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To my parents, my wife and my children



Wahrheit und Klarheit sind komplementar.
E. MoLLwoO

This aphorism was coined in the nineteen-fifties by E. MoLLwO, Professor
of Physics at the Institut fiir Angewandte Physik of the Universitat Erlangen
during a discussion with W. HEISENBERG. The author hopes that, with respect
to his book, the deviations from exact scientific truth (Wahrheit) and perfect
understandability (Klarheit) are in a reasonable balance.

Just as an illustration of the above statement, the attention of the author
has been drawn to the fact, that the same statement has been reported even
in German language also from NIELS BOHR. See Steven Weinberg, Dreams of
a Final Theory, Vintage Books, New York (1994) p. 74.



Preface to the Second Edition

The book on Semiconductor Optics has been favourably received by the stu-
dents and the scientific community worldwide. After the first edition, which
appeared in 1995 several reprints became necessary starting from 1997, one
of them for the Chinese market. They contained only rather limited updates
of the material and corrections.

In the meantime scientific progress brought a lot of new results, which
necessitate a new, seriously revised edition. This progress includes bulk semi-
conductors, but especially structures of reduced dimensionality. These new
trends and results are partly included in existing chapters e.g. for phonons or
for time-resolved spectroscopy, partly new chapters have been introduced like
the ones on cavity polaritons and photonic structures.

We based the description of the optical properties again on the simple and
intuitively clear model of the Lorentz-oscillators and the concept of polaritons
as the quanta of light in matter. But since there is presently a trend to describe
at least the optical properties of the electronic system of semiconductors by
the optical or the semiconductor Bloch equations, a chapter has been added
on this topic written by Prof. Dr. R. v. Baltz (Karlsruhe) to familiarize the
reader with this concept, too, which needs a bit more quantum mechanics
compared the approach used here. The chapter on group theory has been
revised by Prof.Dr. K. Himmer (Karlsruhe/Forchheim)

Karlsruhe, C.F. Klingshirn
September 2004



Preface to the First Edition

One of the most prominent senses of many animals and, of course, of human
beings is sight or vision. As a consequence, all phenomena which are connected
with light and color, or with the optical properties of matter, have been focal
points of interest throughout the history of mankind. Natural light sources
such as the Sun, the Moon and stars, or fire, were worshipped as gods or
godesses in many ancient religions. Fire, which gives light and heat, was for
many centuries thought to be one of the four elements — together with earth,
water, and air. In alchemy, which marks the dawn of our modern science, the
Sun and the Moon appeared as symbols of gold and silver, respectively, and
many people tried to produce these metals artificially. Some time later, Jo-
hann Wolfgang von Goethe (1749-1832) considered his “Farbenlehre” as more
important than his poetry. In the last two centuries a considerable fraction of
modern science has been devoted to the investigation and understanding of
light and the optical properties of matter. Many scientists all over the world
have added to our understanding of this topic. As representatives of the many
we should like to mention here only a few of them: I. Newton (1643-1727),
J.C. Maxwell (1831-1879), M. Planck (1858-1947), A. Einstein (1879-1955),
N. Bohr (1885-1962), and W. Heisenberg (1901-1976).

The aim of this book is more modest. It seeks to elucidate one of the nu-
merous aspects in the field of light and the optical properties of matter, namely
the interaction of light with semiconductors, i.e., semiconductor optics. The
investigation of the properties of semiconductors has, in turn, its own history,
which has been summarized recently by H.J. Queisser [85Q1]. In Queisser’s
book one can find early examples of semiconductor optics, namely the ob-
servation of artificially created luminescence by V. Cascariolo in Bologna at
the beginning of the 17th century, or by K.F. Braun (1850-1918), inventor of
the “Braun’sche Rohre” (Braun’s tube) now usually called CRT (cathode ray
tube), at the beginning of this century.

Another root of semiconductor optics comes from the investigation of the
optical properties of insulators, especially of the color (Farb- or F-) centers
in alkali halides. This story has been written down recently by J. Teich-



XII Preface to the First Edition

mann [88T1]. It is inseparably connected with names such as Sir Nelville
Mott and A. Smakula, but especially with R.W. Pohl (1884-1976) and his
school in Gottingen.

Together with J. Franck (1882-1964) and M. Born (1882-1970) R.W. Pohl
was one of the outstanding physicists of the “golden years of physics” at
Gottingen before 1933 [77B1,84M1,88H1]. The present author considers him-
self a scientific grandson of Pohl, with E. Mollwo (1909-1993), F. Stéckmann
(1918-1998) and W. Martienssen (*1926) as the intermediate generation, and
he owes to them a large part of his scientific education.

Scientific interest in semiconductor optics comprises both fundamental and
applied research. It has been an extremely lively, rapidly developing area of
research for the last five decades and more, as can be seen from the con-
tributions to the series of International Conferences on the Physics of Semi-
conductors [5011] and on Luminescence [8111] or on Non-linear Optics and
Excitation Kinetics [87N1]. It does not need much of a prophetic gift to pre-
dict that semiconductor optics will continue to be a major topic of solid state
physics far into the next century. Many applications of semiconductor optics
are known from everyday life such as light-emitting diodes (LED) in displays,
laser diodes in compact-disk (CD) players, laser printers and laser scanners
or solar cells.

Karlsruhe, C.F. Klingshirn
February 1995
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Introduction

This introductory chapter consists of an outline of the fundamental concepts
and ideas on which the text is based, including the rather limited prerequisites
so that the reader can follow it and, finally, some hints about its contents.

1.1 Aims and Concepts

The aim of this book is to explain the optical properties of semiconductors,
e.g., the spectra of transmission, reflection and luminescence, or of the com-
plex dielectric function in the infrared, visible and near-ultraviolet part of
the electromagnetic spectrum. We want to evoke in the reader a clear and
intuitive understanding of the physical concepts and foundations of semicon-
ductor optics and of some of their numerous applications. To this end, we
try to keep the mathematical apparatus as simple and as limited as possi-
ble in order not to conceal the physics behind mathematics. We give ample
references for those who want to enter more deeply into the mathematical
concepts [62F1,74B1,75Z1,76A1,81M1,8871,91D1,91L1,93B1,93H1, 9301,
95I1,95M1,96S51,97B1,0251].

Though many devices are based on the optical properties of semiconduc-
tors like photodiodes and solar cells or light emitting and laser diodes, we
will not go into the details of such devices except for laser diodes, which are
shortly treated in Chap. 22. Information on these topics can be found, e.g.,
in [65S1,85P1,86P1,92E1,94C1,97E1,97N1,99B1, 0011, 02C1, 02S2].

In this spirit, this present textbook is not only suitable for graduate and
postgraduate students of physics, but also for students of neighboring disci-
plines, such as material science and electronics.

The prerequisites for the reader are an introductory or undergradu-
ate course in general physics and some basic knowledge in atomic physics
and quantum mechanics. The reader should know, for example, what the
Schrédinger equation is, what the words eigen- (or proper-) state and eigen
energy mean, and what quantum mechanics predicts about plane waves, the
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hydrogen atom or the harmonic oscillator, how to calculate transition proba-
bilities e.g., by Fermi’s golden rule. Some basic knowledge of solid state physics
will facilitate reading of this book, although the basic concepts will always be
outlined here.

At the end of every chapter we give several problems which can be solved
with the information given in the text, combined with some basic knowledge
of physics, some thinking and some creativity. For fields which are actually
rather active we give at the end of the corresponding sections references with
only short explanations, which allow the reader to enter such a field of research
e.g. in the preparation of a PhD thesis.

1.2 Outline of the Book and a lot of References

In the first part of this book (Chaps. 2-18 we shall present the linear
optical properties of semiconductors. We start in Chap. 2 with Maxwell’s
equations, photons and the density of states and introduce in Chap. 3
the basic concepts of the interaction of light with matter. In Chaps. 4-6
a model system of oscillators is treated with respect to the optical prop-
erties which can be expected for such a system. Chapters 7-10 are used
to introduce the elementary excitations or quasiparticles in semiconductors,
followed by a presentation of the linear optical properties resulting from
the interaction of these quasiparticles with light in Chaps. 11-17. Chap-
ter 18 gives a short résumé of the linear optical properties of semiconduc-
tors. We include in Chaps. 7-17 modern concepts of semiconductor optics
such as the properties of systems of reduced dimensionality, e.g. quantum
wells, microcavities, photonic crystals or disordered systems which lead to
localization.

At present, more than 600 different semiconductor materials are known.
Many of them and their properties are listed in several volumes of Landolt—
Bornstein [82L1,01L1]. We shall concentrate here on the most important ones.
They are usually tetrahedrally coordinated and comprise, e.g. the group IV
elements Si and Ge, the III-V compounds such as GaAs, the IIb—VI semi-
conductors such as CdS or ZnSe, and the Ib—VII materials such as the Cu
halides.

Chapters 19-24 contain the main aspects of the nonlinear optical proper-
ties of semiconductors including optical gain and lasing as an example for an
application of nonlinear optical properties.

In Chaps. 25-27, which can be considered as a kind of appendix, we shall
outline some experimental techniques of semiconductor spectroscopy and some
elements of group theory which are relevant for the description of semicon-
ductor optics and a pedestrian approach to semiconductor Bloch equations
including some applications of this concept.

In the sections on the linear and on the nonlinear optical properties of
semiconductors, the main emphasis is placed on those properties which are
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connected with excitations in the electronic system of semiconductors, since
these aspects have obtained the widest interest both in fundamental and ap-
plied research as can be seen from an inspection of the conference series men-
tioned in the preface. However, we give also broad information on phonons
and other quasiparticles or elementary excitations in semiconductors and on
their optical properties.

In most chapters or sections a selection of references will be given for
further reading which penetrate deeper into the topic, consider some further
aspects, or give a more detailed theoretical description. Since the number of
original publications, conference proceedings or summer schools on the top-
ics covered here is “close to infinite”, it is definitely only possible to cite
a very small fraction of them, the choice of which is partly arbitrary and
determined by the author’s research interest. Furthermore, we shall not give
references at all for things which can be considered to belong to the “gen-
eral education or culture” in physics but we give references to the sources of
original data in the figures. These figures have all been redrawn and generally
modified for the didactic purpose of this textbook. We apologize for these
deficiencies.

The present book thus complements the textbooks like [75B1,77L1,86L1,
89L1,90K1,91D1,03T1] which concentrate more on atomic and molecular
spectroscopy and on solid state spectroscopy in general. A rather remarkable
series of books on various aspects of optical properties of solids, with some
emphasis on insulators, results from the International Schools on “Atomic
and Molecular Spectroscopy” held every two years in Erice (Sicily) [81A1].
Other series, which contain a lot of information on solid state optics are listed
in [55S1,62F1,6651,82M1].

A selection of textbooks on general solid state physics are available [73H1,
7571,76A1,81H1,81M1,89K1,93K1,95A1,95C1,95W1,00M1]. Semiconductor
physics is treated generally, e.g., in [8ON1,91E1,91S1,92E2,9301,96Y1,97S1,
99G1,00L1,01H2,0151,02D1], general optics in [01H3,95L1], optical properties
of solids in [59M1,6901,72W1,75B1,77L1,86L1,89L1,90K1,91D1], including
some older work.

For semiconductor optics, semiconductor structures of reduced dimen-
sionality or semiconductor growth, including some specialized topics see,
e.g., [(9M1,84H1,86U1,8871,90G1,91L1,921.1,92S1,93B1,93H1,9301,93P1,
9351,94C1,95C1,96K1,9601,9652,97B1,97W1,98D1,98G1,98J1,98R 1, 9851,
99B1,99M1,00A1,01C1,01H1,02R1,02S1].

For various aspects of nonlinear optics and spectroscopy see, e.g., [T7L1,
8451,86L1,8871,891.1,9301,95M1,96H1, 9652,98M1,02S1, 0401].

Recent data collections on bulk semiconductors and on optical properties
of quantum structures are compiled in [82L1,01L1]. The Volumes III 17a,
34C1 and 41A1 also contain condensed treatments of the underlying physics
and of experimental techniques.

Complimentary information on the optical properties of metals, which are
obviously not a topic of this book, can be found in [72W1,90K1,02D1].
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1.3 Some Personal Thoughts

At the end of this introduction we want to consider some more general, partly
historic or even philosophic aspects in connection with semiconductor optics.
We mentioned in the preface of the first edition, that semiconductor optics
will be an active and exciting field of research well into the next (now the
present) century. We want to dwell on this aspect here a little bit longer. The
quantum mechanical understanding of the electronic system of matter started
from atoms and developed over molecules to three-dimensional solid, resulting
in the beautiful concepts of quasi particles, band structures, etc., which we will
outline in a didactic fashion in the following chapters. When these concepts
were established, an opposite trend appeared, namely to go backwards from
three-dimensional semiconductors (or more generally solids) to structures of
reduced dimensionality like quasi two-dimensional quantum wells, quasi one-
dimensional quantum wires and finally quasi zero-dimensional quantum dots
also known as artificial atoms. We shall also treat these aspects in this book
in detail. Presently, a repetition of this development is starting in the sense
the that quantum dots are assembled to form one-, two- or three-dimensional
arrays and photonic atoms are put together to form photonic crystals in one
or two dimensions.

In this sense one has the impression that the field of semiconductor sci-
ence, including optics, tends towards maturity. It seems difficult to reduce the
quasi dimensionality of semiconductor quantum structures below zero, or to
do spectroscopy with laser pulses, which are shorter than one or a few cycles
of light or with intensities or fluences exceeding those which are sufficient to
melt or to evaporate the sample.

On the other hand, at the time of the finishing of this manuscript (end of
2003) there were many open, somewhat controversially discussed and rapidly
developing fields of basic and applied semiconductor research, which include,
e.g., excitonic Bose-Einstein condensation, photonic crystals (or ~band gap
materials), understanding of the spin properties, THz spectroscopy, organic
semiconductors or the development of reliable, long lived semiconductor laser
diodes for the whole visible spectrum including the near UV and IR for display
purposes, data storage or optical (glass) fiber communication.

Furthermore, one can expect that the spectroscopic techniques developed
in semiconductor optics and the theoretical concepts (especially those which
are not based on the translational invariance of a crystal) can be used effi-
cently to contribute to the exploration and understanding of materials other
than conventional inorganic semiconductors like macromolecules, soft matter,
organic semiconductors or (nano-) biophysics, just to mention some of the key
words that are presently en vogue.

The author himself has been doing research in semiconductor optics to-
gether with his co-workers for more than 30 years.

During this time he has noticed that many topics are in style for some
time and then disappear, partly because they are understood, partly because
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they are too difficult to be understood or handled and partly simply because
something new is being developed.

Strangely enough, the “old” topics tend to reappear after ten or 20 years
as something terribly new or modern. To mention only a few recent examples
we recall excitonic Bose—Einstein condensation, biexcitons in quantum dots
in glass or organic matrices or on the material side GaN or ZnO, which are
presently seeing a renaissance. Generally, a new aspect is indeed added, like
a reduced dimensionality or a better spatial or temporal resolution. However,
often there is a mere reinvention of things that are already known and the
new generation of scientists claims some “firsts” because they are not aware
of the older work. When this is done not by ignorance, but deliberately, it is
especially annoying.

When the author was himself a young PhD student and he or other mem-
bers of the institute approached their “Doktorvater” Prof. Dr.E. Mollwo with
some terribly exciting new results, he often used to state, “Ich wundere mich,
aber ich wundere mich nicht sehr” (I am surprised, but I am not very much
surprised) and recall some similiar or related phenomenon, which had been in-
vestigated some twenty or forty years ago. The author is presently at a stage of
age (or possibly wisdom) that he can appreciate this attitude. In this context
one could also mention Ben Akiba who cited “Es geschieht nichts Neues unter
der Sonne” (There is nothing new under the sun) or more simply phrased,
“Alles schon mal da gewesen”. This experience should however by no means
discourage young (or old) scientists from enthusiastically following their re-

search projects to develop new ideas and concepts and to venture into new
fields.

1.4 Problems

1. What are the basic conservation laws in nature?
2. Try to remember some of the basic concepts of quantum mechanics:
— What is the Hamiltonian in classical and in quantum mechanics?
— Write down the time-independent and the time-dependent Schrédinger
equation for a single particle.
— What are the eigenenergies and eigenfunctions of a one-dimensional har-
monic oscillator and of the hydrogen atom?
— What can you calculate with time-independent perturbation theory?
— What does Fermi’s golden rule say about transition probabilities?
— Did you hear terms like density matrix formalism or second quantization?
If yes, what do they mean?
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2

Maxwell’s Equations, Photons and the Density
of States

In this chapter we consider Maxwell’s equations and what they reveal about
the propagation of light in vacuum and in matter. We introduce the concept
of photons and present their density of states. Since the density of states is
a rather important property in general and not only for photons, we approach
this quantity in a rather general way. We will use the density of states later
also for other (quasi-) particles including systems of reduced dimensionality.
In addition, we introduce the occupation probability of these states for various
groups of particles.

It should be noted, that we shall approach the concept of photons on an
elementary level only, in correspondence with the concept of this book. We
do not delve into present research topics on photon physics itself like photon-
correlation and -statistics, squeezed light, photon anti-bunching, entangled
photon states, etc., but give some introductory references for those interested
in these fields [89S1,92M1,94A1,01M1,01T1,01T2,02B1,02D1, 02G1,02L1,
02Y1]. Einstein, who obtained the Nobel prize for physics in 1921 for the
explanation of the photo-electric effect (not for the theory of relativity!), once
stated: “Was das Licht sei, das weif} ich nicht” (What the light might be, I do
not know). So there still seems to be ample place for research in these fields.

2.1 Maxwell’s Equations

Maxwell’s equations can be written in different ways. We use here the macro-
scopic Maxwell’s equations in their differential form. Throughout this book
the internationally recommended system of units known as SI (systéme inter-
national) is used. These equations are given in their general form in (2.1a—
f), where bold characters symbolize vectors and normal characters scalar
quantities.

V.-D=p, V-B=0, (2.1a,b)

VxE=-B, VxH=j5+D, (2.1c,d)
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D =¢yFE+ P, B =uyH + M. (2.1e,f)

The various symbols have the following meanings and units:

E = eclectric field strength; 1 V/m = 1mkgs 3 A~!
D = electric displacement; 1 As/m? = 1 C/m?
= magnetic field strength; 1 A/m
B = magnetic induction or magnetic flux density ; 1Vs/m? = 1T =
1 Wb/m?
p = charge density; 1As/m? =1C/m?
j = electrical current density; 1 A/m?
P = polarization density of a medium, i.e., electric dipole moment per unit
volume; 1 A s/m?
M = magnetization densityof the medium, i.e., magnetic dipole moment per
unit volume'; 1V 's/m?
8.859 x 10712 As/Vm is the permittivity of vacuum
= 47 x 107" Vs/Am is the permeability of vacuum
Nabla-operator, in Cartesian coordinates V = (9/9x,0/dy, 0/0z)
"= 9/0t i.e., a dot means differentiation with respect to time.

a5 2
IR

The applications of V to scalar or vector fields are usually denoted by

V- f(r) = gradfa
V-A(R)=div A,
Vx A(r)=curl A,

and the Laplace operator A is defined as
A =V2
If A is applied to a scalar field p we obtain

?p %p %

Ap = Ox? + Oy? + 022 (2:2)
Application to a vector field F results in
0’E, 0’°E, 0°E,
ox? + oy? + 0722
AE — 0?’E, n 0’E, n 0’E, (2.3)

ox? oy? 0722
0’FE, N 0’E, N 0’E,
ox? oy? 0722

! Some authors prefer to use M’ = M u;" and thus B = uo(H + M'). We prefer
(2.1e,f) for symmetry arguments.
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Further rules for the use of V and of A and their representations in other
than Cartesian coordinates (polar or cylindrical coordinates) are found in
compilations of mathematical formulae [84A1,91B1,92S1].

Equations (2.1a,b) show that free electric charges p are the sources of the
electric displacement and that the magnetic induction is source-free. Equa-
tions (2.1¢,d) demonstrate how temporally varying magnetic and electric fields
generate each other. In addition, the H field can be created by a macro-
scopic current density j. Equations (2.1e,f) are the material equations in
their general form. From them we learn that the electric displacement is
given by the sum of electric field and polarization, while the magnetic flux
density is given by the sum of magnetic field and magnetization. Some au-
thors prefer not to differentiate between H and B. This leads to difficulties,
as can be easily seen from the fact that B is source-free (2.1b) but H is
not, as follows from the inspection of the fields of every simple permanent
magnet.

By applying V- to (2.1d) we obtain the continuity equation for the electric
charges

divj = — (2.4)

th’

which corresponds to the conservation law of the electric charge in a closed
system.

The integral forms of (2.1) can be obtained from the differential forms by
integration and the use of the laws of Gauss or Stokes resulting in

/p(r) dV = %D' df (2.5a)

_gt/B.df:fE-ds (2.5b)

where dV, df and ds give infinitesimal elements of volume, surface or area
and line, respectively.

In their microscopic form, Maxwells equations contain all charges as
sources of the electric field Eicro including all electrons, protons bound in
atoms as pround and not only the free space charges p. By analogy, not only
the microscopic current density j has to be used as a source of H pjcro but
all spins and [ # 0 orbits of charged particles have to be included as “bound”
current density jhound- 1The transition to macroscopic quantities can then be
performed by averaging over small volumes (larger than an atom but smaller

than the wavelength of light) and replacing ppound by —? - P and jpbound by
P + curl M /po. For more details see [98B1,98D1] or Chap. 27.

Concerning the units, some theoreticians still prefer the so-called cgs
(cm, g, second) system. Though it has only marginal differences in me-
chanics to the SI system, which is based on the units 1m, 1kg, 1s, 1A,
1K, 1mol and 1cd, the cgs system produces strange units in electro-
dynamics like the electrostatic units (esu), which contain square roots of
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mass and are therefore unphysical and even ill-defined. For conversion tables
see [96L1].

2.2 Electromagnetic Radiation in Vacuum

In vacuum the following conditions are fulfilled
P=0; M=0; p=0; j3=0. (2.6)
With the help of (2.1e,f) this simplifies (2.1¢,d) to
VxE=—-uH and VxH=¢FE (2.7a,b)
Applying VX to (2.7a) and 9/0t to (2.7b) yields
VX (VXE)=—uV xH and VxH=¢kE. (2.8)
From (2.8) we find with the help of the properties of the V operator
—oeoE =V x (Vx E)=V(V-E)-V?E. (2.9)
With (2.6), (2.3) and (2.1a) we see that
VE =0 (2.10)
and (2.9) reduces to the usual wave equation, written here for the electric field
V2E — e E = 0. (2.11)

An analogous equation can be obtained for the magnetic field strength. Solu-
tions of this equation are all waves of the form

E(r,t) = Eof (kr — wt). (2.12)

Ej is the amplitude, f is an arbitrary function whose second derivate
exists. As can be shown by inserting the ansatz (2.12) into (2.11) the wave
vector k and the angular frequency w obey the relation

w 1 1/2
= < > =c with k=|k|=27/\. (2.13)
k HoEo

In the following we use for simplicity only the term “frequency” for w =
27 /T where T is the temporal period of the oscillation.

In (2.13), ¢ is the vacuum speed of light and A, is the wavelength in
vacuum. From all possible solutions of the form (2.12) we shall concentrate
in the following on the most simple ones, namely on plane harmonic waves,
which can be written as

E(r,t) = Egexpli(kr — wt)]. (2.14)
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For all waves (not only those in vacuum), the phase and group velocities
vph and v, are given by

w Oow

Uph = i Vg = 0 = gradgw, (2.15)

where wvpp gives the velocity with which a certain phase propagates, (e.g.,
a maximum of a monochromatic wave) while v, gives the speed of the center
of mass of a wave packet with middle frequency w and covering a small fre-
quency interval dw as shown schematically in Figs. 2.1a,b, respectively. The
formulas (2.15) are of general validity. The grad on the r.h.s. of (2.15) means
a differentiation with respect to k; in the sense of Vi, = (9/0k,, 0/0k,, 0/0k.)
and has to be used instead of the more simple expression dw/dk in anisotropic

media. For the special case of electromagnetic radiation in vacuum we find
from (2.13), (2.15)

Uph = vg = ¢ = (tog0)~/? (2.16)
elongation
Ax —— timet

——-timet+At

space
\\ ,’ coordinate
—time t
——=timet+ At
t\; " space
/ coordinate
(b)

Fig. 2.1. A harmonic wave (a) and a wave packet (b) shown at two different times
t and t + At to illustrate the concepts of phase and group velocity, respectively



16 2 Maxwell’s Equations, Photons and the Density of States

Now we want to see what constraints are imposed by Maxwell’s equations
on the various quantities such as Ey and k. Inserting (2.12) or (2.14) into
(2.10) gives

V.- E =iEy - kexpli(kr —wt)] = 0. (2.17)

This means that

Eo Lk (2.18)

or, in other words, the electromagnetic wave is transverse in E. What can we
learn from Maxwell’s equations for the other fields? From (2.7) we have for
plane waves

H = (wpo) 'k x E = Hyexpli(kr — wt)] (2.19a)
with
Hy = (wpo) 'k x E,. (2.19b)
Furthermore we have with (2.1e,f) and (2.6)
D = Dy expli(kr — wt)] = e Ep expli(kr — wt)], (2.19¢)
B = Byexpli(kr — wt)] = w 'k x Egexpli(kr — wt)]. (2.194d)

The electromagnetic wave is, according to (2.19b), also transverse in B
and the electric and magnetic fields are perpendicular to each other, that is,
we have in general

D1kl1lB1D. (2.19e)

In vacuum and isotropic media one has in addition
E| D and H | B. (2.19f)

As we shall see later in connection with (2.17) and (2.43),(2.44) one has
in matter usually transverse waves, which obey (2.19¢) but additionally, lon-
gitudinal waves exist under certain conditions.

The momentum density IT of the electromagnetic field is given by

IT=DxB, II|k (2.20)
and the energy flux density by the Poynting vector S
S=ExH (2.21)

with S || IT in vacuum and isotropic materials.

S is a rapidly oscillating function of space and time. The average value
(S) is usually called the intensity I or the energy flux density The intensity is
proportional to the amplitude squared for all harmonic waves. For the plane
monochromatic waves treated here, we obtain

11 Egz 1e¢
2 clp 2 pg

1

33:2

1
() = ,|Eo x Ho| = cuoH . (2.22)

Equations (2.20) and (2.21) are also valid in matter.
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2.3 Electromagnetic Radiation in Matter; Linear Optics

Now we treat Maxwell’s equations in matter. Doing so we have in principle
to use the equations in their general from (2.1). However we will still make in
several steps some assumptions which are reasonable for semiconductors: we
assume first that there are no macroscopic free space charges i.e. p = 0. Then
a treatment of (2.1) in analogy with (2.7)—(2.11) results in

V2E — pocoE = poP + poj +V x M, (2.23)

Actually, there also occurs in the derivation of (2.23) a term V(VP) or
V(VE). This term vanishes for transverse waves and is therefore neglected if
not mentioned otherwise.

This equation is the inhomogeneous analogue of (2.11) telling us that the
sources of an electro-magnetic radiation field can be

— A dipole moment p or a polarization P with a non-vanishing second time
derivative

— A temporally varying current density

— The curl of a temporally varying magnetization

Again a similar equation can be obtained for the magnetic field. We continue
now with the application of further simplifications and assume that we have
a nonmagnetic material, i.e., that the third term on the r.h.s. of (2.23) van-
ishes. Actually, all matter has some diamagnetism. But this is a rather small
effect of the order of 107% so it can be neglected for our purposes. Param-
agnetic and especially ferromagnetic contributions can be significantly larger
for low frequencies. However, even these contributions diminish rapidly for
higher frequencies. Consequently the assumption of a nonmagnetic material
is a good approximation over a wide range of the electromagnetic spectrum
starting in the IR even for ferromagnetic materials. Furthermore, the more
common semiconductors are not ferro-, ferri- or antiferromagnetic and have
only a small concentration of paramagnetic centres which may be seen in elec-
tron paramagnetic resonance (EPR), but which have negligible influence on
the optical properties. The only exceptions are semiconductors which contain
a considerable amount of e.g., Mn or Fe ions as does Zn;_,Mn,Se. We refer
the reader to [88D1,9101,92G1,92Y1,94D1,94G1,96H1,03D1] or to Sect. 16.1
and references therein for this class of materials.

The current term j in (2.1d) deserves some more consideration. The cur-
rent is driven by the electric field

j=0E, (2.24)

where o is the conductivity. For intrinsic or weakly doped semiconductors,
the carrier density is small and consequently o is as well. Then the following
inequality holds )

|7l = |0 E| < |D|. (2.25)
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In the following we will consider this case and neglect j in (2.1d). For
heavily doped semiconductors (2.25) is no longer valid and o will have some
influence on the optical properties at least in the infrared (IR). We come back
to this situation in connection with plasmons in Chaps. 10 and 12.

The basic material equation still left in comparison with the vacuum case
is now (2.1e) D = ¢oE + P.

If we proceed with this equation again in the manner of (2.7)—(2.11) the
result is ) )

V2E — piosoE = 1o P (2.26)

Equation (2.26) states the well-known fact that every dipole p and every
polarization P with a non vanishing second derivative in time radiates an
electromagnetic wave.

As long as we have no detailed knowledge about the relationships between
D, E and P we cannot go beyond (2.26). Now we make a very important
assumption. We assume a linear relationship between P and E:

1
P=xE (2.27a)
€0
or
D =¢y(1+ x)E =¢ccoF (2.27b)
with
e=x+1 (2.27¢)

This linear relation is the reason why everything that is treated in the
following Chaps. 3 to 18 is called linear optics. A linear relation is what
one usually assumes between two physical quantities as long as one does not
have more precise information. In principle we can also consider (2.27a) as an
expansion of P(FE) in a power series in E which is truncated after the linear
term. We come back to this aspect in Chap. 19.2 The quantities ¢ and y are
called the dielectric function and the susceptibility, respectively. They can be
considered as linear response functions [93S1,98B1,98D1].

Both quantities depend on the frequency w and on the wave-vector k, and
they both have a real and an imaginary part as shown for €.

e=¢e(w,k); x=xwk)=clwk)—1, (2.28)
e(w, k) =e1(w, k) + iez(w, k). (2.29)

The frequency dependence is dominant and will be treated first in Chaps. 3
to 4. We drop the k dependence for the moment but come back to it in

2 A constant term in this power expansion such as P = Pg + yE would describe
a spontaneous polarization of matter which occurs e.g., in pyro- or ferro-electric
materials. With arguments similar to the ones given for ferromagnetics we can
neglect such phenomena in the discussion of the optical properties of semicon-
ductors.
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connection with spatial dispersion in Chap. 5. In Chap. 6 we discuss the
properties of € as a function of frequency and wave vector or as a function of
time and space.

The value of e(w) for w ~ 0 is usually called the dielectric constant.

In general € and x are tensors. For simplicity we shall consider them to be
scalar quantities if not stated otherwise, e.g., in connection with birefringence
in Sect. 3.1.7.

Using the linear relations of (2.27) we can transform (2.23) into

V2E — togoe(w)E =0, (2.30a)

where we assumed also that £(w) is spatially constant on a length scale of the
order of the wavelength of light. Deviations of this assumption are treated in
Sects. 17.2-4.

If magnetic properties are to be included, a corresponding linear approach
would lead to

V2E — pop(w)eoe(W)E =0, (2.30b)
where p(w) is the magnetic permeability. As outlined above we have in the
visible for most semiconductors p(w) ~ 1.

As for (2.12) the solutions of (2.30) are again all functions of the type

E = Eof(kr — wt), (2.31)
or for our present purposes, i.e. again for the case of plane harmonic waves
E = Ejexpli(kr — wt)]. (2.32)

The relationship between k and w is however now significantly different
from (2.13). It follows again from inserting the ansatz (2.31 or 32) into (2.30)
and now reads:

k?

, =&w). (2.33)

w

This relation appears in Chap. 5 again under the name “polariton equa-
tion”. It can also be written in other forms:

2
k="c2(w) = e 2(w) = kye/2(w), (2.34)
c v
where )\, and k., refer to the vacuum values of the light wave.
For the square root of ¢ we introduce for simplicity a new quantity n(w)
which we call the complex index of refraction

i(w) = n(w) + ik(w) = e/?(w). (2.35)

The equations (2.13) and (2.33-35) can be interpreted in the following
way. In vacuum an electromagnetic wave propagates with a wave vector k.
which is real and given by (2.13). In matter, light propagates with a wave
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vector k which can be a complex quantity given by (2.34), or, with the help
of (2.35), by
w w w 27
k= n = i = n = kyn. 2.36
. n(w) . n(w) + 1 . K(w) N n(w) n (2.36)
We should notice that k is for complex 7 not simply |k| since |k| is always
a positive, real quantity. Here k£ means just neglecting the vector character of
k but k can still be a real, imaginary or complex quantity according to (2.36).
The direction of the real part of k, which describes the oscillatory part of the
wave, is still parallel to D x B as in (2.20).
Writing the plane wave explicitly we have:

Eqexpli(kr — wt)] = Egexp {i [(jn(w)lg:r — wt} } exp [—uc)n(w)lzzr] , (2.37)

where k is the unit vector in the direction of k, i.e., in the direction of prop-
agation.

Obviously n(w) describes the oscillatory spatial propagation of light in
matter; it is often called the refractive index in connection with Snells’ law of
refraction. This means that the wavelength X\ in a medium is connected with
the wavelength )\, in vacuum by

A=A\ tw). (2.38)

In (2.37) k(w) describes a damping of the wave in the direction of propa-
gation. This effect is usually called absorption or, more precisely, extinction.
We give the precise meaning of these two quantities in Sect. 3.1.5. Here we
compare (2.37) with the well-known law of absorption for the light intensity
I of a parallel beam propagating in z-direction

I(z)=I(z=0)e"** (2.39)

where a(w) is usually called the absorption coefficient, especially in Anglo-
Saxon literature. In German literature a(w) is also known as “Absorptions-
konstante” (absorption constant) and dimensionless quantities proportional to
k(w) are called “Absorptionskoeffizient” or “Absorptions index” (absorption
coefficient or absorption index). So some care has to be taken regarding what
is meant by one or the other of the above terms.

Bearing in mind that the intensity is still proportional to the amplitude
squared (2.24), a comparison between (2.37) and (2.39) yields

K(w). (2.40)
The phase velocity of light in a medium is now given by (2.15)

Uph =cn Hw). (2.41)

~ Re{k}
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For the group velocity we can get rather complicated dependencies origi-
nating from

Oow

o (2.42)

’ng

We return to this aspect later.

2.4 Transverse, Longitudinal and Surface Waves

The only solution of (2.9) for light in vacuum is a transverse electromagnetic
wave (2.19). This solution exists for light in matter as well. However (2.9) has
now with the use of (2.27) the form

V-D =Vepe(w)E =0 (2.43)

Apart from the above-mentioned transverse solution with E 1| k there is
a new solution which does not exist in vacuum (eysc = 1), namely

g(w) = 0. (2.44a)

This means that we can find longitudinal solutions at the frequencies at
which e(w) vanishes. We call these frequencies correspondingly wy, and note
that for

e(wy) =0; E || k is possible (2.44b)

Now let us consider the other fields for this longitudinal wave in matter.

From (2.27) we see immediately that we have for the longitudinal modes

1
D=0 and E=- P. (2.45)
€0
In matter, the Maxwell’s equation V x E = — B is still valid. This leads for
plane waves in nonmagnetic material to

H,= (wuo)ilk x FEy. (246)
For the longitudinal wave it follows from (2.44) that
H=0 and B=pH=0 (2.47)

The longitudinal waves which we found in matter are not electromagnetic
waves but pure polarization waves with E and P opposed to each other with
vanishing D, B and H.

Until now we were considering the properties of light in the bulk of
a medium. The boundary of this medium will need some extra consideration
e.g., the interface between vacuum (air) and a semiconductor. This interface
is crucial for reflection of light and we examine this problem in Sects. 3.1.1-4;
5.4.2 and 5.6. Here we only want to state that the boundary conditions al-
low a surface mode, that is, a wave which propagates along the interface and
has field amplitudes which decay exponentially on both sides. These waves
are also known as surface polaritons for reasons discussed in more detail in
Sect. 5.6.
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2.5 Photons and Some Aspects of Quantum Mechanics
and of Dispersion Relations

Maxwell’s equations are the basis of the classical theory of light. They de-
scribe problems like light propagation and the diffraction at a slit or a grating
e.g., in the frame of Huygen’s principle or of Fourier optics [9351].

In the interaction of light with matter, its quantum nature becomes ap-
parent, e.g., in the photoelectric effect which shows that a light field of fre-
quency w can exchange energy with matter only in quanta hw. Therefore,
the proper description of light is in terms of quantum mechanics or of quan-
tum electrodynamics. However, we shall not go through these theories here
in detail nor do we want to address the aspects of quantum statistics of co-
herent and incoherent light sources, but we present in the following some
of their well-known results and refer the reader to the corresponding litera-
ture [85G1,92M1,94A1,94B1,01M1,01T1,02B1,02D1,02G1,02L1,02Y1] for
a comprehensive discussion.

The electromagnetic fields can be described by their potentials A and ¢ by

E=—gradg— A; B=VxA. (2.48)

where A is the so-called vector potential. Since V - (V x A) = 0 the notation
of (2.48) fulfills automatically V - B = 0 and reduces the six components of
E and B to four.

The vector potential A is not exactly defined by (2.48). A gradient of
a scalar field can be added. We can choose the so-called Coulomb gauge

V-A=0. (2.49)

In this case ¢ is the usual electrostatic potential obeying the Poisson equation:
p

Vi = — : 2.50

b= ) (2.50)

In vacuum we still have p = 0 and we assume the same for the description of
the optical properties of matter.

Now we should carry out the procedure of second quantization, for sim-
plicity again for plane waves. A detailed description of how one begins with
Maxwell’s equations and arrives at photons within the framework of second
quantization is beyond the scope of this book see [55S1,71F1, 73H1, 76H1,
80H1,85G1,92M1,94A1,94B1]. On the other hand we want to avoid that the
creation and annihilation operators appear like a “deus ex machina”. There-
fore we try at least to outline the procedure.

First we have to write down the classical Hamilton function H which is
the total energy of the electromagnetic field using A and ¢. Then we must
find some new, suitable quantities pg s and gg,s which are linear in A and
which fulfill the canonic equations of motion

OH . 0H .
6%,3 - pk,sv 8]? - qk,s (251)

k,s
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and are thus canonically conjugate variables. Here k is the wave vector of our
plane electromagnetic or A-wave and s the two possible transverse polariza-
tions. The Hamilton function reads in these variables:

1
H= > (P) +widis (2.52)
k,s

This is the usual form of the harmonic oscillator. The quantization condi-
tion
h
Ph,sk,s = Qk,sPks = (2.53)

for all k and s = 1,2 gives then the well-known result for the harmonic oscil-
lator: The electromagnetic radiation field has for every k and polarization s
energy steps

1
Er = (nk + 2) hwe with ng =0,1,2... (2.54)

It can exchange energy with other systems only in units of Aw. These energy
units or quanta are called photons. The term fiw/2 in (2.54) is the zero-point
energy of every mode of the electromagnetic field.

The so-called particle-wave dualism, that is, the fact that light propagates
like a wave showing, e.g., diffraction or interference and interacts with matter
via particle-like quanta, can be solved by the simple picture that light is an
electromagnetic wave, the amplitude of which can have only discrete values
so that the energy in the waves just fulfills (2.54).

From the above introduced, or better, postulated quantities pg, s and g s
we can derive by linear combinations operators aJ,rm and ag, s with the following
properties: If a s acts on a state which contains hk’s quanta of momentum k
and polarization s it produces a new state with ng s — 1 quanta. Correspond-

ingly, aL . increases ng s by one. We call therefore ag s and aL . annihilation

and creation operators, respectively. Since the operators ag, s and aLS describe
bosons (see below), their permutation relation is

ak7sa;5 — aL’Sa;w =1. (2.55a)

This holds for equal k and s. The commutator is zero otherwise.

The operator aL’Sah s acting on a photon state gives the number of photons
ng,s times the photon state and is therefore called the number operator. Sum-
ming over all possible k-values and polarizations s gives finally the Hamilton
operator

H =" hwgsaf, ,a,s. (2.55b)
k,s

It is clear to the author that the short outline given here is not sufficient
to explain the procedure to a reader who is not familiar with it. However,
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since the intent is not to write a textbook on quantum electrodynamics, we
want to stress here only that the electromagnetic radiation field in vacuum
can be brought into a mathematical form analogous to that of the harmonic
oscillator, and that quantum mechanics gives for every harmonic oscillator
the energetically equidistant terms of (2.54).

The harmonic oscillator is one of the fundamental systems, which has been
investigated in physics and is understood in great detail. In theoretical physics
a problem can be considered as “solved” if it can be rewritten in the form
of the harmonic oscillator. Apart from the electromagnetic radiation field in
vacuum, we will come across some other systems which are treated in this way.
For those readers who are not familiar with the concept of quantization and
who wish to study the procedure in a quiet hour by themselves, we recommend
the above given references.

Here are some more results: The two basic polarizations of single quanta
of the electromagnetic field, — of the photons — are left and right circular o~
and o™, respectively. A linearly polarized wave can be considered as a coherent
superposition of a left and right circularly polarized one with equal frequen-
cies and wave vector k. The term coherent means that two light beams have
a fixed-phase relation relative to each other. The component of the angular
momentum s in the direction of the quantization axis which is parallel to k
is for photons thus

s = +h. (2.56)

This means that photons have integer spin and are bosons. The third possi-
bility s = 0 expected for spin one particles is forbidden, because longitudinal
electromagnetic waves do not exist at least in vacuum.

Photons in thermodynamic equilibrium are described by Bose-statistics.
The occupation probability fpg of a state with frequency w is given by

fop = [exp(hw/ksT) —1]7" (2.57)

where T is the absolute temperature and kg is Boltzmann’s constant.

The chemical potential g which could appear in (2.57) is zero in thermal
equilibrium, since the number of photons is not conserved.

An approach to describe non-thermal photon fields e.g. luminescence by
a non-vanishing p and Kirchhoff’s law in the sense of a generalized Planck’s
law is found in [82W1,9252,95D1].

The momentum p of a photon with wave vector k is given, as for all quanta
of harmonic waves, by

p = hk. (2.58)

where k is the real part of the wave vector, which describes as already men-
tioned the oscillatory, propagating aspect of the plane wave.
To summarize, we can state that photons are bosons with spin +h, en-
ergy hw and momentum hk which propagate according to the wave equations.
A very important property of particles in quantum mechanics is their dis-
persion relation. By this we mean the dependence of energy E or frequency w
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on the wave vector k i.e., the E(k) or w(k) relation. For photons in vacuum
we find the classical relation given already in (2.13)

E = hw = hek. (2.59)

The dispersion relation for photons in vacuum is thus a linear function
with slope hc as shown in Fig. 2.2. Correspondingly we find again both for
phase and group velocity with (2.15)

Uph = Ug = C. (2.60)

We conclude this subsection with an explanation of energy units. In the

SI system the energy unit is 1 Nm = 1kgm?/s? with the following identity
relations

INm=1mkgs 2=1VAs=1Ws=1J. (2.61a)

Since the energies of the quanta in optical spectroscopy are much smaller,
we frequently use the unit 1eV. This is the energy that an electron gains if it
passes, in vacuum, through a potential difference of one volt, resulting in

1eV =1.60217733 x 107 J ~ 1.6 x 107197J. (2.61b)

In spectroscopy another measure of energy is frequently used the wave
number. The definition is as follows. One expresses the energy of a (quasi-)
particle by the number of wavelengths per cm of a photon with the same
energy. So

1eV=8065.4cm™ ! or 10* em™! =1.23986 &V (2.61c)

Another quantity that is sometimes confused with the wave number, which
gives the energy and is therefore a scalar quantity, is the wave vector, since it
has also the dimension 1/length.

The amount of the (real part of the) wave vector is given by k = 27/,
where A is the wavelength of the corresponding quantum or particle (electron,

Tw=E (eV) b

4_

1 > Fig. 2.2. The dispersion relation of
o 1 2 k(10°em™)  photons in vacuum
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phonon, photon, etc.). The direction of k is the direction of propagation, i.e., k
is normal to the wave-front, in the case of light in vacuum or in matter normal
to D x B. The quantity k is very closely related to the (quasi-)momentum of
the (quasi-)particle p through

p=hk. (2.58)

For the discussion of the concept of quasi-momentum see, e.g., Sects. 5.2,
3 and 5 or [98B2]. The dispersion relation of (quasi-) particles is thus given
by E(k). The wave vector of light is in the visible in vacuum, falling in the
range of a few times 10* cm~! while the border of the first Brillouin zone (see
Sect. 7.2) is of the order of 10% cm~!.

It is obvious, that a quantity like a wave-number vector (Wellenzahlvektor)
is ill-defined and does not exist!

2.6 Density of States and Occupation Probabilities

A quantity which is crucial in quantum mechanics for the properties of parti-
cles is their density of states. It enters, e.g., in Fermi’s golden rule which allows
one to calculate transition probabilities. We want to discuss this problem in
a general way for systems of different dimensionalities d = 3,2 and 1. We shall
need these results later on for low-dimensional semiconductor structures. The
discussion of the density of states, especially in various dimensions, is not so
commonly treated as the harmonic oscillator, and so we shall spend some time
on this problem and dwell more on the details. At the end of this section we
shall also state the occupation probability in thermodynamic equilibrium for
classical particles, for fermions and bosons.

If we consider a particle which is described by a wave function® ¢(r) then
the probability w to find it in a small element of space d7 = dzdydz around
T is

w(r)T = ¢*(r)p(r)dr (2.62a)

Since the particle has to be somewhere in the system, w(r) has to be

“normalized”, that is,

/s o AT = / o )0y =1, (2.62b)

Here, the functions ¢(7) are of the form exp(ikr). For normalization purposes
a factor has to be added

o(r) = Q72 exp(ikr). (2.63)

3 The letter ¢ has been already used for the electrostatic potential e.g., in (2.50).
Since there are more different physical quantities than letters of the alphabet,
we sometimes use the same letter for different quantities, but from the context it
should be clear what is meant.
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The normalization condition (2.62b) results in

Q! / exp(—ikr) exp(ikr)dr = Q71 / dr = Q" "Wigstem = 1,
system system

(2.64)
where Viystem is the volume of our physical system. Consequently € is just
the volume of the system. To avoid a factor of zero in front of the plane-wave
term, one assumes that the system is so big that it contains all physically
relevant parts, but that it is not infinite. The simplest choice is a box of
length L, or, more precisely speaking, a cube in three dimensions, a square
in two, and an interval in one. This procedure is known as “normalization in
a box”. Consequently we have

Viystem = L% with d = dimensionality of the system (2.65)

and
QY2 =LY% for d=3,21. (2.66)

The wave vectors which can exist in such a box are limited by the boundary
conditions.

If we assume that we have an infinitely high potential barrier around
the box, then the wavefunction must have nodes at the walls (Fig. 2.3a).
Consequently the components k; of k must fulfill

ki:niZ; ni=1,23,...: i=1,....d (2.67)
where the index ¢ runs over all dimensions.

Such a wave is a standing wave, i.e., a coherent superposition of two waves
with k and —k and equal amplitudes. In the following we must consider
therefore only positive values of k. The various modes are distributed equally
spaced over the k;-axes with a spacing Ak;,

Vs
Aki= . (2.68)

In other words, every state (or mode) needs a volume Vj, in k-space given by

ﬂ' d
Vi, = (L) . (2.69)

Another approach is to impose periodic boundary conditions. Then the
plane wave should have equal amplitude and slope on opposite sides of the
cube according to Fig. 2.3b. In this case one can fill the infinite space by
adding boxes in all dimensions and one finds:

) 2T

ki:niL,

n,=41,+2 £3... (2.70)

This means for Ak;
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Fig. 2.3. Plane waves which have nodes at the boundaries (a) or which obey periodic
boundary conditions (b)

27
I
In contrast to the case of standing waves, we now have to consider positive
and negative values of n; separately. This procedure results finally in the same
density of states.
As a consequence we find that plane waves have in Cartesian coordinates
in k-space a constant density on all axes.

Ak = (2.71)
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This result can also be derived qualitatively from the uncertainty principle.
If a particle is confined to a length L in direction ¢ its momentum has an
uncertainly Ap; = Ahk; > h/L. Consequently two states, which should be
distinguishable or “different”, must have k; values, which differ by roughly
1/L.

Often one wants to know the number of states in a shell between k and
k + dk independent of the direction of k. This question can be answered
by introducing polar coordinates in k-space. The differential volume dVj of
a shell of thickness dk in a d-dimensional k-space is given by

dVi = 2dk ford=1,
dVy =27kdk  for d =2, (2.72)
dVy = 4nk?dk  for d = 3.

Depending on the boundary condition we have to take into account only
positive (2.67), or positive and negative (2.70), values of k or n; with corre-
sponding modifications of the prefactors in (2.72).

The number b(kz) of states in k-space found between k£ and k + dk in
polar coordinates is given by dividing dVj by the volume for each state and
by multiplying by gs. The quantity gs considers degeneracies such as the spin
degeneracy. For photons we have g; = 2 according to the ¢ and o~ polar-
izations (see above). The results are

A L

D(k)dk =gs dk ford =1,
™
. L2
D(k)dk = 954 kdk for d = 2, (2.73)
™

R 3
D(k)dk = gs o2 k>dk  for d = 3.

The derivation of this result is depicted for d = 2 in Fig. 2.4. If we neglect
constant prefactors and divide by dk we find

D(k) o gL, d=1,2,3.... (2.74)

If we consider not the number of states in the box of volume L but the
density of states D(k) per unit of space (e.g., per cm® or m?) the term L¢ in
(2.74) disappears yielding

D(k) o gsk@! (2.75)

The concept of periodic boundary conditions yields the same result.

This result has to be expected since the density of states per unit volume
must be independent of the size of the box which we have in mind provided
the box is sufficiently large.

We want to stress here that we assumed only plane waves but did not
make any specific assumptions about which type of particles are represented
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Fig. 2.4. A two-dimensional k-space in which the states are equally spaced on the
kgz-and ky-axes to derive (2.73) for d = 2

by these plane waves — photons, electrons etc. Therefore this result is valid
for all particles described by plane waves.

The next step is now to calculate the density of states on the energy axis,
ie.,

D(E)dE. (2.76)

This quantity gives the number of states in the energy interval from E to
E + dFE. To calculate this quantity we need the specific dispersion relation
E(k) and its inverse k(E) as seen from the identity (2.77):
dk 1

- 4B = DIK(E)] dE. (2.77)

D(E)dE = DIk(E)] [grad,. B (k)|

The term on the right-hand side of (2.77) gives the generalized equation
which is also valid for anistropic cases.
In particular for photons in vacuum we have with (2.59)
EF w dk 1

= e = ¢ dE T he

Inserting this result in (2.77), for the case d = 3 we find

E2
D(E)AE = (o) dE

(2.78)

or
D(w)dw o w?dw (2.79a)
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For massive particles, i.e. particles the dispersion relation of which can be
described by an (effective) mass m according to

h2k?
E(k) = 2.79b
k) ="" (2.79b)
we obtain with (2.77) for a d-dimensional space
D(E)dE  g,E* 'dE. (2.79¢)

This formula includes the well-known square root density of states for massive
particles in three dimensions.

We repeat again that the density in k-space is constant on all Cartesian
axes in a d-dimensional space for all particles, which can be described by
a plane wave, but the density of states depends on the individual dispersion
relation when plotted as a function of energy.

The next quantity, which we need is the occupation probability of the
states discussed above. We restrict ourselves in the following to thermody-
namic equilibrium. There are three types of statistics which can be considered:

For classical, distinguishable particles, Boltzmann statistics apply:

fB = exp[—(E — p)/kpT]. (2.80a)

For bosons, i.e., indistinguishable particles with integer spin, photons being
an example, one must use the Bose—FEinstein statistics

Joe = {expl(E — p)/kpT] — 1} . (2.80b)

Fermions, or indistinguishable particles with half-integer spin e.g., elec-
trons obey the Fermi-Dirac statistics frp

frp = {exp[—(E — p)/kpT] + 1} 1. (2.80c)

The Boltzmann constant is kg and the chemical potential is p which gives the
average energy necessary to add one more particle to the system. For fermions
1 is also known as the Fermi energy Er. The probability to find a particle in
the interval from E to E + dFE is then given by the product of the density of
states D(F) and the occupation probability f

D(B)f(E,T, n)dE (2.81)

In Fig. 2.5 we plot fg, fsr and frp as a function of (E — u)/kT.

The Boltzmann statistics shows the well-known exponential dependence.
The Fermi-Dirac statistics never exceeds one, realizing thus Pauli’s exclusion
principle. The Bose-Einstein statistics has a singularity for £ = u. This gives
rise to Bose—Einstein condensation, or in other words, a macroscopic popu-
lation of a single state, if p touches a region with a finite density of states.
In this case the species with energies £ = p and those with £ > p must be
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A fi Fig. 2.5. The Boltzmann,
20+ : Bose—Einstein and Fermi—
: Dirac distribution func-

tions versus (E — u)/ksT

(E-W)/kpT

considered separately. Furthermore it is obvious from Fig. 2.5 that fgg and
frp converge to fg for (E — p)/kT > 1.

In Sects. 7.7, 8.2 and 9 or 20.5 we discuss, when classical Boltzmann
statistics is a good approximation and when the use of Fermi—Dirac or Bose—
Einstein statistics is obligatory.

The chemical potential p is zero in thermodynamic equilibrium for quanta
whose number is not conserved, for e.g., photons or phonons. We introduce
this topic in Chap. 7.

If the number N or density n of particles in a system is known, as is the
case for electrons at non-relativistic energies, then p is well defined by (2.82).

/D(E)f(E,u,T) dE =n, (2.82)

which says that the density of particles is equal to the integral over the product
of the density of states and the probability that a state is occupied.

As an example, we apply now the above statements to photons in a three-
dimensional box in thermodynamic equilibrium. With (2.79b) and (2.80b),
(2.83) is obtained.

N(w)dw = D(w) fee(w, T) dw o« w? [exp (k?T) - 1} - dw. (2.83)

For the energy content U(T) of the radiation field, the result is

U(T) = h/ooo WN (W) dw o /OOO o {exp (ksz> - 1} T @sh)

Equation (2.83) is nothing other than Planck’s law of black-body radiation.
By substituting « for the variable hw/kpT in (2.84) we immediately find the
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Stefan—Boltzmann T* law

U(T) x T4/ 23(expr — 1) Hdr = TA, (2.85)
0

where A is a constant.

2.7 Problems

1.

10.

11.

12.

The intensity of the sunlight falling on the earth is, for normal incidence
and before its passage through the atmosphere, about 1.5kW m~2. Cal-
culate the electric-field strength.

Pulsed high power lasers can be easily focussed to a power density I of
10 GW /cm?. Calculate the E and B fields. Compare them with the electric
field in an H atom at a distance of one Bohr radius, and the magnetic
field on the surface of the earth, respectively.

Calculate the number of photon modes in the visible part of the spectrum
(= 400nm < Ay < 800nm) in a box of 1cm?.

Calculate the momentum and energy of a photon with A\, = 500nm. At
which acceleration voltage has an electron the same momentum?

Show qualitatively the B, H and M fields of a homogeneously mag-
netized, brick-shaped piece of iron and for a hollow sphere with inner
radius Ry and outer radius Rg+ AR, which is radially magnetized. Use es-
pecially for the second case symmetry considerations together with (2.1).
Check whether the maximum of N(w) in (2.83) shifts in proportion to
T (Wien’s law), originally formulated as Ayax oc 771

Compare the contribution of the electric conductivity of a typical semicon-
ductor to that of the polarisation in (2.23) or (2.25). For which frequencies
does the second one dominate?

Write down the time and space dependence of a spherical wave. Note
that the energy flux density varies usually like the amplitude squared. Is
it possible to create a spherical vector wave?

Inspect (with the help of a textbook or a computer program) the electric
field of a static electric dipole and the near and far fields of an oscillating
electric dipole. Note that in the near field the electric and magnetic fields
are not orthogonal.

Show that the definition v, = ; grad, F(k) leads, for massive and massless
particles, directly to the relation (quasi-)momentum p = hik.

How does the density of states as a function of energy vary for a linear
dispersion relation (like photons) in 3, 2 and 1 dimensional systems?
Consider or find in a textbook the pattern of the collective motion of
the HoO molecules in a surface water wave. Which effects contribute to
the restoring force? Are water waves harmonic waves? What happens at
a seashore, where the depth of the water decreases gradually? Is there
a net transport of matter? Assume that the particles have an electric
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charge and move relative to a fixed background of opposite charge. Which
charge pattern do you expect close to the surface? Compare with Fig. 4.4b.
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3
Interaction of Light with Matter

In the next two sections we present some basic interaction processes of light
with matter from two different points of view. First we consider matter as
a homogeneous medium described by the complex dielectric function e(w) or
by the complex index of refraction 71(w) (Sect. 3.1). We concentrate especially
on the reflection and transmission of light at the plane interface between two
media. As an especially simple case we investigate the boundary of matter and
vacuum. In the later Sect. 3.2 we will discuss the interaction of the radiation
field with individual atoms. In this case quantum mechanics must be used.
We will employ what we have explored in Chap. 2.

3.1 Macroscopic Aspects for Solids

3.1.1 Boundary Conditions

Let us start with the macroscopic description of the optical properties of
semiconductors. In Fig. 3.1 we show the wave vectors and field amplitudes in
the vicinity of the interface between two media for two linear polarizations.
In Fig. 3.1a the electric field E; of the incident beam is polarized parallel to
the plane of incidence, which is defined by the wave vector of the incident
light k; and the normal to the plane interface e,. As we will see later from the
boundary conditions, the wave vectors and the electric fields of transmitted
and reflected beams (indices tr and r, respectively) are in the same plane; the
magnetic fields according to (2.19) perpendicular to it. In Fig. 3.1b we have
just the opposite situation for E and H.

One often assumes for simplicity that the medium I is vacuum (or air), i.e.,
er(w) = ny(w) = 1. We do not use this approximation here but we still assume
that media I and II are isotropic. This means e1(w) and ep(w) are scalar
functions and 71(w) does not depend on orientation. Phenomena which appear
if we drop this assumption are dealt with later. Furthermore, we assume that
there is only one reflected and one transmitted beam. This assumption seems
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trivial and it is indeed for reflection. In transmission there may be more than
one propagating beam, as we shall discuss in Chap. 5. What we first want
to know are the dependences of the angles o, and a4, on ¢4 i.e., the laws of
reflection and refraction. We then want to know the coefficients of reflection r
and transmission t of the interface between media I and II. We can define
these coefficients for the field amplitudes Ejy.

Eo Eor
Doty = 1
Ey' - (3-1a)

=

for the configuration of Fig. 3.1a or

EOr EOtr
. tJ_ —

.1b
Eoi’ Eo (3.1b)

ry =
for the configuration of Fig. 3.1b. However, what is usually measured is the
reflectivity R and transmittivity 7" of an interface for the intensities. We have

Rij=|ri|? (32)

because incident and reflected beams propagate in the same medium. For the
transmission see Fig. 3.7. In order to calculate all the quantities given above
we need the corresponding number of equations. They can be deduced from
Maxwell’s equations as boundary conditions which must be fulfilled at the
interface. To do so, we need two general laws of vector analysis which are
known as the laws of Gaufl and of Stokes, respectively. They read for a given

vector field A.
/ V~Adrzy{ A-df (3.3a)
volume surface

/ (VxA)-df=d A ds (3.3b)
surface

line

and

Starting with (2.1)a, with the help of (3.3a), we obtain

/VdideT:j[D. d_f:/vpdT. (3.4)

We choose the integration volume in the form of a tiny (differentially small)
cylinder which contains the interface and has its top and bottom in the media
I and TI, respectively (Fig. 3.2). Furthermore it is assumed that the ratio of
the height to the radius of this cylinder is also infinitesimally small, so that
the contribution to the whole integral from the lateral surface of the cylinder
is negligible. Then the middle and right-hand-side terms of (3.4) yield

(DI - DH) . df = (Dn,I — Dn,II) df = Ps df, (35)

where the index m means the normal component and ps; a surface charge
density. The contribution of a volume charge density p, goes to zero with
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medium I

medium II

(a) Ky (b)

Fig. 3.1. The F and H fields and the wave vectors k for incident, transmitted

and reflected beams at an interface between two isotropic media for two different,
orthogonal, linear polarizations (a) and (b) respectively

decreasing height of the cylinder as compared to a possible contibution of
a two-dimensional surface charge density ps.

Since we assumed that there are no free charges p at all (Sect. 2.3) and
consequently no surface charges, the right-hand side of (3.5) vanishes and we
find as a boundary condition that the normal component of D is continuous

across the interface:
D! = DI, (3.6a)

Starting from (2-1)b we find in the same way
B! = BIL (3.6b)

Using (2.1c¢,d) and (3.3b) we get in an analogous way requirements for the
tangential components of E and H.

E{ =Bl (3.7a)
H! = HI. (3.7b)

Equations (3.6) and (3.7) represent the boundary conditions for electric
and magnetic fields. Actually only two of them are independent, the other ones
follow directly with the linear approaches (2.27). This is enough to calculate
for a given incident beam the properties of the reflected and refracted ones. In
order to do so the boundary conditions must be applied to a specific problem.
For the configuration of Fig. 3.1 this reads for the incident, reflected and
transmitted electric fields

en X Ei—e, x E. =e, X Ey, (3.8)
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medium I

medium II

Fig. 3.2. Schematic drawing of the infinitesimally small cylinder used to deduce
with (3.4) the boundary condition (3.6)

since the vector products of the various E¢ with the unit vector e, normal
to the interface generate just the tangential components. Using another one
of the set of equations (3.7),(3.8) allows one to calculate the properties of the
reflected and transmitted beams. This procedure involves some basically sim-
ple but lengthy algebra and does not give further insight into the physics. In
accordance with the concept of this book, we consequently skip these calcula-
tions which can be found in the literature, (See e.g. [T6P1,77B1,87H1,97L1]
and references therein) but present the results giving some cross-links to other
physical approaches to obtain them.

3.1.2 Laws of Reflection and Refraction
The first, not too surprising, result from the above-mentioned procedure is
Wi = Wy = Wir. (3.9)

This means all three beams have the same frequency. This becomes clear
from classical physics, as we shall see in Chap. 4 since atoms perform forced
oscillations with frequency w; under the influence of the incident field and
can therefore radiate, according to the linear approach (2.27), only at this
frequency. The relation (3.9) is also intelligible from the point of view of
quantum mechanics, bearing in mind the law of energy conservation and the
fact that a single photon has energy fiw and can be either reflected or refracted.
The next results are the laws of reflection and Snell’s law of refraction.

The first one states
Q= Qp (3.10a)

and;
ki, k. and e, are in one plane, (3.10b)

namely in the above-introduced plane of incidence. The second one reads

sin o NI .
i = ; ki, k. and e, are in one plane. (3.10¢)
sin g Mg
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(a) (b)
_.\‘ /
k; k,
medium I
medium I1

Fig. 3.3. The evanescent wave in the case of total internal reflection (a) and the
arrangement for the “optical tunneling” effect or attenuated total reflection (b)

In Fig. 3.1 we manifest the situation for n; < nyy, i.e., the refraction from
an optically thinner into an optically thicker medium. In the opposite case,
one reaches a critical angle of for which ay, = 90° given by the condition

of = arcsin i (3.11)
ny

For a; > af there is a totally reflected beam but no longer a transmit-
ted one. However, the boundary conditions (3.6) and (3.7) require finite field
amplitudes in medium II. Inspection of the boundary conditions shows that
a so-called evanescent wave exists in medium IT which propagates parallel to
the surface. Its field-amplitudes decay exponentially in the direction normal to
the interface over a distance of a few wavelengths, as shown schematically in
Fig. 3.3a. The reflected wave has under these conditions the same intensity as
the incident one. Correspondingly the phenomen is known as total (internal)
reflection.

If medium IT has only a thickness of the order of a wavelength and is
then covered by material I again, then the evanescent wave couples into this
medium giving rise to a propagating refracted wave (Fig. 3.3b). Consequently
the intensity of the reflected wave decreases. This phenomenon is called at-
tenuated, or frustrated, total reflection (ATR) or the optical tunnel effect in
analogy to the quantum-mechanical tunnel effect.

The laws (3.10),(3.11) can be also deduced from the principle of Mauper-
tius or Fermat , which says that for geometrical optics the optical path length,
i.e., the product of the geometrical path length and the refractive index n be-
tween two points A and B is an extremum, generally a minimum. This is
shown schematically for the case of refraction in Fig. 3.4. From all in principle
possible ways to travel from A to B,the light propagation is along the one for
which (3.12) holds.

§/nd5 = §(ntAC + n;iCB) =0, (3.12)
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A

medium I

medium II

B
Fig. 3.4. Various possible paths of a light beam travelling from A to B

i.e., the variation ¢ of the optical path length vanishes. Equation (3.10) can
be deduced from (3.12).

3.1.3 Noether’s Theorem and Some Aspects of Conservation Laws

A third way of deriving (3.9),(3.10) relies on the law of momentum conserva-
tion. Since conservation laws are essential in other fields as well as in physics
(See problem 1 of Chap. 1) we shall dwell here on them for some time.

We start with the theorem of E. Noether, which is usually not taught in
standard physics courses, though it is of great importance. In simple words it
says:

A conservation law follows from every invariance of the Hamilton opera-
tor H.

We are not going to prove this statement. Instead we give some well known
applications.

If H is invariant against infinitesimal translations in time d¢, i.e., if H does
not depend explicitly on time, then the total energy E of the system described
by H is conserved

H(t) = H(t+ dt) — FE = const. (3.13a)

If H is invariant against an infinitesimal translation along an axis x, then the
x-component of the total momentum p is conserved

H(xz) = H(xz + dz) — p, = const. (3.13b)

If H is invariant against an infinitesimal rotation d¢, e.g., around an axis z,
that is, d¢ = (0,0,d¢) then the z-component of the angular moment L is
conserved

H(r)=H(r —r xd¢,) — L, = const. (3.13c)

The axis along which (3.13¢) is valid is called the quantization axis.
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For the problem of light reflection and refraction at an interface, (3.13a)
is still valid, resulting in energy conservation which we used, e.g., in con-
nection with (3.9). Concerning (3.13b) the problem is only invariant against
infinitesimal translation parallel to the interface. Correspondingly only the
momentum parallel to this interface is conserved. We learned with (2.58) that
the momentum of photons (and of all other free particles) is k. Consequently
at the interface the conservation laws must be fufilled.

k‘i” = kir” , (3.14a)

kjiH = ktrH . (3.14b)

Since incident and reflected beams propagate in the same medium, the lengths
of the wave vectors are equal, too.

ki| = |k , (3.15)

The only solution for (3.14a) and (3.15) is then obviously the law of reflection
(3.10). For the relation of k; and ki we find accordingly in addition to (3.15)

ki = kyaentj = ‘(‘jnj; j=1,1L (3.16)

The simultaneous solution of (3.15) and of (3.16) gives just (3.10c).

When we describe damping by a complex wave vector (2.36),(2.37) then
the above conservation laws applied to the real, i.e., oscillatory parts of k. For
clarity, the situation is depicted (again) in Fig. 3.5.

The conservation law (3.13c¢) still holds for a quantization axis perpendic-
ular to the interface.

K; K.
medium I
l L]
K Koy Ke _
medium II
ktr

Fig. 3.5. The momenta hk of incident, reflected and refracted beams at an interface
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3.1.4 Reflection and Transmission at an Interface
and Fresnel’s Formulae

Continuing to exploit the boundary conditions (3.6),(3.7) we give now the
results for the transmission ¢ and the reflection r of an interface for the sim-
plifying assumption that both media are transparent. This means that the
imaginary part x of the complex index of refraction 7 is negligible, i.e., much
smaller than the real part n. This is the case of weak absorption.

|k| < |n| = 1 weak absorption, || > |n| = 1 strong absorption.  (3.17)

The resulting equations are known as the Fresnel formulae for the regime
of weak absorption. They read, according to [76P1,77B1,87H1,97L1] (as usual
our treatment is for non-magnetic materials)

i nIcose; — nicoscyy - sin(og — ovy) (3.18)
1= =—. .
NICOSO4 + NITCOSOly sin(a; + oy )’
— —NIICOSQ; + NICOSQryy _tan(ai — Qi) (3.18b)
I NICOSty + NIICOSQY; tan(a; + agy)’ '
2ncosqy; 2sinaoi, oSy
t = : = THdutosd (3.18¢)
nrcosa; + nircosayy  sin(a; + ouy)
2n1cosy 2sinocosqy;
= = . (3.18d)

nicosay; + nircosey  sin(ag + agy)cos(ai — ay)

The relation between «; and oy, according to (3.10c) is used to progress
from one set of formula to the other. The signs in (3.18) depend on the way
in which we defined the field amplitudes in Fig. 3.1. However it is obvious
from (3.18a,b), that there is for normal incidence (o; = 0°) a phase shift of 0
or of m between the incident and reflected field for reflection at the optically
thinner or thicker medium, respectively, i.e.,

2n1
ny+nir

ny —ni
TH’J_(ai:O): : t”’J_(ai:O):

; (3.18¢)
nr + nix

These signs are, however, not a serious problem since it is usually not possible
to measure directly the field amplitudes in the optical regime but only the
intensities I = (S).[See (2.21),(2.22)]

We display in Fig. 3.6 formulae (3.18) graphically and the phase shift
between the various reflected components, assuming that the incident ones
are “in phase”. Furthermore we show the results for strong absorption not
covered by (3.18).

The experimentally accessible quantities are R and 1" which can be calcu-
lated from (2.22),(3.2).

We discuss first the reflectivity R. For the orientation R, R increases
monotonically with «;. The limiting values for o; = 0° and «; = 90° are given
in (3.19).
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Fig. 3.6. The reflection coefficient r for the (electric) field amplitudes according to
(3.18) and the phase difference between the reflected amplitudes for the orientations
r1 and 7|, and reflection at an optically thicker (a) and thinner (b) medium and
for reflection at a strongly absorbing medium (c). According to [76P1]

For weak absorption (n > k)

2
ni—n
R(a; =0) = (nE N ni) (3.19a)
For n; = 1 the answer, again for weak absorption, is
Ry = 0) = (”H N 1)2 : (3.19b)
nn+1/) "’

and for strong absorption and n; =1

-1 2 2
= o) e (3.19¢)
(n11 + 1)% + Kq
while for grazing incidence

R(o; =90°) =1 (3.194d)

in all cases.
R, increases monotonically with increasing a; in all cases. In contrast R

goes through a minimum at a certain angle ag with

RH (Ol = OéB) =0 (320)
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for the case of weak absorption. The angle ap is known as Brewster’s angle
or the polarization angle. For a = ap only the component polarized perpen-
dicularly to the plane of incidence is reflected. So this angle can be used to
polarize light, if unpolarized light is directed to the interface. Note that the
transmitted beam is not strictly polarized, but has only some preference for
the orientation parallel to the plane of incidence.

The condition which comes from (3.18b) for rj = 0 is

NIICoSQy = Nicosay, or tan(oy + ayy) = oo. (3.21)

Equation (3.21) has, apart from the trivial solution (no interface — ny = nir;
a; = ayy), the solution
i + agr = 90° (3.22)

i.e., the reflected and refracted beams propagate perpendicularly to each other.
This fact can be easily understood. As we shall see in Chap. 4 the reflected
beam is radiated from the forced oscillations of the atoms close to the surface
which forms the optically thicker medium (assuming for the moment that
medium I is vacuum). Since dipoles do not radiate in the direction of their axis,
and since the polarization in the medium is perpendicular to ki, (transverse
wave) we find directly (3.22).

For the case ny; < n; we also find the critical angle «, for total internal
reflection in Fig. 3.6b which we mentioned already earlier.

If we send light on the interface polarized differently than Ey or £, to
the plane of incidence, we can decompose it always into two components with
the above orientations, we calculate their reflected or transmitted amplitudes
with (3.18) or Fig. 3.6 and superpose them again, taking into account the
relative phase shifts given in Fig. 3.6. In the general case of a phase shift
different from 0° or 180° the reflected light will be elliptically polarized for
a linearly polarized incident beam. However, in experimental investigations
of the optical properties of semiconductors, one tries to avoid this additional
complication, usually by choosing the simplest geometries.

For strong absorption, R does not reach zero for any polarization (Fig. 3.6¢),
and starts already for a; = 0 rather close to one. This leads to a statement
which may seem contradictory in itself at first glance: strongly absorbing ma-
terials absorb only a small fraction of the incident light. The solution is clear,
since the bigger fraction is reflected. The smaller fraction which actually enters
the medium is absorbed however over a short distance. In a weakly absorbing
medium, the major portion of the light is transmitted through the surface and
may be completely absorbed if the medium is thick enough. Indian ink is in
the sense of (3.17) a weakly absorbing medium, metals are strongly absorbing
over wide spectral ranges and have R close to unity.

With increasing «;, R increases monotonically while R goes through
a shallow minimum as seen in Fig. 3.6c. The principle angle of incidence a
is defined by some authors as the a; for which the slopes of the curves R (o)
and R, (oj) are equal. Other authors prefer to use the minimum of R as
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definition of ay,. The difference is marginal. The phase shift between the two
components is just 3 for ay.

A consequence of the smooth variation of the phase shift with «; is the
fact that linearly polarized light impinging on a metallic mirror is usually
elliptically polarized after reflection except for the simple orientations Ej,
and E . This fact should be remembered when building an optical setup in
the lab.

To conclude this subsection, we shall shortly consider transmission through
a single interface. For a lossless interface, energy conservation requires for the
incident, reflected and transmitted powers P of the light

P, = P. + P,, (3.23a)

where the power is defined as energy per unit of time.

Despite (3.23a), | r |? and | ¢ |2 do not add up to unity, since these quan-
tities give information about the reflected and transmitted light intensities.
This quantity gives, as stated already earlier, the energy flux density, i.e., the
energy per unit of time and of area. Since the cross-sections of the incident and
reflected beams are equal, but different from the transmitted one for a; # 0
as shown in Fig. 3.7, a corresponding correction factor has to be added to
T = |t|* to fulfill (3.23a):

Ii; cosaiy
TjL= =[#,2

|2 COSQty
I; cosqy cosqy;

(3.23b)

For more details about transmission and reflection at a plane interface see
[76P1,77B1,87H1,97L1] or the references given therein.

F cos o

F cos o

Fig. 3.7. The relation of the cross sections of incident, transmitted and reflected
beams at a plane interface between two media
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3.1.5 Extinction and Absorption of Light

Until now we have considered mainly what happens in the immediate sur-
roundings of a plane interface between two media. Now we shall spend a few
minutes on the propagation of a beam within a medium, continuing the dis-
cussion in Sect. 2.3 in connection with (2.37).

If light propagates in a medium other than vacuum, its intensity or field am-
plitude decreases in most cases with increasing distance, even if we (un-physic-
ally) assume a strictly parallel beam and neglect all diffraction losses connected
with its finite diameter. In reality, both assumptions above can be fulfilled only
to a good approximation but never in a strict, mathematical sense. The decay
is usually exponential with increasing distance d [See (2.37)—(2.40)].

I = Iye @9 (3.24)

If energy is pumped into a suitable material and in a suitable way «a(w)
may even become negative for a certain range of frequencies and consequently
light is amplified. We call these materials active, laser or inverted materials
in contrast to passive materials with o > 0.

The attenuation of light according to (3.24) is called “extinction”. It com-
prises two groups of phenomena:

aextinction(w) = aabsorption(w) + ascattering(w) (325)

Extinction is the more comprehensive term. It enters in the damping ~ in
Chap. 4 or in the phase relaxation time T3 discussed in more detail in Chap. 23
via 7y = 2hT, " and contains two contributions. Absorption is the transfor-
mation of the energy of the light field into other forms of energy like heat,
chemical energy or electromagnetic radiation which is not coherent and gener-
ally also frequency shifted with respect to the incident beam. This latter phe-
nomenon is usually called (photo-) luminescence. The other contribution to
extinction is attenuation by (coherent) scattering of light. The unshifted com-
ponent is called Rayleigh Scattering and requires some disorder in the medium.
We come back to this phenomenon in Chap. 23. The frequency shifted (co-
herent) parts are known as Raman- or Brillouin Scattering. See Chap. 11 for
these effects or [75C1]. If the scattering particles do not show absorption in
the visible and have typical sizes large compared to the wavelength of the
light A, the material usually looks white. Examples are the powder of ZnO
(just to start with a semiconductor), ground sugar and salt, clouds, snow, the
foam of beer, milky quartz or the bark of a birch tree. The reason is that
the scattering of light at the interfaces by reflection and refraction is roughly
wavelength independent and thus the same for all colors.

If the particles are small compared to A, the scattering at these particles
becomes wavelength dependent. Often one finds an w?* law

Iscatter o w4 (326)

Tincident
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This relation follows from a combination of (2.26) and (2.22). It explains
that the sunlight propagating through clear atmosphere preferentially looses
the high frequencies, i.e., short wavelength or blue parts of its spectrum by
scattering from Ny, O2 and other molecules of the atmosphere. Consequently
the sun itself looks yellow to red depending on the thickness of air through
which the sunlight has to travel and the sky appears blue from the scattered
light. The above mentioned disorder necessary for this type of Rayleigh scat-
tering comes from density fluctuations of the particles constituting the air
within the coherence volume of (sun-) light. For more details of light scatter-
ing, including particles with sizes comparable to the wavelength (the so-called
Mie-scattering) see e.g. [77B1,87H1,97L1].

If the scattering or absorbing particles are diluted and do not interact with
each other, one finds proportionality between their concentration n, and o

a(w) = npas(w), (3.27)

where ag is the specific extinction constant. Equation (3.27) is also known as
Beer’s law. Sometimes not the proportionality between « and n; is denoted
as Beer’s or Lambert—Beer’s law, but the exponential dependence of the light
intensity on the distance (3.24).

Though there is evidently a rather clear definition of the terms “extinction”
and “absorption”, one uses often in “every day” language in the lab and also
in many books including this one the word absorption instead of extinction,
sometimes for convenience, and sometimes because it is not always clear which
group of phenomena is responsible for the attenuation of a light beam along
its path through matter.

3.1.6 Transmission Through a Slab of Matter
and Fabry Perot Modes

We discuss now in connection with Figs. 3.8 and 3.9 the transmission and
reflection of a plane-parallel slab of matter of geometrical thickness d with
ideal, lossless surfaces. The surrounding material I is air or vacuum (n; = 1,
k1 = 0). The total transmission 1" or reflection R does not only depend on
material IT and on the angle a; but also on the properties of the incident
light field, e.g., on its polarization and on its coherence length I, i.e., the
distance over which there is a fixed phase-relation. We can discuss here only
some limiting cases. See also e.g. [T6P1,77B1,85C1,87H1,97L1] or [82L1] of
Chap. 1, especially Vol. 17a p 11.

For strong absorption in the sense discussed in connection with (3.18) it
is easily possible to detect the beam reflected from the front surface. The
transmitted beam is strongly attenuated for d > A ~ 0.5um in the vis-
ible part of the spectrum, i.e., for an optical density a(w)d > 1. Conse-
quently R reduces to R given for normal incidence by (3.19¢). T is difficult
to measure since sufficiently thin samples are often not easily available and
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K reflected beam

incident beam .
medium I

medium II

- o, —>

medium I

transmitted beam

Fig. 3.8. Multiple reflection of an incident light beam in a plane-parallel slab of
matter

sometimes have optical properties different from the bulk material. Similar
statements for R are true for a(w)d > 1 even if a(w) is small. This can be
expressed by

R(w) = R(w) for a(w)d >1 . (3.28)

The most convenient regime in which to measure a(w) is 1 < a(w)d < 5. The
reflection has to be taken into account only once at the front and rear surfaces
since multiply reflected beams are very weak due to the absorption. We find
with Fig. 3.8

T(w) = [1— R"(w, )] exp [~a(w)dcos™ oy, ]
x [1 - RN w,au)] - (3.29a)

This simplifies for normal incidence to (3.29b) bearing in mind that R'~! =
R = R(w) for weakly absorbing material (See (3.19a)).

T(w) ~ [1 — R(w)]? e~ @), (3.29b)

For the conditions of (3.28) we can write

R(w) ~ R(w) + [1 — R(w)?] R(w)e 22@d ~ R(w) . (3.29¢)

For materials with an optical density a(w)d < 1 things become more com-
plicated again, because we must consider multiple reflection. The behavior
depends strongly on the relation of the optical pathlength and the coherence
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Fig. 3.9. Transmission T (b, d) through and reflection R (a, c) from a Fabry—Perot
resonator as a function of the phase shift ¢ for one half round trip for various values
of the reflectivity R of a single surface or the optical density ad of the medium in

the resonator

length [.. of the light beam. For di_! > 1 we have to add intensities resulting
in (in this case, for normal incidence)

. 1— R(w 2 g—a(w)d oo
T(w) >~ [1 B R2((w);e—2a(w)d ~[1—RW)Pe @ for ad <1. (3.29d)

For long coherence lengths, the field amplitudes interfere with approriate
phases and the two plane-parallel interfaces form a Fabry—Perot resonator.
There are two limiting cases: in one case all partial waves reflected at the
two surfaces interfere constructively in the resonator. This condition is ful-
filled if an integer number m of half waves fits in the resonator, expressed

mathematically as

d2
_@nlw) d:(LZC) or kp=m" with m=1,2,3.... (3.30)
m

In this case we have a large field amplitude in the resonator which may
surpass even the amplitude of the incident beam, a total transmission T
close to unity and correspondingly a weak total reflection R (even if R
is close to unity!). In the opposite case of mainly destructive interference
of the partial waves in the resonator, we find just the opposite situation,

Am
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that is, R < 1; T < 1. Such a device is called etalon or Fabry—Perot res-
onator (or FP resonator). Sometimes the two names Fabry and Perot are
interchanged.

The general formula for the FP resonator reads approximately [85C1]

. A . B+ Fsin?$
7= L, k=TT (3.31a)
1+ Fsin®é 1+ F'sin“d
with AR
F = N
(1—Ry)2’
eiad(l — Rp)(1 — Rg)
A= 3.31b
(1 _ Ra)2 I ( )
Bo Rrp(1 — Ry/RF)
(1—-Ry)?2 7

Rp: reflectivity of front surface of the Fabry—Perot resonator;
Rp: reflectivity of back surface of the Fabry—Perot resonator;
Ro = (RpRp)?e72%; § = n(w)k¥*°d = n(w)wd/c.
One often has Rrp = Rg = R. For this condition and ad = 0 one has the
simplification A =1, B=1.

For a lossless medium o« = 0, and normal incidence these expressions
reduce to 1
T= ! (3.32a)
1+ F’sin%6’ ’
. F’sin? 8 .
R= 00 11T, (3.32b)
1+ F'sin“d
with the phase shift ¢ given in (3.31) and the finesse F’ given by
4R
F = . .32
(1- R (3.32¢)

In Fig. 3.9 we show 7' and R as a function of § for various values of R
and ad. For vanishing damping 7'(w) reaches unity and R(w) zero for the con-
ditions of (3.32). Increasing F’ makes the FP resonances narrower. T and R
always add up to unity. For finite damping or « this is no longer the case. T re-
mains below unity and the height of the resonance decreases with decreasing
F’, i.e., increasing « for constant values of R. Sometimes lossless, high finesse
Fabry—Perot etalons are used as high resolution monochromators. In this case
not only the width of the resonance is of importance, but also the spectral
distance between the resonances, the so-called free spectral range given by
0 = 7. A more detailed treatment of the Fabry—Perot and of related problems
like dielectric single and multilayer coatings is beyond the scope of this book
and [76P1,77B1,85C1,87H1,89T1,97L1] are suggested for further reading.
We shall come back to Fabry—Perot resonator including oblique incidence in
Chap. 17.
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3.1.7 Birefringence and Dichroism

Until now we have assumed, for the sake of simplicity, that our sample is
isotropic, i.e., that e(w) is a scalar function and that means with (2.20),(2.21)
and (2.27) that D and E as well as S and IT are parallel. Later on we shall
in general use this assumption again. Here we want to have a short look at
what happens if we have an anisotropic material. Indeed, many crystals are
anisotropic, including the hexagonal wurtzite structure of several semiconduc-
tors. Even cubic crystals can show a weak anisotropy for a finite wave vector
k # 0 since cubic symmetry is lower in symmetry than spherical symmetry,
see also [96T1] and Chap. 26. This latter aspect will not be considered for the
moment. In the mechanical model which we shall treat in Chap. 4, we can
already understand such anisotropies if we assume that some oscillators can
be excited (i.e., elongated) only in one direction, e.g., in the z-direction but
not in the others. Such an oscillator would react only on the component of
an incident electric field polarized E || &. In the microscopic model the same
approach means that the oscillator strength f introduced also in Chap. 4 de-
pends on the direction of polarization and is, e.g., finite for light polarized
parallel to a crystallographic axis and zero perpendicular to it. Indeed it is
already sufficient that the oscillator strength is different for different orienta-
tions of the polarization with respect to the crystallographic axis in order to
obtain birefringence.

To describe such situations it is necessary to remember that the dielectric
function e(w) is generally a tensor. It describes the connection between the
two vectors D and FE.

Di=¢e0Y eiEj; ij=1xy2 (3.33)
J

In principle the e-tensor has nine components. It can be shown ( [77B1,
83K1,87H1,97L1] and [74B1] of Chap. 1) that the conservation law for the
electromagnetic field energy requires €;; = €;; so we are left with a maximum
of six independent components. Furthermore, it can be shown that every sym-
metric 3 X 3 tensor can be brought into diagonal form by a suitable rotation
of the cartesian coordinate system. If we choose this coordinate system, the
gij = 0 for ¢ # j and we are left with the three elements on the main diago-
nal €4, €yy, €22, which are all different in the general case, i.e., for so-called
biaxial crystals (see below).

Usually one tries to align the cartesian coodinates for e(w) in a simple way
with respect to the crystallographic axes. In uniaxial systems one identifies
the z-axis with the crystallographic c-axis and the z-y plane with the (usually
almost isotropic) plane perpendicular to c.

If transformed on these main axes, the tensor £(w) has therefore in the
main diagonal two equal elements

Era(w) = eyy(w) # £22(w) (3.34a)

and zeros otherwise.
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For biaxial systems of even lower symmetry, such simple connections are
often no longer possible and one finds

Eaa(W) # yy(w) # €22(W) # €xa(W) - (3.34D)

For cubic crystals one finds for k = 0: €,5(w) = gyy(w) = €,.(w). This
situation allows us to treat (w) as a scalar quantity. For k # 0 birefringence
and dichroism (though weak) may appear for certain orientations as already
mentioned [96T1].

Since all of the important semiconductors crystallize either in cubic sys-
tems (diamond structure with point-group Oy, zincblende structure Ty or
hexagonal ones (wurtzite structure Cgy)) we will not go below uniaxial sym-
metry and refer the reader for these problems to books on crystal optics
[76P1,77B1,84A1,97L1] or on crystallography [83K1]. The meaning of “point
groups” will be explained Chap. 26.

The consequences of the tensor character of e(w) are birefringence and
dichroism. We briefly outline both effects below. Dichroism means literally
that a crystal has two different colors depending on the direction of obser-
vation. In a more general sense one describes with the word dichroism ev-
ery dependence of the absorption spectra on the direction of polarization. In
Fig. 3.10 we show schematically transmission spectra for a dichroitic, uniaxial
material of a certain thickness. The sample is transparent for both polariza-
tions below Aw;. The resonance at hw; is assumed to couple more strongly
to the light field (i.e., to have larger “oscillator strength”) for the orientation
E | cthan for E || ¢. Above fiws light is absorbed almost completely for both
orientations. The dichroitic region obviously lies between Aw; and Aws.

In some materials this region covers a wide spectral range, in some cases
the whole visible part of the spectrum. In such a case this material can be used
as a polarizer. As an example polaroid films contain long organic molecules
which are oriented parallel to each other by the stretching of the film during
the manufacturing process. These molecules absorb radiation polarized paral-
lel to the chain, and transmit for the perpendicular orientation over most of
the visible spectrum. Another material which is known for its dichroism are
some colored varieties of tourmaline. In many semiconductors the dichroitic
spectral range is rather narrow and amounts often only to a few tens of meV.
These materials are, of course, of no use as commercial polarizers, but the
investigation of the dichroism gives very important information on the sym-
metries and selection rules of the resonances. We will see some examples of
this effect in Chap. 13.

If we assume that the eigenfrequencies and/or oscillator strengths of some
resonance(s) depend on polarization, then we know immediately from the
Kramers-Kronig relations, presented in Chap. 6, that the real part of the re-
fractive index n(w) depends also on the orientation of E relative to ¢, i.e.,
the material is birefringent. We can even state that every dichroitic mate-
rial must show birefringence and that birefringent material must have some
spectral range in which dichroism occurs. For uniaxial materials (e.g., crystals
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with uniaxial symmetry Cg, or as a prototype calcite with point group Dsq)
an incident light beam can always be decomposed into two components of the
electric field polarized parallel and perpendicular to the main section. The
main section is the plane defined by the crystallographic axis and the incident
wave vector. The beam polarized perpendicular to the main section is called
the ordinary (o) beam. Its refraction is described by Snells’ law and the re-
fractive index 7(w) is independent of orientation. This fact can be understood
since the ordinary beam is always polarized perpendicular to the c-axis and we
assume that uniaxial materials are isotropic in the plane | ¢. This is strictly
correct only for vanishing wave vectors (and corresponds just to the situation
for the dipole approximation in Sect. 3.2.2 and to a very good approximation
for small but finite k values. The so-called extraordinary beam (eo), the po-
larization of which falls in the main section, has components E || cand E L ¢
the weights of which depend on the angle v = Z(k,¢). It is not surprising
that the refractive index experienced by the extraordinary beam depends an
7y, since the relative coupling to the oscillators active for the orientations || ¢
or L ¢ changes with . For a general direction of incidence an unpolarized
(or elliptically polarized) beam will be decomposed into two beams polarized
perpendicular to each other — the ordinary and the extraordinary ones - which
will be separated in space, as shown schematically in Fig. 3.11. This is the
concept, which allows us to use birefringent materials as polarizers. We note
here already that the wave vector k and the Poynting vector S of the eo
beam are not necessarily parallel to each other. The reason will be given in
connection with Fig. 3.13. In the case of Fig. 3.11 the refractive index of the

transmission T

e =

photon energy fi ®

Fig. 3.10. Schematic drawing of the transmission spectra of a dichroitic material
for two different polarizations of light with respect to the crystallographic axis
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Fig. 3.11. Birefringence for an unpolarized beam falling on a birefringent material
at a given angle with the crystallographic axis ¢ parallel to the interface

ordinary beam is greater than that of the extraordinary one. This situation is
called negative-uniaxial birefringence, the opposite situation corrrespondingly
positive-uniaxial birefringence, since An is defined as

AN = neo — No (3.34c¢)

where the indices o and eo stand for ordinary and extraordinary.

There are two limiting orientations which result in rather clear and simple
situations. Therefore these orientations are usually investigated in semicon-
ductor optics. One situation is k || ¢. In this case the E field can be only
perpendicular to ¢, this means one observes the ordinary beam only, indepen-
dent of the polarization of the incident beam. The other clear orientation is
k L c. In this case one can choose by a polarizer the orientation E L ¢ for the
ordinary beam or E || ¢ for the extraordinary beam. In the latter situation,
the F field acts only on oscillators which can be elongated parallel to c.

Oblique incidence on a surface cut parallel or perpendicular to ¢ or normal
incidence on a surface cut under an arbitrary angle (Fig. 3.12) with respect to
c are much more complicated to evaluate concerning the spectra of reflection
or transmission. The worst situation is, of course, oblique incidence on a plane
at an arbitrary angle to the c-axis. Scientists working on semiconductor optics
usually try to avoid these situations, scientists devoting their work to crystal
optics find it challenging and even prefer biaxial systems to others.

A situation which allows us to discuss various aspects of birefringence is
perpendicualr incidence on a plane at an oblique angle with respect to c¢. We
shall dwell a few minutes on this topic.

The experimental result is shown in Fig. 3.12. The incident beam is split
into two when entering the birefringent material. The ordinary beam contin-
ues to propagate normal to the surface as expected from Snells’ law (3.10b)
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Fig. 3.12. Same as Fig. 3.11 but for normal incidence on a surface cut under an
arbitrary angle with respect to ¢

or from the conservation of momentum parallel to the surface (3.14). The
extraordinary one seems to violate these two rules. Since a violation of the
law of momentum conservation would be very serious, not only for physics,
we have to look more closely at this problem.

There are two rather simple ways to present birefringence. One, which we
shall outline towards the end of this subsection is in terms of the indicatrix. In
the other method, one uses in polar coordinates a plot which gives the phase
velocity vpn = en~!(w). This is basically the inverse of the real part of fi(w)
as a function of the direction of propagation. In a uniaxial system, the figures
produced when we include all directions are a sphere for the ordinary beam
and a figure with rotational symmetry with respect to ¢ for the extraordinary
one. They touch for propagation of light parallel to the crystallographic axis
as shown in Fig. 3.13 since there are only o-waves for this orientation, as
mentioned above. Now recall Huygens’ principle for the propagation of light
which says that every point illuminated by an incident primary wave front
becomes the source of a secondary wavelet such that the primary wavefront
at a later time results from the superposition of the amplitudes of all wavelets.
In addition, we must discard the back-travelling waves in the way shown by
Fresnel and Kirchhoff which would appear otherwise from the above given
principle. With this amendment we can construct wavefronts when we identify
the shape of the wavelets with Fig. 3.13. For more details see e.g. [83K1,96T1,
02T1] and references given therein.

Shown in Fig. 3.12 are the S, IT, k, E and D vectors. The vectors k and IT
are always parallel to each other. The magnetic vectors B and H are parallel
to each other and normal to the electric vectors and are, in this context, of
no further interest since we are dealing with nonmagnetic material.

In Fig. 3.14a the situation is shown for the o-beam. The wavelets are
spheres, the resulting wave front is parallel to the vacuum-medium inter-
face. The vectors of energy-flux density S = E x H, of momentum density
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Fig. 3.13. The phase velocity of light in an optically uniaxial material shown for
one frequency w in polar coordinates for positive (a) and negative (b) birefringence
for the ordinary (o) and extraordinary (eo) beams

IT = D x B and the wavevector k (= momentum fik) are parallel. (Diffrac-
tion effects caused by the finite beam diameter are neglected here, though
they are obviously also described by Huygens’ principle.) The situation for
the eo-beam is presented in Fig. 3.14b. The wave front produced by the su-
perposition (or interference) of the wavelets, and constructed as the tangent to
the wavelets, is still parallel to the interface. This wave front describes the D
field because we know from Maxwell’s equations and the boundary conditions
of Sect. 3.1.1 that the boundary condition for D is that the normal compo-
nent D, is continuous over the interface. In our case, D,, = 0 on both sides.
As a consequence, the classical momentum density IT and the momentum hk
of the light quanta are still perpendicular to the interface, as required by the
conservation of the momentum component parallel to the interface, which is
here obviously zero.

On the other hand, we can see that the whole wave front is shifting side-
ways with continuing propagation into the medium. This shift is described by
the Poynting vector S = E x H. The direction of this vector is just given by
the origin of the wavelet and the point where the tangent touches it. The E
field is necessarily perpendicular to S. As required by the boundary condition
for E as deduced from Maxwell’s equations, the tangential component Ej,
must be the same on both sides of the interface (including incident, refracted
and reflected beams). The normal component of E can change, and that is
what happens in the orientation of Fig. 3.14b. To summarize, we observe that
there are no violations of any conservation laws. The tangential components
of the momentum are conserved at the interface and for this quantity Snells’
law is still valid. However, the direction of energy propagation given by S
changes, but there are no conservation laws for this direction. The law of en-
ergy conservation itself has, of course, to be fulfilled, this means in this case
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Fig. 3.14. The construction of the wave fronts of the ordinary (a, ¢) and the
extraordinary (b, d) beams for various geometries using Fig. 3.13

that the total amount of energy falling per unit time on the interface equals
the sum of transmitted and reflected energies.

Figures 3.14c and d finally shows schematically the general situation i.e.,
oblique incidence on a surface cut at an arbitrary angle with respect to c.
The construction simply uses the size of the wavelets around point A when
the incident wave front just reaches the interface at point B. We see that the
refractive index for k is different for both polarisations and that the directions
of ki, and Sy, differ for the eo beam.

The basic idea of the representation of birefringence by the indicatrix is
explained in connection with Fig. 3.15. We plot from the origin lines in all
directions with a length equal to the refractive index n(w) of a wave with D
polarized in this direction. In doing so, we get a sphere for an isotropic material
(Fig. 3.15a) and ellipsoids with rotational symmetry for uniaxial materials. In
Figs. 3.15b and ¢ we show the situation for positively and negatively birefrigent
uniaxial crystals, respectively. The rotation axis coincides in this case with the
crystallographic c-axis.
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Fig. 3.15. The indicatrix for isotropic (a) uniaxial (b, ¢) and biaxial materials (d)
according to [83K1,87HI]

For crystals of even lower symmetry, all three axes of the indicatrix have dif-
ferent lenghts (Fig. 3.15d) in agreement with the situation for e(w) in (3.34b).

The use of the indicatrix is now the following: For a given direction of prop-
agation k one cuts the indicatrix with a plane normal to k which contains the
origin. In general, this cross section is an ellipse except for isotropic materials.
The distance from the origin to this ellipse in a certain direction gives the re-
fractive index of a beam with D polarized in this direction and propagating in
the direction of k. The optical axes are for anisotropic materials (Figs. 3.15b—
d) now defined as those directions of propagation for which the cross section
of the indicatrix is a circle. For the uniaxial materials in Figs. 3.15b and c
there is obviously only one optical axis, which coincides with the c-axis as
stated already above. For systems of lower symmetry, where all three main
axes of the indicatrix (and all three €;;(w), i = x,y, z of the dielectric tensor)
are different, one finds two optical axes, which generally do not coincide with
any of the cartesian coordinates (Fig. 3.15d) and the direction of which can
even vary with w.

It should be mentioned that birefringence can be created in non-birefringent
materials,; e.g., by the application of electric- or strain-fields. These phenomena
are known as Pockels and Kerr effect and as mechanical or stress birefringence
or “photoelasticity”, respectively. The Pockels effect occurs in crystals with-
out centers of inversion and the effects vary proportially with E. The Kerr
effect occurs in isotropic solids like glass, in fluids like nitrobenzol and varies
therefore proportionally with E2. While these effects are often deliberately
investigated, especially the last ones can produce unwanted, spurious effects
if a sample is not mounted strain-free, e.g., in a cryostat.

All the phenomena of birefringence which we discussed here for a uniaxial
material are as mentioned at the beginning of this subsection, simply due
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to the fact that the dielectric function e(w) is a tensor for crystallographic
systems of symmetry lower than cubic and that D and E need therefore
no longer be parallel to each other. More information on the topic of this
subsection is found in [75C1,76P1,77B1,83K1,84A1,87H1,96T1,97L1,02T1]
and references therein.

3.1.8 Optical Activity

The last aspect we want to mention in this first subchapter on macroscopic
optical properties is optical activity. In this case a linearly polarized light
beam remains linearly polarized when propagating through an optically active
medium but the direction of polarization rotates slowly by an amount §,o¢ that
varies with increasing distance [, which is the distance the light travels through
the medium, i.e.

Orot = al (335)

where a depends on the material and on w.

While a birefringent material splits an incident beam in two, orthogonally
polarized ones, which propagate with different phase velocities through the
sample and thus accumulate a phase shift with increasing distance (see prob-
lem 8 in Sect. 3.3). An optically active material splits a linearly polarized
incident beam into a left (0~) and right (o) circularly polarized one with
equal amplitude. Again both components travel with different phase veloci-
ties. A superposition after a certain distance results again in linearly polarized
light as long as there is no difference in the absorption for o+ and ¢~ polarized
light, but with a tilted direction of polarization.

This phenomenon already occurs in amorphous solids including liquids
and gases if they contain molecules with a well defined chirality or handiness
like dextrose or laevulose which have both the chemical composition CgH120s.
In crystalline solids, including semiconductors, optical activity occurs if either
the molecules in the unit cell have a chirality or if atoms or isotropic molecules
are arranged in the unit cell in such a way that a screw-axis appears. Examples
are quartz or wurtzite-type crystals parallel to their c-axes, which are both
essentially built from tetrahedrons, but are arranged in a way that a shift and
a rotation along the axis transforms the crystal into itself.

The optical activity induced in a material by a magnetic field in the direc-
tion of light propagation is known as the Faraday effect. In magnetic dichroism
one investigates the difference in the absorption spectra for o and ¢~ polar-
ized light induced by the B-field.

3.2 Microscopic Aspects

In contrast to the preceding section, we present now the basic interaction
processes between light and matter from a microscopic point of view. We use
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here the perturbative or weak coupling approach for the interaction between
light and matter, which is in most cases sufficient for dilute systems such as
gases. For solids the strong coupling approach is often necessary, which leads
to the concept of polaritons and which is introduced in Chap. 5. We describe
first in words the basic interaction mechanisms between light and matter,
namely absorption, spontaneous and stimulated emission (Sect. 3.2.1), then
we proceed to the treatment of linear optical properties in the framework of
perturbation theory (Sect. 3.2.2). Since these topics are also treated in many
textbooks (e.g. References [81M1,90K1,93H1,96Y1] of Chap. 1 or [5551,71F1,
73H1,76H1,92M1] of Chap. 2) it is not necessary to go into too much detail
here.

3.2.1 Absorption, Stimulated and Spontaneous Emission,
Virtual Excitation

For simplicity we assume that we have a certain number of two-level “atoms”
as shown in Fig. 3.16. Every atom has one electron which can be either in the
ground or in the excited state. Later we will extend the model from a two-
level system to bands in semiconductors, but the basic interaction processes
remain the same.

In Fig. 3.16a an incident photon hits an atom in its ground state. With
a certain probability the photon is annihilated and the electron gains enough
energy to reach the excited state. For reasons of energy conservation, the
photon has to fulfill the condition

hw = Eox — By , (3.36)

where Eq — E, is the energy difference between the ground and excited states.
We call this process absorption in agreement with the definition in Sect. 3.1.5 if
the energy of the photon is soon converted into other forms of energy, that is, if
the electron undergoes some scattering processes, which destroy its coherence
or more precisely the coherence of the electric polarization connected with this
transition to the incident light field. See Chap. 23. The electron eventually
returns to its ground state and looses its energy e.g., as phonons i.e., as heat
or as a photon which is not coherent with the incident one.

If an incident photon hits an atom with its electron in the excited state
it can induce with a certain probability a transition of the electron from the
excited to the ground state. In this process a second photon is created which
is identical in momentum, energy, polarization and phase to the incident one.
This process is called induced or stimulated emission. This process can be
used to amplify a photon field. It is therefore the basic mechanism for all
lasers (Light Amplification by Stimulated Emission of Radiation). Absorption
and stimulated emission are closely related events (Fig. 3.16b).

An electron in the excited state can also with a certain probability reenter
the ground state by itself, either by emitting a photon (Fig. 3.16¢c) or by
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loosing the transition energy through phonons or collisions. In the present
context, the first mechanism is of interest. It is called spontaneous emission
or spontaneous radiative recombination, while the second possibility is known
as non-radiative recombination. Spontaneous emission can also be understood
in another way. In Sect. 2.5 we saw in connection with (2.54) that photons
are similar to harmonic oscillators and have consequently a zero-point energy.
This zero-point energy exists for all photon modes. It cannot be absorbed
because a harmonic oscillator does not have any states below the zero-point
energy, but it can induce a transition in the way as discussed in connection
with Fig. 3.16b. So we can consider spontaneous emission as a process induced
by the zero-point vibrations of the electro-magnetic field, which are also called
vacuum fluctuations (Fig. 3.16¢).

The last process presented here is virtual excitation. Understanding this
phenomenon often causes some problems for students. So we develop this
topic slowly and try to explain it from various points of view in context with
Fig. 3.16d. Virtual excitation means the creation of a state with the same
wave function as the excited state, but with an energy which is different from
the eigenenergy of this excited state. This process becomes possible through
the uncertainty principle of quantum mechanics which can be written in space
and momentum coordinates.

Ax;Ap; > h for i =1,2,3. (3.37a)
A similar relation exists for energy and time
AEAt = h . (3.37b)

We need here (3.37b). It says that it is possible to violate energy conserva-
tion by an amount AFE up until a maximum time At which fulfills the above
condition. Or, in other words, if we want to define the energy with a cer-
tain precision AF, the state has to exist at least for a time At. In principle
(3.37Db) is valid also in simple classical wave theory (e.g., acoustics) and is very

o — — © — — —
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Fig. 3.16. Schematic representations of various interaction processes of light with
matter namely absorption (a), stimulated emission (b), spontaneous emission (c)
and virtual excitation (d)
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well known from Fourier transformations. A harmonic oscillation with central
frequency w which lasts only for a time At, has a spectral width Aw given by

AwAt > 1. (3.37¢)
The connection between (3.37b) to (3.37¢) comes simply from the relation
E=hw. (3.37d)

It should be mentioned that a similar set of arguments holds for (3.37a),
too. If we send now a photon with energy /iw’ to the atom, we can excite the
electron for a maximum time At given by (3.37b) or for our specific case by

At ~ B[] (Bex — Eg) —ho' |71 (3.38)

At the latest after the time At has elapsed, the excited state must col-
lapse. The simplest way to collapse is to emit a photon identical to the one
which caused the virtual excitation. This “new” photon has however a cer-
tain phase delay with respect to the incident photon, because the energy was
stored for a maximum time At in the atom. As a consequence, an electro-
magnetic wave propagates with a lower phase-velocity through an ensemble
of atoms than through vacuum. The same effect is described phenomeno-
logically by the refractive index n(w). (See (2.15) and (2.41).) So we get
a first hint of how n(w) can be understood and calculated in quantum me-
chanics. Obviously At increases if we approach the resonance condition in
(3.38) and consequently wave propagation through a material will deviate
more strongly from that through vacuum. This is indeed the case, as we shall
see in Sect. 4.3.

If the virtually excited state emits a photon Aiw’ in a direction different
from the incident one, we have a scattering process as discussed in connection
with (3.26). If hw’ approaches the resonance energy, this scattering process is
also known as resonance fluorescence.

In connection with this scattering, we may ask how can light propagate
at all in a clear or transparent medium? The answer is that we have in dense
media many scattering atoms or centers in the coherence volume of light, in-
dependent of whether it is light from an incandescent lamp, a laser or another
source. As a consequence, every scattered wave finds another one which has
a phase difference, resulting in destructive interference. The only way that all
scattered waves interfere constructively is just the usual propagating wave.
The explanation for blue sky, which we gave in Sect. 3.1.5 fulfills, apart from
the condition that the diameter of the scattering centers is small compared
to the wavelength of the scattered radiation, another condition, namely that
there are only a few scattering centers i.e., gas molecules, density fluctuations
or other inhomogenities per coherence volume of sunlight, so that the mutually
destructive interference of the scattered waves is not complete. For a detailed
discussion of spatial and temporal coherence see e.g. [93S1] of Chap. 2.
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If the virtually excited state disappears under simultaneous emission of

a photon and the creation or annihilation of a phonon (i.e., a quantum of

the lattice vibrations, as in Sect. 11.1), energy conservation for the emitted
photon Awg implies

hwr = hw' £ E2phonon - (3.39)

This phenomenon is called Raman scattering for optical phonons, and
Brillouin scattering for acoustic phonons. The “—” sign gives the Stokes and
the “4+” sign the anti-Stokes emission. Similar processes are also possible with
more than one phonon or with excitations in the electronic or spin system of
the semiconductor.

From the few phenomena outlined briefly above which involve virtual exci-
tation, it is obvious that this mechanism is of some importance for the optical
properties of matter. Therefore we want to examine it from another point
of view and outline the well-known classical analog of the virtually excited
states. In addition this analogy gives some justification for the calculation of
the dielectric function used in Chap. 4.

Virtual excitation in quantum mechanics corresponds to a driven or forced
oscillation in classical mechanics. If we have an oscillator of eigen frequency wg
(corresponding to the energetic differences Fex — Ey in quantum mechanics)
and if we excite it with an external frequence w, it will oscillate with frequency
w after a short damped transient feature of oscillations with wg. The ampli-
tude of these steady oscillations increases with decreasing detuning |w — wo|
depending on the properties of the oscillator, e.g., its damping. This increase
of the amplitude of the classical oscillator corresponds to the increase of At in
(3.39) in the picture of virtual excitation, and it is qualitatively understand-
able that we will get the strongest deviations of e(w) or fi(w) from the vacuum
value € =72 = 1 in the vicinity of the resonance wy. We elaborate this concept
in detail in Chap. 4.

However, before doing so, we shall demonstrate how the various transitions
shown in Fig. 3.16 and some others can be treated quantitatively in quantum
mechanics by perturbation theory.

3.2.2 Perturbative Treatment of the Linear Interaction of Light
with Matter

In this section we present first the Hamiltonian of the system elaborating the
perturbation terms. Then we outline shortly how a perturbation causes tran-
sitions between various eigenstates. Finally we join these two things together
ending with an understanding of the theoretical description of absorption and
stimulated or spontaneous transitions.

The Hamiltonian of the total system consisting of the electron states in
Fig. 3.16 of the two level atoms (or of the bands of the semiconductor), the
radiation field and the interaction of these two systems can be written as

H= Hel + Hrad + Hinterac . (340)
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In the picture of second quantization outlined in Sect. 2.5 Hipterac containg
terms which describe, e.g., the annihilation of a photon and of an electron
in the ground state and the creation of an electron in the excited state for
the process shown in Fig. 3.16a, weighted with a factor which contains the
transition matrix element.

The exact solution of the total Hamiltonian leads to the polariton concept
(Chap. 5) in the field of linear optics and describes among other things the
changes of the electronic states introduced by the presence of the radiation in
nonlinear optics for which we will see some examples in Sects. 20.1 to 20.4.

For our present purposes we follow an approach which is widely used
and which treats the radiation field as a small perturbation, that is, we as-
sume that the eigenstates ¢ and the eigenenergies E, of He, do not change
much in the presence of the electromagnetic field, and that the eigenstates
of H,,q are the photons described already in Sect. 2.5. The approximation
which we use now is known as the semiclassical treatment of radiation. It
consists of replacing the canonical conjugate momentum p in the Hamilton
function by

p—p—cA, (3.41)

where A is the vector potential (2.48).
If we replace p by its operator

h
p=. \Y (3.42)
the single particle Hamiltonian reads
- (v _ca) 1vin (3.43)
2m \i '

including any electrostatic potential into V' (r). Making use of the Coulomb
gauge (2.49) we can evaluate (3.43) to obtain

K2 h e?

H=— 2 ‘A A? 44
ZmV +V(r) . iV+2m , (3.44)

h 2
H=H,- “A'v+ S A%, (3.45)

m 1 2m
H=H,+HY +H? (3.46)

In (3.46) there are two perturbation terms H() and H®). If we assume
that A and thus the light intensity are small, and in the regime of lin-
ear optics they are small by definition, then H(®) is a perturbation term
of first order and H® is small of second order. Consequently H") must
be used in first-order perturbation theory. In the second-order approxima-
tion we have to use H(!) in second-order perturbation theory and H(?) in
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first-order perturbation theory, etc. We shall come back to this latter aspect
in Chap. 19.
In order to arrive at Fermi’s golden rule for the transition rate wj; from
an initial state ¢ (e.g., the ground state g in Fig. 3.16) to another state j (e.g.,
the excited state ex in Fig. 3.16) one uses the time-dependent Schrédinger
equation
o

Hy =ih Py (3.47a)
with the stationary solutions when H = Hy
(7, t) = @u(r)e E/ME (3.47b)

For the solution in the presence of a perturbation H») we make the ansatz
G, t) = an(t)pu(r)e /M (3.48)

We assume that the perturbation is switched on at ¢ = 0. Before the system
is in state i, i.e.,

anigg - (1)} for £ <0 . (3.49)

For ¢ > 0 the ani(t) start to grow and under these conditions the transition
rate w;; of Fermi’s golden rule becomes

HY| D(E) , (3.50a)

where D(FE) is the density of the final states modified by momentum conser-
vation if applicable. Hi(jl) is the transition matrix element given by

) = /1/’3‘(7‘)11(”%(7‘) dr =< | HO | ¢ > (3.50D)

For a non-degenerate two level system D(F) is simply one per atom. The
square of the transition matrix element |H;; \2 is known as the transition prob-
ability. Later on we will assume, for simplicity of writing, that some constant
factors as the term 27/h are incorporated in this \Hij\z. Transition proba-
bilities are given apart from some coefficients by the square of the respective
transition matrix elements of (3.50) in the case of first order perturbation and
by the terms (3.51) for second order.

The transition rate w;; is proportional to the transition probability mul-
tiplied by the square of the amplitude of the perturbation H(), i.e., here by
|A0\2 ~ I where I is the light intensity, i.e. as already mentioned the energy
flux per unit of area and time.
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If the first-order perturbation term (3.50b) vanishes, then according to
what we stated above the second-order contribution reads

H Y HY
(2) _ 27 kTR g pop .

k#i,j

We restrict ourselves for the moment to the first order according to (3.50)

and discuss the term H i(jl) in some more detail for the perturbations of (3.45).
With the vector potential A

A = Ayellkr—ot) (3.52a)

we find, e.g., for the absorption process (3.50)

o1 | —eh ) ) ) 2

Wamex = ;f i;z Ao '/W:x(r)61<Ee"/h)t€Ae“’“r*m)V%Og(?‘)eﬂ(Eg/ﬁ)th D(Eg + hw)
o [Ag < pex| HY o >[* D(Eg + hw) =:
AZ | HE |2 D(Bg + 1), (3.52b)

where ep is the unit vector in the direction of A. We also give in (3.52) a gen-
erally used abreviation for the integral. A significant transition rate occurs
only if the time dependent exponential functions vanish, or, mathematically

Eex — By —hw=0. (3.53a)

This is again the law of energy conservation. If the ¢; have plane-wave char-
acter and are described by a wave vector k, a similar argument results in k
conservation.

hkeyx — hky — hk =0 (3.53b)

This is not the case for the two-level atoms discussed here but is true for most
of the eigenstates of crytalline semiconductors.
We see that the transition rate is proportional to A2, and thus to the light
intensity I = (S) or the density of photons Ny, (w) in a certain mode:
2 2 2
wij o AZ|HQ | o 1 |HD|" o< Ny [HP[ (3.54)
By partial integration using the fact that the eigenfunctions form an othonor-
mal set, or that the H(" is Hermitian adjoint, or by the argument of the
microscopic reversibility of a transitions from state ¢ — j and from j — i
induced by some perturbation H), we find that

2
‘/@;H(l)widT = ‘/@?H(l)gode

We see that the probabilities for induced emission and absorption are the same
and that the rates differ only by factors containing the number of atoms in

2 (3.55)
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the upper and lower states. This fact is the basis for the relation between the
Einstein coefficients. See Problem 10 in Sect. 3.3. Spontaneous emission has
to be treated in the sense mentioned above as emission stimulated by the zero
field. We return to this aspect in a moment. First the interaction operator
H® should be simplified to reach the so-called dipole approximation.

We note that the radius of an atom (r ~ 0.1 nm) and the distance between
neighboring atoms in a solid (¢ ~ 0.3 nm) are small compared to the wave-
length in the visible (A ~ 500 nm). Therefore there is practically no phase
shift of the electromagnetic radiation over one atom or between one atom and
its neighbors. Thus we can expand the term e*" in (3.52) in a power series
and stop after the constant term

P =14 """ + +...~1 . (3.56)

This is the first step towards the dipole approximation. It means, that the

momentum of the photon %k in (3.53b) is negligible.

)

The matrix element H i(jl still contains the momentum operator p = ?’V

1
Hi(j) ~ (pilplei) =t (i) -

With the semiclassical relation
h .
. V=p=mr (3.57)

and some arguments of plausibility (See e.g. [55S1] of Chap. 2), we find that

h i
/QD; iV<,01 dr = m, (Ei — Ej) / pireidr = mw / pirpidr. (3.58)

For a detailed derivation of this relation actually some knowledge of the wave
functions is required. (For details see e.g. [5551,85G1,92M1] of Chap. 2).

We note that in this so-called dipole approximation (3.56) to (3.59) the
transition rate is given by

wij ~ Iw? e < ery; >[> D(E) = Iw® |[HP|* D(E). (3.59)

This result can also be obtained in a more intuitive way if we remember
that the energy of a dipole er in an electric field E = A is given by

er-E=HWY (3.60)

Using this approach in combination with (3.50) yields directly (3.59).
From now on we will call ’Hz? ? the dipole-transition probability and the
operator er the dipole operator HP.

This result can be obtained still in another way using for A a suitable gauge
different from the Coulomb gauge (V- A = 0) (see (2.49)) via A’ = A+ Vy
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and @' = @ — x where x is a scalar field with existing second derivative. It
can be shown that A’ results in identical electric and magnetic fields as A.
The choice x(r,t) = iw™'rE = iw"'r - Ey exp [i(kr — wt)] results for H®)
directly in (3.60).

Transitions using higher terms in (3.44), (3.51), (3.56) correspond to
quadrupole, octupole and higher order transitions.

To conclude this section, we calculate the net rate of the transitions shown
in Fig. 3.16a—c.

We assume that we have a density of photons NN, which populate only
one mode in the sense used for the calculation of the density of states in
Sect. 2.6 that is, all photons have the same wave vector k, polarization e
and energy fuw.

Furthermore fiw fulfills the energy conservation law according to (3.54).
The density of identical two-level atoms is N o where a fraction oy is in the
ground state and correspondingly (1 — ) are in the excited state. The net
rate of the change of Ny with time is then given using (3.54,59)

ONph
ot
The first term on the r.h.s. describes the absorption of photons, the second

one the spontaneous and stimulated emission in the factor (1 + Npp).
From (3.55) we see that

2 2
= —NaagNpn |HP |+ Na(l — o) (1 + Npw) |HP |- (3.61)

. = [HD., [ = 17 (3.62)

and hence

1 ON,
HDP afh = Npn - Na(1—2a,) + Na(1 —ay) . (3.63)
The first term on the right-hand side depends linearly on N, and describes
the net rate of absorption and stimulated emission. The second terms gives
the spontaneous emission since it is independent of N,.

There is net absorption for az > 1/2 (absorption coefficient a(w) > 0 or
ONpn/0t < 0) and amplification or optical gain for ay < 1/2, i.e., for gain,
more than half of the atoms have to be in the upper state. This situation
cannot be reached in thermal equilibrium, but only under the influence of
a suitable source of pump power. Usually one or more additional energy levels
are required (three- and four-level lasers). This fact can be easily elucidated
with the following argument. We start with a situation where all atoms are
in the ground state i.e., ag(t = 0) = 1. If we send for ¢ > 0 a photon field
with frequency w fulfilling (3.52a) into the system we initially have absorption
since a(w) is given by

—a(w) ~ Na(1—2ayg) . (3.64)

With increasing time and pump power a(w) decreases because «, decreases.
For the situation ez = 1/2 the absorption vanishes and the material becomes
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transparent. This means no more pumping is possible under (quasi-) station-
ary excitation to reach ag > 1/2. In Chaps. 21 to 23 we will reexamine the
above considerations using the proper statistics introduced in Sect. 2.6. In
Chaps. 23 and 27 we shall see further that without dephasing processes or
for sufficiently intense pulses shorter than the dephasing time it is possible to
drive the system periodically from the ground state to the completely inverted
state (az = 0) and back again. This process is known as Rabi flopping.

3.3 Problems

@

Consider the interface between vacuum (or air) and glass (n = 1.45) at
a wavelength Ayse of 0.5 um.

Calculate for an angle of incidence a; = 45° the incident, reflected, and
transmitted wave vectors, and the transmitted and reflected intensities
for both polarizations.

Calculate Brewster’s angle for the transition air—glass and glass—air and
the angle for the onset of total internal reflection.

Find a piece of polarizing material (polaroid) and observe the light re-
flected from a nicely polished floor or scattered from the blue sky using
different orientations of the light propagation and of the polarization. Do
not look into the sun! Try to explain your findings.

Play with a piece of clear calcite and the polaroid.

From Figs. 3.11 and 3.12 one can understand that a birefringent crystal
can be used as a polarizer if the lateral diameter of the beams is smaller
than their lateral displacement after the passage. Usually one uses slightly
more complex arrangements known as Glan-Thomson or Taylor polariz-
ers. Make yourself familiar with the way of operation of these optical
components. What can happen if you use them under oblique incidence
or with a di- or convergent light beam with large angle of aperture?
Derive the laws of reflection and refraction from the principle of Mauper-
tins (see Fig. 3.4) and from momentum conservation (3.16). Does this law
also hold if you kick a soccer ball against a wall?

Consider Fig. 3.9¢c. Explain in words why only in this diagram the three
curves intersect, i.e., why zero absorption gives both the highest maxima
and the lowest minima in reflectance.

Verify the energy conservation law (3.23a) with the help of (3.23b) and
(3.18).

What is a quarter (\/4) or half (A\/2) wave plate? How thick is it? What
is the state of polarisation of the transmitted light beam, when the in-
cident beam is linearly polarized? Does it depend on the orientation of
the incident linear polarization with respect to the crystallographic axis.
Make a simple sketch. (Generally one uses a uniaxial material and normal
incidence for theses devices.) What is a low order A/4 plate? Why are
achromatic \/4 plates rather expensive?
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10.
11.

12.
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Make a simple sketch to make yourself familiar with optical activity. Can you
imagine, that the absorption can be different for o and ¢~ polarized light?
Find in a textbook the definition and meaning of Einstein’s coefficients.
Inform yourself on time independent perturbation theory. The perturbed
wave function contains in first order virtually excited states and the per-
turbed energy in second order. Inspect time dependent perturbation the-
ory for virtual excitations. Derive Fermi’s golden rule.

Verify some of the prominent features in Fig. 3.6 with (3.18), e.g., normal
and grazing incidence, ap or aiot.
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4

Ensemble of Uncoupled Oscillators

The optical properties of matter are determined by the coupling of various
types of oscillators in matter to the electromagnetic radiation field. In other
words, an incident electromagnetic field will cause these oscillators to per-
form driven or forced oscillations. The amplitude of these driven oscillations
depends on the angular frequency w of the incident field, on the eigenfre-
quency wy of the oscillators, on the coupling strength f between electromag-
netic field and oscillator, and on its damping . In semiconductors these oscil-
lators or resonances include optical phonons, excitons including their ionisa-
tion continuum and higher band-to-band transitions or plasmons. They will
be explained in some detail in Chaps. 7-10. We can anticipate that many ba-
sic features of the optical properties of these resonances are similar. Therefore
it is reasonable to discuss first, in a general way, the optical properties of an
ensemble of model oscillators. By using the results of Chaps. 4-6 we shall ob-
tain in Chaps. 11-15 a quite simple and straightforward access to the optical
properties of semiconductors.

It turns out that a treatment of the optical properties of an ensemble of
model oscillators in terms of classical mechanics and electrodynamics yields
results which are, in many respects, very close to reality see Chap. 27. This is
especially true for the spectra of the complex dielectric function or refractive
index, or of the spectra of reflection and transmission. All four are closely
connected (Chap. 6). We shall therefore follow this classical approach for
some while, and explain at the appropriate places what modifications appear
if quantum mechanics is applied.

These model oscillators are known as Lorentz oscillators. A treatment of
these Lorentz oscillators, or if a finite electrical conductivity o(w) is included
[see, e.g., (2.24)] of the Drude-Lorentz model, is found in many textbooks on
optics and solid state physics like those mentioned in Chaps. 1 and 2. See
also [63H1,72W1].

As mentioned in the preface to this second edition, there is presently
a trend to describe the optical properties, especially those of the electronic
system of semiconductors, by the optical or the semiconductor Bloch equa-
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tions. In this approach, there is a great risk that the physics is concealed
behind a rather complex mathematical formalism or it disappears partly in
numerical solutions. We start therefore with the simple and intuitively clear
concept of the Lorentz oscillators, but present the other concept in Chap. 27
so that the reader can familiarize himself with it.

We will now consider the optical properties of an ensemble of oscillators.
We begin with the simplest case of uncoupled oscillators and refine the concept
in various steps up to Chap. 8.

4.1 Equations of Motion and the Dielectric Function

We assume that we have an ensemble of identical uncoupled harmonic os-
cillators. For simplicity we choose a periodic one-dimensional array in the
direction of light propagation with a lattice-constant a as shown in Fig. 4.1a.
These harmonic oscillators all have the same eigenfrequency wy). If we neglect
damping for the moment, then w(, can be expressed in a mechanical model by
the mass m and the force constant § of the springs as

w = pm~L (4.1)

If we elongate the oscillators in phase (Fig. 4.1b) the whole ensemble os-
cillates with w{, and the same will be true if we excite neighboring oscillators
in antiphase (Fig. 4.1c). The first case corresponds to

A=o00 or k=0, (4.2a)
and the second one to

Amin = 2a 0T kpax = T (4.2b)
a

The point k = 0 is usually called the I'-point in k-space and the condition
(4.2b) gives the boundary of the first Brillouin zone for a simple linear chain or
cubic lattice. The values given by (4.2b) are the shortest physically meaningful
wavelength and the largest k-vector in our system. The eigenfrequency will
also be w{ for all A\ or k-values in between and so we get the horizontal
dispersion relation for our system in Fig. 4.2a, i.e., the width of the band of
eigenfrequencies is zero (so-called flat band). A wave packet created in our
system by elongating only one oscillator (Fig. 4.1d) will not propagate, since
there is no coupling to the neighboring oscillators. In agreement we find from
(2.15) that the group velocity dw/0k is zero.

What we have seen here is an example of the general rule that in an ensem-
ble of identical oscillators [or of atoms or of other (quasi-) particles] a finite
coupling between neighbors results in a finite bandwidth and a non-vanishing
group velocity while vanishing coupling results in vanishing bandwidth and
group velocity
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a b
/l"l"l

.‘6 %
~ap

c -] A minf- d

Fig. 4.1. A part of a periodic array of uncoupled oscillators in their equilibrium
position (a); elongated with a wavelength A = oo (b); with the shortest physically
meaningful wavelength Amin (c), and a non-propagating wave packet (d). After
[63H1]

zero coupling «— zero bandwidth «+— v, = 0, Fig.4.2a
finite coupling «— finite bandwidth «— v, # 0. Fig.4.2b (4.3)

We will discuss the implications of relaxing the assumption ”uncoupled”
later on, proceeding to the more realistic assumption of coupled oscillators in
Sect. 5.4.

In the next step we couple the independent oscillators to the electric field
of the electromagnetic radiation given by

E = (Ey,0,0)exp [i(k.z — wt)]. (4.4a)

This means that the light wave propagates in the z-direction and is po-
larized in the a-direction, parallel to the elongation of the oscillators. By
considering the oscillator at z = 0 or making use of the dipole approximation
of (3.56—60) (i-e., a < \) we can drop the spatial variation in (4.4a) to obtain

E = (Ey,0,0) e . (4.4b)

For the coupling, we assume that the mass m of every oscillator carries
a charge e. For neutrality reasons, we need then a charge —e fixed at the
equilibrium position of every mass. E will then exert a force on the oscillator,
and the elongation x is connected with an electric dipole moment via

Do = €T. (4.5)
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Fig. 4.2. The dispersion relation of an ensemble of uncoupled (a) and of coupled
(b) oscillators

This or similar models and/or the resulting equations for e(w), go by
various names such as Lorentz or Selmaier oscillator, Helmholtz—Ketteler or
Kramers—Heisenberg formula.

The equation of motion is given by

mi +ymi + Br = eBye ! (4.6)

where we have included a phenomenological damping constant . For a more
elaborate theory e.g. in the frame of the fluctuation-dissipation theorem or for
the aspect of Markov-damping used here compared to non-Markovian damp-
ing see e.g. [67K1,85C1,01W1,02S1] or to some extend Sect. 23.2 and the
references given there. Equation (4.6) is a linear, inhomogeneous differential
equation of second order. The general solution is a sum of the general solution
of the corresponding homogeneous equation and of a special solution of the
inhomogeneous one. Correspondingly we use the following ansatz:

x(t) = xoexp {—i (wg — 72/4)1/2 t} exp (—t7/2) + zpe t. (4.7)

The first term on the right-hand side is the solution of the homogeneous
equation and describes a transient feature. For

W —~%/4>0, (4.8)

one finds a damped oscillation with a damping-dependent eigenfrequency
(wi —~%/4) Y2 The inequality (4.8) defines the regime of weak damping.
For stronger damping one gets essentially an exponentially decaying term.
This transient feature disappears in any case after ¢t > y~!. It is thus of
importance for (ultra-) fast, time-resolved spectroscopy treated in Chap. 23.
For the stationary, linear optics regime, in which we are presently interested,
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we may safely omit this term. What is then left is a forced oscillation with
amplitude xp,. Inserting the ansatz (4.7) into (4.6) we find

E _
T, = €m0 (w§ — w? —iwy) ! , (4.9)

i.e., the usual resonance term.
This oscillation is connected with a dipole moment at every oscillator of
Dy = €Tp (4.10)
and a polarizability d(w). The hat on @ and the prime on w(, indicate that we
shall introduce two corrections here and in Sect. 4.2
2
- €Tp € 2 2 . -1
a(w) = = wy —w? —iw . 4.11
W) =2 = ) (111)

If we use a three-dimensional array of oscillators with density IV, the result is
the same and we shall get a preliminary polarization density P

Ne? ~
P=NiEy="° (wf-w’—iwy) ' Eo. (4.12)
m

This means that we describe the ensemble of oscillators as an effec-
tive medium, an approach which is well justified for a < A. See (4.4b) or
Ref. [97W1] of Chap. 1 and [97S1] of Chap. 5.

From (4.12) and (2.27) we get the following expressions for the dielectric
displacement D, the dielectric function e(w), and the susceptibility x(w).

Ne?

D=cE+P=c |1+ (w0 —w?—iw)  |E (4.13)
Eom
and N2
e(w)=1+ N (wi —w? — iwv)_l =x(w)+1. (4.14)
Eom

where N is the number of oscillators per unit volume. Now we want to ad-
dress two corrections to the above set of equations in order to obtain the final
expression for e(w).

4.2 Corrections Due to Quantum Mechanics
and Local Fields

The term Ne?m™!, e.g., in (4.12) gives the coupling strength of the electro-
magnetic field to the oscillators in our mechanical model.

In quantum mechanics, this coupling is given by the transition matrix ele-
ment squared. For dipole-allowed transitions this reads, as mentioned already
in Sect. 3.2.2, Egs. (3.58)—(3.60):

\HE)? = |G |[HP| )] . (4.15)
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where i and j stand for initial and final state and H? for the dipole operator er
or ex. For dipole-forbidden transitions, magnetic dipole or electric quadrupole
matrix elements can become relevant. They are usually orders of magnitude
smaller. There are different conventions for introducing the transition matrix
element into the dielectric function:

Some authors define a dimensionless quantity f = Mo |

HP*, call it the
oscillator strength, and use it to multiply the term Ne?m~'e; 1. Others call
the whole numerator oscillator strength f; i.e.,

2Nw0
E()h

|HY (4.16)

We follow the second way for simplicity of notation, but stress that there is
no physical difference between the methods. We obtain

ew)=14+ !

. 4.17
wif — w? — iwy (4.17)

For the next correction to (4.17) we have to consider what is the electric
field E [e.g., in (4.6)] acting on the oscillators. For dilute systems, E is just
the external incident field and we can use (4.17) as it is. For dense systems,
i.e., systems with a high density N of oscillators, the local field E'°° acting
on the oscillators consists of two parts, namely the external field and the field
created by all the other dipoles. Taking into account this effect leads for cubic
or amorphous materials to the so-called Clausius—Mosotti or Lorenz—Lorentz
equation, which relates the polarizability a to e(w) through

ew)—1 Naw) 3N ,,;0

12

= = . 4.18
e(w) +2 30 wif —w? —iwy (4.18a)

See also [02B1]. Obviously (4.18a) recovers the form (4.17) for dilute sys-
tems (small N) for which Na is small and £(w) deviates only a little from unity.
If this approximation is not valid, e(w) can be rewritten for small damping in
the form (4.17) but with a shifted eigenfrequency

Ne?
w2 2
= — = 3. 4.18b
Wy = Wo 3meo Wo f/ ( )
resulting in

ew)y=1+ , / (4.19)

wi —w? —iwy’

This formula now incorporates local field effects and the quantum mechan-
ical transition probabilities. The new eigenfrequency wy is the only physically
relevant and experimentally accessible one. Therefore only this quantity ap-
pears in experiments. A similar procedure is also valid for crystal symmetries
other than the cubic one, but in these cases the tensor character of ¢(w) comes
into play (see Sect. 3.1.7), resulting in parameters f, wy and v depending on
the orientation of the electric field relative to the crystal axes.
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4.3 Spectra of the Dielectric Function
and of the Complex Index of Refraction

As we shall see later, a semiconductor contains not only one type of oscillators
and one resonance frequency wg, but many of them — like phonons, excitons
etc. In linear optics, i.e. in linear response theory, we can just to sum over all
resonances leading to

=1 . 4.20
M Z wh; — w2 iwy, (4.202)

This is essentially the so-called Helmholtz—Ketteler formula or Kramers—
Heisenberg dielectric function.

If the eigenfrequencies wg form a continuous band, like in the ionisation
continuum of the excitons or in an inhomogeneously broadened system where
every oscillator has a slightly different frequency wy, then the X' in (4.20a) is
better replaced by an integral over these contributions

/ f(wo) dwo (4.20D)

wo — w? — iwy(wo)

where f(wo) is a oscillator strength per frequency interval.

We keep this in mind, but for simplicity of writing use the form (4.20a) in
the following text.

We now want to discuss the contribution of an isolated resonance at wp;
in (4.20a) which allows some simplification. For closely spaced resonances the
whole formula (4.20a) has to be used. We discuss this situation seperately in
Sect. 4.5. For the present purposes a single resonance well seperated from all
other resonances, we note that the contribution of a single resonance at wyjr,
is constant for w < wyp;» with a contribution to e(w)

fj

OJ

= const (4.21)

and tends to zero for w > wo;r.

This means that in the vicinity of a resonance wp;; we can neglect the
contributions from all lower resonances wg; < wp;s and the constant contri-
butions of all higher resonances wg; > woj can be summarized in a so-called
background dielectric constant €1,. Obviously &y, is unity for the highest reso-
nance in the system, i.e. in the sum of (4.20a). For our purposes this highest
resonance would be in the X-ray regime connected e.g. with the K absorption
edge. So we finally get the simplified expression in the spectral surroundings
of woj’

(4.22a)
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In the following we drop the index j'. Equation (4.22a) can be separated into
real and imaginary parts

2_ .2
) =2 (1 e f—((:%)2 ilW i(W% - wu;;ﬁ w272)
= El(w) + iEg(w) . (4.22b)

For vanishing damping v = 0 and in the vicinity of wy (4.22a) can be

simplified by noting (wg — w?) = (wo + w)(wo — w) & 2wp(wo — w) to
f 1
e(w)=¢ep+ 9y o — w (4.22¢)

In Fig. 4.3 we show the real and imaginary parts of e(w). For negligible
damping v — 0 we find a pole in Re{e(w)}, and Im{e(w)} converges to a ¢
function at wg. Finite damping results in a broadening of Im{e(w)} to the
Lorentzian lineshape of (4.22b) and a smooth connection of the two branches
of Re{e(w)}.

We concentrate now on the case of small damping. One of the two frequen-
cies of special interest for e(w) is the eigenfrequency wp, which is connected
with the singularity. The other one corresponds to the point at which Re{e(w)}
crosses zero. Going back to (2.17) and (2.43) we find

V-D=¢V-ew) - E=0. (4.23)

As already discussed, this equation is usually used to argue that electro-
magnetic waves are transverse, since V- E = 0 is zero for this case. The other
solution e(w = wr,) = 0 gives the frequency of a longitudinal mode. This mode
is a pure polarization mode with ¢ E = — P, i.e., antiparallel polarization and
electric field (see Sect. 2.4).

For v = 0 we find

e(w = wr = wy) = oo,
e(w=wr) =0. (4.24)

The relation between these two frequencies is given by
2

wi —wi = flen ~ |H|, (4.25)

and we can make the following statements. A finite oscillator strength f is nec-
essarily connected with a finite longitudinal-transverse splitting energy Arpr

and vice versa.
|HE|* £0 & f #0& App = hlwr, —wr) #0 . (4.26)

The physical reason for this energy splitting is that the longitudinal po-
larisation wave produces, in contrast to the transverse wave a longitudinal
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electric field (2.45), which acts as an additional restoring force and increases
the longitudinal eigenfrequency wy, above the transverse eigenfrequency. This
is illustrated in Fig. 4.4a for a slab of matter with finite thickness. In the case
of Fig. 4.4b no additional restoring force results from the surface polarization
charges in contrast to Fig. 4.4a. The polarisation charges in Fig. 4.4b gives
rather rise to a surface mode, to which we come back to in Sect. 5.6. The
spreading of the field lines of this surface mode on both sides of the inter-
face explain qualitatively the fact that the frequency of the surface mode is
situated between wg and wr,. See Sects. 2.4 and 5.6.

If we call the roughly constant value of e(w) well below wy the static
dielectric constant €5 and the value above ¢}, as already mentioned, we find

s =¢b+ [/wo (4.27)
and the Lyddane-Sachs-Teller relation

2
€ Wi
o W >1 for f>0. (4.28)

0
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Fig. 4.4. The polarisation charges and the resulting electric and polarisation fields
(solid and dashed arrows, respectively) in a slab of matter for a longitudinal (a) and
a transversal wave (b)

Furthermore we can make the slightly tricky statement that the back-
ground dielectric constant e, of a resonance wy; is simultaneously the static
dielectric constant for the next higher resonance wg;1.

Finally we can define the term “small damping” already used several times
above by

v < h_lALT = Wy, — WT (429)

and frequencies w far above or below wy means
h |w — w0| > Arr. (430)

Now we concentrate on the complex index of refraction n(w) = n(w) +
ik(w), which is connected to the dielectric function via (2.35)

A(w) = e'/?(w) (4.31)

and consequently

or

k(w) = (; {—sl(w) + [} (w) + €3 (w)] UZ}) v ) (4.32)
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In Fig. 4.5 we show the real and imaginary parts of n for vanishing and
for finite ~.

When approaching the resonsance from the low-frequency side, one sees
that both Re{n} = n and thus also the real part of k = “n(w) increase
drastically. Between wg and wy, we find

n=0 for v=0
wp<w<wp{nkl for v#0 (4.33)
K>n

The imaginary part of n(w); i.e. k(w) starts with a singularity at w = wy
for v = 0 and then drops to small values for w approaching wry,.

This means that for v = 0 there is no propagating, i.e., no spatially oscil-
lating or wave-like solution in the medium for the spectral region addressed
in (4.33). Instead we have only a spatially exponentially decaying amplitude
similar to the type known for total reflection in the medium with the lower
index of refraction. For finite v we get a small real part of n which means
that some light can penetrate into the medium, but this light is damped over

Kk =1Im (n)
(b)
—— ’Y:D
——7=024;r
i
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|
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Fig. 4.5. Real (a) and imaginary (b) parts of the complex index of refraction for
zero and finite damping
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a distance shorter than the wavelength in the medium since we have k > n
i.e., “strong absorption” according to (3.17).

If all oscillators have the same eigenfrequency and the broadening in eg(w)
results only from a finite damping -y, the system is said to be homogenously
broadened and e3(w) shows the usual Lorentzian shape. If the system con-
tains many oscillators with slightly different frequencies wp, the system is
said to be inhomogeneously broadened. The shape of £1(w) and ex(w) is
then determined by the distribution function of eigenfrequencies and/or of
oscillator strengths in (4.20b). The width of e3(w) is then a convolution of
a Lorentzian L(w) for every single oscillator and of the distribution. In the
case of a Gaussian G(w) this convolution leads to a Voigt lineshape in the
sense of (4.34)

’ 2
+o0 / I I ) +OOF exp {_(w 2;2)0) } ,
V(w)z/L(w—w)G(w)dw=(2 3/2/ dew
J, W0 - ()
(4.34)
where ¢ and I" give the inhomogeneous and homogenous broadening, respec-

tively.

It should also be noted that even for homogeneously broadened resonances
k(w) and a(w) do not exhibit intrinsically a Lorentzian lineshape in contrast
to e2(w). See, e.g., Fig. 4.4b or (4.32). However for small oscillator strength
and/or concentration of the oscillators and finite damping, a(w) can recover
a Lorentz-like lineshape. See, e.g., [76P1] of Chap. 3.

4.4 The Spectra of Reflection and Transmission

With a knowledge of 7(w) we can now discuss the spectra of reflection and
transmission. We start with the reflectivity R(w) of a single interface between
vacuum (or air) and the medium. We discuss only the situation of normal
incidence [see Sect. 3.1.4 and (3.19)].

nlw)— 2 /<;2w
T

) (4.35a)
i [nw) + 17+ K2 (w)

Oblique incidence is described by the Fresnel formula (3.18).

R(w) is plotted in Fig. 4.6. First we discuss the situation for v = 0. When
approaching the resonance from the low frequency side, R starts with an
almost constant value determined from (3.19b) and (4.27), (4.28):

12 \?
E:/Q . 32 for wyg—w> 711ALT . (4.35b)
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Fig. 4.6. The reflection spec-

trum of a single resonance

with zero and finite damping
Ay for normal incidence

Above wr,, the reflectivity converges towards a lower constant value

2
1/2
(=" -1)
R = 5 for w—wo> F 1ALy . (4.35¢)
(511)/2 + 1)

For vanishing damping, the reflectivity R increases just below wg and
reaches the value R = 1 for w = wg. Between wg and wy, we have R = 1.
For w > wp R drops rapidly and reaches zero at the frequency where
n(w) = 1. Then R increases again towards a constant value given by (4.35¢).
We see now that all light is reflected in the region where we have no prop-
agating mode in the medium in agreement with the discussion of (4.33).
Such a band is also called stop-band because the light is “stopped” and
sent back.

An alternative approach to understanding the stop-band is via total inter-
nal reflection. See (3.18) or Fig. 3.6b. For vacuum we have n = 1. Between
wp and wi, the value of n is below unity. Consequently, matter is optically
“thinner” than a vacuum. In such a situation, the total “internal” reflection
occurs for angles of incidence exceeding .

In general, a. is defined such that sin . cannot be larger than unity re-
sulting in (3.10c) in the general case of

sin o, = MU for ni < ng (4.36)
ni
where ny = 1. For ny;; — 0 we find . — 0 resulting in total internal reflection
already for normal incidence.

For finite v the reflection spectrum is smoothed out due to the finite values
of n(w) for wy < w < wy, and of k(w) for w < wg and for wy, < w. It should be
noted, that the reflection minimum occurs also for weak damping only slightly
above wr,, but the reflection maximum is no longer related to wy. We shall
see in Sect. 5.4 that this is even true for v = 0 in the case of resonances with
spatial dispersion.



86 4 Ensemble of Uncoupled Oscillators

Fig. 4.7. An arrangement for mul-
tiple reflection from a medium (a)
(a) and the resulting “Reststrahlban-

| | de” (b)

(b)
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The spectral region between wy and wy, is often called “Reststrahlbande”!
for the following reason. If we send a light beam with a broad, essentially flat,
spectral distribution of the intensity around wy onto a sample and allow it
to be reflected several times, e.g., in the configuration given in Fig. 4.7, then
significant intensity will remain as a “rest” only in the region wy < w < wr..
It should be noted that we do not assume any coherent superposition of the
beams, i.e., the Reststrahlbande comes only from e(w) and has nothing to
do with Fabry—Perot resonators (Sect. 3.1.6) or a Lummer—Gehrke plate. See
[76P1] of Chap. 3 for this device.

Up to now we have discussed the reflectivity of a single interface. In experi-
ments it is usually easier to handle semiconductor plates with two surfaces and
a geometrical thickness d rather than samples filling a semi-infinite half-space.
To handle this problem, we use the results of Sect. 3.1.6.

In the vicinity of the resonance the reflection spectrum will remain the
same as in Fig. 4.6 since multiple reflection is suppressed due to the large
value of £ and thus of the absorption coefficient (2.40)

alw)=2" k(w). (4.37)

Away from the resonance we have to consider for the total transmission T
contributions due to multiple reflections at the two surfaces. There are two
cases, as already discussed in Sect. 3.1.6; if d is longer than the coherence
length of the light source, or if the two surfaces of the slab are not exactly
plane-parallel (e.g., due to steps on the surfaces or due to a small angle between
them) we have to add intensities. This results in a total transmission T and
reflection R of the slab given by (3.29).

! This term has been introduced in 1987 by H. Rubens and is used also in the
english literature as a synonym for stop-band.
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Fig. 4.8. The reflectivity R of a thin slab of matter in the vicinity of a resonance
for the cases where intensities (a) or field amplitudes (b) have to be added and the
transmission (b) for the case where amplitudes add

In Fig. 4.8a we show R for this situation. We start with a reflectivity
given by the combined contributions of front and rear side. Approaching the
resonance, R drops first slightly because the absorption reduces the influence
of the rear side. The reflection around the resonance remains the same as
above in Fig. 4.6. If the sample becomes transparent above the resonance, we
again find a contribution from the rear side to the reflectivity.

In Figs. 4.8b and ¢ we give an example for the T and R spectra for the
second case when the sample forms a FP resonator using the set of equa-
tions (3.31),(3.32). We see that the finesse F' is reduced close to the resonance
due to increasing absorption. The spectral spacing between the resonances de-
creases as the resonance is approached from lower frequencies, due to the steep
increase of n(w) or of k. Above resonance, the FP mode structure reappeares.

Every directional dependence of the quantities wg, f and v which describe
a resonance will lead to a directional dependence of n(w) and k(w), i.e., to
birefringence and dichroism, discussed in Sect. 3.1.7. In Chap. 5 we shall see
that a dependence of the dispersion wy(k) can lead to a weak birefringence,
and indeed this effect is observed. For a cubic crystal with point group T}
(see Chap. 26) one finds that light propagating with k parallel to the [110]
direction may display slightly different optical properties when the electric
field is polarized in the directions [110] and [001].
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We will not consider the spectra of luminescence in this section since they
require more detailed knowledge of the excitations in the semiconductor and
especially of the radiative and nonradiative decay channels. Examples will be
given in Chaps. 14 and 15.

4.5 Interaction of Close Lying Resonances

Until now we have considered a single resonance, well separated from oth-
ers. Now we discuss what happens for two close-lying resonances. Such
a situation occurs, for instance, for the A and B [ excitons in ZnO. See
[81K1,93F1,02B1] and references therein. To this end we consider two reso-
nances with equal oscillator strength f and slightly different eigenfrequencies
wa < wp. For simplicity we neglect damping and spatial dispersion, which
we introduce only in Sect. 5.4, but which would be adequate for exciton
resonances.
The equations displayed graphically in Fig. 4.9 are

ea (hw) =ep + B2 (wif— w?) (4.37a)

ep (hw) =ep + }2 (w%f_ w2’ and (4.38a)
o) =ty gy 49
=¢ea (hw) + e (Tw) — ey, (4.38¢)

We see in Fig. 4.9a and b what we expect already from Fig. 4.3a. Especially
we see that the longitudinal transverse splitting Aypr is about 5meV, the
same for both resonances, because we used the same oscillator strength f and
background dielectric constant ey, for both resonances.

The situation becomes significantly different for (4.38¢c) shown in Fig. 4.9¢c.
Though the oscillator strengths are still the same for both resonances, the
value of Apr is now smaller for resonance A and larger for resonance B,
as indicated by the arrows while the singularities wa and wp did not shift.
Arr decreased to about 2meV for the resonance A and increased to about
8meV for resonance B. This is a first example of level repulsion, which we
will encounter more frequently in the following chapters of this book. The
“moral of the story” is, that one cannot deduce from Apr or the spectral
width of the stop-band, in a straight-forward way, the oscillator strengths of
two close-lying resonances, but has to go through a careful analysis. As an
outlook to Sect. 13.1.3 we state here that the Al's and BI5 exciton resonances
of CdS are sufficiently separated spectrally, i.e., several times Apr to treat
them to a good approximation as independent resonances, while those of ZnO
are not.
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Fig. 4.9. The real part of € (hw) for two resonances separately (a, b) and for two
close lying resonances (c¢). Numbers on the z-axis refer roughly to ZnO

4.6 Problems

1. Study for the case of weak damping, some reflection spectra in the in-
frared (optical phonons) of at least partly ionic bound semiconductors,
and compare with the data for wg and wy, given there.
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2. Calculate the spectra of reflection for a single surface for weak and for
strong damping with otherwise constant parameters. Compare the shift
of the reflection maxima and minima with respect to the transverse and
longitudinal eigenenergies wg and wr,, respectively. Which quantity can be
deduced with reasonable accuracy from a first inspection of the reflection
spectra?

3. Make a qualitative sketch of the electric fields for normal incidence of
light on a medium with higher or lower index of refraction and weak or
vanishing absorption, for strong absorption and for frequency wy < w < wy,
and vanishing damping.
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The Concept of Polaritons

Here we want to discuss in more detail what is actually propagating when
“light” travels through matter. In vacuum the situation was quite clear on
our present level of understanding in Sect 2.2. Light in vacuum is a transverse
electromagnetic wave, the quanta of which are known as photons.

There are two levels at which one can describe the interaction of light
with matter. One is the so-called perturbative treatment or weak coupling
case. In this approach, which we used in Sect. 3.2, the electromagnetic field
and the excitations of the matter are treated as independent quantities.
As shown in Fig. 3.16a a photon is absorbed and the matter goes from
the ground state to the excited state, and that’s it. This approach is suffi-
cient for many purposes but, if we look closer, we see that this is not the
whole story. The optically excited state of the matter is necessarily connected
with some polarization P. Otherwise the transition would be optically for-
bidden, i.e., it would not couple to the electromagnetic field e.g. via the
dipole-operator. On the other hand, we know that every oscillating polar-
ization emits an electromagnetic wave, which may act back onto the inci-
dent electromagnetic field. This interplay will lead us in the following to the
strong coupling limit between light and matter and to the concept of po-
laritons, see [58H1,63H1, 75C1, 84A1,85H1,98K1] and references therein. In
later chapters we shall see that many of the experimentally observed phe-
nomena can be described quantitatively only in the strong coupling limit. In
this chapter we introduce the concept of polaritons including the aspects of
spatial dispersion and of surface polaritons. The concept of polaritons was
originally introduced for crystalline solids [63H1], but it can be easily gen-
eralized to non-crystalline materials including gases. We want to stress here
the general concept and give examples from different fields, which are other-
wise not the topic of this book. A large number of examples from the field
of semiconductor optics can be found in later chapters, e.g., for phonon-,
plasmon or exciton polaritons including systems of reduced dimensionality,
cavity (i.e. Fabry—Perot) polaritons or photonic crystals (see Chaps. 11-13,
15, 17).
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5.1 Polaritons as New Quasiparticles

Due to the relation (2.28) repeated here:
P=¢ye(w) - 1] E, (5.1)

the electric field in matter is always accompanied by a polarization wave. This
statement is true as long as e(w) or 7(w) deviate from one, and holds in the
whole spectral range from w = 0 well beyond the highest eigenfrequencies of
the system. These highest eigenfrequencies are actually situated in the X-ray
region, for example, the K or L absorption edges. Above this region (w) and
f(w) approach unity from below according to (4.19). In other words, we can
state that, for the whole spectral range discussed in this book, i.e., for the IR,
VIS and UV, light travelling in a solid is always a mixture or superposition
of an electromagnetic wave and a “mechanical” polarization wave and this is
not only true for semiconductors, but also for other dense media like metals,
insulators and liquids and close to resonance even for gases. This mixed state
of electromagnetic and polarization waves is quantized (see below) in the sense
that it can exchange energy with other systems, including the photon—field in
vacuum only by integer multiples of Aw.

The name of these energy quanta is polariton. This name is composed of
polarization and photon, thus directly describing what it is, especially since
the ending -on is generally used for (quasi-) particles (for an explanation of
“quasi-” see Sect. 7.6) like photon, electron, gluon, proton, meson, plasmon,
phonon and many others, but with a few exceptions (neutrino, quark). As we
shall later see, these polarization waves include motions of different ions in
a semiconductor relative to each other, two particle, i.e., electron—hole pair
excitations, and collective motions of the electron cloud with respect to the
nuclei and the inner filled electron shells. Later (Chaps. 7-10), we shall discuss
these excitations in more detail and see that they can also be quantized to
form quasiparticles with energy Aw and momentum Ak in a similar way as
for photons. The names of these quanta, or quasiparticles, are phonons, exci-
tons and plasmons, respectively. We can therefore repeat the above statement
about what is propagating as “light” in matter, namely that it is a mixture
of photons and other quasiparticles that describe the quanta of the polar-
ization field, with the new aspect, that the mixed state is quantized, not its
constituents.

In the mechanical model used in Chap. 4 we would describe this phe-
nomenon as follows: an incident electromagnetic wave excites the oscillators.
This oscillation is connected with a polarization which itself radiates again an
electromagnetic wave; this in turn excites the oscillators, etc.

In the following we outline shortly the concept of polaritons in the picture
of second quantization for a crystal in which k is a good quantum number.

Anyone who is not familiar with the concept of second quantization can
simply skip the following treatment. There will be no problems in understand-
ing the rest of the book. It must just be remembered that light propagating
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in matter is a mixture of an electromagnetic and a polarization wave. This
mixed wave can be quantized and the energy quanta are known as polaritons.
They are the quasiparticles of “light” in matter.

The Hamiltonian, which, in the picture of second quantization, describes
the interacting system of the photons and other quasiparticles (or excitations
of matter) reads according to e.g. [93H1,93P1] of Chap. 1.

H=> huafa,+Y EK)BBy +ihY gy (Bfa,+hc).  (5.2)
E % E

The first two terms on the right-hand side contain the number opera-
tors a;ak and B,j, B, of the photons and of the other quasiparticles (see also
(2.55b)) which are in most cases also bosons, and represent the Hamiltonian
of the non-interacting systems. The third term describes the interaction, e.g.,
the annihilation of a photon aj and creation of another quasiparticle B,‘: (un-
der momentum conservation) or vice versa. The prefactors g simply contain
the transition matrix elements H;; discussed in Sect. 3.2.2. If we use these
terms as a perturbation, we arrive back at the weak-coupling limit.

The crucial point now is that the whole Hamiltonian (5.2) can be diagonal-
ized by a proper choice of linear combinations py, of creation and annihilation
operators of photons and of the quasiparticles representing the matter. In
the following, we merely outline briefly this Bogoliubov-transformation-like
procedure. For details the reader is referred again to [93H1,93P1] of Chap. 1.

The above procedure brings the Hamiltonian of (5.2) into the following
form:

H =Y Ewpfps (5.3)
k
with suitable coefficients u; and vy:
Pk = uk B + vgag. (5.4)

The p;. and p;c" are the annihilation and creation operators for the quanta
of the mixed state of photon and polarization wave with wave vector k, which
are consequently called polaritons and E(k) is their energy and dispersion
relation.

5.2 Dispersion Relation of Polaritons

All wave-like excitations can be described by two quantities, namely their
(angular) frequency w which is connected with the quantum energy simply by
E = hw and their wave vector k which gives the (quasi-) momentum fik. The
relation which connects w and k is usually called dispersion relation E(k) or
w(k)

The dispersion relations F(k) which we have encountered until now were
very simple. For photons in vacuum it was a straight line with slope hc
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(Fig. 2.2) and for the polarization wave of an ensemble of uncoupled oscilla-
tors a horizontal line (Fig. 4.2a). The relation between w and k for polaritons,
i.e., for the light quanta in matter, can be derived from classical physics and
agrees with the results of the quantum-mechanical treatment outlined above.

We remember that the wave vector in matter k is connected with the wave
vector in vacuum k. by the complex refractive index n(w) (2.36). To get rid
of the vector character, we consider the squares

E? = k% = (w)k? (5.5)

Now we also recall (2.35), (2.13) saying that #?(w) = e(w) and k2 =
(2m/Ay)? = (w/c)? and obtain again (2.33)

2K

. = cw). (5.6)

w
This is the so-called polariton equation. On the other hand, we know &(w)

which is given in the vicinity of a single resonance by (4.20), (4.22). Putting
(5.6) and (4.22) together we find

k2

2 =¢ep + wg B wJ; +iwy’ (5.7)
This is an implicit representation of w(k) for the polaritons. For the sim-

plest case, namely vanishing damping + and no dependence of wy or f on

k, it is quite easy to calculate k(w) and w(k). We do not give the formu-

las here because they bring no further physical insight, but in Fig. 5.1 we

give the dispersion relation for the case just mentioned including only one

hw | El
; r'y I
e |
i ———= 1=0147 |
I
|
g o oL IJ
" wed L _
i
I
I
|
v Yy
Im (k) ) Re (k) k=l{n} X . Re{k}

Fig. 5.1. The polariton dispersion in the vicinity of a single resonance for vanishing
damping (solid lines) and finite damping (dashed lines) for e, = 1. The dashed-
dotted line gives the disperson of photons in vacuum (a); real and imaginary parts
of n(w) for vanishing damping (b) and the creation of the polariton dispersion (solid
lines) from those of excitons and photons (dashed lines) and the non-crossing rule;
(ev > 1) (c)



5.2 Dispersion Relation of Polaritons 95

resonance. For several resonances the r.h.s. of (4.22) has to be replaced by
(4.20). The dispersion relation starts for w = 0 and k = 0 as a straight line.
This part is called the lower polariton branch (LPB). Since the dispersion
of photons in vacuum is also a straight line, but with a slope hc instead of
hces Y 2, the dispersion relation is said to be “photon-like” as long as it is
a straight line.

It bends over when we approach the resonance frequency wg, and in this
region the polariton dispersion is called phonon-like or exciton-like, depending
on whether the resonance corresponds to a phonon or an exciton, respectively.
Between the transverse and longitudinal eigenfrequencies there is no propa-
gating mode for the present approximation of uncoupled oscillators and for
vanishing damping, i.e., we have again the stop-band or Reststrahlbande dis-
cussed in Sect. 4.4. There may be a longitudinal branch at hwp,, which does
usually not couple to the electromagnetic field. At iwr, also the upper polari-
ton branch (UPB) begins. This bends upwards again displaying a photon-like

behaviour, but now with a slope hce, 1/2 compared to hces /2 for the LPB.
Between wr and wy, k is purely imaginary since n(w) is imaginary in this
range; the consequences for the optical properties were discussed already in
Sect. 4.4 above.

Actually, the dispersion relation shown in Fig. 5.1a is not so surprising
as it looks at first glance. If we take the spectral dependences of n(w) and
of k(w), i.e., of the real and imaginary parts of n(w), from Fig. 4.4, turn the
w-axis from the z-direction into the y-direction (see Fig. 5.1b) and multiply
n(w) and k(w) by we™?, i.e., essentially by a straight line through the origin,
according to

Re{k} = n(w)we™';  Im{k} = w(w)we ™t (5.8)

we obtain Fig. 5.1a.

The dispersion relation of the polariton can also be deduced from the
quantum-mechanical “non-crossing rule”. This non-crossing rule says roughly
the following: There are two energy levels F; and FE5, which depend on
some parameter p. This parameter can be the wave vector, a particle den-
sity, a constant electric or magnetic field, a strain field, etc. We assume
that these two levels cross as a function of the parameter as sketched in
Fig. 5.2 by the dashed lines. If there is any coupling between these two lev-
els, then the cross-over point disappears, and the two levels repel each other
in the way shown by the solid lines in Fig. 5.2. The splitting at the former
cross-over point is just proportional to the coupling strength between the two
levels.

Actually this behaviour is not new or characteristic for quantum me-
chanics. It is basically only the splitting of the eigenfrequencies of two
coupled identical pendula (or more generally of two harmonic oscillators)
caused by a weak coupling found in every undergraduate textbook on clas-
sic mechanics including the beating if both eigenfrequencies are excited.
In [98]J1] it has been shown in detail that the classical and the quantum-
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Fig. 5.2. A sketch to illustrate the
quantum-mechanical non-crossing rule
for two non-interacting (dashed line)
and interacting (solid line) energy lev-
els

Parameter

mechanical splitting of coupled oscillators are indeed governed by the some
set of equations.

We now apply the general knowledge obtained above and with Fig. 5.2
to the polariton problem. See Fig. 5.1c. The “parameter” in Fig. 5.2 is now
obviously the k vector. We have the horizontal dispersion of the ensemble
of uncoupled oscillators and the steep straight line for the photons. If the
ensemble of oscillators does not couple to the electromagnetic photon field,
the dashed lines already describe the system. If there is, however, a finite
coupling (e.g., a non-vanishing dipole or quadrupole coupling matrix element)
the crossing is avoided and the solid lines describe the dispersion relation of
the coupled system. Note that (apart from a possible longitudinal branch, not
shown in Fig. 5.1c for clarity) the solid lines in Fig. 5.1c are the only states of
this system. There is no state at hwg for k = 0, as we shall see later in various
realistic examples.

If we relax the assumption of vanishing damping, the polariton dispersion
is changed as shown in Fig. 5.1a by the dashed line. Now the propagating
modes below wr and above wr, experience damping too. Between wr and
wy, there appears a region with negative group velocity dw/dk < 0. At first
glance, this situation seems unphysical in the sense that a light pulse moves
out of a sample (vg < 0) when we send it onto the sample. A first way out of
this dilemma is given by the strong absorption which is necessarily connected
with the region of negative vg. It allows one to interpret the negative v, in this
spectral region as a wave that is damped out faster than it can propagate.

Another interpretation can be found later in Sect. 5.4, where we take into
account spatial dispersion. For this more general case, the problem of negative
vg essentially disappears and we obtain in addition an understanding, why e.g.
the TO-phonon branch can be observed by inelastic neutron scattering over
the whole Brillouin zone, though the dashed line in Fig. 5.1a turns around for
rather small k-values already.

For a discussion of the fact, that both the phase- and group velocities can
exceed for some frequencies the vacuum speed of light see [94R1]. It should be
noted, however, that the signal and energy transport velocities never exceed c.
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We have stated several times that at hwy, i.e., at the frequency where
e(w = wr) = 0, a longitudinal branch may exist. We want to give now some
insight into when this will be the case with the help of Fig. 5.3. In Fig. 5.3a we
assume that the ensemble of oscillators can be excited with the same eigen-
frequency in all directions of space. This situation frequently occurs to a good
approximation in cubic materials. If a light beam is shone on the sample, e.g.,
in the direction k,, then the oscillators oriented along y and z couple to the
light field and form a twofold degenerate, transverse upper and lower polari-
ton branch, while the oscillators oriented in the x direction are parallel to k.
and give rise to a singly degenerate longitudinal branch.

If we have a uniaxial material, we frequently find oscillators, which can
either be excited with the same eigenfrequency in the xy plane normal to the
crystallographic ¢ = z axis or with another eigenfrequency parallel to z only.
In the first of these two cases shown in Fig. 5.2b, we obtain only a twofold
degenerate upper and lower polariton branch, but no longitudinal branch for
k|| z since both oscillators in the xy plane are then transversal. For k in xy
plane, e.g., k|| = there is a nondegenerate transverse polariton branch for E|| y
and a longitudinal branch from the z-oriented oscillators. For k|| = and E|| z
the oscillators do not couple and we obtain intersecting dispersion curves.

Finnally, if we consider an oscillator that can be elongated only in one
direction (e.g., z) we obtain only one nondegenerate transverse lower and
upper polariton branch for k Lz and E|| z, an intersecting longitudinal branch
for k|| z and no interaction at all for klz, Elz.

If a light beam propagates with angle a different from 0° or 90° relative
to the c-axis in a uniaxial material, we obtain the ordinary beam for E per-
pendicular to the plane defined by k and z, since F is then always in the zy
plane, i.e., normal to the main section and couples to the oscillators. For E 1 k
but in the plane defined by k and z we obtain the extraordinary beam with
an orientation dependent refractive index. (See Sect. 3.1.7).

In the language of polaritons this is called a mixed-mode polariton for the
following reason. The “quantization axis” for the light field is the crystallo-
graphic ¢ or z axis. For a light beam propagating under an angle a to the
c axis is different from 0° and 90° the electric field can be decomposed into
two components E|| ¢ and E Lc, the relative strength of which depends on «.
For the situation of Fig. 5.3b only the component E 1 ¢ couples to the oscil-
lators and in Fig. 5.3c only E|| ¢. In Fig. 5.3d we show the dispersion of these
mixed mode polaritons for an ensemble of oscillators, which can be excited
only in the ¢ direction, and light polarized linearly in the k, z plane. The os-
cillator strength and thus the L — T splitting depend on the ratio E|| ¢/E Lc.
It is maximal for 8 = Z(E, z) = 0° corresponding to the situation on the l.h.s.
of Fig. 5.3c and is zero for Z(E, z) = 90° corresponding to the middle one. In
between the oscillator strength and Apr vary according to

Apr(8) = Apr(6=10) cos® 3. (5.9)
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It should be noted there that we always used the angles @ and (§ of k
and F relative to ¢ in the medium, i.e., the Snellius law with a S-dependent
refractive index has to be used in addition when considering the external
angles.

For biaxial materials the situation becomes even more complex, but as
stated in Sect. 3.1.7, this leads to crystal optics, which is beyond the scope of
this book.

Similarly to the dielectric function in Fig. 4.9 the polariton dispersion is
modified in the case of two close-lying resonances, i.e., the transition matrix
element cannot be deduced directly from the width of the stopband.
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Fig. 5.3. Sketches of the polariton dispersion and of possible longitudinal branches
for various orientations and an ensemble of oscillators that can be excited with the
same eigenfrequency and oscillator strength in all three directions of space (a) only
in the zy plane (b) and only along z = ¢ (¢). The angle-dependent mixed-mode
polariton dispersion for the situation as in (c) is shown in (d)
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5.3 Polaritons in Solids, Liquids and Gases
and from the IR to the X-ray Region

We shall see in later chapters many examples for polaritons in semiconductors
in the infrared (IR) part of the spectrum (phonon-, magnon- or plasmon-
polaritons) and in the visible (VIS) and near ultraviolet (exciton-, cavity-
and plasmon-polaritons). Here we want to stress that the polariton concept is
by no means an academic problem or restricted to semiconductors. It works
well for the description of the optical properties of insulators or metals, but
also for disordered systems like amorphous solids, liquids and gases, and it is
also valid for any resonance coupling to the electromagnetic field, including
intranuclear transitions in the X or y-ray region.

5.3.1 Common Optical Properties of Polaritons

To demonstrate that a spectrum of the refractive index as shown, e.g., in
Fig. 5.4 is not a characterisation of solids we present an 100-year-old exam-
ple for Na vapor in Fig. 5.4. See [02W1,03L1,09M1] or [76P1] from Chap. 3
and references therein. If a continuous spectrum (a so-called white light spec-
trum) is transmitted through a cell filled with Na vapor of homogenous density
(Fig. 5.4a,b) one finds the transmitted light absorption bands. One of the most
prominent bands corresponds to the well-known yellow emission (and absorp-
tion) line with is actually a double line at 589.35930 nm and 588.99631 nm cor-
responding to the 2.1 eV range. The absorption process is due to the transition
of the outer electron from ?Sy /5 to P35 and 2Py /o, respectively. See [91D1]
of Chap. 1. The emission is just the reverse process. If the white light beam
is sent through a prism of Na vapor, the light is defected around this reso-
nance as shown in Fig. 5.4c,d. The behavior is just the one we expect for the
refractive index and the polariton dispersion in the vicinity of a resonance.
When we approach the resonance from lower photon energies, n and k in-
crease rapidly. At the resonance absorption occurs and above the refractive
index ,/e1, approaches from below, explaining the deflection of light in oppo-
site directions for w < wp and w > wr,, respectively. In contrast to solids, gases
and vapors are very dilute. Consequently, the oscillator strength is small and
n deviates considerably from unity only in the very vicinity of the resonance.
Similar experiments have been performed with many other vapors of, e.g., Sr,
Ca, Ba [02W1,03L1,09M1]. The results allowed to develop and to verify the
concept of the Lorentz oscillators. At that time neither the concept of photons
nor of polaritons was known. The quantization of the electromagnetic field in
photons was first introduced by Planck in 1905 and allowed him to explain
black body radiation [see (2.85)]. Later on it was beautifully confirmed in the
explanation of the (external) photoelectric effect by Einstein, which had been
earlier observed by Milikan and Hertz.

From our present point of view, it is clear that the light field in Na vapor
is also quantized in energy packets of iw. The fact that the dispersion relation
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Fig. 5.4. Absorption and dispersion of Na vapour in the vicinity of the yellow
sodium line. Schematic arrangement for the absorption (a) in a homogeneous vapour
and the resulting absorption spectrum (b). Deflection in a “prism” of Na vapor (c)
and the dispersion relation (d). The energy axis is normal to the paper in (a) and
(c); (b) and (d) are photographic positives ([00K1] and [76P1] of Chapt. 3 and
references therein)

hw(k) and the refractive index deviate in the vicinity of the resonance clearly
from hw = hck and n = 1, respectively, is proof that these quanta consist not
only of electromagnetic radiation, but that they are necessarily accompanied
by a polarisation wave. Therefore it is straightforward to generalize the con-
cept of polaritons beyond ordered or crystalline systems. One point which has
to be considered, however, is the wave vector. We come back to this aspect in
Sect. 5.3.2.

To conclude the discussion of Fig. 5.4 it should be noted that the vapor
prisms were generally not obtained by keeping the Na vapor in a prism shaped
cell, but that a concentration gradient has been created laterally over the light
beam by a transverse temperature gradient and results in a density gradient
which in turn gives a gradient in oscillator strength and finally a variation of
the optical path length across the beam in a similar way as a usual (glass)
prism does.

Now we present beautiful experiments that further prove the validity of
the polariton concept in seemingly completely different systems.

The basic idea is illustrated in Fig. 5.5a where we show the polariton
dispersion in the vicinity of a resonance. We now send a short light pulse on the
sample. The duration of the pulse 7p is assumed to be so short that its spectral
width Aw covers the vicinity of the resonance via 7p- Aw ~ 1 and Aw > Ayr.
We can now discuss the propagation of this pulse through the medium in
different ways. We know, that a pulse propagates with its group velocity vy =
Ow/0k [see (2.15)]. Evidently we find on the lower and the upper polariton
branches pairs of states with equal vy, i.e., equal slope as shown for one case in
Fig. 5.5a. Since these states are both excited coherently by the incident pulse
and since they have slightly different frequencies, they accumulate a relative
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phase shift, which increases linearly with time and traveling distance and
changes the superposition periodically from constructive to destructive and
back again. This is nothing but the well know beating phenomenon. Depending
on the sample thickness and vg, some of the polariton pairs will arrive at
the end of the sample with constructive interference, and adjacent pairs will
arrive in a destructive superposition, the next with a constructive one, etc.
The consequence is that there will be no simple pulse at the end of the sample
but one will find an envelope of the amplitude and intensity of the transmitted
beam oscillating in time. The period of this oscillation increases with time,
since the polariton pairs with large v, i.e., a steep slope arrives first. They
have a bigger frequency difference and consequently a faster beating period.
The pairs with smaller v, also have a smaller beat period and arrive later.
This is exactly the behavior observed for an incident ns pulse centered around
the yellow resonance in Na vapor (Fig. 5.5b and [84R1]) and propagating
through a cell with Na vapor with a length of 40 mm. The temporal decay of
the transmitted signal is governed by the damping of the resonance and by the
energy density per frequency interval of the incident pulse. The experiment
in Fig. 5.5b thus confirms again the validity of the polariton concept in this
system.

An alternative way to describe the experiment is to Fourier transform the
incident pulse from the time to the frequency domain (see e.g. [99B1]). Then
one allows each frequency component to propagate through the sample accord-
ing to its complex index of refraction n(w) = n(w) + ik(w) resulting for each
frequency w after the sample in a well-defined phase and amplitude. All com-
ponents are then coherently superimposed and this sum is back transformed
to the time domain, resulting in a very good description of the experimental
finding. Actually the theoretical curve shown in Fig. 5.5b has been calculated
along these lines.

With Fig. 5.5¢,d we demonstrate that identical results have been obtained
with completely different systems. Figure 5.5¢ shows these propagation quan-
tum beats for the well known exciton resonance in the yellow spectral range
of Cuz0. (More precisely, in the 1s ortho exciton of the yellow series, which
is only quadrupole allowed. For details see Sect. 13.2.) The spectral region is
approximately the same as for Na vapor, but CusO is a crystalline solid more
precisely a semiconductor.

The third example in Fig. 5.5d from [99B1] is, by contrast, in a completely
different spectral rage. The resonance is the 14.4keV Mosbauer transition of
57Fe. The resonance is not even in the electronic system of the solid, but in
the nucleus and the light pulse has been produced in a synchrotron. Never-
theless the phenomenon is identical, revealing that the polariton concept is
also applicable in this spectral range of X or v-rays.

A further common feature of the polariton dispersion is the dramatic de-
crease of the slope of the dispersion curve just below wg. Consequently, the
group velocity should also obtain in this spectral region, values considerably
below the vacuum speed of light ¢ ~ 3 x 10®m/s. Indeed this phenomenon
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Fig. 5.5. The schematic explanation for the occurrence of propagation quantum

beats (a) and their observation in Na vapor (b) in the ortho exciton resonance of the
yellow series in Cu20 (c) and in an ensemble of *"Fe nuclei (d) ([84R1,91F1,99B1])

has been observed, e.g., for the exciton polariton in CuCl, GaAs or InSe with
values of vy down to 10*m/s. See Sect. 13.1 or [79M1,79U1,8111,97N1] and
more recently also in CuzO [04F1]. In the vicinity of the Mdsbauer transition
of 57Fe nuclei at 14.4keV, even values down to the 10m/s range have been
observed [99B1]. Comparably low values and even a complete stop of light for
a short time have been found in Na vapor [99H1,99K1,01K1]. In the latter case
an additional trick has been used, namely excitation induced transparency in
a small spectral interval of the upper of the two yellow Na lines, which results
via Kramers—Kronig relations in a very steep structure in the group-velocity
spectrum.
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5.3.2 How the k-vector Develops

In nature, there are several conservation laws. See also Sect. 3.1.3. The most
basic ones state that in a closed system (c.s.), i.e., a system that has no inter-
action with the surroundings whatsoever, the sum of all energies (including
the rest-mass energies mgc?), of all momenta p, of all angular momenta L
(including spins) and of all electric charges p are constant. The sum of all
entropies S; is either constant, if there are no or only reversible processes, or
it increases in the case of an irreversible processes. These conservation laws
are presented in (5.10).

Z E; = const (5.10a)

ZPi = const (5.10b)
C.s

Z L; = const (5.10c)
Zpi = const (5.10d)
C.s

Z S; > const (5.10e)

These conservation laws are facts of experience that cannot be proven from
first principles, but can be traced back to symmetries as outlined already in
Sect. 3.1.4.

The only closed system in a strict sense is the whole universe. But much
smaller parts on a laboratory scale are frequently a very good approximation of
closed systems as we use them, e.g., in the lectures or practice to demonstrate
elastic and inelastic scattering processes.

We have already used a subsystem in the above sense, without mentioning
it, in derivation of the law of reflection and refraction in Sect. 3.1.4.

As a preparation for what follows, we show in Fig. 5.6 the reflection or
diffraction of a single photon at a plane interface between the vacuum and
matter repeating in Fig. 3.5.

In Sect. 3.1.4 we argued that energy conservation requires w; = w, =
wyr and that there is only translational invariance along the interface plane,
consequently only the parallel component of fik is conserved. This argument is
correct for the considered subsystem. If we consider the whole closed system,
the total momentum has to be conserved. This means that momentum is
transferred to the matter, namely 2fk; ,orma; in the case of reflection and
B (Kinormat — Ktr, normat) for refraction. The energy transfer to the matter
connected with this momentum transfer is completely negligible, however,
due to the mass of the matter M, which is many orders of magnitude larger
than the “mass” of the photon fiwc™2.
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Fig. 5.6. Reflection and refraction of a single photon at an interface between vacuum
and matter

So it is safe to say for the subsystem that the matter can “take up” mo-
mentum without energy transfer or to restrict ourselves to the subsystem
“interface” with the restricted translational symmetry. For a more detailed
discussion of this aspect see [98B1] and the references given therein.

Now we want to use a similar set of arguments to show how k conservation
develops in optics or the law that a light beam propagates along a straight
line in a homogenous medium.

We start with the situation of light scattering at a single atom in Fig. 5.7.

An incident plane electromagnetic wave with k;, hits an atom. In classical
physics this atom performs a forced oscillation with an amplitude that depends
on the detuning between w; and the resonance frequency wg of the atom and
on damping. This oscillation is connected with an oscillating dipole, radiating
a dipole wave as shown schematically in Fig. 5.7. Evidently, the emission goes
into all directions with the angular dependent amplitude of an oscillating
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Fig. 5.7. Schematic drawing of the wave fronts in a light scattering event at a single
atom or oscillator ([98J1])
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dipole. This means that there is nothing like a straight propagation of the
light beam in the interaction with a single atom.

The same result is obtained in the quantum mechanical description.
A photon comes in with hk;, hiw; and virtually excites the atom. After
a time At, limited by fi(w; — wo)At < kA, where hwp is now a transition
energy in the atom, the atom again radiates a photon hkg, hws in an ar-
bitrary direction. If we repeat this experiment many times, the integrated
angular intensity distribution will be the one of a radiating dipole. The
process is known as light scattering or if w; approaches wy as resonance
fluorescence.

Momentum conservation can now be discussed in the two ways outlined
above. We can either state that space with a single atom, e.g., at the origin of
our coordinate system, no longer has translational invariance. Consequently,
there is no longer momentum conservation and an incident photon hk; can be
scattered in any direction hkg.

The law of global momentum conservation can be satisfied by stating that
the atom takes over some momentum pg¢om

Patom = h(kz - ks) . (511&)
The energy transfer connected with this momentum transfer
E; = p?},tom/QM (5'11b)

is in the neV regime for the visible and therefore for most practical purposes
completely negligible, except for laser cooling of atoms. So we are again safe
with both statements that either the atom takes up momentum but no energy
or that the translational invariance is broken by the presence of the atom and
momentum conservation is violated. This situation may change if we go to
the X or ~-ray regime, where k increases. In the case of extremely narrow
resonances, the frequency shift in the scattering process can be measurable.
See problem 5.7.4.

Now we discuss the transition to a dense medium.

When we have a few of such atoms in the coherence volume of the in-
cident light, like in a dilute gas, the scattered waves interfere constructively
or destructively as a function of their direction dependent relative phases.
So we obtain (momentarily) a rather complex scattering pattern, similar to
a Speckle pattern, but is averaged out over time if the scattering centers move
statistically as the atoms in a dilute gas do. The coherence volume of light
is the volume over which the light wave has a well defined phase relation.
The coherence volume depends on the light source and is generally smaller
for incandescent light as compared to laser light. For details see, e.g., refer-
ences [9351] of Chap. 2 or [98B2] of Chap. 1.

The situation becomes simpler again if we have many oscillators or atoms
in the coherence volume of light. It can be shown, that all scattered waves
interfere essentially destructively except for the forward scattered waves. This
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means that the straight propagation of a light beam, which implies k con-
servation, is trivial in vacuum and develops in matter again with increasing
density of oscillators N.
A lower limit for the coherence volume of light V., is given by the wave-
length A
Veon > A3 (5.12a)

The condition to have many oscillators in the coherence volume of light is
fulfilled in any case if we have

N-A > 1. (5.12b)

This is equivalent with the statement that the average distance d between
the atoms or oscillators is small compared to the wavelength

d>\. (5.12¢)

Consequently the light field cannot “resolve” the individual oscillators and
a description in the sense of an effective medium is adequate [9751] or reference
[97W1] of Chap. 1. Equation (5.12) can be also used as a definition of a “dense”
medium. See also the derivation of the dipole approximation in Sect. 3.2.2.

To summarize we can state that in a dense medium, k conservation is
recovered, including its application in the laws of reflection and refraction at
the boundary of a dense medium, and the electromagnetic wave propagating
in this medium is accompanied by a polarization wave, bringing us back again
to the polariton concept.

If the medium is completely ordered, i.e., a defect-free crystal, then there is
only the straight propagating beam, since in such a situation we recover trans-
lational invariance modulo integer multiples of the reciprocal lattice vectors,
(see Sect. 7.2).

If there are any inhomogeneities like defects in a crystal or inhomogeneous
strain or fluctuations of N in a gas, there is always a small amount of light
that is scattered without frequency shift, the so-called Rayleigh scattering.
We come back to this topic in Sect. 23.2.

While k conservation (modulo reciprocal lattice vector G see Sect. 7.2) is
a strict law in perfect crystals the situation is different in disordered systems
like gases, liquids, amorphous solids or alloys as outlined below.

For waves with a wavelength A that fulfills (5.12), holds the law of
k conservation and we make use of it whenever we look through a glass
window, onto a clear lake or through atmosphere. If we go to shorter and
shorter wavelengths, however, the conditions (5.12) are less and less fulfilled
and k conversation is more and more relaxed. This transition can be nicely
followed by comparing, e.g., crystalline quartz (¢-SiO2) on one side and amor-
phous fused silica (a-SiO3) or glass on the other.

In the visible, (5.12) is fulfilled in both cases, light propagates along
a straight line, k conservation holds and we have well-defined laws of reflection
and refraction at the surface.



5.4 Coupled Oscillators and Polaritons with Spatial Dispersion 107

If we go to the X-ray regime we have
A<a. (5.13)

For the ¢-SiOy k conservation modulo reciprocal, lattice vectors is still valid
for elastic scattering, resulting in the Ewald’s-construction and well-defined
diffraction spots fulfilling

k; — ks = G; hw; = hws = ‘k?z‘ = "{33‘ . (514)

In contrast in this regime for a-SiOs we obtain only blurred ring structures,
indicating a substantial relaxation of k conversation at these short wave-
lengths.

So we can state that k conservation is valid in disordered systems if (5.12)
is fulfilled, but is increasingly relaxed if we approach the condition (5.13).

5.4 Coupled Oscillators and Polaritons
with Spatial Dispersion

For our model system we have assumed until now zero coupling between neigh-
boring oscillators as shown in Fig. 4.1. The consequence of this assumption was
a dispersion relation which is simply a horizontal line (Fig. 4.2a). We now re-
lax this assumption by using a concept introduced in [58H1,62P1,63H1,74A1]
and elaborated in detail e.g. in [75C1,75L1,78B1,78H1,78S1,79B1,7951,81B1,
81L1,81S1,8201,82R1,8251,83M1, 84A1,84H1, 8451, 85H1,89R1,91R1] and
consider a more realistic coupling between neighboring oscillators realized,
e.g., by weak springs, as shown schematically in Fig. 5.8. The most important
consequence of this coupling is that the eigenfrequency is now a function of
k as shown in Fig. 4.2b. For very long wavelength, i.e., k — 0, neighboring
oscillators are still in phase and the coupling springs are not elongated. There-
fore they still oscillate with the same frequency as the uncoupled ones. For
decreasing wavelength, the coupling springs are elongated and increase the
“effective” spring constant. As a consequence, wg increases with increasing k.
The resulting band width 2B indicated in Fig. 4.2b is directly proportional to
the coupling strength between neighboring oscillators. A wave packet created
by elongating one or a few oscillators, as in Fig. 4.1d, will now propagate with
a finite group velocity vy = dw/dk and will show some dispersion. This means
that the width of the spatial envelope of the wave packet will increase with
time as indicated in Fig. 2.1b. This phenomenon can be easily observed by
throwing a stone onto the still surface of a lake. The expanding ring-like wave
structure shows a drastic increase of the width of its envelope function during
propagation. The detailed shape of w(k) depends on the physical nature of
the oscillators and the coupling mechanism.

For our model system, wy increases with k and we shall see that this is
also true, e.g., for excitons. For optical phonons one has usually a decrease of
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Fig. 5.8. An ensemble of coupled oscilla-
tors. Compare with Fig. 4.1. After [63H1]

the eigenfrequency with increasing k. These points will be presented in more
detail in Chaps. 7, 9 to 13. For the following discussion of our model system
we shall use the dispersion relation of Fig. 4.2b, but the conclusions will also
be qualitatively valid for other dependences of wq(k).

The fact that the eigenfrequency wg of some excitation of a solid depends
on k is often called “spatial dispersion”, for reasons given later. However, the
w(k) dependence of the photons themselves, or of the polaritons, is not usually
classed as spatial dispersion.

Since we have used the word dispersion now in various connections, we
shall summarize the meanings here:

The term “dispersion relation” or simply “dispersion” means the relation
E(k) or w(k) for all wave-like excitations independent of the functional de-
pendence. It can be simply a horizontal line, a linear or parabolic relation, or
something more complicated. Every excitation which has a wave-like character
has a dispersion relation.

The term “spatial dispersion” means that the eigenfrequency of one of the
elementary excitations in a solid depends on k and is not just a horizontal
line (Fig. 4.2a,b).

In technical optics, dispersion often refers more specifically to the depen-
dence of the refractive index n on the wavelength. Materials such as the glass
used to make lenses, generally have a decreasing refractive index with increas-
ing wavelength i.e., dn/dX < 0. This behavior is called “normal dispersion”
and is the usual behavior in the transparent spectral region, while an anormal
dispersion, i.e., dn/d\ > 0 is limited to strongly absorbing regions (Fig. 4.4).

Finally, the word dispersion is also used for the fact that the envelope of
a wavepacket, e.g., of a short light pulse in matter, becomes spatially broader
with time.

The last two meanings of the word dispersion are actually consequences or
special examples of the general definition of the term given first. If not stated
otherwise, we use the term dispersion (-relation) in this book to mean the
E(k) or w(k) relation.
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5.4.1 Dielectric Function and the Polariton States
with Spatial Dispersion

The dielectric function given in (4.22) for the simple case of an isolated res-
onance has to be modified if we want to take spatial dispersion effects into
account. The eigenfrequency wg has to be replaced by wy(k) and the oscillator
strength f and the damping v may also depend on k resulting in

f(k)

W2(k) — w? — iy (k) (5:15)

5(w7 k) = &b =

The most significant change is the fact that € is now a function of two
independent variables, w and k.

Along with the transverse eigenfrequency wp(k) the longitudinal eigen-
frequency wy, defined as e(wr,) = 0 also becomes k-dependent, i.e., wy, =
wr (k). The same is true for the longitudinal-transverse splitting Apr which is
connected with f(k). In principle all of the above quantities have to be given
as a function of k.

What one usually does is to give — if possible — an analytic expression for
wo(k) and to still consider f and v as k-independent. Though there is clear
experimental evidence that f and v depend on k(see e.g. [8201,83M1, 8451,
85K1,89R1,91R1] and references therein), these dependences are usually less
critical for the correct description of the optical properties of semiconductors
than the k-dependence of wy and will be neglected in the following. For wq (k)
we again use for simplicity a parabolic relation, which monitors nicely the
onset of the dispersion relation in Fig. 4.2b but also that of excitons (see
Chap. 9). But we stress once more that the consequences are qualitatively
similar for other relations. We have

f(k)
k) = . 5.16
ew k) = e + w3 4 2woAk? — w? — iwy (5.16)
with
We(k) = (wo + Ak?)” = W + 2wo AR? + A2k* ~ w2 + 2wy AK?
for |k| < 7/a. (5.16b)
The approximation used in (5.16b) is usually valid for massive and for
effective mass particles (see Sect. 8.5) like excitons.
To determine the dispersion relation of the polariton we must again com-

bine the polariton equation with the dielectric function resulting again in an
implicit relation for wg(k):

(5.16¢)

We consider first the case of vanishing damping in Fig. 5.9a and start
with the real part of k. The transverse lower polariton branch starts (LPB)
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photon-like and then bends over to asymptotically approach the parabolic
dispersion relation of the resonance. If there is a constant Apr, i.e., f # f(k),
then the longitudinal branch shown by the dashed line in Fig. 5.9a starts at
wr, and is then essentially parallel to the exciton-like part of the LPB. At
wy, the transverse upper polariton branch (UPB) also begins, going over into
a photon-like (i.e., linear) dispersion relation with slightly steeper slope, as
shown already in Fig. 5.1a. The imaginary part of k starts at wy, and bends
downwards to reach asymptotically a curve which is produced by reflecting the
transverse eigenfrequency wg(k) through the point (wo,k = 0). This means
that the UPB has a purely imaginary continuation below wr,.

If we include a small but finite damping, we end up with the situation
shown in Fig. 5.9b. Compare to Fig. 5.1a without spatial dispersion. It can
be seen that the LPB and the UPB now extend over the whole energy range.
They have both a real and an imaginary part at all frequencies. The imagi-
nary part of the LPB is very small below wq, peaks between wy and wry,, and

a
UPB
LPB
=
T UFB
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;g} —fiwg
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Fig. 5.9. The real and imaginary
o parts of a polariton dispersion re-
lation in the vicinity of a reso-
nance with spatial dispersion for
vanishing (a) small A" < Apr)

- (b) and strong hl' ~ Aprr) damp-
Im{k} «— wave vector —  Re{k} ing (c) After [83M1]
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decreases gradually for higher energies. The UPB has a very small imaginary
part above wy, which increases continuously below, but there is also a small
real part of the UPB below wy,. The problem of negative group velocity in the
spectral region of the resonance, mentioned already in Sect. 5.2, has become
less severe and appears only in the form of a small hump in the dispersion
relation for finite damping. For the case of strong damping shown in Fig. 5.9¢
the role of the LPB is gradually taken over by the UPB below wy [83M1]
and one approaches a situation similar to the case without spatial dispersion
(compare with Fig. 5.1a). In other words this means that one can describe the
optical properties of a strongly damped resonance by neglecting the influence
of spatial dispersion. However, it should be stressed, that this effect is still
present in principle, but the strong damping is what dominates the optical
properties.

Even with strong damping there remains at least one transversal branch
that extends over the whole Brillouin zone in contrast to Fig. 5.1a for v # 0
and possibly also a longitudinal one.

These branches are the ones observed, e.g., in inelastic neutron scattering
when determining the dispersion relation of TO- and LO-phonons in the whole
Brillouin zone.

5.4.2 Reflection and Transmission
and Additional Boundary Conditions

From the polariton dispersion with spatial dispersion shown in Fig. 5.9 we can
easily recover the real and imaginary parts of n by just reversing the procedure
given in (5.8). We will not spend time on this procedure (See e.g. the formulae
given in [75L1,78B1, 78H1, 7851, 79B1,81L1,82R1,8251] but discuss directly
the optical spectra, especially the consequences of spatial dispersion on the
reflection as compared to the situation of Fig. 4.5 where spatial dispersion
was still neglected. The two most important points are, first, that there is
no more strict stop-band, i.e., there is at least one propagating mode for
every frequency w (with and without damping) and, second, that in some
spectral regions there is more than one propagating mode. This second point
is especially obvious for w > wr, in Fig. 5.9a.

We now want to discuss the consequences of these two new phenomena
arising from spatial dispersion on the optical spectra, especially on the reflec-
tion spectrum.

The fact that we have at least one propagating mode — generally with real
and imaginary part — for all frequencies even between wr and wy,, means that
the reflectivity for (normal) incidence no longer reaches unity, even for the
case of vanishing damping, as sketched in Fig. 5.10.

The fact that we have more than one mode (propagating or evanescent,
i.e., Im(k) < Re(k) or Im(k) > Re(k) respectively, in the solid for one fre-
quency means that the two independent boundary conditions deduced from
Maxwell’s equations in connection with (3.6), (3.7) and Figs. 3.1, 3.2 are no
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longer sufficient. For a given incident wave we could deduce the amplitudes
of one reflected and one transmitted wave. If there are two or even more
states in the medium at the same frequency coupling to the incident field, we
need one or more additional boundary conditions (abc). To make the situa-
tion clear, we show in Fig. 5.11 the wave vectors for such a case for normal
and oblique incidence. The incident and reflected beams obey the usual law
of reflection, their components parallel to the surface are equal. The same
is true for the transmitted beams, but the total length of the wave vectors
on the LPB and the UPB are different, in agreement with Fig. 5.9. Obvi-
ously the two beams are travelling in different spatial directions and this is
a reason why the k-dependence of wq is called “spatial dispersion”. Though
Fig. 5.11 has some similarity with the picture for birefringence (See Sect. 3.1.7)
we point out that the reasons are quite different. In Fig. 3.12 the o and eo
beams have orthogonal polarization and the phenomenon needs uniaxial or
lower symmetry. Spatial dispersion occurs independent of the symmetry and
even for cubic symmetry and the two beams are polarized in the same di-
rection. Spatial dispersion also occurs for crystals of lower symmetry which
then may show birefringence in addition. In this case the dispersion curves of
Fig. 5.9 have to be drawn twice with different parameters for the o and the
eo beams.

As already mentioned, the abc cannot be deduced from Maxwell’s equa-
tions. Their capacity is exhausted with one reflected and one transmitted
beam. Since the complex index of refraction around the resonance is rather
different for the LPB and the UPB, which therefore contribute differently to
the reflection spectrum according to (3.20), the abc should contain informa-
tion about the “branching ratio”, i.e., which fractions of the incident beam
couple in the medium to the LPB and to the UPB as a function of frequency.

The abc are somewhat arbitrary (we shall explain later on why) and are
based mainly on arguments of physical plausibility. On the vacuum side of the
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interface the polarization is trivially zero. To avoid an unphysical discontinuity
in the polarization, one possible abc is that the polarization of the medium
must be zero at the interface

P(z=0)=0. (5.17a)

Another argument says that the polarization should vary smoothly across
the interface, implying that the derivative with respect to the normal direction
has to vanish, resulting in

dP

=0. 17b
& 0 (5.17b)

z=0

Some authors favor a linear combination of the two conditions:

P
Pl _,+8 %Z =0 with —-1<pg<+1. (5.17c)

z=0

The reflection spectrum shown in Fig. 5.10 is actually calculated for an
exciton resonance using the material parameters of CdS and the abc (5.10),
the so-called Pekar—Hopfield abc. See also Chap. 13 and [62P1,74A1, 75L1,
78B1,78H1,78S1,79B1,79S1,81B1,81L1,8151,8201,82R1, 8251, 83M1, 84H1,
8451,85H1,89R1,91R1] for further details of the abc.

It turns out that experimentally observed spectra, e.g., of exciton res-
onances, can be fitted with all the above-mentioned abc, but with slightly
different values for the other parameters, such as f and -y, that describe the
resonance.

medium I medium II
(vacuum) with spatial dispersion
" " normal incidence
K, Kiuea
|:Ei k“h.LF'B
K .
' Kirurs
/ Etr.LF'E
oblique incidence
Ki

Fig. 5.11. The wave vectors of a resonance with spatial dispersion for w > wr,. Note
that there is more than one propagating wave in the medium
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As a rule of thumb, one can state for all abc and weak damping that the
light propagating in matter at frequencies w sufficiently below the transverse
eigenfrequency and above the longitudinal one travels almost completely on
the LPB and on the UPB, respectively. “Sufficiently” means in this context

h |w — wT,L| 2 10ArT . (5.18)

The crucial spectral range where spatial dispersion and the problem of abc
are of importance is thus the resonance and its vicinity.

Now let us have a look at the transmission, including spatial dispersion.
Since both the LPB and the UPB have substantial imaginary parts in the
vicinity of the resonance, we again expect a dip in the transmission in the
region around the resonance. At considerably lower frequencies, the light cou-
ples almost completely to the LPB — which has an almost negligible imag-
inary part in this region — so that the sample is transparent. The same is
true significantly above wy, for the UPB, at least if there are no other res-
onances. The shape of the effective absorption coefficient a(w) or of k(w)
can look somewhat different from Fig. 4.4 possibly developing a spike at the
longitudinal eigenfrequency, as indicated in Fig. 5.12. In addition, one can
see from Fig. 5.9 that the imaginary parts of k and thus x or « are dif-
ferent for the two polariton branches. The amplitudes and light intensities
of each polariton branch therefore decay exponentially with thickness, but
the sum of both, which is the only experimentally accessible quantity, may
show a non-exponential decay with sample thickness. Furthermore the damp-
ing may in some cases be higher close to the surface compared to the bulk
of the sample due to imperfections introduced into the lattice close to the
surface.

Strong damping, i.e., iy > App, reduces the importance of the influence
of spatial dispersion on the optical spectra as already mentioned above. The
resonance in the reflection spectrum is then already so strongly washed out
by damping that the details, whose description relies on spatial dispersion,
are no longer observable.

effective
absorption
coefficient
OLeff
Fig. 5.12. A possible spec-
trum of the effective absorp-
tion coefficient in the vicinity
! L » of a resonance with spatial

hag  Nhap energy  dispersion ([82R1])
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It is physically not completely satisfying that the choice of the abc is to
some extent arbitrary (5.17a—c). The parameters of the resonance deduced
with the use of different abc are (slightly) different. On the other hand, the
value of quantities such as f cannot depend on the abc chosen by the physi-
cist running the fitting program. The answer is that the problem of the abc is
an artificial one. The dielectric function e(w, k) describes the optical prop-
erties in the bulk of the sample. In our derivation of (w, k) in Chap. 4
no surface was included. Later on, however, we use this dielectric function
to describe the optical properties of the interface between two semi-infinite
half-spaces, one usually being vacuum, the other the semiconductor under
consideration. The price we have to pay for this “improper” use of the di-
electric function is the problem of the abc. If we were to calculate the optical
properties of a half-space from the outset, the problem of the abc could be
avoided. Indeed, some calculations have used this idea [7951,81B1,8151,8251]
or [98H1,99H2]. However, this procedure has its own problems. For example,
the band-structure and the exciton states have to be calculated for the half-
space, which means that we can in principle no longer use Bloch’s theorem
for the direction normal to the interface. This causes complications which
can be overcome only with difficulty and by using various approximations
and simplifications. Therefore most authors prefer to use the bulk dielectric
function and some of the abc to evaluate the optical spectra. More infor-
mation about the problem of abc and the rather lengthy formulas for calcu-
lating the spectra of reflection can be found in the references given already
above.

More recently a very interesting solution to the problem of abc’s was put
forward by [98H1], which triggered some discussion [99H2], but allows one to
avoid the abc-problem.

5.5 Real and Imaginary Parts of Wave Vector
and Frequency

Until now, we have assumed that we can describe the light wave or polariton
wave propagating in matter by a real frequency and a wave vector which has
a real and an imaginary part according to the complex index of refraction.
In principle, however, one could take k to be real and introduce a complex
frequency @ by including the damping term iw+y as in (4.14), (4.22):

O=w-—1y (5.19)

At first glance, there is no reason to prefer one approach over the other.
Actually both approaches are possible and it is the experiments performed
that decide which model is the more appropriate one.

If we shine a monochromatic wave with well-defined frequency w (e.g.,
a spectrally narrow laser beam) on the sample, or if we select such a fre-
quency with a monochromator, then we have the situation of (4.14), (4.32)
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i.e., a forced oscillation, and here we have to use a purely real w, but a com-
plex k to describe the decrease in amplitude of the polariton wave as it travels
through the crystal.

If, on the other hand, we could by some means create at a certain time
(e.g., t = 0), a polariton wave in the sample with constant amplitude every-
where and let it evolve for ¢t > 0, then the amplitude would decay with time,
but would remain the same everywhere in space. This is just the situation de-
scribed by a real k only and a complex @. The reader might think that a wave
with constant amplitude from —oo to +00 in space is highly unphysical, but in
fact this approximation is as valid as that of a strictly monochromatic wave,
which necessarily endures from ¢ = —oo to t = +00. Everything with a finite
temporal duration has a finite spectral halfwidth.

These are just consequences of the fact that the time ¢ and frequency w
domains and the space r and wave vector k domains are connected with each
other by one and three-dimensional Fourier transforms, respectively.

Multiplication of w or k with % then immediately gives the “uncertainty
relations” for energy and time or momentum and space (3.37).

Since the experimental situation discussed first is much more frequently
used than the second one, we will restrict ourselves for the rest of this book
to the situation of complex k and real w. Bearing in mind, however, that
there is a third uncertainty relation for truth and understandability of a text
as stated at the beginning of the book, we should inform the reader that,
in principle, one needs to use both a complex k and a complex w since all
excitations usually have a finite lifetime or phase relaxation time. Chapter 23
gives further details on this topic.

5.6 Surface Polaritons

For almost every wave-like excitation in the bulk of a solid or even liquid
sample, there exists a surface or interface mode including Rayleigh-waves in
earthquakes or the usual waves on the surface of water. There are, e.g., surface
acoustic phonons, surface plasmons, etc. For recent reviews see, e.g., [82M1]a
of Chap. 1 or [98B2] and the references therein.

Here we want to say a few more words about the surface polaritons already
mentioned briefly in Sect. 2.4.

Surface polaritons are also quanta or quasiparticles of the mixed state of
an electromagnetic and a polarization wave. They are distinguished from bulk
modes by the fact that they can only propagate along the interface between
two different media. The amplitudes decay exponentially with distance from
the interface on both sides, as shown schematically in Fig. 5.13a, i.e., surface
polaritons are evanescent waves on both sides of the interface, in contrast
to the one-sided evanescent wave in the case of total internal reflection of
Fig. 3.3a. See also Fig 4.4. For every volume polariton there exists a surface
polariton.
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We want now to discuss the conditions for which surface polaritons can
exist. For simplicity we restrict ourselves to the case of vanishing damping and
no spatial dispersion: ¥ = 0 and A = 0 in (5.16). We assume that the interface
is formed by an essentially non-dispersive medium I described by a constant
real index of refraction n? = 1 on one side (for vacuum n; = 1) and the
medium under consideration with e(w) = 72?(w) on the other (medium II). If
the surface polariton cannot propagate into medium I or II, there must be
some physical reasons preventing its decay by radiating into the halfspaces I
and II.

As a first condition we may state that in medium II there are no prop-
agating waves between the transverse and longitudinal eigenfrequencies wr
and wr,, as discussed for example in connection with Figs. 4.4, 4.5 and 5.1a.
The propagation into medium I can be excluded if the wave vector kg of the
surface polariton, which is directed parallel to the interface, is larger than k;
of any wave propagating in medium I. Under such a condition the conservation
law for k parallel to the interface results with Fig. 5.13b in

k2 + k% =k} and kZ>kiI=Ek2 <0. (5.20)

The r.h.s of (5.20) simply says that k, is purely imaginary and this is
what we need for an evanescent wave normal to the interface.

We can summarize these arguments by saying that surface polaritons can
be expected in the spectral region given by

wo = wr < ws < wr, in medium IT and (5.21a)
ks > niwe™!,  in medium I (5.21b)

or
Re{en(w)} <0 and |Refen(w)}| > er. (5.21c)

medium I, n;

medium II, ny; ()

Fig. 5.13. Schematic
drawing of the decay of
the amplitudes of a sur-
ky I face polariton propagating
along an interface (a) and
a sketch to illustrate the
II derivation of (5.20) (b)

(b)

1

=l
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The dispersion relation of surface polaritons ws(ks) can be deduced for
the present assumptions from the boundary conditions given by Maxwell’s
equations. We will not go through the procedure here, but merely give the
result and refer the reader for its derivation to the literature e.g. [82M1]a,d of
Chap. 1 or [7401,81L1] and references therein.

ky = ( o E”(w)))l/z “. (5.22)

€1 +611(w c

We should note that err(w) is negative in the region of (5.21a). In order to
get a real value of ks we evidently have, in addition to (5.21a,b) to fulfill also
(5.21c).

The polarization of the surface polaritons is as follows. If the interface is
the zy-plane and the surface wave propagates in the z-direction, i.e., ks ||z
then the electric field is in the xzz-plane and the magnetic induction is along
the y-axis.

For large ks one finds that the surface polariton occurs at a frequency wg
where

Re{en (ws)} = -1 for ks> c;) and e =1. (5.23)
In the case of a simple plasmon we have
why,
e(w) =ep+ o — i (5.24)

as will be shown later in Chap. 10. For simplifying conditions, v = 0 and
ep = 1 (the latter being realistic only for some simple metals), we find from
(5.24) the frequently given relation [80R1,88R1]

we = pr/\/Z for large ks . (5.25)

In Fig. 5.14 we show as a summary of this chapter the dispersion of po-
laritons and of surface polariton for a resonance without (a), and with (b),
spatial dispersion and vanishing damping. In the latter case the calculated
dispersion relation wg(ks) is slightly influenced by the abc used. The con-
dition (5.23) is reached for large kg generally slightly below the longitudi-
nal branch as seen, e.g., in Fig. 4.3. The dispersion relation for large kg
is parallel to the longitudinal branch without reaching it. For more details
see [7401,81L1].

To conclude this section we should briefly stress one point. Since surface
polaritons cannot propagate into medium I (generally vacuum) they cannot
be created by shining light of an appropriate frequency on the sample. The
same is true for the other side. As a consequence, it is not possible to excite
surface polaritons directly. A frequently used method involves attenuated total
reflection. This technique will be outlined briefly in Sects. 11.1.5, 12.2, 13.1.5
and 25.1.
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Fig. 5.14. The dispersion of the surface polariton for a resonance without (a), and
with (b), spatial dispersion. The damping is assumed to be negligible in both cases.

5.7 Problems

1. What dispersion relations would you expect for the polariton resulting
from oscillators with the dispersion relations of Figs. 4.2a and b? Do not
forget that a finite coupling between photons and the oscillator necessarily
implies a finite Ayr.

Check if you were right when you come to the chapters on phonon and
on exciton polaritons.

2. Calculate the frequency shift a photon experiences when it is scattered
off an atom in a backward direction. Compare with the homogenous line-
width of luminescence lines in semiconductor optics, which hardly fall
below 0.1 meV.

3. Inform yourself about the possibility of cooling atoms by absorption and
emission of photons.

4. What is the Mdosbauer effect? How does it work?

5. In Na vapor it is possible to slow light down to an almost complete stop.
Inform yourself with the help of some literature. Effects apart from the
extremely flat dispersion relation for large k-vectors contribute to this
phenomenon.

6. Calculate the dispersion relation w(k) from (5.7) for vanishing damping.
What changes if wy = wo(k) and/or if a small but finite damping ~ are
introduced?

7. Write down the equations of motion of two coupled harmonic oscillators
and try to solve them. Find or imagine examples in classical physics and
in quantum mechanical systems.
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10.

11.

12.

13.

5 The Concept of Polaritons

Which dependence of Apr(k) do you expect for a transition that is dipole
forbidden but allowed in quadrupole approximation.

Can you give an intuitive explanation as to why a photon with spin +A
can excite a quadrupole transition, e.g., from an atomic s state to a d (or
s) state? Hint: Place the atom in the origin of the coordinate system and
vary the impact parameter of the photon.

Sketch the dispersion of a polariton resonance with spatial dispersion and
an oscillator strength which increases with k. (Assume for simplicity zero
damping). Does Apr then also depend on k7

Sketch the dispersion of the polariton for two close lying resonances A
and B, with and without spatial dispersion for an order of the energies at
k=0 hw < hwi' < hw < hwP. Ts it possible for a single orientation of
the polarization to have the sequence hwé < hwf < ﬁwf < hwf; ?

Find out something about the method of attenuated total reflection
(ATR) from Chap. 26. Compare this method with the ”optical tunnel
effect” of Fig. 3.3b.

Apart from the use of ATR methods, it is possible to excite surface po-
laritons optically if a periodic structure, i.e., a grating, is formed at the
interfaces. What is the principle behind this? Compare this with the state-
ments about momentum conservation in Sects. 3.1.3 and 9.2.
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Kramers—Kronig Relations

In this chapter we want to investigate some general relations between the real
and imaginary parts of 72 or €. For more details see e.g. [72A1, 78H1,95P1]
or [72W1,82L1,90K1,96Y1] of Chap. 1 and further references given therein.

6.1 General Concepts

We stated in Sect. 2.3 that the susceptibility x and the dielectric function
€ = x + 1 are response functions of the medium which describe the response
(in this case the polarization) to a stimulus (in this case the incident electric
field) for the special case of an incident monochromatic wave with frequency w.
We now leave w- and k-space for a moment and go to t and 7 space, i.e., to
time and real space.

The most general expression for a linear response function is

+oo +0o0o
1
. P(r,t) = / /X(r,r’,t,t')E(r',t') dt’ dr’. (6.1)
0

—00 —00

This means that the polarization P at point r and time ¢ depends on the
electric field at all other places and at all times.

Similar arguments can be given for the current density j (r,t) replacing
the susceptibility by the electric conductivity o (r,7’,t,¢'). We are now going
to simplify (6.1) in various steps.

First we assume that the sample is homogeneous in time, i.e., its prop-
erties do not depend on t explicitly. Then x depends only on the time dif-
ference t — ¢'. Since our medium consists of atoms, it is not homogenous in
space, but if we assume that all wavelengths present in E (v/,¢') are much
longer than the lattice constant, then an analogous approach holds for » —r'.
This is essentially the same assumption as made in the dipole approxima-
tion (3.2).
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Equation (6.1) then transforms into

+

00 400

1
/X (r—r'it—t)E(r',¢')dt' dr'. (6.2)

Eo

8\

The response function y is said to be non-local, i.e., the polarization at r
also depends on the electric field at other places r’. In other words, a polar-
isation created at one place r’ by the electric field at this place contributes
at a later time to the polarisation at another place 7. The finite propagation
time is known as retardation.

This is just the phenomenon of spatial dispersion, as becomes clear by
inspecting the models of Fig. 4.1 or of Sect. 5.2.

The integral (6.1),(6.2) is a convolution both in space and in time. It sim-
plifies to a product under Fourier transformation (see [98B1,98D1] of Chap. 2)
that is one dimensional in time and three dimensional in space. Executing this
Fourier transform we obtain

;PmmzxmmEm@. 6.3)
0

We now simplify the expression (6.3) in various steps.

First we neglect spatial dispersion, i.e., we go from the situation in Fig. 5.8
back to Fig. 4.1. In this case the response function is local, i.e., P(r) depends
only on E(r), reducing the dependence on r — v’ in (6.2) to a ¢ function
§ (r — ') and simplifying

X (k,w) = x (w) (6.4)
r (6.5)
1 o
. P(t) = / xt—t)E{")dt" . (6.5)

Now we use a very important physical argument, namely causality. This
argument is, in this context, valid both in classical physics and in quantum
mechanics and means that the response P cannot come before the stimulus
and thus

xXt—t)=0 for t >t (6.6)

or
t

P(t) = / Xt —E@)dt | (6.7)

We now execute the above mentioned Fourier transform with respect to
time, resulting in

+o0
= / P(t)e“'dt, (6.8a)
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+oo
= / E(t)e“dt , (6.8b)
+o0
wa:/xu—ﬂmMF”m. (6.8¢)

— 00

Here we see that a complex x(w) results from a real x(¢t — t'). Inserting
(6.7) into (6.8a) results in

xt—tE®#)dt'| dt. (6.9)

O =
)
E
I

—
m;_u

g
|
8 T~

Introducing o
1=e “evt (6.10)

in the inner integral and rearranging the terms gives
= /E(t’)eiwt’ [/ x(t—t’)eiw“—t’)dt] dt’ = y(w)E(w) . (6.11)
This is identical to (2.27),(2.28).
With the knowledge of (6.11) we can apply Cauchy’s theorem, which con-

nects the real and imaginary parts of the Fourier transforms of analytic func-
tions. This theorem leads us to

+oo
1 !
e1(w)—1= P/ Ez(w)dw/

m W —w
and
1 +oo /) _q
ea(w) = — / 51(“/} dw’, (6.12)
™ w —w

—00

where P in front of the integral means the principal value. Equation (6.12)
can be rewritten as

(oo}
2 w'e
£1(w) — 1 = Re{x(w wp/w@iw
0
and -
2w e1(w) —1
go(w) = Im{x(w)} = — i P/ :}2 —)w2 dw'. (6.13)
0

since e(w) = e*(—w).
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Similar relations hold for the phase ¢(w) and amplitude p(w) of the reflec-
tivity r(w) given for normal incidence by

_— ~ n(w) —1+ik(w) ) i)
1 )_n(w)—l-l—&-in(w) = plw)e?). (6.14)

Compare (6.14) with the expression for R, in (3.19).

—+o00
In{p(w)} = ip/ j/(ii)dwﬁ

+oo 00
1 In p(w’) —2w In p(w’)
lw) = —WP/ DO e =T P/le_WQ dw'. (6.15)
—0o0 0

Relations between n(w) and k(w), i.e., between the real and imaginary
parts of 7i(w) can be deduced from the relations

Im{x(w)} = e2(w) = 2n(w)k(w)
Re{x(w)} = e1(w) — 1 = n*(w) — k*(w) — 1. (6.16)

For systems, where x(w) is small compared to unity, the following approx-
imate relations hold

w2 — w2
0
2, [ ne)
w ny(w ,
Klw) = — - P/w’2 L2 dw’. (6.17)
0

Furthermore, the following relations hold [95P1].

n(w) _ 1—- pz(w)
1+ p2(w) — 2p(w) cos p(w)
oy 2opesndl)
1+ p2(w) — 2p(w) cos p(w)
f= i/wag(w)dw. (6.18)

0

The transverse and longitudinal eigenfrequencies can be deduced from the
maxima of e3(w) and of the so-called loss function Im {—E(i)) }7 respectively.
See also [80R1,88R1] of Chap. 5.

The relations (6.12),(6.13),(6.15),(6.17) are known as Kramers—Kronig re-
lations. They are of very general nature and rely only on causality and locality
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of the response. The two most important consequences are first, that if 1 (w)
or n(w) deviate in some frequency range from 1, then there must necessar-
ily be absorption structures somewhere, i.e. spectral regions must exist with
ea2(w) # 0 or k(w) # 0 and vice versa and, second, that if either the real or
imaginary part of ew), 2(w) or r(w) is known over the whole spectral range,
then the other part can be calculated. Due to the denominator it is in practice
sufficient to know the real or imaginary part over only a finite but not too
small region around w to be able to calculate the other part.

If spatial dispersion i.e. a non local response are included, the Kramer—
Kronig relations become more complicated. This topic is beyond the scope of
this book and for further details we refer the reader to [78H1] or [98B1,98D1]
of Chap. 2 and references therein.

We now leave the subject of ensembles of oscillators and proceed to con-
sider the elementary excitations characteristic of semiconductors. They will
later replace the model oscillators considered so far.

6.2 Problem

If you are interested in the analysis of complex functions, derive the Kramers-
Kronig relations from the properties of analytic complex functions f(z) with
z € C and give the restrictions imposed on f(z).

References to Chap. 6
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Crystals, Lattices, Lattice Vibrations
and Phonons

In this chapter we start to discuss topics that are specific to crystalline solids
and, starting with Chap. 8, to semiconductors. We shall inspect the elementary
excitations and quasi particles in semiconductors in Chaps. 7 to 10. These
will be needed to describe and understand the linear optical properties in
Chaps. 11 to 18. More details about these elementary excitations are found
in textbooks on solid state physics; see for examples the References given in
Chap. 1 like [81A1]a and h or [75Z1,81M1,89K1,93K1,95C1,95I1,97S1] and
many others.

7.1 Adiabatic Approximation

If we want to describe a semiconductor, all we have to do in principle, is
to solve the Schrédinger equation for the problem. It depends on the co-
ordinates of the ion cores, consisting of the nucleus and the tightly bound
electrons in the inner shells and the outer or valence electrons with coor-
dinates R; and r;, and masses M; and mg, respectively. The Hamiltonian
reads:

K2 M 1 h2 N 1
H=- Agr. — A,
2 jz::l M; 7 2my ; i+ dmeg
eszZj/ 62 €2Zj
. + + : (7.1)
;‘RJ—RJ/‘ ;‘7‘1—1‘2/| ZZJ:‘RJ_T’L‘

Z; is the effective charge of the ion core j and the indices j and i run over
all M ion cores and N electrons, respectively.

We want to stress here that out of the four fundamental interactions so
far known, namely strong, electromagnetic, weak, and gravitational interac-
tion, only the electromagnetic one is of importance for all chemical prop-
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erties including binding and thus also for the typical properties of semi-
conductors such as the transport and the optical properties discussed in
this book. Within the electromagnetic interaction we restrict ourselves here
to the electric ones (including exchange interaction) since electric interac-
tions are usually much stronger than magnetic ones, basically since elec-
tric interactions begin with monopole-monopole (i.e., Coulomb) interaction,
whereas magnetic interactions start only with dipole-dipole interactions, due
to the absence of magnetic monopoles [see (2.1a)]. Magnetic interactions,
however, do have a certain subtle importance e.g. in (dilluted) magnetic
semiconductors.
The wavefunction solving (7.1) depends on all coordinates R; and 7; in-
cluding spins.
H(Z)(Ti, Rj) = E¢(Ti, Rj) (72)

Since the indices j and 4 running from one to M and N, respectively,
both count of the order of 1022 particles per cm? of semiconductor, it is
obvious that there is at present no realistic chance of solving (7.1),(7.2) though
a proper solution would, in principle, contain all information about a given
semiconductor. If we do not want to get stuck at this point we must use some
approximations to simplify (7.1). The most important one is the so-called
adiabatic or Born—Oppenheimer approximation. It starts from the fact that
the mass of an ion core is three to five orders of magnitude heavier than a free
electron, i.e.,

Mj ~ 1836 - Ajmo (73)

where A; is the mass number of ion j. Since the electric forces that bind the
outer electrons to the atom, and which can be described by a force constant (3,
are comparable to the ones which bind neighboring atoms or ions, we can easily
see, even from classical arguments, that the highest resonance frequencies (2
with which ions can oscillate are much lower than the corresponding values w
for electrons 12 12
2~ (M) <w=(Bmy!) .
Consequently, the electrons can practically instantaneously follow the mo-
tion of the ion cores, but not vice versa. This is the essence of the adiabatic
approximation. On this basis we can separate ¢(r;, R;) into a product of
a wavefunction which depends only on the R; and describes the motion of
the ion cores, and another one which gives the wavefunction of the electron
system depending on the momentary values of the R;. In a next step we
will further assume that all ions are fixed at their equilibrium positions Rjg
resulting finally in

(7.4)

o(ri, Rj) = ¢(ri)o(Rjo) , (7.5)

and treating both the interaction between electrons and the deviation of the
ions from their equilibrium positions in perturbation theory.

Before we start to inspect both factors of (7.5), we shall briefly outline
how we describe a periodic lattice.
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7.2 Lattices and Crystal Structures
in Real and Reciprocal Space

In most cases we shall consider crystalline semiconductors. Disordered or
amorphous systems will be mentioned explicitly. Crystalline solids have a pe-
riodic spatial arrangement of atoms, i.e., they show long-range order. We
can define in such a case three non-coplanar elementary translation vectors
a;(i = 1,2,3) with the property that if we start at a special atom, e.g., a Ga
atom in a GaAs crystal, we reach an identical atom if we move by a vector R
given by

R =n;aq + noas + nsas (7.6)

with n; =0,+£1,+2,...

The vector R is called a translation vector of the lattice. If we shift the
lattice by R it comes to a position which is identical to the starting one.

The vectors a, define a parallelepiped which is called the unit cell (see also
Figs. 7.1,2). The whole volume of a crystal is completely filled with identical
unit cells. The unit cell and the vectors a; are called primitive if the unit cell
has the minimum possible volume. This definition is not unique as we explain
for a two-dimensional cubic lattice in Fig. 7.1, where we show a non-primitive
unit cell and two primitive ones. By convention, a special primitive unit cell
is agreed upon. In our case the one defined by a; and as.

The vectors R evidently form for an infinite crystal an Abelian group
which is called the translational group (Chap. 26). The positions of the atoms
in the unit cell are given by the so-called basis. In Fig. 7.1 the basis consists
of two atoms, one atom A at (0,0) and one atom B at (1/2a;,1/2az). The
translation vectors a; and the basis is all that we need to describe a crystal
structure.

The translation vectors a; define an abstract, translation invariant lattice,
the basis gives the information where the atoms are really located in the prim-
itive unit cell. The lattice and the basis define together the crystal structure.

Apart from the translational group there is another type of symmetry
operation which transforms the lattice into itself, but for which at least one
point is kept fixed. These symmetry operations also form a group which is
called the point group. The elements of this group are for example reflections
at mirror planes, rotations around axes with two-, three-, four- or six-fold
symmetry or the inversion through the origin.

Furthermore there may be screw axes or glide planes, which combine either
a rotation axis or a mirror plane with a translation by a rational fraction of
the a;. The abstract translation lattices can be grouped into 14 Bravais lattices
namely one triclinic, two monoclinic, four orthorhombic, two tetragonal, three
cubic, one trigonal (rhombohedral) and one hexagonal lattice.

If we include the positions of the atoms and the translational invariance
we find from all possible combinations of the symmetry operations which
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Fig. 7.1. Two primitive (r.h.s) and a non-primitive (l.h.s.) unit cells in a two-
dimensional cubic lattice with a basis consisting of two different atoms per primitive
unit cell

transform an infinite crystal into itself a total of 230 so-called space groups, out
of which 73 can be written as a product of the translation group and the point
group. For details see Chap. 26 and the references therein. The most important
point groups for semiconductors are Oy, (realized e.g. in the crystal structures
of diamond, Si, Ge, CuzO or NaCl), Ty (realized e.g. in the zincblende type
crystal structure of ZnS, ZnSe, GaAs, InP, CuCl or AgBr) and Cg, (realized
e.g. in the wurtzite type crystal structure of ZnS, ZnO, CdS or GaN). We give
in Fig. 7.2 the crystal structures of diamond, zinblende and wurtzite. The
diamond crystal structure consist of C atoms occupying the lattice points of
two face-centered cubic lattices shifted by 1/4 of the space diagonal of the
cubic unit cell. For zincblende one has the same principle, however one of
the two sublattices is occupied by atoms A, the other by B. The wurtzite
crystal structure is hexagonal with a polar crystallographic c-xis. In all three
cases, one atom is surrounded tetrahedrally by its four nearest neighbours.
The difference between zincblende and wurtzit structures is in the positions
of the next nearest neighbours only. Therefore several of the above mentioned
compound semiconductors can crystallize in both structures like ZnS (which
is notorious for these two polytypes), CdS or GaN. It is recommended that
the reader visualizes these differences using some crystal models.

The chemical binding of the semiconductors is covalent for the elements (C,
Si, Ge) with sp? hybridization, and acquires an increasing and finally dominant
ionic admixture when going to the III-V, II’~VI and I~ VII compounds.

Now we want to introduce the so-called reciprocal lattice. It is defined by
its elementary translation vectors b; in the same way as the lattice in real
space. The b; are given by:

bi=_ axxas (7.7)
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———p non primitive vectors a;’
s _wx —+
— primitive vectors a

(a) (b)

diamond equal atoms wurtzite
zinc blende  different atoms

Fig. 7.2. The unit cells for the diamond and zinc-blende-type crystal structures (a)
and of the wurtzite crystal structures (b) (see [82L1] of Chap. 1)
and cyclic permutations of the indices Vi is the volume of the unit cell given by
Vae = a1(az x as). (7.8)
A general translation vector of the reciprocal lattice is usually called G
G =11b; +lbs +1l3bs 1; =0,£1,£2,... ¢=1,2,3. (7.9)

Without trying to be complete, we give some properties of the reciprocal
lattice and its connections with the real one.

Every periodic function in real space which is sufficiently smooth and has
a periodicity given by f(r+ R) = f(r) and R defined by (7.6) can be written
as a Fourier series summing over all vectors of the reciprocal lattice

fr)=>" faer (7.10)
G

with
fe=V! /f(r)e*icr dr .
The scalar product of R and G always fulfills
R-G=2mm; m=0,+1,%£2,... (7.11)

As a consequence, we can choose to describe effects occurring in periodic
lattices in real space or in reciprocal space. The latter is the appropriate space
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for wave vectors k or (quasi-)momenta hk. The “translation” from one space
into the other is given by the three-dimensional Fourier series of (7.10).

In a crystal lattice we no longer have invariance with respect to infinites-
imal translations in space (Sect. 3.1.3) but only invariance with respect to
translations by integer multiples of a;. The conservation law for the mo-
mentum hk which follows from an invariance with respect to infinitesimal
translations according to Noether’s theorem (3.14b) is modified for a pe-
riodic lattice so that hk is conserved only to within integer mupltiples of
the b;, i.e., we can add to a given k-vector a vector from the reciprocal
lattice G:

ksSk+G. (7.12)

This is a very important statement which forms, together with energy
conservation, the basis, for example, of Ewald’s construction for the diffraction
of X-rays or neutrons from a periodic lattice.

From (7.12) it is clear that we do not have to consider the whole k-space,
but can restrict ourselves to a “unit-cell” defined by the vectors b;. Every k-
vector that is outside the unit cell can be shifted inside the unit cell by adding
an appropriate G. Usually one does not work in reciprocal space with unit
cells defined as in Fig. 7.1 or 7.2, but uses another construction explained in
Fig. 7.3 for the two-dimensional case. One constructs the planes perpendicu-
larly bisecting the lines connecting one point of the reciprocal lattice, which
is chosen as the origin, with all others. The figure thereby enclosed around
the origin is called the first Brillouin zone; the equivalent pieces which are
next together form the second Brillouin zone, and so on. All Brillouin zones
have equal area or volume in two or three dimensions, respectively. All higher
Brillouin zones can be shifted into the first one by adding appropriate G vec-
tors. The Brillouin zones also form a type of elementary cells, but constructed

% ond g7
[ 3Bz

Fig. 7.3. The first Brillouin zones of a two-dimensional, hexagonal lattice
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according to Fig. 7.3 and not according to Fig. 7.1. The first cell constructed
in real space according to Fig. 7.3 is known as a Wigner—Seitz cell. The names
of points and lines of high symmetry in the first Brillouin zone are indicated
in Fig. 7.4.

For a simple cubic lattice with

a1 = (a,0,0), a2 =1(0,a,0), a3=(0,0,a), (7.13)

the b; are also orthogonal with
2 2 2
blz[ 71-,0,0:|,b2:|:0, W,o},bgz{o,o, ”] , (7.14)
a a a

and the first Brillouin zone is a cube which extends in all three directions from
_,/Tgkig'i_ﬂ-v i:x,y7z' (715)
a a

In Fig. 7.4 we give the first Brillouin zones for this simple cubic lattice and
for the point groups Ty, On and Cg, using the primitive unit cell including
the notation for some special points and directions. The center of the first
Brillouin zone k = (0,0,0) is always called the I'-point, other points of high
symmetry are labelled by capital Latin letters and directions of high symmetry
by capital Greek letters. As an example: in Ty symmetry, when leaving the
I'-point in the X-direction one arrives in at the point K at the border of the
first Brillouin zone.

The quantity ik of an excitation in a periodic lattice is usually called
quasi-momentum if one wants to stress the difference compared to the mo-
mentum p = hik of a free particle in vacuum, e.g., a photon or an electron,
where, in contrast to (7.12) no reciprocal lattice vector may be added. Actu-
ally it is possible to make a transition from one case to the other: if the lattice

ol

(a) (b) (c)

Fig. 7.4. The first Brillouin zones for a simple cubic lattice (a), of the diamond and
zinc-blende-type structures (point groups On, and Ty, respectively) (b) and of the
hexagonal wurtzite-type structure (Cey) (c). The names of points and of directions
of high symmetry are indicated. According e.g. to Reference [82L1] of Chap. 1
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constant a goes to zero, the system regains translational invariance with re-
spect to infinitessimally small shifts in real space. On the other hand, the b;
go to infinity in this limit (7.7) and the first Brillouin zone fills the whole
k-space, so that reciprocal lattice vectors become physically meaningless. For
a more detailed discussion of the term “quasi”’-momentum see e.g. Sect. 7.6
or [98B1] of Chap. 2.

7.3 Vibrations of a String

In Sects. 7.3 to 7.6 we treat the lattice vibrations and the resulting quanta, the
phonons, in the way adopted in many textbooks, i.e., we start with a homo-
geneous string, proceed to monatomic and diatomic chains and finally arrive
at the three-dimensional solid.

Let us first consider a quasi one-dimensional string, as shown schematically
in Fig. 7.5. Two types of waves can propagate along it, transverse and longi-
tudinal ones. The direction of the elongation is perpendicular to the direction
of propagation, i.e., in the x—y plane, or parallel to it, i.e., in the z-direction,
respectively. We start with the latter case. The mass density of the string is p
its cross-section A, and the elongation of an infinitesimally small piece dz of
the string at z from its equilibrium position is u(z). Then, Newton’s equation
of motion reads

0%u 0%u
dm o2 = pA - dz- o2 = F. (7.16)
The force F' is connected to the elasticity modulus E via
0%u
F=A-F . 7.17
9s2 (7.17)

The appearance of the second derivative in (7.17) is for some students
surprising, bearing in mind Hooke’s law. However, we must consider that the
stress o is indeed given by

o(z) = E (7.18)

0z
If the stress is the same on both sides of the infinitesimal element of

length dz, the resulting forces at z and z + dz compensate each other to

zero. The restoring force F' is therefore given by do/dz leading to (7.17).

: 0 03—

Fig. 7.5. A piece of a string as a model to explain the derivation of (7.19)
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Putting (7.16) and (7.17) together leads to the standard harmonic wave
equation

0%u 0%u
P =Eg- (7.19)
With the ansatz
u = ug exp [i(kz — wt)] (7.20)

for a plane wave we find the dispersion relation for longitudinal waves
wr, = (E/p)Y%k . (7.21)

This is a linear relation as shown in Fig. 7.6. Consequently phase and
group velocity are constant and equal, namely, with (2.13):

vh, = vE = (E/p)*/?. (7.22)
For the two degenerate, transverse waves we find in a similar way
wr = (G/p)%k (7.23)

or
v =g = (G/p)"/?. (7.24)
where G is the shear or torsion modulus.

Since it is known from the theory of elasticity that

G<FE, (7.25)
we find
ol <ol (7.26)
a result comparable to (4.28).
A ©
L
T
k

Fig. 7.6. The dispersion relation of waves on a homogeneous string



138 7 Crystals, Lattices, Lattice Vibrations and Phonons

7.4 Linear Chains

We now should consider the regime of validity of the above calculation. We
assumed a homogeneous string, neglecting the fact that a solid is made up from
atoms. Therefore the above approximation can only be valid for wavelengths
much longer than the lattice constant or for wave vectors close to the center
of the first Brillouin zone, i.e.,

A>a or k‘<<Z. (7.27)

For shorter wavelengths we have to consider the atomic structure of solids.
The interaction potential between neighboring atoms as a function of the lat-
tice constant a looks approximately like Fig. 7.7 for all types of binding,
e.g., covalent, ionic or metallic. For sufficiently large lattice constants there
is no interaction between the atoms, i.e., V' = 0; then comes an attractive
regime (without which there would be no solids); and this is finally followed
by a steep repulsive increase due to Pauli’s exclusion principle when the filled
inner shells of neighboring atoms start to overlap. Different analytic approx-
imations to V(a) are known for example the Born-Mayer or Lennard-Jones
potentials. These details have at present no relevance for us. We note that
a crystal left to itself will come to a state close to the energetic minimum,
i.e., to the equilibrium position ag. In the vicinity of ag, V(a) can be approx-
imated by a parabola, that is by a harmonic potential, shown by the dashed
line. It is at least qualitatively clear that this harmonic approximation is valid
only very close to ag. For larger deviations from aq significant anharmonicities
(i.e., deviations from the harmonic potential) have to be expected. The an-
harmonicities are characteristic for lattice vibrations and manifest themselves,
among other things, in the thermal expansion of solids and in phonon—phonon
interaction.

For the moment, however, the harmonic approximation is good enough
and we consider a linear model solid in which every atom with mass M is
connected to its neighbors by a “spring” with a force constant D, representing
the harmonic potential, leading to the linear-chain model of Fig. 7.8a in which

Vi

potential

............ parabolic
approximation

Fig. 7.7. Sketch of the potential V' between neighboring atoms in a solid as a func-
tion of the lattice constant a
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(a) 5 A
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D n-1 n n+l

(b) 5 . e s
B —OAMA A -OAMA A0

D 2n-1 2n 2n+1

Fig. 7.8. The linear chain model for the cases of one atom per unit cell (a) and two
atoms per unit cell (b)

we indicate also the lattice constant a. Evidently we have a basis consisting
of one atom per primitive unit cell. At this point it is important to stress the
difference between the models of Figs. 4.1 and 5.8 on one side and of Fig. 7.8
on the other side. In the first case we had independent oscillators, and a weak
coupling between them was introduced only to simulate spatial dispersion.
Here, in Sect. 7.4, the coupling springs from the only forces acting on the
atoms. We introduce now the displacement of atom u,, from the equilibrium
position and obtain the equation of motion, again for the longitudinal mode

0%u,,
ot?
Instead of the second differential quotient in the homogeneous approximation

we are now left with a second order difference equation.
As a solution of (7.28) we again try a plane wave which reads, in this
discrete case,

M = D [(unst1 — upn) — (Up — Up—1)] = D(unt1 — 2un + tp—1) . (7.28)

Up, = Un,0exp [i(kna — wt)] (7.29a)
Unt1 = Unx10exp{i[k(n £ 1)a — wt]} . (7.29b)
For a plane wave we conclude that the amplitudes of the various atoms
are equal, i.e.,
Un,0 = Un+1,0 = Un—1,0 - (7.29C)
Inserting (7.29a,b,c) into (7.28) gives
—~Mw? =D (e_ik“ -2+ eik“) = —2D (1 —coska) (7.30)

4D\ /2
o= (o)
The dispersion relation according to (7.31) is shown in Fig. 7.9 together
with the phase and group velocities in the first Brillouin zone.

or

S11

(7.31)
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o (k)
——— va=0/k Vo, v, v
....... VISdLIJJ'dk Vens Vg

k
Fig. 7.9. The dispersion relation and the phase and group velocities of the longi-
tudinal vibrations of the monatomic chain of Fig. 7.8a

As can be expected from the discussion in Sect. 7.2, the dispersion relation
outside the first Brillouin zone repeats just what is inside, or, in other words,
the branches inside and outside can be shifted into each other by adding or
subtracting reciprocal lattice vectors [ - 27 /a, where [ is a positive or negative
integer.

The fact that there is nothing new outside the first Brillouin zone can be
easily elucidated for the case of lattice vibrations in connection with Fig. 7.10.

If adjacent atoms are displaced in antiphase, we end up with the shortest
physically meaningful wavelength (solid line) Ay by

27 U
= 9q — = =
Amin = 2a — Kkmax N a (7.32)

Of course we can define a shorter wavelength as indicated by the dashed
line resulting here in k& = 37 /a. But this definition is physically meaningless
since we have no atoms at the positions between z = na and z = (n + 1)a.
On the other hand, k = 37/a corresponds to 7/a by just adding G = —27/a.

Fig. 7.10. A vibration of the linear chain of Fig. 7.8a with a wave vector inside and
outside the first Brillouin zone
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We now inspect vpn and vs in the first Brillouin zone. Except at k = 0 the
two quantities are no longer equal and change with k. Consequently a wave
packet will become broader during propagation, i.e., it will show “dispersion”
in the sense discussed in Chap. 5. The fact that the dispersion relation is
horizontal at the border of the first Brillouin zone in the direction normal to
this border is generally the case.

Since most semiconductors have more than one atom per primitive unit
cell, we address this situation with Fig. 7.8b where we evidently have a basis
consisting of two atoms with masses M and m. The lattice constant is now a’.

Using the nomenclature of Fig. 7.8b we obtain the following equations of
motion in analogy to (7.28):

Maf;g" = D (tgn i1 — 2o + tizn_1) , (7.33a)
82gig“zp(ug,w—mmﬂ-m%). (7.33b)

Using again the ansatz
Ugn = U2n,0 €XP [1(2nak — wt)] | (7.34a)
Ugnt+1 = Uan+1,0 exp{1[(2n + 1)ak — wit]} , (7.34b)

and noting again that the amplitudes of equal masses are equal
U2n,0 = U2n+2,0 = Am , (7.35a)

U2p 41,0 = U2n—1,0 = Am , (7.35b)

we get the following set of linear equations

2 _ . —
(2D —w*M)Ap — 2D cos(ka)A,, =0, } (7.36)

—2Dcos(ka)Ap + (2D — w?m)A,, = 0.

These have a non-trivial solution (i.e., one other than Ay = A, = 0)
only if the determinant of the coefficients vanishes. The dispersion relation
resulting from the corresponding secular equation reads:

9 1/2
1 1 1 1 4 ka'
’=D +D - sin? .
w <m—|— ) (m+M> M S o (7.37)

M
The dispersion relation has now two branches, as shown in Fig. 7.11, where
we give also the values at some special points. The lower branch is usually
called the acoustic branch since sound waves propagate according to its modes.
The upper branch is called the optical one, for reasons given below.
We can enter the solution (7.37) into (7.36) and calculate the ratio
Aprr/An,. The procedure is straightforward but lengthy and so we present
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Fig. 7.11. The dispersion relation
for the diatomic chain

-T/a 0 n/a k

the result only graphically in Fig. 7.12 in agreement with our statement in
Sect. 1.1, and discuss it in connection with Fig. 7.13. For the acoustic branch,
the two different atoms are displaced in the same direction, Fig. 7.13a. For
very long wavelengths (i.e., ¥ ~ 0) the amplitudes are equal. Actually the
case k = 0 corresponds to a simple displacement of the whole crystal. For
increasing k£ the amplitude of the heavy mass M gets larger than that of m
for M > m, and, at the boundary of the first Brillouin zone, only the heavy
masses oscillate (Fig. 7.13b), resulting in an eigenfrequency (2D/M)Y/? as
indicated in Fig. 7.11.

For the optical branch, the two atoms are displaced in anti-phase (Fig. 7.13c).
At the boundary of the first Brillouin zone only the light masses oscillate
(Fig. 7.13d).

If the two different atoms carry an electric charge, i.e., if the binding is
at least partly ionic, then the oscillation according to Fig. 7.13c is connected
with an oscillating electric dipole. This allows it to couple to the electro-
magnetic light field at least for the transverse eigenmodes and this is why
these oscillations are called “optical” modes. We come back to this aspect in
Chap. 11.

] _A_M_ aconstic

Am

Fig. 7.12. The ratio of the am-
plitudes Am/Am of the two differ-
ent masses for the two dispersion
branches of Fig. 7.11 as a function of k

g
<
Og‘

S
2
I |



7.4 Linear Chains 143

(a) (b)

acoustic branch

(d)

optic branch

Fig. 7.13. Sketch of the displacements of the atoms on the acoustic (a, b) and the
optical branches for two different wave vectors (c, d)

Here we have discussed in detail only the longitudinal modes, but it is
obvious that both for the monatomic and the diatomic chain, for every wave
vector and every branch, two (degenerate) transverse oscillations also exist.

The dispersion relation of Fig. 7.11 can also be deduced in another way
starting from the one of Fig. 7.9, i.e., from the monatomic chain which we re-
peat in Fig. 7.14a. Now we imagine that we paint the atoms of the monatomic
chain in two different alternating colors, but without changing their physical
properties. As a consequence we have increased the length of the primitive
unit cell by a factor of two and the new lattice constant a’ is given by

a =2a (7.38)

and this in turn reduces the length of the first Brillouin zone by one-half as
shown in Fig. 7.14a,b. Consequently, we can shift the outer parts of the dis-
persion relation by vectors of the new reciprocal lattice into the first Brillouin
zone. This situation is shown in Fig. 7.14b. Since the atoms are still identical,
the two branches cross at the border of the first Brillouin zone. If we now
also introduce differences in the physical properties of the atoms, for example
giving them different masses, then we end up with the situation of Fig. 7.14c
which is identical to Fig. 7.11. We shall use this set of arguments again in
connection with superlattices later on in Sect. 8.10. First we want to extend
this discussion of the lattice vibrations of three-dimensional systems.
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Fig. 7.14. The transition from the monatomic (a) to the diatomic (c) chain. (See
text for explanation)

7.5 Three-Dimensional Crystals

If we consider a three-dimensional crystal, not too much changes with respect
to the chain model of Sect. 7.4, at least for the dispersion relations. The atoms
are connected with nearest (and possibly next-nearest) neighbors in the three-
dimensional crystal stucture. The set of equations analogous to (7.28) or (7.33)
will become correspondingly more complex, but the result will be qualitatively
the same. There are still the acoustic branches and, in addition, optical ones
if we have more than one atom in the primitive unit cell. There are always
three acoustic branches, namely one longitudinal and two transverse ones for
every k-vector and 3s — 3 optic ones:

(7.39)

number of acoustic branches: 3
number of optical branches: 3s —3

where s is the number of atoms per primitive unit cell.

; LO
TO,

TO,

TA
TA;

Fig. 7.15. Sketch of the dispersion re-

lation of lattice vibrations for a three-

dimensional anisotropic crystal with
+ k  partly ionic binding and two atoms per
n/a primitive unit cell
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If the crystal is anisotropic the dispersion relations will be different for
different directions in the Brillouin zone and the degeneracy between the two
transverse modes for every k may be lifted. We show such a situation schemat-
ically in Fig. 7.15.

7.6 Quantization of Lattice Vibrations:
Phonons and the Concept of Quasiparticles

If we look again at (7.28) or (7.33) for the w,(t) we see that these equations
are rather similar to the equation of motion for an harmonic oscillator

9%y,

o = ~Don- (7.40)

The only difference are the terms with indices n £ 1, i.e., the off-diagonal
terms in the language of matrix representation. It is now possible to find
appropriate linear combinations of the u,, so-called normal coordinates v,,

v, = Z Ap Uy (7.41)
nl

such that the v, obey equations like (7.40) or (2.52) or, in other words, to
diagonalize the problem. In doing so one usually closes the linear chain (or
the three-dimensional equivalent) to a huge ring in order to close the set of
differential equations.

On the other hand a quantum mechanical treatment of the harmonic os-
cillator leads to discrete energy levels given by

1
En:hwn<n+2>, n=0,1,2,3.... (7.42)

It is now important to note that the dispersion relation shown for example
in Fig. 7.15 is not influenced by a linear transformation of the coordinates.

As a consequence we may say that the lattice vibrations (more precisely
the vibrations of the crystal structure) consist of quanta according to (7.42)
for each wave vector k and branch i. The total energy of the lattice vibrations
can be written as

1
E = Z h/vuk,i <nk7i + 2) (743)

ki

in analogy to (2.55b) or (5.3), where the index 4 labels the various branches.
In the framework of second quantization it is possible to define creation
and annihilation operators b;;i and by, ; respectively, and the Hamiltonian can
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then again be written in terms of the number operator, in a similar way to
that used already for photons

1
H=> hw, (b;’ib;i + 2) : (7.44)

ki

Obviously there is a close analogy between the quanta or particles of the
electromagnetic radiation in vacuum, the photons, and the quanta of the lat-
tice vibrations. The quanta of the lattice vibrations are called phonons and
are considered as quasi-particles. The attribute “quasi” has two reasons. In
contrast to “real” particles like photons, electrons or protons, phonons can ex-
ist only in matter and not in vacuum. They are characterized by their energy
and momentum hk but, in contrast to vacuum, hk is a “quasi-momentum”
which is defined only modulo integer multiplies of the elementary translation
vectors b; of the reciprocal lattice for a crystalline solid (Sect. 7.2). The con-
cept of quasi-particles, which as been introduced by Landau about 50 years
ago, is a very important one for the understanding of solids. In the next chap-
ters we shall become familiar with several other quasi-particles in solids. The
phonons are just the first example.

The existence and the dispersion relation of phonons can be investigated
by inelastic neutron scattering. An incident neutron from a mono-energetic
beam with
B h2k?

E;
2mn

(7.45)

is scattered under creation or annihilation of a phonon, resulting in a neutron
in the final state with Ef, k¢, which are given via the conservation laws of
energy and quasi-momentum

h2k?
Ly = f = B+ thhonon
2mn
and
kf = ki =+ kPhonon +G (746)

By measuring the properties of the incident and scattered neutrons it is
possible to prove the existence of phonons and to determine their dispersion
relation. Note that the scattering probability for the neutrons may depend
on G.

Figure 7.16 shows the dispersion relation of the phonons in two different
semiconductors, Si and CdS, for various directions in k-space (see Fig. 7.4).
All well-known semiconductors, including the elemental ones like Si and Ge,
have more than one atom per unit cell and therefore support both acoustic
and optical branches. Si has only covalent binding in contrast to CdS which
has a mixed ionic-covalent binding. Therefore the Si atoms do not carry an
electric charge and, as a result, even the optical phonons do not couple directly
to the radiation field, resulting at k& = 0 in an oscillator strength f = 0 and
consequently in Apr = 0 as a result of (4.26).
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Fig. 7.16. Dispersion relation of phonons in Si and CdS for various directions in
k-space (a) and (c¢) show essentially directions in k space, which originate, from the
I’ point and (b) on the surface of the first Brillouin zone After [82L1] of Chap. 1

In connection with Fig. 7.7 we have introduced a harmonic interaction po-
tential between atoms. Actually there are strong anharmonicities, as already
mentioned, which are, among others, due to the fact that the electron dis-
tribution changes almost instantaneously with the changing positions R; of
the atoms, c.f. the adiabatic approximation of Sect. 7.1. This fact results in
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a variation of the “spring-constant” D with the lattice constant a, i.e., in an
anharmonicity.

The resulting anharmonicity manifests itself, for example, in scattering
processes between phonons. We show some of them schematically in Fig. 7.17.
However, one should bear in mind that all combination possibilities are ex-
hausted only when the three-dimensional k-space is considered.

In (a) a TO phonon decays under energy and momentum conservation into
two acoustic phonouns in (b) two transverse acoustic phonons combine to form
a longitudinal acoustic phonon. Energy and momentum conservation read e.g.
for (a) and (b):

(a) hw; = hwe + hwf27 ki = kf + kg (7.47&)

(b) hwin + hwio = hws, ki = kio + ke . (7.47b)

These are so-called n or normal processes. In the decay process (c) we end
up in the second Brillouin zone with one phonon and fold the phonon back
with a vector of the reciprocal lattice G.

hw; = hwey + hwe; ki=kpn +kp+G. (7.470)

The situation of (c) is known as a u or Umklapp process.

7.7 The Density of States and Phonon Statistics

Now we want to calculate the density of states of phonons as a first application
of what we have learned in Sect. 2.6 for a three-dimensional crystal.

Tw
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Fig. 7.17. Sketch of three possible decay or fusion processes of phonons
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Fig. 7.18. Schematic drawing of the density of states of a three-dimensional,
isotropic semiconductor with two atoms per unit cell and degenerate optical and
acoustic branches

We assume for simplicity that we have two atoms per unit cell and that
the resulting three acoustic and optical branches are degenerate i.e. transverse
and longitudinal branches coincide. Furthermore we assume an isotropic semi-
conductor. This results in Fig. 7.18 where we plot on one side of the z-axis k
and on the other the density of states D(w). As stated in Sect. 2.6 we need
the dispersion relation to calculate D(w). In the linear part of the acoustic
branch we have

w= vk , (7.48)

where vg is the constant velocity of sound. This linear relation results imme-
diately in
D(w) = const - w? (7.49)

i.e., a parabolic density of states similar to that for photons in vacuum. The
difference is only in the proportionality factor of (7.48),(7.49).

When deviations from the linear dispersion relation start, the calculations
get more lengthy and we will not go into details. The denominator on the
right of (2.77) tells us, however, that the density of states has in principle
a singularity and in practice a steep maximum when we have a horizontal
slope of the w(k) relation, as indicated in Fig. 7.18.

Note that the situation is in reality more complex than in in Fig. 7.18 due
to the facts, that the dispersion relation may depend in the direction of k, the
transverse and longitudinal branches are not degenerate, and that the first
Brillouin zone is not a sphere but a polyhedron, with the consequence, that
the range of k vectors depends on the direction in the Brillouin zone. For
realistic densities of states see e.g. [82L1] of Chap. 1.
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If we want to know the number of phonons we must integrate over the
density of states weighted with the probability that the state is populated.
The commutation relations for phonons obey

[bk,i, b;crz} = Ok Oy ir (7.50)

where ¢ is the label of the branch. This means that phonons are bosons. So
we have in thermal equilibrium to use Bose-Einstein statistics (2.80b)

foe(hw, T) = {exp [(hw — 1) /ksT] — 1} (7.51)

Since the number of phonons is not conserved, due e.g., to phonon—phonon
interaction (see above), the chemical potential u is zero in thermal equilibrium
(Sect. 2.6). For the total number of phonons, N(T'), we obtain

N(T) = / D(hw) [exp(hw/kpT) — 1] dw (7.52a)
0
and for the energy of the phonon system
U(T) = [ hoD() fexp(io/kuT) ~ 17" d (7.52b)
0

Starting from (7.52b) it is easy to calculate the specific heat of the phonon
system

(7.53)

Cp ™ Cy = aT

if appropriate approximations are made for D(w). Einstein assumed that

all phonons have the same frequency wg i.e., he approximated D(hw) by a 6-
function

D(hw) = 6(w —wg)3Ns (7.54a)

and Debye continued the linear part of the dispersion relation up to a fre-
quency which is also chosen to accommodate all 3Ns degrees of freedom of
the atoms, where N is the number of unit cells and s the number of atoms
per unit cell

wp
3Ns = / D(hw)dw with D(w) oc w?. (7.54b)
0
For high temperatures (i.e., kgT > hwp or fiwg) both approximations give
the classical limit, namely the law of Dulong and Petit

¢y = 3N skp (7.55)
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and a continuous approach to zero for T'— 0. In the case of Debye’s approx-
imation one finds the well-known T3 law:

ey ~ (T/0)® with kpf =hwp and T <6. (7.56)

Since the discussion of specific heat ¢, is outside the scope of this book,
we do not take it any further, having introduced it simply to illustrate the
applicability of the concept of the density of states, and mention only that
the approach in (7.52b),(7.54b) is, apart from some constants and wp — oo
identical to the one used to describe Planck’s law of blackbody radiation as
seen by comparing with (2.84).

Finally, we want to point out the following. Since phonons are bosons,
processes which involve phonons can be stimulated in the same way as was
discussed in connection with photons in Sect. 3.2.1, i.e., we get in transitions
involving the emission of a phonon in a certain mode, apart from other terms,
a factor like

Wig~ (NE, +1) (7.57)

To get a feeling we assume a lattice temperture of 77K (i.e., liquid Ns)
and an acoustic phonon with an energy around 0.2 meV (such phonons will be
used in Brillouin scattering in Sect. 13.3) and find for these conditions with
(7.51)

NE ~30>1. (7.58)

This means that the occupation number is much larger than one and processes
which involve the emission of phonons with energies smaller than the thermal
energy are stimulated by the phonons. Depending on the process under con-
sideration, it is however necessary to consider the reverse process, too, which
depends on N, .

7.8 Phonons in Alloys

An alloy is a random binary, ternary or higher mixture of atoms. In con-
trast to amorphous materials, the atoms in an alloy are still sitting on well
defined, periodically arranged lattice sites. Two very widely investigated semi-
conductor alloys are Al;_,Gay,As or CdS;_,Se,. The first one cristallizes in
the cubic zinc-blende structure the second usually in the hexagonal wurtzite
type. However the two different kations Al and Ga or the two anions S and Se
are randomly distributed over the respective sublattice with an average con-
centration y or z. See for the concept of the virtual crystal approach Sect. 8.15.

What are the consequences of alloying for the phonons.

For long-wavelenth acoustic phonons the situation is generally rather sim-
ple. The dispersion relation starts linear as in Figs. 7.9, 7.11 or 7.14 with
a slope or velocity of sound which is a weighted average of the two parent
components. Long wavelength means large compared to the interatomic dis-
tance. When approaching the boarder of the first Brillouin zone, things become
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less clear. Since only one sublattice is elongated (see Fig. 7.13b) the phonon
frequency may be broadened depending on which type of atom oscillates due
to their different masses and “spring constants” to their neighbours. In this
sense even a chemically pure crystal, containing however different isotopes of
the same element, has to be considered as an alloy. For details of this topic
see e.g. [94C1,94R1].

For the optical phonons, two different situations may arise. If the bands of
e.g. the LO-phonons overlap energetically in the two parent materials as is the
case e.g. in Zny_,CdyS one finds the so called amalgamation type behaviour,
i.e. the LO eigenfrequency shifts continuously with the composition y from
the one of AB to the one of AC in an alloy AB;_,C, as shown in Fig. 7.19a.

If the bands do not overlap energetically an AB oscillation mode does
not find a resonant partner of AC modes for any k vector and vice versa
and the alloys exhibit generally the so-called persistent mode behaviour. This
means, that the eigenfrequencies of the pure AB and AC modes vary only
marginally under alloying as a function of x, but their relative weights or
oscillator strengths change as shown schematically in Fig. 7.19b.

Examples of the optical properties will be given in Chap. 11.

7.9 Defects and Localized Phonon Modes

In our discussion of phonons (and of our model substance in Chaps. 4
and 5), we assumed until now a perfect arrangement of atoms. In fact,
every real semiconductor contains a lot of crystal or lattice defects. There
are point defects, one-dimensional defects like dislocations, two-dimensional

AB,. B, C AB,C,
a 1y =y b
LO
LO
B >
] % TO
2 c LO
o / 2
s T0 s
(=X o
TO
L | 1 |
0.0 0.5 1.0 0.0 0.5 1.0
Y X

composition

Fig. 7.19. Composition dependence of the LO phonon energies in alloys for the cases
of amalgamation type (a) and persistent mode type (b) behaviour of the phonons
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defects like stacking faults and (small angle) grain boundaries, or three-
dimensional ones like precipitates or voids. In the present context the most
important are the point defects. For an introduction to this topic see e.g.
textbooks on solid state physics like [75Z1, 81H1, 81M1, 93K1, 95C1, 9511,
95W1] of Chap. 1. Point defects include vacancies, interstitital and sub-
stitutional atoms. We give some examples for a compound semiconductor
AB in Fig. 7.20. We come back to this topic when we discuss electron
states in semiconductors. What we need here is the fact that a point de-
fect may have a different mass m’ and/or chemical binding, i.e., spring con-
stant D’ as compared to the atom which would be at this place in a perfect
lattice.

A consequence of such a point defect is that a localized phonon mode
may appear. This is a mode which cannot propagate through the sample
with a plane-wave factor as in ((7.29a,b) or (7.34)). Instead the amplitude
has a maximum at the place of the defect and decays exponentially with
increasing distance from it. Obvisouly such a mode is localized at or in the
vicinity of the point defect.

If the eigenfrequency wio. of such a localized phonon mode falls into the
bands of the intrinsic acoustic or optic modes and couples to them, it will not
produce a big effect. Once such a localized mode is excited, it decays rapidly
into bulk modes. The situation is different if wj,. falls either in a spectral
region where the pure material has no eigenfrequences at all, or couples only
weakly to the bulk modes. Then the localized mode can produce, for example,
an additional absorption band or Raman satellite. We come to this point later.
The situation

LO
wlOC > wbulk (7.59)
interstitial atom color center
o o o o o o O atom or
positive ion A
O O O O O O
© atom or
o) e
° ° ° ° ° negative ion B
O O® O O e ® =
atom or
o o o o o o ion C
O O O O O O )
e electron
0 o o o @ o
o O ® 0 o\
o [¢] o o o] o antisite defect

o /o O o\ O O

vacancy substitutional atom

Fig. 7.20. The lattice of a semiconductor AB containing various types of point
defects
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can be realized for example by incorporating a substitutional atom, which has
approximately the same “spring constant” D but a much lighter mass m’ than
the atom which it replaces, according to (7.37) or Fig. 7.11.

Since the translation invariance of the lattice is destroyed at the point
defect, the eigenfrequency wjo. cannot be connected with a well-defined wave
vector. There is, however, a possibility to incorporate a localized mode in
a dispersion relation based on the following consideration. A localized mode
can be constructed in a Fourier-transform-like method by a superposition of
bulk modes with appropriate coefficients:

Uloc(T) = Zak,iuk,i(r) ) (7.60)
ki

where the index ¢ runs over the various branches. Modes which are localized
to one unit cell will need contributions from the whole Brillouin zone, while
those which are more extended in real space involve contributions from smaller
wave vectors only.

We can now indicate a localized mode in the dispersion relation by a hori-
zontal line covering the region of k values that make substantial contributions
to the expansion of (7.62). We show such a situation in Fig. 7.21 where the
thickness of the horizontal line is related to the amount of the coefficients |ag|
in (7.62).

It should be noted that every defect is a scattering center for phonons and
contributes, together with the anharmonicity mentioned above, to the finite
phase relaxation time of phonons.

To conclude this discussion we would like to stress that even different
isotopes act as scattering centers due to their different masses. If, for exam-
ple, the intrinsic ballistic propagation of phonons is to be investigated, it is

energy
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desirable to use materials which consist of one isotope only. For more infor-
mation of this topic see Ref. [81A1]g of Chap. 1 or [94C1] and references given
therein.

7.10 Phonons in Superlattices
and in other Structures of Reduced Dimensionality

Until now we were mainly considering homogeneous, three-dimensional semi-
conductors. For the phonons, however, we started with a one-dimensional
chain, but we stated that the dimensionality does not have significant influ-
ence on the dispersion relation but it does on the density of states, according
to what we learned in Sect. 2.6. For the regime of a linear dispersion relation,
i.e., for acoustic phonons with not too large wave vectors see Figs. 7.15-7.18
we get with (2.77)

D(w) ~ w1 (7.61)

where d is the dimensionality of the system.

Now we want to address in the context of phonons for the first time a rather
modern topic in semiconductor physics, namely superlattices.

A superlattice is a man-made periodic structure which consists of thin
alternating layers of two different materials, as shown in Fig. 7.22. The dif-
ferent layers are only a few lattice constants thick and can be prepared
by various techniques like molecular-beam epitaxy (MBE), metal-organic
chemical vapor-phase deposition (MOCVD), hot-wall epitaxy (HWE) or
atomic layer epitaxy (ALE). A description of these methods is beyond the
scope of this book, but we give some references for the interested reader,
e.g., [80M1, 89H1, 89R1]. See also Sects. 8.11-8.13. Especially well-suited
materials for growing superlattices are the III-V compounds GaAs, AlAs
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Fig. 7.22. A superlattice consisting of alternating thin layers of two different ma-
terials
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and their alloys Ali_,, GayAs, since the lattice constant is almost inde-
pendent of y. Other systems under investigation involve the two elemental
semiconductors Si and Ge or ZnSe and ZnS;_,Se,. Due to their different
lattice constants, the fabrication of superlattices is in this case more diffi-
cult and the layers are strained (strained layer superlattice). For other struc-
tures of reduced dimensionality like quantum wells, ~wires or ~dots see again
Sects. 8.11-8.13.

The formation of a superlattice results in strong modifications of the dis-
persion relation for phonons in the growth direction, i.e. normal to the planes,
while the in-plane dispersion is generally at least not quantitatively modified.
We concentrate therefore on this direction, which is frequently identified with
the z-direction.

As can be seen from Fig. 7.22 we created a new artificial periodicity [,
which is an integer multiple of the (strained) lattice constants of materials
A and B

l, =niaa +nsap (762)

This is why such structures are called (artificial) superlattices. Now we use
a similar argument as in connection with Fig. 7.14.
The Brillouin zone in the z-direction extends no longer from —7/a < k, <

m/a but only from
77 77

- <k, <
L, = 7"~ 1,
All parts of the dispersion curve outside this interval can be shifted into the
first mini-Brillouin zone by vectors of the new reciprocal lattice

(7.63a)

P
G, =l l”; I3 =0,41,42, ... (7.63b)

z

For a single acoustic phonon branch this procedure results in a disper-
sion relation like in Fig. 7.23, where we show the first few of these so-called
backfolded acoustic phonon branches.

The dispersion relation which enters is an average of the dispersion rela-
tions of the two materials, weighted by their relative thicknesses (the so-called
Rytov-model) [89J1,96G1,98G1,01D1].

Usually one can observe only the few lowest, backfolded acoustic phonon
branches. The higher ones are broadened and washed out e.g. due to thickness-
fluctuations of the layers.

For the optical phonon branches two different things can happen. If the
branches in the two different materials overlap energetically, one obtains in
a similar way as for the acoustic phonons mentioned above backfolded optic
phonons.

If the do not overlap energetically, TO or LO optical phonon oscillation
in one material do not find a resonant partner in the other (and vice versa)
similarly to the case of alloys. Consequently the phonons become localized or
confined to the respective layer. The elongation-pattern of the atoms has nodes
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at the interface or extends only marginally with an exponentially decaying
amplitude into the other material as shown schematically in Fig. 7.24a. With
minor corrections it can therefore be stated that an integer number of half-
waves has to fit into the layer of one material resulting in possible values for
k. in one layer of thickness n;a;

E™=m " im=1,23,...; i=AB (7.64)
n;Q;

These discrete k. values are mapped in Fig. 7.24b on the dispersion relation
of an optical phonon branch of e.g. material B. The observation of the higher
orders of such confined optical phonons allows to investigate the dispersion
relation hw (k) over large parts of the first bulk Brillouin zone [89J1,94C1,
94R1,98G1,01D1] and references therein.

If the superlattice is made of a ternary system, e.g. layers AB and AC,
generally no new valences and oscillation modes will appear at the interface,
which do not already exist in one or the other material. The situation is differ-
ent for quaternary systems of alternating layers AB and DC. In this case new
modes may appear at the interface (here AC and BD oscillations) which exist
in neither of the parent compounds. A recently studied system of this type are
e.g. CdS/ZnSe superlattices [01D1]: Depending on the chemical termination
of the layers, there may be CdSe and ZnS modes. If these modes are situated
energetically in a region, where no eigenmodes (confined or backfolded) of
AB or DC (here of CdS or ZnSe) occur, these interface modes can exist only
at the interface with amplitudes decaying to both sides as shown schemat-
ically in Fig. 7.24a. A similar system is BeTe/ZnSe. Interface phonons may
also occur at the boundary between a polar material (e.g. GaAs) and a non-
polar one (e.g. Si). Details of this situation are discussed e.g. in [96Y1] of
Chap. 1.
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Fig. 7.24. Schematic representation of the envelope of an optical phonon mode
confined to material B in a superlattice and of an interface phonon (a) and the
discrete values of k; on an optical phonon branch of material B. (b)

As a result, we may summarize that in superlattices there may be as
new phenomena backfolded or confined phonon modes as well as interface
modes.

To conclude this subsection we mention that in the extreme confine-
ment case of phonons in all three directions of space, which may occur in
so called quantum dots (also known as quantum boxes, nano-crystallites or
nano-islands, depending partly on the way of creation (see Sect. 8.13), the
dispersion relation of the phonons breaks up into a series of discrete modes,
which is governed by the boundary conditions (e.g. free or clamped). See
e.g. [92N1,93T1,9501,96W1,98A1] and references therein.

7.11 Problems

1. Inspect or build some lattice and crystal models to become familiar with
the topics presented in Sect. 7.2.

2. Show that the reciprocal lattice of a face-centered cubic (fcc) lattice is
a body centered cubic (bce) lattice and vice versa.

3. Calculate and draw the unit cell and the Wigner-Seitz cell in real space
and the first three Brillouin zones in reciprocal space for a simple cubic
and a hexagonal two-dimensional lattice.

4. Study with the data found in [82L1] of Chap. 1 the transverse and longi-
tudinal eigen-frequencies of optical phonons of a series of semiconductors
like ZnO, ZnS, ZnSe, and ZnTe, or of a similar series with the same anion
and different cations. What do you conclude?

5. Compare the longitudinal-transverse splitting at k& = 0 for Ge and the
corresponding ITII-V, II-VI and I-VII compounds on the same line of
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the periodic table of the elements. Can you qualitatively explain the
findings?

6. Inspect a model of a cubic crystal (e.g. zinc-blende). Find the non primi-
tive cubic unit cell and the primitive one. Explain qualitatively that such
a crystal should be optically isotropic for light propagating (k # 0!) e.g.
in the directions (100) or (111) but not in (110).
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8

Electrons in a Periodic Crystal

Let us now return for a moment to the Hamiltonian (7.1) which describes
a crystal. By introducing the phonons we have treated the motion of the
atoms. We now assume that the atoms are fixed at their equilibrium positions,
i.e., that no phonons are excited. Then the sum over the potentials of all
atoms forms a periodic potential for the electrons; but we are still left with
a Hamiltonian for about 10?2 interacting outer electrons per cubic centimeter,
which should be properly treated in a many particle formalism. Unfortunately
it is extremely difficult to handle this approach. Instead one generally uses
a so-called one-electron approximation. The idea is the following: One assumes
that the periodically arranged atoms and all interaction potentials between
electrons together form a periodic potential V (r) with

V(r+R)=V(r). (8.1)

where R is a translation vector of the lattice (see Sect. 7.2).

This is a valid approach especially for semiconductors or simple metals.
In semiconductors there is only a low density (generally between 10° and
10 cm™3) of free electrons (or holes) that can react easily on their mutual
interaction. In simple metals the density of free carriers is higher, but the
density of those reacting on their mutual interaction is limited to the fraction
situated in an interval of width AFE = 4kpT <<< Ef energetically around
the Fermi energy. It must be noted that there are other systems in which the
mutual interaction between carriers plays a crucial role like in the Hubbard
model, in heavy Fermion systems or in connection with the Kondo effect.
These topics are, however, beyond the scope of this book but we provide
some references for the interested reader [93F1,93H1].

We return now to the approximation (8.1). One calculates the eigenstates
for one electron of the corresponding Schrédinger equation and populates these
states with electrons according to Fermi-Dirac statistics until all electrons
have been accommodated. The potential V (r) should ideally be calculated in
a self-consistent way e.g. by Hartree or Hartree—Fock approaches. But simpler
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and more feasible approaches are often used such as a periodic arrangement
of screened Coulomb potentials or a “muffin-tin” potential.

It is beyond the scope of this book to present details of band structure
calculations. There are excellent reviews and (text)books on this topic with
various degrees of sophistication, some of which were already cited in Chap. 1
like [75B1,7571,81M1, 8151, 91E1,93K1, 95C1, 9511, 9651, 96Y1, 97S1,99B1,
01H2,0151] in addition to [7T0M1,88C1,88R1,91E1] of this chapter, from which
much of the following material has been taken. On the other hand, the topic is
crucial for the understanding of the optical properties of the electronic subsys-
tem of semiconductors. Therefore we first summarize in the following the main
results and explain the existence of metals, semiconductors and insulators for
those who do not want to go deeper into details, then we give an overview on
the various approaches to the bandstructure calculations starting, e.g., from
free electrons or from atomic orbitals and including the basic concept of k - p
theory. The next sections are devoted to consequences of the band structure of
semiconductors like the concepts of crystal electrons and holes as new quasi-
particles, the effective mass approach, realistic semiconductor band structures
and others, before we concentrate on structures of reduced dimensionality.

8.1 Bloch’s Theorem

There are essentially two approaches to the problem of band structure cal-
culations. In one case one starts with free electrons, which have the simple
parabolic dispersion relation in the non-relativistic regime

p2 - h2k2

E(k) =
2m0 2m0

(8.2)
shown in Fig. 8.1a by the dashed line. One introduces a weak periodic (see
(8.1)) potential as a perturbation. These techniques include the “empty lat-
tice”, the nearly-free-electron (NFE), augmented plane wave (APW) and or-
thogonalized plane wave (OPW) approaches. In the last two cases, terms are
added to make sure that the plane waves are orthogonal to the deeper atomic
levels. These terms are treated as potentials and are known as pseudo poten-
tials. These pseudo potentials may be energy dependent.

The introduction of such a weak periodic potential does not alter the
dispersion relation very much, but results in the formation of energy gaps at
the boarders of the Brillouin zones in which no stationary electron states exist
(see Fig. 8.1a). We will explain this point in more detail in Sect. 8.7.

The other group of methods starts with the atomic orbitals of the atoms
forming the solid or more specifically the semiconductor. They involve the
summation over one or more atomic orbitals placed at every atom site in the
crystal and treat the interaction between the orbitals at neighbouring sites,
i.e., the wave function overlap as perturbation. These techniques include, e.g.,
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Fig. 8.1. The reduced-zone scheme (b) of electronic energy bands in a crystalline
solid reached either starting from (nearly) free electrons (a) or from atomic orbitals
(c, d)

the tight-binding approximation, the linear combination of atomic orbitals
(LCAO) or the extended Hiickel method (see Fig. 8.1¢,d).

This interaction between atoms leads to a splitting of the atomic level in as
many states as there are atoms (Fig. 8.1c,d) similarly as in classical mechan-
ics where coupling between two identical oscillators leads to two close-lying
eigenfrequencies, three oscillators to three eigenfrequencies and 102? oscilla-
tors to 1023 eigenfrequencies. The level spacing is so small that for all practical
purposes the result is a continuous energy band. For some more details also
see Sect. 8.7.

The first group of band structure calculation methods is usually more suit-
able for conduction band states of semiconductors the second one for valence
band states. For the meaning of these two terms in the context of semicon-
ductors see Sect. 8.2.

Furthermore, there is an increasing trend to start less with intuitive phys-
ical considerations but to trust more the increasing power of computers to
handle many particle problems.

Independent from the individual approach, one finds in all cases that elec-
tron states in a periodic potential are energetically arranged in energy bands
of a certain width, which may be separated by gaps in which no stationary
eigenstates exist (Fig. 8.1). The electron eigenstates of a periodic potential
are so-called Bloch waves ¢ ;(1),

Dr,i(r) = eFug 5 (r) (8.3a)
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where
Ug,i(1) = uk,i(r + R) . (8.3b)

The ¢ ; are evidently a product of a plane wave and a lattice periodic
term ug; (8.3b), where k is the wave vector and ¢ the index of the band, as
shown in Fig. 8.2. The eigenenergies in the bands depend both on k and ¢ and
are periodic in k-space, i.e.,

E;(k) = E;(k+ G) (8.4)
In a similar way one finds that

Grk,i(T) = Prtci(T) . (8.5)

These are the fundamental points of Bloch’s theorem. Since the wug ;(r)
remember the wave function of the parent atoms and the exponential term the
plane wave character, the Bloch functions (8.3) incorporate the two limiting
approaches (e.g., NFE and LCAO) mentioned above.

The Bloch theorem is also known as the Ewald-Bloch theorem since Ewald
has found almost identical rules for the propagation of X-rays in crystals (see
textbooks on solid state physics).

The statement of (8.4) once more allows the dispersion relation E(k) to
be reduced to the first Brillouin zone (Fig. 8.1a,b) in a similar way as for
phonons in Sect. 7.4. Actually there are various possibilities to present the
electronic band structure, which are shown in Fig. 8.3. See also Fig. 8.5.

Figure 8.3a shows the extended zone scheme in which various branches
of the dispersion relation E(k) are situated in various Brillouin zones. Equa-
tion (8.4) allows to shift the outer branches into the first Brillouin zone with
suitable vectors of the reciprocal lattice G (here G = £27/a) resulting in the
reduced zone scheme of Figs. 8.1b or 8.3b. Alternatively we may repeat all
branches periodically over the various Brillouin zones as shown in Fig. 8.3c.

Usually one uses the reduced scheme of Fig. 8.3b. The extrema of the
various bands tend to occur either at the centre of the first Brillouin zone,

-
atomic orbitals at lattice sites R;

— ——— plane wave factor
Bloch wave

Re @

Fig. 8.2. Schematic drawing of the real (or imaginary) part of a Bloch wave in one
dimension
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i.e., at k = 0 (the so-called I'-point) or at the boarders of the Brillouin zone
as shown in Fig. 8.3b, but as we shall see later, extrema may also occur
somewhere else on the interval 0 < |k| < 7/a. The bands tend to be to a good
approximation parabolic in the vicinity of the extrema but the positive or
negative curvature can be different at every extremum and may even depend
on the direction of k in systems of higher dimensionality than one including
three. When approaching the boarder of the Brillouin zone, the slope of E(k)
normal to this boarder is generally zero.

With increasing energy the width of the allowed bands tends to increase,
while the width of the forbidden gaps decreases. It is even possible that various
bands overlap energetically.

energy encrgy
conduction
band
Eg . wave .~ Space
-mfa vector k coordinates r
valence
band \

(a) (b)
Fig. 8.4. The representation of bands in k-space (a) and in real space (b)
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We will give some arguments for this behavior later in this chapter.

To conclude this section we want to mention that the bands are usu-
ally represented in one of two different ways. The first is the dispersion re-
lation (Figs. 8.1b, 8.3, 8.4a). In the other case one plots the width of the
bands and of the gaps between them as a function of the space coordinate
r (Fig. 8.4b). The latter is especially useful to demonstrate spatial inho-
mogeneities or localized states. We shall meet some examples of both cases
later.

8.2 Metals, Semiconductors, Insulators

Having obtained a first insight into the electronic bandstructure in the above
section, we now want to make the second step and put all electrons into
the bands using, of course, Fermi—Dirac statistics. We further assume zero
temperature.

Some of the energetically lower-lying bands will be completely filled. We
call bands which are completely filled at T' = 0K “valence bands”, while all
partly filled or empty bands are “conduction bands”.

The important region for our purposes is that around the highest valence
and the lowest conduction bands. This region determines not only the optical
properties around the fundamental absorption edge, but also the magnetic
properties and the electronic contributions to the conductivities of electricity
and of heat.

If the filling procedure of the bands ends in such a way that, at T = 0K
there are one or more partly-filled conduction bands (Fig. 8.5a,b), we have
a metal. This situation arises for example if the atomic orbital which forms
the band is itself only partly occupied (e.g., the outer s-level of the alkali
metals Li, Na ...) (Fig. 8.5a) or if a completely filled orbital forms a band
which overlaps with a band stemming from an empty atomic orbital, as is the
case in the rare earth metals (Ca, Mg ...) in Fig. 8.5b. If, on the other hand,
the filling procedure gives one or more completely-filled valence bands which
are separated by a gap E, from completely empty conduction bands, we have
a semiconductor for

0< By <4eV (8.6a)

and an insulator for
E, > 4¢eV. (8.6Db)

The ”boarder line” of 4 €V is set by convention and is not sharp.
Diamond has, e.g., a gap of 5.5¢eV, but is still considered to be a semicon-
ductor, especially because it can be n or p doped.
Materials with
E, =0, (8.7a)

i.e., materials in which the lowest conduction and uppermost valence band
“touch” each other but do not overlap are called semimetals.
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Fig. 8.5. Occupation of the bands for a metal (a,b) a semiconductor (c) and an
insulator (d)

Semiconductors with
0< E; <05eV (8.7b)

are called narrow gap semiconductors.
In the range
0.5eV < Bz <2eV

we find the usual semiconductors, from which many are of wide technical
importance like Ge, Si or GaAs. The regime

2¢V < E; <4eV (8.7¢)

characterizes the wide gap semiconductors, which lead continuously to the
insulators.

To conclude this section we want to introduce the terms “direct” and “in-
direct” gap semiconductors. A semiconductor is said to have a direct gap,
or to be a direct semiconductor, if the global maximum of the highest va-
lence band and the global minimum of the lowest conduction band occur at
the same point of the first Brillouin zone in the reduced zone scheme as in
Fig. 8.4a. This point is frequently but not necessarily the I'-point (i.e., k = 0).
There are also direct gap semiconductors where the gap occurs at a specific
point on the boarder of the Brillouin zone. Semiconductors, in which the two
above-mentioned extrema occur at different k values in the Brillouin zone
have an indirect gap or are called indirect semiconductors. The reason for
this terminology comes from optical transitions between the band extrema.
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A photon with an energy equivalent to the typical width of a semiconductor
band gap has (almost) vanishing momentum on the scale of the first Brillouin
zone. Optical transitions are in this sense vertical in a E(k) relation. If the
band extrema occur at the same point in k-space, a transition between the
extrema is directly possible by absorption (or emission) of a photon. In the
other case this transition is forbidden by the k-conservation law and only in-
direct transitions are possible, which also involve the absorption or emission
of a phonon for momentum conservation.
We shall see examples for both cases in Sect. 8.8.

8.3 An Overview of Semiconducting Materials

We now understand that semiconductors are solids that have at T = 0K
a series of completely filled valence bands. The uppermost band is separated
by an energy gap F, from the empty conduction bands.

Since a crystal can be considered a huge molecule, we should also give
the terms used in chemistry. The uppermost valence band is known in this
scientific discipline as highest occupied molecular orbital (HOMO). The low-
est conduction band is called consequently the lowest unoccupied molec-
ular orbital (LUMO). If not stated explicitly otherwise, when we use va-
lence and conduction band we always mean the highest and lowest ones,
respectively.

Presently more than 600 element and compound semiconductors are
known. They are listed with their propeties in the volumes by Landolt—
Bérnstein ( [82L1] of Chap. 1).

With the help of the periodic Table 8.1 we try to localize the most impor-
tant semiconductors. In the first two lines we give the current internationally
recommended numbering system for the columns used by chemists, which
runs from 1 to 18, and the old one, which we and most other semiconductor
physicists use. It runs from I o VIII and has subclassifications such as IT#
and IIB.

The technically most important semiconductor is Si. It is found in col-
umn IVA. Conduction and valence bands are formed from the antibonding
and bonding sp® hybrid orbitals. The binding is completely covalent and E,
is around 1.1eV at room temperature. See, e.g., Table 8.2 where we give
some data, which we partly explain later. Silicon crystallizes in the diamond
structure with point group 0. The modification diamond of carbon is a semi-
conductor as well as Ge.

Tin is usually a metal, but there exists a modification, which is a semimetal
namely grey tin, which also crystallizes in the diamond structure. Lead, finally,
is a metal.

We can already see a general trend, namely that the width of the band
gap decreases if one goes down the columns. SiC also belongs to the group IV
semiconductors. SiC is notorious for forming many different polytypes. The
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Table 8.1. Periodic table of the elements. The names of elements 104 to 110 might
change and others may be discovered in the future.

'’ 'Y T m g " I° m° §* ¥ W owt owrt
(1234567%_ﬁ01112131415161718]
1 2]
H He
3|4 516|789 (10
Li |Be BI|C|N|O|F|Ne
11112 13114 |15 (16 (17 (18
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19120(21|22|23|24|25|26|27|28|29|30(31|32(33|34 (35|36
K|Ca|Sc|Ti|V |Cr|{Mn|/Fe|Co|Ni|Cu|Zn|Ga|Ge|As|Se |Br Kr
37|38 (39(40(41|42(43|44|45|46|47|48|49|50| 51|52 (53|54
Rb|Sr|Y |Zr|{Nb|Mb|Tc [Ru|Rh[PoL|Ag|Cd| In |Sn|Sb|[Te | | |Xe
55|56 |57|72|73|74|75(76|77|78|79|80|81|82|83|84|85|86
Cs|Ba|La|Hf |Ta| W |Re|Os| Ir | Pt|Au|Hg| Tl [Pb| Bi | Po [ At [Rn

58|59|60|61|62|63|64|65|66|67|68|69|70|71
Ce|Pr|Nd|Pm|Sm|Eu(Gd|Tb|Dy|Ho| Er |Tm|Yb |Lu
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indirect band gaps of all of them are around 3 €V, i.e., they lie between the
gaps of diamond and Si.

Carbon has two further modifications namely graphite and fullerene (Cgp).
Graphite is a semimetal with rather strong covalent sp? hybrid binding within
the hexagonal layers and weak van der Waals binding between the layers. Cgo
is a semiconductor with Fy ~ 2.2¢eV.
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In the diamond structure every atom is tetrahedrally surrounded by its
nearest neighbors. See Fig. 7.2. We can now replace, e.g., the Ge atoms on
one sublattice by Ga, which has one outer electron less, and the others by As,
which has one electron more than Ge, leaving the total number of electrons per
unit unchanged, but adding a little bit of ionic binding to the still dominant
covalent one. This procedure leads to the so-called zincblende type crystal
structure with point group T, and to the group of III-V semiconductors. To
this group of semiconductors belong the compounds of B, Al, Ga or In with
N, P, As or Sb. We see again the general trend of the band gap with BN being
an insulator, AIN, GaN being wide gap semiconductors while InSb is a narrow
gap semiconductor.

The group III nitrides crystallize preferentially in the hexagonal wurtzite
type structure (point group Cs,). In this case every atom of one type is still
tetrahedrally surrounded by the others, but the arrangement of the next-
nearest neighbours is such, that a hexagonal structure evolves (see Fig. 7.2).

If we repeat this step, which leads from the group IV semiconductors to the
ITI-V compounds, once more or even twice more, we come to the II-VI (more
precisely IIP-VI#) and I-VII (more precisely I®-VII*) semiconductors, with
increasing and finally dominating ionic binding, but still generally tetrahedral
coordination. The IT*~VIA and I*-VII* components are usually insulators.

The ITI-VI semiconductors comprise the compounds of Zn, Cd or Hg with
0O, S, Se or Te. The gap generally decreases when going down the columns ZnS,
Zn0O and CdS are wide gap semiconductors, while the mercury compounds are
usually semimetals. The II-VI semiconductors usually crystallize in zincblende
or wurtzite type structures with a few exceptions. Both structures are partly
possible with only minor energetic differences, as is the case for ZnS.

Some compounds have other structures like CdO (rocksalt structure), HgO
(rhombohedral). HgS is a semimetal in the zincblende structure but a semicon-
ductor with a gap around 2.2 €V in the trigonal modification (red cinnabar).

The main [-VII compounds are listed in Table 8.1. Not much is known
about the fluorides or the Au™ halides concerning their properties as semi-
conductors.

Until now the list included only elements or binary compounds. In a similar
way as above one can come to ternary semiconductors like CuGaSes or even
to quaternary ones like AgoCdGeSy.

Furthermore, some of the elements and many of the binary compounds par-
tially form alloys even without a miscibility gap like Si;_,Ge,, Gai—yAlyAs,
CdSi-;Se;, ZnSe;_,Te, or Cd;_,Hg,Te. In an alloy one still has, in prin-
ciple, nice crystals with a periodic lattice structure, but the lattice sites of
one sublattice are randomly occupied by the two different atoms (Si;_,Ge,),
anions (e.g., CdS1_,Se;) or cations (e.g., Ga;_yAl,As). However, on a mi-
croscopic scale, the concentration fluctuations of the composition x introduce
some disorder.

Some alloys tend to form ordered structures for compositions close to 0.5
like Gag 5Ing 5P adopting the so-called CuPt structure [95C1].
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Alloying is also possible on both sublattices like in Gaj—yInyNzAs)_z.

Most of the examples in the rest of this book will be taken from these
more common semiconductors, but there are many more, some of which we
mention below.

The IV-VI compounds (also known as lead salts) include the compounds
of Pb or Sn with S, Se and Te. They serve partly as IR laser diodes.

There are further elemental semiconductors like S, Se, Te some modifica-
tions of P or I (As and Sb are considered semimetals). There exist various ox-
ides as semiconductors apart from the group II® oxides like GeOs, SnO; (SiO2
= quartz is an insulator); CuzO; TiO2 in its various modifications (anatase,
rutil, brookit) or the highly poisonous Tl-halides. To conclude this section
we mention organic semiconductors like crystals of anthracene (C14Hig), pen-
tacene (Ca2H14), dibenzothiophene C12HgS and hexathiophene. Organic semi-
conductors do not fall within the focus of this book, but we will occasionally
give examples of their optical properties.

There is a general trend that the band gap of semiconductors decreases
with increasing temperature. The decrease E (T = 0) — Ex(T) = AEL(T)
tends to vary quadratically with temperature at lower temperatures (7' < 100 K)
and linearly above. This behavior is often described by the Varshni for-
mula [67V1]

_ aT?
C B+AT

More complex formula were recently suggested, e.g., in [94A1,02G1,03G1]
and references therein.

Some semiconductors like CuCl or some lead salts also show an increase
in F, with increasing temperature, for some others like CuBr E,(T") goes
through a maximum with increasing temperature. For data see, e.g., in [82L1]
of Chap. 1 and references therein.

AE, (T) (8.8)

8.4 Electrons and Holes in Crystals
as New Quasiparticles

As we shall see later, the optical properties of the electronic system of semicon-
ductors are largely determined by transitions of electrons between the upper
valence bands and the lower conduction bands.

The bandstructure as presented until now, i.e., in connection with Figs. 8.1 —
8.5, describes the so-called N + 1 particle problem in the following sense: if
we consider a semiconductor with a completely filled valence band containing
N electrons per cm?

N ~10%2 - 10% cm ™3 (8.9)

and a completely empty conduction band and add one more electron, we find
that this electron can be placed into exactly the conduction band states. If
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Table 8.3. Properties of a hole in the valence band compared to the properties of
the electron that has been removed from the valence band to create the hole

Property Hole Removed electron

electric charge ¢ qn = —Gre, re =~ —1.6 x 1072 Asg
wave vector kn = ke

spin Oh = —Ore

eff. mass mp >0 = —Mype, Myre <0

we remove one of the NV electrons and ask from which state it came, we find
the valence band states.

An obvious step now is to consider the one or few electrons in an otherwise
empty conduction band (CB). For an almost filled valence band, however, it
is easier to consider the few empty states and their properties instead of
the many occupied ones. This idea leads to the concept of “defect-electrons”
or “holes”. The properties of the hole are connected in the following way
(Table 8.3) with the properties of the electron that has been removed from
the valence band (VB).

From Table 8.3 we see that the hole has a positive charge and that its wave
vector and spin are opposite to those of the electron removed from the valence
band. The two latter statements are easy to understand. A semiconductor with
a completely filled valence band has total momentum and spin equal to zero.
If we take one particle out, the remainder acquires for the above quantities
values exactly opposite to those of the removed particle. For clarity Figs. 8.6a,b
show the bandstructure containing one electron in the conduction band and
one hole in the valence band, respectively. The states are equidistant in k (see
Sect. 2.6) but we should note that there are usually 10%2-1023 states in each
band per cm? and not only the few shown in Fig. 8.6.

The electrons and holes in a semiconductor crystal are quasi-particles.
They can exist only in the crystal and not in vacuum, in contrast to nor-
mal electrons and positrons with which they have a lot in common, except
the magnitude of the energy gap which is ~ 1 MeV for normal electrons and
positrons i.e., twice the rest mass of 511 keV = mgc?. The dispersion relations
of electrons and holes are different from those of free electrons and positrons
which for the non-relativistic case are given by

27.2
E.p=+ <moc2 + ZT:0> : (8.10)
where myg is the free electron mass.

The quantity hken of crystal electron and hole is a quasi-momentum,
since it is conserved only modulo reciprocal lattice vectors — see (8.4),(8.5) —
and since the Bloch waves of (8.2),(8.3) are not proper eigenstates of the
momentum operator ?V. For more details of the concept of quasi-momentum
see [98B1] of Chap. 5.
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Fig. 8.6. One electron in the conduction band (a) and one hole in the valence band
(b). Full circles: occupied states; open circles: empty states

One should note that the energy of a hole increases if it is brought deeper
into the valence band.

8.5 The Effective-Mass Concept

If we want to describe the motion of an electron or hole in a semiconductor
under the influence of an external field (e.g., an electric or magnetic field) it
is intuitively clear that we ought to consider a wave packet rather than the
infinitely extended Bloch waves. To describe such a wave packet we super-
pose Bloch waves of a certain range of k-vectors around a kg as described
schematically in (8.11)

Do (1) =Y ane™ Tug(r). (8.11)
k

These types of wave packet are known as Wannier-functions. In order to
keep the k-vector reasonably well defined, we localize the wavefunction only
to a volume larger than a unit cell. Due to the uncertainty relation we would
need wavefunctions from the whole Brillouin zone if we wanted to localize an
electron to within one unit cell.

An external force F' changes the energy of the wave packet according to

dE(k) =F -ds=F -v,dt (8.12)
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with the group velocity according to (2.13)

1
Vg = hgradkE(k:) (8.13a)
or simplified
1dFE
= .1
Vg =, (8.13b)
Since, on the other hand, we have
dE(k
dE(k) = d; ) - dk = hwgdk, (8.13c¢)

we find from combining (8.12) and (8.13c)

dk
h  =F=¢g 8.13d
A&t p (8.13d)
This expression corresponds to Newton’s law of motion, but now for the
quasi-momenta hik of the crystal electrons or holes.
From (8.13b), (8.13d) we get for the acceleration a of the wave packet

2 2 2
dv, _10°E _19°Edk _ 1 0°E (3.130)

ST a4t T hokot T hok: dt | Rz ok

Comparing with the trivial form of (8.13d)

1
a= F (8.13f)

m
we find that the crystal electron and hole move under the influence of external
fields through the crystal like a particle, however, with an effective mass given

by

1 _132E_1 0’FE )
Mefr B h2 8k2 - FL2 6/4;181@ ’

For free electrons and positrons (8.14) leads to meg = myp.

The right-hand side of (8.14) snows that the effective mass is actually
a tensor and can depend on the direction in which the electron or hole moves.

The important point now is that the bands of semiconductors tend to
be parabolic in the vicinity of the band extrema, as shown schematically in
Fig. 8.7 or in the real band structures discussed below with Figs. 8.9-8.12.
These extrema are most important for the optical and transport properties.
The effective masses are constant in these regions. This leads to the so-called
effective-mass approximation. Electrons and holes in a semiconductor are sim-
ply treated as free particles, but with an effective mass given by (8.14).

We should mention that the mass of an electron is positive if the curvature
of the band is positive. Due to the change of the sign of the properties of holes
compared to those of the missing electron in the valence band (Table 8.3) the

L,j=x,y,2. (8.14)
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mass of the hole is positive at the maximum where the curvature is actually
negative.

The explanation behind the effective masses of electrons and holes is basi-
cally the following. The forces which act on an electron are the ones from the
other ions and electrons in the crystal and the externally applied ones. For
simplicity, we condensed the first of these forces to yield the periodic potential
of (8.1) using the one-electron approximation. Then we chose to consider only
the external forces acting on the electrons and the price we have to pay is
the fact that the electrons and holes react with an effective mass. This mass
is fortunately, in some regions at least, constant, allowing the effective-mass
approximation mentioned above, but it can change as a function of k and
become negative or infinite, as can be seen in Fig. 8.7.

It is important to note that an increasing curvature of a band is neces-
sarily connected with an increasing width of the band. Therefore we find the
qualitative relation:

electron easy to move and accelerate «— low effective mass
+—— large curvature of the band «— large band width

«—— strong coupling between adjacent atoms and vice versa. (8.15)

Thus we have here another example of the more general discussion given in
the introduction to Sect. 5.4.

Furthermore it can be stated as a trend that a large band width leaves less
space on the energy scale for gaps. Therefore we can also state as a rule of
thumb, that narrow gap semiconductors tend to have small effective masses
and wide gap semiconductors tend to have carriers with larger effective masses.

E (k) Megf
I\

(a)

w | L
) (]

Fig. 8.7. Schematic dispersion (a) of a conduction band and the resulting effective
mass (b). After [95I1] of Chap. 1
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In the rest of this book we shall use the effective-mass approximation if
not stated otherwise, including the polaron correction discussed in the next
section.

We will in future omit the prefix “crystal” when talking about electrons
and holes in semiconductors and we indicate the effective masses by indices e
and h:

me = effective mass of electron ,

my, = effective mass of hole, (8.16)

sometimes with an additional index to distinguish different bands, but we
always remember, that these charge carriers are quasi-particles, characterized
by their band index, energy and (quasi-!) momentum.

It should be mentioned that the Fermi energy is often situated in metals
with partly-filled bands in regions where the band structure E(k) is no longer
parabolic. On the other hand, the electrons close to the Fermi energy are
in metals the relevant ones for many physical properties like the electrical
conductivity, the specific heat or the paramagnetic behavior of the electron
gas. Therefore the use of the effective mass concept as given with (8.14) is
less frequently used in metal physics and replaced by another concept that is
based on the fact that the first derivative grad, E(k) vanishes per definition
close to the extrema of the conduction and valence bands of semiconductors
but usually not around Ef in a metal.

One can then define a “momentum effective mass” m; in contrast to the
“force effective mass” meg in (8.13) via

hk =p=mv (8.17)

resulting in vy = ; grad, F(k) in the vicinity of Ep(kr) in

1 1
= dp E (k =kr) . 1
o = ey BT E (= ) (318)

8.6 The Polaron Concept
and Other Electron—Phonon Interaction Processes

Before proceeding to some basic concepts of bandstructure calculations and
to the band structures of real semiconductors, we shall discuss here various
aspects of electron—phonon interaction (see also [69R1,76C1,77P1,79T1,80M1,
80P1]).

If we introduce an electron or a hole into a semiconductor which has at least
partially ionic binding, the additional charge carrier will polarize the lattice
provided we relax the assumption that the ions are “fixed” at their lattice
sites. An electron will attract atoms with a positive charge and repel those
with a negative one (Fig. 8.8). For holes, the situation is just the opposite.
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We can describe this lattice distortion as a superposition of preferentially
longitudinal optical phonons, i.e., a free carrier is accompanied by a “phonon
cloud”. The entity of charge carrier plus phonon cloud is called a polaron.
In semiconductors, the radius of the phonon cloud is larger than the lattice
constant, resulting in a so-called “large polaron” in contrast to the “small
polaron” which occurs in ionic insulators and may lead to self-localization
within a unit cell. The effective mass m. 1 of a polaron is greater than that
of an electron in a rigid lattice mg;l}i See e.g. [69R1,70M1,77P1,79T1,80M1,
80P1,88C1] or [75Z1,76A1,81M1,82L1,99B1] of Chap. 1.

Men ~ MLy (1 + agjh) ; (8.19a)
where the index r.l. stands for ”rigid lattice” and « is a dimensionless quantity
which describes the Frohlich coupling of carriers to the LO phonons. One finds

e2 zmr'l'wLO 12 1 1

e,h
% = ’ — . 8.19b
&b 87 soth O < h > (gb 55) ( )

where €5 and €y, are the low-and high-frequency values of the dielectric function
below and above the optical phonon resonances, respectively; see also Chaps. 4
and 12.

Obviously semiconductors without an ionic binding contribution have e, =
gs [see (4.26), (4.28)] and thus @ = 0. For all normal semiconductors one finds

a<l. (8.19¢)

Additionally the lattice relaxation leads to a decrease of the width of the
gap by an amount AE, with contributions for electrons and holes

AEg" = aenhwro - (8.19d)
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Fig. 8.8. The lattice distortion around a carrier in a (partly) ionic semiconductor
illustrating the polaron concept
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The radius of the phonon cloud in the polaron 7, is finally given by

1/2
rg’h = (h/ng;ltho)

(8.19¢)

Basically it is very difficult to ”fix the atoms at their lattice sites”. There-
fore all common experimental techniques to determine the effective masses of
electrons and holes, e.g., by cyclotron resonance, or the value of the gap, e.g.,
by optical spectroscopy, will give polaron values. We therefore continue to
use the effective mass approximation and simply bear in mind that all values
given for me 1, or E, are actually polaron values.

Apart from the renormalization of mass and energy there are other con-
sequences of carrier—phonon interaction, the most important being scattering
phenomena. An electron or hole can be scattered inelastically, e.g., by emitting
or absorbing a phonon under energy and momentum conservation.

Eé = Eg + thhonon 5 (820&)
k= k! + Epnhonon(+G) . (8.20D)

The interaction Hamiltonian which describes such processes can have various
origins as shown e.g. in [73H1,82L1,96Y1] of Chap. 1.

e Optical phonons are often accompanied by an electric field (Sect. 7.4, 7.5
and 11.1). The interaction of carriers with the electric field of preferentially
longitudinal optical phonons is known as the Frohlich interaction.

e Since the width of the gap depends on the lattice constant and on the
arrangement of the atoms in the basis, a change of these quantities will in-
fluence the bandstructure. On the other hand, a phonon can be considered
as a periodic deformation of the arrangement of atoms, and the carriers
“feel” the resulting modulation of the bands. The resulting interaction
between carriers and phonons is called deformation-potential scattering.
The deformation potential scattering occurs for both acoustic and optical
phonons. The deformation potential = connects usually the relative dis-
placement Aa/a of an atom with a = lattice constant with the energetic
shift of a band AF resulting schematically in

N (8.21)
a
Typical values of deformation potentials are in the range of 5 to 10eV.
Note that (8.21) is valid only for Aa/a <<< 1.

e Finally, it is known that many non-centrosymmetric crystals show the
piezo-electric effect, i.e., the appearance of an electric field as a conse-
quence of strain, i.e., of lattice distortion. Again we can consider an acous-
tic (or optical) phonon as a periodic modulation of the lattice parameters,
which produces, via the piezo-electric effect, a varying electric field which
interacts with the electrons and holes. This effect is the so-called piezo
(acoustic) coupling.
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More details about the polaron concept and on carrier-phonon coupling
can be found in the references given above.

In the so-called semimagnetic semiconductors, usually II-VI compounds
in which the cations are partly replaced by Mn or Fe ions, one finds so-called
magnetic polarons, i.e., a spin alignment of the paramagnetic ions in the
vicinity of a carrier. For details see e.g. references given in Chap. 16

8.7 Some Basic Approaches
to Band Structure Calculations

In this section we will take a closer look at band structure calculations. Since
this topic is already treated in many (text)books and review articles, it does
not make too much sense to simply write it down here again. Instead we want
to present the basic concepts and ideas but we are not aiming towards a strin-
gent mathematical treatment of the topic. For this aspect we refer the reader
rather to the literature like the textbooks on solid state and semiconductor
physics of Chap. 1 and references given therein.

We start with the concept of nearly free electrons, proceed to the approach
starting from atomic orbitals and finish this section with the so-called k - p
perturbation theory, which is very useful to calculate band structures in the
vicinity of the extrema.

As already stated, the dispersion relation of a free electron in vacuum is
a parabola in the nonrelativistic regime as shown in Fig. 8.9a or 8.1a, i.e.,

K2 k?

E (k) g

(8.22)

We start, for simplicity, with a one-dimensional system and represent the
relation (8.22) for this case in Fig. 8.9a.

Next we introduce a very weak periodic potential as shown schematically
in Fig. 8.10 with a periodicity a. Weak means, in this context, that the dis-
persion relation of Fig. 8.9a is only marginally influenced by this potential.
Nevertheless, we have introduced a periodicity by this potential in real space,
which evokes the (Ewald—)Bloch theorem. As a consequence, the dispersion
relation can be repeated in k-space by shifting it by integer multiples of 27 /a
resulting in the extended zone scheme of Fig. 8.9b (dashed lines). Compare
with Fig. 8.1. In the limit that the amplitude of the periodic potential goes
to zero, this is all. If the potential is small but finite, a further modification
occurs. Small gaps open at the borders of the Brillouin zones as shown by the
solid lines. There are various possibilities to explain the appearance of these
gaps and the fact that two different energy eigenvalues exist for the same
k-vector at the Brillouin zone boundary.

In a first argumentation this splitting can be considered as an example
of the non-crossing rule already discussed in Sect. 5.1. The coupling between
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the degenerate states at k = nm/a is mediated by the periodic potential. In-
deed it can be shown that the width of the band gap is determined by the
Fourier component of the periodic potential (see, e.g., (7.10)) with the recip-
rocal lattice vector G, which couples the bands that intersect for vanishing
potential.

Another set of arguments works as follows. Assume a plane electron wave is
impinging on the periodic potential. Then the potential will produce scattered
waves. For an arbitrary k-vector, i.e., wavelength and (in dimensions higher
than one) direction of incidence, the scattered waves will have various phase
shifts relative to each other and will essentially cancel. However, there are
special wave vectors, namely just the ones at the borders of the Brillouin zones
(in our present one-dimension model k = +nn/a) where all scattered waves
interfere constructively to form a backscattered wave with large amplitude,
i.e., an incident wave with, e.g., k; = m/a creates a backscattered wave with
ky = —7m/a (and k; — kp, = 27w/a = G). Since the backscattered wave with
ky scatters again off the periodic potential contributing to the wave with k;
we end up under stationary conditions with two counterpropagating waves of
equal amplitudes and k; = —ky,. As is well known, the superposition of two
waves with k and —k and equal amplitudes produces a standing wave. This
fact has in our context two consequences:

e A wave packet built up from a standing wave and its surroundings in
k-space has zero group velocity. Consequently the slope of the dispersion
relation must be zero, normal to the border of the Brillouin zone.

e The standing wave can be the sine- or the cosine-type with the same
wavelength and k-vector as shown in Fig. 8.10, where the probabilities are
plotted. These two waves have their maxima at the positions of the maxima
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or of the minima of the periodic potential, respectively. Consequently they
see different average potential energies but have equal kinetic energy. This
fact results in the energy splitting, i.e., in the appearance of the gaps at
the borders of the Brillouin zones.

We proceed now, still in the context of nearly free electrons, to two- and
three-dimensional potentials.

In Fig. 8.11a we show the parabolic dispersion relation of (8.22) over a two
dimensional k-space assuming a hexagonal, two-dimensional lattice but van-
ishing potential. The differently hatched areas in the k., k, plain correspond
to the different Brillouin zones. Figure 8.11a thus corresponds to the extended
zone scheme. Figure 8.11b shows the resulting reduced zone scheme, which is
obtained by shifting the parts outside the first Brillouin zone by suitable vec-
tors G of the reciprocal lattice into the first zone. The various energy surfaces
or bands should touch, e.g., at the border of the first Brillouin zone for van-
ishing potentials like in Fig. 8.9b for the one-dimensional case, but have been
displaced in Fig. 8.11b and c for clarity along the energy axis to allow an
“insight” into the first Brillouin zone.

In Fig. 8.11c a weak potential has been switched on. As we expect from
our knowledge from the one dimensional case the overall appearance of the
E(k) relation does not change very much but kinks are smoothed out, energy
gaps open, e.g., at the boarder or the center of the first Brillouin zone and the
slope of the dispersion relation vanishes at the zone boundary in the direction
normal to it. Figure 8.11d finally gives the dispersion relation along various di-
rections in the two-dimensional k-space for vanishing and for weak potentials.

In Fig. 8.12a and b we finally go through the same procedure as in
Fig. 8.11d, but now for a real three-dimensional crystal structure, namely
that for diamond (point group Op).
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Fig. 8.10. Schematic drawing of two Bloch waves with equal k-vector but different
potential energies at the boundary of the first Brillouin zone over a periodic potential
V(x)
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The case of the empty lattice in Fig. 8.12a already shows a rather complex
band structure and we understand that the complexity of a three-dimensional
band structure comes to a large extent from the back-folding of the parabolic
dispersion into the first Brillouin—zone.

Actually there is a possibility to test various band structure calculations,
the so-called empty lattice datetest. One runs any type of band structure
calculation but with vanishing potential. Since the solution is known exactly,
e.g., for the diamond structure in Fig. 8.12a the band structure calculation
must give this result. If it fails, something might be wrong, at least for the
calculation of the bands arising from the outer, weakly bound atomic orbitals.

In Fig. 8.12b a realistic band structure calculation is shown for Si which
crystallizes in the diamond structure, as already mentioned in Sect. 8.3, but
still neglecting spin. The dispersion relation is given for the direction from the
I'-point towards the X and L points as in Fig. 7.4b, but also from I" along the
X’ direction to the U, K points and from there along the surface of the first
Brillouin zone to the X point. The indirect band-gap in Si occurs between the

Fig. 8.11. The parabolic disper-
sion relation of free electrons over
a two-dimensional k-space, assuming
a hexagonal lattice with vanishing po-
tential (the so-called empty lattice)
(a) the resulting reduced zone scheme
for vanishing (b) and weak but finite
potential (c) and the E(k) relation
along various lines of high symmetry
_ for both cases (d). In b and ¢ the
r T KT M = T  bandsaredisplaced vertically for clar-
wave vektor ity ([81M1] of Chap. 1)
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Fig. 8.12. Band structure for the three dimensional diamond structure. For vanish-
ing potential (a) and a realistic band structure calculation for Si (b). The numbers
at I" give the irreducible representations (see Sect. 26.4 to 6), still neglecting spin:
According to [76A1,81M1,96Y1] of Chap. 1

maximum of the valence band at the I" point, set here as energy zero and the
minimum of the conduction band close to the X point.

While we stressed, in the nearly free electron approach, the plane wave
factor of the Bloch—wave and assumed that the lattice periodic part is essen-
tially a constant, we now start from the opposite side, by placing one or more
atomic orbitals at every atom site as shown, e.g., in Fig. 8.3 for simple 1s like
atomic orbitals.

Now we translate this concept into an equation assuming, for simplicity,
that we have a three-dimensional simple-cubic lattice with one atom per unit
cell and a nondegenerate normalized atomic orbital ¢;(r — R;) at every lattice
site R;.

In the linear combination of atomic orbitals (LCAO), or tight binding
approximation, the total wave function ¥ (r) is then given by

Ui (r) =3 Crigi (r = Ri) . (8.23a)

The fact that this form has to be of the Bloch-type determines the Cj ;
to be .
Cri = N zekBi (8.23b)

where N 2 is the normalization factor for a crystal consisting of N atoms.
Inserting (8.23b) in (8.23a) results in the LCAO wave function

k) =1 (r) = N2 Z e* Ry (r — Ry) . (8.24a)
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The energy belonging to these wave functions can be calculated in first
order with the help of the Hamiltonian H which contains, apart from the
kinetic energy terms, the sum over the atomic potentials via

E( ) <k|H|k 1ZZelk(R —Rj)
X /<p~(r—Ri)Hg0 (r — R;) d3r. (8.24b)

Since only relative distances enter, we simplify (8.23b) by introducing
R,, = R; — R; and obtain

E (k) = (k |H| k) = ZelkR/ (r— Rp)Ho(r) dr.  (3.240)

The next simplification is to assume realistically that in the sum only the
terms with R,,, = 0 and contribution for nearest neighbors R,, in the overlap
integral give considerable contributions. With the abbreviations

/gp* (r)Hep (r) d®r = —A (8.25)
and
/cp* (r—Ry)Hy(r)d®r = —B (8.26)
we obtain
E(k)=(k|H k)=—A— BZ elkRn (8.27)

where the sum now runs only over the nearest neighbors.

The term —A is close to but generally slightly lower in energy than the
eigenenergy of the parent atomic orbital ¢(7) since the Hamiltonian contains
not only the potential of a single atom but the sum over them as stated above.

For the simple-cubic lattice, which we consider, R,, adapts the following
six values

R, = (+a,0,0);(0,+a,0);(0,0,+a). (8.28)

This finally results in a simple band structure of width 12B centered ar-
ound —A:
E(k) = —A —2B(coskza + coskya + cos kaa) . (8.29)

We see from (8.29) that the overlap between atomic orbitals leads to the
formation of bands out of sharp atomic levels while the nearly free electron
methods explained the appearance of gaps in the simple parabolic dispersion
relation (see again Fig. 8.1).

Physically the formation of bands by the overlap described by B in (8.29)
is nothing but the splitting of the eigenenergies of coupled harmonic oscillators
as already mentioned in Sect. 8.1.
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The band width increases with increasing overlap integral B. Conse-
quently, the width of the forbidden gaps tends to decrease, as does the effective
mass, and the lattice periodic part of the Bloch—function ug(r) is smoothed
out. See also Sect. 8.5.

An early example of the LCAO method is the Wigner—Seitz approach

[47L1] which can already show, for the simple alkali-metals, that the nearly
free electron and the LCAO approaches give consistent results.

To finish this subsection on LCAO we want to discuss two further exam-
ples. First we consider qualitatively a hypothetic situation in which a valence-
band is formed from atomic 2p orbitals in a simple-cubic lattice [97U1].

In Fig. 8.13a we show a layer of p, orbitals. In the = direction the overlap
integral B (see above) is small since adjacent wave function lobes of differ-
ent atoms have opposite sign, i.e., there is a node line. Small overlap means
a narrow band in the k, direction and a heavy hole mass. The same or-
bitals have a large overlap integral in the y direction since adjacent lobes
of neighboring atoms have the same sign. Consequently, B is larger in the
y direction the band is broader in the k, direction and the effective mass
is small as shown by the solid line in Fig. 8.13b. For the p, orbitals we ob-
tain just the opposite behavior as shown by the dashed line in Fig. 8.13b.
Including the p, orbitals gives an analogous behaviour in all three direc-
tions of k space. We can reinterpret this finding in the following way. There
is one valence-band in all three directions, which has low curvature, i.e.,
a heavy effective mass and another one, which is degenerate at the I'-point,
with large curvature and low effective mass. Consequently the holes in these
bands are called heavy holes (hh) and light holes (lh). We should remem-
ber that we were treating a hypothetical material, but we shall encounter
in Sect. 8.8 a very similar but slightly more complex situation for the va-
lence bands of many semiconductors crystallizing in diamond- or blende-type
structures.

Fig. 8.13. A hypothetic layer of p, orbitals (a) and the resulting E(k) relation in
the direction k, and ky (solid line) and the analogon for p, orbitals (dashed line)
(b). The heavy dots in a give the positions of the atoms
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As a last example we discuss with Fig. 8.14 the tight binding approach for
Si (or diamond or Ge) as a function of the lattice constant a. Si has a filled Ne
configuration plus 3s23p?, i.e., four electrons in the outer ng = 3 shell, which
are responsible for the chemical binding, while the lower electron states (152,
252, 2p%) form deeper valence bands, which are presently of no interest.

For a large lattice constant the overlap integral vanishes and one starts
with the atomic 3s and 3p levels. With decreasing distance the levels shift to
lower energy and broaden since both A and B in (8.29) depend on the lattice
constant. For further decreasing distance the two bands start to overlap. This
is the distance between the atoms at which the sp® hybrid orbitals start to
form. For even smaller values the bands split again. In contrast to the two
fold degenerate 3s and six-fold degenerate 3p levels, two four-fold degenerate
bands form the binding and the antibinding states of the sp® hybrids. Since
there are two Si-atoms in the primitive unit cell, the valence band originating
from the HOMO (see Sect. 8.2) accommodates eight electrons and the con-
duction band (LUMO) also has place for eight electrons per unit cell. The
binding orbitals of the sp? hybrid point towards the corners of a tetrahe-
dron giving rise to the tetrahedral coordination of many semiconductors (see
Sect. 7.2).

The minimum of the total free energy gives the equilibrium distance rg,
which is indicated in Fig. 8.14. For even smaller values of a the bands shift to
higher energies, again due to the action of Pauli’s principle, and the increasing
kinetic energy of the wave functions.

T

energy

3p

3s

o — distance between atoms

Fig. 8.14. The bands originating from the 3s and 3p levels of Si as a function of the
lattice constant a or the distance between atoms ([95I1] of Chap. 1). The numbers
in the circles give the number of electrons per atom in the respective state or band.
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To conclude this section we give a few introductory remarks to the widely
used k - p perturbation theory, which is very valuable to calculate the band
structure in the vicinity of band extrema but by extrapolation allows one to
obtain an idea about the band structure over the whole Brillouin zone. For
more details see again the textbooks on solid state physics and on semicon-
ductor physics cited in Chap. 1 and in this chapter.

We assume in the following that the band extrema are situated at k¢ and
introduce the further simplification that kg = 0. If this is not the case, the
following considerations are valid for k' = k — k.

We start again with the one-electron approximation and the periodic po-
tential V(r) = V(r + R). The Hamiltonian reads

V). (8.30)

We insert the Bloch-wave ansatz of Sect. 8.1 into (8.30) and obtain (8.31a)
where n is the band index, mg the free electron mass and p = ? V:

2 th h2k2
(p N P,

2mo mo 2mo + V(’f')> Unk (1) = By (B) ung (7) . (8.31a)

For the case k = ko = 0 (8.31a) simplifies to

< 2” " 4 V(r)> tno (7) = B (k = 0) o (r) = Epotino (r) . (8.31b)
mo

We now assume, that the solution of (8.31b) is known. Then we can use the
terms A2kp/mg (this is the reason for the name of this method) and A%k?/2my
in (8.31a) as perturbations of the first and second order in k.

For the simple case of a nondegenerate band (or a two-fold spin degenerate
one) we obtain for the lattice periodic part of the eigenfunctions k()

h <uno |kp| un’0>
Unk (T) = Upo (7) + Upro () © 8.32a
b = () Sy e ) (8:320)

The above-mentioned situation of nondegeneracy frequently holds for the
lowest conduction band of semiconductors.
The dispersion relation is then given by

h2k2 2 | Uno |k p| Un/()>|
E,(k)=FE, 8.32b
(k) =Bnot 'y 2/#2 A (8.32b)

From (8.32b) we can easily deduce the effective mass of e.g. the conduction
band n

1 | Uno |k Pl un’0>|2
.= 2k2 Z B B (8.32¢)
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The coupling between various bands, which influences m., depends essen-
tially on the momentum matrix element, which in turn is closely related to
the dipole-matrix element (see Sect. 3.2.2) and can at least in principle be
deduced from optical absorption spectra.

The knowledge, which of the matrix elements vanish and which are non-
zero, can be obtained from group theory (see Chap. 26).

As already stated various times above, the effective electron mass decreases
with decreasing width of the gap E,o — Eno if the dominant term in (8.32¢)
comes from the coupling between conduction- and valence band.

Since the k - p theory starts for all bands with the free electron mass
(see (8.31a)) the appearance of effective masses can be considered again as
a consequence of level repulsion, e.g., between conduction and valence band
in the way indicated schematically by the arrows in Fig. 8.15. The coupling
between the bands arises in this model from the k - p term (also see the
Kane-model [57K1]).

The treatment of degenerate bands, especially of the upper valence bands
in k - p theory is more complicated, and beyond the scope of this chapter. We
refer the reader to the above-mentioned literature for details and formula but
mention that we shall meet results in the next section on band structures of
real semiconductors.

8.8 Bandstructures of Real Semiconductors

In this section we present band structures of real semiconductors.
As already mentioned the upper valence bands frequently arise, in the case
of ionic binding, from the highest occupied atomic p-levels of the anions with

Fig. 8.15. Conduction and valence band
with free electron mass mo (dashed lines)
and the modifications (arrows) resulting from
level repulsion (solid lines)
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Fig. 8.16. An overview of the band structures of some cubic semiconductors [70M1]

a more-or-less pronounced admixture of d-levels, or from the bonding states
of the sp? hybrid orbitals for covalent binding. The lowest conduction bands
come from the lowest empty s-levels of the cations or the antibonding sp3
hybrid, respectively. In Fig. 8.16 we give the essentials of the bandstructure
for cubic semiconductors like diamond, Si or Ge (point group Oy,) or the III-V,
II-VI and I-VII compounds crystallizing in zincblende (7,) structure.

The valence band has its maximum at the I' point, ie., at & = 0. It
is six-fold degenerate including spin corresponding to the parent p orbitals.
In Sect. 8.7 we stated that eight levels form the bonding sp? hybrid state
since there are two atoms in a unit cell. Six of them, which are treated
in the following, form the top of the valence band and the other two the
rather low lying I (with spin Ig) level seen, e.g., in Fig. 8.14b. This band is
not included in the following. The upper valence band splits due to spin—
orbit coupling at k = 0 into a two-fold degenerate band (symmetry "
in Oy, or Iy in T;) and a four-fold degenerate band (symmetry I 8+ in Op,
or Iy in T,). Usually the F8(+) band is the upper and the F7(+) the lower
one. The spin—orbit splitting increases in atoms with increasing charge Z
of the nucleus and this also applies in the semiconductor. In CuCl the or-
dering of the valence bands is inverted due to the influence of close-lying
d levels.
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The I, éJr) valence band splits for k # 0 into two bands which have different
curvature and are therefore known as heavy- and light-hole bands. All bands
have cubic symmetry, which is lower than spherical symmetry. As a con-
sequence the dispersion and thus the hole masses depend on the direction
of k. This phenomenon is known as band-warping. The valence bands are fre-
quently treated in k - p perturbation theory. The theory has been developed,
e.g., by Kane, Luttinger, Cardona, Pollack and many others (see [57K1,87B1]
or [96Y1] of Chap. 1) and is briefly outlined in Sect. 8.7.

Basically one has to start with the 16 bonding and antibonding states
resulting from two atoms per primitive unit cell. Often one considers the
lowest two-fold degenerate conduction band (symmetry Ig) separately, e.g.,
in the way described in Sect. 8.7 and is then left with eight valence band
states. Since the lowest I7 (or Ig) state is energetically rather far away, it
has only minor influence and may be neglected in the treatment of the upper
valence bands. The remaining six states in the I's and I'7 valence bands can
be treated in a 6 x 6 matrix. If the spin-orbit coupling is large, it is, how-
ever, often possible to treat the I's band alone resulting in a 4 x 4 matrix,
which can be solved analytically. The resulting band structure is frequently
described by the so-called Luttinger parameters v;,72 and and <3 accord-
ing to
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where ~; ! describes the average effective mass and 7, and 3 the splitting
into heavy- and light-hole bands and the warping via the term 3 (’y% — 'yg) If
warping is negligible (i.e. 72 = 3) the light and heavy hole effective masses
are given by
mo mo
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The conduction band has a minimum at the I" point and other minima in the
direction A close to the X points and at the L points.

If the minimum of the I" point is the deepest one, the semiconductor is
said to have a “direct gap” since transitions between the global maximum of
the valence band and the global minimum of the conduction band are directly
possible with photons, having kphoton = 0. In other cases, the semiconductor
is called “indirect” since a momentum-conserving phonon is involved in the
transitions between the band extrema.

Examples of indirect semiconductors are diamond, Si and Ge, some of the
III-V compounds such as AlAs and GaP, and some of the I-VII compounds
like AgBr. Direct gap semiconductors include some of the I1I-V compounds
like GaAs or InP, the II-VI compounds ZnS, ZnSe, ZnTe and C