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CHAPTER CONNECTIONS

When an airline pilot charts a course, it's not
as simple as pointing the airplane in the right
direction. Wind currents must be taken into
consideration, and compensated for by
additional thrust or a change of heading to
equalize the force of the wind and keep the
plane flying in the desired direction. The
effect of these forces working together can be
modeled using a carefully drawn vector
diagram, and with the aid of trigonometry, a
pilot can easily determine any adjustments in
navigation needed. This application appears
as Exercise 85 in Section 7.3

Check out these other real-world connections:
» Tracking Large Game in a Wildlife Preserve
(Section 7.1, Exercise 50)
» Calculating Distances between Cities
Using Satellite Information
(Section 7.2, Exercise 37)
» Forces Required to Tow a Van out of a Ditch
(Section 7.3, Exercise 81)
» Measuring Forces Used by Contestents
in a Tough-Man Contest
(Section 7.4, Exercise 37)

711

Page 26 of 101



Algebra and Trigonometry, 2nd Edition, page: 785

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Coburn: Algebra and
Trigonometry, Second
Edition

7. Applications of
Trigonometry

© The McGraw-Hill
Companies, 2010

1.1: Oblique Triangles and
the Law of Sines

Oblique Triangles and the Law of Sines

Learning Objectives
In Section 7.1 you will learn how to:

[ A. Develop the law of
sines, and use it to
solve ASA and AAS
triangles

. Solve SSA triangles (the
ambiguous case) using
the law of sines

. Use the law of sines to
solve applications

WORTHY OF NOTE

As with right triangles,
solving an oblique triangle
involves determining the
lengths of all three sides and
the measures of all three
angles.

712

Many applications of trigonometry involve obligue Figure 7.1

triangles, or triangles that do not have a 90° angle. For
example, suppose a trolley carries passengers from
ground level up to a mountain chateau, as shown in
Figure 7.1. Assuming the cable could be held taut,
what is its approximate length? Can we also determine
the slant height of the mountain? To answer questions
like these, we'll develop techniques that enable us to
solve acute and obtuse triangles using fundamental
trigonometric relationships.

—2000 m——

A. The Law of Sines and Unique Solutions

Consider the oblique triangle ABC pictured in Figure 7.2

Figure 7.2. Since it is not a right triangle, it seems B

the trigonometric ratios studied earlier cannot be !

applied. But if we draw the altitude h (from }

vertex B), two right triangles are formed that share }
I
I

a common side. By applying the sine ratio to angles e h G
A and C, we can develop a relationship that will help :
us solve the triangle. !
: h ; A n s
For £ A we have sinA = Zor h = ¢sin A. For b

h
£Cwehavesin C = Lo h = asin C. Since both products are equal to A, the transitive

property gives ¢ sin A = a sin C, which leads to

esinA = asin C  sinceh =h
csinA  asinC
——— = ———dividebyac
ac ac
sinA  sinC .
= simplify
i = phity

Using the same triangle and the altitude drawn from C (Figure 7.3), we note a

h
similar relationship involving angles A and B: sinA = ,— or h = bsinA, and
7]

sinA  sinB
b
the altitude & actually falls outside the triangle, as shown in Figure 7.4. In this case,

consider that sin(180° — «) = sin & from the difference formula for sines (Exercise 55,

h
sinB = Eork = a sin B. As before, we can then write If £ Ais obtuse,

h
Section 6.3). In the figure we note sin(180° — a) = P sin e, yielding /i = ¢ sin o

Figure 7.4

Figure 7.3

7-2
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WORTHY OF NOTE

When working with triangles,
keeping these basic proper-
ties in mind will prevent
errors and assist in their
solution:

. The angles must sum to
180°.

. The combined length of
any two sides must exceed
the length of the third side.

. Longer sides will be
opposite larger angles.

. This sine of an angle

cannot be greater than 1.

Fory € (0, 1), the

equation y = sin # has two

solutions in (0°, 180°) that
are supplements.

M

w

&~

o
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1.1: Oblique Triangles and
the Law of Sines

Section 7.1 Oblique Triangles and the Law of Sines 713

and the preceding relationship can now be stated using any pair of angles and corre-
sponding sides. The result is called the law of sines, which is usually stated by combing
the three possible proportions.

The Law of Sines

For any triangle ABC, the ratio of the sine of an angle to the side opposite that angle
is constant:
sinB  sin C

As a proportional relationship, the law requires that we have three parts in order
to solve for the fourth. This suggests the following possibilities:

. two angles and an included side (ASA)

. two angles and a side opposite one of these angles (AAS)
. two sides and a angle opposite one of these sides (SSA)

. two sides and an included angle (SAS)

. three sides (SSS)

[ T S

Each of these possibilities is diagrammed in Figures 7.5 through 7.9.

Figure 7.5 Figure 7.6 Figure 7.7
A ASA A AAS A
Angle
SSA
Side
Angle Angle Angle Angle
B Side ¢ B Side 2 B Side ¢
Figure 7.8 Figure 7.9

Angle

SAS SSS
Side Side
Side
Side
Side

Since applying the law of sines requires we have a given side opposite a known
angle, it cannot be used in the case of SAS or SSS triangles. These require the law of
cosines, which we will develop in Section 7.2. In the case of ASA and AAS triangles,
a unique triangle is formed since the measure of the third angle is fixed by the two
angles given (they must sum to 180°) and the remaining sides must be of fixed length.

EXAMPLE 1 » Solving a Triangle Using the Law of Sines

Solve the triangle shown, and state your answer using a table.

This is not a right triangle, so the standard B
ratios cannot be used. Since /B and 110°
Z.C are given, we know /A = ¢

180° — (110° + 32°) = 38° With LA

and side a, we have 32

Solution »

39.0cm
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sinA  sinB
WORTHY OF NOTE Rk law of sines applied to 2 Aand 2 B
Although not a definitive . .
chacl, always ravigurthe TR, = M substitute given values
solution table to ensure 39 b .

the smallest side is opposite

; o — ; o
the smallest angle, the b sin 38 39sin 110 multiply by 396

ide i i 39 sin 110°
largest side is opposite the b= : divide by sin 36°
largest angle, and so on. If sin 38°
this is not the case, you -
should go back and check b=59.5 TeAlms
your work. : . . sinA  sinC .
Repeating this procedure using R shows side ¢ == 33.6 cm. In table

form we have

Angles  Sides (cm)
MA. You've just learned to A=38  a=390
develop the law of sines and

B=110° b=3595
use it to solve ASA and AAS .
triangles C = 32 c =336

Now try Exercises 7 through 24 »

Figure 7.10 B. Solving SSA Triangles—The Ambiguous Case

To understand the concept of unique and nonunique solutions regarding the law of
13 12 sines, consider an instructor who asks a large group of students to draw a triangle with
sides of 15 and 12 units, and a nonincluded 25° angle. Unavoidably, three different
solutions will be offered (see Figure 7.10). For the SSA case, there is some doubt as
to the number of solutions possible, or whether a solution even exists.

To further understand why, consider a triangle with side ¢ = 30 em, 24 = 30°,
and side a opposite the 30° angle (Figure 7.11—note the length of side b is yet to be
25° determined). From our work with 30-60-90 triangles, we know if @ = 15 cm, it is
exactly the length needed to form a right triangle (Figure 7.12).

258

15 Figure 7.11 Figure 7.12

solution

30°
A b=153 C

By varying the length of side a, we note three other possibilities. If side
a < 15 c¢m, no triangle is possible since a is too short to contact side b (Figure 7.13),
while if 15 cm < side a << 30 cm, two triangles are possible since side a will then
intersect side b at two points, C; and C, (Figure 7.14).

For future use, note that when two triangles are possible, angles C, and C; must
be supplements since an-isosceles triangle is formed. Finally, if side ¢ > 30 cm, it will

Figure 7.13 Figure 7.14

\
Two/ a =30 cm
i
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WORTHY OF NOTE

The case where three angles
are known (AAA) is not con-
sidered since we then have a
family of similar triangles,
with infinitely many solutions.

Figure 7.15
B

¢ =30cm a=35cm

30°
A b C

intersect side b only once, forming the obtuse triangle shown in Figure 7.15, where
we've assumed ¢ = 35 cm. Since the final solution is in doubt until we do further work,
the SSA case is called the ambiguous case of the law of sines.

M\ EXAMPLE 2 »

Solution »

Analyzing the Ambiguous Case of the Law of Sines

Given triangle ABC with £ZA = 45° and side ¢ = 1002 mm,
a. What length for side & will produce a right B
triangle where 2. C = 90°?
b. How many triangles can be formed if side

@ = 90 mm? ¢ = 1002 a="77mm
c. If side @ = 120 mm, how many triangles

can be formed? 45°
d. If side a = 145 mm, how many triangles 4 c

can be formed?

a. Recognizing the sides of a 45-45-90 triangle are in proportion according to
Lx:1x: V2, side a must be 100 mm for a right triangle to be formed.

b. If @ = 90 mm, it will be too short to contact side b and no triangle is possible.

¢, As shown in Figure 7.16, if ¢ = 120 mm, it will contact side & in two distinet
places and two triangles are possible.

d. If @« = 145 mm, it will contact side b only once, since it is longer than side ¢
and will “miss” side b as it pivots around 2 B (see Figure 7.17). One triangle is

possible.
Figure 7.16 Figure 7.17
B B
e = 10002 a= 145 mm
Misses
side b 745 G

A b

Now try Exercises 25 and 26 »

For a better understanding of the SSA (ambiguous) case, scaled drawings can ini-
tially be used along with a metric ruler and protractor. Begin with a horizontal line
segment of undetermined length to represent the third (unknown) side, and use the pro-
tractor to draw the given angle on either the left or right side of this segment (we chose
the left). Then use the metric ruler to draw an adjacent side of appropriate length,
choosing a scale that enables a complete diagram. For instance, if the given sides are
3 ft and 5 ft, use 3 ecm and 5 em instead (I cm = 1 ft). If the sides are 80 mi and
120 mi, use 8 cmand 12cm (1 em = 10 mi), and so on. Once the adjacent side is drawn,
start at the free endpoint and draw a vertical segment to represent the remaining side.
A careful sketch will often indicate whether none, one, or two triangles are possible (see
the Reinforcing Basic Concepts feature on page 751).
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7-6

EXAMPLE 3 » Solving the Ambiguous Case of the Law of Sines
Solve the triangle with side b = 100 ft, side ¢ = 60 ft, and 2 C = 28.0°.

Solution P Two sides and an angle opposite are given (SSA),
and we draw a diagram to help determine the
possibilities. Draw the horizontal segment of
some length and use a protractor to mark
£C = 28, Then draw a segment 10 cm long
(to represent b = 100 ft) as the adjacent side of 28°

b=10011

the angle, with a vertical segment 6 cm long from
the free end of b (to represent ¢ = 60 ft). It seems

apparent that side ¢ will intersect the horizontal side in two places (see figure), and

two triangles are possible. We apply the law of sines to solve the first triangle,
whose features we'll note with a subscript of 1.

sinB;, sinC
= law of sines
b il
sin B, sin 28°
= substitute
100 60
. s
sinB, = ;Sm 28°  solve for sin B

B, = 51.5° apply arcsing

WORTHY OF NOTE

In Example 3, we found /B,
using the property that states

Since £ B, + ZB, = 180°, we know £ B, = 128.5°. These values give 100.5° and
23.5% as the measures of £ A, and £ A, respectively. By once again applying the
law of sines to each triangle, we find side a; = 125.7 ft and @5 = 51.0 ft. See

the angles in a triangle must Figure 7.18.
sum to 180°. We could also
view B, as a Ql reference Angles Sides (ft) Angles Sides (ft)
angle, which alsc givesia A = 100.5° | ay = 125.7° Ay =235 | ay =510
Qll solution of |
(180 — 51.5)" = 128.5° B, = 51.5° b = 100 B, = 128.5° b = 100

C =28° ¢ =60 C =128 ¢ = 60

Figure 7.18
A First solution A, Second solution Ay
c=60ft b =100 ft

ay= 1257 ft B,

Now try Exercises 27 through 32 »

Admittedly, the scaled drawing approach has some drawbacks — it takes time to
draw the diagrams and is of little use if the situation is a close call. It does, however,
offer a deeper understanding of the subtleties involved in solving the SSA case. Instead
of a scaled drawing, we can use a simple sketch as a guide, while keeping in mind the
properties mentioned in the Worthy of Note on page 713.
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I]I]]I]M\ EXAMPLE 4 » Solving the Ambiguous Case of the Law of Sines
= Solve the triangle with side a = 220 ft, side b = 200 ft, and £A = 40°.

Solution P The information given is again SSA, and we apply the law of sines with this in mind.

sinA  sinB C
= law of sines
a b
sin40°  sin B b=20011 a=220ft
= substitute
220 200
. 200 sin 40° A 40°
sinB=———— solveforsinB a B
220 1
B, = 35.7° apply arcsine Y S—

This is the solution from Quadrant 1. The QII solution is about
(180 — 35.7)° = 144.3°. At this point our solution tables have this form:

Angles Sides (ft) Angles Sides (ft)
A =40° a =220 A = 40° a =220
By = 35.7° b =200 B, = 1443 b = 200
C = a= Cy= =

It seems reasonable to once again find the remaining angles and finish by
reapplying the law of sines, but observe that the sum of the two angles from the
second solution already exceeds 180°: 40° + 144.3° = 188.3°! This means no
second solution is possible (side « is too long). We find that C; = 104.3°, and
applying the law of sines gives a value of ¢; = 331.7 ft.

HB. You've just learned how
to solve SSA triangles (the
ambiguous case) using the
law of sines

Now try Exercises 33 through 44 »

C. Applications of the Law of Sines

As “ambiguous™ as it is, the ambiguous case has a number of applications in engi-
neering, astronomy, physics, and other areas. Here is an example from astronomy.

EXAMPLE 5 »

| 11110

Solving an Application of the Ambiguous Case—Planetary Distance

The planet Venus can be seen from Earth with the naked eye, but as the diagram
indicates, the position of Venus is uncertain (we are unable to tell if Venus is in the
near position or the far position). Given the Earth is 93 million miles from the Sun
and Venus is 67 million miles from the Sun, determine the closest and farthest
possible distances that separate the planets in this alignment. Assume a viewing
angle of # = 187 and that the orbits of both planets are roughly circular.

Solution » A close look at the information and diagram shows a SSA case. Begin by applying
the law of sines where £ — Earth, V— Venus, and § — Sun.
sin£  sinV G
= law of sines 7 -
e v ,” .
sin 18°  sin V . Lo . X
67 = 93 substitute given values V;:mus :- }
) 93 sin 18° LA a
sinV = T solve for sin ¥ &5 ‘ \"\_,,,,«"’
V= 254° apply arcsine Fagh . wt
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This is the angle V| formed when Venus is farthest away. The angle V, at the closer
distance is 180° — 25.4° = 154.6°. At this point, our solution tables have this form:

Angles Sides (10° mi) Angles Sides (10° mi)
E =18 [ e =67 E=18° | e =67
V), = 254° y=93 V, = 154.6° y =93

S = = Sar= &y =

For §; and §, we have §; = 180 — (18 + 25.4°) = 136.6° (larger angle) and

8, = 180 — (18 + 154.6°) = 7.4° (smaller angle). Re-applying the law of sines
for s, shows the farther distance between the planets is about 149 million miles.
Solving for s, shows that the closer distance is approximately 28 million miles.

Now try Exercises 47 and 48 »

M‘L EXAMPLE 6 » Solving an Application of the Ambiguous Case— Radar Detection
o As shown in Figure 7.19, a radar ship is 30.0 mi off shore when a large fleet of
ships leaves port at an angle of 43.0°.
a. If the maximum range of the ship’s radar is 20.0 mi,
will the departing fleet be detected?
b. If the maximum range of the ship’s radar is 25.0 mi,
how far from port is the fleet when it is first detected?

Figure 7.19

Solution »  a. This is again the SSA (ambiguous) case. Applying the ir
law of sines gives
sin43°  sin @ .

= law of sines g

20 30
~ 30sin 43°

sinfl = —_—— solve for sin &

20
sin @ = 1.02299754  result
No triangle is possible and the departing fleet will not be detected.

b. If the radar has a range of 25.0 mi, the radar beam will intersect the projected
course of the fleet in two places.

sin43°  sind
5 - 30 law of sines
i 30 sin 43°
sin = N solve for sin 0
= 549° apply arcsine

This is the acute angle § related to the farthest point from port at which the
fleet could be detected (see Figure 7.20). For the second triangle, we

have 180° — 54.9° = 125.1° (the obtuse angle) giving a measure of

180° — (125.1° + 43°) = 11.9° for angle «. For d as the side opposite «

Figure 7.20

: we have
sindd _sinlle”
.‘“ 25 d aw of sines
_ 25sin11.9° g
------ a = sin 43° Solve for
=76 simplify

This shows the fleet is first detected about 7.6 mi from port.

ﬁc. You've just learned how
to use the law of sines to Now try Exercises 49 and 50 »
solve applications

There are a number of additional, interesting applications in the exercise set
(see Exercises 51 through 70).

Page 33 of 101



Algebra and Trigonometry, 2nd Edition, page: 792

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Coburn: Algebra and
Trigonometry, Second
Edition

7. Applications of
Trigonometry

7-9

1.1: Oblique Triangles and
the Law of Sines

© The McGraw-Hill
Companies, 2010

Section 7.1 Oblique Triangles and the Law of Sines 719

 MePriexeRoises |

» CONCEPTS AND VOCABULARY

Fill in each blank with the appropriate word or phrase.
Carefully reread the section if needed.

1. For the law of sines, if two sides and an angle
opposite one side are given, this is referred to as
the — case, since the solution is in doubt
until further work.

2. Two inviolate properties of a triangle that can be
used to help solve the ambiguous case are: (a) the
angles must sum to and (b) no sine ratio
can exceed

3. For positive k, the equation sin § = k has two
solutions, one in Quadrant and the other
in Quadrant

» DEVELOPING YOUR SKILLS

Solve each of the following equations for the unknown
part (if possible). Round sides to the nearest hundredth
and degrees to the nearest tenth.

sin32°  sin 18.5° sin 52°  sin 30°
15  a b 12

sin 63° sin C sinB  sin 105°
219 186 “ 314 628
sin C _ sin 19° sin 38° B sin B
" 485 432 C 125 190

Solve each triangle using the law of sines. If the law of
sines cannot be used, state why. Draw and label a
triangle or label the triangle given before you begin.

13. sidea = 75 cm 14. side b = 385 m

JA—a8® /B = 47°

LB = 64° LA = 108°
15. side b = 10V/3 in.

A=

/B = 60°
16.

98"
T.2m
27°
17.
19 in.

4. After a triangle is solved, you should always check
to ensure that the side is opposite the
angle.

5. In your own words, explain why the AAS case
results in a unique solution while the SSA case
does not. Give supporting diagrams.

6. Explain why no triangle is possible in each case:
a. A =34° B = 73°,C = 52°,
a=14"b=22" ¢ =18
b. A=42°, B = §57°,C = 81°,
a=1"b=9",¢=22"

18.
89 yd
19. £A =45° 200 LA =204°
£B = 45° sidec = 12.9 mi
side ¢ = 15V2 mi LB = 634°
21. /B =1034° 22,
side ¢ = 42.7 km
ZC = 19.6°
126.2 mi
23.
0.8 cm
24.
27.5cm

Page 34 of 101



Algebra and Trigonometry, 2nd Edition, page: 793

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Coburn: Algebra and
Trigonometry, Second
Edition

7. Applications of
Trigonometry

720 CHAPTER 7 Applications of Trigonometry

Answer each question and justify your response using a
diagram, but do not solve.

25. Given AABC with £ A = 307 and side ¢ = 20 cm,
(a) what length for side ¢ will produce a right
triangle? (b) How many triangles can be formed if
side ¢ = 8 cm? (c) If side ¢« = 12 cm, how many
triangles can be formed? (d) If side @ = 25 cm,
how many triangles can be formed?

26. Given AABC with ZA = 60° and side ¢ = 63 m,
(a) what length for side a will produce a right
triangle? (b) How many triangles can be formed if
sidea = 8 m? (c) If side ¢ = 10 m, how many
triangles can be formed? (d) If side @ = 15 m, how
many triangles can be formed?

Solve using the law of sines and a scaled drawing. If two
triangles exist, solve both completely.

27, sidebh = 385m 28. sidea = 36.5yd
/B =67° LB =677
side a = 490 m side b = 129 yd

29, sidec = 258 mi 30. sidec = 10V3in.

ZA = 30° LA = 60°
sidea = 12.9 mi side @« = 15in.
31. sidec = 58 mi 32. side b = 24.9 km
£LC = 59° LB = 45°
side b = 67 mi side @ = 32.8 km

Use the law of sines to determine if no triangle, one
triangle, or two triangles can be formed from the
diagrams given (diagrams may not be to scale), then
solve. If two solutions exist, solve both completely. Note
the arrowhead marks the side of undetermined length.

Bk

382 em

> WORKING WITH FORMULAS
45, Triple angle formula for sine:
sin(38) = 3 sin 8 — 4 sin’0

Most students are familiar with the double angle
formula for sine: sin(26) = 2 sin # cos 6. The

1.1: Oblique Triangles and
the Law of Sines

© The McGraw-Hill
Companies, 2010

7-10
35. B
6.7 km
10.9 km ¢
a
38°
c
b
36. B
398 mm
: 465 mm
a
59°
b G
37. .
o
28 z \L- o
o
il /5-23,
2.
62°
b C
38. o
.8
& x Ipis,
(e a
>
SA
h‘?
51°
Al b

For Exercises 39 to 44, assume the law of sines is being

applied to solve a triangle. Solve for the unknown angle
(if possible), then determine if a second angle

(0° < 8 < 180°) exists that also satisfies the proportion.

39 sin A _ sin 48° 40 sin 60° _ sin B
2 7 32 9
sin 57° sin C sin B sin 65°
=56 = w02 2 = 4
43 sin A _ sin 15° a sin 29° _ sin B
TR0 52 ST T 5]

triple angle formula for sine is given here.
Use the formula to find an exact value for
sin 135°, then verify the result using a
reference angle.
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46. Radius of a circumscribed circle: R = -
2sinB

Given AABC is circumscribed by a circle of radius
R, the radius of the circle can be found using the
formula shown, where side b is opposite angle B.
Find the radius of the circle shown.

» APPLICATIONS

47. Planetary distances: In a solar system that
parallels our own, the planet Sorus can be seen
Exercise 47

from a Class M planet
with the naked eye, but
as the diagram
indicates, the position
of Sorus is uncertain.
Assume the orbits of
both planets are
roughly circular and
that the viewing angle 6 Clasé M

is about 20°. If the = T
Class M planet is 82 million miles from its sun and
Sorus is 51 million miles from this sun, determine
the closest and farthest possible distances that
separate the planets in this alignment.

48. Planetary distances: In a solar system that
parallels our own, the planet Cirrus can be seen
from a Class M planet Exerclse 48
with the naked eye, but
as the diagram
indicates, the position
of Cirrus is uncertain. | /
Assume the orbitsof | !
both planets are e
roughly circular and
that the viewing angle 5 ¢
6 is about 15°. If the | S
Class M planet is 105 million mlles fmm its sun
and Cirrus is 70 million miles from this sun,
determine the closest and farthest possible
distances that separate the planets in this
alignment.

49. Radar detection: A radar ship is 15.0 mi off shore
from a major port when a large fleet of ships leaves
the port at the 35.0° angle
shown. (a) If the
maximum range of the
ship’s radar is 8.0 mi, will Radar
the departing fleet be J 8mi
detected? (b) If the |
maximum range of the i
ship’s radar is 12 mi, how
far from port is the fleet
when it is first detected?

Radar 151"11";' Port
“._ ship i

Section 7.1 Oblique Triangles and the Law of Sines 721

50. Motion detection: To notify environmentalists of
the presence of big game, motion detectors are
installed 200 yd from a Exercise 50
watering hole. A pride of
lions has just visited the i
hole and is leaving the Hange
area at the 29.0° angle
shown. (a) If the ] i
maximum range of the i Mot
motion detector is 90 yd, d?ecmr
will the pride be detected? i
(b) If the maximum range of the motion detector is
120 yd, how far from the watering hole is the pride
when first detected?

9.
200 yH ‘Water

Exercise 51
51. Distance between R
cities: The cities of
Van Gogh, 80 km 55 km

Rembrandt, Pissarro,

and Seurat are

situated as shown in S P
the diagram. Assume that triangle RSP is isosceles
and use the law of sines to find the distance
between Van Gogh and Seurat, and between Van
Gogh and Pissarro.

52. Distance between Exercise 52
cities: The cities of M v 2]
Mozart, Rossini,
Offenbach, and Verdi
are situated as shown
in the diagram. Assume
that triangle ROV is
isosceles and use the
law of sines to find the distance between Mozart
and Verdi, and between Mozart and Offenbach.

100 km 75 km

R

53. Distance to target: To
practice for a competition,
an archer stands as shown
in the diagram and
attempts to hit a
moving target.

(a) If the archer has
a maximum effective
range of about 180 ft,

can the target be = —
hit? — G ——

Exercise 53

Archer

2406 ft
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(b) What is the shortest range the archer can have
and still hit the target? (c) If the archer’s range is
215 ft and the target is moving at 10 ft/sec, how
many seconds is the target within range?

54. Distance to target: As part of an All-Star
competition, a quarterback stands as shown in the
diagram and attempts Q
to hit a moving target \
A bl <
the quarterback has a
maximum effective
range of about 33 yd, 50 yd
can the target be hit?
(b) What is the
shortest range the
quarterback can have
and still hit the target? —
(e) If the quarterback’s range is 45 yd and the
target is moving at 5 yd/sec, how many seconds is
the target within range?

Quarterback

In Exercises 55 and 56, three rods are attached via pivot
joints so the rods can be manipulated to form a triangle.
How many triangles can be formed if angle B must
measure 26°? If one triangle, solve it. If two, solve both.
Diagrams are not drawn to scale.

55, P c

¢ ﬂ
> 7 &
A:% = %, %,
56. c

~
“%

2,
“

In the diagrams given, the measure of angle C and the
length of sides a and ¢ are fixed. Side ¢ can be rotated
at pivot point B. Solve any triangles that can be
formed. (Hint: Begin by using the grid to find lengths
a and c, then find angle C.)

57,

58.

the Law of Sines

Companies, 2010

1-12

Length of a rafter: Determine the length of both roof
rafters in the diagrams given.

31

60. B

Rafter a

t 50 fi ¢

61. Map distance: A cartographer is using aerial
photographs to prepare a map for publication. The
distance from
Sexton to Rhymes
is known to be
27.2 km. Using a
protractor, the map
maker measures
an angle of 96°
from Sexton to
Tarryson (a newly
developed area)
and an angle of
58° from Rhymes
to Tarryson.
Compute each
unknown distance.

62. Height of a fortress: An ancient fortress is built on
a steep hillside, with the base of the fortress walls
making a 102° angle with the hill. At the moment
the fortress casts a 112-ft shadow, the angle of
elevation from the tip of the shadow to the top of
the wall is 32°. What is the distance from the base
of the fortress to the top of the tower?

Exercise 62
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63. Distance to a fire: In

65.

66.

. Widthof a

7. Applications of

Yellowstone Park, a fire is
spotted by park rangers
stationed in two towers that
are known to be 5 mi apart.
Using the line between
them as a baseline, tower A
reports the fire is at an
angle of 39°, while tower B reports an angle of 58°.
How far is the fire from the closer tower?

Exercise 64
canyon: To find
the distance across
Waimea Canyon
(on the island of
Kauai), a surveyor
marks a 1000-m
baseline along the
southern rim.

sights on a large
rock formation on
the north rim, and
finds the angles indicated. How wide is the canyon
from point B to point C?

Height of a blimp:
When the Good-
Year Blimp is
viewed from the
field-level bleachers
near the southern
end-zone of a
football stadium, the
angle of elevation is
62°. From the field-
level bleachers near
the northern end-
zone, the angle of elevation is 70°. Find the height of
the blimp if the distance from the southern bleachers
to the northern bleachers is 145 yd.

Exercise 65

Height of a blimp: The rock-n-roll group Pink
Floyd just finished their most recent tour and has
moored their touring blimp at a hangar near the
airport in Indianapolis, Indiana. From an unknown
distance away, the angle of elevation is measured at
26.5° After moving 110 yd closer, the angle of

» EXTENDING THE CONCEPT

71.

Solve the triangle shown in three ways—first by
using the law of sines, second using right triangle
trigonometry, and third using the standard 30-60-90
triangle. Was one method “easier” than the others?
Use these connections to express the irrational
number /3 as a quotient of two trigonometric

1.1: Oblique Triangles and

Section 7.1 Oblique Triangles and the Law of Sines

67.

68.

69.

70.

© The McGraw-Hill
Companies, 2010
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elevation has become 48.3°. At what height is the
blimp moored?

Exercises 67 and 68

Circumscribed
triangles: A triangle is
circumscribed within
the upper semicircle
drawn in the figure. Use
the law of sines to solve
the triangle given the
measures shown. What
is the diameter of the
circle? What do you notice about the triangle?

Circumscribed triangles: A triangle is
circumscribed within the lower semicircle shown.
Use the law of sines to solve the triangle given the
measures shown. How long is the longer chord?
‘What do you notice about the triangle?

Height of a mountain: Exercise 69
Approaching from the =
west, a group of ’,‘/
hikers notes the angle i

of elevation to the
summit of a steep
mountain is 35% ata
distance of 1250
meters. Arriving at the base of the mountain, they
estimate this side of the mountain has an average
slope of 48°. (a) Find the slant height of the
mountain’s west side. (b) Find the slant height of
the east side of the mountain, if the east side has an
average slope of 65°. (¢) How tall is the mountain?

1250 m

Distance on a map: Coffeyville and Liberal,
Kansas, lie along the state’s southern border and
are roughly 298 miles apart. Olathe, Kansas, is
very near the Exercise 70

state’s eastern
border at an

KANSAS Olathe
angle of 23° e
with Liberal - e ,,'
and 72° with _ o J
Coffeyville Liberal _-753.  Coffeyville/750
(using the 298 mi

southern border as one side of the angle).

(a) Compute the distance between these cities.
(b) What is the shortest (straight line) distance
from Olathe to the southern border of Kansas?

functions of an
angle. Can you
find a similar
expression

for V27

10.2 cm

30°

Page 38 of 101



Algebra and Trigonometry, 2nd Edition, page: 797

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

724

72,

73.

Coburn: Algebra and 7. Applications of

Trigonometry, Second Trigonometry
Edition

CHAPTER 7 Applications of Trigonometry
Use the law of sines and B

any needed identities to
solve the triangles shown. 20m

Similar to the law of
sines, there is a law of
tangents. The law says for
any triangle

e lan[%{A + B)]

a
ABC,

e lan[;(A = .B)].

Use the law of tangents to solve the triangle shown.

B

45 cm

A &)

> MAINTAINING YOUR SKILLS

76.

TT

(6.7) Find all solutions to the equation
2 sin x = cos(2x)

(6.2) Prove the given identity:
tan’x — sin’x = tan’x sin’x

1.1: Oblique Triangles and
the Law of Sines

74.

P

78.

75

© The McGraw-Hill
Companies, 2010
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Lines L, and L, shown Exercise 74
are parallel. The three —-1y
triangles between e 7
these lines all share i
the same base (in S o L

bold). Explain why all
three triangles must have the same area.

A UFO is sighted on a direct line between the towns
of Batesville and Cave City, sitting stationary in the
sky. The towns are 13 mi apart as the crow flies. A
student in Batesville calls a friend in Cave City and
both take measurements of the angle of elevation: 35%
from Batesville and 42° from Cave City. Suddenly
the UFO zips across the sky at a level altitude
heading directly for Cave City, then stops and hovers
long enough for an additional measurement from
Batesville: 24°. If the UFO was in motion for 1.2 sec,
at what average speed (in mph) did it travel?

(3.3) Write an equation for the real polynomial
with smallest degree, possible, having the solutions
x=2.x='=land x="1F 2i.

(2.3) Given the points (—5, —3) and (4, 2), find

(a) the equation of the line containing these points
and (b) the distance between these points.
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The Law of Cosines; the Area of a Triangle

Learning Objectives The distance formula d = V(x, — 11)2 + (y2 — y,)2 is traditionally developed by
In Section 7.2 you will learn how to: placing two arbitrary points on a rectangular coordinate system and using the

Pythagorean theorem. The relationship known as the law of cosines is developed in
; much the same way, but this time by using three arbitrary points (the vertices of a
when two sides and an A i i o i i
X triangle). After giving the location of one vertex in trigonometric form, we obtain a
included angle are A 3 :
formula that enables us to solve SSS and SAS triangles, which cannot be solved using
known (SAS) 5 £
the law of sines alone.

[ A. Apply the law of cosines

[ B. Apply the law of cosines
when three sides are
known (SSS) A. The Law of Cosines and SAS Triangles

[ C. Solve applications using

: In situations where all three sides are known (but no angles), the law of sines cannot
the law of cosines

) ) be applied. The same is true when two sides and the angle between them are known,
[ D. Use trigonometry to find  gince we must have an angle opposite one of the sides. In these two cases (Figure 7.21),

the area of a triangle side-side-side (S88) and side-angle-side (SAS), we use the law of cosines.
Figure 7.21
Law of Sines cannot be applied.
B B
c=T71t a=16ft c=TH a=16f
A b= 181t o) A b C
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WORTHY OF NOTE .TG solye lthese cases, it’s evident we need Figure 7.22
additional insight on the unknown angles. Con-

Keep in mind that the sum of

\ ; sider a general triangle ABC on the rectangular ¥ (beos 0, bsind) o €
any two sides of a triangle

must be groater than the coordinate system conveniently placed with
remaining side. For example, vertex A at the origin, side c along the x-axis, and
P 2'0 G = 12‘ the vertex € at some point (x, ¥) in QI (Figure

Ml

i i ; : A
no triangle is possible (see 722} N _x .. _
.22). Note cos # = — giving x = b cos f, and Bx—¢, x
the figure). ) b EIVIng X 00 : —
i x
T i e sin§ = ’Eur ¥ = b sin 6. This means we can
write the point (x, y) as (b cos 8, b sin #) as shown, and use the Pythagorean theorem
20 cm with side x — ¢ to find the length of side « of the exterior, right triangle. It follows that
at = (.r T c)z + _\'2 Pythagorean theorem
= (bcosH — (.')2 + (b sin H)z substitute b cos ¢ for x and bsin 0 for y
= h2cos2H — 2bc cos O + ¢ + bisin?0 square binomial, square term
= B%cos’0 + bsin®f + ¢ — 2bccos O rearrange terms
= b*(cos®d + sin®f) + ¢* — 2bccos @ factor oul b*
=5+ ¢* — 2becos B substitute 1 for cos® + sin®

‘We now have a formula relating all three sides and an included angle. Since the
naming of the angles is purely arbitrary, the formula can be used in any of the three
forms shown. For the derivation of the formula where £B is acute, see Exercise 61.

The Law of Cosines
For any triangle ABC and corresponding sides a, b, and ¢,
a = b + ¢ — 2bccos A
b= a® + ¢ — 2accos B
gz = a* + b* — 2ab cos ¢
Note the relationship between the indicated angle and the squared term.

In words, the law of cosines says that the square of any side is equal to the sums
of the squares of the other two sides, minus twice their product times the cosine of the
included angle. It is interesting to note that if the included angle is 90°, the formula
reduces to the Pythagorean theorem since cos 90° = (.

..
M\H EXAMPLE 1 » \Verifying the Law of Cosines

For the triangle shown, verify:
a. c =a + b — 2abcos €
b. > = & + ¢* — 2accos B

Solution » Note the included angle C is a right angle.
a & =da"+ b - 2abcosC 4 b= 1043
207 = 10 + (10V3)* — 2(10V3)(10)cos 90°
400 = 100 + 300 — 0
400¢
b. » =& + ¢* — 2accos B
(10V3)? = 107 + 20* — 2(10)(20)cos 60°

300 = 100 + 400 — 400(%)

= 500 — 200
= 300+

Now try Exercises 7 through 14 »
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b? + ¢ — 2bc cos A. Be sure to

with the squared terms (the terms shown in blue): a°

used to complete the solution.

» Soiving a Triangie Using the Law of Cosines—SAS

Solve the triangle shown. Write the solution in ,B\
table form. o= M)Vys' Wﬂ fl
Solution P The given information is SAS. Apply the law of y .
Tt . . gt —
cosines with respect to side b and £B: A b c
WORTHY OF NOTE b:=a*+ ¢® — 2accos B law of cosines with respect to b
After using the law of b= (]6)2 + ('n')2 = 2(16)(7)cos 95°  substitute known values
cosines, we often use the law ~ 324.522886 simplify
of sines to compieie a s
solution. With a little b= 18.0 V/324.522886 ~ 13.0

foresight, we can avoid the
ambiguous case—since the
ambiguous case occurs only
if # could be obtuse (the
largest angle of the triangle). sinC  sin B
After calculating the third = o w

We now have side b opposite £ B, and complete the solution using the law of sines,
selecting the smaller angle to avoid the ambiguous case (we could apply the law of
cosines again, if we chose).

law of sines applied to /. C and 28

side of a SAS triangle using y s _b
the law of cosines, use the sin C _ sin 95° .
5 X = substitute given values
law of sines to find the 7. 18
smallest angle, since it sin 95°
cannot be obtuse. For SSS sinC=7- solve for sin €
triangles, using the law of 18
cosines to find the largest .y 7 sin 95° .
angle will ensure that when C = sin 18 apply sin Angles | Sides (ft)
the second angle is found o |
using the law of sines, it ~22.8 result A= 622° a =160
cannot be obtuse. For the remaining angle, 2.C: 180° — (95° + 22.8°) = 62.2°. | B = 95.0° b =~ 18.0
The finished solution is shown in the table (given C~28c=170

& A. You've just learned how information is in bold).
to apply the law of cosines
when two sides and an
included angle are

known (SAS) B. The Law of Cosines and SSS Triangles

When three sides of a triangle are given, we use the law of cosines to find any one of
the three angles. As a good practice, we first find the largesr angle, or the angle oppo-
site the largest side. This will ensure that the remaining two angles are acute, avoid-
ing the ambiguous case if the law of sines is used to complete the solution.

Now try Exercises 15 through 26 >

m EXAMPLE 3 » Solving a Triangle Using the Law of Cosines—SSS

Solve the triangle shown. Write the solution in
table form, with angles rounded to tenths of a
degree.

A c=28m B
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Solution P The information is given as SSS. Since side ¢ is the longest side, we apply the law
of cosines with respect to side ¢ and £C:

F=d + b — 2abcos C law of cosines with respect to ¢
28% = (15)% + (25)2 — 2(15)(25)cos C  substitute known values
784 = 850 — 750 cos C simplify
—66 = =750 cos C isolate variable term
0.088 = cos C divide
cos '0.088 = C solve for €
85.0 = C result

We now have side ¢ opposite 2 C and finish up using the law of sines.

sinA sin C
= law of sines applied to ~Aand 2C

a c
sinA _ sin 85° — 1
5 2% substitute given values
sin 85°
sind = 15- qu solve for sin A
= ().5336757311 simplify
A = sin”'0.5336757311 solve for A
= 32.3° result Angles  Sides (m)
MB. You've just learned how  Since the remaining angle must be acute, we compute ~ 323 a=15
to apply the law of cosines it directly. # B: 180° — (85° + 32.3°) = 62.7°. The B=627" bh=35
when three sides are known finished solution is shown in the table, with the ~ a I
(SSS) information originally given shown in bold. £l 2] g=128

Now try Exercises 27 through 34 »

C. Applications Using the Law of Cosines

As with the law of sines, the law of cosines has a large number of applications from
very diverse fields including geometry, navigation, surveying, and astronomy, as well
as being put to use in solving recreational exercises (see Exercises 37 through 40).

m EXAMPLE 4 » Solving an Application of the Law of
— Cosines—Geological Surveys

A volcanologist needs to measure the distance
across the base of an active volcano. Distance AB
is measured at 1.5 km, while distance AC is

3.2 km. Using a theodolite (a sighting instrument
used by surveyors), angle BAC is found to be
95.7°. What is the distance across the base?

Solution » The information is given as SAS. To find the Lake 3.2km
distance BC across the base of the volcano,
we apply the law of cosines with respect to ZA. A
a* =B+ > — 2bccos A law of cosines with respect to a
= (1.5)% + (3.2)> — 2(1.5)(3.2)cos 95.7°  substitute known values
= 13.44347 simplify
Mc. You've just learned how a=37 solve for a

to solve applications using

the law of cosines The voleano is approximately 3.7 km wide at its base.

Now try Exercises 41 through 52 »
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A variety of additional applications can be found in the exercise set (see Exercises
45 through 52).

D. Trigonometry and the Area of a Triangle

While you're likely familiar with the most common formula for a triangle’s area,

= 1bh, there are actually over 20 formulas for computing this area. Many involve
basic trigonometric ideas, and we’ll use some of these ideas to develop three additional
formulas here.

For A = bk, recall that b represents the Figure 7.23

length of a designated base, and /2 represents the
length of the altitude drawn to that base (see
Figure 7.23). If the height & is unknown, but
sides @ and b with angle C between them are

h
known, k can be found using sin C = o giving

n___=__ g

h = asin C. Figure 7.24 indicates the same c b A
result is obtained if C is obtuse, since

sin(180° — C) = sin C. Substituting Figure 7.24

for in the formula A = 35 gives

A=3 ,or A = Sab sin C in more
common form. Since naming the angles in a
triangle is arbitrary, the formulas A = } be sin A
and A = Jac sin B can likewise be obtained.

Area Given Two Sides and an Included Angle (SAS)

1 1 1
1.A=EabsinC Z.A:EbcsinA S.A:EacsinB

In words, the formulas say the area of a triangle is equal to one-half the product
of two sides times the sine of the angle between them.

EXAMPLE 5 »

Solution »

Finding the Area of a Nonright Triangle
Find the area of AABC, ifa = 16.2 ¢cm, A
b = 256cm, and C = 28.3°.

Since sides a and b and angle C are given, we apply 25.6 cm
the first formula.

A

1 .
Eub sin C' areaformula ¢ TR

1
5(16‘2)(25.6) sin 28.3%  substitute 15.2 for a, 25.6 for b, and 28.3 for C

=~ 98.3 cm? result

The area of this triangle is approximately 98.3 cm®.

Now try Exercises 53 and 54 »
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Likewise, solving forain A = ;uc sin B yields a = . Substituting these for b

and inA = %ab sin C gives

24
for a,
‘esinA

g s 2.
+sin C substitute 7

A
= for b; multiply by 2
Smﬁ . Dy y

sin A sin B
-~ = —~ i solve for A
ZsinC

As with the previous formula, versions relying on side a or side b can also be
found.

Area Given Two Angles and Any Side (AAS/ASA)

e - b S - 2 5
¢ -sinA-sin B a -sinB:sin C b~ -sinA-sin C
L 2sin C A= 2sin A A= 2sin B

II . EXAMPLEG »

Solution »

Finding the Area of a Nonright Triangle
Find the area of AABC ifa = 34.5 ft, B = 87.9°, A
and C = 29.3°.

Since side « is given, we apply the second version of
the formula. First we find the measure of angle A, then
make the appropriate substitutions: 29.3° 87.9°
o o o 3451t B
A = 180° — (87.9 + 20.3)° = 62.8
A= a%sin B sin C formul .
2 sind area formula—side a
_ (34.5)%sin 87.9° sin 29.3°
- 2 sin 62.8°
~ 3272 simplify

34.5 for a,87.9° for B, 29.3° for C, and 62.8° for A

The area of this triangle is approximately 327.2 ft>,

Now try Exercises 55 and 56 »

Our final formula for a triangle’s area is a useful addition to the other two, as it
requires only the lengths of the three sides. The development of the formula requires
only a Pythagorean identity and solving for the angle C in the law of cosines, as
follows.

2
a + b* = 2abcos C = ¢* law of cosines

a + b® — ¢ = 2abcos C  add 2ab cos C, sublract ¢?
a+ b=

=cos C divide by 2ab
2ab

@
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Beginning with our first area formula, we then have

1 2
A= o ab sin C previous area formula
1 2 2 2 / 2
ab V1 — cos™C sin°C + cos’C = 1 —sin € = V1 — cos’C

@+ b = 2\ R
ab |1 — substitute " forcos C
N ( 2ab ) 2ab

(SRR S

and can find the area of any triangle given its three sides. While the formula certainly
serves this purpose, it is not so easy to use. By working algebraically and using the
perimeter of the triangle, we can derive a more elegant version.

2 2 2\2
2 + - c
A= l ‘bz[l = (u) } square both sides
2ab

- lazbz T4 a* + b — 2 - &+ b - factor as a difference of
4 2ab 2ab squares
2

B

1 5 ,|2ab+ &+ b - 2ab —a> — b + & 2ah

= Hﬂ_b 2ub Qab 1= Zab:comhmeierms
1 [(a® + 2ab + bz) - —(a* — 2ab + bz) + ¢27  rewrite/regroup

- H ) 2 numerator; cancel a’b*
1 2 2 5

= 16- [(a +B)" =] ["2 — (a — by factor (binomial squares)

1
= E(u +hte)lat+b—c)cta—b)c—a+bh) factor (difference of squares)

For the perimeter p = ¢ + b + ¢, we note the following relationships:
at+tb—c=p—2c cta—b=p—2b c—atb=p—2a

and making the appropriate substitutions gives

1
= R‘D(ﬁ = 2¢)(p — 2b)(p — 2a) substitute

While this would provide a usable formula for the area in terms of the perimeter, we

. . . L atbh+e 2 .
can refine it further using the semiperimeter ‘r:f:% Since

1 1 ‘ )
— ], we can write the expression as

16 \2
P (p = QC)(;J = lb)(p = ZH)
=L rewrite expression
2 2 2 2
- Ii(‘z - ()(E - b)(E - a) i
2\2 2 2

=3(s — ¢)(s — b)(s — a) subsmu{esfur?

Taking the square root of each side produces what is known as Heron’s formula.

s(s — a)(s — b)(s — ¢) Heron's formula
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Heron's Formula
a+b+c

Given AABC with sides a, b, and ¢ and semiperimeter s = 2 ;

the area of the triangle is

A= V(s — a)(s — b)(s — ¢)

NMI EXAMPLE 7 » Solving an Application of Heron’s Formula—Construction Planning

A New York City developer wants to build condominiums on the triangular lot
formed by Greenwich, Watts, and Canal Streets. How many square meters does the
developer have to work with if the frontage along each street is approximately

34.1 m, 43.5 m, and 62.4 m, respectively?

Solution P The perimeter of the lotis p = 34.1 + 435 + 624 = 140 m, sos = 70 m.
By direct substitution we obtain

A= Vs(s —a)s — b)(s — ¢) Heron's formula
= V70(70 — 34.1)(70 — 43.5)(70 — 62.4)  substitute known values
= V70(35.9)(26.5)(7.6) simplify
= /506,118.2 multiply
MD. You've just learned how = 7114 e
to use trigonometry to find :
the area of a triangle The developer has about 711.4 m? of land to work with.

Now try Exercises 57 and 58 »

For a derivation of Heron's formula that does not depend on trigonometry, see
Appendix IV.

- e exemeses |

» CONCEPTS AND VOCABULARY

Fill in each blank with the appropriate word or phrase. 4. Write out which version of
Carefully reread the section if needed. the law of cosines you would g
. ; ; : use to begin solving the A
1. When the information given is SSS or SAS, the triangle shown: 37 m

law of s used to solve the triangle.
5. Solve the triangle in Exercise 4 using only the law

2. Fill in the blank so that the law of cosines is of cosines, then by using the law of cosines

o 5

compleksicssd o b CosC followed by the law of sines. Which method was
3. If the law of cosines is applied to a right triangle, more efficient?

the result is the same asthe — theorem, 6. Begin with > = 5% + ¢ — 2be cos A and write

since cos 90° = 0. cos A in terms of @, b, and ¢ (solve for cos A). Why

must b + ¢ — &® < 2bc hold in order for a
solution to exist?
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> DEVELOPING YOUR SKILLS

Determine whether the law of cosines can be used to
begin the solution process for each triangle.

7. B S. A C
28km: ilSkrn 111
C A
30 km b
9, 15 mi 10.
. mi ;1 - 6.8 AU m—
12 mi o s

11. 12.

50 cm 12.5yd 8 vd

S
-]
™
oy
o
>Ww
e

49 cm Layd

For each triangle, verify all three forms of the law of

cosines.
13. . 50 km i
30° 807
52.4 ki qq0/ 26.6 km
B
14. "

1114.7 mi

Solve each of the following equations for the unknown
part.

15. 4% = 52 + 6 — 2(5)(6)cos B

16. 12.97 = 15.2% + 9.8% — 2(15.2)(9.8)cos C
17. @ = 9 + 7* — 2(9)(7)cos 52°

18. b* = 3.97 + 9.57 — 2(3.9)(9.5)cos 30°
19. 10° = 12° + 15° — 2(12)(15)cos A

20. 202° = 182% + 987 — 2(182)(98)cos B

Solve each triangle using the law of cosines.
21, sidea = 75 cm
£LC = 38°
side b = 32 cm

1.2: The Law of Cosines;
the Area of a Triangle

© The McGraw-Hill
Companies, 2010

1-22

22. side b = 385 m
£C =67
side a = 490 m

23, side ¢ = 25.8 mi
LB = 30°
side a = 12.9 mi

Solve using the law of cosines (if possible). Label each
triangle appropriately before you begin.

24, 4
98°
10.9 km 6.7 km

A (e

25.
538 mm
A £l
465 mm

26. B

27. side ¢ = 10V3 in. 28. side ¢ = 282 ft
side b = 6V/3 in. side b = 129 ft
side a = 15V3 in. side ¢ = 300 ft

29, side a = 32.8 km
side b = 24.9 km
side ¢ = 12.4 km

30. p

432 cm
382 cm

A 208cm

&l
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» WORKING WITH FORMULAS

35. Alternative form for the law of cosines:
P+d-d
2be

By solving the law of
cosines for the cosine of

cosA =

the angle, the formula A C

can be written as shown. 37m
Derive this formula (solve for cos #), beginning

froma® = b*> + ¢ — 2be cos A, then use this form

to begin the solution of the triangle given.

» APPLICATIONS

37. Distance between cities: The satellite Mercury IT

measures its distance from Portland and from
Green Bay using radio waves as shown. Using an
on-board sighting device, the satellite determines
that £M is 99°. How many miles is it from
Portland to Green Bay?

Mercury 11
M G

Portland m Green Bay

WORTHY OF NOTE

In navigation, there are two basic methods for defining a
course. Headings are understood to be the amount of
rotation from due north in the clockwise direction

(0 = # < 360°). Bearings give the number of degrees
East or West from a due North or due South orientation,
hence the angle indicated is always less than 90°. For
instance, the bearing N 25° W and a heading of 335°
would indicate the same direction.

1.2: The Law of Cosines;
the Area of a Triangle

Section 7.2 The Law of Cosines; the Area of a Triangle

33

34.

36.

38.

39,

© The McGraw-Hill
Companies, 2010

733

sidea = 12V3 yd
side b = 129 yd
sidec = 9.2 yd

side @ = 36.5 AU
side b = 12.9 AU
side ¢ = 22 AU

The Perimeter of a Trapezoid:
P=a+ b+ hicsca + csc B)

The perimeter of a

trapezoid can be |
found using the ih
formula shown, ) i
where a and b 5
represent the

lengths of the parallel sides, h is the height of the
trapezoid, and « and B are the base angles. Find
the perimeter of Trapezoid Park (to the nearest
foot) if a = 5000 ft, b = 7500 ft, and £ = 2000 ft,
with base angles & = 42° and 3 = 78°.

Distance between cities: Voyager VII measures its
distance from Los Angeles and from San Francisco
using radio waves as shown. Using an on-board
sighting device, the satellite determines £V is 95°.
How many kilometers separate Los Angeles and
San Francisco?

Voyager VII

311km/ ]

San Francisco v Los Angeles
Trip planning: A business executive is going to fly

the corporate jet from Providence to College Cove.

Exercise 39
North
College Cove West East
c
South
m = 354 mi

p = 198 mi

M ¢ =423 mi r
Mannerly Main Providence
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She calculates the distances shown using a map,
with Mannerly Main for reference since it is due
east of Providence. What is the measure of angle
P? What heading should she set for this trip?

Trip planning: A troop of Scouts is planning a
hike from Montgomery to Pattonville. They
calculate the distances shown using a map, using
Bradleyton for reference since it is due east of
Montgomery. What is the measure of angle M?
‘What heading should they set for this trip?
Exercise 40
M p=2lmi B

P
Runway length: Surveyors are measuring a large.,
marshy area outside of the city as part of a
feasibility study for the construction of a new
airport. Using a theodolite and the markers shown
gives the information indicated. If the main runway
must be at least 11,000 ft long, and environmental
concerns are satisfied, can the airport be con-
structed at this site (recall that 1 mi = 5280 ft)?

Tunnel length: An engineering firm decides to bid
on a proposed tunnel through Harvest Mountain. In
order to find the tunnel’s length, the measurements
shown are taken. (a) How long will the tunnel be?
(b) Due to previous tunneling experience, the firm
estimates a cost of $5000 per foot for boring
through this type of rock and constructing the
tunnel according to required specifications. If
management insists on a 25% profit, what will be
their minimum bid to the nearest hundred?

1.2: The Law of Cosines;
the Area of a Triangle

43.

44.

45,

46.

© The McGraw-Hill
Companies, 2010
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Aerial distance: Two planes leave Los Angeles
International Airport at the same time. One travels
due west (at heading 270°) with a cruising speed of
450 mph, going to Tokyo, Japan, with a group that
seeks tranquility at the foot of Mount Fuji. The
other travels at heading 225° with a cruising speed
of 425 mph, going to Brisbane, Australia, with a
group seeking adventure in the Great Outback.
Approximate the distance between the planes after
5 hr of flight.

Nautical distance: Two ships leave Honolulu
Harbor at the same time. One travels 15 knots
(nautical miles per hour) at heading 150°, and is
going to the Marquesas Islands (Crosby, Stills, and
Nash). The other travels 12 knots at heading 200°,
and is going to the Samoan Islands (Samoq, le galu
a tu). How far apart are the two ships after 10 hr?

Geoboard geometry: A rubber band is placed on a
geoboard (a board with all pegs 1 cm apart) as
shown. Approximate the perimeter of the triangle
formed by the rubber band and the angle formed at
each vertex. (Hint: Use a standard triangle to find
£A and length AB.)

Exercise 45
,Leo000000000
- o000
pooo0OoOOOo
Q09000
coe e . a3°
A

Geoboard geometry: A rubber band is placed on a
geoboard as shown. Approximate the perimeter of
the triangle formed by the rubber band and the
angle formed at each vertex. (Hint: Use a
Pythagorean triple, then find angle A.)

Exercise 46
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In Exercises 47 and 48, three rods are attached via pivot
joints so the rods can be manipulated to form a triangle.
Find the three angles of the triangle formed.

47. Fisd
B

12 cm

16 in.

49. Pentagon perimeter: Find
the perimeter of a regular
pentagon that is circumscribed
by a circle with radius
r=10cm.

Exercise 49

Z

50. Hexagon perimeter: Find the
perimeter of a regular hexagon
that is circumscribed by a circle with radius
r=15cm.

e

Solve the following triangles. Round sides and angles to
the nearest tenth. (Hint: Use Pythagorean triples.)

Sl . 52. ¢

(i

53. Billboard design: Creative Exercise 53
Designs iNc. has designed
a flashy, new billboard for
one of its clients. Using a

rectangular highway

55

56.

AT

Exercise 55

Pricing for undeveloped
lots: Undeveloped

land in a popular resort
area is selling for
$3,000,000/acre. Given
the dimensions of the lot
shown, (a) find what
percent of a full acre is
being purchased (to the nearest whole percent), and
(b) compute the cost of the lot. Recall that

1 acre = 43,560 fi’.

Area of the Nile River Delta: The Nile River
Delta is one of the world’s largest. The delta begins
slightly up river from the Egyptian capitol (Cairo)
and stretches along the Mediterranean from
Alexandria in the west to Port Said in the east (over
240 km). Approximate the area of this rich
agricultural region using the two triangles shown.

Alexandria Port Said

Area of the Yukon
Territory: The
Yukon Territory in
northwest Canada is
roughly triangular
in shape with sides
of 1289 km, 1063
km, and 922 km.

billboard measuring 20 ft What is the

by 30 ft, the primary . approximate area
advertising area is a triangle formed using the covered by this
diagonal of the billboard as one side, and one-half territory?

the base as another (see figure). Use the dimensions

given to find the angle « formed at the corner, then 58. Alternate method
compute the area of the triangle using two sides and for computing

this included angle.

54. Area caught by
surveillance camera:
A stationary
surveillance camera is
set up to monitor
activity in the parking
lot of a shopping mall.
If the camera has a 38°
field of vision, how many square feet of the parking
lot can it tape using the dimensions given?

Exercise 54

area: Referring to Exercise 53, since the
dimensions of the billboard are known, all three
sides of the triangle can actually be determined.
Find the length of the sides rounded to the nearest
whole, then use Heron’s formula to find the area of
the triangle. How close was your answer to that in
Exercise 537
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» EXTENDING THE CONCEPT

59. No matter how hard I try, I cannot solve the
triangle shown. Why?
Exercise 59

Sputnik 10

502 mi

A 902 mi €
60. In Figure 7.22 (page 725), note that if the
x-coordinate of vertex B is greater than the

x-coordinate of vertex C, £ B becomes acute, and
2 C obtuse. How does this change the relationship

» MAINTAINING YOUR SKILLS

63. (4.4) Write the expression as a single term in
simplest form: 2 log,4 + 2 log,3 — 2 log,6

64. (5.4) State exact forms for each of the following:

T T 3 T
s1n| 6 , COS| 6 , and tan| 3 b

1.2: The Law of Cosines;
the Area of a Triangle

61.

62.

65.

66.

© The McGraw-Hill
Companies, 2010
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between x and ¢? Verify the law of cosines remains
unchanged.

For the triangle shown, Exercise 61

verify that

¢ =bcosA + acosB, 53.9 mi HTN 37
then use two different
forms of the law of
cosines to show this
relationship holds for any triangle ABC.

78 mi ¢

Most students are familiar with this double-angle
formula for cosine: cos(28) = cos’@ — sin®4. The
triple angle formula for cosine is cos(36) =

4 cos’f@ — 3 cos 6. Use the formula to find an
exact value for cos 135°. Show that you get the
same result as when using a reference angle.

(5.7) Use fundamental identities to find the values
of all six trig functions that satisfy the conditions.

8
sinxy = *E and cos x > 0.

(3.2) Use synthetic division to show f(—2) > 0
for f(x) = =+ T+ x—6.
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Vectors and Vector Diagrams

Learning Objectives
In Section 7.3 you will leam how to:

[ A. Represent a vector
quantity geometrically
[ B. Represent a vector
quantity graphically
O c. Perform defined
operations on vectors
[ D. Represent a vector
quantity algebraically
and find unit vectors
[ E. Use vector diagrams to
solve applications

The study of vectors is closely connected to the study of force, motion, velocity, and
other related phenomena. Vectors enable us to quantity certain characteristics of these
phenomena and to physically represent their magnitude and direction with a simple
model. To quantify something means we assign it a relative numeric value for purposes
of study and comparison. While very uncomplicated, this model turns out to be a
powerful mathematical tool.

A. The Notation and Geometry of Vectors

Measurements involving time, area, volume, energy, and temperature are called scalar
measurements or scalar quantities because each can be adequately described by their
magnitude alone and the appropriate unit or “scale.” The related real number is simply
called a scalar. Concepts that require more than a single quantity to describe their attrib-
utes are called vector quantities. Examples might include
force, velocity, and displacement, which require knowing a
magnitude and direction to describe them completely.

To begin our study, consider two identical airplanes flying Line 9B
at 300 mph, on a parallel course and in the same direction.

Figure 7.25

Although we don’t know how far apart they are, what direc- A. B.
tion they're flying, or if one is “ahead” of the other, we can still Segment AB

model, “300 mph on a parallel course.” using directed line seg- " B
ments (Figure 7.25). Drawing these segments parallel with the —  »»

arrowheads pointing the same way models the direction of  Directed segment AR
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Figure 7.26

Figure 7.28

7. Applications of 7.3: Vectors and Vector © The McGraw-=Hill

Section 7.3 Vectors and Vector Diagrams 737

the vectors.

Vectors can be named using the initial and terminal points that define them (initial
point first) as in AB and CD, or using a bold, small case letter with the favorites being
v {first ietter of the word vector) and u. Gii i
case, bold letters can be used and subscripted
s 1 ™

simaii

Figure 7.27
Y

vectors are equal if they have the same magnitude 2
and direction. For u = AB and v = CD. we can
say u = v or AB = CD since both airplanes are
flying at the same speed and in the same direction

)
(Figure 7.26). >
Based on these conventions, it seems reason-
able io represeni an airplane flying at 600 mph Xds0
with a vector that is twice as long as u and v, and :1(:;[1}1 mph

one flying at 150 mph with a vector that is half
as long. If all planes are flying in the same direc-
tion on a parallel course, we can represent them
geometrically as shown in Figure 7.27, and state
thatw = 2v,x = %v, and w = 4x. The multiplication of a vector by a constant is called
scalar multiplication, since the product changes only the scale or size of the vector
and not its direction.

Finally, consider the airplane represented by vector v,, flying at 200 mph on a par-
allel course but in the opposite direction (see Figure 7.28). In this case, the directed
segment will be % = % as long as v and point in the opposite or “negative” direction.
In perspective we can now state: v, = —3V, v, = —3Ww, v, = —1x, or any equivalent
form of these equations.

M-. EXAMPLE 1 »

Solution »

E’A. You've just learned how
to represent a vector quantity
geometrically

Using Geometric Vectors to Model Forces Acting on a Point

Two tughboats are attempting to free a barge that is stuck on a sand bar. One is
pulling with a force of 2000 newtons (N) in a certain direction, the other is pulling
with a force of 1500 N in a direction that is perpendicular to the first. Represent
the situation geometrically using vectors.

We could once again draw a vector of
arbitrary length and let it represent the 2000-N
force applied by the first tugboat. For better
perspective, we can actually use a ruler and
choose a convenient length, say 6 cm. We then
represent the pulling force of the second tug
with a vector that is 3300 = 3 as long (4.5 cm),
drawn at a 90° angle with relation to the first.
Note that many correct solutions are possible,
depending on the direction of the first vector
drawn.

Now try Exercises 7 through 12 »

Page 54 of 101



Algebra and Trigonometry, 2nd Edition, page: 813

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Coburn: Algebra and
Trigonometry, Second

Edition

738

7. Applications of 1.3: Vectors and Vector © The McGraw-Hill
Trigonometry Diagrams Companies, 2010
CHAPTER 7 Applications of Trigonometry 7-28

WORTHY OF NOTE

For vector u, the initial and
terminal points are (-5, —1)
and (—2, 3), respectively,
yielding the position vector
(-2 - (-5)3 - (-1)) =
{3, 4) as before.

B. Vectors and the Rectangular Coordinate System

Representing vectors geometrically (with a directed Figure 7.29
line segment) is fine for simple comparisons, but ¥
many applications involve numerous vectors acting on T
a single point or changes in a vector quantity over
time. For these situations, a graphical representation
in the coordinate plane helps to analyze this interac-
tion. The only question is where to place the vector
on the grid, and the answer is—it really doesn’t mat-
ter. Consider the three vectors shown in Figure 7.29.
From the initial point of each, counting four units in
the vertical direction, then three units in the horizon-
tal direction, puts us at the terminal point. This shows
the vectors are all 5 units long (since a 3-4-5 triangle is formed) and are all parallel

Ay 4
(since slopes are equal: —A') = 5}. In other words, they are equivalent vectors.
Ax

Since a vector’s location is unimportant, we can replace any given vector with a
unique and equivalent vector whose initial point is (0, 0), called the position vector.

Position Vectors

For a vector v with initial point (x, y,) and terminal point (X,, y,),
the position vector for v is

VAT (Xz =Xy Vo= )‘1>,

an equivalent vector with initial point (0, 0) and terminal point (x, — Xy, ¥2, —¥1).

For instance, the initial and terminal points of vector w in Figure 7.29 are (2, —4)
and (5, 0), respectively, with (5 — 2,0 — (—4)) = (3, 4). Since (3, 4) is also the ter-
minal point of v (whose initial point is at the origin), v is the position vector for u and
w. This observation also indicates that every geometric vector in the xy-plane corresponds
to a unique ordered pair of real numbers (a, b), with a as the horizontal component and
b as the vertical component of the vector. As indicated, we denote the vector in com-
ponent form as <a, b), using the new notation to prevent confusing vector {a, b) with
the ordered pair (a, b). Finally, while each of the vectors in Figure 7.29 has a component
form of (3, 4)_ the horizontal and vertical components can be read directly only from
v = <3. 4}. giving it a distinct advantage.

EXAMPLE 2 »

Solution »

Verifying the Components of a Position Vector
Vector v = (12, —5) has initial point (—4, 3).
a. Find the coordinates of the terminal point.
b. Verify the position vector for v is also (12, —5) and find its length.

a. Since v has a horizontal component of 12 and a 12 ¥
vettical component of —5, we add 12 to the x-
coordinate and —5 to the y-coordinate of the initial
point. This gives a terminal point of
(12 + (—4), =5+ 3) = (8, —2).

b. To verify we use the initial and terminal points to
compute <x3 — X{, V5, —l\q), giving a position vector
of (8 — (—4), =2 — 3) = (12, —5). To find its length
we can use either the Pythagorean theorem or simply note that a 5-12-13
Pythagorean triple is formed. Vector v has a length of 13 units.

Now try Exercises 13 through 20 »
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Figure 7.30

For the remainder of this section, vector v = (a, b) will
refer to the unique position vector for all those equiva- ¥
lent to v. Upon considering the graph of (a. b) (shown
in QI for convenience in Figure 7.30), several things are
immediately evident. The length or magnitude of the vec-
tor, which is denoted |v|, can be determined using the
Pythagorean theorem: |v| = Va® + b% In addition, basic
trigonometry shows the horizontal component can be

found using cos# = or a = |vlcos #, with the vertical component being

a

. vl

sin @ = — or b = |v/sin A. Finally, we note the angle # can be determined using
v

b e
tan # = (a)‘ or #, = tan L(;) and the quadrant of v.

Vector Components in Trig Form

For a position vector v = {a, b} and angle 4, we have

haorizontal component: a = |vjcos

b
6 .= tan"(—) and
a

Va® + b?

vertical component: b = [v[sin 6,

where

vl =

The ability to model characteristics of a vector using these equations is a huge
benefit to solving applications, since we must often work out solutions using only the
partial information given.

M‘ EXAMPLE 3 »

Solution »

Finding the Magnitude and Direction Angle of a Vector
Forv, = {72,5, 76} and v, = (3\/1 3},
a. Graph each vector and name the quadrant
where it is located.
b. Find their magnitudes.
¢. Find the angle # for each vector (round to
tenths of a degree as needed).

a. The graphs of v, and v, are shown in the

figure. Using the signs of each coordinate, we (=25, _6)
note that v is in QIIL, and v, is in QL. .
b. [vi| = V(=257 +(—6) |vj = V(3V3)® + (37
=625 + 36 =V2T+9
= V4225 =36
=065 =6
i —6 i 3
¢. Forv;: 6, = tan (E) Forv,: 6, = tan (ﬁ)
=tan '(2.4) = 67.4° = tan '(%) = 30°
In QIIL, 6 = 247 4°. In QL # = 30°.

Now try Exercises 21 through 24 »
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MIH]MIL EXAMPLE 4 » Finding the Horizontal and Vertical Components of a Vector

The vector v = {a, b} is in QIII, has a magnitude Figure 7.31
of [v| = 21, and forms an angle of 25° with the
negative x-axis (Figure 7.31). Find the
horizontal and vertical components of the
vector, rounded to tenths.

Solution » Begin by graphing the vector and setting up the
equations for its components. For @, = 25°,

8 = 205°.
Figure 7.32
. For the horizontal component: For the vertical component:
a = |vlcos # b = |v|sin #
= 21 cos 205° = 21 sin 205°
= —19 = —8.9

With v in QIII, its component form is approximately (* 19, *8.9). As acheck, we
apply the Pythagorean theorem: \/(— 19)2 + (—8.9)% = 21 . See Figure 7.32.

MB- Vel ara oW Now try Exercises 25 through 30 »

to represent a vector quantity
AR C. Operations on Vectors and Vector Properties
The operations defined for vectors have a close knit graphical representation.
Consider a local park having a large pond with pathways around both sides, so that
Figure 7.33 a park visitor can enjoy the view from either side. Suppose v = <8. 2) is the position
vector representing a person who decides to turn to the right at the pond, while
u= (2, 6) represents a person who decides to first turn left. At (8, 2) the first person
changes direction and walks to (10, 8) on the other side of the pond, while the second
person arrives at (2, 6) and turns to head for (10, 8) as well. This is shown graphically
in Figure 7.33 and demonstrates that (1) a parallelogram is formed (opposite sides
equal and parallel), (2) the path taken is unimportant relative to the destination, and
(3) the coordinates of the destination represent the sum of corresponding coordinates
from the terminal points of u and v: (2,6) + (8,2) = (2 + 8,6 + 2) = (10,8). In
other words, the result of adding u and v gives the new position vectoru + v = w,
f called the resultant or the resultant vector. Note the resultant vector is a diagonal
of the parallelogram formed. Geometrically or graphically, the addition of vectors can
be viewed as a “tail-to-tip” combination of one with another, by shifting one vector
(without changing its direction) so that its tail (initial point) is at the tip (terminal
point) of the other vector. This is illustrated in Figures 7.34 through 7.36.

Figure 7.34 Figure 7.35 Figure 7.36
Given vectors u and v Shift vector v Shift vector u

X it Tailofuto *
\\\ Y. .thetip.ofv

Tail of v to
the np _oI' u

E {105 ~9}

¥ y ¥y
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WORTHY OF NOTE . The subtraction of vectors can be under;mod as Figure 7.37
either as u — v or u + (—v). Since the location of a
The geomety oF¥eotor vector is unimportant relative to the information it
subtrgchon 28 ke_y part of carries, vector subtraction can be interpreted as the tip- S .
resolving a vector into o . 0 S O O O
orthogonal components that to-tip r.’mgfmm’ of the parallelogram from vector addi- i)
are nonguadrantal. Applica- tion. In Figures 7.34 to 7.36, assume u = (I, —5) _
tions of this concept are and v = (9, —4}. Thenu —v = (1, —5) = (9, —4) — ; sepositioned \u
wide ranging, and include {1 =9, =5 + 4) giving the position vector {—8, —1). T i kg
thrust and drag forces, By repositioning this vector with its tail at the tip of v, ]
tension and stress limits in a we note the new vector points directly at u, forming the
cabloyiand ethers. diagonal (see Figure 7.37). Scalar multiplication of s

vectors also has a graphical representation that corre-
sponds to the geometric description given earlier.

Operations on Vectors

Given vectors u = (a, b),v = (c, d), and a scalar &,
1.u+v2(a+c,b+d}
2.u—v=(a—c,b—d}
3. ku = (ka, kb)for k € R

If &k > 0, the new vector points in the same direction as u.
If & << 0, the new vector points in the opposite direction as .

%ﬁAMPLE 5 > Representing Operations on Vectors Graphically

Givenu = {—3, —2)and v = (4, —6) compute each of the following and represent the result

graphically:
1 |
a. —2u b. —v ¢ —2u+—v
2 2
Note the relationship between part (¢) and parts (a) and (b).
1 1 1
Solution » a. —2u = —2(—3,-2) b Jv= 5(4‘ —6) 2, (6,4) + (2. —3)
= (6, 4) ={,-3 =81
6.4) | L -] 6.d)
L NE v !
o £ T Zdu i
i | b oo bodgiy
gagant s
T x ] T 1 x
] ; | Al Ll Ly
(3.2 T i R (R {:-3)
Lev={4 6

Now try Exercises 31 through 48 b

The properties that guide operations on vectors closely resemble the familiar
properties of real numbers. Note we define the zero vector 0 = (0, 0} as one having no
magnitude or direction.
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@/c. You've just learned how
to perform defined operations
on vectors

WORTHY OF NOTE

Earlier we stated, “Two
vectors were equal if they
have the same magnitude
and direction.” Note that this
means two vectors are equal
if their components are equal.

Properties of Vectors

For vector quantities u, v, and w and real numbers ¢ and k,

L. lu=u 2.0u=0=k0
Jutv=v+u du—v=u+(-v)
S5..utv)+tw=u+t(vt+tw 6. (ck)u = c(ku) = k(cu)
7.ut0=nu 8. u+(—u=20

9. k(u + v) = ku + kv 10. (¢ + k)u = cu + ku
Proof of Property 3

Foru = {a, b)and v = (¢, d}, we have
u+v= (u, b> -+ (t.', d') sum of u and v
= (c.' +c b+ a’> vector addition
= ((‘ +a,d+ b) commutative property
= (c'_ d) e (a, b> vector addition
=vV+u result

Proofs of the other properties are similarly derived (see Exercises 89 through 97).

D. Algebraic Vectors, Unit Vectors, and i, j Form

While the bold, small case v and the (a, b) notation for vectors has served us well,
we now introduce an alternative form that is somewhat better suited to the algebra
of vectors, and is used extensively in some of the physical sciences. Consider the
vector (l, ()). a vector 1 unit in length extending along the x-axis. It is called the hor-
izontal unit vector and given the special designation i (not to be confused with the
imaginary unit i = V'~ ). Likewise, the vector (O, 1) is called the vertical unit vec-
tor and given the designation j (see Figure 7.38). Using scalar multiplication, the unit
vector along the negative x-axis is —i and along the negative y-axis is Figure 7.38
—j- Similarly, the vector 4i represents a position vector 4 units long
along the x-axis, and —5j represents a position vector 5 units long .1
along the negative y-axis. Using these conventions, any nonquadran-
tal vector (a, b} can be written as a linear combination of i and j, with
a and b expressed as multiples of i and j, respectively: ai + bj. These
ideas can easily be generalized and applied to any vector.

Algebraic Vectors and i, j Form
For the unit vectors i = (l, O) and j = (O, 1}_ any arbitrary vector v = (a. b}
can be written as a linear combination of i and j:

v =ai+ bj

Graphically, v is being expressed as the resultant of a vector sum.

| | EXAMPLE 6 » Finding the Horizontal and Vertical Components of Algebraic Vectors

Vector u is in QII, has a magnitude of 15, and makes an angle of 20° with the
negative x-axis.
a. Graph the vector.
b. Find the horizontal and vertical components (round to one decimal place) then
write u in component form.
¢. Write u in terms of i and j.
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a. The vector is graphed in Figure 7.39. Figure 7.39
b. Horizontal Component Vertical Component '|' 1
160"
T x

With the vector in QIL, u = (—14.1, 5.1} in component form.
c. In terms of i and j we have u = —14.1i + 5.1j. See Figure 7.40

Now try Exercises 49 through 62 »

Some applications require that we find a nonhorizontal, nonvertical vector one
unit in length, having the same direction as a given vector v. To understand how
this is done, consider vector v = (ﬁ 8) Using the Pythagorean theorem we find
and can form a 6-8-10 triangle using the horizontal and vertical components

7415 Kn i are proporiional, we can
find a unit vector in the same direction as v by dividing all three sides by 10, giving
a triangle with sides 2 3 and 1. The new vector “u” (along the hypotenuse) indeed

points in the same direction since we have merely shortened v, and is a unit vector

LAY 4 9 16
since (E + E) — 2? + E = 1. In retrospect, we have divided the components

of vector v by its magnitude |v| (or multiplied components by the reciprocal of |v]) to

) ) . v (6.8 6 8 34
obtain the desired unit vector: — = —— = = ; E

Ty = . In general we
have the following: 10 10" 10 >

Unit Vectors

For any nonzero vector v = (a, b) = ai + bj, the vector
v a

b
u=-—= i+ j
M Vet Ve+oe

is a unit vector in the same direction as v.

You are asked to verify this relationship in Exercise 100. In summary, for vector
v = 6i + 8j, we find |v| = 6” + 8% = 10, so the unit vector pointing in the same

3 4
direction islv—l = Ei + Ej. See Exercises 63 through 74.
v

m EXAMPLE 7 »

Solution »

WORTHY OF NOTE

In this context w is called the
projection of u on v, an idea
applied more extensively in
Section 7.4

HD. You've just learned how
to represent a vector quantity
algebraically and find unit
vectors

Using Unit Vectors to Find Coincident Vectors

Vectors u and v form the 37° angle illustrated in the figure. Find the vector w (in
red), which points in the same direction as v (is coincident with v) and forms the
base of the right triangle shown.

Using the Pythagorean theorem we find |u| = 7.3
and |v| = 10. Using the cosine of 37° the magnitude
of w is then [w| = 7.3 cos 37° or about 5.8. To ensure 2.7
that w will point in the same direction as v, we 5
simply multiply the 5.8 magnitude by the unit \
vector for v: [w|— = (5 8)(—8'—6—) = (5.8)(0.8, 0.6)

v Y 10 i i A .
and we find that w = (4.6, 3.5). As a check we use "
the Pythagorean theorem: V4.6° + 3.5 =
V3341 = 5.8.

Now try Exercises 75 through 78 »
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E. Vector Diagrams and Vector Applications

Applications of vectors are virtually unlimited, with many of these in the applied
sciences. Here we'll look at two applications that are an extension of our work in this
section. In Section 7.4 we’'ll see how vectors can be applied in a number of other
creative and useful ways.

In Example 1, two tugboats were pulling on a barge to dislodge it from a sand bar,
with the pulling force of each represented by a vector. Using our knowledge of vector
components, vector addition, and resultant forces (a force exerted along the result-
ant), we can now determine the direction and magnitude of the resultant force if we
know the angle formed by one of the vector forces and the barge.

%EMPLE 8»

Solution P>

Solving an Application of Vectors—Force Vectors Acting on a Barge

Two tugboats are attempting to free a barge that is stuck on a
sand bar, and are exerting the forces shown in Figure 7.42.
Find the magnitude and direction of the resultant force.

Figure 7.42

Begin by orienting the diagram on a coordinate grid (see
Figure 7.43). Since the angle between the vectors is 90°, we
know the acute angle formed by the first tugboat and the
x-axis is 55°. With this information, we can write each vector
in “i, j” form and add the vectors to find the resultant.

For vector v, (in QII):

Horizontal Component Vertical Component
a = |vjcos # b= |vsinf
= 2000 cos 125° = 2000 sin 125°
= —1147 = 1638
v, = —1147i + 1638j. Figure 7.43
For vector v, (in QI):
Horizontal Component Vertical Component
a = |vsjcos f b = |vysin
= 1500 cos 35° = 1500 sin 35°
= 1229 = 860

vy = 1229i + 860j.

This gives a resultant of v; + v, = (—1147i + 1638j) +
(1229i + 860j) = 82i + 2498j, with magnitude
[vi + vof = V822 + 24987 = 2499 N. To find the direction

_yf 2498
of the force, we have 6, = tan ](_82 ), or about 88°.

Now try Exercises 81 and 82 b

It’s worth noting that a single tugboat pulling at 88° with a force of 2499 N would
have the same effect as the two tugs in the original diagram. In other words, the result-
ant vector 82i + 2498j truly represents the “result” of the two forces.

Knowing that the location of a vector is unimportant enables us to model and solve
a great number of seemingly unrelated applications. Although the final example con-
cerns aviation, headings, and crosswinds, the solution process has a striking similar-
ity to the “tugboat™ example just discussed. In navigation, headings involve a single
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angle, which is understood to be the amount of rotation from due north in the clock-
wise direction. Several headings are illustrated in Figures 7.44 through 7.47.

Figure 7.44 Figure 7.45 Figure 7.46 Figure 7.47

North
. 5 ' o
West %Em Vendmg 30 Heading 330
South 115° 2107 330°
Heading 2107,
Heading 115°

In order to keep an airplane on course, the captain must consider the direction and
speed of any wind currents, since the plane’s true course (relative to the ground) will
be affected. Both the plane and the wind can be represented by vectors, with the plane’s
true course being the resultant vector.

I]I]]MU EXAMPLE 9 » Solving an Application of Vectors—Airplane Navigation

An airplane is flying at 240 mph, heading 75°, when it suddenly encounters a
strong, 60 mph wind blowing frem the southwest, heading 10°. What is the actual
course and speed of the plane (relative to the ground) as it flies through this wind?

Solution P Begin by drawing a vector p to represent the speed and direction of the airplane
(Figure 7.48). Since the heading is 75°, the angle between the vector and the x-axis
must be 15°. For convenience (and because location is unimportant) we draw it as a
position vector. Note the vector w representing the wind will be 14 = § as long, and
Figure 7.48 can also be drawn as a position vector—with an acute 80° angle. To find the
v resultant, we first find the components of each vector, then add. For vector w (in QI):

Horizontal Component Vertical Component
a = |wjcos b = |wjsin
= 60 cos 80° = 60 sin 80°
; = 10.4 = 59.1
3 w = 104i + 59.1j.
wlf50° p
150 - For vector p (in QI):
Horizontal Component Vertical Component
a = |pjcos # b = |pjsin#
Figure 7.49 = 240 cos 157 = 240 sin 15°
X =2318 = 62.1

p = 231.8i + 62.1j.

The resultantis w + p = (10.4i + 59.1j) + (231.8i + 62.1j) = 242.2i + 121.2],
with magnitude [w + p| = V/(242.22 + (121.2)% = 270.8 mph (see Figure 7.49).

121.2
To find the heading of the plane relative to the ground we use #, = tan ](247 2),

which shows #, = 26.6°. The plane is flying on a course heading of
90° — 26.6° = 63.4° at a speed of about 270.8 mph relative to the ground. Note
the airplane has actually “increased speed™ due to the wind.

Now try Exercises 83 through 86 »
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WORTHY OF NOTE Applications like those in Examples 8 and 9 can Figure 7.50
" also be solved using what is called the parallelogram ¥
Be aware that using the B . 2
method, which takes its name from the tail-
rounded values of > . s .
intermediate calcLlations to-tip vector addition noted earlier (See Figure 7.50).
may cause slight variations in The resultant will be a diagonal of the parallelogram,
the final result. In Example 9, whose magnitude can be found using the law of ! ol
if we calculate w + p = cosines. For Example 9, we note the parallelogram has : S Ly
(60 cos 80° + 240 cos 15°)i + two acute angles of (80 — 15)° = 65°, and since the wt?”
(60 sin 80° + 240 sin 15, adjacent angles must sum to 180°, the obtuse angles i BQU/IS”
then find w + pl, the result is must be 115°. Using the law of cosines, %
actually closer to 270.9 mph.

w -+ p = p° + w? — 2pwcos 115° law of cosines
= 240 + 60% — 2(240)(60) cos 115°  substitute 240 for p, 60 for w
= 73371.40594 compute result
E{E- You've just learned how |lw + p/ = 2709 take square roots
to use vector diagrams to Note this answer is slightly more accurate, since there was no rounding until the
solve applications final stage.

TECHNOLOGY HIGHLIGHT

Vector Components Given the Magnitude and the Angle 6

The TABLE feature of a graphing calculator can help us find the horizontal and vertical components of
any vector with ease. Consider the vector v shown in Figure 7.51, which has a magnitude of 8.5 with

6 = 15°. Knowing this magnitude is used in both computations, first store 9.5 in storage location A: 9.5
&‘J MJ _MATH | . Next, enter the expressions for the horizontal and vertical components as Y, and
Y, on the _¥= | screen (see Figure 7.52). Note that storing the magnitude 9.5 in memory will prevent our
having to alter Y, and Y. as we apply these ideas to other values of 6. As an additional check, note that
Y recomputes the magnitude of the vector using the components generated in Y, and Y,. To access
the function variables we press: _\‘Aﬁj LJ ;i-_TEJ and select the desired function. Although our
primary interest is the components for # = 15°, we use the TBLSET screen to begin at TbiStart

= 0° ATbl = 5, and have it count AUTOmatically, so we can make additional observations. Pressing
2nd | M} (TABLE) brings up the screen shown in Figure 7.53. As expected, at # = 0° the horizontal
component is the same as the magnitude and the vertical component is zero. At § = 15° we have the
components of the vector pictured in Figure 7.51, approximately (9.1 8, 2.46). If the angle were
increased to # = 30°, a 30-60-90 triangle could be formed and one component should be /3 times the
other. Sure enough, V3(4.75) = 8.2272.

Figure 7.51 Figure 7.52 Figure 7.53
Y BRCOSCH) re
1 05 FE| 5.5 o
“MeBRs iR io g.;ggg f%@
~ o o
MYERECYIEHY2207.3 ic 8175: | Z4eHR
* ] m8zr | Tane:
sMy= € B.6088 | Lgihd
e e B.227z | W75
A =@
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Exercise 3: We used coiumn Y, as a doubie check on the magnitude of v for any given 8. What wouid
this value be for # = 45° and # = 60°? Press the right arrow |_* ) to verify. What do you notice?

=—
I .

» CONCEPTS AND VOCABULARY

Fill in each blank with the appropriate word or phrase.
Carefully reread the section if needed.

1. Measurements that can be described using a single
number are called quantities.

2. quantities require more than a single
number to describe their attributes. Examples are
force, velocity, and displacement.

3. To represent a vector quantity geometrically we
use a segment,

» DEVELOPING YOUR SKILLS

Draw the comparative geometric vectors indicated.

7. Three oceanic research vessels are traveling on a
parallel course in the same direction, mapping the
ocean floor. One ship is traveling at 12 knots
(nautical miles per hour), one at 9 knots, and the
third at 6 knots.

8. As part of family reunion activities, the Williams
Clan is at a bowling alley and using three lanes.
Being amateurs they all roll the ball straight on,
aiming for the 1 pin. Grand Dad in Lane 1 rolls his
ball at 50 ft/sec. Papa in Lane 2 lets it rip at
60 ft/sec, while Junior in Lane 3 can muster only
30 fi/sec.

9. Vector v, is a geometric vector representing a boat
traveling at 20 knots. Vectors v,, v3, and v, are
geometric vectors representing boats traveling at
10 knots, 15 knots, and 25 knots, respectively.
Draw these vectors given that v, and v; are
traveling the same direction and parallel to v,
while v, is traveling in the opposite direction and
parallel to v,.

4. Two vectors are equal if they have the same
and

5. Discuss/Explain the geometric interpretation of
vector addition. Give several examples and
illustrations.

6. Describe the process of finding a resultant vector
given the magnitude and direction of two arbitrary
vectors u and v. Follow-up with an example.

10. Vector F, is a geometric vector representing a force
of 50 N. Vectors F,, F;, and F, are geometric
vectors representing forces of 25 N, 35 N, and
65 N, respectively. Draw these vectors given that
F, and F, are applied in the same direction and
parallel to F,, while F, is applied in the opposite
direction and parallel to F,.

Represent each situation described using geometric
vectors.

11. Two tractors are pulling at a stump in an effort to
clear land for more crops. The Massey-Ferguson is
pulling with a force of 250 N, while the John Deere
is pulling with a force of 210 N. The chains attached
to the stump and each tractor form a 25° angle.

12. In an effort to get their mule up and plowing again,
Jackson and Rupert are pulling on ropes attached to
the mule’s harness. Jackson pulls with 200 Ib of
force, while Rupert, who is really upset, pulls with
220 Ib of force. The angle between their ropes is 16°.
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Draw the vector v indicated, then graph the equivalent Use the graphs of vectors a, b, ¢,d, e, f, g, and h given to

position vector. determine if the following statements are true or false.

13. initial point (—3, 2); terminal point (4, 5) foe
14, initial point (—4, —4): terminal point (2, 3)
15. initial point (5, —3); terminal point (—1, 2)
16. initial point (1, 4); terminal point (—2, 2)

For each vector v = <a. b} and initial point (x, y) given, find

the coordinates of the terminal point and the magnitude |v 37.ate=b B.r-e=g
of the vector. 39.¢c+f=h 40.bh+h=c
17. v = (7, 2); initial point (-2, —3) il d—e=h 2.d+f=0

18. v = (—6, 1); initial point (5, —2)
19. v = (=3, —5); initial point (2, 6)
20. v = (8, —2); initial point (—3, —5)

For the vectors u and v shown, computeu + vandu — v
and represent each result graphically.

For each position vector given, (a) graph the vector

and name the quadrant, (b) compute its magnitude, and
(c) find the acute angle 8 formed by the vector and the
nearest x-axis.

21. (8,3) 22. {-7,6)

238 =2 =) 24. (8, -6)
For Exercises 25 through 30, the magnitude of a vector
is given, along with the quadrant of the terminal point
and the angle it makes with the nearest x-axis. Find the

horizontal and vertical components of each vector and
write the result in component form.

25. |v| = 12;8 = 25% QI
26. [u| = 25,6 = 32° QIIl
27. [w| = 140.5; 8 = 41° QIV
28. p| = 15:6 = 65° QL

29, |g| = 10; 6 = 15° QIII
30. |r| = 4.75; 8 = 62° QII

Graph each vector and write it as a linear combination of i

For each pair of vectors u and v given, compute (a) through gntyalbea,comnutotigagnnuce

(d) and illustrate the indicated operations graphically. 49. u= <8‘ 15) 50. v = <75. 12)
CHA Y U=y 51.p=(-32-57) 52.q=(75 -34)
c. 2u+ 15v d. u—2v ;

For each vector here, #, represents the acute angle formed
3l.u= <2, 3}; v= (—3, 6> by the vector and the x-axis. (a) Graph each vector, (b) find
2. u= (_3! _4>: = (0_ 5) Fhe horizontal E}l]d vertical components and \farilte.lhc vector

in component form, and (c) write the vector in i, j form.
33.u= (7, —2); ¥i= (l, 6> Round to the nearest tenth.
M.u=(-5-3%v=(6-4) 53, vin QIL v = 12,8, = 16°
3.u=(-42iv={(4) 54. win QIL ul = 105, 6, = 25°
36.u={7,3v={(73) 55. win QL |w = 9.5, 8, = 74.5°

56. vin QIV, [v| = 20, 0, = 32.6°
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For vectors vy and v, given, compute the vector sums

(a) through (d) and find the magnitude and direction of each

resultant.
av,+tv,=p b. v —v,=9gq

g 2Y1 F19¥ = d v, —2va=5

57. v, = 21— 3j;v, = —4i + 5j

58. v, = 7.8i + 4.2j; v, = 5j

59, v, = 5V2i + 7j; va = —3V2i — 5j

60. v = 6.8i — 9j;va= —4i + 9j

61. v,

62. v,

12i + 4f; v, = —4i
2V3i — 6, v, = —4V3i + 2j

Find a unit vector pointing in the same direction as the
vector given. Verify that a unit vector was found.

63. u = (7,24) 64. v = (- 15, 36)
65. p = (~20,21) 66. q = (12, —35)
67. 20i — 21j 68. —4i — 7.5

» WORKING WITH FORMULAS

1.3: Vectors and Vector

© The McGraw-Hill
Companies, 2010
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69. 3.5i + 12j
71. v; ={13,3)
73. 6i + 11j

70. —9.6i + 18]
72. v, =(—4,7)
74, —2.51 + 7.2j

Vectors p and q form the angle indicated in each diagram.
Find the vector r that points in the same direction as g and
forms the base of the right triangle shown.

75.

73

The magnitude of a vector in three dimensions: [v) = Va’ + b + ¢*

79. The magnitude of a vector in three dimensional
space is given by the formula shown, where the
components of the position vector v are (a, b, c).
Find the magnitude of v if v = (5, 9, 10).

» APPLICATIONS

81. Tow forces: A large van has careened off of the road
into a ditch, and two tow trucks are attempting to
winch it out. The cable
from the first winch
exerts a force of
900 Ib, while the cable
from the second exerts
a force of 700 Ib.
Determine the angle
for the first tow truck that will bring the van
directly out of the ditch and along the line
indicated.

83. Projectile components: An arrow is shot into the
air at an angle of 37° with an initial velocity of
100 ft/sec. Compute the horizontal and vertical
components of the representative vector.

80. Find a cardboard box of any size and carefully
measure its length, width, and height. Then use the
given formula to find the magnitude of the box’s
diagonal. Verify your calculation by direct
measurement.

82. Tow forces: Two tugboats are pulling a large ship
into dry dock. The first is pulling with a force of
1250 N and the second with a force of 1750 N.
Determine the angle # for the second tugboat that
will keep the ship moving straight forward and into
the dock.

84. Projectile components: A football is punted
(kicked) into the air at an angle of 42° with an
initial velocity of 20 m/sec. Compute the
horizontal and vertical components of the
representative vector.
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85. Headings and cross-winds: An airplane is flying
at 250 mph on a heading of 75°. There is a strong,
35 mph wind blowing from the southwest on a
heading of 10°. What is the true course and speed
of the plane (relative to the ground)?

Companies, 2010

1-40

86. Headings and currents: A cruise ship is traveling at
16 knots on a heading of 300°. There is a strong water
current flowing at 6 knots from the northwest on a
heading of 120°. What is the true course and speed of
the cruise ship?

The lights used in a dentist’s office are multijointed so they can be configured in multiple ways to accommodate
various needs. As a simple model, consider such a light that has the three joints, as illustrated. The first segment has
a length of 45 ¢m, the second is 40 cm in length, and the third is 35 em.

87. If the joints of the light are positioned so a straight
line is formed and the angle made with the
horizontal is 15°, determine the approximate
coordinates of the joint nearest the light.

————————

» EXTENDING THE CONCEPT

For the arbitrary vectors u = {a, b}_ V= (c, d), and
w= (e.f) and the scalars ¢ and k, prove the following
vector properties using the properties of real numbers.
89. lu=nu 90. Ou =0 = k0
9L.u—v=u+(-v)
N utv)+tw=u+(v+w
93. (ck)u = c(ku) = k(cu)
%Y. u+0=u 95. u+(-u) =0
96, k(u + v) =ku + kv 97. (c +ku=cu + ku
98. Consider an airplane flying at 200 mph at a
heading of 45°. Compute the groundspeed of the
plane under the following conditions. A strong,
40-mph wind is blowing (a) in the same direction;
(b) in the direction of due north (0°); (c) in the
direction heading 315°; (d) in the direction heading
270°; and (e) in the direction heading 225°. What
did you notice about the groundspeed for (a) and
(b)? Explain why the plane’s speed is greater than

200 mph for (a) and (b), but less than 200 mph for
the others.

88. If the first segment is rotated 75° above horizontal,
the second segment —30° (below the horizontal),
and the third segment is parallel to the horizontal,
determine the approximate coordinates of the joint
nearest the light.

99, Show that the sum of the vectors given, which form
the sides of a closed polygon, is the zero vector.
Assume all vectors have integer coordinates and
each tick mark is | unit.

100. Verify that for v = ai + bj and

M= Va+p =1

v

(Hint: Create the vectoru = ﬁ and find its magnitude.)

101. Referring to Exercises 87 and 88, suppose the
dentist needed the pivot joint at the light (the
furthest joint from the wall) to be at (80, 20) for a
certain patient or procedure. Find at least one set of
“joint angles”™ that will make this possible.
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» MAINTAINING YOUR SKILLS
102. (6.1) Derive the other two common versions of the 55
Pythagorean identities, given sin’x + cos’x = 1. 104. (6.5) Evaluate the expression csc[lan' l(ﬁ)] by

drawing a representative triangle.

105. (3.4) Graph the function g(x) = ** — 7x and find
its zeroes.

103. (2.5) Evaluate each expression for5 x = 3 (if possible):
a.y=In2x - 7)

c.y= 1ﬂ§x it
- S T I

the sign casts a 75 ft shadow. Find the height of the
sign if the angle of elevation (measured from a
horizontal line) from the tip of the shadow to the top
of the sign is 65°.

bhy=s—"—
- x—3

sinA _ sinB
a b
2. Given b* = & + ¢ — 2ac cos B, solve for cos B.

1. Beginning with , solve for sin B.

Solve the triangles shown below using any appropriate 8. Modeled after an Egyptian

method. obelisk, the Washington
Monument (Washington, D.C.)
is one of the tallest masonry
buildings in the world. Find the
5 height of the monument given
the measurements shown (see
the figure).

9. The circles shown here have
radii of 4 cm, 9 ¢cm, and 12 cm,
c and are tangent to each other. Find the angles formed
by the line segments joining their centers.

44 m

25cm

Solve the triangles described below using the law of
sines. If more than one triangle exists, solve both.

5. A=44°a=21km,c=28km

6. C=27%a="T0yd c= 100yd

7. A large highway sign is erected on a steep hillside

that is inclined 45° from the horizontal. At 9:00 A.M. 10. On her delivery route, Judy

drives 23 miles to
Columbus, then 17 mi to i
Drake, then back home to L] B
Balboa. Use the diagram
given to find the distance €
from Drake to Balboa.

23 mi

REINFORCING BASIC CONCEPTS

RO

Scaled Drawings and the Laws of Sine
and Cosine
In mathematics, there are few things as satisfying as the

tactile verification of a concept or computation. In this
Reinforcing Basic Concepts, we'll use scaled drawings to

verify the relationships stated by the law of sines and the
law of cosines. First, gather a blank sheet of paper, a ruler
marked in centimeters/millimeters, and a protractor. When
working with scale models, always measure and mark as
carefully as possible. The greater the care, the better the
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results. For the first illustra-
tion (see Figure 7.54), we'll
draw a 20-cm horizontal line
segment near the bottom of
the paper, then use the left
endpoint to mark off a 35° 20 cm

angle. Draw the second side a length of 18 cm. Our first
goal is to compute the length of the side needed to com-
plete the triangle, then verify our computation by mea-
surement. Since the current “triangle” is SAS, we use the
law of cosines. Label the 35° as 2 A, the top vertex as 2 B,
and the right endpoint as 2 C.

@ =b*> + ¢* — 2bccos A law of cosines with respect to a

= (20)% + (18)2 — 2(20)(18)cos 35 Sivsiiite known

Figure 7.54

values
= 724 — 5898 simplify (round to 10)
= 1342 combine terms
a=11.6 solve for a

The computed length of side ¢ is 11.6 cm, and if you
took great care in drawing your diagram, you'll find the
missing side is indeed very close to this length.

Exercise 1: Finish solving the triangle above using the
law of sines. Once you’ve computed £ B and 2 C,

Companies, 2010

7-42

measure these angles from the diagram using your
protractor. How close was the computed measure to the
actual measure?

For the second illustra-
tion (see Figure 7.55), draw
any arbitrary triangle on a
separate blank sheet, noting
that the larger the triangle,
the easier it is to measure the
angles. After you've drawn
it, measure the length of
each side to the nearest millimeter (our triangle turned out
tobe21.2cm X 13.3 cm X 15.3 cm). Now use the law of
cosines to find one angle, then the law of sines to solve the
triangle. The computations for our triangle gave angles of
95.4°, 45.9°, and 38.7°. What angles did your computa-
tions give? Finally, use your protractor to measure the
angles of the triangle you drew. With careful drawings, the
measured results are often remarkably accurate!

Figure 7.55

21.2em

Exercise 2: Using sides of 18 cm and 15 cm, draw a 35°
angle, a 50° angle, and a 70° angle, then complete each
triangle by connecting the endpoints. Use the law of
cosines to compute the length of this third side, then
actually measure each one. Was the actual length close to
the computed length?
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Vector Applications and the Dot Product

Learning Objectives
In Section 7.4 you will learn how to:

[ A. Use vectors to investi-
gate forces in equilibrium

] B. Find the components of
one vector along
another

[ C. Solve applications
involving work

[ D. Compute dot products
and the angle between
two vectors

[ E. Find the projection of
one vector along
another and resolve a
vector into orthogonal
components

[ F Use vectors to develop
an equation for nonverti-
cal projectile motion,
and solve related
applications

I[n Section 7.3 we introduced the concept of a vector, with its geometric, graphical, and
algebraic representations. We also looked at operations on vectors and employed vector
diagrams to solve basic applications. In this section we introduce additional ideas that
enable us to solve a variety of new applications, while laying a strong foundation for
future studies.

A. Vectors and Equilibrium

Much like the intuitive meaning of the word,
vector forces are in equilibrium when they
“counterbalance” each other. The simplest
example is two vector forces of equal mag-
nitude acting on the same point but in oppo-
site directions. Similar to a tug-of-war with
both sides equally matched, no one wins. If
vector ' has a magnitude of 500 Ib in the ¥
positive direction, F; = (500, 0) would need - BT .
vector F; = (—500, 0} to counter it. If the e b 4609, - 200)
forces are nonquadrantal, we intuitively | i |
sense the components must still sum to zero,
and that Fy = (600, —200) would need
F, ={(—0600, 200) for equilibrium to occur s s E _
(see <Figure 7.5>6). Inqother words, two LAk e Eﬂ.f‘,go;z:()) (eon, ~a00)
vectors are in equilibrium when their sum is

Figure 7.56

”

g el
{ 6(](1 200;
F,
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the zero vector 0. If the forces have unequal magnitudes or do not pull in opposite
directions, recall a resultant vector F = F,, + F;, can be found that represents the com-
bined force. Equilibrium will then occur by adding the vector —1 (F) and this vector
is sometimes called the equilibriant.

These ideas can be extended to include any number of vector forces acting on the
same point. In general, we have the following:

Vectors and Equilibrium

Given vectors Fy, F», . . ., F, acting on a point P,
1. The resultant vectorisF = F, + F, + - - - + F,.

2. Equilibrium for these forces requires the vector —1F, where F + (—1)F = 0

M]I]JHJI_ EXAMPLE 1 »

Solution P>

MA. You've just learned how
to use vectors to investigate
forces in equilibrium

Finding the Equilibriant for Vector Forces ¥
Two force vectors F| and F, act on the point !
P as shown. Find a force F; so equilibrium J Fy
will occur, and sketch it on the grid.

5| F
Begin by finding the horizontal and vertical | I \ 163
components of each vector. For F, we have 5 18°
{—4.5 cos 64, 4.5 sin 64°) = (~2.0, 4.0, = P 3] X

and for F, we have (6.3 cos 18°, 6.3 sin 18°) =

(6.0, 1.9). The resultant vector is

F = F, + F, = (4.0, 5.9), meaning

equilibrium will occur by applying (~4.0,-59)
the force —1F = (74.0, 75,9) (see figure).

Now try Exercises 7 through 20 »

B. The Component of u along v: comp,u

As in Example 1, many simple applications involve position vectors where the angle
and horizontal/vertical components are known or can easily be found. In these situa-
tions, the components are often quadrantal, that is, they lie along the x- and y-axes
and meet at a right angle. Many other applications require us to find components of
a vector that are nonquadrantal, with one of the components parallel to, or lying along
a second vector. Given vectors u and v, as shown in Figure 7.57, we symbolize the
component of u that lies along v as comp,u, noting its value is simply |u|cos 6 since
adj comp,u

cos § = —— =———— Asthe diagrams further indicate, comp,u = |ujcos # regardless

hyp Jul

Figure 7.57

) Co‘“?\‘“
Zonp
0<g<% Z<f<m

of how the vectors are oriented. Note that even when the components of a vector do
not lie along the x- or y-axes, they are still orthogonal (meet at a 90° angle).

It is important to note that comp,u is a scalar quantity (not a vector), giving only
the magnitude of this component (the vector projection of u along v is studied later
in this section). From these developments we make the following observations regard-
ing the angle # at which vectors u and v meet:
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I

4. If & = 90°, u and v are orthogonal and comp,u = 0.
5. If # = 180°, u and v have opposite directions and comp,u = —ful.

Solution »

Given the vectors G and v with |G| = 850 Ib as shown in

the ficure find comp G, /

Using |Gcos # = comp,G we have 850 cos 65° = 359 |b. i
The component of G aiong v is about 359 pounds.

Now try Exercises 21 through 26 »

One interesting application of equilibrium and comp.u involves the force of
gravity acting on an object placed on a ramp or an inclined plane. The greater the
incline, the greater the tendency of the object to slide down the plane (for this study,
we assume there is no friction between the object and the plane). While the force of
gravity continues to pull straight downward (represented by the vector G in
Figure 7.58), G is now the resultant of a force acting parallel to the plane along vector
v (causing the object to slide) and a force acting perpendicular to the plane along vector
p (causing the object to press against the plane). If we knew the component of G along
v (indicated by the shorter, bold segment), we would know the force required to keep
the object stationary as the two forces must be opposites. Note that G forms a right
angle with the base of the inclined plane (see Figure 7.59), meaning that « and 8 must
be complementary angles. Also note that since the location of a vector is unimportant,
vector p has been repositioned for clarity.

Figure 7.58 Figure 7.59

IMIIM_ EXAMPLE 3A »

Solution »

Finding Components of Force for an Object on a Ramp

A 850-1b object is sitting on a ramp that is
inclined at 25°. Find the force needed to hold the comp,G \
object stationary (in equilibrium).

0

Given a = 25° we know B = 65°. This means

the component of G along the inclined plane is

comp,G = 850 cos 65° or about 359 Ib. A force
of 359 Ib is required to keep the object from V(;
sliding down the incline (compare to Example 2).

<
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v

i

MB. You've just learned how
to find the components of one
vector along another

Figure 7.60

0.

Figure 7.61
&

successful?

We again need the component of G ajor ) S
inclined plane: comp,G = 2000 cos 75 = 518 Ib. 2000 Ib
Since the capacity of the winch is exceeded, the
attempt will likely not be successful.

VG

Now try Exercises 27 through 30 »

C. Vector Applications Involving Work

In common, everyday usage, work is understood to involve the exertion of energy or
force to move an object a certain distance. For example, digging a ditch is hard work
and invoives moving dirt (exerting a force) from the trench to the bankside (over a
certain distance). In an office, moving a filing cabinet likewise involves work. If the
filing cabinet is heavier, or the distance it needs to be moved is greater, more work is
required to move it (Figures 7.60 and 7.61).

To determine how much work was done by each person, we need to quantify the
concept. Consider a constant force F, applied to move an object a distance D in the
same direction as the force. In this case, work is defined as the product of the force
applied and the distance the object is moved: Work = Force x Distance or W = |[F|D.
If the force is given in pounds and the distance in feet, the amount of work is meas-
ured in a unit called foot-pounds (ft-1b). If the force is in newtons and the distance in
meters, the amount of work is measured in newton-meters (N-m).

Solution »

Solving Applications of Vectors —Work and Force Parallel to the
Direction of Movement
While rearranging the office, Carrie must apply a force of 55.8 N to relocate a

filing cabinet 4.5 m, while Bernard applies a 77.5 N force to move a second cabinet
3.2 m. Who did the most work?

For Carrie: W = |F|D For Bernard: W = |F|D
= (55.8)(4.5) = (77.5)(3.2)
= 251.1N-m = 248 N-m

Carrie did 251.1 — 248 = 3.1 N-m more work than Bernard.

Now try Exercises 31 and 32 »

In many applications of work, the force F is not applied parallel to the direction

of movement, as illustrated in Figures 7.62 and 7.63.

In calculating the amount of work done, the general concept of force x distance
is preserved, but only the component of force in the direction of movement is used. In

Figure 7.62
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along D times the distance the object is moved.

Force Vectors and Work W

Given a force F appiied in the direction of §
force is applied in the movement at the acute angle # to an object, [
direction of movement and D the distance it is moved,

W=FD.If6 # 0,cos8 # 1 it
and the “effective force” on LSS T —

the object becomes |F|cos 6.

EYAMDIE E B Caluindg an Annlinatinn af Uantnre_ Warle and Carna

i

floor, movers sometime employ a body |
similar to that used for a plow horse. A mover
applies a constant 200-1b force to drag a piano m ‘l
100 ft down a long hallway and into another room.

If the straps make a 40” angle with the direction of

movement, find the amount of work performed.

Solution » The component of force in the direction of movement is 200 cos 40° or about 153 Ib.
The amount of work done is W = 153(100) = 15,300 ft-1b.

Now try Exercises 35 through 40 »

These ideas can be generalized to include work problems where the component of
force in the direction of motion is along a nonhorizontal vector v. Consider Example 6.

ml]]’LL EXAMPLE 6 » Solving an Application of Vectors—Forces Along a Nonhorizontal Vector

The force vector F = (5, 12) moves an object along the y (812
vector v = (15.44, 2) as shown. Find the amount of work 44
required to move the object along the entire length of v.
Assume force is in pounds and distance in feet.

Solution » To begin, we first determine the angle between the vectors.

12 2
In this case we have # = tan~ '(—) —tan~ 1(—) = 60°.
5 15.44

E/G. You've just learned how k= : 3 \2
to solve applications involving of motion is comp,F = 13 cos 60° = 6.5. With |v| = \/(I5.44}' +(2)° = 15.57,

work the work required is W = comp,F x |[v| or (6.5)(15.57) = 101.2 ft-Ib.

Now try Exercises 41 through 44 »

D. Dot Products and the Angle Between Two Vectors

When the component of force in the direction of motion lies along a nenhorizontal
vector (as in Example 6), the work performed can actually be computed more effi-
ciently using an operation called the dot product. For any two vectors u and v, the dot
product u - vis equivalent to comp,u x |v|, yet is much easier to compute (for the proof
of u+v = comp,u x |v|, see Appendix IV). The operation is defined as follows:
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The Dot Product u - v

Given vectors u = (a, byandv = (c, d), u-v= (a, by (c, d) = ac + bd. Inwords,
it is the real number found by taking the sum of corresponding component products.

I]I]]I]m EXAMPLE 7 » Using the Dot Product to Determine Force Along a Nonhorizontal Vector

Verify the answer to Example 6 using the dot product u - v.

Solution » Foru = (5, 12) and v = (15.44, 2), we have u - v = (5, 12} - {15.44, 2) giving
5(15.44) + 12(2) = 101.2. The result is 101.2, as in Example 6.

Now try Exercises 45 through 48 »

Note that dot products can also be used in the simpler case where the direction of
motion is along a horizontal distance (Examples 4 and 5). While the dot product offers
a powerful and efficient way to compute the work performed, it has many other appli-
cations; for example, to find the angle between two vectors. Consider that for any two
vectors u and v, w v = [ujcos # x |v|, leading directly to cos 8 = |£ = (solve for
cos f). ul vl

In summary,

The Angle # Between Two Vectors

Given the nonzero vectors u and v:

Figure 7.64 u v fa v
¥ cos8=—-— and @O=cos [—-—
[ul |v] jul [v|

L, ¥)

In the special case where u and v are unit vectors, this simplifies tocos # = u-v
since [u| = |v| = 1. This relationship is shown in Figure 7.64. The dot product u - v

gives comp,u % |v|, but |v| = | and the component of u along v is simply the adjacent
side of a right triangle whose hypotenuse is |. Hence u: v = cos 6.
compyu = x
Mlll]]ﬂw EXAMPLE 8 » Determining the Angle Between Two Vectors
. Find the angle between the vectors given.
a. u={(-34v=(512 b vy = 2i — 3jiva = 6i + 4j
Solution » a.cos(i=£oL I}mst&i=vf'~2
ful |v| il Vo
,<—_3£> <i£> ,<L‘_3> <LL>
55 13713 V13 V13 52" V52
—15 48 12 =12
=4 — = + —
63 65 676 676
_B 4 _;
65 26
33
6 = cos 1(*) # = cos '0
65
= 59.5° = 90°

Now try Exercises 49 through 66 »
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Note we have implicitly shown thatif u - v = 0, then u is orthogonal to v. As with
other vector operations, recognizing certain properties of the dot product will enable
us to work with them more efficiently.

Properties of the Dot Product
Given vectors u, v, and w and a constant &,

Ty = voen 2..11-11:|u\2
lw-(utv)=w-ut+w-v 4. Ku-v)=hku-v=mu-kv
5.0.u=u-0=0 et
v ull

Property 6 offers an alternative to unit vectors when finding cos #—the dot
product of the vectors can be computed first, and the result divided by the product of
their magnitudes: cos # = ﬁ Proofs of the first two properties are given here.

v

Proofs of the others have a similar development (see Exercises 79 through 82). For
any [wo nonzero vectors u = {a. b) and v = <c. d}:

Property l:u.v = (a‘ by (c, d) Property 2:u-u = {a, b) - {a, b}

= ac + bd =a + b

=ca+ db = juf

={c,d)-{(a, b) (since u| = Va + b))

=v:u
E,D. You've just learned how Using comp,u = [ujcos # and u - v = comp,u = |v|, we can also state the follow-
to compute dot products and  ing relationships, which give us some flexibility on how we approach applications of
the angle between two the dot product.
vectors For any two vectors u = (u, b} and v = (c, a'):

(1) un-v=uac + bd standard computation of the dot product

(2) uw+v = |ujcos # x |v| alternative computation of the dot product
(3) u-v = comp,ux|v| replace juicos ¢ in (2) with comp,u

u-v
T = cos 0 divide (2) by scalars [u| and |v|
ju|vl
u-v
(5) ﬁ = comp,u divide (3) by v|
V|

E. Vector Projections and Orthogonal Components

In work problems and other simple applications, it is enough to find and apply comp,u
(Figure 7.65). However, applications involving thrust and drag forces, tension and stress
limits in a cable, electronic circuits, and cartoon animations often require that we also
find the vector form of comp,u. This is called the projection of u along v or prej,u, and
is a vector in the same direction of v with magnitude comp,u (Figures 7.66 and 7.67).

Figure 7.65 Figure 7.66 Figure 7.67

o ol

ey
T geata®) (vecto?) Sl

wecmﬂ
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: v
projyu = comp,u x definition of a projection

Iv|
u-v u-v
=—x— substitute for comp,u
¥l vl 4
u-v )
=—xYy rewrite factors
v|*

Given vectors u and v, the projection of u along v is the vector
. (u . v)
rojyu = | —— Jv
Projy e

II . EXAMPLE 9A » Finding the Projection of One Vector Along Another
. Givenu = {~7, 1)and v = (6, 6), find proj,u.
Solution »™ To begin, find u - vand |v|.

u-v=(-71)-(66) v = V6 + & : y

=T

(6,6)

=-42+6 = \/J'_z we—u
= -36 =6V2 . . x
* projyu
. u-vy ) ,é e
projyu = | —5 v projection of u along v e
Vl /

-36
= ? (6, 6) substitute —36 for u - v, \/72 for v, and (5, 6) for v
= (—3‘ —3> result

A useful consequence of computing proj,u is we can then resolve the vector u
into orthogonal components that need not be quadrantal. One component will be par-
allel to v and the other perpendicular to v (the dashed line in the diagram in Example
9A). In general terms, this means we can write u as the vector sum u; + u,, where
u; = projyu and u; = u — u; (note u,|[v).

WORTHY OF NOTE

MNote that u; = u — uy is the
shorter diagonal of the paral-
lelogram formed by the
vectors u and u, = proj,u.
This can also be seen in the
graph supplied for

Example 9B.

Resolving a Vector into Orthogonal Components

Given vectors u, v, and proj,u. u can be resolved into the orthogonal components
u, and u,, where u = u; + u,, u; = proj,u, andu; = u — u,.

anu_ EXAMPLE 9B » Resolving a Vector into Orthogonal Components

Givenu = (2, 8) and v = (8, 6), resolve u into orthogonal components u, and u,,
where u, v and u, Lv. Also verify u; Lu,.

Page 77 of 101



Algebra and Trigonometry, 2nd Edition, page: 836

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Cobumn: Algebra and 7. Applications of 7.4: Vector Applications ® The McGraw=Hill
760 CHAPTER 7 Applications of Trigonometry 7-50
Solution » Once again, begin by finding u - v and vl
u.v={228)-(8 6 [v| =
proj,u = k projection of u along v
substitute 64 for u - v, 10 for
100/ 7

ME. You've just learned how
to find the projection of one
vector along another and
resoive a vector into
orthogonal components

=(5.12,3.84) resut
For proj,u = u; = (5.12, 3.84), we have u; = u — u, = {2, 8) — (5.12, 3.84) =
(‘7112._ 4Al6>. To verifyv u, L u.. we need only show u, - u, = 0:
u, - u, ={5.12,3.84)-(~3.12, 4.16)
= (5.12)(—3.12) + (3.84){4.16)

=0/

Now try Exercises 67 through 72 »

F. Vectors and the Height of a Projectile

Our final application of vectors involves projectile motion. A projectile is any object
that is thrown or projected upward, with no source of propulsion to sustain its motion.
In this case, the only force acting on the projectile is gravity (air resistance is neg-
lected), so the maximum height and the range of the projectile depend solely on its
initial velocity and the angle # at which it is projected. In a college algebra course, the
equation y = vgl — 1677 is developed to model the height in feet (at time 1) of a pro-
jectile thrown vertically upward with initial velocity of v, feet per second. Here, we'll
modify the equation slightly to take into account that the object is now moving hori-
zontally as well as vertically. As you can see in Figure 7.68, the vector v representing
the initial velocity, as well as the velocity vector at other times, can easily be decom-
posed into horizontal and vertical components. This will enable us to find a more
general relationship for the position of the projectile. For now, we'll let v, represent
the component of velocity in the vertical (y) direction, and v, represent the component
of velocity in the horizontal (x) direction. Since gravity acts only in the vertical (and
negative) direction, the horizontal component of the velocity remains constant at
v, = |vjcos #. Using D = RT, the x-coordinate of the projectile at time r is
x = (|v|cos 8)t. For the vertical component v, we use the projectile equation developed
earlier, substituting |v|sin 0 for vy, since the angle of projection is no longer 90°. This
gives the y-coordinate at time ras y = vor — 16r° = (|vjsin 8)r — 167",

Figure 7.68
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Given an object is projected upward from the origin with initial velocity |v| at angle 6°.
The x-coordinate of its position at time £ is x = (|vicos 8)r.
The y-coordinate of its position at time ¢ is y = ([vsin 8)r — 167°.
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W]]]L EXAMPLE 10 » Solving an Application of Vectors—Projectile Motion

An arrow is shot upward with an initial velocity of 150 ft/sec at an angle of 50°.

a. Find the position of the arrow after 2 sec.

b. How
Solution »

x = (|v|cos 8)t
(150 cos 50°)(2)

=~ 193

many seconds does it take to reach a height of 190 ft?

a. Using the preceding equations yields these coordinates for its position at { = 2:

y = (|vlsin 8)t — 161>
= (150 sin 50°)(2) — 16(2)*
=~ 166

The arrow has traveled a horizontal distance of about 193 ft and is 166 [t high.

b. To find the time required to reach 190 ft in height, set the equation for the y
coordinate equal to 190, which yields a quadratic equation in #:

v = (lvlsin 8) — 1617
190 = (150 sin 50°) — 167
0= —16(z)> + 115¢ — 190 150sin50 ~ 115

M F. You've just learned how
to use vectors to develop an
equation for nonvertical,
projectile motion and solve

equation for y
substitute 150 for |v| and 50" for &

Using the quadratic formula we find that r = 2.6 sec and ¢ = 4.6 sec are
solutions. This makes sense, since the arrow reaches a given height once on the way
up and again on the way down, as long as it hasn’t reached its maximum height.

related applications

For more on projectile motion, see the Calculator Exploration and Discovery

Now try Exercises 73 through 78 »

feature at the end of this chapter.

e ExeRoises |

> CONCEPTS AND VOCABULARY

Fill in each blank with the appropriate word or phrase.
Carefully reread the section if needed.

1. Vector forces are in when they
counterbalance each other. Such vectors have a
sum of

2. The component of a vector u along another vector
v is written notationally as , and is
computed as

3. Two vectors that meet at a right angle are said to be

4. The component of u along v is a
quantity. The projection of u along vis a

5. Explain/Discuss exactly what information the dot
product of two vectors gives us. Illustrate with a
few examples.

6. Compare and contrast the projectile equations
2 . 2 .
v = vpt — 16" and y = (vesin )t — 16r". Discuss
similarities/differences using illustrative examples.
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> DEVELOPING YOUR SKILLS

The force vectors given are acting on a common point P.
Find an additional force vector so that equilibrium

takes place.

7. F = (-8 -3 F, = (2, -5)

8. F, = (=2, 7T F,={5,3)

9. F =(-2,-7);F,= (2, —7:F, = (5,4)
10. F, = (-3 o}F,—( 10, 3);

Fi= (- 9 -2}
11. F, = 5i — 2j;F, = i + 10
12. Fy = —7i + 6j;F> = —8i — 3j

13. F\ = 251 + 4.7j; F» = —0.3i + 6.95; F3 = —12j

14. F; = 3V2i — 2V3j:Fs = =2i + 7j;
F; = 5i + 2V3j
15. ¥, 1) 16. ¥,

17, The force vectors F, and F, are simultaneously
acting on a point P. Find a third vector F; so that
equilibrium takes place if F, = (19, 10) and
F, = (5,17

18. The force vectors Fy, F, and F; are simultaneously
acting on a point P. Find a fourth vector F, so that
equilibrium takes place if F; = (— 12, 2),

F, = (—6,17), and F5 = (3, 15).

19. A new “Survivor” game
involves a three-team tug-
of-war. Teams 1 and 2 are
pulling with the magnitude
and at the angles indicated
in the diagram. If the
teams are currently in a
stalemate, find the magnitude and angle of the rope
held by team 3.

F, !
F,

2500 2210,

20. Three cowhands have roped
a wild stallion and are
attempting to hold him
steady. The first and second F,
cowhands are pulling with
the magnitude and at the
angles indicated in the
diagram. If the stallion is held fast by the three
cowhands, find the magnitude and angle of the
rope from the third cowhand.

1.4: Vector Applications
and the Dot Product

© The McGraw-Hill
Companies, 2010
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Find the component of u along v (compute comp,u) for
the vectors u and v given.

23.

24.

221 b

27. Static equilibrium: A
500-1b crate is sitting
on a ramp that is
inclined at 35°. Find
the force needed to
hold the object
stationary.
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28. Static equilibrium:

29.

7. Applications of

A 1200-1b skiff is

being pulled from a
lake, using a boat

ramp inclined at

20°. Find the

minimum force

needed to dock the skiff.

Static
equilibrium: A
325-kg carton is
sitting on a ramp,
held stationary by
225 kg of tension
in a restraining
rope. Find the
ramps’s angle of incline.

ey

G

» WORKING WITH FORMULAS

The range of a projectile: R =

33,

vZsin @ cos §

16
The range of a projected object (total horizontal
distance traveled) is given by the formula shown,
where v is the initial velocity and # is the angle at
which it is projected. If an arrow leaves the bow
traveling 175 ft/sec at an angle of 45°, what
horizontal distance will it travel?

» APPLICATIONS

A3

36.

Plowing a field: An old-time farmer is plowing his
field with a mule. How much work does the mule
do in plowing one length of a field 300 ft long, if it
pulls the plow with a constant force of 250 Ib and
the straps make a 30° angle with the horizontal.

Pulling a sled:
To enjoy a
beautiful snowy
day, a mother is
pulling her three
children on a sled
along a level
street. How much work (play) is done if the street
is 100 ft long and she pulls with a constant force of
55 Ib with the tow-rope making an angle of 32°
with the street?

1.4: Vector Applications
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30.

31

32.

34.

37.

38.

a9
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Static
equilibrium:
A heavy dump
truck is being
winched up a
ramp with an
187 incline.
Approximate the weight of the truck if the winch is
working at its maximum capacity of 1.75 tons and
the truck is barely moving.

1.75 tons

While rearranging the patio furniture, Rick has to
push the weighted base of the umbrella stand 15 m.
If he uses a constant force of 75 N, how much
work did he do?

Vinny's car just broke down in the middle of the
road. Luckily, a buddy is with him and offers to
steer if Vinny will get out and push. If he pushes
with a constant force of 185 N to move the car
30 m, how much work did he do?

A collegiate javelin thrower releases the javelin at
a 40° angle, with an initial velocity of about

95 ft/sec. If the NCAA record is 280 ft, will this
throw break the record? What is the smallest angle
of release that will break this record? If the javelin
were released at the optimum 45°, by how many
feet would the record be broken?

Tough-man contest: As part of a “tough-man”
contest, participants are required to pull a bus
along a level street for 100 ft. If one contestant did
45,000 ft-Ib of work to accomplish the task and the
straps used made an angle of 5° with the street, find
the tension in the strap during the pull.

Moving supplies: An arctic explorer is hauling
supplies from the supply hut to her tent, a distance
of 150 ft, in a sled she is dragging behind her. If
9000 ft-1b of work was done and the straps used
made an angle of 25 with the snow-covered ground,
find the tension in the strap during the task.

Wheelbarrow rides: To break up the monotony of
a long, hot, boring Saturday, a father decides to
(carefully) give his kids a ride in a wheelbarrow.

He applies a force of 30 N to move the “load”

100 m, then stops to rest. Find the amount of work
done if the wheelbarrow makes an angle of 20° with
level ground while in motion.
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40. Mowing the lawn:
A home owner
applies a force of 40
N to push her lawn
mower back and
forth across the back
yard. Find the
amount of work
done if the yard is 50 m long, requires 24 passes to
get the lawn mowed, and the mower arm makes an
angle of 39° with the level ground.

Force vectors: For the force vector F and vector v given,
find the amount of work required to move an object along
the entire length of v. Assume force is in pounds and
distance in feet.

41. F = (15,10}, v = (50, 5)
42. F = (=5, 12):v = (-25,10)
43. F = (8,2)v = (15, -1)
44, F = (15, —3); v = (24, —20)

45, Use the dot product to verify the solution to
Exercise 41.

46. Use the dot product to verify the solution to
Exercise 42.

47. Use the dot product to verity the solution to
Exercise 43.

48. Use the dot product to verify the solution to
Exercise 44.

For each pair of vectors given, (a) compute the dot product
p - q and (b) find the angle between the vectors to the
nearest tenth of a degree.

49.p={52:q=03.7

50. p = (-3,6)5q = {2,-5)
5L.p=—2i+3j;q=—6i —4j
52.p=—4i + 3j:q = —6i — §
53, p = 7V2i — 3j;q = 2V2i + 9j
54.p = V2i — 3jiq = 3V2i + 5j

Determine if the pair of vectors given are orthogonal.
55 u=(7, -2} v = (4, 14)
56. u = (—3.5,2.1% v = {—6, —10)
57. u = (=6, —3% v = (-8, 15)

1.4: Vector Applications
and the Dot Product
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58. u = (—5,4%v = (-9, —11)
59. u = —2i — Gjiv = 9i — 3j
60. u = 3V2i — 2j; v = 2V2i + 6]

Find comp,u for the vectors u and v given.
6L u=(35:v=(71)
62.u=(355v={(-171
63. u = —7i + 4j; v = —10j
64. u = 8i; v = 10i + 3j
65. u = 7V2i — 3j;v = 6i + 5V3j
66. u = —3V2i + 6j: v = 2i + 5V5j
For each pair of vectors given, (a) find the projection of u

along v (compute proj,u) and (b) resolve u into vectors u,
and u,, where u, |v and u, Lv.

67. u=(2,6):v=(83)

68. u={-38)v=(-123)

69. u={-2 —8:v=(61)
70.u = {-42,3)v = (-5 -83)
71w = 10i + 5j; v = 12i + 2j
72.u=—3i— 9v="5 -3

Projectile motion: A projectile is launched from a catapult
with the initial velocity v, and angle @ indicated. Find

(a) the position of the object after 3 sec and (b) the time
required to reach a height of 250 ft.

73. vy = 250 fifsec; 0 = 60°
4. vy = 300 fifsec; f = 55°
75. vy = 200 fifsec; 0 = 45°
76. vy = 500 fifsec; 6 = 70°

77. Atthe circus, a “human cannon ball” is shot from a
large cannon with an initial velocity of 90 ft/sec at
an angle of 65° from the horizontal. How high is
the acrobat after 1.2 sec? How long until the
acrobat is again at this same height?

78. A center fielder runs down a long hit by an
opposing batter and whirls to throw the ball to the
infield to keep the hitter to a double. If the initial
velocity of the throw is 130 ft/sec and the ball is
released at an angle of 30° with level ground, how
high is the ball after 1.5 sec? How long until the
ball again reaches this same height?
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» EXTENDING THE CONCEPT

For the arbitrary vectorsu = {a, b}, v = {¢,d ), and represent the slopes of the vectors. Find the angle
w = {¢, f) and the scalar k, prove the following vector between the vectors 1i + 5j and 5i + 2j using each
properties using the properties of real numbers. equation and comment on which you found more

efficient. Then see if you can find a geometric
7 w(etv)=woutw.y connection between the two equations.
80. k(u-v) = ku.v =u-kv 84. Use the equations for the horizontal and
u vV u-v vertical components of the projected object’s

8LO0-u=u-0=0 82. H : H = m position to obtain the equation of trajectory

16
u-v y= (tanf)x — 5 +”. This is a quadratic
83. As alternative to cos # = —— for finding the o vicos )

uiv| equation in x. What can you say about its

angle between two vectors, the equation graph? Include comments about the concavity,
> — m x-1 1 1
a0 = : i b nted. where m, and m, x-intercepts, maximum height, and so on.
Moy

» MAINTAINING YOUR SKILLS

85. (4.4) Solve for : 2.9¢ %> + 7.6 = 438 88. (7.3) A plane is flying
200 mph at heading 30°,

with a 40 mph wind
blowing from due west.
™ Find the true course and
4 speed of the plane.

86. (5.5) Graph the function using a reference
rectangle and the rule of fourths:

y=13 cus(Qﬂ =

87. (7.2) Solve the
triangle
shown, then 4 guimph
compute its
perimeter and 172 m
area. B

250 m
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Complex Numbers in Trigonometric Form

Learning Objectives
In Section 7.5 you will learn how to:

1 A. Graph a complex number

[ B. Write a complex number
in trigonometric form

[ C. Convert from
trigonometric form to
rectangular form

] D. Interpret products and
quotients geometrically

[ E. Compute products
and quotients in
trigonometric form

[ E Solve applications
involving complex
numbers (optional)

Once the set of complex numbers became recognized and defined, the related basic
operations matured very quickly. With little modification—sums, differences, prod-
ucts, quotients, and powers all lent themselves fairly well to the algebraic techniques
used for real numbers. But roots of complex numbers did not yield so easily and addi-
tional tools and techniques were needed. Writing complex numbers in trigonometric
form enables us to find complex roots (Section 7.6) and in some cases, makes com-
puting products, quotients, and powers more efficient.

A. Graphing Complex Numbers

In previous sections we defined a vector quantity as one that required more than a single
component to describe its attributes. The complex number z = a + bi certainly fits this
description, since both a real number “component” and an imaginary “component” are
needed to define it. In many respects, we can treat complex numbers in the same way
we treated vectors and in fact, there is much we can learn from this connection.

Since both axes in the xy-plane have real number values, it’s not possible to
graph a complex number in R (the real plane). However, in the same way we used
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the x-axis for the horizontal component of a vector Figure 7.69

WORTHY OF NOTE

Surprisingly, the study of
complex numbers matured
much earlier than the study
of vectors, and representing
complex numbers as directed
line segments actually
preceded their application to
a vector quantity.

and the y-axis for the vertical, we can let the x-axis  imaginary, yi
represent the real valued part of a complex number
and the y-axis the imaginary part. The result is
called the complex plane C. Every point (a, b) in
C can be associated with a complex number & + bi,
and any complex number a + bi can be associated
with a point (a, ) in C (Figure 7.69). The point
(a, b) can also be regarded as the terminal point
of a position vector representing the complex
number, generally named using the letter z.

MH]]MH‘ EXAMPLE 1 »

Solution »

ﬁA. You've just learned how
to graph a complex number

Figure 7.70

Graphing Complex Numbers
Graph the complex numbers below on the same
complex plane.
A gir=~2 —6F b.
C. 73 = 5 d.

+ 4i

e

5
=4

&

o

The graph of each complex number is shown in
the figure.

Now try Exercises 7 through 10 »

In Example 1, you likely noticed that from a vector perspective, z, is the “result-
ant vector” for the sum zy + z,. To investigate further, consider z; = (2 + 3i),
22 = (=5 + 2i), and the sum z; + z; = z shown in Figure 7.70. The figure helps to
confirm that the sum of complex numbers can be illustrated geometrically using the
parallelogram (tail-to-tip) method employed for vectors in Section 7.4.

B. Complex Numbers in Trigonometric Form

The complex number z = a + bi is said to be in rectangular form since it can be
graphed using the rectangular coordinates of the complex plane. Complex numbers
can also be written in trigonometric form. Similar to how |x| represents the dis-
tance between the real number x and

zero, |z| represents the distance between Figure 7.71

(@, b) and the origin in the complex
plane, and is computed as |z| = Va® + b2
With any nonzero z, we can also associate
an angle @, which is the angle in standard
position whose terminal side coincides
with the graph of z. If we let r represent

, Figure 7.71 shows cos# =f and

z|

b
sinf = W yielding rcos # = « and rsin # = b. The appropriate substitutions into

a + bi give the trigonometric form:

z=a+ bi
=rcosf + rsinf-i
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Factoring out r and writing the imaginary unit as the lead factor of sin # gives the

. . L b
relationship in its more common form, z = r(cos # + i sin #), where tan § = —.
a

WORTHY OF NOTE The Trigonometric Form of a Complex Number

While It-1s truethe igono- For the complex number z = a + bi and angle 0 shown, z = r{cos 6 + i sin 0)
metric form can more b

generally be written as is the trigonometric form of z, where r = V/ i bz, andtanf = — a # 0.

z = r[cos(f + 2mk) + ‘_’

isin(8 + 2mk)| fork € Z, the * r = |¢| represents the magnitude of X

result is identical for any
integer k and we will select 8
sothat0 =@ < 2wor

0° = # < 360°, depending on argument of z.
whether we are working in

radians or degrees.

z (also called the modulus).
= § is often referred to as the

b b
Be sure to note that for tan § = o fan '(ﬂ:) is equal to 0, (the reference angle

for #) and the value of # will ultimately depend on the quadrant of z.

N]I]IM EXAMPLE 2 » Converting a Complex Number from Rectangular to Trigonometric Form
o State the quadrant of the complex number, then write each in trigonometric form.
Hi gii=negpigy b.z, =06+ 2
Solution » Knowing that modulus r and angle # are needed for the trigonometric form, we

first determine these values. Once again, to find the correct value of 0, it's
important to note the quadrant of the complex number.

a. gz =—-2-2;0QII b. z=06+2;Ql
r=V(=27 + (-2 r=V(6) + (2
=VE8=2Vv2 = V40 = 210
#, = tan 1(_2) 6, = tan '(2)
[ Y ) z
=tan (1) = tan '(1)
3
Z - i1
:Z zisin QI, so 6 = tan (g)
: : S 1
with z; in QIIL 6 = i z= 2@((:05[(:111 (}H +
= 2‘\/5{(109.(54—”) + isin(%)] isin[tan' '(%)D
See the figure.

Now try Exercises 11 through 26 P
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CHAPTER 7 Applications of Trigonometry

HB. You've just learned how

to write a complex number in

trigonometric form

WORTHY OF NOTE

Using the triangle diagrams
from Section 6.5,

cos {tan g G)] and

tan"(;)] can easily be

evaluated and used to verify

sin

© The McGraw-Hill
Companies, 2010

1.5: Complex Numbers in
Trigonometric Form

1-58

Since the angle # is repeated for both cosine and sine, we often use an abbre-
viated notation for the trigonometric form, called “cis” (sis) notation:
z = r(cos @ + isin#) = rcis 6. The results of Example 2(a) and 2(b) would then be

5 1
written z = 22 cis(f) and z = 2VI10 cis[tan '(5)], respectively.

~f B
As in Example 2b, when 8, = tan” ' 5 is not a standard angle we either answer

inexact form as shown, or use a four-decimal-place approximation: 2V/10 ¢is(0.3218).

C. Converting from Trigonometric Form to Rectangular Form

210 cis[tan’“(l)} - Converting from trigonometric form back to rectangular form is simply a matter of
3 evaluating rcis #. This can be done regardless of whether # is a standard angle or in
l;
the form tan ](ul) since in the latter case we can construct a right triangle with side
b opposite # and side ¢ adjacent #, and find the needed values as in Section 6.5.
MII[IMI.I EXAMPLE 3 » Converting a Complex Number from Trigonometric to Rectangular Form
i Graph the following complex numbers, then write them in rectangular form.
T 5
. z2=12cis| = b. z = 13cis|tan” [
a cm(ﬁ) c1{ an (12)]
Solution » a. Wehaver = [2and§ = : which yields the Flgure 7.72
eraph in Figure 7.72. In the nonabbreviated o
form we have z = IQ{COS(E) ] isin(f)] . )
6 6 (6¥3+ 6i)
Evaluating within the brackets gives 1L
V3 o1 )
z=12{7'+51 = 6V3 + 6i. %
5 X
b. Forr = 13 and # = tan I(lé) we have
the graph shown in Figure 7.73. Here we
obtain the rectangular form directly from
the diagram with z = 12 + 5i. Verify by Figure 7.73

E/O. You’'ve just learned how

to convert from trigonometric
form to rectangular form

5 ‘
noting that for § = tan '(1—,’) s,

, meaning TEREE I N

cosfl = E, and sin f = i
13 13 (12 + 50y

z = 13(cos 0 + isin ) =

S R "% S

2

13[1 +i.1:12+511 i i
313 = msim

Now try Exercises 27 through 34 »
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D. Interpreting Products and Quotients Geometrically

The multiplication and division of complex numbers has some geometric connections
that can help us understand their computation in trigonometric form. Note the rela-
tionship between the modulus and argument of the following product, with the moduli
(plural of modulus) and arguments from each factor.

I]I]]I]JLW‘ EXAMPLE 4 »

Solution »

E’D. You've just learned how
to interpret products and
quotients geometrically

Nuting Graphical Connections for the Product of Two Complex Numbers
Forz; =3 + 3iandz, = 0 + 2i,
a. Graph the complex numbers and compute their moduli and arguments.
b. Compute and graph the product z,z, and find its modulus and argument.
Discuss any connections you see between the factors and the resulting product.

a. The graphs of z; and z, are shown in the figure.
For the modulus and argument we have:

z17=3+3; QI z=0+2i

r=%(@3)7+ (37 (quadrantal)
=418 =3V2  r=2directly

8 =tan 'l 8 = 90° directly &
=0 = 45°

b. The product z,z, is (3 + 3i)(2i)) = —6 + 6,
which is in QII. The modulus is
V(—6)* + (6)> = V72 = 6V2, withan
argument of #, = tan” '(— 1) or 1357 (QII). Note the product of the two moduli
is equal to the modulus of the final product: 2 - 3\/2 = 6\/2. Also note that
the sum of the arguments for z, and z, is equal 1o the argument of the product:
45% + 90° = 135°!

Now try Exercises 35 and 36 »

A similar geometric connection exists for the division of complex numbers. This
connection is explored in Exercises 37 and 38 of the exercise set.

E. Products and Quotients in Trigonometric Form

The connections in Example 4 are not a coincidence, and can be proven to hold for
all complex numbers. Consider any two nonzero complex numbers z; = r
(cos @ + isina)and z, = ry(cos B + isin B). For the product z,z, we have
7122 = ri{cos @ + isina) rafcos B + isinB)  productin trig form
= ryry[(cosa + isina)(cos B + isinB)]  rearrange factors
=ryrplcosacos B + isinfBcosa + isinacos B + izsinasinﬁ] F-0-1-L
= ryry[(cos @ cos B — sin @ sin B) + i(sin B cos a + sin & cos B)] commute
terms; /% = —1
= ryrp[cos(a + B) + isin{e + B)]  use sum/difference identities for sine/cosine
In words, the proof says that to multiply complex numbers in trigonometric form,
we multiply the moduli and add the arguments. For division, we divide the moduli and

subtract the arguments. The proof for division resembles that for multiplication and is
asked for in Exercise 71.
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Products and Quotients of Complex Numbers in Trigonometric Form
For the complex numbers z, = r (cos a + isina)and
2o = rafcos B + isin B),
2122 = ryrafcos(a + B) + i sin(a + B)]
and

8 Ycos(a — ) + isinfa ~ )2 % 0.

MHML EXAMPLE 5 »

Solution »

ME. You've just learned how
to compute products and
quotients in trigonometric
form

Multiplying Complex Numbers in Trigonometric Form
Forz; = =3 + V3iandz = V3 + 1i,
a. Write z; and z, in trigonometric form and compute z,z,.

z
b. Compute the quotient Z,l in trigonometric form.
2

¢. Verify the product using the rectangular form.

a. Forz, in QIl we find r = 23 and 6 = 150°, for 2 in QL r= 2 and 6 = 30°.
In trigonometric form,

21 = 2V3(cos 150° + i sin 150°) and

> = 2(cos 30° + isin 30°):

5 = 2V3(cos 150° + i sin 150°) - 2(cos 30° + i sin 30°)
=213. Z[CDS(ISO" + 30“) + isin(150° + 30“)] multiply moduli, add arguments
= 4\/3(cos 180° + i sin 180°)
=4V3(~1 + 0i)
= —4V3

2/3(cos 150° + i sin 150°)
© 2(cos 30° + isin 30°)
= V3[cos(150° — 30°) + i sin(150° — 30%)]  divide moduli subtract arguments
= V/3(cos 120° + i sin 120°)

1 V3
_ V3 3,
Tz T
e 2z = (=3 + V3i)(V3 + 1)
= =33 = 3i + 3i + V3

= —4\3

o

1

r

z

=
j&
|

o
&

Now try Exercises 39 through 46 b

Converting to trigonometric form for multiplication and division seems too clumsy
for practical use, as we can often compute these results more efficiently in rectangu-
lar form. However, this approach leads to powers and roots of complex numbers, an
indispensable part of advanced equation solving, and these are not easily found in
rectangular form. In any case, note that the power and simplicity of computing
products/quotients in trigonometric form is highly magnified when the complex
numbers are given in trig form:

12 cis 50°

(12 cis 50°)(3 cis 20°) = 36 ¢is 70° ————— = 4 ¢is 30°.
3 cis 20°

See Exercises 47 through 50.
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WORTHY OF NOTE

rou IHﬂy lldVE WUIIUE[EU Wlly
we're using an amplitude of
311 for a 220-V appliance.
Due to the nature of the sine
wave, the average value of
an alternating current is
always zero and gives no
useful information about the
voltage generated. Instead,
the root-mean-square (rms)
of the voltage is given on
most appliances. While the
maximum voltage is 311V,
the rms voltage is

311

—= = 220 V. See
V2

Exercise 72.

7. Applications of

1.5: Complex Numbers in

Section 7.5 Complex Numbers in Trigonometric Form 71

Figure 7.74

AC Y

nating current) circuits.
In simplistic terms, when an arma-
ture (molded wire) is rotated in a

A\Im

genermed lhal depend‘; on the ﬁtrength of
the field. As the armature is rotated, the P
voltage varies between a maximum and
a minimum value, with the amount of
voltage modeled by V(#) = V,,,,sin(B#),
with @ in degrees. Here, Vm..\ represents %
the maximum voitage attained, and ihe
input variable # represents the angle the armature makes with the magnetic flux, indi-
cated in F:gu;g 7.74 hu the daghed arrows between the ma gnets.

‘When the armature is perpendicular to the flux, we say # = 0°. At = 0° and
6 = 180°, no voltage is produced, while at @ = 90° and & = 270°, the voltage reaches
its maximum and minimum values respectively (hence the name alternating current).
Many electric dryers and other large appliances are labeled as 220 volt (V) appliances,
but use an alternating current that varies from 311V to =311 V (see Worthy of Note).
This means when 0 = 52°, V(52°) = 311 sin(52°) = 245V is being generated. In
practical applications, we use time r as the independent variable, rather the angle of
the armature. These large appliances usually operate with a frequency of 60 cycles per

1 1 27
second, or | cycle every — of a second | P = — ). Using B = —, we obtain
! Y 60 ( 60 £8P

B = 1207 and our equation model becomes V() = 311 sin(1207r) with ¢ in radians.
This variation in voltage is an excellent example of a simple harmonic model.

”m][l_ EXAMPLE 6 »

Solution »

Analyzing Alternating Current Using Trigonometry
Use the equation V() = 311 sin(12077) to:

a. Create a table of values illustrating the voltage produced every thousandth of a

1
second for the first half-cycle | r = 0~ 0.008 ).

b. Use a graphing calculator to find the times ¢ in this half-cycle when 160 V is
being produced.

a. Starting at 1 = 0 and using increments of Time ¢ Voltage

0.001 sec produces the table shown. 0 o

400 0.001 114.5

0.002 2129

LY 0.003 2814

5 \ 00165 0.004 3104

0.005 295.8

ALSoa88091 v=160 0505 | 238

— — 0.007 149.8

~400
0.008 39.9
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b. From the table we note V(r) = 160 when r € (0.001, 0.002) and
t € (0.006, 0.007). Using the intersection of graphs method places these values
att = 0.0014 and ¢ = 0.0069 (see graph).
Now try Exercises 53 and 54 » '
Figure 7.77 . o
The chief components of AC circuits are voltage (V) and current (/). Due to the
Voltage leads current

sind

by 90°
(phase angle # = 90%)

18 21

Figure 7.78
Voltage lags current
by 90°
(phase angle § = —90°)

WORTHY OF NOTE

While mathematicians
generally use the symbol i to
represent \V—1, the “” is
used in other fields to
represent an electric current
so the symbolj = V=1 is
used instead. In conformance
with this convention, we will

i

temporarily use j for V-1

as well.

nature of how the current is generated, Vand / can be modeled by sine functions. Other
characteristics of electricity include pure resistance (R),

inductive reactance (X;), and capacitive reactance (X.) Figure 7.75

(see Figure 7.75). Each of these is measured in a unit called R X, Xa
ohms (£2), while current / is measured in amperes (A), and e -STITITT o—|}—e
voltages are measured in volts (V). These components of 4 B c D
electricity are related by fixed and inherent traits,

which include the following: (1) voltage across a Figure 7.76

resistor is always in phase with the current,
meaning the phase shift or phase angle between
them is 0° (Figure 7.76):(2) voltage across an
inductor leads the current by 90° (Figure 7.77);
(3) voltage across a capacitor lags the current by
90° (Figure 7.78); and (4) voltage is equal to the
product of the current times the resistance or
reactance: V = IR,V = IX; and V = IX.

Different combinations of R, X, and X in a
combined (series) circuit alter the phase angle and the resulting voltage. Since voltage
across a resistance is always in phase with the current (trait 1), we can model the resis-
tance as a vector along the positive real axis (since the phase angle is 0°). For traits
(2) and (3), X, is modeled on the positive imaginary axis since voltage leads current
by 90°, and X on the negative imaginary axis since voltage lags current by 90° (see
Figure 7.79). These natural characteristics make the complex plane a perfect fit for
describing the characteristics of the circuit.

Consider a series circuit (Figure 7.75), where R = 120, X, = 9, and
Xe = 4 Q). For a current of I = 2 amps through this circuit, the voltage across each
individual element would be Vi = (2)(12) =24V (A to B), V. = (2)(9) = 18V
(Bto C), and V- = (2)(4) = 8 V (C to D). However, the resulting voltage across this
circuit cannot be an arithmetic sum, since R is real while X; and X - are represented by
imaginary numbers. The joint effect of resistance (R) and reactance (X,, X) in a circuit
is called the impedance, denoted by the letter Z, and is a measure of the total resis-
tance to the flow of electrons. It is computed Z = R + X, j — Xj (see Worthy of
Note), due to the phase angle relationship of the voltage in each element (X, and X
point in opposite directions, hence the subtraction). The expression for Z is more
commonly written R + (X, — X¢)j. where we more clearly note Z is a complex
number whose magnitude and angle with the x-axis can be found as before:

f XL — Xe
|Z] = VR? + (X, — Xc)* and 6, = tan ](TL) The angle 6 represents the

phase angle between the voltage and current brought about by this combination of ele-
ments. The resulting voltage of the circuit is then calculated as the product of the
current with the magnitude of the impedance, or Vi, . = I|Z| (Z is also measured in
ohms, {0).

sin @ Voltage and current

T

EXAMPLE 7 »

Finding the Impedence and Phase Angle of the Current in a Circuit

For the circuit diagrammed in the figure, (a) find the magnitude of Z, the phase
angle between current and voltage, and write the result in trigonometric form; and
(b) find the total voltage across this circuit.
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Solution »  a. Using the values given, we find Z = R + (X, — X¢)j =
12 + (9 — 4)j = 12 + 5 (QI). This gives a magnitude of
R X, Xe

SNSTITIT e—{|—e |Z] = V(12)* + (5)° = V169 = 13 Q, with a phase angle of
ALRQB 92 C 42 D 5
# = tan I(E) = 22.6° (voltage leads the current by about 22.6°).

M F. You have just learned
how to solve applications
involving complex numbers

In trigonometric form Z = 13 cis 22.6°.
b. With { = 2 amps, the total voltage across this circuit is
Vire = I|Z] = 2(13) = 26 V.

Now try Exercises 55 through 68 »

s exeroses |

» CONCEPTS AND VOCABULARY

Fill in each blank with the appropriate word or phrase.
Carefully reread the section if needed.

1. For a complex number written in the form
z = r(cos @ + isin @), ris called the
and @ is called the

2. The complex number z = Z[CUS(E) i r'sin(g)}

can be written as the abbreviated “cis™ notation as

3. To multiply complex numbers in trigonometric
form, we the moduli and
the arguments.

> DEVELOPING YOUR SKILLS

Graph the complex numbers z;, z,, and z; given, then
express one as the sum of the other two.

T.z1=T7+2i 8.2:=2+7i
72 =8 + 6i =3+ 4
zz=1+4i 23 = =1+ 3i

9.7, =-2-5i 10. z; = -2 + 6
HL=1-—-T =7 =21
73 =3-2i z3=5+4di

State the quadrant of each complex number, then write
it in trigonometric form. For Exercises 11 through 14,
answer in degrees. For 15 through 18, answer in
radians.

=271 2T T

4. To divide complex numbers in trigonometric form,

we_ themoduliand ___ the
arguments.
5. Writez = —1 — V3iin trigonometric form and

explain why the argument is 6 = 240° instead of
60° as indicated by your calculator.

6. Discuss the similarities between finding the
components of a vector and writing a complex
number in trigonometric form.

13. —5V3 - 5i 14. 2 — 2V/3i
15. —3V2 + 3V2i 16. 5V7 — 5V7i
17. 43 — 4i 18. —6 + 6V3i

Write each complex number in trigonometric form. For
Exercises 19 through 22, answer in degrees using both
an exact form and an approximate form, rounding to
tenths. For 23 through 26, answer in radians using both
an exact form and an approximate form, rounding to
four decimal places.

19. 8 + 61 20. =9 + 12i
21, =5 =12 22, —8 + 15i
23. 6.+ 17.51 24. 30 — 5.51
25. =6+ 10: 26. 12 — 4i

Page 92 of 101



Algebra and Trigonometry, 2nd Edition, page: 851

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Coburn: Algebra and
Trigonometry, Second

© The McGraw-Hill
Companies, 2010

7. Applications of
Trigonometry

1.5: Complex Numbers in
Trigonometric Form

Edition

774 CHAPTER 7 Applications of Trigonometry

Graph each complex number using its trigonometric
form, then convert each to rectangular form.

27.2 cis(z) 28. 12 cis(z)
4 6

7
29. 4\/3 cis( :) 30. 5V3 cis( :)

15 3
Al 17 ci{tan" (*)} 32. 10 cis[tan' ](7)]
8 4
336 cic[ tan~ 1( ] )]
\ s| T — ;
Vil

st 4 v ( )

For the complex numbers z, and z, given, find their
moduli r; and r, and arguments 6, and ¢, Then compute
their product in rectangular form. For modulus r and
argument 6 of the product, verify that ri7; = r and

0 +0;=0.

3B.2=-2+2i; z=3+3i
36.z,=1+V3; z=3+V3i

For the complex numbers z, and z, given, find their
moduli r; and r; and arguments 6, and 6,. Then
compute their quotient in rectangular form. For
modulus r and argument 8 of the quotient, verify that

O e rand 0, —0y=0.

2
37.2,=VI+i, z=1+V3i
B.=-VIi+i 5=3+0

> WORKING WITH FORMULAS

51. Equilateral triangles in the complex plane:
w+ v2 + wl=uv+uw + vw

If the line segments connecting the complex
numbers u, v, and w form the vertices of an
equilateral triangle, the formula shown above holds
true. Verify thatu = 2 + V3i,v = 10 + V3, and
w = 6 + 5V/3i form the vertices of an equilateral
triangle using the distance formula, then verify the
formula given.

» APPLICATIONS

3 53, Electric current: In the United States, electric

power is supplied to homes and offices via a “120
V circuit,” using an alternating current that varies
from 170 V to —170 V, at a frequency of 60

cycles/sec. (a) Write the voltage equation for U.S.

7-64

Compute the product z,z, and quutlent == usmg the

trigonometric form. Answer in exact mcmngular form
where possible, otherwise round all values to two
decimal places.

— i 5vV3 5
39. 2= —4V3 + di 0.z = \f+_l.
_3v3 3 202
2= T3 =0+ 6i
41. 7, = =23 + 0 42. 2, =0 — 6iV2
~ __g+7iv§ : 3\6+3i\f6
2 2 2 N 2

S 9[“‘“(15) ! ”i“( ]
o) rmf)

ol k)

NIE e

&
(5

1
()
Il

45. z; = 10(cos 60° + i sin 60°)
25 = 4(cos 30° + isin 30°)
46. z; = 7(cos 120° + i sin 120°)
25 = 2(cos 300° + i sin 300°)
47. 2, = 5V2cis 210° 48, z; = 5V/3 cis 240°
25 = 2V2 cis 30° 23 = V3cis 90°
49. z; = 6.cis 82° 50. z; = 1.6 ¢cis 59°
2o = 1.5cis 27° 72 = 8 cis 275°

52. The cube of a complex number:
(A+B)P®=4%+348 + 348> + B®

The cube of any binomial can be found using the
formula here, where A and B are the terms of the
binomial. Use the formula to compute the cube of
1 = 2i(note A= 1and B = —2i).

households, (b} create a table of values illustrating
the voltage produced every thousandth of a second
for the first half-cycle, and (c) find the first time ¢
in this half-cycle when exactly 140V is being
produced.
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(b) create a table of values illustrating the voltage
produced every thousandth of a second for the first
half-cycle, and (c) find the first time ¢ in this half-

cycie wiien exactiy Zi5 V is Deiiig produced.

AC

Tar ¢h,

dnd o

s=

through 60, (a) find the magnitude of Z, the phase angle
between current and voltage, and write the result in
trigonometric form; and (b) find the total voltage across
this circuit. Recall Z = R + (X, — X¢)j and

= VR + (X, — X2
12| = VB + (X;. = XoF Exercises 55 through 58
55.R=150.X, = 12, and R Xe Xt
X-=4Q,withl =3 A, W}—Efﬂm\ﬁ
56. R =240.X; = 120,
and X = 5 Q, with ] = 2.5 A,

5TR=7Q,X, =64, and

Exercises 59 and 60
Xe=11Q,withl = 1.8 A. R X;
SANM-o/TTTTT T o
58. R=920(,X, =56Q,and i B C

Xc =830, with! = 20A.
59. R=12Qand X, = 5Q, with/ = 1.7 A,
60. R=350and X, = 12, with/ =4 A,

AC circuits—voltage: The current I and the impedance
Z for certain AC circuits are given. Write I and Z in

P EXTENDING THE CONCEPT

71. Verify/prove that for the complex numbers
= ri(cos a + i sin @) and
= ry(cos B + isin B),

= :*; [cos(a — B) + i sin(a — B)].

(Bs R

w2

72. Using the Internet, a trade manual, or some other
resource, find the voltage and frequency at which
electricity is supplied to most of Japan (oddly
enough—two different frequencies are in common
use). As in Example 6, the voltage given will likely
be the root-mean-square (rms) voltage. Use the
information to find the true voltage and the

equation model for voltage in most of Japan.

[S]
Al
w

[
|

v
quotient I = E Write V and Z in trigonometric form to

65. V=2+2\3jandZ =4 — 4jQ
66. V=4V3 —4jandZ=1- 1;Q
67. V=3 —4jandZ=4 + 75/ 0
68. V=28 +96jandZ = 1.4 — 4.8/ Q
Parallel circuits: For AC circuits wired in parallel, the

Z\Z,
Z + Z,

total impedance is given by Z = , where Z, and
Z; represent the impedance in each branch. Find the
total impedance for the values given. Compute the
product in the numerator using trigonometric form, and
the sum in the d inator in rect form.

69. Z,
70. Z,

=1+2andZ, =3 — 2
=3 —jandZ, =2+ j

73. Recall that two lines are perpendicular if their
slopes have a product of — 1. For the directed line
segment representing the complex number
z1 = 7 + 24i, find complex numbers z, and z;
whose directed line segments are perpendicular to
z, and have a magnitude one-fifth as large.

74. The magnitude of the impedance is

|Z| = VR* + (X, — Xc)% If R, X,, and X are all
nonzero, what conditions would make the
magnitude of Z as small as possible?
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> MAINTAINING YOUR SKILLS

75. (6.7) Solve for x € [0, 27):
350 = '.’S()sin(lx = %) — 95

76. (3.6) Name all asymptotes of the function

1+
hx) = >

77. (2.7) Graph the piecewise-defined function given:

o area)
fl) =92 —2=x<1
Sy =0

© The McGraw-Hill
Companies, 2010
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78. (7.2) A ship is spotted by two observation posts that
are 4 mi apart. Using the line between them for
reference, the first post reports the ship is at an angle
of 41°, while the second reports an angle of 63°, as
shown. How far is the ship from the closest post?

Exercise 78
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De Moivre’s Theorem and the Theorem on nth Roots

Learning Objectives
In Section 7.6 you will learn how to:

[ A. Use De Moivre's
theorem to raise
complex numbers to
any power

[ B. Use De Moivre's
theorem to check
solutions to polynomial
equations

[ C. Use the nth roots
theorem to find the nth
roots of a complex
number

The material in this section represents some of the most significant developments in the
history of mathematics. After hundreds of years of struggle, mathematical scientists had
not only come to recognize the existence of complex numbers, but were able to make
operations on them commonplace and routine. This allowed for the unification of many
ideas related to the study of polynomial equations, and answered questions that had
puzzled scientists from many different fields for centuries. In this section, we will look
at two fairly simple theorems that actually represent over 1000 years in the evolution
of mathematical thought.

A. De Moivre's Theorem

Having found acceptable means for applying the four basic operations to complex
numbers, our attention naturally shifts to the computation of powers and roots. Without
them, we’d remain wholly unable to offer complete solutions to polynomial equations
and find solutions for many applications. The computation of powers, squares, and
cubes offer little challenge, as they can be computed easily using the formula for bino-
mial squares [(A + B)? = A® + 2AB + B*] or by applying the hinomial theorem.
For larger powers, the binomial theorem becomes too time consuming and a more effi-
cient method is desired. The key here is to use the trigonometric form of the complex
number. In Section 7.5, we noted the product of two complex numbers involved mul-
tiplying their moduli and adding their arguments:

For z; = ry(cos 8, + isin @) and z, = ro(cos 6, + isin 6,) we have

2122 = ryr [cos(f, + 8,) + isin(f, + 6,)]

For the square of a complex number, r; = r» and #; = 65, Using ¢ itself yields
2% = r*[cos(# + 0) + isin(f + 6)]
= r’[cos(28) + i sin(26)]
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WORTHY OF NOTE

Sometimes the argument of
cosine and sine becomes
very large after applying De
Moivre’s theorem. In these
cases, we use the fact that

# = # * 360°% and

0 = # * 2wk represent coter-
minal angles for integers k,
and use the coterminal angle
# where 0 = # < 360° or
0=0< 27
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Multiplying this result by z = r(cos # + i sin #) to compute z* gives
rz[(:os(?.ﬂ) + i sin(26)] r(cos 6 + i sin 8) = .'j[C()S(?.H + ) + isin(20 + 0)]
= r*[cos(38) + isin(36)].

The result can be extended further and generalized into De Moivre’s theorem.

De Moivre's Theorem
For any positive integer #, and z = r(cos @ + i sin 8),

2" = r"[cos(nf) + isin(nd)]

For a proof of the theorem where r is an integer and n = 1, see Appendix V.

WIU-T EXAMPLE 1 »

Solution »

MA. You've just learned how
to use De Moivre's theorem to
raise complex numbers to any
power

Using De Moivre’s Theorem to Compute the Power of a Complex Number
Use De Moivre’s theorem to compute z”, given z = —

2 )
Here we have r = (—l) + (,l) V2
Y\ 2 2

= —— With zin QIII, tan # = 1 yields
5
0= TTT The trigonometric form is z =

1
— 3l

1=

2

— | cCos| —— rsmf —— and aj n
2 4 4 pplying
the theorem with n = 9 gives

(el )
(). o)
() ()

De Moivre’s theorem

simplify

coterminal angles

V[ V2 V2, _
= —32 (*—2 — —2 l) evaluate functions
1 Loy
= 732 - 32.! result

Now try Exercises 7 through 14 »

As with products and quotients, if the complex number is given in trigonometric
form, computing any power of the number is both elegant and efficient. For instance,
if 7 = 2 cis 40°, then z* = 16 cis 160°. See Exercises 15 through 18.

For cases where # is not a standard angle, De Moivre’s theorem requires an intriguing

application of the skills developed in Chapter 6, including the use of multiple angle
b
identities and working from a right triangle drawn relative to #, = tan '(;)

See Exercises 57 and 58.

B. Checking Solutions to Polynomial Equations

One application of De Moivre's theorem is checking the complex roots of a polyno-
mial, as in Example 2.
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MB- You've just learned to 1(—64) — 3(16 — 16i) — 38(8i) — 128(—2 — 2i) — 144 =0
use De Moivre's theorem to —64 — 48 + 48i — 304i + 256 + 256 — 144 =0
check solutions to polynomial (—64 — 48 + 256 — 144) + (48 — 304 + 256)i = 0
equations 0=0/

EXAMPLE 2 » Using De Moivre's Theorem to Check Solutions to a Polynomial Equation
Use De Moivre's theorem to show that z = —2 — 2i is a solution to
=32 - 387 — 128 — 144 = 0.
Solution » We will apply the theorem to the third and fourth degree terms, and compute the

square direetly. Since z is in QIIL, the trigonometric form is z = 22 cis 225°, In the
following illustration, note that 900° and 180° are coterminal, as are 675° and 315°.

(—2—2* (-2 —2ip (—2.~20¢
= (2V2) cis(4 - 225°) = (2V2)%cis(3 - 225%) =4 + 8i + (2i)
= (2V2)cis 900° = (2V2)cis 675° =4+ 8i + 4"
= 64 cis 180° = (2V2)%cis 315° =4+8i—4
2 2
= 64(—1 + 0i) =16\f2(\:-—-\; 5) =0+ 8i
= —64 =16 — 16 =8

Substituting back into the original equation gives
1 — 37 — 387 — 128; — 144 =0

Now try Exercises 19 through 26 »

Regarding Example 2, we know from a study of algebra that complex roots must
occur in conjugate pairs, meaning —2 + 2i is also a root. This equation actually has
two real and two complex roots, with z = 9 and z = —2 being the two real roots.

C. The nth Roots Theorem

Having looked at De Moivre’s theorem, which raises a complex number to any power,
we now consider the sth roots theorem, which will compute the nth roots of a
complex number. If we allow that De Moivre's theorem also holds for rational values

1
P instead of only the integers » illustrated previously, the formula for computing an

ath root would be a direct result:

\ | 1 1
&= r"[cos(—&) + isin(—ﬁ)] De Moivre's theorem
n n
" 0 [Z]
\/r[cos(—) + isin(-)] simplify
n n

However, this formula would find only the principal nth root! In other words, peri-
odic solutions would be ignored. As in Section 7.5, it’s worth noting the most general
form of a complex number is z = r{cos(f + 360°k) + isin(# + 360°k)], for k € Z.
When De Moivre's theorem is applied to this form for integers n, we obtain
7 = r"[cos(n@ + 360°kn) + isin(nd + 360°%n)|, which returns a result identical to

1
r"[cos(nf) + i sin(nfl)]. However, for the rational exponent p the general form takes

additional solutions into account and will return all n, nth roots.
De Moivre's

1 1 -
:.'1' = r*l’{cos[ —(H & 360"&)} i isin[—(ﬂ o 360uk)]} theorem for rational
n n exponents
Ve E} 360°k A 360°k
= Vr|cos| = + + isinl — + simplify
n n n n
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The nth Roots Theorem

For z = r(cos 8 + i1sin ), a positive integer n, and r € |, z has exactly n distinct

nth roots determined by
2] 360"k) = (9 360%)]
= E PNl —
n n n

V= ¥ cos( 2
For ease of computation, it helps to note that once the argument for the principal

8 360°%k
root is found using k = 0, % +

wherek = 0,1,2, ... ,n— 1.

3600 2
simply adds T(or T:T) to the previous

argument fork = 1,2,3, ... ,n— L

In Example 3 you’re asked to find the three cube roots of 1, also called the cube
roots of unity, and graph the results. The nth roots of unity play a significant role in
the solution of many polynomial equations. For an in-depth study of this connection,
visit www.mhhe.com/coburn and go to Section 7.8: Trigonometry, Complex
Numbers and Cubic Equations.

EXAMPLE 3 »

I

Solution »

Finding nth Roots

Use the nth roots theorem to solve the equation x> — 1 = 0. Write the results in
rectangular form and graph.

From x* — 1 = 0, we have * = 1 and must find the three cube roots of unity. As
before, we begin in trigonometric form: 1 + 0i = 1(cos 0° + i sin 0°).
Withn =3, r= 1, and § = 0°, we have Vr = V1 =1,
0°  360°%k
—+ 5 = 0° + 120°k. The principal
root (k = 0)is zg = 1(cos 0° + i sin0°) = 1. ' A ™
Adding 120° to each previous argument, we find 24 z RN
the other roots are / \
21 = 1(cos 120° + i sin 120°) VI (80

2 = 1(cos 240° + i sin 240°). \ B

1
\ 120° rf
1 V3 & z ;
In rectangular form these are — + ——, and % g /’
Vi 2 2 R B
1 3 L _eyTT
i Ti’ as shown in the figure. (=27

Now try Exercises 27 through 40 »

I I I EXAMPLE 4 »

Solution »

Finding nth Roots

Use the nth roots theorem to find the five fifth roots of z = 16V/3 + 16i.
In trigonometric form, 163 + 16/ = 32(cos 30° + i sin 30°). With

n =5 r=32 and 6 = 30°, we have Vr=v3 = 2, and

30°  360°%
£ + T = 6° + 72°k. The principal root is z, = 2(cos 6° + i sin 6°).

Adding 72° to each previous argument, we find the other four roots are

z; = 2(cos 78° + isin 78°) 2 = 2(cos 150° + isin 150°)
2(cos 222° + i sin 222°) 24 = 2(cos 294° + i sin 294°)

Now try Exercises 41 through 44 »
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Of the five roots in Example 4, only Figure 7.80
2 = 2(cos 150° + i sin 150°) uses a standard i
angle. Applying De Moivre’s theorem withn = 5 £
gives (2 cis 150°)° = 32 ¢is 750° = 32 ¢is 30°
or 163 + 16i./ See Exercise 54.

As a consequence of the arguments in a
o

360
solution being uniformly separated by o the

Z9=2cis6°

graphs of complex roots are equally spaced
about a circle of radius r. The five fifth roots
from Example 3 are shown in Figure 7.80 (note
each argument differs by 72°).

For additional insight into roots of complex numbers, we reason that the nth
roots of a complex number must also be complex. To find the four fourth roots
of z =8+ 8V3i = 16(cos 60° + isin 60°), we seek a number of the form
r(cos a + isin @) such that [r(cos a + i sina)]* = 16(cos 60° + i sin 60°). Apply-
ing De Moivre’s theorem to the left-hand side and equating equivalent parts we obtain

r*[cos(4a) + isin(4a)] = 16(cos 60° + i sin 60°), which leads to
#* =16 and
4a = 60°

74 = 2cis294°

From this it is obvious that » = 2, but as with similar equations solved in Chapter 6,
the equation 4o = 60° has multiple solutions. To find them, we first add 360°k to 60°,
then solve for a.

4a = 60° + 360°k  add 360
60° + 360°%
a=——"—"— dvidebyd
4
= 15° + 90% result

For convenience, we start with & = 0, 1, 2, and so on, which leads to

Fork=0: «=15°+90°(0) Fork=1: a =15 +90°1)
15 = 105°

Fork=2: a=15"+90°(2) Fork=3 a=15 +90°(3)
195° = 285°

At this point it should strike us that we have four roots—exactly the number
required. Indeed, using k = 4 gives a = 15° + 90°(4) = 375°, which is coterminal
with the 15° obtained when k = 0. Hence, the four fourth roots are

29 = 2(cos 15° + isin 15°) 2y = 2(cos 105° + i sin 105°)
25 = 2(cos 195° + i sin 195°) 23 = 2(cos 285° + i sin 285°).

The check for these solutions is asked for in Exercise 53.

As a final note, it must have struck the mathematicians who pioneered these dis-
coveries with some amazement that complex numbers and the trigonometric functions
should be so closely related. The amazement must have been all the more profound
upon discovering an additional connection between complex numbers and exponen-
tial functions. For more on these connections, visit www.mhhe.com/coburn and review
Section 7.7: Complex Numbers in Exponential Form.
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© Mo exeroises | |

» CONCEPTS AND VOCABULARY

Fill in each blank with the appropriate word or phrase.
Carefully reread the section if needed.

1. Forz = r(cos @ + isin @), z° is computed as
according to theorem.

2. If z = 6, then z raised to an
real and z raised to an
sincefl = |

power will be
power will be

3. One application of De Moivre’s theorem is to
check solutions to a polynomial
equation.

» DEVELOPING YOUR SKILLS

Use De Moivre’s theorem to compute the following.
Clearly state the value of r, 1, and @ before you begin.

7. (3 + 3i)* 8. (-2 + 2i)°
9. (-1 + V3i)? 10. (V3 — i)
1 VAY Vi o1y
11. (E = Ti) 12. (*T i 51
vi_Vviy Vi Viy
13. (T_ 71) 14. (— 2 =t 2 l)

15. (4 cis 330°)° 16. (4 cis 300%)°
5 8
17. (? cis 1350) 18. (% cis 135°>

Use De Moivre’s theorem to verify the solution given for
each polynomial equation.

19. 74 + 37 — 62+ 122 — 40 = 0,2 = 2i

20 - +77—92—18=0;z=—3i

2L+ 67 + 197 + 62+ 18 =0;2=—3—3i

22,2 +37 42+ 22+ 12=0;z=1—i

2.7+ 47 -4+ 162+ 16=0.2= V3 —i

24. 2 + 2 — 1627 — 162° + 256z + 256 = 0;
2=2V3 +2i

25. 2 =47+ T 62— 10=0;z=1 + 2i

26. 7 =27 - 72 +28:+52=0;z=3—2i

4. The nth roots of a complex number are equally
spaced on a circle of radius r, since their arguments
all differ by degrees or radians.

5. From Example 4, go ahead and compute the value
of zs, 2. and z7. What do you notice? Discuss how
this reaffirms that there are exactly n, nth roots.

6. Use a calculator to find (1 — 3r’)", Then use it again
to find the fourth root of the result. What do you
notice? Explain the discrepancy and then resolve it
using the nth roots theorem to find all four roots.

Find the nth roots indicated by writing and solving the
related equation.

27. five fifth roots of unity
28. six sixth roots of unity
29. five fifth roots of 243
30. three cube roots of 8

31. three cube roots of —27i
32. five fifth roots of 32i

Solve each equation using the nth roots theorem.
3.5 -32=0 34 — 243 =0
35. °—-27i=0 36. X+ 64i =0
3. - VZI-V2i=0 38 £ -1+V3i=0

39. Solve the equation x> — 1 = 0 by factoring it as
the difference of cubes and applying the quadratic
formula. Compare results to those obtained in
Example 3.

40. Use the nth roots theorem to find the four fourth
roots of unity, then find all solutions to x* — 1 = 0
by factoring it as a difference of squares. What do
you notice?
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Use the nth roots theorem to find the nth roots. Clearly
state r, n, and  (from the trigonometric form of z) as
vou begin. Answer in exact form when possible,
otherwise use a four decimal place approximation.

41. four fourth roots of —8 + 8V/3i
» WORKING WITH FORMULAS

4p* + 274°

The discriminant of a cubic equation: D = 108

For cubic equations of the form z* 4 pz + ¢ = 0, where p
and g are real numbers, one solution has the form

. \"/7% + VD + {/7% — VD, where D is called the

» APPLICATIONS

47. Powers and roots: Just after Example 4, the four
fourth roots of z = & + 8V/3i were given as
Zp = 2(cos 15° + isin 15°)

2(cos 105° + i sin 105°)

2(cos 195° + i sin 195°)
z3 = 2(cos 285° + i sin 285°).

Il

21

iz

Verify these are the four fourth roots of
7 = 8 + 8V/3i using a calculator and De Moivre’s
theorem.

1.6: De Moivre's Thearem
and the Theorem on nth

© The McGraw-Hill
Companies, 2010

1-72

42. five fifth roots of 16 — 16V/3i
43. four fourth roots of =7 — 7i
44, three cube roots of 9 + 9i

discriminant. Compute the value of D for the cubic
equations given, then use the nth roots theorem to find

the three cube roots of —g + VD and —% = VDin
trigonometric form (also see Exercises 61 and 62).

45. 22 —6:+4=0 46. 27— 122 -8=0

48. Powers and roots: In Example 4 we found the five
fifth roots of 7 = 16V/3 + 16i were

20 = 2(cos 6° + i sin 6°)

z1 = 2(cos 78° + isin 78°)
23 = 2(cos 150° + i sin 150°)
23 = 2(cos 222° + i sin 222°)
24 = 2(cos 294° + i sin 294°)

Verify these are the five fifth roots of 16 V3 + 16i
using a calculator and De Moivre’s theorem.

Electrical circuits: For an AC circuit with three branches wired in parallel, the total impedance is given by

B
2,7, + 217,

= —
T P

. where Z,, Z,, and Z represent the impedance in each branch of the circuit. If the impedance

in each branch is identical, Z, = Z» = Zy = Z, and the numerator becomes Z* and the denominator becomes 3Z°, (a) use De
Moivre’s theorem to calculate the numerator and denominator for each value of Z given, (b) find the total impedance by

3

7
computing the quotient E' and (c) verify your result is identical to =

49, Z = 3 + 4j in all three branches

» EXTENDING THE CONCEPT

In Chapter 6, you were asked to verify that sin(38) =
3sin @ — 4sin*0 and cos(46) = 8 cos®d — 8 cos’ + 1
were identities (Section 6.4, Exercises 21 and 22). For

VT
Zi— R \/?i. verify |7 = 4 and 8 = tan™ I(T) then

draw a right triangle with V7 opposite @ and 3 adjacent to
). Discuss how this right triangle and the identities given
can be used in conjunction with De Moivre’s theorem to
find the exact value of the powers given (also see
Exercises 53 and 54).

51, (3 + VA 52. (3 + V7i)!

50. Z = 5\/3 + 5jin all three branches

For cases where # 1s not a standard angle, working toward
an exact answer using De Moivre’s theorem requires the use
of multiple angle identities and drawing the right triangle

b
related to 6 = lanfl(g). For Exercises 53 and 54, use De

Moivre's theorem to compute the complex powers by

(a) constructing the related right triangle for 8, (b) evaluating
sin(46) using two applications of double-angle identities, and
(c) evaluating cos(48) using a Pythagorean identity and the
computed value of sin(48).

53, z=(1+2) 54. (2 + V5
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The solutions to the cubic equations in Exercises 45 and 46 (repeated in Exercises 55 and 56) can be found by adding the

cube roots of —g + VD and —g — /D that have arguments summing to 360°.

55. Find the roots of z° — 6z + 4 = 0 56. Find the roots of ° — 12z — 8 = 0

» MAINTAINING YOUR SKILLS

57. (6.2) Prove the following is a identity: 59. (2.3) Find the equation of KE
tan®x Ii=cosx the line whose graph is -
secx+ 1  cosx given.

58. (3.3) Given f(x) = 2x* — 3x, determine: 60. (5.2) Solve the triangle B
1 given. Round lengths to
J(=1).f 3 . fla) and f(a + h). hundredths of a meter. 213m
O
(i A
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SECTION 7.1 Oblique Triangles and the Law of Sines

el sinA  sinB  sinC

« In any triangle, the ratio of the sine of an angle to its opposite side is constant: =,
a C

The law of sines requires a known angle, a side opposite this angle and an
additional side or angle, hence cannot be applied for S88 and SAS triangles.

+ For AAS and ASA triangles, the law of sines yields a unique solution.

When given two sides of a triangle and an angle opposite one of these sides (SSA), the number of solutions is in
doubt, giving rise to the designation, “the ambiguous case.”

SSA triangles may have no solution, one solution, or two solutions, depending on the length of the side opposite
the given angle.

« When solving triangles, always remember:
* The sum of all angles must be 180°: ZA + 2B + £C = 180°.
= The sum of any two sides must exceed the length of the remaining side.
= Longer sides are opposite larger angles.

» k = sin~'# has no solution for k > 1.
+ k = sin" '@ has two solutions in [0, 360°) for 0 < k| < 1.

EXERCISES

Solve the following triangles.
1. A 2. B~
293 cm
25 A

1422
s2yd
B e c

3. A tree is growing vertically on a hillside. Find the height of the tree if it makes an angle
of 110° with the hillside and the angle of elevation from the base of the hill to the top of
the tree is 25° at a distance of 70 ft.
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. ) ) sinfl sin 50
4. Find two values of # that will make the equation true: —— =

14 31
5. Solve using the law of sines. If two solutions exist, find both (figure not drawn to scale).
C
105 cm o7 oy
35°

6. Jasmine is flying her tethered, gas-powered airplane at a local park, where a group of ,.’RBI: l;l“
bystanders is watching from a distance of 60 ft, as shown. If the tether has a radius of | 140
35 ft and one of the bystanders walks away at an angle of 40°, will he get hit by the :.‘ Jasmine” 00 1L/ gy naers
plane? What is the smallest angle of exit he could take (to the nearest whole) without

being struck by Jasmine’s plane?

SECTION 7.2 The Law of Cosines; the Area of a Triangle

KEY CONCEPTS
e The law of cosines is used to solve SSS and SAS triangles.
e The law of cosines states that in any triangle, the square of any side is equal to the sums of the squares of the other
two sides, minus twice their product times the cosine of the included angle:
a> = b + ¢ — 2bccos A
® When using the law of cosines to solve a SS8 triangle, always begin with the largest angle or the angle opposite
the largest side.

e The area of a nonright triangle can be found using the following formulas. The choice of formula depends on the
information given.

e two sides a and b * two angles A and B e three sides a, b, and ¢
with included angle ¢ with included side ¢ hS = at+b+c
1 EsinAsin B Wt =
A = —absin C e
2 2sin C =

EXERCISES
7. Solve for B: 9% = 12% + 157 — 2(12)(15) cos B

8. Use the law of cosines to find the missing side.

9. While preparing for the day’s orienteering meet, Rick finds that the distances between
the first three markers he wants to pick up are 1250 yd, 1820 yd, and 720 yd. Find the 720 yd
measure of each angle in the triangle formed so that Rick is sure to find all three
markers.

1250 yd

1820 yd

10. The Great Pyramid of Giza, also known Khufu’s pyramid, is the sole remaining member of the Seven Wonders of
the Ancient World. It was built as a tomb for the Egyptian pharaoh Khufu from the fourth dynasty. This square
pyramid is made up of four isosceles triangles, each with a base of 230.0 m and a slant height of about 218.7 m.
Approximate the total surface area of Khufu’s pyramid (excluding the base).

SECTION 7.3 Vectors and Vector Diagrams

KEY CONCEPTS
e Quantities/concepts that can be described using a single number are called scalar quantities. Examples are time,
perimeter, area, volume, energy, temperature, weight, and so on.
e Quantities/concepts that require more than a single number to describe their attributes are called vector quantities.
Examples are force, velocity, displacement, pressure, and so on.

Page 5 of 101



Algebra and Trigonometry, 2nd Edition, page: 864

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

Coburn: Algebra and 1. Applications of Summary and Concept © The McGraw-Hill
Trigonometry, Second Trigonometry Review Companies, 2010
Edition
7-75 Summary and Concept Review 785

Vectors can be represented using directed line segments to indicate magnitude and direction. The origin of the
segment is called the initial point, with the arrowhead pointing to the terminal point. When used solely for
comparative analysis, they are called geometric vectors.

Two vectors are equal if they have the same magnitude and direction.

Vectors can be represented graphically in the xy-plane by naming the initial and terminal points of the vector or by
giving the magnitude and angle of the related position vector [initial point at (0, 0)].

For a vector with initial point (x;, y,) and terminal point (x,, y,), the related position vector can be written in the
component form (u, b), wherea = x; — xpand b =y, — y,.

For a vector written in the component form {a, b}, a is called the horizontal component and b is called the vertical
component of the vector.

For vectorv = (a. b}, the magnitude of v is |v| = Va + B

Vector components can also be written in trigonometric form. See page 739.

For u = {a, b}, v = {¢, d), and any scalar k, we have the following operations defined:

u+tv="{a+eb+d u-v={(a—cbh-d) ku = (ka, kb) for kER

If k = 0, the new vector has the same direction as u; & < 0, the opposite direction.
Vectors can be written in algebraic form using i, j notation, where i is an x-axis unit vector and j is a y-axis unit
vector. The vector <u. b) is written as a linear combination of i and j: (a. b) =ai + bj.

i
For any nonzero vector v, vector m = — is a unit vector in the same direction as v.

M|
In aviation and shipping, the heading of a ship or plane is understood to be the amount of rotation from due north
in the clockwise direction.

EXERCISES

11.
12.
13.
14.
15.
16.
17.

18.

Graph the vectorv = {9, 5)‘ then compute its magnitude and direction angle.

Write the vector u = (* 8,3)in i, j form and compute its magnitude and direction angle.

Approximate the horizontal and vertical components of the vector u, where ju| = 18§ and 6 = 52°.
Compute 2u + v, then find the magnitude and direction of the resultant: u = (=3, —5)and v = (2, 8).
Find a unit vector that points in the same direction asu = 7i + 12j.

Without computing, if u = (—9, 2) and v = (2, 8), will the resultant sum lie in Quadrant T or I1? Why?

It’s once again time for the Great River Race, a 3-mi swim across the Panache River.
If Karl fails to take the river’s I-mph current into account and he swims the race at

3 mph, how far from the finish marker does he end up when he makes it to the other
side?

Two Coast Guard vessels are towing a large yacht into port. The first is pulling with a
force of 928 N and the second with a force of 850 N. Determine the angle # for the
second Coast Guard vessel that will keep the ship moving safely in a straight line.

SECTION 7.4 Vector Applications and the Dot Product

KEY CONCEPTS

Vector forces are in equilibrium when the sum of their components is the zero vector.

When the components of vector u are nonquadrantal, with one of its components lying along vector v, we call this
component the “component of u along v” or comp,u.

For vectors u and v, comp,u = |ujcos @, where # is the angle between u and v.

Work done is computed as the product of the constant force F applied, times the distance D the force is applied:
W=F:D.

If force is not applied parallel to the direction of movement, only the component of the force in the direction of
movement is used in the computation of work. If u is a force vector not parallel to the direction of vector v, the
equation becomes W = comp,u - |v|.

Page 6 of 101



Algebra and Trigonometry, 2nd Edition, page: 865

No part of any book may be reproduced or transmitted by any means without the publisher’s prior permission. Use (other than qualified fair
use) in violation of the law or Terms of Service is prohibited. Violators will be prosecuted to the full extent of the law.

786

Coburn: Algebra and 1. Applications of Summary and Concept © The McGraw-Hill
Trigonometry, Second Trigonometry Review Companies, 2010
Edition

CHAPTER 7 Applications of Trigonometry 7-76

For vectors u = {a, b)and v = (¢, ), the dot product u - v is defined as the scalar ac + bd.
The dot product u - v is equivalent to comp,V - |v| and to [u[vjcos 6.
vV _u-v

u
The angle between two vectors can be computed using cos # = r . r = m
v julv

; - i p ; u-v
Given vectors u and v, the projection of u along v is the vector proj,u defined by proj,u = ( e ) V.
vi2

Given vectors u and v and proj,u, u can be resolved into the orthogonal components u,; and u, where

u =u; + uy, u; = proju, andu, = u — u;.

The horizontal distance x a projectile travels in ¢ seconds is x = (|v|cos 8)z.

The vertical height y of a projectile after t seconds is y = (|visin @)t — 16%, where |v| is the magnitude of the
initial velocity, and 6 is the angle of projection.

EXERCISES

19.

20.
21.
22,
23.

24.
25.

26.

For the force vectors F, and F, given, find the resultant and an additional force vector so that equilibrium takes
place: Fy = (=20, 70); F, = {45, 53).

Find comp,u foru = —12i — 16j and v = 19i — 13j.

Find the component d that ensures vectors u and v are orthogonal: u = (2, 9)and v = (— 18, d).

Compute p - g and find the angle between them: p = (-5, 72); q= {4, 77).

Given force vector F = (50, IS) andv = (85. 6), find the work required to move an object along the entire length
of v. Assume force is in pounds and distance in feet.

A 650-1b crate is sitting on a ramp that is inclined at 40°. Find the force needed to hold the crate stationary.

An arctic explorer is hauling supplies from the supply hut to her tent, a distance of
120 ft, in a sled she is dragging behind her. If the straps used make an angle of 25°
with the snow-covered ground and she pulls with a constant force of 75 Ib, find the
amount of work done.

A projectile is launched from a sling-shot with an initial velocity of v, = 280 ft/sec
at an angle of # = 50°. Find (a) the position of the object after 1.5 sec and (b} the
time required to reach a height of 150 ft.

SECTION 7.5 Complex Numbers in Trigonometric Form

KEY CONCEPTS

A complex number a + bi = (a, b) can be written in trigonometric form by Imaginary j vi
noting (from its graph) thate = rcos@and b = rsin8: a + bi = axis
r(cos @ + 1sin 6).

The angle ¢ is called the argument of z and r is called the modulus of z.

The argument of a complex number z is not unique, since any rotation of

8 + 2k (k an integer) will yield a coterminal angle.

To convert from trigonometric to rectangular form, evaluate cos # and sin ¢

and multiply by the modulus.

To multiply complex numbers in trig form, multiply the moduli and add the arguments. To divide complex
numbers in trig form, divide the moduli and subtract the arguments.

(a, b}
(rcosd, rsind)
24

axis

Complex numbers have numerous real-world applications, particularly in a study of AC electrical circuits.

The impedance of an AC circuit is given as Z = R + j(X, — X¢), where R is a pure resistance, X is the capacitive
reactance, X, is the inductive reactance, and j = VvV —1.

X, — Xe
Z is a complex number with magnitude [Z = V'R* + (X, — X)? and phase angle § = tan '(%)

(6 represents the angle between the voltage and current).

V
In an AC circuit, voltage V = IZ; current / = 7
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EXERCISES
27. Write in trigonometric 28. Write in rectangular form: 29. Graph in the complex plane:
form: z = —1 — V3i fon SW[CiS(EH z = 5(cos 30° + isin 30°)

o T 21
30. Forz =8 c1s(£) andz, = 2 c1s(g>. compute 7,7 and .

31. Find the current [ in a circuit where V = 43 — 4jand Z = | — V3j Q.

32, Inthe Vi, series circuit shown, R = 10 €}, X, = 8 Q, and X, = 5 €). Find the R Xy X
magnitude of Z and the phase angle between current and voltage. Express the result in

—e
trigonometric form. AlQB 80 C 50 D

SECTION 7.6 De Moivre’s Theorem and the Theorem on nth Roots

KEY CONCEPTS
» For complex number z = r{cos # + isin ), " = ¥[cos(nf) + i sin(nd)] (De Moivre’s theorem).
e De Moivre’s theorem can be used to check complex solutions of polynomial equations.

/" 0 0 2k L. (08 2k .
o For complex number z = r{cos # + i sin f), N = \/r[cos(; + %) + i sm(; + %)] for

k=1,2,3,....,n — 1 (nth roots theorem).

e The nth roots of a complex number are equally spaced around a circle of radius r in the complex plane.

EXERCISES

33. Use De Moivre’s theorem to compute the value of (—1 + i\/§)5‘

34. Use De Moivre's theorem to verify that z = 1 — i isasolutionof z* + 22 — 22 + 2z + 4 =
35. Use the nth roots theorem to find the three cube roots of 125i.

36. Solve the equation using the nth roots theorem: 2 =216 =0.

37. Given that z = 2 + 2iis a fourth root of —64, state the other three roots.

38. Solve using the quadratic formula and the nth roots theorem: Z 62 +25=0.

39. Use De Moivre’s theorem to verify the three roots of 1257 found in Exercise 35.
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Solve each triangle using either the law of sines or law
of cosines (whichever is appropriate) then find the area

of each.
1. g
19 in.
c A
2Z; c
A 52 cm

3. Find the horizontal and vertical components of the
vector u, where [u| = 21 and 8 = 40°.

4. Compute 2u + v, then find the magnitude and
direction of the resultant: u = (6, =3), v = (=2, 8}.

5. Find the height of a
flagpole that sits atop a
hill, if it makes an angle
of 122 with the
hillside, and the angle
of elevation between
the side of the hill to the top of the flagpole is 35 at
a distance of 120 ft.
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10.

11.

. Graph the vector v = {—8, 5),
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CHAPTER 7 Applications of Trigonometry

. A 900-Ib crate is sitting on a ramp that is inclined at

28", Find the force needed to hold the object stationary.

Exercise 6

. A jet plane is flying at 750 mph on a heading of 30°.

There is a strong, 50-mph wind blowing from due
south (heading 0°). What is the true course and
speed of the plane (relative to the ground)?

then compute its magnitude and
direction.

36m 24 m

31°

. Solve using the law of sines. If A

two solutions exist, find both.

A local Outdoors Club
sponsors a treasure hunt
activity for its members,
and has placed surprise
packages at the corners
of the triangular park
shown. Find the
measure of each angle to help club members find their
way to the treasure.

Exercise 10
C

0.9 mi
0.7 mi

o
A 1.2m

As part of a lab P
demonstrating centrifugal
and centripetal forces,a
physics teacher is whirling *
a tethered weight above

her head while a group of
students looks on from a
distance of 20 ft as shown.

If the tether has a radius of 10 ft and a student
departs at the 35° angle shown, will the student be
struck by the weight? What is the smallest angle of
exit the student could take (to the nearest whole)
without being struck by the whirling weight?

Students

Teacher 20 n' 3

Mixed Review

12.

13.

14

15.

16.

i 72

18.

19.

20.

© The McGraw-Hill
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Given the vectors p = {—5, 2)and q = (4, 7), use
the dot product p - g to find the angle between them.

a. Graph the complex number using the rectangular
form, then convert to trigonometric form:
z=4— 4L

. Graph the complex number using the
trigonometric form, then convert to rectangular
form: z = 6(cos 120° + i sin 120°).

a. Verify that z = 4 — 5i and its conjugate are
solutions to 2 — 8z + 41 = 0,

. Solve using the quadratic formula:
£=6iz+7=0

Two tractors are

dragging a large,

fallen tree into
the brush pile
that’s being

prepared for a

large Fourth of

July bonfire. The

first is pulling with a force of 418 N and the second

with a force of 320 N. Determine the angle # for the
second tractor that will keep the tree headed straight
for the brush pile.

Given z; = 8(cos 45° + isin45°) and

2 = 4(cos 15° + i sin 15°) compute:

=2

=2

a. the product 2,2, b. the quotient ~

1
2

29 |29

Given the vectorsu = —12i — 16j and

v = 19i — 13j, find comp,u and proj,u.

Find the result using De Moivre's theorem:
(2v3 - 2i)%

Use the nth roots theorem to find the four fourth
roots of =2 + 2iV/3.

The impedance of an AC circuit is

Z =R + j(X; — X¢). The voltage across the circuit
is Ve = 112 Given R = 120, X; = 15.2 (), and

X¢ = 9.4 Q, write Z in trigonometric form and find
the voltage in the circuit if the current is / = 6.5 A,
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1. Within the Kilimanjaro 2. At the circus, Mac and Joe are Exercise 2
Game Reserve, a fire is watching a high-wire act from
spotted by park rangers first-row seats on opposite Kerdhat g
stationed in two towers sides of the center ring. Find i
known to be 10 mi apart. the height of the performing '
Using the line between them acrobat at the instant Mac P |
as a baseline, tower A % : measures an angle of elevation / ‘e
reports the fire is at an angle of 68° while Joe measures an S 72°'% Joe
of 39°, while tower B reports an angle of 68°. How angle of 72°. Assume Mac and
far is the fire from the closer tower? Joe are sitting 100 ft apart. Mac
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3. Three rods are c helicopter relative to the ground? Draw a diagram as

attached via two
joints and shaped
into a triangle. How
many triangles can
be formed if the angle at the joint B must measure
20°7 If two triangles can be formed, solve both.

??in.

. Jackie and Sam are rounding
up cattle in the brush
country, and are
communicating via walkie-
talkie. Jackie is at the water
hole and Sam is at Dead
Oak, which are 6 mi apart. ks
Sam finds some strays and
heads them home at the 32° indicated. (a) If the
maximum range of Jackie’s unit is 3 mi, will she be
able to communicate with Sam as he heads home?

(b) If the maximum range were 4 mi, how far from
Dead Oak is Sam when he is first contacted by Jackie?

i3
6 ’f,‘i Dead
& Oak

' Water hole

. As part of an All-Star

10.

part of your solution.

. Two mules walking along a river bank are pulling a

heavy barge up river. The first is pulling with a force
of 250 N and the second with
a force of 210 N. Determine
the angle # for the second
mule that will ensure the barge
stays midriver and does not
collide with the shore.

Exercise 10
Along a production line,
various tools are attached to the
ceiling with a multijointed arm
so that workers can draw one
down, position it for use, then
move it up out of the way for
the next tool (see the diagram).
If the first segment is 100 cm,
the second is 75 cm, and the
third is 50 ¢cm, determine the

competition, a group of Excyoke approximate coordinates of the last joint.

soccer players (fem"ards) é‘f 11. Three ranch hands have roped a run-away steer and are
Sl.and Wwhere shown in [h'? % attempting to hold him steady. F,
diagram and attempt to hit a The first and second ranch hands L -
moving target with a two- are pulling with the magnitude 10

handed overhead pass. If a
player has a maximum
effective range of
approximately (a) 25 yd, can i
the target be hit? (h) about o——
28 yd, how many “effective” throws can be made?
() 35 yd and the target is moving at 5 yd/sec, how
many seconds is the target within range?

|
i

1

: Overhead
Iopass

1

. The summit of Triangle
Peak can only be reached
from one side, using a trail
straight up the side that is
approximately 3.5 mi long.
If the mountain is 5 mi wide at its base and the trail
makes a 24° angle with the horizontal, (a) what is
the approximate length of the opposing side?

(b) How tall is the peak (in feet)?

5 mi

12.

13.

and at the angles indicated in the
diagram. If the steer is held fast
by the efforts of all three, find
the magnitude of the tension and
angle of the rope from the third cowhand.

Foru = (*9, 5> andv = (72, 6), (a) compute the
angle between u and v; (b) find the projection of u
along v (find prej,u; and (c) resolve u into vectors
u, and u,, where u;|v and u, Lv.

A lacrosse player flips a long pass to a teammate
way down field wheo is near the opponent’s goal. If
the initial velocity of the pass is 110 ft/sec and the
ball is released at an angle of 50° with level ground,
how high is the ball after 2 sec? How long until the
ball again reaches this same height?

. i 14. Compute the quotient :'—]. given
. The Bermuda Triangle is 1025 mi B 22
generally thought to be the 4 2 = 65 cis T and = = 3V/5 cis .
triangle formed by Miami, e A1 kg il L W
. 1
Florida, San Juan, Puerto 1020 mi 15. Compute the product z = 2,2, in trigonometric form,

Rico, and Bermuda itself.

If the distances between P

these locations are the 1025

mi, 1020 mi, and 977 mi indicated, find the measure of
each angle and the area of the Bermuda Triangle.

. A helicopter is flying at 90 mph on a heading of 40°.
A 20-mph wind is blowing from the NE on a heading
of 190°. What is the true course and speed of the

16.

17.

18.

then verify |z,]z2| = |2/ and 8, + 6, = 6:

7= =6+ 6l 7, =4 — 4\V3i

Use De Moivre’s theorem to compute the value of
(V3 - it

Use De Moivre’s theorem to verify 2 + 2V3iis a
solution to z° + 32 + 642% + 192 = 0.

Use the nth roots theorem to solve x* — 125 = 0.
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19. Solve using u-substitution, the quadratic formula,
and the nth roots theorem: z* — 6z* + 58 = 0.

20. Due to its huge biodiversity, preserving Southeast
Asia’s Coral Triangle has become a top priority for
conservationists. Stretching from the northern
Philippines (P), south along the coast of Borneo (B)
to the Lesser Sunda Islands (L), then eastward to the
Solomon Islands (§), this area is home to over 75%
of all coral species known. Use Heron's formula to
help find the total area of this natural wonderland, T690 mi 1590 mi 0
given the dimensions shown.
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7. Applications of Calculator Exploration and
Discovery: Investigating

Projectile Motion

Trigonometry

| P9 | CALCULATOR EXPLORATION AND DISCOVERY

Investigating Projectile Motion

There are two important Figure 7.81
aspects of projectile motion [Tpyakf Flotz Floks
that were not discussed [~%41B15Bcos(SEK
earlier, the range of the [~YzB15A=1in(5@ 15—
projectile and the optimum 16kz
angle # that will maximize :E i:
this range. Both can be | ye=
explored using the equa- |“Ng=
tions for the horizontal and
vertical components of Figure 7.82
the projectile’s position: H Wy Ve
horizontal — (|v|cos )t TR O o
and  vertical — (|vsin 9) & aaptd | gEleE
t — 16+ In Example 10 of | 1.8 144.63 | 136.36
Section 7.4, an arrow was %_5 %EEEE ig;g%
shot from a bow with initial [_3 £89.25 | 200.72
velocity [v]= 150 ft/sec at [#=8
an angle of # = 50°. Enter
the equations above on the Figure 7.83

¥=| screen as Y, and Y,, ® Y YWz
using these values (Figure | & YEz.09 | 47453
7.81). Then set up the E's E;:Ei H;EE
TABLE using TblStart =0, | &5 BZB.7Z | 70.B33
ATl = 0.5 and the AUTO | Forammm| 52334 | *2527
mode. The resulting table |_B 77135 | “d0M.7
is shown in Figure 7.82, [A=7+2

where Y| represents the horizontal distance the arrow has
traveled, and Y, represents the height of the arrow. To find
the range of the arrow, scroll downward __¥_ | until the
height (Y,) shows a value that is less than or equal to zero
(the arrow has hit the ground). As Figure 7.83 shows, this
happens somewhere between t = 7 and r = 7.5 sec. We
could now change the TBLSET settings to TblStart = 0
and ATbl = (.1 to get a better approximation of the time
the arrow is in flight (it’s just less than 7.2 sec) and the hor-
izontal range of the arrow (about 692.4 ft), but our main
interest is how to compute these values exactly. We begin
with the equation for the arrow’s vertical position
v = (|v|sin 8)t — 16¢°. Since the object returns to Earth
when y = 0, we substitute 0 for y and factor out

10 =(vsin® — 16r). Solving for r gives + =0 or
|v|sin @
=

. Since the component of velocity in the hori-

zontal direction is |v|cos 6, the basic distance relationship

D = r-t gives the horizontal range of R = |v|cos # -

vjsin#  |v’sin 8 cos @
6 " 16

the arrow ([v| = 150 ft/sec and # = 50°) verifies the range

is R = 692.4. But what about the maximum possible range

for the arrow? Using |[v| = 150 for R results in an equation

1507sin f cos 6
in theta only: R(f) = -—ﬂﬂ—, which we can

. Checking the values given for

enter as Y, and investigate for various #. After carefully
entering R(#) as Y; and resetting TBLSET to
ThiStart = 30 and ATbl = 35, the TABLE in Figure 7.84
shows a maximum range of about 703 ft at 45°. Resetting
TBLSET to TbiStart = 40 and ATbl = 1 verifies this fact.

For each of the following exercises, find (a) the height
of the projectile after 1.75 sec, (b) the maximum height of
the projectile, (c) the range of the projectile, and (d) the

number of seconds the pro- Figure 7.84
jectile is airborne. 7 s
ise 1: javelin i T | 508.92
Exercise 1: A javell.n is | B2 Ban 35
thrown with an | & BE.4Y
initial velocity ;E Eg;.ﬁ
of 85 ft/sec at | EE BB0.7E
an angleof 42°. XE_USEl 50892
Exercise 2: A cannon ball ==

is shot with an initial velocity of 1120 ft/sec
at an angle of 30°.

Exercise 3: A baseball is hit with an initial velocity of
120 ft/sec at an angle of 50°. Will it clear
the center field fence, 10 ft high and 375 ft
away?

Exercise 4: A field goal (American football) is kicked
with an initial velocity of 65 ft/sec atan angle
of 35° Will it clear the crossbar, 10 ft high and
40 yd away?
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Vectors and Static Equilibrium

In Sections 7.3 and 7.4, the concepts of vector forces, result-
ant forces, and equilibrium were studied extensively. A nice
extension of these concepts involves what is called static
equilibrium. Assuming that only coplanar forces are acting
on an object, the object is said to be in static equilibrium if
the sum of all vector forces acting on it is 0. This implies that
the object is stationary, since the forces all counterbalance
each other. The methods involved are simple and direct, with
a wonderful connection to the systems of equations you've
likely seen previously. Consider the following example.

Ilustration 1 » As part of their training, prospective FBI
agents must move hand-over-hand across a rope strung
between two towers. An agent-in-training weighing 180 1b
is two-thirds of the way
across, causing the rope
to deflect from the hori-
zontal at the angles
shown. What is the
tension in each part of |
the rope at this point?

Solution » We have three concur-
rent forces acting on the point
where the agent grasps the rope.
Begin by drawing a vector diagram
and computing the components of 2
each force, using the i, j notation.
Note that w = —180j.

—[ujcos(9°)i + |ufsin(9°)j
—0.9877ufi + 0.1564)ujj
v = |vlcos(147)i + |v|sin(147)j
= 0.9703|vli + 0.2419vj
For equilibrium, all vector forces must sum to the zero
vector: u + v + w = 0, which results in the following

—180°

u

i

Cumulative Review Chapters 1-7 791

equation: —0.98771uli + 0.15641ulj + 0.97031vli +
0.24191vlj — 180j = 0i + 0j. Factoring out i and j from
the left-hand side yields (—0.9877(ul + 0.9703|v])i +
(0.15641u| + 0.2419|v| — 180)j = i+ 0j_Since any
two vectors are equal only when corresponding compo-
nents are equal, we obtain a system in the two variables

—0.9877u| + 0.9703)v]) = 0

d [v]: .
Juf and ¥ {0,1564|u| +0.2419% — 180 = 0

Solving the system using matrix equations and a calcula-
tor (or any desired method), gives ju| = 4471b and
[v| = 455 1b.

At first it may seem surprising that the vector forces
(tension) in each part of the rope are so much greater than
the 180-1b the agent weighs. But with a 180-1b object
hanging from the middle of the rope, the tension required
to keep the rope taut (with small angles of deflection) must
be very great. This should become more obvious to you
after you work Exercise 2.

Exercise 1: A 500-1b crate is [&
suspended by two
ropes attached
to the ceiling
rafters. Find
the tension in
each rope.
Two  people
team up to
carry a 150-1b
weight by 150 1b
passing a rope through an eyelet in the object.
Find the tension in each rope.

Referring to Ilustration 1, if the rope has a
tension limit of 600-1b (before it snaps), can
a 200-1b agent make it across?

Exercise 2:

Exercise 3:

RSPl STRENGTHENING coREsKILLs
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1. Solve using a B A= wz(Rl = rz), where R is the outer radius of the

standard triangle. donut, and r is the inner radius. Solve the formula
a=20b=__ .¢c= 20 m for R in terms of r and A.
a=30°.=__ .y= A O 4. For a complex number a + bi, (a) verify the sum of

£
a complex number and its conjugate is a real

2. Solve usin, :
i onomeﬁ'ic ratios B number, and (b) verify the product of a complex
a i b i =82 82 fi number and its conjugate is a real number.
= . JA=63ys i O 5. State the value of all six trig functions given

3. A torus is a donut-shaped solid tan o = _j_ with cos ¢ > 0.

figure. Its surface area is given by the formula
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CHAPTER 7 Applications of Trigonometry

w
o, &

. Sketch the graphof y = 4 cos(6 - ;r) using

transformations of y = cos x.

. Solve using the quadratic formula:

S+ 8 +2=0.

. Solve by completing

the square: 3x~ — 72x + 427 = ().

. Given cos 53° = 0.6 and cos 72° = (.3,

approximate the value of cos 19° and cos 125°
without using a calculator.

Find all real values of x that satisfy the equation
V3 + 2sin(2x) = 2V/3. State the answer in
degrees.

a. Given that

1 acre = 43,560 ft*, find 2008 fi
the cost of a lot with the
dimensions shown (to the

14751t

nearest dollar) if land in this
area is going for $4500 per acre.

b. After an accident at
sea, a search and
rescue team decides
to focus their efforts
on the area shown due
to prevailing winds
and currents. Find the
distances between
each vertex (use Pythagorean triples and a special
triangle) and the number of square miles in the
search area.

North

State the domain of each function:

a. flx)=Vv2ix—3
b 5(x) = logy(x + 3)
=T

X =13

dvx)=Vay>—x-6

Write the following formulas from memory:

a. slope formula

b. midpoint formula

¢. quadratic formula

d. distance formula

e. interest formula (compounded continuously)

Solve each triangle using the law of sines or the law of
cosines, whichever is appropriate.

14.

A

19 in.

Cumulative Review:
Chapters 1-7

15.

16.

17.

18.

19.

20.

21.

22,
23.

24,

25.
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A 52 c¢m
A commercial fishery stocks a lake with 250 fish.
Based on previous experience, the population of fish
is expected to grow according to the model
e 12,000

('!) 1 + 256 0.2¢7
From on this model, (a) how many months are
required for the population to grow to 7500 fish?
(b) If the fishery expects to harvest three-fourths of
the fish population in 2 yr, approximately how many
fish will be taken?

A 900-1b crate is sitting on a

ramp which is inclined at 28°.
Find the force needed to hold
the object stationary.

where ¢ is the time in months.

A jet plane is flying at
750 mph on a heading of
30°. There is a strong, 50-mph wind blowing from
due south (heading 0°). What is the true course and
speed of the plane (relative to the ground)?

Use the Guidelines for Graphing to sketch the graph
of function f given, then use it to solve flx) < 0.

flx) = P—at+tx+6
Use the Guidelines for Graphing to sketch the graph
of function g given, then use it to name the intervals
where g(x)} and g(x)T.
P-4
©-1
Find (1 — V/3i)" using De Moivre’s theorem.
Solve In(x + 2) + In{x — 3) = In(4x).
If I saved $200 each month in an annuity program

that paid 8% annual interest compounded monthly,
how long would it take to save $10,0007?

glx) =

Mount Tortolas lies on the Argentine-Chilean border.
When viewed from a distance of 5 mi, the angle of
elevation to the top of the peak is 38°. How tall is
Mount Tortolas? State the answer in feet.

The graph given is of the form y = A sin(Bx + C).
Find the values of A, B, and C.
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