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FOREWORD

Eric Haines

On my shelf is an old book called A Programmer’s Geometry, by Bowyer and Wood-
wark. It was published in 1983, reprinted twice in 1984 and 1985, but then discontin-
ued. Over the years I have guarded my copy, keeping careful track of who borrowed
it. Checking on the Web today, I found six used copies ranging in price from $50 to
$100. This is a high price range for a paperback book only 140 pages in length. The
reason the book is worth this much is that it describes how to program various op-
erations related to 2D geometry. It does not just present geometric formulae; it also
describes efficient ways to accomplish tasks and gives code snippets (in FORTRAN).

Now, almost two decades later, we have a worthy successor to that slim volume.
The book before you distills a huge amount of literature on geometry into that which
is most useful to programmers. The field of computer graphics has evolved consid-
erably since 1983, and this volume reflects those advances. Due to the continuing
improvement in computer processor performance, operations that once were only
part of offline analysis packages are now commonly done in interactive programs.
Polygon triangulation, collision detection and response, and surface modelling and
modification are now possible at real-time rates. This book gives solid explanations
and code to perform these and many other algorithms.

Beyond providing a solid reference for a wide range of geometry-related tasks, this
volume also presents the underpinnings of the theory behind the algorithms. Rather
than employ a pure cookbook approach, which can leave the reader with runnable
code and no comprehension of how it works, the authors explain key concepts. This
approach makes each algorithm a tool that, further on, can be recombined with other
tools.

The dynamic nature of computer graphics makes it a particularly interesting area
of study. Research and implementation of rendering methods respond to changes
in the underlying hardware. For example, in the field of interactive rendering, the
emerging programmable nature of the graphics accelerator has changed the relative
costs of different techniques. On a broader scale, the evolution of the CPU has made
memory access and caching rise in importance, compared to the older practice of
minimizing the number of operations (e.g., counting multiplies and adds). However,
the underlying theory and algorithms for, say, finding the convex hull of an object are
considerably more long-lasting, less affected by changes. Of course, more efficient
algorithms are found over time, and hardware influences which method currently is
considered the fastest, but the basic principles remain the same. Years after you have
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shed your books on DirectX 9 or Intel’s 64-bit Itanium architecture, you are likely to
have some edition of this book on your shelf.

Another reason this book will have increased staying power is the Internet. I am
the archivist for the “Graphics Gems” series code repository. The code for this series
of books, including code by Philip Schneider, was wisely made free for reuse when
the series was published in the early 1990s. Over the years readers have sent in bug
fixes and improvements to the code base, so benefiting all. Similarly, Dave Eberly
has carefully maintained his “Magic Software” Web site (www.magic-software.com),
which includes working versions of many of the algorithms presented in this volume.
Called “a national treasure” by a leading researcher in computer graphics, this site
allows addenda and corrigenda to be made available instantly whenever they are
needed. Code does not rust; it improves with age when properly supported. This
is particularly true for algorithms in this book as they are not tied to particular
hardware, network protocols, or other transient objects.

Over the years I and many others have used algorithms and code by the authors
in products and research projects. An hour of a programmer’s time often costs more
than the price of a book. By this measure, you hold a volume potentially worth
thousands of dollars. That it can be purchased for a fraction of this cost I consider
amodern miracle. The amount of information crammed into this book is incredible.
The mathematics may be slow going at times, but the alternative would be to include
wordier and less precise descriptions of fewer algorithms. If you are looking for a
lightweight text you can read through and check off your list, keep searching. This
book sometimes requires effort and struggle to fully comprehend but then, so do
most of the worthwhile things in the world.
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PREFACE

The advent of fast and inexpensive consumer graphics hardware has led to an in-
creased demand for knowledge of how to program various geometric tasks for appli-
cations including computer games, scientific visualization, medical image analysis,
simulation, and virtual worlds. The types of applications are themselves evolving to
take advantage of the technology (Crawford 2002) and even include 3D environments
for the purposes of code analysis and visual debugging, and analysis of coalition for-
mation of political parties by representing the party beliefs as convex objects whose
intersections indicate a potential coalition.

It is possible to find much of the graphics knowledge in resources that are scat-
tered about, whether it be books, Web sites, newsgroups, journal articles, or trade
magazines. Sometimes the resources are easy to comprehend, but just as often not.
Sometimes they are presented with enough detail to illustrate underlying principles,
sometimes not. Sometimes a concept is presented with an eye toward numerical is-
sues that arise when using floating-point arithmetic, yet in other cases the concept is
presented only in its full theoretical glory. Correctness of the presentation can even
be an issue, especially with online articles. The time spent in locating the resources;
evaluating their relevance, effectiveness, and correctness; and adapting them to your
own needs is time better spent on other tasks. The book is designed with this in
mind. It provides you with a comprehensive collection of many of the two- and three-
dimensional geometric algorithms that you will encounter in practical applications.
We call these geometric tools since, after all, the algorithms and concepts really are
tools that allow you to accomplish your application’s goals.

The level of difficulty of the topics in this book falls within a wide range. The
problem can be as simple as computing the distance from a point to a line segment,
or it can be as complicated as computing the intersection of two nonconvex, simple,
closed polyhedra. Some of the tools require only a few simple concepts from vector
algebra. Others require more advanced concepts from calculus such as derivatives of
functions, level sets, or constrained minimization using Lagrange multipliers. Gen-
erally a book will focus on one end of the spectrum; ours does not. We intend that
this book will be used by newcomers to the field of graphics and by experienced prac-
titioners. For those readers who require a refresher on vector and matrix algebra, we
have provided three gentle chapters on the topics. Various appendices are available,
including one summarizing basic formulas from trigonometry and one covering var-
ious numerical methods that are used by the tools.

xliii
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The book may be used in two ways. The first use is as a teaching tool. The material
is presented in a manner to convey the important ideas in the algorithms, thus
making the book suitable for a textbook in a college course on geometric algorithms
for graphics. Although the book comes without exercises at the end of the sections, it
does come with a lot of pseudocode. An appropriate set of assignments for the course
could very well be to implement the pseudocode in a real programming language. To
quote a famous phrase: the proof is in the pudding.

The second use for the book is as a reference guide. The algorithms chapters
are organized by dimension, the two-dimensional material occurring first, the three-
dimensional second. The chapter on computational geometry is a mixture of dimen-
sions, but is better grouped that way as a single chapter. The organization makes it
easy to locate an algorithm of interest. The attempt at separation by dimension comes
at a slight cost. Some of the discussions that can normally be written once and apply
to arbitrary dimensions are duplicated. For example, distance from a point to a line
segment can be described in a dimensionless and coordinate-free manner, but we
have chosen to discuss the problem both in two dimensions and in three dimensions.
We believe this choice makes the sections relatively self-contained, thereby avoiding
the usual reader’s syndrome of having multiple pieces of paper or pens stuck in vari-
ous locations in a book just to be able to navigate quickly to all the sections relevant
to the problem at hand!

Inclusion of working source code in a computer science book has become com-
mon practice in the industry. In most cases, the code to illustrate the book concepts
can be written in a reasonable amount of time. For a book of this magnitude that
covers an enormous collection of algorithms, a full set of code to illustrate all the
algorithms is simply not feasible. This is a difficult task even for a commercial ven-
ture. As an alternative, we have tried to add as much pseudocode as possible. The
bibliography contains many references to Web sites (valid links as of the first printing
of the book) that have implementations of algorithms or links to implementations.
One site that has many of the algorithms implemented is www.magic-software.com,
hosted by Magic Software, Inc. and maintained by Dave Eberly. The source code from
this site may be freely downloaded. This site also hosts a Web page for the book,
www.magic-software.com/GeometricTools.html, that contains information about the
book, book corrections, and an update history with notifications about new source
code and about bug fixes to old source code. Resources associated with the book are
also available at www.mkp.com/gtcg.

We want to thank the book reviewers, Tomas Akenine-Moller (Chalmers Uni-
versity of Technology), Ian Ashdown (byHeart Consultants Limited), Eric Haines
(Autodesk, Inc.), George Innis (Magic Software, Inc.), Peter Lipson (Toys for Bob,
Inc.), John Stone (University of Illinois), Dan Sunday (Johns Hopkins University),
and Dennis Wenzel (True Matrix Software), and the technical editor, Parveen Kaler
(Simon Fraser University). A book of this size and scope is difficult to review, but their
diligence paid off. The reviewers’ comments and criticisms have helped to improve
many aspects of the book. The input from Peter and Dennis is especially appreciated
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since they took on the formidable task of reading the entire book and provided de-
tailed comments about nearly every aspect of the book, both at a low and a high level.
David M. Eberle (Walt Disney Feature Animation) provided much of the pseudocode
for several chapters and some additional technical reviewing; his help is greatly ap-
preciated. We also want to thank our editor, Diane Cerra, and her assistant, Belinda
Breyer, for the time they spent in helping us to assemble such a large tome and for
their patience in understanding that authors need frequent encouragement to com-
plete a work of this magnitude. The success of this book is due to the efforts of all
these folks as well to ours. Enjoy!
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INTRODUCTION

11 How To USE THIS BOOK

This book has many facets. An initial glance at the table of contents shows that the
book is about two- and three-dimensional geometric algorithms that are applicable
in computer graphics and in other fields as well. The sections have been organized to
make it easy to locate an algorithm of interest and have been written with the goal
of making them as self-contained as possible. In this guise the book is well suited as
a reference for the experienced practitioner who requires a specific algorithm for the
application at hand.

But the book is more than just a reference. A careful study of the material will
reveal that many of the concepts used to analyze a geometric query are common to
many of the queries. For example, consider the three-dimensional geometric queries
of computing the distance between pairs of objects that are points, line segments,
triangles, rectangles, tetrahedra, or boxes. The query for each pair of objects can
be analyzed using specific knowledge about the form of the object. The common
theme that unifies the analysis of the queries is that the objects can be parameterized
by zero (point), one (segment), two (triangle, rectangle), or three (tetrahedra, box)
parameters. The squared distance between any two points, one from each object, is a
quadratic polynomial of the appropriate parameters. The squared distance between
the two objects is the minimum of the quadratic polynomial. A search of the domain
of the function will lead to the parameters that correspond to the closest points on
the objects and, consequently, the minimum squared distance between the objects.
This idea of searching the parameter domain is the foundation of the GJK distance
algorithm that is used for computing the distance between two convex polyhedra. The
common ideas in the various queries form the basis for a set of analytical tools that
any practitioner in computer graphics should have readily available for solving new
problems. Thus, this book is also well suited as a learning tool for someone wishing

1
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to practice the science of computer graphics, and we believe that it is a good choice
for a textbook in a course on geometric algorithms for computer graphics.

For the reader who, before jumping into the analyses of the geometric algorithms,
wishes to obtain a moderate exposure to the basic mathematical tools necessary to
understand the analyses, we have provided three chapters that summarize vector and
matrix algebra. The appendices include a review of trigonometric formulas and a
summary of many of the numerical methods that are used in the algorithms. Our
intent is that the book contain enough of the basics and of the advanced material
that a reader will have a very good understanding of the algorithms. However, some
of the peripheral concepts may require additional study to comprehend fully what
an implementation of the algorithm requires. For example, some algorithms require
solving a system of polynomial equations. There are a few methods available for
solving a system, some more numerically suited to the particular algorithm than
others. Of course we encourage all readers to study as many peripheral topics as
possible to have as much knowledge at hand to address the problems that arise in
applications. The more depth of knowledge you have, the easier it will be to solve
these problems.

12 ISSUES OF NUMERICAL COMPUTATION

We believe the book satisfies the needs of a wide audience of readers. Regardless
of where in the spectrum a reader is, one inescapable dilemma for computer pro-
gramming is having to deal with the problems of computation in the presence of a
floating-point number system. Certainly at the highest level, a solid understanding
of the theoretical issues for an algorithm is essential before attempting an implemen-
tation. But a theoretical understanding is not enough. Those programmers who are
familiar with floating-point number systems know that they take on a life of their
own and find more ways than you can imagine to show you that your program logic
is not quite adequate!

1.2.1 Low-LEVEL ISSUES

The theoretical formulation of geometric algorithms is usually in terms of real num-
bers. The immediate problem when coding the algorithms in a floating-point system
is that not all real numbers are represented as floating-point numbers. If 7 is a real
number, let f(r) denote its floating-point representation. In most cases, f is cho-
sen to round r to the nearest floating-point number or to truncate r. Regardless of
method, the round-off error in representing r is | f (r) — r|. This is an absolute error
measurement. The relative error is | f (r) — r|/|r|, assuming r # 0.

Arithmetic operations on floating-point numbers also can introduce numerical
errors. If r and s are real numbers, the four basic arithmetic operations are addition,
r + s; subtraction, r — s; multiplication, r X s; and division, r/s. Let @, ©, ®,
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and @ denote the equivalent arithmetic operations for floating-point numbers. The
sum r + s is approximated by f(r) @ f(s), the difference r — s by f(r) © f(s),
the product r x s by f(r) ® f(s), and the quotient r/s by f(r) @ f(s). The usual
properties of arithmetic for real-valued numbers do not always hold for floating-
point numbers. For example, if s # 0, then r 4+ s # r. However, it is possible that
f(r)® f(s) = f(r), in particular when f(r) is much larger in magnitude than
f(s). Real-valued addition is associative and commutative. It does not matter in
which order you add the numbers. The order for floating-point addition does matter.
Suppose that you have numbers r, s, and ¢ to be added. It is the case that (r + s) +
t =r + (s + ). In floating-point arithmetic, it is not necessarily true that (f(r) ®
f@)® f@)=fr)® (f(s)® f(r)). For example, suppose that f(r) is so much
larger in magnitude than f(s) and f(¢) that f(r) ® f(s)= f(r)and f(r) ® f(t) =
f@). Then (f(r)® f(s)) @ f(t)= f(r)® f(t) = f(r). Itis possible to construct
an example where f(s) @ f(¢) is sufficiently large so that f(r) @ (f(s) ® f(t)) #
f(r), thereby producing an example where associativity does not apply. Generally,
the sum of nonnegative floating-point numbers should be done from smallest to
largest to avoid the large terms overshadowing the small terms. If 7| through r, are
the numbers to add, they should be ordered as r; <--- <r; and added, in floating
point, as ((f (i) ® (1)) ® f(ri)) @ - & f(r; )-

Other floating-point issues to be concerned about are cancellation of significant
digits by subtraction of two numbers nearly equal in magnitude and division by
numbers close to zero, both cases resulting in unacceptable numerical round-off
errors. A classic example illustrating remedies to both issues is solving the quadratic
equation ax? + bx + ¢ = 0 for a # 0. The theoretical roots are

—b + Vb? —4ac nd —b — Vb? —4ac
= a N=—
2a 2a

X1

Suppose that b > 0 and that b is much larger in magnitude than 4ac. In this case,

v/b? — 4ac is approximately b, so the numerator of x; involves subtraction of two

numbers of nearly equal magnitudes, leading to a loss of significant digits. Observe

that x, does not suffer from this problem since its numerator has no cancellation. A
remedy is to observe that the formula for x, is equivalent to

—2c
b+ +/b? —4ac

X1 =

The denominator is a sum of two positive numbers of the same magnitude, so the
subtractive cancellation is not an issue here. However, observe that

—2c

b —Vb?—4ac

Xy =
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so in this formulation x, now suffers from subtractive cancellation and the division
is by a number close to zero. Clearly it is not enough to choose one formulation of
the roots over the other. To be completely robust, you should look at the magnitudes
of b and ~/b? — 4ac and select the appropriate formula for x; and for x,.

Even if the numerical errors are within reason, this example shows another prob-
lem to deal with. An analysis might show that theoretically b*> — 4ac > 0, so the
quadratic equation has only real-valued roots. Numerical round-off errors might very
well lead to a floating-point representation of b?> — 4ac that is just slightly negative,
in which case the square root operation would fail (typically with a silent NaN [Not
a Number]). If you know theoretically that 5> — 4ac > 0, a safe way to calculate the
square root is as /|b? — 4ac| or /max{0, b> — 4ac}).

1.2.2 HIGH-LEVEL ISSUES

EXAMPLE

EXAMPLE

One of the main traps in floating-point number systems that the mathematical mind
falls into is related to the Law of the Excluded Middle. Simply stated, a proposition is
either true or false. In symbolic terms, if S is a Boolean statement (its value is either
true or false), then the Boolean statement S or not S is always true. Code tends to
be implemented assuming the Law of the Excluded Middle always holds. Not so in
floating-point arithmetic.

Consider a convex quadrilateral with counterclockwise-ordered vertices V; for
0 <i <3 and a point P that is contained by the interior of the quadrilateral; that
is, P is inside but not on any of the four edges. Exactly one of the following three
statements must be true when all points are represented by real numbers:

® P lies in the interior of triangle (V, V;, V3).
® P lies in the interior of triangle (V;, V,, V3).

® P lies in the interior of the common edge (V;, V3).

In a floating-point number system where the containment test is based on computing
barycentric coordinates, it is possible for all statements to be false! The problem is
that P is nearly on the common edge (V;, V3). One of the barycentric coordinates
for the triangle containing P is theoretically a small positive number. Floating-point
round-off errors can cause this coordinate to be a small negative number. If so,
P is tagged as being outside that triangle. If also outside the other triangle, the
three Boolean conditions are all false. This problem may occur when attempting
to determine which triangle in a mesh of triangles contains a specified point, for
example, during incremental construction of a Delaunay triangulation.

Consider again a convex quadrilateral. Any set of three vertices forms a triangle.
The circumscribed circle of that triangle might or might not contain the fourth
vertex. When all points are represented as real numbers, theoretically it must be the
case that at least one of the circumscribed circles must contain the fourth vertex.
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In the presence of a floating-point number system, it is possible that floating-point
round-off errors lead to tests that show none of the circumscribed circles contain the
respective fourth vertices. This problem may occur when attempting to compute the
minimum area circle that contains a finite set of points.

Theoretically, the intersection of a convex polyhedron and a plane is either a point, a
line segment, or a convex polygon. In the presence of a floating-point number system,
it is possible that the computed intersection may consist of a convex polygon with one
or more line segments attached to the vertices. For example, the intersection could
contain four points V;, 0 <i < 3, a triangle (V,, V;, V,), and an edge (V,, V3). Your
program logic for constructing the polygon of intersection must handle such aberrant
cases.

Numerous such examples may occur in nearly any implementation involving
floating-point numbers, so you should always be aware not to rely solely on your
mathematical reasoning when constructing the program logic.

A high-level issue in many computational geometry algorithms is the occurrence
of collinear, coplanar, or cocircular points. Theoretical discussions about the algo-
rithms tend to include assumptions that preclude these occurrences, just to make
the analysis simpler. For example, in a Delaunay triangulation of a collection of
points, if no four points are cocircular, the triangulation is unique. An incremen-
tal algorithm for constructing the triangulation is simple to construct. However, an
implementation must be prepared to make the decision between one of two possible
configurations when four cocircular points do occur (or nearly occur relative to the
floating-point system; see the earlier example in the low-level issues). Construction
of convex hulls is also plagued by issues of collinearity and coplanarity of points.

Certain algorithms involving the construction of intersection points require care-
ful implementation because of floating-point problems. Consider computing the
points of intersection of two ellipses. As you will see later, this is equivalent to com-
puting the roots of a fourth-degree polynomial of a single variable. Numerical al-
gorithms for locating roots may be applied to this polynomial equation, but beware
when the coefficient of the fourth-degree term is zero or nearly zero. Root finders
may go astray in this situation. Geometrically this occurs when the ellipses are circles
or nearly circular. Even if the leading coefficient is sufficiently large, another type of
numerical problem might occur, that of roots of even multiplicity. If 7 is a root of odd
multiplicity for a function f(x), then f(r) =0, but f is negative on one side of the
root and positive on the other side of the root (at least for x sufficiently close to r). If
r is a root of even multiplicity, the sign of f is the same on both sides of the root (for
x sufficiently close to r). The classic examples are f(x) = x where » =0 is a root of
odd multiplicity (1) and f(x) = x? where r = 0 is a root of even multiplicity (2). The
bisection root-finding method requires that the root be of odd multiplicity, so roots
of f(x) = x? cannot be found with that method. The standard presentation of New-
ton’s method for finding roots is done so for roots of multiplicity 1, although more
advanced presentations will discuss modifications to the method to handle roots of
larger multiplicity.
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The numerical problems with finding roots might be viewed simply as a side ef-
fect of using floating-point numbers, one that does not occur frequently. However,
sometimes the problems occur because of the very nature of the geometric query!
Consider the problem of detecting when two moving ellipses intersect for the first
time. Assuming the ellipses have different axis lengths, at the first time of contact the
intersection consists of a single point. Moreover, at that time the fourth-degree poly-
nomial that must be solved to produce the root has, by the construction, a root of even
multiplicity. Therefore, your root finder absolutely must be able to handle even mul-
tiplicity roots. When dealing with intersection of objects, the concepts of odd and
even multiplicity are related to transversality and tangency. If one curve intersects an-
other and the respective tangent lines of the curves at the point of intersection are not
parallel, the intersection is transverse. Any polynomial equation related to the inter-
section will have a root of odd multiplicity corresponding to that intersection. If the
tangent lines are parallel, the contact is tangential and the polynomial equation will
have a root of even multiplicity. Tangential contact is important in many applications,
especially in collision detection of moving objects.

Finally, a phenomenon that is less frequently considered when implementing an
algorithm is order-dependence of the input parameters. For example, if you imple-
ment a function TestIntersection(Segment,Segment) that tests if two line segments
intersect (the return value is either true or false), it is desirable that TestIntersec-
tion(S0,S1) and TestIntersection(S1,S0) produce the same result for any pair of
inputs S0 and S1. If the function fails to satisfy this constraint, it could be due to a
poor algorithmic design, but more likely it is due to incorrect handling of floating-
point issues in the implementation.

1.3 A SUMMARY OF THE CHAPTERS

For those readers wishing to review the basic concepts in vector and matrix algebra,
we have provided three chapters (2, 3, and 4). A summary of many of the numerical
methods used in the algorithms in the book is provided in Appendix A. Formulas
from trigonometry may be found in Appendix B. Appendix C is a quick reference for
basic formulas for some of the geometric primitives encountered in the book.

Chapter 5 provides the definitions for the various two-dimensional objects to
which the geometric queries apply. These include lines, rays, line segments, polygons,
conic sections (curves defined by quadratic equations), and polynomial curves. The
main geometric queries are distance measurements, discussed in Chapter 6, and
intersection queries, discussed in Chapter 7. Miscellaneous queries of interest are
provided in Chapter 8.

Chapter 9 provides the definitions for the various three-dimensional objects to
which the geometric queries apply. These include lines, rays, line segments, planes
and planar objects (two-dimensional objects embedded in a plane in three dimen-
sions), polyhedra and polygon meshes, quadric surfaces (surfaces defined by qua-
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dratic equations), polynomial curves, polynomial surfaces, rational curves, and ra-
tional surfaces. The main geometric queries are distance measurements, discussed in
Chapter 10, and intersection queries, discussed in Chapter 11. Miscellaneous queries
of interest are provided in Chapter 12.

An extensive amount of material on topics in computational geometry is pro-
vided in Chapter 13. The topics include binary space-partitioning trees, Boolean
operations on polygons and polyhedra, point-in-polygon and point-in-polyhedron
tests, construction of convex hulls of point sets, Delaunay triangulation of point sets,
triangulation of polygons and decomposition of polygons into convex pieces, and
minimum area and volume bounding containers for point sets. A section is also in-
cluded on area calculations for polygons, whether in two or three dimensions, and
on volume calculations for polyhedra.



CHAPTER

MATRICES AND
LINEAR SYSTEMS

2. 1 INTRODUCTION

One of the purposes of this book is to provide a large set of “recipes” for solving
many commonly encountered geometric problems in computer graphics. While it is
our intention to provide some explanation of how these recipes work, we’d also like
to go a step further. There is an old proverb that states “Give a man a fish, he will eat
for a day. Teach a man to fish, he will eat for a lifetime.” To that end, we’ve included
several chapters that attempt to impart an understanding of why and how many of
the basic tools of geometry in computer graphics work. When you encounter a new
problem of the type addressed in this book, you can develop solutions based not only
on adapting the recipes we have provided, but also based on a true understanding of
the concepts, principles, and techniques upon which our recipes are built.

2.1.1 MOTIVATION

Most books covering some aspect of computer graphics include a chapter or appendix
addressing the basic background for computing with points, vectors, and matrices;
this book is no different in that respect. However, we part company beyond that
point. Many computer graphics texts covering the mathematical analysis employed
in computer graphics begin with a coordinate-based, matrix-oriented approach. This
approach is also commonly used in the interface of many graphics libraries that have
been in commercial or research use.

Coordinate-based methods emphasize analysis based on the relationship of geo-
metric entities relative to some specific coordinate system. This approach is useful

9
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in some situations—for example, if we have a hierarchically defined model and we
wish to find the distance between two points that are defined in different parts of the
hierarchy, we need to transform the coordinates of one of the points into the space of
the other point and determine the Euclidean distance in the usual fashion.

However, even in this simple example, you can see some shortcomings of this
approach. Consider an example given by DeRose (1989) of simply showing the code
for a matrix-based transformation. In the absence of any “contextual” information,
the real nature of the computation is ambiguous. Consider a few lines of C-like code
for transforming a 2D point:

float P[2];
float PPrime[2];
float M[2][2];

P[0]
P[1]

X3
Ys

mfojfo] = 3; M[o][1] = 03
M[11[0] = 0; M[1][1] = 2;

PPrime[0] = P[0] * M[0][0] + P[1] * M[1][0];
PPrime[1] = P[0] * M[O][1] + P[1] * M[1][1];

This code fragment can be interpreted in any of three ways:

1. As a change of coordinates, which leaves the point unchanged geometrically, but
changes the coordinate system (see Figure 2.1(a)).

2. As a transformation of the coordinate plane onto itself, which moves the point
but leaves the coordinate system itself unchanged (see Figure 2.1(b)).

3. As a transformation from one plane to another (see Figure 2.1(c)).

As DeRose points out, these interpretations are not interchangeable: in the first inter-
pretation, lengths and angles don’t change, but they can in the second and third.

A further complication, which can be seen in this example, is that the represen-
tation of P yields no clue as to whether it represents a point or a vector. Thus, code
written and conceptualized in this fashion can perform what Ron Goldman (1985)
calls “illicit” operations such as adding two points together.

Such arguments may perhaps be viewed by some as being technically correct, but
so long as the job gets done, what’s the harm? It turns out that excessive dependence
on a strictly coordinate-based approach not only makes for ambiguous implementa-
tions and offers many opportunities for illicit operations, but also can make a prob-
lem that is relatively simple conceptually into a nightmare of implementation. An
excellent example, provided by Miller (1999a, 1999b) is as follows: Suppose we have
two vectors i and v, and we want a transformation matrix that rotates # onto v (note
that there are infinitely many ways to rotate one vector onto another; here, we con-
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Figure 2.1  Various ways of interpreting the example ambiguous transformation: (a) change of coor-
dinates; (b) transformation of plane onto itself; and (c) transformation from one plane to
another.

sider a rotation in the plane containing the two vectors, with the smallest possible
angle). In a strictly coordinate-based approach, you would have to do the following:

Step 1. Determine the series of transformations that would map each vector onto,
say, the z-axis.

Step 2. Concatenate the transformations for # with the inverse of those for v.
If we just look at, as Miller suggests, a small part of this sequence of computations

such as that of transforming # onto the z-axis by following the development in Foley
et al. (1996), we get a matrix that is the product of

1 0 0 Uy M
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Miller points out several difficulties with this approach (aside from the obvious ug-
liness of the above derivation): The denominators, particularly in the second matrix,
may be zero or nearly zero. This would require the implementation to carefully range-
check these values before using them. This situation would arise if # happened to be
parallel (or nearly so) to the y-axis, a condition that is otherwise irrelevant geomet-
rically to the problem at hand. This problem exists with the analogous matrices for
the ¥ vector’s transformations as well. Finally, it is also necessary to invert both the
matrices for ¥, which tends to introduce numerical imprecision.

An alternative vector-based approach would start by noting that the problem can
be viewed as computing the transformation matrix M that rotates about a vector
W =i x U. We start by computing the sine and cosine of 6, the angle between i

and v:
- -
. uxv
sinf = M
vl
u-v
cos 0 = —
[zl

According to Goldman (1990b) such a transformation can be constructed using the
following formula:

M=cosOl+ (1 —cosO)w @ w + sin OW

where
N
W= —
llwll
0 —w, W,
W=| w, 0 —w,
—w, Wy 0

I is the identity matrix, and ® is the tensor product operator (see Section 4.4.3).

In contrast to the coordinate-based approach is the vector geometric approach,
an example of which we just saw. Rather than being concerned from the start with
components of points (and vectors), and rather than starting out thinking of trans-
formations as 3 X 3 or 4 X 4 matrices, this alternative approach instead emphasizes
thinking about points and vectors as abstract geometric entities, which are manipu-
lated by (again, abstract) geometric operators (transformations, cross products, etc.).
In short, we’re talking about a geometric algebra. DeRose (1989) and Goldman (1987)
refer to this approach as coordinate-free geometry to point up the difference between
this and the coordinate-based approach that is commonly used.

Many of the sections in the next chapter attempt to build up the fundamentals
of this geometric algebra. There are several motivations for doing so. First, the algo-
rithms presented in this book can only be well understood if the reader has a firm
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grasp on what’s really going on (for example, what does a cross product really do, and
why is it formulated as it is?). Second, a good understanding of these basic princi-
ples will allow readers themselves to construct correct and robust algorithms for new
problems they encounter. Finally, this approach is, in the authors’ opinions, much
more intuitive, and it serves the graphics community to help counter the usual ap-
proach to the subject, which generally consists of introducing points and vectors as
arrays of real numbers, and various operations (dot products, cross products, trans-
formations) as apparently arbitrary arithmetic combinations of the members of these
arrays.

Finally, the discussions and explanations in this book are, as much as possible,
given in terms of this vector geometry approach, and accordingly, we attempt to
make as clear as possible the distinction between points and vectors. Supporting this
distinction are notational conventions that reflect widespread usage in the computer
graphics literature:

®  Points are represented in equations as uppercase Times italic characters, generally
using the letters P, Q, R, and so on, or in the case of sequences or sets of points,
subscripted versions of this notation: P;, P,, and so on.

®  Vectors are represented as lowercase Times italic letters, with a diacritical arrow
above them, generally using the letters ii, U, W, or subscripted versions in the case
of sets, sequences, or arrays of them: Uy, U,, and so on. Unit-length vectors are
denoted with a “hat” instead of a diacritical arrow: i, ¥, W.

This notation allows for the maximum visual distinction and reflects an approach
best justified by Ron Goldman (1985):

The coordinate approach to vector geometry—where both points and vectors are
represented as 3 rectangular coordinates—is the source of much confusion. If we
fix a coordinate origin, then there is a natural 1-1 correspondence between points
and vectors. Thus the point P can be represented by the vector O P where O is the
origin of the coordinate system, but this subtle distinction is generally ignored.
Even so, it is not correct to write P = O P; an elephant is not a banana, and a
point is not a vector.

2.1.2 ORGANIZATION

Most books covering geometry in computer graphics tend to mix the discussion of
points, vectors, transformations, and matrices all into one explanation; we’re going
to take a different approach.

In spite of our comments in the previous section regarding the coordinate-based
approach, an understanding of matrices and linear algebra is still important. One rea-
son is that one component of affine spaces (which we’ll discuss in the next chapter)
is a vector space, which has a close involvement with linear systems. Another rea-
son is that matrix operations can be (and are, generally) used to implement vector
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geometric operations. This chapter, then, is a presentation of matrices and linear al-
gebra principles that are relevant to the succeeding presentations of vector algebra
and the use of matrices in implementing vector algebra. Readers who are highly fa-
miliar with linear algebra may wish to jump directly to the next chapter. We have
included this material in the body of the book for those readers who would like “the
whole picture” and to provide a better narrative flow of the ideas linking matrices,
linear algebra, and vector algebra.

Chapter 3 shifts gears entirely and covers vector algebra from a completely
coordinate-free approach. Much of this material directly “overlaps” the linear-
algebra-based presentation of this chapter, and readers will certainly be able to see
this; for example, this chapter covers vector space from an abstract linear algebra
perspective, while the next chapter explains a vector space from the more concrete,
visual perspective of directed line segments. It turns out, of course, that these are the
same vector spaces.

Chapter 4 explictly brings together vector algebra, linear algebra, and matrices.
Other treatments of these interrelationships have either simply mixed them all to-
gether, which obscures the intuitive, vector-algebra-based concepts, or taken the po-
sition that the vector algebra is “merely” a geometric interpretation of linear algebra.
Our contention is that the ideas of location, direction, distance, and angle are the
more fundamental, and that linear algebra and matrices are simply a way of rep-
resenting and manipulating them. This difference may be a bit of a “religious” or
philosophical issue that is essentially unresolvable, but in any case it’s certainly true
that the coordinate-free vector algebra approach has many advantages in terms of
fostering intuition. For example, if you start with the linear algebra definition of a
dot product, it is extremely difficult to understand why this apparently arbitrary se-
quence of arithmetic operations on the elements of an array has any relationship at
all to the angle between vectors; however, if you understand the dot product in terms
of what its geometrical definition is and are then shown how this is implemented in
terms of matrix operations, you understand what the dot product really means and
how you might make use of it when you try to deal with new geometry problems.

2.1.3 NOTATIONAL CONVENTIONS

This book contains a rather large number of equations, diagrams, code, and pseu-
docode; in order to help readability, we employ a consistent set of notational conven-
tions, which are outlined in Table 2.1.

22 TUPLES

Before we get into matrices themselves, we’ll back up a level of abstraction and talk
about tuples. Conceptually, a tuple is an ordered list of elements; however, because
this book is about geometry in computer graphics, we’re going to restrict our discus-
sions to real numbers. Nevertheless, it should be remembered that tuples and ma-
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Table 2.1  Mathematical notation used in this book.

Entity Math Notation Pseudocode
Set {a, b, c}
Scalar o, B,y,a,b,c float alpha, a;
Angle 0,¢ float theta, phi;
Point P,O,R, P, P, Point2D p, q, r1;Point3D pl, p2;
Vector U, U, W Vector2D u, v; Vector3D w;
Unit vector u, 0, W Vector2D uHat, vHat; Vector3D wHat;
Perpendicular vector U, 0, Vector2D uPerp, vPerp;
Parallel vector ﬁ”, T)H Vector2D uPar, vPar;
Vector length i
Matrix M,N,M;, M, Matrix3x3 m, m; Matrix4x4 ml, m2;
Matrix transpose MT, NT Matrix3x3 mTrans, nTrans;
Matrix inverse ML N-! Matrix3x3 mInv, nlnv;
Tuple a=(apay..., an)
Determinant IM| or det(M) Det (m)
Space (linear, etc.) V, §2
Space (reals) R, R% R3
Dot (inner) product a=u-v a =Dot(u, v);
Cross product W=1uUX7Dv w = Cross(u, v);
Tensor (outer) product W=u# Q@ v w = Outer(u, v);
trices may (conceptually) be composed of complex numbers, or any arbitrary type,
and that much of what is discussed (in terms of properties, in particular) applies to
arbitrary element types.

2.2.1 DEFINITION

A single real number is commonly referred to as a scalar; for example, 6.5, 42, or 7. If
we have two scalars and wish to group them together in such a way as to give meaning
to order, we call them an ordered pair; a group of three is an ordered triple; a group
of four is an ordered quadruple; and so on. The general term for such lists is tuple.
For the time being, we’ll notate them with lowercase Roman boldface and show the
elements as parentheses-delimited lists; for example:

a=(6.5,42)
b= (r,3.75, 8, 15)
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222

2.3

Generically, we refer to a tuple of n elements as an n-tuple and use subscript notation
foritta=(ap, ay ...,a,).

ARITHMETIC OPERATIONS

The tuples we’re interested in are composed of real numbers, and it’s natural to
inquire into arithmetic using tuples.

Addition (and subtraction) of tuples is meaningful if each tuple has the same
number of elements and the elements represent “corresponding” quantities. In this
case, we can simply add (subtract) two tuples by adding (subtracting) their elements
pairwise:

= (apay- -, ay,)
(b by, ---,b )
a+b=(ay+bpay+by-,a,+b,)
(

-b

a; — bl’ a, — bz, s ay — bn)

For example, (6, 3,7) + (1, —2,4) = (7,1, 11).
Multiplication and division of tuples by scalars is defined as simply applying the
multiplication (division) to each element of the tuple:

ka = (kal, kay, - - -, kan)

3_<ﬂ2 a_n)
Kk \k kT «k

For example, 2 x (6,3,7) = (12,6, 14),and (6,3,7) /2= (3, 1.5,3.5).

What about multiplication of two tuples? This is a natural question, but the
answer is not so direct as it is for addition/subtraction and scalar multiplication/
division. It turns out there are two different types of tuple/tuple multiplication, but
we're going to hold off on this until we can put it into more context.

Given this idea of tuples, it’s natural to consider collections of tuples, which
together have some meaning or function (in the general and specific meanings of
that term). The type of organization of tuples of interest to us here is a matrix, whose
representation, properties, and application are the subject of the rest of this chapter.

MATRICES

At its most basic level, a matrix is simply a rectangular array of items; these elements
are real numbers, or symbols representing them. In computer graphics books, matri-
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ces are often discussed at a rather “mechanistic” level—a “bag” of numbers, and rules
for operating on them, that can be used for representing and manipulating graphi-
cal objects. This treatment, however, fails to convey why matrices work, and it is the
intention of the next few chapters to try to bring together linear algebra, matrices,
and computer graphics geometry in a more intuitive fashion. To that end, you are
encouraged to try to think of matrices as lists of tuples, or perhaps better as “tuples
of tuples,” whose order has some deeper meaning than “that’s just the way it works.”

For many reasons, a list (or tuple) of tuples can be most advantageously repre-
sented by writing them as a top-to-bottom stack of horizontally oriented individual
tuples, or as a left-to-right grouping of vertically oriented individual tuples.

Conventional notation is to bracket a matrix on the left and right with some sort
of delimiter—in this book, we’ll use square brackets, for example:

a
4 7 935
s2 7 (][50 )

2.3.1 NOTATION AND TERMINOLOGY

We denote a matrix with boldface uppercase letters like this: M or A. Each of the items
in a matrix is called an element. The horizontal and vertical arrays of elements (that is,
tuples) are called rows and columns, respectively. The numbers of rows and columns
are typically denoted by m and n, respectively, and the size of a matrix is given as “m
by n,” notated m x n. If m = n, the matrix is said to be square.

If we want to refer to a matrix’s elements generically, we will be using a common

convention:
a,r 412 v i
ary1 dpp - oy
M =
An1 Aum2 “°° Aup

Note that the subscripts are in (row, column) order.

If we wish to refer to a matrix even more generically, the notation we’ll use will be
like this: A = [g; ;], to indicate we have a matrix A whose elements are specified as in
the above example.

2.3.2 TRANSPOSITION

The transpose of an m x n matrix M is formed by taking the m rows of M and making
them (in order) the columns of a new matrix (which of course makes the columns of
M become the rows). You can also think about it in terms of rotating the matrix about
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a line going diagonally from the upper left to the lower right. The resulting transpose
of M is notated M™ and will of course be n x m in size. Let’s transpose the matrices
we gave as our initial examples:

3.2
M;=[32 7] MIT:[7}
a
M,=| b Ml=[a b c]
| ¢
_ 4 5
4 5 935
My=| o 12] Mj=| 5 9
- 935 12
In general, if we have a matrix
agr 412 v Aip
azy Gy o Gy
M=
Am1 Au2 - App
then its transpose is
ayr 41 o Apy
M — a1p Gap " App
Ain Qo " App

Matrix transposition has several properties worth mentioning:

i. (AB)T = BTAT

i. (ADHT=A
iii. (A+B)T=AT 4+ BT
iv. (kAT =k(AT)

2.3.3 ARITHMETIC OPERATIONS

Addition and subtraction of matrices, and multiplication and division of a matrix
by a scalar, follow naturally from these same operations on scalars and tuples. Fur-
thermore, the properties of these operations (commutativity, associativity, etc.) are
shared with scalars and tuples.
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Addition and Subtraction

Addition of two matrices is the natural extension of tuple addition: if we have two
matrices A = [g; ;] and B = [b; ;], then their sum is computed by simply summing
the elements of each tuple (row):

apr A1 v Aip b1,1 b1,2 T bl,n
a1 dpp o Aoy byy by, - bZ,n
A+B= . . . . + . . .
L9,1 9n2 - Amn bm,l bm,2 e bm,n
ayi+byy apt+biy, o0 ay,+by,
atbyy  aytby, - ay, by,
L Am,1 + bm,l A2 + bm,2 o App + bm,n

Scalar Multiplication and Division

Multiplication of a matrix by a scalar is defined analogously to multiplication of a
tuple by a scalar: each element is simply multiplied by the scalar. Thus, if we have a
scalar k and a matrix A, we define kA as

kayy  kayy - kay,

kayy, kay, .- kay,
kA =

kam,l kam,2 e kam,n

Division by a scalar is analogous.

The Zero Matrix

As we mentioned previously, matrix addition exhibits many of the properties of
normal (scalar) addition. One of these properties is that there exists an additive
identity element: that is, there is an m x n matrix, called the 0 matrix, with the
property such that M + 0 =M, for any matrix M. This zero matrix also has the
property that MO = 0, and so it acts like the number 0 for scalar multiplication. An
m X n zero matrix simply has all its elements as 0 and is sometimes notated as 0,,,,,:

0 0

0 0 O
02><3:|:0 0 Oi| 03,=(0 0
0 0
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Properties of Arithmetic Operations

Because we’ve defined these arithmetic operations on matrices in terms of opera-
tions on their tuples, and because the operations on tuples were defined in terms
of arithmetic operations on their scalar elements, it should be unsurprising that the
properties of operations on matrices are the same as those for scalars:

i. Commutativity of addition: A +B =B + A.
ii. Associativity of addition: A+ (B+ C) = (A + B) + C.
iii. Associativity of scalar multiplication: k (/A) = (k[) A.
iv. Distributivity of scalar multiplication over addition: k (A + B) = kA + kB.
v. Distributivity of scalar addition over multiplication (kl + kz) A =kA + kA.
vi. Additive inverse: A + (—A) = 0.
vii. Additive identity: A 4+ 0 = A.
viii. Scalar multiplicative identity: 1- A = A.

ix. Zero element: 0 - A = 0.

We'll save the multiplicative identity and multiplicative inverse for the next
section.

2.3.4 MATRIX MULTIPLICATION

Multiplication of matrices is not quite as straightforward an extension of multiplica-
tion of scalars as, say, matrix addition was an extension of scalar addition.

Tuple Multiplication

Just as we defined matrix addition in terms of addition of tuples, so too we define
matrix multiplication in terms of multiplication of tuples. But what does this mean?
Let’s begin with a real-world example. Say we have a tuple a = (2, 3, 2) that lists the
volumes of three different items (say, gravel, sand, and cement, the ingredients for
concrete), and a tuple b = (20, 15, 10) that lists the weight of each ingredient per
unit volume. What’s the total weight? Obviously, you just multiply the volumes and
weights together pairwise and sum them:

ab= (2 x 20) + (3 x 15) + (2 x 10) = 105

This is known as the scalar product or, because it’s conventionally notated a - b, the
dot product. In general, if we have two n-tuples a = (al, ay - an) and
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b= (bl, by -, bn), their product is computed as

a-b=a1b1+a1b2+--~+anbn

Properties of Tuple Multiplication

Because tuple multiplication is defined simply in terms of scalar addition and multi-
plication, it again should be unsurprising that tuple multiplication follows the same
rules as scalar multiplication:

i. Commutativity:a-b=D>b - a.
ii. Associativity: (ka) -b=k (a . b).
iii. Distributivity: a - (b + c) =(a-b)+(a-oc).

Multiplying Matrices by Matrices

As we'll see in the rest of the book, the operation of multiplying a matrix by a
matrix is one of the most important uses of matrices. As you might expect, matrix
multiplication is an extension of tuple multiplication, just as matrix addition and
scalar multiplication of a matrix were extensions of tuple addition and scalar tuple
multiplication.

There is, however, an important aspect of matrix multiplication that is not neces-
sarily intuitive or obvious. We’ll start off by looking at multiplying matrices consisting
each of a single n-tuple. A matrix of one n-tuple may be written as an n x 1 matrix (a
single column), or as a 1 x n matrix (a single row). If we have two matrices A and B,
each consisting of an n-tuple a or b, respectively, we can multiply them if A is written
as a row matrix and B is a column matrix, and they are multiplied in that order:

AB=[a, a5 -+ a,]| . |=abi+aby+---+a,b, (2.1)
b,

We can see here that multiplying a row by a column produces a single real number. So,
if we have two matrices with several rows and columns, we would of course compute
several real numbers.

By definition, general matrix multiplication works this way: given an m x n ma-
trix A and an n x r matrix B, the product AB is a matrix C of size m X r; its elements
c;,j are the dot product of the ith row of A and the jth column of B:



22 Chapter 2 Matrices and Linear Systems

AB

aip dip o Ay by
a1 Gy Ay b,
LAm,1 Gmz2 *°° Amp bn,l

apiby+agby + -+ ay,by,

For example, if

and

then

b1,2
b2,2

bn,2

bl,r
bZ,r

b

n,r

apbiy+agbyy+ -+ ab,,

bt agby ot agbyy aynbigtFaxby, -t agbn

L am,lbl,l + am>2b2,1 +---+ am,nbn,l am,1b1,2 + am,2b2,2 +-+ am,nbn,z

C=AB

[2 37[1 7 5
Lo 1]|l4 6 8
[2x14+3%x4 2x74+3x6 2x5+3x8
_9x1+1x4 IX74+1x6 9x54+1x%x8

[14 32 34
|13 69 53

Properties of Matrix Multiplication

apby, +appby, -+ ay,by,,
ar1byy +agsby, + -+ ay,by,

amJbl,r + am,ZbZ,r +--+ am,nb

n,r

Unlike scalar multiplication and addition of matrices, matrix multiplication does not

share all the properties of real number multiplication.

i. Commutativity: This does not hold. If we are to multiply matrices A and B in that
order, we saw that the number of columns in A must equal the number of rows in
B, but the number of rows in A and number of columns in B may be arbitrarily
different. Thus, if we try to multiply B by A, we may fail due to a size mismatch.
Even if this were not the case, the result is not necessarily the same.
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ii. Associativity: If we have A (BC), then (AB) C is defined and is equivalent.

iii. Associativity of scalar multiplication: If AB is a legal operation, then (kA) B =
k (AB).

iv. Distributivity of multiplication over addition: If Aism x nand Band Caren x r,
then A (B + C) = AB + AC. Note that because commutativity does not hold, we
have (B + C) A = BA + CA, which is a different result.

Multiplying Row or Column Tuples by General Matrices

In computer graphics, two of the most common operations involving matrices are
the multiplication of two square matrices (as described in the previous section) and
the multiplication of a row or column matrix by a square matrix.

We've just defined tuple multiplication and the rule for computing element c;;.
If we take these two together, we see that the matrix representation of tuple-tuple
multiplication must be in the order shown in Equation 2.1—the row tuple must be
on the left and the column tuple on the right. Consider a pair of two-element tuples
and their product:

a=(ay; ay)
b == (bl’ bz)
ab = albl + a2b2

If we were to multiply them as a column matrix by row matrix, in that order, we’d
have

a; _ | aby ab,
I

if we follow the rule for matrix multiplication, but the result conflicts with the defi-
nition of tuple multiplication.

This result extends to the case where one of A or B is a general matrix. The result
of this is that multiplication of a single tuple by a matrix must have the single tuple
either as a row matrix on the left or as a column matrix on the right. However, we can’t
simply reorder the multiplication because matrix multiplication isn’t commutative.

The first property of matrix transposition (see Section 2.3.2) tells us that the
transposition of a matrix product is equivalent to the product of the transposition
of each matrix, with the order of multiplication reversed: (AB)T = BTAT. This means
that the two following representations of multiplying a tuple a by a general matrix B
are equivalent:
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[a b][z ﬂ:[acﬂye ad + bf |

c e a| | ca+eb
o F e =l ts]

We'll see later that computation of a function of a tuple is conveniently imple-
mented as a multiplication of the tuple by a matrix. Given the preceding discussion,
it should be clear that we could represent tuples as row or column matrices, and sim-
ply use the matrix or its transpose, respectively. In computer graphics literature, you
see both conventions being used, and this book also uses both conventions. When
reading any book or article, take care to notice which convention an author is using.

Fortunately, converting between conventions is trivial: simply reverse the order of the
matrices and vectors, and use instead the transpose of each. For example:

mpy My M3
UM = [u; uy uzl]| myy my, my;
msy M3y M3

mpy Mmyy M3, Uy -
= | mypy my, ms, U | =M'u
mys Mp3 Ms33 Us

2.4 LINEAR SYSTEMS

Linear systems are an important part of linear algebra because many important prob-
lems in linear algebra can be dealt with as problems of operating on linear systems.
Linear systems can be thought of rather abstractly, with equations over real num-
bers, complex numbers, or indeed any arbitrary field. For the purposes of this book,
however, we’ll restrict ourselves to the real field R.

2.4.1 LINEAR EQUATIONS

Linear equations are those whose terms are each linear (the product of a real number
and the first power of a variable) or constant (just a real number). For example:

50 +3=7
2x1+4=12+17x2—5x3
6_12X1+3XZ:42.X3+9_7)C1
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The mathematical notation convention is to collect all terms involving like vari-
ables (unknowns) and to refer to the equations in terms of the number of unknowns.
The preceding equations would thus be rewritten as

5x =4
2x1—12x, =38
— 5)61 —+ 3.X2 — 42.X3 =3
and referred to, respectively, as linear equations of one, two, and three unknowns.

The standard forms for linear equations in one, two, and n unknowns, respectively,
are

ax=c
ax;+ax,=c
ax;t+ax,+---+a,x,=c¢
where the as are (given) real number coefficients and the xs are the unknowns.
Solving linear equations in one unknown is trivial. If we have an equation ax = c,
we can solve for x by dividing each side by a: x = c¢/a (provided a # 0).

Linear equations with two unknowns are a bit different: a solution consists of a
pair of numbers (xl, xz) that satisfies the equation

a1 X1+ axy, =c

We can find a solution by assigning any arbitrary value for x; or x, (thus reducing it
to an equation of one unknown) and solve it as we did for the one-unknown case.
For example, if we have the equation

3x1+2x,=6

we could substitute x; = 2 in the equation, giving us

32) +2x,=6
6+4+2x,=6
2x, =0
x,=0

So, (2, 0) is a solution. But, if we substitute x; = 6, we get
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X | %
-6 | 12
41 9
21 6
0l 3
21 0
41-3
6 | -6

Figure 2.2 The solutions of the linear equation 3x; + 2x, = 6.

3(6) +2x, =6
18 +2x,=6
20, =—12
Xy =—6

yielding another solution # = (6, —6). Indeed, there are an infinite number of solu-
tions. At this point, we can introduce some geometric intuition: if we consider the
variables x; and x, to correspond to the x-axis and y-axis of a 2D Cartesian coor-
dinate system, the individual solutions consist of points in the plane. Let’s list a few
solutions and plot them (Figure 2.2).

The set of all solutions to a linear equation of two unknowns consists of a line;
hence the name “linear equation.”

2.4.2 LINEAR SYSTEMS IN TwWO UNKNOWNS

Much more interesting and useful are linear systems—a set of two or more linear
equations. We'll start off with systems of two equations with two unknowns, which
have the form
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S
P ¢
y Z Y *, y
o X
&&x %/ @/_x \\“37 ~ %2
ﬁ\ ,4) i\ ﬁ'\\ \\v’
\
e P o) ¢
X X X
Unique solution No solution Infinite number of solutions

Figure 2.3 Three possible two-equation linear system solutions.

ay,x +aypy =c

ay X +a,y =¢;

Recall from our previous discussion that a two-unknown linear equation’s solu-
tion can be viewed as representing a line in 2D space, and thus a two-equation linear
system in two unknowns represents two lines. Even before going on, it’s easy to see
that there are three cases to consider:

i. The lines intersect at one point.
ii. The lines do not intersect—they’re parallel.

iii. The lines coincide.

Recalling that a solution to a single linear equation in two unknowns represents
a point on a line, the first case means that there is one u = (kl, kz) point that is a
solution for both equations. In the second case, there are no points that are on both
lines; there is no solution to the system. In the third case, there are an infinite number
of solutions because any point on the line described by the first equation also satisfies
the second equation (see Figure 2.3). The second and third cases occur when the
coefficients in the two linear equations are proportional:

a;p  dyp

az1 4y
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EXAMPLE

What distinguishes the two cases is whether or not the constant terms are pro-
portional to the coefficients. The system has an infinite number of solutions (the two
lines are the same) if the coefficients and the constant terms are all proportional:

QG0 %42 _

a1 dyp O

but no solutions (the lines are parallel) if the coefficients are proportional, but the
constants are not:

ﬂ_%#ﬂ

a1 Gy O

If there is a solution, it may be found by a process known as elimination:

Step 1. Multiply the two equations by two numbers so that the coefficients of one of
the variables are negatives of one another.

Step 2. Add the resulting equations. This eliminates one unknown, leaving a single
linear equation in one unknown.

Step 3. Solve this single linear equation for the one unknown.

Step 4. Substitute the solution back into one of the original equations, resulting in a
new single-unknown equation.

Step 5. Solve for the (other) unknown.

Given

(1) 3x+42y
(2 x-y

|
— N\

we can multiply (1) by 1 and (2) by —3 and then add them:

1x(1): 3x+4+2y = 6
—3x(2): —-3x4+3y = =3
Sum: 5y = 3

which we solve trivially: y = 3/5. If we substitute this back into (1) we get
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3x+-=6
24
3x=—
5
8
xX=-
5

Thus (8/5, 3/5) is the solution, which corresponds to the point of intersection.

2.4.3 GENERAL LINEAR SYSTEMS

The general form of an m X n system of linear equations is
apixrtapXt-ta,x, =c

Ay X1+ ayoXy + - - F Ay Xy =0

A X1 + A 2X2 +- 4+ AnXn = Cm

A system in which ¢; =¢, =---=c¢,, =0 is known as a homogeneous system.
Frequently, linear systems are written in matrix form:

AX=C
apr A1 v A X1 €1
azy1 dyp Aoy X (%3
Any1 Am2 ' Aunp Xn Cm

The matrix A is referred to as the coefficient matrix, and the matrix

ayy dip o dy, O
ary1 Qyp -+ lypy O
am,l am,Z e am,n Cm

is known as the augmented matrix.
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Methods for solving general linear systems abound, varying in generality, com-
plexity, efficiency, and stability. One of the most commonly used is called Gaussian
elimination—it’s the generalization of the elimination scheme described in the pre-
vious section. Full details of the Gaussian elimination algorithm can be found in
Section A.1 in Appendix A.

244 Row REDUCTIONS, ECHELON FORM, AND RANK

We can look back at the example of the use of the technique of elimination for solving
a linear system and represent it in augmented matrix form:

3 2 6
1 -1 1
We then multiplied the second row by —3, yielding an equivalent pair of equations,
whose matrix representation is
3 2 6
-3 3 -3

The next step was to add the two equations together and replace one of the equations

with their sum:
3 2 6
0 1

We then took a “shortcut” by substituting % into the first row and solving directly.
Note that the lower left-hand corner element of the matrix is 0, which of course
resulted from our choosing the multiplier for the second row in a way that the sum
of the first row and the “scaled” second row eliminated that element.
So, it’s clear we can apply these operations—multiplying a row by a scalar and
replacing a row by the sum of it and another row—without affecting the solution(s).
Another operation we can do on a system of linear equations (and hence the
matrices representing them) is to interchange rows, without affecting the solution(s)
to the system; clearly, from a mathematical standpoint, the order is not significant.
If we take these two ideas together, we essentially have described one of the
basic ideas of Gaussian elimination (see Section A.1): by successively eliminating
the leading elements of the rows, we end up with a system we can solve via back
substitution. What is important for the discussion here, though, is the form of the
system we end up with (just prior to the back-substitution phase); our system of
equations that starts out like this:

Ul
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ay Xy +aypxy +ay3x; + -+ ay X, =0

a1 X1+ ayoX) + Ay 3X3 + - -+ Ay Xy =0

A X1 T A pXp & Gy 3X3 + - - -+ Gy p Xy = Cpy
ends up in upper triangular form, like this:

byjxi+bioxy, +by3xs+ -+ byyx, =d,
by, Xk, + by Xz + -+ byx, =d,

br,erkr +eet br,nxn =d,

Notice that the subscripts of the last equation no longer involve m, but rather r <=m,
because this process may eliminate some equations: the process might sometimes
produce equations of the form

0x;y+0x,+---4+0x,=c¢;

If ¢; = 0, then the equation can be eliminated entirely, without affecting the results;
if ¢; # 0, then the system is inconsistent (has no solution), and we can stop at that
point. The result is that successive applications of these operations on rows will tend
to make the system smaller.

Several other important statements can be made about the number r:

m  [fr =n, then the system has a unique solution.

®m  Ifr < n, then there are more unknowns than equations, which implies that there
are many solutions to the system.

In general, we call these operations elementary row operations—these are opera-
tions that can be applied to a linear system (and its matrix representation) that do
not change the solution set, and they may be codified as follows:

m  Exchanging two rows.
®  Multiplying a row by a (nonzero) constant.

®  Replacing a row by the sum of it and another row.

Combinations of operations that result in the elimination of at least one nonzero row
element are called row reductions.
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As the operations are applied to the various equations, we can represent this as
a series of transformations on the matrix representation of the system; a system of
equations, and the matrix representation of it, is in echelon form as a result of this
process (that is, once row reduction is complete, and the matrix cannot be further
reduced). The number of equations r of such a “completely reduced” matrix is known
as the rank of the matrix; thus, it may be said that the rank is an inherent property of
the matrix that’s only apparent once row reduction is complete.

The rank of a matrix is related to the concepts of basis, dimension, and linear
independence in the following way: the rank is the number of linearly independent
row (or column) vectors of the matrix, and if the rank is equal to the dimension, then
the rows of the matrix can be seen as a basis for a space defined by the matrix.

The preceding claim equating the rank with the number of linearly independent
rows of an echelon-form matrix follows from the fact that if two row vectors were not
linearly independent, that is,

av; +av; =0

for some a,, a, € R, then we could have properly applied a row reduction operation
to them, which would mean that the matrix was, contrary to our assumption, not in
echelon form.

25 SQUARE MATRICES

2.5.1

Within the general realm of linear algebra, square matrices are particularly signifi-
cant; this is in great part due to their role in representing, manipulating, and solving
linear systems. We’ll see in the next chapters that this significance extends to their role
in representing geometric information and their involvement in geometric transfor-
mations. We'll start by going over some specific types of square matrices.

DIAGONAL MATRICES

Diagonal matrices are those with 0 elements everywhere but along the diagonal:

al’l 0 0
0 az)z 0
M= :
0 0 anp

Diagonal matrices have some properties that can be usefully exploited:
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i. If A and B are diagonal, then C = AB is diagonal. Further, C can be computed
more efficiently than naively doing a full matrix multiplication: ¢;; = a;;b;;, and
all other entries are 0.

ii. Multiplication of diagonal matrices is commutative: if A and B are diagonal, then
C=AB=BA.

iii. If A is diagonal, and B is a general matrix, and C = AB, then the ith row of C is
a;; times the ith row of B; if C = BA, then the ith column of C is ;; times the ith
column of B.

Scalar Matrices

Scalar matrices are a special class of diagonal matrices whose elements along the
diagonal are all the same:

a 0 0
0 «o 0
M:.: .
0 0 o

Identity Matrices

Just as the zero matrix is the additive identity, there is a type of matrix that is the
multiplicative identity, and it is normally simply called L. So, for any matrix M, we
have IM = MI = M. Note that unlike the zero matrix, the identity matrix cannot be
of arbitrary dimension; it must be square, and thus is sometimes notated I,,. For
an m X n matrix M, we have I, M = MI,, = M. The identity matrix is one whose
elements are all Os, except the top-left to bottom-right diagonal, which is all 1s; for
example:

100
Izz[(l) ﬂ L=|0 10
00 1

In general, the form of an identity matrix is

0 1 0
L= . :

A scalar matrix can be viewed as a scalar multiple of an identity matrix, that is, 1.
Note that multiplication by the identity matrix is equivalent to (scalar) multiplication
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by 1, and that multiplication by a scalar matrix oI is equivalent to multiplication by
the scalar «.

2.5.2 TRIANGULAR MATRICES

Two particularly important types of triangular matrices are termed upper triangular
and lower triangular—these are matrices that have, respectively, all 0 elements below
and above the diagonal:

apr dip s Ay
arp +++ Qyp
M=
L 0 0 P an)n |
B al’l 0 L 0 ]
ayy ayp - 0
M=
L, 4n2 " Aduu |

Triangular matrices have some useful properties as well:

i. If A and B are lower triangular, then C = AB is lower triangular, and similarly for
upper triangular.

ii. If A and B are lower triangular, then C = A + B is lower triangular, and similarly
for upper triangular.

iii. If A is an invertible lower triangular matrix, its inverse A~ lis lower triangular,
and similarly for upper triangular (Section 2.5.4 covers the inverse of a matrix).

Triangular matrices are particularly important in the representation and solution
of linear systems, as can be seen in Sections 2.4.4 and A.1.

2.5.3 THE DETERMINANT

The determinant of a square matrix (it’s not defined for nonsquare matrices) is a real
number, which can be computed in a variety of ways. For 2 x 2 and 3 x 3 matri-
ces, there are some reasonably intuitive interpretations/uses of the determinant (see
Sections 3.3.2 and 4.4.4), but in the general case, the various definitions and com-
putatlon schemes seem rather arbitrary. In 2D, a matrlx M maps a unit square with
vertices 0, 7, J»1 + J to a parallelogram with vertices 0,7 M, JM, (@ + j)M. The area
of the parallelogram is |[det(M)|. If det(M) > 0, then the counterclockwise ordering
of the square’s vertices is preserved by M (that is, the parallelogram’s vertices are also
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ordered counterclockwise); if det(M) < 0, then the corresponding parallelogram’s
vertices are ordered clockwise. In 3D, a matrix M with nonzero determinant maps the
unit cube to a parallelepiped, whose volume is |det(M)|. Vertex ordering preservation
is analogous to the 2D case.

Terminology
We'll start with some terminology: given a matrix M, the determinant of M is notated

as det(M) or |M]. The “vertical bar” notation is frequently applied to the matrices as
well; for example, if we have

a a
M= [ L1 412 :|
a1 a2
we can write det(M) as

a1 ad12

M| =
ay1 dyp

Special Solutions for 2 x 2 and 3 x 3 Matrices

Because they’re so common, here are the formulas for the 2 x 2 and 3 x 3 cases:

apr adrp
’ T =104, — dp,141,
a1 Gz
a a1p 413 a11ay2033 + a0, 3031+
Az dpp Q3| = dy30p143) — Ad310) 7013~
asy dzp dsz3 a3 pdy3dy,) — 433071412

And, by definition, for the 1 x 1 case:

|a1,1| =da

In fact, these are so frequently encountered that it’s quite useful to have the
formulas memorized. For the 1 x 1 and 2 x 2 cases, this isn’t too tough, but for the
3 x 3 case, there’s a convenient trick: write out the matrix, then write out another
copy of the first two columns just to the right of the matrix. Next, multiply together
the elements along each diagonal, and add the results of the upper-left to lower-right
diagonals, and subtract the results of the lower-left to upper-right diagonals:
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NN

W) o

Note that this also works for the 2 x 2 case as well, but not for anything larger than
3 x 3.

General Determinant Solution

A more general appproach to computing det(M) is known as determinant expansion
by minors or Laplacian expansion. To understand this, we need to define the terms
submatrix, minor, and cofactor.

A submatrix is simply a matrix formed by deleting one or more rows and/or
columns from a matrix. For example, if we have a matrix

O 0 N W
U N O
N AN~ N
AN = W U

we can form a submatrix by deleting the third column and fourth row of M:

395
4
M,=|2 7 3

8 4 1

A minor is a determinant of a submatrix; specifically, for an element a; j of M, its
minor is the determinant of the matrix M;. i which is formed by deleting the ith row
and jth column of M.

A cofactor ¢; ; of an element a; ; of M is the minor for that element, or its
negation, as defined by

»
= (=" M, |

(Note that these cofactors are frequently taken together as a matrix of cofactors, often
denoted C.) An example can make this clear. If we have a 3 x 3 matrix, we can use
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this cofactor-based method to compute the determinant as follows:

a a1 413
ay1 Gy dp3|=4ay;
asy dszp ds3

drp 3
asp ds33

a1 azp
asy dsp

a1 a3
as; 4dsj3

_a) >

In general, a determinant of an n x n matrix gets “reduced” to a sum of scaled
(n — 1) x (n — 1) determinants, which we can solve individually by applying the same
approach, and so on until we have a single scalar (of course, in the above example, we
get 2 x 2 minors, which we could solve using the direct method described earlier).

Properties of the Determinant

Like the other operations on matrices, the determinant possesses a number of inter-
esting and useful properties:

i. The determinant of a matrix is equal to the determinant of its transpose: |M| =
M.

ii. The determinant of the product of two matrices is equal to the product of the
determinants: |MM1| = |M| |M1|

iii. The determinant of the inverse of a matrix is equivalent to the multiplicative
inverse of the determinant of the matrix: ‘M_ll =1/ |M]|.

iv. The determinant of the identity matrix is 1: |I| = 1.

v. The determinant of a scalar multiple of a matrix is the product of the scalar, raised
to the size of the matrix, times the determinant of the matrix: |«M| = «” |M|. The
n shows up because M is an n X n matrix.

vi. Interchanging any two rows (or columns) of M changes the sign of [M].

vii. If all the elements of one row (or column) of M are multiplied by a constant «,
then the determinant is o [M]|.

viii. If two rows (or columns) of M are identical, then |[M| = 0.

ix. The determinant of a triangular matrix is equal to the product of the diagonal

elements:
ayp Ay 00 Ay arn 0 T 0
0 ayy -+ ay, ayy azy -0

= . . . . =apdyy Ay
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254

INVERSE

We’ve seen that many of the properties of scalar multiplication apply to matrices. One
useful property is the multiplicative inverse: for any real o # 0, there is a number 8
such that @8 = 1, and of course = 1/a. It would be quite useful to have this property
apply to matrices as well, as we just saw in the previous section. Recalling that the
identity element for matrices is I, the identity matrix, for a given matrix M; we would
like to find a matrix M,, if possible, such that M;M, = L. If there is such a matrix, it
is called the inverse of M and is denoted M, = Ml_l.

Now the question is, how can you compute Ml_l, and when is it possible to do so?
Recall that multiplying a matrix M; by M, is accomplished by computing each ele-
ment i, j of the result by multiplying the ith row of M; by the jth column of M,. If we
employ the notational scheme of writing each n x 1 column of M, as v, vy, - - -, v,
the product M;M, can be computed column-by-column by multiplying each row of
M, by column v; of M,: M;v;. If we then consider each column of the identity matrix
I to consist of the n x 1 vector e;, which consists of all zero elements save the i, which
is 1, we can rewrite the product M;M, = I as

Mi[v; v -+ vy]=[e & - - ¢,]

This can be interpreted as a series of n linear systems:

M1V1 =€
M1V2 =€)
My, =e,

If we then solve each of these n linear systems, we’ll be solving for each column of M,,
and since the product is I, we’ll have computed Ml_l. Because these are just linear
systems, we can solve them using any of the general techniques, such as Gaussian
elimination (see Section A.1) or LU decomposition (Press et al. 1988).

Another approach to computing the inverse of a matrix can be found by looking
at a formal definition of the inverse of a matrix: if we have a square matrix M, if it has
an inverse M~1, then element a; jl of M1 is defined as

>

_ i) /
o UM,

a. . =
& M
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Recall that the expression in the numerator is just a cofactor, and so we can then write

T
M= C_
IM|
Note that the transposition is the result of the subscript ordering j, i in the previous

equation; the matrix CT is also known as the adjoint of M.
To see how this works, we’ll show a simple example with a 2 x 2 matrix. Let

1 2
m=[3 1]
with determinant [M| =1 x 4 — 3 x 2 = —2. We then compute the cofactors

=DM =14 =4

cp= (=DM, |=—[3| = -3
e = (=DM = —2| = 2
cpn= (=DM, =1=1

giving us

The inverse then is

-2 1
“ 132 —12

Hh[EAAE RS

Verifying, we see
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Properties of the Inverse

There are a number of useful properties of the matrix inverse (assuming the inverses
exist):

i. MM~ '=1,then MM =1
i (MM) =M M
i (M) '=M
iv. (@M)~!'=(1/a) M~ (with a # 0)

When Does the Inverse Exist?

The previous sections have hinted that the inverse does not always exist for a square
matrix, and this is indeed the case. So, the question is how to determine whether an
inverse exists for a given n x n matrix M. There are several (equivalent) ways to put
this:

i. Itis of rank n.
il. It is nonsingular.
iii. [M| # 0.
iv. Its rows (columns) are linearly independent.

v. Considered as a transformation, it does not reduce dimensionality.

Singular Matrices

A matrix M is defined to be nonsingular if it is square (n x n) and its determinant
is nonzero (|[M| # 0). Any matrix failing to meet either of these conditions is called
singular. Nonsingularity is an important property of a matrix, as can be seen by this
list of equivalent if-and-only-if criteria for an n x n matrix M being nonsingular:

i. [M] #0.
ii. The rank of M is n.
iii. The matrix M~! exists.

iv. The homogeneous system MX = 0 has only the trivial solution X = 0.

This last definition is particularly significant—because that property and the first
are if-and-only-if conditions, it follows that a homogeneous system MX = 0 has a
nontrivial solution (X # 0) if and only if M| = 0.



2.6 Linear Spaces 41

26 LINEAR SPACES

In this section, we’ll introduce the concept of a linear (or vector) space and discuss the
representation of vector spaces, and operations on linear spaces, in terms of matrices
and matrix operations. Unlike some treatments of this subject, we’re going to forgo
references to any sort of geometrical interpretation of such spaces for the time being; a
subsequent chapter will address these issues explicitly, after we’ve covered geometrical
vectors themselves in an abstract fashion.

2.6.1 FIELDS

Before formally defining a linear space, we need to define the term field. A field is “an
algebraic system of elements in which the operations of addition, subtraction, multi-
plication, and division (except by zero) may be performed without leaving the system,
and the associative, commutative, and distributive rules hold” (www.wikipedia.com/
wiki/Field). Formally, a field F consists of a set and two binary operators “+” and “x”
(addition and multiplication) with the following properties:

i. Closure of F under addition and multiplication: Va, b € F,both (a + b) € F and
(axb)eF.

ii. Associativity of addition and multiplication: Va, b, ¢ € F,botha + (b + ¢) =
(a+b)+canda*x (bxc)=(ax*xb)*c.

iii. Commutativity of addition and multiplication: Va,b € F,a +b=0b + a and a *
b=b=xa.

iv. Distributivity of multiplication over addition: Va, b, c € F,botha x (b + ¢) =
(axb)+ (a*xc)and (b+c) xa = (b*a)+ (c*a).

v. Existence of additive identity element: 30 € F such thatVa € F,a + 0 =a and
0+a=a.

vi. Existence of multiplicative identity element: 31 € F suchthatVa € F,a x 1=
aand l*a=1.

vii. Additive inverse: Ya € F,3 — a € F such thata 4+ (—a) = 0and (—a) +a =0.
viii. Multiplicative inverse: Va # 0 € F,3a~! € Fsuchthata xa~!=1and a! %
a=1

A field is also known as a commutative ring or commutative division algebra.
Examples of fields are

®  the rational numbers Q = {{|a, b € Z, b # 0}, where Z denotes the integers
®  the real numbers R

®  the complex numbers C
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Note that the integers do not form a field, but only a ring (there is no multiplicative
inverse for integers).

2.6.2 DEFINITION AND PROPERTIES

Informally, a linear space consists of a collection of objects (called vectors), real
numbers (scalars), and two operations (adding vectors and multiplying vectors by
scalars), which are required to have certain properties. Rather than sticking to the
lowercase boldface generic tuple notation, we’re going to use a notation that makes
explicit the fact that we’re dealing with vectors—vectors will be notated as lowercase
italic letters with a diacritical arrow. Typically, we use i, U, and w, or Uy, Uy, . . . , Uy,
for lists of vectors. Formally, suppose we have the following:

m A field K (which, for us, will be R).
= A (nonempty) set of vectors V.
®  An addition operator “+” defined on elements i, v € V.

® A multiplication operator “x” defined on scalars k € K and v € 'V (often, the “+”
is omitted and concatenation used, as in v = kiz).

®  The addition and multiplication operations exhibit the rules listed below.
Properties:

i. Closure under multiplication: Vk € K and Vv € V, kv € V.
ii. Closure under addition: Vi, v € V,u+ve V.
iii. Associativity of addition: Vi, v, w € V, i + (¥ + w) = (ii + V) + w.
iv. Existence of additive identity element: Vo € V,3a vector 0 € V called the zero
vector, such that v + 0 = v.
v. Existence of additive inverse: ¥4 € V, 3 a vector — v, such that & + (=) = 0.
vi. Commutativity of addition: Vi, v € V, i + ¥ = v + id.
vii. Distributivity of multiplication over addition: Vk € K and Vi, v € V, k(i + v) =
ku + kv.
viii. Distributivity of addition over multiplication: Yk, k, € K and Vv € 'V, (k; +
k) = ki0 + k,0.
ix. Associativity of multiplication: Yk, k, € K, and Vo € V, (k;k,)v = k,(k,).
x. Existence of multiplicative identity: Vv € V, 1% v = v.
As we stated earlier, our concern here is with computer graphics, and as a result

the field K is just the real numbers R, and the vectors in 'V are tuples of real numbers:
a=(ap,ay, . ..,a,).Inlater chapters, once we've established the relationship between
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geometrical vectors, vector spaces, and matrices, we’ll switch from this rather abstract
tuple-oriented notation for vectors to one that reflects the geometrical interpretation
of tuples in R" (the set of all such n-tuples).

2.6.3 SUBSPACES

Given a linear space V over R, let S be a subset of 'V, and let the operations of S and
"V be the same. If S is also a linear space over R, then S is a subspace of V.

While the above seems rather obvious, its subtlety is revealed by pointing out
that a subset of a linear space may or may not itself be a linear space. An example
from Agnew and Knapp (1978) shows this rather nicely: Consider a subset S; of R?
consisting of all 3-tuples of the form (a;, a,, 0). A quick check of this against all the
rules defining a linear space shows that this is, indeed, a linear space. However, if we
have a subspace S, consisting of 3-tuples of the form (a;, a,, 1), and check if all the
rules for a linear space apply to it, we see that it fails on several of them:

i. Closure under addition: (a;, ay, 1) + (by, by, 1) = (ay + by, ay + by, 2), which is
not in S,.

ii. Closure under multiplication: (a;, a,, 1) € S,, but k(a;, ay, 1) = (kay, kay, k) ¢
S2 for k # 1.

iii. Existence of identity element: (0, 0, 0) ¢ S,.
iv. Existence of additive inverse: (a;, a,, 1) € S, but (—a;, —a,, —1) € S,.

v. Closure under multiplication: (aj, ay, 1) € S,, but k(a;, a,, 1) = (ka,, kay, k) ¢
S, fork # 1.

It is interesting to note that this example is not simply arbitrary, and its significance
will become apparent later.

2.6.4 LINEAR COMBINATIONS AND SPAN

A linear combination of a set of items is constructed by forming a sum of scalar
multiples of the items. Suppose we have a vector set /A whose elements are a set
of vectors (tuples) in R" : {d;, ds, . . . , @,}. You can form a vector ii = kyd; + kyd, +
-+« + k,d,. This vector i is of course itself a vector because each k;d; is a vector and
the sum of each of these vectors is itself a vector.

Given a set of vectors (tuples) {v;, U, . . . , U,,} defining a linear space 'V, the set
S of all linear combinations of the vectors is itself a linear space, and this space is the
space spanned by {U}, Uy, . . . , U,}. The set {vy, Uy, . . ., U,,} is called the spanning set
for S. The significance of this idea of a spanning set is that any vector w € S can be
written in terms of {¥}, U, . . . , U,}, by simply finding the scalars k, k,, . . ., k,, for
which W = kjU; + kU, + - - - + k,U,,.
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2.6.5 LINEAR INDEPENDENCE, DIMENSION, AND BASIS

The concept of linear combination arises frequently in linear algebra and is particu-
larly important in understanding linear independence and basis—two critical points
to an intuitive understanding of linear algebra.

Linear Independence
Suppose we have a vector space V. Given any set of vectors {U;, U,, . . . , U,}, we can

classify them as either (linearly) independent or dependent. By definition, a set of
vectors is linearly dependent if there exist constants ¢}, ¢, . . . , ¢, not all 0, such that

C161+C262+"'+Cn6n 6
and linearly independent if

0

CUy + U+ - - Y,

only when all the constants are 0.
An example of a linearly dependent set of vectors would be 9, = (2, 5, 3), U, =
(1, 4, 0), and U3 = (7, 22, 6) because the set of constants {2, 3, —1} leads to

20, + 305 + —1v3 =2(2, 5, 3) + 3(1, 4, 0) + —1(7, 22, 6)
= (4,10,6) + (3,12,0) + (=7, —22, —6)
=0

The preceding definition of linear dependence is fairly standard, but perhaps is
not the most intuitive, particularly for our purposes (which will become apparent
in a subsequent chapter). (Nonzero) vectors in a set {U}, U,, . .., U,} are linearly
independent if and only if none of the vectors is a linear combination of the others.
In the preceding example v was a linear combination of v, and 9,, with coefficients 2
and 3, respectively. In fact, a somewhat stronger definition may be made: (Nonzero)
vectors in a set {U}, Uy, . . . , U,} are linearly dependent if and only if one of them, say,
v;, is a linear combination of the preceding vectors:

i+ eyt GV =1

Basis and Dimension

The concept of linear independence is important in defining the dimension of a space.
By definition, if we have a set of vectors {Uy, U,, . . . , U, }, they are said to form a basis
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for a linear space 'V if and only if they are both linearly independent and span the
space. The dimension of 'V is n, the number of such linearly independent vectors.
Several facts follow from this definition:

®  Any set of linearly independent vectors in 'V with fewer than n vectors fails to
span V.

®  Any set of vectors in 'V with greater than n vectors must be linearly dependent.

m  There is no unique basis for a space V of dimension n; there are an infinite
number of such sets of basis vectors having n elements.

The concepts of subspace, span, linear combinations, and dimension are related
in the following way: let "V be a vector space of dimension n spanned by, and defined
as all linear combinations of, basis vectors V = {y, U,, . . . , 1, }; then, if we select a set
of linearly independent vectors W = {@, W,, . . . , W,,} € V, where m < n, then the
set of all vectors that are linear combinations of W form a subspace W of 'V, having
dimension m.

2.7 LINEAR MAPPINGS

In this section, we begin by reviewing the concept of mapping in general as a way of
leading into linear mappings, which are functions from one linear space to another.
We then show how matrices are used to represent linear mappings.

2.7.1 MAPPINGS IN GENERAL

DEFINITION

The basic idea of a function is a rule that associates members of one set with members
in another set. The terms mapping, function, and transformation are all synonyms for
a particular type of such pairing of elements.

Let A and B be two sets with elements {a}, a,, . . . ,a,,} and {b}, by, . . ., b, }, respec-
tively. A function T from A to B, written

T:A—B

is a set of pairs (a, b) such that a € A and b € B. Every pair in the set is unique, and
every element a € A appears in exactly one pair in the set. The set A is called the
domain of the function, and the set B is called the range or co-domain. A function
can be displayed schematically as in Figure 2.4.

For any element a € A, the value in B that the function associates with a is
denoted T'(a) or aT and called the image of a. If an element b € B is the image of
some a € A, then that a is called the preimage of b. It is important to understand
that while every element a € ‘A appears in the set of pairs, it is not necessarily true
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Figure 2.4

LA\

Schematic diagram of a function.

that every element b € B appears. Indeed, a trivial function may map every element
in A to just a single element in B.

The domain and range of a function may be any sets of objects, whose elements
may be of the same type, or not. We can map real numbers to real numbers: for
example, T may be defined as mapping a real number to its square root: x — /x.

Composition of Mappings

Suppose we have two functions: T : A —> B and U : B — C. By definition, for
every a € A, there is some b € B such that T (a) = b. Of course, the function U
maps that element b (the image of a) to some element ¢ € C. The application of the
two functions 7" and U to a is called the composition of T and U and is denoted as

U oT)(a)=U(T(a))
(ora(T o U) = aT U using the other convention), and we say
ar—> U(T(a))

Composition of mappings is associative. Suppose we have three functions: 7 :
A— B U:B—C,and V:C— D. Then (VoU)oT=Vo(UoT).A
schematic of a composition of two functions is shown in Figure 2.5.

Special Types of Mappings
Three important classes of mappings are one-to-one, onto, and isomorphic (both

one-to-one and onto). These are shown schematically in Figure 2.6. A one-to-one
mapping T : A — B is one in which every a € A is associated with a unique b € B.
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Figure 2.5 Composition of two functions.

An onto mapping T : A — B is one in which every b € B is the image of some
a € A (or several). Examples of these functions are T (x) = 2* and T (x) = x? for
A being the set of real numbers and B being the set of positive real numbers in the
first case, and B being the set of nonnegative real numbers in the second case (see
Figure 2.7).

Inverse Mappings

Given a mapping T : A — ‘B, it’s natural to consider the mapping that inverts
(reverses) T. Formally, a linear mapping T is invertible if there exists a mapping
T~!':B —> A such that TT~! = I, where I is the identity mapping. As 7! is a
mapping, it must by definition have the entirety of B as its domain; further, every
element @ € A must be in T~ s range. These two facts show that a mapping must be
both one-to-one and onto for it to be invertible. See Figure 2.8.

2.7.2 LINEAR MAPPINGS

Of course what we’re really interested in here are linear mappings; that is, mappings
relating linear spaces. Given two linear spaces A and B, a linear mapping 7 : A —
B is a function that preserves vector addition and scalar multiplication:
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One-to-one Onto One-to-one and onto

Figure 2.6  One-to-one, onto, and isomorphic maps.

One-to-one: T(x) = 2% Onto: T(X) = x2

Figure 2.7  One-to-one and onto functions.

i Vi,ve A, TG +9)=T@) + T@).
ii. Vo e Rand Vi € A, T(a?) = T @).

An important implication of this is that a linear mapping preserves linear combina-
tions: that is, T («ii + Bv) =T (i) + BT (V).

We discussed in the previous section that a mapping may be one-to-one or onto.
A linear function T : A — B is said to be an isomorphism if it is one-to-one and
maps A onto B.
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Figure 2.8  An invertible mapping.

An important aspect of linear mappings is that they are completely determined
by how they transform the basis vectors; this can be understood by recalling that any
vector v € V can be represented as a linear combination of the basis vectors, and that
linear mappings preserve linear combinations.

2.7.3 MATRIX REPRESENTATION OF LINEAR MAPPINGS

Linear mappings from R™ to R" may be represented by matrices; that is, we can use
a matrix to specify how a vector in A is mapped to a vector in B. We saw earlier that
a linear mapping is completely determined by its effects on the basis vectors, and it
is this fact that shows us how a matrix can be used to define (or implement) a linear
mapping.

Suppose we have linear spaces ‘A and B with basis vectors i, ily, . . . , i,, and
Uy, Ups - - - » U, and a linear mapping T : A —> B. The transformed basis vectors
T (ii)), T (i1y), . . ., T (ii,,) are elements in B, and therefore can be represented as some
linear combination of B’s basis vectors v, Uy, . . . » Uyt

T =ap, v +av,+- - +ap,v,
T (uy) = ay vy + a0, + -+ -+ ay,U,
T(um) =y V1 + Ay 2V +---+ A nVn

We can form the matrix T of coefficients for the above; this is the matrix repre-
sentation of T relative to the bases of A and B:
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ay, dyp o Ay

a1 Gpp  c dyy
T =

am,l am,2 e am,n

This result leads to two important facts:

1. The (row) matrix representation of any vector in A can be transformed into the
space B by multiplying it by T:

ayp dip o Ay

R dry1 dyp Ay
TxX)=[x; x - xp]

am,l am,Z e am,n

2. The matrix representation of a composition of two linear mappings is the con-
catenation of the matrices representing each of the mappings: let a;, a, . . ., a,,,
by, by, ... by, and ¢y, ¢y, . . ., ¢; be the bases for linear spaces A, B, and C, re-
spectively, and let 7 : A — B and S : B —> C be linear mappings with matrix
representations T and S, respectively. Then, R : A — C, the composition of T
and S, is represented by

S(T(¥)) =v TS.

2.74 CRAMER’S RULE

Cramer’s rule is a method for directly computing the solution to a system of linear
equations, provided one exists. To motivate this, let’s consider the case of a linear
system in two variables:

ayx;+ajpx; =¢
ay X1+ Ay Xy =)

If we take the approach of using elimination, we multiply the first equation by a,
and the second equation by a; ; and subtract, and we get

a a11X1 +axa1pX, = dyiCy
ay a1 X +ayax X, = a6
Ay 112Xy — dy1dpXy = 1€ — d116)s

giving us
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= a,16 — 420
=
aydzn — dz1d

provided a; ya, ; — a, 1a, , # 0. Substituting this value for x, back in the first equation
yields

ay X+ appx, =¢

a1,16 — 3,40 _
apx t+xn | ——| =
a1y — axd

ay 201,162 — dy12071C1

a1 Xy ==¢e—
apdap — a1pdy)

a1,102C1 — a1 201,162

a1ty — d1pds

o= C1dyy — Gl
=2
a1y — dipdy

provided a; ja,, — a, 1a1; # 0. The numerators and denominators of both x; and x,
can be expressed as determinants:

¢ ap ar €
G dyp a1 &
xl = x2 = —----
apr dip apr dip
a1 axp a1 azp

We can solve the example of Section 2.4.2 using Cramer’s rule. We have

3x+2y=6
x—y=1
for which Cramer’s rule has
2
1 -1 8
xlz—:—
2 5
1 -1
3 6
1 1 3
X, = ==
2 5
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In its general form, Cramer’s rule is as follows: Let A denote the matrix of coeffi-
cients

A=a;]

and let B; be the matrix formed by taking A and replacing column i by the column
of constants ¢y, ¢, - - -, ¢,. Then, if |A| # 0, there is a unique solution

o (Bl B Bl

|A[ " |A] |A]
It should be noted that Cramer’s rule can be unstable if the determinant of the
matrix is nearly zero, just as with other methods. There are two issues with respect
to Cramer’s rule for larger systems: first, efficiency—for an n x n system, Cramer’s

rule is O (n!), while Gaussian elimination is O (n?); second, subtractive cancellation,
which in Gaussian elimination is handled with full pivoting.

2.8 EIGENVALUES AND EIGENVECTORS

Recall that we call n x 1and 1 x n matrices vectors; without too much elaboration at
this point (we’ll discuss the geometric implications of linear algebra and vectors in a
subsequent chapter), you can think of a vector as specifying a direction and distance
in some “space” (such as Cartesian 2D space). Multiplying a vector by a matrix then
can be considered as transforming the direction and/or length of a vector. (Note that
we're restricting our discussion to square matrices again).

We can represent this multiplication of vector v by the matrix M in the usual
fashion:

For some special vector U, we can find a constant A such that
=AU
and thus
UM =AU
A vector v for which we can find such a value A is known as an eigenvector of M, and
the value A is called an eigenvalue. Notice that since X is a scalar, the value AU is simply

a scaled version of U, and thus whatever the multiplication by M does to an arbitrary
vector, it simply scales its eigenvectors.
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The question now arises: how do we find the eigenvalues for a particular matrix
M? Let’s do a little manipulation of the definition:

M = AD (2.2)
F(AM—M) =0 (2.3)
So long as ¥ isn’t the 0 vector, it must be the case that
IAL—M|=0

which is known as the characteristic polynomial.
Here’s an example: let
6 4
M=
M

We're looking for scalar A such that tM = Av:

(v Uz][g ii|=)¥[vl vy ]

This corresponds to the linear system
6v; + 2v, = Ay (2.4)
4v, + 4v, = Av, (2.5)
which can be rewritten as the homogeneous system
(A —6)v;—2v,=0
—4v 4+ A —4v, =0

The determinant of the matrix of coefficients for this system is zero if and only if the
linear system has a nonzero solution, so

’k—6 -2

—2— = — — =
» x—4‘_k 1A+ 16=(G -8 (A —2)=0

and so the eigenvalues for M are A = 8 and 1, = 2.
If we substitute A = 8 into Equation 2.4, we get

2v;—2v,=0
_4U1 + 47)2 =0
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which gives us ¥ = [1 1] as an eigenvector for eigenvalue A = 8. Similarly, if we
substitute A = 2, we get

—4U1 - 2U2 =0

—4v; —2v, =0
which gives us ¥ = [1 —2]as an eigenvector for eigenvalue A = 2. Note that any
scalar multiples of these eigenvectors are also eigenvectors for their associated eigen-

values.

This naturally extends to n x n arrays, whose characteristic equations are nth-
degree polynomials. Just as with any polynomial, there may be no, one, or up to n
real roots, and you should be aware that for n > 4, no general closed-form solutions
exist. Fortunately, we most often deal with matrices of 4 x 4 and smaller in computer
graphics.

29 EUCLIDEAN SPACE

From the standpoint of computer graphics, the particular subclass of linear spaces
called Euclidean space is the most important. Our earlier discussions of linear spaces
didn’t include mention of “length” or “orthogonality,” instead focusing on vector
spaces in general.

2.9.1 INNER PRODUCT SPACES

We begin with a definition: Let V be a vector space over R”. Let V? denote the set of
all pairs (i1, v) where i, v € V. An inner product is a function from V2 to R, denoted
(u, v}, that satisfies the following conditions:

1. DlStrlbuUVlty <a1ﬁ1 + (12122, U> = al(ﬁl, lj) + az(lz-iz, 6)

ii. Commutativity: (i, v) = (0, it).
iil. Positive definiteness: (i, i) > 0, and (i, i) =0 < 1 = 0.
Then, the space V is an inner product space. As suggested earlier, a vector space in
general may have elements of arbitrary type, but as we’re concerned with tuples of
real numbers, the remainder of this discussion makes this assumption.

Norm, Length, and Distance

There are infinitely many inner products of R"—that is, you can specify any arbitrary
function on such tuples that satisfy the conditions just described. The dot product
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we first introduced in Section 2.3.4 is one particular choice of inner product; it has
properties that make it particularly useful. The third condition for the inner product
is involved with the definition of length; from it, we know that any nonzero vector has
a positive value as the inner product with itself. The square root of this inner product
is called the norm and is notated as

il = v/ (u, i)

As we'll see later, the geometric “interpretation” of Euclidean space allows us to view
the norm as the length of a vector.

If the norm of a vector is 1, that is, ||#|| = 1, then we say that the vector is normal-
ized. Any (nonzero) vector i € 'V can be normalized by multiplying it by 1/|i|. The
distance between two vectors i, v € V is defined as |0 — i||. An inner product space
over R" whose inner product is the dot product is defined as a Euclidean space.

2.9.2 ORTHOGONALITY AND ORTHONORMAL SETS

Given a Euclidean space "V, an inner product equal to 0 has particular significance:
if (i1, ) = 0, then they are called orthogonal.

Orthogonality has a particularly important role, relative to the concept of basis
vectors. Let V = {t, Uy, . . . , U,} be a set of basis vectors for a vector space v. If we
have (v;, v;) = 0, V0;, Uy € V, i # k, then the set V is itself called an orthogonal set.

If V is an orthogonal set of basis vectors, and ||7;|| = 1, VU; € V, then V is further
defined to be orthonormal. A Euclidean space with a standard orthonormal frame is
known as Cartesian space.

Any Euclidean space has an infinite number of sets of basis vectors that define the
space. Any set of basis vectors may be orthogonal, orthonormal, or neither of these.
However, any set of basis vectors may be converted into an orthonormal set by means
of the Gram-Schmidt orthogonalization process.

Before we go into the orthogonalization process itself, we must understand a
property of orthonormal sets of basis vectors: an orthonormal set of vectors V' =
(U1, Ugs - - - Ui}, with k < n (the dimension of V) because it is a subset of some set
of basis vectors, must be linearly independent; further, for any u € "V, the vector

W= — (U, V)V — (U, Va)Vy — - - - — (U, V) Uy (2.6)

is orthogonal to each v; € V'.

Let "V be an inner product space, and V = {vy, U,, . . ., U,,} be a basis for it. We
can construct an orthonormal basis U = {ii}, ii,, . . . , il,,} using the Gram-Schmidt
orthogonalization process:
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Step 1. Setu, = ﬁ. Note that this makes i, unit length.

Step 2. Set i :MM
p 27 o= (@)l

orthogonal to i,. This makes the set {ii}, ii,} orthonormal.

Note that i, is of unit length and (by Equation 2.6) is

Step 3. Setus = ”52 2322331 gzzz?z;‘ Again, ii3 is unit length and (by Equation 2.6)

is orthogonal to i, and ii,. Hence, the set {ii, ii,, i3} is orthonormal.

Step 4. Repeat the previous step for the rest of the ii;.

At the end of this process, we have an orthonormal basis for V.

2. 10 LEAST SQUARES

The clever reader may have noted that all our linear systems so far have conveniently
had exactly as many equations as unknowns. So, as long as there exists a unique
solution, we can use one of several techniques to solve it. However, often situations
arise in which there are more equations than unknowns.

Consider a simple example: if we have two points and wish to determine the
equation of a line that passes through the points, we can set up a linear system to
solve; this system will have two equations and two unknowns, and so long as the
points are not coincident, a solution can be computed. For example, suppose we have
two points:

P = (P1,1 P1,2)
P, = (P2,1 Pz,z)

Of course, these define a line, which may be expressed as x, = mx; + b. We can
solve for the coefficients m and b by representing the points as a linear system and
applying, say, Cramer’s rule. Our points must be on the line, and therefore satisfy the
line equation, and so we can write the linear system as

pim+b=p,

paim+b=p,,

|:P1,1 1] |:m:| _ [Pl,z]
Py 1)L b 12%}

which in matrix form is
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® (X3, ;)

(x,, mx, + b)

7 (x,, mx, + b)

? (-xl’ )’1) '
: ® (x, y,)
(x,, mx, + b)
X
Figure 2.9  Least squares example.
Cramer’s rule has the solution as
Pz 1 ‘
Py L] pip—Pap
P11 ‘ P11~ P2
P21 1
’ P11 P12
b= P21 P22 _ P11P22 — P21P12
Py 1 P11~ P21
JZRT!

However, consider if we have more than two points we wish to fit a line to; in
general, any three points in the plane will not be all on a line. In this case, we’d
like to have a line that minimizes the (vertical) distance between it and each of the
points. The line can be considered as a function f returning the y-value for a given
x-value (specifically, f(x) =mx + b). See Figure 2.9. We can represent this particular
example as a linear system:

pim+b=p,

pyim+b=p,,

p3m+b=ps,
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which in matrix form is

P 1 m P12
IZ5 b | = | P22
1

P31 P32

Note that we now have three equations, but only two unknowns; this is what’s called
an overdetermined system, and for these sorts of systems, the best we can generally
hope for is some sort of approximate solution, which satisfies some objective criteria.

The vertical distance D), then, between a point (xi, yl) and the line is
| fxp) — y1|. For various reasons, we want to actually look at the sum of the squares
of the distances between the points and the line:

D= (fx) — )" + (fG) = ») 4+ (F ) = va)

So, we want to choose the function (line) f so that D? is minimized. That is, we need
to choose m and b in an approximate way so that our objective criterion is met (the
minimization of D?). This is the reason this is called a least squares solution.

To understand how we go about solving this, you have to kind of stand on your
head for a while. Imagine a space R" of n dimensions, where n is the number of
points to fit (equations in the system). We can view the components of the coordi-
nates of a location y in this n-dimensional space as consisting of the y-values of the
points we’re trying to fit (that is, y = (yl, Voot yn)). Another location T (f) in this
n-dimensional space can be considered to have coordinates consisting of the y-values
of the points on the fitted line corresponding to each point we’re trying to fit; that is,
T(f)= (f(xl), fx), -, f(xn)). The total distance D? between the points and the
fitted line is thus the square of the distance (in the n-dimensional space R") of the
vector T(f) — y.

In the case of our example of fitting a line to three points, the transformation 7
corresponds to a matrix

1 X1
M= 1 X
1 X3

We need to find f (that s, m and b) such that we minimize D? (thatis, || T (f) — y])).
If we represent this in matrix form, we get
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M[f]=1y]

I
=
| p— |
S &
1
|
<

IR

_b+mx1—y1
=| b+mx;—y,

_b+mx3—y3

Recall that we need to minimize D?, which we wrote earlier as
D= (fG) =) + (F) = 3) -+ (f &) = 3)”
in general, or specifically for our case
D*= (b + mx, — y1)2 + (b +mx, — y2)2 + (b + mx; — yn)2

Since this is just a function, we know that the minimum occurs exactly when the
partial derivatives of D? with respect to b and m, respectively, are zero. This leads to
the system we need to solve:

(b+mx;—y)+ (b+mxy—y)) + (b+mx;—y;) =0

X1 (b+mx1—y1)+x2 (b+mx2—y2)+x3 (b+mx3—y3) =0

If we rewrite this in matrix form we get

1 1 1 b+mx1_yl
o o x b+mx; —y;
1 2 3 b+m.X'3_y3

We can, for clarity, rewrite this as

11 1 Ly N 0
|:xl X2 x3] i 2 [m:|_ - :[0}

Y3
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In this form, we can see that it incorporates our matrix M in various forms:
(o2 [3]) L2
Y3
MIM[f]=[y]) =0
MM[f]-M"[y]=0
Rearranging,

MM[f]=M"[y]

(71 = (M) MTIy)

The astute reader may have noticed that the final manipulation to isolate [f]
involved an operation that may not necessarily be justifiable—specifically, we’ve as-
sumed that we can invert the matrix MTM. Certainly it’s square, and it can be shown

that if the values x,, x,, and x; are distinct, the matrix can be inverted.

RECOMMENDED READING

There are an enormous number of books on linear algebra; a recent search for the
string “linear algebra” on an Internet bookseller’s site yielded 465 entries. Particularly

appropriate are undergraduate texts in linear algebra, such as

Jeanne Agnew and Robert C. Knapp, Linear Algebra with Applications, Brooks/

Cole, Monterey, CA, 1978.

Howard Anton, Elementary Linear Algebra, John Wiley and Sons, New York, 2000.

Also quite useful and accessible is

Seymour Lipschutz, Schaum’s Outline of Theory and Problems of Linear Algebra,

McGraw-Hill, New York, 1968.

In the area of computer graphics, the following contain much of interest related

to linear algebra:

M. E. Mortenson, Mathematics for Computer Graphics Applications, Industrial

Press, New York, 1999 (Chapters 1-3).
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James D. Foley, Andries van Dam, Steven K. Feiner, and John F. Hughes, Com-
puter Graphics: Principles and Practice, 2nd ed., Addison-Wesley, Reading, MA,
1996 (Appendix: Mathematics for Computer Graphics).

Gerald Farin and Dianne Hansford, The Geometry Toolbox for Graphics and Mod-
eling, A. K. Peters, Natick, MA, 1998.
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VECTOR ALGEBRA

31 VECTOR BASICS

Before talking about vector spaces, let’s go back to basic principles. To keep things
concrete, we'll talk physics. One fundamental class of physical properties and phe-
nomena can be described by a single value; for example, mass, volume, distance,
or temperature. However, a second class of properties or phenomena cannot be so
described; rather, they are by nature multiple-valued. One example of this class is
motion of an object, which has two components—speed and direction (as, say, kilo-
meters per hour and compass heading). The first class of properties can be called
scalar-valued, and the second class of properties can be called vector-valued. Vector-
valued entities may also be referred to as multidimensional, and the individual values
making up the entity are known as its components.

Later on, we’ll discuss some of the mathematics underlying these vector-valued
numbers, but for now let’s stick to a particular subclass defined by distance and
direction, which we’ll simply call vectors. To visualize this class of entities—these
vectors—we’ll draw them as arrows (directed line segments), as shown in Figure 3.1.
The direction is indicated by the orientation of these arrows, while distance is indi-
cated by their relative lengths.

3.1.1 VECTOR EQUIVALENCE

One of the most important characteristics of vectors is that of equivalence—what
does it mean to say that two vectors are equal or not? Recall that the components
of a vector are its direction and length; “position” is not part of the definition. In
Figure 3.1, vectors i and f have different directions and lengths, and are thus different

63
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Figure 3.1

=}

=

™

Vectors as directed line segments.

vectors. However, vectors ii and w have the same direction and length, and are thus
equivalent, even though they are drawn at different locations in the figure. If this
seems to be counterintuitive, think of it this way: if you start off at your house and
walk three kilometers due east, the relative path is the same as if you had started your
trip at your neighbor’s house.

3.1.2 VECTOR ADDITION

With this direction-and-distance interpretation in place, we’re now in position to
talk about operations on vectors. First, let’s talk about addition—what does it mean
to add two (or more) vectors? Going back to our “taking a walk” intuitive hook,
this would correspond to walking a particular distance in a particular direction
(one vector) and then immediately walking in some other direction for some dis-
tance. Of course, you could have walked directly to your final destination; this
would correspond to yet another vector, which is defined as the sum of the first
two.

For example, say we had two vectors # and v, as seen in Figure 3.2, that rep-
resented a two-stage journey. Remembering that the positions of the vectors aren’t
significant, we can redraw them as in Figure 3.3. That more direct path from the jour-
ney’s start to its finish is the sum of the two vectors and can be drawn “head-to-tail”
as shown in Figure 3.4, which makes it more obvious that their sum is the vector w.
This can be mathematically represented as it + v = w.

Because adding two vectors always gives us another vector, we can extend this idea
to “chains” of vector addition, as shown in Figure 3.5, which represents the vector
sums 47+ + v =w.
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<y

Figure 3.2 Two vectors.

<i

=y

Figure 3.3  Two vectors drawn head-to-tail.

3.1.3

3.14

VECTOR SUBTRACTION

We can also subtract one vector from another. Intuitively, this is equivalent to taking
a journey of some distance in a particular direction, and then going in the reverse of
some other direction for another distance. This is shown in Figure 3.6.

VECTOR SCALING

Another fundamental operation on vectors is that of scalar multiplication or scaling.
This simply means changing the length of a vector without changing its direction. In
Figure 3.7 we can see that the vector v has exactly the same orientation as i, but is
twice the length. This is represented mathematically as v = 2i.

In general, scalar multiplication is ¥ = o, where & is any real number. In the
previous example, we had o = 2, but we could just as easily have a negative o value.
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Figure 3.4  Vector addition.

Figure 3.5  Vector addition chain.

Figure 3.8 shows a scaling of & by & = —1 (which can be called, for obvious reasons,
vector negation).

3.1.5 PROPERTIES OF VECTOR ADDITION AND SCALAR
MULTIPLICATION

Now, given these two operations of vector addition and scalar multiplication, you
might wonder if the rules for combining these two operations follow what you know
about ordinary addition and multiplication of simple (i.e., real) numbers.

Let’s look at some of the usual properties:
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Figure 3.6  Vector subtraction.

Figure 3.7  Vector multiplication.

i. Commutativity: 4 + v = v + u. From Figure 3.9, we can see that the sum is the
same irrespective of the order of the terms.

ii. Associativity: i + (¥ + w) = (it + v) + w. From Figure 3.10, we can see that the
sum is the same irrespective of the grouping of the terms.

iii. Distributivity of addition over multiplication: (&« + B)ii = aii + Bv. See Fig-
ure 3.11.

iv. Distributivity of multiplication over addition: a(i + ¥) = aii + av. From Fig-
ure 3.12, we can see that the sum is the same irrespective of the grouping of the
terms.
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Figure 3.8  Vector negation.

Figure 3.9  Commutativity of vector addition.

Figure 3.10  Associativity of vector addition.
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(a+ b)a

Figure 3.11 Distributivity of addition over multiplication.

Y

aw=au+ av=a(i+ V)

Figure 3.12  Distributivity of multiplication over addition.

3.2 VECTOR SPACE

Although we’ve been talking about vectors as “directed line segments,” the abstract
concept of a vector space can be formalized as follows: a vector space (over real
numbers) consists of a set 'V, whose elements are called “vectors,” and which has
these properties:

i. Addition (and subtraction) of vectors is defined, and the result of addition or
subtraction is another vector.
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ii. Theset V is closed under linear combinations: if we have i1, v € V, and «, BeR,
then asi + Bv € V as well.

iii. There exists a unique vector 0 € 'V, called the zero vector, such that the following

properties hold:
a. Vo e V,0- 3 =0, where 0 € R.
b.Vie V,0+0=10

(Note that these all work intuitively for our “directed line segments” version of vec-
tors, except that we haven’t yet talked about multiplication of vectors by vectors. Also,
note that the “closed under linear combinations” includes multiplication of a single
vector by a scalar, which we already discussed.)

3.2.1 SspaN

Given a set of vectors {¥, ¥y, -, 0,} € V, the set S of all linear combinations of
these vectors is an (infinite) set of vectors comprising another vector space, and this
space is called the space spanned by {v, Uy, - - -, U, }. That is, any vector i € S can
be written as W = A,U; + Ayl + - - - + A, Uy, for A; € R. The set {y, Uy, - - -, U, } is
called the spanning set for S.

Here’s an example to make this more clear: if we have two (nonparallel) vectors
u and v that are directed line segments existing in three-dimensional space, then
the space spanned by these two vectors consists of all vectors lying within the plane
defined by u and v (see Figure 3.13).

Figure 3.13  The span of two vectors in 3D space is a plane.
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3.2.2 LINEAR INDEPENDENCE

Suppose we have a set of vectors # and v that span some space S. Notice that in the
example diagrammed in Figure 3.13, we stipulated that the vectors i and ¥ must not
be parallel. Intuitively, you can see that if they were parallel, we wouldn’t be defining
a plane with them; we’d be defining a line. Consider the case where we have three
vectors i, U, and w, but with w = aii. We'd still be defining a plane, and the three
vectors would span the same set . So, either i or w could be considered redundant.

This intuition can be formalized in the definition of linear independence: the set
{9, 0y, - -+, 0, } € V is linearly dependent if there exist scalars A1, A5, - - -, A, not all
zero, such that

-

MUy A+ Ayly + -+ 4,0, =0

and linearly independent if

-

Mgy + Agly + - -+ AU, =0
onlyif A;=0,A1,=0,- -, A, = 0. More intuitively speaking, this means that a set of

vectors is linearly independent if and only if no v; is a linear combination of the other
vectors in the set.

3.2.3 BASIS, SUBSPACES, AND DIMENSION

If we have a vector space S, then a set {51, Uy s Bn} is a basis for S if
i. {0}, 0y, -, 7,} arelinearly independent
ii. {0}, 0y, -,,} is a spanning set for S
If we have a vector space "V, and some set of basis vectors V = {171, Ugy oo vy Bn} IS

"V, then the space S spanned by V is called a subspace of V. The dimension n of S is
defined as the maximum number of linearly independent vectors in S.

To make this more concrete, the example we showed in Figure 3.13 has as the
vector space all directed line segments in three-dimensional space (i.e., V =R?), the
basis vectors are the two directed line segments (i.e., V = { i, 17}), and the space S
spanned by V is the plane in which those two vectors lie. The dimension of S is 2.

It is important to note that, for any given subspace S of 'V, there are infinitely
many spanning sets. Going back to our example, any two nonparallel directed line
segments in the plane constitute a basis for that planar subset of three-dimensional
space.

Suppose we have a set of vectors V = {51, Uy, v vy ﬁn} €V, which are linearly
independent as described earlier. Any other vector w that is in the space spanned by
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Figure 3.14

PROOF

A vector as the linear combination of basis vectors.

V can be described as a linear combination of V:
W =xX1V; + X0, + - - - + X,V x; eR

It’s important to note that the factors x; are unique for a given w (otherwise, the
vectors ¥; would not be linearly independent). We then define a set of vectors V =
{91, 0y, - -, 0,} €V that are linearly independent as forming a basis of (or for) V.
We call the elements x;V; the components of w, and the coefficients x; the coordinates
of w.

An example should make this more clear. Figure 3.14 shows the same two vectors
u and v from Figure 3.13. Because they’re linearly independent (i.e., not parallel and
neither is the 0 vector), they form a basis.

The vector w, which lies in the space 'V spanned by # and v, can be described
as a linear combination of the basis vectors (specifically, w = 3u + 2v). You can see,
intuitively, that the coefficients (coordinates) of w can only be x; = 3, x, = 2 (“proof
by diagram”); assume that x, is not 3, and note that no possible value of x, could give
you the vector w.

A formal proof of the claim that the linear combination is unique requires that

we state and prove a simpler proposition: Let V.= {9}, ¥,, - - -, U, } be a basis in V.
Then, Y ¢;t; =0 c;=c,=---=c, =0.
We need to prove both directions. Let’s do the easy one first: if ¢c; = ¢, = - - =¢, =0,

then certainly > ¢;; = 0 by the definitions of addition and multiplication. To prove
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the other direction, suppose that ) ¢;v; = 0, and ¢; # 0 for some j. Then,

> —C; >

Uj = Z Tvi

ikj J

which contradicts the assumption of linear independence, and therefore ¢; = ¢, =
cee=Cp = 0.

(This proposition can be stated more intuitively: the zero vector can only be
described as a linear combination of the basis vectors with all the constants equal
to zero, and conversely, if all the constants in a linear combination are zero, the only
thing that it defines is the zero vector.)

Now, on to the proof that the linear combination is unique. Stated more formally,

let V.= {0}, 0y, - -, U} be abasis in V. Then every vector in 'V can be written as a
unique linear combination of ¥y, Uy, - - - » Uy,.
PROOF  Suppose we have w € V. Then there exist ¢, ¢,, . . . , ¢, € R such that

W=c0; + Uy + - - - + ¢, 0,

Suppose that these constants are not unique, that is,

-

w=d\v,+ dyo, + - +d,,
where some ¢; # d;. But if that were true, then
6= (dl - Cl)l_}l + (d2 - CZ)I_}Z +ooot (dn - Cn)an

Recall from the previous proposition that the coefficients of the linear combination
producing the zero vector 0 are all zero; this means that d;=c;,Viel...n. This
proves that every vector w € V can be defined as a unique linear combination of the
basis vectors.

3.2.4 ORIENTATION

Suppose we have two linearly independent vectors i and v. As we have seen, these
can be considered to define a plane, or if the vectors are three-dimensional, a plane
in 3-space. Figure 3.15 shows these vectors # and v and the angle ;3 between them.
Note that we’re “exploiting” some unstated conventions here. We’ve mentioned the
vectors in lexicographic order (i then V) and spoken of the angle between them in that
order (6;3), and the angle arrow in Figure 3.15 goes from i to v, suggesting that the
angle is positive. The angle direction is, in common parlance, “counterclockwise”—it
increases as you go in that standard direction. But, all of these conventions are based
on an assumption that’s so obvious, you're probably not even thinking about it: all of
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Figure 3.15

<y

Angle between vectors.

these drawings are done on a page, which has a built-in third dimension, but which
also has a well-defined third direction—that being what “out of the page” means (the
page has thickness, the ink on the diagram is on one of the surfaces, and we consider
that surface to be the “front” as opposed to the “back,” and so counterclockwise is
well defined).

What if we look at Figure 3.15 as what it really defines—an infinitely thin plane—
and look at it from the other side? Then, our notion of “in” or “out” of the page
reverses the sense of what’s counterclockwise (i.e., the orientation). So, in reality
we can’t distinguish the orientation. We’ve just been “cheating” by exploiting well-
established conventions for printing diagrams on a page, in particular the idea of
“out of the page” as opposed to “into the page.” That last observation suggests that
it’s really this idea of a third direction that allows us to define orientation and gives
us a way out of the ambiguity.

Now, suppose we have, in addition to the basis vectors u and v, a third (linearly
independent) vector w; we can think of 1 as giving us that “out of the page” direction.
Of course, v can serve the same role with respect to i and w, and so on. This (finally)
allows us to define the orientation, or sign, for a basis as follows:

sgn (ﬁ, v, 17)) =sgn (9,;;))

If we refer back to Figure 3.15, we’d have w pointing in or out of the page, depending
on how we chose our convention. It seems a bit more “natural” to choose W to be
out of the page, as that corresponds to our idea of a front and back of a sheet of
paper. This convention is known as the “right-hand rule” because if we take our
right hand and curl our fingers in the direction of positive rotation, that orientation-
defining direction corresponds to the direction our thumb is pointing, as shown in
Figure 3.16. If the sign of a basis is positive, we use the notation

sgn (fi, v, 17)) =+1
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Figure 3.16  The right-hand rule for orientation.

3.2.5 CHANGE OF BASIS

We just showed that every vector in a particular space is a unique linear combination
of a particular set of basis vectors. However, this doesn’t mean that every vector
has a unique linear combination representation. For any given vector space 'V of
dimension n, there are an infinite number of linearly independent n-ary subsets of
V. That is, any vector w € V can be represented as a linear combination of any
arbitrarily chosen set of basis vectors. The vector w = 3u + 2v in Figure 3.14 can also
be represented as w = 35 + f, as shown in Figure 3.17.

How this can be true is fairly obvious, intuitively. A formal explanation of how
this works might be useful: Suppose we have two sets of basis vectors d,, d,, . - . , a,,
and l;l, I;Z, ces En for V. We know that any vector in 'V can be represented in terms
of any basis, and of course this is true for vectors that themselves make up another set
of basis vectors. That is, each of the a’s can be represented in the basis formed by the
b’s:

Gy = crgby+ Copby + -+ Gy (3.1)

If we have a vector w € V, we can represent it as a linear combination of
dy, dy, . . . , 4, and substitute the d; equations (3.1) in that combination to obtain
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Figure 3.17 A vector as the linear combination of two different sets of basis vectors.

w=da, + dya, + - - - + d,a,
= d1(01,151 + 02,1[;2 +ot Cn,ll;n)
+ dy(c15b1 + Copby + - - + Cu0by)
+-- dn(cl,ngl + Cz,ngz +eee Tt Cn,ngn)
= (dic1, +docrp + -+ dyey )by
+ (dieo + docoy + -+ dyer,)by

+---+ (dlcn,l + dzcn,z +- dncn,n)l;n

We'll see in the next chapter that this laborious-looking computation can be accom-
plished trivially by using matrix multiplication.

3.2.6 LINEAR TRANSFORMATIONS

Before we delve into this directly, let’s review a little precalculus. If we have two sets
D and R, we can define an operation that associates each element in D with exactly
one element in R. If we apply this operation to all elements of D, then we can
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0.5

1t

The sine function.

view the results as a set of pairs of elements (a, b) ,a € D, b € R. Formally, we call
this operation of associating elements of the two sets a function, transformation, or
mapping (all of which are equivalent and interchangeable terms); the set D is known
as the domain, and the set R is known as the range of the function. It is important
to note that either or both the domain and range may be infinite or finite. Further,
the function may be continuous or discontinuous. Many values in the range may be
mapped to the same value in the range, but each value in the domain may be mapped
to only one value in the range.

Frequently, a function is depicted as some sort of a graph, with the domain along
the horizontal axis, the range along the vertical axis, and the values of the function
shown as a line or curve, or as bars. Formally the set {(x, f(x)):x e D} CD x R
is defined to be the graph of a function. A canonical example of a function is the
trigonometric function sine. The domain consists of all real numbers; the range is
all real numbers between —1 and 1 (see Figure 3.18).

What we’re interested in talking about here are what we call linear transforma-
tions, which are mappings from one linear (vector) space to another. Formally, a
linear transformation between two vector spaces U and V isamap T : U — V
such that

T (12' + 17) =T (ﬁ) + T'(v) for any vectors ii, v € V
ii. T (i) =aT (i) foranye € Randanyii € V

Frequently, a linear transformation is said to preserve linear combinations. Recall
that a linear combination of vectors is defined as x,0; + x,U, + - - - + x,,U,,, X; € R,



78 Chapter 3 Vector Algebra

27T(4) = 2(30)

= 2T(v) = 2(2
§= 21(v) = 2(2V) er(zv}

—2(30

et 2(]) =
W):—“?)

Figure 3.19  Linear transformation “scale by two.”

which can be decomposed into the two operations specified above, and you can see
how these are equivalent requirements. Linear transformations always map lines to
lines (or to zero), and it is always the case that T(0) =0. Figure 3.19 should give you
an intuition for this. In this case, the transformation is “scale by a factor of two.” You
can see directly that the linear combination is preserved:

Because linear transformations preserve linear combinations, and all vectors i; €
"V can be written as a linear combination of some set of basis vectors {0y, Vs, . - . , U},
a linear transformation can be characterized by what it does to the basis vectors.
We can understand what sorts of operations linear transformations can perform by
considering what transformations we can perform on a vector: changing its length
(scaling) or direction (rotation). The transformation shown in Figure 3.19 was a
uniform scaling, as the basis vectors were both scaled by the same value; however, it is
certainly permissible to scale each vector by a different value, in which case we get a
nonuniform scaling (Figure 3.20 shows the results of scaling one basis vector by 2 and
the other by 1.5). If we rotate the basis vectors in the same way, we effect a rotation
(by the same amount) in all vectors that are linear combinations of those basis vectors
(Figure 3.21). Finally, a shear transform scales only one component of a basis vector
(Figure 3.22).
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Figure 3.22
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s= 1.5T(v) = 1.5(2v)

27T(0) = 2(30)

152

Rotation transformation.

Shear transformation.
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33 AFFINE SPACES

PROOF

So far, all we’ve talked about are vectors—what they are, what you can do with them,
and so on. But what about points? The world can be viewed as a space of points
(locations). How can we relate these points to the vectors we’ve been talking about?
The rather obvious intuition is that if we have a point, we can “attach” a vector to it,
and at the end of that vector we have another point. Further, if we have two points,
there is a vector pointing from one to the other, and vice versa.

So, we have this clear functional distinction between points and vectors. In order
to make it very clear which we’re talking about, we’ve adopted a common convention
for our notation: a vector always appears with either a diacritical arrow over it (&, V)
or a “hat” (&, 0) in the case of unit-length vectors and is generally lowercase; points
are written without the arrow and are uppercase (P, Q). Since we can have a vector
between two points, occasionally we’ll use a notation that makes this explicit— pyg is
a vector from P to Q.

Formally, an affine space /A consists of a set of points 2 and a set of vectors V,
which are a vector space spanned by some basis or bases of V. The dimension n of A
is the dimension of V. We refer to the points in A as A.P and the vectors as A.V.

The relationship between the point space and underlying vector space of an affine
space was intuitively explained above. More formally, the relationship is determined
by the axioms defining subtraction of pairs of points and the so-called Head-to-Tail
Axiom:

i. VP, Q € A.P, 3 aunique vector v € A.V such that v = P — Q.
ii. YO € A.P,Vv € A.V, 3 a unique point P such that P — Q = v.
ii. VP, 0, Re AP, (P — Q)+ (Q —R)=P —R.

Note that condition (i) above can be rewritten as P = Q + v and also implies that
P=P+0. Figure 3.23 shows the first two axioms. The Head-to-Tail Axiom is de-
picted graphically in Figure 3.24.

Finally, we have another axiom (what DeRose calls the Coordinate Axiom), defin-
ing two important multiplicative operations on points:

YVPe AP, 1-P=Pand0-P =0

which simply tells us that multiplying a point by 1 gives us back the point, and
multiplying a point by 0 gives us back the zero vector for A.V.
A number of identities are worth listing (DeRose 1992):

. Q0-0=0

If we set Q = R, then the Head-to-Tail Axiom can be rewritten as (P — Q) +
(Q — Q) = P — Q, which means that (Q — Q) =0.
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Figure 3.24
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Definition of point subtraction.

The Head-to-Tail axiom.

iLR-—0=-(Q-R)
If we set P = R, then the Head-to-Tail Axiom can be rewritten as (R — Q) + (Q —
R) =R — R.Since R — R =0, this implies that (R — Q) = —(Q — R).

iii. '+ (Q—R)=(Q+7)— R

Let v = P — Q. Substituting this into the Head-to-Tail Axiom gives us v + (Q —
R) = P — R. Substituting Q + v then gives us the result.

iv.O—(R+0)=(Q—R)—7v
Follows from the above by multiplying by —1.
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PROOF

PROOF

v.P=0+(P—-0)
We can rewrite the Head-to-Tail Axiom, by invoking the definition of addition, as
P=R+ (P — Q)+ (Q — R). If we then substitute Q = R,weget P=Q + (P —
0) + (Q — Q). Since (Q — Q) = 0, we have the desired result.

Vi. (Q+70)—(R+0)=(0—R)+ @ — ).
(Q+7) —(R+w)

=[(Q+7V)— R]+[R—(R+wW)] byHead-to-Tail Axiom
[(Q+7V)—R]+ [(R R) —w] by part (iv)
=[(Q+7V)—R]- by part (i)
=[(Q+v) - Q]+ [Q R]—w by Head-to-Tail Axiom
=[0+(Q-Q)]+[Q—R]—w  bypart(ii)
=(Q-R)+@W—-w) by part (i)

Affine Combinations

Recall that we can do the following:

®  Add two vectors together, yielding a third
= Multiply a vector by a scalar, yielding a vector
®  Add a vector to a point, yielding another point

m  Subtract two points, yielding a vector
Note that we haven’t talked about the following:

®  Multiplying a point by a scalar
®  Adding two points together

The first has no sensible interpretation whatsoever in an affine space—what would it
mean to scale alocation? Remember that we have no distinguished origin. The second
operation has no sensible interpretation either.

However, there is an operation that is sort of like adding two points together, and
it’s called an affine combination. In an affine combination, we effectively add together
fractions of points. Before you object too strongly to this as being even more bizarre
than adding or scaling points, consider the situation where we have two points P and
Q. We know now that these points can be considered to differ by a vector v = Q — P.
There are, of course, an infinite number of points along the way from P to Q, each
some fraction of the way along v. Consider an arbitrary point R somewhere between
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Q=P+v

Affine combination of two points.

P and Q. It divides the vector between them by some ratio, say, & : 1 — o. We then
can write

R=P+a(Q—-P)

which is depicted graphically in Figure 3.25. Let’s pretend for a minute we’re just
doing algebra. We could then rewrite the above as

R=(0—-a)P+aQ
or as
R =u 1P + Ole
where a; 4+ o, = 1. We've just done two “forbidden” operations on points—scaling
by a vector and directly adding them. But, what we’ve just done is “clean up” the
original affine combination, so we’ve done nothing technically wrong. However, this
notation is so convenient, it’s become common practice to employ it whenever we

know what we “really mean.” Let’s just “define our way out of the problem” by stating
the following: Wherever the expression

o P + a0
appears, if &; + o, = 1, then it’s defined to mean the point

P+oa,(Q—P)
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This form is generally used when the term affine combination is used and is quite a
convenient notation.

It should be clear that if we set o between 0 and 1, the point R will be between
P and Q; if this is the case, then we call this a convex combination. However, our
definition of affine combination doesn’t really preclude us from setting o outside this
range, in which case the resulting R will be somewhere on the (infinite) line defined
by P and Q.

We can extend the affine combination, as you may have suspected, to involve
more than just two points: Given n points P, P,, ..., P,, and n real numbers
ay, 0y, . . ., &, Whose sum is 1, we can define an affine combination to be

P1+(¥2(P2—P1)+053(P3—P2)+“'+05n (Pn_Pl)
and again rewrite this as
o Pit+a Pyt Py

An example is shown in the top of Figure 3.26, in which oy = o) = a3 = ¢, = 0.25.
The careful reader may have noticed that «; does not appear in the original affine
combination, yet it does appear in the rewritten form below it. Why are P; and
o; “special”? Actually, they are not. We can interchange the roles of P; and any of
the other points, compute the affine combination using the same coefficients, and
produce the same point. The lower diagram in Figure 3.26 shows what happens when
we interchange P, and P,—we get the same Q as an affine combination.

3.3.1 EUCLIDEAN GEOMETRY

You should have noticed several things missing from all of these discussions of affine
geometry:

®  There has been no mention of any concept of an origin in an affine space.

= We've only really talked about angle in a rather general sense, but not specified
how we define or compute angles.

®m  While it’s clear that two points in affine space are separated by some distance,
we’ve not discussed it beyond that.

These have not been accidental omissions. In fact, affine space by definition has no
origin (there is no special point distinct from all others) and does not include any
mechanism for defining length or angle (remember, affine space itself consists of
points, and thus the questions “What is the angle between two points?” and “What is
the length of a point?” are meaningless).

The lack of a predefined origin to an affine space shouldn’t really bother us,
though: typically, in computer graphics and geometric design, models (in the sense of
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—P)+ a3(P3—P) + 0y(Py—Py)

Figure 3.26  Affine combination of several points.
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Figure 3.27
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Angle between vectors and vector length.

cars, etc. or virtual worlds) are defined by hierarchies of components, each of which
is created in its own space, and then its space is located inside the “next higher level’s”
space, and so no point really is distinguished—only the relative relationships between
points matter. We’ll get to the problem of origins of spaces in a later section.

For now, let’s concentrate on length, distance, and angle. These aren’t omitted
from affine space because they’re not useful concepts—of course they’re essential. It’s
just that these properties are properly part of what’s called Euclidean space, which
can be considered to be affine space with the addition of this “metric” information.
Euclidean space can then be considered a specialization of, or a subset of, affine
space; all of the principles and properties we’ve discussed about affine space apply
to Euclidean space, plus these new metric properties.

We’ve seen how to add and subtract vectors, and how to multiply them by scalars,
and also how these two sorts of operations interact. There are two other fundamental
vector operations, both of which are forms of multiplying two vectors together; these
are the scalar product, so called because it produces a single-valued (i.e., scalar) result,
and the vector product, so called because it produces another vector.

The scalar product is related to the questions “What is the angle between two
vectors?” and “What is the length of a vector?” (Figure 3.27), while the vector product
is related to the area of the parallelogram formed by two vectors placed tail-to-tail, as
when we diagram the additive operation (Figure 3.28).

Scalar Product

The scalar product is commonly known as the dot product, a special case of an inner
product. Before continuing, there are a few symbols we need to define:

m  Length: The length of a vector i is written as ||i]|.
m  Direction: The direction of a vector u is written as dir ().

m  Sign: The sign of a scalar is written as sgn(«).
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Parallelogram rule for vector addition.

Vector projection.

®  Perpendicular: A vector i perpendicular to a vector v is written as i L v.

m  Parallel: A vector u parallel to a vector ¥ is written as i || v.

Before discussing the scalar product, we need to step back a little and discuss pro-
jection of vectors, in order to provide some intuition as to why the scalar product is
useful and why it is so defined.

Suppose we have two vectors u# and v and draw them as shown in Figure 3.29,
so that the angle between them is 6. The vector v can be decomposed into two
components relative to i:

m 9, (perpendicular to i)

m 9§ (parallel to i)
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Note also that v + v, = v. By convention v, is called the normal component of v
with respect to u, and v is called the orthogonal projection of v on i (“orthogonal”
because it’s projected in a direction perpendicular to ).

What we’re interested in here are the relationships between v I v, and the angle
6. First let’s apply a little trigonometry and look at the lengths of v, and v, and
observe that (by definition of sine and cosine, respectively)

0,1l =[IV]l] sin 6] (3.2)
and
o)1l = ll9]l] cos 6] (3.3)

Now, what about the vectors themselves? This takes a bit more explanation than
just appealing to the definitions of fundamental trigonometric relationships. The first
claim is that

v = [|9]| cos it

where i = ﬁ is a unit (length = 1) vector having the same direction as u. That is, ¥

is obtained by scaling u by the ratio of the length of ¥ to & multiplied by the cosine of

the angle between them. To show that this is the case, we have to show that these two

vectors (1_5” and % cos Oii) are the same; we have to show that they have the same

direction and length. Taking length first:
19yl = 11V cos O]
19yl = 1191l [cos &1 [l
but ||i|| = 1because it is by definition a unit vector, so we have
o4l = lI9]] Icos 6]

which proves the vectors have the same length.
To show equivalent direction, we have to consider two cases:

i. cos 6 is positive (as in Figure 3.29).

ii. cos @ is negative (as in Figure 3.30).
In the former
dir (]|V]| cos 0ii) = dir (1) <= cos 6 >0

dir (||T)|| cos 9&) = —dir (ﬁ) &= cosh <0
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oY

cos 0 negative.

So for cos 0 < 0 and cos 6 > 0, we have
dir ([|U]] cos 6i1) = dir () (3.4)

Note that if cos 0 = 0 (6 = 90° or § = 270°), both ||| cos #ii and v become the 0
vector, and the relationship still holds.
To show that |3, || = ||9] |sin 0], we can simply note that

V= V)] + U”
which we can rearrange as

and the desired result follows directly.

So, we have in the orthogonal projection (7)) an entity that is related to the angle
6 between two vectors.! If you look at the relations we just proved, and the figures that
go with them, you’ll notice that the length and direction of v, and the direction of #,
affect the length and direction of v, but the length of # has no effect! Furthermore, v
is a vector, and it would be preferable to have a scalar—a single value—to characterize
the angle while simultaneously taking into account the lengths of the two vectors.

The foregoing is the long way around to justifying the otherwise seemingly arbi-
trary definition of the dot (scalar) product of two vectors; formally, the dot product
is defined as follows: if # and v are vectors and @ is the angle between # and v, then
the dot product i - v is defined by

1. We can just arbitrarily focus on 7 because if we know ¥ and 9, ¥, can be computed with a
simple vector subtraction.
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o _ [ 1alligl cos 6, ifii £0and v # 0
- 0, ifu=00rv=0

which of course implies that, for nonzero vectors # and v,

- -

cos = ——
lulllivll

and

The dot product has a number of important properties:

i. Definition: i - v = ||u||||v]| cos 6.
ii. Bilinearity: Vo, 8 € R, and Vi, v, w € A.V,
a. (il +pv)-w=a (U -w)+p V- ).
b. i (ab+ Bw) =« (i-V)+ B (i-0).
iii. Positive definiteness:

a. Vﬁeﬂ.v,ﬁ#ﬁ,ﬁ~ﬁ>0.
b.0-0=0.

. Lo o oo
iv. Commutativity: 4 - v =0 - u.

PROOF u-v=|illv| cos®
= [lu|||9]| cos(—6)

v-u

(3.5)

(3.6)

(3.7)

v. Distributivity of the dot product over vector addition: i - (U + w) = (it - ¥) +
(ii - W) First, we must prove a simple relationship: # - U = ii - v. The angle
between vy and  is either 0° or 180°, depending on whether 6 is less than 90°.
So, cos(x) is either 1 or —1, respectively; this may be restated as saying that

cos(o) = sgn(cos ). Thus, we have
ﬁ . 6“ = |ﬁ||lj||| CosS 0
= |ii||V]| cos 8| sgn(cos O)

= |it||v| cos O

<l

—ii

(3.8)

(3.9)

(3.10)
(3.11)
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PROOF  Let y be the angle between v + w) and u. By Equation 3.8, we have

i (U+w) =i (V+w),
=ii - (V) + wy)
= [|ll[Iv + wyll cos y

There are now two cases:
a. Parallel: i) || v
i - (0+w) = ulll|v) + wyll cos y
= [lall (191l + llwy 1) cos y

-

+u-w

Il
S
<l

b. Nonparallel: it f v
= lall Aoyl = llwy )

= a5y Il = el 1wyl

PROOF @U+v)-w=w-u-+70) by commutativity
=w-u+w-v by distributivity
=U-w+v-w by commutativity

So we have

i. Squared length: & - i = ||u|)?
i .0 — —1 _u-y
ii. Angle: 0 = cos™ ==r

(-9)ii

iii. Projection: v = “—=

91
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Figure 3.31

v 1
vl sin@

0

a

The vector product.

. > - U-v)i
iv. Normal: v, = u — (@)
u-u

v. Perpendicular:ii - v =0<=u L v

In the discussion of affine combinations earlier in this section, we explained a
“notational abuse,” in which we allowed ourselves to multiply a point by a scalar. In
the case of dot products, we also will occasionally abuse the notation and allow our-
selves to take the dot product of a vector with a point. For example, in Section 5.1.1,
we describe the implicit form of aline as 77 - X = d. Of course, dot products involving
points are not strictly “legal”; however, as with the case of the affine combinations,
we’ll define our way out of the problem by just stating the following: wherever an ex-
pression like 71 - X appears, what we really meanis 7 - (X — @), where O is the origin
of the affine frame.

Vector Product

The other vector multiplication operation, the vector product, is also known as the
cross product. The scalar product was discussed in an n-dimensional setting, but here,
we restrict the discussion of the cross product to three dimensions; the extension of
cross products to higher dimensions only works for some dimensions. Like the dot
product, the cross product is related to the angle between two vectors, but can also
be understood as defining the area of the parallelogram formed by two vectors placed
tail-to-tail (see Figure 3.31).

Another useful way of motivating the idea of the cross product is this: if we
have two (nonparallel) vectors & and v, we can consider them to define a (two-
dimensional) plane. If you think about this plane as “floating about in space,” rather
than “on the page,” then the dot product can help us find the angle between the
vectors, but says nothing about the orientation of the plane in space.
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u > v >
Out of page Into page

The right-hand rule.

We can go about defining the cross product of two vectors # and U as another
vector w that is perpendicular to the plane containing # and v, and whose length is
related to the angle between these two vectors. We use the x symbol to indicate the
cross product. The defining properties are the following:

i. The cross product of two vectors W = i X ¥ is a vector.
ii. The cross product of two vectors is perpendicular to those two vectors:
dir(i x v) Lu,v
iii. The length of the cross product of two vectors is equal to the area of the parallel-
ogram formed by i and ¥: [|ii x V|| = Area (i, U) = ||i]|[|V] sin 6

Note that if 0 > 0, the area is positive, and if 0 < 0, then the area is negative; if the
unsigned area is desired, then the absolute value of sin 6 should be used instead.

The astute reader may have noted that there are two vectors perpendicular to
the plane defined by & and v—one points “outward” or “up,” and the other is its
opposite, pointing “inward” or “down.” By convention, we use the right-hand rule we
introduced earlier: if the angle § between # and v is positive, then the cross product
vector points “out of the page,” and conversely if 6 is negative (see Figure 3.32).

Other properties of the vector product:

i. Anticommutativity: i x
ii. Distributivity: i x (0 4+ w) = (i
iii. Distributivity: (i) x U =i x (a¥) =
0

iv. Parallelism: 4 | 1 &= il x U =
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Figure 3.33  Parallelepiped defined by three vectors.

3.3.2 VOLUME, THE DETERMINANT, AND THE SCALAR TRIPLE
PRODUCT

It’s natural to assume, because we have operations defining length and area, that we
also can define volume using vector operations. Naturally, the volumetric equivalent
to the parallelogram we used in the cross product is the parallelepiped (Figure 3.33).
First, let’s introduce a notation for volume: if we have a parallelepiped defined by
three linearly independent vectors i, U, and w, its volume is

Vol (it, v, W)
Note that the order of this isn’t significant:
Vol (i, U, w) = Vol (¥, w, i) = - - - = Vol (W, v, it)
because they all describe the same parallelepiped.

Now, given we have these three (basis) vectors, how do we determine Vol
(14, v, w)? Look at Figure 3.34.

Vol (ii, v, 17)) =base x height by definition
= ||u||||9]| sin ¥ x ||@]|| |cos@| by trigonometry
= |lu||||v] siny - ||| definition of dot product
= |lu x v - lwyl definition of cross product
= [lu x - wyl definition of length

=i xv-w|
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[Iwll Icos B1

The scalar triple product.

But, you say, what about orientation? From the above, we can make two obser-
vations:

e Y (ﬁxﬁ)w <:>II)H||QXI_5
VOI(M’U’w)_{—(uxv)~J) iy i x

By the right-hand rule,
sgn (it, U, w) = sgn (i, U, W) =

So, we can conclude that
Vol (i, B, w) = sgn (i, 0, 0) ((i# x ¥) - ) . (3.12)
The expression
(i xv)-w (3.13)

is commonly referred to as the scalar triple product and is the determinant of a matrix
whose ordered rows (or columns) are i, v, W, which we notate as

det (i, 3, )

In the preceding discussion, we separated the sign to emphasize that the determinant
is the signed volume.
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Note that the definition of the determinant (Equation 3.13) is a subexpression of
Equation 3.12; that is, the determinant is the signed volume:

-

Vol (it, v, w) = | det (ii, U, w) | = sgn(ii, v, w) det (ii, v, W)

Other properties relating to the determinant, scalar triple product, and volume
are as follows (Goldman 1987):

i. The determinant det(i, U, w) is nonzero if and only if the set {i, ¥, w} forms a
basis. In three-dimensional space, for example, if three vectors don’t form a basis,
then they must span only a plane or a line, neither of which has volume.

ii. The determinant det(i, v, w) is positive if and only if the sign of {i, v, ) is
positive.

iii. Cyclic permutations of the vectors don’t change their determinant:

>

det(ii, v, w) = det(W, u, v) = det(v, w, it)

iv. Reversing the order of the vectors changes the sign, but not the magnitude of the
determinant:

-

det(ii, v, w) = — det(w, v, i) = — det(v, i, w) = — det (i, W, V)
v. Negating any one of the vectors changes the sign of the determinant:
det(it, v, w) = — det(—u, v, w) = — det(i, —v, w) = — det(u, v, —w)
vi. Scaling the vectors directly scales the determinant:

det(cii, v, w) = det(ii, cv, w) = det(ii, v, cw) = ¢ det(i, v, W)

vii. The basis vectors of a right-handed orthonormal space have a unit determinant.

3.3.3 FRAMES

We’re now ready to talk about coordinates with respect to affine spaces. Recall that
an affine space A is defined as a set (space) of points P (a point space) plus an
associated or underlying vector space 'V, each having the same dimension 7. If we
pick an arbitrary point @ € P and a basis vy, Uy, . . ., U, € V, this forms what we call
a frame? for /A. We can write this frame as

2. Following DeRose (1989), we eschew the common practice of using the term “space” or “co-
ordinate space” because this use is technically incorrect, or at least, inaccurate and misleading:
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f: (61, 1_52,. .. ,ﬁn, O)T

Recall that, in a vector space, any vector can be written as a linear combination of
a set of basis vectors (Section 3.2.3). Any i € 'V can be written as

u=a1v1+a2v2~|—-~~|—anvn

The ay, a,, . . . , a, are the coordinates of ii, relative to the basis U}, Uy, . . . , Uy,.

What about the points in P? Here is where the vector and point spaces come
together. Recall that if we have any point P and any vector u, there is a unique point
Q = P + u. If we choose the point @ from F as P, then any point Q € P can be
defined in terms of some unique vector i = a,v; + a,v, + - - - + a,v, added to O:

O0=u+0
=a v, +ayv, + - +a,v, +0O

and so again the coordinates of Q are aj, a,, . . . , a,,. Figure 3.35 shows an affine space
A= (’PV) with frame T = (51, vy, O)T; the point Q is @ + w and has coordinates
(3,2).

Cartesian Frames

Note that we’ve now mentioned coordinates, and at least the hint of a relative origin
in the (otherwise arbitrary) choice of . However, so far all we've required for frames
and their underlying basis vectors is that they be linearly independent. Up until
we introduced the dot product, we had no way of formally defining or describing
angles or lengths. We now exploit the angle- and length-defining properties of the
dot product to define a special subclass of Euclidean spaces.

Every vector v has associated with it what’s known as a unit vector, denoted 9,
which specifies the same direction as v, but has a length of 1:

v

U= —
vl

That is, we just scale v by dividing by its own length.

there may be different frames within the same coordinate space, but if you use the common
terminology, you’d have to say that there were different coordinate spaces within the same co-
ordinate space. This sort of statement makes it clear that common usage is overloading the
term “space” with two distinct meanings.
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Figure 3.35

Coordinates of an affine point, relative to an arbitrary frame.

As we can now measure and define angles, we can now ensure that basis vectors
are perpendicular or orthogonal by requiring that v; - v, = 0. If we have a three-
dimensional space, and the three basis vectors are mutually perpendicular, then it
will also be the case that each vector will be the cross product of the other two (taken
in order—, x U, = U3, U, X U3 = ¥}, and U3 X U, = U, for a right-handed system).

With these tools in hand, we can define a special type of frame for a Euclidean
space—the Cartesian frame—which has basis vectors of unit length, which are mu-
tually perpendicular. Such a basis is also referred to as orthonormal.

34 AFFINE TRANSFORMATIONS

An affine transformation is a map taking points and vectors in one affine space to
points and vectors, respectively, in another affine space. In general we say 7 : A"
B™ is an affine transformation if it preserves affine combinations:

T (aPy+ayPy+ - +a,P)=a\T (P) + a,T (P,) + - +a,T (P,)3.14)

with P; € A and )_!_, a; = 1. Note that the dimensions n and m need not be the
same, but m < n.
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Affine maps preserve relative ratios.

Because an affine transformation maps points to points, it also maps line seg-
ments to line segments, planes to planes, and so on. We can show this more directly:
Recall that we can write a point R on a line as an affine combination of two other
(noncoincident) points P and Q on the line:

R=(0—-a)P+aQ
for some «. If we apply the affine map 7', we get
T(R)=T((1—-a) P+aQ)
=(1—-a)T(P)+aT(Q)
This is very closely related to writing out the equation of a line in parametric form:
Rt)y=0—-t) P+1tQ
to which the map T can be applied:

T(R@)=T((A—=1) P+10Q)
=1-0)TP)+1tT(Q)

This is just the parametric equation for the line defined by P and Q. Although this is
fairly obvious, it is important to point out that the constants in the above equations
are not affected by the transformation 7—1¢ and 1 — ¢ do not change. Put another
way, R has the same relative distances between it and P and Q. Formally, we say that
affine maps preserve relative ratios (see Figure 3.36).

An affine space, as you recall, is a set of points plus a set of vectors. So, naturally
the question arises as to what effect an affine transformation has on vectors. Suppose
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we have an affine map T that operates on the points of an affine space A. Given two
points P, Q € A, we can take their difference to find a vector

i=0-P

because this operation defines the relationship between points and vectors in an affine
space. Now, what happens if we apply the affine map? We get

TW)=T(Q—P)
=T(Q) - T(P)

So, the transformed vector is just the one between the transformed points. Recall,
however, that the vectors that underlie an affine space are elements of a vector space,
and that in a vector space, location of a vector is meaningless. There are infinitely many
other pairs of points in T (AA) whose difference is 7' (v); if you draw a directed line
segment between each of these pairs of points, you just get “copies” of T (v) that have
the same direction and magnitude, but which are merely offset or translated from
one another.

We can go even further than this, though: formally, we say that affine maps
preserve parallelism. To see this, suppose we have two pairs of points {P;, P,} and
{0, O,}. Each pair of points defines a line:

Liy=P+a(P,— P)
L,=0,+B(0Q,— Q)

These lines are parallel if P, — P, =y (Q, — Q) (that is, these vectors differ only
in length by a relative ratio of y and are in the same direction). An affine map then
maps these vectors to scaled versions of the same vector, and so affine maps preserve
parallelism.

We’ll use this observation to characterize affine transformations, in conjunction
with the following: an affine map 7 is a linear transformation with respect to the
vectors of an affine space A. In Section 3.2.6, we defined a linear transformation as
one that preserves linear combinations. A linear combination of vectors is defined as

W =x1V; + X0, + - - -+ x,0,,x; €R

for a set of linearly independent vectors v; € V. To say that a linear map preserves
linear combinations requires that

Tw)=T (Vyx;+ Upxy + - - + U,x,,) (3.15)
=T (Uyx1) + T (Upx)) + -+ + T (V%) (3.16)

=x,T (0)) + 5,7 (V) + - - +x,T (3,) (3.17)
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Figure 3.37  Vector sum.
VX1, Xy . ., X, € R, YUy, Uy, . .., U, € V.Equation 3.15 above was broken down into

Equations 3.16 and 3.17 separately in order to show the two aspects to preservation
of linear combinations, and accordingly, we must show that both conditions hold.
We can do this for a two-dimensional affine space and extend it to higher dimensions
by induction on the number of basis vectors. First, we have to show

T +9)=Tw) + T®) (3.18)
Suppose we have two vectors # and v, as shown in Figure 3.37. The proof is trivial:
Tu+v)=T(R—P)

=T(R)+(T(Q)-T(Q) -T(P)

=(T(R)—T(Q) + (T(Q)—T(P))

=T@)+ T ()

=T +T)

We must also show now that
T (av) =aT (D)

As shown in Figure 3.38, we can rewrite av as (1 — @) P + « Q) — P. If the “proof
by diagram” isn’t sufficient, consider the following:

T (V) T(((1—a)P+aQ)— P) by substitution
T(1l—a)P+aQ)—T(P) by Equation 3.18
(1—a)T(P)+aT(Q)—T(P) byEquation3.18

= aT @) by definition of affine combination
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Figure 3.39  Sum of point and vector.

Finally, an affine map also preserves addition of vectors to points:
T(P+0)=T(P)+T®)

Referring to Figure 3.39, we can see the usual definition of a point as the sum of
a point and a vector: Q = P + ¥, or v = Q — P. This leads to the following proof
(DeRose 1992):

T(P+v) = T(P+(Q—P) by definition of subtraction of points
T(P)+T(Q)—T(P) by definition of transformation
T(P)+ (T(Q)—T(P)) by associativity of vector addition

= T(P)+T®W) by definition of subtraction of points
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Together, these properties show that an affine transformation 7' preserves affine
coordinates:

T ((311171 + az'l_jz + AR + anan + (9) =0£1T(51) + azT(Ez) + e +(¥nT(5n) + T(O)

The above was written as a general statement, but notice that the notation is that of
an affine frame. So, an affine transformation is completely and uniquely defined by
its action on a frame, or on a simplex.

3.4.1 TYPES OF AFFINE MAPS

As shown in the previous section, an affine map’s operation on the vectors of an affine
space A is that of a linear map; this allows for rotations and scales (both uniform and
nonuniform). Because vectors (even those of .V carry no positional information,
this excludes any operation that is related to position (such as translation).

As affine maps operate on both A.P and AA."V, mapping points to points and so
on, they are able to represent transformations involving relative positions:

m  Translations

®  Mirror or reflection about an arbitrary line or plane
®  Parallel projection

®  Rotation about an arbitrary point

m  Shearing relative to arbitrary lines or planes

These transformations will be covered in more detail in Section 4.7.

3.4.2 COMPOSITION OF AFFINE MAPS

In Section 2.7.1, we discussed maps in a general sense, and how you can compose
maps by using the output (the range) of a function 7 as the domain of another
function U. Affine maps, of course, are no different in this regard; we can build up a
complex series of transformations by simply applying one affine map after another.
The characteristics of affine maps, as described in the previous sections, ensure that
we never leave affine space, and thus we can consider the composition of any number
of affine maps to be just another single affine map, albeit a more complex one. A
rather obvious example of this is a series of rotations (about the same point) of «, 3,
and y degrees; clearly this is the same as a single rotation of « + 8 + y (Figure 3.40).
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Figure 3.40 Composition of affine maps (rotation).

3.5 BARYCENTRIC COORDINATES AND SIMPLEXES

We saw that the coordinates of points in an affine space can be defined in terms of the
basis vectors of the underlying vector space, relative to the point @ of F:

O0=u+0
:a151+a262+‘ . -+an§,1+(9
An alternative is to use what we might call “basis points™: Py = O, P,= O + v, P, =
O+, ..., P, =0 + 7y, (that is, a set of points consisting of @ and the points

generated by adding the basis vectors to ).
We can then represent a point Q € A, relative to F as

Q:Po(l—al—az—~-~—an)+P1a1+P2a2+~~+Pnan
or
Q= Pyay+ Pa;+---+ Py,
where aj is defined by
l=ay+ay+---+a,
This last identity is particularly important—the coefficients sum to 1.
This should be recognizable as an affine combination, and the values ay,

ap . . . »a, are called the barycentric coordinates of Q with respect to F. Figure 3.41
shows both the standard frame coordinates and the barycentric coordinates.
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Q=O+a1171+a2\72+a3v3 Q:a0P0+Cl1Pl+a2P2+a3P3
V3
V)
(0]
(a) Vi
Figure 3.41  Affine (a) and barycentric (b) coordinates.

You might expect, due to the fundamental relationship between points and vec-
tors in an affine space, that vectors themselves can also be represented using barycen-
tric coordinates; this is indeed the case. Recall that we can write any vector as

u=aw,+a,+---+a,,

If weletay = — (al +ay,+---+ an), then we can rewrite the vector as
u=ayPy+aP,+---+a,P,

Note that

ag+ay+-tay=—(a+a;+-+a,) rata++a,
=0

That is, the coefficients sum to 0, not 1 as we have for points. The “basis points” are
generally referred to as a simplex, just as the distinguished point plus basis vectors are
called a frame.

An affine map’s preservation of relative ratios applies to barycentric coordinates
for higher-order simplexes as well as to lines (see Section 3.4). Let’s take this reasoning
a step further. A basis point K of a simplex is simply that point for which the barycen-
tric coordinates are of the form (ao =0,a,=0,...,q4=1,...,a,= 0). So, if the
basis points are transformed, we get another set of basis points defining another sim-
plex, affine combinations of which are equivalent to points to which the affine map
has been applied. So, an affine map can be completely and uniquely described by its
operation on a simplex. However, it turns out that an affine map is even more general
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than that. It may transform an n-simplex into a set of n points that is not a simplex;
this is what happens when the map is a projection.

3.5.1 BARYCENTRIC COORDINATES AND SUBSPACES

Just as we can have subspaces of linear (vector) spaces, so too can we have affine sub-
spaces, and barycentric coordinates can be discussed in terms of these. Suppose we
have an n-dimensional affine space A as defined by a simplex S = (Py, P, . . ., P,,).
We can then define an m-dimensional subspace B C A, as specified by a simplex
T = (QO, Ope s Qm). Any point R € B can be represented as

R=byQ¢+b,0,+---+b,0,

with the usual definition of 1 =5y + by + - - - + b,,. Of course, since the Q; are
representable in terms of A, we could rewrite R in terms of B.

Each n-simplex is composed of n + 1 points, so a 1-simplex is a line segment, a
2-simplex is a triangle (defining a plane), and a 3-simplex is a tetrahedron (defin-
ing a volume), as shown in Figure 3.42. This figure also illustrates the relationship
between barycentric and frame coordinates. Consider the 2-simplex in the middle
of the figure: the point R can be defined as described above in terms of barycentric
coordinates; however, emanating from Q) is a line segment that intersects the oppo-
site side of the simplex at a point ¢ (Q2 -0 1) (and similarly for the other two basis
points), and we can consider any of the Q; to be @ and the vectors from that point
to its two neighbors as defining an affine frame. It’s particularly interesting to note
that any two of these interior, intersecting line segments are sufficient to determine
R. This also suggests that only two of the simplicial coefficients are sufficient to spec-
ify a point; the reason this “works” is due to the fact that these coefficients sum to 1,
and so if we know two coefficients, the third value is implied.

3.5.2 AFFINE INDEPENDENCE

For an affine frame, the basis vectors must be linearly independent. Considering that
an affine frame or simplex can be used to define an affine space, it’s logical to assume
there’s an analogous independence criterion for simplexes.

Recall that linear independence of vectors means that none of them are parallel.
Intuitively, the analogous characteristic for basis points is that none of them are
coincident, and that no more than two are collinear. That is, none are an affine
combination of the others. Formally, we can say that a set of basis points are affinely
independent if their simplicial coordinates are linearly independent (in the same way
that vectors in a vector space are linearly independent).

Let Py, Py, . . ., P, be the n + 1 points defining an n-simplex, and v; = P; — P,
(recall that we’re using the convention that Py = ). If the n vectors ¥}, Uy, . . . , U,, are
linearly independent, then the points Py, Py, . . ., P, are affinely independent. This
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Figure 3.42  The first three simplexes: a line (a), a triangle (b), and a tetrahedron (c).

can be observed by looking at Figure 3.42: the two points defining the 1-simplex can-
not be coincident; the three points defining the 2-simplex cannot be all collinear; the
four points defining the 3-simplex cannot be all coplanar. Note that if we “degen-
erate” any of these simplexes in that way, we get a space whose dimension is 1 less,
which corresponds to the “next smallest” simplex.



CHAPTER

MATRICES, VECTOR
ALGEBRA, AND
TRANSFORMATIONS

4. 1 INTRODUCTION

The point of the preceding chapter was to introduce the concepts and principles
of geometry in a coordinate-free fashion. For example, most treatments of the dot
product simply describe it in terms of how you perform arithmetic on row and
column matrices, without providing much in the way of an intuitive understanding
or justification, whereas our approach was purely geometrical.

DeRose (1989,1992) and Goldman (1985, 1987) strongly advocate this
coordinate-free approach. DeRose describes a coordinate-free API, and an imple-
mentation is available. Such an approach has much to recommend it, especially in
contrast to the more usual scheme of requiring programmers to explicitly multiply
matrices, invert them, generally keep track of “what space they’re in,” and perform
all operations on coordinates.

On the other hand, the reality is that most graphics software is not so constructed,
and the programmer needs to deal with matrices and operations on them; further,
even a coordinate-free library would likely involve matrices in its implementation.

The goal of this chapter is to bring together the concepts and techniques intro-
duced in the previous chapter and the matrices introduced in the chapter before
that.

In Chapter 2 we covered matrices as a rather abstract tool, rather divorced from
their relationship to the vector algebra described in Chapter 3. However, we’ve

109
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dropped a few clues along the way, such as our calling 1 x n matrices “row vectors,”
or discussing coordinates in the context of affine transformations; readers who have
been taught about transformations, spaces, and matrices would have seen this as
rather obvious, and readers for whom this sort of presentation of the topics is new
were probably making the connections as well.

Now, we bring together all these concepts and show explicitly how matrices are
used to represent points, vectors, and transformations, but from the point of view
of the “vector algebra” approach. This differs from the more typical treatment as
found, for example, in Rogers and Adams (1990) or Newman and Sproull (1979),
which generally start off by describing points and vectors in terms of x-, y-, and
z-coordinates, dot products as unintuitive and seemingly arbitrary operations on
the coordinates, and transformations as multiplications of magically constructed
matrices multiplied by the coordinates of a point or vector.

42 MATRIX REPRESENTATION OF POINTS AND
VECTORS

In Section 3.3.3, we showed that an affine frame ‘F can be represented as a set of basis
vectors and an origin

- - - T
F=@pvy...,9,0)
that any i € 'V, where 'V is a vector space, can be written as
ﬁ:a151+a252+--~+an5n (41)

and that any point P € P (the set of points related to the associated vector space for
the frame) can be expressed as

P=a,+ay,+--+a,v,+ O (4.2)

Recall that the Coordinate Axiom defined in Section 3.3 says that a point mul-
tiplied by 0 yields the zero vector, so we can write 0 - O = 0. If we also recall the
definition of tuple multiplication (Section 2.3.4) and the matrix notation associated
with it, we can rewrite Equation 4.1 in matrix notation:
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M201U1+a202+"‘+anvn

=ab; + ayiy + -+ + a0, + (0- 0)

- - - T
=la; a ... a, O0][v; v, ... v, O]
— 51
Us
=la; ay -+ a, 0] !
" K (4.3)
Un
L O
U1 V2 o VUip
U1 VU2 Uyy
=lay ay -+ a, 0]
vn,l vn,2 e vn,n
L Ol 02 e On

So, we can represent a vector as a row matrix whose first n elements are the coeffi-
cients of the affine coordinates and whose last element is 0. If the affine frame is clear
from context, we will use the shorthand notation i =[a; a, --- a, 0] Be
aware that this notation is for convenience in identifying a vector # and its representa-
tion in the frame, but the equality is really in the sense of that shown in Equation 4.3.

We can apply the same argument for points. Again invoking the Coordinate
Axiom, we can rewrite Equation 4.2 in matrix notation:

P=av,+ay,+ - +a,v,+0
=a1171+a2172+~°-+anl_5n+(l-(9)

- - - T
=la; a ... a, 1][v; v, ... v, O]
— 1')’1
U,
=lay ay -+ a, 1]]:
" R (4.4)
vn
L O
U1 VY12 0 Vip
U1 Voo 0 Uy
=la a a, 1]
Un,l Un,Z T vn,n
L O O, 0,
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So, we can represent a point as a row matrix whose first n elements are the coefficients
of the affine coordinates and whose last element is 1. If the affine frame is clear from
context, we will use the shorthand notation P =[a; a, --- a, 1] Beaware
that this notation is for convenience in identifying a point P and its representation
in the frame, but the equality is really in the sense of that shown in Equation 4.4.

Of course, the basis vectors and origin for an affine frame ‘F are no different than
any other vectors and points in an affine space, and so we can rewrite the matrix
representing them as

Vi Vip o vy, O
Vi Vyp o Uy, O
(4.5)
Un,l vn,Z e vn,n 0
01 02 e On 1

which is, as you can see, a square (n + 1) x (n + 1) matrix. This will come in handy,
as you'll see in the subsequent discussions.

Readers who have had any sort of experience programming two- or three-
dimensional graphics applications may well be objecting at this point that you typ-
ically use only the coordinates to represent a point or vector. A bit of explanation
is in order: Typically, representations of individual objects and entire scenes are im-
plemented as some sort of hierarchy. Parts of, say, a car are grouped, and each part
consists of subparts, and so on. Subparts are often defined in their own “local” frame,
which is then transformed into the space of its “parent,” which itself is transformed
into the space of its parent, and so on upward in the hierarchy toward the root, which
is generally defined to be in “world space.”

At each level, there is a local frame. This frame has as its origin the point
[0 0 1]or[0 O O 1], dependingon whether it’sa two-dimensional or three-
dimensional system, respectively. Further, the frame has as its set of basis vectors what
is referred to as the usual basis (or more formally, the standard Euclidean basis). The
basis is orthonormal, follows the right-hand rule, and is ordered as follows: vector ;
has a 1 in the ith position and 0 elsewhere. Conventionally, these are called the x-, y-
, and z-axes, respectively. The coefficients of a point or vector—its coordinates—are
also referred to as the x-, y-, and z-components, respectively. Thus, the matrix seen
in Equation 4.5 is, in a three-dimensional system,

[ R R
S O = O
S = O O
—_ o O O
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and similarly for two-dimensional systems. Obviously, these are just identity matri-
ces, and so we can write the last line of Equation 4.4 as simply

P=[a;, a --- a, 1]

It was shown in Section 2.9.2 that we can construct an orthonormal basis from
any other (linearly independent) basis; thus, we can conventionally use these usual
bases for all local frames (“coordinate systems”), with no loss of representational
power. The usual bases have obvious advantages in terms of intuitive appeal and
computation. The rest of this chapter assumes the use of usual bases.

4.3 ADDITION, SUBTRACTION, AND MULTIPLICATION

In Section 4.2, we showed how points and vectors were represented in matrix form.
Here, we show formally how addition, subtraction, and scalar multiplication of
points and/or vectors are defined in terms of their coordinate/matrix representation.

In all our previous discussions of affine spaces, we’ve been (intentionally) quite
general: basis vectors have been given names like i, U, and so on, and their coor-
dinates been given names like a;, a,, and so on. By convention, in two- and three-
dimensional space, the basis vectors are generally referred to as the x-, y-, and z-axes,
and the coordinates are generally referred to directly as the x-, y-, and z coordinates.
However, to avoid confusion in the following sections, we’re going to refer to the ba-
sis vectors using a convention, often observed in calculus texts, which calls the basis
vectors i, j, and k. We'll call the origin O as before (Figures 4.1 and 4.2 show this
notation).

4.3.1 VECTOR ADDITION AND SUBTRACTION

Suppose we have two vectors it = u,l + u,J + uzk and v = v;7 + v, + v3k, and we
wish to add or subtract them in their matrix representations:

d+v="[uy u; us 0]+[v; v, v 0]
= Uyl + uy] + sk + v + v,] + vsk
= (uy + V)7 + (ur + )] + (u3 + v)k
=[uy+v up+v, us+v; 0]

The proof for subtraction is analogous.
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y
A . P =(py, Py p3)
4 L paT
. X
k 7 L
_-.9._.} ....... .>|f’p3k
P17

P=pi+pj+pk+O=[p, p, ps 1]

Figure 4.1
y
A
J
k
z
Figure4.2 v=vi+uv,j+ vik=[v, v, vy O]

4.3.2 POINT AND VECTOR ADDITION AND SUBTRACTION

Adding or subtracting a point and vector is similar to vector/vector addition and
subtraction: Suppose we have a point P = pi + p,J + psk + O and vector v =

vl + v,J + vsk. To add their matrix representations:
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P+i=[p; p, ps 1l+[v; v, v; 0]
= i+ po] + psk 4+ O + vy 4 0,7 + v5k
= (P1+ 00T + (P2 +v2)] + (p3 + vk + O
=[pitv pytv, pstuvs 1]

Again the proof for subtraction is similar.

4.3.3 SUBTRACTION OF POINTS

Suppose we have two points P = p;7 + p,J + psk + O and Q = q,7 + ¢,] + qsk +
O, and we wish to subtract them in their matrix representations:

P—0=I[p p, p3 ll=[a1 ¢ g3 1]
= (P17 + poJ + psk + O) — (qif + qo] + qsk + O)
=(P1—q)T + (P2 —q)J + (p3 — g3)k

=[pi—q1 P2—q P3—q3 0]

434 ScALAR MULTIPLICATION

Suppose we have a vector ¥ = v,7 + v, + vsk, which we wish to multiply by a scalar
a. In terms of the matrix representation we have

av=alv, v, v; 0]

= a(v)7 + v,] + v3k)
) (4.6)
= (vl + () ] + (av3)k

=[av; av, av; 0]

4.4 PRODUCTS OF VECTORS

While the preceding proofs of addition, subtraction, and multiplication were trivial
and obvious, we’ll see in the following sections that the approach taken will be of great
benefit in assisting our understanding of the componentwise operations involved
in the computation of the dot and cross products. Generally, texts discussing these
operations simply present the formula; our intention is to show why these operations
work.
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44.1 DoT PRODUCT

In Section 3.3.1, we discussed the scalar (or dot) product of two vectors as an abstract,
coordinate-free operation. We also discussed, in Section 2.3.4, an inner (specifically,
the dot) product of a 1 X n matrix (“row vector”) and an n x 1 matrix (“column
vector”). The perceptive reader may have noted that both of these operations were
called the dot product, and of course this is no coincidence. Specifically, we have

That is, the scalar/dot product of two vectors is represented in terms of matrix oper-
ations as the inner/dot product of their matrix representations.

Of course, the interesting point here is why this is so; it’s not directly obvious why
multiplying the individual coordinate components, and then summing them, yields a
value related to the angle between the vectors. To understand this, it’s better to go the
other direction: assume the coordinate-free definition of the dot product, and then
show how this leads to the matrix inner product. The approach is again similar to
that used to prove addition and subtraction of points and vectors.

Suppose we have two vectors i and v. By definition their dot product is

-

u-v=|ullvl cosb
If we apply this definition to the basis vectors, we get

7-1=|7|lllf]| cos® =1-1-1=1

T =177 cos=1-1-1=1

~1

-k

1

IKIIIk] cos0=1-1-1=1

because the angle between any vector and itself is 0, whose cosine is 1.
Applying the dot product defintion to the basis vectors pairwise yields

7-7=7lljll cos6=1-1-0=0
7ok =7kl cos6=1-1-0=0
J-k=17Ikl cos6=1-1-0=0

because the basis vectors are of unit length, and the angle between them is 7 /2, whose
cosine is 0.
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If we have vectors ii = u,7 4 1] + uzk and ¥ = v, + v,] + v3k, we can compute
their dot product as

u-v=_[u; u, us 0]-[v; v, v3 0]
= (uyT + uy] + uzk) - (V)7 + 27 + v3k)
= ui@ 1)+ uw, (@ - ) + 3@ - k)
+upv (7 - 1) upva(7 - )+ uzv3(7 - )

+ uz0,(k - 7) + us0s (K - ) + uzv3(k - k)

= UV + Uy + U3V;

4.4.2 CROSs PRODUCT

While the matrix representation of the dot product was almost painfully obvious,
the same cannot be said for the cross product. The definition for the cross product
(see Section 3.3.1) is relatively straightforward, but it wasn’t given in terms of a single
matrix operation; that is, if we see an expression like

-

W=Ux"?v (4.7)

how do we implement this in terms of matrix arithmetic?
There are actually two ways of dealing with this:

m  If we simply want to compute a cross product itself, how do we do so directly?

= Can we construct a matrix that can be used to compute a cross product? If we
have a sequence of operations involving dot products, cross products, scaling, and
so on, then such a matrix would allow us to implement them consistently—as a
sequence of matrix operations.

We'll deal with both of these approaches, in that order.

Direct Cross Product Computation

As with the discussion of the dot product we start by recalling the definition of the
cross product: if we have two vectors i = uy7 + u,J + u3k and ¥ = vy7 + v,J + v3k
their cross product is defined by three properties:
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i. Length:

lli > vl = [l ]l |V]l] sin 6]

If we apply this to each of the basis vectors we have the following:

Ix1=0
Ixj=0
kxk=0

because the angle between any basis vector and itself is 0, and the sine of 0 is 0.

ii. Orthogonality:

<
(o4
<

x v L
x v L

<
(o4
(40

iii. Orientation: The right-hand rule determines the direction of the cross product
(see Section 3.2.4). This, together with the second property, can be applied to the
basis vectors to yield the following:

Ix 7=k
I xi=—k
Ixk=T
kxj=-7
kxT=7
Ixk=—7

because the basis vectors are mutually perpendicular and follow the (arbitrarily
chosen) right-hand rule.
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With all of this in hand, we can now go on to prove the formula for the cross product:
Uuxv=I[u; u, us 0]x[v; v, vy 0]
= (7 + up] + uzk) x (V)T + v,7 + v3k)
= (U@ X 7) + () (@ x J) + (uqv3) @ x k)
+ (upv) (7 X 1) + (q0) (G % J) + (up03)(J x k)
 (uzv) (kX 1)+ (u32)(k x )+ (usv3)(k x &)
= ()0 + (uyk + s)(=))
+ (uav) (=K) + (5090 + (upv3)7
+ 30 + (30) (=) + (u303)0
= (V3 — U3V T + (U3v, — U13) ] + (U, — t,v7)k + 0

= [uyv3 —usvy, uzvy —uvs U, —uvp 0]

Cross Product as Matrix Multiplication

Perhaps it would be best to show an example and then go on to why this works. Given
an expression like Equation 4.7, we’d like to look at it in this way:

-

W=ux"?v
=luy wuy usz] ?

Recall that the definition of cross product is
W=1u X0V
= (l/lz"l)s — U3Vp, U3V — U V3, U Uy — MZUI)

Using the definition of matrix multiplication, we can then reverse-engineer the de-
sired matrix, a “skew symmetric matrix,” and we use the notation v:

0 —U3 %)
V= U3 0 —U;
—U (5] 0
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Taking all this together, we get
W=1uU X7

=[u; wuy uzl]v

0 —U3 %)
=[lu; wupy uz]| vs 0 -y
-V, 5] 0

Depending on the context of the computations, we might wish to instead reverse
which vector is represented by a matrix. Because the cross product is not commuta-
tive, we can’t simply take ¥ and replace the vs with us. Recall, however, that the cross
product is antisymmetric

Uxv=—(0x1iu)

and recall that in Section 2.3.4, we showed that we could reverse the order of matrix
multiplication by transposing the matrices.

Thus, if we want to compute w = v x u (with, as before, u retaining its usual
matrix representation), we have

0 U3 —U
17 == _03 0 Ul
v, -—-v; 0
resulting in
W=UX1i
=vu
w, 0 vz —U, u;
w, = —U3 0 Uy u,
ws (%) —V; 0 us

443 TENSOR PRODUCT
Another common expression that arises in vector algebra is of this form:
f=(u-v)w (4.8)

We'd like to express this in terms of matrix arithmetic on #, in order to have opera-
tions of the form
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[y & Hl=luy uy uzl[ ? ]

Recall from Section 4.4.1 the definition of a dot product (yielding a scalar), and
from Section 4.3.4 the definition of multiplication of a vector by a scalar (yielding
a vector). We can use these to reverse-engineer the needed matrix, which is a tensor
product of two vectors and is noted as ¥ ® w, and so we have

F=(ii-7)

VW nw, U3
=[u; uy us]| vyw; vow, vyws
V3Wp V3w,  U3W3

If you multiply this out, you’ll see that the operations are, indeed, the same as those
specified in Equation 4.8. This also reveals the nature of this operation; it transforms
the vector 4 into one that is parallel to w:

1= [(u;+uyvy +uzvz)wy  (Uv; + uyvy + uzvz)wy (U + UV, + Uzvz)ws |

This operation is a linear transformation of # for the two vectors v and w because
it transforms vectors to vectors and preserves linear combinations; its usefulness will
be seen in Section 4.7. It is also important to note that the order of the vectors is
important: generally, (0 ® )T =7 ® w.

444 THE “PERP” OPERATOR AND THE “PERP” DOT PRODUCT

The perp dot product is a surprisingly useful, but perhaps underused, operation on
vectors. In this section, we describe the perp operator and its properties and then go
on to show how this can be used to define the perp dot operation and describe its
properties.

The Perp Operator

We made use of the L (pronounced “perp”) operator earlier, without much in the
way of explanation. If we have a vector v, then v is a vector perpendicular to it (see
Figure 4.3). Of course, in 2D there are actually two perpendicular vectors (of the same
length), one at 90° clockwise and one at 90° counterclockwise. However, since we
have adopted a right-handed convention, it makes sense to choose the perpendicular
vector 90° counterclockwise, as shown in the figure.

Perpendicular vectors arise frequently in 2D geometry algorithms, and so it
makes sense to adopt this convenient notation. In terms of vectors, the operation
is intuitive and rather obvious. But what about the matrix representation? The vector
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Figure 4.3

PROOF

<t

The “perp” operator.

v in Figure 4.3 is approximately [ 1 0.2 ]. Intuitively, the “trick” is to exchange the
vector’s two components and then negate the first. In matrix terms, we have

=11 0.2][_01 (1)}

=[-02 1]

In 3D, there are an infinite number of vectors that are perpendicular to, and the
same length as, a given vector (defining a “disk” perpendicular to the vector). It is not
possible to define a consistent rule for forming a unique, distinguished “perp” in 3D
for all vectors, which seems to limit the applicability of the perp operator for 3D; we
therefore concentrate on 2D for the remainder of the discussion.

Properties

Hill (1994) gives us some useful properties of the perp operator:

i ot L.
ii. Linearity:
a. (i +v)t =ut+ ot
b. (kv)* =k(@1), Vk e R.
i, [|o4] = [19].
iv. v+ = @hHt =—-v.

v. 01 is 90° counterclockwise rotation from 3.

vt U= [—vy, vel-[vy vy]=-v, v, + v, vy,=0.Since the dot product

is zero, the two vectors are perpendicular.
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ii. a +0)t=at+vt
(uy wy)+[v, v, Dr=[-u, u )+[-v, v]
[uy+v, wy+o, 1" ==, +v,) u,+v,]
[y +vy) uyt+o ] =[—(u,+vy) u,+v,]
b. (kD)- = k(@Y

(k[vx vy])L:k[vx Uy

[kv, kv, 1" =k[—-v, v,]
[—kv, kv, ]=[—kv, kv,]
ii. JEv2+ )= w2 + )
iv. vt = (@H* = -7
[ Uy Uy ]Ll = ([ Uy Uy ]L)J_ = - [ Uy vy
[ _Uy Uy ]J_ = [ _vy Uy ]J_ = [ —Uyx _vy ]
[ — Uy —U} ] = —Vy _vy ] = [ —Uy _vy ]

v. If we have a complex number x, + y, - i and multiply it by the complex number
i, we get a complex number that is 90° counterclockwise from a: —y, + x, - i. A
vector U can be considered to be the point v, + v, - i in the complex plane, and

1

v~ can be considered to be the point —vy, 4 v, - i.

The Perp Dot Operation

Hill’s excellent article provides a variety of applications of the perp dot operation,
and you are encouraged to study them in order to understand how widely useful that
operation is. So, here we will be content just to briefly summarize the operation and
its significance.

The perp dot operation is simply the application of the usual dot product of two
vectors, the first of which has been “perped”: i - v. Before identifying and proving
various properties of the perp dot product, let’s analyze its geometric properties.

Geometric Interpretation

There are two important geometrical properties to consider. Let’s first recall the
relationship of the standard dot product of two vectors to the angle between them.
Given two vectors # and v, we have
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Figure 4.4

(4.9)

(see Section 3.3.1). So, if we consider the relationship between #* and ¥ in terms of
the angle between them (as shown in Figure 4.4), we can see that

-1 =
at v

0sp=——_—
Lol

As we proved earlier, ||| = ||i], so the above can be rewritten as

- -
I/lJ"

08P = — f (4.10)
fullllvl
or
e T -
u— v =|ulll[v] cos ¢ (4.11)

To carry this further, we note that if 4+ ¢ = 7/2, then sin 6 = cos ¢ (we encour-
age you to break out your copy of your preferred symbolic math application program
to verify this). We can see directly from the figure that indeed 6 + ¢ = /2, and so
Equation 4.10 can be rewritten as
i

u—-v=|ul|v] sin0

It may help if you suppose that the two vectors are normalized, in which case

1

U -0=sin0 (4.12)
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The perp dot product is related to the signed area of the triangle formed by two
vectors.

This makes it completely obvious that the perp dot product reflects not only the angle
between two vectors but the direction (that is, the sign) of the angle between them.
Contrast this with the relationship between the (usual) dot product of two vectors
and their angle, as shown in Equation 4.9, which indicates the angle between the
vectors, but fails to discriminate the orientation of the angle (i.e., the signed angle).

The second geometric property of the perp dot product can be seen by observing
Figure 4.5. By definition, sin § = /|||, so the height of the parallelogram defined
by i and v is h = ||9]| sin 0. Its base is, of course, ||i||, so we have

Area = ||it||||?] sin 6

Note that the right-hand side of this equation is the same as that of Equation 4.12,
from which we can conclude that the perp dot product of two vectors is equal to
twice the signed area of the triangle defined by the two vectors.

Recall from Section 3.3.1 that the cross product of two vectors (in 3-space) is
related to the area of the parallelogram, so we can now see, as Hill (1994) pointed out,
that the perp dot product can be viewed as the 2D analog of the 3D cross product.

Another way of arriving at this is to simply write out the perp dot product in
terms of its components:

-1 =
U™ V= —UyUy + Uy
= U Uy — Uy
_ U Uy
vy Uy

If we consider # and ¥ to be 3D vectors that are embedded in the z = 0 plane, then
the above can be seen to be exactly the triple scalar product (i x v) - [0 0 1]
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As shown in Equation 3.13 in Section 3.3.1, the triple scalar product is related to
the determinant formed by the three vectors as rows of a matrix, which defines the
volume of the parallelepiped. As the height in our case is 1, this is also related to the
area.

Properties

We conclude by enumerating and proving several properties of the perp dot product
where they differ from the usual dot product properties:

i. 4t -v=—v" - u. The usual dot product ruleis i - v =1v - .
ii. v - ¥ = 0. The usual dot product rule is v - v = |||
iii. #* - v = ||u||[|v]| sin 6. The usual dot product ruleis i - v = ||i||||v]| cos 6.

4.5 MATRIX REPRESENTATION OF AFFINE
TRANSFORMATIONS

In Section 2.1.1, we showed that a matrix multiplication can be interpreted in any
one of several fashions—as a change of coordinates, a transformation of a plane onto
itself, or as transformation from one plane to another. In Section 4.6 we discuss how,
in general, we can construct a matrix that performs a change-of-basis transforma-
tion. In this section, we discuss how to construct a matrix that performs an affine
transformation on points and vectors.

Suppose we have two affine spaces A and B, and with each we have arbitrarily

chosen frames F4 (0}, Uy, - - - » Uy, O g) and Fy(wy, Wy, - . ., w,, Op), respectively.
If we have an arbitrarily chosen point P, we can describe its position in terms of
Uy, V.. .50, Oq)as[a; a, ... a, 1].Ifwehavean affinetransformation T

that maps A to B, then we use the notation T’ (P) to refer to the point resulting from
applying that transformation to the point. This is all very abstract and coordinate-
free, but as we’re now discussing matrix representations (and hence coordinates),
we’d like to be able to find the coordinates of T (P) relative to (J}l, W . oo Wy (93),
respectively.

We showed in Section 4.2 how to represent a point (or vector) in matrix terms,
so we can expand T (P) as

T (a\0, 4 a;vy + - -+ a,v, + Oq) (4.13)

We can invoke the property of preservation of affine combinations (Equation 3.14)
to rewrite Equation 4.13 as

aiT (0y) +a;T (0,) + - - +a,T (V,) + T (Oa)
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The entities T (ﬁ,») are, of course, just more vectors, and T ((9 ;4) is just a point
(because, by definition, affine transformations such as 7 map vectors to vectors
and points to points). As such, they have a representation (i.e., coordinates)
(cl, Cyrv vty cn) relative to (17)1, Wy« « o Wy, (93). We can then write

T (V) =cp W)+ 1oy + - - - 4 €1,y
T (Uz) =Wy + oWy + -+ -+ W,
T (vn) = Cp, W1 + CpoW» +---+ CpnWp
T (0.}4) = Cpy1,1W1 + Cpnt1,2W2 +--+ Cnt1nWhn + OB

With all of this in place, we can now simply construct the matrix T, which
represents the transform 7 : A — B:

T (v))
T (v,)
) =[a a - a, 1]
T (9,)
LT (O2a)
i crWy + Crpty + - - - €W,
CZ,I&DI + C2)2L_[)2 + -4+ Cz)nwn
=la, a - a, 1] :
Cp,1W1 + CpaW)o +---+ CnnWhp
| Cnt1,1W1 + Cpt12W2 +- 4+ Cnt1nWhn + OB
1,1 €12 Cln 0 w;
2,1 €22 o Oy 0 wy
Z[al a, -+ 4y 1]
Cn1 Cno e Cun Wy
| Cng11 Cnt12 0 Gy 1 Oz
(4.14)

Of course, the rightmost matrix of the last line in Equation 4.14 is simply the frame
for B, and
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1,1 C1,2 T Cln 0
€1 Cp Gy 0
lay a -+ a, 1]
Cn,l Cn,2 e Cn,n 0
Cotl,l Cnt12 0 Cngin 1
=[la; a -+ a, 1]T (4.15)

is, by the definition of matrix multiplication (see Section 2.3.4), simply a point. Taken
together, the matrix product defines a point in B, which is T (P), whose coordinates
are the elements of the row matrix resulting from multiplying the matrices in Equa-
tion 4.15. We call that (n + 1) x (n 4+ 1) matrix T the matrix representation of the
transformation 7'.

Notice that the first n rows of T are simply the transformed basis vectors of A,
and the last row is the transformed origin. At the end of Section 3.4, we showed
that an affine transformation is completely determined by its operation on n basis
vectors; the observation that the matrix representing a transformation is defined by
the transformation of the coordinates of the basis vectors’ matrix representations is
simply the matrix manifestation of this fact.

46 CHANGE-OF-BASIS/FRAME/COORDINATE SYSTEM

As discussed in Section 3.2.5, a point or vector may be represented in different frames
of reference. Put another way, if we have a fixed point in some space, we can choose
any arbitrary frame and determine the coordinates of that point relative to the frame
uniquely. Recall that the computations for this looked rather cumbersome. We now
show how matrices can be conveniently employed in change-of-basis transforma-
tions. Further, by looking at the construction of such matrices from a vector algebra
perspective, the matrix construction is intuitive as well.

In the previous section we showed that a point P = (a;, a,, . . . , a,, 1) can be rep-
resented in relation to affine frame Fq = (¥}, Uy, - . . » U, @ 4) T using matrices. If we
have another frame g = (W, W+« » Wy, OQ)T, how do we compute the coordi-
nates of P relative to these basis vectors and origin? (See Figure 4.6.) In Section 3.2.5,
we showed how this works, and we now show the process in terms of matrices.

The previous section showed the way we use matrices to express a point as the
multiplication of a row matrix (consisting of its coordinates) by an (n + 1) x n matrix
(consisting of the basis vectors and origin of the frame). If, then, we have another set
of basis vectors and origin for another frame, the problem consists of computing the
row matrix for P’s coordinates:
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@, > Vv
7, 1
NE
Oy
171;1
Figure 4.6 Representing P in A and B.
U W)
U, W,
P=[a1 a, -+ a4, 1] Z[bl b2 bn 1] (416)
Uy W,
Oa Og
which, if we expand the matrix on each side of the equation, yields
v U o U, 0
Upr Vap ot Uy, 0
lay a3 -+ a, 1]
Un,i Up2 e Unn 0
Oa;1 Oap -+ Oa, 1
(4.17)
Wy Wi o Wiy
Wy Wyp v Wy, 0
=[by b, b, 1] :
Wy,1 Wypo 0 Wyp 0

Og, Og, --- Op, 1
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Chv 1, W1 Cpq1, 22

Figure 4.7 Representing @ in G.

In Section 3.2.3, we showed how any point (vector) can be represented as a unique

affine combination of basis vectors. Well, we can apply this principle to the vectors
(U1, ¥y, - . . » U,) and the point O 4:

51:C1)117)1+C1)217)2+' . '+C1’nﬁ)n (418)

Uy = ¢y Wy + CooWy + -+ -+ ¢y W (4.19)
'Un = C,,’IL_[)l + Cn)zlz)z + e + Cn)anJ (420)
Oa=cpy1 W1+ CupipWs+ -+ Gy, +1-Og (4.21)

In other words, the ¢; are the coordinates of the U; and 4, relative to the affine frame
(W1, Wy . ...

s W (92;) (see Figures 4.7 and 4.8, respectively). In terms of the matrix
representation, we can show this as well; we start off by noting that we can write
the right-hand sides of Equations 4.18 through 4.20 and Equation 4.21 in matrix
form:
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‘1, 1"

Figure 4.8  Representing v; in B.

Cl)l'lz}l + Cl’zlz)z + -
Co Wy + CppWy + - -

+ C1,W,
+ C2,nwn

Cn,lﬁ)l + Cn,ZJJZ +---+ Cn,nwn
Cpg1,1W1 F Cpp1pWay + - - - + iy, 0, + O3

(4.22)

If we refer back to the definition of matrix multiplication (Section 2.3.4), we see we

could rewrite Equation 4.22 as two separate matrices:

1,1
2,1

cn,l
Cn41,1

€12
€22

Cn,2

Cn41,2

i, 0 Wy
¢, 0 Wy 1
cn,n 0 wn,l

Cntln 1 OB,I

CLaWy + CpWy + -+ - + ¢ W,
- - -
Co W+ CpWy + -+ -+ W,

Cn,lwl + Cn,sz +-F Cn,nwn
Cg1,1W1 F Cpp1pWy + - - - + Cpp 0, + O3

Wi
Wy

Wy

Oz,

wl,n
wZ,n

(4.23)

o
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This allows us to rewrite Equation 4.16 as

1,1 €12
2,1 €22
lay a3 -+ a, 1]
Cn,l Cn,Z
Cnt1,1 Cnt12
Wi Wi
Wy, W22
wn,l wn,z
Oz, Ogp,
Wy Wi
Wy Wyp
:[bl b2 bn 1]
wn,l wn,2
Og, O3,

(& N
CZ,n

Cnn

Cntln

wl,n
wZ,n

Wy n

OB,n

o O

0
1

(4.24)

which, if we factor out the matrix common to both sides of the equation, yields

1,1 €1,2

2,1 )
la, a, -+ a, 1]

Cn,l Cn,Z

Cat1,1 Cnt12
=[b b, -+ b, 1]

Cl’n 0

Cz’” 0

Cnn
Crz+1,n 1

4.7 VECTOR GEOMETRY OF AFFINE TRANSFORMATIONS

The preceding section showed that we can construct the matrix T for a transforma-
tion T by simply “stacking up” the row matrices representing the transformed basis
vectors and origin. This is all very interesting and elegant, but in practical terms we
must now ask how we do this for each of the fundamental types of affine transforms.
The subsequent sections describe each of these in vector algebra (coordinate-free)
fashion, along with how this translates (so to speak) to a matrix representation. All
we have to do, essentially, is to figure out what the matrix does to the origin and to
the basis vectors of the affine space (actually, any linearly independent set of vectors,

and any point will do, of course).
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For the simpler transformations, this sort of constructive approach yields a ma-
trix that looks just like the ones given in more conventional treatments (i.e., trans-
lation and uniform scale). The other transformations will appear different because
we’ll be treating them in a more general, vector-algebra-based fashion. For example,
the conventional approach to rotation shows how you construct a matrix that ro-
tates about a basis vector (“coordinate axis”), and then how you can construct, and
then concatenate, a number of such matrices in order to implement a transforma-
tion about an arbitrary axis. In our treatment, we show how to construct the general
rotation matrix directly. To see how the conventional matrices are really just sim-
ple subsets of the general approach, we show what our approach produces for these
restricted subsets; for example, our rotation matrix rotates about an arbitrary axis,
and we show how this leads to a conventional matrix construction if we restrict the
rotation axis to one of the coordinate axes.

4.7.1 NOTATION

We’re going to be covering the construction of matrices for affine transformations,
using vector algebra methods. In doing so, we’ll find it convenient to employ a nota-
tional convention for matrices’ contents in a more “schematic” fashion. You should
understand by now that an (n + 1) x (n + 1) affine matrix T can be conceptually
broken up into three parts:

1. The n x n upper left-hand submatrix A
2. The (n + 1) x 1right-hand column, which is always of the form [0 0 ... 1T
3. The 1 x n bottom row, which is always of the form b= [by by, --- b,]

This compartmentalization will be depicted as

ay ayp o oay, 0

axy dyp v ay, 0

T= :

ap1 Ao - Auy 0

b b, b, 1
A of
b1

and is typically called a block matrix.
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—--- Q)

=y

T(ow)

Figure 4.9  Translation.

472 TRANSLATION

Figure 4.9 shows a translation transform—P is an arbitrary point, w is an arbitrary
vector, and i is the translation vector, having coordinates [u; u, ... u, O]
The affine frame is defined by basis vectors v; and origin ©. Let Q be such that
Q — P = w. Let’s see how P translates. Clearly,

T(P)=P+u

To see what the last row in our transformation matrix is, we need to understand how
the origin is translated; if we apply T to O, we have

TO)=0+w
=w+0
= (V) + Uy + - +u,vy) + O
Now, how does the translation transformation affect vectors? Again, we have
T(Q)=0Q+u

As points P and Q are translated by the same vector, and that vector is, of course,
parallel to itself, we can see, intuitively, that T (w) is also parallel to W and of the
same length. By the definition of vector equality (see Section 3.1.1), then,

T () =

Of course, this is what we’d expect: vectors are defined as being independent of
position (as they only define a direction), and so translating them about should not
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affect them. This can be shown formally:

T (ﬁ)) = T((Q—-P) by definition of point subtraction
= T(Q)—-T((P) by definition of T
= (P+w)—(P+w) by definition of translation of vectors and points
= P—-P by Equation 3.3
= w

Translation doesn’t modify orientation or length of vectors, and of course this
includes the basis vectors; that is, the first three rows of the matrix representation of
T are just the coefficients that yield the original basis vectors. If the coordinates of
point P are [p; p, --- p,], we have

T(P)=[p1 P - pn 1]

=[p1 P + pp 1]

=[pr P -+ pp 1]T

Using the definition of matrix multiplication, we can see that

"1 0 0 0
0 1 0 0
T=1: 0o 1 0 o0
0 0 1 0
Uy U u, 1
1 oot
Clu 1

which can be seen diagrammatically in Figure 4.10.
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<
[\S)

/V -
- TO)=0+1

- > 7,

Figure 4.10 Translation of a frame.

4.7.3 ROTATION

Rotation in 3D is frequently treated only as rotation about one of the coordinate axes
with general rotation treated as a reduction to this simpler case (using translation).
Here we describe the simple case but then go on to show how the general case can be
solved directly and more efficiently.

Simple Cases

The most general specification for a rotation is given by an arbitrary center of ro-
tation, an arbitrary axis, and an angle. However, we’ll wait to address this until we
describe the simplest form: the frame’s origin is the center of rotation, and the axis
of rotation is one of the frame’s basis vectors (“rotation about a coordinate axis”).
Building up a matrix for this can be done directly, using only vector algebra princi-
ples (Figure 4.11). We’ll describe how to build the matrix T for a rotation about the
z-axis by the angle 6. For the 3D case we’ll be discussing, the notation for the elements
of T is as follows:



Figure 4.11
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T(Vz)

7 = T(7)

Simple rotation of a frame.

ay; ayp a3 0

T—| %1 @Gy a3 0
as; az,; azz 0

0 0 0 1

First, consider the effect of the transformation on the x-axis; that is, 7. We know
from our discussion of the dot product (Section 3.3.1) that T (v;) can be decomposed
into T(v,); and T'(v;), (relative to v;). Using the definition of the dot product
(Equations 3.5, 3.6, and 3.7), we have

_ T (V) - v
1T @Il

but |7 (v,)|| = 1 and ||7;]| = 1, so we have
cos O =T (V) - ¥y

Recalling that the dot product projects 7'(v;) onto v}, we can conclude that a; ; =
cos 6.
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We can compute a; , similarly: the angle between 7'(v;) and v, (the y-axis) is
/2 — 6. If we apply the same reasoning as we just used for the x-axis, we see that
ayp = cos(/2 — 0). From trigonometry we know that cos(w/2 — 0) =sin 6, so we
can conclude that a; , = sin 6. Thus, we have the transformed coordinates of basis
vector ¥y:

T(@W,)=[cosf sinf® 0 0]

We can follow the same sort of reasoning for computing a, ; and a, ,, the coordinates
of T (v,) (the image of the y-axis under the rotation transformation 7'). The projec-
tion of T (¥,) onto v, is — cos(rr/2 — 6) (negative because it points in the opposite
direction as v;; see Equation 3.4), and so we can conclude that a, ; = — sin 6. The
projection (dot product) of 7' (7,) onto v, gives us a,, = cos 6, and so we have the
transformed coordinates of basis vector 7;:

T(@Wy)=[—sinf cos® 0 0]
Next, we consider what the matrix must do to the z-axis; again, nothing:
T (v3) = v3
=[0 0 1 0]
Finally, consider what the transformation must do to the origin; that is, nothing:
T(O)=0
=[0 0 0 1]

So, our matrix for the rotation is formed by simply taking the images of the basis
vectors and origin under T as the rows:

cosf®@ sinf 0 0

—sinf® cosfd 0 O

T.06)= 0 0 10
0 0 0 1

For rotation about the x- or y-axis, the same sort of reasoning will produce the
following simple rotation matrices:

1 0 0 0
0 cosf® sinf O
T.0) = 0 —sinf cosh O
0 0 0 1



4.7 Vector Geometry of Affine Transformations 139

and
cosf@ 0 —sinf O
0 1 0 0
T,6) = sinf 0 cosf O
0 0 0 1

Of course, these values can be arrived at via purely trigonometric reasoning, also
exploiting the fact that the basis vectors are orthonormal.

General Rotation

While individual rotations of points about the basis vectors (the “coordinate axes”)
may be a part of any graphics application, the general case is for a rotation by some
angle about an arbitrarily oriented axis. That being the case, most graphics texts then
go on to explain how you construct the matrix for a general rotation by decomposing
it (in a rather complex fashion) into a sequence of individual steps—translation of a
point on the rotation axis to the origin, determination of the three different angles of
rotation about each coordinate axis, and translation to “undo” the first translation.
The matrix for each of these steps is computed, and the final matrix representing the
general rotation is created by multiplying all of these matrices together.

This conventional approach can be shown to “work,” in that you can be convinced
that the matrix “does the right thing,” but the process is quite complex and results
in a matrix that’s essentially a “black box” from an intuitive standpoint—that is,
there is provided no understanding of the properties or characteristics of the rotation
matrix.

In this section, we’ll show how a general rotation can be defined in terms of
(coordinate-free) vector algebra and how this approach allows us to construct a ro-
tation matrix directly (i.e., as opposed to breaking it down into a sequence of trans-
lations and Euler rotations), in a way that we hope will leave you with an intuitive
understanding of the structure and properties of a rotation matrix. In short, we wish
to show why a general rotation matrix is the way it is, rather than just how you can
construct one using ad hoc trigonometric operations.

Figure 4.12 shows the general case of rotation of points and vectors about an
arbitrary axis. That figure, and the one following it, are a bit complex, so here are
the definitions of the symbols:

0, point and unit vector defining the axis of rotation
0 angle of rotation

P point to be rotated

T(P) rotated point

v vector to be rotated
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Figure 4.12  General rotation.

T(v) rotated vector
A plane perpendicular to i

v projection of ¥ on A

We're considering a rotation about a (unit) vector i, defining, along with Q, an
axis of rotation, and an angle 6 defining a (right-hand rule) counterclockwise rota-
tion about it. For convenience, select vector v as P — Q so we can use one diagram
for discussion of rotation of points and rotation of vectors. Recall our discussion in
Section 3.3.1, where we showed that a vector can be broken down into its parallel
and perpendicular components, relative to another vector; here we project ¥ onto i,
yielding us ¥ and v . Note that we can draw © as originating at Q on the rotation axis
because vectors are position independent, and drawing it there makes the diagrams
easier to understand.

To make the rest of this easier to see, refer to Figure 4.13, which shows the plane
A perpendicular to i and containing P = Q + v. With this in hand, we can make
the following assertions:

(i) =7 (@),

= (cos @)V, + (sinB)it x v,

(4.25)
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T(P)

Figure 4.13  General rotation shown in the plane A perpendicular to # and containing P.

and

(4.26)

Because v = ﬁu + v, and T is a linear transformation, we have
T (0)=T®@)+T{y)

We can substitute Equations 4.25 and 4.26 and expand these using the definitions of
parallel and perpendicular vector components, and we get

T (3) =@ @) + (cos O)(T — (- A)id) + (sin O) (@ x (3 — (¥ - A)id))
= (cos 0)v + (1 — cos 0) (v - i)l + (sin ) (it x V)

This formulation is variously known as the rotation formula or Rodriguez’s formula
(Hecker 1997).

Finally, we can use this formula, along with the definition of adding points and
vectors, to find the formula for rotation of a point:
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T(P)=Q+T (P -0)
=Q0+T (v)
= Q + (cos ) + (1 — cos 0)(V - @)t + (sin O) (@A x V)

Now, if we want the matrix representation of this, recall that we’re going to be “pulling
out” the vector from these equations. Let

T; 9 = (cos )1 + (1 — cos 0)ii @ u + (sin )il

be the upper left-hand submatrix of T (recall that & is the skew-symmetric matrix
for the cross product operation involving i, as discussed in Section 4.4.2). Then, our
total transform is now

AT

0-0T;p 1

The submatrix T; 4 should be easy to understand: it’s just the (linear) transform
of the vector v. The bottom row, however, may require a little explanation. First,
observe that this bottom row only affects the transformation of points because the
last component of the matrix representation of a vector is 0. Clearly, vectors will be
properly transformed by T because Tj; y, which represents the linear transformation
component of the rotation, affects the calculation, but the bottom row does not. This
is tantamount to assuming the point Q is at the origin. Thus, if Q is not at the origin,
then we must translate by the difference between Q and its rotated counterpart.

474 ScCALING

We’re going to treat scaling as two separate cases: uniform versus nonuniform. Recall
that earlier (Section 3.3), we claimed that certain operations on points are somewhat
“illegitimate”; scaling a point seems to be one of these operations. As we pointed
out, scaling only means something when it’s relative to some frame of reference. We
could, then, define scaling points relative to the affine frame’s origin; however, a more
general approach could be to define scaling relative to an arbitrary origin and scaling
vector (a vector whose components are the scaling factor in each dimension).

Simple Scaling

The simplest form of scaling is to use the frame’s origin as the center of scaling. Scal-
ing may be uniform or nonuniform: in the uniform case, a single scaling parameter
is applied to each of the basis vectors, or separate scaling parameters for each basis
vector.
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T(V) =sY,
0=T(0)
T(V3) = s,\3

-

V3

Figure 4.14  Scaling a frame.

Again, we proceed by considering in turn what the scaling transformation 7" does
to each of the basis vectors (Figure 4.14). We’ll assume a separate scaling parameter
for each, noting that a uniform scale simply has each of these specified with the same
value. For v, (the x-axis) we apply Equation 4.6 to the matrix representation of the
X-axis:

T(l_}l) = sxl_}l

=s.[1 0 0 0]

=[s, 0 0 0]
and similarly for the y-axis:

T(Bz) = Syljz

=s5,[0 1 0 0]

=[0 &
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and the z-axis:
T (V3) = 5,03
=s5,[0 0 1 0]
=[0 0 5, 0]
As for the origin @, it remains unchanged, as it is the center of scaling:
TO)=0
=[0 0 0 1]

We then construct a matrix whose rows consist of the transformed basis vectors
and origin, which implements this simple scaling about the origin:

'T(ljl)
. T(ljz)
]‘S’\-J)WSZ - T(l_53)
L T(O)

s, 0 0 0

=l o 0 s, 0

L0 0 0 1

In this approach, uniform scaling about a point Q other than the origin requires
three steps:

Step 1. Translation to the origin (i.e., by ([0 0 0]— Q)).
Step 2. Apply the scaling about the origin, as above.
Step 3. Translation back by the inverse of step 1.

Note that this sequence of operations (the two “extra” translations) is something
we explicitly sought to avoid in our discussion of rotations. We present this simple
approach because it is frequently the case that scaling is done about the origin. We
mention the necessity of the three-step scheme for scaling about a point other than
the origin in order to motivate the next section, in which we describe a more general
method.

General Scaling

The more general approach to scaling allows for scaling about an arbitrary point,
along a direction specified by an arbitrary vector, and by a specified (scalar) factor.
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T(P)

<

Q

Uniform scale.

Here, we describe separate approaches for uniform and nonuniform scaling, due to
Goldman (1987).

Uniform Scaling

The case of uniform scaling, as shown in Figure 4.15, is defined in terms of a scaling
origin Q and scaling factor s. Vector scaling, as you recall from Section 4.3.4, is simply
multiplying the vector by the scalar, which in the case of the matrix representation
means multiplying each of the vector’s components by the scaling factor:

T (V) =sv (4.27)

Scaling of points is almost as trivial, and follows directly from the definitions of
vector scaling and addition and subtraction of points and vectors:

T(P)=Q+T®)

=Q +sv

(4.28)
=0+5(P- Q)
=sP+(1-5s)0

Converting these vector algebra equations into a matrix is straightforward, and
the development is similar to that for the rotation matrix. If we have a vector we wish
to scale, obviously we need only concern ourselves with Equation 4.27, and so we
need to fill in the upper left-hand n x n submatrix to scale each of the components:

T, =s1



146 Chapter 4 Matrices, Vector Algebra, and Transformations

T(P)

Q

Figure 4.16  Nonuniform scale.

For scaling points, we need to fill in the bottom row—the translational part of the
matrix—with the rightmost term in Equation 4.28, so our resulting matrix is

T, 0T
TS’Qz[a—s)Q 1]

Nonuniform Scaling

The general case for nonuniform scaling is a bit more complex. Like the case for
uniform scaling, we have a scaling origin Q and scaling factor s, but in addition we
specify a scaling direction by means of a (unit) vector &, as shown in Figure 4.16.

To see how we scale a vector U, project it down onto i, yielding the perpendicular
and parallel components v, and v, respectively. As is obvious from the diagram, we
have

T(w,)=v,

T @) =57

By definition of addition of vectors, and by substituting the above equations, we then
have
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TE)=T®w) +T{)
= BL + ST)H

If we then substitute the definitions of the perpendicular and parallel components (in
terms of operations on ¥ and i), we have

=v—U-i+s@-i)i (4.29)
=v+G—D0- )i

Now that we have this, we can exploit the definition of point and vector addition and
substitute the above:

T(P)=Q+ T®)
=0+ T(P-0) (4.30)
=P+ —1D)P—0Q) i)

Again, we deal first with the upper left-hand n x n submatrix that implements the
linear transformation by simply extracting the ¥ from Equation 4.29:

Ta=1-(0-90®i)

For the case of points, we can extract the P from Equation 4.30, yielding our desired
matrix:

T, ; 0T
T 00= [(1 (0 1 } (4.31)

The term “nonuniform scaling” may be suggestive of “simple scaling” where
Sy» 8y, and s, are not all the same value, and the construction presented here may
not directly lead you to a different interpretation. Consider if our scaling vector
#=[1 0 0] Inthis case, we have

Ts,ﬁ =I-(1- S)(’2 ® ’/Ai)

10 0 10 0
=0 1 0[-1-5]|00 0
L0 0 1] 0 0 0
o o
=0 10
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P3 T( Pz)

TPy
Q T(P3)

Figure 4.17 Mirror image.

However, consider if our scaling directionisu =[1 1 0 ], which normalized is
n=] «/LE \/lz 0 ]. In this case we have

Ta=1-(1-95)0Qu)

10 0 i1
:010—(1—s)%%0
|0 0 1 0O 0 0
et s
=| == e o
| 0 0 1

This shows clearly that this nonuniform scaling is indeed more general than “simple
scaling”

475 REFLECTION

Reflection is a transformation that mirrors a point across a line (in two dimensions)
or across a plane (in three dimensions); the two-dimensional case is shown in Fig-
ure 4.17. One particularly important aspect of reflection is that it reverses orientation,
as can be seen in the figure.
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Simple Reflection

The simplest case of reflection is to reflect about a line through the origin, in the
direction of one of the basis vectors (in two dimensions) or about a plane through the
origin and defined by two of the three basis vectors (i.e., the xy-, xz-, or yz-plane).
We show the case for two dimensions for purposes of clarity and describe how this
extends to three dimensions.

We assume reflection about the y-axis. Again, we consider in turn what the
transformation does to each basis vector and to the origin, and construct our matrix
by making the transformed vectors and point be the rows.

Reflection about the y-axis doesn’t affect basis vector v, so we have

T (V) =1,

Basis vector 9, however, is affected by T; the operation is simply to reverse its direc-
tion, so we have

T('l_}l) = _ﬁl
=[-1 0 0]
Finally, T clearly has no effect on the origin O, so we have
TO)=0
=[0 0 1]
and thus our transformation matrix is

[ T@)
T=| T
| T(0)

as shown in Figure 4.18.
The extension to simple 3D reflection should be obvious. Instead of simply re-
flecting about a single basis vector, we reflect about a pair of basis vectors; this pair
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Figure 4.18

T(%) = ¥,

Simple reflection in 2D.

of basis vectors defines a plane going through the origin—either the xy-, xz-, or yz-
plane. In the example of 2D reflection about v, (the y-axis), we saw that the reflection
transformation T had no effect on basis vector u,, but reversed v;; in 3D, reflection
about the xz-plane (see Figure 4.19) would have no effect on either v, or vs, but
would reverse v, (the y-axis), giving us a transformation matrix

RACH)
T (V,)
T (v3)
L 7(0)

.
U1
_52
Us

L O

General Reflection

The general reflection transformation is defined in terms of reflecting points and
vectors across an arbitrary line (in 2D) or plane (in 3D). For our purposes, we define
a 2D reflection line £ by a point Q on the line and a vector d, as shown in Figure 4.17,



Figure 4.19
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N

f’ = piV1 + PV + pavg

0=1(0) > T(7,) = 7;
T(73) = 73 NG
L 1
i T(P) = p1V1 —Povp + P3V3
T(7) = -

Simple reflection in 3D.

and a 3D reflection plane M by a point Q lying on it and a normal vector 7, as shown
in Figure 4.20.

The 2D case is shown in Figure 4.21. We're reflecting about an arbitrarily oriented
line defined by an origin point Q and a direction vector d.

As usual, we’ll look at reflection of a vector first. If we project ¥ onto d*, we get the
perpendicular and parallel components v, and vy, respectively.! By observing that v L
is parallel to d, and that ¥ v lies along d—, 1+, which is by definition perpendicular to d,
we can easily conclude

T(W,)=1,

T@) = -7

By definition of addition of vectors, substituting these two equations, and applying
the definition of vector projection, we then can conclude that

1. Note the distinction between the usage of the L operator: as a superscript, it indicates a vec-
tor perpendicular to the given vector; as a subscript, it indicates the perpendicular component
of a projection of that vector onto another vector.
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Figure 4.20  General reflection in 3D.

TW) =T, +T®{)

o (4.32)
=0 —21)”

=0 —2(0-dh)d*

As before, we can exploit the definition of addition of points and vectors, and see
that we can transform points as follows:

T(P)=Q+T({®)
=0+T(P—-0)
=P —2((P—-0)-dYHi

Again, we deal first with the upper left-hand n x n submatrix that implements the
linear transformation by simply extracting the v from Equation 4.32:

T;=[1-2@d+®d")]

The translational portion of the matrix can be computed as before, yielding a com-
plete reflection matrix:

AT
T, = Ty 0
40| 20 -dbHdt 1



Figure 4.21
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Mirror image in 2D.

You may wonder why we chose to project the vector v onto d* rather than d. The
reason is that we can directly extend this to 3D if the plane about which we reflect
is represented by a point Q on the plane and a normal 7 to the plane, as shown in
Figure 4.22.

Following the same construction as we had for the 2D case, the resulting
matrix is

oo [ T 0
L= 20 - 1

47.6 SHEARING

The shear transformation is one of the more interesting affine transforms. Figure 4.23
shows two different examples of this in 2D—shearing relative to each of the basis
vectors (coordinate axes). Shearing is less commonly used than are the other affine
transformations, but you see an example of it quite frequently in typography—italic
fonts are created by the sort of shear in the right-hand side of Figure 4.23 (although
with perhaps a bit smaller angle).
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Figure 4.22

Mirror image in 3D.

Simple Shearing

Shearing, in general, may be done along any line (in 2D) or orthogonally to any plane
(in 3D), but as with the other transforms, we’ll discuss the simple cases first. The sim-
ple shears are done along the basis vectors and through the origin. Shears, as can be
seen in Figure 4.23, transform rectangles into parallelograms; these parallelograms,
however, must have the same area as the original rectangle. As any parallelogram has
its area as base x height, it should be clear why the simple shears preserve either the
base or height of an axis-aligned rectangle.

There are numerous options for specifying a simple shear. The one we’ll use here
specifies the axis along which the shearing takes place and the shearing angle; other
books, such as Moller and Haines (1999), specify a shearing scale rather than an
angle.

Again we’ll construct a transformation matrix by considering in turn what the
transformation must do to the basis vectors and origin of our frame. We’ll show a
shear along the x-axis (the right-hand image in Figure 4.23); we’ll refer to thisas 7y, ¢
(the reason for the subscript being xy rather than just x will be more clear when we
cover 3D shearing).

First, let’s consider the image of v,—the x-axis, under 7\, 5. As can be seen in
Figure 4.24, the x-axis remains unchanged:

Txy,9 (1_51) = 51

=[1 0 0]
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>V
Figure 4.23  Shearing in 2D.
2 T(V,)
‘ n/2-6
*9\
>T(V) =V,

Figure 4.24 T,

The image of v,—the y-axis, under Ty p—can be computed in the following
fashion: if we consider the right triangle formed by the origin @ and the points
O + v, and O + T (v,), the angle whose vertex is at @ is 6. If we recall that || 7,|| = 1
(because we’re assuming standard Euclidean basis), we can use simple trigonometry
to deduce the image of v, under T, 5:
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Tiyp(0) =[tan6 1 0]
Finally, T clearly has no effect on the origin O, so we have

T©)=0O
=[0 0 1]

and thus our transformation matrix is

T (vy)
Txy,9: T('jz)
| T(O)

1 0
= tanf 1
0 0

—_ o O

A similar approach for 7}, y (a shear in the y-direction) yields

1 tan6 O
Ty,o=1|0 1 0
0 0 1

In three dimensions, there are six different shears. If we let

H,, =tan6,,
where 1 specifies which coordinate is being changed by the shearing matrix and y
specifies which coordinate does the shearing, then the following schematic can be
constructed that shows the placement of the shearing factor to get the desired shear
direction:

1 H, H, 0
H, 1 H, 0
HXZ HVZ 1 0

0 0 0 1

Only one of these H factors should be nonzero. The composition of two or more
shears must be implemented by forming each shear matrix and multiplying the ma-
trices together.
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pr

General shear specification.

General Shearing

A more general shear is defined by a shearing plane S, unit vector v in S, and
shear angle 6. The plane S is defined by a point Q on the plane and a normal 7.
The shear transform moves a family of parallel planes in space so that the planes
remain parallel; one plane (the one defining it) is unmoved. Goldman (1991) gives
the construction of a shearing transform matrix (see Figure 4.25): for any point P, let
P’ be its orthogonal projection on S; then, construct point P” = P + 0 with ¢ such
that Z P” P’ P = 6. If we apply a shear transform to P, we get P”. The transformation
is

[+tanf(i ®0) 0F
Tpiio = s
—(Q - A)D 1

Goldman notes that the determinant of this matrix is 1, and thus the shear transfor-
mation preserves volumes (note that —/2 <0 < 7 /2).

The general 3D shear matrix can be constructed along different lines, and perhaps
more simply. The vectors 9 and 71, along with the point Q, define an affine frame (the
third basis vector is 0 x 71). If we have a point P = Q + y;7i + y,0 + y3(i1 X 1), then
the shearing operation would map that point to
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T(P)=T(Q)+ T 1)+ y,T®)+ y;T (1 x D)
= Q0+ y,(A + tan 09) + y,0 + y;(A x D)
=Q+y1ﬁ+(}’2+y1tan9)f)+y3(ﬁ X 1,))

The matrix relative to the affine frame is

1 tan6® O O
0 1 0 0
0 0 1 0
0, 0, 0.1

whose upper-left 3 x 3 block H the reader should recognize as the 2D y-shear matrix
T, from the previous section (the basis vector ¥ is acting as the y-axis for that
frame).

In terms of the standard Euclidean basis, if we have a rotation matrix

n
R= 0]
nxo
and
iZ[Y1 Y2 y3)
then
P=Q+)R
and

T(P)=0+ yHR
=0+ (P - QRTHR
The matrix T for T is

T RTHR g
w00 =1 O(1; — RTHR) 1

48 PROJECTIONS

Projections are a class of transformations that all share the characteristic that they
transform points from an n-dimensional frame (coordinate system) to a frame with
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less than n dimensions (generally, n — 1). The most significant use of projection
in computer graphics is in the rendering pipeline of graphics display systems and
libraries, where three-dimensional objects are projected onto a plane before being
rasterized and displayed on a terminal screen.

The class of projective transformations contains two subclasses that are of par-
ticular interest in computer graphics: parallel and perspective. A projection can be
defined as the result of taking the intersection of a line connected to each point on a
geometric object with a plane. In parallel projection, all of these projectors are paral-
lel, while in perspective projection, the projectors meet at a common point, referred
to as the center of projection. As pointed out in Foley et al. (1996, Section 6.1), you
can justifiably consider the center of projection in a parallel projection to be a point
at infinity.

In the following sections, we’ll show how orthographic and perspective projection
transformation matrices can be constructed using only vector algebra techniques.
For a thorough treatment of the various subclasses of parallel projections, and the
construction of parallel and perspective projection transformation matrices for the
purposes of creating viewing transformations, see Foley et al. (1996, Chapter 6).

4.8.1 ORTHOGRAPHIC

Orthographic projection (also called orthogonal) is the simplest type of projection
we’ll discuss: it consists of merely projecting points and vectors in a perpendicular
fashion onto a plane, as shown in Figure 4.26. As in the case of the mirror transform,
we define the plane M by a point Q on the plane and (unit) normal vector .

Orthographic projection of a vector v is simply the usual sort of projection we’ve
been using all along: we project ¥ onto i to get the parallel and perpendicular com-
ponents, and note that since v is position independent, the relative location of Q is
not considered. Thus, we have

(4.33)
=v—(V-0)il
The transformation of a point P is similarly trivial:
T(P)=0+T®)
=0+T(P—-0) (4.34)
=P—-((P—-0Q)- -

The matrix representation of this is accomplished by factoring out v from Equa-
tion 4.33 to give the upper left-hand n x n submatrix:

T,=1— (i ® i)



160 Chapter 4 Matrices, Vector Algebra, and Transformations

Figure 4.26  Orthographic (orthogonal) projection.

The bottom row is computed as usual by factoring out the above and the point P
from Equation 4.34:

T, 0F
“Q=[@ymﬁ 1]

4.8.2 OBLIQUE

Oblique (or parallel) projection is simply a generalization of orthographic
projection—the projection is parallel, but the plane need not be perpendicular to
the projection “rays.” Again, the projection plane M is defined by a point Q on it
and a normal vector i, but since # no longer also defines the direction of projection,
we need to specify another (unit) vector w as the projection direction, as shown in
Figure 4.27.

An edge-on diagram of this (Figure 4.28) will help us explain how to determine
the transformation of vectors. We can start out by observing that

vV=T(®©) +aw
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Oblique projection.

which we can rearrange as
T@W)=v—aw (4.35)

Obviously, what we need to compute is o, but this is relatively straightforward, if
we realize that

||l_5|\|| = ||(0“1))||||
We can exploit this as follows:
||17|\ [ . ||(0“2))|| [
[yl [l I
=«

which we can rewrite using the definition of the dot product:

<L
<>

(4.36)

1S3
<>

We then can substitute Equation 4.36 into Equation 4.35 to get the transformation
for vectors:



162 Chapter 4 Matrices, Vector Algebra, and Transformations

V= (aw),

M___

Q T(V) - T(P)

Figure 4.28  Edge-on view of oblique projection.

(4.37)

(4
<>

W

T@) =7 —

>
Y

We can then, as usual, employ the definition of point and vector addition and sub-

traction to obtain the formula for transforming a point:

P=0+T®)
=0+T(P-0) (4.38)
(P-0Q) -

U

=P

S

To convert this to matrix representation, we apply the usual technique of extract-
ing ¥ from Equation 4.37 to compute the upper left-hand n x n submatrix:

Ty =1- C22

To compute the bottom row of the transformation matrix, we extract that and the P
from Equation 4.38, and the complete matrix looks like this:
Tis O
Tiod =| iy
w-u
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Figure 4.29  Perspective projection.

4.8.3 PERSPECTIVE

Perspective projection is not an affine transformation; it does not map parallel lines
to parallel lines, for instance. Unlike the orthographic and parallel projections, the
projection vectors are not uniform for all points and vectors; rather, there is a pro-
jection point or perspective point, and the line of projection is defined by the vector
between each point and the perspective point, as shown in Figure 4.29.

Perspective projection does, however, preserve something called cross-ratios. Re-
call that affine maps preserve ratios: given three collinear points P, R, and Q, the
ratio of the distance between P and R (which we notate as PR) to RQ is the same as
the ratio of T(P)T (R) to T(R)T (Q) (see Figure 3.36).

The cross-ratio is defined as follows: given four collinear points P, R}, R,, and Q,
the cross-ratio is

PR/R,Q

CrossRatio(P, R}, Ry, Q) = ———
PRy/R,Q

as shown on the left side of Figure 4.30. Preservation of cross-ratio means that the
following holds:
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Figure 4.30

Cross-ratio.

CrossRatio(P, R}, R,, Q) = CrossRatio(T (P), T(R,), T(R,), T(Q))

as shown in Figure 4.30. A more thorough treatment of the cross-ratio can be found
in Farin (1990) or DeRose (1992).

It is important to understand that perspective projection of vectors is ill defined.
If we take any two sets of points whose difference is a given vector, the vector between
the parallel projections of each set of points will be the same. This is not true with
the perspective projection; consider Figure 4.31, where we have two such pairs of
points, (P}, P,) and (Ps, P,), each of which differ by the vector v, = v,. However,
if we look at the vectors between the projections of these pairs of points (7 (v;) =
T(Py) — T(P)) and T (v,) = T (Py) — T (P3), respectively), it’s clear that these vectors
are not equivalent.

However, perspective projection is well defined for points. Clearly, T (P) is a point
at the end of a scaled version of the vector between P and S:

T(P)=P+a(S—P) (4.39)
Another way of looking at this is to note that
I'(P)—Q=(P—-0)+a(S—P)
which must also be perpendicular to the plane normal, so we have

0=i-((P—Q)+a(S—P))
=i-(P—Q)+ai-(S—P)

If we solve the above for o, we get
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Figure 4.31  Perspective map for vectors.

o=—xx_""7 (4.40)

We can now substitute Equation 4.40 into Equation 4.39 and do a little vector arith-
metic to yield the final formula:

oL Q=P i
TP =P+ (5= P)

_(5-Q) )P+ (Q-P)-D)S
(S—P)-i

The transformation matrix for this, then, is

T (S—0Q) - MI—a®S —i'
nes Q- )S S

49 TRANSFORMING NORMAL VECTORS

Vectors, as we saw, can be transformed by matrix multiplication in the same way
as points. A natural-seeming application of this principle would be to treat surface
normal vectors in this way, but it turns out this is (in general) incorrect. As this may
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Figure 4.32

y y
n
X X
P
z

The plane x 4+ y = k.

seem initially counterintuitive, a bit of explanation as to why this is wrong may be
useful, before we explain the correct method.

The culprit here is nonuniform scaling. An example by Eric Haines (1987) shows
this quite nicely: Consider a plane in three-dimensional space. If we look down the z-
axis, this would appear as a line with a 45° angle, as shown in Figure 4.32. The normal
to this planeis 77 =[1 1 0 ]. Suppose we have a nonuniform scale transform T
where only x is scaled by a factor of two. This gives us a transformation matrix

—~
Il
coc o
© - o o
- o oo

S O = O

If we apply this transformation to the plane and the normal, we get the plane
stretched as expected. However, consider the transformation on the normal

TG)=rAT=[1 1 0]

[ R Rl 8]
(= =
O~ O O

as shown in Figure 4.33. Clearly, this is incorrect. What’s going on? The problem is
that a normal vector isn’t really a vector in the usual sense. Rather, a normal to a
surface is actually the cross product of two (linearly independent) vectors that are
tangent to the surface

S
I
<
X
<l
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Incorrectly transformed normal.

Figure 4.34  Normal as cross product of surface tangents.

as shown in Figure 4.34. If T is a linear transform of the space containing the surface,
then the transformed tangents are T (&) and T (v), both tangent to the transformed
surface. A normal to the transformed surface can be chosen as m = T (i) x T (v).
But 711 (as we have seen) is not necessarily the transformed normal T (7); T (i X ¥) #
T (1) x T (V), and more generally T (i x ¥) is not necessarily parallel to T (ii) x T (v).
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Perpendicularity of 71 with respect to any tangent vector # can be expressed as
i-in=inl =0
We want the transformed normal to be perpendicular to the transformed tangent(s):
Tu) -m=0
If we just crunch through the math, we get

0=1int

=uTT %"
= @T)ETHHT
=T@@) - @(THh

Therefore, a normal vector to the transformed surface is m = 7(T~ )T, where 7i is a

normal vector to the surface. The matrix (T~H7 is called the inverse transpose of T.
You should be aware that even if 7 is unit length, the vector m = (T~ HT is not
necessarily unit length, so for applications requiring unit-length normals, 7 needs
to be normalized.

RECOMMENDED READING

A thorough and deep understanding of vector algebra is a powerful tool for the
computer graphics programmer. Unfortunately, good coverage is rare in the more
widely read graphics literature, and courses covering it are rare in computer science
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or physics are more likely to have been exposed to this type of material, although
it is probably possible to get through some undergraduate mathematics programs
without an explicit course in vector analysis. This may be more the case now than
in the past, considering the very large number of textbooks with “Vector Analysis” in
their title (or as their title) that are notated as “out of print” in book search databases.
Goldman (1987) cites the following two books:

E.B. Wilson, Vector Analysis, Yale University Press, New Haven, CT, 1958.

A. P. Wills, Vector Analysis with an Introduction to Tensor Analysis, Dover Publica-
tions, New York, 1958.
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Tony D. DeRose, “A Coordinate-Free Approach to Geometric Programming,”
Math for SIGGRAPH: Course Notes 23, SIGGRAPH ’89, pages 55-115, July 1989.
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James R. Miller, “Applications of Vector Geometry for Robustness and Speed,”
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CHAPTER

GEOMETRIC
PRIMITIVES IN 2D

This chapter contains the definitions for various two-dimensional geometric primi-
tives that are commonly used in applications. Some of the primitives have multiple
representations. A geometric query involving an object might be more effectively for-
mulated with one representation than another. The discussion about a query will
indicate which representation is more appropriate.

In geometric queries with objects such as polygons, the object can be treated
as a one-dimensional or a two-dimensional object. For example, the triangle as a
one-dimensional object is just the closed polyline perimeter. As a two-dimensional
object, the triangle refers to its polyline perimeter and the region that it bounds. Some
objects have distinct names for the two possibilities. For example, circle refers to the
one-dimensional curve, and disk refers to the curve and the region it bounds. When
necessary, the distinction will be made clear. In the absence of distinct names, the
word solid will be used. For example, the method for computing distance between
a point and a triangle treats the triangle as a solid. If a point is inside the triangle
boundary, then the distance is zero.

51 LINEAR COMPONENTS

Linear components may be represented either implicitly or parametrically. In the case
of lines, both representations have equal expressive power, but as we shall see, the
parametric form is convenient for representing rays and segments.

171
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P,=C+rd
Positive
side
C
/ /
Negative
side
P P Pp=C-r
€Y (b) (c)
Figure 5.1  Examples of (a) a line, (b) a ray, and (c) a segment.
5.1.1 IMPLICIT FORM

A line is defined by 71 - X = d. A normal vector to the line is 77 = (n, n;), and points
on the line are represented by the variable X = (xg, x,). If P is a specific point on the
line, then the equation for the lineis7i - (X — P) =0=17 - X — d, whereni - P =d.
This definition for a line is called the normal form. A direction vector for the line is
d= (dy, dy) = (ny, —ny). Figure 5.1(a) illustrates a typical line in the plane. Of course
we cannot draw a line having infinite extent in both directions. The arrowheads are
meant to imply that what is drawn in fact does extend infinitely in both directions. A
line partitions the plane into two half-planes. The half-plane on the side of the line
to which the normal points is called the positive side of the line and is represented
algebraically by 71 - X — d > 0. The other half-plane is called the negative side of the
line and is represented algebraically by 7 - X — d < 0.

Although 7 is not required to be a unit-length vector, it is convenient in many
geometric queries if it is unit length. In this case d is also unit length. The point P
and the unit-length vectors d and /i form a right-handed coordinate system where P
is the origin and the unit-length vectors are the directions of the coordinate axes. See
Section 3.3.3 for a discussion of coordinate systems. Any point X can be represented
byX=P+ yoﬁ + yin, where y, = d-(X —P)and y,=1 - (X — P). The positive
side of the line is characterized by y; > 0, the negative side of the line is characterized
by y; < 0, and y, = 0 represents the line itself.

Another commonly seen representation of a line is the implicit form

ax+by+c=0
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<

Figure 5.2 Implicit definition of a line.

This can be seen to be equivalent to the previous definitionif weletn=[a b], X =
[x ylandd = —c. Ifa? + b? = 1, then the line equation is said to be normalized;
a nonnormalized equation can be normalized by multiplying through by

1
va*+b?

This, of course, is equivalent in the other representation as ||71]| = 1. With the equa-
tion so normalized, we can more easily gain an intuition of the coefficients:

a=cosu
b=cosp
c=|I7|

In other words, a and b are the x- and y-components of a vector perpendicular to the
line (that is, 71), and ¢ is the minimum (signed) distance from the line to the origin,
as can be seen in Figure 5.2.

5.1.2 PARAMETRIC FORM

The parametric form of the line is X (1) = P + td fort e R. A ray is a line with the
parametric restriction ¢ > 0. The origin of the ray is P. Figure 5.1(b) illustrates a ray
in the plane. As with drawing a line, it is not possible to draw a ray with infinite
extent, so we use an arrowhead to imply that the ray continues infinitely in the
specified direction. A line segment, or simply segment, is a line with the parametric
restriction ¢ € [ty, t;]. If Py and P are end points of the segment, the standard form
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for the segment is X (t) = (1 — 1) Py + ¢ P, for ¢ € [0, 1]. This form is converted to
the parametric form by setting d = P; — P,. The symmetric form for a segment
consists of a center point C, a unit-length direction vector d, and a radius r. The
parameterization is X (t) = C + td for |t| < r. The length of a segment is || P; — Py|
for the standard form and 2r for the symmetric form. Figure 5.1(c) illustrates a
segment in the plane. It is sometimes convenient to use the notation (P, P;) for a
line segment.

Throughout this book, the term linear component is used to denote a line, a ray,
or a line segment.

5.1.3 CONVERTING BETWEEN REPRESENTATIONS
Some algorithms in this book utilize the implicit form, while others utilize the para-
metric form. Usually the choice is not arbitrary—some problems are more easily
solved with one representation than the other. Here we show how you can convert
between the two so you can take advantage of the benefits of the most appropriate
choice.

Parametric to Implicit

Given a line in parametric form

x=P +1td,
y= Py +tdy

its implicit equivalent is

—dyx +dy+ (Pdy,— Pyd,) =0

Implicit to Parametric
Given a line in implicit form
ax+by+c=0

the parametric equivalent is

P—|: —ac —bc :|
Clar+ b2 a2+ p?

d=[—-b a]
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Po Po

Counterclockwise Clockwise

Figure 5.3  The two possible orderings for a triangle.

52 TRIANGLES

A triangle is determined by three noncollinear points Py, P;, and P,. If P, is con-
sidered to be the origin point, the triangle has edge vectors ¢, = P, — P and ¢, =
P, — P,. Each point is called a vertex of the triangle (plural vertices). The order in
which the vertices occur is important in most applications. The order is either coun-
terclockwise if P, is on the left side of the line with direction P; — P, or clockwise if
P, is on the right side of the line with direction P; — P,. If P; = (x;, y;), define

1 1 1
d=det| xo x; x,
Yo Y1 M2

The triangle is counterclockwise ordered if § > 0 and clockwise ordered if § < 0. If
8 = 0, the triangle is degenerate since the three vertices are collinear. Figure 5.3 shows
two triangles with different orderings. In this book triangles will use the counter-
clockwise ordering. Observe that as you walk counterclockwise around the triangle,
the bounded region is always to your left. The three-point representation of a triangle
is called the vertex form.

The parametric form of the triangle is X (t, ;) = Py + ty€, + 1,€, for t, € [0, 1],
t; € [0, 1], and 0 < ¢y + t; < 1. The barycentric form of the triangle is X (cg, ¢}, ¢;) =
coPy+ ¢ Py + ¢y Py forc; € [0, 1]foralli and ¢y + ¢ + ¢, = 1. The parametric form is
afunction X : D C R? — R? whose domain D is a right isosceles triangle in the plane
and whose range is the triangle with the three specified vertices. Figure 5.4 shows
the domain and range triangles and the correspondence between the vertices. The
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Pz(to = O, tl = l)

D Pl(to = 1, tl = O)
Po(tp=0,t;=0)

Figure 5.4  The domain and range of the parametric form of a triangle.

Px(cg=0,¢c,=0,c,=1)

y “ P1(cg=0,¢,=1,¢,=0)
1

Po(cg=1,¢,=0,c,=0)
Co

Figure 5.5 The domain and range of the barycentric form of a triangle.

barycentric form is a function X : D C R®> — R? whose domain D is an equilateral
triangle in space and whose range is the triangle with the three specified vertices.
Figure 5.5 shows the domain and range triangles and the correspondence between
the vertices.

If P, = (x;, y;) for 0 <i < 2,then éy = (x; — xo, y; — yo) and &, = (x, — xg, ¥, —
Yo)- The signed area of a triangle is just the determinant mentioned earlier that relates
the sign to vertex ordering:
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ty P+¢g+e
tp=1,t,=1
P+e P+eg
D to=0, to=1,
t, = t, =
P
ty th=0,t,=0
0 0 1
0 1

Figure 5.6  The domain and range for the parametric form of a rectangle.

1 1 1
1 1
Area(Py, Py, P,) = > det [ xo x; x; | = E((Jﬁ — x0)(y2 — ¥o) — (x2 — x0)(¥1 — o))
Yo Y1 M2

5.3 RECTANGLES

A rectangle is defined by a point P and two edge vectors ¢, and ¢, that are perpen-
dicular. This form is called the vertex-edge form. The parametric form for a rectangle
is X (ty, 1)) = P + tyey + 1,€, for 1, € [0, 1] and 1, € [0, 1]. The rectangle is said to
be axis aligned if the edge vectors are parallel to the coordinate axes. Although all
rectangles can be said to be oriented, this term is typically used to emphasize that
the rectangles under consideration are not necessarily axis aligned. The symmetric
form for a rectangle consists of a centerpoint C, two unit-length vectors i, and i,
that are perpendicular, and two extents ¢, > 0 and e; > 0. The parameterization
is X (tg, 1)) = C + iy + 1yt for |ty| < ey and |#1] < e;. The area of a rectangle is
[1€l] ||€,]| for the parametric form and 4eye; for the symmetric form. Figure 5.6
shows the domain square, range rectangle, and the correspondence between the ver-
tices for the parametric form. Figure 5.7 shows the symmetric form for a rectangle.

5.4 POLYLINES AND POLYGONS

A polyline consists of a finite number of line segments (P;, P;,) for 0 <i < n.
Adjacent line segments share an end point. Although not common in applications,
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Figure 5.7

Figure 5.8

C+egiig+ ey

C+ eyiig— it
A A 0™ 11
C—eol/lo+ ell/ll

The symmetric form of a rectangle.

P3
Py
Pg P,
P
Po
A typical polyline.

the definition can be extended to allow polylines to include rays and lines. An example
is a polyline that consists of the line segment with end points (0, 0) and (0, 1), a ray
with origin (0, 0) and direction vector (1, 0), and a ray with origin (0, 1) and direction
vector (—1, 0). Figure 5.8 shows a typical polyline in the plane. The polyline is closed if
the last point of the line is connected to the first by a line segment. The convention in
this book is to specify an additional point P, = P, for indexing purposes. A polyline
that is not closed is said to be open.
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Po=Ps
(a (b)

Examples of (a) a simple concave polygon and (b) a simple convex polygon.

A polygon is a closed polyline. Each point P; is called a vertex of the polygon. Each
line segment is called an edge of the polygon. The polygon is said to be simple if non-
adjacent line segments do not intersect. A simple polygon bounds a simply connected
region in the plane. The points in this region are said to be inside the polygon. The
vertices of a simple polygon can be ordered as clockwise or counterclockwise, just
as for triangles. The vertices are counterclockwise ordered if a traversal of the ver-
tices keeps the bounded region to the left. A simple polygon is convex if for any two
points inside the polygon, the line segment connecting the two points is also inside
the polygon. Special cases of convex polygons are triangles, rectangles, parallelograms
(four-sided with two pairs of parallel sides), and convex quadrilaterals (four-sided
with each point outside the triangle formed by the other three points). A polygon
that is not convex is said to be concave.

Figure 5.9 shows two simple polygons. The polygon in Figure 5.9(a) is concave
since the line segment connecting two interior points Q and Q; is not fully inside
the polygon. The polygon in Figure 5.9(b) is convex since, regardless of how Q,
and Q; are chosen inside the polygon, the line segment connecting them is always
fully inside the polygon. Figure 5.10 shows two nonsimple polygons. The polygon
in Figure 5.10(a) has nonadjacent line segments (P}, P,) and (P;, P,) that intersect.
The intersection point is not a vertex of the polygon. The polygon in Figure 5.10(b)
is the same polygon with the intersection point included as a vertex. But the polygon
is still nonsimple since it has multiple nonadjacent line segments that intersect at
P,. Polygons of this latter type are referred to as polysolids (Maynard and Tavernini
1984).

A polygonal chain is an open polyline for which nonadjacent line segments do
not intersect. A polygonal chain C is strictly monotonic with respect to a line L if
every line orthogonal to £ intersects C in at most one point. The chain is monotonic
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P, P3

Py Py
Po=Py Po=Ps
@ (b)

Figure 5.10  Examples of nonsimple polygons. (a) The intersection is not a vertex. (b) The inter-
section is a vertex. The polygon is a polysolid.

/\ r'ne—
/\/
£'ne

€Y (b)

Figure 5.11  Examples of polygonal chains: (a) strictly monotonic; (b) monotonic, but not strict.

if the intersection of C and any line orthogonal to L is empty, a single point, or a
single line segment. A simple polygon cannot be a monotonic polygonal chain. A
monotone polygon is a simple polygon that can be split into two monotonic polygonal
chains. Figure 5.11 shows a strictly monotonic polygonal chain and a monotonic
chain. Figure 5.12 shows a monotone polygon.
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Figure 5.12 A monotone polygon. The squares are the vertices of one chain. The triangles are the
vertices of the other chain. The circles are those vertices on both chains.

55 QUADRATIC CURVES

Quadratic curves are determined implicitly by the general quadratic equation in two
variables

aooxg+2a01x0x1+a11xf+b0x0+b1x1+0=0 (51)

Let A = [g;;] be a symmetric 2 X 2 matrix and let B = [b;] and X = [x;] be 2 x 1
vectors. The matrix form for the quadratic equation is

XTAX +B™X +¢c=0 (5.2)

A quadratic equation can define a point, a line, a circle, an ellipse, a parabola, or a
hyperbola. It is also possible that the equation has no solution.

The type of object that Equation 5.2 defines is more easily determined by fac-
toring A and making a change of variables. Since A is a symmetric matrix, it can be
factored into A = RTDR, where R is a rotation matrix whose rows are the eigenvec-
tors of A, and D is a diagonal matrix whose diagonal entries are eigenvalues of A. To
factor A, see the eigendecomposition subsection of Section A.3. Define £ = RB and
Y = RX. Equation 5.2 is transformed to

YTDY—i—ETY—i—c:doyg—i-dlyf—}-eoyo—i-elyl+c:0 (5.3)
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CASE

CASE

CASE

CASE

The classification is based on the diagonal entries of D. If a diagonal entry d; is not
zero, then the corresponding terms for y; and yi2 in Equation 5.3 can be factored by
completing the square. For example, if dy # 0, then

(4
doyé + epyo=dy (yé + d—OYO)
0

dy # 0 AND d; # 0. The equation factors into

€ ? e ? 3(2) e%
do(yo+-2) +dy(ym+-—2L) =2L+L_c=r
° (yo Zdo> ' (yl 2d1> 4dy 44,

Suppose dyd; > 0. There is no real-valued solution when dyr < 0. The solution is
a single point when r = 0. Otherwise dyr > 0, and the solution is an ellipse when
dy # d, or a circle when d, = d,. Now suppose dyd, < 0. If r # 0, the solution is a
hyperbola. If r = 0, the solution is two intersecting lines, the 2D equivalent of a 3D
cone. Figure 5.13 shows the possibilities.

dy # 0 AND d; = 0. The equation factors into
2 2
0 __0 .
dy (y0+—> +ey=——c=r

4
zdo 4d0

If e; = 0, there are three cases. There is no real-valued solution when dyr < 0. The
solution is a line when r = 0. Otherwise dyr > 0 and the solution is two parallel lines,
the 2D equivalent of a 3D cylinder. If e; # 0, the solution is a parabola. Figure 5.14
shows the possibilities.

dy =0 AND d; # 0. This case is symmetric to that of dy # 0 and d; = 0.
dy =0 aND d| = 0. The equation is
€Yo+ ey tc=0

If ey = e; = 0, then there is no solution when ¢ # 0, and the original equation is the
tautology 0 = 0 when ¢ = 0. If ¢j # 0 or e; # 0, then the solution is a line.
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[ ]
d0d1>0,dor<o dod1>0,dor:0 d0d1>0,d0r>0,d0:dl
No solution Point Circle
d0d1>0,d0r >0,d0¢d1 d0d1<0,r¢0 d0d1<0,r:0
Ellipse Hyperbola Cone

Figure 5.13  Solutions to the quadratic equation depending on the values for d;, # 0, d; # 0, and r.

5.5.1 CIRCLES

A circle consists of a center C and a radius r > 0. The distance form of the circle is
|X — C|| = r. The parametric form is X (t) = C + ri(t), where i(t) = (cos ¢, sin t)
for t € [0, 27). To verify, observe that | X (1) — C|| = ||ri(®)|| = r||a(t)|| = r, where
the last equality is true since () is a unit-length vector. Figure 5.15 shows the
(implicit) distance form and the parametric form. The quadratic formis X'IX + B -
X + ¢ =0, whereIis the 2 x 2 identity matrix. In the quadratic form, the coefficients
are related to the center and radius by B = —2C and ¢ = CTC — r2.

The area of a circle is 772 for the distance and parametric forms and 7 (BT B/4 —
¢) for the quadratic form.

5.5.2 ELLIPSES

An ellipse consists of a center C, axis half-lengths £, > 0 and ¢, > 0, and an orien-
tation angle 6 about its center and measured counterclockwise with respect to the
x-axis, as shown in Figure 5.16. Let D = Diag(l/ﬁé, I/Z%) and let R = R(0) be the
rotation matrix corresponding to the specified angle. The factored form of the el-
lipse is (X — C)TRTDR(X — C) = 1. The parametric form of the ellipse is X (t) =
C + R™D™Y2{i(¢), where ii(t) = (cos t, sin t) for ¢ € [0, 27r). To verify, observe that
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Figure 5.14

Figure 5.15

do#0,d,=0,e,=0,d,r <0 d0¢0,d1:_0,e1:0,r:0
No solution Line

dp#0,d;=0,€,=0,dgr >0 dy#0,d;=0,e,#0
Cylinder Parabola

Solutions to the quadratic equation depending on the values for dy # 0, d; =0, ¢y,
andr.

Ix-cl2=r X(t) = C+ r[cost sint]

Circles defined in distance (implicit) and parametric forms.

the factored form states that ||[D'/?R(X — C)|| = 1. The vector whose length is indi-
cated here must be unit length, so DY2R(X — C) = 4(¢) is a valid choice. Solving
for X produces the parametric form. The quadratic form is XTAX + B - X 4+ ¢ =0,
where A is a 2 x 2 matrix whose diagonal entries are positive and whose determinant
is positive. Moreover, C = —A~!'B/2and RTDR = A/(BTA"'B/4 — ¢).

The area of an ellipse is mw£y¢; for the factored and parametric forms and
7(BTA~'B/4 — ¢)/+/det(A) for the quadratic form.
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Figure 5.16  Definition of an ellipse.

5.6 POLYNOMIAL CURVES

A polynomial curve in the plane is a vector-valued function X : D C R — R C R?,
say, X (1), and has domain D and range R. The components X;(¢) of X (¢) are each a
polynomial in the specified parameter

n;

Xi(t) = ayt!

j=0

where n; is the degree of the polynomial. In most applications the degrees of the
components are the same, in which case the curve is written as X (t) = Zj‘:o At

for known points A ; € R2. Even if the degrees are different, we can still use the vector
notation by selecting n = max; n; and setting coefficients a;; = 0 for n; < j <n.The
domain D in the applications is typically either R or [0, 1]. A rational polynomial curve

is a vector-valued function X (1) whose components X;(¢) are ratios of polynomials

n; i
S agit?
Jj=0"1
Xi) ==
S byt
j:() 1]
where n; and m; are the degrees of the numerator and denominator polynomials.
A few common types of curves that occur in computer graphics are Bézier curves,
B-spline curves, and nonuniform rational B-spline (NURBS) curves. Only the defi-
nitions for these curves are given here. Various properties of interest may be found in

other texts on curves and surfaces (Bartels, Beatty, and Barsky 1987; Cohen, Riesen-
feld, and Elber 2001; Farin 1990, 1995; Rogers 2001; Yamaguchi 1988).
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Figure 5.17 A cubic Bézier curve.

5.6.1 BEZIER CURVES

A planar Bézier curve is constructed from a set of points P; € R2 for 0 <i <n, called
control points, by

n

X =Y ('Z)t"(l —0)"IP =) Bi(OP, te(0,1]

i=0 i=0

(n) _ n!
i) iln—i)

is the number of combinations of i items chosen from a set of n items. The real-
valued polynomials B; (t) are called the Bernstein polynomials, each of degree n. The
polynomial components of X () are therefore also of degree n. Figure 5.17 shows a
cubic Bézier curve, along with the control points and control polygon.

where

5.6.2 B-SPLINE CURVES

A planar B-spline curve of degree j is constructed from a set of points P; € R?, called
control points, and a monotone set of parameters ¢; (i.e., #; <t;,;), called knots, for
0<i<n,by
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Po
P3
Figure 5.18 A cubic B-spline curve.
n
X(0)=) B ()P
i=0
wheret € [ty,t,]and 1 < j < n. Thevector (¢, . . ., t,) is called a knot vector. The real-
valued polynomials B ; () are of degree j and defined by the Cox—de Boor recursion
formulas
) _ 1, ti <t< ti+l
Bio) = { 0, otherwise
and

(t —1))B; j_1(t) n (tigj — By 1;1(0)

»J

for 1 < j < n. The polynomial components of X (¢) are actually defined piecewise
on the intervals [f;, #;,1]. On each interval the polynomial is of degree j. The knot
values are not required to be evenly spaced. In this case the curve is said to be a
nonuniform B-spline curve. If the knot values are equally spaced, then the curve is
called a uniform B-spline curve. Figure 5.18 shows a uniform cubic B-spline curve,
along with the control points and control polygon.
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5.6.3 NURBS CURVES

A planar nonuniform rational B-spline curve or NURBS curve is obtained from a
nonuniform B-spline polynomial curve in three dimensions. The control points are
(P;, 1) € R? for 0 < i < n, with weights w; > 0, and the polynomial curve is

YO, w®) =Y B; ;(Hw;(P;, 1)

i=0

where B; ;(t) is the same polynomial defined in the previous subsection. The NURBS
curve is obtained by treating (Y (¢), w(#)) as a homogeneous vector and dividing
through by the last component (often referred to as the weight) to obtain a projection
in three dimensions

w(

X() = ig =3 R,0P,
i=0

where
w; B; (1)

R j(t) = =l 2
" D peo Wi By j (1)



CHAPTER

DISTANCE IN 2D

This chapter contains information on computing distance between geometric prim-
itives in 2D. An application might not want to pay the price for an expensive square
root calculation, so many of the algorithms in this chapter provide a construction for
squared distance. Of course, fundamental to any distance algorithm is the squared
distance between two points X = (xy, x;) and ¥ = (yy, y;)

Distance’(X, Y) = | X — Y |* = (xg — x)> + (v — y1)? (6.1)

We will discuss algorithms for computing the distance between a point and an-
other object first; other combinations are discussed later in the chapter. When both
objects are convex with polyline or polygonal boundaries, including the degenerate
case when one is a linear component, the distance algorithms can be implemented
by applying a derivativeless numerical minimizer using the point-object formulas.
For example, the distance between a line segment and a triangle can be computed
as a minimization of a one-dimensional function. If F (X, T) is the squared distance
between the point X and the triangle 7', then the squared distance between a line
segment X (1) = Py + 1 (P, — Py), t € [0, 1], and the triangle is G(t) = F(X(¢), T).
A numerical minimizer can be applied to G(¢) for ¢ € [0, 1]. Such an iterative ap-
proach certainly can produce a reasonable numerical estimate for the squared dis-
tance, but typically the approach takes more time to find the estimate than a method
that computes the squared distance using a noniterative method. The trade-off is ease
of implementation versus time efficiency of the algorithm.

189
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Figure 6.1

N

X(%)

Closest point X () on a line to a specified point Y.

6.1 POINT TO LINEAR COMPONENT

This section covers the distance algorithms for the three combinations of points with
lines, rays, or line segments: point-line, point-ray, and point-segment.

6.1.1 POINT TO LINE

Given a point Y and a line £ parameterized as X (1) = P + td, the closest point on
the line to Y is the projection X (f) of Y onto the line for some parameter value 7.
Figure 6.1 illustrates the relationship. As shown in the figure, the vector ¥ — X ()
must be perpendicular to the line direction d. Thus,

0=d-(Y—X(@)=d-(Y—P—id)y=d- (Y — P)—1||d|*

and the parameter of the projection is f = d- (Y —-P)/ ||3 2. The squared distance is
|Y — P — td||%>. Some algebra leads to

([i. Y — P))2

Distance’(Y, L) = |Y — P|? — =
Id|?

(6.2)

If d is already unit length, then the equation is slightly simplified in that ||d|| = 1 and
no division is required to compute the squared distance.

If the line is represented as 71 - X = c, the closest point K on the line satisfies the
relationship ¥ = K + s# for some s. Dotting with 72 yields 7 - Y =7 - K + s||i||* =
c+ s||i||% so s = (i - Y — ¢)/||71]|>. The distance between the point and the line is
1Y — K|l = Islllzll, or
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n-Y —c

Distance (Y, £) = I
n

(6.3)

If 71 is unit length, then the equation is slightly simplified in that ||72|| = 1 and no
division is required to compute the distance.

Equation 6.3 looks a lot simpler than Equation 6.2 and is less expensive to com-
pute. The relationship between the two equations is clear from the following identity
with the assumption that d and 7 are unit length:

IY —PIP= —P)'(Y = P)
= - P)'I(Y - P)

=¥ - P)'(dd" + ") (Y — P)
- (c?-(Y— P))Z—l—(ﬁ-(Y— P))’

=(£-(Y—P))2+(ﬁ-1/—c)2

The key identity in the construction is I = dd” + AT, where I is the 2 x 2 identity
matrix. This identity is true for any pair of orthonormal vectors. The proof relies on
the fact that {d, Ai} is an orthonormal basis for R?, so every vector can be represented
as

IX=X=({"X)d+ @ "X)A=ddHX + GANHX = dd" +rn") X

Since this is true for all X, it must be thatI = dd™ + 7#nT. Observe that the term dd*
is not to be confused with the dot product d*d. The vector d is a 2 x 1vector, so d*
isa 1 x 2 vector and the product dd " is a 2 x 2 matrix.

6.1.2 POINT TO RAY

The construction is similar to that of point to line. The difference is that in some cases
the projection of ¥ onto the line containing the ray R might not be a point on the
ray. In a sense, Y is behind the ray. Figure 6.2 shows the two possibilities. Figure 6.2(a)
shows the case when the projection is onto the ray. In this case 7 > 0, and Equations
6.2 and 6.3 apply. Figure 6.2(b) shows the case when the projection is not onto the
ray. In this case 7 < 0, and the closest point to Y is the ray origin P. The squared
distance is

- 2
. 2 Y — P|? — (@o—p) d-(Y —P)>0

Distance (Y, ’R) = T (6.4)
Y — PI%, d-(Y—-P)<0
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N

X(%)

@

"ot

(b)

Figure 6.2 Closest point on a ray to a given point: (a) X (7) closest to ¥; (b) P closest to Y.

N

@

(b) ©

Figure 6.3 Closest point on a segment to a given point: (a) X () closest to ¥; (b) P, closest to Y; (c) P,
closest to Y.

6.1.3 POINT TO SEGMENT

The construction is also similar to that of point to line. The difference now is that
the projection of Y onto the line might not lie on the line segment S. The projection
could lie behind the initial point or ahead of the final point of the segment. Figure 6.3
shows the three possibilities. The direction vector is d= P; — Py, the difference of end
points for the line segment. The parameter interval is [0, 1]. The value 7 is computed,
just as for the line, but then it is tested against the parameter interval [0, 1] for the
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segment. The squared distance is

1Y — Poll?, 1<0
Distance” (Y, S) = { Y — (Py+id)|%, 7€ (0,1) (6.5)
1Y — PyI%, t>1

wheref=d - Y — Py/ ||J||2. For the symmetric form (see Section 5.1.2), the squared
distance is

o IY —(C—rd? 7<-r
Distance™(Y, §) = { |Y — (C +id)|% il <r (6.6)
1Y = (C+rd)|? t=r

wheref =d - (Y = O).

For applications that compute a large number of distances, it might be important
to make the squared distance calculations as fast as possible. If the direction vector
d is not unit length, then a division occurs in the formulas. A space-time trade-off
can be made to avoid the division. If memory permits, whether in the parametric
or standard form, the quantity 1/ I|J |2 can be precomputed and stored with the line
segment. If memory is not readily available, then the division can be deferred until
absolutely needed. For example, in the standard form the algorithm to defer the
division is

float SquaredDistance(Point Y, Segment S)
{

Point D = S.P1 - S.PO;

Point YmPO = Y - S.PO;

float t = Dot(D, YmPO);

if (t <=0) {
// PO is closest to Y
return Dot (YmPO, YmPO);

float DdD = Dot(D, D);

if (t >= DdD) {
// Pl is closest to Y
Point YmP1 = Y - S.P1;
return Dot (YmP1, YmP1);

// closest point is interior to segment
return Dot (YmPO, YmP0) - t * t / DdD;
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62 POINT TO POLYLINE

For calculating the distance between a point Y and a polyline £ with vertices P,
through P, and line segments S;, 0 <i < n, whose end points are P; and P, the
straightforward algorithm is to calculate the minimum of the distances between the
point and the line segments of the polyline:

Distance’(Y, £) = min Distance?(Y, S;) (6.7)
0<i<n

Iterating blindly over the line segments can potentially be expensive for polylines with
a large number of segments or for an application with a large number of polylines for
which the distance calculations must be made frequently.

A variation is to use rejection methods that determine that a line segment is not
sufficiently close enough to the test point that it could replace the currently known
minimum distance, i. The savings in time occurs by avoiding the potential division
that occurs when the closest point to ¥ on a line segment is interior to that segment.
Let Y = (a, b). As long as p remains the current minimum, any line segment that
is outside the circle with center Y and radius p is farther away from Y than u, so
that segment cannot cause an update of p. Figure 6.4 illustrates this. The segments
S, and S, are rejected for the full calculation of distance because both are outside the
circle of radius pu centered at Y. The segment S; is not rejected since it intersects
the circle. However, this begs the question since the rejection tests require comput-
ing the distances from the segments to Y, exactly the tests we are trying to avoid!

A faster, but coarser, rejection test uses axis-aligned infinite strips that contain the
circle. Let S; = ((x;, y;)> (x; 11> ¥;+1)) be the next segment to be tested. If S; is outside
the infinite strip |x — a| < w, then it cannot intersect the circle. The rejection test is
therefore

|x; —al<p and |x;;;—al<p and (x; —a)(x;1;—a)>0

The first two conditions guarantee each segment end point is outside the strip. The
last condition guarantees that the end points are on the same side of the strip. Simi-
larly, if S; is outside the infinite strip |y — b| < u, then it cannot intersect the circle.
The rejection test is

lyi—=bl<p and |y —bl<p and (y; —b)(yip1—b) >0

Figure 6.4 illustrates this. The segment S, although outside the circle, is not rejected
because it partly lies in each infinite strip. However, S, is rejected because it is outside
the vertical strip.

Since square roots should be avoided in the intermediate calculations, an imple-
mentation maintains the squared-distance ? instead of 1. The rejection test must
be restructured accordingly to use u?:
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The segment S, generated the current minimum distance  between the polyline
and Y. §; and S, cannot cause i to be updated because they are outside the circle
of radius p centered at Y. Segment S; does cause an update since it intersects the
circle. The infinite-strip test does not reject S; and S; since they lie partly in both
infinite strips, but S, is rejected since it is outside the vertical strip. The rectangle test
rejects S; and S, since both are outside the rectangle containing the circle, but does
not reject Ss.

xi—a|2§,u2 and |xi+1—a|2§u2 and (x; —a)(x;.;—a)>0
or
lyi =bI><p? and |y —bP<pu® and (3 = b)Yy —b) >0

The quantities in the rejection test are also used in the squared-distance calculation,
so these can be temporarily saved in case they are needed later to avoid redundant
calculations. Also, the quantities x;,; — a and y;, | — b in the current rejection test
become the x; — a and y; — b values in the next rejection test, so these should be
saved in temporary variables and used later when needed, again to avoid redundant
calculations.

A modification of the rejection test involves testing for intersection between a seg-
ment and the axis-aligned rectangle that contains the circle of radius u centered at Y.
We can use the method of separating axes discussed in Section 7.7. The improvement
is illustrated by Figure 6.4. The segment S; was not rejected by the previous method
because it lies partly in both infinite strips. However, S; is rejected by the current
method because it does not intersect the axis-aligned rectangle.

If the segments of the polyline are stored using the symmetric form C + i, where
C is the center of the segment, i is a unit-length vector, and |7| < r, then the rejection
test is as follows. Define A =C — ¥ = (Ag, Ay) and & = (ug, u;). The segment is
rejected (and is outside the box) if any of the tests are true:
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Aol = w1+ rlug
A =+ rluy
[Aguy — Aqugl = ru(lugl + |uy))

Since the square root is being avoided by tracking the value of u?, the three tests
must be slightly revised to use u*:

|Agl — rlugl =0 and  (|Ag| — rlugh? > u?
|A] = rluy] >0 and (A —rlu))? > p?
|Aguy — Aqugl® > rp®(Jugl + |uy))?

Finally, if an application has specific knowledge of the form of its polylines, it
might be possible to organize the polyline with a data structure that helps localize
the calculations. These algorithms, of course, will be specific to the application and
might not work as general tools.

6.3 POINT TO POLYGON

The only difference between measuring distance from a point to a polygon and
measuring distance between a point and a polyline is that the polygon is treated as a
solid object. If the point is inside the polygon, then the distance is zero. If the point is
outside, then for a nonconvex simple polygon without any preprocessing, the point-
to-polyline distance algorithms are applied. See Section 13.3 for the point-in-polygon
containment query.

Some special cases are handled here. We consider the special cases of computing
the distance between a point and a triangle, a rectangle, and an orthogonal frustum,
all polygons being convex. We also mention a couple of methods for computing
distance from a point to a convex polygon.

6.3.1 POINT TO TRIANGLE

Let Y be the test point, and let the triangle have vertices P;, 0 <i < 2, that are coun-
terclockwise ordered. If Y is inside the solid triangle, then the distance is defined to
be zero. If Y is outside the solid triangle, then the problem reduces to finding the
closest point on the triangle (as a polyline). The algorithm localizes the search for the
closest point by determining where Y is relative to the triangle. This is more efficient
than just computing distances from the test point to all three triangle edges and se-
lecting the minimum. Figure 6.5 illustrates a few configurations. Figure 6.5(a) shows
a point that is zero distance from the triangle since it is contained in the triangle. Fig-
ure 6.5(b) shows a point that is closest to an edge of the triangle. Figure 6.5(c) shows
a point that is closest to a vertex of the triangle. The solid lines indicate the lines that
contain the edges of the triangles. The dotted lines indicate the perpendicular direc-
tions to the edges. Figure 6.5(d) shows a point that is closest to an edge of the triangle,
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(©) (d)

Closest point on a triangle to a given point: (a) Dist(Y, 7 ) = 0; (b) Dist(Y, T ) =
Dist(Y, < Py, P; >); (c) Dist(Y, T ) = Dist(Y, P,); (d) Dist(Y, T ) = Dist(Y, <
Pl) PZ >)

but is in the wedge formed by the two (solid) edge-rays with common origin at the
vertex. This example shows that the closest point on the triangle to a Y is determined
by the location of Y in the plane as partitioned by the edge-perpendicular lines at the
vertices, not the edge-lines themselves. In particular, the difference shows up at an
obtuse angle of the triangle.

We present two methods of searching for the closest point. The first method
effectively searches the triangle interior first and the edges second. Its main goal is
to allow at most one division and to do that division only if absolutely necessary. The
trade-off for avoiding the expensive division is more floating-point comparisons. On
current architectures where floating-point addition and multiplication are now faster
than floating-point comparisons, this could be an issue if the application has a large
number of point-triangle distance queries. The second method effectively does the
search in the reverse order, edges first and triangle interior second. Its main goal is to
hope that the closest point is a vertex and is found quickly.
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Interior-to-Edge Search for a Closest Point

The algorithm uses the parameterized form of the trlangle Let do = P, — Py and
dl = P, — P,. The triangle points are X (¢y, ;) = Py + todo + t1d1 forty> 0,1 >0,
and #y + #; < 1. The squared distance between the test point ¥ and a point X (y, #;)
on the triangle is the quadratic function

F(to, 1)) = |X (19, 1y) — Y = || Py + tody + 1ydy — Y |I?

= aooté + 26101t0t1 + Clllllz — 2b0t0 — Zbltl +c
where agy = [ldo|1%, ag) = dy - dy, ayy = |dy|1% by =dy - (Y — Py), by =d, - (¥ — Py),
and ¢ = ||Y — P,||%. Although the parameters #, and #, are subject to the previously
mentioned constraints for the triangle, we consider F(#j, #;) as a function for all

values of #,, ;. The set of all pairs (#y, ;) is referred to as the parameter plane. The
global minimum of F occurs when

(0, 0) = VF = 2 (6100[0 + aOltl — bo, aOlto + a“tl — bl)

The solution to this system of equations is

- apby—agb - agoyby — agb
7o = 1190 0121 and 7= 0021 0120
Apodil — Aoy apodil — Aoy

The closest triangle point to ¥ depends on where (7, 7;) lies in the parameter
plane. Figure 6.6 shows the partition of the parameter plane into seven regions by
the lines that contain the triangle edges. If (#y, ;) is in region 0, then Y is inside the
triangle and the distance is zero. For the other regions, notice that the level curves
defined by F(t), t;) = A > 0 are ellipses. (For a definition and discussion of level
curves, see Section A.9.1.) If (£, ;) is in region 1, then the closest triangle point is
on the edge where #, + #; = 1. If there is a value X > 0 so that the corresponding level
curve is tangent to the edge, then the point of intersection (f, ;) yields the closest
point to Y. It is possible that no level curve is tangent to the edge. In this case, the
closest point to ¥ must correspond to an end point of the edge. Figure 6.7 illustrates
these two cases. The same argument applies when (%), ;) lies in region 3 or region 5.
Figure 6.7(a) shows tangential contact with an edge. Figure 6.7(b) shows contact with
a vertex.

If (#y, £;) is in region 2, three possibilities arise. If there is a A > 0 so that the cor-
responding level curve is tangent to the edge contained by ¢, + #; = 1, then the point
of intersection (fy, f,) yields the closest point to Y. If there is no level curve tangent
to that edge, there might be one that is tangent to the edge contained by 7, = 0. The
point of intersection (0, #;) yields the closest point to Y. If no level curves are tan-
gent to the two edges, then the closest point Y is the triangle vertex corresponding to
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Figure 6.6  Partitioning of the parameter plane into seven regions.

(fo, T

(1)

€Y (b)

Figure 6.7  Contact points of level curves of F(f, t;) with the triangle: (a) contact with an edge;
(b) contact with a vertex.

the parameter pair (0, 1). Figure 6.8 illustrates these three cases. The same argument
applies when (Z, f;) lies in region 4 or region 6. Figure 6.8(a) shows tangential con-
tact with one edge. Figure 6.8(b) shows tangential contact with another edge. Figure
6.8(c) shows contact with a vertex.

The following code fragment is structured so that at most one division occurs.
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(b) (©)

Figure 6.8  Contact points of level curves of F (¢, t,) with the triangle: (a) contact with an edge; (b) con-
tact with another edge; (c) contact with a vertex.

float SquaredDistance(Point Y, Triangle T)
{
// coefficients of F(t0, tl), calculation of c is deferred until needed
Point DO = T.P1 - T.PO, D1 = T.P2 - T.PO, Delta Y - T.PO;
float a00 = Dot(DO, DO), a0l = Dot (DO, D1), all = Dot(D1, D1);
float b0 = Dot(DO, Delta), bl = Dot(D1, Delta);

// Grad F(t0, t1) = (0, 0) at (t0, t1) = (nO / d, nl / d)
float n0 = all * b0 - a0l * bl;

float nl = a00 * bl - a0l * b0;

float d = a00 * all - a0l * a0l; // theoretically positive

if (n0 + nl <= d) {
if (n0 >= 0) {
if (n1 >= 0) {
region 0
} else {
region 5
}
} else if (nl >= 0) {
region 3
} else {
region 4
1
} else if (n0 < 0) {
region 2
} else if (nl < 0) {
region 6
} else {
region 1
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The code block for region 0 just returns zero since Y is inside the triangle and the
squared distance is zero.

// Region 0. Point is inside the triangle, squared distance is zero.
return 0;

If (fy, #;) is in region 5, then the squared-distance function reduces to
G(to) = F(tOy 0) = aootg — ZbOtO +c

The problem now is to compute #, to minimize G(t,) for ¢, € [0, 1]. This is effec-
tively the same problem as minimizing F, but in one less dimension. The minimum
occurs either at a value where G’ = 0 or at one of the end points of the interval. The
solution to G' = 2(agyty — by) = 0 is ty = by/ag. If 1y € (0, 1), then #, = by/ay,. If
ty < 0, then #, = 0. Otherwise t, > 1and 7, = 1. The code block for region 5 is

// Region 5. Minimize G(t0) = F(t0, 0) for t0 in [0, 1]. G&'(t0) = 0 at
// t0 = b0 / a00.

float ¢ = Dot(Delta, Delta);
if (b0 > 0) {
if (b0 < a00) {
// closest point is interior to the edge
return ¢ - b0 * b0 / a00; // F(bO / a00, 0)
} else {
// closest point is end point (t0, t1) = (1, 0)
return a00 - 2 * b0 + c; // F(1, 0)
1
} else {
// closest point is end point (t0, t1) = (0, 0)
return ¢c; // F(0, 0)

A similar reduction in dimension applies for region 3. The code block is

// Region 3. Minimize G(tl1) = F(0, t1) for tl in [0, 1]. G'(tl) = 0 at
// tl = bl / all.

float ¢ = Dot(Delta, Delta);
if (bl > 0) {
if (bl < all) {
// closest point is interior to the edge
return ¢ - bl * bl / all; // F(0, bl / all)
} else {
// closest point is end point (t0, t1) = (0, 1)
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return all - 2 * bl + ¢c; // F(0, 1)
}
} else {
// closest point is end point (t0, t1) = (0, 0)
return c; // F(0, 0)

A similar reduction in dimension also applies for region 1, but the algebra is
slightly more complicated. The function to minimize is

G(ty) = F(ty, 1 — 1y) = (app — 2ag; + 011)%2 + 2(ag; — ay; — by + bty
+ (all — 2b1 + C)

The solution to G’ = 01is #y = (a;; — ag; + by — by)/(agy — 2a¢; + a;1)- Theoretically
the denominator is positive.

// Region 1. Minimize G(t0) = F(t0, 1 - t0) for t0 in [0, 1]. G'(t0) = 0 at
// t0 = (all - a0l + b0 - bl) / (a00 - 2 * a0l + all).

float ¢ = Dot(Delta, Delta);
float n = all - a0l + b0 - bl, d = a00 - 2 * a0l + all;
if (n>0) {
if (n <d) {
// closest point is interior to the edge
return (all -2 *bl +¢c) -n*n/d; //F(n/d, 1-n/d)
} else {
// closest point is end point (t0, t1) = (1, 0)
return a00 - 2 * b0 + c; // F(1, 0)
}
} else {
// closest point is end point (t0, t1) = (0, 1)
return all - 2 * bl + ¢c; // F(0, 1)

Region 2 is more complex to analyze, as shown earlier, since the closest point can
be on one of two edges of the triangle. The pseudocode tests if the closest point is
an interior point of the edge 7, = 0. If so, the distance is calculated and the function
returns. If not, the closest point on the other edge 7, + #; = 1 is found, the distance
calculated, and the function returns.

// Region 2. Minimize G(tl1) = F(0, tl) for tl1 in [0, 1]. If tl <1, the
// parameter pair (0, max{0, t1}) produces the closest point. If tl = 1,
// then minimize H(t0) = F(t0, 1 - t0) for t0 in [0, 1]. G'(tl) = 0 at
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// tl = bl / all. H'(t0) = 0 at t0 = (all - a0l + b0 - bl) / (a00 - 2 * a0l
// + all).

float ¢ = Dot(Delta, Delta);

// minimize on edge t0 = 0
if (bl > 0) {
if (bl < all) {
// closest point is interior to the edge
return ¢ - bl * bl / all; // F(0, bl / all)
} else {
// minimize on the edge t0 + tl1
float n = all - a0l + b0 - b1 d
if (n>0) {
if (n<d) {
// closest point is interior to the edge
return (all -2 *bl +c) -n*n/d; // F(n/d, 1 -n/d)
} else {
// closest point is end point (t0, t1) = (1, 0)
return a00 - 2 * b0 + c; // F(1, 0)

1
a00 - 2 * a0l + all;

}

} else {
// closest point is end point (t0, t1) = (0, 1)
return all - 2 * bl + ¢c; // F(0, 1)

}

} else {
// closest point is end point (t0, t1) = (0, 0)
return c; // F(0, 0)

The pseudocode for region 6 has a similar implementation:

// Region 6. Minimize G(t0) = F(t0, 0) for t0 in [0, 1]. If t0 < 1, the

// parameter pair (max{0, tO0}, 0) produces the closest point. If t0 = 1,

// then minimize H(tl) = F(tl, 1 - t1) for tl in [0, 1]. G'(t0) = 0 at

// t0 = b0 / a00. H'(tl) = 0 at t1 = (all - a0l + b0 - bl) / (a0 - 2 * a0l
/] + all).

float ¢ = Dot(Delta, Delta);
// minimize on edge tl = 0

if (b0 > 0) {
if (b0 < a00) {
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// closest point is interior to the edge
return ¢ - b0 * b0 / a00; // F(bO / a00, 0)
} else {
// minimize on the edge t0 + t1 =1
float n = all - a0l + b0 - bl, d = a00 - 2 * a0l + all;
if (n>0) {
if (n<d) {
// closest point is interior to the edge
return (all -2 * bl +¢c) -n*n/d; //F(n/d, 1-n/d)
} else {
// closest point is end point (t0, t1) = (1, 0)
return a00 - 2 * b0 + ¢c; // F(1, 0)
}
} else
// closest point is end point (t0, t1) = (0, 1)
return all - 2 * bl +c; // F(0, 1)

}

} else {
// closest point is end point (t0, t1) = (0, 0)
return c; // F(0, 0)

Finally, the pseudocode for region 4 is

// Region 4. Minimize G(t0) = F(t0, 0) for tO in [0, 1]. If t0 > 1, the
// parameter pair (min{l, t0}, 0) produces the closest point. If t0 = 0,
// then minimize H(tl) = F(0, t1) for tl in [0, 1]. G'(t0) = O at

// t0 = b0 / a00. H'(tl) = 0 at t1 = bl / all.

float ¢ = Dot(Delta, Delta);

// minimize on edge tl = 0
if (b0 < a00) {
if (b0 > 0) {
// closest point is interior to edge
return ¢ - b0 * b0 / a00; // F(b0O / a00, 0)
} else {
// minimize on edge t0 = 0
if (bl < all) {
if (bl > 0) {
// closest point is interior to edge
return ¢ - bl * bl / all; // F(0, bl / all)
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} else {
// closest point is end point (t0, tl1)
return c; // F(0, 0)

(0, 0)

}

} else {
// closest point is end point (t0, t1) = (0, 1)
return all - 2 * bl +¢c; // F(0, 1)

1

} else {
// closest point is end point (t0, t1) = (1, 0)
return a00 - 2 * b0 + ¢c; // F(1, 0)

Interior-to-Edge Search Time Analysis

The operation counts for the pseudocode are presented here to provide best-case
and worst-case performance of the code. We count additions A; multiplications M;
divisions D; comparisons of two floating-point numbers Cy, neither known to be
zero; and comparisons of a floating-point number to zero C,. The comparisons are
partitioned this way because floating-point libraries tend to support a test of the sign
bit of a number that is faster than a general floating-point comparison.

The block of code in SquaredDistance that occurs before the set of conditional
statements, but including the sum in the first conditional, requires 15 additions
and 16 multiplications. Each region block incurs the cost of these operations. Table
6.1 shows the best-case and worst-case operation counts for the various regions. As
expected because of the design, the best case for region 0 requires the least amount
of time per point. The worst case for region 6 requires the most amount of time per
point.

Edge-to-Interior Search for a Closest Point

This method, proposed by Gino van den Bergen in a post to the newsgroup
comp.graphics.algorithms, is an attempted speedup by computing distance to edges
first and hoping that a common vertex for two edges is the closest point. The ar-
gument in that post is that intuitively this method should perform better than the
previous one when Y is far from the triangle. The basis is that if you were to select a
large bounding box for the triangle, and if the test points are uniformly distributed in
that box, the probability that a vertex is closest to a test point is much larger than the
probability that an edge point is closest to a test point or that the test point is interior
to the triangle. To motivate this, consider a triangle with vertices (0, 0), (1, 0), and
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Table 6.1

Operation counts for point-to-triangle distance calculation using the interior-to-
edge approach.

Region/count A M D

Q
~

a
N

0, best 15 16 0 1 2
0, worst 15 16 0 1 2
1, best 23 20 0 1 3
1, worst 24 21 1 2 3
2, best 16 18 0 1 2
2, worst 24 21 1 3 3
3, best 16 18 0 1 3
3, worst 17 19 1 2 3
4, best 18 19 0 2 2
4, worst 17 19 1 3 4
5, best 16 18 0 1 3
5, worst 17 19 1 2 3
6, best 16 18 0 1 3
6, worst 24 21 1 3 4

(0, 1) and a bounding box [—r, 7], where r > 1. Figure 6.9 illustrates these and shows
the regions of points closest to vertices and to edges.

Regions V,,, V|, and V, are the sets of points closest to (0, 0), (1, 0), and (0, 1), re-
spectively. Regions E,, E;, and E, are the sets of points closest to edges ((0, 0), (1, 0)),
((1,0), (0, 1)), and ((0, 1), (0, 0)), respectively. Region T is the triangle interior. The
area of T is Ay = 1/2. The total area of the edge regions is Ay = 4r — 3/2. The to-
tal area of the vertex regions is Ay = 4r> — 4r + 1. Clearly A}, > A for sufficiently
large r since Ay is quadratic in 7, but A is only linear in r. Therefore, for sufficiently
large r, a randomly selected point in the rectangle has the largest probability of being
in a vertex region. It makes sense in this case to have an algorithm that tests vertices
first for closeness to a test point.

However, now consider small r. If r = 1, the only vertex region with positive area
is Vy and has area Ay = 1. The edge region areais A =5/2 > Ay. In general Ap >
Ay for 1 <r <14 /6/4 = 1.612. For this range of r values, a randomly selected
point in the rectangle has the largest probability of being in an edge region. The
chances that the actual distribution of the test points in an application are uniformly
distributed in the sense mentioned above is small, so the method for measuring
distance from a point to a triangle is best determined by testing your own data with
these algorithms.
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Figure 6.9 A triangle, a bounding box of the triangle, and the regions of points closest to vertices
and to edges.

The pseudocode for the current algorithm is listed below. The code indicates that
the closest triangle point to the test point is returned. The distance to the test point
can be calculated from this.

float SquaredDistance (Point Y, Triangle T)

{
// triangle vertices VO, V1, V2, edges E0=<V0, V1>, El=<V1, V2>, E2=<V2, VO>

// closest point on EO to P is KO = VO + t0 * (V1 - VO) for some t0 in [0, 1]
float t0 = ParameterOfClosestEdgePoint (P, EOQ);

// closest point on E1 to P is K1 = VI + t1 * (V2 - V1) for some tl in [0, 1]
float t1 = ParameterOfClosestEdgePoint(P, E1);

if (t0 == 0 and t1 == 0) // closest point is vertex V1
return SquaredLength(Y - V1);

// closest point on E2 to P is K2 = V2 + t2 * (VO - V2) for some t2 in [0, 1]
float t2 = ParameterOfClosestEdgePoint(P, E2);

if (tl == 0 and t2 == 0) // closest point is vertex V2
return SquaredLength(Y - V2);
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if (t0 == 0 and t2 == 0) // closest point is vertex VO
return SquaredLength(Y - V0);

// Y =1¢c0*V0+cl*Vl+c2*V2forcO+cl+c2=1
GetBarycentricCoordinates(Y, VO, V1, V2, c0, cl, c2);

if (c0 < 0) // closest point is K1 on edge El
return SquaredLength(Y - (V1 + t1 * (V2 - V1)));

if (c1 < 0) // closest point is K2 on edge E2
return SquaredLength(Y - (V2 + t2 * (VO - V2)));

if (c2 < 0) // closest point is KO on edge EO
return SquaredLength(Y - (VO + t0 * (V1 - V0)));

return 05 // Y is inside triangle

The function ParameterOfClosestEdgePoint(P,E) effectively is what is used in
computing distance from a point to a line segment. The projection of P onto the
line containing the edge (Vy, V}) is K =V + (V] — V;), wheret = (P — V) /|| V; —
Voll2. If t <0, it is clamped to ¢ = 0 and the closest point to P is V,. If # > 1, it is
clamped to r = 1 and the closest point is V. Otherwise, ¢ € [0, 1]and the closest point
is K. The aforementioned function returns the ¢ value. If the function were to be
implemented as described, it involves a division by the squared length of the edge.
At least two calls are made to this function, so the distance calculator would require
a minimum of two divisions, an expensive proposition. A smarter implementation
does not do the division, but computes the numerator » and denominator d of ¢. If
n <0,tisclampedto0.Ifn > d, t is clamped to 1. The numerators and denominators
should be stored as local variables at the scope of the function body for use later in the
barycentric coordinate calculations. If the function returns any of the three vertices,
the division n/d for any of the 7-values is never performed.

The function GetBarycentricCoordinates computes P = Zl.zzo ¢;V;, where
21.2:0 ¢; = 1. Once ¢ and ¢, are known, we can solve ¢, = 1 — ¢; — ¢,. The equa-
tion for P is equivalent to P — V= ¢ (V} — V) + c,(V, — V;). The vector equation
represents two linear equations in the two unknowns ¢; and c,, a system that can be
solved in the usual manner. The solution, if implemented in a straightforward man-
ner, requires a division by the determinant of the coefficient matrix. The division
is not necessary to perform. The barycentric calculator can return the coordinates
as three rational numbers ¢; = n;/d having the same denominator. The numerators
and denominator are returned in separate storage. The sign test ¢, < 0 is equivalent
to ngd < 0, so the division is replaced by a multiplication. The conditional test is a
sign test, so the conventional floating-point comparison can be replaced by a (typi-
cally faster) test of the sign bit of the floating-point number. Even better would be to
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avoid the multiplications n;d and have a conditional statement that tests the sign bit
of d. Each clause of the test has three conditionals testing the sign bits of n;.

If ¢y < 0, the closest point is on the edge E, and is K; = V| + #;(V, — V}). The
actual value of #; is needed. If the division n,/d; is deferred by the call to Parame-
ter0fClosestEdgePoint, it must now be calculated in order to compute K. Similar
arguments apply for the conditional statements for ¢, and c,.

More detailed pseudocode that uses the deferred division and avoids the division
in the barycentric calculator is listed below. The return statements are marked for
reference by the section on the time analysis of the pseudocode.

float SquaredDistance (Point Y, Triangle T)

{
// T has vertices V0, V1, V2

// t0 = n0/d0 = Dot(Y - VO, V1 - VO) / Dot(Vl - VO, V1 - V0)
Point DO =Y - VO, EO = V1 - VO;
float n0 = Dot (DO, EOQ);

// t1 = nl/dl = Dot(Y - V1, V2 - V1) / Dot(V2 - V1, V2 - V1)
Point D1 = Y - V1, El1 =V2 - V1;
float nl = Dot(D1, El);

if (n0 <= 0 and nl <= 0) // closest point is V1
return Dot(D1, D1); // RETURN 0

// t2 = n2/d2 = Dot(Y - V2, VO - V2) / Dot(VO - V2, VO - V2);
Point D2 =Y - V2, E2 = V0 - V2;
float n2 = Dot(D2, E2);

if (nl <= 0 and n2 == 0) // closest point is V2
return Dot(D2, D2); // RETURN 1

if (n0 <= 0 and n2 <= 0) // closest point is VO
return Dot (DO, DO); // RETURN 2

// DO =Y -V0=V0+cl* (Vl1-V0)+c2* (V2-V0)=V0+cl
/] * El - c2 * E2 for

// c0+cl+c2=1,c0=m0/d, cl=ml/d, c2=m2/d
float e00 = Dot(EO, EO), e02 = Dot(EO, E2), €22 = Dot(E2, E2);
float d = e02 * e02 - e00 * e22;

float a = Dot(DO, E2);

float ml = e02 * a - e22 * n0;

float m0, m2;

Point D;
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if (d > 0) {
if (ml <0) { // closest point is V2 + t2 * E2
t2 = n2 / e22;

D=VY - (V2 +1t2* E2);
return Dot(D, D); // RETURN 3a

m2 = e00 * a - e02 * n0;

if (m2 <0) { // closest point is VO + t0 * EO
t0 = n0 / e00;
D=Y - (VO + t0 * EO);
return Dot(D, D); // RETURN 4a

m0o =d-ml - m2;

if (m0 < 0) { // closest point is V1 + t1 * El
tl = nl/Dot(El, E1);
D=VY - (V1 +tl*El);
return Dot(D, D); // RETURN 5a

1

} else {

if (ml > 0) { // closest point is V2 + t2 * E2
t2 = n2 / e22;
D=VY- (V2 +1t2* E2);
return Dot(D, D); // RETURN 3b

m2 = e00 * a - e02 * n0;

if (m2 > 0) { // closest point is VO + t0 * EO
t0 = n0 / e00;
D=Y- (VO + t0 * EO);
return Dot(D, D); // RETURN 4b

md=d-ml - m2;

if (m0 > 0) { // closest point is V1 + t1 * El
tl = nl / Dot(El, E1);
D=Y- (VI +tl*El);
return Dot(D, D); // RETURN 5b

return 0; // Y is inside triangle, RETURN 6



6.3 Point to Polygon 211

Table 6.2  Operation counts for point-to-triangle distance calculation using the
edge-to-interior approach.

Return/count A M D Cy,

0 11 6 0 2
1 17 10 O 4
2 18 12 0 6
3a, 3b 29 28 1 8
4a, 4b 30 30 1 9
5a, 5b 33 32 1 10
6 27 26 0 10

Edge-to-Interior Search Time Analysis

The operation counts for the pseudocode are presented here to provide best-case
and worst-case performance of the code. We count additions A, multiplications M,
divisions D, and comparisons of a floating-point number to zero C. No general
comparisons occur in this pseudocode, so Cy as defined for the previous algorithm
is always zero. Table 6.2 shows the operation counts for each of the return statements
in the pseudocode. The worst case is assumed for the pair of conditions for the first
three return blocks; that is, both sign tests occur with the second one false so that the
return is skipped. The best case is that the condition fails because the first sign test in
each condition is false and the return is skipped. The best case is when the function
terminates at the very first return statement marked RETURN 0. The worst case occurs
at the return statements marked RETURN 5a and RETURN 5b.

Comparing this to the results of the other algorithm whose operation counts are
summarized in Table 6.1, we see that the best case for the edge-to-interior algorithm
(11A,6M,0D, 2C5) is faster than the best case for the interior-to-edge algorithm
(15A,16M,0D, 1C7, 2C5). However, the worst case for the edge-to-interior algo-
rithm (334, 32M, 1D, 10C) is slower than the worst case for the interior-to-edge
algorithm (24A, 21M, 1D, 3C7, 4C). To decide which algorithm is the best one for
your application will require either some type of amortized analysis or actual experi-
ments that compute the execution time.

6.3.2 POINT TO RECTANGLE
Calculating the distance between a point and a rectangle is less complicated than

that between a point and a triangle. The fact that the polygon has all right angles
greatly simplifies the problem. Within the coordinate system whose axes are aligned
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Figure 6.10
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Partitioning of the plane by a rectangle.

with the rectangle sides, the problem decomposes into distance calculations in each
dimension.

Let the test point be Y. The symmetric form for the rectangle is X (), t;) =
C + tyiiy + 111, for |ty| < ey and |t;] < e;. The vectors i; are unit length, and C is the
center of the rectangle. This form is used to avoid any d1V1Slons at all. The test point
can be transformed to Y = C + sty + s,i1;. Setting A=Y — C, we have So=1ug" A
ands; =u, - A. The closest point on the rectangle to ¥ depends on which of the nine
regions contains (s, s;) in the (#y, #;) parameter plane. Figure 6.10 illustrates these
regions. If (s, s7) is in region ZZ, then Y is inside the rectangle and the distance is
zero. If (sg, s7) is in one of regions PZ, ZP, MZ, or ZM, then the closest point is the
projection onto the corresponding edge of the rectangle. Otherwise (sg, §1) is in one
of regions PP, PM, MP, or MM. The closest point is the corresponding vertex of the
rectangle.

The skeleton of the pseudocode could be set up to have nested conditional state-
ments, each clause corresponding to one of the nine regions in the partition of the
parameter plane. However, this is not necessary because of the orthogonality of the
rectangle edges. The skeleton is set up to handle each dimension separately.

float SquaredDistance(Point Y, Rectangle R)
{
Point Delta = Y - R.C;
float sO = Dot(R.UO, Delta), sl = Dot(R.Ul, Delta), sqrDist = 0;

float sOpe0 = sO + R.e0;
if (sOpe0 < 0) {
sqrDist += sOpe0 * sOpeO;
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} else {
float sOme0 = sO - R.e0;
if (sOme0 > 0)
sqrDist += sOme0 * sOme0;

float slpel = sl + R.el;
if (slpel < 0) {
sqrDist += slpel * slpel;
} else {
float slmel = sl - R.el;
if (slmel > 0)
sqrDist += slmel * slmel;

return sqrDist;

6.3.3 POINT TO ORTHOGONAL FRUSTUM

A single cone is defined as the set of points whose boundary consists of two rays with
a common origin, called the vertex of the cone. Let the vertex be denoted V. Let the
rays have unit-length directions c?o and c?l. The axis of the cone is the bisector ray. Let
a be the unit-length direction of the axis. The angle of the cone is the angle 6 € (0, )
between a and either ray direction vector. In this section we restrict our attention to
cones for which 6 < 7 /2. Figure 6.11(a) shows a single cone.

If two parallel lines are specified that transversely intersect the cone, the convex
quadrilateral that is bounded by the cone and the lines is called a frustum of the cone.
Figure 6.11(b) shows such a frustum. If the lines are perpendicular to the cone axis,
the frustum is said to be an orthogonal frustum. Figure 6.11(c) shows an orthogonal
frustum.

A point X is inside a cone if the angle between X — V and a is smaller than 6. We
can write this constraint in terms of dot products asa - (X — V) > cos(0). A frustum
has additional constraints. If the parallel line closest to the vertex contains the point
P and has a unit-length normal 7 that points inside the frustum, the line equation
isn - (X — P) = 0. The other line contains a point P + sn for some s > 0. The line
equation is 71 - (X — P) = 5. The extra constraints for X to be inside the frustum are
0<n-(X — P) <s.If the frustum is orthogonal, 71 = a.

An orthogonal frustum in two dimensions is the analog of the view frustum that is
used in three dimensions when the camera model is based on perspective projection.
In two dimensions, V plays the role of the eye point, the two parallel lines play the
role of the near and far planes, and the two bounding rays play the role of the left and
right extents of the view frustum. This section provides an algorithm for computing
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Figure 6.11

(a) An example of a single cone. (b) A frustum of a cone. (c) An orthogonal frustum.

the distance from a point to an orthogonal frustum. The idea is to motivate the same
problem in three dimensions. A distance query for point to frustum is useful for
visibility testing, in particular when the point represents the center of a bounding
sphere for a drawable mesh. If the bounding sphere is outside the frustum, then the
mesh is culled—it does not have to be sent to the renderer for drawing. The bounding
sphere is outside whenever the distance from the sphere center to the frustum is larger
than the sphere radius. Observe that in three dimensions, if the world is constructed
on the xy-plane and if the camera movement is restricted to translation in the xy-
plane and to rotation only about its up-vector, then visibility testing of a bounding
sphere against the left or right frustum planes can be done in 2D by projection onto
the xy-plane. The problem is reduced to testing if a circle is outside a 2D orthogonal
frustum.

The algorithm for computing the distance from a point to an orthogonal frustum
is based on determining the Voronoi regions for the edges and vertices of the frustum.
The region containing the point is computed. The nearest point on the frustum in
that region is also computed. From this the distance can be calculated. The concepts
in 2D generalize in a straightforward manner to 3D and are discussed later in this
book.

The orthogonal frustum has origin E, unit-length direction vector d, and per-
pendicular unit-length vector [. The near line has normal d and contains the point
E + nd for some n > 0. The far line has normal d and contains the point E + fd for
some f > n. The four vertices of the frustum are £ + nd + ¢l for some £ > 0, and
E + (f/n)(nd =+ £i). Let P be the point whose distance to the frustum is required.
The point can be written in the frustum coordinate system as
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Portion of frustum in first quadrant.

P=E+x0i+x1&

SO X = I (P—E)andx; = d- (P — E).Itis sufficient to demonstrate the construc-
tion for x, > 0. For if x; < 0, a reflection can be made by changing the sign on x, the
closest point can be calculated, then a reflection on that point yields the closest point
to the original. Figure 6.12 shows the portion of the frustum in the first quadrant.

The Voronoi region boundaries are dotted. Region R, contains those points in-
side the frustum. Region R, contains those points closest to the top edge of the frus-
tum. Region R, contains those points closest to the vertex (f£/n, f) of the frustum.
That region is split into three subregions based on d component being larger than f,
between n and f, or smaller than n. Region R contains those points closest to the
slanted edge of the frustum. That region is split into two subregions based on d com-
ponent being between n and f or smaller than n. Region R, contains those points
closest to the vertex (¢, n) of the frustum. Finally, region R; contains those points
closest to the bottom edge of the frustum.

The pseudocode for determining the Voronoi region for (x, x) is

if (x1 >= f) {
if (x0<=f*1/n)
point in R1;
else
point in R2a;
} else if (x1 >= n) {
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t = Dot((n, -1), (x0, x1));
if (t <= 0)
point in RO;
else {
t = Dot((1, n), (x0, x1));
if (t <= Dot((1, n), (f * 1 / n,f)))
point in R3a;
else
point in R2b;
}

} else {
if (x0 <= 1)
point in R5;
else {

t = Dot((1, n), (x0, x1));

if (t <= Dot((1, n), (1, n)))
point in R4;

else if (t <= Dot((1, n), (f* 1/ n, f)))
point in R3b;

else
point in R2c;

The closest point to (xg, x;) in Ry is (xy, f). The closest pointin R, is (f€/n, f).
The closest point in R is (£, n). The closest point in Rj is (x, 7). Region Rj requires
projecting out the (n, —¢) component from (x,, x;). The closest point is (xg, x;) —
[(nxg — £x,)/ (> + n?))(n, —0).

6.3.4 POINT TO CONVEX POLYGON

In the special case of a convex polygon, not all point-to-segment tests need to be
made while searching for the minimum distance between the point and edges of the
polygon. Only those edges that are visible to the point X must be considered. Figure
6.13 illustrates the idea.

Assuming that each edge (P;, P; ;) has an associated normal vector 7; that points
to the interior of the polygon, an edge is visible only if 71; - (X — P;) > 0. By test-
ing this dot product first, and if negative, the potential division that occurs in the
point-to-segment distance calculation is avoided. Moreover, a further reduction in
calculations is attained by checking if the next point-to-segment distance is larger
than the current one. If the distance to the current edge is smaller or equal to the
distance from the two neighboring edges, then the current distance is the minimum
distance to the polygon boundary.
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Only those edges visible to the test point must be searched for the closest point to
the test point. The three visible edges are dotted. The invisible edges are drawn in
black. The visible edges are in a cone with vertex at the test point and whose sides are
tangent to the convex polygon.

Finally, given a point and a convex polygon, the GJK algorithm described in
Section 6.10 provides a viable alternative to a boundary search algorithm that looks
for a closest feature. The method extends to higher dimensions and to arbitrary
convex objects, not necessarily polygons or polyhedra.

6.4 POINT TO QUADRATIC CURVE

The general quadratic equation is
0X)=X"AX+B"™X+c¢=0

where A is a symmetric 2 x 2 matrix, but not necessarily invertible, B isa 2 x 1vector,
and c is a scalar. The parameter is X, a 2 x 1 vector. Given the curve Q(X) = 0 and
a point Y, we need an algorithm for computing the closest point on the curve to Y.
Geometrically, the closest point X must satisfy the condition that ¥ — X is normal
to the curve. Figure 6.14 illustrates this. Since the gradient %Q(X ) is normal to the
curve,Y — X and V Q(X) must be parallel and the algebraic condition for the closest
point is therefore

Y — X =tVO(X)=t(2AX + B)
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Figure 6.14

VQ(X)

Closest point on a quadratic curve to a given point.

for some scalar ¢. Therefore,
X =4 2tA)~ (Y —B)

where I is the identity matrix. This equation for X can be replaced into the general
quadratic equation to obtain a polynomial in ¢ of at most fourth degree.

Instead of immediately replacing X in the quadratic equation, we can reduce the
problem to something simpler to implement. Factor A using an eigendecomposition
to obtain A = RDR”, where R is an orthonormal matrix whose columns are eigen-
vectors of A and where D = Diag{d,, d} is a diagonal matrix whose diagonal entries
are the eigenvalues of A (see Section A.3). Then

X=(010+2tA)YY —tB)
= RR" + 2:RDR") (Y — B)
=[RA+2tD)RT|"Y(Y —B)
=R(A+2tD)"'RT(Y —¢B)

=R+ 2tD) '@ —tf)

where @ = (g, ;) = RTY and g = (Bo> B)) = RTB. Replacing X in the quadratic
equation and simplifying yields

0=(a—t8) A+ 2D)"'DA+2tD) '@ — tB) + B A+ 2tD) '@ — ) + ¢
The inverse diagonal matrix is (I 4 2¢D) ! = Diag{1/(1 + 2td,), 1/(1 + 2td,)}. Mul-

tiplying through by ((1 4 2td,)(1 + 2¢d,))? leads to a polynomial of at most fourth
degree, p(t) = py + pit + pat? + pst® + pyt*, with
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Po=c+ By +af+ aédo + Olfdl
= 4[c(dy + dy) + aod, (By + ctgdy) + aydy (B + cydy)] — (B2 + BD)
pa=A4[c((dy + dy)* + 2dpd,) + Olodlz(ﬂo + apdy) + Olldg(ﬂl +od)]
— By (4d, + do) — B (ady + dy)
ps = 4(dy + dy)[4cdod; — (Bdy + Bydy)

py=A4dydy[4cdyd, — (Bidy + Bid))]

The roots of p(t) are computed and X = (I + 2tA)~ (Y — ¢B) is computed for each
root ¢. The minimum squared distance is selected from the set of values || X (t) — Y ||?
for all roots ¢.

Numerical concerns are warranted with this algorithm. If the curve is a parabola,
then dyd, = 0, in which case p, = 0. If dyd, is nearly zero, then the curve is not a
parabola, but p, is nearly zero itself. A numerical polynomial root finder must be
robust enough to handle such a situation. If the curve is a circle and Y is the center of
the circle, then all points on the circle attain minimum distance to Y. The coefficients
of the polynomial are identically zero. If the curve is an ellipse that is nearly circular
in shape, then the leading coefficient of the polynomial could be sufficiently close to
zero to cause problems with a root finder.

6.5 POINT TO POLYNOMIAL CURVE

We consider the case of a curve X (1) =), Aiti, where An # 0. Let Y be the test
point. Just as in the case of quadratic curves, the closest point X (#) must satisfy the
condition that Y — X (¢) is normal to the curve, but only when 7 is an interior point
of the domain of the function. It is possible that the closest point is an end point of
the curve; distance to end points can be computed separately. Equivalently for the
closest interior point, ¥ — X () must be perpendicular to the curve tangent X' (1).
Figure 6.15 illustrates this. The interior point condition and end point testing follow
from a direct application of calculus to minimizing the squared-distance function
F(t) = ||X(t) = Y| for t € I, where I is the domain interval for the curve. The
global minimum of F must occur either where F’(¢) = 0 or at an end point of /
(if any exist). Since F (1) = (X (1) — Y) - (X (#) — Y), half the derivative is F'(t)/2=
X@®)—Y)- X' (t). The right-hand side is the dot product of two vector-valued
polynomials. The result is a scalar-valued polynomial of degree 2n — 1. The problem
of computing the minimum distance is reduced to finding the roots of a polynomial.

Specifically, define BO = AO Y and B = A for i > 1. The derivative of the
curve function is X’ (1) = Z’; (l)(J + l)Bj+1tf Deﬁne C =+ l)B B]+1 for the
appropriate values of i and j; then
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Figure 6.15  Closest point on a polynomial curve to a given point.

F'(t)/2=(X(@)—Y)-X'(t)

n n—1
=D D (+DB Byt
i=0 j=0
2n—1 k (6.8)

= Z Z Ck—m,mtk

k=0 m=max{0,k—n}

D,i*
=0

=~

where the last equality defines the D, terms. The candidates for minimum dis-
tance are those 7 such that F'(¢) = 0, or equivalently, those ¢ that are solutions to
oL Dtk =0,
k=0 "k

For large degrees, numerical polynomial root finders can be ill conditioned. An
alternative to solving the problem uses a numerical minimizer for F(¢). The mini-
mizer can use derivative information since X'(¢) is readily computed (for example,
Brent’s method, discussed in Section A.6) or can use just X (¢) itself (for example,
Powell’s direction set method, also discussed in Section A.6).

Another alternative is to subdivide the curve to approximate it by a polyline
(see Section A.8), then compute the distance from Y to the polyline as an attempt
to approximate the distance or to localize the search for the closest point. In the
latter case, the numerical minimizer may be applied on the curve parameter intervals
corresponding to the line segments that yielded the smallest distances among all line
segments.

After subdivision, the squared distances are calculated between Y and the polyline
of the subdivision. On a final subinterval [¢, #;] in the subdivision, the derivative of
the squared-distance polynomial P(¢) in Equation 6.8 can be tested for roots on
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[to> 1] (see the subsection in Section A.5 on Sturm sequences for polynomials). If
there are no roots, then P(¢) is monotonic on the interval, and the minimum and
maximum distances occur at #, and #. If the subinterval is an interior one, then the
minimum distance is not attained on the subinterval. If ¢, or #; are end points of
the original parameter interval, then the squared distances at those points must be
compared to any interior local minima that are calculated. If P’(r) has one root on
the subinterval, then a robust method such as bisection can be applied to locate the
root. If P’(r) has multiple roots on the subinterval, further subdivision should be
applied to obtain only intervals that have at most one root.

66 LINEAR COMPONENTS

This section covers the distance algorithms for the six combinations of lines, rays, or
line segments: line-line, line-ray, line-segment, ray-ray, ray-segment, and segment-
segment.

6.6.1 LINE TO LINE

Let the lines be represented by normal forms 7; - X = ¢; for i =0, L. If the two
lines intersect, the distance is zero. Otherwise the lines are parallel, and the distance
between the lines is positive if the lines are disjoint or zero if the lines are the same.
Figure 6.16 illustrates the possibilities. In the case of parallel lines, the distance is
attained at a point P, on the first line and a point P; = P, + 7, on the second
line. The distance itself is ||7iy]|. The value of ¢ is determined by ¢, =17, - P, =
iy, - Py+tn, - iy, in which case t = (¢; — 71, - Py)/(#i; - iip). A point on the first line
is Py = cyfiy/|l7ol|>. Replacing this in the equation for #, substituting that into ||¢7,]],
and rearranging some terms leads to the distance formula

0 fo -1t # 0
. > 1
Distance (£0, [1) = \(ﬁo'ﬁo_)cl—(ﬁg'ﬁl)cd Foal—o (6.9)
llnglllng-nyl i 0™
If ||729]l = ||177,]|, the second portion of the distance formula reduces to |c; — ocg|/

|7ioll, where o = Sign(#, - 71,). The division is avoided if additionally ||7y|| = 1.
The equivalent formula for the parametric representations P; 4 t;d;, i =0, 1, is

0) go * JlL # 0
Distance (Lo, £1) = { jd+ A G Gl_g (6.10)
ldoll > 707 % 1 T

where A = P; — P,. The second portion of the formula is the length of the projection
of A onto a normal line that is perpendicular to the two given lines.
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Figure 6.16  Various line-line configurations: (a) zero distance; (b) positive distance.

6.6.2 LINE TO RAY

The distance calculations are similar to the case for line versus line. The only differ-
ence is that if the line £ and ray R are not parallel, the ray might not intersect the
line. Figure 6.17 shows the possibilities. Let the normal representation for the line be
fy - X = c,. Let the ray be represented parametrically as P; + tc?l fort > 0.1f Pyison
the side of the line to which 72, points, then the line and ray intersect if the ray points
toward the line, that is, if 77, - d 1 < 0. In this case the distance between the line and the
ray is zero. Otherwise, the ray points away from the line and the distance is attained at
P, on the ray and its projection onto the line; call this point P,. Similarly, if P, is on
the opposite side of the line to which 7, points, then the line and ray intersect if the
ray points toward the line, that is, if 77, - d 1 > 0. Otherwise, the ray points away from
the line, and the distance is attained at P, and its projection onto the line, P,. In the
nonintersection case, if A= P, — P, then the distance between the line and the ray
is [7ig - Al/ ol = |iig - Py — col/llfioll. Thus, it is not necessary to actually compute
Py when computing the distance. The distance is summarized by

0, (g - d) (g - Py — o) <0
Distance (L, R) =1{ ;..p —c o = (6.11)
(%) { el (g - dy) (g - Py — ) 2 0

The equivalent formula for the parametric line Py + tojo, ty € R, and the para-
metric ray Py + t1dy, t; > 0, is

0, (dg- - dp(d - A) <0
Distance (L, R) =1 ldAl

o e o (6.12)
A (dd' : dl)(dé' “A)=0
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@ (b)

Figure 6.17  Various line-ray configurations: (a) zero distance; (b) positive distance.

where A = P, — Pyand (x, y)* = (y, —x). The second portion of the formula is the
length of the projection of A onto a normal line that is perpendicular to the two given
lines.

6.6.3 LINE TO SEGMENT

Given a line L represented by 71 - X = ¢ and a line segment S with end points Q, and
Q), either they intersect, in which case the distance between them is zero, or they do
not intersect, in which case the distance between them is attained by the closer of the
two line segment end points. Figure 6.18 shows the possibilities. The distance is

. o i+ Qg = )i - 0y =) <0
Distance (£, $) = | min (T0cl 110 | i 0 — )i - )~ ) 20
(6.13)

The equivalent formula for the parametric line P, + IOJO, tg € R, and the para-
metric segment P, + 1,d;, t; € [0, T}], is

0, d- A)(dy-- (A +Tydy) <0

i — S1 A1 3L (R 5 N Lo N N
Distance (£, §) = i (W31 -Gondol) @ Ry (& 4 1ydy) = 0
lido I lidol 0 0

(6.14)

where A = P, — P,.
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Figure 6.18  Various line-segment configurations: (a) zero distance; (b) positive distance.
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Figure 6.19  Various nonparallel ray-ray configurations: (a) zero distance; (b) positive distance
from end point to interior point; (c) positive distance from end point to end point.

6.6.4 RAY TO RAY

Let the rays be P; + t,-gl- for i =0, 1 and for #; > 0. If the rays intersect, the distance
is zero. If the rays do not intersect, then the minimum distance is attained at either
(1) an end point of one ray and an interior point of the other ray or (2) end points
of both the rays. First consider the case when the rays are not parallel. Figure 6.19
illustrates the various possibilities. Figure 6.19(a) shows intersecting rays where zero
distance is attained at an interior point on each ray. Figure 6.19(b) shows a positive
distance that is attained at an end point of one ray and an interior point of the other
ray. Figure 6.19(c) shows a positive distance that is attained at the end points on both
rays.

Define A = Py — P;. The squared distance between any points P, + tocio and
P+ tlcil is
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F(t(), tl) = ”tojo —_ tlgl + 3”2 = dootg — 2(101[()tl + alltlz + zboto — 2b1t1 —|'(615)

where a;; = d d b; = d A,andc=A-A. Fisa quadratic polynomial that
is nonnegatlve If the lines are not parallel, they must intersect at a point, and the
squared distance between the two lines is zero since that point is common to both
lines. That is, there are parameters (7, f;) for which F(#, ;) = 0. Also observe that
zero is the global minimum for F, so the gradient must be zero at the minimum:

(0,0) = VF (i, 1)) = (2(:‘030 —fdy+ A) - dy, —2(ydy — Fyd) + A) - 31)(6.16)

Although this is a linear system of two equations in two unknowns that can be
solved by standard means, a less expensive solution may be calculated based on the
following observation. Since the lines are not parallel, the vectors c?o and 31 are lin-
early independent Equation 6.16 states that 1_030 — t_lcfl + Aisa vector perpendicular
toboth do and dl The only way a vector can be perpendicular to two hnearly 1ndepen—
dent vectors in the plane is if that vector is the zero vector. Thus, todo tldl + A =0.
Dotting the equation with c_id- and c?lJ- leads to the solution

o (@di-AdEA
(T ) = % (6.17)
i -dy

The level curves of F are ellipses with centers at (f, f;). If the lines are paral-
lel, then F is constant for any #;, so F is minimized along an entire line where
dF/0ty=0,

- - agit, — by -
(1o, 1) = ( L t1> (6.18)
00

a

The level curves of F are lines parallel to this line. The minimization of F on its
domain [0, 00)? is based on analyzing the relationship between the level curves of F
and its domain.

First consider nonparallel rays. If 7, > 0 and 7, > 0, then the two rays inter-
sect at interior points. If 7, > 0 and #; < 0, then the minimum of F must occur at
(max{#, 0}, 0), where 8 F (fy, 0) /3ty = 2(agoty + by) = 0. This is clear by considering
the level curve of F' that just touches the #y-axis. Figure 6.20 illustrates this. Note that
fo = —bo/agy and F (i, 0) = ¢ — b/agy = (d- - A)?/||dy|1>. Similarly, if 7 < 0 and
f, > 0, then the minimum of F must occur at (0, max{f;, 0}), where 8F(O tl)/atl =
2(a11t1 b;) = 0. Note that f; = b, /a,, and F(0,1,) =c — bz/aoo = (d A)/||d 1.
If 7y < 0and 7; < 0, the minimum of F can occur on either boundary of the parameter
domain, depending on how the level curves of F are located relative to the boundary.
However, it is not possible for 8 F (f,, 0)/dt, = 0 and 9 F (0, £;)/d¢, = 0 in this situa-
tion, so it is enough to check each location separately. The distance formula is given
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Figure 6.20  Relationship of level curves of F to boundary minimum at (Zy, 0) or (0, 0).

6.6.5

below. It is assumed that the last term is used for the distance only if the Boolean
expressions for the other terms have already been checked.

0, fpb>0 and ;>0
- Al/lldoll, fy>0 and 7 <0
dL - Al/ldll, #>0 and 7<0
Al otherwise

Distance (ZRO, le) = (6.19)

Now consider the case when the rays are parallel. Figure 6.21 shows the various
configurations. Figure 6.21(a) shows rays pointing in the same direction. The min-
imum distance is attained at an end point of one ray and an interior point of the
other ray. Figure 6.21(b) shows rays pointing in opposite directions with one ray
overlapping the other (if projected onto each other). Again, the minimum distance
is attained at an end point of one ray and an interior point of the other ray. Figure
6.21(c) shows rays pointing in opposite directions, but with no projected overlap.
The minimum distance is attained at the end points of the rays. The distance is

”A”r jo'gl<0 and 670&20

- - 6.20
ldy- - Al/lldyll, otherwise (6.20)

Distance (RO, ’Rl) = {

RAY TO SEGMENT

Let the ray be Py + l‘OL_jO for fy > 0, and let the segment be P; + t,d, for t; € [0, T,). The
construction is similar to that for two rays where we analyzed how the level curves
of F on all of R? interact with its domain for the specific problem. The boundary
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Various parallel ray-ray configurations: (a) rays pointing in the same direction;
(b) rays pointing in opposite directions with overlap; (c) rays pointing in opposite
directions with no overlap.

points of interest for two rays were (fy, 0) and (0, #;), points for which a partial
derivative of F is zero. For the ray-segment problem, an additional point to consider
is (1o, T)), where 3 F (i, T1) /31y = 0. The solution is 7y = (ag, T} — by)/ago. Observe
that F(fy, Ty) = ay T — 2b,Ty + ¢ — (agi Ty — bo)*/agy = (dy - (A — Tyd))*/lldy|I*.
The last equality just states that we are computing the squared distance between the
ray and the line segment end point P; + Tlc_i I-

For the nonparallel case, if (7, ;) € (0, 00) x (0, T}), then the ray and segment
intersect at interior points. Otherwise, it must be determined where the elliptical level
curves centered at (#, 7;) first meet the boundary of the domain. The distance formula
is given below. It is assumed that the last two terms are used for the distance only if
the Boolean expressions for the other terms have already been checked.

0, fo>0 and 7, €(0,T))

|d3-- Al/lldyll, f;,>0 and 7,<0
Distance (R, S) = IC{»{ ' (~A _aTldl)l/”dO”’ t:o >0 and > Tl 66.21)

|d;-- AL/l 1€, T) and £, =<

AL fp<0 and #,<0

1A — Tydy, <0 and 7>T,

The first equation occurs when the ray intersects the line segment so that the distance
is zero. The second equation occurs when the line segment end point P; and an
interior ray point are closest. The third equation occurs when the line segment end
point P, + lel and an interior ray point are closest. The fourth equation occurs
when the ray origin P, and an interior line segment point are closest. The fifth
equation occurs when the ray origin P, and the line segment end point P; are closest.
The sixth equation occurs when the ray origin P, and the line segment end point
P+ Tlcil are closest.
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For the parallel case the distance is

”A”) C_j()'é_il<0 and 30320
Distance (R, S) =3 ||[A - T\d\ll, dy-d;>0 and dy-(A—Td)>0
|d5- - Al/lldpll, otherwise

(6.22)

The first equation occurs when the ray and line segment have opposite directions and
the projection of the line segment onto the line of the ray is disjoint from the ray. The
second equation occurs when the ray and line segment have the same directions and
the projection of the line segment onto the line of the ray is disjoint from the ray. The
third equation occurs when the projection of the line segment onto the line of the ray
intersects the ray itself.

6.6.6  SEGMENT TO SEGMENT

Let the segments be P; + t,»t?,- for t; € [0, T;]. The construction is similar to that for
a ray and a segment. Yet one more boundary point of interest is (T, f;), where
dF/0t; = 0. The solution is 7, = (ag, Ty + b;)/ay;. Observe that F(Ty, f;) = a00T02 +
20Ty + ¢ = (aq Ty + b’ fan = (@ (A + Tody))?/ i1

For the nonparallel case, if (#y, #;) € (0, Ty) X (0, T;), then the segments intersect
at interior points. Otherwise, it must be determined where the elliptical level curves
centered at (7y, 7;) first meet the boundary of the domain. The distance formula is
given below. It is assumed that the last four terms are used for the distance only if the
Boolean expressions for the other terms have already been checked.

o th€(0,Tp) and 1 €(0,T)

\d3- - Al/lldoll, fye©,T) and 7, <0

0t - R = Td)l/Idpll, fye ©.Ty) and 7=T,

i A/l e T) and 7<0
Distance (Sg, $1) = § |d- - (A + Tydy)l/Idyll, F1e©,T) and iy>T,

”&”’ fp<0 and £ <0

1A + Todyll, fy>T, and #,<0

IA — Tyd, |, {p,<0 and #H>T,

1A + Tody — Tydyl, to>T, and #>T,

(6.23)

The first equation occurs when the line segments intersect and the distance is zero.
The second equation occurs when an interior point of the first segment and the
end point P of the second segment are closest. The third equation occurs when an
interior point of the first segment and the end point P; + Tlcil of the second segment
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are closest. The fourth equation occurs when an interior point of the second segment
and the end point P, of the first segment are closest. The fifth equation occurs when
an interior point of the second segment and the end point P, + T0a70 of the first
segment are closest. The sixth equation occurs when the two end points Py and P,
are closest. The seventh equation occurs when the two end points Py + TOJO and P,
are closest. The eighth equation occurs when the two end points Py and P; + le | are
closest. The ninth equation occurs when the two end points P, + TOJO and P, + Tlcil
are closest.
For the parallel case the distance is

1Al dy-dy<0 and dy-A>0

1A + Tyd,ll, dy-dy>0 and dy-(A+ Tydy) >0
Distance (S, $}) = IA — Tyd, |, 670 .d;>0 and 570 (A—=Td) >0

IA + Tody — Tydyll, dy-dy<0 and dy- (A + Tydy — Tydy) > 0

\d3- - Al/lldoll, otherwise

(6.24)

The first four equations occur in the same manner as the last four equations of
Equation 6.23 based on which pair of end points are closest. The fifth equation occurs
when the projection of one segment onto the line of the other segment intersects that
segment.

67 LINEAR COMPONENT TO POLYLINE OR POLYGON

The distance between a line and polygonal objects or polylines can be handled with
the same algorithm. If the line does not intersect the object, the distance between
them is positive and must be attained by a vertex of the object. It is enough to analyze
the distances from the vertices to the line. Let the vertices be P; for 0 <i < n. Let
the line be represented by 7 - X = ¢ for unit length 7. If all 7 - P; — ¢ > 0 or if all
n - P; — ¢ <0, the object lies completely on one side of the line, in which case the
distance is min; |72 - P; — c|. Otherwise there must be two consecutive points, P; and
P; 1, for which (1 - P; — ¢)(1 - P; ;1 — ¢) < 0 and the object intersects the line. In this
case the distance between the line and the object is zero.

Given an open polyline or a closed polyline that is not assumed to be the bound-
ary for a region, the distance between a ray or segment and the polyline can be calcu-
lated in the standard exhaustive manner by computing the distance between the ray
or segment and each segment of the polyline, then selecting the minimum from that
set of numbers.

The distance between a ray and a solid polygon can also be computed with the
exhaustive algorithm where the distance between the ray and each edge of the polygon
is computed and the minimum distance is selected. A slight modification allows a
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Figure 6.22

15 \

The configuration for the segment S attaining current minimum distance p that is
the analogy of Figure 6.4 for the point Y attaining current minimum distance.

potential early exit from the algorithm. A point-in-polygon test (see Section 13.3)
can be applied to the ray origin. If that point is inside the polygon, then the distance
between the ray and the solid polygon is zero. If the point is outside, then we resort
to the exhaustive comparisons.

The exhaustive comparisons are not sufficient for computing the distance be-
tween a line segment and a solid polygon. The problem occurs when the line segment
is fully inside the polygon. The distance from the segment to any polygon edge is pos-
itive, but the distance between the segment and the solid polygon is zero since the
segment is contained by the polygon. However, we can apply point-in-polygon tests
to the end points of the segment. If either point is inside, the distance is zero. If both
points are outside, then the exhaustive comparisons are done.

Inexpensive rejection tests similar to those for point-to-polyline distance are pos-
sible for rejection of polyline edges during a segment-to-polyline distance calcula-
tion, but slightly more complicated. The point-to-polyline rejections were based on
culling of segments outside infinite axis-aligned strips containing a circle centered
at the test point or outside an axis-aligned rectangle containing the circle. The test
object in the current discussion is a line segment S, not a point. If i is the current
minimum distance from $ to the already processed polyline segments, then another
polyline segment cannot cause i to be updated if it is outside the capsule of radius ©
that is generated by S. Just as the circle was the set of points of distance p from the
test point Y, the capsule is the set of points of distance u from the test segment S.
This object is a rectangle with hemicircular caps. Figure 6.22 shows the configuration
for S that is the analogy of Figure 6.4 for Y. Infinite axis-aligned strips or an axis-
aligned bounding rectangle can be constructed and used for culling purposes, just as
in the case of point-to-polyline distance calculation.
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6.8 LINEAR COMPONENT TO QUADRATIC CURVE

First consider the case of computing distance between a line and a quadratic curve. If
the line intersects the quadratic curve, then the distance between the two is zero. The
intersection can be tested using the parametric form for the line, X (1) = P + td. The
quadratic curve is implicitly defined by Q(X) = XTAX + BTX + ¢ = 0. Replacing
the line equation into the quadratic equation produces the polynomial equation

(d"Ad)> +d" QAP + B)t + (PTAP + BTP + C) = est> + et + ¢, =0

This equation has real-valued solutions whenever e% — 4ege, > 0, in which case the
distance between the line and the curve is zero.

If the equation has only complex-valued solutions, then the line and curve do
not intersect and the distance between them is positive. In this case we use the line
equation 71 - X = ¢, ||i1]| = L, for the analysis. The squared distance between any point
X and the line is F(X) = (7 - X — ¢)?. The problem is to find a point X on the
quadratic curve that minimizes F'(X). This is a constrained minimization problem
that is solved using the method of Lagrange multipliers (see Section A.9.3). Define

GX,)=@0-X—c)+s0(X)

The minimum of G occurs when VG =0 and dG/ds = 0. The first equation is
2( - X — c)i + sV Q = 0, and the second equation just reproduces the constraint
Q = 0. Dotting the first equation with d = it yields the condition

L(X)=d-VO(X)=d-(2AX + B)=0

a linear equation in X. Geometrically, the condition d- %Q = 0 means that when
the minimum distance is positive, the line segment connecting the two closest points
must be perpendicular to both the line and the quadratic curve. Figure 6.23 illustrates
this.

All that remains is to solve the two polynomial equations L(X) =0and Q(X) =0
for X. The linear equation is degenerate when Ad = 0. This happens in particular
when the quadratic equation only represents a line or point. It can also happen,
though, when the quadratic is a parabola or hyperbola. For example, this happens for
the parabola defined by y = x? and the line x = 0, but the intersection test between
line and quadratic would have already ruled out this possibility. It is possible that the
line defined by the degenerate quadratic equation and the test line are disjoint and
parallel. In this case d - B = 0 in addition to Ad=0and L(X)=0isa tautology, so
distance should be measured using the algorithm for two lines.
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Figure 6.23
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Segment connecting closest points is perpendicular to both objects.

When Ad # 0, the linear equation can be solved for one of its variables, and that
variable substituted into the quadratic curve equation to obtain a quadratic polyno-
mial of one variable. This equation is easily solved; see Section A.2. The resulting
solution X is used to calculate the distance |7 - X — c|.

An alternative approach to computing the distance between the line and the qua-
dratic curve is to use a numerical minimizer. If the line is X (#) = P + tdfort e R
and the distance between a point X and the quadratic curve is F(X), the distance
between the line point X (¢) and the quadratic curveis G(t) = F(P + td ). A numer-
ical minimizer can be implemented that searches the -domain R for those values of
t that produce the minimum for G(¢). The trade-offs to be considered are twofold.
The approach that sets up a system of polynomial equations has potential numerical
problems if variables are eliminated to produce a single polynomial equation of large
degree. Both the elimination process and the root finding are susceptible to numerical
errors due to nearly zero coefficients. The approach that sets up a function to mini-
mize might be more stable numerically, but convergence to a minimum is subject to
the problem of slowness if an initial guess is not close to the minimum point, or the
problem of the iterates trapped at a local minimum that is not a global minimum.

The previous discussion involved a line and a curve. If the linear component is a
ray, a slight addition must be made to the algorithm. First, the distance is calculated
between the line containing the ray and the curve. Suppose Y is the closest point on
the line to the curve; then Y = P + td for some t. If t > 0, then Y is on the ray itself,
and the distance between the ray and the curve is the same as the distance between
the line and the curve. However, if ¢ < 0, then the closest point on the line is not on
the ray. In this case the distance from the ray origin P to the curve must be calculated
using the method shown in Section 6.4; call it Distance(P, C), where C denotes the
curve. The distance from the ray to the curve is Distance(P, C).
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If the linear component is a segment, the distance is first calculated between the
line of the segment and the curve. If Y is the closest point on the line to the curve,
then Y = P + td for some . If t € [0, 1], then Y is already on the segment, and
the distance from the segment to the curve is Distance(Y, C). However, if 7 < 0, the
distance between the segment and the curve is Distance(P, C). If r > 1, the distance
between the segment and the curve is Distance(P + d,C ).

69 LINEAR COMPONENT TO POLYNOMIAL CURVE

First consider the case of computing the distance between a line and a polynomial
curve. Let the line be represented by 71 - X = ¢, where 7 is unit length. The distance
between the line and the polynomial curve X (¢) for ¢ € [t, #;] occurs at a ¢ for
which the function F(t) = (i - X(t) — ¢)? is minimized. A numerical minimizer
can be directly applied to F(¢), or a calculus approach can be used to compute the
solutions to F’(¢) = 0 as potential places where the minimum occurs. In the latter
case, F'(t) =2n - X(@) — )@ - )?’(t)), a polynomial of degree 2n — 1, where the
degree of X (¢) is n. A polynomial root finder can be applied to solve this equation.
Localization of the roots can be accomplished using subdivision by variation, just as
was done in computing the distance between a point and a polynomial curve.

If the linear component is a ray, a slight addition must be made to the algorithm.
First, the distance is calculated between the line containing the ray and the curve.
Suppose Y is the closest point on the line to the curve; then Y = P + td for some t.
If t > 0, then Y is on the ray itself, and the distance between the ray and the curve
is the same as the distance between the line and the curve. However, if f < 0, then
the closest point on the line is not on the ray. In this case the distance from the ray
origin P to the curve must be calculated using the method shown in Section 6.5; call
it Distance(P, C), where C denotes the curve. The distance between the ray and the
curve is Distance(P, C).

If the linear component is a segment, the distance is first calculated between the
line of the segment and the curve. If Y is the closest point on the line to the curve,
then Y =P + td for some t. If t € [0, 1], then Y is already on the segment, and
the distance from the segment to the curve is Distance(Y, C). However, if ¢ < 0, the
distance between the segment and the curve is Distance(P, C). If r > 1, the distance
between the segment and the curve is Distance(P + d ,0).

6.10 GJK ALGORITHM

We now discuss an effective method for computing the distance between two convex
polygons in 2D. The original idea was developed by E. G. Gilbert, D. W. Johnson, and
S. S. Keerthi (1988) for convex polyhedra in 3D, but the ideas apply in any dimension
to the generalization of convex polyhedra in that dimension. The algorithm has
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become known as the GJK algorithm, where the acronym is just the initial letters of
the last names of the authors of the paper. The algorithm was later extended to handle
convex objects in general (Gilbert and Foo 1990). An enhancement of the algorithm
was also developed that computes penetration distances when the polyhedra are
intersecting (Cameron 1997).

6.10.1 SET OPERATIONS

The Minkowski sum of two sets A and B is defined as the set of all sums of vector
pairs, one from each set. Formally, the setis A+ B={X +Y:X € A, Y € B}. The
negation of a set B is —B = {—X : X € B}. The Minkowski difference of the sets is
A—B={X—-Y:XeA,Y e B}. Observe that A — B= A + (—B). If the sets A
and B are both convex, then A + B, —B, and A — B are all convex sets. If A is a
convex polygon with n vertices and B is a convex polygon with m vertices, in the
worst case the sum A + B has n + m vertices. Figure 6.24 illustrates where A is
the triangle (U,, U,, U,) = ((0, 0), (2, 0), (0, 2)) and B is the triangle (V,, V, V,) =
((2,2), (4, 1), (3,4)). The origin (0, 0) is marked as a black dot.

Figure 6.24(a) shows the original triangles. Figure 6.24(b) shows —B. Figure
6.24(c) shows A + B. To provide some geometric intuition on the sum, the figure
shows three triangles, with black edges corresponding to triangle A translated by each
of the three vertices of triangle B. Triangle B itself is shown with gray edges. Imagine
painting the hexagon interior by the translated triangle A where you move U, + V,
within triangle B. The same geometric intuition is illustrated in the drawingof A — B
(Figure 6.24(d)).

The distance between any two sets A and B is formally

Distance(A, B) =min{||X — Y| : X € A, Y € B} =min{||Z||: Z € A — B}

The latter equation shows that the Minkowski difference can play an important role
in distance calculations. The minimum distance is attained by a point in A — B that
is closest to the origin. Figure 6.24(d) illustrates this for two triangles. The closest
point to the origin is the dark gray dot at the point (—1, —1) € A — B. That point is
generated by (1, 1) € A and (2, 2) € B, so the distance between A and B is V2 and is
attained by the aforementioned points.

The heart of the distance calculation is how to efficiently search A — B for the
closest point to the origin. A straightforward algorithm is to compute A — B directly,
then iterate over the edges and compute the distance from each edge to the origin. The
minimum such distance is the distance between A and B. However, this approach is
not efficient in that it can take significant time to compute A — B as the convex hull
of the set of points U — V, where U is a vertex of A and V is a vertex of B. Moreover,
an exhaustive search of the edges will process edges that are not even visible to the
origin. The approach is O (nm) where A has n vertices and B has m vertices since the
convex hull can have nm vertices. The GJK algorithm is an iterative method designed
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Figure 6.24  (a) Triangles A and B; (b) set —B; (c) set A + B; (d) set A — B, where the gray point
is the closest point in A — B to the origin. The black dots are the origin (0, 0).

to avoid the direct convex hull calculation and to localize the search to edges near the
origin.

6.10.2 OVERVIEW OF THE ALGORITHM

The discussion here is for the general n-dimensional problem for convex objects A
and B. Let C = A — B, where A and B are convex sets. As noted earlier, C itself is a
convex set. If 0 € C, then the original sets intersect and the distance between them is
zero. Otherwise, let Z € C be the closest point to the origin. It is geometrically clear
that only one such point exists and must lie on the boundary of C. However, there
can be many X € A and Y € B such that X — Y = Z. For example, this happens for
two disjoint convex polygons in 2D whose closest features are a pair of parallel edges,
one from each polygon.
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The GJK algorithm is effectively a descent method that constructs a sequence of
points on the boundary of C, each point having smaller distance to the origin than
the previous point in the sequence. In fact, the algorithm generates a sequence of
simplices with vertices in C (triangles in 2D, tetrahedra in 3D), each simplex having
smaller distance to the origin than the previous simplex. Let S denote the simplex
vertices at the kth step, and let S, denote the simplex itself. The point V € S is
selected to be the closest point in S, to the origin. Initially, Sy = @ (the empty set)
and V) is an arbitrary point in C. The set C is projected onto the line through 0 with
direction Vj;, the resulting projection being a closed and bounded interval on the line.
The interval end point that is farthest left on the projection line is generated by a point
W, € C. The next set of simplex vertices is S; = {W}. Figure 6.25 illustrates this step.

Since S, is a singleton point set, S, = §; and V, = W, is the closest point in S,
to the origin. The set C is now projected onto the line containing 0 with direction
V.. The interval end point that is farthest left on the projection line is generated by a
point W, € C. The next set of simplex vertices is S, = {W,,, W,}. Figure 6.26 illustrates
this step.

The set S, is the line segment (W, W;). The closest point in S, to the origin is
an edge-interior point V,. The set C is projected onto the line containing 0 with
direction V,. The interval end point that is farthest left on the projection line is
generated by a point W, € C. The next set of simplex vertices is S; = {W;, W;, W,}.
Figure 6.27 illustrates this step.

The set S is the triangle (W,, W;, W,). The closest point in S5 to the origin is
a point V3 on the edge (W,, W,). The next simplex vertex that is generated is W;.
The next set of simplex vertices is S, = (W, W,, W3). The old simplex vertex W is
discarded. Figure 6.28 illustrates this step. The simplex S5 is shown in dark gray.

Generally, V},; is chosen to be the closest point to the origin in the convex hull
of §; U {W,}. The next set of simplex vertices Sy, ; is chosen to be set M C S, U {W;}
with the fewest number of elements such that V| is in the convex hull of M. Such
a set M must exist and is unique. Figure 6.29(a) shows the convex hull of S; U {W3},
a quadrilateral. The next iterate Vj is shown on that hull. Figure 6.29(b) shows the
simplex S, that was generated by M = {W,, W,, W5).

We state without proof that the sequence of iterates is monotonically decreasing
inlength, || Vi 1]l < | Vi|l. In fact, equality can only occur if V; = Z, the closest point.
For convex faceted objects, the closest point is reached in a finite number of steps. For
general convex objects, the sequence can be infinite, but must converge to Z. If the
GJK algorithm is implemented for such objects, some type of termination criterion
must be used. Numerical issues also arise when the algorithm is implemented in a
floating-point number system. A discussion of the pitfalls is given by van den Bergen
(1997, 1999, 2001a), and the ideas are implemented in a 3D collision detection
system called SOLID (Software Library for Interference Detection) (van den Bergen
2001b). The main concern is that the simplices eventually become flat in one or more
dimensions.



6.10 GJK Algorithm 237

Figure 6.25  The first iteration in the GJK algorithm.

Figure 6.26  The second iteration in the GJK algorithm.
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Figure 6.27  The third iteration in the GJK algorithm.

Figure 6.28  The fourth iteration in the GJK algorithm.

6.10.3 ALTERNATIVES TO GJK

The GJK algorithm is by no means the only algorithm for computing distance be-
tween convex polygons or convex polyhedra, but good, robust implementations are
publicly available (van den Bergen 2001b). The distance between two nonintersecting
convex polygons can be computed using the method of rotating calipers (Pirzadeh
1999). This powerful method is useful for solving many other types of problems in
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@ (b)

Figure 6.29  (a) Construction of V., in the convex hull of S; U {W;}. (b) The new simplex S,
generated from M = {W,, W,, Ws}.

computational geometry. Assuming both polyhedra have O (n) vertices, an O (n?) al-
gorithm, both in space and in time, for computing the distance is given by Cameron
and Culley (1986). An asymptotically better algorithm is given by Dobkin and Kirk-
patrick (1990) and is O(n) in space and 0(log2 n) in time. However, no imple-
mentation appears to be publicly available. The method is based on constructing a
hierarchical representation of a polyhedron that is useful for solving other queries,
for example, in rapid determination of an extreme point of a polyhedron for a speci-
fied direction. In more recent times, the Lin-Canny algorithm (Lin and Canny 1991)
is O (n) in space, empirically O (n) in time, but maintains the closest pair of features
to exploit frame coherence. After computing the distance in one frame, the polyhedra
move slightly, and the distance must be recalculated in the next frame. The incre-
mental update is O (1) in time. Implementations based on this method are I-Collide
(Cohen et al. 1995) and V-Clip (Mirtich 1997).



CHAPTER

INTERSECTION IN 2D

This chapter contains information on computing the intersection of geometric prim-
itives in 2D. The simplest object combinations to analyze are those for which one of
the objects is a linear component (line, ray, segment). These combinations are cov-
ered in the first four sections. Section 7.5 covers the intersection of a pair of quadratic
curves; Section 7.6 covers the problem of intersection of a pair of polynomial curves.
The last section is about the method of separating axes, a very powerful technique for
dealing with intersections of convex objects.

71 LINEAR COMPONENTS

Recall from Chapter 5 the definitions for lines, rays, and segments. A line in 2D is
parameterized as P + tc?, where d is a nonzero vector and where t € R. A ray is
parameterized the same way except that ¢ € [0, 00). The point P is the origin of the
ray. A segment is also parameterized the same way except that ¢ € [0, 1]. The points P
and P + d are the end points of the segment. A linear component is the general term
for a line, a ray, or a segment.

Given two lines P + scio and P; + tc71 for s,t € R, they are either intersect-
ing, nonintersecting and parallel, or the same line. To help determine which of
these cases occurs, define for two input 2D vectors the scalar-valued operation
Kross((xg, ¥o)> (X1 ¥1)) = x¢¥; — XY, The operation is related to the cross product
in 3D given by (x(, ¥, 0) X (x}, y;,0) = (0, 0, Kross((xg, yo)> (X, ¥1))). The operation
has the property that Kross(i, v) = —Kross(v, u).

A point of intersection, if any, can be found by solving the two equations in
two unknowns implied by setting P, + sdy = P, + td,. Rearranging terms yields
sdy — tdy = P; — P,. Setting A= P, — P, and applying the Kross operation yields

241
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Kross(c?o, Jl) s = Kross(&, Jl) and Kross(c?o, jl) t = Kross(&, JO). If Kross(JO, jl)
# 0, then the lines intersect in a single point determined by s = Kross(A, c?l) /
Kross(c?o, &"1) ort= Kross(&, c?o)/Kross(c?O, 31). If Kross(c_jO, c?l) = 0, then the lines
are either nonintersecting and parallel or the same line. If the Kross operation of the
direction vectors is zero, then the previous equations in s and ¢ reduce to a single
equation Kross(A, c?o) = 0 since 31 is a scalar multiple of JO. The lines are the same if
this equation is true; otherwise, the lines are nonintersecting and parallel.

If using floating-point arithmetic, distinguishing the nonparallel from the parallel
case can be tricky when Kross(JO, dy) is nearly zero. Using the relationship of Kross
to the 3D cross product, a standard identity for the cross product in terms of Kross
is ||Kross(Jo, c?l)|| = ||c?0||||c?1||| sin 0|, where 6 is the angle between c?o and gl. For
the right-hand side of the last equation to be nearly zero, one or more of its three
terms must be nearly zero. A test for parallelism using an absolute error comparison
||Kross(30, jl)|| < ¢ for some small tolerance ¢ > 0 may not be suitable for some
applications. For example, two perpendicular direction vectors that have very small
length can cause the test to report that the lines are parallel when in fact they are
perpendicular. If possible, the application should require that the line directions be
unit-length vectors. The absolute error test then becomes a test on the sine of the
angle between the directions: || Kross(c?o, c?l) | =|sin 6| < ¢. For small enough angles,
the test is effectively a threshold on the angle itself since sin 6 = 0 for small angles. If
the application cannot require that the line directions be unit length, then the test for
parallelism should be based on relative error:

—||Kr0fs(d(1, al =|sinf| <e

lidollllyl
The square root calculations for the two lengths and the division can be avoided by
using instead the equivalent inequality

IKross(dy, dy) 1> < &2lldy 1|, |1

If the two linear components are a line (s € R) and a ray (¢ > 0), the point of
intersection, if it exists, is determined by solving for s and ¢ as shown previously.
However, it must be verified that # > 0. If t < 0, the first line intersects the line
containing the ray, but not at a ray point. Computing the solution # as specified earlier
involves a division. An implementation can avoid the cost of the division when testing
t > 0 by observing that r = Kross(A, JO)Kross(JO, 31)/(Kross(c§0, 31))2 and using the
equivalent test Kross(A, c?o)Kross(JO, c_il) > 0. If in fact the equivalent test shows that
¢t > 0 and if the application needs to know the corresponding point of intersection,
only then should 7 be directly computed, thus deferring a division until it is needed.
Similar tests on s and ¢ may be applied when either linear component is a ray or a
segment.
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Finally, if the two linear components are on the same line, the linear com-
ponents intersect in a f-interval, possibly empty, bounded, semi-infinite, or infi-
nite. Computing the interval of intersection is somewhat tedious, but not com-
plicated. As an example, consider the case when both linear components are line
segments, so s € [0, 1] and ¢ € [0, 1]. We need to compute the s-interval of the sec-
ond line segment that corresponds to the z-interval [0, 1]. The first end point is
represented as P, = Py + sodo, the second is represented as P, + dl Py + sldo
If A= P, — Py, then sy =dy - A/||dy||* and s, = sy + dy - d;/||dy||% The s-interval
1S [Smin> Smax] = [Min(sy, s1), max(sy, s;)]. The parameter interval of intersection is
[0, 11N [Smin> Smax)> POssibly the empty set. The 2D points of intersection for the line
segment of intersection can be computed from the interval of intersection by using
the interval end points in the representation Py + sc?o.

The pseudocode for the intersection of two lines is presented below. The return
value of the function is 0 if there is no intersection, 1if there is a unique intersection,
and 2 if the two lines are the same line. The returned point I is valid only when the
function returns 1.

int FindIntersection(Point PO, Point DO, Point P1, Point D1, Point& I)
{
// Use a relative error test to test for parallelism. This effectively
// is a threshold on the angle between DO and D1. The threshold
// parameter 'sqrEpsilon' can be defined in this function or be
// available globally.

Point E = P1 - PO;

float kross = DO.x * Dl.y - DO.y * Dl.x;

float sqrKross = kross * kross;

float sqrLen0 = DO.x * DO.x + DO.y * DO.y;

float sqrLenl = D1.x * Dl.x + Dl.y * Dl.y;

if (sqrkross > sqrEpsilon * sqrLen0 * sqrLenl) {
// lines are not parallel
float s = (E.x * Dl.y - E.y *D1.x) / kross;
I =P0+s *DO;
return 1;

// lines are parallel

float sqrlenE = E.x * E.x + E.y * E.y;

kross = E.x * DO.y - E.y * D0O.x;

sqrkross = kross * kross;

if (sqrkross > sqrEpsilon * sqrLen0 * sqrLenk) {
// lines are different
return 0;
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// lines are the same
return 2;

The pseudocode for the intersection of two line segments is presented below. The
return value of the function is 0 if there is no intersection, 1 if there is a unique
intersection, and 2 if the two segments overlap and the intersection set is a segment
itself. The return value is the number of valid entries in the array I[2] that is passed to
the function. Relative error tests are used in the same way as they were in the previous
function.

int FindIntersection(Point PO, Point DO, Point P1, Point D1, Point2 I[2])

{
// segments PO + s * DO for s in [0, 1], P1 + t * D1 for t in [0,1]

Point E = P1 - PO;
float kross = DO.x * Dl.y - DO.y * Dl.x;
float sqrKross = kross * kross;
float sqrLen0 = DO.x * DO.x + DO.y * DO.y;
float sqrLenl = Dl.x * Dl.x + Dl.y * Dl.y;
if (sqrkross > sqrEpsilon * sqrLen0 * sqrLenl) {
// lines of the segments are not parallel
float s = (E.x * Dl.y - E.y * D1.x) / kross;
if (s<0ors>1) {
// intersection of lines is not a point on segment PO + s * DO
return 0;

float t = (E.x * DO.y - E.y * D0.x) / kross;

if (t<0ort>1){
// intersection of lines is not a point on segment P1 + t * D1
return 0;

// intersection of lines is a point on each segment
I[0] = PO + s * DO;
return 1;

// lines of the segments are parallel

float sqrlenE = E.x * E.x + E.y * E.y;

kross = E.x * DO.y - E.y * D0.x;

sqrkross = kross * kross;

if (sqrKross > sqrEpsilon * sqrlLen0 * sqrLenE) {



// lines of the segments are different

return 0;

// Lines of the segments are the same.

// segments.
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Need to test for overlap of

float sO = Dot(DO, E) / sqrLenO, sl = sO + Dot(DO, D1) / sqrLenO, w[2];

float smin =

min(s0, s1), smax =

max(s0, sl);

int imax = FindIntersection(0.0, 1.0, smin, smax, w);

for (i =

return imax;

0; i < imax; i++)
I[i] = PO + w[i] * DO;

The intersection of two intervals [ug, u;] and [vy, v;], where uy < u; and vy < vy, is
computed by the function shown below. The return value is 0 if the intervals do not
intersect; 1 if they intersect at a single point, in which case w[0] contains that point;
or 2 if they intersect in an interval whose end points are stored in w[0] and w[1].

int FindIntersection(float u0, float ul, float v0, float vl, float w[2])

{
if (ul < v0 || u0 > vl)
return 0;

if (ul > v0) {
if (u0 < vl1) {
if (u0 < v0) w[O0]
if (ul > v1) w[1]
return 2;
} else {
// u0 == vl
w[0] = u0;
return 1;
}
} else {
// ul == v0
w[0] = ul;
return 1;

= v0; else w[0]
= vl; else w[1]

ul;
ul;
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7.2 LINEAR COMPONENTS AND POLYLINES

The simplest algorithm for computing the intersection of a linear component and
a polyline is to iterate through the edges of the polyline and apply an intersection
test for linear component against line segment. If the goal of the application is to
determine if the linear component intersects the polyline without finding where
intersections occur, then an early out occurs once a polyline edge is found that
intersects the linear component.

If the polyline is in fact a polygon and the geometric query treats the polygon as
a solid, then an iteration over the polygon edges and applying the intersection test
for a line or a ray against polygon edges is sufficient to determine intersection. If the
linear component is a line segment itself, the iteration is not enough. The problem is
that the line segment might be fully contained in the polygon. Additional tests need
to be made, specifically point-in-polygon tests applied to the end points of the line
segment. If either end point is inside the polygon, the segment and polygon intersect.
If both end points are outside, then an iteration over the polygon edges is made and
segment-segment intersection tests are performed.

If the intersection query is going to be performed often for a single polyline but
with multiple linear components, then some preprocessing can help reduce the com-
putational time that is incurred by the exhaustive edge search. One such algorithm
for preprocessing involves binary space partitioning (BSP) trees, discussed in Section
13.1. In that section there is some material on intersection of a line segment with a
polygon that is already represented as a BSP tree. The exhaustive search of n poly-
gon edges is an O (n) process. The search through a BSP tree is an O (log n) process.
Intuitively, if the line segment being compared to the polygon is on one side of a
partitioning line corresponding to an edge of the polygon, then that line segment
need not be tested for intersection with any polygon edges on the opposite side of
the partition. Of course, there is the preprocessing cost of O (n log n) to build the
tree.

Another possibility for reducing the costs is to attempt to rapidly cull out seg-
ments of the polyline so they are not used in intersection tests with the linear com-
ponent. The culling idea in Section 6.7 may be used with this goal.

7.3 LINEAR COMPONENTS AND QUADRATIC CURVES

We discuss in this section how to test or find the intersection points between a linear
component and a quadratic curve. The method for an implicitly defined quadratic
curve is presented first. The special case for intersections of a linear component and
a circle or arc are presented second.
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7.3.1 LINEAR COMPONENTS AND GENERAL QUADRATIC CURVES

A quadratic curve is represented implicitly by the quadratic equation XTAX +
BTX +¢c=0,where Aisa2 x 2 symmetric matrix, B is a 2 x 1 vector, ¢ is a scalar,
and X is the 2 x 1 variable representing points on the curve.

The intersection of a line X (t) = P + td for t €R and a quadratic curve is
computed by substituting the line equation into the quadratic equation to obtain

0=X0T"AX®) + B'X (1) + ¢
- (ETAJ> 2+dT QAP + Byt + (PTAP+BTP~|—C)
= eztz + et + e

This quadratic equation can be solved using the quadratic formula, but attention
must be paid to numerical issues, for example, when e, is nearly zero or when the
discriminant e% — 4ege, is nearly zero. If the equation has two distinct real roots, the
line intersects the curve in two points. Each root 7 is used to compute the actual point
of intersection X (7) = P + 7d. If the equation has a repeated real root, then the line
intersects the curve in a single point and is tangent at that point. If the equation has
no real-valued roots, the line does not intersect the curve.

If the linear component is a ray with # > 0, an additional test must be made to
see if a root 7 to the quadratic equation is nonnegative. It is possible that the line
containing the ray intersects the quadratic curve, but the ray itself does not. Similarly,
if the linear component is a line segment with 7 € [0, 1], additional tests must be made
to see if a root 7 to the quadratic equation is also in [0, 1].

If the application’s goal is to determine only if the linear component and qua-
dratic curve intersect, but does not care about where the intersections occur, then
the root finding for ¢ (t) = e,t* + eyt + ey = 0 can be skipped to avoid the expensive
square root and division that occur in the quadratic formula. Instead we only need to
know if ¢ (¢) has a real-valued root in R for a line, in [0, co) for a ray, or in [0, 1] for
a line segment. This can be done using Sturm sequences, as described in Section A.5.
This method uses only floating-point additions, subtractions, and multiplications to
count the number of real-valued roots for ¢ (¢) on the specified interval.

7.3.2 LINEAR COMPONENTS AND CIRCULAR COMPONENTS

A circle in 2D is represented by || X — C||?> = r?, where C is the center and r > 0 is
the radius of the circle. The circle can be parameterized by X (8) = C + rii(6), where
i(0) = (cos 0, sin ) and where 6 € [0, 277). An arc is parameterized the same way
except that 6 € [6,, 6;] with 6, € [0, 277), 6, < 6;, and 8, — 6, < 27. It is also possible
to represent an arc by center C, radius r, and two end points A and B that correspond
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to angles 6 and 0, respectively. The term circular component is used to refer to a circle
or an arc. -

Consider first a parameterized line X (t) = P + td and a circle | X — C||> = r2.
Substitute the line equation into the circle equation, define A = P — C, and obtain
the quadratic equation in ¢:

d|1%2 +2d - At + |A> —r2=0

The formal roots of the equation are

—d-R\J@-R7 — 1dPAAR - )

t= —
|l

Define § = (67 . 1)2 — ||c?||2(||ﬁl|2 —r?).1f§ < 0, the line does not intersect the circle.
If § = 0, the line is tangent to the circle in a single point of intersection. If § > 0, the
line intersects the circle in two points.

If the linear component is a ray, and if 7 is a real-valued root of the quadratic
equation, then the corresponding point of intersection between line and circle is a
point of intersection between ray and circle if 7 > 0. Similarly, if the linear component
is a segment, the line-circle point of intersection is also one for the segment and circle
ift € [0, 1].

If the circular component is an arc, the points of intersection between the linear
component and circle must be tested to see if they are on the arc. Let the arc have
end points A and B, where the arc is that portion of the circle obtained by traversing
the circle counterclockwise from A to B. Notice that the line containing A and B
separates the arc from the remainder of the circle. Figure 7.1 illustrates this. If P
is a point on the circle, it is on the arc if and only if it is on the same side of that
line as the arc. The algebraic condition for the circle point P to be on the arc is
Kross(P — A, B — A) > 0, where Kross((xg, ¥g), (X, ¥1)) = Xo¥1 — X1Yo-

7.4 LINEAR COMPONENTS AND POLYNOMIAL CURVES

Consider a line P + td fort € R and a polynomial curve X (s) = Y%, g,»s", where

An # 0. Let the parameter domain be [$,in, Smax)- This section discusses how to
compute points of intersection between the line and curve from both an algebraic
and geometric perspective.

7.4.1 ALGEBRAIC METHOD

Intersections of the line and curve, if any, can be found by equating X (s) = P + td
and solving for s by eliminating the #-term using the Kross operator:
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An arc of a circle spanned counterclockwise from A to B. The line containing A and
B separates the circle into the arc itself and the remainder of the circle. Point P is on
the arc since it is on the same side of the line as the arc. Point Q is not on the arc since
it is on the opposite side of the line.

n
Z (Kross(c?, A,»)) st = Kross(c?, X(s)) = Kross(c?, P+ tc?) = Kross(c?, P)
i=0

Setting ¢y = Kross(d, AO — P)andc; = Kross(d, Ai) for i > 1, the previous equation
is reformulated as the polynomial equation g(s) = Y_7_, ¢;s* = 0. A numerical root
finder can be apphed to this equation, but beware of ¢, being zero (or nearly zero)
when d and A are parallel (or nearly parallel). Any § for which ¢(5) = 0 must be
tested for 1nc1us1on in the parameter domain [s,;,, Smax J- If S0, @ point of intersection
has been found.

Let the line be (0,1/2) + #(2, —1) and the polynomial curve be X (s) = (0, 0) +
s(1,2) + s2(0, —3) + 53(0, 1) for s € [0, 1]. The curve is unimodal and has x-range
[0, 1]and y-range [0, 3/8]. The polynomial equation is g (s) = 25> — 65> + 55 — 1 = 0.
The roots are s = 1, 1 & /2/2. Only the roots 1and 1 — v/2/2 are in [0, 1]. Figure 7.2
shows the line, curve, and points of intersection 70 and T, 1-

The numerical root finders might have problems finding roots of even multiplic-
ity or at a root where ¢ (s) does not have a large derivative. Geometrically these cases
happen when the line and tangent line at the point of intersection form an angle that
is nearly zero.

Just as in the problem of computing intersections of linear components with
quadratic curves, if the application’s goal is to determine only if the linear component
and polynomial curve intersect, but does not care about where the intersections
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Figure 7.2

EXAMPLE

Line

Curve

Intersection of a line and a cubic curve.

occur, then the root finding for g (s) = 0 can be skipped and Sturm sequences used
(Section A.5) to count the number of real-valued roots in the domain [s.;, Spax)
for the curve X (s). If the count is zero, then the line and polynomial curve do not
intersect.

Using the same example as the previous one, we only want to know the number of
real-valued roots for ¢(s) = 0 in [0, 1]. The Sturm sequence is g,(s) = 25> — 652 +
55 — 1,q,(s) = 65> — 125 + 5, ¢,(s) = 2(s — 1)/3, and g5(s) = 1. We have ¢,(0) = —1,
q1(0) =5, ¢,(0) = —2/3, and ¢3(0) = 1 for a total of 3 sign changes. We also have
qo(1) =0, ¢;(1) = —1, g,(1) =0, and ¢3(1) =1 for a total of 1 sign change. The
difference in sign changes is 2, so ¢ (s) = 0 has two real-valued roots on [0, 1], which
means the line intersects the curve.

7.4.2 POLYLINE APPROXIMATION

The root finding of the algebraic method can be computationally expensive. An at-
tempt at reducing the time complexity is to approximate the curve by a polyline and
find intersections of the line with the polyline. The curve polyline is obtained by sub-
division (see Section A.8). The line-polyline tests that were discussed earlier in this
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chapter can be applied. Any intersections that are found can be used as approxima-
tions to line-curve intersections if the application is willing to accept that the polyline
is a suitable approximation to the curve. However, the points of intersection might be
used as an attempt to localize the search for actual points of intersection on the curve.
For example, if a line-polyline intersection occurred on the segment (X (s;), X (s; 1)),
the next step could be to search for a root of g (s) = 0 in the interval [s;, 5;1)].

7.4.3 HIERARCHICAL BOUNDING

The algebraic method mentioned earlier always incurs the cost of root finding for a
polynomial equation. Presumably the worst case is that after spending the computer
time to find any real-valued roots of ¢ (s) = 0, there are none; the line and polynomial
curve do not intersect. An application might want to reduce the cost for determining
there is no intersection by providing coarser-level tests in hopes of an “early out”
from the intersection testing. Perhaps more important is that if the application will
perform a large number of line-curve intersection tests with different lines, but the
same curve, the total cost of polynomial root finding can be prohibitive. Some type
of curve preprocessing certainly can help to reduce the costs.

One coarse-level test involves maintaining a bounding polygon for the curve. In
particular, if the curve is built from control points and the curve lies in the convex hull
of the control points, an intersection test is first applied to the line and the convex hull
(a convex polygon). If they do not intersect, then the line and curve do not intersect. If
the line and polygon do intersect, then the application proceeds to the more expensive
line-curve test.

An alternative is to use an axis-aligned bounding rectangle for the curve. The
line-rectangle intersection test is quite inexpensive and is discussed in Section 7.7
on separating axes. If the application is willing to allow a few more cycles in hopes
of an early-out no-intersection test, a variation of the algorithm is to construct a
hierarchy of bounding boxes, each level providing a better fit (in some sense) than
the previous level. Moreover, if the line does not intersect a bounding box at some
level, then there is no point in processing further levels below the node of that box
since the line cannot intersect the curve in that localized region. Figure 7.3 illustrates
the idea. A curve is shown with a two-level hierarchy. The line intersects the top-level
box, so the next level of the hierarchy must be analyzed. The line intersects the left
child box at the next level, so further intersection tests are needed using either line-
box or line-curve tests. The line does not intersect the right child box at the next level,
so the line cannot intersect the curve contained in that box. No further processing of
that subtree of the hierarchy is needed.

The main question, of course, is how do you construct an axis-aligned bounding
box for a curve? For special classes of curves, specifically Bézier curves, this is not dif-
ficult. An axis-aligned bounding box for the curve that is not usually of smallest area
is constructed for the control points of the curve. A hierarchy of boxes can be built by
subdividing the curve and fitting boxes to the control points that correspond to each
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Figure 7.3
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Line-curve intersection testing using a hierarchy of bounding boxes.

subcurve. For polynomial curves in general, finding the smallest-area axis-aligned
bounding box appears to be as complicated as the algorithm for finding intersections
of the line and the curve. The extent of the box in the x-direction is determined by
the x-extreme points on the curve. The x-extreme points are characterized by hav-
ing vertical tangents to the curve. Mathematically, (x(¢), y(¢)) has a vertical tangent
if x’(¢) = 0. Similarly, the y-extreme points are characterized by having horizontal
tangents to the curve where y’(¢) = 0. Each derivative equation is a polynomial equa-
tion that can be solved by numerical methods, but proceeding this way invalidates
the goal of using a bounding box to avoid expensive root finding in regions where the
line does not intersect the curve. This might not be an issue if the original curve is cu-
bic, in which case the derivative equations can be solved using the quadratic formula.
This is also not an issue if the application plans on testing for intersections between
multiple lines and a single curve. The preprocessing costs for computing a bound-
ing box are negligible compared to the total costs of root finding for the line-curve
intersection tests.

744 MONOTONE DECOMPOSITION

Now suppose that x'(¢) # 0 for any ¢ € [f,,i> fmax)- The curve is monotonic in x, ei-
ther strictly increasing or strictly decreasing. In this special case, the x-extents for
the axis-aligned bounding box correspond to x(#,;,) and x(f,,)- A similar argu-
ment applies if y'(t) # 0 on the curve domain. Generally, if x"(z) # 0 and y'(t) # 0
fort € [a, b] C [tmin> tmax > then the curve segment is monotonic and the axis-aligned
bounding box is determined by the points (x(a), y(a)) and (x(b), y(b)). Determin-
ing that a derivative equation does not have roots is an application of Sturm se-
quences, as discussed in Section A.5.
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The idea now is to subdivide the curve using a simple bisection on the parameter
interval with the goal of finding monotonic curve segments. If [a, b] is a subinterval
in the bisection for which the curve is monotonic, no further subdivision occurs; the
axis-aligned bounding box is known for that segment. Ideally, after a few levels of
bisection we obtain a small number of monotonic segments and their corresponding
bounding boxes. The line-box intersection tests can be applied between the line and
each box in order to cull out monotone segments that do not intersect the line, but if
the number of boxes is large, you can always build a hierarchy from the bottom up by
treating the original boxes as leaf nodes of a tree, then grouping a few boxes at a time
to construct parent nodes. The bounding box of a parent node can be computed to
contain the bounding boxes of its children. The parents themselves can be grouped,
the process eventually leading to the root node of the tree with a single bounding box.
The method of intersection illustrated in Figure 7.3 may be applied to this tree.

A recursive subdivision may be applied to find monotone segments. The recur-
sion requires a stopping condition that should be chosen carefully. If the derivative
equations x’(¢) = 0 and y’(¢) = 0 both indicate zero root counts on the current in-
terval, then the curve is monotonic on that interval and the recursion terminates. If
one of the equations has a single root on the current interval and the other does not,
a subdivision is applied. It is possible that the subdivision z-value is the root itself,
in which case both subintervals will report a root when there is only a single root.
For example, consider (x(t), y(t)) = (¢, t?) for t € [—1, 1]. The derivative equation
x'(t) = 0 has no solution since x’(t) = 1 for all ¢, but y’(t) = 2t = 0 has one root on
the interval. The subdivision value is # = 0. The equation y'(¢) = 0 has one root on
the subinterval [—1, 0] and one root on the subinterval [0, 1], but these are the same
root. The end points of subintervals should be checked to avoid deeper recursions
than necessary. The typical case, though, is that a root of a subinterval occurs in the
interior of the interval. Once a subinterval that has a single interior root is found, a
robust bisection can be applied to find the root and subdivide the subinterval at the
root. The recursion terminates for that subinterval.

In an application that will perform intersection queries with multiple lines but
only one curve, the monotone segments can be found as a preprocessing step by
solving x’(¢) = 0 and y’(¢) = 0 using numerical root finders.

745 RASTERIZATION

A raster approach may be used, even though it is potentially quite expensive to
execute. An axis-aligned bounding box [Xin> Xmax) X [Ymin> Ymax) 1S constructed to
contain the curve. An N x M raster is built to represent the box region. The grid
points are uniformly chosen as (x;, y;) for 0 <i < N and 0 < j < M. That is, x; =
Xmin + (xmax - xmin)i/(N -1 and Yj = Ymin + (ymax - ymin)j/(M - D. Both the
line and the curve are drawn into the raster. The step size for the parameter of the
curve should be chosen to be small enough so that as the curve is sampled you
generate adjacent raster values, potentially with a raster cell drawn multiple times



254 Chapter 7 Intersection in 2D

Figure 7.4

[ ] Contains line

[ Contains curve

Contains both

A line and a curve rasterized on a grid that is initially zero. The line is rasterized by
or-ing the grid with the mask 1 (light gray). The curve is rasterized by or-ing the grid
with the mask 2 (dark gray). Grid cells that contain both the line and the curve have
a value 3 (dotted).

because multiple curve samples fall inside that cell. The overdraw can be reduced by
sampling the curve based on arc length rather than the curve parameter. If the raster is
initialized with 0, the line is drawn by or-ing the pixels with 1, and the curve is drawn
by or-ing the pixels with 2. The pixels that are associated with line-curve intersections
are those with a final value of 3. Figure 7.4 illustrates this.

The effectiveness of this method depends on how well the grid cell size is chosen.
If it is chosen to be too large, the line and curve can pass through the same pixel, yet
not intersect. The rasterization method reports an intersection when there is none.
This situation is shown in Figure 7.4 in the lower-left portion of the grid. If the cell
size is chosen to be too small, a lot of time is consumed in rasterizing the curve,
especially in pixels that the line does not intersect.

Just as in the polyline approach, the application can choose to accept the pixel
values as approximations to the actual line-curve intersections. If more accuracy is
desired, the pixels tagged as 3 (and possibly immediate neighbors) can be used as
a localization of where the intersections occur. If a contiguous block of pixels is
tagged, such as is shown in the upper right of the grid in Figure 7.4, and if the
application chooses to believe the block occurs because of a single intersection of
curves, a suitable choice for the approximation is the average of pixel locations. If
the application chooses not to accept the pixel values as approximations, then it can
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store the original line and curve parameters for samples occurring in a pixel with that
pixel. Those parameter values can be used to start a search for intersections using a
numerical root finder or a numerical distance calculator.

7.5 QUADRATIC CURVES

We present a general algebraic method for computing intersection points between
two curves defined implicitly by quadratic curves. The special case of circular com-
ponents is also presented because it handles intersection between circular arcs. Vari-
ations on computing intersection points of two ellipses are also presented here as an
illustration of how you might go about handling the more general problem of inter-
section between two curves, each defined as a level curve for a particular function.

7.5.1 GENERAL QUADRATIC CURVES

EXAMPLE

Given two curves implicitly defined by the quadratic equations F(x, y) = g +
apx + @y + opex” + apxy + agry? =0 and G(x, y) = oo + Brox + Bory+
Boox? + Brixy + Bpay? = 0, the points of intersection can be computed by elim-
inating y to obtain a fourth-degree polynomial equation H(x) = 0. During the
elimination process, y is related to x via a rational polynomial equation, y = R(x).
Each root x of H(x) = 0is used to compute y = R(x). The pair (x, y) is an intersec-
tion point of the two original curves.

The equation x? 4 6y? — 1= 0 defines an ellipse whose center is at the origin. The
equation 2(x — 2y)? — (x + y) = 0 determines a parabola whose vertex is the origin.
Figure 7.5 shows the plots of the two curves. The ellipse equation is rewritten as
y% = (1 — x?)/6. Substituting this in the parabola equation produces

0=2x>—8xy+8y —x—y=2x>—8xy+81—x%)/6—x—y
=—(8x + Dy+ (2x*—3x +4)/3

This may be solved for

2x2—3x +4
y=—F—— =Rl
38x+1)

Replacing this in the ellipse equation produces
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Figure 7.5

0.408

/-
_1\\‘/1

—0.408

Intersections of an ellipse and a parabola.

0=x?+6y"—1
202 — 3x + 4\
=x2+6<—> -1
3(8x + 1)

_98x 4+ DA(x? — 1) 4 6(2x? — 3x + 4)?
N 9(8x + 1)2

_200x* 4 24x> — 139x% — 96x + 29
B 3(8x + 1)2

Therefore, it is necessary that
0 = 200x* 4 24x> — 139x? — 96x + 29 =: H (x)

The polynomial equation H(x) = 0 has two real-valued roots, x, = 0.232856
and x; = 0.960387. Replacing these in the rational polynomial for y produces y, =
R(xp) =0.397026 and y; = R(x;) = 0.113766. The points (x,, yy) and (x;, y;) are the
intersection points for the ellipse and parabola.

The general method of solution of two polynomial equations is discussed in detail
in Section A.2.

As with any root finder, numerical problems can arise when a root has even mul-
tiplicity or the derivative of the function near the root is small in magnitude. These
problems tend to arise geometrically when the two curves have an intersection point
for which the angle between tangent lines to the curves at the point is nearly zero.
If you need extreme accuracy and do not want to miss intersection points, you will
need your root finder to be quite robust at the expense of some extra computational
time.
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If the application only needs to know if the curves intersect, but not where, then
the method of Sturm sequences for root counting can be applied to H(x) = 0. The
method is discussed in Section A.5.

CIRCULAR COMPONENTS
Let the two circles be represented by || X — C;||> = rl.2 for i =0, 1. The points of
intersection, if any, are determined by the following construction. Define i = C; —
Co = (ug,u;). Define ¥ = (u;, —u,). Note that ||u> = ||9]|> = |C; — Cy||*and i - v =
0. The intersection points can be written in the form
X =Cy+ sii + 1V (7.1)
or

X=Ci+(—Du+1tv (7.2)

where s and 7 are constructed by the following argument. Substituting Equation 7.1
into || X — Cyl|*> = ré yields

s>+ Oil*=rg (7.3)
Substituting Equation 7.2 into | X — C,||* = rl2 yields
(s = D>+ H)ul*=r] (7.4)

Subtracting Equations 7.3 and 7.4 and solving for s yields

2_ 2
1[ri—r
s=-| =t +1 (7.5)
2\ ull
Replacing Equation 7.5 into Equation 7.3 and solving for ¢ yields
2 2 2_ 2 2
2 o 2Ty L frgTn
i Tl b ok !
el lJull® 4\ lull

_ W = o+ A Al = (o = r)?)
4l *

(7.6)

In order for there to be solutions, the right-hand side of Equation 7.6 must be non-
negative. Therefore, the numerator is negative:

il = (o + rpAHUlEl* = (rg — r)? <0 (7.7)
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Figure 7.6
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Relationship of two circles, it = C, — Cy: (a) ||i]| = |rg + 115 (b) |lid|l = |ro — r1l;
() [rg = ril < llull < Irg +ryl.

If w = ||it|), the left-hand side of Inequality 7.7 defines a quadratic function of
w, the graph being a parabola that opens upwards. The roots are w = |ry — ;| and
w = |rg + ry|. For the quadratic function to be negative, only values of w between the
two roots are allowed. Inequality 7.7 is therefore equivalent to

rg — ril < llill < Irg + 14l (7.8)
If | u|| = |ry + ry|, each circle is outside the other circle, but just tangent. The point
of intersection is Cyy + (ry/(ro + ry))id. If ||ii]| = |ry — ryl, the circles are nested and

just tangent. The circles are the same if ||ii|| = 0 and r, = r}; otherwise the point of
intersection is C + (ro/(rg — r))id. If [rg — ry| < ||id|| < |ry + 7], then the two circles
intersect in two points. The s-value from Equation 7.5 and the ¢-values from taking
the square root in Equation 7.6 can be used to compute the intersection points as
Cy + su + 1. Figure 7.6 shows the various relationships for the two circles.

If either or both circular components are arcs, the circle-circle points of intersec-
tion must be tested if they are on the arc (or arcs) using the circular-point-on-arc test
described earlier in this chapter.

7.5.3 ELLIPSES

The algebraic method discussed earlier for testing/finding points of intersection ap-
plies, of course, to ellipses since they are implicitly defined by quadratic equations.
In some applications, more information is needed other than just knowing points of
intersection. Specifically, if the ellipses are used as bounding regions, it might be im-
portant to know if one ellipse is fully contained in another. This information is not
provided by the algebraic method applied to the two quadratic equations defining the
ellipses. The more precise queries for ellipses £, and Z; are

® Do E,and Z, intersect?

m  Are T, and F, separated? That is, does there exist a line for which the ellipses are
on opposite sides?

m  [s F, properly contained in £, or is E; properly contained in Z?
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A1<0

E, is contained in E,. The maximum Z| level curve value A, for E| is negative.

Let the ellipse Z; be defined by the quadratic equation Q;(X) = XTA; X +
BiTX + ¢; for i =0, 1. It is assumed that the A; are positive definite. In this case,
Q;(X) < 0 defines the inside of the ellipse, and Q;(X) > 0 defines the outside.

The discussion focuses on level curves of the quadratic functions. Section A.9.1
provides a discussion of level sets of functions. All level curves defined by Q¢ (x, y) =
A are ellipses, except for the minimum (negative) value A for which the equation
defines a single point, the center of every level curve ellipse. The ellipse defined by
Q,(x,y) = 0is a curve that generally intersects many level curves of Q. The problem
is to find the minimum level value %, and maximum level value A, attained by any
(x, y) on the ellipse E,. If A; < 0, then E| is properly contained in Z,,. If A, > 0,
then £ and Z are separated or Z; contains Z,. Otherwise, 0 € [Ay, A;] and the two
ellipses intersect. Figures 7.7, 7.8, and 7.9 illustrate the three possibilities. The figures
show the relationship of one ellipse | to the level curves of another ellipse E,,.

This can be formulated as a constrained optimization that can be solved by the
method of Lagrange multipliers (see Section A.9.3): Optimize Q,(X) subject to the
constraint Q(X) = 0. Define F(X, t) = QO(X ) + th(X ). Differentiating with re-
spect to the components of X yields VF=V Qo+ Y Q). Differentiating with respect
to ¢ yields 0 F /9t = Q. Setting the ¢-derivative equal to zero reproduces the con-
straint Q; = 0. Setting the X-derivative equal to zero yields %QO + I%Ql =0 for
some ¢. Geometrically this means that the gradients are parallel.

Note that VQ, = 2A; X + B;, so

0=VQ,+1VQ,=2(Ag+tA)X + (B, + 1 B))

Formally solving for X yields
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Figure 7.8

EXAMPLE

| transversely intersects Z,. The minimum Z level curve value A, for | is negative;
the maximum value 1, is positive.

1

8(;)Y(t)

1
X= —E(A0 +tA) "By +1B) =

where Ay + fA; is a matrix of linear polynomials in # and 8(¢) is its determinant,
a quadratic polynomial. The components of Y (¢) are quadratic polynomials in z.
Replacing this in Q(X) = 0 yields

p) =Y AY (1) +80)BIY (1) + 5(1)*C, =0 (7.9)

a quartic polynomial in 7. The roots can be computed, the corresponding values of X
computed, and Q,(X) evaluated. The minimum and maximum values are stored as
Ag and Aj, and the earlier comparisons with zero are applied.

This method leads to a quartic polynomial, just as the original algebraic method
for finding intersection points did. But the current style of query does answer ques-
tions about the relative positions of the ellipses (separated or proper containment)
whereas the original method does not.

Consider Q,(x, y) = x?+ 6y?> — 1 and Q,(x, y) = 52x> — 72xy + 73y? — 32x —
74y + 28. Figure 7.10 shows the plots of the two ellipses. The various parameters are
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Figure 7.9  E, is separated from ;. The minimum % level curve value 1, for | is positive.

1 0 0 52 —36
A"_[o 6]’ BO_[O]’ Co=-1 A1_|:—36 73]’

Bl=[:;ﬂ, C;=28

From these are derived

41 (625¢ + 24) 5

Y(t)= [t(2500t +37) i| ,  8(t) =2500¢" + 385t + 6

The polynomial of Equation 7.9 is p(t) = —156250000t* — 48125000¢°+
1486875t% 4+ 94500t + 1008. The two real-valued roots are f, = —0.331386 and #; =
0.0589504. The corresponding X (¢) values are X (#5) = (x¢, ¥y) = (1.5869, 1.71472)
and X (#;) = (x, ¥1) = (0.383779, 0.290742). The axis-aligned ellipse level values at
these points are Q¢(xg, yo) = —0.345528 and Q(x;, y;) = 19.1598. Since Q(x¢, Yo)
< 0 < Qgy(xy, ¥1), the ellipses intersect. Figure 7.10 shows the two points on Q; =0
that have extreme Q values.
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Intersection of two ellipses.

7.6 POLYNOMIAL CURVES

Consider two polynomial curves, X(s) =", gis" , where An # 0 and s €
[Smin> Smax b and Y (1) = Z’;’zo Bjt/, where B, # 0 and ¢ € [tin, Lmax)- This section
discusses how to compute points of intersection between the curves from both an
algebraic and geometric perspective.

7.6.1 ALGEBRAIC METHOD

The straightforward algebraic method is to equate X (s) = Y (¢) and solve for the
parameters s and t. Observe that the vector equation yields two polynomial equations
of degree max{n, m} in the two unknowns s and 7. The method of elimination may be
used to obtain a single polynomial equation in one variable, ¢ (s) = 0. The method
of solution is a simple extension to what was shown in the section on intersection
finding for lines and polynomial curves, except that the degree of g (s) will be larger
than in that case (for the line, m = 1; for curves, we generally have m > 1).

7.6.2 POLYLINE APPROXIMATION

The root finding of the algebraic method can be computationally expensive. Simi-
lar to Section 7.4 for line-curve intersection testing, the time complexity is reduced
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by approximating both curves by polylines and finding intersections of the two
polylines. The polylines are obtained by subdivision, described in Section A.8. Any
intersections between the polylines can be used as approximations to curve-curve
intersections if the application is willing to accept that the polylines are suitable ap-
proximations to the curves. However, the points of intersection might be used as an
attempt to localize the search for actual points of intersection.

7.6.3 HIERARCHICAL BOUNDING

In Section 7.4 we discussed using coarse-level testing using bounding polygons,
bounding boxes, or hierarchies of bounding boxes to allow for an early out when
the two underlying objects do not intersect. The same ideas apply to curve-curve
intersection testing. If the curves are defined by control points and have the convex
hull property, then an early-out algorithm would test first to see if the convex poly-
gons containing the curves intersect. If not, then the curves do not intersect. If so, a
finer-level test is used, perhaps directly the algebraic method described earlier.

A hierarchical approach using box trees can also be used. Each curve has a box
hierarchy constructed for it. To localize the intersection testing, pairs of boxes, one
from each tree, must be compared. This is effectively the 3D-oriented bounding box
approach used by Gottschalk, Lin, and Manocha (1996), but in 2D and applied to
curve segments instead of polylines. One issue is to perform an amortized analysis
to determine at what point the box-box intersection tests become more expensive
than the algebraic method for curve-curve intersection tests. At that point the sim-
plicity of box-box intersection tests is outweighed by its excessive cost. A lot of the
cost is strongly dependent on how deep the box hierarchies are. Another issue is
construction of axis-aligned bounding boxes for curves. This was discussed in Sec-
tion 7.4.

7.64 RASTERIZATION

Finally, a raster approach may be used, even though it is potentially quite expensive
to execute. An axis-aligned bounding box [Xin> Xmax] X [Ymin> Ymax] 1S constructed
to contain both curves. An N x M raster is built to represent the box region. The
grid points are uniformly chosen as (x;, ¥ j) for0<i <N and 0 < j < M. That s,
X; = Xmin + (xmax - xmin)i/(N -1 and Yj = Ymin + (ymax - ymin)j/(M = 1. Each
curve is drawn into the raster. The step size for the parameter of the curve should be
chosen to be small enough so that as the curve is sampled you generate adjacent raster
values, potentially with a raster cell drawn multiple times because multiple curve
samples fall inside that cell. The overdraw can be minimized by sampling the curve
based on arc length rather than the curve parameter. If the raster is initialized with
0, the first curve drawn by or-ing the pixels with 1, and the second curve drawn by
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Figure 7.11

[ ] Containscurve1

[ Containscurve 2
Contains both

Two curves rasterized on a grid that is initially zero. The first curve is rasterized by
or-ing the grid with the mask 1 (light gray). The second curve is rasterized by or-ing
the grid with the mask 2 (dark gray). Grid cells that contain both curves have a value
3 (dotted).

or-ing the pixels with 2, the pixels that are associated with curve-curve intersections
are those with a final value of 3 (see Figure 7.11).

Notice that the leftmost block of pixels (dotted cells) make it uncertain where the
curves might intersect, if at all. The problem generally is that two curves can be near
each other, yet not intersect, and be rasterized into the same pixels. The solution is to
increase the number of cells while reducing the cell size to get a finer-resolution grid.
How small a cell size should be to properly detect intersections and not produce false
positives is usually information that is not known ahead of time.

Just as in the polyline approach, the application can choose to accept the pixel
values as approximations to the actual curve-curve intersections. If more accuracy is
desired, the pixels tagged as 3 (and possibly immediate neighbors) can be used as a
localization of where the intersections occur. If a contiguous block of pixels is tagged,
such as is shown in the left of the grid in Figure 7.11, and if the application chooses
to believe the block occurs because of a single intersection of curves, a suitable choice
for the approximation is the average of pixel locations. If the application chooses
not to accept the pixel values as approximations, then it can store the original curve
parameters for samples occurring in a pixel with that pixel. Those parameter values
can be used to start a search for intersections using a numerical root finder or a
numerical distance calculator.
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77 THE METHOD OF SEPARATING AXES

A set S is convex if given any two points P and Q in S, the line segment (1 —#)P +1Q
fort € [0, 1]is also in S. This section describes the method of separating axes in 2D—a
method for determining whether or not two stationary convex objects are intersect-
ing. The ideas extend to moving convex objects and are useful for predicting collisions
of the objects by computing the first time of contact and for computing the contact
set. Two types of geometric queries are considered. The first is a test-intersection query
that just indicates whether or not an intersection exists for stationary objects or will
occur for moving objects. The second is a find-intersections query that involves com-
puting the set of intersections for two stationary objects or for two moving objects
at the time of first contact. This section describes both types of queries for convex

polygons in 2D.

The following notation is used throughout this section. Let C; for j =0, 1 be
the convex polygons with vertices {V(J )} that are counterclockw1se ordered.
The edges of the polygons are ¢ ; ¢V Vl(_i)l l(j for 0 <i < N; and where V(] )

Vo(j ). Outward pointing normal vectors to the edges are di(j ) = Perp (e ( ; )) Where
Perp(x, y) = (y, —x).

7.7.1 SEPARATION BY PROJECTION ONTO A LINE

A test for nonintersection of two convex objects is simply stated: if there exists a
line for which the intervals of projection of the two objects onto that line do not
intersect, then the objects do not intersect. Such a line is called a separating line or,
more commonly, a separating axis (see Figure 7.12). The translation of a separating
line is also a separating line, so it is sufficient to consider lines that contain the origin.
Given a line containing the origin and with unit-length direction d, the projection of
a convex set C onto the line is the interval

I = [hyin(@), Apax (@) = [min{d - X : X € C}, max{d - X : X € C}]

where possibly Amin(j) = —00 or Amax(J) = 4-00; these cases arise when the convex
set is unbounded. Two convex sets C and C, are separated if there exists a direction
d such that the projection intervals I, and /; do not intersect. Specifically they do not
intersect when

20 @) >20 @ or 29 @) <2l (@) (7.10)

The superscript corresponds to the index of the convex set. Although the compar-
isons are made where d is unit length, the comparison results are invariant to changes
in length of the vector. This follows from Amin(tj) = tkmin(J) and kmax(tc?) =
mmax(J) for t > 0. The Boolean value of the pair of comparisons is also invariant
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Figure 7.12

Nonintersecting convex objects and a separating line for them.

when d is replaced by the opposite direction —d. This follows from Amin(—g) =
—Amax(g) and Amax(—J) = —kmin(c?). When d is not unit length, the intervals ob-
tained for the separating line tests are not the projections of the object onto the line;
rather they are scaled versions of the projection intervals. We make no distinction
between the scaled projection and regular projection. We will also use the terminol-
ogy that the direction vector for a separating line is called a separating direction, a
direction that is not necessarily unit length.

Please note that in two dimensions, the terminology for separating line or axis
is potentially confusing. The separating line separates the projections of the objects
on that line. The separating line does not partition the plane into two regions, each
containing an object. In three dimensions, the terminology should not be confusing
since a plane would need to be specified to partition space into two regions, each
containing an object. No real sense can be made for partitioning space by a line.

7.7.2 SEPARATION OF STATIONARY CONVEX POLYGONS

For a pair of convex polygons, only a finite set S of direction vectors needs to be
considered for separation tests. That set contains only the normal vectors to the
edges of the polygons. Figure 7.13(a) shows two nonintersecting polygons that are
separated along a direction determined by the normal to an edge of one polygon.
Figure 7.13(b) shows two polygons that intersect; there are no separating directions.

The intuition for why only edge normals must be tested is based on having two
convex polygons just touching with no interpenetration. Figure 7.14 shows the three
possible configurations: edge-edge contact, vertex-edge contact, and vertex-vertex
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Figure 7.13  (a) Nonintersecting convex polygons. (b) Intersecting convex polygons.

Figure 7.14
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(a) Edge-edge contact, (b) vertex-edge contact, and (c) vertex-vertex contact.

contact. The lines between the polygons are perpendicular to the separation lines
that would occur for one object translated away from the other by an infinitesimal
distance.

The mathematical proof that S contains only edge normals is based on showing
that if d is a separating direction that is not normal to an edge of either convex
polygon, then there must be an edge normal that is also a separating direction. Let
d = (cos 6, sin 0) be a separating direction that is not normal to an edge. For the
sake of argument, assume that the projection of C, onto the separating line is on
the left of the projection of C;. A similar argument directly applies if it were on the
right. Since d isnot an edge normal, only one vertex V;, of Cy maps to kfg;x, and only
one vertex V; of C| maps to )»gn. Let 6, be the largest angle smaller than 6 so that
30 = (cos 8y, sin 6;) is an edge normal, but d (¢) = (cos ¢, sin ¢) is not an edge normal
for all ¢ € (6, 6] Similarly, let 6; be the smallest angle larger than 6 so that c_il =
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Figure 7.15
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The edge normals closest to a non-edge-normal separation direction: (a) from the
same triangle and (b) from different triangles.

(cos 6y, sin ;) is an edge normal, but J(d)) is not an edge normal for all ¢ € [0, 6,).
For all directions d(¢) with ¢ € (6, 6), V,, is the unique vertex that maps to A;?;X

and V is the unique vertex that maps to )»iﬂn. The separation between the intervals
is the continuous function f(¢) = (cos ¢, sin ¢) - (V; — V) = A cos(¢p + ), where
A is a constant amplitude and ' is a constant phase angle. Also, f(6) > 0 since d is
a separating direction.

If £(6y) > 0, then the edge normal Zio is also a separating direction. If f(6;) > 0,
then the edge normal c?l is also a separating direction. Suppose that f(6,) < 0 and
f(6)) <0. Since f(0) > 0, there must exist two zeros of f on [0, 0,], one smaller
than 0 and one larger than 6. The zeros of f are separated by & radians. This forces
0, — 0y > 7, in which case the angle between the consecutive edge normals 670 and 31
is at least 7 radlans This happens only if the angle is exactly 7, the two edges sharing
V, are parallel to d, and the two edges sharing V; are parallel to d, a contradiction to
the angles at those vertices being strictly positive. Therefore, it is impossible that both
f(6y) <0and f(6)) <0.In summary, if f(0) > 0, then either f(6,) > 0, in which
case 30 is a separating edge normal, or f(6;) > 0, in which case 31 is a separating edge
normal. . .

Figure 7.15 illustrates what dj and d; mean. Figure 7.15(a) shows the case where
both nearest edge normals are from the same triangle. Figure 7.15(b) shows the case
where the nearest edge normals are from different triangles.
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The Direct Implementation

The direct implementation for a separation test for direction d just computes the
extreme values of the projection and compares them. That is, compute )LI(T/ﬂ)n(d) =
ming<; .y, {d - Vl.('/)} and Aggx(d) = maxg<;y,{d - Vim} and test the inequalities in

Equation 7.10. The pseudocode is listed below.

bool TestIntersection(ConvexPolygon CO, ConvexPolygon C1)
{
// test edge normals of CO for separation
for (i0 = 0, il = CO.N-1; i0 < CO.N; il = i0, i0++) {
D = Perp(C0.E(i1)); // CO.E(il) = C0.V(i0) - CO.V(il)
ComputeInterval(CO, D, min0, max0);
Computelnterval(Cl, D, minl, maxl);
if (maxl < min0 || max0 < minl)
return false;

// test edge normals of C1 for separation
for (i0 = 0, il = C1.N - 1; i0 < Cl.N; il = i0, i0++) {
D = Perp(CL.E(i1)); // CL.E(i1) = CL.V(i0) - C1.V(il));
ComputeInterval(CO, D, min0, max0);
ComputeInterval(C1, D, minl, maxl);
if (maxl < min0 || max0 < minl)
return false;

return true;

void ComputelInterval(ConvexPolygon C, Point D, float& min, float& max)
{
min = max = Dot(D, C.V(0));
for (i = 1; i < C.N; i++) {
value = Dot(D, C.V(i));
if (value < min)
min = value;
else if (value > max)
max = value;
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Figure 7.16

QU

Two polygons separated by an edge-normal direction of the first polygon.

Observe that the implementation always processes potential separating lines that
contain the origin. When polygons are relatively far from the origin, a variation on the
implementation to deal with floating-point errors would involve choosing a potential
separating line that contains a polygon vertex, thereby hoping to keep intermediate
floating-point values relatively small.

An Alternative Implementation

An alternative algorithm avoids projecting all the vertices for the polygons by only
testing for separation using the maximum of the interval for the first polygon and
the minimum of the interval for the second polygon. If d is an outward pointing
normal for the edge V;,; — V; of the first polygon, then the projection of the first
polygon onto the separating line V; + td is [— W, 0], where u > 0. If the projection
of the second polygon onto this line is [py, p;], then the reduced separation test is
Po > 0. Figure 7.16 illustrates two separated polygons using this scheme. The value
is irrelevant since we only need to compare p to 0. Consequently, there is no need to
project the vertices of the first polygon to calculate ;. Moreover, the vertices of the
second polygon are projected one at a time until either the projected value is negative,
in which case d is no longer considered for separation, or until all projected values are
positive, in which case disa separating direction.

bool TestIntersection(ConvexPolygon CO, ConvexPolygon C1)

{

// Test edges of CO for separation. Because of the counterclockwise ordering,
// the projection interval for CO is [m,0] where m <= 0. Only try to determine
// if C1 is on the 'positive' side of the Tine.
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for (i0 = 0, i1 = CO.N - 1; i0 < CO.N; il = i0, i0++) {
D = Perp(CO.E(i1)); // CO.E(il) = CO.V(i0) - CO.V(il));
if (WhichSide(C1.v, C0.V(i0), D) > 0) {
// Cl is entirely on 'positive' side of line C0.V(i0) +t * D
return false;

// Test edges of Cl for separation. Because of the counterclockwise ordering,
// the projection interval for Cl is [m,0] where m <= 0. Only try to determine
// if CO is on the 'positive' side of the Tine.
for (i0 = 0, il = C1.N - 1; i0 < C1.N; il = i0, i0++) {
D = Perp(C1.E(i1)); // C1.E(i1) = C1.V(i0) - C1.V(il));
if (WhichSide(C0.V, C1.V(i0), D) > 0) {
// CO is entirely on 'positive' side of line C1.V(i0) +t * D
return false;

return true;

WhichSide(PointSet S, Point P, Point D)

// S vertices are projected to the form P + t * D. Return value is +1 if all t > 0,
// -1 if all t < 0, 0 otherwise (in which case the 1ine splits the polygon).

positive = 0; negative = 0; zero = 0;

for (i = 0; i < C.N; i++) {
t = Dot(D, S.V(i) - P);
if (t > 0) positive++; else if (t < 0) negative++; else zero++;
if (positive && negative || zero) return 0;

}

return positive ? 1 : -1;

An Asymptotically Better Alternative

Although the alternative implementation is roughly twice as fast as the direct imple-
mentation, both are of order O(N M), where N and M are the number of vertices
for the convex polygons. An asymptotically better alternative uses a form of bisec-
tion to find an extreme point of the projection of the polygon (O’Rourke 1998). The
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bisection effectively narrows in on sign changes of the dot product of edges with
the specified direction vector. For a polygon of N vertices, the bisection is of order
O (log N), so the total algorithm is O (max{N log M, M log N}).

Given two vertex indices i; and i; of a polygon with N vertices, the middle index
of the indices is described by the following pseudocode:

int GetMiddleIndex(int i0, int i1, int N)
{
if (10 < i1)
return (i0 + il) / 2;
else
return (i0 + il + N) / 2 % N);

The division of two integers returns the largest integer smaller than the real-value
ratio, and the percent sign indicates modulo arithmetic. Observe that if iy =i; =0,
the function returns a valid index. The condition when i, < i; has an obvious result:
the returned index is the average of the input indices, certainly supporting the name
of the function. For example, if the polygon has N =5 vertices, inputs i; = 0 and
i; =2 lead to a returned index of 1. The other condition handles wraparound of
the indices. If iy = 2 and i; = 0, the implied set of ordered indices is {2, 3, 4, 0}. The
middle index is selected as 3 since 3= (2 + 0 + 5)/2 (mod 5).

The bisection algorithm to find the extreme value of the projection is

int GetExtremeIndex(ConvexPolygon C, Point D)
{
i0 = 0; il = 0;
while (true) {
mid = GetMiddleIndex(i0,i1);
next = (mid + 1) % C.N;
E = C.V(next) - C.V(mid);
if (Dot(D, E) > 0) {
if (mid !'= i0) i0 = mid; else return il;
} else {
prev = (mid + C.N - 1) % C.N;
E = C.V(mid) - C.V(prev);
if (Dot(D, E) < 0) il = mid; else return mid;
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Using the bisection method, the intersection testing pseudocode is

bool TestIntersection(ConvexPolygon CO, ConvexPolygon C1)
{
// Test edges of CO for separation. Because of the counterclockwise ordering,
// the projection interval for CO is [m, 0] where m <= 0. Only try to determine
// if C1 is on the 'positive' side of the Tine.
for (i0 = 0, i1 = CO.N - 1; i0 < CO.N; i1 = i0, i0++) {
D = Perp(C0.E(i1)); // CO.E(il) = CO.V(i0) - CO.V(il));
min = GetExtremeIndex(Cl, -D);
diff = C1.V(min) - C0.V(i0);
if (Dot (D, diff) > 0) {
// Cl is entirely on 'positive' side of Tine C0.V(i0) + t * D
return false;

// Test edges of Cl for separation. Because of the counterclockwise ordering,
// the projection interval for Cl is [m, 0] where m <= 0. Only try to determine
// if CO is on the 'positive' side of the Tine.
for (i0 = 0, i1 = CI.N - 1; i0 < CI1.N; il = i0, i0++) {
D = Perp(C1.E(i1)); // CL1.E(il1) = C1.V(i0) - C1.V(il));
min = GetExtremeIndex(CO, -D);
diff = C0.V(min) - C1.V(i0);
if (Dot(D,diff) > 0) {
// CO is entirely on 'positive' side of Tine C1.V(i0) + t * D
return false;

return true;

7.7.3 SEPARATION OF MOVING CONVEX POLYGONS

The method of separating axes extends to convex polygons moving with constant
velocity. The algorithm is attributed to Ron Levine in a post to the GD algorithms
mailing list (Levine 2000). If C, and C, are convex polygons with velocities w, and
W), it can be determined via projections if the polygons will intersect for some time
T > 0. If they do intersect, the first time of contact can be computed. It is enough to
work with a stationary polygon C, and a moving polygon C; with velocity w since we
can always use W = w; — W, to perform the calculations as if C, were not moving.
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If Cy and C; are initially intersecting, then the first time of contact is 7 = 0.
Otherwise the convex polygons are initially disjoint. The projection of C; onto a line
with direction d not perpendicular to w is itself moving. The speed of the projection
along the line is w = (w - c?) / |IJ ||2. If the projection interval of C; moves away from
the projection interval of Cy, then the two polygons will never intersect. The cases
when intersection might happen are those when the projection intervals for C; move
toward those of C,.

The intuition for how to predict an intersection is much like that for selecting the
potential separating directions in the first place. If the two convex polygons intersect
at a first time Tg,; > 0, then their projections are not separated along any line at that
time. An instant before first contact, the polygons are separated. Consequently there
must be at least one separating direction for the polygons at time 7g,.; — € for small
& > 0. Similarly, if the two convex polygons intersect at a last time 7}, > 0, then
their projections are also not separated at that time along any line, but an instant
after last contact, the polygons are separated. Consequently there must be at least one
separating direction for the polygons at time 7, + ¢ for small ¢ > 0. Both 7§, and
Tiast can be tracked as each potential separating axis is processed. After all directions
are processed, if Ty < Tj,s> then the two polygons do intersect with first contact
time Tg,. It is also possible that T, > T}, in which case the two polygons cannot
intersect.

Pseudocode for testing for intersection of two moving convex polygons is given
below. The time interval over which the event is of interest is [0, Tp,,J- If knowing
an intersection at any future time is desired, then set T,,,, = 0o. Otherwise, T, is
finite. The function is implemented to indicate there is no intersection on [0, Tpax >
even though there might be an intersection at some time 7 > T; ..

bool TestIntersection(ConvexPolygon CO, Point WO, ConvexPolygon Cl, Point W1,
float tmax, float& tfirst, float& tlast)

W =Wl - WO0; // process as if CO is stationary, Cl is moving
tfirst = 0; tlast = INFINITY;

// test edges of CO for separation
for (i0 = 0, i1l = CO.N - 1; i0 < CO.N; il = i0, i0++) {
D = Perp(C0O.E(i1)); // CO.E(il) = CO.V(i0) - CO.V(il));
ComputeInterval(CO, D, min0, max0);
ComputeInterval(Cl, D, minl, maxl);
speed = Dot(D, W);
if (NoIntersect(tmax, speed, min0, max0, minl, maxl, tfirst, tlast))
return false;

// test edges of Cl for separation
for (i0 = 0, il = C1.N - 1; i0 < C1.N; il = i0, i0++) {
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D = Perp(CL.E(i1)); // Cl.E(il) = CL.V(i0) - CL.V(il));

ComputeInterval(CO, D, min0, max0);

ComputeInterval(C1, D, minl, maxl);

speed = Dot(D, W);

if (NoIntersect(tmax, speed, min0, max0, minl, maxl, tfirst, tlast))
return false;

}

return true;

bool NoIntersect(float tmax, float speed, float min0, float max0,
float minl, float maxl, float& tfirst, float& tlast)

if (maxl < min0) {
// interval(Cl) initially on 'left' of interval(CO)
if (speed <= 0) return true; // intervals moving apart
t = (min0 - maxl) / speed; if (t > tfirst) tfirst = t;
if (tfirst > tmax) return true;
t = (max0 - minl) /speed; if (t < tlast) tlast = t;
if (tfirst > tlast) return true;
} else if (max0 < minl) {
// interval(Cl) initially on 'right' of interval(CO)
if (speed >= 0) return true; // intervals moving apart
t = (max0 - minl)/speed; if ( t > tfirst ) tfirst = t;
if (tfirst > tmax) return true;
t = (min0 - maxl)/speed; if ( t < tlast ) tlast = t;
if (tfirst > tlast) return true;
} else {
// interval(CO) and interval(Cl) overlap
if (speed > 0) {
t = (max0 - minl) / speed; if (t < tlast) tlast
if (tfirst > tlast) return true;
} else if (speed < 0) {
t = (min0 - maxl) / speed; if (t < tlast) tlast = t;
if (tfirst > tlast) return true;

n
+
we

}

return false;

The following example illustrates the ideas. The first box is the unit cube 0 <x <1
and 0 < y < 1 and is stationary. The second box is initially 0 <x <land 14§ <
y <246 for some § > 0. Let its velocity be (1, —1). Whether or not the second
box intersects the first box depends on the value of §. The only potential separating
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Figure 7.17
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(a) Edge-edge intersection predicted. (b) Vertex-vertex intersection predicted. (c) No
intersection predicted.

axes are (1, 0) and (0, 1). Figure 7.17 shows the initial configuration for three values
of §, one where there will be an edge-edge intersection, one where there will be a
vertex-vertex intersection, and one where there is no intersection. The black box is
stationary. The dashed box is moving. The black vector indicates the direction of
motion. The dotted boxes indicate where the moving box first touches the stationary
box. In Figure 7.17(c) the dotted line indicates that the moving box will miss the
stationary box. For d = (1,0), the pseudocode produces min0 = 0, max0 = 1, minl = 0,
max1 = 1, and speed = 1. The projected intervals are initially overlapping. Since the
speed is positive, T = (max0 - minl) /speed = 1 < TLast = INFINITY and TLast is updated
to 1. Ford = (0, 1), the pseudocode producesmin0 = 0,max0 = 1,minl = 1 + delta, maxl
= 2 + delta, and speed = -1. The moving projected interval is initially on the right of
the stationary projected interval. Since the speed is negative, T = (max0 - minl) /speed
= delta > TFirst = 0 and TFirst is updated to delta. The next block of code sets T
= (min0 - max1) /speed = 2 + delta. The value TLast is not updated since 2+ § < 1
cannot happen for § > 0. On exit from the loop over potential separating directions,
Tyt = 6 and Ty, = 1. The objects intersect if and only if Ty < Tj,, 01 6 < L.
This condition is consistent with Figure 7.17. Figure 7.17(a) has § < 1, and Figure
7.17(b) has § = 1; intersections occur in both cases. Figure 7.17(c) has § > 1, and no
intersection occurs.

7.7.4 INTERSECTION SET FOR STATIONARY CONVEX POLYGONS

The find-intersection query for two stationary convex polygons is a special example
of Boolean operations on polygons. Section 13.5 provides a general discussion for
computing Boolean operations. In particular there is a discussion on linear time
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computation for the intersection of convex polgons. That is, if the two polygons
have N and M vertices, the order of the intersection algorithm is O(N + M). A
less efficient algorithm, but one perhaps easier to understand, clips the edges of each
polygon against the other polygon. The order of this algorithm is O (N M). Of course
the asymptotic analysis applies to large N and M, so the latter algorithm is potentially
a good choice for triangles and rectangles.

7.7.5 CONTACT SET FOR MOVING CONVEX POLYGONS

Given two moving convex objects Cy and Cj, initially not intersecting and with
velocities 1, and w;, we showed earlier how to compute the first time of contact T, if
it exists. Assuming it does, the sets Cy + Two={X + Twy: X € Cy}and C; + Tw, =
{X + Tw,: X € C;}are just touching with no interpenetration. Figure 7.14 shows the
various configurations.

The TestIntersection function can be modified to keep track of which vertices
or edges are projected to the end points of the projection interval. At the first time of
contact, this information is used to determine how the two objects are oriented with
respect to each other. If the contact is vertex-edge or vertex-vertex, then the contact
set is a single point, a vertex. If the contact is edge-edge, the contact set is a line
segment that contains at least one vertex. Each end point of the projection interval
is either generated by a vertex or an edge. A two-character label is associated with
each polygon to indicate the projection type. The single-character labels are V for a
vertex projection and E for an edge projection. The four two-character labels are vV,
VE, EV, and EE. The first letter corresponds to the minimum of the interval, and the
second letter corresponds to the maximum of the interval. It is also necessary to store
the projection interval and the vertex or edge indices of the components that project
to the interval extremes. A convenient data structure is

Configuration

{
float min, max;
int index[2];
char type[2];

}s

where the projection interval is [min, max]. For example, if the projection type is EV,
index[0] is the index of the edge that projects to the minimum, and index[1] is the
index of the vertex that projects to the maximum.

Two configuration objects are declared, Cfg0 for polygon C and Cfg1 for polygon
C;.In the firstloop in TestIntersection, the projection of C onto the line containing
vertex V; and having direction perpendicular to Eh =V;, — Vi, produces a projection
type whose second index is E since the outer pointing edge normal is used. The first
index can be either V or E depending on the polygon. The pseudocode is
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void ProjectNormal(ConvexPolygon C, Point D, int edgeindex, Configuration Cfg)
{
Cfg.max = Dot(D, C.V(edgeindex)); // = Dot(D, C.V((edgeindex + 1) % C.N))
Cfg.index[1] = edgeindex;
Cfg.type[0] = 'V';
Cfg.type[l] = 'E';

Cfg.min = Cfg.max;
for (i =1, j = (edgeindex + 2) % C.N; i < C.N; i++, j = (j + 1) % C.N) {
value = Dot(D, C.V(j));
if (value < Cfg.min) {
Cfg.min = value;
Cfg.index[0] = j;
} else if (value == Cfg.min) {
// Found an edge parallel to initial projected edge. The
// remaining vertices can only project to values larger than
// the minimum. Keep the index of the first visited end point.
Cfg.type[0] = 'E';
return;
} else { // value > Cfg.min
// You have already found the minimum of projection, so when
// the dot product becomes larger than the minimum, you are
// walking back towards the initial edge. No point in
// wasting time to do this, just return since you now know
// the projection.
return;

The projection of C; onto an edge normal line of C;, can lead to any projection
type. The pseudocode is

void ProjectGeneral (ConvexPolygon C, Point D, Configuration Cfg)
{

Cfg.min = Cfg.max = Dot(D, C.V(0));

Cfg.index[0] = Cfg.index[1] = 0;

for (i = 1; i < C.N; i++) {
value = Dot (D, C.V(i));
if (value < Cfg.min) {
Cfg.min = value;
Cfg.index[0] = i;
} else if (value > Cfg.max) {
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Cfg.max = value;
Cfg.index[1] = i;

Cfg.type[0] = Cfg.type[l] = 'V';
for (i = 0; i <2; i++) {
if (Dot(D, C.E(Cfg.index[i] - 1)) == 0) {
Cfg.index[i] = Cfg.index[i] - 1;
Cfg.type[i] = 'E';
} else if (Dot(D, C.E(Cfg.index[i] + 1)) == 0) {
Cfg.type[i] = 'E';

The index arithmetic for the edges of C is performed modulo C.N so that the resulting
index is within range.

The NoIntersect function accepted as input the projection intervals for the two
polygons. Now those intervals are stored in the configuration objects, so NoIntersect
must be modified to reflect this. In the event that there will be an intersection between
the moving polygons, it is necessary that the configuration information be saved for
later use in determining the contact set. As a result, NoIntersect must keep track of
the configuration objects corresponding to the current first time of contact. Finally,
the contact set calculation will require knowledge of the order of the projection
intervals. NoIntersect will set a flag with value +1 if the intervals intersect at the
maximum of the C, interval and the minimum of the C; interval or with value —1 if
the intervals intersect at the minimum of the C interval and the maximum of the C,
interval. The modified pseudocode is

bool NoIntersect(float tmax, float speed, Configuration Cfg0,
Configuration Cfgl, Configuration& Curr0O, Configuration& Currl,
int& side, float& tfirst, float& tlast)

if (Cfgl.max < Cfg0.min) {
if (speed <= 0) return true;
t = (Cfg0.min - Cfgl.max) / speed;
if (t > tfirst) {
tfirst = t; side = -1; Curr0 = Cfg0; Currl = Cfgl;
}
if (tfirst > tmax return true;
t = (Cfg0.max - Cfgl.min) / speed; if (t < tlast) tlast = t;
if (tfirst > tlast) return true;
} else if (Cfg0.max < Cfgl.min) {
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if (speed >= 0) return true;

t = (Cfg0.max - Cfgl.min) / speed;

if (t > tfirst) {
tfirst = t; side = +1; Curr0 = Cfg0; Currl = Cfgl;

1

if (tfirst > tmax) return true;

t = (Cfg0.min - Cfgl.max) / speed; if (t < tlast) tlast = t;

if (tfirst > tlast) return true;

} else {

if (speed > 0) {
t = (Cfg0.max - Cfgl.min) / speed; if (t < tlast) tlast
if (tfirst > tlast) return true;

} else if (speed < 0) {
t = (Cfg0.min - Cfgl.max) / speed; if (t < tlast) tlast = t;
if (tfirst > tlast) return true;

n
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}

return false;

With the indicated modifications, TestIntersection has the equivalent formu-
lation:

bool TestIntersection(ConvexPolygon CO, Point WO, ConvexPolygon Cl, Point W1,
float tmax, float& tfirst, float& tlast)

W =Wl - WO; // process as if CO stationary and Cl moving
tfirst = 0; tlast = INFINITY;

// process edges of CO
for (i0 = 0, il = CO.N - 1; i0 < CO.N; i1 = i0, i0++) {
D = Perp(CO.E(il)); // = CO.V(i0) - CO.V(il));
ProjectNormal(CO, D, i1, Cfg0);
ProjectGeneral(C1, D, Cfgl);
speed = Dot(D, W);
if (NoIntersect(tmax, speed, Cfg0, Cfgl, Curr0, Currl, side, tfirst,
tlast))
return false;

// process edges of Cl

for (i0 = 0, il = C1.N - 1; i0 < C1.N; i1 = i0, i0++) {
D = Perp(Cl.E(il)); // = CL.V(i0) - Cl.V(il));
ProjectNormal(C1, D, i1, Cfgl);
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ProjectGeneral(CO, D, Cfg0);
speed = Dot (D, W);
if (NoIntersect(tmax, speed, Cfg0, Cfgl, Curr0, Currl, side, tfirst,
tlast))
return false;

return true;

The FindIntersection pseudocode has exactly the same implementation as Test-
Intersection, but with one additional block of code after the two loops that is reached
if there will be an intersection. When the polygons will intersect at time 7', they are
effectively moved with their respective velocities and the contact set is calculated.
Let Ul.(J ) = Vi(] ) T represent the polygon vertices after motion. In the case of
edge-edge contact, for the sake of argument suppose that the contact edges are ¢ (()0)
and e él). Figure 7.18 illustrates the configurations for two triangles: Because of the
counterclockwise ordering of the polygons, observe that the two edge directions are
parallel, but in opposite directions. The edge of the first polygon is parameterized as
Uéo) + se go) for s € [0, 1]. The edge of the second polygon has the same parametric
form, but with s € [s¢, 5;] where

= (0) (D ) = (0) (D )
€y '(U1 _U0> €y '(Uo _Uo)
So = and s, =

1€l 12 |léol]?

The overlap of the two edges occurs for 5 € I = [0, 1] N [s¢, 5;] # ¥. The correspond-
ing points in the contact set are V0<0) +Tw® 45 g)).

In the event the two polygons are initially overlapping, the contact set is more
expensive to construct. This set can be constructed by standard methods involving
Boolean operations on polygons.

The pseudocode is shown below. The intersection is a convex polygon and is
returned in the last two arguments of the function. If the intersection set is nonempty,
the return value of the function is true. The set must itself be convex. The number
of vertices in the set is stored in quantity, and the vertices in counterclockwise order
are stored in the array I[]. If the return value is false, the last two arguments of the
function are invalid and should not be used.

bool FindIntersection(ConvexPolygon CO, Point WO, ConvexPolygon Cl, Point W1,
float tmax, float& tfirst, float& tlast, int& quantity, Point I[])

W =Wl - WO0; // process as if CO stationary and Cl moving
tfirst = 0; tlast = INFINITY;
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Figure 7.18  Edge-edge contact for two moving triangles.

// process edges of CO
for (i0 = 0, il = CO.N - 1; i0 < CO.N; i1 = i0, i0++) {
D = Perp(CO.E(il)); // CO.E(i1l) = CO.V(i0) - CO.V(il));
ProjectNormal(CO, D, i1, Cfg0);
ProjectGeneral(Cl, D, Cfgl);
speed = Dot (D, W);
if (NoIntersect(tmax, speed, Cfg0, Cfgl, Curr0, Currl, side, tfirst,
tlast))
return false;

// process edges of Cl
for (i0 = 0, il = C1.N - 1; i0 < C1.N; i1 = i0, i0++) {
D = Perp(Cl.E(il)); // Cl.E(i1l) = Cl.v(i0) - Cl.V(il));
ProjectNormal(C1l, D, il, Cfgl);
ProjectGeneral(CO, D, Cfg0);
speed = Dot (D, W);
if (NoIntersect(tmax, speed, Cfg0, Cfgl, Curr0, Currl, side, tfirst,
tlast))
return false;
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// compute the contact set
GetIntersection(CO, WO, C1, W1, Curr0O, Currl, side, tfirst, quantity, I);
return true;

The intersection calculator pseudocode is shown below. Observe how the pro-
jection types are used to determine if the contact is vertex-vertex, edge-vertex, or
edge-edge

void GetIntersection(ConvexPolygon CO, Point WO, ConvexPolygon C1, Point W1,
Configuration Cfg0, Configuration Cfgl, int side, float tfirst,
int& quantity, Point I[])

if (side == 1) { // CO-max meets Cl-min

if (Cfg0.type[1] == 'V') {
// vertex-vertex or vertex-edge intersection
quantity = 1;
I[0] = CO.V(Cfg0.index[1]) + tfirst * WO;

} else if (Cfgl.type[0] == 'V') {
// vertex-vertex or edge-vertex intersection
quantity = 1;
I[0] = C1.v(Cfgl.index[0]) + tfirst * W1;

} else { // Cfg0.type[1] == 'E' && Cfgl.type[0] == 'E'
// edge-edge intersection

P = C0.V(Cfg0.index[1]) + tfirst * WO;
E = C0.E(Cfg0.index[1]);

U0 = C1.V(Cfgl.index[0]);

Ul = C1.V((Cfgl.index[0]+ 1) % C1.N);

sO = Dot(E, Ul - P) / Dot(E, E);
s1 = Dot(E,U0 - P) / Dot(E, E);
FindIntervallntersection(0, 1, sO, sl, quantity, interval);
for (i = 0; i < quantity; i++)
I[i] = P + interval[i] * E;
}
} else if (side == -1) { // Cl-max meets CO-min

if (Cfgl.type[1l] == 'V') {
// vertex-vertex or vertex-edge intersection
quantity = 1;
I[0] = C1.V(Cfgl.index[1]) + tfirst * Wl;

} else if (Cfg0.type[0] == 'V') {
// vertex-vertex or edge-vertex intersection
quantity = 1;
I[0] = C0.V(Cfg0.index[0]) + tfirst * WO;

} else { // Cfgl.type[1] == 'E' && Cfg0.type[0] == 'E'
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// edge-edge intersection

P = C1.V(Cfgl.index[1]) + tfirst * W1;
E = Cl1.E(Cfgl.index[1]);

U0 = C0.V(Cfg0.index[0]);

Ul = C0.V((Cfg0.index[0] + 1) % CO.N);
sO = Dot(E, Ul - P) / Dot(E, E);

sl = Dot(E, U0 - P) / Dot(E, E);

FindIntervalIntersection(0, 1, sO, sl, quantity, interval);
for (i = 0; i < quantity; i++)
I[i] = P + interval[i] * E;
}
} else { // polygons were initially intersecting
ConvexPolygon COMoved = CO + tfirst * WO;
ConvexPolygon ClMoved = C1 + tfirst * WI;
FindPolygonIntersection(COMoved, ClMoved, quantity, I);

The final case occurs when the two polygons were initially overlapping, so the first
time of contact is 7 = 0. FindPolygonIntersection is a general routine for computing
the intersection of two polygons.



CHAPTER

MISCELLANEOUS 2D
PROBLEMS

This chapter includes a variety of problems involving lines, circles, and triangles.
Most of these are commonly (or at least occasionally) encountered problems, while
others, although less commonly encountered, serve to show how various techniques
may be brought to bear on new problems.

81 CIRCLE THROUGH THREE POINTS

Suppose we have three points Pj, P, and P,. These three points define a unique
circle C : {C, r}, as shown in Figure 8.1. This problem is equivalent to finding the
circumscribed circle of the triangle formed by the three vertices, the solution to which
can be found in Section 13.10.

82 CIRCLE TANGENT TO THREE LINES

Suppose we have three lines £, £, and L,. If none of these lines are parallel, then
a unique circle C : {C, r} can be found that is tangent to all three lines, as shown in
Figure 8.2.

The intersections of the three lines form a triangle, and so this problem is equiva-
lent to finding what is known as the inscribed circle or incircle of a triangle. If we first
compute these intersections, our problem is then equivalent to finding the inscribed
circle of the triangle so formed, the solution to which can be found in Section 13.10.

285
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Figure 8.1  Circle through three points.

Figure 8.2 Circle tangent to three lines.
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Figure 8.3  Line tangent to a circle at a given point.

8.3 LINE TANGENT TO A CIRCLE AT A GIVEN POINT

Figure 8.3 shows the construction of a line through a given point on a circle and
tangent to it. Computation of the line in parametric form is trivial

L:{P,(P -0
or in coordinate terms
x=P,—t(P,—C,)
v=P,+1(P,—C,)
The implicit form is equally trivial to compute:
L:AP-C,—((P-C)-P)}

The pseudocode is

void LineTangentToCircleAtGivenPoint(Line2D line, Point2D c, Point2D p)
{

Vector2D v = p - c;

line.direction.x = -v.y;

line.direction.y = v.x;

line.origin = p;
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Figure 8.4 Line through point, tangent to a circle.

=) O A

Two solutions One solution No solution

Figure 8.5  In general, there are two tangents, but there may be one or none.

84 LINE TANGENT TO A CIRCLE THROUGH A GIVEN
POINT

Suppose we have a circle C, defined by its center C and radius r, and a point P, and
we wish to compute the lines £, and £, through P and tangent to C, as shown in
Figure 8.4. Note that for an arbitrary point P and circle C, there may be one, two, or
no tangents, as can be seen in Figure 8.5.

The key to the solution here is in noting that the direction vector of L, (£;) is
perpendicular to vectors U, (7;) between the center of C and point(s) Q, (Q;) on C.
Consider the angle 6 between v (either one) and u = P — C: using the definition of
the dot product, we know that
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u-v
cosf = I —
el o]
But we also know by trigonometry that
r
cos = —
l[uell
If we equate these, we get
vouo o
Il fal

If we note that || 0] = r, we can simplify this as follows:

w-v_r
Il fal
u-v_r
rllall lal
i-v=r?
We now have two equations
i-v=r?
9]l =r

where i and r are known and ¥ comprises two unknowns. In component form, we
have

UyVy + UV, =T
VUV + v yUy =

which we can solve for the two unknowns v, and v,:

2 rlu, uy \/ (r*u ) +r2uA4r2 u,? uy?
u32+u uxz+uy2
Uy =
ux
r2u, :I:\/ (rfu)+r2ut+r2ulu?
v

y =
MXZ + MyZ
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The two vectors 9 and U; can be obtained by computing both combinations of the
+/— and — /4 appearing in the equation above. The tangent lines are perpendicular
to Uy and v}, and so we have the two tangents:

Ly(t) =P +1tv}
Li(t)=P -1}
The pseudocode is

int TangentLineToCircleThroughPoint(
Point2D p,
float radius,
Point2D center,
Line solution[2])

int  numSoln;
float distanceCP;

distanceCP = dist2D(center,p);
Vector2D u, v0, vl;

if (distanceCP < radius) {
numSoln = 0;
} else if (distanceCP == radius) {
numSoln = 1;
u=p - center;
solution[0].setDir(-u.y, u.x);
solution[0].setPoint(p.x, p.y);
} else if (distanceCP > radius) {
numSoln = 2;
u=p - center;
float ux2 = u.x * u.x;
float ux4 = ux2 * ux2;
float uy2 = u.y * u.y;
float r2 = radius * radius;
float r4 = r2 * r2;
float num = r2 * uy2;
float denom = ux2 + uy2;
float rad = sqrt(-(rd4 * ux2) + r2 * ux4 + r2 * ux2 * uy2);

v0.x = (r2 - (num + u.y * rad)/denom)/u.x
v0.y = (r2 * u.y) + rad)/ denom;
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vl.x = (r2 - (num - u.y * rad)/denom)/u.x
vl.y = (r2 * u.y) - rad)/ denom;

solution[0].setDir(-v0.y, v.x);
solution[0].setPoint(p.x, p.y);

solution[1].setDir(vl.y, -v1.x)
solution[1].setPoint(p);

// Note: may wish to normalize 1ine directions
// before returning, depending on application

}

return numSoln;

85 LINES TANGENT TO TWO CIRCLES

Figure 8.6

Given two circles, we wish to find a line tangent to both circles, as shown in Figure 8.6.
The circles are defined by their respective centers and radii: {C, ry} and {C}, r1}. As
can be seen in Figure 8.7, in general there can be four, two, one, none, or an infinite
number of tangents. In our solution, we’ll assume that the two circles neither contain
nor intersect one another; this condition is satisfied if ||C; — Cy|| > ro + 1.

We'll solve for the lines in parametric form, £: X (#) = P + tc?, and assume that
ro > ry. A line intersecting the first circle satisfies

r2=11X(t) — Col* =1*+2(d - (P — C)t + | P — Col? (8.1)

Line tangent to two circles.
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Four tangents Two tangents

Lo

One tangent Zero tangents Infinite tangents

Figure 8.7 Depending on the relative sizes and positions of the circles, the number of tangents between
them will vary.

For the line to be tangent at the point of intersection, the line must also satisfy
0=d-(X(t)—Cy)=t+d-(P—Cp) (8.2)
If we solve for ¢ in Equation 8.2, and substitute it back into Equation 8.1, we get
ro =P —Coll* = @d- (P~ Cy))’ (8.3)
For the second circle, we can apply the same steps and get

rP=|P—C?— @ (P—Cp)* (8.4)
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The point P can be chosen on the line containing C,, and Cj, the centers of the
circle. Let P = (1 — s)C, + sC}, for some s, and let w = C; — C,. Then

P — CO = SJ)
P-C/=(—-Dw
If we substitute these back into Equations 8.3 and 8.4 we get

ro =s*(lwl* = d - )"

ri=(s — D*(|B|* — (d - ®)?

Sork/s*=ri/(s — D3 or
2 2\.2 2 2 _
(r1 — ro)s +2rjs —ry =0

If the two circles have the same radius (that is, ry = r}), then s = 1/2, and thus P is the
midpoint of the line segment between C,, and Cj, the centers of the circles. Moreover

d-0)? = B|* - 4r} =a*>0

and so d - W = a (of course, we could use —a as the root, but this just leads to a
direction vector with the opposite sign). If we let d= (dy, dy), then d - =ais the
equation for a line. The constraint ||c? > = 1 corresponds to a circle. The two together
represent the intersection of a line with a circle. Either solution will do.

Let W = (wy, wy). Then wydy + wid; = a and dé + d12 = 1. If Jwy| > |w,], then
dy = (a — wyd;)/wy and

(w(z) + wf)dl2 —2awd, + a* — w(z) =0
If |w;| > |wg|, then d; = (a — wydy) /w; and
(w(z) + wf)do2 — 2awydy + a® — wf =0

In either case, the two roots lead to two direction vectors for the tangent lines.

If ry > ry, the quadratic in s has two real-valued solutions. From the geometry,
one of the values must satisfy 0 < s < 1 and produces the two tangents that intersect
each other between the two circles (£, and L5 in the “Four tangents” case in Fig-
ure 8.7). The other root cannot be s = 0 (otherwise P would be at a circle center,
which is not possible).

For each root s, the same idea as in the case r; = r, works. The quadratic to solve
is

5 =2 -2 2 2
d-wy=|wl|"—ri/s,=a >0
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Also,
d-w)’ = o)’ =ri/ts = D*=a’>0

The first equation should be used when s> > (s — 1)?; otherwise, use the second one.
The same quadratics may be set up for d or d; (a has a different value, though) and
solved.

The pseudocode is

void GetDirections(
Vector2D w,
doubTe a,
Vector2D& dir0,
Vector2D& dirl)

doubTe aSqr = a * a;

doubTe wxSqr = w.x * w.x;

double wySqgr = w.y * w.y;

double c2 = wxSqr + wySqr, invc2 = 1.0 / c2;
double c0, cl, discr, invwx, invwy;

if (fabs(w.x) >= fabs(w.y)) {
c0 = aSqr - wxSqr;
cl =-2.0*a*w.y;

discr = sqrt(fabs(cl * c1 - 4.0 * cO * c2));
invwx = 1.0 / w.x;
dir0.y = -0.5 * (cl + discr) * invc2;
dir0.x = (a - w.y * dir0.y) * invwx;
dirl.y = -0.5 * (cl - discr) * invc2;
dirl.x = (a - w.y * dirl.y) * invwx;
} else {
c0 = aSqr -w ySqr;
cl =-2.0*a* w.x;

discr = sqrt(fabs(cl * c1 - 4.0 * cO * c2));
invwy = 1.0 / w.y;

dir0.x = -0.5 * (cl + discr) * invc2;

dir0.y = (a - w.x * dir0.x) * invwy;

dirl.x = -0.5 * (cl - discr) * invc2;

dirl.y = (a - w.x * dirl.x) * invwy;

int LinesTangentToTwoCircles(
Circle2D circle0,
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Circle2D circlel,
Line2D line[4])

Vector2D w = { circlel.center.x - circle0.center.x,
circlel.center.y - circleO.center.y };
doubTe wLenSqgr = w.x * w.x + w.y * w.y;
doubTe rSum = circle0.radius + circlel.radius;
if (wLenSqr <= rSum * rSum) {
return 0; // circles are either intersecting or nested

double epsilon = le-06;

double rDiff = circlel.radius - circle0.radius;

if (fabs(rDiff) >= epsilon) {
// solve (R1"2-R0"2)*s~2 + 2*R0™2*s - R0™2 = 0.
double ROsqr = circle0.radius * circle0.radius;
double Rlsqr = circlel.radius * circlel.radius;
double c0 = -ROsqr;
double cl = 2.0 * ROsqr;
double c2 = circlel.radius * circlel.radius - ROsqr, invc2 = 1.0 / c2;
double discr = sqrt(fabs(cl * cl - 4.0 * c0 * c2));
double s, oms, a;

// first root
s = -0.5 * (cl + discr) * invc2;
1ine[0].p.x = circle0.center.x + s * w.x;
1ine[0].p.y = circle0.center.y + s * w.y;
Tine[1].p.x = Tine[0].p.x;
Tine[1].p.y = Tine[0].p.y;
if (s >= 0.5) {

a = sqrt(fabs(wLenSqr - ROsqr / (s * s)));
} else {

oms = 1.0-s;

a = sqrt(fabs(wLenSqr - Rlsqr / (oms * oms)));
}

GetDirections(w, a, 1ine[0].direction, line[1].direction);

// second root

s = -0.5 * (cl - discr) * invc2;
line[2].p.x = circle0.center.x + s * w.x;
1ine[2].p.y = circle0.center.y + s * w.y;
Tine[3].p.x = Tine[2].p.x;

Tine[3].p.y = Tine[2].p.y;

if (s >= 0.5) {
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a = sqrt(fabs(wLenSqr - ROsqr / (s * s)));
} else {
oms = 1.0 - s;
a = sqrt(fabs(wLenSqr - Rlsqr / (oms * oms)));
1
GetDirections(w, a, line[2].direction, line[3].direction);
} else {
// circles effectively have same radius

// midpoint of circle centers

Point2 mid =

{
0.5 * (circle0.center.x + circlel.center.x),
0.5 * (circleO.center.y + circlel.center.y)

s

// tangent lines passing through midpoint

double a = sqrt(fabs(wLenSqr - 4.0 * circle0.radius * circle0.radius));
GetDirections(w, a, line[0].direction, Tine[1].direction);

Tine[0].p.x = mid.x;

1ine[0].p.y = mid.y;

Tine[1].p.x = mid.x;

Tine[1].p.y = mid.y;

// unitize w

double invwlen = 1.0 / sqrt(wLenSqr);
w.X *= invwlen;

w.y *= invwlen;

// tangent lines parallel to unitized w

// 1. D=w
// 2. a. P =mid + RO * perp(w), perp(a, b) = (b, -a)
// b. P = mid - RO * perp(w)

Tine[2].p.x = mid.x + circle0.radius * w.y;
Tine[2].p.y = mid.y - circleO.radius * w.x;
lTine[2].direction.x = w.x;
line[2].direction.y = w.y;
Tine[3].p.x = mid. circle0.radius * w.y;
Tine[3].p.y = mid.y + circle0.radius * w.x;

< X <K X <K X <
1

Tine[3].direction.x = w.x;
Tine[3].direction.y = w.y;
}
return 1;
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Figure 8.8  Circle through two points with a given radius.

NG

Figure 8.9  Both possible circles through two points with a given radius.

86 CIRCLE THROUGH Two POINTS
WITH A GIVEN RADIUS

Given two points P and Q, not coincident, we’d like to find a circle passing through
both points. Of course, there are actually an infinite number of such circles, so we
must specify a desired radius r, as shown in Figure 8.8. As usual, there is more
than one solution to this—there are actually two such possible circles, as shown in
Figure 8.9.

The insight for this problem is to note that the desired circle’s center is at the
intersection of two circles of radius r, centered at P and Q, respectively, as can be
seen in Figure 8.10. That is, we simply create two circles of radius r, centered at P
and Q, respectively, and compute their intersections—these intersections will be the
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Figure 8.10  Insight for computing circle of given radius through two points.

centers of two circles of radius r that pass through P and Q. The solution to the
problem of intersecting two circles can be found in Section 7.5.2.
The pseudocode is

CircleThrough2PointsGivenR(Point2D pl, Point2D p2, float radius,
Point2D centers[2])
{
// See Section 7.5.2
FindIntersection0f2DCircles(pl, p2, radius, radius, centers);

8.7 CIRCLE THROUGH A POINT AND TANGENT
TO A LINE WITH A GIVEN RADIUS

Suppose we have a line £ and a point P. The problem is to find a circle C with a
given radius r that is tangent to the line and passes through the point, as shown in
Figure 8.11. Of course, there are actually two (potential) such circles, as we can see in
Figure 8.12.

Other possible configurations are to have the point P lying on the line, or to have
P lying at a distance from L greater than 2r. In the first case, there are two solutions,
but they lie on either side of the line; in the second case, there are no solutions, as
seen in Figure 8.13.

The insight for this problem comes from the observation that the center C of C
must be at a distance r from L. Furthermore, aside from the case where P lies on L,
C must be on the same side of the line as P.



Figure 8.11

Figure 8.12
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Circle through a point and tangent to a line with a given radius.

~7

In general, there are two distinct circles through the given point.

If the line is given in implicit form £ : ax + by + ¢ =0, then the (signed) distance
from P to Lis

aC, +bCy+c¢
VAt

r

We also know that the circle must pass through P, and so that point must satisfy the
circle’s equation:

(Cy— P’ +(Cy— P’ =17

This gives us, generally speaking, two equations in two unknowns. It is certainly
possible to simply solve these two equations for {C,, C\}, but this yields
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Figure 8.13 If P lies on the line, the circles are mirrored across the line; if P is further from the
line than the diameter of the circle, there are no solutions.

1
C,=——a'r +ab*Ja? + b2P,

a(a2 + bz)%

—byar+ bz\/— <a2 (c+aP,+bP) (c —2v/a*+b*r +aP, + bP).))
—a? (x/a2 +b2c+b (— (br) +Va?+ bzPy)) (8.5)

— (b (c — JaZ + b +aPX)) +a’P, + \/— <a2 (c+aP,+bP) (c —2J/a> +b’r +aP, + be>)

Cy= e (8.6)

There are several ways to approach solving this (see Chasen 1978 and Bowyer and
Woodwark 1983). Following Bowyer and Woodwark (1983), we translate the entire
system so that P is at the origin; this of course doesn’t change the a and b coefficients
of £, but only the constant c:

c'=c+an+be

Then, we check the sign of ¢’. If it is negative, we multiply the equation through
(entirely) by —1 (we could have arbitrarily preferred a negative value for ¢ and com-
pensated in the subsequent equations). If £ is normalized, Equations 8.5 and 8.6
simplify to
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C,=—a(c —r)£bv—c?+2r
Cy=—b(c'—r) FaV —c? 42

The pseudocode is

int CircleThroughPointTangentTolLineGivenRadius (
Point2D point,
Line2D 1line,
float  radius,
Point2D center[2])

// Returns number of solutions

// Translate line so point is at origin
float cPrime = Tine.c + Tine.a * point.x + Tine.b * point.y;

// Check if point lies on, or nearly on, the line

if (Abs(cPrime) < epsilon) {
Vector2D tmp = { line.a, line.b };
center[0] = point + tmp * r;
center[1] = point - tmp * r;
return 2;

1

float a;

float b

float c;

if (cPrime < 0) {
// Reverse Tine

a = -line.a;

b = -Tine.b;

c = -line.c;
} else {

a = line.a;

b = Tine.b;

c = line.c;

float tmpl = cPrime - radius;
float tmp2 = r * r + tmpl * tmpl;
if (tmp2 < -epsilon) {
// No solutions - point further away from
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// Tline than radius.
return 0;

}

if (tmp2 < epsilon) {
// One solution only
center[0].x = point.x - a * tmpl;
center[0].y = point.y - b * tmpl;
return 1;

// Otherwise, two solutions

tmp2 = Sqrt(tmp2);

Point2D tmpPt = { point.x - a * tmpl, point.y - b * tmpl };
center[0] = { tmpPt + b * tmp2, tmpPt - a * tmp2 };
center[1] = { tmpPt - b * tmp2, tmpPt + a * tmp2 };

return 2;

8.8 CIRCLES TANGENT TO TwoO LINES
WITH A GIVEN RADIUS

Suppose we have two nonparallel lines £, and L. A circle C with a given radius r can
be constructed so that it is tangent to both lines, as shown in Figure 8.14. Of course,
there are actually four such circles, as shown in Figure 8.15.

Given the two lines £, and £, and the radius r, our problem is to find the circles’
centers Cy, C;, C,, and Cj;. The insight here begins with the observation that each of
C; is at a distance r from both £, and L. If C; is to be at a distance r from L, then
it must be somewhere on a line that is parallel to L, and is separated by a distance
r; if C; is to be at a distance r from £, then it must be somewhere on a line that is
parallel to L, and is separated by a distance r as well.

Thus, the circle center C; must be at the intersection of these two lines that are
parallel to, and at a distance r from, £ and L, respectively, as shown in Figure 8.16
for one of the four circles. All four possible tangential circles are constructed by
considering all pairs of intersections between the two lines parallel to £, and the two
lines parallel to £,.

If the two lines are defined implicitly

Lolaox+boy+C0:O

Litax+by+ce=0
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L

Figure 8.14  Circles tangent to two lines with a given radius.

L,

C
o)

Figure 8.15  In general, there are four circles of a given radius tangent to two lines.

then the two lines parallel to these, at a distance r from each, are

Ly:apx +byy +co+4/ai +bi=0
Litax +by+c £, al+bi=0
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Figure 8.16  Constructive approach for circle tangent to two lines.

If we solve for x and y, we’ll have the circles’ centers:

b, (coﬂ:,/ag—i—bér) — by (clzt,/af—i—b%r)

' —aiby + agb,
—a, (co +./ai + b} r) + ay (cl +./af +b? r>
T —ayby + agb,
The pseudocode is

void CircleTangentToLinesGivenR(Line2D 10, Line2D 11, float radius, Point2D center[4])
{

float discrm0 = sqrt(10.a * 10.a + 10.b * 10.b) * r;
float discrml = sqrt(1l.a * 11.a + 11.b * 11.b) * r;
float invDenom = 1.0 / (-11.a * 10.b + 10.a * 11.b);

-(11.b * (10.c + discrm0) - 10.b * (11.c

+

center[0].x discrml)) * invDenom;

center[0].y = -(11.a * (10.c + discrm0) - 10.a * (11.c + discrml)) * invDenom;
center[1].x = -(11.b * (10.c + discrm0) - 10.b * (11.c + discrml)) * invDenom;
center[1].y = -(11.a * (10.c - discrm0) - 10.a * (11.c - discrml)) * invDenom;
center[2].x = -(11.b * (10.c - discrm0) - 10.b * (11.c - discrml)) * invDenom;
center[2].y = -(11.a * (10.c - discrm0) - 10.a * (11.c - discrml)) * invDenom;
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-(11.b * (10.c - discrm0) - 10.b * (11.c - discrml)) * invDenom;
-(11.a * (10.c + discrm0) - 10.a * (11.c + discrml)) * invDenom;

center[3].x
center[3].y
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Given a circle C;, : {Cy, 1y} and a point P, the problem is to find a circle C, : {C}, r}},
with a given radius, that passes through the point and is tangent to the given circle
(see Figure 8.17). As is typical with problems involving tangents, there are, in general,
two solutions. If P is further from C than ry + 2r, or closer than ry — 2r, then no
solution is possible. Depending on the relative sizes of the circles, and the placement
of P, one of the circles may be contained within the other—and of course, there may
be four solutions, two solutions, or no solutions (see Figure 8.18). This particular
problem is interesting because it can be solved in (at least) two entirely different

ways—one more analytical and one more constructive.

The more analytical approach is based on the fact that we know the lengths of the
sides of the triangle (P, C, C) (see Figure 8.19). Clearly, if circle Cj, is tangent to C;,
then ||C; — Cy|| = ry + r;. The given point P is on the circle, and so || P — C|| = r;.

Finally, both P and C; are given. Note that this approach works even when
actually on circle Cy, in which case the triangle degenerates to a line.

P is

To reduce calls to the square root function, we can instead consider the squared
distances. To further simplify the equations, we can translate the system so that one of
the points is at the origin, then solve it, and translate the solution back; we arbitrarily
choose to translate P to the origin. This yields a system of two equations in two

unknowns {C ., Cy ,}

Figure 8.17  Circles through a point and tangent to a circle with a given radius.
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Figure 8.18 Depending on the relative positions and radii of the circle, there may be four, two, or no
solutions.

(—=Co + Cl,x)z + (_CO,y + Cl,y)z =(ro+ 71)2

(8.7)
Ci . +Ch =r’
whose solution (with the translation put back in) is
co—p4_ (re*Cox?) — 2rgriCo* + Co* + Ci*Co > F Co yk
x=
’ ) 2C0,x (CO,xz + CO,yz)
(8.8)
Cl)y _ Py n — (VOZCO)y) — ZrorICO)y =+ CO,XZCO,y + Co)y3 + k

2(Co* + Co,)?)
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Figure 8.19 Insight for solving problem.

k = \/ — (Cou® (—ro? + Co > + Co %) (—ro? — 4rgry — 4r2 + Co,* + Cy,?))

The pseudocode is

int CircleThroughPTangentToC(Point2D p, Circle2D cIn, float r1, Circle2D cOut[4]
{
float distanceCPS = Distance2D(p, cIn.center);
int numSoln;
if (distanceCP > cIn.radius + 2 * r1) {
numSoIn = 0;
} else if (distanceCP < cIn.radius - 2 * rl) {
numSoln = 0;
} else {
numSoln = 4;
float k = sqrt(-(cIn.x*2 * (-cIn.radius™2 + cIn.x"2 + cIn.y"2)) *
(-cIn.radius™2 - 4 * cIn.radius * r1 - 4 * r1°2 + cIn.x*2 + cIn.y"2));
float invDenom = 1.0 / (2 * (cIn.x * cIn.x + cIn.y