) verification of bank account balances for a systematic random sample of accounts.

(a) DA, (b) PC, (c) CI, (d) CI

DISCRETE AND CONTINUOUS VARIABLES

1.3.

For the following types of values, designate discrete variables (D) and continuous variables (C):
(a) Weight of the contents of a package of cereal, (b) diameter of a bearing, (¢) number of defective
items produced, (d) number of individuals in a geographic area who are collecting unemployment
benefits, (e) the average number of prospective customers contacted per sales representative during the
past month, (f) dollar amount of sales.

(@) C, (b)C, (c) D, (d) D, (e) C, (f) D (Note: Although monetary amounts are discrete, when the amounts are large
relative to the one-cent discrete units, they generally are treated as continuous data.)

OBTAINING DATA THROUGH DIRECT OBSERVATION VS. SURVEYS

1.4.

1.5.

1.6.

Indicate which of the following data-gathering procedures would be considered an experiment (E), and
which would be considered a survey (S): (a) A political poll of how individuals intend to vote in
an upcoming election, (b) customers in a shopping mall interviewed about why they shop there,
(c) comparing two approaches to marketing an annuity policy by having each approach used in
comparable geographic areas.

(@8, (b)S, () E

In the area of statistical measurements, such as questionnaires, reliability refers to the consistency of
the measuring instrument and validity refers to the accuracy of the instrument. Thus, if a questionnaire
yields similar results when completed by two equivalent groups of respondents, then the questionnaire can
be described as being reliable. Does the fact that an instrument is reliable thereby guarantee that it is valid?

The reliability of a measuring instrument does not guarantee that it is valid for a particular purpose. An
instrument that is reliable is consistent in the repeated measurements that are produced, but the measurements may
all include a common error, or bias, component. (See the next Solved Problem.)

Refer to Solved Problem 1.5, above. Can a survey instrument that is not reliable have validity for a
particular purpose?

An instrument that is not reliable cannot be valid for any particular purpose. In the absence of reliability, there
is no consistency in the results that are obtained. An analogy to a rifle range can illustrate this concept. Bullet holes
that are closely clustered on a target are indicative of the reliability (consistency) in firing the rifle. In such a case the
validity (accuracy) may be improved by adjusting the sights so that the bullet holes subsequently will be centered at
the bull’s-eye of the target. But widely dispersed bullet holes would indicate a lack of reliability, and under such a
condition no adjustment in the sights can lead to a high score.

METHODS OF RANDOM SAMPLING

1.7.

For the purpose of statistical inference a representative sample is desired. Yet, the methods of statistical
inference require only that a random sample be obtained. Why?
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There is no sampling method that can guarantee a representative sample. The best we can do is to void any
consistent or systematic bias by the use of random (probability) sampling. While a random sample rarely will be
exactly representative of the target population from which it was obtained, use of this procedure does guarantee that
only chance factors underlie the amount of difference between the sample and the population.

An oil company wants to determine the factors affecting consumer choice of gasoline service stations in
a test area, and therefore has obtained the names and addresses of and available personal information for
all the registered car owners residing in that area. Describe how a sample of this list could be obtained
using each of the four methods of random sampling described in this chapter.

For a simple random sample, the listed names could be numbered sequentially, and then the individuals to be
sampled could be selected by using a table of random numbers. For a systematic sample, every nth (such as 5th)
person on the list could be contacted, starting randomly within the first five names. For a stratified sample, we can
classify the owners by their type of car, the value of their car, sex, or age, and then take a simple random or
systematic sample from each defined stratum. For a cluster sample, we could choose to interview all the registered
car owners residing in randomly selected blocks in the test area. Having a geographic basis, this type of cluster
sample can also be called an area sample.

OTHER SAMPLING METHODS

1.9.

Indicate which of the following types of samples best exemplify or would be concerned with either a
judgment sample (J), a convenience sample (C), or the method of rational subgroups (R): (a) Samples of
five light bulbs each are taken every 20 minutes in a production process to determine their resistance to
high voltage, (b) a beverage company assesses consumer response to the taste of a proposed alcohol-free
beer by taste tests in taverns located in the city where the corporate offices are located, (c) an opinion
poller working for a political candidate talks to people at various locations in the district based on the
assessment that the individuals appear representative of the district’s voters.

@R, (D) C, ()]

USING EXCEL AND MINITAB TO GENERATE RANDOM NUMBERS

1.10. A state economist wishes to obtain a simple random sample of 30 business firms from the 435

that are located in a particular part of the state. For convenience, the firms are identified by the ID
numbers 1 through 435. Use Excel to obtain the 30 ID numbers of the sampled firms to be included in
the study.

Figure 1-1 presents the Excel output that lists the sampled firms in rows 1 through 30 of the second column. By
the very nature of a random sample, your sampled firms will be different. The Excel instructions for selecting the
simple random sample of size n = 30 for this example are as follows:

(1) Open Excel. Place the integers from 1 to 435 in column A of the worksheet by first entering the number 1 in
cell Al. With cell A1 active (by clicking away from and back to A1, for instance), click Edit — Fill — Series
and open the Series dialog box.

(2) Select the Series in Columns button with Step value of 1 and Stop value of 435. Click OK, and the integers
1 to 435 will appear in column A.

(3) To identify the 30 firms to be sampled, click Tools — Data Analysis — Sampling. Designate the Input
Range as $A$1:3A$435, the Sampling Method as Random, the number of samples as 30, and the Output
Range as $B$1. Click OK, and the IDs of the randomly selected firms will appear in rows 1 through 30 of
column B.
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1.11.

1 186
2 70
3 371
4 307
5 343
6 1
7 427
8 292
] 261
10 126
11 392
12 316
13 12
14 184
15 44
16 107
17 435
18 338
19 178
20 14
21 382
22 349
23 269
24 79
25 330
26 76
27 108
28 317
29 115
30 247
31
32
*
433
434
435

Fig. 1-1 Excel output of a simple random sample.

A state economist wishes to obtain a simple random sample of 30 business firms from the 435 that are
located in a particular part of the state. For convenience, the firms are identified by the ID numbers 1
through 435. Use Minitab to obtain the 30 ID numbers of the sampled firms to be included in the study.

Figure 1-2 presents the Minitab output that lists the sampled firms in rows 1 through 30 of column C2. By the
very nature of a random sample, your sampled firms will be different. The Minitab instructions for selecting the
simple random sample of size n = 30 for this example are as follows:

(1) Open Minitab. Place the integers from 1 to 435 in column C1 as follows. Click Calc — Make Patterned
Data — Simple Set of Numbers. Then select Store patterned data in: C1 From first value: 1 To last
value: 435 In steps of: 1. Click OK, and the integers 1 to 435 will appear in column C1.

(2) Toidentify the 30 firms to be sampled, click Calc — Random Data — Samples from Columns. Then select
Sample 30 from column(s]: C1 and Store samples in: C2. Click OK, and the IDs of the randomly selected
firms will appear in rows 1 through 30 of column C2.
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(%] c2
1 1 425
2 2 256
3 3 403
4 4 322
5 5 349
8 [ 124
7 T 395
8 8 35
9 9 334
10 10 381
1 1" 72
12 12 100
13 13 236
14... 14 303
15 15 253
16 16 213
7 17 34
18 18 365
19 19 58
20 20 300
21 21 10
22 22 83
23 23 21
24 24 279
25 25 416
26 26 3N
27 27 325
28 28 110
29 29 275
30 30 179
31 31
32 32
. . .
433 433
434 434
435 436

Fig. 1-2 Minitab output of a single random sample.

Supplementary Problems

DESCRIPTIVE AND INFERENTIAL STATISTICS

1.12. Indicate which of the following terms or operations are concerned with a sample or sampling (S), and which are
concerned with a population (P): (a) Universe, (b) group measures called statistics, (c) application of probability
concepts, (d) inspection of every item that is assembled, (e) inspection of every 10th item that is assembled.
Ans. (a)P,(b)S, () S, (@ P, (e) S

TYPES OF APPLICATIONS IN BUSINESS

1.13. Indicate which of the following types of information could be used most readily in classical statistical inference
(CI), decision analysis (DA), or statistical process control (PC): (@) Questionnaire responses that are obtained from a
sample of current members of a professional organization, (b) customer ratings of an automobile service department
collected monthly, (c¢) investment analysts’ ratings of “new and emerging companies,” (d) wage and salary data
collected from a sample of employers in a metropolitan area.

Ans. (a) CL (b) PC, (¢) DA, (d) CI
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DISCRETE AND CONTINUOUS VARIABLES

1.14.  For the following types of values, designate discrete variables (D) and continuous variables (C): (a) Number of units
of an item held in stock, (b) ratio of current assets to current liabilities, (c) total tonnage shipped, (d) quantity
shipped, in units, (e) volume of traffic on a toll road, (f) attendance at the company’s annual meeting.

Ans. (@)D, (b)C,(c)C,(d D, (e)D,(f)D

OBTAINING DATA THROUGH DIRECT OBSERVATION VS. SURVEYS

1.15. Indicate which of the following data-gathering procedures would be considered an experiment (E), and which
would be considered a survey (S): (@) Comparing the results of a new approach to training airline ticket agents to
those of the traditional approach, (b) evaluating two different sets of assembly instructions for a toy by having two
comparable groups of children assemble the toy using the different instructions, (¢) having a product-evaluation
magazine send subscribers a questionnaire asking them to rate the products that they have recently purchased.
Ans. (@) E,(D)E, (¢) S

METHODS OF RANDOM SAMPLING

1.16.  Identify whether the simple random (R) or the systematic (S) sampling method is used in the following: (a) Using a
table of random numbers to select a sample of people entering an amusement park and () interviewing every 100th
person entering an amusement park, randomly starting at the 55th person to enter the park.

Ans. (a) R, (b) S

1.17.  For the following group-oriented sampling situations, identify whether the stratified (St) or the cluster (C) sampling
method would be used: (a) Estimating the voting preferences of people who live in various neighborhoods and
(b) studying consumer attitudes with the belief that there are important differences according to age and sex.
Ans. (a) C, (b) St

OTHER SAMPLING METHODS

1.18.  Indicate which of the following types of samples best exemplify or would be concerned with a judgment sample (J),
a convenience sample (C), or the method of rational subgroups (R): (@) A real estate appraiser selects a sample of
homes sold in a neighborhood, which seem representative of homes located there, in order to arrive at an estimate of
the level of home values in that neighborhood, (b) in a battery-manufacturing plant, battery life is monitored every
half hour to assure that the output satisfies specifications, (c) a fast-food outlet has company employees evaluate a
new chicken-combo sandwich in terms of taste and perceived value.

Ans. (a)J, ()R, (¢) C

USING COMPUTER SOFTWARE TO GENERATE RANDOM NUMBERS

1.19.  An auditor wishes to take a simple random sample of 50 accounts from the 5,250 accounts receivable in a large firm.
The accounts are sequentially numbered from 0001 to 5250. Use available computer software to obtain a listing
of the required 50 random numbers.



Statistical
Presentations and
Graphical Displays

2.1 FREQUENCY DISTRIBUTIONS

A frequency distribution is a table in which possible values for a variable are grouped into classes, and the
number of observed values which fall into each class is recorded. Data organized in a frequency distribution are
called grouped data. In contrast, for ungrouped data every observed value of the random variable is listed.

EXAMPLE 1. A frequency distribution of weekly wages is shown in Table 2.1. Note that the amounts are reported to the
nearest dollar. When a remainder that is to be rounded is “exactly 0.5” (exactly $0.50 in this case), the convention is to round
to the nearest even number. Thus a weekly wage of $259.50 would have been rounded to $260 as part of the data-grouping
process.

Table 2.1 A Frequency Distribution of
Weekly Wages for 100 Entry-
Level Workers

Weekly wage Number of workers (f)
$240-259 7
260-279 20
280-299 33
300-319 25
320-339 11
340-359 4
Total 100

10

Copyright 2004, 1996, 1988, 1976 by The McGraw-Hill Companies, Inc. Click Here for Terms of Use.
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2.2 CLASS INTERVALS

For each class in a frequency distribution, the lower and upper stated class limits indicate the values
included within the class. (See the first column of Table 2.1.) In contrast, the exact class limits, or class
boundaries, are the specific points that serve to separate adjoining classes along a measurement scale for
continuous variables. Exact class limits can be determined by identifying the points that are halfway between
the upper and lower stated class limits, respectively, of adjoining classes. The class interval identifies the range
of values included within a class and can be determined by subtracting the lower exact class limit from the
upper exact class limit for the class. When exact limits are not identified, the class interval can be determined by
subtracting the lower stated limit for a class from the lower stated limit of the adjoining next-higher class.
Finally, for certain purposes the values in a class often are represented by the class midpoint, which can be
determined by adding one-half of the class interval to the lower exact limit of the class.

EXAMPLE 2. Table 2.2 presents the exact class limits and the class midpoints for the frequency distribution in Table 2.1.

Table 2.2 Weekly Wages for 100 Entry-Level Workers

Weekly wage
(class limits) Exact class limits* Class midpoint Number of workers
$240-259 $239.50-259.50 $249.50 7
260-279 259.50-279.50 269.50 20
280-299 279.50-299.50 289.50 33
300-319 299.50-319.50 309.50 25
320-339 319.50-339.50 329.50 11
340-359 339.50-359.50 349.50 4
Total 100

* In general, only one additional significant digit is expressed in exact class limits as compared with
stated class limits. However, because with monetary units the next more precise unit of measurement
after “nearest dollar” is usually defined as “nearest cent,” in this case two additional digits are
expressed.

EXAMPLE 3. Calculated by the two approaches, the class interval for the first class in Table 2.2 is
$259.50 — $239.50 = $20 (subtraction of the lower exact class limit from the upper exact class limit of the class)
$260 — $240 = $20 (subtraction of the lower stated class limit of the class from the lower stated class limit of the adjoining
next-higher class).

Computationally, it is generally desirable that all class intervals in a given frequency distribution be equal.
A formula which can be used to determine the approximate class interval to be used is

[largest value in} _ [smallest value in:|

ungrouped data ungrouped data

Approximate interval = 2.1)

number of classes desired

EXAMPLE 4. For the original, ungrouped data that were grouped in Table 2.1, suppose the highest observed wage was
$358 and the lowest observed wage was $242. Given the objective of having six classes with equal class intervals,

358 — 242
Approximate interval = — 6 - $19.33

The closest convenient class size is thus $20.

For data that are distributed in a highly nonuniform way, such as annual salary data for a variety of
occupations, unequal class intervals may be desirable. In such a case, the larger class intervals are used for the
ranges of values in which there are relatively few observations.
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2.3 HISTOGRAMS AND FREQUENCY POLYGONS

A histogram is a bar graph of a frequency distribution. As indicated in Fig. 2-1, typically the exact class
limits are entered along the horizontal axis of the graph while the numbers of observations are listed along the
vertical axis. However, class midpoints instead of class limits also are used to identify the classes.

40

30

20

10

i I
239.50 259.50 279.50 299.50 318.50 33950 359.50
Weekly wages, dollars

Number of workers

Fig. 2-1

EXAMPLE 5. A histogram for the frequency distribution of weekly wages in Table 2.2 is shown in Fig. 2-1.

A frequency polygon is a line graph of a frequency distribution. As indicated in Fig. 2-2, the two axes of this
graph are similar to those of the histogram except that the midpoint of each class typically is identified along the
horizontal axis. The number of observations in each class is represented by a dot above the midpoint of the
class, and these dots are joined by a series of line segments to form a polygon, or “many-sided figure.”

EXAMPLE 6. A frequency polygon for the distribution of weekly wages in Table 2.2 is shown in Fig. 2-2.
40 -

30 p-

20 -

Number of workers

oL 1 1 1 1 1 1
229.50 249.50 269.50 289.50 309.50 329.50 349.50 369.50

Weekly wages, dollars

Fig. 2-2

2.4 FREQUENCY CURVES

A frequency curve is a smoothed frequency polygon.

EXAMPLE 7. Figure 2-3 is a frequency curve for the distribution of weekly wages in Table 2.2.

In terms of skewness, a frequency curve can be: (1) negatively skewed: nonsymmetrical with the “tail” to
the left; (2) positively skewed: nonsymmetrical with the “tail” to the right; or (3) symmetrical.
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Fig. 2-3

EXAMPLE 8. The concept of frequency curve skewness is illustrated graphically in Fig. 2-4.

In terms of kurtosis, a frequency curve can be: (1) platykurtic: flat, with the observations
distributed relatively evenly across the classes; (2) leptokurtic: peaked, with the observations concentrated
within a narrow range of values; or (3) mesokurtic: neither flat nor peaked, in terms of the distribution of

observed values.

,(_/\ ’\/\ fV\
X X X
(1) Negatively skewed (2) Symmetrical (3) Positively skewed
Fig. 2-4

EXAMPLE 9. Types of frequency curves in terms of kurtosis are shown in Fig. 2-5.

A\

X X
(1) Platykurtic (2) Mesokurtic (3) Leptokurtic

Fig. 2-5

2.5 CUMULATIVE FREQUENCY DISTRIBUTIONS

A cumulative frequency distribution identifies the cumulative number of observations included below the
upper exact limit of each class in the distribution. The cumulative frequency for a class can be determined by
adding the observed frequency for that class to the cumulative frequency for the preceding class.
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EXAMPLE 10. The calculation of cumulative frequencies is illustrated in Table 2.3.

Table 2.3 Calculation of the Cumulative Frequencies for the Weekly Wage Data of Table 2.2

Weekly wage Upper exact class limit Number of workers (f) Cumulative frequency (cf)

$240-259 $259.50 7 7
260-279 279.50 20 20+ 7=27
280-299 299.50 33 33 +27=060
300-319 319.50 25 25460 =85
320-339 339.50 11 11 +85=96
340-359 359.50 4 4 496 =100

Total 100

=

The graph of a cumulative frequency distribution is called an ogive (pronounced “6-jive”). For the less-than
type of cumulative distribution, this graph indicates the cumulative frequency below each exact class limit of
the frequency distribution. When such a line graph is smoothed, it is called an ogive curve.

EXAMPLE 11. An ogive curve for the cumulative distribution in Table 2.3 is given in Fig. 2-6.

100 -

o> (=2} an
< o o
T T

Cumulative frequency
]
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239.50 259.50 279.50 2998.50 319.50 339.50 359.50

Weekly wages, dollars

Fig. 2-6

2.6 RELATIVE FREQUENCY DISTRIBUTIONS

A relative frequency distribution is one in which the number of observations associated with each class has
been converted into a relative frequency by dividing by the total number of observations in the entire
distribution. Each relative frequency is thus a proportion, and can be converted into a percentage by multiplying
by 100.

One of the advantages associated with preparing a relative frequency distribution is that the cumulative
distribution and the ogive for such a distribution indicate the cumulative proportion (or percentage) of
observations up to the various possible values of the variable. A percentile value is the cumulative percentage of
observations up to a designated value of a variable. (See Problems 2.14, and 2.16 to 2.20.)
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2.7 THE “AND-UNDER” TYPE OF FREQUENCY DISTRIBUTION

The class limits that are given in computer-generated frequency distributions usually are “and-under” types
of limits. For such limits, the stated class limits are also the exact limits that define the class. The values that are
grouped in any one class are equal to or greater than the lower class limit, and up to but not including the value
of the upper class limit. A descriptive way of presenting such class limits is

5 and under 8
8 and under 11

In addition to this type of distribution being more convenient to implement for computer software, it
sometimes also reflects a more “natural” way of collecting the data in the first place. For instance, people’s ages
generally are reported as the age at the last birthday, rather than the age at the nearest birthday. Thus, to be 24 years
old is to be at least 24 but less than 25 years old. Solved Problems 2.21 and 2.22 concern an and-under frequency
distribution. Problems 2.28 to 2.31 present Excel and Minitab output that include and-under distributions.

2.8 STEM-AND-LEAF DIAGRAMS

A stem-and-leaf diagram is a relatively simple way of organizing and presenting measurements in a rank-
ordered bar chart format. This is a popular technique in exploratory data analysis. As the name implies,
exploratory data analysis is concerned with techniques for preliminary analyses of data in order to gain insights
about patterns and relationships. Frequency distributions and the associated graphic techniques covered in the
previous sections of this chapter are also often used for this purpose. In contrast, confirmatory data analysis
includes the principal methods of statistical inference that constitute most of this book, beginning with Chapter 8
on statistical estimation. Confirmatory data analysis is concerned with coming to final statistical conclusions
about patterns and relationships in data.

A stem-and-leaf diagram is similar to a histogram, except that it is easier to construct and shows the actual
data values, rather than having the specific values lost by being grouped into defined classes. However, the
technique is most readily applicable and meaningful only if the first digit of the measurement, or possibly the
first two digits, provides a good basis for separating data into groups. Each group then is analogous to a class or
category in a frequency distribution. Where the first digit alone is used to group the measurements, the name
stem-and-leaf refers to the fact that the first digit is the stem, and each of the measurements with that first-digit
value becomes a leaf in the display.

EXAMPLE 12. Table 2.4 presents the scores earned by 50 students in a 100-point exam in financial accounting. Figure 2-7
is the stem-and-leaf diagram for these scores. Notice that in addition to being able to observe the overall pattern of scores,
the individual scores can also be seen. For instance, on the line with the stem of 6, the two posted leaf values of 2 represent
the two scores of 62 that are included in Table 2.4.

Table 2.4 Scores Earned by 50
Students in an Exam in
Financial Accounting

58 88 65 96 85
74 69 63 88 65
85 91 81 80 90
65 66 81 92 71
82 98 86 100 82
72 94 72 84 73
76 78 78 77 74
83 82 66 76 63
62 62 59 &7 97
100 75 84 96 99
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Stem Leaf

5 8 9

6 223 3555¢6469

7 1 22232445¢6¢67838

8 0112223445567 2828
9 012 466789

10 c0

Fig. 2-7 Stem-and-leaf diagram.

2.9 DOTPLOTS

A dotplot is similar to a histogram in that a distribution of the data value is portrayed graphically.
However, the difference is that the values are plotted individually, rather than being grouped into classes.
Dotplots are more applicable for small data sets, for which grouping the values into classes of a frequency
distribution is not warranted. Dotplots are particularly useful for comparing two different data sets, or two
subgroups of a data set. Solved Problem 2.24 includes a dotplot that illustrates the graphical comparison of
two subsets of data.

2.10 PARETO CHARTS

A Pareto chart is similar to a histogram, except that it is a frequency bar chart for a qualitative variable,
rather than being used for quantitative data that have been grouped into classes. The bars of the chart, which
can represent either frequencies or relative frequencies (percentages) are arranged in descending order from left
to right. This arrangement results in the most important categories of data, according to frequency of
occurrence, being located at the initial positions in the chart. Pareto charts are used in process control to tabulate
the causes associated with assignable-cause variations in the quality of process output. It is typical that only a
few categories of causes are associated with most quality problems, and Pareto charts permit worker teams and
managers to focus on these most important areas that are in need of corrective action.

EXAMPLE 13. The refrigerators that did not pass final inspection at an appliance assembly plant during the past month
were found to have defects that were due to the following causes: assembly, lacquer finish, electrical malfunction, dents, or
other causes. Figure 2-8, from Minitab, is the Pareto chart that graphically presents both the frequency and the relative
frequency of each cause of inspection failure. As we can observe, the large majority of inspection failures are due to defects
in the assembly and the lacquer finish.

2.11 BAR CHARTS AND LINE GRAPHS

A time series is a set of observed values, such as production or sales data, for a sequentially ordered series
of time periods. Special methods of analysis for such data are described in Chapter 16. For the purpose of
graphic presentation, both bar charts and line graphs are useful. A bar chart depicts the time-series amounts by a
series of bars.

EXAMPLE 14. The bar chart in Fig. 2-9 depicts the reported net earnings for a major commercial bank (in $millions) for a
sequence of coded years.
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A component bar chart portrays subdivisions within the bars on the chart. For example, each bar in Fig. 2-9
could be subdivided into separate parts (and perhaps color-coded) to indicate the relative contribution of each
segment of the business to the net earnings for each year. (See Solved Problem 2.26.) The use of Excel and
Minitab to obtain bar charts is illustrated in Problems 2.32 and 2.33.

A line graph portrays time-series amounts by a connected series of line segments.
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EXAMPLE 15. The data of Fig. 2-9 are presented as a line graph in Fig. 2-10.

170
160 —
150 —
140 —

130 —

Earnings

120 —
110 —

100 —

90 —

-
N
w —
.
o
O

Year

Fig. 2-10 Line graph.

2.12 RUN CHARTS

A run chart is a plot of data values in the time-sequence order in which they were observed. The values
that are plotted can be the individual observed values or summary values, such as a series of sample means.
When lower and upper limits for acceptance sampling are added to such a chart, it is called a control chart.
The determination of these limits and the use of control charts in statistical quality control is explained and
illustrated in Chapter 19. The use of Excel and Minitab to obtain run charts is illustrated in Solved Problems 2.34
and 2.35.
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Fig. 2-11 Run chart.
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EXAMPLE 16. Figure 2-11 portrays a run chart for the sequence of mean weights for samples of four packages of potato
chips taken at 15 different times using the sampling method of rational subgroups (see Chapter 1, Example 13). The
sequence of mean weights for the samples was found to be: 14.99, 15.08, 15.05, 14.95, 15.04, 14.91, 15.01, 14.84, 14.80,
14.98, 14.96, 15.00, 15.02, 15.07, and 15.02 oz. The specification for the average net weight to be packaged in the process is
15.00 oz. Whether any of the deviations of these sample means from the specified weight standard can be considered a
meaningful deviation is discussed fully in Chapter 19.

2.13 PIE CHARTS

A pie chart is a pie-shaped figure in which the pieces of the pie represent divisions of a total amount, such
as the distribution of a company’s sales dollar.

A percentage pie chart is one in which the values have been converted into percentages in order to make
them easier to compare. The use of Excel and Minitab to obtain pie charts is illustrated in Solved Problems 2.36
and 2.37.

EXAMPLE 17. Figure 2-12 is a pie chart depicting the revenues and the percentage of total revenues for the Xerox
Corporation during a recent year according to the categories of core business (called “Heartland” by Xerox), growth
markets, developing countries, and niche opportunities.

Xeron Corporation revenues (3Billions)

Core (10, 63.8%)

‘ Niche (1, 5.1%)

Developing (1, 5.1%)

Growth mkts. (4, 24.0%)

Fig. 2-12 Pie chart.

2.14 USING EXCEL AND MINITAB

Solved Problems 2.28 through 2.37 illustrate the use of Excel and Minitab for obtaining histograms, bar
charts, run charts, and pie charts.
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Solved Problems

FREQUENCY DISTRIBUTIONS, CLASS INTERVALS, AND RELATED GRAPHIC METHODS
2.1.  With reference to Table 2.5,

(@)
)
(c)
(@)
(e)

N

(a)
(b)

(©)

(d)
(e)
)

Table 2.5 Frequency Distribution of
Monthly Apartment Rental
Rates for 200 Studio

Apartments

Rental rate Number of apartments
$350-379 3
380-409 8
410-439 10
440-469 13
470-499 33
500-529 40
530-559 35
560-589 30
590-619 16
620—-649 12
Total 200

what are the lower and upper stated limits of the first class?

what are the lower and upper exact limits of the first class?

the class interval used is the same for all classes of the distribution. What is the interval size?
what is the midpoint of the first class?

what are the lower and upper exact limits of the class in which the largest number of apartment rental rates was
tabulated?

suppose a monthly rental rate of $439.50 were reported. Identify the lower and upper stated limits of the class
in which this observation would be tallied.

$350 and $379

$340.50 and $379.50 (Note: As in Example 2, two additional digits are expressed in this case instead of the
usual one additional digit in exact class limits as compared with stated class limits.)

Focusing on the interval of values in the first class,

$379.50 — $349.50 = $30 (subtraction of the lower exact class limit from the upper exact class limit of the
class)

$380 — $350 = $30 (subtraction of the lower stated class limit of the class from the lower stated class limit of
the next-higher adjoining class)

$349.50 + 30/2 = $349.50 + $15.00 = $364.50
$499.50 and $529.50

$440 and $469 (Note: $439.50 is first rounded to $440 as the nearest dollar using the even-number rule
described in Section 2.1.)
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2.2.

2.3.

24.

2.5.

Number of apartments

Prepare a histogram for the data in Table 2.5.

A histogram for the data in Table 2.5 appears in Fig. 2-13.

40 I~

30~

20 P~

10—

Number of apartments

[—-w

34950 379.50 409.50 43950 46950 499.50 529.50 55950 589.50 619.50 649.50

Rental rate (exact class limits), dollars

Fig. 2-13

Prepare a frequency polygon and a frequency curve for the data in Table 2.5.

Figure 2-14 is a graphic presentation of the frequency polygon and frequency curve for the data in Table 2.5.

LEGEND
Frequency polygon

40

— — — Frequency curve
30 -

20 +

10

1 ' i — | i 1 4 1 1

334 .50 364.50 39450 42450 454.50 48450 51450 54450 574.50 604.50 63450 664.50

Rental rate (class midpoints), dollars

Fig. 2-14
Describe the frequency curve in Fig. 2-14 from the standpoint of skewness.
The frequency curve appears to be somewhat negatively skewed.

Prepare a cumulative frequency distribution for the data in Table 2.5.

See Table 2.6.
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Table 2.6 Cumulative Frequency Distribution of Apartment Rental Rates

Rental rate Class boundaries Number of apartments Cumulative frequency (cf)

$350-379 $349.50-379.50 3 3
380-409 379.50-409.50 8 11
410-439 409.50-439.50 10 21
440-469 439.50-469.50 13 34
470-499 469.50-499.50 33 67
500-529 499.50-529.50 40 107
530-559 529.50-559.50 35 142
560-589 559.50-589.50 30 172
590-619 589.50-619.50 16 188
620-649 619.50-649.50 12 200

Total 200

2.6  Present the cumulative frequency distribution in Table 2.6 graphically by means of an ogive curve.

The ogive curve for the data in Table 2.6 is shown in Fig. 2-15.

cf

150
100 -

50

0{ : 1 I L I i " 1 IR L
349.50 379.50 409.50 439.50 469.50 499.50 529.50 559.50 589.50 619.50 649.50

Rental rate (exact class limits), dollars
Fig. 2-15

2.7  Listed in Table 2.7 are the required times to complete a sample assembly task for 30 employees
who have applied for a promotional transfer to a job requiring precision assembly. Suppose we

Table 2.7 Assembly Times for 30 Employees,

min
10 14 15 13 17
16 12 14 11 13
15 18 9 14 14
9 15 11 13 11
12 10 17 16 12
11 16 12 14 15
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wish to organize these data into five classes with equal class sizes. Determine the convenient
interval size.

largest value in| _ | smallest value in
ungrouped data ungrouped data

Approximate interval = -
pp number of classes desired

18 -9
=———7=1.80
5

In this case, it is convenient to round the interval to 2.0.

2.8.  Prepare a frequency distribution for the data in Table 2.7 using a class interval of 2.0 for all classes and
setting the lower stated limit of the first class at 9 min.

The required construction appears in Table 2.8.

Table 2.8 Frequency Distribution for
the Assembly Times

Time, min Number of employees
9-10 4
11-12 8
13-14 8
15-16 7
17-18 3
Total 30

2.9. In Table 2.8 refer to the class with the lowest number of employees and identify (a) its exact limits,
(D) its interval, (c) its midpoint.

(@) 16.5-18.5, (b) 18.5 — 16.5=2.0, (¢) 16.5+2.0/2 = 17.5.

2.10. Prepare a histogram for the frequency distribution in Table 2.8.

The histogram is presented in Fig. 2-16.

f

10

85 1.5 12.5 14.5 16.5 18.5
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2.11. Prepare a frequency polygon and frequency curve for the data in Table 2.8.

The frequency polygon and frequency curve appear in Fig. 2-17.

104
8 —
6 —
4 p—
2
L
7.5 95 115 135 15.5 17.5 19.5
Time, min
Fig. 2-17

2.12. Describe the frequency curve in Fig. 2-17 in terms of skewness.

The frequency curve is close to being symmetrical, but with slight positive skewness.

2.13. Prepare a cumulative frequency distribution for the frequency distribution of assembly times in
Table 2.8, using exact limits to identify each class and including cumulative percentages as well as
cumulative frequencies in the table.

See Table 2.9 for the cumulative frequency distribution.

Table 2.9 Cumulative Frequency Distribu-
tion for the Assembly Times

Time, min f cf Cum. pct.
8.5-10.5 4 4 13.3
10.5-12.5 8 12 40.0
12.5-14.5 8 20 66.7
14.5-16.5 7 27 90.0
16.5-18.5 3 30 100.0

2.14 Refer to the cumulative frequency distribution in Table 2.9.

(a) Construct the percentage ogive for these data.

(b) At what percentile point is an assembly time of 15 minutes?



CHAP. 2] STATISTICAL PRESENTATIONS AND GRAPHICAL DISPLAYS 25

(c) What is the assembly time at the 20th percentile of the distribution?

%
100

8o

60

40

20

(a) The ogive is presented in Fig. 2-18.

(b) Asidentified by the dashed lines in the upper portion of the figure, the approximate percentile for 15 minutes of
assembly time is 72.

(c) Asidentified by the dashed lines in the lower portion of the figure, the approximate time at the 20th percentile
is 11 minutes.

FORMS OF FREQUENCY CURVES

2.15. Given that frequency curve (a) in Fig. 2-19 is both symmetrical and mesokurtic, describe curves (b), (c),
(d), (e), and (f) in terms of skewness and kurtosis.

Curve (b) is symmetrical and leptokurtic; curve (c), positively skewed and mesokurtic; curve (d), negatively
skewed and mesokurtic; curve (e¢), symmetrical and platykurtic; and curve (f), positively skewed and leptokurtic.

f f f
(@) x b) X (c) X
f f f
() Y () X ) X
Fig. 2-19

RELATIVE FREQUENCY DISTRIBUTIONS

2.16. Using the instructions in Section 2.6, determine (a) the relative frequencies and (b) the cumulative
proportions for the data in Table 2.10.
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Table 2.10 Average Number of Injuries per
Thousand Worker-Hours in a
Particular Industry

Average number of injuries per Number of
thousand worker-hours firms

1.5-1.7 3

1.8-2.0 12

2.1-23 14

24-2.6 9

2.7-2.9 7

3.0-3.2 5

Total 50

The relative frequencies and cumulative proportions for the data in Table 2.10 are given in Table 2.11.

Table 2.11 Relative Frequencies and Cumulative Proportions for Average Number of

Injuries

Average number of injuries Number of (a) Relative (b) Cumulative

per thousand worker-hours firms frequency proportion
1.5-1.7 3 0.06 0.06
1.8-2.0 12 0.24 0.30
2.1-23 14 0.28 0.58
24-2.6 9 0.18 0.76
2.7-29 7 0.14 0.90
3.0-3.2 5 0.10 1.00

Total 50 Total 1.00

2.17. With reference to Table 2.11, construct (a) a histogram for the relative frequency distribution and (b) an
ogive for the cumulative proportions.

(a) See Fig. 2-20.

30 b~

9
)
T

Relative frequency
—

1.45 1.75 2.05 2.35 2.65 2.95 3.25

Average number of injuries

Fig. 2-20
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2.18.

2.19.

2.20.

(b) See Fig. 2-21.
100 b~
8o -
60 |-
s

20 -

Cumulative proportion

0 L | 1 i i -
1.45 1.75 2.05 2.35 2.65 2.95 3.25

Average number of injuries

Fig. 2-21

(a) Referring to Table 2.11, what proportion of firms are in the category of having had an average of at
least 3.0 injuries per thousand worker-hours? () What percentage or firms were at or below an average
of 2.0 injuries per thousand worker-hours?

(@ 0.10, () 6% + 24% = 30%

(a) Referring to Table 2.11, what is the percentile value associated with an average of 2.95
(approximately 3.0) injuries per thousand worker-hours? () What is the average number of accidents at
the 58th percentile?

(a) 90th percentile, (b) 2.35.

By graphic interpolation on an ogive curve, we can determine the approximate percentiles for various
values of the variable, and vice versa. Referring to Fig. 2-21, (a) What is the approximate percentile
associated with an average of 2.5 accidents? (b) What is the approximate average number of accidents at
the 50th percentile?

(a) 65th percentile (This is the approximate height of the ogive corresponding to 2.50 along the horizontal axis.)
(b) 2.25 (This is the approximate point along the horizontal axis which corresponds to the 0.50 height of the ogive.)

THE “AND-UNDER” TYPE OF FREQUENCY DISTRIBUTION

2.21.

Identify the exact class limits for the data in Table 2.12.

Table 2.12 Time Required to Process and
Prepare Mail Orders

Time, min Number of orders
5 and under 8 10
8 and under 11 17
11 and under 14 12
14 and under 17 6
17 and under 20 2
Total 47

From Table 2.12,
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2.22  Construct a frequency polygon for the frequency distribution in Table 2.13.

Table 2.13 Time Required to Process and Prepare Mail
Orders (with Exact Class Limits)

Time, min Exact class limits Number of orders
5 and under 8 5.0-8.0 10
8 and under 11 8.0-11.0 17
11 and under 14 11.0-14.0 12
14 and under 17 14.0-17.0 6
17 and under 20 17.0-20.0 2
Total 47

The frequency polygon appears in Fig. 2-22.

12 b

T

Number of orders

T

0 1 1 1 1 |
3.5 6.5 9.5 12.5 15.5 18.5 21.5

Time required (midpoints), min

Fig. 2-22

STEM-AND-LEAF DIAGRAMS

2.23. Table 2.14 lists the high and low temperatures recorded in 40 selected U.S. cities on May 15 of a recent
year. Prepare a stem-and-leaf diagram for the high temperatures that were recorded.

Table 2.14 High and Low Temperatures in 40 U.S. Cities

High Low High Low
Albany, N.Y. 69 39 Las Vegas 94 63
Anchorage 60 47 Los Angeles 76 61
Atlanta 76 46 Memphis 78 51
Austin 82 66 Miami Beach 82 67
Birmingham 76 42 Milwaukee 75 48
Boston 64 53 New York City 74 50
Buffalo 63 44 Palm Springs 93 64
Casper 58 51 Phoenix 94 74
Chicago 76 45 Pittsburgh 67 44

(Continued )
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The stem-and-leaf diagram appears in Fig. 2-23.

DOTPLOTS
2.24.

STATISTICAL PRESENTATIONS AND GRAPHICAL DISPLAYS

Table 2.14 (Continued)

High Low High Low
Cleveland 70 40 Portland, Ore. 70 53
Columbia, S.C. 74 47 Richmond 70 46
Columbus, Oh. 71 40 Rochester, N.Y. 62 42
Dallas 86 68 St. Louis 76 58
Detroit 71 43 San Antonio 81 69
Forth Wayne 76 37 San Diego 69 62
Green Bay 75 38 San Francisco 78 55
Honolulu 84 65 Seattle 67 50
Houston 84 67 Syracuse 63 43
Jacksonville 77 50 Tampa 85 59
Kansas City 72 59 Washington, D.C. 69 52

Stem
5 8
6 0
7 0
8 1
9 3

Leaf

2

4

33477999

01124455¢6¢66¢686¢& 7838

2 4 456

4

Fig. 2-23 Stem-and-leaf diagram for temperature data.

29

Table 2.15 presents resting pulse rates for a sample of 40 adults, half of whom do not smoke (code 0) and

half of whom are regular smokers (code 1). Use computer software to prepare a dotplot that will
facilitate the comparison of the pulse rates for the nonsmokers vs. the smokers in this sample. Interpret
the dotplot that is obtained.

Figure 2-24 presents a dotplot in which the two subgroups of people are plotted separately, but using the same scale
in order to facilitate comparison. As we can observe by the centering of the respective distributions, the sample of
habitual smokers shows they have a somewhat higher pulse rate than the nonsmokers. As indicated by the spread of
each subset of data, the smokers are more variable in their pulse rates than are the nonsmokers. Whether such
sample differences can be interpreted as representing actual differences in the population will be considered in
Chapters 9 and 11, which cover, respectively, estimating the difference between population parameters and testing
for difference in population parameters.

SMOKER
0

SMCKER

L +---
------- +—--—-—--—+—————————+:—————---+
63.0 70.0 77.0 84.0

Fig. 2-24 Dotplot for pulse rates.
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Table 2.15 Resting Pulse Rates for
a Sample of Adults, Ages
30-35

Habitual smoker?

Pulse rate (0 =no; 1 = yes)

82
68
78
80
62
60
62
76
74
74
68
68
64
76
88
70
78
80
74
82
80
90
64
74
70
74
84
72
92
64
94
80
78
88
60
68
90
89
68
72

(=)
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BAR CHARTS AND LINE GRAPHS

2.25. Table 2.16 includes some of the financial results that were reported by an electric power company for six
consecutive years. Prepare a vertical bar chart portraying the per-share annual earnings of the company
for the coded years.

Table 2.16 Per-share Earnings from Continuing
Operations, Dividends, and Retained
Earnings for an Electric Power Company

Year Earnings Dividends Retained earnings
1 $1.61 $1.52 $0.09
2 2.17 1.72 0.45
3 2.48 1.92 0.56
4 3.09 2.20 0.89
5 4.02 2.60 1.42
6 4.35 3.00 1.35

The bar chart appears in Fig. 2-25.

$5.00 -

4.00 —

300 |-

2.00 p~

Earnings per share
T

Year

Fig. 2-25 Bar chart.

2.26. Prepare a component bar chart for the data in Table 2.16 such that the division of per-share earnings
between dividends (D) and retained earnings (R) is indicated for each year.
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Figure 2-26 presents a component bar chart for the data in Table 2.16.

$5.00 p~
4.00 P
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: 5.00 p=
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£ 200 P / R
=
5 -
&
1 2 3 4 5 6
Year
Fig. 2-26 Component bar chart.
2.27. Prepare a line graph for the per-share earnings reported in Table 2.16.
The line graph is given in Fig. 2-27.
$5.00 |-
o 5
_g 4.00 -
: -
& 300}
[ -
g
E 2.00 —
5 -
= e b
1 1 1 1
1 2 3 4 5 6

Year

Fig. 2-27 Line graph.

COMPUTER OUTPUT: HISTOGRAMS

[CHAP. 2

2.28. Use Excel to form a frequency distribution and to output a histogram for the data in Table 2.7, which
lists the times in minutes that it took a sample of 30 employees to complete an assembly task.

(a) Describe the type of frequency distribution that has been formed.

(b) Identify the exact class limits (class boundaries) of the first two listed classes.

(c) Determine the size of the class interval.

(d) Identify the

midpoint of the second listed class.

Figure 2-28 presents the frequency distribution and histogram that were obtained as the standard Excel output.
The output is not particularly reader-friendly in terms of the appearance of the histogram. However, in the next
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Bin __ Frequency

More

9 2 Histogram
10.8 2 o
12.6 8 L
o :
16.2 7 & quency
3 w

9 108 126 144 16.2 More

2.29.

2.30.

Fig. 2-28 Frequency distribution and histogram from Excel.

Solved Problem, 2.29, we will modify the output so that it is more useful. The measurement listed for each bin of the
frequency distribution and associated histogram is the upper boundary of the respective class interval, even though
it is printed at the middle of each bar of the histogram.

(a) Asexplained in the paragraph above, the style of output is different from historically standard types of output,
with upper-class boundaries serving to identify each class.

(b) The first listed class includes all listed measurements of 9 minutes or less. The second listed class includes all
measurements greater than 9 minutes and less than or equal to 10.8 minutes. Note that this style of output is not
the same as the “and-under” type described in Section 2.7. If the second class were of the “and-under” type, the
class would include all values at or above 9 minutes but less than 10.8 minutes.

(¢) For convenience we refer to the second listed class, for which both class limits are specified. The class interval
is: 10.8 —9.0=1.8.

(d) The midpoint is the lower exact limit plus one-half the interval size: 9.0 4 (1.8/2) = 9.9.

The Excel instructions that result in the output presented in Fig. 2-28 are as follows:

(1) Open Excel. Enter the data from Table 2.7 into column A of the worksheet.

(2) Click Tools — Data Analysis — Histogram and open the Histogram dialog box. Designate the Input
Range as $A$1:$A$30 and the Output Range as $C$1 (to provide for one column of space between the input
and the output).

(3) Click the checkbox for Chart Output. Click OK and the output will appear as shown in Fig. 2-28.

Improve the histogram given in Fig. 2-28 by (a) increasing the height of the bars, (b) substituting
“Time,min” for “Bin” as the label for the horizontal axis, (¢) inserting the specific bin label for the last
listed class in place of the default “More,” and (d) delete the gaps between the vertical bars, since a
histogram (as contrasted to the bar chart described in Section 2.11) should have no gaps.

Figure 2-29 presents the improved histogram and associated frequency distribution. The Excel instructions that
result in this output are as follows:

(a) Increase the height of the chart as follows. Click anywhere on the chart and “handles” appear on the sides and
corners. Click on the bottom handle and drag it down to increase the height of the bars.
(b) Click on the “Bin” label and type “Time, min” as the replacement.

(¢) To determine the upper limit of the last class, we note (from Problem 2.28) that the class interval is 1.8. So the
upper limit is 16.2 4+ 1.8 = 18. Click on the cell of the worksheet that contains the “More” and insert “18.”

(d) Toremove the gaps, double-click on any histogram bar, and the Format Data Series dialog box appears. Then
click Option and in the text box for Gap width insert: 0.

Use Minitab to form a frequency distribution and to output a histogram for the data in Table 2.7, which
lists the times in minutes that it took a sample of 30 employees to complete an assembly task.
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9

10.8

126

14.4

16.2

18

Histogram

B Frequency

W~ 0N

Frequency

Q N A O o O

9 108 126 144 162 18 Time, min

Fig. 2-29 TImproved histogram from Excel.

(a) Identify the midpoint of the first class.
(b) Determine the size of the class interval.
Figure 2-30 presents the histogram that was obtained as the standard Minitab output. As implied by the
positions of the values for the horizontal axis, the printed values are midpoints.
(a) Asexplained in the paragraph above, the values printed along the horizontal axis are midpoints. Therefore, the
midpoint of the first listed class is 9.0.

(b) By reference to the midpoints of two adjoining classes: 10 — 9 = 1.

The Minitab instructions that result in the output presented in Fig. 2-30 are as follows:

(1) Open Minitab. Enter the data from Table 2.7 into column C1 of the worksheet.
(2) Click Graph — Histogram. Under Graph variables, on line 1 insert: C1.
(3) Click OK.

w
!

Frequency
N
|

I T T T T T I T T '
9 10 1 12 13 14 15 18 17 18

C1

Fig. 2-30 Histogram from Minitab.
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2.31. Change the analysis done in Problem 2.30, above, by substituting “Time,min” for C1 as the label for the
horizontal axis and by specifying that the midpoint of the first class interval should be set at 10 with a
class interval of 2.

(a) Identify the lower- and upper-class limits for the first class.
(b) Describe the type of frequency distribution that has been formed.

Figure 2-31 presents the required histogram. As is true in Fig. 2-30, the values listed along the horizontal axis
are class midpoints. Unlike the Excel output given in Figs. 2-28 and 2-29, the class limits are of the “and-under”
type, as described in Section 2.7.

(a) The class limits are at the midpoint plus-and-minus one-half the interval: 10 + %(2) =9.0 and 11.0.

(b) As explained in the paragraph above, the classes reported are the “and-under” type. Thus, the first listed class
contains all measured times between 9 minutes and under 11 minutes. By reference to the original data table,
we see that the four values in the first class are 9, 9, 10, and 10; the two 11-minute values are not included in the
tally for this class.

The Minitab instructions that result in the output presented in Fig. 2-31 are as follows:

(1) Open Minitab. Enter the data from Table 2.7 into column C1 of the worksheet.
(2) Click the column-name cell located directly below the C1 column label. Type: Time,min.
(3) Click Graph — Histogram. Under Graph variables, on line 1 insert: C1.

(4) Click Options ... and in the resulting dialog box insert 10:18/2 for Midpoint/cutpoint positions.
The meaning of this specification is that the midpoints for the histogram should range from 10 to 18 with an
interval of 2.

(5) Click OK.

(6) Upon returning to the original dialog box, click OK.

8._..
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> 5 —
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Fig. 2-31 Modified histogram from Minitab.

COMPUTER OUTPUT: BAR CHARTS

2.32. Use Excel to prepare a vertical bar chart portraying the per-share annual earnings of an electric power
company for the coded years, as reported in Table 2.16.

Figure 2-32 is the bar chart obtained using Excel. The instructions that result in the output are as follows:
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Open Excel. In cell Al enter: Year. In B1 enter: Earnings per share.
Enter the coded year and associated values below the respective headings.

Select Insert — Chart. Then select Column as the Chart type and select the first chart subtype (Clustered
Column). Click Next.

Specify the Data Range as $B$1:$B$7 and select Series in Columns. Click Next.

For Chart title enter: Earnings per Share by Year. For Category (X) axis enter: Year. For Value (Y) axis
enter: Earnings per share. Click Next.

For Place chart select As new sheet. Click Finish.

Earnings per Share by Year

Earnings per share

Earnings per share

Year
Fig. 2-32 Vertical bar chart from Excel.

2.33. Use Minitab to prepare a vertical bar chart portraying the per-share annual earnings of an electric power
company for the coded years, as reported in Table 2.16.

Earnings per Share by Year

435

4.02

3.09

2.48

217

1.61

Sum of Earnings per share

Year

Fig. 2-33 Vertical bar chart from Minitab.
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Figure 2-33 is the bar chart obtained using Minitab. The instructions that result in the output are as follows:

Open Minitab. In the column-name cell directly below C1 enter: Year. Below C2 enter: Earnings per share.
Enter the coded years and the associated values below the respective headings.

Select Graph — Chart. In the Graph variables box under Y for Graph 1, enter C2. Under X for Graph 1
enter C1.

In the Data display box for Item 1 under Display, choose Bar. Under For each, choose Graph.
Click Annotation — Title. On line 1 under Title type: Earnings per Share by Year. Click OK.
Click Annotation — Data Labels and check Show data labels. Click OK.

Select Frame — Min and Max. In the table, for Minimum for X: enter 0; for Maximum for X: enter 7; for
Minimum for Y: enter 0; for Maximum for Y: enter 5.00. Click OK.

Upon returning to the original dialog box again click OK.

COMPUTER OUTPUT: RUN CHARTS

2.34.

When a coupon redemption process is in control, a maximum of 3 percent of the rebates include an error
of any kind. For repeated rational subgroup samples of size n = 100 each, the maximum number of
errors per sample thus is set at 3 for the process to be considered “in control.” For 20 such sequential
samples, the numbers of rebates processed that contain an error are as follows: 2,2,3,6,1,3,6,4,7, 2,
5,0,3,2,4,5,3,8, 1, and 4. Use Excel to obtain a run chart for this sequence of sample outcomes. Based
on the chart, does the process appear to be in control?

Figure 2-34 is the run chart obtained by the use of Excel. Based on this chart, it is clear that the process clearly

is not in control. Not only are many of the observed number of errors above 3, there is great variability from sample
to sample. Control procedures need to focus on this variability, as well as the level of errors. (Comprehensive
coverage of process control is included in Chapter 19.)
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The Excel instructions that result in the chart presented in Fig. 2-34 are as follows:

Open Excel. Enter the number of errors per sample in column A.
Click Chart — Line and select the fourth line chart subtype (Line with Markers). Click Next.
Click Series. For Data Range enter: $A$1:$A$20. Click Next.

For Chart title enter: Run Chart from Excel. For Category (X) axis enter: Sample. For Value (Y) axis enter:
No. errors. Click Next.

For Place chart select As new sheet. Click Finish.
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—o— Series?

13
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Fig. 2-34 Run chart from Excel.
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2.35. Refer to Problem 2.34, above. Use Minitab to obtain a run chart for the sequence of sample outcomes.
Based on the chart, does the process appear to be in control?

ey

(@)
(€)
“
(&)
Q)

Figure 2-35 is the run chart obtained by the use of Minitab. Based on this chart, it is clear that the process
clearly is not in control. Not only are many of the observed number of errors above 3, there is great variability from
sample to sample. Control procedures need to focus on this variability, as well as the level of errors.
(Comprehensive coverage of process control is included in Chapter 19.)

The Minitab instructions that result in the chart presented in Fig. 2-35 are as follows:

Open Minitab. In the column-name cell directly below C1 enter: No. errors. Then enter the data for the 20

samples below the column name.

Select Graph — Time Series Plot. In the Graph variables box under Y for Graph 1 enter C1.

In the Data display box for Item 1 under Display, choose Connect. Under For each, choose Graph.
Click Annotation — Title. On line 1 under Title enter: Run Chart from Minitab. Click OK.

Click Annotation — Data Labels and check Show data labels. Click OK.

Upon returning to the original dialog box again click OK.

8.._
7_
6_
6 4 —
[*]
Z 3 —
2
1 —
o
] T 1
Index 5 10 15 20

Fig. 2-35 Run chart from Minitab.

COMPUTER OUTPUT: PIE CHARTS

2.36. Table 2.17 reports the portfolio amounts invested in various geographic regions by a global equities
mutual fund. Prepare a percentage pie chart to convey this information graphically by the use of Excel.

Table 2.17 Distribution of Investments:
Global Equities Fund (in

$millions)

U.S. & North America
Japan & Far East
Continental Europe
United Kingdom

$231

158

84

53

Total $526
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The pie chart is presented in Fig. 2-36. The Excel instructions that were used to obtain this output are as follows:
Open Excel. Enter the abbreviated names of the four geographic regions in cells A1—A4 and the respective
investment amounts in cells B1-B4.

Select Insert — Chart. Select Pie as the Chart type and select the first subtype. Click Next.

For Data Range specify $A$1:$B$4. Click Next.

For Chart title insert: Pie Chart from Excel. For Data Labels select Show label and percent as the only
selection in the dialog box. Click Next.

For Place chart select As new sheet. Click Finish.

United Kingdom
- 10%

Cont, Europe
16%

US &N, Amer,
445%

BU.S. &N. Amer.
B Japan & Far East |
OCont. Europa

Japan & Far East O United Kinad

30

Fig. 2-36  Pie chart from Excel.

2.37. Table 2.17 reports the portfolio amounts invested in various geographic regions by a global equities
mutual find. Prepare a percentage pie chart to convey this information graphically by the use of Minitab.
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The pie chart is presented in Fig. 2-37. The Minitab instructions that were used to obtain this output are as follows:

Open Minitab. In the column-name cell below C1 enter: Investments, Below C2 enter: $millions.

Enter the abbreviated names of the geographic regions in column C1 and the respective investments amounts
in column C2.

Select Graph — Pie Chart.
Check Chart table. For Categories in enter: C1 and for Frequencies enter C2.
For Title enter: Pie Chart from Minitab. Click OK.
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Japan & Far (158, 30.0%)

Cont. Europe ( 84, 16.0%)

United Kingd ( 53, 10.1%)]

U.S. & N. Am (231. 43.9%)

Fig. 2-37 Pie chart from Minitab.

Supplementary Problems

FREQUENCY DISTRIBUTIONS, CLASS INTERVALS, AND RELATED GRAPHIC METHODS

2.38. Table 2.18 is a frequency distribution for the gasoline mileage obtained for 25 sampled trips for company-owned
vehicles. (a) What are the lower and upper stated limits of the last class? (b) What are the lower and upper exact
limits of the last class? (¢) What class interval is used? (d) What is the midpoint of the last class? (¢) Suppose the
mileage per gallon was found to be 29.9 for a particular trip. Indicate the lower and upper limits of the class in which
this result was included.

Ans. (a) 34.0 and 35.9, (b) 33.95 and 35.95, (c) 2.0, (d) 34.95, (e) 28.0 and 29.9.

Table 2.18 Automobile Mileage for 25
Trips by Company Vehicles

Miles per gallon Number of trips
24.0-25.9 3
26.0-27.9 5
28.0-29.9 10
30.0-31.9 4
32.0-33.9 2
34.0-359 1

Total 25

2.39. Prepare a histogram for the data in Table 2.18.
2.40. Prepare a frequency polygon and a frequency curve for the data in Table 2.18.

2.41. Describe the frequency curve constructed in Problem 2.40 from the standpoint of skewness.
Ans. The frequency curve appears to be somewhat positively skewed.
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2.42.

2.43.

2.4.

245.

2.46.

2.47.

2.48.

Form a cumulative frequency distribution for the data in Table 2.18 and prepare an ogive to present this distribution
graphically.

Table 2.19 presents the amounts of 40 personal loans used to finance appliance and furniture purchases. Suppose we
wish to arrange the loan amounts in a frequency distribution with a total of seven classes. Assuming equal class
intervals, what would be a convenient class interval for this frequency distribution?

Ans.  $400

Table 2.19 The Amounts of 40 Personal

Loans

$ 932 $1,000 $ 356 $2,227
515 554 1,190 954
452 973 300 2,112
1,900 660 1,610 445
1,200 720 1,525 784
1,278 1,388 1,000 870
2,540 851 1,890 630
586 329 935 3,000
1,650 1,423 592 334
1,219 727 655 1,590

Prepare a frequency distribution for the data in Table 2.19, beginning the first class at a lower class limit of $300 and
using a class interval of $400.

Prepare a histogram for the frequency distribution formed in Problem 2.44.
Prepare a frequency polygon and frequency curve for the frequency distribution formed in Problem 2.44.

Describe the frequency curve constructed in Problem 2.46 in terms of skewness.
Ans. The frequency curve is clearly positively skewed.

Prepare a cumulative frequency distribution for the frequency distribution formed in Problem 2.44 and prepare an
ogive curve for these data.

FORMS OF FREQUENCY CURVES

2.49.

Describe the following curves in terms of skewness or kurtosis, as appropriate: (a) A frequency curve with a tail to
the right, (b) a frequency curve that is relatively peaked, (c) a frequency curve that is relatively flat, (d) a frequency
curve with a tail to the left.

Ans. (a) Positively skewed, (b) leptokurtic, (¢) platykurtic, (d) negatively skewed

RELATIVE FREQUENCY DISTRIBUTIONS

2.50.

2.51.

2.52.

2.53

Prepare a relative frequency table for the frequency distribution presented in Table 2.20.
Construct a histogram for the relative frequency distribution in Problem 2.50.

Referring to Table 2.20, (a) What percentage of cutting tools lasted at least 125 hr? (b) What percentage of cutting
tools had a lifetime of at least 100 hr?
Ans. (a) 6%, (b) 31%

Prepare a table of cumulative proportions for the frequency distribution in Table 2.20.
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2.54.

2.55.

2.56.
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Table 2.20 Lifetime of Cutting Tools in an
Industrial Process

Hours before replacement Number of tools
0.0-24.9 2
25.0-49.9 4
50.0-74.9 12
75.0-99.9 30
100.0-124.9 18
125.0-149.0 4
Total 70

Referring to the table constructed in Problem 2.53, (a) What is the tool lifetime associated with the 26th percentile
of the distribution? (b) What is the percentile associated with a tool lifetime of approximately 100 hr?
Ans. (a) 74.95 hr, =75 hr, (b) 69th percentile

Prepare the ogive for the cumulative proportions determined in Problem 2.53.

Refer to the ogive prepared in Problem 2.55 and determine the following values, approximately, by graphic
interpolation: (a) The tool lifetime at the 50th percentile of the distribution, (b) the percentile associated with a tool
lifetime of 60 hr.

Ans. (a) Approx. 89 hr, (b) approx. 16th percentile

THE “AND-UNDER” TYPE OF FREQUENCY DISTRIBUTION

2.57.

2.58.

2.59.

By reference to the frequency distribution in Table 2.21, determine (a) the lower stated limit of the first class, (b) the
upper stated class limit of the first class, (c¢) the lower exact limit of the first class, (d) the upper exact limit of the first
class, (e¢) the midpoint of the first class.

Ans. (a) 18, (b) 20, (¢) 18.0, (d) 20.0, (e) 19.0

Table 2.21 Ages of a Sample of Applicants for
a Training Program

Age Number of applicants

18 and under 20 5
20 and under 22 18
22 and under 24 10
24 and under 26 6
26 and under 28 5
28 and under 30 4
30 and under 22 2

Total 50

Prepare a frequency polygon for the frequency distribution in Table 2.21.

Use computer software to form a frequency distribution and to output a histogram for the data in Table 2.19, for the
amounts of 40 personal loans. Specify that the midpoint of the first class should be at 500 and that a class interval of
400 should be used.

(a) Describe the type of frequency distribution that has been formed.

(b) Identify the midpoint of the first class.

(c) Determine the size of the class interval.
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(d) Identify the lower and upper stated class limits for the first class.

(e) Determine the lower and upper exact class limits for the first class.
Ans. (a) and-under frequency distribution, (b) 500.0, (¢) 400.0, (d) 200 and 600, (¢) 200.0 and 600.0

STEM-AND-LEAF DIAGRAMS

2.60. Prepare a stem-and-leaf diagram for the daily low temperatures that are reported in Table 2.14, for Problem 2.23.
Compare the form of the distribution of daily lows with that of the daily highs, for which the stem-and-leaf diagram
is given in Fig. 2-23.

DOTPLOTS

2.61. Referto Table 2.15, presented with Problem 2.24, for the resting pulse rates for a sample of 40 adults. Use computer
software to obtain a dotplot similar to the one presented in Fig. 2-24.

BAR CHARTS AND LINE GRAPHS

2.62  Table 2.22 presents the annual investment in R&D (research and development) for a sequence of five years by a

major aerospace company. Construct a vertical bar chart for these data.

Table 2.22 Annual Expenditures on
Research and Development
by an Aerospace Company
(in $millions)

Year Amount

$751
754
827
1,417
1,846

AW =

2.63. Construct a line graph for the R&D expenditures in the preceding problem.

RUN CHARTS

2.64. When the manufacturing process for AA batteries is in control, the average battery life is 7.5 hours, or 450 minutes.
For 10 sequential samples of nine batteries each that were placed in a rack that systematically drains the batteries to
simulate everyday battery usage, the sample battery life averages are found to be: 460, 450, 440, 470, 460, 450, 420,
430, 440, and 430 minutes. Prepare a run chart for these sample results.

PIE CHARTS
2.65 The foreign sales for a particular year for a major aerospace company are given in Table 2.23. Construct a

percentage pie chart for the revenue from foreign sales according to geographic area.

Table 2.23 Foreign Sales for an Aerospace
Company (in $millions)

Europe $7,175
Asia 7,108
Oceania 1,911
Western Hemisphere 872
Africa 430

Total $17,496




Describing Business
Data: Measures
of Location

3.1 MEASURES OF LOCATION IN DATA SETS

A measure of location is a value that is calculated for a group of data and that is used to describe the data in
some way. Typically, we wish the value to be representative of all of the values in the group, and thus some kind
of average is desired. In the statistical sense an average is a measure of central tendency for a collection of
values. This chapter covers the various statistical procedures concerned with measures of location.

3.2 THE ARITHMETIC MEAN

The arithmetic mean, or arithmetic average, is defined as the sum of the values in the data group divided by
the number of values.

In statistics, a descriptive measure of a population, or a population parameter, is typically represented by a
Greek letter, whereas a descriptive measure of a sample, or a sample statistic, is represented by a Roman letter.
Thus, the arithmetic mean for a population of values is represented by the symbol wu (read “mew’’), while the
arithmetic mean for a sample of values is represented by the symbol X (read “X bar”). The formulas for the
population mean and the sample mean are

X
- G.0)
o2 (3.2)
n

Operationally, the two formulas are identical; in both cases, one sums all of the values (2X) and then
divides by the number of values. However, the distinction in the denominators is that in statistical analysis the
uppercase N typically indicates the number of items in the population, while the lowercase n indicates the
number of items in the sample.
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EXAMPLE 1. During a particular summer month, the eight salespeople in a heating and air-conditioning firm sold the
following number of central air-conditioning units: 8, 11, 5, 14, 8, 11, 16, 11. Considering this month as the statistical
population of interest, the mean number of units sold is

X 84
= E— = — = 10.5 units

R="N"7%

Note: For reporting purposes, one generally reports the measures of location to one additional digit beyond the
original level of measurement.

3.3 THE WEIGHTED MEAN

The weighted mean or weighted average is an arithmetic mean in which each value is weighted according
to its importance in the overall group. The formulas for the population, and sample weighted means are
identical:

- S(wX)
My or Xy = S

Operationally, each value in the group (X) is multiplied by the appropriate weight factor (w), and the

products are then summed and divided by the sum of the weights.

(3.3)

EXAMPLE 2. 1In a multiproduct company, the profit margins for the company’s four product lines during the past fiscal
year were: line A, 4.2 percent; line B, 5.5 percent; line C, 7.4 percent; and line D, 10.1 percent. The unweighted mean profit
margin is

X 272

22 _ g8
F=N "4 ?

However, unless the four products are equal in sales, this unweighted average is incorrect. Assuming the sales totals in
Table 3.1, the weighted mean correctly describes the overall average.

Table 3.1 Profit Margin and Sales Volume for Four Product Lines

Product line Profit margin (X) Sales (w) wX
A 4.2% $30,000,000 $1,260,000
B 5.5 20,000,000 1,100,000
C 7.4 5,000,000 370,000
D 10.1 3,000,000 303,000
Sw = $58,000,000 | S(wX)=$3,033,000

_ S(wX) _ $3,033,000

_ _ — 5.00
M =755 T $58,000,000 o

3.4 THE MEDIAN

The median of a group of items is the value of the middle item when all the items in the group are arranged
in either ascending or descending order, in terms of value. For a group with an even number of items, the
median is assumed to be midway between the two values adjacent to the middle. When a large number of values
is contained in the group, the following formula to determine the position of the median in the ordered group is
useful:

Med = Xj/2)+1/2) (34)
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EXAMPLE 3. The eight salespeople described in Example 1 sold the following number of central air-conditioning units,
in ascending order: 5, 8, 8, 11, 11, 11, 14, 16. The value of the median is

Med = Xu/2)+(1/21 = Xi8/2)+(1/2) = Xa5 = 11.0

The value of the median is between the fourth and fifth value in the ordered group. Since both these values equal “11” in
this case, the median equals 11.0.

3.5 THE MODE

The mode is the value that occurs most frequently in a set of values. Such a distribution is described as being
unimodal. For a small data set in which no measured values are repeated, there is no mode. When two nonadjoining
values are about equal in having maximum frequencies associated with them, the distribution is described as being
bimodal. Distributions of measurements with several modes are referred to as being multimodal.

EXAMPLE 4. The eight salespeople described in Example 1 sold the following number of central air-conditioning units:
8, 11,5, 14, 8, 11, 16, and 11. The mode for this group of values is the value with the greatest frequency, or mode = 11.0.

3.6 RELATIONSHIP BETWEEN THE MEAN AND THE MEDIAN

For any symmetrical distribution, the mean, median, and mode all coincide in value [see Fig. 3-1(a)]. For a
positively skewed distribution the mean is always larger than the median [see Fig. 3-1(b)]. For a negatively
skewed distribution the mean is always smaller than the median [see Fig. 3-1(c)]. These latter two relationships
are always true, regardless of whether or not the distribution is unimodal. One measure of skewness in statistics,
which focuses on the difference between the values of the mean and the median for a group of values, is
Pearson’s coefficient of skewness, described in Section 4.12. The concepts of symmetry and skewness are
explained in Section 2.4.

Mode f Mode
lT\ Median Median %
ﬂ/\ Mean Mean /\lﬂ
P\ /™

|

[
P!
P
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._4_,__.-_..
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—_— — —

(a) Symmetrical (b) Positively skewed (c) Negatively skewed

Fig. 3-1

EXAMPLE 5. For the sales data considered in Examples 1, 3, and 4, the mean is 10.5, while the median is 11.0. Because
the mean is smaller than the median, the distribution of observed values is somewhat negatively skewed, that is, skewed to
the left.

3.7 MATHEMATICAL CRITERIA SATISFIED BY THE MEDIAN AND THE MEAN

One purpose for determining any measure of central tendency, such as a median or mean, is to use it to
represent the general level of the values included in the group. Both the median and the mean are “good”
representative measures, but from the standpoint of different mathematical criteria or objectives. The median is
the representative value that minimizes the sum of the absolute values of the differences between each value in
the group and the median. That is, the median minimizes the sum of the absolute deviations with respect to the
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individual values being represented. In contrast, the arithmetic mean focuses on minimizing the sum of the
squared deviations with respect to the individual values in the group. The criterion by which the objective is that
of minimizing the sum of the squared deviations associated with a representative value is called the least-
squares criterion. This criterion is the one that is most important in statistical inference based on sample data, as
discussed further in the following section.

EXAMPLE 6. For the sales data that we have considered in the previous examples, the median is 11.0 and the mean is
10.5. The ordered sales amounts are presented in the first column of Table 3.2. The other columns of this table are concerned
with determining the sum of the absolute deviations and of the squared deviations of the individual values with respect to
both the median and the mean. Note that the sum of the absolute deviations for the median, 20, is lower than the
corresponding sum of 21.0 for the mean. On the other hand, for the least-squares criterion, the sum of the squared deviations
for the mean, 86.00, is lower than the corresponding sum of 88 for the median. No value that is different from the mean can
have a lower sum of squared deviations than the mean.

Table 3.2 Mathematical Criteria Satisfied by the Median and the Mean
(Med = 11.0; Mean = 10.5)

X IX — Med| |X — Mean| (X — Med)? | (X — Mean)?
5 6 55 36 30.25
8 3 25 9 6.25
8 3 25 9 6.25
11 0 0.5 0 0.25
11 0 0.5 0 0.25
11 0 0.5 0 0.25
14 3 3.5 9 12.25
16 5 55 25 30.25
Sum 20 21.0 88 86.00

3.8 USE OF THE MEAN, MEDIAN, AND MODE

We first consider the use of these measures of average for representing population data. The value of the
mode indicates where most of the observed values, such as hourly wage rates in a company, are located. It can
be useful as a descriptive measure for a population group, but only if there is one clear mode. On the other hand,
the median is always an excellent measure by which to represent the “typical” level of observed values, such as
wage rates, in a population. This is true regardless of whether there is more than one mode or whether the
population distribution is skewed or symmetrical. The lack of symmetry is no special problem because the
median wage rate, for example, is always the wage rate of the “middle person” when the wage rates are listed in
order of magnitude. The arithmetic mean is also an excellent representative value for a population, but only if
the population is fairly symmetrical. For nonsymmetrical data, the extreme values (for instance, a few very high
wage rates for technical specialists) will serve to distort the value of the mean as a representative value. Thus,
the median is generally the best measure of data location for describing population data.

We now consider the use of the three measures of location with respect to sample data. Recall from Chapter 1
that the purpose of statistical inference with sample data is to make probability statements about the population
from which the sample was selected. The mode is not a good measure of location with respect to sample data
because its value can vary greatly from sample to sample. The median is better than the mode because its value is
more stable from sample to sample. However, the value of the mean is the most stable of the three measures. As
will be introduced further in Section 4.9 and explained fully in Chapter 8, the reason for the relative stability of the
sample mean from sample to sample is because it is the measure of location that satisfies the least-squares
criterion. Thus, for sample data, the best measure of location generally is the arithmetic mean.



48 DESCRIBING BUSINESS DATA: MEASURES OF LOCATION [CHAP. 3

EXAMPLE 7. The wage rates of all 650 hourly employees in a manufacturing firm have been compiled. The best
representative measure of the typical wage rate is the median, because a population is involved and the median is relatively
unaffected by any lack of symmetry in the wage rates. In fact, such data as wage rates and salary amounts are likely to be
positively skewed, with relatively few wage or salary amounts being exceptionally high and in the right tail of the distribution.

EXAMPLE 8. A random sample of n = 100 wage rates is obtained in a company having several thousand hourly
employees. The best representative wage rate for the several thousand employees is the sample mean. Although the sample
mean is unlikely to be exactly equal to the mean wage rate for the entire population, it will generally be much closer to the
population mean than the sample median would be as an estimator of the population median wage rate.

3.9 USE OF THE MEAN IN STATISTICAL PROCESS CONTROL

In Section 2.12 we observed that a run chart is a plot of data values in the time-sequence order in which they
were observed, and that the values plotted can be individual values or averages of sequential samples. We prefer
to plot averages rather than individual values because any average generally will be more stable (less variable)
from sample to sample than are the individual observations. As we observed in the preceding section, the
sample mean is more stable than either the median or the mode. For this reason, the focus of run charts
concerned with sample averages is to plot the sample means. Such a chart is called an X chart, and serves as the
basis for determining whether a process is stable, or whether there is process variation with an assignable cause
that should be corrected.

EXAMPLE 9. Refer to the run chart in Fig. 2-11 (page 18) of the preceding chapter. This run chart for the sequence of
mean weights for samples of n = 4 packages of potato chips is typical of the kinds of charts that are prepared for the purpose
of statistical process control, as explained and illustrated in Chapter 19.

3.10 QUARTILES, DECILES, AND PERCENTILES

Quartiles, deciles, and percentiles are similar to the median in that they also subdivide a distribution of
measurements according to the proportion of frequencies observed. Whereas the median divides a distribution
into halves, quartiles divide it into quarters, deciles divide it into tenths, and percentile points divide it into 100
parts. Formula (3.4) for the median is modified according to the fraction point of interest. For example,

Qi(first quartile) = X4+ 1/2) (3-5)
D;(third decile) = X[(3,,/10) +(1/2)] (3.6)
Pro(seventieth percentile) = X[(70n/100)+(1/2)] 3.7)

EXAMPLE 10. The eight salespeople described in Example 1 sold the following number of central air-conditioning units,
in ascending order: 5, 8, 8, 11, 11, 11, 14, 16. Find the positions of the first quartile and third quartile for this distribution.

01 = X{oya+a/21 = X(8/4)+1/2) = X25 = 8.0
03 = X(Gu/)+1/2)] = X[jea/8)+(1/2)] = Xe5 = 12.5

The position of the first quartile is midway between the second and third values in the ordered array. Since both of these
values are 8, the value at the first quartile is 8.0. The value of the third quartile is midway between the sixth and seventh
values in the array, or midway between 11 and 14, which is 12.5.

3.11 USING EXCEL AND MINITAB

Computer software is available to determine a variety of measures of average. Solved Problems 3.17 and
3.18 illustrate the use of Excel and Minitab to determine the values of the mean and median for a sample of
product assembly times.
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Solved Problems

THE MEAN, MEDIAN, AND MODE

3.1.

3.2

3.3.

34.

3.5.

3.6.

3.7.

For a sample of 15 students at an elementary-school snack bar, the following sales amounts arranged in
ascending order of magnitude are observed: $0.10, 0.10, 0.25, 0.25, 0.25, 0.35, 0.40, 0.53, 0.90, 1.25,
1.35,2.45,2.71, 3.09, 4.10. Determine the (a) mean, (b) median, and (c¢) mode for these sales amounts.

- XX 18.08
(a X=—=—-=§1.21

n 15
(b) Med = X2+ /21 = Xja5/2)+1/21 = X3 = $0.53

(¢) Mode = most frequent value = $0.25

How would you describe the distribution in Problem 3.1 from the standpoint of skewness?

With the mean being substantially larger than the median, the distribution of values is clearly positively
skewed, or skewed to the right.

For the data in Problem 3.1, suppose that you are asked to determine the typical purchase amount only
for this particular group of students. Which measure of average would you report? Why?

Note that once we decide to focus only on this particular group, we are treating this group as our population of
interest. Therefore, the best choice is to report the median as being the typical value; this is the eighth value in the
array, or $0.53.

Refer to Problem 3.3 above. Suppose we wish to estimate the typical amount of purchase in the
population from which the sample was taken. Which measure of average would you report? Why?

Because statistical inference for a population is involved, our main concern is to report an average that is the most
stable and has the least variability from sample to sample. The average that satisfied this requirement is the mean,
because it satisfies the least-squares criterion. Therefore, the value reported should be the sample mean, or $1.21.

A sample of 20 production workers in a company earned the following net pay amounts after all
deductions for a given week, rounded to the nearest dollar and arranged in ascending order: $240, 240,
240, 240, 240, 240, 240, 240, 255, 255, 265, 265, 280, 280, 290, 300, 305, 325, 330, 340. Calculate the
(a) mean, (b) median, and (c) mode for this group of wages.

_ X 541
(@ X= X _ 40 $270.50
n 20

(b)  Median = Xju/2)+ 172y = Xp20/2)+ (1721 = X105 = $260.00
(¢) Mode = most frequent value = $240.00

For the wage data in Problem 3.5, describe the distribution in terms of skewness.

With the mean being larger than the median, the distribution can be described as being positively skewed, or
skewed to the right.

With respect to the data in Problem 3.5, suppose you are the vice president in charge of collective
bargaining for the company. What measure of average net pay would you report as being representative
of all the company workers in general?

Because the sample mean is the highest of the three averages, your inclination might be to report this value.
Using this value is highly defensible, given that statistical inference is involved and that the sample mean is the most
stable of the estimators that might be used.
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3.8.

3.9.

3.10.
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With respect to the data in Problem 3.5, suppose you are the elected president of the employee bargaining
unit. What measure of average would you report as being representative of workers in general?

In terms of your bargaining position, you might be inclined to report the mode, or at least the median, rather
than the mean. Defense of your choice would rest on identifying the net pay amounts for most people in the sample
(for the mode) or on the observation that the sample mean is affected by a few high wage amounts. However, both
the median and mode have more variability from sample to sample, and therefore are less stable population
estimators than is the mean.

A work-standards expert observes the amount of time required to prepare a sample of 10 business letters
in an office, with the following results listed in ascending order to the nearest minute: 5, 5, 5,7, 9, 14, 15,
15, 16, 18. Determine the (a) mean, (b) median, and (¢) mode for this group of values.

- X 109
(a) XZ*2 =— =10.9min
n 10
(b) Med = X{u2)+ 1727 = X[10/2)+(1/2) = X5.5 = 11.5min

(¢) Mode = most frequent value = 5.0

Compare the values of the mean and median in Problem 3.9 and comment on the form of the
distribution.

Because the mean is smaller than the median, the distribution is somewhat negatively skewed.

THE WEIGHTED MEAN

3.11.

3.12.

Suppose that the per-gallon prices of unleaded regular gasoline are listed for 22 metropolitan areas
varying considerably in size and in gasoline sales. The (@) median and (b) arithmetic mean are computed
for these data. Describe the meaning that each of these values would have.

(@) The median would indicate the average, or typical, price in the sense that half the metropolitan areas would
have gasoline prices below this value and half would have prices above this value.

(b) The meaning of the arithmetic mean as an unweighted value is questionable at best. Clearly, it would not
indicate the mean gasoline prices being paid by all the gasoline purchasers living in the 22 metropolitan areas,
because the small metropolitan areas would be represented equally with the large areas in such an average. In
order to determine a suitable mean for all purchasers in these metropolitan areas, a weighted mean (using
gasoline sales as weights) would have to be computed.

Referring to Table 3.3, determine the overall percentage defective of all items assembled during the
sampled week.

Table 3.3 Percentage of Defective Items in an Assembly Department in a Sampled Week

Number of items, in thousands
Shift Percentage defective (X) (w) wX
1.1 210 231.0
1.5 120 180.0
3 2.3 50 115.0
Sw =380 S(wX) = 526.0

Using formula (3.3),

5 _Z0vX) _ 5260

W S = 380 1.4% defective
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MATHEMATICAL CRITERIA SATISFIED BY THE MEDIAN AND THE MEAN

3.13.

3.14.

Refer to the sample data in Problem 3.5 and demonstrate that the sum of the absolute values of the
deviations is a smaller sum for the median than it is for the mean. Also demonstrate that the sum of the
squared deviations is smaller for the mean than it is for the median.

By reference to Table 3.4, we see that the sum of the absolute deviations for the median is 550, which is less
than the corresponding sum of 572.00 for the mean. Also, as expected, the sum of the squared deviations of
21,945.00 for the mean is less than the corresponding sum of 24,150 for the median.

Table 3.4 Mathematical Criteria Satisfied for the Pay Data in Problem 3.5
(Med = $260.00; Mean = $270.50)

X IX — Med| |X — Mean| (X — Med)? | (X — Mean)?
240 20 30.50 400 930.25
240 20 30.50 400 930.25
240 20 30.50 400 930.25
240 20 30.50 400 930.25
240 20 30.50 400 930.25
240 20 30.50 400 930.25
240 20 30.50 400 930.25
240 20 30.50 400 930.25
255 5 15.50 25 240.25
255 5 15.50 25 240.25
265 5 5.50 25 30.25
265 5 5.50 25 30.25
280 20 9.50 400 90.25
280 20 9.50 400 90.25
290 30 19.50 900 380.25
300 40 29.50 1,600 870.25
305 45 34.50 2,025 1,190.25
325 65 54.50 4,225 2,970.25
330 70 59.50 4,900 3,540.25
340 80 69.50 6,400 4,830.25
Sum 550 572.00 24,150 21,945.00

Refer to the sum of the squared deviations for the mean as determined in Problem 3.13 above.
Demonstrate that no other “typical” value for the group has a lower sum of squared deviations by
choosing trial averages of $270 and of $271. Note that each of these trial values is equally and just
fractionally different from the sample mean of $270.50, but in opposite directions.

By reference to Table 3.5, we see that these two trial averages have the same sum of squared deviations,
21,950, which is greater than the corresponding sum of 21,945.00 for the sample mean. Any other trial value
that has a greater difference from the sample mean, in either direction, would have a still-higher sum of squared
deviations.
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Table 3.5 Alternative Values Used in Lieu of the Mean in Table 3.4

X IX — 270 X — 271] (X — 270 | (X —271)?
240 30 31 900 961
240 30 31 900 961
240 30 31 900 961
240 30 31 900 961
240 30 31 900 961
240 30 31 900 961
240 30 31 900 961
240 30 31 900 961
255 15 16 225 256
255 15 16 225 256
265 5 6 25 36
265 5 6 25 36
280 10 9 100 81
280 10 9 100 81
290 20 19 400 361
300 30 19 900 841
305 35 34 1,225 1,156
325 55 54 3,025 2,916
330 60 59 3,600 3,481
340 70 69 4,900 4,761
Sum 570 564 21,950 21,950

QUARTILES, DECILES, AND PERCENTILES

3.15.

3.16.

For the data in Problem 3.1, determine the values at the (a) second quartile, (b) second decile, and (c)
40th percentile point for these sales amounts.

(@ 02 = Xjen4+1/2) = X1.5+05 = Xg = $0.53

(Note: By definition, the second quartile is always at the same point as the median.)
b) Dy = Xjen10)+ (1721 = X3.0+05 = X35 = $0.25

(Note: This is the value midway between the third and fourth sales amounts, arranged in ascending order.)
(¢)  Pao = Xjaon/100)+(1/2)] = X6.0+05) = X65 = 0.375 = §0.38

For the measurements in Problem 3.5, determine the values at the (@) third quartile, (b) ninth decile, (¢)
50th percentile point, and (d) 84th percentile point for this group of wages.

(@ O3 = X(@u/a)+1,271 = Xi5.5 = $295.00
(Note: This is the value midway between the 15th and 16th wage amounts, arranged in ascending order.)
(b) Do = X{9n/10)+(1/2] = X185 = $327.50
(©)  Pso = Xjs0n/100)+(1/2)] = X105 = $260.00
(Note: By definition the 50th percentile point is always at the same point as the median.)
(d) Pss = X84n/100)+(1/2] = X168 +0.5 = X173 = $311.00

(Note: This is the value which is three-tenths of the way between the 17th and 18th wage amounts arranged
in ascending order.)
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USING EXCEL AND MINITAB

3.17.

3.18.

Use Excel to determine the values of the mean and median for the data in Table 2.7 (page 22), for the
time required to complete an assembly task by a sample of 30 employees. Based on the two values, what
kind of skewness, if any, exists for this data distribution? In Problems 2.28 and 2.29, these data were
grouped into frequency distributions by the use of Excel, with the associated output of histograms.

Figure 3-2 presents the output of descriptive statistics for these data. As can be observed, the mean assembly
time is 13.3 min and the median assembly time is 13.5 min. Because the mean is somewhat smaller in value than the
median, there is some degree of negative skewness for the distribution of the values. The meanings of many of the
other measures that are reported in the output will be considered in Chapter 4.

The Excel instructions that result in the output presented in Fig. 3-2 are as follows:

(1) Open Excel. In cell Al enter the column label: Assy. Times, min. Enter the data values in column A beginning
at cell A2.

(2) Click Tools — Data Analysis — Descriptive Statistics. Click OK.

(3) Designate the Input Range as: SA$1:$A$31.

(4) Select Labels in First Row.

(5) Select Output Range and insert: $C$1 (to provide for one column of space between the input and the output).

(6) Select Summary Statistics.

(7) Click OK.

Assy. Times, min.

Mean 13.3
Standard Error 0.445024
Median 13.5
Mode 14

Standard Deviation 2.437494
Sample Variance 5.941379

Kurtosis -0.81237
Skewness -0.00735
Range 9
Minimum 9
Maximum 18
Sum 399
Count 30

Fig. 3-2 Excel output.

Use Minitab to determine the values of the mean and median for the data in Table 2.7 (page 22), for the
time required to complete an assembly task by a sample of 30 employees. Based on the two values, what
kind of skewness, if any, exists for this data distribution? In Problems 2.30 and 2.31, these data were
grouped into frequency distributions by the use of Minitab, with the associated output of histograms.

Figure 3-3 presents the output of descriptive statistics for these data. As can be observed, the mean assembly
time is 13.3 min and the median assembly time is 13.5 min. Because the mean is somewhat smaller in value than the
median, there is some degree of negative skewness for the distribution of the values. Q1 and Q3 values in the output
are the 1st and 3rd quartiles for the data distribution. The meanings of some of the other measures that are reported
will be considered in Chapter 4.
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The Minitab instructions that result in the output presented in Fig. 3-2 are as follows:

(1) Open Minitab. In the column-name cell for column C1 enter: Assy. Times, min. Then enter the sample data in
column C1.

(2) Click Stat — Basic Statistics — Display Descriptive Statistics.

(3) For Variables enter: Cl1.

(4) Click OK.

Descriptive Statistics: Assy. Times, min.

Variable N Mean Median TeMean StDevw SE Mean
Asay. Ti 30 13.300 13.500 13.308 2.437 0.445
Variable Minimum Max imum 21 Q3
Aasy. Ti S.000 18.000 11.000 15.000

Fig. 3-3 Minitab output.

Supplementary Problems

THE MEAN, MEDIAN, AND MODE

3.19.

3.20.

3.21.

3.22.

3.23.

3.24.

3.25.

3.26.

The number of cars sold by each of the 10 salespeople in an automobile dealership during a particular month,
arranged in ascending order, is: 2, 4, 7, 10, 10, 10, 12, 12, 14, 15. Determine the population (a) mean, (b) median,
and (¢) mode for the number of cars sold.

Ans. (a) 9.6, (b) 10.0, (¢) 10.0

Which value in Problem 3.19 best describes the “typical” sales volume per salesperson?
Ans. 10.0

Describe the distribution of the sales data in Problem 3.19 in terms of skewness.
Ans. Positively skewed.

The weights of a sample of outgoing packages in a mailroom, weighed to the nearest ounce, are found to be: 21, 18,
30, 12, 14, 17, 28, 10, 16, 25 oz. Determine the (a) mean, () median, and (c¢) mode for these weights.
Ans. (a) 19.1, (b) 17.5, (c¢) there is no mode

Describe the distribution of the weights in Problem 3.22 in terms of skewness.
Ans. Positively skewed.

As indicated by the wording in Problem 3.22, the packages that were weighed are a random sample of all such
packages handled in the mailroom. What is the best estimate of the typical weight of all packages handled in the
mailroom?

Ans. 19.1 oz

For the weights reported in Problem 3.22, suppose we wish to describe only the weights of the selected group of
packages. What is the best representative value for the group?
Ans. 17.5 0z

The following examination scores, arranged in ascending order, were achieved by 20 students enrolled in a decision
analysis course: 39, 46, 57, 65, 70, 72,72, 75,77, 79, 81, 81, 84, 84, 84, 87,93, 94, 97, 97. Determine the (a) mean,
(b) median, and (c) mode for these scores.

Ans. (a) 76.7, (b) 80.0, (c) 84.0
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3.27.

3.28.

3.29.

Describe the distribution of test scores in Problem 3.26 in terms of skewness.
Ans. Negatively skewed.

The number of accidents which occurred during a given month in the 13 manufacturing departments of an industrial
plant was: 2,0, 0, 3, 3,12, 1,0, 8, 1, 0, 5, 1. Calculate the (a) mean, (b) median, and (c) mode for the number of
accidents per department.

Ans. (a)2.8,(b) 1.0,(c) 0

Describe the distribution of accident rates reported in Problem 3.28 in terms of skewness.
Ans. Positively skewed.

THE WEIGHTED MEAN

3.30.

3.31.

3.32.

Suppose the retail prices of the selected items have changed as indicated in Table 3.6. Determine the mean
percentage change in retail prices without reference to the average expenditures included in the table.
Ans. 4.0%

Table 3.6 Changes in the Retail Prices of Selected Items During a
Particular Year

Average expenditure per month
Item Percent increase (before increase)
Milk 10% $20.00
Ground beef -6 30.00
Apparel -8 30.00
Gasoline 20 50.00

Referring to Table 3.6, determine the mean percentage change by weighting the percent increase for each item by
the average amount per month spent on that item before the increase.
Ans. 6.0%

Is the mean percentage price change calculated in Problem 3.30 or 3.31 more appropriate as a measure of the impact
of the price changes on this particular consumer? Why?
Ans. The weighted mean in Problem 3.31 is more appropriate (see Example 2 for an explanation).

QUARTILES, DECILES, AND PERCENTILES

3.33.

3.34.

3.35.

Determine the values at the (a) first quartile, (b) second decile, and (c¢) 30th percentile point for the sales amounts in
Problem 3.19.
Ans. (a) 7.0, (b) 5.5, (¢) 8.5

From Problem 3.22, determine the weights at the (a) third quartile, (b) third decile, and (c) 70th percentile point.
Ans. (a) 25.0 oz, (b) 15.0 oz, (c¢) 23.0 oz

Determine the (a) second quartile, (b) ninth decile, and (c) 50th percentile point for the examination scores in
Problem 3.26
Ans. (a) 80.0, (b) 95.5, (c) 80.0
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3.36. In general, which quartile, decile, and percentile point, respectively, are equivalent to the median?
Ans. Second quartile, fifth decile, and 50th percentile point.

COMPUTER OUTPUT

3.37. Use computer software to determine the mean and the median for the data in Table 2.19 (page 41), for the amounts
of 40 personal loans.
Ans. The mean loan amount is $1,097.40 and the median is $944.50.



Describing Business
Data: Measures
of Dispersion

4.1 MEASURES OF DISPERSION IN DATA SETS

The measures of central tendency described in Chapter 3 are useful for identifying the “typical” value in a
group of values. In contrast, measures of dispersion, or variability, are concerned with describing the variability
among the values. Several techniques are available for measuring the extent of variability in data sets. The ones
which are described in this chapter are the range, modified ranges, average deviation, variance, standard
deviation, and coefficient of variation.

EXAMPLE 1. Suppose that two different packaging machines result in a mean weight of 10.0 oz of cereal being
packaged, but that in one case all packages are within 0.10 oz of this weight while in the other case the weights may vary by
as much as 1.0 oz in either direction. Measuring the variability, or dispersion, of the amounts being packaged would be every
bit as important as measuring the average in this case.

The concept of skewness has been described in Section 2.4 and 3.6. Pearson’s coefficient of skewness is
described in Section 4.12.

4.2 THE RANGE

The range, or R, is the difference between highest and lowest values included in a data set. Thus, when H
represents the highest value in the group and L represents the lowest value, the range for ungrouped data is

R=H-L (4.1)
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EXAMPLE 2. During a particular summer month, the eight salespeople in a heating and air-conditioning firm sold the
following numbers of central air-conditioning units: 8, 11, 5, 14, 8, 11, 16, 11. The range of the number of units sold is

R=H—-L=16—-5=11.0 units

Note: For purposes of comparison, we generally report the measures of variability to one additional digit beyond the
original level of measurement.

4.3 MODIFIED RANGES

A modified range is a range for which some of the extreme values at each end of the distribution are
eliminated from consideration. The middle 50 percent is the range between the values at the 25th percentile
point and the 75th percentile point of the distribution. As such, it is also the range between the first and third
quartiles of the distribution. For this reason, the middle 50 percent range is usually designated as the
interquartile range (IQR). Thus,

IOR = Q3 — O 4.2)

Other modified ranges that are sometimes used are the middle 80 percent, middle 90 percent, and middle
95 percent.

EXAMPLE 3. The data for the sales of central air-conditioning units presented in Example 2, in ascending order, are: 5, 8, 8,
11, 11, 11, 14, 16. Thus the number of observations is N = 8 for these population data. To compute the interquartile range, we
first must determine the values at Q3 (the 75th percentile point) and Q; (the 25th percentile point) and then subtract Q; from Q5:

03 = X(asv/100)+ (1721 = X[6+(1/2)] = Xe.5 = 12.5
01 = Xjesn/100)+ 1721 = Xp+1/2) = X25 = 8.0
IOR = Q3 — Q) = 12.5 — 8.0 = 4.5 units

44 BOX PLOTS

A box plot is a graph that portrays the distribution of a data set by reference to the values at the quartiles as
location measures and the value of the interquartile range as the reference measure of variability. A box plotis a
relatively easy way of graphing data and observing the extent of skewness in the distribution. As such, it is an
easier alternative to forming a frequency distribution and plotting a histogram, as described in Sections 2.1 to
2.3. The box plot is also called a box-and-whisker plot, for reasons that will be obvious in Example 4, below.
Because of its relative ease of use, the box plot is a principal technique of exploratory data analysis, as
described in Section 2.8 on stem-and-leaf displays.

EXAMPLE 4. Figure 4-1 presents the box plot for the unit sales data in Example 3. The lower and upper boundary points of
the rectangular box in the graph are called hinges and generally are located at O and Q3. Thus, based on the quartile values
determined in Example 3, the lower hinge is at 8.0 and the upper hinge is at 12.5. The vertical line within the box indicates the
position of the median (or Q;), which is at 11.0. The dashed horizontal lines to the left and right of the box are called whiskers
and extend to the “inner fences,” which are 1.5 units of the interquartile range in each direction. Thus, the whiskers extend to:

01 — (1.5 x IQR) = 8.0 — (1.5)(4.5) = 1.25
05 + (1.5 x IQR) = 12.5 + (1.5)(4.5) = 19.25

The “outer fences” in Fig. 4-1 extend to 3.0 units of the interquartile range in each direction from Q; and Q3, orto — 5.5 and
25.5 for the lower and upper outer fences, respectively. For this example note that the lower outer fence is at the value of O for
practical purposes, since negative units of sale are not possible. Any values lying between the inner and outer fences are
considered to be mild outliers, while values located beyond the outer fences are extreme outliers. For any outliers, we would
investigate whether such values were collected under the same circumstances as the other values, and whether any measurement
errors may have occurred. There are clearly no outliers for our small group of eight values, since all the sales values listed in
Example 3 are within the inner fences.
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Fig. 4-1

4.5 THE MEAN ABSOLUTE DEVIATION

The mean absolute deviation, or MAD, is based on the absolute value of the difference between each value
in the data set and the mean of the group. It is sometimes called the “average deviation.” The mean average of
these absolute values is then determined. The absolute values of the differences are used because the sum of all
of the plus and minus differences (rather than the absolute differences) is always equal to zero. Thus the
respective formulas for the population and sample MAD are

X —_
Population MAD = w (4.3)
X—-X
Sample MAD = M 4.4)
n

EXAMPLE 5. For the air-conditioning sales data given in Example 2, the arithmetic mean is 10.5 units (see Section 3.2).
Using the calculations in Table 4.1, the mean absolute deviation is determined as follows:

SIX—pl_ 210

N 3 = 2.625 =2 2.6 units

MAD =
Table 4.1 Worksheet for Calculating
the Average Deviation for

the Sales Data (u=10.5)

X X—p X — ul
5 —-5.5 5.5
8 —-2.5 2.5
8 —2.5 2.5
11 0.5 0.5
11 0.5 0.5
11 0.5 0.5
14 3.5 3.5
16 5.5 5.5
Total 21.0

Thus, we can say that on average, a salesperson’s unit sales of air conditioners differs by 2.6 units from the group mean,
in either direction.
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4.6 THE VARIANCE AND STANDARD DEVIATION

The variance is similar to the mean absolute deviation in that it is based on the difference between each
value in the data set and the mean of the group. It differs in one very important way: each difference is squared
before being summed. For a population, the variance is represented by V(X) or, more typically, by the lowercase
Greek o (read “sigma squared”). The formula is

_3X—p)

V(X)=o? N

4.5)

Unlike the situation for other sample statistics we have discussed, the variance for a sample is not

computationally exactly equivalent to the variance for a population. Rather, the denominator in the sample

variance formula is slightly different. Essentially, a correction factor is included in this formula, so that the

sample variance is an unbiased estimator of the population variance (see Section 8.1). The sample variance is
represented by s2; its formula is

2

22X X

n—1

(4.6)

In general, it is difficult to interpret the meaning of the value of a variance because the units in which it is
expressed are squared values. Partly for this reason, the square root of the variance, represented by Greek o (or s
for a sample) and called the standard deviation is more frequently used. The formulas are

X _ 2
Population standard deviation: o= ‘/E(TM) 4.7)
[3(X — X)
Sample standard deviation: s = 2(71) 4.8)
n —_—

The standard deviation is particularly useful in conjunction with the so-called normal distribution (see
Section 4.9).

EXAMPLE 6. For the air-conditioning sales data given in Example 2 the arithmetic mean is 10.5 units (see Section 3.2).
Considering these monthly sales data to be the statistical population of interest, the standard deviation is determined from
the calculations in Table 4.2 as follows:

2
a:JggﬁﬂL:J%:VMH5:33

Table 4.2 Worksheet for Calculating the
Population Standard Deviation
for the Sales Data (u=10.5)

D¢ X—u X — py
5 —-5.5 30.25
8 —2.5 6.25
8 —-2.5 6.25

11 0.5 0.25

11 0.5 0.25

11 0.5 0.25

14 3.5 12.25

16 5.5 30.25

Total  86.00
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4.7 SIMPLIFIED CALCULATIONS FOR THE VARIANCE
AND STANDARD DEVIATION

The formulas in Section 4.6 are called deviations formulas, because in each case the specific deviations of
individual values from the mean must be determined. Alternative formulas, which are mathematically
equivalent but which do not require the determination of each deviation, have been derived. Because these
formulas are generally easier to use for computations, they are called computational formulas.

The computational formulas are

,  XXT—Nu?
2=t T

Population variance: N (4.9)
Population standard deviation: o= w (4.10)
Sample variance: 52 = 2)(;_—;1)_(2 4.11)
Sample standard deviation: s = %ﬁjf (4.12)

EXAMPLE 7. For the air-conditioning sales data presented in Example 2, we calculate the population standard deviation
below by the use of the alternative computational formula and Table 4.3 to demonstrate that the answer is the same as the
answer obtained with the deviation formula in Example 6. The mean for these data is 10.5 units.

2 _ 2 _ 2
o:,/EX NN“ _ 268 2(10'5) = v/10.75 = 3.3 units

Table 4.3 Worksheet for Calcu-
lating the Population
Standard Deviation
for the Sales Data

X X?
5 25
8 64
8 64
11 121
11 121
11 121
14 196
16 256
Total 968
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4.8 THE MATHEMATICAL CRITERION ASSOCIATED WITH THE
VARIANCE AND STANDARD DEVIATION

In Section 3.7 we described the least-squares criterion and established that the arithmetic mean is the
measure of data location that satisfies this criterion. Now refer to Formula (4.5) and note that the variance is in
fact a type of arithmetic mean, in that it is the sum of squared deviations divided by the number of such values.
From this standpoint alone, the variance is thereby associated with the least-squares criterion. Note also that the
sum of the squared deviations in the numerator of the variance formula is precisely the sum that is minimized
when the arithmetic mean is used as the measure of location. Therefore, the variance and its square root, the
standard deviation, have a close mathematical relationship with the mean, and both are used in statistical
inference with sample data.

EXAMPLE 8. Referto Table 4.2, which is the worksheet that was used to calculate the standard deviation for the sales data
in Example 3. Note that the sum of the squared deviations, 86.00, which is the numerator in the standard deviation formula,
cannot be made lower by the choice of any other location measure with a value different from the population mean of 10.5.

4.9 USE OF THE STANDARD DEVIATION IN DATA DESCRIPTION

As established in the preceding section, the standard deviation is used in conjunction with a number of
methods of statistical inference covered in later chapters of this book. A description of these methods is beyond
the scope of the present chapter. However, aside from the uses of the standard deviation in inference, we can
now briefly introduce a use of the standard deviation in data description. Consider a distribution of data values
that is both symmetrical and mesokurtic (neither flat nor peaked). As will be more fully described in Chapter 7,
the frequency curve for such a distribution is called a normal curve. For a set of values that is normally
distributed, it is always true that approximately 68 percent of the values are included within one standard
deviation of the mean and approximately 95 percent of the values are included within two standard deviation
units of the mean. These observations are presented diagrammatically in Figs. 4-2(a) and (b), respectively.
Thus, in addition to the mean and standard deviation both being associated with the least-squares criterion, they
are also mutually used in analyses for normally distributed variables.

f f
|
l-t--—~68%——'-1
! [
| | 95%
A . 1 1 i 1
u-lo w upu+la X u-20 ©® u+20 X
(a) (b)
Fig. 4-2

EXAMPLE 9. The electrical billings in a residential area for the month of June are observed to be normally distributed. If
the mean of the billings is calculated to be $84.00 with a standard deviation of $24.00, then it follows that approximately 68
percent of the billed amounts are within $24.00 of the mean, or between $60.00 and $108.00. It also follows that
approximately 95 percent of the billed amounts are within $48.00 of the mean, or between $36.00 and $132.00.

4.10 USE OF THE RANGE AND STANDARD DEVIATION IN
STATISTICAL PROCESS CONTROL

As introduced in Section 3.9, the sample mean is used in process control for averages by the construction of
X charts. In addition to controlling process averages, there is at least an equal interest in controlling process
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variability. To monitor and control variability, either the ranges or the standard deviations of the rational
subgroups that constitute the sequential samples (see Section 1.7) are determined. In either case, the values are
plotted identically in form to the run chart for the sequence of sample mean weights in Fig. 2-11 (page 18). Such
a chart for sample ranges is called an R chart, while the chart for sample standard deviations is called an s chart.
The construction and use of such charts in process control is described in Chapter 19.

EXAMPLE 10. Refer to Example 16 and the associated Fig. 2-11 in Chapter 2 (page 18). The run chart in Fig. 2-11 is
concerned with monitoring the mean weight of the packages of potato chips. Suppose the values of the ranges for the 15
samples of n = 4 packages of potato chips are: 0.36,0.11, 0.20, 0.13,0.10, 0.15, 0.20, 0.24,0.31, 0.14,0.33,0.13,0.11, 0.15,
and 0.27 oz. That is, in the first sample of four packages there was a difference of 0.36 oz between the weights of the two
packages with the highest and lowest weights, and so forth for the other 14 samples. Figure 4-3 is the run chart for these
ranges. Whether any of the deviations of the sample ranges from the overall mean average of all the ranges can be considered
as being a meaningful deviation is considered further in Chapter 19.

0.3 —
[1})
[@)]
c
(14
1
0.2
0.1
T T T
Sample 5 10 15

Fig. 4-3 Run chart.

From the standpoint of using the measure of variability that is most stable, the least-squares oriented s chart is
preferred. Historically, the range has been used most frequently for monitoring process variability because it can be
easily determined with little calculation. However, availability of more sophisticated weighing devices that are
programmed to calculate both the sample mean and standard deviation has resulted in greater use of s charts.

4.11 THE COEFFICIENT OF VARIATION

The coefficient of variation, CV, indicates the relative magnitude of the standard deviation as compared
with the mean of the distribution of measurements, as a percentage. Thus, the formulas are

Population: cv =2 %100 (4.13)
7
Sample: cv :)i( x 100 (4.14)

The coefficient of variation is useful when we wish to compare the variability of two data sets relative to the
general level of values (and thus relative to the mean) in each set.



64 DESCRIBING BUSINESS DATA: MEASURES OF DISPERSION [CHAP. 4

EXAMPLE 11. For two common stock issues in the electronics industry, the daily mean closing market price during a
one-month period for stock A was $150 with a standard deviation of $5. For stock B, the mean price was $50 with a standard
deviation of $3. On an absolute comparison basis, the variability in the price of stock A was greater, because of the larger
standard deviation. But relative to the price level, the respective coefficients of variation should be compared:

5 3
cva) =T x100= -2 x100=33% and CV(B)=2 x 100 = — x 100 = 6.0%
“ 150 m 50

Therefore, relative to the average price level for each stock issue, we can conclude that stock B has been almost twice
as variable in price as stock A.

4.12 PEARSON’S COEFFICIENT OF SKEWNESS

Pearson’s coefficient of skewness measures the departure from symmetry by expressing the difference between
the mean and the median relative to the standard deviation of the group of measurements. The formulas are

3(nw — Med
Population skewness = 3(p = Med) (4.15)
g
3(X — Med
Sample skewness = 3 — Med) (4.16)
s

For a symmetrical distribution the value of the coefficient of skewness will always be zero, because the mean
and median are equal to one another in value. For a positively skewed distribution, the mean is always larger than
the median; hence, the value of the coefficient is positive. For a negatively skewed distribution, the mean is always
smaller than the median; hence, the value of the coefficient is negative.

EXAMPLE 12. For the air-conditioning sales data presented in Example 2, the mean is 10.5 units, the medium is 11.0
units (from Section 3.2 and 3.4), and the standard deviation is 3.3 units. The coefficient of skewness is

Skewnogs — 3= Med) _ 3(10.53—3 1.0) _ 4
g .

Thus the distribution of sales amounts is somewhat negatively skewed, or skewed to the left.

4.13 USING EXCEL AND MINITAB

Solved Problem 4.17 presents a set of measures of location and variability using Excel, while Problem 4.18
presents output from Minitab.

Solved Problems

THE RANGES, MEAN ABSOLUTE DEVIATION, AND STANDARD DEVIATION

4.1. For a sample of 15 students at an elementary school snack bar, the following sales amounts, arranged in
ascending order of magnitude, are observed: $0.10, 0.10, 0.25, 0.25, 0.25, 0.35, 0.40, 0.53, 0.90, 1.25,
1.35, 2.45, 2.71, 3.09, 4.10. Determine the (a) range and (b) interquartile range for these sample data.

(@ R=H—L=3410—0.10 = $4.00
() I0R = Qs — Q) = 2.175 — 0.25 = 1.925 = $1.92
where Q3 = X[75n/100)+ (1/2)] = X(1.25+0.50) = X11.75 = 1.35 +0.825 = $2.175
(Note: This is the interpolated value three-fourths of the distance between the 11th and 12th ordered sales
amounts.)
and Q1 = Xjsn/100)+ (1/2)] = X(3.75+0.50) = X425 = $0.25
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4.2.

4.3.

Compute the mean absolute deviation for the data in Problem 4.1. The sample mean for this group of
values was determined to be $1.21 in Problem 3.1.

DESCRIBING BUSINESS DATA: MEASURES OF DISPERSION

Using Table 4.4, the mean absolute deviation is calculated as follows:

MAD

_SIX—X| 81545

n

15

=$1.03

Table 4.4 Worksheet for Calculating the Mean
Absolute Deviation for the Snack Bar Data

X X-X X — X|

$0.10 $—1.11 $1.11
0.10 —1.11 1.11
0.25 —0.96 0.96
0.25 —0.96 0.96
0.25 —0.96 0.96
0.35 —0.86 0.86
0.40 —-0.81 0.81
0.53 —0.68 0.68
0.90 -0.31 0.31
1.25 0.04 0.04
1.35 0.14 0.14
245 1.24 1.24
2.71 1.50 1.50
3.09 1.88 1.88
4.10 2.89 2.89

Total $15.45

Determine the sample standard deviation for the data in Problems 4.1 and 4.2 by using (a) the deviations
formula and () the alternative computational formula, and demonstrate that the answers are equivalent.

Table 4.5 Worksheet for Calculating the Sample
Standard Deviation for the Snack Bar Data

X X-X X —X)* X2
$0.10 $—1.11 1.2321 0.0100
0.10 —1.11 1.2321 0.0100
0.25 —0.96 0.9216 0.0625
0.25 —0.96 0.9216 0.0625
0.25 —0.96 0.9216 0.0625
0.35 —0.86 0.7396 0.1225
0.40 —0.81 0.6561 0.1600
0.53 —0.68 0.4624 0.2809
0.90 —0.31 0.0961 0.8100
1.25 0.04 0.0016 1.5625
1.35 0.14 0.0196 1.8225
2.45 1.24 1.5376 6.0025
2.71 1.50 2.2500 7.3441
3.09 1.88 3.5344 9.5481
4.10 2.89 8.3521 16.8100
Total  22.8785 Total  44.6706
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From Table 4.5,

X —X) 22.8785
(@) s:,/z( 1) =V — V1.6342 =~ $1.28
P —
2 _ 2
) sz,lzx ;’X =\/44'670?5 1?(1'21) — V1.6221 ~$1.27
P —

The answers are slightly different because of rounding error associated with the fact that the sample mean was
rounded to two places.

4.4. A sample of 20 production workers in a small company earned the following wages for a given week,
rounded to the nearest dollar and arranged in ascending order: $240, 240, 240, 240, 240, 240, 240, 240,
255, 255, 265, 265, 280, 280, 290, 300, 305, 325, 330, 340. Determine the (a) range and (b) middle 80
percent range for this sample.

(@ R=H—L=8$340—$240 = $100
(b) Middle 80% R = Pygg — Pjp = $327.50 — $240.00 = $87.50
where Pog = X[90n/100)+(1/2)] = X118 +(1/2)] = X185 = $325 + §2.50 = $327.50
P1o = Xjaon/100)+(1/2)] = X2 +(1/2)) = X2.5 = $240.00

4.5. Compute the mean absolute deviation for the wages in Problem 4.4. The sample mean for these wages
was determined to be $270.50 in Problem 3.5.

From Table 4.6, the average deviation is

SIX —X|  $572.00

MAD =
n 20

= $28.60

Table 4.6 Worksheet for Calculating the Mean
Absolute Deviation for the Wage Data

X X-X X — X|
$240 $—30.50 $30.50
240 —-30.50 30.50
240 —-30.50 30.50
240 -30.50 30.50
240 —30.50 30.50
240 —30.50 30.50
240 —30.50 30.50
240 —30.50 30.50
255 —15.50 15.50
255 —15.50 15.50
265 —5.50 5.50
265 —5.50 5.50
280 9.50 9.50
280 9.50 9.50
290 19.50 19.50
300 29.50 29.50
305 34.50 34.50
325 54.50 54.50
330 59.50 59.50
340 69.50 69.50
Total ~ $572.00
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4.6.

4.7.

4.8.

Determine the (a) sample variance and (b) sample standard deviation for the data in Problems 4.4 and
4.5, using the deviations formulas.

With reference to Table 4.7,

@ = (X — Xy _21,945.00
n—1 20—1

v\2
) s:‘/z(i‘%f):./hws.o =~ $33.99

Table 4.7 Worksheet for Calculating the
Sample Variance and Standard
Deviation for the Wage Data

= 1,155.00

X X-X X — X
$240 | $-30.50 $930.25
240 —30.50 930.25
240 -30.50 930.25
240 —30.50 930.25
240 —30.50 930.25
240 —30.50 930.25
240 —30.50 930.25
240 -30.50 930.25
255 —15.50 240.25
255 —15.50 240.25
265 —5.50 30.25
265 —5.50 30.25
280 9.50 90.25
280 9.50 90.25
290 19.50 380.25
300 29.50 870.25
305 34.50 1,190.25
325 56.50 2,970.25
330 59.50 3,540.25
340 69.50 4,830.25
Total m

A work-standards expert observes the amount of time required to prepare a sample of 10 business letters
in an office with the following results listed in ascending order to the nearest minute: 5, 5, 5,7, 9, 14, 15,
15, 16, 18. Determine the (a) range and (b) middle 70 percent for the sample.

(@ R=H—-L=18-5=13min

(b) Middle 70% R = Pg5 — P15 = 16.0 — 5.0 = 11.0 min
where Pgs = X{(851/100)+(1/2)] = X8.5+0.5) = Xo = 16.0min

P15 = Xia5n/100)+(1/2)] = X(1.5+0.5) = X2 = 5.0min

Compute the mean absolute deviation for the preparation time in Problem 4.7. The sample mean was
determined to be 10.9min in Problem 3.9.
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4.9
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Table 4.8 Worksheet for Calculating
the Mean Absolute Devi-
ation for the Preparation-

From Table 4.8,

Time Data

X X-X X — X|
5 —-59 5.9
5 -59 5.9
5 -59 5.9
7 -39 39
9 -1.9 1.9
14 3.1 3.1
15 4.1 4.1
15 4.1 4.1
16 5.1 5.1
18 7.1 7.1
Total 47.0

MAD :M:@ = 4.7min

n 10

[CHAP. 4

Determine the (a) sample variance and (b) sample standard deviation for the preparation-time data in
Problems 4.7 and 4.8, using the alternative computational formulas.

With reference to Table 4.9,

(a)

(b)

§

S =

, 3X2—nX’ 1431 -10(10.9)

=26.99

n—

1 10 -1

2 _ %P
7’1“ — /26.99 = 5.2 min
P

Table 4.9 Worksheet for Calcu-
lating the Sample Var-
iance and Standard
Deviation for the Prep-
aration-Time Data

X2

25
25
25
49
81
196
225
15 225
16 256
18 324
Total m

—_ =
R O 9L ;o | X
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USE OF THE STANDARD DEVIATION

4.10. Many national academic achievement and aptitude tests, such as the SAT, report standardized test
scores with the mean for the normative group used to establish scoring standards converted to 500 with a
standard deviation of 100. Suppose that the distribution of scores for such a test is known to be
approximately normally distributed. Determine the approximate percentage of reported scores that
would be between (a) 400 and 600 and (b) between 500 and 700.

(a) 68% (since these limits are within one standard deviation of the mean)
(b) 47.5% (i.e., one-half of the middle 95 percent)

4.11. Referring to the standardized achievement test in Problem 4.10, what are the percentile values that
would be reported for scores of (a) 400, (b) 500, (¢) 600, and (d) 700?

(a) 16 (Since 68 percent of the scores are between 400 and 600, one-half of the remaining 32 percent, or 16
percent, would be below 400, while the other 16 percent would be above 600.)

(b) 50 (Since the mean for a normally distributed variable is at the 50th percentile point of the distribution.)
(c) 84 (As explained in (a), above, since 16 percent are above a score of 600, this leaves 84 percent at or below a
score of 600.)

(d) 97.5 (Because 95 percent of the scores are between 300 and 700, and one-half of 5 percent, or 2.5 percent, are
below 300, the total percentage at or below 700 is 97.5 percent.)

THE COEFFICIENT OF VARIATION
4.12. Determine the coefficient of variation for the wage data analyzed in Problems 4.4 to 4.6.

Since X = $270.50 and s = $33.99,

s 33.99

4.13.  For the same industrial firm as in Problem 4.12, above, the mean weekly salary for a sample of supervisory
employees is X = $730.75, with s = $§45.52. Determine the coefficient of variation for these salary
amounts.

X ~730.75

4.14. Compare the variability of the production workers’ wages in Problem 4.12 with the supervisory salaries in
Problem 4.13 (a) on an absolute basis and () relative to the mean level of weekly income for the two
groups of employees.

(@) On an absolute basis, there is more variability among the supervisors’ salaries (s = $45.52) than there is
among the production workers’ weekly wages (s = $33.99).

(b) On a basis relative to the respective means, the two coefficients of variation are compared. Referring to the
solutions to Problems 4.12 and 4.13, we can observe that the coefficient of variation for the hourly wage data
(0.126) is about twice as large as the respective coefficient for the weekly salaries (0.062), thereby indicating
greater relative variability for the wage data.

PEARSON’S COEFFICIENT OF SKEWNESS

4.15. Compute the coefficient of skewness for the snack-bar data that were analyzed in Problems 4.1
to 4.3.
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4.16.
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Since X = $1.21, Med = $0.53 (from Problem 3.1), and s = $1.27,

3(X —Med)  3(1.21 —0.53)

=1.61
s 1.27

Skewness =

Therefore the distribution of sales amounts is positively skewed, or skewed to the right.

Compute the coefficient of skewness for the wage data analyzed in Problems 4.4 to 4.6.
Since X = $270.50, Med = $260.00 (from Problem 3.5), and s = $33.99,

3(X —Med)  3(270.50 — 260.00)
s o 33.99

Therefore the distribution of the wage amounts is slightly positively skewed.

Skewness = =0.93

USING EXCEL AND MINITAB

4.17.

Use Excel to determine the range, standard deviation, and variance for the data in Table 2.7 (page 22),
for the time required to complete an assembly task by a sample of 30 employees. In Problem 3.17 we
determined the values of the mean and median for these data by the use of Excel.

Figure 4-4 presents the output of descriptive statistics for these data, which is the same output as obtained in the solution
for Problem 3.17. As can be observed, the value of the range is 9min (which is the difference between the maximum
value of 18 and the minimum of 9min that are reported), the standard deviation is 2.437494, or more simply, 2.4 min,
and the variance is 5.941379, or more simply, 5.9. As always, the variance is the squared value of the standard
deviation, and thus is expressed in squared units. Note that in Excel, as is true for most software, it is the sample
standard deviation that is reported in the standard output. The reason for this is that this measure of variability typically
is used in conjunction with statistical inference, rather than simply statistical description. Therefore, the data that are
analyzed are usually sample data taken from some defined population.

The Excel instructions that result in the output presented in Fig. 4-4 are

(1) Open Excel. In cell Al enter the column label: Assy. Times, min. Enter the data values in column A beginning
at cell A2.

(2) Click Tools — Data Analysis — Descriptive Statistics. Click OK.

(3) Designate the Input Range as: $$A$1:$A$31.

(4) Select Labels in First Row.

(5) Select Summary Statistics. Click OK.

Assy. Times, min.

Mean 133
Standard Error 0.445024
Median 13.5
Mode 14

Standard Deviation 2.437494
Sample Variance 5.941379

Kurtosis -0.81237
Skewness -0.00735
Range 9
Minimum 9
Maximum 18
Sum 399
Count 30

Fig. 4-4 Excel output.
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4.18. Use Minitab to determine the range, standard deviation, and variance for the data in Table 2.7 (page 22),
for the time required to complete an assembly task by a sample of 30 employees. In Problem 3.18 we
determined the values of the mean and median for these data by the use of Minitab.

Figure 4-5 presents the output of descriptive statistics for these data, which is the same output as obtained in the
solution for Problem 3.18. The value of the range is determined by subtracting the lowest reported value in the
sample from the highest reported value: R = MAX — MIN = 18.000 — 9.000 = 9 minutes. The standard deviation
is 2.437, or more simply, 2.4 minutes. The variance is the squared value (2.437)> = 5.939, or more simply, 5.9. As
always, because the variance is the squared value of the standard deviation, it is expressed in squared units. Note
that in Minitab, as is true for most software, it is the sample standard deviation that is reported in the standard
output. The reason for this is that this measure of variability typically is used in conjunction with statistical
inference, rather than simply statistical description. Therefore, the data that are analyzed are usually sample data
taken from some defined population.

The Minitab instructions that result in the output presented in Fig. 4-5 are

(1) Open Minitab. In the column-name cell for column C1 enter: Assy. Times, min. Then enter the sample data in
column C1.

(2) Click Stat — Basic Statistics — Display Descriptive Statistics.

(3) For Variables enter: C1.

(4) Click OK.

Descriptive Statistics: Assy. Times, min.

Variable N Mean Median TrMean StDev SE Mean
Assy. Ti 30 13.300 13.500 13.308 2.437 0.445
Variable Minimum Maximum Q1 Q3
Assy. Ti 9.000 18.000 11.000 15.000

Fig. 4-5 Minitab output.

Supplementary Problems

THE RANGES, MEAN ABSOLUTE DEVIATION, AND STANDARD DEVIATION

4.19. The number of cars sold by each of the 10 salespeople in an automobile dealership during a particular month,
arranged in ascending order, is: 2, 4, 7, 10, 10, 10, 12, 12 14, 15. Determine the (a) range, (b) interquartile range, and
(c) middle 80 percent range for these data.
Ans. (a) 13, (b) 5.0, (¢) 11.5

4.20. Compute the mean absolute deviation for the sales data in Problem 4.19. The population mean for these values was
determined to be 9.6 in Problem 3.19.
Ans. 3.16 =32

4.21. From Problem 4.19, determine the standard deviation by using the deviation formula and considering the group of
values as constituting a statistical population.
Ans. 3.955=4.0

4.22. The weights of a sample of outgoing packages in a mailroom, weighed to the nearest ounce, are found to be: 21, 18,
30, 12, 14, 17, 28, 10, 16, 25 oz. Determine the (a) range and () interquartile range for these weights.
Ans. (a) 20.0, (b) 11.0
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4.23.

4.24.

4.25.

4.26.

4.27.

4.28.

4.29.

4.30.
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Compute the mean absolute deviation for the sampled packages in Problem 4.22. The sample mean was determined
to be 19.1 oz in Problem 3.22.
Ans. 5.52==55

Determine the (a) sample variance and (b) sample standard deviation for the data in Problem 4.22, by use of the
computational version of the respective formulas.
Ans. (a) 45.7, (b) 6.8

The following examination scores, arranged in ascending order, were achieved by 20 students enrolled in a decision
analysis course: 39, 46, 57, 65,70, 72,72,75,77,79, 81, 81, 84, 84, 84, 87, 93, 94, 97, 97. Determine the (a) range
and (b) middle 90 percent range for these data.

Ans. (a) 58.0, (b) 54.5

Compute the mean absolute deviation for the examination scores in Problem 4.25. The mean examination score was
determined to be 76.7 in Problem 3.26.
Ans. 11.76 2 11.8

Considering the examination scores in Problem 4.25 to be a statistical population, determine the standard deviation
by use of (a) the deviations formula and (b) the alternative computational formula.
Ans. (a) 15.294 = 15.3, (b) 15.294 =2 15.3

The number of accidents which occurred during a given month in the 13 manufacturing departments of an industrial
plant was: 2,0, 0, 3,3, 12, 1,0, 8, 1, 0, 5, 1. Determine the (a) range and () interquartile range for the number of
accidents.

Ans. (a) 12.0, (b) 3.5

Compute the mean absolute deviation for the data in Problem 4.28. The mean number of accidents was determined
to be 2.8 in Problem 3.28.
Ans. 2.646 =2 2.6

Considering the accident data in Problem 4.28 to be a statistical population, compute the standard deviation by using
the alternative computational formula.
Ans. 3.465==3.5

USE OF THE STANDARD DEVIATION

4.31.

4.32.

Packages of a certain brand of cereal are known to be normally distributed, with a mean weight of 13.0 oz and a
standard deviation of 0.1 oz, with the weights being normally distributed. Determine the approximate percentage of
packages that would have weights between (a) 12.9 and 13.10z and (b) 12.9 and 13.20z.

Ans. (a) 68%, (b) 81.5%

Refer to the distribution of cereal weights in Problem 4.31. What percentile values correspond to weights of (a) 13.0,
(b) 13.1, and (¢) 13,2 0z?
Ans. (a) 50, (b) 84, (c) 97.5

THE COEFFICIENT OF VARIATION

4.33.

4.34.

Determine the coefficient of variation for the car-sales data analyzed in Problems 4.19 through 4.21.
Ans. CV =41.7%

Refer to Problem 4.33. In another (larger) dealership, the mean number of cars sold per salesperson during a
particular month was w = 17.6, with a standard deviation of o = 6.5. Compare the variability of car sales per
salesperson (a) on an absolute basis and () relative to the mean level of car sales at the two dealerships.
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Ans. (a) The standard deviation in the first dealership (4.0) is smaller than the standard deviation in the second
dealership (6.5). (b) The coefficient of variation in the first dealership (41.7%) is larger than the coefficient of
variation in the second dealership (36.9%).

PEARSON’S COEFFICIENT OF SKEWNESS

4.35.

4.36.

Compute the coefficient of skewness for the car-sales data analyzed in Problems 4.19 through 4.21. The median for
these data was determined to be 10.0 in Problem 3.19.
Ans. Skewness = — (.30 (Thus, the distribution of car sales is slightly negatively skewed, or skewed to the left.)

Compute the coefficient of skewness for the accident data analyzed in Problems 4.28 through 4.30. The median for
these data was determined to be 1.0 in Problem 3.28.
Ans. Skewness = 1.54 (Thus, the distribution of accidents is positively skewed.)

COMPUTER OUTPUT

4.37.

Use computer software to determine the (a) mean, (b) median, (c) range, (d) interquartile range, and (e) standard
deviation for the sample of 40 loan amounts in Table 2.19 (page 41).
Ans. (a) $1,097; (b) $945; (c¢) $2,700; (d) $897; (e) $642



Probability

5.1 BASIC DEFINITIONS OF PROBABILITY

Historically, three different conceptual approaches have been developed for defining probability and for
determining probability values: the classical, relative frequency, and subjective approaches.

By the classical approach to probability, if N(A) possible elementary outcomes are favorable to event A,
N(S) possible outcomes are included in the sample space, and all the elementary outcomes are equally likely and
mutually exclusive, then the probability that event A will occur is

_N&
C NG
Note that the classical approach to probability is based on the assumption that each outcome is equally

likely. Because this approach (when it is applicable) permits determination of probability values before any
sample events are observed, it has also been called a priori approach.

P(A) (5.1)

EXAMPLE 1. In a well-shuffled deck of cards which contains 4 aces and 48 other cards, the probability of an ace (A)
being obtained on a single draw is

N _ 41

PA=38 "2~ 13

By the relative frequency approach, the probability is determined on the basis of the proportion of times
that a favorable outcome occurs in a number of observations or experiments. No prior assumption of equal
likelihood is involved. Because determination of the probability values is based on observation and collection
of data, this approach has also been called the empirical approach. The probability that event A will occur by
the relative frequency approach is

P(A) = no. of observations of A _ n(A)

5.2
sample size n (5-2)

EXAMPLE 2. Before including coverage for certain types of dental problems in health insurance policies for employed
adults, an insurance company wishes to determine the probability of occurrence of such problems, so that the insurance rate
can be set accordingly. Therefore, the statistician collects data for 10,000 adults in the appropriate age categories and finds
that 100 people have experienced the particular dental problem during the past year. The probability of occurrence is thus

nA) 100

Py =" _ —0.01, or 1%

A === 10,000 PO
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Both the classical and relative frequency approaches yield objective probability values, in the sense that the
probability values indicate the relative rate of occurrence of the event in the long run. In contrast, the subjective
approach to probability is particularly appropriate when there is only one opportunity for the event to occur,
and it will either occur or not occur that one time. By the subjective approach, the probability of an event is the
degree of belief by an individual that the event will occur, based on all evidence available to the individual.
Because the probability value is a personal judgment, the subjective approach has also been called the
personalistic approach. This approach to probability has been developed relatively recently, and is related to
decision analysis (see Chapter 18).

EXAMPLE 3. Because of taxes and alternative uses for the funds, an investor has determined that the purchase of land
parcels is worthwhile only if there is at least a probability of 0.90 that the land will appreciate in value by 50 percent or more
during the next four years. In evaluating a certain parcel of land, the investor studies price changes in the area during recent
years, considers present price levels, studies the current and likely future status of land development projects, and reviews
the statistics concerned with the economic development of the overall geographic area. On the basis of this review the
investor concludes that there is a probability of about 0.75 that the required appreciation in value will in fact occur. Because
this probability value is less than the required minimum probability of 0.90, the investment should not be made.

5.2 EXPRESSING PROBABILITY

The symbol P is used to designate the probability of an event. Thus P(A) denotes the probability that event
A will occur in a single observation or experiment.

The smallest value that a probability statement can have is O (indicating the event is impossible) and the
largest value it can have is 1 (indicating the event is certain to occur). Thus, in general:

0<PA) =<1 (5.3)

In a given observation or experiment, an event must either occur or not occur. Therefore, the sum of the
probability of occurrence plus t