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Preface

Engineering Mathematics Sth Edition covers a wide
range of syllabus requirements. In particular, the book
is most suitable for the latest National Certificate and
Diploma courses and City & Guilds syllabuses in
Engineering.

This text will provide a foundation in mathemat-
ical principles, which will enable students to solve
mathematical, scientific and associated engineering
principles. In addition, the material will provide
engineering applications and mathematical principles
necessary for advancement onto a range of Incorporated
Engineer degree profiles. It is widely recognised that a
students’ ability to use mathematics is a key element in
determining subsequent success. First year undergrad-
uates who need some remedial mathematics will also
find this book meets their needs.

In Engineering Mathematics Sth Edition, new
material is included on inequalities, differentiation of
parametric equations, implicit and logarithmic func-
tions and an introduction to differential equations.
Because of restraints on extent, chapters on lin-
ear correlation, linear regression and sampling and
estimation theories have been removed. However,
these three chapters are available to all via the
internet.

A new feature of this fifth edition is that a free Inter-
net download is available of a sample of solutions
(some 1250) of the 1750 further problems contained in
the book — see below.

Another new feature is a free Internet download
(available for lecturers only) of all 500 illustrations
contained in the text — see below.

Throughout the text theory is introduced in each
chapter by a simple outline of essential definitions,
formulae, laws and procedures. The theory is kept to
a minimum, for problem solving is extensively used
to establish and exemplify the theory. It is intended
that readers will gain real understanding through see-
ing problems solved and then through solving similar
problems themselves.

For clarity, the text is divided into eleven topic
areas, these being: number and algebra, mensura-
tion, trigonometry, graphs, vectors, complex numbers,

statistics, differential calculus, integral calculus, further
number and algebra and differential equations.

This new edition covers, in particular, the following
syllabuses:

(i) Mathematics for Technicians, the core unit for
National Certificate/Diploma courses in Engi-
neering, to include all or part of the following
chapters:

1. Algebraic methods: 2, 5, 11, 13, 14, 28, 30
(1,4, 8,9 and 10 for revision)

2. Trigonometric methods and areas and vol-
umes: 18-20, 22-25, 33, 34

3. Statistical methods: 37, 38

4. Elementary calculus: 42, 48, 55

(ii) Further Mathematics for Technicians, the
optional unit for National Certificate/Diploma
courses in Engineering, to include all or part of
the following chapters:

1. Advanced graphical techniques: 29-31
2. Algebraic techniques: 15, 35, 38

2. Trigonometry: 23, 26, 27, 34

3. Calculus: 4244, 48, 55-56

(iii) The mathematical contents of Electrical and
Electronic Principles units of the City & Guilds
Level 3 Certificate in Engineering (2800).

(iv) Any introductory/access/foundation course
involving  Engineering =~ Mathematics  at
University, Colleges of Further and Higher
education and in schools.

Each topic considered in the text is presented in a way
that assumes in the reader little previous knowledge of
that topic.

Engineering Mathematics Sth Edition provides
a follow-up to Basic Engineering Mathematics and
a lead into Higher Engineering Mathematics Sth
Edition.

This textbook contains over 1000 worked problems,
followed by some 1750 further problems (all with



answers). The further problems are contained within
some 220 Exercises; each Exercise follows on directly
from the relevant section of work, every two or three
pages. In addition, the text contains 238 multiple-
choice questions. Where at all possible, the problems
mirror practical situations found in engineering and sci-
ence. 500 line diagrams enhance the understanding of
the theory.

At regular intervals throughout the text are some 18
Revision tests to check understanding. For example,
Revision test 1 covers material contained in Chapters
1 to 4, Revision test 2 covers the material in Chapters
5 to 8, and so on. These Revision Tests do not have
answers given since it is envisaged that lecturers could
set the tests for students to attempt as part of their course

structure. Lecturers’ may obtain a complimentary set
of solutions of the Revision Tests in an Instructor’s
Manual available from the publishers via the internet —
see below.

A list of Essential Formulae is included in
the Instructor’s Manual for convenience of reference.
Learning by Example is at the heart of Engineering
Mathematics S5th Edition.

JOHN BIRD

Royal Naval School of Marine Engineering,
HMS Sultan,

formerly University of Portsmouth and
Highbury College,

Portsmouth




Free web downloads
Additional material on statistics

Chapters on Linear correlation, Linear regression and
Sampling and estimation theories are available for free
to students and lecturers at http://books.elsevier.com/
companions/9780750685559

In addition, a suite of support material is available to
lecturers only from Elsevier’s textbook website.

Solutions manual

Within the text are some 1750 further problems arranged
within 220 Exercises. A sample of over 1250 worked
solutions has been prepared for lecturers.

Instructor’s manual

This manual provides full worked solutions and mark
scheme for all 18 Revision Tests in this book.

Illustrations

Lecturers can also download electronic files for all
illustrations in this fifth edition.

To access the lecturer support material, please go to
http://textbooks.elsevier.com and search for the book.
On the book web page, you will see a link to the Instruc-
tor Manual on the right. If you do not have an account
for the textbook website already, you will need to reg-
ister and request access to the book’s subject area. If
you already have an account but do not have access to
the right subject area, please follow the ’Request Access
to this Subject Area’ link at the top of the subject area
homepage.
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Chapter 1

Revision of fractions,
decimals and percentages

When 2 is divided by 3, it may be written as % or 2/3 or
2/3. % is called a fraction. The number above the line,
i.e. 2, is called the numerator and the number below
the line, i.e. 3, is called the denominator.

When the value of the numerator is less than the
value of the denominator, the fraction is called a proper
fraction; thus % is a proper fraction. When the value
of the numerator is greater than the denominator, the
fraction is called an improper fraction. Thus % is
an improper fraction and can also be expressed as a
mixed number, that is, an integer and a proper frac-
tion. Thus the improper fraction % is equal to the mixed
number 2%.

When a fraction is simplified by dividing the numer-
ator and denominator by the same number, the pro-
cess is called cancelling. Cancelling by 0 is not
permissible.

1 2
Problem 1. Simplify 3 + =

The lowest common multiple (i.e. LCM) of the two
denominators is 3 x 7, i.e. 21.

Expressing each fraction so that their denominators
are 21, gives:

1+2 1 7+2 3 7+6
—_ — = — X — - X = = — _
37 3 7 7 3 21 21
_7+6 13
21 21

Alternatively:
Step (2) Step (3)
\ !
1+2_ (7x1)4+Bx2)
37 21
1
Step (1)

Step 1:  the LCM of the two denominators;

Step 2:  for the fraction %, 3 into 21 goes 7 times,

7 x the numerator is 7 x 1;

Step 3: for the fraction %, 7 into 21 goes 3 times,
3 x the numerator is 3 x 2.
1 2 746 13

Thus 3 + T=%0 T2 as obtained previously.

2 1
Problem 2. Find the value of 33 — 28

One method is to split the mixed numbers into integers
and their fractional parts. Then

3 6
IR I B
6 6 6 2

Another method is to express the mixed numbers as
improper fractions.
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. 9 2 9 2 11
Since3=-, then 3-=-+-=—
3 3 3 3 3
Similarl 21 12 n 1 13
miularly, Z— = — - —_-
Y676 "6 6
2 1 11 1 22 1 1
Thus3——2—:———3=___3:2=1_
3 6 3 6 6 6 6 2

as obtained previously.

Problem 3. Determine the value of
5 2

1
42 —3- 4 1=
s °41's

5 1 2 5 1 2
4——3—+1§=(4—3+1)+ - — =4 =

8 4 8 4 5
_ +5x5—10><1+8><2
B 40
_2+25—10+16
o 40
31 31
+4O 40
. 3 14
Problem 4. Find the value of 7 X 5

Dividing numerator and denominator by 3 gives:

7 14 1 14 1x14
— X — == X — = —
7 Ms 15 7x5
Dividing numerator and denominator by 7 gives:
Ix M2 1x2 2
7x5 1x5 5
This process of dividing both the numerator and denom-

inator of a fraction by the same factor(s) is called
cancelling.

3
Problem 5. Evaluate 1= x 2l X 3§
5 3 7

Mixed numbers must be expressed as improper frac-
tions before multiplication can be performed. Thus,

3 1 3
1= x2-x3=
5 3 7

_5+3X6+1X21+3
“\5 5 303 7 7

8 17 248 8x1x8
=X X—= —n—
5 13 71 S5x1x1

64 4
= — =12-
5 5
Problem 6. Simplify > = —
ropiem 0. implty = =+ —
P T2
3
312 7
7721 12
21

Multiplying both numerator and denominator by the
reciprocal of the denominator gives:

3 3 27 3
7 _ ] Vs _4_3
27Ty T 1 4
20 T w7,

This method can be remembered by the rule: invert the
second fraction and change the operation from division
to multiplication. Thus:

3 12 '3 213 bained sl
- = — = — X —— = — as obtaine TeViously.
770 77, 4 P y

3 1
Problem 7. Find the value of 53 - 7§

The mixed numbers must be expressed as improper
fractions. Thus,

3 1 28 22 U 3 42
S—tls=—+—F=—7T X5 = —
5°'3° 5 3 5 pZATH--

Problem 8.  Simplify
1 2 + 1\ /3 o 1
3 5 4) \8 3

The order of precedence of operations for problems
containing fractions is the same as that for integers,
i.e. remembered by BODMAS (Brackets, Of, Division,
Multiplication, Addition and Subtraction). Thus,

1 2+1 3 1
3 5 4 8 3
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1 4x245x1 3!

= - (B) 2 3 2 1 2
2. - +— (b)) =-—=+-
3 2(;2 24y @Z+57 )5 —=+3
1 13
=————X— D 43 47
3752051 (D) [(a)ﬁ ()
1 26
= - _== 3 2 1 4 5
3 5 M) 3. @10=—-8=- (b)3-—4-+1-
7 3 4 5 6
6 x1)—(@3x26)
= S) 16 17
15 (a) lﬁ (b) &
=73 413
=T T T g 3 5 17 15
15 15 4, @>x> (b) — x —
4 9 35 119
Problem 9. Determine the value of 5 3
(@) 12 (b) E
7 ¢ 31 21 +51 3 1
6 \2 4/ 8 16 GRNEE RN RV SR 51
' 5 9 7 17 11 39
7 ¢ 31 21 + 51 3 1 3 T
-0 - —2- -t — — = h
6> \"2774) 816 2 [(a) 5 O
7 1 41 3 1 3 45 1 5
=—-ofl-+—+——= B -+ — - +2-—
G 4+8 6 2 (B) 6. (21)8.64 (b)l?,.29
7 5 41 3 1 8 127
=—-X-—4—=+—=—= o a)— (b)) —
6 3T% 716 2 ©) [()15 ® 2]
7 5 41 16% 1 1 3 8 1 77
=X -4 — — 7. ==+ ——= 1—
6 4T g3 2 ®) 275715 [24_
35 82 1 7 5 3 15 47
=—+—=——-= M 8 —of [I5x = -+ — 5=
#1372 (M) 15°< X7>+<4 16) [5_
354656 1 .
=—>1 3 (A) 9. lxg_l+§+% L
4 3 3 5 17 126 |
691 1 -
= — = (A) 2 1 2 1 3 28
24 2 10. §XIZ = §+4_1 +1§ 25
691 — 12 -
=" o1 S) 11. Ifastorage tankisholding 450 litres when itis
three-quarters full, how much will it contain
_079 87 when it is two-thirds full?
24 24 [400 litres]
12. Three people, P, Q and R contribute to a fund.
Now try the following exercise P pr0v1d<.35 3/5 of the totalf Q provides 2/3. of
the remainder, and R provides £8. Determine
(a) the total of the fund, (b) the contributions
Exercise 1 Further problems on fractions of P and Q. [(a) £60 (b) £36, £16]
Evaluate the following:
1 2 7 1 1.2 Ratio and proportion
1. —+- (b)—— -
@Zis O
|:( a) 9 (b) i] The ratio of one quantity to another is a fraction, and
10 16 is the number of times one quantity is contained in
another quantity of the same kind. If one quantity is
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directly proportional to another, then as one quantity
doubles, the other quantity also doubles. When a quan-
tity is inversely proportional to another, then as one
quantity doubles, the other quantity is halved.

Problem 10. A piece of timber 273 cm long is
cut into three pieces in the ratio of 3 to 7 to 11.
Determine the lengths of the three pieces

The total number of parts is 3+ 7+ 11, that is, 21.
Hence 21 parts correspond to 273 cm

273
1 part corresponds to ETh 13cm

3 parts correspond to 3 x 13 =39cm

7 parts correspond to 7 x 13 =91 cm

11 parts correspond to 11 x 13 = 143 cm
i.e. the lengths of the three pieces are 39 cm, 91 cm
and 143 cm.
(Check: 39 +91 + 143 =273)

Problem 11. A gear wheel having 80 teeth is in
mesh with a 25 tooth gear. What is the gear ratio?

. 80 16
Gearratio=80:25= — = — =
25 5

i.e. gearratio=16:50r3.2:1

32

Problem 12. An alloy is made up of metals A and
B in the ratio 2.5 : 1 by mass. How much of A has
to be added to 6 kg of B to make the alloy?

Ratio A:B: :2.5:1 (i.e. Aisto B as 2.5isto 1) or
A 25

—=—=25

B 1

| >

When B =6kg, = 2.5 from which,

N N

A=6x25=15kg

Problem 13. If 3 people can complete a task in
4 hours, how long will it take 5 people to complete
the same task, assuming the rate of work remains
constant

The more the number of people, the more quickly the
task is done, hence inverse proportion exists.

3 people complete the task in 4 hours.

1 person takes three times as long, i.e.
4 x 3=12 hours,
5 people can do it in one fifth of the time that one

12
person takes, that is 5 hours or 2 hours 24 minutes.

Now try the following exercise

Exercise 2 Further problems on ratio and
proportion

1. Divide 621 cm in the ratio of 3 to 7 to 13.
[81 cm to 189 cm to 351 cm]

2. When mixing a quantity of paints, dyes of
four different colours are used in the ratio of
7:3:19:5. If the mass of the first dye used
is 3% g, determine the total mass of the dyes
used. [17 g]

3. Determine how much copper and how much
zinc is needed to make a 99 kg brass ingot if
they have to be in the proportions copper :
zinc: :8 : 3 by mass. [72kg : 27 kg]

4. It takes 21 hours for 12 men to resurface a
stretch of road. Find how many men it takes to
resurface a similar stretch of road in 50 hours
24 minutes, assuming the work rate remains
constant. [5]

5. It takes 3 hours 15 minutes to fly from city A
to city B at a constant speed. Find how long
the journey takes if

(a) the speed is 1% times that of the original
speed and

(b) if the speed is three-quarters of the orig-
inal speed.
[(@)2h 10min (b) 4 h 20 min]

The decimal system of numbers is based on the digits
0 to 9. A number such as 53.17 is called a decimal
fraction, a decimal point separating the integer part,
i.e. 53, from the fractional part, i.e. 0.17.

A number which can be expressed exactly as a deci-
mal fraction is called a terminating decimal and those
which cannot be expressed exactly as a decimal fraction
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are called non-terminating decimals. Thus, %: 1.5

is a terminating decimal, but % =1.33333... is a non-
terminating decimal. 1.33333. .. can be written as 1.3,
called ‘one point-three recurring’.

The answer to a non-terminating decimal may be
expressed in two ways, depending on the accuracy
required:

(i) correct to a number of significant figures, that is,
figures which signify something, and

(i) correct to a number of decimal places, that is, the
number of figures after the decimal point.

The last digit in the answer is unaltered if the next
digit on the right is in the group of numbers 0, 1, 2, 3
or 4, but is increased by 1 if the next digit on the right
is in the group of numbers 5, 6, 7, 8 or 9. Thus the non-
terminating decimal 7.6183. . . becomes 7.62, correct to
3 significant figures, since the next digit on the right is
8, which is in the group of numbers 5, 6, 7, 8 or 9. Also
7.6183. .. becomes 7.618, correct to 3 decimal places,
since the next digit on the right is 3, which is in the
group of numbers 0, 1, 2, 3 or 4.

Problem 14. Evaluate 42.7 +3.04 + 8.7 + 0.06

The numbers are written so that the decimal points are
under each other. Each column is added, starting from
the right.

42.7
3.04
8.7
0.06

54.50

Thus 42.7 + 3.04 + 8.7 + 0.06 = 54.50
Problem 15. Take 81.70 from 87.23

The numbers are written with the decimal points under
each other.

87.23
—81.70

5.53

Thus 87.23 — 81.70 =5.53

Problem 16. Find the value of
23.4 —17.83 —57.6 +32.68

The sum of the positive decimal fractions is
23.4 4 32.68 = 56.08

The sum of the negative decimal fractions is
17.83 +57.6 =75.43

Taking the sum of the negative decimal fractions from
the sum of the positive decimal fractions gives:

56.08 —75.43
ie. —(75.43—-56.08)=-19.35

Problem 17. Determine the value of 74.3 x 3.8

When multiplying decimal fractions: (i) the numbers are
multiplied as if they are integers, and (ii) the position of
the decimal point in the answer is such that there are as
many digits to the right of it as the sum of the digits to
the right of the decimal points of the two numbers being
multiplied together. Thus

@) 743
38

5944
22290

28234

(i) As there are (1+1)=2 digits to the right of
the decimal points of the two numbers being
multiplied together, (74.3 x 3.8), then

74.3 x 3.8 =282.34

Problem 18. Evaluate 37.81 + 1.7, correct to (i) 4
significant figures and (ii) 4 decimal places

37.81
3781 - 1.7T= ———
1.7
The denominator is changed into an integer by multi-
plying by 10. The numerator is also multiplied by 10 to
keep the fraction the same. Thus

81 x 1
3781« 17— /81 x10
17 x 10

_378.1

17
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The long division is similar to the long division of
integers and the first four steps are as shown:

22.24117..
17 i378.100000
34
38
34
41
34
70
68
20
(1) 37.81+1.7=22.24, correct to 4 significant
figures, and

(i) 37.81+1.7=22.2412, correct to 4 decimal
places.

Problem 19. Convert (a) 0.4375 to a proper
fraction and (b) 4.285 to a mixed number

0.4375 x 10000
10000

(a) 0.4375 can be written as without
changing its value,

4375

10000
By cancelling

4375 875 175 35 7

10000 2000 400 80 16

ie. 04375 =

ie. 04375= 7
16

285 57
(b) Similarly, 4.285=4——=4—
1000 200

Problem 20. Express as decimal fractions:

9 7
(a) Te and (b) 5§

(a) To convert a proper fraction to a decimal fraction,
the numerator is divided by the denominator. Divi-
sion by 16 can be done by the long division method,
or, more simply, by dividing by 2 and then 8:

4.50 0.5625
2)9.00 8)4.5000

9
Thus — =0.5625
us 16

(b) For mixed numbers, it is only necessary to convert
the proper fraction part of the mixed number to a
decimal fraction. Thus, dealing with the % gives:

0.875

7
8)7.000 ie. 3= 0.875

7
Thus 5§ =5.875

Now try the following exercise

Exercise 3 Further problems on decimals

In Problems 1 to 6, determine the values of the
expressions given:

1. 23.64+14.71 —18.9 —7.421 [11.989]
2. 73.84 —113.247+8.21 —0.068

[—31.265]
3. 3.8x4.1x0.7 [10.906]
4. 374.1 x 0.006 [2.2446]

5. 421.8-=17, (a) correct to 4 significant figures
and (b) correct to 3 decimal places.
[(a) 24.81 (b) 24.812]
0.0147
2.3
(b) correct to 2 significant figures.
[(a) 0.00639 (b) 0.0064]

, (a) correct to 5 decimal places and

7. Convert to proper fractions:
(a) 0.65 (b) 0.84 (c) 0.0125 (d) 0.282 and
(e) 0.024
()13 (b)21 (©) ! (01)141 (e) )
Y20 ™25 80 Y300 ¥ 125
8. Convert to mixed numbers:

(a) 1.82 (b) 4.275 (c) 14.125 (d) 15.35 and
(e) 16.2125

()]41 (b)411
a — —
50 40

@ 15— (o) 1612
20 %%

)141
(c g

In Problems 9 to 12, express as decimal fractions
to the accuracy stated:

4
9. 9’ correct to 5 significant figures.
[0.44444]
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17
10. 77 correct to 5 decimal places.

[0.62963]
11. 1126’ correct to 4 significant figures.
[1.563]
12. 13?—1, correct to 2 decimal places.
! [13.84]

13. Determine the dimension marked x in
the length of shaft shown in Figure 1.1.
The dimensions are in millimetres.

[12.52 mm]

82.92

< »
»

2741 832 x _ 34.67

Figure 1.1

14. A tank contains 1800 litres of oil. How many
tins containing 0.75 litres can be filled from
this tank? [2400]

1.4 Percentages

Percentages are used to give a common standard and

are fractions having the number 100 as their denomina-

25 1
tors. For example, 25 per cent means 100 ie. 7 and is

written 25%.

Problem 21. Express as percentages:
(a) 1.875 and (b)0.0125

A decimal fraction is converted to a percentage by
multiplying by 100. Thus,

(a) 1.875 corresponds to 1.875 x 100%, i.e. 187.5%
(b) 0.0125 corresponds to 0.0125 x 100%, i.e. 1.25%

Problem 22. Express as percentages:

5 2
(a) Te and (b) 1§

To convert fractions to percentages, they are (i) con-

verted to decimal fractions and (ii) multiplied by 100
o 5 5

(a) By division, T6 = 0.3125, hence T6 corresponds

t0 0.3125 x 100%, i.e. 31.25%

2
(b) Similarly, lg = 1.4 when expressed as a decimal

fraction.

2
Hence 1§ =1.4x100% =140%

Problem 23. It takes 50 minutes to machine a
certain part, Using a new type of tool, the time can
be reduced by 15%. Calculate the new time taken

15% of 50 minutes = 15 x 50 = 750
’ ~ 100 ~ 100
= 7.5 minutes.

hence the new time taken is
50 — 7.5 = 42.5 minutes.

Alternatively, if the time is reduced by 15%, then

it now takes 85% of the original time, i.e. 85% of

50= E x 50= @ =42.5 minutes, as above.
100 100

Problem 24. Find 12.5% of £378

12.5
12.5% of £378 means 100 x 378, since per cent means

‘per hundred’.

1251 1
H 12.5% of £378 = 378 = = x 378 =
3;&;1ce o O 100, X A %

Problem 25. Express 25 minutes as a percentage
of 2 hours, correct to the nearest 1%

Working in minute units, 2 hours = 120 minutes.

25
Hence 25 minutes is mths of 2 hours. By cancelling,
25 5
120 24

5 .
Expressing o as a decimal fraction gives 0.2083
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Multiplying by 100 to convert the decimal fraction to a

percentage gives: 4. When 1600 bolts are manufactured, 36

are unsatisfactory. Determine the percentage

0.2083 x 100 = 20.83% unsatisfactory. [2.25%]

Thus 25 minutes is 21% of 2 hours, correct to the 5.
nearest 1%.

Express: (a) 140kg as a percentage of 1t
(b) 47 s as a percentage of 5min (c) 13.4cm
as a percentage of 2.5 m

Problem 26. A German silver alloy consists of [(@) 14% (b) 15.67% (c) 5.36%]

60% copper, 25% zinc and 15% nickel. Determine
the masses of the copper, zinc and nickel in a 3.74
kilogram block of the alloy

6. A block of monel alloy consists of 70% nickel
and 30% copper. If it contains 88.2¢g of
nickel, determine the mass of copper in the

) ) block. [37.8 g]

By direct proportion:

7. A drilling machine should be set to
250 rev/min. The nearest speed available on
the machine is 268 rev/min. Calculate the
percentage over speed. [7.2%]

100% corresponds to 3.74 kg

3.74
1% corresponds to —— = 0.0374 kg
100
60% corresponds to 60 x 0.0374 = 2.244 kg
25% corresponds to 25 x 0.0374 = 0.935kg
15% corresponds to 15 x 0.0374 = 0.561 kg

8. Two kilograms of a compound contains 30%
of element A, 45% of element B and 25% of
element C. Determine the masses of the three
elements present.

Thus, the masses of the copper, zinc and nickel are [A0.6kg, BO09kg, CO0.5ke]

2.244 kg, 0.935 kg and 0.561 kg, respectively.

(Check: 2.244 4 0.935+0.561 =3.74) 9. A concrete mixture contains seven parts by
volume of ballast, four parts by volume of
sand and two parts by volume of cement.
Determine the percentage of each of these
three constituents correct to the nearest 1%
and the mass of cement in a two tonne dry
mix, correct to 1 significant figure.

[54%, 31%, 15%, 0.3t]

Now try the following exercise

Exercise 4 Further problems percentages

1. Convert to percentages:
(a) 0.057 (b) 0.374 (c) 1.285

[@)5.7% (b)37.4% (c)128.5%] 10. In a sample of iron ore, 18% is iron. How

much ore is needed to produce 3600kg of
2. Express as percentages, correct to 3 signifi- iron? [20 000 kg]

cant figures:
11. A screws’ dimension is 12.5 &= 8% mm. Cal-

culate the possible maximum and minimum

(@) ! (b) 1 (C)l11
33 24 16
[(@)21.2% (b) 79.2% (c) 169%]
Calculate correct to 4 significant figures:
(a) 18% of 2758 tonnes (b) 47% of 18.42

grams (c) 147% of 14.1 seconds
[(a) 496.4t (b)8.657g (c)20.735]

12.

length of the screw.

[13.5mm, 11.5mm]

The output power of an engine is 450 kW. If
the efficiency of the engine is 75%, determine
the power input. [600 kW]



Chapter 2

Indices, standard form and
engineering notation

The lowest factorsof 2000 are2 x 2 x 2 x 2 x5 x 5 x 5.

These factors are written as 2% x 53, where 2 and 5 are
called bases and the numbers 4 and 5 are called indices.

When an index is an integer it is called a power. Thus,
24 is called ‘two to the power of four’, and has a base of
2 and an index of 4. Similarly, 53 is called ‘“five to the
power of 3’ and has a base of 5 and an index of 3.

Special names may be used when the indices are 2 and
3, these being called ‘squared’ and ‘cubed’, respectively.
Thus 77 is called ‘seven squared’ and 93 is called ‘nine
cubed’. When no index is shown, the power is 1, i.e. 2
means 2!.

Reciprocal

The reciprocal of a number is when the index is —1
and its value is given by 1, divided by the base. Thus the
reciprocal of 2 is 27! and its value is % or 0.5. Similarly,

the reciprocal of 5 is 5! which means % or 0.2.

Square root

The square root of a number is when the index is %, and
the square root of 2 is written as 2'/2 or +/2. The value
of a square root is the value of the base which when
multiplied by itself gives the number. Since 3 x 3 =9,
then /9 = 3. However, (—3) x (—3)=9, so /9= —3.
There are always two answers when finding the square
root of a number and this is shown by putting both
a+and a—sign in front of the answer to a square
root problem. Thus +/9=+3 and 4!/2=4=+2,
and so on.

Laws of indices

When simplifying calculations involving indices, cer-
tain basic rules or laws can be applied, called the laws
of indices. These are given below.

(1) When multiplying two or more numbers having
the same base, the indices are added. Thus

32 X 34 =32+4 =36

(ii)) When anumber is divided by a number having the
same base, the indices are subtracted. Thus

%z =35—2 =33

(iii)) When anumber which israised to apowerisraised
to a further power, the indices are multiplied. Thus

(35)2 — 35X2 — 310

(iv) When a number has an index of 0, its value is 1.
Thus 3" =1

(v) A number raised to a negative power is the recip-
rocal of that number raised to a positive power.
Thus 374 = 3% Similarly, 2%3 =23

(vi) When a number is raised to a fractional power
the denominator of the fraction is the root of the
number and the numerator is the power.

Thus 8>3 =V8=22)%2=4
and 2512 =+/25'=/251 =45

(Note that J = \2/_)
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2.2 Worked problems on indices (1023
Problem 5. Evaluate:

104 x 102
Problem 1. Evaluate (a) 5% x 53, (b) 32 x 3* x 3
and (c)2x2%2x2° From the laws of indices:
From law (i): (10%)3 102%3 106
4 2~ 10@G+2 — 106
() 2x53=52+) =55 _5x5%x5x5x5=3125 1045102 104+ 10
2 24 244+1) _ 27 =10°%=10"=1
(b) 3% x3*x3=3H+D=3
=3x3x --- to7 terms
=2187 Problem 6. Find the value of
2 22 25 — 2(1+2+5) — 28 =256 23 24 32 3
(©) 2x2°x @222 ad ) 2
27 x 25 3x3
Problem 2. Find the value of:
75 57 From the laws of indices:
— d (b) = 3 4 3+4 7
(a)73 an ()54 @ 93 o =2(+)=2_=27_12=2_5
27 % 25 2(7+53) 212
From law (ii): = i = l
S 25 32
243 2x3 6
(@) L =76-9-72—49 w B 33 g0z
73 3% 39 3149 310 — -
57 1 1
_— = (7_4)2 3:12 = — = —
(b) 5 5 5 S 34 81

Problem 3. Evaluate: (a) 52 x 5%+ 5% and Now try the following exercise
(b) 3x3%)=(3%x3%

From laws (i) and (ii): Exercise 5 Further problems on indices

In Problems 1 to 10, simplify the expressions

52 x 5% 5019 : ; .
= = given, expressing the answers in index form and

(@) 5%2x5 =5*

55 ! 54 with positive indices:
=5—=5(5_4)=51=5 3 a4 2 43 o ph
54 1. (a) 3°x3* (b) 4° x4° x4
3x3 30 7 49
32 % 33 3(2+3)
36 2. (@) 2x2x 22 (b) PxT*xTx7
_ 2 _ 265 _ 13l _
=5 =3 =31=3 [(a) 2° (b) 7'
4 37
3. — (b)) =
Problem 4. Simplify: (a) 23)* (b) (32)%, @ % ® 35 .
expressing the answers in index form. [(@ 2 (b) 3°]
4. (a) 5°=5% (b) 783710
From law (iii): [(@) 5 (b) 7°]

(a) (23*=234=212 (b) (32)° =32 =310 5. (a) (7% (b) (3%)? [(@) 7° (b) 3%]
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22 x 23 37 x 3%
6 @ —— © 3X5
[@ 2 (b) 3%
57 135
T @ agrs ® s
[@ 5* (b) 137]
(9 x 3%) (16 x 4)2
8 @ G ® axsy
[@ 3* () 1]
52 32 x 374
9 @ 35 () —5—
T
[(a) 5% (b 3
72 x 773 23 %274 %23
0= @ 777 ® 557
(@) 7> (b) 1_
2_

2.3 Further worked problems on

indices

3 x 57
Problem 7. Evaluate: B3t

The laws of indices only apply to terms having the
same base. Grouping terms having the same base, and
then applying the laws of indices to each of the groups
independently gives:
¥ xS ¥ ST aw s0-3)
53x3% 3¢ 5
5% 625

=31 x5 ="

—2081
31 3773

Problem 8. Find the value of
23 x 3% x (7%)?
74 x 24 x 33

2P x 39 x (1% 534

74 24 33 — X 35—3 X 72><2—4
X X

=2"1x32x7°

1 9 1
=-—x3¥x1===4=
2 27 2

Problem 9. Evaluate:

(a) 4172 (b) 163/% (¢c) 27%/3 (d) 9~ 1/2

(@) 42=V4=%2

(b) 1634=J163 = (£2)’ =48
(Note that it does not matter whether the 4th root
of 16 is found first or whether 16 cubed is found
first — the same answer will result).

(c) 273 =V272=(3)>=9
1 11 1

d 971/2=—=—=—=:E—
@ 912~ 5 3 3
41.5 X 81/3

Problem 10. Evaluate: m

41'5=43/2=\/B=23=8
813 =J8=22"=4

1 1 1 1
-2/5 _ _ _ -t
and 32 =375 = _«5/37 =53 =3
415 %813 8x2 16
Hence 5 —575 = 1 =—=16
22 x 3272/ 4x g 1
Alternatively,
41.5 x 81/3 _ [(2)2]3/2 x (23)1/3 _ 23 x 21
22 % 32725 T 22 % (25725 T 22 x 22

— 23+1—2—(—2) — 24 =16

32 x5 +33x53
Problem 11. Evaluate: 2X0 TS X o X
34 x 54

Dividing each term by the HCF (i.e. highest common
factor) of the three terms, i.e. 32 x 53, gives:

32 x5 33x5
P x5 +3 x5 32,5 T 32453
_ X 5 32 x5
34X54 34X54
32 x 53

3(2—2) X 5(5—3) + 3(3—2) X 50
- 3(@4-2) 5 5@-3)
30 x 52431 x50
32 x 5!
1x254+3x1 28
9x5 - 45
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Problem 12. Find the value of 43 52 93
3 x 5° =3 XXs
34 X 54 +33 X 53 _ (22)3 X 23
T 3342) x 53-2)
To simplify the arithmetic, each term is divided by the _ 2°
HCEF of all the terms, i.e. 32 x 5°. Thus KR
3% x5
34 %54+ 33 x 53 Now try the following exercise
3% x5
2 x5 Exercise 6 Further problems on indices
3 x5t 33xs3 In Problems 1 and 2, simplify the expressions
32 %53 3253 given, expressing the answers in index form and
with positive indices:
3(2-2) 4 5(5-3)
T 3072 x 53-3) 1 36-2) x 56-3) L @ 33 x 52 ) 72 %372
’ 54 x 34 P x74x73
_ 30 x 52 25 25 | X
T 32 x51431x50 T 4543 48 b
S O
- 42 x 93 872 x52x37*
4 3 3 2 2. (a) . X . (b) ; X X
3) *\5 8 x3 25% x 24 x 972
Problem 13.  Simplify: o 5
& 3
5 [(a) E (b) 210 < 52:|
giving the answer with positive indices
1 _1
3. Evaluate (a) (3—2> (b) 810%
A fraction raised to a power means that both the numer- 12
ator and the denominator of the fraction are raised to (c) 16174 (a) g
4\* 43 9
that power, i.e. <§) =5
A fraction raised to a negative power has the same |:(a) 9 () £3 (© iz O ig:l
value as the inverse of the fraction raised to a positive
power. In Problems 4 to 8, evaluate the expressions given.
3\ 2 1 1 52 52
Ths \3) = e ~7~'*%"3 A 92 x 74 147
(g) 52 T3 x 74433 x 72 148
24?2 —372x 4% 1
2\? 5\° 5° S Ty 0
Similarly, (=) =(2) == 23 x 162 9
5 2 23
1 2\
(A_t>3 y <§>‘2 $ s ; (E) B (5) [ 65]
Thus, 3 ) 33 3)\? 72
2 -3 53 g
5 23
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(3)
3 (641

(32)3/2 x (81/3)2 1
(B x (@)12 x 97!/ [ ]

2.4 Standard form

A number written with one digit to the left of the decimal
point and multiplied by 10 raised to some power is said
to be written in standard form. Thus: 5837 is written
as 5.837 x 10? in standard form, and 0.0415 is written
as 4.15 x 1072 in standard form.

When a number is written in standard form, the first
factor is called the mantissa and the second factor is
called the exponent. Thus the number 5.8 x 103 has a
mantissa of 5.8 and an exponent of 103.

(1) Numbers having the same exponent can be added
or subtracted in standard form by adding or sub-
tracting the mantissae and keeping the exponent
the same. Thus:

2.3 x 10" +3.7 x 10*
=(2.3+3.7) x 10* = 6.0 x 10*
and 5.9 x 1072 — 4.6 x 1072
=(5.9-46)x102=13x10"2
When the numbers have different exponents,
one way of adding or subtracting the numbers is
to express one of the numbers in non-standard

form, so that both numbers have the same expo-
nent. Thus:

23 x 10* +3.7 x 10°
=23x 10" +0.37 x 10*
=(2340.37) x 10* =2.67 x 10*

Alternatively,

2.3 x 10* +3.7 x 10°
= 23000 + 3700 = 26 700

=2.67 x 10*

(i) The laws of indices are used when multiplying
or dividing numbers given in standard form. For
example,

(2.5 x 10%) x (5 x 10%)
= (2.5 x 5) x (10°*%)
=12.5x 10°or 1.25 x 10°

Similarly,
6 x 10* 6 i )
m:ﬁx(m y=4x 10

2.5 Worked problems on standard

form

Problem 14. Express in standard form:
(a) 38.71 (b) 3746 (c) 0.0124

For anumber to be in standard form, it is expressed with
only one digit to the left of the decimal point. Thus:

(a) 38.71 must be divided by 10 to achieve one digit
to the left of the decimal point and it must also be
multiplied by 10 to maintain the equality, i.e.

38.71
38.71 = x 10 = 3.871 x 10 in standard form
3746
(b) 3746="— x 1000 =3.746 x 10> in standard
1000
form
100 1.24
(¢) 0.0124=0.0124 x — = ——
100 100

=1.24 x 10~2 in standard form

Problem 15. Express the following numbers,
which are in standard form, as decimal numbers:
(@) 1.725x 1072 (b) 5.491 x 10* (c) 9.84 x 10°

1.725
1725 x 1072 = —== =0.01725
@ x 100

(b) 5.491 x 10*=5.491 x 10000 = 54 910

(c) 9.84 x 10°=9.84 x 1 =9.84 (since 10° = 1)
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Problem 16. Express in standard form, correct to
3 significant figures:

9
741 —
() 1Rl

§b19z
@ % ©) 193

(a)

=0.375, and expressing it in standard form
ives: 0.375=3.75 x 10!

U3 00| W

2 .
(b) 193 =19.6 =1.97 x 10 in standard form, correct

to 3 significant figures

9
(c) 741 T6 =741.5625 =7.42 x 102 in standard form,
correct to 3 significant figures

Problem 17. Express the following numbers,
given in standard form, as fractions or mixed
numbers: (a) 2.5 x 10~ (b) 6.25 x 1072 (c)
1.354 x 10?

25 25 1
25x107 =0 = = =
@ 25 10 100 4

625 625 1

b) 625x1072=—"= =
100 ~ 10000 16

4 2
() 1.354x10>=135.4=135— =135=
10 5

Now try the following exercise

Exercise 7 Further problems on standard
form

In Problems 1 to 4, express in standard form:

1. (a) 73.9 (b) 284 (c) 197.72

(a) 7.39 x 10 (b) 2.84 x 10
(c) 1.9772 x 10?

2. (a) 2748 (b) 33170 (c) 274218

(a) 2.748 x 103 (b) 3.317 x 10*
(c) 2.74218 x 10°

3. (a) 0.2401 (b) 0.0174 (c) 0.00923

(a) 2.401 x 10~'  (b) 1.74 x 1072
() 9.23x 1073

3 1

(@) 5x 107! (b) 1.1875 x 10
(c) 1.306 x 10> (d) 3.125 x 1072

1 7

In Problems 5 and 6, express the numbers given
as integers or decimal fractions:
5. (a) 1.01 x 103 (b) 9.327 x 10?
(c) 5.41 x 10* (d) 7 x 10°
[(@) 1010 (b) 932.7 (c) 54100 (d) 7]

6. (a) 3.89x 1072 (b) 6.741 x 107!
(c) 8x 1073

[(2) 0.0389 (b) 0.6741 (c) 0.008]

2.6 Further worked problems on

standard form

Problem 18. Find the value of:

(@ 7.9x1072—-54x 1072
(b) 8.3 x10°+5.415x 10° and

(©) 9.293 x 10>+ 1.3 x 10
expressing the answers in standard form.

Numbers having the same exponent can be added or
subtracted by adding or subtracting the mantissae and
keeping the exponent the same. Thus:

(@ 79x1072-54x%x10"2

=(79-54)x102=2.5x10"2
(b) 8.3x10%+5.415x% 10

=(8.345.415) x 10 =13.715 x 10°

=1.3715 x 10% in standard form
(c) Since only numbers having the same exponents can
be added by straight addition of the mantissae, the
numbers are converted to this form before adding.
Thus:

9.293 x 102+ 1.3 x 10°

=9.293 x 10% + 13 x 10?
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=(9.293 + 13) x 10?
=22.293 x 10% = 2.2293 x 103

in standard form.

Alternatively, the numbers can be expressed as
decimal fractions, giving:
9.293 x 10* + 1.3 x 10°
=929.3 + 1300 = 2229.3
=2.2293 x 10°
in standard form as obtained previously. This

method is often the ‘safest’ way of doing this type
of problem.

Problem 19. Evaluate (a) (3.75 x 103)(6 x 10%)

3.5 x 10°
d (b) =———
and - (b) 7 x 102

expressing answers in standard form

(@) (3.75x 10%)(6 x 10 =(3.75 x 6)(103t%)

=22.50 x 107
=2.25 x 108
35x10° 35 o,
b)) ———=""x10
7 %x 10 7

=0.5 x 10° =5 x 102

Now try the following exercise

Exercise 8 Further problems on standard
form

In Problems 1 to 4, find values of the expressions
given, stating the answers in standard form:

1. (@ 3.7x10%>+9.81 x 10?
(b) 1431x10°'+73x 107!
[(a) 1.351 x 10° (b) 8.731 x 1071]

2. (a) 4831 x 10> +1.24 x 103
(b) 324x 103 —1.11x10~*
[(@) 1.7231 x 10> (b) 3.129 x 1073]

3. (a) (4.5%x107H)(3 x 10%)
(b) 2 x (5.5 x 10%

[(a) 1.35%x 102 (b) 1.1 x 10°]

6 x 1073 (2.4 x 10%)(3 x 1072
@ ® @8 x 109
[(@) 2x10%> (b) 1.5x1073]

5. Write the following statements in standard
form:

(a) The density of aluminium is 2710kg m—3
[2.71 x 103 kg m3]
(b) Poisson’s ratio for gold is 0.44
[4.4 x 1071
(c) The impedance of free space is 376.73 Q
[3.7673 x 102Q]
(d) The electron rest energy is 0.511 MeV
[5.11 x 107 MeV]
(e) Proton charge-mass
95789700C kg~!
[9.57897 x 10’ C kg™
(f) The normal volume of a perfect gas is
0.02241 m*® mol~!
[2.241 x 1072 m? mol 1]

ratio is

2.7 Engineering notation and

common prefixes

Engineering notation is similar to scientific notation
except that the power of ten is always a multiple of 3.

For example, 0.00035 = 3.5 x 10~* in scientific
notation,

but 0.00035 = 0.35 x 1072 or 350 x 10~ in
engineering notation.

Units used in engineering and science may be made
larger or smaller by using prefixes that denote multi-
plication or division by a particular amount. The eight
most common multiples, with their meaning, are listed
in Table 2.1, where it is noticed that the prefixes involve
powers of ten which are all multiples of 3:

For example,

5MV means 5 x 1000000 =5 x 10°
= 5000 000 volts
3.6 k2 means 3.6 x 1000 = 3.6 x 103

= 3600 ohms
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Table 2.1

T tera multiply by 1000000000000  (i.e. x 10'%)
G giga multiply by 1 000 000 000 (i.e. x 107)
M mega multiply by 1 000 000 (i.e. x 10%)

k kilo multiply by 1000 (.e. x 10%)
m milli divide by 1000 (i.e. x 1073)
v micro divide by 1 000 000 (i.e. x 1079)
n nano divide by 1 000 000 000 (.e. x 107%)
P pico divide by 1000000 000 000 (.e. x 10712)

7.
7.5pC means 7.5+ 1000000 = 1—056 or Now try the following exercise
7.5 x 107 = 0.0000075 coulombs

Exercise 9 Further problems on

4
and 4mA means 4 x 1072 or = 15 engineering notation and
4 common prefixes
= —— = 0.004 amperes
o 1000 1. Express the following in engineering notation
Similarly, and in prefix form:
0.00006 J = 0.06 mJ or 60 nJ (a) 100000W (b) 0.00054A
5620 000N = 5620 kN or 5.62 MN (©) 15x10°Q (&) 225x 1074V
() 35000000000Hz (f) 1.5x107LF
47 x 10°Q = 470 000 2 = 470 k< or 0.47 MK (g) 0.000017 A (h) 462002
and 12 x 1075A = 0.00012 A = 0.12mA or 120 pA [(@ 100kW (b) 0.54mA or S540pA
(c) 1.5M (d) 22.5mV (e) 35 GHz (f) 15 pF
A calculator is needed for many engineering calcula- (g) 17 pA (h) 46.2kQ2]
tions, and having a calculator which has an ‘EXP’ and
‘ENG’ function is most helpful. 2. Rewrite the following as indicated:
For example, to calculate: 3 x 10*x0.5x 1076 (a) 0.025mA=....... LA
volts, input your calculator in the following order: (b) 1000 pF=.....nF
(a) Enter ‘3> (b) Press ‘EXP’ (or x10%) (c) () 62x10*°V=....... kV
Enter ‘4’(d) Press ‘x’(e) Enter ‘0.5’ (f) Press ‘EXP’ (d 1250000 Q=....MQ
(or x10%) (g) Enter ‘—6’7(h) Press ‘=’ [(a) 25 nA (b) 1 nF (c) 620kV (d) 1.25 M2]
Th is 0.015V — | N the ‘ENG’
© answerts (or 200) oW press e 3. Use a calculator to evaluate the following in

button, and the answer changes to 15 x 1073 V.

The ‘ENG’ or ‘Engineering’ button ensures that the
value is stated to a power of 10 that is a multiple of
3, enabling you, in this example, to express the answer
as 15mV.

engineering notation:
(a)4.5x 1077 x 3 x 10*
®) (1.6 x 107)(25 x 10%)
(100 x 106)
[(@) 13.5x 1073 (b) 4 x 107]




Chapter 3

Computer numbering

3.1 Binary numbers

The system of numbers in everyday use is the denary
or decimal system of numbers, using the digits O to 9.
It has ten different digits (0, 1, 2, 3, 4,5, 6,7, 8 and 9)
and is said to have a radix or base of 10.

The binary system of numbers has a radix of 2 and
uses only the digits 0 and 1.

3.2 Conversion of binary to decimal

The decimal number 234.5 is equivalent to
2x 10 +3x 10" +4 x 10° +5 x 107!
i.e. is the sum of term comprising: (a digit) multiplied
by (the base raised to some power).
In the binary system of numbers, the base is 2, so
1101.1 is equivalent to:

Ix2+1x224+0x2'+1x204+1x27!

Thus the decimal number equivalent to the binary
number 1101.1 is

1
8+4+O+1+§, that is 13.5

ie. 1101.15 =13.5;9, the suffixes 2 and 10 denoting
binary and decimal systems of number respectively.

Problem 1. Convert 11011, to a decimal number

systems

From above: 11011, =1x2*4+1x234+0x 22
+1x2M+1x2°
=16+8+0+2+1
:2710

Problem 2. Convert 0.1011, to a decimal fraction

01011, =1 x2 ' +0x2"2+1x273
—i—1x2_4
1 1 1
=1X§+OX2—2—|—1X2—3
1
24
1+1+1
2 8 16
=0.5+0.125 + 0.0625
=0.687519

+1x

Problem 3. Convert 101.01015 to a decimal
number

101.0101, =1 x 2240 x 2" +1 x 2°
+0x27 ' +1x272
+0x23+1x27*

=440+1404+025
+0 +0.0625
=5.3125
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Now try the following exercise

Exercise 10 Further problems on
conversion of binary to
decimal numbers

InProblems 1to4, convert the binary number given
to decimal numbers.
1. (a) 110 (b) 1011 (c) 1110 (d) 1001
[@) 610 (b) 1110 (c) 1410 (d)910]
2. (a) 10101 (b) 11001 (c) 101101 (d) 110011
[(@) 2110 (b)2510 (c)4510 (d) 5110l
3. (2)0.1101(b)0.11001 (c)0.00111 (d) 0.01011

(a) 0.8125,,  (b) 0.78125,,
(C) 0‘2187510 (d) 0.343751()

4. (a) 11010.11 (b) 10111.011 (c) 110101.0111
(d) 11010101.10111

|:(a)26.7510 (b) 23.375;9 ]

(c) 53.437510 (d) 213.718751¢

3.3 Conversion of decimal to binary

An integer decimal number can be converted to a cor-
responding binary number by repeatedly dividing by 2
and noting the remainder at each stage, as shown below
for 3919

2 39 Remainder

219 1

219 1

214 1

212 0

]

(most— 1 0 0 1 1 1« (least
significant bit) significant bit)

The result is obtained by writing the top digit of the
remainder as the least significant bit, (a bit is a binary
digit and the least significant bit is the one on the right).
The bottom bit of the remainder is the most significant
bit, i.e. the bit on the left.

Thus 3919 =100111,

The fractional part of a decimal number can be converted
to a binary number by repeatedly multiplying by 2, as
shown below for the fraction 0.625

0625 x 2= 1.,250
e

_j_1 -1

10.2501 x 2 = —— 0. 500

Iyt e

__

10.5001 x 2 = 1. 000

(most significant bit).1 0 1 (least significant bit)

For fractions, the most significant bit of the result is the
top bit obtained from the integer part of multiplication
by 2. The least significant bit of the result is the bottom
bit obtained from the integer part of multiplication by 2.

Thus 0.62519 = 0.101;

Problem 4. Convert 47,9 to a binary number

From above, repeatedly dividing by 2 and noting the
remainder gives:

2|47 Remainder
2123 1
211 1
2[5 1
22 1

0

1

211
0

2 I
1 0

1 1 1 1
Thus 4710 = 1011112

Problem 5. Convert 0.406251¢ to a binary
number

From above, repeatedly multiplying by 2 gives:

0.40625 x 2 = 0. §1T_25
_Y__ __,
1081251 x 2= —1-'_6%SJ
Y _ __
0,625, x 2= ——— L2
Y _
025 x2= 0.15]
|
l'_+'|
035 x2= 1.0
Y Y y r

i.e. 04062519 = 0.01101,
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Problem 6. Convert 58.3125¢ to a binary
number

The integer part is repeatedly divided by 2, giving:

2158 Remainder
2129 0
214
217
213
211

0

[ S S o T =

b

111010

The fractional part is repeatedly multiplied by 2 giving:

03125 x2 = 0.625
0.625 x2= 1.25
025 x2= 0.5
0.5 X2= r 1.0
0101

Thus 58.3125;9 =111010.0101,

Now try the following exercise

Exercise 11 Further problems on
conversion of decimal
to binary numbers

In Problem 1 to 4, convert the decimal numbers
given to binary numbers.

I. (@5 (b)15 ()19 (d) 29

(a) 101,
(c) 10011,

2. (@31 (b)42 (c)57 (d)63

(a) 11111, (b) 101010,
(©) 111001,  (d) 111111,

3. (2)0.25 (b)0.21875 (c)0.28125
(d) 0.59375

(2) 0.01,
(c) 0.01001,

4. (a) 47.40625 (b)30.8125
(c) 53.90625 (d) 61.65625

(a) 101111.01101, (b) 11110.11012
(c) 110101.11101, (d) 111101.10101,

(b) 1111,
(d) 111015

(b) 0.00111,
(d) 0.10011,

3.4 Conversion of decimal to binary

via octal

For decimal integers containing several digits, repeat-
edly dividing by 2 can be a lengthy process. In this
case, it is usually easier to convert a decimal number to
a binary number via the octal system of numbers. This
system has a radix of 8, using the digits 0, 1, 2, 3, 4,
5, 6 and 7. The denary number equivalent to the octal
number 4317g is

4x8 +3x8 +1x8 4+7x8°
ie. 4x51243x644+1x8+4+7x1o0r2255g

An integer decimal number can be converted to a cor-
responding octal number by repeatedly dividing by 8
and noting the remainder at each stage, as shown below
for 493 10

8 [493 Remainder

gL 61 5
8.7 5
0 7‘l

7 55

Thus 49310 = 7558

The fractional part of a decimal number can be con-
verted to an octal number by repeatedly multiplying by
8, as shown below for the fraction 0.43751

04375 x8= —3.i3,

[iﬂ
'0.5] x8= j.o
3 4

For fractions, the most significant bit is the top integer
obtained by multiplication of the decimal fraction by 8,
thus

0.437510 = 0.34g

The natural binary code for digits O to 7 is shown
in Table 3.1, and an octal number can be converted
to a binary number by writing down the three bits
corresponding to the octal digit.

Thus 4375 = 100 011 111,

and 26.355 =010 110.011 101,
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Table 3.1
0 000
1 001
2 010
3 011
4 100
5 101
6 110
7 111

The ‘0’ on the extreme left does not signify anything,
thus 26.35g =10 110.011 101,

Conversion of decimal to binary via octal is demon-
strated in the following worked problems.

Problem 7. Convert 37149 to a binary number,
via octal

Dividing repeatedly by 8, and noting the remainder
gives:

813714 Remainder

8 464 2

8 58 0

87 2
07T

720 2

From Table 3.1, 7202g = 111 010 000 010,
ie. 371449 = 111 010 000 010,

Problem 8. Convert 0.593751¢ to a binary
number, via octal

Multiplying repeatedly by 8, and noting the integer
values, gives:

0.59375 x 8= 4.75
0.75 x 8= r 6.00
v
46

Thus 0.5937510 = 0.463

From Table 3.1. 0.463 = 0.100 110,
ie. 0.5937519 = 0.100 11,

Problem 9. Convert 5613.906251 to a binary
number, via octal

The integer part is repeatedly divided by 8, noting the
remainder, giving:

8 |5613 Remainder
8 | 701 5

o oo 0
j==l Bl Fenl BN
— N

ﬂ

12755

This octal number is converted to a binary number, (see
Table 3.1)

127553 = 001 010 111 101 101,
ie. 561310 =1010111101 101,

The fractional part is repeatedly multiplied by 8, and
noting the integer part, giving:

0.90625 x 8= 7.25
0.25 X 8= 2.00
l v
72

This octal fraction is converted to a binary number, (see
Table 3.1)

0.723 = 0.111 010,

ie. 0.9062510 =0.111 01,
Thus, 5613.90625;9p =1 010 111 101 101.111 01,

Problem 10. Convert 11 110011.100 01, to a
decimal number via octal

Grouping the binary number in three’s from the binary
point gives: 011 110 011.100 010,
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Using Table 3.1 to convert this binary number to an
octal number gives: 363.42g and

363.423 =3x8 +6x8 +3x8°
+4x8!14+2x872
=192 448 + 3+ 0.5 +0.03125
= 243.53125),

Now try the following exercise

Exercise 12 Further problems on
conversion between decimal
and binary numbers via octal

In Problems 1 to 3, convert the decimal numbers
given to binary numbers, via octal.

1. (a)343 (b)572 (c) 1265

(a) 101010111,
(c) 10011110001,

(b) 1000111100,

2. (a) 0.46875 (b)0.6875 (c)0.71875

(2) 0.01111, (b)0.1011,
(©)0.101115

3. (a)247.09375 (b) 514.4375
(c) 1716.78125

() 11110111.00011,
(b) 1000000010.0111,
(c) 11010110100.11.001,

4. Convert the following binary numbers to dec-
imal numbers via octal:

(a) 111.0111 (b) 101 001.01
(c)1110011 011 010.001 1

(a) 7.437510
(c) 7386.18751¢

(b) 41.251¢

3.5 Hexadecimal numbers

The complexity of computers requires higher order
numbering systems such as octal (base 8) and hexadeci-
mal (base 16), which are merely extensions of the binary
system. A hexadecimal numbering system has a radix
of 16 and uses the following 16 distinct digits:

0,1,2,3,4,5,6,7,8,9, A,B,C,D,Eand F

‘A’ corresponds to 10 in the denary system, B to 11, C
to 12, and so on.

To convert from hexadecimal to decimal:
For example
1Alg=1x 16" + A x 16°
=1x16'+10x1=16+10=26
ie. 1A16=2619
Similarly,
2E16 =2 x 16! + E x 16°
=2x 16" +14 x 16° =32+ 14 = 46y
and 1BFj6 =1 x 16° +B x 16! + F x 16"
=1x16%+11x 16" +15 x 16°
=256+ 176 + 15 = 447y

Table 3.2 compares decimal, binary, octal and hexadec-
imal numbers and shows, for example, that

2310 = 10111, =273 = 1746

Problem 11. Convert the following hexadecimal
numbers into their decimal equivalents: (a) 7A 16
(b) 3F16

(@) TA=7x16'+Ax16°=7x16+10x 1
=1124+10=122
Thus 7A16 = 12210

(b) 3F6=3x16'+Fx16°=3x16+15x 1
=48+ 15=63
Thus, 3F16 :6310

Problem 12. Convert the following hexadecimal
numbers into their decimal equivalents: (a) C914
(b) BD16
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Table 3.2 (@ C96=Cx16'+9x16°=12x16+9 x 1
 Decimal  Binary  Octal  Hexadecimal I
Thus C916 =201
0 0000 0 0
(b) BDjg=Bx16'+Dx16°=11x16+13x1
1 0001 1 1
=176+ 13=189

2 0010 2 2 Thus, BD16 = 18910

3 0011 3 3

4 0100 4 4 Problem 13. Convert 1A4E¢ into a denary

5 0101 5 5 number

6 0110 6 6 1A4E ¢

7 0111 7 7 3 5 ! 0

=1x16°+Ax16"4+4x 16" +E x 16

8 1000 10 8 ; ) | 0

9 1001 1 9 =1x16"4+10x 16"4+4 x 16" + 14 x 16
10 1010 12 A =1x4096+ 10 x 256 +4 x 16+ 14 x 1
1 1011 13 B = 4096 4 2560 + 64 + 14 = 6734
12 1100 14 C Thus, 1A4E1¢ = 673449
13 1101 15 D
14 1110 16 E To convert from decimal to hexadecimal:
15 1111 17 F This is achieved by repeatedly dividing by 16 and noting
16 10000 20 10 the remainder at each stage, as shown below for 261¢.
17 10001 21 11 1626 Remainder
18 10010 22 12 1611 10= Ay

0 1=1
19 10011 23 13 T
most significant bit - 1 A « least significant bit
20 10100 24 14
21 10101 25 15 Hence 2659 = 1A 16
22 1011 2 1
OL0 6 6 Similarly, for 44719
23 10111 27 17
24 11000 30 18 16 |447 Remainder
25 11001 31 19 12|_17 15=F¢
11=B
26 11010 32 1A = L1
16 _+
27 11011 33 1B 1BF
28 11100 34 1C
29 1101 35 ID Thus 44710 = 1BF 16
30 11110 36 1E
Problem 14. Convert the following decimal

31 11111 37 IF numbers into their hexadecimal equivalents:
32 100000 40 20 (@) 3710 (b) 10819
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(a) 16|37 Remainder
5=516

16| 2
0 2=25—)

most significant bit - 2 5 « least significant bit

Hence 3719 =251

(b) 16]108 Remainder
16 6 12=Cy4
|
6C

Hence 10810 = 6C16

Problem 15. Convert the following decimal
numbers into their hexadecimal equivalents:
(a) 16210 (b) 23910

(@) 16162 Remainder
1610 2 =24
0 10= A16ﬂ
A2
Hence 16219 = A2
(b) 16239 Remainder

16| 14 15=Fy4
0 14:E16W
EF

Hence 23910 = EF16

To convert from binary to hexadecimal:

The binary bits are arranged in groups of four, start-
ing from right to left, and a hexadecimal symbol is
assigned to each group. For example, the binary number
1110011110101001 is initially grouped in

fours as: 1110 0111 1010 1001

and a hexadecimal symbol

assigned to each groupas E 7 A 9
from Table 3.2

Hence 1110011110101001, = E7A94¢

To convert from hexadecimal to binary:

The above procedure is reversed, thus, for example,

6CF316=0110 1100 1111 0011
from Table 3.2
ie. 6CF316 = 110110011110011,

Problem 16. Convert the following binary
numbers into their hexadecimal equivalents:
(a) 11010110, (b) 1100111,

(a) Grouping bits in fours from the

right gives: 1101 0110
and assigning hexadecimal symbols
to each group gives: D 6

from Table 3.2
Thus, 11010110, = D646

(b) Grouping bits in fours from the

right gives: 0110 0111
and assigning hexadecimal symbols
to each group gives: 6 7

from Table 3.2
Thus, 11001112 = 6716

Problem 17. Convert the following binary
numbers into their hexadecimal equivalents:
(a) 11001111, (b) 110011110,

(a) Grouping bits in fours from the

right gives: 1100 1111
and assigning hexadecimal
symbols to each group gives: C F

from Table 3.2
Thus, 11001111, = CFy¢

(b) Grouping bits in fours from
the right gives: 0001 1001 1110
and assigning hexadecimal

symbols to each group gives: 1 9 E
from Table 3.2

Thus, 110011110, = 19E;¢

Problem 18. Convert the following hexadecimal
numbers into their binary equivalents: (a) 3F¢
(b) A616
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(a)

(b)

Spacing out hexadecimal digits gives: 3 F
and converting each into

0011 1111
from Table 3.2

binary gives:

Thus, 3F16 = 1111112

Spacing out hexadecimal digits

gives: A 6

and converting each into binary

gives: 1010 0110
from Table 3.2

Thus, A616 = 101001102

Problem 19. Convert the following hexadecimal
numbers into their binary equivalents: (a) 7Bj¢
(b) 17D16

(a)

(b)

Spacing out hexadecimal
digits gives: 7 B
and converting each into

0111 1011
from Table 3.2

binary gives:

Thus, 7B16¢ = 1111011,

Spacing out hexadecimal

digits gives: 1 7 D
and converting each into

0001 O111 1101
from Table 3.2

binary gives:

Thus, 17D16 = 101111101,

Now try the following exercise

Exercise 13 Further problems on
hexadecimal numbers

In Problems 1 to 4, convert the given hexadecimal
numbers into their decimal equivalents.

1. E7i6 [23119] 2. 2Cys
3. 9846 [15210] 4. 2Flyg

[4410]
[75310]

In Problems 5 to 8, convert the given decimal
numbers into their hexadecimal equivalents.

5. 544 [3616] 6. 2009 [C816]
7. 919 [5Bis] 8. 238ip [EE 6]

In Problems 9 to 12, convert the given binary
numbers into their hexadecimal equivalents.

9. 11010111, [D716]
10. 11101010, [EAj6]
11. 10001011, [8Bi6]
12. 10100101, [A516]

In Problems 13 to 16, convert the given hexadeci-
mal numbers into their binary equivalents.

13. 3756 [110111,]
14. EDyq [111011015]
15. 9F¢ [100111115]
16. A2l [101000100001,]



Chapter 4

Calculations and evaluation

4.1 Errors and approximations

(i) Inall problems in which the measurement of dis-
tance, time, mass or other quantities occurs, an
exact answer cannot be given; only an answer
which is correct to a stated degree of accuracy
can be given. To take account of this an error
due to measurement is said to exist.

(ii)) To take account of measurement errors it is usual
to limit answers so that the result given is not
more than one significant figure greater than
the least accurate number given in the data.

(iii) Rounding-off errors can exist with decimal frac-
tions. For example, to state that 7 =3.142 is not
strictly correct, but ‘w=3.142 correct to 4 sig-
nificant figures’ is a true statement. (Actually,
m=3.14159265...)

(iv) It is possible, through an incorrect procedure, to
obtain the wrong answer to a calculation. This
type of error is known as a blunder.

(v) An order of magnitude error is said to exist if
incorrect positioning of the decimal point occurs
after a calculation has been completed.

(vi) Blunders and order of magnitude errors can be
reduced by determining approximate values of
calculations. Answers which do not seem feasi-
ble must be checked and the calculation must be
repeated as necessary.

An engineer will often need to make a quick men-

tal approximation for a calculation. For exam-
49.1 x 18.4 x 122.1

61.2 x 38.1

ple, may be approximated

of formulae

50 x 20 x 120
0 ﬁ and then, by cancelling,
SOXI%XWI =50. An accurate answer
160 ><élr(7¢1 '

somewhere between 45 and 55 could therefore be
expected. Certainly an answer around 500 or 5
would not be expected. Actually, by calculator

49.1 x 18.4 x 122.1

61.2 x 38.1
nificant figures.

= 47.31, correct to 4 sig-

Problem 1. The area A of a triangle is given by

A= lbh. The base b when measured is found to be

3.26 cm, and the perpendicular height % is 7.5 cm.
Determine the area of the triangle.

1 1
Area of triangle = Ebh =5 x 3.26 x 7.5
=12.225 cm? (by calculator).

The approximate values is — x 3 x 8 =12cm?, so

there are no obvious blunder or magnitude errors. How-
ever, it is not usual in a measurement type problem to
state the answer to an accuracy greater than 1 significant
figure more than the least accurate number in the data:
this is 7.5 c¢m, so the result should not have more than
3 significant figures

Thus, area of triangle = 12.2 cm?

Problem 2. State which type of error has been
made in the following statements:

(a) 72x31.429=22629
(b) 16x0.08 x7=89.6
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(¢) 11.714 x 0.0088 =0.3247 correct to 4 decimal
places.

29.74 x 0.0512
(d) SZEx DL =0.12, correct to 2 significant
11.89
figures.

(a) 72 x31.429=2262.888 (by calculator), hence a
rounding-off error has occurred. The answer
should have stated:

72 x 31.429 =2262.9, correct to 5 significant fig-
ures or 2262.9, correct to 1 decimal place.

8 32 x7
() 16x0.08x7=16x —— x7=""x
100 25
_24_ 4
T 25 7 25

Hence an order of magnitude error has occurred.

(¢) 11.714 x0.0088 is approximately equal to
12x9 x 1073, i.e. about 108 x 10~3 or 0.108.
Thus a blunder has been made.

29.74 % 0.0512 30 x 5 x 1072
11.89 - 12

1 1 1
= 150 = 15 =—-o0r0.125
12x 102 120 8

hence no order of magnitude error has occurred.
29.74 x 0.0512

(d)

However, =0.128 correct to 3

significant figures, which equals 0.13 correct to
2 significant figures.

Hence a rounding-off error has occurred.

Problem 3. Without using a calculator, determine
an approximate value of:
11.7 x 19.1
9.3 x5.7

2.19 x 203.6 x 17.91

@ 12.1 x 8.76

w LTx191, - o 1020
a — 1S approximately equal to
903x57 AP ¥y eq 10x5

i.e. about 4
11.7 x 19.1

T 9.3x5.7
significant figures.)

2.19x203.6 x 17.91 2 x 20200 x 207
121x876 M0 x 10,

=2 x 20 x 2 after cancelling,

(By calculator, =4.22, correct to 3

(b)

2.19x203.6 x 1791 _

i.e. ~ 80
12.1 x 8.76

2.19x203.6 x 1791 _

~'75.3,
12.1 x 8.76
correct to 3 significant figures.)

(By calculator,

Now try the following exercise

Exercise 14 Further problems on errors

In Problems 1 to 5 state which type of error, or
errors, have been made:

1. 25x0.06 x 1.4=0.21
[order of magnitude error]

2. 137 x6.842=9374
Rounding-off error—should add ‘correct

to 4 significant figures’ or ‘correct to
1 decimal place’

24 % 0.008
30 22X 1042

[Blunder]
12.6

4. For a gas pV = c. When pressure p = 103 400
Pa and V =0.54 m? then ¢ =55 836 Pam?.
Measured values, hence

|:c=55800Pam3 ]

4.6 x0.
5, H6x007 g oos
523x0274

Order of magnitude error and rounding-
off error—should be 0.0225, correct to 3
significant figures or 0.0225,

correct to 4 decimal places

In Problems 6 to 8, evaluate the expressions
approximately, without using a calculator.

6. 47x63 [~30 (29.61, by calculator)]

2.87 x 4.07
6.12 x 0.96

~2 (1.988, correct to 4 s.f., by
calculator)

72.1 x 1.96 x 48.6
139.3 x5.2

~10 (9.481, correct to 4 s.f., by
calculator)

8.
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4.2 Use of calculator

The most modern aid to calculations is the pocket-sized
electronic calculator. With one of these, calculations
can be quickly and accurately performed, correct to
about 9 significant figures. The scientific type of calcu-
lator has made the use of tables and logarithms largely
redundant.

To help you to become competent at using your cal-
culator check that you agree with the answers to the
following problems:

Problem 4. Evaluate the following, correct to 4
significant figures:

(a) 4.7826 4 0.02713 (b) 17.6941 — 11.8762
(c) 21.93 x 0.012981

(a) 4.782640.02713=4.80973 =4.810, correct to
4 significant figures

(b) 17.6941 —11.8762=5.8179 =5.818, correct to
4 significant figures

(c) 21.93x0.012981 =0.2846733...=0.2847, cor-
rect to 4 significant figures

Problem 5. Evaluate the following, correct to 4
decimal places:

4.621
46.32 x 97.17 x 0.01258  (b) —e
@ x 9717 % ® 2376

1
(c) 5(62.49 x0.0172)

(a) 46.32x97.17 x 0.01258 =56.6215031. ..
=56.6215, correct to 4 decimal places

4.621
(b) —— =0.19448653...=0.1945, correct to 4
23.76

decimal places

1
(c) 5(62.49 x 0.0172) =0.537414 = 0.5374, correct
to 4 decimal places

Problem 6. Evaluate the following, correct to 3
decimal places:

1 1 1 1

5273 Do 910 1o

(a)

1
(a) ———=0.01896453... =0.019, correct to 3
52.73

decimal places

(b) =36.3636363... =36.364, correct to 3

decimal places

0.0275

1 1
(©) T + To7 = 0.71086624 ... =0.711, correct to

3 decimal places

Problem 7. Evaluate the following, expressing
the answers in standard form, correct to 4
significant figures.

(2) (0.00451)2
(c) 46.27* — 31.792

(b) 631.7 — (6.21 4+ 2.95)*

(@) (0.00451)% =2.03401 x 1075 = 2.034 x 1073,
correct to 4 significant figures

(b) 631.7 — (6.21 +2.95)% = 547.7944
=5.477944 x 10> = 5.478 x 102, correct to 4
significant figures

(c) 46.27* —31.79*=1130.3088 =1.130 x 103,
correct to 4 significant figures

Problem 8. Evaluate the following, correct to 3
decimal places:

2.37)2 3.60\2 5.40\°
(a)( ) (b)( ) +( )

0.0526 1.92 2.45
© 15
C e —
7.62 —4.82
2.37)
(a) ( ) =106.785171...=106.785, correct to 3
0.0526

decimal places

3.60\° 5.40\°
® (=) + (=) =8.37360084...=8.374,
1.92 2.45

correct to 3 decimal places

15

© e _is

=0.43202764. ..=10.432, correct to

3 decimal places

Problem 9. Evaluate the following, correct to 4
significant figures:

(a) v/5.462  (b) +/54.62 (c) +/546.2
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(a) +/5.462=2.3370922...=2.337, correct to 4 sig-
nificant figures

(b) +/54.62=7.39053448...=17.391, correct to 4
significant figures

(c) +/546.2 = 23.370922... = 23.37, correct to 4
significant figures

Problem 10. Evaluate the following, correct to 3
decimal places:

(a) ~/0.007328 (b) +/52.91 — /3176
(c) V1.6291 x 107

(a) +/0.007328 =0.08560373 =0.086, correct to 3
decimal places

(b) /5291 — +/31.76 = 1.63832491... = 1.638,

correct to 3 decimal places

() +1.6291 x 10* = /16291 = 127.636201. ..
=127.636, correct to 3 decimal places

Problem 11. Evaluate the following, correct to 4
significant figures:

(a) 4.723  (b) (0.8316)* (c) v/76.212 —29.102

(a) 4.72° =105.15404. ..=105.2, correct to 4 signif-
icant figures

(b) (0.8316)* =0.47825324...=0.4783, correct to 4
significant figures

() +/76.212 — 29.10%2 =70.4354605. . . = 70.44, cor-

rect to 4 significant figures

Problem 12. Evaluate the following, correct to 3
significant figures:

(a) Sle2 (b) v/47.291
252 x /7 ’
() V72132 +6.4183 +3.2914
6.092
(a) —— =0.74583457. . . =0.746, correct
252 x /7

to 3 significant figures

(b) /47.291 =3.61625876. ..=23.62, correct to 3
significant figures

() ~/7.2132+6.418% +3.2914 =20.8252991. . .,
=20.8 correct to 3 significant figures

Problem 13. Evaluate the following, expressing
the answers in standard form, correct to 4 decimal
places:

(@) (5.176 x 1073)2

®) 1.974 x 10" x 8.61 x 10-2\*
3.462

(€) V1.792 x 10—*

(@) (5.176 x 10732 =2.679097... x 107>
=2.6791 x 10_5, correct to 4 decimal places

1.974 x 10" x 8.61 x 1072
(b)

3.462
=5.8089 x 10_2, correct to 4 decimal places

(¢) V1.792x 10-4=0.0133865...=1.3387 x 1072,
correct to 4 decimal places

4
) =0.05808887. ..

Now try the following exercise

Exercise 15 Further problems on the use of
a calculator

In Problems 1 to 9, use a calculator to evaluate the
quantities shown correct to 4 significant figures:

1. (a)3.249% (b) 73.782 (c) 311.42 (d) 0.06392

(2)10.56  (b)5443  (c) 96970
(d) 0.004083

2. (a) VAT35 (b)+/35.46 (c) /73280
(d) +/0.0256

()2.176  (b)5.955 (c)270.7
(d)0.1600
1 1 1

3 @ 7.768 ® %26 © oosie
(d)

1.118
[(a)0.1287

() 12.25

4. (a) 127.8 x 0.0431 x 19.8
(b) 15.76 = 4.329

(b)0.02064
(d)0.8945

[(a) 109.1
11.82 x 1.736
0.041

[(a) 0.2489 (b) 500.5]

(b) 3.641]

137.6

> @Wimg ©
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6. (a)13.6° (b)3.476* (c)0.124° Caleulate:
[()2515 (b)146.0 (c)0.00002932] (a) how many French euros £27.80 will buy
3 (b) the number of Japanese yen which can be
7. (a) (M) bought for £23
7412 24 (c) the pounds sterling which can be exchanged
(b) (M) for 7114.80 Norwegian kronor
ARG (d) the number of American dollars which can be
[(a) 0.005559 (b) 1.900] purchased for £90, and
8. () 14.323 ®) 4.8213 (e) the pounds sterling which can be exchanged
- o168 17332 — 1586 x 11.6 for 2990 Swiss francs
[(a) 6.248 (b) 0.9630]
2 (a) £1=1.46 euros, hence
9. (@ | 136D £27.80 = 27.80 x 1.46 euros = 40.59 euros
29.21 x +/10.52
x (b) £1=220yen, hence
(b) v/6.9212 4 48163 — 2.1614 £23 =23 x 220 yen = 5060 yen
[(a) 1.605 (b) 11.74] (¢) £1=12.10 kronor, };elnl(f %0
10. Evaluate the following, expressing the 7114.80 kronor =£ B 1'0 = £588
answers in standard form, correct to 3 dec- )
imal places: (a) (8.291 x 1022 (d) £1=1.95 dollars, hence

£90 =190 x 1.95 dollars = $175.50

(e) £1=2.30 Swiss francs, hence
2990

2990 franc = £ —— = £1300
2.30

4.3 Conversion tables and charts Problem 15. Some approximate imperial to
metric conversions are shown in Table 4.2

(b) v/7.623 x 103
[(a) 6.874 x 1073 (b) 8.731 x 1072]

It is often necessary to make calculations from var- Table 4.2
ious conversion tables and charts. Examples include :
currency exchange rates, imperial to metric unit con- length 11n?h=2-54 Cim
versions, train or bus timetables, production schedules I'mile = 1.61 km
and so on. weight 22lb=1kg
(1lb=160z2)
Problem 14. Currency exchange rates for five capacity 1.76 pints = 1 litre
countries are shown in Table 4.1 (8 pints = 1 gallon)
Table 4.1 Use the table to determine:
France £1 =1.46 euros (a) the number of millimetres in 9.5 inches,
(b) aspeed of 50 miles per hour in kilometres
Japan £1=220 yen per hour’
(c) the number of miles in 300 km,
Norway £1=12.10 kronor (d) the number of kilograms in 30 pounds weight,
Switzerland £1 =2.30 francs (e) the number of pounds and ounces in 42

kilograms (correct to the nearest ounce),
US.A. £1=1.95 dollars ($) (f) the number of litres in 15 gallons, and
(g) the number of gallons in 40 litres.
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(@) 9.5inches=9.5 x 2.54cm=24.13cm
Below is a list of some metric to imperial
24.13cm =24.13 x 10 mm =241.3 mm conversions.
(b) 50m.p.h. =50 x 1.61 km/h = 80.5 km/h Length  2.54 cm=1 inch
300 1.61 km =1 mile
(¢) 300km= Tel miles = 186.3 miles Weight 1kg=2.21b (1 Ib= 16 ounces)
. Capacity 1 litre =1.76 pints
30 8 pints = 1 gall
(d) 30Ib= % kg =13.64 kg (8 pints = 1 gallon)
. . _ Use the list to determine (a) the number
(©) 42kg=42x22lb=9241b of millimetres in 15 inches, (b) a speed of
0.41b=0.4 x 16 0z =6.4 0z = 6 0z, correct to the 35mph in km/h, (c) the number of kilome-
nearest ounce tres in 235 miles, (d) the number of pounds
and ounces in 24 kg (correct to the near-
Thus 42 kg:92 Ib 6 oz, correct to the nearest est ounce), (e) the number of kﬂograms in
ounce. 151b, (f) the number of litres in 12 gallons
(f) 15 gallons = 15 x 8 pints = 120 pints and (g) the number of gallons in 25 litres.
120 (a) 381 mm (b) 56.35 km/h
120 pints = —— litres = 68.18 litres (c)378.35km  (d) 521b 130z
1.76 (e) 6.82kg (f) 54.55 litre
(g) 40 litres =40 x 1.76 pints = 70.4 pints (g) 5.5 gallons

. 70.4
70.4 pints = e gallons = 8.8 gallons

Now try the following exercise

Exercise 16 Further problems conversion

1.

tables and charts

Currency exchange rates listed in a newspaper
included the following:

Italy £1 =1.48 euro
Japan £1 =225 yen
Australia £1 =2.50 dollars

Deduce the following information from the
train timetable shown in Table 4.3:

(a) At what time should a man catch a train
at Mossley Hill to enable him to be in
Manchester Piccadilly by 8.15 a.m.?

(b) A girlleaves Hunts Cross at 8.17 a.m. and
travels to Manchester Oxford Road. How
long does the journey take? What is the
average speed of the journey?

(c) A man living at Edge Hill has to be at
work at Trafford Park by 8.45 a.m. Ittakes
him 10 minutes to walk to his work from
Trafford Park station. What time train
should he catch from Edge Hill?

Canada £1=%$2.20
Sweden  £1 =13.25 kronor (a) 7.09 a.m.
Calculate (a) how many Italian euros £32.50 {8) P, Sl iy,
(c) 7.04 am.

will buy, (b) the number of Canadian dol-
lars that can be purchased for £74.80, (c) the
pounds sterling which can be exchanged for
14 040 yen, (d) the pounds sterling which can
be exchanged for 1754.30 Swedish kronor, and

4.4 Evaluation of formulae

The statement v =u + at is said to be a formula for v
in terms of u, a and .

v, u, a and ¢ are called symbols.

The single term on the left-hand side of the equation, v,
is called the subject of the formulae.

(e) the Australian dollars which can be bought
for £55

[(a) 48.10 euros (b) $164.56

(c) £62.40 (d) £132.40

(e) 137.50 dollars]




Table 4.3  Liverpool, Hunt’s Cross and Warrington — Manchester

- o
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Liverpool Lime Street
Edge Hill

Mossley Hill

West Allerton
Allerton

Liverpool Central

Garston (Merseyside)

Hunt’s Cross
Halewood

Hough Green
‘Widnes

Sankey for Penketh

‘Warrington Central

Padgate
Birchwood
Glazebrook
Iriam

Flixton
Chassen Road
Urmston
Humphrey Park
Trafford Park

Deansgate

Manchester Oxford Road

Manchester Piccadilly

Stockport

Shetfield

82,99
82,99

82
82

82

101

101

81
81

81

81,90

90

/e o o

0003
0013

0023
0027
0027
00 34

0525

05u38

05 50
0551

05 56

06 02
06 06
06 08
06 10
0613
06 15

06 22
0623
06 25
06 34
07 30

0537

05u50

06 02
06 03

06 08

0622
0623
06 25
06 34
07 30

06 30
06 33
06 36
06 41
06 44
06 48
06 50
06 52
06 55
06 57
0703
0705

06 03

0617
06 20
0624
0627
06 32
06 37

0623

06 46
06 46

0651

07 08
07 09
07 11
07 32

07 00
0703
0706
0711
07 14
0718
0720
0722
0725
0727
0733
07 35

06 30
06 34
0639
06 41
0643
0673
06 26
06 47
06 50
06 54
06 57
0702

0707

06 54

06 45
06 56
07u07

07 19
07 20

0725

07 40
07 41
0743
07 54

08 42

0730
0733
0736
0741
07 44
07 48
07 50
0752
0755
0757
08 03
08 05

07 00
07 04
07 09
0711

0713

0717
0720
0724
0727
0732

07 37

0717

0735

0743
0743

0748

07 54

08 08
08 09
08 11
08 32

08 00
08 03
08 06
08 11
08 14
08 15
08 20
08 22
08 25
08 27
08 33
08 35
08 37

08 39

07 30
07 34
07 39
07 41
0743
0715
07 26
0747
07 50
07 54
0757
08 02

08 07

0745
07 56
08u05

08 12

08 20
08 20

08 25

08 40
08 41
0843
08 54

08 42

08 34
08 38
08 40
08 42
0845
08 47
08 52
08 54
08 55
08 57
0919

08 30
08 33
08 34
08 41
08 44
08 48
08 50
08 52
08 55
08 57
0903
09 05

08 00
08 04
08 09
08 11
08 13

08 17
08 20
08 24
0827
08 32

08 37

08 23

08 46
08 46

08 51

09 08
09 09
0911
09 32

09 00
09 03
09 06
0911
09 14
09 18
09 20
09 22
0925
0927
09 33
09 35

08 30
08 34
08 39
08 41
08 43
0875
08 26
08 47
08 50
08 54
08 57
09 02

09 07

(Continued)
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Table 4.3 Continued

Edge Hill 82,99 d 09 04 09 34 10 04 1034 1104 1134 1204 1234 1304

West Allerton 82 d 0911 09 41 1011 1041 1111 1141 1211 1241 1311

Liverpool Central 100 d 0945 0915 0945 1015 1045 1175 1145 1215 1245

Hunt’s Cross d  09u09 09 17 0947 10u09 1017 1047  11u09 1117 1147 12009 1217 1247 13u09 1317

Hough Green d 09 24 09 54 1024 10 54 1124 1154 1224 12 54 1324
Sankey for Penketh d 09 32 1002 10 32 1102 1132 12 02 1232 1302 1332

d 0922 0930 0946 1000 1022 10 46 11 00 1122 1146 1200 1222 1246 13 00 1322

Birchwood d 09 36 0951 1006 1051 1106 1151 1206 1251 1304

Chassen Road d 09 50 1020 1120 1220 1320
Humphrey Park d 09 55 1025 1125 1225 1325
Deansgate 81 d 1003 1033 1133 1233 1333
d 0941 1006 1009 1041 1109 1141 1209 1241 1309 1341

Stockport 81,90 a 0954 1025 1032 10 54 1132 1154 1232 1254 1332 1354

Reproduced with permission of British Rail

sonewayieyy bupauibuy ¢
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Provided values are given for all the symbols in a
formula except one, the remaining symbol can be made
the subject of the formula and may be evaluated by using
a calculator.

Problem 16. In an electrical circuit the voltage V
is given by Ohm’s law, i.e. V = IR. Find, correct to
4 significant figures, the voltage when I =5.36 A
and R=14.76 Q.

V =IR=(5.36)(14.76)

Hence, voltage V =79.11V, correct to 4 significant
figures.

Problem 17. The surface area A of a hollow cone
is given by A = wrl. Determine, correct to 1 decimal
place, the surface area when » = 3.0 cm and
[=8.5cm.

A =nmrl =7 (3.0)(8.5) cm?

Hence, surface areaA = 80.1 ecm?2, correct to 1 decimal
place.

Problem 18. Velocity v is given by v=u + at. If
u=9.86m/s,a=4.25m/s? and r = 6.84s, find v,
correct to 3 significant figures.

v=u-+at = 9.86 + (4.25)(6.84)
= 9.86 +29.07 = 38.93

Hence, velocity v =38.9 m/s, correct to 3 significant
figures.

Problem 19. The power, P watts, dissipated in an

electrical circuit may be expressed by the formula
2

Vv
P = — . Evaluate the power, correct to 3 significant
figures, given that V =17.48 V and R =36.12 Q.

p_ V2 _ (17487 3055504
R 3612 3612

Hence power, P =8.46 W, correct to 3 significant
figures.

Problem 20. The volume V cm? of a right

. L 1 .
circular cone is given by V = —r2h. Given that

r=4.321 cm and 2 = 18.35 cm, find the volume,
correct to 4 significant figures.

1 2 1 2
V= 3mrth = Sm(4.321)%(18.35)

1
= gn(18.671041)(18.35)

Hence volume, V = 358.8 cm?, correct to 4 significant
figures.

Problem 21. Force F newtons is given by the
Gm1m2
—_—
d their distance apart and G is a constant. Find the
value of the force given that G=6.67 x 10~

my =7.36, my = 15.5 and d = 22.6. Express the
answer in standard form, correct to 3 significant
figures.

formula F = , where m; and m, are masses,

p_ Gmimay _ (6,67 x 10711)(7.36)(15.5)
Cdr (22.6)2

_ (6.67)(7.36)(15.5)  1.490
T(1011y510.76) 1011

Hence force F =1.49 x 10~!1 newtons, correct to
3 significant figures.

Problem 22. The time of swing ¢ seconds, of a
simple pendulum is given by t =2x_| —

Determine the time, correct to 3 decimal places,
given that /=12.0 and g =9.81

f—n [ o) [12.0
= ZLTT - = T ——
g 9.81

= (2)n+v1.22324159
= (2)(1.106002527)

Hence time 7 = 6.950 seconds, correct to 3 decimal
places.
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Problem 23. Resistance, RS2, varies with
temperature according to the formula

R = Ry(1 + ). Evaluate R, correct to 3 significant
figures, given Ry = 14.59, @ = 0.0043 and 7 = 80.

R = Ro(1 + at) = 14.59[1 + (0.0043)(80)]
= 14.59(1 + 0.344)
= 14.59(1.344)

Hence, resistance, R = 19.6 2, correct to 3 significant
figures.

Now try the following exercise

Exercise 17 Further problems on
evaluation of formulae

1. A formula used in connection with gases
is R=(PV)/T. Evaluate R when P = 1500,
V =5 and T =200. [R=37.5]

2. The velocity of a body is given by v =u + at.
The initial velocity u is measured when time
t is 15 seconds and found to be 12 m/s. If the
acceleration a is 9.81 m/s? calculate the final
velocity v. [159 m/s]

3. Find the distance s, given that s = % gtz, time
t =0.032 seconds and acceleration due to
gravity g =9.81 m/s’.

[0.00502 m or 5.02 mm]

4. The energy stored in a capacitor is given
by E = %CV2 joules. Determine the energy
when capacitance C =5 x 107 farads and
voltage V =240V. [0.144 7]

5. Resistance R, is given by Ry =R (1 + «at).
Find R», correct to 4 significant figures, when

R =220, «=0.00027 and t =75.6.
[224.5]

ass

6. Density =

volume
the mass is 2.462kg and the volume is
173 cm?. Give the answer in units of kg/m>.
[14 230 kg/m?]

. Find the density when

7. Velocity = frequency x wavelength. Find the
velocity when the frequency is 1825 Hz and
the wavelength is 0.154 m. [281.1 m/s]

10.

11.

12.

13.

14.

15.

16.

17.

18.

Evaluate resistance Ry, given
1 1 1 1
— = h R =559,
Ry R1+R2+R3 when R;
R, =7.42Q and R3 =12.6 Q. [2.526 2]

force x distance .
Power = —— . Find the power

time
when a force of 3760 N raises an object a
distance of 4.73 m in 35s. [508.1 W]

The potential difference, V volts, available
at battery terminals is given by V=FE —Ir.
Evaluate V when E=5.62, I=0.70 and
R=4.30 [V=2.61V]

Given force F = %m(v2 —u?), find F when
m=183,v=12.7 and u=8.24
[F =854.5]

The current / amperes flowing in a number

of cells is given by [ = . Evaluate the
nr

current when n=36. E =2.20, R=2.80 and

r=0.50 [I=3.81A]

The time, ¢ seconds, of oscillation for a sim-
l

ple pendulum is given by t =2m_[ —. Deter-
g

mine the time when 7 =3.142, [ = 54.32 and

§=9.81 [t=14.795]

Energy, E joules, is given by the formula
E = 1LI*. Evaluate the energy when L =5.5
and/=1.2 [E=3.96]]

The current / amperes in an a.c. circuit is

given by I = ———". Evaluate the current
R? + X2
when V=250,R=11.0and X =16.2
[I=12.77A]

Distance s metres is given by the formula

s=ut+% a’. If u=9.50, +=4.60 and

a = —2.50, evaluate the distance.
[s=17.25m)]

The area, A, of any triangle is given
by A=.s(s—a)s—b)s—c) where

a+b+c
§=———

Evaluate the area given

a=3.60cm, b=4.00cm and ¢ =5.20 cm.
[A=7.184 cm?]

Given that a =0.290, b =14.86, ¢ =0.042,
d =31.8 and e = 0.650, evaluate v, given that

ab d
V=, — —— [v=17.327]
c e



Revision Test 1

This Revision test covers the material contained in Chapters 1 to 4. The marks for each question are shown in brackets
at the end of each question.

1.

2 1
Simplif 2—=3-
implify (a) 3 3

(b) ! . (2 F ! F2 ! ©)

4 1y " \3 5 24

Zx2-
7 4

A piece of steel, 1.69m long, is cut into three

pieces in the ratio 2 to 5 to 6. Determine, in

centimetres, the lengths of the three pieces. (4)

576.29
Evaluate

(a) correct to 4 significant figures
(b) correct to 1 decimal place )

Determine, correct to 1 decimal places, 57% of
17.64 ¢ (@)

Express 54.7 mm as a percentage of 1.15 m, cor-
rect to 3 significant figures. 3)

Evaluate the following:

23 x2x22 (23 x 16)?
24 (8 x 2)3

1\! 1
(©) <4—2) (d) @27)" 3

(a)

(14)

Express the following in both standard form and
engineering notation

(a) 1623 (b)0.076 (c) 145% 3)

Determine the value of the following, giving the
answer in both standard form and engineering
notation

(a) 5.9 x 10> +7.31 x 10?
(0)2.75x 1072 —2.65 x 1073 4)

10.

11.

12.

13.

14.

15.

16.

Convert the following binary numbers to deci-
mal form:

(a) 1101 (b) 101101.0101 5)

Convert the following decimal number to binary
form:

(a) 27 (b) 44.1875 (6)

Convert the following decimal numbers to bin-
ary, via octal:

(a) 479  (b) 185.2890625 ©)

Convert (a) SFj¢ into its decimal equiva-

lent (b) 132;¢ into its hexadecimal equivalent

(c) 1101010115 into its hexadecimal equivalent
(6)

Evaluate the following, each correct to 4 signifi-
cant figures:
1
+0.0527 3
0045 © &

Evaluate the following, each correct to 2 decimal
places:

2 3
@) <36.2 X 0.561>

(a) 61.22> (b)

27.8 x 12.83

14.692
V17.42 x 37.98

If 1.6km=1 mile, determine the speed of
45 miles/hour in kilometres per hour. 3)

(b) )

Evaluate B, correct to 3 significant figures, when
W=720, v=10.0 and g=9.81, given that
Wu?
=% @
§

Section 1




Chapter 5

5.1 Basic operations

Algebra is that part of mathematics in which the rela-
tions and properties of numbers are investigated by
means of general symbols. For example, the area of
a rectangle is found by multiplying the length by the
breadth; this is expressed algebraically as A=/ x b,
where A represents the area, [/ the length and b the
breadth.

The basic laws introduced in arithmetic are gener-
alised in algebra.

Let a, b, ¢ and d represent any four numbers. Then:

i) a+b+o)=@+b)+c
@i1) a(bc)=(ab)c
(i) a+b=b+a

(iv) ab=ba
v) alb+c)=ab+ac
. a+b a b
(vi) =—+-
c c c

(vii) (a+b)(c+d)=ac+ad+bc+ bd

Problem 1. Evaluate: 3ab — 2bc + abc when
a=1,b=3and c=5

Replacing a, b and ¢ with their numerical values gives:

3ab —2bc +abc =3 x1x3—-2x3x5
+1x3x%x5
=9-30+15=-6

Problem 2. Find the value of 4p?>qr°, given the
1 1
=2,g=-andr=1-
D g=zandr=1z

Algebra

Replacing p, g and r with their numerical values gives:

3
e

=4 x2xX2xX=-X=X
2

(O8]

x — =27

N W
N W

[\

Problem 3. Find the sum of: 3x, 2x, —x and —7x

3x+2x=5x
The sum of the negative terms is: x4+ 7x =8x

The sum of the positive term is:

Taking the sum of the negative terms from the sum of
the positive terms gives:

5x —8x = —-3x
Alternatively
3x+2x+(—x)+(—7x)=3x+2x —x —Tx

=-3x

Problem 4. Find the sum of 4a, 3b, ¢, —2a, —5b
and 6¢

Each symbol must be dealt with individually.
For the ‘a’ terms: +4a — 2a =2a

For the ‘b’ terms: +3b — 5b = —2b

For the ‘¢’ terms: +c+6c="7c

Thus
4a+3b+c+ (—2a)+ (—5b)+ 6¢

=4a+3b+c—2a—5b+ 6¢
=2a—-2b+7c

Problem 5. Find the sum of: 5a — 2b, 2a + ¢,
4b —5d and b — a+ 3d — 4c
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The algebraic expressions may be tabulated as shown
below, forming columns for the a’s, b’s, ¢’s and d’s.
Thus:

+5a —2b

+2a +c
+4b —5d

—a+ b—4c+3d

6a+ 3b— 3c—2d

Adding gives:

Problem 6. Subtract 2x + 3y — 4z from
x—2y+5z

x —2y+5z
2x +3y—4z
Subtracting gives: —x —5y+9z

(Note that +57 ——4z =457+ 47=9z7)

An alternative method of subtracting algebraic
expressions is to ‘change the signs of the bottom line
and add’. Hence:

x—2y+5z
—2x —3y+4z

Adding gives: —x —5y+9z

Problem 7. Multiply 2a+3b by a+ b

Each term in the first expression is multiplied by a, then
each term in the first expression is multiplied by b, and
the two results are added. The usual layout is shown
below.
2a + 3b
a—+ b

Multiplying by a —  2a* + 3ab
Multiplying by b — + 2ab + 3b?
Adding gives: 2a* + Sab + 3b*

Problem 8. Multiply 3x — 2y? 4+ 4xy by 2x — Sy

Algebra
3x — 2y% +4xy
C 2x — Sy

Multiplying

by 2x — 6x2 — 4xy® +8x%y
Multiplying

by —5y — — 20xy? — 15xy + 10y?
Adding gives: 6x* — 24xy? + 8x2y — 15xy + 10y°

Problem 9. Simplify: 2p - 8pq

2

2p = 8pg means 8—p This can be reduced by cancelling
Pq

as in arithmetic.

2p B lzxgl l

Thus: — = =
8pq Baxpixq 4q

Now try the following exercise

Exercise 18 Further problems on basic
operations

1. Find the value of 2xy+ 3yz —xyz, when
x=2,y=—2and z=4 [—16]

2
2. Evaluate 3pg*r® when p= 3’ qg=-2 and

r=-—1 [—8]

3. Find the sum of 3a, —2a, —6a, 5a and 4a
[4a]
4. Add together 2a+3b+4c, —5a—2b+c,
4a — 5b — 6¢ [a—4b—c]
5. Add together 3d +4e, —2e-+f, 2d —3f,
4d — e +2f —3e [9d — 2e]

6. From 4x — 3y + 2z subtract x +2y — 3z

[3x — 5y + 5z]

3 b b
7. Subtract —a — = + ¢ from = — 4a — 3¢
2 3 2

1 5
|:—5§a 25 4c]
8. Multiply 3x +2y by x —y
[3x* —xy — 2y°]

9. Multiply 2a —5b+c by 3a+b
[6a% — 13ab + 3ac — 5b* + bc]

10.  Simplify (i) 3a = 9ab (i) 4a*b + 2a
1
[(i) 5 Zab]
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5.2 Laws of Indices

Problem 13. Simplify: A 176 and evaluate
. ) q'?r
The laws of indices are: a™ when p =16, g =9 and r =4, taking positive roots
(i) a™ x a® =am+n (ii) E =qgm " only
(i) (@) =a™ @iv) a™/n = W
1 . . . . .
—n_ 1 . 0_ Using the second law of indices gives:
v an_“" o=t 1/2)—(1/4) 2—(1/2) (2/3)—(1/6) __ 1/4 3/2 1/2
p(/)_(/)q_(/)r(/)_(/)zp/q/r/
Problem 10. Simplify: a’b%c x ab3c? When p=16,¢g=9 and r =4,

p1/4q3/2r1/2 _ (16)1/4(9)3/2(4)1/2
5 = (V16)(v/93)(v/4)
= (2)(3*)(2) = 108

Grouping like terms gives:

@ xaxb*xb xcxc

Using the first law of indices gives:

31 23 o 145 b3
o Problem 14. Simplify: =22
ie. a* x b° x c® =a*b5co Xy
Problem 11. Simplify: Algebraic expressions of the form can be split

— a b
a'?b?c2 x a'5p1/2¢ into — + —. Thus
c c

2,3 2 2,3 2
Using the first law of indices, Xy A xy _ Y + -
Xy Xy Xy

a2p2c2 x g V/Op1/2), o

=x2—1y3—1 +x= 1y

— QUDH/6) o 241/ | 24 ,
=xy* +y
— 2Pp5201

(since x? = 1, from the sixth law of indices)

3204
Problem 12.  Simplify: ———- and evaluate X2y
abe Problem 15. Simplify: ——=—
Whena=3,b=§andc=2 xXys — Xy

The highest common factor (HCF) of each of the three

Using the second law of indices, terms comprising the numerator and denominator is xy.

e Dividing each term by xy gives:
it ek A 2
Y
: x%y X
< Xy
and A2 0 _ _
c—2 XyZ — Xy xy2 B )2 y— 1
3,2 4 e
abe Xy o oxy
Thus =a?bct
abc—2

! Problem 16. Simplify: (p®)!/2(¢%)*
Whena=3,b= 3 and c=2,

Using the third law of indices gives:
a*bc® = (3)? 1 2)°=(9) 1 (64)=172
- 8 - ] - (32,8

31/ 254 _ p3) g

p




Algebra

41

(mn®)?

Problem 17. Simplify: m

The brackets indicate that each letter in the bracket must
be raised to the power outside. Using the third law of
indices gives:

(mn2)3 m1x3n2x3 m3n6
(m1/2p1/4)4

T (/2 xd 1744 T

m2n!
Using the second law of indices gives:

w325 = mn

Problem 18. Simplify:

1
(@® VbV cS)(Ja Vb2 ¢*) and evaluate when a = =
b=6andc=1

Using the fourth law of indices, the expression can be
written as:

(@b 25120 2?3 3
Using the first law of indices gives:

LD A/D+C/3) (5243 _ [1/21,7/6,.11/2

It is usual to express the answer in the same form as the
question. Hence

12p7/6,11/2

N~K AN

1
Whena:z,b=64andc:1,

Va Vb7 el \/> 64 11)
( ) @’ =1

d2e2F112

(d3/2ef5/2)2
the answer with positive indices only

Problem 19. Simplify: expressing

Using the third law of indices gives:

dZerl/Z
d3€2f5

dZerl/Z
(d3/2ef5722 —

Using the second law of indices gives:
d2_3€2_2f(1/2)_5 — d—leOf—g/Z

= d*'f(*g/z) since ¢* = 1
from the sixth law of indices

1

- df9/2

from the fifth law of indices

a2 (E V)

Problem 20. Simplify:
Pty Y32

Using the third and fourth laws of indices gives:

oy VYD)

(x5y3)1/2

(nyl/Z)(xl/2y2/3)
x5/2y3/2

Using the first and second laws of indices gives:

x2+(1/2)7(5/2)y(1/2)+(2/3)7(3/2) — xOy*1/3

— y—1/3
1
or 13 or %

from the fifth and sixth law of indices.

Now try the following exercise

Exercise 19 Further problems on laws of
indices

1. Simplify (x*y*z)(x*yz?) and evaluate when
——,y=2andz=3
7Y and z .
5.4.3

, 13-
o v
2. Simplify (a*?bc=3)(a'/*bc=1/%¢) and evalu-

ate whena=3,b=4and c =2

@222,

1
+4-
2_
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513 3
3. Simplify: TRy and evaluate when a = o
b=Zande=z [@*b~2c, 9]

In Problems 4 to 10, simplify the given
expressions:
x1/5y1/271/3

T mTE—T [x7/10y1/641/2]

5 a’b + a’b 1+a
’ a’b? b
6 P [ P’q ]
pa* —rq q—p
7. (a2)1/2(b2)3(cl/2)3 [ab6c3/2]
(abe)? 475 11
8. m [a b’c ]
9. (VrVPVDVEYYVI) [y V2]
0 (a3b1/zc_1/2)(ab)1/3
(Na3+/be)
6
a\1/6p1/3 =372 o a“%}
3

5.3 Brackets and factorisation

When two or more terms in an algebraic expression con-
tain a common factor, then this factor can be shown

outside of a bracket. For example

ab + ac = a(b + ¢)

which is simply the reverse of law (v) of algebra on

page 34, and
6px + 2py — 4pz = 2p(Bx +y — 22)

This process is called factorisation.

Problem 21. Remove the brackets and simplify
the expression:

Ba+b)+2b+c)—4(c+4d)

Both b and c in the second bracket have to be multiplied
by 2, and ¢ and d in the third bracket by —4 when the
brackets are removed. Thus:

Ba+b)+2(b+c)—4(c+d)
=3a+b+2b+2c—4c—4d

Collecting similar terms together gives:

3a+3b—2c—4d

Problem 22. Simplify:
a*> — (2a — ab) — a(3b + a)

‘When the brackets are removed, both 2a and —ab in the
first bracket must be multiplied by —1 and both 35 and
a in the second bracket by —a. Thus

a* — 2a — ab) — a(3b + a)
=az—2a+ab—3ab—a2

Collecting similar terms together gives: —2a —2ab
Since —2a is a common factor, the answer can be
expressed as: —2a(1 +b)

Problem 23. Simplify: (a + b)(a — b)

Each term in the second bracket has to be multiplied by
each term in the first bracket. Thus:

(a+b)a—b)=ala—b)+ b(a—Db)
=a* —ab+ab— b’
=a2_b2

Alternatively a+ b
a— b

Multiplying by a — a* +ab
Multiplying by —b — —ab—b?

Adding gives: a* —b?

Problem 24. Simplify: (3x — 3y)?

(2x = 3y)* = (2x = 3y)(2x - 3y)
= 2x(2x — 3y) — 3y(2x — 3y)
=4x? — 6xy — 6xy + 9y2
= dx? — 12xy + 9y*
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Alternatively, 2x —3y

2x —3y
Multiplying by 2x —  4x* — 6xy
Multiplying by —3y — —6xy +9y?

Adding gives: 4x% — 12xy 4 9y?

Problem 25. Remove the brackets from the
expression: 2[p* —3(g+ 1)+ ¢*]

In this problem there are two brackets and the ‘inner’
one is removed first.

Hence, 2[p? — 3(q+ 1) + ¢°]
=2[p* —3q —3r+ 4%
=2p% — 6q — 6r + 24°

Problem 26. Remove the brackets and simplify
the expression:

2a — [3{2(4a — b) — 5(a + 2b)} + 4a]

Removing the innermost brackets gives:
2a — [3{8a — 2b — 5a — 10b} + 4a]
Collecting together similar terms gives:
2a — [3{3a — 12b} + 4a]
Removing the ‘curly’ brackets gives:
2a — [9a — 36b + 4a]
Collecting together similar terms gives:
2a — [13a — 36b]
Removing the outer brackets gives:
2a — 13a — 36b
ie.—11la+36b or 36b—1la
(see law (iii), page 38)
Problem 27. Simplify:
x(2x — 4y) — 2x(4x + y)

Removing brackets gives:

2 — 4xy — 8x? — 2xy

Collecting together similar terms gives:
—6x> — 6xy
Factorising gives:
—6x(x +y)

since —6x is common to both terms

Problem 28. Factorise: (a) xy — 3xz
(b) 42 + 16ab®  (c) 3a*b — 6ab* + 15ab

For each part of this problem, the HCF of the terms will
become one of the factors. Thus:

(@ xy—3xz=x(y—32)
(b)  4d?+ 16ab® = da(a + 4b>)
(¢) 3a’b— 6ab® + 15ab=3ab(a —2b +5)

Problem 29. Factorise: ax — ay + bx — by

The first two terms have a common factor of a and the
last two terms a common factor of 4. Thus:

ax —ay+bx —by=alx —y)+bx —y)

The two newly formed terms have a common factor of
(x —y). Thus:

ax —y) +b(x —y) = (x —y)a+b)

Problem 30. Factorise:

2ax — 3ay + 2bx — 3by

a is a common factor of the first two terms and b a
common factor of the last two terms. Thus:

2ax — 3ay + 2bx — 3by
= a(2x — 3y) + b(2x — 3y)
(2x — 3y) is now a common factor thus:
a(2x — 3y) + b(2x — 3y)
=(2x —3y)a+b)

Alternatively, 2x is a common factor of the original
first and third terms and —3y is a common factor of
the second and fourth terms. Thus:

2ax — 3ay + 2bx — 3by
=2x(a+ b) —3y(a+b)
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(a + b) is now a common factor thus:
2x(a + b) — 3y(a + b) = (a + b)(2x — 3y)

as before

Problem 31. Factorise x> +3x2 —x—3

x2 is a common factor of the first two terms, thus:

243 —x—3 =x2(x—|-3)—x—3
—1 is a common factor of the last two terms, thus:
o +3)—x-3=x"(x+3)— 1(x +3)
(x 4 3) is now a common factor, thus:

Pax4+3)—1x+3)=c+3)Z-1)

Now try the following exercise

Exercise 20 Further problems on brackets
and factorisation

In Problems 1 to 9, remove the brackets and
simplify where possible:

1. c+2y)+R2x—y) [3x+y]
2. 2(x—y)=30—x) [5(x—y)]

3. 2(p+3q—r)—4(r—q+2p)+p
[—5p + 10g — 6r]

4. (a+b)a+2b) [a? + 3ab + 2b%]

5. (p+q9BCp—2q)

6. () (x —2y)? (ii) 3a — b)*
(D) x* —dxy+4y?
(ii) 9a® — 6ab + b*

7. 3a+42[a—(3a—2)] [4—a]

[3p* + pg — 24°]

8. 2 —5[a(a—2b)—(a—b)?] [2 4 5b%]

9. 24p—[2{3(5p — q) — 2(p + 29)} + 3q]
[11g —2p]
In Problem 10 to 12, factorise:

10. (i) pb+2pc (i) 24> +8qn
(@) p(b+2c) (D) 2g(q +4n)]

11. (i) 21a2b* —28ab  (ii) 2xy* + 6x2y + 8x3y
(i) 7ab(3ab —4)
|:(ii) 2xy(y +3x + 4x2]
12. () ay+by+a+b (i) px+qx+py+qy
(iii) 2ax + 3ay — 4bx — 6by
Q) (@+b)y+1)
(i) @+ +y)
(i) (a —2b)(2x + 3y)

5.4 Fundamental laws and

precedence

The laws of precedence which apply to arithmetic also
apply to algebraic expressions. The order is Brackets,
Of, Division, Multiplication, Addition and Subtraction
(i.e. BODMAS).

Problem 32. Simplify: 2a+ 5a x 3a —a

Multiplication is performed before addition and sub-
traction thus:

2a+5ax3a—a=2a+ 154> —a
= a + 154% or a(1 + 15a)

Problem 33. Simplify: (a + 5a) x 2a — 3a

The order of precedence is brackets, multiplication, then
subtraction. Hence

(a+5a) x 2a —3a = 6a x 2a — 3a
= 124> — 3a
or3a(da — 1)

Problem 34. Simplify: a + 5a x (2a — 3a)

The order of precedence is brackets, multiplication, then
subtraction. Hence

a+5ax 2a—3a)=a+ 5a x —a
=a+ —54*

=a—5d%or a(l — 5a)

Problem 35. Simplify: a = 5a + 2a — 3a
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The order of precedence is division, then addition and
subtraction. Hence

a+5a+2a—3a=i+2a—3a
5a

1+2 3 !
=-+4+2a—3a=—-—a
5 5

Problem 36. Simplify:
a -+ (5a+2a) —3a
The order of precedence is brackets, division and
subtraction. Hence
a+0Ga+2a)—3a=a-+7a—3a
a

1
=——-3ad==--—3a
Ta 7

Problem 37. Simplify:
3c+2c x4c+c+5¢c— 8¢

The order of precedence is division, multiplication,
addition and subtraction. Hence:

3c+2c x4c+c+5c— 8¢

=3c+2cx4c+£—8c
5¢
, 1
=3¢+ 8¢ +§—8c
1 1
=8c2—5c+§ or c(Sc—5)+§

Problem 38. Simplify:
3¢+ 2c x 4c + ¢ =+ (5¢ — 8c)

The order of precedence is brackets, division, multipli-
cation and addition. Hence,

3c+2c x4c+ ¢+ (5¢ —8¢)
=3c+2cx4c+c+ -3¢

=3c+20x4c—i—L
—3c

c 1
Now — = —
—3c -3
Multiplying numerator and denominator by —1 gives:
1x—1 ) 1
— ie. —<
—3x -1 3

Hence:

3c—i—2cx4c—}—L
—3c

1
=3c+2cx4c—§

1 1
=3¢+ 8% — - 3+8)—=
c + 8¢ 3 or ¢(3+48¢c) 3

Problem 39. Simplify:
(Bc+2c)(4c +¢) + (5¢ — 8¢)

The order of precedence is brackets, division and
multiplication. Hence

Bc+2c)(4c+c) + (5¢ —8¢)
=5cx5c+—3c=56xl
—3c
5 25

=5 _ = -
Cc X 3 3C

Problem 40. Simplify:
2a—3)+4a+5x6—3a

The bracket around the (2a — 3) shows that both 2a and
—3 have to be divided by 4a, and to remove the bracket
the expression is written in fraction form.

Hence, 2a—-3)+4a+5%x6—3a
20 — 3
= +5x6—3a
4da
275 303
= a
23 303
T 4a  4a a
1 3
=—-——430-3
2 4" “
1 3
=30-—-—-3
2 4 "

Problem 41. Simplify:

1
3 of 3p + 4p(3p — p)

Applying BODMAS, the expression becomes

1
gof3p+4px2p
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and changing ‘of” to ‘x’ gives:
1
3 x3p+4p x2p

ie. p+8? or p1+8p)

Now try the following exercise

Exercise 21 Further problems on

fundamental laws and

precedence
Simplify the following:
1

1. 2x-=4x+6x [5 +6x]

1
2. 2x-+(4x+6x) I:g]
3. 3a—2ax4a+a [4a(1 —2a)]
4. 3a—2a(4a+a) [a(3 —10a)]
) -

5. 2y+4+-6y+3x4-—>5y |:3— —3y+12
y i

2
6. 2y+4+6y+3(4—>5y) |:3—+12—13y
y ]

7. 3+y+2+y+1 |:§+1_
8. p*—3pg x2p+6q+pq [pg]
9. x+DEx—4)+(2x+2) B(x—‘l)]
10. ‘—1‘ of 2y 4+ 3y(2y — y) [y <% + 3y>]

5.5 Direct and inverse

proportionality

An expression such as y=3x contains two variables.
For every value of x there is a corresponding value of y.
The variable x is called the independent variable and
y is called the dependent variable.

When an increase or decrease in an independent
variable leads to an increase or decrease of the same pro-
portion in the dependent variable this is termed direct
proportion. If y =3x then y is directly proportional to
x, which may be written as y o x or y = kx, where k is
called the coefficient of proportionality (in this case,
k being equal to 3).

When an increase in an independent variable leads to
a decrease of the same proportion in the dependent vari-
able (or vice versa) this is termed inverse proportion.

1
If y is inversely proportional to x then y o — or y = k/x.

Alternatively, k = xy, that is, for inverse proportionality
the product of the variable is constant.

Examples of laws involving direct and inverse pro-
portional in science include:

(i) Hooke’s law, which states that within the elastic
limit of a material, the strain ¢ produced is directly
proportional to the stress, o, producingit,i.e. e o
ore=ko.

(ii) Charles’s law, which states that for a given mass
of gas at constant pressure the volume V is directly
proportional to its thermodynamic temperature 7,
ie. VaT or V=KkT.

(iii) Ohm’slaw, which states that the current 7 flowing
through a fixed resistor is directly proportional to
the applied voltage V,i.e. oV or I =kV.

(iv) Boyle’slaw, which states that for a gas at constant
temperature, the volume V of a fixed mass of a gas
is inversely proportional to its absolute pressure p,
ie.pa(l/Vyorp=k/V,ie.pV =k

Problem 42. If y is directly proportional to x and
y=2.48 when x = 0.4, determine (a) the coefficient
of proportionality and (b) the value of y when
x=0.65

(@ yax, ie. y=kx. If y=2.48 when x=04,

2.48 =k(0.4)
Hence the coefficient of proportionality,
2.48
k=——=06.2
0.4

(b) y=kx, hence, when x = 0.65,
y=1(6.2)(0.65) =4.03

Problem 43. Hooke’s law states that stress o is
directly proportional to strain ¢ within the elastic
limit of a material. When, for mild steel, the stress is
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25 x 10° Pascals, the strain is 0.000125. Determine
(a) the coefficient of proportionality and (b) the
value of strain when the stress is 18 x 10° Pascals

(a) oae,i.e. og=ke, from which k =ao/e. Hence the
coefficient of proportionality,

25 x 106
~0.000125
(The coefficient of proportionality & in this case is
called Young’s Modulus of Elasticity)
(b) Since 0 =ke, e =0lk
Hence when o = 18 x 10°,

= 200 x 109pascals

18 x 10°

strain & =

Problem 44. The electrical resistance R of a piece
of wire is inversely proportional to the cross-
sectional area A. When A = 5 mm?, R =7.02 ohms.
Determine (a) the coefficient of proportionality

and (b) the cross-sectional area when the resistance
is 4 ohms

1
(a) Ra 1 i.e. R=k/A or k = RA. Hence, when

R=7.2and A =35, the coefficient of proportional-
ity, k =(7.2)(5) =36

(b) Since k=RA thenA=k/R
When R =4, the cross-sectional area,

36

A="—"=9mm?
4

Problem 45. Boyle’s law states that at constant
temperature, the volume V of a fixed mass of gas is
inversely proportional to its absolute pressure p. If a
gas occupies a volume of 0.08 m® at a pressure of
1.5 x 10° Pascals determine (a) the coefficient of
proportionality and (b) the volume if the pressure is
changed to 4 x 10° Pascals

1
(@ Va—-ie V=k/pork=pV
Hence the coefficient of proportionality,

k = (1.5 x 10)(0.08) = 0.12 x 10°

kK 0.12x 10°
(b) Volume V=—=—-"2"_0.03m?
P

4x106

Now try the following exercise

Exercise 22 Further problems on direct and
inverse proportionality

1. If p is directly proportional to g and p =37.5
when g =2.5, determine (a) the constant of
proportionality and (b) the value of p when ¢
is 5.2 [(a) 15 (b) 78]

2. Charles’s law states that for a given mass of
gas at constant pressure the volume is directly
proportional to its thermodynamic tempera-
ture. A gas occupies a volume of 2.25 litres at
300 K. Determine (a) the constant of propor-
tionality, (b) the volume at 420 K, and (c) the
temperature when the volume is 2.625 litres.

[(a) 0.0075 (b)3.15litres (c) 350K]

3. Ohm’s law states that the current flowing in
a fixed resistor is directly proportional to the
applied voltage. When 30 volts is applied
across a resistor the current flowing through
the resistor is 2.4 x 1073 amperes. Deter-
mine (a) the constant of proportionality, (b)
the current when the voltage is 52 volts and
(c) the voltage when the current is 3.6 x 1073
amperes.

|:(a) 0.00008 (b) 4.16 x 1073 A:|

)45V

4. Ifyis inversely proportional to x and y =15.3
when x = 0.6, determine (a) the coefficient of
proportionality, (b) the value of y when x is
1.5, and (c) the value of x when y is 27.2

[(@) 9.18 (b)6.12 (c)0.3375]

5. Boyle’s law states that for a gas at constant
temperature, the volume of a fixed mass of gas
is inversely proportional to its absolute pres-
sure. If a gas occupies a volume of 1.5m?> at
a pressure of 200 x 103 Pascals, determine (a)
the constant of proportionality, (b) the volume
when the pressure is 800 x 103 Pascals and (c)
the pressure when the volume is 1.25 m?.

|:(a) 300 x 103 (b) 0.375 m2:|

(c) 240 x 103 Pa




Chapter 6

6.1 Polynominal division

Before looking at long division in algebra let us revise
long division with numbers (we may have forgotten,
since calculators do the job for us!)

208
For example, Tc is achieved as follows:

13

16 )208
16

48

48

(1) 16 divided into 2 won’t go
(2) 16 divided into 20 goes 1
(3) Put 1 above the zero
(4) Multiply 16 by 1 giving 16
(5) Subtract 16 from 20 giving 4
(6) Bring down the 8
(7) 16 divided into 48 goes 3 times
(8) Put the 3 above the 8
9) 3x16=48
(10) 48—-48=0

208
Hence 6 = 13 exactly

172
Similarly, s is laid out as follows:

11

15)172
15

SRRV
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175 . 7 7
Hence —— =11 remainder 7 or 11+ —=11—
15 15 15

Below are some examples of division in algebra, which
in some respects, is similar to long division with
numbers.

(Note that a polynomial is an expression of the form

f(x)=a+bx+cx2+dx3+

and polynomial division is sometimes required when
resolving into partial fractions — see Chapter 7).

Problem 1. Divide 2x?> +x —3 by x — 1

2x% 4 x — 3 is called the dividend and x — 1 the divi-
sor. The usual layout is shown below with the dividend
and divisor both arranged in descending powers of the
symbols.

2x+3

x—1 i2x2+x—3
2x% — 2x

3x -3

3x -3

Dividing the first term of the dividend by the first term of
2

the divisor, i.e. il gives 2x, which is put above the first
term of the divid)énd as shown. The divisor is then mul-
tiplied by 2x, i.e. 2x(x — 1) = 2x> — 2x, which is placed
under the dividend as shown. Subtracting gives 3x — 3.
The process is then repeated, i.e. the first term of the
divisor, x, is divided into 3x, giving +3, which is placed
above the dividend as shown. Then 3(x —1)=3x—3
which is placed under the 3x — 3. The remainder, on
subtraction, is zero, which completes the process.

Thus 2x?+x-3)+(x—-1)=Q2x+3)
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[A check can be made on this answer by multiplying
(2x 4+ 3) by (x — 1) which equals 2x> + x — 3]

Problem 2. Divide 3x> + x> 4+3x+5by x+ 1

ey
2
3
“
®)
(6)
@)
®)
€))

Problem 3. Simplify

ey
€3
3)
“
&)
(6)

nH @ O
3x2 —2x 45
x+1)3x3+x2+3x+5
3x3 + 3x2
—2x2+3x+5
—2x% —2x
5x+5
5x+5

x into 3x> goes 3x2. Put 3x? above 3x>

3x2(x+ 1) =3x3 4+ 3x2

Subtract

x into —2x% goes —2x. Put —2x above the dividend
—2x(x+1)=—2x2 —2x

Subtract

x into 5x goes 5. Put 5 above the dividend
Sx+1)=5x+5

Subtract

33 +x243x+5 _
x+1 o

Thus 2 —2x+5

x3+3

xX+y

O @ O
xz_xy + y2
x+y)x3+ 0+ 0+)°

x3+x2y
_xzy +y3
—x2y — xy?

xy2 + y3
0 +y?

x into x> goes x2. Put x> above x> of dividend
P 4y) =2 +x%y

Subtract

X into —xzy goes —xy. Put —xy above dividend
—xy(x +y) = —x?y — xy?

Subtract

(7) x into xy? goes y%. Put y? above divided
@) Ya+y=x7+y
(9) Subtract
34,3
Thus + =x2—xy+y2
y

X

The zero’s shown in the dividend are not normally
shown, but are included to clarify the subtraction
process and to keep similar terms in their respective
columns.

Problem 4. Divide (x? +3x —2) by (x —2)

x+5
x—2 ix2+3x—2
x2 —2x
S5x— 2
5x — 10
8
2
3x—2 8
Hence x+—x=x+5+
x—2 x—2

Problem 5. Divided 4a® — 6a%b + 5b° by 2a — b

2a* — 2ab — b*
2a — b)4a3 — 6a*b + 5b°
4a® — 24d°b

—4a*b + 5b3

—4a%b + 2ab?
—2ab* + 5b°
—2ab*> + b}
4b3

Thus
4a® — 6a’b + 5b° 4b*

= 2a% — 2ab — b?
2a—b t—b

Now try the following exercise
Exercise 23 Further problem on polynomial
division
1. Divide Qx> +xy—y?) by (x+y)  [2x—Y]

2. Divide 3x>+5x—2)by (x+2)  [3x—1]
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3. Determine (10x% + 11x — 6) = (2x + 3)

[5x —2]
14x> — 19x — 3
4. Fing: 1 193 [7x+1]
2x—3
5. Divide (x> +3x%y 4+ 3xy*> +y>) by (x +y)
[ +2xy 7]
6. Find 5x> —x+4)+(x—1) i
|:5x+4+
T

7. Divide (3x® +2x* — 5x +4) by (x +2)
[3x3 —4x+3—

x+2 ]

Sx*4+3x% —2x +1
x—3
3 5 481
S5x’ 4+ 18x —|—54x—i—160-i——3
x_

8. Determine:

6.2 The factor theorem

There is a simple relationship between the factors of
a quadratic expression and the roots of the equation
obtained by equating the expression to zero.
For example, consider the quadratic
X2 4+2x—8=0

To solve this we may factorise the quadratic expression
x% 4 2x — 8 giving (x — 2)(x +4)

Hence (x —2)(x +4)=0

Then, if the product of two number is zero, one or both
of those numbers must equal zero. Therefore,

equation

either (x — 2) =0, from which, x =2
or (x +4) =0, from which, x =—4

It is clear then that a factor of (x — 2) indicates a root
of 42, while a factor of (x 4+ 4) indicates a root of —4.
In general, we can therefore say that:

a factor of (x — a) corresponds to a root of x = a

In practice, we always deduce the roots of a sim-
ple quadratic equation from the factors of the quadratic
expression, as in the above example. However, we could
reverse this process. If, by trial and error, we could deter-
mine that x = 2 is a root of the equation x> 4+ 2x — 8 =0

we could deduce at once that (x — 2) is a factor of the
expression x> +2x — 8. We wouldn’t normally solve
quadratic equations this way — but suppose we have
to factorise a cubic expression (i.e. one in which the
highest power of the variable is 3). A cubic equation
might have three simple linear factors and the diffi-
culty of discovering all these factors by trial and error
would be considerable. It is to deal with this kind of
case that we use the factor theorem. This is just a
generalised version of what we established above for
the quadratic expression. The factor theorem provides a
method of factorising any polynomial, f(x), which has
simple factors.
A statement of the factor theorem says:

‘if x = a is a root of the equation f(x) = 0,
then (x — a) is a factor of f(x)’

The following worked problems show the use of the
factor theorem.

Problem 6. Factorise x> — 7x — 6 and use it to
solve the cubic equation: x> —7x —6=0

Let f(x)=x>—T7x—6
Ifx=1, then f(1)=1°-7(1) —6 = —12
Ifx=2, then f2)=2°-72)—6=—12
Ifx=3, then f3)=3"-73)—6=0

If £(3) =0, then (x — 3) is a factor — from the factor
theorem.

We have a choice now. We can divide x> — 7x — 6 by
(x — 3) or we could continue our ‘trial and error’ by sub-
stituting further values for x in the given expression —
and hope to arrive at f(x) =0.

Let us do both ways. Firstly, dividing out gives:

x2+3x+2
x=3)@ 40 —Tx—6
X3 —3x2
3x2—Tx—6
3x2 — 9x
2x—6
2x—6
3_7x—6
Hencei=x2+3x+2
X —
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i.e.x3—7x—6:(x—3)(x2—|—3x+2)

x3 4+ 3x + 2 factorises ‘on sight’ as (x + 1)(x + 2)
Therefore

B=Tx—6=x=3)x+D(x+2)

A second method is to continue to substitute values of
X into f(x).

Our expression for f (3) was 33 — 7(3) — 6. We can see
that if we continue with positive values of x the first
term will predominate such that f(x) will not be zero.
Therefore let us try some negative values for x:
f(—=1)=(=1)> —=7(—1) — 6 =0; hence (x + 1) is a fac-
tor (as shown above).

Also, f(—2)=(—2)> —7(—2) —6=0; hence (x +2) is
a factor (also as shown above).

To solve x> — 7x — 6 = 0, we substitute the factors, i.e.

x=3)x+Dx+2)=0

from which,x=3,x=—1and x = -2

Note that the values of x, i.e. 3, —1 and —2, are all
factors of the constant term, i.e. the 6. This can give us
a clue as to what values of x we should consider.

Problem 7. Solve the cubic equation
x% — 2x? — 5x + 6 =0 by using the factor theorem

Let f(x)=x>—2x>—5x+6 and let us substitute
simple values of x like 1, 2, 3, —1, —2, and so on.
Sy =1 =21 =5(1)+ 6 =0,
hence (x — 1) is a factor
f2)=2> -2 -52)+6#0
f3)=3-237-53)+6=0,
hence (x — 3) is a factor
f=D =1 =2(=1 =5(=1)+6#0
f(=2)= (=2 —2(=2 -5(-2)+6=0,

hence (x 4 2) is a factor

Hence, x> —2x2 —5x+6=(x — 1)(x — 3)(x +2)
Therefore if x> —2x2 —5x+6=0
then (x—Dx—3)x+2)=0

from which,x=1,x=3 and x = -2

Alternatively, having obtained one factor, i.e. (x — 1)
we could divide this into (x> — 2x? — 5x + 6) as follows:

X—x—6
x— 1)~ 22 —5x 46
x3_ x2
— x2—-5x+6
— x2+ X
—6x+6
—6x+6

Hence x° —2x%>—5x+6
=x—Dx*—x—6)
=x-Dx-3)(x+2)

Summarising, the factor theorem provides us with
a method of factorising simple expressions, and an
alternative, in certain circumstances, to polynomial
division.

Now try the following exercise

Exercise 24 Further problems on the factor
theorem

Use the factor theorem to factorise the expressions
given in problems 1 to 4.

1. x2+4+2x—3
2. X4xt—4x—4
SIS 2]

[ = D(x +3)]
[+ D +2)(x —2)]

[(x 4+ D(2x2 +3x —7)]

4. 2x3 —x2—16x+15
[(x — D(x+3)2x —5)]

5. Use the factor theorem to factorise
X3 4+4x*+x—6 and hence solve the
cubic equation ¥ +4x2+x-6=0

X+t +x—6
=x—-Dx+3)x+2);
x=1,x=-3andx = -2

6. Solve the equation x> —2x> —x +2=0
[x=1,x=2and x=—1]
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6.3 The remainder theorem

Dividing a general quadratic expression (ax* 4 bx + )
by (x —p), where p is any whole number, by long
division (see Section 6.1) gives:
ax + (b + ap)
xX—p ) ax® + bx +c
ax? — apx

b+ap)x+c
(b + ap)x — (b + ap)p

c+ (b +ap)p

The remainder, ¢ + (b + ap)p = ¢ + bp + ap® or
ap2 4+ bp+c. This is, in fact, what the remainder
theorem states, i.e.

‘if (ax2 + bx + c¢) is divided by (x — p),
the remainder will be ap* + bp + ¢’

If, in the dividend (ax? + bx + ¢), we substitute p for x
we get the remainder ap® + bp + ¢

For example, when (3x> —4x+5) is divided by
(x —2) the remainder is ap® +bp+c, (where a=3,
b=—4,c=5and p=2),
i.e. the remainder is:

32 +(-4)2)+5=12-84+5=9

We can check this by dividing (3x> —4x +5) by
(x —2) by long division:

3x+2
x—2i3x2—4x+5

3x% — 6x
245
2x — 4

9

Similarly, when (4x% —7x +9)is divided by (x 4+ 3), the
remainder is ap? + bp + ¢, (where a=4,b=—7,¢c=9
and p = —3)1i.e. the remainderis: 4(—3)? 4+ (=7)(—3) +
9=36+4+21+9=66
Also, when (x*>+3x—2) is divided by (x—1), the
remainder is 1(1)2 +3(1) —2=2
It is not particularly useful, on its own, to know the
remainder of an algebraic division. However, if the
remainder should be zero then (x — p) is a factor. This
is very useful therefore when factorising expressions.
For example, when (2x2+x—3) is divided by
(x — 1), the remainder is 2(1)> 4 1(1) —3 =0, which
means that (x — 1) is a factor of (2x> + x — 3).

In this case the other factor is (2x + 3), i.e.
2x* +x—3) = (x — D2x — 3).

The remainder theorem may also be stated for a cubic
equation as:

‘if (ax3 +bx% +ex + d) is divided by (x — p), the
remainder will be ap® + bp®> + cp + d’

As before, the remainder may be obtained by substitut-
ing p for x in the dividend.

For example, when (3x3 + 2x? — x + 4) is divided by
(x — 1), the remainder is: ap® + bp*> +cp +d (where
a=3,b=2,c=—1,d=4 and p=1), i.e. the remain-
deris: 3(1° +2(1)? + (= 1)(1) +4=3+2—1+4=8.

Similarly, when (x> — 7x — 6) is divided by (x — 3),
the remainder is: 1(3)° +0(3)> —7(3) —6=0, which
mean that (x — 3) is a factor of (x> — 7x — 6).

Here are some more examples on the remainder
theorem.

Problem 8. Without dividing out, find the
remainder when 2x> — 3x + 4 is divided by (x — 2)

By the remainder theorem, the remainder is given by:
ap2 +bp+c,wherea=2,b=—-3,c=4and p=2.

Hence the remainder is:

222 +(=3)2)+4=8—6+4=6

Problem 9. Use the remainder theorem to
determine the remainder when (3x> — 2x2 +x — 3)
is divided by (x + 2)

By the remainder theorem, the remainder is given
by: ap3 —i—bp2 +cp+d, where a=3, b=-2, c=1,
d=—-5andp=-2

Hence the remainder is:

3(=2)° + (=2)(=2)> + (1)(=2) + (=5)
=-24-8-2-5=-39

Problem 10. Determine the remainder when
(x3 —2x% — 5x 4 6) is divided by (a) (x — 1) and
(b) (x 4+ 2). Hence factorise the cubic expression



Furtheralgebra 53

(a) When (x* —2x? — 5x +6) is divided by (x — 1),
the remainder is given by ap’ +bp>+cp+d,
wherea=1,b=—-2,c=-5,d=6andp=1,

the remainder = (1)(1)> + (=2)(1)?

+(=5)(1)+6
=1-2-54+6=0

i.e.

Hence (x — 1) is a factor of (x> — 2x% — 5x + 6)
(b) When (x> —2x% — 5x +6) is divided by (x+2),
the remainder is given by
(D(=2)* + (=2)(=2)* + (=5)(-2) + 6
=-8-8+104+6=0

Hence (x + 2)is also a factor of (x3 — 2x2 — 5x + 6)
Therefore (x — D(x+2)( )=x>—2x2—5x+6

To determine the third factor (shown blank) we could

(i) divide (x> —2x>—5x+6) by (x—1)
x+2)
use the factor theorem where f(x) = X =

2x* — 5x+6 and hoping to choose a
value of x which makes f(x) =0

or (ii)

use the remainder theorem, again hoping
to choose a factor (x — p) which makes
the remainder zero

or (iii)

(i) Dividing (x* —2x% — 5x + 6) by (x> + x — 2) gives:

x—3
x2+x—2>x3—2x2—5x+6
x4+ x?—2x
—3x2—3x+6
—3x2-3x+6

3= 2x2—5x +6)
=x-Dx+2x-=-3)

Thus

(i) Using the factor theorem, we let

f(x)=x3—2x2—5x+6
Then f(3)=3%—-2(3)>—-53)+6
=27-18—15+6=0

(iii)

Hence (x — 3) is a factor.

Using the remainder theorem, when (x3 —2x%—
5x+6) is divided by (x —3), the remainder is
given by ap3 + pr +cp+d, wherea=1,b=-2,
c=-5,d=6and p=3.

Hence the remainder is:
13)’ + (=2)3)* + (=5)(3) + 6
=27—-18—15+6=0
Hence (x — 3) is a factor.

Thus (x3 — 22 -5+ 6)
=@x-Dx+2)(x-3)

Now try the following exercise

Exercise 25 Further problems on the
remainder theorem

1. Find the remainder when 3x% —4x+2 is
divided by:

(@x-2) (b)@x+1D [(@) 6 (b) 9]

2. Determine the remainder when

x> — 6x% + x — 5 is divided by:
(@) (x+2) (b)(x—3)
[(@) =39 (b) —29]

3. Use the remainder theorem to find the factors

of 3 —6x2+11x—6
[(x = Dx —=2)(x —3)]

4. Determine the factors of x> + 7x% + 14x + 8

and hence solve the cubic equation:
x4+ 7x% +14x+8=0
[x=—1,x=—-2and x = —4]

5. Determine the value of ‘a’ if (x + 2) is a factor
of (3 —ax? 4+ 7x + 10) [a=-3]

6. Using the remainder theorem, solve the equa-
tion: 2x°> — x> —7x +6=0
[x=1,x=—2and x=1.5]




7.1 Introduction to partial fractions

By algebraic addition,

1 3 x+1D+3x—-2)
2t k1T GG+
B dx —5
x2

—x—=2

4x =5
The reverse process of moving from ————— to
xs—x-=2
1
+

x—2 x4+
In order to resolve an algebraic expression into partial

fractions:

is called resolving into partial fractions.

(i) the denominator must factorise (in the above
example, x% —x — 2 factorises as (x — 2)(x + 1),
and

(i) the numerator must be at least one degree less than
the denominator (in the above example (4x — 5) is
of degree 1 since the highest powered x term is x!
and (x2 —x —2) is of degree 2)

When the degree of the numerator is equal to or higher
than the degree of the denominator, the numerator

Table 7.1

Chapter 7

artial fractions

must be divided by the denominator (see Problems 3
and 4).

There are basically three types of partial fraction
and the form of partial fraction used is summarised in
Table 7.1 where f(x) is assumed to be of less degree than
the relevant denominator and A, B and C are constants
to be determined.

(In the latter type in Table 7.1, ax*>+bx+c is a
quadratic expression which does not factorise without
containing surds or imaginary terms.)

Resolving an algebraic expression into partial frac-
tions is used as a preliminary to integrating certain
functions (see Chapter 51).

7.2 Worked problems on partial

fractions with linear factors

1 X
Problem 1. Resolve ————— into partial
v x24+2x—3 1o partt

fractions

The denominator factorises as (x — 1)(x + 3) and the
numerator is of less degree than the denominator.

1 Linear factors (see Problems 1 to 4)
2 Repeated linear factors (see Problems 5 to 7)
3 Quadratic factors (see Problems 8 and 9)

f(x) A N B N C
x+a)(x—=Db)(x+c) (x+a) &—=>b) (x+c)
f) A B C
(x+a) (era)jL(x+a)2+(x+a)3

f) Ax+B C
(@x®+bx+c)x+d) (ax>2+bx+c) (x+d)
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11-3
Thus a may be resolved into partial fractions.
x24+2x—3
Let
11 —3x 11 —3x A B

i3 G-D)et3) G-D xt3)

where A and B are constants to be determined,

. 11 —3x Ax+3)+Bkx—-1)
ie =
(x = Dx+3) (x = D(x +3)
by algebraic addition.

Since the denominators are the same on each side of the
identity then the numerators are equal to each other.
Thus, 11 —-3x=Ax+3)+Bx-—1)

To determine constants A and B, values of x are chosen
to make the term in A or B equal to zero.

When x =1, then 11 —3(1) = A(1 +3)+ B(0)
ie. 8=4A
ie. A=2

When x = —3, then 11 —3(=3)=A(0) + B(=3 — 1)

ie. 20=-4B
i.e. B=-5

11-3 2 -5
Thus X

Pim—3 G- G+

_ 2 5
S =1 +3

2 _ 5
x—-1 &+3)

[Check:

_2x+3) -5 —1)
T = D(x+3)

. 11 — 3x
T x242x—3

2x? —9x —35
in
x4+ Dx—2)(x+3)
the sum of three partial fractions

Problem 2. Convert to

Partial fractions
2x2 —9x — 35
Let
x+ Dx—2)x+3)
A B C

S+ D -2 TGt

Ax —2)(x 4+ 3) + B(x + D)(x + 3)
+Cx+ D(x —2)
(x + Dx = 2)(x + 3)

by algebraic addition

Equating the numerators gives:
2% —9x —35=A(x — 2)(x +3) + B(x + D(x + 3)
+Clx + D(x—2)
Letx=—1. Then

2(—=1)2 = 9(=1) — 35 = A(=3)(2)+B(0)(2)

+C(0)(=3)
ie. —24 = —6A
ie. A= _—24 =4
—6
Letx =2. Then

2(2)* — 9(2) — 35 = A(0)(5) + B(3)(5)

+ C(3)(0)
ie. —45 =15B
—45
ie. B= —=-3
15

Let x=—3. Then

2(—3)? — 9(=3) — 35 = A(=5)(0) + B(—2)(0)

+ C(=2)(-5)
i.e. 10 = 10C
ie. C=1
2x2 — 9x — 35
Thus
x4+ Dx—2)(x+3)
4 3 1

“ot) ®=2 T =+3

o)
Problem 3.

fractions

Resolve 5

into partial
xs—=3x+2
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The denominator is of the same degree as the numerator.
Thus dividing out gives:

1
22 —3x+2)y2 41

x2—3x+42
3x—1

For more on polynomial division, see Section 6.1,
page 48.

Hence X241 _ 3x—1
x2—3x+2 X2 —3x+2
—14 3x—1
B (x—Dkx—2)
3x—1 A B
Let

GC-De-2 G-D  x-2

_Ax—-2)+Bkx-1)
T a-DHx-2)

Equating numerators gives:

3x—1=Ax—2)+B(x—1)

Letx = 1. Then 2=-A
ie. A=-=-2
Letx =2. Then 5=B
3x—1 -2 5
Hence = +
x-Dx—-2) x—-1) -2
2
Thus ¥+, 2 >
x2 —3x +2 -1  @&®-=2

2 —2% —4x—4

Problem 4. Express -
x“4+x—=2

in partial

fractions

The numerator is of higher degree than the denomi-
nator. Thus dividing out gives:

x—3
x2+X—2)x3—2x2—4x—4
X4 x?—2x
—3x?> —2x—4
—3x2 —3x+6

x—10

X —2x% —4x—4 x—10
Thus =x—
xX24+x-2 xX24x—=2
_ + x—10
- x+2)x—-1
- 10 A B
Let il

C120-D) x+2 TGx-D
_Ac-D+Bx+2)
T -1

Equating the numerators gives:

x—10=AGx—1)+Bx+2)

Letx = —2. Then —12=-3A

i.e. A=4
Letx=1. Then —-9=3B

ie. B=-

Hence x— 10 4 3

@+)a—1)  @+2) @—1)
-2 —dx—4

x24+x-=2

4 _ 3
*+2) -1

Thus

=x—-3+

Now try the following exercise

Exercise 26 Further problems on partial
fractions with linear factors

Resolve the following into partial fractions:

12 2 2
B
x2 -9 x=3) (x+3).
) 4(x —4) 5 _ 1 7
T ox2—2x-3 x+1) x—=3)]
3 x> —3x+6 g 2 B 4 ]
T oax(x—-2)x—1) x x=2) (x—=1)
A 32x2 —8x—1)

F+Hx+DC2x—1)

|: 7 3 3 3 2 ]
x+4 @+ @x-1
x> +9x+8

1 2 6
xX2+x—6 [ +(x+3)+(x—2)]
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= — 14 2 3
6. L 177 1-—= 4+ =
x2—-2x-3 x—=3) &+1
3x3 — 2x%2 — 16x+20
(x—2)(x+2)

3 5 1 5
[x_ +(x—z)_(x+2>]

7.3 Worked problems on partial
fractions with repeated linear

factors

3. . .
into partial fractions
— 2)2

2x
Problem 5. Resolve ———

The denominator contains a repeated linear factor,
(x—2)?

Let 2x+3E A n B
(x —2)? x=2) (x—2)2
_Ax—-2)+B
T w22

Equating the numerators gives:

2x+3=Ax—2)+B
Letx=2. Then7 =A(0)+B

ie. B=7
2x+3=Ax—-2)+B
=Ax—2A+B

Since an identity is true for all values of the unknown,
the coefficients of similar terms may be equated.

Hence, equating the coefficients of x gives: 2=A
[Also, as a check, equating the constant terms gives:
3=—2A+B.WhenA=2and B=7,

RHS = —2(2) +7=3=LHS]

243 2 7

Hence -2 -2 T wo2p

5x2—2x—19

m as the sum of
X X —

Problem 6. Express

three partial fractions

The denominator is a combination of a linear factor and
a repeated linear factor.

5x2 —2x — 19
Let ————
(x +3)(x — 1)?
__A B C
T x+3) =D x—1)7?

_ Al - D2+ B(x+3)(x — 1) + C(x + 3)
B (x +3)(x — 1)?
by algebraic addition

Equating the numerators gives:
5022 —2x—19=A(x — 1> +Bx +3)x—1)
+Cx+3) (1)
Let x =—3. Then

5(=3)* = 2(=3) — 19 = A(—4)* + B(0)(—4) + C(0)

i.e. 32 = 16A
i.e. A=2
Letx=1. Then

5(1)> = 2(1) — 19 = A(0)*> + B(4)(0) + C(4)
ie. —16 =4C
ie. C=-4
Without expanding the RHS of equation (1) it can
be seen that equating the coefficients of x> gives:
5=A+B,andsinceA=2,B=3
[Check: Identity (1) may be expressed as:
502 —2x —19=AG% —2x+ 1)
+B@G2? 4+ 2x —3) + C(x + 3)
ie. 5x%—2x—19=Ax* —2Ax+A +Bx’
+2Bx —3B+Cx+3C

Equating the x term coefficients gives:
—2=-2A+42B+C

WhenA=2,B=3and C=—4 then —2A +2B+C=
—2(2)+23)—4=—-2=LHS
Equating the constant term gives:
—19=A-3B+3C
RHS=2-33)+3(-4)=2-9-12
=—19 = LHS]
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5x2 —2x—19

(x+3)x—1)7>
2 3 4
“wAd) Ta-D o172

Hence

3x? +16x+ 15
Problem 7. Resolve o loxt into partial
(x+3)3
fractions
Let
3 +16x+15 A B _C
x+33 T @x+3) x+3)2 (x+3)3
_Ax+3?+B@x+3)+C
B (x +3)3

Equating the numerators gives:
3+ 16x+15=Ax+3° +Bx+3)+C (1)
Let x =—3. Then
3(=3)2 + 16(=3) + 15 = A(0)* + B(0) + C
ie. —-6=C
Identity (1) may be expanded as:
3x?+16x+15=A(x* +6x+9)+Bx+3)+C

ie. 3x2416x+ 15=Ax? +6Ax+9A
+Bx+3B+C

Equating the coefficients of x? terms gives:
3=A
Equating the coefficients of x terms gives:
16=6A+B
Since A=3, B=-2
[Check: equating the constant terms gives:
15=9A+3B+C
WhenA=3, B=—-2 and C=-6,
9A +3B+C=93)+3(-2)+ (-6)
=27—-6—-6=15=LHS]

3x2 4+ 16x + 15

Thus
x+3)°

_ 3 _ 2 _ 6
T @+3) @x+3? «+3)°

Now try the following exercise

Exercise 27 Further problems on partial
fractions with repeated linear

factors
1 4x —3 [ 4 7 ]
NS (x+1)  (x+1)?
x> 4+7x+3 1 2 1
2. ————— — 4+ - —
x2(x+3) X2 x (x+3)
5x% —30x + 44
3 -
(x—2)>
5 10 n 4
x—-2) @®—22% x-=2)3
4 18 +21x — x2

(x=5)(x+2)2

[ 2 3 N 4 ]
x=5 (+2) (x+2)?

7.4 Worked problems on partial

fractions with quadratic factors

7x2 4+ 5x+ 13

Problem 8. Express —————
x*+2)x+1)

in partial

fractions

The denominator is a combination of a quadratic factor,
(x? +2), which does not factorise without introducing
imaginary surd terms, and a linear factor, (x + 1). Let

7x*+5x+13 _ Ax+B C
(x2+2)(x+1)=(x2+2)+(x+1)
_ (Ax+B)x+ 1) +Cx? +2)
- Z+2)x+ 1)

Equating numerators gives:
7x* +5x + 13 = (Ax +B)x + 1) + C(x* +2) (1)
Let x = —1. Then

7(=1)* + 5(—1) + 13 = (Ax + B)(0) + C(1 +2)
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ie. 15 =3C
ie. C=5

Identity (1) may be expanded as:
7x* +5x + 13 = Ax> + Ax + Bx + B + Cx* + 2C

Equating the coefficients of x? terms gives:
7=A+C,andsinceC =5, A=2

Equating the coefficients of x terms gives:
5=A+B,andsinceA =2, B=3

[Check: equating the constant terms gives:

13=B+42C
WhenB=3and C=5,B+2C=3+10=13=LHS]

Tx? 4+ 5¢4+13  2x+3 5
Hence =
*2+2)x +1) (2+2) @+ 1
3+ 6x 4+ 4x% — 2x°
Problem 9. Resolve +Oox A i into

x2(x2 +3)
partial fractions

Terms such as x> may be treated as (x +0)2, i.e. they
are repeated linear factors

34 6x + 4x% — 2x°

x2(x2 4 3)

Cx+D
x2+3)
_ Ax(x* +3) + B(x? + 3) + (Cx + D)x?
- xX2(x2 +3)

Let

A B
—+=+
X X

Equating the numerators gives:
34 6x 4 4x? — 2x° = Ax(x* + 3)
+B(x* 4 3) + (Cx + D)x*
= Ax’ + 3Ax + Bx” + 3B
+Cx® + Dx?

Letx = 0. Then 3 = 3B
ie. B=1

Equating the coefficients of x* terms gives:

—2=A+C (1)

Equating the coefficients of x? terms gives:
4=B+D

SinceB=1,D=3
Equating the coefficients of x terms gives:

6 =3A
ie. A=2
From equation (1), since A=2, C=—4

34 6x + 4x? — 223
Hence

x2(x2+3)
2 1 —4x+3
=-+3 2
X X x*+3
_2, 1 34
Tx  x* x2+43

Now try the following exercise

Exercise 28 Further problems on partial
fractions with quadratic factors

x2—x—13 2x +3 1
@2 +7(x—2) ®2+7 x-=2)
6x—5 1 2—x
2. — ——— +
x =42 +3) x—4) @2+3)
1545x+5x>—4x> [1 3 2—5x
3. o) =gF = + PR
x*(x* +5) X X x*+5)
X 44xr4+20x—7
4,
x—12(x2+8)
3 . 2 . 1—2x
x—1) (—-1? (2+38)
5. When solving the differential equation
& 6 40 100=20—¢* by Laplace
T _e— _ —20—¢
dr? dt y P

transforms, for given boundary conditions,
the following expression for £{6} results:

39
453 — 5% + 425 — 40
s(s — 2)(s2 — 65+ 10)

Show that the expression can be resolved into
partial fractions to give:

2 1 55—3
o)== —
=3~ 36=2 T 2 —es £ 10)
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Simple equations

Expressions, equations and

identities

(3x—35) is an example of an algebraic expression,
whereas 3x — 5 =1 is an example of an equation (i.e.
it contains an ‘equals’ sign).

An equation is simply a statement that two quantities are

equal. For example, | m = 1000 mm or F' = gc +32or
y=mx+c.

An identity is a relationship that is true for all values of
the unknown, whereas an equation is only true for par-
ticular values of the unknown. For example, 3x —5=1
is an equation, since it is only true when x =2, whereas
3x = 8x — 5x1is anidentity since it is true for all values
of x. (Note ‘=" means ‘is identical to’).

Simple linear equations (or equations of the first
degree) are those in which an unknown quantity is raised
only to the power 1.

To ‘solve an equation’ means ‘to find the value of the
unknown’.

Any arithmetic operation may be applied to an equation
as long as the equality of the equation is maintained.

8.2 Worked problems on simple

equations

Problem 1. Solve the equation: 4x =20

Dividing each side of the equation by 4 gives: 4_x =—
(Note that the same operation has been applied to both
the left-hand side (LHS) and the right-hand side (RHS)
of the equation so the equality has been maintained).
Cancelling gives: x =5, which is the solution to the
equation.

Solutions to simple equations should always be
checked and this is accomplished by substituting
the solution into the original equation. In this case,
LHS =4(5)=20=RHS.

2x
Problem 2. Solve: ? =6

The LHS is a fraction and this can be removed by
multiplying both sides of the equation by 5.

2x
Hence, 5 (?) =5(6)

Cancelling gives: 2x =30

Dividing both sides of the equation by 2 gives:
2x 30

ie. x=15
2 2

Problem 3. Solve:a—5=38

Adding 5 to both sides of the equation gives:
a—5+5=8+5
ie. a=13

The result of the above procedure is to move the ‘—5’
from the LHS of the original equation, across the equals
sign, to the RHS, but the sign is changed to +.

Problem 4. Solve: x+3=7

Subtracting 3 from both sides of the equation gives:
x+3-3=7-3

ie. x=4
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The result of the above procedure is to move the ‘43’
from the LHS of the original equation, across the equals
sign, to the RHS, but the sign is changed to —. Thus a
term can be moved from one side of an equation to the
other as long as a change in sign is made.

Problem 5. Solve: 6x+1=2x+9

In such equations the terms containing x are grouped
on one side of the equation and the remaining terms
grouped on the other side of the equation. As in Prob-
lems 3 and 4, changing from one side of an equation to
the other must be accompanied by a change of sign.

Thus since 6x+1=2x+9
then 6x —2x=9-1
4x =8
e _8
4 4
ie. x=2

Check: LHS of original equation =6(2) 4+ 1 =13
RHS of original equation =2(2) +9=13

Hence the solution x =2 is correct.

Problem 6. Solve: 4 —-3p=2p—11

In order to keep the p term positive the terms in p are
moved to the RHS and the constant terms to the LHS.

Hence 4+ 11=2p+3p

15=>5p
15  5p
5 5

Hence 3=p or p=3

Check: LHS=4-33)=4—-9=-5
RHS=23)—-11=6—-11=-5
Hence the solution p =3 is correct.

If, in this example, the unknown quantities had been
grouped initially on the LHS instead of the RHS then:

3p—2p=—11—14

ie. —5p = —15
—5p _ —15
-5 -5

and p = 3, as before

It is often easier, however, to work with positive values
where possible.

Problem 7. Solve: 3(x —2)=9

Removing the bracket gives: 3x —6 =9

Rearranging gives: 3x=9+6
3x=15
15
3 3
ie. x=35

Check: LHS =3(5—-2)=3(3)=9=RHS
Hence the solution x =5 is correct.

Problem 8. Solve:
42r —3)—2(r—4)=3(r—3)—1

Removing brackets gives:
8r—12-2r+8=3r—-9-1
Rearranging gives:

8r—2r—3r=-9-1+12-28

i.e. 3r=-6
—6
r=—=-2
3
Check:

LHS=4(—4—-3)—2(—2—-4)=-28+12=-16
RHS=3(-2-3)—1=-15—-1=-16
Hence the solution r = —2 is correct.

Now try the following exercise

Exercise 29 Further problems on simple
equations

Solve the following equations:

1. 2x+5=7 [1]
2. 8—-3t=2 (2]
3. 2x—1=5x+11 [—4]
4. T—4p=2p-3 [1%]
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5. 2a+6—-5a=0 [2]
1
6. 3x—2—5x=2x—4 I:E]
7. 20d —3+4+3d=11d+5-38 [0]
8. 5(f—2)—32f+5+15=0 [—10]
9. 2x=4(x-—3) [6]

10. 6(2—3y)—42=—2(y—1)
11. 23g—5)—5=0

12. 4Gx+1)=T(x+4)—2(x+5) 2]
13. 10+3(r—7)=16—(r+2)

14. 8+4(x—1)—5(x—3)=2(5—2x)

8.3 Further worked problems on

simple equations

3 4
Problem 9. Solve: —=—
x 5

The lowest common multiple (LCM) of the denomina-
tors, i.e. the lowest algebraic expression that both x and
5 will divide into, is 5x.

Multiplying both sides by 5x gives:

“(2)-5()

Cancelling gives:

15 =4x (1)
15_4x
4 4
15
ie. x=T or 31
Check:
LHS = 3 _ 3 =3 4 —12—4—RHS
_3§_§_ 15) 157 5
4 4

(Note that when there is only one fraction on each side of
an equation ‘cross-multiplication’ can be applied. In this

3 4

example, if — = 3 then (3)(5) =4x, which is a quicker
X

way of arriving at equation (1) above.)

2 3 13
Problem 10. Solve: = + > +5=— — 2
53 20 2

The LCM of the denominators is 20. Multiplying each
term by 20 gives:

20(2) 420 (2) + 2005
5 4
=20 1) 20 3
20 2
Cancelling gives:

4(2y) +5(3) + 100 = 1 — 10(3y)

ie. 8+ 154100 =1 — 30y
Rearranging gives:

8y +30y =1 — 15 — 100

—114
=—=—3
MY
2(=3) 3 -6 3
heck: LHS = —— + — - — 4 =
Chec S 5 +4+5 5 +4+5
-9 11
= 5 —4_
20 + 20

1 3-3) 1 .9 11

RHS =

20 2 2017270

Hence the solution y = —3 is correct.

4

Problem 11. =
t—2 3t+4

Solve:

By ‘cross-multiplication’: 3(3f 4+ 4) = 4(t — 2)

Removing brackets gives:  9r+ 12 =41 — 8
Rearranging gives: 9t —4t=-8—12

ie. 5t =-20
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3 3 1
Check: LHS = - - - __
—4-2 -6 2
3(—4)+4  —12+4
_ 4 _ 1
T -8 2

Hence the solution t = —4 is correct.
Problem 12. Solve:y/x=2

[+/x =2 is not a ‘simple equation’ since the power of x
is % ie/x = x(I/D: however, it is included here since it
occurs often in practise].

Wherever square root signs are involved with the
unknown quantity, both sides of the equation must be
squared. Hence

(Vx)? = (2)?

i.e. x=4
Problem 13. Solve: 24/2 = 8

To avoid possible errors it is usually best to arrange the
term containing the square root on its own. Thus

2vd 8
2 T2

Squaring both sides gives: d =16, which may be
checked in the original equation

Problem 14. Solve: x2 =25

This problem involves a square term and thus is not
a simple equation (it is, in fact, a quadratic equa-
tion). However the solution of such an equation is often
required and is therefore included here for complete-
ness. Whenever a square of the unknown is involved,
the square root of both sides of the equation is taken.
Hence

Vx2 =25
ie. x=35

However, x=—5 is also a solution of the equation
because (—5) x (—5) =+25. Therefore, whenever the

square root of a number is required there are always two
answers, one positive, the other negative.

The solution of x? = 25 is thus written as x = +5

Probl 15. Sol 15 2
rooiem o olve: — = —
42 3

‘Cross-multiplying’ gives: 15(3) = 2(41%)

ie. 45 = 8¢
45
- = t2
8

ie. 2 =5.625

Hence t =+/5.625 =42.372, correct to 4 significant
figures.

Now try the following exercise

Exercise 30 Further problems on simple
equations

Solve the following equations:

3 2 5
1. 24+ —y=1+-y+— =2
+4y +3y+6 [—2]
1 1 1
2. —-2x-1D)+3=—- 4=
4(x )+ 5 |: 2]
3. SQf =3+ i(f—h+ = =0 2]
"5 6 15

1 1 1
4. F0m=6)= 2(Sm+4)+Qm—9)=-3

[12]
X X
5. ——=-=2 15
3753 [15]
y y 'y
6. 1—2=34+2—2 —4
37°7376 =l
1 1 7
7. —+—=— 2
3n+4n 24 (21
x+3 x-3
8. = 2 13
7 5 + [13]
y, 7 5—y
Iy =2 2
% 5t T % (21
-2 1
10, ——2_= 3]
20—3 3
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2 3
11. = [—11]
a—3 2a+1
x x+6 x+3
2. Z_ET°_ .
4 5 2 (=6l
13. 3/5=9 91
4 g [4]
1—/x
15. 10=5/% 1 [10]
2
2
16. 16=— [+12]
9
17 P21 5t
y—2_2 3
18 11—5—|—8 [£4]
o2 x2

Practical problems involving

simple equations

Problem 16. A copper wire has a length [ of

1.5 km, a resistance R of 5 2 and a resistivity of
17.2 x 10~°  mm. Find the cross-sectional area, a,
of the wire, given that R = pl/a

Since R=pl/a
then

~(17.2 x 107 Qmm)(1500 x 10° mm)
a

5Q

From the units given, a is measured in mm?.

Thus 50 =17.2 x 107% x 1500 x 10°

17.2 x 107% x 1500 x 103
and a= 5

172 x 1500 x 10°
- 106 x 5

Hence the cross-sectional area of the wire is
5.16 mm?>

Problem 17. The temperature coefficient of
resistance & may be calculated from the formula
R; =Ry(1 + t). Find & given R, =0.928, Ryp = 0.8
and r =40

Since R; = Ro(1 + «t) then

0.928 = 0.8[1 + w(40)]
0.928 = 0.8 + (0.8)()(40)
0.928 — 0.8 = 32«

0.128 = 32«
0.128
H = —— =0.004
ence a 7

Problem 18. The distance s metres travelled in
time ¢ seconds is given by the formula:

s=ut+ %atz, where u is the initial velocity in m/s
and a is the acceleration in m/s2. Find the
acceleration of the body if it travels 168 m in 6,
with an initial velocity of 10 m/s

1
s=ut+Eatz,ands=168,u=10andt=6

1
Hence 168 = (10)(6) + 5a(6)2
168 = 60 + 18a
168 — 60 = 18a
108 = 18a
108
a=—=26
18

Hence the acceleration of the body is 6 m/s>

Problem 19. When three resistors in an electrical
circuit are connected in parallel the total resistance
R7 is given by:
11 " 1 n 1
Rr R Ry R3
Find the total resistance when R1 =5, R, =10 Q
and R3 =302
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1 1 1 1

Rr 5 10 ' 30
_6+3+1 10 1
T30 30 3

Taking the reciprocal of both sides gives: Rr =3 2

1 1 1 1
Alternatively, if — = - + — + — the LCM of th
ernalveleT 5+10+30 e of the

denominators is 30R7

Hence
30y (L) = 30, (1) + 308, (2
"\RrRy) =777 \5 "\ 10
30y
30

30 = 6Rr +3R7 + Rt

Cancelling gives:

30 = 10R7
30
Ry = T = 3Q, as above

Now try the following exercise

Exercise 31 Practical problems involving

simple equations

1. A formula used for calculating resistance of a
cable is R=(pl)/a. Given R=1.25, [ =2500
and a =2 x 10~* find the value of p.

[10~7]

2. Force F newtons is given by F = ma, where m
is the mass in kilograms and a is the acceler-
ation in metres per second squared. Find the
acceleration when a force of 4 kN is applied to
a mass of 500kg. [8 m/s?]

3. PV =mRT is the characteristic gas equation.
Find the value of m when P = 100 x 103,

V' =3.00, R=288 and T =300. [3.472]

4. When three resistors R, R, and R3 are con-
nected in parallel the total resistance Rr is

1 1 1 1
determined from — = — 4+ — + —
Rr Ri Ry, R3
(a) Find the total resistance when
R =3Q, Rpy=6% and R3; =18 Q.

(b) Find the value of R3 given that
Rr=3R2, Ri=5Q2 and R, =10 Q.
[(a) 1.82 (b) 30 2]

5. Ohm’s law may be represented by I/ =V/R,
where / is the current in amperes, V is the volt-
age in volts and R is the resistance in ohms. A
soldering iron takes a current of 0.30A from
a 240V supply. Find the resistance of the
element. [800 2]

8.5 Further practical problems

involving simple equations

Problem 20. The extension x m of an aluminium
tie bar of length / m and cross-sectional area A m>
when carrying a load of F' newtons is given by the
modulus of elasticity E = FI/Ax. Find the extension
of the tie bar (in mm) if E =70 x 10° N/m?,
F=20x10°N,A=0.1m? and /= 1.4m

E =Fl/Ax, hence

(20 x 10°N)(1.4 m)
B (0.1 m2)(x)

N
70 x 10° —
m

(the unit of x is thus metres)
70 x 10° x 0.1 x x =20 x 10° x 1.4

_ 20x10° x 1.4

YT 20109 x 0.1

2x14

C 1li ives: =
ancelling gives X= =100

m

= 2x 14 x 1000 mm
7 x 100

Hence the extension of the tie bar, x =4 mm

Problem 21.
2

Vv
P= 53 where V is the supply voltage and R is the

Power in a d.c. circuit is given by

circuit resistance. Find the supply voltage if the
circuit resistance is 1.25 2 and the power measured
is 320 W
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2 V2
Since P = — then 320 = —
R 1.25
(320)(1.25) = V2
ie. V2 = 400

Supply voltage, V =4/400 = +£20V

Problem 22. A formula relating initial and final
states of pressures, P; and P;, volumes V| and V5,

and absolute temperatures, 71 and 73, of an ideal
P\Vi PV,

is L — 222 Find the value of P, given

T T

P =100 x 103, V; = 1.0, V, =0.266, T1 =423

and 7, =293

) PV PV
Since —_— =
T T>
(100 x 103)(1.0)  P»(0.266)
then —

423 293
‘Cross-multiplying’ gives:
100 x 10°)(1.0)(293) = P»(0.266)(423)

(100 x 10%)(1.0)(293)
B (0.266)(423)

2
Hence P, =260 x 10> or 2.6 x 105

Problem 23. The stress f in a material of a thick
f+p

f-p
Calculate the stress, given that D =21.5, d =10.75
and p = 1800

D
cylinder can be obtained from 7=

. D f+p
Since - = [—
d f—=p
21.5 1800
then = r+

10.75 ~ \ f — 1800

. £+ 1800
1.€. 2= —_—
£ — 1800

Squaring both sides gives:
_ f 4+ 1800
£ —1800
4(f — 1800) = f + 1800
4f — 7200 = f + 1800
4f — f = 1800 + 7200
3f = 9000
9000
f= 5 = 3000

Hence stress, f =3000

Now try the following exercise

Exercise 32 Practical problems involving
simple equations

1. Given Ry =R;(1 +at), find @ given R| =5.0,

R, =6.03 and t=51.5 [0.004]
2. Ifv?=u?+2as, findu given v =24, a=—40
and s =4.05 [30]

3. The relationship between the temperature on
a Fahrenheit scale and that on a Celsius scale

9
is given by F= §C+32. Express 113°F in
degrees Celsius. [45°C]

4. If t=2n./w/Sg, find the value of S given
w=1.219, g=9.81 and t =0.3132 [50]

5. Applying the principle of moments to a beam
results in the following equation:

Fx3=0GB-F)x7

where F is the force in newtons. Determine the
value of F. [3.5N]

6. A rectangular laboratory has a length equal to
one and a half times its width and a perimeter
of 40 m. Find its length and width.

[12m, 8 m]



Revision Test 2

This Revision test covers the material contained in Chapters 5 to 8. The marks for each question are shown in brackets
at the end of each question.

1.

4
Evaluate: 3xy’z3 —2yz when x= 3’ y=2
1
dz=— 3

and z = 3 3)
Simplify the following:

5 8a2b/c?

(2ayv/by/c

(b) 3x+4+-2x+5x2—4x (©6)
Remove the brackets in the following expressions

and simplify:

(@) 2x—y)
(b) 4ab—[3{2(4a—Db)+ b2 —a)}] )
Factorise: 3x%y 4 9xy? + 6xy’ 3)

If x is inversely proportional to y and x = 12 when
y=0.4, determine

(a) the value of x when y is 3, and
(b) the value of y when x =2. 4)

Factorise x° +4x?>+x—6 using the factor
theorem. Hence solve the equation
P44 +x—6=0 (6)

10.

11.

Use the remainder theorem to find the remainder
when 2x3 +x2 — 7x — 6 is divided by

(@ x—=2) @+

Hence factorise the cubic expression. (@)
6x2 +7x—5
Simplify x;—xl by dividing out. (5)
i —

Resolve the following into partial fractions:

@ x—11 ®) 3—x

x2—x-2 *2+3)(x+3)

¥ —6x+9

—_—— 24
© 53— 24)
Solve the following equations:
(a) 3t—2=5t+4
(b) 4k—1)—23k+2)+14=0

a 2a s+1

———=1 =2 13
©3-%5=1 @,/ (13)

A rectangular football pitch has its length equal to
twice its width and a perimeter of 360 m. Find its
length and width. (@)

Section 1




Chapter 9

Simultaneous equations

9.1 Introduction to simultaneous

equations

Only one equation is necessary when finding the value
of a single unknown quantity (as with simple equa-
tions in Chapter 8). However, when an equation contains
two unknown quantities it has an infinite number of
solutions. When two equations are available connecting
the same two unknown values then a unique solution is
possible. Similarly, for three unknown quantities it is
necessary to have three equations in order to solve for a
particular value of each of the unknown quantities, and
SO on.

Equations that have to be solved together to find the
unique values of the unknown quantities, which are
true for each of the equations, are called simultaneous
equations.

Two methods of solving simultaneous equations
analytically are:

(a) by substitution, and (b) by elimination.

(A graphical solution of simultaneous equations is
shown in Chapter 31 and determinants and matrices are
used to solve simultaneous equations in Chapter 62).

9.2 Worked problems on

simultaneous equations
in two unknowns

Problem 1. Solve the following equations for x
and y, (a) by substitution, and (b) by elimination:

x+2y=-1 (1)
4x —3y =18 )

(a)

(b)

By substitution

From equation (1): x=—1—2y

Substituting this expression for x into equation (2)
gives:

4(—1—-2y)—-3y=18
This is now a simple equation in y.
Removing the bracket gives:
—4—-8y—3y=18
22

= — =2
Y=

Substituting y = —2 into equation (1) gives:

x+2(=2)=-1
x—4=-1
x=—1+4=3

Thus x=3 and y=-2 is the solution to the
simultaneous equations.

(Check: In equation (2), since x=3 and y=—2,
LHS =43) —3(—2)=12+4+6=18 =RHS)

By elimination

x+2y=-1 1)

4x — 3y =18 2)

If equation (1) is multiplied throughout by 4 the
coefficient of x will be the same as in equation (2),

giving:

4x +8y = —4 3)
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Subtracting equation (3) from equation (2) gives:

4x —3y= 18 2)
4x + 8y = —4 3)
0—11ly= 22

Hencey:Tz—

(Note, in the above subtraction,
18 —(—4)=18+4=22).

Substituting y = —2 into either equation (1) or equa-
tion (2) will give x =3 as in method (a). The solution
x =3,y = —2is the only pair of values that satisfies both
of the original equations.

Problem 2. Solve, by a substitution method, the
simultaneous equations:

3x—2y=12 @))
x+3y=-7 2)

From equation (2), x=—7 — 3y

Substituting for x in equation (1) gives:

3(=7 —3y) =2y = 12

ie. —21 -9y —-2y=12
—1ly=12+4+21=33
33
Hence y=——=-3
—11

Substituting y = —3 in equation (2) gives:

x+3(-3)=-7
i.e. x—9=-7
Hence x=-74+9=2

Thus x =2,y = —3 is the solution of the simultaneous
equations.

(Such solutions should always be checked by substitut-
ing values into each of the original two equations.)

Problem 3. Use an elimination method to solve
the simultaneous equations:

3x+4y= 5 (D
2x — 5y = —12 2)

Ifequation (1) is multiplied throughout by 2 and equa-
tion (2) by 3, then the coefficient of x will be the same
in the newly formed equations. Thus

2 x equation (1) gives: 6x+8 = 10 3)

3 x equation (2) gives: 6x — 15y =-36 %)

Equation (3) — equation (4) gives:

0+ 23y =46

46
=—=2
1.6 y 23

(Note+8y — —15y =8y + 15y =23yand 10 — (—36) =
10436 =46. Alternatively, ‘change the signs of the
bottom line and add’.)

Substituting y =2 in equation (1) gives:

Ix+42)=5
from which 3x=5-8=-3

and x=-1

Checking in equation (2), left-hand side =
2(—1) —5(2) = -2 — 10 = —12 = right-hand side.

Hence x = —1 and y =2 is the solution of the simulta-
neous equations.

The elimination method is the most common method
of solving simultaneous equations.

Problem 4. Solve :

Tx —2y =26 (D
6x + 5y =29 2

When equation (1) is multiplied by 5 and equation
(2) by 2 the coefficients of y in each equation are
numerically the same, i.e. 10, but are of opposite sign.

5 x equation (1) gives: 35x — 10y =130 (3)

2 X equation (2) gives: 12x+ 10y = 58 (4)

Adding equation (3)

and (4) gives: 47x+0 =188 (5

188

Hence x=— =
47
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[Note that when the signs of common coefficients are
different the two equations are added, and when the
signs of common coefficients are the same the two equa-
tions are subtracted (as in Problems 1 and 3).]

Substituting x =4 in equation (1) gives:

7(4) —2y =26
28 —2y =26
28 —26 =2y
2 =2y
Hence y=1

Checking, by substituting x =4 and y = 1 in equation
(2), gives:

LHS = 6(4) + 5(1) = 24 + 5 = 29 = RHS

Thus the solution is x =4, y=1, since these val-
ues maintain the equality when substituted in both
equations.

Now try the following exercise

Exercise 33 Further problems on
simultaneous equations

Solve the following simultaneous equations and
verify the results.

l. a+b=7

a—b=3 [a=5, b=2]
2. 2x+5y=7

x+3y=4 [x=1, y=1]
3. 3s+2t=12

4s —t=5 [s=2, 1=3]
4. 3x—2y=13

2x+5y=—4 [x=3, y=-2]
5. 5x=2y

3x+T7y=41 [x=2, y=5]
6. Sc=1-3d

2d+c+4=0 [c=2, d=-3]

9.3 Further worked problems on

simultaneous equations

Problem 5. Solve

3p =2q (D
4p+q+11=0 2
Rearranging gives:
3p—2¢=0 3)
4p+qg=-11 )
Multiplying equation (4) by 2 gives:
8p+2qg=-22 ©)

Adding equations (3) and (5) gives:

llp+0=-22
22 5
P=n =
Substituting p = —2 into equation (1) gives:
—6=2q
—6
= — = —3
=7

Checking, by substituting p=—2 and g=—3 into
equation (2) gives:

LHS =4(-2)+(-3)+11=-8-3+11
=0=RHS

Hence the solutionisp =-2,4g = -3

Problem 6. Solve

| =
_|_
W< D] W

ey

I
<

—_
w oo

(€))

Il
w
=

Whenever fractions are involved in simultaneous equa-
tion it is usual to firstly remove them. Thus, multiplying
equation (1) by 8 gives:

()

ie. x+20 =8y 3
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Multiplying equation (2) by 3 gives: Rearranging gives:
39 —y=9x 4) 250x — 300y = =75 3)
160x + 120y = 108 4
Rearranging equation (3) and (4) gives: ot 4 “)
Multiplying equation (3) by 2 gives:
x—8y=-20 (5)
9x +y = 39 (6) 500x — 600y = —150 (5)
Multiplyi tion (4) by 5 gives:
Multiplying equation (6) by 8 gives: ultiplying equation (4) by 5 gives
800x + 600y = 540 (6)

72x + 8y = 312 )

Adding equations (5) and (7) gives:

73x +0 =292

292
x=—=4

73

Substituting x =4 into equation (5) gives:

4—8y=—20
4420 =8y
24 = 8y
24

:—:3
Y=g

Checking: substituting x=4, y=3 in the original
equations, gives:

. ) 4 5 1 1
Equation (1): LHS=§+§=§+2§:3
=y =RHS
Equation(2): LHS =13 — g =13—-1=12

RHS =3x=34) =12

Hence the solutionisx =4,y =3

Problem 7. Solve

25x+0.75-3y=0
1.6x = 1.08 — 1.2y

It is often easier to remove decimal fractions. Thus
multiplying equations (1) and (2) by 100 gives:

250x + 75 — 300y = 0 (1)
160x = 108 — 120y )

Adding equations (5) and (6) gives:

1300x 4+ 0 = 390
390 39 3

X=m = — =
1300 130 10

Substituting x = 0.3 into equation (1) gives:

250(0.3) +75 =300y =0

75 +75 = 300y

150 = 300y

150
=05

Y= 300

Checking x =0.3, y=0.5 in equation (2) gives:

LHS = 160(0.3) = 48
RHS = 108 — 120(0.5)
= 108 — 60 = 48

Hence the solution isx =0.3,y =0.5

Now try the following exercise

Exercise 34 Further problems on
simultanuous equations

Solve the following simultaneous equations and
verify the results.

1. 7p+114+2¢g=0

—1 =3¢g—5p [p=-1, g=-2]
X oy

2. —+==4
2+3
X oy
——Z=0 :4, =6
9 [x y=06]
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2y 49

X
5 3 15

3x 'y 5

Z_ 212

7 2+7 [x

5. 1.5x—22y=-—18

Il
&
~

I

~
=

2.4x+0.6y=33 [x=10, y=15]

6. 3b—2.5a=0.45
1.6a+0.8b=0.8

[a=0.30, b=0.40]

9.4 More difficult worked problems

on simultaneous equations

Problem 8. Solve

+
I
N

=lhs =2 |W

ey

Il
|
(S}

2

S l= xIN

In this type of equation the solutions is easier if a

1 1
substitution is initially made. Let — =a and — =b

X y
Thus equation (1) becomes: 2a +3b="7 3)

and equation (2) becomes: a—4b=-2 @
Multiplying equation (4) by 2 gives:
2a—8b=—4 5)
Subtracting equation (5) from equation (3) gives:
0+11b=11
ie. b=1
Substituting » =1 in equation (3) gives:
2a+3=7
2a=7-3=4

i.e. a=2

Checking, substituting a =2 and b =1 in equation (4)
gives:

LHS=2—4(1)=2 —4=—2=RHS

Hencea=2and b=1

1 1 1
However, since —=a then x=-=-
X a 2
1 1 1
and since —=b then y=-=-=1
y b 1
N 1
Hence the solutions is x = 2 y=1,
which may be checked in the original equations.
Problem 9. Solve
1 3
—+ —=4 1
2a + 5b M
4 1
-+ —=10.5 2
p + % @)
1 1
Let—=x and —=y
a b
x 3
th —+-y=4 3
en > + 2 (3
1
4x +§y= 10.5 4

To remove fractions, equation (3) is multiplied by 10
giving:

10(3) +10 (gy) —10(4)
ie. 5x 4+ 6y =40 %)
Multiplying equation (4) by 2 gives:
8x+y=21 Q)
Multiplying equation (6) by 6 gives:
48x + 6y =126 @)

Subtracting equation (5) from equation (7) gives:
43x+0=286
86
= —= 2
T3
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Substituting x = 2 into equation (3) gives: Now try the following exercise
2 3
—+-y= 4
25 Exercise 35 Further more difficult problems
3 ; ,
Scai1-3 on simultaneous equations
5 In Problems 1 to 5, solve the simultaneous equa-
5 . .
y= 3(3) —5 tions and verify the results
Since 1 0 11 3.2 4
ince — = en a=-=—
a * “ x 2 oy
1 1 1 5 3 1 1
1 —_ = —_ - = — ———:—2 ==, = —
and since A y then b 375 )y [x 3 y 4]
1 1 4 3
Hence the solutionsisa= -, b= - 2. ———-=18
2 5 a b
which may be checked in the original equations. 2 5 1 1
-—+-=—4 a=-, b=—-
a b 3 2
Problem 10. Solve 1 3
¥ =F==
1 - i (1) 2p  5q
x+y 27 5 1 35 [ 1 1]
_— = = = p = -, q =S
I _4 ) p 29 2 4 5
2x —y 33
4 € +1 d+2 120
4 3 N
To eliminate fractions, both sides of equation (1) are l—¢c 3-d 13 _ .
multiplied by 27(x + y) giving: 5 T3 T30 le=3 d=d4
1 4 5 3r+2 _ 2s —1 . E
27(x+y) (m) =27(x+Yy) (E) 5 4 5
. 3+42r S5—s 15 1
1.€. 27(1)=4(x+ ) = — =3’ = =
Y 1 T3 "2 d =2
27=4x+4y 3) 3 4 5
6 If5x——=1and — = — find the value of
Similarly, in equation (2): 33 =4(2x —y) * y and x+ y 2 né the vatue 0
xy+1
ie. 33=8x—4y 4 —y (1]

Equation (3) + equation (4) gives:

60=12x, ie.x= 60 =5
12 9.5 Practical problems involving
Substituting x =5 in equation (3) gives: simultaneous equations
27 =4(5)+ 4y
from which 4y=27-20=7 There are a number of situations in engineering and
science where the solution of simultaneous equations
and y= Z = 1§ is required. Some are demonstrated in the following

worked problems.

3
Hence x =5, y=1- is the required solution, which ) o
Problem 11. The law connecting friction ' and

may be checked in the original equations. load L for an experiment is of the form F =aL + b,
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where a and b are constants. When F =5.6,L =8.0
and when F =4.4, L =2.0. Find the values of a and
b and the value of F when L =6.5

Substituting F =5.6, L = 8.0 into F =aL + b gives:
5.6=8.0a+b @)
Substituting F =4.4, L =2.0 into F =aL + b gives:

4.4=20a+b )

Subtracting equation (2) from equation (1) gives:

12=6.0a
12 1
=605

1
Substituting a =3 into equation (1) gives:

1
5.6=8.0 (5) +b

56=1.6+b
5.6—-1.6=>
ie. b=4

1
Checking, substituting a = 3 and b =4 in equation (2),

gives:

1
RHS=2.0 <§> +4=04+4=44=LHS
1
Hence azg and b=4

1
When L=6.5,F=al+b= 5(6.5) +4
=13+4+4, ie.F=53
Problem 12. The equation of a straight line, of
gradient m and intercept on the y-axis c, is
y=mx + c. If a straight line passes through the
point where x = 1 and y = —2, and also through the

point where x = 3% and y = 10%, find the values of
the gradient and the y-axis intercept

Substituting x =1 and y = —2 into y = mx + ¢ gives:

—2=m+c €))]

1 1
Substituting x =3 3 andy = 105 into y = mx + ¢ gives:

1 1

Subtracting equation (1) from equation (2) gives:
1

12—

1 1
12— =2—-m from which, m= 2 _ 5
2 2 1

2=
2
Substituting m =5 into equation (1) gives:
—2=5+4c¢
c=-2-5=-7
Checking, substituting m=35 and ¢= —7 in equation
(2), gives:
RHS = 31 (5)+( 7)—171 7
2 2
1
=10- =LHS
2

Hence the gradient, m =5 and the y-axis intercept,
c=-17

Problem 13.  When Kirchhoff’s laws are applied
to the electrical circuit shown in Fig. 9.1 the
currents /; and I, are connected by the equations:

27 =151 + 8y — Ip) (1)
—26 =21, — 8(I; — Iy) )
l b
I
27VT (h=f) Tzev
9 H
150 20
Figure 9.1

Solve the equations to find the values of currents /;
and I,

Removing the brackets from equation (1) gives:
27=1.50 + 81 —81
Rearranging gives:
9.51; — 8L, =27 3)
Removing the brackets from equation (2) gives:

—26=2I, — 81, +8I,
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Rearranging gives:

—81 + 101, =—26 )
Multiplying equation (3) by 5 gives:

47.511—40I, =135 4)
Multiplying equation (4) by 4 gives:

—3211 +40, =—104 ©6)
Adding equations (5) and (6) gives:

15.51, +0=31
1= 155~

Substituting /; =2 into equation (3) gives:

9.52) -8 =27

19 -8, =27
19 -27=8h
—8=28I
L=-1

Hence the solution is I1 =2and I, = —1

(which may be checked in the original equations).

Problem 14. The distance s metres from a fixed
point of a vehicle travelling in a straight line with
constant acceleration, a m/s2, is given by

s=ut + %atz, where u is the initial velocity in m/s
and 7 the time in seconds. Determine the initial
velocity and the acceleration given that s =42 m
when # =2 s and s = 144 m when ¢ =4 s. Find also
the distance travelled after 3 s

1
Substituting s =42, =2 into s = ut + Eat2 gives:

! 2
42 =2u+ Ea(Z)
ie. 42 =2u+2a (D
1
Substituting s = 144,t =4 into s = ut + zat2 gives:
! 2
144 =4u + Ea(4)

ie. 144 = 4u+ 8a 2)

Multiplying equation (1) by 2 gives:
84 =4u+4a 3)

Subtracting equation (3) from equation (2) gives:

60=0+4a
60
~ 2 _1s
“=71s

Substituting a = 15 into equation (1) gives:

42 =2u+2(15)

42 30 =2u
12

:—:6
“=3

Substituting @ = 15, u = 6 in equation (2) gives:
RHS =4(6) + 8(15) =24 4+ 120 = 144 =LHS

Hence the initial velocity, #=6m/s and the

acceleration, a = 15 m/s2.

1
Distance travelled after 3s is given by s=ut + 3 at*
wheret=3, u=6anda=15

Hence n4w$+gwmﬂ=m+m5

i.e. distance travelled after 3s=85.5m

Problem 15. The resistance R €2 of a length of
wire at °C is given by R = Ro(1 + «t), where Ry

is the resistance at 0°C and « is the temperature
coefficient of resistance in /°C. Find the values of «
and Ry if R=30 2 at 50°C and R =35 2 at 100°C

Substituting R =30, =50 into R = Ro(1 + «t) gives:
30 =Ro(1 + 50a) ey

Substituting R =35, ¢ =100 into R = Ro(1 + a1) gives:
35=Ro(1 +100 ) 2)

Although these equations may be solved by the conven-
tional substitution method, an easier way is to eliminate
Ry by division. Thus, dividing equation (1) by equation
(2) gives:

30  Ro(l1+50a) 1 4 50«

35 Ro(1+100) 1+ 100c
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‘Cross-multiplying’ gives: a=52-40=12

30(1 + 100a) = 35(1 + 50a) Hencea=12 and b=04

30 4 3000« = 35 + 1750«
3000« — 1750 = 35 — 30

Now try the following exercise

12500 =5
Exercise 36 Further practical problems
. 5 1 involving simultaneous
1.€. o= m = ﬁ or 0.004 equations
1 .
Substituting o« = — into equation (1) gives: 1. Inasystem of pulleys, the effort P required to
250 raise a load W is given by P = aW + b, where
1 a and b are constants.
30=Roy1+ 50| —
250 If W=40 when P=12 and W =90 when
30 = Ry (1.2) P =22, find the values of a and b.
' 1
30 [a = -, b = 4]
Ry= = =25 5
1.2

2. Applying Kirchhoff’s laws to an electrical
circuit produces the following equations:

5=0.201 +2(; — Ip)
12 = 30, + 0.41, — 2(I; — )

1
RHS =25 {1 + (100) (—) } Determine the values of currents /; and I
250 [} =647, I=4.62]
=25(1.4) =35 =LHS

1
Checking, substituting o« = 750 and Ry =25 inequation
(2) gives:

3. Velocity v is given by the formula v=u + at.
If v=20 when =2 and v=40 when t=7,
find the values of u and a. Hence find the
velocity when t =3.5.

Thus the solution is & = 0.004/°C and Ry =25 Q.

Problem 16. The molar heat capacity of a solid =12, a=4, v=260]
compound is given by the equation ¢ = a + bT, 4.
where a and b are constants. When ¢ =52, 7 = 100

and when ¢ =172, T =400. Determine the values

y=mx+ c is the equation of a straight line
of slope m and y-axis intercept c. If the line
passes through the point where x=2 and

ofaandb y =2, and also through the point where x =5
and y= %, find the slope and y-axis intercept

1
When ¢ =52, T =100, hence of the straight line. [m = 5 c= 3]
52=a+100b ey 5. The resistance R ohms of copper wire at
When ¢ =172, T =400, hence #E e given by R=Ro(1 —i—oz't ), where Ry is
the resistance at 0°C and « is the tempera-
172 =a +400b 2) ture coefficient of resistance. If R =25.44 Q
) ) ) at 30°C and R=32.17Q2 at 100°C, find «
Equation (2) — equation (1) gives: and Ro. [0 =0.00426, Rp=22.56%]
120 =300b 6. The molar heat capacity of a solid compound
120 is given by the equation ¢ =a+ bT. When

from which, b= 04

¢=52,T =100 and when ¢ =172, T =400.
Find the values of a and b.
[a=12, b=0.40]

300
Substituting b = 0.4 in equation (1) gives:

52=a+ 100(0.4)




Chapter 10

Transposition of formulae

10.1 Introduction to transposition of

formulae

When a symbol other than the subject is required to
be calculated it is usual to rearrange the formula to
make a new subject. This rearranging process is called
transposing the formula or transposition.

The rules used for transposition of formulae are the
same as those used for the solution of simple equa-
tions (see Chapter 8)—basically, that the equality of
an equation must be maintained.

10.2 Worked problems on

transposition of formulae

Problem 1. Transpose p =q + r + s to make r the
subject

The aim is to obtain » on its own on the left-hand side
(LHS) of the equation. Changing the equation around
so that r is on the LHS gives:

g+r+s=p ey
Substracting (g +s) from both sides of the equation
gives:

g+r+s—(q+s)=p—(q+s)

Thus q+r+s—qgq—s=p—q-—s
ie. r=p—q-s 2)
It is shown with simple equations, that a quantity can be
moved from one side of an equation to the other with an

appropriate change of sign. Thus equation (2) follows
immediately from equation (1) above.

Problem 2. Ifa+b=w— x4y, express x as the
subject

Rearranging gives:

w—x+y=a+b and —x=a+b—-w-—y

Multiplying both sides by —1 gives:
(D) =(=D@a+b—-w-y
ie. x=—a—-b+w+y
The result of multiplying each side of the equation
by —1 is to change all the signs in the equation.
It is conventional to express answers with positive
quantities first. Hence rather than x=—a —-b+w+y,

x=w+y—a—b>b, since the order of terms connected
by + and — signs is immaterial.

Problem 3. Transpose v=fA to make A the
subject

Rearranging gives: fa=v
A

Dividing both sides by f gives: - =

o f

. A v

1.€. = —

f

Problem 4. When a body falls freely through
a height £, the velocity v is given by v* = 2gh.
Express this formula with £ as the subject

Rearranging gives: 2gh = v*
o . . 286h  V?
Dividing both sides by 2g gives: — = —
28 2

2

ie. h=o
2

1%
Problem 5. If7I= R rearrange to make V the
subject
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Vv
R
Multiplying both sides by R gives:

Rearranging gives: -7 Now try the following exercise

Exercise 37 Further problems on

V o e
R (_) — RU) transposition of formulae
Make the symbol indicated the subject of each of
Hence V =IR the formulae shown and express each in its simplest
form.
F
Problem 6. Transpose: a= — form 1. a+b=c—d—e (d) [d=c—a—b]
m
| -
. . F 2. x+3y=t ) [yz—(t—x)
Rearranging gives: —=a 3 _
m , ‘-
Multiplying both sides by m gives: 3. ¢=2nar (@) [r = ol
F . y—c]
m|—)=m(a) ie. F =ma 4, y=mx+c x) F=
m i |
Rearranging gives: ma=F I
o F 5. I=PRT (T) [T: R
Dividing both sides by a gives: — = — -
a a -
E E
. F 6. I=— (R) R=—
1e. m=— R I
a
S—a’]
ol a ~Tg
Problem 7. Rearrange the formula: R = — to 7. §= T (r) -
a — _Z
make (i) a the subject, and (ii) / the subject or 1 1
[ 8 F—9C+32 ©) C—S(F 32)-
(i) Rearranging gives: L =R ’ -5 ) ]
a

Multiplying both sides by a gives:

pl

; (_) —a® ie. pl=aR 10.3  Further worked problems on
a

transposition of formulae

Rearranging gives: aR = pl

Dividing both sides by R gives: fi
aR  pl Problem 8. Transpose the formula: v=u+ — to
m
®-R make f the subject
I
ie. a=? L Jt ft
R Rearranging gives: u+—=v and —=v—u
m m
[ S . .
(ii) Multiplying both sides of PP_R by a gives: Multiplying each side by m gives:
a
1
pl = aR m (]i> =m(v—u) ie. ft=m{—u)
. . . pl aR m
Dividing both sides by p gives: —=—
1Y 1Y Dividing both sides by ¢ gives:
. aR 1
ie. l=7 é:?(v—u) ie. f=r7n(v—u)
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Problem 9. The final length, /; of a piece of wire
heated through 6°C is given by the formula

I =11 (1 + «f). Make the coefficient of expansion,
o, the subject

Rearranging gives: Lh(l+ab) =1

Removing the bracket gives: L+ Lot =1
Rearranging gives: had =1L —1;
Dividing both sides by /16 gives:

l](xe_lz—l] _lz—ll

e - ne ¢ *T e

Problem 10. A formula for the distance moved by
1

a body is given by: s = E(v + u)t. Rearrange the

formula to make u the subject

1

Rearranging gives: E(v +uy=s
Multiplying both sides by 2 gives: v+ uwr=2s
Dividing both sides by ¢ gives:

(v + u)t _ 2s

t ot
. 2s
1.€. vtu=—
2s 2s — vt

Hence u=7—v or u= p

Problem 11.

1
k= Emvz. Transpose the formula to make v the

A formula for kinetic energy is

subject

1
Rearranging gives: Emv2 =k
Whenever the prospective new subject is a squared

term, that term is isolated on the LHS, and then the
square root of both sides of the equation is taken.

Multiplying both sides by 2 gives: mv? = 2k
2 2%

Dividing both sides by m gives: = =&
m m

2k

ie. v ==

m

Taking the square root of both sides gives:
[2k
V2 ==
m
. [2k
ie. vV=,/—
m

Problem 12. In a right-angled triangle having
sides x, y and hypotenuse z, Pythagoras’ theorem
states z> = x” 4 y2. Transpose the formula to find x

x2+y2=z2

2

Rearranging gives:
and =7 - y2

Taking the square root of both sides gives:
x = /22 —y2

l
Problem 13. Givent=2m \/j find g in terms of
8

t,land

Whenever the prospective new subject is within a square
root sign, it is best to isolate that term on the LHS and
then to square both sides of the equation.

l
Rearranging gives: 2w \/j =t
8
t

l
Dividing both sides by 2 gives: \/j =—
g 2r

. . . l t\* 2
Squaring both sides gives: —= | — | =-—
g 2w 472

Cross-multiplying, i.e. multiplying each term by 472,
gives:

47?1 = gr?
or gt2 = 47%1
2 2
t 4l
Dividing both sides by * gives: 5;_2 = 7;—2
. 4l
1.€. g = t_2

Problem 14. The impedance of an a.c. circuit is
given by Z = ~/R? + X2. Make the reactance, X, the
subject
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Taking the square root of both sides gives:
X =VZ72-R2

Problem 15. The volume V of a hemisphere is

2
given by V = §nr3. Find r in terms of V

3
z 4
3nr

Multiplying both sides by 3 gives: 2} =3V

Rearranging gives:

Dividing both sides by 2 gives:
2rrd 3V
2 27w

Taking the cube root of both sides gives:

3V 3V
V3 = ,3/ — ie. r= ,3/ —
21 2r

P
2

1.€.

Rearranging gives: R+ X2=2Z
Squaring both sides gives: R*+Xx*=27>
Rearranging gives: X>=7>—R?

Now try the following exercise

Exercise 38 Further problems on
transposition of formulae

Make the symbol indicated the subject of each of
the formulae shown and express each in its simplest

form.

L y=)u(x—d) @
e o amds 2
[x—x(y+ or x= +A:|

5 A=3(FL—f) "
|: 3F — AL AL
= or f=F——
3—
_M_l2 (E) [E_M_lz-
Y= 8EI = 8yl |
4. R=Ro(1+ar) (t) [:R_RO
Roa |

5 1_ 1 1 Ry) Ry — RR,
"R R R ? "R —-R
E—e
6. I= R
R+r ®) _
[ E—e—1Ir E—e
= or R= =7
1 I
422 [y
7. y=4dab-c (b) [b— m_
a*>  b? ay 1
l g
S IO =
10. v2=u?+2as (u) [u:«/vz—Zas-
R%0 3604 |
1. A=Z (R) R=,"—
360 b140)

[a=N?y—x]

2. N= [2EX (@)
y

2 _ p2
13. Z=/R*+Q2nfL)* (L) [L:ZszR]

10.4 Harder worked problems on

transposition of formulae

Problem 16. Transpose the formula

2 2
ax+a .
p= gxray to make a the subject
’

. . a*x + azy
Rearranging gives: _— =
r

Multiplying both sides by r gives: ax+ azy =rp

Factorising the LHS gives: aAx+y)=rp
Dividing both sides by (x + y) gives:
a(x +y) 1 . 2P
x+y)  +y (x+y)
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Taking the square root of both sides gives:

rp
xX+y

Problem 17. Make b the subject of the formula
XYy

v bd + be

X—y
Vbd+be
Multiplying both sides by ~/bd + be gives:
x —y = avbd + be
or avbd +be =x —y

Dividing both sides by a gives:
Vbd e =""2
a

Squaring both sides gives:

2
bd—i—be:(x y)
a

Factorising the LHS gives:

N2
b(d+e) = (%)

Dividing both sides by (d + e) gives:
2
X=y
()
 (d+e)

_ (x—y)?
 a¥d+e)

Rearranging gives:

i.e.

Problem 18.

the formula

b
Ifa= b make b the subject of

Rearranging gives:

1+b
Multiplying both sides by (1 + b) gives:

b=ua(l+b)

Removing the bracket gives: b=a + ab

Rearranging to obtain terms in b on the LHS gives:

b—ab=a

Factorising the LHS gives: b(1 —a)=a
Dividing both sides by (1 — a) gives:

=2

1—a

Er
R+r

to

Problem 19. Transpose the formula V =

make 7 the subject

Rearranging gives: Er =V
R+r

Multiplying both sides by (R + r) gives:
Er=V(R+r)

Removing the bracket gives: Er =VR + Vr

Rearranging to obtain terms in r on the LHS gives:
Er —Vr=VR

Factorising gives: r(E — V)=VR

Dividing both sides by (E — V) gives:

VR
V= ——
E-V
D
Problem 20. Given that: — = fHp express p
d \f-p
in terms of D, d and f
L f+p D
Rearranging gives: |—— = —
f-p d
DZ
Squaring both sides gives: ﬂ =—
f-p) &

Cross-multiplying, i.e.
d*(f —p), gives:

d*(f +p) = D*(f —p)

Removing brackets gives: d*f + d’>p =D*f — D*p

multiplying each term by

Rearranging, to obtain terms in p on the LHS gives:

d’p + D?’p = D*f — d*f
Factorising gives: p(d> + D?) =f(D* — d?)
Dividing both sides by (@2 + D?) gives:

_fD*-d¥
P="a+p2
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Now try the following exercise

Exercise 39 Further problems on

transposition of formulae

Make the symbol indicated the subject of each of
the formulae shown in Problems 1 to 7, and express
each in its simplest form.

1.

10.

a*m —a*n xy ]
y=—" (@) a=
X m—n |
- -
M=aR*—-r") (R |:R= I —+r4
b4
o _ 3(x+y)
oern 0 )
L CR ]
m=— (L) ="
L+rCR w—m |
b2 — 2 c ]
S b b=
¢ b? ® [ V1—a? ]
x 1472 x—y ]
—= r) r=
y 1-r2 x+y ]
p [a+2b a(p* — ]
2= ©) [”=ﬁ
qg Va=2b 2(p*+q*) |

A formula for the focal length, f, of a convex

1 1
lens is — = — 4 —. Transpose the formula to
u v

make v the subject and evaluate v when f =5
and u=6.
[v _ ¥ 30}
u—f

The quantity of heat, Q, is given by the formula
O =mc(ty — t1). Make 1, the subject of the for-
mula and evaluate t, when m =10, #; =15,

c=4and Q= 1600.
[tz =h+ g 55:|
mc

The velocity, v, of water in a pipe appears in the
0.03Lv?

2dg

formula h =

. Express v as the subject

11.

12.

13.

14.

of the formula and evaluate v when 7 =0.712,
L=150,d=0.30 and g =9.81

y 2dgh ) 965
V= ey .
0.03L°

The sag S at the centre of a wire is given by the

3d(l—d)

formula: § = . Make [ the subject

of the formula and evaluate / when d =1.75

and S =0.80
852
l=— +d,
|: 3d +

In an electrical alternating current circuit the
impedance Z is given by:

2
Z=,R*+ a)L—L
wC

Transpose the formula to make C the subject
and hence evaluate C when Z =130, R =120,
w=314and L=0.32

2.725]

1
C= s
a){a)L— VZ? —R2}

63.1 x 107°

An approximate relationship between the num-
ber of teeth, 7', on a milling cutter, the diameter
of cutter, D, and the depth of cut, d, is given by:

125D

+4d
T =10 and d =4 mm.

. Determine the value of D when
[64 mm)]

Make A, the wavelength of X-rays, the subject
of the following formula:

w  CZ*NMn
P



Chapter 11

Quadratic equations

11.1 Introduction to quadratic

equations

As stated in Chapter 8, an equation is a statement that
two quantities are equal and to ‘solve an equation’
means ‘to find the value of the unknown’. The value
of the unknown is called the root of the equation.

A quadratic equation is one in which the high-
est power of the unknown quantity is 2. For example,
x? —3x + 1 =0is a quadratic equation.

There are four methods of solving quadratic
equations.
These are: (i) by factorisation (where possible)
(ii)) by ‘completing the square’
(iii) by using the ‘quadratic formula’
or (iv) graphically (see Chapter 31).

11.2 Solution of quadratic equations

by factorisation

Multiplying out (2x + 1)(x — 3) gives 2x> — 6x 4 x — 3,
i.e. 2x2 — 5x — 3. The reverse process of moving from
2x% — 5x — 3 to (2x + 1)(x — 3) is called factorising.

If the quadratic expression can be factorised this
provides the simplest method of solving a quadratic
equation.

For example, if 2% —5x -3 = 0, then,

by factorising: 2x+Dx—-3)=0
1
Hence either (2x+1)=0 ie. x= —3
or x—3)=0 ie. x=3

The technique of factorising is often one of ‘trial and
error’.

Problem 1. Solve the equations:
(@)x>+2x—8=0  (b)3x>—1lx—4=0by
factorisation

(a) x%+2x—8=0. The factors of x are x and x.
These are placed in brackets thus: (x )(x )

The factors of —8 are +8 and —1, or —8 and +1, or
+4 and —2, or —4 and +2. The only combination
to given a middle term of +2x is +4 and —2, i.e.
x2+2x—8:(x+4)(x—2)
~— —
(Note that the product of the two inner terms added
to the product of the two outer terms must equal
to middle term, 4+2x in this case.)

The quadratic equation x?+2x—8=0 thus
becomes (x +4)(x —2)=0.

Since the only way that this can be true is for either
the first or the second, or both factors to be zero,

then
either x+4)=0 ie. x=—4
or x—2)=0 ie. x=2

Hence the roots of x2 + 2x — 8=0are
x=—4and 2

(b) 3xr—1lx—4=0
The factors of 3x? are 3x and x. These are placed
in brackets thus: 3x )(x )

The factors of —4 are —4 and +1, or +4 and —1,
or —2 and 2.

Remembering that the product of the two inner
terms added to the product of the two outer terms
must equal —11x, the only combination to give
this is +1 and —4, i.e.

3¢ — 1x —4=Gx + Dx —4)
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The quadratic equation 3x> — 11x —4 =0 thus
becomes (3x + 1)(x —4)=0.

Hence, either (Bx+1)=0 ie.

or x—4)=0 1.

and both solutions may be checked in the original
equation.

Problem 2. Determine the roots of:
(a) x> —6x+9=0, and (b) 4x> —25=0, by
factorisation

(a) x> —6x+9=0. Hence (x—3) (x—3)=0, i.e.
(x— 3)2 = 0 (the left-hand side is known as a per-
fect square). Hence x = 3 is the only root of the
equation x> — 6x +9=0.

(b) 4x*—25=0 (the left-hand side is the differ-
ence of two squares, (2x)? and (5)%). Thus
2x+502x -5 =0.

5

x:—i

Hence either (2x+5)=0 i.e.

5
or 2x—=5=0 ie. x:i

Problem 3. Solve the following quadratic
equations by factorising: (a) 4x*> 4+ 8x+3=0
(b) 15x% 4+ 2x — 8=0.

(a) 4x2+8x+3=0. The factors of 4x2 are 4x and
x or 2x and 2x. The factors of 3 are 3 and 1, or
—3 and —1. Remembering that the product of the
inner terms added to the product of the two outer
terms must equal 4-8x, the only combination that
is true (by trial and error) is:

(4x* +8x+3)=(2x+3)2x+ 1)

— —

Hence (2x + 3)(2x 4+ 1) = 0 from which, either
2x+3)=0 or (2x+1)=0

Thus, 2x = —3, from which, x = ~3

or 2x = —1, from which, x = ~3

which may be checked in the original equation.

(b) 15x%+2x—8=0. The factors of 15x2 are 15x
and x or 5x and 3x. The factors of —8 are —4 and
+2,or4 and —2, or —8 and +1, or 8 and —1. By
trial and error the only combination that works is:

15x% 4+ 2x — 8 = (5x + 4)(3x — 2)

Hence (5x +4)(3x — 2) =0 from which

either S5x+4=0
or 3x—2=0
0 2
encex=——- Oor XxX=-—
5 3

which may be checked in the original equation.

1
Problem 4. The roots of quadratic equation are 3

and —2. Determine the equation

If the roots of a quadratic equation are @ and 8 then

(x— a)x— B=0.

1
Hence if o = 3 and f = —2, then

( —%)(x—(—Z))=0
! ( 2)=0
(v-3)wr2=

, 1 2

- = 2x—-=0
X 3x+ X 3
5 2
2
x—Z-0
¥E3rog
Hence 32 4+5x—2=0

Problem 5. Find the equations is x whose roots
are:. (@) Sand -5 (b) 12and —04

(a) If 5 and —5 are the roots of a quadratic equation
then:

x=5x+5=0
ie. x> —5x+5x—25=0
ie. x2—25=0
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(b) If 1.2 and —0.4 are the roots of a quadratic
equation then:

(x=12)x+04)=0
ie. x*—12x+0.4x—0.48=0
ie. x2—0.8x—0.48=0

11.3 Solution of quadratic equations

by ‘completing the square’

An expression such as x2or (x+2)% or (x — 3)% is called
a perfect square.

If x2 =3 thenx =+ /3
If(x+2)2=5thenx+2==++Sandx=—-2++/5
If (x—3)2=8thenx—3=++8andx=3++/8

Now try the following exercise

Exercise 40 Further problems on solving
quadratic equations by
factorisation

Hence if a quadratic equation can be rearranged so that
one side of the equation is a perfect square and the other
side of the equation is a number, then the solution of the
equation is readily obtained by taking the square roots
of each side as in the above examples. The process of
rearranging one side of a quadratic equation into a per-

In Problems 1 to 10, solve the given equations by
factorisation.

1. x> +4x-32=0 [4, —8] fect square before solving is called ‘completing the
square’.
2. x*—16=0 (4, —4] 2_ 2 2
) x+a)=x"+2ax+a
- C us in order to make the quadratic expression x* + 2ax
3. x+2)=16 [2, —6] Th 4 ke the quad P 21,
1 - . . .
4 22— x—3=0 |:_1, 15 into a perfect square 1t2 is Izlecessary to add (half the
- coefficient of x)? i.e. (;) or ¢?
1 17
5. 6x2—5x+1=0 |:§» 3 For example, x*>4 3x becomes a perfect square by
J 3\ 2
1 47 adding (—) ,1.e.
6. 10x>+3x—4=0 = - 2
27 5] 3\ 2 3\ 2
2 _
7. X2—4x+4=0 2] x +3x+<§) —(x+§>
1 1 T . . .
8 2142 —25¢—4 =, — = The method is demonstrated in the following worked
37 7] problems.
2 4 1 ] 2 .
9. 6x"—5x—4=0 32 Problem 6. Solve 2x“ + 5x =3 by ‘completing
- the square’
5 5 3
10. 8x"+2x—15=0 - —=
4 2] The procedure is as follows:

1. Rearrange the equations so that all terms are on the
same side of the equals sign (and the coefficient of
the x? term is positive).

In Problems 11 to 16, determine the quadratic
equations in x whose roots are:

11. 3and1 x> —4x +3=0] Hence 2x% +5x —3=0

12. 2 and =5 [x2+3x—10=0] 2. Make the coefficient of the x> term unity. In this
5 case this is achieved by dividing throughout by 2.

13. —land —4 [x“ 4+ 5x +4=0] Hence

1 1
14. 2= and —= [4x2 — 8x —5=0]
2 2

15. 6and —6
16. 2.4 and —0.7

[x2 —36=0]
[x2—1.7x— 1.68=0]

2x2+5x 3 0
2 2 27
5 3
2
———=O
i.e x+2x >
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Rearrange the equations so that the x> and x terms
are on one side of the equals sign and the constant
is on the other side, Hence

2

" 3
X xX==
2

4. Add to both sides of the equation (half the coeffi-
5
cient of x)2. In this case the coefficient of x is R
5\2
Half the coefficient squared is therefore < Z) .

Thus, <2+ Jx + 5’ . 5’
us, X =X -] == —
2 4 2 \4

The LHS is now a perfect square, i.e.

LS 2 3 (3 2
x+-) == -

4 2 4
Evaluate the RHS. Thus

+52_3+25_24+25_49
*T4) T2716T 16 16

6. Taking the square root of both sides of the equa-
tion (remembering that the square root of a number
gives a £ answer). Thus

3%

__:|:_
4 4

ie. x+

Solve the simple equation. Thus
5 7
x=—-+-
4 4
_ 5+7_2_1
YT T
5 7 12
and x=——-—-=——=-3
4 4 4

Hence x = 3 or —3 are the roots of the equation

2x2 4 5x=3

Problem 7. Solve 2x2 + 9x + 8 = 0, correct to 3
significant figures, by ‘completing the square’

Making the coefficient of x* unity gives:
9
X4+ Zx+4=0
2
. . 2, 9
and rearranging gives: x~ + Ex =—4
Adding to both sides (half the coefficient of x)* gives:
9 N> [9)?
2
Z ) =(Z) -4
22+ (3) =(3)
The LHS is now a perfect square, thus:

L9 281 P
X —_ = —_— — = —
4 16 16

Taking the square root of both sides gives:

+9 ,/17 £1.031
X+ -=,/— ==L
4 16

9
Hence x= ~7 +1.031

i.e.x = —1.22 or —3.28, correct to 3 significant figures.

Problem 8. By ‘completing the square’, solve the
quadratic equation 4.6y 4 3.5y — 1.75 =0, correct
to 3 decimal places

Making the coefficient of y? unity gives:

3.5 1.75
2
"0
Yt 16" 46
and rearranging gives +35 L75
i ives: —y=
gmng g y 46y 26

Adding to both sides (half the coefficient of y)> gives:

2 35 (35 —1'75+ 35)°
Y a6 T \02) T a6 T\02

The LHS is now a perfect square, thus:

3.5\?
— ] =0.5251654
(” 9. 2)

Taking the square root of both sides gives:

— =+/0.5251654 = £0.7246830

3.5
Hence, y= 592 + 0.7246830

ie y=0344 or -1.105
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Now try the following exercise

Exercise 41 Further problems on solving
quadratic equations by

‘completing the square’

Solve the following equations by completing the
square, each correct to 3 decimal places.

1. X>+4x+1=0 [—3.732, —0.268]
2. 22 4+5x—4=0 [—3.137, 0.637]
3. 3x2—x—5=0 [1.468, —1.135]
4, 5x*—8x+2=0 [1.290, 0.310]
5. 4> —11x+3=0 [2.443, 0.307]

11.4 Solution of quadratic equations

by formula

Let the general form of a quadratic equation be given by:
ax* +bx+c=0
where a, b and c¢ are constants.
Dividing ax* 4+ bx 4 ¢ =0 by a gives:
, b c
xX+-x+-=0
a a
Rearranging gives:
b c

X ox=——
a a

Adding to each side of the equation the square of half the
coefficient of the terms in x to make the LHS a perfect
square gives:

2 b (b b\ ¢
X —X — ) =(=) — -
a 2a 2a a

Rearranging gives:
Wb o ¢ b —dac
X - = — - = —
a 4a®>  a 4a?

Taking the square root of both sides gives:

N b b? — 4dac B +b? — dac
T T 4a2 2a

b . Vb?—dac

Hence x=-—— =+
2a 2a

. ) ) —b+Vb? —4dac
i.e. the quadratic formula is: x= —
a

(This method of solution is ‘completing the square’ — as
shown in Section 10.3.). Summarising:

if a?+bx+c=0

—b +Vb* - dac
then X = T

This is known as the quadratic formula.

Problem 9. Solve (a) x> +2x —8=0 and
(b) 3x> — 11x — 4 =0 by using the quadratic
formula

(a) Comparing x> 4 2x — 8 =0 with ax®> + bx+c¢=0
givesa=1,b=2and c=—-8.

Substituting these values into the quadratic formula

—b + /b? — dac i
x=——--

1ves

2a
24 /22 —4(1)(-8)
X =
2(1)

_ 2+/4432  —244/36
N 2 N 2

—-24+6 -2+6 —-2—-6
= = or

2 2 2
4 - .
Hence x=-=2 or 5= —4 (as in

Problem 1(a)).
(b) Comparing 3x*>— 11x— 4 =0withax’>+ bx+c=0
givesa=3,b=—11 and c = —4. Hence,

LTI E VL) - 43)(—4)

2(3)
-1+ J/121+48  11+/169
- 6 - 6
1M£13 11+13 11-13
= = or
6 6 6

24 -2 1 .
Hencex=—=4 or =73 (asin Problem
1(b)).

Problem 10. Solve 4x? + 7x + 2 =0 giving the
roots correct to 2 decimal places
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Comparing 4x>+7x+2=0 with ax®>4+bx+c=0
gives a=4, b="7 and c =2. Hence,

_ TV -4

2(4)
=TV 744123
- 8 - 8
744123 —7-4.123
= or
8 8

Hence, x=-0.36 or —1.39, correct to 2 decimal
places.

Now try the following exercise

Exercise 42 Further problems on solving
quadratic equations by formula

Solve the following equations by using the
quadratic formula, correct to 3 decimal places.

1. 2x24+5x—4=0 [0.637, —3.137]
2. 5.76x2+2.86x—1.35=0 [0.296, —0.792]
3. 2x2—7x+4=0 [2.781,0.719]

3
4. dx+5=1
X

[0.443, —1.693]

5
x—3

5. x+1)= [3.608, —1.108]

11.5 Practical problems involving

quadratic equations

There are many practical problems where a quadratic
equation has first to be obtained, from given informa-
tion, before it is solved.

Problem 11. Calculate the diameter of a solid
cylinder which has a height of 82.0 cm and a total
surface area of 2.0 m?

Total surface area of a cylinder

= curved surface area
+ 2 circular ends (from Chapter 20)
= 2nrh = 2772

(where r =radius and s = height)

Since the total surface area=2.0m? and the height
h=82cm or 0.82 m, then

2.0 = 27r(0.82) + 27r?
ie. 27r?+27r(0.82)—2.0=0
Dividing throughout by 27 gives:

2 1
r“+082r——=0
T

Using the quadratic formula:

—0.82+ \/(0.82)2 —4(1) <—%)

r=

2(1)
_ —0.82+£ 19456  —0.82 4 1.3948
- 2 - 2
=0.2874 or —1.1074

Thus the radius r of the cylinder is 0.2874m (the
negative solution being neglected).
Hence the diameter of the cylinder

=2 x 0.2874
=0.5748m or

correct to 3 significant figures

57.5cm

Problem 12. The height s metres of a mass
projected vertically upward at time ¢ seconds is

s = ut — —gt*. Determine how long the mass will

take after being projected to reach a height of 16 m
(a) on the ascent and (b) on the descent, when
u=30m/s and g =9.81 m/s>

1
When height s=16m, 16=2307— E(9.81)t2

ie. 49052 —30r+16 =0

Using the quadratic formula:

i —(=30) & /(—30)2 — 4(4.905)(16)
- 2(4.905)
_30£+4/586.1  30+2421

9.81 T 9381
=553 or 0.9

Hence the mass will reach a height of 16 m after 0.59 s
on the ascent and after 5.53 s on the descent.
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Problem 13. A shed is 4.0 m long and 2.0 m
wide. A concrete path of constant width is laid all
the way around the shed. If the area of the path is
9.50 m? calculate its width to the nearest centimetre

Figure 11.1 shows a plan view of the shed with its
surrounding path of width 7 metres.

Area of path = 2(2.0 x 1) 4 21(4.0 + 21)
ie. 9.50=4.0r + 8.0t + 4¢
or 42 +12.06 —9.50 =0

:| t la—
N T
’ 1 A {
1 < > |
1 20m |
I |
1 |
I |
| 40m | @.0+21)
1
! .
1 1
X SHED \
\ v |
P Ly

Figure 11.1

—(12.0) + /(12.0)2 — 4(4)( — 9.50)
2(4)
—12.0 + +/296.0

8
—12.0 £ 17.20465

- 8
Hence r=0.6506m or —3.65058m

Hence =

Neglecting the negative result which is meaningless, the
width of the path,  =0.651 m or 65 cm, correct to the
nearest centimetre.

Problem 14. If the total surface area of a solid
cone is 486.2 cm? and its slant height is 15.3 cm,
determine its base diameter

From Chapter 20, page 157, the total surface area A
of a solid cone is given by: A = 77l + r> where [ is the
slant height and r the base radius.

If A=482.2 and [ = 15.3, then
482.2 = 7r(15.3) + mr?

ie. wrt+1537r —482.2 =0

482.2
— =

0

or 24+ 153r —

Using the quadratic formula,

—153+ \/(15.3)2 —4 <_4i2‘2>

2

_ —15.3+/848.0461
2
_ —15.3+£29.12123
2
Hence radius »r =6.9106 cm (or —22.21 cm, which is
meaningless, and is thus ignored).
Thus the diameter of the base
=2r =2(6.9106) = 13.82 cm

r=

Now try the following exercise

Exercise 43 Further practical problems
involving quadratic equations

1. The angle a rotating shaft turns through in ¢
seconds is given by:

0 = wt + —at?. Determine the time taken to

complete 4 radians if @ is 3.0 rad/s and « is
0.60 rad/s?. [1.191 5]

2. The power P developed in an electrical cir-
cuit is given by P =10/ — 812, where [ is the
current in amperes. Determine the current
necessary to produce a power of 2.5 watts in
the circuit. [0.345 A or 0.905 A]

3. The sag [ metres in a cable stretched between
two supports, distance x m apart is given by:

[ = — + x. Determine the distance between
X
supports when the sag is 20 m.
[0.619m or 19.38 m]

4. The acid dissociation constant K, of ethanoic
acid is 1.8 x 107> moldm—3 for a particu-
lar solution. Using the Ostwald dilution law

determine x, the degree of

[0.0133]

T U1 —x)

ionization, given that v =10 dm?.

5. A rectangular building is 15m long by 11 m
wide. A concrete path of constant width is laid
all the way around the building. If the area of
the path is 60.0 m?, calculate its width correct
to the neareast millimetre. [1.066 m]
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or 2% 4+x—-3=0
6. The total surface area of a closed cylindrical

container is 20.0 m?. Calculate the radius of Factorising gives: Cx+3)x-1) =0

the cylinder if its height is 2.80 m. . 3 _1
[86.78 cm] ie. x=-3 or x=
7. The bending moment M at a point in a beam In the equation y = 6x — 7
3x(20 —
is givenby M = u where x metres is 3 3
the distance from the point of support. Deter- when X = 5 y=6 (7) —-7=-16
mine the value of x when the bending moment
is 50 Nm. [1.835m or 18.165 m] andwhen x=1, y=6-7=—1

8. A tennis court measures 24 m by 11 m. In the
layout of a number of courts an area of ground
must be allowed for at the ends and at the sides

[Checking the result in y = 5x — 4 — 2x?:

2
of each court. If a border of constant width is when x = _g’ y=5 <_§> _4-2 <_§>
allowed around each court and the total area 2 2 2
of the court and its border is 950 m2, find the 15 9
width of the borders. -7 4= 2= —16
[7m]
as above; and when x=1, y=5—-4—-2=—1 as
9. Two resistors, when connected in series, have above.]

a total resistance of 40 ohms. When connected

. . . . Hence the simultaneous solutions occur when
in parallel their total resistance is 8.4 ohms. If

one of the resistors has a resistance R, ohms: = _g y=—16
(a) show that R — 40R, + 336 =0 and 2
(b) calculated the resistance of each. and when x=1, y=-1

[(b) 12 ohms, 28 ohms]

Now try the following exercise

11.6 The solution of linear and

Exercise 44 Further problems on solving

q.uadratlc 25 L linear and quadratic equations
simultaneously simultaneously
Sometimes a linear equation and a quadratic equation In Problems 1 to 3 determine the solutions of the
need to be solved simultaneously. An algebraic method simulations equations.
of solution is shown in Problem 15; a graphical solution 5
is shown in Chapter 31, page 281. 1. yzjr tx+1
y=4—x

. [x=1,y=3andx=-3,y=7]
Problem 15. Determine the values of x and y

which simultaneously satisfy the equations: 2. y=152+21x—11

y=5x—4—2x>and y=6x—7 y=2x—1
F . . 2 1 2 1
or a simultaneous solution the values of y must be =—,y=——andx=—-1-,y=—4-
equal, hence the RHS of each equation is equated. 5 5 3 3

Thus S5x—4—2x>=6x—7 5
Rearranging gives: 3. x*+y=4+5x

2 2 x+y=4
Sx“ —4 —2x _6x+7=O [x:o,y=4andx:3’y:1]

ie. —x4+3-2x>=0




Chapter 12

12.1

Introduction in inequalities

An inequality is any expression involving one of the
symbols <, > < or >

p < q means p is less than g

p > g means p is greater than g

p < g means p is less than or equal to g

P > g means p is greater than or equal to g

Some simple rules

(i) When a quantity is added or subtracted to both
sides of an inequality, the inequality still remains.

For example, if p <3

then p+2 < 3 + 2 (adding 2 to both sides)

and p—2 < 3 — 2 (subtracting 2 from
both sides)

(ii)) When multiplying or dividing both sides of
an inequality by a positive quantity, say 5, the
inequality remains the same. For example,

4
> =
5

(iii) When multiplying or dividing both sides of an
inequality by a negative quantity, say —3, the
inequality is reversed. For example,

ifp>4 then5p > 20 and

(S0

1
and L < —
-3 -3

(Note > has changed to < in each example.)

ifp>1 then —3p < -3

To solve an inequality means finding all the values of
the variable for which the inequality is true. Knowledge
of simple equations and quadratic equations are needed
in this chapter.

Inequalities

12.2 Simple inequalities

The solution of some simple inequalities, using only
the rules given in section 12.1, is demonstrated in the
following worked problems.

Problem 1. Solve the following inequalities:
(@ 3+x>7 (b) 3t<6
©:-225 @%5=<2

(a) Subtracting 3 from both sides of the inequality:
3+x>7 gives:

3+4x—3>7-3,1e.x>4

Hence, all values of x greater than 4 satisfy the
inequality.

(b) Dividing both sides of the inequality: 37 < 6 by 3

gives:

3t 6 .

— < —,let<?2

3 3
Hence, all values of ¢ less than 2 satisfy the
inequality.

(c) Adding 2 to both sides of the inequality z —2>5
gives:

2—242>5+2,iez27
Hence, all values of z greater than or equal to 7
satisfy the inequality.
(d) Multiplying both sides of the inequality g < 2by
3 gives:

(3)§ <(3)2, ie.p<6

Hence, all values of p less than or equal to 6 satisfy
the inequality.
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Problem 2. Solve the inequality: 4x+1>x+5

Subtracting 1 from both sides of the inequality:
4x 4+ 1>x+5 gives:
4x > x+4

Subtracting x from both sides of the inequality:
4x > x + 4 gives:

3x >4
Dividing both sides of the inequality: 3x > 4 by 3 gives:

4

X > —

3

4
Hence all values of x greater than 3 satisfy the

inequality:
4x+1>x+5

Problem 3. Solve the inequality: 3 — 47 <84t

Subtracting 3 from both sides of the inequality:
3 —4r <8+t gives:
-4t <541t
Subtracting ¢ from both sides of the inequality:
—4t <541t gives:
=5t <5
Dividing both sides of the inequality —5¢ < 5 by —5
gives:
t > —1 (remembering to reverse the inequality)

Hence, all values of ¢ greater than or equal to —1 satisfy
the inequality.

Now try the following exercise

Exercise 45 Further problems on simple
inequalitites

Solve the following inequalities:

1. (a) 3t>6 (b) 2x<10

[(@A) t>2 (b) x<35]

2. (a)§>1.5 () x+2>5
[(@) x>3 (b)x>3]

(b) 5—x> —1
[(@) t<1

3. (a) 4—1<3
(b) x <6]

k
<1 (b) 3z4+2>z+3

3 1
|:(a) kZE (b) z> 5]

7 —
4. (a)

5. () 5—2y<9+y (b) 1—6x<5+2x
[(a)yz—%L (b)xz—%]

12.3 Inequalities involving a

modulus

The modulus of a number is the size of the number,
regardless of sign. Vertical lines enclosing the number
denote a modulus.

For example, [4|=4 and |—4| =4 (the modulus of a
number is never negative),

The inequality: |¢| <1 means that all numbers whose
actual size, regardless of sign, is less than 1, i.e. any
value between —1 and +1.

Thus || <1 means —1 <t < 1.

Similarly, |x| > 3 means all numbers whose actual size,
regardless of sign, is greater than 3, i.e. any value greater
than 3 and any value less than —3.

Thus |x| >3 means x >3 and x < —3.

Inequalities involving a modulus are demonstrated in
the following worked problems.

Problem 4. Solve the following inequality:
[Bx+ 1] <4

Since [3x+ 1| <4then -4 <3x+1<4

5
Now —4 < 3x + 1 becomes —5 < 3x, i.e. —5 <X
and 3x+ 1 <4 becomes 3x <3,ie. x <1

5
Hence, these two results together become —— <x < 1
and mean that the inequality |3x 4 1| <4 is satisfied for

any value of x greater than —3 but less than 1.
Problem 5. Solve the inequality: |1 +2¢] <5

Since |1 42t <5then —=5<142t<5
Now —5 <1+ 2¢ becomes —6 <2t,i.e. —3 <t
and 1 +2¢ <5becomes 2t <4ie. t <2

Hence, these two results together become: —3 <t <2

Problem 6. Solve the inequality: |3z — 4| > 2

|3z —4| >2means 3z —4>2and 3z —4 < -2,



Inequalities 93

i.e.3z>6and 3z <2,
i.e. the inequality: |3z — 4| > 2 is satisfied when

2
z>23ndz<§

Now try the following exercise

Exercise 46 Further problems on
inequalities involving
a modulus

Solve the following inequalities:

1. |t+1]<4 [-5<t<3]
2. ly+3]=2 [-5<y=<-1]
3 5

3. |2x—1]<4 ——<x<—
2 2

1

4. |3t—5|>4 I:t>3andt<§]
5. [1—k|=3 [k >4 and k < —2]

124

Inequalities involving quotients

If P > () then P must be a positive value.
q q

For b to be positive, either p is positive and ¢ is positive
q

or p is negative and ¢ is negative.

.+ -

ie. —=+and — =+
+ -

If d < 0 then d must be a negative value.
q

For d to be negative, either p is positive and ¢ is
q

negative or p is negative and ¢ is positive.

i.e.i:—andzz—
+

This reasoning is used when solving inequalities involv-
ing quotients as demonstrated in the following worked
problems.

r+1
Problem 7. Solve the inequality: + >0

3t—6

t+1 t+1
Since 3 + > ( then 3 + G must be positive.

t+1
For + to be positive,
3tr—6

either @()r+1>0 and 3r—6>0
or (ii)t+1<0 and 3r—6<0

(i) If t+1>0 then t>—1 and if 31— 6 >0 then
3t>6andt>2
Both of the inequalities > —1 and ¢ > 2 are only
true when ¢ > 2,

. .ot + 1 .
i.e. the fraction T—¢ is positive when ¢ > 2

(i) If t4+1<0 then t<—1 and if 3t —6 <0 then
3t<6andt <2
Both of the inequalities # < —1 and ¢ < 2 are only
true when 1 < —1,

. .oot+ 1 .
i.e. the fraction T—¢ is positive whent < —1

Summarising, 3t+ 6 >0whent >2ort < —1
2x +3
Problem 8. Solve the inequality: alns <
X
2
Since 273 <1 then 23 1 <
. 2x+3 x+2
1.€. — =<0,
x+2 x+2°
2 - 2 1
i.e. *+3-0t )500rx+ <0
x+2 x+2
x+1 .
For to be negative or zero,
X+
either ()x+1<0 and x+2>0

or (i)x+1>0 and x+2<0

(i) Ifx+1<O0Othenx <—1landifx+2>0Othenx > —2
(Note that > is used for the denominator, not >;
a zero denominator gives a value for the fraction
which is impossible to evaluate.)

. Coox+1 . .
Hence, the inequality ) <0 is true when x is
X

greater than —2 and less than or equal to —1, which
may be writtenas —2 <x < —1

(ii)) Ifx+1>0thenx> —1landifx+2 <Othenx < —2
It is not possible to satisfy both x > —1 and x < —2
thus no values of x satisfies (ii).
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Summarising, <lwhen -2 <x<-1

X+

Now try the following exercise

Exercise 47 Further problems on
inequalities involving
quotients

Solve the following inequalitites:

4
L Xty [-4<x<3]
6 —2x
2t +4
2. + > 1 [t>5o0rt<—9]
t—5
3z—4
3. <2 —5<z<14
z+5 [ |
4 2=ty [—3<x<-2]
. —_— <x p—
x+3 = -

12.5 Inequalities involving square

functions

The following two general rules apply when inequalities
involve square functions:

(i) ifx*>k thenx > vkorx < —vk (D
(i) ifx?>k then —vk <x <k 2)

These rules are demonstrated in the following worked
problems.

Problem 9.  Solve the inequality: 1> > 9

Since 12> 9 then > —9>0, i.e. (t+3)(t—3)>0 by
factorising
For (t 4 3)(¢r — 3) to be positive,

either () (t+3)>0 and (r—3)>0
or (ii))(t+3)<0 and (-3)<0
(i) If (t+3)>0 then t> —3 and if (r —3) > 0 then

t>3
Both of these are true only when ¢ > 3

(i) If (t+3)<0 then r < —3 and if (t —3) <O then
r<3
Both of these are true only when # < —3

Summarising, ?>9whent>3ort <-3

This demonstrates the general rule:

x>+vk or x<-vk (1)

if x> >k then
Problem 10.  Solve the inequality: x> > 4

From the general rule stated above in equation (1):
if x2> 4 then x > ~/4 or x < —/4

i.e. the inequality: x> >4 is satisfied when x > 2 or
x <=2

Problem 11.  Solve the inequality: (2z 4 1)*> > 9

From equation (1), if (2z 4 1)> > 9 then

224+1>+/9 or 2z+1<—+9
i.e. 2z+1>3 or 2z+1<-3
ie. 2z>2 or 2z<-—4,
i.e. z>1 or z<-=-2

Problem 12.  Solve the inequality: > <9

Since 12 <9 then > —9 <0, i.e. (t+3)(t—3) <0 by
factorising. For (¢ + 3)(t — 3) to be negative,
either () (+3)>0 and (t—3)<0
or (i) (t+3)<0 and (—3)>0
(i) If (t4+3)>0 then r > —3 and if (t —3) <0 then
t<3

Hence (i) is satisfied when ¢ > —3 and t < 3 which
may be written as: =3 <¢ < 3

(i) If (#4+3) <0 then  <—3 and if (+ —3) > 0 then
t>3
It is not possible to satisfy both t < —3 and 7 >3,
thus no values of ¢ satisfies (ii).

Summarising, > <9 when —3 < t < 3 which means
that all values of 7 between —3 and +3 will satisfy the
inequality.

This demonstrates the general rule:

ifx2 < k then —vk <x < vk )

Problem 13. Solve the inequality: x> < 4

From the general rule stated above in equation (2): if
x2 <4 then —v4 <x<+/4
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i.e. the inequality: x> < 4 is satisfied when:
—2<x<?2

Problem 14.  Solve the inequality: (y —3)?> < 16

—V16<(y-3) <16

From equation (2),

i.e. —4<@y-3)<4
from which, 3—4<y<4+3,
i.e. -1<y=<7

Now try the following exercise

Exercise 48 Further problems on
inequalities involving
square functions

Solve the following inequalities:

1. 22>16 [z>4orz<—4]
2. 2<16 [—4 <z <4]
3. 2x2>6 [xz«/gorxf—«/g]
4. 3k*—-2<10 [-2<k<2]
5. t—1)?%<36 [—5<t<T7]
6. (t—1)>>36 [t>7ort<-5]
7. 1-3y><-5 [y> 2o0ry<-2]

1
8. (4k+52>9 |:k>—§ork<—2]

12.6 Quadraticinequalities

Inequalities involving quadratic expressions are solved
using either factorisation or ‘completing the square’.
For example,

x% —2x — 3 is factorised as (x + 1)(x — 3)
and 6x2 4 7x — 5 is factorised as (2x — )(3x + 5)

If a quadratic expression does not factorise, then the
technique of ‘completing the square’ is used. In general,
the procedure for x> +bx + c is:

2 2
X 4+bx+c= x—|—l—7 +c— l—J
2 2

For example, x> 4 4x — 7 does not factorise; completing
the square gives:

A —T=@+27 —T7-22=@x+27 - 11
Similarly,

Xbx—5=@+3)7-5-3"=@x-37>-14
Solving quadratic inequalities is demonstrated in the

following worked problems.

Problem 15. Solve the inequality:
X +2x—3>0

Since x? 4+ 2x —3 > 0then (x — )(x +3)> 0 by factor-

ising. For the product (x — 1)(x + 3) to be positive,

either () (x—1)>0 and (x+3)>0
or @) x—1)<0 and (x+3)<0

(i) Since (x — 1) > 0 then x > 1 and since (x +3) >0

then x > —3
Both of these inequalities are satisfied only when
x>1

(i) Since (x — 1) <0 then x < 1 and since (x +3) <0

then x < —3
Both of these inequalities are satisfied only when
x<-3

Summarising, x2 +2x —3 >0 is satisfied when either
x>1lorx <-3

Problem 16. Solve the inequality: 1> — 2r —8 <0

Since 1> —2r—8<0 then
factorising.
For the product (t — 4)(z 4 2) to be negative,

either ()(r—4)>0 and (t+2)<0
or (i)(r—4)<0 and (#+2)>0

(t—4)(t+2)<0 by

(i) Since (t —4) >0 then t >4 and since (t+2) <0
thenr < -2
It is not possible to satisfy both r >4 and r < —2,
thus no values of ¢ satisfies the inequality (i)

(i) Since (t —4) <0 then t <4 and since (t+2) >0
then t > —2
Hence, (ii) is satisfied when —2 <t <4

Summarising, 2—2t—8<0 is satisfied when

-2 <t<4




96 Engineering Mathematics

Problem 17. Solve the inequality:
X +6x+3<0

x% 4 6x + 3 does not factorise; completing the square
gives:

P 4+6x+3=x+372+3-32
=x+37-6

The inequality thus becomes: (x+3)>—6<0 or
(x+3)2<6

From equation (2), —V6<(x+3)<6
from which, (—v/6 —3) <x < (+/6 — 3)

Hence, x2 + 6x + 3 < 0 is satisfied when
—5.45 < x < —0.55 correct to 2 decimal places.

Problem 18. Solve the inequality:
¥ —8y—10>0

y? — 8y — 10 does not factorise; completing the square
gives:

V2 —8y—10=(y —4)> — 10 — 4?
=(y—4)7>-26

The inequality thus becomes: (y—4)>—26>0 or
(y—4>=26

From equation (1), (y —4)>+/26 or (y —4) < —+/26
y=4+4++v26 or y<4-—+26

Hence, y2 — 8y — 10> 0 is satisfied when y >9.10 or
y < —1.10 correct to 2 decimal places.

from which,

Now try the following exercise

Exercise 49 Further problems on quadratic
inequalities

Solve the following inequalities:
. x*—x—6>0

2. 242r—8<0

[x>3orx<-2]

[-4=<r=<2]

, 1
=3

[y=z5ory=<—4]
[-4=<z=<0]

3. 2x243x—-2<0

4. y*—y—20>0
5. 2+4z+4<4
6. xX>+6x—6<0
[(-V3-3=x=(/3-3)]

7. 2 —4t—-7>0
[t>11+2)ort<(2—4+/11)]

8. k*4+k—3>0

(et



13.1 Introduction to logarithms

With the use of calculators firmly established, logarith-
mic tables are now rarely used for calculation. However,
the theory of logarithms is important, for there are sev-
eral scientific and engineering laws that involve the rules
of logarithms.

If a number y can be written in the form a*, then the
index x is called the ‘logarithm of y to the base of a’,

ie. ify=a* then x =log,y

Thus, since 1000 = 103, then 3 = log;, 1000
z Check this using the ‘log’ button on your calculator.
(a) Logarithms having abase of 10 are called common
logarithms and log is usually abbreviated to 1g.

The following values may be checked by using a
calculator:

1g17.9 =1.2528...,
1g462.7 =2.6652. ..
and 1g0.0173 = —1.7619...

(b) Logarithms having a base of e (where ‘e’ is
a mathematical constant approximately equal to
2.7183) are called hyperbolic, Napierian or nat-
ural logarithms, and log, is usually abbreviated
to In.

The following values may be checked by using a
calculator:

In3.15=1.1474...,
In362.7 =5.8935...
and In0.156 = —1.8578...

For more on Napierian logarithms see Chapter 14.

Chapter 13

Logarithms

13.2 Laws of logarithms

There are three laws of logarithms, which apply to any
base:

(1) To multiply two numbers:
log (A x B) =logA + logB
The following may be checked by using a

calculator:
lgl0=1,
also lg5+1g2 =0.69897...
+0.301029... =1
Hence lg(5x2)=1gl0=1g5+1g2

(ii)) To divide two numbers:
1 4 logA —logB
og| =) =logA —lo
elp g g
The following may be checked using a calculator:
5
In <§> =1In2.5=0.91629...

Also In5—1n2=1.60943...—0.69314...
=0.91629...

Hence In (g) =In5—1In2

(iii)) To raise a number to a power:
IgA" =nlogA
The following may be checked using a calculator:
1g5% =1g25 = 1.3979%4 . ..
Also  21g5=2x0.69897...=1.397%...

Hence 1g5%=2Ig5
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Problem 1. Evaluate
(a)logz 9 (b)log;y 10 (c)loge8

(a) Letx=logz9 then 3* =9 from the definition of a
logarithm, i.e. 3* = 32, from which x =2.
Hence log3 9 =2

(b) Letx= log;, 10 then 10* = 10 from the definition
of a logarithm, i.e. 10* = 10!, from which x = 1.
Hence logy9 10 =1 (which may be checked by a
calculator)

(c) Let x=log¢8 then 16* =8, from the definition
of a logarithm, i.e. (24)" =23 ie. 2% =23 from

the laws of indices, from which, 4x=3 and x = %

3
Hence logis8= 1

Problem 2. Evaluate {
(a)1g0.001 (b)Ine (c)logs 3L

(a) Letx=1g 0.001 = log;,0.001 then 10* =0.001,
ie. 10° =103, from which x= -3
Hence 1g0.001 = —3 (which may be checked by
a calculator).

(b) Letx=Ine=log,ethene =e,ie. e = e! from
which x =1
Hence Ine=1 (which may be checked by a
calculator).

1 1 1
(©) Let. x = logs 31 then 3* = ik 374, from
which x = —4

1
H logs — =—4
ence log3 81

Problem 3. Solve the following equations:
(a)lgx=3 (b)log,x=3 (c)logsx=—2

(@) If lgx=3 then log;px=3 and x=10%, ie.
x=1000

(b) Iflog,x=3thenx=2%=8§

1 1
(©) Iflog5x=—2thenx=5_2=5—2=E

Problem 4. Write (a) log 30 (b) log 450 in terms
of log 2, log 3 and log 5 to any base

(a) log30=1log (2 x 15)=log (2 x 3 x 5)
=log2 +log3+log5
by the first law of logarithms
(b) log 450 =1log (2 x 225)= log (2 x 3 x 75)
=log(2 x3 x 3 x25)
=log (2 x 32 x 5%)
=log2+ log3%+ log5°
by the first law of logarithms
ie log450=log2+2log3+2log5
by the third law of logarithms

4

Problem 5. Write log

5
) in terms of

log2, log 3 and log 5 to any base

8 x V5
log< x V5 :10g8+10g\4/§—10g81,

81
by the first and second

laws of logarithms
= log2® + log 5/ —log 3*

by the law of indices

8 x V5 1
ie log< Zl‘/_)z3log2+zlog5—4log3

by the third law of logarithms.
Problem 6. Simplify log64 — log 128 4 log32

64 =25 128 =27 and 32 =23
Hence log 64 — log 128 + log 32
= log2® —log2’ + log 2’
=6log2 — 7log2 + 5log?2
by the third law of logarithms
=41log 2

Problem 7. Evaluate

1
log25 —log 125 + 5 log 625
3log5
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1
log25 —log 125 + 3 log 625
3log5

1
log 5> — log 5% + 3 log 5
3log5

4
2log5 —3log5+ zlogS

3log5
_llog5 1
" 3log5 3

Problem 8. Solve the equation:

log(x— 1)+ log(x+1)=2log (x +2)

loglx — ) +logx+1)=loglx — D(x+ 1)
from the first
law of logarithms
=log(x’> —1)
2log(x +2) = log (x + 2)?
= log (x* 4 4x + 4)

Hence if log (x? — 1) = log (x> + 4x + 4)
then Pol=xt4x+4

Le. —1=4x+4

ie. —5=4x

i.e. X = —; or —1%

Now try the following exercise

Exercise 50 Further problems on the laws of
logarithms

In Problems 1 to 11, evaluate the given expression:

1. log,10000  [4] 2. log,16 [4]

1
3. logs 125 [3] 4. log, 3 [—3]
1
5. logg?2 |:§:| 6. log;343 [3]
7. 1g100 [2] 8. 1g0.01 [-2]

1 1
9. log,8 [15] 10. logy; 3 [5]

11. Ine? (2]

In Problems 12 to 18 solve the equations:

12. loggx=4 [10000]
13. lgx=5 (100 000]
14. logyx=2 [9]
15. 1 2! 4!
. (0) N==4= =

&4 2 2
16. lgx=-2 [0.01]
17. 1 4 !
. loggx=—= —

88 X="73 16
18. Inx=3 [e’]

In Problems 19 to 22 write the given expressions
in terms of log 2, log 3 and log 5 to any base:

19. log60 [2log?2 + log3 + log 5]
20. log300 [2log?2 + log3 +2log 5]
16 x V/5
21. log 165 5
27

1
|:410g2+zlog5—310g3]

125 x /16

22. log(x—3>
/81

[log2 —3log3+3log 5]

Simplify the expressions given in Problems 23
to 25:

23. log27 — log9+ log 81 [5log 3]
24. log64 4 log32 — log 128 [41og 2]
25. log8 — log4 + log32 [61og2]

Evaluate the expression given in Problems 26
and 27:

1 1

—log16 — —log 8 1
26. 2 . =
log4 2

1
log9 — log3 + — log 81 3

2
27. =
2log3 2
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Solve the equations given in Problems 28 to 30:

28. logx* — logx3 = log 5x — log 2x
[x=2.5]
29. log2t’ — logt=log 16 + logt [t=28]

30. 2logh®> —3logh = log8b — log4b
[b=2]

13.3 Indicial equations

The laws of logarithms may be used to solve certain
equations involving powers — called indicial equa-
tions. For example, to solve, say, 3* =27, logarithms
to base of 10 are taken of both sides,

ie. log, 3" =log;, 27
and xlog g3 = log;y 27 by the third law of
logarithms.
1 27
Rearranging gives — DB/
logyo 3
_ 1.43136... _3
04771

which may be readily checked.
(Note, (log 8/1og2) is not equal to 1g(8/2))

Problem 9. Solve the equation 2* =3, correct to
4 significant figures

Taking logarithms to base 10 of both sides of 2* =3
gives:

log; 2" =logo3
ie. xlog;y2 =logy3
Rearranging gives:

logig3  0.47712125...
X = =
log;p2  0.30102999 ...

= 1.585

correct to 4 significant figures.

Problem 10. Solve the equation 2*+! = 32¥=3
correct to 2 decimal places

Taking logarithms to base 10 of both sides gives:

logp 25! = log; 3%
ie. (x +1)log;p2 = (2x — 5)log 3
xlogjp2 +1logg2 = 2xlogyy3 — Slog; 3
x(0.3010) + (0.3010) = 2x(0.4771) — 5(0.4771)
ie. 0.3010x + 0.3010 = 0.9542x — 2.3855

Hence 2.3855 4 0.3010 = 0.9542x — 0.3010x

2.6865 = 0.6532x

. 2.6865
©0.6532
correct to 2 decimal places.

from which

Problem 11.  Solve the equation x3> =41.15,
correct to 4 significant figures

Taking logarithms to base 10 of both sides gives:

log g x>2 = log;o41.15
3.2loggx = logyy41.15

log;y41.15

= 0.50449
32

Hence log o x =
Thus x = antilog 0.50449 = 1099449 = 3,195 correct to

4 significant figures.

Now try the following exercise

Exercise 51 Indicial equations

Solve the following indicial equations for x, each
correct to 4 significant figures:

1. 3¥=64 [1.690]
2. 2=9 [3.170]
3. ¢l =3%1 [0.2696]
4. x'3=14.91 [6.058]
5. 25.28=4.2" [2.251]
6. 4% 1=5+2 [3.959]
7. x7025=0.792 [2.542]
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In general, with a logarithm to any base q, it is noted

8. 0.027*=3.26 [—0.3272] that:
9. The decibel gain n of an amplifier is given i) log,1=0

by: n=101log & where P is the power 0=

10\ P, Let log, =x, then a¢* =1 from the definition of
input and P, is the power output. Find the the logarithm.
. P .
power gain 171 when n =25 decibels. If a* =1 then x =0 from the laws of logarithms.
[316.2]

Hence log, 1 =0. In the above graphs it is seen
that log;, 1 =0 and log, 1 =0

(i) log,a=1
13.4 Graphs of Iogarlthmlc functions Let log, a =x, then a* = a, from the definition of

A graph of y = log;( x is shown in Fig. 13.1 and a graph a logarithm.

of y = log, x is shown in Fig. 13.2. Both are seen to be Ifa*=athenx=1
of similar shape; in fact, the same general shape occurs

for a logarithm to any base. Hence log, a=1. (Check with a calculator that

log;; 10=1and log,e=1)
y (iii) log, 0 > —o0

Let log, 0 =x then a* =0 from the definition of

0.5} A
a logarithm.
0 , , _ If a*=0, and a is a positive real number,

1 2 3 X then x must approach minus infinity. (For
P 3 2 1 05 02 o1 example, check with a calculator, 272 =0.25,
-05 y =logiox| 0.48 0.30 0 —0.30 —0.70 —1.0 2720-954 x 1077, 27290 =6.22 x 107!, and
SO on.)
-1.0 Hence log, 0 — —o0

Figure 13.1
Y a
o
1 -
0
71 -
x |6 5 4 3 21 05 02 01
y = 10gex|1.79 1.61 1.39 1.10 0.69 0 —0.69 —1.61 —2.30
-2

Figure 13.2




Revision Test 3

This Revision test covers the material contained in Chapters 9 and 13. The marks for each question are shown in
brackets at the end of each question.

1.

Solve the following pairs of simultaneous
equations:

(@ 7x—3y=23
2x+4y=-8

b
(b) 3a—8+§=0

b+ - =— 12)

In an engineering process two variables x and y

b

are related by the equation y=ax + — where a
X

and b are constants. Evaluate a and b if y=15

when x =1 and y=13 when x =3 )
Transpose the following equations:

(@) y=mx+c for m

2y —

(b)) x= (yt 2 for z

© =t ot forR

¢c) —=—+— for

Rr Ra Rs A
(d x*—y>*=3ab  fory
pP—q

e) K=—— for 17
(e 1 Fpq q (17)

The passage of sound waves through walls is
governed by the equation:

K+4G
3

0

S
Il

Make the shear modulus G the subject of the
formula. @)

Solve the following equations by factorisation:

(@ ¥2—=9=0 (b) 2x2—5x—3=0 (6)

6.

10.
11.

12.

Determine the quadratic equation in x whose roots
are 1 and —3 “)

Solve the equation 4x> — 9x 43 =0 correct to 3
decimal places. 4)

The current i flowing through an electronic device
is given by:

i =0.005v% +0.014 v

where v is the voltage. Calculate the values of v
wheni=3x 1073 ®)

Solve the following inequalities:

(@) 2—5x<9+2x (b) [3+21]<6

© ;x:rls >0 (d) Gr+2?>16

(e) 2x> —x—3<0 (14)
Evaluate log¢8 (3)
Solve

(a) logzx=-2

(b) log 2x% +logx =log 32 — log x (6)

Solve the following equations, each correct to 3
significant figures:

(a) 2¥=5.5
(b) 32[ =1 __ 7t+2
(c) 3¢ =42 (10)



Chapter 14

Exponential functions

14.1 The exponential function

An exponential function is one which contains ¢*, e
being a constant called the exponent and having an
approximate value of 2.7183. The exponent arises from
the natural laws of growth and decay and is used as a
base for natural or Napierian logarithms.

14.2 Evaluating exponential

functions

The value of ¢ may be determined by using:

(a) a calculator, or
(b) the power series for ¢* (see Section 14.3), or
(c) tables of exponential functions.

The most common method of evaluating an exponential
function is by using a scientific notation calculator,
this now having replaced the use of tables. Most
scientific notation calculators contain an ¢* function
which enables all practical values of ¢* and e~ to be
determined, correct to 8 or 9 significant figures. For
example,

e' =2.7182818
e** = 11.023176
e 1018 = 019829489
each correct to 8 significant figures.
In practical situations the degree of accuracy given
by a calculator is often far greater than is appropriate.
The accepted convention is that the final result is stated

to one significant figure greater than the least signifi-
cant measured value. Use your calculator to check the

following values:

%12 = 1.1275, correct to 5 significant figures
e 14T = 0.22993, correct to 5 decimal places
e 01 — 0.6499, correct to 4 decimal places

>3 = 11159, correct to 5 significant figures

e 2785 — 0.0617291, correct to 7 decimal places

Problem 1. Using a calculator, evaluate, correct
to 5 significant figures:

5
(a) e2.731 (b) e—3.l62 (C) g85.253

(a) €*>31=15.348227... =15.348, correct to 5 sig-
nificant figures.

(b) e 3162 =0.04234097 ... = 0.042341, correctto 5
significant figures.

5 5
(c) §e5'253 = 5(191.138825 ...)=318.56, correct to
5 significant figures.

Problem 2. Use a calculator to determine the
following, each correct to 4 significant figures:

5
3.72¢018  (b) 53.2¢714 — ¢’
(a) 3.72¢ (b) 53.2¢ (© —

(a) 3.72¢%18 =(3.72)(1.197217...) = 4.454, correct
to 4 significant figures.

(b) 53.2¢714=(53.2)(0.246596...) =13.12, correct
to 4 significant figures.

5 5
(c) ——e’ =—— (1096.6331...)=44.94, correct to

1227 122 o
4 significant figures.
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Problem 3. Evaluate the following correct to 4
decimal places, using a calculator:

(a) 0.0256(e>2! — £249)
0.25 _ ,—0.25

5 (S )
eV 4+ e v

(a) 0.0256(e>2! — ¢249)

=0.0256(183.094058 ... —12.0612761...)
=4.3784, correct to 4 decimal places
60‘25 _ 6_0'25
®) 5 (eo.zs T eo.zs)
_s (1.28402541 ... —0.77880078 .. >

1.28402541 ... +0.77880078. ...

0.5052246. ..
2.0628261 ...

=1.2246, correct to 4 decimal places

Problem 4. The instantaneous voltage v in a
capacitive circuit is related to time ¢ by the equation
v="Ve /R where V, C and R are constants.
Determine v, correct to 4 significant figures, when
=30 x 1073 seconds, C = 10 x 10~° farads,

R =47 x 10? ohms and V = 200 volts

v=Ve /R = zooe(—SOX10*3)/(10x10*6x47x103)

Using a calculator, v = 200 0-0638297...
=200(0.9381646. . .)
= 187.6 volts

Now try the following exercise

Exercise 52 Further problems on evaluating
exponential functions

In Problems 1 and 2 use a calculator to evaluate
the given functions correct to 4 significant figures:

L @e** (b)e ™ (c)e??
[(a) 81.45 (b)0.7788 (c)2.509]

2. (a) 6_1'8 (b) 6_0'78 (©) 610
[(a) 0.1653 (b) 0.4584 (c)22030]

3. Evaluate, correct to 5 significant figures:
6
(a) 3.5¢*8  (b) —ge—l-S (c) 2.16¢>7
[(a) 57.556 (b) —0.26776 (c) 645.55]

4. Use a calculator to evaluate the following, cor-
rect to 5 significant figures:

(a) 61'629 (b) 6_2'7483 (C) 0.6264‘178
[(a) 5.0988 (b) 0.064037 (c) 40.446]

In Problems 5 and 6, evaluate correct to 5 decimal
places:

1 562'6921
5. (a) 7e3.4629 (b) 8.526’_1'2651

© 3l 1171
(a) 4.55848 (b) 2.40444
(c) 8.05124

5.6823 21127 _ p—2.1127
(@) 021347 (b) >
4(e= 17295 _ 1y
© ——e@rm—
(a) 48.04106 (b) 4.07482
() —0.08286

7. The length of bar, [, at a temperature 6
is given by I=1Ipe*’, where Iy and « are
constants. Evaluate /, correct to 4 signifi-
cant figures, when [y =2.587, 6 =321.7 and
a=1.771 x 1074, [2.739]

14.3 The power series for e*

The value of ¢* can be calculated to any required degree
of accuracy since it is defined in terms of the following
power series:

X

ex=l+x+i+§+ﬂ+~-~ H
(where 3! =3 x 2 x 1 and is called ‘factorial 3”)
The series is valid for all values of x.
The series is said to converge, i.e. if all the terms are
added, an actual value for e* (where x is a real number)
is obtained. The more terms that are taken, the closer
will be the value of ¢* to its actual value. The value of
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the exponent e, correct to say 4 decimal places, may be
determined by substituting x = 1 in the power series of
equation (1). Thus

Mm@t ay
T TR TS

6 7 8
+ % + (17—)‘ + % +
=1+ 1+0.5+0.16667 +0.04167
+0.00833 + 0.00139 + 0.00020
+0.00002 + - - -
=2.71828

ie. e =2.71828 correct to 4 decimal places.

The value of ¥%, correct to say 8 significant figures,

is found by substituting x = 0.05 in the power series for
e*. Thus

o5 (0.05)2  (0.05)°
=140.05+ ST
0.05*  (0.05)°
toy st

=1+ 0.05+ 0.00125 4 0.000020833
+ 0.000000260 + 0.000000003

and by adding,

05 — 1.0512711,

correct to 8 significant figures

In this example, successive terms in the series grow
smaller very rapidly and it is relatively easy to determine
the value of €% to a high degree of accuracy. However,
when x is nearer to unity or larger than unity, a very large
number of terms are required for an accurate result.

If in the series of equation (1), x is replaced by —x,
then

- (=) | (=x)
X _ _
=1+(x)+ 2 + 3 +
x2 i3
_1—x+5—§+

In a similar manner the power series for ¢* may be used

to evaluate any exponential function of the form ae*,

where a and k are constants. In the series of equation (1),

let x be replaced by kx. Then

(kx)?  (kx)?
ac® = a 1+(kX)+T+T+ }
2 3
Thus 5¢* =5 1+(2)+(2x) +(2;) +}

=501+ — F —

45 8x3
2 6

4
ie. 5% =5 1+2x+2x2+§x3+...}

Problem 5. Determine the value of 5¢%, correct

to 5 significant figures by using the power series
for ¢*

x2 X3 4

X
F=ltxt b

0.5)%
@)
(0.5)*
T30
N (0.5)°
©G)HR®M)
=14+0.54+0.125 4+ 0.020833
4+ 0.0026042 4+ 0.0002604

(0.5)
(3)2)(1)
0.5)°
G)HB)2)(1)

Hence "2 =1+05+

+ 0.0000217

ie. %3 = 1.64872 correct to 6 significant
figures

Hence 5¢%3 = 5(1.64872) = 8.2436, correct to 5 signif-
icant figures.

Problem 6. Determine the value of 3¢—!, correct
to 4 decimal places, using the power series for ¢*

Substituting x = —1 in the power series
2 3 4
e’ _1+x+—+—+—+
31 41
2 3
- -1 _ (=D~ (=D
gives e =14+(—1+ T + 3
(- D
+ m +
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=1—-140.5—-0.166667 + 0.041667
— 0.008333 + 0.001389
—0.000198 + - - -

= 0.367858 correct to 6 decimal places

Hence 3e~1 = (3)(0.367858) = 1.1036 correct to 4 dec-
imal places.

Problem 7. Expand e*(x*> — 1) as far as the term
5
inx

The power series for ¢* is:

2 3 4 5

1 X X X
F=ltxt gt

Hence:
FxZ—1)
2 3 4 5

X 2
<1+x+2'+3,+5+5,+ )(x )

4 xS
=(x +x0 4+ = TR )

1 x2 )C3 )C4 x5
SRR TR TR TR

Grouping like terms gives:

cr—1)
x2 x3
:—1—x+( —2—!)+<x3—§>

RN IPUNE RS | IR CJ
= TN T T2t T120"

when expanded as far as the term in x°

Now try the following exercise

Exercise 53 Further problems on the power
series for e*

1. Evaluate 5.6~ !, correct to 4 decimal places,
using the power series for e*. [2.0601]

2. Use the power series for ¢* to determine, cor-
rect to 4 significant figures, (a) e2 (b)e %3 and
check your result by using a calculator.

[(a) 7.389 (b) 0.7408]

4

3. Expand (1 — 2x)e*" as far as the term in x*.

8
|:1 — oy §x3 — 2t

4. Expand (2e"2)(x1/ 2) to six terms.

212 4 2x32 4 4972 4 %xn/z
1 1
Lo L e

+ 12x ar 60x

14.4 Graphs of exponential functions

Values of ¢* and ¢~ obtained from a calculator, correct
to 2 decimal places, over a range x = —3 to x =3, are
shown in the following table.

x =30 -25 -20 —-15 —-1.0 -0.5 0
e 005 008 0.14 022 037 0.61 1.00

e 20.09 12.18 7.9 448 272 1.65 1.00

x 05 1.0 15 20 25 30
et 1.65 2.72 4.48 7.39 12.18 20.09

e ™ 0.61 0.37 0.22 0.14 0.08 0.05
Figure 14.1 shows graphs of y=¢* and y=¢""

Problem 8. Plot a graph of y = 2¢%-3* over a range
of x = —2 to x = 3. Hence determine the value of y
when x =2.2 and the value of x when y=1.6

A table of values is drawn up as shown below.

X =3 |=2 =1 |0 1 2 3
03x —-09 —-06 —-03 0 03 06 09
%3 0.407 0.549 0.741 1.000 1.350 1.822 2.460

2603 0.81 1.10 148 2.00 270 3.64 4.92
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Figure 14.1

Figure 14.2

0.3x

A graph of y =2¢"* is shown plotted in Fig. 14.2.

From the graph, when x =2.2, y=3.87 and when
y=16,x=-0.74

1
Problem 9. Plot a graph of y= ge_zx over the

range x = —1.5 to x = 1.5. Determine from the
graph the value of y when x = —1.2 and the value of
x wheny=14

A table of values is drawn up as shown below.

X -5 —-10 -05 0 05 1.0 15

—2x 3 2 1 0 -1 -2 =3
™2 20.086 7.389 2.718 1.00 0.368 0.135 0.050
0.33 0.12 0.05 0.02

1
gefz’c 6.70 246 091

y
7L
—2x 6l
5L
a4l
--------------- —3.67
3
2 L
N - 1.4
1 ; L ! 1 ——
-1.5 1-1.0 0.5 05 10 15 x
-1.2 -0.72

Figure 14.3

1
A graph of —e~* is shown in Fig. 14.3.

From the graph, when x = —1.2, y =3.67 and when
y=14,x=-0.72

Problem 10. The decay of voltage, v volts, across
a capacitor at time 7 seconds is given by
v=250e""/3. Draw a graph showing the natural
decay curve over the first 6 seconds. From the
graph, find (a) the voltage after 3.4 s, and (b) the
time when the voltage is 150V

A table of values is drawn up as shown below.

t 0 1 2 3
e~ !/3 1.00 0.7165 0.5134 0.3679
v=250e""3 250.0 179.1 128.4 91.97
t 4 5 6

e /3 0.2636 0.1889 0.1353

v=250e""3 6590 4722 33.83

The natural decay curve of v=250¢"/3 is shown in
Fig. 14.4.
From the graph:

(a) when time ¢t = 3.4 s, voltage v = 80 volts and

(b) when voltage v =150 volts, time ¢ = 1.5 seconds.
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Figure 14.4

Now try the following exercise

Exercise 54 Further problems on
exponential graphs

1. Plotagraphofy=3e%>* overtherange x = —3
to x = 3. Hence determine the value of y when
x = 1.4 and the value of x when y =4.5

[3.95, 2.05]

U is
2. Plot a graph of y= Ee =X over a range
x=—1.5to x=1.5 and hence determine the
value of y when x =—0.8 and the value of x
when y=3.5 [1.65, —1.30]

3. In a chemical reaction the amount of starting

material C cm? left after # minutes is given by

C = 40e~090 Plot a graph of C against ¢ and

determine (a) the concentration C after 1 hour,

and (b) the time taken for the concentration to
decrease by half.

[(a)28cm’® (b) 116 min]

4. The rate at which a body cools is given by
6 =250e~90% where the excess of temper-
ature of a body above its surroundings at
time ¢ minutes is 8° C. Plot a graph show-
ing the natural decay curve for the first hour of
cooling. Hence determine (a) the temperature
after 25 minutes, and (b) the time when the
temperature is 195°C

[(a) 70°C (b) 5 minutes]

14.5 Napierian logarithms

Logarithms having a base of e are called hyper-
bolic, Napierian or natural logarithms and the
Napierian logarithm of x is written as log,x, or more
commonly, In x.

14.6 Evaluating Napierian

logarithms

The value of a Napierian logarithm may be determined
by using:

(a) a calculator, or

(b) a relationship between common and Napierian
logarithms, or

(c) Napierian logarithm tables.

The most common method of evaluating a Napierian
logarithm is by a scientific notation calculator, this
now having replaced the use of four-figure tables, and
also the relationship between common and Napierian
logarithms,

log,y =2.3026log;( ¥

Most scientific notation calculators contain a ‘In x” func-

tion which displays the value of the Napierian logarithm

of a number when the appropriate key is pressed.
Using a calculator,

In4.692 = 1.5458589 ... = 1.5459,
correct to 4 decimal places
and In35.78 = 3.57738907... = 3.5774,

correct to 4 decimal places

Use your calculator to check the following values:

In 1.732 = 054928, correct to 5 significant figures
In1=0

In 593 = 6.3852, correct to 5 significant figures
In 1750 =7.4674, correct to 4 decimal places

In 0.17 = —1.772, correct to 4 significant figures

In 0.00032 = —8.04719, correct to 6 significant
figures

ne3=3

lnel=1
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From the last two examples we can conclude that
log, e* =x

This is useful when solving equations involving expo-
nential functions.

For example, to solve ¢** =8, take Napierian loga-
rithms of both sides, which gives

Ine’* =1In8

i.e. 3x=1In8

1
from which X = 3 In8 = 0.6931,

correct to 4 decimal places

Problem 11. Using a calculator evaluate correct
to 5 significant figures:

(a)1n47.291 (b) In 0.06213
(c) 3.2 In 762.923

(a) In 47.291 =3.8563200... =3.8563, correct to
5 significant figures.

(b) In 0.06213 = —2.7785263... = —2.7785, correct
to 5 significant figures.

(¢) 3.2In762.923 =3.2(6.6371571...) =21.239, cor-
rectto 5 significant figures.

Problem 12. Use a calculator to evaluate the
following, each correct to 5 significant figures:

1 1n7.8693
Z1n47291 (b) 022

(@ 7 In ® = %693
5.291n24.07

¢) o762

1 1
(a) 7 In4.7291 = 1(1.5537349 ...)=0.38843,
correct to 5 significant figures.

In7.8693  2.06296911 ...
7.8693  7.8693
correct to 5 significant figures.

(b) —0.26215,

5.291n24.07  5.29(3.18096625...)

e—0.1762 0.83845027...
=20.070, correct to 5 significant
figures.

(©)

Problem 13. Evaluate the following:

In e 4¢*23 1g2.23
(a) (b) (correct to
1g100-5 In2.23
3 decimal places)
@ In €23 2.5 5
a _— = =
1g1095 7 0.5
4> 1g2.23
(b) L
In2.23
~4(9.29986607 ... )(0.34830486.. . .)
- 0.80200158. . .

=16.156, correct to 3 decimal places

Problem 14.  Solve the equation 7 = 4¢~3* to find
x, correct to 4 significant figures

7
Rearranging 7 = 4¢~3* gives: 1= e

Taking the reciprocal of both sides gives:

7—673)6:@

Taking Napierian logarithms of both sides gives:

In (‘7—‘) =In ()

4
Since log, ¢* = «, then ln<§> =3x

1 4 1
Hence x = 3 In <§) = 5(_0'55962) = —0.1865, cor-

rect to 4 significant figures.

Problem 15.  Given 20 = 60(1 — e~*/2) determine
the value of ¢, correct to 3 significant figures

Rearranging 20 = 60(1 — ¢~/?) gives:

20 _
60
and
e 1?2 =1— E = z
60 3
Taking the reciprocal of both sides gives:
2 3

2




110  Engineering Mathematics

Taking Napierian logarithms of both sides gives:

Ine'’? = lnE
2

i.e. =In-
2

t

2
. 3 ..

from which, t =2 lnz =0.881, correct to 3 significant

figures.

Problem 16. Solve the equation

372=1n (m) to find x
X

From the definition of a logarithm, since

5.14 5.14
3.72= (—> then 372 =="—
X X
5.14
Rearranging gives: x = po e 5.14¢7372
ie. x = 0.1246,

correct to 4 significant figures

Now try the following exercise

Exercise 55 Further problems on evaluating
Napierian logarithms

In Problems 1 to 3 use a calculator to evaluate the
given functions, correct to 4 decimal places

l. @Inl.73 (b)In5413 (c)In9.412
[(2) 0.5481 (b) 1.6888 (c)2.2420]

2. (@ln173 (b)In541.3 (c)In 9412
[(a) 2.8507 (b) 6.2940 (c) 9.1497]

3. (2)In0.173 (b)In0.005413 (c)In0.09412
[(@)—1.7545 (b)—5.2190 (c)—2.3632]

In Problems 4 and 5, evaluate correct to 5 signifi-
cant figures:

4 (@ 1 In5.2932 (b In 82.473
. a) — InJd. —
6 4.829
5.621In321.62
(c 212942

[(a) 0.27774 (b) 0.91374 (c) 8.8941]

s 2.946Ine! 7 ) 5701629
' lg 10141 21n0.00165
In4.8629 — In2.4711
5.173

[(@)3.6773 (b) —0.33154 (c)0.13087]

In Problems 6 to 10 solve the given equations, each
correct to 4 significant figures.

6. 1.5=4¢* [—0.4904]

7. 7.83=29l¢" ¥ [—0.5822]

8. 16=24(1 —e1/?) [2.197]
X

9. 517=1In (m) [816.2]

10. 3.721In (?) =2.43 [0.8274]

11. The work done in an isothermal expansion of
a gas from pressure p; to p is given by:

()
w=woln | —
P2

If the initial pressure p; = 7.0 kPa, calculate
the final pressure py if w =3 wy
[p2 =348.5Pa ]

14.7 Laws of growth and decay

The laws of exponential growth and decay are of the
form y=Ae* and y = A(1 — ¢~ *), where A and k are
constants. When plotted, the form of each of these equa-
tions is as shown in Fig. 14.5. The laws occur frequently
in engineering and science and examples of quantities
related by a natural law include:

(i) Linear expansion [ =lpe*?
(i) Change in electrical resistance with
temperature Ry =Rpe*®
(iii) Tension in belts Ty = Toe?
(iv) Newton’s law of cooling 0 =6pe X
(v) Biological growth y = yoel
(vi) Discharge of a capacitor g=Qe 1/CR
(vii) Atmospheric pressure p=poe /¢
(viii) Radioactive decay N =Nge™
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R 1 R
From above, In — =& hence 0 = —1In —
Ro a Ry
When R=5.4x103, a=1.215477... x 10~* and
Ry=5x 103
1 5.4 x 103
0= In
1.215477... x 10~4 5x 103
104
= (7.696104... x 1072)
1.215477 . ..

= 633°C correct to the nearest degree.

Problem 18. In an experiment involving
Newton’s law of cooling, the temperature 6(°C) is
given by 6 = 6pe~*. Find the value of constant k
when 6y = 56.6°C, 8 = 16.5°C and r = 83.0 seconds

Transposing 6 = fpe ' gives 92 =¢~¥ from which
Figure 14.5 0

@ — L — ekt

(ix) Decay of current in an inductive 0 ek

circuit i=le~ Mt Taking Napierian logarithms of both sides gives:
(x) Growth of current in a 6
capacitive circuit i=1(1—e 1/CR) In ik kt

from which,
Problem 17. The resistance R of an electrical

conductor at temperature §°C is given by R = Rye®?, k= 1 In @ = L In <ﬂ>
where « is a constant and Ry =5 x 103 ohms. ! 0 83.0 16.5
Determine the value of ¢, correct to 4 significant

figures, when R =6 x 103 ohms and = 1500°C. — 1 (1.2326486.. . .)
Also, find the temperature, correct to the nearest 83.0

degree, when the resistance R is 5.4 x 103 ohms
Hence k = 1.485 x 1072

Transposing R = Rye®’ gives R =
Ro Problem 19. The current i amperes flowing in a

Taking Napierian logarithms of both sides gives: capacitor at time ¢ seconds is given by

R i=8.0(1 — e~!/CR), where the circuit resistance R is

In R Ine®” = ab 25 x 103 ohms and capacitance C is 16 x 107°
0 farads. Determine (a) the current i after 0.5 seconds
Hence and (b) the time, to the nearest millisecond, for the
1 R 1 6 % 103 current to reach 6.0 A. Sketch the graph of current
a:51n13_0: 1500 n<5x 103) against time
o (0.1823215...) (a) Currenti=8.0(1 — ¢~//R)

1500

= 1.215477... x 107 =8.0[1 — ¢0-3/(16x107)(25x10%)

_ _ -125
Hence a=1.215x 104, correct to 4 significant =8.0(1 —e )
figures. =8.0(1 — 0.2865047...)
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=8.0(0.7134952...)
=5.71 amperes
(b) Transposing i =8.0(1 — e 1/CRy gives:

l

8.0

from which, e~

-1= e—t/CR

i 80—i
8.0 8.0
Taking the reciprocal of both sides gives:

t/CRzl_

ik _ 80
8.0 —i

Taking Napierian logarithms of both sides gives:

t 8.0
— =1n -
CR 8.0—1i
Hence

8.0
t =CRIn -
8.0—1i

8.0
=16 x 107925 x 10)In | ———
(16 > 1077525 x )n(8.0—6.0>

when i = 6.0 amperes,

4 .
ie. t= ﬂ In @ =0.41n4.0
103 2.0
= 0.4(1.3862943...) = 0.5545s
= 555 ms,

to the nearest millisecond

A graph of current against time is shown in Fig. 14.6.

L 1i=8.0(1 - e/OR)

2 L
0 05N 1.0 15 s
0.555
Figure 14.6

Problem 20. The temperature 6, of a winding
which is being heated electrically at time # is given
by: 6, =601(1 — e/ ¥) where 0 is the temperature

(in degrees Celsius) at time t =0 and t is a
constant. Calculate

(a) 61, correct to the nearest degree, when 65 is
50°C, tis 30s and T is 60s

(b) the time ¢, correct to 1 decimal place, for 6, to
be half the value of 6;

(a) Transposing the formula to make 6; the subject

gives:
gt 50
Lo 02y~ 1= e300
50 50

T 1—¢05 " 0393469 ...

i.e. 01 =127°C, correct to the nearest degree

(b) Transposing to make ¢ the subject of the formula

gives:
9_2 —1—e "
01
. —t/T 62
from which, e =1-—=
01
02
Hence ——=In(1-=
T 91
0
1.e t:—r]n(l——2>
01

1
Since 6, = —6
mce o ) 1

t=—-60In (1 — %) =—-601n0.5

=41.59s

Hence the time for the temperature 6, to be one half
of the value of 07 is 41.6 s, correct to 1 decimal place.

Now try the following exercise

Exercise 56 Further problems on the laws
of growth and decay

1. The pressure p pascals at height & metres
above ground level is given by p = poe /€,
where po is the pressure at ground level
and C is a constant. Find pressure p when
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po=1.012 x 103 Pa, height &= 1420 m and
C =71500. [9.921 x 10* Pa]

The voltage drop, v volts, across an induc-
tor L henrys at time ¢ seconds is given
by v=200eR/L, where R=1509 and
L=12.5 x 1073 H. Determine (a) the volt-
age when ¢ =160 x 1079 s, and (b) the time
for the voltage to reach 85 V.

[(a) 29.32 volts  (b) 71.31 x 10~ %]

The length / metres of a metal bar at tem-
perature °C is given by /= [pe*, when
lp and « are constants. Determine (a) the
value of / when lp = 1.894, @ =2.038 x 10~*
and r =250°C, and (b) the value of [y when
1=2.416,t=310°C and = 1.682 x 10~
[(@) 1.993m (b)2.293 m]

The temperature 6,°C of an electrical con-
ductor at time ¢ seconds is given by
6 =01(1 — e~/T), when 6; is the initial tem-
perature and 7 seconds is a constant. Deter-
mine (a) 6, when 6; = 159.9°C, r =30s and
T =80s, and (b) the time ¢ for 6, to fall to
half the value of 0; if T remains at 80s.

[(a) 50°C (b) 55.455]

A belt is in contact with a pulley for a sector
of 0 = 1.12 radians and the coefficient of fric-
tion between these two surfaces is = 0.26.
Determine the tension on the taut side of the
belt, T newtons, when tension on the slack
side is given by Tp=22.7 newtons, given
that these quantities are related by the law
T = Tpe?. Determine also the value of 6
when T = 28.0 newtons

[30.4 N, 0.807 rad]

The instantaneous current { at time ¢ is
given by:
i=10e""/R

when a capacitor is being charged. The capac-
itance Cis 7 x 10~° farads and the resistance
R is 0.3 x 10° ohms. Determine:

(a) the instantaneous current when ¢ is 2.5
seconds, and

(b) the time for the instantaneous current to
fall to 5 amperes.

Sketch a curve of current against time from
t =0 to t = 6 seconds.
[(a) 3.04A (b) 1.465]

The amount of product x (in mol/cm?®)
found in a chemical reaction starting
with 2.5mol/cm® of reactant is given by
x=2.5(1 — e=*) where ¢ is the time, in min-
utes, to form product x. Plot a graph at
30 second intervals up to 2.5 minutes and
determine x after 1 minute. [2.45 mol/cm?]

The current i flowing in a capacitor at time ¢
is given by:

i=12.5(1 — e 1/CR)

where resistance R is 30 kilohms and the
capacitance C is 20 microfarads. Determine

(a) the current flowing after 0.5 seconds,
and
(b) the time for the current to reach 10
amperes.
[(a) 7.07A (b) 0.9665]

The amount A after n years of a sum invested
P is given by the compound interest law:
A =Pe™/1% when the per unit interest rate
r is added continuously. Determine, correct
to the nearest pound, the amount after 8 years
for a sum of £1500 invested if the interest rate
is 6% per annum. [£2424]




Chapter 15

Number sequences

15.1 Arithmetic progressions

When a sequence has a constant difference between suc-
cessive terms it is called an arithmetic progression
(often abbreviated to AP).

Examples include:

1) 1,4,7,10,13, ... where the common
difference is 3
and (i) a,a+d,a+2d,a+3d, ... where the
common difference is d.

If the 1stterm of an AP is ‘a’ and the common difference
is ‘d’ then

the n'th term is: a + (n — 1)d
In example (i) above, the 7th term is given by
1+ (7—1)3 =19, which may be readily checked.
The sum S of an AP can be obtained by multiplying the
average of all the terms by the number of terms.

1
The average of all the terms = i, where ‘a’ is the

1st term and [ is the last term, i.e. [ =a+ (n — 1)d, for
n terms.
Hence the sum of » terms,

Sn=n<“;rl) - g{a+[a+(n—1)d]}

ie. S,= g[Za + (= d]

For example, the sum of the first 7 terms of the series
1,4,7,10, 13, ... is given by

7
S7=7[2(1)+(7—1)3 sincca=1 and d=3

7 7
2[ + 18] 2[ ]

15.2 Worked problems on arithmetic

progressions

Problem 1. Determine (a) the 9th, and (b) the
16th term of the series 2, 7, 12, 17,. ..

2, 7, 12, 17, ... is an arithmetic progression with a
common difference, d, of 5

(a) The n'th term of an AP is given by a+ (n— 1)d
Since the first term a =2, d =5 and n =9 then the
9th term is:

2+0O0-15=2+@)(5)=2+40=42
(b) The 16th term is:
24+(16—-1)5=24(15)05)=2+75=T77

Problem 2. The 6th term of an AP is 17 and the
13th term is 38. Determine the 19th term.

The n’th term of an AP isa+ (n — 1)d

The 6th termis: a + 5d = 17 )
The 13th term is: a + 12d = 38 2)
Equation (2) —equation (1) gives: 7d = 21, from which,
d= 27—1 =3

Substituting in equation (1) gives: a+ 15=17, from
which, a =2

Hence the 19th term is:
a+n—1D)d=24+19—-1)3=2+(18)(3)

—2+54 =56
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Problem 3. Determine the number of the term
whose value is 22 is the series

1 1
2—,4,5=,7,...
2 2
1 1 .
2—,4,5=,7,... i1san AP
2 2
1 1
where a=2—andd=1-
2 2
Hence if the n'th term is 22 then: a + (n — 1)d =22
i 21+( 1) 11 22
i.e. - - -] =
2 TV 2
( 1) 11 22 21 1
n— — | = — 22— =
2 2
1
19—
n—1=—12=13
1=
2
and n=13+1=14

i.e. the 14th term of the AP is 22

Problem 4. Find the sum of the first 12 terms of
the series 5, 9, 13, 17, ...

5,9,13,17,...isan AP wherea=5andd =4
The sum of n terms of an AP,

S, = g[Za (- Ddl
Hence the sum of the first 12 terms,

12
Si2 = 7[2(5) + (12 — 1)4]

= 6[10 + 44] = 6(54) = 324

91
2

Now try the following exercise

Exercise 57 Further problems on
arithmetic progressions

1. Find the 11th term of the series 8, 14, 20,

26, ... [68]
2. Find the 17th term of the series 11, 10.7, 10.4,
10.1, ... [6.2]

3. The 7th term of a series is 29 and the 11th term
is 54. Determine the sixteenth term. [85.25]

4. Findthe 15th term of an arithmetic progression
of which the first term is 2.5 and the 10th term
is 16. [23.5]

5. Determine the number of the term which is 29
in the series 7, 9.2, 11.4, 13.6, ... [11]

6. Find the sum of the first 11 terms of the series
4,7,10,13,... [209]

7. Determine the sum of the series 6.5, 8.0, 9.5,
11.0,...,32 [346.5]

15.3 Further worked problems on

arithmetic progressions

Problem 5. The sum of 7 terms of an AP is 35
and the common difference is 1.2. Determine the
1st term of the series

n=7,d=12and §7 =35

Since the sum of 7 terms of an AP is given by

S, = g[Za +(n—1]d

7 7

then 35 = E[Za +((7-D1.2]= 5[2(1 +7.2]
35x2
Hence TX =2a+72
10=2a+172

Thus 2a=10—-72=2.38

2.8
from which a = - =14

i.e. the first term, a = 1.4

Problem 6. Three numbers are in arithmetic
progression. Their sum is 15 and their product is
80. Determine the three numbers

Let the three numbers be (¢ — d), a and (a + d)

Then (a—d)+a+(a+d)=15, ie. 3a=15, from
which, a=>5
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Also, a(a —d)(a+d) =80, ie. a(a*>—d*) =280

Sincea=5, 5(5% —d?) =80

125 — 5d% = 80
125 — 80 = 5d>
45 = 542

45
from which, d? = 5 =9. Hence, d = J9=43

The three numbers are thus (5 —3), 5 and (5 + 3), i.e.
2,5and 8

Problem 7. Find the sum of all the numbers
between 0 and 207 which are exactly divisible by 3

The series 3, 6,9, 12, ... 207 is an AP whose first term
a =3 and common difference d =3

The last term is a + (n — 1)d =207

ie. 34 (n—1)3 =207

207 — 3
from which n—1)= 3 =68
Hence n=68+1=69

The sum of all 69 terms is given by

Seo = g[2a (- 1)d]
= %[2(3) 169 — 1)3]

69 69
= 16 +204] = =(210) = 7245

Problem 8. The 1st, 12th and last term of an
arithmetic progression are 4, 31.5, and 376.5
respectively. Determine (a) the number of terms in
the series, (b) the sum of all the terms and (c) the
80th term

(a) LettheAPbea,a+d,a+2d,...,a+(n—1)d,
where a =4

The 12th termis: a + (12 — 1)d =31.5

i.e. 4 4+ 11d = 31.5, from which,
11d =31.5—-4=27.5

275

Hence d=—=25
11

The last term is a + (n — 1)d

ie. 4+((n—1)2.5) =3765

(1) = 376.5 -4
2.5
2.5

Hence the number of terms in the series,
n=149+1=150

(b) Sum of all the terms,

Sis0 = g[za +(n— 1)d]

1
= %[2(4) + (150 — 1)(2.5)]

= 75[8 + (149)(2.5)]
= 85[8 + 372.5]
— 75(380.5) = 28537.5

(c) The 80th term is:

a+n—1)d=4+80—1)2.5)
=414 (79)2.5)
= 44197.5 = 201.5

Now try the following exercise

Exercise 58 Further problems on
arithmetic progressions

1. The sum of 15 terms of an arithmetic progres-

sion is 202.5 and the common difference is 2.
Find the first term of the series. [—0.5]

2. Three numbers are in arithmetic progression.

Their sum is 9 and their product is 20.25.
Determine the three numbers. [1.5,3,4.5]

3. Find the sum of all the numbers between 5 and

250 which are exactly divisible by 4. [7808]

4. Find the number of terms of the series 5, 8,

11, ... of which the sum is 1025. [25]

5. Insert four terms between 5 and 22.5 to form

an arithmetic progression.
[8.5, 12, 15.5, 19]

6. The 1st, 10th and last terms of an arithmetic

progression are 9, 40.5, and 425.5 respectively.
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Find (a) the number of terms, (b) the sum of
all terms and (c) the 70th term.
[(a) 120 (b) 26070 (c) 250.5]

7. On commencing employment a man is paid a
salary of £7200 per annum and receives annual
increments of £350. Determine his salary in
the 9th year and calculate the total he will have
received in the first 12 years.

[£10 000, £109 500]

8. An oil company bores a hole 80 m deep. Esti-
mate the cost of boring if the cost is £30 for
drilling the first metre with an increase in cost
of £2 per metre for each succeeding metre.

[£8720]

15.4 Geometric progressions

When a sequence has a constant ratio between succes-
sive terms it is called a geometric progression (often
abbreviated to GP). The constant is called the common
ratio, r

Examples include

i) 1,2,4,8, ... where the common ratio is 2

and (ii) a,ar, ar?, ar3, ... where the common ratio

isr
If the first term of a GP is ‘a’ and the common ratio is
r, then
the n’th term is; ar” !
which can be readily checked from the above examples.

For example, the 8th term of the GP 1, 2, 4, 8, ... is
((2)" =128, sincea=1and r=2

Leta GP be a, ar, ar?, ar?, ... ar" !
then the sum of » terms,
Sp=a+ar+ar*+ar+---+a" .. (1)
Multiplying throughout by r gives:
rSy = ar+ar* +ar’ +ar*+- - +ar" ' +ar". .. (2)
Subtracting equation (2) from equation (1) gives:

S, —rS, =a—ar"

ie. S,(1—r)=a(l—r"

Thus the sum of n terms,

1=
Sp = u which is valid whenr < 1
1-r)

Subtracting equation (1) from equation (2) gives

_a@ -1

Sy = which is valid whenr > 1
r—1

For example, the sum of the first 8 terms of the GP
1,2,4,8, 16, ... is given by:

128 — 1
Sg=¥ sincea=1andr =2
2-1
1256 — 1
ie. Sg= % =255

When the common ratio r of a GP is less than unity, the
sum of n terms,

a(l —r") . .
S, = ———, which may be written as
(I=r)
S - a ar”
"T -1 (=7

Since, r < 1, " becomes less as n increases,

ie. =0 as n—
ar
Hence —0 as n— oo.
(1—=r
Thus S, — a as n— o0
(1—=r)
The quantity is called the sum to infinity, S,

and is the limiting value of the sum of an infinite number
of terms,

ie. Soo = which is valid when —1 < r < 1

1-r

For example,

PRI
— p— ...S
272 !

the sum to infinity of the GP

1 1
Sooz—l,sinceazland r:zi.e.Soo=2

1—=
2
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15.5 Worked problems on geometric Problem 12.  Which term of the series: 2187, 729,
progressions 23 is Lo
> -8 o
Problem 9. Determine the 10th term of the series
3,6,12,24, ... . . . 1
2187, 729, 243, ... is a GP with a common ratio r = 3
and first term a =2187
3, 6, 12, 2.4, ... 1s a geometric progression with a The n'th term of a GP is given by: ar" !
common ratio r of 2.
The n'th term of a GP is ar"~!, where a is the first 1 !
term. Hence the 10th term is: Hence ) = (2187) <§) from which
3)2)'%! = (3)(2)° = 3(512) = 1536 N~ o1 1 1 1y
3 T (9)(2187) 3237 39 \3
Problem 10. Find the sum of the first 7 terms of Thus (n — 1) =9, from which, n=9+1=10
o111 1
the series, —, 1=,4—,13—, ... N
272 2 2 ie. 5 is the 10th term of the GP
1 1 1 1
> 15, 45, 135, - Problem 13. Find the sum of the first 9 terms of
the series: 72.0, 57.6, 46.08, . ..
is a GP with a common ratio r =3
1 Th tio,
The sum of n terms, S,, = a(r—l) © common ratio
=1 _ar 516
1 1 T a  T20 7
5(37 -1 5(2187 -1 1 5 16,08
H S7 = = = 546- ar .
Problem 11. The first term of a geometric The sum of 9 terms,
progression is 12 and the Sth term is 55. Determine a(l —r")  72.0(1 — 0.8%)
o — _ 72 .
the 8th term and the 11th term 9 a—n 1-08)
72.0(1 —0.1342
The 5th term is given by ar* = 55, where the first term = (T) = 311.7
a=12 ’
4 S5 55 . . .
Hence r* = — = T and Problem 14. Find the sum to infinity of the series
1
3,1, e
55
4
=.]—=1.4631719...
T
1
The 8th term is 3,1, 3 is a GP of common ratio, r = =
ar’ = (12)(1.4631719...)" = 1723 The sum to infinity,
The 11th term is g -4 _ 3 _3_2_41
10 10 T 1—r 12 27 "2
ar™” = (12)(1.4631719...)" = 539.7 1— 3 3
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Now try the following exercise

Exercise 59 Further problems on
geometric progressions

1. Find the 10th term of the series 5, 10, 20,
40, ... [2560]

2. Determine the sum to the first 7 terms of the
series 0.25, 0.75, 2.25,6.75, . .. [273.25]

3. The first term of a geometric progression is 4
and the 6th term is 128. Determine the 8th and
11th terms. [512, 4096]

4. Find the sum of the first 7 terms of the series
2,5, 125, ... (correct to 4 significant figures).

[812.5]

5. Determine the sum to infinity of the series
4,2,1,.... [8]

1
6. Find the sum to infinity of the series 25,
15

=ll=5 =5cc00
48

15.6 Further worked problems on

geometric progressions

Problem 15. In a geometric progression the 6th
term is 8 times the 3rd term and the sum of the 7th
and 8th terms is 192. Determine (a) the common
ratio, (b) the 1st term, and (c) the sum of the 5th to
11th term, inclusive

(a) Letthe GPbe a, ar, ar®, ar?, ..., ar"!
The 3rd term = ar? and the 6th term = ar’
The 6th term is 8 times the 3rd
Hence ar’ = 8 ar? from which, > =8 and r = /8
i.e. the common ratio r =2
(b) The sum of the 7th and 8th terms is 192. Hence
ar® 4+ ar’ =192. Since r =2, then
64a + 128a = 192
192a = 192,

from which, a, the first term =1

(c) The sum of the 5th to 11th terms (inclusive) is

given by:
_a'' =1 a(t-1)
Su=Se == T o
et -n 12t -n
T 2-1n  @2-1
="' -D-@* -1

=211 _ 2% — 2408 — 16 = 2032

Problem 16. A hire tool firm finds that their net
return from hiring tools is decreasing by 10% per
annum. If their net gain on a certain tool this year is
£400, find the possible total of all future profits
from this tool (assuming the tool lasts for ever)

The net gain forms a series:
£400 + £400 x 0.9 + £400 x 0.9% + - - -,

which is a GP with a =400 and r =0.9
The sum to infinity,
a 400
1-r) (1-0.9)

Soo =
= £4000 = total future profits

Problem 17. If £100 is invested at compound
interest of 8% per annum, determine (a) the value
after 10 years, (b) the time, correct to the nearest
year, it takes to reach more than £300

(a) Letthe GPbe a, ar, ar?, ... ar"
The first term a =£100 and
the common ratio r = 1.08

Hence the second term is ar = (100)(1.08) = £108,
which is the value after 1 year, the 3rd term is
ar? =(100)(1.08)> = £116.64, which is the value
after 2 years, and so on.

Thus the value after 10 years
=ar'®=(100) (1.08)!° = £215.89

(b) When £300 has been reached, 300 = ar”

ie. 300 = 100(1.08)"
and 3 = (1.08)"

Taking logarithms to base 10 of both sides gives:
lg3 = 1g(1.08)" = n 1g(1.08),
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by the laws of logarithms from which,

1
ne 83 43
1g 1.08

Hence it will take 15 years to reach more than
£300

Problem 18. A drilling machine is to have 6
speeds ranging from 50 rev/min to 750 rev/min. If
the speeds form a geometric progression determine
their values, each correct to the nearest whole
number

Let the GP of n terms by given by a, ar, ar?, ... ar"!

The 1st term a = 50 rev/min.

The 6th term is given by ar®~!, which is 750 rev/min,
ie., ar’ =750

750 750
a 50
Thus the common ratio, r = J15=1.7188

from which r° = 15

The 1st term is a = 50 rev/min.

the 2nd term is ar = (50)(1.7188) = 85.94,
the 3rd term is ar? = (50)(1.7188)% = 147.71,
the 4th term is ar® = (50)(1.7188)% =253.89,
the 5th term is ar* = (50)(1.7188)* =436.39,
the 6th term is ar® = (50)(1.7188)° = 750.06.

Hence, correct to the nearest whole number, the 6 speeds
of the drilling machine are: 50, 86, 148, 254, 436 and
750 rev/min.

Now try the following exercise

Exercise 60 Further problems on
geometric progressions

1. In a geometric progression the Sth term is 9
times the 3rd term and the sum of the 6th and
7th terms is 1944. Determine (a) the common
ratio, (b) the 1st term and (c) the sum of the
4th to 10th terms inclusive.

[@)3 (b)2 (c)59022]

2. Which term of the series 3, 9, 27, .. .18 59 049?
[10th]

3. The value of a lathe originally valued at £3000
depreciates 15% per annum. Calculate its

value after 4 years. The machine is sold when
its value is less than £550. After how many
years is the lathe sold? [£1566, 11 years]

4. If the population of Great Britain is 55 million
and is decreasing at 2.4% per annum, what will
be the population in 5 years time?

[48.71M]

5. 100g of a radioactive substance disintegrates
at a rate of 3% per annum. How much of the
substance is left after 11 years? [71.53 ¢]

6. If £250 is invested at compound interest of

6% per annum determine (a) the value after

15 years, (b) the time, correct to the nearest
year, it takes to reach £750.

[(a) £599.14 (b) 19 years]

7. A drilling machine is to have 8 speeds rang-
ing from 100 rev/min to 1000 rev/min. If the
speeds form a geometric progression deter-
mine their values, each correct to the nearest
whole number.

100, 139, 193, 268, 373, 518,
720, 1000 rev/min

15.7 Combinations and

permutations

A combination is the number of selections of r differ-
ent items from n distinguishable items when order of
selection is ignored. A combination is denoted by "C,

n
or
r
n

where C,=——
ri(n —r)!

n!

where, for example, 4! denotes 4 x 3 x 2 x | and is
termed ‘factorial 4°.

Thus,
5S¢y = 5! =5><4><3><2><1
316 -3 @Bx2x1H2x1)
120
= =10
6 x2

For example, the five letters A, B, C, D, E can be
arranged in groups of three as follows: ABC, ABD,
ABE, ACD, ACE, ADE, BCD, BCE, BDE, CDE,
i.e. there are ten groups. The above calculation °Cj
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produces the answer of 10 combinations without having
to list all of them.
A permuta