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Preface to the First Edition

The present book is based on lectures given by the author at the
University of Tokyo during the past ten years. It is intended as a
textbook to be studied by students on their own or to be used in a course
on Functional Analysis, i.e., the general theory of linear operators in
function spaces together with salient features of its application to
diverse fields of modern and classical analysis.

Necessary prerequisites for the reading of this book are summarized,
with or without proof, in Chapter 0 under titles: Set Theory, Topo-
logical Spaces, Measure Spaces and Linear Spaces. Then, starting with
the chapter on Semi-norms, a general theory of Banach and Hilbert
spaces is presented in connection with the theory of generalized functions
of 5. L. SoBoLEV and L. ScEwarTz. While the book is primarily addressed
to graduate students, it is hoped it might prove useful to research mathe-
maticians, both pure and applied. The reader may pass, e.g., from
Chapter IX (Analytical Theory of Semi-groups) directly to Chapter XIII
{Ergodic Theory and Diffusion Theory) and to Chapter XIV (Integration
of the Equation of Evolution). Such materials as “Weak Topologies
and Duality in Locally Convex Spaces” and “Nuclear Spaces” are
presented in the form of the appendices to Chapter V and Chapter X,
respectively. These might be skipped for the first reading by those who
are interested rather in the application of linear operators.

In the preparation of the present book, the author has received
valuable advice and criticism {rom many friends. Especially, Mrs,
K. HiLLE has kindly read through the manuscript as well as the galley
and page proofs. Without her painstaking help, this book could not
have been printed in the present style in the language which was
not spoken to the author in the cradle. The author owes very much
to his old friends, Professor E. HiLLE and Professor S. KAKUTANT of
Yale University and Professor R. S, PHILLIPS of Stanford University for
the chance to stay in their universities in 1962, which enabled him to
polish the greater part of the manuscript of this book, availing himself
of their valuable advice. Professor S. Ito and Dr. H. KoMATsu of the
University of Tokyo kindly assisted the author in reading various parts
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ob the gralley proot, conrecting errors and improving the presentation.
Levadl b thews, the amihor expresses his warmest gratitude.
Fhanlecare alo due to Professor Fo K. ScaMipt of Heidelberg Uni-
seraty ol (o Protessor T KATo of the University of California at
Berkeley who constantly encouraged the author to write up the present
bool. I'mally, the author wishes to express his appreciation to Springer-

Verlag for their most efficient handling of the publication of this book.

Tokyo, September 1964
K&saku Yosina

Preface to the Second Edition

In the preparation of this edition, the author is indebted to
Mr. FLoreT of Heidelberg who kindly did the task of enlarging the Index
to make the book more useful. The errors in the second printing are cor-
rected thanks to the remarks of many friends. In order to make the book
more up-to-date, Section 4 of Chapter XIV has been rewritten entirely
for this new edition,

Tokyo, September 1967

Kdsaku Yosipa

Preface to the Third Edition
A mnew Section (9. Abstract Potential Operators and Semi-groups)
pertaining to G. HuNT’s theory of potentials is inserted in Chapter XIIT
of this edition. The errors in the second edition are corrected thanks to
kind remarks of many friends, especially of Mr. KLAUS-DIETER BIER-
STEDT.

Kyoto, April 1971
Kosaky Yosipa

Preface to the Fourth Edition

Two new Sections ‘6. Non-linear Evolution Equations 1 (The
Komura-Kato Approach)” and “7. Non-linear Evolution Equations 2
(The Approach Through The Crandall-Liggett Convergence Theorem)’”
are added to the last Chapter XIV of this edition. The author is grateful
to Professor Y. KOmura for his careful reading of the manuscript.

Tokyo, April 1974
Késaku Yosipa

Preface to the Fifth Edition

Taking advantage of this opportunity, supplementary notes are added
at the end of this new edition and additional references to books have
been entered in the bibliography. The notes are divided into two cate-
gories. The first category comprises two topics: the one is concerned with
the time reversibility of Markov processes with invariant measures, and
the other is concerned with the uniqueness of the solution of time depen-
dent linear evolution equations. The second category comprises those
lists of recently published books dealing respectively with Sobolev Spaces,
Trace Operators or Generalized Boundary Values, Distributions and
Hyperfunctions, Contraction Operators in Hilbert Spaces, Choquet’s
Refinement of the Krein-Milman Theorem and Linear as well as Non-
linear Evolution Equations.

A number of minocr errors and a sericus one on page 459 in the fourth
edition have been corrected. The author wishes to thank many friends
who kindly brought these errors to his attention,

Kamakura, August 1977 K 6saxU YOSIDA

Preface to the Sixth Edition

Two major changes are made to this edition. The first is the re-
writing of the Chapter V1,6 to give a simplified presentation of Miku-
sinski's Operational Calculus in such a way that this presentation does
not appeal to Titchmarsh’s theorem. The second is the rewriting of the
Lemma together with its Proof in the Chapter XII,5 concerning the
Representation of Vector Lattices. This rewriting is motivated by a
letter of Professor E. Coimbra of Universidad Nova de Lisboa kindly
suggesting the author’s careless phrasing in the above Lemma of the
preceding edition.

A number of misprints in the fifth edition have been corrected thanks
to kind remarks of many friends.

Kamakura, June 1980 Késaxku Yosipa
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(. Preliminaries

It is the purpose of this chapter to explain certain notions and theo-
rems used throughout the present book. These are related to Sef Theory,
Topological Spaces, Measure Spaces and Linear Spaces.

1. Set Theory

Sets, x € X means that x is a member or element of the set X; x€ X
means that r is not a member of the set X. We denote the set con-
sisting of all z possessing the property P by {x; P}. Thus {y; y = #} is
the set {#} consisting of a single element x. The void sef is the set with
no members, and will be denoted by @. If every element of a set X is also
an element of a set ¥, then X is said to be a subsef of Y and this fact
will be denoted by X L Y, or ¥ 2 X. If X is a set whose elements are
sets X, then the set of all x such that x € X for some X € ¥ is called the
union of sets X in ¥; this union will be denoted by XLEJI-E X. The inter-

section of the sets X in X is the set of all x which are elements of every
X € X; this intersection will be denoted by ngf X. Two sets are dis-

joint if their intersection is void. A family of sets is disjoint if every
pair of distinct sets in the family is disjoint. If a sequence {X, },_12

of sets is a disjoint family, then the union LJ1 X, may be written in
nZ

oo
the form of a sum '21X"'
e

Mappings. The term mapping, function and fransformation will be
used synonymously. The symbol f: X — ¥ will mean that f is a single-
valued function whose domain is X and whose range is contained in Y;
for every x € X, the function f assigns a uniquely determined element
Hx) =y€ Y. For two mappings /: X - Y and g: ¥ —> £, we can
define their composite mapping gf: X — Z by (gf) (x) = g{f{x)). The
symbol f(M) denotes the set {f(x); x¢ M} and (M) is called the image
of M under the mapping /. The symbol /(W) denotes the set {x; f(x) N}
and f~1(N} is called the inverse image of N under the mapping /. It is
clear that

Y, = f(F1(Yy)) for all Y, € /(X), and X, € /1(F(Xy)) for all X, C X.

1 Yosida, Functional Analysis
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Iff: X — Y, and for each ¥ € f(X) there is only one x ¢ X with f(x) = v,
then £ is said to have an fnverse (mapping) or to be one-to-ome. The inverse
mapping then has the domain f(X) and range X, it is defined by the
equation x — f~1(y}) = /-1({y}).

The domain and the range of a mapping f will be denoted by D () and
R(f), respectively. Thus, if  has an inverse then

Frif(x)) = xforall x€ D(f), and (1 (3}) = y for all y € R(f).

The function fis said to map X onto Vi{ f(X) = Yandmto Yif f{X)C Y.
The function f is said to be an extension of the function g and g a restriciion
of 7 if D(f} contains D (g), and f(x) = g(x) for all x in D{g).

Zorn’s Lemma

Definition. Let P be a set of elements 4, &, . .. Suppose there is a
binary relation defined between certain pairs (a, &) of elements of P,
expressed by a < b, with the properties:

a < a,
if a<band b < a, then a =5,
if @ < b and b < ¢, then @ < ¢ {transitivity).

Then P is said to be partially ordered (or semi-ordered) by the relation <.

Examples. If P is the set of all subsets of a given set X, then the set
inclusion relation (A C B) gives a partial ordering of P. The set of all
complex numbers z == x + v, w = u + iv, ... is partially ordered by
defining z < w to mean x = % and vy = v,

Definition. Let P be a partially ordered set with elements a, &, . ..
Ifa < cand & < ¢, we call ¢ an upper bound for a and b. If furthermore
¢ < 4 whenever 4 is an upper bound for 4 and &, we call ¢ the least upper
bound or the supremum of a and b, and write ¢ = sup(a, ) ora Y b.
This element of P is unique if it exists. In a similar way we define the
greatest lower bound or the infimum of a and b, and denote it by inf {a, 5)
ora Ab If ay/ band a A b exist for every pair (g, b} in a partially
ordered set P, P is called a latfice.

Example. The totality of subsets M of a fixed set B is a lattice by
the partial ordering M, <{ M, defined by the set inclusion relation
M, C M,

Definition. A partially ordered set P is said to be linearly ordered (or
totally ordered) if for every pair (a, b) in P, either a < b or & < a holds.
A subset of a partially ordered set is itself partially ordered by the rela-
tion which partially orders P; the subset might turn out to be linearly
ordered by this relation. If P is partially ordered and S is a subset of P,
an m C P s called an upper bound of S if s < m for every s€ 5. An
o 1 is said to be maximal if p € P and m < p together imply »z - p.

2. Topological Spaces 3

Zorn’s Lemma. Let # be a non-empty partially ordered set with the
property that every linearly ordered subset of P has an upper bound
in P. Then P contains at least one maximal element.

It is known that Zorn’s lemma is equivalent to Zermelo’s axiom of
choice in set theory.

2. Topological Spaces

Open Sets and Closed Sets

Definition. A system v of subsets of a set X defines a fopology in X
if r contains the void set, the sei X itself, the union of every one of its
subsystems, and the intersection of every one of its finite subsystems.
The sets in 7 are called the open sefs of the fopological space (X, 7); we
shall often omit 7 and refer to X as a topological space. Unless otherwise
stated, we shall assume that a topological space X satisfies Hausdorff's
axiom of separation:

For every pair (x,, %,) of distinct points x,, x, of X, there exist disjoint

open sets (r, Gy such that x, € G, 2, € G,

A neighbourhood of the point x of X is a set containing an open set which
contains x. A neighbourhood of the subset M of X 1s a set which is a
neighbourhood of every point of M. A point x of X is an accumulaiton
point or limit point of a subset M of X if every neighbourhood of x con-
tains at least one peoint m ¢ M different from =x.

Definition. Any subset M of a topological space X becomes a topolo-
gical space by calling “open’ the subsets of M which are of the form
M M G where G's are open sets of X. The induced topology of M is called
the relative fodology of M as a subset of the topological space X.

Definition, A set M of a topological space X is closed if it contains
all its accumulation points. It is easy to see that M is closed iff! its
complement M€ = X — M is open. Here 4 — B denotes the totality of
points x € 4 not contained in B. If M C X, the intersection of all closed
subsets of X which contain M 1s called the closure of A and will be denoted
by M* (the superscript “‘a”’ stands for the first letter of the German:
abgeschlossene Hiille).

Clearly M* is closed and M C M%; it is easy to see that M = M* iff
M is closed.

Metric Spaces

Definition. If X, Y are sets, we denote by X x Y the set of all ordered
pairs {x, v} where xc X and v€ Y; X XY will be called the Cartesian
product of X and Y. X is called a metric space if there is defined a func-

1 iff is the abbreviation for ““if and only if"’.
1%
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tion & with domain X x X and range in the real number field R! such
that

d{xy, %) = 0and d(x, x,) = 0iff x; = x,,

d{xy, %) = d{%y, %),

d (%, %3) = d (2, x5) - d(x,, %) (the triangle inequality).
d is called the meéric or the distance fumction of X. With each point x,
in a metric space X and each positive number r, we associate the set
S(xp:7) = {x € X d(x, %) << #} and call it the open sphere with centre x,
and radius r. Let us call “open” the set M of a metric space X iff, for
every point %, € M, M contains a sphere with centre x,. Then the totality
of such “open’” sets satisfies the axiom of open sets in the definition of the
topological space.

Hence a metric space X is a topological space. It is easy to see that a
point x, of X is an accumulation point of M iff, to every ¢ > 0, there exists
at least one point m = %, of M such that d(m, x,) <C . The n-dimensional
Euclidean space R is a metric space by

» 1/2
dix,y) = (1§ {x —y,-)ﬂ) swhere x = (%, .. ., and y = (v, ..., ¥,}.
Continuous Mappings

Definition, Let /: X — ¥ be a mapping defined on a topological
space X into a topological space Y. { is called cantinuous at a point %, ¢ X
if to every neighbourhood U of f(x,) there corresponds a neighbourhood
V of x, such that (V) € U. The mapping f is said to be continuouns if it is
continuous at every point of its domain D{f) = X,

Theorem. Let X, ¥ be topological spaces and f a mapping defined
on X into Y. Then f is continuous iff the inverse image under f of every
open set of Y is an open set of X.

Proof. If { is continuous and U an open set of Y, then V = f~1{I)
is a neighbourhood of every point x,€ X such that f(x,) € U, that is,
V is a neighbourhood of every point %, of ¥. Thus V is an open set of X.
Let, conversely, for every open set U 3 f(x,) of Y, the set V = f1(I)
be an open set of X. Then, by the definition, fis continuous at x, < X,

Compactness

Definition. A system of sets G,, & € A, is called a covering of the set
X if X is contained as a subset of the union U4 G,. A subset M of a
topological space X is called compact if every system of open sets of X
which covers M contains a finite subsystem also covering M.

In view of the preceding theorem, a continuous image of a compact set
15 also compact.

Proposition 1. Compact subsets of a topological space are necessarily
closed.

2. Topological Spaces 5

Prooi. Let there be an accumulation point x, of 4 compact set M of a
topological space X such that x,€ M. By Hausdorif’s axiom of separa-
tion, there exist, for any point m ¢ M, disjeint open sets G, ,, and G, ,,
of X such that me G,,,,, %€ Gy, m The system {G,, . ;mc M} surely
covers M. By the compactness of M, there exists a finite subsystem

"
{Gus £=1,2,..., n} which covers M, Then _nl G..m; does not
i=
intersect M. But, since %, is an accumulation point of M, the open set
”
'('11 Geom; D% must contain a point m € M distinct from x,. This is a
i=

contradiction, and M must be closed.

Proposition 2. A closed subset M of a compact set M of a topological
space X is compact.

Proof. Let {G,} be any system of open sets of X which covers M,.
M, being closed, M¢ = X — M, is an open set of X. Since M, C M,
the system of open sets {G,} plus MY covers M, and since M is compact, a
properly chosen finite subsystem {G,;:=1,2, ..., n} plus MS surely
covers M. Thus {G,,; i =1, 2, .. ., n} covers M,.

Definition. A subset of a topological space is called relatively compact
if its closure is compact. A topological space is said to be Jocally compact if
each point of the space has a compact neighbourhood.

Theorem. Any locally compact space X can be embedded in another
compact space Y, having just one more point than X, in such a way that
the relative topology of X as a subset of ¥ is just the original topology
of X. This Y is called a one point compactification of X

Proof. Let y be any element distinct from the points of X. Let {U} be
the class of alt open sets in X such that U® = X — U is compact. We
remark that X itself € {U}. Let ¥ be the set consisting of the points of X
and the point y. A set in ¥ will be called open if either (i) it does not
contain y and is open as a subset of X, or (ii} it does contain y and its
intersection with X is a member of {U}. It is easy to see that Y thus
obtained is a topological space, and that the relative topology of X
coincides with its original topology.

Suppose {¥} be a family of open sets which covers ¥, Then there must
be some member of {V} of the form U\ {y}, where U, € {U}. By the
definition of {U}, U is compact as a subset of X. It is covered by the
system of sets VN X with ¥ ¢ {V}. Thus some finite subsystem:
MNX, VaNX, ..., V, N X covers U§. Consequently, V,, V,, ..., V,
and Uy \/ {y} cover Y, proving that Y is compact.

Tychonov’s Theorem

Deiinition. Corresponding to each « of anindex set 4, Iet there be given
a topological space X, The Cartesian product g X, is, by defini-
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tion, the set of all functions f with domain A such that f(x) € X, for
every o« € A. We shall write f — g Hed and call f{x) the x-th coordi-

n
nate of f. When 4 consists of integers (1, 2, ..., n), kﬂ X, is usually
=1

denoted by X xX,x - -xX,. We introduce a (weak) fopology in the
product space Q;X“ by calling “open” the seis of the form g G.,

where the open set &, of X, coincides with X for all but a finite set of .
Tychonov’s Theorem. The Cartesian product X = ]E; X, of a

system of compact topological spaces X is also compact.

Remark. As is well known, a closed bounded set on the real line Rl is
compact with respect to the topology defined by the distance d{x, y}) —
|x—1y| {the Bolzano-Weierstrass theorem). By the way, a subset M
of a metric space is said to be bounded, if M is contained in some sphere
S{xp, r) of the space. Tychonov’s theorem implies, in particular, that a
parallelopiped

—o g Eh<oo (E=12...,%)

of the n-dimensional Euclidean space K" is compact. From this we see
that R” is locally compact.

Proof of Tychonov’s Theorem. A system of sets has the finite inter-
section property if its every finite subsystem has a non-void intersection.
It is easy to see, by taking the complement of the open sets of a covering,
that a topological space X is compact iff, for every system {M,; x € 4}
of its closed subsets with finite intersection property, the intersection
ulgA M?% is non-void,

Let now a system {S} of subsets S of X = g X, have the finite

intersection property. Let {N} be a systemn of subsets N of X with the
following properties:

{i) {5} is a subsystem of {N},
(ii) {N} has the finite intersection property,
(ili) {¥} is maximal in the sense that it is not a proper subsystem of
other systems having the finite intersection property and containing
{S} as its subsystem.
The existence of such a maximal system {N} can be proved by Zorn’s
lemma or transfinite induction.

For any set N of {N} we define the set N, = {{(x); fE N} C X...
We denote then by {N,} the system {N,; Nc {N}}. Like {N}, {N.}
enjoys the finite intersection property. Thus, by the compactness of X,
there exists at least one point p, € X, such that p, € NQN} N%. We have

to sh the > pot = to the set NE.
o show that the point # Q‘IE]; P, belongs to the se NQN]
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But since #, belongs to the intersection r{'} }N; , any open set G,
NE N ° &+

of X, which contains p, intersects every N, € {N,}. Therefore the open
set

G(O‘a) — {x, x = JT Ko with Xy T Ga}
xgA * ’

of X must intersect every N of {N}. By the maximality condition (iii)
of {N}, G*) must belong to {N}. Thus the intersection of a finite number
of sets of the form G with x, € 4 must also belong to {N}and sosucha
set intersect every set N € {N}. Any open set of X containing p being
defined as a set containing such an intersection, we see that p — g Pa

must belong to the intersection N N@,
NE(N}

Urysohn’s Theorem

Proposition. A compact space X is normal in the sense that, for any
disjoint closed sets F, and F, of X, there exist disjoint open sets Gy and
Gy such that F, € Gy, F, € G,.

Proof. For any pair (r, ¥} of points such that xc F,, y¢ F,, there
exist disjoint open sets G(x,y) and G(y,x) such that x€ G(x,y),
y€ Gy, x). F, being compact as a closed subset of the compact space X,
we can, for fixed x, cover F, by a finite number of open sets Gy, x),
G()Jz, x): RN G(yn(r): x) Set

n{x) nlx)

G:=U G0y and G =N Glx ).
= 4=

Then the disjoint open sets G, and G (x) are such that F, € G, x ¢ G(x)-
F, being compact as a closed subset of the compact space X, we can cover
Fy by a finite number of open sets G (x;), G(xy), . . ., G(x,). Then

k k
=UGx) and G,=N G,
i=1 =1 ?

satisty the condition of the proposition.

Corollary. A compact space X is regular in the sense that, for any
non-void open set G| of X, there exists a non-void open set G} such that
(G2 < G

Proof. Take F; = {G})° and F, = {x} where x € |, We can then take
for G the open set G, obtained in the preceding proposition.

Urysohn’s Theorem. Let 4, B be disjoint closed sets in a normal space
X. Then there exists a real-valued continuous function f(f) on X such
that

0=/@ <1lonX,and f{f) =0on 4, {{#) = 1 on B.

Proof. We assign to each rational number » = £/2* (£ — 0, 1, . . ., 2,
an open set & (#) such that (i) 4 € G(0), B = G(1)%, and (i) G (r)* < G(#)
whenever 7 <2 #". The proof is obtained by induction with respect to .
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For #n = 0, there exist, by the normality of the space X, diajm'nt open sets
Gyand G, with 4 € Gy, B € (. We have only to set G, = (7{0). Suppose
that G{» )s have been constmcted for » of the f()rm k/z” 'in such a
way that condition (ii) is satisfied. Next let & be an odd integer = 0.
Then, since (¢ —1)/2" and (k + 1)/2" are of the form %/2"! with
0=k =21 we have G({k— 1)/2°)* C G((k + 1}/2"). Hence, by the
normality of the space X, there exists an open set & which satisfies
G((k--1)/2")* < G, G" € G((k + 1)/2"). If we set G(k/2") = G, the induc-
tion is completed.

Define f{#) b

f{§) = 0 on G(0), and f{¢) = sup » whenever ¢C G{0)°.
€6

Then, by (i), /() =0 on 4 and f(t) = 1 on B. We have to prove the
continuity of f. For any #,€ X and positive integer #», we take » with
Fltg) << v << fity) + 27" L Set G = G NGl — 2"")“c (we set, for
convention, G(s) =@ if s < 0 and G(s) = X if s > 1). The open set G
contains £, For, f(f) < » implies £4,€ G(r), and (r — 271 < /(1)
implies € G{r— 27" CG(r— 27", Now tc G implies £ € G{r})
and so f(f) < r; similarly 1€ G implies £€ G{r — 27"*° C G{r — 27" % s0
that » —27" =< /(). Therefore we have proved that |f(f) — f(t,) | =< 1/2"
whenever £€ G,

The Stone-Weierstrass Theorem

Weierstrass’ Polynomial Approximation Theorem. Let f{x) be a real-
valued {or complex-valued) continuous function on the closed interval
[0, 1]. Then there exists a sequence of polynomials £, (x) which converges,

as #— 00, to f(x) uniformly on [0, 1]. According to S. BERNSTEIN, we
may take

Pols) = 2 .Co fpfm) 5 (1 — . (1)
Proof. Differentiating (x 4 )" =p§; #Cp 2% 9*7% with respect to

x and multiplying by x, we obtain nx(x 1+ )" ? :Pé“op WCp 2Py 2,

Similarly, by differentiating the first expression twice with respect to xand

multiplying by x%, we obtain # (n — 1) x®(x + )"~ 2 pip—1).CpxP
y*?_ Thus, if we set
75 (%) = ACp ¥ (L — )7, @)
we have
St S ) xS ) () = w1 b
i~ 7plxy = 1, ffo?b’,o(x) nXx, ;:ﬂ?(?f’ 1} rp(x) = ni{n— 1) 2®. (3)
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Hence

pé:) (p—nx)?r,(x) = n‘lx‘lpé}rp(x) — 2nxp:5n,:] Pry(x) +p§"0 szp(x)
— '  2nx o mx - (nx fon(n - 1) o)
=nx(l—x). (4)

We may assume that |f{x)| =< M < oo on [0, 1]. By the uniform
continuity of f{x), there exists, for any ¢ > 0, a § > 0 such that

[f(x) — /{x"}| << & whenever |x —x"| < §. (5)
We have, by (3),

I f(;b/'n) )| =| £ 00— 16im) 7,0

‘b" "zx"sﬁﬂ‘ _b m:\>6n
For the first term on the right, we have, by 7, () = 0 and (3),

‘lﬁ’—mf sdn# =# 2 ?’P( ) =

For the second term on the right, we have, by (4) and |f(x)| < M,

aM
) 2M X = = — 2
[pﬁnzzr>6n - |#—na|=dn i (%) = n?§? p‘go (P nx) Ty (x)
2Mx(1—x) M
v = 540, 0 (as n—>o00).

The Stone-Weierstrass Theorem. Let X be a compact space and C (X)
the totality of real-valued continuous functions on X. Let a subset B of
C(X) satisfy the three conditions: (i) if /, g€ B, then the function pro-
duct f- g and linear combinations «f + fg, with real coefficients «, 8,
belong to B, (ii) the constant function 1 belongs to B, and {iii} the uniform
limit /o of any sequence {/,} of functions € B also belongs to B. Then
B = C(X) iff B separates the points of X, i.e. iff, for every pair (s, s,) of
distinct points of X, there exists a function x in B which satisfies

x(sy) 7% x{sq).

Proof. The necessity is clear, since a compact space is normal and so,
by Urysohn's theorem, there exists a real-valued continuous function x
such that x(s,} 7= x(s,).

To prove the sufficiency, we introduce the lattice notations:
(f V g} (s) = max(f(s), g(s)), (/ A\ g) (s) = min(#{s), g (s)), |£] (s) = |F(9)].
By the preceding theorem, there is a sequence {P,,,} of polynomials such that

it — P, )| < ln for —mn<i<n.
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Henee ([f{s)| = Pu(f(s) | << 1fn if —n <= f{s) = n. This proves, by (iii),
that |f| € B if /€ B, because any function #(s} & /2 <, ¢’ (X} is bounded on
the compact space X. Thus, by

pve="EE 8 ang g tle Uil

we see that B is closed under the lattice operations V and A.

Let A€ C(X) and s,, s,€ X be arbitrarily given such that s, # s,.
Then we can find an /€ B with Fos(51) = A (sy) and fo, (s)) = A{s,).
To see this, let g € B be such that g(s;) 7= g(sy), and take real numbers «
and f§ so that f, — xg + B satisfies the conditions: Fssa (51} = R (sy)
and f;,q, (sy) = A (sy).

Given & > 0 and a point £ ¢ X. Then, for each s € X, there is a neigh-
bourhcod {/(s) of s such that f,(#} > A{u) — ¢ whenever u € U(s). Let
Uls)), Ulsg), . .., Uls,) cover the compact space X and define

f: :fslt Vo--- \/ fsnt-
Then f, € B and f,(u) > h{u) — e for allu € X. We have, by Fea ) = R{D),
fe(£) = k(#). Hence there is a neighbourhood ¥V (#) of ¢ such that /, (1) <
h(u) + & whenever u€ V(#). Let V(£), V(&), ..., V(%) cover the com-
pact space X, and define

f:ftlf\ "'/\ftk-
Then f€ B and f(u) > A(u)—¢ for all u< X, because fo, () = h(n) —e

for 4 ¢ X. Moreover, we have, for an arbitrary point u € X, say u € V(£),
Flu) < fil0) < hw) -+ .

‘Therefore we have proved that [/{x) — A{u)| < & on X.

We have incidentally proved the following twe corollaries.

Corollary 1 (KAKUTANI-KREIN). Let X be a compact space and C {X}
the totality of real-valued continuous functions on X. Let a subset B
of C(X) satisfy the conditions: (i} if /, g€ B, then f \/ g, f A g and the
linear combinations «/ -+ fg, with real coefficients «, g. belong to B,
{ii} the constant function 1 belongs to B, and {iii) the uniform limit f
of any sequence {f,} of functions ¢ B also belongs to B. Then B = C {(X)
ift B separates the points of X,

Corollary 2. Let X be a compact space and € (X) be the totality of
complex-valued continuous functions on X. Let a subset B of C(X)
satisfy the conditions: (i) if /, g € B, then the function product f - g and
the linear combinations xf + fg, with complex coefficients a, §. belong
to 7, (i1) the constant function 1 belongs to B, and (i) the uniform
limit [, of any sequence {/,} of functions € B also belongs to B. Then
£ CLX) AIE B osatisfies the conditions: (iv) B separates points of X
and (v) if f(s) ¢ B, then its complex conjugade function f{s) also belongs
to 3.
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Weierstrass’ Trigonometric Approximation Theorem. Let X be the
circamference of the unit circle of R2 It is a compact space by the usual
topology, and a complex-valued continuous function on X is represented
by a continuous function f{x), —oc < x <2 oo, of period 2. If we take,
in the above Corollary 2, for B the set of all functions representable by
linear combinations, with complex coefficients of the trigonometric
functions

& n=0,11,42..)

and by those functions obtainable as the uniform limit of such linear
combinations, we obtain Weierstrass' trigonometric approximation theo-
rem: Any complex-valued continuous function f{x) with period 2z can
be approximated uniformly by a sequence of trigonometric polynomials
of the form X ¢, e™*.

Completeness

A sequence {x,} of elements in a metric space X converges to a limit
point x ¢ X iff lim d(x,, x) = 0. By the triangle inequality d{x,, x,,) <
H—O0

d(x,, x) 4 d(x, x,,), we see that a convergent sequence {x,} in X satisfies
Cauchy's convergence condition
Im d{x,, x,,) = 0. (1)
n,m—>00
Definition. Any sequence {x,} in a metric space X satisfying the above
condition (1} is called a Cauchy seguence. A metric space X is said to be
complete il every Cauchy sequence in it converges to a limit point £ X.
It is easy to see, by the triangle inequality, that the limit point of
{x,}, H it exists, is uniquely determined.

Definition. A subset M of a topological space X is said to be non-
dense in X if the closure M* does not contain a non-void open set of X,
M is called dense in X if M® = X. M is said to be of the first category if M
is expressible as the union of a countable number of sets each of which is
non-dense in X; otherwise M is said to be of the second category.

Baire’s Category Argument

The Baire-Hausdorff Theorem. A non-void complete metric space is of
the second category.

Proof. Let {M,} be a sequence of closed sets whose union is a complete
metric space X. Assuming that no M, contains a non-void open set, we
shall derive a contradiction. Thus MY is open and M%* — X, hence M¢
contains a closed sphere S, = {x; d(x,, x} =< »,} whose centre x, may be
taken arbitrarily near to any point of X. We may assume that 0 <7, <<1/2.
By the same argument, the open set M§ contains a closed sphere



14 0. Preliminaries

5, = {x;d{x,, x) = r,} contained in 5; and such that 0«7 », < 1/22,
By repeating the same argument, we obtain a scquence {5.) of closed
spheres S, = {x; d (x,, x) = #,} with the properties:

0< 7 << 12" Sp01 €S, S, NM, =0  (n=1,2..).

The sequence {x,} of the centres forms a Cauchy sequence, since, for any
n<lm, X, €5, so that d(x,, x,) < 7, < 1/2". Let %, € X be the limit
point of this sequence {x,}. The completeness of X guarantees the exist-
ence of such a limit point x.. By d (%, %) = d (%,, %,,) + A (X, Xoo) =

7y + A{Xy, Xeo) — 7, (aS m — 00), we see that x,, € S, for every »: Ience

- - - . . oo
% 18 in none of the sets M, and hence x, is not in the union U M, - X,
1

n=

contrary to x,, € X.
Baire’s Theorem 1. Let M be a set of the first category in a compact
topological space X. Then the complement M¢ — X — M is densc in X,
Proof. We have to show that, for any non-void open set &, M® inter-

o
sects G. Let M = U M, where each M » 15 @ non-dense closed set. Since

n=1
M, = M3 is non-dense, the open set M¢ intersects G, Since X is regular
as a compact space, there exists a non-void open set G, such that
G3 & G N MY, Similarly, we can choose a non-void open set G, such that
Gz C Gy N\ M{. Repeating the process, we obtain a sequence of non-void
open sets {(z,} such that
Guir SG, N MS (n=1,2,..1).

The sequence of closed sets {G}} enjoys, by the monotony in #, the finite
intersection property. Since X is compact, there is an x € X such that

o0
xeﬂgle,. %€ G] imples xé G, and from x¢ Grii CG, N ME .,

[s.«]
(n=20,1,2,...; Gy =), we obtain x¢ r_11 M,f — MF®. Therefore we

have proved that G N\ M® is non-void.
Baire’s Theorem 2. Let {x,(#)} be a sequence of real-valued continuous
functions defined on a topological space X. Suppose that a finite limit:

lim x,(f) = x(£)

exists at every point ¢ of X. Then the set of points at which the function
x is discontinuous constitutes a set of the first category.

Proof. We denote, for any set M of X, by A * the union of all the
open sets contained in M ; M* will be called the tnterior of M.

Put P,le) ={tc X; [x() —x,(0) | e, 6> 0}, Gle) = @1 P {e).

oo »
Then we can prove that C = f‘]I :(1/#) coincides with the set of all

points at which x(f) is continuous. Suppose z(f) is continuous at ¢ — fy- -
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o0
We shall show that £,¢ DIG(I/n). Since lim x,(f) = x(f), there
ne= H—-00

exists an m such that [x (f)) — x,, (%) | = /3. By the continuity of x () and
% {f) at £ = 4y, there exists an open set U,, >, such that |x(£) —x {#,) | < ¢/3
| % (8} — % (f) | = /3 whenever ¢t € U, . Thus ¢ € U, implies

|2() — 2 @) | = [#(8) — 2) [ + [5() — 2 (o) | + [#m{le) — 2w (D) | < &,
which proves that £, € P}, (s) and so £ € G (&). Since £ > 0 was arbitrary,
we must have £, & 81 G(1/n).

20
Let, conversely, {,¢ 01 G (1/n). Then, for any ¢ > 0, £,€ - (¢/3) and

so there exists an m such that % € P (g/3). Thus there is an open set
U, 24 such that ¢¢ U, implies |[x(f) — x,(f)| = £/3. Hence, by the
continuity of x,,(¢) and the arbitrariness of ¢ > 0, x (f) must be continuous

at f = ¢,
After these preparations, we put
Fr(e) =€ X |2p(t) —xmqslt) | = (A=1,2,...}.

e o]
Thisis a closed set by the continuity of the x, (#)'s. Wehave X — U1 F, (e
by lim x,(f) = x(f). Againby lim =x,(f) = x{f), wehave F,, () C P, {e).
n—00 H— o0

3 . C I

Thus Fi, (e) £ Pi(¢) and so L_J1 Fi {e) € G(g). On the other hand, for
. =) .

any closed set ¥, (' — F*) is a non-dense closed set. Thus X — l:JI F (&

= U1 (Fnle) — Fi(e)) is a set of the first category. Thus its subset

G(e)° = X — G(e) is also a set of the first category. Therefore the set
of all the points of discontinuity of the function x (), which is expressible

o0
as X — Fljl G{ljn) = L:l1 G (1/m)€, is a set of the first category.

Theorem. A subset M of a complete metric space X is relatively com-
pact iff it 1s fotally bounded in the sense that, for every e = 0, there exists
a finite system of points my, m,, . . ., m, of M such that every point m of
M has a distance <Z ¢ from at least one of m,, m,, . . ., m,. In other words,
M is totally bounded if, for every £ > 0, M can be covered by a finite
system of spheres of radii <C ¢ and centres ¢ M.

Proof. Suppose M is not totally bounded. Then there exist a positive
number ¢ and an infinite sequence {m,} of points € M such that d (m,, m,)
= & for ¢ # . Then, if we cover the compact set M* by a system of open
spheres of radii < ¢, no finite subsystem of this system can cover M*.
FFor, this subsystem cannot cover the infinite subset {m;} L M ¢ M".
Thus a relatively compact subset of X must be totally bounded.
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Suppose, conversely, that M is totally bounded as a subset of a com-
plete metric space X. Then the closure M* is complete and is totally
bounded with M. We have to show that M* is compact. To this purpose,
we shall first show that any infinite sequence {p,} of M* contains a sub-
sequence {f,} which converges to a point of M* Because of the total
boundedness of M, there exist, for any £ > 0, a point ¢, € M* and a sub-
sequence {p,} of {p,} such that d(p,, g,) < &/2forn — 1,2, .. .: conse-
quenﬂy' d(?bﬂ'-' pm') g d(pn’: qe) =+ d(qy pm‘) < & for ", m= ]u 2: ... We
set £ = 1 and obtain the sequence {p;}, and then apply the same rea-
soning as above with ¢ = 271 to this sequence {#i}. We thus obtain a
subsequence {p,.} of {,} such that

@(Pws b)) << 1, d(Ppe, P) < 1/2 (m,m=1,2,...).

By repeating the process, we obtain a subsequence {patess} of the sequence
{pnm} such that

E{Pyierny, o)) < 1/2% (m,m=1,2..).

Then the subsequence {p,,.} of the original sequence {p,}, defined by the
diagonal method:

P(n)' = ﬁn‘:")!

surely satisfies Hm  d(pi.y, pimy) = 0. Hence, by the completeness of
#,M—>00
M?*, there must exist a point $ € M® such that lim Py, p) = 0.
R0

We next show that the set M* is compact. We remark that there
exists a countable family {F} of open sets F of X such that, if U is any
open set of X and x ¢ U N M*, thereisaset € {F} for which x¢ F C U.
This may be proved as follows. M*® being totally bounded, M* can be
covered, for any ¢ > 0, by a finite system of open spheres of radii e
and centres ¢ M* Letting ¢ — 1, 1/2, 1/3, . . . and collecting the coun-
table family of the corresponding finite systems of open spheres, we
obtain the desired family {F} of open sets.

Let now {U} be any open covering of M Let {F*} be the subfamily
of the family {F} defined as follows: F C {F*} iff F C {F} and there is
some U ¢ {U} with F € U. By the property of {F} and the fact that
{U} covers M*, we see that this countable family {F*} of open sets covers
M?. Now let {U*} be a subfamily of {{/} obtained by selecting just one
U {U} such that ¥ ¢ U, for each F & {F*}. Then {U*} is a countable
family of open sets which covers M® We have to show that some finite
subfamily of {U/*} covers M”. Let the sets in {I/*} be indexed as U,

U,. ... Suppose that, for each #, the finite union _U1 U; fails to cover
i=

"
M?. Then there is some point x,_ ¢ (M —'!‘UI U,‘). By what was proved -
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above, the sequence {x,} contains a subsequence {x,} which converges
to a point, say #x,, in M* Then x,< Uy for some index N, and so
%, € Uy for infinitely many values of %, in particular for an # > N. This

”
contradicts the fact that x, was chosen so that x,¢ (M —kU1 Uk).

Hence we have proved that M® is compact.

3. Measure Spaces

Measures

Definition. Let S be a set. A pair (5, B) is called a o-ring or a o-
additive family of sets € S if B is a family of subsets of 5 such that

S¢®, (1)
B¢ B implies B = (S —B)C 8, (2)

o0
B,c®B (j=1,2,...) implies that _U1 B, ¢ B (o-additivity). (3}
s

Let (S, B) be a oring of sets € 5. Then a triple (§, B, m) is called a
measure space if m is a non-negative, g-additive measure defined on B

m(B) = 0 for every BC B, (4)
m(i‘j‘ BJ-) - 3} m(B;) for any disjoint sequence {B;} of sets € B
3 i=
(countable- or g-additivity of m), (D)

5 is expressible as a countable union of sets B; € % such that m (B;)
oo (f=1,2,. ..} (ofiniteness of the measure space (S, B, m)). (6)
I'his value m(B) is called the m-measure of the set B.

Measurable Functions

Definition. A real- (or complex-) valued function x(s) defined on § is
sitidd to be B-measuradie or, in short, measurable if the following condition
15 satisfied :

For any open set G of the real line R! (or complex (7
plane €1), the set {s; x(s) € G} belongs to B.
i1 is permitted that x (s} takes the value co.

Definition. A property P pertaining to points s of S is said to hold #e-
almost everywhere or, in short m-a. e., if it holds except for those s which
form a set € B of m-measure zero.

A real- (or complex-) valued function x(s) defined m-a.e. on S and
watisfying condition (7) shall be called a B-measurable function defined
m-ae. on S or, in short, a B-measurable function.
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Egorov’s Theorem. If B is a B-measurable set with m () < oo and if
{/u(s)} is a sequence of B-measurable functions, finite m-a. e. on B, that
converges m-a.e. on B to a finite B-measurable function f(s), then
there exists, for each £ >> 0, a subset F of B such that m(B - ) =< ¢
and on E the convergence of f,(s) to f(s) is uniform.

Proof. By removing from B, if necessary, a set of m-measurce zero,
we may suppose that on B, the functions f, (s) are everywhere [inite, and
converge to f(s) on B.

The set B, = kiﬂu {8C B; |f(s) — fy(s)| < &} is B-measurable and

B, C B, if n<h. Since lim f,(s) = /(s) on B, we have B = ..Og. B,
‘Thus, by the g-additivity of the measure #, we have
m(B) = m{B; + (By — By) + (B3 — By) + - - 3
= m(By) + m(By — By) + m(B; —By) + - - -
= m(By) + (m(By) — m(By)) + (m(Bg) —m(By)) + - - -
= ”l_iigom(Bu).
Hence nlirgom(B —B,) = 0, and therefore, from a sufficiently large %,

on, m{B — B;) <C n where # is any given positive number.
Thus there exist, for any positive integer %, a set C, C B such that
m{C,) =< ¢/2* and an index N, such that

|F(5) — fuls)| << 1/2° for n>> N, and for s€ B — C,.
Let us set £ = B—kL_J1 C,. Then we find
o0 oD
m(B—E)< X m(C) < I ef2 e,

and the sequence f,(s) converges uniformly on E.

Integrals

Definition. A real- (or complex-) valued function x(s) defined on S
is said to be finifely-valued if it is a finite non-zero constant on each of
a finite number say #, of disjoint B-measurable sets B; and equal to zero

onS — U Bj. Let the wvalue of x(s) on B; be denoted by ux,.

j=1

Then x (s) is m-integrable or, in short, infegrable over S 1f I x;|m (B;) << oo,

and the value 2, x;m(B;) is defined as the dutegral of x(s) over S with

i=1

respect to the measure m; the integral will be denoted by f x(s) m(ds)
3
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or, in short, by fx(s) or simply by fx(s) when no confusion can be
N

expected. A real- {or complex-) valued function x (s} defined m-a.e. on S is
said to be m-tutegrable or, in short, infegradle over S if there exists a
sequence {x,(s)} of finitely-valued integrable functions converging to
x{s} m-a. e. and such that

nl;linméf | %4 (5) — x{s)| mids) = 0

It is then proved that a finite lim fxn {s) m(ds) exists and the value
00 &

of this limit is independent of the choice of the approximating sequence
{#,(s)}. The value of the integral f i (ds) over S with respect to the

measure # is, by defimtion, given by lim fx,,{s) m{ds). We shall
=00 o

sometimes abbreviate the notation fx(s) m (ds) to fx(s) m (ds) or to
$

fx(s).

Properties of the Integral

1) If x(s) and y(s) are integrable, then ax s) + fAv(s) is integrable
and f(ocx )+ By(5) m(ds) = & f m (ds) +5fy(s ym {ds).

ii) x(s) is integrable iff |x(s)] is 1ntegrable

iii) If x(s) is integrable and x(s) = 0 a.e., then [ x(s) m(ds) = 0,
N
and the equality sign holds iff x(s) = 0 a. e.

iv) If x(s) is integrable, then the function X{(B) = fx(s) m(ds) is
B

o-additive, that is, X (]:2; Bj) - g X(B,) for any disjoint
sequence {B;} of sets € B. Here f x(s)mids) = f Cy(s) x(s) m(ds),
where Cg(s) is the defining fujcm'on of the seth, that 1s,

Cp(s) =1 for s¢ B and Cp(s)=0frscS—B.

v) X (B} in iv) 1s absolutely continuous with respect to s in the sense
that # (8) = 0 implies X (B) = 0. This condition is equivalent to
the condition that (lg)no X{B) = 0 uniformly in B¢ B.

The Lebesgue-Fatou Lemma. Let {x,(s)} be a sequence of real-valued
mitcgrable functions. If there exists a real-valued integrable function
(s) such that x(s) = x,(s) a.e. for n =1, 2,... (or x(s) = x,.(s) a.e.
form=1,2,..), then

Sf (Im x.(s)) m{ds) = lim sf %y (5) m (ds)
(orhf (ul—lga]o xu(s)) m (ds) << ”15210 ! x,.(s) m(ds)) ,

2 Youida, Punctlonal Analysle
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under the convention that if lim x, {s) (or lim =x, (s)) is not integrable,
H—O0Q 0
we understand that lim fx,‘ (s) m (ds) = —oofor lim fx,‘ (s) m (ds) :oo),
o0 § n—oo S

Definition, Let (S, 8, m) and (S, B', m') be two measure spaces. We
denote by B x B’ the smallest o-ring of subsets of Sx S’ which contains
all the sets of the form B xB’, where B ¢ B, B'c V. It is proved that
there exists a uniquely determined o-finite, g-additive and non-negative
measure m X ' defined on B x B’ such that

(mxm'y (BxB') = m(B) m' (B').

mxm' is called the product measure of m and m’. We may define the
B < B'-measurable functions x(s, s") defined on Sx ', and the m > m'-
integrable functions x(s, s’). The value of the integral over S5’ of an
m X m’-integrable function x (s, s") will be denoted by

ff x(s, s") (mxm'} (dsds’) or ffx(s, s') mds) m' (ds’y.
Sx 5 Sxs

The Fubini-Tonelli Theorem, A B x B’'-measurable function x{s, &'} is
# Xm'-integrable over Sx S iff at least one of the iterated integrals

[ ] ix( ) m(ds)} m' (ds') and j{f [%(s, s)| m' (ds')}m{ds)
$ 18 5 s -
is finite; and in such a case we have

S{gstvnﬂh)mwmwzzI{Jx@,ypnuﬂ}mxmq

4
— Sf {Sf x(s, s\ m' (ds’)} m(ds).

Topological Measures

Definition. Let S be a locally compact space, e.g., an #-dimensional
Euclidean space R” or a closed subset of R*. The Baire subsets of S are
the members of the smallest o-ring of subsets of S which contains every
compact Gy-set, ie., every compact set of S which is the intersection of
a countable number of open sets of S. The Borel subsets of S are the
members of the smallest o-ring of subsets of S which contains every
compact set of S,

It Sis a closed subset of a Euclidean space R*, the Baire and the Borel
subsets of S coincide, because in R” every compact (closed bounded)
set 1s a Gg-set. If, in particular, S is a real line R? or a closed interval on
K1, the Baire (= Borel) subsets of S may also be defined as the members
of the smallset ¢-ring of subsets of § which contains half open intervals
(a, B].

Definition. et § be a locally compact space. Then a non-negative Baire

(Borel) measure on S is a g-additive measure defined for every Buaire:
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{Borel) subset of S such that the measure of every compact set is finite.
I'he Borel measure m is called regular if for each Borel set B we have

m(B) = gggm(U)

where the infimum is taken over all open sets I/ containing B. We may
also define the regularity for Baire measures in a similar way, but it
turns out that a Baire measure is always regular. It is also proved that
vach Baire measure has a uniquely determined extension to a regular
Borel measure. Thus we shall discuss only Baire measures.

Definition. A complex-valued function f(s) defined on a locally
compact space S is a Batre function on S if f~1(B) is a Baire set of § .for
every Baire set B in the complex plane C!. Every continuous functlj:m
is 2 Baire function if S is a countable union of compact sets. A Baire
lunction is measurable with respect to the g-ring of all Baire sets of S.

‘The Lebesgue Measure

Definition. Suppose S is the real line KR! or a closed interval of R,
It I {x) be a monotone non-decreasing function on S which is continuous
lvann the right: F{x) = inf FF(y). Define a function » on half closed

<y

inlervals (@, 8] by m((a, 1) = F (b)) — F (a}. This s has a uniquely deter-
minid extension to a non-negative Baire measure on S. The extended
mere w s finite, ie., m(S) < oo iff F is bounded. If m is the Baire
measnre induced by the function F (s) = s, then m is called the Lebesgue
measicre. The Lebesgue measure in R” is obtained from the s-tuple of the
one cdimensional Lebesgue measures through the process of forming the
pnodhiet measure.

Concerning the Lebesgue measure and the corresponding Lebesgue
imtepral, we have the following two important theorems:

Theorem 1. Let M be a Baire set in R” whose Lebesgue measure | M |
. limite. Then, if we denote by B © C the symmetric difference of the
el Band C: Be C =B\ C—BNC, we have

i (M + k)@ M| =0, where M + b= {xcR", x=m + h,mc M}.

4] 0

Meve e b= (my + by, ...,m, +h) for m=(m,...,m,), h=
” 1/2
thy., . ... h) and\h|=(,__£1hj)

Theorem 2. Let - be an open set of R”. For any Lebesgue integrable
lnnetion f(x) in ¢ and & > 0, there exists a continuous function C,(x) in
¢/ such that {x€ G; C,(x) 3% 0}* is a compact subset of G and

1@ =t dx <.
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Remark. Let m be a Baire measure on a locally compact space S.
A subset Z of 5 is called a set of m-measure zero if, for eache = 0, there
is a Baire set B containing Z with s (B) << ¢. One can extend m to the
class of m-measurable sels, such a set being one which differs from a
Baire set by a set of m-measure zero. Any property pertaining to a
set of m-measure zero is said to hold m-almost cverywhere (m-a. e.).
One can also extend integrability to a function which coincides m-a. e.
with a Baire function.

4. Linear Spaces

Linear Spaces
Definition. A set X is called a linear space over a field K if the
following conditions are satisfied:

X is an abelian group (written additively), (1)
A scalar multiplication is defined: to every element
x € X and each & € K there is associated an element of
X, denoted by «x, such that we have

afx -y} =oax +ay (e K;x,y€X), @)
{(x + B x=ax 4+ Bx (x, fE K;x€ X),
(xf) x = x(Bx) (o, fC K; x€ X),

1-x == (1 is the unit element of the field K).

In the sequel we consider linear spaces only over the real number
field R* or the complex number field C1. A linear space will be said to be
real or complex according as the field K of coefficients is the real number
field R' or the complex number field C1. Thus, in what follows, we mean
by a linear space a real or complex linear space. We shall denote by
Greek letters the elements of the field of coefficients and by Roman
letters the elements of X. The zero of X (= the unit element of the
additively written abelian group X) and the number zero will be denoted
by the same letter 0, since it does not cause inconvenience as 0 - x —
{x —a) x =ax— xx = 0. The tnverse element of the additively written
abelian group X will be denoted by —x; it is easy to see that — x — {(—Dx.

Definition. The elements of a linear space X are called vectors {of X).
The vectors x,, %, . . ., %, of X are said to be linearly independent if the

L
equation _21: o % = 0 implies & = oy = --- = 0. They are lnearly
=

dependent if such an equation holds where at least one coefficient is
different from 0. If X contains # linearly independent vectors, but every
system of (n | 1) vectors is linearly dependent, then X is said to be of
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n-dimension. 1f the number of linearly independent vectors is not finite,
then X is said to be of infinite dimension. Any set of » linearly indepen-
dent vectors in an s-dimensional linear space constitutes a basis for X

"
and each vector x of X has a unique representation of the form x — _ 21‘ & ¥,
i=

in terms of the basis yy, ¥5, ..., ¥,. A subset M of a linear space X is
called a lnear subspace or, in short, a subspace, if whenever x, v C M,
the linear combinations xx 4 fv also belong to M. M is thus a linear
space over the same coefficient field as X.

Linear Operators and Linear Functionals

Definition. Let X, Y be linear spaces over the same coefficient field
K. A mapping T: x>y = T'(x}) = T« defined on a linear subspace D
of X and taking values in Y is said to be linear, if

THoexy 4 fag) = a(Tmy) + B(T ).
The definition implies, in particular,

T - 0=0, T{—x) =— (Tx).
We denote

D =D(T),{y€Y;y="Tx,x6D(T)} = R(T),{xc D(T}; Tx = 0} = N(T)

and call them the domain, the range and the null space of T, respectively.
1" 1s called a linear operator or linear transformation on D(T) C X into
¥, or somewhat vaguely, a linear operator from X into Y. If the range
R (T} is contained in the scalar field K, then T is called a linear functional
on D(T). It a linear operator 7" gives a one-to-one map of D (7) onto
R(T}, then the inverse map 7! gives a linear operator on R(7) onto
D
TATx=xforx€ D(T) and T T ly =y for v¢ R(T).

" 1is the inverse operator or, in short, the inverse of T. By virtue of
I'{xy — %) = Tx; — T x,, we have the following.

Proposition. A linear operator T° admits the inverse 71 iff Tx — O
implies x = 0.

Definition. Let 7, and 7, be linear operators with domains D (7T,)
and D(T,) both contained in a linear space X, and ranges R(7)) and
R (71,5} both contained in a linear space ¥. Then T, = T, iff D(T,) =
IM{Ty) and Ty x = Ty for all x € D(T,) = D(T,). If D(T,) < D(T,) and
I''x = Tyx forall x € D(Ty), then T, is called an extension of T, and T,
a restriciion of T, we shall then write T, C T,,.

Convention. The value 7 (x) of a linear functional T at a point
v D (T} will sometimes be denoted by ¢x, T, i.e.

T(x) = ¢x, TS,
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Factor Spaces

Proposition. Let M be a linear subspace in a linear space X. We say
that two vectors x;, x, € X are equivalent modulo M if (x; — x,) € M and
write this fact symbolically by x; = x, {mod M). Then we have:

(1) »= x (mod M),
(i) if x, = x, (mod M), then x, = x; (mod M),
(iii) if %, = x, (mod M) and x, = #, (mod M), then x;, = %, (mod M).

Proof. (i) is clear since x —x =0& M. (i) If (% — x,) € M, then
(xg— %) = — (% —x) € M. (i) Tf (%, — ) €M and (x, — x,) € M,
then (x; — %) = (% — %) + (33— x3) € M.

We shall denote the set of all vectors € X equivalent modulo M to a
fixed vector x by &,. Then, in virtue of properties {ii) and (iii), all vectorsin
&, are mutually equivalent modulo M. £, is called a class of equivalent
(modulo M) vectors, and each vector in £, is called a represeniative of the
class &,. Thus a class is completely determined by any one of its repre-
sentatives, that is, y € &, implies that £, = &,. Hence, two classes £,, &,
are either disjoint (when v € £,) or coincide (when v € £,). Thus the entire
space X decomposes into classes £, of mutually equivalent (modulo M)
vectors.

Theorem. We can consider the above introduced classes (modulo M)
as vectors in a new linear space where the operation of addition of classes
and the multiplication of a class by a scalar will be defined through

E:c + ’Ey = §x+yr fx'sx — "Scxx'

Proof. The above definitions do net depend upon the choice of repre-
sentatives x, v of the classes £,, &, respectively. In fact, if (x, — x) ¢ M,
(v —¥) €M, then

G +y)—E+y)=m—2)+ 0 —yeM,
foex, —oxx) =alx, —x)c M.
We have thus proved &, , = &,,,and &,, = &,,, and the above defini-
tions of the class addition and the scalar multiplication of the classes are
justified.

Definition. The linear space obtained in this way is called the factor

space of X module M and is denoted by X/M.
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I. Semi-norms

The semi-norm of a vector in a linear space gives a kind of length for
the vector. To introduce a topology in a linear space of infinite dimension
suitable for applications to classical and modern analysis, it is sometimes
necessary to make use of a system of an infinite number of semi-norms.
It is one of the merits of the Bourbaki group that they stressed the
importance, in functional analysis, of locally convex spaces which are
defined through a system of semi-norms satisfying the axiom of separa-
tion. 1f the system reduces to a single semi-norm, the correspond-
ing linear space is called a normed linear space. If, furthermore, the
space is complete with respect to the topology defined by this semi-
norm, it is called a Banach space. The notion of complete normed linear
-paces was introduced around 1922 by 5. Banvack and N. WIENER inde-
pendently of each other. A meodification of the norm, the guasi-norm in
the present book, was introduced by M. FRECHET. A particular kind of
lunit, the snductive limit, of locally convex spaces is suitable for discussing
the generalized functions or the distributions introduced by L. SCHWARTZ,
as a systematic development of S. L. S0BOLEV's generalization of the
notion of functions.

1. Semi-norms and Locally Convex Linear Topological Spaces

As was stated in the above introduction, the notion of semi-norm 1is of
lundamental importance in discussing linear topological spaces. We shall
I'crin with the definition of the semi-norm.

Definition 1. A real-valued function ¢ {x) defined on a linear space X
v. called a semi-norm on X, if the following conditions are satisfied:

plx+ v = p(x) + ply) (subadditivity), (1)
plax) = jaip (). {2)
Example 1. The n-dimensional Euclidean space R® of points x =
(v...., %,) with coordinates xy, %,, ..., %, 15 an #-dimensional linear
~pace by the operations:
x+y:(x1+y11x2+y21"'!xn+yn)x
GX = (XX, XX, . .., KX,).

In this case p(x¥) — max |x;| is a semi-norm. As will be proved later,
15i5n

plx) = (7:;,1‘ ]xj]‘f)m with ¢ = 1 is also a semi-norm on R*.
Proposition 1. A semi-norm $ (x) satisfies
p(0) =0, (3)
plx - x) 77 | plxy) — plxg) |, in particular, p(x)} = 0. {4)
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Proof. p(0) = £(0- x) = 0 p(x) = 0. We have, by the subadditivity,
P2y — %) + pixy) = p(x,) and hence p(xy — x,) = p(x,) -~ p (x5). Thus
Plag — ) = |—1| - plxy— x;) = p(x,) — p(%;) and so we obtain (4).

Proposition 2. Let $(x) be a semi-norm on X, and ¢ any positive
number. Then the set M = {x € X; #{x) = ¢} enjoys the properties:

M30, (5)

M is convex: x, vy € M and 0 < & <Z 1 implies

ax + (1 —ax)ve M, (6)

M is balanced {équilibré in Bourbaki’s terminology):

€M and |a| < 1imply ax € M, (7

M is absorbing: for any x€ X, there exists & > 0

such that a=1xc M, (8)

p(x) = Inf  ac (inf = infimum =~ the greatest lower
0,2 €M

bound}. (9)

Proof. (5} is clear from (8). (7) and (8) are proved by (2). (6) is proved
by the subadditivity (1) and (2). (9) is proved by observing the equi-
valence of the three propositions below:

[ e M) 22 [pla %) < o] 2 [p (5} = ovc).
Definition 2. The functional

pul®)= inf a (9)

>0 TxCM

is called the Minkowske functional of the convex, balanced and absorbing
set M of X.

Proposition 3. Let a family {¢,(x}; v € I'} of semi-norms of a linear
space X satisfy the axiom of separation:

For any x, 74 0, there exists p, (x) in the family such

that p,, (x5} % 0. (10)

Take any finite system of semi-norms of the family, say ¢, (%), p,,(x),...,
« v+, Py (x) and any system of » positive numbers £, &, . . ., &,, and set
U={zxcX;p, (x =g f=1,2,...,#%)}. (11)

{J is a convex, balanced and absorbing set. Consider such a set U as a
neighbourhood of the vector 0 of X, and define a neighbourhood of any
vector x;, by the set of the form

B+ U={yeX,y=x+ u, uc U}. (12)
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Consider a subset G of X which contains a neighbourhoeod of each of its
point, Then the totality {G} of such subsets G satisfies the axiom of open
sets, given in Chapter 0, Preliminaries, 2.

Proof. We first show that the set Gy of the form Gy = {x € X ; p,(x} << ¢}
is open. For, let x,€ Gy and p, (xg) = f << ¢. Then the neighbourhood
of xg, %9+ U where U={x€X;p,(x) =27 (c— )}, iscontained in G,,
because u € U7 implies b, (xp + u} = p{x) + P, () < B+ (c—f) =e.

Hence, for any point x;€ X, there is an open set x, 4 (5 which con-
tains x,. It is clear, by the above definition of open sets, that the union
of open sets and the intersection of a finite number of open sets are also
open.

Therefore we have only to prove Hausdorff’'s axiom of separation:

If x, # x,, then there exist disjoint open sets G, and G, such that

X € Gy, %5 € Gy {13}

In view of definition (12) of the neighbourhood of a general point x,,
it will be sufficient to prove {13) for the case x; = 0, x, 7= 0. We choose,
by (10, #, (x) such that p, {xs) = o = 0. Then G, = {x € X; p,, (¥} << &x/2}
i open, as proved above. Surely G, 3 0 = x;. We have to show that &,
and G, = x, 4+ G; have no point in common. Assume the contrary and
let there exist a y € G; N Gy v € Gy implies v — x, + g = x, — (—pg) with
some g € Gy and so, by (4), £, () = pr,(x) — D g) Za-— 20 a = a2,
hecause —g belongs to G; with g. This contradicts the inequality
Py (v} < /2 implied by y € G.

Proposition 4. By the above definition of open sets, X is a linear
fapological space, that is, X is a linear space and at the same time a
tepological space such that the two mappings X < X - X (x,9) =% 4+ ¥
and KX — X («, x) = ax are both continuous. Moreover, each semi-
uorm ¢, (x) is a continuous function on X.

Proof. For any neighbourhood U of 0, there exists a neighbourhood
I of 0 such that

V4 V={wecX,w=u + vy where v, v,£ V} C U,
wince the semi-norm is subadditive. Hence, by writing
{(x + ¥) — (% + ¥o) = (x — xg} + (¥ — %),
we see that the mapping (x, ¥) — 2 + v Is continuous at x = x,, ¥ = ¥,

For any neighbourhood U of 0 and any scalar & 7= 0, the set x U =
{ve X x==ou, uc U} is also a neighbourhood of 0. Thus, by writing

ax— gy == o (¥ — %) + {x — o) %,

we sec by (2) that (x, &) — ax is continuous at & = x,, x = x,,.
The continuity of the semi-norm p, (x) at the point x = x5 is proved

I’V !/’y(x} 'ﬁy(xﬂ) | - }hy(x' - x())-
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Definition 3. A linear topological space X is called a locally convex,
linear topological space, or, in short, a locally convex space, if any of its
open sets 3 0 contains a convex, balanced and absorbing open set.

Proposition 5. The Minkowski functional py (x) of the convex, ba-
lanced and absorbing subset M of a linear space X is a semi-norm on X.

Proof. By the convexity of M, the inclusions

(pu(®) + €) € M, y[(pasy) + €) € M for any &> 0
imply
Pulx) + € . Gl + Puly) + ¢ . ¥ eM
Pu®) + pa(y) + 26 Pu(®) + & ' Pul®) +Puly) + 2 puly) + ¢
and so par(x + ¥) = $ar (%) + Par(¥) + 2. Since &£ > 0 was arbitrary,
we obtain the subadditivity of py (). Similarly we obtain pu (xx) =
loc| par (%) since M is balanced.

We have thus proved

Theorem. A linear space X, topologized as above by a family of semi-
norms $, (x) satisfying the axiom of separation {10), is a locally convex
space in which each semi-norm p,(x) is continuous. Conversely, any
locally convex space is nothing but the linear topological space, topolo-
gized as above through the family of semi-norms obtained as the Min-
kowski functionals of convex balanced and absorbing open sets of X.

Definition 4. Let /{x) be a complex-valued function defined in an open
set £2 of B*. By the support (or carrier) of f, denoted by supp (f), we mean
the smallest closed set (of the topological space £2) containing the set
{x€9Q; }{x) # 0}. It may equivalently be defined as the smallest closed
set of 2 outside which f vanishes identically.

Definition 5. By C*(£2), 0 < % = oo, we denote the set of all complex-
valued functions defined in £ which have continuous partial derivatives
of order up to and including % (of order <C o0 if & = c0). By Ct82), we
denote the set of all functions € C* () with compact support, i.e., those
functions € C*{£2) whose supports are compact subsets of . A classical
example of a function € CF° (R") is given by

" 1f{2
Hx) = exp ({|*[E— 1™ for |x] = |(x1, . . ., %) ] =(£,;xf) <1, (14)
=0 for |x|=1.
The Space &* (12)
C*(£2) is a linear space by
(fy + f2) 0) = H(2) + Faln), (f) (¥) = &/ (#).

For any compact subset K of £2 and any non-negative integer m = &
{m < co when & = oo}, we define the semi-norm

prmlf) = sup |D*f(x)], f€ CHQ),

sl sm,x€
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where sup = supremum = the least upper bound and

gh+tt
dxhaal- - Bxin f (%1, %4, X))

D2 f(x)

|S| - |(Slu Sgr o - '!Sn)i — ,Esj-

Then C* () is a locally convex space by the family of these semi-norms.
We denote this locally convex space by &*(£2). The convergence
)}im 7, =7 in this space G*(§2) is exactly the uniform convergence
—-00

;.lim Difilx) = D°f{x) on every compact subset K of £, for each s
00
with |s| = & ([s] < oo if £ = oo}, We often write &{£2) for €~ ().

Proposition 6, &* () is a metric space.
Proof. Let K; C K, C---CK,C--+ be a monotone increasing

o
sequence of compact subsets of £ such that 2 = U1 K,. Define, for

each positive integer %, the distance
k

d(f. g) = X 27" prpmll —8) - (1 + Prpm{f — &))"

m=0
Then the convergence lim f, = f in &, (£2) is defined by the distance

o0

df =227l L+l o)

h=

We have to show that d4,{f, 2) and 4{f, g) satisfy the triangle inequality.
The triangle inequality for &,(f, g) is proved as follows: by the sub-
additivity of the semi-norm pg,..{f), we easily see that d4y(f, g =
satisfies the triangle inequality 4,(f, g) < 45 (f, k) + d, (%, g), if we can
prove the inequality

o —B]- A+ [a =)= o —p [ (1 + |a—p])?
+ |y =Bl + |y —BH

for complex numbers «, # and y; the last inequality is clear from the in-
equality valid for any system of non-negative numbers «, f and y:

oo +8) (1 +a+p7 =all +a)7 + 41+ 57
The triangle inequality for 4 (f, g) may be proved similarly.

Definition 6. Let X be a linear space. Let a family {X,} of linear
subspaces X, of X be such that X is the union of X ’s. Suppose that each
X, is a locally convex linear topological space such that, if X, € X,
then the topology of X, is identical with the relative topology of X,
as a subset of X,. We shall call “open” every convex balanced and
absorbing set U of X iff the intersection U N X, is an open set of X,
containing the zero veetor 0 of X, for all X,. If X is a locally convex
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lincar topological space whose topology is defined in the stated way,
then X is called the (strict) inductive limit of X, s,

Remark. Take, from each X,, a convex balanced neighbourhood U,
of 0 of X,. Then the convex closure U of the union ¥V = U U, i.e.,

U —{MEX;M = va%ﬁjvjxng L:ﬁjz— 0= 1,2,-”-”), EIﬂ,k 1
= =
with arbitrary finite n}

surely satisfies the condition that it is convex balanced and absorbing in
such a way that U N\ X, is a convex balanced neighbourhood of 0 of X,
for all X,. The set of all such [i's corresponding to an arbitrary choice of
U.'s is a fundamental system of neighbourhoods of 0 of the (strict) inductive
limit X of X} s, i.e., every neighbourhood of 0 of the {strict) inductive
limit X of X s contains one of the U's obtained above. This fact justifies
the above definition of the (strict) inductive Yimit.

The Space B (2)
C5°(£2) is a linear space by

Ve + /o) (1) = /1 (0) + fo(x), {xf) (1) = xf(x).
For any compact subset K of 0, let Dg (£2) be the set of all functions
7€ C5° (€2} such that supp{f) C K. Define a family of semi-norms on
Dx (£2) by
Prm(f) = sup (Df(x)|, where m < oco.
|s|=m,zcK

Pg (L) is a locally convex linear topological space, and, if K, CK,,
then it follows that the topology of D %, {£2) is identical with the relative
topology of D (£2) as a subset of D, (42). Then the (strict) inductive
limit of By (B)'s, where K ranges over all compact subsets of 2, is a
locally convex, linear topological space. Topologized in this way, C ()
will be denoted by ©(£2). It is to be remarked that,

plH = sup [#(x)]

is one of the semi-norms which defines the topology of ® (£2). For, if we
set U = {fCCP(2); p(f) < 13}, then the intersection U/ N D (£2) 1s given
by Uk = {f € Dx(Q): px () = sup [/ (=) | = 1}.

Proposition 7. The convergence hlim fx =0 in ©(2) means that the
—00

following two conditions are satisfied (i) there exists a compact subset
K of 2 such that supp(f,) C K (h=1,2,...},and (i) for any differential
operator I¥, the sequence {D*, (%)} converges to 0 uniformly on K, .
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Proof. We have only to prove (i). Assume the contrary, “and leF the-re
exist a sequence {x* of points € 2 having no accurnulation points in

{2 and a subsequence {f;, (x)} of {/;(x)} such that f, {x') 5= 0. Then the

semi-norm

’gb(f) = :E‘o 2 sup |f{x)/fa (¥} |, where the mono-
k=1 xeKg—Kp_,

] tone increasing sequence of compact subsets K; of

£2 satisfies _gl K; =0 and sMecK,— K, ,

| (# =1, 2,..?)7,1{0:!3

defines a neighbourhood U ={fc CF(2); () = 1} of 0 of D).
However, none of the f,.’s is contained in U.

Corollary. The convergence hl_i}% fa=1 in D) means that the

{ollowing two conditions are satisfied: {i) there exists a compa}ct subs:et
K of Q2 such that supp(f) S K (R =1, 2,...), and (ii) for any differential
operator [, the sequence D f, (x) converges to If(x) uniformly on K.

Proposition 8 (A theorem of approximation). Any continuous function
/¢ C0{R™ can be approximated by functions of C3°(R") uniformly on R™.

Proof. Let 8, (x) be the function introduced in (14) and put

f,(x) = k7' 8, {x/a), where @ > 0 and %, > 0 are such that

15
[ 6, (x) dx = 1. (18)
Rﬂ
We then define the regularization f, of §:
folx) = [H{x—y) 6.0y)dy = [ (¥) 8.(x — ¥} dy, where
a n n (16)

v Y= {0 — Vi, % — Vo, .o Xy V)

Il integral is convergent since f and 8, have compact support. Moreover,

e

)= [ F) 6.0x—) dy,

supp{f)

the support of f, may be taken to be contained in any neigl'lbourh(_)od_ of
the sapp{f) if we take a > 0 sufficientlv small. Next, by differentiating
widher the integral sign, we have

DUy DY fax) - R{ H{y) DS Balx — y) dy, (17)
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and so /, is in C§°(R"). Finally we have by [6,(x—y)dy =1

Rr"

[fal) —F(x)| = {If(y)*f(x)[ﬂa(x—y) ay

?

1A

IFi)~Fix)| e [7) — F(%)] B (x — 3) dy

e () — 1(2)] 6ol — ) dy.
The first term on the right is =< ¢; and the second term on the Tight
equals 0 for sufficiently smail @ > 0, because, by the uniform continuity
of the function f with compact support, there exists an 2 > 0 such that

lf(y.) _—f(x)] > ¢ implies |y — x| > 2. We have thus proved our Pro-
position.

2. Norms and Quasi-norms

. IDeﬁnition L. A locally convex space is called a normed linear space,
if its topology is defined by just one semi-norm.

Thus a hr'lear space X is called a normed linear space, if for every
x € X, there is associated a real number |||, the norm of the vector

such that
||| = 0 and ||x]| = 0 iff x — 0, (1)
[l 4+ v =< |]x|| + [y || (triangle inequality), (2)
lex|f = |o| - []x]]. (3)

The topology of a normed linear space X is thus defined by the distance
d(x.y) =||x —y|]. (4)
In fact, d(x, y) satisfies the axiom of distance:
d(x,y) = Oand d(x,y) = 0iff x =— y,
d{x,y) < d(x, 2) + d{z, y) (triangle inequality),
d(x,y) =d(y, x).

For, d(x, y) = ||x — y|| = |y —x]| = d(y, x) and d(x, ) = lx—y| =

|
iz 4+ z— || < ||x— e
oy oty YIS el lle =yl = ) a5, 5) by (1), (@),

The convergence lim 4 (x,, #) = 0 in a normed linear space X will be
denoted by s-limx, = x or simply by x, — x, and we say that the se-

quence {x,,} converges strongly to x. The adjective “strong” is introduced
to distinguish it from the “weak” convergence to be introduced later,
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Proposition 1. In a normed linear space X, we have

lim ||x,|| = [|=|| if s-lim x, = %, (5)
H—00 00
s-lim o, %, = ax if lim &, = o and s-lhm x, = x, (6)
00 n—-x3 H—>00

s-lim {x, + v,) = % + v if s-lim x, = x and s-lim y,=1y. (7)
R0 —00 00

Proof. (5), (6) and (7) are already proved, since X isa locally convex

~pace topologized by just one semi-norm g {x) = || x||. However, we shall
prive a direct proof as follows. As a semi-norm, we have
lx =1l = {ll=]|— 2] (8)

and hence (b) is clear. (7) is proved by ||(x + ¥) — (%, + ¥u) || =
10 -7 O — | = 15— 2| £ |3 — yal|- From [|ax — s, | <
vt ntl] - [ — | = |3 — 50| - 5]+ [sn] - || 7 50]| 20
the houndedness of the sequence {w,} we obtain ({6).

Definition 2. A linear space X is called a guasi-normed linear space,
I, for every x € X, there is associated a real number ||x ||, the guasi-norm
ot the vector z, which satisfites (1), (2) and

1-xl] = [lx]l. Jim flawx]| =0 and  Sim Jlcxall = 0. ()

Proposition 2. In a quasi-normed linear space X, we have (5), (6)
and (T,
Proof. We need only prove (6). The proof in the preceding Propo-
~if1on shows that we have to prove
lim ||x,|| = 0 implies that lim ||xx,|| = 0 uniformly
H—00 H00

(9)

in & on any bounded set of x.

I he [ollowing proof of (9) is due to S. KARKUTANI (unpublished). Consider
the functional g, (x) = ||xx,|| defined on the linear space R' of real
munbers normed by the absolute value. By the triangle inequality of
fo () and (%), #,(x) is continuous on R'. Hence, from”]i_,nolop,, (x) =0

miplicd by (3') and Egorov’s theorem (Chapter 0, Preliminaries, 3. Mea-
e Spaces), we see that there exists a Baire measurable set 4 on the
real line R with the property:

the Lebesgue measure |4 |of 4 is > 0and lim $,(x) = 0

gu 4] P ) (10)

uniformly on A,
“wnee (he Lebesgue measure on the real line is continuous with respect to
hanslafions, we have, denoting by B © C the symmetric difference
HALC BN,

(A oo d|—>0 as 0.
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Thus there exists a positive number 0, such that
|o] << 0q implies | (4 + o) © 4 | << |A|/2, in particular, 4 +ae) N Al>0.
Hence, for any real number ¢ with lo| < g,, there is a representation
6=ou—a withacd a'cAd.
Therefore, by $, (o) = $, (x — o) = pa(x) + p,(x'}, we see that

lim #a(9) = 0 uniformiy in ¢ when lo| < ay.

Let M be any positive number. Then, taking a positive integer k 2> Mg,
and remembering ¢, (ko) < kp.lo), we see that (9) is true for ]oc] =M.

Remark. The above proof may naturally be modified so as to apply
to complex quasi-normed linear spaces X as well.
Asin the case of normed linear spaces, the convergence lim lim ([x—=x,|[=0

in a quasi-normed linear space will be denoted by s- hm X, = X%, or

simply by x, — x; we shall then say that the sequence {x } converges
strongly to x.

Example. Let the topology of a locally convex space X be defined bya
countable number of semi-norms Pal®) (n=1,2,..). Then X is a
quasi-normed linear space by the quasi-norm

el = & 27 paw) (1 + g ()2,

For, the convergence hh'm Palte) =0 (mn=1,2,..) is equivalent to
—>00

s-lim %, = 0 with respect to the quasi-norm l|2]| above.
-

3. Examples of Normed Linear Spaces

Example 1. C(S). Let S be a topological space. Consider the set C(S)
of all real-valued (or complex-valued), bounded continuous functions
x(s) defined on S. C(S) is a normed linear space by

(* + ) () = %(s) + y(s), (x%) (s) = wx(s), =] —sup |%(s}1 -

In C(S), s-lim %, = x means the uniform convergence of the functions x, (s)
H—r00
to x(s).
Example 2. 2 (S, 8, m), or, in short, L2(S) (1 =< p < o). Let L2(S)

be the set of all real-valued (or complex-valued) B-measurable functions

x(s) defined m-a. . on S such that |2{s} |? is m-integrable over S. 1. (5)is
a linear space by

(¥ +9) (s} = 2(s) + y(s), (o) (s) = ax(s).
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For, (x(s} + v(s}) belongs to L?(5) if x( s) and y (s) both belong to L?(S),

P
as may be seen from the inequality |x(s) + {s)[# = 2 (|x(s)[? + [y (5)|").
We define the norm in L?(S) by
[lxll = (J =)l ma)y?. (1)
$

The subadditivity ”
(le Pm@ﬂf”i(!lﬂﬂ?ﬂﬂkn

+ (Sf YO m(ds)y,

called Minkowski's inequality, is clear for the case p = 1. To prove the
peneral case 1 <7 p < oo, we need '
Lemma 1. Let 1 < ¢ < oo and let the conjugate exponent p' of p be

(2)

defined by 11 L 3)
P
Then, for any pair of non-negative numbers @ and b, we have
bf" 1
=% (4)
ab » + 7

where the equality is satisfied iff & == §-Y-1 .

i C b cfor ¢z 0
Proof. The minimum of the function f{c) = r +  —cforcz

1< attainped only at ¢ = 1, and the minimum value is 0. By taking
¢ = ab~1(#-1) we see that the Lemma is true. . .
The procf of (2}. We first prove Hélder's inequality

[ y@)] = ([ x@P)™- (v ) (%)
([ur convenience, we write [ z(s) for sf z(s) m(ds)) .

— '\l
l'o this end, we assume that 4 = ([ |z (s}[?)? and B = (f !ygbs)lt)
ire both == 0, since otherwise x{s} ¥ (s) = 0 a.e. find so (5) .would e true.
Now, by taking @ — |x(s}|/4 and b =|y(s)|/B in (4) and integrating, we

nhiain Ed 1 B?Y c oy . .
flr(s) y(s)] - 147 1 ~— =1 which implies (5).
AB = 7 AP+ ey P

Next, by (5), we have
f]x(s) + y(s)\f’<f]x (s) + v(s}[F~1- [x(s)]
+ [ 1x6) +y @ |y )]
= (] [+ I e0 ([ ()
U6 + y@PEI (] (o))
which proves (2) by " (p — 1) = #.

4 Younldn, Functlonal Analysis
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Remark 1. The equality sign in (2) holds iff there exists a non-negative
constant ¢ such that x(s) = cy(s) m-a.e. (or ¥(s) = cx(s) m-a.e.). This is
implied from the fact that, by Lemma 1, the equality sign in Halder’s
mnequality (5) holds iff |x(s)|=c- [y (s)[ =1 (or |y(s)| = c- | {s)[\/p-1
are satisfied m-a.e.

Remark 2. The condition {|x| = {f |x(s))P}? = 015 equivalent to the
condition that x(s) = 0 m-a.e. We shall thus consider two functions of
L#(8) as equivalent if they are equal m-a.e. By this convention, L? &)
becomes a normed linear space. The limit relation s-im x, — x in 1#(S)

H—O0
is sometimes called the mean convergence of p-th order of the sequence of
functions x,(s) to the function x(s).

Example 3. 2>°(S). A B-measurable function %(s) defined on S is
said to be essentially bounded if there exists a constant « such that
|#(s)] = & m-a.e. The infimum of such constants g js denoted by

vraimax |%(s)] or essenstel?l sup |x(s)|.

L(S, B, m) or, in short, 1> (5} is the set of all B-measurable, essentially
bounded functions defined m-a.e.on S. It is a normed linear space by

(v +9) ) = x5y + y(s), (x5) (s) = e (s), ||2] = vraimax |x(s)/,
under the convention that we consider two functions of £°°(S5) as equi-
valent if they are equal m-a.e.

Theorem 1. Let the total measure m (S} of S be finite. Then we have

ﬁﬁ (Sf | (s) [# m(ds))”? =vraimax |z(s)| for x(s)€ L*(S). (6)

Proof. It is clear that (f [ x {s)[? m:(ds))l’rp = m(S)# Vraiegnax |2 (s}|
5 B3

so that Iim (flx(s)[f’)”’ = vraimax |x(s)]. By the definition of the
Foo0\ & 568

vrai max, there exists, for any e > 0, a set B of m-measure > O at each
point of which |x(s)| = Vraieénax |%(s)] - &. Hence (f |x(s)[? m(ds))l""
s g

= m(B)Y? (vrai max [x(s)| — ¢). Therefore lim ([ 1z (!}'* = vraimax
€S P s€S
|x(s)] — &, and so (6} is true.

Example 4, Let, in particular, S be a discrete fopological space con-
sisting of countable points denoted by 1, 2,...; the term discrete
means that each point of § = {1,2,.. }isitself open in S. Then as linear
subspaces of C({1, 2, ...}, we define (co), (¢) and (%), 1 << p < oo,

(¢o): Consider a bounded sequence of teal or complex numbers {&.})
Such a sequence 1€} defines a function x(n) = &, defined and continuous

on the discrete space § = {02,004 we shall eall - {£,} a vector
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with components &,. The set of all vectors x = {£,} such that
lim &, = O constitutes a normed linear space (¢g) by the norm

n—r00

|| ]| = sup | x(n) | :SgplEﬂL

ini i ist,
(c): The set of all vectors x = {£,} such that finite lim £, ex

= n
constitutes a normed linear space (c) by the norm {|x| SLIP | 2 ()]

= sup |£,].
('lif’) 1= p<<oo: The set of all vectors x = {&,} such that

3 £ i-" < oc constitutes a normed linear space {/* by the norm
e #”
n=1
5 e i ace, it is a linear subspace
fxf| = (}_,‘1 1€, \P) . As an abstract linear space,
e

of C({1,2,...}). It is also a special case of L# (S, B, m) in which

o == 1.
m({(lz(}jg):ﬂ(lﬂ(’ﬂ{)zi})f\s in the case of L®(S), we shall denote by () the

_ =sup |&, |-
lincar space C({1,2,...}), normed by ||x| = S‘ip | (n)] nP |41

(™) is also denoted by (m].

-xi f subsets of 5. Consider
The Space of Measures. Let 3B be a ¢-ring o ; :
the s.ez3 AIZS B) of all real- (or complex-) valued functions ¢ (B) defined

o 3 h that
n B suc a (@ (B)| # oo for every Bc®, (")

; ( v B-) = Ecp(B}-) for any disjoint sequence {B;} of sets € B. (8)
W\ = 2y ;
b1 i=1 '
1 (5, B) will be called the space of signed {or complex) measures defined
on (S, B). o
Lemma 2. Let ¢ € 4 (S, B) be real-valued. Then the folal variation o
g on 5 defined by _
" Vig: S) = Vig:S) + [Vig: 5 (9)
i linite; here the positive variation and the negative variation of @ over

Iy "3 are given respectively by
V(@i B) = sup p(B)) and Vigi B) = inf o(B).  (10)

B,CB

Proof. Since @ (@) = 0, we have V(p; B) ; 0= Vip; B). Sul:;postz
that IV {p; S) == oo. Then there exists a decreasing sequence {B.} of se
v 9 such that
Vip; B,) =0, lp(Ba}| = n—1.
I he proof is obtained by induction. Let us choose By = tgfanglass:;;lsz
thiit ihe sels By, By, ..., B, have been defined so as to sTcms v e; 5}3
condilions. Hyﬁlhu iirst condition with = = &, there exists a set B¢

B i
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such that B ¢ By, |¢(B)| = |@ (B + k. We have only toset B, = B
in the case V(p; B) = o0 and Byi1 = By — B in the case Vig; B} < co.
For, in the latter case, we must have V{(p;B,—B) =co and
|9 (B, — B)| = | (B} — |@(By)] = & which completes the induction.

By the decreasing property of the sequence {B,}, we have

o 2]
5— D1B" = __S‘_,l (5—BR,)
=(S=By) + (By—Ba) + (Bo—~Ba) + - + (By—Byuy) + -
so that, by the countable additivity of ¢,

[+, n]
‘7"(5*,‘21 Bn):‘P(S—Bl) T @B1—By) + ¢(By—By) + -

= [@(S) =@ (B + [p(By) — p(By)]
+ P (Ba) — (B + - - -
= ¢(S) — lim ¢(B,) = oo or —oo,

which is a contradiction of (7).

Theorem 2 (Jordan’s decomposition). Let ¢ € A {S, B) be real-valued.
Then the positive variation V(@; B). the negative variation Vig; B)
and the total variation V(p; B) are countably additive on B. Moreover,
we have the Jordan decomposition

¢{(B) = V{p; B) + Vi{p: B) for any B¢ 8, (11)
Proof. Let {B,} be a sequence of disjoint sets € B. For any set B¢ B
0 oo co
such that B ¢ %B,,, we have @(B) = g?lrp(B NB,) = f‘_,‘l Vig: B,)

0 co :
and hence V(cp; {B,,)g 2 Vip: B,). On the other hand, if C,c B

n=1

isa subset of B, (n = 1,2,.. ), then we have _V(q) ; é B,,) p (p(ﬂg c,,)
o0 [e]

= ﬂicp(cﬁ) and so T_/((p;ng; B,,) = ”g,‘l V{g; B,). Heuce we have pro-

ved the countable additivity of ¥ (p; B) and those of Vip; B) and of

V{p; B) may be proved similarly. -

To establish (11), we observe that, for every C ¢ 8 with C C B, we
have ¢(C) = ¢(B) ~p(B—C) < ¢(B) — ¥V (p; B) and so V(g B) <
®(B) — V{gp; B). Similarly we obtain Yig: B) = ¢(B) — V{p; B). These
inequalities together give (11).

Theorem 3 (Hahn's decomposition). Let g ¢ A (S, B) be a signed
measure. Then there exists a set P € B such that

@(B) = 0 for every B¢ B with B cr,
P(B) < Oforevery BE Bwith BCPC =S _p.
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The decomposition § = P (S — P) is called the Hahn decomposition
of 5 pertaining to ¢.
Proof. For each positive integer # we choose a set B, ¢ B such that
@(B,) =V (p; S) — 27" Hence by (11), we have
Vig;B) = —2" and TV(p;S—B)<2" (12)
The latter inequality is obtained from ¥ {g;: S—B,) = V (p; S} — V (¢; B,)
and ¥ (p; B,) = ¢ (B,). We then put

oc o0
P=lmB,=U nB,.
Py k=1 n=k
—_— oo ] 00
Then S —P=Tm(S-—B)=0 U (S—B)S U (S~B,) for

every k, and therefore, by the g-additivity of ¥V (p; B),
7 > Tl —(k—1)
Vig:)5—P) = < Vig:S—By) =2 ,

which gives V{(p; § — P) = 0. On the other hand, the negative variation
V{p; B) is a non-positive measure and so, by (12) and similarly as above,

[Vip; P)| < lim |V {p; B,)] = 0,

which gives ¥ (g; P} = 0. The proof is thus completed. . .
Corollary. The total variation {@; 5) of a signed measure ¢ is defined

by .
Vig:S)= sup 'fx(s)w(ds)‘ (13}

sup|x(s)| =1 |S
where x(s) ranges through B-measurable functions defined on S such that

atp |z (s) | = 1.

Proof. If we take x(s) = L or = — I accordingas sc Porse § — I-’,
then the right hand side of (18) gives ¥ (g; §). On the other hand, it is
casy to see that

[ =) 9 @)

and hence (13) is proved.
Example 5. 4 (S, 8). The space 4 (S, B) of signed measures ¢ on B
15 a real linear space by
(1 @y + g 2) (B) = a0 91(B) + x5 (B), BE B.

I1 15 a normed linear space by the norm

=Vip;S)= sup
J Iqj H (‘P ) suplx(s)] 51

=sup[x(9)] - [ Vip;ds) = sup | %(s)] - V(g: S)

[ x(s) p(ds)]. (14)

N
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Example 6. The space A (S, 8) of complex measures ¢ is a complex
linear space by

(oey @y + axa o) (B) = o, 1 (B) + oy ,(B), B € B with complex «y, &,.
It is a normed linear space by the norm

[ x(s) @(ds)],

y ’ (15)

llpll = sup
supj(s)| =1
where complex-valued B-measurable functions x(s) defined on S are
taken into account. We shall call the right hand value of (15) the fotal

variation of  on S and denote it by Vip; S).

4. Examples of Quasi-normed Linear Spaces

Example 1. & (£2). The linear space &* (£2), introduced in Chapter I, 1,
is a quasi-normed linear space by the quasi-norm ||x|| = d{x, 0), where
the distance d(x, v} 1s as defined there.

Example 2. M (S, 8B, m). Let m(S) < oo and let M (S, B, m) be the
set of all complex-valued B-measurable functions x(s) defined on S and
such that |x(s)| << oo m-a.e. Then M (S, B, m) is a quasi-normed linear
space by the algebraic operations

(x + ¥) (s} = x(s) + y{s), (ax}(s) = axx(s)
and (under the convention that x = y iff x(s) = y(s) m-a.e.)

IIxHISf 2 (s)] (1 + [x(s) )" m{ds). 1

The triangle inequality for the quasi-norm ||x|| is clear from

[« + B8] [a] + 18] [] | 8]
R ppayy (= ey gy = g po S w1

The mapping {x, x} — ax is continuous by the following

Proposition. The convergence s-limx, — x in M {5, B, m) is equi-
fi—00

valent to the asympiotic convergence {or the convergence in measure} in S
of the sequence of functions {x, (s)}} to x(s):

For any £ > 0, lim m {s€ S; [2{s) — x,(s)| = &} = 0. (2)
00
Proof. Clear from the inequality

8 é
T smB) = |15l S m(By) + {5 m(S—B). B)={s€S; |x(s)|=8}.

Remark. It is easy to see that the topology of A (S, B, m) may also
be defined by the quasi-norm

||%]| = inf tan=* [¢ + m{s € S: |x(s){ = &}]. ()
= ~
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Example 3. D (£2). The linear space Dy {£2), introduced in Chapter], 1,
is & quasi-normed linear space by the quasi-norm [|x|| = 4 (», 0), where
the distance d{x, ) is defined in Chapter I, 1.

5. Pre-Hilbert Spaces

Definition 1. A real or complex normed linear space X is called a
pre-Hilbert space if its norm satisfies the condition

b2 + v 1® + |lx =y [ = 2(|= [P + [y ey

Theorem 1 (M. FRECHET-]. vON NEUMARN-P. JorDAN). We define, in
a real pre-Hilbert space X,

y) =4 {llx + [P — lix— [P (2)
Then we have the properties:
(xx,y) = alx,y) (x€RY), (3)
(x+ .2 =(x2+ (v.2, (4)
(. 9) = (v, %), (5
(x, 2) = |[=][". (6)

Proof, (5) and (6) are clear. We have, from (1) and (2},
(o a) + 0, ) = 47 (||x + 2P = Al —z [P+ [ly + 2 —{ly —2|]%)

y ()

4

* lx+y
2

If we take ¥ = 0, we obtain (x, 2) =2 (% , z) , because (0, 2) = 0 by (2).
Hence, by (7), we obtain (4). Thus we see that (3) holds for rational
numbers « of the form x = m/2". In a normed linear space, |Jxx + y||
and ||ax — ¥ || are continnous in o. Hence, by (2), (x %, ¥) is continuous in
. Therefore (3) is proved for every real number «.

Corollary {J. voNn NEUMANN-P. JorRDAN). We define, in a complex
normed linear space X satisfying (1),

(2, ¥} == (%, y); + i(x, %),

where i =}/ —1, (z,y); = 471(|x + ¥ |2 — || — ¥ |1B). (8)
Then, we have (4), (6) and
xx, y) = o(x, ) (x€Cl), (37

(x,9) = (y, x) (complex-conjugate ni;mber). (5"
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Proof. X is also a real pre-Hilbert space and so (4) and (3') with real «
hold good. We have, by (8), (v, x); = (¥, y),, (1%, 1y); = (%, ¥); and hence
(v, 22)y = (—iiy, ix); = — (iy, %); = — {x, iy} Therefore

O, 2) = (v, 21 + 20y, ix)y = (%, ), — 4 (%, 0y), = (%, 9).
Similarly, we have
G, v} = (i, 90y + (0, il = — (2, 99), + i(x, ), = i(x, 9),
and therefore we have proved (3'). Finally we have (6), because

{x, %)y = ||%|[® and (%, ix); = 471(|1 + i — |1 — ) ||=]]2 = 0.

Theorem 2. A {real or) complex linear space X is a (real or) complex
pre-Hilbert space, if to every pair of elements x, v € X there is associated
a (real or) complex number (x, y) satisfying (3), (4), (p) and

(x, %) 2= 0, and (x, x) = 0 iff x — 0. (%

Proof. For any real number «, we have, by {3}, (4) and (5)

@+ ol y)y, x +alxy)y) = |24 20 |(x, y} 2
+o® [{x, M|y |2 = 0, where ||%|] = (», x)V2
so that we have |(x, v)*— ||x|]? |(x, ¥) [ [|¥[[2 =< 0. Hence we obtain
Schwarz’ inequality
|Ges )i = M= ] -l (10)
where the equality is satisfied iff x and y are linearly dependent.
The latter part of (10) is clear from the latter part of (9).
We have, by (10}, the triangle inequality for ||x||:
I +y[P=(c+y. 249 =|F+ &) + &0+ |y
< (1=l + Iy
Finally, the equality (1) is verified easily.
Definition 2. The number (, y) introduced above is called the scalar

product (or inner product) of two vectors x and y of the pre-Hilbert space
X.

Example 1. L2(5, B, m) is a pre-Hilbert space in which the scalar
product is given by (x, y) = f x(s) v (s) m{ds).
$

Example 2. The normed linear space (/2 is a pre-Hilbert space in
o0
which the scalar product is given by ({£,}, {#.}) = 2‘1 £, N

Example 3. Let £2 be an open domain of R” and 0 = k < oo, Then the
totality of functions /¢ C*(£2) for which

la={.. Djfxzdx1"2<oo,wheredx:dxdxg---dxn
1= (=, J D16 a) 1 .
is the Lebesgue measure in R™, ;
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constitutes a pre-Hilbert space H*(£2) by the scalar product
— i . D 12
{, g}k—ué;nfo(x) D gix}dx. (12)

Example 4. Let 2 be an open domain of E* and 0 < & <Z oo, Then
(% (£2) is a pre-Hilbert space by the scalar product (12) and the norm (11).
We shall denote this pre-Hilbert space by HE ().

Example b. Let G be a bounded open domain of the complex z-plane.
l.et A2(G) be the set of all holomorphic functions f(z) defined in & and
such that

M= (LS 17l deay)® < oo (s =x -+ iy). (13)
Then A2%(G) is a pre-Hilbert space by the norm (13), the scalar product
(f, 8) :fof(z)g_(?)dxdy (14)

and the algebraic operations

f+ 8 () =10 +ela), (xf){2) = af(2).
Example 6. Hardy-Lebesgue class H-I2 Let H-L® be the set of
all functions f(z} which are holomorphic in the unit disk {z; [z]| < 1}
of the complex z-plane and such that

2r
sup (f f (re)? de) < oo, (15}
0<r<1 \O
o0
Then, if f(2) = _E,;) ¢, 2" is the Taylor expansion of f,
h=
RE 2n
1 7 20y 12 _ 4]; 2 - n-tm L i{n—m)0
F(7)=2_n0 [f{re)] de*znm{oof €y Cop ¥ e a
= 2
= Elap

is monotone increasing in #, 0 << # < 1, and bounded from above. Thus
it is easy to see that

2n 1/2
1 : o 1/2
= sup |z= fre® Zdﬂ)} :(2 c 2) (16}
111 = sop | (e 2o
15 i norm which satisfies condition (1), since (£2) is a pre-Hilbert space.
Remark. Let a sequence {c,} € {2 be given, and consider
Ha) =flre®)y = X e,n = X, rm e, |z] << 1.
n=0 n=0
By Schwarz’ inequality, we have

o0 12 oo 2\1/2
(S ) (£

Ho=R

o
PN o
n-k !
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o0
and so 2; ¢, 2% is uniformly convergent in any disk |z| < pwith 0 <<p < 1.
We

Thus f(z) is a holomorphic function in the unit disk |z| < 1 such that
(15) holds good, that is, f(z) belongs to the class H-L%

Therefore we have proved

Theorem 3. The Hardy-Lebesgue class H-L? isin one-to-one corre-
spendence with the pre-Hilbert space () as follows:

HI*31() = 3 e > {ea} € (7)
in such a way that

H=) = ”‘g; e 2" - {c.}, glz) = .

é‘o(} dyz" < {d,} imply
1)+ () < {0 - 42}, af(8) o {me,} and |f]] = (i lcnlz)m_

Hence, as a pre-Hilbert space, f{-L? is 1somorphic with (2).

6. Continuity of Linear Operators

Proposition 1. Let X and Y be linear topological spaces over the
same scalar field K. Then a linear operator T on D(T) € X into Y is
continuous everywhere on D (T} iff it is continuous at the zere vector
x = 0.

Proof, Clear from the linearity of the operator T and T- 0 = 0.

Theorem 1. Let X, Y be locally convex spaces, and {¢}, {g} be the
systems of semi-norms respectively defining the topologies of X and Y.
Then a linear operator T on D(7) € X into Y is continuous iff, for every
semi-norm g € {g}, there exist a semi-norm ¢ € {$} and a positive number
B such that

g(Tx) Zfp(x) forall x€ D(T). (1)

Proof. The condition is sufficient. For, by T - 0 = 0, the condition
implies that T is continuous at the point x = 0 &€ D (T} and so T is con-
tinuous everywhere on D (T).

The condition is necessary. The continuity of T at x = 0 implies that,
for every semi-norm ¢ € {g} and every positive number ¢, there exist a
semi-norm $ ¢ {$} and a positive number 4 such that

x€ D(T) and $(x) = 8 imply ¢{T'x) = &.
Let x be an arbitrary point of D (T}, and let us take a positivé number 4
such that Ap(x) = 4. Then we have p(ix) =< 8, Ax€D(T) and so
g(T(Ax)) = &. Thus ¢(Tx) = /L. Hence, if p(x) & 0, we can take 4

arbitrarily large and so g (7" x) = 0; and if p (x) 7= 0, we can take 1 = /¢ (x)
and so, in any case, we have ¢(Tx) < £ (x) with § = &/6.
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Corollary 1. Let X be a locally convex space, and f a linear functional
on D(f} € X. Then f is continuous iff there exist a semi-norm p from the
system {p} of semi-norms defining the topology of X and a positive
number 3 such that

|/ #)] < Bp () for all € D). @
Proof. For, the absolute value | & | itself constitutes a system of semi-

norms defining the topology of the real or complex number field.

Corollary 2. Let X, Y be normed linear spaces. Then a linear operator

T on D(T) € X into Y is continuous iff there exists a positive constant
B such that

| Tx}| = B||x}]| for all x € D(T). (3)

Corollary 3. Let X, Y be normed linear spaces. Then a linear operator
T on B{T} C X into Y admits a continuous inverse 7! iff there exists a
positive constant y such that
|| Tx{| = y||x|| for every x ¢ D(T). (4
Proof. By {(4), Tx = 0 implies ¥ = 0 and so the inverse 11 exists.
The continuity of 7 is proved by (4) and the preceding Corollary 2.

Definition 1. Let T be a continuous linear operator on a normed linear
space X into a normed linear space Y. We define

T :g?;ﬁ, where B = {§; || Tx|| = B||«|| forall x € X}. ()

By virtue of the preceding Corollary 2 and the linearity of T, it is easy
to see that
| 7]] = sup [|T#|[= sup ||T=]}. (6)
[l=l=1 ll=[f=1
| T{| is called the norm of T. A continuous linear operator on a normed
linear space X into Y is called a bounded linear operator on X into Y,
since, for such an operator T, the norm || T x|| is bounded when x ranges
over the unit disk or the unit sphere {x€ X, ||x|| = 1} of X.
Definition 2. Let 7 and S be linear operators such that
D@Mand D(S) L X, and R(T)and R(S) £ Y.
Then the sum T 4+ S and the scalar mulfiple o T are defined respectively
by
(T+ 8@ =Tx+Sx for 2 D(ITYND(S), (&T)(x) = (T x).
Let T be a linear operator on D(T) € X into Y, and S a linear operator
on D(S) € Y into Z. Then the product ST is defined by

(STYx=S(Tx) for xc{x;x€ D(T) and Txc D{S)}.
T + S5, aT and ST are linear operators.
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Remark. ST and T'S do not necessarily coincide even if X — ¥ — 7.

An example is given by Tx = ¢x(t), Sx{f) = V(—1) %x(t) considered as
linear operators from L2(R1) into L2(RY). In this example, we have the
commutation relation (ST — T 5) x(f) = ]/jlx(t).

Proposition 2. If T and S are bounded linear operators on a normed
linear space X into a normed linear space Y, then

N7+ SN = NT) + (IS]L {joT || = || T ]]. (7)

If 7 is a bounded linear operator on a normed linear space X into a

normed linear space Y, and S a bounded linear operator on Y into a
normed linear space Z, then

ISTH =S| {1T]. (8)
Proof. We prove the last inequality; {7) may be proved similarly.
STl = ST =[| = (IS]IT|[{|»]! and so [[ST]| = ||S|[ ||,
Corollary, If T is a bounded linear operator on a normed linear space
X into X, then
17 = Tl (9)
where T is defined inductively by T/ = T7* 1 (n = 1,2,...; 79= I

which maps every x onto x itself, i.e,, Tx = %, and I is called the identity
operator).

7. Bounded Sets and Bornologic Spaces

Definition 1. A subset B in a linear topological space X is said to be
bounded if it is absorbed by any neighbourhood U of 0, i.e., if there exists
a positive constant & such that x 1B C U, Here a~1B = {xeX; x=ua1b,
b< B}

Proposition. Let X, Y be linear topological spaces. Then a continuous

linear operator on X into Y maps every bounded set of X onto a bounded
set of Y,

Proof. Let B be a bounded set of X, and V a neighbourhood of 0 of Y.
By the continuity of T, there exists a neighbourhood U of 0 of X such
that T- U ={Twu;u€ U} L V. Let & > 0 be such that B C xU. Then
T-BLTxU)=ua(T -U) CaV. This proves that T - B is a bounded
set of Y.

Definition 2. A locally convex space X is called bornologic if it satisfies
the condition:
If a balanced convex set M of X absorbs every bounded
set of X, then M is a neighbourhood of 0 of X . {1)

Theorem 1. A locally convex space X is bornologic iff every semi-
norm on X, which is bounded on every bounded set, is continuous.
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Proof. We first remark that a semi-norm $ (x) on X is continuous iff
it is continuous at x — 0. This we see from the subadditivity of the semi-

norm: $(x — ) 2 |p{x) — p ()] (Chapter I, 1, (4)).

Necessity. Let a semi-norm p{x) on X be bounded on every bounded
set of X. The set M = {x € X; ¢ (x) =< 1} is convex and balanced. If B
is a bounded set of X, then sup #{b) = « < oo and therefore B L a M.

6B

Since, by the assumption, X is bornologic, M must be a neighbourhood
of 0. Thus we see that $ is continuous at x = 1.

Sufficiency. Let M be a convex, balanced set of X which absorbs
every bounded set of X. Let $ be the Minkowski functional of M. The:n P
is bounded on every bounded set, since M absorbs, by the assumption,
every bounded set. Hence, by the hypothesis, p(x} is -COl'ltil’l'lIOI.JS. Thus
M, ={x€ X; $(x) << 1/2} is an open set 3 0 contained in M. This proves
that M is a neighbourhood of 0.

Example 1. Normed linear spaces are bornologic.

Proof. Let X be a normed linear space. Then the unit disk S =
{xe X; || #|| = 1} of X is a bounded set of X. Let a semi-norm p (x) on X

be bounded on §, i.e., sup $ (x) = « < oo, Then, for any vy + 0,
ZES

) =2 (Il -21) = Il 2 () = = vl

Thus $ is continuous at y = 0 and so continuous at every point of X

Remark. As will be seen later, the quasi-normed linear space M (S, %'B)
is not locally convex. Thus a quasi-normed linear space is not necessarily
bornologic. However we can prove

Theorem 2, A linear operator T on one quasi-normed linear space into
another such space is continuocus iff 7 maps bounded sets into bounded
sets.

Proof. As was proved in Chapter I, 2, Proposition 2, a quasi—nofmed
linear space is a linear topological space. Hence the “only 1f ,I)Jart is al-
ready proved above in the Proposition. We shall prove the 1f. part.

Let T map bounded sets inte bounded sets. Suppose that 5;1_{% x, = 0.

Then lim |[#;|| = 0 and so there exists a sequence of integers {n,}
k—00
such that lim 7, = oo while lim m ||z, |] = 0.
k00 E—>0G

We may take, for instance, n, as follows:
n,  the largest integer = kall_”2 if x, %= 0,
A it oz, = 0. )
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Now we have ||m x|l = [|xs + 22 + -+ + % |] = me ||%)| so that
s;lim n, %, = 0. But, in a quasi-normed linear space, the sequence
— O

{ny x,}, which converges to 0, is bounded. Thus, by the hypothesis,
{T (n, %)} = {mx T x,} is a bounded sequence. Therefore

-1 = §-1 -1 =
skl_lgg T x, sk% my (T (ny x)) = 0,

and so T is continuous at x = 0 and hence is continuous everywhere.

Theorem 3. Let X be bornologic. If a linear operator T on X into a
locally convex linear topological space ¥ maps every bounded set into a
bounded set, then T is continuous.

Proof. Let V be a convex balanced neighbourhood of 0 of Y. Let  be
the Minkowski functional of V. Consider ¢ (x) = #{7 x). ¢ is a semi-norm
on X which is bounded on every bounded set of X, because every bounded
set of Y is absorbed by the neighbourhood V of 0. Since X is bornologic,
g is continuous. Thus theset {x¢ X, Txc V*} ={x€c X ;¢q(x) = 1} is a
neighbourhood of 0 of X. This proves that T is continuous.

8. Generalized Functions and Generalized Derivatives

A continuous linear functional defined on the locally convex linear
topological space B (£2), introduced in Chapter I, 1, is the "‘distribution”
or the “generalized function” of L. Scawartz. To discuss the generalized
functions, we shall begin with the proof of

Theorem 1. Let B be a bounded set of D{{2). Then there exists a
compact subset K of £2 such that

supp (p} & K for every ¢ € B, (1}

sup |Dig(x)| << oo for every differential operator D7, (2)
#EH,gER
Proof. Suppose that there exist a sequence of functions {g;} < B and
a sequence of points {p,} such that {i): {¢;} has no accumulation point
in £, and (ii}: @;(p;) = 0 (i =1,2,...). Then

ple) = i 1o (dlllg:p)

is a continuous semi-norm on every ®g(f2), defined in Chapter I, 1.
Hence, for any ¢ > 0, the set {p € Dy £2); p (@) = ¢} is a neighbourhood
of 0 of D Q). Since B {£2) is the inductive limit of Dg (£)'s, we see that
{p € D{); plp) = £} is also a neighbourhood of 0 of D). Thus p is
continuous at 0 of D (£2) and so is continuous on D {2). Hence p must be
bounded on the bounded set B of ® {£2). However, pl{g;) = 1 (i =1, 2,...).
This proves that we must have (1).
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We next assume that (1) is satisfied, and suppose (2) is not satistied.
Then there exist a differential operator D’ and a sequence of functions
{p;} B such that sup |D g(x)| >+ (i =1,2,...}. Thus, if we set

2K

plp) =sup | DPg(x)| for @& Bx(2),
=K

p{®) is a continuous semi-norm on D ($F) and plp) > ¢ (t=1,2,...).
Hence {p;} € B cannot be bounded in Dk (£2), and a fortiori in B (£2).
This contradiction proves that {2) must be true.

Theorem 2. The space B (£2} is bornologic.

Proof. Let g(g) be a semi-norm on D {£2) which is bounded on every
bounded set of © (). In view of Theorem 1 in Chapter I, 7, we have only
to show that g is continuous on ® (£2). To this purpose, we show that ¢ is
continuous on the space D (§2) where K is any compact subset of 2.
Since B (£2) is the inductive limit of Dy {£2)'s, we then see that g is con-
tinuous on T (£2).

But g is continuous on every Dy [£2}. Tor, by hypothesis, g is bounded
on every bounded set of the quasi-normed linear space ® (£2), and so, by
Theorem 2 of the preceding section, g is continuous on By (£2). Hence ¢
must be continuous on B ().

We are now ready to define the generalized functions.

Definition 1. A linear functional 7 defined and continuous on © (£2)
i5 called a gemeralized function, or an ideal function or a distribution in 2
and the value T {g) is called the value of the generalized function T at
the festing function p € D(L2).

By virtue of Theorem 1 in Chapter I, 7 and the preceding Theorem 2,
we have

Proposition 1. A linear functional T defined on ®{{2) is a generalized
function in 2 iff it is bounded on every bounded set of ®(£2), that is,
iff T is bounded on every set B € D({£2) satisfying the two conditions (1)
and (2).

Proof. Clear from the fact that T (g) is continuous iff the semi-norm
| T (@} | is continuous.

Corollary. A linear functional T defined on C§°(f2) is a generalized
junction in £2 iff it satisfies the condition:

To every compact subset K of 2, there correspond a

positive constant € and a positive integer % such that
|[T(@)| =C sup |Dig(x)| whenever ¢¢ Dglp). {3)
lilskrCK

Proof. By the continutty of T on the inductive limit ® ({2} of the
D (£2)'s, we sce that 7 must be continuous on every Dy {{2). Hence
the necessity of condition (3) is clear. The sufficiency of the condition
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(3) is also clear, since it implies that T is bounded on every bounded set
of D).

Remark. The above Corollary is very convenient for all applications,
since it serves as a useful definition of the generalized functions.

Example 1. Let a complex-valued function f{x) defined a.e. in
be locally integrable in 2 with respect to the Lebesgue measure
dx = dx, dx, - - - dx, in R*, in the sense that, for any compact subset K
of 2, f |f/(x}| 4x << oo. Then

4

Iy(g) :fo(X) plx) dx, p€ D), {4)

defines a generalized function 7, in £2.
Example 2. Let m(B) be a og-finite, s-additive and complex-valued
measure defined on Baire subsets B of an open set 2 of B*. Then

Tplp) = f«r %) m(dx), g € D(Q), (5)

defines a generalized function T, in £,
Example 3. As a special case of Example 2,

Ty, (@) = @(p), where p is a fixed point of 22, g € D), {6)
defines a generalized function T, in £2. It is called the Dirac distribution
concentrated at the point p € £2. In the particular case p = 0, the origin
of R*, we shall write Ty or § for T,

Definition 2, The set of all generalized functions in 2 will be
denoted by D(£2)’. It is a linear space by

(T'+ S) @) =T} + Sle). &T)(p) =aTlp), (M
and we call D ()’ the space of the generalized functions in 2 or the dual
space of D (£2).

Remark. Two distributions T, and T; are equal as functionals
(T, @) = Ty (p) for every @ € DY) iff f1(x) = J,(x) a.e. If this fact is
proved, then the set of all locally integrable functions in £2 is, by f < T,
in a one-one correspondence with a subset of D ()’ in such a way that
(f; and f, being considered equivalent iff /, (x) = f,(») a.e.)

T+ Ty, =Tspp oIy =T, (7)

In this sense, the notion of the generalized function is, in fact, a genera-

lization of the notion of the locally integrable function. To prove the

above assertion, we have only to prove that a locally integrable

function f is = 0 a.e. in an open set £ of R” if f flx) ¢(x) dx = 0 for
B

all ¢ Cg°{2). By introducing the Baire measure u(B) = f Fx) dx
B
the latter condition implies that fcp(x)p(dx) =0 for all p € CP (N,
2
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which further implies that f @ (%) p(dx) = 0 for all p € C} (L), by virtue
2
of Proposition 8 in Chapter I,1. Let B be a compact Gy-set in £2:
B = F]o G,, where G, is an open relatively compact setin £2. By applying
n=1

Urysohn's theorem in Chapter 0, 2, there exists a continuous function
f. (%) such that

0=<f.(x) <1 for xc 2, f,(x) =1 for x€ G5 and f,(x) =0
for x€ G — G, 1 (m=1,8..),

assuming that {G,} is a monotone decreasing sequence of open relatively
compact sets of £2 such that G o € G,y Setting ¢ =/, and letting
n — oo, we see that g(B) = 0 for all compact Ggsets B of £2. The Baire
sets of £2 are the members of the smallest g-ring containing compact G-
sets of 2, we see, by the g-additivity of the Baire measure g, that p
vanishes for every Baire set of £2. Hence the density f of this measure g
must vanish a.e, in £2.

We can define the notion of differentiation of generalized functions
through

Proposition 2. If T is a generalized function in £2, then

) =—T(52). »eDE@, ®)

defines another generalized function S in £2.

Proof. S is a linear functional on D (£2) which is bounded on every
bounded set of T (£2).

Definition 3. The generalized functional 5 defined by (8) is called the
reneralized dertvative or the distributional derivative of T (with respect to

t,), and we write
&

S=pzT, (@)

s that we have
a e
e Tlp) = — T(—a—x—l) (10)
Remark. The above notion is an extension of the usual notion of the

derivative, For, if the function f is continuously differentiable with
respect to x,, then we have

a2
- Tite) = — T, (57 ——f [fx) dx, - - - dx,

f fax Hx} - @ lxy dxy - - dxy = Topan, ),

as may be seen by partial integration observing that g {x) vanishes iden-
fically outside some compact subset of Q. .

4 Youbda, Fanetionnl Annlyils
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Corollary. A generalized function T in £ is infinitely differentiable
in the sense of distributions defined above and

" 151
DIT) (@) = (— ) T(Dig), where |j|= X4, Di=—2" (11
(DIT) (p) = (=Y T (Dig) il = X7 P (11}

Example 1. The Heaviside function H (x) is defined by

H(x) = 1or = 0 according as x == 0 or x <C (. (12)
Then we have

d
7w ="Ta (12)

where Ty is the Dirac distribution concentrated at the origin 0 of R
In fact, we have, for any ¢ € D (RY),

P oo oo
(ZTw)@ =~ [ H@@ @ di=— [ ¢/ dx = — T = p(0).
Example 2. Let f{x) have a bounded and continuous derivative in the

open set R'-— U zof RY. Let s;= f(x; +- 0) — f{x;— 0} be the saltus

or the jump of f( ) at x = x;. Since

(Er)e= [ibgwi=Sews+ [ I@e@
we have
df,; Ty="Tp + &5 0y (12")
where &,, is defined by (6).

Example 3. Let f(x) = f{x,, %5, .. ., x,) be a continuously differen-
tiable function on a closed bounded domain £ € R™ having a smooth
boundary S. Define / to he 0 outside 2. By partial integration, we have

(a_in)(‘P)__‘—ff(x)a—itp(x)dx
_ff(x)tp(x) cos (v, %; d5+f x) dx,

where v is the ¢nuer normal to S, (v, x;) = (x,, %) is the angle between »
and the positive x;-axis and 45 is the surface element. We have thus

é
a2 Tr = Topoy + Ts, where Ts(p) — f flx) cos (v, ) @lx) dS. (12"

Corollary. If f{x) = f(x,, xz, ..o, %,) is C2 on 2 and is ¢ outside,

then, from (12"") and_ = 2,' - c0s (x;, v) we obtain Green's
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integral theorem
S g

where A 1s the Laplacian 2; &jox}.
3=
Proposition 3. If T is a generalized function in £2 and f € C* (), then

Sig) =Tlfe), 9€ D), (13)
defines another generalized function S in £2.

Proof. S is a linear functional on ®{2) which is bounded on every
bounded set of © (). This we see by applying Leibniz’ formula to fe.

Definition 4. The generalized function S defined by (13) is called
the product of the function f and the generalized function 7.

Leibniz’ Formula. We have, denoting S in (13) by /T,

9 af
D = T+ 15, (14)

(1 22)=7(2w)— T (5 (')

by Leibniz’ formula for 8(f¢)/0#;. This formula is generalized as follows.

Let P(£) be a polynomial in &, &, ..., &, and consider a linear
partial differential operator P (D) with constant coefficients, obtained
by replacing &; by ¢~ 8/x;. The introduction of the imaginary coefficient
i~! is suitable for the symbolism in the Fourier transform theory in
Chapter VI.

Theorem 3 (Generalized Leibniz’ Formula of L. HORMANDER). We
have

because we have

P(DY{(T) = Z (Duf) < PO(D) T, (15)

By

where, for s = (59, S5, . - ., Sa),

au+u+.4.+a“

POE) = gmam azm £ &) = De P(4). 16)
1 3 yu/1 @ 18
D= (Fan) (i) (Tl
and R
sl =stsl...5!. (17)

Proof. Repeated application of (14) gives an identity of the form
PD)(IT) = 2 (D) Q(D) T, (18)
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where Q,(£)’s are polynomials. Since (18) is an identity, we may substitute
flx) = em and T = ¢=m where (x, &) = 3 z,&;
=1
n (18). Thus, by the symbolism

P(D)en®) = P(g) &=, (19)
we obtain

P&+ Ef“@a ), where £ = Eji&p. . En
On the other hand, we have, by Taylor’s formula,

Pt +n) =X Lepog.
Thus we obtain
Qi) =5 PO (1),

9. B-spaces and F-spaces
In a quasi-normed linear space X, lim [|x, — x|| = 0 implies, by the
N0

m||, that {x,}is a
Cauchy sequence, i.e., {x,} satisfies Cauchy’s convergence condition

lim ||%, — x,]| = 0. (1)

Definition 1. A quasi-normed (or normed) linear space X is called an
F-space {or a B-space) if it is complete, i.e., if every Canchy sequence {x,.}
of X converges strongly to a point x,, of X:

Nm ||%, — %o || = 0. {2)

Such a limit x,, if it exists, is uniquely determined because of the triangle
inequality |[x —x"|| = ||x — x| + ||x, — %"||. A complete pre-Hilbert
space is called a Hilbert space.

Remark. The names F-space and B-space are abbreviations of Fré-
chet space and Banach space, respectively. It is to be noted that Bour-
BAKI uses the term Fréchet spaces for locally convex spaces which are
quasi-normed and complete.

Proposition 1. Let £2 be an open set of R, and denote by &(£2) =
C*® (L2} the locally convex space, quasi-normed as in Proposition 6 in
Chapter [, 1. This E(£2) is an F-space.

Proof. The condition hm [|fn— fm|| = 0 in E{§2) means that, for

any compact subset K of .Q and for any differential operator D%, the

sequence {D"f,(x)} of functions converges, as # > oo, uniformly bn

K. Hence there exists a function /(x) € C*(2) such that lim D*f, (x) =
n—-00

9. B-spaces and F-spaces 53

D*f{x) uniformly on K. D* and K being arbitrary, this means that
}_igt [[/n—F]| = 0 in E{£).

Proposition 2. L*(S) = L?(S, B, m) is a B-space. In particular, L2(5)
and (12} are Hilbert spaces.

Proof. Let hm ||#5 — %ml| = 0 in L#(S). Then we can, choose a

subsequence {x,,k} such that E (EA Xn || << 0. Applying the tri-

ka1
angle inequality and the Lebesgue -Fatou Lemma to the sequence of
functions

9105) — 1)+ 2 (2 (5) — 2y (5} € 22(S),

we see that
a0 b
J (Bm v ) mia@s) < Bm (il <l ] + 3 5, 2l -

Thus a finite lim y,(s) exists a.e. Hencea finite lim x,,,  (s) = %, (s) exists
=00 00

$)| < tim 3, (s) € L?(S). Applying
=00

again the Lebesgue-Fatou Lemma, we obtain

. x 4
150 — gl = [ (lim 50y (5) 20 (5) ) ) = |50, — ]
Therefore lim ||%, — %, || = 0,and hence, by the triangle inequality and
ko0

ae. and xg(s)€ LP(S), since |x,,,

Cauchy’s convergence condition lim ||%, — x,,|| = 0, we obtain
#,m—+00
Jim || 200 — x|l = B || — 2 [| + Lim ]z, — 2, ][ = 0.

Incidentally we have proved the following important
Corollary. A sequence {x,} € L*(5) which satisfies Cauchy's conver-
gence condition (1) contains a subsequence {x,,} such that

a finite kli’ngc Xy, (8) = %, (5) exists ae, x,, (s} € L#(S) and
slim x, = % . (3)
71—+00

Remark. In the above Proposition and the Corollary, we have assumed
in the proof that 1 =X $ < oo. However the results are also valid for the
case p = oo, and the proof is somewhat simpler than for the case
1 =2 $ << oo, The reader should carry out the proof.

Proposition 3. The space 42(G) is a Hilbert space.

Proof. Let {f,(z)} be a Cauchy sequence of A%(G). Since 42(G) is a
linear subspace of the Hilbert space L%(G), there exists a subsequence
{/..(z)} such that

a finite klim Fup (2) = foo (2) exists a.e., foo € L2(G) and

grgOGf Hoo (2) — fula) P dx dy = 0.
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We have to show that £ (2) is holomorphic in . To do this, let the sphere
|i°% 73] = ¢ be contained in G. The Taylor expansion £, (z) — f,,(z) =

jg(‘) ¢;(z — zg)” implies
[Fe—tullf= [ |(2) = fule) Pdx dy

z—zl =0
¢ [ 2z e
26[ (of ,2 ¢l 90 = Cyprte e d&) rdr =32 [ ;[P r¥ 2 ar
J 0

= 271:}_50 oite ch |2 (87 + 2> ‘colz o® (4)

= 7 0% [Jn(20) — fm {20} [2.
Thus 'the sequence {#+(2)} itself converges uniformly on any closed sphere
containedin G. f, (z)’s being holomorphicin &, we see that £, (z) = lim f,(2)
must be holomorphic in 6. o
Proposition 4. M (S, B, m) with m(S) << oo is an F-space.
Proof. Let {x,} be a Cauchy sequence in M (5, B, m). Since the con-

vergence in M (S, B, m) is the asymptotic convergence, we can choose a
sub-sequence {x,, (s)} of {x,(s)} such that

m{B,) = 27* for B, —{seS;2*=< [ Foey (S) — % (5) [}
The sequence s, (s) = %, (s) + :3_,]‘ (Frg (8) — 0 () (B =1,2,..)
Is s-convergent to a function €2 (S, B, m), because, if s &€ 8 B;,
it

[e =]
we  have ;é; [ (S) — Xy (s) | < ;‘0‘ 277 < 217 and m (

i=

-

B )

consequently we see, by letting

= ImE) £ 3o <o,
2 2

{-> oo, that the sequence {x,(s)} converges m-ae. to a func-

tion %, (s)& M (S, B, m). Hence m 1% — %oo|[= 0 and so, by
,,H_rf’men—x,,.Hzo, we obtain  lim ||x, — % || = 0.
' P -

The Space (s). The set (s) of all sequences {&,} of numbers quasi-nor-
med by

el = 227 I 1/ + |5

constitutes an F-space by {£,} + {5,} = {&, + Nut» 6{€a} ={ax&,}. The
proof of the completeness of (s} may be obtained as in the case of
M (S, B, m). The quasi-norm

[[{&3 ) = 61;15 tan=! {& 4 the number of £,’s which satisfy |&,| > &}

also gives an equivalent topology of (s).

9. B-spaces and F-spaces %)

Remark. It is clear that C (5), (¢,) and {c¢) are B-spaces. The complete-
ness of the space () is a consequence of that of I (5). Hence, by Theo-
rem 3 in Chapter I, 5, the space H-L? is a Hilbert space with (/2).

Soboley Spaces W*? (£2). Let {2 be an open set of k", and % a positive
integer. For 1 = p < oo, we denote by W*? (£} the set of all complex-
valued functions f(x) = f{xq, %g, - - -, %,,) defined in £ such that f and

its distributional derivatives D’f of order |s]| = ,Zl‘ [s;| = k all belong
7=
to I? (£2). Wh? () is a normed linear space by
(i + F2) () = f1 (%) + fol®), (of) (2} = & /(%) and
= Flx) P dx\P, dx = dwydx, .. . d
s = (5, ] 10101 ), s = g .
under the convention that we consider two functions f; and f; as the same

vector of W (Q) if f,(x) = f,(x) a.e. in Q2. It is easy to see that W**(£)
is a pre-Hilbert space by the scalar product

(. eha =( 2, D1 De () dx)

Proposition 5. The space W»? (2} is a B-space. In particular, W*(Q) =
W*%(Q) is a Hilbert space by the norm [lf|[ = ||/|s2 and the scalar
product (f» g)k = (f: g)k,2'

Proof. Let {#,} be a Cauchy sequence in W*? (©2). Then, for any diffe-
rential operator D° with |s| =X &, the sequence {I¥ #,} is a Cauchy sequence
in L7{f2) and so, by the completeness of L?(£2), there exist functions
e 1?(8) (|s| < k) such that lim [ 1D falx) — 7 (0)|F dx = 0. By

=00
virtue of Hélder's inequality in Chapter I, 3, applied to compact sets
of 22, we easily see that f; is locally integrable in £2. Hence, for any func-
tion ¢ € CF (£2),

T poy, (@) = !f D fy(x) - p(x) dx = (—1)“]‘!}';: {(x) D’ (x) dx,
2
and so, again applying Hélder's inequality, we obtain, by
Jim [ 1hlx) — 7 (%) P dx = 0,
oo
Tim Tps (g) = (— 1) Ty (D'g) = D* Ty ).

Similarly we have, by lim [1D°hx) — 2 ()fp dx =0,
—-00 n

;Eglo T @) = Ty () -

Hence we must have DTyw = Ty, that is, the distributional deri-
vative IFf?% equals f, This proves that hlim llfs —F9|l, =10 and
—-00

W (£2) is complete.
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10. The Completion

The completeness of an F-space (and a B-space} will play an important
role in functional analysis in the sense that we can apply to such spaces
Baire’s category arguments given in Chapter 0, Preliminaries. The follow-
ing theorem of completion will be of frequent use in this book.

Theorem (of completion). Let X be a quasi-normed linear space which
is not complete, Then X is isomorphic and isometric to a dense linear
subspace of an F-space X, ie., there exists a one-to-one correspendence
x <> x of X onto a dense linear subspace of X such that

(< +79) = 54 5,69 = o %, |7 = fa]|. i
The space X is uniquely determined up to isometric isomorphism. If X
is itself a normed linear space, then X is a EB-space.

Proof. The proof proceeds as in Cantor’s construction of real numbers
from rational numbers.

The set of all Cauchy sequences {x,} of X can be classified according
to the equivalence {,} ~ {y,} which means that im 12, — .1t = 0.
=00

We denote by {x,}’ the class containing {x,}. Then the set X of all such
classes ¥ = {,} is a linear space by

il 0} = {r + 0}, a{m) = {ax}.
We have |||x,]| — ||x,||] = ||#s — %,,!| and hence lim [1x.]| exists.
H—OC
We put
! I = 1t
Hxad' || = Hm ||z, ]].
It is easy to see that these definitions of the vector sum {x.}" + )
the scalar multiplication a{x,}’ and the norm {|{x}"|| do not depend

on the particular representations for the classes {xa}", {¥.}", respectively.
For example, if {x,} ~ {2}, then

lim |[x, || < Lim [ ]| + lim |z, —~, [} < Tim |||
H—r O f e o] H—OG N—OO

and similarly lim |jx,|| = lim l|#4]|, so that we have {x.} || =
00 H=>00

=) |-

To prove that ||{x,}"|| is a quasi-norm, we have to show that

1i Xy ‘M=o d 3} =0,
i {lodza) | and - Hm Clfe{xd ||
The former is equivalent to lim lim [|x%,]l =0 and the latter is
=0 #n—0co
equivalent to lim ||xx,||=0. And these are true because || % || is con-
n0OQ '

tinuous in both variables x and x.

10. The Completion bY

To prove the completeness of X, let {#} = {{x®}} be a Cauchy
sequence of X. For each &, we can choose #,, such that
(a2 || < BY i om o om, (2)
Then we can show that the sequence {%,} converges to the class containing
the Cauchy sequence of X:

{xf,ll), xiﬁ’, e, xﬁjj, ...} (3)
To this purpose, we denote by %% the class containing

{xﬁ,’? xg;’ ce xﬂi) ..} (4)
B e = ®)
and hence
[l — =i || = 13 — w3 = Zall + 1% — % || + {5 — ) ||

< )% — %m|| + &7 4+ mh
Thus {3) is a Cauchy sequence of X. Let x be the class containing (3).
Then, by (5),
|F— B | < (15— 50| + |58 — Bl| < |7 — 50 || + &7
Since, as shown above,

- - Bt —~ _1
5 AR = m ([ 2| < lim (|5, ]+ 2

we prove that kl_jhrg ||%— #¥|] = 0, and so Jlim || — %)l = 0.
The above proof shows that the correspondence
Xoxx={xx,...,%x, ...} =%
i1s surely isomorphic and isometric, and the image of X in X by this
correspondence is dense in X. The last part of the Theorem is clear.

Example of completion. Let £2 be an open set of R* and % <C co. The
completion of the space Cf{£2) normed by

e :(m’;jmf | D f () dx)“2

will be denoted by HE(£2); thus HE(Q) is the completion of the pre-
Hilbert space A% (€2) defined in Chapter I, 5, Example 4. Therf:fore H:(@)isa
Hilbert s-pace. The completion of the pre-Hilbert space H*(£2) in Chap-
ter I, b, Example 3 will similarly be denoted by H* ().

The elements of Hj () are obtained concretely as follows: Let {f;} bea
Cauchy sequence of C£{2) with regard to the norm ||/ !lg- Then, by the
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completeness of the space L2{£2), we sce thal (here exist functions

7%y € L2 () with Is| = ‘:1‘ 5; = & such that
=

lim Qf [F90) — D fy(w) [Pdr = 0 (dx - duy dxy . . dy,).
Since the scalar product is continuous in the norm of L2{L0), we see, for

any test function ¢ (x) € C5° (£, that
Tpn (@) = b  f = lim (—1)M g
s (p) = Hm (D', @) = lim (—)F 7y (D)

= ()M tim G, DD = (1) GO, D (07T ().
Therefore we see that /' ¢ L2() is, when considered as a generalized
function, the distributional derivative of {0 . fi9 — ps §0)

We have thus proved that the Hilbert space H% (£2) is a linear subspace
of the Hilbert space W*(f), the Sobolev space. In general HE(Q) is a
proper subspace of W#(£2). However, we can prove

Proposition. H§(R™) = W*(R").
Proof. We know that the space W*(R") is the space of all functions
F{x) € L*(R™ such that the distributional derivatives D*f(x) with |s} =
Ll

j,=21 s; = k all belong to L*(R"), and the norm in W*(R") is given by
={( X |D°f(x) F dx\V2 .
= (3, 10710) * a2)
Let /€ WH(R™) and define fy by
(%) = oy (%) f (),
where the function ay(x) € C§(RY) (N = 1,2, .. .} is such that

oy (2} =1 for |x| < Nand sup [DFap{x)] < oo.
2R |s{ Sk:N=1,2,...

Then by Leibniz’ formula, we have
DFi(x) — D*fy(x) =0 for |x| <N,
= a linear combination of terms
Df oy (%) - D*f{x) with ||+ [t| < & for x| > N,
Hence, by D*f ¢ LE(R") for [s| = k, we see tHat }JEEO | Dfy — D fllg = 0
and so 131_)“;‘0 [|F5— H||e = O.

Therefore, it will be sufficient to show that, for any /¢ W*(R") with
compact support, there exists a sequence {f,(x)} C C3° {R™) such that
lim ||/, —f|ls = 0. To this purpose, consider the regularization of f

{see (16) in Chapter I, 1):
falz) = R[f(y) fu(x —y)dy, a> 0.
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By differentiation, we have
Dfo(x) = [F) Dibalx —y)dy = (—0F [ 1(3) D}6,(x— ) dy
k7 R"

- (Ds Tf) (Ba.x) (Where 811,9: (y) - ea (%—}’))
— [DH0) Bax— ) dy (for |s}< ).
Rﬂ

Hence, by Schwarz’ inequality,
S 1D ale) — D*f () P e
Rﬂ

=(JOule =51 ay) [T [1D310) = Dif () balr —3) dy ] v
= L [J1D50) =Dyt + 9 dy] Oule) de, where
lef=a LR

yte=(y+e,ve + e, Yt ).
We know that the inner integral on the extreme right tends to tas ¢ — 0
{see Theorem 1 in Chapter 0, 3), and hence ‘111_13{1). R{ 1D (%) — D f(x) [Fdx
= 0. Thus il_rx). [|/s— 7]z = 0. Therefore, the completion H§ (R") of C5(R™)
with regard to the norm || || is identical with the space W*{R").
Corollary. H%(R") = H*(R") = W*(R".

11. Factor Spaces of a B-space

Suppose that X is a normed linear space and that M is a closed linear
subspace 1n X. We consider the factor space X/M, i.e., the space whose
elements are classes modulo M. In virtue of the fact that M is closed,
all these classes £ are closed in X.

Proposition. If we define
1€]] = 1nf ||=|], (1)

then all the axioms concerning the norm are satisfied by ||&].

Proof. Ii £ = 0, then £ coincides with M and contains the zero vector
of X ; consequently, it follows from (1) that ||£ || = . Suppose, conversely,

that ||£]| = 0. It follows then from {1) that the class contains a sequence
{%,} for which we have lim ||x,]| = 0, and hence the zero vector of X
A—rOG

belongs to the closed set £ of X. This proves that £ = M and hence is
the zero vector in X/M.
Next suppose £, 5 € X/M. By definition (1), there exists for any & > 0,

vectors x € £, v € # such that
lell =161 + & I¥]] = [[5] + e
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Hence |{x + y[| < |2 + ||y]] = NEI - I#%]] + 2e. On the other hand,
(x +¥)€ (€ + ), and therefore ||§ + ]| = x -1 || by (1). Con-
sequently, we have ||& + 5] < J|&{] + || 5] + 2& and so we obtain the
triangle inequality || + nlf < |[€]] + [j5].

Finally it is clear that the axiom & || = || [|€]] bolds good.

Definition. The space X/M, normed by (1), is called a normed Jactor
space.

Theorem. If X is a B-space and M a closed linear subspace in X, then
the normed factor space X/M is also a B-space.

Proof. Suppose {£,} is a Cauchy sequence in X/M. Then {£.} contains
asubsequence {¢,,} such that ||£,,  —§&,. 1| <2 27¥ 2, Further, by definition
(1) of the norw in X/M, one can choose in every class (£,,  —¢&,.)
a vector y, such that

”ka < “5%“ _’EﬂkH T gmk® < 2
Let x, ¢ &, . Theseriesx, + y; + yg + -+ converges in norm and conse-
quently, in virtue of the completeness of X, it converges to an element x
of X. Let £ be the class containing x. We shall prove that & = s-lim £,
00

.Denote by.sk the partial sum %, 4 y; + y5 + - -+ + y, of the above
series. Then 3320 || — s;|] = 0. On the other hand, it follows from the

relations x,, € &,, ¥, € (§,,,, — &u,) that sp € £, and so, by (1),
|6 =&l S llx—sf| >0 as k—oo.

Therefore, from the inequality [|£ — £, || < || — &, || + [|£n — &2 || and
the fact that {£,} is a Cauchy sequence, we conclude that lim & — &

= 0.
12. The Partition of Unity

To discuss the support of a generalized function, in the next section,
we shall prepare the notion and existence of the partition of wnity,

Propesition. Let G be an open set of R*. Let a family {U} of open
subsets U of G constitute an open base of G: any open subset of G is
representable as the union of open sets belonging to the family {U3.
Then there exists a countable system of ogen sets of the family {TF} with
the properties:

the union of open sets of this system equals G, (1)
any compact subset of & meets (has a non-void inter-
section with} only a finite number of open sets of this
system. (2)
Definition 1. The above system of open sets is said to constitute a
scatleyed open covering of G subordinate to {U}.
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Proof of the Proposition. G is representable as the union of a countable
number of compact subsets. For example, we may take the system of all
closed spheres contained in G such that the centres are of rational coor-
dinates and the radii of rational numbers.

Hence we see that there exists a sequence of compact subsets K,
such that (i) K, S K,,; =1, 2,.. ), (ii) & is the union of K,’s and
(iif} each K, is contained in the interior of K, ;. Set

U, = (theinteriorof K, ) — K,_, and V, = K, — (theinterior of X,_,),
where for convention we set Ky == K_, = the void set. Then U, is open and

[av]
V, is compact such that G = lLJ1 V,. For any point x € V,, take an open
set U(x;») € {U} such that x€ U(x;r) C U,. Since V, is compact, there
hy .
existsa finite system of points x™, x®, ... x¥* syuch that V, € u Uz, 7).
im

Then, since any compact set of G meets only a finite number of U,’s, it is
easy to see that the systemof opensets U (x¥;7) (r =1,2,.. ;1= ¢ = h,)
is a scattered open covering of & subordinate to {U}.
Theorem (the partition of unity). Let & be an open set of R®, and let
a family of open sets {G;;{¢€ I} cover G, ie., G = ld G;. Then there
*

exists a system of functions {x;(x); j € J} of C§°(R") such that

for each§ € J, supp (&) is contained in some &, , {3)
forevery 7€ J, 0= (2} = 1, (4)
%;ocj(x)zl for x€G. (8)

i

Proof. Let %% ¢ G and take a G; which contains z'%. Let the closed
sphere S (x'%;7) of centre ¥ and radius » be contained in G;. We

il

construct, as in (14), Chapter I, 1, a function 8% (x} € CF¥ (K") such that

x(0)

B >0 for [x—aY <y, B () =0 for |x—s" =
We put UG, = (A0, + O} Then UR, CGoand U UL, =G,

and, moreover, supp () is compact.

There exists, by the Proposition, a scattered open covering {U;;j€ J}
svbordinate to the open base {U®) ;2 ¢ G, 7> 0} of G. Let §;(x) be
any function of the family {ﬁi'(ﬂ» (%)} which is associated with U,
Then, since {U;; € J} is a scattered open covering, only a finite number
of f;(x)'s do not vanish at a fixed point x of G. Thus the sum s(x) =

g B;(x) is convergent and is >> 0 at every point x of . Hence the func-
1
tions

o {x) = Bi(x)/fs(x) (€ T)

satisfy the condition of our theorem:.
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Definition 2. The system {ocj (#); 7€ J} is called a partition of unity
subordinate to the covering {G;; 7€ I}.

13. Generalized Functions with Compact Support

Definition I. We say that a distribution T ¢ D ()" vanishes in an
open set U of 2 i#f T (p) = 0 for every ¢ € D () with support contained
in U. The support of T, denoted by supp (7)), is defined as the smallest
closed set F of £2 such that T vanishes in £2 — F.

To justify the above definition, we have to prove the existence of the
largest open set of £2 in which 7" vanishes. This is done by the following

Theorem 1. If a distribution 7' € B (£2)’ vanishes in each U, of a family
{U; ¢ € I} of open sets of 2, then T vanishes in [/ =‘_g U..

Proof. Let ¢ € D (L) be a function with supp(p) C U. We construct

a partition of unity {o;{x); € J} subordinate to the covering of 2

consisting of {U;; 7¢I} and 2 -— supp(p). Thengp = %‘ x;p is a finite
3

sum and so T{p) = 5 T{x;¢). 1f the supp (x;) is contained in some U;,
i

T (x;) =0 by the hypothesis; if the supp («;} is contained in£2 — supp (g),
then a;p — 0 and so T (x;p) = 0. Therefore we have T{p) = 0.

Proposition 1. A subset B of the space (L) is bounded iff, for any
differential operator D’ and for any compact subset K of £2, the set of
functions {Df(x); f ¢ B} is uniformly bounded on K.

Proof. Clear from the definition of the semi-norms defining the topo-
logy of &2},

Proposition 2. A linear functional T on §(2) is continuous iff T is
bounded on every bounded set of & (£2).

Proof. Since (L) is a quasi-normed linear space, the Proposition is
a consequence of Theorem 2 of Chapter I, 7.

Proposition 3. A distribution 7 ¢ ©(Q)’ with compact support can
be extended in one and only one way to a continuous linear functional T
on E(£2) such that Ty(f) = 0 if /€ E{) vanishes in a neighbourhood
of supp (7).

Proof. Let us put supp(T) = K where K is a compact subset of £2.
For any point #°¢ K and &> 0, we take a sphere S (2% ¢) of centre
#® and radius . For any & > 0 sufficiently small, the compact set K is
covered by a finite number of spheres S (x9, &) with 2%¢ K. Let {o;j(x);ie T}
be the partition of the unity subordigate to this finite system of spheres.

Then the function p(x) = > o;(x), where K’ is a compact
) supple) N K’ = void
neighbourhood of X contained in the interior of the finite system of

spheres above, satisfies:

v@) € () and y(x) = 1in a neighbourhood of K.
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We define T, (f) for f< C™() by T4(f) = T (yf). This definition is in-
dependent of the choice of ¢. For, if y, € C§° (£2) equals 1 in a neighbourhood
of K, then, for any f€ C™(£2), the function (yp — y,} /€ D (L) vanishes
in a neighbourhood of K so that T(yf) — T'{p, /) =T ((y —w,) /) = 0.

It is easy to see, by applying Leibniz’ formula of differentiation to
v/, that {gf} ranges over a bounded set of D (f2) when {f} ranges over
a bounded set of E(£2}). Thus, since a distribution 7 € D (Q)’ is bounded
on bounded sets of ®(£2), the functional 7, is bounded on bounded sets
of €(£2). Hence, by the Theorem 2 of Chapter I, 7 mentioned above, T, is
a continuouslinear functional on § (£2). Let f ¢ & ({2} vanish in a neighbour-
hood U(K) of K. Then, by choosing a y¢ C(£2) that vanishes in
(L2 — U(K)), we see that Ty(f) = T (pf) = 0.

Proposition 4. Let K’ be the support of g in the above definition of T,.
Then for some constants € and &
|To(f)| = C sup |Dif(x)| forall jeC*®(Q).
lilshxe K’
Proof. Since T is a continuous linear functional on B (), there exist,
for any compact set K’ of £2, constants €’ and %' such that

[T(@)| £ C sup |Diglx)| forall g€ D ()
|f] sk #€ K"

{the Corollary of Proposition 1 in Chapter I, 8}. But, for any g &€ €™ (),
we have p = yg € Dy (£2). Consequently, we see, by Leibniz’ formula of
differentiation, that 7
sup | D (pg) (| =C" sup |D'g(x)|
HES R ¢ lil=w x€R"

with a constant C” which is independent of g. Setting g = fand & — &,
we obtain the Proposition.

Proposition 5. Let 5, be a linear functional on C™ {£2) such that, for
some constant C and a positive integer k and compact subset K of 2,

|Se(N| = C sup |Df(x)| forall f¢ C™(2).
[il k€K

Then the restriction of Sp to Cg° (£2) is a distribution T with support con-
tained in K.

Prooi. We observe that S,{f) = 0 if / vanishes identically in a neigh-
bourhood of K. Thus, if p € C5°(£2) gquals 1in a neighbourhood of K, then

Solf) = Selyf) forall feC™(Q).
It is easy to see that if {f} ranges over a bounded set of D {£2), then, in
virtue of Leibniz’ formula, {yf} ranges over a set which is contained in

a set of the form
{£€C®{D); sup 1Dig(x)| = Cp < oo},

il k€K
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Thus So{wf) = I'(f) is bounded on bounded sets of DY) so that T is
a continuous linear functional on D (£2).
We have thus proved the following

Theorem 2. The set of all distributions in £2 with compact support is
identical with the space §(2)" of all continuous linear functionals on
& (£2), the dual space of € (£2). A linear functional 7 on € {£2) helongs to
E{£2)" iff, for some constants € and & and a compact subset K of £,

IT(H| = C sup [Djf(x)j for all fe C™(Q2).
TIES X139

We next prove a theorem which gives the general expression of distri-

butions whose supports reduce to a single point.

Theorem 3. Let an open set £ of R” contain the origin 0. Then the
only distributions 7€ D(Q)’ with supports reduced to the origin 0 are
those which are expressible as finite linear combinations of Dirac's
distribution and its derivatives at 0,

Proof. For such a distribution 7, there exist, by the preceding Theo-
rem 2, some constants C and % and a compact subset K of 2 which con-
tains the origin 0 in such a way that

(THI=C sup [Dif(x)] forall fe C™(0Q).

lf|=k.2eK

We shall prove that the condition
D'H0) =0 forall § with l7] < &

implies T (f) = 0. To this purpose, we take a function €& C® () which is
equal to 1 in a neighbourhood of 0 and put

felx) = f{x) p(x/e).

We have T(f) = T'(f,) since f = {, in a neighbourhood of the origin 0.
By Leibniz’ formula, the derivative of J. of order = % is a linear com-
bination of terms of the form |¢| 7 Diy - D'/ with 2] 4 || = k. Since,
by the assumption, D*f(0) = 0 for [#] = k, we see, by Taylor’s formula,
that a derivative of order [s| of /., is 0(**'F) in the support of
¥ (x/e). Thus, when ¢ |, 0, the derivatives of /, of order = k convergé to 0
uniformly in a neighbourhood of 0. Hence TH= lsigl T{,) — 0.

Now, for a general /, we denote by f, the Taylor's expansion of f up
to the order % at the origin. Then, by what we have proved above, )

TH=TW) +T¢—f) =T +0="T(,).

This shows that T is a linear combination of linear functionals in
the derivatives of f at the origin of order << &.
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14. The Direct Product of Generalized Functions

We first prove a theorem of approximation.

Theorem 1. Let x = {x;, x5, . .., x%,)ER", ¥ = (y1, V2. - - -, Vm} E R™
and z=xXv = (%], %2, . . ., %, Y1, Yo, - - -, ¥m) € R*"™. Then, for any
function ¢ (z) = @ (x, ¥) € C§° (R"*™), we can choose functions u; (x) € C5° (R")
and functions v;(y) € Cg° (R™) such that the sequence of functions

7ila) = gale, ) = 3oy () vs9) &

tends, as i —> oo, to (2) = @ (¥, ¥) in the topology of D (R*1™), .
Proof. We shall prove Theorem 1 for the case # = m = 1. Consider

@(x, v, 8) = (2)/nt)" f fo @ (€. ) exp(—((x— &2 + (y—n)¥)/4t) didy,

— 00 =D

1> 0, @x,y,0)= @, y). (ff)
We have, by the change of variables £, = (§ — x)/2 ]/t, = {n—v)/2 ]/t .

D (x, v, ) = {/n)? }o ?@(x + 25 Vi, y + 2o, JE) e HmidE dy, .

— 00 —00

[= = o]
Hence, by [ [ e 5dgdy, = n,

—00 —00
oo o0 _
Py ) =gl = Va2 [ [lels + 28ty +29)i)—p(xv)
—oo —00
X e ¥ dEdy
=1 { }
- E‘&_’_nizTZ E!+n!<1‘2
Since the function ¢ is bounded and ¢ %~ is integrable in R2, we see
that the first term on the right tends to zero as T } oo. The second term
on the right tends, for fixed T = 0, to zero as ¢ | 0. Hence we have
proved that ﬁf{? D (x, y,t) = p(x, ) uniformly in (x, ¥).
2

Next, since supp (p) is compact, we see, by partial integration,

+4 )
_am+k¢ (%.kj/, 2 — fcj‘ (2 V;)*z ama{:’fg(;"% ) g la—8f+ly—m®lide dEdy, t> 0,
8x" ay oo 7
m+k
LA 1
ax™ gy -

Thus we see as above that

L@y ) )

l.elfgl ax™ ay” T a™ eyt
It is easy to see that @{x, v, 1) for £ > 0 given by {2) may be extended
as a holomorphic function of the complex variables x and y for |x | <C oo,

uniformly in (x, ¥). 3

b Yosida, Functlonnl Annlywls
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{¥] < oo. Hence, for any given y > 0, the function @, v, ) for fixed
£ 2= 0 may be expanded inte Tavlor's serics
[e4] "
@(x, ¥, b = m‘-=l:) s;“—g £ (¢) x.‘ym-’ﬂ
which is absclutely and uniformly convergent for [x] <y, |y =<9 and

may be differentiated term by term:
& (v, y, 1
ax™ oyt m=0s

", m k. 5 w5

Xep 22

=0 2™ gyt

Let {£} be a sequence of positive numbers such that ¢, | 0. By the above

w;ao can choose, for each #, a polynomial section P.(x,v) of the series
- b

2 X (6)x*y™ " such that

m=0s=0
Xim P;(x, y) = ¢(x, 9) in the topology of &(R?),

o0
i

that is, for any compact subset K of R?, Jim D°P;(x,y) = Dig{x, y)

uniformly on K for every differential operator 1. Let us takeg (x)€ CF (RY)
and o(y) € C§° (R") such that g(x) 6(3) = 1 on the supp (¢ (x, ¥)). Then

we easily see that ¢;(x, y) = o (x) o (v} P;(x, y) satisfies the condition of
Theorem 1.

Rel:]f.l‘k. W-e shall denote by D (R") x B (R™) the totality of functions
€ @ (R™*"™) which are expressible as
[

A G w0 with g(x)e DR, y(y) e DER™.
The above Theorem 1 says that DR X B(R™) is dense in DR
in the topology of ®(R"*™). The linear subspace B (R") x D (R™) of
D (R"T™) equipped with the relative topology is called the direct product
of ®(R") and D (R™).

We are now able to define the direct product of distributions. To indi-

cate .explicitly the independent variables x — (%1, %3, . .., x,) of the
function ¢(x) € D(R"), we shall write (D,) for B(R™). We also write
(B,) for D(R™ cousisting of the functions YO ¥ = {1, Y0 ., v,

Likewise we shall write (D sy for D(R"T™) consisting of the functions
x (x, 'y). We shall accordingly write T\, for the distribution 7 ¢ % (R =
(®,)" in order to show that T is to be applied to functions ¢ (x) of #.

Theorem 2. Let T, < (D,), S € (D). Then we can define in one
and enly one way a distribution W — Wi € (Ruy,) such that

W(nle) v)) = Tiy (u()) S (0 (0))  for we (D)), ve (Dy), "(4)

Wl (5 9)) = Spy (T (@ (%, 1)) = Ty (St (9 (5, %)) for e (Pexy) (B)
(Fubini’s theorem).
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Remark. The distribution W is called the deirect product or the fensor
product of T,y and S;, and we shall write
W=TunX5p = SuxTi. (6)
Proof of Theorem 2. Let 8 — {¢(x, )} be a bounded set of the space
(Dexy). For fixed ', the set {g(x, y'™); ¢ € B} is a bounded set of
{®,). We shall show that
w0 ) = Ty (p (v, Y™, p € B} (7)

is a bounded set of (D). The proof is given as follows.
Since B is a bounded set of (D, .}, there exist a compact set K, < R*
and a compact set K, < R™ such that

supp{g) C {(x, ) € R"™™; xc K, y€ K,} whenever ¢¢ 8.

Hence ym) € K, implies ¢ (x, y‘o)) =0 and w(y“”) =T (plx, 3’(0))) = 0.
Thus

supp(w) € K, whenever @¢ 8. (8}

We have to show that, for any differential operator D, in R™,

sup | D,y ()| < 0o where p(y) = Ty (p(x,9)), p€B.  (9)

.y
To prove this, we take, e.g., D, — 8/8y,. Then, by the linearity of T,

Y A e V) — 0 Ve - Vil
A
T {g(_{,_yl A Y V) — @ E Y Y y_m)_}
— P :

When ¢ ranges over 8, the functions £ { } of x, with parameters v € R”
and % such that 2] = 1, constitute a bounded set of {D,}. This we see
from the fact that B is a bounded set of (B, ). Hence we see, by letting
k— 0 and remembering Proposition 1 in Chapter I, 8, that (9) is true.

Therefore, by the same Proposition 1, we see that the set of values

S (T lex ) ¢c B} (10)
i1s bounded. Consequently, the same Proposition 1 shows that we have
defined a distribution W ¢ (®,,,)’ through

W (@) = Si,) (Tin (@ (%, %)) - (11)
Similarly we define a distribution W% ¢ (%, )" through
WE (@) = Ty (Sen(w (x. 1)) (12)

Clearly we have, for # ¢ (D,) and v € (D,),

W (ulx) vly)) = WO (u(®) v(3) = T (w(®) - Sy (v ))- (13)

Therefore, by the preceding Theorem 1 and the continuity of the

distributions W and W', we obtain W' — W%, This proves our
Theorem 2 by setting W = W = W@,

h*
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References for Chapter I

For locally convex linear topological spaces and Banach spaces, see
N. BourBakI [2], A. GROTHENDIECK [11, G. K6THE [1], S. BANACH (1],
N. DUNFORD-]. ScCHWARTZ [1] and E. HiLie-R. S. PHILLIPS [1]. For
generalized functions, see L. ScuwaRrTz [1], I. M. GELFAND-G. E. S11ov
[1], L. HGRMANDER [6] and A. FRIEDMAN [1].#

II. Applications of the Baire-Hausdorff Theorem

The completeness of a B-space (or an F-space) enables us to apply
the Baire-Hausdorff theorem in Chapter 0, and we obtain such basic
principles in functional analysis as the uniform boundedness theorem, the
resonance theorem, the open mapping theorem and the closed graph theorem.
These theorems are essentially due to S. BANACH [1]. The fermwise
differentiability of generalized functions is a consequence of the uniform
boundedness theorem.

1. The Uniform Boundedness Theorem and the Resonance
Theorem

Theorem 1 (the uniform boundedness theorem). Let X be a linear
topological space which is not expressible as a countable union of closed
non-dense subsets. Let a family {7,; a € A} of continuous mappings be
defined on X into a quasi-normed linear space Y. We assume that, for
anyac A and x,y€ X,

I Tale + )| S || Tax]| + (| Tay|| and || Tutwn) || = [|aTox]] forao.
If the set {T,x; a€ A} is bounded at each x€ X, then s-lim T,x = 0
=0

uniformly in a € A.
Proof. For a given & > 0 and for each positive integer n, consider
= {xe X;sup{[|n 1T x| + ||n2 T, (— 2|} = s}. Each set X, is
atAd
closed by the continuity of 7,. By the assumption of the boundedness of
=]
{|T.x||; a€ 4}, we have X —= U X.. Hence, by the hypothesis on
n=

X, some X, must contain a neighbourhood U = x, + V of some point
%€ X, where V is a neighbourhood of 0 of X such that V= —71.
Thus x € V implies sup |71 Ta (% + #) || < &. Therefore we have

atA

1 7a(i0 2) || = (| Ta(nig (w0 + x — xR || < 16 Ty (%0 + )|
+ [0 To(—x0) || < 26 for xc V,acA.

Thus the Theorem is proved, because the scalar multiplication ax in a
linear topological space is continuous in both variables o and «.

* See also Supplementary Notes, p. 466.
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Corollary 1 (the resonance theorem). Let {7,; ac A} bea familly of
bounded linear operators defined on a B-space X into a normed_ hne_ar
space Y. Then the boundedness of {|!7,x||; a € A} at each x € X implies
the boundedness of {||T,||; a € 4}.

Proof. By the uniform boundedness theorem, there exists, for any
€>0, a 6> 0 such that ||x|| =<4 implies sup ||T,x|| < e. Thus
sup || 7. || < e/o. s
agA

Corollary 2. Let {7,} be a sequence of bounded linear operators defined
on a B-space X into a normed linear space Y. Suppose that s-lim 7,x — Tx

exists for each x € X. Then T is also a bounded linear operator on X into

Y and we have
IT|] = lim ||T,]|. 1)

Proof. The boundedness of the sequence {|| T, x||} for each x€ X is
implied by the continuity of the norm. Hence, by the preceding Corol-
lary, sup || T,|| < oo, and so || T,x|| gsgg Tall - ||2]] m=1,2,...).

nz=1l "=

Therefc?re, again by the continuity of the norm, we obtain

I 7%|| = lim [|Tpx|| < lim || T, ]| - [|#]].

which is precisely the inequality (1). Finally it is clear that T is linear,
Definition. The operator T obtained above is called the strong limit
of the sequence {7} and we shall write 7 = s-lim T,.
We next prove an existence theorem for the bounded inverse of a
bounded linear operator.

Theorem 2 (C. NEuMANN). Let T be a bounded linear operat.r.-r on a
B-space X into X. Suppose that || -T|| < 1, where‘ Iis t:he identity
operator: I -x = x. Then T has a unique bounded linear inverse 7-1

which is given by C. Neumann's series
Tx=slim(I+{I—-1)+T—-TR+---+IT—T7)"=x, x€X. (2)

Proof. For any x € X, we have

k
< 2 @ 1rx)|= Z 10— 1| |1#]

|2 a—1r=
n=0
< S (I—T|p |-

The right hand side is convergent by || T|| < 1’; Hence, by the com-
pleteness of X, the bounded linear operator s-lim ”‘:_,; (I — T)" is defined.
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It is the inverse of T as may be scen from

r-sgnmz*u—n"x=s;1_i,rgo(f—(1—r))(.§ (1 —1y%)

n=0 n~=0
= x—s-lim (I — T)**+ x — x,
]

&
and the similar equation s-lim ( 2 ([ — T)") Tx=zx.
k=00 \n=0

2. The Vitali-Hahn-Saks Theorem

This theorem is concerned with a convergent sequence of measures,
and makes use of the following

Proposition. Let (S, 8B, m) be a measure space. Let 9B, be the sct
of all B € B such that m(B) < co. Then by the distance
d(B,, By) = m(B; © B,), where B, © B, — B,\VB,— B, N\ B,, (1)
B, gives rise to a metric space (%B,) by identifying two sets B, and B,
of B, when m (B, © B,) = 0. Thus a point B of (B,) is the class of sets
B, € B, such that m(B © B;) = 0. Under the above metric (1), {B,)
is a complete metric space.

Proof. If we denote by Cg(s) the defining function of the set B:

Cp(s) =1 or 0 accordingas sc B or sc B,
we have
d(By, By) = [ |Cg,(s) — Cg,(s)| m(ds). (2
$
Thus the metric space (8,) may be identified with a subset of the B-space
L1(S, B, m). Let a sequence {Cp_(s)} with B, ¢ 88, satisfy the condition
Am (B By = Lim | [[Cp,(s) —Cp(s)| m(ds) = 0.
Then, as in the proof of the completeness of the space L!(S, B, m), we can
choose a subsequence {Cp,(s)} such that lim Cp_(s) = C (s) exists
n—00
m-a.e. and lim [ |C(s) — Cp, (s)| m(ds) = 0. Clearly C(s) is the
=00 5

defining function of a set B, € B,, and hence lim d(By, B,) = 0.

This proves that (8B,) is a complete metric space.

Theorem (ViTALI-HAHN-SAKS). Let (S, B, m) be a measure space with
m(S) < oo, and {1,(B)} a sequence of complex measures such that the
total variations |1,|(S) are finite for n = 1,2, ... Suppose that each
An(B) is m-absolutely continuous and that a finite lim 1,(B) = A(B)

ni—»co

exists for every B¢ B. Then the m-absolute continuity of 2, (B) is uniform
m n, that is, lim m(B) = 0 implies lim 4,(B) = 0 uniformly in #. And
A(B) is o-additive on .
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Proof. Each 1, defines a one-valued function 1,(B) on (B,) by
Ay(B) = 2,(B), since the value A.(B) is, by the m-absolute continuity
of 4,(B), independent of the choice of the set B from the class B. The
continuity of A, (B)is implied by and implies the m-absolute continuity of

A (B).
Hence, for any £ > 0, the set

Fy(e) ={§3 Sl;l: |ik{§) —‘iwrn(g)’ = E}
is closed in (%B,) and, by the hypothesis lim A (B) = A(B), we have

oo
(B,) = j&l:ll Fy(e). The complete metric space (%,) being of the second
category, at least one Fj (¢) must contain a non-void open set of (Bo)-
This means that there exist a By ¢ (8,) and an 7 > 0 such that
(B, By) < m implies sup |A, (B) — A »(B)| < ¢.
nezl

On the other hand, any B¢ B, with m(B) < 7 can be represented as
B = B, — B, with d(B,, B)) < 7, d(B,, By) < 7. We may, for example,
take B, = B\ By, B, = B,—B N B,. Thus, if m(B) < 7 and & = k&,
we have
124 (B)| = |44, (B)| + |4, (B) — 4(B) |
= |2, (B) | + | A (Br) — 2e(By) | + |2, (Bs) — 44 (Bs)|

Therefore, by the m-absolute continuity of A, and the arbitrariness
of £ > 0, we see that m(B) — 0 implies 4, (B) — 0 uniformly in . Hence,
in particular, m(B) — 0 implies 1 (B) — 0. On the other hand, it is clear
that L is finitey additive, ie., A( £ Bj-) = 31(B). Thus, by

i= i=

lim A(B) = 0 proved above, we easily see that A is g-additive since
m(B)-»0

m(S) < co.
Corollary 1. Let {4,(B)} be a sequence of complex measures on S such
that the total variation |4, |(S) is finite for every x. If a finite lim A, (B)
00

exists for every B € %, then the g-additivity of {A,(B)} is uniform in ,
in the sense that, &EA,,(B,,) = 0 aniformly in »# for any decreasing

=]
sequence {B,} of sets € B such that N By = 4.
Proof. Let us consider

m(B) = X0 (B) where u,(B) = 13| (B3| (5)
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The c-additivity of m is a consequence of that ol the A's, and we have
0 = m(B) = 1. Each g and hence cach A; is m-absolutely continuous.
Thus, by the above Theorem, we have klim A (B4) 0 uniformly in #,
OO
because lim m(B,) = 0.
E—oo

Corollary 2. A(B) in the Theorem is o-additive and m-absolutely
continuous even if m(S) = oco.

3. The Termwise Differentiability of a Sequence
of Generalized Functions

The discussion of the convergence of a sequence of generalized funec-
tions is very simple. We can in fact prove

Theorem. Let {7,} be a sequence of generalized functions ¢ D ().
Letafinite lim T, (¢) = T (¢) exist for every ¢ € D(£2). Then T is also a
B0

generalized function € D (2)°. We say then that T is the limit in D (L)
of the sequence {7,} and write T — lim T,.(D(2)).
H—00

Proof. The linearity of the functional 7 is clear. Let K be any compact
subset of £2. Then each T, defines a linear functional on the F -space
D ()" Moreover, these functionals are continuous. For, they are bounded
on every bounded set of Dy (£2) as may be proved by Proposition 1 in
Chapter I, 8. Thus, by the uniform boundedness theorem, T must be a
linear functional on ®g (2) which is bounded on every bounded set of
Dx (£2). Hence T is a continuous linear functional on every Dy (£2). Since
D (L) is the inductive limit of D, (©)’s, T must be a continuous linear
functional on D (Q).

Corollary (termwise differentiability theorem). Let 7" = lim T, (D(2)).
H—00
Then, for any differential operator D’, we have D/ T — lim D7 T, (D(Q)).
OO
. - ’ . . . 1yl H s
Proof.. ?Jm 7, T(D(LQ)) implies that lim T, ((—1)'Dig)
T((—1)'Dg) for every g € D(2). Thus we have
(DT) (¢) = lim (D’T,) () forevery ¢e D(R).

4. The Principle of the Condensation of Singularities

The Baire-Hausdorff theorem may be applied to prove the existence of
a function with various singularities. For instance, we shall prove the
existence of a continuous function without a finite derivative,

Weierstrass’ Theorem. There egists a real-valued continuous function
#(f) defined on the interval [0, 1] such that it admits a finite differential
quotient x’(#,) at no point #, of the interval [0, 1/2].
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Proof. A function x(f) admits finite upper- and lower-derivatives on
the right at ¢ = {; iff there exists a positive integer # such that

sup A1 |x(ty + B) — x(t) | = n.
22 >h>0

Let us denote by M, the set of all functions x(f) € C [0, 1] such that

x(t) satisfies the above inequality at a certain point #, of [0, 1/2]; here

the point {, may vary with the function x(#). We have only to show that

oo
each M, is a non-dense subset of C [0, 1]. For, then, the set C [0, 1] —":l;lJlM,,

is non-void since, by the Baire-Hausdorff theorem, the complete metric
space C [0, 1] is not of the first category.

Now it is easy to see, by the compactness of the closed interval [0, 1/2]
and the norm of the space C [0, 1], that M, is closed in C[0, 1]. Next,
for any polynomial z(¢) and >0, we can find a function v () € C[0,1] — M,
such that sup |z(f) —y(f)| = |[z—y|| =& We may take, for ex-

0=si=1

ample, a continuous function y (f) represented graphically by a zig-zag
line so that the above conditions are satisfied. Hence, by Weierstrass’ poly-
nomial approximation theorem, M, is non-dense in C [0, 1].

S. BanacH [1] and H. STEINHAUS have proved a principle of conden-
sation of singularities given below which is based upon the following

Theorem (S. BanacH). Given a sequence of bounded linear operators
{T,} defined on a B-space X into a normed linear space Y,,. Then the set

B={xcx;£§;”nx“<m}

cither coincides with X or is a set of the first category of X. )
Proof. We shall show that B = X under the hypothesis that B is of

the second category. By the definition of B, we have lim sup ||k 17, x||
k—oo n=1

= 0 whenever x € B. Thus, for any ¢ > 0,
o0
B<C U B, where B, = {xe X;sup ||B1T x| < s}.
T k=1 n>1

Each B, is a closed set by the continuity of the T,,’s. Hence, 1:f .B is of 'the

second category, then a certain B, contains a sphere of positive radius.

That is, there exist an z,€ X and a 6 > 0 such that ||x — x| <4

implies sup ||k T, x|| =< e. Hence, by putting x — x, — y, we obtain,
n=1 -

for ||yl]| <6, || Tuy|| < ||k Tpx|| + ||Ko Tpxo|| < 26. We have

thus

sup  ||T,z|] < 2¢,
n=1,||z]| Sk

and so B = X.
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Corollary (the principle of the condensation of singularities). Let
{744} (=1,2,...) be a sequence of bounded linear operators defined
on a B-space X into a normed linear space Y, (p =1, 2,...). Let, for

each p, there exist an x, € X such that E [| Tpq%p|| = co. Then the set
B={x€X; Lm |[Tpex|| =co forall p=1,2,.. }
is of the second category.
Proof. For each p, the set B, = {xEX; g—hT,Bc | Tpex|| < oo} is,
by the preceding Theorem and the hypothesis, of the first category.
Thus B — X -—pgl B, must be of the second category.

The above Corollary gives a general method of finding functions with
many singularities.

Example. There exists a real-valued continuous function x(t) of
period 2z such that the partial sum of its Fourier expansion:

folz: ) =k§] (ax cos kt + by sin kt) = 71{ fnx(s) K, (s, ) ds,
when:e Kq(s, ) = sin({g + 27Y)(s —#))/2 sin 21 (s — f), o

satisfies the condition that

Lim |/¢(%;#)| =oco onaset P C[0,2n] which is of the
i (2)

power of the continuum.

Moreover, the set P may be taken so as to contain any countable sequence
{3 < [0, 2a].
Proof. The totality of real-valued continuous functions x(t) of period
2m constitutes a real B-space Cy, by the norm ||x | = sup [x(g)]-
0=t=2n

As may be seen from (1), f,(x; #) is, for a given t,€ [0, 2x], a bounded
linear functional on C,,. Moreover, the norm of this functional fo(x; %)
is given by

1 T
o [ | K, (s, )| ds = the total variation of the function
{ T3
— [ K, (s, to) ds.

—n

It is also easy to see that, for fixed ty, (3) tends, as ¢ — oo, to oco.
Therefore, if we take a countable dense sequence {} C [0, 2x], thew,
by the preceding Corollary, the set

B:{x€C21;E|fq(x;t}[:m for i:!l,tz,...}

5. The Open Mapping Theorem D

is of the second category. Hence, by the completeness of the space Cg,,
the set B is non-void. We shall show that, for any x € B, the set

P ={t€ [0, 22); lim |/, (x; )| = oo}
is of the power of the continuum. To this purpose, set
Fo,={tc [0, 27]; |f,,(x; H|=m} F,= qglFm,e'

By the continuity of x(f) and the trigonometric functions, we see
that the set F,,, and hence the set F,, are closed sets of [0, 2x]. If we

o0
can show that U1 F,, is a set of the first category of [0, 2x], then the
me= -

[==]
set P = ([0, 2] — L__Jr1 F,,,) 3{#} would be of the second category.

Being a set of the second category of [0, 2], P cannot be countable and
so, by the continuum hypothesis, P must have the power of the conti-
nuauam.

Finally we will prove that each F,, is a set of the first category of
(0, 2x]. Suppose some F,, be of the second category. Then the closed
set F,,, of [0, 2n] must contain a closed interval [e, 8] of (0, 2x]. This
implies that sup |/, (x; £) | = m, for all ¢ € [«, B], contradicting the fact

=1

§=
that the set P contains a dense subset {#;} of [0, 2x].

Remark. We can prove that the set P has the power of the con-
tinuum without appealing to the continuum hypothesis. See, for
example, F. HAUSDORFF [1].

5. The Open Mapping Theorem

Theorem (the open mapping theorem of S. Banacu). Let 7 be a con-
tinuous linear operator on an F-space X onto an F-space Y. Then T maps
every open set of X onto an open set of Y.

For the proof, we prepare

Proposition. Let X, Y be linear topological spaces. Let T be a con-
tinuous linear operator on X into Y, and suppose that the range R (1)
of T is a set of the second category in Y. Then, to each neighbourhood
U of 0 of X, there corresponds some neighbourhood V¥ of 0 of Y such that
V C(TU)"

Proof. Let W be a neighbourhood of 0 of X such that W — — W,
W+ W C U. For every x€ X, x/n — 0 as n—> oo, and so x € n W for

(=] o
large n. Hence X = l:J1 (n W), and therefore R(T) = U1 T (nW). Since

R(T) is of the second category in Y, there is some positive integer n, such
that (T (n, W))" contains a non-void open set. Since (7" (» W))* =u(T (W))"
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-'l.]I.‘d amu, :r(}"{H-'))T’ and (T (W))* are homeomorphic! to each other
(7 (W))" also contains a non-void open set. Let y, = Tx,, x,€ W be.
a pomt of l]‘lis open set. Then, since the mapping x —> —o,x °+ x ;s a
]l;)l(;l{EOIDOI'[.)]llC mapping, we see that there exists a neighboourhood vV
f) ) f)f b f;u‘ch that V' C —y, + (T (W))". The elements of —¥o + T (W)
:;L;xlffr?s;?]e a8 =¥ + Tw=T(w— x,) with wec W. But w—x, ¢
S U, since W is a neighbourhood of 0 Y
W:_.Wandw_;_wg__'y_ of X such that
Ther;fore, ;—yo -+ .T(aW} S T'(U) and hence, by taking the closure
Yot (TIMYC (T (V)Y and s0 V €~y + (T (W)Y € (T (T)) — (T D)=
Pr;oi of the Theorem. Since Y is a complete metric space, it is of thl‘:
is;tra:;on bca;::gc;ry. Thus, by the preceding Proposition, the closure of the
- . . :
= 1§ y £ of a neighbourhood of 0 of X contains a neighbourhood of 0
Let X,, Y, denote the sph i i i
e pheres in X, Y respectively, with cent
;}th thei) origms and radii ¢ > 0. Let us set & = g2 (z'y-: 0,1,2 " 1"35
en by what we have stated above. th i of, positive
e {,?‘_} el » there exists a sequence of positive

lmn=0 and Y, c(@TX) (=0,13,..). (1)

Let yc Y, be any point. We shall show that there is an %€ X, such
:llzat Tx = y. From (1) Wi.th t = 0, we see that there is an X € Xzf‘ such
at ”y— T#o|| < my. Since (y — Tx)€Y,, we see again froa;n (1)
With i =1 that there is an x ¢ X, with ||y — Tx - Tx Il <
Repeating the process, we find a sequence {x;} with x,-cé Ades stllch th?;:1;

[fy— T('_g:'; x,-)”< Tazr  (m=10,1,9,..).
e

We have |I >

| s n
| =i Zulnls, Z as( 2 o )e an

ile=m1
k=41

so th i
€ sequence a‘:":) % 1s a Cauchy sequence. Hence, by the complete-

”n
ness of X, we see that s-lim X x, — i
at s-1 kéo % = x € X exists. Moreover, we have

el = tim || 2 24| < tim 5 1) <(Er)a=2e. |

H—00 k=)

We must have y = Tx since T is continuous. Thus we have proved that

any sphere X,, is mapped by T onto a set which contains a sphere Y,
After these preliminaries, let & be a non-void open set in X ar‘:eci

x_E G. Let U be a neighbourhood of 0 of X such that x + U C G. Let Vv

ne-t PP ng 1 po. g1
L one-to-one ma 1. M of a tDpOlOg]Cal space 5 onto a to lo cal
Spac 2 call P PP‘ pe
e S IS5 alled a homeomm hic ma ng if M and M-1 both map L) n
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be a neighbourhood of 0 of ¥ such that TU 2 V. Then TG 2T (x + U) =
Tx+ TU 2Tx + V. Hence TG contains a neighbourhood of each one
of 1ts point. This proves that 7" maps open set of X onto open sets of Y.

Corollary of the Theorem. If a continuous linear operator 7 on an
F-space onto an F-space gives a one-to-one map, then the inverse operator
T11is also a linear continuous operator.

6. The Closed Graph Theorem

Definition 1. Let X and Y be linear topological spaces on the same

scalar field. Then the product space X X Y is a linear space by
{5 3} + {2, 3} = {51 + 2, 91 + 3o}, oc{x, ¥} = {aw, a9}
It is also a linear topological space if we call open the sets of the form
Gy X Gy :{{x, ¥} x€G,, y€ Gs}J
where G, G, are open sets of X, ¥ respectively. If, in particular, X and
Y are quasi-normed linear spaces, then X X Y is also a quasi-normed
linear space by the quasi-norm
I1{=, 931 = (ll=1* + lly |- @

Proposition 1. If X and Y are B-spaces (F-spaces), then X x Y is also

a B-space (F-space).

Proof. Clear since s-lim {x,, y,,} = {x, y} is equivalent to s-lim x, = .
n—00

s-lim vy, = y.
=00

Definition 2. The graph G (T') of a linear operator 7 on D(7T) € X into
Y is the set {{x, Tx}; x € D(T)} in the product space X X Y. Let X, Y be
linear topological spaces. Then T is called a closed linear operator when
its graph G(T') constitutes a closed linear subspace of X x Y. If X and ¥
are quasi-normed linear spaces, then a linear operator 7 on D(T) € X
into Y is closed iff the following condition is satisfied :

{x,} SD(T),slimx, =x and s-lim Tx, =7y imply that
n—00 "—00

x€D(T) and Tx=4y. @

Thus the notion of a closed linear operator is an extension of the notion
of a bounded linear operator. A linear operator 7 on D(7T) C X into Y is
said to be closable or pre-closed if the closure in X X Y of the graph G (T)
is the graph of a linear operator, say S, on D(S) € X into Y.

Proposition 2. If X, ¥ are quasi-normed linear spaces, then T is
closable iff the following condition is satisfied:

{xn} € D(T), s-lim %, = 0 and s-lim Tx, —y imply that y = 0. (3)
H—+20 H—00
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‘ Proof. The “only if”” prt is clear since the closure in X X Y of G(T)
1s a graph G (S) of a linear operator . and so ¥ =S-0=0. The “if"’ part
1s proved as follows. Let us define a linear operator S by the following
condition and call S the smallest closed extension of T:

x € D(S) iff there exists a sequence {x,} € D(T) such that

s-lim %, = x and s-lim Tz, — ¥ exist; and we define (4)
Sx = y.

That the value y is defined uniquely by x follows from condition (3).
We have only to prove that S is closed. Let @, € D(S), s-lim =, — w and
H—00

s-im Sw, = . Then there exists a sequence {x,} C D(T) such that
”ze.J,,-—x,‘” g'vl, ||Sw,,—' Tz, | =% (n=1,2,..). Therefore
s- %, = s-lim w, = w, sm Tx, = s-lim Sw, = u, and so w € D(S),
S-w=u.

An example of a discontinuous but closed operator. Let X = Y —
C [0, 1]. Let D be the set of all x(¢) € X such that the derivative x’ (£) € X ;
and let 7" be the linear operator on D (T) = D defined by Tx — «'. Thj;
T is not continuous, since, for x,, (f) = ¢,

[%al = 1, || T, | = I:t:;(f)l=nssll12]l [n | =n (n=1,2,..).

But T is closed. In fact, let {2} € D(T), s-lim %, = x and s-lim Tx, =y.
Th A i

en x,(¢) converges uniformly to y(f), and %u(t) converges uniformly
to x(f). Hence x(f) must be differentiable with continuous derivative

¥ (). This proves that x € D(T)and Tx — y.

Examples of closable operators. Let D, be a linear differential operator
- = Li%k ¢; (%) D? (5)
with coefficients ¢; (x) € CH(€), where Q is an open domain of R". Consider
the tota}lty D of functions f(x)€ L2(2) N C* (£2) such that D, f (x)c L2 (£2).
We define a linear operator T on D (T) =D < L?(Q) into L2(Q) by
(T{) () =D, f(x) Then T is closable. For, let {fs} € D be such that
s-lim f, = 0, S}.Ji‘li D, f» = g Then, for any ¢(x) € CX(), we have, bv
partial integration,

J D) @) dx = [ 1(x) - D (x) ax, (6)
y .

D,

where D is the differential operator formally adjoint to D, :

Dip(a) = & () Di(e,(x) g (). )
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The formula (6) is obtained, since the integrated term in the partial
integration vanishes by ¢ (x) € C¢(£2). Hence, by the continuity of the
scalar product in Z2(2), we obtain, by taking f = f, and letting » — oo
in (6),
fg(x}-qv(x)dx:ﬁfﬂ-D,’,q:(x)dx:O. (8)
52

Since @ (%) € C§(£2) was arbitrary, we must have g(x) = 0 a.e., that is,
g = 0in L2(0).

Proposition 3. The inverse 7! of a closed linear operator on D (T)
€ X into Y, if it exists, is a closed linear operator.

Proof. The graph of 71 is the set {{T'x, x}; x € D (Z)} in the product
space Y X X. Thus the Proposition is proved remembering the fact that
the mapping {x, ¥} — {v, 2} of X X Y onto Y x X is a homeomorphic one.

We next prove Bawnach's closed graph theorem:

Theorem 1. A closed linear operator defined on an F-space X into an
F-space Y is continuous.

Proof. The graph G (T) of T is a closed linear subspace of the F-space
X xY. Hence, by the completeness of X XY, G(7) is an F-space. The
linear mapping U defined by U{x, T x} = x is a one-to-one, continuous
linear transformation on the F-space G(T) onto the F-space X. Hence,
by virtue of the open mapping theorem, the inverse U of Ulis continuous.
The linear operator V¥ defined by V{x, Tx} = T x is clearly continuous
on G (T)onto R(T) C Y. Therefore, T = V U~1is continuous on X into Y.

The following theorem of comparison of two linear operators is due to
L. HORMANDER:

Theorem 2. Let X; (z = 0, 1, 2; X, = X) be B-spacesand T; (i = 1, 2)
be linear operators defined on D(7T,) C X into X;. Then, if 7, is closed
and T, closable in such a way that D(T,) C D(T,), there exists a con-
stant C such that

ITax ]| < C(ITyx]P + [I2]P) forall xeD(TY.  (9)

Proof. The graph G(T,) of T, is a closed subspace of X x X,. Hence

the mapping

G(Ty) >{x, Tyx} —> Tox € X, (10)
is a linear operator on the B-space G (7,) into the B-space X,. We shall
prove that this mapping is closed. Suppose that {x,, T;%,} s-converges
in G (73) and that T, x, s-converges in X,. Since T is closed, there is an
element x € D (7;) such that x = s-lim x,, and 7y x = s-lim T, x,. By the

OO Lo amae ]

hypothesis, we have x € D(T,), and, since T, is closable, the existing
S;IEE, Ty x, can only be Tox. Hence the mapping (10) is closed, and so,

by the closed graph theorem, it must be continuous. This proves (9).
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7. An Application of the Closed Graph Theorem
(Hérmander’s Theorem)

Any distribution solution « € L2 of the Laplace equation
Au = fe L2

is defined by a function which is equal to a C* function after correction
on a set of measure zero in the domain where f is C*. This result is known
as Weyl's Lemwma and plays a fundamental role in the modern treatment
of the theory of potentials. See H. WevL [1]. There is an abundant
literature on the extensions of Weyl's Lemma. Of these, the research
due to L. HORMANDER [1] seems to be the most far reaching. We shall
begin with his definition of hypoellipticity.

Definition 1. Let {2 be an open domain of R”. A function «(x), x € 2,
is said to belong to L} () if f |#(x) P dx < oo for any open subdomain

o

£2" with compact closure in £2. A linear partial differential operator P (D)
with constant coefficients:

12 1 @ 1 2
P(D):P(—;Ez,?a,...,-?é—-ﬁ), where (1)
P(&) = P(£, &, ..., £&,) is a polynomial in &, &, ..., &,

is said to be hypoelliptic, if every distribution solution € L () of
P (D) u = f is C* after correction on a set of measure zero in the sub-
domain where f is C*=.

Theorem (HOrRMANDER). If P (D) is hypoelliptic, then there exists, for
any large positive constant C,, a positive constant C, such that, for any
solution { = & + 19 of the algebraic equation P({) — 0, we have

" 1/2 " 1/2
t=(Z1p)"sa it =(Zmk) s @

Proof. Let U be the totality of distribution solutions u € L2?(£2") of
P (D) u = 0, that is, the totality of # € L2(£') such that

Ju-P(D)ypdx=0 forall gcCP), 3)
o

where the adjoint differential operator P’ (D) of P (D) is defined by
P ) =P(—&,—&. ..., —&). (4)
We can prove that U is a clofed linear subspace of L2(£2"). The linearity

of U is obvious from the linearity of the differential operator P (D). Let
a sequence {u;} of U be such that s-lim #, = « in L2(£’'). Then, by the

continuity of the scalar product in L2(£2), we have
Ozkl_lgaorlu,,-P (D) @ dx:a_[u-P (D) pdx =0, ie., u€U.
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Thus U is a closed linear subspace of L2(£), and as such a B-space.

Since P (D) is hypoelliptic, we may suppose that every € U is C*°
in £'. Let £2) be any open subdomain with compact closure in £2°. Then,
for any # € U, the function duéx,is C*° in Q' (k =1, 2, ..., n). By the
argument used in the preceding section, the mapping

due ’
Usu—>Zeel®(@) (k=12....)

is a closed linear operator. Hence, by the closed graph theorem, there
exists a positive constant € such that

Zlax=c [|upar, foral ueU.
,,,

If we apply this inequality to the function u(x) = &%, where { =
E+in=1(& +im, & + ime, ..., &+ 17,) is a solution of P(£) =0

n
and (%, {> = & (%, {;>, we obtain
=
PN [e2emdy < C [e2emdx.
k=1 a5 &

Therefore, when |7 is bounded, it follows that |£| must be bounded.

Remark. Later on, we shall prove that condition (2) implies the
hypoellipticity of P (D). This resalt is also due to HORMANDER. Thus, in
particular, we see that Weyl’s Lemma is a trivial consequence of Hor-

”
mander’s result. In fact, the root of the algebraic equation — 21' Cf‘ =0
:-

satisfies (2).

References for Chapter IT

S. BanacH [1], N. BourBak1l [2], N. Dunrorp-]J. Scawartz [1],
E. HicLe-R. S. PuiLLips [1] and L. HORMANDER [ 6].

III. The Orthogonal Projection and F. Riesz’ Representation
Theorem

1. The Orthogonal Projection

In a pre-Hilbert space, we can introduce the notion of erthogonality
of two vectors. Thanks to this fact, a Hilbert space may be identified
with its dual space, i.e., the space of bounded linear functionals. This
result is the representation theorem of F. Riesz [1], and the whole theory
of Hilbert spaces is founded on this theorem.

6  Yoslda, Functionnl Analygris
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] I

Definition 1. Let x, y be vectors of a pre-Hilbert space X. We say that
% 1s orthogonal to y and write x | v if (v.y) = 0;if x | y then y 1 =,
and x | x iff x = 0. Let M be a subset of a pre-Hilbert space X. We
denote by ML the totality of vectors ¢ X orthogonal to every vector m
of M.

Theorem 1. Let M be a closed linear subspace of a Hilbert space X.
Then ML is also a closed lincar subspace of X, and M is called the
orthogonal complement of M. Any vector x€ X can be decomposed
uniquely in the form _

x¥=m + n, where mc M and nc ML, (1)

The element # in (1) is called the orthogonal profection of % upon M and
will be denoted by Pyx; P, is called the projection operator or the
projector upon M. We have thus, remembering that M C (M1L)L,

%= Pyx + Pp1x, that is, I — Py + Ppo. (17

Proof. The linearity of M+ is a cunsequence of the linearity in x of
the scalar product (, y). ML is closed by virtue of the continuity of the
scalar product. The uniqueness of the decomposition (1) is clear since a
vector orthogonal to itself is the zero vector.

To prove the possibility of the decomposition (1), we may assume
that M = X and x€ M, for, if xc M , we have the trivial decomposition
with 7 = x and » = 0. Thus, since M is closed and x € M, we have

4= inf |[x —m]| > 0.
mEM

Let {m,} C M be a minimizing sequence, i.e., lim ||x — m, || = d. Then
n—r00
{m,}isa Cauchy sequence. For, by lla+ 8]+ 1la—b|2= 2(l[a|[2+]|3[]2)
valid in any pre-Hilbert space (see (1) in Chapter I, 5), we obtain
llma — ma |2 = [|(r — ma) — (2 — ) | |2 = 2((]c —m, | + || — sy | B)
—||2x—m,,-—mh“2 '
=2(|lx—ma |+ [z —mi|[®) — 4[| x — (m, + m) /2|2
= 2(|[x —mu | + |2 —my |2 — 4a2)
(since (m,, + my)[2 € M)
—> 2(d% + d%) —4d2 =0 as k, n— oo.
By the completeness of the Hilbert space X, there exists an element eX
such that s-lim m, = m. We have m€ M since M is closed. Also, by the
H—00

continuity of the norm, we have ||x — m|| = d.
Write x = m | (x — m). Putting n = x — m, we have to show that
n€ ML Foranym' € M and any real number &, we have (m +am’ye M
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and so
B v | = (o, — )
= ] —a (o, m') —a(m’, n) + o2 ||’ 2.
This gives, since ||n||=4, 0 < — 20Re(n, m') + o ||m’ ||z for every

real «. Hence Re(n,m’) = 0 for every m' € M. Replacing m’ by im’,
we obtain Im (n, m’) = 0 and so (n, m’) — 0 for every m"¢c M.
Corollary. For a closed linear subspace M of a Hilbert space X, we
have M = M1l — (ML)L,
Theorem 2. The projector P — Py is a bounded linear operator such
that
P = P2 (idempotent property of P), (2)
(Px,5) = (%, Py) (symmetric property of P). (3)
Conversely, a bounded linear operator P on a Hilbert space X into X
satisfying (2) and (3) is a projector upon M = R(P).
Proof. (2) is clear from the definition of the orthogonal projection.
We have, by (1') and Pyx | Py ¥,
(Pux.¥) = (Pux, Pyry + Pyy) = (Pyx, Ppyy)
= (Pyux + Pyix, Pyy) = (x, Pyy).
Nextlet v=x 4+ 2z, xc M, zc ML and w — » + v, ueM, ve ML, then
y+w=(x+ u) + (z+ v) with (x + «)ec M, (z+ v)€ ML and so,
by the uniqueness of the decomposition (1), Py (y + w) = Ppy + Ppw;
similarly we obtain Py (xy) = a Py, The boundedness of the operator
Py is proved by
121 = 1Pz + Pagrx|P = (Pysxt + Pz, Pyyx + Pyyyz)
= 1Pux|l + Py1x|P = || Py |f.
Thus, in particular, we have
[1Pa | = 1. (4)
The converse part of the Theorem is proved as follows. The set
M = R(P}) is a linear subspace, since P is a linear operator. The condition
x € M is equivalent to the existence of a certain y€ X suchthatx — P .y,
and this in turn is equivalent, by (), to x = Py = P2y —= Px. Therefore
x€ M is equivalent to x = Px. M is a closed subspace; for, x, ¢ M,
s-lim x, = y imply, by the continuity of P and %y = Px,, s-lim x, =
MO0 =00
s-lim Px, — Py so that y = Py.
We have to show that P —= P,,. If x ¢ M, we have Px — x=Py-x;
andifve ML, wehave Py y = 0. Moreover, in the latter case, (Py, Py)y=
6*



84 1IL The Orthogonal Projection and F. Riesz’ Kepresentation Theorem

(7, P2y) = (v, Py) = 0 and s0 Py = 0. Therefore wa obtain, for any
yeX,
Py =P(Pyy + Pyi1y) = PPyy | PPy y
=Pyy + 0, ie., Py = Pyy.
Another characterization of the projection operator is given by

Theorem 3. A bounded linear operator £ on a Hilbert space X into X
is a projector iff P satisfies P — P? and B ="1

Proof. We have only to prove the “if” part. Set M = R(P) and
N = N(P) = {y; Py=0}. As in the proof of the preceding Theorem 2,
M is a closed linear subspace and x € M is equivalent to x —= Px. N is
also a closed linear subspace in virtue of the continuity of P. In the
decomposition x = Px + (I — P)x, we have Px € M and (f — P)x¢ N.
The latter assertion is clear from PI—-P)=P—_p2—

We thus have to prove that NV =— ML, For every x€ X,y —=Px—xc N
by P? = P. Hence, if, in particular, x€ NX, then Px — « + 3 with
(x, y) = 0. It follows then that |[x||2 > |[Px|[* = [|x|[® + ||y||? so that
y = 0. Thus we have proved that x¢ N' implies x — Px, that is,
- Nt CM = R(P). Let, conversely, z€ M — R(P), so that z — Pz, Then
we have the orthogonal decomposition z — ¥+ =x yeEN, x€¢ NL, and
0 2=Pz=Py+ Px=Px=x, the last equality being already
proved. This shows that M = R(P) C NL. We have thus obtained
M = NJ', and S0, byN = (Nl)l, N = MJ‘.

2. “Nearly Orthogonal’’ Elements

In general, we cannot define the notion of orthogonality in a normed
linear space. However, we can prove the

Theorem (F. Riesz [2]). Let X be a normed linear space, and M be
a closed linear subspace. Suppose M = X. Then there-exists, for any
£ > 0 with 0 <& < 1, an %, € X such that

||| =1 and dis(x, M) = lélﬁ; [|#e —m|| =1 —e. (1)
The element z, is thus “nearly orthogonal” to M.
Proof. Let y € X — M. Since M is closed, dis (v, M) = ié‘ﬁ, |y —m]|| =
m

&> 0. Thus there exists an m,c M~such that ||y- -m,|| < & (1 e — e)'
The vector x, = (y — m,)/||y — m, || satisfies ||x,|| = 1 and

e —m|l = |ly — || |ly — m, ||y — m, || - m|| = ||y — m, ||«

_2_(1_1_3)_12 1 —¢.
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Corollary 1. Let there exist a sequence of closed linear subspaces M. E
of a normed linear space X such that M,C M, , and M, +~ M, .4
(n =1, 2,...). Then there exists a sequence {y,} such that

WnEM,, lyall =1 and dis(y,.r, M) 212 (n=1,2,..). (9)

Corollary 2. The unit sphere S = {x¢ X; [[#]] < 1} of a B-space X
is compact iff X is of finite dimension.
Proof. If x, x,, . . ., %, be a base for X, then the map (e, &y, . . ., 0,) —

- 2 a;x; of R® onto X is surely continuous and so it is open by the
=1

open mapping theorem. This proves the ‘“‘if’’ part. The “only if" part

is proved as follows. Suppose X is not of finite dimension. Then there

exists, by the preceding Corollary 1, a sequence {¥} satisfying the condi-

tions: ||y, || = 1and ||y, —y, || = 1/2 for m > n. Thisis a contradiction

to the hypothesis that the unit sphere of X is compact.

3. The Ascoli-Arzeld Theorem

To give an example of a relatively compact infinite subset of a
B-space of infinite dimension, we shall prove the
Theorem (AscoLi-ARzeLA). Let S be a compact metric space, and
C(S) the B-space of (real- or) complex-valued continuous functions x(s)
normed by || || = sup |x(s) |. Then a sequence {xa (s)} < C(S) isrelatively
5€S

compact in C(S) if the following two conditions are satisfied -

%n(s) 1s equi-bounded (in n), i.e., sup sup |x,(s)| < oo, (1)
n=l s€ €

Xn(s) is equi-continuous (in n), i.e., (2)

lim Sup  |x,(s") — x,(s") | = 0.

40 1 dis(s ) <

Proof. A bounded sequence of complex numbers contains a convergent
subsequence (the Bolzano-Weierstrass theorem). Hence, for fixed s, the
sequence {x, (s)} contains a convergent subsequence. On the other hand,
since the metric space S is compact, there exists a countable dense subset
{ss} € S such that, for every £ > 0, there exists a finite subset
{$4: 1= n < k(e)} of {s,) satisfying the condition

sSlelg 15152&{;) dis(s, s;) < e. (3)

The proof of this fact is obtained as follows. Since S Is compact, it is
totally bounded (see Chapter 0, 2). Thus there exists, for any 0 > 0, a
finite system of points € S such that any point of S has a distance < §
from some point of the system. Lettingé =1, 27,371, .. . and collecting
the corresponding finite systems of points, we obtain a sequence {s.}
with the stated properties.
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We then apply the diagonal process of choice to the sequence {x, (s)},
so that we obtain a subsequence {x,,(s)} of {x,(s)} which converges for

$ == S1, Sy, - -+, S, . . . simultaneously. By the equi-continuity of {x, ()},
there exists, for every 6> 0, a § = d(e) > 0 such that dis(s’, s”") < ¢
implies |x,(s") — x,(s”)| < & for # =1, 2, ... Hence, for every s€ S,

there exists a § with 7 < &(e) such that
|20 () — 2w () | = |20 () — 2 () | + | % () — e (5,) |
+ [T () — H (5) | = 28 + [0 (55) — 2 (5) .
Thus ”’Li_n.éo max | % (S) — % (5) | < 2¢, and so ”Il:"r_nm [|%r — % || = 0.

4. The Orthogonal Base. Bessel’s Inequality and
Parseval’s Relation

Definition 1. A set S of vectors in a pre-Hilbert space X is called
an orthogonal set, if x | y for each pair of distinct vectors %,y of S. If,
in addition, ||x|| = 1 for each x€ S, then the set S is called an ortho-
normal set. An orthonormal set S of a Hilbert space X is called a complete
orthonormal system or an orthogonal base of X, if no orthonormal set of X
contains S as a proper subset.

Theorem 1. A Hilbert space X (having a non-zero vector) has at
least one complete orthonormal system. Moreover, if S is any ortho-
normal set in X, there is a complete orthonormal system containing S as
a subset.

Proof (by Zorn’s Lemma). Let S be an orthonormal set in X. Suchaset
surely exists; for instance, if x 5= 0, the set consisting only of x/||x[| is
orthonormal. We consider the totality {S} of orthonormal sets which
contain S as a subset. {S} is partially ordered by writing S, < S, for
the inclusion relation S, C S,. Let {S’} be a linearly ordered subsystem
of {S}, then s*éJs' S" is an orthonormal set and an upper bound of

{S’}. Thus, by Zomn’s Lemma, there exists a maximal element S, of {S}.
This orthonormal set S, contains S and, by the maximality, it must be
a complete orthonormal system.

Theorem 2. Let S = {x,; « € A} be a complete orthonormal system

of a Hilbert space X. For any f€ X, we define its Fourier coefficients
(with respect to S)

fa =" 7). M
Then we have Parseval's relation
| ItE= & It (@)
Proof. We shall first prove Bessel’s inequality
Sl <7l @)
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Let oy, &5y, - . ., ¢y be any finite system of «'s. For any finite S}_rstem
of complex numbers ¢,, ¢4,, - - -, €4,, We have, by the orthonormality of

{xa,

L 2 ” Lad
|f _1_21 Ca; xa_-,il = (f h_j:‘vl Ca,‘ xac_fl f _jgl cz\; xa;

n ”n - ” 2
o Hf||” '_'J-=-£1 C“frﬂi _'jé.; Cay fﬂ.f +j4=2.£ Ecagl (3)
= ||f||2_ P Efa.f [2 + 2 |!ﬂ:_ Cay |2'
=1 J=1
n I‘Z . .
Hence the minimum of H)‘-—_zi‘cw x‘,,” , for fixed oy, 5, ...,4,, is
fu

attained when ¢,, = f,, j = 1, 2, . . ., n). We have thus

i 2 L "
1= Ztes | = 11 = 2 112, and bence i, p<irie. o

By the arbitrariness of «y, ey, . - -, &,, we see that Bessel’s inequality (2')
is true, and f,5 0 for at most a countable number of «'s, say

”
Oiyy Gigy + v vy Gy - - -~ We then prove that f = s-Lm ’__21 fa; %« First, the

sequence Li‘ Toy %u ,} is a Cauchy sequence, since, by the orthonormality
= | ¢l

of {x“} 3
2

‘ ”» ” . " 2
] =(j§kfaf xa;»}_:zkfu,- xa;) _:_g-; |fa;[

| e

]

which tends, by (4) proved above, to 0as A—co. We set s-lim ;'gl fesar—1"%

and shall prove that (f — f’) is orthogonal to every vector of S. By the
continuity of the scalar product, we have

(f_f'! xa_f) = ”li_%(f _kgljak Xags xa;)= frxj'_fa_g = 0:
and, whenax 7= o; (=1,2,...),
(=15 = m (1 — 2 fuy ¥ %) = 0— 0 = 0.

Thus, by the completeness of the orthonormal system S = {x,}, we
must have (f — /) = 0. Hence, by (4) and the continuity of the norm,
we have

¥ s .- 2 __ L 2
= lIfllr— lim 3 (., = IfIP—  Ifa]2-

Corollary 1. We have the Fourier expansion

0 = lim “f — & Fuy Xay
n—00 |, j=1

oo ” _
f:jﬂ_‘-; fa; Kay — S“llmjg‘-l' fa, Kog+ (0)
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Corollary 2. Let /2(A) be the space L2(A, B, m) where m({o}) = 1 {or
every point « of 4. Then the Hilbert space X is isometrically isomorphic
to the Hilbert space /2(4) by the correspondence

_ X3/ {L}er4) (6)
in the sense that

+8) < {fu + &}, Bf < {1} and ||| = ||{f.} |2 = = lfl* (7)
Example. {m n=04+1,42,.. } is a complete orthonormal
system in the Hilbert space 12(0, 2x).
Proof. We have only to prove the completeness of this system. We
have, by (3),

2 #

z”f—z—,'

P~ l/ﬁn

2 7 1
=1 = X o I,

f==n

ool |
f— X ——c;ein /, i

j=—n 27 i

where f; = (f, 7).
If /€ L2(0, 27) is continuous and with period 2z, then the left hand
Sidf? of the inequality above may be taken arbitrarily small by virtue of
Weierstrass’ trigonometric approximation theorem (see Chapter 0, 2).

‘Thus the set of all the linear combinations X ¢; ¢/ is dense, in the sense

. 7
of th(_e norm, in the subspace of L2(0, 2x) consisting of all continuous
functions \:nth period 2z, Such a subspace is also dense, in the sense of
the norm, in the space L2(0, 2x). Therefore, any function f € L%(0, 2x),

p 1 s
orthogonal to all the functions of {V—2_7= e”“} must be a zero vector of

A 1
L2(0, 2x). This proves that our system of functions Von e is a complete
I
orthonormal system of L2(0, 27).

5. E. Schmidt’s Orthogonalization

. 'T.heorem (E. Schmidt’s orthogonalization). Given a finite or countably
infinite sequence {x;} of linearly independent vectors of a pre-Hilbert
space X. Then we can construct an orthonormal set having the same
cardinal number as the set {z;} and spanning the same linear subspace
as {x;}.

Proof. Certainly %, # 0. We define Y1» Y. « - .and uy, t,, . . . Tecurrent-
ly as follows:

V=%, “1:"}’1”'3’1”:
Yo = %y — (x5, %y) 1y, tty = Yyf || ¥ ],
Yny1 = %y __,-=21 (*ur1 u;) ;, Uyry = J’u+1f”3’n+1 ”
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This process terminates if {x;} is a finite set. Otherwise it continues
indefinitely. Observe that y, 7= 0, because x, x,, ..., x, are linearly
independent. Thus #,, is well defined. It is clear, by induction, that each
#, is a linear combination of x,, x,, . . ., x,, and that each «x, is a linear
combination of #,, #,, . . ., #,. Thus the closed linear subspace spanned
by the #’s is the same as that spanned by the x’s.

We see, by ||#,|] =1, that y, | %, and hence u, | u,. Thus, by
[|#,]| = 1, 93 1 #; and hence «, | u,. Repeating the argument, we see
that u, is orthogonal to u,, 4, . . ., u,, . . . Thus, by ||, || = 1, we have
¥s | 5 and so u; | u,. Repeating the argument, we finally see that
uy | u, whenever k£ > m. Therefore {%;} constitutes an orthonormal set.

Corollary. Let a Hilbert space X be separable, i.e., let X have a dense
subset which is at most countable. Then X has a complete orthonormal
system consisting of an at most countable number of elements.

Proof. Suppose that an at most countable sequence {a;} of vectors
€ X be dense in X. Let x, be the first non-zero element in the sequence
{a;}, x, the first a; which is not in the closed subspace spanned by zx,,
and x, the first ; which is not in the closed subspace spanned by
Xy, Xg, -+ -+, Xy—1. It is clear that the @’sand the x’s span the same closed
linear subspace. In fact, this closed linear subspace is the whole space X,
because the set {4;} is dense in X. Applying Schmidt’s orthogonalization
to {x;}, we obtain an orthonormal system {#;} which is countable and spans
the whole space X.

This system {;} is complete, since otherwise there would exist a
non-zero vector orthogonal to every #; and hence orthogonal to the
space X spanned by ,'s.

Example of Orthogonalization. Let S be the interval (a, b), and con-
sider the real Hilbert space L2(S, B, m), where B is the set of all Baire
subsets in (a, b). If we orthogonalize the set of monomials

1,s,5% 3, ...,s% ...,
we get the so-called Tchebyschev system of polynomials
F,(s) = constant, P,(s), Py(s), Py(s), . . ., Py(s), .
which satisfies

b
J Pi(s) P;(s) m(ds) = &; (= 0 or 1 according as 77 j or i = j).

In the particular case when @ = — 1, & = 1 and m(ds) = ds, we obtain
the Legendre polynomials; when a = — oo, b = oo and m(ds) — ¢~ ds,
we obtain the Hermite polynomials and finally when a = 0, b = oo and
m(ds) = ¢ ds, we obtain the Laguerre polynomials.
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It is easy to see that, when —oo < a < b < oo, the orthonormal
system {P;(s)} is complete. For, we may follow the proof of the complete-
ness of the trigonometric system (see the Example in the preceding
section 4); we shall appeal to Weierstrass’ polynomial approximation
theorem, in place of Weierstrass’ trigonometric approximation theorem.
As to the completeness proof of the Hermite or Laguerre polynomials,
we refer the reader to G. Szec6 [1] or to K. Yosipa [1].

6. F. Riesz’ Representation Theorem

Theorem (F. Riesz’ representation theorem). Let X be a Hilbert space
and f a bounded linear functional on X. Then there exists a uniquely
determined vector ¥y of X such that

}(x) = (x,3) for all x€ X, and N1 = ll7]|- (1)
gogversely, any vector ¥ € X defines a bounded linear functional fy on

y
h#) = (%) forall x€ X, and ||f,[| = ||y]|. (2

: P.rooi. The uniqueness of y; is clear, since (x, z) =0 for all x€¢ X
implies z = 0. To prove its existence, consider the null space N = N (f)=
{_xGX;f(x) = 0} of . Since f is continuous and linear, N is a closed
linear subspace. The Theorem is trivial in the case when N = X; we
take in this case, ¥y = 0. Suppose N % X. Then there exists a Yo7~ 0
which belongs to N+ (see Theorem 1 in Chapter II1, 1). Define

¥ = (F o)/l ¥0[[) ¥o- (3)
We will show that this ¥y meets the condition of the Theorem. First,

if x€ N, then f(x) = (x, 9,) since both sides vanish. Next, if x is of
the form x = «y,, then we have

(5,39 = @30 ) = (070, 190 30) = 1 0) = ) = 102,

Since ,f.(x) and (x, y;) are both linear in x, the equality f(x) = (x, yy),
x¥€ X, is proved if we have proved that X is spanned by N and y,. To
show the last assertion, we write, remembering that f(y,) 7 0, -

- f f(x)
x=(x—[X ) + 1.

The first term on the right is an element of N, since
f(x)
1= fog ) =10 2 pyy — o,

We have thus proved the representation f(x) = (x, ¥).
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Therefore, we have

| = sup /()= sup |(x.3)|< sup [[x]- ]3]l = [|5ll.
ll+ll=1 [l=ll=1 ||5||51’

andalso |[f|| = sup 1] = 1F0/llyslD] = (5 99) = Il
Hence we have proved the equality ||f|| = [|s/]].

Finally, the converse part of the Theorem is clear from |f,(x)| =
[ 9] = =] - [y ]]

Corollary 1. Let X be a Hilbert space. Then the totality X’ of bounded
linear functionals on X constitutes also a Hilbert space, and there is a
norm-preserving, one-to-one correspondence f <> y; between X’ and X.
By this correspondence, X’ may be identified with X as an abstract set;
but it is not allowed to identify, by this correspondence, X’ with X as
linear spaces, since the correspondence f <> yy is conjugate linear:

(ahy + aofs) « (9, + &ay,), 4)

where o, &y are complex numbers.

Proof. It is easily verified that X' is made into a Hilbert space by
defining its scalar product through (fy, f3) = (3y,, 7,), so that the state-
ment of Corollary 1 is clear.

Corollary 2. Any continuous linear functional 7" on the Hilbert space
X’ is thus identified with a uniquely determined element ¢ of X as
follows:

T()=7f@ forall fe X . (5)

Proof. Clear from the fact that the product of two conjugate linear
transformations is a linear transformation.

Definition. The space X’ is called the dual space of X. We can thus
identify a Hilbert space X with its second dual X" = (X')’ in the above
sense. This fact will be referred to as the reflexivity of Hilbert spaces.

Corollary 3. Let X be a Hilbert space, and X' its dual Hilbert space.
Then, for any subset F of X’ which is dense in the Hilbert space X', we
have

%[ = sup [f(z)], %€ X. (6)
JEF||flIs1

Proof. We may assume that x, 5~ 0, otherwise the formula (6) is tri-
vial. We have (x,, x/|| %5 ||) = ||#o|], and so there exists a bounded linear
functional fyon X such that ||f, || = 1, £, (%) = || %o Since f (%) = (%o, 37)
is continuous in 9y, and since the correspondence f <> 9 is norm-preserving
we see that (6) is true by virtue of the denseness of F in X"

Remark. Hilbert’s original definition of the “Hilbert space’ is the
space (/2). See his paper [1]. It was J. voN NEuMANN [1] who gave an
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axiomatic definition (see Chapter I, 9) of the Hilbert space assuming
that the space is separable. F. Rirsz [ 1] proved the above representation
theorem without assuming the separability of the Hilbert space. In this

paper, he stressed that the wholc theory of the Hilbert space may be
founded upon this representation theorem.

7. The Lax-Milgram Theorem

Of recent years, it has been proved that a variant of F. Riesz’ repre-
sentation theorem, formulated by P. Lax and A. N. MiLGRAM [1],is a
useful tool for the discussion of the existence of solutions of linear partial
differential equations of elliptic type.

Theorem (LAx-MiLcram). Let X be a Hilbert space. Let B(x, y) be a
complex-valued functional defined on the product Hilbert space X x X
which satisfies the conditions:

Sesqui-linearity, i.e.,
Bloyxy + o %, 9) = 0, B(x,, ¥) + &, B(%,, ¥) and (1)

B(x, fiyy + Bz v2) = B B(x, y1) + EzB (%, ¥q),
Boundedness, i.e., there exists a positive constant ¥ such that

1Bx.9) [ <y |l=]| - [|7]]. 2
Positivity, i.e., there exists a positive constant & such that
B(x,z) = 6 [|x]. (3)

Then there exists a uniquely determined bounded linear operator S with
a bounded linear inverse S—! such that

(x,9) = B(x, Sy) whenever x and y € X, and [IS[I=6L IS |=y. 4

Proof. Let D be the totality of elements v € X for which there exists
an element y* such that (x, y) = B(x, y*) for all x€ X. D is not void,
because 0€ D with 0% — 0. y* is uniquely determined by v. For, if w
be such that B(x, w) — 0forall x, thenw = 0 by 0 = B(w, w) = 6 ||w]|f2.
By the sesqui-linearity of (x, y) and B (%, y), we obtain a linear operator
S with domain D(S) = D: Sy =y* S is continuous and 1Sy|| <
671 ||y|[, y€ D(S), because

3 |SylF < B(Sy, Sy) = (Sy. ) < [|S] - [I»]I-

Moreover, D —= D(S) is a closed linear subspace of X. Proof: if y, € D(S)
and s-lim y, =y, then, by the continuity of S proved above, {Sy,}
H—rOC

is a Cauchy sequence and so has a limit z — s-lim S Y»- By the continuity
of the scalar product, we have lim (x, Yn) = (%, ¥oo). We have also, by
R—00
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(2), lim B(x,S4y,) = B(x,z). Thus, by (x,v,) = B(x,Sy,), we must
havn;_(’:? Yoo) = B (x, z) which proves that y,€ D and Sy, — 2.

Therefore the first part of the Theorem, that is, the existence of
the operator S is proved if we can show that D(S) = X. Suppose
D (S) 7= X. Then there exists a w, € X such that w, 7 0 and w,€ D (S)L.
Consider the linear functional F(z) = B(z, @,) defined on X. F(2) is
continuous, since |F (2) | = |B(z, @) | < y ||2]| - ||, ]|- Thus, by F. Riesz’
representation theorem, there exists a wj€ X such that B (z: wg) =
F (2) = (2, wp) for all z€ X. This proves that wy € D(S) and Swj, — @,
But, by 8 ||w,|[? = B (w,, %) = (wp, wp) = 0, we obtain w, = 0 which
is a contradiction.

The inverse S—1 exists. For, Sy = 0 implies (x,y) = B(x, Sy) = 0
forall x € X and so y = 0. As above, we show that, for every y € X there
exists a " such that (z, y) = B(z, ¥) for all z€ X. Hence y = S’ and so
S~1is an everywhere defined operator, and, by |(z, S1y)| = [B(z, y)| <
¥ 11z]] - [13]], we see that ||| < 5. e

Concrete applications of the Lax-Milgram theorem will be given in
later chapters. In the following four sections, we shall give some examples
of the direct application of F. Riesz’ representation theorem.

8. A Proof of the Lebesgue-Nikodym Theorem
This theorem reads as follows.

Theorem (LEBESGUE-N1KODYM). Let (S, B, m) be a measure space,
and ¥ (B) be a o-finite, g-additive and non-negative measure de[ine-(.i on B.
If v is m-absolutely continuous, then there exists a non-negative, m-
measurable function  (s) such that

»(B) = [p(s)m(ds) forall Be B with »(B) < co. (1)
B

Moreover, the “density’’ #(s) of »(B) (with respect to m(B)) is uniquely
determined in the sense that any two of them are equal m-a.e.

Proof (due to J. von NEuMANN [2]). It is easy to see that g(B) =
m (B) + v(B) is a o-finite, o-additive and non-negative measure defined

(= o]
on 8. Let {B,} be a sequence of sets € B such that S = ”l_Jl B,. B, C B,

and p(B,) < oo forn=1,2,... If we can prove the theorem for every
B C B, (for fixed ») and obtain the density p,(s), then the Theorem is
true. For, we have only to take $(s) as follows:

p(s) = p,(s) for s€ B;, and p(s) =p,,1(s) for s€B,.,— B,
n=1,2...).
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.'I‘herefor‘e we may assume that g(S) << oo without losing the gene-
rality. Consider the Hilbert space L2(S, 8B, @). Then

flx) = Sfx[s) v(ds), x€ 1%(S, B, o),

gives a bounded linear functional on L2(S, 8, o), because
=) | = ! [%(s) | »(ds) = (sf [%(s) |2 v(d's))‘”2 (sf 1. v(n:.':'s))l"2
= [|=]le - v(S)*2,
where ||z, = (sf |x(s) |2 g(ds))m' . Thus, by F.Riesz’' representation
theorem, there exists a uniquely determined y€ L2(S, 8, o) such that
J#Ov@s) = [2(5) ¥ e(ds) = [ () y(s) m(ds) + J #9yE)vias)

s 5

h.oldst forall x € L3(S, 8, g). Taking x as non-negative functions and con-
sidering the real part of both sides, we may assume that y(s) is a
real-valued function. Hence

sf x(s) (L —y(s)) »(ds) =sf %(s) y(s) m(ds) if x(s)€ L2(S, B, 0) (2)

is non-negative.
We can prove 0 < y(s) < 1 g-a.e. To this pur ={s5
=5 .€. pose,set E; = {s; y(s) < 0}
and E, = {s; y(s) = 1}. If we take the defining function Cg,(s) of E,
for x(s) in (2), then the left hand side is = 0 and hence gf y(s) m(ds) = 0.
Thus we must have m(E;) = 0, and so, by the m—abéo]ute continuity
of », »(E;) = 0, o(E,;) = 0. We may also prove e(Ey) = 0, by taking

the defining function Cg,(s) for x(s) in (2). Therefore 0 < y(s) <1
p-a.e. on S. B

Let x(s) be B-measurable and = 0 g-a.e. Then, by p(S) < oo, the

“truncated functions” x,(s) = min(x(s), #) belon 2
A g to IL2%(S, B,
(n=1,2,...), and hence : 2

JHO A=) v = [mE) ymds) n=12,..). (3
Since the integrals increase monotonely as # increases, we have
l3;1:5’105]’:c,,{s) (1 —y(s)) »(ds) =£&8fx" (s) y(s) m(ds) = L <'co. (4)

Since the integrands are = 0 g-a.e., we have, by the Lebesgue-Fatou
Lemma,

Lz [lim (v(s) (1—y(s) »(ds) :fx(s) (1—y(s)) v(ds),
$ #H—+00

(6}
Lg!m(x,,(s)y(s))m[ds) :Jx{s)ym(ds].
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under the convention that if x(s) (1L — ¥(s)) is not »-integrable, the right
hand side is equal to co; and the same convention for x (s) ¥ (s). If x(s) ¥ (s)
is m-integrable, then, by the Lebesgue-Fatou Lemma,

L=< sr"h:? (a(s) ¥(5)) m(ds) = [ x(s) y(s) m(ds). (6)
N o0 8
This formula is true even if x(s) y(s) is not m-integrable, under the con-
vention that then L — oco. Under a similar convention, we have
L< [x(s) (1—y(s) »(ds). ~(7)
s
Therefore, we have

[ %(s) (L —y(s) »(ds) = [ %(s) y(s) m(ds) for every x(s) which
5 s

is B-measurable and = 0 p-a.e.,

(8)

under the convention that, if either side of the equality is = oo then the
other side is also = oo.
Now we put

x(s) (1 —y(s)) = z(s), ¥(s) A —y(s))} = 2(s).

Then, under the same convention as in (8), we have

[ z(s)v(ds) = [ z(s) p(s) m(ds) if z(s) is B-measurable

S s (9)

and = 0 p-a.e.
1f we take the defining function Cg(s) of B€ B for z(s), we obtain

»(B) = [ p(s) m(ds) for all B€ B.
B
The last part of the Theorem is clear in view of definition (1).
Reference. For a straightforward proof of the Lebesgue-Nikodym theo-

rem based upon Hahn’s decomposition (Theorem 3 in Chapter I, 3} see

K. Yosipa [2]. This proof is reproduced in HaLmos [1], p. 128. See also
Saks [1] and DUNFORD-SCHWARTZ [1].

9. The Aronszajn-Bergman Reproducing Kernel

Let A be an abstract set, and let a system X of complex-valued func-
tions defined on A constitute a Hilbert space by the scalar product

(7. 8) = (f(a), g(@))a- (1)
A complex-valued function K (a, b) defined on A X 4 is called a reproduc-
ing kernel of X if it satisfies the condition:

For any fixed b, K (a, b) € X as a function of a, (2)
£(b) = (f(a), K (a, b)), andhence [(b) = (K(a,b),/(a))a- (3)



96 11 The Orthogonal Projection and . Riesz’ Representation Theorem

As for the existence of reproducing kernels, we have

Theorem 1 (N. ARONSZAJN (1], S. BERGMAN [1}). X hasa reproducing

kernel K iff there exists, for any Yo € A, a positive constant €y, depending
upon y,, such that

60| < Cy, [If]| foran sex. (4)
Proof. The “only if” part is proved by applying Schwarz’ inequality

to f(v) = (t(x), K (, y,)),:
[y [ 1711 (B(x, 3., K (x, yo)y12 — 111K (yo, y¥2. (5

The “if” part is proved by applying F. Riesz’ representation theorem to
the linear functional F,(f) = fly)of fc X. Thus, there exists a uniquely
determined vector 85, (%) of X such that, for every f¢ X,

f(yn} . Fy. U) o (f(x), &y, (x))z:

and so g, (x) = K (x, Vo) is a reproducing kernel of X. The proof shows
that the reproducing kernel is uniquely determined,
Corollary. We have

Sup |f0) | = K (30, 3,)2, (6)
l1fl1=1
the supremum being attained by
fo(%) = oK (%, y,)/K (3, y,)12, le| =1. (7)

Proof. The equality in the Schwarzg’ inequality (5) holds iff f(x) and
K (x, y,) are linearly dependent. From the two conditions f(x) = a K (x, Yo)
and ”f” = 1, we obtain

= |a|(K (%), K (x, Y= o |K (yo, 7) "2, that is, Jo| = K (3, y,) 2.
Hence the equality sign in (5) is attained by f (%).

Example. Consider the Hilbert space A%(G). For any f¢ A%(G) and

z€ G, we have (see (4) in Chapter I, 9)

1/ (z) P < (= :r*‘)"r fIé H@Paxdy (z = x + 4y).
Thus 42(G) has the reproducing kernel which will be denoted by K, (=, 2").
This K¢ (z, ') is called Bergman’s kernel of the domain G of the complex
Plane. The following theorem of Bergman illustrates the meaning of
K (z, 2') in the theory of conformal mgpping.

Theorem 2. Let G be a simply connected bounded open domain of the
complex plane, and %y be any point of G. By Riemann’s theorem, there
exists a uniquely determined regular function w — i (Z;zo) of z which
gives a one-to-one conformal map of the domain G onto the sphere
lw| < gg of the complex w-plane in such a way that

fo(%o; 20) = 0, (df, (z; 20)[d2)s;, = 1.

i 7
9. The Aronszajn-Bergman Reproducing Kernel 9

Bergman’s kernel K¢ (z; z,) is connected with f,(z; z,) by
i 8
ol 20) = Ko ez 2 [ Kolt: z0) di, (8)

ifi ing in G and
where the integral is taken along any rectifiable curve lying in G an
connecting z, with z.
Proof. We set . Aa(G} f{zﬂ)-ﬂﬁand}“ (20)___1}'
A2(G) ={f(2); [ (2)is holomo:phtc inG,f (zle s
and consider, for any f€ 47(G), the number | o
NF12= [ @) |Pdxdy, z=x + iy.
G
If we denote by z = @ (w) the inverse function of w = f,(z; %), then, for
any f€ A3(G),
171

For, by the Cauchy-Riemann partial differential equations

b= Iff IF @ @) 2| ¢ (@) | du dv, @ = + v,
[l <eq

Xy = Yo %o = —VYus
we have

— (%% 2y du dv
é(% ) - y— Vi %) dit dv = (2% + y3) du
dxdy—agu, ) du dv (% v M %)

= |¢' (@) [> du dv. '
i S:
Let f € A%2(G), and let F (w) = f(¢(w)) be expanded into power serie

Fw) =Hew) =w + né—i c, w"” for |w| < gg.
3 "—1 and
Then F' (w) = f'(pw)) ¢’ (w) =1 + n‘=22 % ¢, w" ! and so

2du dv

4 | 3 ,,w"_l
I#iE=f] jt+Zne
e 2 0 ot y 9 5 c 292N_
y e f? "l)d"}—ﬂeovLéﬁ"!»' ¢
=f ol f b+ B ter s

- . .. . - .ff
i muim __I'III Jv {? a.[ld thls minmimum 1S attalned 1
]I f’ G
T e].—efﬂre m}_n.l ) ll ”

= '— 1w, that is, iff £(2) = £, (z; 2)-
F(I%e_sgt(j?f(;:):)my ;ﬂE A2(G), g(2) = 1 (2)/||#'||- Then ||g’ || = 1. If we put

A2(G) = {g(2); g(2) is holomorphic in G, g(z) = 0, g (z) > 0
and [[¢'|| = 1},

T Yoslds, Functional Analysis
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then the above remark shows that

maximum g’ (zo) = 1/||fy || = (= oq) *.

EEA(G)
and this maximum is attained iff g(z) is equal to
8o(2) = fo(z; )| fol] = folz; zg) | V" o -
Hence, by (7), we obtain
Rl ~18fo(z; 2
80() = (Voo * L5 — 3 Ko (a: 20) K (2 20, =1L
Hence, by putting z = 2y, we have
-1
(A7 00) ™ = Ko (20; 20 K g 7)™ = Ko (g 202,
and so we have proved the formula
afo (2 2o)
__d_z_n_ = K (2; 29)[K (2 z9) -
10. The Negative Norm of P. Lax

Let H§ (£2) be the completi i
_ pletion of the pre-Hilbert space € (0
with the scalar product (@ ). and the norm | ¢|,: ’ ISR

@)= [Dig@ Dy@ax, gl = @.ot=. ()

Any element b¢ HY(Q) — 12 i i i
s € Hy(2) = L*(Q) defines a continuous linear functional
b (@) = (w, b)y, we Hy(Q). (2)
For, by Schwarz’ inequality, we have
1. B)o| < Il flo- [5[lo < | . - |[5]fo.
Therefore, if we define the negative norm of bc HY(Q) = L2(0Q) by

”b”—s — sup | % (w)[ - 3
then we have < Tiellist eI i [(w, By ], (3)
181 < (18], )
and so, by |[b]|_, = 1G]] |)s, 8)y |,
LB = ”
Hence we may write [(w, b)y| < [l [l 118 ]]=s. (5)
R, _
1811« = 1As |- 3P|, B)o] for any be B©Q.  ®)

We shall prove

Theorem 1 (P. Lax [2]). The dual space H{ (€)' of the space Hj ()

may be identified with the completi
on % :
respect to the negative norm. ) of the space H{(©2) — L2() with
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For the proof we prepare

Proposition. The totality F of the continuous linear functionals on
H§ (€) of the form f, is dense in the Hilbert space H}($2)', which is the dual
space of Hj (£2).

Proof. F is total on H5(f) in the sense that, for a fixed w € Hg(£2),
the simultaneous vanishing f,(w) = 0, b€ H)(L2), takes place only if
w — 0. This is clear since any element w € Hj(£2) is also an element of
HY(@).

Now if F is not dense in the Hilbert space Hg(£2)’. then there exists
an element T % 0 of the second dual space H§(Q)” = (H4(L2)") such
that T (f;) = 0 for all f,€ F. By the reflexivity of the Hilbert space
H3(Q), there exists an element ¢ € Hg(L2) such that T(f) = f(t) for all
f€ H:(R)'. Thus T (fy) = 1, (¢) = 0 for all b¢ Hg(£2). This implies, by the
totality of F proved above, that £ — 0, contrary to TH# 0.

Corollary. We have, dually to (3),
|| ||s= sup |(w, b)y| for any we€ H(0). (6)
bEHQ),|Ib]|s =1

Proof. Clear from Corollary 3 in Chapter III, 6, because F =
{fs; b€ HY (L)} is dense in H(£2)'.

Proof of Theorem 1. Clear from the facts that i) F is dense in the
dual space H{(f2)' and ii) F is in one-to-one correspondence to the set
HY(Q) — 12(Q) preserving the negative norm, i.e.,

F3fy < be HY(Q) and ||fo]|l-s = ||5]|-s-

We shall denote by Hg®(£2) the completion of HY(£2) with respect to

the negative norm ||df|_,. Thus

HG(Q) = Hg* (). (™
For any continuous linear functional f on Hg(£2), we shall denote by
Cw, f> the value of f at w ¢ Hy(£). Thus, for any b € H{ (L), we may write

(@) = (@, b)y = <w, fp> = <w, b), we Ho(92), (8)
and have the generalized Schwarz’ inequality
|<w. 8>| < |[w]ls [[B]]-e. (@)

which is precisely (9).

Now we can prove

Theorem 2 (P. Lax [2]). Any continuous linear functional g(b) on
Hy* () can be represented, by a fixed element w € Hg(£2), as

g(b) = gu(b) = (w, b). (10}
We have, in particular,

H{(Q)' = Hg* (), Ho* Q)" = H5(9Q). (11)
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Proof. If bc 1Y), then W, 03 = f,(w) — (0, b),. Since F —
{fs; b€ HY()} is dense in the Hilbert space 115(£2)", we know, by (9),
that (w, b — (b, w)o with a fixed w ¢ Hg (42), defines a linear functional 743
continuous on a dense subset /' of H($2)'. The norm of this functional
&» on F will be denoted by ||&e|]s- Then, by (6),

llgalle = sup (b, w)o| = sup |(w, b),| — Il |l (12)
fle]]-s=1 1Bl 4=21

We may thus extend, by continuity, the functional & on F to a con-
tinuous linear functional on the completion of I (with respect to the
negative norm), that is, g, can be extended to a continuous linear func-
tional on H§(Q)' = Hy*(£2); we denote this extension by the same letter
£w- We have thus

ligall = sup [g,(@)] = [[w]],. (13)
lle]]-s<1

Hence, in view of the completeness of the space HG(£), the totality G of
the continuous linear functionals 8w On Hy* (L) may be considered as
a closed linear subspace of ¥ 0 (€)' by the correspondence g, <> w. If this
closed subspace G were not dense in Hy*(£2)", then there exists a continuous
linear functional 54 0 on Ho*(€)" such that f(g,) — 0 for all gw€ G. But,
since the Hilbert space Hy*(Q) is reflexive, such a functional f is given
by (gw) = gu(fy), fo€ Hg* (), and so by (18) f3 must be equal to 0, con-
trary to the fact f £ 0. Therefore we have proved Hy*(Q)" —= H§(Q).

Remark. The notion of the negative norm was introduced by P. Lax
with the view of applying it to the genuine differentiability of distribution
solutions of linear partial differential equations. We shall discuss such
differentiability problems in later chapters. It is to be noted that the
notion of the negative norm is also introduced naturally through the
Fourier transform. This was done by J. LERAY [1] earlier than Lax,
We shall explain the point in a later chapter on the Fourier transform.

11. Local Structures of Generalized Functions

A generalized function is locally the distributional derivative of a
function. More precisely, we can prove

Theorem (L. SCHWARTZ [1]). Let 7 be a generalized function in
£ C R™. Then, for anly compact subset K of 2, there exist a positive

integer m, = my (7T, K) and a function f(x) = fx; T, K, my) c L2 (K)
such that :

T = [10) =220 4y whenever g c Dy (@). (1)
K

X 0%« - - px ™
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Proof. By the Corollary in Chapter I, 8, there exist a positive con-
stant C and a positive integer m such that

|T(@)|<C sup |Dip(x)| whenever ¢ € Dy (Q). (@)
|i|sm K

Thus there exists a positive number § such that
bwlp) = sup |Dig(x)| <6, pc Dg(€), implies |T(p)| < 1. (3)
lil=mx€K
We introduce the notation
6.’ alﬂ

o' oxloxt---02"

4

and prove that there exists a positive constant & such that, for wy =
m + 1, _
[ |o™p@)jox™2dx < &, ¢ € D(K), implies p,,(p) < 5. (5)
Frl

This is proved by repeated application of the following inequality
lv@I= [ |op,. ... %09 %5, - - %) /oy dy
)

Kn(—o00,x{

= (xn f dJ’)Hz( f ]39”{7‘1 I PR T 1 P TN x»)}'aylady)uz

(—00,%;) Kn(—o00,xq)

231!2( f |6’P(x1a -eaXon Y, Kitlr o - ‘-xn)/aylzdy)”g’
Kn(=o0,%)

where ¢ is the diameter of K, i.e., the maximum distance between two
points of the compact set K. y )

Consider the mapping ¢ (x) — y (%) = 8™ g (x)/éx™ c.iefm‘ed on Dy (2)
into P (£). As may be seen by integration, 4 (x) = 0 implies o (%) == 0.
Hence the above mapping is one-to-one. Thus T (), ¢ € Dy (), defines
a linear functional S(y), y(x) = &™¢(x)/éx™, by S (y) - T (p). By (3)
and (b), S is a continuous linear functional on the pre-Hilbert space”_i(
consisting of suchy’s and topologized by the norm ||y ||—= ( 1{ [ (x) |2 a!x) 2

Thus there exists, by F. Riesz’ representation theorem, a uniquely deter-
mined function f(x) from the completion of X such that

T(p) =S = Kf (@™ (2)/0x™) - f(x) dx for all @ € Dg(Q).

Actually, the completion of X is contained in L2 (K) as a closed linear
subspace, and so the Theorem is proved.

References for Chapter III

For general account of Hilbert spaces, see N. I. ACHIESER-
I. M. GrasMAN [1], N. DUNFORD-]. SCHWARTZ [2], B. Sz. Nacy [1],
F. Riesz-B. Sz. Nacy [3] and M. H. StoneE [1].
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IV. The Hahn-Banach Theorems

In a Hilbert space, we can introduce the notion of orthogonal coor-
dinates through an orthogonal base, and these coordinates are the values
of bounded linear functionals defined by the vectors of the base. This
suggests that we consider continuous linear functionals, in a linear topolo-
gical space, as generalized coordinates of the space. To ensure the exist-
ence of non-trivial continuous linear functionals in a general locally
convex linear topological space, we must rely upon the Hahn-Banach
extension theorems.

1. The Hahn-Banach Extension Theorem in Real Linear Spaces

Theorem (Haun [2], BANACH [1]). Let X bea real linear space and

let  (x) be a real-valued function defined on X satisfying the conditions:

Pr+9 =2 +p0) (subadditivity), )

Plax) =ap(x) for «=0. (2)

Let M be a real linear subspace of X and fo a real-valued linear functional
defined on M:

folex + By) = ahy(x) + Blo(y) for x,y€ M andreal o, . ()

Let f, satisfy f,(%) = p(x) on M. Then there exists a real-valued linear
functional F defined on X such that i) F is an extension of fo. ie.,
F(x) = fy(x) for all x € M, and ii) F(x) < (%) on X.
Proof. Suppose first that X is spanned by M and an element x, € M,
that is, suppose that
X={x=m+ axy;; mc M, « real}.
Since xo € M, the above representation of x € X in the form x — m -+ xx,
is unique. It follows that, if, for any real number ¢, we set
F(x) =F(m + oxy) = fy(m) + e,
then F is a real linear functional on X which is an extension of fo- We
have to choose ¢ such that F (x) < p(x), that is, fo(m) +ac < p(m + axg).
This condition is equivalent to the following two conditions:
folmfo) + ¢ = p (% + mfx) for «> 0,
fo(ml(—a)) — ¢ < p(—xy +¥n/(—a)) for o< 0.
To satisfy these conditions; we shall choose ¢ such that
folm') —p(m’ —x) < ¢ < p(m"" + x,) —Jo(m”) forall m’, m' € M.
Such a choice of ¢ is possible since
Jom') + fo(m") =fo(m' + m") < p(m’ +m") =p(m' — xy + m" + x,)
Splm’ —x) + plm’ 4+ x):
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we have only to choose ¢ between the two numbers
sup [fo(m') —p(m’ —x)] and inf [p(m” + x) — fo(m")].
meM mEM

Consider now the family of all real linear extensions g of fo for which
the inequality g(x) = #(x) holds for all x in the domain of g. We make
this family into a partially ordered family by defining 4 > gtomean thath
is an extension of g. Then Zorn’s Lemma ensures the existence of a
maximal linear extension g of £, for which the inequality g(x) < P (x)
holds for all x in the domain of g. We have to prove that the domain
D (g) of g coincides with X itself. If it does not, we obtain, taking D (g) as
M and g as fo, a proper extension F of g which satisfies F(x) < £ (#) for
all x in the domain of F, contrary to the maximality of the linear exten-
sion g.

Corollary. Given a functional p (x) defined on a real linear space X
such that (1) and (2) are satisfied. Then there exists a linear functional f
defined on X such that

—P(x) =[x = p(). (4)

Proof. Take any point x,€ X and define M = {x; x = ax,, « real}.
Set fo(xxy) = xp(%). Then f, is a real linear functional defined on M.
We have f,(x) =< p(x) on M. In fact, ap(x) = p(xx,) if « > 0, and
ifo < 0, we have o (1) = — op(—2g) = p () by 0 = 5(0) < p (x) +
P (—%p)- Thus there exists a linear functional / defined on X such that
/(x) = fo(x) on M and f(x) < p(x) on X. Since —f(x) = f(—x) < p(—x),
we obtain —p(—x) < f(x) < p(x).

2. The Generalized Limit

The notion of a sequence {x,} of a countable number of elements Xy,
is generalized to the notion of a directed set of elements depending on a
parameter which runs through an uncountable set. The notion of the
limit of a sequence of elements may be extended to the notion of the
generalized limit of a directed set of elements.

Definition. A partially ordered set 4 of elements «, §, . . . is called a
directed set if it satisfies the condition:

For any pair «,  of elements of 4, there exists a y € A
such that & <y, f < y. (1)

Let, to each point « of a directed set A, there be associated a certain set
of real numbers f(x). Thus f(x) is a, not necessarily one-valued, real
function defined on the directed set 4. We write

ij.(n}f{oc) =a (a is a rcal number)
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if, for any &> 0, therc exists an o C A such that oy < x implies
|f{) — a| < e for all possible values of fat . We say, in such a case, that
the value a is the generalized limit or Moore Smith timit of /() through
the directed set 4.

Example. Consider a partition 4 of the real interval [0, 1]:
O=f<fi<---<t,—=1.
The totality P of the partition of [0, 1] is a directed set 4 by defining
the partial order 4 < A’ as follows: If the partition A" is given by
U=to<.t1< ++<t, =1, then 4 < A’ means that n < m and that
every # 1s equal to some #. Let x(#) be a real-valued continuous function
defined on [0, 1], and let f (4) be the totality of real numbers of the form

n—1

;“é‘u (t41 — ) x(t), where t; is any point of s £541]-
Thus f(4) is the totality of the Riemann sum of the function x(f) per-
1

taining to the partition A. The value of the Riemann integral f x(t) dt
0

is nothing but the generalized limit of f(A4) through P,

As to the existence of a generalized limit, we have the

Theorem (S. Banach). Let %(«) be a real-valued bounded function
defined on a directed set A. The totality of such functions constitutes a
real linear space X by

&+ 9) (@) =2() + (@), B2) (&) = Bxr(a).
We can then define a linear functional, defined on X and which we shall
denote by Lgﬂ[x(a), satisfying the condition
&

lim x (o) < LIM x (&) < lim #(a),
x€A4 a€d acA
where
lim % (x) = sup inf , lim =i
im % (o) 1P inf x(f), lim x (B) inf upi(f).
Therefore Eg\c{ x(x) = Iigx(oc) if the latter generalized limit exists.
Proof. We put p(x) = Liax(a). It is easy to see that this p(x)

satisfies the condition of the Hahn-Banach extension theorem. Hence,

there exists a linear functional f defined on X such that —p(—x) =

f(x) = p(x) on X. We can easily prave that lim x(x) = — p(—=x) so
atd

that we obtain the Theorem, by putting Lgl}{x(cx} = f(x).

3. Locally Convex, Complete Linear Topological Spaces

Definition. As in numerical case, we may define a directed set {x,} in
a linear topological space X. {x,} is said to converge to an element x of
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X, if, for every neighbourhood U (x) of x, there exists an index &g such
that x, € U(x) for all indices & > ory. A directed set {x,} of X is said to
be fundamental, if every neighbourhood U (0) of the zero vector 0 of X
is assigned an index &, such that (x,—xz)€ U (0) for all indices &, f3 > ot
A linear topological space X is said to be complete if every directed
fundamental set of X converges to some element x € X in the sense
above.

Remark. We can weaken the condition of the completeness, and
require only that every sequence of X which is fundamental as a directed
set converges to an element x € X; a space X satisfying this condition is
said to be sequentiully complete. For normed linear spaces, the two defini-
tions of completeness are equivalent. However, in the general case, not
every sequentially complete space is complete.

Example of a locally convex, sequentially complete linear topological
space. Let a sequence {f,(x)} of D(Q) satisfy the condition
*lil“m (fs —fx) = 0 in D(L). That is, by the Corollary of Proposition 7

in Chapter I, 1, we assume that there exists a compact subset K of 2 for
which supp(fy)) CK (h=1,2,...) and hiix_go (D fy(x) — D*fp(x)) = O

uniformly on K for any differential operaior D, Then it is easy to see,
by applying the Ascoli-Arzela theorem, that there exists a function f¢ ® (8]
for which lim D*f,(x) = D*f(x) uniformly on K for any differential

operator D°. Hence Jallim fi=1in D(LQ) and so D(£) is sequentially
—00

complete. Similarly, we can prove that € (£2) is also sequentially complete.
As in the case of a normed linear space, we can prove the
Theorem. Every locally convex linear topological space X can be
embedded in a locally convex, complete linear topological space, in
which X forms a dense subset.
We omit the proof. The reader is referred to the literature listed in
J- A. DIEUDONNE [1]. Cf. also G. K6THE [1].

4. The Hahn-Banach Extension Theorem in Complex Linear Spaces

Theorem (BOHNENBLUST-SOBCZYK). Let X be a complex linear space
and p a semi-norm defined on X. Let M be a complex linear subspace of
X and f a complex linear functional defined on M such that |f(x) | = 4 (x)
on M. Then there exists a complex linear functional F defined on X
such that i) F is an extension of /, and ii) |F (x) | < p(x) on X.

Proof. We observe that a complex linear space is also a real linear
space if the scalar multiplication is restricted to real numbers. If f(x) =
g(x) + th(x), where g(x) and %(x) are the real and imaginary parts of
/(%) respectively, then g and & are real linear functionals defined on M.
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Thus
lex)| < [Hx) | < p(x) and [ 2(x)] = [/(x)]| - p(v) on M.
Since, for each x ¢ M,
g(ix) +1h(in) = f(ix) = if(x) = i(g(x) 4 th(x)) h(x) + 1g(x),
we have
h(x) =—g@x) forall x¢ M.
By the Theorem in Chapter IV, 1, we can extend i
3 > ; _ £ to a real linear fune-
tm(lgal G defined on X with the property that G (x) == p(x) on X. Hence
—G(*) = G(—2x) < p(—x) = (%), and so |G (x)| = p(x). We define
F(x) = G(x) —iG(ix).
STel;etnI;:;yFF_{ix] = Gl(a'x)l—- 1G(—x) = G(ix) +iG(x) =i F (x), we easily
1s a complex linear functional defi i i
o Eo s aaaf e 1onal defined on X. F is an extension
F(x) =G(x) —iG(ix) = g(x) —1g(ix) = g(x) + ih(x) = ().
;{‘_';)F%);ove;fgx))] S #(x), we write F(x) =7e so that |F#)| =
" %) = F(¢") is real positive; consequently |F(x)| — |G (¢
P(e°%) = |€°] p(x) = p(x). A=l

A

I

5. The Hahn-Banach Extension Theorem in Normed Linear Spaces

Theorem l Let X .be a normed linear space, M a linear subspace of X'
andt f1 a cor;tmuous linear functional defined on M. Then there exists a
continuous linear functional f defined on X such that i) fi i

: S s an extensio
of /i, and i) [|f]] = ||£]]- )

Proof. Set p(x) = [I£1] - ||| Then # i i i
; ! : 1s a continuous semi-norm
Flefmed on X such the_lt |£,(®) | = $(x) on M. There exists, by the Theorem
in the preceding section 4, a linear extension f of f, defined on the whole
space X and such that |f(x)| < p(x). Thus [[f]| < sup p(x) = TR
llzll=1

On the other hand, since f is an extension of 1
e /1, we must have |[f[| = ||£, ||

An Application to Moment Problems

Theorem 2. Let X be a normed linear space. Given a sequence of
elements {x,} C X, a sequence of complex numbers {o} and a positive
numbe_r v- Then a necessary and sufficient condition for the existence of
a continuous linear functional f on X such that fx) =0 i=1,2 )
and |[/|| < y is that the inequalities ' ' B

| Sl
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hold for any choice of positive numbers # and complex numbers

ﬂlfﬂ2’ = ﬁﬁ'
Proof. The necessity of this condition is clear from the definition of
|| #]]- We shall prove the sufficiency. Consider the set

X, = {z; z= 21 f;x; where n and f are arbitrary} 3

" m
For two representations z = X f;x; = X iz of the same element

z € X, we have, by the condition of the Theorem,

<y|| Epn— Epons| =0,

“.5 Biox; — ‘.gl By
Thus a continuous linear functional f, is defined on X, by fl(.,E: ,8.-:(.—) =
=

n
21 fix;. We have only to extend, by the preceding Theorem 1, f, to a
i
continuous linear functional f on X with ||f|| = ||/ ]]-

Remark. As will be shown in section 9 of this chapter, any continuous
linear functional f on C [0, 1] is representable as
1

i) =0f % (t) m (dt)
with a uniquely deter_mined Baire measure # on the interval [0, 1]. Thus,
if we take x;(f) = #71 (7 =1,2,...), Theorem 2 gives the solvability
condition of the moment problem:

1
Oj’zf-‘m(dt) = =12, . .3,

6. The Existence of Non-trivial Continuous Linear Functionals

Theorem 1. Let X be a real or complex linear topological space, x, a
point of X and #(x) a continuous semi-norm on X. Then there exists a
continuous linear functional F on X such that F(x)) = $(x,) and
|F(x)| = p(x) on X.

Proof. Let M be the set of all elements ax,, and define f on M by
floexg) = P (xp). Then f is linear on M and |f(xxy) | = |t (%) | = 2 (%)
there. Thus there exists, by the Theorem in Chapter IV, 4, an extension
F of f such that |F(x)| =< $ (x) on X. Hence F (x) is continuous at x = 0
with p(x), and so, by the linearity of F, F(x) is continuous at every
point of X.

Corollary 1. Let X be a locally convex space and x; = 0 be an element
of X. Then there exists a continuous semi-norm $ on X such that
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# (o) = 0. Thus, by Theorem 1, there exists a continuous linear func-
tional f; on X such that

fol#) = # (%) 0 and [f,(x)| = p() on X.

Corollary 2. Let X be a normed linear space and x,5 0 be any ele-
ment of X. Then there exists a continuous linear functional fo on X such
that

fo(ko) = ||| and [|fo]| = 1.

Proof. We take ||x]| for $(x) in Corollary 1. Thus ||f,|| < 1 from

[fo@) | < ||x]]- But, by fo(%) = ||%]], we must have the equality
= 1.
0

Remark. As above, we prove the following theorem by the Theorem
in Chapter IV, 1.

Theorem 1’. Let X be a real linear topological space, x, a point of X
and p (x) a real continuous functional on X such that

Px+3) =p@x) + p(3) and plax) =ap(x) for «=0.

Then there exists a continuous real linear functional F on X such that
I (xp) = p (x,) and —p(—x) < F(x) < #£(x) on X.

Theorem 2. Let X be a locally convex linear topological space. Let M
. be a linear subspace of X, and f a continuous linear functional on M.
Then there exists a continuous linear functional F on X which is an
extension of f.

Proof. Since f is continuous on M and X is locally convex, there exists
an open, convex, balanced neighbourhood of 0, say U, of X such that
%€M N U implies |f(x)| < 1. Let $ be the Minkowski functional of U.
Then p is a continuous semi-norm on X and U — {x; p(x) < 1}. For
any x€ M choose & > 0 so that & > #(x). Then p(x/x) < 1 and so
|f(x/o) | < 1, that is |f(x)| < x. We thus see, by letting « | $(x), that
|[f(x)| < #(x) on M. Hence, by the Theorem in Chapter IV, 4, we obtain
a continuous linear functional F on X such that F isan extension of fand
|F(x)| < #(x) on X.

Theorem 3 (S. MAzUR). Let X be a real or complex, locally convex linear
topological space, and M a closed convex balanced subset of X. Then,
for any x, € M, there exists a continugys linear functional f on X such
that f,(x,) > 1 and |f)(x)| < 1 on M.

Proof. Since M is closed, there exists a convex, balanced neighbourhood
V of 0 such that M N (xo+ V) =@, Since V is balanced and convex,

V Vi v 3 .
we have (M -+ -2~) N (xo + ?) =@. The set (xo +- —2-) being a neighbour-
hood of x,, the closure U of (M 4 g) does not contain %,- Since M > (,
the closed convex balanced set U is a neighbourhood of 0, because U
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contains ; as a subset. Let p be the Minkowski functional of U. Since U

is closed, we have, for any x,€ U, p(x) > 1 and p(x) < 1, if xc U.

Thus there exists, by Corollary 1 of Theorem 1, a continuous linear
functional £, on X such that f,(x,) = p (%) > 1 and |f,(x)| = #(x) on X.
Hence, in particular, |f,(x)| < 1 on M.

Corollary. Let M be a closed linear subspace of a locally convex
linear topologieal space X. Then, for any x,€ X — M, there exists a
continuous linear functional f, on X such that f, (%9) > 1 and fy(x) = 0
on M. Moreover, if X is a normed linear space and if dis (x,, M) >4,
then we may take || /|| < 1/d.

Proof. The first part is clear from the linearity of M. The second
part is proved by taking U-—{x;dis(x, M)<d} in the proof of
Theorem 3.

Remark. As above, we prove the following theorem by virtue of
Theorem 1’.

Theorem 3’ (S. Mazur). Let X be a locally convex real linear topolo-
gical space, and M a closed convex subset of X such that M > 0. Then,
for any xc,é M, there exists a continuous real linear functional foon X
such that f;(x) > 1 and f,(x) < 1 on M.

Theorem 4 (S. Mazur). Let X be a locally convex linear topological
space, and M a convex balanced neighbourhood of 0 of X. Then, for
any x, € M, there exists a continuous linear functional fo on X such that

fo(xe) = sup [fo (%) |.
*EM
Proof. Let p be the Minkowski functional of M. Then (%) = 1 and

#(x) = 1 on M. p is continuous since M is a neighbourhood of 0 of X.
Thus there exists, by Corollary 1 of Theorem 1, a continuous linear func-

tional fy on X such that

folx)) =2(x) =1 and [fy(#)|=<p(x) =1 on M.

Theorem 5 (E. HELLY). Let X be a B-space, and fy, fa, ..., /, be a
finite system of bounded linear functionals on X. Given # numbers

&, &g, . . ., &,. Then a necessary and sufficient condition that there exists,
for each £ > 0, an element %, € X such that
filg) =0, (6=1,2,...,7n) and ||z|[=y+¢

Is that the inequality

;éﬁ'—ai =y H'ZE: B f.[

holds for any choice of » numbers g, f,, . . ., B,.
Proof. The necessity is clear from the definition of the norm of a
continuous linear functional. We shall prove the sufficiency. We may
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assume, without losing the generality, that /s are linearly independent ;
otherwise, we can work with a lincarly independent subsystem of {f}:
which spans the same subspace as the original system {f;}. ‘
We con_sider the mapping x — ¢ (x) = (f, (¥), fo (%), . . ., fu(x)) of X
onto the Hilbert space 2 (n) consisting of all vectors x = (&, &, . . ., &)

n 12
normed by ||x|| = (Jé; |& [2) . By the open mapping theorem in
Chapt.er IL, 5, the image ¢ (S,) of the sphere S, — xeX; [|x]| <y + &
contains the vector 0 of /2(x) as an interior point for every € > 0. Let
us suppose that (x;, s, . .., «,) does not belong to ¢(S,). Then, by

Mazur’s theorem given above, there exists a continuous linear functional
F on 2(n) such that

Flo, o, ,0)) 2 sup |Flg()].
) ¥l sy +e
Since 2(n) is a Hilbert space, the functional F is given by an element

(Br. B, - . B) € B(n) in sucha way that F((ay, o, - .., a)) — 3 sy,
Thus =
Ld

oif; = for [|x||=<y+e.

=50 B
Bul: the supremum of the right hand side for I#[| <y +eis= (y + ) x
”:‘}; I5#;

=1

» and this contradicts the hypothesis of the Theorem.

7. Topologies of Linear Maps

. Let X, Y be locally convex linear topological spaces on the same scalar
field (rt?al or complex number ficld). We denote by L(X, Y) the totality
of continuous linear operators on X into Y. L. (X, Y) is a linear space by

(xT + pS)x =aTx + fSx, where T,Sc L(X,Y) and xcX.
We shall introduce various topologies for this linear space L (X, Y).

i) Simplf: Convergence Topology. This is the topology of convergence
at each point of X and thus it is defined by the family of semi-norms
of the form

P =p(T;%, %, ..., *n; §) = sup ¢(Tx),
1sjsn
where *1, %3, . . ., Xy aTe an arbitrary finite system of elements of X and q
an arbltra_ry continuous semi-norm on Y. L (X, Y) endowed. with this
t'opology will be denoted by L (X, V). It is clearly a locally convex
linear topological space.

ii) Bounded Convergence Topology. This is the topology of uniform
convergence on bounded sets of X. Thus it is defined by the family of
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semi-norms of the form
p(I) =p(T;B;q) = sg}gq(Tx)

where B is an arbitrary bounded set of X and ¢ an arbitrary continuous
semi-norm on Y. L (X, ¥) endowed with this topology will be denoted by
L,(X, Y). It is clearly a locally convex linear topological space.

Since any finite set of X is bounded, the simple convergence topology
is weaker than the bounded convergence topology, i.e., open sets of
L. (X, Y) are also open sets of L, (X, Y), but not conversely.

Definition 1. If X, Y are normed linear spaces, then the topology of
L (X, Y) is usually called the stromg fopology (of operators); the one of
Ly (X, Y) is called the uniform fopology (of operators).

Dual Spaces. Weak and Weak* Topologies

Definition 1'. In the special case when Y is the real or complex number
field topologized in the usual way, L (X, Y) is called the dual space of X
and will be denoted by X’. Thus X’ is the set of all continuous linear
functionals on X. The simple convergence topology is then called the
weak* topology of X'; provided with this topology, X’ will sometimes be
denoted by X and we call it the weak* dual of X. The bounded con-
vergence topology for X’ is called the stromg topology of X'; provided
with this topology, X’ is sometimes denoted by X and we call .it the
strong dual of X.

Definition 2. For any x€ X and " € X’, we shall denote by {x, 2"
or x'(x) the value of the functional x* at the point x. Thus the weak*
topology of X', L.e., the topology of X,. is defined by the family of semi-
norms of the form :

p(x)=p(x'; %1, %p, . . ., %) = sup |<x5, 2D,
l1<jsn
where xq, X9, ..., %,, are an arbitrary finite system of elements of X.
The strong topology of X', i.e., the topology of X is defined by the family
of semi-norms of the form
PIF) =ipi(aty B)=enp |<x, > |

where B is an arbitrary bounded set of X.
Theorem 1. If X is a normed linear space, then the strong dual space
X is a B-space with the norm

I#] = sup |f(x)].
ll=]l=1
Proof. Let B be any bounded set of X. Thensup ||| = 8 < oo,
bER
and hence ||f|| = « implies p(/; B) =sup |f(b)| < sup |f(x)| = «pB.
bER ll«ll=8
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On the other hand, the unit sphere § {x; ||« ” “. 1} ol X is a bounded
set, and so ||f|| = p(/; S). This proves that the topology of X7 is equi-
val(fnt to the topology defined by the norm /1l

I:he f:omplfztencss of X is proved as follows. Let a sequence {f,}
of X satlsfy”‘hm |1/s— fm || = 0. Then, for any x € X, |/, (x) —fm(#) | <
fe—fam]| - [|2]|— 0 (as n, m — ©0), and hence a finite lim £, (x) = f(x)
ex15t.s. The lij?earity of f is clear. The continuity of / i:;‘*;:-ovcd by ob-
serving that lim f,(x) = f(x) uniformly on the unit sphere S. Incident-
ally we have proved that lim ||f, — / I=o.

. . 00

Similarly we can prove

Theorem 2. If X, Y are normed linear spaces, then the uniform topo-
logy (of operators) L, (X, Y) is defined by the operator norm

|7} = sup ||Tx]|.
ll=ll=1

Deﬁ'nition 3. We define the weak topology of a locally convex linear
topological space X by the family of semi-norms of the form

P()=p(x; 21,25, ...,4,) = sup |[<x, >,
1sj=n

where x], x;_, e %, are an arbitrary finite system of elements of X",
Endowed with this topology, X is sometimes denoted by X,.

8. The Embedding of X in its Bidual Space X~
We first prove
Theorem ’1.(5. BANACH). Let X be a locally convex linear topological
space, and X" its dual space. A linear functional #(x") on X" is of the form
Hx) = <z, x>
with a certain x, € X iff f(x") is continuous in the weak* topology of X'.

Proof. The “only if” part is clear since |(%g, "> | is one of the semi-
norms defining the weak* topology of X’. The “if’”’ part will be proved
as follows. The continuity of f(x) in the weak* topology of X’ implies
that there exists a finite system of points x,, %, ..., x, such that
/()| < sup [<x;, #'>|. Thus PR

1=j=n

h() =< %> =0 (i=1,2..., %) implies f(x') = 0.
Consider the linear map L: X’ — 2(n), defined by '
L(x’) = (f](x,Jrfz(x')! Tl fﬂ(x'}J'

L(x}))=L (x;_)‘implfesL (%1 —x3) = Oso that f; (3] —25) = 0(5=1,9, ... , 1)
and hence f(x; — x5) = 0. Hence we may define a continuous linear map F
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defined on the linear subspace L (X’) of i#{n) by

FL(Y)) =F(Hh(x), ..., &) =F(").
This map can be extended to a continuous linear funttional defined on
the whole space /2(#n); the extension is possible since [2(n) is of finite

dimension (easier than using the Hahn-Banach extension theorem in
infinite dimensional linear spaces). We denote this extension by the same

letter F. Writing
"
[3’1,3/2,---,)’-».):_2;3’;"’5- where 81‘=(0:0:---: D: 1r0; D:--'! 0)
J:

with 1 at the j-th coordinate,
we easily see that
"
F(}H) Yoi « oy yﬂ) :jgl yj aj’l ‘xj = F(EJ)‘
Therefore

1) = Zo) = Fog > = Bogm# ).

Corollary. Each x,€ X defines a continuous linear functional f,(x")
on X, by f,(x') = {x,, x">. The mapping

%o—>fo= T %
of X into (Xj); satisfies the conditions
J @+ %) = J 2y + J 2%, J{x) =] ().

Theorem 2. If X is a normed linear space, then the mapping J is
isometric, ie., || Jx|] = Y ||.

Proof. We have |/p(x)| = [ <%, | < ||l [|#']] so that [lfo]] <
[|%]|- On the other hand,if x,+% 0, then there exists, by Corollary 2 of
Theorem 1 in Chapter IV, 6, an element x5€ X’ such that {x,, ) =
%] and || | = 1. Hence fo () = Cxo, %> = [[%o]| so that [|fo]| = [[ o]l
We have thus proved || Jx|| = ||#]].

Remark. As the strong dual space of X, the space (X}); is a B-space.
Hence a normed linear space X may be considered as a linear subspace
of the B-space (X}); by the embedding x— fx. Therefore the strong
closure of JX in the B-space (X:); gives a concrete construction of the
completion of X.

Definition 4. A normed linear space X is said to be reflexive if X may
be identified with its second dual or the bidual (X;); by the correspon-
dence x <> J x above. We know already (see Chapter III, 6) that a Hilbert
space is reflexive. As remarked above, (X;); is a B-space and so any re-
flexive normed linear space must be a B-space.

8 Yosida, Functional Analysls
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Theorem 3. Let X be a B-space and xy any bounded linear func-
tional on X;. Then, for any &£ > 0 and any finite system of elements
hu fos - - -, fa of X, there exists an x,€ X such that

%] = ||%]| +& and filx) =2 () (=1,2,...,%).
Proof. We apply Helly’s theorem 5 in Chapter IV, 6. For any system

of numbers £y, fle, . . ., B,, we have
s = | Z 85500 =[5 (2 8:4)

<v-| Z61, &= (),
and hence, again by Helly’s theorem, we obtain an x,€ X with the
estimate ||%|| <y + e =||a5|| + ¢ and %(f) =o;(=1,2,..., 7).

Corollary. The unit sphere S — {x¢ X; [|x|| =< 1} of a B-space X is
dense in the unit sphere of (X;); in the weak* topology of (X3)’.

, wehre y = ||ag

9. Examples of Dual Spaces
Example 1. (¢} = (Y.
To any fé€ (¢)’, there corresponds a uniquely determined y, —
{ns} € (P) such that, for all x = {£,} € (c,),

@1y = 3 bara and [111] = lI3l]- )

And conversely, any y = {5,} € () defines an f, € (c,)’ such that, for
any x = {£,} € (co),

(=]
oty = £ bumy and [[£,]1 = 1] )
Proof. Let us define the unit vector ¢, by
&—1
e=1{0,0...,0100,..)) (k=12,...).

.k
For any x = {&,} € (o) and f € (c,)’, we have, by s"‘l_uﬂ?o 5 €y = %,

@y =fim 2 butw | p=lim L5 7a=Fen).

Let n, =¢,|n.| for 5,7 0, and ¢, =op for 7, = 0. Take zi™ —
{&a} € (co) in such a way that £, = ¢, for n < my, and £, — 0 for n > "y.

Then ||#™|] < 1 and so [|f|| = sup [z Dl = |&™, H| = 2 [ %]
Thus by letting n,— co, we see that yr = {n.} € (") and ”y_,«|| =
Sinl=s
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oo
If, conversely, ¥ = {n,} € (/!), then \”éfl &, 1;:,,| = ||x]| - ||y]] for all

x = {£,} € (¢o), and so y defines an £, € (¢)) and A= vl
Example 2. (¢)’ = (/).
For any x = {£,} € (c), we have the representation

k
x=geg + shm 2 (£, —&) €, Where Eo = lim &, ¢ — 7 Wi T PO,
Thus, for any f € (¢)’, we have

k )
i h = boeo 1> + Jim b0 ewd D= lomy + 2 ot

where 7, = (¢, [ and 5, =<e,, > (n =1, 2,...). As above, we may
take 2" —= {£,} € (c,) < (c) which satisfies
1#%9]| S 1, & = lim £, =0 and ™, ) = 3 |n].
Hence, by (™), H| = [|xl”°}[[ [|7]l, we see that {n,}*¢c (I*). We set
— E; 1. = 7o LThen, by (2), we have

{2, = &mo + ﬂ‘iéﬂ 7n, where x = {£,} € () and & = lim &,. (%)

Let 9, = &, | 74| for 7,7 0, and &, = oo for 5, =0 (»n=0,1,2,...).
Take x = {£,} € (¢) such that
E, =671 if n <y and &, =o' if n> n,.

Hiy
Then ||x||<1, g.‘-o:]imf,,:ea‘, and (=, f)=|1701+”.§[1}'..|—+—

&5 E LT Hence, we must have || + 2[17,,| = |I7]l.

n=t+
If, conversely, y — {5 is such that [[y[| = |no| + = 5] < oo,
then

Mo+ lim £yt 3, where x = ()€ (0,

oo
defines an f, € ()’ such that ||£,|| = [n] + ”5 | 72 |-

Therefore, we have proved that (¢)’ = (/*) as explained above.
Example 3. 1#(S, 8B, m) = LS, B,m) (1=p<oo and p~' +
g1 = 1). To any f¢ L?(S)’, there corresponds a y, € L(S) such that

o f>= [ x(s) 9yls) m(ds) for all z€ L*(S) and ||f]] = ]l .

and conversely, any y € L7(S) defines an f, € L?(S)" such that
x, by — [ x(s) y(s) m(ds) for all x€ L#(S) and ||f,|| = [l¥]]- (3
S

H*
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Proof. Let S — U B; with 0 < m(B;) < oo and set B"™ — U B;.
J=

For a fixed #, the deflnmg function Cg(s) of the set B ¢ B™ is ¢ Lp (S).
Thus the set function y(B) = (Cg, f> is o-additive and m-absolutely
continuous in B C B™. By the differentiation theorem of Lebesgue-
Nikodym (see Chapter III, 8), there exists a y,(s) € L}(B™, 8™, m)
such that

v(B) = [ y,(s) m(ds) whenever B C B™,
B
the family B of sets being defined by B™— {B /N B™; Bc B}.
Therefore, by setting vy (s) = ¥, (s) for s € B™, we have
o= [y(s)m(ds) for B€ B™ (n=1,2,...).
B
Hence, for any finitely-valued function x with support in some B,
o= [#(5) y(s) m(ds). (4)
Let x ¢ L?(S) and put
%, (s) = x(s) if |%(s)| =< # and se€ B™,
= 0 otherwise.

We decompose the set {z; [z] =< n} of the complex plane into a finite

number of disjoint Baire sets M,,, (¢ =1,2,...,dg,) of diameters

= 1/k. Set, for the %, (s) € L= (S, B, m),

%, 3 (S) = a constant z, such that z€ (the closure My ;) and|z| = inf |w]|
weMn k¢

whenever x,,(s) €M, ,.
Then |x,,(s)| < |,(s)| and m X1 (8) = x,(s) and so, by the Lebe-
sgue-Fatou Lemma, s;_'hg Xyp=%x,(n=1,2,...). Thus, again by
the Lebesgue-Fatou Lemma,

<xm f) —_— k_hﬂ <xn,k: f> = msf Xp k (S] }'(S) m(d‘s) (5)

= J Bim 5ax(6) - (9) mds) = [ 2a(6) 9(5) m(ds).

Since s-lim x, = x, we see that {x, /> = lim {(x,, >. We put, for any
H—00 00

complex number z, a(z) = e~ if z =17¢* and a(0) = 0. Then ||x|| =
[[([%a] - a(3))]| and so

A1 = <Ll ). 1> = [ 15 @)] - 9(6) mas).

THs, =l = [ =@y () mds)
and so the function x(s)y(s) belongs to € L1(S). Therefore, letting
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n— oo in (b), we obtain

x, f = [ x(s) y(s) m(ds) whenever x ¢ L?(S).
s

We shall show that y ¢ L?(S). To this purpose, set
ya(s) = y(s) if |¥(s)] =n and s€ B™,
= 0 otherwise.

Then y, € L*(S) and, as proved above,
11 N1l = <[] - a0), 1> = [ =@ ()] m(ds)
z [ 12Ol 72 ()] m(ds).
If we take x(s) = |y,(s)[”” and apply Hélder's equality, we obtain
Sz ya (@ mids) = ([ =P m(@s))? ([ lyn()]f m(ds))™.

Hence ||| = |7 :(J |9, (5) ["m(ds))”", with the understanding
that, when p = 1 we have ||f|| = ||¥4|| = essential sup |y, (s)|.
€S

Therefore, by letting #— oo and applying the Lebesgue-Fatou Lemma,

we see that y € L?(S) and ||f|| = ||y]|- On the other hand, any y € L(S)

defines an fe L?(S)’ by (x, > = [ x(s) y(s) m(ds) as may be seen by
5

Hélder’s inequality, and this inequality shows that ||/]|| = ||¥||
Remark. We have incidentally proved that

Example 4. Let the measure space (S, 8, m) with m(S) < co have the
property that, for any B € 8 with 0 << m(B) = § << oo and positive inte-
ger n, there exists a subset B, of B such that d(n + 1)1 < m(B,) < dnL.
Then no other continuous linear functionals € M (S, 8, #)’ than the zero
functional can exist.

Proof. Any x € L1(S, 8, m) belongs to M (S, B, m) and the topology
of L1(S, %8, m) is stronger than that of M (S, 8, #). Thusany f ¢ M (S, B,
m) when restricted to the functions of L1(S, B, m) defines a continuous

such that
{x, f>.: {x, fo> :!x{s) ¥(s) m(ds) whenever x€ L1(S,%B,m).
Since L1(S, B, m) is dense in M (S, B, ) in the topology of M (S, B, m),

the condition fs= 0 implies that f, s~ 0. Thus there exists an £ > 0
such that B = {s; |y (s)| = ¢} has its measure m (B) = 6 > 0. Let B, C B
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be as in the hypothesis, and let y(s) —re* for s€ B. Set x,(s) =& *°

for s€ B, and x,(s) = 0 otherwise. Then z,(s) = nx,(s) converges to 0
asymptotically, that is, s-lim z, = 0 in M (S, B, m). But
=00

2 fy = lim (z,, fo> = lim ! zy(s) ¥ (s) m(ds) = 6e > 0,

contrary to the continuity of the functional f.
Example 5. L™(S, B, m)".
Let an fe€ L*(S, B,m) be given and set, for any B¢ B, f(Cg)
= p(B) where C(s) is the defining function of the set B. We have then:
By By— 9§ implies y(B; + By) = y(B,) + v(By), (6)
that is y is finitely additive,
the real part g, (B) and the imaginary part y,(B) of

y (B) are of bounded total variation, that is, sup |y;(B)| (7
< oo #i=1,2), ?

y is m-absolutely continuous, that is m(B) = 0 implies

p(B) = 0. (®)

The condition (6) is a ‘consequence of the linearity of f, and (7) and (8)
are clear from |y (B)| < ”,“|| 1Ca]|-

For any x¢€ L*(S, 8, m), we consider a partition of the sphere
{z; |z] = ||%||} of the complcx plane into a finite system of disjoint Baire
sets A;, 4,, , 4, of diameters < ¢. If we set B; = {s€ S; x(s) € 4,},
then, no matter what point «; we choose from 4; (i = 1,2, ..., n), we
have
]x— }_‘ o CB;

iy

and so
bwr—v <7ll-e

Thus, if we let # — oo in such a wav that ¢ } 0, we obtain

f(x) = lim X oy (B)), (9)
independently of the manner of partition {z; |z] < ||x|[} = > A; and
=1

choice of points «'s. The limit on the right of (9) is called Radon’s integral
of x(s) with respect to the finitely additive measure . Thus

f(x) = Sf x%(s) y(ds) (Radon’s integral) whenever x€ L™ (S, 8, m), (10)

and so

7l = s | [ wias) - (11)

ess. SUPIX[SII =1
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Conversely, it is easy to see that any y satisfying (6), (7) and (8) defines
an f€ L*°(S, B, m)’ through (10) and that (11) is true.

Therefore, we have proved that L*(S, 8B, m)’ is the space of all set
functions y satisfying (6), (7) and (8) and normed by the right hand side
of (11), the so-called total variation of ¢

Remark. We have so far proved that L?(S, 8, m) is reflexive when
| << p << co. However, the space L1(S, 5B, ) is, in general, not reflexive.

Example 6. C(S)'.

Let S be a compact topological space. Then the dual space C (S)’ of the
space C(S) of complex-valued continuous functions on S is given as
follows. To any f¢ C(S)’, there corresponds a uniquely determined
complex Baire measure g on S such that

f(®) = [ x(s) u(ds) whenever x€ C(S), (12)
s
and hence

x(s) p(ds) | = the total variation of g on §. (13)

[|[fll= sup

suplx(s)[=1 | S
5

Conversely, any Baire measure p on S such that the right side of (13)
is finite, defines a continuous linear functional f& C(S)’ through (12)
and we have (18). Moreover, if we are concerned with a real functional f
on areal B-space C(S), then the corresponding measure u is real-valued;
if, moreover f is positive, in the sense that f(x) = 0 for non-negative
functions x (s), then the corresponding measure g is positive,i.e., u (B) = 0
for every B € 8.

Remark. The result stated above is known as the F. Riesz-A. Markov-
S. Kakutani theorem, and is one of the fundamental theorems in topo-
logical measures. For the proof, the reader is referred to standard text
books on measure theory, e.g., P. R. HaLmos [1] and N. DUNFORD-
J. ScuwarTz [1].

References for Chapter IV

For the Hahn-Banach theorems and related topics, see BANAcH [1],
Bourgax1 [2] and K&THE [1]. It was Mazur [2] who noticed the impor-
tance of convex sets in normed linear spaces. The proof of Helly’s theorem
given in this book is due to Y. MiMmURA (unpublished).

. Strong Convergence and Weak Convergence

In thic chapter, we shall be concerned with certain basic facts per-
taining to strong-, weak- and weak* convergences, including the com-
parison of the strong notion with the weak notion, e.g., strong- and weak
measurability, and strong- and weak analyticity. We also discuss the
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integration of B-space-valued functions, that is, the theory of Bochner's
integrals. The general theory of weak topologies and duality in locally
convex linear topological spaces will be given in the Appendix.

1. The Weak Convergence and The Weak* Convergence
Weak Convergence

Definition 1. A sequence {x,} in a normed linear space X is said to
be weakly convergent if a finite lim f(x,) exists for each f€ X_; {x,} is
n—00

said to converge weakly to an element x, € X if lim f(x,) = f(xy) for
00

all f€ X.. In the latter case, x,, is uniquely determined, in virtue of

the Hahn-Banach theorem (Corollary 2 of Theorem 1in Chapter IV, 6) ; we

shall write w-lim «, = x, or, in short, x, — x,, weakly. X is said to be
o0

sequentially weakly complete if every weakly convergent sequence of X
converges weakly to an element of X.

Example. Let {x,(s)} be a sequence of equi-bounded continuous func-
tions of C [0, 1] which is convergent to a discontinuous function z(s) on
[0, 1]. Then, since C [0, 11" is the space of Baire measures on [0, 1] of
bounded total variation, we see easily that {x,(s)} gives an example of
aweakly convergent sequence of C [0, 1] which doesnot converge weakly
to an element of C [0, 1].

Theorem 1. i) s-lim x, = x,, implies w-lim x, = %, but not conver-

=00 w00

sely. ii) A weakly convergent sequence {x,} is strongly bounded, and, in

particular, if w-lim x, = x,, then {||,||} is bounded and [|x,|! =
H—-00

lim [, |

Prooi i) The first part is clear from | f(x,,) — / (%co) | = ||F|] - || %n — %oo | |-
The second part is proved by considering the sequence {x,} in the Hilbert
space (/%):

x, = {EW} where £ — §,,,, (= 1 or 0 according as # = m or not).
For, the value of a continuous linear functional € (/?)’ at x = {£,} is given
by E: .7, with some {7,} € (/%); consequently, w-lim x, = 0 but {x,}

n=1 n—00
does not converge strongly to 0 because [|%,||=1 (n =1,2,...).
ii) Consider the sequence of continuous linear functionals X, defmed on
the B- -space X, by X,,(f) = {%n, f) a.nd apply the resonance theorem in

Chapter II, 1.
Theorem 2 (MazUR). Let w-lim x,, = %, in a normed linear space X.
H—+00

Ll
Then there exists, for any &> 0, a convex combinalion X o;x;
i=1

" 1 "
a; =0, Xo;=1) of s such that | %, — X oyx|| = &
P = %%
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"
Proof. Consider the totality M, of elements of the form '2 o5 %;

with ; = 0, EocJ = 1. We may assume that 0€ M, by replacing x

and z; by [xm xl) and (x;— x,), respectively. Suppose that ||xe —u || > ¢
for every u € M,. The set M = {v€ X; ||v — u|| =< /2 for some « € M,}
is a convex uclghbourhood of 0 of X and ||%o—v|| > &2 for allve M.
lLet $(y) be the Minkowski functional of M. Since %, = f~ u, with
plug) =1 and 0 < B < 1, we must have p.(x,) = f~ > 1. Consider a
real linear subspace X, = {x€ X;x =y #45, —00 < y < oo} and put
f,(x) = for x = y u, € X,. This real linear functional f, on X, satisfies
/(#) = p () on X,. Thus, by the Hahn-Banach extension theoremin Chap-
ter IV, 1, there exists a real linear extension f of f, defined on the real
linear space X and such that f(x) < $(x) on X. M being a neighbourhood
of 0, the Minkowski functional $ (x) is continuous in x. Hence f is a con-
tinuous real linear functional defined on the real linear normed space X.
We have, moreover,
sup'f(x) = Sup!(x) = S0P p(x) = 1< B = (B up) = Hrw)-
€M,

Therefore, it is easy to see that x,, cannot be a weak accumulation point
of M,, contrary to x,, = w;]irg Xgts

Theorem 3. A sequence {x,} of a normed linear space X converges
weakly to an element x., € X iff the following two conditions are satis-
fied: i) sup ||x,|| < oo, and ii) lim f(x,) = /(%) for every f from any

n=1 w00

strongly dense subset D’ of X_.
Proof. We have only to prove the sufficiency. For any g€ X, and
& > 0, there exists an f € D’ such that ||g — f|| < e. Thus

|g(x,;) e g(xoo)l = Ig(xn) "f(xn” St If(xu) _f(xm)l + If(xoo) _g{xoo)i
=e ]lxn“ ~+ ]f(x,.) _'f(xoo” + ¢ ”xm“’
and hence lim |g(x,) — g(%c0)| =< 2¢ sup ||#4]|- This proves that
co2n=1

u]'iﬂ g(xy) = g(xco)
Theorem 4. A sequence {x,} in L1(S, B, m) converges weakly to an ele-
ment 2€ L1(S, B, m) iff {||x,|[} is bounded and a finite lim [ %n(s) m(ds)
B

exists for every B¢ 8.

Proof. The “‘only if”’ part is clear since the defining function Cg(s)
of B € 9B belongs to L(S, B, m) = L'(S, B, m)’.

The proof of the “'if’* part. The set fuqction p(B)= m ! %, (s) m(d,s)

B¢ 8B, is g-additive and m-absolutely continuous by the Vitali-Hahn-Saks
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theorem. Hence, by the differentiation theorem of LEBESGUE-NIKODYM,
there exists an %, € L1(S, B, m) such that

ﬂé{x,,(s) m(ds) = éfxw(s) m(ds) for all B¢ B.
k
Thus, for any decomposition S = Zi‘ B; with B; ¢ B, we have
i=
Jim [5a(e) 36 m(ds) = [ 500(9) 9(5) mds), y(6) = S5, ().

Since such functions as y(s) constitute a strongly dense subset of the
space L™ (S, B, m) = L1(S, B, m)’, we see that the “if’”’ part is true by
Theorem 3.

Theorem 5. Let {x,} converge weakly to x., in L1(S, 8, m). Then
{#s} converges strongly to %, iff {x, (s)} converges to % (s) in #m-measure
on every B-measurable set B such that »(B) < co.

Remark. {x,(s)} is said to converge to % (s) in m-measure on B, if,
for any &> 0, the m-measure of the set {s€ B; |x,(s) — Zoo(S) | = €}
teru;'ls to zero as #n — oo (see the Proposition in Chapter I, 4). The space
(1) is an example of L1(S, B, m) for which S = {1, 2, .. }and m({n}) = 1
forn —=1,2,... In this case, we have ([1)" = (I°) so that the weak con-
vergence of {x.,} x=(EM &P, L EH, . ) t0 20 = (EX B, .. LLE, L)

() _ I'OOJ s :
mlphe? _that ”h_{g{: =& (k=1,2,...), as may be seen by taking
[G ()" in such a way that f(x) = (x, /) = & for x = {§;} € (I!). Thus,
in the present case, {x,} converges to x,, in m-measure on every B-
measurable set B of finite m-measure. In this way we obtain the

Corollary (I. ScHUR). In the space (), if a sequence {x,} converges
weakly to an x, € (1), then s-lim x,, — x.

=00
) Proof of Theorem 5. Since the strong convergence in L1(S, B, m)
implies the convergence in m-measure, the “‘only if"’ part is clear. We shall
prove the “if”” part. The sequence {x, — x,} converges weakly to 0, and so

m l_!{J\:,, (8) — %oo () m(ds) = O for every BC B. (1)
Consider the sequence of non-negative measures
¥alB) = [ () — #oo(s) [ m(ds), BED.
Then we have

lim y,,(B;) = 0 uniformly in #, for any decreasing
oo

sequence {B,} of sets ¢ B such that N B, = @. (2)
E=1

If otherwise, there exists an ¢ > 0 such that for each & there exists some
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7, for which ]im sty = oo and y,, (B;) > &. Consequently, we must have
f|Re(x,,k(s} — %o (5)) |7 (ds) > f)/ 2 or f [T (%, (5) — %oo (5)) | 2 (ds)

> &f |/ 2, and so there must exist some By Q B, such that
f(xmr(s} xm(s))'m(ds)~ >e2)2(k=12..),

contrary to the fact that, in virtue of (1), the m-absolute continuity of
the sequence of measures @, (B) = f (%5 (5) — %o (s)) m(ds) is uniform
B

in n (see the proof of the Vitali-Hahn-Saks Theorem in Chapter II, 2).
Next let B, be any set of B such that m (B;) << co. We shall show that

lim v, (Bo) = 0. (3)

H—-00
Suppose there exist an ¢ > 0 and a subsequence {y,} of {y,} such that
Ye(By) > m=1,2,...). (4)

By the hypothesis that {(x,(s) — % (5))} converges to 0 in m-measure on
B,, there exist a subsequence {(%,(s) — oo (5))} Of {(% (s) — %o (s))} and
some sets B,, C Bysuch that -m(B") < 27"and |x, (s) — oo (8) | < &fm(By)

on (B, — B,)). We put B, = Ujt B.. Then {B,} is a decreasing sequence
such that
oD (==} E o
m(kﬂ Bk)g S mB) =2 (k=1,2,..) and 5o m (knlsk)z 0.
=1 "— =
Hence, by (1) and the Corollary of the Vitali-Hahn-Saks Theorem referred
to above, ]im s (By) = 0 uniformly in #. Therefore
o (Bo) < 9, (By) + em(By)™ - m(By— B,) —> (= €) as n—> o0,
contrary to {4). This proves (3).
Now we take a sequence {B;} of sets € B such that m(B,) < oo
(==}
(k=1,2..)and S = U B,. Then
J170) — 2@ md = [+ [
1 3

Us S5 UBFE
k=1 ® k=1 %
By (3) the first term on the right tends to zero as # — oo for fixed ¢, and
the second term on the right tends, by (2), to zero as ¢ — co uniformly
in n. Therefore we have proved that s-lim x, = %, in L1(S, B, m).
00

A similar situation in the case of the space D (£2)’ is given by
Theorem 6. Let {T,} be a sequence of generalized functions € ® (£2)".
If lim T, = T in the weak* topology of ®(£2)’, then lim T, =T in
n—00

=00

the strong topology of D (£2)".
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Proof. The strong topology of the space D (£2)’ is defined (see Defini-
tion 1 in Chapter IV, 7) through the family of semi-norms
pe(T) = sup |T(¢)|, where B is any bounded set of ().

The weak* topology of the space D ()’ is defined through the family of
semi-norms

Pr(T) = sup |T (¢) |, where § is any finite set of ().

Thus hm B = T in the weak* topology of ®(Q)" is precisely
hrn T = T(D(L2)") defined in Chapter II, 3

Let B be any bounded set of D (£2). Then there exists a compact
subset K in 2 such that supp (¢) € K for any ¢ € B and sup [Digp(x)]

< cofor any differential operator D/ (Theorem 1 in Chapter I 8) Thus, by
the Ascoli-Arzeld Theorem, @ is relatively compact in g (£2). We apply
the uniform boundedness theorem to the sequence {7,, — T} to the effect
that, for any ¢ > 0, there exists a neighbourhood U of 0 of ® & (£2) such that

sup (T, —T) @] <e.
n;pEU
The compact subset B of D () is covered by a finite system of sets of
the form ¢; + U, where ;€ 8 (1 =1, 2, ..., %). Hence
[(Tw—T) @i + 0) | < (T —T) (@) | + [(T—T) ()]
=|(To—T)(g;)| + & forany uc U.
Since lim (T,,— T)(p;) = O0fori=1,2,..., k, we have
w00
lim (T, —T) (p) = 0 uniformly in p€ B.

This proves our Theorem.
Theorem 7. A reflexive B-space X is sequentially weakly complete.

Proof. Let a sequence {x,} of X be weakly convergent. Each x,, defines
a continuous linear functional X, on X, by X,(x") = {x,, #')>. Since
X isa B-space (Theorem 1in Chapter IV, 8), we may apply the resonance
theorem. Thus a continuous linear functional on X, is defined by a finite
”];iglo X, (') which exists by hypothesis. Since X is reflexive, there exists

an X, € X such that (xy, > = lim X, (x") = lim (x,, z"), that is,
n—-00 n—>00
Yoo — w-lim x,,. ’
=00

Theorem 8. Let X be a Hilbert space. If a sequence {x,} of X converges
weakly to x, € X, then s-lim x, = % iff im ||x, || = ||%c0||.
H—+00 00
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Proof. The ““only if”’ part is clear from the continuity of the norm. The
“if” part is clear from the equality

”% _‘xl!x:'“2 (x,,—xoo, xu'_xm)

= ”xu! = (xm xoo) = (xoo- xn} + ”xmllz.

In fact, the limit, as # — oo, of the right hand side is || %o |[2 — || %00 |2 —
|xm||" + || %o '[2= 0.

Weak* Convergence

Definition 2. A sequence {f,} in the dual space X, of a normed
linear space X is said to be weakly* convergent if a finite lim £, (x) exists
00

for every x € X; {f,} is said to converge weakly* to an element fo, € X!
if lim f,(x) = f,, (x) forall x€ X. In the latter case, we writew*-lim ¥,
00 00

or, in short, f, — f, weakly*.

:foo

Theorem 9. i) s-lim f, = f,, implies w*-lim f, = £, but not con-
00 #H—00
versely. ii) If X is a B-space, then a weakly* convergent sequence
{f.} € X, converges weakly* to an element f € X; and ||/, || < lim s ll-
n—>00

Proof. (i) The first partis clear from |f, (%) — foo (%) | =< || fs — oo || - || %[]-
The second part is proved by the counter example given in the proof of
Theorem 1. (ii) By the resonance theorem, we see that f (x) = lim f,(x)

is a continuous linear functional on X and ||f.|| = lim ||/,]].
H—-00

Theorem 10. If X is a B-space, then a sequence {f,} C X, converges
weakly* to an element /€ X_ iff (i) {||/, |/} is bounded, and ii) lim f, (x) =

foo (¥) on a strongly dense subset of X.
Proof. The proof is similar to that of Theorem 3.

Strong and Weak Closure

Theorem 11. Let X be a locally convex linear topological space, and M
a closed linear subspace of X. Then M is closed in the weak topology of X.

Proof. If otherwise, there exists a point x,€ X — M such that z, is
an accltmulation point of the set M in the weak topology of X. Then,
by the Corollary of Theorem 3 in Chapter IV, 6, there exists a con-
tinuous linear functional f, on X such that f,(x,) = 1 and f,(x) = 0 on M.
Hence x; cannot be an accumulation. point of the set M in the weak
topology of X.



126 V. Strong Convergence and Weak Convergence

2. The Local Sequential Weak Compactness of Reflexive B-spaces.
The Uniform Convexity

Theorem 1. Let X be a reflexive B-space, and let {x,} be any sequence
which is norm bounded. Then we can choose a subsequence {x,.} which
converges weakly to an element of X,

We will prove this Theorem under the assumption that X is separable,
since concrete function spaces appearing in applications of this Theorem
are mostly separable. The general case of a non-separable space will be
treated in the Appendix.

Lemma. If the strong dual X; of a normed linear space X is separable,
then so is X.

Proof. Let {x,} be a countable sequence which is strongly dense on the
surface of the unit sphere {x' € X; ||#'|| = 1} of X{. Choose x, € X so
that ||, || = 1and |{x,, x,>| = 1/2. Let M be the closed linear subspace
of X spanned by the sequence {x,}. Suppose M 7 X and x,€ X — M.
By Corollary of Mazur’s Theorem 3 in Chapter IV, 6, there exists an
xp € X; such that [|xg]| =1, {x, %) 7 0 and {x, x;> = 0 whenever
Z€M. Thus <{x,, %) =0 (n=1,2,...), and so 1/2 < [<x,, ;)| <
[ <%y %> — (2, %) | + | {Fm, 20| which implies that 1/2 < || x|l || 25— ||
= ||x5 — x0||- This is a contradiction to the fact that {}} is strongly
dense on the surface of the unit sphere of X;. Thus M = X, and so linear
combinations with rational coefficients of {x,} are dense in X. This proves
our Lemma.

Proof of Theorem 1. As we have remarked above, we assume that X
is separable and so (X;); = X is separable also. By the preceding Lemma,
X; is separable. Let {x,} be a countable sequence which is strongly dense
in X. Since {x,} is norm bounded, the sequence {(x,, x;>} is bounded.
Thus there exists a subsequence {x,,} for which the sequence {<x,,, x>}
is convergent. Since the sequence {(x,, 25>} is bounded, there exists a
subsequence {x,,} of {x,} such that {(x,, 3>} is convergent. Proceeding
in this way, we can choose a subsequence {x,,, } of the sequence {x,}
such that the sequence of numbers {{x,,,#;>} converges for j=
1,2,...,74 1. Hence the diagonal subsequence {x, } of the original
sequence {x,} satisfies the condition that the sequence {<x,,, x;>} con-
verges for § =1, 2, ... Thus, by Theorem 3 in the preceding section,

lim {x,,, "> exists and is finite for every x’ € X’. Hence, by Theo-
#—00

rem 7 of the preceding section, we see that w-lim x,, exists.
=00

Milman’s Theorem

We owe to D. P. MiLMAN a theorem that a B-space is reflexive when
it is wuniformly convex in the sense that, for any & > 0, there exists a
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8 = d&(e) > 0 such that ||x|| <1, ||y]|=1 and ||x—y]|| = ¢ implies
|x + || = 2(1 — 6). A pre-Hilbert space is uniformly convex as may be
seen from the formula
[l + |IB + [|lx —y[F = 2(|||F + [[¥])

valid in such a space. It is known that, for 1 << p < oo, the spaces L? and
(#) are uniformly convex (see J. A. CLARKSON [1]).

Theorem 2 (MIiLMAN [1]). A uniformly convex B-space X is reflexive.

Proof (due to S. KAkutani). Given an x5 € (X(); \:\:ith IEZ41 =}£
Then there exists a sequence {f,} € X; with [|/.|| = 1, x5 (fs) = .1 —n
(n=1,2,...). By Theorem 5 in Chapter IV, 6, there exists, for
every #, an x, € X such that

) =20() 6=1,2,...,%) and |[x||<||#0]|+2 " =1+n""

Since
1— 7 < 25 (fa) = Fu () < [Iful] [#a]] = |zl = 1 + 277,
we must have lim ||, || = 1.
If the sequence {,} does not converge strongly, there existsane > 0
and  #y < My < fg < Mg < -+ - < My < my < --- such that ..s:ié
||%w — %mg || (¢ =1,2,...). Thus, by lim ||#,]| = 1 and the uniform

convexity of X, we obtain lim ||z, + %m|| = 2(1 —8(¢)) < 2. But,
since my << My, [ (Xn) = Frp (Tom) = %o () and so

2(1_ nk_l) = 2x€|’ Uﬁk) o }’ng(xnk R xm;,) = ”fm,” 2 ”xak + xmk”'
Hence, by ||f4|| = 1, we obtain a contradiction lim [| % + Zg|] = 2.

We have thus proved the existence of s-lim x,, = xp, and % satisfies
n—00

”1"0”:1, ft(xo)z:x;;(fl} (z:l: 2:"')' (1)
We show that the solution of the above equations in (1) is un_ique. Other-
wise, there exists an ?co # x, which satisfies the sameheQUatlons. By"the
uniform convexity, ||%, 4 %g|| < 2. We also have f; (% + o) = 2o (f:)
(i=1,2...). Thus
2(1—i™Y) = 25 () = fil%o + #0) = [I£| l|%0 + %oll = [|1%0 + |,
and so || %o + %p|| = lim 2(1 —4~") = 2 which is a contradiction.
‘I_’m rr

Finally let f, be any point of X. If we show that fo(xo) = %5 (fo).
then (X!); C X and the reflexivity of X is proved. To prove that fo(%o) =
xy (fo), we take fo, fy, . . -, fns - - - in place of fi, fo, - - s fs - - - above, and
hence we obtain x, € X such that

ol = 1, fiGo) = 55 U) G =0.L,...,m..);

L



128 V. Strong Convergence and Weak Convergence

we must have Z, = %, by virtue of the uniqueness just proved above,
and so the proof of Theorem 2 is completed.

3. Dunford’s Theorem and The Gelfand-Mazur Theorem

) Definition 1. Let Z be an open domain of the complex plane. A map-
ping x‘({;} defined in Z with values in a B-space X is called weakly holo-
morphic in { in the domain Z if, for each f€ X’, the numerical function

‘ @) = <x@). p
of { is holomorphic in Z.

Theorem 1 (N. Du~nrForD [2]). If () is weakly holomorphic in Z,
then there exists a mapping x’ ({) defined in Z with values in X such that,
for each £, € Z, we have

sHm A~ (2 (Go + B) — x(Co)) = ' (o) -
In other words, the weak holomorphic property implies the strong holo-
morphic property.

Proof. Let C be a rectifiable Jordan curve such that the closed bounded
domain C enclosed by C lies entirely in Z and £, € C — C. Let Z, be any

open complex domain 3¢, such that its closure lies in the interior of C.
Then, by Cauchy’s integral representation, we have

1
1) =5z [0
c
Hence, if both Lo + A and £, + g belong to Z,,
(;‘I . g)_l {:"(x (‘:0 + k)}i —= f(x(‘:n)} 4 f(x(cl) + g)g} _'r(x(Co}]}

aw, 18 1
= mcff(”@) {u:—c.—hl C—6—g (e:—coi}“"f'

By the assumption, the distance between Z, and C is positive. Hence, for
fixed f € X, the absolute value of the right hand side is uniformly boun-

ded when §,,{, + % and {, + g range over Z,. Thus, by the resonance
theorem, we have

sup __1_”{3’{60 T A —x@) x5 + &) —#(%o)
Cokothiorgez, 126l 3 & }
Therefore, by the completeness of the space X, x (¢} is strongly differenti-
able at every {,€ Z.

Corollary 1 (Cauchy’s integral theorem). The strong differentiability
of x(f) implies its strong continuity in . Thus we can define the curvi-
linear integral cf %({) df with values in X. Actually we can prove that

fx(::) dl = 0, the zero vector of X.
¢

e
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Proof. We have, by the continuity and the linearity of € X,
HJ=Q &)= [1E@).
¢ ¢

But the right hand side is zero, because of the ordinary Cauchy integral
theorem. Since f€ X' was arbitrary, we must have [ x({) 4, = 0 by
Corollary 2 of Theorem 1 in Chapter IV, 6. €

From the above Corollary, we can derive other Corollaries, as in the
ordinary theory of functions of a complex variable.

Corollary 2 (Cauchy’s integral representation).

x(&) = % ' f Cﬂa&; dt for any interior point {, of C.

Corollary 3 (Taylor’s expansion). For any point £, which is in the
interior of the closed domain C, the Taylor expansion of %({) at { = {,
converges strongly in the interior of the circle with centre at (g, if this
circle does not extend outside of C:

2@ = 2 ()7 € — 20" ¥ (&), where

") (o) = n! _x@
%™ (o) g,nc C—C)*

dr.

Corollary 4 (Liouville’s theorem). If x({) is (strongly) holomorphic in
the whole finite plane: |{| < oo, and sup |x({)| < oo, then x({) must
reduce to a constant vector x(0). ¢l <co

Proof. If we take |[| = 7 for the curve C, then, as 7 — oo,

n! 141
270) || = u ——>0(rn=12,..)).
190l = 55 sup [1=@)]| [ 1250

Hence the Taylor expansion of x({) at { = 0 reduces to the constant
term x (0) only.

We shall now apply Corollary 4 to the proof of the Gelfand-Mazur theo-
rem. We first give

Definition 2. A commutative field X over the field of complex numbers
is called a normed field, if it is also a B-space such that the following
conditions are satisfied:

. |le|| = 1, where e is the unit of the multiplication in X, W
||| < ||#]| ||y ]|, where xy is the multiplication in X.
Theorem 2 (GELFAND [2]-MAzuRr [1]). A normed field X is isometri-
cally isomorphic to the complex number field. In other words, every ele-
ment x of X is of the form x = £e where £ is a complex number.

9  Yoslda, Functional Analysin
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Proof. Assume the contrary, and let there exist an x € X such that

(x — &e) 5= 0 for any compl .
plex number &£, Since X i i
element (x — £e) has the inverse (x — £¢)-1 Ec;(. SIS iea e

We shall prove that (x — 1)1 i ‘
[A] < oo. We have, in iacf;{flC €)™ is (strongly) holomorphic in 2 for

N (x— (A + Be)y™ — (x—Ae)™Y)
= E— 0+ DY e—(r— @+ He) (r— 20
=K =G+ M) e—e + h(x—1e)7Y
=(x— @+ h)e) ™ (x—Ae)L.

On the other hand, for suffici Tt
; iently small | % |, the series —1( R0 4 5
y~H e+ 2 by )

h = (x —
Z‘; f_ﬂz 3)1—1 lx _lﬁ.e). conrerges by (1), and it represents the inverse
by (y— —Iy{ (¢ —Ay )1, as may be seen by multiplying the series
=i 4 tha?-( en;ei ‘t;y_ the strong continuity in % of the series, we can
x —Ae) * 15 (st - = 2 :
derivative (x — 1e)~2. (strongly) holomorphic in 1 with the strong
Now, if |1| = 2 [|%]|, then, as above, (x — A¢)=L — — 4-1 (6— A1)

e, _1_1 O_O' -1
e+ »%1 ) x)") and so

_— -1 - it "
|[(x—2e)7 M| < |2 ll(l—]—ﬂé‘l(lﬁ))—yﬁ as || —> oo.

M : ;
thc;r:::r;(t:?% func.tlon (x — Ze)™!, being continuous in 2, is bounded on
ok 26)1_)1 N f)ma1n of 2: |A| = 2||x||. Hence, by Liouville’s theorem
e ust redt;ce to the constant vector 1 = (x — 0¢)~2 But,

fice Ia[il;nm (x — A€}~ = 0 as proved above, we have arrived at a contra:
diction x1 =0, e = x1x = (

4. The Weak and Strong Measurability. Pettis’ Theorem

deﬁl:::lmltw; l.. Let (S, ’B: m) be a measure space, and x(s) a mapping
= i}:n with va.luzis in a B-space X. x(s) is called weakly B-mea-
— e if, for any f¢ X ; t_he numerical function f(x(s)) = <(x(s), /> of s
oy n;ea.st.tr?.ble. x(s) is said to be finitely-valued if it is constant‘;é 0 on
an::i ;:(5 flmg,e nu?ber of disjoint B-measurable sets B; with m (B;) < oo
=0on S—U B, i i ;
o Sequencg f J{l x t[si i1s said to be strongly B-measurable if
of finitely- i
e e ely-valued functions strongly convergent

Definiti -

e e?:;tlx:nl :3: %(s) is said to be separably-valued if its range {x(s); s€ S}

s 1}9}:1 : - It is m-almost separably-valued if there exists a B-measurable
o O m-measure zero such that {x(s); s € S — B} is separable
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Theorem (B. J. PETTIS [1]). %(s) is strongly B-measurable iff it is
weakly B-measurable and m-almost separably-valued.

Proof. The “only if”” part is proved as follows. The strong B-measu-
rability implies the weak 9-measurability, because a finitely-valued func-
tion is weakly $B-measurable, and, by the strong B-measurability of
v (s), there exists a sequence of finitely-valued functions x, (s) such that
«.‘l_:gi %,(s) = x(s) except on a set B,€ B of m-measure zero. Thus the

union of the ranges of x,(s) (# = 1,2, .. ) is a countable set, and the
closure of this set is separable and contains the range {x(s); S€ S — By}

The proof of the “if”” part. Without losing the generality, we may
.ssume that the range {x(s); s € S} is itself separable. So we may assume
that the space X is itself separable; otherwise, we replace X by the
amallest closed linear subspace containing the range of x(s). We first
prove that ||z (s) || is itself 9 measurable. To this purpose, we shall make
nse of a lemma, to be proved later, which states that the dual space X’
of a separable B-space satisfies the condition

there exists a sequence {/,} € X’ with [|f,|| = 1 such
that, for any f, € X’ with ||/o|| = 1, we may choose a
subsequence {f,} of {f,} for which we have lim f, (%)

= fo(x) at every x€ X.

(1)

Now, for any real number &, put
A ={s;||x(s)|| = a} and 4;= {s; |[/(x(s))| = a}, where fE€ X'

If we can show that A = n Ay, then, by the weak $§-measurability of
::

\(s), the function ||x(s)|| is B-measurable. It is clear that 4 & 1 Ay

IBut, by Corollary 2 of Theorem 1 in Chapter IV, 6, there exists, for
fixed s, an fo€ X' with [|fo|| =1 and fo(2(s)) = ||#(s) || Hence the re-
verse inclusion 4 2 (A, is true and so we have 4 = [ A;. By

k=t = wllfl.lél
the Lemma, we obtain 1 A;= N Ay, and so A = N A,
lflls1 j=1 7 i=1

Since the range {x(s); s € S} is separable, this range may, for any
positive integer #, be covered by a countable number of open spheres
Sim f=L2,...) of radius < 1fn. Let the centre of the sphere S;, be
V;n- As proved above, |[x(s) — in|| is B-measurable in s. Hence the

oo
set By, = {s€ S; 2(s) € Sja} 1s $B-measurable and S = U B;,.. We set
=
-1
xn(s) —_— xa',n if sc B;,ﬂ — Bi,s = _UIB-,H'
. 1=

o0
Then, by S _‘_'EBL,,, we have |x(s) — %a(s)| < 1/n for every s€ S.

3 -

kg
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Since Bj, is B-measurable, it is easy to see that each x, (s) is strongly 8-
measurable. Therefore x(s), which is the strong limit of the sequence
{x.(s)}, is also strongly $B-measurable.

Proof of the Lemma. Let a sequence {x,} be strongly dense in X.

Consider a mapping f—> @,(f) = {/(x1), / (%2), - . ., /(x,)} of the bmit
sphere S’ = {f€ X’; [|f|| = 1} of X’ into an n-dimensional Hilbert space

1.3 1/2
% (n) of vectors (&, &, ..., &,) normed by |[(&, &,.. ., &) || —__(J“—Z; [5;{2)" y
The space *(n) being separable, there exists, for fixed #, a sequence
{fas} (k=1,2,..) of S’ such that {p,(f,);k=1,2,.. .} is dense in the
image ¢, (S’) of S'.
We thus have proved that, for any f, € S, we can choose a subsequence
{fams} (n =1,2,. . .)suchthat |f,.. (%) —fo(x)| < ln(Gi=1,2,...,%).
Hence ”IH& Frma (%) = fo (%) (=1, 2, ...), and so, by Theorem 10 in Chap-

ter V, 1, we obtain that lim frymn (%) = o (%) for every x C X.

5. Bochner’s Integral

Let x(s) be a finitely-valued function defined on a measure space
(S, B, m) with values in a B-space X; let x(s) be equal to x; 7 0 on

B,c®B (i=1,2,...,n) where B/s are disjoint and m(B;) < co for
1 =1,2,...,2, and moreover, z(s) = 0 on (S— _{; B,-). Then we can

define the sm-integral fx(s] m(ds) of x(s) over S by z”:x,-m(B,-]. By
$ i=1

virtue of a limiting procedure, we can define the m-integral of more
general functions. More precisely, we have the

Definition. A function x(s) defined on a measure space (S, 8, m) with
values in a B-space X is said to be Bochner m-integrable, if there exists
a sequence of finitely-valued functions {x, (s)} which s-converges to x(s)
m-a.e. in such a way that

i — = 0. 1
JBim [112() — (o) || m(ds) = 0 (1)
For any set B € 8B, the Bockner m-integral of x(s) over B is defined by

[ %(s) m(ds) = s-lim [ Cp(s) x,(s) m(ds), where Cj is the
B n—00 § (2)
defining function of the set B.

To justify the above definition, we have to verify that the s-limit on
the right of (2) exists and that the value of this s-limit is independent of
the approximating sequence of functions {x,(s)}.

Justification of the Definition. First, x(s) is strongly B-meastrable
and consequently the condition (1) has a sense, since ||x(s) -~ %, (s) || is
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B-measurable as shown in the proof of Petti’'s Theorem. From the in-
equality

| o6} mids) = [zals) mids)| = || [ Grmts) — 5as)) m(as)
< éf [ % (s) — 2 (s) || m (ds) gsfilx..(s)~x(s>|[m{ds)

+ g[ [|2(s) — xx(s) || m (ds)

and the completeness of the space X, we see that s-lim f %, (s) m(ds)
00 B

exists. It is clear also that this s-lim is independent of the approximating
sequence, since any two such sequences can be combined into a single
approximating sequence.

Theorem 1 (S. BocHNER [1]). A strongly B-measurable function x (s) is
Bochner m-integrable iff ||x(s) || is m-integrable.

Proof. The “only if”’ part. We have [|x(s)|| = || %, (s)|| + || % (s) — =4 (s)]]-
By the m-integrability of ||x,(s)|| and the condition (1), it is clear that
||x(s)|| is m-integrable and

Bf”x{s)”m(ds)géfﬂx"{s)”m(ds) +§f |2 (s) — %, (5) || m(ds)-

Moreover, since

!H]xn{s) | — Iz (s) || 7 (ds) é!llxﬂ(ﬂ—h(s}”mws},
we see from (1) that m f ||, (s) || 72 (ds) exists so that we have

!llx{s)ll m (ds) éﬁ_hi_goéf |4 () [[ #2(ds) -
The "“if”" part. Let {x,(s})} be a sequence of finitely-valued functions
«trongly convergent to x(s) m-a.e. Put
Ya($) =%a(s) if  |Ixa(s)|I= [l () [1(1 + 277,
=0 if [z, () [[>]|x(s) [| (1 + 277) .

Then the sequence of finitely-valued functions {y,, (s)} satisfies ||y, (s) || =
[x(s)]] - (1 + 27%) and lim ||x(s) — y,(s)|| = O m-a.e. Thus, by the
—00

m-ntegrability of ||x(s)||, we may apply the Lebesgue-Fatou Lemma to
the functions ||%(s) — y.(s)|| = ||x(s)|| (2 + 27%) and obtain

Tim [ [%(5) = ya(s) || m(ds) =0,

that is, x(s) is Bochner m-integrable.
Corollary 1. The above proof shows that

Bf ||2(s) || 7 (ds) = ”yfx(s) m (ds)

»
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and hence f x(s) m(ds) is m-absolutely continuous in the sense that
B

-lim ds) = 0.

’:(Bmgfx{s} m (ds)

The finite additivity [ x(s) m(ds) = 2,; f %(s) m(ds) is clear and
£ B B
i=1

so, by virtue of the c-additivity of [ ||x(s)|jm(ds), we see that
B

[ %(s) m(ds) is o-additive, i.e.,

B

o0
B = X B; with m(B;) < oo implies [ x(s) m(ds)
=

oo
Z Bj
f=1

= s-lim 2”,‘ fx(s) m (ds) .
n—00 j=1 Bj

Corollary 2. Let T be a bounded linear operator on a B-space X into a
B-space Y. If z(s) is an X-valued Bochner m-integrable function, then
T x(s) is a Y-valued Bochner m-integrable function, and

f Tx(s)m(ds) =T fx(s) m(ds).
B B
Proof. Let a sequence of finitely-valued functions {y, (s)} satisfy
1) = ||2(s) || (1 + 271 and s-limy,(s) = x(s) m-a.e.
Then, by the linearity and the continuity of ", we have f Ty, (s) m(ds)=
B
iF f ¥a(s) m(ds). We have, moreover, by the continuity of T,
N -
1Ty @[ =T~ lly@I = IT][- [|#&)]] - (L +#77)  and
s-im Ty, (s) = Tx(s) m-a.c.
#—O0
Hence T'x(s) is also Bochner #-integrable and
[ Tx(s) m(ds) = s-lim [ Ty,(s) m(ds) = s-lim T [ ya(s) m(ds)
=T [ x(s) m(ds).
B

Theorem 2 (S. BocuNer [1]). Let S be an #-dimensional euclidean
space, B the family of Baire sets of S, and s (B) the Lebesgue measure
of B. If x(s) is Bochner s-integrable, and if P (sy; «) is the parallelopiped
with centre at s, € S and side length 2«, then we have the differentiation
theorem

s-lim (20) ™" f x(s) m(ds) = x(s,) for m-a.e. s,.
=40 Plsg;x)
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Proof. Put
@)™ [ x(s) m(ds) = D(x; sp ).
Plsozex)
If {x,(s)} is a sequence of finitely-valued functions such that ||x,(s) || <
[|x(s)]| - @ + » ) and s;_;hrg %,(s) = x(s) m-a.e., then

D (x; sg, &) — x(sg) = D (x — x; 89, ) + D (; s9, ) — %(sp)
and so - -
ljf(.]l “D{x; Sg, ) —X% (Sa}l[g iifl"}lD(“x—xk”; g, )

+ Eﬂé [|D(%4; Sor &) — 2a(S0) || + || % (s0) — % (o) |-

The first term on the right is, by Lebesgue’s theorem of differentiation of
numerical functions, equal to ||x(sp) — xx(so)|| #-a.e. The second term
on the right is = 0 m-a.e., since x,(s) is finitely-valued. Hence

}Elg || D(x; so, &) — x(s0) || = 2 || x4(s0) —%(s0) || for m-a.e. so.

Therefore, by letting & — oo, we obtain Theorem 2.

Remark. Contrary to the caseof numerical functions, a B-space-
valued, g-additive, m-absolutely continuous function need not necessarily
be represented as a Bochner #m-integral. This may be shown by a counter
example.

A Counter Example. Let S = [0, 1] and 8 the family of Baire sets
on [0, 1], and m (B) the Lebesgue measure of B € 8. Consider the totality
m [1/3, 2/3] of real-valued bounded functions & = £(6) defined on the
closed interval [1/3, 2/3] and normed by |[|£|| = sup |£(0)|. We define

6

anm [1/3, 2/8])-valued function x(s) = &(6; s) defined on [0, 1] as follows:

the graph in s-y plane of the real-valued function y = y;(s),
which is the §-coordinate £(0; s) of x(s), is the polygonal line
connecting the three points {0, 0), (6, 1) and (1, 0) in this order.

Then, if s 3= s’, we have Lipschilz’ condition:
(s = 507 () — (D] =sup [(s — &) E(0: ) — £(0; )| = 3.

Thus, starting with the interval function (x(s) — x(s)) taking values in
m[1/3, 2/3], we can define a g-additive, m-absolutely continuous set
function x(B) defined for Baire set B of [0, 1].

If this function x(B) is represented as a Bochner m-integral, then,
by the preceding Theorem 2, the function x(s) must be strongly differen-
tiable with respect to s m-a.e. Let the corresponding strong derivative
x'(s) be denoted by 7(0; s) which takes values in #2[1/3, 2/3]. Then, for
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every 0 € [1/3,2/3] and m-a.e. s,

0= lIAGels + 1) — () — #' () | = lim | A 2(£(6; s + B) —£(6:9))
—n(0;s)].

This proves that £(6; s) must be differentiable in s m-a.e. for all 0 ¢
[1/3, 2/3). This is contradictory to the construction of £(6; s).

References for Chapter V

S. Banace [1], N. DUNFORD-J. ScHWARTZ [1] and E. HiLLE-R. Sk
Purrrres [1].

Appendix to Chapter V. Weak Topologies and Duality
in Locally Convex Linear Topological Spaces

. "x_fhe present book is so designed that the reader may skip this appen-
dix in the first reading and proceed directly to the following chapters.

1. Polar Sets

Definition. Let X be a locally convex linear topological space. For
any set M C X, we define its (right) polar set MO by

W:{x'éX’;supI{x,x')fgl}. (1)
€M

Similarly, for any set M’ S X', we define its (left) polar set OM’ by
°M'={x€X;31‘1‘;:|<x,x'>]g1}=X/‘\(M’)°, (2)
weM

where we consider X to be embedded in its bidual (X0).

A fundamental system of neighbourhoods of 0 in the weak topology
of X is given by the system of sets of the form M’ where M’ ranges over
arbitrary finite sets of X*. A fundamental system of neighbourhoods of
0 in the weak* topology of X" is given by the system of sets of the form
M?® where M ranges over arbitrary finite sets of X. A fundamental
system of neighbourhoods of 0 in the strong topology of X' is given by

the system of sets of the form M° where M ranges over arbitrary bounded
sets of X.

Proposition. M is a convex, balanced set closed in the weak* topology
of X’ '
g A}

w. For any fixed x € X, the linear functional f&') = <=, 2> is
continuous in the weak* topology of X’. Thus M° — N {m}° is closed
) €M
In the weak* topology of X’. The balanced convexitymof M?O is clear.
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An Application of Tychonov’s Theorem

Theorem 1. Let X be a locally convex linear topological space, and A4
a convex, balanced neighbourhood of 0 of X. Then A?is compact in the
weak* topology of X',

Proof. Let p(x) be the Minkowski functional of A. Consider, for each
x€ X, a sphere S; = {z€ C; |z| < p(x)} and the topological product
S= ,{,Z( S.. S is compact by Tychonov’s theorem. Any element x’ € X"

is determined by the set of values x'(x) = (x, x>, x€ X. Since x¢€
(p(x) + €)A for any £> 0, we see that '€ X’ implies (x, ") =
((p(x) +€)a, &> with a certain ac 4. Thus x € A9 implies that
|x"(x)| = p(x) + &, that is, ' (x) € S,. Hence we may consider 4° as a
subset of S. Moreover, it is easy to verify that the topology induced on
A° by the weak* topology of X' is the same as the topology induced on
AC®in the Cartesian product topology of S — :_g{ Se

Hence it is sufficient to prove that 4%is a closed subset of S. Suppose
v = {{ ¥ (x) is an element of the weak* closure of A?in S. Consider any
x

£> 0 and any x,, x, € X. The set of all # = g #(x) € S such that
X

| (%) —y (%) | <e, |u(xy) —y(x)|<eand |2e{xy + %) —y (3 + %)) | < &

is a neighbourhood of y in S. This neighbourhood contains some point
x' € A® and, since x’ is a continuous linear functional on X, we have

|9 (% + %) —y(x) — ¥ (%) | = |y(x; + %) — (% + 2, 2 |
+ [<x, 2D — (1) | + [<xp, 2> — y(x,) | < 3Be.
This proves that y(x;, + %) = v(x;) + ¥(x,). Similarly, we prove that
¥(fx) = By(x), and so y defines a linear functional on X. By the fact
that y = xg y(x) €S, we know that |y(x)| =< p(x). Since p(x) is con-

tinuous, y(x) is a continuous linear functional, i.e., ¥y € X’. On the other
hand, since y is a weak* accumulation point of 49, there exists, for any
€>0 and a€ 4, an x € A° such that |y(a) —<a, #'>| <e. Hence
[y@|=|<a,x>| +e=1+¢ andso |y(a)| < 1, that is, y € 4°.
Corollary. The unit sphere S* = {x’ € X”; ||2"|| = 1} of the dual space
X, of a normed linear space X is compact in the weak* topology of X’.

An Application of Mazur’s Theorem

Theorem 2. Let M be a convex, balanced closed set of a locally convex
linear topological space X. Then M = %(M?9).

Proof. It is clear that M C %(M°). If there exists an x, € 9(M®) — M,
then, by Mazur’s theorem 3 in Chapter IV, 6, there exists an %€ X'
such that {xg, %)) > land |(x, xp» | = 1 forall x € M. The last inequality
shows that x;, ¢ MY and’so x, cannot belong to o(M?).
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2. Barrel Spaces

Definition. In a lc.)cally convex linear topological space X, any convex,
balanced and absorbing closed set is called a basrel (tonneaw in Bourbaki’s

terminology). X is called a barrel space if each of its barrels is
hood of 0.

Theorem 1. A locally convex line i i
space if X is not of the );irst category.ar Rt bl

Proof. Let T be a barrel in X, Since T is absorbing, X is the union of
dqsed sets uT = {ut; ¢t € T}, where # runs over positive integers. Since
X 1s not of thefirst category, at least one of the (nT)'s contains an iﬁten’or
point. Hence T itself contains an interior point xo. If %, = 0, 7T is a neigh-
bourhood c_ﬂ 0. I'f %7 0, then —x, e T by the fact that Ij‘ is balanced
Thus —x, is an interior point of 7 with %y. This proves that the convex-
set T contains 0 = (%o — #,)/2 as an interior point.

Corollary 1. All locally convex F-s i i
. -spaces and, in particul 1l B-
spaces and €(R") are barrel spaces. v e

Corollary 2. The metric linear space D (R”) is a barrel space.
Proof. Let {g,} be a Cauchy sequence with respect to the distance

a neighbour-

o0
dis(p, w) = 3 g~ Pm(®@—¥%) i
V= T Tt —w T Bn(e) e 2 9@l
For any differential o j ' : i
perator I, the sequence {D7g, (x)} is equi- in-
uous and equi-bounded, that is, RIS el

lim  sup |Dig, (21) — Dig, (x2) | — j
otio sy [PP() = Dlgy ()| = 0 and_sup | Digy (x)] < oo.

This “’Z see from the fact that, for any coordinate «
sup i ”
=X A1 E{,DJ% (x)l <C oo. Hence, by the Ascoli-Arzela theorem, there
']egmsts a subsequence of {D’g, (x)} which converges uniformly on K.
y the diagonal method, we may choose a subsequence {@a (2)} of {@p (x)}
such that, for any differential operator D’ the sequence {D7g,. (x)}
converges uniformly on K. Thus ’

M0, Digur(x) =Dig(x) where g(x) = Jim gy (x),

and these limit relations hold uniformly on K. Hence the metric space
Dk (R") is complete and so it is not of the first category. g

R_emark. (i) The above proof shows that a bounded set of % (R") is
relatlve’ly compact in the topology of D(R"). For, a bounded set B of
D (R") is contained in some Dg (R") where K is a compact set of R*. and
moreover, the boundedness condition of B implies the equi~bound;.:iness,
and equi-continuity of {Dig; ¢ ¢ B} for every Di. (ii) Similarly, we see
that any bounded set of €(R") is a relatively compact set of (E{’R”}.
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Corollary 3. D (R") is a barrel space.

Proof. ® (R") being an inductive limit of {Dg(R")} when K ranges
over compact subsets of K*, the present corollary is a consequence of
the following

Proposition. Let a locally convex linear topological space X be an
inductive limit of its barrel subspaces X, o« € A. Then X itself is a barrel
space.

Proof. Let ¥V be a barrel of X. By the continuity of the identical
mapping T, : x — x of X, into X, the inverse image T, ' (V) = VN X,,
15 closed with V. Thus V' /" X, is a barrel of X,. X being a barrel space,
V N\ X, is a neighbourhood of 0 of X,. X being an inductive limit of X's,
" must be a neighbourhood of 0 of X.

Theorem 2. Let X be a barrel space. Then the mapping x — Jx of X
into (X))., defined in Chapter IV, 8, is a topological mapping of X onto
J X, where the topology of JX is provided with the relative topology
of J X as a subset of (X});.

Proof. Let B’ be a bounded set of X,. Then the polar set (B')° =
{x" € (X))"; sup |<a’,x”")| = 1} of B’ is a neighbourhood of 0 of (X}).,

YER

and it is a convex, balanced and absorbing set closed in+(X)).. Thus
(BN X = 9B’") is a convex, balanced and absorbing set of X. Asa
(left) polar set, 9(B’) is closed in the weak topology of X, and hence
9B’} is closed in the original topology of X. Thus %B’) = (B")°N X is
a barrel of X, and so it is a neighbourhood of 0 of X. Therefore, the
mapping ¥ — Jx of X into (X}) is continuous, because the topology of
(X)): is defined by a fundamental system of neighbourhoods of 0 of the
form (B’)?, where B’ ranges over bounded sets of X".

Let, conversely, U be a convex, balanced and closed neighbourhood of
0 of X. Then, by the preceding section, U =% U?%. Thus J U = J X N (U9°.
On the other hand, U is a bounded set of X, since, for any bounded set
B of X, there exists an o > 0 such that « B € U and so (xB)° 2 U°.
Hence (U?)?is a neighbourhood of 0 of (X!).. Thus the image J U of the
neighbourhood U of 0 of X is a neighbourhood of 0 of J X provided with
the relative topology of J X as a subset of (X])..

3. Semi-reflexivity and Reflexivity

Definigion 1. A locally convex linear topological space X is called
semi-reflexive if every continuous linear functional on X! is given by

{x, x">, with a certain x € X. (1)
Thus X is semi-reflexive iff
&, = (X5 (2)
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Definition 2. A locally convex linear topological space X is called
reflexive if

X = (X)),. (3)
By Theorem 2 in the preceding section, we have

Prtj.-position 1. A semi-reflexive space X is reflexive if X isa barrel space.
It is also clear, from Definition 2, that we have

Proposition 2. The strong dual of a reflexive space is reflexive.

.Th.e:nre}n 1. A locally convex linear topological space X is semi-
reflexive iff every closed, convex, balanced and bounded set of X is
compact in the weak topology of X.

Proof. Let X be semi-reflexive, and T a closed, convex, balanced and
bounded set of X. Then, by Theorem 2 in Section 1 of this Appendix,
T =9%T°). T being a bounded set of X, T%is a neighbourhood of 0 of X_.
Thus, by Theorem 1 in Section 1 of this Appendix, (T9)°is compact in the
faveak“‘ topology of (X;)'. Hence, by the semi-reflexivity of X, T = ¢(T%)
is compact in the weak topology of X.

We next prove the sufficiency part of Theorem 1. Take any x”' € (X})".

The strong continuity of 2" on X implies that there exists a bounded
set B of X such that

|<x’, 2")| < 1 whenever x’ € BY, that is, ¥ € (BYYO,

We may assume that B is a convex, balanced and closed set of X. Thus
by the hypothesis of Theorem 1, B is a compact set in the weak topology;
of X. Hence B = B“* where B™ denotes the closure of B in the weak
topology of X. Since X, is embedded in (X;),. as a linear topological
subspace, we must have (B%°® 2 B** — B. Therefore we have to show
that x** is an accumulation point of B in (X;),s. Consider the mapping
x> @ () = {<x, 23), « .., (%, 2,0} of X into I2(n), where 23; . ..., 2,€ X".
The image ¢(B) is convex, balanced and compact, since B is convex,
balanced and weakly compact. If {(x], "), . . ., {x,, #"')} does not belong
to @(B), then, by Mazur’s theorem, there would exists a point

{1 . . .. c,} € I2(m) such that sup ’ X ¢, (b, xg>|l <1land ( X (%, x")) =%
beB | i i

T

proving that }' ¢,x; € B® and x" cannot belong to B®.
T

. .Tpeﬂl'em 2. A locally convex linear topological space X is reflexive
iff it is a barrel space and every closed, convex, balanced and bounded set

of X is compact in the weak topology of X. In particular, ® (R") and
€ (R") are reflexive.

Proof. The sufficiency part is proved already. We shall prove that
the first condition of Theorem 2 is necessary.
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Let T be a barrel of X. We shall prove that T absorbs any bounded
set B of X so that B®2 a T° « > 0. B° being a neighbourhood of 0 of
X, we see that 7%is a bounded set of X . By the Proposition and Theo-
rem 2 in Section 1 of this Appendix, we have T =9(T). By the hypothesis
that X is reflexive, we have %19 = (T9°and so T = (T7)°. Therefore we
have proved that the barrel T is a neighbourhood of 0 of X — (X2)..
Hence X is a barrel space.

By hypothesis, the closed, convex and balanced set K—=Conv (i %J o B)“
a5l

is compact in the weak topology of X. Here we denote by Conv (N)¢ the

closure in X of the convex closure (see p.28) Conv (N)of N.Set Y = U nK

and let p (%) be the Minkowski functional of K. Then since K is w-compact in
Y, p(x) defines a norm of Y. That is, the system {« K} with o > 0 defines a
fundamental system of neighbourhoods of the normed linear space Y, and
Y is a B-space since K is w-compact. Hence Y is a barrel space. On the
other hand, since K is a bounded set of X, the topology of Y defined by the
norm $(x) is stronger than the relative topology of Y as a subset of X.
As a barrel of X, T isclosedin X. Hence TN Y is closed in ¥ with respect
to the topology defined by the norm p (x). Therefore 7N\ Y is a barrel
of the B-space Y, and so T/ Y is a neighbourhood of 0 of the B-space
Y. We have thus proved that 7/ Y and, a fortiori, T both absorb

K 2B.

4. The Eberlein-Shmulyan Theorem

This theorem is very important in view of its applications.

Theorem (EBERLEIN-SHMULYAN). A B-space X is reflexive iff it is
locally sequentially weakly compact; that is, X is reflexive iff every
strongly bounded sequence of X contains a subsequence which converges
weakly to an element of X.

For the proof we need two Lemmas:

Lemma 1. If the strong dual X of a B-space X is separable, then X
itself is separable.

Lemma 2 (S. BANACH). A linear subspace M’ of the dual space X’ of a
B-space X is weakly* closed iff M’ is boundedly weakly* closed; that is,
M’ is weakly* closed iff M’ contains all weak* accumulation points of
every strongly bounded subset of M.

Lemma 1 is already proved as a Lemma in Chapter V, 2. For Lemma?2,
we have only to prove its “if”” part. It reads as follows.

Proof. (E. HILLE-R. S. PHILLIPS [1]). We remark that M’ is strongly
closed by the hypothesis. Let x, € M’. Then we can prove that, for each
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constant C satisfying the condition 0 < C < inf ||a'—x] [|, there exist
. -, - 0 o S
an x, € X with ||z, || = 1/C such that 3
(o, %> =1 and  (xg, '> = 0 for all #’ €M (1)

Ihu gl}" Sed
S t]le stron CIO set M must co i Q i W .
- t ntaln a.ll f its eak
TO [‘31()&6 the exist nce Of X We C {8 a n e
{ € 0 hO 5e n l Crea.slng Si quence Of
Il'llllll JETrs frn} buch that Cl == C an(}. hm C” = 00 IhEH t e e i
- ll re exists a

finite subset o, of the unit sphere S — {x€ X; ||x]] < 1} such that
|2 —x3]] < C, and sup [<{x, "> — (x, %) | < C, implies 2’ EM

x€o,
lf not, there would exists, corres
%, € M such that

accumula-

ponding to each finite subset ¢ of S an

ll% — x|l = C, and SUp |<%, 25> — (x, 23| < €.

:?1/: So:;der‘ th? iits oby ir;lclus_ion relation and denote the weak* closure of
= ert{x,,oa = a} by N,. Itis clear that N/, enjoys the finite intersectic?n
perty. On the other hand, since M’ is boundedly weakly* closed

the Corollary of Theorem 1 in this Appendix, 1, implies that the set
M, ={xeM'; ||z || < )

1s weakly* compact. Hence N, C M., for C' —= C

exists an x; € N N, C M". ce we. 1p <

and so ||z} —x]| = C

inf ! —
e ”x %o |-

By a similar ar, i
gument, we successively pro i
quence of finite subsets oy, 0y, . . . of S suélliha:e SRR

+ ||#5[], and so there
Hence we have SIGJSP [<%, %> — <z, x> | < €,

1» contrary to the hypothesis that 0<C <

rxf_x.‘ _<C ’ i

¥ == € and s |2y — @ ap| =
(£:1r25"-1k'71

do not imply x' € M"’. )

Thus, since v]i% C; = oo, we see that x' € M if

|<x,x')——(x,x$)|§€ for all x¢ (C/Cj)o; (fr=:1,2 )
(Lgt_ {;:,,}é be a sequence which successively exhausts the sets (C/C)a;
7=1,2,...). Then lim %, = 0 and so L(x) = {{%u, ">} is a boun::le(i

. e
ngr?tr {tzansf?;nalilo? Iof X, into the B-space (¢,). We know that the
Xny X925 € {¢p) lies at a distance > C from the i
; e linear sub
L(M’). Thus, by Corollary of Theorem 3 in Capter IV, 6, there :x?slﬁc:
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continuous linear functional {e,} € (¢,)" = (/*) such that
[s.2] o0
om |l = 3 |ow| = 1C, X xal, %> =1 and

oo
S 0 xy, x> =0 for all x'€ M.

n=1
=y -
The element x; — ,21 &, %, clearly satisfies condition (1).

Corollary. Let (x’, %> = F(x') be a linear functional defined on
the dual space X’ of a B-space X. If N (I) = N(xp) ={x'€X'; F(x') =0}
is weakly* closed, then there exists an element x, such that

F(x) = (&, 25> = (%, 2> for all z"€X". (2)

Proof. We may assume that N(F)# X'. Otherwise we can take
xy = 0. Let %€ X' be such that F(xp) = 1. By (1) of the preceding
Lemma 2, there exists an x, € X such that

(xgy %y =1 and (%, 2> =0 for all x € N(F). (3)
Hence, for any x’ € X', the functional
¥ —Fx)xy=y€X
satisfies F (y") = 0, i.e. ¥’ € N (F). Therefore, by (3), we obtain (2).

Proof of the Theorem. ‘Only if” part. Let {x,} be a sequence of X
such that ||x,|| = 1. The strong closure X, of the subspace spanned by
{x,} is a separable B-space. Being a B-space, X, is a barrel space. We
shall show that X, is reflexive. Any strongly closed, bounded set B, of
X, is also a strongly closed, bounded set of X and hence B, is compact
in the weak topology of X by the reflexivity of X. But, as a strongly
closed linear subspace of X, X, is closed in the weak topology of X (see
Theorem 3 in Chapter IV, 6). Hence B, is compact in the weak topology
of X,. Thus X, is reflexive by Theorem 2 in the preceding section. We
have thus X, = ({X,):).- By Lemma 1 above, (X, ' is thus separable. Let
{x,} be strongly dense in (X,).- Then the weak topology of X is defined
by an enumerable sequence of semi-norms p,, (%) = |<{x, 2y | (m=
1,2, ...). Hence it is easy to see that the sequence {#,}, which is compact
in the weak topology of X,, is sequentially weakly compact in X, and
in X as well. We have only to choose a subsequence {x,} of {x,} such
that finite 111'510 sy %y exists form = 1,2, ...

«If”* part. Let M be a bounded set of X, and assume that every in-
finite sequence of M contains a subsequence which converges weakly to
an element of X. We have to show that the closure M of M in X in the
weak topology of X is weakly compact in X. For, then the barrel space
X is reflexive by Theorem 2 in the preceding section.
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Since X, C (X]),., we have M — M N\ X,,, where M is the closure

of M in the weak* topology of (X3)’ :
y of (X;)". Let S, be the sph . i
# > 0 and centre 0. By the corresspondence: R, st

Mmoo ', my; ||| < 1}6,-13;'!*" where

L= {z ]2 < sup [, myl},
meﬁ

M may be identified with a closed subset of the topological product
‘%i I By Tychonov’s theorem, ,%'I,- is compact and hence M is

f.:gmpact in the weak* topology of (X.)’. Hence we have only to show
MCX,.

Let x5 € (X,)’ be an accumulation point of the set M in the weak*
topologz of (X;)'. To prove that z; € X,, we have only to show that the
set N (x5) = {x' € X"; (&', xy> = 0} is weakly* closed. For, then, by the
above Corollary, there exists an x,€ X such that (x E%9) - < g fi
all x’ € X’. We shall first show that o e

for every finite set x], x5, ..., x, of X', there exists a z€ M
such that (xj, 25> =(z, %)) (=1,2,...,n). 4

The proof is as | follows. Since #y is in the weak* closure of M, there is an
element z,, € M such that

|, x})-—(xj,xg)] Elm (f=1,2,...,m).

By hypothesis there exists a subjequence of {z,,} which converges weakly

.to an element z € X and so z € M, since the sequential weak closure of M
Is contained in M. We have thus (4).

Ii?w:' by Lfm}ma 2, N(xg) is weakly* closed if, for every » > 0, the
?t A (x5) ::'\ S, is weakly* closed. Let y; be in the weak* closure of
(%) N Sy. We have to show that y, € N (xg) N\ S;. To this purpose, we
choose an arbitra:ry e> (‘)' and construct three sequences {z,} C M
{x} M and {y,} CN(xj) NS, as follows: By (4) we can choose
2;;14 € tj}i ::o:;l tthat & Ijé.) = (Yp %> %, being in the weak closure
g sts an x, € M such that |{xy, o> — <z1, ¥p> | = ¢/4. y;, bei

¢ u 4 » Yoo | = €/4. y, bein,
1;;1 the weals* closure ?f N (xy) N S}, there exists a y1 € N (x5) N 5?; suc}gl
at [{xy, ¥1> — (%, ¥o» | < /4. Repeating the argument and remember-
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ing (4), we obtain {z,} € M, {x,} C M and {y,} < N(xg) N\ S such that

<2y, Yoy = <Yor %6 »

Cps Yoy = Y %> =0 m=12,...,n—1), B
|<Hns Vi — s Y | = €[4 (m=0,1,...,m—1), (
[<xe yop — < yod| < €/4 (=1,2,...,7).

Thus we have
<y, 26> — x> | Seft + b =252 G=1 2.....m). ()

Since {x,} C M, there exists a subsequence of {x,} which converges weakly

to an element x € M. Without losing the generality, we may assume that

the sequence {x,} itself converges weakly to x & M. Hence, from (5),

| {2, Yy | = /4. Fromw-lim x, = xand Mazur’s theorem 2 in Chapter V, 1,
T O

there exists a convex combination # = X o;x; (oc}- =0, __; o = 1)

i=1 j

such that ||x — || < &/4. Therefore, by (6),
|<¥o, 26> — <w, ¥ | = }_.__E{ &5 | <0, %o > — <Zi» ywr | = €/2,
and hence
|<¥o, %6 > | = | Yo, %0> — <%, | + |, ¥a> — <=, V> | + <2 ¥l
< /2 + [lu— [l Iall + /2 = e.

As & was arbitrary, we see that (¥, 5> = 0 and so ¥ € N (). Combined
with the fact that S} is weakly* closed, we finally obtain yo € N (x5) N\ Sy.

Remark. As for the weak topologies and duality in B-spaces, there
is an extensive literature. See, e.g., the references in N. DUNFORD-
J. ScawarTz [1]. Sections 1, 2 and 3 of this Appendix are adapted
and modified from N.Bourpak [1] and A. GROTHENDIECK [1]. It is
remarkable that necessary tools for proving this far reaching theorem of
EBERLEIN [1]-SeMuLYAN [1] are found, in one form or other, in the book

of S. BanacH [1].

VI. Fourier Transform and Differential Equations

The Feurier transform is one of the most powerful tools in classical
and modern analysis. Its scope has recently been strikingly extended
thanks to the introduction of the notion of generalized functions of
S. L. Sosorev [1] and L. Scawartz [1]. The extension has been applied
successfully to the theory of linear partial differential equations by
L. EHRENPREIS, B. MALGRANGE and especially by L. HORMANDER [6].

10 Yousldn, Funotional Annlysln
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1. The Fourier Transform of Rapidly Decreasing Functions

Definition 1. We denote by & (R") the totality of functions f € C*® (R™)
such that

sup[xﬁ.D"f(x}[<oo(x‘8: I}xf’) (1)
“€R" 7=t
forevery o = (o, &g, - - ., &,) and B = (By, Bo, . - -, B,) with non-negative

integers &; and ;. Such functions are called rapidly decreasing (at oo).

Example. exp(—|x[*) and functions € C§°(R") are rapidly decreas-
ing.
Proposition 1. §(R") is a locally convex linear topological space by
the algebraic operation of function sum and multiplication of functions
by complex numbers, and by the topology defined by the system of
semi-norms of the form

#(f) =sup | P (x) D*{(x) |, where P (x) denotes a polynomial.  (2)
#R"

Proposition 2. &(R") is closed with respect to the application of
linear partial differential operators with polynomial coefficients.

Proposition 3. With respect to the topology of &(R"), C&(R") is a
dense subset of &(R").

Proof. Let /¢ &(R") and take y € C°(R") such that y(x) = 1 when
|#]| = 1. Then, for any & > 0, £,(x) = f(x) y(ex) € C(R"). By applying
Leibniz’ rule of differentiation of the product of functions, we see that

D% (fe(x) — f(x)) = D*{f (%) (w(ex) — 1)}

is a finite linear combination of terms of the form
D} (%) - ()" {D"9 (3)}ymers Where |B| + |y| = |&| with |y|> 0,

and the term D*f(x) - (y(ex) — 1). Thus it is easy to see that f,(x) tends
to /(x) in the topology of & (R™) when ¢ 0.
Definition 2. For any /€ &(R"), define its Fourier transform | by

F&) = @n) ™2 [ @5 §(x) dx, (3)
RN

where & = (£,8,....8), 2= (%1, %2, ..., %), <& % :j‘:':; &x; and
dx = dx, dxg . . . dx,. We also define the inverse Fourier transform § of
g€ S(R") by

&%) = @) ™" [ £ g(g) d§. (49

Proposition 4. The Fourier transform: f-> f maps &(R") linearly
and continuously into &(R"). The inverse Fourier transform: g — 7 also
maps &(R") linearly and continuously into & (R").
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Proof. Differentiating formally under the integral sign, we have
DF(§) = (@) 2 [ &6 (i)l 2% f () dx. (5)
The formal differentiation is permitted since the right hand side is, by

(1), uniformly convergent in £. Thus f € C®(R™). Similarly, we have, by
integration by parts,

@) EPF (&) = (2m) ™2 [ ¢ DP f(x)dx. (6)

Thus we have
(G)lel+iel gD F(£) = (2) ™2 [ ¢=5%%) DP(xf(x))dx, Q)
and (7) proves that the mapping f— f is continuous in the topology of

g{R“}. - -
Theorem 1 (Fourier’s integral theorem). Fourier's inversion theorem
holds:

f(x) = (231':)_")'2-[ Bi(x,E) f(&} d§ - f(x), i.e., o (8)
}: = !, and Simi]aIly ‘;; = f. (8:)

Therefore it is easy to see that the Fourier transform maps &(R") m:ato
& (R") linearly and continuously in both directions, and the inverse Fourier
transform gives the inverse mapping of the Fourier transform.

Proof. We have

Je@©) 7§ -V at = [g() fx + ) dy (fand g &(R™).  (9)

In fact, the left hand side is equal to

fg (E) {(23) —mfﬁfﬂﬂi{m} i) dy} gi(x'Ekd‘f

= (@) [{f g(§) e* ¢ dE} f(y) dy

=fe -1 dy=[E0) [(x + ) dy.
If we take g(e&) for g(§), e > 0, then
(2m) = [ e300 () dE = (2) ™% &7 [ () e 0 dz = 67" E (Yfe)-
Hence, by (9),

Jee®) 1) é as = [E() f(x + &) dy.

We shall take, following F. RiEsz, g(x) —¢ *"2 and let ¢ |, 0. Then

g(0) [7(§) &= dt = f(x) [£(y) dy.
This pro:res (8), since g(0) = 1 and [£(y)dy = (22)"* by the well-

known facts:
(2o0) ™2 [ ~HINE TR gy — DI, (10)

@)™ [ WP ax =1. (10)
10*
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Remark. For the sake of completeness, we will give the proof of {10}.
We have
A 2
(Zn)—lj‘iz f e——t'/z e~ Jf — 3_“”2(275)“1"2 f B—(t+iu)‘l2 dr.
—4 — i
Let % > 0, and integrate the function ¢=*"2, which is holomorphic in z ==
£ + 7u, along the curve consisting of the orlented segments

I A LA+ iu At iu—i e and — A - in — 1

in this order. By Cauchy’s integral theorem, the integral vanishes. Thus
i

a
(@)~ 12 [ o EHWNE gt — (271 [ g gy
—a —~2

0
+ (2:[)—1!2 f gm(—ﬂ-f-iu)'ﬂ idu
%
H
-} (gn)*lf‘i f g Bobielyz g
0

The second and third terms on the right tend to 0 as 4 — 0o, and so, by
(107,

[>] oa 2 1
(@my M [ e T gt IR ()2 i e Jf am g2,
—0 —0o
We have thus proved (10} for the case n = 1, and it is easy to prove the
case of a general n by reducing it to the case n = 1.

Corollary (Parseval’s relation). We have

[F& gle) de = [ F(x) & (x) dx, (11)
JHE g(&) de = [T(x) E() dx, (12)
V%)= (a2 3 and (22" (7-5) — 2, (13)
where the convolution / % g is defined through
Frg))=[flx—n gl dy = [glx—y) (3 dy. (14)

Proof. (11) is obtamed from {9) by putting x = 0. {12) is obtained

from (11) by observing that the Fourier transform of g is equal to g We
next show that

(@) 2 [ (F x ) (x) e~ ) dy
=@ fe) TE ([ flx—y) e N aay (19)
— @A) () 8@

Since the product f-§ of functions 7 and g € &(R" is again a function
of &(R"), we know that the right hand side of (15) belongs to &(R").
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[t iseasy to see that, the convolution f % g of two funetions of & (R”*) belongs
Aiso to ©{R"). Thus we have proved the first formula of (13}. The second
formula may be proved similarly to (9) by (15).

Theorem 2 (Poisson’s Summation Formula). Let pc &(RY) and
P € &{RY) its Fourier transform. Then we have

2 gan=_3F . (15)

[o.0]
Proof. Set f(x) = X @(x + Zx:n). This series is absolutely conver-
n=—00

gent, € C® and f (x + 2r) = f(x), as may be proved by the fact that ¢ (x)
1s rapidly decreasing at oo, In particular, both sides of (16) are convergent.
We have to prove the equality.

The Fourier coefficients ¢, of f(x} with respect to the complete ortho-
normal system {{2m) Y2 ¢~ B = 0, + 1,4 2,...} of L2(0, 27} are given
by

2n a0
o=@V [ f) e dx = X (2a) ' j @lx + 2mm) e dx
& n=—00
2n(n+1) .

= 20:0 (2:7!)71"2 f @ (%) o g — o lh).
n=—oe 2rs
Thus, by f€ L*(0, 27), we have
flx) = ):‘ el + 2an) -—Ilm x ‘-'P(k) £

too k=—s

However, since g (x) € & (R"), the seriesk 2 @ (%) ¢** converges absolu-
=_—o0
tely. Hence

o0
S gt 2an)= 2 @ (k) e,

H=—00

and so we obtain (16} by setting x = 0.
Example. We have, by (10),
0

oo _
(2m)~ Y2 f e e dy — (2) 712 f g HN2 ginyfVeE (281 dx
)

—c0
= (28 MRV 1 0.
Hence, by (16}, we obtain the so-called f-formula:

o0 242 o« ?
2 P o 2 (2t)71l2 57""4‘, £~ 0. (17)

n=—00 n=—00

2. The Fourier Transform of Tempered Distributions

Definition 1. A linear functional 7 defined and continuous on & (R*)
is called a fempered distribution (in R™). The totality of tempered distri-
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butions is denoted by &(R")'. As a dual space of G(R"), &(R") is a
locally convex linear topological space by the strong dual topology.

Proposition 1. Since CF (R™) is contained in &{R") as an abstract set,
and since the topology in D (R™) is stronger than the topology in &(R"),
the restriction of a tempered distribution to C§°(R") is a distribution in
R". Two different tempered distributions define, when restricted to
CP(R™, two different distributions in R®, because C5°(R"™) is dense in
@ (R") with respect to the topology of & (R"), and hence a distribution
€ &(R")’ which vanishes on C° (R") must vanish on & (R"). Therefore

E(R) L DR (1)

Example 1. A distribution in &" with a compact support surely be-
longs to &(R*)'. Therefore

E(R") C B8R (2)

Example 2, A g-finite, non-negative measure u (dx) which is o-additive
on Baire sets of R” is called a slowiy increasing measwre, if, for some non-
negative %,

[+ [x pld) < oo 3
Rﬂ
Such a measure y defines a tempered distribution by
Tulp) = [ @) pldx), @€ SRY). (4
"

For, by the condition ¢ € &(R"), we have ¢(x) = 0((1 + [x[}y™* for
large |x|.

Example 3. As a special case of Example 2, any function f ¢ LE(R™),
$ = 1, defines a tempered distribution

Tolg) = [o¥) (=) dx, g€ S(RY). (4)
RH

That an f¢ LP{R™ gives rise to a slowly increasing measure wdx) =
|f(x}| dx may be proved by applying Halder’s inequality to
SO+ =7 )| d=
RPI
Definition 2. A function /& C¥(R") is called slowly increasing (at
oo), if, for any differentiation [, there exists a non-negative integer N
such that _
Jim |27 D7) = 0. )
The totality of slowly increasing functions will be denoted by © 1 ().
It is a locally convex linear topological space by the algebraic operations
of function sum and multiplication of functions by complex numbers,
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and by the topology defined by the system of semi-norms of the form

p{f) = papi(f) == sup [&{x) D7 [(x)], f€ Dy (R"), (6)
TER"

where £ (x) is an arbitrary function € & (R") and D7 an arbitrary differen-

tiation. As may be seen by applying Leibniz’ formula of differentiation

ol the product of functions, £ (x) Dif(x) € &(R”) and so p, p;{f) is finite

tor every f€ £y (R™). Moreover, if p, . (f) = 0 for all A€ & (R") and D1,

then f{x) = 0 as may be seen by taking D = 7 and A€ D (R").

Proposition 2. C° (R™) is dense in £, (R") with respect to the topology
of 20 (R™).

Proof. Let f& 0, (R"), and take p € C§°(R") such that ¢(x) = 1 for
|¥] = 1. Then /,(x) = f(x} w(ex) € C°{R") for any £>> 0. As in Pro-
position & in Chapter VI, 1, we easily prove that f, (x) tends to f(x) in the
lopology of 0 (R™) when & | 0.

Proposition 3. Any function f € Dy (R") defines a tempered distribu-
tion

Tilg) = [ (%) plx) dx, pc S{RY). (7
Rﬂ

Definition 3. As in the case of a distribution in R", we can define the
zeneralized derivative of a tempered distribution 7" by
DT{p) = (—~ )T (D’g), € G(R), (8)
since the mapping ¢{x) —> D (x) of &(R") inte &(R") is linear and
continuous in the topology of & (R*). We can also define a multiplication
by a function f € £ (R to a distribution 7 ¢ &(R")" through
(7)) = T (fe), < SR, (9

since the mapping ¢ (%) — /(%) @{x) of &(R") into &(R") is linear and
continuous in the topology of &(R").

The Fourier Transform of Tempered Distributions
Definition 4. Since the mapping @{x) — ¢ (¥) of &(R") onto &(R")
i« linear and continucus in the topology of &(R"), we can define the
l'ourier transform 7 of a tempered distribution T as the tempered
distribution 7 defined through

Tip) =T, o< SR (10)
Example 1. If f ¢ L'(R™), then
T, = Ty, where f(2) = (2a) ™ [ 7" &% 1(£) df, (11)
R!’I

as may be seen by changing the order of integration in f"f(tp) =

(1) -5 dx = 20" [ f(z) { [0 pg) “”5} o

R RT
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Remark. In the above sense, the Fourier transform of a tempered
distribution is a generalization of the ordinary Fourier transform of
functions.

Proposition 4. If we define

Ha) = 1), (12)
then Fourier’s integral theorem in the preceding Section 1 is expressed by
f=T, 1€ B(R"). (13)

Corollary 1 (Fourier’s integral theorem). Fourier's integral theorem
is generalized to tempered distributions as follows:

2 - - .
1 =1, where T(g) = T{g). (14)
In particular, the Fourier transform 7" — T maps &{R™" linearly onto
6 (Rn)r.
Proof. We have, by definition,
T =Tip) = T@) = T(p) for all g€ S(RY.

Corollary 2, The Fourier transform T -» T and its inverse are linear
and continuous on & (K"}’ onto& (R™)’ with respect to the weak™* topology
of &(R"":

lim T (@) = T (@) for all ¢ € S(R™) implies that

lim Ty (p) = 7 (@) for all g€ S(R™. (15)

Here the inverse of the mapping 7'— T is defined by the inverse Fourier
transform T — T given by
T (@) =T @), ¢€ G([R". (10)
Example 2.
Ty = (20)™"2 Ty, Ty = (20)"°T. (16)

Proof. T5(p) = Tslf) =@ (0) = @)% [1- () dy =

R®

@a) "2 Ty (g),and Ty = Ty = T — (2m)7"% T}

Example 3.
(ET)on) = inT, (17)
T ~
(ix;T) = — (8T [oxy). (18}
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Proof. We have, by () in Chapter VI, 1,
o - . e
(@T/ax)} {g) = (BT/ax ) (@) = -- T (opfox;) = — T (—ixp (x))

= T(x) = (z‘xﬁ) (@)
We also have, by (6) in Chapter VI, 1,

T

G ) = GxT) () = T (ing) = T (6pjen) = T (pjéx)
——(@ex) ()
Plancherel’s Theorem. I1f /< 12(R™), then the Fourier transform T
of Ty is defined by a function f¢€ L*(R"), ie.,

T, = T7 with fc L*(R"), (19)
and
17l = ( [P dx)m =( [ 1@ dx)m = [if1]- (20)
R™ k7
Proof. We have, by Schwarz’ inequality,
@i = 1T x) ax| < AILIEI = i lell-
The equality above ||p|| = H(p |l is proved in {12) of the preceding section

t. Hence, by F. Riesz’ representation theorem in the Hilbert space LE(R™,
{here exists a uniquely determined fc LZ{R") such that

f} {p) = fcp ) Flx) dx = T7 (), that is,
ff {(x) p(x) dx = ff
Rﬁ

Moreover, we have, from (21), ||/]| = || ]| since & (R") is dense in L*(R")

in the topology of L2(R"). We have thus H? 1= (1711 = |]£]} On the other
hand, we have, by (13) and (22},

S0 gl ax = S

(22)
x)y dx for all p€ &(R").

K)yde — [f(—x o) dx forall pc S(R"),

R?l
that is,
) i) = f(—x) = F{x) a (23)
Thas ||f || = ||#]] and so, combined with Hf < |fH < |if|l, we obtain
(20).

Definition b. The above obtained f(x) € L2{R") is called the Fourier
transform of the function f(x) € L% (R").
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Corollary 1. We have, for any /¢ L2(R"),

F#) = Lim. (2m) ~"'® . [5 e ) ay. (24)

Proof. Put
fu(®) = f(x) or = 0 according as [x| =< & or [%] > &.
Then Jim IIA;‘,,—f” = 0 and so, by (20), Jim [Ifi—F]] =0, that is,
f{x) = thg fx(x) a.e. But, by (22),

R{ﬁ.(x) 9x) dx = [ f(x) p(x) dx

= [iw { (@7) 7% [ emiip (y) dy} dzx,

|s|=h R"
which is, by changing the order of integration, equal to
J @R[ e p) and g 5) dy,
R® x| <h
since f;(x) is integrable over |#| = 4 as may be seen by Schwarz’ ine-

?;Sﬁty Thus fj (x) = (23'5)_”’2! rf e~ %) #(3) dy a.e., and so we obtain
. x| <h

. Corollary 2. The Fourier transform f—» f maps L*(R* onto L?(R")
In a one-one-manner such that
(.8) = (£.8) for all £, ge I3(R"). (25)
Pmof.w Like the Fourier transform f—» f, the inverse Fourier trans-
form > f defined by
Tl =Lim. (22) 2 [ #00 10) gy (26)
ly| =

maps L?(R*) into L*(R") in such a way that [iF1 = |if|]. Hence we see
that the Fourier transform f— f maps L*(R" onto L2 (R") in a one-cne
way such that ||/ || = [|f||. Hence, by the linearity of the Fourier trans-
form an

®,3) =47 (|2 + ¥ [P flx—y|®) + 42 i(||x + iy — ||z —iy]3),
we obtain (25). '

Parseval’s Theorem for the Fourier Transform. Let f(x) and /,{x)

both belong to L*{R"), and let their Fourier transforms be f1(#) and fo ()
respectively. Then

Jhfa) du — [ f(x) £ () dx, (27)
Bn R®
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and so

[ R fatu) €49 du = [ fi{y) falx —y) dy. (28)
R’I R“

Ihus, if 7; (%) f5 (2} as well as both its factors belong to L2(R™, it is the
Fourier transform of

2a)™ [ h() flr — ) dy. (29)
Rﬂ

I'his will also be true if £, (x), /3 (x) and (29) all belong to L*(R").

Proof. It is easy to see that
@)™ [ fol—m) e @ dx = o (w),
RVI

and so, by (25), we obtain (27). Next, since the Fourier transform of the

function of v, fo(x — %), is fo{u) e *¢**) containing a parameter x, we
obtain {28) by (25). The rest of the Theorem is clear from {28) and f=1
The Negative Norm. The Sobolev space W*?(2) was defined in
Chapter I, 9. Let f(x) € W"?(R"). Since f(x) € L*(R™), f gives rise to a
slowly increasing measure |f{x) | dx in R”. Thus we can define the Fourier
transform Tf of the tempered distribution 7,. We have, by (17),

Eg la] 1 3
DTy = (1) j]glx;?‘f 1.

By the definition of the space W**(R"), D* T,¢ L*(R") for |a| = k.
I'hus, by Plancherel’s theorem for L2 (R™),

DT lo = || DTy, where || [ is the L*(R")-norm.

ilence we see that (1 + |% |32 T, ¢ L?(R™), and so it is easy to show that
the morm ||/ [l :( ¥ f | D~ T,? do:)”2 is equivalent to the norm

‘“EkRn
L+ =B Ty llo = HF]lks (30)

in the sense that there exist two positive constants ¢, and ¢, for which we

have
ey = |11 F |1 = co whenever f¢ W52 {R™.

We may thus renorm the space W4*(R™ byl|lf||s; W**(R™) may thus
e defined as the totality of f€ L% (R™ such that ||f]|; is finite. One ad-
vantage qf the new formulation of W% (R™)is that we may also consider the
case of a negative exponent k. Then, as in the case of L% (R") pertaining
to the ardinary Lebesgue measure dx, we see that the dual space of the
renormed space WH?(R") is the space W™ (K" normed by ||f||".
This observation due to L. SCHWARTZ [5] is of an earlier date than the
introduction of the negative norm by 17. T.ax [2].
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3. Convolutions

We define the convolution {Faltung) of two functions frgof C(R™), one

of which has a compact support, by (cf. the case in which f, g¢ S (R")
in Chapter VI, 1)

(F*e) )= [ilx—v g dy = [f) glx— ) dy = (g% f) (x). (1)
R? RR

Suggested by this formula, we define the convolution of a T £ D(R"Y and
apcD(RY) (oraTcE(RY andage E(R") by
(T % ¢) (%) = Ty (p (% — ), (2}

where T, indicates that we apply the distribution T on test functions
of y.

Proposition 1. (7" % ¢) (x) € C*(R") and supp (T % @) C supp(7T) +

supp (@), that is,
SUPP(T' * ¢} C{w€ R™; w = x + y, x € supp(7T), v € supp ()}
Moreover, we have
DT % gy = T % (D" ¢) = (D*T) % . (3)

Proof. Let ¢ € D(R" (or ¢ G(R™). If iin(; x* = x, then, as func-
tions of v, }‘ing " —y) =@(x—y) in D(R" (or in &(R™). Hence
Try(@lx —9)) = (T % ¢) (x) is continuous in x. The inclusion relation
of the supports is proved by the fact that Ty (p{x — ¥)) = 0 unless the
support of 7" and that of @ (v — y) as a function of ¥ meet. Next let ¢; be
the unit vector of R" along the x;-axis and consider the expression

T llplr + hej—y) —glx —y)/h).

When /4 — 0, the function enclosed by the outer parenthesis converges,

as a function of y, to (gg) (x—y) in B(R") (orin & (R™). Thus we have
proved

3 (T %) (1) = (f*;f) (x).

Moreover, we have

(130, ) € = 2o (S5 = o — ) = (3 ) ),

Proposition 2. Tf p and y are in D (R*) and T € D (R™) (or ¢ € G({R"),
Y€ D(R") and T € E(R")'), then

(T xg)*p=Tx(p*%y). (4)
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Proof. We approximate the function {p % ¢) (x) by the Riemann sum
flx) = A" Zeplx—kh) p(kh),
where k> 0 and % ranges over points of R® with integral coordinates.
I'en, for every differentiation D* and for every compact set of x,
D*fulx) = B" X Dp(x —kh) p(kh)
converges, as A} 0, to ((D%¢) * p) (x) = (D (g * ) (}f,) uniformfly 1nbx.
ilence we see that lir% fo = @ % win D(R™) (or in E(R™). Therefore, by
b} )

the linearity and the continuity of 7', we have

(T (p % v) () — lim (7 £) () = lim 4" (T % ¢) (x — k) w(kh)

= (T % ) * ) ().

Definition. Let ¢ € D {R") be non-negative, fgp dx = 1 and such that
R,l
suppip) € {x € R"; |x| < 1}. We may, for instance, take
& . * . .
@ (x) = exp (H/({x[2— 1))/ lxlilexp(1/(|x|2 1) dx if |x| <

We write ¢, (x) for e "@(xfe), e >> 0, and call T % ¢, the regularizalion
of T € DR’ (or € B(R™)") through ¢, (x)'s (Cf. Chapt.er L1 -
Theorem 1. Let T ¢ D(R™ (or € §(R")). Then 11:161 (T % (pe). =T in
ithe weak* topology of D (R’ (or of €{R")'). In this sense, ¢, 1s called
an approximate idenfity.
For the proof we prepare a . B
Lemma. For any w€ D (R") (or € §(R")), we have 15111% YR g, =y
in D{E" {or in E(R™). N
Proof. We first observe that supp (w % @) C supp{y) + supp(p,) =
supp (w) + &. We have, by (3), D (w*q;,) = (D%y) %* @, Hencet wi
have to show that lirré {4p % ,) (x) = 1 {x) uniformly on any compact se
e

of x. But, by [, (y) dy = 1,
(p % @) (1) —p(x) = [{plr—y) — v} el dy.
R’I‘l
Therefore by g (x) = 0, ft;pe {¥) dy = 1 and the uniform continuity of
Rﬂ

(x) on any compact interval of x, we obtain the Lemma.
Proof of Theorem 1. We have, by 9 (x) = p{—x),
I'(y) = (T * 9} (9). (5)
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Hence we have to prove that Ii&l (T * @,) % p) (0) = (T % ) {0). But,

as proved in (4), (T*g)%yp=T%(p, %y} and so, by (5),
(T* (@ * 9)) (0) = T({@, * 9)7). Hence we obtain hﬂ} (T % g,) * ) (0) =
T((p)") = T{y) by the Lemma.

We next prove a theorem which concerns with a characterization of
the operation of convolution.

Theorem 2 (L. ScHWARTZ). Let L be a continuous linear mapping on
D (R") into E(R™) such that

Luyp = vy lg for any A€ R® and ¢ ¢ D(RY, (6)
where the translation operator 1), is defined by
Ty (x) = @(x — k). ()

Then there exists a uniquely determined T ¢ D(R")" such that L -
T % . Conversely, any 7T £ D{R")" defines a continuous linear map L
on D(R") into (K"} by Ly = T 3 ¢ such that L satisfies (6).

Proof. Since ¢ — ¢ is a continuous linear map of B (R") onto T (R"),
the linearmap 7: ¢ — {L @) (0) defines a distribution T € (KR™)’. Hence,
by (o), (Lg) () = T(q“u) = (T * @} (0). If we replace ¢ by 7,9 and make
use¢ of condition (6), then we obtain (L) (B) = (T %*¢) (). The
converse part of Theorem 2 is easily proved by {(2), Proposition 1 and (5).

Corollary. Let 7, ¢ (R and T,€ E(R™'. Then the convolution
Ty % T, may be defined, through the continuous linear map L on
D {R") into E(R"™) as follows:

(i % T *e=1Lp) =T, * (T, % ¢), g€ B(R. (8)

Proof. The mapg — T, % ¢ is continuous linear on ®(R™ into
D(R"), since supp(T,) is compact. Hence the map g — Ty % (T, % ¢)
is continuous linear on ® (R") into @ (R™). It is easily verified that condi-
tion (6) is satisfied for the present L. .

Remark. We see, by (4), that the above definition of the convolution

T % T, agrees with the previous one in the case where T, is defined by
a function € D (R"). It is to be noted that we may also define T, % T,by

(Ty % T) (@) = (T X Tagy) (@ + 9)), € DR, (8)’
where Ty, X Ty, is the tensor product of T,and T,. See L. SCHWARTZ
[1].

Theorem 3. Let 7;¢ D(R") and 7,¢€ E(R")'. Then we can define
another “convolution” T, B8 T, through the continuous linear map I.:
@ — Ty% (T;%¢) on D(R") into E(R™
as follows. (7,08 7,) (¥¢) = L{g), ¢ € D(R™). Then we can prove 7,4
T,=T,%T; so that the convolution is commutative if it is defined
eitheras Ty % Tyoras T, @ T,.
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Proof. The map ¢ -— T, % ¢ is linear continuous on D(R™) into
§{R". Hence the map ¢ —> T,% (I} %* @) is linear contmuous on
BD(R") into E(R"). Thus 7,5 T; is well-defined. Next, we have for any

75 Pz € DR,
(T, % Ty) % (g % pg) = Ty % (T ¥ (1 % py)) = 11 % ((To % @1) * @2
=Ty % (ga % (Ty* @) = (T % @) # Ty * ¢y)
by the commutativity of the convelution of functions and Proposition; ff
observing that supp{T, % ¢) is compact because of T,€ ER"Y.
Similarly we obtain
(ToB Ty) % (%) = T ¥ (T % () % o)) = To % ((Ty ¥ @) ¥ P1)
= Ty % (g, % (T % @) = (Te ¥ gq) ¥ {Ty % @)
Thus ()% To} % (% @) = (1B 7)) * * @), anc} .50, by (5)
and the Lemma above, we obtain (T; % T, (@) = (T, 1) {g) for all
¢ € B (R™, that is, (T % Tp) = (.5 Ty).

Corollary
Ty ¥ (Ty% Tg) = (T % Ty) Ty

ifall T;except one have compact support,
D (Ty % Ty) = (D°Ty) % T, = T, % (D°Ty). (10)
Proof. We have, by () and the definition of T, % 1,
(Ty % (T % Ty)) {g) = ((Ty % (T % Ta)) * @) (0)
= (T, % ({Ty % Tg) % @) (0)
— (Tl * (Ty % (T % @))) (0)

(9)

and similarly
({Ty % Ty) * Ty) ) = (T1 * (Ty» (Ty* ent (o),
so that (9) holds.
The proof of (10} is as follows. We observe that, by (3),
(D*Tg) ¥ = Ty* (D*¢g) = D™ (T % ¢y = Dy, {11}
which imphes
(D*TY%@="T% (D7¢g) =T % (D*Ty) ¥ @) = (T * D*Ts) % g,
that is, by {9),
"Y( ) DT = (D*Ts * T. (12}
Hence, by the commutativity (Theorem 3) and the associativity (9),
DN (Ty % Ty) = (D*Ty) % (Ty % Ty) = ((D*Tg) # Iy)* Ty = (D°Ty) % Ty
o (DT # (T % Ty) = (DT )% L)% Ty = (D" To) % Ty
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The Fourier Transform of the Convolution. We first prove a theorem

:Yhich will be sharpened to the Paley-Wiener theorem in the next sec-
ion.

Theorem 4. The Fourier transform of a distri i i
_ tbut T ™y
given by the function on FEREE
T (&) = (2m) ™2 T, (%4, (13)
Proof. When ¢ | 0, the regularization 7, = T % @, tends to T in the
frvegk* topology of &(R™’ and a fortiori in the weak* topology of & (R"™)".
his we see from (T % @) (y) = (T * (@. % 9)) (0) = Tp((p. % 9) (—))
and the Lemma. Thus, by the continuity of the Fourier transform in the
weak* t G\ oy i i
a opology of &(R"™, x1§1¢n‘;1 (I' % ¢,) =T in the weak* topology of

@(R”.)’. Now formula (13) is clear for the distribution defined by the
function (T % ¢,) (x). Hence

(27)"2 (T/Q%) &) = (T * @)y (8—i<z,e;),

which is, by (5), = (T % (g% e EEMN (0) = Tppy (@, % € H580),
The last expression tends, as & | 0, to T (e’ ) uniformly in £ on any
bounded set of £ of the complex n-space. This proves Theorem 4.

Theorem 5 If we define the convolution of a distribution 7 € & (R")’
.;nd a function @€ @"(1_2”) by (T % ¢) (x) = Ty (p(x —9)), then the
inear map L on ©(R") into E(R"): ¢ — T % @ is characterized by the
continuity and the translation invariance 7, L = Lt,.

Proof. Similar to the proof of Theorem 2.

Theorem 6. If T'¢ €(R") and ¢ € & (R"), then

Py .
(THg)=(2m)"¢T (14)
1f 7, € &(R" and T, ¢ G(R", then

e
(T, % Ty = 272 T, - T (15)

>

which 1:1as a sense since, as proved above in Theorem 4, f"2 is given by
a function.

Proof. Let y € ©(R"). Then the Fourier transform of ¢ - y is, by (13)
of Chapter VI, 1, equal to (22)™2 ¢ % § == (22)™"% § % 3. Thus

e
(T %) () = (T %) () = (T *¢) % ¢ )} (0) = (T % (p %)) {0)

=T(p*9p) )=TE*9) =T{(2x)">(§ - )")
= @a)" T (§y) = @) ¢ T (),
which proves (14).
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Let w, be the regularization 7 % .. Then the Fourier transform of
Ty %y, = Ty % (T % @) = (Ty % Tp) % @, is, by (14), equal to
-~ - - . ~ R ~
@)™ Ty -, = @y Ty - @m)"2 Ty - o = @)™ (71 % T3) - 0
Hence we obtain (15), by letting & | 0 and using lii't(} @, (%) = 1.
&8

4. The Paley-Wiener Theorems. The One-sided Laplace Transform

The Fourier transform of a function€ CF (R”) is characterized by the
Paley-Wiener Theorem for Functions. An entire holomorphic function
F(¢) =F{&. 8, .-+, a} of » complex variables ; ==& +in; (f=
1,2,...,n)is the Fourier-Laplace transform

F) = (2ay™? [ (x)da 1)

of a function f€ CP (R") with supp(f} contained in the sphere x| =B
of R iff there exists for every integer N a positive constant Cy such that
[F(@)] < Cy (L + |gh e @)

Proof. The nacessity is clear from

TGP F@) — @ny ™ [ 76" DPf(x) da
i=1 || 2B

which is obtained by partial integration.
The sufficiency. Let us define

Hx) = (2m)™® R£ &8 F(E) dE. (3)

Then, as for the case of functions € & (R"), we can prove that the Fourier
transform f (£) is equal to F(£) and f€ €™ (R™. The last assertion is
proved by differentiation:

D‘ﬂf(x) — (2n)—""2 Rjﬂ‘ & (x,&)jf{ (1,'51.).33‘ F (&) dE, {4)

by making use of condition (2}. The same condition (2} and Cauchy’s
integral theorem enable us to shift the real domain of integration in (3)
into the complex domain so that we obtain

fla) = @)™ [ &I E(E + im) dE (3
Rn

for arbifrary real # of the form #n =axx/|x! with > 0. We thus obtain,
by taking N == + 1,
1) | <5 Cag P02 (2™ [ (14 |87 e
Rn

If |x| > B, we obtain f(x) = 0 by letting & 1 + oo. Hence supp(f) C
(x€ R*; |x| < B}.

11 Yosida, Functionnl Analysls
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The above theorem may be generalized to distributions with compact
support. Thus we have

The Paley-Wiener Theorem for Distributions € & (R*)’ (L. SCHWARTZ).
Anentire holomorphic function F(Z) = F{Z,, ..., C;») ot » complex vari-
ables &; =& +im (1 = 1,2,.. ., #) is the Fourier-Laplace transform
of a distribution 7 € §(R™)’ iff for some positive constants B, N and C

[F@|= 0+ |y o, (©)

Proof. The necessity is clear from the fact (Theorem 2in Chapter I, 13)
that, if T (R™), there exist positive constants C, N and B such that

= 5 ¥ 7
| Tip)| = ClﬂéN izus% [DPp(x)|  whenever gc G(RY.

For, we have only to take () — e **¢ and apply (13} of the preceding
section.

The sufficiency. F (&) is in S (R™) and so it is the Fourier transform
of a distribution T € G(R")’. The Fourier transform of the regularization
T, =T %g,is 22)" T - ¢, by (14) of the preceding section. Since the
supp () is in the sphere (x| =< £ of R", we have, by the preceding theorem,

|G (&) < €7 - elimel,

Moreover, since T is defined by the function F (&), we see that {2a)"?2 7. P,
1s defiend by a function (21)"% F (£) - ¢, (£) which, when extended to the
complex n-space analytically, satisfies the estimate of type (5} with
B replaced by B + &. Thus, by the preceding theorem, 7, — Tx*q,
has its support in the sphere |x| < B + £ of R*. Thus, letting ¢ J 0 and
making use of the Lemma in the preceding section, we see that the supp{7)
is in the sphere |x| < B of R™.

Remark. Theformulation and the proofs of the Paley-Wiener theorems

given above are adapted from L. HGRMANDER [2].

The Fourier Transform and the One-sided Laplace Transform. Let
g£(8) € L2(0, o). Then, for x > 0,

g(t) e e L0, o0} N LY (0, o)
as may be seen by Schwarz’ inequality. Hence, by Plancherel’s theoren,

we have, for the Fourier transform

flo 4 i) = @) [ g et
¢
o (5)

= (23‘5)7]/‘3 f g(t) g HEtn dt {X ~ 0),

the inequality ’
) ay= | el et = [ g at. (7
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[he function f{x + iv) is holomorphic In 2 =% + TJy ‘in the right hag—
plane Re(z) = x > 0, as may be scen by diff_erenhatmg (6} unclleg the
integral sign observing that g () te—*asa function of ¢ belongs to L' {0,00)
and to L2(0,00) when Re(z) = x > 0. We have thus proved

Theorem 1. Let g () € L2(0, oo}. Then the one-sided Laplace transform
Fe) = @a) P [ gt) e d (Re(s) > 0) (")
0

helongs to the so-called Hardy-Lebesgue class H_IZ(O), that 15 (1) f(z) is
holomorphic in the right half-plane Re(z) > 0, (11} folr each fixed x >h 0£
f{x -+ i) as a function of ¥ belongs to L2(— oo, o0} in such a way tha

SUP( fe [F(x + 1) 2 dy) < oo, (7)

x>0
This theorem admiis a converse, that is, we have

Theorem 2 {PALEY-WIENER). Let f(2) EHE{O). Then the boundary
Junction f(iy) € L2 (-- 00, 00) of f(x + 7y) exists in the sense that

o0 . 8)
lim | [fiy) —flr + iy)Pdy =0 (
240 _50
in such a way that the inverse Fourier transform
N
— . - ity 9
gl) = @ P Lim. [ [ly) & dy ()

vanishes for ¢ <2 0 and f(z} may be obtained as the one-sided Laplace
transform of g ().

Proof. By the local weak compactness of L2{—-oc,00), we see, that
there exists a sequence {x,} and an f(Fy) € L*(— o0, o0) such that

%, | 0 and weak-lim/(x, -+ iv) = f(2¥).
H—rDO
For any & = 0, there exists a sequence {N,} such that

&

lim N, —oc and lim [ [f(x £ iN,)[*dx =0,
k—00 k=00 g

as may be seen from

N & 5 oc - \
/ {f V(x+iy)2rix}dyé | { [ 1flx 4 iy) Pdypdx < oo

R e {for all N > 0).
Thus, by Schwarz' inequality,

d .
Jim flflx 4 iNy | dx = 0. (10)
=0 -

11*
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From this we obtain
@) = (2m) f I 4 (Ren) > 0). 1y

The proof may be obtained as follows, By Cauchy's integral representa-
tion, we obtain

#e) = it [LLar (Re > o), (12)

where the path C of integration is composed of the segments

%o — 1Ny, %y — 1Ny, 2 — Ny, %, + iN,,

%1+ PNy, % + (N, 2 4 Ny, %o iN,
(XO < Re{z) < X1, _Nk < Im(z) < Nk)

so that the closed contour € encloses the point z. Hence, by letting £ — oo
and observing (10}, we obtain

fo =t [ TS a g @ [ S ki g,

We see that the second term on the right tends to 0 as %y — 00, because
of (7') and Schwarz’ inequality. We set, in the first term on the right,
¥o = %, and letting # — co we obtain (11). Similarly, we obtain

0=@a) " [ I 4 (o) < 0). (13)
Let us put, for Re () > 0,
Al =0 (for x < 0); h(x) == {for x > 0).

We then have
e . oo .
f hx) e dx = [ o™ * gy — (z — 281,
—00 0

and so, by Plancherel’s theorem,
N

Lim. (2m) [ e dt:{ O forz <O g = 0. (14)

Noxoo o T g % (for x > 0)

Similarly we have

N
— 1t L RK f < O
¢ au:{ o7 lorx < 0) Re(z) < 0. (14)

: —1
IN'];TO'@“) _.I[Z*“ 0 {for x> 0)

Therefore, by applying the Parseval theorem (27) of Chapter VI, 2
to (11}, we obtain the result that /() is the one-sided Laplace transform
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of g(f) given by (9). By applying the Parseval theorem to (13), we see also

that g{f) = 0 for £ << 0. .
a“?,e( Einally shall prove that (8) is true. By adding (11) and (13), we

see that f(z) admits Poisson’s integral representation

1@ = +iy) =2 f #ﬁdt whenever x> 0. (15)
By virtue of .
% dt _ (16)
2 f e b
we have -
Hoin) —jn = 5 [T 4 where f- () = £,

and so - - l \
r (s + 3) — (9
[+ —tenka=(Z) [ {f" LA ds} dy

—00

Foas F s+ n—ror ),
(et Jimesaerafo

—o0

—C0

A
4%

- +x2{ f (s + y)—f*(y)lzdy}

I
ERES

l
EREY
Bmg B g 8y
8,

IA

where 0 = u(f+; s} < 4 ||#|12 and p(f; s) is continuous in s and has

value 0 at s = 0.
To prove that the right side tends to zero as x | 0, we take, for any

£> 0, a 6 =6{e) > 0 such that u(fr;s) =& whenever |s| =< 4. We
decompose the integral

=] —4 [4 00
¥ #(f: s) fif f_l_f=1‘+]2+13_
—;ﬁoo s2+x2ds_ 7 o +_a p 1
We have.|I,| = ¢ by (16), and |I;| = 4z ||f*|]? - cqt—l (8jx) (¢ :I%I,l 2).
Hence the left integral must tend to zero as z |, 0. This proves the Theo-
rem. .

Remark 1. For the original Paley-Wiener theorem, see .Pa.ley—
Wiener [1]. For the one-sided Laplace transform of tempered distribu-
tions, sec 1. SCHWARTZ [2].



166 VI. Fourier Transform and Differential Equations '

Remark 2. M. SaTto [1] has introduced a happy idea of defining a
“generalized funciion' as the “boundary vahie of an analytic function’’.
His idea may be explained as follows. Let 8 be the totality of functions
@ (2) which are defined and regular in the upper-half and the lower-half
planes of the complex z-plane, and let R be the totality of functions
which are regular in the whole complex z-plane. Then 8 is a ring with
respect to the function sum and function multiplication, and R is a sub-
ring of B. Sato calls the residue class (mod R} containing ¢(z) as the
“generalized function” ¢{x) on the real axis R! defined through ¢ (z).
The “'generalized derivative dg(x)/dx of the generalized function ¢ (x)”
is naturally defined as the residue class (mod 3) containing dep (2)/dz.
Thus the “delta function d{x)” is the residue class {mod R) containing
— (2@} 121. Sato’s theory of “generalized function of many variables”
admits the following very interesting topological interpretation. Let M be
an n-dimensional real analytic manifold and let X be a complexification
of M. Then the #n-th relative cohomology group H™(X mod (X — M))
with the germ of regular functions in X as coefficients gives rise to a
notion of the “generalized function on M. That is, the relative cohomo-
logy class is a natural definition of the “‘generalized function”.

Remark 3. For more detailed treatment of the Fourier transform of
generalized functions, see L. ScuwarTz [1] and GeLranp-Smov [17.
In the latter book, many interesting classes of basic functions other than
D{R"), B (R") and Dy, (R*) are introduced to define generalized functions;
the Fourier transform of the cotmresponding generalized functions
are also discussed in GELFAND-SiLov [1]. Cf. also A. FrRIEDMAN [1]
and L. HORMANDER [6].

5. Titchmarsh’s Theorem

Theorem (E. C. TitcumMarsh). Let f(x) and g(x) be real- or complex-
valued continuous functions, 0 =< x << oo, such that

(%) ( ffx— y) dy = fg (x—y)fdy=(g*Hx (1)

vanishes 1dent1cal]y. Then either one of { (x) or g (x) must vanish identically.

There is a variety of proofs of this important thecrem, such as by
Trrcamarsy [1] himself and also by CRuM and Durresxoy. The follow-
ing proof is elementary in the sense that it does not appeal to the theory
of functions of a complex variable. It is due to RyrLL-NarpzEwsKI [1] and
given in the book by J. MikusiNskr [1].

Lemma 1 (PHrAGMEN). If g(u) is continuous for 0 = » = T, and
0 < ¢ T, then

. (— 1) w !
Ergc; = Df gt ’g{u)du:ofg(u) du. (2)
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00
Proof. We have = S (R (RN MM = 1 — exp(—e™TY), and,

=1
for fixed x and ¢, the series on the left converges uniformly in #« for
0 < u =< 7. Thus the summatior in (2) may be carried out under the

integral sign and we obtain {2) by the Lebesgue-Fatou Lemma.
T

Lemma 2. If /{#) is continuous for 0 << ¢ < T and | [ & f(#) dt| < M
g
for w = 1: 2, ..., where M is a positive constant which is independent

of , then f(f) must be = 0for 0 ¢ < T,
Proof. We have

fT

k=110

T
f T3 T — o) du
o

18

ke A
W f(T—w) dul = D] 5 T

| =1 "
< M (exp(e ™79 — 1).

lit <2 T, the last expression tends to zero as # — oo. Hence, by Lemma 1,
!

with g(u) — /(T — «), we see that [ f(T —-wu}du =0 for 0=t < T.
0

Since £ is continuous, it follows that f{f) = 0 for 0 < ¢ < 7.

Corollary 1. If g(x) is continuous for 1 =< x = X and if there exists
x

f g x) dx

1

a positive number N such that <N (n=12,...,

then g{x) = 0for 1 = x = X.

Proof. Putting x — ¢, X = ¢’ and xg(x) == /(f), we obtain, by
Lemma 2, that /(f) = 0for 0 = ¢ = T. Thus xg(x) =0 for 1 = » = X,
andsog(x) =0forl = x = X.

Corollary 2 (Lerch’s theorem). If f(#) is continuous for 0 == ¢ = T and
T

[yt =0(m=1,2_.), then j() = Ofor 0 =¢ =T,
4]

Proof. Let £, be any number from the open interval (0, 7}, and put
=t,x, T = 4, X, {({) = g(x). We then obtain

X
7 [ Fgdx =0 (=12,

mdso‘f glx)dx| = fxg ‘ f le(x)|de=N (n=1,2,...).

ifence, by Corollary 1 we obtain gix ) =0 for 1=x=< X, and so
/() = 0 for {, <t < T. Since ¢, was an arbitrary point of (0, T7), we
must haVe f(f) = 0 for 0 = ¢ < 7.

The proof of Titchmarsh’s theorem. We shall first prove the Theorem
for the special case when f = g, that is, if /() is continuous and (f % /) (f)

ffz‘—u d:¢_0f0r0<t<2T then f(§) = 0for 0 =t = T,
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We have
ar t
[ 2T (f Flu) f(E — ) du) dt =0,
d 6
and, by the change of variables ¥« = T — v, { = 27T — v — w, we obtain

[ (T — o) (T — w) dvdw =0

where A is the triangle v +w =0, v X T, w = T in the v — w plane.
Let A’ be the triangle » + w < 0, v > T, w>>—T. Then the join
4 + A’ is the square. — T =< v, w =X 7. The above equality shows that
the integral of "*+® {(T — ) (T — w) over A + A’ is equal to thginte-
gral over A'. The integral over A + A’ is the product of two single Inte-
grals, and in the integral over A’ we have ¢"**® < 1. Thus

[ [ et (T — o) (T —w) dv dw

A+4
éff‘f(T*U)f(T—devdwg2T2.Aa,
i

| T
;fe”“f( — t) du

where 4 is the maximum of |/ (#)| for 0 = ¢ = 2T, and 27?2 is the area

of A’, We thus have
T

[ T —uydu|< J2T A,
-T

f oM f(T— u) du|< T A. Therefore

and, moreover,

T

J e (T — ) du| = <(1+)2)T4 (n=1,2,..),
0

and so, byLemmaZ,f():Ofor[)gtg T,
We are now ready to prove Titchmarsh’s theorem for the general case.

]
Let [ f(t—w)g{w)du=0 for 0="t<oo. Then we have, for 0 =< oo,
]

[

Jt—w) Ht—u) g () du + fftﬁ ug (4) du:t!}‘(t~u)g(u)du=0.

i
This may be written as
(fi*g) &) + (F*g) ) =0 {0=1<o0)
where [, (t) = £/(#), £, (8} =g ().
Thus

Ux{gy*(fi*xg+7i*gll @ =0
and so

[{f % g) % (fy % &)1 (8) + [(F % &) * (% £)] (&) = 0.
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Thus, by {f % g) () =0, we have [{f % g) % (f¥*gp) (¢} =0, and so,
by the special case proved above, {f ¥ g;) (f) = 0, that is,
]

J it —w) uglw) du =0 (0 = ¢ < o).
@
From this we obtain, similarly to above,
¢

J Ft—w) wPg(m) du = 0 (0 = t < o0).
0

Repeating the argument, we find that
'
Jit—wwrgu)du=0 (0=t<oo; n=12..).
g

Hence, by Lerch’s theorem proved above, we obtain
fi—u)glu) =0 for 0Zu=1<oo.

If a %, exists for which g(u,) 7 0, then f{t —u,) = 0 for all £ = u,
that is, f(z) = 0 for all v = 0. Therefore, we have either f{v) = 0 for
allzv = 0org(v) =0forallv = 0.

6. Mikusinski’s Operational Calculus

In his “Electromagnetic Theory”, London (1899), the physicist
0. HEAVISIDE inaugurated an operational calculus which he successfully
applied to ordinary linear differential equations connected with electro-
technical problems. In his calculus occured certain operators whose
meaning is not at all obvious. The interpretation of such operators as
given by HeavisipeE himself is difficult to justify. The interpretation
given by his successors is unclear with regard to its range of validity,
since it is based upon the theory of Laplace transforms. The theory of
convolution quotients due to J. MikusINSKI provides a clear and simple
basis for an operational calculus applicable to ordinary differential equa-
tions with constant ccefficients, as well as to certain partial differen-
tial equations with constant coefficients, difference equations and integral
equations.

We shall give, adapted from K. Yosipa-S. Oxanmcro [40], a simpli-
fied presentation of Mikusifski's theory by introducing the notion of the
ring €, in place of his operators (= the convolution quotients). By virtue
of this ring we can derive the operational calculus without appealing
to Titchmarsh's theorem given in Chapter VI, 5.
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The ring ¢ ;. We denote by ¥ the totality of complex-valued con-
tinuous {unctions defined on [0, co}. In this section, we shall denote
such a function by {f(t)} or simply by 7, while f(t) means the value at
¢ of this function f. Forf, g€ % and «, §¢ C? {the complex number field),
we define

F+e={{&)+e@®} and jeo= {ij‘(t—u)g(u)du}. {I)

Then, as proved in Chapter V1,3, we have

=gl flghy=(ah and flg+h) =fg+fh.

Hence ¥ is a commutative ring with respect to the above addition and
multiplication over the coefficients field C1,

We shall denote by A {{ in J. Mixusifski1 [1]) the constant function
{1} € ¥ so that we have

kﬂ:{(;—:ﬁ} n=12..) 2)
and
kf{ [i(w) du} for fe%, (3

e, & behaves as an operation of integration. Thus we have the fairly
trivial

Proposition 1. For AC¢H ={k;h=h"(n=1, 2,...)} and fC ¥, the
equation &f = 0 implies f == 0, where 0 denotes {0} € %.

Therefore, as in the algebra, we can construct the commutative ring
¢ consisting of fractions of the form jjk, i.e.,

%’H:{%——- Ih; §€ % and keH}, ()
wherc the equality of two fractions is defined by
L Lot =y, (5)

and the addition and multiplication of two fractions are defined through
[ M L i a L1 i

I e S Gty v
By identifying j€ % with &//k¢ %, the ring % can isomorphically
be embedded as a subring of €.

(6)

We next introduce, after MiKusINSKI, the important notion of the
operation of scalay multiplication. We define, for every a € Ct,

) =2~ e e, @)
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Then we have, for a, € Ct, f€% and k€ H,
[2] + [ = [+ Bl (o] [B) = [2f], (8
0] f = o = {af (B}, (o) 2o = 2F
Proof. [o] + [f)= [ @+ f]is clear. We have

x| t} hi{ae B} Axp}
[a][ﬁli%%:{mﬁ == = — [=A],

t
g _smyey MO g .

[} "y =""%r Y %
Hence [«] can be identified with the complex number «, not with {e},

and we see that the effect of the multiplication by [«] is exa'ctlly t'he
scalar multiplication by «. [1] may be identified with the multiplicative
unit 1 of the ring €, i.e.,

hn

e =12, )

I =
We next define
s:%gqgﬂ(nzo,l,z,.,.;izO:I)sothat sh—rhs=1. (10)

Proposition 2. If both / and its derivative f' belong to %, then
f'=sf—[(0), where [(0)={/{0)], (11)
i.e., s behaves as an operation of differentiation.
Proof. Clear from (10) and Newton’s fermula

kf‘:{ff’(u)du}#{f(t) — O =/-1O)]A.

Corollary. For n-times continuously differentiable function f ¢ %,
fo = snf— s f{0) SR f(0) — L D (0) (12)
where [0 (0) = [/ {0)] .

Proposition 3. For any o ¢ C? and for any positive integer #,

B—[a] &2\ (h— [a] AF)"
(s = (s = o= (P ) = B e e

admits a uniquely determined multiplicative inverse in €, given by

o]

‘ G o
Proof. We have, by (11},
(s — o) fext} = o {e + [1] — a{e®} =1, ie., Ij(s—a)={e}.

¢
Hence, we have ff(s  a)®  { fext-w v du} - {t e*} and so on.
)
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. Appl_z'cation tq the integration of the Cauchy’s problem for linear ordinary
differential equations with constant coefficients € C1;

PR ocﬂjly(“—l) to oy = FEF (g, = 0), (14)
Y0 =0, ¥ (0) =y, Y N0) =y,
By (12), we rewrite (14) into
(0™ + oty " T L+ ag) ¥ =F+ s+ Baas™ 2+ .. 4+ By, (14)’
By =t Vot o s+ ...t oyyn ., (=012 can— 1)

The polynomial ring of polynomials in s with coefficients € Clis free
from zero factors, because of the fact that

(0nS™ £ Sp g8 1 L) (1™ NS+ ) =8, 507 4o L,
Hence we can define rational functions in s-

o I " n-1
I ey T, ond Fﬂ':ﬁ;l%ﬁ.fﬂoﬁ*- (15)

and obtain their partial fraction expressions:

™ r i)
Fo— Lk . dsp L
FY Pt e SR
7

i ok =1
=7
where both ¢;, and d;; belong to ! and #/'s are distinct roots of the
algebraic equation e, 2% + a,_, 2*1 4 .. 4 g = 0 so that Zm; = n
-~ = .

By virtug of (13}, both /7| and F, given in {15)’ belonf:;r to ECEy so
that we obtain the solution of {14}’ and hence of {14} as well: o

o= 3T o { G o) v (16)

i k=1

"
+ 20 2 e e
j

k=1

Example 1. Solve the equation

2B~ x(l) — 6x(t) =2, x(0)=1, %'(0)—0.

Solution. We rewrite the equation

{70 — 20 — 6x(t)} = 2fs
by (12), obtaining

$?x — sx(0) — 2°(0) — sx + %(0) — 6x = 2s
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and so, by substituting the initial condition, we get
(P—s—Blx=s5s—1+2/s.
Hence, by (13),

Example 2. Solve the system of equations
2ty —axlt) - Byt) =,y + frlt) —ayH) =0,
under the initial condition x{0) = 0, ¥(0) = 1. We here assume that o and
g are real numbers.
Solution. Rewrite the equations by (11) and (13}, obtaining
sx —ax— By =Bl(s—o}, sy — 14 fr—oy=0.
Hence

4 28 _ (s — )2 — f2
x*_(s—ot)rz—i— 52 ’ Y= (S‘-—o:) ((S._‘a}g F ﬁz) B
from which we get .
1 1 1 1 ) » o
x:z—'{s—a—iﬂ_ S—m—{—iﬁ}:gi'{e(akﬂﬁ”ie(a ”3”}:{265511’15#},
20— 1 1 1 1
yi(s.—a)zﬁ_ .Bzg(sfﬁ)ﬁs—d*-iﬁ_i‘s—a{—iﬁ Py——

= {eletiBit 4 elx=iB)t _ got} — [e=t(2 cos At — 1)} .
Remark. Suggested by (2), we can define the fractional power inde-
gration through

e =B {tF YD ()} EF (0 << 1) . {17
Accordingly, we can define the fractional power differentiation through
st=h{t I {1l — o)} B EE R (0<a<]), (18)

because we obtain
h*#s*=1 (19)
by the Gamma function formula B(1 — o, &) = ['(1 — &) [Y{z).
For further applications of the operational calculus, we refer the
reader o0 J. MigusiNskI [1] and also to A. ErpEryr [1].
7. Sobolev’s Lemma

A generalized function is infinitely differentiable in the sense of
the distribution (see Chapter I, 8). So the differentiability in the gene-
ralized sense has no bearing on the ordinary differentiability. However,
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we have the following result which is of fundamental importance in
modern treatment of partial differential equations.

Theorem (Sobolev’s Lemma). Let G be a bounded open domain of
R”. Let a function u(x) belong to W*(G) for > 2~ # + ¢, where ¢ is an
mteger = 0. We thus assume that the distributional derivatives of
2 (x) of order up to and including # all belong to I.2 (G). Then, for any open
sul‘)set Gy of G such that the closure G§ is a compact subset of G, there
cxists a function w, (x} € C7(G)) such that u (¥) — u,{x} a.e. in G,.

Proof. Let x(x) be a function € C5°(R™) such that

Gy Ssupp(a) C G, 0 Za(x) =1 and «fx) =1 on G,.
We define a function @ (x) defined on R" by
vi(x) = (%) u(x) for x€6G; v(x) =0 for x€ R* —G.
Thep v(x? = u{x) whenever x € G,. Since v(x) is locally integrable over
R, it defines a distribution € D (R")'. By the assumption that » ¢ W* (&),
the distributional derivatives D*v (x) € L*(R") when |$| = k. For example,
the distributional derivative
2 & & a
gx_j(v) :@T;?(o‘u) :3_%”+“67u

belongs to L?(R") by the fact that , du/0x; both belong to L2(G) and
_that the infinitely differentiable function « (x) has its support contained
i a compact subset of the open domain . By the Fourier transformation

v(x) — v {y), we obtain
/s\ NS t 5, 5, -
(D0) v) = () yros .. v ().

Since, by Plancherel’s theorem, the L2-norm is preserved by the Fourier
s

transtorimation, we have (D°v) (y) € LE(R") for [s| = k. Thus
VOV P YE ..y LE(RY) for [s|< k. (1)
In particular we have
v(y) € L*(RY). (1)
Let ¢ = (g, 2, .- ., q,) be a system of non-negative integers. Then

by (1), we can prove that
U(y) ¥§* v& .. . 4% is integrable over R™ whenever lg] + % << k. (2)

For the proof, take any positive number €. We have, by Schwarz' ine-
quality,

J 1300 vEvg . i dy

lvy|=C

< O 4 I i2 b 2 1/2

= YivE . yTdy v dyy .

(Mfgc} Tyg ..y MLC[ | y) < oo
[ 120) v 98 . . yim| dy
l¥l=C
é( SO+ Py it vmBay. [ 150) (1 + |y%2 ay)ve,
¥[>¢ l¥I>¢
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The second factor on the right of the last inequality is < oo by (1). The
first factor is finite by
dy == dy, dve . . . dy, = ¥ dr dQ2,,,
where d£2, is the hypersurface element of the surface i (3}

of the unit sphere of R” with the origin 0 asits centre,
provided
2)g|—2k +n— 1< —1, thatis, if &> 5 + |g|.
Now, by Plancherel’s theorem, we have
v(x) = Llim. 27" [ 3(y)expli {y, x)) dy
00 |7[§"

and so, as in the proof of the completeness of L* (K™, we can choose a
subsequence {#'} of positive integers & such that

v(x) = lim (27)7 [ % () exp{i ¢y, xp) dy for ae x€ R".

] e
But, since 7 (y) is integrable over R* as proved above, the right side is
equal to
v(x) = @@ [ o) exp(ix, ) dy,
RTI

that is, v (x) is equal to », (x) for a.e. x€ R". By (2}, the differentiation of
v, (%) under the integral sign is justified up to the order ¢; and the result
of the differentiation is continuous in x. By taking #, (x) = v, (x} for
x € Gy, we have proved the Theorem.

Remark. For the original proof, see 5. L. SoBoLEvV [1], [2] and
L. KANTOROVITCH-G. AKILOV [11.%

8. Garding’s Inequality

Consider a quadratic integral form defined for C™ function u(x) =
#(xq, %3, . . ., X,) with compact support in a bounded domain & of R*:
s t,

Blu, u] = e (e D1, Dutyg, {1)
where the complex-valued coefficients ¢, are continuous on the closure
;* of G, and (, v), denotes the scalar product in L2(G).

Then we have
Theorem (L. GArDING [1]). A sufficient condition for the existence of
positive constants ¢, C so that the inequality

Iwlls < ¢ Re Bl w) + Cilul @
holds for all # € C°(G), is that, for some positive constant ¢,
ey E5E 2= ¢|&)*™ for all x¢ G and all real vectors

-
e 3)
&= (51, ‘52» .- Em)

* See also Supplementary Notes, po 466,
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Remark. The inequality (2) is called Garding's imequality. If condi-
tion (3) is satisfied, then the differential operator

L= X (—1"pD'c,D (4)

IsT=ltsm
1s said to be stromgly elliptic in G, assuming that c,, is C™ on G=.
Proof. We first prove that, for every ¢ > 0, there is a constant ¢ (&)=>0
such that for every C3° (G) function #,
e[l = e loelfm + C o) [ (5)
To this purpose, we consider # to belong to C3° (R"), defining its value as
0 outside (7. By the Fourier transformation we have

1D ulft = [|(D°)|E= [
Rﬂ

” ;2
AL yru®)| ay,

in virtue of Plancherel’s theorem. Thus (3} is a consequence from the fact
that

T 259 [(: 7 ?‘J‘)( = g‘ ] = nt.)
(Islsz'm‘—ugyJ )/\ +|tr§m;‘£y’ 5] j‘:lsf" | J‘:El 7
tends to zero uniformly with respect to y = (v, v,, . . ., ¥,) as € 4 oo,

Suppose that the coefficients ¢, are constant and vanish unless
|s| = |¢| = m. By the Fourier transformation #(x) = #(£) and Plan-
cherel’s theorem, we have, by (3)

Re Blu, 4] = Ref g eyl & |’2(§) iz a&

= [ | |a(®) P dE = c; (i|u|2— [|n][ ),

where ¢; > 0is a constant which is independent of . Hence, by (5), we see
that (2) is true for our special case.

We next consider the case of variable coefficients Cg. Suppose, first,
that the support of # is sufficiently small and contained, say, in a small
sphere about the origin. By the preceding case, we have, with a constant
¢o > 0 which is independent of u,

€0 ||%||m = ReB[u, u] + Re|s|q§:mf(CS'(0) — ¢y () D'u - D'ndx
— Re!si_‘_%(%fcs,(x) D'u - D'udz + C(e) ||u]f3.

If the support of # is so small that ¢, has very small osciilation there,
we see that the second term on the right may be bounded by 271 ¢ ez,
The third term on the right is bounded by constant times ||» [los < |12 |loey-
Hence we find that, constants denoting positive constants,

2716y |[nl3 < ReB(u, ] + constant 2 [ - |[2 [|mer + Cle) ||2]|[2.
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Thus, by

2 |a| - 18] < e |a + e B[ which is valid for every

5> 0, (6)
we obtain ||u|[% <X constant - Re B[«, #] + constant - [Jul[s_; + C(e) -

[|#}[5, and so, by (b), we obtain (2). N o
Next we consider the general case. Construct a partition of unity in &

N .
1= Yol 0,6 CF(G) and w;j(x) =0 1n G,

=1
such that the support of each w; may be taken as small as we plf'zase.
Then, by Leibniz’ rule of differentiation of the product of functions,
Schwarz inequality and the estimate of the case obtained above, we have

Re Blu, u] = RﬁZtICS,DS-uD“de = Re %: %fw?cs,D‘uD‘ﬁdx
=Re [ ZXc, D' w;u) DHw;w) dx + O[] [lm-r)
TS
= 3 constant (||e;u [ — {[w;ulln-s) + O(|#|m - [{#]lm-1)
7

= constant |[a|l%, + O(/[w{m - |[#|[m_1)-
Thus we obtain (2) by (5). We remark that the constants ¢, C in (2)
depend upon ¢, ¢, and the domain G.

9, Friedrichs’ Theorem

Let :
L— X Dc,®)D ()
lsllelEm .
be strongly elliptic withreal C* coefficients c, (x}in a boundeFl opendomain
of R". For a given locally square integrable function f{x) in G, a locally
square integrable function % (x) in G is called a weak solution of

Lu=1F}, (2)
if we have
(n, L*@)o = (/, glo, L* ~ %gm (— 1)+ D ey () D7, {3)

for every @ € C3° (G). Here {f, g)p denotes the‘scalar pI.’Odl-JCt of the Hilbert
space L2(G). Thus a weak solution » of (2) is a solution in the sense of the
distribution. Concerning the differentiability of the weak sclution #, we
have the following fundamental result:

Theorem (K. FrIEDRICHS [1]}). Any weak solution # of (2) has square
integrable {distributional) derivatives of order.up. to _(2m + ;t;)' in _the
domain G, £ G where f has square integrable (chst.rlbutlona.l) derivatives
of order up to p. In other words, any weak solution # of (2} belongs to
W12 () whenever f belongs to W#{G)).

12 Yoestdn, Functionnl Analysis



178 VI. Fourier Transform and Differential Equations

Corollary. If # — o, then, by Sobolev’s lemma, there exists a func-
tion #,(x) € C*(Gy) such that u(x) = u,(x) for a.e. x€ G,. Thus, after a
correction on a set of measure zero, any weak solution « (x) of (2) is €™
in the domain € G where f(x) is C%; the corrected solution is hence a
genuine solution of the differential equation (2) in the domain where f(x)
is C*°.

Remark. When L = /A, the Laplacian, the above Corollary is Weyl's
Lemma (see Chapter II, 7). There is extensive literature concerning
the extensions of Weyl's Lemma to general elliptic operator L;
such extensions are sometimes called the Weyl-Schwartz theorem.
Among an abundant literature, we refer to the papers by P. Lax [2],
L. NirReNBERG [1] and L. NIRENBERG [2]. The proof below is due
to the present author (unpublished). A simifar proof was given by L. Bers
[1]. Tt is to be noted that a non-differentiable, locally integrable function
/(%) is a distribution solution of the hyperbolic equation

- o
sx oy o

»

as may be seen from

0=/ {f /4x) aq;;xa’xy) dﬁ’} dx (p(x,v)€ CF (RY).

—o0 o0
Proof of the Theorem. We shall be concerned only with real-valued
functions. Replacing, if necessary, L by I + « L with a certain constant
o 7 0, we may assume that the strongly elliptic operator L itself satisfies
Garding's inequality

(@ L*@)o = 6 {lo|h (8> 0), (4)

@, L*p)o| =< % |[@|lm || ]lm (> 0), whenever g, p ¢ CF(G).

The latter inequality is proved by partial integration. We assume here
that each of the derivatives of the coefficients c,(x) up to order m is
bounded in G, so that the constants § and 4 are independent of the
test functions g, ¢ € CF°(G).

Suppose that &, is a periodic parailelogram

0=x = 2n =12 ..., %), (5)

and that the coefficients of L and f periodic with the period 2= in each
%;. Under such assumptions, we are to deal with functions ¢ {x) defined
on a compact space without boundary, the n-dimensional torus G, given
by (5), and the distribution € C*(6,)" associated with the space of test
functions ¢ € C%(G,) consisting of C*° functions ¢ (%) = ¢ (%, xs, . . ., x,)
periodic with period 27 in each of the variables ;. It is to be noted that,
since (; is without boundary, we need not restrict the supports of our
test functions p(x).
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The condition v € W¥(G,) thus means that the Fourier coefficients v,
of »{x) defined by the Fourier expansion
v(x) ~ %:vk explik - x)

" (6)
(k:(kl,...,k”),x:(xl,...,xﬂ), and k-x:ji‘ijJ)
2

satisfy
Elal 0+ kP <oo (7= 28). 0
For, by partial integration, the Fourier coefficients of the distributional
derivative Do satisfy
(DFv(x), explik - x}), = (— DN (x), DT exp ik - %)),

n
= (fi)\sljg By, s = (51, 50, - - -0 54),

and so, by Parseval's relation for the Fourier coefficients of D7y ¢ L*(G4),
we obtain (7).

It is convenient to introduce the space W¥(G,) with integer ¢ £ 0, by
saying that a sequence {w,; & = (ky, k1, . . ., k,)} of complex numbers w,
with w,==w_, belongs to W7 (G} if (7) holds. This space W7 {(+,} is normed by
Hws} |l = (TS‘ e [P (1 + [k|2)q)”2. By virtue of the Parseval relation
with respect to the complete orthonormal system {{27) "2 exp (i k- )} of
L2(G}), we see that, when ¢ = 0, the norm |j»||, = ( ; [ D (%) 2 dx)l,'z

Isl<¢ G

is equivalent to the norm ||{,} |, where ©(x) ~ %‘ vy exp{ik - x),

The above proof of (7) shows that, if f € W?(G,), then D f € WP™H(G)),
and @f € WP(G)) for ¢ € CF(G,). Hence

if ¢ W?((z), then, for any differential operator N of
order ¢ with C%{G,) coefficients, Nfc W#~l(G,).

To prove the Theorem for our periodic case, we first show that we may
assume that the weak solution %€ L*(G,) = WP(G,) of (2) belongs to
W™ (G,). This is justified as follows. Let

2 () N%uk exp(ik - x), »{x) Mkzuk(l + |k ™ exp(ik - x).

(8)

Then it is casy to see that v(x) € W*™(G,) and that v is a weak solution
of (I — A\ v = u, where 4 denotes the Laplacian j‘::; Bzfax]z. Hence v is
a weak solution of the strongly elliptic equation of order 4m:
LI—M"v=1{. (27
If we can show that this weak solution » ¢ W*™(G,) actually belongs to

We*#(z,), then, by (8), u = (I — A)" v belongs to W= 2"(C ) —

1%
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W2 (). Therefore, without losing the generality, we may assume
that the weak solution u of (2) belongs to W™(G,), where m is half of
the order 2m of L.

Next, by Garding’s inequality (4) for L and that for (I — )", we may
apply the Lax-Milgram theorem (Chapter III, 7} to the following effect.
The bilinear forms on C™(G,):

(@, 9)" = (@, L*y)p and (p, )" = (o, (I —4)"yp), (9)

can both be extended to be continuous bilinear forms on W™ (G, such
that there exist one-one bicontinuous linear mappings 7, 7°" on W™ (G,)
onte W™ (G,) satisfying the conditions

T, v) = @ ¥ T 9)" = (@, ¥l for @, pe W (G)).
Therefore, there exists a one-one bicontinuous linear map 7, — 7" (1"}
on W™ (G} onto W™ ((,) such that

(@ 9) = (Twp, )" whenever @, pc W™(G,). (10)
We can show that

for any § = 1, T, maps W"*/(G,) onto W™/ (G,) in
(11)

a one-one and bicontinuous way.
In fact, we have

(9. L¥(I —AY ) = (Touip, (I — N y)y for @, pc C°(G,).

On the other hand, there exists, by the Lax-Milgram theorem as applied
to the strongly elliptic operators (I —A)'L and (I —A)"**/, a one-one
bicontinuous linear map T, ; of W™ (G} onto W1 (Gy) such that

(0, L¥(I —AY ) = (Tpps . (I — 2™y}, for g, w¢ CP(G,).

Therefore, the function w = (T,,,; — T,,) ¢ is, for any ¢ C®(G), a
weak solution of (I —A)™7 w = 0. But, such a w(x) is identically zero.
For, the Fourier coefficlent w, of w(x) satisfies

0= (I — ™" w(x), exp (k- x))g = (@(x), I — A" exp(ik - o
= (1 + [k (wix), exp(ik - 2))g = (1 + [R[)"* w,,
and so wy = 0 for all k. Thus (7,,,; — T,) is 0 on C®(G,). The space

C*(G,) is dense in W™ (G} ¢ W™ (G,), since trigonometric polynomials

|kT§DO wy, eXp (i & - x) are dense in the space W™ 17 {G4). Hence Tonij=Th

on W™H(G)).

We are now ready to prove the differentiability theorem for our
periodic case. We have, for p € C®(G,),

oo == (u, L*y)g = (1, 9)' = (Tppt, )" =T pyts, (I — A)™ .
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Hence, for
Tt~ %‘ck exp(tk - x), p(x) ~ ‘:J Y exp ik - x),

we obtain, by Parseval’s relation,
(T, (T =) plo== 2 (1 + [R5 g = X fata-

By the arbitrariness of p € C®(G,), we have ¢, (1 4 [£[)™ = f, and so,
by f€ WP(G,), we must have T,u¢ W’T*"(G)). Hence, by (11),
e WP (G} It is to be noted that the above conclusion & W# 2" (G,)
is true even in the case 0= p = (1 —m), ie., the case {f,} € W2 (&)
with 0 = $ = (1 —m). For, by p + 2m = m + 1, we can apply {11).

We finally shall prove, for the general non-periodic case, our differen-
tiability theorem. The following argument is due to P. Lax [2].

We want to prove, for the general non-periodic case, the differentia-
bility theorem in a vicinity of a point 2% of G. Let f(x) € Cg°(G) be identi-
cally one in a vicinity of x°. Denote fu by #'. " is a weak solution of

Lu' =ff+ Nu, (12)

where N is a differential operator of order at most equal to (2m — 1)
whose coefficients are, together with #(x), zero outside some vicinity ¥
of #%, and the operator N is to be applied in the sense of the distribution.
We denote the distribution 8f + Nu by /.

Let the periodic parallelogram G, contain V, and imagine the coeffi-
cients of L so altered inside G, but outside ¥ that they become periodic
without losing their differentiability and ellipticity properties. Denote
the so altered L by L’. Thus »' is a weak solution in G of

L'a = f, where f = 8 + Nu. (13)

We can thus apply the result obtained above for the periodic case to
our weak solution «’. We may assume that the weak solution «" belongs
to W™ (G,). Thus, since N is of order = (2 — 1} and with coefficients
vanishing ontside V, /' = §f + Nu must satisfy, by (8},

J e WP(G) with 2" = min(p, m — (2m — 1)) =min(p, 1 —m) = 1—m.
Therefore, the weak solution «’ of (13) must satisfy

w € W' (G) with " ==min(p + 2m, 1 —m + 2m)
—min{p + 2m,m 4 1).

Hence, in a certain vicinity of 2%, « has square integrable distributional
derivatives up to order p”* which is = (m 4 1).Thus /' = 8f + Nu
ltas, in a vicinity of &% square integrable distributional derivatives of
vrder up to ’

P o= min(p, 7 (2m— 1)) Z min(p, 2 —m).



182 VI. Fourier Transform and Differential Equations

Thus again applying the result already obtained, we see that »’ has, in a
certain vicinity of x°, square integrable distributional derivatives up to
order

¥ = min(p + 2m, 2 —m + 2m) — min(p + 2m, m | 2).

Repeating the process, we see that » has, in a vicinity of x°, square
integrable distributional derivatives up to order ¢ + 2m.

10. The Malgrange-Ehrenpreis Theorem

There is a striking difference between ordinary differential equations
and partial differential equations. A classical result of PEANO states
that the ordinary differential equation dy/dx = f(x, y) has a solution
under a single condition of the continuity of the function f. This result
has also been extended to equations of higher order or to systems of
equations. However, for partial differential equations, the situation is
entirely different. H. LEwvy [1] constructed in 1957 the equation
il

ax,

i g 2w 2 = (),

which has no solution at all if / is not analytic, even if # is €. Lewy's
example led L. HORMANDER [3]) to develop a systematic method of
constructing linear partial differential equations without solutions. Thus
It is important to single out classes of linear partial differential equations
with solutions.

Let P{£) be a polynomial in £. &, ..., &, and let P(D) be the linear
differential operator obtained by replacing & by D; == 1—18/8x;. P (D) may
be written as

P(D) = 3 ¢, D, where, for & = (a, &y, . . ., a,,) ,

3

D, =DuDg. . D

Definition 1. By a fundamental solution of P{D) we mean a distribu-
tion E in R” such that
PINWE=6=T,.
The importance of the notion of the fundamental solution is due to the
fact that '
u = F %[, where fc CP(R"),

gives a solution of the equation
P(DYyu=f.

In fact, the differentiation rule (10) in Chapter VI, 3 implies that
PDYu =(PDYEY%f=28%f==}
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L
Example. Let P (D)} be the Laplacian A4 — Z a% in R* with » = 3.
=1 0%
Then the distribution
1
E =T, where g(x) = E=ws,

surface of the unit sphere of R*,

|x*~" and S, = the area of the

s a fundamental solution of A.

Proof. We have, in the polar coordinates, dx = [x|""'d |x|dS,, and
so the function g(x) is locally integrable in R*. Hence

AT enlp) = lim [ [P Apdx, g € D(R").

640 e

Let us take two positive numbers £ and R (> £) such that the supp(p)
is contained in the interior of the sphere |x| <X R. Consider the domain &
¢ = |x] = R of R" and apply Green’s integral theorem, obtaining

S g a xpgyax = (g 2T s
e aG

where § = &G is the boundary surfaces given by |x| = ¢ and |x| = R,

and » denotes the outwards normal to S. Since @ vanishes around [x|=R,
7

we have, remembering that A [x \r"*” = 0 for x £ 0 and that = alx]|
at the points of the inner boundary surface |x| =&,

Rf[xF‘”A(pdx:-—l‘[f_ e fdS+ [ (@—m e pas.

Jo]—

When ¢ | 0, the expression &p/d|x| = 2: (x;f1x|) - plox; is bounded
i=

and the area of the boundary surface |x| = ¢ is 5,¢"*. Consequently
the first term on the right tends to zero as £ | 0. By the continuity of ¢
and a similar argument to above, the second term on the right tends, as
¢4 0, to (2—n) S, @(0). Thus T, is a fundamental solution of A.

The existence of a fundamental solution for every linear partial diffe-
rential equation with constant coefficients was proved independently by
B.MALGRANGE [1]and L. ERRENPREIS [1]around 1954—55. The exposition
of the result given below is due to L. HORMANDER [4],

Definition 2. Set

P =( X, |PV@O )= where P& = DIPE), "
Dot tan .

Ty

SR N LA
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We say that a differential operator (D) with constant coefficients is
weaker than P (D) if
@(&) < CP(§), Ec R*, C being a positive constant. {2)

Theorem 1. If £2 is a bounded domain of K" and f € L2{2), then there
exists a solution % of P(D) # = f in £ such that Q (D) u &€ L*({2) for all
weaker than P. Here the differential operators P (D) and ¢} (D) are to be
applied in the sense of the theory of distributions.

The proof is based on

Theorem 2. For every e > 0, there is a fundamental solution E of
P (D) such that, with a constant € independent of %,

[(E % u) (0)] = C[Slllgp JlwE +imyl/P (&) dE, uc CF(RY). (3)
n|=s Ra
Here # is the Fourier-Laplace transform of #:
W) = @)y [t ulx) dy, L =§& 4+,
Rn

and the finiteness of the right side of (3) is assured by the Paley-Wiener
theorem in Chapter VI, 4.

Deduction of Theorem 1 from Theorem 2. Replace % in (3) by
Q (D) u * v, where 4 and v are in C3° (R"). Then, by {10) in Chapter VI, 3,

QD) E % % v} (0)| = }(E % QD) % v) (0)| < CN(Q(D) m %),
where N (#) = sup [ |&(£+ in) /P () - dt.
lnl=e R

The Fourier-Laplace transform of Q (D} » % v s, by (17) in Chapter VI, 2
and (15) in Chapter VI, 3, equal to (27)*2 Q(Z) #({) (). Since, by
Taylor's formula,

13

O +im = 3 4 () DLQE). where (-g)" = 11 (— 7)™, (4

i=1
we have, by (2),
| Q& +in) |[/PE) < C for |5 <e and £€ R",
where the constant €’ may depend on £. Thus
N(QD)usv) < ()" C'-sup [ |06 + in) 0(5 + in)|d¢.

9l e BB

By Parseval’s theorem for the Fourier transform, we obtain, denotmg
by || || the L2(R")-norm,

f (€& + in) |2 dE = flu(x) \252<”'")dx§!|u(x) e‘MHE when |7|=<e,
Fn &

and a similar estimate for 2. Thus, by Schwarz’ inequality,
N(Q(D) uxv) < C"[|u(x) e™|| ||v(x) ¢*|| whenever u and v C3°(R"),

C" denoting a constant which may depend on e.
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Therefore we have proved
J(Q(DYE % w) () v(—2) dxl < (CC[|ue™ | [Joe™ || (w,ve CF(R™).
(5)
We shall write L2 (R") for the Hilbert space of functions w (x) normed by

( f 1w (x) |2 e dx)”z = j|w () et ||

Since CF(R™) is dense in L7 (R") and, as may be proved easﬂy, L2 SR
i the conjugate space of LZ{R"), we obtain, by dividing (5) by [{»( JestH ||
and takmg the supremum over v £ Ci° (R"),

100 (D) E % u) (x) e™H[| < (CC7) [Ju() e ]|, we CTIRY).
Hence the mapping

w—> QD) E % u (6)

can be extended by continuity from C§° (R") to L(R"), so that it becomes
a continuous linear mapping on LZ(R™ into L%, (R"). Thus, to prove
Theorem 1, we have to take f, == f in £2 and f, == 0 in R* —{2 and define
u as equal to uw = E % f.

For the proof of Theorem 2, we prepare three Lemmas.

Lemma 1 (MALGRANGE). If £(2) is a holomorphic function of a complex
variable z for 1z| = 1 and p(z) is a polynomial in which the coefficient
of the highest order term is 4, then

|4 H{0)| < (2m) f |7 # (6| 46, (7

Proof. Let z's be the zeros of $(z) in the unit circle |z| < 1 and put

£— Zy

P()_g(z)ngz.—.l

Then g (z) is regular in the unit circle and | $ (2) |= |¢(2) | for |z| = 1. Hence
we have

o

()t f If(ew)?ﬁ(ew)ld9=(291)‘1} |7(¢°) g ()| 48

—7

ff ) g () 2 | = |F(0) ¢(O) .

Thus Lemma 1 is proved since \g{O j4 | is equal to the product of the
absolute values of zeros of p (z) outside the unit circle.

(27

Lemma 2. With the notations in Lemma 1, we have, if the degree of
P2} is = m, -
w! 3

700 A0 =, @) [ 1) p(e) | 48, (®)

—
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Proof. We may assume that the degree of $ (2) is m and that
p(a) =

k
Applying the preceding Lemma 1 to the polynomial JT (z—2) and the
F=1

N3

(z—z).

7

1
-

holomorphic function f{z) -

I
™

. {#z — #;), we obtain

= @)t [ |He p (e av.

[N

o

4

J=k-+1

A similar inequality will hold for any product of (m — &) of the numbers
z; on the left hand side. Since ' (0) is the sum of m!/(m-—k)! such terms,
multiplied by (- 1)™~*, we have proved the inequality (8).

Lemma 3. Let F({} = F({,,{,, ..., ¢,)} be holomorphic for (£ =

n f2
(J_.:Zl' I < ooand P(L) = P, ¢y ..., Ca) & polynomial of degree

= m. Let ®({} = @(£,.{,, - . ., £,) be a non-negative integrable function
with compact support depending only on |{;], |Z,], .. ., |£,]- Then we
have
!
FODLO| [ I90L = G [ FQPOIPQLL, O
(o] <00

where d( is the Lebesgue measure d&, dy, . . . d&, 2, (Er = & + 7;) and
m is regarded as multi-index (w1, m, . . ., m).

Proof., Let /(z) be an entire holomorphic function and apply (8) to the
functions f(rz) and p (rz), where » = 0. Then we obtain
m! P ‘ .
|1(0) p* (0) [ - #* < T — R (25’1)71_[ |H{re®) p(re®} | db.
Let ¢(r) be a non-negative, integrable function with compact support.
Multiplying the above inequality by 27 g (#) and integrating with
respect to r, we obtain

PO O [ |t wiiehat = o™ [0 p@Iw(eh et (0)

where df = rdrdf and the integration is extended over the whole complex
t-plane. Lemma 3 is obtained by applying (10) successively to the va-
riables £, {5, . .., {,, one at a time. -
Proof of Theorem 2. Put P (D}« = v, where #¢ CP(R". Then
Pyu(l) =9(). Apply Lemma 3 with F () = #(£ + ), with P(7)
replaced by P(§ + {) and with |@(()| = 1 when |{| < ¢ and = 0 other-

wise. Since f’(f) = X |D*P(£)}], we obtain, from (9),

|u(£)ﬁ(£)|gclc[[_; (a(5+c)P(s+5)|d¢=clmf 19 4- &) dz.
1 £ Se
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Hence, by Fourier’s integral theorem,

[« O] = @ [a@) | =c (e +0Peda

[se

<CS(, J,_ BE+E+in P e an)a
F s
On the other hand, we have

P +&)PEH =<C, when |&|=Z5,

because

n B
DPE + &)= 3 EEDersp,
so that |D*P (& + &) |/ P (£) is bounded when |£’ | = &. Therefore we have

|“(0)E§Cic2f(' I BeE+&+in)jPe+¢) 4’ drf'\dt

PV p et
= G,y ||7|[', where {(11)
el = é (f|6(£+z'n)l/ﬁ(s) d)dn (€ CT(R)),

(3 denoting a constant depending only on &.

By the way, the finiteness of ||v]|" is a consequence of the Paley-Wiener
theorem in Chapter VI, 4. Consider the space 53" {R"} which is the
completion of C3° (R™) with respect to the norm ||v]]". Then, by the Hahn-
Banach extension theorem, the linear functional I :

v=P(D)u—>u(0) (where u& CF(R")

can be extended to a continuous linear functional L defined on C3° (R").
As in the case of the space L!'{R"), we see that there exists a Baire func-
tion A{f + 7#%) bounded a.e. with respect to the measure ﬁ({-‘)"ldfd-q
such that the extended linear functional L is represented as

Lwy= [ ([ o +imh¢ +in/Pe)-ddy. (2
7 £

When v, (x) € CF° (R") tends, as s —> oc, to 0 in the topology of D(R"),
vy {x) 67’ also tends to zero in the topology of ®(R", uniformly with
respect to # for |5 | = e. Hence, as in Chapter VI, 1, we see easily that
v (£ 4~ 1n), as function of £, tends to zero in the topology of & (R™,
uniformly in 5 for || = e. Therefore, by (12), L defines a distribution
T D(R"'. Thus, by (8) in Chapter VI, 3,

L(v) = (T % 9) (0) = (T % ) (0). (13)
We have thus proved Theorem 2 by taking F = T. (3) is clear from (11}.
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11. Differential Operators with Uniform Strength

The existence theorem of the preceding section may be extended to a
linear differential operator

P(x'D):%‘am(x)Drx (1)

whose coefficients 4, (x) are continuous in an open bounded domain £ of
R*.
Definition. P (x, D) is said to be of uniform stremgth in 02, if
sup  P(x, £)/P(y, §) < oo, 2
*¥EL EERD
where P (x, £) is defined by (2 | P (%, &) EZ)W considering % as para-
meters.

Examples. The differential operator P(x, D) = ]%‘ DFa  (x) D
shlt]| =m '

with real, bounded C* coefficients a,,{x) = a,,(x) in Q is strongly elliptic
in L2 (see Chapter VI, 9) it there exists a positive constant & such that

g ez Ze mo -

In such a case, P(x, D) satisfies the condition (2). Next let P{x, D) be
strongly elliptic in an open bounded domain 2 of E*~!. Then

2 P(x, D) (4)

n

is said to be parabolic in the product space 2x{x,; 0 < x,}. It is easy
to see that the operator (4} is of uniform strength in the above product
space.

Theorem (HORMANDER [5]). Let P(x, D) be of uniform strength in an
open bounded domain £ of R". For any point 1%, there exists an open
subdomain £2; of £2 such that x°€ £2, and the equation P(x, D) u = f has,
for every ¢ L2(8,), a distribution solution # € L2(£},) for which, more-
over, Q(D) u ¢ L2{£2)) for every Q (D} weaker than P (x, D) for any fixed
x €8,

Proof, Write P (x° D) = P (D). The set of all the differential opera-
tors with constant coefficients weaker than Py(D) is a finite dimensienal
linear space. For, the degree of such operators @ (D) cannot exceed that
of Py(D). Thus there exist P, (D), £5(D), ..., Py (D) which form a basis
for the differential operators weaker than 2,{(D). Hence we can write

Ple, D) = Po(D) + 35,6 Py(D), t;(a8) =0, o)

with uniquely determined &; (s} which are continuous in £.
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By the result of the preceding section, there exists a bounded linear
operator T on L2{({2)) into L?(£2)) such that
Py (DyTf=1Ffor all f€L2(L), (6)

and that the operators P;(D) T are all bounded as operators on L?(£,)
into L2(£2)). Here {2, is any open subdomain of £2. We have only to tal;ce
T'f as the restriction to £2, of E % f; where fy —fin 2, and f; = 0 in
R0

The equation P(x, D)) 4 == f is equivalent to

N

Py(D)w + Zbi(x) P;(D)u=1. (7
We shall seek a solution of the form % — Tv. Substituting this in (7), we
obtain, by (6),

N
v+ Tb() P(D) To=1. (8)
i=
Let the sum of the norms of the bounded linear operators P;(D) T on
L2(Q2,) into L2(f2)) be denoted by C. Since b;(x) is continuous and
h;(x®) = 0, we may choose £2; 3«0 so small that
C |b;(x)}| << 1/N whenever 28, (j=1,2,...,n).

We may assume that the above inequalities hold whenever x belongs
to the compact closure of £2,. Thus the norm of the operator
EN b (x) P;(D) T is less than 1, and so the equation (8) may be solved
=1
jby Neumann’s series {Theorem 2 in Chapter II, 1):

N -1
» =(I + 24P (D) T) j— Af,

where A is a bouned linear operator on L2(£2,) into L2(2,). Hence
u = T Af is the required solution of P(x, D)u = {.

12, The Hypoellipticity (Hérmander’s Theorem)

We have defined in Chapter II, 7 the notion of hypoellipticity of
P(D) and proved Hérmander’s theorem to the effect that, if £(D) is
hypoelliptic, then there exists, for any large positive constant C,, a
positive constant C, such that, for all solutions £ = £ 4 47 of the alge-
braic equation P {{) =0,

(6] < G if )< Gy (1)

To prove conversely that (1) implies the hypoellipticity of (D),
we prepare the

Lemma (HORMANDER [1]), (1) implies that

E PP X POEF 0 as ECRY f =00 (D)

(120




190 V1. Fourier Transform and Differential Equations

Proof. We first show that, for any real vector @€ R, we have
P+ O)/P(&) > 1 as £€ R™, {3)
We may assume that the coordinatesare so chosen that @ = (1, 0,0, . . ., 0).
We have, by (1),
P(§ 4~ i) 55 0 when || < €, and |§] > C,.

Then the inequality |& — C | = € holds if |£| = C) + Cpand P(E) = 0.
For, setting {" = &' 4 1’, we have either 5’| = C, or else |£'| < C; s0
that |§ — &| = C,. Giving fixed values to, &, &y, ..., £, we can write

P() = C I (& — 1), C#0,

where {#,&:,...,£,) is a zero of P. Hence we have lte — & | = €, if
!EJ ; C1 + CZ' Thus

PE+0) _ rréatlo6
rg = 7, —kn(lﬂa—tt)

satisfies

PE+ 8)
~FE 711 mCT L+ CTY™ 0 i (£ = Cy + C,.

As we may take C, arbitrarily large by taking C, sufficiently large, we
have proved (3).

We have, by Taylor’s formula,

P+ =21

PUE) g

and so
L 1 :
% P+ 77(1) Z _71'0(&) Z‘ L Ti(t))a (4)
where %' are arbltrary real vectors and #; arbitrary complex numbers.

The coefficients E t(n®)* Ja| = m, can be given arbitrary values by

a convenient chou:e of £, ¢; and »®. If otherwise, there would exist con-

stants C,, |a| = m, not all equal to zero and such that 2 C,n* =0 for
every 1. Thus

PNE) = _E LP{E + %) with real vectors 7
Since the pr1nc1pal part on the right must cancel out when |x| 3£ 0, we

must have Et = (. Hence, by (8}, we obtain (2).

Corollary Suppose that P, (§) and P,(£) satisfy (2). Then P(£) =
I?l (&) - P,(&) also satisfies (2). Moreover, if Q;(D) is weaker than P;(D)
{f = 1, 2), it follows that Q, (D) Q,(D) is weaker than P(D).

12. The Hypoellipticity (Hormander’'s Theorem) 191

Proof. By applying Leibniz’ formula of differentiation of product of
functions, we see that P (£) is a linear combination of products of
derivatives of P, (&) and P,{&) of the order sum = {x). Hence (2) holds
for P(&). The latter part of the Corollary may be proved similarly.

We are now ready to prove

Theorem (HorMANDER [11). P (D) is hypoelliptic iff the condition (2)
1s satisfied.

Proof. The “only if”’ part is already proved (Chapter 11, 7 and what
was proved ahbove). We shall prove the “if’" part.

Let £2 be an open subdomain of R". A distribution # € D{£2)’ is said
to belong to HE (£2) if, for any g,& CF(f2), the Fourier transform #,
of u#y, = gy satisfies (see Chapter VI, 2)

[0+ 5B )2 df < oo, that is, if wo = gou & WHHRY. (9

By virtue of Sobolev’s lemma in Chapter V1, 7, the “if” part is
proved by the following proposition:

Let P(£) satisfy (2). If a distribution » ¢ D (£2) satisfies
P(D}yuc Hp.(£2) with a positive s, then » belongs to (6
().

For, if P(D)uc C® in 2, then P (D) uc Hy,.(2) for every positive s

because of Leibniz’ formula of differentiation.
The following proof of (6) is based upon two Lemmas:

Lemma 1. Let f€ Wa2(R"} and € CF (R"), s = 0. Then yf & Wa2(R").

Lemma 2. ILet P (&) satisfy (2). Then there exists a positive constant
p such that | P (&) &|/|P(§)| > 0 as §€ R, |§] — oo for every o 7 0.

The proof of Lemma 1 will be given later, and the proof of Lemma 2
will not be given here (for the latter, we refer the reader to L. HORr-
MANDER [6] or to A. FRIEDMAN [1]),

Next, let £2, and £2, be arbitrary open subdomains of £ such that their
closures % and £§ are compact and 2§ C G, 2§ C 2. By Schwartz’
Theorem in Chapter 111, 11, the distribution u € ®(£2)’ is, when conside-
red as a distribution £ ®(£,), a distributional derivative of the form
D'y of a function v(x) € L2(£2;). Let g€ CF°(£2,) be such that g(x)=1
in£;. Then u = u, = D'pv as distributions ¢ D (£2,)’. pv being € L*(R"),
we see that there exists a (possibly) negative integer % such that

P@(D) uy— P (D) Digpvc W (R™) for every «. {7)

Hence, by Lemma®l and the generalized Leibniz formula (see Chapter 1, 8)

- )
PO gity =P (D)o + 3 i Dy PO o, (9
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we see by P{D)u, ¢ Hj,(£2) that, whenever ¢, € C3(£2,),

P(D) gt € Wh2(R") with E, — min (s, &). )
Thus the Fourier transform 4, {£) of , (x) = ¢, (x) 4%, () satisfies
JIP@OE@RA+ |sP)nas<oo (L0)

and hence, by Lemma 2,

JIPT@ @ (1t |gf)te g < oo, that is,

I (11}
PYD) u; ¢ Wata2(E™ for every o 7= 0.

Let £2, be any open subdomain of £, such that its closure £2 is compact

and contained in £2,. Then, for any @, € C§°({2,), we prove, by (8} and (11)
as above, that

P (D) pyu; € Wh2(R"} with k, = min (s, #, 4+ u) and hence
P(D) pyu, € WhteZ(RM for every « # 0.

Repeating the argument a finite number of times, we see that, for any
open subdomain £’ of £ such that its closure is compact and contained

in £2,
PYD)ypue W (R") for all & 7 0 whenever g & CP ().
Thus, P (&) = constant == 0 gives pu € WS2(R™),
Proof of Lemma 1. The Fourier transform of pf is
(2m)~™% [ (n) f (€ — 5) dy (see Theorem 6 in Chapter VI, 3)
Rﬂ-

and thus we have to show that, fors = 0,

fa+)epr ffv(n)f(é—*n)dn|2d§<oo.

R® Rn
By Schwarz’ inequality, this can be estimated from above by

Javlerep S ot dn- [l 17€—mnpan]ae
= Jlp@lan] [ [ [EPr1m]- 7€ —nPaan).

We then make use of the inequality

(12)

A+ ey =4 @+ {nPF (@ + j&—nPy (13)
which may be proved by
14 [&# 14+ |8—35]?
e 0, sk e = 2L

By (13), the right side of (12) is estimated by f |9 () | dn-times
RB»

4 L1 @It [nfydn ([ 4 & —nl [TE—n) P ag).

I
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This integral converges since f € W%*(R") and 9(n) ¢ € (R™.
‘We have thus proved our Theorem.

Further Researches

1. A linear partial differential operator P(x, D) with ({2} coeffi-
cients is said to be formally hypoelliptic in £2 C R* if the following two
conditions are satisfied: i) P (x% D)} is hypoelliptic for every fixed x%¢ 02
and ii) P(x9, &) = 0(P(x', &) as £ € R, |&| — oo for every fixed 2* and
x' ¢£2. L. HOrMANDER [B] and B. MALGRANGE [2] have proved that,
for such an operator P (x, D), any distribution solution » € D {{2)’ of the
equation F(x D) # = f is C* after correction on a set of measure zero
in the open subdomain € £ where f is €°°. The proof above for the con-
stant coefficients case may be modified so as to apply for the formally
hypoelliptic case, see. e.g., J. PEETRE [1].

2. It was proved essentially by I. G. PETROWSKY [1] that all distri-
bution solutions «# ¢ B (R™ of P{D)» = 0 are analytic functions in R*
iff the homogeneous part P, {£) of P (&) of the highest degree s does not
vanish for &£ € R®. If this condition is satisfied then P{D) is said to be
(analviically) elliptic. It is proved that in such a case the degree m is
even and P (D) is hypeelliptic. It is to be noted that the hypoellipticity
of an analytically elliptic operator P (D) can also be proved by Friedrichs’
Theorem in Chapter VI, 9. For, by the non-vanishing of P,, (£), we easily
see, by the Fourier transformation, that P(D) or —FP(D) is strongly
elliptic. For the proof of Petrowsky’s Theorem, see, e.g., L. HORMANDER
167, F. TrEtves [1] and C. B. MorrEY-L. NIRENBERG [1].*

VII. Dual Operators

1. Dual Operators

The notion of the transposed matrix may be extended to the notion of
dual operator through

Theorem 1. Let &, ¥ be locally convex linear topological spaces and
X;, Y, their strong dual spaces, respectively. Let T be a linear operator on
D(T) € X into Y. Consider the points {x’, ¥’} of the product space X, x Y
satisfying the condition

(Tx,v>=<x, x> foral x€ D({I). (1)
Then x" is determined uniquely by " iff I(T) is dense in X.
Proof. By the #inearity of the problem, we have to consider the condi-
tion: :
(x, x> =0 for all x& D(T) implies x = 0.
* See also Supplementivy Notes, 1. 466,
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194 VII. Dual Operators

Thus the “if” part is clear from the continuity of the linear functional
x'. Assume that D(T)* = X. Then there exists, by the Hahn-Banach
theorem, an x{ %% 0 such that (x, x> = 0 for all x€ D (7): consequently,
the “only if" part is proved.

Definition 1. A linear operator 7' such that T"y" = " is defined
through (1} iff D(T)* = X. T’ is called the dual or conjugate operator of
T'; 1its domain D (T} is the totality of those ¥ € Y such that there exists
#' € X{satistying (1), and 7"y’ = x’. Hence 7" is a linear operator defined
on D(T”) € Y] into X! such that

Txy5=<xT'y) for all x<D(T) and all ven(Ty. (2

Theorem 2. If D(7) = X and T is continuous, then 7° is a conti-
nuous linear operator defined on Y into X,

Proof. For any y' ¢ Y, (Tx, y"> is a continuous linear functional of
%€ X and so there exists an x” € X; with 7"y’ == x’. Let B be a bounded
set of X. Then, by the continuity of 7', the image T - B = {Tx; x¢ B}
1s a bounded set of ¥. Thus, by the definming relation {T'x, y"> — (x, x>,
the convergence to 0 of y' in the bounded convergence topology of ¥’
(given in Chapter IV, 7) implies the convergence of x' in the bounded
convergence topology of X'. Thus 77 is a continuous linear operator on
Y, into X,

Example 1. Let X = Y be n-dimensional euclidean spaces normed by
the (/%)-norm. For any continuous littear operator T € L (X, X), set

Tx=y, where x= (x,7,...,%,) and Y= (¥ Yor- - -, V).
Then y; = _3',1‘ tix; (1 =1,2, ..., %) and so, for z = (71, 22, - .+, Z4),
i=

T =00 = Ty X (Bhy) s = Foy( Fhos)

Thus 772 = w is given by w; — X tyz; (f=1,2,..., n). This proves
=1
that the matrix corresponding to 7" is the transposed matrix of the matrix
corresponding to 7.
Example 2. Let X =— Y be the real Hilbert space (/2), and let
T,c L(X, X} be defined by

Tux, 2o, oo g, ) = (x,, %, 00, Xy o)
Then from
Ty, %, . 0), (21, 2y, o)) = Hmy nt1fs + Xy g2y 4
we obtain _r
~F
oz, ze, - ) =(0,0,...,0,2,2,.. -

1/2
Since || T, (%1, 2, . . .} || :( ) x?,,) —Oasn—ocoand|| T}, (2, 4, . . I

M=n
= ”(zlr Z5, - - ) |l, we have
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Proposition 1, The mapping T — 1" of L(X, Y} into L(Y,, X)) is
not, in general, continuous in the simple convergence topology .of opera-
tors: that is, lim T,x — Tx for all x¢ X does not necessarily imply
lim T,y = T’4' for all y € Y’, in the strong dual topology of X.

" .
ﬂéooThenrem 2'. Let T be a bounded linear operator on a normed linear

space X into a normed linear space ¥. Then the dual operator 7" 1s a
bounded linear operator on Y} into X; such that

171 =17} | ®
Proof. From the defining relation {Tx, ¥'> = {x, ">, we obtain
1 T.v M=l = Sup i<x, xl>|
j7y )= 1T = sup,

= sup [<Txy>| = Iyl - sup [1Tx[[ = |- IT
listl=1 [N*] =1
and so ||T"|| = || T||. The reverse inequality is proved as follows. For
any %€ X, there exists an f,€ ¥’ such that |!f0'\i =1 and f,(Tx,) =
(T fo> = || Txyl]. Thus fo = T"f, satisfies {xq, fo> == || T || and so
T = <xoo THo> Z [T [ HIAll - %ol == (171 |2 1. Te-
=70 ’
Theorem 3. i) If 7 and S are € L(X,Y), then (a7 + §5) =
(T’ + $S7. ii) Let linear operators T, S be such that D(T),aD(S),
R(T) and R(S) are all contained in X. If Sis € L (X, X)and D(ITV = X,
then

(ST) =1T1'5". (4)
If, moreover, D(T 5)* = X, then .
(TSY 287, ie., (I'S) is an extension of S'T". {R)

Proof. i} is clear. ii) D(ST) = D(7) is dense in X, and sov(STw)—
exists. If y € D{(ST)"), then, for any x€ D(T) = D(S?), (Tx',:S %f> =
(STx, vy = {x,{8T)y> This shows that S’yED(I’"). a.nd’ TSy =
(ST)'y, thatis,(ST) C T’ S". Let,conversely,y ED‘(T S, ),ie.S ye];) (,T ).
Then, forany x € D(T) = D(ST),{STx, v = <’1' x, S y>. = fx: é” :E%J)’
This shows that y € D{ST)) and {ST)'y=1"S"y, thatis, T'S' C(ST).
We have thus proved (4). '

To prove (B}, let y€ D(S'T’") = D(1"). Then, for any x¢ D(TS},
(TSx,vy = {(Sx,T'yy =<{x,5T'y>. This shows that y¢& D{(TS5)
and (TS)y = STy, that is, S'T" € (T'S5)".

- 2. Adjoint Operators

The notion of transposed conjugate matrix may be extended to the
notion of adjornt operator through

1%



196 VII. Dual Operators

-Deiinition 1. Let X, Y be Hilbert spaces, and T a linear operator
defined on D(7) € X into Y. Let D(T)* = X and let 7’ be the dual
operator of 7. Thus (Tx, y'> = (x, T'y"> for x€ D(T), y'€ D). 1f
we denote by f the one-to-one norm-preserving conjugate linear corre-
spondence X3 f <> 4,€ X (defined in Corollary 1 in Chapter III, 6), then

T,y =" (Tx) = (Tx, Jyy"), T =(T'y) () = (x, TxT'y).
‘We have thus

(Tx, Jyy') = (x, JxT'y), that is, (Tx, 3) = (z, Jx T Jv'9).
In the special case when Y = X, we write
T = JxT' J%*
and call T* the adjoint operator of T.

Remark. If X_is the complex Hilbert space (/%), we see, as in the Exam-
ple in the precgdmg section, that the matrix corresponding to T* is the
transpc_ased conjugate matrix of the matrix corresponding to 7.

As in the case of dual operators, we can prove

o Theorem 1. T* exists iff D(7)* == X. It is defined as follows: vE X
1s in the domain of D {T™) iff there exists a yv* € X such that

{T'x,y) = (x,9*) holds for all x¢ D(T), (1)
and we define 7% y = y*,
. We can rewrite the above theorem in terms of the graph G (A4) of the
linear operator 4 (the graph was introduced in Chapter 11, 6):
. Theorem 2. We introduce a continuous linear operator ¥V on X x X
into X X X by
Vix, v} = {~v, x}. (2)

Then (V G (T))* is the graph of a linear operator iff D(I* = X, and, in
fact, we have ,

G(T* = (VG(T)*. (3)

Proof. The condition {—Tx, x} | {y, y*} is equivalent to (Tx,y) =
{x, y*). Thus Theorem 2 is proved by Theorem 1.

Corollary. T* is a closed linear operator, since the orthogonal comple-
ment of a linear subspace is a closed linear subspace.

Theorem 3. Let T be a linear operator on D (T) € X into X such that
D(T)* = X. Then T admits a closed linear extension iff T#* =(1;*)*
exists, Le., iff D(T*)* = X.

. Proof. Sufficiency. We have T** 2 T by definition, and T#** — (THy*
is closed by the above Corollary.

Necessity. Let S be a closed extension of 7. Then G (S) contains
G(T)" as a closed linear subspace, and so G(7)° is the graph of a linear
operator. But G(T)* = G(T)*1 = (G(T}+) by the continuity of the
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scalar product, and, moreover, by VG(T*) = G(T)+, we obtain
(VGI®)L = G(T)LL. Therefore, (VG (T*))* is the graph of a linear
operator. Thus by Theorem 2 D (T*)* = X and T** exists.

Corollary. Under the condition that D (7)* = X, T is closed linear iff
= T¥*

Proof. The sufficiency is clear. Necessity is provéd by observing the
formula G (T)* = G{T**) obtained above. For, G(T) = G(T)* itmplies
that T = T**

Theorem 4, An everywhere defined closed linear operator T is a con-
tinuous linear operator.

Proof. Clear from the closed graph theorem.

Theorem &. If 7 is a bounded linear operator, then I™* is also bounded
linear and

17| = | 7*]I- (9

Proof. Similar to the case of dual operators.

3. Symmetric Operators and Self-adjoint Operators

A Hermitian matrix is a matrix which is equal to its transposed
conjugate matrix. It is known that such a matrix can be transformed
into a diagonal matrix by a suitable (complex) rotation of the vector
space on which the matrix operates as a linear operator. The notion of the
Hermitian matrices is extended to the notion of self-adjoint operators
in a Hilbert space.

Definition 1. Let X be a Hilbert space. A linear operator on D{T) L X
into X is called symmetric if T*% 2 T, i.e., if T* is an extension of T. Note
that the condition of the existence of 7* implies that D(T)* = X.

Proposition 1. If T is symmetric, then T¥* is also symmetric.

Proof. Since T is symmetric, we have D (T*) 2 D(T) and D(T)* =X.
Hence D{T#)* — X and so T** = (T*)* exists. T** is surely an exten-
sion of 7 and so D(T**) > D(T). Thus, again by D(7T)* == X, we have
D(T**)* = X and so T*** = (I**)* exists. We have, from 7* 27,
T**% C T* and hence T%%* D T** which proves that T** is symmetric.

Corollary. A symmetric operator 7" has a closed symmetric extension
Tk — (T*)*,

Definition 2. A linear operator T is called self-adjoint if T = T*.

Proposition 2. A self-adjoint operator is closed. An everywhere defined
symmetric operator is bounded and self-adjoint.

Proof. Being the adjoint of itself, a self-adjoint operator is closed.
The last assertion is proved by the fact that an everywhere defined closed
operator is boundéd (closed graph theorem).

Example 1 (integral operator of the Hilbert-Schmidt type). Let

oo = a< b oo and consider L2{a, d). Let K (s, f) be a complex-
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valued measurable function for @ < s, ¢ =< & such that

fbf|K(s, t) 2 ds dt < co.

a &
For any x(¢) € L?(a, &), we define the operator K by

(K -x) (s) = fK(s, ) x(f) dt
a
We have, by Schwarz’ inequality and the Fubini-Tonelli theorern .
f|(K - x) () |? ds = ff | K (s, t) |2 dt ds _f |x8) |2 di.

Hence K is a bounded linear operator on L2(a, ) into L%(a, b) such that

b 112
K| = (f K, 0)2ds dt) - It is easy to see that the operator K*

is defined by (K*y = f ) ds. Hence K is self-adjoint iff

K{s, f) = K{t, s} for a.e. s, ¢.
Example 2 (the coordinate operator in quantum mechanics). Let
X =1L%*—oo,00). Let D = {x{f); x(£) and ¢ x({) both ¢ L2 (— co, co)}.
Then the operator 7' defined by Tx(#) = ¢ x(t) on D is self-adjoint.
Proof. It is clear that D* = X, since the linear combinations of
defining functions of finite intervals are strongly dense in L% {— oo, oo).
Let y< D(T*) and set T*y — y* Then, for all x ¢ D = b{n),

o0

f tx()y() dt = [ x(&) y* () dt.

If we take for x() the defining function of the interval [«, 4,], we have
ft y(t) df = f y* (¢} d¢, and hence, by differentiation, £, - ¥ () = ¥* (£,)
for a.e, £, Thus y€ D and T*y(f) = ¢ - y(t). Conversely, it is clear that
yeD imphes that y ¢ D(T*) and T*y{t) — £ - y(8).

Example 3 (the momentum operator in quantum mechanics). Let
X = L*(—o00,00). Let D be the totality of x(f) € L2{— oo, ow) such that
%(f) is absolutely continuous on every finite interval with the derivative
%'(t} € L#(—o0,00). Then the operator T defined by Tx({t) =i 1% (f)
on DI is self-adjoint.

Proof. Let a continuous function x,(f) be defined by
%y (£) = 1 for £€ [ox, 4],
%(f) =0fort <o —m1and fort = fo + 71,

%, (t) is a linear function on [x — #n~!, ] and on [4,, £, + n~1].
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Then the linear combinations of functions of the form =, (f) with different
values of x, {, and # are dense in L%(— oo, o0). Thus D is dense in X.
Let y€ D(T*) and T*y = y*. Then for any x ¢ D,

_fmrlx'(z)ﬂT)dz :_c[: x{f) y*(2) dt

If we take x,, (#) for x(£), we obtain

] L

n [ iy@dt—-n [ il dt — fox,,(t)y*(t)dt,

a—Ht [ —o

e
and so, by letting # — oo, we obtain : 1(y{x) -— v (%)) = f Y* (8) dt for

a.e. o and 4. It is clear, by Schwarz’ inequality, that y*(f) is integrable
over any finite interval. Thus y(%) is absolutely continuous in #, over
any finite interval, and so we have =14/ (f)}) = y*(£,) for a.e. ¢, Hence
ve D and T*y(t) =11y (#). Let, conversely, v D. Then, by partial
integration

b

fﬂx ytydt =i [x@® vy (O + [ 2 Gy () dt.

By the integrability of x({f) y{f) over (—oo, oc), we see that
o0 - oo -
11m | (x(f) v(#)12] = 0, and so f i3y (f) v (f) dt = f x(8) (71" (B) de.
a}—co — —ao
Thus ye D(T*) and T*y{f) = 719" (f).

Theorem 1. If a self-adjoint operator T admits the inverse T-1, then
T-1is also self-adjoint.

Proof. T = T* is equivalent to (VG (T})* = G{(T). We have also
G(I1) = VG(—T). Hence, by (—T)* = —T* = —T, (VG({—-T)L ==
G(—7) and so

(VGIT): = G(-T)t = (VG(-T)+ = VG(-T) =G(T™Y,
that is, (I 4)* =711
We have used, in the above proof, the fact that (FG(— 1)) = VG (—T)
in virtue of the closedness of (—7).

Corollary. A symmetric operator T in a Hilbert space X is self-ad-
joint if D(1) = X orif R{T) = X.

Proof. The case D(T) = X was proved already. We shall prove the
case R(IN =X, Tx=10 implies 0= (Tx,v)={(x,Ty) for all
y& D(T), and so, by R(T) = X, we must have x = 0. Therefore the
inverse T—1exists which is surely symmetricwith 7. D(T) =R(T) =X,
and so the everywhere defined symmetric operator 71 must be self-ad-
joint. Hence T == (7)1 is self-adjoint by Theorem 1.
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We can construct self-adjoint operators from a closed linear operator.
More precisely, we have

Theorem 2 (J. von NEuMANN [B]). For any closed linear operator T
m a Hilbert space X such that D(7)® = X, the operators 7*%7 and 7 T*
are self-adjoint, and (I + 7*7) and ({ + T'T* both admit bounded
linear inverses, '

Proof. We know that, in the product space X x X, G(T) and VG (T*)
are closed linear subspaces orthogonal fo each other and spanning the
whole product space X x X. Hence, for any A€ X, we have the uniquely
determined decomposition

{h, 0} = {x, Tx} + {—T*y,y} with x¢ D(T), ve D(T*y. (1)
Thus A = x — T*y, 0 = Tx + y. Therefore
xCD(I*T) and x4 T*Tx—h. (2)

Because of the uniqueness of decomposition (1), « is uniquely deter-
mined by 4, and so the everywhere defined inverse (I | T* 7)1 exists,

Forany &, k¢ X, let

x=T + T*TyYh, y = (I + T*T) k.

Then x and y € D{T*T) and, by the closedness of 7, (T*)* == T. Hence

(h (I + T*T)E) = (T + T*T) 2, %) — (x,9) + (T*Tx, )

=% ¥) + (T% Ty) = (x,9) + (x, T*Ty)
==+ T*Tyyy=(I + T*T)1 h, k),

which proves that the operator (I -+ T*T)1is self-adjoint. As an every-
where defined self-adjoint eperator, (I | 7* T)1 is a bounded operator.
By Theorem 1, its inverse (f + 7*T) and hence T*T are self-adjoint.

Since 7 is closed, we have (I'*)* = T, and so, by what was proved
above, TT* = (I*)*T* is self-adjoint and (I 4 TT*) has a bounded
linear inverse,

We next give an example of a non-self-adjoint, symmetric operator:

Example 4. Let X = 72{0, 1). Let D be the totality of absolutely
continuous functions x(¢) € L2(0, 1) such that x(0) — 2(1) =0 and
x"({) € L2(0, 1). Then the operator T, defined by Tix{t) = % (£) on
D = D(T,) is symmetric but not self-adjoint.

Proof. We shall prove that 7} — T, where T, is defined by:

Tox(t) =1724'(f) on D(T,) = {x(t) € L2(0, 1}; x () is
absolutely continuous such that =" (£) € L%(0, 1)}.

Since D = D(T) is dense in L2(0, 1), the operator T¥ is defined.

Let y € D(T}) and set T¥y = y*. Then, for any x€ D — D(Ty)
1 - 1 -

[ @y dt= [ x@)y* (@ at.
0 9

3
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By partial integration, we obtain, remembering x(0) = x (1) = 0,

1

R 1 [
[y B =— [«
0

i

(#) dt, where Y*{f) = [ y*(s) ds.
o

1
Hence, by x (1) = f x' () dt = 0, we have, for any constant ¢,
0

1 —_——

J 2 (Y —iy{f) —c)dt =0 for all x¢ D(T,).
0

3

On the other hand, for any z{#) € L%{0, I}, the function Z (¢) = of z(t) dt —

1
tf z{¢) dt surely belongs to D (7). Hence, taking Z{f} for the above
0

x (¢}, we obtain

fl{zm —flz(t) di}-(Y*(zﬁ)—i—l y{f) —c)dt = 0.
0 0

1
If we take the constant ¢ in such a way that f (Y*{t) —ity()—o)dt =0,
6

then

[ (0 — Ty — eyt — o,
0

and so, by the arbitrariness of z¢ L2(0, 1), we must have Y*{f) =
! »

f y* (&) di= 1"t y{t) + ¢. Hence y€ D(T,) and T,y = y*. This proves

(;hat T¥ C T, It is also clear, by partial integration, that 7% € 77 and

so Ty = TF.
Theorem 3. If H is a bounded self-adjoint operator, then
[|H|| = sup |[(Hx, x)|. (3)
[1=]| =1

Proof. Set sup |(Hx,x)| =y. Then, by |[(Hx, x)|= |[Hx| |{x],
[l#]l =1
p = HH ” For any real number 4, we have

[(Hy +22),y+ 42| = |(Hy, v) L 24 Re(Hy, 2) + 22(Hz, 2) |
=y ly 4 Az|P.
Hence
142 Re(Hy. )| Z p(|jy + 22 |2 + [ly — Az]P) = 2y (|iy [P + 22 |[=[ -

By taking A = ||3]|/||#|}, we obtain |Re(Hy,z)| =y ||v|{||z||- Hence,
by substitating ze’® for z, we obtain |(Hy, 2)| =y ||v]| ||z]], and so

(Hy, Hy) - 1HyIE =y |yl 1Hy], ie., [|H]] <y
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4. Unitary Operators. The Cayley Transform

A symmetric operator is not necessarily a bounded operator. Various
investigations of a symmetric operator H may be made through the
continuous operator (H — ) (H + iI)~! called the Cayley transform
of . We shall begin with the notion of isometric operators.

Definition 1. A bounded linear operator 7" on a Hilbert space X into
X is called (bounded) isometric if T leaves the scalar product invariant:

(Tx Ty)=(x,y) forall x ycX. (1)

If, in particular, R(7) = X, then a (bounded) isometric operator T
is called a wnitary operator.

Proposition 1. For a bounded linear operator T, condition (1} is
equivalent to the condition of the isometry
[(|Tx|| = ||#|| for all x¢ X. {2)
Proof. It is clear that (1) implies (2). We have, by (2),
4Be(Tw, Ty) = ||T{x + p) [P — || T (x— y) 2
=llx+y[F—lx—y|* = 4Re(x, ).
By taking ¢y in place of v, we also obtain 4 Im (Tx, Ty) = 4 m(x,y),
and so (2) implies (1).

Proposition 2. A bounded linear operator on a Hilbert space X into X
is unitary iff 7% = 71,

Proof. If T is unitary, then 71 surely exists in virtue of condition (2),
and D(T) = R(T) = X. Moreover, by (1), T*7 = I and so 7% — T-1.
Conversely, the condition 7% — 7- implies 7* 7" — I which is the con-
dition of the invariance of the scalar product. Moreover, T* — T-1
implies that R(T) = D(TY) = D(T*) — X and hence we see that T
must be unitary.

Example 1. Let X — L2(— o0, 00). Then, for any real number a, the
operator 7' defined by Tx(f} = x(¢ + @) on L%(— oo, oo) is unitary.

Example 2. The Fourier transform on L?(R*) onto L2(R") is unitary,
since it leaves the scalar product {7, g) = f (%) g (%) dx invariant.

Rn

Definition 2. Let X be a Hilbert space. A linear operator T° defined
on D(T) € X into X such that D(T)* = X is called normal if

TT* =T*T, (3)

Self-adjoint operators and unitary operators are normal,

The Cayley Transform

Theorem 1 (J. voN NeuMann [1]}. Let H be a closed symmetric
operator in a Hilbert space X. Then the continuous {but not necessarily
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everywhere defined) inverse (H + ¢I)~? exists, and the operator

Up — (H—iI) (H +41)" with the domain D (Ug) = D((H +iI)™) (4)
), and (I — Upg)™ exists.

is closed dsometric (||Uyx|| =||»
We have, moreover,
H=14(I + Uy) ([ —Un)™. (5)
Thus, in particular, D(H} = R{I — Uy) is dense in X.
Definition 3. Uy is called the Cayley transform of H.
Proof of Theorem 1. We have, for any x £ D (H),

(H+iDx (HLil)x) = (Hx, Hx) & (Hx, ix) L (ix, Hx) + (x, x).

The symmetry condition for H implies (Hx,1x) = —¢(Hzx, x) =
—i(x, Hx) = — (ix, Hx) and so
[(H =+ 30) =i = || Hx]] + [j=]1 (6)

Hence (H + if) x = ¢ implies x = 0 and so the ipvers-e (H + iI)1
exists. Since || (H + i) x|| = ||x||, the -inverse (-.H“‘—‘ zI)*'l is continuous.
By (6), it is clear that || Ugy|| = ||y]], i.e., Ugis isometric.

Uy is closed. For,let (H + ¢1) x, =y, — yand (H — ¢} », = zn2—>— z
as n—»>oco. Then we have, by (6), ||vs— vm|? = || H (%p — %) |i 4+
|| %, — %, |[%. and so (x, — x,,) -> 0, H (x, - x,,) - 0 as n, #— 00, Since
H is closed, we must have x = s-ﬂliﬁrgoxne D{H) and S’,}fﬁ Hzx, = Hx.
Thus (H + i} x,—y = {H + i) x, (H —¢l) x, —> z = (H —1I) x and
so Ugxy = z. This proves that Uy is closed. . _

From y=(H +il)x and Uxy=(H-—-4I)x, we obtain
oI —Ugly=1x and 2711 + Uy)y = Hax. Thus. (I‘— U“f) y=0
implies x =0 and so (I + Ugly=2Hx=20 Whmh implies ¥y j
V(I —Ugy + (I + Ug) y) = 0. Therefore th-e inverse (I — Ug)
exists. By the same calculation as above, we obtain

Hx =9I 4+ Uy y=14{I + Uy) (I —Ux)™x, thatis,
H—=+(I 4+ Uxp)d — Uz,
Theorem 2 (J. voN NEuMANN [1]). Let U be a closed isometric opera-

tor such that R(7f — U)* = X. Then there exists a uniquely determined
closed symmetric operator H whose Cayley transform is U.

Proof. We first show that the inverse (I — U)™! exists. Suppose that
(I—U)y=0. For any 2= (I — U)wGR(I-— Uy, we have, by the
isometric property of U, (y, w) = (Uy, Uw) as in Section 1. Hence
(v, 2) = (v, @) — yalw) = (Uy, Uw) — (y, Uw) = (Uy —v, Uw) = 0.

Hence, by the condition R(I — U)* = X,y must be = 0. Thus {/ ——‘IU)*1
exists. Put # -i({ + U) (I --U)L. Then D(H) = D(I —U)1) =
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R(I--U) is dense in X. We first prove that H is symmetric. Let
2, y€ D(H)=R(I—U) and put x = ({~U)u,y={(I —U)w. Then
(Un, Uw) = (u, w) implies that

Hx,p) =G + Uyu, (I — 1) w) =1 ((Uun, w) — (u, Uw))
= —U)u,i(I + Uyw) = {x, Hy).
The proof of Uy = U is obtained as follows. For x — ({ — U) u, we have
Hx =4l + U)nand so (H + tl) x = 24w, (H—4iI) x = 24U w. Thus

D(Uy) ={24u; uc DU} = D(U), and Uy (250) = 24 Un — U(27u).
Hence U, = U.

To complete the proof of Theorem 2, we show that H is a closed
operator. In fact, H is the operator which maps ({ — U) wonto i (I+U)u.
If (I —U)u, and i(I + U) u, both converge as # — oo, then u, and

U, both converge as # -» oo. Hence by the closure property of U, we
must have

Uy %, (L — DYy uy— (I —U) u,i( + Oywy—i(I 4 U)u.
This proves that H is a closed operator.

For the structure of the adjoint operator of a symmetric operator,
we have

Theorem 3 (J. voN NEUMANN (1]). Let H be a closed symmetric
operator in a Hilbert space X. For the Cayley transform U 5 =
(H —diI} (H + iI) 2 of H, we set

Xi =Dy, Xz =R(Uy". (7)
Then we have

Xﬁ:{xeX;H*x:z'x}, X;}:{xeX;H*x:—ix}, (8)
and the element x of D (H*) is uniquely expressed as

X =% + % + xp, wherexo € D(H), 5, € X7, x,€ X5 so that

H*z == Hxy +ixy) + (—ix,y). (9
Proof. x€ D(Upy)" = D((H +41)7")" implies (x, (H + thyy) =10
for all y € D(H). Hence (x, Hy) = — (%, 7y) = (ix, v} and so x € D (H#*),

H*x — 1x. The last condition implies (x, (H - tl) y) = Oforallyc D(H),
Le. x€ D((H + i1y )L = D(Uy)L. This proves the first half of (8);
the latter half may be proved similarly, '
Since Uy is a closed isometric operator, we see that D(Ug) and
R(Uy) are closed linear subspaces of X. Hence any element %€ X is
uniquely decomposed as the sum of an element of I {Uy) and an element

of D(Ug)L. If we apply this orthogonal decomposition to the element
(H* 4 1) x, we obtain

(H*¥ +-il)x = (H + il) % + ' where x,¢ D(H), '€ D (U},
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i3ut we have (H + iI)xy = (H* +¢I) x, by x,€ D(H) and H L H*.
We have also H*x" — ix’ by ' € D{Ug)* and (8). Thus
X = (H* +il) %, x, = (20 2 e DU,

and so

(H* +4i0) x = (H* + 41) % + (H* + ¢I) x; where
%€ D(H), % € D(Ug)"

[herefore (x — %y — %) € R(U) T by H* (v — %y — %) = —1(x — %y — %)
and (8). This proves (9). The uniqueness of the representation (9) 115
proved as follows. Let 0 = x5 + x; + %5 with-xo € D(H), x; E.D{UH) ,
v € R{Ug)L. Then, by H*xy = Hxy, H*xy = 45, H*%y = —ix,,

0= (H* + i) 0 = (H* 4+ i) (%) + 3 + 2) = (H + 1) %y + 205,
But by the uniqueness of the orthogonal decompositio_n of X as .the sum
of D(Upy) and D (Ug)*, we obtain (H + 1) x, = 0, 20x; = 0. Since the
inverse (H 4 4I)~! exists, we must have x, = 0 and so x, = 0 —x, —
y=0—-0—0=0 . _ s

Corollary. A closed symmetric operator i in a Hilbert space X is self-

adjoint iff its Cayley transform Uy is unitary. _ N

L ]c;roof. The condition D{H) = D (H*) is equivalent to t.he condition
DNUg)+ = R(Up "' ={0}. The last condition in turn is equivalent to the
condition that Uy is unitary, i.e. the condition that Uy maps X onto
X one-one and isometrically.

5. The Closed Range Theorem

The closed range theorem of S. BanacH [1] reads as foll_ows.

Theorem. Let X and Y be B-spaces, and T a closed llngar operatqr
defined in X into Y such that D{7)* = X. Then the following proposi-
tions are all equivalent:

R(T)is closed in Y, {1
R{(T"} is closed in X', (2)
RN =N(T)* ={yc¥;{y,y*> =0 foral y*<N(T)}, (3)
R(T") = N(T): = {x*C X7; (x, %y — 0 forall x¢ N(T)}. (4)

. The proof of this theorem requires five steps. _

g’rh?soi‘iit stfﬁ. The proof of the equivalence (1} < (2_) i5 redulced to
the equivalence (1) < (2) for the special case when 7" is a continuous
1 r such that D(T) = X.
]me’?ilgzi:;? G=G{(T)of IE’ i)s a closed linear subspace of X X Y, a.r(ljd S0
(; is a B-space by the norm |[{x, ¥}|| = ||=]|| + ||| of X x Y. Consider a
continuous linear operator S on & into Y

S{x, Tx} =Tx.
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Then the dual operator §’ of S is a continuous linear operator on Y’ into
', and we have

Gz, T}, S'y* = (S{x, Ta}, y*) = {T x, v*>
={x, Tx}, {0, v*}>, x€ D(T), y*c Y".
Thus the functional S’ . 4% — {0, Y*HE(XXY) = X' XY’ vanishes at
every point of G. But, the condition {{x, Tx}, (%, v =0, xc D(D),

is equivalent to the condition (x, x*> = (—T'x, y*5, x ¢ D(T), that is,
to the condition —7’y¥ — x*. Hence

ST =0y H =T = T v 4 aE) ey
By the arbitrariness of y*, we see that R (S7) == R (—T)XY' =R(TYxY"

Therefore R (5') is closed in X’ % Y iff R (T') is closed in X*, and, since
R(S) = R{T), R(S) is closed in Y iff R(T) is closed in V. Hence we
have only to prove the equivalence (1) <= (2) in the special case of a
bounded linear operator S, instead of the original T.

The second step. Let X and Y be B-spaces, and 7 a bounded linear
operator on X into Y. Then (1) - (2).

We consider 7" as a bounded linear operator T on X into the B-space
Y; = R{7)* = R(T). We have to prove that (2) is true. T97, ¥ € Y9,
is defined by

Tyx, 97> = T2, 9% = (3, Ti9¥>, x€ D(Ty) = D(T) — X.
By the Hahn-Banach theorem, the functional ¥Y can be extended to a
y*€ Y’ in such a way that (T'x, iy = (Tx, ¥*3,2€ D(T) = X. Hence
713 = 773 and o R(T}) = R(T”). Thus it suffices to assume that
R(T) = Y. Then, by the open mapping theorem in Chapter 11, 5, there
exists a ¢ > 0 such that for each y€ ¥, there cxists an x € X with
Tx =y, ||z]] =< c||v||. Thus, for each y*in D(T"), we have
<y, vy | = [KTx, 9% | = |<x, T 9% |
= =l N7y e lly |- 177 y#]).
lly*[| = sup [<y y*0) < ¢ ||T7y=|]
ilxll=1

Hence

and so (I")7? exists and is continuous. Moreover, (Tt is a closed linear
operator as the inverse of a bounded linear operator. Hence we see that
the domain D {(7")~1} = R{7") must be closed in X". '

The third step. Let X and Y be B-spaces, and T a bounded linear
operator on X into Y. Then (2) —» (1).

As in the second step, we consider T as a bounded linear operator
7y on X into Y, = R(7)*. Then Tj has the inverse, since Ty =0
implies

Ty, 37> = {Tx, 98> = <x, Tyy¥y = 0, x€ D(T) = D(T) = X,
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and so, since R(T,) = R(T) is dense in ¥, = R(7)%, el I].IlllSt be 0..The?e-
fore, the condition that R (7”) = R(T) (proved above] is closed; 1,mphes
that 7] is a continuous linear operator on the B-space (R(7)%) =.Y1
onto the B-space R(T7) in a one-one way. Hence, by the open mapping
theorem, {T7) ! is continuous. . ‘

We then prove that R(T) is closed. To this purpose, it suffices to
derive a contradiction from the condition

there exists a positive constant ¢ such that the image ,
{T,x; ||x|| = e} is not dense in all the spheres ||y ||=n
(n=1,2 .. 0of Y, = R(I" = R(Ty)".

For, ii otherwise, the proof of the open mapping theo_rem shows that
R(T;) = R(T)=Y,. Thus we assume that there exists a sequence
{9.} € Y with

s-limy, =0, y,e{Tix; [|x]| Ze}* n=1.2,...).

Since {Ty#; ||#|| = ¢}"is a closed convex, balanced set of the B-space ¥,
there exists, by Mazur's theorem in Chapter IV, 6, a continuous linear
functional £, on the B-space Y; such that

falys) > sup £ (Tyx)] (n=12,..).

||z =e
Hence |71 /4]| <& |[/u|]{|¥x]l,ands0, by s—ﬂLirgy” = (, T, does not have

a continuous inverse. This is a contradiction, and so R (I} must be closed.
The fourth siep. We prove (1) — (3). First, it is clear, from

(Tx,y*> =<2, T'y*>, x€ D(T), y*€ D(T),

that R(T) € N (T")*. We show that (1) implies N {T"}t € R(T}. Assume
that there exists a y,€ N (T")+ with y,€ R(T). Then, by the HahnA]E:anach
theorem, there exists a yg &€ Y’ such that {y,, yo» 7= 0and {T'x, yg5 == 0
for all x€ D(T). The latter condition implies {x, T’yé‘)_ =0, %¢ D,
and hence T"v§ = 0, i.e., ¥, & N{7")L. This is a contradiction and so we
must have N{T")" < R(T). . .
The implication (3) — (1) is clear, since N (I")* is closed by virtue
of the continuity in y of {y, ¥*>. .
The fifth steg. Vaje proj:fe (2) = (4). The inclusion R(T") ¢ N(T)* is
clear as in the case of {3). We show that (2) implies that N (T)* € R(T").
To this purpose, let x* € N (7)1, and define, for y = T'x, ‘Fhe functlc‘)nal
f1{v) of v through £, (y) = {x, x*>. It is a one-valued function IOf v, since
Tx = T« implies (x—#') € N(T) and so, by x*c N (T)1, {(x—x"), x*> = 0.
Thus /, (v} is a linedr functional of y. (2) implie's (1), an‘d so, by the open
mapping theorem applied to the operafor § ln'the first step, we may
choose the solution ¥ of the equation y = Fx in such a way that s-lim



208 VII. Dual Operators

¥ = 0 implies s-lim x = 0. Hence /,(y) == {x, 2*> is a continuous linear
functional on ¥, = R{T). Let /£ ¥’ be an extension of f1- Then

HTx) = {(Tx) == (x, 2%
This proves that 7"/ = x*. Hence N(T)* < R(T").

That (4) implies (2} is clear, since <x, x*) is a continuous linear func-
tional of x.

Corollary 1. et X and ¥ be B-spaces, and 7" a closed linear operator
on I{T) € X into Y such that D(T)® = X, Then

R(T) =Y iff T’ hasa continuous inverse, (5)
R(I"y=X" iff T hasa continuous inverse. (6)

Proof. Suppose that R(T) = Y. Then, from {Tx, y*> == <x, T"y*>,
?CE D(T) and 7"y* = 0, we obtain y* = 0 that is, 7' must have the
inverse (77)~1. Since, by R(T) == Y and (2), R(T") is closed, the closed
graplh theorem implies that (7')~! is continuous, Next let 77 admit a
continuous inverse. Then N{T") = {0} and also (2) holds since 7~ is
closed. Thus, by (3), R(T) =Y.

Suppose that R(7") = X'. Then, from <(Tx, y*> — {x, Thy*y,
y¥*c D(T') and Tx = 0, we obtain x — 0, i.e., T must have the inverse
-1 Sm(_:e, l?y R(T') = X' and (1), R(T) is closed, the closed graph
t‘heorem.lmphes that T-1 must be continuous. Next let T admit a con-
tinuous inverse. Then N (T} — {0} and also (1) holds since T is closed.
Thus, by {4), R(T") = X".

Corollary 2 Let X be a Hilbert space with a scalar product (#, v), and
T a closed linear operator with dense domain D(T) £ X and range
R(T) & X. Suppose that there exists a positive constant ¢ such that

Re(Tu,u) = c||u|]? forall we D(T). (7
Then R(T*) = X.
Proof. By Schwarz’ inequality, we have
[|Tu||-[|#]] = Re{Tu,u) = ¢ || forall we D(T).
Hence ||Tu|| = ¢ j|u]], w€ D(T), and so T admits a continuous inverse.
Thus, by the preceding Corollary, R (T’) = X. Hence R {(T*)=R(T"h=X.
Rema.ljk. A linear operator T on D (T} € X into X is called accretive
{the terminology is due to K. FriepricHs and T. KaTo) if
Re(Tu,u) 2 0 for all we D(T). (8)
T is called dissipative (the terminology is due to R. S. Phillips) if —T
is accretive.
References for Chapter VII
For a general account concerning Hilbert spaces, see M. H. StoNE
[1], N.I. Acuieser-I. M. GLasman [1] and N. DuxFoRD- J. SCHWARTZ
{6]. The closed range theorem is proved essentially in S. BanacHw [1].
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VIII. Resolvent and Spectrum

Let T be a linear operator whose domain D) (T") and range R(T) both
lie in the same complex linear topological space X. We consider the linear

operator
Ty=AI—T,

where 4 is a complex number and [ the identity operator. The distribution
of the values of 4 for which 7', has an inverse and the properties of the
inverse when it exists, are called the speciral theory for the operator T.
We shall thus discuss the general theory of the inverse of 17,

1. The Resolvent and Spectrum

Definition. If 4, is such that the range R(7,) is dense in X and Ty,
has a continuous inverse (1, —7T)~!, we say that i, is in the resclvent
set p(T) of T, and we denote this inverse (1, — 7)™ by R{i;; T) and
call it the resolvent (at A5} of 7. All complex numbers A not in p(T) form
a set o(T) called the spectrum of T. The spectrum ¢(T) is decomposed
into disjoint sets P, (T), C,(7) and R, {I) with the following properties:
P_(T} is the totality of complex numbers 4 for which T; does not have

an inverse ;P (7T) is called the point spectrum of T.

C,(T) is the totality of complex numbers A for which T has a discon-
tinuous inverse with domain dense in X; C, (7"} is called the con-
tinuous spectrum of T.

R,(T) is the totality of complex numbers 1 for which T has an inverse
whose domain is not dense in X; R (T) is called the residual
spectrum of T.

From these definitions and the linearity of 7 we have the

Proposition. A necessary and sufficient condition for A;¢ P,(T)
is that the equation T'x = A,x has a solution x 7= 0. In this case A, is
called an eigenvalue of T, and x the corresponding eigenvector. The null
space N (Aol — T) of T, is called the eigenspace of T corresponding to the
eigenvalue A, of T. It consists of the vector 0 and the totality of eigen-
vectors corresponding to 4. The dimension of the eigenspace correspond-
ing to 4, is called the multiplicity of the eigenvalue A,

Theorem. Let X be a complex B-space, and T a closed linear operator
with its domain D (T} and range R{T) both in X. Then, for any 4,€ o(T),

the resolvent (4,7 — T)™' is an everywhere defined continuous linear
operator,

Proof. Since A, isin the resolvent set ¢ (), R4, L — 1) = D((A I —T)™)
is dense in X in stch a way that there exists a positive constant ¢ for
which '

[|(dof T}y x| = c||x]|| whenever x& D(T).

14 Yoskda, Funclionsl Annlyuln
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We have to show that R{4J] — 7) = X. But, if s-lim (Al —~Tyx, =y
H— O
exists, then, by the above inequality, s-lim «, = x exists, and so, by the
00

closure property of T, we must have (i, — T) x = y. Hence, by the
assumption that R{4g] — T}* — X, we must have R(4,/ — T) = X.
Example 1. If the space X is of finite dimension, then any bounded
linear operator T is represented by a matrix {t;). It is known that the
eigenvalues of T are obtained as the roots of the algebraic equation,

the so-called secular or characteristic equation of the matrix (#5):

det{1d,; —1;) = 0, (1)

where det (4) denotes the determinant of the matrix A.
Example 2. Let X — L,(— oo, oc) and let T be defined by
T-x(ty =tx(p),
that is, D(T) = {x(¢); x(#) and fx(t) € L?(— 00, 00)} and Tx(f) = tx(f)
for x(¢f) € D(T). Then every real number 4, is in C, (7).

Proof. The condition (4,7 — T) x = 0 implies (dg— 8 x{) =0 ae.,
and so x(f) = 0 a.e. Thus (4, — 7)~! exists. The domain DAL —T) )
comprises those y (f) € L?(— o0, co) which vanish identically in the neigh-
bourhood of ¢ = 4,; the neighbourhood may vary with v (). Hence
D({Ay] — T)Y)isdense in L2(— o0, 0o). It is easy to see that the operator
(A% — 7)™ is not bounded on the totality of such ¥ {£)'s.

Example 3. Let X be the Hilbert space (2), and let T, be defined by

Toln &y ) =108, 8, .. ).

Then 0 is in the residual spectrum of T, since R (T} is not dense in X.
Example 4. Let H be a self-adjoint operator in a Hilbert space X.

Then the resolvent set g (H) of H comprises all the complex numbers 1
with Im{d) 5= 0, and the resolvent R (1; H) is a bounded linear operator
with the estimate

IR (@ 1| < 1| Tm (3. ®
Moreover,

Im((Af — H) %, x) = Im{A) ||x|2, xC D(H). (3)
Proof. If xc D(H), then (Hx, x) is real since (Hx, x) = (x, Hx) —

(H x, x}. Therefore we have (3), and so, by Schwarz’ inequality,
AL —H) x| - lx|| 2 (A — H) %, )| = [Im@)] - ||| (4)
which implies that
121 — H) x| = [Im(3)] - ||]|, x€ D(H). (9)
Hence the inverse (A7 — H) 1 exists if Im{4) % 0. Moreover, the range
R(AI — H) is dense in X if Im(4) # 0. If otherwise, there would exist a
y 7= Oorthogonal to R(A] — H), i.e., (Al — H) x, y) = Ofor all x € D (H)
and so (%, (A] — H) y) = 0 for all x€ D (H). Since the domain D(H)ofa
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s¢lf-adjoint operator H is dense in X, we must have (Al — H)y =10,
that is, Hy = Ay, contrary to the reality of the value (Hy, v).

Therefore, by the above Theorem, we see that, for any complex
number A with Im(4) == 0, the resolvent R(X; H) is a bounded linear
operator with the estimate (2).

2. The Resolvent Equation and Spectral Radius

Theorem 1. Let T be a closed linear operator with domain and range
both in a complex B-space X. Then the resolvent set g(7) is an open
set of the complex plane. In each component (the maximal connected
sets) of p (T), R{A; T) is a holomorphic function of 4.

Proof. By the Theorem of the preceding section, R{4; T) for A€ g(T)
is an everywhere defined continuous operator. Let ;€ ¢ (1) and consider

S(A) =R(4; 1) {I + ”g,‘l (Ag— A" R (Ay; T)”}. (1)
The series is convergent in the operator norm whenever |4, —}.- |-
||R(4; T)|| << 1, and within this circle of the complex plane, the series
defines a holomorphic function of A. Multiplication by (A —T) =
{A— )1 4+ (A, I —T) on the left or right gives I so that the series
S{4) actually represents the resolvent R{i; 7). Thus we have proved
that a circular neighbourhood of 4, belengs to ¢(7) and R(A; T) is
holomorphic in this neighbourhocod.

Theorem 2. If 1 and u both belong to p(T), and if R{A; 1) and
R{u; T) are everywhere defined continuous operators, then the resolvent
eguation holds: '

RAT)—Ru; T) = (u— ARG T) Ru; 1) (2

Proof. We have

RA;T =RA D) (I —TYR(u; T)
=RA T {(u—AI+ A —T)} R{u; 7)
={p— ARG R, T) + Rp; I).

Theorem 3. If T is a bounded linear operator on a complex B-space X

into X, then the following limit exists:

lm || 7% [ = 7,(T). (3)
It is called the speciral radius of T, and we have
(D)= || T (4)

I |A] > #,(T), then the resolvent R(A; 7) exists and is given by the
series

« RALT) = AT ()

n=1
which converges in the norm of operators.

14*
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Proof. Set r = inf |[7"||"*. We have to show that Im [TV <.
n>31 H—>CO -

For any & > 0, choose m such that HT’"H”"‘ = 7 + ¢. For arbitrary =,

write #n = pm +- ¢ where 0 = ¢ <X (m — 1). Then, by [[AB|| < ||4]] -
{|B]|, we obtain

N7 |17 = |7 [P T ([ < (r - et | 7| Jo.
Since pmfn — 1 and g/n > 0 as n —> co, we must have ,E& 7%V =
# + ¢. Since £ was arbitrary, we have proved lim 77|17 << g
Since ||T™]| < || T'||*, we have m ||T”]|,{T"OO§ {|T1]. The series (5)

is convergent in the norm of operators when 4] > 7,({T). For, if |A| =
7,(T) + & with £> 0, then, by (3}, NATPTH| = (7, (T) + &)™ -
(f,,(T) + 2:_18)” for large n. Multiplication by (AI — T) on the left or
right of this series gives J so that the series actually represents the resol-
vent R(4; T).

Corollary. The resolvent set o (T) is not empty when 7" is a bounded
linear operator.

Theorem 4. For a bounded linear operator 7 ¢ . {X, X), we have
7,{T) = sup |4]. {6)
A€o (T}

Proof. By Theorem 8, we know that 7, (7) = sup |A]. Hence we
A€a(T)
have only to show that »,(7) < sup |4]. ’
A€a(T)
By Theorem 1, R(A; T} is holomorphic in A when IA| > sup |Al.
. R . ) A€o(T)
Thus it admits a unigquely determined Laurent expansion in positive and
non-positive powers of i convergent in the operator norm for [A] >
AEI::% |A{. By Theorem 3, this Laurent series must coincide with
oo
”g'll_” 7"7'. Hence lim [|A™"T"|[ = 0 if |A| > sup |i], and so, for
= 700 A€a(T)
any &> 0, we must have ||T"|| < (e + sup M|)" for large %, This
proves that A€a(T}
7e(T) = lim [|T*|" < sup [1].
A—00 A€a{T)

oc
Corollary. The series 2;2._"1"“1 diverges if |1| < 7, (7).

Proof. Let » be the smallest number = 0 such that the series
o0

”El A"*T™! converges in the operator norm for [A] = r. The existence

of such an 7 is proved as for ordinary power series in A-1. Then, for
|4] > 7, lim |!A=*7"[{ = 0 and so, as in the proof of r,(T) < sup [4],

we must have lim ||77 |/ < », This proves that 7, (T) < r.
H—oo -
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3. The Mean Ergodic Theorem

For a particular class of continuous linear operators, the mean ergodic
theorem gives a method for obtaining the eigenspace corresponding to the
vigenvalue 1. In this section, we shall state and prove the mean ergodic
theorem from the view point of the spectral theory, as was formulated
previously by the present author. The historical sketch of the ergodic
theory in connection with statistical mechanics will be given in
Chapter XTIII.

Theorem 1. Let X be a locally convex linear topological space, and T
4 continuous linear operator on X into X. We assume that

the family of operators {T%; n=1,2,...} is equi-

continuous in the sense that, for any continuous semi-

norm g on X, there exists a continuous semi-norm g° on

X such that sup ¢(T"x) < ¢’ (x) for all x € X. (1)
n=1

Then the closure R (f — 1)* of the range R (I — T) satisfies

R(I——T)“:{ng; lim T,x =0, T,,:n"_Y:‘T’”}, 2)
H- OO m=1
and so, in particular,
R{I—-TyYNN{I—-T) ={0). (3)
Proof. We have T,(I —T)=w"YT — T"*Y). Hence, by (1),
w& R{I — 7T) implies that lim T,w — 0. Next let z:€¢ R{I — 7% Then,
H—+O0

for any continuous semi-norm ¢’ on X and e>> 0, there exists awé R (I—T)
such that ¢'(r—w)<Ce. Thus, by (1), we have ¢(T,(z—w)) =

. mél g™z —w)) = ¢ (z—w) < 5. Hence ¢(T,2) = q(T,®) +
g (Tylz—mw) = g(T,w) + & and so ”11210 T,z=10. This proves that
R(I -1 ¢ {xéX;»]iﬂraT,,x: 0}.

Let, conversely, lim T,x = 0. Then, for any continuous semi-norm
g on X and ¢ > Oﬁgoere exists an # such that g{x — (x —T,2)) =
¢{T,x) << &. But, by

x—Tox =n"t %‘I(I—T"‘)x

=t BU—T) I+ T+ T+ o+ TNz,
m=
(#* - T,x) € R(I —%). Hence x must belong to R (I — 7).

Theorem 2 (the mean ergodic theorem). Let condition (1) be
satisfied. Let, for a given x ¢ X, there exist a subsequence {»'} of {n}
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such that
weak;_ll}ngo T, = xy exists, (4)

Then T'xy = xp and Um T,x = x,.

Proof, We have T7,—T,=»"Y{T""' —~T), and so, by (1)
lim (I7T,x—T,x) — 0. Thus, for any fc X', lim (TT,.x/>=
lim (T2 T'f; exists and = lim (T, x, /> = {x, f>. Therefore
700 H—=-00

x5y, > = {Tx4, {> and so, by the arbitrariness of f< X’, we must have
Txy = x,.

We have thus T™x = T"x; + T™(x — x,} = %, + 7™ (x — x,) and
so T,x =%y + T, (x — xp). But, (¥ — xg) = weak-lim (x — T,,x) and,
as proved above, (x — 7T,.x) € R(I —T). Therefore, by Theorem 11 in
Chapter V, 1, (x—x5) € R{I—T)* Thus, by Theorem 1, lim T, (x—x,)} =0
and so we have proved that lim T,x = x,.

=00
- Corollary. Let condition (1) be satisfied, and X be locally sequen-
tially weakly compact. Then, for any x€ X, lim 7,x = x, exists, and

tﬁe operator T, defined by Tyx = x; is a continuous linear operator such
that

To=1T=TTy=T,T, (5)
R(T)) = N(I—T), (6)
N(Ty) = R(I—T) = R(I—T,). ()

Moreover, we have the direct sum decomposition
X=RUI—T)y & NI—T), (8)

ie., any x ¢ X isrepresented uniquely as the sum of an element £ R (I —T)*
and an element € N(I — 7).

Proof. The linearity of 7} is clear. The continuity of 7, is proved by
the equi-continuity of {7} implied by (1). Next, since Txp — x,, we have
TTy=Ty and so T"To—T,, T,Ty= T, which implies that T =T,.
On the other hand, 7, — 7,7 = »~ {7 — 7Y and (1) imply that
Ty = Ty,T. The equality (B) is proved as follows. Let T'x — x,. then
T'x = x, Tpx = x and so Tyx = x, that is, x € R(T). Let conversely,
%€ R(Ty). Then, by T§ = T, we have Tyx = x and so, by 7T, = T,
Tx = TTyx = Tyx = x. Therefore, the eigenspace of T corresponding
to the eigenvalue 1 of T is precisely the range R (7). Hence (6) is proved.
Moreover, we have, by Theorem 1, N(T,) = R(I — T)*. But,by T2 = T,,
we have R(I —T,) S N(Ty), and if x€ N(T,), then x = x — Tpx¢€
R(I —T,). Thus N (T} == R(I — T).
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Therefore, by I = (I — T,) + T, and {(6) and (7), we obtain (8).
Remark. The eigenspace N {17 — T) of T belonging to the eigenvalue
kil
Awith |1] = 1 may be obtained as R (T (1)), where T (4} x = lim w1 2,‘1
n—00 =
(TIA™ x.

The Mean Ergodic Theorem of J. von Neumann. Let (5,8, m) be a
measure space, and P an equi-measure tramsformation of 5, that is, P
is a one-onc mapping of S onto S such that P . B¢ B iff Bis€ B and
m(P . B) = m(B). Consider the linear operator T" on L#{S, B, m) onto

itself defined by
(Tx) () = x(Ps), x€ L3(S, B, m). (9)

By the equi-measurable property of P, we easily see that the operator T
is unitary and so the equi-continuity condition (1) is surely satisfied by
|T*i| = 1(n =1, 2, ...} Therefore, by the sequential weak compactness
of the Hilbert space L2(S, B, m), we obtain the mean ergodic theorem of
f. von Newmann:

—-O0 m=1

13
For any x € L2(S, B, m), s-limn ' X T"x = x€ L*(5, B, m)
. * . 10
exists and T xy = x,. (10)
Remark. Theorem 1 and Theorem 2 are adapted from K. Yosipa [3].
Cf. also S. Kaxutani [1] and F. Riesz [4]. Neumann's mean ergodic
theorem was published in J. von Nrumawn [3].

4. Ergodic Theorems of the Hille Type Concerning Pseudo-resolvents

The notion of resolvent is generalized to that of pseudo-resolvent by
I2. HiLLE. We can prove ergodic theorems for pseudo-resolvents by a
similar idea to that used in the proof of the mean ergodic theoremsin the
preceding section. See K. Yosipa [4]. Cf. T. Karo [1]. These ergodic
theorems may be considered as extensions of the abelian ergodic theo-
rems of E. HILLE given in E. HiLLE-R. S, PrirLLips [1], p. 502.

We shall begin with the definition of the pseudo-resolvent.

Definition. Let X be a locally convex complex linear topological
space, and L (X, X) the algebra of all continuous linear operators defined
on X into X. A pseudo-resolvent [, is a function defined on a subset
i{]) of the complex i-plane with values in L{X, X) such that

Ji—Ju= (0 —A) J1J, (the resolvent equation}. (1)

Proposition. AR J,, A< D(J), have a common null space, which we
denote by N (J), and a common range which we denote by R{]). Simi-
larly, all (I - -2 [, Ac D(/]), have a common null space, which we denote
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by N{(I — [, and a common range which we denote
: by R{I — -
over, we have the commutativity : v /) More
Proof. By Interchanging A and u in (1), we obtain
],u"]ﬂ = (A*H) f,ufa = (ﬂ"/'l) L.Jz,

and hence (2) is true. The first part of the Proposition is clear from (1)
and (2). The second part is also clear from

(I—ﬁ.]):([_(z_ Y 7)) (7 — ’
which is a variant of (1)-’1 #) J2) ( s f ) (1%}

. Theorem 1. A pseudo-resolvent Jais a resolvent of a linear operator 4

iff I]\?T (J )f:T{I?} ; and then R (]) coincides with the domain D (4)of 4
rool. The “only if" part is clear, Suppose N(]) = {0}. Th :

any A€ D(J), the inverse J7? exists. We have )= 0) Then, for

M= =pl—JoU (4 ue D).
For, by (1) and (2), ! s L @

IaJwBI — J70—pI + J7Y) = (A—p) Jadu—= LT U —T7Y
= (Aﬁ,u) ]/1]#'_' (fy*]z) = 0.
A=@AL - J7Y. (4)
Then J3 = (11 — 4)2 for Ac D(J).

L(‘.mma 1- \‘Ve assume that thele eX]StS d Selluell(le [1 ()i Ill]]llbe[s
E ‘[ (]) Su:h that { n}

lim A, =— 0 and the family of operators {2n J1,} 1s equi-continuous. {H)

We thus put

Then we have

R(I— )= [xc X: lim A Fa,x = 01,
and hence { . A ! ?
NI —J)NR(I— J)* = {0}. {7}

Proof. We have, by (1),

AL —pf,) :(1ﬂu(,u‘l)‘l)ﬂfakﬁ(lﬂu)‘lﬂf,‘- (8)

Ilience, by (5), the condition x¢ R(I—-ul,)= R(I — J) implies that
m A, [, x=0. Letye R(I— J)*. Then, for any continuous semi-norm

gon X and ¢ > 0, there exists an x ¢ R({I — J) such that gy —x) < &
By (5), we have, for any continuous semi-norm ¢’ on X,

Pna,(y —2) < gly — x) n=1,2..)

with a suitable continuous Semi-norm
¢ on X, Therefore, b A, =
AnJi,x + A, 73 (v — x), we must have lim 4,7, v=0, Y el
o0 n
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Let, conversely, lim A,/; x = 0. Then, for any continuous semi-
H—00

norm g ont X and £ >> 0, there exists a A, such that ¢g(x—(x — 4, J, %)) << &.
Hence x must belong to R(I — 4, [, )* = R{I — )~

Lemma 1'. We assume that there exists a sequence {1,} of numbers
< D{]) such that

lim |4, | =oc and the family of operators {4, J; } is equi-continuous. (5

Then we have

RUY = [r€ X lim 7 ]x = 4, (6)
and hence
N(J) N R(])* = {0} (7)

Proof. We have, by (1),

1
Ade=5 00T —5 A+ T,
Hence, by (5'), the condition x¢ R(J,) = R(J) implies that
lim A, J;,x = x. Let v¢ R{J)*. Then, for any continuous semi-norm g
n—r00

ot X and £ > 0, there exists an x¢ R{J} such that ¢{yv —x) < &. By
(5"}, we have, for any continuous semi-norm ¢’ on X,
¢ Ol y—2) = qly—2) n=12..)
with a suitable continuous semi-norm ¢ on X. Therefore, by (5) and
Aﬂ]lﬂy*y = ("i'n]ﬂ.nx* x) + (x*y) + ln]in(ymx}s

we must have im A, [, v = ».

Let, conversely, lim A, /3, % = x. Then, for any continuous semi-

00

norm g on X and ¢ > 0, there exists a A, such that g{x -4, ], ») < e

Hence x must belong to R{J, )* = R(]}"
Theorem 2. Let (5) be satisfied. Let, for a given x € X, there exist a

subsequence {n'} of {#} such that
weak-lim A, J;  x = x, exists. (9)
H—0
Then x; = lim 4,/ xand 5, € N(T — J), 5, = (x — x,) € R(I — J)*.
Proof. Setting p == 4, in (1) and letting #" — oo, we see, by (5),
that (I —AJ)x=1{I —AJ,) (x —=x), that is, (I —AJ;) x, = 0. Hence
%, € N(I — J) and so
AnJan% = 2n + A Ja, {2 — x4} (10)
Therefore we have only to prove that lim A, J, (x —x,) = 0, or, by
00
Lemma l, (¥ — )€ R(I— J)*. But (x —2,J, ¥) ¢ R{I — ]}, and so,
by Theorem 11 in Chapter V, 1, we must have (x — x,) € R(I — J)*
Corollary 1. Let™(b) be satisfied, and let X be locally sequentially

weakly compact. Then
X =N{I—])®R(I—]". (11)
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Prooi. F S = I
or zm-y € X, let x, = lim Ay S 3, % and ¥p = (x — x,) be the
c.omﬁ;ments of xin N(I -~ J) and R(I— ", respectively
eorem 2'. Let (5') be satisfied. Let. for i . i
a subsequence {x'} of {#} such that , A e there exist
weak’—:l‘i};} A Ja® = %3 exists. {9
Th =l “
EN X Nm 2,7, x and T € R(]) »Ey = (¥ —xp) € N(]).

Proof, Setting y = 1, in (8) and letting »’
A g% — oo, we see, by (5
AT3{% — %) = 0, that is, (* — ) € N(J). Hence oy @), that

infa,,x = Anjjnxk‘- (10')

Therefore we ha 1 i
ve only to prove that lim AT ay®w = %4, or, by

Lemma 1’, x,, ¢ R(/)" But 2, ]
, . w j“,x;ER ,andS,b .
Chapter V. 1, we must have z, ¢ & (?'])a- o)) 0, by Theorem 11 in
Corollary 1'. Let (6} be satisfied, and let .
weakly compact. Then »and let X be locally sequentially
X =N e Ry (1)

Proof. For any xc X, et Fy = lim 2,7, x and Hpr = (% — x3) be

the componerts of X in R(/)* and N (), respectively,

Remark. Asa Corollary we obtain: In a reflexive B-space X, a pseudo-
re§01vent Ja satisfying (5') is the resolvent of a closed linear c; elsator A
with dense domain iff R(])* = X. This result is due to 7. IEATO, loc,

cit. The proof is easy, since, b in’
_ i , by Eberlein’s theorem, a B-space X j
locally sequentiaily weakly compact iff X is reflexive. ’ N

5. The Mean Value of an Almost Periodic Function

.As an application of the mean ergodic theorem we shall give an
ex1stenf:e. proof of the mean value of an almost periodic functiong

Definition 1. A set G of elements g, 4, . . . is called a group if- m G
product {in general non-commutative) g4 of any pair (g, 72 .

. _ aln of ele
€ G is defined satisfying the following conditions: Fements

ghe G, {1)
(gh) k=g (k%) (the associativity), (2)
there exists a unique element ¢ in G such that eg =
ge=1g for all g€ G; ¢ is called the tdentity element
of the group G, (3)

foT' every element g € G, there exists a uniquely deter-
mined element in G, which is denoted by g1, such

t_hat 88 =g g =¢; the element g1 is called the
wmverse element of g, (4)
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tlearly, g is the inverse of g7 so that (g71)~1 = g. A group G is said to be
commutative if gh = hgforall g, he G.

Example. The totality of complex matrices of order » with determi-
nants equal to unity is a group with respect to the matrix multiplication ;
it is called the complex unimodular group of order n. The identity of this
proup is the identity matrix and the inverse element of the matrix a is
the inverse matrix a=. The real unimodular group is defined analogously.
If:ese groups are non-commutative when » = 2.

Definition 2 (J. von NEUMANN [4]). Given an abstract group . A
complex-valued function 7 (g) defined on  is called almost periodic on G
if the following condition is satisfied:

the set of functions {g;(f, #); s € G}, where [, (g, #) =
flgsh), defined on the direct product G X G s totally
bounded with respect to the topology of ¥ orm con-
vergence on GxXG. (2)

Example. Let & be the set R! of all real numbers in which the group
maltiplication is defined as the addition of real numbers; this group Rt
is called the additive growp of real numbers. The function f{g) = &%,
where a« is a real number and ¢ = V—_l, is almost periodic on R, This
we easily see from the addition theorem f(gsh) == & ¢ ¢** and the
fact that {¢*; € R!} is totally bounded as a set of complex numbers

of absolute wvalue 1.
Proposition 1. Suppose f(g) is an almost periodic function on G. If
we define, following A. WEIL,

dis(s, u) = sup |f{gsh)--f(guh) |, (6)
EHEG
then
dis (s, #) = dis{asb, aub). (7)

Proof. Clear from the definition of the group.
Corollary 1. The set E of all elements s which satisfies dis(s, e) = 0
constitutes an snvariant subgrowp in G, that is, we have

if e;, e € E, then e16,€ E and ae,a '€ E for every a € 6. (8)

Proof, Let dis (e, ¢) = 0, dis(e,, &) = 0. Then, by (7) and the triangle

inequality, we obtain
dis (e, ey, ) < dis(e,6,, 2,¢) + dis(e,e,¢) = 0 + 0= 0.

Similarly  we have dis{aega?, ¢) = dis(ee;a, aea ) =0 from
dis (g, ) = 0.

Corollary 2. If W& write 5= (mod E) when su#~'¢ E, then s = =
(mod E) is equivalent to dis{s, #) = 0. ~

Proof. Cleav from dis(se -t ) == dis(s, eu) = dis{s, u).
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Corollary 3. The concept s = # (mod %)} has all the general properties
of equivalence, namely

§ =5 (mod E), )

§=u{mod E), then u = {mod E), {10}

it s; =5, (mod £} and Sy = 3 (mod E), then Sp =75,

{mod E). {11}
Proof. Clear from Corollary 2 and the triangle inequality for the

dis(s, ).
Hence, as in the case of the factor space in a linear space, we can
define the factor group or residuc class group G/E as follows: we shall
denote the set of all elements € G equivalent (mod E) to a fixed element
%€ G by &, the residue class (mod E) containing x; then the set of all
residue classes £, constitutes a group G/E by the notion of the product
&8, =¢&,,. (12)

To justify this definition (12) of the product, we have to show that
if x; = x, (mod E), Y1= ¥, (mod E), then Y1 = %Y, (mod E). (18)

This is clear, since we have by (7) and Corollary 2,
dis (x5, %,3,) < dis {211, %a3) + dis (%231, %57)
= dis(x}, x,) + dis (. ¥2) =0 + 0= 0,

Since the function /{x) takes the same constant value on the residue

class £,, we may consider /{x) as a function F (&;) defined on the residue
class group G/E.

Corollary 4, The residue class group is a metric space by the distance
dis(E,, &) = dis (x, 5). (14)

Proof. x = x, (mod E) and ¥ = yy (mod E) imply

dis (¥, y) < dis (x, %) + dis (%, 3,) + dis (31, M) =0+ dis {x,9) +0

and dis(x,, y,) < dis (x, ¥} to the effect that dis (*,%) = dis{x,, y,). Thus
{14) defines a distance in G/E.

Corollary 5. The group G/E is a topological group with respect to the
distance dis (£, &,), that is, the operation of multiplication &£, is con-
tinuous as a mapping from the product space (G/E)x{G/E) onto GIE,

and the operation &7 is continuous as a mapping from G/E onto GIE.
Proof. We have, by (7},

dis(su, s'w’) << dis (s2, s"2) + dis{s"#, s'w') = dis(s, s') + dis {2, 2)
and
dis (s, 27Y) = dis (5514, su tu) = dis(u, ) = dis (s, ).

We have thus proved the following
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Theorem 1 (A. WEIL). The topological group G/E metrized. by (14},
is totally bounded, and the function f(x) gives rise to a function F(£,)
{= f(x}) which is uniformly continuous on ‘thIS' group G/E

Proof. The uniform continuity of the function F(£,) is clear from

|F (&) — F{&) | = |fx} — Hy) | = dis(x, ) = dis (., §,).
The almost periodicity of the function f(x) implies, by (7) and (14), that
the metric space G/E is totally bounded. o _ .
e]ISI; the Ie)xbove theorem, the theory of almost periodic funlctlons is
reduced to the study of a uniformly continuous function f{g), Fieflped ona
totally bounded topological group G, metrized by a me_trlc dis (glf, fz)
satisfying condition (7). By virtue of this fact, we sh-all give a proof for
the existence of the mean value of an almost periodic function. e
Since G is totally bounded, there exists, for any E>f 0, a 1216e
i in di )= eforan .
system of points gy, g, . . ., g, such that lglilgn dis(g,g)=e d-r fg
ini i 0 g =
, collecting these finite systems of points corresponding
Il{e;fle 31 .. grespec‘cively, we see that there exists a countable
S;rsterJn {g;} of points € G such that {g;} is dense in G. We take a sequence

o0
= ) be the set of all
of positive numbers a; such that }_él‘ x;=1. Let C(G)

uniformly continuous complex-valued functions A{g) defined on &. C(G)
is a B-space by the operation of the function sum and the norm ||| =
sup |k (g)|. We define an operator T defined on C(G) into C(G) by

G

(1) ) = X shlese). (15)

By the uniform continuity of A(g) on &, there ex’ists, for any ¢ b> 0(,7)21
8 > 0 such that dis(g, g') = § implies |k{g) — k_(g )| 'g e. Thus, y_t iz
\h(g;g) — h(gig}| < e(f=1,2,...) whenever dis(g, g') =< é. Hence it is
EAGiel T : =

& -
= is a bounded linear opera-
easy to see, by «; > ¢ and J_=21 a«; = 1, that T is a boun

tor on C(G) into C(G). By the same reasoning we see that the set of
functions 4, {g) defined by

L

=n! h , which is of the form
hlg) =t I (T7W) (g), w "

o0 . ) =2 L
()= ZPiklgie) with >0, 2 f=1,

i i he
i i i- th respect to #. Hence, by t
equi-bounded and equi-continuous wi . ;
iscgﬁ—Arzelé theorem, the sequence {4, (g)} contains a subsequence which
i iformly convergent on G. ‘
° u?i]erefofe by the_mean ergodic theorem, there exists an A* (g) € C(G)

such that .
i lim sup |A, (g} —A*(g) | = 0 and Th* = i*. m

H-+OO g
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Proposition 2. 4* (g} is identically equal to a constant.

Proof. We may assume, without losing the generality, that h(g) and
#* (g) are real-valued. Suppose that there exist a point g, € G and a posi-
tive constant 8 such that

A*(gg) = B — 20, where B = sup i*(g).
BEG

By the continuity of A*(g), there exists a positive number & such that
dis(g, g”) = ¢ implies |A*(g") —A*(g")| = &; in particular, we have
A*{g'""y =< B — 6 whenever dis (89, &) = e. Since the sequence {g;} is dense
in G, there exists, for any ¢ > 0, an index » such that, for any g€ G, we
have 11;11_1;1” dis(g, g;) = . Hence, by (7), we have, for any g€ G,

[ dis{g,, g;g) < e.

Let the minimum be attained at 7 = g. Then
P (g) = (Th*) (g) = Z oG = (B—8) + (l—w ) f=f—n;, 6 < B,

contrary to the assumption that g was an arbitrary point of G. Therefore
h*{(g) is identically equal to a constant.

Definition 3. We shall call the constant value 4* (&) the left mean
value of 2(g) and denote its value by M (k(g)):

My(h(e) = lim w3 17k (g). (18)
Theorem 2 (J. von NEUMANN). We have

M(xh(g)) = a Mj (h(g)), (i)
My(alg) + ho(g)) — Mi(hi () + Mi(ho(2)), (if)
My(ly =1, (iii)

if 2(g) = 0 on G, then M:(k(g)) = 0;
if, moreover, A (g} == 0, then M,(h() >0, {tv)
[ M (R < My(|h(g) ), (v}
M (h(g)) = M (h(g), (vi)
M, (h(ga)) = M, (h()), (vi)
M (h(ag)) = My(h(g)), (vii')

My (h(g ™)) = Mi(hig)

Prooi. By definition (18), it is clear that (1), (i), (iii}, the first part of
(iv), (v) and (vi) are true. The truth of {vii} is proved by Proposition 2.
(vii’) is proved as follows.

(viii)
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Starting with the linear operator 7" defined by
(T'h) (g) = J.-}; ok {gg;),

we can also define a right mean M {(A(g)) which, as a funct%(l)fnal of (g},
satisfies (i), {ii), (iii), the first part of (iv), (*‘\z),‘(vi) apd {vii ).. We thus
have to prove that the left mean M Ig(h {g)) coincides W}th the right mean
M (% (g)). By its definition of the left mean, there ex15?,_for any & > O}
a sequence of elements {&} € G and a sequence of positive numbers §

oC
with 3 f; = 1 such that
i=1

sup| X frhtse) — Mi(hie)| <e. (19)

g

Similarly, there exist a sequence of elements {s;} € & and a sequence of

oo
positive numbers y; with j‘:-z; y; = 1 such that
= i
sup| 7,k (e5) — MLhigh) <. (20)
g U=

We have, from (19) and (vii)
sup | X ik (kigs;) — My(h(9))| =,
g 8 |

and, similarly from {20) and (vii’),
sup | Zyifih (kigsi) — Ma(hig))| = o
g |*®

Hence we must have My (h(g)) = M} (h(g)). . .
We next remark that a linear functional M, (k{g)) defined on C () is

uniquely determined by the properties (i), (i), (iii), the first part of {iv),
(v}, {vi) and (vii) {or (vil) as well). In fact, we have, by {20),

Mihig)h) —e = Ey,-k(gs,-) = My(h(g)) + ¢ for real-valued %(g).
T i=1

Hence, for real-valued % (g), M,(k(g)) must coincide with the right mean
M'(h(g)) and hence with the left mean M, (k(g)) as well. Therefore we
se; that we must have M, = M} = M., Being equal to the right mean,
M, must satisfy (vii'). Moreover, since M} (h ((1)).sat15f1esr"as a linear
functional, (i), (i1), (iii), the first part of (iv), (v}, (vi) and (vii’), we must
1
have M} (h(g70) = M} (h(g)) = My(h(e)).
Fineflly we shall prove the last part of (iv}. Suppose h(g.fo)_> 0. For
any & > 0, there exists, by the total boundedness of G, a finite system
of elements s, 5o, - . ., s, such that

1:543H

min_sup |k (gs:) — 4 (gs)| < e
B
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f i
tOr allis (E G This we. see by the uniform continuity of h(g) and the fact
hat d 5 gs,, gS) == dIS(S,', S). Hence, fOI' £ = h(go)/2 we Obtain fO[' any’
] »

S€ G, asuffix 4, 1 = ¢ = n, such that
h(gﬂsfls) = 2 (go)/2.

Thus, by the non-negativity of the function % (g}, we obtain

= —1
| iﬁlk{gos,- S} = h(g))/2>0 for all SEG.
Therefore, by taking the right mean of both sides, we have

M hieost9) = # MI0h(s) = higyya > o,

+

R . .

R W;r;arll:. T’;le happy 1de-a. of introducing the distance {1) is shown i

Sténce [ % he application of the mean ergodic theorem to thWn i
proof of the mean value is due to the present author, Se: :f;:

6. The Resolvent of a Dual Operator

Lemma 1. Let X and ¥ be com

operator with D{T)* = X and R (T
Proof. If 7'4% — 0, then

Plex B-spaces, Let T be ali
near
) € Y. Then (7")1 exists HfR(T)*= V.

Ty = <Tx, y5 = 0 for all x€ D(T)
ﬁnd hepce vo (R (T = 0. Thus R(T)* )
t}?soz;;lnlln;/:;"es:t. (?EE the other }}and, if y,€ R(T)* then, the Hahn-Banach
e ot sJ _atlthere eiﬂsts a continuous linear functional Vo €Y’
e Udyo = and 310 (R{T)*y = 0. Hence (T, y5>=0 ?or 1

< D0 » and so yy € D(7”) and T"yg = 0, whereas 3 o
13:0 7 0. Therefore, the condition R(T)*## Y impli o % e

e el Plies that T cannot
_ Theorem 1 (R. S. Paiirips 2.
inverse and such that D (T)°
B-spaces. Then

= Y implies y¥ = 0 and so 7’

Let T be a linear o i
i perator with an
= X and R(T)* = ¥, where X and Y are

| (T~ = (T (1

=1 is bounded on Y iff 7 is closed and )

-Proof. (7Y exists because D(T-

exists by Lemma 1. We have to sh
y* € D(T), then

(7)1 is bounded on X,
= R(T) is dense in Y. (1
ow the equality (1). If y¢ R(T) and

H By =TTy, y*) = (T-1y, Tryw

ence R(T") € D((T-Y') and (1)’ (7~ .

I o T'y* =t '

(771" is an extension of (71 Ne)xff, ifyx)E D?}T)fotlsﬂhajxlly* €O Thas

N e
2 = (T1Tx, x%5 — Tx AT 2% for all ¥ e DTy,
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Hence R((T-Y)) < D(7") and T'(T7Y) x* =x«* for all x*¢ DT~
Thus (71 is a contraction of (7”)~1. Therefore we have proved (1).

If, in addition, 7! is bounded on Y, then (T1) is also bounded.
Conversely, if (T")~! is bounded on X/, then, for all x€ R(T) and
¥ ¢ X', we have, by (1),

KT, 2% | = [<w, (T2 #%0 | = [<x, (T) 2%
= @Y L] ]
Since T!is closed and R (T)* = Y, T~! must be bounded.

Lemma 2. Let T be a linear operator with D(7)* = X and R({) L Y,
where X and Y are B-spaces. If R{T”) is weakly* dense in X', then T has

an inverse.
Proof. Suppose that there exists an x, 7= 0 such that T'x, = 0. Then
Cxg, T'y*y) = (Txg, y*> =0 for all y*e¢ D(T).
This shows that the weak* closure of R{7”) is a proper linear subspace

of X', contrary to the hypothesis.
Theorem 2 (R. S. Purrrips [2]). Let X be a complex B-space,and T a

closed linear operator with D(T)® — X and R{F) £ X. Then
o(T) — o(T") and R(A; 1Y =R{{;T) for Ace(T). (2)

Proof. 1f A€ o(7), then, by Theorem 1, A€ ¢(7’) and R(A; T) =
R(4; T"). On the other hand, if 1€ g(7’), then Lemma 2 shows that
(Al —T) has an inverse (A7 — T)~! which is closed with (A1 —T}.
Lemma 1 then shows that D{(A — T}™') = R(AI — T) is strongly dense
in Y. Hence, by Theorem 1, 1€ p(T).

7. Dunford’s Integral

Let X be a complex B-space and T a bounded linear operator ¢ L {X, X}.
We shall define a function f(T) of T by Cauchy’s type integral

HT) = (2ﬂi)“lcff(l) R(A; T)4dA.

To this purpose, we denote by F(T) the family of all complex-valued
functions f (1) which are holomerphic in some neighbourhood of the spec-
trum o(7) of T; the neighbourhcod need not be connected, and can
depend on the function f(1). Let f€ F(T), and let an open setU 2 a(T)
of the complex plane be contained in the domain of holomorphy of f,
and suppose further that the boundary 8U/ of U consists of a finite num-
ber of rectifiable Jordan curves, oriented in positive sense. Then the
bounded linear operater f(7) will be defined by

HT) = (2mi)™? a[j;f(.l) R(A; T) dA, (1)

6 Yoalda, Functionnl Analysis
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and the integral on the right may be call
Cauchy’s integral theorem, the value 7(T) depends only on the function !
and the operator T, buf not on the choice of the domain U7,

The following operational calculus holds:

Theorem (N. DuNrorD). If f and g arc in F(T)
complex numbers, then

ed a Dunford’s integral. By

,and « and B are

af +Bgis in £(7T) and o/ (T) + B (T) — (xf + Be)(T), (2)
f-gisin F(T) and {(T) - g(T) = (7 - g) (T}, (3)
if / has the Taylor expansion fld) = _g;oc,‘;l" con-

vergent in a npeighbourhood U of o(T), then !} (4)

HTYy = :Yj; o, T™ (in the operator norm topology?},
let f, € F{T) (n =1,2,...) be holomorphic in a fixed ]
neighbourhood U of ¢(1). 1 f4(A) converges to f(A) (5)
uniformly on U, then f, (T) converges to f(T} in the )

operator norm topology,

if /€ F(T), then f€ F(T") and f(T") = }(T)'.

Proof. (2) is clear. Proof of (3). Let U, and U, be open neighbourhoods
of o(T} whose boundarics dU, and 8U, comsist of a finite number of
rectiliable Jordan curves, and assume that Uy + 86U, C U, and that
Uy + 89U, is contained in the domain of holomorphy of f and g. Then,

by virtue of the resolvent equation and Cauchy’s integral theorem, we
obtain

) g(T) =—(4a)t [fQ)RQR; T)da- aufg(“) Rip; T) du

(6)

20,

=M [T/ ) (e A7 (R T) — R 7)) dA du

U, au,

= (2?”')‘16[[)‘(/1)1?(2; T)-i’(fdm)‘l T — 2 g () d#Jl A

air,
— (Zma) wf’g(ﬂ) Rip; T) - {{2mi)t wfl (e =471 f(2) dﬂ} dp
= @it [T eW R T) A= (- ¢) (),
Proof of (4). By hypothesis, U must contain a circle A =7, (T) + ¢}
& >> 0, in its interior, where #, (T) is the spectral radius of T (Theorem 4
in Chapter VIII, ). Hence the power series F(2)
uniformly on the circle C = {1; [2] = 7,{

o0
= Zoaxnﬁ" converges
Py
T) + &}, for some £ > 0. Hence,
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by Cauchy’s integral theorem and Laurent’s expansion R(1; T) =

ST of R(A; T) (Chapter VIIE, 2, (3)),

=1

o0 N1 R T) dA
HD = i (") RO 7Y d2 = @) 2o [FRAST)

. - = Benn=lgr N T
= (Zmi)? ké:]ock ”_.:.,1 aJ;A T *dA =, O f
(5) is proved by (1), and (6) is also proved by (1) and formula (2} o
the preceding section. . -
Corollary 1 (Spectral Mapping Theorem). If f is in F(I), then
(T = a{(f(T)). .
. Lro?)f. Let A € a(T), and define the function g by g{u) = (/ (R})Iff(,u))ié
(A--u). By the Theorem, f(3)I—/(T)= Al —T) g{?{j t;ng;,un_
(f{A) I — f(T)) had a bounded inverse 55, then g(T) B would be the o
ded inverse of (A — T). Thus 1€ o(7) mplies that F)e a(/(i’f’)). t-er:
conversely, A< o(f(T)), and assume that A€ f{o(7)). Then the —uncdllo
) == (f(, ) — A1 must belong to F(T), and so, by the prece ing
gf(hftm;m Hg(T) (f(T) —AIy = I which contradicts the assumption
A€ o(H(T)). .
Corollary 2. 1f fc F(T), g€ F{f(T}) and 2(2) = g(/(4)), then & 1s
in F(T)and #(T) = g(f{1)).
Pg'oof That 4#¢ F(T) follows from Corollary 1 Let Ul_ 1'{(3 an o%en
neighbourhood of ¢(f(T)) whose boundary Uy con[s}lst? of ailr.utedn?rl;nﬂir)
ifi hat U; + 2U; is containe
of rectifiable Jordan curves such t 1° Y
hbourhood of ¢(T) whose
i f holomorphy of g. Let U, be a neig ar
301111;5;; 8UO consil:.ts of a finite number of rectifiable Jordan curveg
ql(;ch that U: + 8U, is contained in the domain of holomorphy of fan
,.f(Uz + 8U,) € U,. Then we have, for A¢ aU,,
R(A (1)) = @)™ [ (A— () R(u; T) dy,
al, |
i isfies, by (3), the equation
i the right hand operator S satisfies, b ;! :
?;Ln;(i- }‘{Ye")) Sg:: S(AI — f(T)) = I. Hence, by Cauchy’s integral theo
rem,

RUHT) — (i)™ [ gUR(: A(T)) i
— (o am [ [ (A— )7 R T) dp 42
ad), atr,
— (@i [R(u; ) g (@) du = A(T).
eu,

Remark. The introduction of the -operational calculus based ?n a
formula like {1} goes back to the investigations by H. PoINCARE on

1n*
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continuous groups (1899). The exposition of the operational calculus in
this section is adapted from N. DunrorD-J. Scuwartz [1]. In the next
chapter on semi-groups, we shall frequently make use of Dunford’s inte-
gral for a closed unbounded operator T,

8. The Isolated Singularities of a Resolvent

Let 4, be an isolated singular point of the resolvent R(A; T) of a closed
linear operator 7 on a complex B-space X into X. Then R(A; T) can be
expanded into Laurent series

~

RAT) = X (4 du A, = (2 [ (A—A)" " R(G; T) dd,
e ¢ (1)

where C is a circumference of sufficiently small radius- [Akﬂ.o{ =g
such that the circle [A—2| < & does not contain other singularities
than 1 =2, and the Integration is performed counter-clockwise. By
virtue of the resolvent equation we obtain
Theorem 1. A’s are mutually commutative bounded linear operators
and
TApx = A4, Tx for CD(M(k=0,21,43 .. J,

Apdpm =0 for 220, m= 1
dy= (1P A3 (w2 1),
Ay g = Apd_g g2 1).

(2)

Proof. The boundedness and the mutual commutativity of A4's
and the commutativity of A’'s with T are clear from the integral
representation of 4's,

We substitute the expansion of R(A; T) in the resolvent equation
R4, T)—R{u; T) = (u—AQR(@A; T R(u; T), and obtain

kijk%z%—:gﬁi:i;f = A A (= A (e — 2™
The coefficient of 4, on the left is
R R Ny e
AO A =R Gy
FO=)T -4, n <o,
Hence the terms containing (A — A} (4 — 4)™ with & 2= 0 and m =-1

are missing so that we must have the orthogonality Ad, =0 (k= 0,
m = — 1). Henee

RY(A; T) — éA,,(;t—zo)” and R-(1;7T)= 3 Ay (A — Aoy

N=—00
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must both satisfy the resolvent equation. Substituting the expansion
of R*(4; T') in the resolvent equation

R+, 1) —RY(4; T) = (u—A) R*(4; T) R+ (u; T},
we obtain, setting (A—A;) = &, (u — Ay) = &,

g’j Ay — ) — (k— k) @Z A4, k”) (5; 4, k").

Hence, dividing both sides by (k — %}, we obtain

oo
e - 2k gl R A,A
ﬁp‘é‘lz‘li,(k” PR TR R4 Y M{O »4q

so that we have —4,,,., = 4,4, (p, g = 0). Thus, in partliular,
Ay = A}, Ay =—AAg = (—1)PA4}, .. ., A, = (—1)" 421" (n = 1).
1 — ’ .

Similarly, from the resolvent equation for R-— {4, T), we obtain,
setting (A— )t =&, (u—A,)"! = &,

o0
co _ _ . PN = 3 RPTlReY 44
P-':SIA—p(hP 1 + RPZ R + - + & ) ra=1 ? 7

so that we have 4_,_,,,=4_,4 _ (p, 7= 1). In particular, we have

Ay =A%, A_g== A A 5 ... A, —A_A_, (n=1).

Theorem 2, We have
Ay = (T —2oI) Ayyy (02 0),

(T—Ay A=Ay 1y = (T3 A_, =1, (3)
(T —A D) dg=A , 1.

Proof. By the integral representation of Ak,_ we see that the range
R{A,) is in the domain of T, so that we can multiply 4, by T on the left.

Thus our Theorem is proved by the identity

I=@I—~7) 3 A(4—5

—{A—2) I+ 06T —T)) T 4,(—10).

Theorem 3. If 4; is a pole of R(A; 7)) of order m, then A, is an eigen-
value of T. We have
R(A_)) =N((A4I—T)")and R(I —A_3)) =R (I —T)) for n = m, (4)

so that, in particular, .
X = Nl — 1) ® R((AI —TY) for nZ=m. (5}
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Proof. Si . . o
roof. Since 4_, is a bounded linear operator satisfying A%, =4

it 1s easy to see that v

N(d_ ) =R(I—~4_y. (6)

We put X, — N4, =RI-— A_j}, and put also

Xy =R(A_,), N, = N({Al -T)") and R, — Ru((lol — D). (7)
Letx ¢ N, where # = 1. Then we see, by (I'— Ao 1)* 4, | — (T — Aol A
?A_lﬁI, that 0=A, (T —AgD)*x = (TﬁAOI)”A,,HIx:D
(T —20) Agx = A_yx —x so that x — A_1x€ X, Thus N, with n > 1
belongs to X,. Let, conversely, x € X,. Then we have x — A_jy and so
x = :;I_IA_ly = A xbyA_; = 42, consequently, we have (T — 4,I)*
*=A_q. xby (T~ A_, — A_(ns1; Since A i =0for n =m
by hypothesis, it follows that Xy O N, for # = m and so N

Ne=2Xy if nz=m. (8)

Because (T'— 1,1) A_,,
is an eigenvalue of 7.
We see that X =NA_))=R(I—A4_)) C Roby (T--2D)" 4 . =
A_y—L It 2= m, then x€ R, N\ N, implies % — 0. Fog. if 1 — Uol— 1)y
and (4)7 —T)"x = 0, then, by (8), ye Ny, = N, and therefore ¥ = 0
Next suppose x¢ R, with = m, and write x — %1 + %5 where x =
I—A_)xe X, 2= A_yx¢ X, Then, since X, CR,, x, — X — % EIR
But % ¢ X, =N, by (8), and so %, € R, N N, x2_= :!) This provgs th;t-
x = x; € X|. Therefore we have proved that R, = X, if # = s
Theorem 4. If, in particular, T is a bounded linear opera?or s;uch that

KXo = R(A_;}is a finite di i i :
of2R i ;) 1) ¢ dimensional linear subspace of X, then Ay is a pole

=A_(pyy =0 and A_,, 7 0, the number ¥

Proof. Let z,, xzé. C X b-e a base of the linear space X,. Since
%y, Tx), Ty, ..., T ¥ are linearly dependent vectors of X;, there
exists a non-zeto polynomial P {1) such that Py (T)x; = 0. Similarly
there exist non-zero polynomials Py (), .. ., Py(A) such that Pyl a; =0

- 7 7T
(f=23,..., k). Then for the polynomial P (A} = ﬁ P;(4), we must
) =1
havE l:(T)x]- =0 =1,..., % and hence PTMx = 6 for every x € X,
. .

P :ocj_é; A— 1) (5= 0)

be the factorization of P(2). Then we can prove that (T =02 =0
for everyvxe X,. Assume the contrary, and let x,¢ X, be such that
(T —A,0) "%y 7= 0. Then, by P(T)x,— 0, we see that there exist at
least one 4; (f 7= 0) and a polynomial Q(3) such that

(T—22) Q(T) (T~ Ay I)o 5, — 0
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and y = (1) (T —AIy*x, 7 ¢ Thus v€ X, is an eigenvector of T
corresponding to the eigenvalue 4;. Hence (Al —T)y — (A — )y and
so, multiplying both sides by R(4; 7), we obtain y = (1 ~ 4} R{(1; Ty
which implies
y=A_y=0@ni) ! fRA; T)ydl= Qai)™ [(A—A) " ydl=0,
¢ €

by taking the circumference C with 2, as centre sufficiently small. This
is a contradiction, and so there must exist a positive integer m such
that (T'—2,I)" X, = 0. Thus, by X, = R(A_;) and (T —,[)"4 | —
A_tyg1y, we see that A_, .4y = 0 for o = m.

Comments and References

Section 6 is adapted from R.S. PHILLIPS [2]. Section 8 is adapted
from M. NaGumo [1] and A. TAvror [1]. Parts of these sections can
easily be extended to the case of a locally convex linear topological space.
See, e.g., section 13 of the following chapter.

IX. Analytical Theory of Semi-groups

The analytical theory of semi-groups of bounded linear operators in a
B-space deals with the exponential functions in infinite dimensionai
function spaces. It is concerned with the problem of determining the
most general bounded linear operator valued function T (), £ = 0, which
satisfies the equations

TE+s)y=1T0)-T(s), T(0) =1.
The problem was investigated by E. HitrE [2] and K. Yostpa {6] inde-
pendently of each other around 1948, They introduced the notion of the
infinitesimal generator A of T (¢) defined by

— o B -1 _
A 735%” (TH—D),

and discussed the generat.on of T (#) in terms of A and obtained a cha-
racterization of the infinitesimal generator A4 in terms of the spectral
property of 4.

The basic result of the semi-group theory may be considered as a
natural generalization of the theorem of M. H. STonE [2] on one-para-
meter group of unitary operators in a Hilbert space, which will be ex-
plained in a later section. Applications of the theory to stochastic processes
and to the iufegration of the equations of evolution, which include diffusion
equations, wave equations and Schrédinger equations, will be discussed
in Chapter XIV.*

In this chapter, we shail develop the theory of semi-groups of con-
tinuous linear operators in locally convex linear topological spaces rather
than in Banach spaces.

* Sco also Supplementary Notes, po 468,
i’ A 1
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1. The Semi-group of Class (C,)

Proposition (E. HiLLE). Let X be a B-space, and T, t=0, a one-

parameter family of bounded linear operators € (X s ofur
semi-group property P € L(X, X) satisfying the

Tth = Tt-ks for t, s> 0. {1)

If $(t) = log {| T} is bounded from ab ;
positive a, then t ove on the interval (0, a) for each

lim £~ — inf
Jim ¢ log ”Tf“*};‘ﬁ‘ Ylog || Tl (2)
Proof. We have p(f + s) < p(t) + #(s) from | Tews|| = (| T. T, || =<

Tl - T Let B :,i;‘gi_l P {f). B is either finite or —oo. Suppose

that § is finite. We choose, for any & > 0, a number @ > 0 in such a way

that #(a) < (8 + &) a. Let t > @ and % be an i
= . ¢
t <2 (n + 1) a. Then integer such that #a <<

Pt — na)

‘Bgmi:?_(@+w<ﬂf@
= H = 1 a ¢

] +

<22 g+ o LA

]Bz't-hylzothesis, p{—mna) is bounded from above as {—» co. Thus
etting £ — oo in the above inequality, we obtain lim 1 — ]
q v, ain }Eglot 2{) = 8. The

case f = — oo may be treated similarly.
Definition 1. If {7,;¢ = 0} C L (X, X) satisfy the conditions
LT, =T, (for t,s =0, (1)
To=1, (3)
S‘Eﬂ{j Tyx = T, x for each £, = 0 and each xc X, (4)

then {7} is called a semi-group of class (C,).
In virtue of the Proposition, we see that a i
irt , semi- T
(Cy) satisfies the condition roup {13} of clase
| 7)) = M e (for 0=t < o), (5)
with constants M > 0 and § < cc.

. The. proot is easy. We have only to show that || T¢|| is, for any interval
( ,.a) with oo =>4 > 0, bounded on (0, 4). Assume the contraryand let there
exist a sequence {£,} C (0, @) such that || T, [l > » and lim ¢, — ¢, < a.
By the resonance theorem, |/7, #|| must be unbounded at least for one
x€ 1){( \ Whl]:h }Zurely contradicts the strong continuity condition (4)

emark., By multiplying ¢, we ma ”
r , y assume that a -
{7} of class (Cp) is egui-bounded : wemeTenp

Tl =M (for 0 = £ < o0). (6)
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if, in particular, M is = 1, 1ie., if
HT¢H§1 (for 0=t oo), (7)

then the semi-group {7} is called a confraction semi-group of class (Co)-
As for the strong continuity condition (4), we have the following
Theorem. Let a family {T,; ¢ = 0} of operators ¢ L (X, X) satisfy (1)
and (3). Then condition (4) is equivalent to the condition

w—lfiﬁ)l T,x =x forevery x¢€X. (8)

Proof. Suppose that (8) is satisfied. Let x, be any fixed element of
X. We shall show that s—%im Tyxg = T, %, for each {; = 0. Consider the
—ky

function x () = T,x,. For each f5 =2 0, x{f) is weakly right continuous at
ty, because w—liﬁl T,x = w—}'iﬁ} T, Ty %9 =T, % We next prove that
Elb
[|T.l| is bounded in a vicinity of t = 0. For, otherwise, there would exist
a sequence {f,} € such that #,} 0 and lim [|T:.% | = oo, contrary
n—roQ

to the resonance theorem implied by the weak right continuity of x () =
T,x,. Thus by (1), we see that T,x, = x{f) is bounded on any compact
interval of £. Moreover, x (£) is weakly measurable. For, a right continuous
real-valued function f(¢) is Lebesgue measurable, as may be proved from
the fact that, for any «, the set {#; f{f} <C «} is representable as the unton
of intervals of positive length. Next let {¢,} be the totality of positive
rational numbers, and consider finite linear combinations ,}2 Bix(t;)

where f§; are rational numbers (if X is a complex linear space, we take
B; = a; + ©b; with rational coefficients &; and ;). These elements form a
countable set M = {x,} such that {x(); ¢ = 0} is contained in the strong
closure of M. If otherwise, there would exist a number £’ such that x(t"
does not belong to M®. But, being a closed linear subspace of X, M*® is
weakly closed by Theorem 11 in Chapter V, 1; consequently, the condi-
tion x (¢') € M* is contradictory to the weak right continuity of x{f), ie.,
to x(t) = w;lig} %(L,).

We may thus apply Pettis’ theorem in Chapter V, 4 to the effect that
x(#) is strongly measurable, and so by the boundedness of [[2({#|] on any

2

compact interval of £, we may define the Bochner integral f x{f) dt

&

Ri: | 8
and we have || [ x(f) dt”f J ||x(@®) 1} dt for 0 = & < B <C 0o. By virtue

X

Bs
of the strong continuity in s of the integral [ x{f 4 s)dt= [ =x(0dt,

x x+4s
which is implied by the boundedness of x{f) on any compact interval
of ¢, N. DuNForD [3] proved that x(f) is strongly continuous in > 0.
We shall follow his proof.
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Let 0 = o NP < E e < & with £ 2> 0. Since x(&) = T,xp =
T, Lo, xg = T, x(&-— 1), we have

A ]
(B—a)x(8) = E15) dn = f T, x(§—n)dy,

and so, by sup [17,]] << oo which is implied by (1) and {3}, combined
==n=a

with the boundedness of 7] near ¢ = 0, we obtain

i)
W“M&@idgwﬁbzf%&@ie—mﬁx@ﬁmﬂm

-
B izt £ o) —x()| < sup 751 'Ef lar £ &) —x(z) || ar.
amng —8

The right hand side tends to zero as ¢ 10, as may be seen by approximat-
ing x(t) by finitely-valued functions.
We have thus proved that x(f) is strongly continuous in £> 0. To
prove the strong continuity of x{f) at £ = 0, we proceed as follows. For
any positive rational number 4, we have T,x(2,) =T, Ty = Ty 2y =
#{¢ + ¢,). Hence, by the strong continuity of x(#) for t> 0 proved
above, we have s-}i%l Tix(¢,) = %(2,). Since each *m € M is a finite linear
combination of %(2,)’s, we have S_:li.%l T3y = x,, (m — 1,2,... On the

other hand, we have, for any £ ¢ [0, 1],
O = ol Tt — 4 1y — 0 4 17000 —

= T = a4 o gl sup (17, gy — 3
Hence }El‘,lo_‘l (8 — %] = (1 + sup |[T,{)) Hx,,,—:_a-c‘)”, and so s-lim #x{#)

. o=t 0
=% by dnf ||z x| =0

2. The Equi-continuoys Semi-group of Class (Cy) in Locally
Convex Spaces. Examples of Semi-groups

Suggested by the preceding section, we shall Pass to a more genera]
class of semi-groups,

Definition. Let X pe 5 locally convex linear topological space, and

{7 t= 0} be a one-parameter family of continuous linear operators
cL(X, X} such that

Tth:Tt+sJ TO:IJ (1)
im T,x — T,x for any {#, =0 and re X, {2)
1>,
the family of mappings {T,} is equi-continuous in ¢,
ie., for any continuons semi-norm # on X, there

exists a continuous semi-norm g on X such that (3)
p(Tx < g(x) for all £ = 0 and all x € X

Such a family {73} is called an equi-continuons semi-group of class {Co).

2356
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I e 5€& ll-'g ()ll[)s ] Satlsiylli (:()]ld.lt].()lls ] 3 4 ang 6 Uf
)’ ( )’ ( ) ( )
: g (
S t 1 are exampl{e Of} SuC]l eq lll~COﬂt1ﬂllOllS SeInl—gI‘OLlpS Of ClaSS (Cﬂ)'
ection

We shall give concrete examples,

Example 1- Let C 0 o l)e t]le space Of bounded UIllfOIIIlly COon-
[ 1 ] p
I€a (Or C mp = ) Cl1 € interva » ),
!l]lllOLlS € ]."Valued O lex Ualue(l leIl tOllS [0)]3 t}l terv 1 0 >0

and define T,, ¢ = 0, on C [0, co] into C [0, o] by
(Ty%) (5) = x(¢ + 5). f n
iform con-
Condition (1) is trivially satisfied. (2} follows from the unifo
on

]I]i]|1y (3’ E na Iy 1 allli SO 1 s a contractio Semr-
t x(S) 1 H !‘I <—1 { i}

" Il
O p Of ClaSS (CO) III tIllS exalnple, We C()u]d repla(‘,e C 0 o0 hy
gr u

? (— oo, oo).
C—oc,00] or by L?{ , t
{ Example 2. Consider the space C[— oo, 0], Le
Nyw) = @rt)y V2 e oo < u < oo, > 0,
‘ B i i C[—co,00]
hich is the Gaussian probability density. Define T, = 0,en C [ ]
W
into C[—oo, 00] by N 0
(Tex} () = [ Ni(s — u) x(u) du, for £> 0,

—o0
= x(s), for £ = 0.
r a 1
. - w—1
Each 7, is continuous, since, by _!0 Ny(s —u)

|| Tox|| = ||=]| f Ny{s —u) du = [|x|f.

o — 1 2 s t
] = I by the deflnltlon, ﬂ-nd the Seml-group‘ PI OPeI. t Y ] [ ] s
15 a (:UIiSequenCe from the We]].—kno WIl fOImula Concernlllg the (Jau551a"

probability distribution:

i youLr) 1 1 fo g R e g
Vente £ 0) " Vaai Yanl s

. . .
y b Ve(i b}/ applylng tlle I ourter tr aIleOI mat 1011

IlllS fomula ma ] prO C
o1 bOtll Sldes, Iememberlng (10) an(l (13) 1n hapter \‘ [, . l() I)IOVE ”le

stron COIltlIlult'} n ¢ Of j » We ObSeI Ve tlla‘t xS N ( ) ) M
g i ( ) f 3 3 u :C(S d‘”’

Thus o
(Ty) () — () = [ Nyls — ) (x () — 2(s)) du,

— 00

Sl - = t
Wthh 15 b t}le Cllange (]f Varlable (S u),{'/i z, equal Ly
H]

j"" Ny(2) (x(s — I/E_é) —x(s)) ds.
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By the uniform continuity of x
£ 0, a number d = §{g)

Is1 — 5] =< 6. Splitting the

(s) on (—oo , o),
> 0 such that lx(sl) —
last integral, we obtain

there exists, for any
%(s;) | < £ whenever

I(T,x)()ﬁx(s N (2 |xis—
wulfsa 13 [x(s— Ve 5)x(s (s) | dz- {;/.T,]f () dz
-, =4
N e z{sﬁN A)ee k2 Hx‘ Vt_z-i[>.s Mile) dz

=e42 ”xnlfzjf;cs N, (z) .

Th
e second term on the right tends to 0 as ¢—» 0, since the integral

f Ny (2) dz converges. Th
i us Ile’n(} sup T ,x) (s) — %#(s)| =0 and hence
5- hm T,

¥ = x; consequently, by th .
fhe ¥, by the Theorem in the .
we have proved (2). Preceding section,

In the above example, we can re

Consider, for example, 11 (- place C'[— oo, o] by L?(—

00, 0o).
o0, o). In this case, we have

NTx|) =< ffN (s — ) |x(u) | ds du < ||x]],

by Fubini’s theorem. As for the strong continuity, we have, as above
ox =l == JI M@)ol — P ) — w(s)) sl as

INI [flx {s—Vt.z (s);ds]d,z

2 [ Mt ds- .

H/\

Hence, by the Lebesgue-Fatou lemma, we obtain

oC - o0
lm || 7,x — x|| < FEAC (}iﬁ; [l Y75 — « (s)lds) dz=0
because of the continuity in t

be proved by approximating x

Example 3. Consider
t=0,0nC—

he mean of the Lebesgue integral. which maj
#(s) by finitely-valued functions.

[%00.00]. let A= 0 .
o0, 00] into € [— oo, 0] by > 4> 0. Define T,

(T,) (s )—e-uzi;,ﬁxs_km
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We have
(Tu(T,)) (5) = e*wg ) [eﬁ“ :%’f xls — hp —m,u)]
e 32 [pr 3t a0rs PM)]
D 3 G+ 20 505 ) = (T ) 6.

Thus it is easy to verify that T, is a contraction semi-group of class (Cg).

3. The Infinitesimal Generator of an Equi-continuous
Semi-group of Class (C,)

Let {T,;¢2= 0} be an equi-continuous semi-group of class (Cp)
defined on a locally convex linear topological space X which we assume
to be sequentially complete. We define the infinitesimal generator A of T,
by

— i —107
Ax_}lhrglh (T, —1I) x, (1

ie., 4 1is the linear operator whose domain is the set D{d) =
{xEX;}iEl(‘)l YT, — I x exists in X}, and, for x€ D(4), 4dx =

’lliq)l WY (T, —I)x. D{4) is non-empty; it contains at least the vector 0.
Actually D(A) is larger. We can prove ‘
Theorem 1. D (A) is dense in X.

Proof. Let @,(s) == ne™ ™, n>> 0. Consider the linear operator C

which is the Laplace transform of T, multiplied by #:
C, x——fqa,, T,xds for x€ X, (2

the integral being defined in the sense of Riemann. The ordinary proce-
dure of defining- the Riemann integral of numerical functions can be
extended to a function with values in a locally convex, sequentially
complete space X, using continuous semi-norms $ on X in place of the
absolute value of a number. The convergence of the improper integral isa
consequence of the equi-continuity of 7, the inequality

P (CP” (S) Tsx) =ne ™ y 2 (T x)
and the sequential completeness of X,
We see, by

PACp,x) = [ me ™™ p(Tox) ds < sup p(T,x),
[}]

s=0
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-groups
that the operator € i : :
show that &, 15 @ continuous linear operator € L (X, X). We shall
R(Cy) CD(A
and (Ce.) S D(4) for each # > 0, (3)

lim Con® =x for each x £X. (4)

T @ - -
hen ﬂszl R(C,,) will be dense in X, and & fortiori D (A4)

will be dense in
X. To prove (3), we start with the formula

oo
AU, —DC x— r
w—1) Cy = & qu;,,(s) T,,Tsxds—}rlof @, (s) T, xds.
The change of the order: T 00. _f is j
order: hd[ se= f Ty -« is justified, using the

linearity and the continuity of 7. Thuso

o
h_J(Th—‘I)C ¥ = A1 r
n J e Toppmds — i S enls) Tuzas

enkh . 1

00 I3
£Foe — 1
A nhf & Mdeda-kznfe—stde
I

A
_ - — C . — R 1 k
h { wt = J e Tﬂ"df’}‘;jof%(S) T, xds.

B L .
y the continuity of ?x(s) Tox in s, the second term on the right tends -

o —@u{0) Ty x = — nx as £ ) 0. Simj
. Similarly, the fi .
tends to nC__x as h J 0. Hence we have ¥y rst term on the right

AC%x:n(C%ﬁI) x, x€X. (5)
We next prove (4). We have, by f ne ™ds =1
; ,
Co¥—x=mn f e (Tyx —x) ds,
g

o0

PCor—x)<m [ e p(T.x — L f ~
Of p( s X x)ds*néf-+néfzfl+12,say,

‘:;hetr_e c3.t> 'O is a positive number. For any & > 0, we can choose, by the
ntinuity in s of T : ,
foni s%, 2 d > Osuchthat;b(Tsxﬁx)gaforogsgé_.

a oo
Iy < en fe_”sdsgs%f e Mds = ¢
0 d .
F .
or a fixed § >> 0, we have, by the equi-boundedness of {T.x}ins= 0

os
I, < n&[‘ e (P(Tox) + P{x))ds >0 as $eo.
Hence we have proved (4).
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Definition. For x ¢ X, we define

DyTx = }iilg A Ty — T x {6)

if the right hand limit exists.
Theorem 2. If x ¢ D{A4), then x€ D{D,T,} and

D, T,x = AT,x — T,Ax, t = 0. (7

Thus, in particular, the operator A is commulative with T.
Proof. If xc D(A4), then we have, since T, is continuous linear,

T, Ax=T, }’ipg YT, —Dx = Jlﬂi&}l U, T,—T)x= iif% ATy —Tx
= }llifl(’Jl BT, —DNTx =AT;x.

Thus, ifx€ D{A), then T,x€D(A) and T Ax= AT x= Eﬁ} k1

(T,.r —T)%. We have thus proved that the right derivative of T,x

exists for each x ¢ D{4). We shall show that the left derivative also

exists and is equal to the right derivative.

For this purpose, take any f,€ X'. Then, for a fixed x ¢ D (A4}, the
numerical function fo(7T%) = (T,x, fo> is continuous in £ == 0 and has
right derivative d+f, (T,x}/dt which is equal to fo (A T,x) = fo (T,4x) by
what we have proved above. Hence dtf,(T,x)/dt is continuous in . We
shall prove below a well-known Lemma: if one of the Dini derivatives

DHf(t), D*/(0), Dj() and D-}(f)

of a continuous real-valued function f(¢) is finite and continuous, then
f(#) is differentiable and the derivative is, of course, continuous and equals
D*#(#). Thus f, (T,#) is differentiable in ¢ and

t

fo(Tox — %) = fo(Tyx) — fo(Tox) = [ d¥fy(Tx)fds - ds :Of fo (T A x)ds

o
¢
= fy (f TsAxds).
0
Since f, € X’ was arbitrary, we must have
i
T,x —x= f T.Axds foreach =xcD(A).
0

Since 7,4 x is continuous in s, it follows that T,x is differentiable in £ in

the topology of X and
t-+h

D,Tx =}lix¥)1k—1f T, Axds =T Ax.
— 3

Thus we have proved {7),
Proof of the Lemma. We first prove that the condition: D+ f{f) = 0
for @ <t~ b implics that f(b) — f(a) = 0. Assume the contrary, and
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let 75} ey < e (b — ) with some ¢~ ¢ Then, for gty = f(8) —
Ha) 4 e(t— a), we have Drgla) = DHi{a) 4 &> 0, and so, by g(a) = 0,
we must have g(z)) > 0 for some 4, > a near g, By the continuity of g(t)
and g (b) << 0, there must exist a # with ¢ < L <% << b such that
glt) =0and g(t) < 0 for 1 <Ut<C b. We have then Drg(t)) =< 0 which
surely contradicts the fact Dtg(t) = D+f @) +e> 0.

By applying a similar argument to f(¢) — x £ and to 8% — F(8), we prove
the following: if gpe of the Dini derivatives D (#) satisfies

o= Dy < # on any interva] (¢ &1,

then o < (7 (%) — FE/(t, — &) = B. Hence, the suprema (and the infima)
Ont (£, &] of the four Dinj derivatives of a continuous real-valued func.
tion f(#) are the same, Thus, in particular, if one of the Dini derivatives of
a continuous real-valued function /f(#) is continuous on [#,, f3], then the
four Dini derivatives of /(#) must coincide on (21, 2,].

4. The Resolvent of the Infinitesimal Generator A

Theorem 1. If » > 0, then the operator (nI - A) admits ap inverse
R(n; A) = (n1 — A ler(x, X), and

Rin;4) x — fe‘”sTsxds for xc X, (1)
g

In other words, positive real numbers belong to the resolvent set g (4)
of A.

Proof. We first show that (g — A) exists, Suppose that there
exists an x3£ 0 such that (I —A4) % =0, that 15, A%y = nx). Let fobea
continuous linear functional € X syep that f,(x,)) = 1, and set @ (f) =

o (Ts%,). Since WeD(A), ) is differentiable by Theorem 2 in the prece-
ding section and

dg (#)/dt = fo (D, Txxo) =/ (TsAxo) =/ (Tt”xo) =np(f).

If we solve this differentia] equation under the initial condition @ (0) =
To(%) = 1, we get @(f) = ™. But, #(f) =74, (Ty%9) is bounded jipn Z,
because of the equi-boundedness of T % In £ 2= 0 and the continuity of
the functional fo- This is a contradiction, and so the inverse (n] — A)
must exist.

Since, by (8) of the preceding section, 4 Co.x=mn (Con-—~1) %, we have
(nl— A4) Con® = nx for all *C X. Thus (n] —A} maps R{C,)C D(4)
onto X in a one-one way. Hence, a fortiori, (nl — A4) must map D(4)
onto X in a one-one way, in virtue of the existence of (nJ — A)~1. There-
fore, we must have R(C,) = D(4) and (n7 — A)l = noiC, .
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Corollary 1. The right half plane of the complex A-plane is in the
resolvent set p{A) of 4, and we have

[= o3
) X [ I‘xdt for Re (l)>‘ 0 an
R(A, 41) x 2] 11) f H

i Ty, t 2 0}, constitutes an equi-continuous
f. For real fixed ¢, {e T 6= 04, ltes an ec
-emli’-mr(:)up of class (Cg). It is easy to see that the infinitesimal genelratoi
Zf thig semi-group is equal to (4 —¢tJ). Thus, for any ¢ > 0, the resolven

Rioc + i1, 4) = ((o + 47} I — A) ! exists and

1
—{ot+ir)s . (2)
Rilog+it) I —A)x = gl tim T,xds for all zc X
{( 1) ) of

COB) }fi)ryf R(AL — A)Y) — R(R(A; A)) when Re(h) > 0, (3)

AR(A;A)x:R(l;A)Ax:(AR(A;A)—I)x for xc D(4), (D
AR, A)x=(AR(A; A) — D) x for x€ X, )]
lim AR(?; Ayx==x for xc X. (6)
Pr:(;: Clear from R(A; A) = (A1 — 4)~! and (4) of the preceding

Sec%zrrlt-)llary 3. The infinitcsimal generator 4 is a closed operator in the

following sense (Cf. Chapter II, 6): -
i — im Ax, =y < X, then
if x,€D(A) and hligox;,ﬁxGX, hlinolo Xy =y

x€D{A) and Ax =y, -
i _=x — d so, e
Proof. Put (I — 4) x, = z,. Then hli%ao = —y Ian o v .
. . AV la e (T — AV (g
continuity of (I — A)1, lim #, — h]ixg I—A)y 1z = . 2
that is, x = (I —A) 1 {x—9y), I —A)x ==« — . This proves tha
y=Ax.
Theorem 2, The family of operators 7
{(AR(A; 4} (7
i i i i =0,1,2,.. .
i ui-continuous in A = 0 and in n , 1,2
° ecl%'mof.. From the resolvent equation (Chapter VIII, 2, (2))

Rip; 4) — R A) = (A— ) R(u; 4) R(2; 4),
we obtain ,
- 432

Lim (u— 271 (R(u; A)— R(A;a))x = dR (1; A) xdl=—R(A; A2 x, xc X
—1 )

i‘l“o derive the above formula, we have to. appeal to (2) in order to show
that ]in} Riu: Ay =R(@A; A)y, yc X.

e,

16  Yosida, Functional Anaiyaia
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'['hcrefore, R(A

s A) xis infinitely differentiable with respect to 3 when
Re(l) > 0 and

d"R(ﬂL;A) xjdAr — (‘1)”n!R(Z;A)”“x {
On the other hand,
to A,

7=0,1,2.. ) (g

we have, by differentiating (2) n-times with respect

A"R(3; A) xjapm — fo e (8 T, ds. (9)

Here the differentiation under the integral sign is justified since { Tix}

oa
1s equi-bounded in ¢ and [ g~ gy (nD/A" ! when Re (4) = 0. Hence
[

Artr X

(AR (2; A))"“x:;T [ et Tixdt for x€ X ang Re() > 0, {10)
"0

and so, for any continuous semi-norm Pon X and 4 >0, n

PUAR(A; ANy < % [ e g, sup (7T, x} = SUp (7). (11)
() 120 tz0

This proves Theorem 2 by

=0,

+1

the equi-continuity of {T}} in ¢,

5. Examples of Infinitesima] Generators
We first define, for # ~ 0,

Jo= (1T — nlg)-1 nR(n; 4),

(1)
s0 that

AJe=n(], 1. (2)
s} =x(t L s)on CJo, oo].

Writing Y () = ([, %) (s) = n j‘oe%"‘x(t + 5} d¢

Example 1, (Tyx) (

=]
= f e‘”(’_‘)x(t) dt,
oo 5
we obtain 3/ (s) — __,, ey (5) 1 g2 [ ent-s x() dt = _ nx(s) +
£
# Y, (s). Comparing this with, the general formul, {2).

ATux)(s) = n((], — 1) #)(s)

we obtain Ay, (s) = ¥,,(s). Since R(J) = R{R(n; A) = D(4), we have

Ay(s) =9'(s) for Every y€ D(4),

Conversely, let ¥(s) and ¥"{s) both belong to ¢
that y ¢ D(A4) and Ay(ls) =

»

[0, o0]. We will then show
"(s). To this purpose, define x (s) by

Y(s) —my(s) — — nx(s).
Setting ( Jnx)(s) = Vn(s), we obtain, as shown above,
Y (S) — g, (5) = — nzx(s).
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) ' o d 50 w(s) = Cﬁm.
— satisfies @’ (s) = nw(s) and s —'0. Hence
Dence © (S)t ?eljc:i?g to)é‘ ﬁ)) oo] and this is possible only if C = 0. He
t’ w mus ’ _ 4 * - .
f?s) =9y.(s)€D(Ayand A Dy ((ji)) —fj;l (jl precisely the set of functions v &
" 1 M function
Therefore, the domal.n . C [0, oo), and for such a
; tive also € C [0, 0o], ) : tor
C[0, 00] whose ﬁr?t\;\ijirf;ze thus characterized the differe-ni:il ﬁf}rlathe
Y havlt: A'rjiﬁznitj:asiimal generator of the semi—groupc EEZS(;C;?-

i . ,00].
d/isi";:si(ineof translation by ¢ on the function SPaCF the second derivative
P ; terization of the se .

We shall give a charac . ciated with
E: am}i:]ﬁ 2infinpitesimal generator of the semi gro?spca?i)oo oo} and
d;/d§ 1:asg ra1eoperat°r by Gaussian kernel. The space
the inte

o . — x(s) if {— 0.
w1 [ g g () do i £ 0,
(T,2)(s) = (2md)~ V2 _{O € (

enee T £ —12 —nt—{s—u)*2t dt] du
Yuls) = (Ja®)(s) = [ x(v) Lf n(2mty~He e

—0C

= [+ iz Y [ (2myis gmmemare d“i “

—00 0

(by substituting ¢ = o®/n).

Assuming, for the moment, the formula

o0 c —_— § > O' (3)
f P do‘:‘V—Q;eﬁz ,c=ﬂ|3 z|fY
0
we get 2n |s—u
Yals) = }ox(v) (n2)? & Vor b=l .

v i] contimuous an l)(illll( le(l wWe carn d.lffel en.tla.te twice and Obta.ln
S d >
X ( ) elng

5

_ —¥2n (s—0v) gy
°© —¥en {v—3) —_ x(ﬂ) € '
yo' (s} =n [ (@) e =9y nu?!o

) T —V2n (s—v)
y”(s)=n{—x(s)~x(s)+]/2 ﬁsf x(v) e =) gy

FYRYn [ x) etore d”}

=—2nx(s) + 2uny,(s).
Comparing this with the general formula (2): .
(Ayals) = (AT p2){s) = n((J4 — 1) 2)(s) = n(yn_ o e
we find that Ay,(s) = v, (s}/2. Since R(],) = R(R(n;
16*
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have proved that

Ay(s) = y'(s)/2  for
every  yc.D(4)
C rr -
onversely, let v (s} and ¥""(s) both belong to €[ - oo oo]. Defi (s) b
, 00l ne x(s) by

et ) 2ny(5) e,
CHUNE ¥u{s) = (/,2)(s), we obtain, as shown above
Ya(s) = 2n9,(s) = — 2 (s).

H — .
g en:;_w (s} = yl(fs)‘-ﬁ Yu(S) satisfies s’ (s) — 2nw(s) — 0 and

e¥ens —Von . . =, S —

arid - a:; ZC:re ThS. This function cannot be bounded unles C'bw(s) .

2 0. Thus y(s) = ¥,(s}), and so vED(4), (4 ) s ?,th Cy

e Ay (sl =w (s)/2.

3 & ds
]l]elell)le 1]le dif’ ?eﬂtﬁal Obﬂfﬂto’ E) ry 15 CllaIaCtEIIZed as the

Va

—2—: f g—(""‘ﬂ’d)’]_ 2 — .2 7 —(o% et
A (1 + ¢/o?) do = .2 VI em e (1 4. c/o?) do

=]
f & —{wt ey &
/! ] CI e prs do’} .
Setting o — ¢ft in the last integral, we obtain
V; { oo 0
I _ L%
g = &%) [ oo g — (e r
A e V‘{ e—le Iy 7) . 2 of e—{Breyem .
Exercise, Show that the infin:
. e mfinitesi
() e o mo] by simal generator 4 of the semi-group

T, = g~ 3 (;Uk
in)ls) = e D0l k) (> o),

1s the difference operator A
(A2)(s) = 2 {x(s — ) — 5(s)}.

6. .
The Exponential of 3 Continuous Linear Operator
whose Powers are Equi-continuous

Proposition. Let X be
. . a locally convex .
topol €X, sequentiall '
Pological space. Let B be a continuous linear Operatgr?zl?xlet;)hneai:
. X) suc
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that {B*; 2 =1, 2,...} is equi-continuous. Then, for each x¢ X, the

g (ENYTL(EB) 2 (22 0)

k=0

SETIES
(L

COnVerges.
Proof. For any continuous semni-norm ¢ on X, there exists, by the

equi-continuity of {B*}, a continuous semi-norm ¢ on X such that
p(B*x) = g(x) for all £ = 0 and x € X. Hence

p(é‘ (tB)* x/k!)g kg’" #p (BER)/R! < g() -k::t"/k!.

Therefore {k_}"_‘,; (tB)kx/k!} is a Cauchy sequence in the sequentially

complete space X. The limit of this sequence will be denoted by (1).
o0
Corollary 1. The mapping x — kfv'o (¢B)* xfk! defines a continuous

linear operator which we shall denote by exp (¢B).

Proof. By the equi-continuity of {B*}, we can prove that B, =
"
.2:) {tBY¥k! (n=0,1,2,...) are equi-continuous when { ranges over

K=
any compact interval. In fact, we have

B = EApB AR < g SHRZ g,
Hence the limit exp {{ B} satisfies
plexp (¢B) x) = exp(f) - q(x) (¢ = 0).
Corollary 2. Let B and € be two continuous linear operators€ L{X, X}
such that {B“} and {C*} are equi-continuous. If, moreover, BC =CB,

(3)

(2)

then we have
exp(tB) exp(tC) = exp(t(B + C)).

Proof. We have
k k
PUB + O ) = Z3C, (B C*2) £ X0, q(C9) = % sup g(C*a).
§= §= 0=s
Hence {277 (B + C)*} is equi-continuous, and we can define exp (¢{B + C)).
By making use of the commutativity BC = C B, we rearrange the series

= (B + O #fk!

so that we obtain (kiz (tB)"/k!) (kf; () x/k!) as in the case of

o0
numerical series k;(‘) (£(b 4 c))xfR!L.

Corollary 3. For every x € X,
}‘im kl(exp(hB) — N x = Bx, (4)
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and so, by making use of the semi-group property

exp((t + &) B) = exp (¢ B) exp (h B) (5)
proved above, we obtain
Diexp(tB) x — exp(iB) Bx = B exp ({8} «. (6)

Proof. For any continuous semi-norm 2on X, we obtain, as above

PO (B) — 1) 5~ Br) < T 1 p(Bhyy b1 = g(a) & PR
which surely tends to 0 as 2 4 0.

7. The Representation and the Characterization of Equi-continuous
Semi-groups of Class (C,) in Terms of the Corresponding
Infinitesimal Generators

We shall prove the following fundamental

Theorem. Let X be a locally convex, sequentially complete, linear
topological space. Suppose 4 is a linear operator with domain D(4)
dense in X and range R(4) in X such that the resolvent R{n; A) =
(nl— Ay-1c (X, X) exists for n — 1,2,... Then 4 is the infinitesimal
generator of a uniquely determined equi-continuous semi-group of class

(C,) iff the operators {(I —n14)"™ are equi-continuous in # — 1,2, ...
and m =0, 1, ...

Proof. The “only if” part is already proved. We shall prove the *“if”
part.

Setting
Jo=U —n14)1, (1)
we shall prove
lim J,x=x for every xc X. (2)
H—00

In fact, we have, for xeD(4), AJ, x = Jndx = n{Ju—1I)x and so
],,x—x:n—lj,,(Ax) tends to 0 as #—> o0, in virtue of the equi-
boundedness of {Taldx)} in = 1,2,.... Since D(A4) is dense in X and
{7a} is equi-continnous in #, it follows that h{&, Jax = x for every
x€ X.

Put

T == exp(t4],) = exp(in(], - 1))~ exp(—ni) exp(ni ],), {2 0. (3)

Since {J3} is equi-bounded in # and £, the exp(¢n J,) can be defined, and
we have, as in (2) of the preceding section,

p(exp(ntj;)x):;Eéifnn*(kn—lp(fﬁ-x);;exp(nt)-q(xr
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. . . d
Consequently, the operators {7{™} are equi-continuous in = 0 an
#n=1,2, ...1in such a way that "
(I x) = q(%).
is commu-
We next remark that [, J,,=— J,. [, for =, 'n(?;‘)> 0. ;I:ml;{r,, ;s corOVEd
tative with T, Hence, by D, T™Mx = A J, TMWx = T X%, P
in the preceding section,

‘ " #)
(T x —TMx) = p ( Of D (T T x) ds) o

it
—p ( [TTE (A AT % ds).
0
Hence, if x € D {A), there exists a continuous semi-norm g on X such that
* -
PIPe T2 < [G((ATa— ATn) x) ds = 3((JaA — JnA) 7).
0

i TMx —Ti™x) =0
Therefore, by (2), we have proved that "hm p{T; :

uniformly in ¢ when ¢ varies on every compact -interval. Since D (A4 );(su%m;:
in the sequentially complete space X, and since the operators {

i My = T,x
i i that lim T;"x =T,
equi-continuons in £=0 and in », we see

i i 1

xists for every x€ X and ¢ = 0 uniformly in ¢ on favery compa;tfm::::r}?e
if ¢. Thus the operators {T,} are equi—.contim?ous ;1 (f = 0, and fro

uniform convergence in £, T;x is contmuous., iné=0. ST T T

We next prove that T, satisfies the semi-group property 7, 7T, s

Since T, = T™MT™ we have
P(Toysx — T T} = p(Tpper — THx) + p(Tex — TP TP 2)
+ p (TP TP 2 — TP Tox) + p (T Tox — T,T,2)
= p(Teper — TH2) 4 (T2 — T,2)
+ p((TW —T) Tex) > 0 as n—>oco.

Thus #(T,3.x — T;T,x) = 0 for every continuous semi-norm ¢ on X,
I+s

i =TT,
which proves that T, YR . - - §
Let A be the infinitesimal generator of this equi-continuous semi

group {7;} of cla ve W 4 =A. Let x& D(A).
C,). We have to show that 4 '
[rhen l{m;}l (f”)CAl S?Sx( :0) I';Ax uniformly in £ on every compact interval
P "
n—ro0

of ¢. For, we have, by (4), |
", (n
P (TeAx—TMAJ %) < p(T,Ax —TWAx) + p(TMAx—TMAJ,x)
3 " ==
< p((T,—TM Ax) + g(Ax — J,Ax)
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which tends to 0 as # —» oo, since lim J,dx =— Az, Hence
H =0

"—roa

H
Tyx—x = lim (1?y 1) = lim J1™A4 7, xds
70 o

L ¢
= f(ﬁm 1A x)ds = [T, Axds
0 H—00 . 0

¢

so that }iﬂ} FHTx —x) = PES‘ s OfTSA xds exists and equals 4 x. We
have thus proved that x¢ D(A4) implies z ¢ D(ff) and Ax = Ax, ie.
4 is an extension of 4. 4 being the infinitesimal generator of the semi-
group 7,, we know that, for # ~ 0, (nI;AA) maps D(J) ontc X in
one-one way. But, by hypothesis, (nI — A) also maps D{4) onto X in
one-one way. Therefore the extension 4 of 4 must coincide with A.

Finally, the uniqueness of the semi-group 7, is proved as follows.
Let f} be an equi-continuous semi-group of class (C,) whose infinitesimal

generator is precisely 4. We construct the semi-group 71, Since A4 is

commutative with f, we see that 4 J, and T are commutative with

i",. Then, for x ¢ D (4), we obtain, as in (5},
H
T %— T,x) = p (f Dy(T,., T ) dS)
0
. (6)
= p (f;T,‘s THA4 4], xds) .
0
Thus, by virtue of lim AJux=Ax for all x€ D
B—=00

T x— T~,x for all x
im Tx xc X.
00

A4), we prove lim
H=—>00

€ X similatly to the above proof of the existence of

Therefore, T,x = f,x for all x€ X, that is, 7, = ft
Remark. The above proof shows that, if 4 is the infinitesimal genera-
tor of an equi-continuous semi-group 7, of class {Cy), then
Tyx = lim exp(¢d ( — wlA) Y x, xEe X, {7
00
and the convergence in (7) is uniform in £ on every compact interval of £
This is the representation theorem for semi-groups.
Corollary 1. If X is a B-space, then the condition of the Theorem
reads: D(A4)® —= X and the resolvent (f —#n1A4)" exists such that
H(I‘rrlA)*"‘ch (m=12.. m=12._) (8)

with a positive constant € which is independent of # and . In particular,
for the case of a contraction semi-group, the condition reads: D {(A)* =X
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and the resolvent (I — »n?A)~! exists such that
[{—ntA)2 =1 (n=1,2,...}. {9)

Remark. The above result (9) was obtained independently by II? HiL-
LE [2] and by K. Yosipa [5]. The result was extended by W. ELLER
[1], R. S. Pamiires [3] and L MIYADERA_[I] an.d‘ the extgns;on is
given in the form (8). It is to be noted that_ in condition (8) and (9) t we
may replace {# =1,2,...) by (for all suff1c1ent‘ly large ). Tl‘h;e exten-
sion of the semi-group theory to locally convex linear topologlca spaces,
as given in the present book, is suggested by L. SCHWARTZ [ ].f o

Corollary 2. Let X be a B-space, and {7,; £ = 0} be a family
bounded linear operators L (X, X} such that

1G

T,T, =Tyl s 2 0), To=1, (10)

s-im T,x — x for all x€ X, {11)
£L0

[|T,|| = Mé¥ for all £ = 0, where M > 0 and § = 0 are 12)
independent of £. '
i infinitesi f the equi-continuous semi-

T A — $1I}is the infinitesimal generator o .

:)Tp(s =i")‘” T, of class (Cy), where A is the operator defined through
zgdx = st—lim t1(T,— I) x. Thus, by Corollary 1, we see that a closed
linear 0];;1:11:01‘ A with D(4)* = X and R(4) C X 15 t1.1e infimteilma:
generator of a semi-group T, satisfying (10), (11} and {12) iff the resolven
(I —n (A — pI))? exists such that
(I —n A4 —BD)y™||=M (for m=1,2,... and all large n). (13)
This condition may be rewritten as

-1 4™ —n 8™ (for m = 1,2,... and all large ».
1T —nt Ay ™| < M1 —n"'p)™ (for <2

In particular, for those semi-groups 7T, satisfying (10), (11) and

[|Z:]] =< &* for all £2=0, (14)

condition (13") may be replaced by )
N —n2A) | < (1 —w"if)~2  (for all large n). (13

An application of the vepreseniation theorem o thz_ proof of Weietrstmss'
polynomial approximation theorem. Consider the semi-group T, de.fmed by
{T,x) (s) = x(¢t + s) on C[0, o0]. The representation theorem gives

‘ - .

oo tm "
(Ty%) (s) = %{¢ + 5) = s-lim exp(t4 ], %) {s) = s-lim ém (AT)"x(s),

and the above s-lim is uniform in ¢ on any compact interval of . From

n—ro0 i . .
. . . o-
this result we citn derive Welerstrass’ polynomial approximation the
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rem. Let z(s) be a continuous function on the
%(s) € €0, 00] be such that x(s) — z(s) for s
above representation of %{f + s). Then we obt

closed interval [0, 1]. Let
€10, 1). Put s = 0 in the
ain

(1) (0) = () = s.1im ,,.‘i AL Oml i cqo, 13,

uniformly in £ on [0, 1]. Hence »

(#) is a uniform lmit op [0, 1] of a sequence
of polynomials in 2.

8. Contraction Semi-groups and Dissipative Operators

LIPS have discussed contraction semi-groups

product. The infinitesimal generator
of such a semi-group is dissipative in their terminology.

Proposition. (LUMER). To each pair {x, y}

normed linear space X, we can associate a co
(%, ¥] such that

of a complex (or real)
mplex (or real) number

B4y, 2] = [x,5] 4 [y, 2l (A%, y] = A[x, 9], (% 2] = lixllz, ()
[ 1] < (2] - ||y
(%, ¥] is called a semi-scalay product of the vectors x and 4.

Proof. According to Corollary 2 of Theorem 1lin
exists, for each %€ X, at least one {and let us
bounded linear functional f, € X' sach that
{(Zou o> = [{%][2. Then clearly

Fyl=Cx, 1 (2)

defines a semi-scalar product,

Chapter IV, 6, there
choose exactly one)
Fdl = lI%f] and

Definition, Let a complex (or real) B-space X be endowed with a
semi-scalar product [*, v]. A linear operator 4 with domain D(A4) and
range R (A) both in X i called dissipative (with respect to [x, v]} if

Re[dx, 2] <0 whenever x¢ b {4). (3)
Example, Let X be 5 Hilbert space. Then a s
that (dx, x) < 0 js surely dissipative with respect to the semi-scalar
product [z, y] = (%, %), where (x,9) is the ordinary scalar product,
Theorem (PHILLIPS and LuMER). Let A be a linear operator with do-
main D (A4} and range R(4) both in a complex (or real) B-space X such
that D (4)* = X. Then 4 generates a contraction semi-group of class {Co)
in X iff 4 is dissipative (with respect to any semi-scalar product [x, y])
and R(I - 4) = X

Proof. The “if” part. Let 4 be dissipative and A > 0. Then the inverse
(A1 — A) exists and AT — Ay ly|l < 42 [ly |l when y ¢ D{(AT — 4y

' 51
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For, if y = Ax — Ax, then | )
Alx|P=Ax 2] =< Re(A[x,x] — [Ax, x]) = Re[y, 2] < Hﬁ) UE 2H_ac“l,is(iri
since A is dissipative. By hypOthf;iS, RISI — /III)RTl iZ‘{.'As)o”t<a.1 b; o T
h olvent set g(A4) of 4, and we ave ;A =
Tle_ris[ <Z 1, then the resolvent R (1; 4) exists and is gnlzen by
RA,A)=R(1; YT + (A1) R(1; A))

—R(1; A4) - i((l—i)R(liA))”.

i i t
{see Theorem 1 in Chapter VIII, 2). Moreover, {4) _mlljphes tha
[IR(%; A)|| = A~tfor A > 0 with |- 1] < 1. Hence, agelnn y
Rp, MY=R{A, AV (I + (u—A) R{A; AL, e i
i i — A; A})]| =< 1, we prove the exi-
ich i lid for g > 0 with | — 4| || R(4; .

“trlgxllcc}:a lij;Lu' A) 'L:md [|R(g; AY]| = p Repeat_mg the pI‘O(“,ZSS, \Lelsﬁele
ihat R 4) e;cists for all A = 0 and satisfies the estlfmate(Ile (ﬁ, ; [ 1[ =4
B hesis, it now follows, from Corollar
As D(4) is dense by hypot , . o of s (O

i i ates a contraction semi-gro 1p : o
Pre?l?}(lién'sosneliflﬁ?’,;2:.‘45?1‘]331;::;5@ {T,:t = 0} is a contraction semi-group
of class {C;). Then e

Re[Tix —x,x] = Re{Tyx, x] — |[x|F < || Tyx|] - [[x]| — [|x]2 = 0.

’ 0 i iflll'te.‘ilmal generat(}r A Of y

Illus fOI X E D A N the d main Of the 1 1 ‘ e ] we
_) llm Re{i Ttx ) 3 } <7 0 II C A 1s dlSSlpatI €.

h-a\»’E RE 11 X, x X, X ence V

; = i A is the

Moreover, we know that R(I — A) = D(Rl(l, AY _f gé’sznzée).
infinitesimal generator of a contraction semi-group o . a o that
Corollary. Tf 4 is a densely defined ciosed.lmear op_erador 1sO  Lhat
D{A) and R(A) are both in a B-space X and if 4 andl its Seli[?i, foup o

A’ are both dissipative, then 4 generates a contraction g
lass (C). . i
: Pr(ooof). It sufficies to show that R{J —_A) = X. llf%ut, :gr;c;)as(ice Of)X.
is closed with A and continuous, R (I — A4)isa closed incar ; SP PR,

?hus R{I — 4) = X implies the existence of a non-trivial =’ €

that (—Ax), 2"y — 0 for all x€ D(4). .
issipativity of A" and x’ £ 0.
" — A’x" = 0, contrary to the d15§1pa vity of
Henl;:e[;:ark chc)r further details concerning dissipative operators, see
e .
G. LuMeER-R. 5. PaiLLres {1]. See also T. Karto [6].
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i is called
Definition. An equi-continuous semi-group {T,} of class (fg()) ;iizuous
an equi-continuous group of class (Cp), if there exists an equ

semi-grouyp {';",} of class (C,) with the condition:
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If we define s, by &, folor = 0and S, — j", for ¢£>= 0, then
the family of operators Si, ™ - [ <7 oo, has the group property

SeSe = 5, ( oo s Too), Sy =1. (1)

Theorem. Let X be g locally convex, sequentially complete linear

topological space. Suppose A is a lincar operator with domain D (4) dense

in X and range R(A)in X. Then A4 is the infinitesimal generator of an

equi-continuous group of class (C,) of operators S, € L(X, X) iff the

operators (I —n=14}=m gpe everywhere defined and equi~continuous in
n:il,iE,...andinm:l,&...

Proof. The “only if” part. Let T, = S, for £ = 0 and f", = S5_, for
= 0. Let 4 and A4 be the infinitesimal generator of 1:, and T, respec-
tively. We have to show that 4 — - A . If x ¢ D(z_’:), then, by putting
K= k‘l(f“;, — I} x and making use of the equi-continuity of T,

Pt —A2) S p(Tumy— T, 42) + P(Th—1) 42)
= gl —Adx) + b4 ((TI:—I)Ax)
where p and gare continuous semi-norms on X such that, fora given P, we
can choosea ¢ satisfying the above inequality forall 4 = Oand all s D (/f )

~

simultaneously, Thus ;l,if{} Thxy = Ax, and so x€ D(A) implies 4 x ==
lim Ty YTy — D) x — Um A1 —T)) x = — Az, Hence —d is an

extension of 4. In the Same way, we can prove that A4 is an extension of
—A. Therefore A — - 4.
The “if” part. Define, for t = 0,

Tyx = lim T™x = lim exp(fA(I —n14)1) «,
o =00

ft_x = lim f‘ﬁ”)x = lim exp(tﬁ(fﬁn‘lzé{)‘l) %, where 4 — _ 4.
B—>00 W00

Then 7, and f, are both equi-continuous serni-groups of class (Co). We
have

P Tox — T TP %) < p(T, Ty — TPT) + p(TP T — T i )
=T TP) T3) + (Tyx — Tir)

by the equi-continuity of {T? in % and 1= 0. Thus we have

lim TP Ty = T,T,x. We have incidentally proved the equi-con-

00

tinunity of 7,7, by the equi-continuity of 7" 7 . On the other hand,

we have TP 7 — 7(m 7™ by the commutativity of (I — »-14)-1

and (I —mtA) Thus (7{"F) (7t T) =TI 7. and so
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(T ]':) with #>= 0 enjoys the semi-group property (I,T,) (7. T,) =
T‘ f‘f Henc;{T,f,} is an equi-continuous semi-group of class {C,).
45 t+s-h
If x€ D{A) = D{A), then
r =l Ty — D x + lim A YT, —I) «
h]ifx;.hwl(ThT,,wI)x_;lang Thh Ty, ) x tim ,,
=Ax 4+ Ax =10,

so that the infinitesimal generator A, of {7} T,} is 0 at everjlz_ xEAD)(j)E.
Since (I — A4,) is the inverse of a continuous linear operator ( — 4y i
LI(X X), we 1see that 4, must be closed. Hence 4, must be = 0, in virtue

of the fact that A, vanishes on a dense subset Dl(A) = D(A)hof X
- - _ B N
Therefore {I,7)x = limexp(¢-0-(I—»n1.-0)")x=x, that i
T f, = I. We have thus proved the group property of 5;,, —oo <7 ¢ <C o0,
i = 4. 7
= = 0.
here S, = T,and S_, =17, for ¢t = N
) eéoro;lary i For the case of a B-space X, the condlt.lon of the Theorem
reads: D (4)* = X and the resolvent (I — n=14)1 exists such that
I —ntAYy ™| <M (for m=1,2,... and all large |n|, n=0). (2)
= " t ,
For the group S, satisfying || S, || == M !l (8 = 0) for ally, joA<—1 ;(;;)S
the condition reads: D(4)* = X and the resolvent (I — )
such that . .
(I —ntd)y ™| = M (1—|=1|f) {for m=1,2,... (3)
and all large |n|, » = 0).
di-
For the particular case ||S,|| < ¢l for all 2, —ool< t_1< oo:c thec;:lozlhat
tion reads: D (4)* = X and the resolvent (I —n=14)" exists su
|{I — #2142 < (1 —|a7 )t (for all large |n|, n =2 0). (4)
Proof, As the proof of Corollary 1 and Corollary 2 in Chapter IX, 7.

f
Corollary 2 (Stone’s theorem). Let U, , —oo < ¢ < oo, b.e;i_ g_lt-ouilr)n(;l
unitary operators of class (C,) in a Hilbert space X. Then the infinites

generator 4 of U is le times a self-adjoint operator H.

Proof. We have (U, x,v) = (x, Ur'y) = (x, U_,¥) and so, by diffe-
rentiation (A%, v) = (x, —Ay) whenever x and y < D(4).

A i i infinitesi tor of U,,
' A — H is symmetric. 4 being the 1nf1n1tesm.1a1 genera
TIhusr;:j): f E,SI i)jn—li H)7! must be a bounded linear op.erator such
‘([h; [[( —n W H) Y| Lforn=41,42... _Henc_e, takmg‘the cazz
-1, we see that the Cayley transform of H is unitary. This prov

n = .
that H is self-adjoint.
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Remark. If 4 is of the form A4 - ]/ L - H, where H is a self-adjoint
operator in a Hilbert space X, {hen condition (4) of Corollary 1 is surely
satisfied, as may be proved by the theory of Cayley’s transform. There-
fore, 4 is the infinitesimal generator of a group of contraction operators
Uy in X, It is easy to see that such U, is unitary. For, a contraction
operator U, on a Hilbert space X into X must be unitary, it U;l=U_,
is also a contraction operator on X into X

10. Holomorphic Semi-groups

We shall introduce an important class of semi-groups, namely, serni-
groups 7, which can, as functions of the parameter ¢, be continued holo-
morphically into a sector of the complex plane containing the positive
t-axis. We first prove

Lemma. Let X be a locally convex, sequentially complete, linear
topological space. Let {T,;¢ = 0} < L(X, X)be an equi-continuous semi-
group of class (Cy). Suppose that, for all £ ~ 0, T, X C D(A), the domain
of the infinitesimal generator 4 of 7,. Then, for any x € X, Tx is in-
finitely differentiable in # > 0 and we have

TPy = (T}, % for all ¢ 0, (1)

where T, = D,T,, T = D, T, ..., T!™ — D, T,
Proof. If #2> 4, 0, then Tjx = A4 T,x =T, , AT, x by the com-
mutativity of 4 and 7,, s = 0. Thus T, XCT, ., X CD(A4) when

£> 0,and so 7}z exists for all £ > 0 and x € X Since A is a closed linear
operator, we have

T'x=D(AT)x = A - lim - (T~ T)x = A(AT) x
= A T‘,le qux S (T:‘lz)z X.
Repeating the same argument, we obtain (1}.
Let X be a locally convex, sequentially complete, complex linear
topological space. Let {Tht=0CL(X, X) be an equi-continuous semi-

group of class (C,). For such a semi-group, we consider the following three
conditions:

(I) For all > 0, T,x¢ D(A), and there exists a positive constant
C such that the family of operators {{CtT{)"} is equi-continuous in
#n=0ands 0«1, :

(II) T, admits a weakly holomorphic extension T, given locally by

g Tyx = zo,‘z A—8* TP x/nl for |arg Al <tan"1(Ce™Y), (2)
an N

the family of operators {7173} is equi-continuous in A for

arg | < tan1(2-*Ce1) with some positive constant A. 3)
P
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(IIT) Let A be the infinitesimal generator of T, Then there .exis’t‘s
a positive constant C, such that the family of operators {{C;AR(1;4))"}
is equi-continuous in # = 0 and in 4 with Re{(?) =1 + &, e > 0,

We can prove

Theorem. The three conditions (I), (II) and (III) are mutually equi-
valent. -

Proof. The implication (I) - (II}). Let $ be any continum.ls semi-
norm on X. Then, by hypothesis, there exists a continucus semi-norm ¢
on X such that p((7)"x) < C"g{(x), 0<C for1=¢>0, n=0
and x € X. Hence, by (1), we obtain, for any ¢ > 0,

p(A— " T,(")x/nf) < M?intln ET C_l“ $ ((ﬂi C T;l")" x)

< (,Jﬁ ;—’—L C7'e)" q(x), whenever 0 < t/n < 1.
Thus the right side of (2} is convergent for |arg 2] <C tall'rl (Ce 1y, and
so, by the sequential completeness of the space X, Tx is W(.?:H defined
and weakly holomorphic in A for |arg 1| <¢ tan~1(Ce1). That is, for- any
z€ X and f€ X', the numerical function f(T,x) of ¢, ¢ > 0, admits a
holomorphic extension f(7;x) for |arg 4| < tan.“l(C e1); consequently,
by the Hahn-Banach theorem, we see thatt T,xis an e)ftenmi)‘n ?f Tpi for
|arg 4| << tan—1(Ce™). Next put S, = ¢ 'T,. Th.en Si=¢'T)—e .T,
and so, by 0=ie'=1 (0 =% and (I), we easily see that th‘e fa_mlly
of operators {(27*C¢5})"} is equi-continuous in ¢ > 0 arfd n =0, in virtue
of the equi-continuity of {T}} in ¢ > 0. The equ_l-coptmuous semi-group
5, of class (C,) satisfies the condition that ¢ > 0 implies 5,X { D(4A — I)
= D(A), where {4 — I} is the infinitesimal generator of S,. Therefore,
by the same reasoning applied above to T;, we can prove th:’:lt the weakly
holomorphic extension ¢ T, of S, = ¢~ ‘T, satisfies the estimate (3).
By the way, we can prove the following

Corollary (due to E. I11LE). If, in particular, X is a complex B-space
and lim ||¢T}|| < 1, then X — D(A).
40 T ' B
Proof. For a fixed £ > 0, we have lim || (¢/#) Ti, || << ¢, and so the

series

x XA mt L, s
Bty = SO (LY,

!
strongly converges in some sector
{A;|A—¢lft<<1+ 8 with some &> 0}

of the complex A-plane. This sector surely contains 4 = 0 in its interior.
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The implication (XI) — (ILI). We¢ have, by (10} in Chapter IX, 4,

LAYy T
(AR(A; A)) +1x:7! Of T, xdt for Re{d) > 0, xc X. (4)

Hence, putting S, = ¢~ T,, we obtain
(e +1+4)R(oc+ 1+ ix; B ) ™
(e +1+igm P
T [ et s 6 0,

]

Let v << 0. Since the integrand is weakly holomerphic, we can deform
b.y the estimate (3) and Cauchy's integral theorem, the path of integra:
ton: 0 = ¢ < oo to the ray: re (0 < # < oo) contained in the sector
0 <Carg 1 < tan=1(27*Ce 1) of the complex A-plane. We thus obtain

(o +14 i) R{a+ 1 fiz; A)y" 1y
(g + 1 +" k% _ . i . :
:____7ILJ e o+ it)re ‘9?ngm85”wxgwdr,
and so, by (3),
PU@ + L+ im) Rlo + 1+ 47; )"+ x)

. n oo
g 51 S {6 % M‘E) I + (—ocosb + 1sin @)
0<f<pOO P( et ) (3 (3[- € "r*dr

< ¢ (%) _le+1+4 iTth

7 .- . .
7 sin 0 — o cos 6]+ 7 where ¢’ is a continuous semi-norm on X.

A-similalj estimate is also obtained for the case 7 = 0. Hence, combined
with (7) in Section 4, we have proved (III)

The ilmplication (III} — (I). For any continuous semi-norm pon X,
there exists a continuous semi-norm ¢ on X such that

PUCAR(; A))" x) = ¢ (%) whenever Re(A) = 1 4 ¢, £ 0, and » == 0.
Hence, if Re(i,) == 1 + &, we have
__ » . " IA— }'DP
O e A LRSS N)
Thus, if [ — 4,[/C) [29] << 1, the resolvent R (2, A4) exists and is given by
R(:4)x= X (0y— A" R(k: 4)"* ' x such that

PR A 2) < (1—CTH AT A— 20 ) 72 g(R (Ag; 4) #).

Therefore, by (IIT), there exists an angle 6, with /2 < 0y <C  such that
R({A; A) exists and satisfies the estimate

i, .
PR A) x) < e {x) with a continuous semi-norm ¢’ on X (5)
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in the sectors m/2 =< arg A =< 0, and —— 8, = arg 4 < — #/2 and also for
Re(d) = 0, when |4] is sufficiently large.
Hence the integral

Tix — (2mi)t [#R(A; Ay xdd (>0, x€ X) (6)
Cy

converges if we take the path of integration Cy; = A(g), —o0 << o < 09,
in such a way that llﬁn |A{o) | = oo and, for some & > 0,
altoo

nj2 +e<argdlo) <6, and —f=argilo)=—m2—e
when ¢4 + oo and ¢ | —oo, respectively; for |o| not large, A{o) lies
in the right half plane of the complex A-plane.

We shall show that T, coincides with the semi-group T, itself. We
first show that l‘iJ’ng f‘,x — % for all x€ D(A). Let x, be any element
€ D{A), and choose any complex number 4, to the right of the contour
C, of integration, and denote {3 — A) %, = y,. Then, by the resolvent
equation,

Tixg =T, R(Ao; A) yo = (278) cf e'R(A; A) R(lo; A) yodd
= (@ai)™' [ Ay — A R(A; A) vedd
C,
— @A)t [ MAg— AT R(Ay: A) yodi.
Gy

The second integral on the right is equal to zero, as may be seen by
shifting the path of integration to the left. Hence

Toxg = (2i) ™" [ (g — A7 R(A; A) yodA, yo = (Aol — 4) %o.
Cy

Because of the estimate (5), the passage to the limit | 0 under the
integral sign is justified, and so
lim Tz = (2ma) ! Cf (o — AP R(@A; A) vodd, vo = (Aol — A) xg.

To evaluate the right hand integral, we make a closed contour out of the
original path of integration C, by adjoining the arc of the circle |A|=r
which is to the right of the path C,, and throwing away that portion
of the original path C, which lies outside the circle [4| = ». The value of
the integral along the new arc and the discarded arc tends to zero as
7} oo, in virtue of (5). Hence the value of the integral is equal to the
residue inside the new closed contour, that is, the value R{dy; 4) v, = %,

We have thus proved lim Ty%5 = %o when xq € D{4).
We next show that T'x — Af‘,x for £ > 0 and x¢ X. We have
R{A; A} X = D(A) and AR(A; A) =AR(A; 4)—1I, so that, by the

17  Yoside, Funetiond Aualysls -
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A NI =1 [ .
convergence factor ¢¥, the integral (277) fe AR{@; A)x dA has a
Cy

sense. This integral is equal to A4 'f] ¥, as may be seen by approximating
the integral (6} by Riemann sums and using the fact that 4 is closed:
Im %, = x and lim Ax, =y imply x¢ D(A4) and Ax = y. Therefore
00 H—00

ATx = (2ni)1 J&ARG; A) xdd, ¢~ ¢,
C:

On the other hand, by differentiating (6) under the integral sign, we
obtain

Tix = @niy ! [ #iR(,; A) xdi, t > 0. (7
Cx

The difference of these two integrals is (274)~! f e¥xd}, and the value
<

of the last integral is zero, as may be seen by shift’ing the path of integra-
tion to the left.

Thus we have proved that x{t) = f“,xﬂ, % € D{4), satisfies i}
1:&1(1’:1 x(t) = xp, 1i) dR(t)jdt — A%(f) for > 0, and iii) {x(0)} is by (6) of

exponential growth when ttoo. On the other hand, since %€ D(4)
and since {T}} is equi-continuous in ¢ = 0, we see that x(t) = Tz, also
satisfies lé[gl %(8) = xy, dx{)jdt = Ax{t) for ¢ = 0, and {%(#)} is bounded

when £ = 0, Let us put %{f) — x(?) = y(¢). Then lifgly(t) =0, dy(t)/dt =
I

Ay(t) fort > 0 and {y ()} is of exponential growth when £ t oc. Hence we
may consider the Laplace transform

oc
L{i;y) = f ey (t) dt for large positive Re(2).
]
We have

B 8 2
[ ey dt= [ e*Ay@t)dt = A [ ey 0=ux< <00,

by approximating the integral by Riemann sums and using the fact that
4 is closed. By partial integration, we obtain

] s
J ety at=e oy ) + A [ ey a,

which tends to AL(4; ) as o v 0, Btec. For, y(0) = 0 and (B} is
of exponential growth as A 1 oo, Thus again, by using the closure pro-
perty of A, we obtain

AL@A;9) =AL(A;y) for large positive Re(A).

Since the inverse (17 — 4)~1 exists for Re (4) > 0, wemust have L (1; y) — 0
when Re(2) is large positive. Thus, for any continuous linear functional
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J€ X', we have
}o e ¥f(y(f)) dt =0 when Re(d) islarge positive.
@

We set A = ¢ -+ ¢1 and put
go(t) = e *f(y{)) or =0 accordingas £=0 or t<0.

Then, the above equality shows that the TFourier transform

o i . - P : _ oo, 80
(27)~1 f e~ g (f) ¢ vanishes identically in T, oo < T <
—o00

ier’s i = Qidentically. Thus /(v (f)) =0
er’s integral theorem, g, {f) = 01 ;
1;:11:1:(1311:,ss]ca)ywl:eolrlnrll:l:5t have y (f) — 0 identically, in virtue of the Hahn-Banach

theorem. - _
Therefore f;x = T,z for all ¢ > 0 and x € D(A4). D(4) being dense in

Xand f‘, T, both belonging to L (X, X), we easil;: conclude that T,;f = T;c
for all xc X and ¢ > 0. Hence, by defining 7, = I, we have T,_t_ 0,
for all £ == 0. Hence, by (7), Tix = (2ai)~" cf EAR(A; A) xdd, t >0,

and so, by (1) and (5), we obtain
(Ti)" % = TMx = (2miy" [&I°R(A; 4) zdd, ¢t>0.
i) a

Hence
" (tT)x = (2m’)*1 Cf e"*‘(tl)" R(A; Ay xdd, ¢ > 0.

Therefore, by (I1I}, .
T ) = (27 g (%) cf|e"”|t"|/’l| d|al|.

If 0 < ¢ =<1, then the last integral is majox:iztad by Cg wherte' (1313 1;1?
certain pgs";itive constant. This we see, by splitting the >in{t)egrac,1 1:[:)h0§e b
C, into the sum of that in the right half-pla‘ne Re ()f) = a;m hose In
tlfe left half-plane Re(4) <C 0, and remembering the integral repr

tion of the I-function. o
References. The result of the present section is due to K. Yosipa [6].

See aiso E. Hiire [3] and E. Hirie-R. 5. PHILLIPS [1].

11, Fractional Powers of Closed Operators

Let X be a B-space, and {T; ¢ = 0} € L{X, X) an equi-continuous
semi-group of class (C,}. We introduce

o+io0

fralA) =-¢,3—~1- [ o> 0,t>01200<a<1),
o ET .

1

= {when 1 - 9), (1)

17
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where the branch of " js so taken that Re(2”) > 0 for Re(z) > 0. This
branch is a one-valued function in the z-

plane cut along the negative
real axis. The convergence of the integral (1) is apparent in virtue of the

convergence factor e, Following S. BocHNER (2] and R. S. PHILLIPS
[5], we can show that the operators

[» ]
Lo =Tyx = [ }, (s) T,xds {t> 0),
0

—= x (f = O) . (2)
constitute an equi-continuous semi-group of class (Cy). Moreover, we can
show that {7} is a holomorphic semi-group (K. Yosrpa [8] and V. Bara-

KRISHNAN [1]}. The infinitesimal generator 4 = A‘a

of 3‘:, is connected
with the infinitesimal generator 4 of T, by

At = —(—A)x for xe¢ D(4), (3)
where the fractional power (— 4}* of (—A4) is given b
p g y
(— A)* % — sin am &

LA [ e @I — Ay (—Ax) dd for r€ D{A) (4)
4
and also by

(—A)y* x = M—a)1 fwl""‘_l (Ti—1I)xdd for xc D{4). (5)
[
Formula (4) and (5)

were obtained by V., BALAKRISHNAN. For the
resolvent of 4

« We have the following formula due to T. KaTo:

- oo X
S 511 _
(ul — A,) 1=——"‘i"0f I —a) - .

7T

wdr. (6)

# — 2uv®cos am +_r2"‘
In this way, we see the abundance of holomorphic semi-groups among
the class of equi-continuous semi-groups of class {Col)-

To prove the above result, we have to investigate the properties of
the function /, (1) in a series of propositions.
Proposition 1. We have

o0
= [ WA (10, 4~ 0}. (7)
1]
Proof. It is easy to see, by the convergence factor ¢—* !, that the
function £, ,(4) is of exponential growth in A. By Cauchy’s integral theo-
rem, integral (1) is independent of ¢ 0. Let 4 = 0= Re(z) > 0,
Then, by Cauchy’s theorem of residue,

5[ € fralA) dA =

1 TR0 T Al—a) Ja=co
5oz e gz
2mi oo

—1 a-l-foc 1

— -
:2—7 € ’a‘dz:e la_
b4 o0 Zz @

Z— 4 ja=0

1
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Proposition 2. We have o
fra(A) =0 for all 4> 0.
Proof. If we set a* = g{a), ¢ ** = h(x), then
(—1)Leg™@) =0 (n=1,2,...), g@=0 and
= -
1" A =0 (n=20,1,...), when a =0 and x=0

Hence k(a) = & (g{a)) = ¢ ™" satisfies

(_ 1)n pAL) (E) — (_ 1) B (x) (_ 1)”—1 g(n) (a)

— v (P,+1) (a)
) 1P B (x) (— 1P gt D (g) L (— 1) g
+‘(’;) CEPnpl“‘?y)( )

. < Y ,andvarbitra.ry)
(CE;}%O,%EZEE0»-"‘?5"20‘“&%:;%;?' "
=20, (n=0,1,...).

(9)
That is, the function k{a) = ¢ is completely monotone in a = O.
We ’next prove the Post-Widder inversion formula
im CW YT @ (Y a0 (10)
hat®) = Jim S () R0 (),

o that, by (9}, fr. () = 0. The proof of (10) is obtairied as follows. We
S 1 r ,d o .
find, differentiating (7) n-times,

A (%) = (— 1)n6" Sné'_s"ﬁ'ft,u (s) ds.

Substituting this into the right side of (10), we get
L s — 3 fials) ds.
Bm i T f [a exp (1 A)] fra
o

irling’ la)
i M 2an "n! =1 (Stirling’s formula),
lim »"{)/

Since

we have to prove that
= f A7 A= 0. (11)
hatio) = Jim L T o2 [ 5 exp (1= ) ) ds, 20> 0. ¢

the
Let 5 be a fixed positive number such that # <C 4;. We decompose
last integral into three parts,

0o A7 A1 oc
— + :] +]2+]3'
6[ 6[ +2n—'[n k{ﬂ. !

Since x - exp{l - x) increases monotonically in [0, 1] from 0 to 1, we see,
1 -
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by the boundedness of frals) in s, that lm J1= 0. Next, since
H—OC "

% - exp (1 — x} decreases monotonically in [1, oo] from 1 to 0, we have

1";: "-eXP(IWA“j: N<p<1,

and so, since f;,(s) is of exponential growth as s 4 oo,

(=]
a2 _ S\ HyS
[ s = n¥2 ™ g7 "odf (Z) exp(— ;;—) fra(s)|ds-> 0 as % —> oo,
By the continuity of £, (s) in s, we have, for any positive number &,

fralle) =& = fia(s) = fiallo) + & whenever 2, — g <s =i+,
if we take % > 0 sufficiently small. Thus

(hatlo) — &) Jo = Jo < (foaldo) + &) Jo, (12)

where
_ Aty sz [ s\ "
Jo= ), w5 e (1= )] as 1

The whole preceding argument is true for the particular case of the
completely monotone function
oo
Ela) =al= [ %43,
i
In this case, £™ (n/d,) = (—1)” n! (Zp/n)*+1, Substituting this in (10}, we

find that (10) holds for f, {(A) = 1. Since (10) and (11) are i
xA) = 1. equivalent,
(11) must also hold for f1.2{1) = 1. Thaus, since lim Ji=0and lim J, =0
n—-00 A—00

for a general f,,, we obtain
1=1 51
lim }/2n 251 J,.
Therefore, by (12), we get (11) and the equivalent formula (10) is proved.

Proposition 3.

Of falB) di =1, (14)

fi+s,a ()‘) 26[ f.l,a: (A —F) fs,aw) d.lu (15)

Proof. Since the function £, (1) is non-negative, we have, by the
Lebesgue-Fatou lemma and (7),

[ Lim (74, () dA < lim ¢~ — 1.
¢ ald all

Thus f (1) is integrable with respect to A over (0, co) and so, again by
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the Lebesgue-Fatou lemma and (7), we obtain (14). We next have, by (7},

e[ falh — ) foa(06) du} dd
=[e b Hef A=) dA—p) - [ e fu () du

— e—ta"‘ efsa"‘ — g—(1+s)a"‘ — f e-ka-s,os (ﬂ,) d}., a>0.

Hence, by inverting the Laplace transform as in the preceding section,
we get (15).

Proposition 4. We have
(=]
f ofa)jot-di=0, t>0. (16)
0
Proof. By deforming the path of integration in (1} to the union of
two paths re™*® (—oo << —7 << 0) and 7 (0 << 7 << 00), where =/2 =
8 < 7, we obtain

o
fra(8) = ~:1; f exp(sr - cos § — tr” cos a B}
0

¥ sin{sr - sin & — &* sin 0 + 6) dr. (17)
Similarly, by deforming the path of integration in

o+ to0

UMt =gz [ & () dx

T—100
to the union of two paths, re™ (—oo << — 7 < 0) and r&* (0 << » < o0},
we obtain

fia(s) = Bfiuls)fit = = f exp (s7 - cos 8 — ¢¥” cos o)
]

X sin{sr-sin § —ér* sin xf 4+ x 8 + 6 »*dr. (18)

If we take
6= 6a=ﬂ/(1 +0t),
then

fra(s) = :T [ exp({sr + ") cos8,) - sin((s7 —¢r*)sin 6,) 7*dr.  {19)
0

Thus we see, by the factor »* (0 <C o« <C 1), that 7, (s) is integrable with
respect to s over (0, oo). Hence, by differentiating (14) with respect to £,
we get (16).

We are now able to prove

Theorem 1. {f",} is a holomorphic semi-group.

Proof. That {’f}} enjoys the semi-group property f", f‘, = I:,_,_s
{t, s > 0) is clear from (2) and (15). We have, by (2) and (17) with 8 == 8,

- [e.2] o
Tix = % f Tsxdsf exp{(s¥ + £r%) cos 8,)
o 0 '
X sin{(s? -~ ¥ sin 8, + 6,) dr, (20)
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which gives by the change of variables
s=wt' y  ple {21)

[==]

f‘,x = -71? f Toita - xdv j exp ({uo + 4 cos @,)
0 6
X sin({uw — u*) sin 0, + 6,) du. {207

The second integral on the right is exactly = - f; . (v), and so, by the
equi-boundedness of {|!7,x ||} in £ = 0, we sece, by (14), that

| Tex|| < sup | x| [ fro (o) do = sup || T,x]|. (22)
=0 1] =0

By passing to the limit £4 0 in (20%), which is justified by the integra-
bility of /, , (v) over [0, oo}, we obtain, by (14),

simTyx = [ fi () dv-x— .
0 PR

Hence {ff‘,} is an equi-continuous semi-group of class (C,} such that (22)
holds.

By the integrability of f;,(s) = 9%, (s)/0t over [0, 00} and the equi-
continuity of {T,}, we obtain, by differentiating (2) with respect to ¢
under the integral sign,

=]

Tix = [ fi.(s) Toxds

=7

oQ

1 . ! . - ]
:;Df Tsxdsof exp((sr+tr)cosﬂ,)-sm((sr—tr)smaa)r dr,

(23)
which is, by the change of variables {21},

=+
= [ (Totta - %) - f (v) dw - 77
0
Thus, by the integrability of f.. (@) over [0, c0) and the equi-continuity
of {T} in ¢ = 0, we see that
lim [|¢7}]] < oo,
to
that is, {f’ ;) is a holomorphic semi-group.
Theorem 2. The infinitesimal generator A, of T, is connected with

the infinitesimal generator A4 of T° by (8), where (—A)~ is defined by (4)
and also by (5). We have, moreover, (6).
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Proof. By (16) and (23), we obtain

oo

Fix— 1 j'o (T, — D) xds: | exp((sr + tr") cos 6,)
‘ 9 0

% sin ((s¥ — £2™) sin 6,) »*dr. {24)

If x€ D(A), then slim s (7T, — 1) x = Ax and ||(T, —I) - x| is boun-
4o . .

ded in s = 0. Thus, we obtain, letting £ 0 in {(24),

=3

e . . .
s-lim Tix = L [ (T, — D) xds | exp(sr-cos 0,) - sin(sy - sin ,) 7" dr
3o EL ]
o0
(T (o)™ [ T ) s,
o

because, by the Ifunction formulae

MNaoy=¢ j-os'“ rFldr (Re(z) > 0, Re{c) > 0) (25)
O
and -

I'z) 'l — z) = =/sin 7z,

we obtain, by (x + 1) 0, = =,

el .
. o N — —r(—se‘ea) &
1 jloexp(sr- cos §,) - sin (s7 - sin 0,) ¥*dr = {we) " Im {of e y dr}
M
0

= (mi)"  Im((—s&®a) D I(L +a) =s~** " sin (o) I'(1 + )

caey T+ )
=) =T
I {(—«) 'l + «) )
Thus, by Tix = A; T,x {when ¢ >> 0), the continuityﬂat t=0of T,x and
the closure property of the infinitesimal generator 4,, we obtain

= (—F(fa))_l s,

A, x = (—Ii—a))™? _ofc sT YT, —I) xds when x2¢€D(4).
* i

oo
Hence, by (25), (26) and (¢ — A)™! =ﬁf e~*T,ds, we obtain

* 0

Agx=I(— &y 11 + a)" j.-o{of e_“t"‘dt} (I —T,) xds

24

sin o rt"‘ (e — Ay — 4720 xdt
1]

e Pty r Ay Axdt for xe D{A).

# o9
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Finally we have, by taking 6 = # in (17) and (2),

o0
Ml —A4) " = [ =4
1]
[s.=]

oo o0
=7 dr J TS [ exp(—ut 0 cos ) - sim (1 sim )
] 0 o

o0

o0
=g! f (r I — 4)1 {f eXp (—ut -t cos o 7c) - sin (£7* sin & 7r) dz} dr
g d

o 1‘“
f (?'I — A)_l T—*—\-—*T dr.
& u—2v%ucos an + #*

sin an
T ox

Remark. Formula (2) was devised by S. Bocuner [2] without de-
tailed proof. Cf. R. S. PHIrL1ps [5]. That 7 1 is a holomorphic semi-group
was proved by K. Yosipa [8], V. BALAKRISHNAN 1] and T. Karo [2].
Formulae (4) and (5) are due to V. BALAKRISHNAN [1], who, by virtue of

(4), defined the fractional power (—A)* of a closed linear operator A
satisfying the condition -

the resolvent R(i; 4) — (A — 4)~' exists for Re A >=o0

and sup |Re(2)] - IR(Z; 4)|) < oo. (27)
Re(d) >0

He also proved that (—A4)" enjoys properties to be demanded for the
fractional power. In fact we have

Theorem 3. Let a closed linear operator A satisty condition (27). Then,
by (4), a linear operator (—A)* is defined, and we have

A (AP 2= (—A) P2 i xe DB and 0< 8

with & 4 f< 1, (28)
slhm(—4)x=—dx if xeD(4), (29)
shm(—A)x=x if slim AR(2; 4) x = 0, (30)

ai0 a0

and, if 4 is the infinitesimal generator of an equi-continuons semi-group
T, of class (C,),

{da}s = A, where A is the operator A, defined through
Kato’s formula (6).
Remark. The last formula (81) is due to J. WaTanare [11

Proof. ||#* (1 — 4) (-4 x)|| is, by (27), of order 0(r*~2) when
rtoo, and, by (rI —A4)1 (—Ax} =x—7(rI —A) 1% and (27), it is
of order O (»* 1) when » } 0. Thus the right side of (4) is convergent.

(31)
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It is clear that x € D (A%) implies (—4)?x ¢ D (4). For, by approximatt—
ing the integral by Riemann sums and making use of the closure pﬂroper v
:)ng we have (—A)x C D(4). We can thus define (—A)*{(—A4)"x.

sin amsin fz ¢ [ .p1 a1 A AVR(u; A) A xdAdp
(A (AP w =SSR L R GG A) R (i 4)

can be rewritten, decomposing the domain of integration into those for

which A = u and A < u, as follows.
sin ez sin B ! —1 —1y d i R(AG,A)R(J.,A) AZxdid.
pacl N C BN v
7T I ‘ - A
By the resolvent equation R(4; 4) — R({.l,; Ay = (u—2) R(l: AYR(u; 4)
and R(A; 4) (—4) =TI —AR({4; 4) valid on D(A4), we obtain
R{lo; Ay R{A; A) A2x = {1 — o}y {—oR{lo; A) + R(A; A)} (—4x),

and hence

(—A)* (—A) x

I3
_ sin xx: Ms_ﬁ? f @+ Yl —a) "t do
— h
]

n T

X fwx“”l (—6R(Ao; A) + R(A; A)) (—A2) dA
0

! — x— —x —B
~ sin &« sin fr A4 T do
= f 2] 23 1—vo
g 0
X BHEIR(A; A) (——Ax) dA. )
The coefficient ( )} above is evaluated as z7!sinm{x + B), as may28e
seen by expanding (1 — ¢)~* into powers of 5. We have thus proved (28).

o0
=1 14} = mfsinxm.
To prove (29), we shall make use ofof AT+ A 7]

Thus - L 1
' o A) — ) (—Ax) dA.
(—A)"‘x—(ﬁA)x:gfﬂdfﬂ. HR(; 4) —5) 49
f
We split the integral into two parts, one from 0 to € and the other from

i 1, since
. F fixed C, the first part goes to zero as x 11,
;:2(;{(') Ao;)(—zz:)az x— AR{A; A) x is bounded in 4 => 0. The second part
is, in norm, ) R )A
ST ooy AR(A; A) —2es x“
S Ay O s | (aR( P d
Wehaves-limAR(A; A)x =xbyx —AR(4; 4} x = R(4; A.) {(—A4x)an
{27) Henég o:—lim of the second part is arbitrarily near ¢ if we take C
: atl

sufficiently large. This prove~ (29).
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e 'lc")(z ]irro;fe (30), we split the integral into two parts, one from 0 to C and

e e 1§m fq t)‘o ©o. Because of (27), the second part tends to zero

s_hm_z_Ri,y A;; i ;A) (ﬁA_ x} =x —AR(A; A)x and the hypothesis
A ; ¥ =0, the first is, for sufficiently small C, arbitrarj]y

near the value (7)1t sin e .
proves (30). a7 - C*x, which tends to x when x| 0. This

W .
e shall prove (31). By virtue of the Iepresentation (6}, we obtain

o0 oo

(”I‘(Aa)ﬁ)_l: f f (2704)—2 1 1
_ a8 g—inp'— Py
) (u A )

0 0 u — AL yinB

Xt 1
Thi . <" S T e*ﬂ) G1—a)ytrana;.
1s double integral is absolutely convergent in norm, and so we ma
y y

llltEI(:lla]lge the or der Of lnte atlo]l. IIE”CG we ()bta n 3 ]) canse t
T
g 1 ( 1), e S he

= (2mi)-2 f;L( A 1
T —m)dz
= {2.‘:‘”')"1(# kl______ -1
i A W)

where the path of j : )
oo e, P Integration C runs from oo ¢ 1o and from 0 *o

An example of the fracti
taking 6 — 7 in an actional power. If & — 1/2, then we have, by

o0
frape (s) = n_lof €™ sin (#rV%) dy — 1 Vrt(2Ys) 3. g (32)
Thus, i i -
us, if we take the semi-group {7} associated with the Gaussian kernel:

1 a0
(Ty%) (u) = Vs _cfc g Wi *(v) dv, xC Cl—oo, o],

then

- x b
(Toa7) () = f f % (v) 43:52 o (v 4 )45 ds} o
% s

o0
_t 1
== f P (g () dv,
—00

th 3 - o . -
Ca:et 1tsh tl.lef:'sepn—'group {73} is associated with the Poisson kernel. In this
» theinlmitesimal generator 4 of T, is given by the differentia:l opera-

tor d / & hlle h lnflnltes F) y
2 d !J W t e lma.l
generator A Of T 18 gl\f'en b tIle Slllglllal

Almx — s-lim L FE—v) —x(s
Gttt oz,

and not by the diffe ti o
K. Yosina 130 rential operator d/ds. For another example, see
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12. The Convergence of Semi-groups. The Trotter-Kato Theorem

We shall denote by exp(£4) the semi-group of class {C,) with the
infinitesimal generator 4. Concerning the convergence of semi-groups,
we have )

Theorem 1. Let X be a locally convex, sequentially complete complex
linear space. Let {exp (tA4,)} < L(X, X) be a sequence of equi-continuous
semi-groups of class (Cp) such that the family of operators {exp(£4,)} is
equi-continuous in ¢ = 0 and in # = 1, 2, ... Thus we assume that, for
any continuous semi-norm # (x) on X, there exists a continuous semi-norm

g(x) on X such that
plexp(tAd,)x) <g(x) forall =0, ¥€X and n=1,2,... (1)

Suppose that, for some A, with Re (i) > 0,
Iim R(Ay; A,) x = J(4g) # exists for all x€ X in such
(2)
a way that the range R(J(4j)) is dense in X.
Then J(%,) is the resolvent of the infinitesimal generator A of an equi-
continuous semi-group exp(£A) of class (Cy} in X and

lim exp(¢4,) ¥ = exp(t4) x for every x¢ X. (3)
H—-00

Moreover, the convergence in (3) is uniform in £ on every compact interval

of 2.
For the proof, we prepare

Lemma. Let T, = exp(tA4) be an equi-continuous semi-group of class
(Cy) in X. Then, for any continuous semi-norm p (x) on X, there exists a
continuous semi-norm ¢ (x} on X such that

p(Tx— (I —tn 1A ™" 2) < 2n) 1 2 q(A%2) (n=1,2,..)) @)
whenever x ¢ D (4%}.

Proof. Set T(t,n) = (I —n '¢A) ™ Then we know (Chapter IX,7)
that {T{t,n)} is equi-continuousin ==z 0andx#=1,2,... Moreover,
we have (Chapter IX,4), for any x € D (4},

DTt n) =T —nw Ay " Ax = AT —n 1Ay " 1 x,
D,Tx =T, Ax=ATx.
Thus, by the commutativity of T, and T'{¢, =),

Tx—T(t n)x= fl[DsT(t~s, n) T,x]ds
’ ()

=ufr T s T, (Ax#(I._‘:"A)AAx)ds, %€ D(A).
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Hence, if x¢ D(42),
(2 — m14)1) 5,

ki

p(T,x_T(t,n)x)gof p[Tl—smT,(1—n (tks)A)“ls—tAﬂx] ds,

and so, by a continucus semi-norm g
and %,

P — T, ) x) < (2n)2e2g(A%x).
Corollary. For any x ¢ D(4%), s> 0andt =0

BTt — (I —sAY ¥ 3) < sq (A2) v % g{A22), where

#:{#) is a continuous semi-norm on X which is indepen- (6)

dent of z, ¢ and s, and [¢fs]

is the largest integer = tfs.
Proof. We have, for £ — #ns,

P (L — (I —sd) ™" x) < 9} stg(d®x).
Tt =—ns + uwwith 0 < o < sand # — [#/s]

DT — Tyr) — 5 (mf r;xda) < [ p(Todn) do = sq, (5.

RProof of Theoﬂn:eg L. By (1) and by (11) in Chapter 1X, 4, we see that
{( e(4) R(4; 4,)™)} is equi-continuous in Re (A >0,inn=1,2 and
mn m=20,1, 2;-, -+. From this and by (2), we can prove that'](ﬂo) =
(A — A)1 with some 4 and N

lim R(A; 4,) x = R(4; A) x whenever Re{d) > 0, and

the convergence is uniform with respect to 4 on every com- {7)
pact subset of the right half-plane Re {4) = 0.
To this purpose, we observe that
o0
R(A; 4,)x = m"§o (o — )™ R(Ag; A,)" 1 % (for |2 — o[/ Re(Ag) < 1)
anj that the series is, by the equi-continuity of {(Re(Ag) R (A;; 4; 1"} in
2=12 ... and m=0,1,2 .. -» uniformly convergent for [i‘ﬁlol/

Re(dg) =1 —candn = 1,2, ... Herecisa fixed positive number. There-

fore, for any 6 > 0, there exists an #, and a continuous semi-norm g{x)

on X such that, for |2 — A /Re(Ag) < 1 — &,
PREA)x— R A )< B 1jg—ap.
m=0

P(R{Ao; A )™t x— R(Ag; A, )1 %) + 26 g(x) for all xe X.

we have, by (F— ML) Adx = 4y I —

{x) on X which is independent of x
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Hence, by {2), we see that im R{4; A,) x = J{i} x exists.uniformly for
w00

[A— 4, |/Re(dg) = 1 — . In this way, extending the convergence domain
of the sequence {R (1; 4,}}, we see that

lim R(4; 4} x = J(A) x exists and the convergence is uniform
H—-00

on any compact set of A in the right half-plane Re(l) > 0.

Thus J(4) is a pseudo-resolvent, because f{4) satisfies the resolvent
equation with R(4; 4,) (n =1, 2, .. ). However, by R{J{1))* = X and
the ergodic theorem for pseudo-resolvents in Chapter VIII, 4, we see that
J () is the resolvent of a closed linear operator 4 in such a way that
J(A) = R(A; A) and D{4) = R{(R(4; A)) is dense in X.

Thus we see that exp (t4) is an equi-continuous semi-group of class
{(Cy) in X. We have to show that (3) is true. But we have, by (6),

p(exp(Ed,) — (1 — s A7) (I — 4,77 x)
C S sq (AT — A7 %) + 27 tsq (AL (I — A,)7%R),

forany x€ X, s> 0and £t = 0.
The operators

Al —A) = —4)"—1 A, (I —A)? =4, — 4,)7 (I — 4,)7
and AZ(J —A4,)7% = (4. (I — 4,)0?

are equi-continuous it # = 1, 2, . . . On the other hand, by (7},
Hm' (F —sA)y ™ (I — Ay 2x=(T—sd) WI({T —Ay2x
H—00

uniformly in s and ¢, if s > 0 is bounded away from 0 and oo, and if ¢
runs over a compact interval of [0, oc). Moreover, we have, by (6),

p((exp (EA4) — (I — s AY 1) (I — A)%x) < sqy (A (T — 4) *x)
+ 27 ttsg (AT — A) Fx)
for every x€ X, s> 0 and ¢ = 0. Thus, by taking s >> 0 sufficiently
small, we see that
”_'hgloexp (tA,) v =exp{td)y forany y€ R(1; 4)*- X,
and the convergence is uniform in ¢ on every compact interval of £

R(1;A4)%- X being dense in X, we see, by the equi-continuity of exp
(tA) and exp(tA,) in £ = 0 and in » =1, 2, ..., that (3) holds.

Theorem 2. Let a sequence {exp{f4,)} of equi-continuous semi-groups
of class (C,) in X be such that {exp (£4,)} is equi-continuous in ¢ =2 0 and
inn=13,2,...If foreachxC X,

lim exp(td,) x = exp (¢d) =
n—-0a
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untformly with respect to £ on every compact interval of ¢, then
Im R(A; 4,) x — K(A; A) x for each x€ X and Re(d) > 0
1300

and the convergence is uniform on every comrpact set of 1

in the right half-plane Re(1) > 0.
Proof. We have

R@A; Ay x—R(4; A,) x = _Fe*“(exp(z!A) —exp(t4,)) xdt.
6

Hence, splitting the integral into two parts, one from 0 to € and the
other from € to ©0, we obtain the result.

Remark. For the case of a Banach space X, Theorem 1 was first
proved by H. F. TroTTER [1]. In his paper, the proof that j(A) is the
resolvent R (4; 4) is somewhat unclear. This was pointed out by T. KaTo.
The proof given above is adapted from Kato's modification of Trotter’s

proof. For perturbation of semi-groups, see E. Hnre-R. S, PHiLLIPS [17,
T. KaTo [9] and K. Yosrpa [31].

13. Dual Semi-groups. Phiilips’ Theorem

Let X be a locally convex sequentially complete linear topological

space, and {7,;¢>= 0} ¢ L(X, X) an equi-continuous semi-group of
class (C,). Then the family {TF; ¢ > 0} of operators e 1. {X’, X') where (¥%)
denotes the dual operators in this section, satisfies the semi-group
property: T} T} = 7% Ty = I* — the identity in X (see Theorem 3
in Chapter VII, 1). However, it is not of class (Co) in general. For, the
mapping T, — TF¥ does not necessarily conserve the continuity in ¢ (see
Proposition 1 in Chapter VII, 1}. But we can show that {7*} is equi-
continuous in £ = 0. For, we can prove

Propesition 1. If {S;;t = 0} CL{X, X) is equi-continuous in ¢ = 0,
then {S}; 1= 0} C L(x", X’} is also equi-continuous in ¢ = 0.

Proof. For any bounded set B of X, the set :léjo S¢ - B is by hypothesis

2 bounded set of X, Let U’ and V"’ be the polar sets of B and M S: - B:

U={xex". sup <8, x> [= 13, V'={x"cXx. sup [(S,-b,x'>]§ 1}.
BER BEB=0

Then (see Chapter IV, 7), U and V' are neighbourhoods of 0 of X:. From

(S b, 27| = [<< b, S5 <1 (when bEB, s’ V)

we see that SF. V' C U’ for all ¢ 2 0. This proves that {Sf} is equi-
continuous in # = 0.

Let 4 be the infinitesimal generator of the semi-group 7,. Then
D(A) =X, R{4) & X, and, for 2> 0, the resolvent (A7 4)-1¢
L(X, X) exists in such a way that
{A" AL — 4y ™ s equi-continuous in 2 > 0 and in m — 0,1... (1)
We can prove (cf. Theorem 2 in Chapter VIII, 8)
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Proposition 2. For A > 0, the resolvent (AJ* — A*)~1 exists and
(A* — A%)7 = (AT - 4)9*. (2)

Proof. We have (A — A)* = A7* — A* Since (Al — A)'c L(X, X),
the oper'ator (Al — Ay VH*c L(X', X") exists. We shall prove that
{AI* — 4*%)~1 exists and equals ({11 — A))*. Suppose tllere e:ﬂst’s azl
x' € X' such that (A1* —A*)x" = 0. Then 0 = {x, (AI* — 4*) x"> _t
(AL — A) x, x> for all x€ D{A4). But, since R(A] — A) =X, we mlfxsr
have " = 0. Hence the inverse (A7* — A4*)~1 must exist. We have, fo
x€X, '€ D(A¥), ’
{x, x5 ={{Af —A) (Al — A} 1z, 2 = (AT — Ay 1 x, (AI* — A% x>,
Thus D{{{A—A))*)2R(AI*— A*)and ((}J—A)‘l)’: -*(:AI* —I::l*) aiif)—j
for every x" € D (A*). This proves that ((/H’—z‘l)*_)1 *2 (ﬂh — .
On the other hand, if x € D(A4) and &" € D(((AI — A)~%)*), then ’

“1(A] — S = (AL — A) %, (A — Ay V)% x>

A = AT —A)TTAT — Ay x, x> = {{ 4
’<I"}Cu§ >proves that D(A4*) = D({AI —A)*) 2 R(((AI—A)ﬁll):) te;lr;c:

A — AV - (AL — A)V)* x" = &' for every x' € D{({A — A)™1)%),
i(s (Al — Ay )* C (Al* — A*)~1. We have thus proved (2).
, We are now ready to prove '

Theorem. Let X be a locally convex sequential.ly complete hfxelelxr
topological space such that its strong dual space X Is also sequgntm \Y
colsn lgte Let {7} € L(X, X), ¢ = 0, be an equi-continuous seml—f_:otlillz
of clzss (C,) with the infinitesimal generator 4. Let us denote b’yL i
closure D (,04 *)* of the domain D (A*) in the strong;_to)}zil)ogy gf{};; : ;&> (3}

icti *. ThenT;F ¢ L(XT, an it
be the restriction of T to X7, ; nd 771 = 0)
i i i- C,) such that its infinitesim
i ui-continuous semi-group of class ( o : esima
::ezgr:?or A+ is the largest restriction of A* with domain and range in X+.

Remark. The above Theorem was proved by R S. PHILLIP.‘S ([12] f?r
the special case of a B-space X. The extension given above is due to
H. Komarsu [4].

tion R(4; 4) —
Theorem., We have the resolvent equa R

R P'r;{;i—d(pth—e ARRA A R{u; A and  the eqm-contmult.y. olf
{A”({‘Ié (A II)M} indA>0and in m = 0,1, 2,... Thus, by Propesition
and 2, )

(AI* — A% (uI* — A% = (p— A) (AI*— A% (uI*— A% (3)
{A™(AI* — A*)™™} is equi-continuous in A > 0 and in m = 0,1, 2,... (4)
Thus, if we denote by J(4) the restriction to X+ of (AT* — A*)~!, we have

JA =T = =4 TR T, (3
{A7 J{AY™} is equi-continuous in A > 0and in m=0,1,... (4)

18 Yowsida, Funotions] ;\nul)%m
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Since D (A*) is dense in X+ and sinee (4°) holds, we see, asin Chapter IX, 7,

that Alim ATM x=x for » X1 Thus we have R(J(A)* = X+ and
O

$0, by (7') in Chapter VilI, 4. that N(J @) = {0}. Thus the pseudo-
resolvent J (1) must be the resolvent of a closed linear operator A+in X+,
Hence, by the sequential completeness of X+ and (4'), A+ is the infinite-
simal generator of an equi-continuous semi-group of clasg
Trel(x+, X*). For any x€ X and y' € X+, we have

U —m™HA) ™,y = (x, (1% mTAT)Tm

and so, by the result of the preceding section, we obtain by letting
# —> oo the equality (T,x, 3> — {x, T v"™. Hence T ', that
is, T;" is the restriction to X+ of TF.

We finally show that A+ is the largest restriction of 4* with domain
and range in X+, It is clear, by the above derivation of the operator 4+,
that 4+ is a restriction of A *. Suppose that ' ¢ D (A*) and that &' ¢ X+,
A* x" € X+ Then (AI* — A% %' ¢ X+and hence (A7* — AT)THATE — 4%
x' =%, Thus, applying (AI* — A*) from the left on both sides, we obtain

A*x" = A+x'. This proves that A+ is the largest restriction of 4* with
domain as well as range in X+,

(Co) of operators

X. Compact Operators

Let X and Y be complex B-spaces, and let S be the unit sphere in X.
An operator T¢ L (X, Y) is said to be compact or completely continuons
if the image T- S is relatively compact in ¥. For a compact operator 7°¢
L{X, X), the eigenvalue problem can be treated fairly completely, in
the sense that the classical theory of Fredholm concerning lnear integral
equations may be extended to the linear functional equationTx—Ax—y
with a complex parameter 1. This result is known as the Riesz-Schauder
theory. ¥, Rixsz (2] and J. ScHAUDER (1].

1. Compact Sets in B-spaces

A compact set in a linear topological space must be bounded. The
converse is, hawever, not true in general; we know (Chapter III, 2) that
the closed unit sphere of a normed linear space X is strongly compact
iff X is of finite dimension. Let S be 3 compact metric space and ¢ (S)
the B-space of real- or complex-valued continious functions %(s) on S,
normed by |/x]| = sup |x(s) | We know (Chapter II1, 3) that a subset

€S

€
{%:(s)} of C(S) is strongly relatively compact in ¢ () iff {x.(s)} is equi-
bounded and equi-continuous in . For the case of the space I#(S, 8, #i)
1 = $ < oo, we have

’
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i the
Theorem (FrRECHET-KorMoGoRoV). Let 5 be the gilalzrhni::eszsgue
o-ring of Baire subsets B of § and m(B) = f dx the or v

B
is strongl
measure of B. Then a subset K of LP'(S, B, m), 1 = p < oo, is strongly
pre-compact iff it satisfies the conditions:

sup||x||:sup(f|x(s)JPds)”f’<oo, (1)
K €K \§ ) . < o
lim f|x{t + s) — x(s)|? ds = 0 uniformly in x¢C K,
e i i e K (3)
lim [ |x(s)[’ds = O uniformly in z¢& K.
o400 g[S

i d and
Proof. Let K be strongly relatively compact. Tht.anK 1s-bc-agmd;el ma}l;; §
(1) iso true. Let £ >> 0 be given. Then there emstsf a }f';'nlt}? ne mbet
of , for each f¢€ K, ther
i L# f, far .. ., fu such that, - cacl |
Of'tfxuﬁ(f:tlo;l T[ i £ Of’;hé?'wise, we would have an infinite sequence %?i Sgs i
i e f > ek to the relative compac
i — f; ¢ for j§# i, contrary . Ene '
‘I?t}:ﬁ/!elffcher{ig; by the definition of the Lebesgue integral, finitely

value a — 8l =& 4-_12,11)
H h th t”f ”< (7 r e

lued functicns By, Eo, - - -, En SUC I .

Since each ﬁnitely—valued function 85 (x) vanishes outside some sufficient Iy

large interval, we have, for large «,

—= 1ip
(f°°+ f”‘“(s)pds)”"g (f +J lf(s)hms)v’ds)

g =] —a 1{p
(- Jiewra) = i—gl = ([ + [ laoras)

= 2.
i —gli=[lf—fli+1l—gll=2e _
Thl’i‘lljém;):o(f )ol:f)y( 2|lfis lfzjllsied cl)n the Jfact that, for the defining function

i r ?ds =10 (see
f a finite interval I, im [ |C/{s 4 &) — C;(s)|* ds {
Crls) of a lim J o
Chapter 0, 3}). Thus (2} holds for (finitely-valued functions g;
(1=1,2,...,n). Hence we have, for any fc K,

1y
oo 1/ — o0 . Pd
ﬂ( / If(s+t)—f(s)|”d5) S}gg(_i s+ 0565 +0) s)
7 1/
1/, . oo
+H_( fooifj(s+t)—gj(3+¢)|pds) p"‘}i{g‘-(_i |gj(5+f)—§j(3)|”3)

oa 1z
H [eo—sera) +( Jio—rope) sererorors,

i 2).
by taking f; in such a way that ||f — §;]| = & This provzs f(‘rze e trane.
Y We nexi prove the converse part of the Theorem. _V\_fe € ; fhe trans.
latien operator T, by (7,f) {s) = /{t + s). Condition (2} say

18*
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s-};u£ Tyf =/ uniformly in /¢ K. We next define the mean value

(M, 1) (s) = (2a)2 _f (T:f) (s} dt. Then, by Hélder’s inequality and
the Fubini-Tonelli theorem,

1Maf — 1] = ( fm{ [ a6+ 0 — )| dz}’ds)”’

—0Q ~a

= < B

< (24)7! (_a’.: S s+t — s P dt - (2a)? ds)”p

_ o0 1,
g((za) 1_f at [ |f(s+8—Fs) [?ds) ’ if 1< < oo,
Thus we have B
IIMaf_fljélﬁI;pilTif—fll,

so that sj]‘.’ig) M, =/ uniformly in fe K. Therefore, we have to prove
the relative compactness of the set {M,f, fe K}fora sufficiently small
fixed a > 0.

We_will s-how that, for a fixed a > 0, the set of functions {M 1 (s);
f€ K} is equi-bounded and equi-continuous. In fact, we have, as above,

|(Ma) () — (M) ()| < 20yt [ £ sy + 85— f o+ 8)| dt

= ((2a)*1*fa [F(s; + &) —fs, + 07 dt)m

Thus, by (2), we have proved the equi-continuity of the set of functions
{(M.f) (s); f€ K} for a fixed @ > 0. The equi-boundedness of the set may
be prove.d.similarly. Thus, by the Ascoli-Arzela theorem, there exists for
any positive @ > 0, a finite number of functions M.fy, M.f, ... ﬂ;I /,
with f_,-‘e K (j=1,2,...,n)such that, for any fc K, there exists s’,om‘; ;
for which ;f]lg:. ML 1) (s) — (M, 1) {s)| =< &. Therefore

| Maf— M, 1| P éﬁf [Maf) (s) — (ML) (s) [ ds

+ f HMp (s) — (M.fy) (s) P ds. (4)

|sI>a
The second term on the right is, by Minkowski’s inequality, smaller than
HM,f—f + s)—F. (s} |2 ds\ 1P N . EFALY AT
( 1+ (VO —p Pasye (LB~ 05 5 as) ).
The term || M, — f|| is small for sufficiently small 2 > 0, and, by virtue
of (3), mf [F(s) — #;(s) £ ds and I If [fi(s) — (M,f) ()P ds are both
5| >

>
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small for sufficiently large & > 0, if 2 >> 0 is bounded. Also the first term
on the right of {4) is =X 2«xef for an appropriate choice of §. These esti-
mates are valid uniformly with respect to f€ K. Thus we have proved
the relative compactness in L? of the set {M,f; fC K} for sufficiently

small 2 > 0.%

2. Compact Operators and Nuciear Qperators

Definition 1. Let X and Y be B-spaces, and let § be the unit sphere of
X. Anoperator T € L(X, Y} is said to be compact or completely continuous
if the image T - § is relatively compact in Y.

Example 1. Let K(x,%) be a real- or complex-valued continuous
function defined for —oc <C @ = x, ¥ =< b <C oc. Then the tnlegral opera-
tor K defined by

&
(KN )= [ Kx )t dy {1

1s compact as an operator € L{C [a, b], C [a, &]).
Proof. Clearly K maps C [, b] into C [a, b]. Set sup |K(x, )| = M.

Yy
Then ||K-f||=(b—a)M||f|| so that K-S is equi-bounded. By
Schwarz’ inequality, we have

HER (7)) — (K (s P = af | K (xy, y) — K (%5, ¥) [2 dy - af lF (W) |2y,

and hence K - § is equi-continuous, that is,
lim sup |{(K/f) (%} — (Kf) ()| = 0 uniformly in f€ §.
8,0 |2y — x| 228
Therefore, by the Ascoli-Arzela thecrem (Chapter III, 3), the set K- 5 is
relatively compact in C [a, b].
Example 2. Let K(x, ¥} be a real- or complex-valued B-measurable
function on a measure space (S, B, m) such that

JJ 1K G 5) P omido) midy) < oo (2)

Then the integral operator K defined by the kernel K(x, v}:
(Kf) (x) =SfK(x, ) Hy) midy), fELE(S) = L2(S, B, m),  (3)

is compact as an operator € L{L2(S8), L2(S)). The kernel K (x, y} satis-
fying (2) is said to be of the Hilbert-Schmidt type.

Proof. Take any sequence {f,} from the unit sphere of L?{5]. We have
to show that the sequence {K - f,} is relatively compact in L2(S). Since a
Hilbert space L2(5) islocally sequentially weakly compact, we may assume
that {f,} converges weakly to an element /€ L2(S); otherwise, we choose a
suitable subsequence. By (2) and  the Fubini-Tonelli theorem,

* See also Supplenientiny an}-::, 1 AGEH.
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‘J]K(x, NPEmdy) < oo for meae. g« Hence, for such an X,
2, (Kh) () = lim [ K(x,5) £,0) m(@y) — lim (7,(.), Kgy —
((.), K(x,.)) = ng(x’ 9) (%) m(dy). On ‘the other hand, we have, by
Schwarz’ inequality,

KL (x) ]2 x
(KL @ ES [1K (x,) @) [ 0) pm@) < [1K 5, miay)

for m-ae. x. 4

Hence, by the Lebesgue-Fatou theorem, lim [ [(K{,) (x) 2 (dx) =
) i >0 s -

sf [{K/) (%) |2 m(dx). This result, if combined with w-lim K . =K.}

implies s-im K - f, — K . { by Theorem 8in Chapter V, 1. But, as proved
above in (4), we have

sf [(K k) (%) 2 m (dx) §§fo|K(x, V) [Em(dy) m(@x) - [ h(y) 2 m (dy),
and so °
1Kl = ([] 1K x3) Pm(@x) m (@) (5)

H 5 - . .
encee, :—;)r;l w-lim f, = f, we obtain w-im K . f» = K - f, because, for
an i . = 1i
veg (S), ¥m (K- /., g) = lim (f,, K*g) — (f, K*g) = (K - {, g).

3 Theorem. (i) A linear combination of compact operators is co t
_(11) The product of a compact operator with a bounded linear 0 n;f atc l
Is compact ; .thus the set of compact operators € L (X, X) consti]t)uta %
closed two-sided ideal of the algebra I (X, X) of ope;-ators (1ii) LetS .
sequence {T,} of compact Operators € L (X, Y) converge to ;1n ope et .
T in the sense of the uniform operator topology, i.e., lim | T — T]:}] 13 ([))r

' H—00 » B

Then T is also compact.

Proof. (i) and (i) are clear from the definjti 5
The closedness, in the sense of the uniformecf)l]:r:;:zgrofo;c;?;paCto(fJ}t)l‘ilé;a':)rSi
of compact operators in the algebra L(X, X) is implied ij; (iii) -
< f\?g? shall prove (iii). Let {%4} be a sequence from the closed unit sphere
ot X. By the compact property of each 7, we can choase by the dia-
gonal method, a subsequence {x;} such that s;].im Tox exi;ts for every
=00

fixed . We have

T oy = T[S 11w T | 4+ W Tty T | 4[| Ty — T |
ST =T 4 [Tty — Tyme | + 01T, — 1),

and so h'lg_?;o 1T - %, —T- x| =2]1T— T,|l- Hence {Tx} is a

Cauchy sequence in the B-space Y.

2. Compact Operators and Nuclear Operators 270
Nuclear Operator. As an application of the Theorem, we shall consider
the nuclear operator introduced by A. GROTHENDIECK [2].
Definition 2, Let X, Y be B-spaces and T ¢ L(X, V). If there exist a
sequence {f,} € X', a sequence {y,} € Y and a sequence {c,} of numbers

such that
sup || || << o0, sup ||y, || < oo, nE [en| << oo and
” "

(6}
T.x—slim Xc,<x />y, in Y for every x€ X,
=00 n=1
then 7" is called a nuclear operator on X into Y.
Remark. The existence of the s-lim in (6) is clear, since
| ol Z , m
2oty = Zlgl =l 151 il = constant - Xe] - lx]].

The nuclear condition says that the s-lim is equal to T . x for every

xe X.
Proposition. A nuclear operator T is compact.

Proof. Define the operator T, by
Tox— ¢ Dy (@

Since the range R(T,) is of finite dimension, T, is compact as may be
proved by the Bolzano-Weierstrass theorem. Moreover, by (6) and

= constant E ;] - [|%]].
f=n+1

- ‘
|Tw—Tox|| = j:ﬁlcj <x,fj>}’jl

we have lim ||T— T,|| = 0 and so T must be compact.

An Example of the Nuclear Operator. Let G be a bounded open do-
main of R*, and consider the Hilbert space H%(G). Suppose (¢ —7) > ».
Then the mapping T _

H3(G) 39 > ¢ C Hy(G) (8)
is a nuclear operator € L (H}(G), H)(G)).

Proof, We may assume that the bounded domain & is contained in the

interior of the parallelogram P:

0=xy=2x (=12,...,%).
We recall that HE(G) is the completion of fI.’f (G) = CE(G) with respect
to the norm ||¢|) = (rsék Gf | D (%) |2 dx)”z (see Chapter I, 10). We

extend the functions € ﬁﬁ (&) to be periodic with period 22z in each
variable z; by defining the function values as 0 in P — . The functions

fo(®) = (@)% exp (if - %), where § = (B, fi, - - - B)

is an n-tuple of integers and § K z; 8%, (N
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TIIt OIIlplete ()I’Ul 1314 - - N us (Iellot]l).g
fO a ¢ 4 I"]cll Hyhll'l]l of 1 P) HU P Th >

by D tlle dlStIlbUth]lal (lf‘lllhl“\r'l‘, we ha.Ve f()] ls(l _)<_ k the ] ourier
Fl »

expansion in L*(P} of functions /)g (+ S TE (G -
p () where g € HX(G)

DS!P (x) = —‘7 (Ds(p fﬂ)(] /,' where ( .
! e 1 . f) —
We have, by f p70 wa(x) fe(®)dx.  (10)

(Do fodo = (=M (@, D' fy)g = 1T (g, )om

and the Parseval relation e o) @ e
10 ol = [ 100w Pax < lg|g (1s) < &

the inequality F N

| , 1 24 k/2
s (L B fplo* < constant S |(D%, 3y P < constant |[p 2.

Therefore the functional s € HE(G)" defined by
@ fo> = (. (1 + |82 1),

satisfies Sgp ”f;” <Z oo. Moreover,

?

Yp= (1 + B2,
satisfies s ; s T (i
uP il951l; < 00 by D*fy = IT (i) f5. We also have

%‘jcﬂf < o0, where ¢; = (1 - |gRyU-Hr2,

because, for positive integers g,
Z ; 1 S ( 1 (k—1}in
B (1+ﬁ2+"'+ﬁn)- (ﬁ1+ﬁ2+”'+ﬂﬂ)")

= ;'( m )(k-j)/» _ ; ( _}1 )(k—.f),’n. ; ( 781; ) i

Therefore, we have proved the (Fourier) expansion

?9:-?%(99-/3 > Vg,
Remark. If there exists a co

tunctions of a given bounded
that K g, =4e =19 ...

mplete orthonormal system {p;} of eigen-
linear operator K € I. (L2(S), L2(S)) such
), then, from the Fourier expansion

f= -:2; V. ®) g, F& L2(S),
we obtain 7
Kj— §

7

A @) ;.

3. The Rellich-Garding Theorem 2B1

We have %; = (Kg;, @), and so, if the eigenvalues 4; are all >> 0 and
==}

o0
3 1, < oo, then the operator K is nuclear. The condition _Z; | (Kg;, @)1
J=1 i=

< oo is surely satisfied, if the operator K is defined by a kernel

Kx,y) = gf K, (z, x} K,{z,v) m(dz), where the kernels

K, {x», v)and K, (x, y} are of the Hilbert-Schmidt type.
For,

o0 oo oo o0 1/2
XK Ky )| = X [ (Eapy, Kawp)| S| 2 (| Kagy [P+ X || Ko 9]
F=1 =1 =1 =1
and, by Parseval’s relation, we have

SKglF= 3 f‘] Ky (z, ) @; () m(dy) |* m(dz)
i=1 i=15 |8

— [ 31K (2, 9) gy ) m(dy) [P (d)
s 7=1|g

=f{f lKl(z.y)sz(dy)}m(dz)<oo,
5 5

=
and similary for X || Kq;|?. A bounded linear operator K in a sepa-
i=1

o0
rable Hilbert space X is said to be of the frace class if 21 | (K, ;) | <oo
i=

for arbitrary complete orthonormal systems {g;} and {g;} of X. For a
general account concerning the trace class and the nuclear operator, see
R. ScuatTex [1], and I. M. GELFAND-N. Y. VILENKIN [3].

3. The Rellich-Garding Theorem
Theorem {GARDING [1]). Let G be a bounded open domain of R*. If an
operator T € L(HE(G), HE(G)) satisfies, for j <7 &,
[[Telk = C||p||; for all p€ HE(G), where C is a constant, (1)
then T is compact as an operator € L(HE(G), HE(G)).
Proof. By the definition of the space HE(G) (see Chapter I, 10}, it

would be sufficient to show the following: Let a sequence {p,} & H HEE

C4(G) be such that ||g, || = 1 (» =1, 2,...). Then the sequence {T¢,}

contains a subsequence strongly convergent in Hj(G). The Fourier

transform @, (&) = (27)~™* [ ¢, (x) exp(—ix&)dx satisfies, by Schwarz’
¢

inequality,
9. @F < @) [dx [lp @) do = @ fdx,

and hence {@,(£)} is equi-bounded in £ € R* and in ». We may assume,
by the boundedness of ||g, ||o, that a subsequence {g,-} is weakly conver-
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. 2 1 ~ e
g:?otn in tL (Gz) = H{(G). Since, for ecach ¢, the function exp(—ixg)
; ,(g)gi (0 L 2(6),_"\':\2!\3 know. that the sequence of bounded functions
a;d th—Pzp,z,( 7T) fop( ~1x§}), converges at every & Thus by (1)
¢ Farseval relation for the Vourier transform (Chapter VI, 2)

1To —Tou |l < |7 (g, — p,) k= Cllo, —g. 2

?

a -
= = s 2 g
[sé‘_;u”D (%"%'Ho = C212 ”(Ds(@:/ —\?\7;’))”%

o ' e
T2

- n st /o R |
SR C IR

+ C2C1' f IE’ZJ‘ '@9‘(5) —é‘yﬂ'(E) l2d§’

&>,

A 68 e @)

2
i)

where C, is a positive constant.
The first term on the right ¢

'.I'his we see by the Lebesgue
18, for ¥ > 1,

onverges, for fixedr, to 0ass’ and 4’ > oo,
-Fatou Lemma. The second term on: the right

= C3C A [ (epr e (8)

TES Pt ar

= OO LI 16— b0 s

= 2 2i— 2k <
O O S D g, — D) |2

Is|=&

— C.'?.C C 2§ 2k 5
1Ca 7 B 1Dy — ) [

= 2 —
| = CRCCo ™ ||gy — g, | < 4C2C, €, 2
with a constant C,.

The last term converges,

. bv 4
lim ||Tg, — T, i]s — 0. Yy 7<Ck to 0 as r » oo, Therefore,

P00

4. Schauder’s Theorem
Theorem (ScHAUDER). An operator 7€ L
dual operator T" is compact.
Proof. Let S, S be the closed u
TCL{X,Y) be com
functions F;(y)

(X, Y) is compact iff its

nit sphere in X, Y’ res i
. » X7, respectively. Let
- pa?t. Let {yj'} be an arbitrary sequence in $’. The
= <Y, ¥;> are equi-continuous in the sense that

50— F3@) | = [ — 2,9 | < |ly — 2.
Moreover, {F;(»)} is equi

-bounded in 5 .
[F;(0) | = Il |. Therefore 7 on any bounded set of y, since

» by the Ascoli-Arzela theorem, as applied to the

b. The Riesz-Schauder Theory 283

functions {F;{y)} defined on the compact set (T - 5)*, we see that some
subsequence {F;(y)}~ converges uniformly in vy& (7 - S)*. Hence
(Tx, ¥y = <{x T'y> converges uniformly in x€ S, and so {T"- it
converges in the strong topology of X’. This proves that I” is compact.

Conversely, let 7* be compact. Then, by what we have proved above,
T’ is compact. Hence, if S’ is the closed unit sphere in X", (1" - 5"} is
relatively compact. We know that Y isisometrically embeddedin Y (see
Theorem 2 in Chapter 1V, 8). Hence T-5 C T"'- S andso T - S is relati-
vely compact in the strong topology of Y’ and so in the strong topology
of Y. Therefore, T is compact.

b. The Riesz-Schauder Theory

We prepare

Lemma (F. Riesz (2]). Let V be a compact operator € L (X, X), where
X is a B-space. Then, for any complex number 4,5% 0, the range R (1,1 —V)
is strongly closed.

Proof. We may assume that 4, = 1. Let {x,} be a sequence of X such
that y,, = {{ — V} x, converges strongly to y. If {x,} is bounded, then by,
the compactness of the operator ¥, there exists a subsequence {%y} such
that {V x,} converges strongly. Since %,y = ¥ + V %, {x,} converges to
some x, and so ¥y = (I — V) x.

We next assume that {||x, ||} is unbounded. Set T = (I — V) and put
o, = dis(x,, N (T)), where N(T) = {x; Tx = 0}. Take a w, € N(T) such
that &, = |[%, —w,|| = (1 + #*) &, Then T{x, -w,} = T'x,, and so
in the case when {x,} is bounded, we can prove, as above, thaty € R{T) =
R(f — V). Suppose that 31:30 a, = 00, Since z, = (%, — w,)/]|| %, — @, ||

satisfies ||z,|| =1 and s-lim T'z, = 0, we can prove, as above, that
00
there exists a subsequence {z,} such that s-lim 2, = wg, s-lim 7'z, = 0.
n—0o0 H—00

Hence w, € N(T). But, if we put z, — # = u,, then, in

Kp — Wy — Wy Hxn—wnH = %y Hxn—wnl v
the second and the third terms on the left belong to N (T) so that we must
have ||u,|| - |2, — @x|| 2 &, Thisisa contradiction, since s-lim #, = 0,
700

||%n — wn|| = (1 + n7) &, and lim &, = co.
00

We are now able to prove the Riesz-Schauder theory; for convenience
sake, we shall state the theory in a series of three theorems.

Theorem 1. Let ¥ be a compact operator € L (X, X). If 4,7 0is not
an eigenvalue of ¥, then 4, is in the resolvent set of V.

Proof. By the preceding Lemma and the hypothesis, the operator
T;, = (Agl — V) gives a one-one map of X onto the set R(T,)} which is
strongly closed in X. Hence, by the Corollary of the open mapping theo-
rem in Chapter [, b, T, has a continuous inverse. We have to show that
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R(T,) = X. If not, the to ical 1
\ pological image X, = 7, X of X ;
closed subs_pace of X. Hence, if we set X, :1 Ti{‘,)?l Xc') i(;? aA-XPrOPer
then X, isa proper closed subspace of X,(n=0 1 28 ; A).( z X)’
EaRet B B o= -

glth - Riesz’ theorem in Chapter III, 2, there exists a sequence {y,} such
aty, € X, ||y, = 1 and dis(y,, X,.1) = 1/2. Thus, if n e oy

X{Tl (Vym e Vyn) = Vm + {ﬁyn _ (Tz,ym — Ta,yn)/}»o} =V¥Ym—y

with some y¢& D R

Hence ([Vy, — Vymil 2 |2

oo 117 /2, contrary to the compactness of the

Theorem 2T Let V be a compact operator € L (X X). Then (1) it
spe'ctrum consists of an at most countable set of points of,the 'corn le’ 1 ne
which has no point of accumulation except possibly 1 = ¢; IEﬁ)XP oy
non-zero number in the spectrum of V is an eigenvalue of 'V of E:;Z

multlp]lCIty (lll) a nomn-zero IlumbEI S an ey, e]lvalue ()j L ]‘t i 1S an
bl 1
g 1

}:;mld V .(see Chapt.er VIII, 6).. Henee (iii) is proved. Since the eigenvectors
elonging respectively to different eigenvalues of V are linearly indepen-

dent, the proofs of (1) and (ii) are i
R completed if 1 icti
from the following situation : g F e derive @ contradiction

’ There exists a sequence {x,} of linearly independent vectors

|such that Vx, — 1_x (m=1,2,.. )and lim 1, — 4« ¢

T . - 3 .
0 derive a contradiction, we consider the closed subspace X, spanned by

%1, %, . . ., %,. By F. Riesz’ theorem in Chapter III, 2, there exists g

sequence {y,} such that Yn€ X, =1 d di
(=23 ). Ifn> m, then el e b Xo) 2172

-1 -
;‘n Vyn — Aml V Y = Yu + (—ym ‘A;ITA,,%; + A;ITAmym) =Vn— 2
‘ where z€ X, _,.
For, if y,— 3 :
:r, if oy, = ,-é; Bi %, then we have Yo — At Vy, = 21 B x; —
-1 - - -
_1'=E1 BiditAhx;€ X, , and similarly T, y,_ € X, . Therefore AziVy, -

" y’” ” -—>' /
.
ﬂ l; 1 2 I]llS CO]]tIadlCtS the COl‘ﬂp&CtIieSS Of I COIIlblned Wlth

L ;'h;)rem 3. Le-t Ap= 0 be: an eigenvalue of g compact operator ¥ ¢
W( . X). The.n lo 1s also an eigenvalue of V' by the preceding theorem
€ can prove: (i) the multiplicities for the eigenvalue 1, are the same for V

5. The Riesz-Schauder Theory 285

and V’. (ii) The equation (4,7 — V} x = y admits a solution x iff y &
N{AI' — V)L, that is, iff V'f = A,f implies (v, f{> = 0. (iii) The equa-
tion {40’ — V'f) = g admits a solution f iff g€ N (1,7 — V)<, that is,
iff Vx = A,x implies {x, g> = 0.

Proof. Since the eigenvalue 1,54 0 is an isolated singularity of the
resolvent R(A; V) = (AT — V)1, we can expand R(Z; V} in Laurent
series

RAV) = 3 (—k) A,

A=—00
‘We are particularly interested in the residue 4_; = (277) R({A;V)dA.
|Ai—dg| ==
As was proved in Chapter VIII, 8, A_; is an idempotent, i.e., 42, =A4_;.
Hweset (AI — V) =21711 + ¥V, thenfrom (AJ— V) (A + V) =1
we obtain V; = V(A1 V; 4+ 1-2])}, and so V, is compact when V is.
Hence, by
A_y = (Bmi)? f R(A; V) di = (Qzd}? f AYdA-T

A me l—rul=e
+@ni)t [ ViddA=(2ai)r [ V,di.
2| =e Vool =e

Thus, by the Theorem in Chapter X, 2, 4., is a compact operator.
Therefore, by A_; X = A_;(A_; X) and the compactness of 4_,, the
unit sphere of the normed linear space A_; X isrelatively compact. Hence,
by F. Riesz’ theorem in Chapter III, 2, the range R{A_,) is of finite
dimension. On the other hand, Vx = A;x, x5 0, implies that
AT —WMx=A—A) x by AT —Vix=(1—2)x, and so A_yx=
(2me) 2 f (A—2p)"1dA- x = x. Therefore, the eigenvalue equa-

A=
tion V& = Ay« is equivalent to Vx = A,x, € R(4_,). In the same way,

we can prove that the eigenvalue equation V'f — 4,f is equivalent to
V'f =2t fe R(AL,)). But R{A_,) and R(A’,) are of the same dimen-
sion. For, AL,f = g satisfies A’ g = A’ ;(A’,/) = g, and this is equi-
valent to {x, g» = {A_, %, g> for all x € X and so the functional g may be
comsidered as a functional defined on the finite dimensional space R (4_,).
Now, by the well-known theorem in matrix theory, the eigenvalue
equation Vx =A,x (in R(4_,)) and its transposed equation V'f = 1 f
(in R{A’;)) both have the same number of linearly independent solu-
tions. We have thus proved (i). The propositions (ii) and (iii) are already
proved by the Lemma and the closed range theorem (Chapter VII, 5).

Extension of the Riesz-Schauder Theory. Let a power ¥ of V¢ L (X, X)
be compact for some positive integer n. Then, by the spectral mapping
theorem in Chapter VIII, 7, ¢(V™) = ¢ (V)" and, by the compactness of
V", (V™) is either a finite set or else a countable set accumulating only
at 0. Therefore, o (V) is either a finite set or a countable set accumulating
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only at 0, V" being compact,
@miy ' [ R@A; VM4l
-] =
is, for any 4, = 0 of o{V") and sufficiently small ¢ > 0, of finite-dimen-

sional range. Hence J, is a pole of R{(A; V") (see Chapter VIII, 8). But
AT —V") = @A —V) (AT 4 jp=2y + -+ 4+ V" Y and hence

WT—VYT @ vy =gy

which proves that any 4 7= 0 of ¢ (V") is a pole of R(1; V) and so is an
eigenvalue of V. These factsenable us to extend the Riesz-Schauder theory
to operators V' for which some power V" is compact. This extension is
highly important in view of its application to concrete problems of
integral equations, such as the Dirichlet problem pertaining to potentials.
See, e.g., 0. D. Kxr1oca [1]. It can be proved that the Riesz-Schauder
theory for 4, — 1 is valid also for an operator V¢ L (X, X)if there exist a
positive integer m and a compact operator K€ L(X, X) such that
|| K — V™| < 1. See K. Yosipa [9]. It is to be noted here that, if
K, (s, %) and K, (s, #) are bounded measurable for 0 =5, £ <0 1, then the
integral operator T defined by

’

1
%(s) = (T x) (s) = (K, Kyx) (s), where (K;x) (s) :0'[ Ki(s, 2) () at

is compact as an operator L(LY(0, 1), L2{0, 1}). See K. YosIDA-Y. M1~
MURA-5. KAKUTANT [10].

6. Dirichlet’s Problem
Let & be a bounded open domain of B*, and
Dfcy(x) D

sl T
a strongly elliptic differential operator with real C*(G% coefficients
€st{%) = €5 (%). We shall deal only withreal-valued functions. Let e LE(G)
and #, € H™(G) be given. Consider 2 distribution solution w,¢ 72 (G) of

Lu=f such that (o — u,) € HPNG). {1}

The latter condition (s, — #1) € HY'(G) means that each of the distribu-
tional derivatives

{(Diuy — Din) for 7] = m {2)

is the L3(G)-limit of a sequence {Dig, 3, where ®5,;€ C57(G) (see Chap-
ter I, 10 ). Thus it gives roughly the boundary conditions-

Diug = Diu, on the boundary 4G of G for 7| < m. (3)

In such a sense, (1) will be called a Dirichief's problem for the operator
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L. We shall follow the treatment of the problem as formulated and solved
by L. GArpiNg [1].
We first solve

w-+alu=Ff (v—u)c HF(G), (4)
where the positive constant « is so chosen that Garding's inequality
(p +aL*p, ¢)p = 8 ||p|/% holds whenever ¢ € CF(G). ()

Here L* = ‘F (—D)EH Df e (x) DF and & is a positive con-
stant. The e:lsirs,léeiZe of such an « is guaranteed if the coeffif:ients Ly ('x)
are continuous on the closure G* of G. We also have, by m-times partial
differentiation, the inequality .
| + aL*¢, )o| = v {|#|ln - |9l whenever ¢, y€ CF(G),  (6)
whete y is another positive constant independent of ¢ and .
We have, for »; € H”(G) and g€ C§° (G}, ‘
s S
(L*q, #1)o = g (=) Do, D, wy)g = 5 (— 1) {eq D@, D)o,

by partial differentiation. By Schwarz’ inequality, we obtain, remember-
ing that the coefficients ¢, are bounded on G*,

[(L*p,m)ol =0 X ([Pl [|D%]lo (S“P e (%) | = ’?)'

[sh.]| = 58x
The right hand side is smaller than constant times [|@ ||,
Thus the linear functional
Fig) = (p + «L*p, m)o, € C5(G),
can be extended to a bounded linear functional defined on HI{)" (.G) which
is the completion of CJ° (G) with respect to the norm ||@||. Similarly, we
see, from
[, Aol = Ll - 1Fllo = ll@llm - 117 ]lo-
i i g be extended to a
that the linear functional (p, flq of @€ Cg°(G) can exte
bounded linear functional of ¢ € Hy (). Hence, bx F. Riesz represen-
tation theorem as applied to the Hilbert space Hy (G), there exists an
P = {f, wy) € H () such that
(@, flo— @ + xL*@, u1)o = (@, /') Whenever g€ C5°(G).
Hence, by the Milgram-F.ax theorem in Chapter III, 7, applied to the
Hilbert space Hy (G), we have
(@, fo— g + aL*p, m)o = (g, {')m = Blp, SF), SFCHG(G), ()
where .
Blp,y) =g + aLl*p,y)y for pCCF(G), ye HF (G). (8)
Thus
(@: Nlo =@ + al*p, uy + Sf')g whenever @€ CF(G),

and so %, = #, -+ S/’ is the desired solution € L2(G) of {4).
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We shall next discuss the original equation (1)- If uy € LE(G) satislics
{1}, then uy = uy— w, € HP(G) satisfies
(o, L*plo = (1, L*@lg + (12, L*p)o = (1. @y, 9 € C(C).
We obtain, by partial integration as above,

[{#1, L*¢)g| =< 4 constant times 19 [l

[ elol = Il ll#lio = {1F1lo - 1@ ]lm-

We may thus apply F. Riesz’ representation theorem in HJ(G) to the

Iim-aa.r functional. {/. ®)o — (41, L*p)g of ¢ € CF(G). Hence there exists a
uniquely determined » € HJ (G) such that

(7, 9Jo— (41, L*¢)o = (v, ) Whenever @ CP(G).

By the Milgram-Lax theorem, applied to i o
Dy the M PP (v, ¢)m, weobtainan S, v Hj (G)
(v, ®lm = B(Syv,p) whenever ¢ Ci(G), v€ HF(G).

Thus the Dirichlet problem (1) is equivalent to the problem: For a given
519 € HF (G), find a solution u, € HF(G) of
(42, L*@)o = B(519,9), g€ CT(G). (1)
Now, for a given u ¢ L*(G) = HS(G),

[ @lol = llnllo- llello < %l - (|9l

so that, .by F. RJ_'esz' representation theorem in the Hilbert space HE{G)
there exists a uniquely determined 4’ = Tu ¢ HY (G) such that, whenever,
P € CF(G),

(“.?9)0= (uli(av)m and ”u’”m<=: ”““0
Hence, by the Milgram-Lax theorem, we obtain
(4, Blo= (4, 9) =B Sy, ) = B(S; Tw,0), [[$1T ]| 5 {|u]lo. (9)
Therefore, by (1'), we have, whenever ¢ € C3° (G)

B (g, p) = (o, ¢ + al*p)y = (uy, @), + o (4, L*g),

= B(5,Tu,, ¢) + xB(S,v,
that is, 1% 9) (512 9),

Bty — S, Ty — S0, @) = 0.
Because of the positivity B(p, ¢} > 0 of B, we must have
Uy 5 Tuy =a Syv. (1)

Tge right hand term « S, v€ HF (G) is a known function. By ||S, T« ||, <
57 | |lo, we see t!lat the operator S; T defined on HJ (G) into H{;”(G)_i;
compact (the Rellich-Garding theorem in Chapter X, 3). Therefore, we
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may apply the Riesz-Schauder theory to the effect that one of the
following alternatives holds:

Either the homogeneous equation #— 5;7% = 0 has a non-trivial
solution » € H§ (), or the inhomogeneous equation # — 5, 7w = w has,
for every given w € Hy (G), a uniquely determined solution « € Hg ().

The first alternative corresponds to the case (u, @ + o L*@), = (4, @ly,
that is, to the case L# = 0. Hence, returning to the original equation (1),
we have

Theorem. One of the following alternatives holds: Either i) the homo-
geneous equation L# = 0 has a non-trivial solution # ¢ Hg (G), or ii) for
any f€ L*(G) and any #, € H™(G), there exists a uniquely determined
solution uy € L*(G) of Lu — f, u — u, € HY (G).

Appendix to Chapter X. The Nuclear Space of
A. Grothendieck

The nuclear operator defined in Chapter X, 2 may be extended to
locally convex spaces as follows.

Proposition 1. Let X be a locally convex linear topological space, and
Y a B-space. Suppose that there exist an equi-continuous sequence
{#;} of continuous linear functionals on X, a bounded sequence {y;} of

kil
elements € Y and a sequence of non-negative numbers {¢;} with 2]: ¢; < oo,
=
Then
kil
Tex=slim X {x [y {1)
n—oh j=1
defines a continuous linear operator on X into Y.

Proof. By the equi-continuity of {f;}, there exists a continuous semi-
norm p on X such that sup |<{x, ;> | = p(x) for x € X. Hence, form > =,

2
| £ty

= pla)sup [yl - Z -
jzl i=n

This proves that the right hand side of (1) exists and defines a continuous
linear operator T on X into the B-space Y.

Definition 1. An operator T of the form (1) is said to be a nuclear
operator on X into the B-space Y.

Corollary. A nuclear operator T is a compact operator in the sense
that it maps a neighbourhood of @ of X into a relatively compact set
of Y.

19  Yousldn, funetlonal Analysls ‘
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Proof. We define
Ta-x . J_;I c; {x, f;) Vi

T, is compact, since the i y
. om , unage by T, of the set V == {x: 4 () <
X is relatively compact in ¥. On the other hand, we hzfvé Pl ) ef

. = ,
|Tx—T,x| == < D yj! Sp@sup iy 3 o,
j=1 F=n-+1
and so T, x converges to Tx strongly and uniformly on V. Hence the

operator T is compact.

As was proved in Chapt i
opermi pter X, 2, we have a typical example of a nuclear

Example. Let X be a com

) ) : pact subset of R. Then, for (2 — 5

1deI;:c1ty mapping T of H§(K) into H} (K) is a nuclear ol()erat;i))r,> " the
Toposition 2. Let X be a locally convex linear topological space, and

V' a convex balanced neighbourhood of 0 of X. Let Pr¥) = inf 4
be the Minkowski functional of V. #v is a continuous semi—no;21€%;>}0(

Set
i sz{xGX; Dy (x) = O}Z{xEX;leV for all A 0}
hen Ny is a closed linear subs |
\ pace of X, and th i : =
X/[Ny is a normed linear space by the norrirl Tauenent sace Xy =
1% |li> = pp (x), where %is the residue class mod Ny
containing the element x. @
andlrsE(I)I?ifI-aIr]et (x— "1<)€ Ny. Then py () < py (x) + py (2, — %) =pr(x),
and - - Y pv (%) = py (%), Thus ¢, {x) = pv(x9) if x and %, are in the
- residue class FI::l’l(‘)d Ny. We have ||%|[ = 0 and (0] = 0. 1f
qlalcak,t: 0 then x¢c % 1mp1ie§ *€ Ny and so x = 0. The triangle ine-
e Y+ ﬁi“Pr%‘;edh by 2+ 3y =prx + %) < pp (%) + b0 () —
CV Yilv- We have also ||az|)y =— py (wx) — || py (x) = Ja | E3]
orollary. By the equivalence "
By, = pv) = (V, T 1), (3)
we can define the canonical mapping
XV=—> XV( (WhEIl Vz g Vl)

lcal); ;s;oczi:indg ;\trhe) resiilu‘e _clasE Xp, (mod N v,} containing x to the residue
S v, v,) containing x. The mapping thuscbtained is continuous,
1Fellv, = v, () = po, () = (|3, Iy,

We are now read i 1
‘ ¥ to give the notion of a nuclear s i i
analysis by A. GROTHENDIECK [21. pace. ntroduced in
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Definition 2. A locally convex linear topological space X is said to
be a nuclear space, if, for any convex balanced neighbourhood ¥V of 0,
there exists another convex balanced neighbourhood U € V of 0 such

that the canonical mapping
T:Xp— Xy (4)
is nuclear. Here X is the completion of the normed linear space Xy.
Example 1. Let R4 be the topological product of real number field
R in such a way that R4 is the totality of real-valued finite functions x (&)
defined on 4 and topelogized by the system of semi-norms
pal¥) = |2(a)|, ac A. (5)
Then R* is a nuclear space.
Proof. Ny is the totality of functions x(4) ¢ R* such that, for some

finite set {g;€ A; 7=1,2,....n}, x{ag)) =0 (7==1,2,..., #). Hence
X, = R*/Ny is equivalent to the space of functions xy {a) such that
xy(a) = 0 for a # a; {f = 1, 2, . . ., n) and normed by

| %y () I|w = s EZCHIE

5
We take Ny ihe totality of functions x(4) € R* such that x{,) = 0 for
x € A" where A’ is any finite set of integers containing 1,2,...,#%.
Thus, for U C V, the canonical mapping Xy = R*/Ny— R[Ny = Xy
is nuclear. For the mapping is a continuous linear mapping with a finite-
dimensional range.
' Example 2. A nuclear B-space X must be of finite dimension.

Proof. Since X = X, for any convex balanced neighbourhood V' of 0
of a B-space, the compactness of the identity mapping X — X implies
that X is of finite dimension by F. Riesz’ theorem in Chapter IIT, 2.

Example 3. Let K be a compact subset of R”. Then the space B {K")
introduced in Chapter I, 1 is a nuclear space.

Proof. As in Chapter I, 1, let
pralf) = sup [D'j{x}]
€K, |s| <&
be one of the semi-norms which define the topology of ®g(R"). Let
Vi = {/€ Dx (R"); pxslf) = 1}. Then Ny, is {0}, and Xy, = X [Ny, =
Dk (R"){Ny, is precisely the space Dy (R") normed by pxp- If (k-—7) > n,
then it is easy tn prove, as in the example following the Corollary of
Definition 1 above, that the canonical mapping of Xy, into X, is anuclear
transformation. Hence @ (K™) is a nuclear space.

Theorem 1. A locully convex linear topological space X is nuclear,
iff, for any convex balanced neighbourhood V of 0, the canonical mapping
X — )E'V Is nuclear,

19*
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Proof. Necessity. 1.1 1" be o convex balanced neighbourhood
of 0 of X such that the canonical mapping Xy—» Xy is nuclear. The
canom::al mapping T: X > X, ix the product of the canonical mapping
X — Xy and the canonical nuclenr transformation X, » X,. Hence T
must be a nuclear transformation. I

Sufficiency. Let the canonical m

apping 7: X » X .
nuclear transformation ppig > Xy be given by a

= ,
TI :j‘:‘i cf <x1 f)> y}'-

FOr anylx> O the set {ZEX l(x ’>l -—.<af{)r = | 2 .Sa
" 3 » v 7 F= T } 1 convex
I)ala"(:ed llelgthlthOtJd L‘ ()f 0 Uf X beCa[lSe ()f 1- i i y
o ) the
{ } - equl C()ntlnult Of

”Tx”V = ”12' & <%, 17> J’j”V = sgp N v ?‘,‘cj whenever x ¢ u,.

Let & be so small that the right h
U,C V. Each {; may be considere
and so

and side is << 1. Then I Txl|y < 1 and
d as belonging to the dual space Xy, ,

Tx=T;z— T‘,‘ ¢ {x, f;>v; whenever (x —2) e Ny .

Thus the canonical mapping Xy > )E'V is given by a nuclear transforma-
tion
Xy, —> ?‘: G <;Ua: f;) Y-

Theorem 2. iet a Iocall

¥ convex linear topological space Xb
Then, for any convex bala boogIca spa ¢ nuclear.

nced neighbourhood ¥ of 0 of X, there exists a

convex balanced neighbourhood W € ¥ of 0of X such that Xpisa Hilbert
space.

Proof. The nuclear canonical mapping X, —» ¥ v (U C V) defined by
Tig= S AZACON AR
1s factored as the product of the two mappings
*: Xy > (I%) and B:(®— X, where « is given by
xy > {6} (&g, >} and Bis given by {£} EotEy,
The continuity of « is clear from J
i -~ ’ 34 ~
S Gy, I < (Su,P 41! - ”xUHU)z e,
i
and that of # is proved by ’
2 o (12 A4 12 . X
17976, = F el £ 16 < sup iyt - e .

Let U, be the inverse image in (/2)

' by 8 of the unit sphere of X Th,
1s a neighbourhood of 0 of (/) and P v- Then U,

S0 contains a sphere S of centre § of (2.
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Let W be the inverse image in X of S by the continuous mapping &
defined as the product of continuous canonical mapping X — X and the
continuous mapping o : Xy — (/2). Then clearly W € V and, for any
Tw € Xy,

oy = int A i A ilasll (e adine of 1
Pulle = dpha? = o i g = 152 e (the radius of 5)

Since || [|; is the norm in the Hilbert space (%), X, isa pre-Hilbert space.
Corollary. Let X be a locally convex nuclear space. Then, for any

convex balanced neighbourhood ¥ of 0 of X, there exist convex balanced

neighbourhoods W, and W, of 0 of X with the properties:

W, CW,CV, X w, and XW. are Hilbert spaces and the canonical
mappings X — XH’,’ XW. — le: le — )"(V are all nuclear,

Therefore, a nuclear space X has a fundamental system {V,} of neigh-
bourhoods of 0 such that the spaces X v, are Hilbert spaces.

Further Properties of Nuclear Spaces. It can be proved that:

1. A linear subspace and a factor space of a nuclear space are also
nuclear.

2. The topological vector product of a family of nuclear spaces and
the inductive limit of a sequence of nuclear spaces are also nuclear.

3. The strong dual of the inductive limit of a sequence of nuclear
spaces, each of which is an F-space, is also nuclear.

For the proof, see the book by GROTHENDIECK [1] referred to above,
p- 47. As a consequence of 2., the space D(R"), which is the inductive
limit of the sequence {®g (R*); r =1, 2, .. .} (here K, is the sphere
fx] =< » of R™, is nuclear. Hence, by 3., the space D (R"} is also nuclear.
The spaces E(R"), €(R")', &(R™) and & (R™)" are also nuclear spaces.

The impertance of the notion of the nuclear space has recently been
stressed by R. A. Minros [1]. He has proved the following generalization
of Kolmogorov's extension theorem of measures:

Let X be a nuclear space whose topology is defined through a countable
system of convex balanced neighbourhoods of 0. Let X” be the strong dual
space of X. A cylinder set of X' is defined as a set of the form

=X o< lx,fy<b (=12, .. o)}
Suppose there is given a set function y,, defined and = 0 for all cylinder
sets. Let u, be g-additive for those cylinder sets 2’ with fixed Xy Fgy ooy Xy

Then, under a compatibility condition and a continuity condition, there
exists a uniquely determined extension of ty which is g-additive and
= 0 for all sets of the smallest g-additive family of sets of X’ containing all
the cylinder sets of X*.

For a detailed proof and applications of this result, see I. M. GELFAND-
N. Y. VILENKIN 3] *

* See also Sapplementiny Noles, (n 466,



294 XI. Normed Rings and Spectral Representation

XI. Normed Rings and Spectral Representation

A linear space A over a scalar field (F} is said to be an algebra or
a ring over (F), if to each pair of elements %,¥€ A a unique product

xy € 4 is defined with the properties:
(x9) 2 = x(v2) (associativity),
2y + 2 =xy 4+ x2 {distributivity), (1
af (xy) = (xz) (By).

If there exists a wunit element ¢ such that ex — xe = x for every x€ A4,
then A is said to be an algebra with @ wnit. A unit e of A, if it exists, is
uniquely determined. For, if ¢’ be another unit of A, then we must have
e =e=2¢". If the multiplication is commutative, i.e., xy =vyx for
every pawr x, ¥ € A, then A is called a commutative algebra. Let 4 be an
algebra with a unit e. If, for an x € A, there exists an x’ € A such that
¥x’ = x'x = ¢, then &’ is called an inverse of x. An inverse %’ of x, 1if it
exists, is uniquely determined. For, if " be another inverse of x, then
we must have

2 (ax") = 2" = " = (x"xyx =ex’ =2

Thus we shall denote by 1 the inverse of x if x has an inverse.
An algebra is called a Banach algebra, or in short a B-algebra if it is a
B-space and satisfies

layil = [l=1] []y]]. (2)
The inequality

”xnyn—xy” = ”xn(yn"y)” =+ Il(xn_x) y“
= (1=l (Hym 9 1] + N — 2){[ {1y

shows that xy is a continuous function of both variables together.

Example 1. Let X be a B-space. Then L{X, X) is a B-algebra with a
unit by the operator sum T 4 § and operator product 7'S; the identity
operator [ is the unit of this algebra L(X, X), and the operator norm
[{7|| is the norm of the element 7 of this algebra L (X, X).

Example 2, Let S be a compact topological space. Then C(S) is a
B-algebra by (5 + %) (s) = 2.(5) + %3(s), () () = sz (s), (15,75) (s) —
% (s) x5 (s) and ||x|| = 51E1§) [ (s) .

Example 3. Let B be the totality of continuous functions % (s},
0 = s =<1, which are representable as absolutely convergent Fourier

series:
o0

2(s) = 3 e with X y] << oo. (3)

n=—00 He=—
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Then it is easy to see that B is a commutative B-algebra with a unit by
the ordinary function sum and function multiplication, normed by

oo
ixll = & _lenl. (4)
n=—00
In the last two examples, the unit is given by the function e(s) = 1
and ||¢|| = 1. In the following sections, we shall be concerned with the
commutative B-algebra with the unit ¢ such that
lle]] = 1. (5)

Such an algebra is called a normed ring.

A Historical Sketch. The notion of Banach algebras was introduced
in analysis by M. Nacumo [1]. He proved that Cauchy's complex func-
tion theory can be extended to functions with values in such an algebra,
and applied it to the investigation of the resolvent of a bounded linear
operator around an isolated singular point. The result is an abstract
treatment of those given in our Chapter VIII, 8. K. Yosipa [11] proved
that a connected group embedded in a B-algebra is a Lie group iff the
group is locally compact. This result is an extension of a result due to
J. voN NEUMANN [6] concerning matrix groups. Cf. E. HiLLe-R. S. PHiL-
L1ps [1], in which the result of K. Yosipa [11] is reproduced.

The ideal theory of normed rings was initiated by I. M. GELFAND [2].
He has shown that such aring can be represented as the ring of continuous
tunctions defined on the space of maximal ideals of the ring. By virtue of
this representation, we can give an integration free treatment of the
spectral resolution of bounded normal operators in a Hilbert space; see
K. Yosipa [12]. This result will be exposed in the following sections. The
Gelfand representation may also be applied to a new proof of the Tauberian
theorem of N. WIENER [2]. We shall expose this application in the last
section of thischapter. Forturther details about B-algebras, see N. A. Na1-
MARK [1], C. E. RickarTt [1] and I.M.GerrFanDp-D. A. Raikov-

G. E. BiLov [51.*

1. Maximal Ideals of a Normed Ring

We shall be concerned with a commutative B-algebra B with a unit e
such that [[¢|| = 1.

Definition 1. A subset [ of B is called an ideal of B if x, y € J implies
that (xx + fy) € J and 2x € J for every z€ B. B itself and {0} are ideals
of B. Ideals other than B and {0} are called non-trivial ideals. A non-
trivial ideal [ is said to be a maximal ideal if there exists no non-trivial
ideal containing [ as a proper subset.

Proposition 1. Each non-trivial ideal 7, of B is contained in a maximal
ideal J.

* Bee also Supplementary Noles, po 167,



St .
296 X1. Normed Rings and Spectral Representation

Proof. 'Let (/o] be the set of all non-trivial ideals containing J,. We
f)rder .the ideals of [/,] by inclusion relation, that is, we denote J1 <]
if J; is a subset of J,. Suppose that 1/} is a linearly ordered subset o?

[Jol and put J, :I.,GL{{M} Ja We shall show that J 3 is an upper bound

of {J.}. For, if %, ¥ € Jp. then there exist ideals J., and J, such that
%€ [ andy ¢ [, Since {1} is linearly ordered, /,, < 7., (o J,. > 7.}
and so x and y both belong to J s, consequently {;c — y)%e J él 7 a;.d
zx€ [, C Jpforany z€ B. This proves that [, is an ideal. Si;::e:thg unit
element ¢ is not contained in any f,,eis not contained in Je= J

UJ
. . . Jae{Ja}
Thus Jg is a non-trvial ideal containing every J.. Therefore by Zorn's

Lemma, there exists at least one maximal ideal which contains J,

Corollary. An element x of B has the inverse x1¢ B suchu.that
¥71% = xx 71 = ¢ iff x is contained in no maximal ideal.

Prooi. If x1¢ B exists, then any ideal J 3 x must contain ¢ — xx-1
so that . J must coincide with B itself. Let conversely, x be conta;r;ed in
no maxgnal ideal. Then the ideal xB — fxb; b€ By # {0} must coincide
with B itself, since, otherwise, there exists at least one maximal ideal
contlalning %#B 3 x = xe. It follows that xB — B, and so there must exist
:r; e: elzlfli !; ,Etﬁ’astuél,l ;hitxxj.: e. By the commutativity of B, we have

Proposition 2. A maximal ideal J is a closed linear subspace of B

- Prf)oi. By the continuity of the algebraic operations (addition muiti-
Phca.tlon a,r_ld scalar multiplication) in B, the strong closure J* is :'1150 an
1dea.l containing f. Suppose J* £ J. Then J* = B, because of the maxi-
mality of the ideal J. Thus ¢ ¢ J% and so there exists an x € J such that
fle — (| << 1. x has the inverse x71€ B which is given by Neumann’s

series
e+ (e—x) + (e —x)% ..
For., b}.f | (e —)" | = ||e— x|[*, the series converges to an element € B
which is the inverse of x, as may be seen by multiplying the series by
r=¢e— (e. — x). Hencee = x' x € J and so J cannot be a maximal ideal.
Proposition 3. For any ideal J of B, we write

%=y (mod J) or x ~ v (mod J} or in short ¥~y i {x—y)e . (1)
Then x ~ vy is an equivalence relation, that is, we have

x ~ x (reflexivity),

¥~y implies y ~ x {symmetry),

Lz~y and ¥ ~ z implies x ~ z (transitivity).

We denote by ¥ the set {v; (v kﬂe J}i it is called the class {mod [;

containing x. Then the classes (x - ¥), &% and (xy) are determined inde.

pendently of the choice of elements % and ¥ from the classes x and 3
respectively, g
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Proof We have to show that x ~ x’, ¥ ~ v implies that (x 4 ¥) ~
(=" + ¥, ax ~ oz’ and ¥y ~ x'y’. These are clear from the condition
that J is an ideal. For instance, we have xy —x"y' = (x —«') ¥y +
y—y)eJbylx—«)€ Jand (y —y)c ]

Corollary. The set of classes x (mod J) thus constitutes an algebra by

T+V=%Fy, ax =%, Xy = %Y. (2)

Definition 2. The above obtained algeBra is called the residue class
algebra of B (mod J) and is dencted by B/J. Thus the mapping x — %
of the algebra B onto B = B/J is a homomorphism, that is, relation (2)
holds.

Proposition 4. Let J be a maximal ideal of B. Then B =BfJ is a
field, that is, each non-zero element x < B has an inverse x! &€ B such
that x 'z =2z 31 =¢.

Proof. Suppose the inverse x~! does not exist. Then the set B =
{% b; b€ B} is an ideal of B. It is non-trivial since it does not contain e,
but does contain x =~ 0. The inverse image of an ideal by the homomor-
phism is an ideal. Therefore, B contains a non-trivial ideal containing J
as a proper subset, contrary to the maximality of the ideal [.

We are now able to prove

Theorem. Let B be a normed ring over the field of complex numbers,
and J a maximal ideal of B. Then the residue class algebra B — B/] is
isomorphic to the complex number field, in the sense that each x€ Bis

represented uniquely as x = &e, where £ is a complex number.

Proof. We shall prove that B -—= B/J is a normed ring by the norm

|[#]| = inf fix]]. (3}
rex
If this is proved, then B/J is a normed field and so, by the Gelfand-

Mazur theorem in Chapter V, 3, B = B/] is isomorphic to the complex
number field.

Now we have {a %] = fx] [[%], and [[F + 5] = _inf_[|x 1 ]| =
e .

inf |jx|| + inf[|y[| = [[F)| + |[¥]]: =5 = |[ZI[l[7]] is proved simi-
larly. If ||%|| = 0, then there exists a sequence {x,} €% such that

s-limx, = 0. Hence, forany x€ x, (x — x,) € / andsos-lim (x—ux,) =«
Lt el

00

which proves that x€ J* = J, that is, x = 0. Hence ||x|| = 0 is equi-
valent to x = 0. We have |[¢|| < |[¢|| = L If ||¢]| << 1, then there exists
an element x ¢ J such that ||e — x|| < 1. As in the proof of Proposition 2,
the inverse x~! exists, which is contradictory to the Corollary of Propo-
sition 1. Thus we must have |[¢|| = 1. Finally, since B is a B-space and |
is a closed linear subspace by Proposition 2, the factor space B = B/ff
is complete with respect to the norm (8) (see Chapter I, 11). We have
thus proved the Theorem.
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. %C;)iolif;iry. We shall denote by x (/) the number £ in the representation
; f— ;. us, for each x € B, we obtain a complex-valued function x(f}
elined on the set {J} of all the maximal ideals of B. ‘Then we have

0 D= %) + 30, (@2) () = ax(]),
EN ) =2(Dv(), and e()) = 1, )

We have, moreover,

. Sup [+ = =], (%)
;El{l}:; |%(J)| = 0 implies x — 0 iff Knm]:{o}. (6)

n Prolof.bThe - mapping x = % = x{J) ¢ of the algebra B onto the residue
° 55 algebra B =BfJ is a homomorphism, that is, relation (2) holds
ence we have (4). Inequality (5} is proved by .

€= [&] el = [[Z]] = int {| x| < [|]].
x€x
Property (6) is clear, since x(f) = 0 identically on {J}iffxc 7.
Definition 3. The representation o

olf tIl'lle normed. ring.B, by the ring of functions x (/) defined on the set {7}
of all the maximal ideals J of B, is cailed the Gelfand-representation of B.

2. The Radical. The Semi-simplicity

dDefim'tion 1. LeF B Dbe a normed ring over the complex number field
arr_g { ] 1 tllle totality _of the maximal ideals J of B. Then the ideai
A J is called the radical of the ring B. B is said to be semi-simple if its

radical R = Kf{}} J reduces to the zero ideal {0}.

Theorem 1. For any x¢ B, lim [| 2" [|[M* exists and we have
Lm [|4* " — sup (x(]}{.
! mﬁi (D (1)

Proof. Setx — su?}lx(])].Then,by”x"“% |=* (1) | =] 2(])

* we have
K| > r;, H n |li/n

Hﬁ”jcx and so ,}%Hx [ = «. We have thus to prove
lm ™[]V <

Let |8] > «. Then, for any J ¢ {J}, x(]) i €
: , . —f£0,1ie., (x — .
Hence the inverse (e — x)1 exists, Setting -1 = A, we iee tgi Eﬂ{;
inverse (Be—x)2 = Ale —Ax)~1 exists whenever |A] < &=l Moreover
as in Theorem 1 in Chapter VIIT, 2. we see that A(e —ix) 72 is fcn:
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|A] << &7, holomorphic in 4. Hence we have the Taylor expansion
Ae—ix)y =2 + Axy + ABxy + - - + "2, + - - ).

That x, = 2" may be seen by Neumann's series (¢ —Ax) ' = »é) At

which is valid for ||Ax|| <C 1. By the convergence of the above Taylor

series, we see that

Hm [|2"2" | =0 if A <o,
Thus ||2”|| = |A[7"||A*#"|| << |A[7" for large # when || < o, and so

fim ||+ < 147" when [£] "> a, that is, fim ||| <.
—— n—>0Q

Corollary. The radical R = ]Er?” J of B coincides with the totality
of the generalized nilpotent elements x € B which are defined by
lim ||x”H”" = 0. (2)
RO

Definition 2. A complex number A is said to belong to the spectrum

of x € B, if the inverse (x — A¢)~ does not exist in B.
If A belongs to the spectrum of x, then there exists a maximal ideal

J such that (x — Ae) € J. Conversely, if (x — 1¢) belongs to a maximal
ideal J, then the inverse (x — Ae)™ does not exist. Hence we obtain

Theorem 2. The spectrum of x ¢ B coincides with the totality of
values taken by the function x({/} on the space {J} consisting of all the
maximal ideals J of B.

Application of Tychonov’s theorem. We define, for any [ €{J},
a fundamental system of neighbourhoods of J; by

(Fe{lb ) — (o) | <& 6=1,2,..., %)}, (3)

where & > 0, #n and x; € B are arbitrary. Then {J} becomes a topological
space and each x(J), ¥ € B, becomes a continuous function on {J}. We

have only to verify that if J, = [, then there exist a neighbourhood
¥, of J, and a neighbourhood V; of J, with empty intersection. This may

be done as follows. Let %y € g and %, € J; so that x,(fo) = O and x4 (/) =
a0, Then V,={J€{J}|n{N|<|x/2} and Vi={/e{/}
[%5(J) — % (J3} | << [«|/2} have an empty intersection.

Theorem 3. The space {J}, topologized as above, is a compact space.
Proof. We aftach, to each x € B, the compact set
K, ={z|z| = |[*]}
of the complex z-plane. Then the topological product
S JTK,

kR
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is a compact space, by virtue of Tychonov's theorem. See Chapter 0. To
any maximal ideal J, ¢ {J}. we assign the point

2o =s(/)es.

zER

{/} is in one-one correspondence with a subset Sy of S by the above
correspondence J, — s (J,). Moreover, the topology of {]} is the same as
the relative topology of S, as a subset of § - Hence, if we can show that 5,
is a closed subset of the compact space S, then its topological image {7}
is compact.

To prove that 51 s a closed set, we consider an accumulation point
w :xg 2:€S of the set Sy in S, We shall show that the mapping

x—A,1sa homomorphism of the algebra B into the complex number field
(K). Then Jo — {x; 2, — 0} becomes, as may be seen from the isomor.
phism of B/J, with (K). a maximal ideal of B and ( —A.e) < ]y, that
is, x (Jp) = A,. This proves that the point g — xg Ay = ;g %(/p) belongs
to S,.

We thus have to show that

j"”‘y =4 + j’w Aoz = ady, Axy - j-:rjl':ln A, =1,
We shall, for instance, prove that Azﬂ =2, + A,. Since @ = _g A, is

an accumulation point of 51, there exists, for any & > (}, a maximal idea]
J such that

=Dl <e 4 —y()] <o, ey — (5 +9) ()] < e.
By (x + v)(J) = 2(J} + y{(J) and the arbitrariness of ¢ > 0, we easily
see that 4, — 2 Ay 1s true,

We can now state the fundamental facts about the Gelfand represen-
tation x — x(J) of the normed ring B in the form of

Theorem 4. A normed ring B over the complex number field is repre-
sented homomorphically by the ring of functions x(J} on the compact
space {J} of all the maximal ideals J of B. The radical R of B consists of
those and only those elements which are represented by functions iden-
tically equal zero on {/}- The representation x —» % (/) is isomorphic iff
the ring B is serni-simple,

Application of the Stone-Weierstrass Theorem (of Chapter 0). The
above obtained ring of functions is dense in the space of all complex-
valued continuous functions on {J} with uniform convergence topology
if the ring B is symmetric (or énvolutive) in the following sense:

For any x € B, there exists an **£ B such that 2*(J) =x{J} on {7}. (&

Examples of Gelfand Representations

Example 1. Let B = ¢ (S} where Sis a compact topological space, and
Jo @ maximal ideal of € {S). Then there exists a point s,€ S such that
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x(sy) = 0 for all x& J,. Otherwise, for any 5, € S, thelje exists an 2 € Jo
SU.C(;'.I. that x,(s,) # 0. %,(s) being a continuous funct}on, th(_ere exists ta
neighbourhgod V. of s, such that x,(s) #% 0 in V. Since S is compact,

"

vV, =S.
there exists a finite system, say, V, , Ve v - Vi, such that jl=Jl a

Hence the function

no .

J'C(S) - —2 xzx{ (S) xoc;‘ (S) € ]U

i=1

' ' “LoxTHs) = x(s) Y, of € ],
does not vanish over S, and the inverse .x , 5
exists, contrary to the maximality of the ideal J,. Thus we see ;hat £0x1i='s
contained in the maximal ideal J' = {x¢ B %(sy) = 0}. By tt }f m -
mality of J,, we must have J, = J'. In this way we see that e ipth
{J} of the maximal ideals J of B is in one-one correspondence wit e
points s of S,

Example 2. Let B be the totality of functions x.(s), ¢ ;1 s = 1, which
can be represented by absolutely convergent Fourier series:

= Drzsn o <DO
x(s) = X c,e , X e .

n=—00 #=—00

B is a normed ring by (x -+ ) {s) = x(s) + ¥(s). (3) (s) = x(s) (s)

: 2reis
and ||x|| = & |¢;|. Let J, be a maximal ideal of B. Set ¢*** — x,. Then
= X L ~ he
57— e Cand so, by x (Jo [ £ [l = 11 U] = (/o) ' =
Hlx—IH =1, we see that |x,(/;)| = 1. Hence there 2e:fusts a_poin f:so,
0 Sl Sg = 1: such that x,{J,) == ¢*. Thus x, — ¢*™" — a7 satisfies

: S Eassyh . In this way, we
Z(Jo) = €™, and s0 2 (Jo) = X 0ue¥ " = x(sy) y

see that for any maximal ideal J, of B, there. exists a point s,, 0 % szrgalli
such that the homomorphism x— x(J,) is given by x(Jo) =x(soo,r -2l
x ¢ B. It is also clear that the mapping » — "_(So) gives afhomornSe é} e
of the algebra B into the complex numb_er ﬁe;i.s The<re o{r:e lwe
the maximal ideal space of B coincides with {eZ™; 0 < s < 1}.

Corollary (N. Wiener’s theorem). If an absolutely convergent Fourier

series x(s) — > ,e" does not vanish on [0, 1], then the function
- X ¢, . |
1/x({s) is also”r:a;:':sentable as an absolutely convergent Fourier series.

For, x does not belong to any of the maximal ideals of the normed ring
of the above Example 2.
Example 3. We take B; = C [0, 1], and define, for x, y € B,

(x +¥)(s) = 2(s) + ¥(s), {ax)(s) = xx(s), (x9) ()=

of x(s — &) y (&) dt and ||x|| :s:;;ﬁ]}x(sﬂ.
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B, is a commutative B-algebra without unit. Adjoining formally a unit ¢
by the rule ex = xe — x, {le]l = 1, the set B — {2 =de + x;x€ B}
becomes a normed ring by the operations

(e + 2) + (Age -+ %) = (A, + Aot e+ (%) + %), afhe + x)
=axde +oax, Qe+ m) (e + xy) — hde + Aixmy + Ayxy + 2,4,
and [|de + || = |2] + ||=[|.

We have, by induction,

2 n1
[22(5) | = M, |2¥(s)| S M35, L |wm(s) | < M“-(-;-S_TJ_! e
where M = sup |x(s)| = |[%]|. Thus every x& B, is a generalized
€S

nilpotent element of B, due to the fact that lim (nD"* = o,
H=00

3. The Spectral Resolution of Bounded Normal Operators

Let X be a Hilbert space, and let a system M of bounded normat
operators € L (X, X) satisfy the conditions:

T,5¢M implies TS = ST {commutativity), (1)
T ¢ M implies T*c M, (2)

A system M consisting of a bounded normal operator T€ L (X, X) and its
adjoint T* surely satisfies (1) and {2).

Let M’ be the totality of operators ¢ L (X, X) which commute with
every I'c M,and let B—=M" — (M')’ be the totality of operatorsé L (X, X)
commutative with every operator S e M.

Proposition 1. Every element of B is a normal operator. B is a normed
ring over the complex number field by the operator sum, the operator
product, the unit I (the identity operator) and the operator norm [[T||.

Proof. A C M’ by (1), and so M' 2 M. Hence M — My 2M”
and s0 B = M" is a commutative ring. The identity operator T belongs
to B and is the unit of this algebra B. By (2), we easily sce that every
operator € B s normal. Since the multiplication TS and the adjoint
formation T — T* in the algebra B are continuous with respect to the
norm of the operator, it is easy to see that the ring B is complete with
respect to the operator norm.

Theorem 1. By the Gelfand representation
B3T—~T(, (3)

the ring B is represented isomorphically by the algebra C{J} of all
continuous functions 7' (f) on the compact space {J) of all the maximal
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ideals J of B in such a way that

171 = sup [T, 4

Jeliy
T(]) is real-valued on {J} iff T is self-adjoint, (5}
T{J) = 0on {J}iff T is self-adjoint and positive,
that is, (Tx, %) = 0 forall xc X (6)
Proof. We first show that, for any bounded normal operator T,
[T — |71 )

By the normality of T, we see that H = TT* — T*7 is self-adjoint.
Hence, by Theorem § in Chapter VII, 3,
||[T]2= sap (T# Tx)=sup [(T*Txx}|=[|H||=||T*T||= | TT*||.
Ll =1 1] =1 i
i 2 i hus, as above, we obtain
Since (T#)* — (T?*, 7? is normal with T. T us,
[| 7 |]2(: )H T*2T%||, which is, by the commutativity 77* = T*T, equal

to ||[(T*7)%]| = ||H?||. Since H? is self-adjoint, we obtain, again by
Theorem 3 in Chapter VII, 3,
|[H ||2 = sup (Hx, Hx) = sup |(H%x, )| = || H?|].
Hall=1 [l=]]=1
Therefore, [|T2[ — | 12| = || ][t = {|T [P, that is, | 73| — [|7]*

We have, by (7), ||T|| = lim [|7*[["", because we know already that

the right hand limit exists (see (3) in Chapter YIII, 2).. Hence, by ‘Theo—
rem 4 of the preceding section, the representation (3) is isomorphic and
4) is true. . '

@ Proof of (5). Let a self-adjoint T € B satisfy, for a certain J € {]},
T(J,) =a + ibwith 7= 0. Then the self-adjoint operatorS = (7' —al)/bC B
satigfies (I +S%(J,) =1+ =0,andso (I + 5% does n«:)t2 have an
inverse in B. But, by Theorem 2 in Chapte.r VII, 3, (I -+ 5% hjas.an
inverse which surely belongs to B. Thus, f T€B is self-adjoint,
T{J) must be real-valued. Let T ¢ B be not self-adjoint, and put

. T4+ T* . T -—_2‘

Then, since the first term on the right is self—adjoint,.the self—ad;mnt
operator (7 -— T*)/2¢ must be % 0. Thus, by the isomorphism of

Tr—1I*
representation (3), there must exist a J,€{/} such that —5-—( Jo) & 0.
* T T* .
Hence T (f,) :z-zi (Jo) + ¢=—5;— (Jp) is not real. For, as proved

above, self-adjoint operators are represented by real-valued functions.
Proof of (). We first show that

) 1) on {1} (8)
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This is clear, since self-adjoint operators (T -+ T*)/2 and (T — T2
are represented by real-valued functions, Therefore, by (4) and the result
of the preceding section, the ring B is Tepresented by the ring of all con-
tinuous complex-valued functions on { J} satisfying (5) and (8). Let
T(J) = 0 over {J}. Then SU) =T is a continuous function on
{/}. Hence, by the isomorphism of the representation (3), S2=17T. By
(), we have § — S* Hence (Tx, ) —= (%%, x) = (S«, Sx) 2 0. To
prove, conversely, that the condition (Tx, x) = 0 for all %€ X implies
TRJ)= Oover (J), weset 7, (1) = max (71}, 0) and 7, () = Ty ()T (]).
Then, by what we have proved above, T, and T z are both € B, self-34-
Joint and positive: (T2, x} = 0 for all XeX (1=1,2). Moreover, we
have 7,7, = 0 and Ty= T, ~T. The former equality is implied by
) () — o
Therefore, we have

0= (TT,x, Tyx) = (— T2y, Tox) = — (T3y, %) = (TyTyx, Tox) = 0.
Thus (T3x, %) = 0 and so, by Theorem 3 in Chapter VII, 3, we must
have 73 = 0. Hence, by |17, :nlirglo HZZ)* we obtain Ty = 0. We

have thus proved 7" — 7y and hence T(J) = 0 on {.

We shall thus write T =Z0if T s self-adjoint and positive. We also
write S = T if (S—Ty=o.

Theorem 2. 1et {T,} CBbea sequence of self-adjoint operators such
that

U§T1§T2§"'§Tu§"'§563- @
Then, for any x ¢ X,s-lim T, x—Tx exists, i.e., s-lim T, = T exists and
H—00 B0

T€B, S2T=T,m=1,9,..)

Proof. We first remark that, by (6),

E,FEBa.ndE;O,F:_E_OimplyE—l—FEOandEFgO. {10)
Thus ogrfgfgg---grfg---gsz. Hence, for any x¢ X,
finite lim (724, x) exists. Since, by (6), 72, , = To3TW 2 T2, we also

H—00
have
”,Iim (Thisx, x) — ",L‘im (ToisTpx, %) = lim (T%x, x).
Therefore, lim (Tn—T,)%x, £} = lim T2 — Tpx|? =0 so that
5, 5—00 B—00

s-lim Fox = 7Ty exists. That T¢ B a1.1d S=T= T, is clear from the
n—00
process of the proof.

Theorem 3. Let a Sequence of real-valued functions {T.(])}, where
T, € B, satisfy the condition

I2TN=T)=s =T, =4 finite constant on {7}. (11
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Then, by (6) and Theorem 2, s-lim T, = T exists. In such a case, we can

H—OO

prove that D:{]e{]};T(f)sénl_iEoT"U)}

is a set of the first category, and so D¢ = {J} — D is dense in I}
Proof. By Theorem 2, T = 7, and so T(J) = lim 7,(J) on {J}.

By Baire’s theorem in Chapter 0, 2, the set of points of discontinu%ty of
th{z function lim T,{J) is of the {irst category. Hence, if the set D is no
7—00

of the first category, then there exists at least one point ]F,g D at “thg
him 7, (/) is continuous. In other words, there exists a positive numbe

n
H—00

and an open set V' ([,) 3 J, of {J} such that

T(J)Z 8+ lim T,(]) whenever J& V(J,).

i i y = lim T, on
Since the compact space {[} is normal, and since 7 (J) = Jim (/)

’ 2 /o
construct, by Urysohn’s theorem an open set ¥, (J,) 3

i{lil “;e ?:;iition W) €Ci{{J}) such that 0= W(]O) =< 61/(5 ){;]},
VilZo/* € V(Jo), W(J) = /2 on V,(/o) and W(]) =0 on V(]J,).

Hence T'(J) — W (/) = lim T,(f)on {f}, andso, by {§), T - W =T,

({ 1,2 }- W(J) == 0 implies, by the isomorphism (3), that T;V #TO,
n=12 ... : iat | .
W = 0. Thus,again by (6), T — W = s-lim T, contrary to T =3 12

C_ i
Finally, since {[} is a compact space, the com_plement DY ={J+—D
of the set D of the first category must be dense in {J}.
We are now able to prove (K. Yosipa [12])

. B.
The spectral resolution or the spectral representation of operators €

Consider the set C"{{J}) of all cornplex-valuec_l bounded fgnc‘;ons
T7(J) on {J} such that T" (]} is different from a contmuo.us f1}nct10§’ ({}Jg
i . We identify two functions from
only on a set of the first category \ Ty e
i i { the first category. Then C"({J}
if they differ only on a set o . civided
i f a set of the first category is
into classes. Since the complement o _ s dense
i ‘ lass T contains exactly one con
the compact space {J}, each ¢ ' _
Enct?on TP(. J) which corresponds, by the isomorphism B« C{{J}}, to
t 7€ B. .
Em ?ernzrtlly ;E B and for any complex number z = :1 + ip, we E}?t
E the element € B which corresponds to the class E; ;on?zr}l)ni }e
fini ion E' ReT(]) < A, Im .
i function E; (J) of the set {]E.{]}’ ' .
cllte fi;né?egarli_ll:at there exists a monotene increasing sequence of c;)n};r)m;:;
functions £, of complex argument such that Ej(J) = ”]HEO fu (T

20 Yoalda, Funetlonat Annlynin .
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so E (/)€ C'({J}). We have then

[ T(J) —J:‘L: s+ ) (B3, 40, () + B iting () — E3y i ()
- E:li+':#j—| (]))l =¢ on {]} i
M=—a e S S A —a=syp |ReT ()],
ye JEU
= — -—-ﬁs— < e = == =
M B Ve = pe = = py = f fgg:;[[m]"(])l,

( SUP (4 — 4_4)* + sup {ﬂj-#jﬂ)"’)”z =e
i i
Thus, by the definition of E,(]), we have

T 2 0+ i) B ) + By ()

- Elj_l-f-iﬂj (f)— Ez;+i,u;_, (]))' Ee
on {J}, since the complement of a set of the first category is dense in the
compact space {/}. Therefore, by (4), we have

“ T-—J‘E’z‘ (AZ? + 1[,1,]) (E3;+£ﬂj + Ezf—l"":ﬂj_l

o E11_1+"#f - Ei;+i.uj_1) H =e,
which we shall write as

T=[[zdE,, (12)
and it is called the spectral resolution of the normal operator T,

4. The Spectral Resolution of a Unitary Operator
If 7' is a unitary operator ¢ B, then, by
THT*N =T TY) =1, (1)
we see that the values taken by the function T

numbers of absolute value 1. Fro
resolution [ [ zdE, of T.

The defining function E; (/) of the set {J ¢ {7} arg(T ()€ (o, o1,
0 <8 < 27, belongs to ' ({/}), and we have, by setting Ej(J) = 0,
E."Zn (]) =1,

17U — E e, () - E ) < max [ oo

{(7) on {J} are complex
m this fact, we can simplify the spectral

(0=Go<t91<---<8,‘=2n)‘
Let E4(/) be the continuous function on {/} which is different from

E5(]) only on a set of the first category, and let Ej5 be the operator ¢ B

which corresponds to E o{ /) by the isomorphic representation B XT+T(]).
Then, as in the preceding section,

”T—znl‘ "'m"(Ea,—Ea,;,)” < max ,eie;_ em,_.l_
1= J
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This we write, in view of the fact 2% =1,

r
T = [ &9dF(f), where
)

F)=Egq—E o for 002, F(O)=0, F2m)=1. (2)

. . , is limit

Here Ey  ( is defined by Eg  gx = s—lgg Egx, the existence of this limi
will be proved below.

Theorem 1. The system of operators F (8}, 0 < 6§ =< 2x, satisfies the
conditions:

each F (6) is a projection operator, commutative with

every bounded linear operator commutative with T, (3)

F{§) F(8"y = F(min (8, 87), (4)

F(0)=0, F(2n) =1, (5)

F(#+0)=F{6), 06« 2z, in the sense that

s-lim F(0') x = F(8) x for every x€ X. (6)
o0

Proof. It is sufficient to prove that E, 0 < 8 < 2x, satisfies the
conditions:

each E, is a projection operator £ B, (3"}

4’
EyEy = Eyingee). (5’)
Ey=0, E; =1, (5")
Egx = s-lim Egpx for every x€ X and 0 << § < 2. (6"}
46

We have Ey(J) = E; (J} and EG(J)2 = Ej (]).2 Hence, by the resulf ?f
the preceding section, we obtain Eg — E§ and E = Ey. This proves ’(3 )
(4') is proved similarly from Eg{J) Ep (;]) = Eminsg,g) N, an:i (5" ﬁ
proved similarly. Next let 6, | 6. Then E-ﬂﬂ ) g Es () = Ea.(]), and
so, by the result in the preceding section, s-lim E,, = E exists ;n )
E() =Es(}f) = %irf; Ey, (J) on {J} except possibly on a set of the firs

categszpihf LEet_ afigllear operator T defined by
Ty(s) = e**y(s), where y(s)c L%{— oo, 00}.
T is unitary. We define, when 2nm << s < 2(n + 1) =,
F@ys)=9(s) for s=0+ 2na<2(n + 1)m,
Fhy(s)=0 for 0+ 2nm < s.

2

It is easy to see that T = [ dF(0).
d

20*
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Example 2. Let a linear operator T, be defined by
Tix(t)==x(t + 1) in L3 (— oo, 00).

T, is unitary. By the Fourier transformation

y(s) = Ux(t) = Lim. (27) 12 fn Py (f) dt
n>0a ~n
we obtain Ux(f 4 1) = & Ux(t) = ¢*y(s). Thus
Ty =2{ + 1) = U 'e®y(s) — U 1Ty(s) = Ul T U,
that is, T, = U1 T [J, Therefore, we have

2a
T =Of e® dF, (0), where Fy=U"F@O) U.

bl

The uniqueness of the spectral resolution. Since 71— 7% and
T = T*(J} = T(), we easily see that

2
. :Of e dF (6). (7)
Let m;j.x |6*% — % | << g, Then, from
=< FUE) — F (6 1)) + 6, [[8]| < ¢,
we obtain, by (4 )
)_" eU(F (8} — F(0;_,)) + &, where
|<5 H< I — 8oy + H =8 + [|&*]
lﬁH+se+sHﬂw+d+ﬁ-

Hence we have 72 — f e**dF (), and, more generally,
™ — f FUAF(B) (e —=0,+1,4+2,.. ). (8)

Therefore, if there exists another spectral resclution T — f &%dF, ()

satisfying (3) to (6), then, for any polynomial () in £ and e,

f p(O) d((H(0) =, y)—(F1(6) %, %) =0, (x,y€ X).

Thus, by continuity, the above equality holds for any continuous func-
tion p (8) with $(0) = p(2x). Let 0 < 6y << 0; < 2o, and take

Pn(0) = 0for 0 < 6 < 6 and for ), + =< 6 < 27,
= lforfy+ 2 <6< 9,

= linear for 0) =< 6 =g, —!—%and for 8, <0=<86, -}-i,
n
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Then letting n — oo, we obtain, by (6),

2n
Tim [ £2(0)2[(F (0)2.5) — (F1(8) %.5)]=((F (0) =) — (F1 (B x.5)]f;=0.

which is valid for all x, v € X. Hence, letting 6, | 0 and making use of
conditions (5) and (6}, we see that F (#,}) = F,(f). Therefore, the spectral
resolution for a unitary operator is uniquely determined.

b. The Resolution of the Identity
Definition 1. A family of projections E (1), — oo << 4 <Z oo, in a Hil-
bert space X is called a (real) resolution of the identity if it satisfies the
conditions:

E{3) E () = E(min (4, g)), (1)

E{—co) =0, E(+ oc) =1I, where E(—o0) x = s;]iim E{4) x and
oo .
E{+ oo)x =s-lim E(1) x (@

Atco

E(+ 0) = E(), where E( + 0) x = s-im E (u) . (3)
i

Proposition 1. For any x, vy € X, the function (E (4) x, y) is, as a func-
tion of 2, of bounded variation.

Proof. Letd, << Ay << ----< 4, Then, by (1), E(x, ] = E(8) — E(x)
is a projection. Thus we have by Schwarz’ inequality,
T[(E (i1, 47 %, y)l—E](E A1 %, E(Ri_q, 41 y)

S XNER 4] =] |EG—, 4yl

< (3 B G 51 %P - (51 E i, A w2

= (| @y A ] 2 [V (| E A 2aly [B)E < |- [ 9]
For, by the orthogonality

EQi 1 A] - Bl 41 =10 {79 (4)
implied by (1), we have, for m > =,
1212 2 118 G A 512 = 2 1B G, hea) 512 ®)

Corollary. For any 1, —oc << 4 <C co, the operators E{4 1 0) =
s;]’jﬂx E@)and E(A—0) = s;lriTnzlE () do exist.
Proof. From (5}, we see that, if 4, 4 4, then
Ii E{ =
Jim || B, 4] x|

and the same is true for the case 4, | 4.
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Proposition 2. Let 7{1) be a complex-valued continuous function
on (—oo,o0), and let x € X, Then we can define, for —oo < < f < oo,

8
Ji»dE@) x

as the s-lim of the Riemann sums .
, .
%'f(jy) E (%, Aj41] #, where & = M <dpg<T ... < A=, %€ (2 Aigal,

when the max |2, — | tends to zero.
)

Proof. /(4) is uniformly continuous on the compact interval [«, 1.
Let /() — /(1) | =< & whenever [A—4'| < 8. We consider two partitions
of [, ]

X :Al < e <ﬂ.n=ﬁ,maxlﬁj‘+1—%[§ 6,
7
BT < i = fomax (g — | <,
and let
=0l - -<<y=0p=Zm+n,

be the superposition of these two partitions. Then, if g} € (85, iy 1], We
have

—;—:‘f(l;) E(4, Ay ] 2 — % Fan) B (pa, g1 47 %

=& E(v;, v, ] %, with le| < 2e,
s

and so the square of the norm of the left side is, as in (b},

= 82“ %‘E(vs,vs_H] x“2: e ||E(x, B] x|[2 < g2 )= |2.

o0 a
Corollary. We may define [ f(3) dE (A) x as the . s—h';r; JHAAE () =,
oo al—ooftoc

when the right side limit exists.

Theorem 1. For a given %€ X, the following three conditions are
mutually equivalent:

! _fm F{A) dE (A) x exists, (6)

co

S HDRANE® #|]p < oo, (7)

o0
Fly) = f 1(A) d(E(4) v, x) defines a bounded linear functional. {(8)
—oo

Proof. We shall prove the implications (6) — (8) — (7) — (6).
(6) — (8). The scalar product of ¥ with the approximate Riemann
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sum of _[qoj(l) dE (d) » is a bounded linear functional of y. Hence, by
(v, E (A)k;; = {E(4) y, x) and the resonance theorem, we obtain (8).

(8) — (7). We apply the operator E (x, f] to the approximate Riemann

B _
sum of y = [ f(3) dE(})x. We then see, by (1),that y = E (a, f1y.

Thus, again by (1},

o0 B
Fiyy= [ fWdEX %)= Lm [ fA)ER* )

o' | —oo,ff too 5

i » frmd(E(A) x, E{x, 81v)

§

2

o'} —

fA) a(E(x, I E@A) %, )

—

= lim

&} —o0,

R~

" oo o

b

B__
= [T AER) z9) = ||y]|?
Hence ||y} = |iF]|- |i¥]l, ie. {|y]| =< [{F]||- On the other hand, by
approximating ¥ = f f(—}.) dE (2) » by Riemann sums, we obtain, by (1),

|2

B
= [/ 2a||EQ) x|,

aﬁi
llyH2=H [ 13) dE(3) »
0 that_f|f(l) [2d ||E{A} z|[> < ||F[[* Therefore, by letting « | —oo,

B | oo, we see that (7) is true. )
(7) — {B). We have, foro’ << x << << §',

i £
JIWAEQ) x— [ (1) dEG) »

& B
=L ARNED SR+ [ @F || ER|?
as above. Hence (7} implies {6).
Theorem 2. Let f{i) be a real-valued continuous function. Then,
a self-adjoint operator H with D (H) = D is defined through
(=]
(Hx,9) = [ f(2) d(E(d) %, y), where (9)
—oe
o0
xc D :{x: J FRR|E® *[]P< oo}and any y£ X,
—% .

and we have I I (2) D IK(4) H, that is, H E {4} is an extension of E{i) H.
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B o:rzofd.‘ ior any y€ X and for any £ > 0, there exist o« and § with
< oo such that {|y — F (x, Bl v|l < e. Moreover, we have

oo B
S VBECHED Ee p1yiE= [ |16y a |20y
Hence E{x, 81y < D and so, by (2), D* = X. H is symmetric by
A =10, Ew) x5 = E@ 5,
If y€ D(H*)and H*y — ¥*, then, by E (x, 8] z€ D and {1},

{2, E(x, 8] y%) = (E (x, 8] z, H*y) = (HE (x, 8] 2, y) Zfﬁf(f'l)d(E(}«) z,y).
Thus, by the resonance theorem, i
i i G EG By = [ ) aE Wy —r ()

is a bounded linear functional. Hence, by the preceding theorem
- ,

S W ||EG) y]]2 < oo, that is, yeD.

—00

Therefore, D = D (H) 2 D(H*). Si i
, = . omee H is a symmetri
have H C H* and so H must be self-adjoint, i.e.,yH = H’(": pperston, we

Finally, let x € D(H). Then, by applying E (u) to the approximate Rie-

mann sums of H x = f 7 (A) dE (3) x, we obtain, by (1),

EGHx= [ 1) d(E@ EW )

[s.0]
= [ 10AENDE@ — HEw ».
Corollary 1. In the particular case f(4) = 2, we have
e o]
Hzx, vy =
(Hz,y) ﬁ{old(E(&) x,y), for xcD(H), yc X. (10)
We shall write it symbolically
H= [ 1dE@),
—0a

and call it the spectral resolution or th

adjoint operator . e spectral representation of the seli-

o0
Corollary 2. We have, for H — f /() dE(4) given by (9),
—o0

HH:\:[P:JL IFA)[Pd ||E@) 2| whenever xc D(H). (11)
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In particular, if # is a bounded self-adjoint operator, then
(H"x, ) = fmf(z)” ER % y) for xveX (n=0,12..). (12
—o0
Proof. Since E(A) Hx = HE (A) x for x € D (H), we have, by (1),

(Hx, Hx) = [j(A) d(E(&) x, Hx) = [[(A) (HEA) x, x)
= [j(8) di { () d.(E () E Q) %, %)}

= [ 1A da{f f(M)d(E(M)x-x)} = [F(A)24||E(4) x| |*.

The last part of the Corollary may be proved similarly.

Example. It is easy to see that the multiplication operator

Hx(t) =tx({f) in L%(— oo, o0)

o0
admits the spectral resolution H = f AdE (1), where
EMDx@ =x() for ¢t =14,
() #(0 — (0 = "
=0 for ¢> 4.

For

»

oo

[ raE@ar= f Azd,_uilx(t)\m:_{o 2|zt Bdt = || Hxl|P,

o o i o0 —
_f A d(ED) % 9) :j Adtf x(t}y(ﬁ)di_—_—f te x (B y{) dt— (Hx,y).

6. The Spectral Resolution of a Self-adjoint Operator

Theorem 1. A self-adjoint operator H in a Hilbert space X admits
a uniquely determined spectral resolution.

Proof. The Cayley transform U = Uy = (H — 1) (H + ¢I)7 of the
2

T

self-adjoint operator H isunitary (see Chapter VII, 4). Let U = [ &°daF(f)
b
be the spectral resolution of U. Then we have
F({8x—0) =s—lﬂijr’%F(2:r — 8 =F(@2a) =1.
1f otherwise, the projection F (27) — F (27— 0) would not be equal to the

zero operator. Thus there exists an element y = 0 such that

(F(2r) —F(2rn— 0}y =y.



314 Ri
XI. Normed Rings and Spectral Representation

Hence, by F(8) F (') - F(min (8, ),
o

Uy:of e“’d(F(H)(F(2:rz}—F(2n-ﬁ0)))y

=FQRnr) —F@2n—0)y =y,

Thus {y,z) = (U
) v, Uz) = (y, U2z) and so {
‘ , viz—Uzy =0 1
; Eoiiv' - U being the Cayley transform of a seIf—adjoint) operatc?; f?vevffi
(see Chapter VII, 4) that the range R(J — U)is dense in X H:ance

we must }}ave ¥ = 0, which is a contradiction
Thus, if we set -

A=—coth, EQ1) = F(f),

then 0 i
<O < 2mand —oco < A <, @@ are in a topological correspondence,

Hence E(1) is a resolutio i i
n of the id i
that the self-adjoint operator Ry AR F{0). We shall show

H = [ 2dE(y

is equal to H. §i =i
" nce H = ¢(I + U){I — U}, we have only to show

. - (H’(mey),x):(i(y+Uy),x) for all x,ye X.
Nut, s}:nce D (H"a = X, we may restrict x to be in the domain D(H'
ow, by F(6) - F(§) = F (min (0, §7), -
(y—Uy, F(6) x) = Of (1 — ") dy (F(8) v, F(8) x)

2

[ A=) (F(0) F(8)y, 2)

[=]

fu—e%a (F () y, x).

0

I

Hence

Uy H'x) = [ 2d(y — Uy, E(2) 2)
; -0

2 /]
=6f — cot Bd{of (1 — €)Y d(F(8)y, x)}
2
— . 1:6 0
Df Y1+ e 2(F(0)y, )= (i(y + Uy), x).
The uniqueness of the spectral representation. Suppose H — F AdE (1)
—o0

admits another spectral representation H — fo AdE' (2)

—00

such that
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E'(3) = E (A,) for some 4. Then, by setting
A= —cotf, E'(}) = F'(8),

we have F’(6,) 5= F(f,), where 4, = —cot 6. By a similar calculation

to the above, we can prove that the Cayley transform of f AdE’(4) is equal
--00

2m
to [ ¢ dF(6). Hence the unitary operator U admits two different
é

2n 21
spectral representations U = [ ¢°dF{f) and U = [ &° dF'(8), con-
0

0
trary to what we have proved in Chapter XI, 4.

We have thus proved (see Chapter VII, 3 and 4) the fundamental
result due to J. von NEuMany [1]:

Theorem 2. A symmetric operator H has a closed symmetric extension
H**_A closed symmetric operator / admits a uniguely determined spec-
tral representation iff H is self-adjoint. H is self-adjoint iff its Cayley
transform is unitary.

Remark. Tt sometimes happens, in applications, that H is not self-
adjoint but H* is self-adjoint. In such a case, # is said to be essentially
self-adjoint. In this connection, see T. KaTo [7] concerning Schrodinger’s
operators in quantum mechanics.

The spectral representation of the momentum operator H:
14 .
H, x(t) :?Ex(t) in L%(—oco,00).
The Fourier transiorm U/ defined by
x(f) = U - y(s) = Lim. 2m)™" [ &7y (s) ds
n—00 —n

is unitary and U1z (f) = U*x () = Ux(—f). Hence, denoting by EX)
the resolution of the identity given by (13)in Chapter XI, 5, we obtaina
resolution of the identity {E' (1)}, E'(4) = UE (i) U". If both y(s) and
s¥(s) belong to LE{— oo, o) M L} (—oc, o0}, then

14 1d —y2 [
L=t (eie [ o)

= (2z:)" Y7 foe‘“sy(s) ds = U(sy(s)) = UsUtx(t),

or, symbolically,

1 d -
o syt (1)
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) o
Hence, for the self-adjoint operator H — s - — | A4E (%), we have
{U—IHIU “¥{s) - - 5. v(s) = Hy(s) whenever yis),

sy(s) both belong to L2{— oo, 00) M L1 (— oo, oo)
For any y(s) € D(H) = D {s-), set

Ya(8) = y{s) or = 0 according as [s| = nors|> n.
Then surely Ya{5), s¥,(s) both € L2(— oo, o0) N L {— o0, o0) and, more-
over, S;Ll{;no Y = ¥, S;I_iffo Hy, = Hy. Thus, since the self—adjoint,opera—
tors U1 H, U and H are closed, we have, by (U-'H,U) y, — Hy,,
_ {(UTH,U)y = Hy whenever y& D{H)
that is, U'H, U is a self-adjoint extension of the self-adjoint operator

I?. Hence, by taking the adjoint, we see that H* = H is also an exten-
sion of (U1H, U)* = U-1H, U; consequently U1 H, I/ = H and so

’

Hy=UHU :_f Ad(UE(}) U= fma 4E’ (3).

7. Real Operators and Semi-bounded Operators.
Friedrichs’ Theorem ‘

.I?eal opemt.ors and semi-bounded operators, defined below, have self-
ad;om? extensions. Thus we can apply von Neumann’s theorem to these
exten:ﬂ'orfs_ to the effect that they admit spectral resolutions,

. f.Defm.]tlon 1 Let X = L2 -(S, B, m) and let H be a symmetric operator
defined in X mtc: 'X. H is said to be a real operator, if i) x (s)€ D (H) then
f— {s) € D(H), and i) H maps real-valued functions into real-valued func-
jons.

- Ex:;mpl;. Letzf (s) be a real-valued continuous function in (— o0, o)

en, 1or X = [%(— oo, o0), the operator of multi licati is a
ceap o X - p ultiplication by f(s) is a

"l.‘heorem b (J. von NEUMANN [1]}. A real operator H admits a self-
adjoint exiension.

Proof. Let U=U, b
g ol z be _the Cayley tran:qform of _H. Then D(U) =
; (H)} consists of the functions obtained by taking the
comple.x—con]ugate of the functions of R(U)={(H—iDx:xc D(H)}
Thus, if we define an extension U, of U through .

Uy =Uin D(U},
U, (%‘ c,cpa,) = %‘ €x@Par Where {p,} is a complete
orthonormal system of the Hilbert space D (UL,

then U, is a unitary extension of U/. Therefore the self-adjoint extension
H, of H exists such that Uy = Uy, (see Chapter VII, 4).
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Definition 2. A symmetric operator H is said to be upper semi-
bounded (or lower semi-bounded) if there exists a real constant « such that

(Hx, x) = o ||| (or (Hx, 2) =« ||x|{?) for all x€ D(H).

If (H x,x) = 0 for all x< D (H), then H is said to be a positive operator.

Example. Let ¢(s) be continucus and non-negative in (— oo, co).
Consider the operator H defined for C? functions x(s) with compact
support by

(Hx)(s) = —£"(s) + q{s) x(s).
Then H is a positive operator in the Hilbert space L2(— oo, oo), as may be
verified by partial integration.

Theorem 2 (K. FrRIEDRICHS [3]}. A semi-bounded operator H admits
a self-adjoint extension.

Proof (due to H. FREUDENTHAL [1]). —H is lower semi-bounded if H
is upper semi-bounded. If H is lower semi-bounded as above, then
H, = H + (1 — ) I satisfies the condition that (H,x, x) = ||z|[? for all
x€ D(H,). Therefore, since 1 is self-adjoint, we may assume that the
symmetric operator H satisfies the condition

(Hx, x) = ||| for all x€ D(H). 1)

We introduce a new norm {|x||" and the associated new scalar product

{x, v} in D({H} through

Jx||" = (H=x, %), () = (Hx73). (2)
Since H is symmetric and satisfies {1}, it is easy to see that D} (H) becomes
a pre-Hilbert space with respect to ||x||" and (x, y)". We denote by D (H)’
the completion of this pre-Hilbert space.

We shall show that D(H) is, as an abstract set without topology, a
subset of the set X which is the original Hilbert space. Proof: A Cauchy
sequence {x,} of the pre-Hilbert space D (H) satisfies ||x, — x| =
|| %5 — #m|| and lim ||z, —x,||" = 0; consequently {x,} is also a Cauchy

7,M—00
sequence of the original Hilbert space X. If we can show, for a Cauchy
sequence {y,} of D(H)’, that

”].LngoHy,,!l’# 0 does not imply ,}E&H%H =0, (3)

then the correspondence
{%a} = {2} (4
is one-one from the Cauchy sequences of D (H) into the Cauchy sequences

of X. Two.Cauchy sequences {x,}, {z,}' of D{H)} {of X) being identified
if im ||%, — 2| = O(if lim ||z, —z.]| = 0). Since X is complete, we
w00 H—>0C

may thus identify its Cauchy sequence {x,} with the element x & X such
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that lim {|x, — x|| = 0. Therefore, D(H)' may, as an abstract set with-

out topology, be identified with a subset of X by the correspondence (4).
The proof of (3) is obtained, remembering the continuity of the scalar

product in D(H) and in X, as follows. lLim [| %, — %, ||" =0,
M, I—r00

lim lix.||' =2« > 0 and lm [|%4]| = 0 imply a contradiction

e B0

a® = lim (x,, x,) = lim {Hx,, x,,) = lim (Hx,, 0) =0,
A, 00 00 A—roo

We next set

D = D(H* q D(HY, ()

Since D(H) C D(H*), we must have DHYCDC D{(H*). Hence we can
define an extension H of H by restricting H* to the domain D — D { f:l:)
We have to show that H is self-adjoint.

We first show that H is symmetric. Suppose x, y ¢ D; there exist two
sequences {x,}', {y,}" of D(H) such that 12— 2, || 0, |y — 3| 0
as # —oo. Hence, by the continuity of the scalar product in D{H),
we see thatafinite lim (x,,y,) = lim (Hxy ¥}, = lim (x,, I;y,,,)

",m->00 %, Mm—00 ”%,m—00
exists. This limit is equal to

llm' Lm (H x,, y,) = lim (Hzx,, y) = lim (x,, Hy) = (x, Hy)

and also to

l- . — - — - e — =
1m~ lim (Hx,, v,,) lim (f, H y:,,) m (Hx,vy,)=(Hzx, ).
Hence H is symmetric, that is, & C (H)*
Next let x€ D(H), y € X. Then, by

[ = ilxllyil < =]l iyl

we see that f(x) = (x, ¥} is a bounded linear functionai on the pre-Hilbert
space D (). Hence f(x) can, by continuity, be extended to a bounded
linear funftional on the Hilbert space D (H)’. Hence, by F. Riesz’ repre-
sentation theorem as applied to the Hilbert space D (H)', there exists a
uniquely determined y' € D (H)’ such that

fx) = (.9} = (x,9"Y = (Hx, ¥} for all xcD(H).

This proves that 4" ¢ D(H*) and H*y’ = y. Hence y' ¢ D and I}y’ =
We have thus proved that R (H) = X, and so, by the Coroliary of Theo-
rem 1 in Chapter VII, 3, H# must be seif-adjoint.
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8. The Spectrum of a Self-adjoint Operator. Raylei.gh’.s.
Principle and the Kirylov-Weinstein Theorem. The Multiplicity of
the Spectrum

Theorem 1. Let H = f A dE ({1} be a self-adjoint operator in a Hilbfert
space X. Let o (H), P (H), C.{H) and R,(H) be tllxe spectrum, the pm;t
spectrum, the continuous spectrum and the res@ual ?pectrum c; L,
respectively. Then (i} ¢(H) is a set on the real line; (11_) A€ P f) ;
equivalent to the condition E (i) 7 E (i, — 0) and the efgf:.r_lspaceco P
corresponding to the eigenvalue 4y is R (E (4)) — E (4 — 0}}; (iii) 4p € 1 {1 1
is equivalent to the condition £ (1) = E{A,— 0). in such a way tha
E (A} # E (Ag) whenever A; <C Ay << Ay; (iv}) R, (H) is void.

Proof. We know already that, for a self-adjoint operatoy H, the resol-
vent set o (i) of H comprises all the complex numbers 4 with Im (1) = 0

[e=]
(see Chapter VIII, 1). Hence (i) is clear. We have 451 = lﬂ_{; 4E (3) by
the definition of the resolution of the identity {E (1)} and so (H —4,I) =

fo (A— A,) dE (4). Hence, as in Corollary 2 of Theorem 2 in Chapter X1,5,
—00
we obtain

o0
H =%l x|P= [ ¢—A2a||E@ =[P zeDEH). (1)
Thus, by E (— 0o) = 0 and the right continuity of || E{R) x|[* in 4, we see
that Hx = Ayx iff

EQs=E@+0x—E@A)x for A=Jy and
{E(l)x:E(%—O)x:O for 4 << A,

that is, Hx = Agx iff (E{d)) — E(A—0)) = % T_}us proves (ii). Nc;;{tr
we shall prove (iv). If 4, € R,;{H), then, by (i), Aq is a real number.h ¥
the condition R(H — A1) = D((H—AOI)‘I)“#_ X, we see that t erg
exists a ¢ == 0 which is orthogonal to R(H — 4,0}, i.e., ({H -— A, 1) x, y}l:
for all x€ D (H). Hence.(Hx, ¥) = (4%, y)_: {, pr) and 50 ¥ € D(f }},
H*y = A,y. This proves that Hy = A3, i.e., 4, is an eigenvalue of H.
Hence we have obtained a contradiction A,€ R,{(H) N P,(H), and so
be a void set.

e (f(-):tmlljslze a real number not belonging to o {H). The1.1 the re:?olvent
(AL — H)™1 exists. Hence H, = (H —‘}LOI ) h.as a continuous mversg
(H — 4, 0)7*. The last condition is, by (1v‘), equivalent to 4, € ¢ (H) an
to the condition that there exists a positive number x such that

[(H — A1) x]] -2 & {|x|| for all x¢€ D(H).
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This condition is by {1} equivalent to

oo

_{o (ﬂ.ﬁﬁo)2d[|E(ﬁ.)x][23=>ex2Hx[|2 forall x¢ D(H). (2)

Suppose that we have, for A
E(4) = E(4,). Then, contrary to {2), we obtain

oo

_{o C—LPdE@ | <o [ 2||E@ae— of | x|
" o .
This proves (Hi) by (i), (ii), (iv) and (2).
Rer'nark. The Example in Chap
for which all real numbers are in

the conti
Theorem 2. Let 5 be a bound. mnuous spectrum of H.

ed self-adjoint operator. Then

sap A = sup (Hzx, x), i .
2ol li=ll=<1 ( )’zel.ﬂff) A= ”,1'111;1 (Hzx, x). (8)
Proof. Since (H = FT
consider (Hx, %) = (x, Hx) = (Hx, x) = real number, we can

oy :Hjlrllél (Hx, %) and «, :ilfllllgl (Hx, x),
) Let 2 € o(H). Then, by Theorem 1, there—exists
(4, 45) of real numbers with Ay <t 2y A :

d = 1]
(E) —Ed)y = y. We may assume that | 3 Z Y 7 O such that

|¥]] = 1. Hence
(Hy, 3’)=f1d(E(1)y,y):fid”E(ﬁ)y”z
=[AA|[EQ)(E ) —E X))y |2

=a,f Ad||(E@) — E@y) .

Thus, by letting 4 0 1 N
’ , ) b .
broves that sup 2_:1 sj; A:éioz‘“’e obtain lim (Hy, ,, Vi) = Ay This
2EalH} =

o Ia.e)t czlfsr:z?unn;; tbhat X E; o l(_IH). Then, by Theorem 1, there exists a pair

s Ay ers such that 4; <C o, << A, and F (1) —
Foe 1 2 2 (42) = E (). Hence
a0 LEG), U EGY) EG) <) (1= £ - 0 ang
{4)) or E(4,) is not equal to the zero operator. If

(I — E{4y)) 5= 0, then there exj ;
: t —
In this case, we have ists a y with [|y||=1,(7 — E(4,)) y— .

(Hy,9) = [22||E@Q) y|]2 — JAa|E@ (T —E@yy|p2
:zf ﬂ.dHE(ﬂ.)y“zglz>zx2;
and in the case E () 5% 0, we obtain

(Hz,2) = A <C &, for a z with Nzl =1, EQ) 2 = 2.

<Ay <Ay with Ay — 4 =4, -4, < g,

ter XI, b gives a self-adjoint operator H

for every pair
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Therefore the assumption &, € o (H) is absurd and so we have proved that

sup A = sup, H(x, ). Similarly, we can prove that inf A= inf
AEa(Ipﬂ Ilzllgl & % d P AcalH) =1 =1

(Hx ,x).
Theorem 3 (KrvLov-WEINSTEIN]. Let H be self-adjoint, and define,
for any x € D(H) with ||x]|| = 1,
o = (Hx,%), B, = ||Hx||. (4)
Then, for any ¢ > 0, we can find a A, € o(H) satisfying the inequality
- (F— )P = Ay T o, 4 (B — oDV + e (3)
Proof. We have
Bi={(Hx, Hx) — (Hx, z) = [2*d [[E{A) x|},
x, = (Hx, %) = [Ad{|E(4) x|,
%[ =f 4 ||E@) #|,

and so
Bade [1d[|EG) x| — 20, [Ad|EW x|} + a2 [4]|EG) x|
=[@—x)2d||EQ =P
Therefore, if ||E(4) x|[? does not vary in the interval given by (5), we
would obtain a contradiction
Bt 2 (o) + o> L — ok

Remark. The so-called Rayleigh principle consists in taking «, as
an approximation to the spectrum of the operator H. If we calculate f,,
then Theorem 3 gives an upper bound of the error when we take
&, as an approximation of the spectrum of /7. For a concrete application of
such error estimate, we refer the reader to K. Yosmoa [1].

The Multiplicity of the Spectrum. We shall begin with the case of a
self-adjoint matrix H = f A dE(A) in an #-dimensional Hilbert space X,,.

Let 43, 4, ..., 4y {p = n) be the eigenvalues of H with the multiplicity
4
My, Mg, ., My, respectively(92,‘1 m; = n) Let x;, x;,, . . ., x;, be ortho-
J= E]

normal eigenvectors of H belonging to the eigenvalue 4;(Hx; = 4;x;) so
that{x; ;s =1, 2,...,m,} spans the eigenspace E;, = R (E (4;) - E (4,—0))
of H belonging to the eigenvalue ;. Then the set {x;; 7 =1,2,..., 9
and s =1,2,...,m} is a complete orthonormal system of vectors of
the space X, and hence every vector y of X, is represented uniquely as
the linear combination of x;,'s:
P, o™
Yo (6)

i=1s .

i

21 Yonidn, Functlensl Analysis



S22 X1 Normed Ri 5
. ed Rings and Spectral Representation

Thus denoting b et
S, Yy P, the project AN
eigenspace E, , we have, for anl; aj ilgn (Ed) — E (4 — 0)) upon the
EG—Eey= x (X -
S ) %‘s"j,) =a<%§ﬁ Pry, (7)

PAEf) —E))y= &
; B8 () y ¢S %s %, 97 = 0 according as o « A; = 8 or not.

Hence, for fixed & < B and a fixed linear subspace M of X the set ®
. _ (BB —Ew)y;ye my
fOoresa not_tcc])::tam £, if the dimension of A7 dim (M), is <¢ m_. More
: ; ! ; ) .
for au; o S:M with dim (M) = m,, the set {(Z (5) —E () y; yé‘}f}}
b ; 5= B contains E,, In fact, the statement is true for'M
E ¥ %o, % . In particular, m, = 4, — ith
p:nifftheree-t ! ! 2T =y == 1 with
xists a fixed vector y € X, such that the set of vectors
HEPB —E ;
spans the whole space XE. ? Dy < &
]":l;h:-se. ?onsiderations lead to the following definitions:
o ;{{?};tlon 1. The spectrum of a self-adjoint operator ‘H = [AdE ()
ey S;C;rfhilt]i;e ths ;said to be simple, if there exists a fixed vector
€ set of vect — ;
subspace strongly dense in X. ER Eeyies Phspis alinear
Definition 2. et i — f AdE(})
space X. For fixed g « 8,
E(x}) - X such that
We man o | (E(ﬂ)—*E(a))-M:(E(ﬁ)‘E(fx))-X- (9)
¥ lake, for example, M — (E(F) —L£(x)) - X to meet condition

9. T ini
(9). The minimum of the set of values dim (M), where M satisfies

C()lld]tl()n (9) Wl]l be Ca]led the total ”T’ullfszICit 2] L'hg S,‘becbuﬁt ()f Ji
»

o _?efinitign 3. The multiplicity of the spectrum of a self-
-—_f_ﬂ .ah; () at & = 2 is defined as the limit, as n >

. be a.seIf-adjoint Ooperator in a Hilbert
consider linear subspaces M of (E(f) —

adjornt operator
20, of the tota]

" .?E;mpl:' T(lzf .cozl;c;inate Operator i, i.e., the operator defined by

= ro ) In L3 (— o0, 00), is of the simp]
’ , pie spectrum.
roof. We know that the spectral resolution A — f AdE(4)is given b
E@) x(t) = x(f) or = 0 according ast=Adori>} ’

Let ¥ (2} be defined by h -
y(t):ck>0fork—1<t§k (k=041 42 )
with .:: ¢} < oo so that Y6 € L2 {(— o0, 0o).
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Then it is easy to see that the linear combinations of vectors of the form
(E(B) — E (x)) y, x << B, are strongly dense in the totality of step functions
with compact support and consequently strongly dense in L?{— oo, o0).

The Problem of the Unitary Equivalence. Two self-adjoint operators
H, and H, in an n-dimensional Hilbert space X, are said to be unifarily
equivalent to each other if there exists a unitary matrix U 1n X, such
that H, = UH,U-1 It is wellknown that f; and H, are unitarily
equivalent to each other iff they have the same system of eigenvalues
with respectively the same multiplicities. Thus the eigenvalues together
with the respective multiplicities are the unitary invariants of a self-ad-
joint matrix.

The investigation of the unitary invariants for a sel-adjoint opera-
tor in an infinite dimensional Hilbert space goes back to a paper by
E. HELLINGER [1] published in 1909. See, e.g., M. H. STonE [1]. There
the Hilbert space is assumed to be separable. For the non-separable Hilbert
space case, see F. WECKEN [1] and H. Nakawo [1] and also P. R, Har-
Mos {2]. K. Yosipa [13] proved the following theorem:

Let H be a self-adjoint operator in a Hilbert space X, and let us
denote by (H)" the totality of bounded linear operators € L (X, X) which
are comrutative with A. Then two self-adjoint operators H; and H, in
X are unitarily equivalent to each other i#f there exists a one-to-one
mapping T of (H,)" onte (H,)’ such that T defines a ring-isomorphism
of the ring (H,)" with the ring (H,)’ in such a way that (7. B)* =T - B*
for every B¢ (H,).

Thus the algebraic structure of the ring (H;) is the unitary invariant
of .

9. The General Expansion Theorem. A Condition for the Absence
of the Continuous Spectrum

Let H = fi dE (1) be a self-adioint operator in a Hilbert space X.
Then, by E{+ oo) = I and E(— oo) = 0, we have the representation

Ag
x = slim f dEMN) x = s-lm  (E{d) —E(4)) xfor every x¢X.

A4 —00,3, oo g A § —o0d, 1 oo
oy

We shall call (1) the general expansion theorem associated with the self-
adjoint operator H. In concrete cases, it sometimes happens that the
resolvent (A7 — H)1 is obtainable more easily than the spectral resoluz-
tion H = f/'L dE{A). In such a case, the general expansion theorem (1)

21%*
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may be replaced by
% = -l
a;,-fcg,lﬂr;m Sul,fﬂ] 3-7’!1 [f ((‘M - i't‘J) I H o d

+ﬁf ((w + su) 1 — my—1 xdu], xC X,
Proof. If v =~ 0, then

((# +dv) I — Hy 1 5 — f u+w 7 4E () x, for every xc X,

For, by approximatmg the integral by Riemann sums an

the relation E (1) E (i (A) = E(min(a, ' 1, o oering

we obtain, for Im (u) £ 0,

f(z ,udE(A[jo dE&’}

:_i Gomay [t (E(A)E(a'»J

) [ ajﬂda{m) [ & —w dE(z')}
[+o] 1 [ea)
:;m 7 ,ud [ f /1 *,U} d; (E(j-) ( ))}
oo 1 A
=_£ mdz{ A — w) dEl’} de —1I.

Therefoye, we have

4
f((u—z'v)I;H)“lxdujtf((u+z'v)I—H)_1
a B

oc g &
=“£ dE().Jx{f ;%i —L}
o [

% tv— 4

[« =] a &*
:_.l dE(l)x[fd“log(u—iv—A) + fd,,log(u Ly - A)}
a g
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which tends, when v | 0, strongly to
-0
f 2idE(MN) x + ni(EB) —EQ@B— )2+ ai(E(x) —E(x—0)
x+0
=ai(E)+ EP—0))xs—mi{E(x) + E{x—0)) x
This proves formula {17).
Remark. The eigenfunction expansion associated with the second
order differential operator

dﬂ

with real continuous g(x) in an open interval (&, ) was inaugurated by
H. WevL [2], further developed by M. H. StonNE [1], and completed
by E. C. TitcaMARrsH [2] and K. Konarra [1] who gave a formula which
determines the expansion explicitly. The expansion is exactly a
concrete application of (1). The crucial point in their theory is to give the
possible boundary conditions at x = 4 and x = b so that the operator

M+q( %)

becomes a self-adjoint operator H in the Hilbert space L%(a, ). Their
theory is very important in that it gives a unified treatment of the
classical expansions in terms of special functions, such as the Fourier
series expansion, the Fourier integral representation, the Hermite poly-
nomials expansion, the Laguerre polynomials expansion and the Bessel
functions expansion. We do not go into details, and refer the reader to
the above cited book by TrrcamarsH and the paper by Kobpalra. Cf.
also N. A. Namvagrk [2], N. DUNFoORD- J. ScEWARTZ [5] and K. Yosipa [1].
The last cited book gives an elementary treatment of the theory.

If the continuous spectrurm C, (H) is absent, then the expansion (1}
will be replaced by a series rather than the integral. We have, for in-
stance, the following

Theorem 1. Let H — f A dE (4) be a self-adjoint compact operator in
a Hilbert space X. Then (i) C,(H) contains no real number except possibly
0; (ii) the eigenvalues of I constitute at most a countable system of real
numbers accumulating only at 0; (iil) for any eigenvalue 4, 0 of H,
the corresponding eigenspace E; is of finite dimension.

Proof. Suppose a closed interval [1', A’"] on the real line does not
contain the number 0. Then the range R(E (") — E(4)) is of finite
dimension. If otherwise, there exists, by E. Schmidt’s orthogonalization
in Chapter ITI, 5, a countable orthonormal system {x;} contained in
R(E(A")—E(1")). We have w;l_ag x; = 0, since, by Bessel's inequality,

)P /IE dor any fEX.
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Hence, by the compactness of the operator H, there exists a subsequence
{#7} such that s-im H ¥ ==w-lim Hx, = 0. On the other hand, we have
Fooo

Hx]f = [ 2 a||E0) 5] = [ a||EG) (B0 — E@)) x)p

=] RAUED —E@) 5l = g - mingp, 127y

= min (|A"[2, |3 [3),
which is a contradiction.

If C,(H} contains a number 29 7= 0, then, by Theorem 1 in the preced-
ing section, S_]'i?é (E(dyg—e) — E{lg—e)) x = 0forany v X. As proved
above, the range R(E (Ao + &) —E(dy-—¢)) is of finite dimension and
this dimension number is monotone decreasing as ¢ | 0. Hence we see
that (E(4, + ¢) —E{g—e) =0 for sufficiently small &> 0, and so,

by Theorem 1 in the preceding section, 4, cannot be contained in C,(H)
This proves our Theorem.

Corollary 1. Let {#;} be the system of all eigenvalues of H different
from 6. Then, for any x £ X, we have
= (E(0) —E(0— 0 Yim 3 (E() — E (% — 0)) x.
#=(FO—E0 0)x+stim SER)—E@ -0ys. (@)
Proof. Clear from (1).

Corollary 2 (The Hilbert-Schmidt Expansion Theorem). For anyxc X,
we have

Hx = slim £3(E ()~ £, — 0) ». (3)

Proof. Clear from the continuity of the operator H and the fact that
HE@Q —~E@0 -0) =0 and H(E(%) — EQ — 0)) x = 2; (E (4;)
— E(4;— 0)) x, the latter being implied by R(E ) —E@—0) = E,,,
the eigenspace of i belonging to the eigenvalue A

Remark, The strong convergence in (3) is uniform in the unit circle
{#; |l#{| < 1}. For, we have

”Hx — [ AdEQ) x“zz }'Jwéﬁm}; (A) x

A>e
wise,

Zz_fzwnE(z) x| [?

<o [aED RS [ |ED 2 o o < .

10. The Peter-Weyl-Neumann Theory

Let G be a totally bounded topological group, metrized by a
distance satisfying the condition (see Chapter VIIT, 5)

dis(x, ) = dis(axb, ayb) for every x,y,a and be G, (1)
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Let f(g) be a complex-valued bounded uniformly continuous function
defined on G. For any £ > 0, set

V={3’€Gislélg lf(x)—f(yﬁlx)|<8}- (2)

Then, by the continuity of /, the set ¥ is an open set containing the unit
¢ of the group . Hence the set I/ = ¥V N\ V1, where V-1 — {v 1, vV},
is also open and Je. If we put

kix) = 271 (ky(x) + & (x 1)), where

dis(r, U%) dis(x, U%) = inf dis (
-7 1 - > y) >

Fa (%) dis(z, e) + dis(x, U°) ( ( ) et )

then we have the results:

(3)

k(x}) is bounded uniformly continuous on G, and
k{x) =k(x), 0=Zk(x) <1 on G, k{e)=1 and (4)
k{x) = O whenever x ¢ U®.

Hence, for all x, y € 7, we obtain
[RO) /(%) — fy22)) | =< e R{y).
By taking the mean value (see Chapter VIII, 5) of both sides, we obtain
| My (k) F(x) — M, () Jr712)) | < & M, (2 ().

We have M, (2(y)) > 0 by k(y) = 0 and £(y) == 0. Hence
/() — M, (ko () f(y™'x))| S &, where ko(x) — R(x)/M, (k(x)). (5)
Thus, by virtue of the invariance M, (g (y)) = M, (g(y)) =M, (g(ay)) =
M, (g(va)) of the mean value, we obtain, from (5),

1) — My (o (xy™) fB) | < & for all xcG. (6)

Proposition 1. We shall denote by C (G) the set of all complex-valued
bounded uniformly continuous functions %(g) defined on G. Then
€(G) is a B-space by the norm |||, = sup |A(g)|. Then, for any & and
heC(G),

(b A) (x) = M, (b(xy™") A (3)) (7
also belongs to C ().

Proof. By dis (x, z) = dis(ax¢, azc) and the nniform continuity of the
function &(g), there exists, for any § > 0, an 7 = n(8) > 0 such that

sup [b{xy!) —b(x'y 1) | < 8 whenever dis {x,x") =< 5.
Hence, a; in the case of Schwarz’ inequality, we obtain
[ M, by ) R)) — M, (b= y ™) () 2
< M@y - b’y )} M (R () [ = M, (1R () [P
whenever dis(x, x') =~ #. This proves our Proposition 1.

(8)
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Proposition 2. C(G) is a pre-Hilbert space by the operation of the
function sum and the scalar product

(b, B) = (bXA*) () = M, (b (v™") Aly ")) = M, (b(») k()), where

#*(y) = k(y™1). We shall denote this pre-Hilbert space by c (G).
Proof. Easy.
Proposition 3. We shall denote the completion of the pre-Hilbert space
€(G) by C(6), and the norm in the Hilbert space C (G) by [|&]] = (&, B)Y2.
Then the linear mapping T on € (G} into c (G) defined by

(Th) (x) = (kyx2) (%), x€ G, (10}

can, by the continuity in c (G}, be extended to a compact linear operator
T on C{G) into C(G).
Proof. By virtue of M, (1) = 1, we obtain

1Bl = (e, B — M, (3) B())'® < sup |a(y)| == ||B]}p.  (11)

The continuity of the operator T in é(G) is clear from the Schwarz
inequality for (7), and so, by the denseness of é(G) in E(G), we can
extend 7" to a bounded linear operator T in C {(G). On the other hand, we
see, by (8), that T is a compact operator on é(G) inte € (G). We prove
this by the Ascoli-Arzela theorem. Thus, by {11), we easily see that T is a
compact operator on é(G) into (::(G).

Therefore, by the denseness of ¢ (G} in c {G), we see that the extended
operator T is also compact as an operator on C (G} into € (G).

We are now ready to prove the Peter-Weyl-Neumann theory on the
representation of almost periodic functions.

Itis easy to see that, by &, (xy~1) = ky{yx~1), the compact operator T is
self-adjoint in the Hilbert space €. {G}. Hence, by the Hilbert-Schmidt
expansion theorem in the preceding section, we obtain

Th=— s-limy 2’1‘ Am Py, uniformly in & satisfying || =1, (12
B>00 =1

if we denote by {A,} the system of all eigenvalues of 7" different from
0, and by P, the projection upon the eigenspace of T belonging to the
eigenvalue 4,,.

Since f(g), introduced at the beginning of this section, belongs to

C(G), we have T'f — T} & C(G). Since the eigenspace R (Pi,) = P, - C~(G)
is of finite dimension, there exists, for every eigenvalue A, a finite

system {k,;};_, ., of elements € E(G) such that each A€ R(P, ) —
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Py, - c (G) can be represented as a uniquely determined linear combina-
tion of %,,;'s (f = 1, 2, ..., n,). Let

P, h— ‘”Z‘m ¢c;k,;, where ¢'s are complex numbers. {13)

b =
Then, since A, € R(P;,), we have j:h,,,j- = Ay hmj, and so, b}r applying
{8) to the operator T given by (10), we see that &,; — AT ) must
belong to € (G). Hence, by (13), we see that, for each eigenvalue 4,, of T,
the eigenspace R (P, }=F,;_ c (G) is spanned by the functions &,,;c C (G).
Therefore, we have, by (12},

(TH (x) = s-lim zn' At (%) 10 the strong topology of C(6),
n—O m=1

where f,, = P, - f € C(G) for each m.
By applying (8) to the operator T given by (10), we see that

(T2f) (x) = lim M, (ko (xy™Y) -mél At (y)) uniformly in . (14)

On the other hand, by {6) and M, (% (v}) = 1, we obtain
| M, (ko (x27") F2)) — M (ko (22 1) M, (ko Gy} )| = &,
and so, combined with (6), we have
|£ (%) — M, (ko {xz™") M, (ko (zy™ 1} F(¥))) | = 2e. (15)

The left hand side is precisely |f(x) — (T%f) {x)| = 2&.

Since T - R{P,,,) & R (P;,,}, we have proved

Theorem 1. The function f (x) can be approximated uniformly on G by
linear combinations of the eigenfunctions of T belonging to the eigen-
values which are different from 0. ~

We shall take a fixed eigenvalue A7 0 of T, and shjﬂl denote the
base {#;} ¢ C(G) of the corresponding eigenspace P -C(G) by ¢ (f‘)*
£3(%), . . ., g, {x). Then, by the invariance of the mean value, we obtain,
for any a € G,
M, (ko (xy ™) e (ya)) = My (ko (xa-a~ y ™) g (ya)) = M, (ko (xa-27") ¢;(2))

= (T'¢;)} {(xa) = Le;(xa).

Since the left hand side is equal to the result of applying the operator T

upon the function ¢;(va) of y, we see that, for any g_iven ac G,'the.func—
tion ¢;(x@) of ¥ must be uniquely represented as a linear combination of

the functions ¢; (x), es{x), . . ., g, (x). We have thus

e;i(xa) o 'T-‘f'; difa) e;(x) (7==1,2,...,%), (16)
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or, in vectorial notation,

e{xa) = D(a) e(x). (167
By e(x - ad) = D(ab) e(x), e{xa-b) = D(b) e(xa) = D(b) D{a) e(x), we
see, remembering the linear independence of ¢ (x), e, (), ..., e,(x), that

D(ab) = D (b) D(a), D(e) — the unit matrix of degree k. (17)
By applying E. Schmidt’s orthogonalization, we may assume that {e; ()}
constitutes an orthonormal system in C'(G). Then, by (16),

M, (cj(va) ¢ (1)) = d,(a) (18)

and so the elements d; (@) of the matrix D (a) belong to C(G). By the
invariance of the mean valie, we see that

M, (e(va) exlya)) = M, (e;(5) e:3)) = ;.
Hence the matrix D (a) gives a linear mapping transforming the ortho-
normal system {¢;(x)} onto the orthonormal system {e; (xa)}. Therefore

{a) must be a unitary matrix. Hence the tranposed matrix D(a)’ of
D (a) is also unitary and we have

D{ab) = D(a)" D{dY, D(e)’ = the unit matrix of degree £. (17)
Hence D (a)’ gives a unitary matrix representation of the group G such that

its matrix elements are continuous functions of . Letting x = ¢ in (16},

we see that each ¢;(a) is a linear combination of the matrix elements of
the representation D (a)’.

We have thus proved

Theorem 2 (PETER—WEYLNEUMANN). Let ¢ be a totally bounded
topological group, metrized by a distance satisfying dis (x,¥) =
dis{axbd, ayb). Let f{g) be any complex-valued bounded uniformly
continuous function defined on G. Then, f(g) can be approximated uni-
formly on G by linear combinations of the matrix elements of unitary
uniformly continuous matrix representations D (g)’ of the group G.

Referring to A. Weil’s reduction given in Chapter VIII, 5, we obtain
the following

Corollary. Let G be an abstract group, and /(g) an almost periodic
function on G. Thent /(g) can be approximated uniformly on G by linear
combinations of the matrix elements of unitary matrix representations
D (g}’ of the group G.

Remark 1. Let the degree of a unitary matrix representation D (g}’
of the group G be 4, i.e., the degree of the matrix D(g)’ be d. Then each
D(g)" gives a linear mapping of a fixed d-dimensional complex Hilbert
space X, onto itself. The representation D ()" is said to be irreducible if
there is no proper linear subspace = {0} of X, which is invariant by
applying the mappings Dig)'. g€ G. Otherwise, the representation
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" is called reducible, and there exists a proper linear subspace
I—;ﬁ)#l?o} invariant by every D(g)’, g€ G Tben the orthogonalt:‘([)irgr;
ple;ment X}y of Xz; in X, is, by the unitarity of the rli—:pi;asen ttlon
D{g), also invariant by every D (g}, g € G. If we take for the aée 0f ¢
linear space X, the orthonormal system of vectors ciompose bo ;);1
orthenormal system of vectors of Xz, and one of Xd',1- then,’ y 1 b15
choice of an orthonormal base of X,, the representation D(g)" will be
transformed into the form

D 0

Uniey ™ =("¢" b,y |
Hence a reducible unitary representation D{g)" is 'completeiy teduczél)lle
into the swsm of two unitary representationsLDl (&) gnd D, (g) ;)-f tHe
group G acting respectively upon X;; and Xj5. In this way, we En? v
can choose a fixed unitary matrix Uy su_ch that the represen ? 1(;111
U;D{g) U7' is the sum of irreducible unitary representgtméls o11 e
group G. Therefore, in the statements of.Theorem 2 ar.ld its Of‘O ar}ii
we can impose the condition that the matrix representations D (g)’ are a
irreducible.

) , where U is a fixed unitary matrix.

Remark 2. In the particular case when & is the addi‘Five group of real
numbers, a unitary irreducible representation D (g)” is given by

D(g) = ¢, where o is a real number and 7 =} —1. (19)

For, by the commutativity of the unitfiry .matrices D{g), gég, thtﬁ
representation D (g)’ is completely redumbl'e inte the sum of (ine—1 1Etr'1enS
sional unitary representations y(g), that is, complex-valued solution
x{g) of

28 + g2 = 2(8) - 2(), 12| =1 (81, 22€G).x O} =1. (20)
It is well known that any continuous solutiop O_f (20) i_s of the fo:‘;ln
y(g) = &¢. Hence, any continuous almost penthc functlo-n ]‘(g)1 on 2
additive group G of real numbers can be ap’proxu}'lated u'ruformt }}lf ofn ’
by linear combinations of ¢ with real a’s. This constlltu.tes e fun
damental theorem in H. Boh¥'s theory of a,lmost_ periodic fu.m:twns.
According to the original definition by thr, a continuous functlor} };(x)
(—oe << x < 00) is called almost periodic 1_f for each £ > 0 there e)tcls s5a
positive number # = (¢} such that any interval of the form (¢, { + )
contains at least one 7 such that

iz +1)—7/(® | =e for —oo < x<oo.

See H. Bonr [1]. S. BocHNER [4] has shown tha;t a cont_inuous functy)n
F(%) (—oe <"x < o0) is almost periodic in Bohr's sense iif the following

condition is satisflied: For any sequence of real numbers {5?,,}, the system
of functions §/, (137, (v) f{x |- a,}}is totally bounded in the topology
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of the uniform convergence on (—oc, 0o). It was extended by J. von
NEUMANN [4] to abmost pertodic functions in a group. Neumann’s result
contains as a special case, the Peter-Weyl theory of continuous representa-
tion of a compact Lie group (PETER-WEvL [1]). According to our treat-
ment, Bohr's result is easily proved by observing that lim fs —¢ =0
implies lim [sup | f(ash) —«f(atb)f] = 0.

4,8

11. Tannaka’s Duality Theorem for Non-commutative Compact
Groups

Let G be a compact {topological) group. This means that G is a compact
topological space as well as a group in such a way that the mapping

(%, 3) > xy—t
of the product space ¢ x G onto & is continuous,

Proposition 1. A complex-valued continuous function f{g) defined
on a compact group G is untformly continuous in the following sense:

for any & > 0, there exists a neighbourhood Ule) of
the unit element ¢ of ¢ such that |f(x) — Iy <e (1)
whenever xy-1¢ [J (¢) and also whenever x~1 yeUle).

Proof. Since f(x) is continuous at every point a & G, there exists a
neighbourhood V, of @ such that €V, implies [f(x) —f(a)] < gf2.
If we denote by U, the neighbourhood of ¢ defined by U,==V,a"1 =
{va™';ve V}, then xa~'c U, implies |f(x) — f(a) [ << &/2. Let us denote
by W, the neighbourhood of ¢ such that W2 C U,, where W2 —
{wywy, w, e W, (1 = 1, 2)}. Obviously, the system of all open sets of
the form W, - 4, where a is an arbitrary element of G, covers the whole
space G. G being compact, there exists a finite set {a;i=1,9,.. .. n}
such that the system of open sets W, -a; (1=1,2,.. ., n) covers G.
We denote by U7 (e) the intersection of all open sets of the system W}
Then Ufe) is a neighbourhood of e. We shall show that if xy~1¢ U(e),
then |f(x) — /)| = &. Since the system W, - a; covers G, there exists
anumber % dich that yaytew, < U,, and therefore ) — Flag) | < /2.
Furthermore we have xa;? = xy lya;te Ule) Wa € W2 C U, so that
1#(x) — fla}] < gf2. Combining these two inequalities we get
) — 10| < e.

If we start with a neighbourhood U, of ¢ such that ¥ lac U, implies
|F{x) — F(a) | << &/2, we would obtain a neighbourhood U (e) of ¢ such
that |f(x) — f{y)| <. ¢ whenever x1y e Ule). Thus taking the inter-
section of these two 7 (¢}'s as the U(e) in the statement of the Proposi-
tion, we complete the proof.
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Corollary. A complex-valued continuous function f(x) on a compact
group G is almost periodic on G. . B

Proof. Let U{e) be the neighbourhood of ¢ given in Pr0p051t102 1
For any a€ &, U {e) a is a neighbourhood of 4. The compact space & is
covered by the system of open sets U{e) 2, a€ &, and ther(‘efoge sc::e
finite subsystem {U(e}a;;i=1,2,...,n} covers ﬁ That 1;i 0:: by
a € (r, there exists some a, with 2 = » such that aa; " ¢ U(e). _ eri e, by
{ax) (,aka:)_1 = aay*, we have sup |f{ax) — f{a;x)| << . Similarly, we

o be G,
can find a finite system {b;, j = l,_2, e m} .ssuch t?_etlt, for any b€
there exists some b; with 7 = m satisfying the inequality
sup |fa;xb) — fla;xb) | < e.

Therefore, for any pair 4,5 of elements € &, we can find a, and b,
(8 = =, § = m) such that

sup |f(axd) — fla,xb;) | < 2e.

This proves that the system of functions {f, , (x); f,, (x) = f(;x)b)l It_zle:;r'lcti
b¢ G} is totally bounded by the maximum norm ||k || = sgp |k (x) .

is almost periodic on G.
f(x)\;;eaare nol\)v able to extend the Peter-Weyl-Neumanr_l Theory of the
preceding section to compiex-valued continuous functions f{x) on a

compact group . For such a function f{x) and & > 0, we set
V= {yE G;sup |f(x) — fly1x)| << e}.
Then, by the continuity of f, the set V is an open set containing e. By

Urysohn’s theorem as applied to the normal space G, we see that there
exists a continuous function %, (x) defined on G such that

c
0=kix)=1on G, key=1 and k& (x) =0 whenever x& V",

Then the continuous function ;
R(x) = 271 (ky (x) + Ry (x71)) {2)
satisfies the condition % (x 7} = %(x) and
0=k(x)=1lon G, kley=1 and kl(x)=0 }
whenever x € U¢, where U = 7\ V1L,

Therefore, if we denote by C(G) the B-space of all corn.plex—vahl.:;rc;i
continuous functions % (x) defined on & normed by the maximum norm,

we can define a linear operator T on C{G) into C{G) by

(Th) (2) - (hoh) (1), xC G (3)
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Here, as in the preceding section,

Folx) = R(x)/M (k () 4
and C (G) is the the space C;(E) endowed witht the scalar product
O R) = M, (B0) O)) = XA (@), () = hGT).  (5)

Thus, as in the preceding section, we obtain

Theorem 1. Any complex-valued continuous function flg) defined on a
¢ompact group G is almost periodic, and /{g) can be approximated uni-
formly on G by linear combinations of the matrix elements of unitary,
continuous, irreducible matrix representations of G.

We shall say that two matrix representations A, (g) and A,(g) of a
group G are eguivalent if there exists a fixed non-singular matrix B
such that B-14,(g) B — A,(g) forall ge 6.

Proposition 2 (I. Schur’s lemma). If the representations Ay {gh, Ay(e)
are irreducible and inequivalent, then there 18 no matrix B such that

A,(g) B = BA,(p) (6)

holds identically in g, except B = 0. In (6}, the matrix B is assumed
to be of #, rows and #y columns, where #,, #y are the degrees of A4, (g,
Ay (g), respectively.

Proof. Let X, and X, be the linear spaces subject to the linear
transformations 4, (g) and Ay (g), respectively. B in (6) can be inter-
preted as a linear mapping x, > x; — Bx, of X, onto X,. The linear
subspace of X, consisting of all vectors %, of the form Bz, is invariant,
for 4,(g) x; = B}, with x, — Ay {g) x;. By virtue of the Irreducibility
of 4,(g), there are only two possibilities: either Bx, = 0 for all %y in X,
le. B=0, or X, = BX, On the other hand, the set of all vectors z,
in X, such that Bx, = 0is an Invariant subspace of Xy, for B A, (g) x, =
A, (g) Bxy — 0. From the trreducibility of A,(g) we conclude: either
Bzx, = 0 for all Xy in X,, ie. B = 0, or x, = 0 is the only vector in X,
such that Bxy = 0, so that distinct vectors in X, go into distinct vectors
in X, under the linear mapping B. Hence if B = 0 we conclude that B
defines a one-oneflinear mapping of X, onto X,. But this means that B
1s a non-singular matrix {r; = ny) and so A, (g) and A4, (g) would be equi-
valent,

Proposition 3 (the orthogonality relations). Let A1 (g) = (a;{g)) and
Az {g) = (af (g)) be unitary, continuous, irreducible matrix representa-
tions of a compact group G. Then we have the orthogonality relations -

Mo (af(e) a3 (g)) = 0, if A () is inequivalent to A4, (g)

S L
M, (a{g) aly () = nyls,, d; where n, is the degree of A4, (G).

Proof. Let #, n, be the degrees of 4, (g), A4 (g) respectively. Take any
matrix B of #; rows and #, columns, and set 4 (8) = A,(g) BA,(g".
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Then the matrix A =M, {A (g)) satisflies 4,(g) 4 = 4 d,(g). For, we
hawve, by the invariance of the mean value,
A ly) AAz () = M (A4 (v) 4, () BAx(g7) A2 (7))
= M (A;(yg) BA,(yg)™") = 4.

' 1 to a zero matrix. If we take 5 = (b;;)
"By Schur’s lemma, 4 must be equa _ = (!
inysuch a way that only the element &; is not zero, then, by the unitanty

condition A,{g™) = A,(g)", we obt?.in
M (ay(g) aulg)) = 0. 1
Next we have,asabove, 4, {g) A=A A,(g) for 4 = g({ll @ BA, (g . )_).
Let & be any one of the eigenvalues of the matrix A. Then the_m_a rix
(4 —al,), where I, denotes the unit matrix of degree »,;, satisfies

A1(g) A —al,) = (d—al,) 4:{g).
Therefore, by Schur's lemma, the mat%'ix (_A —uod,)is e.ither ngn-singiuljr:lr_,
or (A —al,) = 0. The first possib‘ihty is excluded since ?c 11? a(;l' e gnal
value of A. Thus A = «l, . By taking the trace (El;lﬂ sum of t e diago
elements) of both sides of A = M, (4,(g) BA,(g7"}), we obtain
o — trace(d) = M, {trace (4, (g) BA;(g) ') = M (trace(B))
= trace{B). -
Therefore, if we take B = (b;) in such a way that by _:1 1 whl_h;
the other clements are all zero, then, from M, {4,(g) BA,{g™")) = n;
trace{B) I, , we obtain
Mg (@) aki(g)) = my iy O .
Corollary. There cxists a set 11 of m}ltually inequivalent, ;Ogtlz};c;}ls:
unitary, irreducible matrix rePresentations Ug) = (u(g)) of G s y
ing the following three conditions: |
1) for any pair of distinct points g,, g, of G, there exists an U(g) £ 1l
such that Ulg,) # Ulg,), | B
i) if U{g)e U, then the complex conjugate representation Ulg) of
U {g) also belongs to 1, -
iii) if U, (g), Uylg) are in U, then the prodfff.ct representation U, (g%xa
Uy(g), explained below, is gompletely teducible to a sum
finite number of representations € 1.

Proof. The definition of the product representation U, {g)xU,{g)

L 2 e 2} be orthonormal
is given as follows. Let (e}, 5, ..., ;) and (e}, &3, . . ., €3}

bases respectively of the finite dimensional compl§x Hil‘tzert sp;czi
subject o the linear mappings U, (g) and U, (g), respectlvelizi. 1:1?) prgo C;ln_
space ol these twao Hilbert spaces is spanned by the product bas
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sisting of nm vectors §Xef (i =1,2 .. n: 7=12..., m). Referring
to this base, the product representation U (g) x U, (8) of Ui(g) =

(23 (8)) and U, (g) = (ui () is given by
(U1(@) < Uz () {eF x f) — = i (g) uf (g} (eF o).

Let us take a maximal set 11 of
unitary, irreducible matrix represent
ii). Then, by Theorem 1, condition i) is satisfied. Condition iii) is also
satisfied since the product representation of two unitary representations
is also unitary and hence is completely reducibie.

We are now ready to formulate 7. Tannaka's duality theorem. Let
be the set of all Fourier polynomials:

#(g) = Xy ulp (g),
that is, finite linear combinations of # (g), where (#(g)) e U and yi
denote complex numbers. Then M is a reng with the multiplicative unit
#{#(g) = 1 on G) and with complex multipliers; the sum and the multi-
plication in the ring R being understood as the function sum and the
function multiplication, respectively. Let T be the set of all linear
homomorphisms T of the ring R onto the field of complex numbers such
that

Tu=1,Tx =

mutually inequivalent, continuous,
ations 7 {g) satisfying the condition

Tx, the bar indicating the complex-conjugate. (8}

Z is not void since each £€ G induces such a homomorphism T el

Tox = x(g). (9)
By the condition 1) for 1, we see that

g1 7 g2 implies Loy # T, {10}
Proposition 4, T ma

¥ be considered as a group which contains G as
a subgroup.

Proof. We shall define a product 7 - 7, = T in T as follows. Let

IU(a) (&) — (uf;‘} ) {t.7=1,2,. . ., 1)
be members of U. We put, for P (gh) = X w3 (8) s (h),
k

Tuf‘}‘} = %: Tluﬁ"é} * Ty “;z?) . (11)

By the orthogonal relations (7), we see that the functions u$ (g)'s, where
(e {g)) e, are linearly independent on 6. Hence, we see that T° may
be extended linearly on the whole %. I't is easy to see that the extension 7°
is also a member of T and that T is a group with the unit T, {e = the
unit of ) and ;' = g G is isomorphically embedded in this
group & by the Correspondence g < T, as will be seen from (11} and (10)
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In truth, we have

Theorem 2 {T. Tannaka). T = G, viz. every T £ T is equal to a
in 7,:
certain 7, Ty =x(g) forall xc®. (12)
Proof. We introduce a weak topology in the group T by taking the
sets of the form

(TCT|Ta—Tow| <& (i=1,2 .., n)} (13)

as neighbourhoods of the unit T, of the group % T_hen FTisa co:i'nplal(;t
space. For,by X |7 4! (g}[2 = (7T'- T) (1) = 1 implied by (8) and (11),

T is a closed subset of the topological product of compact spaces:

i =gl

and so we can apply Tychonov’'s theorem. It'is easilybseen thzto';}z
isomorphic embedding g <> T, is also a topological one, ecau.seé1 one-
one continuous map of a compact space onto a compact spta).ce 1:13 - fhe
logical map. Therefore G may be considered as a closed subgroup
Comgactfhger(;ii\i. weak topology of T, each x(g) € W gives rise to a
contizuous function x (1) on the compact group ¥ such that %(Tg) :fa;;gc)_
We have only to set x(T) =T - x. The set of all these con?nuoxsz e
tions x {T) constitutes a ring ER(EE) of complex-valued continuo
tions on ¥ satisfying the conditions:

1) 1=u(T)e RET), -

2) for any pair of distinct points 7', 7 of I, there exists an x(7) ¢

R(T) such that x(T,) 7= x(T,), - )
3) for any x(T) € R(T), there exists the complex-conjugate function

x (T} = x(T) which belongs to R(T).

Now let us suppose that T — ( is not void. Since a cox}]llpagi spacu.f.II
i ’s theorem to the effect that there exis
mal, we may apply Uryschn’s t : Cx
;S}I))girnt T, € (T — &) and a continuous function ¥ (T} on & such that
¢

y(I)=Z0on E, v{gy =0 on & and v(T,) = 1. {14}
By the Stone-Weierstrass theorem in Chapter 0, as applied to tlj(? l;;uir
R (T) satisfying 1), 2) and 3), we see that there exists, for any £ 2+~ 0,

~ o), () oo g
function x{(g) = Xy (g) € M such that |y(T) — X »§ ujﬁi E[ | )(\%;E ’I)
on ¥, and, in particular, |[y(g} — X yiFul’(g)| < £ on G. eh ’Mu“"f.;-
= u{ ,) = 1. Then, by taking the mean value and remembering the ov he
gT)nﬁliy relation (7), as applied to the compact groups & and &, we oblain

| Mz {y(T)) ~¥¥ < e [ M (v{g) — 7| < e. (15)

22 Youldn, Tanetlomd Anlysln
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We have thus arrived at a contradiction, since M, (7)) > 0 and
M (y(8)) = 0 by (14).

Remark 1. The above proof of Tannaka’s theorem is adapted from
K. Yosipa [14). The original proof is given in T. TANNAKA [1]. Since a
continuous, unitary and irreducible matrix Tepresentation of a compact
abelian group G is precisely a continuous function x{E on G satisfying

x(81) x(g2) = (g, &) and lx@)) =1,

Tannaka’s theorem contains, as a special case, the duality theorem of
L. PoNTRjaGIN [1]. For further references, see M. A. Naimark f1].

Remark 2. To define mean values of continuous functions frlg) (& =
1,2,..,m)onG by the method given in Chapter VIII, 5, we have only
to replace the dis (¢,, g,) there by dis (g, g,) = sup falger ) —
hgesh. A=

12. Functions of a Self-adjoint Operator

Let H =< f A4E (1) be the spectral resolution of a sell-adjoint operator

H in a Hilbert space X. For a complex-valued Baire function F(A), we
consider the set

D () = {xeX:_f 1B e |G 2 < oo}, (1

where the integral is taken with respect to the Baire measure m deter.'
mined by m((1;, 4,]) — | E(2g) 2|2 — I[E (&) x|[2. As in the case of a
continuous function F{A), treated in Chapter XI, 5, we see that the inte-
gral

L IWEED vy, e, ye x, (2)

exists and is finite with respect to the Baire measure m determined by
m (A, ]) = (E(4y) «, ¥) = (E(2;) x, v). Further we see that (2) gives the
complex conjugate of a bounded linear functional of y. Hence we may
write (2) as (f(H) x, ¥} by virtue of F. Riesz’ Iepresentation theorem in
Chapter ITI, 6. n this way, we can define functions of H -
7 %)
HH) = [ ) aE ) (3)

—00

through (1) and {2).

Example 1. If # is bounded self-adjoint and (A) = gt‘cxjﬁ"', then,
as in Chapter XT, 5,

i=

-

MY = [ 10 aEw = Famm,
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Example 2. If f(A) = (A —4) (1 + i?—l, Fhen F(H) 15Hequ_al);05i]t]léz
Cayley transform Uy of H. We have, in this casehDg_(E)()m.i_n i
[£{A)| = 1 for real A. It is CaS}é tctl) seel,f bgjfir(ftl) (ff)é:rza).t; i ”1),71 ),

i the bounded self-a ‘
}hat_lfi)—v:?ﬂza(%ﬂfo the operator f(H) = [ f(4) 4dE g) ihegrl the result is
equal to (H + <I)7! = f (A + 41 dE(4). Hence f(H) = Ug.

Example 3. As in Chapter XI, b, we have

HE «f— [ PO IEW 2| whenever xeDG(H). (4)

Definition. Let A be a not necessarily bounded linear operator, and
B a bounded linear operator in a Hilbert space. If
x€D{A) implies Bx€D(4) and ABx = Bdx, (-5)
that is, if AB 2 BA, then we shall \ivrite Beg (A)' and say thgthBe;i
commu;‘atéve with A. We shall thus write the totality of bounded lin

B commutative with 4 by {4)". o 3
OPB;E;::;:em 1. For a function f(H} of a self-adjoint operator H =

f AdE (1) in a Hilbert space X, we have i
(J(H)) 2 (H), .( )
that is, f () is commutative with every bounded lil-lear operat)c(::rI “éhlvcv};
comrm;tes with H. (Since £(4) € (H)" by "l'heor‘em 21in Chaater , b,
see, in particular, that f{H) is commutative with every E {A) v
’Proof Suppose 5S¢ {(H). Then we can show thaT: 5 is commuta iv
with evelzy E(}). We first show that S is commutative with '}[E};e’ Cayley
transform Uy of H. For, if x ¢ D{H), then we have, by S¢ (HY',
SHAtHx=(H 4+ 1I)Sx, (H—4I)Sx = S(H —<I) x. .
By putting (H + ¢J) x = y, we see, from the first of the above relations,
t 3
the (H+ ey tSy=5H +:Iyly forall yc X =R(H + ¢I).
Hence .
SH—INH+ iD= (H-—14¢I)(H + 4118, that is, SU;=UgzS.
’ 2n
H H ” nig — 1' .
Therefore, 5 is commutative with (U )" = of e dF (0 {(n =0, + )

and so

2n
3 T #if )
.’2‘ em’ﬂ d(SF(B) x, y) — (S f 5’“5 dF(B) x, y) =0f € d(F(B) Sx. y)
¢
0 -
Hence, as in the proof of the uniqueness of the spet?tral resolutlgl 6ofsat
unitar;r operator, given in Chapter X1, 4, we obtain S If’" 8 :D(f((f)n).
This provés SE (M) =E(4) Ssince E{--cot ) =F(#). Thus, for x¢ ,

22%
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we obtain

(Sff(i) dE(A) x, v) = f/(l) d{(SE(A) x, v) :f/(&) d{E{2) 5 x, ),
that is, SF(H) ¢ f{H)Y S,
The above Theorem 1 admits a converse in the form of

Theorem 2 (NEUMANNﬁRIESZ-MIMURA). Let H be a self-adjoint opera-
tor in a separable Hilbert space X. Let T he a closed linear operator in X
such that D(T)* — X. Then a necessary and sufficient condition in order
that T be a function f{H) of H with an everywhere finite Baire function
7(A) is that

(Y 2 (HY. (7)

Proof. We have oniy to show that condition (7) is sufficient. We may
assume that A is a bounded self-adjoint operator. If H is not bounded,
then we consider H, = tan—'H. Since |tan*1:1[ = 72, we easily see that
H, is bounded self-adjoint. By Theorem 1, the operator H — tan H, is
commutative with every operator ¢ (H,;)". Thus, by hypothesis, we have

(7Y 2 (H) D (Hy).
Therefore, if Theorem 2 is proved for bounded H,, then T — fi(Hy) =
Altan=1 H) = /, (H), where fo(A) = 7, (tan—1 2).
We may thus assume that & is bounded and self-adjoint.

The first step. For any fixed %y © D(T), we can find a Baire function
F (1) such that Txy = F(H) %, This may be proved as follows. Let
M (xy) be the smallest closed linear subspace of X spanned by x,, Hx,,
Hxy, . ., H"x%, ... We denote by L the projection upon M (x,). Then
(IY 5L. For, by HM (%) € M(x,), we obtain HI — LHL and so
LH=(HL*=(LHL)* =LHL — HUL, that is, L€ (H)'. Hence, by
hypothesis, (7)" 3 L.

Therefore Tx,= TL %o = LT xy€ M (x,)
sequence {f,{4)} of polynomials such that

, and so there exists 3

Txo = s-lim Pa (H) Xy - (8)
Hence, by (4), we obtain
15 () 20— (B 0|2 = [ 140(2) — priW) B || E 1) 50 |2

-0

As in the proof of the completeness of L3(S, 8, m), we see that there
exists a Baire function F () which is square-integrable with respect to
the measure m determined by (A, A]) = || E (Ag) x4 |[2 — || E (4,) %[
such that

B [ (FQ) — .0 P2 [E@ x|l = 0.
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Hence, for F{H), we have

o0

lim ||(F (H) — pn{H)) % |2 = nlin;o_f |F(2) — pa (M} [2 2 || E () 22 = 0.

This proves that T x, = F (H) x,. Since F(2) is finite almost everywhere
with respect to the measure s determined _by m.((ll, 12])_=
[|E (A) %02 — || E (A1) %0 |[2, we may assume that F (4} is a Baire function
which takes a finite value at every 1; we may put F{1) = 0 for those 4
for which |F {1} | = co. ]
The second step. Since X is separable and D(T)_ = X, wemay cl:loose
a countable sequence {g,} € D(T) such that {g,} is strongly dense in X.
We set .
h=gut =8 Lige, s ln=28 —k‘:‘; Ly8n, where L, ©
is the projection on the closed linear subspace M {f,).
By the first step, we have (T)" 3 L, and so
Lyg, € D(T) which implies f,c D(T) (n=1,2,..)). (10

W ay show that
¢ ey L;L, =10 (for i=£ k) {11)

and o
I=X1I,. (12)
E=1
Suppose that (11) is proved for 7, & <C #. Then, for : < #,
n—1 2 o
— Lign— L3 = Lign— Liga =0,
Lifn - Ligu " Li (k§1 Lkgn) - Ll-gﬂ L Bn i8n 4
L‘.'Hk’fn - Hk’LiJ{n == 0,
Thus M (f,) is orthogonal to M (f;}. This proves L;L, = L,L, = 0.
Next we put E L, =P and show that Pg, =g, (n=1,2,...).
E=1
Then, since {g,} is dense in X, we obtain P = I. But, by (9), we have
n—1
Pgo=Ply+ 2 PLig,.

We also have Pf, ={, by f,C M(f,). Hence, by PL, = L, implied by
11), we obtain Pg, =g, (# = 1,2, .. ). N
( )The thivd step. Take” a sequence {c,} of positive numbers such that
B %

s-im X ¢, f,, s-im 3 ¢, T/,

k—oon=1 k—oon=1 .
both exist. For instance, we may take ¢, = 27" (]|/. | + || 77/, [~
Since T is a closed operator, we have

' oo
Xg = ng Enfn € D(T) and Txy = yy = ”‘:;1 Culfs. (13)
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Hence, by the first step,
Txg= F(H) x,. (14)

Let B¢ (H)Y be a bounded self-adjoint operator. Then, by hypothesis,
B e (T). By Theorem 1, F (H) is commutative with B. Hence

F(H) Bxo= BF (H) xy= BT % — T Bx,. (15)
Let e,(4) be the defining function of the set {4; |F(2)| < #}, and put

B=c,"P,H*L  where P, = e, (H)
Then we can show that

TPn:F(H) P, (16)

In fact, we have L,z :”é Cnlol = cpt. by (11} and Im € M(J.,).
Hence, by (15),
F(H) P,H*},, = F(H) Gt Py HAL 5y — F(H) Bxy = T Bx,
=Ty P, H"L, x) — TP,HY,
that is, for % spanned by H*f,_ with fixed m, we have
F(HYP,h=TP,k. (16’)

But such 4’s are dense in M (f,,) and so, by (12}, we see that if we let m
take all positive integers then the A’s are dense in X. Hence we have pro-
ved (16°) for those k’s which are dense in X.

Now P, is bounded by (4). By the operational calculys given below,.
the operator F(H) P, is equal to the function F, (H) where

Ful) = F(A) u()) = F(A), for |F(3)| < u,
=0, for [F(A)|> n.

Thus F, (H) = F(H) P, is bounded.

Let A*c X be arbitrary, and let A* — s-lim 4; where ks are linear

j—sc0

combinations of elements of the form &* fm Such a choice of #; is possible
as proved above. By the continuity of the operator F (H)P,, we have

F(H) P, h* = s-Nim F(H) P, h,.
Famas =]

Hence, by s-lim Py :'P,,h* and (16"), we see that the closed operator T
Fo0
satisfies (16).

The fourth siep. Let ve D (F(H))and set y, = P,y. Since F (3) is finite

everywhere, we must have s-lim P, — I Thus s-lim Y, — S,',Pl..’} Py—y.

Hence, by (16), we obtain 7 2 I (H). For, s-litn F(H) P,y = s-lim F, (H)
N0 H—>OQ
¥ = F({H) v whenever y € D{F{H).
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Let y€ D(T) and set v, — P,y. Then
Ty,— TP,y=F(H) P,y (by (16)),
TP,y=P,Ty (by P, = e, (H)C (H)).
By the operational calculus given below, the function F(H) of H is a

closed operator. Hence, letting » — co in the above relations, we see
that F(H} 2 T. We have thus proved that T — F(H).

An Operational Calculus. We have ‘
Theorem 3, (i) Let f{4) be the complex-conjugate function of f(1).

Then D (f(H)) = D (f(H)) and, for x, v D(f(H)) = D(/(H)), we have

(F{H) %, v) = (x. f(H) ). (17)

(i) Xt x € D/ (H)), ¥ D(g(H)), then
(HH) =, g () v) = f 1) g () A(E (1) x, %). (18)
(iil) (o) (H) x = of(H) 2 if €D ((H)). I x€ D(H{H)) N D (g(H)), then
( + &) (H) x = fU) x + g (H) x. (19)

i iti D(g(H)) is equivalent
ivy If x€ D{f{H)), then the condition f(H) x¢
io )the condition x € D{f - g(H)), where /- g{i} = f({4) g{A), and we have

gH) [ H)x=(g- ) (H) % (20)
{v) If f{#) is finite everywhere, then f(H) is a normal operator and
f(H)Y* =j(H). (21)

In particular, f{H) is self-adjoint if (4} is real-valued and finite every-

where. - .
Proof. (i} D (f{H)) = D{f(H)) is clear and

(f(H) x, y) = fof(l) d(E(i)x,y):_i 1A a(x, EQ) y)

= ({(H) y, 9) = (x, f(H) 5).
{ii) We know, by Theorem 1, that E {4} is commutative with g{H). Thus

{(H)x,g{H)y) = fof(l) d(E{A} =, g (H) y):_!o FA) d(x, EQA) g(H) y)

= [0 aGH EG) y,x)z_fmf(z)d(ﬂfo @d(E(p)E(z)y,x))
- ] m)d( / g(md(yfﬁ(mx)): S iR @ AED %),
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(iii} is clear. {iv) Let % satisfy [ |7(4) Rd||EQ2) x |2 < co. Then by
. o0

E{A) E (u) = E(min (A, ), the condition f le®pa NE @A) J(H) x ]2 < 0o

implies, by virtue of the commutativity_co;% E(4) with f(H)

(& o]
[e v}

o> [e@EAUED 1) xip = [ g a )i £y 21

»

=] Igwlzd(jif(mldeEw)Em)xnz)

o

= [ le@pa (_ofo lfcu)IZdHE(mtz):j (8@ fA) 2 || E () x|]2.

Since the above calculation may be traced conversely, we see that under

the hypothesis x € D(f(H)), the two iti
, conditions D
x< D(f - g(H)) are equivalent and we have HE =€ D ) and

G @3 = [ o) d(E () i) =)
= g(z)d(_!ofwdwcu) x, y))

o0

= [ EWINAED %) = (&) (1) 2 ).

(v} Let us put A(l) = )]+ «, B () -
‘ A (3) = , = (A7 g(A) = F(D) A2
;vher(? & 1s any positive integer. Then k(1) and g(d) are) botﬁ( gou(m)iec{
unctions. Hence D (k(H)) = D (¢(H)) = X. Thus, by (iv),
JUH) = h(H) g(H) = g (H) h(H). (22)
We have, by (i) and D(k(H)) = X, k{H)* i
e 1 » by =X, = k(H), ie., B(H) is self-
?d]omt. By (iv) we havex — h(H)R(H)xforallx € X and x — ig (Iif) h(]s;) x
C(;: all x€ D(h(H)). Hence h{H) = k(H)™'. Thus, by Theorem 1 in
¢ aptfer VIL, 8, k(H) is self-adjoint. Therefore D (f(HY) =D (H)) is
Lense in X and so we may define / (H)*. We shall show that [HY* = F(H)
I(lat a pair {y, y*} of elements € X be such that (F(H) 2, ) = (x, y*) foxi
all x € D(f(H)). Then, by g(H)* — g(H) (implied by (i)) and (22},

G H) 2, 9) = (g (H) h{#) x,9) = (h(H) 2,  (H) 5).
\}vI:I:)C&aibny #€D(H(H)) = DA (H)) and the self-adjointness of % (H),
gH) ye D(R(H)) and h(H)g(H)y = y*.

Thus, again by (22), we obtain f(H) y = y* so that f(H)* — 7,
fore, by (iv), we see that f(H) is normal, tgats:ics), / (a}{){"( ! ()H) _:ff( {2) }(}:’)rik
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Corollary. If /(4) is finite everywhere, then f{H} is closed.

Proof. Clear from f{H)** — f{H)* — f(H) = f(H).

A historical note, Theorem 2 was first proved by J. voN NEUMANN
[7] for the case of a bounded self-adjoint operator T. Cf. I. Rigsz [b].
The general case of a closed linear operator 1" was proved by Y. MIMURA
[2]. The exposition given above is adapted from Y. MimMura [2] and

B. Sz. Nacy [1].

13. Stone’s Theorem and Bochner’s Theorem

As an example of functions of a self-adjoint operator, we give
Theorem 1 (M. H. STONE). Let {U,}, —oo << { << oo, be a one-para-
meter group of class (C,) of unitary operators in a Hilbert space X. Then
U, = f(H), where f,{1) = exp(itd) and {H =4, H* = H,
is the infinitesimal generator of the group U,. (1)
Conversely, for any self-adjoint operator H in X, U, = f,(f} defines a

one-parameter group of class (Cy) of unitary operators.
Proof. We have, by the representation theorem of the semi-group

theory,
Uz =slimexp{t H{I —n1iH) ) x.
H—00
Since the function g(f) = exp({iA{1 —#»141)~1} is smaller than
exp ((—=»tAB)/(n® + 7)) in absolute value, we have, for H = [ 14E(}),
exp(tiH(I —nYHH)y D)= [ exp (f;’—:f_l Z 1) dE (4)
)

and, moreover,

. Fd iz a2
lim f ‘exp(ﬁ)——exp(hl)\ dHE(A)xHZ
0 o
.2 —ti2 2
= lim | ‘exp(ﬂﬂ.a)—q d||E () x|}t = o.
0 o
This proves that U, = f,(H) = f exp{itd) dE (A).

For the converse part of Theorem 1, we observe that, by the opera-
tional calculus of the preceding section,

J{H)* =} ((H) and f(H) [;(H) = [ (H), o(H) =1
We also have the strong continuity of f,(H) at £ = 0 by

[f(H) 2 — |2 = [ |exp(itd) — 124 [|[EQ) x|P— 0 as t— 0.
-0
Hence U/, = f,(H) is a one-parameter group of class (C,) of unitary

operators.
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Remark. For the original proof, see M. H. StoNE [2], Cf. also J. von
NEUMANN (8]. Another proof given by E.Hopr [1] is based on a
theorem due to S. BocHNER:

Theorem 2 (BocHNER). A complex-valued continuous function f(f),
— 00 < t < 00, is representable as

oo
&) = [ " dv(d) with a non-decreasing,

— 00
right-continuous bounded function w»(1), {(2)

iff /{2) is positive definite in the following sense:

[ [it—9) o) e dids =0

—00 —00
for every continuous function ¢ with compact support. (3)
The proof of Theorem 1 given by E. Horr starts with the fact that
(&) = (U,x, x) satisfies condition (3) as may be seen from

oK 0o

[ [ Ui ne@ gl dtds= [ [ (Ux, Ux)olt) p(s) dids

—00 —80 —00 —a

:( fo(p(t) U, x dt, fo(p(s)stds)gU.

We shall show that Bochner's theorem is a consequence of Stone’s theo-
rem.

Deduction of Theorem 2 from Theorem 1. Consider the totality
& of complex-valued functions x(f), —oo < ¢ < o0, such that x(f) = 0
except possibly for a finite set of values of ¢; the finite set may vary with
x. §¥ is a pre-Hilbert space by
e+ =26 +y(0), (x5) (&) = xx(f) and

Fy)=__ X flt—9)xl)y(s) for x,y€F, (4)

—0 <L <00

excepting the axiom that (x, x) = 0 implies * — 0. That {x, ) = 0 for

any ¥ € § is a simple consequence of the positive definiteness of the func-
tion f(£).

Let us set | = {x € §F; (x, x) = 0}. Then the factor space /9 is a
pre-Hilbert space with respect té the scalar product (¥, y) = (%, y) where
% is the residue class mod R containing x € . Let X be the completion
of the pre-Hilbert space X = /. The operator U, defined by

(Upx) () ==t — 1), x£ §, (5)
surely satisfies the conditions
(Uex, Uy} = (v, y), U U, =U,,, and Uy =1. (6)
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Therefore, it is easy to see that {U/ } naturally defines a unitary operator
[}, in X in such a way that {I},} — oo < T < 00, constitutes a one-
parameter semi-group of class (Cy) of unitary operators in X; the strong
continuity in £ of U, follows from the continuity of the function f(t).

=]
Hence, by Stone’s theorem, U, = [ ¢ dE (3). Let x5 {¢) € § be defined

by x,(z) = 1 and x,(f) = 0 whenever ¢ 7. Then, by {4) and (3),
Hr) = (U, %y, x5). Therefore,

[o.v]

R A EOEN

which proves Bochner's theorem. . .

Remark. The idea of using a positive definite function to define a pre-
Hilbert space as in (4) was systematically applied by B. Sz. Nacy [3] to
various interesting problems concerning the Hilbert space.

14. A Canonical Form of a Self-adjoint Operator
with Simple Spectrum
Let H= f A dE{1) be a self-adjoint operator in a Hilbert space X
with simple spectrum as defined in Chapter X1, 8. Thus there exists an
element y £ X such that the set {(E(f) — E(x))¥; « < §} spans a dense
linear subspace of X. We put

o) =(ERD v y)- (1)

Then ¢ {4} is monotone non-decreasing, right-continuous and bounded.
We shall denote by o{B) the Baire measure determined on Baire sets
on R from o ((a,b]) = o (b) — o {a). We denote by L3 (— oo, oo) the tota-
lity of complex-valued Baire-measurable functions f{1), —oo << 1 <C o0,

oo 172 _
such that ||/|l,= ( IR Iﬂo(nﬂ)) << 0o, Then LE(— oo, 00) is a Hil-

o> [ES—
" bert space by the scalar product (f,g), = f FAgld)o(dl) with the
—oo

convention to consider f—= g in L2 iff f(1) = g (1) o-a.e. X
Theorem. With any f(4) € LZ{(—oo,o0) we associate a vector f of
X defined by

= jmf(A) dE(A) y. (2}

.

Then the correspondence f(4) — f is a one-one linear isometric mﬂapping

of LE (— 0o, a0} onto X. Let this mapping be denoted by V, ie., f = V' /.
Then (he operator Hy -V 'HU 0 125 oo,00) is precisely the
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operator of multiplication by 1:
D(Hy) =D(VIHV) = {{(8); /(4) and 4f(3) both € L%(— oo, oo)}
and (H;f) (1) = Af(A) whenever f() c D{H,). (3)
Proof. We have, by E(4) E (u} = E (min (4, u)),

EX . = [ 160 4(E@) y,Ew)y) — f Fl) 4u(E () E (1) y. 9y

= [T dE @)y, v) = ff(mad,u
and so

= [ IWIED = [I1NeWo@d) =g, @
Therefore, V¥ maps D(V) = LZ(— oo, 00) onto {f; f = ff )y

fEL2(—o0,00)} one-to-one, linearly and isometrically. Hence in particular,
R(¥) is a closed linear subspace of X. But R(V) surely contains the

8
elements of the form f dEQ)y = (E(f) —E(x)) v, —00 < & << ff <~ 00,

and so, by the hypothesis that the spectrum of H is simple, we see that

R(V) = R{V)* = X. Thus the first half of the Theorem is proved.
Next we have

EWF=ERN [ 1 TGy = [ 1) 4D E@ )
= [ 1w dEwWy,

and so, by (4),

(EW T 8) =

8‘-5,.

Hloa) 8ps) o (dps). (3}
Hence the condition f A2d(E(4) f } <C oo, equivalent to fhe D{H),

is equivalent to the condition f A2 (A} |2 o (dA) < oo, Moreover, in the
last case, we have, by {20} in Chapter X1, 12,

HVj—Hf= [ 2dE®)],
and hence, by {4) and (5), o
(Hif, o= (VUHVf, @, = (HV -, V-g)=(H-]. 7

:_ofo rA(E@R) ] g) =_fozf(A)g"@a(dz).
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On the other hand, we have
(Haf go= [ (Hi) A g(R) a(dd).

Therefore we must have
(H,f) (1) = A f{A) o-almost everywhere.

Remark, There is a close connection between self-adjoint operators
with simple spectrum and the Jacobi matrices. See M. H. StonE [1],
p. 276. For a canonical form of a self-adjoint operator with not necessarily
simple spectrum, see J. von Neumann's reduction theory: NEUMANN [9].

15. The Defect Indices of a Symmetric Operator.
The Generalized Resslution of the Identity

Definition 1. Let U = Ug = (H —+<I) (H + sI)~' be the Cayley
transform of a closed symmetric operator H in a Hilbert space X. Let
X; =D(Ug*, Xg= R(Ug*, and let m = dim (X7), » = dim (XF)
be the dimension numbers of X7, X7 respectively. Then H is said to be
of the defect indices (m, n). H is self-adjoint iff it is of the defect indices
{0, 0) (see Chapter VII, 4).

Proposition 1. The defect indices (m, ) of a closed symmetric operator
H may be defined as follows: m is the dimension number of the linear
subspace {x € X; H*x = ix}; » is the dimension number of the linear
subspace {x € X; H*x = — 1%},

Proof. Clear from Theorem 3 in Chapter VII, 4.

Example 1. Let X = L2(0,1). Let D be the totality of absolutely
continuous functions x(f) € L2(0, 1) such that x{0) = (1) =0 and
x'(t) € L2(0, 1). Then the operator T, defined by T x(f) = 71z’ (£} on
D = D(T,) is of the defect indices (1, 1).

Proof. As was shown in Example 4 of Chapter VII, 3, 7§ = T} is
defined by

Tox(t) =+ 1" () on D(T,) = {x(t) € L2(0, 1); x(}) is
absolutely continuous such that () e L2(0, 1)}.
Thus the solution y € L2{0, 1) of TTy = T,y = ¢y is a distribution solu-
tion of the differential equation

Y (t) = -yt v,y € 120, 1)). (1)

Then z{f) = ¥ () exp (#) is a distribution solution of the differential equa-
tion

‘ 2 () =0 (2,2 ¢ L2[0, 1)). (2)

We shall show that there exisls a constant € such that z(#) = C for a.e.

£¢ {0, 1), To this purpose, fake any Tinction x, (9} € C§° (0, 1) such that
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1

J %) dt =1 and put
L]

1 ¢

20— O) f x() dt = wit), w(t) — f w(s) ds,
)
where x () is an arbitrary function from C3° (0, 1). We have w ¢ a0 (0, 1)

1
by [ #(s) ds = 0."Therefore, by (2), we have
0

_flz(z) w' () cit:ﬁflz(t)u(t) df = 0,
that is, ’ ’
1 1 1
fzt)xdt—cC [ =) dt, where ¢ — I =) %, (&) dt.
1] o

0

This proves, by the arbitrariness of x () € CF°(0, 1), that z(#) = C for a.e.
L€ (0, 1),

Hence any solution of T*y =iy is of the form y{) = C exp(—i).
In the same manner we see that any solution of T#y — ¥ is of the
form y(f) = C exp {t)- Thus T is of the defect indices {1, 1}.

Definition 2. A symmetric operator H in a Hilbert space X is called
maximal symmetric if there is no proper symmetric extension of H.

Proposition 2. A maximal symimetric operator H is closed and H — H**_
A self-adjoint operator H is maximal symmetric.

Proof. By Proposition 1 in Chapter VII, 3, H** is a closed symmetric
extension of H. Thus the first half of Proposition 2 is clear. Let H,bea
symmetric extension of a self-adjoint operator H. Then, from H ¢ H,,
Hy C Hy, we obtain H, C HY < H* and so, by H—=H* HCH,CH.
This proves that a self-adjoint operator H is maximal symmetric.

Corollary 1. Every maximal symmetric extension H, of a given sym-
metric operator H is also an extension of AH* *,

Proof. The relation € Hyimplies the relation HF CH*and H** HF*,
Since, by the preceding proposition, Hy = Hg*, Corollary 1 is true.

Corollary 2. If H is a symmetricyoperator such that H* — g **, then
the self-adjoint operator H* is the only maximal symmetric extension
of H,

Proof. Being self-adjoint, H** is maximal symmetric. Thus any maxi-
mal symmetric extension H, of H, which is also a symmetric extension of
H** by Corollary 1, is identical to H** -~ o+

We are thus in a position to state

Definition 3. A symmetric operator H such that H* —= H** is said to
be essentially self-adjornt. A self-adjoint operator & is said to be hyper-
maximal. The latter terminology is due to J. voN NEUMANN.
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. t ¥ =IL%(—c0,o0), and define an operz?tor H by
ng)xznflocxi) fI;(:‘ x(t) e C§ (L oo, 00). H is suxl'ely a symmetrl(ci: (;Pergt?:l
in X. It is easy to see that H* is the cloordmat-e operatord. el nze e
Example 2 in Chapter VII, 3 so that H is essent1311317 self-a ]om.s: e
operator H defined by Hx(t) =<1 2" (¢) for x[f) E C(;I(-4 0, oof}*l > 20
essentially self-adjoint in X = L2{— c-o,oo)-. For, in t 15&;&53&, :
momentum operator defined in Example 3 in Chapter VII, 3. . o

Theorem 1, Let the defect indices (s, #) of a closed symmetric op

H satisf
tor H satisty M pommn b p (p0).

Then there exists a closed symmetric extension H’ of I with the defect
indices (m', ). B
Proof. Let {gq, @0, . . @0 Ppi1r - - o> P b {y)l’;f"% -D.,U%),l%i}_ -
Yy} be complete orthonormal systems of )_(H = DUyt Xu
R. (T:’ Hjﬁr nrespectively. Define an isometric extension ¥V of Uy by

Va= Uygx for xeD{Uy),
P2 2
Vo Sy = -‘1‘“5%-
i=1 =
We have R{(I — Ug)*= X by Theorem 1 in Chapter VII, 4. Thu;s, by
R{I —V) 2 R{I — Uy) and Theorem 2 in Chapter VII, 4, there exists a
uniquely determined closed symmetric extension ’H of I’{ S}JCh that
V = (H —«I)(H" + ¢)7'. The defect indices of [’ are (m', n') as may
N r : AN ’
en from dim (D (V)1) = w’, dim (R(V) )—n .
. S(?s:'loilary A c(losed symmetric operator H with the defect indices
i . ic iff ei =0orn=0.
maximal symmetric iff either ‘
(m’;l)'off The “only if’ part is clear from Thecorem 1. If, for mStanC%
m =10 t-hen by D{Uy) = X, we must have qu: Uy for a ;:]lose_1
s rnme,tric extension Hy of H. This proves Hy = (I + Ug}{f — t}fln)
i (I + Ug){I — Uy) = H. Also, in the case n = 0, we see that there
= H
i i tension of H.
is no proper closed symmetric ex . o
Example 3. Suppose that {‘Pl:_%: BT W 3 L a;omplete ortho
normal system of a (separable) Hilbert space X. Then, by

oo o0 o0 2 o
U. Xo,p, = _210‘59‘71'4-1- i;; |oc; [2 <<
=1 f== =

we define a closed isometric operator U such tha:t D) i }g Sz:lr;i
dim (R (N +) = 1. If R{f — U)*+ X, then there exists c.;m x 7(; o
that x € R(I —U)*. Consequently ({I — U) x, x} = 0 and so {Ux,
[ ][ = || U=x|[®. This implies that
T — U) [ = ||%|P — (Ux ) — {x, Ux) + [[Ux[
= |lx [P {l* | = [l=[]* + ]| [}* = 0.



I
369 XI. Normed Rings and Spectral Representation

thatis, Ux = xand so b initi

Ux . by the above definit i
E%ntradlctlon shows that R(I — () — j)(l OnHoefn(c]e; xlr)l;us'i‘ll;:: o ;‘11_15
- . , Tem
7 agtier Y’g 4, Uis .the.Cayley transform of a closed symmetric operat:;
a ST(;] e dfafect II]'dICCS {0, 1) since D{U) — X and R (U)+ is spanned
v %].eor us I;I 15 maximal symmetric without being self-adjoint i
- Hﬂb::—l: Spggé 1} NbAIM?It{]If [3]). Let a closed symmetric operator H,
: 1 be ot the defect indices
struct a Hilbert space X, containing X, as a cl(mj e meen con

a closed symmetric o i i
perator H in X indi
# -+ #u) such that i (

H, = i
1= P(X) HP(X,), where P(X,) is the projection of X onto X;.

Proof. Consider a Hilbert
space X, of the sa i i i
We construct a closed symmetric 02 - dlmenSIOHahtY detes

We ; perator A, in X, with t
m(l‘hco?s (n, ?‘n). Far instance, we may take H, :2ﬁ H gupposinhihi‘etft;?t
coincides with X. Then we would have fre Xx,; Hg‘lx = 1x} :g{x £ X :

Hx = — iz} {xe X,; HZ )
» + X = - ; .
defect indices of H, rgust 2be (m, m)ﬁ.x} tre = ) and so the
We then consider an operator i defined by
H =
{=, v} {H,x, Hyv) for {x,v}c X x X, with x ¢ DH), ye D(H,).

It is easy to see that H i
_ s a closed symmetric operator
Hilbert space X — Xy x X, The condition : "o the product

H*{x, yj = ¢{x, ¥} (or the condition H*{x, y} = —i{x, y})
meansthatHlx:z’x,H;y:iy(oerx:—z'x Hiy=—; ). H
we see that the defect indices of are (m - » m +dn) Y Hemee
C 1 , .
orollary. let, by Theorem 1, H be a self-adjoint extension of H

d e - -
and let H —fﬁ. dE (%) be the spectral resolution of H. Since H and a

fortiori fT are extenst
ons of H. when H. i i
X, we have the result : ! 18 considered as

if x€ D(H,) CX,~=P(X)X, then #=P(X,) x¢ D(H) and

an operator in

Hlx:P(Xl)ﬁx:P(Xl)f}P(Xl)x: fmz dF (A} x, where} (8)

e = PEED Py,
e sys.tem {FQ); —o0 < )< oo} surely satisfies the conditions:
F(2) is a self-adjoint operator in X,
Ay < A, implies that (F ) #, x) < (F(4,) #, x) for every xc X
F+0) =F), ,
F(—oo) x = s-lim FlAdyx =0,

A}—00

F s
(w)x-&}grgF(l)x:x for all xe X,
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Remark 1. For the closed symmetric operator H,, we have
o0
Hyx= [ 2dF()x for all x€ D(H)),
-0

where {F{i); —oo < A < oo} satisfies {4). In this sense, I{; admits a
generalized spectral resolution,

Example 4. Let X, = L?(— o0, 0), and let D; be the totality of
absolutely continuous functions x(f) € L*(— oo, §) such that x(0) =0
and « (f) € I2{—oo, 0). Then the operator II; defined by H,x(t) =
1% (¢) on D =D (H,) is a maximal symmetric operator with the defect
indices {0, 1). This we see as in the above Example 1. Let X, = L2(0, co),
and let D, be the totality of absolutely continuous functions x (£) € L2(0,00)
such that x (0) = 0and x'(£) € L2{0, cc}. Then the operator i, defined by
Hyx(t) = i 12’ (¢} on Dy = D{H,) is a maximal symmetric operator with
the defect indices (1, 0). In this case, X = X; XX, = L*(— o0, o0}, and
the operator H in Theorem 2 is given concretely by Hx(f) = 1% (f)
for those x (f) € L2(— oo, oo) for which x{0) = 0 and ' (¢) € L*{— oo, oo}

Remark 2, Since H == fﬂ d]f(ﬁ) is an extension of H,, we have, for
& D),

[l = |[fx|p = [ Ra|E@«|P= [ #aER =)

= [ RAEWN) PX)x P(X)2x)= [ RAFW)x x).
—20 —o0
o0
However, the condition f A2 d(F(4) x, x) << oo does not necessarily

imply that x € D (H,). Concerning this point we have
Theorem 3, In the case of a maximal symmetric operator H,, we
have, for the corresponding generalized spectral resolution f AdF (A

in X,
©Q
x€ D(H,) is equivalent to the condition f ARdFMN x, x) <o, (D)
—o0 o0
Proof. The reasoning in Remark 2 shows that f AZA(F (A)x, %)
—00

< oo implies that [ 124 Hﬁ(ﬁ) x|[F<loo, e, ¥€ D (F). The operator
-
H = P(X,) HP{X,),

when considered as an operator in X, is a symmetric extension of H,

and D(H'Y =D (I;’} N X,. Thus, by the maximality of H;, we must have

H,—H'. Thus D(H)=DH)=DH)NX, and so, by H =
oo

P{X))H P(X,), the condition [ 424 ||E(A) x||? < oo with ¥ € X, implies

-

23 Yeuida, Functlonnl Annlynis
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o0

f A d(F Q) %, x) < co;and conversely, the condition x ¢ D {H ) implies
—00
bed

[ BaAFQR) x x) — fozzcz”E“(A)tz<oo.

—00
Remark 3. Since, by Theorem 1,any closed symmetric operator can be

extended to a maximal symmetric operator H.

1+ We can apply our Theo-
rem 3 to the effect that (5} is valid. For a detailed exposition of the gene-

ralized spectral resolution, see N.I. ACHIESER-I. M. GLAsMAN [1] or
B. 5z. Nacy [3]. The spectral representation of a self-adjoint operator
in a Hilbert space can be extended to a certain class of linear operators
in a Banach space with an appropriate modification. Thisresult is due to
N. DuNFORD and may be considered as an “‘elementary divisor theory” in
infinite dimensional spaces. N. DUNFORD-]. SCHWARTZ [6].

16. The Group-ring L' and Wiener’s Tauberian Theorem

The Gelfand representation admits another important application in

functional analysis, namely, an operator-theoretical treatment of the
Tauberian theorem of N. WIENER.

The linear space L (— oo, oo)

1s a ring with respect to the function sum
and the product x defined by

Uxe)0) = (%)) = [ Jt—5)g(s) ds. ®
For, by the Fubini-Tonelli theorem,

—~!o _a[o Flt—s)g(s) ds dtg‘_f Jf(t—s)]dtmf tg(s)|ds

o0 (=2
= Jliola [ |e@la.
—00 —o0
We have thus proved

(1F=<gll < 1I£1] - lg||, where [l [ is the norm in L'(— oo, o). (2)
Therefore we have proved

Proposition 1. We can introduge formally a multiplicative unit ¢ in
the ring L! consisting of all elements 7 given formally by

E=J{.e+x,x€f.1(_oo,oo). {3)
In fact I? is a normed ring by the following rule:
(Aie +2) + Uge + 20 = (A + A) e + (3, + 1),
x(de + x) = xlde + ax, (4)
(Are + %} X (Ahe + x,) = Adge + Ayxy + Apx; + Xy X Xy,
lide + x(l = 4] + ||=|].
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This normed ring L! is called the group-ring o‘f the‘group R? (?f r_eal
numbers written additively. We shall find all ma,xunz?l ideals of “Fhls ring
Il One is Iy = L1{— oo, o0) from which L! is obtaired by adjunction
of the unit e. We shall find all maximal ideals I #= 7.

For any maximal ideal 7 of the normed ring L1, we sha:1_1 denocte .by
{z, I} the complex number which corresponds to the element % by the ring
homomorphic mapping L' — LYI. Thus {2z, 1) =4 for z=1e + x,
- T{(;t I be a maximal ideal of L1 different from I;,. Then there exists a
function x € L*'{— oo, co) = I such that {(x, I} # 0. We set

x (o} = {(x,, I}/(x, I), where x,{f) = x{f 4+ &). b

Then x (0) = 1, and, by {{x,, [)| = ||x.]| = ||xH we see that |y (o) | =<
[|2]|/1{=, )i Thus the function () is bounded in «. Moreover, by

(& + &) — x| = |[%ars — /i (. D).
the function y (&) is continuons in «. For, by (2) in Chapter X, 1, we have

—_—
-

o]
lim f |[2{x 4+ 6 + £) —x(x + ¢) | dt = 0.
30

=00

On the other hand, we have, by (x,, ;X #) ) = (x,xx,) {£),
(e D) (5 1) = (50 1) (3. )

xlx + By = xl) x(B). (6)

From this we can prove that there exists a uniquely determined real
number ¢ = £(I) such that

x(x) = exple- £{I) - o). {0
In fact, by y(na) = ()" and the boundedness of the function g, wi
obtain |y(x)] = 1. Consequently, by x(«) x(—:a) =y (0) =1, w; r[;.u:,
have |x{x)| = 1. Thus, as a continuous solu_ltlon ‘of (6) whose absolute
value is one, the function y(x) must be given 1n.f0rm (7‘).1 That the
value £ (I} is determined by I independently of. the .chr?me c?f xe L (——oo,oo_)
may be seen from y{x) (v, I} = (v, I) which is implied by x,xy =
jc><:‘]::m\:rf:1ry continuous solution of (6) with the absolute value ide?ticalhi
equal to one is called a confinuous unttary character of the group R! of rea
i ditively.

nun\l?\t;zrilz‘::;ttt;i: ca:lzfmstruizrt«-zd the (continuous un.jtary) character y(«}
of the group R! with respect to the given ma.XJmal 1de:.il I## I, _

We next show how to reconstruct the ideal I with respect to this
character or, what amounts to the same thing, to reconstruct the value
(#, 1) from .
23*

so that
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For any y(f) € L1(— oo, oo), we have
oc o

EX ) = [ x(t—s) yis) ds — J = y(s) ds.

- —00
Hence, by (5)
we obtain

@V D= D 0 D) =5 1) [ ges)yie) ds.
Thus, by (x, I) £ 0, we obtain -

o0

. 1) :_i y(s) exp(—i - £(I) - 5) ds. (8)
Therefore, for any 7 = de -+ x with x € L1(— oo, oa),
Z0) = Ae, Iy 4+ (x5, 1) — 4 + J x(s) eXp(—i-£(7) - s)ds.  (9)

Conversely, any (continuous unitar '
) , y) character n) — ex &
of the group R1 defines a ring homomorphism *) pe-£-a)

[+,

T A+ [ x(s)exp(—i-£ ) ds (#F=2e 4 2, 5¢ L'(—o0,00)) (10)

-0
of L1 onto the rin

Tonelli theorem.
o0

g of complex numbers, For, we have, by the Fubini-

_cj; {x1 < x5) (& exp(—i-&. 1) dt
:-o'£ % () exp(—i &4 at foxz (&) exp(—i-&- 4 4t

We have thus proved

Theorem 1 (GeLFanD [4] and Rarkov [1]). There exists a one-to-one
correspondence between the set of all maximal ideals 7 7= Ll1(— oo, oo)
of the group ring L! of the group R! ,
characters y (x) of this group R,
mula (9),

We shall show that the normed ripg .1 is semi-simple or, what amounts
to the same thing (see Chapter XTI, 2), that the following theorem is true.

Theorem 2. The normed i 1 i i
mente e o The rmg L1 has no generalized nilpotent ele-

Proof. Let xc 12 (— oo, o)
inequality,

and the set of all contintous, unitary
This correspondence is defined by for-

and y € L¥(— oo, 00). Then, by Schwarz’
o0

fx(th)y(S) ds](‘é(_a[o |x(t—s)]ds_foix(t—5)lly(s)Izds)lﬂ,

—00

and the continuity of the ring homomorphism 7.1 - LYf
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and so, by the Fubini-Tonelli theorem, we see that the left hand side
belongs to L2(— o, oo) and

(2> ¥|la = [ix|] ||» ||y where || ||, is the norm in L¥(— oo, 00). (11)

Hence we can define 4 bounded linear operator T, on 1.2 {— oo, o0) into
L2(— oo, 00) by

()= fx(t—s)y(s) ds whenever x¢€ L1(—oo,00); (12)

—
and, moreover, we have
N7l = ix]], (13)
T¥ =T, where x*(f) = x( 1. (14)
Thus, by applying the Fubini-Tonelli theorem again, we obtain
T, 77 = Tyxpn = Tyoy, = T3 T,, ie., T, is a normal operator. (16)
Hence, by Chapter XI, 3, we have [|7, ||, = nlin; (| T2||)¥". Therefore,
by

[[xxxxx-- x|z [Ty,

#n factor

we see that, if x is a generalized nilpotent element, then [|T;]]z = 0.
From this fact we easily prove that x must be a zero vector of L1 (—o00,00).

Let now z = Ae¢ + x with x € L1(— 00, 20) be a generalized nilpotent
element of the normed ring 1. Then, for any maximal ideal I of L1, we
must have (z, I) = 4 + (¢, I) = 0. Hence the Fourier transform

(29_5)—11'2- fox(t) CXP(—?’.' £. t) dat

must be identically equal to —{2x)""* 2. From this we prove that A
must be 0. For, we have (the Riemann-Lebesgue theorem)

__fox(t) exp(—i-£-¢8) dt :KZ‘l_fo[x{t)—x(t+§)]exp(ﬁz‘-§-‘-t)dt‘

§2—1¥fm‘x(t)—x(t+%)‘dt—>0 as £ »oo.

Thus a generalized nilpotent element % € L! must be of the form z — %
with x € L1(— oo, oo) and so, by what we have proved above, 7 = x = 0.
We are now in a position to state and prove the Tauberian theorem of
N. Wiener [2]:
Theorem 3. Let x(f) € L'{— 20, co) be such that its Fourier transform

(27)~ 12 fot(t) exp(--1. £- 4 dt
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does not vanish for any real £ Then, for any y{f) € L}(— oo, 00) and
& >. (?, we can find the real numbers B’s, the complex numbers x’s and a
posttive integer N in such a way that

&0

J }y(f)ﬁjéaﬁ(tﬁﬁ;) dt < e. (16)

—00
Proof, It suffices to find 7 € 1! in such a way that
lly —2xZ|| < e/2. 17
We first show that tn

K—*O0 __

lim [ [y() —y™ ()| 4t = 0, where
o0

(%) 1 ® 1—cosas (18)
y (t):;_ofo Y —s) — 5 —ds.
For, by_ofa (1—cosas) (xs®)2ds = z (x > 0), the left side is
g A= £
< () lim [ ﬁ_s‘:"sﬁs)ds{f ry(t)ﬁy(t~—;—)|dt}= 0.
Next we have >
Cam freNEl—¢ i 1— [£lfo (|E] < &),
e [ e[

For, we have

(2 )2 __f {1 — |&]fox) %% dE = (%)uzofa (1 _é) cos ué « dE

- (%)”2 % f“ (1 “é) d(sin u) = (%)”2 fasm “S
o 0

Ux

%(_%)1121—4:05 "
==/ T

and so we have only to apply Plancherel’s theorem in Chapter VI, 2,
Hence, by the Parseval relation of the Fourier transform,

¥ (#) satisfies ) ofo v () eX};(_«;.g-t) dt=0 if [£|=x. (20)

Therefore, we may assume that y ¢ I1 {(— o0, co) in (17) satisfies the
condition

oG

qofc y{f) exp(—i-&-#)dt = 0 whenever |&|= «. {21)

Next we choose a positive number B and a sufficiently large positive
number y such that [ —y, -8 + yiand [#—y, # + y] both contain
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[—x, &]. Let C (£} and Cy(&) be the defining functions of the intervals
[~—v.v] and [—78, B], respectively. Then

(=]
wl@) = @A™ [ CLE—n) Colmdn =1 for £€ [~a, o],
- = 0 for sufficiently large |£],

0<u{f) < 1forallreal £. {22)

By the Parseval relation of the Fourier transform, we have
ift) = 55 @) &, () Gy 9.

Thus, by Plancherel’s theorem, we see that #(£) belongs to L1 (— oo, o0) N
L?(— o0, o). Hence we may apply Theorem 1 so that
Fty = a(t) = (2n)""% (u, I) with a certain maximal ideal I, # I,. (23)

Moreover, by Plancherel’s theorem, the inverse Fourier transform of f{¢)
is equal to % (£), ie., we have

u(§) = @), 1), (24)
We next set g = ¢ — (22) V2 f. Then, by what was proved above,
0= (g, I;)=1;(g 1) =0 whenever £¢ [—u, «];
& I;) = 1 for all sufficiently large |£|. (25)

On the other hand, we have, for x* (!} = x(—¢), the relation (x, I;) =
(#*, I¢). Thus, by hypothesis, we have (x* xXx, I,) = [(x, I)|* > 0 for all
real £. Hence the element

g+ x*xxc Lt
satisfies the condition that {g 4+ x*xx, I} = 0 for all maximal ideals T
of L1. Consequently, the inverse (g + x* X x)~1in L1 does exist.
We define

7= (§ + xxXx*) XKy, (26)
Then, by (4), the element x x z belongs to L1(— oo, oo). Moreover, we have
for every real number ¢,
-y T (**, Ig) (v, 1¢)
(X2, L) = (%, Ip) (z, Ig) = (x, 1) @ 1o + (z I (x%, I
Hence, by (25) and the hypothesis that (y, I;} = 0 whenever |£| = a, we
obtain

(xx3Z, Is) = (y, I} for all real .

The normed ring L1! is semi-simple by Theorem 2. Hence we must have
£XZ = ¥. We have thus proved Theorem 3.

Corollary. Let % {£) belong to L1{— o0, co), and let its Fourier trans-
form vanish for no real argument. Let %, (#) belong to L1{— o0, co). Let
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7(#) be Baire measurable and bounded over (— oo, c0). Let, for a con-
stant C,

Jim f:kl(tﬁs)f(s) ds = C _[?okl(t) dt. (27)
Then o -
Jim [ kylt —s)flsyds = C [ ko) dt. (28)

Proof. We may plainly suppose that C — 0. And (28) holds for &, {#)
of the form &,(t) = (xxk,) () with %(t) € L1{—o0,00). It is easy to
prove that (28) holds for k&, () if kg () = s-lim ™ (2) in L (— oo, oo} with

H—00
() € L' (— oo, o0) for which (28) holds (n=1,2,...). Hence, by
Theorem 3, we see that (28) holds for every &y {t) € L*{— oo, oo).

Remark. N. WIENER ([1], [2] and [8]) has applied the above Corollary
to a unified treatment of classical results concerning the Hmit relations
im series and integrals which include a new proof of the prime number
theorem. Cf. also H. R. PrrT [1]. The above proof of Theorem 3 is adapted
from M. Furamiva [1] and I. E. SEGAL [1]. CL. also M. A. Nammarxk [1]
and C. E. RI¢ckaRT [1] and the bibliographies cited in these books. For
the sake of comprehension of the scope of the above Corollary, we shall
reproduce Wiener's deduction of the special Tauberian theorem. The
special Tauberian theorem, as formulated by J. E. LirtLEwWooD reads:

oD
Theorem 4. Let Eo a,x" converge to s{x) for [x| < 1, and let
H=

lim s() = C. (29)
Let, moreover,
sup n |a,| = K < oc. (30)
=1
Then
S a=C. (31)

[=]
Proof. Put /(x) = Eﬂ a,. Then we see, by

n=

) s =| Xar— e - 3 g e

#=1 1+1 \
[¥] o) co
- Hn K . e 1
L2t 2 LK+ K [ e g

n=1 #1+1 [z]

o0
=2K4+ K f ¢ *u 'du — constant,
i

that /(x) is bounded.
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Hence, by partial integration,

o0 oo

s{e™) = S ape " = [ e7"df (u) = Of xeH F (u) du.
n=0 -0
Thus we have
=1 - du = lim foe_fe_"q_éf(s’]) dy. (319
€=l J oo™/ de = fim [

This may be written as
o0 oc -

im [ k(—s) (&) ds=C [ ky(0)dt, where ky(t) = e e, (82)

=00

since
o0

o0 » oo .
[ ktydt= [ e’ dt= [ eFdx=1.
—00 ]

Furthermore, we have
oo o i )
[ ke ™it= [ s™e " dx =T(1 + 1u) 7 0.
—00 4]

Thus we can apply the Corollary and obtain, for
k() = 0 (1< 0); Byl) = ™ (£ 0),

the limit relation

C:Cofoe_‘dtzcnofo k2(t)dt:£{£_f Byt — 5) (&) ds

OO0

It follows that, if A > 0,

{1+ o
Cz(_lﬂ_ic_czﬁm i{ f f(y)dymof f(y)dy}
o

x—roolx

x (1+A)%
—1mst T ) dy—iimw{f(x)ﬂ—l; / U(y)—f(x)]dy}. (33)

x—wo;"xx P

On the other hand, we have, by {30},

1 1+ 4 1 (14+4)x iyl Kd
L — )4 g—f 2 gy
‘A,,f o=ty <55 [ 25
' [{1+4)%]
< KK ok
— g BT
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for sufficiently large value of x. Hence, by (38),
im [f{x) — C| =< 21K,
A—00
and since 4 is any positive number, we get
lim f(x) = C.
OO0
Thus we have proved (31).

XII. Other Representation Theorems in Linear Spaces

In this chapter, we shall prove three representation theorems in
linear spaces. The first one, the Krein-Milman theorem saysthat a non-void
convex compact subset K of a locally convex linear topological space is
equal to the closure of the convex hull of the extremal points of K. The

other two theorems concern the representations of a vector lattice as point
functions and as set functions.

1. Extremal Points. The Krein-Milman Theorem

Definition. Let K be a subset of a real- or complex-linear space X,
A non-void subset M C K is said to be an extremal subset of K if a
proper convex combination xk; + (1 — x) ks, 0 <o < 1, of two points
%y and k, of K lies in M only if both k) and k, are in M. An extremal set
of K consisting of just one point is called an extremal point of K.

Example. In a three dimensional Euclidean space, the surface of a

solid sphere is an extremal subset of the sphere, and every point of the
surface is an extremal point of the surface.

Theorem (KREIN-MILMAN). A non-void compact convex subset K of a
locally convex linear topological space X has at least one extremal point,

Proof. The set K is itself an extremal set of K. Let 9 be the totality
of compact extremal subsets M of K. Order M by inclusion relation. It
is easy to see that, if 2R, is a linearly ordered subfamily of N, the non-
void set MQEUE M is a compact extremal dubset of K which is a lower bound
for the subfamily 9,.

Thus, by Zorn's lemma, 9% contains a minimal element M,. Suppose
that M, contains two distinct points %, and y,. Then there exists a con-
tinuous linear functional f on X such that Fxo) 7 f{¥y). We may
assume that Re f(x,) = Re f(y,). M, being compact, the set M, =
{x € My; Re f(x) =yiean' Ke [(y)} is a proper subset of M,. On the other

hand, if k, and %, are points of K such that axky + (1 —«a) ky € M, for
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some a with 0 << x < 1, then, by the extremal property of 24(; ktlh aEan kg
both € M, It follows from the definjtion of M, that _k1 a(;'lf:l 112/1 oSince M}
Hence M, is a closed extremal subset pyoperly contamed lin O'Thereforeo
is a minimal element of M, we have amvefi at a contradiction. _ o
M, must consist of only one point which is thus an extremal point of K.
° Corollary, Let K be a non-void compact convex subset o‘f a lofcalllly
convex real linear topological space X . Let-E be the totaghti/ szd tsei
extremal points of K. Then K coinc.ldes with the ;mgllt} C 07 d et
containing every convex combination _?.‘ o8 (oc,- =20, 2o = )

oints e,C E, 1.e., K is equal to the closure of the convex hall Co.nv (EYof E.
F Prm;i ’fhe inclusion E C K and the convexity of K imply t]-:lit
Conv (E)?* is contained in the compact set K. Suppos:htha: tkhfrz ;x:isni,

i i in (K —Conv(E)?). We can then ta
a point %, contained in (K — ) S
* — E)*—¢). The set (Conv
Conv (E)® so that (kg—rc) € (Conv.( t
fl:)Sing con(lpzlct convex and 0, there exists, by Theorem 3"in Chapter IV, 6,
a continuous real linear functional f on X such that

g —c) > 1 and flk—¢) =< 1 for (8 —¢) € (Conv (E)* —¢).
Let K —0 K I in h K NE
c K; = su . Then, since k€ K, the set K,
et K, {x ; Fx) iEPf(y)}

must be void. Moreover, since K is compact, K, is a closed iaxtremal tsubsea:cl
. 1 subset of K is also an extrem

of K. On the other hand, any extremal st ; 1 nal

1 point of K;, which surely ex

t of K and hence any extrema . .
;I;biie ;receding Theorem, is also an extremal point of K. Since Ky N E
is voi I arrived at a contradiction. _

i VORISx;J::k 3T"§e above Theorem and the Corollary were dﬁrstt gr;)ved
. . The proof given above is adapted from
by M. KrREIN-D. MiLMaN [1] . gpted rom
i he unit sphere S = {x ;

gy [2]. It is to be noted that for t | _
ﬂxI“ IS{E;}Lm i glilbert space X the extremal points of S aixie prec;sely
o X 1. This we easily see from

the surface of S, i.e., those of norm : :
tlll)oifl gllllépter 1, 5. For applications of the notion of the extremal points
to concrete function spaces, see, e.g., K. HOFFMAN [1]. 4 continons
A simple example. Let C [0, 17 be the space of real-value c?lr‘1h1 hous

- == 2. e du
functions x(f) defined on [0, 1] normed by x m?xlx()l

i i res on [, 1] of boun-
X = C[0, 17’ is the space of real Baire measu ( -
Sdlc)azciota.l vargations. The unit sphere K of X is comlé?lci: 1tn t?;;)w;:kis
] dix to Chapter .
f X {see Theorem 1 in the ApPen
EC;IS)OI?SYSB{; that( extremal points of K are in one-to-one corresponc:)enlce
wit:1Y1 the linear functionals f, € X of the form (x: fio == (to): ty GE [o, a:.[S
The above Corollary says that any linear functional f€ X is given
the weak* limit of the functionals of the form

"
n e Yu, =1 and f€[0,11.
j_‘l a,—x(ﬁj), where e "'j:—i Xy 1
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Recently, G. CuoqUET [1] proved a more precise result: If X is a

metric space, then £ is a G4 set and, for every x& K, there exists

a non-negative Baire measure g, (B) defined for Baire sets B of X

such that p (X —F) =0, u, (E)=1 and x = [ v, (@y). As for the
E

uniqueness of u, and further literature, see G. CHOQUET and
P. A MEYER [2].#

2. Vector Lattices

The notion of “positivity” in concrete function spaces is very im-
portant, in theory as well as in application. A systematic abstract treat-
ment of the “positivity” in linear spaces was introduced by E. Riesz [6],
and further developed by H. FrReupeENTHAL (2], G. BIRKHOFF 1]
and many other authors. These results are called the theory of wveclor
lattice. We shall begin with the definition of the vector lattice.

Definition 1. A real linear space X is said to be a vector lattice if X
is a lattice by a partial order relation x < y satisfying the conditions:

% =y implies x +- 2 <y + 2, (1)

¥ = y implies xx = oy (or ax = xy) for every a = 0 {or a < 0)y. (2
Proposition 1. If, in a vector lattice X, we define
zt =2V 0and x~ =5 A 0, {3)
then we have
ENVy=@F—y"+y x Ay=—(—2 V (—). (4)
Proof. The one-one mappings x—+x + z and % —ax (& > 0) of X

onto X both preserve the partial order in X.

Example. The totality 4 (S, B) of real-valued, o-additive set functions
x(B) defined and finite on a g-additive family (S, B) of sets B C S is
a vector lattice by

(& + ) (B) = (B) + y(B), (xx\(B) = xx(B)

and the partial order x == y defined by x({B) < y(B) on B. In fact, we
have, in this case,

x*(B) = sup x(N) = the positive variation ¥ (x; B) of xon B. (b}
NGB
Proof, We have to show that ¥V (x; B) = (x \/ 0) {B). It is clear that
V(x;B) = 0and x(B) < V{x; B) on B. If 0 < y(B) and x(B) < v(B)
on B, then, for any N C B, y(B) = y(N) + y(B— N) = x(N) and so
v(B) = Vix; B) on B.

* Sce also Supplementary Notes, p, 467,
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Proposition 2. In a vector lattice X, we have

xhy+r=(+2{(y+2), (6)
x(x¥y)=(ax) { (xy) for «>0, {7
w(x)y)=(@x)§ (xy) for a<<O, (®)
xAy=—(—xV (), sm=—(—2)" 2F=—(—2)". (9
Proof. Clear from (1} and (2}.
Corollary.
x+vy=xV ¥+ x A vy in particular, x = 2t + x~. (10)

Proof. x Vy —x—y =0V (y —x) —y={(—y) V {—*) = —(y A x).
Proposition 3. We have
Xy =% x % (commutativity), (11}

2V ¥V a=[(xVy Vz=suplx,y, 2)} associativit {12)
AW AD={(x Ay Az=ini(x,y,2) ( ativity), (45
wvaZ:wv4A@va} N (14)
VA= AD YV A 2) (distributivity) . (15)

Proof. We have only to prove the distributivity. It is clear that
ANV Iz=ExVzyVz letw a2z, yVazThenw <xV z=
x4 z—xAzandsox + z=w + x A z Similarly we have v 4+ z =
w + v N 2. Hence

wHEADNANPAY =@+ ADA{w+y A2
ZEt+td A +a=2Ay 2z
and so
w=(x A+ @FANAz=EAYV =
We have thus proved {14). (15) is proved by substituting —x, —y, —z for
x, ¥, z, respectively in (14).
Remark 1. In a lattice, the distributive identity

s ANy Va=EANYVEA (16}
does not hold in general. The modular idenfity:
x= z implies x V (¥ A2 = V ¥ Az (17

is weaker than the distributive identity (16). Let & be a group. T‘hen the
totality of invariant subgroups & of G constitutes a modulm-' lattice, that
is, a lattice satisfying the modular identity (17), if we define N, V N,
and N, A N, as the invariant subgroup generated by N, and N, and
the invariant subgroup N; N\ N,, respectively. -

Remark 2. A typical example of a distributive lattice is given by thfe
Boolean algebra; a distributive lattice B is called a Boolean algebra if
it satisfies the conditions: (i) there exist elements I and 0 such that
0 < x << ffor every x¢ B, (ii) for any x¢ B3, there exists a uniquely



366 XII. Other Representation Theorems in Linear Spaces

determined complement x' € B which satisfies x V ' =7, x A 2" = 0.
The totality B of subsets of a fixed set is a Boolean algebra by defining
the partial order in B by the inclusion relation.

Proposition 4. We define, in a vector lattice X, the absolute value

x| =2V (—x). {18)
Then
|| =0, and |x| =0 iff x =0, {19)
|2+ 1= (21 + |y}, o] = o] |2]. (20)
Proof. We have
2N () = 2 A (R — 0. (21)
For, by 0=x—x =2V (—%) + s A {—x) = 2(x A (—=x)) and the

distributive identity (14), 0 = (x A (—=x)) \/ 0==x=t A ( x)T. Thus
r—x =axt 4 (—x)T =t (—x)T.

On the other hand, from x V {(—x) = x A (—x) = — ((~x) V ), we

have x \ (—=x ) = 0 and so by (21)

x N { ={xV (—2) V 0=x" V (—x)* = a2 4+ (—2)*+.
We have thus proved
¥t —ax" =t 4 (—x)F =t V (—x)r =x V (—2a). (22)
We now prove (19) and (20). If x = xt + x 3£ 0, then x+ or {—a7)
is >0 so that |x[=2x"V (—x) >0 |rxx|-* (%) V (—ax) =
loc] (x V (—%)) = |a]| |%]|- From |x| + |¥| = x + v, —x — y, we obtain
[ + iy =+ 9V —x—y) =[x + v

Remark. The decomposition x=x" 4+ 2, 2t A (—x7) = 0, is called
the Jordan decomposition of x; x+, x~ and |x| correspond to the positive
variation, the negative variation and the total variation, of a function x (£)
of bounded variation, respectively.

Proposition 5. For any ¥ € X, we have

lx—x|={xVy—xVy|+x Ay—x Ayl. (23
Proof. We have
|a—b|=(a—br —(a—b~"=aV b—b—(a A b—b)
—a v b—a/lb.
Hence the right side of {23) is, by (10), '(14) and (15),
=EVNVH—@EVAA@GYN+EANY B Ay —Ay) A
=@V Vy—EAR Vy+EYVa) Ay—xAx) Ay
=xVaon+y—EAn+y=x2Vx—xAx=|zx—xn|
Definition 2. A sequence {x,} of a vector lattice X is said to O-converge
to an element x € X, in symbol, 0;1_1&15 x, = x I there exists a sequence

{wa} such that |x—x,| < w, and w, | 0. Herc w, | 0 means that

2. Vector Lattices 367

W = wy = - - - and A w, = 0. The O-limx,, if it exists, is uniquely
n=l el

determined. For, let 0-lim x,, = x and O-lim x,, = . Then lx—x,,| = w,,
1—-00 00
w, § 0and |y — x,| = w0, %, § 0. Thus |2 —y| < |2 —x,| + [x, —y| =
w, + %, and (@, + #,) { 0 as may be seen from w, 4+ /2\ Uy ==
n=zl

N (w, + w,). This proves that x = y.

- Proposition 6. With respect to the notion of O-lim, the operations
x+ v, 2%y yand x A y are continuous in x and y.
Proof. Let O- hmx =x, 0- llmy,, =y. Then |[x +y—x, —9y,|=

|x — 2, |+ |v— y,,]1mphes() hm(x + ) = x + y. By (23), we have

Lx,\y ’v’n,\ nl }x,\y—x,,,\y|+lx”,\y xﬁ:‘\y’l|
= Ix_xn‘ + b’_yn|'
and so O-lim (%, ¥ ¥,) = (O—lim x,,) M (O-].im y,,) .
Remark. We have
O-lim o - %, = « - O-lim x,,..
H— 00 >0
But, in general,
O-lim ¢, % 5= ( lim oc,,) x.
n—-o0 n—+0Q
The former relation is clear from {ax — &%, | = |x| |x — x,]. The latter
inequality is proved by the following counter example: We introduce in
the two-dimensional vector space the lexicographic partial order in which
(€1, m1) = (£a, mp) means that either £, > &, or &§ =&, m = 1y It is
easy to see that we obtain a vector lattice. We have, in this lattice,
i, 0= 0,1)>0=(00 (n=1,2,..7.
Hence 0-lim »1{1, 0) £ 0. A necessary and sufficient condition for the
n—oo

validity of the equation

O-lima,x =0 % (24)
ﬁn—)“
is the so-called Archimedean axtom
Olim#'x =0 for every x == 0. {25}
00

This we see by the Jordan decomposition y = y* + .

Definition 3. A subset {x,} of a vector lattice X is said to be bounded
if there exist ¥ and z such that y =X x, = z for all x,. X is said to be
complete if, for any bounded set {x,} of X, supx, and infx, exist in

X. Here sup x, is the least upper bound in the sense of the partial order

in X, and inf x,, is the largest lower bound in the sense of the partial order

in X. A vector lattice X is.said to he g-complete, if, for any bounded
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sequence {x,} of X, sup %, and igf x, exist in X. We define,
nxi 21

in ag-
complete vector lattice X s
O-limn x,, — inf , O-i = i _
Mm%, = ip (:?;B x,,) lim x,, S:;'lp (:grf” x,,) (26)

Proposition 7. O-lim x, — x iff O-fim %, == O-lim x, — .
A—CO n—00 ns00
Proof. Suppose |5 — % | < w,, w, | 0. Then x — Wn 55 X, < x + w,
and so we obtain O-lim (* —w,) = x < O-lim %, < O-lim {x +w,) = =x,
_ H—00 =00 =00
that is, 0-lim x, — «. Similarly, we obtain O-lim x,, = «.
n—>00 H—r00
Wy = SUP R, v, == inf x,_
m>n mn
%y — Uy = w,. Then, by hypothesis, w, } 0. Also, by Xy S, —ox
(4, —x) < x - (2 — v,) = x + @, and x, = x — w, obtained similarly,
we prove |¥ — x, | < w,. Thus O-im X, = x.
n—00

We next prove the sufficiency. Put

Proposition 8. In a o-complete vector lattice X, ax is continuous in
&, % with respect to O-lim.

Proof. We have lox — oz, | < ]cxx%ocx,,] + [axy, — o0, %, | =

o] [, + | — | |%,]. Hence, if O-limx, = %, lim &, = «, then
N30 H—00
the O-lim of the first term on the right is 0. Therefore, by putting

sup |z, | =y, sup & —a |=p. we have to prove O-limg,v — 0.
#z=1 m=n H—00
But, by y= 0 and Bnd 0, we see that O-lim B.¥y = z exists and
H—0
O-lim 2718,y — 27!z Since there exists, for any =, an #, such that
00
Br, = 2718, we must have » — 271z, that is, z = 0.
Proposition 9. In 5 o-complete vector lattice X, O-lim x, exists iff
=00
O-lim |x, — %, | = 0. (27)
7,900
Proof. The necessity is clear from |2, — %, | < |2, — x| + |%-— x, I
If we set ’x,, — %y | = ,,., then O-lim %y = x,, + O-lim Yam, O-lim x,, =
#—+00 700 H—00
%n — O-lim y,,,,. Hence
00

M—00 HO0
Thus we have proved the sufficiency. S
Proposition 10. A vector lattice X is g-complete iff e€very monotone
increasing, bounded sequence {x,} C X has sup x, in X,
=

0 < 0-lim %, — O-lim x,, < O-lim (O-En Yo — O-lim y, )=o.
00 #H—>00

oG

n=1
Proof. We have only to prove the sufficiency. Let {%.} be any bounded
sequence in X, and set x, — Sup z,,. Then, by hypothesis, Sup x, = z
mn =1
existsin X, and 7 — Sup z,. Similarly, we see that 1;1}‘ 2y == inf( inf z,,,)
He

. nz=l1 n=l \msn
also exists in X.
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3. B-lattices and F-lattices

Definition. A real B-space (F-space) X is said to be a B-lattice (F-
lattice) if it is a vector lattice such that 1
|#] = |yl implies ||=]] = [|¥]]. a
Examples. C(5), L7 (S} are B-lattices by the naturalspaf,r’;lﬂleozjz;
x == 9 which means z(s) < y(s) on S (» (s) = y(s)l ite OI}D t(})le e case
(). M(S, B, m) with m(5) < oo is an 'F- aBji::tﬁc); by
partial order as in the case of L#(S). A(S, B)isa

[|#]| = |%| {S) = the total variation of x over S.
We have, by (1) and x| = [(]x])], o
|1l = [1{=D 1
In A(S, B), we have, moreover, 8
x=0,y=0 imply [z +y[f=ilx+|lv[. @

S. Kakutani called a B-lattice satisfying (3) an abstract I'-space. From

O <] dmplies el < [l @

The norm in A (S, B) is continuous in O-lim, that is
O-lim x, = x implies lim [|x,| = ||»]| (5)
700 n—00

For,in A (S, 8), 0-lim %, = « is equivalent to the existence of y,,€ 4 (S, B)
or, in .8, "

such that [x— %, (S) =< v,(S) with y,(S) | 0. It is easy to see that
, m) satisfies (4} and (). o _
M(f’,niosit)ion 1. A g-complete F-lattice X satisfying (4) ;lmtd 1(5t)ti1csE :
ice. i d L7 (S) are complete la .
lete lattice, In particular, 4 (S, B) an :
coml?roof. Let {x,} € X be bounded. We may assume 0= x, g x fog a;f
x, and we shall show that sup x, exists. Consider the totality {z;
ini ‘g == Y Koy Set
2y obtained as the sup of a finite number of x,'s: % _\/1 5

y = sup ||25||- Then there exists a sequence {2 } such thatjﬂg f25,]! = :
If we put z, = supzs, then O-limz, = w exists, and, by (5) and the
n - i
ol = Sup x,.
definition of y, we have [|#|] =9. We shall prove that w P

in x,. Then, by (4), ||#. V @[] >
se that x, \/ w > w for a certain %, s
ﬁlzlwl:ﬁo: y. But, by x,Vw =0-lim (x, V 2,), %, V 2, € {z} and (), we
h Vel = lim |[x, V 2z, |{ = v, which is a contradiction. Hence
el g rall x,. S ose 0 \ w < w.
we must have w = x, forall x,. Let %, -7 % forall x,. Supp

24  Yonlds, Functional Analyuln
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Then, by (4), [|w A #|| <<y, contrary to the fact that w A 1 2= 2 for all
3. Hence we must have w = Sup x,.

Remark. In C(S), 0-lim ¥» == % does not necessarily imply
H—0C
s-limx, = x. In M(S, B, m), s-lim %» = % does not necessarily imply
00 HOO

O-lim x,, = x. To see this, let %y {s), 2,(5), . . . be the defining functions of

H—-O0
the intervals of [0, 17:

1 1 2 1 1 2 2 3 3 4 1 1 2
oz] 53] oa] 14 il el [54] o] 53]
Then the sequence {xa ()} S M ([0, 1]) converges to 0 asymptotically but
does not converge to 0 a.e., that is, we have s-lim x, = 0 but 0-lim x, =0

n—-00 B—-00
does not hold.

Proposition 2. Let X be an F-lattice. Let a sequences {x,} C X satisfy
s-lim %, = x. Then {%.} *-comverges to x relative wuniformly. This means
700

that, from any subsequence {y,} of {#,}, we can choose a subsequence
{Vum} and a z€ X such that

Yy — 2] S &2 (k= 1, Z,...). {6)

Conversely, if {x,} *-converges relative uniformly to x, then s-lm X, = X.
Proof. We may restrict ourselves to the case x = (. From lix";}ﬁ) ¥u|l=10,

we see that there exists a sequence {n(k)} of positive integ;: such that
18w < &2 Then (6) holds by taking z— é |E3pn |- Con-
versely, let condition (6) with % — 0 be satisfied. Then we have
N Vuim || = l|&71z][ from [y | =< &1z, Hence S»E..T Yamy = 0. There-
fore, there cannot exist a subsequence {y,} of {x,} such that »]i‘& | ¥al| = 0.

Remark. The above proposition is an abstraction of the fact, that
an asymptotically convergent sequence of A7 (S, B, m) with m (S) < co
contains a subsequence which converges m-a.e.

4. A Convergence Theorem of Banach

This theorem is concerned with the almost everywhere convergence
of a sequence of linear operators whose ranges are measurable functions.
See S. BANACH [2]. A lattice-theoretic formulation of the theorem reads
as follows (K. Yosipa [15]):

Theorem. Let X be a real B-space with the norm ll{i and Y a o-
complete F-lattice with the quasi-norm /[ Il such that

O-limy, —y implies Hm iy, = {ly]. (1)
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Let {T,} be a sequence of bounded linear operators € L{X,Y). Suppose
H

t r .
e O-lim |T xl exists for those a2’ s X which form a set
OO0 "

(2)
¢ of the second category.
-lim T, x both exist and the (not

"

Then, for any x€ X, 0-lim T,x and O

necessarily linear) operator T defined by
Tx—= (o-fir_n T,,x)# (0-113_1 T,,x) (3)
#H—O0 00

. . v,
i i s as an operator defined on X mto o _

" C‘;’{T:;;i‘;‘;u The spage M(S, B, m) with m{S) <C oo satisfies (1)_ i V\;ﬁ
write y, =< y, when and only when y;(s) = ¥, (s) m—a.fi, th; )quz;ill;zl‘())vrise
||¥|l; being defined by ||¥{l, :Sﬂy(s)m + |y () [y L m(ds 3

L#(S, B, m) with m (S5) = oo also satisfies (1) by the same semi-order.

— » _ s r — Su y” s
Proof of the Theorem. Set T,x =9, ¥n = ,5‘21’)” [ Yo |, ¥ 5‘}211)| |

’ A : t G
and consider the operators V,x =y, af]d V2x = yh c};aflrilsec:tit)r};l; Czﬁti_
1 tion eac "
into ¥. By (23) of the prec_edmg sec , e strongly contl-
nuous with 7. Sinee lim||[V,x— Vx|, =0 by (1),

i -1 = 0. These are
lim ||4*V,x|| = [|&# 1V x|| and further lim {|% Vx|,
00 B-+00

implied by the continuity in &, ¥ of «y in the F-space Y. Hence for any

W = = }

e cX;sup ||A 1V, 2l = &}, (4
G < kul G, where G, {x s 1; i }

By the strong continuity of V,, each G, is a strongly ;:li)ﬁedhs;cgoflfezii's.
i f X, in virtue of the

me G, contains a sphere © X, _

;[11}:5 GS?S of tl?e second category. That 1s, theri: ;msﬁ az % Ean::dbi
i i 7Y x|l < e N
8 > 0 such that ||z, — x| = § implies ’s,g: &o" Vax|h
i — that
putting z = x,— x, we see 1
o S Vx| = 2s,
: ot < sup ||k Vaol|s + sup ||B" Vax|h
igllj &5 Vaz iy —”ZII’H 0 Vn o

that is, since V,(kgtz) = kg ' V%, we have
sup || Vpz|ly = 2¢ whenever ||z]| = d/ko-
n=l

i i - z = 0 uniformly in #.
This proves that s-lim ¥V, -z -
& being dense“’yrro X, V. xisdefined forallx € X and ¥V . x is strongly
continuous at x — 0 with V - 0 = 0. Hence, by

If x| £2V-x and ||f“x1— 1:"2“1 = ||T (% — %) [lhs
we see that 7 - x is strongly continuous at every x € X.

244



372 XII. Other Representation Theovrems in Linear Spaces

Corollary. Under condition (1), the set ¢ —= *eX; 0-lim T,x exists}
=00

either coincides with X or is a set of the first category.

Proof. Suppose the set G be of the second category. Then, by our Theo-
rem, the operator Tis a, strongly continuous operator defined onXinto Y.

Thus G = {xc X; Ty — 0} is strongly closed in X. Moreover, G is a

linear subspace of X. Hence ¢ must coincide with X. Otherwise, (¢ would
be non dense in X,

5. The Representation of a Vector Lattice as Point Functions

Let a vector lattice X contain a “unit’” I with the properties:

I > 0, and, for any f€ X, there exists an o ~ 0 such
1
that —al << f << 7. (1)

For such a vector lattice X, we can give an analogous representation
similar to the representation of a normed ring as point functions.

An element f€ X is called “nilpotent’” if n =T n=1, 2,..0.
The set R of all nilpotent elements f€ X is called the “‘radical” of X.
By (20) of Chapter XII, 2, R constitutes a linear subspace of X. More-
over, R is an “4deal” of X in the sense that

f€R and [g| < |f| imply g¢ R. (2)

Lemma. Let X, and X, be vector lattices, A linear operator T defined
on X, onto X, is called a laftice homomorphism if

T(x X y) = (Tx) { (Ty). (3)

Then (3) implies that N — {x€ X, Tx = 0} is an ideal of X;. Conversely,
if a linear subspace V of A is an ideal of X, then the mapping ¥ — Tx
= = (the residue class mod N containing x) satisfies (3) by defining
%Y ¥ through m

Proof. Let T be a latiice homomorphism. Let x¢ & and |y < jx|.
Then, by T(|z))=1T{(xv —x) = (Tx) V & {—x) =0, we obtain,
0=Ty+t =T+ A [x) =Tyt A T (%] =0 and so y*¢ N, Similarly
we obtain ¥~ ¢ N and thus ¥y =4t 4+ y-Cc N.

Next let a linear subspace N — {x€ X,: Tx = 0} be an ideal of X,.
liv=%ie., ify-—2¢ N, then, by (23) in Chapter X11,2, we have

[xXy =Yzl = |y — 2] eN

so that the residue class (x X v) is determined independently of the choice
of the representative elements %, y from the residue classes ¥, vy, respect-
ively. Hence we can PUt B ¥ = xVy by definingz = 0 through z v -- 7,
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Remark. The above Lemma may be phrased as follows. Let N be a
linear subspace of a vector lattice. Then the limear-congruence a = b
(mod N) is also a lattice-congruence:

a=b,a =¥ (modN) implies &« b=a’} ¥ (modN),

i is an ideal of X, o
" NN(;W an ideal N is called “non-trivial” if N == {0}, X. A non-trivial
ideal NV is called “maximal” if it is contained in no other ideal -,+— X.
Denote by M the set of all maximal idpals N of X The residual
class X/N of X mod any ideal N € I is “simple”, that is, X/_N does not
contain non-trivial ideals. It willi be proved below that « szmple veclor
lattice with a unit 15 linear-laltice isomorphic lo the vector lattice of real
numbers, the non-negative elements and the unit I being represented by
non-negative numbers and the number 1. We denote. by f(N) the 1:ea1
number which corresponds to /¢ X by the linear-lattice-homomorphism
X—>X/N Nci.

After these preliminaries we may state ‘ _

Theorem 1. The radical R coincides with the intersection ideal

N N.
Nem

Proof. The first step. Let X be a simple vector lattice with a unit 7.
Then we must have X = {xJ; — oo < o < o0}, ‘
Proof. X does not contain a nilpotent element f £ Q, for otherwise X
would contain a non-trivial ideal N = {g; |g| =7 |/] with some 5 < co}.
Hence, by (1), X satisfies the Archimedean axiom:
order-limn=— |x| =0 for all x¢ X. (4)

H—>00

Suppose there exists an f, € X such that f, 7= ¢ I for any real number 7.
Let
a= inf &', f = sup §'.
foger? BI<f

Then, by (4), 81 = f, = wl and § < . Hence {f— I+ 55 0, (f,— 81)~ = ?_
for f <X d <o Thus, by x* A (—x7) =0, theset Ny = {g; [g| = n(joféf)
with some 1 < oo} is a non-trivial ideal, contrary to the 1:1ypothes1s..

The second step. For any non-trivial ideal N, there exists a maximal
ideal N, containing N, o o

Proof. Let {N;} be the totality of non-trivial ideals Ct.:mtammg Ny
We order the ideals of {No} by inclusion relation, tha? is, we denote
N, = N, 1if N, is a subset of N, . Suppose that {N,} is a linearly or-

dered subset of {N,} and set Ng = " ET{JN,,} N,. We shall then show that

Ny is an upper bound of {N,}. For, if %, C I_Vﬁ,'there exist ideals N, and
N, suchthat x € N, andy € N, . Since {¥,} is linearly ordelred, N, €N,
(or’ N, 2N,) and so x and ¥ both belong to N,. This proves that
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{rx + dy)e N, C Ng and that [z[ =< |x| implies z€& N, C N, Since
the unit ! is contained in no N, I is not contained in N - Therefore N,
is a non-trivial ideal containing every N,, i.e., Ny is an upper bound of
{N,}. Thus, by Zorn’s Lemma, there exists at least one maximal ideal
containing N,.

The third step. R gNrE';nN. Let f> 0 and nf=<TI(n—1,2, ...

Then; for any N ¢, we have nf(N) < I(N) =1 {n =1,2,...), and
hence f{N) = 0, that is, f€ N,
The fourth step. R 2 NQJR N. Let f > 0 be not nilpotent. Then we have

to show that there exists an ideal N € MM such that & N. This may be
proved as follows.

Since f > 0is not nilpotent, there exists an integer » such that nj =5 I.
We may assume that #f 2z I, since otherwise f € N for any N ¢ It and so
we have nothing to prove. Thus suppose p = I — (n - f) "I = 0. Then,
for any positive integer m, we do not have m . p = I. If otherwise, we
would have w1l << T —(»n f) "I and hence

m-HDAT=m-HDAN{T—m)I.
Thus, by {6) in Chapter XII, 2,
mf—(l—m YD Am T=n-f—(1—m YD) A0=0,

and so, by the distributivity of the vector lattice,
0={n-f—1—m Y DAm I}V O=>(nf— (1 -m2) )" A m1I,
that is, (n-f—(1—m )t AT =0. Put b=(n-f— (1 —m) I)*+
and assume that b > 0. By hypothesis (1), we have & << aJ with some
a>1l.Then0<b=0bAalandso 0 < (a8 ATZB AT, contrary
to b A I = 0. Therefore b = 0, 1.e., n - f =< (1 — m~7) I. This contradicts
the fact that # .74 I. Hence the set N, = {g; |g| < % |p| for some
1 < oo} is a non-trivial ideal. N, is contained in at least one maximal
ideal N, by the second step. Then 0 = p(N) = 1 — {n - /(N)) A 1 which
shows that f(N) > 0, thatis, f€ N.

We have thus proved our Theorem 1.

The vector lattice X = X/R is again a\vector lattice with a unit I.

By Theorem 1, the intersection ideal M N of all the maximal ideals N
N

of X is the zero ideal and X contains no nilpotent element =< 0.
Hence X satisfies the Archimedean axiom

order-limit n1 [f/] = 0 for all j¢ X. (5)
#+o0
Let N be any maximal ideal of X. Then the factor space X/N is a

simple vector lattice, and so, by the first step in the proof of Theo-
rem 1, X/N is lnear-lattice-isomorphic to the vector lattice of real
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numbers; the non-negative elements and the unit being represented by
non-negative numbers and 1. We denote by 7(IN) the real number which
corresponds to f by this homomorphism X — X [N We also denote by
M the set of all maximal ideals of X. We have thus
Theorem 2. By the correspondence f— f(N), X is linear-lattice-iso-
morphically mapped on the vector lattice # (R} of real-valued bounded
functions on M such that {i) | 7] — [f(N)], (i} Z(N) =1 on IR and (iii)
F (IR) separates the points of P in the sense that
for two different points N, N, of M, there exists at
least one f€ X such that f(N,) £ 7 (,N).
Remark. We introduce a topology in 3% by calling the sets of the form
(NeIR; |[F,(N) — [ (N | <&, G=1,2,...,m),
where —T << f<<7T forall i}

neighbourhoods of N,. Then N is compact since it may be identified
with a closed subset of a topelogical product (of the same potency as
the cardinal number of the set of elements f€ X which satisfy — I Z f=< I)
of the closed intervals [—1, 1]. The proof is entirely similar to the case
of the set of all maximal ideals of a normed ring in Chapter XI, 2.
Moreover, each function 7 (N) € F () is continuous on the compact space
M topologized in this way. Thus, by the Kakutani-Krein theorem in Chap-
ter 0, 2, we see that F (M) is dense in the B-space C (M). The above two
theorems are adapted from K. Yosmoa-M. Furamiva [16]. Cf. also
S, Kaxutant [4] and M. Krein-S. KreIN [2].

(6)

6. The Representation of a Vector Lattice as Set Functions

Let X be a g-complete vector lattice. Choose any positive element
x of X and call it a “‘unit™ of X and write 1 for x; when not ambiguous
we also write & for & - 1. A non-negative element ¢€ X is called a “quasi-
unit” if ¢ A (1 —e¢) = 0. A finite linear combination 2‘_.'05,-3‘- of quasi-
units ¢; is called a “‘step-element’’, and we call the element y & X “ab-
solutely continuous’ (with respect to the unit 1) if y can be expressed as
the O-lim of a sequence of step-elements. An element z¢€ X is called
“singular” (with respect to the unit 1) if [z| A 1 = 0.

We shall give an abstract formulation of the Radon-Nikodym theorem
in integration theory.

Theorem. Any element of X i3 uniquely expressed as the sum of an
absolutely continuous element and a singular element.

Proof. The first step. 1f f=> 0 and f N 1550, then there exist a
positive number o and a quasi-unit e, / 0 such that f = ae,. We can,
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in fact, take
o= V {n{xf—a? 1 .
= Y e e A ) A Y )
Proof. Put y, = o 1f — a1 A 1. Then we obtain
2e, A 1:{ g (2ny, A 2)} ANl=e,,
nel

and so ¢, is a quasi-unit, We obtain f = xe, from
#Yy N 1==ua1f A1+ nlef A L] —n{x1f AL
S+ Nalf A+ ) —n(wlf A D Salf A LS ol

If we can show that y, A 1 > 0 for some & > 0, then ¢, > 0 for such .
Suppose that such positive &« does not exist. Then, for every « with
0 < & < 1, we have

oo lf—alf A1} A a1l =0,
Hence (f —f A «) A 1 =0 and, letting o | 0, we obtain f A 1 =10,
contrary to the hypothesis f A 1= Q.

The second step. Let f =0, and f = xe where « > 0 and ¢ is a
quasi-unit. Then, for 0 << &' << &, ¢y = ¢ and = a’e,, where ¢, is
defined by (1).

Proof. For the sake of simplicity, we assume thatx — 1. For 0 < é < 1
7

s+ A 1:(1i—6+1~i—6) A (1+1%3)
=( Ly 153 A (1+10)

]
=i N1+1—5

Since ¢ is a quasi-unit, we have 2¢ A 1 —e¢, ¢ A 1 =e. Hence me A 1
=ewhen m = 1. Thus, by 1 < (1 — 8}, we have (1 —8)"te A1l =
Therefore, we obtain, from the above inequality,

é e e f f
i—6¢=i—3¢ TN 1=7—5"1-3"N1=%-"

and so, by (1), ¢ =< ¢_;.

The third step. The set of all quasi-units constitutes a Boolean
algebra, that is, if ¢; and ¢, are quasi-units, then ¢, \/ ¢, and ¢, A ¢, are
also quasi-units and 0 = ¢ =< 1. The quasi-unit (1 — ¢) is the comple-
ment of ¢, and 0,1 are the least and the greatest elements, respectively
in the totality of the quasi-units.
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Proof. The condition ¢ A (1—e¢) = 0 is equivalent to 2¢ A 1 =e.
Hence, if ¢, ¢, are quasi-units, then

206y Aeg) A1=(2e; A ) A (Beg A L) =&y A\ 6,
2(, Ve N1=02e A1)V 2 A L) =V 6a,
so that e, A e, and ey V ¢, are also quasi-units.
The fourth step. Let f > 0, and set f = sup fez where sup is taken
for all positive rational numbers . Because of the third step, the sup of

a finite number of elements of the form §;es, is a step-element. Hence /
is absolutely continuous with respect to the unit element 1. We have to

show that g = f — fissingular with respect to the unit element 1. Suppose
that g is not singular. Then, by the first step, there exist a positive number
a and a quasi-unit e such that ¢ = «e. Hence f == « ¢, and so, by the second
step, there exists, for 0 < &, <C &, a quasi-unit ¢,, = esuch that = e,
We may assume that x, is a rational number. Thus f= age,, and so
= f—|— £ = 2m¢,. Again, by the second step, there exists, for 0 <C
& << oq, & quasi-unit €20 = e, such that f = 2oy €y We may assume
that 2o, is a rational number so that f = 2a} ;,,. Hence f = f + g = 8xje.
Repeating the process, we can prove that, for any rational number ,
with 0 << &, << &,

f=zm+No,e m=1,2,...).

If we take x, = «/2, we have (n + 1) a,e == 27lnxe. Hence f = nxe
(n=1,2,...) witha > 0, ¢ > 0. This is a contradiction. For, by the o-
completeness of X, the Archimedean axiom holds in X.

The fifth step. Let f=ft 4 [~ be the Jordan decomposition of a
general element f ¢ X. Applying the fourth step to /* and f- separately,
we see that f is decomposed as the sum of an absolutely continuous ele-
ment and a singular element. The uniqueness of the decomposition is
proved if we can show that an element 2 € X is = 0 if & is absolutely
continuons as well as singular. But, since 4 is absolutely continuous, we
have A = (’)'-Hl'loron h, where &, are step-elements. A, being a step-element,

there exists a positive number «, such that |k,| = «, - 1. Since % is
singular, we have |h| A |k,| =0 Therefore [A|= || A |k|=
O-lim (|&| A |&,]) = 0.
00

Application to the Radon-Nikodym theorem. Consider the case X =

A(S, B). We know already (Proposition 1 in Chapter XII, 3) that
it is a complete lattice, and that in A (S, 8B),

x+(B) = sup z{B’) = the positive variation V{x;B) of x on B. (2)
B'GB
We shall prepare a
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Proposition. In A (5,98), let x>0, 2220 in such a way that x A z

= 0. Then there exists a set By Bsuch that x (By) — 0and » (5—B,)=10
a) = 0.

Proof. Since x A z = (x — 2}~ + 2, we know, from (2), that
B — : . r = r
(x A 2)(B) I;,Iifﬂ(x 2 (B') + 2(B) :;}gg [%(B") + 2(B—B"]. (3)
Hence, by the hypothesis x A 2= 0, we have
}?IE% 2(B) +2(S—B}] = (x A 2)(S) = 0.

Hgnce,Bfor any &> 0, there exists a B, B such that x(B,) = ¢

2(S—B,) =< e Put B, :k/z\ (\/ Bz—n). Then, by the o-—additivit; 0%
=21 \nk

x(B) and 2(B),

0= x(B,) :JiTox(n\Z/sz—n) = lim E‘ IT"=10

0= 2(S— By :klil‘é‘lo z(S —”\2/sz—") = lim 2(5 — By—#) = 0.

Corollary. Let ¢ be a quasi-unit with i
_ 81~ respect to 0 y
Then there exists a set B, € B such that ’ T AS),

e(By =x(BNB,) for all B¢B. (4)

Proof, Since (x —e} A ¢ =0, there exists a set B € B such that
e(By) =0, {x —¢) (5 — By) = 0. Hence e(S — By} :x(OS—B ) = ¢(5)
and so e(B):x(B—BU):x(BnBl) where B, =S — B, ’ ,

We are now able to prove the Radon-Nikodym theoremoin integration
theory: In virtue of the above Corollary, a quasi-unit e with resgect t
x> 0is, in A(S, B), a contracted measure e(B)==x(BNBA,) L .

; . H
step-element in 4 (S, B) is the integral of the form: whee @

X4 [ x(@s),

4 BnBz
that is, indefinite integral of a step function (= finitely-valued functio
Hence an absolutely cor*inucus element in 4 (S, B) o
mtegrallwith respect to the measure x(B). The Pr,oposition above says
that a singular element g (with respect to the unit x) is associated withya
set By € B such that x(B,) = 0 and g(B) =g (BN B, for all Bc B. Such
a measure g(B) is the so-called singular measure {with respect to x(B))
?l'hus any glement f€ A(S, B) is expressed as the sum of an indefinit(;
Integral (with respect to x (B)) and a measure g (B} which is singular (with

respect to x(8)). This decomposition is uni \ : .
que. The obt d
exactly the Radon-Nikodym theorem. ained result is

is an indefinite

Remark, The above Theorem is adapted from K. Yosipa [2]. Cf.

¥. Riesz [6], H. FREUDENTHAL [2] and S
, H. 5. KAKUTANI .
references, see G. BIRKHOFF [17. o) Tor further
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XIII. Ergodic Theory and Diffusion Theory

These theories constitute fascinating fields of application of the
analytical theory of semi-groups. Mathematically speaking, the ergodic
[

theory is concerned with the ‘“‘time average” lim 7! f T, ds of a semi-
ttoo 6

group T, and the diffusion theory is concerned with the investigation of a
stochastic process in terms of the infinitesimal generator of the semi-group
intrinsically associated with the stochastic process.

1. The Markov Process with an Invariant Measure™

In 1862, an English botanist R. BRown observed under a microscope
that small particles, pollen of some flower, suspended in a liquid move
chaotically, changing position and direction incessantly. To describe
such a phenomenon, we shall consider the transition probability P(Z, ; s, E)
that a particle starting from the position x at time £ belongs to the set E
at a later time s. The introduction of the transition probability P(¢, %;s, E)
is based upon the fundamental hypothesis that the chaotic motion of the
particle after the time moment ¢ is entirely independent of its past
history before the time moment ¢. That is, the future history of the particle
after the time moment ¢ is entirely determined chaotically if we know
the position x of the particle at time £. The hypothesis that the particle
has no memory of the past implies that the transition probability P satis-
fies the equation

Pt,x;s,E) = [P(t,x;u,dy) Plu,y; 5, E) for t<<u<ls, (1)
$

where the integration is performed over the entire space S of the chaotic
movement of the particle.

The process of evolution in time governed by a transition probability
satisfying (1) is called a Markov process, and the equation (1) is called
the Chapman-Kolmogorev equation. The Markov process is a natural gene-
ralization of the deterministic process for which P(t, x;s, E}) = 1lor =10
according as v € E or y € E; that is, the process in which the particle at
the position % at the time moment £ moves to a definite position y =
y(x,t,s) with probability 1 at every fixed later time moment s. The
Markov process P is said to be femporally homogencous if P(¢, x; s, E)
is a function of (s — ¢) independently of ¢ In such a case, we shall be
concerned with the transition probability P{t, », E) that a particle at
the position x is transferred into the set E after the lapse of ¢ units of
time. The equation (1) then bccomes

PU s B) [P v dy) Py, ) for s> 0 (2)

* Seralso Supplementiey Noten, po A7 anl e 1468,
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In a sunitable function space X, P(t, x, F) gives rise to a linear transfor-
mation 7 (T &) = [P@, 2, dy) [(3), fe X, (3}
5
such that, by (2), the sema-group property holds:
Ty o=TT, {t,s> 0). {4)

A fundamental mathematical question in statistical mechanics is
concerned with the existence of the time average
[

im 1 .

Hg Of Tfds (9)
In fact, let S be the phase space of a mechanical system governed by the
classical Hamiltonian equations whose Hamiltonian does not contain the
time variable explicitly. Then a point x of S is moved to the point y,(x)
of S after the lapse of ¢ units of time in such a way that, by a classical
theorem due to L1ouviLLE, the mapping x — y,(x) of S onto S, for each
fixed ¢, is an equi-measure transformation, that is, the mapping x — v, (x)
leaves the ‘‘phase volume’ of S invariant. In such a deterministic case,
we have (TN ) = f (), (®
and hence the ergodic hypothesis of BOLTZMANN that

the time average of any physical quantity = the space
average of this physical quantity

Is expressed, assuming [ dx < oo, by
5
H
limiL [ f(y, (%) ds — [ i) dx/fdx for all fe X,
L 3 s
dx denoting the phase volume element of 5, {7)

A natural generalization of the equi-measure transformation
% — y;(x)} to the case of a Markov process P(¢, x, E) is the condition of
the existence of an snvariant measure m (dx}:

[ miax) P, x, E)=m(E) forall t> 0 andall E. (8)
N

We are thus lead to the
Definition. Let B be a g-additive family of subsets B of a set S such

that Sitself ¢ 8. For everyt>> 0,x¢ Sand E € 8, let there be associated
a function P (¢, x, E) such that

P, %, E) =0, P(t, x, S)=1, (9}
for fixed ¢ and «, Plt, x, E) is g-additive in E €9, (10)
for fixed ¢ and E, P (¢, %, E) is B-measurable in x, {11)

PR +s,x E) = fP(t, %,dy) P(s, y, E)
g
{the Chapman-Kolmogorov equation}, (12)

1. The Markov Process with an Invariant Measure 381

Such a system P (¥, x, E) is said to define a M arkov- process on the pha.se
space (S, B). If we further assume that (S, 8, m) is a measure space in

such a way that
[m{dx) P{t, x, E) = m(E) forall EC®B, (18)
S

then P{¢, x, E) is said to be a Markov process with an invariant measure

m(E). - - '
Theorem 1. Let P{¢, x, E) be a Markov process w1thpan 1nvar1alr)1t

measure m such that #(S) < oo, Let the norm in X, = L (5, 8, ﬂ:ltoi

denoted by ||f||p, # = 1. Then, by (3), a bounded lane:;dope

T,€ L{X,, X,) is defined such that T,,, = 7,7, (t,s > 0}

T, is posttive, ie., (T, H{(x)=0on Sm-ae if f(x)==0o0n S m-ae., (14)
T,-1=1, (15}

i = . 16

| T: ]y = |If]|p for f€ X, = L*(S, B, m) with p = 1, 2 and oo (16)

Proof. (14) and (15) are clear. Let f &€ L™(S, B, m). Th.en, bf3‘r (9()1, (1r?(i
and (11), we see that f{x) = (T, /) (x) € LW(S,‘QS, m) is Egolxge 2Bam)
I|#illeo = ||7]lco- Hence, by (9) and (13), we obtain, for /€ (S, B,

withp = lor p = 2, 1
||f,u,,:{fm(dx) \sfPu, %, d) /‘(y)“’} »
S5

= Lf m (dx) [Sf Pit, x, dv) |f() |1>.§fp(t, %, dy) lp}}lfp

={/m@ P =1l
5

We put, for a non-negative ¢ L*(S, 8, m) with p = .1 or p = 2,

#f (8) = min(f(s), »), where » is a positive integer.
Then, by the above, we obtain 0 = (f (s)), = (uedf (2): argd L[lg,éf)liggf
W1l = 1l Thus, it we put /() = lim Gu/(s)) then, by &
gue-Fatou lemma, ||f||, = ||/||,, thatis, f,€ L#(S, B, m). Again by the
Lebesgue-Fatou lemma, we obtain

o) — Jim, [P, d) (HO)) Z [P 9) (lim (/0)
= [Pit, %, dy) (3.
5

Thus f(y) is integrable with respect to the measure P {¢, x,, dy) for t}}xjose
x9's for which f,{x,) = co, that is, for m-a.e. x,. Hence, by the Lebes-
gue-Fatou lemmma, we finally obtain

!p(:, 50, &) (lim (f()) = E@!P(t, %o, AY) (uf (7)) -
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Therefore, f;(xg) :SfP(t, %, dy) () m-ae. and ||f]|, = ||f||p- For a

general fC L?(S, B, m), we obtain the same result by applying the posi-
tive operator T, to f* and /~, separately.

Theorem 2 (K. Yosipa}. Let P(¢, x, E) be a Markoff process with an
invariant measure s such that m(S) << co. Then, for any f € L#{S, B, m)
with p == 1 or # = 2, the mean ergodic theorem holds:

s—% nt k;; Tof = f*existsin LP(S, B, m)and T, f* = f

whenever ¢ L?(S, B, m), (17}

and we have

Sff(s) m {ds) =Sff* (s} = (ds) . (18)

Proof. In the Hilbert space L2(S, B, m), the mean ergodic theorem
{17) holds by (16) and the general mean ergodic theorem in Chapter VIIL,3.
Sincem (S) << oo, we see, by Schwarz’ inequality, that any f€ L3S, B, m)
belongs to L'(S, B, m) and ||f||, = ||f]|ls- »(S)Y%. Hence the mean

ergodic theorem lim | ‘ *(s) — mt ;il (Ts /) (s)‘ m(ds) — 0, together
"0 5 =

with 7;/* = /*, hold for any f€ L2(S, B, m). Again, by m(5) < co and

0= lim ||f—,f|[; = lim gf[f(s)m,,]‘(s) |m(ds) with ,f(s)=min{f(s),n),

we see that L2(5, 8, m) is Ll-dense in L1(5, B, m). That is, for any
fc LY(S, B, m) and & > 0, there exists an f, € L2(S, B, m) N\ L1(5, B, m)
such that ||[f —f,||; < &. Hence, by (16), we obtain

wt Z Tuf— w7t BT S —hlh s

The mean ergodic theorem (17) in L1(S, 8, m) holds for f, and so, by
the above inequality, we see that (17) in L1(S, 8, m) must hold also
for f.

Since the strong convergence implies the weak convergence, (18) is a
consequence of (17).

Remark 1. The above Thegrem 2 is¥ue to K. Yosipa [17]. C£. 5. Kaku-

TAaNI [6], where, moreover, the m-a.e. convergence lim »™! X (T, /) (x}
n—0o0 k=1
is proved for every f¢ L™ (S, B, m). We can prove, when the semi-group T,

is strongly continuous in £, that we may replace s-lim »~? En T.fin (17)
£=1

¢
by s-}Tim ! f T, fds. We shall not go inte the details, since they are
o 0

given in the books on ergodic theory due to E. Hopr [1] and
K. Jacors [1]. We must mention a fine report by 5. KaxuTani [8] on
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the development of ergodic theory between HOPF’s report in 1937 and
the 1950 International Congress of Mathematicians held at Cambridge.

In order to deal with the ergodic hypothesis (7), we must prove the
individual evgodic theorem to the effect that

Tim nt 3 (T3 [} ) — f*(0) meace,

In the next section, we shall be concerned with the m-a.e. convergence
n

of the sequence v~ X (T, /) (x). Our aim is to derive the m-a.c. conver-
k=1

gence from the mean convergence using Banach’s convergence theorem
in Chapter X11I, 4.

2, An Individual Ergodic Theorem and Its Applications
We first prove

Theorem 1 (K. Yosipa). Let X, be a real, g-complete F-lattice provi-
ded with a quasi-norm ||x[|; such that
O-lim %, =x implies lim |||, = ||# ]} (1)
n—>00 n—00

Let a linear subspace X of X be a real B-space provided with a norm
||#|| such that

s-lim x, = in X implies s-lim x, = x in X;. (2)
H—r oG B 00

Let {7,} be a sequence of bounded linear operators defined on X into X
such that
O-lim | T, %| exists for those x’s which form a set S of
o0

the second category in X. (3)

Suppose that, to a certain z € X, there corresponds a z € X such that

lim ||T,z2—z|| =0, (4)
=00
T,2=—12z (n=1,2,..), (9)
O-lim (T,z2— T, Tpz) =0 for k=1,2,... (6)
Then
O-lim T,z = z. {7

Proof. Put 2 = z + (z — z). We define an operator T on S into X, by

Tx —0-lim T,x —O-lim T,x. (8)
. oo n—00
Then, by (5},
0 T2=2T(z—3%).
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Wehave T (z—T32) = 0 (=1, 2,...) by (6), and Jing || (z—2) — (z—T43) |
= 0 by (4). Hence, by Banach’s theorem in Chapter XII, 4, we have
T(z—z) — 0. Hence 0 = T'z < 0, that s, O lim T, 2 = w exists.

We have to show thatw=2 We have, by ( )and ), im || T, 2—Zz||,=0.
Also we have, by (1) and O;]i];} T,z = w,ﬁli:g “T,,znzo;ﬂl = 0. Hence
W=z

Specializing X, as the real space M (S, 8, m) and X as the real space
L' (S, B, m), respectively, we can prove the following individual ergodic
theorem.

Theorem 2 (I_{. Yosipa). Let T be a bounded linear operator defined
on IL1(8, B, m) into L1(S, B, m) where m(S) < 0. Suppose that

IT<C<oo (n—1.2..), ©
m =71 m‘§1 (T7x)(s)| << 0o m-a.e. al0)]

Suppose that, for a certain » € L1(5, B, m),
,Pg n (T () =0 mae, {11}

m=1

which converges weakly to an element z € L3{S, B, m). (12)

and the sequence {n 2,, T”’z} contains a subsequence

Then

s-lim n“lmé; T": =2 Tz=z2, (13)
and

lim n"lmé‘l (T™2)(s) = z(5) m-ae (14)

Proof. Consider the space M (S B, m), and take the F-lattice X ==
M(S, B, m) with [[z]||, = f|x ) (1 + [x(s) )"t m(ds), the B-lattice

X =LS, B, m) with [|x]| = [ |s(s)|m(ds) and T,—w* 3 1™
5

m=1
The'n the conditions of Theorem 1 are satisfied. We shall, for instance,
verify that (6) is satisfied. We have %

Toz—T, 2= (T + T2 ... 4+ TH2
_n—l (Tk+1 + Tk+2 4ot Tk+ﬁ) z
and so, by (11}, lim (T,z— T,T*z)(s) = 0 m-ae. for B —=1,2, ...

Eence, by taking the arithmetic mean with respect to k&, we obtain
im (7,2 — T,T,2) (s) = 0 m-ae. for k=1, 2,... Conditions (4) and

{B), that is c¢ondition (13) is a consequence of the mean ergodic theorem
in Chapter VIII, 3.
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Remark. The above two theorems are adapted from K. Yosipa [15]
and [18]. In these papers there are given other ergodic theorems im-
plied by Theorem 1.

As for condition (11) above, we have the following result due to
E. HopF {3]:

Theorem 3. Let T be a positive linear operator on the real L1(S, 8, m)
into itself with the LZl-norm || T || < 1. If f€ L1(S,B,m) and pcL1(S, B, m)
be such that p (s} = Om-a.e., then

hm (T (s)/ (T7#) (s) = 0 m-a.e. on the set where p(s) > 0.

If m(S) < oo and T-1=1, then, by taking #(s} — 1, we obtain (11).
Proof. It suffices to prove the Theorem for the case f = 0. Choose
£ > 0 arbitrarily and consider the functions

n—1 .
g,‘:]_\"f—-s-jé(‘) TJP: g0=f

Let x,{s) be the defining function of the set {sC S;g,(s) = 0}. From
¥n8n — g = max(g, 0) and g, ., + £p = T g, we obtain, by the posi-
tivity of the operator 7 and ||T|| = 1,

fng»l m(ds + afx¢a+lp m dS fxn+1 nt1 + E?b) ( )

$pir Ten m(@) S [ 20 Tet -ml@s) S [ Tol mids) = [od - m(@s).

Summing up these inequalities from » — 0 on, we obtain

[af-mids) vef[p Zn-mds)< [e
5 s k=1

$
and hence

Ms

%, - m(ds) Ss—lfgo - m(ds) .

Sfﬁ

o]
Hence k£1 %y (s) converges m-a.e. on the set where $ (s) > 0. Thus, on the

k

]
-

set where p(s) > 0, we must have g,(s) << 0 m-a.e. for all large .
n—1
Therefore, we have proved that (T"f) (s) << & k,gz) (T*p) (s) m-a.e. for

all large # on the set where #(s) > 0. Ase > 0 was arbitrary, we have
proved our Theorem.

As for condition (10}, we have the following Theorem due to
R. V. CHAcON-D. 5. ORNSTEIN {1]:

Theorem 4 (R. V. CHacon-D. S. ORNSTEIN). Let 7 be a positive
linear operator on the real L1(S, 8, m) into itself with the L'-norm

295 Yoslda, Functlonal Analysis
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[|T]l, = 1. If fand $ are functions in L1(S, B, mi) and $(s) = 0, then

i { __)f; (T*5) (s) / ‘:z"; (T*) (s)} is finite m-a.e.

f >
=]
on the set where z; {T"9) (s} > 0.

If m(S) << oo and T -1 = 1, then, by taking p(s) = 1, we obtain (10).
For the proof, we need a

Lemma(CHACON-ORNSTEIN [1]). If f==f+ 4/~ and if lim En (T*Als) >0
=00 k=0

on a set B, then there exist sequences {d,} and {f;} of non-negative func-
tions such that, for every NV,

N
kagodk-m(ds) +sffN-m(ds)§Sfﬁ-m(ds), (15)
ké{)dk(s) = — f=(s) on B, {16)
TVf = 3 TNk | gy (17

£E=0
Proof, Define inductively

dy =0, fo=1*, f1 =0,
fror=(Th+ 1" +do+ - +d)", dyy =TFfy,. (18)
Note that
+Frtdyg o+ d =0, {19)
and that the equality holds on the set where f;(s) > 0, for
h=TfaF +do+ - +dy)t
={Tlha—h+F+do+ - +d+ )
=+ tdo+ - A d + )
It follows from (18) that
Tt = S T, g (20)

By the definition, f; is non-negative, and so is 4; by the last two equa-
tions of (18) and (19). From (20}, we havd
" i 7 7 . #
Tt = —k ;
PP / J_:__Z(; ké(‘]l‘“’ dk—i—j_:d‘;fj. (21)
We then prove

Lha=
N
~
IA

T

d. _ " P n .
YT = Tf+ =l (22)
To this purpose, we note that
3 i B fm—j
2 Era = 37 (5,
i=0 [i]

”n
i=04=0 k=
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and that, by (19) and the positivity of T,

—ﬁf@ﬁ(gdk) for 1=<j<m. (23)
Rewriting (22), we have
jgz’:}Tj(f‘L%"f—)éj.::';(dj+fj)+f—. (24)
We will now prove that
24+ 6= 0 mac on B. -

It is clear from the remark after (19) that (25) holds with equality »-a.e.
on the set C = {s€ §; f;{s) > 0 for some j = 0}. It remains to show that
(26) holds on the set B —C. This is proved by noting that (24) implies
that on B, and on B — C in particular, we have the inequality

Zarpe+rezo.

Now we note that (17) is exactly (20) and that (16) is implied from
(19) and (25). To see that (15) holds, note that we have, by the assump-
tions on T and (18),

i f i+l
gf(k‘;sodk + jj)m(ds) ;J (k‘:-:)dk+ T-f,-)m(ds) = f(kgo dk—l—fjﬂ)m(ds).

S

Hence we obtain (15} by induction on 7, since 4, + f, = f+.

Proof of Theorem 4. It is sufficient to prove the Theorem under the
hypothesis that f{s) = 0 on S, and only to prove the finiteness of the
indicated supremum when p(s) > 0. The first remark is obvious, and
the second is proved as follows. By the hypothesis that the indicated
supremum is finite at point s where p {s) > 0, we have

lim {.io (T7T*f) (5) / z"o (T7 5 p) (s)} is finite m-a.c.
n—roo 1= i=
on the set where (T%p) (s) > 0, (26)
and this implies that lim {Eﬂo (TP (s)/_ ﬂo (T7 p) (s)} is finite m-a.e. on
00 | = i=
the set where (T*$) (s) > 0.
Now assume the contrary to the hypothesis. Then

i | e E@ne)
is infinite #-a.e. on a set E of positive m-measure, and $ (s) > § > 0 on
E for some positive constant §. We have therefore, that for any positive

conlstant &,
sup { 2 (TG —ap)* +(—p) 0] > 0
25%
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m-a.e. on E. Applying the Lemma with f replaced by {(f — «p), we obtain
from (15) and (16} that

[G—ap)t mids) = ng)dkm(ds); — [ G—np) mas).

$ E
However, the extreme right term tends to co as « } oo, and the extreme

left term is bounded as « 1 oo. This is a contradiction, and so we have
proved the Theorem.

We have thus proved
. Theorem 5. Let 7 be a positive linear operator on 11 (8, B, m) into
itself with the Llnorm ||T'||, < 1. H m(S) oo and T-1 =1, then, for
any f€ L1(S, B, m), the mean convergence of the sequence {n"l ﬁ‘ Tff}
=

implies its m-a.e. convergence.
As a corollary we abtain

Theorem 6. Let P(2, x, E) be a Markov process with an invariant
measure 7 on a measure space {5, B, m) such that m(S) < oo, Then,
for the linear operator T, defined by (7, f){x} = fP(t, x, dy) f{y), we

s

have 1) the mean ergodic theorem:
for any f& I*{S, B, m), s-lim »n! 2” T, f=/*
B—>00 k=1
exists in L#(S, B,m) and T,/* = j* p=1,92), 27

and ii} the individual ergodic theorem:

forany f€L?(S, B, m) with p=1 or p=2,

finite ,,]fﬂ, ni xf:‘; (Thf}(s) exists m-a.e.and is= f*(s) m-a.e.,

and moreover, [ /(s) m{ds) = [ f*(s) m(ds}. (28)
s s

Proof. By Theorem 2 in the preceding section, the mean ergodic theo-
rem (27) holds and so we may apply Theorem 5.

Remark. If T} is given by an equi-measure transformation x —» ¥ (%)
of 5 onto 5, the result (27) is precisely the mean ergodic theorem of
J. von NEUMANN [3] and the result (2&) is precisely the individual
ergodic theorem of G. D. BIRKHOFF [1] and A. KuiNTcHINE [1].

A Historical Sketch. The first operator-theoretical generalization of
the individual ergodic theorem of the Birkhoff-Khintchine type was given

"
by J.L.Doos [1]. He proved that »1 kgl (T 1) (x) converges m-a.e.

when T, is defined by a Markov process P (¢, x, E} with an invariant
measure # on a measure space (S, B, m) such that s (S) = 1 and / is the
defining function of a set € B. It was remarked by $. KAKUTANI [6] that
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Doob’s method is applicable and gives the same result for f merely a
bounded B-measurable function. E. Hopr [2] then proved the theorem
assuming merely that f is m-integrable. N. DUNFORD-]. ScawarTz [4]
extended Hopf’s result by proving {28) for a linear operator T, which
increases neither the L'- nor L®-norm, without assuming that T, is posi-
tive but assuming that 7, = 7% and T, -1 = 1. It isnoted that Hopf’s and
the Dunford-Schwartz arguments use the ideaof our Theorem 1. R. V, CHA-
conN-D. 5. OrNSTEIN [1] proved (28) for a positive linear operator T, of
Ll-norm = 1, without assuming that T, does not increase the L%¥-norm,
and, moreover, without appealing to our Theorem 1. Here, of course, it is
assumed that 7, = T} and 7, - 1 = 1. We will not go into details, since,
for the exposition of this Chapter which deals with Markov processes,
it sufficies to base the ergodic theory upon Theorem 6 which is a con-
sequence of our Theorem 1.

3. The Ergodic Hypothesis and the H-theorem

Let P{¢, x, E) be a Markov process with an invariant measure # on a
measure space (S, B, m) such that »(S) = 1. We shall define the ergodi-
city of the process P{¢, x, E) by the condition:

the time average 7*(x) = hm »n1 ké {(Tay (x)

n—>00 k=1

= the space average f f(x) m(dx) m-a
3

for every f€ LP(S, B, m) (p = 1, 2).
Since f F(x) m(dx) = ff(x) m(dx), (1) may be rewritten as
3 $

— lim w1 3 [ Pk, x, dy) f(y)
=15
L. {1)

7*{x) — a constant m-a.e. for every fC L*(S, B, m) (p==1,2). (1)

We shall give three different interpretations of the ergodic hypothesis
(1) and (1').

1. Let yp(x) be the defining function of the set B € $B. Then, for
any two sets B,, B, € B, the time average of the probability that the poinis
of B, will be transferred into the set By after k& unils of time is equal o the
product m (B;) m(B,). That is, we have

(X5 x5,) = m(By) m(By). {2
Proof. If f, g € L2(S, B, m), then the strong convergence n1 kél Tyf—1*
in L3(S, B, m) implies, by (17,
Jim nt X (Taf,0) = % 0) = /() ) m(d)
= [Jx)mdx). [g(xym(dx) for m-ae. x.
By taking f(x) = yp (), gi{x) =Sx3‘ (%}, we ob‘:a.in (2).
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Remark. Since linear combinations of the defining functions yp{x)
are dense in the space L7 (S, 8B, m) for p = 1 and p = 2, we easily see
that (2) is equivalent to the ergodic hypothesis (1”). (2) says that every
part of S will be transferred uniformly into every part of S in the sense
of the fime average.

2. The mean ergodic theorem in Chapter VIII, 3 says that the mapp-
ing f— T*f = j* gives the eigenspace of T belonging to the eigenvalue
1 of T; this eigenspace is given by the range R (7*). Hence the ergodic
hypothesis (1) means precisely the hypothesis that R(IT*) is of one-
dimension. Thus the ergodic hypothesis of P{¢, x, E} is interpreted in
terms of the spectrum of the operator 7.

3. The Markov process (¢, x, E} is said to be mefrically transitive
or indecomposable if the following conditions are satisfied:

S cannot be decomposed into the sum of disjoint sets
B,, By €8 such that m{B;) = 0, m(By) > 0
and P(1,x, E) = O forevery x € B;, E C B, with i 5 j. (3)

Proof. Suppose P(¢, %, E) is ergodic and that S is decomposed as in
{3). The defining function y 5 {x) satisfies T'; x5 = xp, by the condition

JP(1,x.dy) x5, () =P, %, By) = 1 =gp,(x), for x€ By,
$
= 0=yp (¥}, for x€ B,.

But, by m (B,) m{By) > 0, the function g (¥) = x5, (*) cannot be equal
to a constant m-a.e.

Next suppose that the process P (¢, x, E) is indecomposable. Let T, f = f
and we shall show that f*(x) = f(x) equals a constant s-a.e. Since
T, maps real-valued functions into real-vatued functions, we may assume
that the function f(x) is real-valued. If f(x) is not equal to a constant
m-a.c., then there exists a constant « such that both the sets

B, ={sc S;f(s)>a} and By ={s<S; {(s) = &}
are of m-measure > 0. Since T, (f—a) = f—«, the argument under The Angle
Variable of p. 891 implies that 7 {f —a)t == (f —a)*, Ty (f —a)~ = {f — &)~

Hence we would obtain P(1, %, E) 5 0if x€ B;, E C B; (i 7 §).

Remark. The notion of the metric transitivity was ihtroduced by
G. D. BirkaoFF-P. A. SMiTH [2] for the case of an equi-measure frans-
formation x — ¥, (x) of S onto 5.

An Example of the Ergodic Equi-measure Transformation. Let Sbea
torus. That is, S is the set of all pairs s = {#, ¥} of real numbers x,y such
that s = {x,y} and " = {z’, y'} are identified iff x =2’ {mod 1) and
y =4 (mod 1); S is topologized by the real number topology of its
coordinates x, v. We consider a mapping

s {x, 9} > Tis = s = {x 1 tx, ¥ + 16}
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of § onto S which leaves invariant the measure dx dy on 5. Here we
assume that the real numbers «, § are integrally linearly independent
mod 1 in the following sense: if integers =,k satisfy na + k=20
{mod 1), then » = & = 0. Then the mapping s — 7,5 is ergodic,

Proof. Let f(s} € L?(S) be invariant by T, that is, let f(s) = f(5y)
dx dy-a.e. on 5. We have to show that f(s} = f* (s} = a constant dx dy-
a.e. on S. Let us consider the Fourier coefficients of f(s) and f(s,) =
F{T'ys), respectively.

ofof Flsyexp(—28milk; x + kyy)) dx dy,

11
ofuf F(Tys) exp(—2mi(kyx + kyy)) dx dy.

By Tys = {x + «, ¥y + fi} and the invariance of the measure dx dy by the
mapping s — T;s, the latter integral is equal to

ofof f(s) exp (—2mi (kyx + ky¥)) exp (2mi(fyx + Ry f)) dx dy.

Hence, by the uniqueness of the corresponding Fourier coefficients of
f{s) and f(Ts), we must have

exp(8ni{ko + %y B)) = 1 whenever
Ofdflf(s) exp(—2nt (kyx + kyv)) dx dy 5= 0.
Hence, by the hypothesis concerning x, 3, we must have
Uflofl F(s) exp(—2mi(kyx + kyy)) dxdy =0 unless k) =R, = 0.

Therefore f(s) = f*(s) must reduce to a constant dx dy-a.e.

The Angle Variable. Let 7, be defined by the Markov process
P, x, E) with an invariant measure s on (S, B, m} such that m (5} = 1.
Let f{s) € L*(S, B, m) be the eigenvector of T, pertaining to the eigen-
value A of absolute value 1 of T:

Tf=24f Al =1.
Then we have T [f| = |/|. For, we have, by the positivity of the operator
Ty, (T (®) = {(Tyf) (@) = |f(x) |, that is, JP(I: x, dy) |{{y) | =

|£(#) . In this inequality, we must have the equality for m-a.e. x, as may
be seen by integrating both sides with respect to = (dx) and remembering
the invariance of the measure m. Hence, if P{4, x, £) is ergodic, then
|/ (%) | must reduce to a constant m-a.e. Therefore, if we put

F(x) = |/(x) [ exp (30 (x)), 0 < O(x) < 2z,
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we must have

Tiexp(@(x)) — dexp (i @(x))
In case A #= 1, such O (x) is called an angle variable of the ergodic Markov
process P{¢, x, E).

The Mixing Hypothesis. Let T, be defined by a Markov process
P (¢, x, E) with an invariant measure m on (5, B, ) such that m (S) = 1.
A stronger condition than the ergodic hypothesis of P (¢, x, E) is given by

B (Ta f.)= (% &) = [ £(3) (@) - [ ¢() m(dx)

for every pair {f, g} of vectors € L2(S, B, m). (4)

This condition is called the smixing hyvpothesis of the Markov process
P(t, x, E). As in the case of the ergodic hypothesis, it may be interpreted
as follows: every part of 5 will be transferred into every part of S uniformly
in the long run. As for the examples of the mixing equi-measure transfor-
mation x — ¥, {x), we refer the reader to the above cited book by E. HoPF.
H-theorem. Let P (¢, x, E) be a Markov process with an invariant
measure 2 on (S, B, m) such that » (S) = 1. Let us consider the function

H(z) =—zlogz2, z2= 0. (5)
We can prove

Theorem (K. Yosipa [17]). Let a non-negative function f(x)¢&
L1(S, B, m) belong to the Zygmund class, that is, let us assume that
[ f(x) log* /(%) m{dx) << o0, where logt {z| = log |z]| or = 0 according
5

s [z] = 1 or |z] <C 1. Then we have
JH(f(x)) m (dx) = SfH((T: f) (%)} midx). (6}
Proof. Since H (2) = — z log z satisfies H"' (2} = — 1/z << O for 2 >> 0,
H (z) is a concave function. Hence we obtain

the weighted mean of H (f(x)) = H (the weighted mean of f(x)},
and so
[P xa) HGO) = H( [P % d) f0).
Integrating with respect to # {dx) and remembering the invariance of the
measure #(E), we obtain (6).

Remark, By virtue of the semi-group property T, .= T,T, and
(6), we easily obtain

fH((T,1 x)) m (dx)= fH( (T,,1) (x)) m{dx) whenever {; < 5. (6")
§

This may be considered as an analogue of the classical H-fheorem in
statistical mechanics.
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4. The Ergodic Decomposition of a Markov Process
with a Locally Compact Phase Space

Let S be a separable metric space whose bounded closed sets are
compact. Let B be the set of all Baire subsets of S, and consider a Markov
process P(t x, E) on (S, B). We assume that

(%) € C3(S) implies f,(x fP (t. %, dy) f () € C3(S). (1)

The purpose of this section is to give the decomposition of S into ergodic
parts and dissipative part as an extension of the Krylov-Bogolioubov case
of the deterministic, reversible transition process in a compact metric
space S5 (see N. Kryrov-N. Bocoriousov [1]). The possibility of such
an extension, to the case where S is a compact metric space and with
condition (1), was observed by K. Yosipa [17] and carried out by
N. BeEBoutov [1], independently of Yosipa. The extension to the case
of a locally compact space S was given in K. Yosipa [19]. We shall
follow the last cited paper.

Lemma 1. Let a linear functional L(f) on the normed linear space
C3{S), normed by the maximal norm ||/|| = sup |f(x)|, be non-negative,
€S8

viz., L{f) = 0when f{x) = 0on S. Then L (f} is represented by a uniquelv
determined regular measure o (E), which is g-additive and = 0 for Baire
subsets E of S, as follows:

L= ff gldx) for all ¢ CY(S). (2)

Here the regularity of the measure ¢ means that
@ (E) = inf ¢ (G) when G ranges over all open sets 2 E, {(8)
Proof. We refer the reader to P. R. HaLmos [1].

We shall call a non-negative, o-additive regular measure ¢ (£) defined
on B such that ¢ {5} = 1 an tnvariant measure for the Markov process if

¢(E) = [@(dx) P{¢, %, E) for all t>> 0 and E ¢ B. (4)
5
We have then
Lemma 2. For any f& C3(S) and for any invariant measure ¢ (E},
"
Lm nt 3 f(x) = f*(x )(fk fp k, x, dy) f(y )) exists  (5)
B—rC k=1

g-a.e. and

J1*(x) pldz) = sf 1(2) ¢ (dx). (6)
S
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This is exactly a corollary of Theorem 6 in the preceding section.

Now, let 4f, of, 5/, . . . be dense in the normed linear space C3{S). The
existence of such a sequence is guaranteed by the hypothesis concer-
ning the space 5. Applying Lemimna 2 to ,f, ,f, of, . . . and summing up the
exceptional sets of p-measure zero, we see that there exists a set NV of -
measure zero with the property:

n
for any x€ N and for any f& C3(S), lim #~1 3 f,{x) = /*(x) exists .{7)
—00 k=1
A Baire set 5’ € S is said to be of maximal prodability it (S — S) = 0
for every invariant measure . Thus the set S’ of all x for which f*(x) =
lim n*lkgl fo{x) exists for every fc Cp(S) is of maximal probability.

Hence if there exists an invariant measure with @{5) > 0, then there
exist a p€ C3(5) and a point x, such that

g¥* (%o) = lim n1 X g, (%) > 0. (8)

»—CO k=

-

For, if otherwise, we would have f*(x} = 0 on S for all /€ C3(S) and
hence, by (6), f/{x) ¢ (dx) =
s

Let, conversely, (8) be satisfied for a certain g € CJ(S) and for a cer-
tain x,. Let a subsequence {#’} of natural numbers be chosen in sucha

way that ng;xo (n") 1L S‘gk(xo) — g**(xy). By a diagonal method, we

may choose a subsequence {n"’} of {#'} such that lim (n')~1 i‘ {;i1)n {0)
#7200 |

exists for = 1, 2, ... By the denseness of {;/} in C§(S), we easily see
that

lim {n")1 ké; fulo) = J*** (x) exists for every € C3(S).

w'—o0
It we put f***(x,) = L, (f), then
L) = Ly {fy). -9
For, by condition (1), we have f, £ CJ (S)’zmd 50
I = li el __ pEEk _
= f) ——n,,_lzlm (n'") kéljk-i—l (o) = F (%) = L., (-
By Lemma 1, there exists a regular measure ¢, {E} such that

Lo, () = 1** (o) = []{x) @s, (d2). (10}
S

Surely we have
0= ¢, (E)

1A
_

{11)
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and, by (9),
FRCEACOR] (Sf P(L, %, dy) f(y)) P, (d2).

By letting f(x) tend to the defining function of the Baire set E, we see
that ¢, (F) is an invariant measure. We have ¢, (S) > 0, since, by (8)
and (10), we have L, (g) = g***(x;) = fg ) @, (dx) > 0. We have

thus proved

Theorem 1. A necessary and sufficient condition for the non-exist-
ence of non-trivial invariant measures is

lim k,é:; folx) — 7* () — O on S for any f€ C3(S).  (12)
Definition. We will call the process P{t, =, E) on (5, B) dissipative
if condition (12) is satisfied.
Example. Let S be the half line (0, co) and B the set of all Baire
sets of (0, o0). Then the Markov process P (¢, x, E} defined by
P, EY=1i (x + )¢ E and =0if x +HEE

is dissipative.
We shall assume that P (¢, x, E) is not dissipative. Let I? denote the set

{xe S; f*{x) = im n—1k2;jk(x) =0 for all fe Cg(S)} .
PO =
Since it is equal to

eS; (H* =0 for 7=1,2,...3,

D is a Baire set. We shall call D the dissipative part of 5. We can prove
below that ¢ (D) = 0 for any invariant measure ¢, and so, since the
process P (¢, x, E) is assumed to be not dissipative, S, = 5 — I? is not
void. We already know that there exists a Baire set 5, € 5; with the
property:

to any x€ 5, there corresponds a non-trivial invariant measure

¢, (E) such that f*(x) = lim #~ Z fulx sf fz) @, (d2)

n—»00

and @ (S, S;} = 0 for any invariant measure g. {13)

For any invariant measure @, we have (6) and hence, by (13},

Sff(y)w( f(ff @y dz)tp(dy)
Thus we obtain
f 9, (E) p(d), (14)

and so we have proved
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Theorem 2. Any invariant measure ¢ may be obtained as a convex
combination of the invariant measure g, (E) with ¥ as a parameter.
We see, from (11) and (14), that the set

S, ={¥€S;x€ S5, @, (S) = 1}

is of maximal probability. Hence S, is of maximal probability.
For any f¢ C3(5) and for any invariant measure @, we have

gfw(dx)(gf(f*(y)Aéf*C@)zwz(dy))== 0, (15)
since the left hand side is equal to
f ¢ (dx) (f * ()2 @, (dy)) —2 [ /% (x) @ (dx) ( [ 1*0) s (dy))
S Sy S Sy
+ Sf > (%)2 g (dx) -sf ©. (dy)
==Jfﬂw2¢wm-—2gfﬂﬂ2¢wm—%JVﬂﬂ=wwn,

by (13), (14}, {6) and the definition of S,. By applying (15) to,f, of, 4f, . . -,
we see that the set

Sg = {x €S, Sf (*(v) — f* ()2 @, (dy) — 0 forall fCC§ (5)}

is of maximal probability.
We shall give the ergodic decomposition of S. For any x € §;, put

E.={yc Sy f*0) =1*(» for all f€ C3(5)}. (16}
We can then show that each E, contains a set E, with the property:
@ AE) = @, (E,) and P(l,y,E) =1 forany y€E,. (17)

Proof. By the definition of S;, we see that f* (y) = f* {x) if the measure
@, (E) has variation at the point y. Hence ¢, (E,) = ¢.(S5) = 1. Thus, by
the invariance of the measure ¢,, we obtain

1 = g, (E,) =SfP(1, 2, E)g,(de) = [ P(1,2, E) p.{de).
. ’ Eq

Since 0 == P(1, 2, E,) = 1, there exists a Baire set E! C E, such that
9, (FY) = @, (E,) and z€ E implies P(1, z, E,) = 1.
Put
E? = {z¢c E1, P(1,2 EY) = 1}.

Since

EJ;P(L 7, EY @, (d2) — g (EY) = @ (E)) = [ P(1, 2 E) g, {d),

Er
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we must have
f(P{1,2,E,)—P(1,2 EY) g, (dz) = 0.

El
As z€ E? implies P(1,z, EY) = 1 by the definition of E2, we obtain
@, (EL — E%) = 0.
Next put
E8 = {z¢ E?; P(1, 2, E?) = 1}.

Then, as above, ¢, (E%) = ¢, (E,). In this way, we obtain a sequence {E"}
such that

E,2 E? 2 E? 2, Wx(En) z(px(Ex) and
Pz, EF=1if 2¢ E*** n 20,2 = 1, E° = E,).

~ oc
‘We have thus obtained the set £, = Ol E" with the demanded property.
Therefore, we have

Theorem 3. P(¢, v, E) defines a Markov process in each EI which is
ergodic, in the sense that

E, is not decomposable in two parts A and B such

that @(4)-¢(B)>0 for a certain invarant (18)
measure ¢ and P(l,a,B)=0 when a€4 and

P(1,b,4) =0 when bc B,

Proof. Let ¢ be any invariant measure in E, with (p(lf,) = 1. Then,

by (14), ¢ (E) = ftp(dz) @&, (E) whenever E E:,,. Since @(E) = ¢, {E)
Bx
for every z€ E, by the definition of E, we have

P(E) = pu(E) [ gdz) = gu(E).

Thus there is essentially only one invariant measure ¢, (E} in E:,.

This proves the ergodicity. Tor, let ff, be decomposed as in (18). Then,
by the invariance of ¢,

¢(C) = [P(1,2C)p(dz) whenever CCE,.
£z
Thus the measure y defined by
PO =¢O)fpa) if Cc4
0if CLRB

is invariant in E, and differs from the unique invariant measure ¢.



398 XIIL. Ergodic Theory and Diffusion Theory

5. The Brownian Motion on a Homogeneous Riemannian Space

There is an interesting interplay between Markov processes and
differential equations. Already in the early thirties, A. KOLMOGOROV
proved, under a certain regularity hypothesis concerning the transition
probability P(¢, x, E), that

u(f, x) = SfP(zf, x, dy} (v}

satisfies the equation of the diffusion type:

G By Py i) B 1
e =4 (x)axiaxs_qu(x)aI‘fAu, > 0, (1
where the differential operator 4 is elliptic in the local coordinates
(%3, %3, . . ., x,) of the point x of the phase space 5. Following Einstein’s

convention of the tensor notation, it is understood that, e.g., a* {x) &/8x;
no
means X a'(x) 8/dx,. For the derivation of equation {1), see A. KoLMo-
i1

GoroV [1]. The leit-motif in his research was the investigation of local
characteristics of Markov processes.

Following work done by E. HILLE at Scandinavian Congress in 1949
(Cf. E. Hirre [9]) and K. Yosipa [29] in 1948, W. FELLER [2] began in
1952 a systematic research of this new field in probability theory using
the analytical theory of semi-groups. His investigations were further deve-
loped by E.B. Dvwkin {1], [2], K. I16-H. McKEaAN [1], D. Ravy, [1]
G. A Houwnt [1], A. A. Yusakevitck [1], G. Maruvama {1] and many
younger scholars, especially in Japan, USSR and USA. These investiga-
tions are called the theory of diffusion. A comprehensive treatise on the
diffusion theory by K. ITo-H. McKEAN [1] is In the course of printing®.
We shall sketch some of the salient analytical features of the theory.

Let S be a locally compact space such that § is the totality of the
Baire sets in 5. To define the spatial homogeneity of a Markov process
Pt %, E) on the space S, we suppose that S is an n-dimensional, orien-
table connected €% Riemannian syace such that the full group & of the
tsometries of S, which is a Lie group, is transitive on 5. That is, for each
pair {x, y} of points € S, there exists an isometry M £ & such that
M - x = y. Then the process P{{, x, E) is spatially homogeneous if

Pil,x, EY=P{,M-x, M -E)foreachx¢ S, EcBand Mc @. (2}
A temporally and spatially homogeneous Markov process on S is

called a Brownian motion on S, if the following condition, known as the
continutly condition of Lindeberg's type, is satisfied:

lime1 [ P, xdy)=0 for every £>0and x&S. (3)

£o dis(z ) >¢

1 Berlin/Géttingen/Ieidelberg: Springer.
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Proposition. Let C(S) be the B-space of all bounded uniformly
continuous real-valued functions f(x) on S normed by [|f{| = sup |/{x)].
Define
(T () = sfP(t, x,dy) f{y), if £ 0,
=f(x), if t=20.

Then {7} constitutes a contraction semi-group of class {C,) in C(S).
Proof. By P(t, x, E) = 0 and P(¢, x, S) = 1, we obtain

(T, /) (x)| = sup |f ()]
¥y

(4)

and the positivity of the operator T,. The semi-group property T ;= I_F, T,
is a consequence from the Chapman-Kolmogorov equation. If we definea

linear operator M’ by (M’ /) (x) = f (M - x), M € ®, we obtain
T M =MT, t=0. (8)

For,
(M1, ) (x) = (T, /) (M - x) =SfP(ﬁ,M-x= ay) H{v)

= [PE,M-x,dM-v) /(M-

= [P(t,x, dy) [(M - y) = (T, M) (x).
3
If M € @ be such that M - x = x’, we have

(T ) — (T H) = (T Hx) — (M T, ) (x) = Tolf —M'f} ().
Hence by the uniform continuity of f{x), we see that (7%} () is uniformly
continuous and bounded.

To prove the strong continuity in f of T, it suffices by the
Theorem in Chapter I1X, 1, to verify weak right continuity of T} a.t t=10.
Therefore, it is surely enough to show that lilgil (T, ) (2} = f{x) uniformly
in x. Now

(TN () — 0] =) [ Plw ) (1) — )]

=| [ P xay U(y)—f(x)]“ (f) Pit, %, dy) U(y)—f(xn\
dlz,y) =e ld(z,y)>>6

<| f P(f,x,dy)U(y)—f(x)]]+2i|f|[ [ P, = dy).
dixy)=e dix,y) >

The first term on the right tends to zero uniformly in xase¢ | 0and, for fixed
&> 0, the second term on the right tends to zero uniformty in x as ¢ | 0.
The latter fact is implied by (3) and the spatial homogeneity. Thus

]Eifrtlx (T, f){x) = f{x) uniformly in x.
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. Theorem. Let %, be a fixed point of S. Let us assume that the group of
zsotroéy @p = {Mc G M - x4 = x,} is compact. Being a closed subgroup
of a Lie group @, @, is a Lie group by a theorem due to E. CARTAN. Let A

be the infinitesimal generator of the semi-group T,. Then we have the
following results.

. [1]. It f€ D(A} N C3(S), then, for a coordinate system (x3, &2, . . ., 23)
at x,,

— 4 af i a4
(Af) (%) = a ("h)ﬁ"‘b] (’%)m- (6)
where
t —1i —1 i i
a* (%) yfgt d(’o‘!‘ - (v — xi) Pt, x,, dx), (N
bij =1 —1 i—- ; 4 |
G =lmet [ =) ) Pl o, ), ®)

the limits existing independently of sufficiently small & > 0.

[2;|. The set'D(A) M C?(S)is “big"” in the sense that, for any C*(S)
function & (x) with compact support there exists an f(x) € D(4) N C3(S)
such that f{x,), 8f/éx}, 6%f/oxp 0xf are arbitrarily near to h{x,), Oh/oxh,
Shjoxy ox), respectively.

Proof. The first step. Let 2 (x) be a C* function with compact su
ort.
If fe D(A4), then the “‘convolution” ’ o

(f® ) (x) = @ff(My < x) R(M,, - xo) dy (9)

(M, denotes a generic element of  and dy a fixed right invariant Haar
measure on @ such that dy = d(y- M) for every M ¢ @) is C® and
belongs to D (A). The above integral exists since the isotropy group &, is
compact and % has a compact support. By the uniform continuity of fa(.)nd
the compactness of the support of & we can approximate the integral by

) k
Riemann sums ’_51 H{M,, - ) C; unjiformly in x:
k
h = s-Ii . .
(f® A} (x) skhm é‘_,;f(Myi x) C,.
Since T, M'=M'T,, M’ commutes with A, ie., if f€D{A4), then

gﬁ%e(g(ﬂd and AM'f = M'Af. Putting g(x) = (4/) (x), we obtain

A( & M _ & , % .
S M- 3) C) = Z UM, - ) () Co= 2 (M, AN () C,
= Ze(M,, -0 C,,
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and the right hand side tends to {g ® A} (x) = {4/ ® &) (x). Since the
infinitesimal generator A4 is closed, it follows that f® k€ D(4) and
A(f® k) = Af @ k. Since S is a homogeneous space of the Lie group &,
ie., S = ®/®, we can find a coordinate neighbourhood U of %, such
that for each x € [J there exists an element M = M (x) € & satisfying the
conditions:

1) M (x) x = %,

ii) M (x) x, depends analytically on the coordinates (a%, #2, . ..,2"

of the point z € S.

This is so, since the set {M, € &; M, - x = x,} forms an analytic sub-
manifold of @ ; it is one of the cosets of & with respect to the Lie subgroup
@&, Hence, by the right invariance of dy, we have

(f ® B){x) = Gf;‘(MyM(x) %) h{M, M (x) x5) dy
= Gf F(M,- %) b (M, M () - x) dy.
The right side is infinitely differentiable in the vicinity of x,, and
D (f®h) (x)=fo(My - xg) Dk (M, M (2} - %o) dy . (10)

The second step. Remembering that D (4) is dense in C (S) and choosing
f and k appropriately, we obtain:

there exist C* functions F!(x), F*{x), ..., F"(x) € D{4) such 11)
, Fi(a), ..., Fn
that the Jacobian dl a((;l}, . x")(x” > 0 at x,,
and, moreover
there exists a C® function F, (v} € D (4) such that
P N S LAt il U WOV SRy (12)
(2" — x5) (" — x7) v exi = = (*" — =p)".

We can use F1{x), F2(x), . . ., F"(x) as coordinate functions in a neigh-
bourhood {; dis (%, ¥) <C €} of the point x, We denote these new local

coordinates by (#1, 4%, . . ., x”). Since F/ (x} € D (4), we have
lm e [ P, %0 (P (@) - F ) = (4F) ()
s

= lim ¢~ f P (¢, xy, dx) (F (x) — F (%))
o dis(x, ) e

independently of sufficiently small &> 0, by virtue of Lindeberg's
condition (3}, Hence there exists, for the coordinate function xh, a2 .., s
(¥’ = FY), a finite

limet [ (o —xd) Pt xp, dx) = @ (%) (18)

t40 dis(x,7,) S
26 Yosida, Functional Analysis
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which is independent of sufficiently small £ >> 0. Since Foe D(A), we

have, again using Lindeberg's condition (3)

(AF) (x) =lime? [Pl 5. dx) (Fylx) — Fy ()

- -}ig} ! d.is(xo‘,i‘} =& P(t' Yo, dx) (Fo (x) - Fo (xﬂ))

= lim [ i — x5y 25 py d
o [ dis(x.,.fz}gs( 0) g L' (6 %0, dx)

1 Py () (B
N dis(x.,,{)slx W= 5 (o =) (aﬂaxf L

where 0<C 6«2 1. The first term on the right has a limit a* (%) Z—F?
X
Hence, by the positivity of P{¢, x, E) and (12), we see that '
im 1 SR
lim djs(,n,£,<si§1 (&' — 2)® P{t, x,, dx) << 0o. (14)

The third step. Let fc D(4) N C2. Then, by expanding flx) — flx),
we obtain

{Tef ) (7o) — £ (%)

A Sf (7 (%) — f(xg)) P (2, x,, dx}
= d“qu @ —100) Pt 7o, )
+ dis(,,;[ - (" — x3) ai;; P(t, %, dx)
+ 1 dis(x,]!; < (2° — xb) (7 — ) oyl Pt, x,, dx)

+ ¢ dis(x;f)g (° — x§) (# — xf) Cyi(e) P2, x,, dx)

=Cy{t, &) + Cylt, &) 1 Calt &) + Cylt, &), say,
where C;(g) - 0 as &} 0. We know, by (3), that ]if’Iol Ci{t.8) = 0 for
i

) . ; af .
fixed & > 0, and that }1&} Colt, £) == a* (x,) % , independently of suffi-

c.iently small ¢ > 0. By (14} and Schwarz’ inequality, we see that
'}1%1 Cs (¢, &) = 0, boundedly in ¢ > 0. The left side also has a finite limit

(A} {xo} as £ 0. So the difference
lim Cy (2, &) — lim Gy (2, &)
140 130

can be made arbitrarily small by taking & > 0 sufficiently small. But,
by (14), Schwarz’ inequality and (8), the difference is independent of
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sufficiently small ¢ > 0. Thus a finite limit }1&)1 C, (¢, &) exists independent-

ly of sufficiently small ¢ > 0. Since we may choose F € D(4) N C*(S)in
such a way that &2F/dx§ 6x{ (5,7 =1, 2, ..., n) is arbitrarily near o,
where o,; are arbitrarily given constants, it follows, by an argument
similar to the above, that

a finite ]£i+1101 1 (" — xb) (27 — 28) Pt xp, dx) = 6" (x,) exists (15)
dis(x,z,) =5
and
Bim Gy (t, &) == 8 (%) 500
) LA - 0 5,1:(',8:\:{, )

This completes the proof of our Theorem.
Remark. The above Theorem and proof are adapted from K. Yosipa
[20]. It is to be noted that 7 (x)} == & (x) and

87 (%) £ = 0 for every real vector {§,8;, ..., &), (186)

because (x* — x8) (¥ — xf) £;& = (’2,.’; (2 — ) E.‘)z.

The Brownian Motion on the Surface of the 3-sphere. In the special
case when S is the surface of the 3-sphere 5% and @ is the group of rota-
tions of 53, the infinitesimal generator 4 of the semi-group induced by a
Brownian motion on S is proved to be of the form

A = CA , where C is a positive constant and A is the Laplacian

1 & . .8 1 e . )
ﬁmgésmGa—arkmé;zonthesurfaceofs.

Thus there exists essentially one Brownian motion on the surface of 53.
For the detail, see K. Yosipa [27].

6. The Generalized Laplacian of W. Feller

Let S be an open interval (r,, #,), finite or infinite, on the real line,
and ¥ be the set of all Baire sets in (r,, 75). Consider a Markov process
P{t, x, E) on (S, B) satisfying Lindeberg’s condition

]‘jﬂ; 1 [ Pt %, dy) =0 forevery x€(r,ry) and £>0. (1)

|3} =8
Let C [ry, 7,] be the B-space of real-valued, bounded uniformly continuous

functions f(x) defined in (r,, #,) and normed by ||/|| = sup |/(x}|. Then
TN = [ Plxd) b)) ¢>0; =1 ¢=0 @

defines a positive contraction semi-group on C [r,, #;]. We prove by (1) the
weak right continuity of 7, at £ = 0 so that 7, is of class (Cy) by the
Theorem in Chapter IX, 1.

26%
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Concerning the infinitesimal generator 4 of the semi-group T, we
have the following two theorems due to W. FELLER.
Theorem 1.

4-1=0; (3)
A is of local character, in the sense that, if ¢ D{A)
vanishes in a neighbourhood of a point x, then {4)
(A1) (%) = 0;

It f€ D(4)} has a local maximum at x,, then )
5
(A1) () = 0. (
Proof. (3) is clear from 7, - 1 = 1. We have, by (1),
(A1) (%) = lim £ I Pt % ay) (1) — F (%)

lwo—y} <=
independently of sufficiently small & > 0. Hence, by P{¢, %, E) = 0, we
easily obtain (4) and (5).

Theorem 2. Let a linear operator A, defined on a linear subspace
D{A) of Clr,, ry] into C[ry, r,], satisfy conditions (3), (4) and (5). Let
us assume that 4 does not degenerate in the sense that the following
two conditions are satisfied:

there exists at least one f,€ D(A) such that (4 /) (x)
6
= 0 forall x < (ry, 75), 6
there exists a solution v of 4 - » = 0 which is linearly (7
independent of the function 1 in every subinterval
(%1, %5) of the interval {r, 7,).
Then there exists a strictly increasing continuous solution s = s(x) of
A - s = 0in (ry, 7;) such that, if we define a strictly increasing function
m = (%), not necessarily contiliuous nor bounded in {#,, »,), by

x

m) = [ g O @), ®)
we obtain the representation:
(Af) (%) = Dy DS f(x) in (ry, ) for any fe D(4). (9)

Here the right derivative D} with respect to a strictly increasing function
P = P (x) is defined by

+ Lm0 —ex—0) . -
Dy g(x) _hn:p &+ 0)—p(x—0) at the point of continuity of p,

(10)
-~ %%}3 at the point of discontinuity of p.
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Proof. The first step. Let uC D (A) satisfy 4 -« = 0and = (%) — u (x,),
where 7, < %, <C x, < #,. Then  (x) must reduce to a constant in (%, %)
If otherwise, #(x) would, for example, assume a maximum at an
interior point x, of (%, %,) in such a way that u{x,) — & = (%) = (%)
with some £ = 0. Let f, be the function ¢ D (A) given by condition (6).
Then, for a sufficiently large & > 0, the function F (x) = f,(x) 4 du (x)
satisfies F(x,) > F(x;) (# =1, 2). Hence the maximum of F(x) in
[x,, x,]is attainedat an interior point xg although (4 F) (x5} = (4 f;) {xg) > 0.
This is a contradiction to condition (5).

The second step. By (7) and the first step, we see that there exists a
strictly increasing continuous solution s () of 4 - s = 0. We reparametrize
the interval by s so that we may assume that

the functions 1 and x are both solutions of A - f = 0. (11)
We can then prove that
if (AA) {x) > 0 for all x in a subinterval {x,, %) of the
interval (ry, »,), then k(x) is convex downwards in {12}
{2y, 25)-
For, the function w(x) = k(x) —ax — f, which satisfies (A} (x) =

(AR} {x) > Oforall x in (¥, x,), can have no local maximum at an interior
point of (g, x,}.

The third step. Let j€ D(A). Then, by (12} and (6), we see that, for
suificiently large 6 > 0, the two functions f(x} = f(x) + df,(x) and
f,(x) = 8f,(x) are both convex downwards. Being the difference of two
convex functions, f(x) = f,(¥) — f,(x) has a right derivative at every
point x of (rq, 7,). Let us put

A f=¢. A fo=g Dffolx) =p(x). (13)

Yor g = f--tf,, we have 4 -g = Af —tA - fo = p — i@, Hence, by
(12),

{< min g(x)/p,(x) implies that g, {¢) is convex downwards }
XL x<xg
in {x;, o) and so D] g,{x) is increasing in (x,, %)

Applying the same argument for £ > max ¢ (x)/ge{x), we obtain:

Xy LB Xy
for any sub-interval (x;, x,) of (ry, 72}, we have

min 2L o (DFfy(rg) — D fo(x1)) < D flxn) — D (1)

#n<xr<r, Fo ()

< max 5] X (D fo(xe) — D fo(x1))

T om<r<z, Po (%)
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The continuity of the function ¢ (x)/g, (x) implies, by the above inequality,
that

Fa

DI le) —Dif ) = [ 2 aDzio),

which is precisely the integrated version of 4 - f = D} D} /.

Remark 1. We may consider the operator D} D as a generalized
Laplacian in the sense that D} and D} correspond to the gemeralized
gradiant and the gemeralized divergence in one dimension, respectively.
Feller called s = s(x) the canonical scale and m = m{x) the canonical
measure of the Markov process in question. We easily see, from the first
step above, that the function 1 and s constitute a fundamental system of
Linearly independent solutions of 4 - v = 0 to the effect that any solution
of 4 - v = 0 can be expressed uniquely as a linear combination of 1 and
s (x). Thus the canonical scale of P (¢, x, E) is determined up to a linear
transformation, i.e., another canonical scale s, must be of the form
Sy = s + f with & > 0; hence the canonical measure m, which corre-
sponds to s must be of the form m, = a—tm.

Remark 2, Theorem 2 gives the representation of the infinitesimal
generator A at the inierior point x of {r,, r,). To determine the operator
A as the infinitesimal generator of a positive contraction semi-group T,
of class (Cy) on C[ry,#,) into C[r,, r,], we must consider the lateral
condition, that is, the boundary comdition of the operator A at both
boundary points 7, and 7, in order to describe the domain D (4) of A
concretely and completely. According to FELLER [2] and [6] (cf. E. HILLE
[6]}, the boundary points #, (or #,) are classified into the regular-boundary,
the exit-boundary, the emtrance-boundary and the natural-boundary. To
this purpose, we introduce four quantities:

oy= [ dm@ds), pm= [ dsxydm(y),

f<y<x<r] ] r<y<z<r

gp=[f dmx)ds(), m= [[ dsix)dm(y).

P>y x>l #r> Yo a T

The boundary point #; (z = 1, 2) is called

regular in case o; << 0o, g <C 0o

extt in case 0y << 00, p; = 0o (the conditions are
independent of the

entrance in case g; = co, u; << oo X
* PH choice of 7] and »g) .

natural in case o; = oo, y; = oo

We shall illustrate by simple examples.
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Example 1. Dj Df = d%dx®, § = (—oo,00). We can take 5= x,
m = x. Hence

o0
op= [f dxdy=[ (y—73)dy=o0,
CO>Y L1, LA
He = ff dx dy = 0,
Oy AT
and so oo is a natural boundary. Similarly —oo is also a natural bound-

alFy.Example 2, DD} —=d3ds®, S = (—o0,0}. We can take s = x,
m — x. In this case, — oo is a natural boundary and 0 is a regular boun-
dary.

Example 3. D Dy = #* oo — £, § = (0,00). A strictly inireasing
continuous solution s = s{x) of D} D; s = 0is given by s{x) = f e M dt

so that 4

a g 1z 4 1z @
Dy=é" ., DD} =xe e o
Therefore ds — ¢~V dx, dm — x~% &% dx. Hence

1
22 M dx e Wy = f [—e* L e dy < o,
]

g =
<y<<z<<l
1
Uy = eV dy y 2 M dy = [ M [— Py dx = oo,
o<y <x<l 0
Thus 0 is an exit boundary. Similarly we see
o0
Gy = Mg tdxeWay = [ [— Y- e W dy =00,
co>y>a=l 1
r 1
My = e W dx e y 2 dy = f 1 [—e P dx =00

coy >l 1

That oo is a natural boundary.
s d
Example 4. DI DS = 2" — + =, S = (0, 2). As abovt-a, we see that
ds — eV dx. dm = x~2 ¢~ V* dx, and so we can verify that 0 is an entrance

boundary and 2 is a regular boundary. o
Feller’s probabilistic interpretation of the above classification is as

follows: o ) ' .
The probability that a particle, located at first in the interior of the

open interval (r;, 7,), Will, after a finite lapse of time, reach a regular
boundary or an exit boundary, is positive; while, the particle can, after a
finite lapse of time, neither reach an entrance boundary nor a natural

boundary.
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7. An Extension of the Diffusion Operator

Let the possible state of a {not necessarily temporally homogeneous)
Markov process be represented by the point x of an n-dimensional €%
Riemannian space R. We denote by P(s, x, ¢, E}, s = {, the transition
probability that a state x at a time moment s is transferred into a Baire
set E € R at a later time moment £

We shall be concerned with the possible form of the operator 4
defined by ’

(A:f) (%) = lim ¢t Rf Pls,x,s+tdy) (F)—Hx), J€ CR), (1)
without assuming the Lindeberg type condition:

limn #-1 = iti
tlg'g d(x,!;gaP(s, x, 54 ¢,dy) =0 for all positive constants &

(d(x, y) = the geodesic distance between two points x and ¥). (2)
We can prove

_ Theorem. Let there exist an increasing sequence {k} ol positive
integers such that, {or a fixed pair {s, x},

lim % - P —1 = i i
Jim d(z,!;%a (s, %, s + &1, dy) = 0 uniformly in &, (3)

d(x, ¥)2 . .
k 15[ 15 dix o) P(s, x,s + &7, dy) is uniformly bounded in £.  (4)

\
Suppose that, for a function f{x) € C5(R),

a finite k]:l;no]ok{j!P(s, x,5 + K, dy) F() —vf(x)}exists. (5)
We have then, in any fixed local coordinates (x4, %5, . . ., %,,) of the point
x€R,
& 2
(D) W =05, %) o+ by(5.9) 01
lim Lioon iy elxw 8
+Hlim {) VO W S = g, (6)
1 + d{x, ¥)*
X gy Ol xdy),
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where

G (s, x, E) is non-negative and o-additive for Baire sets @
E ¢ Rand G{s, x, R} <C oo,
o (x, ) is continuous in x, y such that elx,y) =1or
0 according as d(x,y) = 8/2 or > & (§ is a fixed {8)
constant > 0},
the quadratic form b (s, x) £:&is = 0. {9

Remark. Formula {6) is given in K. Yosipa [26]. It is an extension
of the diffusion operator of the form of the second order elliptic differen-
tial operator discussed in the preceding sections. The third term on the
right of (6) is the sum of infinitely many difference operators. The
appearence of such a term is due to the fact that we do not assume the
condition (2) of Lindeberg’s type. Formula (6} is an operator-theo-
retical counterpart of the P. Lévy-A. Khintchine-K. 1t0 infinitely divisible
law in probability theory. About this point, see E. Hiire-Pritires [1],
p- 6562.

Proof of Theorem. Consider a sequence of non-negative, g-additive
measures given by

Gols, . B) = [ 5 i";%-z Pls,x,s |+ k1, dy). (10)
E
We have, by (3) and (4},
G, (s, %, E) is uniformly bounded in E and %, (11}
lim [ Guls, %, dy) = 0 uniformly in £. (12)

210 gz za

Hence, for fixed {s, z} ,the linear functional L; given by
Ly(g) = Rka(s,x. dy) gy). g€ C3(R),

is non-negative and continuous on the normed linear space C3(R) with
the norm ||g|] = sup |g(x} |; and the norm L, is uniformly bounded in k.
X

Therefore, by the separability of the normed linear space CeR), we
can choose a subsequence {4’} of {#} such that lim L, (g) = L(g) exists

as a non-negative linear functional on CS{R). By virtue of a lemma in
measure theory (P.R. HaLmos [1]) thereexists arnon-negative, g-additive
measure G(s, x, E) such that G (s, x, R) <C oo and
im [ Gil(s, %, dy) gly) = [ Gls, x dy) gly) forall gcCy(R). (13)
R

k=k—00
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We have
k Lf—’-’(ss x, s + &7, dy) f{y) *f(x)l

B _ e éf 1 +dly, x)°
_J{[f(ﬂ fx) i d(, x)z(yj_xj)};,_j Wx—}Gk(S,x,dy)

‘e, %) 3
+ jd(y, ¥ (S’j—xj)%Gk(s, x,dy). (14)
K

;if?e te):rm {}in the first integral on the right is, for sufficiently small
y; x),

= (y; — %) of

8%,

a3 1 diy, x)®
+ (v — %) (0, —x;) (aX.- ax, jf_(:v.(iJ”x) ’

where .XJ = xj + B(yj'—xj), 0< 9< 1.
Thus { } is bounded and continuous in y. Hence, by (12) and (13), the first

term on the right of (14) tends, as 2 = & — o0, to G P
Therefore, by (5), g Rf {}G(s, x dy).

finite i e ®) o of
a lnlekJ;’IIl;-ooR d(y, X)2(yf %) B, G s, x, dy) = 5(5»’5)%

exists. Hence, by (3), we obtain (6) by taking
bi(s,) =lim lim %k [ (v;i—=){(y—2x) P xs -+ kL dy).

el0 k=~—oc0 diyx) e

8. Markov Processes and Potentials

Let {T}} be an equi-continuous semi-group of class (C;) on afunction
space X defined by (T,/) (x) = fP(t, x, dy) {{y) where P(, x, E) is a
g

Markov process on a measure space (S, B). Let A be the infinitesimal
generator of T,. Suggested by the special case where A4 is the Laplacian,
an element f€ X is called karmonic if A .f= 0. Then f is harmonic
iff AQAI —A)1f =7F for every 1> 0. An element fc X is called a
potential if } = }ifg {AT — A)1gwith some g. Because, for such an element

[, there holds by the closedness of A the Poisson equation
A-}=1I — Al =1 —
f=HmAQ@I —A) g =lim{—g + 2AI — )¢} = —¢.

Suppose that X is a vector lattice which is also a locally convex linear
topological space such that every monotone increasing bounded se-
quence of elements € X converges weakly to an element of X which is
greater than the elements of the sequence. We also assume that the
resolvent J; = (A1 —A)~Lis positivein the sense that f = Oimplies J, f = 0.

The .situation is suggested by the special case where A is the Laplacian
considered in a suitable function space.

9. Abstract Potential Operators and Semi-groups 411

We may thus call subharmonic those elements f€ X for which the
inequality 4 - /= 0 holds. By virtue of the positivity of J;, a sub-
harmonic element f satisfies A J;f = f for all 2 > 0. We shall prove an
analogue of a well-known theorem of F. Riesz concerning ordinary sub-
harmonic functions (see T. Rapo [1]):

Theorem. Any subharmonic element x is decomposed as the sum of a
harmonic element x, and a potential x,, where the harmonic part x, of
x is given by x; == }ifrol AJax and x, is the least harmonic majorant of x in

the sense that any harmonic element xy = x satisfies ¥y = x,.
Proof (K. Yosipa {4]). By the resolvent equation

Ji=Tu=w—4 LaJu (D)
I—AJ) =T+ p—-R )T —pnl (2}

Since % is subharmonic, we see, by the positivity of J;, that

we obtain

A>u implies Afix=zpuf.x=x.
Hence the weak—}ifg 1J,x = z, exists by virtue of the hypothesis con-

cerning bounded monotone sequences in X. Therefore, by the ergodic
theorem in Chapter VIII, 4, we see that x, = }1&1 AJ,x exists and x, is

harmonic, i.e., AJ1%; = %, for all A > 0. We also have x, = (x — x) =
i — = lim {— — Ay 1x =1 I—Ay1{-4
Um (T —AT) # lim (—4) (41 Aytx =lim{d Y1 (A7)
which shows that z, is a potential.

Let a harmonic element x,; satisfy xy == . Then, by the positivity of
4], and the harmonic property of xy, we have

%y == AJ xg = AJx and hence xﬂg}i‘{lglﬁx:xh.

9. Abstract Potential Operators and Semi-groups

Let {T4;¢= 0} be an equi-continucus semi-group of class (Cg) of
bounded linear operators on a Banach space X into X, and let A be its
infinitesimal generator. Thus D (A4)* = X and the resolvent (Al — Ay
of A exists for 2 > 0 as a bounded linear operator on X into X satisfying
the condition

sup [A(AT — A)1] < oo (1
A=0
so that, by applying abelian ergodic thoerems in Chapter VIIL, 4, we
obtain

RA¥=RA(ul - A))e={xcX;s— %.i{]:’%l AMAT —~ Ay 1x =0}
for all g =0 {2)
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and

D(A)r =R((pu 1 — A - e X s - }?2 AAT - Ay 'x=x}= X
forall g > 0. (3)

We shall be concerned with the situation in which

the inverse 4-1 exists with its domain D{A-Y) = R{A) strongly
dense in X, (4)

and in case (4) we shall caill VV = - 4-1 as the “abstract potential
operator” associated with the semi-group T, so that the “abstract
potential V' x”* satisfies the “abstract Poisson equation”

AVz=—x (5)

with respect to the “abstract Laplacian operator’” 4.
Proposition 1 (K. Yostpa [34]). (4} is equivalent to the condition
s—iiﬁ)ll(ﬂf‘/l)*lx=0 for every x¢ X . (6)
Proof. The condition 4 x = 0 is equivalent to A(17 — A)-1 x =

and so (6) implies the existence of 4-1. Moreover, by (2), the denseness
of R{A) is equivalent to (6) so that (4) must be equivalent to (6).

Corollary. In case (6), the abstract potential operator V = — 4-1 s
defined also by

Vx:s‘iiﬁ]l(ll—fl)—lx. (7)
Proof. For x ¢ D(A-1), we have
Ay — (AT - Ay lx = 41y _ A(AL — Ay 141y
=AAT — A1 A1«
so that, by (6}, we obtain s - ?}g (Al —A)~'x = —A-1x On the other
hand, let s-— }11{{101 (Al — A)'x =1y exists. Then AT — A)1x

= -% + A(A1 — A} x implies, By the closure property of the infinitesi-
mal generator 4, the equality A y = — x, that is, y = - A-1 x and so we
have proved (7).

From now on we shall be concerned with the case
DAy =X and sup|A{A] - A) < 1 (8)
Ax0
which characterises the infinitesimal generator 4 of a contraction semi-

group {T,;¢ = 0} of class (C,). We can prove

Theorem 1. The abstract potential operator I and its dual operator
V* must satisfy the following inequalities, respectively:
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[AVx+x=|AV x| forall x¢D{V) and A0, (9}
IAV* 54 fF| 2 IAV* | forall HeD(V* and 1>0. (10)

Proof. We put J,= (471 — A)-'. Then [, satisfies the resclvent
caneron Jo—Ju=( =2 Jifu- (11}
Letting & {0 in (11), we obtain

Jix—Vx=—-4],Vx forall x¢D(V) andall 4>=0 (12
Hence J,;(AV x + x) = V x and so, by |4 [, = 1, we obtain (9).

Since 2{A) and R(A4) are both strongly dense in X, we have

(A*)-1 = (A-1)* or equivalently T* = (—A-1)* = (—A*)~1 (13}
by R. S. Phillips’ theorem in Chapter VIII, 6. Therefore, we have, when
e,
V* ]’* _ (l I* _ A*)—l f* — (*A*)_l f* _ (;{ I* — A*)*l ’f*
= (7A*)-1 ]‘* i A*(A I* . A*)—l (A*)f} f* = A(A I* — A*)+1 (A*)—l f*
Hence we obtain o giﬁ)]]? N | 14
since w* — li+ml JEg*=0 for all g* ¢ X* by (6). Thus, as in the case

4o

of V, we prove (10} by
JI-Ji=w—-AJtJi and f‘il%\ﬂ]f\lél- (11)

Corollary. The inverse (1 V + I)-! and the inverse (4 V¥ + J¥)-1
both exist as bounded linear operators.

Proof. The existence of (1 1V + I}~ and of (A V* 4+ I*)~1 are clear
from (9) and (10), respectively. We shall prove
RAV +I)=X forall i>0. (15}

The existence of the inverse {# V* + [*)~! implies, by the Hahn-Banach

thecrem, that ,
R(AV + 1) (15)
is strongly dense in X.

Hence, for any v £ X, there exists a sequence {x,} £ (V) such that
s— Hm (AV x,+ x,) = Thus, by (8), we have [1Vix,—x,)
+ (xﬂjnjcm) |=||AVix, —%,)|andsos— Hm V¥ x, = zexists, proving that

s — lim x, = x exists. Since an abstract potential operator is closed by

definition, the operator I must be closed. Hence we must have V' x = z,
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thatis, ¥ = 1 ¥V x + x. This proves {15}, and thus (1 IV + I)~'is a bounded
linear operator by the closed graph theorem. Hence, by the closed range
theorem in Chapter VIII, 5, we have

RAV* +I*) = X* forall A>0, (16)
and so, again by the closed range theorem and (15), (A V* + I*)-1is a

bounded linear operator on the dual space X* into X*.
We can now give a characterization of abstract potential operators:

Theorem 2 (K. Yosmpa [35]). Let a closed linear operator V with
domain D (V) and range R {}V') both strongly dense in X be such that IV
and its dual operator I7* satisfy (9} and (10), respectively. Then V is an
abstract potential operator, i.e., —V is the inverse of an operator 4 which
is the infinitesimal generator of a contraction semi-group of class (C,) in X.

Proof. We first remark that the Corollary above holds good for V
and for V*, and hence (A V + I)-! is a bounded linear operator on X
into X. Moreover, the linear operator J, defined through

JiAV e+ 2 =Vzx [forallzx€D{¥)andall i>0] {17
is a bounded linear operator on X into X such that
jA=V(AV+I)*1 and sup"ﬂ.j;'Hg 1. (18)
A0

We can prove, by (17), that J; is a psendo-resolvent. In fact, we have

j;(leukx)ffu(ﬂ.Verx):fojp(%(ny+x)+ (1—%):5)

i A A
Vg Va (1) dx=(1-5) Vx— Juw
and
(- NI, Ji(AVr+ ) =(p—J, Vx
1 1
=(,u—/1)f#(Vx+~Jx—ﬁx)
1 A 1 A
:(,u~A)FVx—(y—l);jﬂx=(1—?)(Vx—jp_x).
Because of (18), we can apply abelian ergodic theorems:
R(j,‘)“:{xGX;s—HmlJlx:x} forall u=0, (19)
R(I—yf#)“={xEX;s—£i+rr‘)1/1ij=O} forall w>0. (20)

Since R(V)* = X, we see R(J,)* = X by {17). On the other hand, the
null space of Jf; is independent of A (see Proposition in Chapter VIII, 4).
Hence, by (19) and R(J,)* = X, the null space of J; consists of zero
vector only. Therefore J; is the resolvent of a linear operator A4 :

Jy=(AI — A, where A =247T-J". (21)
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Hence we obtain
DAP =R ) ={x€X;s — 111:11 AJ x=2x} forall p=>0 {19)’

RA¥ =R —pud)y={xcX;s - Eifﬂlj”:o} forall w>0.
(20)°

By (19} and R{j#)“ = X, we see that 2(4}* = X. We can also prove that
R(A) — X. In fact, we have, by (17) and (21),
AT — A FAVr+0)=AVx+ x=RI-A)Vx=AVx—-AVx,
that 1s,

—AVx—=x whenever x &¢D(V). (22)
Hence R{A) »D (V) is strongly dense in X, that is, R(4)* = X and so,
by (20}, s — 1}&)12 Jyx =0 for all x ¢ X. Therefore, by Proposition 1,

—A-11is an abstract potential operator.

That ¥V = —A4-1 may be proved as follows, Firstly, the inverse V-1
exists since, by (22), ¥ x = 0 implies x — 0. Thus, by (18) and (21), we
obtain .

A —A=J'=AV+DH V=211V
which proves that —4-! =V,
Remark. The above proof shows that (10) is used only to prove (15)’

and hence (15). .
As in Chapter IX, 8, we introduce a semi-scalar product [x, yl in X

satisfying conditions:
x+ 2,2 = [x,2] + [y, 2], Az y] =A% 9], (23}
(%, 2] =|%{2 and |[x, ]| = |} ¥].
Then = linear operator ¥, with domain D (V) and range R(V) both in X,
is called aceretive (with respect to [x, v]} if
Re[x, Vx] = 0 whenever x¢D(V). (24)
We shall prepare three propositions.
Proposition 2. An abstract potential operator V' must be accretive.

Proof. Let {T,;¢= 0} be the contraction semi-group of class (Cy)
whose infinitesimal generator A is given by 4 = —V-1. We have, by
uTtu = la

Re[Tyx — % %] = Re[T %, %] - |xl* < | T, 5] -] — |l = 0.

Hence, for x € D(A4), we obtain
Re[A x, x) = 13&3 T, x—x),x2]=<0
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so that, for x, ¢ D(V) = D{4-1),
Re[AV %, V xp] = Re[—x,, V2,] < 0, thatis, Re[x, Vx,)= 0.

Proposition 3. 17 satisfies (9) if V is accretive.

Proof. We have, by (23) and (24),

JAV x|t =[AV 2, AV x] = Re{[AV %, AV x]}
=ReAVa+x AV = AV 2+ x| -2 Vx|,

that is, we have proved (9).

Proposition 4. Let V' be an abstract potential operator associated
with a contraction semi-group {7',; ¢ = 0} of class (Cy) with the infinitesi-
mal generator 4 so that ¥ = —A4-1 Then the dual operator VV* must

satisfy, for any semi-scalar product [f*, g*] in the dual space X* of X,
the inequality

FATR AN AR IR (25)
where
V'+ is the largest restriction of V* with domain and range both in
R(V*)= {26)

Proof. Let {T;"; t = 0} be the dual semi-group (see Chapter 1X, 13) of
{T:;t= 0}, so that, {7;7;¢= 0} be a contraction semi-group of class
(Co) In X+ = D(A4*%)* = R(V*®. Thus the infinitesimal generator A4+ of
the semi-group 7" is the largest restriction of 4* with domain and range
both in X+ = D (A*)2. Then ¥+ = (—A+)~!, and so (25) is proved as in
the case of Proposition 2.

We are now able to prove

Theorem 3. Let ¥ be a closed linear operator with domain and range
both strongly densein X. Then V is an abstract potential operator iff I/ is
accretive and ¥+ is accretive.

Proof. The “only if part” is proved by Proposition 2 and Proposi-
tion 4. We shall prove the “'if part”. Firstly, V satisfies (9) by Pro-
position 3. Next let A V* f* 4+ f* = (. Then f* ¢ R(V* and so V* j*
= — A1 CR(V*). Thus f*¢D(V+) and 1 VT * = —f* Therefore,
by the accretive property of I+, we obtain

A AVE*) = Alf* —/*]= —A|/*|*= 0, thatis, f*=0.
Hence the inverse (A V'* + I*)~! exists and so, by the Hahn-Banach

theorem, (15)’ and consequently (15} both hold good. This proves that V
is an abstract potential operator.

Comparison with G. A. Hunt’s theory of potentials. Consider a special
case in which X Jis the completion €, (S), with respect to the maximum
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norm, of the space Cy{S) of real- or complex-valued continuous functions
%(s) with compact support in a locally compact, non-compact separable
Hausdorif space S. In this case, the semi-scalar product may be defined
through

[, ¥] = x(sy) * ¥(Sp), where sy is any fixed point of 5 such that

[v(s¢)| = sup|y(s}|.
s€S

(27}

Therefore the accretive property of the linear operator V is given by

Re(x(se) + (V ) (s9)) = 0 whenever |(I” x) (so)| - sup|{V x} (s)| . {(28)
5¢€8

This may be compared with the principle of positive maximum for V in
Hunt’s theory of potentials (G. A. HuxTt [1], ¢f. P. A, MEveR [1] and
K. Yosipa [32] and the bibliography referred to in these). Assuming
that the space C,(S) consists of real-valued functions only, HuNT
introduced the notion of the potential operator U as a positive linear
operator on the domain D (U) CC,(S} into C.(S) satislying three
conditions: i}y D{U) 2C,{S), i) U - Cy(S) is strongly dense in €, (5) and
iii) the principle of positive maximum given by

for each x(s) € Cy(S), the value x(sy) = 0 whenever (U x) (s)

29)
attains its positive supremum at s = 5. (

(In the above, the positivity fo U means that U/ maps non-negative
functions into non-negative functions.) HunT then proved that there
exists a uniquely determined semi-group {7T,;¢ = 0} of class (C,) of
positive contraction operators T, on C,{S) into C,(S) satisfying the
following two conditions:

A U x= —x for every x(s) € Cy(S}), where A is the infinitesimal

30)
generator of T,
(U x) (s) = f (T, %) (s) dt for every x(s) € Cy{5), the integral being
¢ (31)

taken in the strong topology of the B-space C(5).

It is to be noted that our abstract potential operator V is defined
without assuming the positivity of the operator V. Moreover, in our
formulation, (30) can be replaced by the true Poisson equation

V= —d-1, (30}’

In this connection, it is to be noted that the smallest closed extension V
of the operator U restricted to C,(S) satisfies {30)". See K. YosIDa,
T. WartanaBg, H. Tanaka [36] and K. Yosipa [37]. Furthermore, in
our formulation of the abstract potential operator ¥, {31} is replaced by a
27 Yoslda, Functional Analysts
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more general (V) (s) = s- lim ((A1 — 4)7'x) (s) which is based upon (7).

This formulation has the advantage that it can be applied to essentially

more general class of semi-groups than (31). See, e.g., K. Yosmpa [37],
[38]. A. Yamapa [1], and K. Sato [1], [2]. It is to be noted here that
F. Hirscu [1], [2] has also developped an abstract potential theory
directed by essentially the same idea as the present author.

X1V. The Integration of the Equation of Evolution*
The ordinary exponential function solves the initial value problem
dyfdx = xy, y{0) = 1.

We consider the diffusion equation

Oujét = Au, where A = “E“ &2%/@x} is the Laplacian in R™.

=1
We wish to find a solution u = % (x, #), > 0, of this equation satisfying
the initial condition w(x, 0) = f(x), where f(x} = f(x,..., %) is a

given function of x. We shall also study the wave equation

Pulorr = Au, —oo0 << t << 00,
with the initial data

u(x, 0) = f{x) and (Gu/dt),_y = g(x),

f and g being given functions. This may be written in vector form as

follows:
8 fu 0 I\ fu o
a\y) N4 of\w) " T H

with the initial condition

(u(x, 0\ (f(x))
v(z,0)/  \g(x))"
So in a suitable function sﬁace, the wave equation is of the same form
as the diffusion (or heat) equation—differentiation with respect to the
time parameter on the left and another operator on the right—or again
similar to the equation dy/dt = av. Since the solution in the last case is

the exponential function, it is suggested that the heat equation and the
wave equation may be solved by properly defining the exponential func-

tions of the operators
A and 01
a0

in suitable function spaces. This is the motivation for the application
of the semi-group theory to Cauchy's problem. It is to be noted that the

* See also Supplementary Notes, p. 468,
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Schridinger equation

i1 dujot = Hu — (4 + U(x)) », where U (x) is a given function,

gives another example of the equation of evolution of the form

Aot = Au, 1 >0, (1)
where A is a not necessarily continuous, linear operator in a function
space.

The equation of the form (1) may be called a tempor‘aily homogeneou's
equation of cvolution. We may integrate such an equation b3'/' the serni-
group theory. In the following three sections, we shall give typlf:al
examples of such an integration. We shall then expound .the integration
theory of the temporally inhomogeneous equation of evolution

dufot = Ay u, a <t <Th. (2)

1. Integration of Diffusion Equations in LZ{R™)

Consider a diffusion equation

oujit = Au, t > 0, (1)

where the differential operator
5 : i 4 G g 9
A = a¥(x) 77, 0%, + & (x) 7 T c(x) (a”(x) = a”(x)) {2)

is strictly elliptic in an m-dimensional euclidean space R™. We assume that
the real-valued coefficients a, b and ¢ are C*°(R™) functions and that

mas (sup | (x) , sup [0 (3], sup fe (3] sup |a% )],

Sp 8, (9} | sup a5, ()} = 0 << oo, (3)

The strictly elliptic hypothesis concerning A means that positive con-
stants A; and p, exist such that

‘u‘J,-: Ez=a" () EE = A i;-f,; 7 on R™ for any real ()
vector & = (£, &5, .- -, &) -
Let I—:’% be the space of all real-valued C3(R") functions f(x) normed
by 9 ki 2] 1"2 -
= ( fran e & LR ©)
R I=t g
and let H] be the completion of H} with respect to the norm |[f[];. Let
similarly H§ be the completion of H} with respect to the norm
Hfilo:( [ dx)”z- (6)
Rm
27*
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We have thus introduced two real Hilbert spaces Hj and HY, and H}

and H} are i Ho-dense in Hj. We know, from the Proposition in Chap~
ter I, 10, that H} coincides with the real Sobolev space W' (R™): we know
also that H{ coincides with the real Hilbert space LZ(R™). We shall denote
the scalar product in the Hilbert space Hj (or in the Hilbert space HY)
by (7, )1 (or by (7, £)g)-

To integrate equation (1} in the complex Hilbert space 22 (R™) under
condition (3) and (4), we shall prepare some lemmas. These lernmas will
also play important roles in the following sections.

Lemma 1 (concerning partial integration). Let f, g € I}}, We have then

(Af g)o— - fa fx;gz,dx_ fa fx,gdx
= )
+ fb’/x‘gdeF fcfgdx

Rm
that is, we may partially 1ntegrate in (A, g), ,the terms containing the
second order derivatives as if the integrated terms are zero.

Proof. By (3) and the fact that f and g both belong to Ho, we see

that a%, ;& 18 integrable over R™. Hence, by the fact that f and g are
both of compact support,

f&l fxl-x,gdx = faijfxigx;dx fﬂ fz,gdx
E™ ™
Remark. The formal adjoint A* of A is defined by
2 i 8
(AN (@) = g (@) 1) 5, (BP0 1) +e@ i@, (8)

Then, as above, we have the result: If f, g ¢ Ho then we may partially

integrate, in (A*f, g),, the terms containing the first and the second
order derivatives as if the integrated terms are zero. That is, we have

(A*f» - fa”fx‘gx,dxk fa' fgx,dx
(7'}
— fb’fg, dx + fcfgdx
Rm
Corollary. There exist posmve constants #, ¢ and & such that, for all
sufficiently small positive constants s,

a8 [|[{IF<={f—adf o= (1+ay) ||f|[f when fcHJ,
ad 7| = (f—xA*f, lo = (L + ap) [|f|} when feH},
[t —adf, gl = (1 + o) (£l llglly when f,gc Hi,
|(f—axda*t, @o| = (1 + ap) [|f[l llelly when £, gc A3,

[(4f.8lo— (. Agdol = = || ]lgllo when fgcH). (1)

(10}
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Proof. (9) and (10) may be proved by (3), (4), (7) and (7') remem-
bering the inequality

2 lab| Safy a2+ v |0 (12)

which is valid whenever « and ¥ are > 0. In fact, we can use an estimate
such as

fa o, gdxl < zmn 1108 + v el -

We also obtain (11) from
(Af. glo— (. Ag)y=— [ (208 f08 4 ixyfg — 2V frg — biifg) dx
R!‘ﬂ-

Lemma 2 {concerning the existence of solutions of # —xAdw = f).
Let a positive number x,be so chosen that the above Corollary is valid for
0 < & = &, Then, for any function f(x) € Hj, the equation

u—axdun=Ff (0<a=un) (13)
admits a uniquely determined solution % € Hy f_\ C®(R™).

Proof. Let us define a bilinear functional B (x, v) = (# — & A*u, v),
defined for functions , » € Hi. From the above Corollary, we have

1B, 9) | < (1 + ap) llull [0l asilel?<Bww. (14
Hence we may extend B(u v}, by continuity, to a bilinear functional
B(u, v) defined for u, v € H} and satisfying

1B, )| = (14 ay) |l o]l ad]|«|ff = Ble.w).  (14)

The linear functional F (#) = (x, f), defined on HY, is a bounded linear
functional by |(%, flo| = ||%|lg !/ lo = {|#]ly |1f]lo- Hence_, by F. Rlesz
representation theorem in the Hilbert space H}, there exists a uniquely
determined v = v{f) € H} such that {(u, f), = (#. v{});- Thus, by the
Milgram-Lax theorem applied to the Hilbert space Hg, we have

(#, flg = (u, v (i), = B (u, Sv(f)) for all »& m}, where
S is a bounded linear operator on H} onto H}.

Let » run over C3° (R™), and let v, € H} be such that lim ||z,—Sv(f||;

= 0. Then .
B(u, Sv()) = lim B(s, v,) = lim B (%, v,)
= lim (4 —axA*u, v,)g = (u—xd*u, Sv(f)),,

=00

(15)

because the norm || ||, is larger than the norm || [|,. Hence

{(#, Plo = (u—acd*u, Sv{f)),. {1567
that is, Sv(f) € H 1s a distribution solution of the equation (13). Hence,
by the strict ellipticity of (/ — & A) and by the fact /€ CF°(R™), we see,
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from the Corollary of Friedrichs’ theorem in Chapter VI, 9, that we may
consider # = Su(f) € Hj to be a C*(R™) solution of (13). Hence » =
Su(f) € HE N CP(R™).

The uniqueness of such a solution « of (13) may be proved as follows.
Let a function »€ HY N C®{R™) satisfy # —adu =0 Thus Aue
H} N C®(R™) C HY and so the expression {(# --a.Au, 1), is defined and
— 0. Let u, € Hibe such that lim ||# — u, ||, == 0. We obtain, by partial

H—00
integration as in (9),

0= (#—adu,u)y= lim (¥ —adu, ), = «d||=|} thatis, »=0.

Corollary 1. Positive constants &, and 7, exist such that, for any
fe ﬁé, the equation
auw—Adu—F (05, + A+ 7y = ) (16)

admits a uniquely determined solution %= u,¢ Hg/\C®(R™), and we
have the estimate

ot llo = (o — 39— 7o) ™" I (17)
Proof. By Schwarz’ inequality we have
ot —4) wlly- [loello = [((xI —A) w, w)y| for weHp. — (18)

By partial integration, we have
(oI — A w, )y = o ||u|lp + [aTu,u,dx + [alw, udx
&M R™
— fb'-u“udx— fcuudx.
™ &™
Hence, we have, by (3), (4) and (12),
(e — A) 0, 1) = o [[a[§ + Ao ([|2][F — ||%[[5)
—m® o lleffi — [lwlfe) + 7" [|w]f8 + m7® [w]fe]
= (xR —m* (7 —v +m ") [[u]l§ + (Ao —m® n) [|uli.

Thus by (18} we have, forly, = m? {1 —» 4 m2),

(eI —A) ulle = (& — Ay — 7o) ||#]|o whenever wu¢ H, (17)
by taking » > 0 so small that (; — »® 5 ») and g are > 0. We then take
&, so large that for x =&, + 4, + 7, we can apply Lemma 2
in solving (16}

Since the solution x = ;€ H§N C®(R™) of (16) is approximated by
|| |l;-norm by a sequence of functions ¢ Hy, we obtain the estimate (17)
from (18) and (17').

Corollary 2. Consider A as an operatoron D{4) == {af — A4)~" HYC HY

into H?. Then the smallest closed extension A in H§ of A admits, for
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& > &g + A + Mg, the resolvent (af — A)! defined on HY into HY
such that

oI — ) g = (o — &g — 55)~L. 19

X Proof. Clear from Corollary 1 remembering the fact that D{A4) and
Hj both are || [|;-dense in HJ.
Thus, by Corollary 2in Chapter IX, 7, A is the infinitesimal generator

of a semi-group T of class (Cy) in the B-space Hg such that || T, ||, < et
for £ = 0.

Actually we can prove
Theorem 1. Let Complex-H{ be the space of all complex-valued

: 00 ¢ Tt : - /2
functions f€ C°(R™) with ||f||,= ( f[fizdx+ 2,1‘ f|f1j|2dx) < 0o,
rR™ = R™

Let HE and HY be the completions of Complex-H} with respect to the
norm ||f|]; and |||y, respectively. We know that H} — {complex) Sobo-
lev space W' (R™) (see Chapter I, 10). It is also clear that 73 = (complex)
Hilbert space L*(R™). We consider A as an operator defined on D (4) =
(el — A)fth(l) C L*(R™ into L?(R™). Then the smallest closed
extension A in L* (R™) of 4 is the infinitesimal generator of a holomorphic
semi-group 7; of class (Co} in L*(R™) such that [[T;[]p < e+ for
= 0.

Proof. By the preceding Corollary 2 and the reality of the coefficients
in the differential operator 4, we see that the range Rl —A4)=
{cl —A)-D (A} is || ||y-dense in L*(R™ for a > &y + Ay -+ 5, More-
over, we have, for (x + iv) € L%(R™) such that (u + ¢v) € D{4),

ol —A) (e + i} |§ = [[ (o] — A) w[[§ + |6 — 4) w1}
L= o — o) (|5 + [[2][5).
Hence the inverse (a] —A4)™! is a bounded: linear operator on L?(R™)
into L®(R™) such that [|(a] —A)|g = (x —Ag— ng) ™" for a > &g +

to + 7
Therefore, by the Theorem in Chapter IX, 10, we have only toshow that

dim 7] (|l + i) 1 — A7 |fo < oo (20)
We have, for w ¢ D(4),
(o iy I—ywllflell = [« + i7) I — A) w, w)y|.  (21)
By partial integration, we obtain, as in the proof of {17},
|Real part (((a + i7) T — A) w, w), |

= |lx]| ||w]|f + Real part( faijw,iﬁzjdx + alw, wdx
Rm
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Rm

— fb"w,;z—vdx— fcw?e)dx)
Rm

= (o — Ay — o) [[w[§ + (hg — m* ) [|w]|[F.
Similarly we have
|Imaginary part (({(« + i7) I — A) w, w),|

= rllwlo—m* n(fe]li + = * @8] = (z] — ) [[@]f—m"7 [|w]f.
Suppose there exists a w, € D (A4), ||yl 7 0, such that
| Kmaginary part (a1 + i) I— A) w, wp)o] < 21 (|v] — ) ||ep

for sufficiently large v {or for sufficiently large —7). Then, for such large
T (or —7), we must have

m® o {lwo [t > 27 ([2] — n) [|o][§

and so
|Real part (((o + i7) I— A) wy, wo)o| = (Ag — m"nv) ”;Im;nn—) || |[£-
Hence we have proved Theorem 1 by (21).
Theorem 2, For any € L*(R™}, u(¢, x) = (7,f) (x) is infinitely diffe-
rentiable in £>> 0 and in x€ R™, and « (¢, x) satisfies the diffusion equation
(1) as well as the initial condition l‘m{')n [t x) — F(x) || = O.

Proof. We denote by T{® the k-th strong derivative in L?(R™) of
T, with respect to £. T, being a holomorphic semi-group of class (Cy) in
LE(R™), we have T f = A*T, e I2(R™ if t >0 (A =0, 1, .. .). Since
A is the smallest closed extension in L2(R™) of A, we see that A*T,fc L2 (R™)
for fixed £ > 0 (¢ = 0, 1, 2, .. ) if we apply the differential operator A%
in the distributional sense. Thus, by the Corollary of Friedrichs’ theorem
in Chapter VI, 9, = (¢, x) is, for fixed { > 0, equal to a C*°(R™) function
after a correction on a set of measure zero.

Because of the estimate ||T;||; < % "™ we easily see that, if we
apply, in the distributional sense, the elliptic differential operator

1 2
(57 +4)

any number of times to « (¢, x}, then the result is locally square integrable
in the product space {f; 0 < ¢ < o0} X R™, Thus again, by the Corollary
of Friedrichs’ theorem in Chapter VI, 9, we see that #(f, x} is equal to a
function which is C* in {¢, x}, £ > 0 and x € R™, after a correction on a
set of measure zero of the product space. Thus we may consider that
# (£, x} is a genuine solution of (1} satisfying the initial condition
tim [[st, ) — () o = O

Remark. The above obtained solution u (¢, x) satisfies the ‘“‘forward
and backward unique continuation property’ :
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if, for a fixed £, = 0, % (f,, x) = 0 on an open set & £ R™; 29
then u(f, x) = 0 forevery f>> 0 andevery x€G. (22}

Proof. Since T, is a holomorphic semi-group of class {Cg), we have
Toinf— 3 () AT, f
for a sufficiently small 4. Hence, as in the proof of the completeness of
the space L% (R™), there exists a sequence {#'} of natural numbers such

that "
w(ly + b, %) = lim X (k) 1A AP u(ty, ) for ae. x€ R™.

n'—o0 k=0

700

=20
0

By hypothesis given in (22}, we have A*u(t,, x) = 0in G and so we must
have w{f, + A, x) = 0in & for sufficiently small 4. Repeating the process
we see that conclusion (22) is true.

References

The result of this section is adapted from K. Yosipa [21]. As for
the ““forward and backward unique continuation property’” (22), we have
the more precise result that = {¢, x) = 0 for every { > 0 and every x € K™,
For, S. Mi1zonata [3] has proved a “space-like unique continuation pro-
perty’” of solutions % (¢, x) of a diffusion equation to the effect that
wit,x) = Oforall{>> Oand all x€ R™ if (¢, x) = O for all >> 0 and all
2 € G. Concerning the holomorphic character of the semi-group 7, ob-
tained above, see also R. 5. Purrries [6]. It is to be noted here that the
unique continuation property of the solutions of a heat equation du/dt = Au
was first proposed and solved by H. YamaBe-S. Ité [1].

There is a fairly complete discussion of parabolic equations from the
view point of the theory of dissipative operators. See R. 5. PHiLLips [7].

2. Integration of Diffusion Equations
in a Compact Riemannian Space

Let R be a connected, orientable m-dimensional C* Riemannian
space with the metric o
ds? = g,;(x) dx*dx’. (1)
Let A be a second order linear partial differential operator in R with
real-valued C* coefficients:
A = a%{x) —— b (x) —,. 2
(W) e+ B ®
We assume that a¥ is a symmetric contravariant tensor and that & (x)
satisfies the transformation rule
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- axt . g2yt
b= g 3
ax* e ax" ax’ 3)
by the coordinate change (x', 2%, ..., ™) — (&}, #%, ..., 2™ so that the

value (A4 f) (x) is determined independently of the choice of the local coor-
dinates. We further assume that 4 is strictly elliptic in the sense that there
exist positive constants A, and g, such that

m .. m
fg X E = a¥(x) &8 = Iy X & for every real vector
=1 7=1

(&1, .- .. &y and every x¢ R™, {4)
We consider the Cauchy problem in the large on R for the diffusion
equation: to find solution = (¢, ) such that
ufot = Au, t > 0, u{0, x) = f(x) where f(x) is a given

function on R. (5)
We shall prove

Theorem. If R is compact so that R is without boundary, then the
equation (5) admits, for any initial function /€ C™(R), a uniquely deter-
mined solution « (¢, x) which is C* in (¢, x), ¢ = 0 and x ¢ R. This solution
can be represented in the form

ult, x) = kf Pit, x, dy) {(9) (6)

where P (¢, , E} is the transition probability of a Markov process on R.
Proof. Let us denote by C(R) the B-space of real-valued continuous
functions /(x) on R normed by [|/|| = sup |f(x)|. We first prove

for any f¢ C*°{R) and any # > 0, we have
max k(x) = f(x) = min k(x) where A{x) = f(x) —n1{A4f) (x). {7T)
Suppose that f(x) attains its maximum at x = x,. We choose a local
coordinate system at x, such that &7 (x,) = d; (=1 or 0 according as
© =7 or ¢35 j). Such a choice is possible owing to condition (4). Then
) — D) — n73 (4) ()

— o) — N () o

51‘ 'a(xa')z % f(xD).
since we have, at the maximum point x,,
of 23
3—/?5, =0 and ‘W é G.
Thus max A(x) = f(x). Similarly we have f(x) = min /(x).
We shall consider 4 as an operator on D(4) = C*(R) C C(R) into

C (R). Then, by (7), we see that the inverse (I — n 1)1 exists for n > 0
and [|(I —n1d)g “ = HgH for g in the range R{I —»n14)=
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(I —n~tA) - D(A4). This range is, for sufficiently large », strongly dense
in C{R). For, as in the preceding section, we have the resuit: For any
g€ C*(R) and for sufficiently large # > 0, the equation u —n ' du = g
admits a uniquely determined solution # € C™ (R). Because, by the com-
pactness of the Riemann space R, Lemma 1 concerning the partial in.te-
gration in the precoding section may be adapted to our Riemannian
space R without boundary. Moreover, C*(R) is strongly dense in C'(R})
as may be seen by the regularization of functions in C{R) (see Pro-
position 8 in Chapter I, 1}. N

Hence the smallest closed extension 4 in C(R) of the operator A
satisfies the conditions:

for sufficiently large # > 0, the resolvent (I —»n14)"!

exists as a bounded linear operator on C{R) into C (R) (8}
such that |[(I —n14) 1| <1,

({T — w1 4)~'k) (x) = Con R whenever 2 (x} = Oon R, (%)
(I—w14y1.-1=1 {10}

The positivity of the operator (I — n~14)~! given in (9) is clear from (7).
The equation (10) follows from 4 - 1 = 0.

Therefore 4 is the infinitesimal genmerator of a contraction semi-
group T, in C(R) of class (Cy}. As in the preceding section, we see, by the
strict ellipticity of A4, that, for any f& C®(R), the function #%(¢, x) =
(T,f) (x) is a C* function in ({, x) for £>> 0and x € Rsothatu{f, x)isa
genuine solution of (5).

Since the dual space of the space C(R) is the space of Baire measures
in R, we easily prove the latter part of the Theorem remembering (9)
and (10).

3. Integration of Wave Equations in a Euclidean Space R™

Consider a wave equation

Pujor = Au, —oo <t < oo, (1)
where the differential operator
i a2 i 9 Gy g
A =a(x) g + Vgt el (a7(x) = a"{w) {2)

is strictly elliptic in an m-dimensional Euclidean space R™. We assume
that the real-valued C* coefficients a, b, and ¢ satisty conditions (3

and (4) in Chapter XIV, 1. As done there, we shall denote by Hg the
space of all real-valued C3° (R™) functions f(x) normed by

m 1/2
Il fra v 208 dx)
K i1 gm
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and let H§ (and HY) be the completion of H} with respect to the norm
£ (and with respect to the norm |[|f]], = ( [ dx)”z) .

R™m
Lemma. For any pair {f, g} of elements ¢ f}é the equation

((5 2-=(; J) (3) -(1) (3

admits, if the integer » be such that |» 1| is sufficiently small, a uniquely
determined solution {u«, v}, wand v C Hy N C®(R™, satisfying the esti-
mate

(4 — o du, )y + 2y {v, v)g)**
SQ=Bn[ T — Al Dy + sole, g™, (4)
with positive constants «, and g which are independent of # and {f. g}

Proof. Let u; € HiN C™ (R™) and v, € HY N C® (R™) be respectively the
solutions of

—nPAu, =} and v —w2dy —=g. {6)

The existence of such solutions for sufficiently small |1 was proved in
Lemma 2 of Chapter XIV, 1. Then

=t +nly, v=nlAdu + v (6)

satisties (3), i.e, wehavewu —nlo =f, v - n1du—g
We next prove (4). We remark that

Awu=mn{v—g)€ Hy N C*(R™ C HY and hence, by f, g€ CF(R™),

Av—=mn(du-—Af)c HL N C®(R") C HY.
We have thus, by (3),

(f— o f, flo = (6 — v — ag A (u — n20), 4 — m-17),
= {u —agdu, u)y— 20, v)y + ogn (Au, 1)y + agn{dv, )y
and , + 12 (v — xgdv, vl
og{g, Blo = xp(v —mlAu, v—n1du),
= 0 (v, g — oo v, Ay — agn (A, VY + xgn (A u, Au),.

By a limiting process, we can prove that (9), (10) and (11) in Chapter XIV,1
are valid for f = and g =v. Thus, by (12) in Chapter XIV, 1, there
exists a positive constant # satisfying

((fﬁ%flf: Do+ e, 3)0)112 = ((“ — oA n, u)y + oy (v, v),
— &y |”_1! [(Aw, v)g— (dv, u)g| —2 I"Hll [ (u, 'U)o|)1Jr2
=(1—p |”-—1 l) (v —xyAdu, #)o + %, {0, U)o)m
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for sufficiently large |#|.

The above estimate for the solutions {«, v} belonging to Hi N\ C®(R™)
shows that such solutions are uniquely determined by {f, g}.

Corollary. The product space Hj N HJ of vectors

(u)z{u, v}, where ¢ H} and v¢ HY, (7)
v

is a B-space by the norm

()

where B(f, g) is the extension by continuity with respect to the norm
I| ||, of the bilinear functional

B{f.g) = (f —op A}, glo defined for £, gc HL.

We know that B(x, #)"2 is equivalent to the norm |||, (see Chap-
ter X1V, 1):

= |[{w, v}’ || = (B{w, w) + (v, v)e)'7*, (8)

o8 |||} < Blu, ) = (1 + agy) [Julfi- (9)

Let the domain D {¥) of the operator

0 I
= 10
a=(4 o) (10)
be the vectors {u,v}'€ Hyx HY such that , v ¢ Hg are given by (6). Then
the Lemma shows that the range of the operator

N I 0
X —n 1A, where F= o 1/

contains all the vectors {f, g}’ such that 7, g€ Hj. Thus the smallest
closed extension M in H}x HJ of the operator 9 is such that the operator
(3 — #~19) with integral parameter » admits, for sufficiently large |n
an everywhere in H}x H defined inverse (3 — #~29) ! satisfying
=2 W = A~ [n ) (11)
We are now prepared to prove

Theorem. For any pair{f(x), g (%)} of C§°(R™) functions, the equation
(1) admits a C* solution % {¢, x} satisfying the initial condition

(0, ) = F(x), (0, %) = ¢(x) (12)

’

and the estimate
(B (#, ) + oo (y, #)o)2 < exp(B [t (B, f) + xolg, 000)®. (13)

Remark. Formula (9} shows that B (, #) is comparable to the poten-
tial energy of the wave (= the solution of (1)) u(Z, x), and {u, u)e is
comparable to the kinetic energy of the wave % (¢, x). Thus {13) means



430 XIV. The Integration of the Equation of Evolution

that the total energy of the wave u (¢, x) does not increase more rapidly
than exp (8 |£]) when the time ¢ tends to 4 oo. This is a kind of energy
inequality which governs wave equations in general.

Proof of Theorem. Estimate (11) shows that 9 is the infinitesimal gene-
rator of a group T, of class (C,) in H} > HY such that

T[] < exp (B |£]), —oo <t << oo. (14)
By hypothesis we have, for £ = 0,1, 2, .. .,

91( f) = W(é)ec@"(f{‘”)xcmﬁ") C Hj X HJ.

g
w(t, x)) ()
(v {t, x)) =1 (g(x)) ’

Hence, if we put
then, by the commutativity of U with T, we have

ok fu(t, x) T, [ f{x) oy [#(E %) 1o 0

ar* (v(t, x}) T et (g{x)) =3 (v {t, x)) € Hox Ho
for k=10,1, 2, ... Here we denote by #*T,/8¢* the k th strong derivative
in Hyx HY). Therefore, by Hj € Hf = L*(R™) and the strict ellipticity
of the operator 4, we see, as in the proof of Theorem 2 in Chapter XIV, 1,
that u (¢, x) is C°° In {£, x) for —oo < ¢ <C 00, x € R™, and satisfies equa-
tion (1) with (12) and estimate (13).

Remark. The result of the present section is adapted from K. Yosipa
[22]. Cf. J. L. Lions [1]. P. D. Lax has kindly communicated to the
present author that the method of integration given in this section is
very similar to that announced by him in Abstract 180, Bull. Amer. Math.
Soc. b8, 192 (1952). It is to be noted here that our method can be modified
to the integration of wave equations in an open domain of a Riemannian
space. There is another approach te the integration of wave equations
based upon the theory of dissipative semi-groups. See R, S, PaiLries [8}

and [9]. Thq method is closely connected with the theory of symmetric
positive systems by K. Friepricus [2]. Cf. also P. Lax-R. 5. PHILLIPS

(3]

4. Integration of Temporally Inhomogeneous Equations of
Evolution in a B-space
‘We shall be concerned with the integration of the equation
dx()fdt = AH =), a =t < b. (1)

Here the unknown x{f) is an element of a B-space X, depending on a
real parameter £, while A (£} is a given, in general unbounded, linear

4. Integration of Temporally Inhomogenecus Equations 431

operator with domain D (4 (¢)) and range R (4 (#)}, both in X, depending
also on £.

T. Kato (3], [4] was the first to make a successful attack on the
problem of integration of (1). He assumed the following four conditions:

(i} The domain D {4 {£)) is independent of ¢ and is strongly dense in
X such that, for « > 0, the resolvent (I —« 4 (#))~! exists as a bounded
linear operator € L (X, X} with the norm = 1.

(i1) The operator B (¢, s) = (I — A (£)) (I — A {(s))~! is uniformly boun-
ded in norm for £ = s,

(iii) B¢, 5) is, at least for some s, of bounded variation in # in norm
that is, for every partition s = #5 < #; <C - - - << 4, = ¢ of [a, b],

r

n—1
J:E;; HB(‘!HI: s) — Bz, S)H = Na, b) < oo,

{iv] Bt s) is, at least for some s, weakly differentiable in ¢ and
OB (1, s)/ét is strongly continuous in .
Under these conditions, KaTo proved that the limit

0
Ut s)xg= maxﬁi}fnm_mj:{].r_l exp ({41 —4) A (4) %,
exists for every x, € X and gives the unique solution of {1) with the initial
condition x(s) = x, at least when x,€ D (4 (s)).

Kato's method is thus an abstraction of the classical polygon method
of Cauchy for ordinary differential equation dx (£)/d¢t = a(f) x(f). Although
his method is very simple and natural in its idea, the proof is somewhat
lengthy because it is concerned with a general partition of the interval
[s, ). KaTo {3] has shown that the proof can be simplified when the space
X is reflexive. For the reflexive B-space case, see also K. Yosipa [28].

In this section, we shall be concerned with an equi-partition of a fixed
interval, say, [0, 1], independently of s and ¢, to the effect that KaTo's
original method be modified so as to yield a fairly simptlified presentation.

We shall assume the following four conditions which are essentially
the same as Kato's conditions (i) through (iv) above:

D(4 (8} is independent of ¢ and it is dense in X (2)

For every A = 0 and ¢, 0 < ¢ < 1, the resolvent (A7 — A (£))~!
exists as an operator ¢ L (X, X) such that (A7 — A ()] < (3
= Atfor 1>0.

A AT EL(X,X) for 0<st<1. (4)
For every x € X,
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=38 Ct,s)x = — ) (AN A(s)? — ) x is bounded
and uniformly strongly contmuous in £ and 5, £35, and

s-lim k- C (t f— i) x¥ = ( (§) » exists uniformly in ¢ so that

k—00

()
C(#) € L{X, X) is strongly continuous in z.

Remark, Condition (4) is stated for the sake of convenience. It is
implied by (2) and the closed graph theorem, since A4 (s} is a closed linear
operator by (3). Moreover, conditions (2} and (3) imply that A (s} is the
infinitesimal generator of a contraction semi-group {exp(t4 (s)); £ = 0}
of class (Cy). Hence we have {see Chapter IX):

exp(td (s))x =s- hm exp(tA YT —n1A(s 1):cumformly int,0=¢=1;

(6)
exp(h A (s)) - exp(t, A (s)) = exp((t, + &) A (s)); ("
dexp(td (s}) y
—~(d—tw— = A{s) exp(tA (s)) v = exp(tA (s)) - A(s) v,
¥y ¢ D(A(s)), where d/di means differentiation in the strong (8)
topology of X;
s-!li’m exp(td (s)) x = exp(t, A (s)) % . (9

We are now able to state our result.

Theorem 1. For any positive integer 2 and 0 < s = ¢ = 1, define
the operator U, (¢, s) € L (X, X) through

Uplt, s) = exp((t—s)A (’;1)) for ‘lesxix -
A=i<p, {10
Urlt,r) = Ur(t, ) Ugls, 7) for 0=r=<s=t=<1
Then, foreveryx ¢ X and 0= s <t < 1,
S;El;{gj Ui(t, s) x = Ut s) x exists uniformly in ¢ and s . (11)
Moreover, if ¥ € D(4 (0}) then the Cauchy problem
PO~ A@xt), %(0) —y and x(t) ¢D(AW),0< L5 1 ay

is solved by x(f) = U(¢, 0) vy which satisfies the estimate |x(¢)] = |¥|.
Proof. By (3), (6) and (10), we obtain

[Urt,s) %] < x| (£ =1,2,...;0<s<t=<1;2€X). (12
We also need, for the operator
We(t, s) = A(f) Ugl(t, s) A(s)—t, (13)
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the following estimate which 1s the key for the whole proof:
IWa it s)xl = (1 4 &N - exp(N (¢ — s)) - =],
N= sup |{t—s"C9).

Dss t<l,s ==t

14)

To prove this, we shall rewrite W, (¢, s}, remembering {10} and the com-
mutativity A {s} 7 exp((f — s) A(s)} = exp({f — s} A(s)) A (s)~!
Wit s
— a4 ()7 0 (. B 4 (2] () g (2, B0
Z , )
: A([ksk )A([ksH ) Uk(tisif?, L’Eﬁi@,ﬁr&)d%ﬂ)%%ﬂ)‘&
% U, (Eka_ﬂ, S)A ([ksJ)A()

Expanding the right side and again remembering (10}, we obtain

Wk(t,s):(f—i—C(t W])){Uk(t,s)—k 5 v u)C(u,uﬁ%) Us (1, 5) +

Bu=[ks] +1

[41] 1y () !
T N Uk(t,v)C(v,v—E) pX UR(Ir,u)C(u,u—E-)Uk(it.s)—l—"' %

ko=[Aks]+1 hu=[ks]+1
{1+ e (59)s

that is,

Walt,s) = (1+C (L5 UnE 9 + WP )+ WP () + ) %

x(r+c (i),

L] 1
Wo(s)= X Uil u)C(u u—;) Urlu, s), (15)
u=[hs]+1
Wb s) = 2 Uit u) C (u " — %) W (u, s),
ku=[As]+1
(m=12..,[&]-1).

We have HC (uu —i;) xH = %Nllxn by {14). Hence from (12} we

conclude that
||W£” Ls)x|l= (¢ — sy Nlx|,
(16)

I WS:"' b5l =

e

Combined with the definition of ¥, we have proved (14) by (12).
28  Yosida, Functional Anulysls
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Incidentally, we have proved that

Uplt, )y €D(A () when y€D(A(S) . am

Ug(t, s)y = exp ((t — %) A ([M)) U, ([kt] s) ¥

is differentiable at ¢ 4:7;.- f=01,...,k% and

Hence

dU, (¢, s
W92 g (%) 1,9 5,5 cD(A ). 18)

Similarly, U, (¢, s) v is differentiable at s 4 7:— (¢=0,1,..., k) and

aUslt, sy v [&s)
AR — — vy a (G sy ep@ o). (19)
These derlvatwes are bounded and are strongly continuous in ¢ and s
except at § = and s = . For the prooi, rewrite the right side of (18)
ke
=c(%,z) WLt s) A (s) A0 %,y — A(®) z, and make use of

(5), (9, {12}, (14) and (15); similarly for {19).

Since U,{f, s) Uy(s, 0) 4(0)! x is strongly continuous in s by (9},
we have, remembering the fact Uy(s,0) 4(0)1x € D(A(s)) together
with (18) and (19),

(Unft, 0) — Uy (2, 0)) A(0)" % = [Un(t, s} Un{s, 0) A(0) x) T4

- f%{Un(t, $) Us(s, 0) 4 (0} 2} ds

—fU l ([ks]) -A (@)}Aﬁi)-l}!(m])(]k( 0) A (0)-1 2 ds
_ f (} ([ns] [T]’) A ([k_:]_) A(S)fl Wa(s, 0) x ds .

Hence, (12} and (14) yield
1Tt 0) A{0)" 2 — UL(t, 0 4(0)7" x|

< ch (=, vel) (I+ (%2, 5)) Wats, 0) x“ ds

Nf ‘ %AL’::_] . H(I+ C (UM:l s))Wk(s, 0} x“ds
0

1A
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{&s] 1
: ;) (1 + ;N) exp (IVs) - ||xf ds .

b3

¢
0

(1+N}s—

This proves that
s;l_i»rg Uyt 0) A0V x exists uniformly in £, 0 = ¢ < 1,
and so, by (2) and (12), we prove that, for every x ¢ X,
sﬂm Ugit, ) x = UL, 0) x exists uniformly in,0=£= 1.

Similar argument shows that, for every x € X,

sﬂm Uplt, s) x = UL, s) x exists uniformly inzands, 0 =s=¢=1.

) (20)

Therefore, by (9), we see that U (¢, s) x is uniformly strongly continuous
in £ and s.

We also prove easily, remembering (15}, (16) and (20), that as & >0
Wr{t, 0) x strongly converges boundedly in ¢ such that

s:6m W (¢, 0) x = W{£,0) x = U (t,0) -+ W (1,0) x + W (2,0) x

where WM (£, 0) x = ft Ut,s) C(s) Uls, 0) x ds, -
0 1

Wom (g 0) x = fU(t, §) C(s) W™ (5,0) xds (m—=1,2,..).
1]

Therefore, if y £ D{A (0)) then the limits
sﬁm Ut, 3y = U, 0y and s;lim AR Ut 0)y =W 0040 v

both exist boundedly and uniformly in £ and W (¢, 0) 4 (0} ¥ is uniformly
strongly continutous in #. A (¢) being a closed linear operator by (3), we
have proved that, for every y € D(4 (0})

Ut,0)y e D(A(H) and
A U 0)y = slim A () A (?)‘1,4 ([_f;ﬂ) Uylt, O y
= Wi{t 0) 4{0) »,

where the s-lim exists boundedly and uniformly int,0<¢= L.

(22)

Hence, by letting & —+oc in

Unlt, )y —y = _[( Usals, 0) )ds=fA(U‘—;]~)Uk(s,O)yds
0

We obtain
U0y — vy — fA(s) Uls,0) yds .
Lt}

23-
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As proved in (22), the integrand is strongly continuous in s so that we
have proved that x(¢) = U {t, 0) ¥ solves Cauchy problem (1)".

Remark. Theorem 1 and its proof are adapted from K. Yosina [30].
It is to be noted here that an inequality similar to our {14) was obtained
in T. Kato [3] by solving a Volterra type integral equation. The appro-
priateness of the equi-partition of the interval [0,1] as revealed mm (10}
is suggested by a paper by J. Kisyx&skr [1].

The approximation x,(t) = U,{t, 0}y to the true sclution x(#)
= U{t, 0) y of (1)" is a kind of difference approximation to the differen-
tial equation given in (1)". However, the true difference approximation
would be to use the scheme

o) — g x (23)
choosing the backward difference. This scheme gives
xt) = — G — L) AN xlt) -

Therefore, suggested by (13), we are lead to the approximation

Valt, s) = (I — (t - %) A (@))“ (I B ‘--A ([Mlk—l))

--(1 (e 1))*‘ (1 (B (ka_l))*l, (10)’

O=s=<t<l).

b

From the point of view of the numerical analysis, this approximation
Vy(t, s} would be much more practical than the approximation U, (¢, 3),
since in the construction of the approximation U, (t, s) we have to appeal
to the construction of exp (¢4 (s)).

We shall prove (Cf. the last section in T. Kato [10]).

Theorem 2. Under the same conditions (2) through {5}, the Cauchy

problem given in (1)’ is, for every initial data y € D{4 (D)), solved by |

x(f) = s;lim Vlit, 0y y .
Proof.From (3) it follows that
IVelt,s) x| <= (B=1.2...;0=s2tL;x£X). (12)

We next see, from

Vot s) =V, (t, Lﬂkt_k) (1 _ (_[f_]_tl, — )4 ([ks]))—l’

e

k
that V,{t, s) y is differentiable at s & (i = 0, 1, .. ., &) and

AV, (L, )y [ks] + 1 [RsP\\ -1, ([ks] ,
DYy ) (I—(T#S)A(T)) a(%, )y. (19)
We see, by y ¢ D(4(0)) = D(A(s)), (3) and (12}, that this derivative
is bounded and strongly continuous in s except at s —~ —. Since

I
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Vo (e, s) Ugls, 0) A{0)! x is strongly continuous s s, we ohtiin, remen-
bering the fact Uy(s, 0) A{0)1 x £ D(A(0}),
(Ux(t, 0 e Valt, 0 A0y 2 x = [Vilt.s) Ugls, 0) oL{0) T :
—fd (Vult, 5} Upls, 0) A (0) %) ds

fgnmgv<srﬁc?nﬁwﬁ%ﬂ-ﬂA@?Dﬂx

. Upls, 0) A (01 x ds

[l (=057 =4 () o (52)

X Wyis,0)xds.

Thus we have

\'(Ukt 0) — V,(t, 0)) A0 x| (24)
- ks
fH(I-— (Ll g a(Eh) 1)(1 o, s))Wk(s,O)x ds
From (5) and (21), it follows that
$- hm (I + C ([—%S—J s)) Wi(s, 0y x = W(s, 0) x uniformly ins5, 0 s s = 1.

(25)
On the other hand, we have, for z € D(A(s)),

- (- (=) ):
e (5 A ) () 0 a0

By {3) and (5}, we see that this tends strongly to 0 as & —o0. The integrand
in (24} is bounded in & and s. Thus, since D(d4 (s)) = D({4{0}) is dense
in X, we see from (25) that

silim (U, 0) — V(6 0)) A(0) 1 x = 0.

Therefore, by virtue of Theorem 1, we have proved Theorem 2.

Remark. The above proof i3 communicated from H. Fujita who is
suggested by the last section of T. Kato [10].

Other approaches. K. Yosmna [23] and 28] devised the idea of
approximating Cauchy problem (1)’ by

dxy {f) -1

4 (T A0) T ), 30 —yEDA @), 02 (1)

Applying the Cauchy polygon method to equation (1), J. Kvsidsi |1]
proved the strong convergence of {1y, { 1} to the selution of (1), Another
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method of integration of (1) has been devised by J. k.. Lions [2]. He
assumes the operator A (#} to be an elliptic differential operator with
smooth coefficients depending on £, and seaks distnbutional solutions

by transforming equation (1} into an integrated form in concrete func-

tion spaces such as the Sobolev space W##(£2) and its variants. We also
refer the reader to a paper by O. A. LADYZHENSKAYA-I. M. Visik [1]
which is motivated by a similar jdea as Lions’. *

5. The Method of Tanabe and Sobolevéki

Let X be a complex B-space, and consider the equation of evolution
in X with a given inhomogeneous term f(1):
da(f)fdt = Ax(t) + f{), a =t = 5. (1)

Then the solution x(f) € X with the initial condition x(a) = x,€ X is
given formally by the so-called Duwhamel Principle from the solution
exp((t —a) A) x of the homogeneous equation dxjdt — Ax:

¢
x(t} = exp({t —a) 4) x5 + af exp ((t—s) A) - f(s) ds. (2)

This suggests that a temporally inhomogeneous equation in X:
dx()fdt = AR x(f), a <t =< b, (3)
may be solved formally as follows. We rewrite equation (3) in the form
dx{e)}dt = A(a) x(0) + (A() — 4 (@) x(8). (4

By virtue of the formalism (2), the solution x (£} of (4) with the initial
condition x(a) = x, will be given as the solution of an abstract integral
equation

x(t) = exp (¢ — @) A (@) 7 o
Voo fexp({t— ) A(s) (Als) — 4 (@) x(s) ds.

Solving (5) formally by successive approximation, we obtain approximate
solutions:

x,(t) = exp({t — a) A(a)) x,,

X1 (t) = exp({t — a) 4 (@) %,
+ [exp((t—s) A(s) (A (s) — A(a)) % (s) ds.

Hence the solution x(f) of (5) would be given formally by

* See also Supplementary Noies, . 4G8,
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'
%(t) = exp (£ — a) A (@) %, + [ exp((f —s) 4(s)) R{(s, a) %, ds, (6)
where

Rt 5)= 3 Ru(t3),

Ry(t,s) = (A() — A(s)) exp (¢ —5) A (), s < £,
=0, s=1,

(7

¢
Ry(t,s) = [Ri(t,0) Rp_1{0.5)do (m =2,3,...).

Justification for the above formal procedure of integration has been
given by H. TaNABE {2] using the theory of holomorphic semi-groups
as given in Chapter IX, 10. We shall follow Tanabe’s approach, and
assume the following conditions:

For each ¢¢€ [a, d], A{#) is a closed linear operator
with domain dense in X and range X such that
the resolvent set g{A(#)) of A(f) contains a
fixed angular domain & of the complex A-plane
consisting of the origin ¢ plus the set {1; —6 <
arg A < § with 8 > a/2}. The resolvent (A7 — A ()~}
is strongly continuous in ¢ uniformly in 4 on any com-
pact set C @ .
There exists positive constants M and N such that,
for Ac & and ¢€ [a, b], we have ||[AT — A 1| = N (9
(|A] — M)~ whenever || > M with N = 1 for real 2.
The domain D(A (f)) of A{t) is independent of ¢ so
that, by the closed graph theorem in Chapter II, 6, the
operator A (f) A(s)™! is in L (X, X). It is assumed
that there exists a positive constant K such that
[[A@E) A(s) ™ — A@) A(s) Y| < K |t —r] for s, £ and
€ fa, b].
Under these conditions, we can prove
Theorem. For any x, € X and s with a << s <C &, the equation
dx{f)jdt =A@ x(t), x(s) =2, s<<t=bh (3
admits a uniquely determined solution x (t) € X. This solution is given by
x{f) = Uft, s) 2(s) = UL, 5) x,, where (11)
Ult,s) =exp(t—s) A(s))+ W, s),

(10)

Wit s)= ft exp((t — o) A{o)) R{o, s) do with R4, s) given (12)

by (7).
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For the proof, we prepare three lemmas.
Lemma 1. R (¢, s) satisfies, with a constant C,
[|R(t, s)|| =< KC-exp(KC{t—3)), (13)
and R{¢, s) is strongly continuous in ¢ = s < ¢ < b.
Proof. By (8) and (9), we see that each A (s) generates a holomorphic
semi-group which is given by {see Chapter 1X, 10)

exp(td (s)) = (2nd) ! [ M (AT — A(s))"1dA, where (' is
< _ _ (14}
a smooth contour running from oo ¢ to oo € in @.

Hence, by A {s) (Al —A{s)Y=A(A] — A (s))1 — I, we have, for (b — a) >
t> 0,

|lexp(tA(s))|| = C and |[A{s)exp(tA(s))|| = Ct1,

where the positive constant  is independent of £ > 0 (15)

and s€ [a, b].
We have, by {7),

Rit,s) = (A) —A@s)) A(s) A (s) exp({t — s} A(s)), =5,
and so, by (10) and (15},

[|Ry{t, s)|| < KC. (16)

It is also clear, from (8) and (14), that R, (¢, s) is strongly continuous in
a = s<It= b. Next, by induction, we obtain

IRat. )1 = [ AR | i Bes (0 5} ][ do

i
< [ (KO o — 5™ 2(m — 2 do

= (KC)" (¢t — )" (m 1

and hence (‘13) is obtained. In thesame way, we see that R (¢, s) is strongly
continuous in a < s < t < b.

Lemma 2. For s < v < ¢, we have

IR s)— Rz, s)|| < C, (;:Z + (1) 1og":j), (17)

t
where C, is a positive constant which is independent of 5, T and ¢.

Proof. We have, by (7),
Rilt,s) = Ry(z,s) = (4 () — A(r)) exp({t —5) A (s))

+ (A(r) — A (s)) [exp (¢ —5) 4 (s)) — exp((z —5) A()]
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By (10) and (15), the norm of the first term on the right is dominated by
KC(t— 1) (t — s)7). The second term on the right is

(A (@) A(s) _f_ L oxp (o4 (5)) — (A (1) — A () A (51

< [ A(s)exp (o A(s)) do

and we have, by (18),

s)2exp(o A{s)) dollig fsl\( yexp (2-tod (s)?]| do

}3(2(:}0)2 do = 4C*% [ ] =42t --T)(t—§) 2 {z —s)?

Therefore
. P
|Ry{t, ) — Rylr, 8) || = KC(1 + 4C) —
On the other hand, by (7),
vR()ﬁTR fR(,\fO, R{o, s} do

m=2

(18)

gs.

— fr R/ (t,0) R(o,s5)do = le(t, a) R (o, s} do

+ ft (R,(¢, @) — Ry{r, 0)) R(a, s) do.

The norm of the first term on the right is dominated by
i
IRt o) || || R0, s}|| do = K2C2exp (KC(b-—a)){i--1).

The norm of the second term on the right is, by (13) and (18}, dominated
bv

f HRl(t’ o) — Ry (v, G)H |[R(a, 3)” do

£ KU1+ 4C) exp (KC(b —a)) [ (¢— 1) (¢ — o) do

t—s
=K {t —7)log —

Therefore we obtain (17},
Lemma 3. For s < £, we have
|4 () {exp (¢ s) A(8) — exp (¢ —s) A (D} = C,, where

C, is a positive constant independent of s and {.
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Proof. We obtain, from (14),
A(t) {exp ({¢ —5) 4(8)) —exp ({t —s) A{s)}}
= (2mi) ! cf M AW) (AT — AL (A — A(s)) (AT — A(s))1dA.
On the other hand, we have A(f) (Al —A ) =AQAI—-A @) — I,
and so, by (9),

|| 40 A —A@) = laltﬂM

Hence we obtain (19) by (10} and
|| (A () — A(s)) (AL — A s ]
= (4B —A) 46 A () (AL —A(sH |-
Proof of the Theorem. We rewrite W{{, 5) given in (12} as follows:

+ 1forAc®@and € fa,b]. (20)

W (t,s) = ft exp((t—1) A(t)) R(t, s) dz
+ f {exp({t — 1) A(z)) —exp((t —T) AW®)} R(z,s) dr

+ [ exp ((t—1) A{®) (R(z,s) — R, ) dr.

By approximating the integrals by Riemann sums and making use of the
closure property of the operator 4 (f), we see that we can apply A (#) to
each term of the right side of the above equality. For, by (19), we can
apply A (f) to the second term of the right side; and also to the third term
of the right side by (15) and (17); we also have, by A {f) exp({t — 7) A (#))
=—dexp{({t — ) A{f))/dr,

A [ exp(it—r) A®) R, s) dr = {exp ((t —s) A1) — [} R(, s).

Hence we o‘btain
A UK s) = A exp((t—s) A(8)) + {exp((t —s) A()) — I} R{Z, 5)

+ f Ay {exp({t—7) A(1)) —exp((t —1) A} Rz, s) dz (21)

+ [ At exp(t—1) AW (R{x,s) — R{t, 5)) d.

The above proof shows that A{f) U{t, s) is strongly continuous in
a<s<<f<band
[A@ W, s)|| =< Cy and [|A@) U, s} = Calt— )7,

22
where C, is a positive constant independent of s and ¢, (22)
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We next define, for s << (§<— A) << ¢,
t—k
Ut s) = exp((t—s) A()) + [ exp((t—1) A@)) R(z,s) dx. (23)

Since a holomorphic semi-group exp (¢4 («)) is differentiable iné > 0,
we have

6% Un{t,s) = A(s) exp{(t—s) A(s)) + exp (hA (¢t — k) R{t— 1, 3)
+ ‘f_k Afzyexp ((t —7) 4 (7)) R(r, s) dr.
Hence we have,sby (7).
(,% Uylt,s)— A() Uplt,s) = exp(BA{t—A)) R(t—h,s) — Ry (t. s)

b=k (24)
— [ Ryt 7)R(z, ) d1.

By (8), (13) and (14), exp(hA{t—h))} R(t —h, 5) tends strongly to
R(t, s) as k| 0. Thus we have

8
s-lim{— Uzt s) — A Uyt s)) %
hio (3‘ ) (25)

= (R (t.5) — Ry (¢, 5) — f‘ R,(t. 0} R{o.5) da) Koy %€ X
The right side must be 0 as may easily be proved by (7). Since we have
S—}lliflg AR UL, s)x, = AW Ult s) 2
by the reasoning used in proving (21), we obtain from (25)

.8
5_;1,1&15 Uplt, s) g = A (&) Ut s) x, for ¢ 2> s and % X. (26}

The right side of (26) being strongly continuous in > s, we see, by
integrating (26) and remembering s—ijfl(} Uit s) zg = Ult, 5) %, that
DU xg= AW Ul s) s for t>5 and meX. (2D

Therefore, x{t) = U (t. s) %, is the desired solution of (3'). The uni-
queness of the solution may be proved as in the preceding section.

Comments and References

The above Theorem and proof are adapted from H. Tanase [2]. To
illustrate his idea we have made Tanabe's conditions somewhat
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stronger. Thus, e.g., the condition (9) may be replaced by a weaker
one:

[|A(t) A{s)7F —A(r) Als)7|| < K}t — rlr with 0« o< 1.

For the details, see the above cited paper by H. TANABE which is a refine-
ment of H. TaNABE [3] and [4]. It is to be noted that the Russian school
independently has developed a similar method. See, e.g., P. E. SOBOLEVSKI
[1] and the reference cited in this paper. C{. E. T. PouLsen [1].

Komatsu’s work. H. KoMaTsu [1] made an important remark re-
garding Tanabe’s result given above. Let 4 be a convex complex neigh-
bourhood of the real segment [a, #] considered as embedded in the com-
plex plane. Suppose that A (¢) is defined for ¢ € A and satisfies (8) and (9)
in which the phrase "€ [a, b]" is replaced by “f€ A”. Assume, more-
over, that there exists a bounded linear operator 4, which maps X onto
D, the domain of 4 {f} which is assumed to be independent of € A, in a
one-to-one manner and such that B () = A {t) 4, is strongly holomorphic
in ¢ 4. Under these assumptions, KoMATsU proved that the operator
U {t, s) constructed as above is strongly holomorphic in ¢ € A if

larg (¢ — s)| << 8, with a certain 6, satisfying 0 << 6, << 7/2.
The result may be applied to the “‘forward and backward unique con-
tinuation” of solutions of temporally inhomogeneous diffusion equations

as in Chapter XIV, 1. In this connection, we refer to H. KoMATSU (2],
(3] and T. KoTAkE-M. NARaSIMHAN [1].

Kato’s work. To get rid of the assumption that the domain D (A4 (#))
is independent of ¢, T. KaTo [6] proved that, in the above Theorem, we
may replace condition {19) by the following:

Foracertain positiveinteger &, the domain D ((-— A4 (£))1/*)
is independent of ¢. (Here (—A (£})"/* is the fractional
power as defined in Chapter IX, 11.) Further, there
exist constants K, > 0 and y with 1 —41<yp=1
such that,for s, £€ [a, b], [[(—A ()" (—A () —I||
LS K, [t—sp.

(10)’

-

Comments and References A0
Tanabe's and the Kato-Tanabe recent work. With the same mativation
as Karo, H. Tanagg [1] devised a method to replace condition (10) iy

A ()™t is once strongly differentiable in a = t- 4
and such that, for positive constants K, and «,

HdA (B ad(s)

dt ds
Further, there exist positive constants N and p with
0 << ¢ = 1 such that

li‘<K {—s|*
= 3 | (10)"

G OI—Am)

|§N A=Y, @ < 1.

For details, see Kato-Tawagk [8]. Their point is to start with the first
approximation exp (({— a) A ()} %, instead of exp (({—a) 4 (a)) %,

Nelson's work on Feynman integrals. The semi-group method of
integration of Schrédinger equations gives an interpretation of
Feynman integrals. See E. NELSoN [2].

The Agmon-Nirenberg work. Agmon-Nirenberg [1] discussed the

. . 1d .
behaviour as ¢ + oo of solutions of the equat:onTTﬁ — Ay =10 in

some B-spaces.

6. Non-linear Evolution Equations 1 (The Komura-Kato Approach)
Let X be a real or complex Banach space, endowed with a semi-scalar
product [x, y] such that {see Chapter IX 8)
foy %) + oo e, ¥] = oy [y, ¥] + o (s, v, | [, y3|= |2 |lv]] and
[, 2] = [[x]}?, (1)
and consider a family {7,; {= 0} of non-linear mappings of X into X
satisfying cenditions:
T, T,= T+, T,=theidentity mapping I (semi-group property),
T2 — T,¥||=||x — v|| (contraction property) ,
and strong continuity in { of T',. As in the case of linear mappings, we
define the infinilesimal genevator A of {T,;t= 0} by

Ax=slmh 1 (T,x —x).
540

Then A must be disstpative in the following sense:
Re[dx— Ay, x—y]= 0. {2)
The proof is easy, since we have

Re [h3(Tpx — %) — A1 (Tay — ¥), x — y] = A2 Re [Tz — Ty, % — ¥]
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— A [x =y, 2 — 1= B Thx — Toyil-llx — 5|l — 571 |2 — o[1?
= Allw — yl[* — A7Y]x — y][* = 0.

A celebrated example due to Y. K6MURA [1] is this: Let X = R! with
(x,¥] =x -y and ||»!|=|x], and

max (x — ¢ 0) for x>0, -1 for x>0,
T,z = Ax=
for =< 0, 0 for =0,

By virtue of (2) we can prove that, for all 2 > 0, the mapping { — 14) of
D(4) into X has an inverse J; = (I — 44)~1, because

¥, —AAdx =z=1x,— AAx,
implies

0= [(x; —A4x) — (%, — A4 %,), x; — %,
=[x — %, % — %] — A [Ax — Ax,, %, — x,] s0 that
0=z, — 2|2 — ARe [Ax; — Axy, 2, — 2,] = |25 — 55|20, 2, = %,

Therefore, the theory of linear contraction semi-groups (Chapter IX, 8)
suggests us to approximate the non-linear evolution equation

dult .

dt() =Au({t) for t= 0 with #(0) = x,£D(4) by equations (4 = 0)
du® (¢
A 4w () for 12 0 with 10 (0) — x,, where A;= A-(J,—1),

under the assumption that D{J,) = R{I — A4) = X, expecting that we
shall have % () = s-lim »® ().
Ao

In the above example of KGMURA, we have D(J;) = (— U (4, 00)
which does not coincide with X = R To obtain D(J;) = X = 1 it will
be necessary to extend A to a mulfi- mlued mapping A by

-1 for x>0,
Ax=1-100,1] for =x=0,
\ 0 for x< 0,

for which the dissipative property is preserved in the following sense:
Re (¥, — ¥a % — %)= 0 forany {x, v} with v; € Ax, (i — 1,2). (2)'

In this way, we are led to the following setup for our further discus-
sions. Let X be a Banach space whose dual space is denoted by X'. An
element of X x X will be written in the form {x, y} where x and y are

both €X. For a subset 4 of X x X, the following notations will con-
veniently be used:

1) D(A) = {x; {x, y} €4 for some ¥},
2} R(A) = {y:{x, v} €4 for some x},
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3) A7 = {{y, x}; {x. y} €4},
4) 14 = {{x, Ay} {x, ¥} ¢4 and for real A},
5) A+ B={{x,y+2};{x 5} €4 and {x, z} €B},

=2}

Ax={y;{x y} e A for a fixed x ¢ D(4)},

)

7) [|Ax|| = inf {|ly[l;y € A=},

8) Ji=(I —A4)" ={{x— Ay, x}; {x, y} €4} for real 1 and
i= {{x,x};xEX}.

9) A= {x — Ay, 3} i {x ¥} €4}

we have
Ad,=J,—1T. {3}

If A x consists of a single element for alt x € D(A), then 4 is the graph
of a uniquely determined function (= single-valued mapping) from D (A)
with values in X in this case, we may identify the set 4 and the above
function.

To state the notion of dissipative sets in X x X, we give

Definition 1. By the duality map of X into X’ we mean the multi-
valued mapping F from X into X' defined by

Fx) ={f € X (x £ = |« P=IfI%}- (4)
That F (#) is not void is clear from the HauN-BaNacH theorem. IfXisa
Hilbert space, then F. RIEsz representation theorem asserts that F(x)
consists of x alone and (y, F (%)) = (¥, %), the scalar product of y and x.

Definition 2. 4 set A in X w X is called a dissipative sef if, for arbitrary
two points {x,, ¥,} and {#,, ys} of A, there exists an / € F (%, — x5) such
that Re {y; — v, f3 = 0.

Remark. A4 is a dissipative set iff — A is a monotonic set in the sense of
G. Minty [1].
We also give

Definition 3. Let D be a subset of X, and T be a function from D
into X. T is called a Lipschitzian mapping (function) with Lipschiiz
constant k> 0 if || T, — Txy|| < k||x, — x| for all x,, x, € D. If we can
take & = 1, then T is called a contraction mapping (functicn). We have

Lemma 1 (T. Kato [11]). Let x, ¥ ¢ X. Then |[x — Ay|[= ||#]| for
all 2 = O iff there exists an f € F (x) such that Re (y, /> = 0.

Proof. The assertion is trivial if x = 0. So we shall assume x = 0 in
the following. 1f Re (v, f>=< 0 for some f€F (x), then [|%]]*= {x, B
— Re(x, [>< Re {(x -y, /)= ||x — Ay||-|[f|l. Since (ilz[|=]lf|]|. we
obtain ||x]|< || = — A¥]|.
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Suppose, conversely, that {|x||<||x — Ay|| for all 13 0. For each
A0, let [ €F (x — 2y) and put g; = f3/|l/ill so that ||gs/]= 1. Then
= [l — Ay]| = (¥ — Ay, g2) = Re {x, ) — A Re (. g = ||x}| — A Re
{y.&7 by |lgal| = 1. Hence

limﬂirffoRe gy =|l%]] and — ARe{y, g )= 0.

Since the closed unit sphere of the dual space X’ is weakly* compact (see
Theorem 1 in the Appendix to Chapter V, 1) the sequence {g,} has a
weak* accumulation point g € X' with ||g]| = 1. Thus we see that g must
satisfy Re {x, ¢> = ||x|| and Re {y, g) =< 0, that is, we must have ||g|[= 1
and {x, g» = ||x||. Therefore { = ||x||- g satisfies f € F (x) and Re (v, fr=0.

Corollary. A is a dissipative set iff
12y — Aya) — {2, — Aya) ||= ||%; — x| whenever 2 > 0
and {x;, v,}eAZ=1,2).
We have the following

(5)

Proposition 1. If A is a dissipative set and A > 0, then J, and A4, are
both single-valued mappings, and

Jaxy — x| 1w, — %l for xp, %, €D(J)), (6)
2
[[Aaxy = dpxgl| < = |l — x| for x4 €D{4)) =D(]). (7)
moreover, 4; is dissipative and
Afx=A(J.1x)3 A;x for x¢D(]), (8)
[|Axx]|= |j4x]] forall x¢D{A)~D{J,). (9
Proof. That J; and A; are both single-valued iz clear from (5). We

also have (8) by (5}, and thus (7) is proved by (3} and (6). Next let
f € F (x; — x,). Then we obtain, by (3). (4), and (6),

Re <Aax1 — A;xy, [)=11Re Tz — %) — (Jaxe — %), P
=AM Re (J32 — Jaxa /) — A7 Qo — %, [) = A7 || oz, — Jaxal 17|
— ATV = X, [ = AT |y — [P — Ay — xl[2= 0.

This proves that A, is dissipative. (8) is clear. {9) is proved as follows.
By (3) and {6), we obtain, for any vy € 4 «,

Aldaxl|=Jax — x||=[|Jax — Jalx — 29[| = ||x — (v — Ap)|[ = 4]|¥]|-

Lemma 2 (Y. Komura [1]). Let 4 be a dissipative set ¢ X » X, and
assume that D(f;) = X fora 4> 0. Then D(],) = X forevery g > 0
with 0= |(p — A)/ul< 1.

6. Non-linear Evolution Equations 1 449

Proof, Take any point x € X, and consider a single-valued mapping T
defined by

XazH‘Tz:]i(%er ’u;lz).

Since [, is a contraction mapping by (6), we obtain

e etz 252 ) (e SEE) |15

M © X
that is, 7 is a Lipschitzian mapping with Lipschitz constant
a=|(u—Aul< 1.
Thus, for # = m and for any point z ¢ X, we have
[T#a — Tmz||< om||Tr=mz — 2| < om (|| T2 — 2| + || T22 — Tl| + -+ )
< wn(ltatadt ) [|Tz— < am(l — )| Tz~ 2.
Hence, by the completeness of the space X, s- 1133 Tz =1y esists in X.

T being continuous as a Lipschitzian mapping, we obtain T -y =y by
¥ =s- lin}) Tn+ly = s- lirr}) T{T"z). Hence

y=]a(%x+ ”;ly)sz(yfl(%y—%x))’

. 1 1
that is, (;y—-'u—x) cdy,

and so y — uz = x with z € Ay. This proves that J,x = y. Since x was
arbitrary, we must have D(J,) = X.

Corollary. Repeating the above argument, we can prove that
D(J)=X forall u=40.
We are now able to give

Definition 4. A dissipative set A € X x X is called a hyperdissipative
set if D(J;) = X for some 4 > 0 and hence for all 1 > 0.

Proposition 2. A hyperdissipative set 4 € X x X must be maxtimally
dissipative in the sense that there does not exist a dissipative setB € X x X
which contains 4 as a proper subset.

Proof. Let us assume that a dissipative set B € X x X contains A as
a subset. Let ¥ € Bx. Then, since 4 is a hyperdissipative set, there exists
a point {x, %} ¢ A such that x —y — x — »,. Since 4 £ B, we must
have {x,, ¥,;} € B and hence we obtain ¥ = x, and y = y, by (5} applied to
the dissipative set B.

We have thus prepared tools for the exposition of KSMURA'S ap-
proach to the integration in Hilbert space of non-linear evolution
equations. Let H be a real or complex Hilbert space with the scalar

29 Yosida, Functional Analysis
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product {x, z), and 4 € H x H be a hyperdissipative set. We shall be
concerned with sfrong solutions of the initial value problem:

du {z)

€An(f) for almost every ¢ on the interval [0, oo),
%( ) =% €D(4),

where %(f) defined on [0, o) with values in H is called a strong solution
of (10) if «() is strongly absolutely continuous in £, %(f) is strongly dif-
ferentiable almost everywhere on [0, oo) such that the strong differential
quotient du (f)/d¢ is Bochner integrable on any compact interval of £ and %
satisfies (10). We shall approximate this problem (10) by

du (1
L Ay =0 forallt on [0,) (A>0), (10"

(10)

uM(0) = x, = x; — Ay, with a fixed y,¢€ Ax,.

Since 4; with 4 > 0 is a Lipschitzian mapping, we see that equation {10}’
admits a uniquely determined solution ™ (¢) which can be obtained by
E. Picarp’s successive approximation:

3
wP ) =+ [ AuPs)ds n=01.. . ;uP) = x,). (10y"
0

Lemma 3 (Y. KoMURaA [1]). For the solution «™® (£) of {10}, we have
the following estimates:

|2 wn@ | = | Sun| foross<t, (11)

and
[0 8) — w2 @12 (A )2+ 4¢ U )l (12)
Proof. Putting #® (¢ + &) — v® (f) with k> 0, we obtain
ar P00 — w012 = 2Re (57000 — 40 (), 9 8) — 40 ()
=2Re (Av® (t) — A;u® (D), vV ) — P ()= 0

by the dissipative property of A, Thus |J«® (& + %) — «™ (#)]| is monoton
decreasing in { and so we obtain (11). Therefore we have

o

)| = I au® @)= [[ 4z (0)]| = || 42y — Ayo)lI=lyell . (13)
By a similar argument as above, we obtain, by 14, = J, — I

e (6= 20 ()2 — [je9 (0) — 3469 (O)][2= |5 () — 3 (9] |2 — |~ ) ]2

— [ Sl (s) — w0 (s)12 s

0
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=2 fRe (Au® (s) — A,u{s), u® (s) — u (s)) ds
]
= f (40D (s) — A,u® (s), Ju® (s) — Juu® (s)) ds
1]
-2 fRe (Au® (s) — A, u {(s), AA,uP (s) — pd,ut(s)) ds.
0
The first term on the extreme right is non-negative, because 4 is a

dissipativeset in H x H and 4,u4® (s) €4 J,u® (s) by (8). The second term
on the extreme right is, by {13) smaller than 4 (4 1+ wu)i|y||* so that

1 (&) — w0 (B][2 — (s — WP yol2= 48 (A + )l|oll*
This proves (12).

Corollary.

s-lim #® (£) = #(¢) exists uniformly on every compact set of £.  (14)
Al

s-lim J, %% (f) = u{t) uniformly on every compact set of £. {15)
Ao

Proof. (14) is clear from (12). We also have (15} from (14), since we have
[0 ® () — u® (B)[] = Al| A6 @] = 4]yl by (13).
TLemma 4 (Y. KoMura [1]). u(f) € D(4) for all {= O
Proof. By (8) we have, for fixed ¢ > 0,
{Jau®(t), A;uP(t)} €4 for every 4>0. (16)

Thus, setting 4 ,#® ({) = w® {f), we obtain ||[w® (£)]| =< ||y,|| by (13). Hence,
by the local weak compactness of the Hilbert space H, there exists, for
fixed ¢ = 0, a sequence {1,} of positive numbers satisfying 1, {0 and such
that

wlimet ) —w(t) I with [lw@]= |y (17)
Since A is a dissipative set, we have, for every point {x, y]: C A, the
inequality Re(y — w® (), x — J; #4){#)) < 0. Hence, by letting nteco,
we obtain Re(y — w(#), x — u{f)) < 0 by (15). This proves that

{ut) w(t)y €4, (18)
because A is a maximally dissipative set < H x H as proved in Pro-
position 2.

Lemma 5 (Y. KaMURA [1]). % (f) is strongly absolutely continuous in
¢, and it is strongly differentiable at almost every = 0.

24
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Proof. By (13), we obtain, for0 = f, < ¢, < - -+ with Z‘ (tipn — £) << oo,

‘iu
a
i taan) — w2 @IS [ |75 u0 0)]|ds= (ta ~ 20 - 13all.
L]

Therefore, by letting 4 }0, we obtain
2 leltsny) ~ (IS X (Faa — &) - |2l - (19)

3

This proves the strong absolute continuity in ¢ of #(#).

Next let 0< {;< oo, Then, by (19), the set {n(f); 0= t= 4y} is com-
pact in f, hence it is separable. Therefore, without losing the generality,
we may assume that A is separable. Thus let {x;} be a strongly dense
countable sequence of . Each numerical function v, () = (2 (#), x,) is
absolutely continuous by {19), and so there exists a set N, of measure
zero such that v, (¢) is differentiable on [0, {,]— Np. In view of (19), we see

that u(f) is weakly differentiable on [0, ¢,) —kU N,, and the weak
=1

derivative u'(#) satisfies {|ue' {£)||= ||3,||. H being assumed separable, the
weakly measurable function #'{{) is strongly measurable by PETTIS
theorem (Chapter V,4) and so, by the houndedness condition
[le" (A= |3voll, #' (&) is Bochner integrable. Therefore, by BOCHNER'S
theorem (Chapter V,5),

u(t} — uf f ' (s) d (20)

is strongly differentiable for almost every ¢ ¢ [0, {,] with »'(f) as the
strong derivative.
We are now able to prove Y. KomMura's

Theorem. #{f) is a strong solution of the initial value problem (10).

Proof. For a fixed positive number £, we define the space L?((0,£,], H)
of H-valued strongly measurable function £ = x(f) such that

1, I

f lig(s}]|2ds< oo, and normed by ||£|[* = [ [|x{s)[|*> ds. It is easy to
o o

show that L2([0, {,], H) is a Hilbert space with the scalar product

ty
(%5) = Of {x(s), ¥(s)) ds, {21)
where (2(s), ¥ (s)) is the scalar product in # of x{s) and ¥ (s).

Thus our # = #(#) can be considered as an element of L2([0, ¢,], H),
because #(f) is a strongly consinuous H-valued function. Moreover, the
hyperdissipative set 4 can naturally be extended to a hyperdissipative
set A < L2([0, {,], H) x L2(0, &), H) by defining
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Az —{ycL2{[0,4), H); y(t) ¢ Ax(f) for almost every ¢ € [0, 4]}, (22)
We have, by (16} and (13),

{ﬁ_;("), Audy £ A forevery A>0. (16)’
Again by (13}, {f’i;;(“; 1> 0} is a norm bounded subset of the Hilbert

space L%([0, 4], H). Hence there exists a sequence {i,} of positive
numbers satisfying 4, 10 and such that

wlim A, wi — @ ¢ L2([0, ty], H) . (17)’
Moreaver, we have, by (15),
s-lim Jp a¥ — & € L2([0, to], H) . (15)’
H=—>0a

A is a hyperdissipative set by the fact that A4 is a hyperdissipative set.
Thus, by Proposition 2, 4 is a maximally dissipative set. Therefore, we
have, as in the proof of Lemma 4,

wi{t) CAu(l) for almost every € [0, 4] . (18)
On the other hand, we have

t
i g) — b (0) = [ 1wl (5) ds (for O <4y,
0

and so, for every x ¢ H,
¢
() (1), ) — (1, %) = f (%M(M)(s), x) ds (for 0= < 1)
0
by Collollary 2 in Chapter V,5. Hence, we obtain, by (14) and (17),
(u{t), x) — (%, f (w(s) f w(s) ds, %) . (23)

Since x € H and #, > 0 were arbitrary, we obtain, by (23), (18) and (20},
that du(t) —u'(f)=w() € Au(f) for almost every ¢z 0.

Remark. T. KaTo [11] extended the above Theorem to the case
where X is a Banach space whose dual space is uniformly convex. An
almost complete version of the Hille-Yosida theorem for non-linear con-
traction semi-groups was devised and proved in Hilbert space by Y.
KoMURA [2]. Cf. M. G. CranDALL-A, Pazy [1], T. KaTo [12] and J. R.
DorroH [1] cited in § 5 of Y. KoMURa [2]. In this paper of KGMURa, the
most crucial point is the proof that the infinitesimal generator is densely
defined, and this proof was later fairly simplified by T. Kato [12].
Recently, H. BrREzis has published a comprehensive treatise on non-
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linear semi-groups in Hilbert space. This book (H. BrEzIs [1]) contains
an extensive bibliography which is not necessarily restricted to the
Hilbert space.

7. Non-linear Evolution Equations 2 (The Approach through the Crandall-
Liggett Convergence Theorem)

Let X be a real or complex Banach space, and A the infinitesimal
generator of an equi-continuous semi-group {T',; ¢ = 0} of linear operators
€ L(X, X) of class (Cg). Then the Lemma in Chapter 1X,12 gives the
proof of E. Hille’s approximation of T,:

{For every x, € X, Tyxy = s- lim (I — n-14A4)~" - x,, and the
#H—r Ca (I)

convergence is uniform on every compact interval of ¢.
The titled convergence theorem is suggested by (1). It reads as follows.

Theorem 1 (M. CranDALL-T. LiGGETT [2]). Let 4 be a hyperdis-
sipative set £ X x X. Then, for all x, ¢ D(4),

{s— L ([,)" 2, exists uniformly on every compact interval of ¢,
H—> 00

where J; = (I — A4)~! as in the preceding Section 6.

The following proof is adapted from S. Rasmussen [1] which seems
to give a good modification of the original proof by CRANDALL-LIGGETT:

Proof. The first step. We shall prepare the following (2)—(4):

l4uxll= |4 %] forall x(D{A), and forallA>0, (2
ié]aix—x =”J1,‘J,1,,_1...Jalx—x]}§ (':ZI' 1,-) [|4 ]| {3)

forallx ¢ D{d} and forall 4,>0 (i=12 ... 7).

jp(%erl—_l-‘u—jlx) — Jux forallx € X and foralld, g > 0.  (4)

(2) was proved in the preceding Section 6. The proof of (3) is obtained by
the contraction property of J;, (2) and 14; = J, — I as follows.

< 2| 1 Jyx— IT Ty

i=1||;=+% j=i+1

n

E(féfajx* ﬁ JA,-x)

i=t1 j=i+1

= 2=l = £ sl = S 4] 1ax.

.ﬁ_]j‘x*x

i=1

im
We next prove (4). Since A is a hyperdissipative set, there exists, for any
x¢X and 4>0, a point {x;, v} €4 such that x —x, — Ay,. Thus
Jax = x; and so
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A— A—p
Rl e o B A T X 7Y

proving that [, (x; — uv,) = %, = Jax.
The second step. Let x € D{A) and A > 0. Let furthermore {g,; = 1}
be a sequence such that 0 < p, = A for all n. We then define

for #,m=20,1,2 ...

‘ﬁjmx_]'?x

=7

Anlm =

0
(We set Il J,. =1= ]9 for convenience.)

i=1

Moreover, let
=2 pi(n=0,1,2,...,4=0) (6)
i=1

and
oy = g and fB,=1—o,=(2—p,)A for n=12,... (7)

Then we have
Apom = {lmA = 1) + mABP2 4 [(md — L)2+ AL, |4 ][ (§)
For the proof, we first show
Apm=E o Apgim+ Bndpyom for mom=12 .. {9)

In fact we have, by (4) and the contraction property of [, ,

n
Apon = || [T J s — J3x
i=1

i 0 m— A— n m
= T Jux = T (B 7 s 252 1)

i=1

n=l A— ud "
g _H],u.'x—('iinjl_lx+ l'u J.J.x)H

n—1
+ﬁn H].wxfj’:x
i=1

=,

n—1
HJ.LI.'x - J':_lx
=1

= CxﬂAn—l-m-l + BnAﬂfljm-

‘We shall prove {8) by (9) and induction. We start with the preof that
Ay,m satisfies (8) for all m =0, 1, ... In fact, we have

A = [|x — JTxl|= md||dx]] (by (3) and (5))
= {[md — b))+ mA]2 4 [(md —t)2+ 24,142} 1| A %]| (since ¢, = 0}

Let now »# and m be arbitrary and assume that 4., and 4,,,._, both
satisfy {8). We shall then show that A, ,,,, satisfies (8). In fact, we have
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Aprim = a1 Aimy + Fayydnm  (by (9))
= apag {[((m — 1) A — 8)2+ (m — AR+ [((m — 1)2 — 2,)2+ A8, T2} [ A x|
+ B {l(mA — 82+ mATE 4 [(mA — t,)2+ A4, ]2} || A =i
= @y [{m — DA — )24 (m — 1)AEV2+ Boyy [(md — £)2+ mAP]EY [ Ax||
t {onrn [((m — DA — £)24+ A0+ By [(md — 2,02+ 28,172} || A ]|
= oty + Bri) V2@ [((m — A — 2)% + (m — 1)A%] +
+ Butr [(mA — )2 + mARTP2|[A x|
(@ Bort) P {otnrd [((m — 1) A — £,)2+ A4,)
+ B [mAd — )2+ A8, 1V2 |4 x| (by ScHWARZ' inequality)
={mPA% — oty 2mAR + g  A2— 2mAL, + oty 2A0, + 12
+ mA% — o B3R || A x|
4 {mPAR— ot T AR 0,50 A2 — 2 Aty + gy 240, + 124 A4 1R ]| A x|
(by fry =12 )
={mPA2— p,  PmAt pp  A—2mAL, + 2 f B m AR — AR A x|
ARy 2D g A — 2oy 4 L gty b+ £+ AEIVE[| A %]
= {mA = (ptnsr + 1))~ 24+ mATP2||A
{2 = (e + 1) = s 1 + Al + i) A 2]
< {L0mA — tyr)® + AP 4 (1A — ) + Al T2} [ 2],

and we have thus proved that A ,,.,, satisfies (8). We can also prove that
A, satisfies (8) for all w = 1, 2, . . . In fact, we obtain by (3)

HJux - 5|\ = 3 e 45 = fidz]

< {[(0 A — £,)2 + 0 - A2]H/2 - [(0- A — £,)7 + AL, 1%} || A ]|

Therefore, we have completed the induction and hence (8) is proved.
The third step. Let t be a positive number, and consider a partition 4
oflthe closed interval [0, £].

n’O_

AV =ty < << << <ty =1
For this partition, we define
A=t —t,) (=12 ..., n) and |4| = , Pax, {t; — t:y).
Take another partition
A 0=fh< i< o <l _ << << =t
and define

A=) G=L2....B and |4]= max (-4
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Then, for %, £ D(A4), we obtain, by taking
A=max{|4],|4’]) and m = the largest integer = /1,
the following inequaIity implied from (8):

k
3 X0 — H]A X ﬁ]r]A,xo J7%, Jixg— _I]:de'xo
i= i= i=
= 2{[( ml — t)2 + mAZVE o [(md — )2+ ALY} |A x| {10)
= 9 {4+ AT+ (32 + 2013} [ A ].
Therefore, by taking A, = ¢/n (i =1,2,.. ., n} and Aj =tk (=12,

., &) in {10), we obtain (1)’
Remark. We have incidentally proved that
Tz = s-lim (I — w1t A)™"x, = s-lim({ — n24)-"x, uniformly
on every z;n"lapact interval of{, where [#i] = the largestinteger < nf.
(1"
The scope of this Theorem will be seen from Theorem 2, Theorem 3
and Theorem 4 given below.

Theorem 2. Let A be a hyperdissipative closed set of X x X. Then,

for every x, € D(A), the following two conditions are mutually equivalent.
i): #(t) is a strong solution of the initial value problem

du() € Au(l) for almost every £= 0 and «(0)=wx, (11)

as formulated in the preceding Section 6.
ii}:
w{t) = s-im (I —n 1A} x  and u(2) is strongly 12
differentiable at almost every {= 0. (12)
We first give the Brezis-Pazy [2] proof of the assertion i) — ii}, and the
proof of the assertion ii) — i) due to CRANDALL-LIGGETT [2] will be given
later; after the proof of Theorerm 3. We shall begin with a key Lemma due
to T. KaTto [11].
Lemma. Let 5 be the set of those s= 0 at which the strong solution
u(s) of (11} is strongly differentiable. Then, we have, at almost every
sCS,

d
2% (5) 2= [l ()] L%

— Re<d1;(;) \ f>whenever;‘ €F (u{s)). (13)

Proof. «(s) being a strong solution of (11), the strong derivative
du(s)/ds is Bochner integrable on every compact interval of s so that

w(s) — u( fdu(sl ds
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by BocHNER'Ss theoremin Chapter V, 5. Hence [|#(s}]| is of bounded varia-
tion on every compact interval of s. Therefore, ||« {s)]| is differentiable at
almost every s= 0.

Since Re {u(f), /> < [lu()]]  lj(s)|] and Re (u(s), > = [[u(s)||* by
FEF (n(s)), we obtam

Re (u(t) — uis), fr= |lu(s)|] {[l# @il — [Juis)]]) .
Dividing the both side by (¢t — s) and letting ¢ — s from above and from
below, we obtain at almost every s € S,

Re (T = ol St anare (2 Dz i < -

We have thus proved (13).

Corollary (H. BrEzis-A. Pazy [1]). For the strong solution u(f) of
{11}, we have

‘—dt—)u < [l = inf ||z atalmost every t= 0. (14)

Proof. We put du (§)/dt = v () so that, by (11), ¥{t} £ Au(t) at almost
every {= 0. For such { and for every z € 4 x,, there exists, by the dis-
sipative propertyof A, an f, € F{u{t) — x,) such that Re{y(t) —z, {o0 = 0.
Hence, by the same argument which enabled us to prove (13) we obtain

2 1*”% ) = %0 = |a (8) = xl| 7 d,f [[o¢ (£) — x]| = Re 0,f0>

=Re(y({t) —z > + Re(z, o)< Re(z, f,> at almost every tz 0.
Thus, at almost every ¢t = 0, we have

16 (8) — | = 168 — 5ol | = | G2 fod I HJal] - ([ (8) — %

and so, since z € A%, was arbitrary,

e (t) — xgl| = ¢|Axg|| at every ¢ 0. (15)
Next, let & > 0 and put «(f + &) = v(¢). Then
dult)
dat

N (£) for almost every = 0 and »(0) = w (k). (11)’

Thus, similarly as above, we obtain, for a certain f € F (v {f) — u (8),

2137 lo(d) = (]2~ Re (T — 5,
Therefore, we have
[t + By —u(t)|] = [|n(s + B) —u(s)]| whenever ¢z s= 0,
and so, combined with (15), we finally obtain
oo (e + R) — (B = [|lu{h) == {0)]| = Al x| (15}’
This proves (14).

f>§ 0 at almost every ¢t = 0.
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Proof of the assertion i) — ii) in Theorem 2. The existence of the right
hand limit of (12) is guaranteed by Theorem 1. Let T be an arbitrary
positive constant. Besides step functions u, () = (I — nld)-vtlx, we
define on [0, 7] another sequence of functions v, ({} by

v t) = wn (31} + (£ = gln) - m - Lo (5 + 1)/m) — wa (3/0)]
(for jin=t< (j+ Un,j=01...,nT]—1) (16)
=a,(f) (for nllaliZig T).

Clearly, v, {f) is strongly differentiable on [0, T'] except for finite number
of points of the form ¢ = j/n, and for j/n < t<< (7 + 1)/n we have

L0l fun (4 D)) — i) = 9 (T — =t A) S, i) — ()]
— Ay ualm) by Ay= A D) (17)
= Ayt {t) = Ayn v (J/0)
(7), (8) and {9) of the preceding Section and by
Am;/n) ATy it ((7— 1) 3 Ay 1ty ({7 — 1)/n), we obtain

I Ayrm 180 (3} | = § A st (/)| < N Ay (G — D/ =] A 2 ((5— 1)/} . (18)

Tﬂus, by {17), we have

dv,(t)
at

| = Ayt <) A @l =l| x| for ae t=0.  (19)

We have incidentally proved from the proof of {17}—(18} that, whenever
in<ts (4 Din,
[la(t) — ua (]| = (£ = i) -7 -JJun (G + D) — wa(fnil]

< n | Aymrtn (jin}]| £ |4 x|
and hence
o0 () — (O] < w2 {|d z]| forall ¢ 0. (20)

We put du(t}/dt = v (t) and 5 [u,{f) — u, (¢ — 1/r}] = ¥, {f). Then, by
(11}, we have y(f) €Au(f) for almost every £= 0. We have also
V() € Au, (8} when ¢ #4/n (7= 0,1,...), because

Yul) = Ayptin (b — 1jn) CAT — n2A) T, (8 — 1jn) = Au,(f)
by (8) of the preceding Section 8. A being a dissipative set, we obtain,
by (5) of the preceding Section 6, that for almost every {= 0 the in-
equality

N[7 - () = 2 (D] — [ - 0@ —y O] ]Z |2 #a(t) — n - u ()]

Therefore we have, for almost every t= 0,
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| 25— ettt 1| = 11 D) — el — 1)
—nut) —ult — 1n)] + y (&) — y. (8}l
2z |7 e () —yu{d)] — e () — y (O] — | - 2, (¢ — 1/m) (21)
—n-u{t=1m) = n (| (u, @) —u @] —n - flu, t — 1n) —u (- 1n)]|].
We here extend u, () and «(t} for negative value of ¢ by

Uy, (8) = 2y — w1z, where z, is any fixed point 4 x,,
u(t) = x,. (22)

Then, integrating the resulting inequality (21} on [0, ] where n 1= 8= T,
we obtain

— ] #llto —w@lldee | [ wln ) —u])

< 1240 s w- v

that is,
du (t
fn%m—unwsfﬂ —n [ —ult — 1)1 )
8—lfn
dt+n [ gl —xollds
— Ifn
]
du(t
= []42- m~w—mﬂ@+www by (22)).
(1]
Adding these inequalities for § = lfn 2fm, ..., NinwithN = [»T] yields
Nin
nfuu )~ u( mmnvf“d”‘ n Eu) —u e — 1)
) 2t + n1N |1z
and therefore
Nin

J Nt = e

(»~u@umm'@&

dt + n=t T - ]zl
Since, by the assumption, s- lim # [#(f) — w({ — 1/n)] = du(t)/dt for

T
almost every ¢ on [0, T), we obtain lim [ ||u,(8) — »()|/dt = 0 by (23}
H—r o0 h)
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and by

”dgﬂinwm_u@ﬁumﬂgzwmw

¢
which is implied by (14) and » [u#{f) — # (t — 1/n)] = f d'b;is) as.
=1
Therefore, combined with (20), we obtain
T
lim [ ||v.(f) — w{f)]||dE=0. (24)
#—r o0 0

On the other hand, we have, by (14), (19) and by the same argument
which enabled us to prove (13),

d dv, d
24 o) — w5 ra ) — i) | T — 25
< o, () — w(®) || -2 - |izoli for almost every € {0, T].
Therefore, by v,(0) = #{0) = x,, we obtain

o ¢ P<4IW () — wls)ilds -|[z| for 05 t=T.

Hence, by (24), we obtain s- lim v,(f) = #(t} uniformly on [0, T]. Thus,
by (20), we have proved that s- lim u, () = «{#) uniformly on [0, 71

Theorem 3. Let A bea hyperdissipativeset X x X,and let x, € D (A)
and A > 0. As in the preceding Section 6, the initial value problem

(4
E% =A;u®(t) for t=0 and «®(0)=x, (25}

has a uniquely determined solution #® (¢), because 4, is a Lipschitzian
mapping. We have then

5- }i?}) %™ (¢) exists uniformly on every compact interval of £ and
s lim #® () = s- lim {J — n~1A) " %,. (26)
Al0 n—>co
Remark. If the strong solution « (#) of {11) exists, then, as in the linear
case, u () can be given by Hille's type approximation s- lim (I-—n"11A)™" x4
as well as by Yosida's type approximation s-jliim u® (1)
Proof of Theorem 3. Since A, = (J, — I) is dissipative, we obtain, as
in the case of (15),
| (8w (0)]| = ¢ || Agu® )] = £ [|Ayxo]l = £ [l %o~ %oll- (27)

On the other hand, it is easy to verify that the solution #® {f) of {25)
wilh A — 11s given by
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4
u® (f) = e~txy+ fer~t Jiu®(s) ds. (28)
]

Hence
[
wO () — Jixo = et (xg — Jixg) + [er=t [J;u® (s) — Jixo) ds
§
and so, by the fact that [, is a contraction mapping, we obtain

([ (8) — Jixoll =ne=*[|{Jy — I) %] + fﬁ’“*llu“’(S)—J"i’lxuldS- (29}

From this we shall derive

[l () — Tzl = Vo || (Jy = D)ol (30)
We may assume that (J;, — I) ;= A,x, = 0. For, if otherwise, the
solution %™ () of {25) with 1 = 1 is given by »® (f)= x, and hence (30)
v&iould be trivial. The assumption (J, — I) x4 # 0, combined with {29},
gives

I3
@) = net 4 fe"‘ ®Pn_18) ds, where (31)
@ (f) = 6@ ()) — Jixl] - [|[(Jo — ) x| 7.
We shall prove, by mductlon with respect to #, that
Falt) < {2 — 2 + 0. (32)

This gives (30) by putting { = u. Inequality {32) is clear for » = 0. If (32)
t
istruefor (n — 1), then g, {f) <ne—*+ [e~¢{(n — 1—s}*>+s}/2ds, Denoting
]

the right hand side by y,(f) e—*, we have to show that
wn(f) = et {(n — )% + £2
Since vy, (0) = #, it is sufficient to prove that

w;{ fgz{n__l_t —|—t}1f2<ie‘{n—t }1,'2

Thd last inequality is easily checked and so we have proved (30).
We are now prepared to prove (26). Put 2™ () = u® (3f). Then, by
A;=21(J, — I), we have '

dvt® (£) @ o ‘
7p = Ja— D) v® forall = 0 with v® (0) = x,. (25}

Taking J, for J, and »™ for 4 in {30) and making use of {9) of the preceding
Section 8, we obtain

o () — Jizl| = [[1® (nA) — Jizel| = ¥V ul| (Ja — 1) x|
< V|l dawol| s Vndlld x| (33)
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Let 4, 10 and let n, = [{/4;] so that n,4, 4 £ Hence, by (1)’ and (10}, we
obtain s—klim JiExy=s lim (I — n-1tA)~"x, Therefore, combined with

(33), we have
H“U't) (n3Ar) — J’;:xb = V;k;{kHA 2l = n;1’2t||Ax0|f.
Since {1,} was arbitrary, we have thus proved (26).

Remark. The above proof is adapted from H. Brezis-A. Pazy [2]. It
is to be noted here that inequality (30) is due to . M1vADERA-S. GHARU[1].
Proof of the assertion ii) — i) in Theorem 2. Let u(f) = s-lim

(I — n-14A)"x, be strongly differentiable at f#, > 0 with strong
derivative y = du(f)/d?|,_ , so that

w (£, + k) = u(ty} + ky + o(h}), where S_}.if% oflh)fh = 0. (34)

Since (19) and (20) implies that ¢ - «(f) is a Lipschitzian mapping with
Lipschitz constant ||4 x,|{, we obtain i) if we can prove

{ulto). yr €4 . (35)

The proof of (35) reads as follows. Let 0 < A< #,. Then, by the strong
differentiability of = (¢) at ¢ = #, and by the hyperdissipative property of
A, there exists a uniquely determined point {x;, y1} € 4 such that

a— Ay =ty — Ay = ully) — Ay +o(A). (36)
We obtain (35) if we can show

S_Pl{gx 1= #(t) and s- }(il]gy;, =¥, (37)
because A is a closed set in X x X by the assumption. For the proof of
{37}, we put
%, = £ — A9, where {£, ¥} is a point of 4 to be determined later. (38}
Then, by (13) and (25), we obtain a certain f € F (u® () — £,) such that

2L () — 2 — Re (A,u® (0, 1y = Re (Ayu () — Ay, ) +

+ Re{d; £, /Y= Re (4. ).

because A,%; = ¥ and, moreover, 4, is dissipative by Proposition 1 in
the preceding Section 6. Thus

k
|| (ty+ ) {t) — P2 [{F uP g+ 1) — &), dT, (39)
0
where
{(w, z)s= sup Re (w k). {40
heF ()
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It will be proved later that

{w, 2, is upper semi-continuous, i.e., s- lim =, — @, and (41)

7 — OO

s-lim z, = z,, implies that lim sup w,, 2, >y < (We, Z00)s-

n-*oQ #H—r 0 B
Hence, by s-zlitrn uw® (f) = u(t) = s- lim (I — n=£ A)~ x, proved in (26) and
o H-—> o0

by s- lim %, = £, we obtain
H—> 02

[loe (g + ) — £]* — |]m (t) — £[2=< 2 fk@, wlty+v) — £),dv. (42)
For every f¢F (u{t,) — %), we have !

Re (u {fy + b} — (o), [y — Re (& — u(ty), /> = Re (u (fo + h) — 2, /)
< oo+ B) — 2] [|£ — (i) || S 27| (ot B) — FI[2+ |18 — 1 (5|7}
Therefore, by Re (£ — u{l,), /> = — || — u(t}||* and (42), we obtain

ty-+R) — ult, L
2-Re<-u(°—w,f><=:26[<y,u(t0+kr)—93)s'd1:.

Hence, by the strong differentiability of =(f) at £ — £, and (41}, we have

Re (3, /5= {F, ulte} — 2. (42)’
We may replace the supremum on the right hand side of {42)" by the
maximum, because the set F (u(f,) — £) contained in the strongly closed

sphere of X" is w*-compact in X’ (see Thorem 1 in Appendix to Chap-
ter V, 1). Thus there exists an f ¢ F (u(4,) — %) such that

Re{y, i) Re (s, [y forall f CF (ult) - %).
By taking £ = x;, # =y, and f, — f, we obtain

Re<y'f>§-Re<yZ~f>’ that iS, Re(yl_y'f>g0 (43)
On the other hand, we have, from (36),
u(f,) — x o (A}

andshence, by (43), we obtain
[l#(t) — #1l[* = Re (u(to) — %3, 1 S Re (ofd), Y= 0 (3) - [lwile) — -
Hence |}u (£,) — #,|| = 0{4) and so we obtain (37) by (44).

Finally, the proof of (41) is given as follows. Since the set
{f €X' I/|= ||2u||} is w*-compact (Theorem 1 in Appendix to Chap-
ter V, 1), we can find f,, € X’ such that

(@i Zmps = Re (@, fn) and  |lfoll = [|2m]]-
We may assume, without loss of generality, that lim (w,,, z,,), exists.
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Let f, € X’ be any one of the w*-accumulation points of {f,.}. Then we
have
lim (0, 23 = im Re (it fd = Re @ food, [l 2]

because s- lim w,, == w,, and w*- lim f,, = f, for a suitable subsequence
W oo

> O

{m'} of the sequence {#}. Therefore we must have (41).

Remark. It is an unfortunate and a fortiori an interesting situation
that, although s- lim (I — #¢A) "x, and s-lai?"(j) # (1) both exist and
H—r 00

coincide each other under a general condition, this limit need not be
strongly differentiable in ¢ anywhere. Such an example is given in
M. Cranparr-T. LicgeTT [2). Recently, P. BENTLAN [1] devised the
following remedy for the above situation. Let «(f) be a strong solution of
initial value problem {11). Let, further, {z w} be any fixed point of the
hyperdissipative subset 4 of X x X. Then, as in the case of (42}, we obtain

[[2() — z]|2 = || (s) — 2[2+ 2 f{w ul{t) — 23, -dr forall 0 s =<1

and with a fixed initial condition %{0) = x, ¢ D(4}.

P. BEniLaN [1] called a strongly continuous X-valued function #(f) as’
an integral solution of initial value problem (11}, if u (¢) satisfies the above
condition for all {z, w} € 4 simultaneously, and he proved

Theorem 4. Let A be a hyperdissipative set € X x X. Then
u{t) = s—liif% u® () = s- lim (I — n1tA)~"" x4 1s the uniquely determined
integral solution of (11).

For the proof of this theorem and further interesting extensions as
well as comments, we refer the reader to P. BEniraw [2].

Remark. The scope of applications of Theorems in the present and
the preceding Sections may well be seen, e.g., by reading S. Arzawa (1],
M. G. CranpaLrL [3], Y. Konisui [1] and (2], and B. K. Quinn [1].
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Chapter I and Chapter VI

1. For the disivibulions or the generalized functions due to 5. L. SoBo-
LEY, L. Scuwartz and I. M. GELFAND, see the new and enlarged edition
L. ScuwarTz [6] and the English edition I. M. GELFAND [6]—~[10].

2. For the recent development of the hvperfunctions due to M. SaTo,
see M, SaTo [2]—[3] and P. ScHAPIRA [1].

Chapter VI

1. (Section 7) Sebolev Spaces. The theorem {Sololev’s Lemma) given
on p. 174 is a very special case of the so-called “Sobolev Imbedding
Theorems” in S. L. SoBoLEV [1]—{2]. A comprehensive description of the
development of this imbedding theorems is given in R. A. Apams [1]. See
also E. M. SteIn [2].

Chapter X

1. {Section 1) The ftrace operator or the generalized boundary values.
We can prove

Theorem. Let £ be a bounded open domain in R* such that its
boundary hypersurface 62 is C2. Then, for any f{x) € Wl2(£) and for
almost all & € 382, the limiting valuc @ (§) = lim f (x} exists if we let x

x>
tend to & along the normal at the peint & € 0£2. Moreover, this boundary
value @{£) of f(x) belongs to L*(942) and satisfies the inequality:

el o= CIH N L +f§ |01/ 24| _nan}

where the positive constant C is independent of the individual choice of
/ and the notation &//0x; means differentiation in the sense of the
“distribution”.

The linear map f — ¢ is called the frace operator. For the proof as well

as generalizations of the above theorem, see, eg., 5. Mizouata (6],
R. A. Apawms [1] and F. TrEVES [2].

2. (Appendix to Chapter X]’ TFor extensions with a unified treatment
of the result of R. A. MinLos [1], see L. ScawarTz [7] and the biblio-
graphy cited there.
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Chapter XI

1. For recent development of the theory of contraction operators in
Hilbert spaces, see B, 5z. Nacy-C. Foias [4].

Chapter XII

1. (Section 1) For Choquet’s refinement of the Krein-Milman Thorem,
see R. R. PaeLps [1].

Chapter XIII

1. (Section 1) We can prove (K. Yosma [17])

Theorem 1'. Let P(¢, x, E} be a Markov process on the phase space
(S, W) with an invariant measure s such that m(S) = 1. Then, for any
JEILM(S, B, m) and ¢ > 0, there corresponds an f_, & LS, B, m) with
[l/-dlL= /]l in such a way that

[ m(dx) f{x) Plt, x E) = [ f_{x) m{dx) forall ECB. (19)
5 E

Proof. Since P(t, x, E) is a bounded function, [ wm(dx) f(x} P(2, x, E)
3

does exist for any /€ L1 (S, B, m) and we have
S%qu(dx)f(x)f’(t, x E}|= sup g m@x)f () PEx E)= (1]l (20)

Iffc L1 (S, B, m)is € L=(S, B, m), then, by (8), the g-additive function
[ m{dx)f(x) P(t, %, E) of E€B is m-ahsolutely continuous such that

f{m(dx)]‘(x)P(t, x, )| < |if|| = - m{E), where |[f]], > = essential sup

|f(x)|. Next, let f€LYS, B, m) be real-valued non-negative and put
J{x) = min (f{x), ). Since

Sm{dx)j{(x) P(t, x, E) = lim [ m{dx){™(x) P({, x, E} for every E€ B
S n—>co 8
the left hand side ahove is m-absolutely continuous by the Vitali-Hahn-
Saks theorem on p. 70. Thus, in this special case for f, we can define
F_: € LS, B, m) by (19), and we have [|[f_]|,= ||/||, by (20). This proves
our Thorem 1",

Remark .Consider the deterministic case given by P (, %, E) =Cg (v, (%)),
defined through a one-parameter family {y,{x); — oo <t < oo} of one-
one transformation x — y,(x) of S onto S such that m(E) = m(y,- E}.
Then we see that the mapping f — /, in Theorem 1 (p. 381) and the map-
ping / — f_, in Theorem 1’ are respevtively given by f,(x) = f(y.(x))
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and f_,(x) = f(v_,(%)). In this sense, a Markov process with an invariant
measure #is “‘time reversible”,

2. (Section 1) As a corollary of Theorem 1’ above, we obtain, as in
the case of Thorem 2 (p. 382), the following

Theorem 2’ (K. Yostpa [17]). Under the assumption as in Theorem 17,
the following mean ergodic theorem holds good:

s-lim n-1 ij: fox = [7* exists in L1(S, B, m) , (21)
S{f(s)m(ds) = gf‘*(s)m(ds) : (22)

Chapter XIV
1. {Section 4) We can prove

Theorem 1'. Under the assumption x (0) = v € D (A(0)) and (3) (p. 431),
the solution of (1)’ (p. 432), if it exists, is uniquely determined.

Proof. We follow an argument given in T. KaTo [3]. Thus we have,
for § >0,

X (t+ 0) = x{t) + 6A(t) x(t) + 0(d)
= {1+ 384() (I —8A®) (I — AW x(t) + o(a)
= (I~ 5A(t))“x(f) 6214 O (I — 844 x(8) + 0(5)
={ =04 xt) =6 (I — 34— A(t) () 0(9) .

Because of (3), we have s-lim (I — §A(#))™ 2z = z for any z€ X [see (2)
50

in Chapter IX,7]. Hence, again by (3), we have
Il (& + S}lI= 1% (] +- o (0)
and so &7 [|x(#)[|/d¢ < 0 which implies that || (#)|| < ||x(0)]] .

Therefore, the difference between two solutions of (1)’ each with the
same initial condition € D (A4 (0)) must be 0.

A Chapter IX and Chapter XIV

1. For Linear evolution equations, see S. KREIN [2], P. Lax-R. S.
Purries [4], J. L. Lions [5]and F. TREVES [2].

2. For Linear as well as nonlinear evolution equations, see: V. BARBU
(1], F. BrowDpEr [2], J. L. Lions [5], R. H. MArTIN [1], K. MASUDA [17.
I. Mivapera [4] and H. TaNaBE [6]. For the last cited book of Tanabe,
an English translation is in preparation.

3. Currently, convex analysis is playing an important réle in non-
linear evolution equations. For this analysis, see, e.g., R. S. ROCKAFELLER
[1] and I. EXELAND-R. TEmMAM [1].
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