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PREFACE

This book, with apologies for the pretentious title, represents the text of a course

_we have been teaching at Harvard for the past eight years. The course is aimed

variable calculus. Some prior acquaintance with linear algebra is helpful but not

necessary. Most of the students simultaneously take an intensive course in physics

and so are able to integrate the material learned here with their physics education.
This also is helpful but not necessary. The main topics of the course are the theory

and physical application of linear algebra, and of the calculus of several variables,
particularly the exterior calculus. Our pedagogical approach follows the ‘spiral

4

sophistication and range ol application, rather than the ‘rectilinear approach” oi

strict logical order. There are, we hope, no vicious circles of logical error, but we

general definition and setting only after a broader perspective can be achieved
through the introduction of related topics. This makes some demands of patience

and faith on the part of the student. But we hope that, at the end, the student is
rewarded by a deeper intuitive understanding of the subject as a whole.

Here 1s an outline of the contents of the book in some detail. The goal of the

first four chapters is to develop a familiarity with the algebra and analysis of

—Square-matrices. Thus, by the end of these chapters, the student should be thinking —

£ . — -
Ol 4 matrix as an object in its own right, and not as a square array of numbers.

We deal in these ch

But we always formulate the results with the higher-dimensional case in mind. We

begin Chapter 1 by explaining the relati iplication law of 2 x 2

matrices and the geometry of straight lines in the plane. We develop the algebra
of 2 x2 matrices and discuss the determinant and its relation to area and

~remtation. We define the notion of an abstract vector space, in general, and

€Xptlam the concepts of basis and change of basis for one: and two-dimensional
Mspacesh
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In Chapter 2 we discuss conformal linear geometry in the plane, that is, the
geometry of lines and angles, and its relation to certain kinds of 2 x 2 matrices.

quantum mechanics. We use these notions to give an algorithm for computing
the powers of a matrix. As an application we study the basic properties of Markov
chains.

The principal goal of Chapter 3 is to explain that a system of homogeneous
linear differential equations with constant coefficients can be written as du/dt = Au
where A4 is a matrix and u is a vector, and that the solution can be written as

 e*'u, where u, gives the initial conditions. This of course requires us to explain
what is meant by the exponential of a matrix. We also describe the qualitative
behavior of solutions and the inhomogeneous case, including a discussion of

reconsance
IVOVUILIIAQLIVV,

Chapter 4 is devoted to the study of scalar products and quadratic forms. It is
rich in physical applications, including a discussion of normal modes and a detailed
treatment of special relativity.

Chapters 5 and 6 present the basic facts of the differential calculus. In Chapter 5
we define the differential of a map from one vector space to another, and discuss
its basic properties, in particular the chain rule. We give some physical applications

—such as Kepler motion and the Born approximation. We define the concepts of —

directional and partial derivatives, and linear differential forms.

__In_Chapter 6 we continue the study of the differential calculus. We present the

function theorem. We discuss critical point behavior and Lagrange multipliers.
Chapters 7 and 8 are meant as a first introduction to the integral calculus.
Chapter 7 is devoted to the study of linear differential forms and their line integrals.
Particular attention is paid to the behavior under change of variables. Other
one-dimensional integrals such as arc length are also discussed.
Chapter 8 is devoted to the study of exterior two-forms and their corresponding
i onal i s Tl o derivative is i tuced and i :

under pullback is stressed. The two-dimensional version of Stokes’ theorem, i.e.

bl

be applied to a physical theory — optics. It is all in the nature of applications, and
can 1 i 1
In Chapter 10 we go back and prove the basic facts about finite-dimensional
vector spaces and their linear transformations. The treatment here is a straight-
_forward generalization, in the main, of the results obtained in the first four chapters
in the two-dimensional case. The one new algorithm is that of row reduction. Two
i new concepts (somewhat hard to get used to at first) are introduced:

those of the dual space and the quotient space. These concepts will prove crucial
in what follows.
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matrices. The subject is developed axiomatically, and the basic computational

Wre nresented
hapters 12-14 are-mea ‘ -
that is, algebraic top010gy In Chapter 12 we begln the study of electrlcal networks
Thic involves two aspects. One is the study of the ‘wiring” of the network, that is,
1‘1;\; the various branches are interconnected. In mathematical language this is
known as the topology of one- -dimensional complexes. The other is the study of
how the network as a whole responds when we know the behavior of the individual

branches, in particular, power and energy response. We give some applications to

In Chapter 13 we continue the study of electrical networks. We examine the
boundary-value problems assoc1ated w1th capacitive networks and use these

In Chapter 14 we give a sketch of how the one-dimensional results of Chapters 12
and 13 generalize to higher dimensions.

Chapters 15-18 develop the exterior differential calculus as a continuous version
of the discrete theory of complexes. In Chapter 15 the basic facts of the exterior
calculus are presented: exterior algebra, k-forms, pullback, exterior derivative and
Stokes’ theorem.

Chapter 17 contlnues the study of the exterior differential calculus The main

topics are vector fields and flows, interi d Lie derivatives. These are

applied to magnetostatics.
Chapter 18 concludes the study of the exterior calculus with an in-depth

discussion of the star operator in a general context.
Chapter 19 can be thought of as the culmination of the course. It applies the

—results of the preceding chapters to the study of Maxwell’s equations and the —

associated wave equations.

But Chapters 1-9, 20 and 21 would form a self-contalned unit for a shorter course.

The material in Chapter 20 is a relatively standard treatment of the theory of

functions of complex variable, suitable for students at the level of this book.
Chapter 21 discusses some of the more elementary aspects of asymptotics.

Chapter 22 shows how the exterior calculus can be used in classical thermo-

dIs’fllﬂamlcs following the ideas of Born and Carathéodory.

—hﬂmmmmymwﬁeh@wyﬁmo}w :
—Most-of the m mathematics and all of the physics presented in this book were

developed by the first decade of the twentieth century. The material is thus at

least seventy-five years old. Yet much of the material is not yet standard in the
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elementary courses (although most of it with the possible exception of network
theory must be learned for a grasp of modern physics, and is studied at some stage

b

; istorical. Tt w
Hamilton that the real and complex numbers were insufficient for the deeper study
of geometrical analysis, that one wants to treat the number pairs or triplets of

e = 2N Ceom 1 NO-_AaAnd nreec_aimen On ) a¥alls N NEe OWIl N

with their own algebraic properties. To this end he developed the algebra of
quaternions, a theory which had a good deal of popularity in England in the
middle of the nineteenth century. Quaternions had several drawbacks: they more
naturally pertained to four, rather than to three dimensions —the geometry of
three dimensions appeared as a piece of a larger theory rather than having a
natural existence of its own; also, they have too much algebraic structure, the

tions in three dimensions being somewhat complicated. (The first of these objections
would, of course be regarded far less seriously today. But it would be replaced by
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dimensional vector algebra with its scalar and vector products was distilled from
the theory of quaternions. It was conjoined with the necessary differential
operations, and give rise to the vector analysis as finally developed by Gibbs and
promulgated by him in a famous and very influential text.

So vector analysis, with its grad, div, curl etc. became the standard language in
which the geometric laws of physics were taught. Now while vector analysis is

of serious drawbacks. First, and least serious, is that the essential unity of the
subject is obscured. Thus the fundamental theorem of the calculus, Green’s theorem,

called Stokes’ theorem). But this is not at all clear in the vector analysis treatment.

More serious is that the fundamental operators involve the Euclidean structure

well (for example curl). Thus the theory is wedded to a three-dimensional orientated
Euclidean space. A related problem is that the operators do not behave nicely
under general changes of coordinates — their expression in non-rectangular co-

~ .

ord pemg unwieldy. Already Poir C unda Nd

philosophical writings which led to the theory of relativity, stressed the need to
distinguish between those laws of geometry and physics which are ‘topological’,

—i.e-depend only on the differential structure of space and so are invariant under —

smooth deformations, and those which depend on more geometrical structure such

- 2

which had existed in the previous mathematical literature, but was not regarded

as central to the er w. mphasi neral coordinate

changes. The vector analysis was not up to these two tasks and so was supplemented
in the more advanced literature by tensor analysis. But tensor analysis with its
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jumble of indices has a number of serious drawbacks, the most serious of which
being thatitis extraordinarily difficult to tell which operations have any geometric
:ig tifacts of the coordinate system. Thu
reasonably well- suited for computation, it is hard to assess exactly what it is that
" oneis computing. The whole purpose of the development initiated by Hamilton —to
have a calculus whose objects have a perceived geometrical significance — was
vitiated. In order to make the theory work one had to introduce a relatively
W—Wﬁmwmmmmafﬁneﬂmmcﬁmr&mwdﬁ
constructs the geometric meanings of the operations are obscure. In fact tensor
memﬁdﬁmmam@ugmmmww
curriculum.

It is generally accepted in the mathematics community, and gradually being
accepted in the physics community, that the most suitable framework for geo-
metrical analysis is the exterior differential calculus of Grassmann and Cartan. This

~calculus has the advantage that its computational rulesare simple and concise, —
that its objects have a transparent geometrical significance, that it works in all

L,V 3 3 3 rctary
Maxwell’s-equations-inthe courseof history

The constants c, u,, and &, are set to 1.

The homogeneous The inhomogeneous
equation equation

Earliest form

0B, 0B, 0B, 0E, O0E, OE,
+—2+—==0 - +——Z=p
ox oy o4 ox oy 0z
0E, O0E, 0B, 0B, . .
ﬁy oz - Bx ay 8z xt Ex
OE, OE, B 0B, 0B, k
0z ox y oz ox T
oE,— 0E; 0B, 0B, .
- = z A =Jz + Ez
ox oy ox oy’

At the end of the last century

V-B=0 V-E=p
VxE=—B VxB=j+E

At the beginning of this century

7, =0 & =

Mid-twentieth-century

dF=0 oF=J




dimensions, that it behaves well under maps and changes of coordinates, that it

between the ‘topological’ and ‘metrical’ properties. The geometrical laws of physics
take on a simple and elegant form in terms of the exterior calculus. To emphasize
i int, it mi 1 to reproduce the above table, taken from Thirring’s

Course on Mathematical Physics.

OUF— DU DIISNCA S AUSAE Ungsienre im 1644

not appreciated by the mathematical community and was dismissed by the leading
German mathematicians of his time. In fact, Grassmann was never able to get a

A tee - n iy vt A ~Q A A1y N o high h o h o h oh
[] \/ Yy DU U d cl cl N e WA d i Ul

his career. (Nevertheless, he seemed to have a happy and productive life. He raised a

ilv and was recognized as an expert on Sanskrit literature.) Towards the

" Iy A~ hp ea-aeain X - anothe ed ONn-oO N USE 11 ¥ i DY
U U 5 D s

fared no better than the first. Only one or two mathematicians of his time, such as
Mobius, appreciated his work. Nevertheless, the Ausdehnungslehre (or calculus of
extension) contains for the first time many of the notions central to modern
~mathematics and most of the algebraic structures used in this book. Thus vector —
spaces, exterior algebra, exterior and interior products and a form of the generalized
Stokes’ theorem all make their appearance.

mathematical community, due, in part, to the writings of Hermann Weyl who

__presented novel expositions of his work at a time when the theory of Lie groups

began to play a central role in mathematics and in physics. Cartan’s work on the
theory of principal bundles and connections is now basic to the theory of elementary
particles (where it goes under the generic name of ‘gauge theories’). In 1922 Cartan
published his book Legons sur les invariants intégraux in which he showed how

¢ exterior differential calculus, which he had invented, was a flexible tool, no

only for geometry but also for the variational calculus and a wide variety of

—1s mow recognized by mathematicians and physicists that this calculus is the

appropriate vehicle for the formulation of the geometrical laws of physics.

e ¢ s 2

o 3

curriculum and have proceeded accordingly.

Some explanation is in order for the time and effort devoted to the theory of
electrical networks, a subject not usually considered as part of the elementary
curriculum. First of all there is a purely pedagogical justification. The subject
always goes over well with the students. It provides a down-to-earth illustration
of such concepts as dual space and quotient space, concepts which frequently seem

L LASH AI1SO a he A At

algebraic setting of network theory, Stokes’ theorem appears as essentially a




definition, and a natural one at that. This serves to motivate the d operator and

N O as N Nne = NO a Nne = O a N e £PDE mM-ore

O = - w, Cl 10 . - = ) »,

philosophical reasons for our decision to emphasize network theory. It has been

recognized for about a century that the forces that hold macroscopic bodies

the notion of rigid body and Euclidean geometry makes sense, that is, in the
non-relativistic realm) the concept of a rigid body, and hence of Euclidean geometry,
derives from electrostatics. The frontiers of physics, both in the very small (the
study of elementary particles) and the very large (the study of cosmology) have
~already begun to reopen fundamental questions as to the geometry of space and
time. We thought it wise to bring some of the issues relating geometry to physics

alS€a O NICITA 1] 1. C ALl101N ONn 1€ Nd4d (] O ECOMCE 0_DC
hoped that our discussion may be of some use to those who will have to deal with
this problem 1n the future.
Of course, we have had to omit several important topics due to the limitation
of a one-year course. We do not discuss infinite-dimensional vector spaces, in

ogq

U 0 - C v aw € ’ . - C C - ' VE - ] C v, CA =~
them is best expended elsewhere. Of course, at various places in the text we have
to pay the price for not having these concepts at our disposal. More serious is the

probability theory. These topics are touched upon but not presented as a coherent
subject of study. Our only excuse is that a thorough study of each would probably
require a semester’s course, and substantive treatments from the modern viewpoint
are available elsewhere. A suggested guide to further reading is given at the end
ol the book.

We would like to thank Prof. Daniel Goroff for a careful reading of the

= 0 vy ~ s ) " 7 T P s Ant1 Ao a1 Q ) At a At ot oa
K ) v FO

ment. We would also like to thank Jeane Morris for her excellent typing and
her devoted handling of the production of the manuscript from the inception of

—the project to-its final form; over-a period of eight years, —
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mathematics of shape, that is, algebraic topology. In Chapter

12 we begin the study of electrical networks. This involves two
aspects. One is the study of the ‘wiring’ of the network, how
the various branches are interconnected. In mathematical
language this is known as the topology of one-dimensional
complexes. The other is the study of how the network as a
whole responds, when we kniow the behavior of the individual
branches, in particular as regards power and energy. We give
some applications to physically interesting networks.

Introduction

Electrical circuit theory is an approximation to electromagnetic theory in which

is happening along the wires i ircui

assumes that the circuit can be decomposed into various components, each with

I i i dict how the system as

a whole will behave when the components are interconnected in various ways.

~ The basic variables of circuit theory are familiar from household appliances;—
they are current, voltage and power. A fundamental unit in electromagnetic theory
is the charge of the electron. As of this wrmng (pI‘lOl‘ to the discovery of quarks)

nown par icle has a ¢ arge

electron The practical unit of charge is the coulomb, which represents the
ed observed that a

harg
was proportlonal to the rate of flow of charge. The measurement of this effect is
“forces that are needed toO
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measure charge. For this reason, current, rather than charge, is a basic variable
of circuit theory. The unit of current is the ampere, where-1 ampere = 1 coulomb/

_second. We shall use I to denote current. Thus ...
49

1=

dt

where I is current, measured in amperes, Q is charge, measured in coulombs,
and ¢ is time, measured in seconds. In general, we would expect that the current
flowing through a circuit would depend on position. In circuit theory it is assumed
that the current takes on a definite value at each component (but may be time-
dependent). If « denotes a branch of the circuit, then we let I, () denote the current
flowing through « at time ¢.

O CNATrec Ay gd O OSC CINICTEY dS PDASSCS OUug d DO O

of a circuit. The energy change (measured in joules) per unit charge (measured in

__coulombs) is known as the voltage. Thus 1 volt = 1 joule/coulomb. We will denote
- - 1 C - W C.C - A/ - B ] T

YV

branch « will be denoted by V*(¢).

The product of current and voltage has the units of energy/time which is known
as power. The unit of power corresponding to the units that we have introduced
above is called the watt. Thus

between voltage and current. In an inductor, the voltage is proportional to the
rate of change of the current: if « is an inductor the relation is

di,
“dr

Va

where the constant L, is known as the inductance of the inductor. The umt of

1 henry = 1 volt/(1 ampere/second) = 1 volt-second/ampere.

Ina capacitor, the current is proportional to the rate of change of voitage:

if « 1s a capacitor the relation is

dt ¢

where the constant C% known as the capacitance of the capacitor, is measured in
farads. In terms of units already introduced,

1 farad = 1 coulomb/volt.

Al = = a¥e ne ata = h o
] U A U d Cl v

(and not their derivatives directly). In the classical theory of linear passive circuits,

the relation is given in the form ¥ = RI where R is a constant, measured in ohms,
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resistor only

Figure 12.1

vV _
—
_—

real battery

Figure 12.2

vV

~

ideal battery

h an L] ., ry
Figure12.3

called the resistance of the branch. Its graph in the IV-plane is a straight line

any device which can be described by an (inhomogeneous) linear equation in I
and V. For example, a real battery, with internal resistance R*, can be described
by V*= W*+ R°I,, where the constant W* is called the emf of the battery. An

Al D3 y, W hrovides voltage W - no 5 OW 5 5
is described by V*= W? whose graph is a horizontal straight line, while an ideal
current source, which provides current K, no matter what the voltage across its
1 mav-be—isdeseribed by = whose eraph-is-a verticd -1' ine.

In analyzing circuits in which the voltages and currents change with time, we

must consi rrent which vary with time. In this case,

V() — Wit) = R (I (1) — K (1))

where W*(t) and K (¢) are specified functions of time. ‘
More generally, we might consider nonlinear resistors, inductors, or capacitors.

A h oM Y mav-—be ecarded-A3 Q2 NON ned 4 ()
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/

-

/

Figure 124

described by a nonlinear function I, =f(V?) as suggested in figure 12.4. The most
————" . . } . i V=0,
where the only restriction is that no derivatives of I or V appear.

b

d

1
V =L(I)~-
dr

This would be the case, for example, if an inductor with an iron core were
used for large cutrents. Similarly, we might consider a nonlinear capacitor, described
by

I
1 =

o
dt
which could be the result of using a dielectric with a nonlinear response.
Little more will be said about nonlinear devices, but it is important to recognize
that most of the theory which follows, which is concerned primarily with setting
up rather than solving the equations for electrical networks, applies with equal

validity to linear and nonlinear elements.

just mentioned. The branches are ¢ at their end points to one
another in some way. We wish to determine the currents and voltages in all the

DIran ne 2 " 'O N a ] N Iyran alls O ONE (] s O N a

=4 7 - all, . 9 us = o v G Ud 3 (]

equation or a functional relation involving the current and voltage through that
branch). We need b more equations. These are given by what are now known as
Kirchhoff’s laws.

Kirchhoff, as a student in Neumann’s seminar, made the first comprehensive
study ol the network problem. He published his results in 1845 and 1847. He
proved the existence of a solution to the network problem for a passive linear

a O o Q O g - A - 13O = a - here are - on als
v \/ \/ 3.7, & A cl cl

2 OTK; 1., 10T O i P v c OTS.
— In solving this problem, he was one of the first-to study the algebraic properties

of shape. This abstract study of shape was created, as a mathematical discipline,
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subject is called algebraic topology. The natures of the methods of algebraic topology
make themselves apparent in the case of passive linear resistive networks, and so

_we shall occupy a considerable amount of space studying these networks before
returning to the general case. In treating these networks, we shall follow a 1923

~paper by Weyl, in which a proof of Kirchhoff’s results is presented ina fashion —
that explains more directly the relations with algebraic topology.

Kirchhoff’s laws, as restated by Maxwell, have a very simple formulation.
and since no charge can be stored at an ideal point, the algebraic sum of all the
currents entering or leaving a junction of branches must be zero. Kirchhoff s voltage

aw 3 % cre € d O,

such that the voltage across each branch is given by the difference of the values
of @ at the end points, i.e., the two junctions of the branch. Maxwell devised two
methods of solving the resistive network problem which are known as Maxwell’s

examples to illustrate Maxwell’s methods, and, in the process, set up some of the
language of algebraic topology.

12.1. Linear resistive circuits

are said to be connected in parallel. Suppose that a battery supplying a constant
voltage, V, is connected across the group of resistors. The ith resistor has resistance
R; and we set G;= R; 1. (G, is called the conductance of the ith resistor.) We are
interested in calculating the total current delivered by the battery and the current
in each branch after the current has become steady. The connection between all
the upper terminals of the resistors ensures that in the steady state all these

Hence the voltage across each resistor is the same, and is equal to the voltage, V,

of the 1 F ] . f vi i ] . 1 of th

terminals. We may thus replace figure 12.5 by figure 12.6 in which there are two
vertices A and B, the top and the bottom, and n + 1 branches, of which one is the

Ky

II+

AAN
S

AN
=

AN

Figure 12.5
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Figure 12.6

battery and the rest are linear passive resistors. Since the same voltage, V, is applied

across all the resistors, it follows from the equation V= RI or I = GV that the

currents through the resistors are G, V, G,V,..., G,V. By Kirchhoff’s current law,
the current flowing through the battery branch must be equal and opposite to the

sum of the currents flowing through the resistors, and is therefore

—(Gy+ G+ + GV

]

in figure 12.6 are given similar orientations, so that, for example, all currents flowing

as negative.) We have completely solved this trivial network problem in that we
now know the voltage across and the current through each branch. It follows

from the above result that the total current supplied by the battery is the same
as would be supplied if the battery were connected across a single resistor of

conductance G =G, +G, + --- + G, i.e, of resistance R where

1 1 1 1

oo

= —
R R, R, R,

This is, of course. the well-known result, taught in all elementary courses,

which states that, if a number of resistors are connected in parallel, they are

A NS

AAASA—AAAN VA
R, Ry -+ R,
-~
I
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equivalent to a single resistor the reciprocal of whose resistance is equal to the
sum of the reciprocals of the resistances of the individual resistors.

__ A group of resistors connected by wires of negligible resistance as shown in
figure 12.7 is said to be connected in series. Suppose that a battery of voltage V is

C ) ; , ows around the
circuit. (By Kirchhoff’s current law we must have the same current, I, flowing

through each branch, because the algebraic sum of the currents at each nodc must

current I flows through the ith resistor, it follows that the voltage across the ith

resistor is R,I. It follows from Kirchhoff’s voltage law that the voltage across the

V:(Rl +R2 + .- +RH]I.

Since we know V, we can solve this equation for I and thus obtain the currents and

that if a number of resistors are connected in series they are equivalent to a single
. ] . i< 1] il . ¢ the individual res;
Let us now consider a slightly more complicated circuit consisting of a battery of
voltage V connected to three resistors of resistances R;,R, and R;, as shown in

figure 12.8. A point in the network from which two or more wires run to different

elements is called a node or a vertex. The point A is a node from which wires run to
the battery and to one of the resistors. The point Bisa node from which wirestun to

all three resistors. The point C is a node from which there run three wires, one to the
battery and two to different resistors. We do not consider the lower right-hand

e since it v - ) ;

point C, it must be identified as being the same node as C. Thus the circuit has three

figure 12. 9 describes exactly the same circuit as ﬁgurc 12.8. A network as simple as
thatshown in figure 12.8 or 12.9 can be analyzed into parallel and series connections,
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B

ANAR
a

the circuit is concerned, to a single resistor whose resistance is the reciprocal of
R; '+ R;1, ie., of resistance

R,R;
R.+R.
& ' S

This equivalent resistor is connected in series with the resistor R, . Thus, as far as the

R,R
R=R, + ﬁ.
Thus the current drawn from the battery is
I=V/R.
1s 1=

R,. The voltage drop across R, is then V! = I, R,. The current I divides ‘lbetwecn the

__parallel resistors R, and R, in proportion to the inverse of their resistances, as we

have seen when we discussed the example of resistors in parallel. Thus the currents
through R, and R; are

R, R,I
I,=—"— and I;j=——".
2" R, +R, > R,+R,
From this we see that the common voltage drop across R, and R; is
R.R.I
ARLEST .

onsidering it as a resistor R, in series with a pai esistors R, and R;.

This procedure is frequently the most convenient way of proceeding when the

N1CITWO NO aYa TN ated A MOIre SVSiICIlld 1] NOd S neeaeq a more
v
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complicated networks. We will now illustrate the two methods of Maxwell for this
same simple network.

re _doing so, we shall draw the net ain, but this time j
1nd1cat1ng the branches (W1th their orientations), the nodes, and how they are joined
together; ¢ individu ¢ are three

nodes, A, B and C, and four branches, a, 8,7y, and 6. The branch « goes from A to B.
We shall write this fact symbolically as

Jdo=B— A.

branch leaves A, we count 4 w1th a minus sign, and since it goes toward B, we count
B with a plus sign. The remaining boundary relations are

0p=C—B, 0y=C—B, and 06=4-C.

from B to C along B and then from C to B along y. It has no boundary, 6(/3 y)

C—B—-—(B—-C)= hink h as giving a succession — node, branch

node, branch, ..., branch, node — in which each branch is flanked by the two points
of its boundary. The path is said to join the first and the last points in the succession.
The path is called closed if the first and the last points coincide. In general, we do not
suppose that all the branches in a path are distinct; we can pass by the same node or
—branch several times. If all the elements of the succession are distinct fromone —

another (except for the first and last pornt if the path is closed) we say that the path
0 z 2 a me a mesh, as

the mesh B + 5 + o as defining the same mesh M, as « + B+ 5 The d1rectlon is
impor — =—M,i Iso consider a third
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mesh, M, =« + y + 5. In some sense, however, this mesh is not independent of the
other two: if we formally add M, and M,, and allow ourselves the option of applying
¢ commutati ition,

M +M,=0+p+0+y—F=a+y+0=M;.
We shall spend some time in the next section setting up the mathematics to justify

these kinds of manipulations. In Maxwell’s mesh-current method we choose an
independent set of meshes (precise definition in the next section) such as M, and M, .
We introduce unknown currents, J; and J,, flowing around these meshes. Thus J,
flows through R,, R; and the battery, while J, flows downward through R, and
upwar u 3 ¢ valu n 2 I i

compute the values of the currents through the various branches. Indeed, since R,
contributes only to the mesh M, the current through M, is equal to J, and the same

2 2 >
comes from the mesh current J, and so the current through R, is J,. The branch

15, and thus the current through Ry is Jy — /3.

law, the total change in voltage as we go around any mesh must be zero. Applied to
M,, we get a drop o ropof Ry(J, —J
. -

By ;Y

Ad

Ry
VA4
— ﬂl\ ng /-;) §Rz

) Lt

Qe

Figure 12.12
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increase of V across the battery of 4. Thus

Similarly, for M, we get

R2.}2+R3(J2'—J'1)—0.

We thus get two equations for the two unknowns, J and J,; it is easy to check that
these can be solved to yield the same results as before.

Thus the gist of the mesh-current method is to choose an independent set of
meshes, and assign unknown currents to them. This then determines the currents in

enfthameach cnte Wo then ann ahh A e v
- 9 : ’

to each mesh in the form which asserts that the total change in voltage around each

mesh must vanish. This gives one equation for each mesh, and hence as many

method is to introduce unknown currents in such a fashion that Kirchhoff’s current
law is automatically satisfied, and then to use the voltage law. We defer the precise
definition of ‘independent’ and the proof of the theorem which asserts that the
method works (i.c., that the equations have unique solutions for resistive networks)
to the next few sections.

We now explain the node-potential method. Since the electric potential function

the nodes to be zero. (If one of the nodes 1s connected to ground, i1t 1s usually
onvenient to select this node as having zero potential ing our same old network

then be V, the potential supplied by the battery. The only node whose potential
is unknown is B. et us denote this unknown potential by x. We now apply
Kirchhoff’s current law to those nodes with unknown potentials. In our case there
is only one, node B. We can express the current flowing into node B through each
of the three branches connected to it in terms of the resistances and the differences
between node potentials. Thus, the current flowing into B through R, is (V — x)/R,

—the current flowing into B through R, is (0 —x)/R;, and the current flowing into—

AN —
4 R, R,
I
<
<
‘0
C

Figure 1213
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B through R, is (0 — x)/R;. Kirchhoff’s current law states that the sum of these
three currents equals zero, so that

through all branches. The proof of why this method works in general will be deferred
to the next section.

method since itinvolves solving for one unknown rather than two. It is not clear that
the node-potential method is superior to our original analysis into parallel and

In dealing with a general network, it is advisable first to check by inspection
whether it can easily be decomposed into parallel and series connections. If not, it is
probably not worthwhile to try to figure out such a decomposition. Then check

I N oot ] ey ] ,

currents. Similarly determine how many unknown node potentials there are.
(Frequently, symmetry con31derat10ns can cut down on the number of unknowns.)

Although it is not advisable to choose between the latter two methods by casual
1nspect10n, a general rule of thumb is that a network with few meshes and many

nodes and many meshes will y1eld more readily to the node-potential method.

Another relevant factor is how the sources are specified. If the network is energized
by sources having specified voltages, this tends to reduce the number of unknown
node potentials, and hence favor the node-potential method. If currents are

specified, this tends to favour the mesh-current method. To allow for all these
considerations, it is usually best to draw two diagrams of the network and mark the

unknowns of the node-potential method on the other in order to make an intelligent
choice between the two methods.

these methods to determine the steady -state (oscillating) behav1or of linear circuits

with inductors and capacitors. (Linear here means that all inductances and
capacitances are constant.) If all the generators are sinusoidal with the same
frequency, w/2x i.e., all voltage sources are of the form Ve'®, and all current sources
of the form Iei? | then, as is well-known (and follows trivially from the definitions),
an inductor with inductance L acts by the law V=iwLl and a capacitor with

betore with these complex resistances or impedances. 1n this situation, however,

solutions need not always exist, due to the phenomenon of resonanee. Thus, for

If we put this series together with a generator with a)—l the rule for addmg
resistances in series gives R=1i+ 1/i=0, i.e., a short circuit drawing an infinite
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current. In the next section we shall discuss some conditions which avoid this
unrealistic situation.

12.2. The topology of one-dimensional complexes

The terms oriented graph and one-dimensional complex are synonymous. They both
refer to a mathematical structure that will represent for us the structure consisting of

the various interconnections of the branchesof anelectricalnetwork whenmweignore —

A one-dimensional complex is a collection consisting of two sets: a set of zero-
jects or nodes, {4,B,...} =S, and a set o -di i i
or branches {a, f,...} = §;, together with a rule which assigns to each branch two
distinct nodes, the initial point and the final point of the branch. Thus we are given a
map from S, to Sy x S,.* In what follows we shall assume that the sets S, and S, are
finite.

traversed in the opposite direction the contribution is — 1. Thus each path deter-

= T with i Ci e
the vector p are labeled by the branches of the graph; with p,, for example, giving the
total number of times the branch a is crossed in the positive direction minus the total
number of times it is crossed in the negative direction. We can also think of a current
distribution of the network as giving a vector I = (1, I,,...)" whose coordinates are

—labeled by the branches, where now 1,, for example, is the real number giving the —

current, in amperes, through the branch « (if our one-dimensional complex were the

—Introduce the vector space consisting of all vectors K=(K,, K;,...)" whose —

components are indexed by the branches. (Unless otherwise specified, we shall

We shall denote this vector space by C, and call it the space of one-chains. We shall
identify each branch, x, with the vector that has 1 in the k position and zeros

elsewhere. Thus « =(1,0,0,...)T, f=(0,1,0,...)T etc.

Similarly, we construct the real vector space, C,, consisting of vectors whose
components are indexed by the nodes and call this the space of zero-chains. Again,
we will identify a node A with the vector which is 1 in the Ath position and zero

=Wa an-eoelamoen a a¥ o a a O alRals
W V cl

* So X S, denotes the Cartesian product of the set S, with itself. So Sy x S, is just the collection

——of all ordered pairs of nodes.
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expression such as A — B makes sense as an element of the vector space C,. Notice
that dim C, is the number of branches and dim C,, is the number of nodes.

1 undarv map. 0, from C, to C,. To define

the map @ it is sufficient to prescribe its values on each of the branches, since the

branches form a basis for C,. Each branch has an initi ' i 1

and we define  (branch) = (terminal node) — (initial node). Thus, for example, 1f o 1s
a branch going from A4 to B, then oo = B — A.

et us exami _
K, Kz K,,...)Tand 0K =L, where L (L4, Lg,...)". In computing a term such as
a> B

S icients of K: in fact

L,=(K; + - +K;)— (K., ++K,)

where 6,,...,0,are i oo 6k

which leave A. Thus, from the example in figure 12.14,

* —

¥ _rr__r’_fl
L,=K,=K,—K,.

From this we see that Kirchhoff’s current law has a very simple formulation:

Figure 12.14

Kirchhoff’s current law: If 1 is the one-chain giving the current distribution
of an electric current, then

o1=0.

Recall that a simple closed path is called a mesh. In figure 12.15, for example, the

path o+ [)’ + 0, represented by the vector p; = (1, 1 0, 1)T is a mesh, as is the path

Ps=p; +p,=(10,1, 1) 1s another mesh, a +y + 0. Uearly, each of these meshes
has no boundary i)p1 = 6p2 = 6p3 =0.

of those one-chains satlsfymg K=0 by Z,. We express this relatlonshlp symboli-
cally as Z, =ker § = C,. We call the elements of Z, cycles. Every mesh is a cycle, but

* On the preceding page and in much of what follows we write vectors in R" as (g, b,c,...)T
/a\

B b .
instead of ( ) in order to save typesetting space.
c

7
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o N\

Figure 12.15

not every cycle is a mesh. For example, the vector ——

L
—
NW N - N

satisfies oI, = 0 but does not describe a mesh since it has entries other than 1, — 1,
or 0. It does represent a set of currents satisfying Kirchhoff’s current laws. In fact,

ata¥eWla' he-eq WAV O—Verry NA 1 s J = O—wWIlLte N ne-apnuropr

current next to each branch and to check that the algebraic sum of the currents
at each node equals zero. See figure 12.16.
Alternative e could notice tha =2n in. -

of Z,,sois I,. Infact, for this simple network, the two meshes p, and p, form a basis
for Z,.

a¥s ]
U - TR VAN

Ly ] 1 cl = 4
0, we now turn our attention to the image of 8. We denote by B, the subspace of C

which is the image of . Symbolically, we may write
BO = aCl c Co.

— We call B, the space of boundaries——————————
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A
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B
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Figure 12.17

The significance of B, may be made clearer by reference to figure 12.17. The
element of Cy, A — B =(1, —1, 0)" which is the boundary of the branch o, lies in the

i~
.

. .

these two vectors, A — C = (1,0, —1)7, is again an element of C,, and it is the
boundary of the path a + .
Not every element of B, can be interpreted as the boundary of a path, however.
For example, (2, — 1, —1)T is an element of B, that corresponds to no single path.
If we consider these elements of C, that do not lie in the subspace B,, we find that
they do not form a subspace. For the network of figure 12.17, to take a simple
—example, the vectors A =(1,0,0)%, and B=(0,1,0) are not elements of By, but their —
difference A —B=(1, —1,0)" is an element of B,. We can, however, form the
quotient space H, = C,/B,, whose elements are equivalence classes of elements of

o whosedifference 1By The vectors A=

correspond to the same vectorin H,, because their difference is the vector (1,

N .
A I a - Al . AN OAenNOILe N 1 ¥ PNCE 3 a
1K U d d

vectors (2,0,0)" and (0, 1, 1)" belong to the same equivalence class, (2,0,0)", because

their difference (2, — 1, — 1) lies in B,. For the simple network of figure 12.17, in

(,0,0)T, where o is a real number. The quotient space Hy = C,/B, is therefore
a one-dimensional vector space, isomorphic with the real numbers.
For an example of a one-complex in which H, is two-dimensional, refer to

Beo De

Figure 12.18
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figure 12.18. The vectors (1,0, 0,0)T and (0,0, 1, 0)T do not belong to same equivalence
class because their difference (1,0, — 1, 0)T is not the boundary of any element of C;.

— In that case, the equivalence class of (1,0,0,0)T and the equivalence class of
(0,0,1,0)" form a basis for the two-dimensional vector space Ho. Notice that, if a
branch 7, joining A to C, were added to the complex, then (1,0, —1,0)" would
become an element of B, and H, would become one-dimensional.

The meaning of H, and Z,

Our immediate goal is to give some geometric interpretation to the spaces H, and

ﬁzﬁ;mlhepnmessmslmﬂ_gemgmenl_der_stam‘g of the mesh-current method We

course of the discussion):

im H, i ;
(i) We can find a basis of Z, consisting of meshes.

We begin with (i). What do we mean by connected components? We recall that a
path ]oms the node A4 to the node D if A is the initial point of the first segment of the

integer coefficients corresponding to this path, then it is clear that 0P = D — A, since
we can compute JP by addlng the boundaries of all the individual branches. and all

be joined to every other point. In this case we can write an arbitrary zero chain

L:— Z LNN=(LA9LB"")

N=A4,B,C,...
in the form

L=YLy{(A+(N—A4)}=YLyd+ ¥ LyN —A)

N#A

or, equivalently,

T T T

et Bad 3 =3 Yy Vst 3 7y F3 s

For a connected complex, N — 4 is a boundary for all N (# A4), and

L {Vr N A S A\
\L,""N}“ L‘ L.AN[JV 71}

is an element of B,,. Thus every zero-chain L is in the equivalence class of some
multiple of 4, and in the quotient space H, = C,/B, every element is a multiple of 4,
the equivalence class of A.'On the other hand, 4 by itself is not a boundary, and so
A0 We have thus proved that dim H, = 1 for any connected complex.

Now consider any complex, and let A be some node. Starting with 4, we consider

alinodes T other o] :
adjoin all new branches emanating from these nodes and then all new points at the

__end of these branches. We continue this way until we have no new branches or nodes
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to add. We thus obtain a collection S¢(4) of nodes and a collection S,(4) of branches

4
o h he "o avtals avYatha O sha NDIran 1 1 A3
y d DO el DO el

4
vy O

O AN—C—{ A r e al Acamnley I 14 1Q Pa¥
WolA), d1(A)) formsa Subcompiex of our original compicx. 1 it-1sno

complex, we pick some node B which does not lie in 5,(4) and repeat the process.
Proceeding in this way we get a collection of disjoint sets Sy(A4), So(B), etc., and
S,(A),S,(B), etc., with each of the subcomplexes Sy(A4),S;(A4); So(B), $1(B); etc,
connected and none of them connected to any other. We get corresponding vector
spaces Cy(A), etc., and direct sum decompositions* Cy = Co(A)® Co(B)...and C; =
C,(A)@ C(B)... with dC(A) < Cy(A), 0C(B) = Cy(B), etc. From this we see that
H, = Hy(A)® Hy(B) + -+ and so dim H, = the number of summands = the number
of connected components.

1 + A £ 1 ™ 4+ 1t I | 1 F 2 WP | S N 4a

an clement, vk, oI C; wWnosc cooramates are Citner —+ 1, — 101 Y, and urthcrmoric,
0M = 0. We say that a set of meshes is independent if the corresponding elements of
C, are linearly independent. (This is the precise formulation of the notion of

11—

independence that weused inthe preceding section.) We wish to show that we can
find a family of meshes so that the corresponding elements M, , ..., M, form a basis
of Z,. In the process of proving this result we shall give a constructive procedure for
finding such a family of meshes. Notice that in view of our discussion of (i) it is
sufficient to work with a connected complex; if the complex is not connected we
simply apply our procedure to each connected component separately. Since the
components are completely independent of one another, this will give the result for
the full complex.

A connected complex containing no meshes is called a tree. In a tree there exists at
least one node which is a boundary point of only one branch. (We are uninterested in
the trivial case of a complex with one node and no branches.) To prove this fact,
simply start at any node. If more than one branch impinges on this node choose one

/,.
4
.\ / 6 /.

3

5
2
7
1
Start

Figure 12.19

um of two vector spaces V; and V, is the Cartesian product ¥, x ¥, made into

i e obvious way: (v, v,)+ (W, W) =(v; +wy, v, +w,y) and r(p,v,)=
r space V' s i

uniquelyasp=u-+w with ue V and e W then v+—{u, w) gives an isomorphism of V with the direct

sum of {J and W. In this case we write V=U® W, and we have dim V = dim U + dim W.
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still another node. Continue this procedure. Since there are no meshes, we can never

come back to an earlier node. Since there are only a finite number of nodes,

eventually we must reach a node which is the boundary of only one branch.
Suppose we have a tree and we start from a node which is at the end of only one

time. Since there are no meshes each time we add a new branch we add a new node.
Thus, in a tree, the number of nodes is exactly one more than the number of
branches: if b denotes the number of branches and n denotes the number of nodes

n=b+ 1.
We have proved that, for any connected complex, dim Hy=1. Since H, =
C,/By, dimH,=dimC,—dimB,, and we may conclude that dimB,=

that d1m(1m T)+d1m(ker T)=dim V Applylng this to the map 6 we conclude
that dim(kerd)=dimC; —dimB,=b—b =0, so that kerd = {0}; ie. Z, ={0}.

cycies.

Suppose we had any connected complex and built it up as before starting from
some arbitrary node. Each time we add a branch we may or may not add a new node.
Eventually, when we attach all the branches, we will have added all the nodes since
the complex is connected. Thus for a general connected complex we have

n<b+ 1.

For a connected complex we have already proved that dim H, = 1, and we may
conclude because dim C, — dim B, = dim H, thatn —dim B, = lordim B, =n— L.

Since B, is the image of d and Z, is the kernel of 9, we know that dim B, +
dimZ, =dimC, =b or (n — 1) + dim Z, = b. Therefore

dimZ,=b+1—n

or
OT

To prove (ii) we must exh1b1t afamily of b + 1 — nindependent meshes which form
abasis for Z,. We do this by first dividing the set of branches S, into a maximal tree T

—partof this tree, by the following procedure: Choose any branch which forms part of —
a mesh, and put it aside as a member of the subset T. The remaining branches still
connect all nodes. Repeat this procedure until no meshes remain. At this point the
branches which have not been placed in the subset T constitute the maximal tree T.
This procedure does not determine a unique maximal tree; figure 12.20 shows two
__ different ways in which a given complex can be reduced to a maximal tree (solid lines)
by removal of branches (dotted lines) which form part of meshes.

Since T forms a tree which connects all nodes, it contains n — 1 branches. There
are b—(n— 1) =b + 1 — n branches in T. Each of these branches in T has its ends
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Figure 12.20. Two different maximal trees for the same
complex

~ed —

connected by a set of branches in T, since T connects all nodes; and, furthermore,
since T contains no meshes, this connecting path is unique. Each branch in T,

combined with this unique path in T joining its ends, forms a mesh. Since the
number of branches in T,b + 1 — n, equals the dimension of Z,, we now have only

of a; in the sum must be ¢;. Therefore we cannot have Y c;M; =0 unless all the
c; =0, and we conclude that the meshes M, are linearly independent.

Trees and projections

Notice that a choice of maximal tree T determines a projection p; of C; onto the
subspace Z,, as follows:

If o; € T, then pT(O(i) =0.
If OciE T, then pT(OCi) = Mi'

Figure 12.21




The topology of one-dimensiona comp.excs -

For example, if the maximal tree consisting of « and B is chosen in the network of
figure 12.4 the projection operator pr is p(a)=0, p(f)=0, pr(P=a+ B+,

= —o + 6. (Notice that each mesh M, i h o, -
cient of +1, not —1.) The projection p; may be represented by the matrix
[0-0 1 —1)
0 0 1 0
0 0 1 0Ff
\0 0 0 1 /

connected component.

The mesh current method

—choosing an independent family of meshes and assigning mesh currents J, to each
mesh, we form an element J M, + .-+ J,M,, of Z,;, and the most general
. . . hich Kirchhoff’ ] : ]
general element of Z,, can be obtained in this way.
In the preceding discussion we have made use of the equation

adding, we get
Since dim H, = dim C, — dim B, and dim B, =dim C, —dimZ,, (12.2) is an im-
mediate consequence of the definitions of the various spaces associated with 0.

In Maxwell’s mesh-current method, we think of the ‘mesh currents as determining
the currents in each branch’. We can give a mathematical formulation to this way of

—callit H;. Thatis, H,, the space of mesh currents, is just a copy of Z, but thought of —

as an abstract vector space, not as a subspace of C,. We shall then consider the

opcration o ¢ Naine he- branch-cu en aetermineda-o ne-mesh cu e ,g_.
linear map, ¢, where o: H, — C, is the (identity) map which identifies H, with the
subspace Z, of C,. For example, in the circuit of figure 12.21, the space H, is two-

dimensional. The map o assigns to the mesh M, the branch currents o + f8 + 7,50 we
write ,

oM)=a+B+y

and similarly

Thus, if we use M, and M, as a basis in our abstract space, H; , of mesh currents, and
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use o, 3,7, 0 as a basis of C,, then the matrix of ¢ relative to these basis is

[1 0}
-
0 1
1 0

vy

We shall see that Maxwell’s mesh-current method reduces to the problem of

Returning to equation (12.2), we can now rewrite it as

dimH, = dimH; = dimC, — dim C; (12:3)

Klrchhoff’s voltage law states that all branch voltages can be obtained as

i m a potential function defined on th . Si
differences of potential are significant, we may arbitrarily assign the potential at one
node of each connected component to be zero. The potentials at the remaining nodes
then determine all the branch voltages. For example, in figure 12.22, if we assign
o4 (I)D 0, then the branch voltages are V2= V=08 V°= (I)C O5 V7 = OF,

dimC, — (dim C — dim H.) = dim H
1 AN U (424 kel O

C E
. /’\\ ?
B /a &
N/
N\
A D

Fisure 1222
MgUre 1o

Since the number of independent assignments of branch currents compatible with
Kirchhoff’s current law equals dim H ,, the number of linearly independent meshes,

we see that Kirchhoff’s current law imposes dim C; — dim H, conditions. Thus the
two laws together impose dim C, = b conditions. (The laws are independent of each

current to voltage in each branch give b equations. logether we get 2b equatlons

for the b isti he currents and voltages. Ki ’

prove Kirchhoff’s theorem we must now turn our attention to K1rchhoﬂ‘ ’s voltage
law.




12.3. Cochains and the d operator

We first observe that voltage is, in a sense, dual to current; the product of the voltage,
y? across a branch, y, with the current I, through y gives the power dissipated by 7.

Thus, if we want to introduce a voltage vector V= (V*, V#,. ") then the vector V

should lie in the dual space of the space C,. We therefore introduce this dual space

WMM&MM&MMM

and call it the space of zero-cochains. We now introduce two bits of notation that will
hat strange at first, but will prove suggestive of some far

generalizations later on. Given aK = (K, Kg,...)"eC, anda W = (W*, W#, .. )eC*

we shall denote the value of the linear function, W, on the vector, K, by [ W; thus

{‘
J W=WK,+ WK, + .
K

—Similarly, we shall denote the value of a zero-cochain f=(f4, /%, . )'eC®ona

zero-chain ¢ = (¢4, cp,...)" by [.f; thus

J»f=f‘cA+chB+

Our second bit of notation has to do with the map 0. The boundary map, 0, is a linear
map from C1 to C,. Its adjoint will be a linear map from C°to C!. We shall denote

cochain and K 1s a one-chain, the value of df on K is equal to f evaluated on JK. In

__terms of the notation we have introduced, we can write thisas

Ldf= LK f (124)

(Our notation has been chosen so as to make the preceding equation look like the
fundamental theorem of the calculus. Of course, in the above equation there are no
integrals, just the evaluation of linear functions on vectors in a vector space — i.€.,
finite sums. However, if we think of f as a differentiable function on the line and df as

i x, and if we think of K as the interv <x< en the left-

hand side of (12. 4) would be 1nterpreted as the 1ntegra1 jde j af (x)dx—

section 15.2.)

If o is =B — : =
J(B) - f(A). Kirchhoff’s voltage law says that there exists a function, @, on the nodes,
ie., a zero-cochain, such that Vo= ®(A) — ®(B) for any branch o with du =B — A.

Thus Kirchhoff’s voltage law can be formulatedas
V=—-d0.
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it holds for all one-chains, since the branches form a basis of the space of one-chains.
Thus V and —d® take on the same value for all one-chains, i.e., V= —d®.)

immediate consequence of Kirchhoff’s current and voltage laws is the result

known as Tellegens theorem. Suppose that for a given network, IeC, is a

also that, for the same network, there isa dlStI‘lbuthIl of voltages, V, Wthh satisfies
the voltage law V = —d®. Then the total power dissipated in all branches is

P=ZV“Ia=fV=—Jd®.
1 I

batteries and generators supply energy at the same rate that it is dissipated in
resistors. It is characteristic of the power of our notation that no assumptions had

In considering currents, we found it useful to 1ntroduce two subspaces related
to the kernel and image of the boundary map 6. the subspace of cycles Z, =

a similar program w1th the coboundary operator d.

Let Z° < C° denote the kernel of the operator d. Thus Z° is the subspace of
potential functions on the nodes with the property that all branch voltages are
zero. For a connected complex, all branch voltages will be zero if and only if the
potential is the same at every node. More generally, Z" is the subspace of potentials
which are constant on each connected component. Adding an element of Z° to

arbitrary reference level with respect to which any potential is delined.

Suppose that @ is an elem fZ° sothat d®=0.L i
~ element of the space of boundaries B°. Then

re e

O=] d0=0.
J oK JK

In other words, any element of Z° acting on any element of B,, gives zero.

, suppose that |, & =0fo . dd= Sodd =0, the
zero function on C!, and ®e Z°. For this reason Z? is said to be the annihilator space
of B,

classes of elements of C,, whose difference lies in B,,. Let ¢; and ¢, be elements of

C i — i n, for any ®eZ°

o o] _emo

Jei ez ver ez




Bases and dual bases

so that {,®={.,® if ¢c; = ¢, (mod By). Thus an element of Z° has the same value
when evaluated on any member of an equivalence class, so that Z° may be regarded

as the space of linear functions on Hy,.

This relationship of Z° to C,, B,, and H, is an example of a general principle

which we have encountered: the kernel of the adjoint of a linear transformation is

both the annihilator space of the image of the transformation. It is also the dual
space of the quotient by the image subspace. Here we have the transformation 0,

which are constant on each connected component, the elements of P° are equi-
valence classes of functions which differ only by a constant on each connected
component. Thus if we modify a vector in C® by adding on a physically insignificant
~—constant, possibly different for each connected component, the resulting vector —
still corresponds to the same element of P°. It is P° which corresponds to the
space of potentials, when we allow for the arbitrary additive constant in each

—connected component. Given a voltage vector V which obeys Kirchhoff’s voltage —

law, the associated potential @, for which V= — d®, is determined uniquely only

__up to the element of P° that ® defines.

—— 124 Basesand dual bases —— — —

To choose a basis for P, it is convenient to select one node in each connected
component as ground, then choose a total of dim C° — dim Z° basis vectors for
which the potential is unity at one node which is not a ground node, zero at all
other nodes. For the network of figure 12.23, for instance, we may choose A and

of d by simply deletmg the columns corresponding to ground nodes. For the

network of fi 22 lumns 1(A4) and 4(D
/-1 1 00 0 / 10 0\
q 0—1+—1+0—0 : -1t 1 0
“\ 1 0 —1 0 ofWhle M=} 4 _;
0 0 0 1 -1, 0 0 —1

Since Z° is the annihilator space of B,, any two elements of C° differing by
an 0 of of B,. Thus

adjoint of the map [d] P° - Clis the restricted boundary operator [6] C, —’Bo
It is con i ich is dual to that chosen for P°, so that
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B B C E
> .
N\ /
« \ / v K
A D
Figure 12.23

the matrix representing [9] is just the transpose of the matrix representing [d].

example, in figure 12.23, with ground nodes A4 and D, we have

du=B—A

so that in vector notation

0 0
H 0
and
-1 0 1 0
——1 0 0 I’l 1 0 0\‘
0= 0 =1 0 | but [5]—-:\0 1 sz[d]T.
0 0 0 1 0 0 0 —1
0 0 0 —1,

We now denote by B* the subspace of C! that is the image of d. Physically, B*
1s the space of branch voltage vectors that obey Kirchhoil’s voltage law. Further-
more, by Tellegen’s theorem, which we proved earlier, B* is the annihilator space

h A FF? )

a + g ‘ YO

current distribution obeying Kirchhofit’s current law, gives zero. If we form the
quotient space H! = C!/B!, then, it may be identified with the dual space of H,

difference lies in B, so that V, — V, = — d® for some ®. Then, given an arbitrary

current vector IeZ,, for which d1 =0,

Evl— (;sz- f!(vl—vz)= _ dep: _ Lq,=0

Jr o L w Ok

so that |V, =|,V,. Thus V, and V,, which correspond to the same element o ,
are also he dual space of H;.
- . . 0

The transformation d acts on C°, and maps C°— C!;
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The kernel of d is Z |, which has as its annihilator space B' = imd and also
has as its dual space H' = C!/B!.

12.5. The Maxwell methods

We earlier considered a procedure for constructing a basis of meshes for Z, by
choosing a maximal tree. We denote by o the map that identifies each vector in

asaneclemento i~ Wecannow choosea ba or H' which

= o
basis chosen for H,, and denote by s the map that projects the space C! onto the
quotient space H' = C'/B'. Then s and ¢ are adjoint transformations, and their

— matrix representations are transposes of one another.

Constructing the matrices of o and s is easier than it sounds. Consider the network
of figure 12.24, with a maximal tree consisting of a and y. Then a basis for Z, is

\\* /
so that the matrix of o is
/1 0\
1 0
(1 —1
\0 +1/
Note that
pa ']1 \
/ /£y N\ >
()=
\\J') y ‘JI—JZ
J,

so that o provides the rule for expressing branch currents in terms of mesh currents
Now s is just the transpose of a:

Figure 12.24




Note that

vh v+ 0o + 07
s =
v’ —v’+0°

so that the components of sV simply equal the sum of the branch voltages around

the various meshes we choose as a basis for H;.
We may summarize all the above relations in a single diagram:

[d] s

P’ L CioHE

[4 a
By«—C,<H;

an 1s 0 1- s | . S

and o. Both [d] and ¢ are injective (have zero kernel) while their adjoints [d] and

imo =ker[d] while im[d] =kers. With this scheme we can write both of
Kirchhoff’s laws in a symmetrical form:

Kirchhoff’s current law: I =06J, JeH ;

Kirchhoff’
Kirchhoff’s voltage law: V= —[d]®, ®eP°.

w
p—
oo

wS§

L

i siti o discuss Kirchhoff’s theorem on resistive circuits. We

shall assume that we have an electric circuit made up of resistors for which the
operating characteristic of each branch « is a straight line in the (1, V*) plane. We

Isti U is line is no

oA

I,y

® B

[y
[3)
N
7}

Figure




parallel to either of the axes. This means that any voltage source is in series with

is no source that can supply constant voltage no matter what the current drawn
and no source that provides constant current no matter what the voltage. We thus

The voltage across the resistor is V* — W* and the current through the resistor
is I, — K,. Thus the characteristic of the system is given as

(Va - Wa) = Za(Ia - Ka)'
_ Here W* K, (either of which might be zero) are given, as is z,#0. In a purely

resistive circuit z, is a positive real number. We can also consider the case of the
steady state of a linear circuit containing capacitors and inductors, in which case

z, is a complex number depending on the frequency. The I, and V* are unknowns.
We let Z: C; — C! be the linear transformation whose matrix (in terms of the basis

consisting of the branches) is the diagonal matrix with entries z,. We can then

write the above as

V=W=2Z{I—-K).

Combined with Kirchhoff’s laws we obtain the equations

V-W=20-K), I=¢J, V=—[d]®

The mesh current method

(i) Write I = 0J to insure that Kirchhoff’s current law is satisfied, then apply s
to the equation V— W = Z(sJ —K). Since, by Kirchhoff’s voltage law, sV =
S(— [d]®) =0 we obtain — sW =sZaJ — sZK or (sZo)J = s(ZK — W). The right-
hand side of this equation is given, as is the linear transformation sZo. If sZ¢ is
invertible we obtain

J =(sZo)" 's(ZK — W) (12.5)

This is Maxwell s mesh- current method. It depends upon inverting sZo.

The node potential method
(i) Write V= —[d]® to insure that Kirchhoff’s voltage law is satisfied. Then

~invert Z, which is just a diagonal matrix, to obtain I—K=Z"{—[d]®—W).
Now apply [0] to both sides. Since, by Kirchhoff’s current law, [0]I=0, we

—_oObtain

—[0JK=—[d]1Zz"'[d]® —[d]Zz~'W

([912~TaD0=[o1K=Z W)




t C WOF.§

If [#]Z ~[d] is invertible we obtain
® = ([0]Z2"'[d])"'[AJ(K—Z"'W) (12.6)
—and can-obtain-all voltages-and-currents from—— — — —

V=—-[d]®, I=K+Z (V-W) (12.7)

This is Maxwell’s node-potential method. It depends upon inverting ([d]Z ~*[d]).

12.6. Matrix expressions for the operators

Equations (12.5)—(12.7) give the essence of Maxwell’s methods. To make them
work in practice we need matrix expressions for the operators. This involves

o 2 o o % A N h o N WWe A awur h :
dPPIrop ! v - Dd A 0 Qud Dd O v OV

choices are made and work out some examples. The proof that the methods always
work for resistive networks will be given at the beginning of Section 12.7.

For the spaces By, Hy, Z° and P, a basis follows from a choice of a ground
node in each connected component of the network. For example, in the network of
figure 12.26, we might choose node A4 as ground in one connected component, node
E in the other. Then a basis for B, consists of the boundaries of paths joining ground

?D

Ao ]
Y

A
Figure 12.26
. Inthe example, these
basis elements are
[-1\ = [~1 [ o)
| (1)\ (1’ f 8 f 8\
bi=| o ba=| o} ba=[ J} b={ o}
0 0 0 ~;
0 0 0 1
To con - a hagis for the auotient space H. —

O o o = 2 o

2 basis 2 ) , ,
By, to a basis for C, by choosing basis vectors which have 1 in the position of one
ground node, zero elsewhere, and we take the equivalence class of each of these. In




the example, this gives

L
C>OOOO'—'\
-0 O OO

<

In the space Z°, the kernel of d, which is dual to H,, the basis elements are
potentials with a constant value of 1 on each connected component in turn. In
the example we have

O D = =
—_ — OO0 O

P° = C°/Z°, we simply choose potentials which are 1 at each non-ground node
in turn, and take the equivalence class of each. In the example, this gives

'—‘CDOOOO!

=
I
oc>o:>»—o|
=
rp
I
oc>o—~oc>{
=
w
I

These equivalence classes are clearly dual to the basis {by,b,,bs,b,} for B, which
we constructed earlier. This is why the matrix representing [d]: P* — C" is the
transpose of the matrix representing [0]: C, — B,. The columns of [d}, and the rows

We turn our attention now to the spaces Z;, B!, and H' which are associated
with the kernel of 4 an i F ke of completeness, we consider
c
I
\\\
- AN
A
\\
!a\ . B N, D
-
T
\\ E / €
|

{

Figure 12.27
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also the quotient space G, = C/Z, which is dual to B'. For all these spaces, the
choice of basis is governed by a choice of maximal tree, such as branches a, f, € in
figure 12.27.

The basis elements for Z,, as we have already seen, are the meshes associated

BRI

associated with branches y and ¢ respectively. For the quotient space G, =C,/Z,
which represents violations of Kirchhoff’s current law, we may form the equi-

I : hich have Lin tl ion ofeacl ocanch :

the example this gives

1\ /0\ [0\

ol welo] w-fo]
O, g=1|0) g;=|0]
0 0 0
o o/ W
Since these vectors all have O in the position of every non-tree branch, no linear
combination can be a mesh. This shows that they are independent elements of G, .

=Wa’ a¥= a¥ela e ... alaVa a¥a e - a - O Fe - Nhevy I alala ’

g1 =

voltage law, we may construct a basis by assigning unit voltage to one branch in
the maximal tree, zero to the other branches in the maximal tree. This assignment

be used to determine the voltages across the non-tree branches. Equivalently, since
each branch which is not in the maximal tree is associated with a unique mesh,

ontaining that nranch nlus pbranches thatarein the ee. . we.can eeach such mesh

in turn to determine the voltages across the non-tree branches. For the example of
figure 12.27 this procedure leads to basis vectors associated with a, B, ¢ respectively:

br=(10 =1 0)
2= 1 —1 0 0),
B*=@© 0 0 —1 1)

These annihilate the meshes m; and m,, and they are dual to the basis g,, g, g5 for
G1. They do not coincide precisely with the columns-ot L d]; but they spanthe same

subspace of C".

i L e associated with the branches which i




in the tree. They are equivalence classes of voltage vectors which have + 1 in the

for H, are thus

0 0
0 0
hi= |1, h?=(0],
0 1
0 0

which correspond to unit violations of Kirchoff’s voltage law in mesh 1 and mesh 2
respectively. Clearly h* and h? are dual to the meshes m; and m,.Because of this,
the matrix representing s:C'— H! is the transpose of the matrix representing
o Z{—>C

An alternative method of choosing basis vectors for the space B* of voltages
obeying Kirchhoff’s voltage law is sometimes convenient. We simply choose th

and apply d to the resulting potentials. (Equivalently, we take the potential as — 1
in turn at each non-ground node and write down the branch voltages.) In the present
example, with node A4 chosen as ground, this leads to the basis vectors

al=0 -1 0),
a2=(1 1 0 —1 0,
=0 0 0 1 =1,

> s . 1 i 1~ 1 1
we must choose current distributions in which unit current flows from the ground
node along the tree to each non-ground node in turn. In the example, this leads to
basis vectors

B I 0
k=] of, k,={0f, ks=| 07,
0 0 0
0 0 1
AN 7 N\ X

which correspond respectively to unit violations of Kirchhoff’s current law at
__non-ground nodes B,C, and D respectively.
Let us now apply both of Maxwell’s methods to the circuit of figure 12.28, which
has the topology which we considered earlier while analyzing figure 12.24. Wemust
first make an arbitrary choice of which node will be ground: let us select node 4,
so that ®4 = (. The branch voltages are now expressed in terms of the remaining
node potentials as follows:

Ve= — @5, VF=0F—aF, V'=0° V’=0C




1e 1eory o eec rica networks
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Figure 12.28
Therefore, 1n order to have V= —[d]®, we have
+1 0
-1 +1

dl =
[ Bt |

\ o T

As a check on this calculation, we form the matrix 0. Since do = B— 4; 08 = C — B;
0y=A—C; 00 =A — C, we have

Vi

/=1 0 +1 +1\
a=\+1 -1 0 0
0 +1 —1 —1

To form [ 0], we simply delete the row of & which corresponds to the chosen ground
node 4. With the first row thus deleted we have

3 [(+1 —1 0 0
[]—\ 0 +1 -1 —1}
With the meshes M; and M, chosen as indicated in figure 12.28, we see that the

branch currents are expressed in terms of mesh current
Ia=J1, IB=J1, Iy=J1*‘J2, 15=J2,

terms of the branch voltages.




Around mesh 1: &, = V*+ VB 4+ V7,
— Around mesh 2: €5 ==V V4,

In order to have & =5V,

(1T 1T 1 0)
T\ 0 -1 1)
As expected, s is the transpose of o.

The next step is to write down the vectors W and K which represent the voltage
and current sources in the four branches. The sign convention for W is that a battery
voltage is considered positive if the battery contributes positively to the voltage
drop when the branch is traversed in the sense indicated by the arrow. Referring to

—figure 1228 wefind— — — — — ————————————————
We= -8, Wf=0, W'=+11, W°=0.

Similarly, a current source counts as positive 1i it contributes positively to current
flow in the direction of the arrow, so that

K,=+3, K;=0, K,=0, K,=+1.

We can therefore describe the sources in the network by the two vectors

— 8
0
W= 1 and K=

0

Finally, we write down the matrix Z which describes the resistances. Since

—_0 O W

R =9 R.—1 R =3 R.—4
+5 3 ]

Kg=24& 3%y By 3
we have
2 0 00
z=|2 1 00}
U U J Ul
\0 0 0 4/

—To-apply the mesh-current method we use the equation
J=(sZo)" 's(ZK — W).

Matrix multiplication gives

O Wo O

Q

i
TN
o

o

I

~J
[E—y
\
)
OO O

so that
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We also find

/2 0 0 0)\/3\ —8 [ 14\
01 0 0llo 0 0
ZK-W={4 ¢ 3 ¢ 0,‘ 1)~ | -1
0 0 0 4/ Y, \ 0/ 4
so that
14\
11 10 0 3
S(ZK—W)_(O 0 —1 1) ~11 '(15)
4/

Then, at last,

fact hold for any network.

1) In sZo, each di | < o] F all ¢l : i1 the | ]
which constitute a mesh. For example, mesh M,, consisting of branches
o, B, and y, has a total resistance of 6 ohms, the upper left entry of the matrix.

(2) InsZo, each off-diagonal entry is (up to a + sign) the resistance common to
two meshes. In the circuit which we have been considering, meshes 1 and 2
i 3 ohms The — si ises | NY; I M

with opposite sign.

(3) The components of (sZo)J are the voltage drops which would exist around
each mesh if there were no sources. With J, = 2, J; = 3, you can check, for
, that there would be a n volts around mesh 1.

(4) The components of ZK — W are the voltage rises which would exist in the
branches if all mesh currents were zero. For example, if J; were zero, there
would be a current of 3 amperes down through the 2 ohm resistor in branch
o and a rise of (2-3 + 8) = 14 volts across .

5T W ] ] : hict 1

around the various meshes if all branch currents were zero. For example,

€ equation (sZo)J =5 — es that, for each mesh, the
sum of the voltage drops caused by the mesh currents flowing through the

INces eaus he MO NC Ollag SCS 11 d ANO (1€ .
ANCES CaLlals o>t D ULIO CXLS
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currents were all zero, so that the total voltage drop around each mesh, due
to both the mesh currents and the sources, is zero as required by Kirchhoff’s

voltage law.

To apply the node-potential method, we use the equation

b= (Egaz—lEd])—lEaa(K 7~ 1\
£ 'V}.

Matrix multiplication gives

‘L0 0 0/ 1T 0O
_ 1 =1 0 0\|lo10O0||-1 1
[01Z 1[d]=(\0 L 1 _1)(0 0 1 0” 0 —1
(\n 0 0 _L)\ 0 1
A% \V4 AV 47 \ VY L
/ 3 1\
[z 7. )
\-1 8/
—so-that
1z ) =2 (= 1)
33\ 1 %)’
We-also find
3 10 0 0| /~8 7
0 01 00 0 0
K—Z"‘*W=|[_|—-| . _ = 11
0 00 35 0 I -3
\1/ \0 0 0 % 1
so that
o)
I —z=wy=(L L0 0L 0l (T)
0o 1 -1 —1J[-5] \§/
\ 1)
Then
14(%% 1)(/) 24(’* ‘)_(10‘)
%/ \%/ 33\ /_\ 8/

so that the unknown node potentials are ®° = 10, " =38.
Look back at this calculation to confirm the following points, which again are true

" aganaral
L ZC1ICl dI.

(1) Bach diagonal entry in [6]Z ~![d] is the sum of the reciprocal resistances

B has resistance of 1 and 2 ohms connected to it, and the upper left entry is
just 1 +1=3

—(2) Bach off-diagonal entry in [61Z ~*{dTis (up to-a = sign) the reciprocalof —
the resistance in the branch which joins two nodes. Since nodes Band C are
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(3) The components of [0]Z~ ![d]® represent the net current which would
~ flow out of each node if there were no sources. For example, with ®*=0,
®? = 8 and no sources, there would be 5 amps flowing from B to A through
the 2 ohm resistor, and 2 amps flowing from B to C through the 1 ohm
resistor a total of 7 amps. You can check that the first component of the
-~ veetor {6}z ‘(s .. —— — —
(4) The components of K — Z~ "W are the branch currents which would exist if
all node potentials were zero. For example, if both ®4 and @ were zero,
then there would be a current of 4 amperes through the 2 ohm resistor in
branch o and a total branch current of 4 + 3 = 7amps. The first component
current of K —Z " 'W is 7.

(5) The components of [0](K — Z~ ! W) are the net currents which would flow

into each node if all node potentials were equal to zero. For example, in the
ase O4 = OB = P°€ i

amps would flow into node B through branch a, no

would be 7 amperes.
(6) The equation [#]Z~![d]® = [d](K — Z~ ' W) states that for each node, the
sum of the currents out of each node which flow through the branch

resistances as a result of node potential differences equals the sum of the
currents which would flow into the node if all node potentials were zero, so
that the total current entering each node, due to both the node potentials
and the sources, is zero in accordance with Kirchhoff’s current law.

six about the mesh current, you will notice a remarkable duality. Replace node by
mesh, current by voltage, and resistance by conductance, and they are the same.

One feature of the above example that does not hold in general is that the size
of the matrix that had to be inverted was the same in both cases. That happened
because there were two independent meshes and two non-ground nodes. In general
one method may involve inverting a larger matrix than the other.

T . ) het] | he hod—will £
network. The issue is whether the mapping sZo can be inverted. Since sZo
is a map from the space H, (mesh currents) to its dual, H' (voltage around meshes),

injective; i.e., that its kernel is zero. Consider any non-zero element J in H,. Its
image (sZ0)J is an element of the dual space H', and we wish to show that it is
not the zero element. We do this by simply evaluating it on the element J; since
s is the adjoint of ¢ we have [(sZo)J](J) =[ZaJ](aJ). But ¢J is just the vector

of branch currents I, while ZoJ = Z1. Hence
,l

[(sZ6)J]J = (ZDI = JlZI =Yz 12
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where the sum is over all branches. If the matrix Z has only positive diagonal
entries, then [, ZI>0 unless I=0. But, since ¢ is injective, I=0J=0
implies J = 0; that is, the branch currents are all zero only if all mesh currents are

zero. Thus, for any non-zero J, [(sZa)J1(J) > 0. We conclude that (sZg)J cannot

1

is completes the proo -current method wi urely

resistive network. A similar argument shows that [§]Z~ '[d] is invertible in this

inductors, the above procedure gives us some interesting information. For a
network with b branches, Z will still be given by a b x b diagonal matrix, whose
entries, the impedances of the branches, may be functions of frequency w/2x. If
each branch contains only one capacitor or inductor, each impedance will be iwL
or —i/wC. If there are m independent meshes, the matrix of sZo will be an m x m
matrix whose entries are functions of w, and its determinant will give rise to a

—polynomial D(w?) whose degree is at most m. The operator sZo will fail to be —

invertible if D(w*) =0, which means that there can be at most m values of w* for

applied to the matrix of [0]Z ~ ! [d], whose size is (b — m) x (b — m), shows that there
can be at most (b — m) resonant frequencies. So to find the resonant frequencies
of a network, we simply form the matrix of sZo or [0]Z ~*[d], whichever is smaller,
and calculate for what values of w? its determinant is zero.

As an illustration of this method, consider the network of figure 12.29. This has

.
211}
. ) (e300 Y

1 0
/1 1 1L 0 1 0
=l o -1 1) |1 -1
0 |
B | | ¢ | |
> ——> —
8 || |
C 1Y 2¢
L =
=¥ AL y o

4
Pz §

Figure 12.29




The matrix Z now involves the impedances of the various components:

-

.= 2oL, zz=—i/wC, z,=iwl, z;=—i2wC.
Then /
2L 0 0 0
40 (@C)~1t 0 0
Z=1 o 0 oL 0
0 0 0 —(QwC) ™/

Matrix multiplication yields

(3L —(wC)~* —wL
— oL wL— (2wC)’1}

sZo=1

—and-we-find that
Det(sZo)= — BwL— (wC)™ ") (wL— (2wC)™ ') + w*L?

o

©

D(w?) = 2I2w* — 5Lw?*/2C +(2C*)~ ' =0.
This factors readily:

(Lw* — C™Y)(2Lw* — (2C)~H =0.
_The resonant frequencies of the network are therefore givenby
w?*=1/LC and w?=1/4LC.

2

resonant frequency. If w =,/(1/LC), for example,

S _(WILC) = JL/C))

EEEN S o) SO )

N7

twice the current in mesh 1. Similarly, setting w = 1 /2\/(LC), we have
7o =i =3LIC) =3 J(L/O)
sZo =1

~1Jwo —1/c)

1\
so that a solution to (sZo)J =01s k _ 1), which corresponds to a normal mode of

frequency w/2n where the mesh currents J, and J, have the same amplitude but
opposite phase.

frequencies of circuits containing just inductors and capacitors, may be employed
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also to analyze steady-state alternating-current circuits. We assume that all voltage
and current sources have the same frequency w/2m, so that branch currents are of
the form

A e Bl
™| R

eiwt

I
I

and the branch voltages are of the form

Va
V=|V#E e,

\:/
Here the components I, I,,... and V? V¥ ... are complex quantities, and it is the
eal pa Ol €ach componen N3 epresents _the 1e _current o oltage.
that ¢'* = cos wt + isin wt.) Voltage and current sources are represented by
[ W\ /K

W= LW”J e and K= LK,,J glet

respectively. Then it remains true for each branch that
Ve—We=2z,(I,—K,)

where z, 1s a diagonal matrix whose entries are now the complex impedances of
the various branches. The formalism we have developed for direct current circuits
| . " ] i ] . ireuits. wit!

only a few minor changes:

the appropriate component of the complex vector Ie'* or Vei®
(2) The peak value of the voltage or current in a branch is given by the modulus
[ 1l ] ity 1] ] I e if ]

current in branch « is represented by I, the peak value is
2

t

| =/((ReL)>+(ImI)>?.

al AVARNY a/ LAY al 7

(3) The average power dissipated in branch « is determined by the average of
Ne_prog a N 2ai-ha a N omob Q ” 2 and 0_DC

explicit, the average power P is given by
P _=Average of [Re(V*“)Re(l*)]
* » —_3

1Average of [(V%e'®' + V**e™)(I e + Ife™')]
 —1Average of (VoL + VIR + VORI + Ve HN)],

where we have used * to denote complex conjugate.

P,=3(V*I,+ VeI?)=1Re(V°I}).

In the case where branch « consists simply of a resistor, so that V*= RI,, this
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simplifies to

a purcly

As an elementary example of a steady-state circuit; consider the so-called low-pass
filter shown in figure 12.30. We may regard this circuit as having two branches.

71\
A basis for Z, is the mesh a+ f, so that a=k1), s=(1 1). Since Z=

R ) .
, we have immediatel
0 —ijoC) 4
/R 0 \/1
sZo=(L O ). J=R=ijeC).
0 —1/0C /1
R Ny p—
R L
/'+ ‘ B
8wt ( ~ —_—cC
.
A
Figure 12.30
The voltage in branch «is W* = — &e'“’ (with polarity as shown) so that the mesh
current is simply
; o, 1 -
J= (SZO'J *['— SW) = FYETW. 6e .
A yaveier
_ The peak value of this current is the real quantity
& &

J —_— =
/] R — (i/wC) HR? 4+ (w2CH Y
\ 7 VALY X 7 7

while the peak value of the voltage across branch f is

L | —ig/eC| &
PP IR —ijoC| J(@RC)? + 1)
This voltage decreases from & when w =0 to zero as w— oo, hence the name
low-pass filter.

We may make the preceding circuit slightly more complicated by placing an
inductor in series with the capacitor. The impedance of branch f then becomes
z; =iwL — (1/wC), and the mesh current is J = &/(R + i(wL — (wC)~1)). This mesh
current clearly has its peak value if L = 1/wC or w = /(1/LC). This is the so-called
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— C
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Figure 12.31

X
¥ye
| IS

& el

|\\2 +

Figure 12.32

A oh ambple onsider the . 1

Z consists of the meshes M; =a+ f and M, =« + vy, so that

/1 0\ ' T
c=1[1 -1 and s= )
I A

0 1
rR 0 0 j
Since Z=|0 iwL 0 |, we have
\0 0 —i/wC,
R iwL 0 - R +ioL oL\
sZo = : : 1L —1|= . : :
0 —iwL —i/wC)/ 0 | —ioLl  iwL—-i/wC)/

& iwL —i/wC

J=(sZo)" }(— =L . 1 :
(5Z0)""(= W) RoL—=1/woCy+LC~"\ 1oL/
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Of interest here is the solution for the resonant frequency w/2n, where L= — 1/wC
& (0 . \ . . s e ,

and J=——+{. so that there is no current in mesh M, and no power
L/C 1ol

dissipated in the resistor.

Of course our techniques permit us to analyze alternating-current circuits of

arbitrary complexity just as easily as direct-current circuits with the same topology.
Consider, for example, the following two-stage filter.

o L B L vy C
> nm VVVV
Yy €
By Yo é
N\
e~ ) o m— c_— SR
S ——_ Y
A
Figure 12.33

Since this circuit has three meshes but only two non-ground nodes, it is easiest

to analyze it by the node-potential method. We choose node 4 as ground node,
so that

] 1 0\
-1 0
1 -1 -1 0 0
L] (0 0 1 —1 —1) and  [d] N
0 —1
Then [8]1Z~[d]=
—i/oL 0
, 1nC 0
(1 -1 -1 0 |V B
i/wL——=1i/wL
\0 b-1 1) 0 iwC
0 —1R
_ (ia)C — 2i/wL i/wL )
oL  iwC —(i/oL)+1/R )

Using the formula
®=([AZz"'[d])"'[0]Zz~'W

it is a straightforward matter to invert this matrix and determine the potentials
at nodes B and C. We content ourselves with solving the problem for the resonant
—iwC iwC

1z =( ¢ @€),
\ TUI L/l\/
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— l/ia)L) B (ié"a)C

By noting that [J]1Z _1W=( 0 ) at this frequency, we see

0
immediately
[ B\ 1 { 1/R —iwC\/inC
l 1 C =/ . PalE o2 2 2 . Pl . Pl Py (0@
\¢ /] (—iwo(/Rj—o"C "\ —10C —1wC 0
or
[ HP\ & /iwC/R\

\¢>C) ~ (—iwC/R) — w2c2\ w*C? )

Summary

-A @@ Onecomplexes 000000000
Given a diagram representing a one-complex, you should know how to construct
a maximal tree and the associated basis of meshes for Z,; and write the matrices
representing o, s, 0, and d.
You should know the definitions of the subspaces By, H,, Z,, H°, P°, and B!
and be able to construct bases for them.

B Resistive networks
Y hould be abl e d e lation | V and I f ] i
containing a battery, current source, and resistor.

You should be able to derive and apply Maxwell’s mesh-current and node-
potential formulas for solving electrical networks.

C Alternating-current networks

You should know how to use Maxwell’s methods to find steady-state solutions
and normal modes for networks involving inductors, capacitors, and sinusoidal
voltage or current sources.

Exercises

12.1,2. For figures 12.34 and 12.35, do the following:

B v C €
— AAAA >
o ' B, 182 Ys
7vﬂ _‘L_+4V
I d M >
m% 4 4Afl] %39 20 gm
| ]
4

Figure 12.34
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g ¢ 5
+ ¥
8V_" gy <
19 ;lﬂ
B glg D

W e

I I

(a) Find an independent set of meshes, and write down the element

ol C, corresponding to each mesh. (You may use notation like

M, =a+ f —7y.) Check that the number of independent meshes, m,
satisfies m=b+1—n.

(b) Express the current in each branch in terms of mesh currents, then find

expressions for the branch voltages.
(c) By applying Kirchhoff’s voltage law to each mesh, construct a set of

(d) Choose node A as ground and express voltages and currents in terms
of the remaining unknown node potentials. By applying Kirchhoff’s

current law to each node, obtain a set of simultaneous equations for

the node potentials, and solve them.

W D
B H
C
B A
a L >E ve N7
7]
A 5 F G n I
Figure 12.36

dimHy;—dimZ, =dimC, — dim C,.
(b) For each connected component, find a tree T which connects all the

0s @

nodes. Using these trees, construct a basis for Z,, and write down
explicitly the projection p; in a form such as

A} =10
PT\®) =Y

12.5. For each of the three branches shown in figure 12.38, determine the
relation between V and I. In each case, construct a branch with the same

relation by using only a suitably chosen battery and resistor (but no
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Figure 12.37
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Figure 12.38
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current source) and also by using a suitable current source and resistor
(but no battery).
12.6. Consider the complex shown in figure 12.39.
(a) Write down the matrices ¢ and d. Take the order of branches to be
o, B,7,9,¢, @, even though these are not the first six letters of the Greek

alphabet!

0 0 0
1 0 0
ground nodes and show that { 050, and|{ 0 {{froma
0 1 0
Lo/ \o 1)

basis for P°= C°/Z° Construct the matrix which represents the
operator [d]: P° — C! relative to this basis.
(c) Select a maximal tree in each component by choosing branches «, 4,

and he-three b elemen ot Z14 OV mesh ormedb

combining the remaining branches f,y, and ¢ with branches in the
tree (always choosing the mesh so that f,7, or ¢ has coefficient + 1).
write down the matrix which represents o: Z, — C, relative to this
basis.

(d) Show that the columns of the matrix [d] determine a basis for Bl.
Associate vectors of the quotient space H' = C!/B! with the three
branches not in the maximal trees, obtaining

70\ /0 70\
1|0 0
o] = |
0110 0
0/ \0 1

basis chosen for Z,.

that s is the transpose of o.

(f) Show that the boundaries of the paths joining ground nodes to non-

»

0 und nodes fo b or B, d O s 0 0
(g) Show that the equivalence classes of the ground nodes,

1 0

0 0

0+—and—{1

0 0

0 0
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12.7. For Exercise 12.1 construct [d],[d],0,s, Z,K, and W. Set up the mesh-
current and node-potential equations by using these matrices and vectors,
and check that the equations are the same. Let node A be ground and Iet j
and 0 be the maximal tree.

8. i ' e me i s the ground n

12.9. Use the mesh current method to determine the branch currents I, 1,1, for
the network in figure 12.40. Use the meshes defined by choosing f as a
maximal tree.

«a B ¥
> \ 4 >
+ BY +
UV T [* 2 T
[
S [ S
28 tH 1Q 4Q
A
Figure 12.40
E C b
7Y
—_ 5V g

29§

od fo

YJ

)
b
B
{

I_|_

£
:

[ed

Figure 12.41

12.10. Consider the electrical network in figure 12.41. Suppose that the matrix
representation of s is

chosen as follows:

0
p! is the equivalence class ( 1),
0

A)
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0
p’ is the equivalence class (0}

\1)

2
Express | 1 [in terms of the basis vectors p' and p?, and write down the

H

matrix representations of [d] and [d]. Using the node-potential method,
calculate ®® and @€ for the given network

12.11. Consider the electrical network shown in figure 12.42.

n 10 Fal
a B 52 c
> f AVAVAY. o ®
T oy
+
2y B | 8V

AA— ]|
8

[
[Sh]
>
VAVAY
8
o}

> $—AAN—

Figure 12.42

Write down the matrices ¢ and d for this network. Branches « and y
constitute a maximal tree for the network. Write down the basis for Z,
which corresponds to this maximal tree, and construct the matrix o
relative to this basis. Use the mesh-current method to determine all the
branch currents for the glven network

for the network in ﬁgure 12.43, i.e., determine the values of w/2n for which
sZo is singular, and find the solutlon of (sZo)J = 0 for these frequencies.
(b) Solve the same network by the node-potential method. With 4 as a

FaIRY

ground node, you still get a 3 x 3 matrix to invert. Why are there only two
normal modes?

c L g B L § D
(VT G ¢
o y ve
Co <o G|
A
Figure 12.43

c) Convert the same network to a network with only two nodes b
combining « and fin series and é and ¢ in series, thereby eliminating nodes
C and D. Solve by the node-potential method. This time you only have to
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% Co p— M7 5Co — My 3L,
®
A
Figure 12.44

12.13.(a) Use the mesh-current method to determine the normal modes of

and determine the ratio, J,/J,, of mesh currents.
se the - 1 Ci
same network.
12.14.(a) Construct the complex-valued matrix sZog for the network shown in
figure 12.45.

C B
‘\/\v/\/‘ ‘—0_0_0—!’ . ]
R Y
o A BY L
ja— >
o Co R g
5y
—
A
Figure 12.45

(b) Suppose that the generator in branch a supplies a voltage which is the real
o, Find expressions for the steady-state voltages V* an

12.15. Suppose that a current source that supplies a current K = Re (K,¢'*),

where wo = 1/,/(LyC,), is connected in series with the capacitor between

nodes 4 and B of the network of Exercise 12.13. Determine the resulting

mesh currents J, and J,.
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Summary 492

Exercises 492

In Chapter 13 we continue the study of electrical networks.
We examine the boundary-value problems associated with
capacitive networks and use these methods to solve some
classical problems in electrostatics involving conductors.

13.1. Weyl's method of orthogonal projection

We turn now to two other methods of dealing with the network problem Weyl’s

purely resistive case; i.e., all the z, are positive real numbers z,=r,>0. However,
they are both interesting and worth studying. We begin with Weyl’s method.

The equation relating branch
V-W=Z(I-K)

V=W+Z(I—K)

or as
V=Z(Z 'W-K+1I)

We now use the matrix Z to define a positive-definite scalar product on the space
C, of branch currents by

{\
(I,1), = J ZY =r I +rplgly + ---.
I
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current law 01" = 0 and any voltage distribution V satisfying Kirchhoff’s voltage law,
sothat V= —d®. We know then that [,V = 0. Since V = Z(Z~ W + I — K), we may

—rite
wIilte

rZ(Z'1W+I—K)=0.
Jr
Expressed in terms of the scalar product defined above, this equation is

¥, Z W +1-K),=0.

Thus we wish that the vector (K — Z~1W) —1 be orthogonal to all cycles.
We can thus reformulate the resistive network problem as follows. We are given

the space C, of branch currents, in which lies the subspace Z, of cycles. For a

network with specified sources W and K, we can form the vector K—Z~'W, which

escribes 1 i

to zero. In general this vector is not an element of the subspace Z,. We wish to find a
-1

ave regucca g esistive NCTWO O gCO . iII"‘ ] atca 11 gUrc
13.1: given the vector K — Z~'W in the space C,, we must compute its orthogonal
projection onto the subspace Z,, relative to the scalar product defined by Z. Then
we will have expressed K — Z7'W in the form

K—Z'"W=I+(K-Z"'W-1)

K-Z"'W

4
~ZTV=K-ZW-1 /i
/]

e / [ ~ - - - 7~
- - /| P ”~ P
bd
~ 7 ”~ -~ P Zl
e -
- 4 -
- PA s I - < -

where I —Z W _I=—_Z"1V]i c
let 7 denote the linear transformation which projects C, orthogonally onto Z,, then
the solution to the network problem is

I=n(K—-Z"1W),
V=Z(n—DHK—-Z W)

One procedure for orthogonal projection from C, onto Z, makes use of a choice

of an orthonormal basis: Let {e,,e,,...,e ! denote an orthonormal basis for Z;.
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of orthogonal projection

Then, if u denotes an element of C,, its projection onto Z, is given by

[ N ya
nu= (e, uje; + (e, u)e; + -+ (€, 0)e,,.

h o84

We must first choose a basis for the subspace Z, say the basis given by an
independent family of meshes, and then use the Gram-Schmidt procedure to
convert this to a basis which is orthonormal with respect to the scalar product

Anfinp tho matriv 7 We - mitet finallyr tale ecach W t ~f

o | 1 acte voartar C 1 t1irn—amAd
ucuucu U_y the matrix Z. Wemust nnany take-cacnoasis veCtor oI Cy mturmand

calculate its projection onto Z, by taking the sum of its projections along the

orthonormal basis elements of Z, . Each such projection determines a column of the

matrix 7.
As a simple illustration of Weyl’s method, we consider the circuit shown in

figure 13.2. For the circuit, C, is two-dimensional. There is only one mesh, a + 8, so

. . . 1 . :
Z, is the one-dimensional subspace spanned by the vector (1\ The matrix Z is

(05)

B
————»

RY
=Y

|
J

Al I

f« <3l
;

o

~
ol

-
W

Figure

1
To compute the projection matrix 7 we must project the two basis vectors ( n)

U
/n\ N

and k ) In turn onto the subspace Z,. We first normalize the basis element of Z:

/71N /1 0\/

thelengthofk )13&& ) ko 3)k )) 4, sowed1v1dek )by\/4 2, obtaining

{3\ 1\

»]

\ ’ which has unit length Then the pl‘OjCCthl‘l of , is
N2/

U

(¢ EE-C)

\\¥Y/ \V 2/\2//\2/

while the projection of (O\ 1s

4

\1/
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) or the network of figure 13.2, K= <1> and W=<_é), SO

Fo
1 4 . :
that K—Z7'W= 1 . Applying © to this vector, we find

immediately

AW R

/3
Therefore © = k

B &

1 3\/5 2
w( D0-0)
4 2
: _ /5 3\
<o the solution is I, = I, =2. Notice that K—Z"'W 1= _ ( ]._ ),
' 1 \2Z/ -1

which is orthogonal to I, as promised. soluti is ork problem is
dlenlaved oraphically in figure 13.3. Because the scalar product is not the ordinary

represented by perpendicular llnes

AL 2 /
/
/’ Z; (currents satisfying KCL)
C, /
/
—Z w1
— I/ >
~
~ K—Z W
P4 / d I‘
// =~ ~
/ ~
/ ~
/
Figure 13.3

I i i ici i ’ jection operator

C

s
omparing thi ith I’ la I=n(K~Z 'W), we see that

: n=o(sZo) 'sZ

It is easy to check that n? = 7, as must be true for any projection operator.

13.2. Kirchhoff’s method

We turn finally to Kirchhoff’s method. Although this method was invented many
decades before Weyl’s, we may regard it from our present point of view as providing
an explicit formula for the projection operator = in terms of the trees of the graph.
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Suppose that we have a connected complex, and let T denote a maximal tree.
Recall that for each such tree we have defined a projection operator pr by

(0 if —aeT,
pr(®) = i

M, if a¢T,

other branches all lie in T. (The cycle is to be chosen so that it contains +a, not —a.)

i e 13.4, the branch 8 alone forms a maximal tree. T
prla)y=a—PB, prf)=0, pry)=7+8,

B
i aiaN
/ N
/ \
a4 18 YY
\ /
N
~1-7
A
Figure 13.4
1 0 0O
so that the matrix representing this projection pris [|—1 0 1. Notice that the
0 0 1

diagonal entries of p; are all + 1 or zero.
Any such p is a projection operator with range Z  : its image is Z,, and p,(M) =
M for MeZ,. 1t is not, however, an orthogonal projection operator, because its

kernel is not orthogonal lWith respect to the scalar pl'OdLlCt defined by Z)to the

subspace Z, . To put it differently, pris not self-adjoint: for a pair of branches ¢ and

(1o, B)z # (@, prP)z

in general.
While p; for a single maximal tree is not self-adjoint, there are many different
maximal trees in a complex. What Kirchhoff discovered was a scheme for taking

a each maximal tree T we have a real number 4, wi AT L

and X ;Ar =1, where the sum is over all trees. Then

pl=Z)~TpT
T
. . . 7 its is 7 = in Z,

into itself. In general, p, is not orthogonal, but there is one choice of A7 for which
iS . s . . . . .
—maximal tee 7, — 00—
Qr=]]rs

p¢T




branches not in T. The weighting factors A,

Ar=Qr/R where R=) Q.

Thus we have an explicit formula for the Weyl projection operator n, namely

—p 1A
T=R " Urlr-
T

thing, that R = 3 rQrpy is self-adjoint. Since the branches form a basis for C,, it

suffices to show that for any pair of branches, « and 8, we have
ZQT(PT% B), = Z';QT(aa prb)z-

For fixed  and 5, as we sum over all maximal trees, three cases can arise, as shown
in figure 13.5.

/
fel 4 R
\' / P \V /7' 1
Case 1 Case 2
o

Figure 13.5

Case 1. Both a and B are in the tree. In this case, pr(a) =0and pHAf) =0, so the tree
contributes nothing to either side of the equation.

Case 2. Nei

contain B, so (pg(a),B),=0. Similarly (a, pr(B))z=0, and so the tree again
contributes nothing.

Case 3. Branch ais not in the tree, but f1sin the tree. In this case, if § is in the mesh
M, formed by o and branches of the tree, we have

(pTa’ﬁ)Z= irp
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where the 4+ sign holds if  and 8 oc i ion i e — sign if the

alfaYalale o O or-examnle in . A ({ o I A y — f3 o_and
DPPOS S1EZN. O % pie; o] -6(a), prlo)y=2 g

(p1(@), B)z= =74 There is ow always a unique maximal tree, T, formed by
replacing f by « in the tree T, for which p.(8) = + p.(a), so that (&, pr(F))z = £7,.
Such a tree T’ is illustrated in figure 13.6(b).

\ /s
\_ /"
\

(@) (Tree T) (b) (Tree T

Figure 13.6

For the pair of trees T and T”, Qrr; = Qrr,, since deleting branch f from T leaves
the same branches as does deleting branch o from 77, and both Q,rz and Q,r, are
the product of the resistances of these remaining branches. The relationship between
Tand T’ is symmetrical if we interchange the roles of « and . Thus

Qrlp1% B)z = Qr (e, p1-B)z

and to each Tfor which the left-hand side is non-zero there corresponds a unique T”

where

Qr =1_[raa R =ZQT

2w T T

and the sums extend over all maximal trees.
Ac

(3.3

an_ 1lhictration—aof KirechhaffPe mathod concader -th
anmnm 1mmrustiativull Ul INITUITITULIN O HHIIVLLITURE,, VU115V Lr

netws
1IN LYY

o

1

which has the same topology as figure 13.4. There are three maximal trees, the
branch « (tree T,), the branch B (T,), and the branch y (T;).
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Figure 13.7
For Tl:
0 —1 1)
pr,=1|0 1 O and Qf, =2-3=6.
0 01
FOI‘ Tz,
[ 1 0)
pr,=|—1 0 1|and Qp,=13=3.
0 0 1
For T;,
1 0 0
pr,=10 1 0 |and Q =1-2=2,
1 10
Then
R=Q:,+07r,+07,=6+3+2=11
Finallv
Llllall_y,
n =1;[6pr, + 301, +2p7)],
or
1 5 —6 6
N2 29
. (1) {0)
This matrix projects onto the subspace Z, , spanned by the meshes [—1 | and |1 |;
0 1
1 1 0 0
Youcan check thatnw {—1 | = |—1| andn| 1 [=]| 1 |. The matrix 1 — = projects
0, 0y AN
Mﬁfﬂ‘rﬁgmtbspm%
6 6 —6
1—7z—i 3 3——3
M2 -2 2
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Its image, which is also the kernel of m, is the one-dimensional subspace spanned by

6 1
the vector 3 |. This is indeed orthogonal to both the meshes |—1| and
-2 0
0N
\Y
I 1. Notice that
1
JAPAN 1 oo\ / £\ JAEPAN
O 1 V) U U U
Z| 31=(0 2 O 3= 6.
—2 0 0 3/ \-2 —6
[ 6
The vector 61 deseribes _as it should- branch - voltages which-are combnatible
F ULV AN VAV )Y A4 ULVOVITUVY, O It OlIU WG, Uldllivil vv;l.ueva Winvii Qiv vvllxyu;xuxv
£

— 0

with Kirchhoff’

s voltage law.

13.3. Green’s reciprocity theorem

We conclude our study of resistive networks with a powerful result called Green’s
reciprocity theorem, which will appear in a similar form when we study capacitive

networks and electrostatics. To prove this theorem we imagine a network in which

all but two of the branches contain only resistors, but no voltage Of current sources.

ﬁldi—t—t—W“ﬂ-l—m ion to resistors a specific choice of sources in branches « and f we will
obtam a solutlon with currents I satlsfymg K1rchhoft’s current law and voltages \Y%

dlfferent solutlon again w1th currents I and voltages V Wthh satlsfy both of

Kirchhoff’s laws. (A typ1cal situation to wh1ch the theorem would apply is shown in

Both A% and V since they obey K1rchhoff s voltage law, l1e in the space B 1 We know

that any element of B, acting on any element of Z, gives zero, so we may conclude

)
=

<
[\®]

Q 04

AW

9V
]a / %39 5&25{”3

NP
193 / M
1 / | /
€q €y
4Q 5 4Q &
AN AMN—-

Solution I, V Solution I, V

Figure 13.8




that

r ~
J V=0= J v
1 b {
us, 1 S
7 — 28
> vL= Y v,
all all
branches branches

Now we single out branches « and g:
L+ Vi + Y VL=V +Vi+ 5 v,

other other
branches branches

We assumed that all branches except o and  were simply resistors, so that 77 =r I,
and V'=r,1,. Thus

v,

=erfv1r=szfv

V1, + Vi1, =veI, + Vi,

which is Green’s reciprocity theorem.

-.

properties of passive resistive networks, ones which contain no sources, only
resistors. Given such a network, we can add a new branch in two different ways, as

4

we could connect a new branch a between a pair of existing nodes, as in figure 13.9(b).
Such a ‘soldering entry’ creates no new nodes. The branch « could be a short circuit
as shown, or it could include a voltage source, current source, or a resistor.
Alternatively, we could make a ‘pliers entry’ by cutting an existing wire, creating a
new node as in figure 13.9(c).

I A B
DN O N N
S o~ | = A N
) etc. 4 etc. Z etc.

(a) (b) (c)

Figure 13.9 (a) Original network. (b) Soldering entry. (¢} —

Pliers enfry.

attach two new branches, branch a between nodes A and B and branch 8 between

no i i is immaterial. We
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Figure 13.10

L+ 4 C o - 4 C
Va__g—[ \Ig ja/ lffﬂ—&
\., bV NI .
yﬁ—n Va=0

: . We insert-a battery of voltage & across«and measure the cu
branch B. We then connect the same battery across f instead, and measure the
i hown in figure 13.11. Si = Ve =
are short circuits), Green’s reciprocity theorem simplifies to
Vol =vel,

But we used the same battery, so V#=V*=¢&. Therefore §1,=&1, and I, =1,.
What 1 kable al i It is 11 housh {1 Citself

resulting current is symmetrical.

Case 2. We 1nsert a current source j across « and measure the resulting voltage

across f, which is an open circuit. We then connect the same current source into
‘ ala aa¥= A 1 1 1

Since I; =0 and I, =0 (both are open circuits), the reciprocity theorem simplifies
in this case to

ey — yBF
| 4 .la |4 B
But
I”=f'@ =J,
SO
ros rrfle
viy=V7]
[+ 4 c-\\ /ﬁA €
Iazj T V“: | Tp=1
\. / /
=5 P =0 i=0Z Chs

Figure 13.12




and we conclude that

Ve=v?
More generally, we can have a resistive n-port from which n pairs of wires
WWWWWWW@W
voltages V% V¥ will depend upon the currents according to some relationship

A V4 RIL
¥ — I\1

where R is an n x n matrix. The above argument shows that the matrix R must be
symmetric, because, for any two ports A and y, the dependence of ¥*on I, is the same
as the dependence of V* upon I;.

Green’s reciprocity theorem can also be derived as a consequence of the mesh-

have

so that

I=0J= —0(sZa) 'sW.

Because Z is symmetric and s is the transpose of o, the matrix

G = -—g(q7n')_1q

is symmetric, so that if we write

I=GW

the matrix G which expresses the branch currents in terms of the imposed battery
voltages is symmetric. Similarly we can start from the node-potential solution

®=([0]1Z"'[d])"'[01(K ~Z™'W).
__If there are no voltage sources, so that W=0,then
V=—[d]®= —[d)([6]Z" '[d])” '[O]K.
R=[d]([01Z~'[d])"'[4],

which expresses the branch voltages in terms of the imposed currents, is a symmetric
matrix.

v

3 3 td

described by a symmetric matrix.

13.4. Chpacitive networks

A minor modification of the network problem is to have a network of capacitors
Instead of a network of resistors. Each branch is now allowed to have a battery in

—the plates on the capacitors, and eventually a steady state will be reached. Tn this —
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A
-
+
- We —
Va= PA —PpB< + Qu
. 1
_Qa _
yo
\ ° |
B
Fi

ady state no current will be flowing, since charge cannot cross between the pla

of the capacitors. We are interested in knowing the charge, Q,, on the capacitor in
branch « and the voltage V* across the branch. A typical capacitive network, and the
sign conventions for a typical branch o, are illustrated in figure 13.13. Notice that, as
before, positive V*and W* refer to voltage drops when the branch is traversed in the
sense defined by the arrow, and that positive Q, implies that the positively charged
plate of the capacitor is encountered first as the branch is traversed. With these

We may regard the vector Q =(Q,,Qy,...) as a one-chain, and the vector V=
(V% V¥, ..)T as a one-cochain. However, the pairing between voltage and charge
now gives energy rather than power. In vector notation, we may write

V-W=C"1Q
here C-is the matrix-with-entrics € With the repl 7 b O

and of power by energy the situation is formally identical to our discussion of
resistive cirom . , . _
Since charge cannot flow across the capacitors, the total charge on the capacitors
connected to any node cannot change. If the capacitors were initially uncharged, this
total charge must be zero for each node, and 0Q =0, just as 0l =0 for resistive
networks.

Isolated networks of inifially uncharged capacitors, for which ¢Q =0, may be

treated exactly as we have treated networks of resistors. We need only replace I by Q
—1: . M M A A

10U eqQH Ne P4 - ES-arc ENre N (1 N s AN A

—there is nothing which plays the role of a current source. Then, by analogy with the

mesh-current method, we may introduce mesh charges, described by a vector PeZ,,
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Yo

+Qp| I—Q@ E' *l 1+Q7| |~Q7
A

Py = _'Qn "Qg"' Q»\,
Figure 13.14

so that any charge distribution satisfying 0Q = 0 may be written as Q = gP._Then

® = —([91C[d])™ ' [G]CW.

‘More generally, ii the capacitors were initially charged, there may be a fixed
total charge p, on the plates connected to each node. The vector p=(p,, pg,...)
May o Cgaracqas a zZero=chain. CC, aCCOTId 2 10 OU o7 Onver n’ e
negative plate of a capacitor 1s connected to the node at the end of the branch, we

write 0Q = — p in general. (Refer to fi i i

=—p a SS . p

O % AL1CS hapte c-shall s€¢ tha ne analog ol 1ne¢
node charges will be the ‘charge density’ p, while the analog of Q will be the
‘dielectric displacement’, D. We will explain in Chapter 16 that D should be thought
of as a two-form on three dimensional space and describe how one would perform
the physical experiments to measure it. It will then turn out that Gauss’ law is
nothing other than the three dimensional version of Stokes” theorem. In the ‘vector
calculus’ treatment of electrostatics as presented in most texts, the dielectric

.,_l_.‘-n-n ) ol eh a 2 s 7= a e1d. a¥a I Y ’ 2\ Necome ile

—divergence theorem’. But in our present context of the theory of capacitive —

networks, the equation

— 0Q = —p simply says that we assign to each node the sum of the chargeson

the plates connected to it.
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A 4 118
Hgure 15.15

For the rest of this chapter we will study capacitive networks with initial charges

= ada a o a O O MIN-O als N — () N O <Ya 3 ats
v o 1§ = Ul Y . d v cl ] - v s

become

Q=CV, V=—d® and Q= —p.
We can combine these three equations to obtain
—0Cd® = —p.

This equation is known as Poisson’s equation. It gives the relation between the
potential function and the node charges. The operator — dCd occurring on the

D 2

On 1S called th anlacian_and i1s denoted b A

— ThusPoisson’s equationr may be written-as
AD = —p.
Now d maps C°—C!, C maps C' > C, and d maps C,
. 0 ’ ; oft h

— C,. Therefore the

equation belongs to C,, as is to be expected.
It is instructive to write out explicitly the form of the Laplacian. Let u be an
element of C® and A4 a node. If « is a branch with A one of its boundaries, then

So Cdu has coefficient

+ C, (u(A) —u(B)) at a.

~ocHicient 1s. at A4

Q= Y Cu(B)—u4)

a:fa=t(B—A4)




In particular, u satisfies Laplace’s equation
Au=0

if and only if

1
U(A) = Z—CL Cau(B)s

@
»
2

emanating from A, as illustrated in figure 13.15. In other words, Laplace’s equation
says that the value of u at A4 is the weighted average of its values at nearest neighbor
nodes, the weighting being given by the capacitances.

This interpretation should be compared with the partial differential equation

u at a point P is the average of u over a small circle centered at A. For the concept

of circle to be defined, we had to have the Euclidean geometry of the plane. Here to
define the nearest neighbor average, we need the matrix C of capacitances. There
is an analogy between the choice of C and the choice of Euclidean plane geometry.
We shall pursue this deep point in Chapter 16.

Let us now return to our study of Poisson’s equation. Notice that the ® occurring

l ]E fP. ) . ] ] . 1 F . 1.]

constant on all connected components of the network. Indeed any such function

p-which occurs o e TIg and side-of Poisson’s-equation :
B, of C, since, by definition, the node charges are determined by applying 0 to
th : : 0_ o 0

the restricted coboundary operator [d]: P°— C!, and we also introduced the
restricted boundary operator [d]: C; - B,. The situation is best summarized by
the following diagram of maps:

2

c*——P* L el 6B —— 6,

| 4

| |

~A
This suggests that we introduce the restricted Laplacian [A]= —[0]C[d] and
consider the restricted Poisson equation
' [AIY = —p

for e PO. (In other words, ¥ is a ‘potential determined up to additive constant
on each connected component”.) Now since the operator C is given by a positive
diagonal matrix in terms of the standard basis of C* and C, we know from the

Node OO hhaoff? heorem-ths 2 A nve hle and henc

—the solution of the restricted Poisson equation is given by
¥ =([a1C[d] ™ p.




1e me 10¢ 0 ortiogonal projection

Illustrative example
A simple Poisson equation problem is presented in figure 13.16. Four units of
de B, one unit is at node i otential at
all nodes. (If you want to specify units, use microfarads for capacitance,
~microcoulombs for charge, and volts for potentialy

pp=4 Cp=2 pe=1
BQ\ :r? /oC
a\\ //7
) X
P N
Cazl/\ C7=3
N/
A

VDA=—5

Figure 13.16

We choose A4 as the ground node. The restricted boundary operator is then

1 -1 0
[a]=<0 1—1)

(10 0)
The matrix Cis {0 2 0], so
0.0 12
U U3
1 0 0 1 0
Faleral /1 —1 0\ NN N 1 1 / 3 _\
LoJCrdi= NI R =1 </
hhe B 7 \0 0 3 0 -1 A -/

The solution to Poisson’s equation is

152 _ 1[5 2\(4\_(2
(fo3ctd]) _11<2 3)’ ‘P—n(z 3)(1) (1)

distribution p(r) in vacuum, with no boundary conditions specified. More interest-
ing electrostatic problems are ones in which the boundary condition of zero




ounc ary-va ue projs em.

Figure 13.17

the boundary of a region. We shall now consider the discrete analogues of such
problems.

We imagine a connected network of capacitors, with no batteries along any of the
branches, as shown in figure 13.17. We subdivide the nodes of the network into two

classes; boundary nodes and interior nodes. Boundary nodes, such as 4 and B, are
connected to external sources which mamtam their potentlals at specified

external sources, it will not be reasonable to specify the total charge at a boundary
node. Interior nodes, such as C and D, are connected only to other nodes of the

constant and may be specified; it is unreasonable, though, to specify the potential at
interior nodes.

In the general problem concerning such a network, we would specify the potential
ateach boundary node and the total charge at each interior node arbitrarily, then try
to determine the potential at each interior node and the charge at each boundary
node. In fact, such a general problem can be expressed as a superposition of two

© more restricted problems:

(1) A Dirichlet problem, in which the total charge at each interior node is set

(generally non-zero) value.

(2) A Poisson equatzon problem, in which the potent1a1 at each boundary node is

value. The problem posed in ﬁgure 13 15 was of thlS type, w1th node A
__ functioning as a boundarynode.

The solution to the general problem can always be expressed as the superposition

ofthe solution to a Dirichlet problem with the appropriate boundary conditions and

Corresponding to our decomposition of nodes into two classes, we get a
decomposition of the vector spaces C, (node charges) and C° (potentials). The space




¢ rojec

C, is the direct sum
CO — Cgound (‘B C})m’
bound oonsists of zero-chai i i} i Iy at

boundary nodes and C¥* consists of those zero-chains which have non-zero
coefficients only at the interior nodes. Similarly, we have

CO = Cgound @ CO

int»

where CQ...4 consists of those linear functions which vanish on C", while C?.
consists of those functions which vanish on C§**"¢,
The potential ® may be decomposed in a unique way as the sum of an element of

each of C° ., and C?,. We write

(I) = (I)bound + (I)int'

and D, this decomposition reads simply

p \ /N /N
1 o4 0
@5 @B 0
PC = + lacl-

\2?) \g/

so that, in the circuit of figure 13.17
FEENH
Pe| _ |Ps + 0 '
Pc 0 Pc
Pp 0 Pp
In terms of these vector space decompositions, we can formulate our problems as
follows:

1) Dirichl blem:Si | ot fied - ] fe,
®youna 18 a known vector. Furthermore, since there is no charge at any interior node,
__the vector p'™' =0. We must determine the vector ®; , sothat
A(®D; + Poouna) =0

at all interior nodes. At the boundary nodes, we can calculate
A®; + Ppouna) = —p™™
__and will then know the potential and charge at all nodes.

g Lt J 1 Ou o &

p™ is a known vector. Furthermore, since the potential is specified as zero on each
boundary node, ®,_,.4 = 0. We must determine the vector @, so that

A((I)bound + (I)int) = - pint




at all interior nodes. Again, the charge distribution at the boundary nodes is

ﬁétermmeekene&th%petennal%kﬂewnﬂey%h%equﬂﬁeﬂ—

P = — A(@poung + Dind-

13.6. Solution of the boundary-value problem
by Weyl’'s method of orthogonal projection

We study a connected network with n; interior nodes and n, boundary nodes.

We may solve both these problems by using Weyl’s method of orthogonal

projection. We use the capacitance matrix C: C* — C; to define a scalar product on
the space C* of branch voltages by the formula

il

V,V)e=| V= Y cCrp~
v brazlclhes

Since C is a diagonal matrix whose entries are all positive, this is a positive-definite

for any V the expression
HV,V)ec=YiC, Vv
represents the total energy stored in all the capacitors.
Under this scalar product, the space C*! decomposes into the orthogonal direct sum
Cl=d(C)DC'Z,

Indeed, we know that d(C°) is the annihilator space of the subspace Z, of C;.

AKINng in alar prod ol an ment ol Oon_an ment o 1 Orm

C™'I is the same as evaluating V on I:

{'
(V,C“‘I)C=J V.
I
[¢] L ter e ] .:- henyace

=SCHUS—accompose the space d § . aC it
orthogonal complement inside dC° is a subspace of dC?; call it D*. So we have
the direct sum decomposition

dC’=D'®dC?

int

SO therefore

]\ C'=D'®dC,®C"'Z, (13.1)

is a decomposition of C! into three mutually orthogonal subspaces. Notice that an
I i i int» cn

0=(V.d®,, )= r d<I);.,!=r D,

Jev Jacv




At any interior node, we can find a (I)lnt which does not vanlsh at that node, and

follows from (13.1) that

Airmm DLl — 5 1
\NB3YSS >y —_ "'b 1.

As there are ny, — 1 boundary nodes left over if we exclude ground, we see that we can

always solve the Dirichlet problem. *
As an explicit example of the decomposition 13.1 consider the network of figur

four branches, dim C! =4. The orthogonal subspaces are as follows

/ N
1
1
(1) C~'Z, is a one-dimensional subspace with basis % |. This basis element
—Z
| o)
/ N\ 7/ \
1 1
1
corresponds to a charge distribution, C 2| = 11 , for which p =0 at all
=1 —1
0 0

1 uF

ZuF
Figure 13.18




nodes. It violates Kirchhoff’s voltage law, of course, and so is not derivable from a

+antial
pULCu.uu;.
£ . 192 one-dimencional -enrhen LS P . Thio I : 1 "
49 4 di ; 1 —1
(2) GG B d-ohe-alnmcnsionalr subspace with basis 0 . I IIS 0AasIs cicment

(% ()
1 1
3 1 =%
1 and %

\0 3

PA=0=0, ®*=1 and P =0B=0 P=1

respectively, with p, = O'in either case. (In general, it is not a straightforward matter
to write down a basis for D' by inspection.)

Solution of Poisson’s equation

orthogonal projection. Suppose the charge p is specified at all interior nodes. We
construct any voltage distribution V for which — aCV = s the specified v

unique decomposition

int

where V is an element of dC2, and W is orthogonal to dC%,,. Being an element of

{ \J vau U cl cl VW ¥ 7 V.
orthogonal to V, it liesin D*@®C 1Zl, and it therefore satisfies ICW =0 at all

interior nodes. Thus —dCV = —dCV = p at interior nodes, and V is the solution to
. . 1

Solution_of Dirichlet’s prgblem

Similarly, we may solve Dirichlet’s problem by orthogonal projection. Let )
denote a potential which has the specified values at boundary nodes and which is
V=nV4+(1-nV.

Since 7TV edC} , we may write 1V = — dy/, where y = 0 at all boundary nodes. if we —




write

(I=m)P=—do,
we know, since (1 — n)PeD?, that A® =0 at all interior nodes. Furthermore, since
—d®=—dy —do

and =0 at all boundary nodes, ® = & on the boundary. Thus ® is the desired
solution to Dirichlet’s problem.

Examples

Both of these methods may be illustrated for the network of figure 13.19. For that
network, a basis for dC?, was

& A\ !’/ N
A «—ep
0!

(9]

Figure 13.19

avector whose (length)? (relative to the scalar product defined by
4. Then, for any VeC!,
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Suppose now that we wish to solve Poisson’s equation for pp = 1. One possible

a' als N one N a Naroe )
J a O L] 4 3

charge distribution for which p,=11is §,=4%, 0,= —4, 0,=1,0;= —1. Then

Wi N OV =
\———
-

AY

which fails to safisfy Kirchhoff’s voltage law because the sum of the voltage drops
around the mesh 8+ o — y is not zero. Still

/ N\

=20 -1\ [} 1
ooll=1 20 o l-af 1fg
4l 0o o0 oll 2172l o
-1 20 1) \-3 —1

) obtain tl luti
In constructing V, it is simplest, whenever possible, to assign all the charge on each
interior node to a single branch which connects that branch to a boundary node. In
complicated networks where there are interior nodes connected only to other

_1 _1
~ 0 & 0
Q= 5 and V= 6
X 5 20
Returning to figure 13.19, we solve Dirichlet’s problem for ®* = 0, ®* =5, ¢ =6.

0

We set ® = ® on the boundary and ®” =0, so that V= —d® = . Then

A\ L




- 0C 0 ortiogona projection

. 32 0 1 ow 16\ (4
V=(l-m¥=g |0 2 0 15| 1} 4) |1
41V V) 4 U115 414V Y
——2—"0 3/ \6 8 2
whic i i oblem, wi =4. ion

would have been obtained with any other arbitrarily chosen value for ®P.

13.7. Green’s functions

The map which assigns to the charge distribution p the corresponding potential u
which solves the Poisson equation is called the Green’s operator. The matrix entries
—of this operator G relative to the basis of C, consisting of the nodes will be denoted

by (A B) where A and B are nodes We use the notatlon G(A B) 1nstead of the

G(4, B) = potential at B due to
solving the Poisson equation
with unit charge at A.

The function G that assigns to the nodes 4 and B the matrix element G(A, B) is

called the Green’s function. So G is a function of two variables. When considered asa

unction of the second variable, wi e first variable fixed, it is an element o
We let A, denote the operator A applied to the element G(A ) of C2,. Thus
_A2G(A> ) = 5A
G(4,B)=0 for B on the boundary.
To repeat,
A: C? — Cim,
The inverse of — A is G so
Au=p—iff Gp=u:

Because A is symmetric, so is G. In terms of th is gi an write

u(B) =Y p(A)G(4, B) for all B j

where the sum extends over all interior A.
We can also use the Green’s function to solve the Dirichlet problem. For this

Notice that, if u and v are arbitrary elements of C°, we have

-

Y. u(A)Av(A)= Y. u(A)oC dv(A)= Jr u= Jr du = (du, dv),
dCdv Cdv

—all 4 all4




where (,) denotes the symmetric scalar product on C'. Thus

> u(A)Av(A) = Y Au(Ay(A).

all 4 all 4

the interior, we get Green’s formula:

interior A boundary B

Let us take two interior points A; and A4,, and set u = G(A4;,") and v=G(4,,") in
Green’s formula; the right-hand side in (13.2) vanishes since G(A,,") and
-y vani ' o X o 1
u(A,) = 1. Similarly for v and A,. Thus the vanishing of the left-hand side (13.2)

4Sﬂ1y‘S—Fhat

G(A 1» Az) = G(A29 A1)-

If we write u=®, Au=—pand v= D, Av=— p, (13.2) becomes
) (pc®C — pc@°) = Y (ps®"  ps®”). (13.3)
nodes C nodes B

We see that Green’s formula is just Green’s reciprocity theorem for capacitive
networks.
We now suppose that @ is a solution to the Dirichlet problem with specified

oundary,so p =01 : = ; 3).

have

_ tZ (—AG(A, C)° — pcG(4,0)) = Zd (sG(A, B) + AG(4, B)®®).
interior boundary
nodes C nodes B

Recall now that — AG(A4,C)=1 if C = A and 0 otherwise, because G(A4, C) is the

SO on_ tao Po a% e A1at10on h one N a haro ’ A N at oth 1 0

nodes. Furthermore, we have assumed that p. =0 at interior nodes. So only one
term, ®4, survives on the left-hand side of the equation. On the right, G(A4, B) =0,
so we have finally

= Y AG(4,B)d”.
bour:idary
nodes

That is, ®4, at an interior node A, is a weighted average of the values of ®*
at boundary nodes, with the weighting factor AG(A4, B) being the quantity of negative
charge which is induced at boundary node B when unit positive charge is placed
at A with the entire boundary held at zero potential. The matrix (AG(4, B)), which

};epresents a linear transformation from C2,.4 to C2,, is known as the Poisson
ernel.
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It is a simple matter to apply the Green’s function approach to the network of
figure 13.18. Since there is only one interior node, D, we need only to solve Poisson’s
ase p, = 1. We have already done this, obtaining voltages

1
1]1-—1
4| of
—1

A VA
A4

Therefore, with 4, B, and C grounded, the potential at D is %, and G(D,D) =1
The charges at the boundary nodes under the circumstances are p,= —1
PE=—5 Pc=—%; so we have AG(D, A)=3, AGD,B)=1, AGD, C)=1. Armed

with this Green’s function, we can easily solve Dirichlet’s problem for the network. If

+ )

I
S
+

or

There is another version of Green’s formula (called Green’s second formula)
imes useful. Let us now look at a boun ary point, A. In the formula

Au(A) = > Co(u(A4) — u(B))

awith+da=(B— A)

let us divide the sum on the right into two parts according to whether the branch

o joins two points op !

point. Thus
Au(A)y = ¥ C.(u(A) — u(B)) + y C,(u(A) — u(B)).
AWith + gg=pB—d awith £ 0a=B~ A
an interior point B a boundary point
Let us denote th bound

together with the branches of the network which join two boundary points, as
forming-a network i its own right. Then A*"™ would be the Laplace operator
on this subnetwork, determined by the capacitances of these boundary-to-boundary
branches. Therefore,

(U(A)APp(A4) — APy A)p(A)) = O
boundary 4
and so

A e ((A)A(A) — Au(4)(4))
- 2. WA)C,(o(A) — v(B)) — C (u(A) — u(B))o(A)).
A4 in boundary

Oa =+ (B- 4)
B 1n intenor
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The terms involving u(A)v(A) on the right cancel and the right-hand side simplifies to
Y c(u( B)u(A) — u( A)w( B))

p A 75X
A 1n boundary
0o = 1 (B — A)

B in mterior

qubstituting into Green’s formula, we getGreen’s second formula:

[T @AM - AuAp(A) = T (B = u(Bp(A). ]

A n boundary
da=+(B—A)
B in intenor

¢ continue ou ITi : = isson kernel.
Thus, if P €Chouna gives the specified boundary potential, then u, given by

/AN Al N A DL LD
uA)= A (A4, D)D),

Bom boundary

gives the solution of the Dirichlet problem with boundary values ¢. In the precedin

In this section we shall give a probabilistic construction of Q. While this method
is not usually amenable to direct computation, it does give new insights into the

We first recall exactly what the Dirichlet problem says. Let 4 be any interior
node. Let B be a nearest neighbor node to 4. That is, B is a node at the other
end of some branch f with end point + A. (B can be interior or boundary.) Let

4 N1
P BA~ Cﬁk Ca )
da= t(E—A)
Then the condition
(Au)(4) =0

isthe same as

PA,B>09 ZPB,A=1‘
B

Let us set

.........

at

at

. altboundary nodes. Then let P denote the n x n matrix whose entries are P 4
© fix the notation, let us write the boundary nodes first, so that upper left-hand
—comer of P will be a k x k identity matrix, where kis the number of boundary —
i

odes. The column corresponding to an interior node will have Py , at the B'th




The method of orthogonal projection

node, if B is a nearest neighbor of 4, and 0 otherwise. The condition

Au =0 at interior A4

LA I

‘UCLUIUCD

u=uP

if we think of u =(u(B,), u(B,),...) as a row vector. If the first Kk components of y
are given by ¢, then so are the first k components of uP, since the first k columns

ol P have N the kKth Do nl,ll.t cwhere. all he D nile nNroblem

be formulated as
uP =u and the first k entries of u are givenby .

On the other hand, the matrix P has the structure of a matrix of transition

e network a i i I =12, it moves
according to the following rule. If at some time ¢ it is located at a boundary point,
i . it is located at an interior poin hen it m move to a neare

neighbor. The probability of its moving to a nearest neighbor B is Py ,.

Now the matrix PN represents the transition probability after N steps, and it is
clear what the limiting behavior of the matrix P¥ will be like from the probability
interpretation: Starting at any interior point, there will, after a sufficiently large
number of steps (the number being independent ol the point if large enough), be
a non-zero probability of hitting the boundary, and thus a probability less than
the probability of remaining in the interior goes to zero. Thus, in the limit, the
matrix PV tends to a matrix of the form

_(Te
“=o o)

where I is the k x k identity matrix and Q is a matrix with k rows and n—%
columns, where n — k is the number of interior nodes. The entry Q(A, B) represents

] babitity fhat i - . e interior o ) o

up at the particular boundary point B. (It must eventually end at some boundary
0oi N_, N+1 _ pN ;

(vH)P =vH

and hence
u=vH

1s a solution of the Dirichlet problem, whose boundary values are those given by
the first k entries in v. If we choose v to be a vector whose first k components are

oy

given by ¢, ie., if we choose v of the form

v=(¢,w) wany n— k row vector,

__then vH is a solution of the Dirichlet problem. From the form of the matrix H



Green'’s reciprocity theorem in electrostatics

we see that, at any interior point 4, we have

ud)=wvH)4)= >  ¢(4)0(4,B)

Bin boundary

so that Q is indeed the Poisson kernel.

he form of H 1 mit of PN n be oiven an interesting ecometrical inte

tation. The entry PY(4,, A,) is the probability of getting from 4, to A, in N steps.
This probability is the sum of the probabilities of all N-step paths leading from
A, to A,. (If A, is a boundary node, then some of these paths may reaily be of
smaller length — that is, the last r ‘steps’ in the path may consist of the particle

standing still at 4. r i any path is simply the product of the Py ,

over all the branches o traversed in the path. If 4 is an interior point and B is a

Q(B,A) = > (probability of path).

all paths joining A to B

13.9. Green’s reciprocity theorem in electrostatics

As a slight generalization of capacitive networks, we may consider a system of
charged conductors, each of which has a well-defined charge p and a well-defined
potential ¢. To describe the analogue of a branch for this sort of system requires
the introduction of the dielectric displacement field and must be deferred until
Chapter 16, where we consider electrostatics. The description in terms of charges
and potentials, however, has much in common with capacitive networks.

\

\

Figure 13.21

The total charges on each of the various conductors may be described in terms

[p A‘\

of a vector p =( pB) in a space we may call C,, while the potentials form a
\ -

evaluation of an element of C° on an element of C,, gives thé electrostatic energy

of the system of conductors: to be precise, the energy is L!f p=1>p @A.



¢ ) or wgonal projection

(In Chapter 16 we will see that this expression will be equal to a certain integral

e

/Jl

¢, dgp)dxdydz

o
over the space between the conductors where d) is the electrostatic potential. For

now, w¢ must co i

conductors.)

The total conductor charges p may be expressed in terms of the potentials ¢ by
a Laplace operator A, so that

dlstrlbutlon In space, and on fundamental constants of electrostatics. Except in

certain cases involving parallel planes or concentric spheres or cylinders, calculation
of A is extremely difficult. However, as we shall learn in Chapter 16, a Green’s
reciprocity-theorem holds for systems of conductors just as it does for capacitive
networks. To be specific, if p and ¢ denote one possible distribution of total charges

and potentials for a system of conductors, while p’ and ¢’ denote another possible

> i i rem states tha
[o=[s

It follows immediately from this theorem that A is a self-adjoint operator,
represented by a symmetric matrix. To see this, let

p=—A, p'=-Ag

Lol
~A¢’ ~Ad

(A¢,> ¢) = (¢’, A¢)
from which'it follows that A is self-adjoint. In the physics literature, — A is usually
called the matrix of capacitance coefficients.

Then

e,

Figure 13.22
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The inverse of the matrix — A is called the matrix of potential coefficients. In
certain simple cases we can write this matrix down in terms of well-known formulas
of elementary electrostatics. Consider, for example, a system of two concentric
;pheres, with radii r , and r. For a sphere of radius r, bearing unit positive charge,
e ) ial, LinG . its i

br) = {1/ro (r <ro)

1/r  (r>ry)

(See, for example, Purcell, Electricity and Magnetism, section 1.11.) For an alterna-
tive treatment, see later in sections 16.1 and 16.2 where we derive this result from
first principles.
If p, = 1, ps =0, the potentials are therefore ¢4 = 1/r ,, ¢® = 1/rp, while, if p , = 0,
3= b i . 4 = B = B-
_A_1= 1/rA 1/1"3
\t/rg—t/rg/ :
This matrix permits us to calculate the potential of the two spheres for an arbitrary
charge distribution. Its inverse gives the Laplace operator:

A 11 1\ lrg —1/rg
\rpry 13 —1/rg 1/r,

A= rArB( 1 -1 \: rg ( 4 ——rA\

rp—T \— 1 1g/r )] Tp—T \ 14 rs)
This matrix determines the charges on the two spheres for specified potentials. For
the case ¢, =1, ¢ =0 it gives

(PA>= Fal's ( 1)
Pe rg—ra\—1/)
i i ATB/\TB— T4

spheres. This quantity r,rp/(rs —r,) is called the capacitance of the pair of spheres.

N
/ AN

Lo/ O\
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or
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The matrix —A™! is equally easy to write down for any number of concentric

—spheres. For-example, with-three spheres as shown in figure 13:23-it1s———————
1/r 4 1/ry 1/”c\

—A=11 /r 1/ 1/r
B *7"B VAN SN B
1/ 1/ 1/
\t/tc t/r¢ tjre/
Let us now, as for capacitive networks, imagine that some of the conductors are

batteries, while others are interior conductors whose charge may be specified. In 3
Poisson equation problem, we are given ¢’ = 0 on all boundary conductors, while p’ is

specified on all interior conductors, and we are required to determine ¢’ for the
interior conductors, p’ for the boundary conductors. In a Dirichlet problem, on the
other hand, we are given p =0 on interior conductors, while ¢ is specified on all
boundary conductors, and we must determine ¢ for interior conductors, p for
boundary conductors:

The two types of problems are related by Green’s reciprocity theorem. In general

’ A ’ B __ 1A 'B

boundary interior boundary interior

But given that ¢’ = 0 on the boundary (Poisson) and p = 0 in the interior (Dirichlet),
we get

Y ppdt= Y plot

interior boundary

Suppose we denote by Q(C, A) the charge p/, on boundary conductor A4 for the
Poisson equation problem in which unit charge is placed on interior conductor
C, while the charge is zero for all other interior conductors. Then only one term
survives on the left-hand side, and we have

¢¢ =~ Q(C,A)¢*, where Q(C,A4)=— AG(C, A)
This is the Green’s function solution to the Dirichlet problem.

«— g —lt— g ——»

2}
F 7

W
N

Figure 13.24




In practlce, it is frequently easy, for systems of conductors to solve Dmchlet S

roolci] - S
unatlon Consider, for example, the system of three large parallel conductlng

planes shown in figure 13.24. We regard A and C as boundary conductors, B as

; r. Since potential is a linear function of position between the

planes for this geometry, it is apparent that
¢ = + 3¢ — o*)

or
B" =39 + 19"
This is a solution to Dirichlet’s problem.
Now consider Poisson’s equation, with charge pp on the middle plane,
@i = ¢'¢ =0. By the reciprocity theorem,

pd®=—p ¢ — peo©.

It follows that
pu=—%ps pc=—%pp
so that we have learned how the induced charge is distributed between the

two boundary planes.
More generally, Green's reciprocity theorem may be applied to problems involv-

ing both conductors and speciﬁed distributions of charge in the region bounded

conducting plane, the electric potential everywhere on the same side of the plane
of the charge may be determined by the method of images,

see section 16.1. From this potential function it is possible to determine the distribu-
tion of negative charge over the conducting plane. This in turn makes possible

D ~

AN

/
!

—q (image)

Figure 13.25




the solution of the D1r1ch1et problem in Whlch the potentlal is spemﬁed everywhere

In a similar manner, one can construct the Green’s function for the Poisson
eauatlon Droblem of a point charge 1n31de a grounded conductmg sphere and use

of a sphere, and it is requlred to determme the potentlal W1thm the charge-free

region bounded by the sphere.

Summary

A Orthogonal projection
You should be able to state the properties of the self-adjoint projection operator x
for resistive networks and to use w to solve network problems.

ou should bea o construct w by usi = ' S or by
Kirchhoff’s method.

B Capacitive networks
You should be able to solve capacitive network problems by using Maxwell’s
methods or by inverting the Laplace operator.

You should be able to solve Poisson’s equation or the Dirichlet problem for a
capacitive network by means of orthogonal projection and to describe the

C Green’s functions
You should know how to construct the Green’s function for a capacitive network
and to use it in solving Poisson’s equation or the Dirichlet problem.

Exercises

13.1. Consider the network shown in figure 13.26.
(a) Write down a basis for Z,. Explain the meaning of the statement ‘z

represents a projection from C, onto the subspace Z,’. By carrying out

o B

y=

+

+ S———

8V

N T
S
4

Figure 13.26
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appropriate computations verify that the matrix

1(5 593
n=-|4 3 _g4
\1 _jq 6)

(b) Use 7 to determine the branch currents in the above network. Make a

(c) What linear transformation is represented by =n”, the transpose of n?
Name, and characterize in physical terms, the space which is the kernel
of this transiormation. Support your answer either by invoking a
general theorem or by citing appropriate properties of the matrix n ™.

-

(b) Construct a sketch showing the image and kernel of z#. On the sketch

o

4A ’Jﬂ (LY 28 i ’:h 5A
g 1T
Figur: 13.27
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Figure 13.28

13.3. Consider the network in figure 13.28.
(a) Using the Gram-Schmidt process, convert the basis

1 0

-1

M=, M,=

OO =
ek ek




to an orthonormal basis {E,, E, } for Z,. By applying nl = (E,, DE,
I);E, in onstruct

the matrix representing 7, and use it to solve the above network.
(b) Verify the formula n = 6(sZ6)™'sZ for the above network

s L.Goy ) Z Z vy >
choose the potential to be 0 at 4 (ground) and — 1 in turn at B and at C.

(b) Show that V =1(W — ZK), and use this result to solve the network of
Exercise 13.3.
13.5.(a) Find an explicit expression for the matrix 7 of Exercise 13.4 in terms of [d],
Z~1,and [3]. Use it to show in general that t2 = t, that the image of tis B?,
and that 7 is self-adjoint with respect to the scalar product defined by Z 1
(b) Show that for any network, the matrix

Z ' dI[E]1Z[d]) "' [0] + o(sZo)~ 'sZ

which represents a linear transformation from C; to C,, is the identity
matrix.
13.6. Apply Kirchhoit’s method to Exercise 13.3, as follows:
(a) There are five different maximal trees. Find the projection operator
pr(a4 x 4 matrix) for each tree. Note that each pair of branches except

{a, B} defines a tree. (Watch the signs — all diagonal entries in p, must
be >0)

as Det(sZa) Is that true in general?)
(c) Use Kirchhoff’s formula

1
_E%,QTPT

to obtain the projection operator n of the Weyl method.
13.7. Invent a variation of Kirchhoff’s method which constructs the self-adjomt

————projection-operator t: C*—C', with the property that V=1(W—ZK),a
—twmmwmmmﬁWWhMWﬂﬁf-—
adjoint. One way to proceed is to start from Kirchhoff’s method in C, and
multiply both sides by Z.
13.8. Prove the formula n = 6(sZ0) ™ 'sZ for the Weyl projection operator by
verifying that = has all the required properties:
(a) = is a projection: n2 = 7.
(b) The image of m is Z,
(c) = is self-adjoint relative to ( , )z; ie., (L, I), =1, zI’),.
13.9.(a) C 1 . hic] ] 1 I proiecti e,

onto the subspace Z, for the network shown in figure 13.29. Use this
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(They are all integers.)

explicitly that the kernel of @ is or
13.10. As an illustration of Green’s reciprocity theorem, consider the network

shown in figure 13.30.
A
A\
o’
/ i\

<
LN

B

Figure 13.30

9

short circuit across CD? If, instead, you connect the same battery
across CD, what current flows in a short circuit across AB?

(b) If you connect a 25 ampere current source across AB, what voltage is
developed across CD (left open-circuited)? If, instead, you connect the
same current source across CD, what voltage is developed across AB?

5

Zzn. Use it to determine the branch voltages V if an 8 ampere current
source is inserted in branch . Also determine V for the case of an 8 ampere
current source in branch 7.

(b) For the same network, construct the symmetric matrix zZ . Use it to
determine the branch currents I for the case of a 16 volt battery inserted in
branch o or as in branch y.
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using both the meh-charge method and the node-potetial method.
Assume that [0]Q =0, i.e., that all the capacitors were uncharged before

the batteries were connected. (If you insist on units, V is in volts, C in
microfarads, Q in microcoulombs.)
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Figure 13.33




13.13. Inthe network shownin ﬁgure 13.33, pp = 13 and pc= — 1(so Pa=— 12).
Solve Poisson’s equation A® =

12
®C. Calculate the branch charges Q and check that 9Q = — ( 13)-

\—1/
13.14. Write down the matrices d and & for the capacitive network shown in
figure 13.34. Given that py =10, p, = — 2, solve Poisson’s equation to
3 3 B C
8
B >— » C

N

\

<N
/

?A rA
o —— 3
Pa. C
B A 1
L !

Fioure 13.35
TEUFC 1500

13.15. Consider the network of capacitors shown in figure 13.35. Nodes 4 and B

are boundary nodes; node C is an interior node.

0
(b) The vector W = ( 4> corresponds to a situation in which there are

four units of charge at node C. Use = to determine how this charge will
distribute itself if nodes A4 and B are both grounded.

(c) Suppose the potential at 4 is 4 = 0, the potential at B is ®® = 4, and
there is zero charge at node C. Use n to determine the branch voltages
V*and V¥

i € i in figure
boundary nodes; B and C are interior nodes. ]




O = OO

defined by the capacitance matrix C.
(c) Let & represent the orthogonal projection from C! onto the subspace
A
spanned by d¢, and d¢,. Evaluate n\O).
0

C, and nodes 4 and D are grounded. Use orthogonal projection to
calculate the potential at B and at C. Find the charge at A and D.

€ se =35, ®” =0, and there is no charge at nodes Ban
Use the method of orthogonal projection to determine the branch
voltages V.

(f) For the problem posed in (¢) show how to determine ®? by using the
Green’s function of part (d).

A
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|

I\
N

B

v)

Figure 13.37




13.17. Consider the network of capacitors shown in ﬁgure 13.37. Nodes 4 and B

are boundary nodes; nodes es.
(a) Consider the vectors

/

oo O

Yi=

1 ]
ang Yy =

0
0
2
1

1

both elements of the space C°. Name, and characterize in physical
terms, the subspace which they span. Determine dy, and dy,, and
verify that they form an orthogonal basis for a subspace of C?, relative
to the scalar product defined by C.

(b) Let © denote the orthogonal projection of C' onto the subspace for

hich von have st found a basis. Cl e in phveical :

\

which lie in th fn. D ine 7

SO ©

1
(c) Suppose there is 1 unit of positive charge at D, none at C, and nodes A

voltages and charges.
@ Suppose there are 2 umts of charge at D no charge at C, ®* =4 and

determlne the potentlal at D
(Hint: The problem is a superposition of Poisson and Dirichlet.)
13.18. Consider the network in figure 13.38. Regard A, B, and C as boundary

S8,
/'\D

Figure 13.38
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nodes, D and E as interior nodes.

int

dCP = C*. Verify that the matrix

§ 18 2 3

2 52 10 -
i=2lg 18 2 3
Bla s 2 10 -4
6 —4 6 —8 7




500 The method of orthogonal projection

(c) Verify that H' (the image of Z, under the action of C ~ 1) s in the kernel
of «.

(d) Construct the matrix (I —m)d, which _represents a transformation
from C%to C*. Verlty exphcitly that if dis any basis vector in Coouna
then ¥ = — (1 —n)d® describes a set of branch voltages for which
0CV =0 at interior nodes D and E.

13.19. For the network of exercise 13.18 use the matrix (1 —m)d to solve

Dirichlet’s problem for potentials 4 =3, ®% = — 5, ®¢ =0, with p,, = p;;

— D pHE nd »
. 3 3 3 hinhad r'(,

13.20. In the preceding exercise, solve the Poisson equation for the case where
pe=1, pp=0, 4= = (DC=O,

as follows:

(a) Choose any Q compatible with the conditions p, =0, p; = 1. Now
form V= C~1(Q, the associated branch voltages.

(b) Calculate V=rV, and determine a potential such that ® =0 on the
boundary and —d® =Y.

_ (c) Repeat steps (a) and (b) with a different Q. You should get the same
answer.

(d) Solve Poisson’s equation for the case p, =1, py=0. You have now
constructed theentire Green’s functionfor this network- Useittosolve ——
Poisson’s equation for p, =10, pp=17.

(e) Using the Green’s function, construct the Poisson kernel AG(A, B).
This is a matrix with three columns and two rows which represents a
mapping of

(f) Check that the Poisson kernel gives the correct solution to the
Dirichlet problem posed in Exercise 13.18(c).

13.21. A capacitor consists of three long coaxial cylinders, each of length I/, whose
fadii areiA_asiB_za’iC_ga' .
\, iri i i i ed and the
potential difference between cylinders A and C is ®°.
(b) Using Green’s reciprocity theorem, solve the Poisson equation

problem in which cylinders A and C are grounded and charge Q is
placed on cylinder B.

LuaPCCtiVCly.
(a) Write down the matrix —A~! for this system, and invert it to
struct the =

It
=
)

(b) Suppose the potentials are ¢* =0, ¢
charge on each sphere.

efermine the
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13.23. Four large parallel conducting planes, each of area A, are separated by a

distance I

(a) Solve by 1nspect10n the Dirichlet problem in which ¢ and ¢? are

probem in which planes A and D are grounded while charges QO and
Qc are placed on the interior planes. Determine the potentials ¢® and

C +
¢“and the charges Q@ and Q5.
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In Chapter 14 we conclude our introduction to algebraic

14.1. Complexes and homology

We now interrupt our study of electrical circuits in order to study some extensions of
the mathematical methods of the preceding two sections. We have defined a one-

one-dimensional objects called branches, with the branches joined together at the
nodes. Of particular interest in the study of such a complex are the notion of

connec ~which reflec elf1in the space Hy, and the number-of independen
meshes, which equals the dimension of the space H,. We now want to generalize to
higher dimensions by considering complexes which include elements of two, three,
or more dimensions. A two-dimensional complex or two-complex will include, in
addition to nodes and branches, two-dimensional elements (bits of surface), which

we shall call two-cells or faces. As indicated in figure 14.1, these faces can attach to

Figure 14.1




one another along the branches. The boundary of a face will consist of a collection of
pranches, each with a plus or minus sign. Similarly, a three-dimensional complex

will in =di s (bits of vo ) =cells, whi

can attach to one another along faces. The boundary of a three-cell will consist of a

i faces, again il i sign.

o oAane O O a¥s = A Mo []
s 4 Y W . - -

So»S15S25---» Sy, related by some conditions which we shall describe below after we
have introduced some notation. The set S, will consist of the zero-dimensional
elements, or nodes, of the complex, the set S; of the one-dimensional elements, or
branches, the set S, of the two-dimensional elements, or faces, and so on. Since we do
not have enough alphabets handy to assign a different alphabet to each dimension,
we shall sometimes denote the elements of S, by 0,,0,,0,..., the elements of §,

1s 29 RIEEEEE) 2 1° 2 kIR . )
shall continue in examples to use Latin letters to denote elements of §,, Greek

letters to denote elements of S,, and names (e.g., Red, Bill, Canada) to denote
‘ﬂ@ﬁﬁﬂ‘f&@%%ﬁ%

For each set S, we now introduce the vector space of k-chains, C,, consisting of
vectors whose components are indexed by the elements of S;. The spaces C, and C,
are already familiar from our study of electric networks. In general, the dimension of
the space C, equals the number of elements of S,. As before, we shall identify an
element of S, with the vector which is one in the position corresponding to that
element, zero in all other positions. Thus, for example, in the complex of figure 14.1,

0 1= - s Uy Useue] o 2= - s Lo Ugseof )
Ci:1,=0=(1,0,0,...)", 1,=6=(0,1,0,...)", etc: vectors in C,:2, =Red=
(1,0)T and 2, = Blue = (0, 1)".

actually a sequence of boundary operators, which we shall denote all by the same
symbol: 0: C, - for each k. hin igni
boundary: this defines 0 on each basis element of C, and hence determines a linear
map of C, into C, _,.(For k = 0 we take 0 = 0, since there are no elements of negative
dimension.)

—  For the two-compiex of figure 14.t we have —
du=B—A,0=C— A, etc

cach face, either clockwise or counterclockwise as shown on the diagram. The

boundary of a face is the closed path around its perimeter, traversed in the direction
determined by the orientation of the face. In figure 14.1, for example, 0 (Red) =
«+y— f while 0 (Blue)=y+v—¢—0. As a map from C, to C,, the boundary




operator is represented by the matrix

g

OO OO | ==
[
—_ O D = = OO

0=
Wl T s 2 s M3 /s ©s /by 1-
In our study of one-complexes we found it worthwhile to consider the subspaces
a h ernel and image of the op or ¢. We now _gen i his idea b

zero boundary, i.e., the kernel of 0: C, — C,_,. In the complex of figure 14.1, for

mmmp]e'

Z, is the zero subspace, because no non-trivial linear combination of Red
and Blue has zero boundary;
Z, is the three-dimensional subspace spanned by the meshes, for which a

basis is

M,=a+y—pM,=y+v—e—0,My=4A—pu—v;
i tir ce C,, since by definition dc =0 for any zero-chain c.

of elements which are boundaries of elements of C, , ; i.e. the image of 0: C; . { — Ci.

__For the complex of figuret4.1;,

B, is the zero subspace, because there are no three-dimensional elements in

hold for any two-complex defined by a diagram like figure 14.1. Since B, is empty, it
is trivially a subspace of Z, . Since the boundary of any polygon is a closed path, B, is
a subspace of Z,. Finally, since Z,, is the entire space C,, B, is trivially a subspace of
Z,. The condition B, = Z, can be stated somewhat differently. Since B, is the image
of 0:C,,,—>C, and Z, is the kernel of 0:C,—»C,_,, B, = Z, means that the
composition 0°0: C,,;— C,—, is zero. To put it in words: the boundary of a

a¥a =Va Fo Q Ape A o avamnleacg a h tovllo Iy A1 A AQ PE 2 h1Q
V v/ 4Ty ) 7 A/ v O

for any complex.




Homology

Because By 1s a subspace of Z,, we can form the quotient space H, = Z,/B,. H,,
called the kth homology space of the complex, will turn out to be of more

propertles of a specific complex, H,, as we shall see, relates to properties of the space
built up from the elements of the complex.

the space H, has a dimension equal to the number of connected components. and
that its dual space H® can be interpreted as the space of potentials which are

constant on each connected component. Since the space B; of boundaries is empty
for a one-complex (there are no two-dimensional elements), H; = Z,/B, = Z. Thus,
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for any one-complex, H,; is just the space Z, of cycles which played such ajp
Let us now consider the spaces H, for the two-complex of figure 14.1. Since there
are no two- cycles, Z,is {0}, and sois H,.Since Z, is three dimensmnal while B1 is

at the figure, we see why the path A—pu—visnot the boundary of any element of C,.

If the triangle CEF were added to the complex as a third basis element of CZ,
then A — u — v would become a boundary, and H; would have dimension zerq
Finally, because the complex is connected the space H is one- dlmensronal

san - , i allits faces,
edges (branches), and vertices (nodes), as shown in figure 14.2(a). The surface of the

Blue in the figure. Each face has been assigned an orientation, described by the

circulating arrows in the figure. These orientations have all been chosen so that

the arrows circulate counterclockwise when the tetrahedron is viewed from the
outside (see Yellow and Green in figure 14.2(a)) and clockwise when the tetrahedron
is viewed from the inside (see figure 14.2(b)).

From the figure it is easy to read off the boundary operator from C, to C,, for
example:

0(Red)=—a—f—,
0(Green)=o + & — 0.

Since the boundary of each face is a cycle, each such boundary itself has zero
boundary, for example:

O[0(Green)] =0 +&—8)=(B— A)+ (D — B)— (D — A) =

tetrahedron itself. In order to write down the boundary operator from C, to C,, we
must assign this element an orientation. It is no longer an easy matter, though, to

the so- called rzght handed or1entat1on WlllCl’l means that, when the element is v1ewed

from outside, all of the faces which comprise its boundary appear with a
counterclockwise orientation. The reason for the term right-handed is that if you

pointing outward, then the fingers of the right hand would circulate in the sense
approprrate to a face Wthh appears witha plus s1gns in the boundary Of course, this

operator from C; to C,:

————0d(Tetrahedron)=Red + Yellow + Green +Blue.————

If a left-hand orientation had been chosen for the tetrahedron, then all four faces

tetrahedron. Likewise, reversing the orientation of any face would change its sign in
the expression for the boundary.




It is obvious that the boundary of the tetrahedron, a closed surface, has zero

the boundary operator from C; to C, and from C2 to Cy:

— 0[B(Tetrahedron)}=0d[Red + Yellow + Green +Blue}

=(—a—B—+B+n—g+@+te=)FG+o—n=

This resu : :
for any ofits faces or edges. (You might try reversing the orientation of one face and a

Couple of edges just to appreciate why this is so.)

translated the figures into an algebraic specification of the boundary operator 0. It is
apparent that the boundary operator determmes the complex as completelv as the

51mply by listing the elements and writing down the boundary operator When we do
so, we shall insist that for any element c of the complex d(dc) =
Let us see why the condition d(dc) =0 is a reasonable one to impose on any
—complex, even, for example, a surface which cannot be assembled in three- —
dimensional space or a complex whose elements include four-dimensional regions of
spacetime. To verify that 0(dc) = 0 holds for all ¢, it is sufficient to verify that it holds

which we are bu11d1ng our complex are reasonably famlhar geometncal objects. For
example, we might want to assume that every element of S, looks like some convex
polyhedron in three-dimensional space (at least as far as its relations with its
boundary are concerned — we will allow for all kinds of continuous geometrical
distortion in the actual shape of object, much as we did not care about the shape of
the w1res in studymg circuit theory). Now the boundary of such a polyhedron will

Figure 14.3
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Similarly, we might be willing to assume that every element of S, looks like some
convex polygon in the plane. It is then clear that the boundary of any element of §, g

—acycle (in fact it corresponds to a mesh).

Let us 1nvest1gate the homology spaces of the complex of the tetrahedron.

I'o determine H,, we may consider the two-complex determined by the vertices,

edges, and faces. We can analyze the space Z, by the method already familiar from
our study of electric networks. Referring to figure 14.2, we see that branches 6, ¢, and

n form a maximal tree. Each of the remaining branches a,f,y determines ap

independent cycle and so dimZ 1= =3. Each of these cycles is the boundary of a

space B, = C,, is three d1men51onal Slnce C, is four-dimensional, the kernel of 0is
__one-dimensional. A basis for the space Z, is the element Red + Yellow + Green 4+

Blue, the surface of the tetrahedron, which clearly has zero boundary. Of course

this element belongs also to B,, since it is the boundary of the solid tetrahedron.

_ Hence dimB, =1,dimZ, =1 and dimH,=0.
Turning our attention finally to H 5, we note that there are no three-cycles so that
dimZ,=0and dimH; =0.

Euler’s Theorem

In our study of electrical networks, we proved that

dimH,—dimH, =dimC,—dim C,.

The generalization of this result to n-complexes is Euler’s theorem:

dimH,—dimH, +dimH, —--- + dimH,
=dimC,—dimC, +dimC, — - *dimC,.

The number given by either side of this equation is called the Euler characteristic of

—the complex. We shalt prove this result shortly, but et us check it immediatety for the —

complex of the tetrahedron. Since dim H, = o = 1, while the spaces H,, H, and H, are

{0},

dimH,—-dimH, +dimH, —dimH,;=1.
~ On the other hand,
dimC,—dimC, +dimC, —dimC;=4—-6+4—1=1.

Suppose, instead of the solid tetrahedron, we consider the two-complex consisting




Of the surface of the tetrahedron The only change is that there is now no three-

true that d1m Z, =1, since the surface of the tetrahedron has Zero boundary, but
now d1m 32 =0, since there 1s no three-dimensional element to give rise to a two-

in thlS case. For this complex, then, dim H, — d1m H,+dimH,=1-0+1=2

while dim Co — dimC; +dimC,=4—6+ 4 =2 also.
Let us now do a similar computation for the solid cube, shown in perspective in
figure 14.4(a), with its surface shown unfolded in figure 14.4(b). As before, dim H, = 1
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Sy lg 1er-cimensional complexes

because the complex is connected, and dim H 5 = 0 because there are no three-cycles.
To determine the dimension of Z ,, consider the maximal tree of seven branches

which 1s shown 1n figure 14.4 (thick lines). Each of the remaining five branches

determmes a cycle. Hence dim Z, = 5, but dim B; =5, and so d1m H,= 0

72 =0
and dimB; =5, w imZ,=1. asis for Z, is urface
of the cube. But this surface is the boundary of the cube, so dim B, =1 and
dim H. = dim 7,.—dlm R._O

44

To homology spaces of the cube have turned out to be the same as those of the
tetrahedron. Again dim H, — dim H; + dimH, —dim H; =1, and we can check

—that

dim C, — dim C, + dimC, —dim C; =8 — 12+ 6 — 1 =1 also.

Invariance of homology

From the point of view of topology there is a fundamental reason why the

complex of the solid cube and the solid tetrahedron have the same homology spaces.
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The space consisting of the solid cube is the same as the space consisting of the solid

can all be continuously deformed into one another. Similarly, the surface of the
tetrahedron cube, and sphere are all the same space. Flgure 14. S(a) illustrates how

shows how it may be broken up as a cube Of course the complex of the tetrahedron

and the complex of the cube are different, but they represent different ways of
breaking up the same space.
There is a basic theorem of topology which says roughly the following. Suppose

we can build up a space X by attaching various cells to one another along their

boundary cells of one lower dimension. For example we could bu11d up the surface

could bu11d up a three- dlmen51onal cluster of polyhedra Jomed along their faces, like

a cluster of soap bubbles. Then, says the theorem, the homology spaces of the resulting

complex depend only on the space of X and not upon how we built it up; if we can
decompose X into cells in some other way, to get some other complex, the spaces H,,
of the two complexes will be isomorphic for all k.

To continue with therexample of the sphere, we can find a decomposition which is
simpler than either the tetrahedral or the cubical decomposition, as illustrated in
figure 14.7. The surface is broken 1nto two trlangles corresponding to the north and

\\ /v//

Figure 14.6

"For this two-complex'there is only one mesh, o +  + 7, and this mesh is clearly the
boundary of either hemispherical face. Hence dimZ, =dimB, =1 and again

O(Northy=a+ 8+

d(Southy= —a — f—7.
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So again dim H, = dim Z, =1 as for the surface of the cube or tetrahedron. Again
dimCo—dimC, +dimC,=3-342=2=dimH,—dim H; + dim H,.

We are not in a position to prove the theorem sketched above or even to state it

precrsely To do so we would have to define exactly what we mean by space, deform,

afield to set up all the necessary concepts in a mathematically correct form.

Nevertheless, let us work with the theorem in the back of our minds, no matter how

imprecisely formulated, while we do some more computations in order to gain more
familiarity with the spaces H,.

The torus

those which we have been considering, we consider a decomposition of the two-
dimensional torus; i.e., the surface of a donut. (Instead of cutting up a beach ball, we

four regions; figure 14.7(b) shows these regions flattened out, but still attached,;
figure 14.7(c) shows the regions disassembled, but still labeled so that it is possible to

reassemble them. We might think of figure 14.7(c) as depicting a ‘torus kit” and try to
discover in what fundamental ways it differs from the ‘sphere kit’ which would be
obtained by cutting apart figure 14.7(a).

Counting vertices, edges, and faces, we find that dimC, =4, dimC, =38, and
—dim €, =4, so that dim€C;—dim € +dim €; =4—8+4—=0-(Recall that, fora—
two-complex formed from the surface of the sphere, this quantity was always 2.)

We now consider the homology spaces of the complex of the torus. Since the

of the torus has zero boundary, dim Z, = 1. (Check for yourself that, w1th the
orientations shown, d(Red + Yellow + Green + Blue) 0. S1nce we are con51der1ng

and dim H, = dim Z, — dim B, = 1. (More generally, it is clear that, for any two-

complex which is obtained by subdividing a smooth, connected surface which is the
boundary of a region in R3 dim H 2= =1 for the same reasons)

only three edges. Take the time to convince yourself that any of the other five edges
when added to this maximal tree, completes a cycle! For example, a + fis a cycle, as
dim C, = 4. The kernel of d acting on C,, the space Z,, is one-dimensional, so

__the image of 9, the space B,, has dimension 3. Therefore

~

dmH, =dmZ, —dimB,=5—3=2

— simple choice of basis elements for B, consists of the meshes which are boundaries of —




- imensional complexes
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three of the four faces, for example:
d(Yellow)=n—f+ ¢+ 9,
d(Green)=o — A —7y—pu,
O(Blue)=4+p+pu—0o.

1 1 1> 1-
We must therefore find two cycles which are not boundaries, with the additional

O o A D Ao
PDIOP [1d [10 [1Cd OmMpind al8 O [1CI]] d DOUNAA A 10 0

figure 14.7(a), we can readily find two such cycles: the cycle « +  which goes around
the torus in one direction, and the cycle ¢ + A which goes around the torus in another
independent direction. A basis for H, therefore consists of the equivalence classes

o + f and ¢ + 4. Of course, there are many other cycles which are not boundaries,
but they all fall into the equivalence class of some linear combination of &« + f
and ¢+ 1. For example, the cycle y + 4 lies in the equivalence class of « + f§ because

y+0=a+ f+ Jd(Red) + d(Yellow).
The cycle o + ¢ + § — u may be expressed
- (e +P+e+i)—0Bluey —
and so it lies in the same equivalence class as

a+f+e+ A

We are now in a position to understand the general significance of dim H:it is,
roughly speaking, the number of independent closed curves which do not bound any

a' . A A canla ngen g
V1l U ) cl Y

and so dim H, = 0. For a torus, on the other hand, there are two distinct types of
closed curves which do not bound any region, as illustrated by figure 14.9, and so
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had dimCoy —dimC; +dimC, =4 -8 +4=dimH,— dimH, + dim H,. Let us
examine how the spaces H, change when we modify a surface by attaching a

‘handle’. By this we mean that we cut two small disks out of the surface and attach a

of the cylinder to the boundary of one of the disks and the bottom of the cylinder to
the boundary of the other disk. Let us choose a decomposition of our original

thmk of the cyhnder as being made up of four sides. Thus in attachmg the cylinder we
add no new nodes, we add four new branches (the edges of the square cylinder),

elements of S, (the four 51des of the cylinder). For the new surface we still have that

H, and H, are one-dimensional. In computing Z, for the new complex we can
clearly choose a maximal tree which does not contain any of the four new branches
(since each of them clearly lies on a mesh - recall our procedure for constructing
maximal trees in our study of electrical networks). Thus we can construct a maximal
tree consisting entirely of branches of the complex of the old surfaces. Each branch of

dimension of Z, by 4. On the other hand, we have increased the dimension of C,,
and he f b2a have increased the dimension

sphere with k handles attached has d1m H o=1, dlm H, = 2k and d1m H,=1. For
example, we can think of the torus as a sphere with one handle attached, giving us
another proof of our preceding results for the torus.
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Figure 14.13

We can also investigate the effect of cutting a hole out of a surface. Consi

example, a complex in the plane in the form of a square together with its interior. For
such a complex it is clear that dim H,=1 while dimH; =0 and dimH, =
Suppose we cut out a hole from the interior of the square. If we had a decomposition
of our original square for which the hole we removed was one of the elements of §,,

We Sec 3 C process of removing the hole does not change £, but does decrease
the dimension of C,, and hence of B,, by 1; and hence increases the dimension of H,

_ . — 0-Asimi . ) . if we
have a region in three-dimensional space with k (three-dimensional) holes cut out
then dimHgy =1, dimH, =0, dimH, =k and dimH; =0

The Klein bottle

You may have
networks, like the one shown in figure 14.14, which cannot be assembled in the plane

Figure 14.14

without having wires cross. Such non-planar networks can, however, always be

sembled in three-dimensi X - i -
called Klein bottle, a surface which gives rise to the complex of figure 14.15(a). In

__spite of its close resemblance to the torus of figure 14.7(b), this surface cannot be
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constructed in three-dimensional space. The flattened out complex can be formed

¢and A together with their correct orlentatlons For the complex of the Kleln bottle,
the homolo g % . ¢ e

element of C, which has zero boundary (The boundary of the entire flattened out

complex of fi i ince yourself that
changing the sign of one or more two-cells will still not yield an element of C, whose
boundary is zero.) As for the complex of figure 14.7, dim Z, = 5, but, for the Klein —

bottle complex, dim B, = 4 and dim H, = 5 — 4 = 1. This means that there is only

one independent cycle which is not a boundary. The cycle « + f is not a boundary in
i ure 14.7(b) or figure 14.15(a), but the cycle ¢ + 4, which wa

of B, in the case of the torus, is an element of B, in the case of the Klein bottle: it is




It is reassuring to notice that, for the Klein bottle case,

dimH,—dimH, +dimH,=1—1+0=0 also.

Proof of Euler’s theorem

We now prove the general result
dimH,—dimH, +dimH, —--- +dimH,=dimCy, —dimC, + --- + dim C,

which we have checked in many special cases. The ingredients of the proof are
simple.

(1) Since H, = Z,/B,, dim H, = dim Z, — dim B,.

(2) As a consequence of the rank—nullity theorem applied to 0:C, ., —>C,,
dimC,,,=dmZ,,, + dim B,.

(3) For an n-complex, dim B, =0 because there are no (n -+ 1)-dimensional

objects;
(4) dim Z, = dim C,, because the boundary of any zero-dimensional cell is zero by
-, . . nesative dimens
~ombining (1) and (2 find
dlmHk - dlm Zk - dlm Ck+1 + dimZk+1

dim Hy =dim C, —dim C, + dim Z,
while for kK =n we have, by virtue of (3),

dimH,=dimZ,.

Thus

dmH,—dimH, +dimH, + - +dimH,

- 0 1 1
——=dimCy—dimCy+dimC;——tdimC,—

As an application of this result, we consider a convex polyhedron, which we

believe the theorem quoted earlier to the effect that the dimensions of the spaces
H,,H,, and H, are the same for any complex formed by decomposing a given

earlier for the cube and tetrahedron. It follows that, for any convex polyhedron,
- dimC, -dimC; +dimC,=2

or

number of vertices — number of edges + number of faces = 2.

Orientation and the J operator

As we have said above, we have not given a precise definition of the notion of the
underlying space of a complex. But here is how we would like you to think about the




s1tuat10n Each k-cell that is, each element of Sk, should be thought of as a bounded

oneof twoorientations on R*, and hence onany open subset by choosingan (ordered)
basis.) Now the boundary of this convex polyhedron will be a union of finitely many
convex polyhedra of dimension k — 1, lying in some affine subspace of dlmenslon
i — 1. By achoice of origin and basis we may identify each such subspace with R*~

We assume that, after we have made such identifications, each of the corresponding
(k — 1)-dimensional polyhedra corresponds to a (k — 1)-cell in our complex, that is,
to an element of S, _ ;. But the elements of S, _, come with orientations. So we must

see how the orientation of a k-cell refates to theorientationof the (k - 1)'(33113 omits

boundary. This information, of course, is coded into the J operator.
X . )
o h R S —1)-

orientation of R* determined by v,, ..., v, coincides with the orlentatlon of C. Then

v,,...,V, determines an orientation of the particular k—1 dimensional face

corresponding to, say, F < §, _ ;. Now this orientation may or may not coincide with
the orientation of F. If it does, we will assign a + sign to F, otherwise, a — sign. Thus

0C=Y +F
where the sum is over those F corresponding to the boundary k — 1 faces of C. If the

basis vy,..., v, corresponded to the opposite orientation of C, the signs would all be
reversed, of course.

If k > 2 we could replace v, by — v, if necessary to get a ‘good’ basis. For k =1 the
space R¥~1is Just the zero Vector space An orlentatlon here is Just a ch01ce of +or

points out and the — sign otherwise:

L i
- V1 +

Of course, each (k — 1)-cell might occur in the boundary of several k-cells. But since
the k-cellsform a basis of C, defining as above for each k-cell determines the linear map
a: Ck b d Ck —1-

every (k — 2)-cell E that can occur in the expression for 0(0C) occurs because itis the
boundary of exactly two (k — 1)-dimensional faces, say F, and F,, of C. You should

see that 0(0C) =0.
Having realized each element of S, asa convex polyhedron, we can define a smooth

map ofthe complex asa wholeinto RY. This will be a rule f that assigns to each point of
each k-cell a point of RY. Whenever we have made one of our identifications of a k-cell
C as a convex polyhedron in R", the map f, restricted to C, can be thought of as a
map from aconvex polyhedron inRtoRY. We want this map to be smooth.In fact we

—Cand all its boundary in the interior) where g is smooth. We will study this in

more detail in Chapter 15.




5 Higher-dimensional complexes

14.2. Dual spaces and cohomology

enote these spa - 1hus, an element of C*, which we call a k- ain, is

a linear function of the elements of C,, which we call k-chains. Ifoisa k-cochain

]ust as we have already done in the cases k =0 and k =1 wh11e con51der1ng electrlcal

networks.
We can now consider the transpose, d, of the boundary operator 9:C,,; —»C,,

which we shall call the coboundary operator. Thus d: C*— C**! is defined by the

formula

rdo'= f o where 6eC* and ceC,.,.
Jc Jac
It follows directly from the fact that the boundary of a boundary is zero that
deod is zero. (Of course, this is the composition of d: C* - C*** with d: C*** - C¥*2)

In the notation just introduced,

[ de 0(Cc)
In order to gain a feeling for the meaning of a cochain and the significance of

of C°, a zero-cochain @, is deﬁned completely by specifying its value at each node,

for example

O4=1,08=3,0°=2,07=5.

( Blue
\ ﬁ / /
B \__/
Figure 14.16

The potential functions which figured prominently in electrical network theory

are examples of zero-cochains.
The action of the coboundary operator d on a zero-cochain yields a one-cochain

d®. To compute the value of d® on a branch, we use the fact that d is the ad]omt

DT €X3 e Ce o : () () {) c : m
: i n, which is a zero-cochain or

linear function defined on nodes, into a voltage rise function, a one-cochain defined

asali



We can now proceed to investigate the significance of d: C* —» C%. An example

of aonc cochain-might be-a linear function W-with-values such-as

We=1,WE=2 W' =1, Wo=2 We= —3,W'=2.

The battery voltages in an electric network defined such a one-cochain.

Now the effect of d on a one-cochain W is to yleld a two-cochain dW which is

JRed J aRed)
Since d(Red) =a + f —y, we have

Ll

dW=W*+Wel—W'=1+2—-1=2.
+Red

Similarly

Al

dW=W°’— W+ W"'=2+3+2=1.

J Blue

Now that the values of dW on a basis for C, are known, its values on any element
of C, may be found by linearity.

As a final example, consider the three-complex of the tetrahedron shown in
figure 14.17. Let R, Y, G, and B denote the four faces of the tetrahedron, all oriented

AN

e D\
s

o =y
[

e 4 4
Figure 14.1

counterclockwise as viewed from the exterior. Then a two-cochain T is specified

by its values on the faces, e.g, TR=1,TY =2, T¢ =4, TB — 1. The effect of

elements of C,. We need only to compute the value of dT on the solid tetrahedron.
If the tetrahedron is given a right-handed orientation, so that

O(Tetrahedron)=R+Y + B+ G,

then

P

dT=TR+TY 4+ TC 4+ TB=1424+4—1=06.

J Tetrahedron

the similarity between the coboundary operator and certain operations of signi-




e (
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ficance in physics. For example, the two-cochain T might have specified the flux of
the electric field through the various faces of a tetrahedron, in which case the

= : wou y virtue of Gauss’s Law, proportional to the tota
electrlc charge within the solld tetrahedron In the earher example, if the one-

rate of change of magnetic flux through each of the various two-cells. Indeed, the

coboundary operator d is going to evolve into a differential operator that will

permit a concise statement of all of Maxwell’s equations.

We can now consider the image and kernel of the coboundary operator in order
to construct subspaces of the spaces C*. To be specific, the image of d: C¥~1 - ¢*
is called B, the subspace of coboundaries, while the kernel of d: C¥ — C"+ ! is called

; ace of cocycles. Since , any coboundaryisn ity a cocycle,
and B¥is therefore a subspace of Z" We form the quotient space H" Z*/B* called

__the kth cohomology space of the complex.

M ol . . | Fatreadv )
study of electrical networks. In the case k=0, for example, the space Z° (zero-
cocycles) was the space of physically meaningful potentials that were constant on
each connected component of a network. The space B® was empty, since there is
no way for a zero-cochain to lie in the image of d. As a result the quotlent space
HO = 7° /B = 70 DN 1 11 . HO lusivel i hi
earlier.)

For a one-complex, the space Z! is the entire space C*, for the simple reason
that, with no two-cochains available, every one-cochain must lie in the kernel of
d. The space B! of coboundaries contains those voltage distributions which are

—derivable from a potential. The quotient space H= Z'/B* is, in this case, also
the space C'/B*. You will recall that the space H' is dual to the space H, (for a
one-complex, the sameas 2. —————————————————————

i in whi B an are all non-trivia i
the case k=1 for a two-complex. Consider the complex shown in figure 14.18.

e
PN
Red

/ <, \
N\

\ S /

N S

N>~—~r “~

~————
8

Figure 14.18




Here, since there are six branches, the space C! is six-dimensional. To determine
1 - 12

2 .

Consider first the image of d: C! — C2, the space B2. Since C? is two-dimensional,
B2 cannot have dimension greater than 2. To show that its dimension is 2, it is
ient to exhibi i 2 i i i .

v which assigns 1 to branch

- A Ch t_ N ne u,:‘q Cl N ONc=-cochain
o and O to all other branches has the property that
dV(Red) =1, dV(Blue)=0

Similarly, the one-cochain W which assigns 1 to branch f and 0 to all other
branches satisfies

AN

dW(Red) =0, dW(Blue) = 1.

Therefore B*, the image of d, spanned by dV and dW, has dimension 2, and by
the rank—nullity theorem the kernel of d, the space Z?, satisfies

dmZ'=dimC! —dimB*=6—2=4.

Turning our attention now to B!, we consider d: C°® — C!. The kernel of this
operator, the space Z° (which is the same as H°) has dimension 1, because the
complex is connected. Therefore

dimB'=dimC°—-dimZ°=4—-1=3

That is, there are three independent one-cochains which are derivable from
potentials

; 14, Wh Space
B! of one-coboundaries has dimension 3. Therefore dim H! =dim Z! — dim B! =
4 — 3 = 1. This means that there exist ‘interesting’ cocycles which lie in the kernel
of d even though they cannot be derived from a potential. The equivalence class
of one such cocycle will provide a basis for the one-dimensional quotient space
Z'. Let us choose, for example, the cocycle V for which V*=1 V=1 V=1
V=1 V:=0,V"=0. This is clearly not derivable from a potential, because the
sum of the voltage drops around a cycle such as « + f or y + ¢ is not zero. On
the other hand, V lies in the kernel of d: C! — C?, since dV(Red)=V*—-V°=

1_1_ — /B y_1_1__
22

—Itisclear from the above analysis that the existence of an ‘interesting” cocycle —

is intimately related to the presence of a hole in the complex. If the disk bounded

be the coboundaries; the cochain V considered above would have dV(Yellow) = 1,
for example, and would not be a cocycle. In this way the analysis of the cohomology
Spaces of the complex reveals the presence of the hole just as the analysis of the
homology spaces would have.

In this example, the space H! is readily seen to be dual to H, in the sense that

the basis element V assigns 1 to any cycle which encircles the hole once in a counter-
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counterclockwise constitute an equivalence class which can serve as a basis for
H,. Furthermore, the specific choice of the element V as a representative of itg
equivalence class did not matter. Suppose we had used W = V + d® instead. Thep
for any cycle M

W=| V| do=| V4| o=| V

JM vM vM vM J oM vM

since dM = 0 if M is a cycle. In this sense, the equivalence class V (a basis for § )
determines a linear function on the equivalence class I (a basis for H,). To evaluate
the function, we evaluate jIV, using any member of either equivalence class.

Let us now proceed to prove that H* can be identified in general with the duaj
space of H,. We shall first establish that dim H* = dim H,, then show that any

e ’ ‘ . ] H,.

Everything will follow from the now-familiar result: the kernel of the adjoint

annihilates the image; the image of the adjoint annihilates the kernel. Consider

d d
Ck_l—PCk—)Ck+1

2 ?
Cr-1< G Ciiy
We look first at 0: C,, ; = C, and its adjoint d: C¥— C*** The kernel of the adjoint
. k . . . - . .
is th ; h

DO U3 C Y'v Ctuinou % Cl OT1 11C 0.

: A A T 3 -
The image of the adjoint is the space B* of coboundaries; it annihilates the kernel of 9,
which is the space Z, of cycles.
But we know that, for any subspace of C,, the dimension of the subspace plus
the dimension of its annihilator space must equal the dimension of C,. Hence
. ok 1 . .
dim Bk I dimZ*=dim ek =dim Zk :Fd‘lﬂ‘l—Bj
It follows that

dim Z* — dim B* = dim Z, — dim B,,

Hk=Zk/Bk and Hk=Zk/Bk'
k: . =

. . .
e y 4 R ’ o c— 34 e - A a
\ WAV (] N U d ODOU L1d

Similarly, a typical element of H, is the equivalence class T consisting of cycles of

the form I + 9z. If T is different from the zero element, then I is not a boundary.
We define the value of V acting on I, [V, by letting any element of the




class V act on any element of the class I. Thus

¥ ] ~ ~

JV—_- V+d<D=JV+Jd(D+J V+J 4
) JI+0r 1 1 ot

ot

h 1 -3 3 17 1)
=1 V= D=1 av =+ a@a®)

vi o a1 JT JT

But 01 =0 because I is a cycle, dV =0 because V is a cocycle, and of course
d(d®) = 0. Hence

>

In other words, it makes no difference which element of the equivalence classes

functions on H,. This completes the identification of H* with the dual of H,.
It was mentioned previously that the homology spaces H, associated with a
complex depend only upon the underlying space and not upon how it was cut up

o 1o ompiex. OIows now tha same must hold true for the coho-
mology spaces H*. Because the cochains which give rise to the H* are closely
related to quantities of physical significance, these spaces will eventually reveal

Before leaving the subject of complexes, it is worthwhile to summarize everything

which we have studied in a single diagram, figure 14.19. While drawn for' a three-

0~Zo C 3
- 9 4 0 z 1 A 2
B B B, =z
i\ \ \ “
Z7 annihilates B, Z! annihilates B, Z? annihilates B,
B° is empty B! annihilates Z, B? anmbilates Z,
Hy=2Z° dual to Hy= Cy/B, H!=Z'/B! dualto H, = Z,/B, H? =Z?*/B? dual to H, = Z,/B2

P)3 18 ClllPtJ
B3 annihilates Z,
H3= (‘3/33 dualto Hy=7,

Figure 14.19
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Summary

A Higher dimensional complexes

Given diagrams that represent the cells of a two-complex, you should be able to

ine whether the complex corresponds t h orus, or somethi i
B Cohomology and the d operator

an and be able to constru aces.
You should understand how to prove and apply the duality of H* and H,.

Exercises

14.1. The five two-complexes in figure 14.20 represent (in some order):
(a) the curved surface of a cylinder;
(b) a Mdbius strip (a cylinder with a twist in it);
(c) a sphere;

Identify them, and calculate dim H, and dim H, in each case. Find
— basesfor Z,, B,,and H, in each case, and check thatdimC, —dimC, +
dmC,=dmH,—dmH, +dim H,.

A B o A
I : 1 I ‘ ]

B @ B @nge 8 B fa
| \&/ | N— | ———>—9¢
¢ - J ! > ¢
4 A 4 Y B ~
A o A B B N
~ Y * > -

> — 4
i N . N
18 ( Blue Y8 A8 (Green 8 4 b b
N N—
o : J > » L
A A A Y A
Figure 14.20

1 1 1

14.3. An mﬂatable rubber swimming-pool toy has been divided into three
re ows two of the regions.
(a) Determine d(Red) and d(Blue).
(b) Determine the dimension of Z,, H,, and H,,.
(c) Find bases for Z,, B,, and H,.




Fi

(d) Figure 14.22 shows the third region:
After the complete toy has been assembled, what are the dimensions
of Cy, C,, C,, H,, H,? Is the assembled toy a beach ball (dim H, =1,
dimH,=0, dimH,=1), a life ring (dimHy=1, dimH, =2,
im H, = 1), or something else?

divided the surface of an inner tube into three oriented regions, and each
I ached his mame to one region. The resulting two-complex

/\» T A
SO A BN AN
A\' y /C Ab—— % 43 B;-;\—

l (a) What is the dimension of H,?
(b) Determine the dimension of H,, and write down a basis for this space.
(The two-cells are named Al, Ben, and Clem; just form an appropriate

1,14

() Determine dim Cy, dim C,, and dim C,, then calculate dim H,.

1 1

space H, = Z,/B;.
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(e) Here are three one-cochains, elements of C!:

a(o) =1 (o) =1 enfer)—1

AN 4 A\ad x UJ\LIL} X

{ N 1 VN 4 o 4
o(p)=1 B =—=1 wfy=—1

a=2  wW)=2 ow@y)=2
6(d)=—2 =2 w(d)= —2
oe)=—2 te)=—2 ow(e)=2
o(A)=1 )=—-1 wl)=-1
Identify the cochain which is not a cocycle and determine the two-
cochain which is its coboundary (e.g., dQ(Al) =1, dQ(Ben)=3,
—_— e dO{Clem) =2).

cochain f whose coboundary it is.
g) Show that the remaining ¢ in i y not a coboundary.

Evaluate it on your two basis elements tor H,.

(h) Construct a second cocycle which is not a coboundary and which will
serve as a second basis element for H*.

(i) Write down a basis for B! and a basis for Z'.

14.5. G.J. Caesar, special envoy of Galactic Rome, was sent to survey the space
on New GaulHi which ¢ N Safli . fivi

in partes tres’, included the three maps shown in figure 14.24, which show

the portions of the space station controlled by the Aquitani (Aqu), Belgae

(Bel) and Celts (Cel) respectively. These warring tribes have been unable to
agree on a consistent orientation for the entire surface of the station.

A@ > 95
B
g 5
Be o C

Ae

€
—
o
-
-

4
&
AB C‘e) Ae
Bé c




Answer the following questions about the New Gaul complex:

(a) Calculate the boundary of each region; d(Aqu), etc.

(b) Find a maximal tree. Using this tree, calculate dim Z,, dim B,, and
dimH,, and construct a basis for H,. Express a—y+d—1n
and f+7 1n terms of this basis. )

(c) If wisa one-coboundary (element of B') satisfying w* = 2,0* = 1, then
what are the values w’ and w"?

(d) Ifzisaone-cochain whose value on each branchis 1, then what are the
values dt(Aqu) and dz(Bel)?

(¢) Calculate dim Z'. If ¢ is a one-cocycle (element of Z,) with ¢% =3,

a? =1, 6° =2, ¢" =4, what are the values ¢” and a®?

(f) Construct a basis of H! which is dual to the basis for H, from part (b).
Express the equivalence class 4 in terms of this basis.

14.6. A colony on a small planet is divided into two provinces, shown as Red
and Green in figure 14.25.

A
B > D
81 Red \ &)
A * C
€
Be > D
PN
B @n | &
Ae — C
n
Figure 14.25

ine the

determine whether or not the colony occupies the entire surface of the

mlaans

pranct.

> 2

bases for the spaces Z,, B, and H,. Interpret your basis element for H,
geographically.

(c) Define the space B'. Of what space is it the annihilator space? Prove it.
For the remainder of the problem, consider a one-cochain W for which
We=2 Wh=_—1 Wo=1,

1 y £ n

(e) Suppose that WY =3, W*=2, W" = 1. Calculate dW.

&
2 2
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14.7.(a) Find the dimension of the spaces C,,C,,Z,, B,, and H, for the complex
illustrated in figure 14.26(a).
dim Cy —dim C, +dim C, =dim H, — dim H, + dim H,. (14.1)
(c) Let a new branch ¢ and a new node C be added as shown in figure
14.27(b). Write down the matrices 0: C, — C,, 8: C, — C, and compute the
matrix d09: C, — C, explicitly.
and o, (on the Blue side). Write down 9:C, — C,. Find the dimension of
H, by constructing a basis. What does this say about the network?
Construct a basis of H; and verify (14.1).
(¢) Let t be a one-cochain with the value 1 on all branches between distinct
points, zero otherwise. What are dt(Green) and dz(Blue)?

14.8. The two pieces shown in figure 14.27 define a two-complex.

(a) Calculate d(Front) and d(Back), and use the result to determine
dim Z,.




g
A"— e B
& (Front {
N—”
A‘ - -® B
A
1%
bBeo— — -® B
Y
§
A - A

Figure 14.27

(b) Find a maximal tree for the complex, and use it to determine dim Z ,,
dim B,, and dim H,.

(c) Find a basis for H, and express 7 and « + 6 + f in terms of the basis.

(d) Let w be a one-coboundary satisfying w? = 2. Calculate »®

(f) Determine dim B? for this complex.
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Chapters 15—18 develop the exterior differential calculus as a
} .  the di | ; |

| 15 the basic f > . leul

presented: exterior algebra, k-forms, pullback, exterior de-

rivative and Stokes’ theorem

In our previous consideration of complexes we have avoided making use of the
fact that a complex might be situated in R”. We ignored the shapes of the wires in
electrical networks, and even the question of whether a given network could be

complex situated in R" in order to see how cochains can arise naturally from
physical or geometrical considerations.

points in R3; the branches are differentiable curves in R3. Since a zero-cochain is

have a function defined on R3. Each such function ¢(x, y,z) determines a zero-
cochain @ by the rule ®* = @(x?, y# z4) where x#, y* z* are the coordinates of

AW/—'O‘%
g \/‘\7

Figure 15.1
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node A. The function ¢ may be regarded as an incipient zero-cochain in the sense

In order to obtain a one-cochain in a similar manner we need a rule that assigns
a number to any branch of a complex Such a rule can arise from a dlfferentlal

arc, we can construct a one-cochain by 1ntegrat1ng 5 along each branch For
example, if branch a is described by the parameterized curve aft), the one-cochain
determined by w will have the value [aw on branch a. In this way, a one-form w can
be regarded as an incipient one-cochain; it determines a one-cochain on any complex

whic | . Fin R3:

Now suppose that ¢ is a continuously d1fferent1able function and we form its

- =do. se tha i =B—
A
J\;\L}

that o has a curve |y(f)| with

z(t)

x(0) X 4 x(1) Xp

YO = |ya and yO{ = |yg

z(0) Z4 z(1) Zp

Then

J:wzJ:{dq&:Jp:a*dqb:Jpold(a*qb):a*¢(1)_a*¢(0)=¢(B)—¢(A)‘

But the function ¢ determines a zero-cochain ®, with @4 = ¢(4) and ®® = §(B).
From this zero-cochain we can form the one-cochain d®, whose value on o is

Jra do = Jra,,(p =0 —0* = ¢(B)— ¢(A).

i i i i i : linear

operator which acts on a zero-cochain @ to produce a one-cochain d®, and as a
differential operator which acts on a function ¢ to produce a differential form dé¢.
It is now clear that this use of d is consistent in the sense that if the function ¢
gives rise to the zero-cochain @, then the one-form d¢ gives rise to the one-cochain

d®.If we denote the Space of smooth functions on R by Q°(R>) and the space

of smooth one-forms by Q!(R3), we can summarize the consistency of d by the
dlaanm

Co;",cl
| I
QO(R3 ) _d_>91 (R3)

) ) . tion
whi h—amrm—m—drrsmse—&m%eaﬂ—pf%%%d—fﬁ%%a—mm—ls COmm

¢ to a one-cochain either via C% or via Q.

Our alm will be to do somethlng s1m11ar for two- cochalns and three-cochains.
, wo-forms and
bl

1
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Figure 15.2

three-forms which will gIVC rise, by suitable processes of integration, to two-

operator d that converts one-forms into two-forms and two-forms into three-forms,
in a manner consistent with the action of d on the corresponding cochains.

this program might work out. An incipient two-chain will have to assign a number
to each oriented region on the plane; the value assigned to each cell Q in a complex
one-cochain) w to a two-cochain T in two different ways, as suggested by figure 15.2:
consider, for example, the path « + g +y which is the boundary of the cell Q. One
approach is to form a one-cochain W from w by evaluating its path integral along
each branch of the complex, then apply the operator d: C! — C2. This yields

A R A w+f ot | o

two- form T, Wthh could then be integrated over the region Q to yleld the value

of the two-cochain T on the cell O.
In thls case Green’s theorem in the plane tells us what form the operator d must

50 o\0x 0Oy

Thus it seems promising, in this special case, to introduce two-forms of the form
t=J1%,y)dx A dy. Such a two-form gives rise to a two-cochain by the process of
lterated integration, and a two-form can be obtained from a one-form by the rule

14 4 D1 hY /aB aA\
d(Adx+Bdy)= E———}ax/\ay




15.1. Exterior algebra

The one case in which we already have a differential operator that is perfectly
consistent with the coboundary operator is the case of zero-cochains and one-
cochains. - adi ntia ,

real number to every point. An incipient one-chain is a one-form w, which assigns

to-every point an element of the dual space V* of whatever underlying vector

> A ...,.--6.,-...-0,‘..-6..
;I:,longs to the space Q'(V), and we have found an operator d: Q°(V)— Q!(V) that
is consistent with the coboundary operator.

We shall now construct new spaces Q*(V), Q3(V),...,Q¥V), which will permit
the differential operator d to be generalized. An element w of Q(V), called a
differential k-form, will assign to every point in the domain of w an element of a
) d A¥(V*), usually pronounced ‘wedge k of V*’, as a generalization of

a¥e
v U U 7 » U ule

space calle

o A aC I fy < nte ate Nn-determine a lr-cocha
7 A K v A/ K

will then be able to define a dilierential operator d: — that will be
consistent with d: C*— C**? for any complex. As a first step in this direction, we
—introduce the space A*(V*%), — —

Let V be a vector space of dimension n, and let V* be its dual space.

The dual space, V*, is the space of linear functions from V to R: Z(V;R). Let us
now consider the space #(V, V;R) of bilinear functions from Vx V to R. To say
that such a function, t(v,,v,), is bilinear means that, for fixed v,, t(v,,v,) is a linear
function of 1ts lirst argument, 1.e., t(ov, + pw,,V,) =at(vy,V,) + (W, V,). Similarly,

for fixed vy, 7 is a linear function of its second argument. The space Z(V, V;R) is a

From any bilinear function a(v,,v,) we can create an alternating function by the
construction 1(v,,V,) = o(V{,V,) — a(v,, ;).

not _diff 0 _CONnstru elements o AV * om _eleme

two elements w',w’eV* we can define a function @' A @’ by

i b PN | j PN /

Since the functions o' and @’ are linear, @' A @’ is bilinear. Furthermore,

YA oI i — i Jv N\ — — i A ) T |

alternating,
It follows from the definition of the wedge product that it is distributive with

fespect to addition: .
(a)1+a)2)/\a)3=a)1 AW+ 0? Aol
o prove this, let v, and v, b i :
[(@! + @?) A 0)3]("13"2) =[(o" + 0)2)("1)]0)3("2) — [(@" + @*)(v;)]0*(v,)

= [0'(v,) + (v ) Jw3(v,) — [0(¥,) + 0(v,)Jw3(v,) .

=o' A @*(V1,V,) + 02 A w3(vy,v,).




Suppose that we have chosen dual bases: a basis {e1,€,5,....€,5 for V, and a
1 .2 n %

b LA b
1 ifi=j,

Si(ei)= PP
(0 if i

If we express w! and w? in terms of a basis for V*, then o' A w?=(ae! +
48> ¥ ) A(bjet + be> + ) is a sum of terms of the form & ~¢. However,
& A e = —¢ A& So every element of the form w! A w? can be expressed in terms
of the & A ¢/ with i <j. More generally, let T be any element of A*(V*). Then the

y o €5
i <j. Let us call 7(e;, ;) = b;;. Then X b;;e' A & takes on the same values as 7 on all
—Sh. i A g N 2% -

casy O (14 [1CY alc€ d Y aCP (] . U
of V*, we can construct 1n(n — 1) independent elements of A%(V*): the elements
& A ¢/, with i <j, form a basis for A%(V).

In the case where V is the space R3, it is convenient to name the basis elements
(9] as dx, dy, and dz. Then a basis for consists of the three elements
dx A dy, dx A dz, and dy A dz.

Given two elements of V*, we can use the wedge operator and the rule &’ A o' =

s Lefoey - -

3dx Adz+dy Adx —3dy Adz=dx A dy—3dx Adz—3dy A dz.
! . ] ; E | fA2(V*) is | ;

Aotarie 11y atatos
UCLCULIHITIIALILS.

[ (v)  wl(v,)
AN W4 N 427

a)l sz(v19v2)=DetI 27 5\ 2¢ RN d

\@7V) @7Vy)
We shall use this notation to generalize the wedge product to the case of more
than two factors.

ar
A function f of three vectors in V is called trilinear if f(v,,v,,v5) depends linearly

onyv,(i= i 1
f(Vo, vy, V)= — (v, Vv, Vs3)
AV 1> S7 AN - 47 S7
and
f(Vl,V3,V2) == f(V1>V29 V3).
f(V3,V2,V1) = —f(Vl,VZ,V3)-

For instance, the determinant of a 3 x 3 matrix is a trilinear antisymmetric function
of the columns.
. ‘ i :
trilinear functions from ¥ to R. We can construct elements for this space by using the
_wedge notation and an extension of the definition in terms of determinants, as




oi(v;)  @i(vy) @'(vs)

(a) Forfixed v,,v;,0' A @' A w¥is alinear function of \ 2 because the entries of

the first column are linear in v i i

the entries in its first column.
(b) ' A @’ A w* is also linear in v, and v,; i.. it is trilinear.
(c) o' A @' A " changes sign if two adjacent arguments (e.g. v, and v,, or Vv,
and v3) are interchanged, because a determinant changes sign if adjacent
—ce}umnﬁmﬁﬁerchanged.i
d) o' A co’ A w* changes sign if two adjacent Tactors’ are 1nterchanged (e.g.

j A S R S ° :
———rows-are-interchanged. —— — — — — — — — — —
(€) W' A @' A @’ =0, because a determinant with two equal rows is zero.

(f) The triple wedge product is distributive with respect to addition in each
factor, because a determinant is distributive with respect to addition in each
TOw.

(g) If v;,v,, and v; are linearly dependent, then o' A @ A @* (v;,V,,v5) =0
because a determinant is zero if its columns are linearly dependent.
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As above, it is straightforward to prove that the elements &' A & A €, i<j <Kk,
form a basis for A3(V*) where &, &/, ¢t are basis elements of V*. There are n choices

But now each combination of three indices has appeared in 3-2-1 = 6 permutations,

1

It is now straightforward to extend the preceding definition to the space A¥(V*).
I'his is the subspace of the space of multilinear functions Z(V, V,..., V;R) which is
alternating in the sense that it changes sign if any two adjacent arguments are
i X o , called a k-form, can be
elements of V¥ by the definition:

Wiy @(vy) o)

i i A @AV 07V, - @V

WA @2 A o A dVy,V,,...V) = Det @AV ) W

m‘"( v, w*v,) - a)i"(Vz,)
The dimension of AXV*) is nl/(k!(n —k)!) and a basis cons1sts of all elements
gh /\glz A oo With i, < is < --- < i,. Noti "V *) { - ional, with

2 n
—g",




There is one further algebralc operat1on that will be of importance to us —

example, if

are both elements of A%(V*) then the element w A o of A*(V*) is computed as

wornc=5("AeVAc+3(* A AT

=30l A" At AP+ 10t A" A A —45e AT A3 AgS

4182 At Al A+ 682 At AP AEe® =272 At Aed A gD,

The first summand vanishes because of the repeated factor of ¢'. The remaining
terms need some rearranging to make them into basis elements, and this may
introduce some sign changes. For example,

eae A aned=etAed A ng

since the &7 has to be moved past two factors to get it to its proper position while

2 4 3 6 2 3 , 4 6
E NE&E NE NG —=—&8 N6 N /NeE .

Thus

woAdc=10e" A3 A ne’ —45e A AP A’ +18e Al AnetAg’

— 62 A A A +2T2 A3 At AES.

multlphcatlon so as to get the hang of how it works It will be one of the basic
computational tools for the rest of the book so the effort invested now in gaining this

o  nal skill hehil G ] hould

convince yourself of the truth of the following rules:

T ative law: (@ AG)AT=DA(@AT

The distributive law: o A(G+1)=0Ac+w AT

oAnT=(—DPMrAw if weAP(V*) and teAd(V*).

These rules, in turn, facilitate the computation of exterior multiplication.
From a logical point of view, our definition is somewhat unsatisfactory in that it
seems to depend on the choice of basis. Strictly speaking we should prove that, 1f we€

choose a dlﬁ'erent basis of V, and, correspondlngly, d1fferent bases of A"(V*) the

bit tedious. A better way is to give a more abstract definition of multiplication which




to Chapter 18, and if you are so inclined, you can read that appendix right now. It
can be read independently of any other material. But the important point is to gain

As an example, let the vector space V be four-dimensional. With eventual
application to spacetime in mind, we shall name the basis elements of V* as dt, dx,
dy, and dz. The complete collection of spaces A*(V'*) is then as follows:

A°(V*)is one-dimensional: if we need to name the basis element, we call it 1.
A'(V*) is four-dimensional: it is the space V*. A basis is {dt,dx dy,dz}.
A%(V*) is six-dimensional, with basis elements dt A dx,dt A dy, dt A dz,
dx Ady, dx A dz, dy A dz.

A3(V*)is four-dimensional, with basis elements dt A dx A dy,dt A dx A dz,
dt Andy A dz, dx Ady A dz.

A*(V*) is one-dimensional, with basis element dt A dx A dy A dz.

15.2. k-forms and the d operator

0 proc a a , we now make the same
extension as in going from the dual space V* (also called A'(V*)) to the space
O! eleme 0¥ i nction hich lon n eleme k

b ?

functions. The general element of Q*(R?), for example, is

) >/ 2 J

where a, b, ¢ are real valued functions. As far as algebraic operations involving

—addition and the wedge muitiplication are concerned, elements of Q“(V) behave —
exactly as elements of A¥(V*) do. These elements of Q¥(V), called differential k-forms

D Morecommon UST K=Torms. SE = A4S OU ncinlient K=-cocnains /\ MUSL O

asis for V*. (We also use dx, dy, etc.)
he differential operator d which assigns a one-form to a zero-form is alread
familiar. If f(x,y,z) is a differentiable function (a zero-form), then
of of of
df=a—de+—J—dy+—sz
X

dy 0z

dimensional hypersurface’ and want to prove Stokes’ theorem which says that

—that this equation, applied to infinitesimal parallelograms, forced the definitionof —




the d operator as applied to one forms. We saw there that

d(fdg)=df A dg.
Since every one-form is a sum of such expressions, this determined the definition of 4

on one-forms. a is a useful time to go back and review the basic formulag

of Chapter 8 as summarized on page 305.

d(fdgadh A --Y=df Adgadh A ---. *
This forces us to define the operator d acting on k-forms as follows:

If = fdx't A --- AdXx®+gdx/t A - AdxIc+
then dt=df Adx'--- Adx™+dg A dx/t--- A dx/

After the operator d has been applied, some rearrangement of terms may be
necessary in order to collect the coefficients of each basis element.

As an example of the action of d on a two-form in R, let t=B,dy Adz—
z+B, v I I whic

y

may be regarded as the components of a vector field. Then dt=dB, A dy ndz—
dB, Adx Adz+dB, Adx A dy Expandlng the differentials, and makmg use of the

0B, 0B, 0B

dr =( — T+
\o0x 0y

For those of you familiar with vector analysis, notice the similarity between

d:Q*(R* = Q3R> and the operation div.

There are several properties of the operator d that are useful and worth recording.
In every case, it will be sufficient to verify the property for the case of a k-form

= VA e general case then follows immediately by the linearity o

The first property concerns the result of app1y1ng d to the product of a functlon

%%WWWW
d(fg)=fdg+gdf for differentials. It follows that d(fQ)= fdg A

dy A)---. We conclude that

factor dx! A --- A dxP, which 1ntroduces a sign (— 1)*. Then:

+(dfAdxt A - AdXP) A (gdyt A - A dyP).




As every p-form is a sum of terms of the form fdx! A --- A dx” and every g-form

dw A Q)=(~ 1w AdQ +dw A Q. (15.2)

The third property concerns the application of d twice in succession. We consider
first d(d f) where f is a twice-differentiable function f(x,y,...). In this case,

+ \— 2f dy Adx + &f dx Ady +
)= ayox oxdy y

gan=df Lax+

v of mixed 1 derivati | the relation dv A dx —

—dx A dy, it follows that d(d f)=0. Now consider the more general case of a
k-form w= fdx Ady A ---. In this case, do=df A (dx A dy A - ) and d(dw)=

0, so we conclude that, in general,

d(dw) = 0. (15.3)

This is consistent with the property

of the coboundary operator.
Of course equatlon (*) now follows from (15 2) and (15 3)

1) df—(af/ax)dx+(6f/6y)dy+---, where x, y,... are the coordinate

nnnnnnnnn
1 uuuuulxo,

(2) d respects addition, i.e. d(w + ¢) = dw + do,

(3) how d acts on a product, i.e. (15.2), and
(4) dod=0.

From these four rules you can compute d of any form.

To complete the identification of k-forms as incipient k-cochains we must now
explain how a k-form Q assigns a k-cochain to every complex with differentiable

cells situated in an n-dimensional space. Let us first review the case k = 1. Given
a smooth curve in R" which joins point 4 to point B, and a one-form , we wish

of the curve, any smooth mapping a: R — R"* which maps the interval [0,1] into
the desired curve, with a(0)= 4 and a(1)= B, as shown 1n ﬁgure 15.3. We then

deﬁne the path 1ntegral of the form w over the curve « as jco jo(a*w) The




\\ \\ \\ \\ '
] \ \ 1
\ \
e .
/ !
/ /
’ 1
4 A

I—
S S a
\' —%__>

B S

Figure 15.3

usefulness of this definition lies in the fact that the result is independent of the

to reduce the integral over a curve to an integral over a much simpler region (the

interval [0, 1]). The crucial construction was the pullback procedure for a one-form:
if w=fdx + gdy + ---then a*w = (a*f)d(a*x) + (x*g)d(a*y) + ---. What had to be
proved (from the chain rule) was that the result was independent of the

parameterization.
The crucial ingredient in this definition, and in the corresponding theory of two-

our first order of business is to generalize the notion of pullback: Let ¢:R*—>R"be a
differentiable map. We wish to define an operation, ¢*, called pullback, which

Ton (] oren Arm_ch* a he

o anv-ditleren orm a N N R
! y s {01 d vy - v AN o m . cl U ([ UC

same degree) on R, We would like ¢* to preserve addition and multiplication of
forms, that is, we would like to have

P*(0; + w,) = ¢*w; + ¢*w, (15.4)

and

* — ¥ *

is a function, we want

and
o*df =d(¢p*f). (15.7)

The requirements (15.4)—(15.7) completely force our hand. For example, consider the
map ¢: R3 - R3 given by

x x =rsinfcosy,

where  v—=rsinfsinis
J T

-
D -
1

- N
YA <z —=TLCOSU.




Thus

g‘)*x = rsin 8 cos !II/
etc. by (15.6). Suppose we want to compute ¢(dx A dy A dz). Then

* — h¥ * %

=(d¢*x) A (dp*y) A (dp*z) by (15.7)

Within each factor of this triple product we apply the usual rule for computing the

. i1 of a functi hat d(rsin & ) = sin 0 ) dr — rsin O sin b du
rcos Bcos Y dB, etc. We then use the rules of exterior multiplication to express the
triple product in terms of dr A d6 A dy. We find that

d*(dx Ady Adz)y=r*sinfdr Ado A dy.

coordinates’.)
In general, requirements (15.4)—(15.7) force us to define

oF (FAXTAdxZa - ade)=(Fo O)AETe B)A - A dxks ¢),  (15.8)

where the x' (i = 1,..., n) are coordinates on R". We must then define ¢* on the most
general form, which is a sum of such expressions, by (15.4). If we take (15.8) and its
extension to sums as the definition of pullback, then we must go back and check that

A 3 o Py D 1o 1ooftratalhtfa el a1 o 1A
ep ) — Ually U1 algy Ulwalll 4alllu w U

From the definition of d and the properties of pullback it follows that

=d(¢*f) A dg*xi A -
=d[(¢*f)dd*x A ---]
=d[¢*(f dx’ A --)].
__Applying this computation to sums of expressions of the above form we get the basic
la

1 .
Ormuy
grniiul

x

o*do =do*w. (15.9)

This result is of central importance. It says that first applying d and then pulling back

__is the same as first pulling back and then applying d. It can be thought of as a version
—of-the chaintute. —— — — — — 0 — — — 00—
There is one final formula about pullbacks that we should record. Suppose that
Y:RP - R* so that we can form the composite map ¢oy:R? —R". Then for any
function f we know that

(poU)* f = fo(do¥)=(fod)oy =y*d*.
—But then it foltows fromour rutesthat ———
(Yo dY*w = ¢p*(Y*w) . (15.10)




Let us collect the various rules of the exterior differential calculus.

Algebraic operations: addition and multiplication of differential forms.

the differential forms (of any fixed degree) constitute a vector space undey

die ] liplicati .

the product of a torm of degree p by a form of degree g 1s a form of degree

p+q

listributive law: ( _ -

associative law: (0 A W3) A W3 =w; A (W, A @3).

anticommutativity: w; A w, =(— 1)"w, A w, if degw, =p and degw, = 4.
The operator d.

if w is a form of degree p then dw is a form of degree p + 1,

‘Ylﬂﬂ“a

df =(8f/8x)dx + (0f/dy)dy + ---, in terms of coordinates (x,,...).
Also

d(w, + w,) = dw, + dw,,
and

d(dw)=0.
Pullback

¢*f = fop for a function f,
¢*(w1 + (1)2) = (,b*wl + ¢*w2,

various operations for forms, maps and so on which are defined on various open sets.

We i he d - definiti b Thus. if o is defined

o .
U y O U O PCI] » L/ CIITOUE]] 1d (0 0OC U 1C(1 Ol U C OPCI] » L/ W

contains ¢(U) in order to be able to define the pullback ¢*w. If  is only defined on
some open set O then we must assume that Y(0Q) = U if we want to define ¢poi.

Definition of integration over regions in R*. We now want to define the integral of a k-
form over an oriented region, U, in R*. That is, we are considering the situation

size ¢ on R¥so that R*is a union of non-overlapping cubes of edge size ¢. Let Inn,(U)

denote the total the cubes completely contai i t t (U
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ee Fig. 154. ifference
Out,(U) — Inn(U)

as small as we like by choosing ¢ sufficiently small. This means that in computing
Riemann approximating sums we don’t have to worry about ‘cubes along the

boundary’. Forexample, it is clear thatany bounded polyhedron is nice in this sense.

Also, if U is nice and if ¢ is a differentiable map defined in a slightly larger region
than U, then the mean value theorem implies that y/(U) is also nice. (You can prove
is yo , Or, 1 ; IS= c
Calculus where the basic facts about the Riemann integral in n dimensions are

lained in detail) We vl al l : 7 s 1l tard

1.k
AN ANLS & N

where f is a differentiable function. For any ¢ mesh we can construct the Riemann

—approximating SR
Y. fp)vol (@) =€ f(p)
where p;e []; and the [, range over all the cubes in the mesh contained in (or having
non-empty intersection with) U. The (uniform) continuity of f implies that this sum

it as ¢ > 0 independent of the choice of the p, or o
himit will be denoted by

Q.

JU

Itis important to remember that in this definition U has the standard orientation of
R*. The following are obvious properties of the integral. Suppose that
U= Uju---uU, is a finite union of nice subregions, all with the standard
orientation, then

fQ=r Q+f Q+---+f Q.

Ju Ju JUs JUP




Irrelevance of lower dimensional pieces. Let us say that a set S has zero content if, for

» ber 5. v have C St oiscl Foiently small

words, S has content zero if the total volume of the cubes in a mesh which intersect S
can be made as small as we like by choosing the mesh size small enough.) For

amplice, 1 1€S1n a linear DSpace Ol dimension KOl 41l anslate thereof) then

S clearly has zero content. Then sets of zero content are irrelevant as’far as
—integration is concerned. That is, if U= U"US where S has zero content then
JuQ = [y Q. This implies, for example, that if we divide a polyhedron up into
subpolyhedra, we don’t have to worry about the lower dimensional faces in

Also,

if U is the unit cube, {0<x; <1, i=1,...,k} then
[uQ = k-fold iterated integral of f = [§---[§ f dx, ---dx,.
The proof is the same as in two dimensi just as

in two dimensions, any region that lends itself to iterated integration will do, not just
a cube.

The change of variables formula. We now come to a basic fact, the change of variables
formula. It says:

Suppose that ¢:R*— R* is a one-to-one differentiable orientation-preserving map
with differentiable inverse. Then for any k-form @ defined on the image space, and
for any nice region U in the domain space, we have

» n
o= O*w
oW ) U




(As usual ¢> need only be deﬁned on some reglon shghtly larger than U and w need

(vol (AU)/vol oy = |det A|
__One begins by proving that the left-hand side of the equation in (i) is independent of

quotient on the left side of the equation vol (4). So vol (4) measures the proportional
change in volume effected by A. It follows from the definition that

vol (AB) = vol (A4)-vol (B),
~ and we know from Chapter 11 that
det(AB) = det A-det B.

We wish to prove that

vol (A) = |det A| (%)

for all k by k matrices. From the preceding two equations we can conclude that if (*)
is true for A and for B thenitis true for AB. If 4 is a diagonal matrix then (*)is true by
inspection. If the matrix A has zero entries below the diagonal, all 1 on the diagonal,

and only one nonzero entry above the diagonal, then vol(4) =1 (this is really the
two-dimensional assertion about shear transformations). From this it follows that if

diagonal) then vol(U)— detU=1. blmllarly for lower triangular matrices. We
* A which ritten a

A=LDU

with L lower triangular, D diagonal, and U upper triangular. When does a matrix 4

have such a decomposition? An examination of the row reduction procedure of
section 10.8 shows that this will happen if and only if the row reduction of A needs no

(The principal minors are the determinants of the square matrices coming from

taking the first r row and columns of A4.) Thus the conditions are

all #0, (allazz_a21a12)#0,...,det14.#0.

arbitrarily small changes in the matrix entries. Since both vol(4) and det 4 are
Continuous functions of A we conclude that (*) holds for all matrices.

singular matrices into products For any matrix A, the matrix A*A4 is self-ad_]omt
since

(A¥AY* = A¥A** = A*A.

X, X)=(A4AX, AX) > Oor any non-z<¢ro vector X. crerore asap




c 2013
N ‘ '.“'- CL 31
A% A 10U
‘,,--‘;vvv -
&
S
d

1 matrix. Thep
' - is an orthogona
, itive entries on the diagonal, and O is a re the square r0ots of the
matrix with pOSIth/I is the diagonal matrix whose entries a

1
S = OMO* where
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i he -

> We claim that t e ey

- st AS_ly)=(S_1x,A*AS_1y):(S x, 8“8y

(AS™ *x, |
. -1 : .« . i
ﬂmeeé’—t&se}f-adjeint—'l:hﬂsw&mazﬂiﬁle(—
y = O*. So
= AS !is orthogonal. But S=0M
where K = o

' serve length and
. For M - h vol (M) = det M. Orthogonal mlatrl(c)er? Piﬁe other hand
. (4 =1 .
entries. For M we hav olume, so vol(0)=vol(K) O = det O%). This gives an
therefore preserve VO det ’0* =det00* =1 and detO0 =
= since det O- =
detO = * 1( hy —
(11) LC - . 1 dxk)=(detA) x /\ “os . X
i duct:
¢*(dx' A - A k and exterior pro
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he definition o tants
This followls from2+t + a,,x* and since the a;; are cons
B Fa, x4
P*x' =ay;x
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14 . 4a,,dxk
p*dx! =a,, dx' +

¢.* dx*=a dX F - F a, dx*. 1 A dx®. and this
. /\ ces [y
1 ¢*dx* will be some multiple of dfrixAWhich satisfies the
Now ¢*dx’ A (A/; is some numerical function of the ma
. ; is
multiple, call it f(A),

ies of the
iqueness propertie
determinant function. Hence by the ;m;glihat %) holds
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(iif) Steps (i) and (ii) imply the change of variables formula for the case that ¢ is a
linear map, i.e. ¢ = 4 with det 4 > 0. Here is the proof: Write w = gdx’ A --- A dx¥,

¢p*w=nhdet Adx' A --- Adx* where h(x) = g(4x).
Cover the region U by a mesh of small cubes, see Fig. 15.6. This has the effect of
covering the region ¢(U) by a mesh of small parallelepipeds, and the volume of each
parallelepiped differs from the volume of the corresponding cube by a factor of det A.

Given any ¢ > 0, we can choose the mesh size sufficiently small so that the function
g does not vary by more that ¢ on each parallelepiped:

[g(p) —g(@)I <¢,

whenever p and q lie in the same parallelepiped. This implies, that if [] denotes any
one of the internal cubes, and so ¢([J) the corresponding parallelepiped,

f o — g(p) vol(¢p(O)| <&, (*%*)
J¢(0)

where p is any point in ¢([]). But
vol (¢([])) =det Avol([J) by (i).

So

n
w —g(p)det Avol(E)| < ¢ (kxR *)

J —7 AN 7

JHo)

Let U’ denote the union of all the internal cube of the mesh. Then summing the
inequalities (****) over all the internal cubes implies that

[ w—Y g(Ar)det Avol(O)| <,

LI Ay .y

where r is any point in the cube ], and the sum extends over all internal cubes. As

the mesh gets finer and finer, the cubes along the boundary can be ignored and

w— (03]
JOUY JH)

o

Constant detA 18 replaced by a funct1on det (6¢/6x) where (6¢/6x) denotes the

1

matrix-valued function

optjoxt---aptjox*
@o12)=(Slone osont )

ia utl -
Ihe Riemann approximating sum now becomes

Y g(Ar)det (0¢/0x)(r) vol ([J).




() exes situatec in |

The inequality (***) will still hold if the mesh is fine enough, but ¢([J) is no longer 5
parallelepiped, and we will not have the exact equality

vol (¢([1)) = det (8¢p/dx)(r) vol ([).

But it would be enough to know that this holds approximately in the sense that
— vol{p() — det @@ ol (EH < evol D
This inequality is a consequence of the mean value theorem. The details of the proof
are not too complicated and can be found in Loomis—Sternberg Advanced Calculys
Chapter 8, pp. 343—4. The reader is referred once again to that whole chapter for 4
comprehensive treatment of the theory of integration in R¥. This completes our

discussion of the change of variables formula.

Integration of k-forms over k-chains in a complex. Now suppose that w is a k-form

This makes sense because each cell C is a convex polyhedron in some Euclidean
space. In fact, we require that the map ¢ satisfies a technically slightly stronger
condition: For each k-cell C of the complex, there is a neighborhood U of C in R* and
adifferentiable map i/ : U — R" such that ¢ and y restrict to the same map on C. Each

-een, € omplex 1s orien an ore consi integra
f o*w
Jc
over the cell C. Let ¢ be a k-chain. So ¢ is a linear combination of k-cells:
C = V 1".(1 .
FAVEEN B |

where the C; are k-cells and the r; are real numbers. Then we define the integral of
?*w over the chain ¢ by the formula

f¢*w =Yr, f d*a.
Je JG,

It is clear that this expression depends linearly on the chain ¢. Thus

the k-form o together with the map ¢ defines a k-cochain on the complex K.

For example, suppose that our complex K consists of the faces, edges and vertices
of a tetrahedron. For simplicity let us assume that the faces are oriented
‘consistently’. By this we mean that if we take

c=C;+C,+C;+C, then dc=0.
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To fix the ideas, let us imagine that the tetrahedron is drawn with its center at the
origin in R3,

lar subdivisi
of the tetrahedron onto the surface of the unit sphere, S, and call this map ¢.

Itis easy to see that ¢ is a smooth map of the tetrahedron into R>. Each face of the

tetrahedron is mapped onto a portion of the sphere and we can think of ¢ as
mapping the chain ¢ onto the surface of the sphere (with a definite choice of
orientation). If wis a two-form in en we can think of | ¢*w as the integral of @
over the sphere (with a definite choice of orientation) and write this as

f'

JCO.
S

This notation implicitly assumes a number of justifications all of which are correct.

First of all, it assumes that the boundary curves of the triangular regions into which

— we have divided the sphere are irrelevant. This is because in computing a two-

dimensional integral, the definition via Riemann sums implies that (smooth) curves
make no contrlbutlon A more 1mportant assumption 1mp11c1t in the notation is that

lrrelevant All that matters is the surface of the sphere (covered once) with a definite
) 5 c : et us explain.

faces, edges, and vertices of a cube which we draw centered at the origin, and

Consider the map u of L onto the surface of the sphere given by projecting from the

Center. We also assume that the faces of L are consistently oriented so that

e=F, +F,+F;+F,+Fs;+ F, satisfies de=0
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Each triangular region on the sphere is a union of several such subregions and so is
each ‘square region’ coming from the cube. Let W be one such subregion. Then we
can write

W = ¢(U) where U is a subregion of one of the faces of K

__and

W = u(V) where V is a subregion of one of the faces of L.

Consider the map y:U >V given by y = u~'o¢. Then
¢ =poy

sO

d*w = Y*(p*w)

and

s i T

V=uy(U

).
(It is easy to check that y is a differentiable map.)
— The change of variables theorem says that ——

(ﬂ’kﬂ): i (\ (]5*60

vV

with the plus sign if and only if i is orientation preserving. It is easy to see that the

ap y that we have constructed tor the subregiron W will be ortentation preserv

and only 1if the corresponding maps for all the others will also be orientation

PTCSEC (1§ (] 1A DDCT] W E

We have sketched the proof of the justification of our notation for the case of a
sphere. Of course it works in far greater generality. For any oriented surface in three-
space (or more generally for any oriented submanifold M in R") the integral [,
makes sense and does not depend on how we cut M up into pieces so as to write it as
the union of images of cells.

(We have defined the integral of a two-form over the oriented two-sphere by

: L s : s indevendent of

cut up the sphere. There is an alternative (and equivalent) definition which involves

3 s

15.4. Stokes” theorem
The general form of Stokes’ theorem that we will prove in this section says the

lollowing: Let K be a complex. Let ¢ be a smooth map of K into R". Let @ be a
(k— 1)-form on R", and let ¢ be a k-chain. Then

| p*do= | ¢*w. ) (15:12)
c de

If we think of ¢ and o as fixed, both sides of (15.1 i ions of ¢. Since



every chain is a linear combination of cells, it is enough to prove (15.12) for the case

Are Q
A’ N A Cée Ale a¥a ay I P . e han »n 10

ere ¢ is 2 . : ow-follow the proof giv AP
dimensional case, but with a slight twist at the end.

The first step is to prove the theorem for the case that the cell is a cube. We might

1S WEIl asSSum N3 ) Ne unit cubein R
on R*. Then we can write

P*o=a,du* A - AduFta,dut AduP Ao Adut+ e+ adul Ao A duFtt
(15.13)

so that the left-hand side of (15.12) becomes

We now recall the signs associated to the 0 operator applied to any cell. Our
eca ¢ orientation of a i -tuple of basis
vectors is ‘correctly’ or ‘incorrectly’ ordered. An ‘incorrect’ set of basis vectors is

3 Ang?

numbers or by changing the sign of one vector. Correct and incorrect sets for
k=1, 2, and 3 are illustrated in figure 15.10.

The boundary of an oriented k-cell consists of a sum of oriented (k — 1)-cells, and
we gave a general prescription for determining the sign of each cell in the boundary:
At a point on the boundary of C, construct a set of vectors in which the first
vector points out of the cell C and the remaining kK — 1 vectors are a correctly

r the ce en the boundary cell appears with a plus sign in JC;,
otherwise it appears with a minus sign.

k= l k=2 k = 3
4 - = 7 right-
/b:/ ':) ( i handed
///
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Figure 15.11 illustrates the application of this rule in the case k= 1. The vector
v, points out, and there are no other vectors. At B, the vector v, has the correct
orientation fo € ch «, bu i s the wrong orientation. Hence
0o =B — A.

the cell C. For branches o and , the resulting pair of vectors is correctly ordered
(according to the counterclockwise orientation of C) but for branch y it is incorrectly
ordered. Hence 0C=oa + f — 7.
We return to the case where C = I* is a cube. Let us consider the various terms
ained by substituting (15.13) into |,;c¢*w. We consider the various faces of dC.
We begin with the two faces for which u, = constant. On the face B, where u; = 1,

— Onthe face 4, where u; = 0, the vector v, points in, and so v, .. ., v, are incorrectly —

oriented. This situation is illustrated for the cases k = 2 and k = 3in figure 15.13.

YNen we ome 0O-ev3 qte h* On hese A O 1Ce . s 1 _ onsian 2 NC

= GO = O—Cvd i 7 U —O O 1 Z O

terms in t which include a factor du' give zero, and all that remains is
a;(ut,u?,..., 4" du® A --- A du*. Evaluation of this term on face B, where v,,...,V;
are correctly ordered, gives [p-:oy(1,u?...,u*)du?...du*. Evaluation on face
Ay, where the vectors v,,...,v, are incorrectly ordered, gives
~ [p-:(0,u%, ..., u*)du?®...du*. The two terms together yield the integral
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al theorem of calculus

In carrying through the same procedure for the faces where u, = constant, we
note that the set of vectors v, vi,v3,..., v*is incorrectly ordered. On the face where

2= i ini 1y3 k incorrectl
On the face where u? =0, v, points in, and v!,v3,...,v* are correctly ordered. In
the evaluation of z, only the term a,(ut, u?, ..., u*ydut A du®> A -~ A du* contributes,
and we obtain

Ik 3u

A similar argument shows that the faces where w is constant contrlbute

contributions from all the 2k faces in 61 k we obtaln (15 12)

This completes our proof of Stokes” theorem for a cube. We must now consider
more general cells In the plane as we pointed outin Chapter g, every polygon canbe

—polygons and any convex polygon can be decomposed into triangles by choo#rgﬁsi

point in the interior and joining it to all the vertices.

hedra. Indeed, we may, after a preliminary decomposition, assume that C is convex.
We may also assume that the faces of C have been decomposed into triangles. Again,

are the fac1al trlangles and w1th apex p. Thus for two-forms, it is sufﬁc1ent to prove

Stokes’” theorem for tetrahedra.
By induction we can do the same in k dimensions: Let SeR* be the set defined by

S={x|x;>0 alliand ) x;<1




\e§  1eorem

A k-simplex is the subset of R¥ which is the image of S under an invertible affine map.
Thus a 1-simplex is an interval, a 2-simplex is a triangle and a 3-simplex is a
tetrahedron.

Now suppose that we have C decomposed into simplices[A;]. We claim that if we

com simplices going into the deco iti ,
with all their lower dimensional faces. We can then identify C with a chain in this
lex. i .
C = Z Ai
and

aC =Y oA,

Therefore

=Y | dw since we know Stokes’ theoremfor the A,

of a simplex.
We will make use of the invariance of the integral under pullback to reduce the
proof for a simplex to that for a cube. Here is the idea for the case of a triangle.
To prove Stokes’ theorem for a triangle, it is enough to prove it for an equilateral
triangle A since we can find an alline transtormation which carried any triangle
into an equilateral one. We may assume that the edge length of A is 1. Suppose

at one of the vertices and which does not tough the opposite side.
Then dz 1s also identically zero outside this disk. Now as far as Stokes’ theorem is

Figure 15.14




omp exes situated in R"
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vanish outside the circle

o0 oA

oy
=
(@
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But, up to a change of variables, the parallelogram is just a square. Hence
fsn7 =[5 dr and therefore (a7 =[ad.
mem‘mmm

Every smooth linear differential form (defined in a neighborhood of A) can be

—written as a sum of threeterms —— — — — — — —

T=T;+1T,+7T;

where each 7, 1s identically zero outside the disk D;, where D, is the disk centered at

the Cth vertex and of radious R, where 2 < R < 2 (so that the three disks cover the
e this we first establish a fact about a function of one variable.

is infinitely differentiable at all points.

Proof. For 4 #0 it is clear that f has derivatives of all orders and that f®(u)=0
for u<0. So we must prove that f®(u)u—0 as u—0 for any k. But
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f®w) = P,(1/u)e " where P, is some polynomial and hence
lim (1/4)®(u) = lim sP,(s)e =0

u—0 s w

since e® goes to infinity faster than any polynomial.
I uncti is =0foru<0Oandi ictly positiv
Let r; denote the distance from the ith vertex and define the function g; by

. JSR=r(x)) TR

9:) l 0 r{x)> R.
Then g, is infinitely differentiable and
g{x){>0 r{x)<R
i " =0 r{x)=0.
Let
g=91t9g,+9s.

[1Ceé_each- Do "/ nterio O3t leAq one-oO

r{x) <R for at least one of 1 =1,2,3 we know that

g(x)>0




for every xeA. So we can divide by g and set

L=&3 L=1,2,3.
g
Then
(>0 r(x)<R
AX
o ){=0 r{x)=0
and

O1(X)+ P,(x) + P3(x)=1 for all xeA.
T=@,T+ P7+ P37

T=1T, +7:2+T3.

Itis also clear that the above proof works in n dimensions. Just replace 3byn + 1
and 2 by 4 + 4 n. This completes the proof of Stokes’ theorem.
aWa - 2 A - £ 1 O M

are a X (100 1 43 asa O a - ne M NIE )
O ci - - W

— balls D; such that the intersection of D; with the simplex looks likea bit of a cube =

break up into pieces and reduce to the cube case.

Example

As an explicit example of Stokes’ theorem and the evaluation of forms on cells,
solid hemisphere of radius R shown in figure 15.17, with a right-handed orientation.
We will evaluate [,.t and [ dt explicitly.

The solid hemisphere is bounded by two cells: the hemispherical surface 4 and
the disk Bin the equatorial plane. If we assign both of these cells a counterclockwise
orientation as seen from outside, then 0C = 4 + B.

For the hemispherical surface, we use the spherical coordinates 6 and ¢ as

arameters u = 26/m and v=¢/2n a
integration is the unit square, but in practice a rectangle is just as convenient.

Zz
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The pullback of x, y and z under the parameterization o is o*x = R sin 6 cos ¢,

Ky — 1 1 ¥,
s

o*dx = Rcos 8 cos ¢ df — Rsin Osin ¢ do,

so that
S Y S ) 2 PAYIR *

= R*(R%sinOcos Ocos? pdf A d¢ — R*sinfcosOsin2 ¢pdg A db)
-~ RsinfcosbdOnrdd—

To check that a preserves orientation, we look at the images of the ordered set

vectors—e;and e;. I'he-images vy and v, agree with—the orientation o
hemisphere A, as shown in figure 15.18.

Now, to evaluate 7 on the hemisphere A4, we just calculate the double integral
*r __ [m/2 [2n 4 .2 4.

=0J$=0 =
For the disk B, a convenient choice of parameters consists of r = (x* + y?) and
the angle ¢. In order to obtain the disk B with the correct orientation we choose

N orae O h O alk» ne ma Imete aleTals ] NOWD N () - 0 ATt
(7 1< d c -

the images of e, and e, have the correct ordering for the orientation of B (counter-
clockwise as seen from below — clockwise as seen from above).
This parameterization B is specified by the pullback p*x =rcos ¢, f*y = rsin ¢,

—B*2=0, so that *v=r>(cos¢dr—rsingdg) A (sin ¢ dr+rcospde) or frr=—

7> dr A d¢ = —r®d¢ A dr. Thus the value of T on the oriented disk B is

[‘R [‘21:
—p3 d¢dr=— %WR“'
2 J":O J¢=0
Combining the results for the two cells in the boundary, we find

f (' f
J =J r+J 1 =nR* —igR*=1nR*
i J4 B

(2 4 42

* b




equator

€,

vy

2 ¢

by

2zdx A dy A dz. We parameterize the cell C by using spherical coordinates, r, 6, ¢.

The pullback under this parameterization ¥ is Y*x=rsinfcos¢, Y*y=
rsinfsin¢, Yy*z=rcosd and, after some calculation, we find y¥*(dt)=2r’sinf x

cos 0dr A dG A d¢. To determine the value of dT on C we integrate over a rectan-

gular solid in parameter space:

R i a1
EAY 4 P2y

d-
ai—=

JC Jr=0,J0=0 J4p=0

Let us now briefly indicate how we can use the proof that we gave of Stokes’ theorem

to suggest an alternative definition of integration of a k-form over a k-dimensional
submanifold. This alternative definition will coincide with the definition of

integration over a k-chain that we gave above in the case that the submanifold is

given as the image of a k-chain. This will then sketch out in more detail how to prove

as we illustrated at the end of the preceding section for the case of a sphere. The
material presented from here to the end of this section can be omitted on first

readine
ading.

Patching

In our proof of Stocke’s theorem we made use of a collection of functions
{1,...,¢,} with the property that each of the ¢s was continuously differentiable,

non-negative, and

¢,+--+¢,=1 in the region of interest (the simplex).

.
e each @ vanishes outside a ball D. where we choose the ba




des1rab1e property (In our proof of Stokes’ theorem this de31rab1e property was that

the cube by a dlfferentlable map)
We now recall the deﬁnltlon of a submamfold M of R". A subset M of R" was

and a dlifeomorphlsm f of D w1th an open subset U of R” such that f (DmM) =
AR where is identified wi ¢ k-dimensional subspace o given by

setting the last n-k coordinates equal to zero. Suppose that we can cover M by a finite
number of such balls, Dy,..., D,. (This will always be the case if M is ‘compact’, i.c. a

fi(DiﬂM) = Uiﬂ Rk.

Let us call this subset W, so

elther f or f So f,(D mD )1s an open subset of U; and /7 {D nD )1s an open subset
of U; and

fief;' maps f{D;nDj) onto f(D;nD)
and carries

W;n f{D;nD;) onto W;n f(D;nD,).

So our situation is as follows: We have covered M with sets O, =D, " M. Let g,




subset W, of R*. Furthermore, the map

95=9:°9; = of W;ng{0,n0, onto W;ng{0:"0)

is differentiable with differentiable inverse given by g,; =g;°9: -
¢ can think of the manifo as being covered with “patches’> Themapsg; * te
how the W; cover the manifold, and the maps g;; tell how the W; and W; patch

C ij ' )
then determines an ‘orientation’ on M. It is intuitively clear that if M is connected

there are then only two orientations.) Now let ¢, .., ¢, be a collection of functions

as above so that
0<¢;<1, ¢;=00utsideof D; and ¢, + ---+¢,=10on M.

—Now for-any k-form e« wecanwrite ————— — — —

w=¢,0+ -+ p,w.

Each summand on the right vanishes outside D;. We would then define
"
o=y (a" YW d.o.
A yi, i 1 i

L4 M v W'l

In other words, instead of cutting M up into pieces, we write any form as a sum of
small pieces each of which lives only on one coordinate patch on M which we can
then integrate by pulling it back to a subset of R*. A repeated use of the change of
variables formula easi ows that this definition of i al doesno on the
choice of the ¢; or of the patching (i.e. of the choice of O, and g;) but only on the

cnolce olorientation or 4 O lriner detaus - on this demnn on_-we reler once acain

15.5. Differential forms and cohomology™
The k-forms which we have defined will function as incipient k-cochains for any

__complex situated in R”, and the differential operator d is consistent with the
coboundary operator d. Corresponding to the subspaces which were defined in
terms of the image and kernel of the coboundary operator, we can now construct
subspaces of the (infinite-dimensional) spaces Q*®(R" by using the differential

.

integration over cells, a k-cochain W which satisfies dW= 0 and therefore belongs

k-cocycle.
If a k-form w can be expressed as w =dr, it is called exact. In this case, by

l" on _ove nNe ce O OmpIic D1VE e {0 ¢ — | }=cOchalin 0_d

k-cochain W, such that W=dT. The cochain W therefore lies in the subspace B*

~ ¥ Can be omitted on first reading.




of k-coboundaries. In other words, any exact k-form is an incipient coboundary.

SWa 3N alaskalls AE NOV N k a9 ciIrIvemace = k Ne () AL PONAINO0

or-any complex, we kno at B a—subspace © : orresponding
statement about k-forms is that any exact k-form (incipient element of B¥) is also
closed (incipient element of Z¥). The proof is simple: if w is exact, w = dr and so
= =0a 1

For any complex, the quotient spaces (cohomology spaces) H* = Z¥/B* depend
just upon the underlying space and not upon how it is cut up to form a complex.
We. might reasonably expect, therefore, to obtain the spaces H* by considering
differential forms: we take the quotient of the infinite-dimensional space of closed

or = =dr).
the so-called de Rham cohomology of the underlying space on which the differential
forms are defined.

a-—clu O § g-a-ba O o ,~WeTecad
complex, the space H* is dual to the homology space H,. It is therefore reasonable
to expect that a basis element for H* will be determined by its values on the
k-chains which form a basis for H; in any convenient complex in the space.

Let us consider some extremely simple examples which illustrate these rather

abstract considerations.

Example 1A. The underlying space is a single line segment. On the space we
construct zero-forms, which are differentiable functions f(t), and one-forms, which
are all of the form w = g(¢)dt.

In this case, the closed zero-forms are the constant functions, which define a

one-dimensional subspace. There can be no exact zero-forms, so the quotient space

O OSed Zero-forms vy €Xxa ero=rorm one=aimensiona

fact that no matter how we cut up the line segment to obtain a complex, the
complex is always a connected one, with dim H, = 1.

M ~canctderino ane_farmme A Arenave ot Avza Anrp_fara Av oot Given —

\_/ U L] e U =10 A U UV dl

g(t)dt we form an antiderivative G(t) = [g(¢)dt, so that w =dG. Hence H' is zero-
dimensional in this case.

Example 1B. The underlying space now consists of two disjoint line segments. In
. 0 _ 0 - . . . . . .

ave one constant value on the interval [a,b] and another, possi i ,
constant value on the interval [¢, d]. This reflects the fact that a complex constructed

i 1L | .

a b t

i Figure 15.21
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Figure 15.23

More generally, whatever the dimension of the underlying space, the closed
zero-forms will be functions which are constant on each connected component,

and these will form a space H° =Z" whose dimension equals the number of

connected components in the underlying space. From now on, we shall consider

9 O 3y s av-naoaihin YY)

Example 2A. The underlying space is a rectangle in the plane. Because the space

is connected, H® is one-dimensional. On considering one-forms, we note that any

closed one-form w is also exact, a result which we proved when considering line
integrals. The space H! is therefore zero-dimensional.

Looking now at two-forms, we note that every two-form is exact. The most
general two-form can be expressed as T =f(x, y)dx A dy. We form a function

X

ry/

LY r il a N ]
Coyy=| G yd
0

so that

OF

EC_ =f(x> y)

and then

d(Fdy)=f(x, y)dx Ady=1.

We conclude that H? is zero-dimensional.

Example 2B. The underlying space is again a rectangle in the plane, but with one

point, which we take to be the origin 0, deleted. Again, H° is one-dimensional

because the space is connected, and H? is zero-dimensional because every two-form

Figure 15.24




Figure 15.25

is exact. When we turn to one-forms, however, a new phenomenon arises: there
exist one-forms which are closed but not exact, so that H! is not empty in this case.

® ‘v S CORNSIAac 1 c TOINOIOOV SDACE

two-complex situated 1n this space, as shown in higure 15.25. Because the origin

is not _part of the space, there can be no cell in the complex which includes the

boundary. The equivalence class of such a cycle (modulo the space B, of boundaries)
forms a basis for the one-dimensional space H,. For the same complex, the coho-
mology space H' is dual to H,. Its basis element will be the equivalence class of
a one-cocycle W which is not a coboundary. Because H' is dual to H,, we expect
W to have a fixed non-zero value on any cycle such as « + f§ + y which encircles
the origin once in a counterclockwise sense. To find a basis for the de Rham

. . .

one-form w, with a fixed non-zero value on any curve which encircles the origin

except on one line proceeding outward from the origin (usually the negative x-axis,

so that — . < # < ). We then form the differential
xdy—ydx
wo=df=—7
* 4y

This one-form is defined and continuous everywhere except at the origin. It is

imuous functi ; 0=
curve o which encircles the origin n times in a counterclockwise sense,

»

J Wo = 27n.

A1

A basis for H in this case is therefore the equivalence class
. xdy-—ydx
e
X“+y

Where g(x, y) is any differentiable function.
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Example 3A. The underlying space is a rectangular parallelepiped region in R3. We
HY is one-dimensional (the region is connected);

H? is {0} (every closed two-form is exact);

H? is {0} (every three-form is exact).

The results for H', H*, H° follow as consequences of a general theorem, known
as Poincaré’s lemma, which states, loosely speaking, that, on any space that can
be-continuously contracted toa point, every closed differential fo is—alsoexact.
T'he interesting cases are those in which the space has ‘holes’ and so cannot be

contracted t i 1 i 1

Example 3B. The underlying space is a rectangular region in R3 with the origin

excluded. The results for H®, H!, and H?® are unchanged, but now H? is one-

dimensional. The differential form

xdyAadz+ydzAadx+zdx Ady

To —

is defined everywhere except at the origin. It is closed, as you can verify by a

and so it is not surprising to find it belongs to the equivalence class which is dual
to H>

Example 3C. The underlying space is a rectangular region in R* with the z-axis
excluded. In this case H! is one-dimensional, with basis

_xdy—ydx

= +d
W X2+ 2 g

but H? is zero-dimensional.
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Example 3D. The underlying space is the surface of a torus situated in R as
. . | 1 . . . . .

vo-dimensional. One basis elemen

which measures how many times a closed curve encircles the z-axis. The other basis
element is

- _(R—1)dz—2zdR
P2+ R-1Y

+dg R=Jx*+y?.

now prove Poincaré’s lemma by giving an explicit prescription for constructing a

The theorem will be proved for the case where w is defined on an open set in R"
which has the property that each point in the set can be joined to the origin by
a straight line which lies entirely within the set. Such a set is called star-shaped.
Later we can easily extend the proof to the case of a set which can be put into
one-to-one correspondence with a star-shaped set by a smooth mapping. Examples
are shown in figure 15.28.

ment joini origi an arbitra i . Because Qi = ;
this line segment is guaranteed to lie within Q. We define a function  which, for

cach noint p. mans the inte % q nto this line segment hus he coordinate
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Any function g defined on the region Q can be pulled back to the region Q x [0,1].
For ex i 1 " i g = L "

This means, in effect, that f*g is a function of p = (x!,...,x") and t which assigns,
as t ranges from O to 1, the values assumed by g along the line joining the origin

to p. Of course f*g is also a function of the coordinates of p; if p is changed, we
look at values of g on a different line segment. Study figure 15.29 until you visualize

— thesignificance of f*g.

n
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Figure 15.29




By the usual rules, we can pull back any basis one-form,
B*du'=d(ex') = x'dt + tdx,
of any k-form. Given a k-form w defined on Q, we can write it in terms of the
coordinates u*, ..., u"

w= Z ai‘.._ik(ul...u") duit A -+ A duix.

i1 <. <

L3

On pulling back such a form we obtain

ro= Y ay g 0xtaxM)(Edx" +xd) A A (Edx + xPedr),

Fo &8 000 T ¥
1 K

This k-form f*w is a sum of terms of the form 7,(t) = A(t, x',...,x")dx"* A -+- A dx*

— R 1 NdtaAadxtt A - A dx* =1 We now define 3 near - operato

) & FaY
Lty =V

1
Lz, =( r B(t,xl,...,x")dt\dx"‘ A Adxkt
\Jo /

This operator has the remarkable property that

dLTl + LdTl = Tl(l) — 11(0)*
dLTz + LdTZ = 0.

84 . . :
dr, = = dt A dx" A --- A dx'* 4 terms with no dt
so that
floA :
Ldt,=| —dx" A+ Adx™
o Ot
_— 1 n 1 n iy I

L 1
For T, we have

L, =( fl B(t.xl.....x")dt\dxi‘ At A dxBet,
\ /

0

which is not a function of t. In forming dLt,, we may differentiate under the
integral sign to obtain

n ' (1 9B S ,
dLt,= ) th dx/ A dxft A A dxet,
i=1\ Jo OX

—Ontheothertand

n

. OB
dr,= ) —dxX’ Adt Adx" A+ A dxh-t
j=10X"




or

n
1 h ] 1
at, = L (lt AdX?AdXTA T A X

so that

and we conclude that dLt, + Ldt, =0.

It follows that if we consider dL(f*w) + Ld(f*w), we can ignore all the term,
of type 7,, which involve a factor of d. As long as k >0, we have 7,(0) = 0 becayge
of the factor of ¢t which accompanies each dx’. Thus, setting t = 1, we obtain

dL(*w)+ LdB*w = > a; ;. (x'...,x")dx" A - A dx¥* = .

[ <+ <ip

But we know that df*w = f*dw, so we have

dLB*w + LB*dw = w.

Thus the linear operator S = LB* satisfies the identity

dSo+ Sdo=w.

If w is closed, so that dw =0, we have

dSw=w

and we have proved that w is exact.

extend the above result to the case where @ i1s deﬁned on a region W(Q) which is
the image of a star-shaped region under a smooth one-to-one mapping . If w is
closed, so is W*w, since d¥*w = P*dw = 0. We therefore can write ¥*w = d(SY*w).
Now, since P is invertible, we can apply the inverse pullback (¥*)~! to obtain

o = (P*)d(SY*w)

or

image of a star- shaped reglon D= ‘I’(Q) Another way of lookmg at thls state of
affairs is to note that we may introduce various coordinate systems on D in such
a way the region in coordinate space which gets mapped into D is star-shaped.
The operator (¥*)~1S¥* then corresponds to integrating along straight lines in
coordinate space. If D is the surface of the Gulf of Mexico, for example, then we¢
form S by 1ntegrat1ng along stralght 11nes Jommg pomts of D to the center of the

— different antiderivative (¥*)~'S¥* which corresponds to joining each point to the

origin by a path which appears straight when drawn on a Mercator projection map-




form

o = \ a (x1 ™ Ayil s wee a dyeik
ya iAWY e s AT JUATTTY N QOX—
i1<"‘<ik

¢rep 1. Form the pullback f*w by making the replacement x' — ¢x*in the arguments
of all the coefficient functions, so that

1

a(xt,...,x")—a(tx!,..., tx"

nd make the replacement

a
dx!— xidt + tdx’.

step 2. Throw out all terms which do not involve di. Move dr to the left in all other

terms, keeping track of signs carefully.

Step 3. Treat the dt as in an ordinary integral, and integrate over ¢t from O to 1. The
following examples show the procedure in action:

Step 2. B*w = (t*xy* + 2t*xy*)dt + other terms.

Step 3. Sw = xyZJf:)%rzdr = xy2
Check. d(xy*)= y*dx + 2xydy.
_ _Example 2. w=sinxdx A dy.

* .

Step 2. B*w = xtsintxdt A dy — ytsintxdt A dx + term without dt.

Step 3. Sow =(xdy — ydx)j;tsin xtdt

$in X — X COS X
=(xdy — dx( )
(xdy — ydx) ")
\ V4
(sinx—xcosx)d (sinx—xcosx)d
= » y—=y 2 X
X X 7 X X 7
or
[xcosx—sinx) , sinx
dy.

X
v

Sw=—cosxdy+ y| — Jdx=
N X 7

The answer differs from the ‘obvious’ antiderivative — cos x dy by the exact one-

fn?‘m
TOTTIT

. XCOSX —sinXx sin x
d(—f—smx\= — ydx +——dy.
\J\' / v N

Example 3. f*w = (y? — x?)zdx A dy + (x? — z%)ydz A dx + (2% — y*)x dy A dz.

*oy — $3(132 2




+ 3(x? — 2)y(zdt + tdz) A (xdt + tdx)
+ 1> =yHx(ydr +tdy) A (zdi + tdz).

Step 2. f*o =t*(— (y* — xHzy + (x? — z%)yz)dt A dx
+((0* — xMzx — (22 — y¥)xz)dt A dy
+(— (x? — 22)yx + (22 — y¥)xy)dt A dz
+ terms without dz.

Step 3. Sw = Ll) t*de(2x2yz — y3z — yz3)dx
F(2y22x — %32 — %23 dy + (222xy — xp® — x3y)dz
or
Sw = 2(x*yz dx + y*zxdy + z%xy dz).
— We have just shown that the kernet of STQ*—=QF*1isa subspace of the image

of S:Q**1 - OF Indeed, it is the entire image. Suppose, for example, that a k-form

in the image of S. To summarize: S = 0 if and only if @ =S¢ for some ¢.

Summary
A Exterior algebra and calculus
You should be able to define the spaces A4V *) for an n-dimensional vector space

V, and to write down a basis for each of these spaces.
You should be able to state and apply the properties of the d operator for
differential forms of arbitrary degree, including its relationship to pullback.

B Integration of differential forms
You should be able to evaluate the integral of a k-form over a k-cell which is
expressed as the image of the unit k-cube. _

You should be able to state and apply Stokes’ theorem and outline a proof of it.

C Differential forms and cohomology

and be able to identify forms that define basis elements of H* for 2-complexes or
3-complexes.

Given a differential k-form ¢ with d¢ = 0, defined on a star-shaped region, you
should be able to construct the (k — 1)-form S¢ with the property dS¢ = ¢.

Exercises

15.1(a) Let t(v,,v,,v;) be an alternating trilinear function (i.e, a three-form).
Without invoking properties of determinants, prove that, if v,,v,, and v,
are linearly dependent, then (v, v,,v3)=0.




(b) Let ', »% w? be three elements of V*. Without invoking properties of
jetﬂrminants pIQ!!e Ihat ]’f E!)l C]2 ;)3 are ]]’ncad}[ dﬁpﬁndﬁnt thgn
o' AwrAwd=0.
15.2. In four-dimensional spacetime let E be the two-form E =dt A (E,dx +
Eydy | Ede). Let B= Bzdx A dy - Bydx Adz Bxdj ~dz—Calculate
E A B.

15.3._Suppose we define the determinant of a linear transformation 4: R" —» R"
by

Det A =dx' A dx? A --- A dx"[A4e,, Ae,, ..., Ae,]

— where {dx},dx? ..., dx"} are dual to {e,,e,,.. €}
(a) Prove that if 4 is the identity matrix, Det A = 1.
(b) Prove that if A* denotes the adjoint of A4, then

— A*dx! * 42 * AN
15.4. Evaluate the following determinants by using the results of Exercises
15.3(c), (b):
2 -1 3 [ 2\ (-1 3
(a2} Pet 1 3 21 —dxrdvadz —1 3 2
(d) 70t 1 = ' S )= 1 i | wa
3 2 -1 3 \2) Y]
a —b 0 0
b a —b 0
(b) Det 0 b s —bl
0 b a
15.5. Let A3(V) denote the space of all alternating multilinear functions from

V x V x Vto R. Suppose that Vis four-dimensional, and let ¢!, €2, &3, &* be
a basis for the dual space V*. Using the wedge notation, write down a basis
for A3(V) and write a formula for the action of one basis element on a
—triplet of vectors (v,,¥,,¥3).
15.6. Let w = fdx + dy,t = gdx + dz where f and g are differentiable functions
of x, y, and z. Calculate d(w A 1), expressing your answer as a multiple of
dx Ady A dz.

15.7. Let B be a differentiable mapping from an affine space A (dimension m) to

ON A (] D Onec-10rm on [ { DOINL O

dt(g; w,,w,) = best linear approximation to

WG+ Wy, Wo) = (g, W) — (g + W, W ) + (g, W,)-
The pullback of a one-form is defined by
— BgVy=1(Bg; dBM)
while for a two-form o,

2 V1, V2] = > 1) ¥5)).

(a) Prove directly from the above definitions (and the chain rule, if you
need it)

dp*t = p*(d1).




(b) Introduce affine coordinates u!,..., 4™ on 4 and x',...,x" on B. Then

B may be specified by the differentiable pullback functions

B*x! = F'\(ut,...,u™,

%42 _ 201 4411}
’8 * _F(“ PEERELA O

B*x" = F"(u},...,u™)

=) Gix',..., x")dx/

where the functions G are differentiable. Calculate df*t and f*(dv)
explicitly and show that they are equal.
(c) Let 7 and 4 both be one-forms. Show that if Q =1 A A then *Q =

(B*7) A (B*A).

~

where « is the mapping which carries the point | § | in spherical

\¢/

-

X

1 1

coordinate space into the point | y | whose coordinates are r, 0, and ¢.

z
Calculate the pullback of the following differential forms (i.e., express them
in spherical coordinates).

(@) a*(xdy — ydx);
*xdx + ydy + zdz_

(b)a/’).?.?\?’
(x“+y+7z9)

xdy Adz 4+ ydz Adx 4+ zdx A dv’

E3
(C) x (W2 2 . _2N3/2 ?
Xy = z7)

(d) o*dx A dy A dz.
0
i
0x

Show that d4A=Afdx Ady Adz, where A denotes the Laplacian

2
52/1"}x2 + 52/5_‘}72 + 52/62 N

(b) Eet 1 x’i y’i z be differentiable functtons -on R* which Satlsfy—

OF, dF, oF,
+—24 = (0. Define
0x ay 0z

0 %)
dy /\dz+“—fd2 A dx+A—fdx A dy.
0y 0z




oF, &F oF, @F, F. OF
B=(g - ay\d“( —— \dy+(af+a.")dz.
N0y 0z ) N0z  0x/ \ox 0Oy /

Show that dB=AF,dy A dz+ AF,dz A dx + AF,dx A dy.

2
U

— A solid O O fla)sl:Eatall Ne 3 bounaea velow g C »
2 2 — : : 2 2 __
ﬁ%%%ﬂ%%@%mni, =

top by the paraboloid z =1 + x? + y? described parametrically by
B*x =rcos0,
p*y =rsiné,
Brz=1+r2
ese surface i i i ide;
as shown in Fig. 15.30.
(a) Evaluate the integral of the two-form 7 =xdy A dz — ydx A dz over
the paraboloidal top surface.
(b) Evaluate the integral of t over the cylindrical surface.
(c) Use Stokes’ theorem to express the volume of the solid in terms of the

. integrals which you have just calculated.
15.11. Let Q= xdy A dz.
(a) Evaluate {Q over thedisk x> + y* < R%,z=
(b) Consider the hemisphere x?+ y2+z2>= RZ%,z>0, which can be
parametrized by spherical coordinates as follows (see Fig. 15.31):

=

N

o]

COS
COSUy

-]

[\

sin 0 cos ¢,
Rsin 0 sin ¢.
E o i1l R and 1l 5 9 and &, and
thereby evaluate {Q over the hemisphere described above.
{c) Use Stokes’ theorem to write down an integral of a three-torm which
must equal the difference of the two surface integrals in (b) and (a).

State the geometrical significance of this integral, and thereby
evaluate it by inspection.

X
y

Figure 15.30




Figure 15.31

15.12(a) Consider a solid of uniform density p which occupies a region Q in R °.
Show that the integral of the two-form

P 1fv3rln rd= \13Av A dz
[ 3\/\ Uy 7N Ue BARSAIEAN =24

)
]

over the boundary of Q gives the moment of inertia /,, for the solid.
(b) Invent a two-form ¢ whose integral over dQ gives the product of inertia
; 2
(c) Use the result of part (a) to calculate the moment of inertia of a sphere of
radius a about a diameter.

15.13(a) Let Whbe the region in #° occupied by a solid body of uniform density p.
Show that the z-component of the center of mass of the body, Z, can be
determined as a quotient of two surface integrals evaluated over the
boundary of the body, dW, as follows:

vztlv A r]n
¥ p 2 A>3

[T

p .V AN y
= Jow
zZ =
r zdx A dy
aw

where r? = x? + y? 4 22,

a*y=rsingsin ¢, a*z = r cos 0. Calculate a*(dx A dy).
(c) Using the result of (b), evaluate

.
J 1r2dx A dy

ow

right-handed orientation.
15.14. Let C be the half-cylinder bounded by the planes z = 0 (Bottom)and z = 1
(Top), the plane x = 0 (Flat) and the surface x* + y* = a* (Curve). C hasa
right-handed orientation, so that e,, e, €., as shown in figure 15.32, are a
correctly ordered basis. Each face in the boundary of C has been given an

(a) Write down an expression, with appropriate signs, for C.
2

—(b)Let © be the-two-form 1 =x*dy Adz—2xzdx A dy. Calculate the —




<N

Figure 15.32

p*y = asinu, f*z = v, and thereby calculate the integral of t over the

face Curve.

(c) Using the mapping defined by a*x=rcosf,a*y=rsinf,a*z=1,
evaluate the integral of t over the face Top.

Vi n.

(e) Calculate dt. Using Stokes’ theorem, explain how this result provides
a check on your answers to parts (b), (c) and (d).

15.15. Consider the two-complex shown in figure 15.33.

(@) Let Wbe a one-cochain. Express the two-cochain dW in terms of W;
ie., express [ dW and {;,dW in terms of W,,....

cochain Wdetermined by w by integrating w over the branches. Verify
that 4/ — 0

t1Iddt U

determines a cochain W which is a cocycle but not a coboundary.
Would W still be a cocycle if S5, the interior of the circle bounded

by a and ¢, were included in the complex?

15.16. The unit cube shown in figure 15.34 determines a three-complex with six

faraq:

Iavywo.

Si:ix=0; 0<y,z<1
S;:x=1; 0<y z<1

1

[ BN aw n
O3y =00<x,z<1




\ £~ /
NE S
\\\jr,//
Figure 15.33

Sisy=1 0<y,z<1
S5:z2=0;, 0<x,y<1

S¢iz=1; 0<x,y<1.

Each face is given a counterclockwise orientation as seen from the outside,

y ANy — M1 2

(a) Let T be any two-cochain. Find an expression for dT.
2

truct the corresponding two-cochain T by integrating 7 over each face.
Evaluate dt and construct the corresponding three-cochain: check

that 1 1 A Ee al
Ulat It Lqualsy a1,

Ay

/

z V

7y

Ry
x

Figure 15.34
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Figure 15.35

(¢) Let w be the one-form w = x2ydz. Compute dw. Evaluate the one-
cochain W corresponding to w on branches a, 8,7, d,¢, . Evaluate the

15.17(a) Let  be a two-form on R* 1 =adx A dy + bdx A dz + cdy A dz, where
a, b, c are differentiable functions of x, y,z. Let ¢ be a mapping from R2
(coordinates u,v) to R3 (coordinates x, y, z) defined by

x = F(u,v), =G(u, ), z= H(u,v).
Verify by explicit computation that ¢*(dz) = d(¢*1). You will of course

have to use the chain rule

(b) Let v,,v, be vectors in R?. Then the pullback ¢*t can be defined by
P*7(vy, ¥,) = 1[dep(vy), dp(v,)]

a Vi

Use this definition and the chain rule

to prove that ¢*dt = d(¢d*1).
15.18. Using the S-operator described in section 15.4:
(a) Find a function f(x, y,z) such that

df = yer*dx + (x + xyz Je**dy + xy*e**dz.
(b) Find a one-form w such that

dw =xdy A dz + ydx A dz.
(¢) Find a two-form 7 such that

dr = xy?z3dx A dy A dz.
15.19. Let B=2z2dx A dy + yzdx A dz — xzdy A dz.
(a) Let W be any region in R>. Show that (,, B=0.

— (b) Find a one-form A4 such thatd4=B.

— 1520, Consider the two-complex shown in figure 15.35, with four modes, five

branches, and one two-cell S, which is shaded in the diagram. Let
xdy — ydx
T
Determine the one-chain W which corresponds to w. (Calculate
we, Wh, W, W We. Show that W is a cocycle but not a coboundary.
15.21. Let R!® denote four-dimensional spacetime, with affine coordinates

Arderad £ v 1 =
oracrea £, X, ), z.

w=d0¢




(b) Consider the two form

) ' L) s )

IfdW = 0, what relation among the partial derivatives of 4, B,and C
must hold?
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Chapter 16 is devoted to electrostatics. We suggest that the
dielectric properties of the vacuum give the continuous
analog of the capacitance of a network, and that these
dielectric properties are what determine Euclidean geometry
in three-dimensional space. The basic facts of potential theory
are presented.

We let A° = Q°(R?) denote the space of smooth functions on R3 (thought of as forms
of “degree zero’); we let A = Q*(R?) denote the space of smooth linear differential
forms, A% denote the space of smooth forms of degree two and A3 the space of smooth

Alsas a 10 o O N rae A/ Mavyvo Inasan h 11 OO A-- AT NIOWN n g 31 a e

i; that is, if we are given a complex in R, each form of degree i defines a cochain of
degree i by a process of integration. We thus have been thinking of i-forms as rules
: o . . - . . . - 1 b

2 = a h N Al e e a
+H-ay OT TUM©o O d . 3 s » ]

chain ¢ of degree i, then we can think of ¢ as defining a linear function on the space A"
to each form w of degree i we assign the number fco If w, and w, are two forms of
degree i and if a and b are real numbers, then it follows from the properties of
integration that

‘ ’ :
J (acw, +ba)2)=aJ o +bJ 5]

c&

c




584 Electrostatics in R>

The simplest illustration of this is when we take the chain c to be a zero-chain, say
the zero-chain which consists of the single point PeR? with the orientation +. In thig
case, the integration reduces simply to evaluation: the chain ¢ gives rise to the lineaj
function on A° which ass1gns to each fe A° the value f(P). If we thlnk of ¢ as a unit
charge pla an as a potential, then € energy
corresponding to the charge distribution which places a unit charge at P when the
potential is given by f. This reversed viewpoint, where we consider P as a linear

discrete charge distribution concentrated at P by a ‘smeared-out’ or ‘continuous’

charge distribution, say with density p. Here p 1S assumed tobea stQLh function of

set.) We can do so as follows. Consider the three-form (of compact support)
pdx A dy A dz. For each feA® we can multiply f with pdx A dy A dz to obtain the
three-form fpdx A dy A dz which is a three-form of compact support on R*. Having
ixed the orientation o , we can 1 - number.

Thus the form pdx A dy A dz defines a linear function on A°, the linear function
which assigns to each fe A° the number [rsfpdx A dy A dz. (Notice that if the total

. of-the fanct | i l :

the point P — in other words, if we let the continuous charge distribution approach

] 3 . -
Then we have shown that every pdx A dy A dze A, defines a linear function on
JeianihjnkﬁﬁanﬂemenlﬁLAﬂMmdﬁLsmearedﬂmLzemgcham—
In reality, as we know, the electric charges are discrete. But we can now get a grip
on the notion of approximating the discrete by the continuous. Suppose we had some
densely packed distribution of small charges, ¢(P;). Then we would get a linear
function

4

""LC; f(P) <~ -+ Figure16.1

on functions. This linear function might be well-approximated (for a broad class of
functions f) by the smeared-out charge distribution pdx A dy A dz in the sense that

r .
prdx A dy A dz %3 .3‘\5’ Figure 16.2

1S close to
N e. F(P)

"’lJ ASull 7

We shall now introduce continuous approximations for one-chains, two-chains, etc.

defines a linear functlon on A'. To see this let w be any element of 4! and form the
rod i hree-form of compact support which we can again



integrate over R? to obtain a number. In other words, QeA, defines a linear

.

u O v = 3 Y We 1€ 4 1
denote the space of smooth one-forms of compact support, then each element of 4,
defines a linear function on A2, so can be thought of as a kind of smeared-out two-

(1 ENIS 1O €3 (0 C TIUMDCT | 30 .

ale A~ deNnote ne DACE-O ero-form e Moot 1 on O omub

) B - = P - O O T SAS = o140 = S SL=aS

support, then each element of A, defines a linear function on A* and so an element of
A, can be thought of as a kind of smeared-out three-chain. 'To summarize:

A° is paired with A;,
Al is paired with 4,,
A? is paired with A,,

A3 is paired with 4,,

in the sense that, if we A’ and Qe A; _;, we get the number | 3w A Q. For fixed Q this

A . o
Nca 11 OI1 O (U, A150O, 10 XC( c} [1Cd )

invaria der-any orientation=preserving one-to-one mat o ntoi
differentiable inverse. If ¢ is such a map, then, for any three-form, 7, with compact
SR - . - O

coordinates.

—— 162, The boundary operator

Since we have the map d: A'— A**! we have the adjoint map, 9, which assigns,
to each linear function, ¢, on A**! the linear function dc on A* defined by (dc)(w) =
c(dw). This suggests that we should be able to find a map 0 from 4, , ; to A; such that

—forany oeA4;;yand anywed*wehave ——
“ w A do= r3da)/\a.

Jr? Jr

To find out what the operator @ actually is we observe that

dlw A o)=dw A g+ (=1)w Adg,

and, by Stokes’ theorem (and the fact that w A ¢ has compact support, so that we can
replace integration over R® by integration over some finite region on whose
boundary the form @ A ¢ vanishes), the integral | sd(w A o) vanishes. Thus

ad 4

(=D)"*Y | oAado={ doao.
R r®

o

From this we see that

o=(—1y"td.




) . ectrostatics in R?>

In other words,

0=~d on A,
ol 1

v=u on A,
A—A 0 - 4
U—10a=9v Ull /13

We thus have the series of maps

d d d
A% > A' > 425 43,
2 2 2
Az~ A, A, < A,.

<

5 TP~ I A B Y 5 0 D= IOy
where ¢ =(—1) a4 O0n A; 1
The operator 0 is sometimes called the formal transpose of d. The reason for the

word formal is the fact that we can express d purely in terms of d and that the formula

JwA60=Jda)/\a

is only valid when the integration is over a region for which there are no boundary
contributions. We have arranged this by having the integration carried out over

i tbv-insisting 4 I W 1d i i
arrange that the same formula hold by insisting that w have compact support.

4it1l

.
;o wemight-want toconsider the rorms ot compact suppor
.

fundamental objects, and consider that the map & is defined on the space of linear
functions on A;.

A4 g~ N

16.3. Solid angle

As an illustration of this reversed point of view, we shall do a basic computation.
Let P be some point in R*® with coordinates Xp, yp,zp. Let 7, be the solid angle
form subtended from P which is defined to be the two-form

_(x—=xp)dy adz—(y—yp)dx Adz+(z—zp)dx A dy
= - )

R3; it is only defined on the space R® — {P}, i.e, on three-space with the point P
removed. Nevertheless, the form 7, does define a linear function on the space 4;-

Indeed 1 = 1 1 1 1 th co-

efficients and compact support. Then
-3

Tp

The coefficient of dx A dy A dz is not defined at P but the singularity at P is only
of order r; 2 (si sion inside the bracket vani r at P).



N T ange

Hence, the point P represents no problem in the computation of the integral. Since
w is of compact support, the integral over all space is well defined. In order to
evaluate the integral, it is convenient to pass to spherical coordinates centered at
p. If rp,0, and ¢ are such coordinates, then

Tp=sIn0do A do.

B
2

Figure 16.3

Suppose that w = Fdrp + Gd0 + Hd¢ in terms of these spherical coordinates. Then

Thus

[ f2rfm  (fo ;
JRJDATP=JO Jo mneiL)Fameﬂmdn;d9d¢

support. Thus in the preceding formula F = Ju/0rp in terms of the spherical
coordinates and the innermost integral on the right reduces to the constant value

() 4 a = Ay
cl i L]

of the sphere, and we have proved the basic formula
r

JMA@=—%Wq (16.1)

Let 0, denote the zero-chain which assigns to each function the value u(P), 1€,
Op represents a unit charge concentrated at P. Then the right-hand side of equation

4 ; - R - =11t / A1 aYrq ytad A1 Al +ha Inatt
U vdall U S ] _ "' vdlllad (1 O it W d

side is the value of 7, when evaluated on du. We can thus write (16.1) as

[ _ Ao S {16 1)
Ulp = — 97l0p. 1o 1ay

(Notice that in the preceding equation we may not equate 0 with d. The form 7p
is not defined at P and hence dt, is not defined there. At all points where 7p is
defined, we have dtp = 0. Nevertheless (16.1a) is fine as an equality of zero-chains —
that is, as linear functions on functions.)

charges ¢, at P,,c, at P,, etc. That is, we consider the zero-chain

p;H€30p,+

A
0

€1

ra)
b4

Let us set

D = — (CITPI + CZ‘L'PZ + "').




Then D gives a well-defined linear function on A, and we have the formula

0D = — 4nQ.
If, instead of a finite discrete charge distribution, we are given a charge distribution
wi Ig ity p of compact support, then we can replace the preceding

deﬁmtlon of D, Wthh involves a sum, by a correspondmg 1ntegra1 That is, we

] ] ] I ] . F * . - ; . 0 ] ] ] ; an We
shall do so shortly, that D is a smooth two-form that is defined throughout aj]
space.

4 Eloctric field b and diclectric_dissl

We are now in a position to define the fundamental objects in the theory of

mtegrated along any path glves the voltage drop across the path. Thus the units

equation satisfied by E is

dE=0

Locally, this is equivalent to the existence of a potential u, i.e., to the equation

1/

E=—du 6.2)

For most of the regions that we shall consider, this is the form of the equation
that we shall use:

We want to think of E as an incipient one-cochain and of u as an incipient
zero-cochain. We now also need an object which should give a smeared-out one-
hain This witlt form. D. Tt is called the dielectric displ e

represent a smeared-out version of the one-chain giving the branch charges. We

So we expect that

AN pu | P | P |
oD =—pdx ANay AN dz.

In fact, the standard definition of the units of D and p (in the cgs system) are
such that this is true up to a factor of 4x:

| 0D = — 4npdx A dy A dz. | (16.3)
This is known as Gauss’s Law. By Stokes’ theorem, and the fact that = —d on
two-forms, we can rewrite this as

r

D=47IJ pdx AdyAdz
oW w
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relating the surface integral of D over the boundary of a region W to the total
charge inside.

Of course, D is not determined by the equation 8D = — 4npdx A dy A dz. Adding
any closed form to D will not change this equation. The two-form D is part of

To measure D, msert small parallel metal plates, lying in the xy-plane, into a
cavity in the surrounding medium. Touch the plates together, then separate them.
They acquire charges + Q. Then

charge on top plane (toward + z)

D,=4n lim
area—0 areca Of plateS
! 4
+Q
) —1
y4 /
-Q

In fact, the preceding definition extends to a coordinate-free definition of D:
iven any pair of vectors, v, and v,, form a parallel-plate capacitor whose plates

1 29

charge on top plate

D(v{,v,)=4nlim

h—0 h?
V2
¥ m&
S~
=V
Figure 16.5

Which is the top plane depends on orientation, since orientation reverses if v, and
¥, are interchanged

D(VZavl) = — D(VnV?)-




S ) Electrostatics in R?

Since charge is additive, D is bilinear in v, and v,, so by its definition it is a two-form,
We have now generalized the topological equations for capacitive networks tq
electrostatics in general.

di
\» 27272

V = —d® becomes E — .
0Q = — p becomes 0D = —4npdx A dy A dz.

If D is a smooth two-form, dD = + 4npdx A dy A dz.
We should recall that (having picked an orientation — say, the standard one) we
can regard E as a linear function of D that assigns to D the number

{l
J E A D.
R3

In fact, this integral may be defined, for a particular pair E and D, so long as the

_ product E A D vanishes sufficiently rapidly at co. For example, if the product goes

to zero as r~* or faster, the integral will converge. We shall need to keep this
degree of flexibility in mind.

We now have the smeared-out versions of the topological part of our theory of
capacitive networks. We still need a version of the matrix C giving the relationship
Q=CV.So we want a map

D = C(E)

sending electric fields into dielectrics. We will study this map C in some detail in
the next section. Here we will draw some consequences from the following two
assumptions about C.

Recall that in network theory the map C was diagonal 1n terms of the branch
voltages. In particular, if a voltage across a particular branch vanishes, then the

also vanishes identically there.

-
o
[
N

rEl A C(E,) = (Ez A C(E,).
J J

In the next section we shall describe the map C as it actually occurs in nature.
We shall see that there is an intimate connection between the map C for vacuum
and Euclidean geometry. In all media, conditions (a) and (b) hold. For now, we

ing material, by itior, i € € i
charge. In other words, in a conductor the form E, which measures the work

one i . lectric cl b Tl ing (2 ,
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In the interior of any conductor, the forms E and D must both vanish.
Hence the function u must be constant on each connected conducting body.

charges (in electrostatics) in the interior of a conductor. Or in the words of Faraday,

ec nductor lie on its s

The density of this surface charge is, of course, given by D. The total charge, p;,
on a particular conductor, is given by integrating D over its surface.
Let us suppose that we have introduced charges only on the conductors. So we

arc 4
and 4, with corresponding D and D, we have

AL+ D) 1 B nAD
a(uD)=du~D+uadbd
=—FEAD
over the exteri TS, = ere. Thus, by Stokes” theorem
-~ def o~ A~
(E,E)= EAD= ubD.
region all
exteriortoall conductor
conductors surfaces

On the ith conductor surface, u takes on a constant value — say ®;. We can thus
pull u out of the surface integral and so

(ELEy= ¥} D).
AN el § ya) L
conductors

This gives Green’s reciprocity theorem as used in section 8 of Chapter 13.
A third property of the map C is that the scalar product ( , ) is positive-definite.
Thus if we take E = E in the preceding equation, we get

(F I A
L, L) — y»

If all the conductor charges are zero, the right-hand side is zero. By the positive-
definiteness property, this would imply that E =0 and hence that all the ®s are
equal. So if we consider one conductor (say an imaginary conductor at infinity)
as grounded, the charges p uniquely determine the potentials ®. Similarly, the
potentials uniquely determine the charges. We would then have a map from the
space of all conductor potentials ® to all conductor charges p and we would be

able to use the results of Chapter 13.
All of th1s is under the assumption that, gwen an as51gnment ®, of potentials

view of mathematics, an interesting and non-trivial problem has been posed: the

Dirichlet problem. 1t is a question of an existence theorem in the theory of partial

differential equations. It occupied the efforts of many gifted mathematicians in the
last third of the nineteenth century. It was finally resolved positively, by several




different techniques, each of which has given rise to interesting mathematicg)

devetopmen AVaaV2ERYY N aakaV¥a 0} 1) ~ - - .~ O ~N VY'Y ne a =

problem for more general partial differential equations is still an active area of
research. We shall say something about this mathematical problem in the next

On D OMmMpicic d On S O ae he one O ] DOOK O

physicist, the question of existence is a peripheral issue, relating to the logica)
consistency of a mathematical idealization of the physical model. The physicis
knows that the hypothesis of static charge distributions is only an approximation
to the underlying physical reality. If the model is appropriate — if the idealizationg

—of static charges on the surfaces of conductors at constant potentials and the

corresponding electric fields give a reasonable description of the situation — thep

4 g o~ o o o A o A ¢ >
C A LS cl Y\ ¢l

4

the mathematicians allow weirdly-shaped conductors which cannot be constructed

: ice ( her ‘phvsicall ble’ fiti l
is something fundamentally wrong with the theory. Better to deduce logical conse-
quences of the assumed existence of solutions and observe if their physical
predictions hold. If they do, then a failure of the existence theorem probably

represents an esoteric fine point in the theory of no great physical moment.

Let us adopt the physicist’s point of view for the remainder of this section. We
assume the existence of solutions for given charge or potential distributions on

boundary conditions.
We can now draw several important conclusions.

The principle of electrical screening. Suppose that several of our conductors — say
conductors 1 through 7 — are completely surrounded by another conductor — say




potentials on all conductors. Conductor number 8 will be at some constant

fnduced charges and potentials are on the interior conductors. But suppose we
consider a new function u’ = u outside and u’ = ®, inside the cav1ty of conductor
is is a soluti i =D= _
zero charges on all interior conductors. By uniqueness this is our original solution —
as no charges have been introduced to any interior conductor; similatly, if we
adjusted the potentials of any of the exterior conductors. In short (up to a meaning-
less, overall constant in u), the 1nter10r cavity of a conductor is electrlcally screened

Tom a I —This princi sed in the
constructlon of electrostatic measurlng instruments where we do not want any

open — or replace a portion of the conductor by a wire mesh which is almost as

effective a screen as a solid conductor.) In addition to its practical importance

the principle of electrical screening is a helpful computational device when used in
conjunction with the following principle.

Replacement of an equipotential by a conducting sheet. Suppose that we have a

surface on which u is a constant, ®@. (S is called an equipotential surface.) Now
suppose we replace S by a thin conducting sheet inserted at potential ®. The
nature of the map C is such that it is essentially unaffected by the insertion of
such a conductor. Thus the insertion of the conductor has practically no effect.
In the interior of the thin conducting sheet, E and D have become zero, and charge
has accumulated along its two surfaces, but elsewhere everything is as before the
sheet was inserted.

— For example, suppose our medium is rotationally invariant. Then the potential —

of a charge Q placed at the origin must be of the form

u=Af(r).

(In the next section, we shall see that, if the system is invariant under all Euclidean
motions, we must have

=2

’ r

for some constant ¢.) Now insert a thin spherical conducting sheet of radius a.
This does not affect the fields either inside or outside the sphere, but D vanishes
in the interior of the sheet. If we draw a spherical surface inside the sheet, the
total charge enclosed must be zero. Thus a total charge — Q has accumulated over
the inside surface of the sphere (and a total charge Q on the outside). We can now
dlscharge the interior (by conducting a wire between the charge at the origin and

prlnc1ple of electrical SCI’EéIIIIIg, while the interior poten tial becomes constant. Thus




the field for the exterior of a charged spherical conductor is given by
Of(r) rza,
Of(a) r<a,

where f(r) denotes the potential of unit charge at the origin. This method allows
us to compute the field and the capacitance of a spherical capacitor whose plates

2y,

/MA
%///

Figure 16.7

N
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Again start with a charge Q at the origin, with the conductors absent. Insert the
spherical conductors. Charges accumulate along the inner and outer surfaces.
Discharge the interior surface of the inner conductor by connecting a wire to the
or1g1n and d1scharge the outer surface of the outer conductor by groundmg 1t to

The tunctlon u between the two spheres remains the same as before with a charge
Q on the outer surface of the inner sphere and — Q on the inner surface of the

onter_ocnrfara
vulivl suliace,

N VN
/ / AN

/AN

/1/ \}\ // \\
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Figure 16.8
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Here is another illustration. Suppose we place a charge Q at the point

/4 /4N
—1 t
0 | of the x-axis and — Q at the point [0 . Then the potential at all points will be
0 0
n;‘lPI\ bV
El Al o

QU (r-)—f(rs))

of Euclidean invariance, f(r) = ¢/r. For this situation, the equipotential surfaces
look like figure 16.8.

After we insert a conducting sheet at one of these equipotentials, we can abolish
the field on one side of the surface by discharging the charge — Q. We then get

the field of a point charge Q and one of these surfaces. For example, if we take

A AN

=2

e

Figure 16.9
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A

Figure 16.10
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the surface to be the plane x = 0, at zero potential, we obtain the solution for the

problem of a point charge in the presence of grounded plane conductor. A charge

— Q is induced on the inner surface. The field on the other side of the conductor

S W
H

on the other side of the conductor. 1his 1s an example oif the metho
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Figure 16.11

Here is one final example that we shall use later. Consider a sphere of radius R.

X
Place a charge Q at a point | 0|. Let x" be such that xx’ = R*. By similar
0
triangles
xR
r. T,
or
1 R
re X,

So placing a charge — Q(R/x) at the point [0] gives potential zero on the

:>

\V
sphere. This allows us to compute the potential for a point charge placed anywhere
in the interior of a grounded conducting sphere.

16.5. The dielectri Fic:

We now must turn to the problem of ﬁndmg the analog, in electrostatics, of the

1 8iv

The first property we recall of the matrix C is that it was diagonal in terms of
the basis given by the branches. In other words, the branch charge contribution

in electrostatics: we want a linear map E~ D such that the value of D at any point
depends only on the value of E at that same point. In other words, if

E=Edx+Edy+E.dz




- - ¢ 1lona spac

(where the coefficients E,, ..., D, are functions), then the relationship between the E
and D should be given by a matrix of functions

(&:4)

ij7

so that

Dx = 811Ex + 812Ev + 813Eza
Dy=¢,,E, +¢5,E,+ &53E,,
D,=¢3,E, +¢&3,E, +&33E,.

Each of the entries ¢;; will be a function, and the matrix function & = (¢;;) gives
the dielectric properties of the medium. We can write the relationship between D
qnd E as

D=¢E
—So now the equations of electrostatics become ——
E=—du D= —4npdx A dyadz
and
D=¢E

We may combine these equations by introducing the Laplace operator defined by
(Au)dx Ady Adz= — dedu

so we get Poisson’s equation

Au= —4np.

matrix &.

For general media, all we can say about g is that it is a symmetric matrix, for much
the same reason that C was. Beyond that, we can say nothing. There do exist
situations — crystals under stress, for example — where & is a variable symmetric

matrix.

The medium is called homogeneous if ¢ is invariant under translations, and so is
a constant. The medium is called isotropic if the relationship between E and D 1s
invariant under rotations. We now examine what are the possible forms of £ if the

— ’ -

16.6. The star operator in Euclidean three-dimensional space

We begin by exhibiting a linear map

* ALR3*) -

(it

AZ(R3*)
=)

£

which is rotation invariant. Define

o | 3 |
*dx =dy ~dz,

xdy=dz A dx

5

xdz=dx A dy




and extend by linearity; that is, define x: A1(R3*)— A%(R**) by

x(adx + bdy + cdz) = ady A dz + bdz A dx + cdx A dy.
Let

w=adx + bdy + cdz

and

— 44 T o D | v ar
U=—AUx+ DUy T+ Clus

and notice that
xw A 6=(ad +bB+ cC)dx A dy A dz.

We can write this last equation as follows. The Euclidean scalar product on R gives
rise to a scalar product on R** — on one-forms — given by

(w,6)=aA +bB +cC.

The scalar product, together with the orientation, picks out a preferred volume
form dx A dy A dz. The last equation reads

(xw A 0)=(w,0)dx A dy A dz. (16.5)

A moment’s reflection shows that this equation determines the map x uniquely. B
the right-hand side of this equation involves (as a function of w and o) only the
scalar product and the orientation. Any rotation preserves these. Hence

The x operator is rotation invariant.

We claim that, up to a scalar factor, x is the only map of A1(R**)— A2(R**) which
. ionally i . That i laim that, if r:AL(R**)— A2(R®*) i
other map which is a rotation invariant, then r = ax for some scalar a. Indeed,
we claim, lirst, that either r =0 or r has zero kernel. Indeed, kerr 1s a subspace ot
R>. If r is invariant under rotations, this subspace would have to be invariant
under rotations. But there are no rotation-invariant subspaces of R*® other than
the trivial spaces {0} and R Thus either =0 or 7 is an isomorphism. If =0,
there is nothing to prove. If r is an isomorphism, consider the map

I=7r"tx, R>*SR™

By hypothesis, the map [ is rotation invariant, i.e.,
I(Rw) = Rl(w)

for any rotation R. Let us write

lo=aw+ Lo

where Lo is perpendicular to w. In other words, decompose lw into components
erpendicular to w. By jonal invari , I i

(lo,0)=allo|?

is independent of w. We claim that Lw =0. Indeed, we must have LRw = RLw
for any rotation R. Choose some rotation R which fixes w, but rotates non-trivially

in the w* plane. Then Rw = w but RLw # Lw if Lw# 0. Thus Lo=0.Thus

lo=aw




or
roo=dxw

which is what was to be proved.

Thus, up to scalar multiples, x is the only rotation-invariant map from A!(R3*)
to AZ(R3*).

(The converse is also worth noting. The x operator determines the scalar product
( , oC = D) — n
determines the scalar product and orientation.)

We can now let

o =adx + bdy + cdz

be a differential form. That is, we can let a,b and ¢ be functions. Define the
operator as before

xw =ady Adz+ bdz A dx + cdx A dy.

Once again
*0 A T=(w,7)dx Ady A dz
We can now use the assumption that our medium is homogeneous and isotropic.
This implies that

itis a property of the vacuum that £ = ¢,x where ¢, is a constant. Conversely, since
the x operator from A'(R?) to A%(R3) determines the scalar product, we may say

In what follows, we will assume that the units of E, D and & have been chosen
so that the ¢ is absorbed into the x operator. Thus the equations of electrostatics
have become

SO

Au= —4mp

where a direct computation shows that
0’u 0*u  0%u
| o o T
It is important to observe that the * operator is not invariant under differentiable
maps. We do not have

Au =

P* (x ) = > Pp*(w)

unless ¢ is an orientation-preserving Euclidean transformation. Nevertheless, we

. .

__can compute the x operator in more general coordinate systems by using 1tS




definition. For example, suppose we wish to compute the x ope€rator in polar
—coordinates given by
r=(x*+y*+2%), O=arctan(\/(x2 +y?)/z), ¢ =arctan(y/x).

—of the basis dx, dy, dz with coordinates expressed for convenience in terms of r,§

and ¢, we find

== N

dé = 1(cos 0 cos ¢ dx + cos fsin p dy — sin 6 dz),
F

1
do = _(—sin ¢ dx + cos ¢ dy).
rsint

Direct calculation, using the orthonormality of dx,dy and dz, shows that dr,dé,
and d¢ are orthogonal elements of R>* at each point (7, 6, ¢), and that

1 1

r r°sin

The best way to summarize all of these results is to notice that {dr,rdf,rsin 6 d¢}
forms an orthonormal basis for A'(R?) so that we can calculate with these three
differentials just as we do with dx,dy and dz. Thus

xdr =r*sin 8d6 A d¢,

*x(rsin 0 d¢) = rdr A d6.

Of course, using linearity, we can then compute xdf or xd¢.

16.7. Green’s formulas

In this section we give the continuous version of the Green’s formulas of
Chapter 13. Let U be a bounded region in R*® with boundary oU. Let

E=Edx+Edy+Edz and F=Fdx+Fdy+F.dz
be linear differential forms defined on U. We define their scalar product (E, F)y by

" .l

(E,F)y = J EAxF= J (E.F,+E,F,+ E,F,)dxdydz = (F, E),.
U

U

We define the corresponding electrostatic energy to be 1| E|Z where

)

v=\L,L)y= x y z ydaz.

Now suppose that

E=—du and F=—dv
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where u and v are smooth functions. Then

- duxdvy=duaxdv+udxd—— — —

=du A xdv+uAvdx Ady A dz

o)
R

Then
s uv— = -
v v v
$O
(du,dv)y=| wuxdv— | uwAvdx Ady A dz. (16.6)
o/ oY JU
—

This is known as Green’s first formula. Since (E, F), = (F, E),,, we can interchange
u and v in Green’s first formula and subtract. We get

i

f (uxdv — vxdu) = [ (uAv — vAuydx A dy A dz (16.7)

JdU JU

which is called Green's second formula. Let P be a point of U and let us draw a
mall ball, B,, of radius ¢ centered at P and completely contained in U. Let us

TN
@ )
N -

Figure 16.12

apply Green S second formula to the reglon U with B, removed The boundary of

1

ar
dv= 3
Ip
*xQv—=——Tp,

and




On the surface 0B, the function v takes on the constant value ¢~ *. We thus obtain

N\

e *xdu i Au
——Jv (urp+——)+J utp+e‘1J’ *du=——J —dx Aady adz.
ou B, 3B

e v-s TP

Now by Stokes™ theorem

f *du=f dxdu

0B, J aB,

so that integral is of order ¢’. Hence the third term on the left goes to zero, in
fact is O(e?). The function u is assumed differentiable and so u(x) = u(P) + O(g) on

0B, so we can replace

aB ¢B
4 4

with an error which is O(e). But

the total area of the unit sphere. Thus, letting e >0, we get

u(P)=Lr /ur‘.,+ﬂ\—,i &dxdvdz. (16.8)
4n o\ rp ) 4m [, T

e H " .
A function u is called harmonic if Au = 0. For harmonic functions the last term in

b

: . rivatives, ' ’
prove, u is determined by its values on dU alone. To begin, let us apply the preceding

/\
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¢ ons

sw Tp

1
u(P)=4- m,,+j xdu
ow

Now rp is constant on 0W and, by Stokes’ theorem,
r r

xdu=| dxdu=0 since Au=0
aw i4

Thus

But the expression on the right is just the average of u over the sphere oW.
We have thus proved:

If u is a function harmonic in some domain, then the value of u at any point
is equal to its average value on any sphere centered at that point, whose
interior is completely contained in the domain.

and a neighborhood, Z, of x, such that

u(x) <u(x,) at all points in Z.

Let S, be a sphere of radius a lying in Z and centered at x,. Then u(x) < u(x,) at
all parts of S,. Thus the average of u over S, 1s < u(x,). Now suppose that there
were some point y on S, at which u(y) <u(xX,). Then u(x) < u(x,) at all points x
near y, and therefore the average of u over S, would be strictly less than u(x,).

u(y)=u(x,) at all points of S,.

two points of W can be joined by a continuous curve lying entirely in W. Suppose
u achieves its maximum' at some x,e W. Let y be any point of W, and let C be a

ball with center x lying entirely in W. By the compactness of C we can choose a
finite number of these balls which cover C. We can therefore formulate the
following. There are a finite number of spheres S, ,...;S,, such that each sphere
and its interior lie entirely in W, S,, has center x,, the center x; of S, ., lies on




S,.,and yeS,, . (See figure 16.14). But this implies that u(Xo) = u(xy) = = ulx,) =
Let u be harmonic in a connected open set W, and suppose that u achieves
its maximum value at some x,e W. Then u is constant on W.
Let U be a connected open set and let U denote its closure,so U =Uu dU,
where 0U denotes the boundary of U. Suppose that U bounded. Then if
u is a function that is continuous U and harmonic in U,

u(x) < max u(y)
yedU

unless u is a constant.

Proof. In fact, since U is closed and bounded it is ‘compact’ and u is continuous,

some point x, of U. If we could actually choose x,€ U, then u would have to be
a constant by our preceding results. If u is not a constant, then x,edU, and we
have proved the proposition.

Let U be a connected open set with U compact. Let u and v be functions that

are continuous in U and harmonic in U. Suppose that

u(y)=o(y) for all yeoU.
Then

uX)=ov(x) for all xeU.

Proof. Infact,u — vis harmonic and vanishes on dU. Thus u(x) — v(x) < Ofor xe U.
Similarly v(x) — u(x) <0, which implies the proposition.

An alternative way of formulating the last proposition is to say that on a domain
U a harmonic function is completely determined by its boundary values. This is a
uniqueness theorem: there is at most one harmonic function with given boundary
values. It suggests the problem of deciding whether the corresponding existence

Dirichlet’s problem. Given a continuous function f defined on dU, does there exist

all yeoU?

Let us give an alternative proof of the uniqueness of the solution of Dirichlet’s
r a bounded domain, U. We will use Green’s first formula (16.

(du,dv), = r uxdv — f uAvdx A dy A dz.

ou U

Let C?, denote the space of differentiable functions which vanish on dU. Let H
denote the space of harmonic functions on U — functions v that are continuous on U
and satisfy Av =0 in U. Then, if ueC?, then, since u =0 on dU,

int?




J[ uxdv=0 for any smooth function v.
oU

If veH, then uAv =0 for any function u. Thus
If ueC;), and veH, then

(du, dv), = 0.

The spaces dC?, and dH are orthogonal under ( , )y.
In particular, suppose u is harmonic and vanishes at the boundary. Then

(du, du)y = 0.

But

[ ({ou\*> [Ju\* [ou\?\
(du,du)U=JU\\a—Z—) \“} \))dx/\dy/\dz

he on 145 nis can happe all t N3 % 2 SO % ae Ca
U. But then u must be a constant, and since u = 0 on 6U u= 0 Thus a harmonic
function which vanishes on dU must vanish identically. As before, this proves the
uniqueness part of Dirichlet’s problem.
Now the spaces dC° dH, etc., are infinite-dimensional vector spaces. We have not,
in this book, developed a theory of such spaces, or of projection operators m, on such
spaces. Such a theory can be developed, and it can be proved that the following

The space dH is the entire orthogonal complement of dC;), inside dC°.

If E= dv and (E,du) =0 for all ueC%,,, then Av=0in U.
Therefore, given any function y, we can break dy up into its components

dy =du+dv where ueC), and veH.

In other words, du = ndys where = denotes the prOJectlon onto the dClnt component,

functlon ¢ deﬁned on 6U ﬁnd a function v such that Av =0 and v=¢ on 0U.

Solution: choose any  which agrees with ¢ on cU and is defined throughout U.

Decompose dy into 1ts components as above Then, since u vanishes on 0U, we

Notice that since (du, dv), =0, we have
Idy 115 = lldullg + Il dollg

SO

ldy 112> |1 dol3.
Thus, among all functions which take on the values ¥ on the boundary, the
solution, v, of the Dirichlet problem can be characterized as the function with the

the energy of the electric flC'd then Dirichlet’s pr1nc1ple can be thought of assa 71ng




that the solution, v, of the Dirichlet problem is the function v whose dv hag

asihallias as ENero O d N E "N tho ~Arana 149 £Wa' — ) O
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We shall not prove that the solution of Dirichlet’s problem exists for genera]
domains. (For a proof, see Loomis & Sternberg, Chapter 12.) However, we sha]j

AN K1ndas o1 aomaiil A 14 (] 0_de

some general principles of electrostatics.

16.10. Green’s functions

Suppose that U is a domain for which the Dirichlet problem can be solved. We
shall now develop, for U, the analog of the Green’s function that we have discussed

For each x in R®, fet us set

1 1
LY

T

K(x,y) =

dn [x—yl
—As-a function-of y(for fixed xywehave — — — —— — — —

1
*dK(X, ) = ITX.
T

We can rewrite equation (16.8) of section 16.6 in terms of K as

£ <) ra I | N { AY 1.\ { 3 A 3
mxX)y= (UXANX, ")+ NX, 7 )JxAu) — AX,'J)auadyv.
v du JU

U and continuous in U and such that

5 b

Furthermore, for fixed y, h(x,y) is a continuous function of x. In fact, by the

D 1 2>

on oU, and hence
1 2 ~= 1» 2
zedl
and K(x,z) is clearly uniformly continuous in x for all zedU so long as x stays a
fixed distance away from dU. We have thus constructed a function h;, such that

(i) hy(x,y)is a continuous function of x and y for x, ye U, and is differentiable
in y for yeU,
(ii) For each fixed x,A hy =0; ie., Ahy(x,) =0;
(ii)) Gy(x,y)= K(x,y)+ hy(x,y) =0 for yedU.
The function G, is called the Green’s function of the domain U. Let us suppose for a
moment that G exists, and let us derive some of its properties. We write G = Gy

o1y o 1) At Al ZWal A\
V A A

have
G(x,y) = G(y, x).




Let B,“9 and B, , be small balls about x and y. et u= G(X, ) and v= G(y, ) in

cond : B+
are harmonic in the domaln and vamsh on dU, we obtaln

G(x,")xdG(y,") + G(x, ) *dG(y,")

o 0By
r »

= G(y,)*dG(x,") + G(y, )*dG(x, ).

o an e o 5By5
We will show that the left-hand side approaches G(x,y) and the right-hand side
—approaches G(y, x)-as ¢ =0. By symmetry, it suffices to fook at the left-hand side. —

Now

o 0Bx g

) Gix Yxdh
/ L U\.l" } (oA~ ¥ &
JoBy, Jomy, Josy,

e first te ight-ha ide approaches G(X,y) as in section 16.6, since
4nxdK is the solid angle about y. The second term tends to zero, since G(x,-) and h

j G(x,°)*dG(y, ") = j K(x,")*xdG(y, ) + j h(x,-)xdG(y, ).
OBy ¢ OBy ¢

OBy ¢

The second term tends to zero, as above. The first term can be written
1 ' 1 (
47 ), 47

OBy,. VYU Bx,e

since G(y,-) is harmonic in BY .- This proves that G(x y) = G(y, x).

v= G(x ) on U B,, We get (s1nce G(x, )= 0 on 6U)

¢ r .
J uxdG(x,) — J uxdG(x,") + J G(x, )xdu = J G(x,")Audx! A -+ A dX".
ou OBy,

8By ' U
f K(x,)xdu + r h(x,-)*du=-‘1— f *du + ( h(x,-)*du

J 8By J 8By, ane J s, , J 8B,

)+ O(e?)

and so tends to zero. We get

u(x) = J{‘, G(X,)Audx* A - A dX" F Jr uxdG(x, ).
U ou

_ We observe that this equation shows that if we know that there exists a solution

]

n

F(x)= | G(x,y) f(y)dy solution of the Poisson problem. (16.11)




Similarly, if we know that there exists a smooth solution to the problem

Au=0,u(x)= f(x) for xedU,

then it is given by

(]

|
; u(x)=| u*dG(x,") solution of the Dirichlet problem (16.12)

It is important to observe that these formulas are consequences of the existence
of Green’s function . I ind the function
h such that properties (ii) and (iii) hold. For example, we can explicitly construct

? »

R D 2 Y

For x #0, let X’ be its image under inversion with respect to the sphere of
radius_R:

X'=-——X. (seefigure16.11.)

Define the function G by

n

. S ifx 0,
ly=xiIx[ly=x]
47[GR(Xsy)= 1 1
ifx=0.
LIyl R

If xeB,, then xX'eBg, and so the second terms on the right-hand side of the

equation are continuous and harmonic on B—R. We must merely check that property
(iii) holds. Now for ||y| = R we have, by similar triangles (or direct computation),

D

R fy=x

i

I
I

- M
Ix Iy —xI||

so that

it

Gr(x,y)=0 for |y|=R.

. . sea . . ° -
]

radius R.
To apply our formula for the solution of Dirichlet’s problem using the Green’s
function, we must compute xd G on the sphere of radius R. Now

4rxdGr(X, ) =7, ——— 1,




. a ormua

But
R 2
= ity =R
Ixi 1y —x'| Ry —x|°
We thus see that for ||y| =R,
@rxdG= —1— y(y RN
T e w3 x! r__ X' i
MRt RV e Y
RZ“HYHZ -
Iy XI|3R22y* y
R2— |x2
= 5o —xrdr
K=y — x|

R W dSz is
element on the sphere of radius R. If we now substitute into our solution of
Dirichlet’s problem:

.
u(x) = J u(y)xdG(x,y)
au
we get
R — x|
dru(x) = J‘DR RZ!.‘;’—~XH3 u(y)xrdr.

But (xrdr) = RdSR, where dSj is the volume element of the sphere of radius R. If we

—substitute-into-the last formula, weobtain——————————————————

RZ-nanf u(y)
4R ) Iy —x|°

In the proof of (16.13) we used the assumption that the function u is differentiable

in some neighborhood of the ball Bg and is harmonic for ||x| < R. Actually, all

that we need to assume is that u is differentiable and harmonic for || x| < R and

continuous on the closed ball |x|| < R. In fact, for any || x|| < R, equation (16.13)
—will be valid with R replaced by R,, where |[x{f< R, < R. If we then let R, —
approach R, we recover (16.13) by virtue of the assumed continuity of u.

gquation 6.13) oives the solution of D hlet’s problem for a ball pro

dSy (the Poisson integral formula). (16.13)

u(x) =

WROW 1114 ne sotution exists. . a % %
open ball and continuous on the closed ball, it satisfies (16.13). Now let us show
__that (16.13) is actually a solution of Dirichlet’s problem for prescribed boundary
values. Thus suppose we are given a continuous function u defined on the sphere
Sr. Then we are given u(y) for all yeSg. Define u(x) for ||x| <R by (16.13). We
must show that

(a) u 1s harmonic for | x| < R, and
(b) u(x)—ulyo) if x>y, and [y [ =R
To prove (a) we observe that Gg(x,y) is a differentiable function of x and y in
the range || x| <R, <R,R, < |yl <R?*/R,, and is, by construction, a harmonic
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function of y. For || x| <R and |y| < R, we know that
Gr(X,y) = Gr(y,X).
> OGrl,y)1 i i R : in

|yl = R, we see that Gg(X,y) is a harmonic function of x for |[X|| <R, <R fo,
each fixed yeSg. Thus 0Gg(x,y)/0y’ is a harmonic function of x for each yeS, 1y
other words, all the coefficients of xd Gg(:, y) are harmonic functions of x for each
yeSg, and therefore so is each coefficient of u(y)xdGg(.,y). It follows that the
function u(x)= |5 uxdGgr(X,) is a harmonic function of X, since the integra
converges uniformly (as do the integrals of the various derivatives with respect to X)

~for |x|| <R, <R.This proves(@.

To prove (b), we first remark that the constant one is a harmonic function

tion (16.13) is applicable to it. We thus h
R* —x]? dSz

4nR ly —x |3
J SR Y Tt

1 for any ||x| <R. (16.14)

Now let y, be some point of Sg, and let u be a continuous function on Si. For
any ¢ >0 we can find a é > 0 such that

lu(y) —u(yo)l<e for |ly—yol <26 yeSi.

Let Z, = {yeSg:|ly—¥ol > 20} and Z, = {yeSg:|ly — Yol <26}. Then by (16.13)
and (16.14) we have, for || x| <R,

2 2 .
amR sy —x|°
SO
[IPPYEAY sl M < T LTI
X)) — Yo <41 +12
where
PR i 4 i WL L0 P
4nR  J, ly—x]|?
and
R? — ||x||? w(y) —u
= R [ uty) — o)l g
ank  Jz, |y —X|
Nowif“yo—xH<5,thenforallyeZl,wehave ly—x>1y—=Yoll — IX—=Yoll»

so that ||y — x| > . Thus for all x such that ||x —y,| <& the integral occurring

in I, is uniformly bounded. Since || x| — R as x—y,, we conclude that I, -0 as
X =Y.

With respect to 1,, we know that [u(y) — u(y,)| <e for all yeZ,, so that
R? — x| edS R? — | x|? d
Ix|” (_edSe _ RE—xIP(  dSe _
4nR  Jo Iy —X] anR s Iy —x]|

by (16.14). This proves (b).
We have thus proved:

Iz=




Theorem Let u be a Contlnuous functzon def ned on the sphere SR There is a

- LLOUS ‘
on the Sphere S R and is harmomc for || x Il < R. This function is given by (16 13) for
all ”X | <R

the ex1stence of a solutlon of the D1r1ch1et problem for the s1mp1e case of the

sphere. We will not give the details of any of the various proofs which work for
more general regions. But here is an outline of a method of proof which can be
made to work with some effort.

~— Suppose we approximate Euclidean space by a network. Let us place a node at

every vector v whose coordinates are dyadic fractions with denominator 2V - that
is-at all v of the form

D)

1 "l l .
=_2 m

N

Here N is some large, fixed integer. Let us join every node to each of its six nearest

this network, let us assign capacitance 2" to each branch. Let Ay denote the Laplace
operator for this network. For any twice-differentiable function u, it is easy to see
that

Ayju—-Au as N - .

It we are now given a bounded region U with boundary oU, we can consider the
network of all nodes in U and all branches joining these nodes. We can declare

networks, we can solve the Dirichlet problem for this ﬁmte approximation. Given
any continuous function ¢ on dU we can assign values, ¢y, on the boundary of

our finite approximation by taking ¢y(n) = ¢(x) where x is the nearest point to n
on the boundary. (If there are several points equally near, choose x to be one of
them.) In this way, we have approximated the continuous Dirichlet problem by a

Figure 16.15
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discrete, finite problem we know how to solve. We expect, as N — oo, that the
sequence of solutions Uy will converge to a function u (defined on all the dyadic
vectors and extended by continuity to all) which solves the honest Dirichlet
problem. In fact, this method works, at least if the shape of the boundary is not

Summary

You should be able to state the laws of electrostatics in terms of the differential formg
D and E.

electrostatics in R3.

Given a differential form » on R3, expressed in terms of coordinates whose
5iff " 1 | ] hould be abl ho.
normal basis and use it to construct *m.

You should be able to describe the relation between electrostatics in R> and

capacitive networks, explaining how the star operator plays the same role as the

capacitance matrix.

Exercises
16.1. Let D =14=(xdy A dz + ydz A dx + zdx A dy)/r® where r? = x*+ y? +
2 . C CSENLS C CC .!-9 accmen O el . l!' ) O
the origin.
(a) Evaluate [, D where R, is the disk z =z, x* + y*> < a?.
R, 2 18 curved surface of a cylinder:
—2z9<z<Zzy, X*+y*=a*
esults of (a) and (b), check that |z, D =47, where R; is the
cylinder with curved surface K, plus disks ltke R, at its top and
bottom.
16.2. 1e -

are all functions of x, y, and z. Using the star operator = defined to be linear
and to satisfy

*dx=dy A dz, xdy=dz A dx, xdz =dx A dy,
*dy A dz =dx, xdzAadx=dy, xdxady=dz
xl=dxAadyadz, xdxAadyadz=1,

t+a +ha £f~AH M
COHIPUTS the TOHOWIIE.

(a) xd4;
(b) xd«xA;




Exercises

(c) xdxdA4;

(d) xdxdf where f(x, y,z) is a scalar field;
(€} x(A4 ~ By where 4 and B are one-forms;

(fy x(4 A xB) where A and B are one-forms.

rsinflsing. z=rcosf

1 Y A Tas T S

(a) Express dx, dy, dz, dy A dz, dz A dx, dx A dy, and dx A dy A dz in
spherical coordinates (i.e., use the pullback equations for x, y, and z to
(b) The star operator defined in Exercise 16.2 is a linear transformation
specified by its action with respect to basis vectors dx,dy,dz,
dy Adz,.... Express this operator in spherical coordinates; i..,
calculate xdr, xd0, and xd¢ in terms of df A dp,d¢ A dr,and dr A d0,
and calculate x(d0 A d¢), x(d¢ A dr), and x(dr A d6)in terms of dr, d6,
and d¢
(c) Express the two-form 7, of exercise 16.1 in spherical coordinates, and
——show thatitequals+d0dtp— — — — ———————————————————
16.4. If u represents an electric potential function on R?, its Laplacian Au may
be defined by

Audx ndy ndz=d=xdu:
(a) By regarding u as a function of x, y, and z, confirm that

A 62u+62u+62u
e ——
ox*  0y* 022

b B T unction of r.0. and 6. develop a formula for A i

terms of partial derivatives of u with respect to r,0, and ¢.

16.5. Consider a two-form D expressed in spherical coordinates by D=
P1=7rsin0d0Add r<1),D=0(@F>1).
(a) Verify that if E=r(1 —r)dr for r <1, then D = xE. (Note that dr A
*dr=dx A dy A dz)
(b) Find a potential u such that E = — du. Also evaluate ¢D (which equals
—dD). Now check that [, E = — apU, as required by Stokes’ theorem.
- (Recallthat [pE=|g@EAD)
—16.6. The differential form that represents D for a unit positive charge may be
expressed in spherical coordinates as t =sin0df A dé¢.
(a) Evaluate |47 where S is the sphere x* + y* +z° = 1.
(b) Show that dz =0.
(c) Using Stokes’ theorem, explain why there cannot exist a one-form
do=r1.
(d) Find a one-form w, defined on the octant of R® where x >0, y >0,
in invent a suitable @, but then express it in ter X, Vs
and z.

16.7. Let u(r,0) be a smooth function on R? with compact support. Evaluate

xdy — ydx

Jdqu where w=d0= > 5
R? x“+y
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(Because w is undefined at the origin, you should first integrate over the
region outside a disk of radius & centered at the origin, then take the limit
ase—0)

16.8. Let ¢ be a rotation in R3, so that ¢ is represented by a matrix A4 for which
AA"=Tand Det A= + 1. Let w be a one-form w = F,dx + F,dy + F,dz.
Prove that in this case

*(¢* w) = ¢*(xw).

16.9. Consider the five functions

v, =1 v,=r?cos?N=1z2), vy=r* v,=r*cos?0(=r?z?),
vs = r*cos*f(=z*).

‘lll"l ll_ e a 8 = .ll = Na 2 0.

(a) Calculate dv, «dv, and Av for each of these five functions.

1 2,

interior of the unit sphere, ¥ < I.

(c) Find a basis for the two-dimensional subspace H of C°, which consists
of functions with Av =0.

(d) Construct the matrix (I — m), which is the orthogonal projection of
dC° onto dH. Thereby you can also write down .

cos*B + cos20 on the sphere r = 1. (This is a Dirichlet problem.)
(f) Use = to find a function ¢ which vanishes on the unit sphere, for which

equation.)
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Chapter 17 continues the study of the exterior differential
calculus. The main topics are vector fields and flows, interior
products and Lie derivatives. These are applied to
magnetostatics.

17.1. Currents

At first glance, it would seem to be a straightforward matter to give the continuous
version of resistive networks. All we need to do is make some minor changes in
he di ; 1l i l We | he f E and tl .

E ='— du. We replace energy by power. We replace the two-form D of electrostatics
by a two-form, J, which should represent the smeared-out version of the branch
currents. We have a pairing between the current J and an electric field E given by

bl 4
JD/\J

measured in units of power. Kirchhoff’s current law said that 6I = 0. So the corres-

— ponding smeared-out version says
ys

0J =0
AP o1 In 141 4
VL SIHICC 0 = — d, tn4al
dJ =0.
= s
4 J= O-*E

where ¢ is called the conductivity. If we define r = 1/o and call it the resistivity,
then we can write the preceding equation

E=rx"1J
and this is the smeared-out version of Ohm’s law
V=RI
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We should now pause for a moment to see what the form J represents. Suppose
we consider some surface S. What is the meaning of {sJ? Suppose we had a finite
network and the surface crossed certain branches, say «, f and y, oriented as
indicated in figure 17.1. Then, taking orientation into account, we can think of §
as defining the one-cochain which assigns to each current I the number I, — 1, + I .
More generally, S defines the cochain which assigns to each current I the totql

current across S, taking orientation into account. Thus, in our smeared-out version,

we should think of [sJ as the current across S.

If we think of current as charge in motion, then we can think of fSJ as the rate

of charge transport-across-S- H-S-is-a closed surface, S=30U, then
~ -
J=| dJ=0
J S v U
so the total rate of transport across S is zero, no charge can be created in the
interior. This fits with our original discussion of Kirchhoff’s current law, so all

works out fine.

There is a point of geometric interpretation which does require further
explanation. We know that in reality the electric current consists of electrons in
motion. Each electron, thought of as a point particle, moves along some curve.
Thus the form J, integrated over a surface S, is really counting the number of
electrons crossing S (in either direction) per unit time. We should have some

geometric object, more directly related to the family of curves of the individual

electrons, which describes their motion, and from which we can reconstruct-the

4+ 14
hall see, the correct notion here is that of a vector field.
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17.2. Flows and vector fields

In this section, to avoid an accumulation of indices, we shall work for the most

part in R3. But we will not make any special use of three dimensions, so our
formulations are valid in any dimension.

Let U be an open region in R*. Let I be some interval in R containing the

<
)g

a |
|
/
7 _(
//p /, \
/]
——
/]

Figure 17.1
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origin. Let ¢:1 x U — R* be a differentiable map. We think of t€l as representing
an instant of time. We can then regard ¢ in two different ways: Suppose we fix
some peU. Then the map

O, p):t~> (L, p)
is a curve in R". Of course, for each different p, we get a different curve. We can
consider the tangent vector, ¢'(¢, p) = (d/dr)¢(z, p). On the other hand, for each fixed
¢, we can consider the map ¢,: U — R* given by

¢(p) = o(,p).

Let us assume that

i.e., that

$) ). NCII 10 cacnli i d [ V i a td
at p. We thus have a rule which assigns to each point p of U a tangent vector at
p. Such a rule is called a vector field on U. We will denote a vector field by a

|
N -

Figure 17.2

For any p, the assumption ¢,=1id implies that d¢,=id so d(¢,), is non-
singular for small enough t. Thus by the implicit function theorem, ¢, is one-to-one
with differentiable inverse in some neighborhood of p. In order to avoid accumu-
lati i :U—>R* i iable inverse on all

'wbt = d’to d)s— L
Then y, has all the properties of ¢,, but now

Wy, =1d.
Thus for each sel, we get a vector field, call it ;. In short, we have shown that,

given ¢:1 x U —»R¥, we get a one-parameter family of vector fields &,. For each
peU there will be some neighborhood W of p and some neighborhood k of 0

__such that & is a vector field definedonw. ... ..

Example:
(a) Suppose w is some fixed vector. Let

ot p)=p + tw.
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Then ¢'(0,p) = w for all p. Also

och~ 1 — )
t 7

=p+(f—s)w
= ¢, (W)

“Tr1T—S\

w
0]

E(p)=w for all v and s.

-
=
[(]
s

¢'(0,p)=4p
Also
p.op s (p)=e(e”*p)
= elt=9)4
=, P
SO

E(p)=Ap for all s.

The vector field in this case assigns to each point p the vector Ap.
Notice that, in both examples, the vector field &, did not depend on s. This was

—_a consequence of the ideptity
¢t°¢:1 = (bt—ca

or, replacing s by —s,

s+t = 50 Py
A map ¢ satisfying this identity whenever both sides are defined is called a
(stationary) flow. In case ¢, (U)=U and I =R, we also speak of a one-parameter
group of transformations of U.
Thus, for flows, we get a fixed vector field, € = &, all s.

——Suppose we start with-a linear vector field—— — — — — — — —
¢(p) = Ap

where A 1s some given matrix. Then, by the results of Chapter 3, we know that
we can form

and then we have ¢ defined by

—Let {; be avector field depending smoothly on s and p defined for seT and peU.
Then each p has a neighborhood W of p in R* and a neighborhood K of 0 in R such
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that oK x W— R¥, ¢ =1id and is smooth and the s-dependent vector fields defined
by ¢ are precisely &;. Ifthe £ = £ (i.e., do not depend on s), then ¢ satisfies the identity

e £ o
Perx— Vs Wt

-
Lo

never both sides are defined.

147
wi

approximations. We will not present the proof here. It is standard and can be
found in any text on ordinary differential equations. For example, a proof is given

in Loomis & Sternberg Chapter 6.
Suppose that € is a vector field and f is a differentiable function. At each point
__p, we can construct the directional derivative

Dé(l))f )

D, f- For example, suppose we are in R? and the vector field is given by

(a(p)\

K/

b(p)
c(p)

\ /

&)=

where a, b and c¢ are functions. Then

5(‘ £ af‘
Dy, f=a®)==p)+bE)=@)+cm)—®).
0x Jy 0z

»5]

q

Thus
of —of —of
D§f=a8—£+b5+c52—.
For this reason we shall use the following notation: we shall write
0 0 0

E=a—+b—+c—.
T Ox 0Jy 0z

In this notation the symbol 0/dx, for example, is thought of as the constant vector
field

—

p’\)

But

of
Da/axf = 'a“;

is constant vector field acts like the partial derivative. So, similarly,

field
{9
)
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is written as

" o .0 0
€=aa+bé;+ca;
and it acts on functions by
D.f= a—]+bay gi
~ Another way of putting this is as follows: the differentiat
of of .  of

df= ~—d + d+—d

can be thought of as the function which assigns to each point the row vector

Yo T2 o (p))

\ 0x 0z
g\

[£2
We can (at each point) evaluate this row vector on the column vector Lb) to

get the value

of—f 0\ {2 of—of —&f
Edfy=| =22 |[b|l=a=+b " +c >
” ox 0y 0z ) \¢/ ox ay 0z
So
D,f=<&df).

There is still another way of thinking about D,f which is very instructive. Let
$: I x U - R* be as above and &, the corresponding vector fields. For each t we can

d¥ 1) = f(o.p) = f(&(t,p))

7
7,

p.
Q
g

(61 —1)

is again a perfectly good function. Evaluating this function at some point v and
letting t — 0, we see that

lim ~ (¢*f )p) —tim [f(¢(t,P)) f ()]

t—»ol

=D, . f.

smv
So, as functions,

1
D,f=lim—($}f—f).
t—0




The interior product 621

We have now seen that a natural geometric object to attach to a flow is a vector
field. But we have seen in the precedmg section that the electric current (Wthh is,

operatlon which allows us to pass from the vector ﬁeld describing the flow of the

electrons 1O the two-form describing the current. The two-form will depend also
on the density of the electrons. Obviously a higher density of electrons moving
along the same flow lines will produce a larger current. So we really need a

~mathematical operation which will pass from vector fields, £, and three-forms —

pdx A dy A dz to two-forms. We describe this operation in the next section.

(multilinear and antisymmetric) of k vectors in V. For every vi,...,v,, we get a
number

ra \
OV, Vg, -, Vi)

Now let v be a vector in V. We will deﬁne a functlon of k—1 vectors of V by
simply substituting v in
of wy,...,W,_, given by

OV, Wy, ..., Wi ;).

This function (of the w’s) is again multilinear and antisymmetric. Hence it is an

element of A*~(V'*). We call this function the interior product of v and « and denote
it by

i(V)w.
Thus

i(V)(D(Wl,. . .,Wk_l) = (D(V, Wl"‘ .,Wk_l).

Let us see what the interior product looks like in various cases. Suppose we are in
R* and take a basis:

1
d
——= 0 and dual basis element dx = (1,0, 0),
ox 0
Ay /
a 0
— = 1| and dual basis element dy =(0, 1, 0),
v/
o O
% 0| and dual basis element dz = (0,0, 1)
z 1

Then if k=1, so w is a one-form, i(v)w is just w(v), a number. Thus

(0 B . { 0. B
z(a)dx—l, l(@x)dy 0, 1(—&)d2—0
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If k=2, then

ox,

Similarly

and

Also

)

y

SO

{0

i/i\dX/\dy=—dx il — JdxAdz=
\ay) * \&y)

And similarly

0,

1(%) dy Adz=dz.

Also

s
I(K)(dx/\dy/\dz)

)

N\ /

0
(W, w3) = (dx A dy A d2)( o w,,
¥

V4

/ \
{5 )0 ) )|
0x Ox 0x
= Det
dx(w;) dy(w;) dz(w,)
dx(w,) dy(w,) dz(w,)
1 0 0
= Det (dx(wl) dy(w,) dz(w,)
\dx(w;) dy(w,) dz(wz)/}
. dy(w,) dz(w,)
‘De‘(dy(wz) dz(w2)>'
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So
0
i(-—\(dxAdV/\dﬂ:d\;/\dz
\ox ) o=
Similarly
A\
i| = JdxAdyadzs)= —dx adz
dy/
and
'/a\d dyad d d
zkg)(x/\ y Adz)=dx A dy.
. < clearlv bili ) | . So, if
0 0 0
§=a5;+b5}+cé—z-
and

w=pdx A dy A dz,

i(§)w =pady Adz—pbdx A dz+ pcdx A dy.

using this definition at each point, we can equally well define the interior product
i(§)w where & is a vector field, w is a differential form of degree k. In R3, all the

In particular, if we start with a vector field, &, representing the stationary flow
of the electrons, and a three-form w = pdx A dy A dz giving (a smeared-out
approximation to) the electron density, we get a two-form

J =i()w

giving the current. The explicit formula for J in coordinates was given by the
preceding formula. In order to understand why J represents the current, we can

o - - al s A ] N D91 ]
wie U U v - viawiens . Ui . Cl AW 17— > '

parallelogram spanned by vectors w, and w, at p. The vector v = h&(p) represents

-
o T
>pW

W,

Figure 17.3

motio d near p in a small time
interval, h. In other words, the parallelepiped spanned by v, w, and w, gives
(approximately) the region swept out by the parallelogram in time h. The total
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charge in this parallelogram is given by

(v, Wy, Wz) = [l(V)CO] (wla Wz)
L HHEp) e
= hJ(p)(Wy, W)

parallelogram spanned by w, and w,. So J, when integrated over a surface, giveg
the rate of flow of charge across that surface.

Let us conclude this section by proving the following important formula con-
cerning the interior product:

— deg oy

(A check shows that this formula is true in all the cases in R*® that we have

But since (17.1) is purely algebraic, it is enough to prove it at each point, ie., to
prove it when E=v is a vector in V and w, is an element of A{V¥) and w, an
element of A'(V*). Both sides of the expression are linear in &, w, or w, when
the other two are held fixed. We may write § = a,v, + --- + a,v, where {v,,...,v,}
1s a basis. By linearity in &, it 1s enough to verity it for & =v,, a basis element.
With no loss of generality, we may assume

é — Vl.
Let us first prove the formula when w, is a one-form. By linearity, we may
assume that

form

a),=vj,5 A oo /\vj,!:.

We can now consider various possibilities.
(@) i=1, j,>1. Then v}(v,)=0 for all j=j,,...,j, and in the determinant

expression for

(wl A wZ)(vlawla sy wl)

. .

if w, =v} A v¥ A v}, then

vi(vi) vi(v) vi(vy) vi(vy)
vi(wy)  vi(wy)  vi(wy)  vi(wy)
viw,)  vE(w,)  vi(w,) vi(w,)

v¥( * * * )
Nz & 3}/

(a)l A wZ)(v, Wi, W, W3) = Det

/ 4 ~ ~ ~ A

1 U [§) U
R K (U R CAN (CANG (O
V(W) vE(W,)  vi(w,)  vE(W,)

viws)  vi(ws)  vi(ws)  vi(ws)
A AV 37/




(vf(wl) vi(w,) Vﬁ(wl)\
k 3(wa)—vi(wa)vi(w2)

VEwa) vE(ws) VE(WS) )

= (V¥ A V¥ A V)W, W, W)
4 3 4710 e D7

.

Thus the determinant expression for (w; A ®,)(V,Wy,..., W,;) is the same as the
expression for @,(Wy,...,w;). Thus

i(v)(o, A w,)=w, =[iV)o,Jo, — o; AiV)o,

since i(v)o, =1 and i(v)w, = 0 in this case.
We now turn to case (b):i=1,j; = . Then o, A @, = 0. Now i(v;)o, =1 so

((v)wq) A Wy = w,,

while
1 — v¥ *
i(vi)wo, =VE Ao AVE
50
Y )E) VEAVEA A vE
wl N\ lel 22—V jl N\ /\ le
= ).
1) o
mus

i(v)w; AWy —wy ANi(Vy)w, =w, —w, =0,

ji = L. i 25V 3
the left hand side of (17.1) can be written as

iMoo,

by case (a). The first term on the right hand side of (17.1) vanishes and the second
term equals — w; A w; by another application of case (a).
Finally, if (d) i> 1 and j, > 1, then

(v, A wy)=0

i(Vl)Cl)l = 0

and

i(v))w, =0

so both sides of our equation vanish. We have now proved formula (17.1)

for the case that deg w, = 1. But then the associative law for exterior multiplication
will allow us to prove it in general. For example, suppose that w, = 6, A 6, where
dego, =dego, = 1. Then

i(V)(0y A0y Awy)=i(V)o, A0y A wy)— 06, Ad(V)o, A @,)

=i(V)o, A (0, A Wy)— 06, Ai(V)O, A @y + 0, A Gy A iV,
=[iV)o, A0, — 0, AiV)o,] A Wy + 0, A Gy Ai(V)O,

This proves the formula when w, =g, A 0, and hence, by linearity, for all cases

N dego @, — N e N continue to prove the general formula b NnAy D1 O

example, if dego, =1 and dego, =2,




i(V)(01 A 02 A @3)=i(V)oy A (0, A ;) — a4 A V)(02 A ©2)
=iVJor Ao A @, — 0, A VIO, AW — O ATz AKY)w;

=i(v)(o; A Oa) AWy, — G AGy A i(v)w,

w
©

¥ . .
vy 2= 1 AWy — W, 2

if degw, = 3 and so on

17.4. Lie derivatives

Let ¢:I x U— R* be as in section 17.2. Thus we have, for each tel, the map
¢, U— R ¢.(p) = &(, p)

and we assume that

4 Y
Qo = I

Let &= &, be the vector field associated to ¢, at t =0.
I be a diff o 1h £ W der the f )

the form

1

for ¢t # 0. We claim that the limit of this expression exists as ¢ = 0. Indeed, if 0 =f

is a function, this limit exists at ¢ = 0 and is just the expression

legitimate and so we see that

1
lim-(¢*df —df)=dD,f.

t»ot

Now the most general linear differential form is a sum of expressions of the form fdg
and

¢ (fdg)—fdg = (o f)¢idg —fdg

ooooo

SO

~%
|

t=ol




Thus lim,_o(1/1)

(¢*w — w) exists for any one-form. Furthermor

e, this limit can

where @; and w, are one-forms we have

d);"(wl/\a)z)~—a)1Aw2=¢;"a)1/\q§;"a)2~—co1/\w2

=(¢fw; —w,) A pFw, + w; A (PFw, — w,).

Dividing by ¢ and passing to the limit, we see that

1
im — (¢ (w; A 0;) — 0y A @)
t—0

D.w; A w; + o, A Do,

As every two-form can be written as a sum of terms like w; A w,, we see that

exists for any two-form w. We may call this limit D, w, as the limit depends only on &
and w. Proceeding in this way, we see that this limit exists for all ® and depends only
on & and w. We denote it by D, w. It is called the Lie derivative of w with respect to &.
The proof shows that, for any forms w, and w,, we have

Do, A w3) =D, A 0, + @y A D,w,.

The definition, and the fact that d¢* = ¢*d, shows that

dDészgdw. ]

There is a formula which relates the interior product, i(£), the exterior derivative,
d, and the Lie derivative, D. Before stating the formula, we make an observation.

Recall that d maps I-forms into (I 4+ 1)-forms and satisfies

dw; A wy)=dw; A 0, +(— 1o, A do,,

Therefore, doi(&) maps I-forms into I-forms and satisfies
[doi(&) 1@ A @;) = d(i(E)w; A @3 + (= Ve, Ai(E)w,)
v =di()w, A @y + (= 1)), A dw,
+ (= Dday A i§)w, + (= 1) oy A di(§)w,.
- Now (—1)** = 1. Also we have the corresponding formula

i(Edlw, A w,) =i — 1)ett

+ (=D&))o, A do, + o, A i€)dw;:




If we add these two expressions, the middle terms cancel, and we have the derivatiop
I cibni l :
[i(€)ed + doi(8) J(w; A @,) =[i(E)d + di(&)Jw, A W, + @1 A [(E)d + di(§) ]w,.

— We can now prove the following fundamental formuia of differential caicuiusr
I T
} D, =i(&)d + di(&). (17.2)

Proof.  Both sides of this equation are operators which satisfy the Leibnitz identity
when acting on products. Every form is a sum of products of functions f and
differentials dg. So we need only to verify the identity

D, w = i(§)dw + di(§)w

(— 1)-forms.) The formula reduces to

which we know from section 17.2. For the case w = dg, we have

D,dg=dD,g
=d(i(§)dg)
= (6)d + di(g))dg

since d2 = 0. So the formula is true in general. We will give an alternative proof
ol a generalization of this formula in the appendix to this chapter.
For example, suppose

w=pdxAndyAdz

in R3. Then dw = 0, since there are no non-zero four-forms in three dimensions.
Thus

D, w = di(§)w.
If we set

I =i
X Z

o + g}

then the condition

Dga)=0.

This is the infinitesimal way of asserting that ¢*w = w for all ¢. Thus Kirchhoff’s
current law can be formulated as, say, that the flow ¢, preserves the charge density
o in the sense that D,w=0.

17.5. Magnetism

y primitive form, certai ' I phenomena of electrici
and magnetism were known to the ancients. It is one of the wonders of history




that the 1nvest1gat10n of these two obscure effects, by scientists of the seventeenth

a (1 € igh v L a
the fundamental role that electromagnetic forces have in nature and to the

revolutionary change In Soc1ety brought about by electrlcal technology

that, when rubbed by cloth, it could make small b1ts of light mater1al jump up
and stick to it. The Greek word for amber is ‘elektron’. Gilbert, in his book On
the Magnet, published in London in 1600, introduced the term ‘electricity’ to mean
the property of attracting like amber. He devoted a whole long chapter to amber

~—<fo show the mature of the attachment of bodies to it and to point out the vast —

difference between this and the magnetic acuions’ — to distinguish between the ‘pure

G11bert dlscovered that the electrostatic attractive prOperty of amber could be
reproduced m a number of other hard substances. Of course, the electrostatic
attraction of a charged body for a light neutral body involving induced polar-
ization and stronger attraction for the nearer opposite charge —is a difficult
phenomenon both for precise theoretical computation and for experiment. The
light bits of paper ﬂy to the amber in a jerky 1rregular manner, stick to it, then

steady, regular attraction between magnets and iron or magnets for one another.
In fact, it took nearly two more centuries to realize that the fundamental attraction

and to discover the correct law of force. This was done in careful experiments with
the torsion balance by Coulomb in the 1780s.

Ancient Greek writings referred to certain stones that had the property of
attracting iron. A large such stone near the city of Magnesia in Asia Minor was
reported to pull at the iron tips of shepherd’s staffs and the nails in their shoes.
From thls city’s name, we get the term magnet It was discovered that this stone

acquire a d1rect10na1 quahty or ‘load’ from which the term lodestone was derived.

i also measured

law.) However, our true understandlng of the nature of magnetic forces had to
__await the work of Ampére. It turned out that the correct object of study was not
the attraction of magnets for iron or of magnets for one another. Rather it was
the force that a magnet exerts on a moving charge (or, better yet, the force that

one moving charge exerts on another).
In the spring of 1820 while delivering a lecture on electric currents, Oersted

ice a comp ; i :

current. The announcement of this result — that an electric current has magnetic
effects — astounded the scientific world. Electricity and magnetism, separated for




over two centuries, once again became related. Ampére realized that, if a Current

Slw wl W B Ba cl - 2 el c] > = » s
should exert a force on one another. In a few breathless weeks, from Septembe,

18 to October 9, 1820, Ampére conducted a series of brilliant experiments apng
__geometric deductions. In some sense, the notions of differential forms and Jipe
integrals arose in Ampere’s mathematical analysis. In any event, Ampére discovereq

the basic laws of magnetostatics.

A magnetic field exerts a force on a current. We can think of a current as moving
charges. Thus a magpetic field produces a force on charges. But this force depends
WWWWMWWWW
two-form, B, in R3. Suppose that the charge e moves past the point p with velocity

__v. Then the force is given by

ei(v)B,.
- ; o » elemento _
Thus i(v)B, is a linear function on tangent vectors at p — and that is what we have
__been calling a force field, cf. page 248 of volume +. ...

subject to the force

ei(y (0) By

It follows immediately from the definition of the interior product that

i(v)i(w)m = — Z(W)Z(")(})

for any v, w and w. In particular,

i(v)i(vJw =0,
or, if we A}V*), then

[i(v)w](v) = 0.

3 . . . 3 n
. . . . .
2 Q Iy o A EOA AT AT ~ " A vy g A o o ga 49 SR QR PGS W P ' a
U U U Cl U UL U LA (] Y L d Ll Y J [J ) . L11c v

the wire. (This was verified by Ampére in a clever experiment involving a movable

wire connecting two basins of mercury through which a current flowed.)

At each point, the form B, if # 0, will determine a direction in space — the line
given by the equation

iw)B=0.
(You should convince yourself that this really is a pair of linearly independent

equations for w.) Iron filings placed in the magnetic field (free to rotate but not to
move) will align themselves in these directions, producing the magnetic lines of

— force (These are precisely the directions in which a current will feel mo force.)

Ampere not only discovered the force that a magnetic field produces on a current;

MMM&MMM@WMML




fH=4n rJ.

Jy JS
—msﬁke—s’ﬂmﬂéﬁrﬂﬁﬁsmmﬂrga—
dH =4nJ.

In contrast to electrostatics, we can formulate the next law of magnetostatics as
(‘

’

<
o

(‘There are no magnetic poles’ to quote Hertz.) Finally, we need a law relating B
B=uxH

—where g is called the permeability. To summarize the laws of magnetostatics,

(i) the force on a current element 1=ev at a point p is given by iI)B,;
(ii) [sB=0 for a closed surface S; so

o rd

(m) J,sH =4n)gJ or

and
(iv) B=uxH.

Suppose that we are in a region U where H?(U) = 0. Then the condition dB=0

imp]ipc that

AW CIICL T

B=d4a

for some one-form, A. Of course

A=A,dx+ Ady+ A,dz

2 2 2

2t a2 T2 \ax oy "oz )

|

¥
+
+

* The following computations take on a cleaner form once we introduce the general form of thex
operator. See the next chapter. ’




replacing A by 4 +dys, we have arranged that

0A, + 0A, 0A,
ox  dy 0z

Now
YAty an 1 1 an 3 |
d(4,dx)y=— 3y dx ady=+ 2 dzAdx
SO
1 47 4 PEERY an 1 an 1
%t =— dz d
d(4,dx) 3y + pe y
and
0%A 0°A
-14\(A = — * dx Adz — X dy A dz
(dx~*d)(A4,dx) 3% 0y x Andz 6y2 y
+ "4, dx A d &4, dyadz
Ady— ;
dzox >N YT 2 Y

]: . ] . E 1 1 I 1 1 11. .

(dx"'d)A= —(AA,dy Adz+ AA,dz A dx + AA,dx A dy)

where
0 0 92
A=——S+-—5+
ox*  0y*  0z*
—1s the usual Laplace operator. Then, if we write
= x ¥ Z
the equations
d4 =3B,
B=uxH,
dH =4nJ
reduce to solving three Poisson equations
AA .= —4nJ,,
AA,=—4nt;
AA, = —4rnJ,.

Xample, Suppose we wi i i ' ;

thin, straight wire carrying a steady current I. We may assume that the wire is of




radius @ and is along the z-axis. So J, =J ,=0and
0 outside the wire,
J, =

3 inside the wire.
iu

Then A, = A, =0 and we solve to get
A, = =2ullog /(x> +y?)

for points outside the wire. Thus

B_UIJ.— dx /A\ Z J
0x oy
2 I(_)i 7+Z.dy/\dz\
\ 2 r? /
2
dr/\dz

in terms of cylindrical coordmates
x=rcost, r=,/(x*+y%),

y=rsiné.

z.
The lines of force are circles centered at the wire, and H = 1/ux~! B is proportional

to d0. If we knew this fact in advance, i.e., that
H = fd6,
then we could conclude from symmetry that f = f(r) and then from

.
J H = 4xl
b4

— we could conclvdethat
21

f0==

Since df/r = dr A dz we would then know that

n ) & SN T3 = |
D=pxH=2pTdrnaz:

More generally, the solution of the Poisson equation shows that A is given by the
- volume integral

Ax(v) = f“l—]x(w)d3w
v —w|

with similar formulas for A, and A,.

of differential calculus

We give an alternative proof of the basic formula (1?.2). In fact, we will prove 1t
In somewhat greater generality. Let W< R™ and Z < R" be open sets. Suppose




that we are glven a d1ﬂ‘erent1able map o WxI->2Z, where I is some 1nterva1 in R

denote the tangent vector to th1s curve at ¢(w, t). It is a tangent vector in the i lmage
space, R”, but depending on t and we W. We also let ¢,: W — Z be the map givey

by

@:(W) = p(w, 1).
We think if ¢, as a one-parameter family of maps of W into Z.
Let o be a differential (k + 1)-form on Z. For each ¢ let us define the k-form
¢*i(¢,)o on W by the formula

[oFi(E)o](ny,....m) = o(& (W), dd,ny,. .., ddwk)

makes sense. We take it as the deﬁmtlon of the left- hand side. In generahzatlon
of (17.2) we wish to prove the following:
Let o, be a smooth one-parameter family of forms on Z. Then ¢}o, is a
smooth family of forms on W and the basic formula of the differential
calculus of forms asserts that

(X, 5) =(X,8 + 1)

The most general differential form on M x I can be written as

dsAa+b,

where a and b are forms on M that may depend on ¢ and s. (In terms of local
coordinates, s,x,..., x", these forms are sums of terms that look like

i i
cdacit Ao /\‘dxk,

L= T4

where c is a function of ¢, s, and x.) To show the dependence on x and s we shall
—rewrite the above expression-as

=ds A a(x, s, t)dx + b(x, s, t) dx.

With this notation it is clear that

Yro,=dsanalx,s+t,t)dx + b(x,s + t,t)dx

and therefore

dur* g

T1

da b
‘=ds/\ (x s+t t)dx+ (x,s+t t)dx

3
ar

da b
+ds Aa(x,s+t,t)dx+5t—(x,s+t,t)dx,




a,\
d “'//:\——) dS/\a(xs+tt)dx+ (xs+tt)dx (17.4)

so

\
0
W“(Jr\@\ =a(X,s +t,t)dx
\\os8/ )
and therefore
[ [d da
Ayl il o= o, |=5-(x,s + t,t)ds A dx + d,a(x,s + 1,1) dx (17.5)
\ \ 05 0s

ob
do,= —ds A d,adx +Ydisld3/\ dx +d.bdx
SO

: . . . 0b
1\&}003— —d.adx +6—sax
and

’*i/—a—\da—— d +1,1)d +@ +t,1)d (17.6)
Vi \GS) 1= <aAX, s +1,1)dx aS(x,s ,t)dx. .

Adding equations (17.4)-(17.6) proves (17.3) for .. -

Now let ¢: W x I - Z be given by ¢(w,s) = ¢(w). Then the image under ¢ of
the lines parallel to I through w in W x I are just the curves ¢(w) in Z. In other
words

dab( \ = {,(w).
\65 (w,1)

If we let 1: W— W x I be given by 1(w) = (w,0), then we can write the map ¢, as
9°yY,01. Thus ¢*o,=1*y*d*0, and, since 1 and ¢ do not vary with ¢,

d d

— *
a@”?‘ﬁt l*a#‘(v”) o

At the point w,t of Wx I, we have

(/ / N\ :
Ka )"5 o =(@gy* | i 465 Jou ) = @d)itce

/ AN\ AN

y? (z(g—s)¢*a,) = YN = 900

A

and thus




Summary

A Differential forms, vector fields and magnetism

Given a vector field £ and a differential form @, you should know how to define and

compute the Lie derivative D, w.
and compute the interior product of a vector anq

a differential form and use it to formulate the magnetic force law.
You should know the formulatlon of the laws of magnetostatlcs and the

—axis: y &=
x(0/0y) — y(0/0x).
(a) For uniform charge density, w = p,dx A dy A dz. Using the relation
J =i(&)w, determine the current associated with a rotating uniform
distribution of charge.

(b) Let w=2zdx A dy. Confirm explicitly the identities D, = i(§)dw +

17.2. Suppose current I per unit length flows axially outward from the z-axis in
such a way that the current passing through the wall of a cylinder of radius
r centered on the z-axis 1s independent of r. In this case the velocity of
charge carriers is described by

xer+ye; 1 [ 0 0\
22 or b= ———x—+
x? +y? : x2+y2( 0x yay)

: L

dJI —0
Q=

E=

17.3. Suppose that B = B,dz, where B, is a constant. Find A4 satisfying the
conditions

04, 0A, 04,
B=dA and + + =0.
dx  0dy 0z

17.4. Suppose that within a wire of radius a there is an axially symmetric current
J whose magnitude is proportional to r2. Explicitly, j, =j, =0 and

0 outside the wire,
~ I 2U(x? + y?)
£ L na* inside the wire.

(a) Find a function A,, depending only on r = ./(x? + y?), such that

AA, = —4rj,.




(b) Calculate B and H, in both cylindrical and Cartesian coordinates.
Confirm that dH =4xJ.

17.5. A very long cylinder of radius a, centered on the z-axis, has a uniform

charge density p,. Outside the cylinder there is no charge. The cylinder is
. . l X < witl toci : i i

magnitude of Jis wrp, for r < a.

(a) ExpressJ incylindrical coordinates and in Cartesian coordinates. (See
Exercise 17.1.)

(b) By symmetry, B is of the form B=f(r)dx A dy, and H=1/uf(r)dz.
Determine H so that dH = 4nJ.

_ (¢) Determine A both inside and outside the rotating cylinder. In

cylindrical coordinates, 4 will be of the formg(r)d6.
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In this chapter, we discuss the star operator in general. This
will allow us to formulate Maxwell’s equation in the next
chapter and to understand the relation between Maxwell’s
equations and the geometry of spacetime. It will also explain
the various vector calculus operators and identities.

18.1. Scalar products and exterior algebra

Let V"be a finite-dimensional vector space equipped with a non-degenerate scalar
product. We do not assume that this scalar product, ( , ), is positive-definite.
HOWCVCI', it might be good to keep the positive-deﬁnite case in mind to have an

elepipeds; etc.
We begin by pointing out that a scalar product on V induces a scalar product on

e
&

V*, Indeed, any scalar product on V induces a map L: V— V* given by

Lv)(w)=(v,w) v,wel.

evaluated on any we V. The map L is defined so that th1s evaluation yields (v, w). Now
if is - = i = = Qfor

all wimplies v = 0 so L(v) = 0 implies v = 0. Since dim V* = dim ¥, we conclude that
(', )is nonsingular if and only if L is an isomorphism. Since we are assuming that

(,)is non-degenerate, we conclude that L is an isomorphism. We can now define

a scalar product on V* by

) % ( (X7 L_l'B)‘vl* a)lBEV*.

(n{

>




For example, suppose that V = R" consists of column vectors, so V* = R"* consists

~ TR i1ven b ] mMme
A cl

of TOW ¥ i ;
Suppose S is diagonal, so

(v’w)v* _Zslxlyl
if
X U\
.l J.l‘
V=1 and——w=1—
% )
Tlhoan
11111
LV - (Slxl L) s snxn)
Thus; if
=g, %),
n {1 n
p=\p1a" apn)3
then
(O3/8y ) (B1/51)
Lla=| |, L= :
/Sy BolSn
SO

1
(0, B) ys =Z;ai6;.

Notice that the s; now occur in the denominator. We must assume that no s; = 0.
This is the non-degeneracy assumption on ( , ).

If (,) is positive-definite and {e,,...,e,} is an orthonormal basis of V, let
{et,..., ex} be the dual basis. An examination of the definition of L will show that

L(e;) =ef
and hence that e¥,...,e* form an orthonormal basis of V*. More generally, if we do
ot X . X . _ ’
then we choose {e,,...,e,} to be an orthogonal basis with (e;,e;)= + 1. Then
{ef,...,e,“,‘} 1s an orthogonal basis of V* and

(eF, e )y« =(e;, ;).

with

xHx y~y zMz: H

Let us now consider the space A%(V*). Every element of A%(V'*)is a sum of the form

A=a A A FPEA AR F




We claim that there is a unique scalar product defined on A¥(V*) such that

r - [

(al A e A ka"yl A e A 'yk)z Det((oci,')’j))-

, SI extends (, ) by bilinearity to all s and ys which are
sums of decomposable elements, i.e., expressions like al A .- A ¥ and pL A ... A 4k

and/or y are written as sums of decomposable elements in two different ways, we
shall get the same value for (&, y). This proof becomes quite straightforward once we
use a slightly more abstract definition of the space A¥(V*) than we have been using so
far. We give this definition and proof in the appendix to this chapter, so as not to
interrupt the flow of discussion here.

We now get a (function-valued) scalar product on the space of k-forms. For

H E]

(0! A %, 1! A TH) = (0}, TV (02 12) — (0!, T2)(w?, ).

Thus, for example, in R* with its Euclidean scalar product,

(dx Ady,dx Ady)= +1.

For four-di i onal . ith the I ] I |
(dt A dx,dt A dx)= —1

/3 1 h | 1\ 14
(dx Ady,dx Ady)=+1.

ystems, consider spherical coordinates in R*, whi ay be defined by

r=/(x2+y%+2z%, O=arctan((\/(x*+?))/z), ¢ =arctan(y/x).

If we calculate the differentials of these functions and express the results in terms of
the basis {dx, dy, dz} with coefficients expressed for convenience in terms of r, 6, and
¢, we find

dr =sin 6 cos ¢ dx + sin 0 sin ¢dy + cos 0dz,

1} 1 FaY i 1 ~ Py i Py rs
dv =—-(costcos@dx +costsmody — sin vdz),
r

r
— d¢=——(=sinpdx+cospdyy.

rsin 0

Direct calculation, using the orthonormality of dx,dy, and dz, shows that dr, dé,
and d¢ are orthogonal elements of V* at each point (r, 8, ¢), and that

(dr,dr) =1, (d6,d6) = 1/r?, (d¢,d¢) = 1/r?sin2 6

mmediate ythatdr A db,dr A , an A constitute an orthogona

basis for A*(R3), with scalar products such as

(dr A d6,dr A d6) = 1/72.




Finally, we can calculate the scalar product of the basis element dr A df A d¢ with

jtself:
(dr A d8 A dep,dr A dO A d¢p) = 1/r*sin? 6.
The best way to summarize all of these results is to notice that
dr,rd0, and rsinfd¢

form an orthonormal basis for A*(R**) at each point so that we can calculate with

these three differentials just as we do with dx,dy, and dz.

18.2. The star operator

- s . ' . om0
an orientation of V. We recall that our definition there was as follows. Any two bases

Otherwise, they determine opposite orientations. The set of all bases breaks up into

two equivalence classes, and each equivalence class is called an orientation. Using

the space A™(V) we can put this somewhat differently. The basis {e;,...,e,}
determines a basis — simply a non-zero vector —in the one-dimensional vector
space A"(V), namely the element

€ A A€,

s X1s-9ipns 1 N i,

differ by the scalar multiple Det B. Thus a choice of orientation on V is the same as
the choice of one of the two equivalence classes of non-zero elements of A"(V), when
we regard two such elements as equivalent if they differ from one another by a
positive multiple.

Now suppose that ¥ has a non-degenerate scalar product. Let {e,,...,e,} be an
orthogonal basis of V' with (e;, ¢;) = + 1. Any two such bases dlffer from one another
ange asis matrix B wi etB=+ usa i ,

together with the scalar product determines a unique element, e; A --- A e, of A*(V).

by o.

Suppose we are considering d1fferent1a1 forms. Then at each point of V we get a
uni i 2 i rds an n-form. To avoid
cumbersome notation (and at the risk of some confusion), we shall also denote this n-
form by ¢. Thus, if V= R" is Euclidean n-space, then

T

o=dx! Adx? A --- A dx".
If ideri i i t time is the first

c=dtadx Aadyad:z

(Notice that in this case (o,0)= —1.)




We are now in a position to define a linear mapping from A (V*) to A""¥(V*)

AN—Kkiy

.

. el , W€ ] (] V00 cl
with the space of linear functions on A”~%(V*), then identify elements of A"(V*)
and A"~ %(V*) which correspond to the same linear function. This identification of
_ A4V*) with A""%¥V*) will be called the star operator.

We first show how the wedge product, together with our choice of e A"(V*),
assigns to each A€ a linear function on . Indeed, if weA” )
then 1 A w is an element of A"(V*). Hence it must be some multiple of ¢. In other

words, we can write.

] £f AY
AN w=flw)o.

Thus each A defines a linear function

ok f(w).

Now there is a unique element of A" ¥V*), which we shall denote xA, which
determines the same function f(w) from A" “%¥V*) to R via the scalar product:

(x4, @) = f(w).

AA@=(xA w)o

for all we A" ¥(V*). Notice that this definition of the star operator depends on the
choice of orientation; reversing orientation changes the sign of ¢ and hence the sign

~f 1
Ul XA

'To calculate x4, we must in general apply the above definition using each basis
el t il % B I i i Ky* h

which involves the n — k factors which do not occur in A. In this case 1 A w is the
wedge product of dx' through dx" in some order; so it is 4+ ¢. Then xA = + w. The
only difficulty lies in determining the sign correctly.

The general definition

AN w=(x4w)o

needs to be supplemented slightly when k = n or k = 0. We denote the basis element

for A°(R") by 1, with the scalar product (1, 1) = 1 and the trivial wedge product 1 A

@ =w A 1 =w. Then, if 1 =6, we need consider only the basis element w = 1, and
onl=(x41)o

so that xo = 1. On the other hand, if A =1, we consider w =g, so that

1 Ao=(x4,0)0

and x1 =(0,0)0. This means that whenever we work with a Euclidean scalar

product, for which (g, ) = 1, we have xg = 1, x1 = g. However, in the important case
of two-dimensionalor four-dimensiona acetime, with the entz-scalarproduct;
(6,6)= —1, so that

*x¢=—+1—but—*xl=—g¢

The computation of the star operator is best illustrated by a few examples.




The star operator 643

Example 1. R? with the Euclidean scalar product: basis for A'(V*) is dx,dy, with
(dx,dx) = 1, (dy,dy)=1 and ¢ =dx A dy.

x(dx A dy)=1 (always true);
4 = =

) =

>

dy Adx=(xdy,dx)dx ndy so =xdy= —dx;

b

Example 2. I'wo-dimensional spacetime, with the Lorentz scalar product: basis for
Al(V) is {dt,dx}, with (dt,df) = +1, (dx,dx) = —1 and o =dt A dx.
*dt Adx=1;
dt A dx =(xdt,dx)dt Adx so =*dt= —dx;
dx A dt = (xdx,dt)dt Adx so xdx= —dz;

*1 = —dt A dx because (0,0)= —1.

with (dx,dx) =(dy,dy) =(dz,dz)=1 and 6 =dx A dy A dz.

N

*(dx A dyadzy=T,

(dx A dy) A dz=(x(dx A dy),dz)a  so [x(dx A dy)=dz;

(dx AdzyAdy=(x(dx A dz),dy)e so [x(dx A dz)=—dy;

(dy A dz) A dx = (x(dy A dz),dx)o  so *(dy A dz) =dx;

dx A (dy A dz) =(xdx,dy Adz)e  soO *dx =dy A dz;
dy A (dx A dz) =(xdy,dx Adz)e  soO *dy = —dx A dz;
dz A (dx A dy)=(xdz,dx Ady)s  so *xdz =dx A dy;

*1 =dx Ady A dz.

Example 4. Four-dimensional spacetime with the Lorentz scalar product: basis for
1 : X

Asr 4 A A A
— Ui AUX AUy A de,

*(dr Adx A dy A d7)= 1,

Now
(dt A dx A dy) A dz =(x(dt A dx A dy),dZ)o,
SO
*(dt A dx A dy)= —dz.
Similarly '
*(dt A dx A dz) = + dy;
N9 PRI PR 1 J N
AL A AYy A AZ)y=—dX;
Also
(dx A dy A d2) A dt =(x(dx A dy A dz),db)s;
SO

*(dx Ady A dz)= —d¢;




Now consider two-forms:

(dt Adx) A(dy A dz) = (x(dt A dx),(dy A dz))o;

$O
*(dt Adx)y=dyadz
Similarly
*(dt Ady)= —dx A dz
*(dt-A-dz)=dx rdy;
(dx A dy) A (dt A dz) = (x(dx A dy),dt A dz)o;
SO
*(dx A dy)= —dt A dz.
Similarly

Next consider one-forms

dr A (dx A dy A dz) =(xdt,dx A dy A dZ)e;

SO
xdt = —dx Ady A dz;
Also
dx A (dt A dy A dz) =(xdx,dt A dy A dz)o;
xdx = —dt Ady A dz.
Similarly
xdy =dt A dx A dz,
xdz= —dt Adx ady
Finally
x1=—dtadxadyad:z

It is apparent that, in the above examples, x(x1) = + 1. To discover the general

CERA = ] = ¢ vre I EEEEERZ B

the case where 1eA* is the product of k of the e}’s and @ is + the product of

the remaining (n — k) e¥’s. Suppose we have chosen 4 and w so that A A w =0 (e.8.,
. !!‘: . . . . .

1 A 74

v

T — —-{J— fl\IF
O =A /N WO=%A, W0

SO

(*A,w)=cy(w,w)=1.

Also, by the rule for interchanging factors in a wedge product,

k(n—k)

{ 13 b ya LN
(— 1) C=WANA={*0,A)0




sO
(xw, A) = (4, ) = (=175,

¥ 7

But because 4 and w are basis elements,

b 9 ° 2

SO

¢,C5(0,0) = (=1},

Since (0,0) = + 1 we can move it to the other side of the equation. Thus

*x(x1)=c %0 =c,c,A

where

cic, = (—1)*""¥(o, 0).

basis elements of A*(V*) they must hold for all of A*(V*). Thus we have proved

| 4 ya AN £ T
I *x% = (— 1" 9o, o) on AX(V

n is odd and (0,0)= ;
x(x4) = A, but in general this is not the case.
Using the result just derived, that

**0 =(—1)*"""(o, 0)o,

we can derive a useful explicit expression for the scalar product of any two k-forms.
Notice first that, because xxw = +w, four successive applications of the star
operator yield the identity: i.e.,

*xkkx*xW = .

By definition of the star operator,

(xxxx 4, )6 = xx(x L A @) =(— 1" (g,0)x A A @

for any two k-forms 4 and w, so

k(n—k
E] - H)

=w A %Mo, 0).

But

-

*xxg = *%(1) = (0, 0)1.
So | : both sid |
(A, w)(0, 0)1 = *xx(w A xA)(0,0)1

or

(A, @) = *xx( A *x4) = *xk(d A x0)

A similar useful result follows from

(xA, xw)o = A A *x@.




Simply applying x to both sides. we have

—
(¥4, %) = *(2 A x@) = *(@ A *A). J

the star operator.

18.3. The Dirichlet integral and the Laplacian

d(A A xw) =dAA x0 + (= 1) 11 A d(xw).

So, for any (bounded) domain U we have

Jr d/l/\*a)+(—1)("_1)r And*xow = f d(A A xw)

U U U

If U is unbounded and if 4 or w have compact support (or if they vanish sufficiently
rapidly at infinity), then by Stokes’ theorem

( dA A *xo + [ (=111 A d(xw) =0.

Now applying * to the rule (p, 1) = x**(p A x1), we see that

dA A xo=(d4, 0)x1.

On the other hand, w is a k-form so xw is an (n — k)-form so dxw is an (n — k + 1)-
form. Therefore

AANdx@ = (—1)*"DEkEDd 0 A 4

=(— 1)(k—1)(n—k+ 1)(*_1(1*60. A)O'
= (= )&~ De—k+ 1) 4 ~1dxem)g.

x " ldxw = xx(xdxw) = (= 1)* " DO+ D5 g)xdxw,

and

o =(0,0)x1.
Thus
- IArdxw=AFxxxdxe)xl.
So we can write

dA A *o + (=D A dro = [(d4, o) + (= DFY(A, * tdxw) ]*1.

Thus, if A or w vanish at dU (if U is bounded) or have compact support (or vanish
sufficiently rapidly at infinity),




Let us define the operator d* by

d*w = (— l)k***d*w — (— l)k*_ 1d*0).

A1)y =Dy(A, 1) = Jr (4, 7)o.

U

Then we have
Dy(d4, w) = Dy(4, d*w)

for 1 or w vanishing at 0U (or sufficiently rapidly at infinity).
Notice that

d*d*=0
since

dd =0.

lace operator [ ] mapping k-forms i -

[ =dd* + d*d.

We claim that

Od =d[],

— 3% N |
L =a i

Ox ==%[].

To see that []d = d[], observe that
Od = (dd* + d*d)d = dd*d

and
dJ =d(dd* + d*d) =dd*d

d* =d*[].

€ proo is trickier, requiring careful a

d*o = (— 1***xdxw for a k-form .

On replacing the k-form w by the (n — k)-form xw, we have

cd*xw = (= 1) Fxxxdxxo.

Since d(x*w) is a (k + 1)-form,

This operator [J diffe
chapters.




Since w is a k-form,

*x0 = (= [}, o).
Combining these results, and using (o, 6)? = 1, we find

d*xw = (— 1) % — 1)k + Dn—k— Dy _ [ YO0y de

or

or
d*xw = (—1)*"xdw.

With this rule and the rule xd*w = (— 1)*d*xw, the proof becomes easy:
* o = xd(d*w) + xd*(dw)
*x[Jo =(—1Dfd*xdw + (= 1)** 1dxdw

while

(Jxw = dd**xw + d*d*xw
Oxw =(— 1) dxdw + (— 1)kdxd*w

*x[] = [*.

The [] operator on R3
W he Laplaci licitly in 3. E runction f
CIf = dd*/ + d%dJ.

ut x fis a three-form an = O for any three-form on R>. Thus =
Now
d_}f= af dx + af dy + af dz
0x Jy 0z
and
* d—fdx —d—fd“ ~rdz
0x ox °
and so
of % f
—dx=—5dxad
d*ﬁydx 2z dx A y Adz
and
%) %) 0*
d*( fdx) = — *”1d*—fdx = — —f
;’Y h s - r’;vz
A V4 A== X
Similar computations for the remaining two terms show that
SV N A
= \ox? ' oy? T ez )
— Now let us compute the Laplacian for one-forms: it is enough to compute [Jw for

o = adx. We can rotate to interchange any of the axes and [, being defined purely




by the scalar product and orientation, will commute with all rotations. So, if we

oOrm 2 10 [ aq » m1la A 1242 " G D I (A 2 V- I . [)
AVe a 1o Gra O (G y alf 10 JIa W oI 10T T [ oQV)ana T NCAZ)y DYy
linearity, we will then get a formula for adx + bdy + cdz.
Now
da da
d(adx) =da A dx=—dy A dx +—dz A dx.
dy 0z
So
*(d(adx)) = — a-a—dz + @dy.
dy 0z
Thus
% 0%a
X0y y
2 2
070 e ndy+ 2%z ady.
0x 0z 7 972 7
Hence, using the fact that x =+~ for two-forms on R3,
0%a 0%a 0%a 0%a
d*d(adx) = xdxd(adx) = dy — d dz — —dx.
(adx) (adx) L Rl e P R

Ox Oy

Z
Q
5‘

d*(adx) = —xdx(adx) = —xd(ady A dz)

——*/ia—dX/\d Adz
A

__0a
T ox
So
0%a 0%a 0%a
dd*(adx)= — —dx — dy — dz.
(adx) ot 0x Oy Y oxoz "
l'hus

C(adx) = (Oa)dx
[0%a 0%*a 0%a)\ .
“\aatar tar )

coefficients.
Any two-form on R? can be written as xw where w is a one-form. Since x[] = []*
we see that, for X
Q=Adx Ady+ Bdz A dx + Cdy A dz,
0@ =(O0A4)dx~dy+(OB)dz ~ndx+(OC)dy ~ndze

Simi]ar]y

C(pdx Ady A dz)=(dp)dx A'dy A dz.




In short, for the standard rectangular coordinates in R3, we can compute [] of any
We can now redo the argument in the last section of Chapter 17 — reducing the
equations of magnetism to Poisson’s equation. We assume that units have beey

Jj=—xJ.
—Then the-equationscanbe-writtenas—————————————
dB =0,
d*B=4nj.
We choose some A’ with
d4A'=B
(possible as we are assuming H' = 0). Solve the Poisson equation
Chy=d*4"
Replace A" by
A=A —dy.
We shall have
dA=B

[l = d*dy = d* A4’

SO

K % 47 ¥

1% 1.l 0O
=dray =U.

sk 4 1% 4
' A=u"4d

Thus our equations become

d*dA =4nj,

or, since d*4 =0,

is a k-form in n-dimensional space and we wish to solve

AR Fa
ab =10,
d*B=4nj.
We assume the region in question is such that B = dA for some A". Then solve the
Poisson equation

(I =d*A4".

Wl'ite
4— 4" —
A ays.

Lk




Then

d*A=dd*y
SO
dd*4 =0

SU
O0A=(dd*+d*d)A =4xnj

and again we are reduced to solving the Poisson equation.

Let us consider four-dimensional spacetime with the coordinates ¢, x, y, z and scalar
product wi . For a function,

Of =d*df

= *‘1d*/afdt+6fd +6fd +afd )
= \a T ot )

= “d/ ﬁfd dyad ﬁfdt dy nd
= —x k 5 dxAdyndz—o=dindyndz

of of- \
+—dt Adx Adz———dt Adx /\dy)
dy 0z

/ 52}1’ aZJI‘ 32 f 3211'\
-1 o2 L P M adxadyad:z

\"aF  ox® oy’ 02)

= — %

orf 0 o f o f
ot ox*  oy*  0z%
For one-forms, let us first consider adt. Then

Of=

da da da
d(adi) :gdx Adt+—dyAdt +5;dz A de

0y
SO
Oa Oa Jda
— xdadfj==—dyadz+—dxAndz=F—dxAdy —
0x Jy 0z
and
d%a 0%a
dxd(adt) = — 3 axdt Ady Adz —de Adyadz
Q d%a 0%a
+r'3yﬁtdt Adx A dz—@?dx Andyadz
0%a 0%a
_6zé’tdt Adx A dy—ydx Ady A dz.




So

3k 1L L IAY

d*d(adty=+"*d=*d(adr)

0%a 8° 02 2 02 0
=(qo+ﬂ?+,\?\dt+aadx+, ?dy+ adz.
N2 2022 )

oy 0x Ot dy ot 0z 0t

On the other hand,

(adty= —x"tdx(adf)

=*"'d(adx A dy A dz)

_, 0a
=% 1 dt /X dx YAy dy 7 dz
ot
da
ot
So
0*a 0%a 0%a 0%a
dd*(adt)=— dt — dx — dy— dz,
ot? Ot 0x Ot dy 0toz
and thus
—90*a 0%°a 0*a 0*a
C(adt) =([Ja)dt =| — + + + dt
(adt)=(Ta) ot ox*  0y* 0z

A similar calculation (or rotational 1nvariance) shows that

O(bdx) = (O b)dx,

((cdy) = (O c)dy,

etc.

The same is true for two-forms. Consider, for example, a(dt A dx). Them —

d*(adr A dx) = x " *dx(adt A dx)
=x"'d(ady A dz)

0
=*‘1(%dt/\dy/\dz)+*‘1(—adx/\dy/\dz>
Ot 0x
da da
- Y-
ot ox
So
2 2
dd*(adn =( — 2@ 0%\ 4t ndx
ot ox?)
d%a d%a
_ dv A dx —
ooy Av X ooz dz A dx
d%a 0%a
_5x5ydt/\dy_5xézdt/\dz

On the other hand,
A A

d(athdx)=;—adVAdt Adx +22dz Adt A dx

y oz




SO

*d(adt ~dx) aaa F Gad
= e—— Z —_—
ay a ya
1 1/ 1 1 A Y /aza a\ aza 1 -
dxd{adr Adx)= —| — + ’dy/\dz—g S dX Adz
\uy uyux
2a 0%a 0%a
— = g*dt/\dz+ — At Ady +——dx A dy.
oyot zol 0X0z
Then
d*d(adt A dx) = — x~dxd(adt A dx)
and

Qic_l 0%’a 0%*a 0%a
o> ox*  oy*  0z%,

We will leave to you the similar verification that

zero-, one-, and two-forms, it now follows for three- and four-forms from =[] = [ *.

18.5. The Clifford algebra

we can compute the operator [] applied to any k-form by applying ] to each of
its coefficients. You might also be somewhat apprehensive that, if we try to prove

up in a mess. The purpose of this section is to introduce an algebraic formalism
that will allow a simple direct proof. We will not need the results of this section

again in this book — we have already proved the results for the important cases
of three and four dimensions. On the other hand, the ideas we will introduce here
have proved to be important in modern physics.

Our proof is going to make use directly of the property that

D, (dw, 1) = Dy(w,d* 1) + boundary terms,

which we can phrase by saying that d* is the formal adjoint of d. The word formal
refers to the fact that there are boundary terms: we only have

Du(dw, T) = Du(w, d* T)

from the boundary. Let us study this 51tuat10n in slightly more generality.
Let E and F be vector spaces, each equipped with its own scalar product. We

m e S o
Map, then we may regard A*: F* > E* as a linear map A*: F — E defined by

(e A*f'\ —(Ae. ).
tes~ AR s )




where ( )E and ( , ) F denote the scalar products on E and F respectlvely Now

We can then consider the space #(V, E) of smooth functions from V to E. 1 u
1

and u, are such functions, and U is some bounded domain, we can define

Dy(uy,u,) = J (uy,u,y) 0.
U

(If U is unbounded, we can still define Dy, on those pairs of functions which vanigh

sufficiently rapidly at infinity.) We can consider operators, L, from % (V,E) to
, F). Thus, for ,E), Lui L F). erator

is called a first-order linear differential operator if there are linear maps 4;:E - F,

LI ] 7

In general, the maps A,,..., 4, and B can depend on the point of V. That is, the
A; and the B are functions on ¥V whose values are linear maps. Thus the previous
equation might be written as

ou Jou
0x4 X,

If the As and B are constant, we say that L is a first-order linear differential
operator with constant coefficients.
Now let ue % (V,E) and veZ(V, F). Then

0 (A N N\ [ )
TM(Aiu,v)F—KE)Eu,U)F+\Aia,v} +\Aiu’5x_i}p
[ ou \ [ [04A\* \ [ a \

=\ Aiz v +l A =—)v) +l :
OX; JF \0x; ) /& 0Xi /£

/ o~

we see that

(Lu, v)g = (u, L*v)E+Z A iU, O) .

Now the last term on the right integrates out to a boundary term multiplication




by 0 and an integration. Indeed, if we write
g ~

0

T= (Alu’ U)Fde A A dxn———(Azu,v)Fdxl A dX3 FANERE + "t
0x4 0x,
then
0
dr =) —(4;u,0)pdx; A --- A dx,.
Ox;
So

J.(Lu,v)Fcr:f (u,L*v)Ea+J T.
U U ou

Thus L* is the formal adjoint of L.
Now, strictly speaking, a k-form w is not a function from V to a fixed vector

functions on the tangent space at x, and the tangent space varies from point to

noint.) However, once we have chosen a coordinate system, we can regard a k-form

o as a function from V to A¥(V*). Thus, we may take E = A*(V*). If we want to

0
d=¢, —
818x1+ +88x,,

where ¢, denotes the linear map of A¥(V*)— A*¥*1(V*) consisting of exterior
multiplication by dx,, so

g, =dx, A O.

Now to compute d* all we need is a formula for ¢f. We claim that

/
( = ) with +if (dx,,dx,) =1 and —if (dx,,dx,) = — L.
k

To prove this, assume that k=1 (this is only a matter of notation) and examine
what happens on basis elements

w=dx; A Adx;,
of A¥(V) and those of A¥*1(V*). There are tow possibilities.

1= L. 1w —= V. s

T=dx; A Adx;

VAR NN

d{ O
1(——)1::0 (if j, > 1)
0x,

and

A 0 -
1aY T=dx; A adx;, i j=1.

Y17

In o3t 1
t-either event, we have

/
(e,0,7) =] w,i

A
1%

\
\
0xy1/

T

=0

N

=
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(b) i, > 1. Then

and

/\"’/\(ix’-k"_1 1fj1>1.

(y0,7)=0= (co, ](i)’L') if j, > L
0x,

L o Y 14 ++ 111
If j; =1, westill have
[ 0
(10,7)=0=| 0,i| — |7
0x,

unless j, =iy, j3 = iy, €tC. If jo =11, j3 =13,...,¢€lC, then

Then

1% - 1 1 D
while

([0

| 0,1 — |7 | = (0, 0).

\ \Y*1/

This proves that

exterior multiplication by 8. Then

(e(0))* =i(L™'6).)

Let us define

We have thus shown that

Now it follows from the anticommutativity of exterior multiplication that

€,€, + €,6,=0 for all p and ¢ .

1,0, +1,1,=0 all p and q.

If p # g, then exterior multiplication by dx, and interior multiplication by i(8/0x,)
satisfy

\ /
p(dy

(Y

/ A
il
\ 0%,

]

-l
~
*
B>

N——




Indeed, it is enough to check this for p=1, g =2, and we leave this routine

( wﬁ(dxl)a) {0 fo=dx, A -,
(@

IIU) (lxz/\"',

while
[ 0\ (0 ifw=dx; A
e(dxy)il > ek VT
\U.)&l/ (U mmo=dadxz; A
Thus

i/—a—\s dx;)+ e(dx i/—a~\—id
\axl) ( 1) ( 1) kaxl)_ .
__As there is nothing general about 1, we concludethat

1€y T &pl, = T 1d, where £ =sign(dx,,dx,).

we have

important significance in quantum physics where they are known as the creation
and annihilation operators for fermions. The relations

€8+ 848, =0, zpz + 1,1, =0,

el +1e =
J ] K 4

In mathematics, the algebra generated by these operations — that is, the set of
all sum ~1 i i ras

which addition and multiplication are deﬁned were created by Clifford as a
__generalization of the complex number system and of the quaternions of Hamilton.
As these algebras play an important role in modern physics, we take this space

here to describe them.

We begin by reformulating the preceding example of the anticommutation

relations of the creation and annihilation operators for fermions. Let V be a vector

Thus a vector of W is a pair w= (;) where veV and ae V*. Let us define a scalar
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product on W by

(W, w') = $(a(v)) + o'(v))

_(Y ALY
o \o' )/

if

£ T

Thus

(e,e,)=0, (i,i)=0

prq7 y

1

] 3 Ifp=
(ep, lq) — 2 . P q,
0 ifp+#q.
We can now write the anticommutation relations for the &s and s in a succinct
way. Let us think of the ¢, as being associated to the e, and the 1, as being associated
to the i,. That is, we consider the linear map y which is defined by

v(e,) =¢,,
y(,) =1,
Then, for
_ 1: n:

YW)=v,8y + - + U8, +al1y + - + ",
ur r
YWy (W) +y(W)y(w) = 2(w, w')id.
__This can be generalized to any vector space W with a (possibly degenerate) scalar

product: To each such vector space W with scalar product ( , ), we associate an
associative algebra called the Clifford algebra of Wand (, ). Theresho
a linear map y: W— C(W) such that

(i) Every element of C(W) can be written as a sum of products of the elements
(W) (and of multiples of T)
(i) p(W)y(w’) + y(w)y(w) =2(w, w)1 .
W he ol e Clifford algebra. thi ” l _ that
given Wand ( , ) there exists a C(W) satisfying (1) and (ii) and that C(W) is unique,

' By an associative algebra 4 we mean that A is a vector space with a bilinear map A x 4 —A
called multiplication. One assumes that this multiplication satisfies the associative law and
that there exists an identity, 1, for multiplication.




up to isomorphism. We briefly sketch the proof of this theorem in the appendix

e chapter)
to lllla Ullul_"vl-l

Let us work out some examples:
(a) Take W to be one-dimensional with a negative-definite scalar product. So
Lare is a vector e with

4 s
fHorv

(e,e)= — 1
— and every element of ¥-is-a multiple of e. Condition {ii) says that ————
ey =—1
and condition (i) then says that every element of C(W) can be written as
al + by(e).

- - = < UL\ i -

(b) Take V= R? with the negative of the usual scalar product. So

7\
v,v)=—x2—y* if v=ky).

i2=—1
2=,
and
ij+ji=0.
Condition (i) then implies that every element of C(W) can be written as
at+bi+cy+dk
where we have set
k=1ij.
Then
k% =ijij=—iijj=—1
SO
i=j?=k?=—1
Also
j=k,
ik = jij = —ifi =1,
and '
ki=iji= —iij=},
while
and

ik=1jj= —].
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To summarize:

Hamilton.

Lin checki fition (ii), it i ] heck th

Indeed,

p(w+ w)2 = [y(w) + (W) =y(W)* +y(W)y(w) + ¥ (W) (W) + y(w')?

and

yw+w)y=w+w,w+w)l
=(w,w)T 4+ 2(w, w1 + (w',w)1

so we get condition (i1).
With this in mind, let us take W = R'3, that is, W is spacetime with its Lorentz
metric. Set

t 0 0 t+z x+iy
w=1|"land 7(w) = 0 0 xX=1y t—z
y t—z —x—1y 0 0
 Z —x+1iy t+z 0 0
Then
r1 00 0\‘
W)= (12 — x2 — y* — 2?) 9 ,1\ 0 9 .
; 00 10
0 0 O 1)

So if I the 4 x 4 ident; ix 1.t hat (i) i fied W
in fact, regard C(W) as a certain subalgebra of the algebra of 4 x 4 complex
matrices. The algebra C(W) is called the Dirac algebra. It was developed by Dirac
for his study of the electron and plays a central role in the modern theory of

—elementary partictes.— #0000 0 000000

(c) Take W to be any vector space and ( , ) to be identically zero. Then (1)
says that

YWy(w) = —p(w)y(w)
for any w and w'. In this case, C(W) is exactly the exterior algebra, A(W).

18.6. The star operator and geometry

mines the Euclidean scalar product on R3. This is the mathematical expression of




the fact that dielectric properties of the vacuum determine the Euclidean geometry of

are

spact:
We can thus pose the following question. Let V be a vector space with orientation

and let (, ) and (, ) be two non-degenerate scalar products on V. Suppose that
__gorsome 1 <k <n=dimV they give rise to the same star operator from A*(V'*) _

to A" ¥(V*). Does this imply that ( , )=( , Y? The answer is ‘almost’. Here are

some examples:

Take ¥V =R? with its usual Euclidean scalar product. We can then identify
Al(R?**) with R?. The star operator x: A'(R?>*)—» A'(R?*) s, as we have seen, in this

v-othe ararproducton R<(orR 1S

Ié \/ ray 3
0Y) =AW, y)

for some symmetric matrix A. If ( , ) determines the same operator, we must have

(xu, xv) = (u,v)

SO

p—1 4p 4

R ARN=A,

But if RAR™! = A for some rotation R (other than through 0° or 180°), then A
must be a scalar multiple of the identity. Thus

(u,v) = A(u,v)

for some non-zero number A.

'
b b b

the same » operator. Thus in the plane, the x operator does not determine the
Euclidean geometry, but it does determine the conformal geometry of the plane.
This fact lies at the basis of the theory of functions of a complex variable. We
shall present an introduction to this subject in Chapter 20.
Let us see, in general, what the effect of a scale transformation — replacing v by
cv for some non-zero number ¢ — has on the x operator. Multiplying lengths by ¢
inti 2 3 et Hiohving | ‘ £ ok

on A*(V*). Then, if the scale factor ¢ is to have no effect, we must have

(A =h N n k1 n=k
(C7A,C W)ICT=CAANC @

or, to get the same linear function of w, we must have

cn=1.

So

For k =n/2 a scale transformation has no effect on x: A¥(V*)— A¥(V*).

Itis not hard to prove — much as the proof we gave in Chapter 16 for x: A'(R**) >
A?(R3*) — that in all other cases the star operator determines the scalar product.

We now turn to another important point that we can only discuss briefly. Recall

‘ L)




be a variable symmetric matrix:

Exx gxy Exz

Syx 8)’)’ 8)’2

N Z zZy '44/

where all the entries are functions on R>. This suggests the possibility that the
very notion of length should be allowed to vary from point to point: that is, [haf the

Yyg. (x)p’ Lwd

Z5Jijx

where the v' and w’ are the coordinates of v and w. This idea — that the scalar

gave rise to the theory of general relativity of Einstein. The theory of the star

operator extends without difficulty to this Riemannian geometry.

18.7. The star operator and vector calculus

The existence of a scalar product establishes, as usual, a correspondence between
the space V and its dual V* = A!(V), which we can use to identify a differential
form with a vector field. As a notational convenience, we shall identify the vector
field associated with a differential form by writing an arrow over the symbol for
the form: thus, if A is a one-form, A is the vector field related to it by

w[A] = (A, w) for all one-forms w.

Thus if

Z=A1e1 +A262+ A

the associated one-form is

A=+ A dx 4+ 4,dx2

7k

where for each term the + sign is chosen according to whether (e,e,)=+1.In
A=Ae + Ae,+ Ae,

A=A, dx+ A,dy+ A,dz.
For f i : onal ime, with the 1 | luct, if
ZzA,e,+Axex+Ayey+Azez, -

A=A,di—A,dx—4 dy—4,dz.




operator and the d operator. Then the dot product may be written
A" B=x(A A xB)=(B A xA)

while the cross product is

The differential operators are

arad £ A £
slau y=uj,
— —_—
curl 4 = xd A,
div A A, 4
Ul A — XUXA

In coordinates other than Cartesian, the association between a vector 4 and a

L\ SRR 0 rm—4 vy N NN YVAnte made-hy ot AN

basis of one-forms at each point. For example, in cylindrical coordinates, dr, rdg,
and dz are orthonormal one-forms, dual to the (unit) basis vectors &,, &, and ¢.. Thus
A=A F A8, F A8,
A=A,dr + Ay(rdf)+ A,dz.

Similarly, in spherical coordinates, dr,rdf, and rsin #d¢ are orthonormal, so

A=AR + Ay + A,

—_is-associated with

A=A,dr + Agdf + Ayrsin6dé.

Tt now becomes a simple matter to compute div, grad, and curl in cylindrical
or spherical coordinates. The rule for applying d is the same in any coordinate
system, while the star operator acts on the orthonormal basis {dr,rd6,dz} or

r,rdf,rsin exactly as it does on {dx,dy,dz}. For example, we compute
curl 4 in cylindrical coordinates, using curl 4 = xdA4:

A=A8 F AR, + AL,

A=A,dr+rA,df + A,dz,
04, O(rAy)
00 0z

[0(rAg) 0AN1 -
);(dr/\r(w),

or 00

curl 4 =

\—66 0z

aAz_a(er)) 1 ér+(6A, 6Az)éo+(6(rAg) aA,) 1 ..
\




664 The star operator

Similarly, we compute in spherical coordinates the divergence of a radial vector
field using 4 = xdxA:

A=4ze,
A=A, dr,
=4, in =r*A4,si )
24) . 1 o(r*A .
dxA = 6(1: r)sm0dr AdO A do =—06(rA ')dr ATrdO ArsinfBdo,
oF = OF
1 2 -
*dx A4 =— arA) = div A.
r<  or

In both examples, the secret is to express all differential forms in terms of ortho-
normal one-forms before applying the star operator.

Appendix: tensor products

The notion of the tensor product of two (or more) vector spaces is essential to

spaces, but, as it does not appear in many of the elementary linear algebra texts,
we give a brief introduction to the subject here.

a¥a /] -

f:Vx W-U is called bil

inear if

— )
1 29 - 1 25 )

f(V,Wl + w2) =f(V,W1) +f(V, wz),

flav,w)=af(v,w)=f(v,aw) for scalar a.

A familiar example, where V= W= U, is the vector product in ordinary three-
dimensional space

Starting with ¥ and W we wish to construct a vector space Z and a bilinear
map b: ¥ x W— Z which is universal in the following sense. Suppose that [V
W— U is any bilinear map. Then there exists a unique linear map I,: Z — U such that

f= lfob.

Diagrammatically,

VXWL»Z
N/
"N/

U

£ v v - 1 £
for any f there is a unique linear [, making the diagram commute i.e. [;°0 = /-
Notice that if b and Z exist, they are unique up to isomorphism. Indeed, SupPO_Sc

. s . a1 990G 11142 A ~ Ly s G F g ! o] __'11'1
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the above diagram, we get

VX W b Z
b\ _/lb
K« 7
7I
so ly: Z — Z' with
b =1,5b.
Similarly we get a linear map [,: Z’' — Z with
b=Ib
But then
b = Ubolbl)ob.
But
b
VXW—Z
id
bl Iy * 1y
z

b=1I-b
By the uniqueness, we conclude that
lbo lbf = ld;
and similarly
lblo lb == id.

Thus I,, gives an isomorphism of Z with Z’ and b’ = ,,°b. So, up to isomorphism,
(b.7Z) is nnigue
\ \lu\l.

s Unl

Our problem is thus to show that such a (b, Z) actually exists. We shall give
two rather different looking constructions. Of course, we know by uniqueness that
they must give the same final answer.

%ﬁhmmw—l—ﬂﬁml—éa—mwwo all scalar-valued bilinear I ;

®€ Y 1s a bilinear map of V' x W — R. It is clear that the set of all bilinear functions,
%, forms a vector space and this is Y. Now take

Z=Y*

S0 a vector in Z is a linear function on Y. Define the map b: Vx W—Z by

[hiv - \
LU\ A\J Py Py }.

That is, b(v, w) is that linear function that assigns to each bilinear function, «, the
—Value oy, w). It is-clear that b(v,w)-is-a linear function of o and-that it depends
bilinearly on v and w. We claim that b and Z give a solution to our universal

Problem.
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Indeed, suppose that f:V'x W— U is a bilinear map, where U is some Vector
space. For each veU* we get a bilinear function

vofeVY.
Vofe ¥,

We have thus defined a linear map, I*: U*—> Y:

I/ N L
LHvy=vof.

Therefore, we get its adjoint, [**: Z = Y* — U**, By definition,
[**(blv, w))(v) = b(v, w)(I*(v))
= (I*()(v, w)
= (vof)(v,w)
=v(f(v,w)).

the number v( f(v,w)). Now recall that there is a canonical isomorphism

U_)U**

] | U is identified with the I function i(u U* oi |
i(wW(v)=v(u) ueU,veU*

We can thus write

l**(b(v’ W)) = l(f(V, W))

of Z->U

. Thus we have found a map /: Z - U satisfying

Joh —=f
v L% J-

Suppose there were two such maps. Then the difference, m, would imply

(mob)(v,w)=0 for all v,wel.

So

m*(v)(b(v,w))=0{forall—velU*
Thus m*(v)e Y is that bilinear function on V x W which assigns 0 to all pairs (v, W).
zero linear map. Thus m =0. This proves the uniqueness of [.
The space Z is called the tensor product of the spaces V and W and is denoted

—by V® W. We shall also use the notation ————— — — —
b(v,w)=v®w.
Suppose that V and W are finite-dimensional. Let {e,,...,e,} be a basis of V

and {f,,...,f,} be a basis of W. Then a bilinear function f on V® W is completely
determined by its values fe, f;): we can write

p= Zﬁ(eia fj)gij




ppencix

where &; is the bilinear function determined by
gvuw=vw; if v=pe, +...+p.e . w=wf + - +wf,

Wﬂmmﬁmmmmbﬁﬁw

dual basis of Z=Y*is just ble,f)=e,®f.. Thus,

II {el,...,em= I‘S 8; baS.IS ()l b a”d {fla""fn} I.S a baSI'S Of E;, the"
{e;®f},_1 -1 »gives a basis in ¥® W. In particular
fim (1 o fim W),
Here is another construction of V® W. It is more direct — and abstract - but

e—disadvantage ol iInvokmg some1n e-ammenstonal spaces. For any

M, let F(M) denote the vector space of all formal linear combination of elements
m F 1 ini 1

W E

by adding the coefficients. If M were a finite set, F(M) would simply be the space
of all functions on M, and the function f corresponds to the formal expression

), f(m)m.

meM

”.

W Vd L O d L] U U ye . W dl Ul Yy
with the function é,, where 6,,(n) =0 if nem and 6,,(m) = 1. Thus the most general
is a finite li mbination of the J,,. The map M — F(M) sendin

m—9,, gives M as a subspace of F(M).)

The space F(M) is universal with respect to maps of M into vector spaces:
given any map ¢: M — U, where U is a vector space, there is a unique linear map,
L,: F(M)— U such that

Lo 0., = P(m).

Indeed, this last equation defines L, on the elements J,, and hence L, extends by
linearity to all of F(M).
Now let us get back to our problem. Take M =V x W. If ¢ is any map of the
M%MWMMMWW
orall meVx W. TV'x W- U is bilinear, then L;
elements

P —d —d
Y v W) C(v,wW) (VWP
(vwy+wy)  Yvwy) T Yivwyp

(row) — 00wy

Operwy = Ty my:

Thus, L ¢ must vanish on the subspace B spanned by these elements. We can thus
define V® W to be the quotient space

V@ W=F(Vx W)/B
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and the map b: Vx W—-V® W by
b(v,w) =[9,,]

where [ ] denotes the equivalence class mod B. It isnow ¢ at this definitiop
of b and V® W fulfills the universal properties.

et us now draw some consequences_of the universal prope e " and W
be another pair of vector spaces. Let A: V-V’ and B: W— W’ be linear traps.

formations. Consider the map sending (v, w) into Av® Bw. This is clearly bilinear
Hence there exists a unique linear map from V® W— V'@ W', which we sha
denote by A® B, such that

(AR B) (VR W) = AvR Bw.

Suppose that A:V'— V" and B: W' —» W" are a second pair of vector spaces and
i hen the map sending (v, w) into A’Av® B’ i

AARBB:VRW-V"Q W".
—But we-alsohavethemaps——— — — — — — — — — — —
ARB: VR W->V' QW'

joV]
jom
o

A/®BI: Vr® W,_’ V”® W"
so we get

A RBYAQBIVRIWSV " QW".
By construction (A’ ® B')(Av® Bw) = AA'v® BB'w. Hence we conclude (from the
uniqueness part of the universal property) that

(A ®B)(A®B)=A'A® B'B.

Here is another consequence of the defining property of tensor products. Suppose
that V and W are equipped with scalar products, ( , ), and ( , ). Consider the

scalar valued function f defined on (V x W) x (V x W) by
FEv Wl v Wy = (v vytw Wiy
J A WAV, s ¥ VAT w-

For fixed v/ ', fis bili i i ion [, on

VDIV eaticfinine
YV SdsTy HYE

4 I4

Forfixed v and w, this expression is bilinear in v' and w’. Since every ae V@ W
is a finite sum of elements of the form v® w, we conclude that

ly w(®)
is bilinear in v' and w’, for any fixed o in ¥ ® W. Thus there is an linear function
[ on V ® W such that

v QW) =, ().

Then

I*(B)

is linear in « and (anti-)linear in B. It is easy to check that




(o, ﬂ)wgw: I(B)
defines a scalar product on V® W. To summarize:
There is a unique scalar product ( , ), defined on ¥ ® W which has the

«««««« +v that
pl Uptlitytiav

(VOW, VR W), eu= (v, V) (W, W)y.

Tensor pro Hom
Here is one further identification involving tensor products which is very useful.
the vector space Hom (W, V) to be the
space of all linear transformations from W to V. This is a vector space (by the
addition of linear transformations) where dimension is (dim W)(dim V). For each
veV and ueW*, consider the rank 1 linear transformation T%:W — V define by

To(wW) = {p, WHV.

ere {fi, W) deno valu 1 i vector weW.
The map T* clearly depends linearly on v for fixed x4 and linearly on u for fixed

—v. Thus we have a unique inearmap ...
iV W*->Hom (W, V)

determined by

(VO uww =<y, wHv.
It is easy to check that the map i is an injection. It maps V® W* onto the subspace

) =Faiae /l ONS N O NOSE Ned 11 OTrMaJd ali O N

is finite-dimensional, this is all of Hom (W, V). If ¥V and W are both infinite-
dimensional, this is a proper subspace.

Higher order tensor products
ere are a number of extensions and modifications of the no

product which we now briefly describe. Suppose that instead of just two vector

of the variables when all the others are held fixed. Then there is a universal space

— V. ®@---®V; and multilinear map m: ¥, x - x V>V, @V, @ - @V, justasin
the other case. It follows from the universal properties that there is an isomorphism
of

Vi@ ®V)®(Vis1® - ®Viy)

%

with

Vi®-- @ Vi
since they both satisfy the universal property for (k + I)-linear maps.
As in the case k = 2, if we are given linear maps A: V, - W, A5 V3 = W), €1C,
We get a linear map _
AR - RQAV Q- QV, > W Q- QW

The generalization of the rule for composition holds as well. Also, under the




identification of (Vi ® - @V )®(V,, 1 ® - ®@ Viy)) With Vi ®@ - ®@ V1, we get
E Ig 811k)®(2{k+1® ®zlk¥l) Ig“ ®71k+l.
Now suppose that V; =V, = ... = I, are the same vector space. We say thyy a

multilinear map f: Vx --- x V (k times) is antisymmetric if

£ (s - A Va4 - w—)
JWh e Vo Vir sV )= —J Voo Vir 15 Vis o o5 V)

S Va1ys - V) = (1N 7) f(Vy, .., W)

We can now look for a universal space and antisymmetric multilinear map. That
is, we look for a vector space A¥V) and an antisymmetric multilinear map
my. I XX I (1: tiIIIES) X I Stlﬂh that fﬁt Elﬁ§ ftﬂt,iSE Inﬁietfic Inﬂltiﬁl]eaf map
f:Vx .- xV-U there is a unique hnear map [, A"(V)— U such that lom, =
Diagrammatically,

ktimes My
VX -+ XV—=>ADT)
AN /
AN
¥
U

It follows immediately that, if (m,, A¥(V)) exist, they are unique up to isomor-
phism. Also, an examination of either of our two proofs of the existence of the

CNSO slnale eadl A N MINO M-Od % O1] O_d Droo O tNC CX1sience o

A¥(V) and m,. In particular, the first proof shows the following:
Let V* be the dual space of V. Then A¥(V¥) can be identified with the space
of all k-linear antisymmetric functions on V x --- x V.

Exterior algebra
Consider the map my ,;:V x --- x V(k + | times) into A** (V). It is multilinear and

K Vd (1 d O Ve C
map of
Akeys ALy AKk+Lryzy
KVYS A=A T)

known as exterior multiplication, and denoted by A . From the universal properties,
. . hec] . iative. that i
WAo)AT=wA(0AT)
as maps into A*+*!* (V) where weA¥(V), se A(V) and te AP(V). Also, by evaluating
on basis elements, it can be checked that
worc=(—1¥Arw wecA¥V),oceA'(V).

Finally, suppose that ¥ has a scalar product. Then the functionon (VX --- X V)
(V x --- x V) (k times each factor) given by

FOL Vg W, W) = Det((vi, w)y)




is multilinear and antisymmetric in vl,... v, and is multilinear and anti-

s m A a a s 5 H A : H H S aid »
yn VYR W, it follows from the umversal propertles that f induces a scalar product

1 A¥(V). In other words, we get a unique scalar product (, )axg, Which is
charaCterWCd by

(vl N AV, WA -2 A wk)/\ (V)—Det((vn 1) )

we have studied in this chapter, such as the exterior algebra and the Clifford algebra.
T—Ipre are some of the details. A vector space A4 is called an algebra if there is

1T A

given a map m (called multiplication)
mARA-A.

We shall denote m(a® b) by a-b (or just by ab). The algebra is called associative if

A
el

{ A~
— Qo)

\./

for all a, b, and c. It is said to have a unit (denoted by 1, orjust 1 if there is no risk of
confusion) if

tya=a

for all elements of 4. Unless otherwise specified, all algebras will be assumed
~——associative and to haveunits.————

algebra U and a linear map i: V— U such that for any algebra 4 and any linear

map f:V— A there exists a unique homomorphism ¢: U — A such that

P(ly) =14

and

¢(iv) =f(v) for all veV.

4 >/

by the same arguments that apply to all umversal constructs. (They are really
arguments that belong to category theory.) The problem, as usual, is to construct
one such algebra. Consider the (infinite) direct sum

TV)=ROVS(VRNS(IVRV®V®--.
Make this .

- pfactors  gfactors — (p+g)factors




to be the unique map given by

m[(vl @"’ngp)@(wl@“'@wq)] =V1®"'®VI,Q<)W1 639] ...@wq

(just remove the parentheses). Multilinearity guarantees that this is well defineq
So we know how to multiply a, with b, where '

ef

a,,eT,,(V)d VR @V

and
b,eT (V).

(We define r-a =ra for reR). Since every element of

T(V)= T,V

r=0

is a finite sum of a=ay +a; + --- + a, of elements a,eT,(V), the distributive law
(bilinearity) then determines multiplication 1 T(V). Take U=T(V) and let
i: V- T(V) be the map which simply identifies V as the r =1 piece, Ty(V), of the
direct sum, T (V).

Now let f: V— A be any linear map. Then

S (1) f(v2)
(multiplication in A) is bilinear in v, and v,, and hence defines a map
b, VR V- A.
Simi]arly
¢, T(V)— A

d)r(vl ® "'®vr)=f(v1)'”f(vr)'

inally set
Plao+ - + a,) = dolag) + - + d,(a,)

(where ¢y(ay) =a, 1,). It is easy to check that ¢ is a homomorphism and is the
unique one which satisfies

¢(iv)= f(v) for all veV.

Thus T(V), i is the ‘universal’ algebra over V.
If A is an algebra, a subspace I = A4 is called a (two-sided) ideal if

aeA,bel implies abel and bael

W ben def o ficat | .
B=A/I

La/l]-la/l]=laa'/l]

( Al10 O O ACIIONC d 4
The point is that the above rule is well defined — it is independent of the particular
choice of a or ' mod I.




The Clifford algebra

gruction’ problems. For example, let us consider Clifford algebras. Let V be a
yector space with a quadratic form Q, and associated scalar product ( , ). Let 4 be

am assoc g A I I

fiV->A

.~h that
suchth

fW?*=0(w1, forallveV.

Wwe can equally write this condition as

S@f M+ f¥)f(@)=20uv)l,

V- C(V Q) which is universal in the usual sense: given any Chifftord map f:V— A
omorphism ¢: C(V,Q)— A such that

y—L v, )
N\

~N
f\ﬁ

As usual, if a C(V, Q) exists, it must be unique up to isomorphism. The problem
is to construct one. The universal property of the tensor algebra forces our hand.

homomorphism ¢: T(V)— C(V, Q) such that

M ot
J— Y-t

V——LPT(V)

|

i

¢

cw, d

suming for the moment tha , Q) and j exist, e
all b in T(V) such that

TV 5w, 0)

%

induced from y:
Y[a/J]=y(a) (independent of the choice of a in [a/J]).
- Now the elements

would certainly have to lie in J by the defining property of Clifford maps. Hence
J would have to contain all sums of right and left multiples of these elements. So




let us start afresh. Let I be the ideal in T(V) generated by the elements
a(v®v— Qv 1ry)b
where a and b range over and v over V. Then I is an ideal. Define
CV,Q)=T(V)/I

JV-CW,Q) jv)=LWw/1]
=[v/I].
By construction j is a Clifford map and we leave it to you to check that all the

universal properties are satisfied. In the special case that Q =0, the Clifforq
condition becomes

S =—fOf ()

In thi hould check), the Clifford algebra i | :
algebra A(V). A detailed analysis of the structure of Clifford algebra is given at
the end of the Exercises to this chapter.

Summary

products on A¥(V*).

Given a vector space with a scalar product (not necessarily positive-definite)
and an orientation, you should be able to use the definition of the star operator
to compute =4 for an arbitrary basis k-form A.

You should be able to define the Laplace operator and express it in terms of
partial derivatives with respect to Cartesian coordinates.

-B Vectorcalewus
You should be able to define div, grad and curl in terms of d and * and to use
these definitions to prove identities of vector calculus or to express differential
operators in orthogonal coordinate systems.

Exercises
18.1. Two-dimensional spacetime has affine coordinates ¢ and x, with scalar
product (e,e)= +1, (e,,e,)= —1, (e,e,)=0. The basis two-form is
dr A dx.

(a) Using the definition of the star operator,

ALt
\rvg

7

r.
~
/

L
—_—
*
- )

calculate x1, xdt, xdx, and x(dt A dx).




(b) Another pair of affine coordinate functions on this space is

U=t—x,v=t+ X.
Calculate du, dv, *du, xdv.

(c) Let f bea twice-differentiable function on two-dimensional spacetime.
Calculate the Laplacian of f,

Of=—dxdf
in terms of partial derivatives of f with respect to ¢ and x.
(d) Calculate [ f in terms of partial derivatives of f with respect to u and v.
18.2. When polar coordinates are used in the plane, the vectors e, and e, are an
Ibasi : l i wl y: .
The one-forms dr and rdf are dual to these basis vectors,
(a) Using the definition of the star operator,

WA 4= (%w g
AY b 7 b

calculate *dr and xd@.
(b) Let f be a twice-differentiable function on the plane. Calculate the
Laplacian of f

CHf==dxdf

in terms of partial derivatives of f with respect to r and 0.

18.3. Translate the following identities into vector calculus notation ( f denotes

) d(dA) . (In R3, %« is the identity.)
() d(fA)=df A A+fdA. (Apply = to both sides.)

) d(A A B)=dA A B— A A dB. (Look at (xdx)x(A A B).)
(e) d(fxA) = df/\ *A +fd*A (Apply * to both sides.)

spacetime. Calculate the Laplac1an D f in terms of of partial der1vat1ves of f
18.5. Let B be a vector field in spherical coordinates: B =B,e,+ Byey+ B,e,.

By calculating xd B, where B is the associated one-form, develop an
expression for divB .

18.6. (a) Let A= A,e, + A.e, + A.e,. By evaluating (dd* + d*d) 4, where A4 is

the one-form associated with A, find an explicit formula for the vector

Laplacian of A in terms of partial der1vat1ves of Ax, A, A,.

18.7. Develop a complete expression for curl A in spherical coordinates; i.€.,
start with

Z = A,er + Aoeo + A¢e¢,
so that the corresponding form is

;1=;1rd] | ;10] dé ;iqbl SI.IIE d¢

1

Calculate xdA, and reinterpret as a vector.

The purpose of the next discussion is to describe all (finite-dimensional)




has the following implication, as follows immediately from the ‘universal’ property
—of the Clifford-algebra:
Let f:V— V' be a linear map which ‘preserves length’, that is, satisfies
- @@ feH)=0@) forallve. 00000000000
Then f induces a unique homomorphism, ¢ C(V,Q)— C(V', Q) such that

AY

poy =1y for veV,

when we regard V as a subspace of C(V, Q). In particular, if f is an isometry, that
is f is also a linear isomorphism of V' with V, then ¢ is an isomorphism of C(¥, Q)
with C(V’, Q). Thus the classification of Clifford algebras is the same as the classifica-
tion of vector spaces with quadratic forms. We know the answer to this classification

precisely, let V* <V denote the subspace of V consisting of all vectors u which

__satisfy (u,v)g =0 for all veV. Then Q induces a scalar product on the quotient

induced scalar product is determined up to isomorphism by the numbers p and

g of + and — signsin its orthonormal basis. If we choose a vector space complement

W to V*, so we can write V=W@® V", then W is isometric to V/V*. If dim V =n,
then V is isometric to R" where the standard basis é,,...,d, is orthogonal with
00)=—-1 p+1<i<y,

ool
-
ju

006,)=0 p+g<ign.

Thus the Clifford algebras are completely specified by the integers (n, p, g) with
p + q <n. What we wish to do is get some insight into what each of these algebras

o
O
S

our observation that an isometry f: ¥V — V' induces an isomorphism ¢, of the

1@
S
¢ Lltiord algebra C = s with 1tsell. € Sha enote this iIsomorphism by

W, SO

w=0d;.

Notice that it follows from general principles that, if f: V— V' and g: V' - V" are
1sometries, then

Ggor =Ps°0;-

(bfz = CUZ.

Butf?=1id and, by the uniqueness property of ¢, ¢,, must be the identity isomor-




phism of C with itself. Thus

w? =id.

We say that w is an involution of C.

Wﬂl o
S AAN 8

Let C, be the subspace of C consisting of all ¢ satisfying

alcl=rc¢
7

and let C, be the subspace consisting of all ¢ satisfying

ofcf=—c.

Then any ¢ can be written as

c=cotc; co=3ctw()) c,=3(c—w())

with

Pl 3 Pal
coeCy and c;eCy.

Thus
cC=C,

O

DC,

as a vector space. Also if
w(c)=(—1c and o(c)=(-1)¢

then
w(cc)=(—1)"* e
SO
coc’oeCo if ¢y and cpeCy,
cocreCy if coeCqyand cieCy,
oot eC i e ecCoand c-ecC
Lt 0 1 11 Ciou allu vgT o,
and

c,ch eCqy if c,eC, and ¢\ eC,.

We can summarize this fact by writing

Fal VAl Al
CoLo“- Lo

CoC,=Cy,

PR ol rai
| S STy o O

and

Wesay that Cis a (Z,-)graded algebra. Now V < C, and TeC, and every element
of C can be written (perhaps in several ways) as sums of products of (1 and)

of products of elements of ¥ having an even number of factors, while C, consists
of sums of products with an odd number of factors.

Twisted tensor products




from the Clifford algebraic properties. Now set

Then

and

Thus C(—2) is spanned by 1,1,j, and k and the above relations are precisely the

defining properties of the quanternions. This algebra is frequently denoted by H.
— Let A and B be algebras. We define 4 ® B as an algebra to be the vector space
A® B with the multiplication law

(a®b)(d@b)y=aa @bb'".

(Notice, in contrast to the twisted tensor product, there is no sign change.)

Pariodicityv
I Criougicrty

We wish to prove the following basic formulas
and Cp,g®C(L,)=C(p+ 1,q+ 1),

b — b 3

where =~ means isomorphism.

. /0 =gV or-space{say

R") with a quadratic form of type (p, q), and let W =R? with its positive-definite
inner pr L he y= f = i he m

Y Ve Ww-Chp,q)®CQ2)

given by

Uv)=v®y velV
and

Y(w)=1@w.
Now

A— 0
(‘®})(H®“) (H®“)(‘®7)_F®(“i wyy="yv

SO

W) -+ YW (¥) =0,

Also
20U

Yy(wP =T@w? = | w1
and

Y2 =NV =v'®y’
—v2®(—1)

= O L1
JAR <A




on W. For this quadratic form on V@ W, the map v satisfies the Clifford identities.

2 () an o - = a AlaVa A
guaard O d 4 1 % (] D H 5 U 4/ § O—d

2

We leave it as an exercise to construct the inverse map and verify that ¥ is an

the isomorphisms

Cp,q)®C(1,1)=C(p+ 1,9+ 1)

Clp,q)®C(—2)=C(q,p + 2).

o o e~
H®H=C(—2)®C(-2)

= C(0.2® C(—2)
~C(2,2)
=R2%*)=R4)

SO

H®H =R4)

Now

CH~ROR

under the isomorphism sending

xt+ye=s(x=y,x+y)
as can be easily checked (exercise). Thus
C(—3)~C(H®C(—2)2(RER)®H
~H®MH.
CR=C(—1H®CR)=CRRQR)
—which is just the algebra of complex two-by-two matrices, which we denote by C(2).

Similarly

~ C(1,2)

=C0,)®C(1,1)
~C®R(Q2)=C(2).

S0 CQH ~ C(2).
We can use these various isomorphisms to fill in, successively, a table of all the

~entries of the C(p,q




just the ordinary tensor product, A ® B, of 4 and B. Thus, as a vector space,
AQWB=(4,®4,)® (B, ® B;)
=A®B,® A, @B, ®A, @B, ®A; ®B;.

We define multiplication:

(a®bo) (@ ®b)=aa ® byb,

(a® D) (ap®b') = aay @ bb',

(a®by)(a,®b)= —aad; ®b, b,
where subscript denotes whether the element is even or odd. A lack of subscript

means that the equation is true regardless of whether the element is even or odd,
More succinctly

Let V and W be vector spaces equ1pped with quadrat1c forms oy and Q";

respectively. On the direct sum, V@ W, put the direct sum quadratic form. That
is, ¥ and W are to be orthogonal, and the quadratic form @, is to coincide
with @, on V and with Q@ on W. Then we have an isomorphism

C(VOW,Qyew) = C(V,0,)Q C(W, Q).
More prec1sely the maps f: V—+ V@Wf(v)—v@o and gW-o>V@W, gw) =

¢ C(V,Qy) —>C(V® W,Qvow)

¢g: CW,Qw)—>C(Va W, QV@ w)-

O:C(V,0,)®C(W,0p) > CVOW,Q 6 w)

and

'—
a=uvy...0;

Now for veV and weW we have (v,w)=0 in V@ W. (We write v instead of
f@)=v®0 and similarly for w.) So in the Clifford algebra CV® W, Qyow)
we have

vw+wov=0




and hence

from the definition of ® that
h(v @ 0)h(0 D w) + h(0 D wh(v P 0) =

while h(v @ 0)?> = Q(v)1, and h(0 + w)* = Q(w)1y. Thus by the universal properties
of C(V @ W, Q) the map h induces a homomorphism

L e C(VOW,Qpew)— CV,0y) & C(W, Qy)
and R R
PP DW) = 00X 1y + 1, O W)
=08 1)+ ¢,(1y QW)
=v+w.

Thus ¢o¢,=1id on V + W, hence, by uniqueness,
$o¢,=1d.

Thus ¢, is a (right inverse) to ¢. A similar argument shows that ¢,°¢ =id. Thus ¢ is
an isomorphism

algebra is just A(U) (as follows from the definitions). Now let V be any vector space

with quadratic form Q. Recall that we can write

g—s. We wish to understand the structure of C(p, g).

The split case
For example, in the case p =g, as a possible model for C(p,p) we could take
V=U+ U* where U is a p-dimensional vector space and we take (u,u’)=0,

! 4 * /—,T* and
] - Py alirga

(u*,u)y = u*,u)

(the evaluation map). As discussed in the text we have a description the corres-
ponding Clifford algebra in terms of creation and annihilation operators on A(U).




An examination of the discussion there will show that the Clifford algebra becomes

a ~Ya h e aloepra a o N Aoy ge sy 21 aFArm a%s on_ /A 2 A1

A(U) =27 we can thus identify the Clifford algebra

) writh m{IPr)

C(p, P with— (2 ")

real n x n matrices,
RP with s ..

A

Clp,9)=C(PC(—9q)
We thus wish to understand C(p) and C(— g).

The nondegenerate case
For the moment, however, we study the general case of a vector space V with
a non-degenerate quadratic form Q and let

C=C(V,0).
Let {e,,...,e,} be an orthonormal basis of V (with Q(e;)=---=0Q(e,)=1 and

If

Xy X, = Det (aij)el @, = Det (aij)y.

In particular, if {f,,...,f,} is some other orthogonal basis, then

fl...fnz iel...en_

Dirac algebra, C(1,3), the element y is usually denoted in the physics literature by
¥s. The subscript 5 refers to the fact that in this four-dimensional case y is the
product of four elements.) Notice that

,))2 — ( _ 1)n(n—1)/2+qy-

The n(n—1)/2 comes from moving e, past e,:--e,, then e, past e;---e,, etc.
The g comes from the fact that e2,, =-.-=e?= —1 where n—p=g.

Notice that f  with 1< i<

ve,=e,---ee;=(—1)"""e,---ee;e;. . --e,

while

J— _ ‘__1
ey =ee;-e,=(—1)""e;-eee;, €,




Thus

— n—1
ye;=(—1)""ey.

Since the e; form a basis of V, it follows that

n—1 N i 94

{ 1I\n— 1%
pv={(=1)"""vy forall vel.

Hence

va=w(a)" 'ay forany aeC.

Low-dimensional examples
Here are two important low-dimensional examples. Take V' = R?. We claim that

C(2) = M(2) = the algebra of all 2 x 2 matrices,

when = means ‘is isomorphic to’. To prove this, let

he D2 o AL(D)
l’l.u“ _'171\44}
be given by
//x\\ /x y\
6= )
V, y —X
Then
x )\ )2 (x2+y2 0 ) 5 2(1 O)
() =037 wtye)meeen(s |
SO

and M(2) thus has all the desired properties of the Clifford algebra C(2). If we

1\ (0)
take the orthogonal basis k 0), \1) then the corresponding elements of the
Clifford algebra M(2) are

(1 0) ; _(o 1)
€, = 0 —1 an €, = 1 0

SO
_ (0 1\
4 Y1vl \j_ 1 0 /'
Notice that > = — 1 as required. The even piece, C,, of C consists of all 2 x 2

matrices which commute with y. This is just the set of conformal matrices. The

subspace C,, the odd component of C, consists, in this special case, of the subspace
R? itself, identified with the space of symmetric matrices of trace zero.

We have already investigated the case of C(— 2) and found that it is isomorphic
to the quaternions. We review the construction. We define i to be the element

/1\- : /0\
0 1

12

i=—-1, *=-1 ij+ji=0,




0 1 2 3 4 ...

0 R C H HoH
1 R+R  RQ)

2 RO R(4)

3 CQ

o P

For example, to find C(1,2) we tensor the entry, C, for C(0,1) by R(2) = C(1,1) to
find that C(1,2) = C(2). Similarly, to find C(3,1) we tensor the entry R(2) = C(2,0)
V1R () Cl [}a !I y NC A nition—o [Tl d i d COI'g

« 1L )

the algebra of all 2 x 2 matrices with quaternionic entries. (Notice that C(1, 3) and
3 . hic) Similar]

C(4,0)= C(0,2)® C(2,0) = H @ R(2) = H(2)

and

C(0,4) = C(2,0)® C(0,2) = H(2).
Thus by working back and forth you will find

R C H HeH HQR C@ RO RE+RE) R(16)

O NN BN = O
T
=
-

The rest of the table can be filled in by moving along the diagonal, tensoring by
R(2) for each step. This eight by eight block then determines all the Clifford
—algebras, as C(n +8,0) = C(n,0)@R(16) and C(0,n + 8) = C(0,n) @ R(16) as follows

from a fourfold application of our basic isomorphisms: For example
To compute C(9) we can start from C(1) and successively tensor by C(— 2),




C(2), C(—2), C(2). But this is the same as tensoring by

CORC(-2)RCR)®C(—2)
~2C(-4RCR)®C(—2)

=C6)® C(=2)

~ C(8) = C(— 8) = R(16).

This same argument shows that

Ck + 8)~ C(k)® R(16)
and
C(—k—8)=C(—k®R(16).
Thus
C@Br +k)=C(k)®R(16") (Bott periodicity)
and
( | 1\ r
\./\ ny '\} =
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Chapter 19 can be thought of as the culmination of the course.

—Itapplies the results of the preceding chaptersto the stadyof ———————————
M i . 1 - ted —

19.1. The equations

Electrostatics and magnetostatics are only approximately correct. For time-varying

b ’

wilt ils 11 DE eplaceqa b VIAXW Lneo NEe DEeo1N W 1 araaay-sS 1lawv

of induction which says that for any surface S spanning a curve y the time derivative
of B i1s related to E by

d

Se-—|E

dt .

(o
vy L

We now rewrite this in a form suitable to four dimensions. Consider an interval
[a.b] in time and the three-dimensional cylinder S x [a, b] whose boundary is the

ﬁ Space
Y

Figure 19.1




with respect to ¢ from a to b gives the equation

il ~ P

j B—J B+J E A dt=0.
S x {b} Sx {a} y % {a,b}

Let us set
F=B+EAdt
so that F is a two-form defined on four-dimensional space. Let C denote the three-

dimensional cylinder, C =S x [a, b], so that
0C=S x{b}—S x {a}+yx[ab]

Now, B is a two-form involving just the spatial differentials and, therefore, must
vanish when restricted to the side y x [a,b] of the cylinder, while d¢ and hence

3

JocF =0 for all three-dimensional cubes whose sides are parallel to any three of the
; i This i h to implv that dF = 0. wl : I
Is fortl :or derivative in four g
F=B,dyndz—B,dx Adz+B,dx ndy+ E,dx Adt + E, dy A dt
+E, dz A dt,

the equation dF =0 is equivalent to the four equations

0B, 0B, 0B, 0B, QE, JE,
8x+8y+62=0’ at_6x+6z =9
@ux_épy+5Ez:O 532_5Ex+5Ey=0
ot 0z dy ot Oy ox
We will Faradav's | lofine B hat ] s of B
voltage-time energy-time
area  charge-(length)®

Ampére’s law relates current to magnetism. It says that the electric current flux

—through a surface S whose boundary is y equals the magnetic loop tensionmaround y-—

According to Maxwell’s great discovery, we must write the electric current flux as the
1m O vo terms aD /ot dJ. where D is the dielectric displacement and is the




negligible in comparison to the second and did not appear in Ampére’s Origing]

AN ek a's Ak s - M3 OoNE AVata' = W P O ~Infa1ned - 2 D 1} O

differential form H, called the magnetic field strength, around y. Thus Maxwelpg
modification of Ampeére’s law says

r /6D AN
J (~—+4nJ)= H.
s\ Ot y

Consider the three-dimensional cylinder C =S x [a, b] as before and set

G=D—H A dt.
We integrate Ampére’s law from a to b with respect to t and get
G=—4n{ J A drs
Joc JC
If we consider a three-dimensional region R at constant time, then dt vanishes on dR
amd tha tnteoral o ~ver AR 1 o e ho 1nteo ~f D hic aagnrale 4 "

L] 1adl U O UY [ Cl cl 2l al UL 17 Ud =1

total charge in R) which is 47rjpdx A dy A dz. Thus, for regions which lie in constant
time, we have

G=4n ( pdx A dy A dz

J OK J R

Let us set

j=pdxadyandz=J~ndt

and we see that

from which it follows that dj =0.
We summarize:

Set then Maxwell’s equations say
F=B+E Adt, dF =0,
Pl N Ir 4 hWal At
G=D—11~dft, dG =4mnyj.

Note that Maxwell’s equations are invariant under smooth changes of
coordinates.

We will use Ampere’s law to define H. D has units charge/area so dD/0t has units
charge/(area-time) and J has units current/area = charge/(area-time). Thus H has

D=¢;xE and B=pu,xH.

&p has units;

charge y length  (charge)?

area _ voltage energy-length’




o has units
— energy‘time _ time-length  energy(time)>

charge-(length)? X charge ~ (charge)?-length’

Thus 1/€0fo ' g ime)? = (velocity)®. Thus g=

netism has a fundamental velocity built into it. It was Maxwell’s great discovery that

C10C S CXd — 1tNC VvEClo LV O
our-
*x(dx A dy)= — cdt A dz,
*x(dx Adz)=cdr A dy,
x(dy A dz) = — cdt A dx,
*x(dx Acdtyj= —dy A dz,
*x(dy A cdt) =dx A dz,
*x(dz A cdty= —dx A dy.
Then
= z 5 z

—(1/c)(Exdy Adz — E,dx A dz + E,dx A dy).

The constitutive relations can now be written as

redefinition of j and write Maxwell’s equations as

AL 0N and p= P
Ur —v allQ UxiI

From the last chapter, we know a procedure for dealing with this system of

O Y o ~tree A co a4 2 o - qe ~ ao aes o 4 o b e~y 2 1 A y O nedo




If we make the change of variables p = x + r, g = x — ¢, this equation becomes
o‘u
opoq

so, by integration,

u=uq(p) + u,y(q)

or

u(x, ) = uy(x + t) + uy(x — 1). (19.1)

hof o is clear] lution. The § ) , .
dynamically. At each instant of time ¢, the graph of u,(x — t) is just given by the graph
of u,(x) displaced ¢ units to the right. We say that u,(x — t) represents a wave moving

outd 8 O a8 C < USs = OS a OHUt10 a neno als OUS

wave equation in two dimensions is the sum of two undistorted waves, one moving
to the left and the other moving to the right.
We are usually interested in describing the wave motion corresponding to some

to be able to specify the initial values u, and v, where

Uo(x) = u(x, 0)

and

We claim that

writing u(x, t) = u;(x + t) + u,(x — t), we see that

ux,V) = u;(x) + uy(x)

and
0
50,0 =1 (9) — 15
u(x) —uy(x)=1 vo(s)ds+c
JO




where ¢ is some constant. So adding and subtracting the equation uy(x) =

oy (x)+uy(x), wesee that

*x

2ul(X) = uo(X) + vo(S)dS + c,
JO
2uy(x) =up(x) — | ve(s)ds —c.
LY, 0
So, from (19.1), we see that
1 x+t
T2 °

This is just another way of writing our formula.

e have proved an existence and uniqueness theorem f initial-
value problem. We also see from the explicit formula that small changes in the initial
values cause small changes in the solution. We say that the problem is well-posed.
Notice that the value of u at (x,, t,) does not depend on all the values of u and du/dt at

/N
ZERN
/ N\

[ A\ t=0

Figure 19.2. Domain of dependence

t =0, but only on the values in the interval [x, — tq, Xo + to]- Put another way, the
values at (x, 0) only influence those spacetime points which lie in the forward cone

Xl =Tt

NV
N/

Figure 19.3. Domain of influence




19.3. The homogeneous wave equation in R3

We wish to solve the initial-value problem

u  %u  u %
A D T ey Ty T 1:09
or* ox* 0y* 0z*
15 0)-=uy(x);
ou

Let A(t, x) denote the process of averaging over a sphere of radius |¢| centered at x
Thus

AL, x)f = Jrs Jx+t).

' e il shere S whowsval

with ||v]| =1 is given by f(x +tv) and 7 is 1/4n times the solid angle form. We
claim that the function u given by

u(x,t) = tA(t, x)vy + %[tA(t, X))o ]

is the unique solution to our problem.
We first show that it is a solution and begin by showing that it satisfies the initial
liti = 1 val ‘
u(x, t) = A(t, X)uy + O(1)

and the limit of A(z, X) is clearly u,(x) as we are averaging over smaller and smaller
spheres centered at x. Thus

u(x, V) = uy(Xx).

Also
B oA ]
—(x 0)=Ilim | A(t,x)vo + (t x)qu
t—0
- since all remaining terms are O(t). But

12

dA
5(09 x]uO _ L '\ (X)x T

T rx,-1:=0

S

since the average of an odd function — like the coordinate x; — over the unit sphere
must vanish.

To prove that u satisfies the wave equation, it is clearly enough to prove that, o7
—_any function © of x, the fupetion
W(x,t)=tA(t,xX)w




¢« « neous wave equation in ) -

satisfies the wave equation. This is because our expression for u is a sum of two
terms — one of the above form and the other of the form dW/dt. And if Wis a solution

of the wave equation, so is dW/or.

For any twice-differentiable function w, we have

[P0 Po o

+ =+ dxdydz d=xdw xdw
2 2 2 - -
|ly—xh<t\ax oy 0z } Jlly—xi s J S

LY

shere S, denotes the sphere of radius [z| centered at x.

wher

Now on the surface of a sphere of radius r we can write

. ., Ow . .
(xdoyAadr=—dxAdyrdz
and
dx Adyandz=tAdr
SO
! d 0 At
- Sx,* w =2 (t, X)w.
Thus
ﬁ r
— A(t,X)wo = —— (Aw)(y)dy
at 4nt” )y —x <
1 ﬂt fad
=——\| dp (Aw)(y)dS.
ant” Jo = Jiy-xi=p

Differentiating with respect to t, we see that

ra_ -1 [td ( (Aw)(y)dS + ( Aw(y)dS
= w @ .
3t2 27Tt3v 0 pv ly—x|=p y 4nt2~ ly—xll=p y
Now set W(x, 1) = tA(f, x)w. Then
W =2 0 Al X)eo+ tahA (tx)eo
oz o T T e
_L Aw(y)dS
4nt Jyy—xj=
But
-
AW = ——J A o(x + tv)dS
. Ar Jp=t
=— Aaw(y)dS
47U.J||y—x\|=t

so Wi luti » .
We can turn this argument around and prove the uniquéness of our solution by
reducing the three-dimensional homogeneous wave equation to the one-




dimensional equation. We have proved the integral formula

~

J Au(y)dy = rzf —?—u(x + vr)do.
ly—-xii<r ”v||=16r

So, for a function u(x, 7), we have

r Au(y, 1) = 4nr? gA(r, X)u.
orF

Jlly—xii<r

If u satisfies the equation

then we can substitute into the above equation to obtain

) 0“u r ) 0%u
Anr? A(r, X)u = =3 (% D=1 dp ——(y,1)dS.

Jiy=xi=<r &% JO J hy=xt=rCt

Differentiation with respect to » now shows that the function
Z(r, t) = rA(r, x)u(x,v)

satisfies the one-dimensional wave equation

0*Z  °Z

oa? e

~

Z(r,t) =rA(r, x)u(x,v)

Since Z(0,t) =0, we see that

wi(t) = —wy(—1).
: .. : 1
Zr,t)=wr +t)— w(t —r).

Dilterentiating this with respect to r and letting r —» 0, we get

u(x, t) = A0, x)u(x, t) = 2w'(¢).

Also
0Z oZ _ .
At = 2wir +1)
SO
; . 0Z . 07
u(x,r) =2w'(r) =lim 2w'(r + t) = lim— + lim 6_
t—0 t—0 ar t—0 at
Substituting the expression Z in i i i
ofr [ r ou \
ux,r)=—(-— u(x + yr,0)dS + — —(x + yr,0)dS .
O\ AT | iyii=1 AT Jipi=101 /]




But

and

puttingr =11 he ] . . bacl - vinal solution.Thi

the uniqueness.

19.4. The inhomogeneous wave equation in R?

We can solve Maxwell’s equations by solving a succession of equations of the form

02
COu=1, D:W_A

Let us first show how to solve this equation with the initial conditions

ou
u(}(, g) = g) —(}(, g) =0.
ot
We can solve the inhomogeneous wave equation by reducing it to solving the

homogeneous wave equation with a series of initial conditions as follows. Let
v(x,t,7) be the solution to the initial value problem

Jv
D v= 09 U(X, T) = Oa &(X, T) = f (X, T)'

We set

t
u(x,t)= — ( v(x,t,7)dT.
Jo

Then it is obvious that u(x,0) =0 and

@x )= —u(X,L,t)— f"a_v(x f,7)dzt
at(,)_ s by J at s by .

0

But o(x, 1,0) 0 by the initial conditi 5

ou, "t ov .
E(X’ = — u oég(x, t,7)dt
and therefore
_86_1;(’(’ 0)=0
Also, differentiating the equation for du/dt gives
0%u ov "t @

(%, ) =——(X, £, 1) 1 (x, t,7)d
ot ot ot g

0




while

t
Au = —f v(x, t,7)dt

0

SO

ﬁ—/\\14— f

\az_ M

Now the function v is given by

1 r
qxgo=4r—ﬂAmqf=Z;U—rU|P{KX+U—¢WJM7

SU
1 [t
u,)=—-——1 (t—1 f Jx+(t—1)y,1)dydz
4T Jo Jiri=1
1!
=——|7 r f(x+ 7'yt —1)dydr.
arn Jo  Jiri=1
Setting y = x + y7’ this last integral becomes
L {1 f 1.6 — 7)dSdr
— | = =1 T
47‘.]01' Jny—x||=t y
LSt =y —xy
= ——— " m y.
A Jiy—xi=v Iy —xi )

Thic s the formtlaof tod s

L fly,e—=lly—x1)
4n Iy —xI

u(x, t) =

It looks like Poisson’s formula for the potential, but the contribution from the
sphere of radius a about x is given by 1/a times the value of f at time a units.

Once we have a solution for the inhomogeneous equation with zero initial
conditions, we can then reduce the inhomogeneous equation with arbitrary initial
conditions, by subtracting off our given solution, to solving the homogeneous
equation.

quation to each of the components of the four-potentia in
equations. We obtain

o

mm:-J

z

*j(X,[—iX—X i)

dx.

[x — x|

This solution is known as the Lienard—Wiechert potential for the given charge-
current density j. The general solution to Maxwell’s equations is obtained by

aqaqaine a 4 9 ata Nt VNROSE ombonents—sa ne NOMo

equation.




19.5. The electromagnetic Lagrangian and the
—————————energy-momentum tensor ——————————————————
Let A be a one-form and j a three-form on Minkowski space, R!-3. Consider the

four-form

F =LA, J)=—1dA A xdA —4nA A * .
i te & overanyb -di ional region N and 1

function

. A . . >
ATINGS N Cl A8 e ana rv

of A. We say that A is an extremal of L if

1
a

Ly s(A)ls=0 =0

d(B A xdA)=dB A xd4 + B A dxdA

dB A xdA=dA A xdB

wn
e

=B A [d*dA4 —4nj] = d(B A xdA).

s=0

& e

Now the boundary integral [,y B A *d4 vanishes since B = 0 on the boundary. Thus

dLNjL4J
dS s=0

= BA[dxd4—4nj].
JN

If this vanishes for all B vanishing at the boundary, we must have

dxdA =4xzj.

Notice that as a necessary condition to be able to solve these equations, we must
have

dj=0.




We have thus derived Maxwell’s equations from a variational principle: Maxwe|pg

Ons-are precise heeguy 5 he-eritied ne-rorms-A-oithe g,A,,,
There are several advantages to a Lagrangian formulation. One is thag, b

modlfymg L we get a procedure for mod1fy1ng the equatlons for its extremals and

forrnulatlon lends 1tse1f toone of the procedures for passing from classrcal mechamcl;
to quantum mechanics. The function L plays a key role in quantyp,
electrodynamics. A third advantage of a Lagrangian formulation is that every ope.
parameter group of symmetries of L gives a conservation law by a method known as

memmmnrqmﬁ%w
Let & be a vector field on R** with the property that

— Dyxw=%D,w foralttwoformsw.—
¢ g :
As we have seen, any conformal transformation of spacetime preserves the star

~operator on two-forms. So & can be the vector field associated with any one.

parameter group of conformal transformations. In particular, & can be any constant

Now

Dé *xdA = *Dé dA4 = *dDg A

g g
the first and second terms are equal, so they add up to

—dD,A A xdA = —d(D, A4 A xd4) + DA A dxd4.

Thus

But dxdA4 =47 j by Maxwell’s equations. So

D, ¥ =—~d(D;A A *xd4)— A A 4nD;j

= —d[i(§)F A*xF]—=di(§)A AdxdAd—A AdnD;]
=—d[i(E)F AxF]—di(§)AAdnj— A AdnD;j
using d4 = F and d«d4 =j. On the other hand,
D, A=i§)dA+dA+di&)A
— i()F + di(£)A

while

49#——%55%?53(747?47:7’)7
= —3di(§)(F A xF) = ((&)F + di(§)A) Aj — A A Dyj




since d(F A % F)=0because F A xF is a four-form. Setting these two expressions for

2 annal _we oet
s YWo gt

D2 Y45
—d[i()F A*xF]—di(§)Andnj— A AD,j

= —3d[iQYF A*F+ FANI(E)xF]—i(E)F A j—di(§)A A dnj— A N4nDy j

or

1

In the absence of currents, i.e., if j =0, we would find that the three-form

- 2
would be closed. This is interpreted as a conservation law: the integral of C(&) over

two three- i i =di tonal region will give
the same answer.

hes sufficiently ranid] P like dircctions,

egrals o over-any two-space-hike three-surfaces will be equa

For example, in some coordinate system, we take the three-surfaces to be given by
t =t, and t = t,. So the total amount of C(&) at time ¢ = ¢, equals the total amount

P e t—

< __P_,/;

uatio =0 1is called a conservation law.
For example, let us take & = /0t corresponding to infinitesimal translation in
l' II‘ g‘ 1on_{in erm a Ome nacetime nlittine A S ,!l,g varda bl

instructive calculation which we leave to you will show that

A= Er+1BHdxAdyrdz —— —
+P,dyAadzadt—P,dx AdzAadt+ Pydx Ady A dt

wnere N
P,=E,B,—B,E,,
P,=EB,—B,E,,
P,=E.B,—B,E,,

Or more succinctly

P=E xB.




(The three-vector P is called the Poynting vector.) Thus on a surface ¢ = constap,

grat o1 © 3 Otd gy cd1id gt 'Ur
conservation law thus becomes the conservation of energy. The [CMaining
components of C(&) in this case describe the flux of (local energy density) across any
J

surface

Just as energy is associated with time translation, the x-component of momenty,
1s associlated with inimitesimal translation in the x-direction. 1his 1s a genery]
principle of mechanics — see for example Loomis & Sternberg, Chapter 13, or, for 5
more sophisticated version, Guillemin & Sternberg, Chapter 2. Thus C(8/0x) will be
a closed three-for I -t -surface = constant
gives the total momentum of the electromagnetic field in the x-direction. Over

tiine: the I'Iltegrai Of Eté}é:C) gi veS the ﬂt[x Of x=-momentun across S I.II the tlme
interval [a, b].
: C(£)is a three. I (&) 0
T(&,n)= C(&)(n) makes sense for some other constant vector 5. The function
T=TI(&,n) is called the energy-momentum tensor because coded into it are all
components of energy or momentum density and flux.
In the presence of a source term j, the forms C(&) are not closed, but satisfy

dC(&)=i(§)F A 4nj.

This represents an exchange of energy-momentum from the electromagnetic field to

the charee- { 1t is the Lorentz .

A solution of the wave equation

*u
67—Au=0

of the form

u(x, t) = f(x)g(h(x) + t)
is called a progressing wave. The expression hA(x) + t is ¢ he wave

and the level surfaces h = constant are called wave fronts.

imension, we have seen that taking = 1, hi(x) = x and g arbitrary gives

solution (and that the general solution can be written as the sum of two such
expressions, one with a + and the other with a —).

—Inthree dimensions we can take i to be a linear functionof x —
h(x) =k-x

and f=1,g again arbitrary. The only condition to solve the equation is that
[k |I? = 1. (In fact, we have reduced the problem to a one-dimensional problem: By

—rotation we may assume that k =(1,0,0). Soit is really just a functionof x- and t and—

we are reduced to the wave equation in one spatial dimension.)
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In particular, if we take g(6) = €', we get the functions

el(](-x—t)5 ” k ”2 -1

The i
theorem that every smooth function on R*? (or more generally on R”) which

; ufficiently rapidly at infinity can be written as a superposition of functions

of the form ¢, That is, we can write any such function as

~

fx)=

| PPN
WJ JF(&)es~dx

turns out that this Fourier inversion formula is true in greater generality, and that (in

our case) the most general solutlon of the wave equation can be represented as a

As a second example of a wave form, con81der spherically symmetric solutions of
the wave equation (defined outside the line r = 0). In terms of polar coordinates, we
have

10 ,0u 1 0 . 0u 1 0%u
Yt 5 s+
r20r or r*sin000 20  r?sin?0 9>
so that if u is spherically symmetric, u = u(r, t), the wave equation becomes

u 10 ,0u 1| _ou o“u 1 07
iU vt [ wia il 2 i wel

A

Au=

Thus v = ru satisfies the one-dimensional wave equation
(0% 9%\

KE_E'_ v=0.

Ti I'soluti  thi e
or,y=f(r+t)+g(r—1)

and so the gen i h i tion is given b
o flr+t)  glr—1)
ulr, ty= + .

y P
Li ¥

Here the first term represents an incoming wave and the second term represents an

— — alks

bl

ik(r—1t)

wi(t, 1) =

represents an outgoing (sinusoidal) wave of frequency k. Indeed, up to normalizing
constants, it is easy to check that

ikr

E(r)=




& ¢ O .

is the ‘fundamental solution’ to the reduced wave operator A + k?, i.e.,

(A + kZ)Ek = 0

£ 0
F Y

—% E (A + k*)pdx = ¢(0)

LY

for any smooth function ¢ . We proved this result for the case k =0 in Chapter 15
Furthermore, if D is any bounded region in R and u satisfies the reduced wave (or
Helmholtz) equation

AuFk*u=0

Helmholtz 1s true:

1 f Q[ tkrp 1krp\ 7]
1 C ( C
——xduy — uxd

an ) ol e AN7VAR

where rp denotes the distance from P.
In many applications we are interested in the situation where D, instead of being
bounded, represents the exterior to some surface S. Let us first apply the formula to

%‘\\\@

Figure 19.5

Ry

centered at P.

If R is taken large enough the previous integral becomes a sum of two surface
integrals, yielding

| ""+1 (—_ fuP) ifPeD,
473J.Js 475J2RJ {0 P¢D.

where X is the sphere of radius R. Now

ikr 1kr N
af € \l =L ar
\ r r r

and xdr = R®%dw on Xy, where dw is the element of solid angle on T;. Thus the
second integral becomes

[[e“" (‘r(%—lku)+uﬂ| dw.
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Thus the integral over the sphere will go to zero as R — coif

" [ C(lou

|u|dw = o(1) and —— —iku|dw =o(R ™).

~N

or

.

condition that u consists of expanding waves radiating outward and no incoming
__waves®. Let us assume that this condition is satisfied. Then the value of u outside
some surface S is given by

1 * "eikr eikr
uPy=_— *xdu —uxd| (19.2)
47 Js r X T ]

was Huyghe rigi i opagated disturbances in the
wave theory could be represented as the superposition of secondary disturbances
ong -an ntn‘g.‘ ACe Nl 4 . DU 1T gn NO nave an adeguate

explanation of why there was no backward wave, i.e. why the propagation was only in
the outward direction. The idea that the backward waves would cancel one another
out because of phase differences was due to Fresnel. Fresnel believed that if all the
sources were inside S, the secondary radiation (i.e. the integrand in Helmholtz
formula) from each separate surface element would produce a null effect at each
interior point due to interference. The above argument, due essentially to

that the internal cancellation is due to the total effect of the boundary. Nevertheless,
as we shall see in Chapter 21, Fresnel was right, up to terms of order 1/k. This is due

formula.

So far, we have dealt with monochromatic radiation u, corresponding to the time-

—ikt

denote the function vp(x, y,z,t) = v(x, y,z,t — r), where r is the distance from P to
(x,y,2). The substitution into Helmholtz’ formula shows that

1

r‘
= P - g
T 4m

* For a precise mathematical explanation of the Sommerfeld radiation conditions see the book
by Lax & Phillips, pp. 120-128. The gist of what they prove is the following. Let f = {f, f>} be
Cauchy data for the wave equation; we thus seek a solution of the wave equation

i = = i i re is some constant
¢ such that w = 0 for | x| < t — c. If we seek a solution of fixed frequency, then the appropriate
Cauchy data are {w,ikw}. Suppose that w is a solution of the reduced wave equation outside
some bounded domain. Then {w,ikw} is eventually outgoing if and only if the Sommerfeld
radiation conditions are satisfied.




This is K1rchhoff ’s formula. Since it is hnear in v, and does not exp11c1tly 1nvolve the

ne any g
frequencies, and hence for an arbitrary solution of the wave equation. In this form,
the relation with Huygens’ principle is very apparent.

A Maxwell’s equations

You should be able to state Faraday’s law and Ampere’s law in both integral anq
differential form and to show that the two-forms

F=B+EAndt and G=D—-HAdt

satisfy G = xF in vacuum.

You should be able to convert Maxwell’s equations to the form [ 4 = 4nj and to
describe the solutions to this wave equation.

You should know how to formulate energy-momentum conservation for
electromagnetism in terms of differential forms.

Exercises

19.1. In four-dimensional spacetime, if we use units where ¢ =1, (dt,dt)=1,
(dx,dx)=(dy,dy)=(dz,dz)= —1and o =dt A dx A dy A dz. A two-form
F, which represents the electromagnetic field, may be expressed in terms

s Vs> Z\Vs ) X\ Y

—Ex;y,t)dt Ady. Ttsother terms-are-allzero—————————

(a) What relation among the partial derivatives of B,, E,, and E, must
hold in order that dF =0?

(b) Express xdxF in terms of partial derivatives of B,,E,, and E,.
19.2. A Lorentz transformatlon o corresponding to velocity v along the x-axis

where y=1//(1—v%. If z,t are rdi latfor
observers and x,y’,z/,t" are used by observers on board a train moving
with velocity v along the x-axis, then a* pulls back the train coordinates

frame of reference.
(a) Show explicitly that a* preserves the star operator; i.e. that a*xw =

*(a*w). Using the star operator for the coordinates x, y, z, t; 1.€., xdt =
dx A dy A dz, etc., check the following:

’ !
o*xdx’ A d_y NAadzZ = xa*(d)c' N d_yl A} dZI),

a¥xdt’ A dy A dz' =xa*(dt’ A dy A dZ),

.




o*xde’ A dx' = xa*(de' A dX'),

a*. POV T i 4

| ! 1.7 TAY
*UxX A dy ==xa*(dx" ~dy)

(b) In terms of the train coordinates, the potential A may be expressed as

’ ’ 7 ’ ! ! ! !
t X y z

Calculate a*A and equate it to A,dt + A,dx + A,dy + A,dz, thereby
obtaining expressions for A,, A4, etc., in terms of A;, A,,....

F=B +E Adt,

F=B.dy ndz' + ---+ E;dz’ A dl.
Calculate xF, compare the result with
F=B.dyandz+---+ E,dz A dt,

— and thereby —obtain—expressions—for —thefield —components— B, B,
B:E,E,E, in terms of B,,B,,B,,E, E E,.
19.4. For a point charge at rest at the origin in the train frame, we know that
x'dx" +y'dy +z'dz
F=B +E andt = Yoy Adt
(x/z +y/z +Z/2)5/2

Calculate o*F, thereby obtaining the description of the fields of a charge in
uniform motion along the x-axis.

19.5. From the two-form F it is possible to create two different zero-forms:
fi=*(F AF), f,=x(FAxF).

Express these Lorentz invariant quantities in terms of the components of
F;ie.,in terms of B, B, ... E,.
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Introduction

This ol - devoted 1o 11 v of the 1l  Tunctions of i

variable. This theory, in its various ramifications, represents the major achievements
of nineteenth-century mathematics. We shall touch on the key results here. Recall
from Chapters 7-8 the basic facts of the calculus of several variables, in particular
of two variables: Let x and y be the standard coordinates on R2. The basic objects
in the calculus are functions, linear differential forms, and forms of degree 2. Each
of these may only be defined on an open subset of R2. A function is a rule, f,

like

If y=1y,...y, where the y; are differentiable curves and y; is parameterized by x(t),
Vi(t) o; <t < B; then

where




Given any function f its differential, df, is the linear differential form given by

f——fdx+2f

Stokes’ theorem for functions (the fundamental theorem of the calculus) says that,

if y is any curve going from p to g, then [,df = f(g) — f(p).

Q=cdx A dy

where c is a function. If D is a bounded region in the plane (contained in the

domain of definition of Q), then we can form the integral _f p&. If D is given the
standard orientation, then j DQ 1S just the double integral

J w= J c(x, y)dxdy.

will be assumed to have a piecewise dlfferentlable boundary which gets an 1nduced

orientation. This boundary (with orientation) is denoted by oD. If w = adx + bdy,

then dw is the two-form given by

[6a 0Ob) .

\———}ax A dy

and Stokes’ theorem (for one-forms) says that

o= do.

an BN
J O J D

We assume that the reader is familiar with the basic facts about the complex
numbers. Every complex number ¢ can be written as ¢ =r + is, where r and s are

of ¢. The number ¢ =r —is is called the complex conjugate of ¢ and cc=|c|*=

ing to take on complex values. Thus a complex-valued function f assigns a complex-
number f(x, y) = u(x, y) + iv(x, y) to each point in the plane, where u and v are real-

valued functions. In other words, giving a complex-valued function is the same as
giving a pair of real-valued functions, i.e., the same as giving a map of (an open

subset of) R* into R*. We say that f is differentiable if this map is diflerentiable,

that is if both functlons u and v are dlfferentlable Thus 6f /6x = au/ax + 160/6x

linear combinations of these partlal derivatives with real or complex coefficients:




. . tof 10f
For example, we can consider the expression 55_x+§5§' We can regard

this expression as the result of applying the differential operator 1(6/ox + i0/ay)
to the function f. This operator will be of crucial importance to us in g that
_follows and we shall denote it by 8/8z. Thus "

0o _1/0 . 0\
8z 2\ ax " lé_y/} (20.1)
and, similarly, we define
o _1fo .o )
oz 2 (ax 6y)' (20.2)

The reasons for this notation will become clear in a little while. Notice that if
f=u+iv then

_ﬁi’_ou .o
0z 0z Z
tfou ou\ ifdv .0v)
=\ Tie) T\ Ty )
so, collecting real and imaginary parts,

or_i(an_), i, ) s
oz _2\ox _ay) 2\aytax) (20.3)

A) X

Notice that for any pair of differentiable functions f and g we have

0 of Oy
=9 =9+ (20.4)
0z z 0z

with a similar equation for 9/0z.
We define the particular complex function z as z(x, y) = x + iy. We write this as

z=Xx+1y (20.5)

and similarly

1.1
WIIIIC

and

Similarly we can form polynomials in z alone such as 17z3 — 5z2 + 2z — 3 or poly-

b

are examples of complex-valued functions. If we substitute z for f in (20.3) where
n = =

0z

—= 20.6
0z (209




and, similarly,

alone, we have

If P(z)=ao +az+ -~ +a,z", then

aP n—1
5Z—=a1 +2a,z + --- +na,z"” .
ial P’ he i
polynomials. Thus
P _ 0 and P _ P
0z 0z

We can also consider complex-valued differential forms. A linear differential form
is an expression

adx + bdy

the (zero-dimensional) Stokes’ theorem are as before, with complex numbers as
values. We define the linear differential forms dz and dz by

dz=dx +idy, and dZ=dx—idy.

1
dx = %(dz +dz), dy=—(dz—d3).
L Z1

We can thus write any linear differential form as
adx+bdy=Adz+ Bdz

where

A=3(a—1iby and B=3(a+1ib)

In particular, for any (complex-valued) differential function f, we have

af  of

1/af of Laf af\ .

== '1__14— dZ+: ,\—"+l';'\* dZ.
4\ 0X ay L\ OX gy

0 47+ 4z (20.7)




Let us work out some examples If we take f =z, then (20 5) and (20 6) say that

the 0/0z and 6/62 notatlons) If f Pis a polynom1al in z, then
dP =Pd:z

with no dZ component. If we take f=|z|* = zZ, we get

dizi*=zdz+zdz

Let us define the complex exponential function e by

e’ =e*(cos y +1siny).

Then
de? =e*(cos y +isin y)dx + e*(—siny +icos y)dy

SO
der=¢%dz.
— From this we can conclude that —
oe?
—=0.
0z

A (complex-valued) two-form is an expression like
cdx A dy

Wy A ,, of two complex-valued linear differential forms @w; and w,. Thus, for

example
dzAadz=(dx+idy) A(dx —idy)
=—2tdx A dy
or
dx A dy— %dé ~dz
In particular,
d(4dz)=0 if and only if % =0.

Stokes’ theorem remains true without change except that now w is a complex-
valued linear differential form. Thus, for example 1f A dz satisfies d(A dz) =0, then

of A, we have




20.3. Holomorphic functions

A differentiable function f (defined on some domain D of R?) is called holomorphic
if it satisfies the identity

?——f =0. (20.8)
0z '

: -+ definition_is basic to_the whole subiect il F this secfion will

devoted to discussing equivalent formulations and elementary consequences of the
notion of holomorphicity. Since 9/0zZ is a differential operator, we have the equations

of o 0
Lra=d4 % L=y

2(D)-HZLe-1Z). 420

a—’

From these we see that the sum, product and quotient of two holomorphic functions

We have already used this remark in the preceding section to conclude that
(6/62)P(z) = 0 ie., that any polynomlal (in z alone) is holomorphlc Similarly any

a region D, prov1ded Q does not vanish anywhere in D
In view of (20.7), a function f is holomorphic if and only if

df=hdz (20.9)

valently, we can write this condition as
d(fdz)=0. (20.10)

Let us write f=u + iv where the real-valued functions # and v are the real and
imaginary parts of f. Then, setting the real and imaginary parts of 0f/0z equal
to zero, we see by (20.3) that

ou dv odu —0v PN \
= = 5 0.1
ax 3y 3y ox Raht

— These equations are known as the Cauchy—Riemann equations. They are-a system—
of first-order partial differential equations for u and v. Again, f is holomorphic it
and only if the Cauchy-Riemann equations hold.

Herc | | - writing the CanchvR: . Consider !

differential form

udx +vdy.

Then relative to the Euclidean metric in the plane

NS | | i A 1 \ 1
*(udx+ovdady)=—vdx+udy.
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Thus the Cauchy—-Riemann equations are equivalent to

dudx +vdy)=0

dx(udx+ vdy)=0.

naloouye N P2 A

v—ciichio 3 N——0

l V— EGC cl A FHad O S . n
Maxwell’s equation we dealt with a two-form on four-space. The Cauchy-Riemany

equations are for a one-form on two-space. As we remarked in Chapter 18, the
star operator: A2 — A™? (n even) depends only on the conformal structure.

Let us think of f as giving a map of (a subset of) R? into R?, sending (x, y) into
(u(x, y), v(x,y)). The Jacobian matrix of this map 1s

ou Ou
ox 0Oy
ov Ov
A A
oxX— 0oy

—b
Equation (20.11) says that this matrix has the form (Z .

R? is of this form, with a? + b #0, if and only if it is conformal (i.., preserves
angles) and orientation-preserving. Thus we can rewrite (20.11) as

>. Now a matrix in

Oou Ou

ox Oy ) . i ) ) . .

—— either is zero or is conformal and orientation-preserving.  (20.12)
v Ov

ox oy

Let f=u+ iv and g =r + is be complex functions. We think of f and g as maps

of (subsets of) R? into R2. If the image of g lies in the domain of f, then we can
form the composite function fog. By the chain rule, the Jacobian matrix of fog
(thought of as a map of R? into R?) when evaluated at (x, y) is the product of the
Jacobian matrix of f, evaluated at (r(x, y), s(x, y)) with the Jacobian matrix of g,
uated at (x,y). Now the product of two conformal, orientation-p I
matrices is again conformal and orientation-preserving. Also the product of the

for the composition of two holomorphic functions is standard: if, for example, f

— aZ — 2 o — 322—2 e

0/9z is a linear combination of the operators 8/x and 8/dy (with constant coeffi-
cients), the chain rule implies that

0 (of \ g

g(f"g):k—z"g) oz (20.13)
—So;in-thecase-of the preceding example, —M

i e'.’;z2 -2 6Z6322_2




in other words, for holomorphic functions, we can compute with 0/0z as with the

a 2 e oOl1-4 a At WAt PP P O3 110 = - a' » ee a¥a e Ak a

8) LU i S a= cl o1 <l C U U1 O vd a0 . ¥V d v y AoV
why this is so.
Condition (20.12) is a bit awkward in that there are two separate cases according

her the Jacob; | T :

writing (20.12) as one single condition. Consider the matrix
—1\

(i o)
=5 o)

AJ=JA

Then a matrix

commutes with J, i.e., satisfies

if and only if a=d and ¢ = — b, as can be seen by multiplying out both sides.
Thus AJ =JA if and only if 4 has the form

A=(3 o)

(where now a and b can both be zero). Thus we can write (20.12) as

ou—0u ou Ju
0x dy ( 0 -1 ) ( 0 —1 ) ox 0y
dy Op 1 0/ \1 0 ov Qv (20.14)
hACARAS AN 7 N / -
0x 0y ox 0y

We can give an interesting interpretation to the condition AJ =JA and thus to
atrix Aisa matrix. It gives a linear transformatio
two-dimensional vector space R? into itself. Now we can identify R? with the

x\
one-dimensional complex vector space C by identifying the vector | = | with the
y

complex number x + iy. Multiplication by i sends x + iy into — y +ix. But the

[ — JEA .

complex number — y + ix corresponds to the vector k g ) =J y)' Thus J 1s
X

the matrix of multiplication by i from the real point of view. Now any linear

transformation of the one-dimensional complex vector space C is a linear trans-

formation of R? But not every linear transformation 4 of R* over the reals

corresponds to a linear transformation of C over the complex numbers. A complex

linear transformation must commute with multiplication by complex numbers, in
' i. Thu o ond to a complex linear fomn, i

. : . ) —-b\ . .. .
satisfy AJ = JA. If A4 satisfies this equation,so that A = ( Z ), it is immediate to
\O 4y

ication by the complex num ib, 1.€.,




A (x\ corresponds to (a + ib)(x + iy). Multiplication by a complex number on ¢ is

\V/
obviously complex linear. Thus we can write (20.14) as
Ou  du
| oxdy | :
The transformation o oo | complex linear. (20.15)
dy_dy

mathematician. We now turn to the classwal formulatlon, one Wthh is closely
related to (20.15). Let f be a differentiable function, not necessarily holomorphic.

/ x\ (k\
Let k ) be a point in the domain of definition of F. Let k l) be a small vector.
y

Then we have

x+k X of . of 2 122
Ay+1 ) T \\p )] ox "y

by the definition of differentiability. (Here the partial derivatives are evaluated at

(:\,) Let us write z=x+ iy and h =k + 1l and write f(z) instead of f(( ))

NS/ N\ 77

E o " :

fE+h—f(z)= —k+—l+o(|h|)

By (20.7) we can write this as

of ,  of

f+h—f(z)= ——h+a_72+o(|h|).

sides of the equation by & so as to obtain

f(z+h)— f(2) 6f+6fh
h 0z 0z h

to the complex numbers. Suppose we let [h| —0. The value of h/h can be any
complex number of absolute value one. (For instance, if 4 is real, then h/h=1,

while, if h =si is pure imaginary, then i/h = — 1.) So the limiting expression on
the right may depend on the angle at which A— 0. If we want this limit to exist,
thatis, to be independent of the angle of approach, we must have ¢f/dz =0 at

: X , ) ) .
the point (\ Thus if f is holomorphic, we conclude that the limit on the
\Y/
- side exists at all points in the domain of definition of f and thislimit equa




e cacuus o resi ues 2

of/0z which is a continuous function. Conversely, suppose that at each point the
Jimit

Then taking h real shows that 0 f /0x exists and is continuous and takmg h purely
imaginary shows that 0f/0y exists and is continuous. Thus f is continuously

differentiable. The preceding argument then shows that 0f/0z=0 and f'(z) =
0 f/0z. Thus we have proved that f is holomorphic if and only if

fz+h) —f(2)

h—0 h

=f'(2) (20.16)

short, we can formulate (20. 16) as saying that fis contlnuously dlfferentlable from

the complex point of view. This is the approach that was mainly taken in nineteenth-
century mathematics. It is somewhat deceptive in that the condition of complex
differentiability is so much more restrictive than the standard notion of differen-

tiability. Nevertheless we shall adopt f'(z) as a more convenient notation that

of/oz.

f f(z)dz=0, (20.17)
Jap

which is Cauchy’s integral theorem for any domain D contained in the domain

[aD f (z dz—[Dd( f dz) This mtegral can vamsh for all D only if the 1ntegrand
vanishes identically, i.e., if f is holomorphlc

20.4. The calculus of residues

We begin by calculating the line integral j“yz" dz where y is a circle centered at the
origin. If n > 0, the function z" is holomorphic in the entire plane and it follows

function z" is not holomorphic (and not defined) at the origin and hence we must
evaluate the integral directly. If y has radius r, we can use polar coordinates to

i = if — 1 i
s ) .
Z"dZ — irn+ lei(n +1)6 dt9
and
anG

2n
[z dz=irt1! [ eitr 1049

0

<7 v Y
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This last integral vanishes except when n= — 1, when it equals 2z. In thig Case
m*1=1 and so ’
( (0 if nt—1,
J zZ"dz =
b

holomorphic in D — {0}. Suppose, further, that near the origin we can write

f=a_,z"+a_,, z7" Vp...qg ;2714 g

fl
n nT 1

where g is holomorphic near the origin.

// ‘\\

/
| j
N

Figure 20.1

D [

Let us evaluate {,,f(z)dz. Let us draw a small circle y about the origin (lying

. : ; . . i
holomorphic in that region of D which is exterior to y. Therefore, by the Cauchy
integral theorem,

r r

fdz=| fdz

aD Jy

N
o

—

/
/
\ . /
\_/" —

Figure 20.2
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1f we now substitute the above expansion for f, and integrate term by term, all
the negative powers give zero except a_,z !, while [,g dz = Osince g is holomorphic.

Thus

f(z2)dz = 2xia
Sz ===~

abD
L2z 4

Now there is nothing special about the origin, which we can replace by any other
noint in D, or by a finite number of points. A function f is said to have a pole at

the point « if it is holomorphic in U — {a} where U is some neighborhood of «
and if (near ) it has an expansion

f@)=a_z=0a)"+-+a y(z=a)"4g

J

where g is holomorphic near «. The number a_, is called the residue of f at a,

A
Cl J J 5

small circle about « equals 2zia_, = 2mires,(f). A function which is holomorphic

in a domain D except for poles is called meromorphic.

/
A
\ L] /
\’//
Figure 20.3
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Figure 204

Suppose that f is meromorphic in D with a finite number of poles. Then we can

draw little circles about each of the poles, and apply the Cauchy integral theorem

to conclude that

fid

J f@dz=2ni ¥ res,(f).

poles «




This is known as Cauchy’s residue theorem. It is very useful in the Computatigy,

graj

where a > 1. We write this as

ri= day
2)o a+cosf

Let us set z = e so that, on the unit circle, dz/iz = df. Also, 2cos § = e 4 g~i0 _
z +z~ L. Thus the preceding integral becomes
1 dz 1( dz

5 izla+z+z"N il (z24+2az+1)
J7 AN 2\ ' 77 JT7 YV t T 7

where 7 is the unit circle. But

2 2az+ T =(z—a))(z—ay),
where

and
o, = —a—./(a>—1)
and we have the partial fraction expansion

1 1 /1 1

x

zZ2+2az+1 o —a,\z—a; z—a,

dince a,a, = 1, 1t follows that o, lies inside the unit circle and the above partial
fraction expansion shows (since 1/(z — «,) is holomorphic inside the unit circle)
] ] due;

1 1
2

~ e 13"
ay—oy  24/(a=1)

Thus, by Cauchy’s residue theorem,

(= dé __1—_f' dz _ T
Jo a+cos0_2iJv22+2az+1_\/(az—l)'
We shall soon i i = i morphic with

poles located at the zeros of q. (This follows immediately from the partial fraction
expansion for rational functions. But we will not assume this here.) We shall also
get an effective way of evaluating the residues. This will, for example, allow us to
evaluate integrals of the form [$"R(cosf,sin6)df by setting z=e, cosf=
3 ) nz=(1/20(z=z" ove:

“We begin with a lemma. Suppose that g is holomorphic in D' except for a finite

" D is the closure of D:it includes all points of D plus points on the boundary.




pumber of points ay,..., . Suppose that at each one of these points the function

ticfies
J satiSHES

lim|z — al|g(z)| = 0.

zZ—a

Then

r gdz=0.

Jop
Indeed, by putting little circles y; around each «;, we conclude as before that

L‘Dg dz = Zj‘ylg dz. Now
[
Y2

< 2nrM,

rM,—0 as r—0. Thus, by shrinking the radius of the circles, we conclude that

[,,9dz =0.
Now let f be holomorphic in D and let a be a point of D. We apply the preceding
lemma to

@ —fla)

z—a

g(z) =

The function g is holomorphic in D except at the single point a. Furthermore,
(z — a)g(z) = f(z) — f(a) and this tends to zero as t —a. Thus

o —f
dz=0
ap 24
But f(a)1sa constant-and
dz
=2m
JapZ—4a
Thus
( flaydz .
| =2nif(a),
Jap 2—4a
1 f [ (@)
fla)=-—= — dz

For convenience we shall replace a by z and z by & and write Cauchy’s integral
formula

fo=—1| 1 (@ (20.18)

of complex analysis.
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We use the following lemma. Let ¢ be a complex-valued function which is
defined and continuous on the boundary, D, of some domain D. Then the functiong

F= |29 4
J&E—2)

are all holomorphic in D and satisfy
Fy(z)=nF,.(2).

We prove this by induction on n. First of all we prove that F, is continuous ip
D. Let z, be some point of D and choose a so small that the nelghborhmde

<lz=z01— [ 19&)de.

(r _ =)
Jap (e — 206 —Zo) a=Jop

[F1(2) — F1(zo)| =z — 2|

F(z) — F,(zo) _ J (&) de
Z— 2y ap(é—z)(f_zo)‘
Keeping z, fixed, the function @¢(&)/(€ — z,) is continuous on JD. Hence, the
right-hand side of the above equation is a continuous function of z, and equals
the left-hand side at all z #z,. Letting z—z, shows that F, is differentiable in
the complex sense and that

?(<) oo

{ \
1(Zo) =73 =F2z0)
(& - 20)2

F

| (z—2zp) |
(€ —2)(€ — zo) (f — 22—z (-2

P(§)d¢

P(S)d¢

P(8)d¢

Fy(2) — Fy(z0) = +(z — zo)

showing by the preceding argument that F, is continuous, and hence that F, is
holomorphic. Also

Prites

Fy(z) — F,(z0) _ R,(z) — Ry(zo) J (&)
(€

Z—2Z, zZ—2 —2)%(¢ —z,)

d¢




with

res 1 1\2o) = 0 . )
the limit in the above equation, we conclude that F, is differentiable in the complex

sense and that

proved that F,_,=(n— 1)F, for all continuous functions ¢ Usmg the 1dent1ty

1 ” ” 1
x

X i Ato

i + = ,
(E—2)""(€—zp) (€—2)(C—209) (E—2z¢)

we see that

o)

_ _ . (&) dé
_Rn—l(z) Rn—1(20)+(z ZO)J‘(é—Z)n(é—ZO)’
where the functions
i d(E)
R(=1|.. -dé
S S —Zp)

continuous.
By induction F,(z,) = nR,(zo) = nF,.(z0), so dividing the preceding equation

the induction.
We now apply this result to the Cauchy 1ntegral formula, (20. 18) Slnce fis

be 1nﬁn1tely dlfferentlable there each of its (complex) derivatives f ® is holomorphic,
and that

mmL [ f(O)E
fOE=5 pYEaE

2 W (20.19)
LY

There are many important consequences of (20.18) and (20.19) which we will
derive in the next few sections. We begin with the principle of removable singularities.
Suppose that a function f is defined and holomorphic in D — {a} where a€D; ie.,

there exist a holomorphlc function defined throughout D Wthh coincides with f
— — = y if it exists) 18

L

umquely determine d




Proof. Let f(a) denote the value of the extended function at a. Since the extendeq

s s z—a ° (¢
lim,.,(z — a) f(z) = lim,_,(z — a) f(a) = 0, which proves the necessity. To prove the
sufficiency, draw a circle y about a which lies entirely within D. Consider the function
[ AT
2ni ), E—z
~ This function is holomorphic inside y. Suppose we draw a small circle y;, aboyr

a lying inside y. Then, at all points in the annulus between y, and y, Cauchy’s
—integral formula (20.18) says that
1 1
f@)=5— r f(é) d¢ — [ /@) dé.

E=ZA7 3 ,t—7
vy 27 Jris o~

By hypothesis, if we hold z fixed and shrink y, to g, the second integral goes to
- zero. Sowe have

f()_Lff(é)

My T
for all z # a inside y. This shows that the right-hand side gives a holomorphic
function, defined throughout the interior of y, which coincides with f at z #a.

d¢

This extension 1s clearly unique since Cauchy’s integral formula must hold for it.
We shall continue to denote this extended function by f.

The function f, is clearly defined and holomorphic in D — {a} and satisfies
Iim,_,,(z — a)f,(z) = 0. Hence it extends to a holomorphic function defined through-
out D and

L ( fO=-1@

T | e—ae-9"
But
1 _ 1 1
C—ai—n "2 \iza¢ )
and so
1
@-a50=5 190 TOTO ) s,
Thus
1L 1@
f(2)=f(a)+(z—a)f,(z) where f,(a)== , dé
i J,(E=2)(¢—a)
Of course
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We can apply the same result to f, so as to define the function f, by writing
f1(2) =f1(a) + (z — a) f5(2) and in fact take the method n steps:

(@) =f(a)+(z—a)f(2),
f1(2) = f1(a) + (z — a) f2(2),

for@ =fo1(@) + 2 — D) fo(2),

so that

where, as above,

1 [
Sl =5~ L( ' —2) d¢ (20.21)

for all z inside .
We can derive a useful estimate on the remainder term from (20.21). Suppose

Q R centered a nd that M 1S the maximum value O

| £(0)] for { on y. Substituting into (20.21) gives

A
1vl
2)| < . 20.22
mce f,a)= n! a) we obtain, irom . an 2L), € lormuia an
estimate
n! S(0)d¢
(n) —
fP@ =5 Tl (20.23)
- 7o 7
and
L | ALl R—N (20.24)
1] @aysmniic—, Ty

if we take y to be a circle of radius R centered at a and where M is the maximum

of f on_thic cirele
UAJ VLD LII1Y Wil wviw,

Notice the remarkable logic of the situation. We started out with the assumption
that the function f possesses a continuous derivative of the first order which satisfies

) 2 2 2 2 ) a
AU = ! s 2 = 1 G = J D oG GCU U a

has derivatives of all orders and that the nth derivative of f, in the complex sense,
exists and is given by the simple expression (20.23) in terms of the values of
f itself. .

We shall draw some consequences of these facts in the next section.




20.5. Applications and consequences

As a first illustration of an application of (20.24), we prove Liouville’s theorep,
which asserts that

A function which 1s holomorphic and bounded in the whole plane must pe a
constant.

Proof. Let |f(z)| < M for all z. In (20.24) take n = 1. We may choose R arbitrarily
large, which shows that f”(a) = 0 for all a. Thus both partial derivatives of f vanish
identically and so f is a constant.

An immediate consequence of Liouville’s theorem is the fundamental theorem of

algebra which says that:

Any polynomial P of positive degree has at least one root.

Proof. Write P(z)=a,2"+a,_,z" '+ --- + ay, where n>0, and a, #0. Then

large circle. If P(z) were never zero, the function 1/P would be holomorphic and
bounded in the entire plane, and hence would have to be a constant. Since P is

not a constant, this is impossible. Thus there must be at least one zero of P,
proving the theorem.

If P(a) =0, then (z — a)[P(2)/(z—a)]— 0, and so we would apply the principle
of removable singularities to conclude that P(z)/(z — a) is again a holomorphic

is divisible by z — a, and since P(a) =0, we see that P(z)/(z — a) is a polynomial of
degree n— 1. If n> 1, we can apply the fundamental theorem of algebra once

: h ¢4 1.
dgdlll. vvC COlICiudc.

A polynomial of degree n has exactly »n roots (counted with multiplicity).

]

connected region D, cannot vanish together with all its derivatives at some point
a inside D unless it is i i = M () =

w1th1n the region D. We first show that f is 1dentlcally zero in th1s disk. By (20. 20)

TN

RN

4

Figure 20.5




and (20.22) we know that

f(2) =(z—a)"+1f,,+ 1(2) where |f,+1(2< R"(R —|z —al)

SO

M |Z_a|"+1

<

Since [z—al<R and n can be taken as large as we like, the preceding
inequality implies that f(z) = 0. Now we can take any point in the disk as a new

T~

e N
/o~ )
[~ \ (\//
Gy
¢ /
~—~F

Figure 20.6

point in D, we can join a to b by a curve which lies entirely in D and hence is at

N1 d ANCE O Ne bounaa /\ ~an nen araw g4 N11e NUMDE 01

starting with one centered at a and ending with one containing b to conclude that

J () =0. We have thus proved:

Suppose that f is holomorphic in some connected region D and f vanishes
with all its derivatives at some a inside D. Then f is identically zero.

Suppose that a, is a sequence of points in D such that a, —a where a is also a
point inside D. Suppose that f(a,)=0 for all n. Then f(a)=lim f(a,) =0 and

f@=1Nm(f(a)—f(a,))/(a—a,)=0. We claim that in fact all the derivatives

f®(a) =0 and hence f= 0. Indeed, suppose that k is the first positive integer with
, :

— k
) b k k f)

Z near a. But since z—a or z# a4, we conclude a z




not equal to a. This contradicts the hypothesis that f(a,) = 0 witp

24T C<

function must be isolated. If f and g are two holomorphic functions, we can apply
the preceding result to the holomorphic function f — g to conclude that:

and-g-are-holomorph N-a3-conne on-reclion . and . — A{~

sequence of points a, having a limit a=1im a, lying in D, then f=,
throughout D.

This result shows how strikingly different the theory of holomorphic functions
is from the theory of C* functions of a real variable. The function f defined by

=]

e ¥ forx>0,

0 for x <0,

negative x. Thus the behavior of a C® function in one region of its domain of

definition has no effect on its behavior on some other region at some finite

distance. This is not the case for holomorphic functions. Once we are given its
behavior on some small portion of its domain of definition, it is completely
determined throughout.

We have already seen that a holomorphic function, g, cannot vanish to infinite
order at any point interior to its domain of definition. So, if g(a) = 0 at some such
point «, then there is some smallest k with g®(«) # 0 and thus

g(z)=(z — a)’g,(z) #0 for z near o,z #q,

and where g, is a holomorphic function. Suppose that f is also holomorphic in
the same region and let us consider the quotient function s = f /g which 1s defined
for z near a,z # a. Let us use the expansion (20.20) of f about a:

, _ S0
(k — 1)!

Then

where
bo = 1/gi(@) = 1/g™(a) etc.
If we substitute this expansion into the preceding expression for h, we see that

hzy=a_(z—) *+a_, 1 z—a) ® Vg tra_z—0)" + hy(2)
where

a_,=f()bg = f(a)/gi(®), ‘
hyholomerphicnearo,

a_y1=f(0)b, + J (“)bo




Applications and consequences -

etc. We have thus proved that:

The quotient of two holomorphic functions is meromorphic.

F@/g/@), L+ 1()/(2) = @ (z —2)"" + ho(z) mear a with a., = £(2)/g'(x
and hy(z) holomorphic near o. (20.25)

The number k that we have been using in the preceding analysis is called the
order of the zero. Thus a holomorphic function g has a zero of first order at o 1f

g""(oc) #0.

Let the function f be holomorphic in a bounded region D and suppose that f

has a finite number of zeros in D. That is, we suppose that there are a finite number

of f at «;. Then f(z)=(z—w,)*'g(z), where g vanishes only at a,,...,«, and has
the same order at each of these points as f. We can write g(z) = (z — az)"zh(z) where

f@=(—0a)"(z—a)*...(z—0)"F(2)

where F is holomorphic in D and does not vanish anywhere in D. Differentiating
and dividing by f shows that

fO_ ke k  F(
f(Z) z—oy z—a, F(2)

morphlc in D then gf / f has only SImple poles located at the o; w1th res1dues
k.g(e}). Thus by Cauchy’s formula we get the following result:

Suppose that f and g are holomorphic in a bounded region D and thatf has

only finitely many zeros in D located at «, ..., o, with orders k..., k,.and
f £ 0 on-AD

7 VU1l Ui/,

1 ( '(0)
3 g(Of(C) d{ =k g(ay) + - + k.g(a,). (20.26)

N e
PR J oD

In particular, taking g = 1, we get

J AU, + -+« + k, = the number of zeros of f
2ni ap f(£) counted with multiplicity.  (20.27)

Notice that if f is holomorphic on a larger region, E, such that D is contained in—
E, then f can only have ﬁnitely many zeros in D. for otherwise f Would vanish at

1dent1ca11y Zero. So we can readlly guarantee that the hypotheses of (20 26) and
(20.27) are satisfied.




Rouché’s theorem says that:

%mmmmmmwmmw
D =DuaD, and if |f(z)—h(z,| < |f(z)| on D, then f and h have the sam,

number of zeros (count in D. _
i is impli S ence doeg

not vanish in some small strip about 0D, so f has finitely many zeros in D apgq

MMMM@MMBMMMM%

function h, defined by

h(z) = f(z) + t(h(z) — f(2))

is holomorphic in D, does not vanish on @D, and has a finite number of zeros in

and h must have the same number of zeros, proving Rouché’s theorem.

Suppose that a function f is holomorphic at all points z # # but near f, and
that |f(z)] > oo as z—f. Then 1/f(z) #0 for z near enough to § and so 1/f is
holomorphic for z near f,z # f and 1/f(z)—0as z— . This means that 1/f has
a removable singularity at f so that 1/f becomes holomorphic at f if we assign

the value zero there. Since 1/f is now holomorphic near and including f, and is

where g; is holomorphic near g and g () # 0. But then

f@y=(z=p)?h(zy where h=1/g; is holomorphic near .

If we use the Taylor expansion of h about 8, we see that f has a pole of order j
at . We have proved that:
If f 1s holomorphic for z near 8, z # f and | f(z)| = c0 as z— B, then f has a
pole of finite order at S.

Suppose that f is meromorphic in a bounded region D and continuous (and no-
where zero) on 0D. Then f can have only a finite number of zeros and poles in D.
Dealing with each zero or pole one at a time as above, we conclude that

flo)= (z— ocl)’f‘ oz — cx,)".'
(z—B)" .. (2= B,)"
where F is holomorphic with no zeros in D. (Here the «; are the zeros with order

k; and the B; are the poles with order j,) We can then proceed as in the proof of
(20.25) and (20.26). We conclude:

Suppose that f is meromorphic in a bounded region D, continuous in D
near 0D and nowhere zero on dD. Suppose that g is holomorphic in D, and
continuous on D. Then

_1_ f’(()
=T
—Im%wm&awmmwwm

F(z)

=kigloy) + -~ + kgla,)—(r1g(py) + - +jpg(bp))




poles of f with orders Ji>---sjp. In particular, taking g =1, we get

1 1©
~— | —=—=d
) 0 &

= number of zeros of f — number of poles of f (counted with multiplicities).

Suppose that f is holomorphic for z #7, z near y. Suppose that y is not a
removable singularity of f and also that y is not a pole of f (so that we do not
have |f(z)l—>c0 as z—y). Then y is called an essential singularity of f. Some
idea of the complicated behavior of a function near an essential singularity is

WW

Suppose that f is holomorphic near y except at y and has an essential

SO i , U, ite di om ¢ for
all zin U, z#y. Say |f(z) —c|>1/M for some M. Let g be defined by g(z) =

— 1/(f(z)=c). Then g is holomorphic in U (except at y) and |g(z)l < M. So g has a
removable singularity at y. But then f = 1/(g — ¢) is meromorphic (with at worst
a pole) at y contradicting the assumption. An example of a function with an
essential singularity at O is the function e'’*. Let us show explicitly that the
conclusion of (20.29) holds for this function. We must show that we can make e!/?
as close as we please to any complex number, with z arbitrarily close to the origin.
Let us set w=1/z. We want to show that we can make e" as close as we like to

v ecambley nimbe L R faranv RV o A0 o o ] 3
Cl y . [ L U VY v ) Cl Y . VY — c I ¥V ¥ L/

we can arrange that [w|> R by simply choosing v > R. Now e¢” =¢e*¢", s0 if r >0,
we can choose u=1logr and v =0 + 2nn, where 27n is large enough so that v > R.

AW

> 4 v cl Cl Y SImATS . cl -, s < ol =7 = = > =

larger and larger values of n, which amounts to the corresponding z = 1/w getting
closer and closer to 0. The only value of ¢ that we cannot hit exactly is ¢ =0. But

n-_choose a Seguence_o 0 0_and corresponding w vith v Q0

and e** = ¢,. Then z, = 1/w, is the desired sequence of points approaching 0 with
e/ 0.

It is a somewhat deeper fact, which we will not prove here, that the above
behavior-of 62 +cal-of-a_hot hic funct; 1 sineularity.
That is, we can actually solve f(z) = ¢ exactly, infinitely often near z =y for all

values of ¢ with perhaps one possible exception. (For e'/? the exceptional value

20.6. The local mapping

In this section we study the local properties of holomorphic functions a little more

result is an easy consequ f Rouché’s theorem:




Suppose that f is holomorphic and not constant near aand f (a) = b. Thep
] . i 0, suct isfying |w — ¢ | . .
with f(z) = w. (20.30)

. % % c . " Can
find some small enough 7 such that g(z) # 0 for [z — a| <r except at a. Take D to

be this disk of radius r centered at a and choose &> 0 so that |g(z)| > & for zegp.
~ Suppose that |w —b| < ¢ and defineg, by
gu(2)=f(2) —w=g(z) + (b —w).

-~ Ay

By Rouché’s theorem, (20.28), g,, has the same number of zeros (counted with
multiplicity) in D as does g. Since g has at least one, so does g,,, 50 we can find
is—sometime € i olomorphic function

defines an open map; that is, if a point is in the image, then a whole neighborhood
(20.30) shows another striking difference between the theory of holomorphic
functions of a complex variable and the theory of smooth functions of a real
variable. Consider the map of R— R sending x into 4 = x2 Then u takes on only

| / |
Figuri; 20.8
Vel
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Figure 20.9




non negatlvevalues So 0 is in the 1mage of this map but no nelghborhood of 0

1 = c C y a d d d
plane by sendlng (x,y) into (u, v) where u = x? and v = y. In this map the plane is
folded over along the y- axis so that no points (u, v) with u negatlve are in the i 1mage

functlons For instance, if we take f(z)= 23, then for w=re'% # 0, we can ﬁnd two
Wyz——rﬂﬁ"fﬂwﬁ?ﬁ%ﬁm&m
finding no solutions of z2 = w for some range of w, we find two solutions.
This last property of the functlon f(z) = z% is also typical. Suppose that f is a
olomor =0. € (o]
The functlon g defined there has a zero of finite order at a. Let k be the order of

proo . 3 d N
all cases, k=1 or k> 1, g has no zeros in D except at a and g’ has no zeros in D
by a constant. Thus g,,=¢ and so g,(z) #0 in D for z#a. But, for w# b, the
zeros of g,, are not located at a. This means that each of the zeros of g,, must be
simple, and hence there must be k distinct zeros. We have thus proved:

Let f be holomorphic near a with f(a) = b and suppose that the function g

defined by g(z) = f(z) — b has a zero of order k at a. Then we can find an
r > 0and an ¢ > O such that for any w # b with |w — b| < e there are exactly k

(20.31) shows the true meaning of a zero of order k. It is where k distinct roots
coalesce:.

The case k=1 of (20.31) is sufficiently important for us to record it separately:

Let f be holomorphic near a with f (a) = b and f'(a) # 0. Then we can find an
r >0 and an ¢ > 0 so that for each w with |w — b| < ¢ there is a unique z with
|z — a| < r satisfying f(z) = w. In other words, there is a unique function g

We claim that:
(20.33)
(20.33), it is enough for us to prove that g is differentiable in the complex sense
at the pomt b and ¢ (b) =1/f (a) The same argument would then apply to any

fl@=c 7&0 Let n< 2|c| By the deﬁmtlon of the derivative of f, we can ﬁnd a
0 > 0 such that

flz)—= nm

zZ—

~f'(@)|<n for|z—a|<3d. (20.34)

T'aking & as a new r (if necessary) in (20.32) shows that, for all w close enough to




omp ex analysis

b, we have

w—>b

—c|<3lel so [w—b[>%[c(z—a)] where z=g(w),

~” Fal
) L% 2

or

z—a - 2
(w—b)e| ~c|*

If we now multiply (20.34) by (z — a)/c(w — b), we get

1 _g(w)—a
1f'la)  w-—b |

We can make # as small as we like by choosing ¢ and hence ¢ small enough. Thig

__shows that g is differentiable in the complex sense at b with g'(b)=1/f"(q)
function theorem for holomorphic functions. We must emphasize that the
implicit function theorem is a local theorem. Let us look again at the function
f(z)=z% We know that for any w #0 there are two roots of f(z) = w. Suppose
that we specify the square root of a positive number by demanding that it be
positive; for example, take a = 1 with f(a) = 1. The (20.32) implies that for w near
to one, we will have specified a unique square root by demanding that it be close

: DN . : _ : i near
w= 1. Indeed, it is not hard to see that we can take the ¢ in (20.33) to be any

<2lc| ™ %y.

oIt w In the qisc o ACQ1US - &

implicit function theorem once again. Suppose we make such a succession of
i : _ iy .

As we come back full circle to the positive w-axis, we end up with the opposite
choice of the square root, which is not surprising. Thus, although (20.32) guarantees
the existence of a local inverse for a function f, a succession of applications of
(20.32) may lead to a global inconsistency. In the case of f(z) = z? there simply is
no globally well-defined function w''*> on the w-plane.

e o W A VAND =\
N\ / N AL VN DNA
\___/
e-plane XX ST
—
w-plane




The local mapping 733

There are two ways that are used to deal with this problem of ambiguity and
we shall illustrate each of them for the special case of the square-root function.
One is simply to live with the ambiguity. We think of the z-plane as being a
rwo-sheeted covering of the w-plane with a ramification point at the origin where

~only one z-value corresponds to the w-value. Whenever we are given a functional —
expression such as cos(w*“ + 1), we understand that this is not really a function
defined on the w-plane but is a function of z; i.e., cos(z® + 1). The z-plane is the

defined as functions of z. This was the point of view espoused by Riemann. The

detailed study of the structure of such Riemann surfaces for various other kinds

topology and algebra well up to the present time. We will not go into these matters

here.
An alternative, more mundane, approach to the problem of defining w'/2 is to

specify some curve extending from the origin out to infinity along which we decide

that w'/2 is not to be defined, so as to make its specification unique everywhere
else. For example, suppose we agree to cut the w-plane along the negative w-axis.
Tl u l - l. 1 - = ia . 1 _ 9 - T]

choosing w'’?>=r'? for =0 (i.e, a positive square root for positive w), and

wli2 = p1/2:1012 for _—p<f<nq

So, for example, with this choice of square root,

j1/2 _ emi/4

while
( . i)1/2 — e—ni/4'

ne has in mind. The ve choice is frequently convenien
known as the principal branch of the square root.




integrals which will be of extreme importance to us later on. Consider the integl‘al

[+ 8]
| emrax

— 0

When Re A >0, the function e /2 vanishes rapidly at + co and the above integrqj

converges absolutely. When Re A <0 the function e~ **/? blows up at infinity, s,
i : — Ax2/2

he inteoral makes no sense. When Re A =0 _the a on

one for all x, so the integral certainly does not converge absolutely. Nevertheless,

we claim that it does converge. In fact, we claim:

© >0,

|A] > 1 and its value is therefore a continuous function of A on this range,

rs ®—R
e~ ***2dx|<¢ and e *2dx|<¢ forall $>R>R.
o R o _S
N Asxx
INUW
d Z
_e—lx2/2 = — Jxe ).x2/2’
dx
so integration by parts gives
) S *S
L Ax224. Li cayag. L —AR2/2_L9—AS2/2_1 ] L—AXY2 gy
R rAX dx AR AS A g x?

Since |e~***/2| < 1 for all x and A under consideration, we can estimate the integral
. —_ 2 :

. .

4

| 2R
[JER [

S
} r e—lxz/de‘ <

which will be less than ¢ if R > 4|A] !¢~ 1. Since |4| > 1, we can take R, = 4/¢, with

could take |4 = ¢ for any fixed ¢ >0 and have uniformity of convergence.) Since
e~ ***/2 is a continuous function of A and x, the uniform convergence of the integral

A W e
- » - - - S

evaluate this integral for Re A > 0, where it converges absolutely, by a trick. In
fact, we compute the square of the integral by passing to polar coordinates:

<] 5 2 (* o o0 o] [e<}
e—lx /ZdX_‘ —_ [ e—).x2/2,e—).y2/2dxdy= {‘ [ e—).(x2+y2)/2dxdy

v~ ®© | J — 00 J — 0 J — 0 J —
"2x © ©
— 2 — 2
= [ e " 2rdrdf = 2n [ e " 2ydr =2n/A.
Jo Jo Jo
Thus
(* o
g A2 = (2n/2)? (20:35)

J — o




which square root do we take? When A is real and positive, the integrand, e/,

s =va \/ a2 Ala A ha¥a ) =Wa < O P19 ey Q aV¥a aVa / ) asla 1 1) £ ()
aPu L] D S381% O 15 H 8, 11O U DCT 51O

positive real 4, we must choose the positive square root. Since the integral is a
continuous function of 1, we must take the principal branch of the square root.

of the square root to use.
Formula (20.35) is valid, by continuity, for all Re A>0. In particular, setting
1= —it and 4 =1it, we obtain the important formulas

All that we have said about the square root goes over with minor change for

the nth root, for any positive integer n. In fact, it also goes over for the exponential

z

strip of width 2n parallel to the x-axis is mapped onto the entire w-plane. Thus
the logarithm function, logw, is not well defined; it is only defined up to adding

ambiguity. One is to think of the z-plane as being an infinitely sheeted covering of
the w-plane, and any functional expression involving log w is to be thought of as
functi ¢ 2 The al . he w-pl ] ] . |

axis and then, writing

w=re —n<f<m,

define the principal branch of the logarithm function by

logw=logr+10
logw =lo0gr414.

By (20.32) and (20.33) we know that log w is a holomorphic function whose deriva-

A 13 No denneg a aYe -nA_ hen-can aeilne Ne COMPICX DOW
—of any compiex number. For any complex number ¢, defme
wif — aclogw
Lid \ 0

As mentioned above, there are two possible interpretations of this definition. One

c
A d

then w* becomes defined at all points except for w lying on the non-positive real axis.

*20.7. Contour integrals

One of the applications of the Cauchy residue theorem is to the calculation of

definite integrals. We have indicated a typical application in section 20.4. We have
. . . . L . he




some of wh1ch w1ll be of use to us later on. In all cases a certaln amOunt of

evaluate. Th1s usually translates into an 1ntegral over a curve in the complex p]am3
One then adds other curves so as to get the boundary of some region and apply

Cauchy’s residue theorem. One m her pieces so th _
bution to the 1ntegra1 either is known, or is some multlple of the desired integraj,
or becomes v i en an appropri en.

(a) Let R(x)= P(x)/Q(x) be a rational funct1on, so P and Q are polynomialg,
Suppose that Q has no real zeros. If the degree of Q is at least two more than the

r—oo. We think of this as the integral of the complex function R(z) along the

line segment from —r to r on the real axis. Adjoin the semicircle of radiug s

e ———,
—
—r r
Figure 20.12

|R(z)| Kr 2 for z on the sem1c1rcle and K some su1tab1e constant. Slnce the
semicircle has length nr, this means that the integral over the semicircle tends to

zero as r — co. Thus

DL N1 ~__: h v DLN
| R(x)ydx=2ni ) TesR(z),

J—® Imz>0

the sum being taken over all poles in the upper half-plane.

[re] iz —
—a0

with no poles on the real axis. If deg Q >deq P + 2, we can proceed exactly as
before. If deg O >deg P + 1, so all we know is that R(x) vanishes like 1/x at infinity,
we still can prove that the integral is convergent. In fact, we can use an integration
by parts argument as in section 20.6. Since ¢ = — i(d/dx)e™, we have [;e™R(x)dx =

—iei°K(s)+1ei’R(r)+j"sei"R’(x) dx, and R” vanishes to order 1/x? at infinity. TO
evaluate the 1ntegra1 we agam take the 11m1t of the 1ntegra] from —r to r and

half-plane. Here we must be slightly more careful in estimating the integral over
the semicircle. If z = re'® = r(cos 8 + isin 8), then

. . 2 AN
Iz _— ircos8, —rsind
e"=¢ €




ontour integra s

and so the integral over the semicircle can be estimated as follows:

» " (* 7

| Aircos@  —rsin@p¢...i0,. 49| p"Si“BrIP(rgﬁHd@—
semi Z= € € r(re - dao< € LR :

circle o 0
U

Now |rR(re'?)| is bounded by some constant, say K. So our problem becomes one
of estimating the integral [fe~"* =2[m2er . Now sinf>=20/n for
0 < 0 < /2. (Indeed, both sides are equal at the end point and the difference has one
maximum in the interior.) So

72 ‘ n/2
J c«rsmﬂdng‘ 6"2"9/“(‘10—_—(7[/21‘)(1 _e—r)_)o.

0 0

Thus the integral over the semicircle goes to zero and we get

ix : iz
bl

g —© Imz>0

the sum being taken over all poles in the upper half-plane. If Q has a zero on the

nNe ADOve 1Ntegrd [I1AKC [10 CI) d d11( 1119 ][] [MNAKEC SCINSE

in some case as a special kind of limit known as the Cauchy principal value, as is
illustrated in the following example. Suppose that R has a simple pole at z=0
with residue A4, so that R(a) = A/z + R,(z) with R, holomorphic near the origin.
Let us consider the same line integral as before, except that we make a detour
along a small semicircle of radius ¢ in the lower half-plane to avoid the origin.

e N

/ N\
[ \

» U >

N
Figure 20.13

The enclosed region now contains all the poles in the upper half-plane together

N the nole 9 he Oorioin he 1Nnteoral ot A/Z arounda tn . _SCIl)
NOLEd O . & dl O A1 O

i4, canceling ou e

P( fw e*R(x) dx\| = lim[ (_8 + fw —Iei"R(x) dx =mid +2ni Y res(e”R(z)).

J - e—=0 — o0 € Imz>0
where P( )means the Cauchy principal value. For example, taking R(x) = 1/x gives
P [ >\ :
oo x)™™

which is obvious since cosx/x is an odd function, and P([®,(sinx/x)dx)= 1.
Now sin x/x has no singularity at the origin, so we do not have to worry about
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taking the principal value for this last integral and sin x/x is an even functiop_ So
we get

fo0 g1
[oF ¥ ¥ v

Jo » dx = /2.

(c) Suppose we consider integrals of the form [§x*R(x)dx, where « is SOme
real number with 0 <o <1, and where R is a rational function vanishing to seconq
order at infinity and with at worst a pole of first order at the origin. Here the
trick is to first make the change of variables x = t2, so the integral now becomeg
2)o t=*7 ' R(t*)dt. For evaluating this integral, 1t 1s convenient to choose the branch
of z2* which is obtained by cutting the z-plane along the negative imaginary axis

_ i0 . 20 __ 20,1200 .
= 5 =

— o < 206 < 3ma. We must now choose our contour so that it does not come in
contact with the negative imaginary axis. Choose a contour to consist of two line

r Y W 1
Figure 20.14

semicircle in the upper half-plane. Our assumptions clearly imply that the integrals
over the semicircles tend to zero as the large semicircle expands out and the small

(* (* 0
2niy residues = | z2*VIR(Z)dz= | (21 + (=22 HR(ZY)dz
J — @ JO
Bu : 2 — »\2a _ ,2mia,2a S ¢3 and so

o s Fon-the rightt

(1 _ CZnia) Jr t2a+ lR(tZ) dt.

0

Since (1 —e?"®) 0, we can divide by it to give an evaluation of our original

mldl. 1€ TSS1IdUcE 0O D€ SU cd dArc C esS1aques O © R [ Te appc
half-plane. These are the same as the residues of z*R(z) in the whole plane cut
ONg 11 NOSit i 0 nNotn O olving o hroblem is no

and use the branch of z* determined by writing z = re'® with 0 < 6 < 2. Notice that

we have cu isel iginal in \ cannot get



our original integral as a precise component of a closed contour. Instead, integrate

a g a pda Para = > e V d a 918 (€10 U = y \J Uppy

half-plane, with the idea of then passing to the limit to get our original integral.
So we consider a closed contour consisting of two line segments, one just above

e nhe Oolne ] DCIOW N< PO e - ooethe N1t Mo o) I Ma zhale

5 large circle. The circle contributions vanish in the limit. The two line segment

-
.

\ /

-
Figure 20.15

contributions do not cancel each other out precisely because the determinations of
z* just above and just below the positive real axis differ by a factor of ™= So it
is precisely the fact that z* is not well defined that allows us to evaluate the integral.

(d) We can use contour integration to sum various infinite series. The idea is
to apply Cauchy’s residue theorem to larger and larger domains where the boundary

Nfeo 3 —aall a e1ro A e Are nen A N A1 N N = MO e a e a
el - cl cl v v V

must vanish. Bringing one summand to the other side of the equation gives us a
sum of an infinite series. We illustrate this with some sums that are useful in the

These functions are clearly holomorphic in the entire complex plane and coincide
=1, and this can only happen for the real values z=nn. Simi

complex zeros of cos z are at the real points (n + 1)n. We then define

sinz COSZ
and cotz=—
COSz sin z

tanz =

which are meromorphic with poles located at the zeros of their denominators. We
can use (20.25) to compute the residues at these poles since all the zeros are simple.

the points an. In particular, [cotz| will be uniformly bounded on all circles of




radius (n + )7 centered at the origin. Now consider the integral

cot{
c CZ _ 22
over these circles, where z is some fixed complex number # nzn. As we let the circjeg
expand out to infinity the integrals go to zero since |cot (| is bounded, and we haye

df

SICCtWO 1 Tator— e poic e integrand
are located at +z and at nm. The residues at + z are each equal to $cotz/z ang

the residue at nn is (n?n2 —z%)~ 1. So

cotz &
+ 3 (n*n? —z3)" 1 =0.
1

z

Bringing the first term over to the other side, multiplying by z and separating off
the summand corresponding to n =0, give the formula

1 0
cotz:—z—-i'- ZZZ—-————2 75 (20.36)
1

The series on the right converges, and converges uniformly in z so long as z stays
a fixed distance away from all the poles. If f(z) =sinz, then f'(z)/f(z) = cotz. We
can also write f'(z)/f(z) =(d/dz)(log f(z)) and so write (20.36) as

4 (108 g) = Zilog (z2 — n*n?).

dZ 1dZ

l“i“" Q0¢€ O vanish 2 Z — 4. CL US d d d
along any path joining 0 to z and staying a finite distance away from all the points
nn. We get the equation

log (sinz/z) —log 1 = (log(z* — n*n?) — log(— n*zn?)).

This equation is somewhat ambiguous as it stands, since the values of the logarithm,
defined aslog g = the integral of g'/g, depend on the path chosen. But exponentiating

formula

We begin with a straightforward application of Cauchy’s integral formula.

Let f, be a sequence of functions all holomorphic in a domain D and
suppose that f,(z) - f(z) uniformly in D. Then f is holomorphicin D and the
»(z) converge uniformly to f'(z) on any subset o which is ]
distance from 0D. (20.37)




amt S [

proof. For any zeD choose a circle C lying with its interior inside D with z inside C.
Then

_ L[ SO 4
10=55 )=z %
Passing to the limit gives
1 [ SO
f(Z)_%“CC_ZdC

and we know from the discussion immediately following (20.18) that this implies

__that fis holomorphic. By formula (20.19) wehave ===

N Jd0)
fn(z) - 2:”i Ie (C _ Z)Z dC
which clearly converges to
=t | SO 4
21 Jo (—2)?

and the uniformity of the convergence is clear. We may frequently want to apply
(20.37) to the case where D is a bounded subregion of some larger domain on
which the f,s are defined and converge. That is, the f,s are defined and holomorphic
on some large region E and converge uniformly on each of a sequence of subregions
D, with | D, =E. By applying (20.37) to each D,, we conclude that the limit
ranction 1 is_hol hicin all of E.

Applying (20.37) to the partial sums of a series gives

If a series with holomorphic terms f(z)=f,(z) + f,(z) + - converges
umni i , the € su i 1 i
differentiated term by term. (20.38)

series. Suppose that f is holomorphic in a domain D and the disk of radius R
centered at a point a lies entirely inside D. Let z be any point interior to this disk

. .

having absolute value at most

'@ 1@
flay+f @) —a)+rm e —af b+ = (= +
2! n!
4 4 . h 1 : Y
converges to f(z) 1n the largest open disk centered at a lying entirely 1 L.

(20.39)

The series in (20.39) is known as the Taylor series of f at a. Many operations on




holomorphic functions correspond to simple operations on their Taylor series. Fo,
. o 1 ke g— 0. )
f(@)=aq+az+az*>+ -

1 1 2 [l
g(z) =by+ bz +F bz’ =+

f(z)=a, +2a,z +3asz? + ---,
f(2)+ g(z)=(ao + bo) + (a, + b))z + (a + b)z* + -,
If ao = bo = O, then
flg(z))=a,(b,z + b,z F+ ) Faybz + b2+ P+
= alblz +(a1b2 + azb%)zz + (a1b3 +2a2b1b2 +a3b:13)23 + cee,

From this last equation, we can recursively determine the power series of the inverse
of a function, f, if we know the power series of f. If we know the as and we want to

—find the bs such-that f{g(z)) =z weget ——

a,b,=1 so b, =a;’

(we must assume f'(0) #0 to be able to invert the function),

a1b2 + azb% = 0 SO b2 = - al—l(azb%),
a.by+2a,bb,+ab3=0 so b,=—a;'Qab,b,+ abd),

and so on. In general, the coefficient of z* will be an expression of the form
a.b, + (terms involving bs of order less than n) and so we can solve recursively for
—each b,.

It 1s an elementary fact that any power series has a radius of convergence, R
(possibly zero), such that the series converges for |z| < R, and for no z with |z| > R.
It follows from (20.38) that the series represents a holomorphic function inside its
circle of convergence. It follows from (20.39) that, conversely, the Taylor series of
a holomorphic function has, as its radius of cénvergence, the radius of the largest

disk contained in the true domain of definition of f.
A CArIAc A Iy ~ e - A -—1 - ""2

series in the variable 1/z. So it will converge outside some circle of radius R
(possibly R = o). A series of the form 3®_a,z" is said to converge if and only

|z| < R, for some R, and the negative part will converge for |z| > R, for some R;.
So there will be some non-empty region of convergence for the double series if and

only if R, <R,, in which case, by (20.38), it represents a holomorphic function on
the annulus R, < |z| < R,. Conversely, suppose that f is holomorphic in such an
annulus. We shall show that f has such a double series expansion. In fact, to prove
this, all we have to do is show that f can be written as the sum f=f +f,, where

f2(1/z) has a removable singularity at 0, so that f,(1/z) is holomorphic for




|1/z| <1/R,. To do this, define
1 [ fQ

iz === ag
2 (—2z

where the integration is over any circle of radius r, with |z| <r, < R, and

1 [ fO
fal2)= — J d¢
2mi |C|=’1C_Z
y . . . a5 7 satisfying R. <7 < fz]-Tt is.clear

that f, is holomorphic for |z| < R, and f, is holomorphic for |z| > R,. By Cauchy’s

__integral formula, f,(2) +f,(z) =f(z). If we set z’ = 1/z and substitute {’ =1/{ in the
~—integral defining f,, we get -— — — — — — — — —

~

1 )z
[(1/Z) =5~ 4l
=y & =26
’ . . b ' ’ 1 i
1N a power Series
Q0
fi(zy=Y az" with a,=— f f(.{) d¢
T 2mi ), ¢

and we can expand f,(1/2')=>'7b,z"" with
1 £OLLIEN

AN 1 r‘ —
=] o
{EY:

n= 5 m+1
2m Jioyape €

expansion, knewn as the Laurent expansion

< LA
f@=7Y az" where a,,=TJ E,+—1dc. (20.40)
~ iti=r

Fwilf . : . i formutrexoficittys

case where R, <1 < R,. Thus we assume that f is defined and holomorphic in
. . . . ie

1 [‘21: -
a, =— F(8)e™° dé. (20.41)
27 Jo

In particular, taking z = €' to be on the unit circle and substituting into the Laurent
expansion of f, we get

F@) =Y ae" (2042)

with the a,s given by (20.41). The series (20.42) is known as the Fourier series for
F. If f is holomorphic on some region R < |z| <1/R where R is some number,




R <1, then, since the a, are coefficients of convergent power series, it fouowS

la,| <cr~" for any r >R

—for some suitable constant ¢ =¢,.
Q AhE aakankshal¥d
PDUllliliail
A Holomorphic functions

You should be able to define a holomorphic function in terms of two-formg and
show that its Jacobian matrix represents a conformal transformation.

specified contour, and in a few standard cases you should be able to construct the
_appropriate contour.

C Power series

series and be able to calculate the radius of convergence ol such a series.

Exercises

20.1. (a) Suppose that f(z) is a holomorphic function. Let z = x + iy, f(z) =
St l he—famili ‘ . p) = 1
v(x, y) = constant are orthogonal; i.e. they cross at right angles.
(b) Verify this property explicitly for the case where f(z) = z2. Sketch a
few curves. Do the same for f(z) = 1/z. What happens at the origin
in this case?

o cd 3 3. 2 Z .. 2 ¢ 4 . L] i . SC Cd d .

(b) Can there be a holomorphic function whose real part is xy?? If so,

— find one If not, explain whynot. ——«

20.3. We can define holomorphic functions cos z and sin z by using the identities
cosz=1("*+¢e7%), sinz=(e“—e 1%)/2i and the définition of the
complex exponential function. '

(a) Express cosz and sinz in terms of trigonometric and hyperbolic
functions of x and y. Calculate d(cosz) and d(sinz) by using these

Axraarenacs ga o

VAPIUOSIVILLS,

cos (z+ w) = cos zcos w — sin z sin w hold even for complex z and w.
(c) Using the addition tormulas, show explicttly that the functions sz
and cos z are continuously differentiable from the complex point of

2




view, and calculate the derivatives of these functions by evaluating the
appropriate limits.

20.4. Use the technique presented on pp. 736-8 to establish the following

definite integrals:

[~ Sn
(a) sin®0df =—:
v 0
(*  cos0df na )
(b) Y 5= @ <1.
o 0 I ZUvOUo U T U X U
20.5. Use technique (a) on p. 736 to establish the following definite integrals:
"0 A
UA i
@ | — —  —— 4>0;
J_i(x+b*+a* a
(°  dx T
(b) 4 A A 0.3’ a>0;
Jo (x*+4a*)—8a

“x2dx =

{e) —
W)

Jo x*+1 6
20.6. (a) Suppose that f(z) is holomorphic in a region except at z = a, where

1t has a pole of second order. Prove that the residue at the pole is given
by the formula

d

res = lim — ((z — a)2£(2)).

z—a Z

(b) Use the above result to evaluate

® dx
o (KP4

(c) Generalize the above technique to evaluate

J“” dx
— o (X +a?y

for an arbitrary positive integer k.
20.7. (a) Here is an alternative approach to technique (b) on p. 736. Let.

Rz} — P(\/O()

=7 TNETTRNET

where P and Q are polynomials with deg Q > deg P + 1 so that

I R(\ <= 4 /]|
Zh Az

¥\ ! 1

for some constant 4 for sufficiently large |z|. Suppose that Q has no
real zeros. The purpose of this exercise is to prove that the

X

lim R(x)e™*dx

Xy~ =X,

X~

exists and 1ts value 1s

[00 R(x)e'* dx = 2xi}_res (R(z)e")

J -
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where the sum is taken over all the poles lying in the upper half-plane.
Step 1. Choose X, X, and Y large enough so that the rectangle in figure

——— 2016 -contains-all the poles-in-the upper-half-plane——————————————

L 04
—X, Y — X, +iY
v | A
? W —
—X, I X,
Figure 20.16
Step 2. Show that
rR(J'd <Arye_yd <A B vd <A
z)eFdz| < —dys—| ¢ ys—
Jn Jo || X, Jo X,
for X, large enough.
Step 2. Show that
| o : | A
J R(z)e*dz| < —.
v X,
Step 3. Show that
\ f R(z)e*dz| < Ae ¥(X, + X,)/Y.

[Jm [

Step 4. Let Y— o0, Conclude that

t o~

X2 ) : 1 1
‘ J R(x)e*dx —2mi ) res(R(z)e”?) < 4 (__ + _)
—-Xi z—0 X2 Xl

Complete the proof.
(b) Evaluate [§(cos x/(x* + a%))dx.
20.8. Suppose that Q(0) = 0 while Q'(0) # 0 so that R(z)e'” has a simple pole at 0.

B be th due 0. Consid h o10n Oof Integ on which h

same as before except that we avoid the origin by following a small

Seiﬂieﬂe}e 01 faidius 5 i3 the IOWet haﬂ-plauc.

—X, +iY - X, +iY
—50
Figure 20.17

(a) Show that the limit as § — 0 of the integral around the semicircle is wiB.
(b) Conclude that the Cauchy principal value
(-6 (o7 B ‘
lim \U + J JR(x)e”‘ dx) =27i ¥ res(R(z)e”) + 1B.
d—0 - b z—0
{c)_Show that

“©sin x
{‘ dx = n/2.
o X
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20.9. Let f(z) =(fifz)) be a matrix-valued function. We say that f is holo-
morphic in a region D if each of the matrix entries f;; is a holomorphic
function on D. If y is any curve, define [,f(z)dz to be the matrix whose
ijth entry is |, f;(z) dz. Notice that if B and C are constant matrices, then
if f is a holomorphic matrix-valued function so is BfC, and for any

curve y we have
.[Bf(z]Cdz=B<j f(z)dz)C

i

/

1 0 0 1 0 0
(@) Let A={ 0 2 0 Jandset f(z)=(zI —A) ', whereI=[{ 0 1 0]
0 0 3 0 0 1

= 2
Let P, =(1/2mi){, f(z)dz. Evaluate P, for i=0,1,2 and 3.
(b) Let D be a 3 x 3 matrix whose eigenvalues are 1, 2 and 3. Let g(z) =
(zI — D)~ '. Show that g is holomorphic everywhere except at z = 1, 2
or 3. Let

What ic 02 ')
y2*

wililidaut 1o

() Formulate a general theorem. Let A be an n x n matrix with distinct

Let y be a curve that does not pass through any of the eigenvalues and
is the boundary of a region which contains 4,,...,4, but none of the
remaining eigenvalues. Set

= sz)dz——J(zI A)~ldz.

SMhat ]'S ]m P f! !Mhat is kef P f! i![hat is pZQ
7

20.10. (a) Let f(z) denote the branch of the function z'/#, defined everywhere
except on the positive real axis, with the property that

lim f(x + ig) = | x|*/* (a real quantity).

e—0

£



748 Complex analysis

4y

el
pd /N

integral
© t1/4 dt
I = .
Jo (t+a)
By sure to discuss the contributions from the circles.

20.11. Use technique (c) on pp. 738-9 to establish the following integrals by
integrating around the contour shown on p. 738.

foo La—1 .
(a) dx =— O<a<l,
Jo x+1 sin oam
[ x*7! (1—o)m
(b) S dx=— O<a<2
Jo (x+1) sin o7

»

JO
valid whenever f(z) tends to zero as |z| — oo fast enough so that the
contribution from the large circle vanishes.
(b) Show that

el

@ dx _na+2b log(b/a)

ab>0.

£
e e b @by
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20.13. (a) Determine the Laurent expansion of

5
J@)==5—=_7
Z pe T %
by contour integration around the unit circle. Where does this
expansion converge?
(b) Find the same expansion by doing a partial fraction decomposition
of f(z), then expanding each term in powers of z or 1/z as appropriate
_ sothat the series converges when |z{=t1. ===

(c) Find the Fourier expansion of
F@)=(3+2cosd)~ .

14. Find the Fouri . f the f .
FO)=0 —n<l<m
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Chapter 21 discusses some of the more elementary aspects of
asymptotics.

Introduction

Many important laws of physics can be understood in terms of the asymptotic
behavior of integrals. In this chapter we give some elementary illustrations of the

mathematical applications.
One of the earliest, and still most important, asymptotic formulas is

.

Stirling’s formula: nt ~ (27)2n™"

1 ¥
e
discovered by James Stirling in the first third of the eighteenth century. Here the sign
~ may be taken to mean that the ratio of the two sides (which are both tending to o0
with n) tends to 1 as n — co. We shall soon state and prove a more accurate version of
his £ | ; » . » .
oug irling’s formula only makes an assertion about large n, it gI

remarkably accurate approximation (in terms of percentage error) even for small n.

bl
a ] — AMe N e pl — N e ne 'ia NAANag ar-ara N O alsig .
e 01—

0.92. For n = 10 we have 10! = 3 628 800 and the right-hand side gives 3 598 600, an
error of less than one percent. This is a recurrent phenomenon. In this chapter we
will give estimates valid for a large value of a parameter, but the formula seems to
work well for small values as well.

21.1. Laplace’s method

We illustrate the method by giving a refined version of Stirling’s formula.
Integration by parts shows that the I' function, defined by
l‘(x)=J e ' idt x>0,
0




Laplace’s metho 751

satisfies
F(x + )=xI(x), [(1)=1

SO thﬂf
I'h+ 1)=nl

2m \1/?
g~ )

N~/
In fact, we shall prove a more precise result. We shall show that
JR. NS P! 1

. )
“\%) \” 2 288x2 )

An asymptotic series of this form means, for example, that

F(x)—e_xx"{z—n\llz <C (e"‘x"(zn\x_l\
NI A I Sl ™ o

that
|F(x} e"‘x"(zn\llz(lJT : \| lee_"x"fzn\l/zx‘z\,
\x/) Ul Ak ) )
that
VNN A W T L S G 72 Sy

(x)—e %) \1+12x 288x2 \b\ \x) ")

etc., where the C; are constants. In other words, whenever we break oif the series, we
can estimate the error in terms of the next higher power of x ~!. We begin by writing
INx)=T(x+ 1)/x so

€Y

I'(x) =%J e 't*de

0

where

pw)=w—log(l + wy= +iw? —iw?+ .-

has the above Taylor expansion at the origin. Notice that p'(w) = O only at w = O and,

1 has an absolute minimum at the origin. The factor e~ *x* occurs on the

the asymptotic properties of the integral

(o

J e " *PMWdw.
-1

ur first observation i , € X, the o u



integral comes from w near 0, the minimum of p. For example, if eis any fixed positive

ny m]‘\Pf

PSR- c=ravisry

—&

e _,
[ e *PMdw < ( e > dw < [ e ¥ 2dw.

Y 1 o - 1 o — OO

We can estimate this last integral very crudely by writing

o xw2(2 —xw2/4 __ — xw2/4 —e2x/4 , —xw?/4
€ =t € <e €

for —co<w< —& So

rO
— w2/4 1

dw < C(x)e *, where C(x)=J e ™ *dw
— 0

— ®©

is a convergent integral, and, in fact C(x)—0 as x—o0. So [Z% decreases

T =4
. ]1 ] ] S ] ] i E Q’ i ; . . ] . . ]
7 0 "(D
e xp(w)dw < e p(b)x/z e_xp(w)/'zdw'
vE v

-1 € rate
attentionon [% e~ "”‘W’dw for any & > 0. Now p(O) 0,p (0) Oand p”(O) =1 We can

p(w(q)) = qz/7

v 1

Jo JO

“(\‘1\ — Ll"zﬂ(\"\
| 4ANALJ b AAMR ANAS
where
1§ 1
VA ~ ny N1.,
qwj=2 up (uvwjaudv.
Jo Jo

Notice that g is a differentiable function of w and g(0) = 1. Thus g(w) >0 for w
sufficiently small. Thus we may make the differentiable change of variables

s=w./q(w)

o
o

Let us choose our ¢ > 0 small enough that this change of variables is valid for




.ap ace s

—&<w<e¢ (Thus, so that g(w) is positive on this range.) We can then make this
change of variables in the integral [*,e~**dw to get

e CR

) 522 dw)
J_se dw=J_SIe ka)ds

where &, =£./q(e) and —e, = —e./g(—¢).

A
/ AN

- N

i
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Figure 21.1

In estimating the integral, the only region that matters is the neighborhood of

s = 0. For example, suppose we choose some function p, differentiable to all orders
and such that p =1 for |s| <nand p =0fors>2nand —&, < —2#,2n < e&. Then set

A V4 bR

WU Cdil WITLWC

&2

f e 12y (s)ds = r e”**/2p(s)ds + error

—&1 —gq

where the error goes to zero exponentially with x, e.g., faster than some constant
times e~"* (This is because the error will be given by integrals of the form

€ 72(b(s) — w'(s))ds and [Ze”*"/2(b(s) — w'(s))ds and the integrand goes to
zero faster than some constant times e~ "*.)

$2x/21. 7 N 1

We may reptace {2, e=*"*b(s)ds by

f e ¥ *2p(s)ds

— o0

since b=0 for s< —¢, and s>¢,. We are thus reduced-to estimating this last
integral.




We now apply Taylor’s formula with remainder to write

o 1 4 o P M — \ N
b(S)=bo F s F bys2F - Fby_15" +bas)s

where by(s) is a smooth bounded function. Then

F sz e ¥ 252ds + - + Ry(5)

- ®

J 0
SO
IR () <D —x5%/2| oIN 4
IpSH < rStdas
J —®
where
Dy = sup|by(s).
- Now, by symmetry
, ‘rl.J,
[+ o]
—_ 2 . .
e > 2¢kds =0 if k is odd,
J — 0

while, for even k, make the substitution

xs=y
SO
ds=
S =
x1/2
—and
- — xs2 - — - —y2
e xs /ZSkds__:x 1/2x k e y/Zykdy
— CRx—l/Zx—k/Z

ttttttt

wWIlIvIC

Cr= J- e Y 2ykdy

-

is independent of x (with C, = C, =.,/(2n)). Notice that
[ [ k—3 [k+1

e V2ykdy = e (2wt P Edu=2——I

P

N9

J —® J —®

SO




Similarly, the remainder term can be estimated by some constant times x~1/2x V2,

0 ==

0 1/2
[ e""sz’zb(s)ds=(%7£) (@ +ax '+ +a,_ 1 x4 g,(x))
AN

where &,(x) = o(x™"). Here ay = by,a, =b,,a, =

b,/\/(27), etc. Notice also that b and

ex I =w—log w) giv irling approximation.
More generally, suppose that we are given a smooth positive function p with a

that p“(to) > 0. Let a(t) be some other smooth function and consider the integral
~

at)e "7y,

—

A A /’\*/
SAVAVAY

Figure 21.3

We can write this as

-k - = pto)) 1+

where now p(t) — p(t,) takes the minimum value 0 at ¢t =t,. We can thus apply the
preceding method to conclude the principle of Laplace (1820):

r N —knlt\ Pl e_kp(t()) /27[\1/2/ a1 a7 \
[ae ™" dr~—— ] @G+ - F5+ ]
J VP Ao\ ™M/ \ g ” /
where a, = a(t,) and the higher-order coefficients can be expressed in terms of a, p

Let us now examine what happens in Laplace’s method when we replace —kp by ikp
in the exponential. We will find that a similar formula holds, but that this time a

critical points of p enter, not just the absolute minimum. In Laplace’s method, the

) -.-g‘.. Wi decavineg exponen ) J els 7 a AU N N

—minimum of p. For this reason all the asymptotic information was located at the—

minimum. When we consider an integral of the form

fereaty)dy

the factor e*?® is not going to zero as k— oo. But it is oscillating rapidly as a




function of y, at pomts where p'(y) 7& 0. These rapld oscillations mean that there W11]

from near the crltlcal points. To lllustrate, let us consider the case where P'(y) doeg
not vanish at all on the region where a(y) # 0. More precisely, let us assume that g(y)

has derivatives of all orders and has compact support, that is, that a(y) vanishes

outside some finite interval. Let us also assume that

[P’(¥)l>C>0 at all y where a(y)#0.

We then claim that for any N there is a constant Cy such that

| |

—In other words, we claimthat-the integral tends to zero faster than any inverse
power of k. Indeed, consider the differential operator
I
PO oy

which (by virtue of our assumptions)is well-defined on the range where a(y) # 0, and

Dei*P® — jkeikr®)

or
eikr() — L(Deikp(y))_
ik
l'hen
r r 1 )
e“POlg(y)dy = 1—’;( De*?Ma(y)dy
= L( lkp(y)) a(y) y
ik \ Oy p'(y)
1{ .
=— fe’kp c(y)dy
RJ
where

) — 1 i(/ ay) \\
“\J . ’
i \r()/
and we have used integration by parts and the fact that a vanishes (with its

derivatives) at the end points of integration. The function ¢ has all the properties of a
80 we can repeat the process to conclude that

. 1 X
Jb(y)elkp(Y)dy — ﬁ JCN(y)elkp()’)dy

for some suitable function cn(y). Letting

rv

Ikn!\y\i
oy =[fealy)e™Pdy

proves our claim.
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0) ) 0 ] dl ¥, % Cl \/ L

assume that p has a finite numbr of critical points, y,,...,y, (points at which
p'(y) = 0) and that p”(y) £ 0 at each of the critical points. We then claim that

/o~ +m/4_ikp(y,) /
LT c

ke(p)dy ~ | == Z—:—N_(a +a—1i+)
a(y)e (y) Y ( k )critzical \/|p”(yi)' * k

points, y;

where a4 ;=a(y;) and the higher coefficients can be expressed in terms of the
values of ¢, p and their derivatives at y;. The + sign in e*™*is used at minima, where

P = sign at maxima where p”(y;) < 0. In the above expression, p is a

real-valued, and a may be a complex-valued function of y. This is known as the

)

)= 4
(the + sign depending on the sign of p”(y;)). In making this change of variables, we
— will have

dy 1

L= at y.
s~ JIropyl

This accounts for the factor 1/\/ |p"(y;)| occurring in the stationary phase formula.
About each point y; choose a function ¢; such that ¢; =1 near yjand ¢;=0

outside some small neighborhood where the changes of variables are defined. Then

b=a—(a1¢1 +a2¢2 + - +ar¢r)

.

/\/\*/

Figure 21.4
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Figure 21.5

Thus the preceding result applies to b, so we have

r r

J e*Pady = ZJ e*P(a;p,)dy + O(k™ V)




for any N. We may thus consider each summand separately. We may make the

tks? dy
[e’—’ k ﬂ(ajd)j——ﬂﬁ \ds.
J \ as/

Let us define the function ¥ by

ujt,u_’:ds.

Then Y has compact support and we are reduced to an evaluation of

JVOO +1ks /zl//(S)dS

Y
b

already touched upon this subject in the previous chapter.

- 213, Gaussian integrals

Everything in this section stems from the basic fact that

| e

[«/(12@ J[jo © e de - i Jr °°w Jf °°w eI dxdy

J J e "12rdrdo
0
=J e "Prdr=1.

0

O

Now

-x2/2 —yx 4
< UXx

/(27[\
\<7t)

o =D
converges for all complex values of # and uniformly in any compact region. Hence it

Ma&ambmgﬁmcﬁanihatﬁmaybeﬂaluaimib;uahnngbeie&am%

using analytic continuation. For real #, we simply complete the square and make a
change of variables:

L 1
N [exp(— x%/2 — xn)dx = NG fexp[—(x +0)2/2 + n2/2]dx

= exp(n*/2) exp[—(x+m)*/2]dx

1
‘V/ (27)

— anl2
=< .




Gaussian integra s

This is true for all complex values of #. In particular, taking n =i(, we get

™
1 2

In other words, the Fourier transform of exp(—x?/2) is exp(—(?/2). Now set

1

e =82

( ,
J e~ AP2e =il —

J@n) J2n)
S>R>0,
rS "S 1
e~ MM2eixdx = — | (e~ **P)e~itrdx
Jr Jr AX dX
— AR2/2 . —i(R ~—AS?%/2  —iZS rS / iEx\
e e e e e T gy
AR AS Jr dx\ Ax /
In this last integral we can write
e~ A2 _ __l_i - Ax2/2
Ax dx
rS 1 \
e M eTidx|=0| |
JR [AIK ]
We thus see that
1 e—lx2/26—i§xdx
Jen

the positive square root. In particular, if we set A = —ir, r >0, then

21/2 1211/2 ,—=nij4
U ——|/L| v
and .
1 [ irx2/2 —iéx.1 /4. —1/2 —in2/2r
[+ e TAX =€7'r e b

JCn) ]

and, similarly with 4 =ir,

1 [e—ier/Ze—iéx dx = e—ni/4r— 1/Zei'l2/2r.

\'/ (27m),




r e:tlksz/Zw(s)dS

We can now complete the proof of the formula of stationary phase. We wish tq

— 0

where ¥ is a function of compact support:

Y(s) = ¥(0) + sx(s).

Multiply this equation by some function p which is identically one where y () and

vanishes for large values of |s|. Then

W(s) = Y o(s) + sp(s)x(s)

where

Yols) = p(s)(0) = Y(0) near s =0.

1
nus

+1/4

(¥ + error

f!ﬂ o(s)e ™ Pds = n
J k

where the error term vanishes to infinite order in k. But

[ ksZj2 _ Lf d Fiks2/Z
| stooe = o [T g e

~-1(d

L2

) 1o [p{S)X(S)] e +iks=/2 ds
< as

We can give an n-dimensional version of the Gaussian integral.

Take

)

\x,)

to be a vector variable and let

N

\

0=

r

Fa¥
V)

0

+r,

be an n x n matrix with all the r, > 0 and sgn Q = number of +s minus number of
—S. Then |r,|---]r,| =|Det(Q)|, and, by multiplying the formulas for the one-

dimensional integrals, we get
1 r

i Pay \ . .o . ‘n nl
oz | S¥P| S Ox X Jexp(— i X)dx = [Det(Q)|” 7* —exp| —sgn g
\=iv) o \ < 7 4
i \
xexp|l —z0"'§-& ),
< /

where now & s also a vector and Q! is the inverse matrix. We have proved this for




Group velocity

diagonal Q. But given any nommgular symmetrlc matrlx 0, we can find an

v'-‘/\ £

We can use the n-d1mens1ona1 version of the aussian integral to obtain an n-
dimensional version of the stationary phase formula. Let p be a function with a finite
number of critical points. We assume that each of the critical points of p is non-
degenerate. Thus the Hessian, the matrix

52
H(y) = ( - )( )

is non-degenerate at each critical point, y;. Let ¢ = g; denote the signature of the jth
critical point. Then

* T \ n/2 _mic/4

& it v 4
(

/
a(y)e*P¥ dy ~ f\

\
k) “\/IDet(H(y,))l\‘”' k)

«

o | I + + + .
where the sumrextends over alt-critical points Here the terms a;(y;), a5(y;), etc., can

be expressed 1n terms of g, p and their derivatives of various orders at y..

21.4. Group velocity

As an application of the method of stationary phase in one variable, let us consider
the following situation. Suppose we have a family of traveling waves

e ~ (1/hXE(p)t = px)

where h is a small number so that 1/h plays the role of our large parameter, k. The
wave number of the space variation is p/h at each fixed time, t. Since we allow E to
depend on p, each of these waves is traveling with a different velocity. Now suppose

we superimpose such a family of traveling waves so that we consider an integral of

the form

i1l

alp)e_( FRYCEC

o

Let us further assume that the function a(p) is concentrated about some fixed value

Ir\ f]aar ttrr\rrlc\ We- Qe 01\01- 2] ‘100‘1. h nt farv

~ Inecofnecloseton. Now
11IULIIVYI WULUS, Wo asoulijiv tiiiata va J 24 A A

po- araes ol P vioovto
the method of statlonary phase says that the only non-negligible contributions to
the integral come from values of p for which the derivative of the exponential term

with respect to p vanishes, i.e., for which
E'(p)t — x=0.

Since a(p) vanishes unless p is close to p,, this equation is really a constraint on x and
t: it says that the integral is essentially zero except for those values of x and ¢ such that

haldec anneravi 11ty In

TIUIUS al)l.ll UAlll.lal.Cl_‘y




Let us examine what kmd of function E can be of p if we demand that the
E-t—p- i rmations. Un

22 — x? =c%? —x"2

Thus (E, p) can be transformed into any other (E’, p’) with

2 22 a2 2 )
p > C 1] — 1 C P .

Chus the only invariant relation between E and p is of the form

E? —(pc)® = constant.

Let us call this constant m?c* so that

E? — (pc) = m?ct
\I =7

or
E(p) = ((pe)? + m*c*)'"
Then
2
pc p
E(p)=_—~=+

Epp) M

where

E(p)=Mc* or M=(m*+(po?)"”

(so that, if p/c is small in comparison to m, then M = m). If we think of M as a mass,
then the relat1onsh1p between the group velocity E(p) and p is pre01sely the

If we think of E a i uency, V.
f the ti P |

E =hv (Einstein’s formula).

In these formulas we have been thlnkmg of h as a small parameter which we have

constant). In Einstein’s formula it occurs as a conversion factor from inverse time to
energy, and hence has units energy x time. It is given by

h=6.626 x 10734] s.

21.5. The Fourier inversion formula

Let us give an important application of the stationary phase formula. Let us take

n=2 with coordinates x and ¢. Consider the function
p(x, &) = py(x, &) = x(£ —n)




The Fourier inversion formula 763

where 7 is a fixed number. This function has only one critical point, at

This critical point is non-degenerate with signature ¢ = 0.
Thus

r 1 . AY
émvm@gmmg=ﬁa@m+%}pu

proof shows that it works as well for functions which vanlsh at infinity, together
with their derivatives at any order faster than any inverse power of k. In particular,
we shall take

a(x, &) = f (x)g(&)
where f and g are smooth functions of one variable, which vanish rapidly at
infinity with all their derivatives. So we have
1 Vol UL AY 1.1 11‘/[\\/\./\
. | |/ GG)E axdeg i! Wigln) + U
<7 JJ \
Let us make the change of variable u = kx in the integral. So

—ikx(£—1n)

I
k2

Nt

1 1 1

u
k ¥ k 21rk I(

i )

Define g, the Fourier transform of g, by the formula

1 ,
gt = [ gt~

_iu p—

Thus, substituting into the preceding formula, we have
1 1 r [\ 1
1 I iu i

k/(2n) 2

Suppose we choose f with f(0)=1, so
u |
“1=1+0f =

1 u\' iun _ 1 iun 1
mff<z>g(u)e du—\mjg(u)e du+0<k).

Letting k — oo we see that

A

RIE
>
-
|
EXEER
™
=~

and

This formula is known as the Fourier inversion formula. It shows how to recover a
function from its Fourier transform.




Of course the same proof works in n dimensions to prove that

g(n) = W j d(we™ du.

21.6. Asymptotic evaluation of Helmholtz’s formula

WV =01n Aree=-sSpace. R
from section 19.6 that, if u satisfies the reduced wave equation, then outside
closed surface S, we have Helmholtz’s formula

1 eikr eikr
u(P)= an LJ(\ " *du — u*d(T)>, (19.2)

v

ecall
SOome

for P outside S, while the integral vanishes for P inside S. As we indicated there,

?

Waraa waves OW

whole surface. Fresnel

O} 1Y O a¥Wa a¥al Va = _,.
& : § OCp § 9, O DU O O

believed that if all the waves were inside S, the integral from

5

grad ¢(y)
Q grad ¢(y) = —grad r(y)
\ wdp(y) = —xdr(y)
N grad r(»)
g P=y +rgrad ¢(p)
(a)
case (a)
grad ¢(y) \
L
y
grad ¢(y) = 2(grad ¢(»), n)n—grad r(y) /
P=y—r(2(grad ¢(y), n)n—grad ¢(»)) S
)
case(b)

Figure 21.6




symptotic evaluation of Helm o tzs formu a 765

each small surface element would produce a null effect at interior points due to
interference. We shall now show, using stationary phase, that Fresnel was right, up to

soforder 1/k.In a i i hase, the function u, which occurs on the

right- hand 81de of the formula will 1tself be oscxllatory, and we must make some

S, u= ae®where a and ¢ are smooth, and that || grad ¢ || =1. This would be the

case, for example, if u represented radiation from a single point, Q, lying inside S,

) PN — s
wnere ‘PU’} =y -

We shall assume that we are sufficiently far from § so that 1/r? is negligible in
comparison with k, and that a and da are also negligible in comparison with k,

grad ¢(y) + grad r(y) is normal to S. There are two possible situations.

_ Letussuppose for the moment that y is a non-degenerate critical point of type (b).
The top-order term in the stationary phase formula will vanish, and the total
contribution coming from y in Helmholtz formula will be of order 1/k. (Notice that,

if S were convex and grad ¢ pointed outward, then, for any P inside S, all the critical
points would be of type (b). This, in a sense, justifies Fresnel’s view that there is local

€. -degenerate critical points o €
since xd¢(y) = — xdr(y), we may, in computing the highest-order contribution to
the stationary phase formula, rep]ace the above integral by

f (a/r)e™ @+ xr.

as if it

(i) has an amplitude equal to 1/4 times the amplitude of the primary wave

where A = 27z/k is the wavelength and

of interpreting the factor 1)
Fresnel made these two assumptions directly in his formulation of Huyghens’

they are a consequence of the method of stationary phase and Helmbholtz’s
formula

We shall treat points of type (a); the po1nts of type (b) can be treated in an 1dent1cal

manner. Actually, the discussion is almost the same as in our treatment of emitted
radiation. Let us define the exponential map E: S x R* — R? by

E(y,r) =y + r grad ¢(y).




Then the critical points on S associated with a point P consist precisely of those

) B - . ’ cn
E is a diffeomorphism near (y,0).

focal point of the map E at y. If P is not a focal point, then the index of the
Hessian of ¢ +r at y is the number of focal points on the ray segment from y to
P (counted with multiplicity). We leave the details to the reader.

Summary

Given a function defined by an integral of the form

e~ 7@ dp,

you should be able to identify what range of values of w makes the major contribution
to the integral when x is large and to develop the first two terms of the asymptotic

—expansionof the integral. ——— —— —

Stationary phase

B
Given an integral of the form

Jra( e P dy,

you should be able to develop and apply a formula for the first two terms in the
asymptotic expansion for large k.

You should be able to develop the Fourier inversion formula by the method of
stationary phase.

Exercises
p_— L W LONWT

F4 3 4

21.1. The modified Bessel function of the third kind may be defined by the integral
1 a0

A
RolX) =73

2

Determine the first two terms in the asymptotic expansion of k(x).
21.2. The Bessel function J,(x) may be defined by the integral

—xcosht 4,
T Ul.

v T 0

1 r2n
Jolx)=— eixsint 4;
2n J,

Use stationary phase to find the first two terms in the asymptotic

{

expansion of J(x):




.Xxercises

21.3. The beta function B(x + 1, x + 1) may be represented by the integral

1
I'= 11 —9]*dr
0
1

X[logt-+log(l —)] 4,
€ atls

FaY
AV

(a) For very large x, where does the principal contribution to theintegral
come from?

(b) Find the leading term in the asymptotic expansion of B(x + I, x + 1).

(c) Describe carefully, and as explicitly as you can, how you would
calculate more terms in the asymptotic expansion. Calculate one more
term.

21.4. (a) Describe the general strategy for obtaining an asymptotic expansion

- of an-integral of the form— — — — — — —

)
I= { &7 4(0) d.

J

Assume that p(0) has only one critical point on [6,,0,], at 8 =a.
(b) Apply this strategy to obtain the leading term in the asymptotic
expansion of the Bessel function

— l " ixsmb_,—in6
J(x)=—{ Re | e e "°do
T 0

heren is-an intoger.
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Chapter 22 shows how the exterior calculus can be used in classical thermody-

namyics, following the ideas of Born and Carathéodory.

The subject matter of this chapter is equilibrium thermodynamics. This subject has
several branches. The first of these — ‘classical thermodynamics’ — deals with the
notions of heat and work and gives rise to the concepts of entropy and temperature
and the celebrated ‘second law’. Tt deals with general principles but does not attempt
to describe the behavior of substances or compute measurable quantities in terms of

Qe ~ M o A ceeandhbraneh L X1 1117 ctaticticralbmenhanteae hathe

in its classical or quantum versions, provides very explicit formulas for all
macroscopically observable quantities’ of equilibrium states in terms of a model of

they all have a common underlying form, and are associated with the names of
Maxwell, Boltzmann and especially Gibbs. A third branch deals with explaining
why these formulas work, and studies this problem from the point of view of
probability theory or dynamics or both, and also deals with the question of
approach to equilibrium. We shall have very little to say about this third branch. The
first few sections will deal with classical thermodynamics. However, we will begin

- 4

quite plausible — although we will postpone some of the details of th proofto the

__appendix to this chapter. This theorem serves as the mathematical tool which




Carathéodory’s theorem y)

thermodynamics given by Born and Carathéodory. We then derive some physical

consequences of the theory and devote the remainder of the chapter to ‘equilibrium
statistical mechanics’

Let o = A,dx! + --- + A,dx" be a linear differential form in R". Here the A, are all
functions on R". If we look at some fixed point P then the ‘value of « at P’ can be
thought of as the row vector (4,(P),..., 4,(P)). If tl}is row vector is not zero, its null

X1

space 1s-the (n

A,(P)X! + - + A, P)X"=0.

Let y = x(i) be a piecewise differentiable curve. Then

(x1()\

In particular, if for every ¢ the tangent vector x(t) = | - lies in the null spaee of

o A
; NN .
is continuous and piecewise differentiable and if, at every ¢ for which x(t) is defined,
{(t) lies in t 1 (A, (x(2) (1)) W der the followi
geometrical problem.
Suppose we start at some point P. What are the points Q which we can join to P by
null curves? For example, suppose that
a=df
for some function f. Then if y is a null curve joining P to Q, we have

0 o £ £(P)
U= U=J\)—Jay
7
——
——
—N,
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Thus we must have f(Q)=f(P). If df#0, the set f(P)=const is an (n— 1)-
dimensional surface passing through P, and the condition on Q is that it must lie op,
this surface.

In particular, there will be points arbitrarily close to P which can not be joined to

P bhv null enrves
Oy \A=7en)

esameistrueifa=g ere g is some non-ze I - This is
because y is a null curve for « if and only if it is a null curve for g~ 'a =df. The
dimensional surface f = f(P)if we are to be able to join Q to P by a null curve of 4,
Notice that if « = gdf then do =dg A dfso

———————————————anda=gdfrdgrdf=06—"—

On the other hand, consider the form

oa=dz + xdy

'L 'd

defined on R*. Here we have de=dx A dy so

aAnda=dxAdyandz
is nowhere zero. We wish to show that one can get from any point to any other point

by a null curve of dz + xdy. It is enough to show that we can get from the origin, 0, to
any other point Q. Let us write

2\
Q=|b|.
c)

Let us first assume that b # 0. Now the x-axis is a null curve for « since both dz and
dy vanish along the line z = y = 0, More generally any line parallel to the x-axis is a
null curve for « for the same reason. So let us first move along the x-axis from 0 to the
point whose x coordinate is — ¢/b during time 0 <t < 1. Then go from

—c/b —c/b —c/b 0
0 [to| b Jalongx(t)=| O |[+|(E—1Db|, 1<t<K2
0 C 0 (t—1)c
Since
{0\ f
X1(0) = Lb J and (Ay(x(0), A:(x(0) Asx0) = 0. =1 )
c
we see that this is also a null curve. Finally, go from
—c/b a —¢/b (t — 2)(a — ¢/b)
b lto| b lalong x(t)= b + 0 , 2<t<3
c c ¢ 0

> i a-lineparallel- to the x-axis it 1s-alsoanullcurve- We have thusgo
from 0 to Q along a continuous, broken path having three pieces, each a straight line
segment which is a differentiable null curve.
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If b=0 and ¢ # 0 we make a slight detour. First go to the point
1)

rd
0
along a null curve. Since ¢ # 0 we can get to this point by the above procedure.
Then from

(1) (1) (1Y [ 0

\
Lc}tot@} along x(t)=Lc)+ (——(t—3)cJ , 3<t<4.
0 c 0 (t—3)c

Since along this curve dz = cdt and dy = — cdt and x =1, we see that dz + xdy
vanishes identically along this curve and so it is a null curve. We can then go to the

and move the x coordinate from 1 to a.

We can thus consider three types of one-forms on R3:

Type Example
(i) o with ¢ #0 but da=0 a=dz
(i) o with da#0 but o A da=0 o= xdy

i) o wit o .0 _d I

In case (i) we know that if da =0, then, locally, we can ﬁnd a function f such that

of a. ) If « does not Vanlsh at some point P then the implicit function theorem implies
that we can make a change of variables so the function f becomes one of the
coordinates, say the coordinate z. In other words, up to a change of variables, in the
first row, the example represents the general case. The mathematical theorem that
we wish to quote says that the same holds in the remaining two cases. We will give a
statement and indicate the proof of this theorem later on in this section, but defer the

just three. Now we have seen that in case (iii) we can join any point to any nearby

i i hat for any point P

then we must be in case (i) or (ii). This assertion, or rather its n- dlmensmnal
__generalization, is the content of Carathéodory’s theorem.

Caratheodory s theorem. Let o be a lmear differential form with the property that for

an not be joined to P

of one variable with nowhere vanishing derivative, and
G = Heg
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then dG = H'(g)dg by the chain rule, so we can also write o as
a=FdG where G=Heg and F=f/H'(qg).

Before continuing our purely mathematical discussion of Caratheodoryg
theorem, let us sketch how it is actually used in thermodynamics. The detaileg

a ONV N e plre e_ae [ O NA-4 alag A PDe O 21 a

- o precise e 5 S ection.
The quantity of heat given off by a chemical reaction performed in a specified way

such as at constant volume or at constant pressure is readily measurable. (It can, for
example be measured in a clever device known as an ice calorimeter which makesluse
of the fact that as ice melts it contracts, and it takes a specified amount of heat to mejt
a certain amount of ice under standard conditions.) The amount of heat needed to
effect some small change (such as to raise the temperature of one gram of water b

some specified way is (approximately) linearly related to these small changes. So the

‘quantity of heat added’ to a system in equilibrium is a linear differential form

that there was a function, C (called the caloric), representing the ‘total amount of
heat in the system’ such that a = dC. In other words, it was thought that the ‘caloric’
in the system was changed by the quantity of heat added. It was only gradually
realized that the form « is not closed and therefore cannot represent the infinitesimal
change in any function.
On the other hand it was realized quite early that the work done on a system is
a piston at high temperature, where the pressure is high, we do more work than
compressing it at a low temperature where the pressure is low. Therefore, we can

(doing no work since the piston is stationary), expand it when cool and then heat
it up in its expanded condition. We will have gone around a ‘cycle’. That is, we

. : 1 a
o o 7o 0 N xrh 2 h ~ ntoaorg = o
cl d .

course to check whether or not a form is closed, an effective way is to integrate
it around closed curves. This is why the ‘cycles’ play such an important role in
the development of the ideas of thermodynamics.)

The first law of thermodynamics asserts that although neither & nor o are closed,
the sum is closed — that d(« + @) = 0. In other words, the first law states that (locally)

o+ w=dU

where U is a well defined function on the system (determined up to an additive
constant) known as the internal energy. The existence of U is a version of the
physical principle of conservation of energy.
The second law of thermodynamics derives from the behavior of a system when no
is allowed. If we put a system in an enclosure (known as an adiabati
enclosure) where no heat is exchanged, this means that we are constraining the
system to change according to paths which are null curves of «. It is an observed fact

f nature that i o hore will . o




Carathéodory’s theorem 773

states. By Carathéodory’s theorem, this implies that there are functions f and g such
that

> CVEC el oG

contact shows that we can choose f to be a universal function, T, of all systems
known as the absolute temperature which is determined up to a multiplicative
constant (a scale factor). Having fixed the scale of the absolute temperature, this
means that the function g is determined up to an additive constant for each fixed
system. It is usually denoted by S and is called the entropy of the system. Thus the
second law of thermodynamics asserts that there exists a universal temperature scale

and a function S on each system (called the entropy and determined up to an additive
constant once the temperature scale is fixed) such that

o= Tds.
The temperature function can be chosen to be always positive. With this convention,

—the change of entropy has the same signas the amount of heat added along any —

tangent vector (i.e. infinitesimal change) to the system. Since the net change of S

famous formulation of the second law — that ‘no cycle can exist whose net effect is a
dumping a certain amount of the heat into a cold reservoir.

We will come back to give a precise formulation of all of these laws in the next
section. For the moment let us return to a purely mathematical discussion
surrounding Carathéodory’s theorem. Suppose we consider the form

a=dz+ xdy

in a six-dimensional space, R®, with coordinates x, y, z, 4, v, w. Obviously any curve

__along which y and z are constant is a null curve for a. So we can move from 0 toany
point Q in R® along a null curve of « by first moving in the three-dimensional space
u=v=w =0 to the point whose first three coordinates are the same as those of Q
and then along the straight line from there to Q. (Along this line x,y and z are
constant.) Now consider the form

oa=dz + xdy + udv.

Once again, we can move from the origin to the point whose first three
__coordinates are the same as those of Q in the u = v = w = 0 space as before. Then,
holding x and y constant, we can adjust the u and v coordinates, because along any
curve with y = const the form « takes the same value as the form dz + udvo, so we are
back in the three-dimensional situation. Then we can adjust w while keeping the

other five variables constant. Next consider the form

o =wdz + xdy + udv.
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Suppose the point Q has its w coordinate # 0, say

w(Q)=r#0.
We can first move from 0 along the linex = y = z = u = v = ( to the point whoge y,
coordinate is r. We will then move entirely in the hyperplane w =r. Now on any
curve in the hyperplane w =r, the form « restricts to the same values as the form

o =rdz' + xdy + udv.

o =dz' + xdy + udv.

We can now adjust the remaining five variables using the three-dimensional cagse

as before. Similarly, if either the x coordinate or the u coordinate of Q does not

coordinates.

On the other hand, if Q lies in the three-dimensional subspace given by the
equations x =u =w =0, then any curve in this subspace is a null curve, so once
again we can join the origin to Q. Thus in R® we can consider six types of one-forms:

Type Example
(i) «#0 but da=0 dz

(i) da#0, but a Ada=0 xdy

(i) « Ado#0 but de Ada=0 dz + xdy
(iv) da A das#0 but a A deAda=0 xdy + udv

(vy a AdaAdaz0butde Ada Ada=0 dz + xdy +udv

(vi) doadoadas0 wdz + xdy + udv

Our arguments show that for examples (i11)—(vi) we can move from any point to

any other by a null curve. It is a mathematical theorem that for each of the cases on

theloft woran-tmale alaralechanaeafen 1. e dinatec s

tnCICHt, we canmaxke a rocarcnange o1 coor rdinates so that in the new coordinates
has the form given on the right. Granted this fact (whose proof we shall sketch in the
appendix) we can prove Carathéodory’s theorem (in six dimensions) as follows. We
begin by showing that we must have

da A da Ada=0.

Indeed, suppose the contrary — that a is such that da A da A da is not identically
zero. Then at some point P (and therefore in an entire neighborhood of P) we are in

case (v1) Hence we can make a change of coordinates near P so that o has the form
ndicated imthe riaht hand calismn Riat tham e canmaatia $n o st hy g

D nvy maarhy Ao
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4

nu 11 urve of a. However our hypothesis 1s that every point has nearby points which

are unreachable by null curves. Contradiction. So we must have da A da A da=0.

downto prove thata A da = 0O and thus conclude Carathéodory’s theorem. A similar
argument works in n dimensions.
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22.2. Classical thermodynamics according to Born and
Carathéodory

In this section we present the basics of thermodynamics from the point of view of

_ Born and Carathéodory. This approach has the advantage that it avoids the
intricate-arguments-involving Carno yetes—and-the non=existence of perpetusz
motion machines. Rather it is based on ideas abstracted from everyday experience

_and some simply stated physical laws. In this approach ‘heat’ is a derived concept.
The theory is formulated in terms of standard concepts of elementary mechanics.
But although the concepts of mechanics enter into the theory, the laws of elementary
mechanics must be modified. It is the modification of these laws that involves such
notions as temperature and heat. Then two simply stated physical laws together with

: € concepts of absolute

temperature and entropy.

universe. This portion of the universe is called a system. The system can exist in

. he descrintion of all nossibl P oy

enormously complicated. For instance, if our system consisted of a gas in seme
enclosure, the gas might be in turbulent motion in which case we would have to

_specify the local velocity of each small portion of the gas as part of the description of
its state. Thus we would expect that the collection of all states might be infinite-
dimensional in an appropriate sense. In any event, we shall deal with ‘system’ and
‘state’ as undefined terms in our theory. Later on, when we develop a ‘model’ for
thermodynamics, such as (classical) statistical mechanics, the undefined terms of
thermodynamics will be given mathematical definitions in terms of the model.
Another term which is intuitively clear but which will be left undefined is interaction.

the universe or with other systems.
The next basic assumption is that among all the possible states of the system there

system with the rest of the universe are held constant then the system will pass
through various states but tend to a definite equilibrium state (determined by the
initial state of the system at the moment the interactions are held constant).
Although the general states of the system are very complicated, the class of
equilibrium states are relatively simple to describe and can be parameterized by a
finite number of variables: Thus the set of equilibrium states has the structure of

--

states’ is a subset of the set of all states of the system.
The next assumptions single out certain types of interactions: There exists a

aYdasBA Nfera ON PDe veen a ' Sas » ol Aiatherma NIl N NS
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System 1 System 2

Combined system

Figure 22.2

form of interaction there is no observed macroscopic motion nor any exchange of

material. The changes which do occur can be described as follows. Consider the

o o = o » » = Oy a M-B1mMed-ocyue
ombined ¢ -0 N WO-O F1N43 as 2 11N ' ' O D s T

is the direct product of the two original systems in the sense that the states of the new

system are pairs (p,, p,) where p, is a state of the first system and p, is a state of the

second. In diathermal contact the equilibrium states of the combined system
constitute a subset of the set of pairs of equilibrium states of the original system. In

other words, if p, is an equilibrium state of the first system and p, is an equilibrium
state of the second, and the two system are brought into diathermal contact, the

I

/ ™~

/ Set of pairs of )

equilibrium states
systems 1 and 2

ayy

"/

A

S/

/

Equilibrium states of the combined system

Figure 22.3
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equilibrium state (g,, ¢,) where g, is a new equilibrium state of the first system and ¢,
is @ new equilibrium state of the second system. We say that the first system in state

~qy 18 in thermal equilibrium with the second system in state g,.

It is an observed law of nature (sometimes called the zeroth law of thermody-

that p, would be in thermal equilibrium with p, if the first two systems were to be
brought into diathermal contact and p, and p, would be in thermal equilibrium if
the second and the third system were to be brought into diathermal contact, then the
first and third system would be in thermal equilibrium if they were brought into
equilibrium at the states p; and p,.

The equivalence class of all systems at thermal equilibrium is called an abstract

system with its numerical function is called a thermometer.

[t is part of the assertion of the ‘zeroth law of thermodynamics’ that we can choose

6 to be a differentiable function on the set of equilibrium states of any system.
Furthermore we can find some definite system and choose 6 so that d8 #0

any where on the manifold of equilibrium states of that particular system. We shall

only use such functions 6 as empirical temperatures. Of course, if 6’ is some other
empirical temperature, then 6 is a strictly monotonic differentiable function of 6.
Conversely, given any strictly monotonic differentiable function, we can apply it to 6
to obtain a new empirical temperature, 0. In any event, two states have the same

1 it and onlv if thev | ] fue of 6. f hoice of

empirical temperature.

total volume occupied would be such a function, as would the total mass of each of

the various chemical constituents of the gas. These functions are called configur-

ational variables. Thus each system has n functions defined on the set of its states
called configurational variables. Here the number n of configurational variables may
depend on the system but for any system n > 1. The configurational variables, when
restricted to the equilibrium states, are differentiable functions. The configurational
variables together with 6 form a system of local coordinates on the manifold of
equilibrium states. Thus the manifold of equilibrium states is (n + 1)-dimensional. If

*9%n

3 cH C € H - Hd V- cl H U Carany i =€ F
System Of coordinates on the manifold of Cqu1llbr1um states. In many exalnplesa the

total volume of the system, denoted by V, is one of the conﬁguratlonal varlab]es We

X,y ...,X, are the remaining conﬁgurational variab]es.
Since df does not vanish anywhere, the sets 6 =const form n-dimensional




submanifolds by the implicit function theorem. These submanifolds 6 = const are

on the isotherms.
There exists another 1mportant class of 1nteractrons of the system with the rest of

that for such interactions the equlhbrlum is not disturbed unless there is some
change in the configurational variables. If, for a period of time, all the Interactiong
of the system are adiabatic, the system is said to be in an adiabatic enclosure. A
familiar, everyday (approximation to an) adiabatic enclosure is a thermos bottle.

curve yjoi W iS1 ' enclosure is

called an adiabatic curve. The first law of thermodynamics is a generalization from

work is always the same no matter how this work is applied. There is therefore a

function U on the space of states of the system called the internal energy such that

W=U(p’) — U(p) represents the amount of work done on the system when the
system is moved from p to p” along any adiabatic curve.

If the system is not in an adiabatic enclosure and is brought from p to p’ by some
curve of interactions, then the total external work applied need no longer equal
0y — : ifference U(p") — U(p) — € ied to the
system by the process Here the work done and the heat supplled depend on the

Carathéodory approach. Notice that in this approach heat is defined as the
system. This idea, to regard heat as a derived rather than a fundamental quantity, is
both the strength and the weakness of the Born—Carathéodory approach. It is its
strength because it reflects the fundamental view in physics for more than a
century — that the basic object is energy which is conserved when all its forms are
taken into account. But its weakness is that it does not reflect the experimental or

historical realities. In fact itis usual]y the heat added toa system which is easrest to

erive the mechanical equivalent of heat. That is if a system in an adiabatice
sure was changed by adding a specific amount of heat, this same change could be

a]ways the same, no matter how the work was done. So in the actual experiments it is
the heat added which is the measured quantity, along with various types of work. It
is a deduction from the existence of a unique mechanical equivalent of heat that
allows us to conclude that the total work in bringing the system from one state to
another 1s independent of the path if the work i1s done adiabatically.)

The next basic notion in the theory is that of a reversible curve. A curve y is called
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The intuitive meaning of reversibility is that the interactions are proceeding very
slowly relative to the ‘relaxation time’ of the system, i.e., the time it takes the system
to reach its equilibrium state. For example, suppose the interaction takes place
through some piston and rod arrangement which changes the volume of a gas. If the

sinanegu brium ate_and wesudden pushn in the piston. the new state o he

waves set up in the gas. Of course, if we hold the piston in its new position, the gas

will settle down to a new equilibrium state, We can reckon that the rate of return to

equilibrium is quite rapid, so that if we move the piston sufficiently slowly, the states
of the system are (approximately) equilibrium states for all time. Such a curve of

states is called reversible. For the case of volume changes, it is a familiar observation
that there exists a function, p, called the pressure, so that the work done on the
system along any reversible IS i =,

Notice that up until now we have been measuring work in terms of change

generally, it is observed that there are similar functions corresponding to the other

. :onal variables. That is. {l i<t funct; I :
equilibrium states of a system such that the work done on the system along any
(almost) reversible curve y is (approximately) equal to the integral along y of the
linear differential form

w=v,dx; + - +v,dx,

]
©

W)= | o

LY
7

Therefore the heat supplied along the path y is given by the integral

s

o) =} o
J7y
o=dU —w.
In case x, = V is the volume, it is customary to call p= — v, the pressure so that

o= —pdV+v,dx, + - +v,dx,
and

a«=dU —w=dUpdV —v,dx, — --- —v,dx,.

~equilibrium states which is a null curve for the linear differential forma.——

We now come to the celebrated ‘second law of thermodynamics’. It is an everyday

experience that certain nes of work done on a svstem cannot be recovered More
precisely, given a system in an adiabatic enclosure, there are certain types of work
that can be done on the system, such as violent shaking or stirring, which are such




that you cannot get your work back by any reversible adiabatic curve. The assertiop
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curves.
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asserts that near any point of the manifold of equilibrium states there are arbitrarily
close points which cannot be reached by null curves of «. It follows from
Carathéodory’s theorem that for any system there exist functions A and ¢ defined on
the manifold of equilibrium states such that o = 1d¢.

Of course, for any given system, neither the function A nor the function ¢ is
determined completely by the equation « = Ad¢. However, once we have fixed one
such choice of 4, then ¢ will be determined up to itive constant. In the next
section we shall show that by considering how « must behave when we combine

etermine = ems. This
function T is called the absolute temperature. In terms of some chosen empirical

~ ~ o o Ao o = 4
U, WE d aSs al -t 0 Sd L1C ¥

that we may choose A= T(0) for all systems.
Once we decide to use the absolute temperature for our temperature scale, then
for any system we may write

o= TdS

where the function S is then determined up to an additive constant. The function S is
called the entropy.

22.3. Entropy and absolute temperature

Suppose that two systems are in diathermal contact. We may assume that the energy
involved in bringing the two systems together is negligible. There are no moving

energy U at any state of the combined system is the sum of the energies of the
component states

Ulp1, p2)=Ui(p1) + Us(py)

function of the combined system and U, the internal energy function of the first
system while U, denotes the internal energy function of the second system.

w=w,+w,.

a¥a am o A1 ATAH
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This equation is to be understood in the following sense. o, is a linear differential
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form defined on the set of equilibrium states of the first system. It can be considered
as a linear differential form defined on the product space consisting of all pairs of
equilibri es. It simply does not i uilibriuny states of the secon

system. Similarly w, can be defined on the set of such pairs of equilibrium states.

space of all pairs (in fact the submanifold specified by the equation 6, = 0,). Then the
ve equation asserts that o is the restriction of @, + w, to this submanifold.

f

W + wy defined on the whole surface \
/ )
/ / /
=/
/ /

Equilibrium states of the combined system
given by the equation

8. =8
Y1 Y2

Figure 22.4

It follows that (in the same sense)

Writing
Ot=ld¢, 0y =ﬂ-1d¢1, and ) =12d¢2

we obtain

Ao =Ad¢, + A,de,. (*)
For any system, we can change the temperature (for example by changing V at

constant pressure) adiabatically. This means that for system 1 the forms o, and d6,

are linearly independent, and similarly for system 2. As a; = 4,d¢; this implies
the differential forms d¢, and d6, are independent. By the implicit function theorem,
this means that we can make a change of variables so that 6, and ¢, are the first two

—coordinates, i.e. that the focal coordinates on the manifold of equilibrium states of —

system 1 are (8,, ¢, ¥;,...) and similarly for system 2. So local coordinates on the set

—of pairs of equilibrium states can be takenas

(01,05, 01, D2 V1s---322,-..)

while the equilibrium states of the combined system (in the
described by the condition 8, = 8,. So we can use

0,01, 02¥1,---522,...)




as coordlnates on the set of equ111br1um states of the comblned system Equatlon (*)

Fi (qb 1 ®2) In other words the functlon ¢ of the combmed system depends only on
the values of the functions ¢, and ¢, and is independent of all the other coordinateg

s add heat to e, sotheformoa

function A does not vanish anywhere. So we may divide (*) by A to write it as

This means that

A/A=fi(¢1, ;) where f;=0F/d¢,
is a function only of ¢, and ¢, and similarly
ArJA = [r(¢1,P,) where f,=0F/0¢,.

We may divide the first of these equations by the second since none of the functions
A1, 4, or A vanishes. We get

Aldy =Ff1/12

log 4, —log 4, =log(f/f>)
where the right hand side depends only on ¢, and ¢,. In particular, if we compute
the partial derivative of both sides with respect to 8 the right hand side vanishes and
we get

dlogd, 0dlogl,
060 00 -

1, that is, it is a function of (8, ¢4, y,,...) and the right hand side is a function of
(0, ¢4, 25, ...). The only way that they can agree for all values of the variables is for

each side to depend only on 6 and to be the same function of 6. In other words, there
is some universal function g such that

0(log 4)/08 = g(0)

for all systems. By examining some specific systems one verifies that this function g is
nowhere equal to zero.

Now suppose that we make a change of variables in the empirical temperature —
that is, replace 6 by T(6). Then the coordinates are now (7, ¢, ...) and we have

d(log 4)/0T = [d(log 1)/06](d8/dT) = [d(log A)/001(d T/d6) 1.
__In particular, if we choose T so that
dT/df = Ty(6) ()

-

dollogA)/oT=1]T d{logl )/OT.

where G is an indefinite integral of g and ¢ is a constant. Any such choice of T'is
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called an absolute temperarure. Let us now go back over our entire discussion in this
section but now use an absolute temperature, 7, for the 6. Then for each system we
have

logi;=log T +1og G;

A’l = TGl, 242 = TG2 and A. = TG

where the functions G,, G,, and G are independent of T. Also we know that 4, /4, is a
function only of ¢, and ¢,. But 4, is a function of the first system, hence independent
of ¢, and similarly 4, isindependent of ¢, . Hence G, is a function of ¢, alone for eac

system.

where G is a function (depending on the system) which does not vanish anywhere.
But now we can solve the equation

dsS = Gdé

which determines S up to an arbitrary additive constant. In other words, S is any
indefinite integral of G. Then we get

a= TdS.
To summarize, we have proved that

There exists a universal absolute temperature scale T determined up to a
multiplicative constant. Fixing this constant, and thus choosing T,
determines a function S on the set of equilibrium states of every system. This
function S is determined up to an additive constant (one for each system)
and is called the entropy. The heat form « is given by

a= TdS.

o = TdSimply Kelvin’s formulation of the second law — around any closed curve one

must have de =0 and T has a constant sign (which may be chosen to be positive). If
heat is added along one portion of the cycle, heat must be extracted along some
other portion and hence ‘no cycle can exist whose net effect is a total conversion
of heat into work’. Thus ‘perpetual motion machines of the second kind’ cannot
exist.

C,and C,, are on surfaces where S is constant (and so no heat is exchangedjalong
one of which, say C,, the system is in thermal contact with a large system (called a

thermal contact with a cold reservoir at a low temperature, T,. Let Q; = [, o be the
total heat absorbed by the system along C; and let O, = — [,« be the heat emitted




O=de=ja)+J a='[w+Q1——Q2.
C C C C

Thus if W denotes the work done by the system so that

r
W=—-|ow
JC

then

W=0,1-="T,/T))

This is, of course, the famous formula found in all the textbooks for the work done
by a Carnot cycle operating between the temperatures T, and T,. The actual
statement of Carnot is that this is the most efficient way of extracting work from heat
between these two temperatures. That is, that for any machine extracting the
amount of heat Q, at T, and giving up heat at T, the above formula represents the
maximum possible output of work. This stronger statement has to do with
—irreversible processes, and relates to the changes in the function S in the course of —
irreversible adiabatic processes. Let us formulate the general statement, and leave
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the curves represent
surfaces S = const
J—\\\/ S S2

Set of equilibrium m \\ X

curve then we know that they lie on the same S = const surface, i.e. S(6;) = S(s,). But
suppose that we start with the equilibrium state ¢, and apply an adiabatic process
which is not necessarily reversible, and end up at an equilibrium state ¢,. Thus the

although the end points do. For example, we might Keep a fluid in a thermos bottle
and stir a propeller in the fluid. After the stirring ends, the fluid in the thermos bottle

we cannot get back to the original state unless we extract heat from the system. Thus
(if we have chosen the multiplicative constant so that T is positive) we have S(g,) <

is if a process can lead from o, to g, Whl]e the system is in an adlabatlc
enclosure) then

adiabatic curve.

22.4. Systems with one configurational variable

In this section we shall study the important special case where there is one
configurational variable, and hence the manifold of equilibrium states is two-
dimensional. Throughout this section we shall assume that the configurational
variable in question is volume. The corresponding function entering into the
expression for the work form is pressure and the work done on the system is given by

w= —pdV.

However, the considerations equally apply to many other interesting physical
systems. In many of the general theorems, all that has to be done is to replace volume
by the appropriate configurational variable and the pressure by the appropriate




Table 22.1 Systems with one configurational variable

Work from w in

Configurational Generalized joules = newton
System variable force meters
Gas volume, ¥, in m> pressure p in N/m? o= —pdV

—Wire——length- Linm—————tension T in N——o=TdL——
N/m
voltage E in volts = EdZ

Electrical cell charge Z in coulombs

(total agnetization)
M in amp/meter

—important physical systems.” We will make no further mention of them in this
section.

the history and literature of our subject. Many of the most basic mathematical
concepts that we use in this book such as ‘set’, function’, ‘manifold’, ‘coordinates’,
‘linear differential form’ were introduced (in their modern form), or became
commonly known, after the fundamental discoveries in thermodynamics. Fur-
thermore, most of the early heroes of our story (with the notable exceptions of
Kelvin and Helmholtz) were not mathematically trained, or (Carnot) chose not to

to this very day use a mathematically obscure language retlecting the early
formulations of the subject, with a plethora of formulas involving relations between

wrs A - V i V cl CA L W, U Ul Cl U CA U ! v

line integral together with a version of Stokes’ theorem (in the plane) were
introduced to the world by Ampére in the early 1920s in a breathtakingly original

experiments. The more general version of Stokes’ theorem for a line integral of a one-
form in three-space first occurs in a letter from Kelvin to Stokes in 1850. (Stokes
published it as an examination question (1) some years later.) Yet in all his papers on
—thermodynamics Kelvin never once uses Stokes™ theorem, although it would have —

greatly simplified his arguments.

Now we have expressed the heat added to a system as a linear differential form, ,

| ifold-of equilibri Thefuncti Fand V-1 ind 1

differentials and so if the manifold is two-dimensional we can use T and V as local
coordinates and write

14 14 . s
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functions p and T are independent so we can use them as coordinates and write
a=A,dp+C,dT (22.2)

where A, and C, are two other functions. (Strictly speaking we should, from the
historical point of view. use an empirical temperature, 0, instead of T since we are

But then we would have to rewrite all of the formulas with T when we return to the
modern period. So we will let the reader make the various mental substitutions.) Of
course the four functions are related to one another by the change of variables
formula going from the V, T to the p, T coordinates, and we shall return to this point
shortly. The underlying physical law expressed by the two preceding assertions was
formulated as the ‘doctrine of latent and specific heats’. The function A, was known

o ‘latan a¥s a e O me’ = a¥e = . 0 0 O <
Cl i A v C U Vv d Ci

heat at constant volume’. Similarly the function A, was known as ‘the latent heat
with respect to pressure’ and C, was called ‘the specific heat at constant pressure’.

¢ FRPL]

U vy O ato v ¢ 110w U s O} M RCTC—Wa .

confusion between the concepts of heat and temperature, and it was thought that the
temperature of a body reflects the ‘total amount of heat that it contains’ (a
meaningless concept, of course, once we know that o is not closed). If we add heat we
raise the temperature. But if some of the heat added goes into expanding the volume
or increasing the pressure then it becomes ‘hidden’ or ‘latent’. Of course equations
(22.1) and (22.2) give clear mathematical formulations to rather mysterious sounding
physical ‘doctrines’.

In two dimensions many computations simplify because of the fact that if 2, and
Q, are two-forms with Q, # 0 then Q, = fQ, where f is a function. In other words,

denominator does not vanish, and we would write f=Q,/Q,.

___ For example, consider the funetion ...

aAdp
ﬂAdV—‘ﬁ

What does it represent? At any point x let £ be a vector tangent to the adiabatic

2 NAS aly Nroyuon SO Natso angl_ln_ a

We can write the right hand side of this equation as
f': (dp/dV)adiabatic

when evaluated on vectors tangent to adiabatics. Similarly, and with similar




meaning

g -
al~dp

m = (dp/d V)isothermal'
aAndp=C,dT Adp
and the exterior product of (22.1) with dV gives

aAndV =C,dT A dV.

(dp/d V)adiabatic = y(dp/d V)isothermal where Y= Cp/CV° (223)
If we introduce the density

p=m/V

we can also write (22.3) as
(dp/ dp)adiabatic = '})(dp/ dp)isothermala Y= Cp/ CV' (224)
Thi it is i ; he followi hvsical { hi cal -

Newton’s famous results was to show that his laws implied that the speed of sound, ¢,
in a gas is given by

—where Newton assumed that p and p are related by the equation
p= Np where N is a constant, (22.6)
1e
pV =const. (22.7)

Now the pressure, density, and speed of sound (in air for example can’be
independently measured, and Newton’s assertion that ¢>= p/p was repeatedly
contradicted by experiment for the next 100 years. The speed of sound was found to

bl

he oreqafe a a a Nreo “Yalla Neawton aYwas al? a a a¥a d On Ne
Cl . C vore 1L 1 C & o o

—other hand, experiments by Gay-Lussac and others showed that equation (22.7)
holds at constant temperature, but that the constant on the right hand side of (22.7)

Al A 1 N MmN ] N e = 1 NnAaen Na N a O D-andg

v oI atur v 5 oG S P BV AT S T SN 1T - vt

coordinates on the manifold of equilibrium states, equation (22.7) for differing
values of the constant are the equations for isothermals, and we can write Newton’s
formula as

c’ = (dp/dp)isothermar-

Laplace (in 1816) argued on physical grounds (essentially that the speed of
propagation of the disturbance is far greater than the time it takes for heat to be

cz = (dp/dp)adiahatic = y(dp/dp)iqnthermal' (22'8)
aplace: € true specd oI sound €quals € product o € SpC
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according to Newton’s formula with the square root of the ratio of the specific heat
of air subject to the constant pressure of the atmosphere at various temperatures to
its specific heat when its volume remains constant.” Laplace also points out that we
can use the observed value of the speed of sound to experimentally determine y. Of
course, once we know y and the equations for the isothermals, then we can regard
equation (22.3) as a differential equation for the adiabatic curves. For example, for a
large variety of gases under low pressure, y is essentially a constant. (Hydrogen is an

exa i 1 . 5 -
temperatures. If we assume that equation (22.7) are the equations for isothermals

hat v ] 1 ude ion (22.3) that the adiabati
—curvesare givenby — — — — — — — —

pV? = const (22.9)

Notice that in our discussion so far in this section we have not used either the first or

equilibrium states is a two-dimensional manifold and that the heat is given by a
linear differential form - ‘the doctrine of latent and specific heats’.

If we take the exterior derivative of this equation we get

dTAdS=dp A dV. (22.11)

How do we determine the functions 7, S and U by observations, say in terms of the

and adlabatlcs are given by equatlons (22 7) and (22 9). So if we 1ntroduce the
functions

tp, Vy=pV 22.12)

and
alp, Vy=pV”? (22.13)

then
the isothermals are the level curves of ¢ (22.14)

and
the adiabatics are the level curves of a. (22.15)

Since t and T have the'same level curves, and since both have nowhere zero

differentials, we conclude that T can be expressed as a function of ¢, ie. that
T= T(t) with T'(t) nowhere zero. Similarly, S = S(a). Our problem is to determine

the functions T(¢) and S(a). Now
dTAdS=T'(t)S'(a)dt A da=dp AdV

by equation (22.11). So we must use the explicit expressions for t and a as functions of




1ermodynamics

p and V to express dt A da in terms of dp A dV. We will then find that

dp A dV
Ul N\ du
is a product of a function of t and a i his wi i ’ ,
Exnlicitlyu )
P ¥,y 1 \IllrlJ
dt Ada=(pdV+ Vdp) A (ypV?~1dV + V'dp)
= —DpV'dp AdV=(y—1Dadp AdV
SO
dp AdV
dtrda =Lly— l)a]
Ui AU

This shows that

T'()S(@) =[(y — Da]~*

=\

In this last equation we can multiply 7"’ by any constant k provided that we multiply

8" by k~!. This of course reflects the fact that the absolute temperature is only
determined up to a multiplicative constant. So with no loss of generality we may
assume that 7" =1 and then S'(a)=[(y — 1)a] ! and so

T=t+T, and S=(y—1)"'loga+S,,

-
C »
¥

¥

additive constant. But we still must determine T, and the function U. For this
purpose we substitute the above values into (22.10) to get, after some computation,

dU=y—-1)"YT,dloga+di].

We now call on an additional experiment — the Joule-Thompson experiment — which

shows that if we allow a gas to expand adiabatically into a vacuum there is
(essentlally) no change in temperature In such an expansmn there is no heat added

irreversible and so S definitely increases. The only way that this can happen is if the
constant T, vanishes. Thus

and

U=(v—1
= 1

\_/

into this scale need not detaln us.) ThenRisa constant conversion factor from units

of tempe
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that
dUAdV=aAdV=C,dT AdV

a 16y an ; v
C =(’})——I)_1FIR_

hadl 4

Of course then C, must also be a constant and
Cp b CV == nR.

All of the above properties were derived on the basis of three assumptions which
define an ideal gas:

i) the | f Bovie. Gav-1 ( ion (22.7)) whict
pV=nRT,
i) That U-is a f . E T al l ) an

(iii) that y is a constant.

and write lower case letters, v for V,c, for C,, etc. to indicate that we are dealing in
molar quantities. We then have

Ideal gas laws.

the isotherms are pv = RT,

u=(y—1)"'RT,

¢,=(—1)""R,

cp': [y/(y— I)JR $O Cp—cv=R9
s=(y—1)"'Rlogpv’ + s, = Rlogv + ¢, log T+ s,,.

The quantities that can be directly measured for real gases are p,v, T, c,.c, and y. To

ne o9 a a alha =Ya ee ] a nea O O A 1 DDEQ

v

around it. The heat delivered is measured by the known current flowing through the
coil and the temperature change of the gas is measured. To measure c,, the gas flows
at constant pressure through a similar heating coil arrangement and the difference

betwee et-and outlet temperature neasured. Theresults© eseeXpe

at low pressures, where the gas behaves approximately like an ideal gas, are as
follows:

All gases
¢, and ¢, are functions of T only
and

. —¢c —R
c e . &

P v

Monatomic gases such as He, Ne, A, and most metallic vapors

¢, is constant over a wide range of T and is very nearly equal to3R. 1

very nearly equal to 3R and y is constant over a wide range of T and close to

W




Permanent diatomic gases such as O,, N,, NO, CO, and air

¢, i constant at ordinary temperatures and approximately equal to 3R. So
i i v y l R on § 8, 1S 3 il . i c} C aturc ailc

5 e€creascs as the temper

It is this value of Z for y which gives Laplace’s account of the speed of sound in air.
The true meaning of the fractions 3,3, etc. will only become apparent in the
framework of statistical mechanics.

Now for real gases, we can carry out the entire discussion starting with equation
(22.14). We no longer make the assumption that the isothermals and adiabatics are
given by equations (22.12) and (22.13) or that y is constant. But one can
experimentally determine the isothermals and y and hence solve equation (22.3)

’ !’
cl

and the Vi i 10). a isinformation has

been accumulated for various substances and is available in chart form. Fur-

thermore certain functions in addition to the ones we have been considering are
HSEfui iOI SpeCIal PUI poses° } Or exanlple: the e”t”aipf 1i I8 deﬁned as

H=1U 1 pV
F s -~ |tl'c

It is important for the following reason. Equation (22.10) says that the heat added to

a system which is held at constant volume is equal to the change in the values of U.

— But in a chemical laboratory, it is much more convenient to keep the pressure
constant (say everything at atmospheric pressure) and let the volume vary. Now
differentiating the above equation gives

dH=a+ Vdp

so differences in H give the amount of heat added under constant pressure. Thus
heats of chemical reaction are recorded as differences in enthalpy.

A particularly useful type of emprical chart is a Mollier diagram in which p
and H are used as coordinates and the level curves of S, V, and T are then drawn
in. An example is given opposite

Figure 22.7 The submanifold % is Lagrangian. Projection to the 8, v

plane allows the introduction of f, v as local coordinates. Similarly,
projection to the U, V plane allows us to use U and V as coordinates.




woJy wQOﬁOGP« 23171 mwﬁm.ﬂmﬁab.ﬁ 941 JO sanjea 2yl Dﬁmauuaoﬁ U3} Ued 9\ [SOAIND [IAI] Q) EQO.HQ ® 3Y] JO uornnpasIaui 2yl wam_uﬁﬂ %D sonyea 959y}
uo WﬁmMNa HGMOQ PY] 9J8J0] UBd IM aﬁu>mw a1e § 10 I nmﬁ\m ‘d suonouny sAfy 9yl Jo om) Kue JO sonjeA Ji 1eY) 3dNON ‘ua8Axo 10} Eﬁ.ﬂwﬁﬁﬁ IO
FIOW ¥dd STLIOTYD WVHD NI AdTYHINE
g &8 5 8 B g |8 8| |18 & B % g B (g |8 (& (8 |8 g ||g8 [8 |8 |[|5
e L_mum 5 ~ \% s e e R T s e, T Tal (e S e e S S DI
_ g RiL> A = = v g % AL AR T T TN
g S A7 J { 7 [ % |
il ﬁramwl_ o, I O e i
_ ! . W f
..V.:LVH T/ ¥ A \Q\ VLA A 4 Qt \\ J
- z: 1 y LT~ [~ AT A AN A,
7 =T 7 T NA7¥ AT 11
_| - \A yARN| afl A ¥ 4 )'d a4l JAIN |
— = 4 ] =y { ARNZANX AV AR VXY 1 V] /17 I
W»A + \ - = Ll\_% - i i T g e s oy 'l
R T > = T 1 2 I 18 D ) g A | 7 AV SN . y4 W A1V z
3+w . \« ! ] =l )2 o y 4 A A7 4 )4
= g2 A Tl i e it et SIS
> ! 1 qr =1 F T 1% 7l 8 At yal 174 v T
- <y v —F o 1= ] > A TZ 737
c A e A A i e B P < (A A A= i e 5]
L, e P = A A e o
[ m T s =+ =T === 1 — -7 =
v... | i —-— HT\M’ ~%.ﬂ. =4 i ~-~n = o 2 7 A \\ H7 £ u.a =
= B e e e A L o A A P E=TiE
= A3 s s e e I S S S SR P z 5
- 1 A /& a = T -t 1A P ya 7.4 A ] iy
= Al i) A F A\Nh\% <7 E ¢OOM‘ LNIx NM /e 7 - ,I-F.’
! o ! [ T 1 o r T 1 1T Vs w4
= e I EA b i = =
i v D o& D S 7“ { I 1T 1 Z[l JVN 17 ¥4
= = o e T :
= - A A W e e A s SEEs
= :.\ S FH—F — 1E fa S o 40 Pers -
= £ ; £ #iSLN 5 S B e e S 4 B s He——
= . S = Ry e e
= SgA= =22 = S FEEC S Cwissre S e =
m B‘\r_—\, \/ = } d i \@\I — +\w. = o e M»ﬁ i IM T = =
— n —f, i - - [ N N
N i zal Y Va| o are
7 N NZ AN =amivain ST LA A :
- ! 7 4 i m&mw AN TS 0 — I
Edl — NEA A P o - ER1| 4 H | [Py ST 112715 T, ¥ _ [
i Sl = 7 I F_ LS~ N\ =
T e . W 71 igps 1A i~ 7 i —r-
Fal g 1% 15 A A~ A
= T ] « £/ R A Z A
- ' s P Y00 0 R % Y ~A— 7 7V
M1 i il @ 1 5 i = 7
—_ .TI‘M«!. = * o] ﬂx \ \—_M T N ’ N Nﬁ\ 1] ;, Ik .ml NW1 Nh = .
= = A i AR = S 1A =
= _mw\l?w =N o et A T4 AR st | 113 = om0 ]
= K— — |— | —F 1 A ShpY il 20 el Eary e F—
=7 |. 3 \WI g 4 = . 1 W 1 e <P WY Wit w mumewbny —
%\W IW‘WH. “NoET 0% WA Rl 45 st e - ]
. z, gy, AN GRIIZ W VD V4 7 -
- By Y , f- J= 2 NS i H =6 T
[~ y Clsboro2 = o RINTH 40 DVTUNE| 0 =
= E:E S ELE : | : ==
= 3 AT StoFser m— NIDAXO0 JO SIIL¥ddoud
e X7 X .- nnﬁ...u ] I = — | e
= A [N e 7 —F 3 SAITION ==




which are each very useful for spec1al purposes The notat1on for them var1es and we

practical apphcatlon but with immense theoretical significance. We will describe jt
several times in increasing generahty over the next several sectlons What we are

statlstlcal mechamcs First con31der the Planck functzon Y deﬁned as follows:

Y=S—(RT)"U — (RT)" 'pV.

To write this function in more convenient form let us introduce
™ -1

r2) D V2. Y- WP
=t (22.18)
and

v =fp.

Notlce (from equations (22. 16) and (22.17) for example) that Risa converswn factor
A A A AN A -1

that we had absorbed R into the deﬁnltlon of T from the very begmnlng, SO that we

choose to measure temperature in units of energy and the gas constant disappears.

Since o = TdS has units of energy, and we are measuring T in units of energy, we see
that S also becomes dimensionless with this choice of temperature scale. Thus both S
and the Planck function

Y=8S—-pU—vV (22.19)

(22 10) as

dS =pdU + vdV. (22.20)
It then follows from equation (22.19) that

We W1sh to 1nterpret equatlons such as (22 0) and (22.21) as follows: Consider a

exterior two-form
————Q=dfprdb+dvrndV—(22.22)—
Notice that on all of R* we have

Q=d(pdU +vdV)

and also
Q=d(—Udp — Vdv).

A two-dimensional submanifold, &, of R* is called Lagrangian if the two-form Q
vanishes identically when restricted to .#. For any two-dimensional submanifold of
R*we can consider p and v as functions. If their difterentials are linearly independent

when restricted to the submanifold, we can use f and v as local coordinates.




Figure22.8 Two systems with three kinds of contact. They canexchange
heat (top) material (middle) and volume (bottom).

Lagrangian then
— d(pdU+vdV)=0 when restricted to ¥
and hence (locally) there is a function S defined on such that equation (22.20) holds

on %. ﬂimilar]y, since

d(— Udp — Vdv) =0 when restricted to &

we conclude that (locally) there is a function Y such that equation (22.21) holds on .
Thus we can formulate the combined first and second laws as saying that

the manifold of equilibrium states is a Lagrangian submanifold of
(8, U, V) space

But let us carry the mathematical discussion a little further. Suppose we introduce U
| V as local 5 0 f 228 and | | he funct;

S. This means that we are given S as an explicit function of U and V. If we compare

the equation

dS = (8S/aU)dU + (8S/6V)dV

B =0S5/0U and v=0S/dV. (22.23)

T e A . Z - ot
C, ACIC [1DIN 3 Old -~ O WOTQ

type diagram with U and V as coordinates and with the level curves and values of

cvd CTTIIIOA V1A T ONS. All TRHE 1MMIOTIMAation dooutl 2 OaCd O
when S is given as a function of U and V. We say that S is a generating function of the
Lagrangian submanifold, &

Similarly if we start with f and v as local coordinates and are given Y as a
function of § and v, then it follows from equation (22.21) that can we recover U and
V as functions of § and v by
= —0Y/0p and V= —0Y/0v.

Cp
.




map expressing 8 and v as functions of ¢/ and V.)

For example, we can write (on all of R%)
- Q=d-Udg+vavy

and, correspondingly

r¥r 4

dZ=—=Udp+vdV on¥

where the Massieu function Z is defined by
Z=8—pU. (22.24)

Thus the Massieu function is a generating function for &Z’in terms of the variables
B and V. Coded into (22.24) are the first and second laws of thermodynamics

When we get to the subject of equilibrium statistical mechanics, we will find that

the functions S and Z are the truly basic ones. The function S will be given an
interpretation in terms of probability theory whose significance extends far beyond

€ ai ICS. i i vide the link between the
microscopic theory and the observed macroscopic phenomena. That is, a very
general construction will show how a model of the energy at the atomic or molecular
technical aspects of the subject then becomes the purely mathematical question of

N0 W 0 _CVd dlC O APPIroximalc N1S CXPression () OUISC WC W ACVCIOPD TNE

Before getting to statistical mechanics we need to develop some further ideas
an amplification on a remark we made at the beginning. We mentioned that many
physically measurable quantities are given as quotients of two-forms on the surface
of equilibrium states, and illustrated this with the two ‘specific heats’. Here are two
more:

flicient of thermal ' dvadp
coefficient of thermal expansion _
P VdT A dp
at constant pressure
. — dVaAdT
coefficient of compressibility -
VAT A dp

- at constant temperature -~~~ """

We will leave some others and manipulations with them to the exercises.

25 Conditions £ —_

We return to the study of systems with an arbitrary number of configurational
variables. Up until now we have defined the function S only on the manifold of
equilibrium states. It is important to observe that certain functions, like temperature

make sense to talk of the temperature of a gas{as a whole) unless it is in equilibrium.
It was one of the great discoveries of the subject that the entropy is a function




Conc itions or ¢

which is defined on the set of all states. That is, there is a function, Ent, defined
on the set of all states of the system such that

Ent(p) = S(p)

whenever p is an equilibrium state. We shall not write down a definition of Ent
: hi d : 1 Kkable descrinti ”»

states of a system. Once we get to statistical mechanics, where we will give such

a description, we will write down an explicit formula for Ent, due essentially to

Boltzmann. However, many of the ideas of this section were developed by Clausius

and others prior to the discovery of the statistical interpretation.

py function for two systems in

contact. (We can regard this property as an axiom at present — it will be obviously

—that we have a larger system built out of the two smaller system so that a state —
p of the new system is a pair of states p =(p,, p,) of the individual component
systems and so that

Ulp)=U(p1) + Us(pz)

_----

of the individual energies. We are not assuming that the contact is only thermal.

For example, there might be a movable piston between the two systems so that

so that they can exchange gas molecules, etc. The property that we shall use is
that the entropy for systems in contact is also additive, i.e. that

Ent(p) = Ent(p,) + Ent(p,) if p=(py,p2)

Let us now go back to the second law of thermodynamics. Once we have an entropy
function defined on all states, then it is reasonable to formulate a strengthened

on of { | law whic]

if a system is placed in an adiabatic enclosure, the entropy of any state will

N-O a o s O () O N me a¥a N e en
Cl . 7 V . .

equilibrium states, one that will be central in statistical mechanics:

Maximum entropy principle.
among all states with a given internal energy the equilibrium state has
maximum entropy.

iple due to

Gibbs is also very useful in practice:

Mini inciple of Gibbs.

If p is an equilibrium state, then if o is any other state with the same entropy
as p, i.e., Ent (o) = Ent(p), we must have U(p) < U(o).




In order to derive Glbbs rule from the maximum entropy pr1nc1p1e we make use ofthe

increase both the energy and the entropy, and we can do so without changing the
configurational variables. Suppose that p is an equlhbnum state, and suppose

U(o) < U(p). By addlng heat we could gradually increase both the entropy and the

internal energy until we reach a new state having the same internal energy as p but

having a larger entropy, contradicting the maximal entropy principle. This
establishes GlbbS pr1n01p1e

o apply I iminary remarks. Suppose

that f ...,y are functions of the configurational variables of a system. We can then

piston). Before the systems were brought together, we had a system which was

_ simply the direct product of the two subsystems, and so there were four
configurational variables, V; and V,, the volumes of each, and M, and M, the total
mass of the gasin each. (Let us assume for the sake of the discussion that we have one
and the same type of gas in each subsystem.) By bringing the systems into contact as
in figure 22.9 we have fixed the total volume and the total mass. In other words we
have imposed constraints of the form f = const and g = const where

f=V1+V2 and g=M1+M2,

in in ndent v
Let us start with some system and obtain a new system by imposing a number of

own equilibrium states which can be characterized by maximum entropy or
minimum internal energy, but of course, relative to the more restricted class of

states — those satisfying the constraints. Suppose that we are given a subset, .#, of
the states of the unconstrained, original system which contains all the equilibrium
states of the original system and suppose that .# is a manifold. Furthermore assume

that the function Ent and the constraint functions f,...,f, are differentiable

are held constant. The Gibbs minimum energy principle asserts that U must take a

local minimum at p subject to the constraints —
Ent =const, f; =const,..., f,=-const.

Then the method of Lagrange multipliers implies that there exist functions
AgsA1,.., A, such that

For example, suppose we consider the case illustrated by figure 22.9, where we take

act with one another. Each subsystem when considere r




two configurational variables, V and M. Thus for the two subsystems we have
dU, =T,dS, —p,dV, + u;,dM,; and dU,=T,dS, —p,dV, + u,dM,.
(The coefficient, u, of dM, is called the chemlcal potentlal’) The manifold .# is

SiX- nsional since the set of € system separately is
three-dimensional. We are assuming that

{JY = {]1 + D‘rz,

and the additive property of the entropy function asserts that
Ent = S1 + Sz.

Thus
dU = TldSI + TZdSZ — pldVl — pdez + ,uldMl + ﬂszz,

since the constraint functions are V, + V, and M| + M,.

Since the differentials occurri he ri i

T,=T,p,=p, and yu;=p,.

Thus the temperatures, pressures and chemical potentials must be equal. It is clear
that this argument generalizes to the case where we have several (not just two)

different species of substance. So if the expression for the internal energy on the

dU; = TdS; — pdV; + p{dM{ + fd M7 +

the conditions for equilibrium become

T, =T,="-,)

Pr=DPr="",

4=yt — ... (22.26)
P12 ’ N 4
M=£=,

Y

C
e

These are then the general condltlons for equ111br1um and give us some further

For example, let us consider a gas consisting of a single type of substance We can
imagine each small region of the gas as being a subsystem. If we think that each small

subsystem is in a state of equilibrium (considered separately) then we would get a
value of T,p and yu for each such region. In other words, we could think of 7, p and
as being a function on three-dimensional space which assigns to each point the

values of temperature pressure and M in a small reglon about that pornt The

constant: that the same temperature, pressure and p persist throughout. Now thegas
as a whole, with a constant total mass, say, has only one configurational degree of




lermoc ynamics

freedom, V. Thus we can use p and T as coordinates on the two-dimensional space of
equilibrium states of the gas as a whole. This means that the value of x can be
expressed as a function of p and T. Thus for a gas of a pure substance in equilibrium
with itself, u is some deﬁnlte function of p and T ,u /Lgas(p T). Suppose this same

get somWTW—(iWe other function, 1;4(p, T). Now consider a i con81sting of

liquid and gas of the same substance. The gas and the liquid are separately in

condltlons (22 6) 1mp1y

and

11 — i
Mliq Mgas-

If we let p and T denote the common values in the first two equations, the third
—equationbecomes———— — — — 00000
lu]iq(p’ T) = .u'gas(pa T)

Since py;, and pg,, are (usually) independent functions of p and 7, this last equation
defines a curve in the p, T plane. In other words a liquid and gas of the same

temperature and pressure. 1f there were three phases, say gas, liquid and solid, then
they could only exist at equilibrium if

:usol(p’ T) = :uliq(p9 T) = Mgas(p’ T)
and these equations then (in general) determine a point (the so called triple point)

with a definite value of temperature and pressure. Finally one cannot have four
distinct phases of the same substance coexisiting in equilibrium. This was Gibbs’

are all contained in equation (22.26) which is an immediate consequence of equation
(22.5) — Gibbs’ principle of minimum energy

6. I . - tionl mechan:

We now want to examine microscopic theories that can serve as a model for
thermodynamics. We begin with a discussion of classical statistical mechanics
wherein a ‘state’ is defined as a ‘probability measure’ of a certain kind and the
entropy of a state will be ‘the amount of disorder in the state’. The mathematical

fOIIIIdatIOnS of the ﬂiCOI’y of probablllty were laid in the first third of this century,

pr1n01pa11y by Borel Lebesgue and Kolmogorov. Again this was long after the basic

measure theory. We shall use this language without going into the theory. For any of

the deeper results in probability theory which involve infinite numbers of
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alternatives the use of the full machinery of measure theory is essential. As we will
only be using the most elementary facts, we will only have to use the most elementary
__notions which will be transparent in the examples that we develop.
A measure space is a set M together with a collectlon, o/ of subsets of M and
s 1, arule - Ive number (Of + oo}, #{A), to eac
set A 1n the collection . The collection o/ and the measure y are subject to certain
ax1oms Wthh need not detain us. (Essentlally that o7 be closed under countable

countable union of disjoint sets, 4;.) The reason for not cons1der1ng the collectlon of
all subsets of M is to avoid certain contradi i i
Aaﬁhighlrypaﬂwlogleal%ets.—

In most of our applications the set M will be of a very simple kind. For example, if

M is a finite set, we will take .o to be the collection of all subsets of M. Then the sets
consisting of single points of M are in our collection, and to each such set, {m} we

i - Ve er u({m}). From the knowledge of these numbers

we can reconstruct the measure u because

wA) =3 u({m}).

meA

If f is any (real or vector valued) function of M we defined its ‘integral with respect

to 4 as
[ v 4 '& Ly

[fu = Y fmu({m)

meM

(This is the same convention we made in our study of electrical network theory.)
We might take M to be Z, the set of all integers, or N, the set of all non-negative

integers. Again we would take o7 to consist of all subsets, so assigning a measure
means a531gn1ng a non- negatlve number to each integer (1n the case of Z) or to each

above, but the sum on the right is now an infinite series which may or may not
converge. If it converges this is the number we ass gn to u(A) If the series does not

define 1ts 1ntegra1 | fuby the above expressions. It is also an 1nﬁmte series. We w111

say that f is integrable if this series is absolutely convergent, and then j fuis defined
as the sum of the series. Otherwise we do not assign a meaning to [ fu.

We might take M to be the real line, R. Here the collection ./ should contain all
intervals [a,b] = {x|a < x < b}, and the usual (Lebesgue) measure assigns to each
interval its length:

wla,b])=b—a.

If f is any piecewise continuous function which vanishes sufficiently rapidly at
infinity we know how to compute its integral

v[fu - [ ww f(x)dx.




The whole machlnery of measure theory is devoted to constructing a sultably rich

1ntegral is well defined. In all of our apphcatlons the sets and funct1ons w111 be so
simple-minded that we need not avail ourselves of the theory. As we have mentioned

. N he full {] l bi
A probability measure is a measure which assigns the value 1 to the set M, ie.
g(M)y=1.This correspon € convention in probability at ‘probabilities
take on values between O to 1.
The fundamental concept ofa ‘system’ in statistical mechanics is a measure space.

physics or the geometry underlying the theory. The measure w1ll not, in general, be

a_probability measure. But it plays the role of providing the ‘a priori state of

—knowledge>of the system. We-illustrate-with-a-series-of examples.—————————————

A. Finite sample space, equal a priori probability. This is the simplest example. M is
a finite set, .o/ is the collection of all subsets of M. Here u({m}) = 1 for every me M.
This describes the situation where there are a finite number of alternatives and we
have no reason to prefer any one to any other.

B. M = the real line, R, with its standard collection of (Lebesgue) measurable sets
and its usual measure ,u Thus ;L([a b]) =b —afor any interval [a, b]. The measure

course u is not a probablhty measure since u(R)= oco. Notice that if p is any
integrable function with

53

p(x)dx =1

o T O

then p determines a probability measure, pdx, on R.

b
P([a,]) = | p(x)dx

a

on R.(In the technical language of measure theory, it is the class of those probability
measures which are absolutelv continuous with respect to dx. Not all probability

Wthh assigns P( {0}) =1 P( {1}) =7 and P(A) 0 1f {0 1}nA= Q Thus P corres-
ponds to the probability measure in the case that either 0 or 1 is achieved, each one
with equal probability. Clearly P is not of the form pdx.)

For any measure u on a measure space and any integrable non-negative function
p we obtain a new measure, which we denote by pu by setting




probability measure on M of the form pp where p > 0 is an mtegrable function. In other

Examples, continued

C. M =R and y = H(-)dx where H(x)=0 for x <0 and H(x)=1 for x> 0. This
corresponds to the situation where we are sure that the real number is positive but

take M = R* = {x|x > 0} since the measure u is concentrated there.
D. Occupancy for classical particles. Here M =N =1{0, 1, 2, 3,...} and u({k}) =

1/k!. The measure u assigns the weight 1/k! to the possibility of k particles
occupying the box. Let us explain why this is an appropriate measure. Suppose we
had many, say n, boxes and several, say N, particles. The number of ways of
distributing the particles so that k, particles lie in the first box, k, in the second, etc.,

1Q
J &)

N!
k.. k!

(Here, of course, the particles are considered as ‘distinguishable™ interchanging a
pair of particles between different boxes given a different way of distributing the
particles. There are N! different permutations of the particles, but we must divide by
kq!...k,., since permuting particles within a box does not give a different way of
distributing particles.) If we are unaware of N and n, the best we can say is that the

number of ways of distributing the particles so that k, end up in box number 1 1is

E. Occupancy accordmg to Fermi—Dirac. We have a box which can contain at most
one particle Here M = {0 1} and /,t({O}) = y({l}) = 1 This, of course, is a subcase of

and u({k}) 0 for all k> 1. The scheme represents occupancy with an ‘exclusion

rinciple’. No more than one particl the box. The existence of zero and

applications, the ‘box’ may be rather abstract. It may represent a single particle
quantum state, for example, for particles obeying the Pauli exclusion principle.
F. Occupancy for Bose—Einstein particles. Here M =N=1{0,1,2,3,...} and
1) = 1. Thus all numbers of particles in the box are equally likely.
example, a particle represents a disturbance of medium (a blip on a screen, for
rnstance) and two particles represent a disturbance of twice the 1nten51ty, then in

type. The Fermi—Dirac type particles, for example electrons, protons, neutrons, are

ticles —FEi ] ions) are

called bosons.
G. Binomial measure. Suppose that we have a large number, say N, of particles,
each of which can be in one of two possible states ‘up’ and ‘down’. Suppose we are




affected only by the total number of partlcles in the ‘up’ position minus the tota]

for 51mp1101ty, that N is even. Then #(up)—- #(down) 2m means that (N/2) +m
particles are up and (N/2) — m particles are down. This can happen in

N \_ N!

N ISR N,

2 \y Ty Tm )
N\ / N\ /

different ways.
If we are interested in the relative frequency of occurrence of 2m we divide by the

) and thus define

largest binomial coefficient which is (

N/2
5 N\ (N [(N/2)7
u{2m) =\ v o / N|TWN2+m(N2—m)
2
N VAR "4

An application of Stirling’s formula N!= NQ2zN)N"e™™ shows that for large
1 f N this last ssion is fairly closely approximated by e~ 2"

This approximation suggests
H. Discrete Gaussian measure. We let M = Z = the set of all integers and

—2m2/N

u{mp=e

N ~ 1024 then ,u({m}) w111 have decreased by a factor of e ! by the time that m/N has
moved from the origin by about 1072,

To actually ‘see’ the distribution we have to change the scale by a factor of N1/2
rather than N. If we set x, = 2k/N'/? then

w2
i Tad

b
pla<x, <b}=)e
a

The sum on the right grows as approximately N*/2. Indeed, if we divide b
(2zN)~1/2 then the right hand side tends to

b

1
Jen J.

—x%p2
e~ "dx.

This leads to examp]e

L. M =R and pu is the (normalized) continuous Gaussian measure

b

e */%dx.

ula,b]) =

ey N\
V€T Ja

is"the phase space of the mechanical system. Phase space has distinguished




coordinates (canonical coordinates) ¢,p and a distinguished measure (Liouville

FaYaNad B "A\
measurc )

u=dpdgq.

For example, for a single classical particle moving in R>, the coordinates q;, 95, 45

describe its position and the coordinates py, p,, p; describe its momentum. Then
_ M=RSand

dpdg = dp,dp,dp;dq,dq,dqgs;,
that is R® with its usual measure.

22.7. Products and images

In this section we are going to discuss various ways of constructing systems. The first

,pil X Mz, TS ,uz) For example suppose (M, </ ,, ;) and (M ,, Mz, U,)areasin E,

that is, they represent the possible number of particles in a box (figure 22.10). Then

m | ®

C
=

I I
H({k}) =7

u(dIN = —
] \LAR P

Figure 22.9.

(M; x M,, o x s ,,u; X u,) represents the system consisting of the pair of boxes
together (figure 22.11).

mocny | ® | @

1
X)) 5, D =ﬂl—!

Figure 22.10

The measure p; X u, is characterized by

(11 X p2)(Ay X Ay) = pui(A1)pa(A4,)

for product sets A = A; x A,, A;e;,i=1,2. A state p, on the product system need
not, of course, be of the form p, x p,. If p is of the form p=p, X p, then the
correSpondlng probablhty measures (p; X p,)(1y X Mz) P1H1 X pzuz on M 1 XM,

probablhtles to the events of M, and M,.




Similarly, we can form the product of any collection of systems (M, </;, u;) where

oo 1] | bi ind ;
Another way of constructing a system is via a map. Let (M, <7, u) be a system and
let (N %) be a measure space, that is N is a set w1th a dlstlngulshed class of subsets,

to the collection 42/ We can then deﬁne the rule f,.u which assigns to every Be%’ the

value

fot(B)= pu(f ~1B).
If the function f, u on sets in £ is a measure, then it is called the pushforward of the

measure u under the map f. Then we have a new system (N, 4, f, u) which we might
call the pushed forward system. For example, suppose we begin with the product
system M = M, x M, of two systems of type E that we have just been considering,
Let N consist of the large box with the partition removed (figure 22.12).

where the map f is given by

flk,D))=k+1

®
©

/.Vlll X /Wz N

Figure 22.11

Thus the map f has the effect of ignoring the fact that there are k particles in the

assertion that there are k + [ particles altogether in the larger region. Here, for
any positive integer s,

11 s!
(f*ﬂ)({s})=k+'_bm=—‘ PATIR

S! 7 43
KT1=Ss

system corresponding to a box of volume V by setting

17k

Mva. ‘uy({k‘“= -
L4 kY rd k'

(figure 22.13).
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MVx @ @ MV’

7k

Vi
k}) = Vi
ky, () = wy, (1) :.-_l'l

Figure 22.12

then M, x M, corresponds to considering the two boxes together (figure 22.14)

T\ P
L Y M, M,
Vl T 2
Va
Vi vi
Hy, X uy, (k= ——%
Figure 22.13

Then we can remove the partition and consider the box of volume V, +V,
(figure 22.15)

IMVl+Vz

Figure 22.14

Again we set N=M,, ., and f:M, x M, —N by f((k,]))=k+ 1 Then

Fuish= 3 T

1 s!
st e G- k!

(Vi V)
B 5! '

vyl

Let us return to general considerations. Let (M, ., 1) be a system and F:M — N give an image
system (N, %, f,u). If o is any state on (N, %, F,pu) then the function f*o=¢°f defines a state on
(M, o, y). Indeed f*o >0 and, it follows from the definition of integration that

(‘ (
Jf*cm=Jp(f*u) -1

Thus states on N determines states on M




A state p on M also determines a state f«p on N but the definition lies considerably deeper. Before
stating the result in general let us illustrate by an example. Suppose M, = 2* with its standard choice
of o and pu (= dxdy). Let f:#%—R* be given by f(x,y)= (x> + y*)'/*. Thus f,u=2nrdr. Let p(x, )
be any continuous function on the plane with {pdxdy = 1. Thus p is a state. Define the state f, p by

1 (2=

(feP))=—1 p(rcos8,rsin B)d9.
md,

Thus f, p(r) is the ‘average’ of p over the circle of radius r, i.. the average of p over f~!(r). Then
r fo
J (fup)du=| (fup)2nrdr
r*t Yo
(* o0 r2n
= J p(rcos 0, rsin 8)rdrdf
0 vo

o (‘o
= p(x, yydxdy=1.

V-V -

Thus f,p is a state on N. Notice that f, f*o = o but, in general, f*f, p need not equal p. In the
general situation, if p is a state on M then ppu is a probability measure on M. Therefore f, (py) is a
probability measure on N. Furthermore, if Be# is any set such that

(f )(B)=0Q

AT 1a

uf~H(BY =0

then

and hence

(f (pr)(B) = (pu)(f ~'(B)) = .[ pu=0.
B

Thus (f,)(B)=0 implies that f, (pu)(B)=0. A theorem in measure theory, called the Radon-
Nikodym theorem, asserts that if v; and v, are measures such that v,(B) =0 implies v,(B) =0 for all
B then there exists a function o such that v,(B) = {,odv,. Taking v, = f,(pp) and v, = f, u we conclude
that there is a non-negative integrable function o on N such that

(f4lom))(B) = j pd(f,1)
B

for any B. Since f,(pp) is a probability measure we conclude that [god(f, )= 1. Thus ¢ is a state on
(N, 4%, f,u) and we define

Jep=o.

22.8. Observables, expectations and internal energy

A D3 ar Kind ol map i1s an ording bmenrical vailueca iunctio : o UG ¢
map is called an observable of the system. Roughly speaking, an observable of a
system is a numerical property of the system that we can measure. We shall, when
discussing theoretical points, usually denote an observable by the letter J. Specific
observables, as they arise, will be denoted by letters connected with their physical
significance. Of course, as part of our definition of the concept of observable, we
assume that J ~'([a, b]) belongs to the collection .o¢ for every interval [a, b] on the
— LetJ bean observable and Iet p bea state. Foreachinterval [ a, b] we can consider —




the subset J~!([a,b]) of M and then the integral

J o
I (a,b])

This is just the size of the set J~ ([ a, b]) with respect to probability measure pu. In
other words, it is the probability that a point of M lies in J ~*([a, b]) when we assign
ilitie 1.0 he 1l : e hich 11 iffaron

Y a
UIC /s » a U

wa I ing, iti ili able J take valuesin
the interval [a,b] when we assign probabilities on the set M according to the

— probability measure pu. We write thisas

Prob(Je[a,b], when the system is in the state p) = [ OU,

—1

or more succinctly as

n

JIT (a6

| bleamd For o bl : e read

line. The probability assigned to any interval being the probability of measuring the
observable J in the interval when the system is in the state p; it is given by the

pr cucdiug formula:
There is some useful language in probability theory that we shall adopt here. The
integral

Jou
M

is called the expectation, or expected value of the function J with respect to the
probability measure pu. Itis an average of J where we weight subsets of M according

in the state p as

—Hereis an example. Let M be the phase space of a classical particle, so that M =R —
withits standard measure and with coordinates q,, 95,43, P1, P2, P3- We will take J to

]




Suppose we want to consider the energy to be that assoc1ated ‘free partlcle

appropnate form for the potentlal v Let us take “// to vanlsh when (ql, q,, q3) 11es
inside the box B, and to have some extremely large value when (g, g,, g5) lies outside

the box, B. Theidea is that a particle has to overcome some huge potential barrier to

get out of the box. We would then plug this choice of 7~ into the expression for H in
(22.29). Now suppose that the state p is such that it assigns negligible probability to
extremely high values of the energy. That is, assume that Prob(H > E;p) is
essentially equal to zero for E very large. To be precise, let us assume that this

—probability assignment is so small that in computing (22:29) we can ignore the
contribution to the integral coming from values of (q,, 95, q3) lying outside the box.
Inside the box ¥” =0 and the integral becomes

3(p3 + p3 + p3)p(41, 42, 93, P 1> P2, P3)dq,dq,dgsdp,dp,dps.  (22.30)

JBXR>

To go further we need more information about the state p. For example suppose

it be at one location as at another, thatis, p does not depend on (q,, g5, g3) butis a
function of (p,, p,, p;) alone. Then the integral (22.30) becomes

n

VJ #pt + 3 + P3)p(P1 P2, P3)dp1dp,dps. (22.31)
R

Suppose that we are told that p 1s given by the so-called Maxwell velocity
distribution law with parameter f; that is suppose that

p(p1, P2 p3) =F5 'exp[ — (BD(pf + p3 + p3)]
where F; is a constant of proportionality depending on f. We must choose Fj to
make the total integral {ypu=1. So we must choose F, = [ypu, or

Fy=V(2rnp)~3?

—and (22.31) becomes——————————————————

(B/2n)° Jr Hp3 + p3 + p3)exp [ — (B (v + p5 + p3)1dp,dp,dps.

This is a Gaussian integral which we can evaluate to get (3/2)8 ™ *. Thus with all these
hoi 1d obtai
E(H;p)=(3/2)p™"
How are we supposed to think about all of this? From the point of view of
mathematics, formulas (22.29)-(22.31) represent cut and dried integrations. They are

standard procedures in the mathematical theory of probability. From the viewpoint
of the kinetic theory of gases we might think of an enormous number of gas molecules

conﬁned to a box, but otherwise not 1nteract1ng w1th one another. We then mlght

asmall region centered about the point (4, 5, q3, P1, P2> P ;)in phase space. With this




interpretation the averaging process going into the definition of E(H;p) is an

E(H; p) as the average energy per gas molecule.

[t took the genius of Gibbs to realize that we don't have to commit ourselves to this

mterpretatlon We might be studymg a system consisting of a smgle gas moleculeina

Of course, if we want to probe any deeper we must 1nvest1gate the general meaning of
the word ‘probability’. Unfortunately, although the mathematical foundations of
the theory of probability were clarified over fifty years ago, the same cannot be said
for the philosophical interpretation. Writing today, in 1987, there is still a raging
controv \' ani ability is. At one extreme there are
the frequentists who restrict the range of application of probability to situations in

members of the other as belng muddle headed’ etc. ThlS ph110soph1cal argument
has real consequences in actual statistical practice. The different views lead to

i - il : 1y whon deali ” T ;

Fortunately, as far as statistical mechanics is concerned, because the samples
mvolved are extremely large, these debates are irrelevant. All that matiers 1s the
mathematical aspect of the subject, that is, computations with the definitions we
have given. However, Gibbs, writing a hundred years ago, before the mathematical

eory had been developed, felt compelled to take a stand on the philosophical issue.

He seems to have leaned toward the frequentist position. Therefore he would talk of

requentist interpretation of the probability assignment. ' I-

nology and the word ‘ensemble’ as a synonym for probability measure have gotten

_stuck in the standard texts.
Whatever the interpretation, we are now prepared to make the first link up
between the notions of statistical mechanics and thermodynamics. If the observable
we are considering is regarded as the energy, H, then

the internal energy of the state p is defined to be E(H; p).

In other words, the internal energy is the expected value of the energy in the given
state Of course the energy function H is a fixed function on M. There are various

deﬁnition as

so the internal energy is a function on the space of states.




We have said that H is a fixed function on M. But of course we will, in general,

a Wl s a = Oy Adenenada-on-eomeAa—add 1Y = ..-“‘_ a 12ia O e
5 A/

the situation we described above; a gas confined to a box. But now allow the ‘box’ to
have various pistons and so its shape to vary according to the values 0,,0,,...,0,

(assumed to be 0 inside the box and essentially ‘ + co’ outside the box) depends on
the shape of the box and hence on the parameters 9, Q5,..., O,

0

w

19

B ]

¥ =0 inside U

¥ = ‘4o’ outside

Figure 22.15 Dependence of ¥~ on parameters.

Thus U depends on these parameters as well,

U= U(pa Qla Q23 e Qd)

states? Once we have given the definition of entropy, we will use the maximum
entropy principle to define and determine the equilibrium states. We will do this in
general in section 22.11. But let us give a preview here for our special case of gasin a
box.

For each positive value of § consider the function e *# on R®. (Here f is a
parameter which has units of inverse energy, so that BH is a numerical-valued

is chosen to make the total integral 1, that is

r
F= J e ?8dq,dq,dq;dp,dp,dp;. (22.33)
IR6
essentially done this integrationalready. The g1
region where (q;, 4,, g3) lies in the box, and there H does not depend on (4, 42, 43)- SO
the g in i i integral is a

G o o] :
F=v(Q2rp)~ 2 (22.34)
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Here F depends upon S and also upon @, 0,,..., 0,4 but only since V does. The
dependence of F on the Qs is only through V. The basic definition (in this special

case) IS to assert that the states defined by
pﬂ,Q = F_ 1e_ﬁH (22.35)

here F = F(§ \is given by (22.33) are tf T

Let us define
Z=logF. (22.36)

We may compute 0Z/3 by using (22.36) and differentiating under the integral sign
in (22.33) to obtain

r
0Z/0B=F '0F/op=F! J _ —He™dq,dq,dq;dp,dp,dp,
R
= — | Hpy,odq,dq,dq3dp,dp,dp; = — E(H; py ) (22.37)

0Z/3f = — U. (22.38)

slowly move one of the plstons to change, say, Q,. The correspondlng changein H at
some deﬁmte pomt of M, the function 6H/6Q], would be the correspondlng

the generahzed force

Reversibility means that we are restricting the ps to lie on the manifold of
o = E(0H/0Q;p)dQ, + E(0H/0Q; p)dQ, + -+ + E(0H/0Q; p)d0;.

Again, computing the derivative of Z with respect to the Q;, we can write this as

— Pw =(0Z/0Q,)dQ, +(0Z/0Q,)dQ, + - +(0Z/0Q)d 0y (22.39)

or, more Qymhnhm"y as

dOZ = — ﬂa] (22.393)

—where the d,, in(22.39a) means the right hand side of (22.39), i.e. that we compute the d— edpin ajmea i 1 39), 1€

operator in the Q directions (holdlng p ﬁxed) Notice that our derlvatlon of

H. If we nOow assume that we are deahng w1th ‘free gasina box where the function F

and hence Z depend on'the Qs only via the volume V, we can write 0Z/0Q; =
(0Z/0V)(2V/6Q,) and (22.39) becomes

— B = (9Z/3V)dV.

Of course an increase in V corresponds to a decrease in H (since points that were
outside the box where ¥” = + oo are now inside the box where ¥ =(). With the usual

convention to take pressure as positive this means that @ = — pdV. Thus the last




equation becomes

0Z]V = Bp =7,
which shows that Z has all the properties we ascribed to the Massieu function.
In short we now have a rather general prescription for computing the Massieu
function. Given a system (M, <, u) and a function H on M interpreted as the ‘energy’
define the partition function F by

F= J e Pl (22.40)

The function H, and hence F, may depend on some auxiliary variables Q;,...,Q,.
Also the integral in (22.40) will converge only for some rangein (8, Q,,..., Q,) space.
—Define the internal energy by (22.32), the equilibrium states by (22.35) (with F given

by (22.40)) and the Massieu function by (22.36). Then (22.38) holds and the work

generated by the Massieu function. It is an explicit prescription, but we still must

subject whose study we shall begin in the next section.

There is one slight generalization of what we have been doing which will prove
convenient. Suppose that instead of considering a single observable, we want to
consider several, (J,,...,J,), at once. We can regard J=(J,,...,J,) as a single
vector-valued observable with values in R". Thus we want to allow W-valued

observables where Wis a vector space. A W-valued observable is just a function from

— the R valued case). The notion of an integral of a vector valued function makes good

sense so the definition (22.28) of the expectation of a vector-valued observable with

probability (in a given state) for J to lie in some (nice) subset of W. We need not
elaborate on these points.

7 Q) FEntranyv
z. 7. EIropy

We now introduce the notion of the entropy of a state. Let (M, o7, u) be a system. We
wish to assign a number, Ent (p), to each state, p. The number Ent(p) is to be a
measure of the ‘disorder’ of p relative to u. Thus Ent is to be a function on the space of
all states. In order to motivate our definition, we first examine the case of a finite

pace, case (A) of section 22.6. =1{ey,..., e, then a state p is specified by
giving the k real numbers p; = p(e;),i = 1,..., k. Thus p, is the probability of the event

k
Ent(p) = — ) p;logp; (22.41)

This function has various properties which make it very attractive as a measure of




‘disorder’ or lack of information. We list some of them:

(i) Ent,(py,...,D0) 18 symmetric in the (py,..., py)-

This corresponds to the requirement that our measure of disorder not depend on the
way we label the outcomes.

(i1) Ent,(1,0,...,0)=0
(Here we define xlog x =0 for x =0 by continuity.)

This corresponds to the assertion that a state in which we are sure of the outcome
has zero disorder.

(iit) Ent, 1Py, ..., P 0) = Enty(py, ..., py).
This corresponds to the idea that if we replace our system M = {e,, ..., e,} with the

then the entropy is unchanged. In other words, throwing in a fake alternative does
not change the lack of information.

with strict inequality if p; # 1/k for some i.
This says that the lack of information is a maximum when all alternatives are
equally likely. For the proof of this assertion, observe that for all x >0 we have

xlogx>x—1

with equality holding only at x = 1, as can be verified by computing the derivatives
of both sides. For x # 0 we can write this as

—logx<x ' —1.

| ( 11)_~ log Pt
—Di ngi'—\_pi ng/— Di gk_l

{— 1
pi - k pl'

Summing over i the right side vanishes since > (1/k)=1=7)_p,. Thus

1 1 1 1
~Xp;logpi< —Yplogy = —log, = =} logy.

Notice that we can think of Ent(p,,..., p,) as representing our ignorance before
performing the experiment which tells us which of the k alternatives actually

by performing the experiment.

that M = M, x ists of k elements {e,,...,e,} and




p=p; X p, so that v({(ei:fj)}) = DPi4;. Then

= — Zpiqj(log p; +logq;)
== ) p;logp;= ) g;1084;

Ent,(p, X pz) = Enty(p,) + Ent|(p,).

In other words, if we conduct two independent experiments the total amount of
information gained is the sum of the information gained in each.
It turns out that properties (i)—(iv), together with a slightly stronger version of (v),

L] 9, UD L0 d U [J cl cl B UusS, 10 » a [)
space, there is essentially only one way of measuring the ‘disorder’ of a state if this
measure of disorder is to satisfy a few reasonable axiom his measure of disorder i

system.

For any system (M, o/, u) and any state p we define

Ent(p)= — (plog pdu (22.42)

J

provided that the integral converges.

22.10. Equilibrium in statistical systems

system and a sequence J,,...,J, of real valued observables. We can observe the
expected values of these observables in any state. We collect the observables into a
vector-valued observable J = (J4,..., J,). Using the maximum entropy principle as
motivation, we consider a state of ‘statistical equilibrium’ to be a state which
maximizes ‘disorder” subject to our knowledge of the expected value of J. We can
now pose a precise mathematical problem.

= A/ e a a aYa ENaY aYar-
7 Cl V V

expected value of J we consider the following problem:
Among all states p for which

Y.l

EJ;p)= J pIu=1J

fnd hich i imizes 1} .

We are thus looking for the solution of a maximum problem with constraints:

Maximize Ent(p) subject to the constraint that

pJ,u=j.

o

It turns out that if the system (M, .«Z, u) and the observable J satisfy certain




hypotheses which will be discussed below, this problem has a unique solution which
—Wwe now proceed todescribe:. ————

Let V* denote the dual space to V. Thus an element ye V* is a linear functional on

V. We denote the value of y at the vector v by y-v. For any ye V* and me M we can

form y-J(m) which.is a number depending on y and m. Thus y-J is a numerical

function on M. We can thus form the integral

, A
f(7)=JMe .

Thus 0 < F(y) < + oo (the integral may diverge to + o). Suppose that yis such that
F(y) is finite. Then

p = 1 3_7“‘ (
T _F(y)

defines a state of the system. Indeed p_ is a positive function and by the definition of

We thus have a collection of states, parametrized by a subset of V*. Notice that
if F(y) < + co then Ent(p,) is finite. Indeed

— prlog pyu=— pr(— log F(y) — v I)p.

Now F(y) is a constant, when considered as a function of an M. Therefore

el

42
43

hY
J

pylog F(y)u =log F(y).

Furthermore,

. ! Y )
Pyd b= L\, Py)

o

is just the expectation of the vector-valued observable J in the state p . Therefore we
can write

prﬂ'Ju= v EJ; py)

Thus

Let us take into account that the functlon J may also depend on some

log F(7, Q) then (22.44) becomes
S=Z+yJ(y,0).

n the special case that J=H this i 24). :

first and second law of thermodynamics and we derived.

[pru =EJ;p,)=1J
N

(In particular we are assuming that {Jp,u convergeé absolutely.)
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We claim that the state p is then the unique solution to the maximization problem.
In other words, we have the following theorem.

Theorem: Let yeV* be such that F(y) < + oo, and (22.44) holds, where p is defined by

(22.43). Let p be any other state with

{ —
J pdu=1J. (22.45)
Then

Ent(p) < Ent(p,)

Proof The proofis a repetition of the argument we gave to show that (1/k,..., 1/k)
maximi i : ave

— p(m)log p(m) — (— p(m)log p,(m)) < p,(m) — p(m). (22.46)
Indeed, if p(m) =0 the left hand side vanishes and the right hand side is positive.
If p(m)> 0 then

— p(m)log p(m) — (— p(m)log p,(m)) = — p(m)log [ p(m)/p,(m)]
< pm)([p,(m)/p(m)] — 1) = p,(m) — p(m),

r )
— |plogpu~— [plogp,u<0
since
ff r
qu=pru-1
But
— —
ans so

er logp,u=1log F(y) + J ply- N =IlogF(y)+ v Ueru )

=log F(y)+ y-J = Ent(p.,)
S Py

since E(J;p,) = J.
Thus

Ent(p) < Ent(p,).
(Notice also that inequality (20.46) shows that
—plogp < - p[logF(y) +rdl+p,—p

—fplog p U d1verges it must dlverge to — co. )




qui 1OTIUm .o

Notice also that inequality (20.46) is strict if p(m)/p (m) # 1. Thus if p(m) # p (m)for
a set of positive measure we must have Ent(p) < Ent(p,). This completes the proof of
the theorem.

As a consequence of the above theorem we now give the (statistical) definition of

- an equiibrivmy state. 00

Definition: Let J be an observable on (M, s/, p). If y is such that F(y)={e "Iy < oo
then

is called an equilibrium state of the system (relative to the observable J).
We must show that (under suitable hypotheses) for any value of J there exists a
state p, such that E(J; p,) = J. The proof of our theorem shows that if such a p, €xists

aall a 1halTall /\ (Aele » all N AN ATE = Als N e (Y1 Y ol A

. .
Al. let M = !¢ o and he 3 nexample A O = On 6 = = R be one-

dimensional and let J:M — R be given by J(e;) = ¢; where the ¢, are real numbers
(which we may think of as ‘energy levels’). With no loss of generality we may assume
the labelling of the elements of M is such that

81 <82 < ---Sk.

Then V* =R and for any feV* we have

p=1
— P&
c
pyle) =—
N\ o~ Bep
-
r=1

This is known as the ‘Maxwell-Boltzmann distribution’.
We recall the computation of the expected value of the ‘energy”

NeeFe
LT

E(J; pg) =lzeﬁ

or more succintly,




(This last equation represents a general rule, as we have seen.) Then

_O0EJ;pp)  YelePn [ Nee )2
op - Ze—ﬁs. - ze—ﬁa,
(‘

[0\
= |IJ|Izppu—UJpﬁu)

LY

2

= |(J = J)ppu<0

with strict inequality unless all the ¢; are equal. (If all the ¢; are equal there is only one
possible value for J, namely the common value of all the ¢;, and all the p; are the

z 'ﬂi— K. S, M tnis-€asc;ou 1 .
then E(J; p,) is a strictly decreasing function of B. It is clear that
—im EJ;pp)=¢ and —Im EFpg)y=er.—
= oo

Thus, any value of J such that &; <J < g, can be achieved by a unique choice of .

—Forany value of fwe have =
Ent(pg) = — pyle)) log pyle;)

—fe [~ /

= — Ziﬁtlog (e~ #) —log (;e‘ﬂ%\)]

convenience, we label the elements as ey, . . ., ¢, so that there are k + 1 elements in M.

Let J=(J,,...,J,) map M into R* where B

1 e_')’l e_')’k

\ —
7

T s
F' 7" F(y)

If we denote p.(e;) by p; then it is clear that any point p = (py,..., p;) in the interior of
the simplex can be achieved by a suitable choice of the y,. In this case all states
corresponding to interior points p are equilibrium states.

- . H o e
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The reader can check that this map is one-to-one with a differentiable inverse.
B. Let (R, o7, 1) be the real line with its standard measure. If we take J to be the

identity map J(x) = x then the corresponding Z(p) = [* e~ ™dx diverges for all

values of . However, let us consider the map J:R— R? given by J(x) = (x, x?). Then
for all y=(y,,y,) with y, > 0 the function

L

—

converges. The corresponding equilibrium state

o = F(\~le "% 725 _ F(a)— Le?i12g—(x+71/2r2/21/29))
Pr—XH—= F)—F C

is clearly a normal density with expectation m =y, /2y, and variance ¢ = (2y,)” /2.
It is clear that for any ¢ >0 and any m we can find y =(y,,p,) such that

e —(x— m)2/2¢72.

py(x) = ”V/(Z”I)

Thus among all random variables with derivatives and having a given expectation
and variance, the normal distributions maximize the entropy. To compute the
entropy we observe that by translational invariance we may as well assume that
m=0. Then

— P

I g=**/2a2 —l—lug2u—i—lugo + x2
0\/(27t) ) 2 202 |

=logo +ilog2n + 1.

A B P
Y

Notice that the entropy tends to — oo as ¢ — 0. This corresponds to the factasg — 0
the p is more and more concentrated about a point and an ‘infinite amount of
information is required to pick a point out of a continuum’.

C. Let us consider the observables J, =x and J,=Ilogx on R™. Then
Y= ('})1-.'})2)sJ =(J,J,) and

(* 0
F(y) = e~ "1¥g T r2loexdx
JO
[* o
= e~ " *x~"2dx
JO
converges for y, >0 and y, < — 1.
If we set k= —7v, +1 and y =y,x the integral becomes
(* o
F(y) —mxxk 1d.X,
JU
)
=y v | ey iy
JO




The corresponding distributions are called the gamma distributions. The density o,

1S NOW
= 1 —y1x—y2logx
p [rrs \e M

N ZA7)

We want to compute the vector valued expectation
E(J) = (E(J,), E(J,))-

* o0
xe ~ V1~ v2logxdy

We have
E(Jl) ==

0
(* oo
log x-e~v1*~v2logxqy

JO

A
vl =v20—71%4..
A \ ¥ A,

So,

Again, we set y=y,x and k=1 —y, which give
e MYy ="'k + 1).

E(J,) = V,i_l [

R1 we

The evaluation of E(J,) is left as an exercise.

F(g)=3,

converges for all values of 8. We set
e #=1, then F(f)=¢e

(The parameter A is frequently called the “activity”.) Then

1k

and so
Prob{Jp; =k} = e‘*%.
Thi ) ¢ srobabilities is-called-the Poi fistributionNotice {1
E(J; pg) = — log F(B)/af = — de™#/0p =™

E(J, eﬂ) = }..

box. Let us pause in our list of examples to summarize the general theoretical results

once more. In classical statistical mechanics
a system is a measure space (M, <, ),




a state is a non-negative function p on M such that jp u=1,

the entropy of a state is Ent(p)=—fplogpg,
an observable is a vector-valued function on M,

b

If J is a particular V-valued observable the partition function associated to J is the

—funettondefined forye¥V*by — — — —
F(y)= Je‘”u

This is defined on the subset C of V* where this integral converges.
The Massieu function Z is defined on C by Z =logF. The equilibrium states
relative to J are the states of the form

p,=F(y e ™

NN . = . NE NTe = - ')
v v ~ ~7 ~7 ~ =~ v A cl U/ waw

the equilibrium state p, from the Massieu function by the formula

I — — 07/,
Ji A £}
which we may write as
J=—0z/dy

for short. Then
- S(p=Entp)=2+y¥&——— 00—
In particular, we can determine y from J by the formula
y=05/0J.

(Here we are thinking of S as a function of J by considering ¥ as a function of J by
inverting the given function J =J(y).) The observable J may depend on some
auxiliary variables, Q,,...,Q,. That is J may be a function of M x B where B is some
space with coordinates Q, ..., Q,. Then the function F and the equilibrium states p,,
will also depend on these auxiliary parameters.

If one of the components of J is called H — the ‘energy’ — then the internal energy

atc p 1S gecinecg to oc s ) VY ] CSC QCIin O11S, and 1C-aISCUSS1OO1—wWoO
that we gave in section 22.8 (cf. equation (22.40)) we now have all the ingredients to
‘mi ic’ ‘ ic’ observed phenomena.

22.11 Quantum and classical gases

Let us begin by comparingthe partition functions for the three systems, D, E, and F
in section 22.8. For each of these systems we shall consider a two-dimensional

serv =(N, , W I € u

occupancy’ and H as the ‘energy level’, and where the functions N and H are related
bv

H = N¢




Table 22.2

System (k) Partition function E(N)
D 1/k! expfe 16297 — exp e~ T] o —a)T
E (O) (1) 1 “(Brtpag) — | (u—e)/T 1
,‘t = l’l’ = + € 1 28 = + e _
uk)y=0if k> 1 1 4e et
1 1 1
‘ 1 I —e Bith | el smGaT |

where ¢ is thought as the ‘energy of the single state occupancy’. We have already
done the computation for case D in the preceding section, but let us now do them all
at once in the form of a table: Table 22.2.

volvedin tl . Fisi . o5 T E it is just the

-:‘ [l W ] ASC l' D l: ] NC Adenominato O TNC SXPICSS S
negligible. When this happens the probability assignments to the observable N are
quite close. In Table 22.3 we have set

l - e(u _5)/T.

dDIC A d DC OSC (0 Oonec anotne NNen 418 = smal. by 0 g
‘concentration’ they can differ markedly. Figure 22.17 is a graph of the three
functions e, 1/(¢* + 1) and 1/(¢* — 1). Notice that for ¢ > 2 the curves are practically
identical, but for small values of ¢ (corresponding to high concentrations) they
diverge from one another considerably.

Let us now consider the situation where we have d copies of one of these systems,
each with a different value of the single occupancy energy, so that we have d values

M=M,x - xM,

System Name Prob(N =k)

D Boltzmann—Poisson e *Ak/k!
{ Prabh (AN — M 141 7y
) p 3 IUU\lV —_— U} - 1/\1 - AJ

E Fermi—Dirac Prob(N=1)=i/(t + %)
1Prob (N>1)=0

F Bose—FEinstein (geometric) (1 — )A*




EaNN
S~

Z t

Figure 22.16 Plot of the Boltzmann, Fermi—Dirac and Bose—Einstein
expectation values for the number of particles as a function of (u —¢)/T
={.

and define

N=N,+-+N,
Then the partition function for the total system is just the product of the partition
functions for each component system:

F=F x.---xF,

with

F;= Fs,(ﬁl’ B2)
where we have to plug in ¢; for ¢ in our expression for the partition function from
Table 22.2.
Let us say once more what this means. We have d systems. We have put them

—together to get one system. This corresponds to allowing them to ‘interact’. The—

equilibrium states for the ith subsystem would be determined by its own two

criterion (22.26).

0 Iar we ha been ve a0 % and no hosen anv. phvsi (€ ..fl.lI'

component systems. Now consider the following model of ‘gas in a box’ (different




from the approach we took before). Consider a subregion in phase space of the form
A R 3 . - .

0 a¥a a¥a ENEN 1D o0 o a . ocNtered a¥a
= 2 [a\ c C

some point p in momentum space. To say that a gas molecule lies in our region
means that it is in the box and that its momentum is close to p. The occupation
momentum close to p. The subsystems ‘interact’ by collisions, that is by interchang-
ing momenta. Let us assume that the energy of a single particle in the subregion s its
kinetic energy. Thus

ep)=3llpl* =3(: + p; +p7)
is the ‘single occupancy’ energy for the subsystem centered at p. Thus the
Boltzmann—Poisson prescription says that ‘expected number of particles in our
subsystem’ is proportional to

exp [(n—zIPI*)/T].

a = 1N sx7hoere the aAAd

adjusts for the density of the gas. Of course we have passed over two steps of a
__technical nature — allowing for an infinite number of subsystems to fill up all of phase
space and letting the size of the phase space regions shrink to zero. Neither of these

presents great difficulties.

But we could apply the same idea to the Fermi—Dirac or to the Bose—Einstein
statistics. Thus for Fermi—Dirac the Maxwell-Boltzman distribution would be
replaced by

1
exp [GlplI> —w/T1+1
with a similar replacement for the Bose—Einstein case.

f(p)=

22.12. Determinants and traces

(for each of our three cases) in a fashion that looks weird, but has profound

exponentials is the exponential of a sum we have

— (84T + B+ XN
Wi P27

= Det(expe )

since, for any matrix we have Det (exp 4) = exp (tr A).

—Next let us took at the Fermi—Dirac case. Then since the determinant of any —
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Table 224

System Partition function
BOlthann Det(exp e” ff 1{ + ﬁzX))

F ermi—Dirac Det( I+e \11 xr-r‘ PDZAJ)
Bose—Einstein Det[l —e #0971

diagonal matrix is just the product of its diagonal entries,

(Fify 0 0
F(B,,B,) = det 0 FZ(’? L p) - 0 (22.48)
N 0 Fa(rgla 134)/

The matrix on the right of (22.48) is the same as the matrix

A

IT+e (B +2X)

and so

F =Det(I + e~ il *+620)

Similarly, in the Bose-Einstein case the corresponding equation is
F=Det[I —e Fri+iX]71
In other words, we get Table 22.4.

—If we compare Table 22.2 with Table 224 we see that the change consists of —
replacing the scalar 8, + f,¢ by the matrix ;I + f,X and taking the determinant.

We will now express the process of taking the determinant in a slightly different

asnion. belore oing SO W€ make a numocr O

algebra. Let V be a vector space and A a linear transformation of V. Then 4 induces a
(A® A)(u®v) = Au® Av.
If A =e¢'f then differentiating the equation
etY ® etY(u ® U) — etYu ® CtYU
__with respect to t at t=0gjves
(d/dD[e" ®e"u®v)] ;=0 =Yu®@v+u® Yo

—(¥QI+I@ V]

This shows that €Y ® €'Y =exptZ where Z is the operator
YRI+IR®Y.

In other words,

r xr +FY ) A1 ) oY
18 4 1Y [T ¥WI+—1ry&1]
e ®e'' =¢ .

Similarly, if we consider the induced actionon V@ V& V we obtain
e Qe Qett = HYOIBI+IBYRI+IQI0Y]
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with a similar expression for V® V® V® V and so on. We shall use the general
expression for the matrix that occurs in the exponential on the right hand side as
D,(Y). Thus

D,(Y)=YRI+I®RY on V®YV,

D (V)=YQIRQI+IRYRI+IRIRY on VRVRV,
and so on. Thus, for example, setting t =1, on V® V® V we would get

efRet®el = P3)

Taking the trace of the left-hand side of this equation gives (tre')?, since

tr(A® B® C) — (tr A)(tr B)(tr C) — traces multiply under tensor product. Thus

(tre’)” = tre”3'".

Let us also set

A NITA VAN N

Uo[ p } — VU
and

D,(Y)=Y
so that

(tr Y)¥ = trePx®

for all k.

We can thus write the partition function for the Boltzmann composite system as
Det (expe ~ P11 +62X)) — exp(tre~ P11 +52X)

= Z(tr [e” (B1I+ ﬂzX)] )k/k!

= 1 X

by taking Y= e~ ¥11+#2X) We shall write this formula in even more compact form.

1 2

k s

To(V) =R,
V)=V,
Tz(V) =V®YV,

T,(V)=VRVY, etc.

Let us now consider the full tensor algebra

(This is an infinite-dimensional space, but not to worry.) Any matrix on this space

— will have a block decomposition

/AOO A01 AOZ A03

where A, is a transformation of T,(V) (i.c. a scalar), A, , is a linear transformation of
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T((V), A,, is a linear transformation of T,(V) and so on. Now define
tl‘®A = y‘(l/k!)tl‘Akk.
—Of course this expression need not converge. We will consider it defined onlty when

the infinite series converges absolutely.

DY) O 0 0 0

0 DY) O "

pDY)= | o 0 DY) 0 0
0 0 0 Dy(Y) 0

Here we have set Dy(Y)=0 and D,(Y) =Y. We then have
tr®eP® =3 (1/k!)trexp {D(Y)}

SO

F(By, B,) = tr8e DBl +h2X)

We now turn to an analogous construction for the Fermi—Dirac situation. Instead of
T(V), the tensor algebra, let us consider A (V), the exterior algebra. For example,
let us look at A2(V)=V A V, the space of exterior two-vectors over V. This time
define D,(Y) as a linear transformation on A *(V) by

D,(YYunrv)=Yunv+un Yu

e" Aev=eP2M on A%(V)

In the same way we define
D\M=YAIAI+IAYAI+IAIAV on A3V

the single matrix on A (V) whose diagonal components are the D,(Y). Of course, this
is now a finite matrix (if V is a finite-dimensional vector space).
Suppose that Z is a (diagonalizable) matrix with eigenvalues Zi,...,z, and

O asenondimoetroenveecto O O hen 1w now-tha he v O

basis of A %(V), and

(ZAZ)ene)=Ze; NZe;=zzie; Nej,

so that
z,Zj, i<j,

are the eigenvalues of Z A Z on A “(V). Similarly,

Zp, 1<j<Kk,
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I 0 0 0 0

0 Zz 0 0 0

) 0 0 ZAZ 0 0
VAES

0O 0 0 ZAZANZ O

then

tI‘ZA = 1 +Zzi+ZZiZj+ZZiijk+ st
=TT1( +z) = Det (I + 2).
We apply this to Z=¢". Weuse the formuta

()~ — o D)
¥ ~

which is just the direct sum of all the formulas
1=e"=¢e"") on R,
et = el on V,
ef et =P on A%(V), etc.

We obtain
tr"e?® = det (1 + %)

A2(V). If we take Y = e~ #I+52X) we get

det(’ + e_(ﬂ11+ﬂ2x)) — tr/\ e_D(p11+ﬂ2x)_

are computing the trace over

Let us summarize the strange mathematical manipulations that we have been

with ‘energies’ ¢,,...,¢&, The corresponding partition function is

Z{N A" Pe1 ~— Bea
A p)==¢ +—C .

If we let X be the diagonal matrix with eigenvalues ¢,,..., s, then we can write this

p/\"w\\'lln oo
IoTirraa—4as

Z(B)=tre #X
We are letting V denote the vector space R? and the trace is the usual trace of a

matrix. We now want to consider a more complicated system where each of these
‘energy levels’ can be occupied by a varying number of ‘occupants’. We now have
two equilibrium observables — the total number of occupants and the total energy.
The partition function now depends on two variables and the passage from the
—simple system to the occupancy systemis:

replace

y and then Z(B, B,) = tr’e oltzmann—Poisson),
V by A(V), then Z(B,,8,) = tr" e Pl F2X1 (Fermi-Dirac).
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Table 22.5

Simple %4 exp(— BX)

Boltzmann—Poisson  T(V) tr®e~ PPITAAT = Det(exp e P T72X])
Fermi—Dirac A(V) tr e DIPI+82X] — Det (] 4 ¢ ~1B1 +52XT)

syma — D[ T+ f2X] __ —[BsI+f2X\—1

Einstein case, we replace the exterior algebra by the symmetric algebra S(V) (the

1€ SAINC 4 [ ] ]

case except that now we will have
tr™Z = Det( — Z) "

We summarize our results in Table 22.5.

Let us review the construction of the preceding section in the simplest case. We
consider a system which is a finite set and for which u assigns equal weight to all
points. In other words system A of section 22.6. ‘Integration’ is just summation. An
observable is a function on this finite set and a state is a non-negative function which
sums up to 1. But we decide to write functions as diagonal matrices, so that sums
become traces. Thus a state p is written as

o) 0 0 0
0 p2 0 O
0 0 p@3) O

( ) 0 0 0 )
;|0 I 0 0
( 0 0 J3 0 - J
so that
EJ; p)=trJp. (22.50)

The partition function was given as )
F(B)=tre # (22.51)




() C.

where

&g 0 0 O
- 0 & 0 O
A =

0 0 ¢ O

and then the equilibrium states are given by

i 0 0 0
0 ef2 0 0
0 0 e fs 0

Pp= Fp)™

or

= F(B)~le~BX (02 %
=\ \(“zJ

L= -

Fa)
Fp

a N als ] =
C Ui AT AV Paco O OHHC—C

depending on what kind of ‘statistics’ we wished to consider. In all of this, the onl
matrices we considered were diagonal matrices, so the use of matrices altogether was
very artificial. But now let us take this matrix picture seriously.

Let V be a vector space with a scalar product. (For important physical reasons we
will want V' to be a complex vector space and (, ) to be a positive definite scalar
product, so that V is a Hilbert space. In actual applications one frequently will also

Wd 10 0C C-0 CIISIONA »]¥ OT UNdc a1l D C KCY 1acas w< o O

need to get involved with the technical problems of Hilbert space theory and can
illustrate the concepts in a finite-dimensional setting.) Recall that an operator A on V

is called self-adjoint if
(Au,v) =, Av) forall wu,veV

The arguments of section 4.3 (done in the complex vector space setting) show that
any self-adjoint can be diagonalized - that is, that there is an orthonormal basis
€1,..., e, of Vsuch that

Aei=}.iei, i=1,...,d,
where the A, are real numbers. (In the infinite-dimensional setting the co din

theorem, suitably modified, is known as the spectral theorem.) Let us say that A4 is
non-negative, or 4 > 0, if all the 4; are > 0. What amounts to the same thing, 4 is
non-negative if and only if

(Au,u)=>0 for all ueV

following definitions.
A quantum system is a complex Hilbert space, V.
A quantum (statistical ) state is a non-negative self-adjoint operator, p, such that

trp=1.
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The entropy of a state p is given by
Ent(p)= —trplogp.
—A-quantum observable is a self-adjoint-operator—————

The expectation of the observable A4 in the state p is given by

I o
i\

Let J,,....,J, be k commuting observables. That is, assume that

JJ;=J;J; foralliandj.
Let =(B,,...,B,) where the 5, are real numbers, and define BJ to be the observable
pI=pJ+ -+ BJ:
Then the corresponding partition function is defined by
iy

(R — tra
P 3 \IJ}_ |%

thh

and the equilibrium states p, are defined by

s (N~ 1,—p)
Ppg—1\pP) v .

Thus the expectation of an observable A in the equilibrium state corresponding to

PPNP- O <

1S grven _y'

E(4;p,) = F(B) ™ tr Ae ™", (22.53)

Equations (22.52) and (22.53) represent the basic theoretical content of quantum

statistical mechanics. To quote from page 1 of Feynman’s book Statistical

entire subject is either the slide-down from this summit, as the principle is applied to
various cases, or the climb-up to where the fundamental law is derived...’.

infinite series, which may not converge. So not all operators have traces.
Correspondingly, the function F(B) will only converge for a given range of §. We will

as a model.
The basic difference between the quantum system and the classical system is that

in the classical system an observable was a function (on a finite set) which we chose to

matrices. This might appear, at first glance, as a technical modification (one that has
been amply verified by experlment over the past s1xty years) In fact, 1t represents the

elementary rules of logic. Let us explain.
We begln with a classical system agam Let us define a yes or no observable to be

experiment in which the final answer is given by a certain 1ndlcator (say a hght ora
click) being on or off. To say that a function f takes only the values O and 1 is the
same as to say that

f(m)* =f(m)




for all m, or, more succinctly, that,

f =f (22.54)
Every such function corresponds to a subset, B = M, the set where f= 1. So given
any subset b we get a function, f5, where

fem)=1 if meB and fy(m)=0 if m¢B.

If f and g are two ‘yes or no observables’ then, in a classical system,

fg is again a ‘yes or no observable’. (22.55)
—Indeed, if C-and D-aresubsetsthen———— —— ——
Jefo=fcnp (22.56)

since fo(m)fp(m) = 1if and only if both f(m) = T'and f;(m) = 1. Thus multiplication
of functions corresponds to intersection of subsets, i.e. to logical conjunction —a

~ ) 1 2 SN PP o Fa ~ D1t and on ¢ helono a A4 e1rono ~ I =Na exambpie

C and D are disjoint, i.e.,

_ : i £ f =0,
If C and D are disjoint then

Fe+Fp=F. p (22.57)

since both sides take on the value 1 when the argument belongs either to C or to D
(and no point belongs to both). The distributive law for multiplication

e+t fo)=fefct+fafp (22.58)
.. lat; f the distribution 1 ) l
Bn(CuD)=(BnC)yu(BnD). (22.59)

This, in turn, is just a version of the distributive law in logic. If we let B denote the
assertion that me B etc., then N denotes conjunction: B N C is the assertion that both
B and C are true. Similarly U denotes the (inclusive) or: C uD means that either C or

— D (or both) is true. (We will use the word ‘or” inclusively, so we don’t have to keep

saying ‘or both’) Thus the distributive law above just reflects the elementary

principle of logic:
P P &6

S S

To say that both B and (cither C and D) are true is the same as saying that

Let us now examine the corresponding situation in a quantum system. Our
observables are no longer functions but self-adjoint operators. We can not talk

oS )
vV U

call a self-adjoint operator, =, a ‘yes or no observable’ if it has only O or 1 as
eigenvalues. This will clearly happen if and only if

nt=nm (22.60)




subspace spanned by the eigenvectors corresponding to the eigenvalue 1. Thus each

e ) - ) DS PAa Z 1 10O DSE NAa

O O questio OITESpONAS oA SHOSP6 stead-0l-a-subsCl)and-we-can
7 4 for orthogonal projection onto the subspace A. Notice that now the zero operator
corresponds to orthogonal projection onto the zero subspace, {0}, and

0= (ncnp)* = npné = npme

so 7y =0 and

(EC+TCD)2=7Z(2;+TEIZ)=TEC+7ZD

O O > 2 > > , O N
v U1 OO0 t6 c - Vv “RW

orthogonal projection onto the direct sum, C @ D, of the orthogonal spaces C and D.
Thus

nc + TCD = TCC@D if 7ZC7ID == 0 (22.62)

: l ] ith (22.57) wl : What fails drasticallv i

(22.55). Given two subspaces C and D, it is not true, in general, that z.n, = 7,7 and
therefore the operator n.m;, is not self-adjoint and hence is not an observable. For
example, if C and D are two non-orthogonal lines in the plane, then 7.7, # 0. But the
image of n.7p, is C, while the image of ny,7n is D. So ncmy, # npnc. The problem stems
from the noncommutativity of matrix multiplication. Notice that the analogue of
the distributive law in set theory — the would-be assertion that

BN(C®D)=(BNC)D(BND)—is not true in general.

Indeed, if we take C to be the x-axis and D to be the y-axis in the plane, then C® D is
the whole plane and therefore Bn(C @ D) = B for any line B in the plane. But if B is
any line other than the x or y axis, then BnC=BnD = {0} so (BnC)®(BnD)
={0}® {0} ={0}, and the two sides are not equal.

Thus the distributive law does not hold in quantum logic. As we mentioned above,
the validity of quantum mechanics has been experimentally demonstrated over and

abandon one of the most cherished principles of logic when dealing with qu

observables.

Summary

A Carathéodory’s formulation of the Second Law

You should be able to explain under what circumstances there exist points near a
point P which cannot be joined to P by null curves of a one-form .

You should be able to state and explain Carathéodory’s formula of the Second
Law.

You should be able to explain the concepts of absolute temperature and entropy —




in terms of differential forms and line integrals and to describe how these quantities

—may be computed from empiricaldata. —— — — — — — — —

Exercises

22.1. Let a =(y? + y)dx + (xy* + x)dy. Characterize the set of points in R? that

can be joined to [ | by a null curve.
\L/

22.2. Let o = ydx + xdz. Find a null curve of « that joins the origin to the point
71\
(b) , where b > 0 and ¢ > 0. With the exception of the origin, the curve

c
should not pass through any points where X, y, or z equals zero.

22.3. Let a = xdy. Show that any two points in R can be joined by a null curve
of &, even though a A da = 0. Show that for the form g = (1 + x*)dy, two

_ points with different y coordinates cannot be joined by a null curve.

22.4. Write to form a = 2ye*dx as a = fdg and as « = FdQ in such a way that F
22.5. Consider one mole of a monatomic ideal gas, for which pV'=RT and
U = 3pV. Suppose the gas in initially in the state p = 32, V=1 and expands
_ tothestate p= 1,V =_8. Calculate the work done by the gasand theheat =~
absorbed by the gas for each of the following processes:
(a) First pisreduced to 1 by cooling the gas at constant volume, then V'is
——————increased to 8 at constant pressure.————

2

fixed volume.
(c) Throughout the process, pV>/% = 32.

22.6. For the monatomic ideal gas of exercise 22.5, write the heat form as
o = TdS. Thereby determine S (up to an additive constant) as a function
— ofpand V. Confirm that dT AdS=dpad¥%.
22.7. For a container of volume V filled only with electromagnetic radiation at
temperature T, the pressure is p =3CT*, while the energy is U = 3pV.
(Here C is constant.)
(a) By expressing the heat form dU + pdV as o = TdS, find an expression
for S as a function of p and V.

(b) S : vl ] f 1 . s Vo 1]
temperature T,. The volume is now increased adiabatically to 64 V.

aV¥a ho v N O Nrmeaed—d

6X‘paﬁbiuu.

228. (a) In a Carnot engine, heat is absorbed at temperature 4T, and

exhausted at temperature T,. What maximum fraction of the heat
absorbed can be delivered as useful work by the engine?

(b) Suppose this same engine were operated backwards as a refrigerator.

229. Forasystem of N protons, each of magnetic dipole moment p, placed in an
external megnetic field H, it is reasonable to regard H as the only
configuration variable. The magnetization M of the protons, and the
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associated energy U, are well approximated, in the limit of large 7T, by

Ny’H  —  N(uH)
kT kT

of course AU + W.F 1nd an express1on for entropy S asa functlon of T and
H.

22.10. Consider a system for which the volume V is the only configurational
variable. Prove the following relationships:

[ BT\ 2P\

(a) (—] =[] :
\aV/ adiabatic \as / fixed volume
/88 \ &P

(b) | — =[]

\ ov / isothermal \ a T/ fixed volume

(Hint: make use of dTA dS=dp AdV)

22.11. The ‘Helmholtz free energy’ F of a system is defined in terms of the internal
energy U as F=U —-TS.
2) S| hat if . isot] v with i lings, tl
increase in F equals the work done on the system.
(b) Suppose F is expressed as a function of ¥ and T. Determine its partial
derivatives with respect to these two variables.
(c) Determine the function F(V,T) for the ideal monatomic gas of exercise

22.5.
dVAdT
22.12. Let K = —————denote isothermal compressibility
VdT A dp
dv adp ) .
and o« =————denote coefficient of thermal expansion at constant
vdT A dp
pressure.
(XZ
Prove the relation Cp =C, +VT—:
K

equal — U and Bp respectively.
22.14. Suppose that entropy S of a system is a function only of its energy U, in

accordance with the formula S = N(U/U,)"/*. Find expressions for the
heat capacities of this system as a function of temperature.
22.15. Cons1der a system that COIlSlStS of three partlcles Two of them are

isti ird is disti le from the other

two. Available to each particle are three states, all of the same energy.

22.16. For a class1ca1 magnetic dlpole of moment pina magnetlc field H, the
energy is U = — uH cos 6, where 0 is the angle between the vectors.




By integrating over all possible orientations, evaluate the partition
function for this system.
22.17. Consider a system with three states whose energies are —¢,0, and ¢
respectively. Suppose the expected value of the energy is — 3¢. Determine
: wo states of energy 0,
energy is — 1e, what

uppose that a system hasone state ot energy

and one state of energy ¢. If the expected value of the
are the probabilities of the various states?

22.19. Consider a system with just two states, of energy — ¢ and & respectively.
Write down its partition function and use it to determine the energy U and
entropy S as functions of temperature T.

ppendix. Proof of then rem
—1-Rank-of a-ene-form
€ 1rst aeiine the rank oI a two-1orm. L€ € a two-Iorm. ror eac pOSi 1ve

integer k we can consider the 2k-form

~} o~

Q=QAQA - AQ (ktimes).

For each point x let k be that non-negative integer such that (Q¥),#0 but
. = 0. This integer k will, in general, vary with x. We define the rank o
at x to be the integer 2k. We will, in the main, be interested in forms of constant

has rank 4 since
Q?=dxAndy Adundv#0

while Q°> = 0. (Here we are assuming that x, y, u, 7, etc. are independent functions.
We now define the rank of a one-form. This definition is a little trickier, so we

= a asra atx. . a . P —
we say that w has rank two at'x. In general, look for the positive integer k such
that

W, A(dw)i™1 #£0

but

w, A (dw)t =0,
If (dw)* #0wesaythat « hasrank 2kat x.
—If (dw)=0wesaythat —whasrank2k=tatx.

Of course, these alternatives exist at each point x. We will only be interested in

I o A (dw)” 1s nowhere zero an w 1s 1dentically zero. € wan




to say that w has rank 2k if (dw)* is nowhere zero but

o A (do)=0 identically.

If we apply d to this equation we see that then (dw)**! is identically zero, in other

words dw has rank 2k.

Examples

The zero-form has rank zero.

dx, has rank 1 since d(dx,)=0 so k=0.

xlde VAN dx1 A de = 0.
dxo + x;dx, has rank 3 since d(dx, + x,dx,) =dx; A dx, has k =1 while

1 AY

(dxo +x1dx;) Adxy Adx, =dxg Adx; Adx, Z0

de + xlde + x3dX4 + .- +x2k_1dek has I‘ank 2k + 1

x1dx, + x3dx4 + -+ + x5, _1dx,, has rank 2k

in the region where not all the x,,_; vanish.

We wish to prove, in this appendix, that these are the only examples: that if o is
a linear differential form of constant rank 2k then we can always find local

coordinates x{,X5,..., X,; SO that

= xlde + X3dX4 + s + ka_ ldx2k9

while if the rank of w is 2k+1 then we can always find coordinates

X0sX15X2,..+5 X5y, SO that

®=dxg + x,dx, + x3dx4 + -+ + X5, 1dX,,.

It was this fact that we used to prove Carathéodory’s theorem.

2. Reduction to Darboux’s theorem

If we believe the above theorem, then we can always introduce coordinates so that

do=dx; Andx, +dx; Adx, + - Fdxp—1 A dXs.

Darboux’s theorem, which we shall prove later on in this appendix, asserts that

if © is any closed two-form of constant rank 2k, then we can always introduce

coordinates so that
Q=dx; Adx, +dx; Adx,+ - +dxy_1 Adxy.

Let us assume Darboux’s theorem for the moment and derive the normal form
theorem of the preceding section. If the rank of w is odd, there is no effort at all.

Indeed, dow is a closed two-form of rank 2k, so we can write dw as above. Then

do =d(x;dx; + x3dx, + -+ + X5 - 1d%2)

or

d(w — x1dx; + x3dx, + -+ + Xz - 1dX2,) = 0.
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So
@ — X1dxy 4+ X3dx + -+ + Xpp_ 1 dX o5 = X

w = de + xldx2 + X3dX4 + -+ x2k_1dx2k.

But

o A(do)f=dxe Adx; Adxy A oo Adxg—1 A dxyy

i zero by assumption. Hence dx, is independent of the remainin

dx; and so we can use Xy, Xy, ...,Xy; as part of a coordinate system. This completes
the proof of the normal form theorem for linear differential forms of odd rank,
assuming Darboux’s theorem about closed two-forms. For even rank we have to
work a little harder. What we shall prove is that if @ has (constant) rank 2k, then
we ca > /s

w= fo

where ¢ has rank 2k — 1. If we then apply the normal form theorem for forms of
odd rank, we can write

oc=dxo+wdx, +--- + Wor—3dXs,_»

where xq, W, X,, W3 etc. are coordinates. Now

5 £ L £ A [
W— JUAg T JW{UA T 7

= xldXZ + X3dX4 + -+ ka_3dx2k_2 -+ ka—ldx2k

if we set

Xy = fwiy, X3= Wiy, Xpp3= fWy-3, Xgz—y=f and Xy =X,.

__The fact that these xs are part of a coordinate system follows from the fact that
(dw)* # 0, which says that the exterior product of all the dx’s does not vanish, so
that the dx’s are linearly independent at all points. So we must prove that w = fo
where ¢ has rank 2k —1 and f is positive. For this purpose, we make use of
Darboux’s theorem (still to be proved), which allows us to write

da)=dV1 /\dy2+dy3 /\dV4+ ce +dy2k 1 /\dVZk

where y,, ..., y, are suitable local coordinates. If we use these coordinates and write

w=-a;dy; +azdy; +—+a,dy,
then, since w A (dw)* =0, all the a; =0 for i > 2k. The form of dw implies that the

ais fet l\z 21{ cannot depelld on the VHIIabIBS Vak+1s-+9Vns SINce Oth:EI WISC W¢E

would then get non-zero coefficients of dy; A dy;, with i <2k and j> 2k in the

expression f i

O =% &
— C

R?*. All other variables are irrelevant.
Now

o A (do)?

is a nonvanishing form of degree 2k — 1 on R?*. Hence, at every point in its domain
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of definition it defines a line, namely the one dimensional space of all solutions of
O [wA (dw)~1]=0

Thus w A (dco)" U defines a ‘line element field” — in other words a system of ordlnary

diffe i hoose a2k—1 d1m

a unique solution curve, and so corresponds to a definite time, ¢t (the parameter
along the curve), and a definite point (initial condition) on the hypersurface.

If we introduce coordinates z4,...,z,,_; on the hypersurface then ¢, ZiseeesZop_1
are local coordinates on R?*. In terms of these coordinates & = d/ot. In other words,
the forms

oAdo)f™! and dz; Adzy A - Adzgy_ g

—define the same line element field. Thus—

+ n A e — 1 P P g |
w A (Aw} =gazZy N NUZ7, 1

where g is a nowhere vanishing function. Replacing z, by — z, if necessary allows
us to assume that g is positive. Take f to satisfy

fr=g.

If we then define ¢ by w = fo then
do=df Ao+ fdo

SO

S | £ |
ONAQO=JonNdo
and, more generally,

- - 1 2 2k—1-

Thus

o A(do) '=dz, Adzy A - Adzyy .

Taking d of both sides of this equation shows that

(deV = =0

A\l

In other words, ¢ is a form of rank 2k — 1. This completes the normal form theorem
—assuming Darboux’s theorem. ——— — — — — — — —
3. Proof of Darboux’s theorem

us ma € iminary reductions for the p
We are starting with a closed two-form Q of rank 2k on an n-dimensional space.

ordinary differential equations) y,,...,y,_1, t so that £ 6/61,‘ T he fact that z(&j)Q

__vanishes identically then means that Q does not involve dt in its local expression

in these coordinates, i.e. that
Q=% a;dy, n dy,

L A 1




But then

dQ=7 (9a,;/0t)dt A dy; A dy;
and so the equation dQ = 0 implies that all the (da;;/0t) = 0. Thus the a;; depend
only on the ys. In er words, Q is really a two-form defined on the (n— 1)-
dimensional space of the ys. If n — 1 > 2k we can go through the same procedure

O Ut aown an adagitionatl dimension 1 OLI] NOIAS [] [] PIrOOIL O

theorem we may assume that 2k=n:
We claim that this condition implies that the form Q is non-singular at every

o 1] hat if
i(£,)Q,=0

(k times)

p g . s
n-forms is one-dimensional. Since, by assumption, the n-form [Q A Q A --- A Q] #0,
we must have £, =0. (In fact, it will follow from the ensuing discussion that, on an

H

condition that it be of rank n.) Another way of saying that Q is non-singular is
simply to say that the n by n matrix

that occurs in the expression

Q=> a,dy, ndy;
is a non-singular matrix at all y.
We will break the proof of Darboux’s theorem into two parts:
(a) adifferential geometric part which asserts that it is always possible to introduce
a local change of coordinates so that in the new coordinates the matrix

(a.-J.-(y))

is constant, i.e. that all the a;;(y) are independent of y;
(b) an algebraic part which asserts that we can make a further linear change of
coordinates so that the constant matrix (a;;) takes the form

0—-1 A P
v v

1 0
0 - .. 0
0 .1

0
1 0

Thisisat | . AP b we shall

prove by induction on the dimension.
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Suppose that V is a two-dimensional vector space and €2 is a nondegenerate
bilinear form on V. Let u be any non-zero vector in V. Then the linear form

Q= 0(u,)

is a non-zero linear form, by the nondegeneracy of Q. Hence we can find a vector
v s0 that

Q=dy, ndy,

which is our desired result. If ¥ has dimension n where n is some even integer
> 2, choose u and v as above, and let V; be the two-dimensional space spanned

b pu | T oy
Dy & allQ U, 111l

V=vV,®Vi

where V7 denotes the orthogonal complement with respect to Q. The restriction
of Q to Vi is non-degenerate, and so we can find the desired basis of Vi by
induction. The direct sum decomposition together with the two-dimensional result
then establishes the theorem for V. We now turn to the geometrical result, part
a). If we freeze the coefficients a;(y) at any particular value, y,, we get a

24 C PO Vo. D0 S Cnoug
to prove the following result.
_ Let Q, and Q, be two closed nondegenerate two-forms which agree at a point,

so that

Once again we shall prove this result by solving some differential equations; but
Qt——:(l _t)Qo"_th =Qo+t0- WhCI’C 6=Ql _Qo.

Then do = 0 and ¢ vanishes at 0. Since Q, is non-singular, it follows that €,(0) = £2,

is a non-singular for all t. Hence we can find a neighborhood of the origin on which

N » o Ot N a amalle sntaghharbhoaod
2, dl C

necessary, we may assume that our neighborhood is star shaped, and hence there
is a one-form B, defined in this neighborhood such that

c=dp and B0)=0.

Since the form Q, is nondegenerate, there exists a unique (t-dependent) vector field
&, with

equations. Solving these equations gives us a one-parameter family of diffeomor-
phisms, f,, such that f, =jd and such that the tangent vector to the curve fe(x)




at time t is £,(f,(x)). Furthermore f,(0) = O for all z. Now by the fundamental formula
—of the differential calculus-of forms (Chapter 18y we have ———

d d
If;kgt = f:k (:Qt +i(,)dQ, + di(ft)gt\ =0
dt \dt /

since
dQ, =96,

d

—-Qt =0,

dt
and

dilt)Qt = —df= —o.

Han

1
d
Q) — Q= fTQ — f§Q = r a(f?@)dt:o-

Jo

Thus f; is our desired diffeomorphism. This completes the proof of Darboux’s

X ¢ text to derive
Carathéodory’s theorem.




Further reading

Once again, the list of books that we give at the end of this section is not meant as

has been out of print for a while. It has just been repubhshed by Jones and Bartlett

and so is avallable once again. Even more than was the ca

abstract) mathematlcal proofs Slmllarly the Feynman Lectures once again prov1de
a general reference for the physics.

The main algebraic content of volume II is the passage from linear algebra to
multilinear algebra. The book by Greub is a clear and careful introduction to this
subject. In particular such subjects as the tensor algebra, the symmetric algebra,
and the Clifford algebras, which we touch briefly, are given a leisurely and detailed
treatment.

Chapters 12 and 13 treat electrical network theory. The classical old school circuit
theory text is Gulllemm The book by Lorram, Corson, and Lorrain discusses the

dehghtful introduction to the probab111stlc aspects of network theory and Kelly
for a more advanced treatment For the subject of graph theory in its own right

In Chapter 14 we barely give the definitions of homology and cohomology, so

as to introduce some language. We don’t really treat the subject at all. For an
1ntroductory treatment at the level of thlS book see Giblin. For an 1ntroduct1on

ﬁnlshmg this text, you should be able to read Bott and Tu which is a br1111ant and
elegant treatment of ‘many of the deep tOplCS in algebralc topology from the

precise treatment of differential t0pology we recommend Gulllemm and Pollack

icati Chapter 15, to

—differential geometry can be found in-Sternberg:
Chapters 16-19 treat electricity and magnetism. Theré are many excellent books
on this subject, and we have listed a selection. The one most accessible at the level




of this book is Purcell which 1s elegant and extremely clearly written and Wthh

et al. discusses electromagnetism using differential forms.
Two series of books which develop mathematical physics at level substantially
I hi i f Reed and Si  of Thirri
The first is mathematical and the second is a physics text series. Both are rough
going but worth the effort. The text by Thirring uses the exterior calculus.
The classical text on complex analysis is that by Ahlfors which can be read with
profit after finishing our Chapter 20. Another good book is Pélya and Latta. Of
—course there are many others. A-thorough book on asymptotic methods in relation —

to complex analysis is Olver which comes in a big and a small version. The book

operators and the geometric theory of asymptotics. It makes rather heavy

mathematical demands on the reader.
There are hundreds of books on thermodynamics and on statistical mechanics.
For an iconoclastic treatment of the history of the subject see Truesdell. By the

way, he violently opposes the point of view we adopt here towards thermodynamics.
The book by Born is a classic semipopular account of related topics. Our treatment

thick book. Kittel is thinner and more elementary in its outlook than our treatment.

We never got to quantum mechanics in this course except for a brief mention

‘ loi | | The | . Jucti ] biect |
mathematical point of view is still Mackey. A detailed scholarly treatment of
quantum logic at an advanced level is Varadarajan. A balanced well thought out

treatment with many applications is Bohm. Another user-friendly introduction is
Sudbery.
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