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This text is devoted to the study of single variable calculus. While applications from
the sciences, engineering, and economics are often used to motivate or illustrate mathe-
matical ideas, the emphasis is on the three basic concepts of calculus: limit, derivative,
and integral.

This edition is the result of a collaborative effort with S.L. Salas, who scrutinized
every single sentence in the text for possible improvement in precision and readability.
His gift for writing and his uncompromising standards of mathematical accuracy and
clarity illuminate the beauty of the subject while increasing its accessibility to students.
It has been a pleasure for me to work with him.

FEATURES OF THE TENTH EDITION

Precision and Clarity

The emphasis is on mathematical exposition; the topics are treated in a clear and
understandable manner. Matt ical are careful and precise; the basic
concepts and important points are not obscured by excess verbiage.

Balance of Theory and Applications

Problems drawn from the physical sciences are often used to introduce basic concepts
in calculus. In turn, the concepts and methods of calculus are applied to a variety of
problems in the sciences, engineering, business, and the social sciences through text
examples and exercises. Because the presentation is flexible, instructors can vary the
balance of theory and applications according to the needs of their students.

Accessibility

This text is designed to be letel ible to the beginning calculus student with-
out sacrificing appropriate mathematical rigor. The important theorems are explained

vii
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and proved, and the mathematical techniques are justified. These may be covered or
omitted according to the theoretical level desired in the course.

Visualization

The importance of visualization cannot be over-emphasized in developing students’
understanding of mathematical concepts. For that reason, over 1200 illustrations ac-
company the text examples and exercise sets.

Technology

The technology component of the text has been strengthened by revising existing exer-
cises and by developing new exercises. Well over half of the exercise sets have problems
requiring either a graphing utility or a computer algebra system (CAS). Technology
exercises (designated by J9) are designed to illustrate or expand material developed
within the sections.

Projects

Projects with an emphasis on problem solving offer students the opportunity to investi-
gate a variety of special topics that supplement the text material. The projects typically
require an approach that involves both theory and applications, including the use of
technology. Many of the projects are suitable for group-learning activities.

Early Coverage of Differential Equations

Differential equations are formally introduced in Chapter 7 in connection with applica-
tions to exponential growth and decay. First-order linear equations, separable equations,
and second linear equations with constant coefficients, plus a varicty of applications,
arc treated in a separate chapter immediately following the techniques of integration
material in Chapter 8.

CHANGES IN CONTENT AND ORGANIZATION

In our effort to produce an even more effective text, we consulted with the users of the
Ninth Edition and with other calculus instructors. Our primary goals in preparing the
Tenth Edition were the following:

1. Improve the exposition. As noted above, every topic has been examined for possible
improvement in the clarity and accuracy of its presentation. Essentially every section
in the text underwent some revision; a number of sections and subsections were
completely rewritten.

L

Improve the illustrative examples. Many of the existing examples have been mod-
ified to enhance students’ understanding of the material. New examples have been
added to sections that were rewritten or substantially revised.

kad

Revise the exercise sets. Every exercise set was examined for balance between drill
problems, midlevel problems, and more challenging applications and conceptual
problems. In many instances, the number of routine problems was reduced and new
midlevel to challenging problems were added.

Specific changes made to achieve these goals and meet the needs of today’s students
and instructors include:



Comprehensive Chapter-End Review Exercise Sets

The Skill Mastery Review Exercise Sets introduced in the Ninth Edition have been
expanded into chapter-end exercise sets. Each chapter concludes with a comprehensive
set of problems designed to test and to re-enforce students’ understanding of basic
concepts and methods developed within the chapter. These review excercise sets average
over 50 problems per set.

Precalculus Review (Chapter 1)

The subject matter of this chapter—inequalities, basic analytic geometry, the function
concept and the el 'y functions—is unct d. However, much of the material
has been rewritten and simplified.

Limits (Chapter 2)

The approach to limits is unchanged, but many of the explanations have been revised.
The illustrative examples throughout the chapter have been modified, and new examples
have been added.

Differentiation and Applications (Chapters 3 and 4)

There are some signi changes in the organization of this material. Realizing that
our treatments of linear motion, rates of change per unit time, and the Newton-Raphson
method depended on an understanding of increasing/decreasing functions and the con-
cavity of graphs, we moved these topics from Chapter 3 (the derivative) to Chapter 4
(applications of the derivative). Thus, Chapter 3 is now a shorter chapter which focuses
solely on the derivative and the processes of differentiation, and Chapter 4 is expanded
to encompass all of the standard applications of the derivative—curve-sketching, opti-
mization, lincar motion, rates of change, and approximation. As in all previous editions,
Chapter 4 begins with the mean-value theorem as the theoretical basis for all the appli-
cations.

Integration and Applications (Chapters 5 and 6)

In a brief introductory section, area and distance are used to motivate the definite
integral in Chapter 5. Whilc the definition of the definite integral is based on upper and
Tower sums, the connection with Riemann sums is also given. Explanations, examples,
and exercises throughout Chapters 5 and 6 have been modified, but the topics and
organization remain as in the Ninth Edition.

The Transcendental Functions, Techniques of Integration
(Chapters 7 and 8)

The coverage of the inverse trigonometric functions (Chapter 7) has been reduced
slightly. The treatment of powers of the trigonometric functions (Chapter 8) has been
completely rewritten. The optional sections on first-order linear differential equations
and separable differential equations have been moved to Chapter 9, the new chapter on
differential equations,

Some Differential Equations (Chapter 9)

This new chapter is a brief introduction to differential equations and their applications.
In addition to the coverage of first-order linear equations and separable equations noted

PREFACE ®
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above, we have moved the section on second-order linear homogeneous equations with
constant coefficients from the Ninth Edition’s Chapter 18 to this chapter.

Sequences and Series (Chapters 11 and 12)

Efforts were made to reduce the overall length of these chapters through rewriting
and eliminating peripheral material. Eliminating extraneous problems reduced several
exercise sets. Some notations and terminology have been modified to be consistent with
common usage.

SUPPLEMENTS

An Instructor’s Solutions Manual, ISBN 0470127309, includes solutions for all prob-

lems in the text.

A Student Solutions Manual, ISBN 0470105534, includes solutions for selected prob-

lems in the text.

A Companion Web site, www.wiley.com/college/salas, provides a wealth of resources

for students and instructors, including:

« PowerPoint Slides for important ideas and graphics for study and note taking.

+ Online Review Quizzes to enable students to test their knowledge of key concepts.
For further review diagnostic feedback is provided that refers to pertinent sections of
the text.

* Animations comprise a series of interactive Java applets that allow students to explore
the geometric significance of many major concepts of Calculus.

« Algebra and Trigonometry Refreshers is a self-paced, guided review of key algebra
and trigonometry topics that are essential for mastering calculus.

« Personal Response System Questions provide a convenient source of questions to
use with a variety of personal response systems.

« Printed Test Bank contains static tests which can be printed for quick tests.

+ Computerized Test Bank includes questions from the printed test bank with algo-
rithmically generated problems.

WILEYPLUS

Expect More from Your Classroom Technology

This text is supported by WileyPLUS—a powerful and highly integrated suite of teach-
ing and learning resources designed to bridge the gap between what happens in the
classroom and what happens at home. WileyPLUS includes a complete online version
of the text, algorithmically generated exercises, all of the text supplements, plus course
and homework management tools, in one easy-to-use website.

Organized Around the Everyday Activities You Perform in Class,
WileyPLUS Helps You:

Prepare and present: WileyPLUS lets you create class presentations quickly and
easily using a wealth of Wiley-provided resources, including an online version of the
textbook, PowerPoint slides, and more. You can adapt this content to meet the needs
of your course.




Create assignments: WileyPLUS enables you to automate the process of assigning
and grading homework or quizzes. You can usc algorithmically generated problems
from the text’s accompanying test bank, or write your own.

Track student progress: An instructor’s grade book allows you to analyze individual
and overall class results to determine students’ progress and level of understanding.

Promote strong problem-solving skills: WileyPLUS can link homework problems to
the relevant section of the onling text, providing students with context-sensitive help.
WileyPLUS also features mastery problems that promote conceptual understanding
of key topics and video walkthroughs of example problems.

Provide numerous practice opportunities: Algorithmically generated problems pro-
vide unlimited self-practice opportunities for students, as well as problems for home-
work and testing.

Support varied learning styles: WileyPLUS includes the entire text in digital format,
enhanced with varied problem types to support the array of different student learning
styles in today’s classroom.

Administer your course: You can easily integrate WileyPLUS with another course
management system, grade books, or other resources you are using in your class,
enabling you to build your course your way.

WileyPLUS Includes A Wealth of Instructor and Student Resources:

Student Selutions Manual: Includes worked-out solutions for all odd-numbered prob-
lems and study tips.

Instructor’s Solutions Manual: Presents worked out solutions to all problems.

PowerPoint Lecture Notes: In cach section of the book a corresponding set of lecture
notes and worked out examples are presented as PowerPoint slides that are tied to
the examples in the text.

View an online demo at www.wiley.com/college/wileyplus or contact your local
Wiley representative for more details.

The Wiley Faculty Network—Where Faculty Connect

The Wiley Faculty Network is a faculty-to-faculty network promoting the effective use
of technology to enrich the teaching experience. The Wiley Faculty Network facilitates
the exchange of best practices, connects teachers with technology, and helps to enhance
instructional efficiency and effectiveness. The network provides technology training
and tutorials, including WileyPLUS training, online seminars, peer-to-peer exchanges
of experiences and ideas, personalized consulting, and sharing of resources.

Connect with a Colleague

Wiley Faculty Network mentors are faculty like you, from educational institutions
around the country, who are passionate about enhancing instructional efficiency and
effectiveness through best practices. You can engage a faculty mentor in an online
conversation at www.wherefacultyconnect.com.

Connect with the Wiley Faculty Network

‘Web: www.wherefacultyconnect.com
Phone: 1-866-FACULTY
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CHAPTER

In this chapter we gather together for reference and review those parts of elementary
mathematics that are necessary for the study of calculus. We assume that you are
familiar with most of this material and that you don’t require detailed explanations. But
first a few words about the nature of calculus and a brief outline of the history of the
subject.

W 1.1 WHAT [S CALCULUS?

To a Roman in the days of the empire, a “caloulus” was a pebble used in counting and
gambling. Centuries later, “calculare” came to mean “to calculate,” “to compute,” “to
figure out.” For our purposes, calculus is elementary mathematics (algebra, geometry,
trigonometry) enhanced by the limit process.

Calculus takes ideas from elementary mathematics and extends them to a more
general situation. Some examples are on pages 2 dnd 3. On the left-hand side you will
find an idea from elementary mathematics; on the right, this same idea as extended by
calculus.

Itis fitting to say something about the history of calculus. The origins can be traced
back to ancient Greece. The ancient Greeks raised many questions (often paradoxical)
about tangents, motion, area, the infinitely small, the infinitely large—questions that
today are clarified and answered by calculus. Here and there the Greeks themselves
provided answers (some very elegant), but mostly they provided only questions.

Elementary Mathematics Calculus
slope of a line slope of a curve
y=mx+b y=flx)

(Table continues)






1.2 REVIEW OF ELEMENTARY MATHEMATI

mass of an object mass of an object
of constant density of varying density

center of a sphere center of gravity of
amore general solid

After the Greeks, progress was slow. Communication was limited, and each scholar
was obliged to start almost from scratch. Over the centuries, some ingenious solutions
to calculus-type problems were devised, but no general techniques were put forth,
Progress was impeded by the lack of a convenient notation. Algebra, founded in the
ninth century by Arab scholars, was not fully systematized until the sixteenth century.
Then, in the seventeenth century, Descartes established analytic geometry, and the stage
‘was set,

The actual invention of calculus is credited to Sir Isaac Newton (1642-1727),
an Englishman, and to Gottfried Wilhelm Leibniz (1646-1716), a German. Newton’s
invention is one of the few good turns that the great plague did mankind. The plague
forced the closing of Cambridge University in 1665, and young Isaac Newton of Trinity
College returned to his home in Lincolnshire for eighteen months of meditation, out
of which grew his method of fluxions, his theory of gravitation, and his theory of light.
The method of fluxions is what concerns us here. A treatise with this title was written
by Newton in 1672, but it remained unpublished until 1736, nine years after his death.
The new method (calculus to us) was first announced in 1687, but in vague general
terms without symbolism, formulas, or applications. Newton himself seemed reluctant
to publish anything tangible about his new method, and it is not surprising that its
development on the Continent, in spite of a late start, soon overtook Newton and went
beyond him.

Leibniz started his work in 1673, eight years after Newton. In 1675 he initiated the
basic modern notation: dxand /- Hisfirst publications appeared in 1684 and 1686. These
made little stir in Germany, but the two brothers Bernoulli of Basel (Switzerland) took
up the ideas and added profusely to them. From 1690 onward, calculus grew rapidly and
reached roughly its present state in about a hundred years. Certain theoretical subtleties
were not fully resolved until the twentieth century.

B 1.2 REVIEW OF ELEMENTARY MATHEMATICS

In this section we review the terminology, notation, and formulas of elementary math-
ematics.

Sets

A set is a collection of distinct objects. The objects in a set are called the elements or
members of the sct. We will denote sets by capital letters 4, B, C, . .. and use lowercase
letters a, b, c, . ... to denote the elements.
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For a collection of objects to be a set it must be well-defined; that is, given any
object x, it must be possible to determine with certainty whether or not x is an element
of the set. Thus the collection of all even numbers, the collection of all lines parallel
to a given line /, the solutions of the equation x? = 9 are all sets. The collection of all
intelligent adults is not a set. It’s not clear who should be included.

Notions and Notation

the object xisinthesetA x € A
the objectx is notin the set A~ x & A
the set of all x which satisfy property P {x : P}
(fx :x* =9} = (-3,3))
A is a subset of B, A is contained in B ACB
B contains A B24
the unionof Aand B AU B
(AUB={x:xecdorx e B})
the intersection of Aand B AN B
(ANB={x:x€dandx € B})
the empty set ()

These are the only notions from set theory that you will need at this point.

Real Numbers

Classification

positive integer.vf 152, 30
integers 0,1,-1,2,-2,3,-3,...
rational numbers  p/q, with p, q integers, ¢ # 0;
for example, 5/2, —19/7, —4/1 = —4
irrational numbers  real numbers which are not rational;

for example v/2, </7, &

Decimal Representation

Each real number can be expressed as a decimal. To express a rational number p/g as
a decimal, we divide the denominator ¢ into the numerator p. The resulting decimal
cither ferminates or repeats:

43
- =06, — =135, 5= 3375
are terminating decimals;

2 - s2
3= 0.6666- - - = 0.6, % = 1.363636--- = 1.36, and
116 =

—= =3.135135...=3.135

37

are repeating decimals. (The bar over the sequence of digits indicates that the sequence
tepeats indefinitely.) The converse is also true; namely, every terminating or repeating
decimal represents a rational number.

1 Also called natural numbers.
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The decimal expansion of an irrational number can neither terminate nor repeat.
The expansions

V2 =1414213562. .- and 7 = 3.141592653 - - -

do not terminate and do not develop any repeating pattern.

If we stop the decimal expansion of a given number at a certain decimal place,
then the result is a rational number that approximates the given number. For instance,
1.414 = 1414/1000 is a rational number approximation to +/2 and 3.14 = 314/100 is
arational number approximation to 7. More accurate approximations can be obtained
by using more decimal places from the expansions.

The Number Line (Coordinate Line, Real Line)

On a horizontal line we choose a point . We call this point the origin and assign to it

coordinate . Now we choose a point U to the right of O and assign to it coordinate 1. 0 1

See Figure 1.2.1. The distance between O and U determines a scale (a unit length). We 1
go on as follows: the point a units to the right of O is assigned coordinate a; the point o v
a units to the left of O is assigned coordinate —a. Figure 1.2.1

In this manner we establish a one-to-one correspondence between the points of a
line and the numbers of the real number system. Figure 1.2.2 shows some real numbers
represented as points on the number line. Positive numbers appear to the right of 0,
negative numbers to the left of 0.

2 2 0 1 1
B 4
Figure 1.2.2
Order Properties
(i) Eithera < b,b <a,0ra=b. (trichotomy)
(ii) Ifa <band b < ¢, thena < c.
(i) If @ < b, then a + ¢ < b + ¢ for all real numbers c. (transitivity)

@iv) Ifa < band ¢ > 0, then ac < be.
(V) Ifa <bandc < 0, then ac > be.

(Techniques for solving inequalities are reviewed in Section 1.3.)

Density

Between any two real numbers there are infinitely many rational numbers and infinitely
many irrational numbers. In particular, there is no smallest positive real number.

Absolute Value

a, ifa=0
lal =

—a, ifa<0.
other characterizations  |a| = max{a, —a}; |a| = Va2,
geometric interprelation |a| = distance between a and 0;

la —c| = distance between @ and c.



M CHAPTER 1 PRECALCULUS REVIEW

properties i) lal =0iffa =
(i) | —a|=al.

(iii) |ab| = [al|b].

(i) |a +b| < |a| + |6].
™) lla| = 1bl] < la = b].
o) Jaf* = |a*| =’

(the triangle inequality)t
(a variant of the triangle incquality)

Techniques for solving inequalitics that feature absolute value are reviewed in
Section 1.3.
Intervals
Suppose that @ < b. The open interval (a, b) is the set of all numbers between a and b:
—[(x:a <ax . -—
(@ b)y={x:a<x<bh} o o

The closed interval [a, b] is the open interval (a, b) together with the endpoints @
and b:

[a,b]=1{x:a <x <b}. -

There are seven other types of intervals:

(a,bl={x:a <x <5}, e T
[a,h)={x:a<x<h}, B Ml
(a,00) ={x:a < x}, e
[a,00) ={x:a =x}, A
(=00, b)={x:x < b}, e
(=00, b] = {x :x = b}, e
(—00, 00) = the set of real numbers. B ——

Interval notation is easy to remember: we use a square bracket to include an end-
point and a parenthesis to exclude it. On a number line, inclusion is indicated by a solid
dot, exclusion by an open dot. The symbols 0o and —oo, read “infinity” and “negative
infinity” (or “minus infinity”), do not represent real numbers. In the intervals listed
above, the symbol oc is used to indicate that the interval extends indefinitely in the pos-
itive direction; the symbol —oo is used to indicate that the interval extends indefinitely
in the negative direction.

Open and Closed

Any interval that contains no endpoints is called open: (a, b), (a. 00). (—o0, b),
(—oc, 00) are open. Any interval that contains each of its endpoints (there may be
one or two) is called closed: [a, b], [a, o¢), (—oc, b] are closed. The intervals (a, b]
and [a, b) are called half-open (half-closed): (a, b] is open on the left and closed on the
right; [a, b) is closed on the left and open on the right. Points of an interval which are
not endpoints are called inferior points of the interval.

1By “iff” we mean “if and only if”” This expression is used so often in mathematics that it's convenient to
have an abbreviation for it

I'The absolute value of the sum of two numbers cannot exceed the sum of their absolute values. This is
analogous to the fact that in 2 triangle the length of on side cannot exceed the sum of the lengths of the
other two sides.
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Boundedness

A set S of real numbers is said to be:
(i) Bounded above if there exists a real number M such that
x<M for all x€esS;
such a number M is called an upper bound for S.
(i) Bounded below if there exists a real number m such that
m<x for all x€S;
such a number m is called a lower bound for S.
(iii) Bounded if it is bounded above and below."

Note that if M is an upper bound for S, then any number greater than A is also an
upper bound for S, and if m is a lower bound for S, than any number less than m is also
alower bound for S.

Examples The intervals (—oo, 2] and (=00, 2) are both bounded above by 2 (and
by every number greater than 2), but these sets are not bounded below. The set of
positive integers {1, 2, 3, ...} is bounded below by 1 (and by every number less than 1),
but the set is not bounded above; there being no number M greater than or equal to all
positive integers, the set has no upper bound. All finite sets of numbers are bounded—
(bounded below by the least element and bounded above by the greatest). Finally, the
set of all integers, {- -+, =3, =2, —1,0,1,2,3, - - -}, is unbounded in both directions; it
is unbounded above and unbounded below. 1

Factorials

Let n be a positive integer. By n factorial, denoted n!, we mean the product of the
integers from » down to 1:

w=n—1)n—2)---3-2-1
In particular
MW=1,21=2.1=2,31=3.2.1=6,4=4.3.2-1=24, andsoon.

For convenience we define 0! = 1.

Algebra
Powers and Roots
p fuctors
areal, p a positive integer @' =a, af = A g
a#0: a®=1, a?=1/a"

laws of exponents  aP* =aPa?, a?™?=aPa™?, (@9 =a

areal, godd @'/, called the gth root of a, is the number b such
that b7 = a

a nonnegative, g even  a'/? is the nonnegative number b such that 4% = a
notation  a'/? can be written ¢/a (a'/? is written \/a)

rational exponents  aP/? = (a'/4)?

fIn defining bounded above, bounded below, and hounded we used the conditional “if,” not “iff.” We could
have used “iff;” but that would have been unnecessary. Definitions arc by their very nature “iff” statements.
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Examples
M=1,2'=12=2.2=4,2"=2.2-2=8, andsoon
25

—25.23=32.8=256, B =2"2=1/22=1/4
@ =22=2=64 PP=27=2=64
Q13 =2, (=8)13 = —2, 162 = V16 =4, 16V =2
g4 = @A)y =25=32, 8 =@ =27 =1/ =1/32 1

Basic Formulas

(a+b) a* +2ab +b*
(a = by
(a+bY =a* +3a%h +3ab> + 1

(a — by =a* =3a*b+3ab> =

& - =(—ba+h)

& =0 =(a—b)d*+ab+b)

G — b = (a — bY@ +a*b+ab’ +b)

> 2ab+ b

a

More generally:
a b = (@ bY@+ a b ab T B )
Quadratic Equations
The roots of a quadratic equation
ax4+br4+ec=0 witha#0
are given by the general quadratic formula

—b £ /b —dac
r=—
2a

1£b2 — dac > 0, the equation has two real roots; if b? — dac = 0, the equation has one
real root; if b2 — 4ac < 0, the equation has no real roots. (It has two complex roots.)

Geometry

Elementary Figures

Triangle Equilateral Triangle

_1 /352
area= 3435
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Rectangle Rectangular Solid
" ‘
7 T
area=lw
perimeter = 2/ + 2w volume = Jwh
diagonal = v/I? + w2 surface arca = 2Iw + 21h + 2wh
Square Cube
s *
4
5 x
area = x?
perimeter = 4x volume = x3
diagonal = xv/2 surface area = 6x2
Circle Sphere
area = r? volume = $7r?
circumference = 27 r surface area = 4772

Sector of a Circle: radius r, central angle # measured in radians (see Section 1.6).

arc length = ¢ area = %720

(Table continues)
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Right Circular Cylinder

volume = 7rr2h
lateral area = 2mrht

total surface area = 27?4 277k

EXERCISES 1.2

Right Circular Cone

volume = }mr?h

slant height = V2 + B2

lateral area = wr/r2 + A2

total surface area = 12 + 71 /72 + B2

Exercises 1-10. Is the number rational or irrational?

2. -6.

4.42-3.

6.7 —2.

8.0.125.
10. (V2 - V3 (V2+3)
Exercises 11-16, Replace the symbol # by <, >, or = to make
the statement true.

13. /2 1414,
15. —% % —0.285714.
Exercises 17-23. Evaluate

17. 6. 18.| - 4.

19. (=371 20. | — 51— 18l
21 1= 5+ 1—8I. 22.12 -7
23. 15— 3|

Exercises 24-33, Indicate on a number line the numbers x that
satisfy the condition.

24.x>3 25.x < -3
26.—2<x <3 27.x% < 16.

28. x> > 16. 29. |x| 0.

3 > 3 -4 =2

32 fx+1] >3 33 ]x +3] 0.
Excreises 34-40. Sketch the set on a number line.
34. 3, %0). 35. (—00,2).

36. (—4,31. 37.[-2,3]U[L, 5]

38.[-3,3)n(3
40. (—00,2) N[3, 00).

Exercises 4147, State whether the set is bounded above,
bounded below, bounded. If & set is bounded above, give an
upper bound; if it is bounded below, give a lower bound; if it is
bounded, give an upper bound and a lower bound.

39. (o0, ~1)U (=2, 00).

J>49.Let xp=2 and define x, =

[ 50. Rework Exercise 49 with xp = 3 and x, =

41.{0.1,2.3,4}.
43. The set of even integers.
44. [x 45, {x 1 x? > 3}

46.
47. The set of rational numbers less than v/2.
Exercises 48-50.

J-48. Order the following number> and place them on a number

line: /T, 27, +/2.37
17 + 2x3_,
3x2_
1,2,3,4,... Find at least five values for x,. ls the set
s (n,,. .. X,....) bounded above, bounded be-
low, bounded? If o, give a lower bound and/or an upper
bound for S. If 7 is a large positive integer, what is the ap-
proximate value of x,,?

for n=

231 + 4
5%

Excreises 51-56. Write the expression in factored form.
51, x? — 10x +25. 52.9x% —

53, 8x% 4 64. 54.27x° - 8.

55, 4x% 4+ 12x +9. 56. 4x* +4x2 4+ 1.
Exercises 57-64. Find the real roots of the equation.

57.x2-x—-2=0. 58, % —9=0.
59.x2 —6x +9=0. 60. 2x% — 5x =3 =0.
6L x* —2x4+2=0. 62. %% +8x + 16 =0.
63.x% +4x +13=0. 64. x> —2x +5=0.
Exercises 65-69. Evaluate

65. 5!, 66.

68. —




70. Show that the sum of two rational numbers is a rational num-
ber.

71. Show that the sum of a rational number and an irrational
number is irrational.

72. Show that the product of two rational numbers is a rational
number.

73. Is the product of a rational number and an irrational number
necessarily rational? necessarily irrational?

74. Show by example that the sum of two irrational numbers (a)

can be rational; (b) can be irrational. Do the same for the

product of two irrational numbers.

Prove that /2 is irrational. HINT: Assume that /2 — /g

with the fraction written in lowest terms. Square both sides

of this equation and argue that both p and ¢ must be divisible

by 2.

o

. Prove that +/3 is irrational,

77. Let S be the set of all rectangles with perimeter 2. Show that
the square is the clement of S with largest area.

1
&

=

. Show that if a circle and a square have the same perime-
ter, then the circle has the larger area. Given thata circle and a
rectangle have the same perimeter, which has the larger area?

M 1.3 REVIEW OF INEQUALITIES
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The following mathematical tidbit was first seen by one of the
authors many years ago in Granville, Longley, and Smith, Ele.
ments of Calculus, now a Wiley book.

79. Theorem (a phony one): 1 = 2.

PROOF (a phony one): Let @ and & be real numbers, both
different from 0. Suppose now that a = . Then

ab=1p"

ab—a’ = —g?

ab—a)= (b +a)b - a)

a=b+a.
Since @ = b, we have

a=2a.
Division by a, which by assumption is not 0, gives
1=2. 0O

What is wrong with this argument?

All our work with inequalities is based on the order properties of the real numbers given
m Section 1.2. In this section we work with the type of inequalities that arise frequently

i caleulus, inequalities that involve a variable.

To solve an inequality inx is to find the numbers x that satisfy the inequality. These
aumbers constitute a set, called the solution set of the inequality.

We solve inequalities much as we solve an equation, but there is one important
difference. We can maintain an inequality by adding the same number to both sides,
or by subtracting the same number from both sides, or by multiplying or dividing both
sides by the same positive number. But if we multiply or divide by a negative number,

then the inequality is reversed:

x—2<4 gives x <6, X+2<4

1
3% < 4 gives x <8,

1
== Ex <4 gives x> —8.

gives x <2,

note, the inequality is reversed

Example 1  Solve the inequality

—3(4-x)< 12,

SOLUTION  Multiplying both sides of the inequality by —1, we have

4—x>—4.

Subtracting 4, we get

—x = -8

(the inequality has been reversed)
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To isolate x, we multiply by —1. This gives
x < 8. (the inequality has been reversed again)

The solution set is the interval (—oc, 8. O - S——

There are generally several ways to solve a given inequality. For example, the last
inequality could have been solved as follows:

34 -x) <12,
—12+3x <12,
3x <24, (we added 12)
x <8 (we divided by 3)

To solve a quadratic inequality, we try to factor the quadratic. Failing that, we can
complete the square and go on from there. This second method always works.
Example 2  Solve the inequality

x?—4x 43> 0.
SOLUTION Factoring the quadratic, we obtain
(x—Dx-3)>0.

The product (x — 1)(x — 3) is zero at 1 and 3. Mark these points on a number line
(Figure 1.3.1). The points 1 and 3 separate three intervals:

(=00, 1), (1,3), (3, co).

bbb bbb Do m o m oo Ottt ttsttrts

1 3

Figure 1.3.1

On each of these intervals the product (x — 1)(x — 3) keeps a constant sign:

on(—co,1) fothelefiof1]  signof (x — (x —3) = (=}—) =+;
on(1,3) [betweenland3] signof (x — D(x —3) = (+)(-) = —;
on(3,00) [totherightof3] sign of (x — D(x —3) = (H)(+H) =+
The product (x — 1)(x — 3) is positive on the open intervals (—o0, 1) and (3, 00). The
—

solution set is the union (—oc, YU (3,00). O —t— o

Example 3  Solve the inequality
¥ 250

SOLUTION Not seeing immediately how to factor the quadratic, we use the method
that always works: completing the square. Note that

P As=(E -+ D+4=(— 1P +4
This tells us that
¥ —2x+5=4  forallrealx,

and thus there are no numbers that satisfy the inequality we are trying to solve. To put
it in terms of sets, the solution set is the empty sct 4. O
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In practice we frequently come to expressions of the form
G —a)f — ) —a)

ki, ka, ..., ky positive integers, @ < a2 < -+ < a,. Such an expression is zero at

a1, 4, . .., ay. Itis positive on those intervals where the number of negative factors is

even and negative on those intervals where the number of negative factors is odd.
Take, for instance,

(x +2)(x — D(x —3).
This product is zero at —2, 1, 3. It is

negative on  (—oo, —2),
positive on (=2, 1),
negative on (1, 3),
positive on (3, 00).

(3 negative torms)
(2 negative terms)

(1 negative term)
(0 negative terms)

See Figure 1.3.2

77777 Ot ttbbb bbbttt 444440 - = oo~ Qs 4a4
-2 1 3
Figure 1.3.2

Example 4  Solve the inequality
(x+3)°x — Dx—4)? <0,

SOLUTION Weview (x 4 3)*(x — 1)(x — 4)? asthe product of three factors: (x + 3)°,
(x — 1), (x — 4)2. The product is zero at —3, 1, 4. These points separate the intervals
(=00, =3), (=3, 1), (1,4), (4, 00).

On each of these intervals the product keeps a constant sign:

positive on  (—o0, —3),

negative on (=3, 1),

positiveon (1, 4),

positiveon (4, 00).

(2 negative factors)

(1 negative factor)
(0 negative factors)
(0 negative factors)

See Figure 1.3.3.

1 [T Obtdttttts0stssttts

3 1 4

Figure 1.3.3

The solution set is the open interval (—3,1). 0 D

This approach to solving inequalities will be justified in Section 2.6

Inequalities and Absolute Value

Now we take up inequalities that involve absolute values. With an eye toward developing
the concept of limits (Chapter 2), we introduce two Greek letters: § (delta) and e
(epsilon).
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As you know, for each real number &

asn \a\:{fa faz 0 o) = max(a, —a).

We begin with the inequality
x| <38

where § is some positive number. To say that |x| < § is to say that x lies within § units
of 0 or, equivalently, that x lies between —& and 8. Thus

(1.3.2)

|d<é

The solution set is the open interval (—8, 8).
To say that [x —¢| <8 is to say that x lies within & units of ¢ or, equivalently, that
 lies between ¢ — § and ¢ + 8. Thus

133 | x—cl <8 iff c—8<x<c+8d

The solution set is the open interval (¢ — 8, ¢+ 8)-
Somewhat more delicate is the inequality

0<x—cl<d.

Here we have |x — ¢l <8 with the additional requi that x # c¢. Co quently,

(1.3.4) 0O<x—cl<8 iff

The solution set is the union of two open intervals: (¢ — 8, )V (e, ¢ +8)-
The following results are an immediate consequence of what we just showed.

. 1 § 1 1.
1l <55 ‘1[{ _f; 5: x‘< 1 {solution set: (4, 1)1
b= l<_ R HE S D [solution set: (4, 6)1
0<x—5l<1 iff 4<x<5 or 5<x< 6; {solution set: (4, 5) U (5. 6)]

Example 5  Solve the inequality
Ix+2)<3.

SOLUTION Once we recognize that |x + 2| = [x — (=2)|, weare in familiar territory.
x— (=21 <3 iff _2-3<x<—2+3 iff —5<x<l
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3 3
YTy
The solution set is the open interval (=5, 1). O —gfé—?‘
Example 6  Solve the inequality
3x —4] < 2.
SOLUTION  Since
1= e — = 3~ 4] =3 -4,
the inequality can be written
3‘): - ‘33[ <2
This gives
x—% <% f-f<cx<isl Zex<2.

The solution set is the open interval (f 2):
ALTERNATIVE SOLUTION  There is usually more than one way to solve an inequality.
In this case, for example, we can write

3Bx—4/ <2
as

—2<3x-4<2

and proceed from there. Adding 4 to the inequality, we get

2<3x <6,
Division by 3 gives the result we had before:

Lared @

Let € > 0. If you think of |a| as the distance between a and 0, then you see that

(1.3.5) lal >€ iff a>€e or a<—e —€ 0 €
lal>e
Example 7  Solve the inequality
|12x +3| > 5.
SOLUTION In general
la] > € iff a>e or a < —e,

So here
2x+3>5 or 2x+3 < -5,
The first possibility gives 2x > 2 and thus

x> 1. —
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EXERCISES'1.3

The second possibility gives 2x < —8 and thus

x <-4

The total solution is therefore the union
(=00, =4 U(l,00). @

‘We comenow to one of the fundamental inequalities of calculus: for all real numbers
aand b,

(13.6)

This is called the triangle inequality in analogy with the geometric observation that “in
any triangle the length of each side is less than or equal to the sum of the lengths of the
other two sides.”

PROOF OF THE TRIANGLE INEQUALITY The key here is to think of |x| as V32,
Note first that

(a+b) = a +2ab + b* < |af® +2lal[b] + B = (lal + [b])’.
Comparing the extremes of the inequality and taking square roots, we have
Vi@ + by < lal + 1]

The result follows from observing that
J@+bP=lat+b. T

Here is a variant of the triangle inequality that also comes up in calculus: for all
real numbers a and b,

(Exercise S1)

(1.3.7) [lal = 1b]] < la — bl

The proof is left to you as an exercise.

Exercises 1-20. Solve the inequality and mark the solution set

on a number line.
L2+43x <5
3.16x + 64 < 16,

5.4 +%) < 31— %)

7

9

L x2—1<0.

x—620

W2 +x—1<0.

17. x3(x —2)(x + 37 < 0.

19. x3(x — 2)(x +6) = 0.

16.x? —4x +4 <0,
18. x2(x — 3)(x +4)* > 0.
20. 7x(x — 47 < 0.

Exercises 21-36. Solve the inequality and express the solution
set as an interval or as the union of intervals.

2.10x +3) <6. 21. x| < 2. 22. x| = 1.
Lerss a0 23. 15 > 3. M -1 <1
25, ]x -2/ < }. 26. [x— 3 <2.
6.3x—2<146x. iy : 5.0 |
8.3+ 9 +20 < 0. Osbdel W0l <
10,57 —dx —5 >0, 29.0 < |x—2 <3} 30.0<|x— 4l <2
12,358 470, 3140<\x73\1<& 32.\3x—5\<3}.
14, 22 — D(3x — ) < 0. 3 ax 41l < L 3495 -3 < L.
35, v +5] > 3. 36. [3x + 1| > 5.

Exercises 37-42. Each of the following sets is the solution of an
inequality of the form | x — ¢ |< 8. Find c and 6.



37.(=3.3). 38.(=2,2).
39.(=3,7). 40. (0, 4).
41.(=7,3). 42. (4, b).

Exercises 43-46. Determine all numbers 4 > 0 for which the
statement is true.

43,1 [x — 2| < 1, then |2x — 4] < A.

44, 1f [x — 2| < 4, then [2x — 4] < 3.

45.1f |x + 1] < A, then [3x + 3] < 4.

46.1f |x + 1] < 2, then |3x + 3] < A,

47. Arrange the following in order: 1, x, /%, 1/x, 1//&, given
that: (@) x > 1;(5) 0 < x < 1.

48. Given that x > 0, compare

1.4 COORDINATE PLANE; ANALYTIC GEOMETRY m 17

52. Show that |a — 5] < [a] -+ (8] for all real numbers a and b.

53. Show that |lal — [B{| < la — &] for al real numbers @ and b.
HINT: Caleulate la] — |5]]".

54. Show that |a + b| = |a| + |b| iffab > 0.

55. Show that

a b
it 0<a<h el
! =a= N F
56. Lot a, b, ¢ be nonnegative numbers, Show that
a b Tis
£ as<bte thn 9 < 2 .
Hoasbte N Tre ST T T3e

57. Show that if @ and b are real numbers and a < b, then
a < (a+5b)/2 <b. The number (a +5)/2 is called the

R J—
El ino ) arithmetic mean of a and b.
Vrtl x+2 58. Given that 0 < & < b, show that
49. Suppose that ab > 0. Show that if @ < b, then 1/b < 1/a. b
a
50. Given that @ > 0 and & > 0, show that if &? < %, then a <~ab< 2= b.

a<bh.

51. Show that if 0 < @ < b, then /& < v/b.

B 1.4 COORDINATE PLANE; ANALYTIC GEOMETRY

Rectangular Coordinates

The one-to-one correspondence between real numbers and points on a line can be used
to construct a coordinate system for the plane. In the plane, we draw two number lines
that are mutually perpendicular and intersect at their origins. Let O be the point of
intersection. We set one of the lines horizontally with the positive numbers to the right
of O and the other vertically with the positive numbers above O, The point O is called
the origin, and the number lines are called the coordinate axes. The horizontal axis
is usually labeled the x-axis and the vertical axis is usually labeled the y-axis. The
coordinate axes separate four regions, which are called guadrants. The quadrants are
numbered /, /1, I, IV in the counterclockwise direction starting with the upper right
quadrant. See Figure 1.4.1.

Rectangular coordinates are assigned to points of the plane as follows (see Figure
1.4.2.). The point on the x-axis with line coordinate  is assigned rectan gular coordinates
(a, 0). The point on the y-axis with line coordinate b is assigned rectan, gular coordinates
(0, b). Thus the origin is assigned coordinates (0, 0). A point P not on one of the
coordinate axes is assigned coordinates (a, b) provided that the line /; that passes
through P and is parallel to the y-axis intersects the x-axis at the point with coordinates
(a,0), and the line /; that passes through P and is parallel to the x-axis intersects the
y-axis at the point with coordinates (0, 5).

This procedure assigns an ordered pair of real numbers to cach point of the plane.
Moreover, the procedure is reversible. Given any ordered pair (a, b) of real numbers,
there is a unique point P in the plane with coordinates (a, b).

To indicate P with coordinates (a, b) we write P(a, b). The number a is called the
x-coordinate (the abscissa); the number 5 is called the y-coordinate (the ordinate). The
coordinate system that we have defined is called a rectangular coordinate system. It
is often referred to as a Cartesian coordinate system after the French mathematician
René Descartes (1596-1650).

The number +/ab is called the geometric mean of a and b.

25
I Y/
= ,OT 4_&_;
m 1w
Figure 1.4.1

—
Ote, d)
Figure 1.4.2
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Palxg, 1)

Mix, y)

Midpoint; M = (31 sy

Figure 1.4.4

Distance and Midpoint Formulas

Let Py(xo, yo) and Pi(x1, y1) be points in the plane. The formula for the distance
d(Py, Py) between Py and Py follows from the Pythagorean theorem:

d(Po, Py = /Ix1 — %ol + Iyt = yo? = /(51 = x0) + (1 = yo). (Figute 143)

laf? = a’
¥
Pxy, yp)
|
|
0x ] ‘
7 ¢ Play, yo)
g

Distance : d(Py, P1) = /(x| — x0)? + (1 — y0)*

Figure 1.4.3

Let M(x, y) be the midpoint of the line segment Py P;. That

Xp +X1 Jot+n
Y= and Sire
x 7 an y )

follows from the congruence of the triangles shown in Figure 1.4.4

Lines

(i) Slope  Let / be the line determined by Py(xo, yo) and Py(x1, y1). If £ is not vertical,
then x; # xo and the slope of / is given by the formula

Y=
m= :
X1 — X (Figure 1.4.5)
With 6 (as indicated in the figure) measured counterclockwise from the x-axis,
m = tan.!
The angle 8 is called the inclination of . If / is vertical, then & = 7/2 and the slope of

1is not defined.

(ii} Intercepts 1f a line intersects the x-axis, it does so at some point (a, 0). We call @
the x-intercept. If a line intersects the y-axis, it does so at some point (0, b). We call &
the y-intercept. Intercepts are shown in Figure 1.4.6.

1The trigonometric functions are reviewed in Section 1.6.
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8=0

Figure 1.4.5

(iii) Equations

vertical line x =a.
horizontal line  y = p.

point-slope form  y — yo = m(x — Xp).

£
slope-intercept form  y = mx + b. (y=batx =0)
x
two-intercept form -+ % =1 (x-intercept a; y-intercept b) - — T
a
general form Ax +By+C=0. (4 and B not both 0) Figure 1.4.6

(iv) Parallel and Perpendicular Nonvertical Lines

parallel my=my.
perpendicular  mymy = —1.

() The Angle Between Two Lines The angle between two lines that meet at right
angles is /2. Figure 1.4.7 shows two lines (!1, i, with inclinations 6, 6,) that intersect v i
but not at right angles. These lines form two angles, marked o and w — o in the figure.
The smaller of these angles, the one between 0 and /2, is called the angle between L
and /5. This angle, marked « in the figure, is readily obtained from 6, and 6.

If neither /; nor 4, is vertical, the angle o between /; and /, can also be obtained
from the slopes of the lines:

my —my
L+mmy”
The detivation of this formula is outlined in Exercise 75 of Section 1.6.

tane =

Figure 1.4.7

Example 1 Find the slope and the y-intercept of each of the following lines:
hi20x=24y—30=0, L:2x-3=0, 5:4p45=0.

SOLUTION  The equation of I; can be written
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This is in the form y = mx + b. The slope is £, and the y-intercept is —3.
The equation of /; can be written

i3
X = 3
The line is vertical and the slope is not defined. Since the line does not cross the y-axis,
the line has no y-intercept.
The third equation can be written

ey

y=-

The line is horizontal. The slope is 0 and the y-intercept is 7%, The three lines arc
drawn in Figure 1.4.8. O

Figure 1.4.8

Example 2 Write an equation for the line Z; that is parallel to
L:3x—-5y+8=0
and passes through the point P(-3, 2).
SOLUTION  The equation for /; can be written
y= %x + %
The slope of /1 is 2. The slope of /, must also be 2. (For nonvertical parallel ines, my = m2.)

Since /; passes through (-3, 2) with slope é, we can use the point-slope formula
and write the equation as

x+3) 4

Example 3 Write an equation for the line that is perpendicular to
hix—4y+8=0
and passes through the point P(2, —4).

SOLUTION  The equation for /; can be written

¥

1
r+2
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The slope of / is ;. The slope of I, is therefore —4. (For nonvertical perpendioular
lines, mimz = —1.)

Since /; passes through (2, —4) with slope —4, we can use the point-slope formula
and write the equation as

y+4=—4x-2). O
Example 4 Show that the lines
LH:i3x—4y+8=0 and L:il2x—5y—12=0

intersect and find their point of intersection.

SOLUTION  The slope of /; is % and the slope of 1 is % Since /; and /; have different
slopes, they intersect at a point.
To find the point of intersection, we solve the two equations simultaneously:

3x—4y+8=0
12x -5y —-12=0.

Multiplying the first equation by —4 and adding it to the second equation, we obtain

1y —44=0
y=4.

Substituting y = 4 into either of the two given cquations; we find that x = % The lines
intersect at the point (,4). 0

Circle, Ellipse, Parabola, Hyperbola

These curves and their remarkable properties are thoroughly discussed in Section 10.1.
The information we give here suffices for our present purposes.

Circle

22 =2 G-+ -k =

Figure 1.4.9
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Ellipse
2 2 a2
LeG=laxh Lef=lb>a
Figure 1.4.10
Parabola
y=ax’+bxec,a>0 y=ad+brtea<0
Figure 1.4.11
Hyperbola

Figure 1.4.12
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Remark  The circle, the ellipse, the parabola, and the hyperbola are known as the
conic sections because each of these configurations can be obtained by slicing a “double
right circular cone” by a suitably inclined plane. (See Figure 1.4.13) Q1

circle ellipse parabola hyperbola

Figure 1.4.13

EXERCISES 1.4

Exercises 1-4. Find the distance between the points. 26. below the r-axis.
LR0.5, P6.-3 2 R@.2. P55 Exercises 27-28. Write an equation for the vertical line 3 units

3PS5, -2, Pi(=3.2). L RQT, P4, 7). 27. to the left of the y-axis.

Exercises 5-8. Find the midpoint of the line segment Py 7.
5 Exercises 29-34. Find an equation for the line that passes
5. (2,4, Pi(6,8). 6. P(3,—1), P(-1.5). ) P
029 AG8) I through the point P(2, 7) and is
29. parallel to the x-axis.

28. to the right of the y-axis.

7. Po(2,=3),  Py(7,-3). 8. Ay(a.3), Pi(3,a).
Exercises 9-14. Find the slope of the line through the points.

30. parallel to the y-axis.
9. P(-2.5), P4 1.  10. B4 —3), Pi(=2, 7). RS o ey

31. parallel to the line 3y — 2x + 6 = 0,

1L Pa.b),  Ofb.a). 12 PA, -1),  O(=3,-1). - i o

13. P(xo, 0). 00, yo). 14.0(0,0),  P(xg. yo). ~petpendienlatio the lney=20+ 320,

Exercises 15-20. Find the slope and y-intercept. 3. perpendicular to the line 3y —2x +6 = 0.

1o o 16, 65—, 34. parallel to the line y — 2x + 5 = 0.

3y exte 18: 65 550 B Exercises 35-38. Determine the point(s) where the lin inter-
sects the circle.

19.75 — 3y +4=0. 20,

¥ +y?=1

mx, x2+y*=4.

37.4x+3y =24, x24)2 =25

Boy=mx+b x*4y=p%

Exercises 39-42. Find the point where the lines intersect.
Exercises 25-26. Write an cquation for the horizontal line 3+ 4% =y =3=0, h:3x—4dyt+1=0

3 units 40.0:3x+y—5=0, L:7x—10y+27=0.

25. above the x-axis. 4L1 4 —y+2=0, L:19% +y=0.

Exercises 21-24. Write an equation for the line with
21. slope 5 and y-intercept 2.
22. slope 5 and y-intercept —2.

23. slope —5 and y-intercept 2.
24. slope —5 and y-intercept —2.
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2.0 :5x—6y+1=0, hL:8x+5y+2=0

43. Find the area of the triangle with vertices (1, =2).(=1,3),
@.49.

44, Find the area of the triangle with vertices (=1, 1), (3, v/2),
(/2. -1).

45. Determine the slope of the line that intersects the circle
x% 4 y* = 169 only at the point (5, 12).

46. Find an equation for the line which is tangent to the circle

24 32— 2x + 6y — 15 =0 at the point (4, 1). HINT: A

line is tangent to a circle at a point P iff it is perpendicular
to the radius at .

47. The point P(1, —1) is on a circle centered at C(~1, 3). Find
an equation for the line tangent to the circle at P.

Exercises 48-51. Estimate the poini(s) of intersection.
480 :3x —4y =7 L:-Sx+2p=1L

49.1,:241x +329y =5, [:5.13x —427y=13.
50,4 :2x — 3y cirele : x2 + 7 = 4.
51, circle : x> 4+ y* =9, parabola: y =x* —4x +5.

Exercises 52-53. The perpendicular bisector of the line scg-

ment PQ is the line which is perpendicular to PQ and passes

through the midpoint of PQ. Find an equation for the perpen-

dicular bisector of the line segment that joins the two points.

52 P(-1,3), Q(,—4).

53. P(1,—4), 0(4.9).

Exercises 54-56. The points are the vertices of a triangle. State

whether the triangle is isosceles (two sides of equal length), a

right triangle, both of these, or neither of these.

54, Py(—4,3), Pi(—4.—1), P21

55. Py(=2,5), Pi(1,3), Px(-1,0).

56. Py(—1,2).  Pi(1.3). P4 1)

57. Show that the distance from the origintotheline 4x + By +
€ = 0is given by the formula

(0, =

58. An equilateral triangle is a triangle the three sides of which
have the same length. Given that two of the vertices of an
equilateral triangle are (0, 0) and (4, 3), find all possible lo-
cations for athird vertex. How many such triangles are there?

59, Show that the midpoint M of the hypotenuse of a right tri-
angle is equidistant from the three vertices of the triangle.
HINT: Introduce a coordinate system in which the sides of
the triangle are on the coordinate axes; see the figure

M 1.5 FUNCTIONS
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60. A median of a triangle is & line segment from a vertex to the
midpoint of the opposite side. Find the lengths of the medi-
ans of the triangle with vertices (=1, =2), (2, 1), (4, =3).

61. The vertices of a triangle are (1, 0), (3, 4), (~1, 6). Find the
point(s) where the medians of this triangle interscct.

)
]

. Show that the medians of a triangle intersect in a single point
(called the centroid of the triangle). HINT: Introduce a co-
ordinate system such that onc vertex is at the origin and one
side is on the positive x-axis; see the figure.

yy

(a, b)

(e, Q) *

63. Prove that cach diagonal of a parallclogram bisects the other.
HINT: Introduce a coordinate system with one vertex at the
origin and one side on the positive x-axis.

64. PyCr1. 1), Paxa. y2)s Po(xs, v3), Palaa, ya) are the vertices
of a quadrilateral. Show that the quadrilateral formed by
joining the midpoints of adjacent sides is a parallelogram.

65. Except in scientific work, temperature is usually measured
in degrees Falvenhit (F) of in degrees Celsius (C). The re-
lation between F and C is linear. (In the equation that relates
Fto C, both F and C appear to the first degrec.) The freezing
point of water in the Fahrenheit scale is 32°F; in the Celsius
scale it is 0°C. The boiling point of water in the Fahrenheit
scale is 212°F; in the Celsius scale it is 100°C. Find an equa-
tion that gives the Fahrenheit temperature F in terms of the
Celsius temperature C. Ts there a temperature at which the
Fahrenheit and Celsius readings are equal? If so, find it.

. In scientific work, temperature is measured on an absolute
scale, called the Kelvin scale (after Lord Kelvin, who initi-
ated this mode of temperature measurement). The relation
between Fat i F and absolute
Kis lincar. GiventhatK = 273° when F = 32°,and K = 373°
when F = 212°, express K in terms of F. Then use your result
in Exercise 65 o determine the connection between Celsius
temperature and absolute temperaturc.

2
N

The fundamental processes of calculus (called differentiation and integration) are pro-
cesses applied to functions. To understand these processes and to be able to carry them
out, you have to be comfortable working with functions. Herc we review some of the
basic ideas and the nomenclature. We assume that you are familiar with all of this.



Functions can be applied in a very general setting. At this stage, and throughout the
first thirteen chapters of this text, we will be working with what are called real-valued
functions of a real variable, functions that assign real numbers to real numbers.

Domain and Range
Let’s suppose that D is some set of real numbers and that £ is a function defined on D.
Then f assigns a unique number £(x) to each number x in D. The number J(x)iscalled
the value of f at x, or the image of x under £, The set D, the set on which the function is
defined, is called the domain of £, and the set of values taken on by f is called the range
of £. In set notation
dom (f)=D,  range(f)={f(x):x € D).
We can specify the function / by indicating exactly what f(x) is for each x in D.
Some examples. We begin with the squaring function
fx)=x2, for all real numbers x.
The domain of / is explicitly given as the set of real numbers. Particular values taken
on by f can be found by assigning particular values to x. In this case, for example,
S@=F=16 [(3)=(=3P=9  fO)=0=0.
As x runs through the real numbers, x? runs through all the nonnegative numbers, Thus
the range of /'is [0, 00). In abbreviated form, we can write
dom (f) = (—o0, ), range (/) = [0, c0)
and we can say that £ maps (—oc, oc) onto [0, o).
Now.let’s look at the function g defined by
g)=v2x+4,  xel0,6].

The domain of g is given as the closed interval [0, 6]. Atx = 0, g takes on the value 2:

gO)=v2 0+4=v4=2;
atx = 6, g has the value 4:

g6 =v2 6+4="16=4.

As x runs through the numbers in [0, 61, g(x) runs through the numbers from 2 to 4.
Therefore, the range of g is the closed interval [2, 4]. The function g maps [0, 6] onto
[2,4].

Some functions are defined piecewise. As an example, take the function /, defined
by setting

_[ax+1, ifx <0
he) ‘ K2 ifx >0,

As explicitly stated, the domain of  is the set of real numbers. As you can verify, the
range of / is also the set of real numbers. Thus the function % maps (—oo, ©0) onto
(=00, 00). A more familiar example is the absolute value function f(x) = |x|. Here

1= [

The domain of this function is (—oo, 00) and the range is [0, co).

x5 ifx =0
sy ifx < 0.

Remark  Functions are often given by equations ofthe form y = f(x) with x restricted
to some set D, the domain of /. In this setup x is called the independent variable (ot
the argument of the function) and y, except in special cases, clearly dependent on x, is
called the dependent variable. 2

1.5 FUNCTIONS
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The Graph of a Function

Iff is a function with domain D, then the graph of f is the set of all points P(x, f(x))
with x in D. Thus the graph of £ is the graph of the equation y = f(x) with x restricted
to D; namely

the graph of f = {(x,y):x € D,y = f(x)}.

The most elementary way to sketch the graph of a function is to plot points. We plot
enough points so that we can “see” what the graph may look like and then connect the
points with a “curve.” Of course, if we can identify the curve in advance (for example,
if we know that the graph is a straight line, a parabola, or some other familiar curve),
then it is much easier to draw the graph.

The graph of the squaring function

f(x)=x%, x € (—00, 00)

is the parabola shown in Figure 1.5.1. The points that we plotted are indicated in the
table and marked on the graph. The graph of the function

gx)=vZx+4, x€[0,6]

is the arc shown in Figure 1.5.2

(6, 4)
Plx,V2c +4)

Figure 1.5.1 Figure 1.5.2

The graph of the function

241, ifx <0
) = { X2, ifx>0

and the graph of the absolute value function are shown in Figures 1.5.3 and 1.5.4.

Although the graph of a function is a “curve” in the plane, not every curve in the
plane is the graph of a function. This raises a question: How can we tell whether a curve
is the graph of a function?

A curve C which intersects each vertical line at most once is the graph of a function:
for each P(x, y) € C, define f(x) = y. A curve C which intersects some vertical line
more than once is not the graph of a function: If P(x, y1) and P(x, y,) are both on C,
then how can we decide what f(x) is? Is it y1; or is it y,?

These observations lead to what is called the vertical line test: a curve C in the
plane is the graph of a function iff no vertical line intersects C at more than one point.
Thus circles, ellipses, hyperbolas are not the graphs of functions. The curve shown in
Figure 1.5.5 is the graph of a function, but the curve shown in Figure 1.5.6 is not the
graph of a function. .
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_lex+ 1, x<0
hix) = e

I =[x x20
-2,-3) T lw x<0
Figure 1.5.3 Figure 1.5.4

Figure 1.5.5 Figure 1.5.6

Graphing calculators and computer algebra systems (CAS) are valuable aids to
graphing, but, used mindlessly, they can detract from the understanding necessary for
more advanced work. We will not attempt to teach the use of graphing calculators or
the ins and outs of comg software, but technology-oriented exercises will appear
throughout the text.

Even Functions, Odd Functions; Symmetry

For even integers n, (—x)" = x; for odd integers n, (—x)" = —x". These simple ob-
servations prompt the following definitions:

A functionf is said to be even if
f(=x)=f(x)  forall xedom(f);
a function f'is said to be odd if
f(=x)=—f(x) forall  xedom(f).

The graph of an even function is symmetric about the y-axis, and the graph of an
odd function is symmetric about the origin. (Figures 1.5.7 and 1.5.8.)
The absolute value function is even:

FEx) =1 =3 =[xl = /).
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x
I

Even function
1

Figure 1.5.7 Figure 1.5.8

“T Its graph is symmetric about the y-axis. (See Figure 1.5.4.) The function J(x)=dx — 3
is odd:

S =40 = (=" = 4 423 = _(dy — x%) = — f(x).

The graph, shown in Figure 1.5.9, is symmetric about the origin,

[
&

Figure 1.5.9

Convention on Domains

If the domain of a function /s not explicitly given, then by convention we take as
domain the maximal set of real numbers x for which f(x) is a real number. For the
function f(x) = x> + 1, we take as domain the set of real numbers. For g(x) = Jx,
we take as domain the set of nonnegative numbers, For

1
h(x)= —
h(x) =2
we take as domain the set of all real numbers x % 2. In interval notation,
dom(f) = (—o0, 00), dom(g) = [0, 00), and dom(h) = (—00,2)U (2, ©0).

The graphs of the three functions are shown in Figure 1.5.10.

Figure 1.5.10

Example 1 Give the domain of each function:

X+ 1
@ f()= e ar— ) g(x) = g

SOLUTION (a) You can see that f(x) is a real number iff x2 + x — 6 # 0. Since
P 4x—6=(x+3)x —2),




1.5 FUNCTIONS m 29

the domain of f is the set of real numbers other than —3 and 2. This set can be expressed
as

(=00, —3)U(=3,2) U (2, 0).
(b) For g(x) to be a real number, we nced
4-32>0  and x#£IL

Since 4 —x? > 0iff x> < 4iff —2 < x < 2, the domain of g is the set of all numbers x
in the closed interval [—2, 2] other than x = 1. This set can be expressed as the union
of two half-open intervals:

[-2,DU(1,2]. L

Example 2 Give the domain and range of the function:

SOLUTION  First we look for the domain. Since v/2 — x is areal numberiff2 — x > 0,
weneedx <2. Butatx =2,/2 —x =0 and its reciprocal is not defined. We must
therefore restrict x to x < 2. The domain is (—oc, 2).

Now we look for the range. As.x runs through (—o0, 2), +/Z — x takes on all positive
values and so does its reciprocal. The range of f is therefore (5, oc). The function f
maps (—o0, 2) onto (5, c0). O

Functions arc used in applications to show how variable quantities are related. The
domain of a function that appears in an application is dictated by the requirements of
the application.

Example 3 US. Postal Service regulations require that the length plus the girth
(the perimeter of a cross section) of a package for mailing cannot exceed 108 inches.
A rectangular box with a square end is designed to meet the regulation exactly (see
Figure 1.5.11). Express the volume ¥ of the box as a function of the edge length of the
square ends and give the domain of the function.

SOLUTION Letx denote the edge length of the square ends and let / denote the length
of the box. The girth is the perimeter of the square, or 4x. Since the box meets the
regulations exactly,

4x+h =108  andtherefore k= 108 —4x. Figure 1.5.11
The volume of the box is given by ¥ = x24 and so it follows that
V(x) = x*(108 — 4x) = 108x? — 4x°,

Since neither the edge length of the square end nor the length of the box can be negative,
we have

x>0 and h =108 —4x > 0.

The second condition requires x < 27. The full Tequirement on x, 0 < x < 27, gives
dom(¥)=1[0,27]. 1

Example 4 A soft-drink manufacturer wants to fabricate cylindrical cans. (See
Figure 1.5.12.) The can is to have a volume of 12 fluid ounces, which we take to be
approximately 22 cubic inches. Express the total surface area S of the can as a function
of the radius and give the domain of the function. Figure 1.5.12
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SOLUTION  Let r be the radius of the can and / the height. The total surface area (top,
bottom, and lateral area) of a right circular cylinder is given by the formula

S = 2rr? + 2mrh.

Since the volume ¥ = mr2h is to be 22 cubic inches, we have

and therefore

22 44
S¢) = 202 +27r1( )~2 et

Since r can take on any positive value, dom (§) =

EXERCISES 1.5

arth=22 ad b=

22

wr?

(square inches)

(0,00). Q

Exercises 1-6. Calculate (a) £(0), (b) (1), (6) /(=2). (&) f3/2).

1. () =22 —3x +2.
3. f(x) = V2T +2x.

4 f)= \)r +3] = 5x.

P 6 o1 1
'Nl)i\x+2\+xz' HE= T+
Exercises 7-10. Calculate (a) /(—x), (b} /(1/x), (¢)f(a + b).
7. fx) =x2 —2x. 8. f(x) = —~

9. f) =T+ 10. /()=

R
Exercises 11 and 12. Calculate /(a + k) and [f(a +4)—

f@)]/h fork # 0.
11 f(x) = 2x> — 3x. 12. flx) = %

Exercises 13-18. Find the number(s) x, if any, where / takes on
the value 1.

13. f(x) =2 —x]. 14. f(x) = /T x.
15. f(x) =x2 +4x +5. 16. f(x) =4+ 10x
2 E
17. f(0) = 18. f) = —.
x|

Exercises 19-30. Give the domain and range of the function.
19. f(x) = |x]. 20 g(x) =52 — 1.
21, f(x) =2x - 3. 22, g(x) = VX +5.

24, g(x) = —

26. g(x) = V3 — 3.

28 gr)=va-1-1
1
30. g(x) = T

1
29. f(x)= A
fx) e
Exercises 3140. Give the domain of the function and sketch
the graph.

3L f(x)

32 fx)=—

£y = 2x.

3 34, fr)=2x+1.
35, f(0) = tx+2.

36. f(x) = —dx —3.
38 f(x) =922
40. f(x) = |x —1].
Exercises 41-44. Sketch the graph and give the domain and
range of the function.
-1, x<0
“'f("):{ L x>0

} x, x<0
2@ =11-x x>0

l+x, 0<x<l

B[00 = x, l<x<2
41, 2=x
X% x <0

TR
X, 2<x.

Exercises 45-48. State whether the curve is the graph of a func-
tion. Ifit is, give the domain and the range.
45.




46.
47.
3 2 -1
5l
48. ”
3l
2L
ol
sl
Exercises 49-56. State whether the function is odd, even, or
neither.
49. f(x) = x°. 50, f(x) =x*+1.
5L g(x) = x(x — 1). 52. g(x) = x(x2 + 1).
1
53, f(x) = 54 F@)=x+ -~
55 f00) = - 56. f(x) = /x — .

J>57. The graph of f(x) = {x* + 1x? — 12x — 6 looks some-
thing like this:

(@) Use a graphing utility to sketch an accurate graph of £
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(b) Find the zero(s) of /(the values of x for which £(x) = 0)
accurate to three decimal places.
(¢) Find the coordinates of the points marked 4 and B, ac-
curate to three decimal places.
}958. The graph of f(x) = —x* + 8x2 + x — 1 looks something
like this:

(2) Use a graphing utility to sketch an accurate graph of /;
(b) Find the zero(s) of £, if any. Usc three decimal place
accuracy.
(¢) Find the coordinates of the points marked 4 and B, ac-
curate to three decimal places.

[ Exercises 59 and 60. Use a graphing utility to draw several views
of the graph of the function. Select the one that most accurately
shows the important features of the graph. Give the domain and
range of the function.

59. f(x) = |x* — 3x? — 24x + 4.

60. f(x) =/ —8.

61. Determine the range of y = x? — 4x — 5:
(2) by writing y in the form (x — a)? + b.
(b) by first solving the equation for x.

2
62. Determine the range of y = 3
—x

b

(a) by writing y in the form a +

4
(b) by first solving the equation for .

63. Express the area of a circle as a funtion of the circumfer-
ence.

64. Express the volume of a sphere as a function of the surface
area.

65. Express the volume of a cube as a function of the arca of onc
of the faces.

66. Express the volume ofa cube as a function of the total surface
area.

67. Bxpress the surface area of a cube as a function of the length
of the diagonal of a face.

68. Express the volume of a cube as a function of one of the
diagonals.

69. Express the arca of an cequilateral triangle as a function of
the length of a side.

70. A right triangle with hypotenuse c is revolved about one of
its legs to form a cone. (See the figure.) Given that x is the
length of the other leg, express the volume of the cone as a
function of .
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(2, 5)

| 0 x
75. A string 28 inches long is to be cut into two pieces, one pioce
to form a square and the other to form a circle. Express the

71. A Norman window is a window in the shape of a rectangle

surmounted by a semicircle. (See the figure.) Given that the total area enclosed by the square and circle as a function of
perimeter of the window is 15 feet, express the area as a the perimeter of the square.
function of the width x. 76. A tank in the shape of an inverted cone is being filled with

water. (See the figure.) Express the volume of water in the
tank as a function of the depth 4.

x

<
N

. A window has the shape of a rectangle surmounted by an
equilateral triangle. Given that the perimeter of the window
is 15 feet, express the area as a function of the length of one / o
side of the equilateral triangle. 77. Suppose that a cylindrical mailing container exactly meets

- Express the area of the rectangle shown in the accompanying the US. Postal Service regulations given in Examplo 3. (See
figure as a function of the x-coordinate of the point P. the figure.) Express the volume of the container as a function

of the radius of an end.

-
P

74. A right triangle is formed by the coordinate axes and a line
through the point (2,5). (See the figure.) Express the area of
the triangle as a function of the x-intercept.

M 1.6 THE ELEMENTARY FUNCTIONS

The functions that figure most prominently in single-variable calculus are the polyno-
mials, the rational functions, the trigonometric functions, the exponential functions,
and the logarithm functions. These functions are gencrally known as the elementary
functions. Here we review polynomials, rational functions, and tri; gonometric functions.
Exponential and logarithm functions are introduced in Chapter 7.

Polynomials

We begin with a nonnegative integer #. A function of the form

PO)=aux" +a,1x""' + - +ax+a,  forall real x,
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where the coefficients a,, ay_1, .. ., a1, ag are real numbers and a, # Oiscalled a (real)
polynomial of degree n.
If n = 0, the polynomial is simply a constant function:
P(x)=ap for all real x.
Nonzero constant functions are polynomials of degree 0. The function P(x) = 0 for all
real x is also a polynomial, but we assign no degree to it.
Polynomials satisfy a condition known as the factor theorem: if P is a polynomial
and r is a real number, then
Pr)=0 iff  (x—r)isafactor of P(x).
The real numbers r at which P(x) = 0 are called the zeros of the polynomial.
The linear functions
P(x)=ax +b, a#0
are the polynomials of degree 1. Such a polynomial has only one zero: 7 = —b/a. The
graph is the straight line y = ax + 5.
The quadratic functions
P(x):axz+bx+c, a#0
are the polynomials of degree 2. The graph of such a polynomial is the parabola y =
ax? + bx + ¢.Ifa > 0, the vertex is the lowest point on the curve; the curve opens up.
Ifa < 0, the vertex is the highest point on the curve. (See Figure 1.6.1.)

vertex
\E'ﬁ/ /—\
a>0 a<0

Figure 1.6.1

The zeros of the quadratic function P(x) = ax? + bx + c are the roots of the quadratic
equation

ax? +bx +c¢=0.
The three possibilities are depicted in Figure 1.6.2. Here we are taking a > 0.

NI AN AN

x

2-dac 0O b2 -4ac=0 B-dac O

two real roots one real root no real roots
Figure 1.6.2

Polynomials of degree 3 have the form P(x) = ax® + bx? + cx + d,a # 0. These
functions are called cubics. In general, the graph of a cubic has one of the two following
shapes, again determined by the sign of (Figure 1.6.3). Note that we have not tried to
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locate these graphs with respect to the coordinate axes. Our purpose here is simply to
indicate the two typical shapes. You can see, however, that for a cubic there are three
possibilities: three real roots, two real roots, one real root. (Each cubic has at least one
real root.)

a 0 Cubics a 0

Figure 1.6.3

Polynomials become more ipli d as the degree i In Chapter 4 we
use calculus to analyze polynomials of higher degree.

Rational Functions
A rational function is a function of the form

P(x)
o)

where P and @ are polynomials. Note that every polynomial P is a rational function:
P(x) = P(x)/1 is the quotient of two polynomials. Since division by 0 is meaningless,
arational function R = P/ is not defined at those points x (ifany) where Q(x) = 0; R
is defined at all other points. Thus, dom (R) = {x : O(x) # 0}.

Rational functions R = P/Q are more difficult to analyze than polynomials and
more difficult to graph. In particular, we have to examine the behavior of R near the
zeros of the denominator and the behavior of R for large values of x, both positive and
negative. If, for example, the denominator 0 is zero at x = a but the numerator P is
not zero at x = a, then the graph of R tends to the vertical as x tends to a and the
line x = a is called a vertical asymptote. If as x becomes very large positive or very
large negative the values of R tend to some number b, then the line y = b is called a
horizontal asymptote. Vertical and horizontal asymptotes are mentioned here only in
passing. They will be studied in detail in Chapter 4. Below are two simple examples.

(i) The graph of

R(x)=

1 1

RO= i~ oo

is shown in Figure 1.6.4. The line x = 2 is a vertical asymptote; the line y = 0 (the
x-axis) is a horizontal asymptote.
(ii) The graph of

x2

A= TeoDE+D

is shown in Figure 1.6.5. The lines x = 1 and x = —1 are vertical asymptotes; the
line y = 1 is a horizontal asymptote.
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| » |

Figure 1.6.4 Figure 1.6.5

The Trigonometric Functions

Radian Measure  Degree measure, traditionally used to measure angles, has a serious
drawback. 1t is artificial; there is no intrinsic connection between a degree and the
geometry of a rotation. Why choose 360° for one complete revolution? Why not 100°?
or 400°?

There is another way of measuring angles that is more natural and lends itself better
to the methods of calculus: measuring angles in radians.

Angles arise from rotations. We will measure angles by measuring rotations. Sup-
pose that the points of the plane are rotated about some point 0. The point 0 remains
fixed, but all other points P trace out circular arcs on circles centered at 0. The farther P
is from 0, the longer the circular arc (Figure 1.6.6). The magnitude of a rotation about
01s by definition the length of the arc generated by the rotation as measured on a circle

at a unit distance from 0. 0
Now let be any real number. The rotation of radian measure § (we shall simply call 5
it the rotation 8) is by definition the rotation of magnitude 161 in the counterclockwise Figure 1.6.6

direction if @ > 0, in the clockwise direction if§ < 0.If9 = 0, there is no movement;
every point remains in place.
In degree measure a full turn is effected over the course of 360°. In radian measure,

a full turn is cffected during the course of 27 radians. (The circumference of a circle
of radius 1 is 27.) Thus

27 radians = 360 degrees

one radian = 360/2x degrees = 57.30°

one degree = 27/360 radians 2 0.0175 radians.

The following table gives some common angles (rotations) measured both in de- /
grees and in radians.

degrees  0° 30° 45° 60° 90° 120° 1352 150°  180° 270° 360°

A4(1,0)

radians 0 %77

Cosine and Sine  In Figure 1.6.7 you can see a circle of radius 1 centered at the origin

of a coordinate plane. We call this the unif circle. On the circle we have marked the

point 4 (1, 0). Figure 1.6.7
Now let  be any real number. The rotation § takes 4 (1, 0) to some point P, also on

the unit circle. The coordinates of P are completely determined by 6 and have names
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y related to 8. The second coordinate of P is called the sine of 8 (we write sin ) and the
first coordinate of P is called the cosine of  (we write cos 6). Figure 1.6.8 illustrates
Heos 6, sin 6) the idea. To simplify the diagram, we have taken 8 from 0 to 2.
For each real 6, the rotation # and the rotation 8 + 27 take the point 4 to exactly
A1, ) the same point P. It follows that for each 6,

sin(f + 27) = sin6, cos(6 4 27r) = cos .

In Figure 1.6.9 we consider two rotations: a positive rotation 9 and its negative
counterpart —6. From the figure, you can see that
Figure 1.6.8 sin(—0) = —sinf,  cos(—A) = cosd.

The sine function is an odd function and the cosine function is an even function.
In Figure 1.6.10 we have marked the effect of consecutive rotations of %zr radians:

(a,b) > (=b,a) > (—a, —b) — (b, —a).
In each case, (x, y) — (—, x). Thus,
sin@ +3x) = cosd,  cos(d + 47) = —sine.

A rotation of 7 radians takes each point to the point antipodal to it: (x,3) = (—x,—p).
Thus

sin(6 + ) = —sin#f, cos(8 4+ ) = —cosé.

A
i

Olcos(-6), sin(-6))

Figure 1.6.9 Figure 1.6.10

Tangent, Cotangent, Secant, Cosecant  There are four other trigonometric functions:
the tangent, the cotangent, the secant, the cosecant. These are obtained as follows:

iné 6
tanf = S"‘s, cotg = SY

1
s SCH = ——
cos sin 6

=—, csch = —.
cosf sin @

secd

The most important of these functions is the tangent. Note that the tangent function is
an odd function

sin(—0) _ —sing

tan(—6) = = = —tanf
u(=6) cos(—6) cos 8 o
and repeats itself every 7 radians:
in(6 —sing
tanlpp g = 2O T el

cos(@ +m) —cosf
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Particular Values  The values of the sine, cosine, and tangent at angles (rotations)
frequently encountered are given in the following table.

/
™
IS
=

el

q
|
Bl

@,
5
>
o
o
N
Y
ol
[
o
S
o
ol N
e
o

“g N§ ol
_ %— i

&
1
I
|
&
J
&
IS

The (approximate) values of the trigonometric functions for any angle 6 can be obtained
with a hand calculator or from a table of values.

Identities Below we list the basic trigonometric identities. Some are obvious; some
have just been verified; the rest are derived in the exercises.
(@) unit circle

sin® @ + cos? 6 = 1, tan? 6 4 1 = sec? 4, 14 cot? 6 = csc? 6.
(the firstidentity s obvious; the other two follow from the first)

(i) periodicity!
sin(6 + 27) = sin6, cos(6 + 27) = cos 6, tan(6 4 ) = tan g
(iii) odd and even
sin(—6) = —sing, cos(—6) = cos @, tan(—6) = —tang.
(the sine and tangent are odd functions; the cosine is even)
(iv) sines and cosines

sin(f + ) = —sing, cos(d + ) = —cosh,
sing@ + ) = cosd,  cos(d + im) = —sing,
sin(ir - 6) = cos 8, cos(3 — 6) = sin6.
(only the third pair of identities still has (o be verified)
(V) addition formulas
sin(@ + ) = sina cos 8 + cos a sin B,
sin(o — B) = sinar cos f — cosa sin 8,
cos(@ + B) = cosar cos 8 — sine sin B,
cos(oz7ﬁ):cosacosﬂ+sinasinﬁ. . 5. By
N Sngz 2>
(taken up in the exercises)
(Vi) double-angle formulas

1—2sin?g.

5020 = 2sinfcosd, cos20 = cos? — sin>@ = 2 cos? 6 —
(follow from the addition formulas)

A function £ with an unbounded domesin is said to be periodic if there exists a number p > 0 such that,
6 is in the domain of £ then 6 + p s in the domain and f(8 + ) = £(8). The least nupmber p with this
property (if there is @ least one) is called the period of the function. The sin and cosine have period 21
Their reciprocals, the cosccant and secant,also have period 2. The tangent and cotangent have period 7.
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(vii) half-angle formulas

sin?0 = L(1 —cos26), cos?f = 3(1+cos20)

(follow from the double-angle formulas)

InTerms of a Right Triangle  For angles 6 between 0 and 7 /2, the trigonometric func-
tions can also be defined as ratios of the sides of a right triangle. (See Figure 1.6.11.)

¢ opposite side hypotenuse
sin@ :L, cscf):yp_‘,,
& k] hypotenuse opposite side
$ a
)
& H adjacent side hypotenuse
&) 2 cosf = Ji, sec 6 = )_XPH_, (Exercise 81)
g hypotenuse adjacent side
opposite side adjacent side
[ tan@ :L, cotb):'l_‘,,
adjacent side adjacent side opposite side
Figure 1.6.11

Arbitrary Triangles  Leta, b, ¢ be the sides of a triangle and let 4, B, C be the opposite
angles. (See Figure 1.6.12.)

area gab sinC = Lac sin B = Lbc sin d.

- sind  sinB  sinC
law of sines = = # s
a b c (taken up in the exercises)

law of cosines a® = b? + ¢* — 2bc cos A,
P =a’+ —2accos B,
& =a’+ b~ 2abcos C.

Figure 1.6.12

Graphs  Usually we work with functions y = _ J(x) and graph them in the xy-plane. To
bring the graphs of the trigonometric functions into ‘harmony with this convention, we
replace by x and write y = sinx, y = cosx, y = tanx. (These are the only functions
that we are going to graph here.) The functions have not changed, only the symbols:
X is a rotation that takes 4(1, 0) to the point P(cosx, sinx), The graphs of the sine,
cosine, and tangent appear in Figure 1.6.13.

The graphs of sine and cosine are waves that repeat themselves on every interval
of length 2. These waves appear to chase each other. They do chase each other. In the
chase the cosine wave remains 5‘71 units behind the sine wave:

cosx = sin(x + %n).

Changing perspective, we see that the sine wave remains %n units behind the cosine
wave:

sinx = cos(x + %n).
All these waves crest at y = 1, drop down to y = —1, and then head up again.

The graph of the tangent function consists of identical pieces separated every i
units by asymptotes that mark the points x where cos x = 0.
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sine

y=sinx

cosine

cos x

¥
period 2
N
I | ‘f I ; }
2 1 I
£ tangent } 1 I ] I 1
I I I I I I
I I I I I I
I I I I I I
I I I I I
I I | I \ \
I feni [l W RVETS
1 I 1 I I I
& I I 1 1 I
I 1 I 1 I 1
i I 1 I I I 1
¥ I I I I I
I I I I I I
I I I I I I
y=tanx
period
vertical asymptotes x = (1 + )z, n an integer
Figure 1.6.13
EXERCISES 1.6
Exercises 1-10. State whether the function is a polynomial,a  Exercises 11-16. Determine the domain of the function and
rational function (but not a polynomial), or neither apolynomial  sketch the graph,
nor a rational function. If the function is a polynomial, give the 1
degree. 12 fory = ——.
x+1
. P
1. f(x) = 3. 2 f@)=1+1x. Medlod=y 1"-
4 16. g(x) = x + -
4.0 4Gy = 4 & *
V2 Exercises 17-22. Convert the degree measure into radian mea-
5. F(x)="1 6 f(x)=5x' — x4 L sure.
) 1 2 17. 225°. 18. -210°
72 7 = JREA D), 8. 506) 19. —300°. 20. 450°.
21, 15°, 2.3,
s
9. fy= Y ) 10. Ay = YEHDEE =) Erercises 23-28. Convert the radian measure into degree mea-
xt 44 sure.
2. —3n/2. 24. 5u/4.




40 ® CHAPTER 1 PRECALCULUS REVIEW

25. 57 /3. 26. —117/6.
27.2. 28. -3

29. Show that in a circle of radius % a central angle of § radians
subtends an arc of length 6.

30. Show that in a circular disk of radius 7 a sector with a central
angle of 6 radians has area 1729. Take 6 between 0 and 27,
HINT: The arca of the circle is 772,

Exercises 31-38. Find the number(s) x in the interval [0, 2]
which satisfy the equation.

31 sinx = 1/2. 32, cosx = —1/2.
33 tanx/2=1. 34. Vsin L
0sx = +/2/2. 36. sin2x = —/3/2.
37.co52x = 0. 38. tanx = —/3.
P> Exereises 39-44. Evaluate to four decimal place accuracy.
39. sin51°. 40. cos 17°
41. 5in(2.352) 42. cos(—13.461).
43, tan 72.4° 44. col(7.311).

bExercises 45-52. Find the solutions x that arc in the interval
[0, 27]. Express your answers in radians and use four decimal
place accuracy.

45, sinx = 0.5231
47. tanx = 6.7192.
49. secx = —4.4073

46. cosx = —0.8243.
48. cotx = —3.0649.
50. csex = 10.260.

[ Exercises 51-52. Solve the cquation f(x) = yo forxin [0,27]
by using a graphing utility. Display the graph of £ and the line
¥ = yo In one figure; then use the trace function to find the
point(s) of intersection.

5L f(x) =sin3x; yp=
52. f(x) = cos 1x;

Exercises 53-58. Give the domain and range of the func-
tion.

53. f(x) = |sinx|
35, f(x) =2cos3x.
57. f(x) =1+ tanx.

54. g(x) = sin’ x + cos® x.
56. F(x) =1 +sinx.

58. h(x) = veos? x.
Exercises 59—62. Determine the period. (The least positive num-
ber p for which /(x + p) = f(x) forall x.)

59. f(x) = sinmx. 60. f(x) = cos 2x.

61. f(x) = cos Lx. 62. f(x) =sin L.

Exercises 63-68. Sketch the graph of the function.

63. f(x)=3sin2x. 64. f(x) = 1 +sinx.

65. g(x) =1 — cos 66. F(x) = tan 1x.

67. f(x) = Vsin® x.,

x.
68. g(x) = —2cosx.

Exercises 69-74. State whether the function is odd, even, or
neither.

69. f(x) = sin3x.

71. f(x) =1+ cos2x.

70. g(x) = tanx.
72. g(x) = secx.

cosx
KOES
75. Suppose that / and /; are two nonvertical lines. If ,m; =
—1,then/, and /; intersect at right angles. Show that if/, and
1> do not intersect at right angles, then the angle o between

Iy and }, (see Scction 1.4) is given by the formula

73, f(x) = x* + sinx.

| my—my
tang = |————|.
‘ 1+ mymy
HINT: Derive the identity
tan 6, — tan @,
tan(9y — 6,) = —n —tanby

1+ tan g, tan 6,
by expressing the right side in terms of sines and cosines.

Exercises 76-79. Find the point where the lines intersect and
determine the angle between the lines.
760 :dx —y~3=0, L:3x—dp+1
TLh:3x+y—5=0, b:7x— 10y +27 =0,
I8 N:idx—y42=0, hil9%r+y=0
79.5:5x—6y+1=0, bL:8x+5y+2=0

3 1, x rational L

80. Show that the function f(x) = o is periodic

0, x irrational
but has no period.

81. Verify that, for angles & between 0 and /2, the definition
of the trigonometric functions in terms of the unit circle and
the definitions in terms of a right triangle are in agreement.
HINT: Set the triangle as in the figure.

4

(cos 8, sin 0)

The setting for Exercises 82, 83, 84 is a triangle with sides
a, b, c and opposite angles 4, B, C.

82. Show that the area of the triangle is given by the formula
A= %ah sinC.

83. Confirm the law of sines:

sind _ sinB _ sinC
@« b =

HINT: Drop a perpendicular from one vertex to the opposite
side and use the two right triangles formed.

%
£

. Confirm the law of cosines:
@ =b+* —2bccos 4.

HINT: Drop a perpendicular from angle B to side » and use
the two right triangles formed.
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85. Verify the identity Conjecture a property shared by the graphs of all poly-
o nomials of the form
cos(er — f) = cosa cos 8 + sina sin . o
. ) P(x)=x*+ax® +0x% + ox +d.
HINT: With P and Q as in the accompanying figure, calculate

the length of PQ by applying the law of cosizes. Make an analogous conjecture for polynomials of the
form.
T Rotos psing 0() = —x* +ax? + bx? + ex + d.
Plcos a, sin @) ! -8 - [92. (a) Use a graphing utility to graph the polynomials.
\ o ] ¥

\ f@) — 77 6x +2,
glr)=—x*+52% —3xr -3,

(b) Based on your graphs in part (a), make a conjecture

86. Use Exercise 85 to show that about the general shape of the graph of a polynomial of
cos(e + ) = cosa cos f — sina sin 8. @ ﬁfog\ff;‘ph

$7. Verify the following identities: P ppe T PR I
sin(3w — @) = cosd,  cos(r ) =sing. for several choices of a, b, ¢,d, e. (For example, try
| 88, Verify that a=bh=c=d=e=0) How do these graphs com-

pare with your graph of /" from part (a)?

sin(a + ) = sina cos  + cos e sin B. [-93. (a) Use a graphing utility to graph £3(x) = 4 cos x for sev-
HINT: sin + ) — oos{(b — ) — 81 cral valucs of 4; use both positive and negative values.

Compare your graphs with the graph of £(x) = cos.x.

89. Use Exercise 88 to show that (b) Now graph f3(x) = cos Bx for several values of B.

sina — ) = sina cos f — cosarsin f. Since the cosine function is even, it is sufficient to use

only positive values for B. Use some values between 0

90. It has been said that “all of trigonometry lies in the undula- and 1 and some values greater than 1. Again, compare
tions of the sine wave.” Explain. your graphs with the graph of f(x) = cosx.

[91. (a) Use a graphing utility to graph the polynomials () Describe the effects that the coefficients 4 and B have

on the graph of the cosine function.

o4, Let fy(x) = x",n=1,2.3....

g) = —x' +x° + 42— 3x 42, (2) Using a graphing utility, draw the graphs of f, for
7= 2.4, 6 in one figure, and in another figure draw the
graphs of /,, forn = 1,3, 5.

(b) Based on your results in part (a), make a general sketch

Sy =x*+2x° —5x% —3x 41,

(b) Based on your graphs in part (a), make a conjecture
about the general shape of the graphs of polynomials of

& ng"evz:r confecture by aranhi of the graph of f, for even 7 and for odd .
3 i Y graphing (c) Givena positive integer &, compare the graphs of £; and
fo)= 4’ +4x+2 and g(x)= —x* Jivron [0, 1] and on (1, o0).

H 1.7 COMBINATIONS OF FUNCTIONS

In this section we review the elementary ways of combining functions.

Algebraic Combinations of Functions

Here we discuss with some precision ideas that were used earlier without comment.
On the intersection of their domains, functions can be added and subtracted:

[+ =f)+gx),  (f-8&) = fx) - gk);
they can be multiplied:

() = f()glx);
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and, at the points where g(x) # 0, we can form the quotient:
S&)
(£)w=L2.
4 £(x)
a special case of which is the reciprocal:

1 1
(o=
Example 1 Let
fx)=+vx+3 and gx)=~+5—x-2.
(a) Give the domain of f and of g

(b) Determine the domain of / + £ and specify (f + g)(x).
(¢) Determine the domain of /g and specify ( f/g)(x).

SOLUTION

(@) We can form /x +3 iff x +3 > 0, which holds iff x > —3. Thus dom(f) =
[-3, 00). We can form /5 —x — 2 iff 5 — x > 0, which holds iff x < 5. Thus

dom(g) = (—o0, 5].
(b) dom(f + g) = dom(f) N dom(g) = [~3, 00) N (=00, 5]=[-3,5],

[+ = f()+e0)=v¥+3+/5—x -2,

(c) To obtain the domain of the quotient, we must exclude from [ =3, 5] the numbers

x at which g(x) = 0. There is only one such number: x = 1. Therefore
dom (é) =rel-35:x£1=[-3,1)u(Q,5],

(1)(\’ _J) . Vx¥3
g)" ) T fsox—2

We can multiply functions / by real numbers « and form what are called scalar

multiples of f:
(@f)(x) = af(x).

With functions / and g and real numbers « and B, we can form linear combinations:

(@f +Be)x) = af (x) + Bg(x).

These are just specific instances of the products and sums that we defined at the begin-

ning of the section.
You have seen all these algebraic operations many times before:

(i) The polynomials are simply finite linear combinations of powers x”, cach of which
is a finite product of identity functions f(x) = x. (Here we are taking the point of

view that x* = 1)
(ii) The rational functions are quotients of polynomials.
(iif) The secant and cosecant are reciprocals of the cosine and the sine.
(iv) The tangent and cotangent are quotients of sine and cosine.

Vertical Translations (Vertical Shifts) Adding a positive constant ¢ to a function raises
the graph by ¢ units. Subtracting a positive constant ¢ from a function lowers the graph
by c units. (Figure 1.7.1.)
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Figure 1.7.1

Composition of Functions

You have seen how to combine functions algebraically. There is another (probably less
familiar) way to combine functions, called composition. To describe it, we begin with
two functions, f and g, and a number x in the domain of g By applying g to x, we get
the number g(x). If g(x) is in the domain of £; then we can apply £ to g(x) and thereby
obtain the number f(g(x)).

Whatis f(g(x))? Itis the result of first applying g tox and then applying f to g(x).
The idea is illustrated in Figure 1.7.2. This new function—it takes x in the domain of g
to g(x) in the domain of f; and assigns to it the value f(; g(x))—is called the composition
of fwith g and is denoted by f o g. (See Figure 1.7.3.) The symbol f o g is read ¢
circle g

Jog
Figure 1.7.2 Figure 1.7.3

in the domain of ¢ for which g(x) is

e define the compos; ton of fwith g, denoted f o g, by

In set notation,
dom(f o g) = {x € dom(g) : g(x) € dom(f)}

Example 2  Suppose that

gx) =x* (the squaring function)
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and
fx)y=x+3. (the function that adds 3)
Then
(f o)) = flgle) = g +3 =47 +3.
Thus, f o g is the function that first squares and then adds 3.
On the other hand, the composition of g with f gives
(g0 Nx) = g(fex) = (x + 37
Thus, g o f is the function that firs adds 3 and then squares.
Since f and g are everywhere defined, both f o g and g o f arc also everywhere
defined. Note that g o £ is not the same as fog. U

Example 3 Let f(x) =x*—land g(x) = /3 —x.

The domain of g is (—00, 3]. Since f is everywhere defined, the domain of /o g
is also (—o0, 3]. On that interval

(fog)) = flg) = (32 -1=G-x)-1=2-x.
Since g(f(x)) = /3 — f(x), we can form g(f(x)) only for those x in the domain
of f for which f(x) < 3. As you can verify, this is the set[~2, 2]. On [2, 2]

(g0 N =g(fGN=V3-GE-D=v4—x2 1

Horizontal Transiations (Horizontal Shifts)

Adding a positive constant ¢ to the argument of a function shifts the graph ¢ units left:
the function g(x) = f(x -+ ¢) takes on at.x the value that / takes onatx +c. Subtracting
a positive constant ¢ from the argument of a function shifts the graph ¢ units to the
right: the function 2(x) = f(x — c) takes on at x the valuc that /" takes onatx —c. (See
Figure 1.7.4.)

"t

—
e = +2) AR =s&-2)
Figure 1.7.4

We can form the composition of more than two functions. For example, the triple
composition f o g o  consists of first /, then g, and then

(f o goh)x) = flgh(x))]-
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We can go on in this manner with as many functions as we like.

Example 4 1f f(x) = % g(x) =x24+1, h(x)=cosx,
wedo o A4
gh(x) P +1
Q

then (fogomx) = flgh(x)] =
1
T ostx 1

Example 5 Find functions f and g such that [ og=F given that
F(x)=(x +1)°.

A SOLUTION  The function consists of first adding 1 and then taking the fifth power.
‘We can therefore set

glx)y=x+1 (adding 1)
and 5
Sy =x (taking the fifth power)
As you can sec,

(fo@)x)=fgt) =@ = +1)°

Example 6  Find three functions £, g, & such that [ ogoh=F given that

1
Fary=—1 .
® =

A SOLUTION F takes the absolute value, adds 3, and then inverts. Let 4 take the
absolute value:
set h(x) = |x].
Let g add 3:
set gx)=x+3.
Let /" do the inverting:

set fx)=

With this choice of £, g, , we have

1 1

. 1
(fogom(x) = flgth(x)] = @) RO W3

EXERCISES 1.7

45

Exercises 1-8. Set f(x) = 2x? — 3x + land g(x) = x2 + 1 /x. 7.(fog)l). 8. (g0 /1)
Caleulate the indicated value. Exercises 9-12. Determine f + g, f — g, f - g. //g, and give
L (f+2)2). 2.(f - g)(-1). the domain of each
I 9. fx)=2x -3, g(x)=2—x.
3.(f-eX-2). 4. (;)(1)‘ 10 /Gy =¥ — 1, gl =x 4 1x.

1L /) =3 =1, gx) =x — i F 1.
5.2f —30)b. . (-/ +2e ) 1. - i

12. f(x) =sin’x, g(x) = cos2x.

f
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13. Given that f(x) = x + 1/3/% and g(x) = V¥ — 2J/7, find
(@) 6/ +3g ®) /~2 (© flg
14. Given that

1-x, x=1 0y Sl
f(":{z,pl. x> 1, "‘“"g(”:{fl. k=2,

fid /+g, f — & / - g HINT: Break up the domains of
the two functions in the same manner.
Exercises 15-22. Sketch the graph with f and g as shown in the
figure.

i

15. 2g. 16.5/.
17. —f. 18.0-g.
19. —2g. 20. f+g.
2. f—g. 22 f+2g

Exercises 23-30. Form the composition / o g and give the do-
main

23, f(x)=2x+5, gx)=x

24, f(x) =x2,

25. f(x) = V%,
26. f(x)=x*+x,
27. f(x) = 1/x.

2. /() =l —1), gx)=x"
29. f(x)=+T—x7, glx)=cos2x.
30. f(x T—x, g(x)=2cosx forx € [0,27]
Exercises 31-34. Form the composition f o g o/ and give the
domain.

I f(x)=4x, g)=x—1 AQx)=

32 fx) =x—1, g)=4, k)=
3. fx)= i ) = leﬁ h(x) =x%
34, f(r)= KI]. g(«r):ﬁ, h)=x".
Exercises 35-38. Find / such that £ o g = F given that
2 4
T M= Ty

2, F(x)=ax? +b.

37. g(x) = 3x, F(x) =2sin3x.

38, g(x) = —x2, F(x) = V@ + 3%

Exercises 39-42. Find g such that f o g = F given that
39. f(x) = 2%, ()= (1-1/x")".

40, f(x)=x+ % Flxy=a’x +

e
241, Fx)=@x* =12+ L.

sinx, F(x)=sinl/x.
Exercises 43-46. Find f o gand g o f.
43 f@) = V¥, g&) =x"
44, f(x) =3x + 1, g(x)
45, f(x)=1-x2, g(x) 2
46. f(x) +1, g)y=vx—1

47. Find g given that (f + g)(x) = f(x) +¢.

48. Find / given that (f o g)(x) = g&x) +¢.

49. Find g given that (£g)(x) = ¢/ ().

50. Find f given that (f © g)(x) = cg(x).

51. Take f as a function on [0, a] with range [0, b] and take g as

defined below, Compare the graph of g with the graph of f3
give the domain of g and the range of g.
@ glx)=f&x=3). () g(x)
(0) glx) = /(2x). (d) g(x)

52. Suppose that / and g are odd functions. What can you con-
clude about f - g?

53. Suppose that / and g arc even functions. What can you con-
clude about f - g?

54. Suppose that / is an even function and g is an odd function
What can you conclude about /- g?

55. Forx = 0, / is defined as follows:

Jw= 17;

How is / defined for x < 01if (a)f is even? (b) f is 0dd?
56. For x = 0, f(x) = x* —x. How is f defined for x <0 if
(2)/ is even? (b) / is odd?
57. Given that f is defined for all real numbers, show that the
function g(r) = f(x) + /() is an even function.
58, Given that / is defined for all real numbers, show that the
function A(x) = f(x) — f(~x) is an odd function.
. Show that every function defined for all real numbers can be
written as the sum of an even function and an odd function.
60. For x # 0, 1, define

n
2

h@=x. fx) Sy =1

=fi
() === folx)

Jalx) =

This family of functions is closed under composition; that
is, the composition of any two of these functions is again one
of these functions. Tabulate the results of composing these
functions one with the other by filling in the table shown in
the figure. To indicate that f; o f; = fi, Write “fi” in the
th row, jth column. We have already made two entries in the
{able. Check out these two cntries and then fill in the rest of
the table.
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both positive and negative values. Compare your graphs
with the graph of /; and describe the effect that varying
b has on the graph of 7.

(b) Now fix a value of & and graph F for several values ofa;
again, use both positive and negative values. Comparc
your graphs with the graph of £, and describe the effect
that varying a has on the graph of 7.

(¢) Choose values for a and b, and graph — 7. What effect
does changing the sign of F have on the graph?

64. For all values of a and b, the graph of F is a parabola which
opens upward. Find values for a and b such that the parabola
will have x-intercepts at —3 and 2. Verify your result al ge-
braically.

P> Exercises 65-66. Set (x) = sinx.

3 3x
P> Exercises 61-62. Set Sy =2 —4,g(x) = T )= 65. (a) Using a graphing utility, graph ¢f for ¢ = -3,-2,
2% § <1, 2. 3. Compare your graphs with the graph of £
Vx+4, and k(x) = 315 Use @ CAS to find the indicated (6) Now graph (x) = f(cx) forc = ~3, -2, 11T
composition, Compare your graphs with the graph of £
6l.(a) fog (B)gok (o) fokog. 66. (2) Us S @ graphing wility, graph g(x) = f(x — ¢ for

62.()gof; Bkog (gofok €= =37 g, 3w, {7, 7. 2. Compare your graphs
- with the graph of /.

> Exercises 63 and 64. Set £(x) = x? and F(x) = (x — ) 1 5, (®) Now graph g(x) = a/(bx — c) for several valucs of
63. (a) Choose a value for a and, using a graphing tility, graph a. b, c. Describe the effect of a, the effect of b, the effect
F for several different values of b, Be sure to choose of e,

B 1.8 A NOTE ON MATHEMATICAL PROOF;
MATHEMATICAL INDUCTION
Mathematical Proof

The notion of proof goes back to Euclid’s Elements, and the rules of proofhave changed
little since they were formulated by Aristotle. We work in a deductive system where
truth is argued on the basis of assumptions, definitions, and previously proved results.
We cannot claim that such and such is true without clearly stating the basis on which
we make that claim.

A theorem is an implication; it consists of a hypothesis and a conclusion:

if (hypothesis) . . ., then (conclusion). . ..
Here is an example:
If a and b are positive numbers, then ab is positive.

A common mistake is to ignore the hypothesis and persist with the conclusion: to insist,
for example, that ab > Jjust because @ and b are numbers,
Another common mistake is to confuse 2 theorem

if 4, then B
with its converse

if B, then 4.

The fact that a theorem is true does not mean that its converse is true: While it is true
that

if @ and b are positive numbers, then ab is positive,
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it is not true that
if ab is positive, then ¢ and b are positive numbers;

[(=2)(—3) is positive but —2 and —3 are not positive].

A third, more subtle mistake is to assume that the hypothesis of a theorem repre-
sents the only condition under which the conclusion is true. There may well be other
conditions under which the conclusion is true. Thus, for example, not only is it true that

if @ and b are positive numbers, then ab is positive
but it is also true that
if @ and b are negative numbers, then ab is positive.
In the cvent that a theorem
if A, then B

and its converse

if B, then 4
are both true, then we can write
Aifand only if B ormore briefly 4 iff B.
We know, for example, that

if x>0, then x| =

we also know that

if [x|=x,  thenx >0.
We can summarize this by writing

x>0 iff %] =%,

Remark  We’ll use “iff” frequently in this text but not in definitions. As stated earlier
in a footnote, definitions are by their very nature iff statements. For example, we can
say that “a number r is called a zero of P if P(r) = 0;” we don’t have to say “a number
ris called a zero of P iff P(r) = 0.” In this situation, the “only if”” part is taken for
granted.

A final point. One way of proving
if 4, then B
is to assume that

(1 A holds and B does not hold

and then arrive at a contradiction. The contradiction is taken to indicate that (isa
false statement and therefore

if 4 holds, then B must hold.

Some of the theorems of calculus are proved by this method.

Caleulus provides procedures for solving a wide range of problems in the physical
and social sciences. The fact that these procedures give us answers that seem to make
sense is comforting, but it is only because we can prove our theorems that we can have
confidence in the mathematics that is being applied. Accordingly, the study of calculus
should include the study of some proofs.

D e ——
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Mathematical Induction

Mathematical induction is a method of proof which can be used to show that certain
propositions are true for all positive integers 7. The method is based on the following
axiom:

1.8.1 AXIOM OF INDUCTION
Let $'be a set of positive integers. If

(A) I €8 and
(B) & & Simplies thatk + 1 € §,

then all the positive integers are in S,

You can think of the axiom of induction as a kind of “domino theory” If the first
domino falls (Figure 1.8.1), and if each domino that falls causes the next one to fall,
then, according to the axiom of induction, each domino will fall.

domino theory

Figure 1.8.1

While we cannot prove that this axiom is valid (axioms are by their very nature
assumptions and therefore not subject to proof), we can argue that it is plausible.
Let’s assume that we have a set S that satisfies conditions (A) and (B). Now let’s
choose a positive integer m and “argue” that m € S.
From (A) we know that 1 € . Since 1 € §, we know that 1 + 1 € S, and thus that
I+1)+1 €5, and so on. Since m can be obtained from 1 by adding 1 successively
m — 1) times, it seems clear that m € .
To prove that a given proposition is true for alf positive integers #, we let S be
e set of positive integers for which the Pproposition is true. We prove first that 1 ¢ S;
that is, that the proposition is true for # = 1. Next we assume that the proposition is X
=ue for some positive integer %, and show that it is true for & + 1; that is, we show |
@atk € Simplies that & + 1 . Then by the axiom of induction, we conclude that §
ontains the set of positive integers and therefore the proposition is true for all positive
gers.

Example 1 We’ll show that

14243+ 4n=

i
@ for all positive integers 1.
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SOLUTION Let S be the set of positive integers » for which

1
1+2+3+-~+n:@.
Then | € § since
1_1<1+1)
=
Next, we assume that & € S; that is, we assume that
k 1
1+2+3-~+k:ﬁ;—-)_

Adding up the first & + 1 integers, we have
142434 Fht@E+)=0+2+3+ - FH+ELD

k(k+1
- (—24;) +k+1) (by the induction hypothesis)

kD 2+ D)
- 2

G DEED)
e

and s0 £+ 1 € S. Thus, by the axiom of induction, we can conclude that all positive
integers are in S; that is, we can conclude that

1
1+2+3+.,A+n:@2i«> for all positive integers 7. 3

Example 2 We’ll show that, if x = — 1, then

(1+x)y' > 1+nx forall positive integers n.

SOLUTION We take x > —1 and let § be the set of positive integers # for which
(A +x)y =1+nx

Since
A+x)'=1+1-x%

we have 1 € S.
We now assume that k € S. By the definition of S,

(L4 xf =1 +kx.
Since
A4+ =1+ 00 +2) = A+ k)L +x) (explain)
and
(1 +kx)(l+x) =14+ Dx +hx? = 14+ Dx,
we can conclude that
A +x)f = 14+ Dx

and thus that £ +1 € S.
We have shown that

les and that keSS implies k+1eSs.
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By the axiom of induction, all positive integersarein S.

Remark  An induction does not have to begin with the integer 1. If, for cxample,
you want to show that some Pproposition is true for all integers n > 3, all you have to
do is show that it is true for n = 3, and that, if it is true for  — k, then it is true for
n=k+ 1. (Now you are starting the chain reaction by pushing on the third domino.)
a

EXERCISES 1.8

Exereises 1-10. Show that the statement holds for all positive 13. Find a simplifying expression for the product
integers .

1 1 1
L2n <2, 21420 <3 (1«5)<1~5)-~-(17;)

320420424y PN
and verify its validity for all integers n > 2.

= nl.
RERERERSEERC BB . Find a simplifying expression for the product

512422432442 #0412 + 1),

1 1 1
GL4D 43 g m (b2 g5 (1‘27) (1*37)"'(1‘"‘2)
HINT: Use Example 1.

=

and verify its validity for all intogers # > .
7.13+27+--<+(n71)3<%n4<13+23+~->+n3. 7 i =

15- Prove that an N-sided convex polygon has L V(v — 3 ) di-
B P24 (o1 < <Py g agonals. Take & > 3.
L 1 1 16. Prove that the sum of the interior angles in an -sided conyex
9. T + % + v +ee > V. polygon is (N — 2)180°. Take N = 2.,
17. Prove that all sets with » elements have 2" subsets. Count
L U S I __» the empty set ¢ and the whole set as subsets,
10. + + = =
1:2°2.3 734 Lo 18. Show that, given a unit length, for cach positive integer n,
11. For what integers n s 327+1 4 yn+2 divisible by 72 Prove that a line segment of length /& can be constructed by straight
your answer s correct, edge and compass.
12. For what integers n is 9" — 82 — 1 divisible by 647 Prove 19, Find the firstinteger 1 for which n? — 1 41 js 7ot aprime
that your answer is correct, number.
B CHAPTER 1. REVIEW EXERCISES
Exercises 1. Is the number rational or irrational? Exercises 13-22. Solve the inequality. Express the solution as
an interval or as the union of intervals. Mark the sofution on 5
1. 125, 2. JI8/9. number line.
3.5+ 4.1.001001001 ... 4, Bye o, 14.304+5 < 1 — ).
Exercises 5-8. State whether the set is bounded above, bounded s 2. iy
below, bounded. Ifthesetis bounded above, give an upperbonnd: 15+ ¥~ — 6 2 0. 16. Ht-dda) <o
it is bounded below, give a lower bound; if it is bounded, give 1, x+1 =7 1w B
an upper bound and a lower bound. G+ —2) -2 -3
5.8={1,3,57,.... 19 x —2] < 1. 20. [3x - 2[ > 4,
65={x:x<1) |2 (>z 222 g
7.8 ={x:lx+2 <3} ik x+1
&S =((-lnyinmt23..y Exercises 23-24, (a) Find the distance between the points £ Q.
s 4 mm ; . - ) () Find the midpoint of the line segment P@.
-Xercises 9-12. Find the real roots o e equation. 23. PR, -3), 0(1, 4), U P(=3.-4), 9(~1.6),
9.2x24x ~1=0, 10. x4+ 2x + 5= 0,
1L X2 = 10x +25 = ¢, 12.9x% — x = .
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Exercises 25-28. Find an equation for the line that passes

through the point (2, —3) and is

25. parallel to the y-axis.

26. parallel to the line y = 1.

27. perpendicular to the line 2x — 3y = 6.

28. parallel to the line 3x +4y = 12.

0. Find the point where the lines intersect.

2.7 :x -2 L:3x+4y=3.

30,0 dx — Li3x+2y=0

31. Find the point(s) where the line )
parabola y = 2x%.

Exercises 29—

8x — 6 intersects the
32. Find an equation for the line tangent to the circle
PP 26y —3=0

at the point (2, 1).
Exercises 33-38. Give the domain and range of the function.
33 ) =4—x2 34 f(x)=3x -2
35 f(x) =X — 4 36. f(x) = s/ T— 422
37. f(x) = VI + 457 38. fx)=[2x + 1]

Exercises 3940, Sketch the graph and give the domain and
range of the function.

4-2x, x52
39.f(x):lx72 Mo
. 242, x=<0
40.1(x):{;7 5 1-50'

Exercises 41-44, Find the number(s) x in the interval [0, 2]
which satisfy the cquation.

4l sinx = — 42, cos2x = —
43. tn(x/2) = -1. 44. 5in3x = 0.
Exercises 45-48. Sketch the graph of the function.

45. f(x) = cos2x. 46. f(x) = —cos2x.

47. f(x) 48. f(x) = 1cos2x.
Exercises 49-51. Form the combinations f +g, f —g, /-
2, //g and specify the domain of combination.

o

3cos 2x.

49, fE) =3 +2 glo=xt—1.
50. f(x)=x>—4, glx)=x+1/x.
51 f(x) = cofx, g(x) =sin2x, forx €[0,27].

Exercises 52-54. Form the compositions f o g and g o f, and
specify the domain of each of these combinations.

52, fr)=x2—2x, g)=x+1
53 f(x)=XF 1, g)=x*—5.
54, f(x) = VT — 32, g(x) =sin2x.

55. (a) Write an equation in x and y for an arbitrary line / that
passes through the origin.
(b) Verify that if P(a, b) lics on [ and & is a real number,
then the point O(aa, ab) also lies on L
(¢) What additional conclusion can you draw if & > 07 if
o< 0?

56. The roots of a quadratic equation. You can find the roots of
2 quadratic equation by resorting to the quadratic formula.
The approach outlined beloy is more illuminating. Since di-
vision by the leading coefficient does not alter the roots of
the equation, we can make the coefficient 1 and work with
the equation

x4ax+b=0

(a) Show that the equation x? + ax + b = 0 can be written

as
x—af—p2=0, or
(x—af =0, or
x—al+p =0

HINT: Set & = —a/2, complete the square, and go on
from there.
(b) What are the roots of the equation (x — o> — 82
(c) What are the roots of the equation (x — o) = 0?
(d) Show that the equation (x — &) + > = 0 has no real
roots.
57. Knowing that

0?

la + b < la| +1b| forallreala,b

show that

la| —|b| < |a —b| forallreala, b.

58. (a) Expross the perimeter of a semicircle as a function of
the diameter.
(b) Express the area of a semicircle as a function of the
diameter.




CHAPTER

B 2.1 THE LIMIT PROCESS (AN INTUITIVE INTRODUCTION)

We could begin by saying that limits are important in caleulus, but that would be a
major understatement. Wirkour limits, caleulus would not exist. LEvery single notion of
calculus is a limit in one sense or another. For example,

What is the slope of a curve? It is the limit of slopes of secant lines. (Figure 2.1.1,)

What is the length of a curve? It is the limit of the lengths of polygonal paths inscribed
in the curve. (Figure 2.1.2)

What is the area of a region bounded by a curve? It is the limit of the sum of areas of Figure 2.1.1
approximating rectangles. (Figure 2.1.3)

1 approximating L approximating Figure 2.1.2

fegion: rectangle rectangles

14 approximating
rectangles

8 approximating
rectangles

Figure 2.1.3
53
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The Idea of Limit

Technically there are several limit processes, but they are all very similar. Once you
master one of them, the others will pose few difficulties. The limit process that we start
with is the one that leads to the notion of continuity and the notion of differentiability.
At this stage our approach is completely informal. All we are trying to do here is lay
an intuitive foundation for the mathematics that begins in Section 2.2

We start with a number ¢ and a function / defined at all numbers x near ¢ but not
necessarily at c itself. In any case, whether or not f is defined at ¢ and, if so, how is
totally irrelevant.

Now let L be some real number. We say that the limit of f(x) as x tends to c is L
and write

lim /() =L
provided that (roughly speaking)
as x approaches ¢, f(x) approaches L
or (somewhat more precisely) provided that

f(x) is close to L for all x # ¢ which are close to c.

Let’s look at a few functions and try to apply this limit idea. Remember, our work
at this stage is entirely intuitive.

Example 1 Set f(x) = 4x + 5 and take ¢ = 2. As x approaches 2, 4x approaches
8 and 4x 4 5 approaches 8 + 5 = 13. We conclude that

lim f(x)=13. QO

32

Example 2 Set f(x)=+/T—x and take ¢ = —8. As x approaches —8,1 —x
approaches 9 and +/1 — x approaches 3. We conclude that

lim_f(x)=3.
x—>-8"
If for that same function we try to calculate
lim fx),
we run into a problem. The function f(x) = /1 —x is defined only for x < 1. It is

therefore not defined for x near 2, and the idea of taking the limit as x approaches 2
makes no sense at all:

lim2 fx) does not exist. O
s
Example 3
X-2x+4 5
lim ———— ==,
=3 x241 2

First we work with the numerator: as x approaches 3, x* approaches 27, ~2x approac
—6, and x” — 2x 4 4 approaches 27 — 6 +4 = 25. Now for the denominator:
approaches 3, x? 4 1 approaches 10. The quotient (it would seem) approaches 25
5/2. O
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The curve in Figure 2.1.4 represents the graph of a function £ The number ¢ is on
the x-axis and the limit Z is on the y-axis. As x approaches ¢ along the x-axis, f(x)
approaches L along the y-axis.

three cases depicted in Figure 2.1.5. In the first case, f(c) = L. In the second case, f'
is not defined at c. In the third case, f is defined at ¢, but f(c) # L. However, in each
case

lim f(x) =L

because, as suggested in the figures,

asx approaches ¢, f(x) approaches L.

Figure 2.1.5

9
Example 4 Set Jx)= ad 5 andletc = 3. Note that the function fisnot defined

at 3: at 3, both numerator and denominator are 0. But that doesn’t matter. For x #£3,
and therefore for all x near 3,

FP=9 (@ =3)x+3)
T




S

e
&

M CHAPTER 2 LIMITS AND CONTINUITY

Therefore, if x is close to 3, then
s ! that

i
= =x + 3 is close to 3 + 3 = 6. We conclude

e H=6
B B OTE

The graph of f is shown in Figure 2.1.6. 1

Example 5

Figure 2.1.6 %
lim == = 12.
=2 x—2

£ -8

The function f(x)
matter. For all x # 2, )

is undefined at x = 2. But, as we said before, that doesn’t

% - x =20t 4+ 2x +4

il N ) e e ) S B OEWY
=2 x—2

Therefore,
. ox3—38
lim
x>2x —2

=lim (*+2x+4)=12. O
FH2

3x—4, x#0

0, 2o e lim e =

Example 6 If f(x) = [

1t does not matter that f£(0) = 10. For x # 0, and thus for all x near 0,
fxy=3x—-4 and therefore lim0 fx)= lin’(l) (Bx—4)=-4 10
x> x>

One-Sided Limits

Numbers x near c fall into two natural categories: those that lie to the left of ¢ and those
that lie to the right of ¢. We write

lim f(x)=1L [The left-hand limit of /(%) as x tends to ¢ is L.]
xS
to indicate that
as x approaches c from the left, f{x) approaches L.
‘We write
lim‘ fx)y=1L [The right-hand limit of /1) as x tends to ¢ is L.]
x—e
to indicate that

as x approaches ¢ from the right, f(x) approaches L1

The lefi-hand limitis sometimes writen i /() and the ight-hand limit, im /(x)
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As an example, take the function indicated in Figure 2.1.7. As x approaches 5 from
the left, £(x) approaches 2; therefore

lim fe) =2

As x approaches 5 from the right, f(x) approaches 4; therefore

Jim () = 4.

Figure 2.1.7
The full limit, lim: f(x), does not exist: consideration of x < 5 would force the limit to
x—

be 2, but consideration of x > 5 would force the limit tobe 4.

For a full limit to exist, both one-sided limits have to exist and they have to be equal.

Example 7  For the function £ indicated in Figure 2.1.8,
li =5 and li =35;
. fx) an L Jx)
In this case
lim f(x)=35.
X2

It does not matter that f(—2) = 3.

Examining the graph of f near x = 4, we find that

s Figure 2.1.8
lim f(x)=7 whereas lim f(x)=2.
Trd x4+
Since thesc one-sided limits are different,
lirrl flx) does not exist.
x>
Example 8  Set f(x) = x/|x|. Note that f(x) = | for x > 0, and f(x) = —1 for y

x <0

1, ifx>0
fx)= B (Figure 2.1.9) E:J—‘—‘—:

Let’s try to apply the limit process at different numbers c.
Ifc < 0, then for all x sufficiently close to ¢, x < Oand f(x) = —1. It follows that Sn=2

It
Ores 0 Figure 2.1.9

lim f(x) = lim (=1) = —1.
F—e Py
If ¢ > 0, then for all x sufficiently close to ¢, x > 0 and f(x) = 1. It follows that for
c<0
lim f(x) = lim (1) = 1.
x—e f=v]
However, the function has no limit as x tends to 0:

lm fGy=-1 but lim fe)=1. O
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Figure 2.1.10

Figure 2.1.11

Example ¢ We refer to the function indicated in Figure 2.1.10 and examine the
behavior of f(x) for x close to 3 and x close to 7.
As x approaches 3 from the left or from the right, f(x) becomes arbitrarily large
and cannot stay close to any number L. Therefore
lim f(x) does not exist.
=3
As x approaches 7 from the left, £(x) becomes arbitrarily large negative and cannot
stay close to any number L. Therefore

lim £60)

The same conclusion can be reached by noting that as x approaches 7 from the right,
f(x) becomes arbitrarily large. 2

does not exist.

Remark To indicate that f(x) becomes arbitrarily large, we can write f(x) — co.
To indicate that /(x) becomes arbitrarily large negative, we can write f(x) — —oc.

Go back to Figure 2.1.10, and note that for the function depicted there the following
statements hold:

asx > 37, f(x)=>o0 and asx — 3%, f(x)—> oco.
Consequently,
asx — 3, f(x) — 0.
Also,
asx— 77, fx)—>—o0 and asx —> 7", f(x) > cc.

We can therefore write

asx — 7, /()] —o00. @

Example 10 We set
1
fx) = Py
and examine the behavior of f(x) (a) as x tends to 4 and then (b) as x tends to 2.
(a) Asxtends to 4, x — 2 tends to 2 and the quotient tends to 1/2. Thus
o 1
Ji 1) = 3-
(b) As x tends to 2 from the left, f(x) — —oc. (See Figure 2.1.11.) As x tends to 2

from the right, f(x) — oc. The function can have no numerical limit as x tends to
2. Thus
lim f(x) does not exist.
x=2
However, it is true that

asx — 2, 1fx) —oc. O
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.
Example 11 ot f(x) = ll/(i ‘Xl)’ j:ll

3 Forx <1, f(x) =1 — x2. Thus
lim f(x)=0.
x>0

Forx > 1, f(x) = 1/(x — 1). Therefore, as x — 1+, f(x) — oco. The function has no
numerical limit as x — 1:

lirr: fx) does not exist.
We now assert that

lim f(x)=

TS

To see this, note that for x close to 1.5, x 1 and therefore f(x) = 1/(x — 1). Tt follows
that

. . ¢ 1
L) o = e,

See Figure 2.1.12. O

Figure 2.1.12

Example 12 Here we set S(x) = sin (7/x) and show that the function can have no
limitas x — 0.

y = sintmi)

Figure 2.1.13

The function is not defined at x = 0, but, as you know, that’s irrelevant, What keeps
f from having a limit as x — 0 is indicated in Figure 2.1.13. As x — 0, f(x) keeps

oscillating between y = [ and ¥ = —1 and therefore cannot remain close to any one
number ! O

In our final example we rely on a calculator and deduce a limit from numerical
calculation.

1We can approach x = 0

2

by numbers 4, = and by numbers b, = —— >
7 [

2
an+41
n=0123

As you can check, f(a,) =1 and f(b,) = —1, This confirms the oscillatory behavior
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Example 13  Let f(x) = (sinx)/x. If we try to evaluate /" at 0, we get the mean-
ingless ratio 0/0; f is not defined at x = 0. However, f is defined for all x # 0, and so
we can consider

sinx
=0 x
We select numbers that approach 0 closely from the left and numbers that approach 0

closely from the right. Using a calculator, we evaluate £ at these numbers, The results
are tabulated in Table 2.1.1.

W Toble 2.1.1
(Left side) (Right side)

x (radians) e x (radians) i
= 0.84147 1 0.84147
—0.5 0.95885 0.5 0.95885
—0.1 0.99833 0.1 0.99833
—0.01 0.99998 0.01 0.99998
—0.001 0.99999 0.001 0.99999

These calculations suggest that

sin
lim — =1 and
=0 X X0
and therefore that
. sinx
lim — =
=0 X

The graph of £, shown in Figure 2.1.14, supports this conclusion. A proof that this limit
is indeed 1 is given in Section 2.5. 0

Figure 2.1.14

If you have found all this to be imprecise, you are absolutely right. Our work so
far has been imprecise. In Section 2.2 we will work with limits in a more coherent
manner.
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EXERCISES 2.1

Exercises 1-10. You are given a number ¢ and the graph of a 4c=4
function £, Use the graph to find
@ lim /) ® lim f() ©lim f&r) @ f©)

=12
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Te=1 Exercises 11-12. Give the values of ¢ for which lim £(x) does
¥, not exist.
1L
8.c=-1
¥ 12.
VIR T PO
*
~ |
iy =1
9.c=2 Exercises 13—49. Decide on intuitive grounds whether or not the
indicated limit exists; evaluate the limit if it does cxist.
13. lim(2x — 1). 14, lim(2 — 5x).
15. lxmz(r2 —2x +4). 16. Iim‘ VAT 2x + 1.
P e
1
17. lim (x| - 2). 18. lim —.
Pl i x|
.4
19. lim 20. lim ——.
e B o ye-lx 41
-2
21 fim —= 22, lim ——
ey fas
~ 2 —6r +9
23, tig Z2=¢ 24, fig T 9P
P >3 x—3




37. lim (o) fm:{é: iig

38. lim /), f) = [3§ ;i 1

.1 £ ) = {Xéj gt

a0 tim £ /‘(x)zrffzi e
41, lim f(x); f(l)zllj;: iig
amson o= 5 151
8. lim G () = {c:; ;
. lim 0 ) = [xf’lj i
a5 lim /0 /) = [ o)
46. lim f(x);  f(r) = {23 Sanats.
49.‘%«/%I

Exercises 50-54. After estimating the limit using the prescribed
values of'x, validate or improve your estimate by using a graphing
utility.

P> 50. Estimate

lim ——— (radian measure)
x

by cvaluating the quotientatx = %1, £0.1, £0.01, 0.001.
> 51. Estimate
tan 2x

lim —— (radian measure)
w0 x

by evaluating the quotientatx = %1, 0.1, £0.01, 20.001.
[ 52. Estimate

(radian measure)

after evaluating the quotient at x = =1, +0.1, +0.01,
+0.001, £0.0001.

P> 53. Estimate

&

L.
by evaluating the quotientatx = 0.9, 0.99, 0.99, 0.9999 and
atx = 1.1, 1.01, 1.001, 1.0001
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PSAL Estimate
lim M (tadlian measure)
x>0 x*

by evaluating the quotientatx = =1, £0.1, £0.01, £0.0001,
£0.0001.

[ 55. (a) Use a graphing utility to estimate lim, f)
227 —11x + iz,
—4

S 22— 1lx + 12
@S0 = "5

(b) Use a CAS to find cach of the limits in part (a).
P> 56. (a) Use a graphing utility to estimate lim fo):
o

0 S =

5 3x2 — 10x —

O I0= e 16
5x? — 26x +24

/0= a0

(b) Use a CAS to find cach of the limits in part (a).
[»57. (a) Use a graphing utility (o estimate lim Sy
>

(b) Use a CAS to find cach of the limits in part (a).
[ 58. (2) Use a graphing utility to estimate lim f(x)

o =210 = fﬁj

(b) Use a CAS to find cach of the limits in part (a).

[> Exercises 59—62. Use a graphing utility to find at least one num-
ber ¢ at which lim 7(x) does not exist.

x+1

59, =

f® =
e 33,

2
1x|

T oy e A | BT

R S R N T )

2

21l 20X SRR

x2 4+ 27x — 27
. Usea graphmg utility to draw the graphs of

1 l
f)=—sinx and  g(x)=xsin (7)
x x
for x # 0 between —/2 and /2. Describe the behavior of
/(x) and g(x) for x close to 0.
[ 64. Use a graphing utility to draw the graphs of
1 1
fx)=—tanx  and  g(x)=xtan (7>
x ¥

for x # 0 between —/2 and 72, Describe the behavior of

J(x) and g(x) for x close to 0.
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B 2.2 DEFINITION OF LIMIT

In Section 2.1 we tried to give you an intuitive feeling for the limit process. However,
our description was too vague to be called “mathematics.” We relied on statements such
as
“as x approaches ¢, f(x) approaches L”
and
“f(x)is close to L for all x # ¢ which are close to ¢.”

But what exactly do these statements mean? What are we saying by stating that “ f(x)
approaches L”? How close is close?

In this section we formulate the limit process in a coherent manner and, by so doing,
establish a foundation for more advanced work.

As before, in taking the limit of f(x) as x approaches ¢, we don’t require that
f be defined at ¢, but we do require that / be defined at least on an open interval
(¢ — p, ¢+ p) except possibly at ¢ itself.

c—p ¢ ct+p &
To say that
lim f(x)=L
x—e

is to say that | f(x) — L| can be made as small as we choose, less than any € > 0 we

choose, by restricting x to a sufficiently small set of the form (¢ — 8, ¢) U (¢, ¢ + 8), by

restricting x by an inequality of the form 0 < |x — ¢| < 8 with § > 0 sufficiently small.
Phrasing this idea precisely, we have the following definition.

DEFINITION 2.2.1  THE LIMIT OF A FUNCTION

: I;e’t f bea function defined at least on an open interval (¢ — p, ¢ + p)except
possibly at ¢ itself: We say that :

mfe=1
if for each e > 0; there exists a8 > 0 such that
5 i O<x—cf<d, then f)=Li<e

- Figures 2.2.1 and 2.2.2 illustrate this definition.

Figure 2.2.1

[ Foreache>0 there exists 8 >0 such that,  if O<|x-cl<3, then |/(x) - Ll <e.

Figure 2.2.2




.S

2.2 DEFINITION OF LIMIT m 65

Except in the case of a constant function, the choice of § depends on the previous
choice of €. We do not Trequire that there exists a number § which “works” for all €, but
rather, that for each e there exists a § which “works” for that particular e.

In Figure 2.2.3, we give two choices of € and for each we display a suitable 8. For
4 to be suitable, all points within § of ¢ (with the possible exception of ¢ itself) must
be taken by the function f to within € of L. In part (b) of the figure, we began with a
smaller € and had to use a smaller 5.

Figure 2.2.3

The & of Figure 2.2.4 is too large for the given €. In particular, the points marked
X1 and x; in the figure are not taken by f to within € of Z.

=81 o Tcag ¥

Figure 2.2.4

As these illustrations suggest, the limit process can be described entirely in terms
of open intervals. (See Figure 2.25)

Let f be defined at least on an open interval (¢ — p, ¢ 4 p) except
possibly at ¢ itself. We say that
2.2.2) lim f(x) =L

x—>c
if for each open interval (L — ¢, L + €) there is an open interval
(¢ =8, ¢+ 8) such that all the numbers in (¢ — 8, ¢+ 8), with the
possible exception of ¢ itself, are mapped by f into (L — €, L + ¢).

Figure 2.2.5

Next we apply the €, § definition of limit to a variety of functions. At first you may
find the €, § arguments confusing. It usually takes a little while for the €, 8 idea to take
hold,
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Figure 2.2.6

lim(2-3x)=5
o1

Figure 2.2.7

Example 1 Show that

lim(2x — 1) = 3. (Figure 2.2.6)
oo

Finding a 8. Let € > 0. We seek a number § > 0 such that
if O<|x—2/<8  then |2x—1)—3|<e.
What we have to do first is establish a connection between
[2x —1)=3| and lx —2|.
The connection is evident:
(%) [2x —1) =3 =12x -4 =2x - 2|.

To make |(2x — 1) — 3| less than €, wé need to make 2|x — 2| < ¢, which we can
accomplish by making |x — 2| < €/2. This suggests that we choose § = %e.

Showing that the § “works” If 0 < |x —2| < %5, then 2|x —2| < € and, by
),1Qx—1)—3|<e. O

Remark In Example 1 we chose § = %57 but we could have chosen any positive
number & less than %e. In general, if a certain §* “works™ for a given e, then any & less
than §* will also work. O
Example 2 Show that
lim (2 - 3x)=S5. (Figure 2.2.7)
x>l
Finding a 8. Let € > 0. We seek a number § > 0 such that
it O<lx—(=D] <8,  then [2—3x)—5<e.
To find a connection between
k=(=1)] and |2 -3x)—5],
we simplify both expressions:
k= (=Dl =lx+1]
and
[2=3x)=5l=—-3x=3]=|—3x+ 1] =3x+1].

‘We can conclude that
(k) 12 =3%) =5 =3x - (-1)I.
We can make the expression on the left less than ¢ by making |x — (—1)| less than €/3.
This suggests that we set§ = %64

Showing that the § “works” If0 < |x — (~1)| < le, then3[x — (~1)| < € and, by
%), [(2—3x) =5 <e. O

Three Basic Limits

Here we apply the €, § method to confirm three basic limits that are intuitively obvious.
(If the €, 8 method did not confirm these limits, then the method would have been
thrown out a long time ago.)
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Example 3 For each number c,

22.3) limx =c. (Figure 2.2.8)
x—e

PROOF Let ¢ be a real number and let € > 0. We must find a § > 0 such that

if O<|x—c|l<d, then Ix —c| <e.

Obviously we can choose § = €. 11 Figure 2.2.8

Example 4  For each real number ¢

.24 lim [x| = |c]. (Figure 2.2.9)
She

PROOF Let ¢ be a real number and let € > 0. We seck a § > 0 such that

= if  O<lx—c|l <38, then [lx] = lel] <.

Since Figure 2.2.9
[l = fel] = ke —cl, (0371
we can choose § = ¢, for

if  O<lx—c|<e, then [lxl=lcl| <e. O

Example 5 For each constant &

2.2.5) limk = k. (Figure 2.2.10)
P=v]

PrRoOF Here we are dealing with the constant function Figure 2.2.10
)=k

Lete > 0. We must find a § > 0 such that
if 0<|x—c|l<3$, then lk—k| <e.
Since |k — k| = 0, we always have
lk—kl <€
no matter how § is chosen; in short, any positive number will do for 8. O
Usually €, § arguments are carried out in two stages. First we do a little scratch
work, labeled “finding a §” in Examples 1 and 2. This scratch work involves working

backward from | f(x) — L| < € to find a § > 0 sufficiently small so that we can begin
with the inequality 0 < |x — ¢| < & and arrive at | f(x) — L| < €. This first stage is
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just preliminary, but it shows us how to proceed in the second stage. The second stage
consists of showing that the & “works” by verifying that, for our choice of 4, it is true
that

if  O0<|x—c|l <38, then |fx)—L| <e.

The next two examples will give you a better feeling for this idea of working backward
to finda 8.

Example é
lirrg x2=9 (Figure 2.2.11)
x>

Finding a 8. Let € > 0. We seek a § > 0 such that
if  O<lx—3]<8  then |*-9<e
The connection between |x — 3| and |x* — 9] can be found by factoring:
2 —9=(x+3)x-3),
and thus,
(O] |x* =9 = lx +3lx = 3].

Figure 2.2.11

At this point, we need to get an estimate for the size of |x + 3| for x close to 3. For
convenience, we’ll take x within one unit of 3.
If|x —3| < 1,then2 < x < 4and

43l <lxl+Bl=x+3<7
Therefore, by (%),
() if x =3l <1, then x> —9] < 7lx — 3.
If, in addition, |x — 3| < €/7, then it will follow that
152 = 9] < 7(e/T) =<

This means that we can let § = the minimum of 1 and €/7.
Showing that the 8 “works.” Let € > 0. Choose § = min{1, €/7} and assume that

0<|x—3<d.
Then
Ix -3 <1 and Ix = 3| <€/7.
By (),
¥ =9 < 7Ix = 3],

and since |x — 3| < €/7, we have

x2 =9 < 7(e/T) =€. [u]
Example 7
1-54 4+5 ¥ lin}‘ﬁ =2. (Figure 2.2.12)
xor
LTQ‘;: 2 Finding a 8. Let € > 0. We seek a § > 0 such that

Figure 2.2.12 if  O<|x—4 <8, then  |W/x—2| <e.
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To be able to form /x, we need to have x > 0. To ensure this, we must have § < 4.
(Explain.)
Remembering that we must have § < 4, let’s move on to find a connection between
|x — 4] and |/x — 2|. With x > 0, we can form /x and write

x—4=(2)P -2 = (VT +2WE -2
Taking absolute values, we have
lx =4 = |Vx +2]lvx - 2].
Since [/x +2| > 2 > 1, it follows that
WX =2| < |x —4]|.

This last inequality suggests that we can simply set§ < €. Butremember the requirement
8 < 4. We can meet both requirements on § by setting § = the minimum of 4 and €.
Showing that the § “works.” Let € > 0. Choose § = min{4, €} and assume that

0<|x—4|<3.
Since § < 4, we have x > 0, and so /% is defined. Now, as shown above,
Ix = 4] = |vx +2/lvx —2I.
Since /% + 2| = 2 > 1, we can conclude that
[VE =2 < lx —4].

Since |x — 4| < Sand § < ¢, it does follow that |[x —2| <e. O

There are several different ways of formulating the same limit statement. Sometimes
one formulation is more convenient, sometimes another. In particular, it is useful to
recognize that the following four statements are equivalent:

@) lim /) =1L (i) fim fe+ =L

(2.2.6) SER o o
@iii) lim(f(x) - L) =0 () lim |/(x) - L| =0.

The equivalence of (i) and (ii) is illustrated in Figure 2.2.13: simply think of 4 as

being the signed distance from ¢ to x. Then x = ¢ + /, and x approaches ¢ iff / Figure 2.2.13
approaches 0. It is a good exercise in ¢, § technique to prove that (i) is equivalent
to (ii).
Example 8 For f(x) = x2, we have
limx2 =9 lim(3 + k) =9
x=3 h=0
lim x2-9)=0 lim [x2—-9|=0. O
-3 x=3

‘We come now to the ¢, § definitions of one-sided limits. These are just the usual
€, & statements, except that for a left-hand limit, the § has to “work™ only for x to
the left of ¢, and for a right-hand limit, the & has to “work” only for x to the right
ofc.
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Figure 2.2.14

Figure 2.2.15

function defined at lea

c-d<x<c

. DEFINITION 2.2.8 mem;ﬁmb,vumt-

Letf be a function defined at least on an open interval
We say that = 2 S G

dim fo) =L

2 : Frct =
if for each € > 0 there exists a‘é > O such that
if c<x<c4s  dhen  [fa)-L]=e

As our infuitive approach in Section 2.1 suggested,

@29) | limfe)=L iff  lim f@)=L and  lim ()= L.

The result follows from the fact that any & that “works” for the limit will work for
both one-sided limits, and any 8 that “works” for both one-sided limits will work for
the limit.

Example 9  For the function defined by setting

2 +1, x<0
fe)= 2y —_ (Figure 2.2.14)

lin?] f(x) does not exist.

e

PROOF The left- and right-hand limits at 0 are as follows:
li x)= lim (2x =1 im f(x)= lim (x* —x)=0.
In M= B EAD=L iy M= )

Since these one-sided limits are different, ]irré f(x) does not exist. O
x>
Example 10  For the function defined by setting

1+x2, x <1
glx)= 3, x=1 (Figure 2.2.15)
4 —2x, x> 1,

lim g(x) = 2.
x—1




PROOF The left- and right-hand limits at 1 are as follows:

lim g(x) = lim (1 +x?) =2,
i x—1"

Thus, lin} g(x) = 2. NOTE: It does not matter that g(1) # 2.
x>
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i x)= lim (4 — =
- -2

a

At an endpoint of the domain of a function we can’t take a (full) limit and we can’t
take a one-sided limit from the side on which the function is not defined, but we can
try to take a limit from the side on which the function is defined. For example, it makes

0 sense to write
lim /> or
20

But it does make sense to try to find

lim /.
s

li %
/e

As you probably suspect, this one-sided limit exists and is 0.

EXERCISES 2.2

(Figure 2.2.16)
limx = 0
x=0%

Figure 2.2.16

Exercises 1-20. Decide in the manner of Section 2.1 whether or
not the indicated limit exists. Evaluate the limits that do exist.

2
L. lim 2 lim 2LF)
xslx 417 =0 2x
3t 213, 4 lim ——
x>0 2x2 x=d /X +1
Xt - 1-
T 6. lim
1 x — xo—lx+1
. lim
S
9. lim, LIy 10. lim ——
)

11. lim 12, lim —.
P #=0- |x]|
13. lim 14. lim V9 =52
o 1 Pt
_ ) %w—1, x<2
15, lim f(o)if /() = [xz —x, x>2.
1, x=-1
16. lim f()iff(x)= L+2 x>l

x an integer

17, lim f) i () = H

otherwise.
X2, x<3
18. lim f(x) if f(x) = 7, x=3
= 2r+3, x>3.
" oo |3, xaninteger
19. fim /) i /() = { 1, otherwise.
. . X2, x=1
20. lim /(x) if /(x) = {51. =

21. Which of the &% displayed in the figure “works” for the
given €7

22. For which of the ¢ given in the figure does the specified §
work?

Exercises 23-26. Find the largest § that “works” for the given e.
23. lim‘2x =2, e=0.1 24, Iim S5x =20; e =0.5.
P

25.lim v =1; € =001 26. lim{r =5 e = 0.1

1
ij
§
|
|
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[®>27. The graphs of /(x) = 4/ and the horizontal lines y = 1.5
and y = 2.5 are shown in the figure. Use a graphing utility
tofinda § > 0 which is such that

if  O<lx—4/<5  then
y
Py
1.5

IWx —2| <05,

x

[ 28. The graphs of f(x) = 2x? and the horizontal lines

and y = 3 are shown in the figure. Use a graphing utility to
finda 8 > 0 which is such that
i 0<|x+1]<8,  then [2x*-2]<l.

[ Exercises 20-34. For each of the limits stated and the ¢
given, usc a graphing wtility to find a & > 0 which is such that

it 0 < |x —c| <4, then | f(x) — L| < €. Draw the graph of /

together with the vertical lines x = ¢ — 8, x =c +8 and the
horizontal lines y = L — €, y = L +¢.

29.lim (3x° +x +1) =4 € =05, € =025

30. |im7(x* +4x+2) =

=05, ¢ =025

3x

1—
L lim =2 ¢ =05, e=0.l.
3. fim 5 €e=05, e=0.

sin3x
33.hmgf% €=025 e=0.1.
¥o0 X

34. llm‘lzm(n‘x/-/l) Le=05 e=01.
P

Give an €, § proof for the following statements.

35, !im4(2x -5 =3 36. lina(}x =)=s,
x> s

37. lim(6x — 7) = 11. 38. lim(2 — 5x) =2.
13 10

39. lim |1 —3x| = 5. 40. lim [x — 2| =
=2 s>2

41. Let  be some function for which you know only that
if  0<lx—3<l,  then [fx)—5<0.l

Which of the following statements are necessarily true?

(a) If|x = 3] < 1, then | f(x) — 5| < O.1.

(b) If x — 2.5] < 0.3, then | f(x) — 5| < 0.1.

() lim f(x) =5.

(d) If0 < [x — 3| <2, then | f(x) — 5] < 0.

(e) If0 < |x — 3| < 0.5, then | f(x) 75\ <0.L

(® If0 < |x — 3| < §, then | f(x) — 5| < £(0.1).

(2) Tf0 < |x —3| < 1, then [f(x) — 5\ <02.

(0) IF0 < |x — 3| < 1, then | /(x) — 4.95| < 0.05.

0 Iflim f(r) = L,then 4.9 < L <5.1.
42. Supposcthat |4 — B| < ¢ foreache > 0. Provethat 4 = B.

HINT: Suppose that 4 # B and sete = 1|4 — B].
Exercises 43-44. Give the four Jimit statements displayed in
(2.2.6), taking
3. flx) =
45, Prove that

1

W0 =57

@210 | lim /() =0, il lim|fe]=0.

46. (a) Prove that
if limf(x)=1L, then lim|f(x) =L
e f=r]
(b) Show that the converse is false. Give an example where
lim|f@)l=IL] and  lim f(x)=M#L,
and then give an example where
lim [ f(x)] exists but lim f(x) does not exist
xe i

47. Give an ¢, 5 proof that statement (i) in (2.2.6) is cquivalent
10 ().
48. Give an €, 8 proof of (2.2.9).
49. (2) Show that lim ¥ = /Z for each ¢ > 0.
HINT: 1 and ¢ are positive, then

05 1WA - Vel =

(b) Show that hr:]]”/}: 0.

Ix—e¢| L, L
=

e s f

Give an ¢, § proof for the following statements.

50. lim x2 = 4, 51 limx3 = 1.
i i

8. hm1 x+1=2. 53. lim /3—-x=0.
lim Lo/

54. Prove that, for the function

X, xrational

80 =10, Y irrational,

lim g(x) = 0.
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55. The function (b) Brove thatif L < 0, then f(x) < 0 forall x # ¢ inan
§ 1. xrational interval of the form (¢ — ¥, ¢ +¥)-
)= {0, v irrational 60, Brove or sive a counterexample: if /(c) > 0 and lim /()
o
is called the Dirichlet function. Prove that for no number ¢ exists, then (x) > 0 for all x in an inerval of the form
does lim f(x) exist. (c—v.cty)
E . Suppose that / ) f —pic
o LGSR 61. Suppose that /2) < gtx) frallx € (¢ — pr e pexcept
N N i possibly at ¢ itself.
56, lim fe) =L iff lim f(e = 1k =L. (@) Prove that lim /() < 1im g(x), provided cach of these
i i
57 m [0 =L it fmfle+ i =L Jimits exist.
L s
i o iR () Supposethat £(x) < g&)forallx € (¢ = p. o+ Phex
S8 tim S =L i Bl = L= 0. eept possibly ai ¢ iseif. Does it folow that fim /(<) <
59. Suppose that lim f(x) = L- lim g()?
o o
(a) Prove that if L > 0, then f(x) > 0 forall x # cinan 62. Prove that if lim f(x) = L, then there are positive numbers

interval of the form (¢ — y. ¢ + 7).

HINT: Use an ¢, § argument, setting € = L. 5 and  such hatif0 < b — ¢l << &, then [ /() < &

m 2.3 SOME LIMIT THEOREMS

As you probably gathered by working through the previous section, it can become
rather tedious to apply the €, 8 definition of limit time and time again. By proving some
general theorems, we can avoid some of this repetitive work. Of course, the theorems
themselves (at least the first ones) will have to be proved by €, 8 methods.

We begin by showing that if a limit exists, it is unique.

THEOREM 2.3.1 THE UNIQUENESS OF A LIMIT

o lmg=L e lim /() = M.

prOOF We show L = M by proving that the assumption L # M leads to the false
conclusion that

|IL-M|<I|L - M.
Assume that L # M. Then |L — M|/2 > 0. Since 113': f(x) = L, we know that
there exists a § > 0 such that
) i O<p—cl<d, then |G — L) < |L — M|/2.
(Here we are using |L — M1/2as€)
Since }L"l S(x) = M, we know that there exists a 8, > 0 such that
2) if 0<lx—cl <8 then \f(x)— L) < |L— M|/2.
(Again, we aro using |L — MI/2 s €)
Now let x; be a number that satisfies the inequality
0 < |x; — ¢| < minimum of 8; and 8.
Then, by (1) and (2),

fG)— LI <‘L/’% and \f(x‘)fM\<‘L‘M‘V

2
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It follows that
L- M = L - G+ LG — M
< 1L = G+ 176 = M)
by the triangls
ety —
L—M L — M|
I T B el
ol =1 —al = =1

 THEOREM 232
'I.flii‘[;rgf(x) = andiiglc g(x) = M, then
® lim [£6) + el =L £ M,

(@) 11% [af(x)] = L |o] areal number:

(i) im [/()e()] = LM

pROOF Let € > 0. To prove (i), we must show that there exists a$ > 0 such that
if 0<lx—c|l<$d, then \LFG) +g@)] — L+ M]| <e.
Note that

) L/ () + g0 — [L + Ml = |LfG) — L1+ [g(n) — M|
< | f) = LI+ lglx) — M.

We can make |[f(x)+ g(x)] — [L + M]| less than € by making | f(x)— L| and
lg(x) — M| each less than %e. Since € > 0, we know that %e > 0. Since

lim fGx)=1L and  limgx) =M,
xoe 5—c
we know that there exist positive numbers & and 6, such that
i O0<lx—cl<d, then  |f(x)—L| <3¢
and
i 0<pr—cl<&  then lg(®)— M| <ie
Now we set 8 = the minimum of §; and 8, and note that, if 0 < |x — | < &, then
1f(x)—L| < 3¢ and |glx)— M| < €.
Thus, by (%),
ILfx) + )] = [L + M| < e
In summary, by setting § = min{é;, 85}, we find that
if O<li—cl<d then [[f)+g@])-[L+Ml<e

This completes the proof of (i). For proofs of (i) and (iii), sce the supplement to this
section. O
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If you are wondering about lim[ f(x) — g(x)], note that
s

Fx) — glx) = f(x) + (=Dg(x),

and so the result

@33 HmLfG0) - g =1 - M

follows from (i) and (ii).
Theorem 2.3.2 can be extended (by mathematical induction) to any finite collection
of functions; in particular, if

lim it)=Li,  lmfpE =L .., ;=L

and @y, o, . . ., o, are real numbers, then

limen fi() + @2 /o) + - + o £ ()]

@3.4) |
=oli+tonly+---+apl,. i

i

|

Also, i
238 A0 @] = LiLy -+ L. |

For each polynomial P(x) = @,x" + - - - + a1x + o and each real number ¢ :

3.6 lim P(x) = P(c).

‘ PROOF  We already know that

limx =c.

Sk

From (2.3.5) we know that

112 xk =k for each positive integer £.

‘We also know that lim ay = ay. It follows from (2.3.4) that
e

lim [a,x" + - +aix +ap] = @, + - +aye + ap,
fa

:
:
|
‘
1
\
\
|
:
’ which says that
I lim P(x) = P(c).
X

A function f for which lim f(x) = f(c) is said to be continuous at c. What we just
T—c

showed is that polynomials are continuous at each number ¢. Continuous functions,
our focus in Section 2.4, have a regularity and a predictability not shared by other
functions.
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Examples
limy (532 — 12x +2) = 51 — 12(1) + 2 = =5,
Fan

llmo (14x% = 7x% 4 2x + 8) = 14(0)° — 7(0)" + 2(0) +8 =8,
lim, @ +x2 -2 =) =2-1P +(-1)?-2(-1)-3=-2. O

‘We come now to reciprocals and quotients.

THEOREM 2.3.7

1

If }Lnlg(x) =M with M #0, then }T}c % = i

PROOF Given in the supplement to this section.

Examples
P 1 1 1 1 1
im— =—, m =, im —=——=2. 0
ms=1% Ims—o=7 MW= —373

Once you know thatreciprocals present no trouble, quotients become easy to handle.

THEOREM 2.3.8
/L

If ,lEmef(X}Z L and igrn:g(x) =M with M#0, then llir; o i

PROOF The key here is to observe that the quotient can be written as a product:

N s ol
o taEir)
With lim f(x)=L and im L = 1 5
e e g(x)

the product rule [part (iii) of Theorem 2.3.2] gives

LX) 1 _L
Tim —— — =
i—e g(x) M M

This theorem on quotients applied to the quotient of two polynomials gives us the
limit of a rational function. If R = P/Q where P and Q are polynomials and ¢ is a real
number, then

239 an'Z R(x)= 1&1} gg()) = %?) = R(c), provided Q(c) # 0.
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This says that a rational function is continuous at all numbers ¢ where the denominator
is different from zero.

Examples
3x—5 -5 1 B —3x2  27-2
fim > _ 6 lim 2% L6, @
x>2x2 41 x=>3 1 —x2 19

There is no point looking for a limit that does not exist, The next theorem gives a
condition under which a quotient does not have a limit.

THEOREM 2.3.10
fx)

If  lim f(x) =Lwithl # 0andlimg(x) =0, then lim —(—% does not exist.
Yoo ' & roe ive g(x

PROOF Suppose, on the contrary, that there exists a real number K such that

lim @ =K
x—c g(x)
Then
L =lim £(x) = lim | g(x) - £ — limg)-im 2% —o. ko,
fas xe gx) |~ xme e g(x)
This contradicts our assumption that L # 0. O
Examples From Theorem 2.3.10 you can sce that
2
- 5
lim = 3 lim h‘7, and lim —
=1y —1 -2x2—4 =0 X

all fail to exist.

Now we come to quoticnts where both the numerator and denominator tend to zero.
Such quotients will be particularly important to us as we go on.

Example 1  Evaluate the limits that exist:

x 6 (& —3x — 4y x+1
. . ) N 2
@ lim———  Oln T O e B3

SOLUTION
(a) First we factor the numerator:

-3
B x=3

Forx # 3,
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Therefore

6
Y —lim (x +2)=5.
x=3

(b) Note that
@3- [N —4F @+ -4
x—4 - x—4 - x—4 ’
Thus for x # 4,

(,#;_334747)2 =+ 12x — 4).
It follows that
L (@2 -3x—4)y .
m%:m(wl)ﬂx—@:o
(¢) Since
x+1 _ x+1 _ x4

@2+ Tx+52  [2x+5x+DP Qr+52x +1)27
forx # —1,

x+1 _ 1
@24+ 7x + 5?2 2x+5Px+ 1)

As x — —1, the denominator tends to 0 but the numerator tends to 1. It follows from
Theorem 2.3.10 that

1
lim —————— does not exist.
x=>-1 (2x +5P(x + 1)
Therefore
x+1

H m m does not exist. 1

Example 2 Justify the following assertions.

l/iﬁ— 1 (®) lim —— =6.

@ lim———==2 He[

SOLUTION
(a) Forx #2,

2—x
UYx=1/2 55 —x-=2 -1
x—2 x-2 =(x-2) 2x

Thus

x—1/2 . [-1 1
Iim ———=lm | —|=—-.
i A TR [2x } 3

(b) Before working with the fraction, we remind you that for each positive number ¢

lim /x = +/c. (Exercise 49, Section 2.2)
x>e
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Now to the fraction. First we “rationalize” the denominator:
-9 o 3 — DX +3
% _ 9_ﬁ+ :(X )(~X+):ﬁ+3 (x £9).
VX=3 x=3 Jx+3 x=9

It follows that

x—9 .
ﬁiSZJ%[\/EJﬂ]:s, u]

Remark  Inthis section we phrased everything in terms of two-sided limits. Although
We Won’t stop to prove it, analogous results carry over to one-sided limits. 11

lim
=9

:
i
1
i
4
1:
!

EXERCISES 2.3 J1
i
1. Given that 7. 1|mA(x2 +3x—7). 8. Tim 3 — 1. i
Pas e ;
lim f(x) =2, limg(x)=—1.  limh(x)=0, Bt =
e s we 9. lim_|x? —8]. 10. lim %.
evaluato the limits that exist. If the limit does not exist, state =3 S :’
how you know that. 1. Iim( - 7), 12 lim 2%
(@) m[f(x) - g(x)]. (b) Tim[f(x)1” =20, x =5 4x
T s 4 "
f® B 14, lim -~
lim 22 @ 1 . 22b %2
©) lim Py @ lim 1) 0x2 41 :
. f(x) . 1 16. lim 7 (I - 7).
e) lim ——. lim ————, k=0 h
e O S
2. Given that 18, Tim ==
T2 x2 4

lim @) =3, lmgr)=0, limh@w=-2,

—x—6)?
. f . ; 20, Jim & =X =0
evaluate the limits that cxist. If the limit does not exist, state x>-2  x+2

how you know that.

@) ImBAE) =26 () lmlAE)F. 2. im
Jim 0 0
W :
(© lim 2 @ tim &), _ 2-x—6
T s lim =0 2, Jim T X0
i, » i . s e o w12y
LA P
&l =y © lim3-+¢ 25 1 L1/ 26 1 L2 U
3. When asked to evaluate = ey ST 1R
BBV -1k L+ 1k
lim (= -1 . s . , Jim /"
z‘jn(x 4)(x—4> 2 lm s Bl e
11 2 5
Moe replies that the limit is zero since lim |~ — ~ [ =0 29, |y LT 6145 30. lim
sod|x 4 112438+ 2 X2t
and cites Theorem 2.3.2 as justification. Verify that thé limit bt e
is actually — and identify Moe’s error. 3L Jim o 32 lim o
i L
4. When asked to evaluate SUFDLL *
L oxix—12 34. lim 1? (1+1),
lim 2 EE =2 ) B
b ——
Moe says that the limit does not exist since lim(s ~3)=0 35, lim4 (14 = ). 36 gim (22 B,
i ! ! 3 e 7 sooa\x+4  x+4
and cites Theorem 2.3.10 (limit of a quotient) as Justifica-
tion. Verify that the limit is actually 7 and identify Moe’s 3. lim ( L1 )
error. s \x+4  x+4
Exercises 5-38. Evaluate the limits that exist. " N
5. lim3. 6. lim(5 — 4x)2. 38. lim, ( =
o b
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39. Evaluate the limits that exist.

@ In{s-3)

o9 ()]
o (2]
am]C-D]

40. Evaluate the limits that exist.
o x2EEAND P4x—12
@y -, Ol '
PEPRER P B
@ &1 gt
T x—3 Fs
41. Given that f(x) = x* — 4x, evaluate the limits that exist.
1
® 1y 1010,
© lim f@ -1 @ lm 7O1@ f(*) /(2)
=5 x—3 5
42. Given that f(x) = x*, evaluate the limits that exist.
@ lim rf © =/ ® 1 1B /D
= -3 i x-3
© i L8210 f(x) 10 (g 020,

43. Show by example that lim[ /(x) + g(x)] can exist even if
lim f(x) and lim g(x) do not exist.
44. Show by example that lim[ f(x)g(x)] can exist even if
ey
lim £(x) and lim g(x) do not exist.
Exercises 45-51. True or false? Justify your answers.
45. If lim [/ (x) - g(x)] exists but lim f(x) does not exist, then
5e L]
lim g(x) does not exist.
46. If im[ £ (x) + g(x)] and lim £(x) exist, then it can happen
o =7
that lim g(x) does not exist.
47. If lim /7 (x) exists, then lim f(x) exists.
o =
48. 1f lim f(x) exists, then lim /() exists.
49.1f Tim £ (x) exists, then lim m exists.
50. If £(x) < g(x) forall x # c, then lim f(x) < lim g(x).
= i
51 If f(x) < g(x) forall x # ¢, then lim f(x) < lim g(x).
52. (a) Verify that
max( f(x), g()} = ${L/0) + 2] + 1/ () — gl

(b) Find a similar expression for min {£(x). g(x)}.

53, Let A(x) = min{ f(x), g(x)} and H(x) = max{f(x), g(x)}
Show that
if lim @)=L and limg(x)=1L,
then limh(x)=L and lim H(x) =L

HINT: Use Exercisc 52.

. (Stability of limit) Let f be a function defined on some in-
terval (¢ — p, ¢ + p). Now change the value of  at a finite
number of points xy, xz, . .., X, and call the resulting func-
tion g.

(a) Show that if lim £(x) = L, then lim g(x) =
e x—c

(b) Show that if lim does not exist, then lim g(x) does not
f=vi x—e

o
kS

exist.
55. (a) Suppose that lmn f(x) =0 and lim[ /(x)g()]
Prove that lim g(r) does notexist.
(b) Suppose that lim /(x) = L # 0 and lim[/(x)g(x)] =
1. Does lim g(x) exist, and if so, whatis it?

56. Let f be a function defined at least on an interval
(¢ = p. ¢+ p). Suppose that for each function g

lim[f(x) + g(x)] does not existif lim g(x)
e e
does not exist.
Show that lim f(x) does exist.
e
(Difference quotients) Let f be a function and let ¢ and ¢ + 4
be numbers in an interval on which £ is defined. The expression

fleth) - flo)
h

is called a difference quotient for f. (Limits of difference quo-
tients as 4 — O are at the core of Chapter 3.) In Exercises 57-60,
calculate

lim f(r+h) S
h—0

for the function f and the number c.

57. f(x) =2x> =3x; ¢=2

8. f)=x"+1; c=-1

59. f(x)=x; c=4

60. f(x) = l/(x+1); e=1L

61. Calculate

lim
(=

h

for cach of the following functions:

" an arbitrary positive integer.
Make a guess and confirm your guess by induction.
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*SUPPLEMENT TO SECTION 2.3

PROOF OF THEOREM 2.3.2 (11)

We consider two cases: & # 0 and & = 0. If @ # 0, then €/|e| > 0 and, since
lim f(x) =L,

we know that there exists § > 0 such that,

if  O0<lx—cl<&  then l/(x)»Lj<ﬁ
o

From the last inequality, we obtain
lelf(x) =Ll <€  andthus  |af(x)—al] <e.
The case & = 0 was treated before. (2.2.5) O
PROOF OF THEOREM 2.3.2 (lll)
We begin with a little algebra:
[fG)g(x) = LM| = |[/(x)g(x) = Fe)M+ [f(x)M — LM]|
=1/ @)gE) = fOM] + 1 /()M - LM|
= 1flIgle) — M1+ M| f(x) - L]
= @lgt) = M+ (1 + IMDIf(x) - L]
Now let ¢ > 0. Since lim f(x) = L and lim g(x) = M, we know the following
L. There exists & > 0 such that, if 0 < |x — c| < &, then
1f0)—Ll <1 andthus  |f(x)| < 1+]|L].

2. There exists 8, > 0 such that
le
it o0 —cl <8,  th -M<|[—2—].
il <lx—cl <& en lg(x) ‘<<1+\L\>
3. There exists 83 > 0 such that

it 0<lx—c| <&,

)
EE
then  |f(x)—L| < <1 +JM|>'

We now set § = min{3;, 5, &} and observe that, if 0 < [x — ¢| < 5, then
1f@) —LM] < |f0)llgle) = M| + (1 + M| f(x) — L]
le le
< +ru)(1 +2!LJ> +(1+1M]) (m) =& @
byay—t Ly Ty 3)
PROOF OF THEOREM 2.3.7

For g(x) # 0,

‘L, 1‘ lete) — )

£ M| le

Choose &; > 0 such that

1M

lgtx) = M| < —-

if  0<lr—cl<&, then 5
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Figure 2.4.1

For such x,
o> 2 o L2
/T L R N
& 2 @) " M
and thus
1 1 lg(x) — M| 2 2
—— - =2 < T etr) — M| = ——[g(x) — M.
20 M| g = Tap 80 M= yplet = M

Now let & > 0 and choose 8, > 0 such that
M
if O0<lx—c| <&, then  |g(x)— M| < 5

Setting § = min{8,, &}, we find that

1 1

if O<lv—cl<4,  then |—— ——
=) M

|<e a

W 2.4 CONTINUITY

In ordinary language, to say that a certain process is “continuous” is to say that it
goes on without interruption and without abrupt changes. In mathematics the word
“‘continuous™ has much the same meaning.

The concept of continuity is so important in calculus and its applications that we
discuss it with some care. First we treat continuity at a point ¢ (a number ¢), and then
we discuss continuity on an interval.

Continuity at a Point

The basic idea is as follows: We are given a function / and a number ¢. We calculate
(if we can) both lim f(x) and f(c). If these two numbers are equal, we say that f is
e

continuous at c. Here is the definition formally stated.

DEFINITION 2.4.1

Let f be a function defined at least on an open interval (¢ — ¢+ p). Wesay:
that fis continuous at c if

lim £() = /()

If the domain of £ contains an interval (¢ — p, ¢ + p), then f can fail to be con-
tinuous at ¢ for only one of two reasons: either

(i) S has a limit as x tends to ¢, but lim f(x) # f(c), or
e
(ii) [ has no limit as x tends 1o c.

In case (i) the number ¢ is called a removable discontinuity. The discontinuity can be
removed by redefining f at c. If the limit is Z, redefine f at ¢ to be L.

In case (ii) the number c is called an essential discontinuity. You can change the value of
f ata billion points in any way you like. The discontinuity will remain. (Exercise 51.)

The function depicted in Figure 2.4.1 has a removable discontinuity at ¢. The dis-
continuity can be removed by lowering the dot into place (i.c., by redefiningf atctobe L).




The functions depicted in Figures 2.4.2, 2.4.3, and 2.4.4 have essential disconti-
nuities at ¢. The discontinuity in Figure 2.4.2 is, for obvious reasons, called a jump
discontinuity. The functions of Figure 2.4.3 have infinite discontinuities.

7

RS (S

Figure 2.4.3

In Figure 2.4.4, we have tried to portray the Dirichlet function

1, X rational
Jx) = { —1, X irrational.

At no point ¢ does f have a limit. Each point is an essential discontinuity. The function
is everywhere discontinuous.

Most of the functions that you have encountered so far are continuous at each point
of their domains. In particular, this is true for polynomials P,

lim P(x) = P(c), [23.6)]
for rational functions (quotients of polynomials) R = P/ Q,
: . P(x) P(c) .
lim R(x) = lim =—==R(c) provided () #0, [(239
ST 0w T 00 ¢ @)

and for the absolute value function,

lim |x| = [c]. [@24]
f=v]
As you were asked to show carlier (Exercise 49, Section 2.2),
lim x =/  forcachc > 0.
x—c
This makes the square-root function continuous at each positive number. What happens
at ¢ = 0, we discuss later.
With f and g continuous at ¢, we have
lim f(x) = f(c) lim g(x) = g(c)
x—¢ i—c
and thus, by the limit theorems,
/) + ()] = S0+ g, Hmlf() ~ g()] = /() - g(0)
lim[af(x)] = af(c) foreachreals  lim[/(x)g(x)] = f()g(c)
f=vy f=vy
and, if g(c) # 0, Lm[/(x)/g(x)] = f(e)/g(0).

Figure 2.4.2

Yi

Figure 2.4.4
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‘We summarize all this in a theorem.

THEOREM 2.4.2
If f and g are continuous at ¢, then
(i) f + g is continuous at ¢;
(i) f — g is continuous at ¢;
(i) of is continuous at ¢ for each real o;
(iv) f - gis continuous at ¢;
(v) f/g is continuous at ¢ provided g(c) 3 0.

These results can be combined and extended to any finite number of functions.

Example 1 The function F(x) = 3|x| + %4»6 + 4 is continuous at all real
numbers other than 2 and 3. You can see this by noting that
F=3f+g/h+k
where
S =Ixl,  egx=x'-x h@x)=x*-5x+6, kx)=4

Since f, g, h, k are everywhere continuous, F is continuous except at 2 and 3, the
numbers at which / takes on the value 0. (At those numbers F is not defined.) O

Our next topic is the continuity of composite functions. Before getting into this,
however, let’s take a look at continuity in terms of €, §. A direct translation of

lim f(x) = f(c)
e
into €, § terms reads like this: for each € > 0, there exists a § > 0 such that
if O<lx—c¢ <8, then | f(x)— f(c)| <e.
Here the restriction 0 < |x — ¢| is unnecessary. We can allow |x — ¢| = 0 because then
x =¢, f(x) = f(c), and thus | f(x) — f(c)] = 0. Being 0, | f(x) — f(c)| is certainly

less than e.
Thus, an ¢, § characterization of continuity at ¢ reads as follows:

for each € > 0 there exists a 8 > 0 such that
(24.3) f is continuous at ¢ if it r—cl <8, then |f(c)— f(0) <e.

In intuitive terms
f is continuous at ¢ if for x close to ¢, f(x)is close to f(c).

‘We are now ready to take up the continuity of composite functions. Remember the
defining formula: (f o g)(x) = f(g(x)). (You may wish to review Section 1.7.)




THEOREM 2.4.4

If g is continuons at c and f is continuous at g(c), then the composition £ o g
is continuous at ¢.

The idea here is as follows: with g continuous at ¢, we know that
for x close to ¢, g(x) is close to g(c);
from the continuity of f at g(c), we know that
with g(x) close to g(c), f(g(x)) is close to f(g(c)).
In summary,
with x close to ¢, f(g(x)) is close to f(g(c)).

The argument we just gave is too vague to be a proof. Here, in contrast, is 2 proof.
We begin with € > 0. We must show that there exists a number § > 0 such that

i r—el<8,  then  |f(g(x)— f(g(e)l <e.

In the first place, we observe that, since f is continuous at g(c), there does exist a
number §; > 0 such that

(O] it l-glel <&, then  [f(1)— fg(o)] <e.

With §; > 0, we know from the continuity of g at c that there exists a number § > 0
such that

) if  |x—cl<s, then  |g(x) — glo)| < &.
Combining (2) and (1), we have what we want: by (2),
if Jx —c| <38, then 1g(x) — glc)] < &1
so that by (1)
[£(8() = flgle)] < e.

This proof is illustrated in Figure 2.4.5. The numbers within § of ¢ are taken by g
to within §; of g(c), and then by / to within € of f(g(c)).

Figure 2.4.5

It’s time to look at some examples.
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Example 2 The function F(x) = is continuous at all numbers greater

than 3. To see this, note that F = f o g, where

X241

x—3

Now, take any ¢ > 3. Since g is a rational function and g is defined at ¢, g is continuous
at c. Also, since g(c) is positive and £ is continuous at each positive number, f is
continuous at g(c). By Theorem 2.4.4, F is continuous atc. 13

fo=vF ad  g)=

The continuity of composites holds for any finite number of functions. The only
requirement is that each function be continuous where it is applied.

1
Example 3 The function F(x) = ————=——= is continuous everywhere except
53T+ 16 o
at x = £3, where it is not defined. To see this, note that F = f o g o k o i, where

1
fO=- @ =5-x k)=vr  Ax)=z+16
x
and observe that each of these functions is being evaluated only where it is continuous.

Tn particular, g and % are continuous everywhere, f is being evaluated only at nonzero
numbers, and £ is being evaluated only at positive numbers. 0

Just as we considered one-sided limits, we can consider one-sided continuity.

DEFINITION 2.4.5 ONE-SIDED CONTINUITY
A function £ is called

continuous from the left at ¢ if: lim f(x) = fle).
It is called

continuous from the right at ¢ if lim+ f) = fle).

The function of Figure 2.4.6 is continuous from the right at 0; the function of Figure
2.4.7 is continuous from the left at 1.

|

S0 = g =T -x ‘

)
”

Figure 2.4.6 Figure 2.4.7

It follows from (2.2.9) that a function is continuous at ¢ iff it is continuous from both
sides at ¢. Thus




£ is continuous at ¢ iff fle), lim f(x), “Hﬂ fx)
@46 ) s X
all exist and are equal.

Example 4 Determine the discontinuities, if any, of the following function:

2x+1, x=0
fx)y= 1y 0<x =<1 (Figure 2.4.8)
x2+1, x> L

SOLUTION Clearly f is continuous at each point in the open intervals
(=00, 0), (0, 1), (1, 00). On each of these intervals f is a polynomial.) Thus, we have
to check the behavior of £ atx = Oand x = L. The figure suggests that f is continuous
at 0 and discontinuous at 1. Indeed, that is the case:

(0)=1, i x)= lim@x+1)=1, 1i = lim()=1

fO=1, Xlgg, fx) 535{( x+1) Jim, f(x) Xg{;( )
This makes f continuous at 0. The situation is differentatx = 1:
lim f(x)=lim (D=1 and lim f()= lim Z+1)=2
x>l x> 1- xo 1% paety

Thus / has an essential discontinuity at 1, a jump discontinuity. J

Example 5 Determine the discontinuities, if any, of the following function:

x°, x=<-1
x2-2, -l<x<l
. 6—x, l<x<4
=1 "°%
= 4<x<T
7T—x
S5x+2, x=7.

SOLUTION 1t should be clear that f is continuous at each point of the open intervals
(=00, =1, (=1, 1), (1,4). (4,7), (7, 00). All we have to check is the behavior of f at
x =—1,1,4,7. To do so, we apply (24.6).

The function is continuous at x = —1 since f(—1) = -1)’=-1
lm fG)= lim =-1,  and lim f()= lm 2-2)=-L
x—>—1- x>l xo -1 xo 1t

Our findings at the other three points are displayed in the following chart. Try to verify

cach entry.
fl© lim f(x) m f(x) Conclusion
x—e £

5 ! 5 discontinuous
4 7ot defined 2 discontinuous
37 does not exist discontinuous

The discontinuity atx = 4 isremovable: if we redefine £ at4tobe2, then f becomes
continuous at 4. The numbers 1 and 7 are essential discontinuities. The discontinuity at
1is a jump discontinuity; the discontinuity at 7 is an infinite discontinuity: f(x) — o
asx — 7°. O
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Figure 2.4.8
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Continuity on Intervals
A function / is said to be continuous on an interval if it is continuous at each interior
” point of the interval and one-sidedly continuous at whatever endpoints the interval may
contain.
For example:

(i) The function
T I it x fx)=v1—x2

is continuous on [~1, 1] because it is continuous at each point of (—1, 1), con-
tinuous from the right at —1, and continuous from the left at 1. The graph of the
Figure 2.4.9 function is the semicircle shown in Figure 2.4.9.

st

(ii) The function

Jx)=

is continuous on (—1, 1) because it is continuous at each point of (=1, 1).Ttis not
continuous on [—1, 1) because it is not continuous from the right at —1. It is not
continuous on (—1, 1] because it is not continuous from the left at 1.

(iii) The function graphed in Figure 2.4.8 is continuous on (—co, 1] and continuous on
(1, 00). It is not continuous on [1, c0) because it is not continuous from the right
atl

(iv) Polynomials, being everywhere continuous, are continuous on (—o0, 00).

Continuous functions have special properties not shared by other functions. Two
of these properties are featured in Section 2.6. Before we get to these propertics, we
prove a very useful theorem and revisit the trigonometric functions.

EXERCISES 2.4
1. The graph of f is given in the figure. 2. The graph of g is given in the figure. Determine the intervals
(a) At which points is £ discontinuous? on which g is continuous.

(b) For each point of discontinuity found in (a), determine
whether £ is continuous from the right, from the left, or
neither.

(c) Which, if any, of the points of discontinuity found in (a) ¥ i
is removable? Which, if any, is a jump discontinuity?

&
.
Y I
i
|
4 i | T T
3 ! 5 4 5 6 7 8 *
|
2 ! s
s |
I
-1
A [ &l |
5/ -4 32 1 2 3 4 5|6 x . . o .
] }, . Exercises 3-16. Determine whether or not the function is contin-
K uous at the indicated point. Ifnot, determine whether the discon-

|

! tinuity is a removable discontinuity or an essential discontinuity.
‘ ! If the latter, statc whether it is a jump discontinuity, an infinite
discontinuity, or neither.




3 fE) =0~ Sx 41
d.g(x)=/(x —1)2+5;
5 /)= VT,
6 fx) = 14— 22
7. £ = { = =2
8. h(x) = *x?

x?+4,
9. g(x) = s

I34

Exercises 17-28. Sketch the graph and classify the discontinu-
ities (if any) as being removable or essential. If the latter, is it a
jump discontinuity, an infinite discontinuity, or neither.

17. f(x) = Ix = 1. 18. 7(x) = |x2 — 1.
x2—4
1. f@m={ 57 **?
4, x=2.
0. fy=| w9 ¥FH3
i ox=3-3
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x <=1
-l=zx<1
<x.

71
2. flx) =

2<x=<1,

TIO=13 00 1 2x <3

X4+6, 3<x

BT Bl

-2, s3<x<n

Bigba= X —l<x<3

2x—3, 3=<x
29. Sketch a graph of a function f that satisfies the following

conditions:

1. dom(f) = [-3.3].

2 [ =f=D=L @)= fG)=2

3./ has an infinite discontinuity at —1 and a jump discon-
tinuity at 2.

4. f is right continuous at —1 and left continuous at 2.

30. Sketch a graph of a function f that satisfies the following
conditions:

1. dom(/f) = [-2,2].

2. /(=)= f(=D=f()= f@)=0.

3./ has an infinite discontinuity at —2, a jump disconti-
nuity at —1, a jump discontinuity at 1, and an infinite
discontinuity at 2.

4. f is continuous from the right at —1 and continuous from
the leftat 1.

Exercises 31-34. Tf possible, define the function at 1 5o that it
becomes continuous at 1.

. x2—1 1
3w =220 2 fw=—.
e i
3. fy=2—. 34, fry= S
lx—1] lx —1]
’
35. Let f(x) = [ axZs T2 Find 4 given that £ is con-
tinuous at 1. -
2,2
36. Let f(x) = {“ fA;‘ =7 Forwhat values of A is f

continuous at 2?7
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37. Give necessary and sufficient conditions on 4 and B for the

function
Ax—B, x=1
fn= 3%, l<x<2
Bx*—4, 2=x
to be continuous at x = 1 but discontinuous at x = 2.

38. Give necessary and sufficient conditions on 4 and B for the
function in Exercise 37 to be continuous at x = 2 but dis-
continuous atx = 1.

T4ex, x<2

[>39. Set /(x) = If T o

 continuous on (—00, co). Use a graphing utility to verify

your result.

Find a value of ¢ that makes

l—cx+dx? x=-1
x*4x, -1 <x <2 Find values of
ext+dx+4, x=2.
cand d that make f* continuous on (—00, co). Use a graphing
utility to verify your result.
Exercises 41-44. Define the function at 5 so that it becomes
continuous at 5.
VX+a-3 Jrrd-3
o fy= 3 a2 fay= A3
x —3
V2x =1
x—5
VA= Tx 16— /6
x-S +1

Exercises 45-47. At what points (if any) is the function contin-
uous?

a5, £ = [ o

43, f(x) =

M. fx) =

x rational
X irrational.
X rational

-
46. g0) = {0‘ x irrational.

R
48. The following functions are important in science and engi-
neering:
1. The Heaviside function Hx) = | % ¥ 5¢
2. The unit pulse function '

£ule) = LI — Hore (L

(a) Graph H, and P. ..
(b) Determine where each of the functions is continuous.
(c) Find lim H.(x) and lim H,(x). What can you say
By et
about lim H (x)?
49. (Important) Prove that

Siscontinwousate T lim fc +A) = (o).

50. (Important) Let f and g be continuous at ¢. Prove that if:
(a) f(c) > 0, then there exists 8 > 0 such that
F(x) > 0forallx € (c —§,¢ +9).
(b) f(c) < 0, then there exists § > 0 such that
F(x) < Oforallx € (¢ —8,¢+8).
(c) f(c) < g(c), then there exists § > 0 such that
f(x) < g(x)forallx € (c = 8,c+6).
51. Suppose that f has an essential discontinuity at . Change
the value of f as you choose at any finite number of points
X1, X2, . .., X, and call the resulting function g. Show that g
also has an essential discontinuity at c.
52. (a) Prove that if / is continuous cverywhere, then | /] is
continuous everywhere.
(b) Give an example to show that the continuity of | /| does
not imply the continuity of £
(c) Give an example of a function f such that £ is continu-
ous nowhere, but | £| is continuous everywhere.

53. Suppose the function /* has the property that there exists a
number B such that
1fG) = f(e)l = Blx —cl
for all x in the interval (c — p. ¢ + p). Prove that £ is con-
tinuous at ¢.
54. Suppose the function £ has the property that
If@) = /Ol <lx—1
for cach pair of points x, ¢ in the interval (a, b). Prove that /
is continuous on (a, b).
55. Prove that if

iy
K

fleth— 1@

m ——————

>0 3
exists, then f is continuous at c.

56. Suppose that the function f is continuous on (—00, 00).
Show that f can be written

f=te+ o

where f, is an even function which is continuous on
(—00, 00) and f; is an odd function which is continuous
on (—o0, o).

> Exercises 57-60. The function f is not defined at x = 0. Use

graphing utility to graph £. Zoom in to determine whether there
is a number k such that the function

o= |9, 221

is continuous at x = 0. Tf so, what is ? Support your conclusion
by calculating the limit using a CAS.

57. f() = :EZY

88, f(x) = %
59. f(x) = %

60. f(x) = g

sinx?
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W 2.5 THE PINCHING THEOREM; TRIGONOMETRIC LIMITS

Figure 2.5.1 shows the graphs of three functions £, g, . Suppose that, as suggested by
the figure, for x close to ¢, f is trapped between g and /. (The values of these functions
at ¢ itself are irrclevant.) If, as x tends to ¢, both g(x) and A(x) tend to the same limit
L, then f(x) also tends to L. This idea is made precise in what we call the pinching
theorem.

Figure 2.5.1

THEOREM 2.5.1 ' THE PINCHING THEOREM
Let p > 0. Suppose that, for all x such that 0 < |x —¢[ < p,
A0 < f() < glx).
If
%ﬂ'} hx)=1L and lli‘lz gx) =1L,
then
XIT} fe)=1L.

PROOF Lete > 0. Let p > 0 be such that
if  O<|x—c|<p, then hx) < f(x) < g(x).

Choose §; > 0 such that

if 0<|x—c|l<é, then L—e<h(x)<L+e.
Choose &, > 0 such that

if  O0<|x—c|<é, then L—e<glx)y<L+e.
Let § = min{p, &), 8}. For x satisfying 0 < |x — ¢| < &, we have

L-e<h(x)=fx)sg) <L +e,

and thus

|fx)—Ll<e. O
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Remark  With straightforward modifications, the pinching theorem holds for one-
sided limits. We do not spell out the details here because throughout this section we
will be working with two-sided limits. 13

‘We come now to some trigonometric limits. All calculations are based on radian
measure.
As our first application of the pinching theorem, we prove that

(25.2) lin}7 sinx = 0.
.

PrOOF To follow the argument, see Figure 2.5.2.F
For small x # 0

0 < |sinx| = length of BP < length of AP < length of AP = |x|.
Thus, for such x

0 < |sinx| < [x].

1
0 B4
T

Isin xi

x<0
Figure 2.5.2
Since
im0=0 and  lim|x|=0,
30 x=0
we know from the pinching theorem that
lim |sinx| =0 and therefore limsinx =0. 2
x>0 30

From this it follows readily that

2.5.3) lim cosx = 1.
fi}

PROOF In general, cos?x + sin® x = 1. For x close to 0, the cosine is positive and we
have

—
cosx =1 —sin

As x tends to 0, sin x tends to 0, sin’ x tends to 0, and therefore cos x tends to 1. 0

"Recall that in a circle of radius 1, a central angle of x radians subtends an arc of length x|
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Next we show that the sine and cosine functions are everywhere continuous; which
is to say, for all real numbers ¢,

(2.5.4) lim sinx = sinc and lim cosx = cosc.
fv) T—e

prOOF Take any real number c. By (2.2.6) we can write
1132 sinx as }113’:) sin(c + h).
This form of the limit suggests that we use the addition formula
sin(c +h) = sinc cosk + cosc sin k.
Since sin ¢ and cos ¢ are constants, we have
;eré’ sin(c + A) = (sin E)(}‘i% cos /1) + (cos c)(}i% sin k)
= (sine)(1) + (cos ¢)(0) = sinc.

The proof that lim cos x = cosc is left to you. U
xe

The remaining trigonometric functions

sinx cosx 1
tanxy = B cotx = ——, secxy = ——, CSCX = ——
cosx sinx cosx sinx
are all continuous where defined. Justification? They are all quotients of continuous
functions.
We turn now to two limits, the importance of which will become clear in
Chapter 3:
. sin x . 1—cosx
(25.5) lim 1 and lim 0
=0 X x=0 X

Remark These limits were investigated by numerical methods in Section 2.1, the
first in the text, the second in the exercises. O

PROOF We show that

by using some simple geometry and the pinching theorem. For any x satisfying
0 < x < /2 (see Figure 2.5.3), length of PB = sinx, length of OB = cos x, and
length 04 = 1. Since triangle OAQ is a right triangle, tan x = QA/1 = Q4.

Now

1 1
area of triangle OAP = 2(1) sin x = 2 sin x

1 1
area of sector OAP = E(1)2;5 =3%

sin x

1
area of triangle OAQ = E(])tan K=o

Jcos x Figure 2.5.3
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Since triangle O4P C sector OAP C triangle OAQ (and these are all proper contain-
ments), we have

1 sin 1 1 sinx

Ssinx < -x < o

2 2 2cosx
x 1

B
sinx  cosx
sinx
cosx < — < 1
x

This inequality was derived for x > 0, but since

sin (=2 —sinx _ sina
cos (—x) = cos x and £:7:4'
-Xx —-Xx X
this inequality also holds for x < 0.
‘We can now apply the pinching theorem. Since

limcosx =1 and liml=1,
10 x>
we can conclude that
. sinx
lim —— =1
>0 x

Now let’s show that

=0 x

For small x # 0, cos x is close to 1 and so cos x # —1. Therefore, we can write

l1—cosx (1—cosx 14cosx '
m x 1+ cosx

1—cos?x
~ x(1+4cosx)
sin® x
~ x(14cosx)
sinx sinx
TN oF T+cosx/’
Since
. sinx ‘ sinx 0
lim =1 and lim ——=-=
>0 X =0 1+cosx 2
it follows that
. 1—cosx
lim ——— =0. O
x=0 X
FThis “triek” isa fairly common procedure with i Itismuch like using “conjugates™
to revise algebraic expressions:
SR W SO U )
442 442 4-2 4
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Remark The limit statements in (2.5.5) can be generalized as follows:

For each number a # 0

(25.6) . sinax .1 —cosax
lim—— =1 lim —— =
=0 ax >0 ax

Exercise 38, O

‘We are now in a position to evaluate a variety of trigonometric limits.

sindx 1 —cos2x
and m———.

Example 1 Fmd}lﬂ) % }Lo .

SOLUTION To calculate the first limit, we “pair off” sin 4x with 4x and use (2.5.6):

sindx 4 sindx _ 4 sindx

3x 4 3x 3 4
Therefore,

3 &

lim = lim = = lim

sindx . [4 sindx 4 i sindx 4 4
=0 3x =0 3x-0 4x 3 3

The second limit can be obtained the same way:

1 —cos2x 2 1—cos2 2 1- 2x 2
oS H_y 2 LS8R 2 2O S0)= 0
=0 5x =05 2x 5x-0 2x

Example 2 Find lh% x cot 3x.
P
SOLUTION We begin by writing
cos3x 1 3x
xcotdxy = == C X).
x cot3x = x sin3x 3 (sin}x) (gos 3%)
Since
sin3x . . 3%
im =1 gives lim —— =
=0 3x x—0 sin 3x
and liné cos 3x = cos 0 = I, we see that
P
li £3x = L tim (=) fim (cos36) = ~(D(D) = 2. @
S OB =G A i a0 ) g gl

sil
Example 3 Find lim
x4

. ; ) .
sin (x — & n(x — i |
SOLUTION M - sin(e =37 |

@ —gm)
We know that

m 95
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Since lim (x — ) = 0, you can see by Theorem 2.3.10 that

x4

sin (x = %r{)

lim ————5=
s>/t (- L)

does not exist. 3

Example 4 Find hm LA

—~0secx — 1’
SOLUTION  The evaluation of this limit requires a little imagination. Since both the
numerator and denominator tend to zero as x tends to zero, it is not clear what happens
to the fraction. However, we can rewrite the fraction in a more amenable form by
multiplying both numerator and denominator by sec x + 1.

® secx + 1

2 " secx — | \secx + 1
_ x¥(secx + 1) _ x¥(secx + 1)
T ose?x— 1 tawx

x2cosx(secx + 1)
sin? x

= (Sm‘() (cos’x)(sec x + 1).

Since each of these factors has a limit as x tends to 0, the fraction we began with has a
limit:
2

lim —* — lim (ﬁ) lim cos” - lim(seex + 1) = (@)= 2. O
x—0secx —1 x>0 \sinx x>0

EXERCISES 2.5
Exercises 1-32. Evaluate the limits that exist, 1 — sec?2;
xer valua imits that exis 1.l sec? 2x 2 Tim )
1. lim sm3). 2. 1lim 2x x2 x=0 2x csc x
im :
30 x —0sinx 2P 4x . 1—cosdx
.3 . sin3x 2 Ji sinx 42,y 9x2
3. lim ; 4. lim : b
a0 sin 5x =0 2x tan 3x s 2
5.t ST 6. tim S B lim s 24, lim x*(1 + cot’ 3x).
10 8in 2x =0 5x
s . osecx — 1 . l—cos
sinx s 25, tim X L 26. lim —— 5%
7. lim ——. 8. lim =0 X secx w4 X
x>0 x =0 x2 . w
. 2.2 sinx sin x
sinx . sin’x 27, lim —. 28. lim ———
0. im = 10, lim = Y 220 x(1 — cos x)
' 2 ) . sinx
. sin” 3x . tan®3x 29. i 30. lim ——.
1L lim = 12. lim =2 T o F — %
L 4 sin(x 4 1m) -1
13, i 14, lim ———. i, S T T
x—x;ril)tan:ix L 3; fim, premy HINT:x + 47 =x — b + 47,
cosx —
5. lim x csc.x. . lim ————. ir) -
15 lim x ese.x 16. lim 3, fim NG+~
2 woms x— 1
B \1 g 18, lim 33. Show that lim cosx = cos for all real numbers c.
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Exercises 34-37. Evaluate the limit, taking @ and b as nonzero 47, Prove that if there is a number B such that | /()| < B for
constants. all 0, then lix/(+) = 0. NOTE: Exercises 43-46 are
- 35, tim L C05EX special cases of this general resl.
SO 48. Prove that if there is a number B such that | £(x)/x| < B for
36. lim ““‘”. 37. lim % all x 0, then lim £(x) =0
=0 sin bx 10 cos bx 20,
38. Show that 49, Prove that if there is a number B such that

1) = LI/lx — ¢l < B forall x # c, then lim f(x) = L.
iy

if lim /()= L, then lim f(ax) = L foreacha #0.
o g 50. Given that lim f(x) = 0 and |g(x)| < B for all x in an in-
e

HINT: Let € > 0.1 8; > 0 “works” for the first limit, then

5 = 8 /]a| “works” for the second limit. terval (¢ — p, ¢ + p), prove that
Exercises 39-42. Evaluate lim[ /(¢ + 1) ~ f(e)]/h.
39. f(x) = sinx, ¢ = /4. HINT: Use the addition formula for 0 feE) =0

the sine function.

40. f(x) = cosx,c =m/3.

41. f(x) = cos2x, ¢ = /6.

2. f(x)=sin3x,c =7/2.

43. Show that lim x sin(1/x) = 0. HINT: Use the pinching

[ Exercises 51-52. Use the limit utility in a CAS to evaluate the

theorem.
44. Show that lim (x — 7) cos?[L/(x —m)] = 0. J>53. Use a graphing utiity to plot /() = = on[0.2,02].
45. Show that lim x — 1sinx = 0. Estimate lim /(x); use the zoom {5 iF necessary.
46. Let f be the Dirichlet function Verify your result analytically.
o= { L, rational [»54. Use a graphing utility to plot /(x)= “‘"rjr on
0. x irrational. [=02,02]. Bstimate lim /(x); use the zoom funciion if
Show that lim x/(x) = 0. necessary. Verify your result analytically.

H 2.6 TWO BASIC THEOREMS

A function which is continuous on an interval does not “skip” any values, and thus its
graph is an “unbroken curve.” There are no “holes” in it and no “jumps.” This idea is
expressed coherently by the intermediate-value theorem.

THEOREM 2.6.1  THE INTERMEDIATE-VALUE THEOREM

If £ 1s continuous on [4, b] and K is any number between f{(a) and £(b), then
there is at least one number c in the interval (a, b) such that f(c) =

‘We illustrate the theorem in Figure 2.6.1. What can happen in the discontinuous
case is illustrated in Figure 2.6.2. There the number K has been “skipped.”
It’s a small step from the intermediate-value theorem to the following observation:

“continuous functions map intervals onto intervals.”

A proof of the intermediate-value theorem is given in Appendix B. We will assume
the result and illustrate its usefulness. Figure 2.6.2
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y=tanx

Figure 2.6.4

=¥

Here we apply the theorem to the problem of locating the zeros of a function. In
particular, suppose that the function f is continuous on [a, 5] and that either

fla)y<0<jf@®) or  fb)<0< f@ (Figure 2.6.3)

Then, by the intermediate-value theorem, we know that the equation f(x) = 0 has at
least one root between g and b.

Figure 2.6.3

Example 1 Weset f(x) = x — 2. Since f(1) = —1 < Oand £(2) =2 > 0, there
exists a number ¢ between 1 and 2 such that £(c) = 0. Since / increases on [1, 2], there
is only one such number. This is the number we call v/2.

So far we have shown only that +/2 lies between 1 and 2. We can locate +/2 more
precisely by evaluating / at 1.5, the midpoint of the interval [1, 2]. Since f(1.5) =
0.25 > Oand f(1) < 0, we know that +/2 lies between 1 and 1.5, We now evaluate / at
1.25, the midpoint of [1, 1.5]. Since £(1.25) = —0.438 < 0 and £(1.5) > 0, we know
that +/2 lies between 1.25 and 1.5. Our next step is to evaluate / at 1.375, the midpoint
of [1.25, 1.5]. Since f(1.375) = —0.109 < 0 and £(1.5) > 0, we know that /2 lics
between 1.375 and 1.5. We now evaluate f at 1.4375, the midpoint of [1.375, 1.5].
Since £(1.4375) = 0.066 > 0 and £(1.375) < 0, we know that +/2 lies between 1.375
and 1.4375. The average of these two numbers, rounded off to two decimal places, is
1.41. A calculator gives +/2 = 1.4142. So we are not far off. 1

The method used in Example 1 is called the bisection method. It can be used to
locate the roots of a wide variety of equations. The more bisections we carry out, the
more accuracy we obtain,

As you will see in the exercise section, the intermediate-value theorem gives us
results that are otherwise elusive, but, as our next example makes clear, the theorem
has to be applied with some care.

Example 2 The function f(x) = 2/x takes on the value —2 at x = —1 and it takes
on the value 2 at x = 1. Certainly 0 lies between —2 and 2. Does it follow that f* takes
on the value 0 somewhere between —1 and 17 No: the function is not continuous on
[=1, 1], and therefore it can and does skip the number 0. O

Boundedness; Extreme Values

A function f is said to be bounded or unbounded on a set I in the sense in which the
set of values taken on by / on the set / is bounded or unbounded.
For example, the sine and cosine functions are bounded on (—o0, 00):

—l <sinx <1 and —l<cosx<1 for all x € (—o0, o).

Both functions map (—c0, 00) onto [—1, 1].
The situation is markedly different in the case of the tangent. (See Figure 2.6.4.)
The tangent function is bounded on [0, 7/4]; on [0, 7/2) it is bounded below but
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not bounded above; on (—/2,0] it is bounded above but not bounded below; on ¥
(—m/2, 7/2) it is unbounded both below and above.

Example 3 Let 2
1/x%, x>0 1
gx) = {
0, x=0. (Figure 2.6.5) ¢
Itis clear that g is unbounded on [0, c0). (It is unbounded above.) However, it is bounded ‘ 1 2 3 x

on [1, 00). The function maps [0, 00) onto [0, o), and it maps [1, co) onto (0, 1]. @
Figure 2.6.5
A function may take on a maximum value; it may take on a minimum value; it may
take on both a maximum value and a minimum value; it may take on neither.
Here are some simple examples:

1,
foy= { g
takes on both a maximum value (the number 1) and a minimum value (the number 0)

on every interval of the real line.
The function

x rational
Xx irrational

fx)=

takes on a maximum value (the number 25), but it has no minimum value.
The function

x€(0,5]

fx)

has no maximum value and no minimum value.

For a function continuous on a bounded closed interval, the existence of both a
maximum value and a mini value is d. The following theorem is funda-
mental.

x € (0,09)

THEOREM 2.6.2 THE EXTREME-VALUE THEOREM

If £ is continuous on a bounded closed interval [a, b], then on that interval f
takes on both a maximum value M and a minimum value m.

For obvious reasons, M and m are called the extreme values of the function.
The result is illustrated in Figure 2.6.6. The maximum value M is taken on at the
point marked , and the minimum value # is taken on at the point marked c.

i .
I i
i i
oM i
! | |
VoA i |
| - Ly |
a ¢ q b %
Figure 2.6.6

In Theorem 2.6.2, the full hypothesis is needed. If the interval is not bounded, the
result need not hold: the cubing function f(x) = x> has no maximum on the interval
[0, 00). If the interval is not closed, the result need not hold: the identity function
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/(x) = x has no maximum and no minimum on (0, 2). If the function is not continuous,
the result need not hold. As an example, take the function

3, x=1
fo=1x, 1<x<s
3 x=5.

The graph is shown in Figure 2.6.7. The function is defined on [1, 5], but it takes on
neither a maximum value nor a minimum value. The function maps the closed interval

Of course, if f

4. These tect

[1, 5] onto the open interval (1, 5).
One final observation. From the intermediate-value theorem we know that

“continuous fitnctions map intervals onto intervals.”
¥ Now that we have the extreme-value theorem, we know that
“continuous functions map bounded closed intervals [a, b] onto bounded closed

intervals [m, M].” (See Figure 2.6.8.)

is constant, then M = m and the interval [m, M] collapses to a point.
A proof of the extreme-value theorem is given in Appendix B. Techniques for
determining the maximum and minimum values of functions are developed in Chapter

of “differentiation,” the subject to which

Jila, 61> [m. M)

we devote Chapter 3.
Figure 2.6.8

EXERCISES 2.6

require an

Exercises 1-8. Use the intermediate-value theorem to show that
there is a solution of the given equation in the indicated interval.
1.2x% —4x? +5x —4=0; [1,2].
2xt—x—-1=0; [-1,1]
3. sinx +2cosx —x2 =0;
[0, 77/4].

[0, 7/2].

4. 2tanx —x =
1

Set=245o=0 [31]

6. +x=1; [-1,1].

T =Vvx+2 [1.2]

8. VAT —3x—-2=0; [3,5]

9.Let f(x) = x5 — 2x? + 5x. Show that there is & number ¢
such that /(c) = 1.

1 1
10. Let f() = — + ——. Show that there is a number
x—1 x-—
c € (1,4) such that f(c)
11. Show that the equation x* — 4x + 2 = 0 has three distinct
roots in [—3, 3] and locate the roots between consecutive
integers.

12. Use the intermediate-value theorem to prove that there exists
4 positive number ¢ such that ¢3 = 2.

Exercises 13-24. Sketch the graph of a function f that is defined

on [0, 1] and meets the given conditions (if possible).

13.f is continuous on [0, 1], minimum value 0, maximum
value 1.

14. f is continuous on [0, 1), minimum value 0, no maximum
value.

15.  is continuous on (0, 1), takes on the values 0 and 1, but
does not take on the value 1.

16. f is continuous on [0, 1], takes on the values —1 and 1, but
does not take on the value 0.

17.f is continuous on [0, 1], maximum value 1, minimum
value 1.

18. f is continuous on [0, 1] and nonconstant, takes on no integer
values.

19. f is continuous on [0, 1], takes on no rational values.

20. /'is not continuous on [0, 1], takes on both a maximum value
and a minimum value and every value in between.

21. f is continuous on (0, 1), takes on only two distinct values.
22. f is continuous on (0, 1), takes on only three distinct values.

23. £ is continuous on (0, 1), and the range of £ is an unbounded
interval.




24. f iis continuous on [0, 1], and the range of f is an unbounded
interval.

25. (Fixed-point property) Show that if f is continuous on
[0, 11 and 0 < f(x) =1 for all x € [0, 1], then there ex-
ists at least one point ¢ in [0, 1] at which f(c)=c.
HINT: Apply the intermediate-value theorem to the function
gx) =x— f(x).

26. Given that £ and g are contimuous on [a, b], that f(a) <
2(a), and g(b) < f(b), show that there exists at lcast one
number ¢ in (a, b) such that f(c) = g{c). HINT: Consider
J(x) - glx).

27. From Exercise 25 we know that if / is continuous on
[0, 1] and 0 < f(x) < 1 for all x € [0, 1], then the graph
of f intersects the diagonal of the unit square that joins the
vertices (0, 0) and (1, 1). (See the figure.) Show that under
these conditions

(a) the graph of f also intersects the other diagonal of the
unit square
(b) and, more generally, if g is continuous on [0, 1] with
2(0) = 0and g(1) = 1, or with g(0) = 1 and g(1) = 0,
then the graph of /' intersects the graph of g.

28. Use the intermediate-value theorem to prove that every real
number has a cube root. That is, prove that for any real num-
ber a there exists a number c such that ¢* = a.

29. The intermediate-value theorem can be used to prove that
each polynomial equation of odd degree

' ax"™ o tax +ag =0 with n odd

has at least one real root. Show that the cubic equation
X tax’ +bx+c=0
has at least one real root.
30. Let » be a positive integer.

(a) Prove thatif 0 < @ < b, then a” < b".
HINT: Use mathematical induction.

(b) Prove that every nonnegative real number x has a unique
nonnegative nth root x'/".
HINT: The existence of x'/" can be seen by applying the
intermediate-value theorem to the function £(¢) = ¢ for
¢ > 0. The uniqueness follows from part (a).

31. The temperature T (in °C) at which water boils depends on
the elevation above sca level. The formula

T(h) = 100.862 — 0.0415v/% + 431.03
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gives the approximate value of 7 as a function of the el-
evation # measured in meters. Use the intermediate-value
theorem to show that water boils at about 98°C at an eleva-
tion of between 4000 and 4500 meters.

w
e

Assume that at any given instant, the temperature on the

earth’s surface varies continuously with position. Prove that

there is at least one pair of points diametrically opposite
each other on the equator where the temperature is the same.

HINT: Form a function that relates the temperature at dia-

metrically opposite points of the equator.

33. Let C denote the set of all circles with radius less than or
equal to 10 inches. Prove that there s at least one member
of C with an area of exactly 250 square inches.

34. Fix a positive number P. Let R denote the set of all rect-
angles with perimeter P. Prove that there is 2 member of
R that has maximum area. What are the dimensions of the
rectangle of maximum area? HINT: Express the area of an
arbitrary element of R as a function of the length of one of
the sides.

. Given a circle C of radius R. Let F denote the set of all
rectangles that can be inscribed in C. Prove that there is a
member of  that has maximum area.

J> Exercises 36-39. Use the intermediate-value theorem to esti-
mate the location of the zeros of the function. Then use a graph-
ing utility to approximate thesc zeros to within 0.001.

36. f(x) =2x> +4x — 4.
37. fx) =x* = 5x 4 3.
38. f(x)

39. f(x) =x* = 2sinx + L.

w
o

[ Exercises 40—43. Determine whether the function / satisfies the
hypothesis of the intermediate-value theorem on the interval
[a. b]. Ifit docs, use a graphing utility or a CAS to find a number
cin(a, b) such that f(c) = 3[ /(@) + f(B)].

Xl

0. () = % [-2.3].
4x+3

1. f(x) = oy [-3.2].

42, f(x) =secx; [-m,2m]

43. f(x) =sinx —3cos2v; [n/2,27]

[ Exercises 44-47. Use a graphing utility to graph fon the given
interval. Is / bounded? Does it have extreme values? Tf so, what
are these extreme values?

44./(;;):%; [0, 51.
45, 100y = % [-2.21

46. f(x) = Sj';f‘x; [=m/2, 72,
. 1) C8%. 1290

X2
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PROJECT 2.6 The Bisection Method for Finding the Roofs of f(x) =0

If the function £ is continuous on [a, b], and if f(a) and f(b)
have opposite signs, then, by the intermediate-value theorem, the
equation f(x) = 0 has at least one root in (a, ). For simplicity,
let’s assume that there is only one such root and call it . How can
we estimate the location of ¢? The intermediate-value theorem
itself gives us no clue. The simplest method for approximating ¢
is called the bisection method. 1t is an iterative process—a basic
step is iterated (carried out repeatedly) until ¢ is approximated
with as much accuracy as we wish.

Ttis standard practice to label the clements of successive ap-
proximations by using subscripts = 1,2, 3, and so forth, We
begin by setting #; = ¢ and v, = b. Now bisect [, w]. If ¢ is
the midpoint of [, v(], then we are done. If not, then c lies in
one of the halves of [, v]. Call it [13, v,]. If ¢ is the midpoint

of [, 1], then we arc done. If not, then ¢ lies in one of the
halves of [u3, v,]. Call that half [, vs] and continue. The first
three iterations for a particular function are shown in the figure.

After n bisections, we arc cxamining the midpoint 1, of
the interval [1,, v,]. Therefore, we can be certain that

1 1 Voot — the b—a
\C*mn\fi(vufw)zi(;1 ‘):m: ;

Thus, 1, approximates ¢ to within (5 — ¢)/2". If we want 1, to
approximate ¢ to within a given number €, then we must carry
out the iteration to the point where

a=u my =v

Probleni 1. In Example | we used the function f(x) = x2 — 2
and the biscction method to obtain an estimate of +/2 accurate
to within two decimal places.

(a) Suppose we want a numerical estimate accurate to within
0.001. How many iterations would be required to achieve
this accuracy?

(b) How many iterations would be required to obtain a numeri-
cal estimate accurate to within 0.0001? 0.000017

Problem 2. The function f(x) = x>+ x — 9 has one zero c.
Locate ¢ between two consccutive integers.

(a) How many iterations of the bisection method would be re-
quired to approximate ¢ to within 0.01? Use the bisection
mcthod to approximate ¢ to within 0.01.

(b) How many iterations would be required to approximate ¢ to
within 0.001? 0.0001?

Problem 3. The function f(x) =sinx + x + 3 has one zero
c¢. Locate ¢ between two consecutive integers.

(a) How many iterations of the bisection method would be re-
quired to approximate ¢ to within 0.017 Use the biscetion
method to approximate ¢ to within 0.01.

(b) How many iterations would be required to approximate  to
within 0.000017 0.000001?

The following modification of the biscction methodis some-
times used. Suppose that the function /£, continuous on [a, b],
has exactly one zero c in the interval (a, b). The line connecting
(a. f(@))and (b, f(b))is drawn and the x- intercept is used as the
first approximation for ¢ instead of the midpoint of the interval.
The process of bisection is then applied and continued until the
desired degree of accuracy is obtained.

Problem 4. Carry out three iterations of the modified bisection
method for the functions given in Problems 1, 2, and 3. How does
this method compare with the bisection method in terms of the
rate at which the approximations converge to the zero ¢?
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Exercises 1-30. State whether the limit exists; evaluate the limit

if it does exist.

-3 x*+4
L i
Jf%x+3 i e
i
8, jin =
=3 x+3

s
5. fim 22
2]

i

8. lim Y22

w3t x = 3]
sl
e PEIETY

10. lim —

=

16. lim ——

15. lim

2 xt—3x2 4" ¥—0 sin2x "
17, tim S22 18. lim x osc 4x.
x>0 3x2 x—0
23
19, lim =%
x>0 tanx
21 53T )
lim o L lim 2
o0 5x2 — dx 2001 —cos2x
2__
B e 2L 2.t 4
s>-7 sinx x=2x3 — 8’
_x_2 1-2/x
25. lim 26. 1 .
- =4 Sty

if f() =

29, lim /()

+x,
0. lim £ Ef =1 S,

x2—-3, x>-2.

31. Let /' be some function for which you know only that

if 0<lx—2/<1, then |/(x)—4<0.l

Which of the following statements are necessarily true?

@If 0<x—2 <1, then |f(x)—4|=<0l
(®) If 0<|x—2] <4, then |f(x)—4|<0.05.
(© If 0<|x—25 <02, then |f(x)—4|<0.l
@If 0<|x—15 <1, then |[f(x)—4|<0.1.
@1 limf@)=L, then 39<L<4l

2% —3ax+x—a—1

32. Find a number a for which lim
x—=3 —2x —

ists and then evaluate the limit.

ex-

33. (a) Sketch the graph of

3x +4, x<—1
) -x-2, —l<x=<2
f) = 2x, e
2, x=-1,2.

(b) Evaluate the limits that exist.
0 tlim /()
() lim fCx).
(iii) lim f(x).
() lim /).
() lim f(x).
(vi):li_r:rifm-

(¢) (i) Is f continuous from the left at —
from the right at —1?

(if) Ls f continuous from the left at 2? Is f* continuous
from the right at 2?

12 Is f continuous

1 — cosax
34 (2) Docs lim cos (%) exist?Tf so, whatis the limit?
B

7 sinx N . .
(b) Does limn cos ( ) exist? If so, what is the limit?

22=1, x<2
35. Set f(x) = 4, x =2 Forwhatvaluesof 4and
xP=2Bx, x>2.

Bis f continuous at 2?

36. Give necessary and sufficient conditions on 4 and B for the
function

Ax + B, x<—1
Sx)= 2x, —l=x=2
2Bx— 4 2<x
to be continuous at x = —1 but discontinuous atx = 2.

Exercises 37-40. The function f is continuous cverywhere ex-
ceptata. If possible, define / at a so that it becomes continuous
ata.

3. fx) = ’ ;24:3_ L 7
38. f(x)—@, a=3
3. £ =0T g

40. f(x) = T a=0.

41. A function f is defined on the interval [a, 5]. Which of the
following statements are necessarily true?
(a) If f(a) > Oand f(b) < 0, then there must exist at lcast
one number ¢ in (a, b) for which f(c) = 0.
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(b) If fis continuous on [a, b] with f(a) < Oand f(b) > 0,
then there must exist at least one number ¢ in (a, b) for
which f(c) = 0.

(c) If f'is continuous on (a, ) with f(a) > O and £(b) < 0,
then there must exist at least one number ¢ in (a, 5), for
which f(c) =0.

(d) If f is continuous on [a, b] with f(c) =0 for some
number ¢ in (¢, b), then f(a) and f(b) have opposite
signs.

Exercises 42-43. Use the intermediate-value theorem to show
that the equation has a solution in the interval specified.
42.x%=3x-4=0, [2,3]

43.2cosx —x +1, [1,2].

Exercises 44-46. Give an e, 8 proof for cach statement
44. lim(Sx —4) = 6.
)

45. lim |2x 451 = 3.

46. Iin‘; g

47. Prove that if llmﬂ[/’(x)/x] exists, then “”}J S

48. Prove that if le g(x) =1 and if f is continuous at /, then
lim f(g(+)) Z7/(7). HINT: Sce Theorem 2.4.4.

49. A function /" is continuous at all x > 0. Can f take on the
value zero at and only
(a) at the positive intcgers?
(b) at the reciprocals of the positive integers?
Ifthe answer is yes, sketch a figure that supports your answer;
if the answer is no, prove it.

50. Two functions £ and g arc everywhere defincd. Can they
both be everywhere continuous
(a) if they differ only at a finite number of points?
(b) if they differ only on a bounded closed interval [a, b]?
() if they differ only on a bounded open interval (a, b)?

Justify your answers,
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M 3.1 THE DERIVATIVE

Introduction

‘We begin with a function /. On the graph of /" we choose a point (x, f(x)) and a nearby
point (x + 4, f(x + ). (See Figure 3.1.1.) Through these two points we draw a line.
We call this line a secant line because it cuts through the graph of 7. The figure shows
this secant line first with £ > 0 and then with /# < 0.

3
&

G

s
& s
E

,
secantline %) A Gt £t )

Figure 3.1.1

Whether / is positive or negative, the slope of the secant line is the difference quotient

St /)

(Check this out.)
h

T'The word “secant” comes from the Latin “secare,” to cut.

105
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o
@
s

Figure 3.1.2

If we let / tend to zero (from one side or the other), then ideally the point

(x + h, f(x + h)) slides along the curve toward (x, £(x)), x + 4 tends to x, fx+h)
tends to f(x), and the slope of the secant

fE+m - )

® e

tends to a limit that we denote by f*(x)". While () represents the slope of the approach-
ing secant, the number f”(x) represents the slope of the graph at the point (x, f(x)).
What we call “differential calculus” is the implementation of this idea.

Derivatives and Differentiation

DEFINITION 3.1.1

A function f is said to be differentiable at x if
et )
e o

1f this limit exists, it is called the derivative of far x and is denofed by //(x).

“exists.

As indicated in the introduction, the derivative
S+ - f(x)
h

75 i
= i
represents slope of the graph of [ at the point (x, f(x)). The line that passes through
the point (x, f(x)) with slope f(x) is called the tangent line at the point (x, f(x)).
(This line is marked by dashes in Figure 3.1.1.)
Example 1 We begin with a linear function
@) =mx+b.

The graph of this function is the line y = mx + b, a line with constant slope m. We
therefore expect /'(x) to be constantly m. Indeed it is: for 4 #0,

SR = f0) _ nx+ 1)+ 8] =[x +8] _ mh

7 > =
and therefore
oy — i JEED =)
re= i PRI
Example 2 Now we look at the squaring function
Sy =x (Figure 3.1.2)

To find f*(x), we form the difference quotient

feAh - f&) _ @ +hy
R T

I This prime notation goes back 1o the French mathematician Joseph-Louis Lagrange (1736-1813). Other
notations are introduced later.
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and take the limit as # — 0. Since

2 2 2y _ 42 2
Gt R ik o L - L P
h h h
we have
e LR — fx
LD o,
Therefore

fa+m - ) _
h

Fro 1o ) _
S = lim = Jim (2x + 1) = 2x.

The slope of the graph changes with x. For x < 0, the slope is negative and the
curve tends down; at x = 0, the slope is 0 and the tangent line is horizontal; for x > 0,
the slope is positive and the curve tends up.
Example 3 Here we look for f7(x) for the square-root function
y
fEy=vx,  x=z0 (Figure 3.1.3) T o
2

Since f'(x) is a two-sided limit, we can expect a derivative at most for x > 0.
We take x > 0 and form the difference quotient

JEAR = f0) _ ARk

h h =S
We simplify this expression by multiplying both numerator and denominator by —_—
x + k4 /. This gives us square-roat function
Figure 3.1.3
SoA = J@) _ (VFh= Y\ (VarR+JE
L h Vr+h4Jx
(x+h)—x 1

:h(¢x+h+\/;):«/x+h+«/}.

It follows that

oSG ) 1 1
F)=jim W ‘Alf‘o~/x+h+ﬁ_2ﬁ'

At cach point of the graph to the right of the origin the slope is positive. As x increases,
the slope diminishes and the graph flattens out. 0

The derivative f* is a function, its value at x being f”(x). However, this function
/" s defined only at those numbers x where f is differentiable. As you just saw in
Example 3, while the square-root function is defined on [0, 00), its derivative fis
defined only on (0, oc):

f)=+x  forallx >0; Fx)= 3 only forx > 0.

1
Jx
To differentiate a function f is to find its derivative f”.

Example 4  Let’s differentiate the reciprocal function

1
f&)= X (Figure 3.1.4) tangent
We begin by forming the difference quotient
1 1 r=i
JeAR-F6) A % Figiire:3.1:4
h h '
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Now we simplify:

i3 1 x _ x+h —h
Stk x_xa+h) x@+h) _x@+h -l
h N h T h T x(xt+h)
It follows that
e SR =S =1
T . ey RS

The graph of the function consists of two curves. On each curve the slope, — 1/x%,
is negative: large negative for x close to 0 (each curve steepens as x approaches 0 and
tends toward the vertical) and small negative for x far from 0 (each curve flattens out
as x moves away from 0 and tends toward the horizontal). 3

Evaluating Derivatives
Example 5 We take f(x) = 1 — x? and calculate f'(—2).
We can first find f/(x):
Sa+m - f)
h
U= G+R -1 -2 —2xh —h?
= lim————————— = lim %

70 h =)

76~ fm,
= %171)1})(~2x —h)y=—-2x
and then substitute —2 for x:
== =4
We can also evaluate f'(—2) directly:
f(=24m)— (=2
h
[I=(=2+mP-[1= (=24 . 4k
h

—h? .
= jm* == =4

7=

= lim
h—0

Example 6 Let’s find f/(—3) and f'(1) given that

7= 0
By definition,
fE34+m - f(3)
T E—

o= I
For all x sufficiently close to —3, f(x) = x%. Thus

¢ VI L S e 7 5 S
(3P (=3 O-6h+ k-9
h =0 h

f(=3)=lm = lim (~6+1) = ~6.
Now let’s find

£y = lim

h=0

SA+m—f0)
—_—

Since f is not defined by the same formula on both sides of 1, we will evaluate this
Timit by taking one-sided limits. Note that £(1) = 12 = L.



To the left of 1, f(x) = x. Thus

tim L4 +h}?ff(|) = i AP

k=0~ >0~ h
1+26 44— 1
o i EEHHRRDS s yn
h—0- h h—0-

To the right of 1, /(x) = 2x — 1. Thus
) 0+m)—-11-1

14+7)—
i LA ZSB = T T2
h—0= h 0+ h A0t
The limit of the difference quotient exists and is 2:

oy — i JAER) — Q)
Al 0
Tangent Lines

If f is differentiable at c, the line that passes through the point (c, f(c)) with slope
f'(c) is the tangent line at that point. As an equation for this line we can write

3.1.2)

(point-slope form)

This is the line through (¢, f(c)) that best approximates the graph of / near the point
(e, f(e).
Example 7 We go back to the square-root function

fo)=vx

and write an equation for the tangent line at the point (4, 2).
As we showed in Example 3, for x > 0

O
FE=g o
Thus f'(4) = % The equation for the tangent line at the point (4, 2) can be written
y—2=x—-4. 0O

Example 8 We differentiate the function

J)=x3—12x

and seek the points of the graph where the tangent line is horizontal. Then we write an
cquation for the tangent line at the point of the graph where x = 3.
First we calculate the difference quotient:

Soe+h) = () [ +h)P =120 + )] — [x* — 12x]
i - n

_ X3P 3xh? B — 120 — 128 — 20 4 12x
B h
_ 3R A 3xk? 4 P — 12k
B h

=3x2 4 3xh+ A2 —12.

3.1 THE DERIVATIVE m
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(2,-16)
Figure 3.1.5

Figure 3.1.6

|
no derivative at 0

Figure 3.1.7

Now we take the limit as # — 0:

S+ - ()
h

£ = lim

: :hlimo(3x2+3xh+hz— 12) =3x% —12.

The function has a horizontal tangent at the points (x, f(x)) where f’(x) = 0. In
this case

Fx)=0 iff 3xP-12=0 iff x=x+2.
The graph has a horizontal tangent at the points
(=2./(=2))=(=2,16) and (2, f(2)) = (2. ~16).
The graph of f and the horizontal tangents are shown in Figure 3.1.5.

The point on the graph where x = 3 is the point (3, £(3)) = (3, —9). The slope at
this point is f'(3) = 15, and the equation of the tangent line at this point can be written
y+9=15x-3). Q

A Note on Vertical Tangents
The cube-root function
f@ =32
is everywhete continuous, but as we show below, it is not differentiable at x = 0. The
difference quotient at x = 0,

JO+h)—-fO) AP -0 1

[ T h ok

increases without bound as 4 — 0. In the notation established in Section 2.1,
O = JO) .,

ash — 0,

Thus f is not differentiable at x = 0.
The behavior of f at x = 0 is depicted in Figure 3.1.6. For reasons geometrically
evident, we say that the graph of 1" has a vertical tangent at the origin.’

Differentiability and Continuity

A function can be continuous at a number x without being differentiable there. Viewed
geometrically, this can happen for only one of two reasons: either the tangent line at
(x, f(x)) is vertical (you just saw an example of this), or there is no tangent line at
(x, f(x)). The lack of a tangent line at a point of continuity is illustrated below.

The graph of the absolute value function

J@)=Ix]
is shown in Figure 3.1.7. The function is continuous at 0 (it is continuous everywhere),
but it is not differentiable at 0:
JO+m - fO) _10+A—10] _ |l _ {—1. h<0

i h h I, h>0
so that
i JOED SO A0 - SO
70 h 70+ h
and thus
lim J0+h - /O does not exist.
=0 h

" Vertical tangents will be considered in detail in Section 4.7.




The lack of differentiability at 0 is evident geometrically. At x = 0 the graph
changes direction abruptly and there is no tangent line.
Another example of this sort of behavior is offered by the function
: % 3
Jx) = %YJr% ot (Figure 3.1.8)
As you can check, the function is everywhere continuous, but at the point (1, 1) the
graph has an abrupt change of direction. The calculation below confirms that f is not
differentiable at x = 1:

1 2 2 5
f LR =) RR = B2

= li gt
=0~ 3 B0 h - h h1~1371 k+2) ’
1 —JQ la+m+i-a 1
lim L4+ f<):lim 2l = i [ =,
A h B0+ h —0=\2 2

Since these one-sided limits are different,

lim LA = D)

does not exist.
h—0 h

For our last example,
FO) = 1x* — 6x2 + 8x| +3, (Figure 3.1.9)

we used a graphing utility.” So doing, it appeared that f is differentiable except, possibly,
atx =0,atx =2, and at x = 4. There abrupt changes in direction seem to occur. By
zooming in near the point (2, /(2)), we confirmed that the left-hand limits and right-
hand limits of the difference quotient both exist at x = 2 but are not equal. See Figure
3.1.10. A similar situation was seen at x = 0 and x = 4. From the look of it, f fails to
be differentiable at x = 0, atx =2, and at x = 4.

Although not every continuous function is differentiable, every differentiable func-
tion is continuous.

THEOREM 3.1.3

If f is differentiable at x, then f is continuous at x.

PROOF For 4 # 0 and x + / in the domain of f,

_Seth—se)

S+ )= 1) h

With f differentiable at x,

lim JEHD) =)
PR i
(=) h

Fe.

Since lim # = 0, we have
h=>0

tim LfGr 4+ )~ £ = [gig;) M] : {

mh] = fx)-0=0.

* It wasn’t necessary to use a graphing utility here, but we figured that the usc of it might make for a pleasant
change of pace
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i

P~ ———

1 X
no derivative at 1

Figure 3.1.8

Figure 3.1.9

1.997 <x<2.003, 2.996 <y <3.006

s

i

Figure 3.1.10
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1t follows that
lim fGe+ ) = f(x), %
and thus £ is continuous atx, [

EXERCISES 3.1

Exercises 1-10. Differentiatc the function by forming the dif- 22. Exercise 21 for the finction / graphed below.
ference quotient

¥

S+ 1) = f@x)

and taking the limit as / tends to 0.

L f(x)=2-3x. 2. f(x) = k, k constant. 7
3. f(x)=5x —x% 4 fy=2%+1.

5. f(r)=x* 6. f(x) =1/ +3). |

7 f@) =vA -1 8. f(x)=x% —4x. 3 4 x
9. f(x) = 1/x2 10. f(x) = 1//%.
Exercises 11-16. Find /"(c) by forming the difference quotient

(c+h) - f(c
M Exercises 23-28. Draw the graph of ; indicate where f is not
¥ differentiable.
and taking the limit as & — 0. 23 f(x)=|x +1]. 24. f(x) = |2x - 3|
1L fx)=x?—4x; e =3, 12 f(x)=Tx — 2 . = N 2
: 25. f(x) = JIx]. 26. f(x) = [x2 — 4.
B fm)=2+Lc=1 14 fix)= 1) K 5 S =1
8 - % ¥x1l
5. /)= —gie=-2  16./() =6 F:c 7. f(x)*{z-x, >l BI®
x

Exercises 17-20. Write an equation for the tangent line at
(e f(0)). Exercises 29-32. Find /"(c) if it exists.

17 fa)=5x—x% c=4. 18 f(x) = J/X; c=4. _ 4, x <1

-y 3 _ B e 2. fl) = 2242, x> 1;
19. f(x)=1/x c=~-2. 20 f(x)=5—x%c=2.

21. The graph of f is shown below, 32, x<l1
phoof f 30-/<1):{2X3+1 TEL o=l

5 x+1, x=<-1
:”‘f(”:l(xﬂ)é ¥

12
31._/‘(7():{>7X‘ s <3 c=3.

s “3x, x=3;
Exercises 33-38. Sketch the graph of the derivative of the func-

| | tion indicated.

2 3 4 R X3

(a) At which numbers ¢ is /' discontinuous? Which of the
discontinuities is removable?

(b) At which numbers ¢ is /' continuous but not differen-
tiable?
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34. 40. Set
x+1? x=<0

7
yo= {(x—nl. x>0
2 (2) Determine f'(x) for x # 0.
(b) Show that f is not differentiable at x = 0.
AN 41. Find A and B given that the function
|

. ¥, ox=
f(">“{Ax+B. v L ‘
is differentiable at x = 1.
35. 42. Find 4 and B given that the function

x* -2, x<2
‘ 2,2 f<x):[E,rz+Ax x>2
‘ is differentiable at x = 2.

Exercises 43-48. Give an cxample of a function £ thatis defined
for all real numbers and satisfies the given conditions.

43. f/(x) =0 forall real x.
| 44, f(x) = 0 forall x # 0; //(0) does not exist.
1) exists for all x # —1; f/(—1) does not exist.

:
\
\ 36 - 17(x) exists for al x o £1; neither /(1) nor f/(~1) exists.
E 47, f()=2and f(1)="7.
48, f/(r) = 1 forx < Oand f/(x) = —1 forx > 0.
x—x, x=2
9. Set f(x) = {2)(—2. x>
(a) Show that f is coninuous at 2.
(b) Is / differentiable at 2? ;
% > 0. Caleulate f'(x) for each x > 0. f
1-x2 x<0 |
3. _ <
7. 51, Set () { i
(@) Is / differentiable at 07
(b) Sketch the graph of /.
52. Set
’ x, x rational _ [x%  xrational
Je= ‘0‘ virmational, $%)7 {0, x irational.
(a) Show that f is not differcntiable at 0.
(b) Show that g is differentiable at 0 and give g'(0).
Normal lines) T the graph of £ has a tangent linc at (¢, /(@)
38. then
Yi
o) ‘ 4 1.4y | theline tuough (¢, £(0) that s perpendicslax
o the tangent line is called the normal line.
‘ g S3. Write an equation for the ormal line at (c, £(¢)) given that
the tangent line at this point
\ (a) is horizontal;
(b) has slope £'(c) # 0;
(c) is vertical.
39. Show that 54. Al the normals through a circular arc pass through one point.
2 x<l ‘What is this point?
FO =12, x>1 55, AsyousawinExample, theline y —2 = §(r —4) istangent

to the graph of the square-root function at the point (4,2).
is not differentiable at x = 1. Write an equation for the normal line through this point.
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56. (A follow-up to Exercise 55) Sketch the graph of the square-
root function displaying both the tangent and the normal at
the point (4, 2).

57. The lines tangent and normal to the graph of the squaring
function at the point (3, 9) intersect the x-axis at points s
units apart. What is s?

58. The graph of the function f(x) = +/1 — xZ is the upper half
of the unit circle. On that curve (see the figure below) we
have marked a point P(x, ).

yi

(a) What is the slope of the normal at P? Express your an-
swer in terms of x and .

(b) Deduce from (a) the slope of the tangent at P. Express
your answer in terms of x and y.

(¢) Confirm your answer in (b) by calculating

VI—G+hE—T=

h

HINT: First ratlonalwe the numerator of the difference quo-

tient by multiplying both and by

JT=G+hP+ m

xsin(l/x), x#0

0, x=0

S0 = lim

59, Let f(x)= and g(x) = x/(x)
The graphs of f and g are indicated in the figures below.

¥y

[ 66. Exercise 65 with £ (x) .
P> 67. Use the definition of the derivative with a CAS to find /"(x)

(a) Show that £ and g are both continuous at 0.
(b) Show that £ is not differentiable at 0.
() Show that g is differentiable at 0 and give g'(0).

(Important). By definition

7= Jim f(t+h) )

provided this limit exists. Scmng x=c + h, we can write

fx) =1
%

¢

(3.1.5) f(e) = lim

s an alternative definition of derivative which has advan-
tages in certain situations. Convince yourself of the equivalence
of both definitions by calculating /*(c) by both methods.

60. fx)=x*+1;c=2. 61 f(x)=x>—3x;c=1.
62 f(x)=vT+x c=3. 63 f(x)=x"c=-1

1
6 )= —

P-65. Set £(x) = x and consider the difference quotient

24 h) = f2

Dy = A¢ + w )

() Use a graphing utility to gmph D for h # 0. Estimate
/'(2) to three decimal places from the graph.

(b) Create a table of values to estimate lim D(). Estimate

f(2) to three decimal places from the table.
(¢) Compare your results trom (a) and (b).

in general and f'(c) in particular.
(@) f)=+5x -4 c=3

(b) /(«Y): x4 dxt —xf
© fx)=

> 68. Usea CAS to evaluate, if possible,

//‘”:l‘i"n&w'
@ f)y=x—-1+2c=1
®) fE) =G+ - Le=-2
© F) =G =3 +3c=

I>69. Let f(x) = 5x* = x> on [~1, 1],

(a) Use a graphing utility to draw the graph of /.

(b) Use the trace function to approximate the points on the
graph where the tangent line is horizontal.

() Use a CAS to find f'(x).

() Useasolvertosolve the equation '(x) = 0.and compare
swhat you find to what you found in (b).

J-70. Exercise 69 with f(x) = x* + x» — dx +3 on [-2,2].
P71, Set f(x) = 4x —x°.

(a) Use a CAS to find f'(}). Then find equations for the
tangent T and the normal N at the point (3, £(3)).
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(b) Use a graphing utility to display N, T, and the graph of (a) Show that
f in one figure.

f N3 ey — 2.2
() Note that T is a good approximation to the graph of f it fey=x" then  f'(x)=3x"

for x close to 3. Determine the interval on which the (b) Prove by induction that for each positive integer ,

vertical scparation between T and the graph of f is of . ) , o

absolute value less than 0.01. SEy=x" hasderivative  f'(x) =nx""".
T2 f(x)=x, then f'(x)=1-x"=1. HINT:

Ce) — 52 oyl
If f(x) =27, then f'(x) = 2x = 2x. (e WM = et B xR

M 3.2 SOME DIFFERENTIATION FORMULAS
Calculating the derivative of

16 = (2 +2x = 34+ 1) o= 21
) — 3)(4x or X)= —
d N st
by forming the appropriate difference quotient
S+ 1) = fx)
h

and then taking the limit as 4 tends to 0 is somewhat laborious. Here we derive some
general formulas that enable us to calculate such derivatives quite quickly and casily.
We begin by pointing out that constant functions have derivative identically 0:

@321 tt‘ f(x)=a, aanyconstant, then f'(x)=0 forallyx,

and the identity function f(x) = x has constant derivative 1:

(32.2) if f(x)=x, then f(x)=1 forallx,

PROOF For f(x) = o,

ro) = LEER =IO
For f(x) =x,
Y SR - f) L G+ —x ko
7= oy I 2 i CEDE i1

Remark  These results can be verified geometrically. The graph of a constant function
f(x) = o is a horizontal line, and the slope of a horizontal line is 0. The graph of the
identity function f(x) = x is the graph of the line y = x. The linc has slope 1. 0

THEOREM 3.2.3 - DERIVATIVES OF SUMS AND SCALAR MULTIPLES

Let a be a real number. If f and g are differentiable at x, then £ + ¢ and of
are differentiable at x. Moreover,

U+00) =0 +ex)  and (@) =af ().
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PROOF To verify the first formula, note that
F+96+h - (f+)0) _ UE+M+gk+m] - /&) +e()]

h h
_Jx+h - +g(x+h)*g(x)
h h ’
By definition,
h 3 x4+ h)—
/1,10 M = fi(x) and 1{% w =g'(x).

Thus
i U OE 1) = ( + 00

= h

= f@)+ g0,
which means that

(f+e @)=/ +gx)
To verify the second formula, we must show that

i TR =@ _
A0 /3
This follows directly from the fact that

@Nx+h) —@NHe) _afc+h—af) [f(x +h) - /(X)] o
h h h .

Remark [n this section and in the next few sections we will derive formulas for
calculating derivatives. It will be to your advantage to commit these formulas to memory.
You may find it useful to put these formulas into words. According to Theorem 3.2.3,

“the derivative of a sum is the sum of the derivatives” and
“the derivative of a scalar multiple is the scalar multiple of the derivative” 1

Since f — g = f +(—g), it follows that if /" and g are differentiable at x, then
f — g is differentiable at x, and '

(3.2.4) S =) -g®).

“The derivative of a difference is the di of the derivatives.”

These results can be extended by induction to any finite collection of functions: if
i — /» are differentiable at x, and &y, @, ..., &, are numbers, then the linear
combination oy f1 + a2 fa + ...+ @ fr 18 d1fferentuble atx and

328 | (@fi+afit - +anf) () =afie)+arfix) + ot anfix).

“The derivative of a linear combination is the linear combination of the
derivatives.”
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2 ;[HEdREM 326 ~'|"HE PRODUCT RULE
Ifr and g are differentiable at x; then so is their product, and

(800 = f)e'(x) + 2(x) f ().

“The derivative of a product is the first function times the derivative of the
second plus the second function times the derivative of the first.”

PROOF We form the difference quotient

o +h) - (f-8k) _ St el +h) ~ f(x)g(x)
h h

_ S gl + 1) — f(x+ Mg + fx + Wg(x) — f(0)g(x)
=L TR T T TR AR ¥ S+ glx) — f(x)g(x)
h

and rewrite it as
e {g(x ) —gm] P [f(x ) f(xq _

[Here we have added and subtracted £(x + h)g(x) in the numerator and then regrouped
the terms so as to display the difference quotients for f and g.] Since f is differentiable
atx, we know that f is continuous at x (Theorem 3.1.5) and thus

hlirr(n] flx+h)= f(x). (Exercise 49, Section 2.4)
Since
o SR —gl) i JEED— S
e - A
we obtain

e+ - (-9 _

lim
A0 h

. [l A h) — g(x) o [ SR — f(x)
fm s BB e

=/ Mg +g)f ). T

Using the product rule, it is not hard to show that

for each positive integer n
Q@27 P / =
p(x)=x" has derivative p(x) = nx""!.

In particular,

p(0)=x  hasderivative  pl(x)=1=1.x"1

pO)=x  hasderivative  p'(x) = 2x,
) =x
px)=x

has derivative  p’(x) = 3x2,
4 has derivative P(x) = 4x°,

and so on,

nthis setting we are folowing the convention that i identically 1 even though initself 00 is meaningless.
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PROOF OF (3.2.7)  We proceed by induction on #. If n = 1, then we have the identity
function
px)=x,
which we know has derivative
)= 450

This means that the formula holds for 7 = 1.

We assume now that the result holds for n = &; that is, we assume that if p(x) = x*,
then p'(x) = kx*~!, and go on to show that it holds for = + 1. We let

pl) =5+
and note that
px)=xx*
Applying the product rule (Theorem 3.2.6) and our induction hypothesis, we obtain
Px)=x hx* 21 = (k4 Dk,
This shows that the formula holds forn = 4 + 1.

By the axiom of induction, the formula holds for all positive integers . U
Remark  Formula (3.2.7) can be obtained without induction, From the difference
quotient

PO )~ plx) _ 4By~
h N h ’
apply the formula
a" =P =@—b) " a4+ ah" BT, Section 2
and you’ll see that the difference quotient becomes the sum of # terms, each of which
tends to x"~! as / tends to zero. I

The formula for differentiating polynomials follows from (3.2.5) and (3.2.7):

f P(x) = apx" +a, 1 x" '+ £ apx® +agx + a,
3.2.8)
then P'(x) = nayx" "+ (n = Day_x" 2 4. 4 2ax +aj.

For example,
P(x)=12 —6x =2 hasderivative  P'(x) = 3612~ 6
and

O =jx* =22 +x+5  hasderivative  Q'(x) = x® — 4x + 1.

Example 1 Differentiate F(x) = (x* — 2x + 3)(4x2 + 1) and find F/(—1).

SOLUTION We have a product F(x) = f(x)g(x) with
f)=x>—2x+3 and g(x)=4x*+ 1.
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The product rule gives
Fl(x) = f(0)g'(x) + g0 f (%)

=(x* = 2x +3)(8x) + @ + )Bx2 = 2)

=8t 1602 4 24x + 12x* — 552 -2

=20x* — 21x% 4 24x — 2.
Setting x = —1, we have

Fi(=1)=20(-1)* —21(=1)* + 24(~1) —2 =20 —21 =24 —2=-27. 1

Example 2  Differentiate #(x) = (ax + b)(cx + d), where a, b, ¢, d are constants.

SOLUTION We have a product F(x) = f(x)g(x) with
fxy=ax+b and gx)=cx+d.
Again we use the product rule
Fl(x) = f(0)g/(x) + g(x) f'(x).
In this case
F'(x) = (ax + b)e + (cx + d)a = 2acx + be + ad.

‘We can also do this problem without using the product rule by first carrying out the
multiplication

F(x) = acx® + bex + adx + bd
and then differentiating
F'(x)=2acx +bc+ad. 2
Example 3 Suppose that g is differentiable at each x and that
F(x) = (x3 — 5x)g(x). Find F'(2) given that g(2) = 3 and g'(2) = — 1.
SOLUTION  Applying the product rule, we have
Fla) = [(¢° = 50)g(0)] = & = 5)g'(x) + g(x)(3x* = 5).
Therefore,

F2) =222+ M@= (-D-D+ (N3 =23. Q

We come now to reciprocals.

THEOREM 3.2.9  THE RECIPROCAL RULE
If g is differentiable at x and g(x) 5.0, then 1/g is differentiable at x and

.
(g) = e

PROOF Since g is differentiable at x, g is continuous at x. (Theorem 3.1.5) Since
g(x) # 0, we know that 1/g is continuous at x and thus that

] 1
lim ——— = —
e )

m 119
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For £ different from 0 and sufficiently small, g(x + /) # 0. The continuity of g at x and
the fact that g(x) # 0 guarantee this. (Exercise 50, Section 2.4) The difference quotient
for 1/g can be written
l{ 1 1 ]_I[g(x)—g(erh)]
hlgx+n  gx)] hl glx+hgk)
_ [g(x +h>—g<x)] 1
I g(x + h)g(x)
As h tends to zero, the right-hand side (and thus the left) tends to
£
O
Using the reciprocal rule, we can show that Formula (3.2.7) also holds for negative
integers:

for each negative integer »,
(3.2.10)

p(x)=x"  hasderivative  p'(x) =nx""\.

This formula holds at all x except, of course, at x = 0, where no negative power is even
defined. In particular, for x # 0,

px)=x"" has derivative  p'(x) = (—Dx 2

px) = 2 has derivative pl(x) = —2x 3

plx) 3 has derivative Px)y=—-3x74
and so on.

PROOF OF (3.2.10) Note that

1
px)= ﬁ where g(x) =x7" and — n is a positive integer.
glx
The rule for reciprocals gives

: _pyn-l
g'x) — _enx ) = = nx"'. 0

i P

Example 4 Differentiate f(x) = = — g and find /'(}).

SOLUTION  To apply (3.2.10), we write
flxy=5x"2—6x"".
Differentiation gives
Fix)=—10x7" + 6x72
Back in fractional notation,

i =1 w 0
Setting x = 3, we have

u]
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Example 5 Differentiate f(x) = , where a, b, ¢ arc constants.

1
ax?+bx +c
SOLUTION Here we have a reciprocal f(x) = 1/g(x) with

g(x)=ax’ 4+ bx +c.
The reciprocal rule (Theorem 3.2.9) gives

_ glx) _ __ 2ax+4b
[e)  [ax?+bx 4+’

Finally we come to quotients in general.

£ =

THEOREM 3.2.11 THE QUOTIENT RULE

If f and g are differentiable at x and g(x) # 0, then the quotient f/g is
differentiable at x and
([>/ (= £ - TG
g [gP

“The derivative of a quotient is the denominator times the derivative of the
numerator minus the numerator times the derivative of the denominator, all
divided by the square of the denominator.”

Since f/g = f(1/g), the quotient rule can be obtained from the product and re-
ciprocal rules. The proof of the quotient rule is left to you as an exercise. Finally, note
that the reciprocal rule is just a special case of the quotient rule. [Take f(x) = 1.]

From the quotient rule you can see that all rational functions (quotients of polyno-
mials) arc differentiable wherever they are defined.

-1
Example 6 Differentiate F(x) = ————.
pl ifferentiate F(x) e
SOLUTION  Here we are dealing with a quotient F(x) = f(x)/g(x). The quotient rule,

_ xS ) — f)g'(x)

e O

gives

_ 45+ D(12x) — (6x% = DX +5)
- (ot +5x + 1)2

_ 1200 442 43007 4+ 12x + 5

- (x* 4+ 5x + 1)? ’

Fi(x)

Example 7  Find equations for the tangent and normal lines to the graph of

o W
IO =1"%

at the point (2, f(2)) = (2, =2).
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SOLUTION We need to find f7(2). Using the quotient rule, we get

o (1=203)-3x(-2 3
S = (—2:7 S 0=—mp
This gives
G ooy e 3 _ 3 1
TR To) I &

As an equation for the tangent, we can write
y=(-2)=1ix-2), which simplifiesto  y +2 = j(x —2).
The equation for the normal line can be written y +2 = —=3(x —2). O

Example 8 Find the points on the graph of
4x
2+

Jx)y =
where the tangent line is horizontal.

SOLUTION  The quotient rule gives
)= G2+ @ —4x(2x) 16 —4x?
A 214y T ray

The tangent line is horizontal only at the points (x, f(x)) where f*(x) = 0. Therefore,
we set f'(x) = 0 and solve for x:

16 — 4x?

(x2+4y
The tangent line is horizontal at the points where x = —2 or x = 2. These are the points
(=2, f(=2)) = (=2, =1) and (2, £(2)) = (2. 1). See Figure 3.2.1. O

=0 iff 16—4x=0 iff  x =42

Figure 3.2.1
Remark Some expressions are casier to differentiate if we rewrite them in more
convenient form. For example, we can differentiate
J&x) =
by the quotient rule, or we can write
SO = —2x7!
and use the product rule; even better, we can write
flx)=x> =27
and proceed from there:
f=3%+2x72 0O
EXERCISES 3.2
Exercises 1-20. Differentiate. 6 F(v) = ﬂ _ i N LZ _E
L Fx)=1-x 2. F(x)=2(1 +x). 4 32 1 .
3FG)=11x°—6x3 +8. 4. F(x)= i 7. £ ) = *;lz- 8.E(x) = (v%z)

5. F(x)=ax>+bx+c; a.b,cconstant. 9. G(x) = (x? — 1)(x — 3).




1 X!
10. Fry=x — —. 1. G(x) = .

x T—x
12. F(x) a,b, ¢,d constant.

21 Txt 411

3 = . LGy =
1.6 =5 14,669 = =5
15. GE)=(x - 2x)(2x +5). 16. G(x) = “;.

6—l/x

1+

17. G(x) = 18. G(x) =

19. G(x) = (9x° — 8x )(z+%)

)(+5)

Exercises 21-26. Find /'(0) and f'(1).

20. G@x) = (1 +

1
A f = 2. f(x) = x*(x + 1).
20 +xt1
= 4, et i s
BI@= l*VZ W= T
b
25 [ = ax+d, a,b,c,d constant.
2. £y = TEPEE o p e constant

oxt+bx+a’
Exercises 27-30. Find £(0) given that 4(0) = 3 and #'(0) = 2.
27. £(x) = xh(x). 28, f(x) = 3x2h(x) — 5x.

1
29. f(x) = hix) — o 30. f(x) = h(x) + W—)
Exercises 31-34. Find an equation for the tangent line at the
point (e, f(c))

31 /(;)—7 i e=—4

32 f)=(x—2x+ )(dx = 5); c=
3B f) = -3)Gx—x); c=1L

Exercises 35-38. Find the point(s) where the tangent line is
horizontal.

35, f(x) = (x — 2)(x?
36. f(x) =x2— g
x

—11).
37 fl) =
38, f(x) = (x + 2(x% = 2x — 8).

Excrcises 39-42. Find all x at which () f'(x)=0;
() f'(x) > 0 (¢) f'(x) < 0.
39, f(x) =x*—8x2+3.

X241

40. f(x)=3x* —4x* - 2.

4 X —2x+4
41. =x+— 42. i
f@y=x+5 Fx) Fia
Exercises 43-44. Find the points where the tangent to the
graph of

43. f(x) = —x? — 6is parallel to the line y = 4x — 1.
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44. f(x) = x* — 3x is perpendicular to the line Sy — 3x = 8.
Exercises 45-48. Find a function / with the given derivative.
45. f'(x) =3x" +2x + 1.
1

46. /'(x) = 4x3 = 2x +4

47 f1(x) =2x —3x — 8. () =xt 422+ —

2f

49. Find 4 and B given that the derivative of

it Ax*+Bx+2, x=2
x) = ;
: Bx2—4, x>2

is everywhere continuous. HINT: First of all, f must be
continuous.

50. Find 4 and B given that the derivative of

A2+ B, x<-1

f(Y):{Bx5+Ax+4. x> -

is everywhere continuous.

w

. Find the area of the triangle formed by the x-axis, the tangent
to the graph of f(x) = 6x — x? at the point (5, 5), and the
normal through this point (the line through this point that is
perpendicular to the tangent).

52. Find the area of the triangle formed by the x-axis and the
lines tangent and normal to the graph of f(x) = 9 —x? at
the point (2, 5).

. Find 4, B, C such that the graph of f(x) = 4x? + Bx +C
passes through the point (1, 3) and is tangent to the line
4x + y = 8 at the point (2, 0).

54. Find 4, B, C, D such that the graph of f(x) = Ax> + Bx? +
Cx + D is tangent to the line y = 3x — 3 at the point (1, 0)
and is tangent to the line y = 18x — 27 at the point (2, 9).

55. Find the point where the linc tangent to the graph of
the quadratic function f(x) = ax? + bx + ¢ is horizontal.
NOTE: This gives a way to find the vertex of the parabola
y=ax’+hx+c.

56. Find conditions on , b, ¢, d which guarantee that the graph
of the cubic p(x) = ax® + bx? + cx + d has:

(a) exactly two horizontal tangents.
(b) exactly one horizontal tangent.
(¢) no horizontal tangents.

57. Find the points (¢, f(c)) where the line tangent to the graph
of f(x) =x* —x is parallel to the secant line that passes
through the points (—1, /(—1)) and (2, £(2)).

58. Find the points (¢, f(c)) where the line tangent to the graph
of f(x) = x/(x + 1) i parallel to the secant line that passes
through the points (1, /(1)) and (3, £(3)).

59. Let f(x) = 1/x,x > 0. Show that the triangle that is formed

by each line tangent to the graph of £ and the coordinate axes

‘has an area of 2 square units.

2
4

Find two lines through the point (2, 8) that are tangent to the
graph of £(x) = x°.

61. Find cquduons for all the lines tangent to the graph of
7(x) = x° — x that pass through the point (~2, 2).
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62. Set f(x) = x>

() Find an equation for the line tangent to the graph of £ at
(e, fle), e #0.

(b) Determine whether the tangent line found in (a) inter-
sects the graph of f at a point other than (c, c).

Ifit docs, find the x-coordinate of the second point of inter-

section.

. Given two functions f and g, show that if £ and / + g are
differentiable, then g is differentiable. Give an example to
show that the differentiability of f + g does not imply that
f and g are each differentiable.

. We are given two functions / and g, with / and f - g differ-
entiable. Does it follow that g is differentiable? If not, find
a condition that guarantees that g is differentiable if both
and f - g are differentiable.

65. Prove the validity of the quotient rule.

66. Verify that, if £, g, 4 are differentiable, then

(fehyY(x) = f'()g(hx) + [(x)g ()h(x) + f(x)g(x)h'(x).
HINT: Apply the product rule to [/(x)g(x)J/(x).

70. Use the result in Exercise 69 to find the derivative of
gy = (x> —2x? +x +2)2

[ Exercises 71-74. Usc a CAS to find where f'(x)=0,

() = 0, f(x) < 0. Verify your results with a graphing utility.

1. /(x):xil.

72 f(x) = 8x5 —
a

60x* + 15053 — 125x2,

—16

T3, f(x) = 74, f(x) =

> 75. Set f(x) = sinx.

(a) Bstimate f'(x) at x = 0,x = 7/6,x = 7/4,x = 1/3,
and x = 7/2 using the difference quoticnt
Sl +h)— f(x)
[
taking 4 = £0.001.
(b) Compare the estimated values of f(x) found in (a) with
the values of c0s x at each of these points.
(¢) Use your results in (b) to guess the derivative of the sine
function,

e e o
67. Use the result in Exercise 66 to find tho derivative of B> 70 Lt /() =x* 427 =527 42,

Fx) = (< + D[+ (1/0)2x° — x +1).

68. Use the result in Exercise 66 to find the derivative of
Gx) = VX[1/(1+20)])(x* +x = 1)

69. Use the product rule to show that if’ £ is differentiable, then

g) =[f(x)] has derivative g'(x) = 2/(x) /().

(a) Use a graphing utility to graph f on the interval [—4, 4]
and estimate the x-coordinates of the points where the
tangent line to the graph of £ is horizontal.

(b) Use a graphing utility to graph [ £]. Are there any points
where f is not differentiable? If so, estimate the numbers
where f fails to be differentiable.

B 3.3 THE d/dx NOTATION; DERIVATIVES OF HIGHER ORDER

The d/dx Notation

So far we have indicated the derivative by a prime. There are, however, other notations
that are widely used, particularly in science and in engineering. The most popular of
these is the “double-d” notation of Leibniz.! In the Leibniz notation, the derivative of
a function y is indicated by writing

dy
dx

and so on. Thus,

dy
T
EP= o

3

x2:

2

¥y is a function of x,
if v is a function of ¢,
ir y is a function of z,
. 1 dy 2, dy 1
fy==,—=-=; ify=4z, = =——
YTE @ 12 y=+z dz 2.z

T Gottfried Wilhelm Leibniz (1646-1716), the German mathematician whose role in the creation of calculus

was outlined on page 3.
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The symbols
d d d
dx' dt’ dz’
are also used as prefixes before expressions to be differentiated. For example,

and so forth

d d d s

Lt =322—4, S@+3x+)=2+3, —E -1 =54

e (x x) =3x dt( +3t+1) + dz(z ) Z
In the Leibniz notation the differentiation formulas read:

d d d d d
ZU @+l = @+ g le/ 0] = a [/

i[.f()f)g()ﬂ)] = .f'(-’f)f[g(x)] & g(X)i[f(x)]-,
dx dx dx

d 1
ax [@] [gm [EoR dv[*’(”]

/T 1) g<x) Ll /(x)—[gocn
7[@] 20

Often functions f and g are replaced by u and v and the x is left out altogether. Then
the formulas look like this:

d d;

,(HV) 7+Z o) =a s,
@) = du  du
T T e

du dv
Ly L& Ay e o
dx \v v2dx® dx \v v ’

The only way to develop a feeling for this notation is to use it. Below we work out some
examples.

dy 3x—1
Example 1 Find —~ fory = ——.
P S T
SOLUTION We use the quotient rule:

&y Gx+ 2)%(3,( —1)-(Gx - 1)%@ +2)
ax (Gx + 22
_ x4 -Gr-1) _ 11
(5x +27 TS

4 .
Example 2 Find d—‘ fory = (r* + D(3x° +2x — 1).
X
SOLUTION Here we use the product rule:

d d i
Y DG 2 - DG 2 — @ D)
ax Ix o=

=+ DS +2) + (3x° +2x — 1)(3xY)
= (15x7 4+ 15x* 4+ 267 +2) + (9x7 + 6x> — 3x?)
=24x" 4+ 15x* + 8 —=3x* +2. 1
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)

o 8 g
Example 3 Flndjt(t -

SOLUTION

d
Example 4 Find 7” for w=x(x+ 1)(x +2).
X

SOLUTION  You can think of u as
[x(r + DIx +2) oras x[(x + D(x +2)].
From the first point of view,
= B+ DI+ 42 1)
=xE 4+ D+ @&+ 2D+ x + D)
0] =x(x + 1)+ (x +2)2x + 1)

From the second point of view,

% = x%[(}c + D@ + 2]+ (x + Dx +2)(1)
=3[+ DM+ @+ W]+ + D +2)
() =xQ2x +3)+ x + D(x +2).

Both (+) and () can be multiplied out to give

d
o=3x? f6x 2.
dx

Alternatively, this same result can be obtained by first carrying out the multiplication
and then differentiating

w=x(+ Dx+2) =x(x>+3x +2) = x> + 32 + 2x
so that

d
& sier+2 0
dx

Example 5 Evaluate dy/dx at x = 0 and x = 1 given that y = —* y
o

SOLUTION

dy _ (x* —4)2x — x*(2x) _ 8x

dx (x2—4y G

dy 8.0 dy 8.1 8
Atx=0, L= g gx=), o 81 _ 8
Y T ey ax dx T (24T 7o

Remark  The notation
dy
dx

x=a
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is sometimes used to emphasize the fact that we are evaluating the derivative dy/dx at
x = a. Thus, in Example 5, we have
dy| 1y 8
Yl o ad 2| =2 0
dx | =g dx

Derivatives of Higher Order

As we noted in Section 3.1, when we differentiate a function f we getanew function 7,
the derivative of £. Now suppose that f' can be differentiated. If we calculate ('), we
get the second derivative of f. This is denoted /. So long as we have differentiability,
we can continue in this manner, forming the third derivative of f, written f", and so on.
The prime notation is not used beyond the third derivative. For the fourth derivative of
£, we write £ and more generally, for the nth derivative we write /. The functions
LA L f are called the derivatives of f of orders 1,2,3,4,....n,
respectively. For example, if f(x) = x°, then
Fay=s5t, =208 M) =60x [P0 =120x, fO)=120
In this case, all derivatives of orders higher than five are identically zero. As a variant
of this notation, you can write y = x* and then
¥ =5x% " =20x%, »"=60x% andsoon

Since each polynomial P has a derivative P’ that is in turn a polynomial, and each
rational function O has a derivative Q' that is in turn a rational function, polynomials
and rational functions have derivatives of all orders. In the case of a polynomial of

degree 1, derivatives of order greater than » are all identically zero. (Explain.)
In the Leibniz notation the derivatives of higher order are written

d’y d (dy) &Py d (dzy)
=—(=), = ,...,and so on.

ax? ~ dx \dx dx® ~ dx \dx?
or
a2 d[d & d [ d*
L= [avm)] S =g ). e

Below we work out some examples.

Example 6 If f(x) =x* —3x7' +5, then
S =4 +3x2 and f'(x)=12x"-6x". O

Example 7

&5y 4 2
S = T =5t 1207 4T,

& 5 d
ﬁ(ﬁ — 4+ 7x) = E(Sx“ —12x% + 7) = 20x% — 24x,

&2 d

(0% —4x® +7x) = —(20x> —24x) = 60x* —24. Q1
dx3 dx
Example 8 Finally, we consider y = x~'. In the Leibniz notation

dy Fe y
Ol 2, o

dx ’ dx? dx?
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On the basis of these calculations, we are led to the general result

dary
dx"

= (=1y"n'x™"". [Recall that n! = n(n — 1)(n —2)--3-2- 1]

In Exercise 61 you are asked to prove this result. In the prime notation we have

Y = 7)(72’ V= fofqy yw - ~6x’4, y(A) = 2455
In general
Y =(=1yaix"'. Q
EXERCISES 3.3
Exercises 1-10. Find dy /dx. Exercises 27-32. Find the sccond derivative.
Ly=3x*—x2+1 2y =22 424 27, f(x) = Tx® — 65°.
1 2% 28, f(x)=2x" —6x* +2x — 1.
p=x--. 4.y= : F g i
x Lo 29, f(x) 30. f@) =2 — .
s e B x x
Y T 3L () = (2 =22 +2).
2 +3
6.y =x(x —2)(x + ). Ty= 3. /(x):(2x73)( )
8= (L) (2 - X)_ Exercises 33-38. Find d%y/dx.
AN By=lot i ix 4l
B4+1 x* N 5
Sy= 1"'}’:(1“)’ Moy =(1+50% 35y =(x -5

Exercises 11-22. Find the indicated derivative.
d d

1. —(2x = 5). 12. —(5 2).
x5 pREE)
d v =y

13, 2327 —x7h2x + 5)].
dx

14. i[(zf +3x72x —3x72).
dx

1s. dit (2’311). 16.%(213;-1)

nd (%) 8. 2 (ug“;)

19, % (ﬁ - i - ) 20. diu[uz(l — (1 — ).
21%(%) 22.%( ’

Exercises 23-26. Evaluate dy /dx at x = 2.
23y = (x + D(x +2)(x +3).
24. y = (x + D)(x? +2)(x* +3).

(x—l)(x—z)‘ 26.y:()cZJr])(xzfz).

5.y =
4 &+ 12

rt2
gy T H2
x

Exercises 39-44. Find the indicated derivative.
39. % [x%(x q’)]

40. dd—; [(XZ - 3x)£(x +.r")]

41. %[h —x*.

o5
2. o [ax* + bx® + ex? +dx +e].
xS
&2 &
3. — —(5—x%|.
@ I:(l+21)dxz(5 r)]

44 & [l

2

(! - 5x2)].

" dx3
Exercises 45-48. Find a function y = /(x) for which:
45,y = dx? —x? 4 4x,

dy .. 4
a5y 2
P

o 2
4.y =x- 543

dy s
8.2 g2 o
e
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49. Find a quadratic polynomial p with p(1) =3, p'(1) = —
and p”(1) = 4
50. Find a cubic polynomial p with p(—1) =0, p'(~=1) =3,
P(=1)=~2,and p"(~1) =
. Set f(x) = x", n a positive integer.
(a) Find f®(x) for k = n.
(b) Find /®(x) for k > n.
(c) Find f®(x) for k < n.
Let p be an arbitrary polynomial
PO = apx" + a5 4 ax +ag,a, # 0.
(a) Find (2" /dx")[p(¥)]-
(b) What is (@* /dx*)[p(x)] for k > n?
S x%, x20
-Set /=10, x<0”
(a) Show that f is differentiable at 0 and give f'(0).
(b) Determine f*(x) for all x.
(c) Show that £*(0) does not exist.
(d) Sketch the graph of £ and /.
setaiy= |7 #20
AREEE= 1o, wx o)
(2) Find g'(0) and g”(0).
(b) Determine g'(x) and g"(x) for all other x.
(c) Show that g"(0) does not exist.
(d) Sketch the graphs of g, &', 8"

55. Show that in general

o

(/- 8)'(x) # f(0)g" () + £ (x)g(x)

56. Verify the identity

-

d
FE)g'x) = f1x)glx) = E[f()f)g’(r) = /' ()20l

Exercises 57-60. Find the numbers x for which (2) /"(x) =0,
®) f'x)>0,(0) f'(x) <0

57. f(x) 58, f(x) =x*.
59, f(x) =x* 4257 — 1262 60. f(x) = x*+3x —6x% —x.
61. Prove by induction that

”
then 22 = (—1ynlx=1,
ax

" for y = 1/x2. Use these results to guess
a formula for y(”> for each positive integer z, and then prove
the validity of your conjecture by induction,

. Let 1, v, w be differentiable functions of x. Express the
derivative of the product #vw in terms of the functions
u, v, w, and their derivatives.

d" :
64. (@) Find —— (") forn = 1,2,3,4,5. Give the general for-
x
mula.

>68.

14

>71.

IS}

>72.

. Set f(x) =

L Set f(x) = %

. Set f(x)

(b) Give the general formula for (x 5.

dvrﬁ»l

Find a formula for —[f )]
ax
Use a CAS to find a formula for

Lo

3=k

(a) Use a graphing utility to display in one figure the graph
of £ and the line 2 : x — 2y -+ 12 =

(b) Find the points on the graph of f where the tangent is
parallel to /.

(c) Verify the results you obtained in (b) by adding these
tangents to your previous drawing.

Set £(x) = x? —x2.

(a) Use a graphing utility to display in one figure the graph
of fand the line [ : x —2y — 4 =0.

(b) Find the points on the graph of f* where the normal is
perpendicular to /.

(¢) Verify the results you obtained in (b) by adding these
normals to your previous drawing.

L Set f(x) =x% +x% —dx + 1.

(a) Caleulate f/(x).

(b) Use a graphing utility to display in onc figure the graphs
of £ and f. If possible, graph f and /" in different
colors.

(¢) What can you say about the graph of f where /'
What can you say about the graph of f where /

x) < 0?
x) = 0?

. Set f(x) = x4 —x} =52 —x —2.

(a) Calculate f"(x).

(b) Use a graphing utility to display in one figure the graphs
of f and f. If possible, graph f and /' in different
colors.

(c) What can you sy about the graph of / where f"(x) < 07
What can you say about the graph of f where f'(x) > 07

Set f(x) = —3x2 43x +3.

() Calculate f'(x).

(b) Use a graphing utility to display in one figure the graphs
of f and f'. If possible, graph f and /" in different
colors.

(c) What can you say about the graph of / where f'(x) = 0?

(d) Find the x-coordinate of each point where the tangent to
the graph of / is horizontal by finding the zeros of /" to
three decimal places.

Set f(x) = 3x* =332 +4x + 1.

(a) Calculate

St

(b) Use a graphing utility to display in onc figure the graphs
of fand /'
colors.

(¢) What can you say about the graph of f where /”(x) = 0?

(d) Find the x-coordinate of each point where the tangent to
the graph of £ is horizontal by finding the zeros of £ to
three decimal places.

Tt possible, graph f and f' in different
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¥ =r0= b —xg)

Figure 3.4.1

W 3.4 THE DERIVATIVE AS A RATE OF CHANGE

In the case of a linear function y = mx + b, the graph is a straight line and the slope
m measures the steepness of the line by giving the rate of climb of the line, the rate of
change of y with respect to x.
As x changes from xq to x), y changes m times as much:
= yo = m(x; — xo) (Figure 3.4.1)
Thus the slope 7 gives the change in y per unit change in x.
In the more general case of a differentiable function

J@)

¥y
the graph is a curve. The slope

dy _
E*f(x)

still gives the rate of change of y with respect fo x, but this rate of change can vary
from point to point. At x = x; (see Figure 3.4.2) the rate of change of y with respect
o x is f'(x1); the steepness of the graph is that of a line of slope f"(x;). Atx = x,, the
rate of change of y with respect to x is f'(x,); the steepness of the graph is that of a
line of slope f"(x2). At x = x3, the rate of change of y with respect to x is 7/(x3); the
steepness of the graph is that of a line of slope f7(x3).

Figure 3.4.2

The derivative as a rate of change is one of the fundamental ideas of calculus.
Keep it in mind whenever you sec a derivative. This section is only introductory. We’ll
develop the idea further as we go on.

Example 1 The area of a square is given by the formula A4 = x2 where x is the
length of a side. As x changes, 4 changes. The rate of change of 4 with respect to x is
the derivative

d4 d
P 7():2) =2x.
When x = ‘ , this rate of change is ., : the area is changing at half the rate of x. When

= Ev the ralc of change of 4 with respect to x is 1: the area is changing at the same rate
as x. When x = 1, the rate of change of 4 with respect to x is 2 : the area is changing
at twice the rate of x.

In Figure 3.4.3 we have plotted 4 against x. The rate of change of A with respect
to x at each of the indicated points appears as the slope of the tangent line. 0

Example 2  An equilateral triangle of side x has area

3x2. (Check this out.)
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m=2

1

A4=x2x>0

Figure 3.4.3

The rate of change of 4 with respect to x is the derivative
dA |
E = 7\/3‘)(

When x = 2+/3, the rate of change of A with respect to x is 3. In other words, when
the side has length 2+/3, the area is changing three times as fast as the length of the
side. X

-2
Example 3 Sety = ——.
X

(a) Find the rate of change of y with respect to x at x = 2.
(b) Find the value(s) of x at which the rate of change of y with respect to x is 0.

SOLUTION The rate of change of y with respecttox is given by the derivative, dy/dx:

dy _ #2(1) - =2@0) _ —x 44 _4-x
T R . e

dx X x4 x3
(a) Atx =2,
dy _4-2_1
T
. dy 4-—x
(b) Setting % = 0, we have P 0, and therefore x = 4. The rate of change ofy
x 3

with respectto x atx =4is0. 2

Example 4 Suppose that we have a right circular cylinder of changing dimen-
sions. (Figure 3.4.4.) When the base radius is # and the height is %, the cylinder has
volume

v =nrth. Figure 3.4.4
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If r remains constant while /4 changes, then ¥ can be viewed as a function of &.
The rate of change of I/ with respect to / is the derivative

aw_ .
&
dh

If 4 remains constant while » changes, then ¥ can be viewed as a function of . The
rate of change of V' with respect to r is the derivative

av
E:bﬂh.

Suppose now that  changes but J” is kept constant. How does / change with respect
to #? To answer this, we express % in terms of ¥ and V:

Since ¥ is held constant,  is now a function of . The rate of change of /# with respect

to # is the derivative

dh 2V 2wer?h) 2h
—=—-——r "=——r"=——, 0
dr kg T r
EXERCISES 3.4
1. Find the rate of change of the area of a circle with respect to 13. The area of a sector in a circle is given by the formula

the radius 7. What is the rate when » = 27
2. Find the rate of change of the volume of a cube with respect
to the length s of a side. What is the rate when s = 47
. Find the rate of change of the area of a square with respect
to the length z of a diagonal. What is the rate when z = 4?

w

»

. Find the rate of change of y = 1/x with respect fo x at
X =]

o

. Find the rate of change of y = [x(x + 1)]™! with respect to

xaty =2,

o

. Find the valucs of x at which the rate of change of y =
X3 —12x% + 45x — 1 with respect to x is zero.

=

. Find the rate of change of the volume of a sphere with respect
to the radius 7.

3

. Find the rate of change of the surface area of a sphere with
respect to the radius ». What is this rate of change when
r = ry? How must ry be chosen so that the rate of change is

2

9. Find xy given that the rate of change of y = 2x% +x — 1
with respect to x at x = xg is 4.

2

. Find the rate of change of the area 4 of a circle with respect
to (a) the diameter d; (b) the circumference C.

« Find the rate of change of the volume ¥ of a cube with respect
to

(a) the length w of a diagonal on one of the faces.

(b) the length z of one of the diagonals of the cube.

The dimensions of a rectangle arc changing in such a way
that the area of the rectangle remains constant. Find the rate
of change of the height / with respect to the base 5.

o

-

4 = 1r20 where r is the radius and  is the central angle

measured in radians.

() Find the rate of change of A with respect to @ if 7 remains
constant,

(b) Find the rate of change of 4 with respect to »if§ remains
constant,

(¢) Find the rate of change of & with respect to # if 4 remains
constant.

. The total surface area of a right circular cylinder is given by

the formula A = 277(r + h) where  is the radius and & is

the height.

() Find the rate of change of 4 with respectto 4 if » remains
constant.

(b) Find the rate of change of 4 with respect to rif & remains
constant.

(c) Find the rate of change of # with respect to 7if A remains
constant.

. For what value of x is the rate of change of

» = ax? + bx + ¢ with respect to x
the same as the rate of change of
z = bx? + ax + ¢ with respect to x?

Assume that @, b, ¢ are constant with a # b,

. Find the rate of change of the product /(x)g(x)h(x) with

Tespect to x at x = I given that
f=0, g)=
fH=1 gy=

A1) = -2,
A1) =0
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In this section we take up the differentiation of composite functions. Until we get to
Theorem 3.5.6, our approach is completely intuitive—no real definitions, no proofs,
Just informal discussion. Our purpose is to give you some experience with the standard
computational procedures and some insight into why these procedures work. Theorem
3.5.6 puts this all on a sound footing.

Suppose that y is a differentiable function of u and « in turn is a differentiable
function of x. Then y is a composite function of x. Does » have a derivative with
Tespect to x? Yes it does, and dy/dx is given by a formula that is easy to remember:

dr _ dvdu

3.5. 9 GU
&1 dx  dudx

This formula, known as the chain rule, says that

“the rate of change of y with respect 1o x is the rate of change of y with respect
fo u times the rate of change of u with respect to x.”

Plausible as all this sounds, remember that we have proved nothing. All we have done
is assert that the composition of differentiable functions is differentiable and given you
a formula—a formula that needs justification and is justified at the end of this section.
Before using the chain rule in elaborate computations, let’s confirm its validity in
some simple instances.
Ify =2u and u = 3x, then y = 6x. Clearly

dy dy du
. A o
dx dudx’
and so, in this case, the chain rule is confirmed:
dy _ dydu
dx  dudx’
Ify =u’andu = x2 then y = (x2)* = x5. This time
dy s Ay 2 22 4 du
— =6, <= = =3 —=2
e 6x°, b 3u* =3(x%)* = 3x o X
and once again
dy 5 4 dy du
TGy =0t e L
dx i il du dx

Example 1 Find dy/dx by the chain rule given that

y= Z _; ; and  w=x’
SOLUTION
&y (1)) - @ — (1) 2 du
= w1y i EE L
s0 that

dy dydy 2 4x
DAY |2 |y P 4
ax " dudx [(u+1)2} Ry

3.5 THECHAINRULE m
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Remark We would have obtained the same result without the chain rule by first
writing y as a function of x and then differentiating:

with y= el and uw=x% wehave y
w41
and
dy (P4 12x — (¢ — 1)2x 4x
dx 2+ 1y TR

Suppose now that you were asked to calculate
a2 100
—olEd =M.
62— ™)

You could expand (x> — 1)!® into a polynomial by using the binomial theorem (that’s
assuming that you are familiar with the theorem and are adept at applying it) or you
could try repeated multiplication, but in either case you would have a terrible mess on
your hands: (x? — 1) has 101 terms. Using the chain rule, we can derive a formula
that will render such calculations almost trivial.

By the chain rule, we can show that, if « is a differentiable function of x and n is a
positive or negative integer, then

(352 2y = 2
... o | 7 = nu —_
dx dx

If n is a positive integer, the formula holds without restriction. If # is negative, the
formula is valid except at those numbers where u(x) = 0.

PROOF Set y = u”. In this case,

dy _dydu
dx ~ dudx
gives
d d du 1du
Ly = Lam o
dx(u ) du(“ )dx "

To calculate
i[(xz — 1))
dx ’
we set # = x? — 1. Then by our formula

i[(x2 — 1)!] = 100(x2 — 1)""1@2 — 1) = 100(x% — 1)*2x = 200x(x* — 1)*°.
dx dx

Remark  While it is clear that (3.5.2) is the only practical way to calculate the
derivative of y = (x? — 1)!%’, you do have a choice when differentiating a similar, but
simpler, function such as y = (x? — 1)*. By (3.5.2)

%[(xl — D =467 — 1)3%(% — 1) = 4% — 1)°2x = 8x(x? — 1)°.

On the other hand, if we were to first expand the expression (x> — 1)*, we would get

§—ax® 4 6xt —dx? +1

y=
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and then
dy
& = 8a7 — 2455 42457 — 8.
dx
As a final answer, this is correct but somewhat unwieldy. To reconcile the two results,
note that 8x is a factor of dy/dx:
4y
Y grx® — 3t 132 - 1),
dx

and the expression in parentheses is (x2 — 1)° multiplied out. Thus,
dy _
=
as we saw above. However, (3.5.2) gave us this neat, compact result much more effi-
ciently.

8x(x? — 1),

Here are additional examples of a similar sort.

Example 2
EATSuA R I 3(. 1)”(; PV SRS U Y
|\ x =ty AT <X+x TR
Example 3
i[1+(2+3x>5]3:3[1+(2+3x)51zi[1+(2+3x>5].
dx dx
Since
i[1 +243x)P1=52 +3x)4i(2 +3x) = 52+ 30)*3) = 152 + 3x)*,
dx dx
we have
%[1 + (2432 =31 + 2+ 30)°TP[152 + 3x)]

=452+30)' 1+ Q2+3x)°F. 2O

Example 4 Calculate the derivative of f(x) = 2x3(x2 — 3)*.
SOLUTION Here we need to use the product rule and the chain rule:
d d d
43 — 3 = 200 L 3y 2 g g
2P0 =31 =28 6 - 3+ (¢ - 3 ex)
=20 [4(x? = 3P (20)] + (¢? = 3)*(6x?)
= 16x*(x? = 3) + 6x2(x2 = 3)" = 2x2(x? — 3)’(11x? - 9). O
The formula
dy _dydu
dx  dudx
can be extended to more variables. For example, if x itself depends on s, then we have

@53 4. - D dian
- ds  dudxds’
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If, in addition, s depends on ¢, then

354 dy _dydudxds
- dt ~ dudxdsdt’

and so on. Each new dependence adds a new link to the chain.

Example 5 Find dy/ds giventhaty =3u+1, u=x2, x =1 —s.

SOLUTION

dy du dx
Dy .
du dx

= ==
T
Therefore
dy _dydudx _ e sl ud o
e = O D=6 =6 -9 U

Example 6 Find dy/d: att = 9 given that
2
i ”*1, w=@s—T0, s=+i

—

SOLUTION  As you can check,

d—ysz, d—u:6(35—7), é:L
du (w— 13 ds dr 21
Atz =9, wehave s =3 and u = 4, so that
, E s
%:—m:—%, %:6(9—7):12, %:2—19—:%
Thus,ats =9,
dy _dyduds

1 1 2
- A o T [
di ~ duds at ( 3)(1 )(6) 3

Example 7  Gravel is being poured by a conveyor onto a conical pile at the constant
rate of 607 cubic feet per minute. Frictional forces within the pile are such that the
height is always two-thirds of the radius. How fast is the radius of the pile changing at
the instant the radius is 5 feet?

SOLUTION  The formula for the volume ¥ of a right circular cone of radius » and
height # is

V= Ltnrin.
However, in this case we are told that 4 = %r. and so we have
;2.3
) V= ins,

Since gravel is being poured onto the pile, the volume, and hence the radius, are
functions of time 7. We are given that d V' /dt = 60x and we want to find dr/d¢ at the
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instantr = 5. Differentiating () with respect to ¢ by the chain rule, we get
v _dvdr o, . dr
T = wa =g
Solving for dr/dt and using the fact that d ¥ /d¢ = 605, we find that
dr 1807 90

dr 2mr? 2

When r = 5,
dr 90 90

B

Thus, the radius is increasing at the rate of 3.6 feet per minute at the instant the radius
is5feet. O

So far we have worked entirely in Leibniz’s notation. What does the chain rule
look like in prime notation? Lets go back to the beginning. Once again, let y be a
differentiable function of u: say

y=f.
Let u be a differentiable function of x: say
u = g(x).
Then
y=f)=fgx) =(fo8)x)

and, according to the chain rule (as yet unproved),

dy _dydu
dx ~ dudx’
Since
dy d dy . d ,
= enml=(Fog. T=re=sew. F=g.

the chain rule can be written

(3.5.5) (fog)x (g(x) ¢

The chain rule in prime notation says that

“the derivative of a composition f o g at x is the derivative of fat g(x) times the
derivative of g at x.”

[n Leibniz’s notation the chain rule appears seductively simple, to some even
obvious. “After all, to prove it, all you have to do is cancel the du’s™:
dy dy di
dx " dd dx
Of course, this is just nonsense. What would one cancel from

(fog)(x) = f'(glx)g'()?
Although Leibniz’s notation is useful for routine calculations, mathematicians generally
wrn to prime notation where precision is required.

m 137
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Itis time for us to be precise. How do we know that the composition of differentiable
functions is differentiable? What assumptions do we need? Under what circumstances

is it true that

(f o gY(x) = [(glx)g'x)?

The following theorem provides the definitive answer.

A proof of this theorem appears in the supplement to this section. The argument is
not as easy as “canceling” the du’s.
One final point. The statement

is often written

EXERCISES 3.5

(f ogY(x) = f(gb)g'(x)

LG = £ e ).
:

Exercises 1-6. Differentiate the function: () by expanding be-

fore differentiation, (b) by using the chain rule. Then reconcile

your results,
Ly=(x*+1)2
3y=@x+1y.
S.y=(x+x")Y2

x— 1)
@2+ 1y
6.y = (3x% — 2x)2.

Exerciscs 7-20. Differentiate the function.
7 f) = (1= 2x)". 8. £(r) = (14 2%)°.

X
9. f(x) = (x5 —x10M, 10. f(x) = (x2+)%) .

4 4
11./(x):( 7%) . 12 /(5 = (1%) ;

1B ) =G —x>+ 55 W f) = — 2.

x +3)°
16. f(x) = (::J:Z) :

15, f(5) = (=" + 172,

"

1w = (7).

18. f(x) = [(2x + 1> + (x + 1)*P.
xz )Cz X e

19. f(x) = (?+7+T) i

20. f(x) =[(6x +x°) + 2]

Exercises 21-24. Find dy/dx atx = 0.

1
Uy=qm u=2+1
1
2.y =u+—, u=Gx+ D"
u
2u
du

23.y= s u=(x2 4 1

1—x
T+x°
Exercises 25-26. Find dy/d1.

Uy=1—ut+1,u=

1—7u 2
25.y= su=l+xf x=2-35
¥y ) u FA & 5
y l~7‘c
26.y=1+4+u’ u= o =5+2.
x

Exercises 27-28. Find dy/dx atx =2,
27.y=(s+3)%,s =T = 3,1 =x2
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2.y = 1“, s=t-=, t= A

—s
Exercises 29-38. Evaluate the following, gwen that
SO =1, 0)=2, f(l)*O fy=

f@=1,
80)=2, g0

R2) =0, HQ)=2




29. (f 0 g)(0).

3L (fog)@).

33. (g0 /)(D),

35. (f 0 h)(0).

37.(go f o h)(Q).
Exercises 39-42. Find /" (x).

30. (fog)(1).
32. (g0 fY(0).
34. (g0 [)(2).
36. (f o hog)(1).
38.(g0ho f)(0).

41. f(x):(

0. [() = /%2 +1(recall'hat¥[«/> f)

Exercises 43-46. Express the derivative in prime notation.
2 .5 d =1

8. [0+ D)L 44.3[/&“)].

46 L[[E -1

FeFT

Exercises 47-50. Determine the values of x for which

@) f'x)=0; B)f'(x) > 0; ()f'(x) < 0.

47, f(x)=(1+x2)2 48. f(x)=(1—x?%.

49. f(x) = x(1 +x%)7". 50. f(r) = x(1 —x2).

Exercises 51-53. Find a formula for the nth derivative.

d
Hr@F+1.
7

1 x
Sl.y=——. 52y .
ST ox ST T+x
53.y =(a-+bx)"; napositive integer, a, b constants.
a
54.y = -——, ., b, cconstants,
Y b x +c’

Exercises 55-58. Find a function y = f(x) with the given
derivative. Check your answer by differentiation.
55,y = 3(x? + 1)2(2x). 56. ) = 2x(x? - 1).
i
A N o I Y
x

dy 2,3 5
= =323 422
=36 +2)
59. A function L has the property that L'(x) = 1/x for x # 0.
Determine the derivative with respect to x of L(x? 4 1).
60. Let f and g be differentiable functions such that /"(x) =
g(x) and g'(x) = f(x), and let
Hx) = [/ ~ g0
Find H'(x).
61. Let f and g be differentiable functions such that f'(x) =
&(x) and g'(x) = — f(x), and let
T@) = [f/&)F + [T

Find T'(x).
62. Let  be a differentiable function. Use the chain rule to show
that:
(a) if f is cven, then /" is odd.
(b) if f s odd, then /" is even.
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63. The number a is called a double zero (or a zero of multipliciry
2) of the polynomial P if
Px)=(x—-a)q(x) and g(a)#£0.
Prove that if  is a double zero of P, then a is a zero of both
Pand P',and P"(a) # 0.
64. The number ¢ is called a triple zero (or a zero of multiplicity
3) of the polynomial P if
PO)=(x—alq(x) ad q@#0.
Prove that if  is a triple zero of P, then a is a zero of P, P',
and P", and P"(a) # 0.
65. The number a is called a zero of multiplicity  of the poly-
nomial P if
Px)=(x—afq(x) and g(a)#0.

Use the results in Exercises 63 and 64 (o state a theorem
about a zero of multiplicity .

Y
EN

. An equilateral triangle of side length x and altitude & has
arca A given by

where

Find the rate of change of A with respect to / and determine
this rate of change when & = 24/3.

67. Asairis pumped intoa spherical balloon, the radius increases
at the constant rate of 2 centimeters per second. What is the
rate of change of the balloon’s volume when the radius is
10 centimeters? (The volume ¥ of a sphere of radius # is
inrd)

68. Air is pumped into a spherical balloon at the constant rate
0f 200 cubic centimeters per second. How fast is the surface
area of the balloon changing when the radius is 5 centime-
ters? (The surface area § of a sphere of radius r is 4772.)

69. Newton’s law of gravitational attraction states that if two
bodies are at a distance r apart, then the force F cxerted by
one body on the other is given by

Firy=

’

where £ is a positive constant. Suppose that, as a function of
time, the distance between the two bodies is given by

r(t) = 49t — 4.9.%, 0<z7<10.

(a) Find the rate of change of F with respect to 7.
(b) Show that (F o rY(3) = —(F o rY(7).
. Set f(x) =T —x.

(a) Use a CAS to find f'(9). Then find an cquation for the
line 7 tangent to the graph of £ at the point (9, £(9)).

(b) Use a graphing utility to display / and the graph of £ in
one figure.

(c) Note that / is a good approximation to the graph of f for
x close to 9. Determine the interval on which the vertical
separation between / and the graph of £ is of absolute
value less than 0.01.
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[ - 1 ~ I>73. Use a CAS to express the following derivatives in i
+x notation.
2
(a) Use a CAS to find #(1). Then find an equation for the G [f (l)} o L [f (A =1 )]
line / tangent to the graph of £ at the point (1, /(1)). dx x dx X241
(b) Use a graphing utility to display / and the graph of f in d f(x)
one figure. © T L TF o)
(c) Note that/ is a good approximation to the graph of £ for T ; o o
<t close to 1. Detormine the interval on which the vertical > 74 US¢ y CASto find the f“”"w““i derivatives:
separation between / and the graph of £ is of absolute 2) — [ (t2(x))], (b) — [ (w213 (x)))],
vile e g G0L. ()d;[ 1(t2(x))] ) L (23 (x))]
QT © Z-lmGnlnE)].
P72 Usea CAS to find —— [x*—— (7 + 1)*|. )
dx | dxt

F
575. Use a CAS to find a formula for ﬁ[f (g(x)N].
dx

"SUPPLEMENT TO SECTION 3.5

To prove Theorem 3.5.6, it is convenient to use a slightly different formulation of derivative.

THEOREM 3.5.7

The function f is differentiable at x iff

1= f&)
=X

lim exists:

=

Tf this limit exists, it is f7(x).

PROOF Fix x. For each ¢ # x in the domain of /, define
1) — fG
= 0T
t—x
Note that
Gl +h)= S+ - fx)
h
and therefore
/ is differentiable at x iff %in?’ G(x + h) exists.
The result follows from observing that
HmGG4+m=L i  lImGE=L.
— =3
For the equivalence of these two limits we refer you to (2.2.6). 1

PROOF OF THEOREM 3.5.6 By Theorem 3.5.7 it is enough to show that
Sfg®) - Fgx)
t—x

Tim
—x

= f'(g()g' ).
‘We begin by defining an auxiliary function ¥ on the domain of f* by sctting
SO) = fetx)
Fy)= y—em T
Sex). y=glx)




F is continuous at g(x) since

lim F(y) =

) v >g4xl
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and the right-hand side is (by Theorem 3.5.7) f'(g(x)), which is the value of F at g(x). For

T

o fe0) = flgte)) _ Fle [”(U :(X)}

=z

To see this we note that, if g(r) = g(x), then both sides are 0. If g(¢) # g(x), then

S(&0) — flgx)

P == s

so that again we have equality.

Since g, being differentiable at x, is continuous at x and since £ is continuous at g(r), we

know that the composition £ o g is continuous at x. Thus

lim F(g) = Flee) = £/gtx).
L by our definition of F

This, together with (1), gives

fe®) - fgx)
t

lim

=53

= f(glx)g'(x).

m]

B PROJECT 3.5 ON THE DERIVATIVE OF y”

If 7 is a positive or negative integer and the function u is
differentiable at x, then by the chain rule

Mr)]’ = nlu(x)]"” ‘ u(V)]
except that, 1f n is negative, the formula fails at those numbers
x where #(x) = 0.
We can obtain this result without appealing to the chain rule
by using the product rule and carrying out an induction on .

Letubea differenliable function of x. Then

*IH(X)IZ V(V) u(x)]
=#lty [M(X) + M(X)‘[w(x)]
= ZM(X)[TX[H(X)J:

L = L))

d . d
= ) Y + P )]

d d
= 2[u(x)] e+ [M(X)IZEIH(XH

d
=3[P [#(x)]
dx
Problem 1. Show that
d 3 d
T[”(*)]‘ = Au()] = [u(x)].
X dx
Problem 2. Show by induction that
for all positive integers .

% [u(x)]

d
"= Yt[“(«V)l""E[u(ﬂ]
Problem 3. Show that if # is a negative integer, then

L = P e

except at those numbers x where u(x) = 0. HINT: Problem 2
and the reciprocal rule.
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W 3.6 DIFFERENTIATING THE TRIGONOMETRIC FUNCTIONS

An outline review of trigonometry—definitions, identities, and graphs—appears in
Chapter 1. As indicated there, the calculus of the trigonometric functions is simplified
by the use of radian measure. We will use radian measure throughout our work and
refer to degree measure only in passing.

The derivative of the sine function is the cosine function:

d
3.6.1) —(sinx) = cosx.
dx

PROOF Fix any number x. For / # 0,

sin(x 4+ #) —sinx  [sinx cos/ + cosx sinA] — [sinx]

h
cosh—1 sinh
——— Fcosx——
Now, as shown in Section 2.5
cosh — 1 i
T it USRI .5 SEEY
=0 h =0k

Since x is fixed, sinx and cos x remain constant as A approaches zero. It follows that
i h) —si C =i, sinh
i SRR msine (L osh Ly SA
= h h=0 h 3
. . cosh—1 . sinh
=sinx | lim ———— ) +cosx | lim — ] .
i=0 h h—0 h

. sin(x + k) —sinx
lim ————
=0 h

Thus

= (sinx)(0) + (cosx)(1) = cosx. O

The derivative of the cosine function is the negative of the sine function:

(3.6.2) i((:os X) = —sinx.
dx

PROOF Fix any number x. For # # 0,

cos(x + h) = cosx cos h — sinx sinh.

Therefore
. cos(x +h)—cosx . [cosxcosh — sinx sin/] — [cosx]
lim = lim
A0 h h—0 h
. cosh—1 : . sink
=cosx [ lim ——— | —sinx { lim ——
A0 h A0 h
= —sinx. QO

Example 1 To differentiate f(x) = cosx sinx, we use the product rule:
d d
f'(x) = cosx —(sinx) + sinx ——(cos x)
dx dx

— cosx(cosx) + sinx(—sinx) = cos’x — sin*x. 0
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‘We come now to the tangent function. Since tanx = sinx/ cos x, we have

d . o d
cosx E(smx) —sinx E(cosx) o cos2x + sin’ x
cos?x - cos?x

4 (tanx) =
dx o=

The derivative of the tangent function is the secant squared:

d 2
(3.6.3) L (tanx) = sec’x.
dx

The derivatives of the other trigonometric functions are as follows:

: (cotx) ?
——(cof = —cCcscx,
A% cotx
d

3.6.4) —(secx) = secx tanx,
dx
d
—(cscx) = —cscxcotx.
dx

The verification of these formulas is left as an exercise.
It is time for some sample problems.

Example 2 Find f'(/4) for f(x) = x cotx.
SOLUTION We first find f7(x). By the product rule,
. d d )
f'(x) = x—(cotx) + cotx—(x) = —x csc’ x + cotx.
dx dx
Now we evaluate f* at 7 /4:

fam=-tup+i=1-2. o

Example 3 Find 4 [ﬂ]
dx

tanx

SOLUTION By the quotient rule,

dx -

d d
d [1—seox 713“"“5(1—350)()*(1*SCCX)E(tanx)
tanx

tan? x
tanx(—secx tanx) — (1 — secx)(sec? x)

tan® x
secx(sec? x — tan® x) — sec’ x
- tan® x
secx —sec?x  secx(l —secx)
tan® x - tan? x

(sec?x —tan’x = 1) —

Example 4  Find an equation for the line tangent to the curve y = cos x at the point
where x = /3.
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SOLUTION Since cosm/3 = 1/2, the point of tangency is (/3, 1/2). To find the
slope of the tangent line, we evaluate the derivative
dy
dx
at x = /3. This gives m = —+/3/2. The equation for the tangent line can be written

b= 25 9

= —sinx

Example 5 Sct f(x) = x + 2 sinx. Find the numbers x in the open interval (0, 2)
at which (a) £'(x) = 0, (b) /() > 0, (¢) £/(x) < 0.

SOLUTION  The derivative of f is the function

fix)=1+2cosx.
The only numbers in (0, 27 ) at which f"(x) = 0 are the numbers at which cos x = —% b
x = 27/3 and x = 47/3. These numbers separate the interval (0, 277) into three open
subintervals (0, 27/3), (27/3, 47 /3), (47 /3, 2r). On each of these subintervals f”
keeps a constant sign. The sign of f* is recorded below:

Signofft ++ 4 bE 0 - Gy

0 2n/3 4n/3 2n
Answers:
(@) f/(x)=0atx = 27/3 and x = 41/3.
(b) f'(x)>00n(0,27/3)U 4n/3,2r).
() f'(x)<0on(27/3,47/3). A
The Chain Rule Applied to the Trigonometric Functions

If £ is a differentiable function of # and u is a differentiable function of x, then, as you
saw in Section 3.5,

d d du v du
U@ =@l = f o

Written in this form, the derivatives of the six trigonometric functions appear as follows:

d i) du d (E5ii) i du

—(s =cosu—, —(cosu) = —sinu—,

PR ax ax o dx

d Pt d d
B68 | (o) = sec® ud—;'. (ootu) = —ese? u;%,

d et 4 o) — —essucotu

— = sec anu—, —(cscu) = — C o i~

P secu) = secutanu P o (¢ scucotu =

Example 6 i
2 (cos2x) = — sin2x—(2x) = —2sin2x. &
dx dx
Example 7
i[sec(x2 +1)] = sec(x? + 1) tan(x* + 1>i(x2 +1)
dx dx

=2xsec(x? + Dtan(x* +1). O
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Example 8
d_ .5 g . 3
E(SI“ nx) = E(smnx)
. ,d .
= 3(sin7x)*— (sinx)
dx
3(sinm )2 0S 7. 4 (mx)
= (SN TX )" Ci (X
g dx
= 3(sinmx)? coswx(w) = 37 sin> wx coswx.
Our treatment of the trigonometric functions has been based entirely on radian

measure. When degrees are used, the derivatives of the trigonometric functions contain
the extra factor 5w = 0.0175.

d
Example 9  Find —(sinx°).

dx
SOLUTION  Since x° = gk radians,

d d
inx°) = —(sin - o Ly Lax=1; o
dr(slnx )i dx(sm T87%) = Tgg7r 008 T TX = qgzw cosx®.

The extra factor ﬁyr is a disadvantage, particularly in problems where it occurs

repeatedly. This tends to discourage the use of degree measure in theoretical work.

EXERCISES 3.6
Exercises 1-12. Differentiate the function. Exercises 31-36. Find an equation for the line tangent to the
5 curve at the point with x coordinate a.
1.y =3cosx —4secx. 2.y =xtsecx. .
b o 3y=sinx; a=0. 32 y=tax; a=x/6
3.y =xlescx. 4.y =sin’x
. ) 3B.y=cotx; a=w/6. 34.y=cosx; a=0.
5.y =cos*t. 6.y =3¢ tant.
3 5 B.y=secx; a=n/d  36.y=cscx; a=nu/3
7.y =sin 8.y =ucscul.
9.y = tans?. 10, = o055 Exercises 37-46. Determine the numbers x between 0 and 27
P ; N where the line tangent to the curve is horizontal.
11 y =[x + cotx]". 12,y = [x? — sec 25T, _
, - i 37y = cosx. 38, y =sinx.
Exercises 13-24. Find the second derivative. : :
. 39. y = sinx ++/3cosx. 40. y = cosx — +/3sinx.
13,y =sinx. 14. y = cosx. o ]
pi \ 41,y =sin’x. 42,y = cos?x.
Boyssras 16y tan™ 2 43,y = tanx — 2x. 4.y = 3cotx +4x.
17. y = cos’ 2u. 45. y =2secx + tanx. 46. y = cotx — 2escx.
19.y =tan2s. Exercises 47-50. Find all x in (0, 27) at which (a) f'(x) =

(®) /') > 0; (e) f'(x) < 0.
47. f(x) =x +2cosx. 48. f(x)=x —+/2sinx.
= sinx + cosx. 50. f(x) = sinx — cosx.

21 y = x?sin3x.

24,y =sec?x — tan’x.

Exercises 25-30. Find the indicated derivative, Exercises 51-54. Find dy/dt () by the chain rule and (b) by

5. 2 inn). 26, L (cos). writing y as a function of £ and then differentiating.
dx dxt y=ul—1, u=secx, x =mt.
2.4 1 i (t cos 31) 28 4 td( 2) 52.y =[4(1+wP, u=cosx, x =2t
Sl ka7 s . 7 [ BB -y =13 5 E .

p p 53,y =[L(1 -0, u=cosx, x =21,
29, [ f(sin3x)]. 3. [sin(/(3x)). A bl S e mme 3l
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55. It can be shown by induction that the nth derivative of the
sine function is given by the formula
d’

.
B (sinx) =

nodd
n even.

(=1)"=H2cosx,
(—1y"sinx,

Persuade yourself that this formula is correct and obtain a
similar formula for the nth derivative of the cosine function.

n

6. Verify the following differentiation formulas:

d

(a) ——(cotx) = —csc? x.
dx
d

(b) ——(secx) = secx tanx.
dx
d

(€) ——(cscx) = —cscx cotx.
dx

57. Use the identities
cosx = siu(yr ) and siny = cus(ﬂ r)
x= 5 =% d #= 7o
to give an alternative proof of (3.6.2).
8. The double-angle formula for the sine function takes the
form: sin 2x = 2 sin x cos x. Differentiate this formula to ob-
tain a double-angle formula for the cosine finction.

59. Set f(x) = sinx. Show that finding f'(0) from the definition
of derivative amounts to finding

o

. osinx
lim =
x

(see Section 2.5)

60. Set f(x) = cosx. Show that finding '(0) from the defini-
tion of derivative amounts to finding

Exercises 61-66. Find a function / with the given derivative.

Check your answer by differentiation.

61. f'(x) =2cosx — 3sinx.

62. f(x) = sec’ x — esc?x.

63. f'(x) =2c0s2x + secx lanx.

64. f(x) = sin 3x — csc2x cot 2x.

65. f(x) = 2x cos(x?) — 2sin2x.

66. f(x) = x* sec?(x?) + 2 sec 2x tan 2x.

wsin(1/n, x£0 e,
0, x=0.

In Exercise 62, Scetion 3.1, you were asked to show that f

is continuous at 0 but not differentiable there, and that g is

differentiable at 0. Both f and g are differentiable at each

x#0.

(a) Find f"(x) and g'(x) for x # 0.

(b) Show that g’ is not continuous at 0.

x=0

x <0

67. Set f(x) =

cosx,
ax +b,
(a) For what values of ¢ and b is f differentiable at 07
(b) Using the values of a and b you found in part (a), sketch
the graph of f.

68. Set f(x) = {

69.

7

2

1.

7.

IS}

. Usea CASto show that y = 4 co!

0<x<2r/3
/3 < x < 27

sinx,
gt = [, T
() For what values of ¢ and b is g differentiable at 27/3?
(b) Using the values of a and 5 you found in part (), sketch
the graph of g.
_ ] T+acosx,
Set f(x) = { b+ sin(x/2),
() For what values of  and b is f differentiablc at 7 /3?
(b) Using the values of @ and 5 you found in part (a), sketch
the graph of f.
Let y = 4 sinwt + B eoswt where 4, B, w are constants.
Show that y satisfics the equation

x<m/3
x> /3.

&y
JTJZ +aly=0.

. A simple pendulum consists of a mass m swinging at the

end of a rod or wire of negligible mass. The figure shows a
simple pendulum of length L. The angular displacement &
at time ¢ is given by a trigonometric expression:

(1) = Asin(wt + ¢)

where 4, w, ¢ are constants.

(a) Show that the function # satisfies the cquation
4% 2
—= twf@=0
dr?
(Except for notation, this is the equation of Excrcise 71.)
(b) Show that § can be written in the form
6(t) = Asinwt + B coswt

where A4, B, w are constants.

. An isosceles triangle has two sides of length c. The angle

between them is x radians. Express the area 4 of the trian-
gle as a function of x and find the rate of change of A with
respect o x.

. A triangle has sides of length @ and b, and the angle between

them is x radians. Given that @ and b are kept constant, find
the rate of change of the third side ¢ with respect to x. HINT:
Use the law of cosines.

. Let /(x) = cos kx, k a positive integer. Use a CAS to find

e

@ UL

(b) all positive integers m for which y = f(x) is a solution
of the equation " + my = 0.

V2x + B sin+/2x isaso-
lution of the equation y* + 2y = 0. Find 4 and B given that
$(0) =2 and y(0) = —3. Verify your results analytically.
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b77. Let f(x) =sinx — cos2x for0 < x < 2x. b Excrcises 79-80. Find an equation for the line 7 tangent to the
(a) Use graphing utility to estimate the points on the graph graph of / at the point with x-coordinate ¢. Use a graphing util-
where the tangent is horizontal. ity to display / and the graph of / in one figure. Note that/ is a
(b) Usea CAS toestimate the numbers x at which //(x) = 0. ‘good approximation to the graph of £ for x close to ¢. Determine
(c) Reconcile your results in (a) and (b). : the interval on which the vertical separation between / and the
graph of £ is of absolute value less than 0.01.
P> 78. Exercisc 77 with f(x) = sinx — sin® x for 0 < x < 2. 79. f(x) =sin x; ¢ =0, 80. f(x) =tan x; c = 7/4.

M 3.7 IMPLICIT DIFFERENTIATION; RATIONAL POWERS

Up to this point we have been differentiating functions defined explicitly in terms of an
independent variable. We can also differentiate functions not explicitly given in terms
of an independent variable.

Suppose we know that y is a differentiable function of x and satisfies a particular
equation in x and y. If we find it difficult to obtain the derivative of y, either because the
calculations are burdensome or because we arc unable to express y icitly in terms

of x, we may still be able to obtain dy/dx by a process called implicit differentiation. ~ ~1 L L
This process is based on differentiating both sides of the equation satisfied by x and y. AL
Figure 3.7.1
Example 1 We know that the function y = +/1 — x2 (Figure 3.7.1) satisfies the 9
equation 5
+yi=1 (Figure 3.7.2)

‘We can obtain dy/dx by carrying out the differentiation in the usual manner, or we can
do it more simply by working with the equation x> + y? = 1.
Differentiating both sides of the equation with respect to x (remembering that y is

a differentiable function of x), we have Gl 4.0

d o, d . _d
E(X)Jr;(y)—dx(l)

dy
2xx+2p—=
X + s 0

&

L (by the chain rule) Figure 3.7.2
dy  x
dx ~ y

‘We have obtained dy /dx in terms of x and y. Usually this is as far as we can go. Here
we can go further since we have y explicitly in terms of x. The relation y = +/1 — x2
gives

dy x

dx 1—=x2
Verify this result by differentiating y = +/1 — x2. in the usual manner. 1

Example 2  Assume that y is a differentiable function of x which satisfies the given
equation. Use implicit differentiation to express dy /dx in terms of x and y.

@2y — P +1=x+2y.  (b)cos(x —y) = 2x + 1’y
SOLUTION
(a) Differentiating both sides of the equation with respect to x, we have

dy dy dy
2= 4 dxy — 3y = = 1422
g g m e
B o 4

(by the productrule) —— T (by the chain rule)
&
@ =32 - Y =1 _4xy.
dx
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Therefore
dy _ 1 —4xy

dx — 2x?—3y2 -2
(b) We differentiate both sides of the equation with respect to x:
dy dy
—sinr — ) [1- 2| = 2r + 1P +30x + D2y
dx dx
. S
(by the chain rule) T
[sin(x — y) — (2x + 1)° ] = 6(2x + 1)’y +sin(x — y).
Thus

dy _ 6Q2x + 1%y +sin(x — y)
dx  sin(x —y) — Qx + 1P

the point (1, 2). What is the slope of the tangent line at that point?

entiation:

2 = 9 dy dy
v e =sy 2x2+2yli:3x7y_+3y.
Figure 3.7.3 dx dx
Setting x = 1 and y = 2, we have
dy dy dy 4
2 x—~3— 6 52-oa Z_2
+ + dx dx 5

The slope of the tangent Ime at Lhc point (1,2)is4/5. 1O
‘We can also find higher derivatives by implicit differentiation.
Example 4 The function y = (4 + x2)"/3 satisfies the equation
P -xt=4

Use implicit differentiation to express d”y/dx? in terms of x and y.

SOLUTION Differentiation with respect to x gives
o) 24y

3yt =
dx
Differentiating again, we have
d (dy dy
3y — (= 3y)—2=0
Y dx (dx>+(dx) G-
SENGE]  N\axjex

By e poduceni— | 5
2 dy
7‘ 2 46y ( ) —2=0.
ax

—2x=0.

Since () gives
dy  2x

dx 37

Example 3  Figure 3.7.3 shows the curve 2x> + 2° = 9xy and the tangent line at

SOLUTION We want dy/dx where x = 1 and y = 2. We proceed by implicit differ-
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we have

As you can check, this gives

Remark  If we differentiate x? + y? = —1 implicitly, we find that
i .
2x + 2yl =0 and therefore = S ——

However, the result is meaningless. It is medmnglesﬁ because there is no real-valued
function y of x that satisfies the equation x2 4 32 1. Implicit differentiation can be
applied meaningfully to an equation in x and y only if there is a differentiable function

y of x that satisfies the equation. 1

Rational Powers

You have seen that the formula

d

E(X”) =nx"
holds for all real x if n is a positive integer and for all x % 0 if # is a negative integer.
For x # 0, we can stretch the formula to » = 0 (and it is a bit of a stretch) by writing

d oo d.
= —m=0=0"

The formula can then be extended to all rational exponents p/g:

@Y 2 rny = £ ytoro-t,
dx q

The formula applies to all x # 0 where x?/ is defined.

DERIVATION OF (3.7.1)  We operate under the assumption that the function y = x'/¢ is
differentiable at all x where x'/¢ is defined. (This assumption is readily verified from
considerations explained in Section 7.1.)

From y = x/7 we get

y=x
Implicit differentiation with respect to x gives
dy
12—
qy o
and therefore
Ay 1 L amave _ s
dx g~ q q

So far we have shown that

(Xl/q)7 t(llq)l
q

The function y = x#/7 is a composite function:

y= xPle = (x‘/q)p.
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Applying the chain rule, we have

dy 1

— p"y- r,(xl,q),pxur e L a1 = £ oip-t
dx q q
as asserted. 1
Here are some simple examples:
d 9 d 5% d 1 -
E(xz,z) =213, E(XS/Z) =50, E(x ) = _Lxm16,

If u is a differentiable function of x, then, by the chain rule

(372 (up/q) o, puw/q) ld"

The verification of this is left to you. The result holds on every open x-interval where
u?/D71 is defined.

Example 5
d . 5
@)l 457 ) = 50+ 69720 = S+ 7,
X
b)i[(l —x)] = 2(1 — x2) 713 (—2x) = —2x(1 —xH)7V3,
dx F 3
@11~ 514 = §1 = 22 420) = (1 =),
54
The first statement holds for all real x, the second for all x # =1, and the third only for
x€(=1,1).
Example 6

d x NP x NP d x

dx (1+xz> ( +x1) dv(1+x2>

( )"/2<1+v2)<1>—x<2x>
Z

( =

B TIE RS
The result holds forallx > 0. 1

2

EXERCISES 3.7

Preliminary note. In many of the exercises below you are asked 1Lx2+y =4 2.2+ =3y =0.
3.4+ 9y =36.

to use implicit differentiation. We assure you that in each case
there is a function y = y(x) that satisfies the indicated equation
and has the requisite derivative.

X +y2=1
8 (y +3xP —dx =0.
10. tanxy = xy.

Exercises 1-10. Use implicit differentiation to express dy/dx
in terms of x and y. 9. sin(x +y) =




Exercises 11-16. Express d?y/dx? in terms of x and y
11 y% + 2xy = 16. 12.x% = 2xy + 4% =
13,3 +xy — 14. x> - 3xy = 18.

15. 4tany 16. sin’x + cos? y = 1.

Exercises 17-20. Evaluate dy/dx and @2y/dx? at the point in-
dicated.

1757 —4y? =9;  (5,2).

18.x% +4xy +3* +5=0; (2, -1).

19. cos(x +2)) =0; (/6. 7/6).

(3, 7/4).

Exercises 21-26. Find equations for the tangent and normal lines
at the point indicated.

21.2x +3y =5 (=2,3)
2292+ 42 =72, (2,3).

23. 52 +xy+2y? =28; (=2,-3).
24. 53 —axy +3ay? =3d%  (a.a).
25.x =cosy; (3.

20. x = sin’ y;

2. tanxy =x; (1, %).
Exercises 27-32. Find dy/dx.

27.y = (x* + D2, 28y = (x + DA,
=22+ 1L 30. y = (x + D'B3(x +2)°.

3Ly=v2-xW3-x2 y=/G'—x+D.

Exercises 33-36. Carry out the differentiation.

d d
33. — £ i .
dx (ﬁJr Mo < )

d
5. —
3 dx(

37. (Important) Show the general form of the graph.
(a) f(x)=xn,
) f()=x/n,
(©) flx) =x*",

Exercises 38-42. Find the second derivative.

# a positive even integer.
7 a positive odd integer.
n an odd integer greater than 1.

38y = Val+ 12 39.y =Ja+bx.
y =x/a? —x2. 41,y = /xtan/x.
= JXsinJx.

43. Show thatall normals to the circle
the center of the circle,

+ y? = r? pass through

44. Determine the x-intercept of the tangent to the parabola
»? = x at the point where x = a.

The angle between two curves is the angle between their tangent

lines at the point of intersection. Tf the slopes are m and mo,

then the angle of intersection & can be obtained from the formula

my —m

tna = |

14 mymy

45. At what angles do the parabolas y? =2px + p? and
»* = p? — 2px intersect?
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46. At what angles does the line y = 2x intersect the curve
3% —xy +2y2 =287
47. The curves y = x2 and x = »* intersect at the points (1, 1)
and (0, 0). Find the angle between the curves at cach of these
points.
48. Find the angles at which the circles (x — 1)? + »? = 10 and
x% + (y — 2)* = 5 intersect.
Two curves are said to be orthogonal iff, at each point of inter-
section, the angle between them is a right angle. Show that the
curves given in Exercises 49 and 50 are orthogonal.
49. The hyperbola x2 — y? = 5 and the ellipse 4x2 + 9y = 72.
50. The cllipse 3x% +2)? = 5 and y* = x%,
HINT: The curves intersect at (1, 1) and (~1, 1)
Two families of curves are said to be orthogonal trajectories (of
each other) if each member of one family is orthogonal to each
member of the other family. Show that the families of curves
given in Exercises 51 and 52 are orthogonal trajectories.

51. The family of circles x* + * = 72 and the family of lines
y=mx.

52. The family of parabolas x = ay?® and the family of ellipses
x?+ 32 =b.

53.Find equations for the lines tangent to the ellipse
4x?+y* =72 that are perpendicular to the line
x+2y+3=0

54. Find equations for the lines normal to the hyperbola
4x? — y? = 36 thatare parallel to the line 2x 4 5y — 4 = 0.

55, The curve (x2 + y?)2 = x2 — )2 is called a lemniscate. The
curve is shown in the figure. Find the four points of the curve
at which the tangent line is horizontal.

=% 0>W(1. 0 ®

56. The curve x*/% + y*° = ¢ i called an astroid. The curve
y
is shown in the figure.
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(a) Find the slope of the graph at an arbitrary point (x1, 1), 9 60. Exercise 59 with /(x) = 37/x2.

which is not a vertex. p ) )
bE 1 2. raph tility to deter: h
(b) At what points of the curve is the slope of the tangent xerclses61.and.62. Useaigraphing utility 1o/determine where

line 0, 1, —1? @FW=0 O S0>0 © /<0
§7. Show that the sum of the x- and y-intercepts of any line e
tangent to the graph of 6L. f(x) 2+1. 62. f(x)= e
Ryt > 63. A graphing uility in parametric mode can be used to graph
is constant and cqual to c. some equations in x and y. Draw the graph of the equation
58. A circle of radius | with center on the y-axis is inscribed %+ y? = 4 first by settingx =, y = +/4 — (* and then by
in the parabola y = 2x2. Sec the figure. Find the points of setting =1,y = A 7.
contact. P> Exercises 64-67. Use a CAS to find the slope of the line tangent

to the curve at the given point. Use a graphing utility to draw the
curve and the tangent line together in one figure.

64.3x% +4y2 = 16; P(2,1).

65.4x2 = )2 =20, P(3,4).
66. 2siny —cosx = 0;  P(0,7/6).
67. Va2 +32 =4, P(1.3V3).

I>68. (2) Use a grapl\mg utility to draw the graph of the equation
g

(b) U<e a CA§ to ﬁnd equations for the lines tangent to the
curve at the points where x = 3.

(c) Draw the graph of the cquation and the tangent lines in
one figure.

[ 69. (a) Use a graphing utility to draw the figure-eight curve

P>59. Set f(x) = 3Jx. Usea CAS to

4
) — (O %
(a) Find d(h) = M ; p
(b) Find the x-coordinates of the points of the graph where
(b) Find hm d(h) and ’hg);‘ d(h). the tangent lin is horizontal.
(9 Tsthere a tangent line at (0, 0)? Explain. [>70. Use a graphing utility to draw the curve (2 — x)y
(d) Use a graphing utility to draw the graph of f on [~2,2]. Such a curve is called a cissoid.

B CHAPTER 3. REVIEW EXERCISES

Exercises 1-4. Differentiate by taking the limit of the appropri- : sin2x

— s 2 3 _
ate difference quotient, 100 = semtiha 180 = e
1. f(x) =x> —dx +3. 2. f(x)=+T+2x. 20.r = 62/3=48.
4. F(x) = xsina. x sin 2x
21. /(6) = cot(30 + 7). 2.y=""2
/9) = cot(36 + ) S
Exercises 5-22. Find the derivative. Exercises 23-26. Find £'(c).
6.y = 2x34 4yt 23 f(X) = Sx+ /7 c=64.
8 /()= (2 —3°). 24, f(x) = x/B =27 C:21
2 25, f(x)=x2sinfnx; c= -
tgaesfaet] 1
2 26. f(x) = cotdx; =g
12. y = x+/2+ 3x. Exercises 27-30. Find equations for the lines tangent and normal
to the graph of 1" at the point indicated.
13,y =tany/2x + L. 14. g(x) = x? cos(2x — 1). 17 f) =2 43 (L 4)
2 fx? 2x—3
15, F() = (v + 2PV 2. 16,y = L5 2. f(x) = = (~1,=5).

+4’




29. f(x) = (x + I)sin2x; (0,0).
30. f(x) =xVT+2% (1,42

Exercises 31-34. Find the second derivative.

31 f(x) =cos (2 —x). 32 f(x) = (2 + 4y
33,y = xsinx. 3. g(n) = tan .
Exercises 35-36. Find a formula for the n** derivative.
35.p = (a —bx). 36.y=

bx+c

Exercises 37-40. Use implicit differentiation to express dy/dx
in terms of x and y.

37. 2%y +xy’ =2, 38, tan (x +2y) = x%y.

39.2x% +3xcosy =2xy.  40.x7+3x/F=1+x/p.
Exercises 41-42. Find equations for the lines tangentand normal
to the curve at the point indicated.

41.x% +2xy — 3y (3.2).

42. ysin2x —xsiny = {7; (4w, 7).
Exercises 43—44. Find all x at which (2) /"(x)
®) f@) >0 (©f k) <0

43, f(x) =x7 —9x7 +24x + 3.

2x

M fx) = .
=1z

Exercises 45-46. Find all x in (0, 277) at which (a) /'(x) = 0;

®f'x)>0; ()f'(x) <0.

45. f(x) = x +sin2x

47. Find the points on the curve y = 3x2 where the inclination
of the tangent line is (a) /4, (b) 60°, () /6.

48. Find equations for all tangents to the curve y = x? that pass
through the point (0, 2).

49. Find equations for all tangents to the curve y
pass through the point (2, 2).

46. f(x) =~/3x —2cosx.

3

x* — x that

50. Find 4, B, C given that the curve y = Ax2+ Bx 4+ C
passes through the point (1, 3) and is tangent to the line
x —y+ 1 =0atthe point (2, 3).

51.Find 4, B, C, D given that the curve y = Ax® + Bx2 4+
Cx + D is tangent to the line y = 5x — 4 at the point (1, 1)
and is tangent to the line y = 9x at the point (—1, —9).

3.7 IMPLICIT DIFFERENTIATION; RATIONALPOWERS ® 153

52. Show that d/dx(x™") = —n /x""! for all positive integers n
by showing that

Ji - 1 l_ 2
h0h xRy xv |yl

Exercises 53-57. Evaluate the following limits. HINT: Apply
either Definition 3.1.1 or (3.1.5).

s, pim (HA7 204D 41
0 i
91k — in (1 n-1
gl g L2, 55 fim ST HW — 7
B0 h R0 k

32 sinx
=2

56. lim
12

58. The figure is intended to depict a function f which is con-
tinuous on [xo, 00) and differentiable on (xo, 00).

i

For each x € (xg, o0) define
M{(x) = maximum value of f on [xg, x].

m(x) = minimum value of £ on [xo, x].

®

. Sketch the graph of M and specify the number(s) at which
M fails to be differentiable.

. Sketch the graph of m and specify the number(s) at which
m fails to be differentiable.

o
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B 4.1 THE MEAN-VALUE THEOREM

We come now to the mean-value theorem. From this theorem flow most of the results
that give power to the process of differentiation.

THEOREM 4.1.1 THE MEAN-VALUE THEOREM

I/ is differentiable on the open interval (4, b) and continuous on the closed
interval [a; b], then there is at least one number ¢ in (a, by for which - i

r=L9° 16

Note that for this number

) = fl@) = f(e)b - a).

The quotient
S®) — f@)
b—a

is the slope of the line / that passes through the points (a, f(a)) and (5, f(8)). To say
that there is at least one number ¢ for which

f®) — fa
ro=10-/@
—a
is to say that the graph of f has at least one point (¢, f(c)) at which the tangent line is
parallel to the line /. See Figure 4.1.1.

Thetheorem was first stared and proved by the B an Joseph-Louis Lagrange (1736-181%),
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w@a“‘

(b, /(b))

a Z b

Figure 4.1.1

‘We will prove the mean-value theorem in steps. First we will show that if a function
/ has a nonzero derivative at some point xo, then, for x close to X0, f(x) is greater than
f(x0) on one side of xq and less than £(xp) on the other side of X0-

PROOF We take the case f(xg) > 0 and leave the other case to you. By the definition
of the derivative,

i LGB = flx)
S = (o)
With f'(xo) > 0 we can use f"(xy) itself as ¢ and conclude that there exists § > 0 such

that
SGo+k) = flxg)

if 0< [kl <38, then
k

= f'(xo)| < f'(xo)-
For such & we have

—fxo) <

L0t D=0 ey i

and thus

0<

foo t B~ 169 _, iy .

In particular,
SGo+ k) = fxo) .
k
We have shown that (x) holds for all numbers % which satisfy the condition
0 <kl <8.1£0 <h <5, then0 < |h| < §5and 0 < | — k| < . Consequently,

f(XnJrh)*f(Xo)>o and Slo—h *f(xo)>
h —h

() 0.

0.
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Figure 4.1.2

The first inequality shows that
JGo+h) = f(x0) >0 and therefore fo) < flxo+h).
The second inequality shows that

S0 —h)= f(r) <0 andtherefore  f(xg— /) < f(x). 0

Next we prove a special case of the mean-value theorem, known as Rolle’s theorem
[after the French mathematician Michel Rolle (1652-1719), who first announced the
result in 1691]. In Rolle’s theorem we make the additional assumption that f{a) and
J(b) are both 0. (See Figure 4.1.2.) In this casc the line through (a, f(a)) and (b, f(®)
is horizontal. (It is the x-axis.) The conclusion is that there is a point (¢, f(c)) at which
the tangent line is horizontal.

THEOREM 4.1.3 ROLLE'S THEOREM

Suppose that £ is differentiable on the open interval (a, b) and continuous on
the closed interval [a, b]. If £ () and f(b) are both 0, then there is at least onie
number ¢ in (a, ) for which

flo=0.

PROOF If f is constantly 0 on [a, 5], then () =0 forall ¢ in (a, b). Iff is not con-
stantly 0 on [a, 5], thenf takes on either some positive values or some negative values,
We assume the former and leave the other case to you.

Since /" is continuous on [a, 5], f must take on a maximum value at some point
¢ of [a, b] (Theorem 2.6). This maximum value, f(c), must be positive. Since fla)
and f(b) are both 0, ¢ cannot be @ and it cannot be b. This means that ¢ must lie in
the open interval (a, b) and thercfore f'(c) exists. Now f(¢) cannot be greater than
0 and it cannot be less than 0 because in cither case f would have to take on values
greater than f(c). (This follows from Theorem 4.1 -2.) We can conclude therefore that
S=0. 1

Remark  Rolle’s theorem is sometimes formulated as follows:

Suppose that g is differentiable on the open interval (a, b) and continuous on
the closed interval [a, b]. If &(a) = g(b), then there is at least one number ¢
in (a. b) for which

gle

That these two formulations are equivalentis readily seen by setting f(x) = g(x) - g(a)
(Exercise 44). O

Rolle’s theorem is not just a stepping stone toward the mean-value theorem. It is in
itself a useful tool.

Example 1 We use Rolle’s theorem to show that p(x) = 2x3 + 5x — 1 has exactly
one real zero.




4.1 THE MEAN-VALUE THEOREM m

SOLUTION  Since p is a cubic, we know that p has at least onc real zero (Exercise 29,
Section 2.6). Suppose that p has more than on¢ real zero. In particular, suppose that
pla) = p(b) = 0 where @ and b are real numbers and @ # b. Without loss of generality,
we can assume that @ < b. Since every polynomial is everywhere differentiable, p is
differentiable on (a, b) and continuous on [a, b]. Thus, by Rolle’s theorem, there is a
number ¢ in (a, b) for which p'(c) = 0. But

Px)=6x"+5>5 forallx,
and p'(c) cannot be 0. The assumption that p has more than one real zero has led to a
contradiction. We can conclude therefore that p has only one real zero. 1

‘We are now ready to give a proof of the mean-value theorem.

PROOF OF THE MEAN-VALUE THEOREM ~ We create a function g that satisfies the conditions
of Rolle’s theorem and is so related to f that the conclusion g'(c) = 0 leads to the
conclusion

f (b) f@

b—a

flo=
The function

50 = 10 - [ LO21@

(€] a)+f(d)]

is exactly such a function. A geometric view of g(x) is given in Figure 4.1.3. The line
that passes through (a, f(a)) and (b, f(b)) has equation

_f- f (@)
bh—
[This is not hard to verify. The slope is nght, and, atx = a,y = f(a).] The difference

[/(b) f(a)

=G -a+ f)

50 = £ - -0+ fia]
is simply the vertical separation between the graph of f and the line featured in the
figure.

If f is differentiable on (a, b) and continuous on [a, 5], then so is g. As you can
check, g(a) and g(b) are both 0. Therefore, by Rolle’s theorem, there is at least one
number ¢ in (g, b) for which g'(c) = 0. Since

gw=rw- L0 1Q
we have

0 =70 -L0=7@
Since g/(c) =

fo= 10210

Example 2 The function

fx)=+1-x, —l=x<1

|
|
¥

Figure 4.1.3

157
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satisfies the conditions of the mean-value theorem: it is differentiable on (—1,1) and
continuous on [—1, 1]. Thus, we know that there exists a number ¢ between —1 and 1
at which
1)— f(-1
ro={0= L0
¢ =0 scn=v2

What is ¢ in this case? To answer this, we differentiate /- By the chain rule,

1
(x) = ——
fx) EWi—
The condition f"(c) = —1+/2 gives
il 1
— =2
2J/1-¢ 2

Solve this equation for ¢ and you’ll find that ¢ = %

The tangent line at (3, £(1)) = (3, $v/2) is paralle] to the secant line that passes
Figure 4.1.4 through the endpoints of the graph. (Figure 4.1 4) 0

Example 3 Suppose that f is differentiable on (1, 4), continuous on [1, 4], and
f(1)=2.Giventhat2 < f/(x) <3 forall x in (1,4), what is the least value that /' can
take on at 4? What is the greatest value that £ can take on at 47

SOLUTION - By the mean-value theorem, there is at least one number ¢ between 1 and
4 at which
S@ = 1) = f@ -1 =3fc).

Solving this equation for f(4), we have

J@=FM)+3£().
Since f'(x) > 2 for every x in (1, 4), we know that f'(¢) = 2. 1t follows that

f@=24312)=8.

Similarly, since f”(x) < 3 for every x in (1, 4), we know that f(¢) = 3, and therefore
S <2+33)=11.

We have shown that /(4) is at least 8 and no more than 11, O

Functions which do ot satisfy the hypotheses of the mean-value theorem (dif-
ferentiability on (a, b), continuity on [a, b]) may fail to satisfy the conclusion of the
theorem. This is demonstrated in the Exercises.

EXERCISES 4.1

Exercises 1-4. Show that / satisfies the conditions of Rolle’s Exercises 5-10. Verify that / satisfies the conditions of the
theorem on the indicated interval and find all numbers ¢ on the mean-value theorem on the indicated interval and find all num-
interval for which f'(c) = 0. bers ¢ that satisfy the conclusion of the theorem.

L fy=x*—x; [0,1]. 5. 1)

w

xt-2x2— 8 [-2,2]. 6. f(x)=
sin2x; [0, 2], 7. fGx)
B

—2x'3; 10,8]. 8. f(x)




R ——

VT=X% [0.1].
0. £ =x* = 3x; [-1,1].

11,

7.

»

-
e

I
S

Determine whether the function f(x) = v/T—¥2/(3 + x?)
satisfies the conditions of Rolle’s theorem on the interval
[=1.1]. If so, find the numbers ¢ for which /'(c) = 0.

The function f(x)
x=1

(2) Show that /" has no zeros in (—1, 1),

(b) Show that this does not contradict Rolle’s theorem.
Does there exist a differentiable function £ with f(0) —
2.f@ =5, and f'(x) = 1 for all x in (0, 2)? If not, why
not?

x¥% — 1 has zeros at x = —1 and at

- Does there exist a differentiable function /* with £(x) = |

onlyatx =0,2,3,and f'(x) = Oonlyatx = —1,3/4, 3/27
If not, why not?

. Suppose that f is differentiable on (2, 6) and continuous on

[2,6]. Giventhat 1 < f'(x) < 3 forall x in (2, 6), show that

4= /O -f@ =12

. Find a point on the graph of £(x) = x2 + x + 3, x between

—1and2, where thetangent line is parallel to the line through
(=1,3)and (2, 9).
Sketch the graph of

2x 42,
23 —-X,

x=<-1

/(-r):{

x>-—1

and find the derivative. Determine whether f satisfies the
conditions of the mean-value theorem on the interval [-3.2]
and, if so, find the numbers ¢ that satisfy the conclusion of
the theorem.

. Sketch the graph of

24,

x=<1
3x, x>1

/(I):{

and find the derivative. Determine whether /" satisfies the
conditions of the mean-value theorem on the interval [-1.21
and, if'so, find the numbers ¢ that satisfy the conclusion of
the theorem.

- Set f(x) = Ax? + Bx +C. Show that, for any interval
y

[a, b], the number ¢ that satisfies the conclusion of the mean-
value theorem is (a + b)/2, the midpoint of the interval.

. Set f(x) =x~',a = —1, b = 1. Verify that there is no num-

ber ¢ for which

o= TB) = @)
f(C)*W-

Explain how this does not violate the mean-value theorem.

+ Exercise 20 with /(x) = Jx].
- Graph the fanction f(x) = [2x — 1] — 3. Verify that

S(=1)=0= f(2) and yet f'(x) is never 0. Explain how
this does not violate Rolle’s theorem.
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23. Show that the equation 6x* — 7x + 1 = 0 does not have
more than two distinet real roots.

24. Show that the equation 6x° + 13x -+ 1 = 0 has exactly one
real rool.

Y
o

- Show that the equation x* + 9x2 + 33x — 8 = 0 has exactly
one real root.

26. (a) Letf be differentiable on (a, b). Prove that if f'(x) s 0

for each x & (a, b), then /' has at most one zero in
(a,b).
(b) Let f be twice differentiable on (a, b). Prove that if’
J"(x) # 0 for each x € (a, b), then f has at most two
zeros in (a, b).
27.Let P(x) = a,x" + -+ a1x + ay be a nonconstant poly-
nomial. Show that between any two consecutive roots of the
equation P'(x) = 0 there is at most one root of the equation
Pxy=0.
28. Let £ be twice differentiable. Show that, if the equation
/() = 0has n distinctreal roots, then the equation f"(x) =
0 has at least n — 1 distinct real roots and the equation
JUx) = Ohas at least n — 2 distinct real roots.
29. Anumber ¢ is called a fived point of f if f(c) = c. Prove that
if f is differentiable on an interval 7 and f'(x) < 1 for all
x € 1, then f has at most one fixed point in 7. HINT: Form
&)= /f(x)—x.

30. Show that the equation x® + ax + » = 0 has exactly one real
root if & = 0 and at most one real root between —L v/3ja]
and +/3a| ifa < 0.

. Set f(x) =x>—3x+5.

(a) Show that f(x)=0 for at most one number x in
[-11]
(b) Determine the values of b which guarantee that /(x) = 0
for some number x in [—1, 1].
32. Set f(x) =x° — 3a%x + b, a > 0. Show that fx) =0 for
at most one number x in [—a, a].

w
et

33. Show that the equation x” + ax + b = 0,7 an even positive
integer, has at most two distinct real roots,

34. Show that the equation x" + ax + b = 0, 7 an odd positive
integer, has at most three distinct real roots.

35. Given that [f'(x)] < | for all real numbers x, show that
[£(x1) = f(x2)] = |x) — 22 for all real numbers xp and x;.

36. Let / be differentiable on an open interval 7. Prove that, if
/()= 0forall x in 7, then /' is constant o /.

37. Let f be differentiable on (a, b) with fl@)= f(b)=0and
/'(e) = 0 for some c in (a, b). Show by example that /' need
not be continuous on [a, 5].

w
&

. Prove that for all real x and y
(a) |cosx —
(b) | sinx — sin

39. Letf be differentiable on (a, 5) and continuous on [a, b].

(a) Prove that if there is a constant M such that fx)y=m

forall x € (a, ), then

syl < |x — y|.
<lx =yl

) = fl@)+ Mb - a).
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(b) Prove that if there is a constant m such that f'(x) > m
forall x € (a, b), then

S = f@)+m® - a).

This result is known as the Cauchy mean-value theorem. It
reduces to the mean-value theorem if g(x) = x. HINT: To
prove the resul, set

Fix) =[/(0) = f@)]gx) - [8(0) — g(@)]f(x)-

(c) Parts (a) and (b) together imply that if there exists a bExercises 46-47. Show that the given function satisfies the

constant K such that | /'(x)| < K on (a, b), then
fla) =K —a)< f(b) < fla)+ Kb —a).

Show that this is the

40. Suppose that £ and g are differentiable functions and
£(¥)g'(x) — g(x)f"(x) has no zeros on some interval 7. As-
sume that there are numbers @, b in / with a < b for which
/(@)= f(b)=0, and that f has no zeros in (a, b). Prove
that if g(a) # 0 and g(b) # 0, then g has exactly one zero
in (a, b). HINT: Suppose that g has no zeros in (a.b) and
consider & = f/g. Then consider & = g/

41. Suppose that £ and g are nonconstant, everywhere differ-
entiable functions and that /* = g and ¢’ = — f. Show that
between any two consccutive zeros of / there is exactly one
zero of g and between any two consecutive zeros of g there
is exactly one zero of f.

42, (Important) Use the mean-value theorem to show that if
is continuous at x and at x + / and is differentiable between
these two numbers, then

S+ )= flx) = f(x +0mh

for some number 6 between 0 and 1. (Tn some texts this is
how the mean-value theorem is stated.)

43. Let h = 0. Suppose f is continuous on [xo — /, xo + 4] and
differentiable on (xo — #, g + A). Show that if

i o=

then / is differentiable at x and f'(xq) = L. HINT: Exer-
cise 42.

44. Suppose that g is differentiable on (a, b) and continuous on
[a. b]. Without appealing to the mean-value theorem, show
that if g(a) = g(b), then there is at least one number ¢ in
(a, b) for which g'(¢) = 0. HINT: Figure out a way to use
Rolle’s theorem.

45. (Generalization of the mean-value theorem) Suppose that
£ and g both satisfy the hypotheses of the mean-value the-
orem. Prove that if g’ has no zeros in (2, ), then there is at
least one number ¢ in (a, b) for which

J®) = fl@) _ S
gb)—gl@) g’

hypotheses of Rolle’s theorem on the indicated interval. Use
a graphing utility to graph f” and estimate the number(s) ¢
where f'(c) = 0. Round off your estimates lo three decimal
places.

46. f(x)=2x3+3x2—3x —2; [-2,1].

47. f(x)=1—x—cos(xx/2); [0,1].

P> 48. Set f(x) = x* — x* +x? — x. Find a number b, if possible,

such that Rolle’s theorem s satisfied on [0, b]. If such a num-
ber b exists, find a number ¢ that confirms Rolle’s theorem
on [0, b] and use a graphing utility to draw the graph of f
together with the line y = / ().

P> 49. Exercise 49 with f(x) = x* + x> + x2 — x.
[ Exercises 50-52. Use a CAS. Find the x-intercepts of the graph.

Between cach pair of intercepts, find, if possible, a number ¢ that
confirms Rolle’s theorem.

X2 x
0. f(x) = -
o=
*—16
51 f(x) = :
S 214

52, f(x) = 125x7 — 300x° — 760x° + 2336x* + 80x° —
4288x2 + 3840x — 1024,

Suppose that the function f satisfies the hypotheses of the mean-

value theorem on an interval [a, 5]. We can find the numbers ¢

that satisfy the conclusion of the mean-value theorem by finding

the zeros of the function

g = sy - LE=L@,

> Exercises 53-54. Use a graphing lmhty to graph the function g

that corresponds to the given f on the indicated interval. Esti-
mate the zeros of g to three decimal places. For each zero ¢ in
the interval, graph the line tangent to the graph of £ at (c, f(c)),
and graph the line through (@, f(a)) and (b, f(b)). Verify that
these lines are parallel.

53 f(x)=xt— T +2 [13].

54, f(x) =xcosx +4sinx; [—w/2, 7/2].

[ Exercises 55-56. The function / satisfies the hypotheses of the

mean-value theorem on the given interval [a, 4]. Use a CAS to
find the number(s) ¢ that satisfy the conclusion of the theorem.
Then graph the function, the line through the endpoints (2, £(a))
and (b, f(b)), and the tangent line(s) at (¢, £(c)).

55 fx) =% —x24x—1; [1,4].

56 f(x) =x* — 2 —xP—x +1; [-2.3].

B 4.2 INCREASING AND DECREASING FUNCTIONS

‘We are going to talk about functions “increasing” or “decreasing” on an interval. To
place our discussion on a solid footing, we will define these terms.
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DEFINITION 4.2.1
A function 7 is said to
(i) increase on the interval [ if for every two numbers x;, x5 in 7,

Xy <X implies that SG1) < f00);

(i) decrease on the interval I if for every two numbers x;, x; in 7,

X <x implies that fx) > flx).

Preliminary Examples
(a) The squaring function
fx)=x? (Figure 4.2.1)
decreases on (—00, 0] and increases on [0, 00).

(b) The function

)y = Llr :;8 (Figure 4.2.2)

is constant on (—o00, 0); there it neither increases nor decreases. On [0, 0o) the
function increases.
(¢) The cubing function

Sy =x* (Figure 4.2.3)
is everywhere increasing.
(d) In the case of the Dirichlet function,
_ |1, xrational Figure 4.2.4
sy = {0 x irrational, (Bemied)

there is no interval on which the function increases and no interval on which the
function decreases. On every interval the function jumps back and forth between 0
and 1 an infinite number of times, 1

If f is a differentiable function, then we can determine the intervals on which f
increases and the intervals on which f decreases by examining the sign of the first
derivative.

THEOREM 4.2.2
Suppose that f is differentiable on an open interval 7.

@) If fi(x) > O forallxin 7, then £ increases on /.
) If £/(x) < O forall xin £, then  f decreases on £,
Qi) If f'(x) =0 forall xin, then 7 is constant on .

PROOF Choose any two numbers x; and Xy in I with x; < x5. Since £ is differentiable
on /, it is continuous on /. Therefore we know that f is differentiable on (x1, x2) and

Figure 4.2.1

¥

constant

Figure 4.2.3

Dirichlet function

Figure 4.2.4
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continuous on [, x2]. By the mean-value theorem there is a number c in (x;, x,) for
which

J2) = f&x1)
X —x
In (i), f'(x) > 0 for all x. Therefore, f’(c) > 0 and we have
fG2) — f(x1) >0,
X — X
In (ii), f'(x) < O for all x. Therefore, f’(c) < 0 and we have

/(o) =

which implies that f(x1) < f(x2).

0, which implies that ~ f(x1) > f(x2).

X2 — x|
In (iii), f'(x) = 0 for all x. Therefore, /'(c) = 0 and we have
SEZS®) o pichimpliesthat  £G) = fGm). @
X2 —X)

Remark  In Section 3.2 we showed that if / is constant on an open interval 7, then
f'(x) = 0forall x € /. Part (iii) of Theorem 4.2.2 gives the converse: if f'(x) = 0 for
all x in an open interval /, then £ is constant on /. Combining these two statements, we
can assert that

if [ is an open interval, then

fis constanton [ iff: Sl =0forallx e L.

=)

Theorem 4.2.2 is useful but doesn’t tell the complete story. Look, for example, at

the function f(x) = x. The derivative f(x) = 2x is negative for x in (—oc, 0), zero
at x = 0, and positive for x in (0, oc). Theorem 4.2.2 assures us that

f decreases on (—co, 0) and increases on (0, oc),
but actually
f decreases on (—c0, 0] and increases on [0, c0).

To get these stronger results, we need a theorem that applies to closed intervals.
To extend Theorem 4.2.2 so that it works for an arbitrary interval 7, the only
additional condition we need is continuity at the endpoint(s).

THEOREM 4.2.3

Suppose that £ is differentiable on the interior of an interval I and continuous
onall of 7.

(i) If f/(x) > 0 for all x in the interior of / then f increases on all of 1.

(i) If £/(x) < 0 for all x in the interior of Z then f decreases on all of I
(i) If £/(x) = 0 for all x in the interior of Z, then £ is constant on all of /.

The proof of this theorem is a simple modification of the proof of Theorem 4.2.2.
It is time for examples.
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Example 1 The function f(x) = +/T — x2 has derivative f'(x) = —x/+/1—x2.
Since f'(x) > 0 for all x in (—1,0) and f is continuous on [—1, 0], f increases on
[—1,0]. Since f'(x) < 0 for all x in (0, 1) and f is continuous on [0, 1], /° decreases
on [0, 1]. The graph of / is the semicircle shown in Figure 4.2.5. 0

Example 2 The function f(x) = 1/x is defined for all x 5 0. The derivative
S(x) = —1/x? is negative for all x # 0. Thus the function f decreases on (—oo, 0)
and on (0, 00). (Sec Figure 4.2.6.) Note that we did not say that f decreases on
(—00,0) U (0, 20); it does not. If x| < 0 < xa, then f(x)) < f(x2). 2

Example 3 The function g(x) = %x° — 3x* — 4x% 4 22x2 — 24x + 6 is a polyno-
mial. It is therefore everywhere continuous and everywhere differentiable.
Differentiation gives
g/(r) = dx* — 1263 — 12x2 4 44x — 24
4x* —3x3 =332 + 11x — 6)
=4(x +2)(x — 1)*(x — 3).

The derivative g’ takes on the value 0 at —2, at 1, and at 3. These numbers determine
four intervals on which g’ keeps a constant sign:

(=00,-2), (=2,1), (1,3), (3,00).

The sign of g’ on these intervals and the consequences for g are as follows:

Signofgh bt bbbdb O 0- O P

behavior of g increases 2 decreases 1 decreases 3 increases x

Since g is everywhere continuous, g increases on (—oo, —2], decreases on [—2, 3], and
increases on [3, 00). (See Figure 4.2.7.) 1

Example 4 Let f(x) = x — 2sinx, 0 < x < 2. Find the intervals on which f in-
creascs and the intervals on which / decreases.

SOLUTION In this case f'(x) = 1 — 2cos x. Setting f'(x) = 0, we have

1—2cosx =0  andtherefore  cosx = 3.
The only numbers in [0, 2] at which the cosine takes on the value 1/2 are x = 7/3
and x = 57/3. It follows that on the intervals (0, 7/3), (rr/3, 57/3), (57/3, 27r), the
derivative f” keeps a constant sign. The sign of f” and the behavior of f are recorded
below.

sign of £ --0
0 H ™ or 27 %
3
behavior of /- decreases increases 2 decreases

Since f is continuous throughout, f decreases on [0,7/3], increases on
[/3, 5/3], and decreases on [57/3, 27r]. (See Figure 42.8) O

Figure 4.2.6

100.4)

A

Figure 4.2.7

(3, -24.6)
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Figure 4.2.9

Figure 4.2.10

3)

Figure 4.2.8

While the theorems we have proven have wide applicability, they do not tell the
whole story.
Example 5 The function

2, x<l
fe)= {%x+2, x=1
is graphed in Figure 4.2.9. Obviously there is a discontinuity at x = 1. The derivative
Sf1(x) is
3x% on (=00, 1), nonexistent at x = 1, % on (1, o0).

Since f/(x) > 0 on (—oc, 0) and f is continuous on (—o0, 0], f increases on (—oo, 0]
(Theorem 4.2.3). Since f"(x) > 0 on (0, 1) and is continuous on [0, 1), /" increases
on [0, 1) (Theorem 4.2.3). Since f increases on (—oo, 0] and on [0, 1), f increases
on (—oo, 1). (We don’t need a theorem to tell us that.) Since f(x) > 0 on (1, o)
and f is continuous on [1, c0), f/ increases on [1, o). (Theorem 4.2.3) That f in-

creases on (—o0, 00) is not derivable from the theorems we’ve stated but is obvious by
inspection. O

Example é The function
%x +2, x<1

gx) = N

. ¥l

is graphed in Figure 4.2.10. Again, there is a discontinuity at x = 1. Note that g'(x) is
3 on(—oo, 1), nonexistent at x = 1, 3x% on (1, 00).

The function g increases on (—oc, 1) and on [1, oo) but does not increase on (—oc, 00).
The figure makes this clear.

Equality of Derivatives

If two differentiable functions differ by a constant,
1) =g +C,

then their derivatives are equal:

@) =g'x)
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The converse is also true. In fact, we have the following theorem.

THEOREM 4.2.4

) LetIbe anopeninterval If f/(x) = g/(x) forallxin/, then f and g differ
by a constant on 7.

(i) Let 7 be an arbitrary interval. If f'(x) = g/(x) for all x in the intetior of I,

and £ and g are continuous on J, then f and g differ by a constant on I,

PROOF Set H = f — g. For the first assertion apply (iii) of Theorem 4.2.2 to H. For
the second assertion apply (iii) of Theorem 4.2.3 to H. We leave the details as an
exercise. 1

We illustrate the theorem in Figure 4.2.11. At points with the same x-coordinate the
slopes are equal, and thus the curves have the same steepness. The separation between
the curves remains constant; the curves are “parallel”

Example 7 Find / given that f'(x) = 6x% — 7x — 5 for all real x and =1

SOLUTION  Itis not hard to find a function with the required derivative:

a4 (zx3 - %xz - SX) =6x2 —Tx —5. Figure 4.2.11

dx

By Theorem 4.2.4 we know that f(x) differs from g(x) = 2x® — %xz — 5x only by
some constant C. Thus we can write

SO =2x%—Ix2—5x 4 C.
To evaluate C we use the fact that f(2) = 1. Since f(2) = 1 and
F@ =202 -12P -52)+C=16—-14—104+C = —§+C,
we have —8 + C = 1. Therefore, C = 9. The function
f@)=2-1x2—5x +9

is the function with the specified properties. [

EXERCISES 4.2
Exercises 1-24. Find the intervals on which f increases and the 13. f(x) = |x* = 5]. 14 /() = x*(1 + x)%.
intervals on which /" decreases. -1 16
15, fx) = —. 16, f(x) = x>+ =

Lo fx)=x"—3x +2. 2. f(x)=x" —3x2 +6. x+1 x
5 P - 3 1+x2
4/(.(>71+;. 4 f(x) =@ =3 17. f(x) = 5 s 18. f(x) = lx +1|lx — 2]
5. f(x) = x7(1 +x). 6. f(x) =x(x + )(x +2). 19, f(x) =x —cosx, 0<x <2
7 f@) =+ D 8. /(x):Zx—%, 20. f(x) =x +sinx, 0<x =27

i o 21, f(x) = c0s2x +2cosx, 0<x <.
9-/(«*):“72‘. 10. /(X):1+Xz' 22. f(x) =cos’x, 0<x <.

241 ) 2 23 f(x)=+3x —cos2v, Osx<um.

11. f(x) = S 12. f(x) = P 24. f(x)=sin’x —3sinx, 0<x <.
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Exercises 25-32. Define f on the domain indicated given the
following information.

25. (=00, 00%  f(x)

26. (=00, 00); f'(x)

27. (—o0,00);  f'(x)=
SO =5.

2

X — 55

fy=2.
1) =4.
x4 dx® 4+ 357 + 20 + 15

28.(0,00) fix)=4" f(1)=0.

29.(0,00)  f(x) —x' fO)=1.
30.0,00)  Fi(x)=x" =57 f(1)=0.
31 (—oo.00); () =2+sinx  f(0)=3.
32.(~o0,0¢); f'(x)=4x +cosx; f(0) =1

Exercises 33-36. Find the intervals on which /* increases and
the intervals on which f* decreases.
x+7,

3. () = I b I
Tor

34 f'(x):[
x
35 fx) = 1
3x 3
X+2, x<0
-1 O<x<3
36. fy={ 8-x 3<x<7
2% -9, T<x
6. x=037

Exercises 37-40. The graph of ' s given. Draw a rough sketch
of the graph of /' given that /(0) = 1.

37. X o 38. ‘T

1

Exercises 41-42. The graph of a function / is given. Sketch
the graph of f”. Give the intervals on which /’(x) > 0 and the
intervals on which f'(x) < 0.

41,

Exercises 43—46. Sketch the graph of a differentiable function
that satisfies the given conditions, if possible. Ifit’s not possible,
explain how you know it’s not possible.

43. f(x) > Oforallx, f(0)=1,and /"(x) < 0 forall x.

44. f(1)= =1, f'(x) < Oforall x # 1,and £'(1) = 0.

45. f(-=1)=4, f(2)=2,and f'(x) > O forall x.

46. f(x) =Oonlyatx = landatx =2, f/(3) =4, f(5)= —1.
Exercises 47-50. Either prove the assertion or show that the
assertion is not valid by giving a counterexample. A pictorial
counterexample suffices.

47. () If f increases on [a, b] and increases on [b, c], then' /'
increases on [z, c].
(b) If £ increases on [a, 5] and increases on (b, c], then £
increases on [a, c].
48. () If f decreases on [a, b] and decreases on [b, ¢], then f
decreases on [a. c].
(b) Iff decreases on [a, b) and decreases on [b, c], then f
decreases on [a, c].
49. (a) If f increascs on (a, b), then there is no number x in
(a, b) at which f'(x) < 0.
(b) If f increases on (a, b), then there is no number x in
(a, b at which f" 0.
50.1f f'(x) = Oatx = I,x = 2,x = 3, then f cannot possibly
increase on [0, 4].
51. Set f(x) = x —sinx.
(a) Show that  increases on (—oc, 00).
(b) Use the resultin part (a) to show that sinx < x on (0, 50)
and sinx > x on (—oc, 0).
52. Prove Theorem 4.2.4.




53.8et f(x)=sec’x and g(r)=tan’x on the intcrval
(=3, %). Show that £'(x) = g'(x) for all x in (=2, ).
54. Having carried out Exercise 53, you know from Theorem
4.2.4 that there exists a constant C such that f(x) — g(x) =
C forall x in (—x/2. 7/2). What is C?
55. Suppose that for all real x
S = —gx) )= f@).
(a) Show that f?(x) + g*(x) = C for some constant C.
(b) Suppose that £(0) = 0 and g(0) = 1. What is C?
(¢) Give an example of a pair of functions that satisfy parts
(2) and (b).
56. Assume that f and g are differentiable on the interval (—c, ¢)
and £ (0) = g(0).
(a) Show that if f'(x) > g'(x) for all x € (0,¢c), then
F®x) > g(x) forallx & (0, c).

and
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Use this result to cstimate sin 4°. (The x above is in radians).
62. (a) Show that cosx < | — §x2 + Lx* forall x > 0.
(b) Tt follows from part (a) and Exercise 58 that

1= <oosx < 1— a2 4

forallx > 0.

Use this result to estimate cos 6°. (The x above is in radians.)

[ Exercises 63-66. Use a graphing utility to graph f and its deriva-

tive /" on the indicated interval. Estimate the zeros of f” to three

decimal places. Estimate the subintervals on which £ increases
and the subintervals on which f decreases.

63. f(x) =3x* — 105 —dx? + 10x +9; [-2,3].
64. f(x) =20 —x? — 13x —6; [-3,4].

65. f(x) = xcosx —3sin2x; [0, 6].

66. f(x) =x*+3x3 —2x* +4x +4; [-5,3]

J>Exercises 67-70. Use a CAS to find the numbers x at which

(b) Show that if f’(x) > g'(x) for all x € (~¢,0), then @ fe) © ) >0, © ) <0.
) < g0 forallx € (¢, 0). 6. £(x) = cos’x, 0 < x < 2.
57. Show that tan x > x for all x € (0, 77/2). & o= =~ 0. fry=""1
58. Show that 1 — x%/2 < cosx forall x € (0, 0o). RV REEY

70. f(x) =8> — 36x* + 6x> + 73x> + 48x 4 9.
P> 71. Use a graphing utility to draw the graph of
f@x)

From the graph, what do you conclude about £ and f"2 Con-
firm your conclusions by calculating 1.

§9. Let # be an integer greater than 1. Show that (1 +x)* >
1+ nx forall x < 0.

60. Show that x — x3/6 < sinx for all x > 0.
61. 1t follows from Exercises 51 and 60 that

sinx sin (x +2) — sin(x + 1).

1

x— <sinx <x forallx > 0.

W 4.3 LOCAL EXTREME VALUES

In many problems in economics, engineering, and physics it is important to determine
how large or how small a certain quantity can be. If the problem admits a mathematical
formulation, it is often reducible to the problem of finding the maximum or minimum
value of some function.

Suppose that f is a function defined at some number c. We call ¢ an interior point
of the domain of f provided f is defined not only at ¢ but at all numbers within an open
interval (¢ — &, ¢ + 6). This being the case, f is defined at all numbers x within § of c.

DEFINITION 4.3.1 LOCAL EXTREME VALUES

Suppose that f is a function and c is an interior point of the domain. The
function £ is said to have a local maximum at c provided that

fley= fix) for all x sufficiently close to c.
The function £ is said to have a local minimum at.c provided that
fle) = fix) for all x sufficiently close to c.

The local maxima and minima of f comprise the Jocal extreme values of f.

We illustrate these notions in Figure 4.3.1. A careful look at the figure suggests that
local maxima and minima occur only at points where the tangent is horizontal [ f'(c) =
0] or where there is no tangent line [ /”(c) does not exist]. This is indeed the case.
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local maximum = 3

S =3-x2
Figure 4.3.2

1

| tocal
maximum

l

maximum | local

local e
minimum
]

minimum

3 e ¥

Figure 4.3.1

THEOREM 4.3.2

Suppose that ¢ is an interior point of the domain of /. If . has a local maxitum
or local minimum at ¢, then

flloy=0 or f!(c) does not exist.

PROOF Let’s suppose that /" has a local extreme value at ¢, and let’s suppose that f"(c)
exists. If f(¢) > 0 or f'(c) < 0, then, by Theorem 4.1.2, there must be points x; and
x; arbitrarily close to ¢ for which

S@) < fle) < fx2).
This makes it impossible for a local maximum or a local minimum to occur at c.

Therefore, if f*(c) exists, it must have the value 0. The only other possibility is that
f'(c) does not exist. 1

On the basis of this result, we make the following definition (an important one):

DEFINITION 4.3.3 CRITICAL POINT
The interior points ¢ of the domain of f for which
SFley=03 or () does not exist

are called the critical points for £.1

As a consequence of Theorem 4.3.2, in searching for local maxima and local
minima, the only points we need to consider are the critical points.

We illustrate the technique for finding local maxima and minima by some examples.
In each case the first step is to find the critical points.

Example 1 For
fx)=3—x% (Figure 4.3.2)

T Also called the critical numbers for f. We prefer the term “eritical point” because it is more in consonance
with the term used in the study of functions of several variables.



4.3 LOCAL EXTREME VALUES m 169

the derivative
fx) = —2x

exists everywhere. Since f'(x) = 0 only at x = 0, the number 0 is the only critical
point. The number £(0) = 3 is a local maximum. O

Example 2  In the case of

fE=lx+1+2= {’i:; i;:} (Figure 4.3.3)
differentiation gives
-1, x<-1
f'(x) = { does notexist, x=—1
1, x> -1

This derivative is never 0. It fails to exist only at —1. The number —1 is the only critical
point. The value f(—1) = 2 is a local minimum. 2

1

Example 3  Figure 4.3.4 shows the graph of the function f(x) = Pyt
The domain is (—co, 1) U (1, 00). The derivative

1
(=17
exists throughout the domain of f and is never 0. Thus there are no critical points. In
particular, 1 is not a critical point for f because 1 is not in the domain of £ Since / has
no critical points, there are no local extreme values. 3

£ =-

CAUTION  The fact that ¢ is a critical point for /* does not gurantee that f(c) is a local
extreme value. This is made clear by the next two examples. 4

Example 4 n the case of the function
)=

the derivative f'(x) = 3x? is 0 at 0, but £(0) = 0 is not a local extreme value. The
function is everywhere increasing. 2

(Figure 4.3.5)

Example 5 The function

) —2x +5, X2 p 436)
<) = igure 4.3
TO= teya x22
is everywhere decreasing. Although 2 is a critical point [ //(2) does not exist], £(2) = 1
is not a local extreme value. Tl

There are two widely used tests for determining the behavior of a function at a
critical point. The first test (given in Theorem 4.3.4) requires that we examine the
sign of the first derivative on both sides of the critical point. The second test (given in
Theorem 4.3.5) requires that we examine the sign of the second derivative at the critical
point itself.

%

\oca\ minimum = 2

M

fay=lx+ 1 +2

Figure 4.3.3

Figure 4.3.4
RoY
—‘—’1 i
Sl =x?
Figure 4.3.5

Figure 4.3.6




S =t -2
Figure 4.3.11

:(c) is'a local minimuny:
(i) f/(x) keeps constant sign on (¢ — 8, c) U (c, ch 8)
local extreme value

["te) does not exist

Figure 4.3.8

i
local minimum local minimum
i1

3 (3 3 x
fl=0 /'(c) does not exist
Figure 4.3.9 Figure 4.3.10

prooF The result is a direct consequence of Theorem 4.2.3.

Example 6 The function f(x) = x* — 2x° has derivative
f(x) = 4x% — 6x% = 2x%(2x — 3).

The only critical points are 0 and % The sign of /* is recorded below.

SIgnOf s s O-mmmmmm oo O4 bbbkt ttttt

behavior of /: decreases 0 decreases 3 increases x

Since f* keeps the same sign on both sides of 0, £(0) = 0 is not a local extreme
value. However, f(%) — ’%s is a local minimum. The graph of /" appears in Figure
43.11.

Example 7 The function f(x) = 2x*? + 5x%/* is defined for all real x. The deriva-
tive of f is given by

fl)=Px?B 4 Px713 =
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Since f’(~1) = 0 and f7(0) does not exist, the critical points are —1 and 0. The sign
of f” is recorded below. (To save space in the diagram, we write “dne” for “does not
exist.”)

SIgNOF /% bbb bbb O oo L S S,
behavior of /2 increases -1 decreases 0 increases x

In this case f(—1) = 3 is a local maximum and f(0) = 0is alocal minimum. The
graph appears in Figure 4.3.12,

) = 2455 4 5x23

Figure 4.3.12

Remark Note that the first-derivative test can be used at ¢ only if £ is continuous
at c. The function

14 2x, x
Shms x

VoIA

o) = ( i (Figure 43.13)
has no derivative at x = 1. Therefore 1 is a critical point. While it is true that /'(x) > 0
for x <1 and f'(x) <0 for x > 1, it does not follow that S(1) is a local maxi-
mum. The function is discontinuous at x = 1 and the first-derivative test does not
apply. O

There are cases where it is difficult to determine the sign of " on both sides of a
critical point. If £ is twice differentiable, then the following test may be easier to apply.

[1+2r,x<1
[ el

S EbREM 4.35 THE SECOND-DERIVATIVE TEST Figure 4.3.13
uppose that £/(c) = 0 and £7(0) exists.

g ) >0, ﬂ}en Jf{c) 1s a local minimum,

/{e) < 0, then f(c) is a local maximum.

(Note that no conclusion is drawn if ”(c) = 0.)

PROOF We handle the case f“(c) > 0. The other is left as an exercise. (Exercise 32)
Since f is the derivative of /', we see from Theorem 4.1.2 that there exists a §>0
such that, if

c—d<xj<c<xy<c+é,

then
S@) < fie) < fix).
Since f'(c) = 0, we have
fx) <0 forx in{c —4,¢) and fx)>0 forx in (c, ¢ + §).
By the first-derivative test, f(c) is a local minimum.
Example 8 For f(x) = 2x3 — 3x2 — 12x + 5 we have
flx)=6x*—6x —12= 6(x? —x — 2)=6(x —2)(x +1)

and

Fx) = 125 — 6.
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The critical points are 2 and —1; the first derivative is 0 at each of these points. Since
f"(2) =18 > 0and f"(—1) = —18 < 0, we can conclude from the second-derivative
test that f(2) = —15 is a local minimum and f{—1) = 12 is a local maximum. O

Comparing the First- and Second-Derivative Tests

The first-derivative test is more general than the second-derivative test. The first-
derivative test can be applied at a critical point ¢ even if / is not differentiable at ¢
(provided of course that f/ is continuous at ¢). In contrast, the second-derivative test
can be applied at ¢ only if /' is twice differentiable at ¢, and, even then, the test gives us
information only if f*(c) # 0.

Example 9 Set £(x) = x*3 Here f'(x) = £x'/% so that

FO=0,  f(x)<0 for x<0  f)>0 for x>0
By the first-derivative test, £(0) = 0is alocal minimum. We cannot get this information
from the second-derivative test because f"(x) = %x’m is not definedatx = 0. 1

Example 10  To show what can happen if the second derivative is zero at a critical
point ¢, we examine the functions

f(x) 2x) = h(x) = —x*. (Figure 4.3.14)
Y ¥ v
fo=x3 T glo=xt
g % \‘ =
“ | hix) =
1
Figure 4.3.14

In each case x = 0 is a critical point:
L) =322 g =423 H(x)=—4x,
f=0, £'0)=0, R(0)=0.
In each case the second derivative is zero at x = 0:
[y =6x, g'(x)=12x%  r(0)=—12x2,
F1(0) =0, 20y =0, 7(0) = 0.
The first function, f(x) = x3, has neither a local maximum nor a local minimum at
x = 0. The second function, g(x) = x*, has derivative g'(x) = 4x>. Since
gx) <0 for x<0, gx) =0 for x>0,

2(0) is a local minimum. (The first-derivative test.) The last function, being the negative
of g, has a local maximum at x = 0.
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Exercises 1-28. Find the critical points and the local extreme
values.

L fx)=x 43x —2. 2. f(x) = 2x* —4x? +6.

L=t L asm=r- 2
5. f(x) =x(1 - x). 6. /(x) = (1 —x)’(1 +x).
3 ~ 3
7 f(x) = if; 8. f(x) = 2“:_
y 2
9. flx)= prst 10. f(x) = |x* — 16].

12, f(x) = (ﬁ)3

B /) = (1 =20 -1 14, f(x)=(1 —x)1 +x).
2

1L f(x) = 531 — x )

15 ()= 2, 16. f(x) =x YT—%.
T+x
17. f(x) =x* Y2+ x. 18. f(x) = ﬁ - é

. f)=lx =31+ 2x +1]. 20. f(x) = x73 = 75173,
3

21 f(x) = x> 4 257153, 22, f(x) = e
23. f(x) =sinx +cosx, 0<x <2

24 f(x)=x+cos2x, O<x <.

25. f(x) =sin’x — 3sinx, 0<x <.

26. f(x) =sin’x, 0<x <27,

27. f(x) = sinx cosx — 3sinx +2x, 0<x <27,
28. /(x) =2sin’x —3sinx, O0<x <7,

Exereises 29-30. The graph of " s given. (a) Find the intervals
on which f increases and the intervals on which £ decreases,
(b) Find the local maxi ) and the local mini ) of £
Sketch the graph of /' given that £(0) — 1.

29. 2

31 Let f and g be the differentiable functions, with graphs
shown below. The point c is the point in the interval [a, 5]
whete the vertical separation between the two curves is great-
est. Show that the line tangent to the graph of £ at x — ¢ is
parallel to the line tangent to the graph of g at x — c.

32. Prove the validity of the second-derivative est in the case
that f(c) < 0.

33. Let f(x) = ax’ + bx + ¢, a # 0. Show that / has a local
maximum at x = ~b/(2a) if a < 0 and a local minimum
there if ¢ > 0.

34. Let f(x) = ax’ + bx> + cx +d,a 5 0. Under what con-
ditions on a, b, ¢ will /' have: (1) two local extreme values,
(2) only one local extreme value, (3) no local extreme values?

35. Find the critical points and the local extreme values of the
polynomial

P(x)=x* —8x® +22¢? — 24x + 4.

Show that the equation P(x) = 0 has exactly two real roots,
both positive.

36. A function £ has derivative
S =530 — DXx + 1)(x — 2).

At what numbers x, if any, does f have a local maximum?
A local minimum?

37. Suppose that p(x) = ayx” + a3 -+ apx +ap
has critical points —1, 1,2, 3, and corresponding values
P(=1)=6,p(1) =1,p(2) = 3, p(3) = 1. Sketch a possi-
ble graph for p if: (a) nis odd, (b) n is even.

38. Suppose that f(x) = Ax% + Bx + C has a local minimum
atx = 2and the graph passes through the points (1, 3) and
(3,~1).Find 4, B, C.

39. Find @ and b given that f(x) = ax/(x? + b?) has a local
minimum atx = —2and £(0) = 1.

40. Let f(x)=xP(1 —x), p and g integers greater than or
equal to 2.

(2) Show that the critical points of £ arc 0, p/(p + ¢), 1.
(b) Show that if p is even, then /' has a local minimum
at0.
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(c) Show that if ¢ is even, then £ has a local minimum at 1.

(d) Show that £ has a local maximum at p/(p + ) for all
p and ¢ under consideration.

41. Prove that a polynomial of degree # has at most # — 1 local
extreme values.

42. Let y = f(x) be differentiable and suppose that the graph
of f does not pass through the origin. The distance D from
the origin to a point P(x, f(x)) of the graph is given by

D=x2+ /(0]
Show that if D has a local extreme value at ¢, then the line
through (0, 0) and (¢, f(¢)) is perpendicular to the line tan-
gent to the graph of f at (¢, f(c)).

43. Show that f(x) = x* — 7x2 — 8x — 3 has exactly one criti-
cal point ¢ in the interval (2, 3).

44. Show that f(x) = sinx + $x? — 2x has exactly one critical
point ¢ in the interval (2, 3).

x4 b

B AP 4 40, Use a CAS to show that £ has
o7 +d

alocal minimum at x = 0 if ad — be > 0 and a local max-
imum at x = 0 if ad — he < 0. Confirm this by calculating
ad ~ be for each of the functions given below and using a
graphing utility to draw the graph.

25243
@@= o=
46. Set
_ [xPsin(l/x), x #0.
f(’)‘{ 0, x=0.

Earlier we stated that f is differentiable at 0 and that
S'(0) = 0. Show that " has neither a local maximum nor
a local minimum at x = 0.

[ Exercises 47-49. Use a graphing utility to graph the function

on the indicated interval. (a) Use the graph to estimate the crit-
ical points and local extreme values. (b) Estimate the intervals
on which the function increases and the intervals on which the
function decreases. Round off your estimates to three decimal
places.

47, f(x) = 3% — 7x% — 14x +24; [-3,4].

48. f(x) = 3x° + %% — 10x + 2| + 3x; [—4,4].

8sin2x
49. f(x) = R
=7 + 1x2

[-3,3].

bExercises 50-52. Find the local extreme values of / by using a

graphing utility to draw the graph of / and noting the numbers
xat which f/(x) = 0.

50, f(x) = —x° + 13x* — 67x> +171x% — 216x + 108,
51 f(x) =x2/3x — 2.
52. f(x) = cos® 2x.

P> Exercises 53-54. The derivative f* of a function f is given. Use

4 graphing utility to graph #” on the indicated interval. Estimate
the critical points of / and determine at each such point whether
f has a local maximum, a local minimum, or neither. Round off
your estimates to three decimal places.

53, f'(x) = sin’x +2sin2x; [-2,2].

54. f'(x) = 223 + x2 —dx +3; [-4,4].

M 4.4 ENDPOINT EXTREME VALUES; ABSOLUTE EXTREME VALUES

‘We will work with functions defined on an interval or on an interval with a finite number

of points removed.

A number ¢ is called the left endpoint of the domain of f if / is defined at ¢ but
undefined to the left of c. We call c the right endpoint of the domain of /' if /" is defined
at ¢ but undefined to the right of c.

The assumptions made on the structure of the domain guarantee that if ¢ is the left
endpoint of the domain, then f is defined at least on an interval [¢, ¢ + 8), and if ¢ is
the right endpoint, then 1 is defined at least on an interval (¢ — 8, c].

Endpoints of the domain can give rise to what are called endpoint extreme values.
Endpoint extreme values (illustrated in Figures 4.4.1-4.4.4) are defined below.

endpoint
maximum |

endpoint
minimum |

©

Figure 4.4.1

|
|
|
|
|
|
|
I
2

Figure 4.4.2
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endpoint m endpoint
| maximum | minimum

i 2 |
| I
~ | 5
1 |
I |
| |
| I
-_ e S S

“: ¢

Figure 4.4.3 Figure 4.4.4

DEFINITION 4.4.1 ENDPOINT EXTREME VALUES

If ¢ is an endpoint of the domain of £, then 18 said to have an endpoint
maximum at ¢ provided that

o) = fx) for all x in the domain of # sufficiently close to ¢.
It is said to have an endpoint minimum at ¢ provided that

fle) < f(x) for all x in the domain of # sufficiently close to c.

Endpoints in the domain of a continuous function which is differentiable at all
points of the domain near that endpoint can be tested by examining the sign of the
first derivative at nearby points and then reasoning as we did in Section 4.3. Suppose,
for example, that ¢ is a left endpoint and that f'is continuous from the right at c. If
f'(x) < Oatall nearby x > c, then f decreases on an interval [c, ¢ + 8)and f(c) is an
endpoint maximum, (Figure 4.4.1) If, on the other hand, f(x) > 0 atall nearby x > c,
then 1 increases on an interval [c, ¢ + 8) and f(c) is an endpoint minimum. (Figure
4.4.2) Similar reasoning can be applied to Tight endpoints.

Absolute Maxima and Absolute Minima

Whether or not a function / has a local extreme value or an endpoint extreme value at
some point ¢ depends entirely on the behavior of /" at c and at points close to c. Absolute
extreme values, which we define below, depend on the behavior of the function on its
entire domain.

We begin with a number  in the domain of /- Here d can be an interior point or
an endpoint.

DEFINITION 4.4.2  ABSOLUTE EXTREME VALUES

The function f is said to have an absolute maximum at d provided that
f@d) = f(x) for all x in the domain of £;

[ is said to have an absolute minimum at d provided that

f@d) < flx) for all x in the domain of £,

A function can be continuous on an interval (oreven differentiable there) without taking
on an absolute maximum or an absolute minimum. All we can say in general is that if /
takes on an absolute extreme value, then it does so at a critical point or at an endpoint.
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Figure 4.4.5

There are, however, special conditions that guarantee the existence of absolute
extreme values. From Section 2.6 we know that continuous functions map bounded
closed intervals [, b] onto bounded closed intervals [m, M]; M is the maximum value
taken on by / on [a, b] and m is the minimum value. If [a, b] constitutes the entire
domain of f, then, clearly, M is the absolute maximum and  is the absolute minimum.

TFor a function continuous on a bounded closed interval [a, 5], the absolute extreme
values can be found as indicated below.

Step 1. Find the critical points c|, ¢, . ... (These are the numbers in the open interval
(a, b) at which the derivative is zero or does not exist.)

Step 2. Calculate f(a), f(c1), f(c2) , fb).
Step 3. The greatest of these numbers is the absolutc maximum value of f and the least
of these numbers is the absolute minimum.

Example 1  Find the critical points of the function
fay=1+4x?—Ix%, xe[-1,3]
Then find and classify all the extreme values.
SOLUTION  Since £ is continuous and the entire domain is the bounded closed interval

[—1, 3], we know that f has an absolute maximum and an absolute minimum. To find
the critical points of f, we differentiate:

Fx) =8x —2x> = 2x(4 — %) = 2x(2 — )2 + x).

The numbers x in (—1, 3) at which f(x) = 0 are x = 0 and x = 2. Thus, 0 and 2 are
the critical points.
The sign of # and the behavior of f are as follows:
Joepr | peesEE O+ + 44+ 4+ 4 0-mmn
behavior of -1 decreases 0 increases 2 decreases 3 *

Taking the endpoints into consideration, we have:

FEED =144 —S(-D*=1¢ is an endpoint maximum;
=1 is a local minimum;
S =1+4Q7-32H=9 is a local maximum;

f3)=1+4037 - 13)*=—3  isan endpoint minimum.

The least of these extremes, f(3) = —%, is the absolute minimum; the greatest of these
extremes, f(2) = 9, is the absolute maximum. The graph of the function is shown in
Figure 44.5. Q0

Example 2  Find the critical points of the function
4242, —3<x<0

x2—2x+2, 0<x<2

fx) =
Then find and classify all the extreme values.

SOLUTION  Since f is continuous on its entire domain, which is the bounded closed
interval [— % 2], we know that f has an absolute maximum and an absolute minimum.
Differentiating f, we see that f'(x) is

2v+2on(—},0),  nonexistentatx =0,  2x —2on(0,2).
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This makes x = 0 a critical point. Since f/(x) = O atx = 1, 1 is a critical point.
The sign of /" and the behavior of f are as follows:

sign of £ 4444+ +dne PR

behaviorof £: - _L " increases 0 decreases 1 increases 3 %

Therefore
S=H= i—1+2= 2 is an endpoint minimum;
fy=2 is a local maximum;
fh=1-2+42=1 is a local minimum;
f@)=2 is an endpoint maximum.

The least of these extremes, /(1) = 1, is the absolute minimum; the greatest of these
extremes, f(0) = f(2) = 2, is the absolute maximum. The graph of the function is
shown in Figure 4.4.6. 1 Figure 4.4.6

Behavior of f(x) as x — oo and as x — —oc.

We now state four definitions. Once you grasp the first one, the others become trans-
parent.
To say that

as X = 00, fx) = o0
is to say that, as x increases without bound, f(x) becomes arbitrarily large. More
precisely, given any positive number A, there exists a positive number X such that
if x =K, then Sf(x) =M.
For example, as x — oo,

%% = o0, 14 x2

To say that
as Xx = 00, f(x)—> —oc0
is to say that, as x increases without bound, [(x) becomes arbitrarily large negative:
given any negative number M, there exists a positive number X such that
if x>K, then fx) = M.
For example, as x — oo,
4 1
—x* = —o0, 1- /% = —o0, tan | — — = | — —oo.
x2 2
To say that

as X = —oo, F(x) = oo

is to say that, as x decreases without bound, f(x) becomes arbitrarily large: given any
positive number 4, there exists a negative number X such that

if x=<K, then fx) =M.
For example, as x — —oc,

1
x? = o0, VT=x = oo, tan(%— >~>oo,

Finally, to say that

@) = —o0
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(2, 442)

Figure 4.4.7

is to say that, as x decreases without bound, f(x) becomes arbitrarily large negative:
given any negative number M, there exists a negative number K such that,

if x<K, then fx) =M.
For example, as x — —o0,
1
x* = —o0, —v1—x = —oc, tem(—z—%>—>—:x;.
x

Remark As you can readily see, f(x) - —o0 iff —f(x) = oc. O

Suppose now that P is a nonconstant polynomial:
P() = a4+ @pax™ o baix +ap (@, £0, n > 1),

For large |x| — that is, for large positive x and for large negative x — the leading term
a,x" dominates. Thus, what happens to P(x) as x — Foo depends entirely on what
happens to @,x”. (You are asked to confirm this in Exercise 43.)
Example 3
(@) Asx — 00, 3x* — 100x? +2x —5 — 0o since 3x* — co.
() Asx — —00, 5x° + 12x2 480 — —oo since 5x* — —oc0. O

Finally, we point out that if f(x) — oo, then f cannot have an absolute maximum
value, and if f(x) — —oo, then f cannot have an absolute minimum value.
Example 4  Find the critical points of the function

fx)=6/x —xx.
Then find and classify all the extreme values.
SOLUTION The domain is [0, co). To simplify the differentiation, we use fractional
exponents:
F) = 6x17% — ¥,
On (0, o0)
32-x)
2/x

Since f/(x) = 0 atx = 2, we see that 2 is a critical point.
The sign of /” and the behavior of £ are as follows:

3
fix)y=3x"V2 = zx”z = (Verify this.)

Signofft  +++ 44+ O0-—-m—m—o

behaviorof f: O increases 1  decreases ¥
Therefore,
£(0) = 0 is an endpoint minimum;
@)= 6+/2 — 2+/2 = 4+/2 is a local maximum,

Since f(x) = /¥(6 —x) = —o¢ as x — o0, the function has no absolute minimum
value. Since f increases on [0, 2] and decreases on [2, 00), the local maximum is the
absolute maximum. The graph of f appears in Figure 4.4.7. 0
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A Summary for Finding All the Extreme Values (Local, Endpoint,
and Absolute) of a Continuous Function f

Step 1. Find the critical points — the interior points ¢ at which f'(¢) = 0 or f'(¢) does
not exist.

Step 2. Test each endpoint of the domain by examining the sign of the first derivative
at nearby points.

Step 3. Test each critical point ¢ by examining the sign of the first derivative on both
sides of ¢ (the first-derivative test) or by checking the sign of the second
derivative at ¢ itself (second-derivative test).

Step 4. If the domain is unbounded on the right, determine the behavior of J(x)as
¥ — oc; if unbounded on the left, check the behavior of f(x) as x — —oc.

Step 5. Determine whether any of the endpoint extremes and local extremes are abso-
lute extremes.

Example §  Find the critical points of the function
F) = 367 = 3x° —6x 1 2), x €[-2, ).
The find and classify all the extreme values.
SOLUTION  To find the critical points, we differentiate:
Sx)=(6x2 = 3x —6) = 100+ D(x = 2).

Since f(x)=0at x =—1 and x = 2, the numbers —1 and 2 are critical points.
The sign of /" and the behavior of # are as follows:

SINOFf%  t bbb Omm o [
behaviorof i % increases 1 deoreasss 3 noremes
We can see from the sign of £ that
J=2)= %(»8 —6+12+2)=0 is an endpoint minimum;
S =4-1- 346+2) = L is a local maximum;
f@=36-6-12+2)=-2  isalocal minimum.

The function takes on no absolute maximum value since f(x) - oo as x — oo;
f(2) = =2 is the absolute minimum valye. The graph of f is shown in Figure
448 0O

@.-2)
Figure 4.4.8
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EXERCISES 4.4

Example é Find the critical points of the function
f(x)=sin x — sin’x, x €[0,2x].

Then find and classify all the extreme values.

SOLUTION On the interval (0, 2m)
f'(x) = cosx — 2sinx cosx = cosx(l — 2sinx).
Setting f”(x) = 0, we have
cosx(l —2sinx) = 0.
This equation is satisfied by the numbers x at which cosx = 0 and the numbers x at
which sinx = % On (0, 27), the cosine is 0 only at x = /2 and x = 37/2, and the
sine is % only at x = /6 and x = 57/6. The critical points, listed in order, are
7/6,  m/2,  Sw/6, 3w/l
The sign of f* and the behavior of f are as follows:

signoff: 44+ 0-——mmn o, S O ++ttdttds
0 x x = 2z
5 H G
behavior of f: increases decreases  increases decreases increases

Therefore

f(0)=0 isan endpoint minimum;  f(x/6) = % is a local maximum;
f(r/2)=0 isalocal minimum;  f(57/6) = % is a local maximum;
f(Bm/2)=—2 isalocal minimum;  f(27) =0 isan endpoint maximum.

Note that f(/6) = f(57/6) = } is the absolute maximum and f(37/2) = ~2isthe
absolute minimum. The graph of the function is shown in Figure 4.4.9. 2

2 H Bl 3 on *
6 z © 2
-1
ol
Figure 4.4.9

Exercises 1-30. Find the critical points. Then find and classify

all the extreme values.
L fx)=+x+2.
2. f(x) = (x = I)(x —2).

3 f)=x"—dx+1, xe[0.3]
4 fG) =2+ 5 —1, xe[-2,00

5. f(x) =22+ % 6. f(x)=x+ xl
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T fx)=x7+ Xl xe[E.2]
8. /<X)=x+iz, x[1,2].
¥
9 fx) =G —1x—2), xe€[0,2]

10. f(x) = (x — *(x —2)%, x€[0.4].
”‘/(1):4;:#, xe[-3,1]

XZ
12-/(x):mA xe[-1,2].
13, f(r) = (x — V32 14. f(x) = x/4—x2.
15, f(x) = xv/3=x. 16. f(x) = VF — .

Jx
17. fx)=1— Ix —1.
18. f(x) = (4x — D'FA@x — 123,

19. f(x) =sin’x —+3cos x, 0<x <.
2. fx)=cotx+x, 0<x<irm

21. f(x) =2cosx +3cos ¥, O<x<m
22 f(x)=sin2x —x, 0<x<n.

2. f)=tanx —x, —ir <x=im
24, f(x) =sin*x —sin’x, 0<x <z

=2x, 0<x<1

25 fr)={x-3, l<x=<4
5-x, 4<x=<17.
x+9, 8=<x<-3

26. f(x) =1 x2+x, —3<x=<2
x —4, 2<x <5

—2=x<-1

27. f(x) = —l=x=3
3<x<6.

2 —2=x=0

28. f(x) = . 0<x<3

-2 3=xs4
Jx+1, -3<x<0
29. flx) =4 x*—4x+2, 0<x<3
-7, 3=<x<4
-x% 0<x<1
30 f(y={ —2¢, 1<x<2

—1x% 2s5x<3.

Exercises 31-34, Sketch the graph of an everywhere differen-

tiable function that satisfies the given conditions. If you find that

the conditions are contradictory and therefore no such function

exists, explain your reasoning.

31. Local maximum at —1, local minimum at 1, £(3) = 6 the
absolute maximurm, no absolute minimum,

32. (0) = 1 the absolute minimum, local maximum at 4, local
‘minimum at 7, no absolute maximum.

33, f() = f(3)=0, f'(x) > O forallx.
34. f'(x) = 0 at cach integer x; / has no extreme values,

35. Show that the cubic p(x) = x* + ax? + bx + ¢ has extreme
values iff a® > 3b.

. Let # be a rational number, r > 1, and set

w
&

fO =043y —(+rx)  for  xz-l
Show that 0 is a critical point for / and show that £(0) = 0
is the absolute minimum value.

37. Suppose that ¢ is a critical point for £ and £(x) > 0 for
X  c. Show that if £(c) is a local maximum, then f is not
continuous at c.

38. What can you conclude about a function f continuous on
[a. ], if for some ¢ in (a, b), f(c) s both a local maximum
and a local minimum?

39. Suppose that f is continuous on [, 5] and f(a) = f(5).
Show that f has at least one critical point in (a, 5).

40. Suppose that ¢, < ¢, and that  takes on local maxima at ¢
and ¢;. Prove that if / is continuous on [c, ¢,], then there
is at least one point ¢ in (¢y, ;) at which f takes on a local
minimum.

41. Give an example of a nonconstant function that takes on
both its absolute maximum and absolute minimum on every
interval.

42. Give an example of a nonconstant function that has an infi-
nite number of distinet local maxima and an infinite number
of distinct local minima.

43. Let P be a polynomial with positive leading cocfficient:

P(x)=ax" +ap 15" + -

tax+a,  nzl

Clearly, as x — 00, a,x" — co. Show that, as x — oo,
P(x) — 0o by showing that, given any positive number M,
there exists a positive number X such that, if x > X, then
P(x)> M.

44. Show that of all rectangles with diagonal of length c, the
square has the largest arca.

45. Let p and ¢ be positive rational numbers and set f(x) =
xP(1 =x)7,0 < x < 1. Find the absolute maximum value
of f.

46. The sum of two numbers is 16. Find the numbers given that
the sum of their cubes is an absolute minimum,

47. If the angle of elevation of a cannon is # and a projectile
is fired with muzzle velocity v fi/sec, then the range of the
projectile is given by the formula

g
v®sin 26
= ——— feet.

What angle of elevation maximizes the range?

48. A piece of wire of length L is to be cut info two picces,
one piece to form a square and the other picce to form an
equilateral triangle. How should the wire be cut 50 s to

(2) maximize the sum of the areas of the square and the
triangle?
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(b) minimize the sum of the areas of the square and the
triangle?
J> Exercises 49-52. Use a graphing utility to graph the function on

tem on [a, b] (Theorem 2.6.2). If the hypothesis is satisficd, find
the absolute maximum value M and the absolute minimum value
m. If the hypothesis s not satisfied, find M and m if they cxist,

the indicated interval. Estimate the critical points of the fanc- 1-v2—x, ifl<x=<2
tion and classify the extreme valucs. Round off your estimates ~ 53. /(x) = I ViTT ifrexay @A=L
to three decimal places. TAETG MeTESH
49. f(x) = x* —dx +2xsinx; [-2.5,3]. L 2 ifo<x<3
54 f(x) = - b =[0,4].
50. f() =x = Tx? 4+ 10¢ +3; [-3,3]. el = f3crcs @O=0A
51 f(x) =xcos2x —cosx; [~m, ] .
2 p x4l ifl<x<4
52, f(x) =5x 4360 415 [-3,1], ss. =i ¥l = Bl =1[1,6].
TO= =312, sz @H=16

[> Exercises 53-55. Use a graphing utility to determine whether

the function satisfies the hypothesis of the extreme-valuc theo-

H 4.5 SOME MAX-MIN PROBLEMS

T The techniques of the preceding two sections can be broughtto bear on a wide variety of
max-min problems. The keyidea is to express the quantity to be maximized or minimized
as a function of one variable. If the function is differentiable, we can differentiate and

| analyze the results. We begin with a geometric example.

| Example 1 Anisosceles triangle has a base of 6 units and a height of 12 units. Find
the maximum possible area for a rectangle that is inscribed in the triangle and has one

‘ side resting on the base of the triangle. What are the dimensions of the rectangle(s) of
maximum area?

| | SOLUTION - Figure 4.5.1 shows the isosceles triangle and a rectangle inscribed in the
6 " specified manner. In Figure 4.5.2 we have introduced a rectangular coordinate system.
Figure 4.5.1 With x and y as in the figure, the area of the rectangle is given by the product

A =2xp.

VT This is the quantity we want to maximize. To do this we have to express 4 as a function
of only one variable.
Since the point (x, y) lies on the line that passes through (0, 12) and (3, 0),

y=12—4x. (Verify this.)

The area of the rectangle can now be expressed entirely in terms of x:
A(x) = 2x(12 — 4x) = 24x — 8x2.

Since x and y represent lengths, x and y cannot be negative. As you can check, this
restricts x to the closed interval [0, 3].

Our problem can now be formulated as follows: find the absolute maximum of the
function

R T
Figure 4.5.2
A(x) = 24x — 8x2, x €[0,3].
The derivative
A(x)=24—16x
is defined for all x € (0, 3). Setting A'(x) = 0, we have
24-16x =0

which implies x=3
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The only critical point is x = % Evaluating 4 at the endpoints of the interval and at the
critical point, we have:
A(0) = 24(0) — 8(0)* = 0,
3 2
43)=24()-8(G) =18,
A(3) =24(3) - 8(3)* = 0.

The function has an absolute maximum of 18, and this value is taken on at x = % At
x = 2, the base 2x = 3 and the height y = 12 —4x = 6.

The maximum possible area is 18 square units. The rectangle that produces this
area has a base of 3 units and a height of 6 units. O

The example we just considered suggests a basic strategy for solving max-min
problems.

Strategy

Step 1. Draw a representative figure and assign labels to the relevant quantities.
Step 2. Identify the quantity to maximized or minimized and find a formula for it.

Step 3. Express the quantity to be maximized or minimized in terms of a single variable;
use the conditions given in the problem to eliminate the other variable(s).

Step 4. Determine the domain of the function generated by Step 3.
Step 5. Apply the techniques of the preceding sections to find the extreme value(s).

Example 2 A paint manufacturer wants cylindrical cans for its specialty enamels.
The can is to have a volume of 12 fluid ounces, which is approximately 22 cubic inches. W
Find the dimensions of the can that will require the least amount of material. See
Figure 4.5.3.

Figure 4.5.3

SOLUTION Let r be the radius of the can and / the height. The total surface area
(top, bottom, lateral area) of a circular cylinder of radius r and height / is given by the
formula

S =2mr? + 2nrh.

This is the quantity that we want to minimize.
Since the volume ¥ = w24 is to be 22 cubic inches, we require that

22
arfh=22  andthus k=
Tr

It follows from these equations that » and & must both be positive. Thus, we want to
minimize the function

22 44
Sy = 2mr? + 277 (—2) =2t 4 —, 7 € (0, 00).
wr ¥

Differentiation gives

ds 44 4 44 AP - 1))
—=dar- 5 =——F—="—"">35""
dr I’Z 2 2

r r
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Figure 4.5.4

The derivative is 0 where 77° — 11 = 0, which is the point 7y = (11/7)!/%. Since

4s . [negative for F<rg
a8 0 at r=rg
" positive for 7 > rg,

S decreases on (0, 7] and increases on [, 00). Therefore, the function § is minimized
by setting » = rg = (11/7)1/3.

The dimensions of the can that will require the least amount of material are as
follows:

radius r = (11/m)"/* = 1.5 inches, height h = =2(11/7)'?

w(11/m)3
= 3 inches.

The can should be as wide as itis tall. O

Example 3 A window in the shape of rectangle capped by a semicircle is to have
perimeter p. Choose the radius of the semicircular part so that the window admits the
most light.

SOLUTION 'We take the point of view that the window which admits the most light is
the one with maximum area. As in Figure 4.5.4, we let x be the radius of the semicircular
part and y be the height of the rectangular part. We want to express the area

A= 3mx®+2xy

as a function of x alone. To do this, we must express y in terms of x.
Since the perimeter is p, we have

p=2x+42y+nx
and thus
y=ilp =@ +ml.
Since x and y represent lengths, these variables must be nonnegative. For both x and y

to be nonnegative, we must have 0 < x < p/(2 + ).
The area can now be expressed in terms of x alone:

A(x) = fmx? + 2xy

Imx? +2x (Lp — 2+ m)x])
=jmx?+px — QP = px — 2+ 3m) 22
We want to maximize the function
A(x) = px — (24 jm) 22, 0<x<p/2+m).
The derivative
A@)=p—@E+mx

isOonly atx = p/(4 + ). Since 4(0) = A[p/(2 + )] = 0, and since A'(x) > 0 for
O<x <p/4+m)and 4(x) <0 for p/(4+7) <x < p/(2+ m), the function 4
is maximized by setting x = p/(4 4 ). For the window to have maximum area, the
radius of the semicircular part must be p/(4 + 7). Q2

Example 4  The highway department is asked to construct a road between point
4 and point B. Point 4 lies on an abandoned road that runs east-west. Point B is 3
miles north of the point of the old road that is 5 miles east of 4. The engineering
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division proposes that the road be constructed by restoring a section of the old road
from A to some point P and constructing a new road from P to B. Given that the cost of
restoring the old road is $2,000,000 per mile and the cost of a new road is $4,000,000
per mile, how much of the old road should be restored so as to minimize the cost of the
project.

SOLUTION Figure 4.5.5 shows the geometry of the problem. Notice that we have
chosen a straight line joining P and B rather than some curved path. (The shortest
connection between two points is provided by the straight-line path.) We let x be the
amount of old road that will be restored. Then Figure 4.5.5

VOFG—xP=34—10x + 2

is the length of the new part. The total cost of constructing the two sections of
road is
C(x) =2-10°% +4- 10°[34 — 10x + %], 0<x<5.

‘We want to find the value of x that minimizes this function.
Differentiation gives

C'(x) =2-10°+4-10° (1) [34 — 10x +x"]7"*(2x — 10)
16,
:z.low%, 0<x<3.
Setting C'(x) = 0, we find that
2x —5) B
[34 — 10x + x2]12
2x — 5) = —[34 — 10x +x?]'72
4(x? — 10x +25) = 34 — 10x +x?
3x? = 30x + 66 = 0
x?—10x +22=0.

1+

By the general quadratic formula, we have

10+ ,/100 — 422
> 22) _ 54,

The value x = 5+ +/3 is not in the domain of our function; the value we want is
x = 5 — /3. We analyze the sign of C":

sign of C:

D D S
behavior of C: O 5-43 5 x
decreases  increases

Since the function is continuous on [0, 5], it decreases on [0, 5 — +/3] and increases
on [5—+/3,5]. The number x = 5 — +/3 = 3.27 gives the minimum value of C.
The highway department will minimize its costs by restoring 3.27 miles of the old
road. 0O

Example 5 (The angle of incidence equals the angle of reflection.) Figure 4.5.6
depicts light from point A reflected by a mirror to point B. Two angles have been
marked: the angle of incidence, 6;, and the angle of reflection, 6,. Experiment shows Figure 4.5.6

185
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Ay, a)

Figure 4.5.7

that §; = 6,.. Derive this result by postulating that the light travels from 4 to the mirror
and then on to B by the shortest possible path.t

SOLUTION We write the length of the path as a function of x. In the setup of Figure

4.5.7,
L) = J(x —a? +ad + | (x — b1 £ B®, xelabl
Differentiation gives

x-a x —bi

c—apt@  Ja-bP+H

L'(x)=

Therefore
5 X —a by —x
L'x)=0 iff =
V(J*a\)2+a§ J& =b)? b
iff sin@; = sin6,
iff 6 = 6.

(see the figure)

That L(x) is minimal when 6; = 6, can be seen by noting that L”(x) is always positive,

2 2

a3 b

L) 2 s > 0
R ) A ) R

and applying the second-derivative test. O

(We must admit that there is a much simpler way to do Example 5, a way that
requires no calculus at all. Can you find it?)

Now we will work out a simple problem in which the function to be maximized is
defined not on an interval or on a union of intervals, but on a discrete set of points, in
this case a finite collection of integers.

Example 6 A small manufacturer of fine rugs has the capacity to produce 25 rugs
per week. Assume (for the sake of this example) that the production of the rugs per
week leads to an annual profit which, measured in thousands of dollars, is given by the
function P = 100n — 600 — 342, Find the level of weekly production that maximizes P.

SOLUTION Since n is an integer, it makes no sense to differentiate
P = 1007 — 600 — 3n7

with respect to 7.

Table 4.5.1, compiled by direct calculation, shows the profit P that corresponds to
each production level 7 from 810 25. (Forn < 8, P isnegative; 25 is full capacity.) The
table shows that the largest profit comes from setting production at 17 units per week.

We can avoid the arithmetic required to construct the table by considering the
function

F(x) = 100x — 600 — 3x3, 8 <x <25
TThis is a special case of Fermat's principle of least time, which says that, of all (neighboring) paths, light

chooses the one that requires the least time. 1f light passes from one ‘medium to another, the geometrically
shortost path s not necessarily the path of least time.
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H Toble 4.5.1
n P n P n P
8 8 14 212 20 200
9 57 15 225 21 177
10 100 16 232 22 148
11 137 17 233 23 113
12 168 18 228 24 72
13 193 19 217 25 25

For integral values of x, the function agrees with P. It is continuous on [8, 25] and

differentiable on (8, 25) with derivative
£1(x) =100 — 6x.

Obviously, f/(x) = 0atx = 12 = 163. Since f'(x) > 0 on (8, 162) and is continuous
atthe endpoints, f increases on [8, 16%]. Since f'(x) < Oon(l6%A 25)and is continuous
at the endpoints, f decreases on [16%, 25]. The largest value of / corresponding to an
integer value of x will therefore occur at x = 16 or at x = 17. Direct calculation of

f(16) and f(17) shows that the choice x = 17 is correct.

EXERCISES 4.5

1. Find the greatest possible valuc of xy given that x and y are
both positive and x +y = 40.

S

. Find the dimensions of the rectangle of perimeter 24 that has
the largest area.

w

. A rectangular garden 200 square feet in area is to be fenced
off against rabbits. Find the dimensions that will require the
least amount of fencing given that one side of the garden is
already protected by a barn.

:

Find the largest possible area for a rectangle with base on
the x-axis and upper vertices on the curve y = 4 — x?

Find the largest possible area for a rectangle inscribed in a
circle of radius 4.

. Find the dimensions of the rectangle of arca A that has the
smallest perimeter,

6.

-

. How much fencing is needed to define two adjacent rectan-
gular playgrounds of the same width and total area 15,000
square feet?

A rectangular warehouse will have 5000 square fect of floor
space and will be separated into two rectangular rooms by an
interior wall. The cost of the exterior walls is $150 per lincar
foot and the cost of the interior wall is $100 per linear foot.
Find the dimensions that will minimize the cost of building
the warehouse.

»

9. Rework Example 3; this time assume that the semicircular
portion of the window admits only one-third as much light
per square foot as docs the rectangular portion.

10. A rectangular plot of land is to be defined on one side by
a straight river and on three sides by post-and-rail fencing,
Eight hundred feet of fencing are available. How should the
fencing be deployed so as to maximize the area of the plot?

11. Find the coordinates of P that maximize the area of the rect-
angle shown in the figure.

-
IS

. A triangle is to be formed as follows: the base of the triangle
is to lie on the x-axis, one side is to lic on the line y = 3x,
and the third side is to pass through the point (1, 1). Assign a
slope to the third side that maximizes the area of the triangle.

S

. A triangle is to be formed as follows: two sides are to lic on
the coordinate axes and the third side is to pass through the
point (2, 5). Assign a slope to the third side that minimizes
the arca of the triangle.

=

. Show that, for the triangle of Exercise 13, it is impossible
to assign a slope to the third side that maximizes the area of
the triangle.

P

. What are the dimensions of the base of the rectangular box
of greatest volume that can be constructed from 100 square
inches of cardboard if the base is to be twice as long as it is
wide? Assume that the box has a top.

16. Exercise 15 under the assumption that the box has no top.

3

. Find the dimensions of the isosceles triangle of largest area
with perimeter 12.

18. Find the point(s) on the parabola y = §x2 closest to the point

©,
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19. Find the point(s) on the parabola x = »? closest to the point
(0,3).

20. Find 4 and B given that the function y = Ax~"/2 + Bx1/2
has a minimum of 6 at x = 9.

21. Find the maximal possible area for a rectangle inscribed in
the ellipse 16x2 + 9y = 144,

22. Find the maximal possible area for a rectangle inscribed in
the cllipse 57x2 + a%)?

23. A pentagon with a perimeter of 30 inches is to be constructed
by adjoining an equilateral triangle to a rectangle. Find the
dimensions of the rectangle and triangle that will maximize
the area of the pentagon.

24. A 10-foot section of gutter is made from a 12-inch-wide strip
of sheet metal by folding up 4-inch strips on each side so
that they make the same angle with the bottom of the gutter.
Determine the depth of the gutter that has the greatest car-
rying capacity. Caution: There are two ways to sketch the
trapezoidal cross section. (See the figure.)

y

o
i

From a 15 x 8 rectangular piece of cardboard four congru-
ent squares are o be cut out, one at each corner. (See the
figure.) The remaining crosslike piece is then to be folded
into an open box. What size squares should be cut out so as
to maximize the volume of the resulting box?

26. A page is to contain 81 square centimeters of print. The mar-
gins at the top and bottom are to be 3 centimeters each and,
at the sides, 2 centimeters each. Find the most economical
dimensions given that the cost of a page varics directly with
the perimeter of the page.

27.Let ABC be a triangle with vertices 4 = (~3,0),
B =(0,6), C = (3, 0). Let £ be a point on the linc segment
that joins B to the origin. Find the position of P that mini-
mizes the sum of the distances between P and the vertices.

28. Solve  Exercise 27 with 4= (—6,0), B =(0,3),
C =(6,0).

29. An 8-fool-high fence is located 1 foot from a building. De-
termine the length of the shortest ladder that can be leaned
against the building and touch the top of the fence.

30. Twwo hallways, one 8 fcet wide and the other 6 feet wide, meet
at right angles. Determine the length of the longest ladder
that can be carried horizontally from one hallway into the
other.

31. A rectangular banner is to have a red border and a rectangu-
lar white center. The width of the border at top and bottom
is to be § inches, and along the sides 6 inches. The total area
is to be 27 square feet. Find the dimensions of the banner
that maximize the area of the white center.

32. Conical paper cups arc usually made so that the depth is +/2
times the radius of the rim. Show that this design requires
the Ieast amount of paper per unit volume.

33. Astring 28 inches long is to be cut into two pieces, one piece
to form a square and the other to form a circle. How should
the string be cut so as to (a) maximize the sum of the two
areas? (b) minimize the sum of the two areas?

34. What is the maximum volume for a rectangular box (square
base, no top) made from 12 squarc feet of cardboard?

35. The figure shows a cylinder inscribed in a right circular cone
of height 8 and base radius 5. Find the dimensions of the
cylinder that maximize its volume.

36. As a variant of Exercise 35, find the dimensions of the cylin-
der that maximize the area of its curved surface.

37. A rectangular box with square base and top is to be made to
contain 1250 cubic feet. The material for the base costs 35
cents per squarc foot, for the top 15 cents per square foot, and
for the sides 20 cents per square foot. Find the dimensions
that will minimize the cost of the box.

38. What is the largest possible area for 4 parallelogram in-
scribed in a triangle 4BC in the manner of the figure?

I

4 B

39. Find the dimensions of the isosceles triangle of least area
that circumscribes a circle of radius r.

40. What is the maximum possible area for a triangle inscribed
in a circle of radius r?

s

. The figure shows a right circular cylinder inscribed in a
sphere of radius 7. Find the dimensions of the cylinder that
maximize the volume of the cylinder.




42. As a variant of Exercise 41, find the dimensions of the
right circular cylinder that maximize the lateral area of the
cylinder.

43. A right circular cone is inscribed in a sphere of radius r as
in the figure. Find the dimensions of the cone that maximize
the volume of the cone.

44. What is the largest possible volume for a right circular cone
of slant height a?

45. A power line is needed to connect a power station on the
shore of a river to an island 4 kilometers downstream and 1
kilometer offshore. Find the minimum cost for such a line
given that it costs $50,000 per kilometer to lay wire under
water and $30,000 per kilometer to lay wire under ground.

46. A tapestry 7 feet high hangs ona wall. The lower edge s 9 feet
above an observer’s eye. How far from the wall should the
observer stand to obtain the most favorable view? Namely,
what distance from the wall maximizes the visual angle of
the observer? HINT: Use the formula for tan (4 — B).

47. Anobject of weight ¥ is dragged along a horizontal plane by
means of a force P whose line of action makes an angle 8 with
the plane. The magnitude of the force is given by the formula

ww
ising +cosd
where p1 denotes the coefficient of friction. Find the value of
6 that minimizes P.

8. The range of a projectile fired with elevation angle 8 at an

inclined plane is given by the formula
Rie 2v% cos 6 sin(@ — «)

B goosla
where e is the inclination of the target plane, and v and g
are constants. Calculate § for maximum range.

49. Two sources of heat are placed s meters apart—a source of
intensity a at 4 and a source of intensity b at B. The intensity
of heat at a point P on the line segment between 4 and B is
given by the formula

a b
I=5+——,
X2 (s —x)p
where x is the distance between P and 4 measured in me-
ters. At what point between A4 and B will the temperature be
lowest?

50. The distance from a point to a line is the distance from that
point to the closest point of the line. What point of the line
Ax + By + C = 0 is closest to the point (x;, y1)? What is
the distance from (x;, y;) to the line?

51. Letf be a differentiable function defined on an open interval
1. Let P(a. b) be a point not on the graph of /. Show that if
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"PQ is the longest or shortest line segment that joins P to the
graph of f, then PQ is perpendicular to the graph of £,

. Draw the parabola y = x2. Onthe parabola mark a point P =

O. Through P draw the normal line. The normal line inter-
sects the parabola at another point Q. Show that the distance

between P and Q is minimized by setiing P = (3%, 1).

Tor each integer #, set f(n) = 6n* — 16n° + 9n2. Find the
integer » that minimizes f(n).

A local bus company offers charter trips to Blue Mountain
Museum at a fare of $37 per person if 16 to 35 passengers
sign up for the trip. The company does not charter trips for
fewer than 16 passengers. The bus has 48 seats. [f more than
35 passengers sign up, then the fare for every passenger is
reduced by 50 cents for each passenger in excess of 35 that
signs up. Determine the number of passengers that generates
the greatest revenue for the bus company.

The Hotwheels Rent-A-Car Company derives an average
net profit of $12 per customer if it services 50 customers or
fewer. If it services more than 50 customers, then the average
net profit is decreased by 6 cents for each customer over 50.
What number of customers produces the greatest total net
profit for the company?

A steel plant has the capacity to produce x tons per day of
low-grade steel and y tons per day of high-grade steel where

40 — 5x
Y To—x

Given that the market price of low-grade steel is half that of
high-grade steel, show that about 51 tons of low-grade steel
should be produced per day for maximum revenue.

. The path of a ball is the curve y = mx — ghs(m? + D2,

Here the origin is taken as the point from which the ball
is thrown and m is the initial slope of the trajectory. At a
distance which depends on rm, the ball returns to the height
from which it was thrown. What value of m maximizes this
distance?

Given the trajectory of Exercise 57, what value of m maxi-
mizes the height at which the ball strikes a vertical wall 300
feet away?

. A truck is to be driven 300 miles on a freeway at a con-

stant speed of v miles per hour. Speed laws require that
35 < v < 70. Assume that the fucl costs $2.60 per gallon and
is consumed at therate of 1 + ( ﬁ)vZ gallons per hour. Given
that the driver’s wages are $20 per hour, at what speed should
the truck be driven to minimize the truck owner’s expenses?

. A tour boat heads out on a 100-kilometer sight-seeing trip.

Given that the fixed costs of operating the boat total $2500
per hour, that the cost of fuel varies directly with the square
of the speed of the boat, and at 10 kilometers per hour the
cost of the fuel is $400 per hour, find the speed that mini-
mizes the boat owner’s expenses. Is the speed that minimizes
the owner’s expenses dependent on the length of the trip?
Anoil drum is to be made in the form of a right circular cylin-
der to contain 167 cubic feet. The upright drum is to be taller
than it is wide, but not more than 6 feet tall. Determine the
dimensions of the drum that minimize surface area.
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62. The cost of erecting a small office building is $1,000,000
for the first story, $1,100,000 for the second, $1,200,000 for
the third, and so on. Other expenses (lot, basement, etc.) are
$5,000,000. Assume that the annual rent is $200,000 per
story. How many stories will provide the greatest return on
investment?’

. Points 4 and B are opposite points on the shore of a circular

lake of radius | mile. Maggie, now at point 4, wants to reach

point B. She can swim directly across the lake, she can walk
along the shore, or she can swim part way and walk part way.

Given that Maggie can swim at the rate of 2 miles per hour

and walks at the rate of 5 miles per hour, what route should

she take to reach point B as quickly as possible? (No running
allowed.)

Our friend Maggie of Excrcise 63 finds a row boat. Given

that she can row at the rate of 3 miles per hour, what route

should she take now? Row directly across, walk all the way,
or row part way and walk part way?

Y
~

THere by “return on investment” we mean the ratio of income to cost.

PROJECT 4.5 F Paths of Birds

Ornithologists studying the flight of birds have determined that
certain species tend to avoid flying over large bodies of water
during the daylight hours of summer. A possible explanation for
this is that it takes more energy to fly over water than land be-
cause on a summer day air typically rises over land and falls over
water. Suppose that a bird with this tendency is released from
an island that is 6 miles from the nearest point 4 of a straight
shoreline. It flies to a point B on the shore and then flies along
the shore to its nesting area C, which is 12 miles from 4. (See
the figure.)

=

Let W denote the energy per mile required to fly over water, and
let L denote the energy per mile required to fly over land.

[ 6. Exercise 65 with £(x) = 2
J>67. Find the distance D(x) from a point (x,y) on the line

[ 65. Set f(x) = x2 — x and let P be the point (4, 3).

(a) Use a graphing utility to draw / and mark .

(b) Usea CAS to find the point(s) on the graph of / that are
closest to P.

(¢) Let Q be a point which satisfies part (b). Determine the
equation for the line /5 through P and Q; then display
in one figure the graph of , the point 2, and the line /5.

(d) Determine the equation of the line /y normal to the graph
of £ at (Q, F(Q))-

(¢) Compare Ipg and Iy

—x?and P(1, 8).

¥ +3x =7 to the origin. Use a graphing utility to draw
the graph of D and then use the trace function to estimate
the point on the line closest to the origin.

[ 68. Find the distance D(x) from a point (x, ») on the graph

of f(x)=4—x? to the point P(4,3). Use a graphing
utility to draw the graph of D and then use the trace
function to cstimate the point on the graph of / closest
to P.

Problem 1. Show that the total energy E expended by the bird
in flying from the island to its nesting area is given by

E(x) = W36 +x2 + L(12—x),
where x is the distance from A to B measured in miles,

Problem 2. Suppose that W = 1.5L; that is, suppose it takes
50% more energy to fly over water than over land.

O<x=<12

(a) Use the methods of Section 4.5 to find the point B to which
the bird should fly to minimize the total energy expended.

(b) Use agraphing utility to graph £, and then find the minimum
value to confirm your result in part (a). Take L = 1,

Problem 3. Tn general, suppose W = kL, k > 1.

(a) Find the point B (as a function of k) to which the bird should
fly to minimize the total energy expended.

(b) Use a graphing utility to experiment with different values of
kto find out how the point B moves as k increases/decreases.
Take L =1,

(¢) Find the value(s) of & such that the bird will minimize the
total energy expended by flying directly to its nest.

(d) Are there any values of k such that the bird will minimize
the total energy expended by flying directly to the point A
and then along the shore to C?

M 4.6 CONCAVITY AND POINTS OF INFLECTION

‘We begin with a sketch of the graph of a function f; Figure 4.6.1. To the left of ¢, and
between ¢, and ¢s, the graph “curves up” (we call it concave up); between ¢, and ¢,
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and to the right of cs, the graph “curves down” (we call it concave down). These terms
deserve a precise definition.

Figure 4.6.1

|
DEFINITION 4.6.1 | CONCAVITY |
Let f be a function differentiable on an open interval Z. The graph of £ is said
to be concave up on I if 1" increases on I; it is said to be concave down on I
if f* decreases on /.

Stated more geometrically, the graph is concave up on an open interval where the slope
increases and concave down on an open interval where the slope decreases.

One more observation: where concave up, the tangent line lies below the graph;
where concave down, the tangent line lies above the graph. (Convince yourself of this
by adding some tangent lines to the curve shown in Figure 4.6.1.)

Points that join arcs of opposite concavity are called points of inflection. The graph !
in Figure 4.6.1 has three of them: (c1, f(c1)). (c2, f(c2)). (c3. f(c3)). Here is the formal X T
definition:

DEFINITION 4.6.2 POINT OF INFLECTION

Let f be a function continuous at ¢ and differentiable near c. The point
(¢, f(c)) is called a point of inflection if there exists a § > 0 such that the
graph of f is concave in one sense on (¢ — 4, ¢) and concave in the opposite
senseon (¢, ¢ + 8).

=32 4x 43

Figure 4.6.2

Example 1 The graph of the quadratic function f(x) = x? — 4x + 3 is concave up
everywhere since the derivative f*(x) = 2x — 4 is everywhere increasing. (See Figure
4.6.2.) The graph has no point of inflection.

Example 2 For the cubing function f(x) = x?, the derivative

fl(x) =322 decreases on (—o0, 0] and increases on [0, 00).

Thus, the graph of £ is concave down on (—c0, 0) and concave up on (0, o0). The
origin, (0, 0) = (0, £(0)), is apoint of inflection, the only point of inflection. (See Figure
463) U

If f is twice differentiable, we can determine the concavity of the graph from the Figure 4.6.3
sign of the second derivative.
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point of
inflection

Figure 4.6.4

THEOREM 4.6.3

Suppose that £ is twice differentiable on an open interval 7.

@) If f"(x) > 0 for all x in /, then f increases on [, and the graph of £ is
concave up. 2 %

(i) If f7(x) < 0 for all x in {, then £ decreases on /, and the graph of £ is
concave down, 3

PROOF Apply Theorem 4.2.2 to the function f'. 1

The following result gives us a way of identifying possible points of inflection.

THEOREM 4.6.4
If the point (¢, f(c)) is a point of inflection; then
fley=10 or f'c) doesnotexist

PROOF Suppose that (¢, f(c)) is a point of inflection. Let’s assume that the graph of /
is concave up to the left of ¢ and concave down to the right of ¢. The other case can be
handled in a similar manner.

In this situation f” increases on an interval (¢ — 3, ¢) and decreases on an interval
(¢, c+38).

Suppose now that f"(c) exists. Then f’ is continuous at ¢. It follows that f”
increases on the half-open interval (¢ — 8, c] and decreases on the half-open interval
[e, ¢ + 8). This says that /* has a local maximum at ¢. Since by assumption f"'(c) exists,
f7(c) = 0. (Theorem 4.3.2 applied to f".)

‘We have shown that if f"(c) exists, then f”(c) = 0. The only other possibility is
that f“(c) does not exist. (Such is the case for the function examined in Example 4
below) 0O

Example 3  For the function
f)=x>—6x>+9x +1 (Figure 4.6.4)
we have
fix) =322 —12x +9 =3(x* —4x +3)
and
f(x) = 6x — 12 = 6(x - 2).

Note that /“(x) = 0 only at x = 2, and f keeps a constant sign on (—o0c, 2) and on
(2, 00). The sign of /" on these intervals and the consequences for the graph of f are
as follows:

L ——— Obdttdbtbtstbtttttts
. concave down 2 concave up S
graph of /:
point of
inflection

The point (2, £(2)) = (2, 3) is a point of inflection. 1
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Example 4 For

a5 ) &
flx)=3x 5x (Figure 4.6.5) -
inflection

we have
L0 =5R -5 and  f'(x)= 9513,

The second derivative does not exist at x = 0. Since

2
e . | NEgative, forx <0 1,-2
f1is [ positive, forx > 0, J) =3x583 By
the graph is concave down on (oo, 0) and concave up on (0, o). Since £ is continuous Figure 4.6.5

at 0, the point (0, £(0)) = (0, 0) is a point of inflection. 11

CAUTION  The fact that f"(c) = 0 or f"(c) does not exist does not guarantee that
(¢, f{e)) is a point of inflection. (The statement that constitutes Theorem 4.6.4 is not
an iff statement.) As you can verify, the function f(x) = x* satisfies the condition
/"(0) = 0, but the graph is always concave up and there are no points of inflection.
Iff is discontinuous at c, then f"(c) does not exist, but (¢, f(c)) cannot be a point of
inflection. A point of inflection oceurs at ¢ iff £ is continuous at ¢ and the point (¢, f(c))
joins arcs of opposite concavity,

Example 5 Determine the concavity and find the points of inflection (if any) of the
graph of
S(x) =x+cosx, x €[0,2r].
SOLUTION  For x € [0, 2], we have
Sf(x)=1-sinx and  f"(x) = —cosx.

On the interval under consideration ”(x) = 0 onlyatx = w/2and x = 37/2,and 1"
keeps constant sign on (0, 7r/2), on (2, 3r/2), and on (37 /2, 277). The sign of /" on
these intervals and the consequences for the graph of f are as follows:

Signof f ———mmm oo Ottt bbbt t bt tbpdd s O oo
—— . S
graph of £ 0 T 3 2r x
2
concave concave concave
down up down

The points (7/2, f(r/2)) = (7/2,%/2), and (/2, fGn/2) = ()2, 37/2)
5

are points of inflection. The graph of £ is shown in Figure 4.6.6. Figure 4.6.6

EXERCISES 4.6

1. The graph of a function f is given in the figure. () Deter-
mine the intervals on which f increases and the intervals on
which f decreases; (b) determine the intervals on which the
graph of /' is concave up, the intervals on which the graph
is concave down, and give the x-coordinate of each point of
inflection.
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2. Exercise 1 applied to the function £ graphed below.

T
A
ZA

3. The figure below gives the graph ofa function £, the graph of
its first derivative /, and the graph of its second derivative
#7. but not in the correct order. Which curve is the graph of
which function?

a b
@

?szf
@

10 f(x) = x3(1 = x).
2. feyelE + 2

14. fx) =

16. f(x) = (x — 3)/5.

(x+2)3” 18. f(x) = x4 —x2.

. f(x) =sin’x, x [0,
20. f(x) = 2cos?x —x%, x €[0, 7).
21. f(x) =x>+sin2x, xe[0,7]
22. f(x) =sin*x, xe[0,7]

[ Exercises 23-26. Find the points of inflection of the graph of
by using a graphing utility.

B =10

24. f(x) =sin’x —cosx, —2m <x<2m.
25, f(x) = x5+ 9x* +26x* + 18x2 — 27x — 27.
R

Exercises 27-34. Find: () the intervals on which /' increases
and the intervals on which f decreases; (b) the local maxima and
the local minima; (c) the intervals on which the graph is concave
up and the intervals on which the graph is concave down; (d)
the points of inflection, Use this information to sketch the graph
of f

27. f(x)
29. flx) =

—ex. 28. f(x) =3x* +4x° + 1.

30, ) = Ve — 675,
x2+l 0. /() =x'(x — 6)

3. f() = x +sinx, xe[-7 7]

EN G 32. f(x) =sinx +cosx, x e[0,2x].
P, x<l
© 33'-/(‘”:[ 3x-2, x>l
4. A function / is continuous on [—4, 4] and twice differen- 34, (x) = {Zx A ox=-l
tiable on (—4, 4). Some information on f, 7, and /" is tab- i W= =l
ulated below:
x| (4| -2 (-2,0) 0 ©2 2] 29
F') | positive | 0 | negative | negative | negative 0 | nogative
/"(x) | negative | negative | negative positive 0 | negative
(8) Give the x-coordinates of the local maxima and minima ~ Exercises 35-38. Sketch the graph of a continuous function f
of f. that satisfics the given conditions.
(6) Give the x-coordinates of the points of inflection of the 35, £(0) = 1, £(2) = —1; /(0) = f/2) = 0, f'(x) = 0 for
graph of /. x—1>1, /() <0 for |x—1]<1;f"(x)<0 for

(¢) Given that £(0) = 0, sketch a possible graph for f.
Exercises 5-22. Describe the concavity of the graph and find
the points of inflection (if any).

5. /)=~
T f(x)=x—3x+2.

6. f()=x+ ‘1
8. f(x)=2x" —Sx +2.

x < L f"x) > 0forx > 1.

36 f1(0) > 0 if |x|>2, /"(x) <0 if |x| <2 f'(0)=0,
F1x) > 0ifx < 0, f'(x) < 0ifx > 0; f(0) = 1, f(-2) =
f@) =14, f(x) > Oforallx, f is an even function.

37. f'(x) < 0ifx < 0, f"(x) > 0ifx > 0; f(—1) = f'(1) =
0. //(0) does not exist, f'(x)> 0 if x| > 1f(x)<0
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if x| <1 #0)/(-1)=2, f(1)==2;f is an odd
function.
38 f(=2) =6, f(1) =2, f3) =
0 if [x —2[> 1, fi(x) > 0 if
¥ +1] <lorx>2, f"(x) > 0iflx — 1] < lorx < —2.
39. Find d given that (. f(d)) is a point of inflection of the
graph of

JS&x) =@ —a)x = b)x ).
40. Find c given that the graph of /(x) = cx2 + x~ has a point
of inflection at (1, /(1)).
41.Find @ and b given that the graph of f(x) = ax’ + bx?
passes through the point (—1, 1) and has a point of inflection
where x = 1.

42. Determine 4 and B so that the curve
y = Ax'/2 4 Bx~1?

has a point of inflection at (1, 4).
43. Determine A and B so that the curve

¥ = dcos2x + Bsin3x

has & point of inflection at (7/6, 5).

44. Find necessary and sufficient conditions on 4 and B for
fx)=Ax*+ Bx +C
(a) to decrease between 4 and B with graph concave up.
(b to increase between 4 and B with graph concave down.

45. Find a function / with f'(x) = 3x? — 6x + 3 for all real x
and (1, —2) a point of inflection. How many such functions
are there?

46. Set f(x) = sinx. Show that the graph of f is concave down
above the x-axis and concave up below the x-axis. Does
g(x) = cosx have the same property?

47. Set p(x) = x* + ax? + bx +¢.

41 =,03)=0 fx) <
x—2| < L f"(x) < 0 if

(2) Show that the graph of p has exactly one point of inflec-
tion. What s x at that point?

(b) Show that p has two local extreme values iff a > 35.

(c) Show that » cannot have only one local extreme value.

48. Show that if a cubic polynomial p(x) = x* + ax? + bx + ¢
has a local maximum and a local minimurm, then the mid-
point of the line segment that connects the local high point
to the local low point is a point of inflection.
49. (a) Sketch the graph of a function that satisfies the fol-
lowing conditions: for all real x, £(x) > 0, f'(x) > 0,
£y > 0, f(0) = 1.

(b) Does there exist a function which satisfies the condi-
tions: f(x) > 0, f'(x) <0, f"(x) < 0 for all real x?
Explain.

50. Prove that a polynomial of degree n can have at most # — 2
points of inflection.

[ Exercises 51-54. Use a graphing utility to graph the function on
the indicated interval. (a) Estimate the intervals where the graph
is concave up and the intervals where it is concave down. (b)
Estimate the x-coordinate of each point of inflection. Round off
your estimates to three decimal places.

SLf(x) =x* —5x2+3; [—4,4].
52, f(x) =xsinx; [-2m,27].
53, f(x) =14+ x* —2xcosx; [—m, 7).
54, f(0) =23 — 4y [-5,5]
P> Exercises 55-58. Use a CAS to determine where:

%

@ /'x)=0, ® f(x) >0,
@) f"x)<0.
55. f(x) =2cos’x —cosx, 0<x<2m.
>
56. f(x) = —

P
57. f() =x" —4x® 4+ 6x7 — 4x® + 2%,
58. /(x) = xv/T6 —xZ.

W 4.7 VERTICAL AND HORIZONTAL ASYMPTOTES;

VERTICAL TANGENTS AND CUSPS

Vertical and Horizontal Asymptotes
In Figure 4.7.1 you can see the graph of

N 1
fx) =
[x =

el

|
I
for x close to c. {
I

As x — ¢, f(x) — co; that is, given any positive number M, there exists a positive

number § such that

if  O<fx—cl<8  then

The line x = ¢ is called a vertical asymptote. Figure 4.7.2 shows the graph of

1
g =-——
-

<l

fx)= M.

vertical
asymptote

for x close to c.

Figure 4.7.1
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¥ 5
|
|
1 I
| i
| vertical vemcat‘ e | S
7 lasymptote G
jx=e x|
N 5
c x |
1 ¢ *
g i
‘ H*
i 1
Figure 4.7.3 Figure 4.7.4

Inthiscase,asx — ¢, g(x) — —oo. Again, thelinex = cis called avertical asymptote.
Vertical asymptotes can arise from one-sided behavior. With f and g as in Figure
4.7.3, we write

“vertical
w7 asymptote

Figure 4.7.2

| vertical

| asymptote
x=4

|

I

Figure 4.7.5

asx —>c, fx) = o0 and g(x) = —oc.
With / and g as in Figure 4.7.4, we write
f(x) = oo and

In each case the line x = ¢ is a vertical asymptote for both functions.

asx — ct, g(x) = —o0.

Example 1 The graph of
x+6 342
=2 =8 (x+2)x-4)

has a vertical asymptote at x = 4: as x — 4%, f(x) > oo and as x — 47, f(x) —>

f&x)y=

—o0. The vertical line x = —2 is not a vertical asymptote since as x — —2, f(x)tends
toa finite limit: lim /() = lim 3/(x —4) = —L. (Figure 4.7.5) 1
X x>

From your knowledge of trigonometry you know that as x — 7/27, tanx — o0
and as x — /2%, tanx — —o0. Therefore the line x = /2 is a vertical asymptote.
In fact, the lines x = (2n + 1)7/2,n = 0, +1, £2, .., are all vertical asymptotes for
the tangent function. (Figure 4.7.6)

Figure 4.7.6
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The graph of a function can have a horizontal asymptote. Such is the case
(see Figures 4.7.7 and 4.7.8) if, as x — 00 or as x — —00, f(x) tends to a finite
limit.

%
horizontal asymptote horizontal
e A s
asymptote
s e
355w () S L * N i —
asx— oo, [() > L z
Figure 4.7.7 Figure 4.7.8

Example 2 Figure 4.7.9 shows the graph of the function

. X
flx)= —4
As x = 27, f(x) - —o0; as x — 2%, f(x) > co. The line x =2 is a vertical
asymptote.
Asx — o0,

=
2 1-2/x
The same holds true as x — —oo. The line y = 1 is a horizontal asymptote. 1
Example 3  Figure 4.7.10 shows the graph of the function

fx)= ? x> 0.

Asx — 07, cosx — 1, 1/x — 00, and

%

fx)= 00y (cosx) (%) — 00.

The line x = 0 (the y-axis) is a vertical asymptote.

Asx — oc,
|cosx| 1
/)l = Sl
x| x|
and therefore
Sy =2 Lo
x

The line y = 0 (the x-axis) is a horizontal asymptote. In this case the graph does not
stay to one side of the asymptote. Instead, it wiggles about it with oscillations of ever
decreasing amplitude. 0O

Example 4 Here we examine the behavior of

x+1-Vx _x+1-Jx
=17

=G T

horizontal
asymptote y =

197

vertical
asymptote
x=2
i
SW=
Figure 4.7.9

[l =

Figure 4.7.10




198 ® CHAPTER 4 THE MEAN-VALUE THEOREM; APPLICATIONS OF THE FIRST AND SECOND DERIVATIVES

First, two observations: (a) Because of the presence of /X, g is not defined for
negative numbers. The domain of g is [0, 1) U (1, c0). (b) On its domain, g remains
positive.

Asx — 1,

xHl—Vx—>1, (x—17 =0, and  g(x) = oo.
Thus, the line x = 1 is a vertical asymptote.

Asx — oc,
x4+1-x 1+1/x-1/Jx
— Y- T VN7
x2—2x+1 x—=2+1/x
(The numerator tends to 1 and the denominator tends to c0.) The line y = 0 (the x-axis)
is a horizontal asymptote. 1

gl =

The behavior of a rational function
a X"+ ax+ay

R(x) =
) bext 4o+ bix + by

(an #0, b #0)

as x — o0 and as x — —oo is readily understood after division of numerator and
denominator by the highest power of x that appears in the configuration.
Examples
(a) Forx # 0, set
- xt—d4xd -1  1x -4/t -1/
S = 3 = 7
20 —x 2—1/x
Both as x — oo and as x — —o0,
lx —4/x2—1/x° > 0, e ixt o2, and  f(x)— 0.

(b) Forx # 0, set

Both as x — oo and as x — —o0,
1=3/x+1/x2 > 1,  4—1/x>—>4,  and  f(x)— l/4

(¢) Forx # 0, set
3% -7 41 3T x4 1ER
-9 T 1/x—9/x%

Note that for large positive x, f(x) is positive, but for large negative x, f(x)
is negative. As x — oo, the numerator tends to 3, the denominator tends to 0, and
the quotient, being positive, tends to oc; as x — —oo, the numerator still tends to

3, the denominator still tends to 0, and the quotient, being negative this time, tends
to —oo.

S&) =

Vertical Tangents; Vertical Cusps

Suppose that f is a function continuous at x = c. We say that the graph of / has a
vertical tangent at the point (¢, f(c))if

as x—c¢, f(x)—>o0 o f(x)—> —oo.
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Examples (Figure 4.7.11)

(a) The graph of the cube-root function f(x) = x!/* has a vertical tangent at the point
©0,0):
as x — 0, fx)=3x"2 > o0,
The vertical tangent is the line x = 0 (the y-axis).
(b) The graph of the function f(x) = (2 — x)/ has a vertical tangent at the point
@, 0),
as x — 2, Fx)=—32—x)" > —c0.

The vertical tangent is the linex =2. 2

y x I
| vertical tangent
I x=2

I
i

1 x
N
|
|
flx) =x13 Fho) =2 -5
@ ®)

vertical tangent
x=0

Figure 4.7.11

Occasionally you will see a graph tend to the vertical from one side, come to a
sharp point, and then virtually double back on itself on the other side. Such a pattern
signals the presence of a “vertical cusp.”

Suppose that /" is continuous at x = ¢. We say that the graph of f has a vertical
cusp at the point (c, f(c)) if

as x tends to ¢ from one side, f'(x) — oo
and

as x tends to ¢ from the other side, f’(x) — —oc.

Examples (Figure 4.7.12)

(a) The function f(x) = x*/? iscontinuousatx = 0 and has derivative /"(x) = 2x~'/3,
As x — 0%, f'(x) > 00; as x — 07, f'(x) — —co. This tells us that the graph
of f has a vertical cusp at the point (0, 0).

(b) The function f(x) =2 — (x — 1) is continuous at x = 1 and has derivative
L) = =3 = 1) Asx — 17, f(x) — co;asx — 1, f/(x) = —o0. The
graph has a vertical cusp at the point (1, 2).

& 24 1,2)

|
F) =223 fo) =2~ (e 125

Figure 4.7.12
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EXERCISES 4.7

1. The graph of a function f is given in the figure.

(@) Asx — —I,
(b) Asx — 17,
(c) Asx — 1%,
(d) Asx — 00, f(x) —=?
(&) Asx — —00,  f(x) >?
(f) What are the vertical asymptotes?
(g) What are the horizontal asymptotes?

2. The graph of a function  is given in the figure.

fGx) =2
7 2
1) -7

(a) Asx — oo, f(x) =2

(b) Asx — b+, f(x) -2

(c) What are the vertical asymptotes?

(d) What are the horizontal asymptotes?

(¢) Give the numbers c, if any, at which the graph of / has
a vertical tangent.

(f) Give the numbers c, if any, at which the graph of /" has
a vertical cusp.

Exercises 3-20. Find the vertical and horizontal asymptotes.
3

3 /) = 4 S =
4
6 S0 = oy
2x 4;
sro=(F4)  wrm- s
5
11.f(x):ﬁ. l2.f(x)=<]j2

13./(x):mA
o AE
15. =gt T
17 /()= VXA~ 5. 18 f(r)= & — /52
sinx |
19. fi) = 2 0. f0) = ——.

Exercises 21-34. Determine whether or not the graph of £ has
a vertical tangent or a vertical cusp at c.

2L f(x) = (x + 3% c=-3.
22. f(x) =3 4 x5
23. f(x) = 2 — x)
4 f) =G+ 17!
25, f(x) =225 — x6/5
26. f(x) = (x — 5)7/%;
27. f(x) = (x +2)~23;
28 f(x)=4-Q2-xp7; c=2
2. fx) = —T];
30. f(x) =x(x -~ D';
31 f(x) = 1(x + 8)17;
32 f(x) = VE—x7;

X142, x<0

33 f) = S =o.
L2 [l—x”’, x=0 ©
1+ +/=x, x<0
3. f(x) =
1) ’(4x7x2)"'3, x>0

Exercises 35-38. Sketch the graph of the function, showing all
asymptotes.

1 1
35 f(x) = % 36, f(x) = e
. 2
37 () = |:x2' B /0= g

[ Exercises 39-42. Find (a) the intervals on which f* increases

and the intervals on which f decreases, and (b) the intervals on
which the graph of f is concave up and the intervals on which
itis concave down. Also, determine whether the graph of / has
any vertical tangents or vertical cusps. Confirm your results with
a graphing utility.

39. fx) =x — 3%, 40, f(x) = x> — 5153,

4. f(x) = 5% 3523, 2. f(x) = /I

Exercises 43-46. Sketch the graph of a function £ that satis-

fies the given conditions. Indicate whether the graph of /" has

any horizontal or vertical asymptotes, and whether the graph

has any vertical tangents or vertical cusps. If you find that no

function can satisfy all the conditions, explain your reasoning,

B /=1 for all x, f(0)=1; /"(x)<0 for all x£0;
') > coasx — 0, ['(x) > —coasx — 0-.




M (=0, f3)=f(-3)=0;f(x) > —oc as x -1,
J@) = —coasx — —1, f(x) = lasx — oo, f(x) = 1
asx — —o0; f"(x) < 0 forall x # £1.

45. /(0) =0; f(x) > —lasx — 00, f(x) > lasx — —o0;
S/(x) = =00 as x — 0; f"(x) < 0 for x < 0, f(x) > 0
for x > 0; f is an odd function.

46. f(0) = 1; f(x) = 4asx — oo, f(x) > —ocasx — — o0,
f(x) > oo asx = 0; f*(x) > O forx < 0, f"(x) < 0 for
x> 0.

47. Let p and ¢ be positive integers, g odd, p < ¢. Let £(x) =
x?/4. Specify conditions on p and ¢ so that
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ax +5” both as x — oo and as x — —oc. The line y =
ax + b is called an obligue asympiote.
Exercises 49-52. Sketch the graph of the function showing all
vertical and oblique asymptotes.
2

2 —
49, f() = 50, ) Bt
T 71
1+4x—3x%
sL f(»)f( = 52 ftm) =

[ Exercises 53-54. Use a CAS to find the oblique asymptotes.

Then use a graphing utility to draw the graph of £ and its asymp-

(a) the graph of £ has a vertical tangent at (0, 0). fotessnd theceby continn your findings,

(b) the graph of / has a vertical cusp at (0, 0). 53 f0) = 3xf —d4x® 22 4 2x 42
48. (Oblique asymptotes) Let r(x) = p(x)/g(x) be a rational .
function. Tf (degree of p) = (degree of g) + 1, then # can be 54 76 = Sx7—3x"+4x -4
written in the form o x2+1
’ o) with (degree 0) < (degree ) [ Exercises 55-56. Use a graphing utility to determine whether
r(x) = ax . < .

or not the graph of / has a horizontal asymptote. Confirm your
findings analytically.

55. f(x) = VX2 F 2x — x.

q(x)
Show that [r(x) — (ax +5)] — 0 both as x — oo and as
x = —o0, Thus the graph of f “approaches the line y =

56. f(x) = Vx¥ —x2 —x2.

M 4.8 SOME CURVE SKETCHING

During the course of the last few sections you have seen how to find the extreme values
of a function, the intervals on which a function increascs, and the intervals on which
it decreases; how to determine the concavity of a graph and how to find the points of
inflection; and, finally, how to determine the asymptotic properties of a graph. This
information enables us to sketch a pretty accurate graph without having to plot point
after point after point.

Before attempting to sketch the graph of a function, we try to gather together the
information available to us and record it in an organized form, Here is an outline of the
procedure we will follow to sketch the graph of a function £
(1) Domain  Determine the domain of f; identify endpoints; find the vertical asymp-

totes; determine the behavior of f as x — oo and as x — —oo.

(2) Intercepts  Determine the x- and y-intercepts of the graph. [The y-intercept is the
value f(0); the x-intercepts are the solutions of the equation f(x) = 0.]

(3) Symmetry/periodicity 1f f is an even function [ f(—x) = f(x)], then the graph
of f is symmetric about the y-axis; if £ is an odd function [ f(—x) = — f(x)], then
the graph of f is symmetric about the origin. If f is periodic with period p, then
the graph of f replicates itself on intervals of length p.

(4) First derivative Calculate f'. Determine the critical points; examine the sign of
7 to determine the intervals on which f increases and the intervals on which f
decreases; determine the vertical tangents and cusps.

(5) Second derivative Calculate /*. Examine the sign of / to determine the intervals
on which the graph is concave up and the intervals on which the graph is concave
down; determine the points of inflection.

(6) Points of interest and preliminary sketch  Plotthe points of interest in a preliminary
sketch: intercept points, extreme points (local extreme points, absolute extreme
points, endpoint extreme points), and points of inflection.

(7) The graph  Sketchthe graph of f by connecting the points in a preliminary sketch,
making sure that the curve “rises,” “falls,” and “bends™ in the proper way. You may
wish to verify your sketch by using a graphing utility.
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Figure 4.8.1 gives some cxamples of elements to be included in a
sketch

preliminary

\ 4, 1)

\ © o
Tocal maximum: (2, 4) point of inflection: (3, 2)
Figure 4.8.1

Example 1 Sketch the graph of f(x)

2.7
—2x*+ 7.
SOLUTION

endpoint minimum: (4, 1)

(1) Domain This is a polynomial function; so its domain is the set of all real numbers.

Since the leading term is +
are no asymptotes.
(2) Intercepts The y-intercept is f(0) = I

3- To find the x-intercepts, we
equation f(x) = 0:

%x4—2x2+%:0.

382 +7=0,

& -1P -7 =0,

@+ D — D +VDx =V =0,

The x-intercepts are x = #1 and x = ++/7.
(3) Symmetry/periodicity Since

S =30 = 2=+ = 4t = 2P 4 ] = ),

%%, f(x) > cobothas x — coand asx — —oc. There

solve the

[ isan even function, and its graph is symmetric about the y-axis; f is not a periodic

function.
(4) First derivative

fwy=

—4x = x(x* —4) = x(x + 2)(x — 2).
The critical points are x = 0, x = +2. The sign of " and behavior of /:

Sign of £ ————m-mmmom O+t thtd bt b 0mmm oo m O4dttttttts
behavior of f:  decreases -2  increases 0  decreases 2 increases x
local local local
minimum maximum minimurm

(5) Second derivative

Floy =3 —4=3 (XL %) (H%)_
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The sign of f and the concavity of the graph of f:

SIBN OF /" 44+ 4+ bbb 44440 Ot ttddsttrttts

concavity: concave 2 concave 2 concave £
up 5 down g wp

point of point of

inflection inflection

(6) Points of interest and preliminary sketch (Figure 4.8.2)

0,3):  y-intercept point.
(=1,0), (1,0, (=+/7,0), (+/7,0):  x-intercept points.
0,3):  local maximum point.
(-2, —g), @, -§> 4 local and absolute minimum points.

(=2/7/3,-17/36),(2/</3,—17/36):  points of inflection.

(7) Thegraph  Since the graph is symmetric about the y-axis, we can sketch the graph
for x > 0, and then obtain the graph for x < 0 by a reflection in the y-axis. See
Figure483. 0

1l
| -
-3 -2 -1,0) (1,0} 2 8 L
«7.0) ; X W
T

fopm-L) - 2h3,- )
-2~ v,
]
Figure 4.8.2 Figure 4.8.3

Example 2 Sketch the graph of f(x) =x*—4x*+1, -1 <x <5.

SOLUTION

(1) Domain The domain is [—1, 5); —1 is the left endpoint, and 5 is a “missing”
right endpoint. There are no asymptotes. We do not consider the behavior of f as
* — oo since f is defined only on [1, 5).

(2) Intercepts  The y-intercept is f(0) = 1. To find the x-intercepts, we must solve
the equation

a1 =0

We cannot do this exactly, but we can verify that f(0) > 0and f(1) < 0, and that
f(3) < 0and £(4) > 0. Thus there are x-intercepts in the interval (0, 1) and in the
interval (3, 4). We could find approximate values for these intercepts, but we won’t
stop to do this since our aim here is.a sketch of the graph, not a detailed drawing.

(3) Symmetry/periodicity The graph is not symmetric about the y-axis: f(—x) #
f(x). It is not symmetric about the origin: f(—x) s — f(x). The function is not
periodic.
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(4) First derivative Forx € (—1,5)
Fi(x) =45 — 12x% = dx*(x = 3).

The critical points are x = 0 and x = 3.

signof /i ———---- [ e T [ e T L
i A >~
behavior of f: -1 decreases O decreases 3 increases 5 X
endpoint no local missing
maximum  extreme minimum endpoint

(5) Second derivative.
Fx) = 12x% —24x = 12x(x = 2).
The sign of /" and the concavity of the graph of £

signof /v 4444440 B e e
——— — o
concavity: -1 concave 0 concave 2 concave 5 X
up point down point up
y of of
] Byieey inflection inflection

(6) Points of interest and preliminary sketch (Figure 4.8.4)

["-\@ ©.1 (0,1y:  y-intercept point; point of inflection with horizontal tangent.
= = (=1,6): endpoint maximum point.
&P(Z 15 (2,—15):  point of inflection.
‘ (3.—26):  local and absolute minimum point.
3. -26) As x approaches the missing endpoint 5 from the left, f(x) increases toward a value
Figure 4.8.4 of 126.

(7) The graph  Since the range of / makes a scale drawing impractical, we must be
content with a rough sketch as in Figure 4.8.5. In cases like this, it is particularly
important to give the coordinates of the points of interest. O

Example 3  Sketch the graph of f(x)

SOLUTION

(1) Domain The domain of f consists of all x # 0, the set (—oo, 0) U (0, 00). The
y-axis (the line x = 0) is a vertical asymptote: f(x) — ccasx — 0~ and f(x) —
oo as x — 0. The x-axis (the line y = 0) is a horizontal asymptote: f(x) — 0
both as x — oo and as x — —o0.

| (3,-26) (2) Intercepts. There isnoy-interceptsincef is not defined atx = 0. The x-intercepts
arex = /3.

(3) Symmetry Since

Figure 4.8.5

2
fen =22

the graph is symmetric about the origin; f is not periodic.
(4) First derivative. Itis easier to calculate f" if we first rewrite f(x) using negative
exponents:




4.8 SOME CURVE SKETCHING m 205
gives

fl)=—x24+9x74 =

The critical points of / are x = +3. NOTE: x = 0 is not a critical point since 0 is
not in the domain of /.
The sign of " and the behavior of f:

R LA SRRl SO UnPE S, R o
behavior of /:  decreases -3 increases 0 increases 3 decreases x
local local
minimum maximum

(5) Second derivative

Sy =267 g = 219 20 =30 +3v2)

% x5
The sign of /* and the concavity of the graph of f:

SIgN Of /% === —O4++tdttittsradne-———-ooooo o ~0+4dtraes
concavity: concave -3v2  concave 0 concave V2 concave -
down  point of up down point of up
inflection inflection

(6) Points of interest and preliminary sketch (Figure 4.8.6)
(=+/3,0),(+/3.0) : x-intercept points.
(=3,-2/9): local minimum point.
3,2/9): local maximum point.
(=372, =5v2/36), (3v/2,5v/2/36) 1 points of inflection.
(7) The graph  See Figure 4.8.7. O

Figure 4.8.6 Figure 4.8.7

Example 4  Sketch the graph of f(x) = 3x5/3 — 3323,

SOLUTION

1. Domain  The domain of f is the set of real numbers. Since we can express f(x)as
%xzr’x(x — 5), we see that, as x — 00, f(x) — 00,andasx — —o0, Sf(x) = —o0.
There are no asymptotes.
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2. Intercepts Since f(0) = 0, the graph passes through the origin. Thus x = 0 is an
Xx-intercept and y = 0 is the y-intercept; x = 5 is also an x-intercept.

3. Symmetry/periodicity There is no symmetry; f is not periodic.
4. First derivative
; p x=2
Pl e = =l
U

The critical points are x = 0 and x = 2. The sign of f* and the behavior of /:

Signofft  +4+4badNEo — o mmmmmm oo Obrtdtttt
behavior of f: increases 0 decreases 2 increases x
local local
maximum minimum

Note that, as x — 07, f(x) — oc, and as x — 0%, f"(x) = —o0. Since f is con-
tinuous at x = 0, and f(0) = 0, the graph of /" has a vertical cusp at (0, 0).
5. Second derivative
Fl) = 21 4 2 = S 4 1),

The sign of /” and the concavity of the graph of /

signof /" - - Ot tdsdbdsttrttitittttstttrdnettrstts
concavity: concave -1 concave 0 concave ¥
down  point up up
of
inflection

6. Points of interest and preliminary sketch (Figure 4.8.8)
(0,0): y-intercept point, local maximum point; vertical cusp.
(0, 0),(5,0): x-intercepts points.
(2, —9/4/5): local minimum point, f(2) = —2.9.
(=1, —18/5): point of inflection.
7. The graph See Figure 4.8.9. 1

Figure 4.8.8 Figure 4.8.9

Example 5 Sketch the graph of f(x) = sin2x — 2sinx.

SOLUTION

(1) Domain The domain of f is the set of all real numbers. There are no asymptotes
and, as you can verify, the graph of f* oscillates between %ﬁ and —%ﬁ both as
x — oo and as x — —00.
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(2) Intercepts The y-intercept is £(0) = 0. To find the x-intercepts, we set fx)=0:
sin2x — 2sinx = 2sinx cosx — 2sinx
= 2sinx(cosx — 1) = 0.
Since sinx = 0 at all integral multiples of 7 and cos x = 1 atall integral multiples
of 277, the x-intercepts are the integral multiples of 7: all x = Lnr.
(3) Symmetry/periodicity  Since the sine is an odd function,
J{=x) = sin(=2x) — 2sin(—x) = —sin 2x + 2sinx = — f(x).
Thus,  is an odd function and the graph is symmetric about the origin. Also, f is
periodic with period 277. On the basis of these two properties, it would be sufficient
to sketch the graph of f on the interval [0, r]. The result could then be extended to
the interval [~7, 0] using the symmetry, and then to (—co, 00) using the period-
icity. However, for purposes of illustration here, we will consider f on the interval
[, 7).
(4) First derivative
S(x) = 2cos2x — 2cos x
=2(2c0s’x — 1) — 2cosx
=4cos’x —2cosx —2
=2(2cosx + 1)(cosx — 1).

The critical points in [, 7] are x = —27/3,x = 0, x = 27/3.

SIgnOfft b4ttt Oommmmmmo o . O4ttdtsst+0
behavior of f: - increases 2z decreases O  decreases 2r  increases g ¥
3 B
local Tocal
maximum minimum

(3) Second derivative
f(x) = —4sin2x + 2sinx
= —8sinxcosx 4 2sinx
=2sinx(—4cosx + 1).
1

S"(x)=0atx=—x,0,7, and at the numbers x in [—, 7] where cosx = b
which are approximately 1.3, The sign of /" and the concavity of the graph on

[—m, 7]
SN of % O====——ommoo [, B Obttttrsstdsss0
v
concavity: - S8 0 13 x x [ex, g@)
concave concave | concave concave IS
down up down up

pointof  pointof  point of
inflection inflection  inflection

(6) Points of interest and preliminary sketch (Figure 4.8.10)
(0,0):  y-intercept point.
(=7,0),(0,0), (, 0): x-intercept points; (0, 0) is also a point of inflection.
(=%, 3+/3): local and absolute maximum point; 3+/3 = 2.6.
(37, —2/3): local and absolute minimum point; — 33z 26
(=1.3,14), (1.3, —1.4): points of inflection (approximately). Figure 4.8.10
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(13,-1.4)"7
|
\

-443)

Figure 4.8.11

Figure 4.8.12

(7) Thegraph The graph of /" on the interval [—, 7] is shown in Figure 4.8.11. An
indication of the complete graph is given in Figure 4.8.12. 1

EXERCISES 4.8

Exercises 1-54. Sketch the graph of the function using the ap-
proach presented in this section.

2 f(x)=1-(x—-27%

8. f(x) =x(x? + 4.

9. flx)=x>+ 3‘ 10.
x

x

11 f(x) = -

X

13 f(x) =25 —x, xe[0,4].

14, f(x)=fx — Jx. x€[0.9]

15 f) =24+ + D% 16 f() =2+ + 1)

17. f(x) 18. /(x) = 3x* + 423,

20. f(x) =1+ (x — ¥,
2x2

2. f(x)=

4. f(x)=

27. f(x) = x/1—x.

28. fx) = (x — I = 2(x — 1%

29. f(x)=x+sin2x, xe€[0,7]

30. f(x) =cos’x + 6cosx, x€[0, 7]
3. f(x) =cos*x, xe[0,7]

32, f(x) =+3x —cos2x, x [0, 7]
33 /() n'x 4 3sinx, xe[07]

34, f(x)=sin'x, xe[0.7]

35, f(0) = (x + 17 =3 + D2+ 3 + 1)
36, f(x) = X}(x +5) 37. f(x) =25 —x).
38, f(x) =4 — |2x — x| 39. f(x)=3—|x2 —1].
40. f(x) = 3 4L f(x) =x(x - D'P.
42, f(x) = x2x = DV 43, f(x) =x2 —6x'73,
2x

M. fx) = e 45.

=
46. m):\/m, 47. £

48. f(x) =3cosdx, x [0, 7]

49. f(x) =2sindx, x€[0,7].

50. f(x) =3 +2cotx +esc?x,  x € (0, im).
51 f(x) =2tanx —sec?x, x € (0, 3m).
52. f(x) = 2cosx +sin’x.

53, f(x) = lii";”, x € (=m 7).
1
@)= T ¥,

55. Given: / is everywhere continuous, f is differentiable at all
x # 0, £(0) = 0, and the graph of f* is as indicated below.

v
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(a) Determine the intervals on which / increases and the

v 2 P
intervals on which it decreases; find the critical points 57+ et /(¥) . Show that f(x)—x*— 0 as
off x = 00, This says that the graph of £ is asympiotic to

(b) Sketch the graph of £ determine the intervals on which the parabola y = xZ. Sketch the graph of / and feature this
the graph off is concave up and those on which it is con- asymptotic behavior.
cave down. ) 58. The lines y = (b/a)x and y = —(b/a)x are called asymp-
(¢) Sketch the graph of £, totes of the hyperbola
56. St !
= - 1.
o _ [ sin(/x), x#0 @2 R
Fey= [ x20

(a) Draw a figure that illustrates this asymiptotic behavior.
(b) Show that the first-quadrant arc of the hyperbola, the

L _ [xsin(i/x), x#0 curve
= ! 0. xZo,
Hx) = [Fsin/m), x#0 s indeed asymptotic to the line y = (b/a)x by showing,
- 0, x=0. that
(a) Sketchafigure that shows the gencral nature of the graph as x — oo,
of F.
(b) Sketcha figure that shows the general nature of the graph (¢) Proceeding as in part (b), show that the second-quadrant
of G. arc of the hyperbola is asymplotic to the line y =
(¢) Sketcha figure that shows the general nature of the graph —(b/a)x by taking a suitable limit as x — —oco, (The
of H. asymptotic behavior in the other quadrants can be veri-
(d) Which of these functions is continuous at 0? fied in an analogous manner, or by appealing (o symme-
(e) Which of these functions is differcntiable at 02 try)

W 4.9 VELOCITY AND ACCELERATION; SPEED

Suppose that an object (some solid object) moves along a straight line. On the line of
motion we choose a point of reference, a positive direction, a negative direction, and a
unit distance. This gives us a coordinate system by which we can indicate the position
of the object at any given time. Using this coordinate system, we denote by x(f) the
position of the object at time ~." There is no loss in generality in taking the line of
motion as the x-axis. We can arrange this by choosing a suitable frame of reference.

You have seen that the derivative of a function gives the rate of change of that
function at the point of evaluation. Thus, if x(1) gives the position of the object at time
+ and the position function is differentiable, then the derivative x'(t) gives the rate of
change of the position function at time t. We call this the velocity at time t and denote
it by v(t). In symbols,

@9.1) v(t) = x'(¢).

Velocity at a particular time 7 (some call it “instantaneous velocity” at time #) can
be obtained as the limit of average velocities. At time £ the object is at x(¢) and at time
{+hitisatx(r + k). Ifh > 0, then [1, £ + A] is a time interval and the quotient

X+h)—x@©)  x(t+h) —x()
C+h -t

'If the object is larger than a point mass, we can choose a spot on the object and view the location of that
spot as the position of the object. In a course in physics an objeet is usually located by the position of its
center of mass. (Scction 17.6.)




210 W CHAPTER 4 THE MEAN-VALUE THEOREM; APPLICATIONS OF THE FIRST AND SECOND DERIVATIVES

gives the average velocity during this time interval. If 4 < 0, then [ + /, 7] is a time
interval and the quotient
x()—x(+h) _x(O)—x(t+h)
t—(@+h) —h ’

which also can be written
x(t+h) —x(t)
7 3
gives the average velocity during this time interval. Thus, whether / is positive or
negative, the difference quotient
x(t + k) — x(t)
h
gives the average velocity of the object during the time interval of length || that begins
or ends at ¢. The statement
' _x(t+h) —x()
o(t) = x'(t) = lim ————
) ® =) h
expresscs the velocity at time ¢ as the limit as & — 0 of these average velocities.
If the velocity function is itself differentiable, then its rate of change with respect
to time is called the acceleration; in symbols,

4.9.2) a(ry =v'(t)

In the Leibniz notation,

1,7"" siid aidvidzx
Tt

4.9.3, = =—.
@22 dt "~ df

The magnitude of the velocity, by which we mean the absolute value of the velocity, is
called the speed of the object:

49.4) speed at time ¢ = v(t) = [v(#)].

The four notions that we have just introduced — position, velocity, acceleration,
speed — provide the framework for the description of all straight-line motion.” The
following observations exploit the connections that exist between these fundamental
notions:

(1) Positive velocity indicates motion in the positive direction (x is increasing). Negative
velocity indicates motion in the negative direction (x is decreasing).

(2) Positive acceleration indicates increasing velocity (increasing speed in the positive
direction, decreasing speed in the negative dircction). Negative acceleration indi-
cates decreasing velocity (decreasing speed in the positive direction, increasing
speed in the negative direction).

"Extended by vector methods (Chapter 14), these four notions provide the framework for the description
of all motion.
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(3) If the velocity and accelerati

on have the same sign, the object is speeding up, but
if the velocity and accelerati

on have opposite signs, the object is slowing down,

PROOF OF (1) Note that v = x'. [f y = 0, then x> 0 and x increases. If v < 0, then
x' < 0and x decreases. 3

PROOF OF (2) Note that

v =, v Inthe positive direction
T | -v, inthe negative direction,
Suppose that @ > 0. Then v increases. In
increases; in the negative direction, v = —v and therefore v decreases.

Supposethata < 0. Then v decreases. In the positive direction, v = v and therefore
v decreases; in the negative direction, v = —v and therefore v increases. g

the positive direction, v = v and therefore v

PROOF OF (3) Note that

2

2
)

d
and E(I/Z) =200 = 2va.

If v and a have the same sign, thenva > Qand v? = 2 increases. Therefore p increases,
which means the object is speeding up. If v and «

have opposite sign, then va < 0
and v? =12 decreascs. Therefore v decreases, which means the object is slowing
down. O

Example 1

An object moves along the x-axis; its position at each time ¢ given by
the function

x(t) =

Let’s study the motion from time t=0totimes =9,
The object starts out at 27 units to the left of the origin:

— 1262 4361 — 27,

x(0) = 0° = 12(0) + 36(0) — 27 = —97
and ends up 54 units to the right of the origin:
xX(9) =9 — 1209 + 36(9) ~ 27 = 54.
We find the velocity function by differentiating the position function:
VO =x'(0) =31 — 24 436 = 3¢ — 2)(t — 6).
We leave it to you to verify that

positive for0 <¢ <2

, att=2
v(t) is | negative, for2 << ¢
0, atr=6

positive, for6 < ¢ <9.

We can interpret all this as follows: the object begins by moving to the right [v(z) is
positive for 0 < ¢ < 2]; it comes to a stop at time 7 = 2[v(2) = 0; it then moves left
[v(2) s negative for 2 < 7 < 6]; it stops at time # = 6[v(6) = 0]; it then moves right
and keeps going right [v(®) > 0for6 <1 < 9].
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x(e)

Figure 4.9.3

‘We find the acceleration by differentiating the velocity:
alt) = v'(t) = 6t — 24 = 6(t — 4).
‘We note that

negative, for0 <t <4
a(t)is 0, atr=4
positive, ford <z <9.

At the beginning the velocity decreases, reaching a minimum at time ¢ = 4. Then the
velocity starts to increase and continues to increase.

Figure 4.9.1 shows a diagram for the sign of the velocity and a corresponding
diagram for the sign of the acceleration. Combining the two diagrams, we have a brief
description of the motion in convenient form. The direction of the motion at each time
t € [0, 9] is represented schematically in Figure 4.9.2.

Sign Of v{d)d 44 440 = = = = — == m = = O+ttt
0 2 6 9 t
object object abject
moving moving moving
right left right
signof a(fli = === ===~ - - - Otdttttttssrstst
0 1 9 ‘
velocity velocity
decreasing increasing
| | | |
signof o]+ | - 1 = | + !
| I I
sign of al): = } - } + } + }
| | i \
0 2 4 [ 9 [
motion of o the tothe to the to the
object  right, left, left, right,
slowing  speeding  slowing speeding
down up down up
Figure 4.9.1
(=9
=6
=2
=0
L 11
-27 05 54 *(h
Figure 4.9.2

Another way to represent the motion is to graph x as a function of ¢, as we do in
Figure 4.9.3. The velocity v(f) = x'(¢) then appears as the slope of the curve. From
the figure, we see that we have positive velocity from ¢ = 0 up to ¢ = 2, zero velocity
at time ¢ = 2, then negative velocity up to ¢ = 6, zero velocity at ¢ = 6, then positive
velocity to 7 = 9. The acceleration a(#) = v'(¢) can be read from the concavity of the
curve. Where the graph is concave down (from ¢ = 0 to # = 4), the velocity decreases;
where the graph is concave up (from 7 = 4 to ¢ = 9), the velocity increases. The speed
is reflected by the steepness of the curve. The speed decreases from t =0to ¢t =2,
increases from ¢ = 2 to ¢ = 4, decreases from ¢ = 4 to = 6, increases from ¢ = 6 to
=9
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A few words about units. The units of velocity, speed, and acceleration depend on
the units used to measure distance and the units used to measure time. The units of
velocity arc units of distance per unit time:

feet per second, meters per second, miles per hour, and so forth.
The units of acceleration are units of distance per unit time per unit time:

feet per second per second, meters per second per second,

miles per hour per hour, and so forth.

Free Fall Near the Surface of the Earth

(In what follows, the line of motion is clearly vertical. So, instead of writing x(z) to
indicate position, we’ll follow custom and write y(#). Velocity is then y'(r), acceleration
is ¥"(¢), and speed is [y'(t)].)

Imagine an object (for example, a rock or an apple) falling to the ground. (Figure
4.9.4.) We will assume that the object is in free fall; namely, that the gravitational pull
on the object is constant throughout the fall and that there is no air resistance.

Galileo’s formula for the free fall gives the height of the object at each time 7 of
the fall:

Figure 4.9.4

4.9.5) () = —Lgt + ver + o

where g is a positive constant the value of which depends on the units used to measure
time and the units used to measure distance.

Let’s examine this formula. First, the point of reference is at ground level and the
positive y direction is up. Next, since (0) = yy, the constant y, represents the height
of the object at time # = 0. This is called the initial position. Differentiation gives

Y=gt +w.

Since »'(0) = vy, the constant vy gives the velocity of the object at time ¢ = 0. This is
called the initial velocity. A sccond differentiation gives

Ye)=-g.

This indicates that the object falls with constant negative acceleration —g.

The constant g is a gravitational constant. If time is measured in seconds and
distance in feet, then g is approximately 32 feet per second per second’; if time is
measured in seconds and distance in meters, then g is approximately 9.8 meters per

In practice, neither of these conditions is cver fully met. Gravitational attraction near the surface of the
carth does vary somewhat with altitude, and there is always some air resistance. Nevertheless, in the setting
in which we will be working, the results that we obtain are good approximations of the actual motion.
FGalileo Galilei (1564-1642), a great Italian astronomer and mathematician, is popularly known today for
his early experiments with falling objects. His astronomical observations led him to support the Copernican
view of the solar system. For this he was brought before the Inquisition.

#The value of this constant vari

slightly with latitude and elevation. Tt is approximately 32 feet per sccond

per second at the equalor, elevation zero. Tn Greenland it is about 32.23
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second per second. In making numerical calculations, we will take g as 32 feet per
second per second or as 9.8 meters per second per second. Equation 4.9.5 then reads

y(t) = =161 + vot + 3o (distance in feet)
or
(1) = 4.9 + vot + y. (distance in meters)
Example 2 A stone is dropped from 2 height of 98 meters. In how many seconds
does it hit the ground? What is the speed at impact?
SOLUTION Here yp = 98 and vy = 0. Consequently, we have
y(t) = —4.91% + 98.
To find the time # at impact, we set y(¢) = 0. This gives
—492 498 =0, =20, 1=+v20=2V5

We disregard the negative value and conclude that it takes 2+/5 = 4.47 seconds for the
stone to hit the ground.
The velocity at impact is the velocity at time 7 = 24/5. Since

v(t) = y'(r) = —9.8¢,
we have
v(2v/3) = —(19.6)}v/5 = —43.83.
The speed at impact is about 43.83 meters per second. O
Example3 Anexplosion causes some debris torise vertically with an initial velocity
of 72 feet per second.

(a) In how many seconds does this debris attain maximum height?
(b) What is this maximum height?

(¢) What is the speed of the debris as it reaches a height of 32 feet (i) going up?
(ii) coming back down?

SOLUTION  Since we are measuring distances in feet, the basic equation reads
y(t) = =161 + vot + yp.

Here yp = 0 (it starts at ground level) and vy = 72 (the initial velocity is 72 feet per
second). The equation of motion is therefore

() = —16¢% + 72¢.
Differentiation gives
v(t) =y'(f) = =32t + 72.

The maximum height is attained when the velocity is 0. This occurs at time £ = % . %
Since y(%) = 81, the maximum height attained is 81 feet.
To answer part (c), we must find those times ¢ for which y(¢) = 32. Since

¥ = —162 4721,
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the condition (1) = 32 yields ~16/2 4 72/ = 32, which simplifies to

16 — 72t +32 = 0.

This quadratic has two solutions, 7 = 1 and ¢ = 4. Since v(3) = 56 and v(4) = —56
the velocity going up is 56 feet per second and the velocity coming down is —56 feet
per sccond. In each case the speed is 56 feet per sccond. O

EXERCISES 4.9

Exercises 1-6. An object moves along a coordinate line, its posi-
tion ateach time 7 = 0 given by x(¢). Find the position, velocity,
and acceleration at time 5. What is the speed at time 7,7

Lx(ty=4+3t—1% (=5

2.x(t)=5t—1 =3,

3.x(t)= ﬂ, =1 4.x(t) = i: to=3.
142 t+37

5.x(t) = +50E+1-2); =
6. x(1) = (> =302 +31); to=2.
Exercises 7-10. An object moves along the x-axis, its position
at each time ¢ > 0 given by x(¢). Determine the times, if. any, at
which (a) the velocity is zero, (b) the acceleration is zero.
T.x(t) =5+ 1. 8. x(1) =4 —( 43,
9.x() =1 —62+9r — 1. 10.x(t)=r* — 48 + 42 4 2.
Exercises 11-20. Objects A, B, C move along the x-axis. Their

positions x(¢) from time 7 = 0 to time ¢ = #; have been graphed
in the figure as functions of 7.

- object €

11. Which object begins farthest to the right?
12. Which object finishes farthest to the right?
13. Which object has the greatest speed at time ,7

14. Which objcct maintains the same direction during the time
interval [, 5]7

15. Which object begins moving left?

16. Which object finishes moving left?

17. Which object changes dircction at time 1,2

18. Which object speeds up throughout the time interval [0, £,]7
19. Which objeots slow down during the time interval 1, 1,]7

20. Which object changes direction during the time interval
[t 8]

Exercises 21-28. An object moves along the x-axis, its po-
sition at each time ¢ > 0 given by x(¢). Determine the time
interval(s), if any, during which the object satisfies the given
condition.

2L x(1) =

— 1243 + 2872 moves right.

3 — 1262 + 2115 moves left.

23. x(£) = 5t* — 1%; speeds up.

24. x(t) = 612 — 1*; slows down.

25, x(1) = * — 61> — 15¢; moves left slowing down.

— 662 — 15£; moves right slowing down.

27. x(t) = t* — 8¢ + 16¢%; moves right speeding up.

28. x(r) = * — 8 + 16¢%; moves left speeding up.

Exercises 29-32. An object moves along a coordinate line, its
position at cach time 7 > 0 being given by x(#). Find the times ¢
at which the object changes direction.

290 =@+ 1D =97, 30.x(1) = #(z — 8)°.

3Lx(r) = (2 — 120)%. 32.x(0) = (1 — 8¢ + 150
Exercises 33-38. An object moves along the x-axis, its position
at each time 7 given by x(¢). Determine those times from ¢ = 0 to
£ = 27 at which the object is moving to the right with increasing
speed.

33, x(¢) = sin3r.

34. x(1) = cos2t.

35. x(t) = sint — cos 1. 36. x(¢) = sint + cosz.

37.x() =1 +2cost. 38.x(t) =t — +/2sint.

In Exercises 39-52, neglect air resistance. For the numerical cal-

culations, take g as 32 feet per second per second or as 9.8 meters

per second per second.

39. An object is dropped and hits the ground 6 seconds later.
From what height, in feet, was it dropped?

40. Supplics are dropped from a stationary helicopter and sec-

onds later hit the ground at 98 meters per second. How high
was the helicopter?

41.

is projected vertically upward from ground level
y v. Find the height in meters attained by the

42. An object projected vertically upward from ground level re-
turns to earth in § scconds. Give the initial velocity in fect
per second.

43. An object projected vertically upward passes every height
less than the maximum twice, once on the ‘way up and once

on the way down. Show that the speed is the same in each
direction. Measure height in feet.
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44. An object is projected vertically upward from the ground.
Show that it takes the object the same amount of time to
reach its maximum height as it takes for it to drop from that
height back to the ground. Measure height in meters.

S
o

5. A rubber ball is thrown straight down from a height of 224
feet at a speed of 80 feet per second. Tf the ball always re-
bounds with onc-fourth of its impact speed, what will be the
speed of the ball the third time it hits the ground?

A ball is thrown straight up from ground level. How high
will the ball go if it reaches a height of 64 feet in 2 seconds?

IS
n

IS
ke

. A stone is thrown upward from ground level. The initial
speed is 32 feet per second. (a) In how many seconds will
the stone hit the ground? (b) How high will it go? (c) With
what minimum speed should the stone be thrown so as to
rcach a height of at least 36 feet?

48. To estimate the height of a bridge, a man drops a stone into

the water below. How high is the bridge (a) if the stone hits

the water 3 seconds later? (b) if the man hears the splash

3 seconds later? (Use 1080 feet per second as the speed of

sound.)

IS
i3

. A falling stonc is at a certain instant 100 feet above the
ground. Two seconds later it is only 16 feet above the ground.
(a) From what height was it dropped? (b) If it was thrown
down with an initial speed of 5 feet per second, from what
height was it thrown? (c) If it was thrown upward with an
initial speed of 10 feet per second, from what height was it
thrown?

o
&

. A rubber ball is thrown straight down from a height of 4 feet.
If the ball rebounds with one-half of its impact speed and re-
turns exactly to its original height before falling again, how
fast was it thrown originally?

w

« Ballast dropped from a balloon that was rising at the rate of
5 feet per second reached the ground in 8 seconds. How high
was the balloon when the ballast was dropped?

n
S

. Had the balloon of Exercisc 51 been falling at the rate of
5 feet per second, how long would it have taken for the bal-
last to reach the ground?

o
@

. Two race horses start a race at the same time and finish in a
tic. Prove that there must have been at least one time # dur-
ing the race at which the two horses had exactly the same
speed

n
£

. Suppose that the two horses of Exercise 53 cross the finish
line together at the same speed. Show that they had the same
acceleration at some instant during the race.

»
o

A certain tollroad is 120 miles long and the speed limit is
65 miles per hour. If a driver’s entry ticket at one end of the
is stamped 12 noon and she exits at the other end at
should she be given a speeding ticket? Explain.

56. At 1:00 pM. a car’s speedometer reads 30 miles per hour and
at 1:15 pm. it reads 60 miles per hour. Prove that the car’s
acceleration was exactly 120 miles per hour per hour at least
once between 1:00 and 1:15.

§7. A car is stationary at a toll booth. Twenty minutes later, at a
point 20 miles down the road, the car is clocked at 60 mph.
Explain how you know that the car must have exceeded the

n
&

60-mph speed limit some time before being clocked at 60
mph.

The results of an investigation of a car accident showed that
the driver applied his brakes and skidded 280 feet in 6 sec-
onds. If the speed limit on the street where the accident
occurred was 30 miles per hour, was the driver exceeding
the speed limit at the instant he applied his brakes? Explain.
HINT: 30 miles per hour = 44 feet per second.

(Simple harmonic motion) A bob suspended from a spring
oscillates up and down about an cquilibrium point, its verti-
cal position at time ¢ given by

)=

whete A, w, gg are positive constants. (This is an idealiza-
tion in which we are disregarding friction.)

sin (@t + ¢g)

<}

.4-!»

4

(a) Show that at all times ¢ the acccleration of the bob y" (1)
is related to the position of the bob by the cquation

Y+ () = 0.

(b) Tt is clear that the bob oscillates from — 4 to 4, and the
speed of the bob is zero at these points. At what po:
tion does the bob attain maximum speed? What is this
maximum speed?

(c) What are the extreme values of the acceleration func-
tion? Where does the bob attain these extreme values?

J360. An object moves along the x-axis, its position from £ = 0 to

t = 5 given by

() =1 =72 + 101 + 5.

(a) Determine the velocity function v. Use a graphing utility
to graph v as a function of 7.

(b) Use the graph to estimate the times when the object is
‘moving right and the times when it is moving left.

(c) Use the graphing utility to graph the speed v of the ob-

ject as a function of £ Estimale the time(s) when the

object stops. Estimate the maximum speed from ¢ = 1

tor=4.

Determine the acceleration function ¢ and use the graph-

ing utility to graph it as a function of £. Estimate the times

when the object is speeding up and the times when it is

slowing down.

Graph the velocity and acceleration functions on the

same set of axes and use the graphs to estimate the times

when the object is speeding up and the times when it is

slowing down.

«

O
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As a particle moves along a circle of radius 7, it effects a change
in the central angle, marked ¢ in Figure A. We measure ¢ in
radians. The angular velocity, w,! of the particle is the time
rate of change of 0 that is, w = d6/d:'. Circular motion with
constant, positive angular velocity is called uniform circular
motion.

Problem 1. A particle in uniform circular motion traces out a
circular arc. The time rate of change of the length of that arc is
called the speed of the particle. What is the speed of a partic
that moves around a circle of radius r with constant, positive
angular velocity »?

Problem 2. The kinetic energy, KE, of a particle of mass m s
given by the formula

= Lmy?
KE = lmv

where v is the speed of the particle. Suppose the particle in Prob-
lem 1 has mass m. What s the kinetic energy of the particle?

, \
{ i
‘/ AN

N

Figure A

IThe symbol o is the lowercase Greck letter “omega.”

Problem 3. A point P moves uniformly along the circle
x2 + y? = r? with constant angular velocity o. Find the x- and
y-coordinates of P at time ¢ given that the motion starts at time
# = 0with® = 6y. Then find the velocity and acceleration of the
projection of P onto the x-axis and onto the y-axis. [The projec-
tion of P onto the x-axis is the point (x, 0); the projection of P
onto the y-axis is the point (0, ).]

Problem 4. Figure B shows a sector in a circle of radius 7. The
sector is the union of the triangle 7 and the segment S. Suppose
that the radius vector rotates counterclockwise with a constant
angular velocity of w radians per second. Show that the area of
the sector changes at a constant rate but that the area of 7 and
the area of § do not change at a constant rate,

P

Sy
P

Figure B

Problem 5. Take S and T as in Problem 4. While the area of §
and the area of T change at different rates, there is one value of
6 between 0 and 7 at which both areas change at the same rate
Find this value of 6.

PROJECT

If we lift an object, we counteract the force of gravity. In so do-
ing, we increase what physicists call the gravitational potential
energy of the object. The gravitational potential energy of an
object is defined by the formula

GPE = weight x height.

Since the weight of an object of mass m is mg where g is the
gravitational constant (we take this from physics), we can write

GPE = mgy

where y is the height of the object.

If we lift an object and release it, the object drops. As it
drops, it loses height and therefore loses gravitational potential
energy, but its speed increases. The speed with which the object

B Energy of a Falling Body (Near the Surface of the Earth,

falls gives the object a form of energy called kinetic energy, the
energy of motion. The kinetic energy of an object in motion is
given by the formula

= lmy?
KE = jmy

where  is the speed of the object. For straight-line motion with
velocity v we have v? = v2 and therefore

KE = 1my?.
Problem 1. Prove the law of conservation of energy:
GPE +KE = C, constant.

HINT: Differentiatc the expression GPE + KE and use the fact
that dv/dt = —g.
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Problem 2. An object initially at rest falls freely from height
o. Show that the speed of the object at height y is given by

v =280 =)

Problem 3. According to the results in Section 4.9, the po-
sition of an object that falls from rest from a height y, is

given by
Y(0) =~ 388 + Yo
Calculate the speed of the object from this equation and show

that the result obtained is equivalent to the result obtained in
Problem 2.

MW 4.10 RELATED RATES OF CHANGE PER UNIT TIME

In Section 4.9 we studied straight-line motion and defined velocity as the rate of change
of position with respect to time and acceleration as the rate of change of velocity with
respect to time. In this section we work with other quantities that vary with time. The
fundamental point is this: i Q is any quantity that varies with time, then the derivative
dQ/dt gives the rate of change of that quantity with respect to time.

Example 1

A spherical balloon is expanding. Given that the radius is increasing at

the rate of 2 inches per minute, at what rate is the volume increasing when the radius

is 5 inches?

SOLUTION Find dV /dt when r = 5 inches, given that dr/dt = 2 in./min and

V= g 3. (volume of a sphere of radius r)

Both # and ¥ are functions of . Differentiating ¥V = §7rr3 with respect to ¢, we have

i 4717“-5.

Setting 7 = 5 and dr/dt = 2, we find that

av
o= 47(5%)2 = 2007.

‘When the radius is 5 inches, the volume is increasing at the rate of 200z cubic inches

per minute. 1

Example 2 A particle moves clockwise along the unit circle x? + y? = 1. As it
passes through the point (1/2, +/3/2), its y-coordinate decreases at the rate of 3 units
per second. At what rate does the x-coordinate change at this point?

units/sec and

SOLUTION Find dx/dt when x = 1/2 and y = +/3/2, given that dy/dt= —3

Xyi=1 (equation of circle)

Differentiating x? 4 32 = 1 with respect to #, we have

dx dy dx dy
ZAE+2yE—0 and thus o +ydt =0
Setting x = 1/2, y = +/3/2, and dy/dt = —3, we find that
ldx /3 S dx
st =0 adthercfore - = 3V3.

As the object passes through the point (1/2, +/3/2), the x-coordinate increases at the
rate 3+/3 units per second.
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Example 3 A 13-foot ladder leans against the side of a building, forming an angle 0
with the ground. Given that the foot of the ladder is being pulled away from the building
at the rate of 0.1 feet per second, what is the rate of change of @ when the top of the
ladder is 12 feet above the ground?

SOLUTION Find d6 /dt when y = 12 feet, given that dx /df = 0.1 ft/sec and

X
cosf = R
Differentiation with respect to ¢ gives
ol L
dr 13 di

When y = 12, sin 6 = . Setting sin6 = 2 and dx /dt = 0.1, we have

12\ df 1 df 1
—(Z)===01 andthus = =_——.
de 13 dt 120
When the top of the ladder is 12 feet above the ground, # decreases at the rate of ﬁ
radians per second (about half a degree per second). 0

Example 4 Two ships, one heading west and the other east, approach each other on
parallel courses 8 nautical miles apart.! Given that cach ship is cruising at 20 nautical
miles per hour (knots), at what rate is the distance between them diminishing when the
ships are 10 nautical miles apart?

SOLUTION  Lety be the distance between the ships measured in nautical miles. Since
the ships are moving in opposite directions at the rate of 20 knots each, their horizontal
separation (see the figure) is decreasing at the rate of 40 knots. Thus, we want to find
dy/dt when y = 10, given that dx /dt = —40 knots. (We take dx /dt as negative since
x is decreasing.) The variables x and y are related by the equation

2

P48 = (Pythagorean theorem)

Differentiating x + 8% = 32 with respect to £, we find that

dx dy d.
in +0= Zy?{ and consequently xd%f =y i
When y = 10, x = 6. (Explain.) Setting x = 6, y = 10, and dx /dt = —40, we have

a d
6(—40) =102 sothat - 24
i a

(Note that dy /dt is negative since y is decreasing.) When the two ships are 10 miles
apart, the distance between them is diminishing at the rate of 24 knots. O

The preceding examples were solved by the same general method, a method that
we recommend to you for solving problems of this type.
Step 1. Draw a suitable diagram, and indicate the quantities that vary.

Step 2. Specify inmathematical form the rate of change you are looking for, and record
all relevant information.

Step 3. Find an equation that relates the relevant variables.
Step 4. Differentiate with respect to time ¢ the equation found in Step 3.
Step 5. State the final answer in coherent form, specifying the units that you are using.

"The international nautical mile measures 6080 feet.

131t

ship

7, 8 miles

ship
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Figure 4.10.1
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Figure 4.10.2

balloon

observer
500 ft

Example 5 A conical paper cup 8 inches across the top and 6 inches deep is full of
water. The cup springs a leak at the bottom and loses water at the rate of 2 cubic inches
per minute. How fast is the water level dropping when the water is exactly 3 inches
deep?

SOLUTION  We begin with a diagram that represents the situation after the cup has
been leaking for a while. (Figure 4.10.1.) We label the radius and height of the remaining
“cone of water” r and /. We can relate » and / by similar triangles. (Figure 4.10.2.)
We measure » and / in inches. Now we seek dh/dr when h = 3, given that dV/di =
—2in*/ min,
v = Lo lume of TR N imilar triangl
=_m? volume —=_=Z tria

3]‘!}’ {volume of cone) an 7 5 3 (similar triangles)

Using the sccond equation to eliminate # from the first equation, we have

1 /2h\? 4
V=cn(Z) h=—=nh.
3”(3) 7

Differentiation with respect to ¢ gives

av 4 Ldh
— =gk
@ T
Setting h = 3 and @V /dt = —2, we have

4 odh dh 1
—2=-n(3)*— d thus — =
" g mdbm e
When the water is exactly 3 inches deep, the water level is dropping at the rate of 1,27
inches per minute (about 0.16 inches per minute).

Example 6 A balloon leaves the ground 500 feet away from an observer and rises
vertically at the rate of 140 feet per minute. At what rate is the inclination of the
observer’s line of sight increasing when the balloon is exactly 500 feet above the ground?

SOLUTION  Let x be the altitude of the balloon and @ the inclination of the observer’s
line of sight. Find df) /dt when x = 500, given that dx /df = 140 ft/min and

X
tan = —.
500
Differentiation with respect to 7 gives
29 dap 1 dx
BEE 0 = ey
STE T 50 @

When x = 500, the triangle is isosceles. This implies that # = 7 /4 and sec = /2.
Setting sect) = +/2 and dx /dt = 140, we have

,d6 1 o
) — = —(14 a — =0.14.
(V2) 7 500( 0) and therefore e 0.14.

When the balloon is exactly 500 feet above the ground, the inclination of the observer’s
line of sight is increasing at the rate of 0.14 radians per minute (about 8 degrees per
minute). O

Example 7 A water trough with vertical cross section in the form of an equilateral
triangle is being filled at a rate of 4 cubic feet per minute. Given that the trough is
12 feet long, how fast is the level of the water rising when the water reaches a depth of
13 feet?

%
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SOLUTION  Let x be the depth of the water measured in fect and ¥ the volume of
water measured in cubic feet. Find dx /df when x = 32, given that d V' /dt = 4 £t /min.

i 1/ 2x
area of cross section = 5

V3
) =4v3x2

V3

volume of water = 12 <

water _

Differentiation of 7 = 44/3x? with respect to ¢ gives
P g level

av dx
— = 8+/3x—.
g=hg
Setting x = 3/2 and d V' /dt = 4, we have
3\ dx dx 1 1
4=8V3(Z )= and thus =—— =_.3. cross section of trough
f(Z) dt and s dt 33 9f
When the water reaches a depth of 121 feet, the water level is rising at the rate of
§V/3 feet per minute (about 0.19 feet per minute). 0

EXERCISES 4.10

1. A point moves along the line x + 2y = 2. Find (a) the ratc 8. The volume of a spherical balloon is increasing at the con-
of change of the y-coordinate, given that the x-coordinate stant rate of 8 cubic feet per minute. How fast is the radius
is increasing at the rate of 4 units per second; (b) the rate increasing when the radius is exactly 10 feet? How fast is
of change of the x-coordinate, given that the y-coordinate is the surface area increasing at that time?
decreasing at the rate of 2 units per second. 9. At a certain instant the side of an equilateral triangle is o

2. A particle is moving in the circular orbit x? + 12 = 25, As centimeters long and i ing at the rate of & centi
it passes through the point (3, 4), its y-coordinate is decreas- per minute. How fast is the area increasing?
ing at the rate of 2 units per second. At what rate is the 10. The dimensions of a rectangle are changing in such a way
x-coordinate changing? that the perimeter remains 24 inches. Show that when the

3. A particle is moving along the parabola y? = 4(x + 2). As it arca is 32 square inches, the arca is cither increasing or de-
passes through the point (7, 6), its y-coordinate s increasing creasing 4 times as fast as the length s increasing,
at the rate of 3 units per second. How fast is the x-coordinate 11. A rectangle is inscribed in a circle of radius 5 inches. Tf the
changing at this instant? length of the rectangle is decreasing at the rate of 2 inches

4. A particle is moving along the parabola 4y = (x + 2)° in per second, how fast is the area changing when the length is
such a way that its x-coordinate is increasing at the constant 6 inches?
rate of 2 units per second. How fast is the particle’s distance 12, A boat is held by a bow line that is wound about a bollard
from the point (—2, 0) changing as it passes through the point 6 fect higher than the bow of the boat. If the boat is drifting

L4 away at the rate of 8 feet per minute, how fast is the line
5. A particle is moving along the ellipse x?/16 + y2/4 = 1, unwinding when the bow is 30 fect from the bollard?
At each time £ its x- and y-coordinates are given by x = 13. Two boats are racing with constant speed toward a finish
4cost, y = 2sint. At what rate is the particle’s distance marker, boat 4 sailing from the south at 13 mph and boat
from the origin changing at time 72 At what rate is this dis- B approaching from the east. When equidistant from the
tance from the origin changing when ¢ = 7/4? marker, the boats are 16 miles apart and the distance be-

6. A particle is moving along the curve y = x /%, x > 0. Find tween them is decreasing at the rate of 17 mph. Which boat
the points on the curve, if any, at which both coordinates are will win the race?
changing at the same rate. 14. A spherical snowball is melting in such a manner that its ra-

7. A heap of rubbish in the shape of a cube is being compacted dius s changing ata constant rate, decroasing from 16 om to
into a smaller cube. Given that the volume decreases at the 10.cm in 30 minutes. How fast is the volume of the snowball
rate of 2 cubic meters per minute, find the rate of change changing when the radius is 12 cm?
of an edge of the cube when the volume is exactly 27 cubie  15. A 13-fool ladder is leaning against a vertical wall, If the

meters. What is the ratc of change of the surface area of the bottom of the ladder is being pulled away from the wall
cube at that instant? at the rate of 2 feet per second, how fast is the area of the
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triangle formed by the wall, the ground, and the ladder chang-
ing when the bottom of the ladder is 12 fect from the wall?

. Aladder 13 feet long is leaning against a wall. If the foot of

the ladder is pulled away from the wall at the rate of 0.5 foct
per second, how fast will the top of the ladder be dropping
when the base is 5 feet from the wall?

. A tank contains 1000 cubic feet of natural gas at a pres-

sure of 5 pounds per square inch. Find the rate of change
of the volume if the pressure decreases at a rate of 0.05
pounds per square inch per hour. (Assume Boyle’s law:
pressure X volume = constant.)

. The adiabatic law for the expansion of airis PV = C. At

a given instant the volume is 10 cubic fect and the pressure
is 50 pounds per square inch. At what rate is the pressure
changing if the volume is decreasing at a rate of 1 cubic foot
per sccond?

. A man standing 3 feet from the base of a lamppost casts a

shadow 4 fect long. If the man is 6 feet tall and walks away
from the lamppost at a speed of 400 feet per minute, at what
rate will his shadow lengthen? How fast is the tip of his
shadow moving?

. A light is attached to the wall of a building 64 feet above

the ground. A ball is dropped from that height, but 20 feet
away from the side of the building. The height y of the ball at
time ¢ is given by ¥(r) = 64 — 16¢%. Here we are measuring
yin feet and £ in seconds, How fast is the shadow of the ball
moving along the ground 1 second after the ball is dropped?

. An object that weighs 150 pounds on the surface of the earth

will weigh 150(1 + z5+)~2 pounds when it is » miles above
the carth. Given that the altitude of the object is increasing
at the rate of 10 miles per minute, how fast is the weight
decreasing when the object is 400 miles above the surface?

. Tn the special theory of relativity the mass of a particle mov-

ing at speed v is given by the cxprossion

m

v

where m is the mass at rest and c is the speed of light. At
what rate is the mass of the particle changing when the speed
of the particle is L¢ and is increasing at the rate of 0.01¢ per
second? -

Water is dripping through the bottom of a conical cup 4
inches across and 6 inches deep. Given that the cup loses
half a cubic inch of water per minute, how fast is the water
Level dropping when the water is 3 inches deep?

Water is poured into a conical container, vertex down, at the
rate of 2 cubic feet per minute. The container is 6 feet deep
and the open end is 8 feet across. How fast is the level of the
water rising when the container is half full?

. At what rate is the volume of'a sphere changing at the instant

when the surface arca is increasing at the rate of 4 square
centimeters per minute and the radius is increasing at the
rate of 0.1 centimeter per minute?

ater flows from a faucet into a hemispherical basin 14
inches in diameter at the rate of 2 cubic inches per second.

2
o

w
=

w
53

w
P

How fast does the water rise (a) when the water is exactly
halfway to the top? (b) just as it runs over? (The volume of
aspherical segment is given by 4% — 14% where r is the
radius of the sphere and / is the depth of the segment.)

The base of an isosceles triangle is 6 fect. Given that the
altitude is 4 feet and increasing at the rate of 2 inches per
minute, at what rate is the vertex angle changing?

. As a boy winds up the cord, his kite is moving horizontally

ata height of 60 fect with a speed of 10 feet per minute. How
fast is the inclination of the cord changing when the cord is
100 feet long?

. A revolving searchlight  mile from a straight shoreline

makes 1 revolution per minute. How fast is the light moving
along the shore as it passes over a shore point 1 mile from
the shore point nearest to the searchlight?

. Arevolving searchlight 1 mile from a straight shorcline turns

at the rate of 2 revolutions per minute in the counterclock-

wise direction.

(a) How fast is the light moving along the shore when it
makes an angle of 43° with the shore?

(b) How fast is the light moving when the angle is 90°?

. A man starts at a point 4 and walks 40 feet north. He then

turns and walks duc cast at 4 feet per second. A searchlight
placed at 4 follows him. At what rate is the light turning 15
seconds after the man started walking cast?

. The diameter and height of a right circular cylinder arc found

at a certain instant to be 10 centimeters and 20 centimeters,
respectively. If the diameter is increasing at the rate of 1
centimeter per second, what change in height will keep the
volume constant?

. A horizontal trough 12 feet long has a vertical cross section

in the form of a trapezoid. The bottom is 3 feet wide, and
the sides are inclined to the vertical at an angle with sinc 2.
Given that water is poured into the trough at the rate of 10
cubic feet per minute, how fast is the water level rising when
the water is exactly 2 feet deep?

. Two cars, car 4 traveling east at 30 mph and car B traveling

north at 22.5 mph, are heading toward an intersection /. At
what rate is the angle 748 changing when cars 4 and B arc
300 feet and 400 feet, respectively, from the intersection?

. Arope 32 feet long is attached to a weight and passed over a

pulley 16 fet above the ground. The ofher end of the rope is
pulled away along the ground at the rate of' 3 feet per second.
At what rate is the angle between the rope and the ground
changing when the weight is exactly 4 fect off the ground?
A slingshot is made by fastening the two ends of a 10-inch
rubber strip 6 inches apart. If the midpoint of the strip is
drawn back at the rate of 1 inch per second, at what rate is
the angle between the segments of the strip changing § sec-
onds later?

. A balloon is released 500 fect away from an observer. If the

balloon rises vertically at the rate of 100 feet per minute and
at the same time the wind is carrying it away horizontally at
the rate of 75 feet per minute, at what rate is the inclination
of the observer’s line of sight changing 6 minutes after the
balloon has been released?




38. A searchlight is continually trained on a plane that flies di-
rectly above it at an altitude of 2 miles at a speed of 400
miles per hour. How fast does the light turn 2 seconds after
the plane passes directly overhead?

w
e

. A baseball diamond is a square 90 feet on a side. A player
is running from second base to third base at the rate of 15
feet per second. Find the rate of change of the distance from
the player to home plate at the instant the player is 10 feet
from third base. (If you are not familiar with baseball, skip
this problem.)

40. An airplane is flying at constant speed and altitude on a line
that will take it directly over a radar station on the ground.
Atthe instant the planc is 12 miles from the station, it is noted
that the plane’s angle of levation is 30° and is increasing at
the rate of 0.5 per second. Give the speed of the plane in
miles per hour.

41. An athlete is running around a circular track of radius 50

meters at the rate of 5 meters per second. A spectator is

M 4.11 DIFFERENTIALS

4.11 DIFFERENTIALS ® 223

200 meters from the center of the track. How fast is the
distance between the two changing when the runncr is ap-
proaching the spectator and the distance between them is
200 meters?
Exercises 4244, Here x and y are functions of £ and are related
as indicated. Obtain the desired derivative from the information
given.

4
42.2xy% — y =22, Given that 22 = 2 whenx = 3and y =
¥y a@r J

dx
2,find —.
e ar
43. x — /%y = 4. Given that % =3whenx=8and y =2,
dx
d —.
fin dt
. dx
44. sinx = 4cosy — 1. Given that 7T —1 whenx = 7 and
Fe dy
= —, find —.
FE3Iy

In Figure 4.11.1 we have sketched the graph of a differentiable function / and below it

the tangent line at the point (x, f(x)).

v

(x+ A, flx+h) »Zzir
®

Figure 4.11.1

As the figure suggests, for small / # 0, /(x + &) — f(x), the change in £’ from x to

X + / can be approximated by the product f"(x)h:

@iy

JE+h) = f6) = f(0h.

How good is this approximation? It is good in the sense that, for small / the difference

between the two quantities,

LfGe+h) = fG] = [ Gk,

is small compared to /. How small compared to 4? Small enough compared to / that

its ratio to A, the quotient

& +m = f6] - fh
= =
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tends to 0 as & tends to 0:
i D = @1 = £

h—0 h

S+ hh) —S@ o S0k

=0 B

lim
A0

=@~/ m)=0.
The quantities f(x +A) — f(x) and f'(x)h have names:

DEFINITION 4.11.2

For £ 5 0 the difference f(x + h) — f(x) is called the increment of ffrom %
fox + A and is denoted by Af: :

Af = [t h) = f(x)!

The product f'(x)h is called the differential of fat x with increment h and is.
denoted by df:

df = fleon.

Display 4.11.1 says that, for small 4, A/ and df are approximately equal:
Af = df.
How close is the approximation? Close enough (as we just showed) that the quotient
Af—df
h
tends to 0 as & tends to 0.

Let’s see what all this amounts to in a very simple case. The area of a square of
side x is given by the function

S =x2, x > 0.

If the length of cach side increases from x to x + 4, the area increases from f(x) to
f(x + h). The change in area is the increment A f:

Af = fx+m) = f(x)
=(x+h?—x2
= (2 42k + k) —x2
= 2xh + A%
As an estimate for this change, we can use the differential
Figure 4.11.2 df = f'(x)h = 2xh. (Figure 4.11.2)

The error of this estimate, the difference between the actual change A f and the estimated
change df, is the difference

Af —df = k%
As promised, the error is small compared to % in the sense that
Af—d h?
s L
h h

tends to 0 as 4 tends to 0.

T4 is a Greek letter, the capital of 8. A is read “delta /2
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Example 1 Use a differential to estimate the change in f(x) = x5
(a) as x increases from 32 to 34, (b) as x decreases from 1 to %

SOLUTION  Since f'(x) = 2x=/5 = 2/(5x3/%), we have

2
af = fh = sk

(a) We set x = 32 and / = 2. The differential then becomes

4
df = @)= =01

2
5(32)%75

A change in x from 32 to 34 increases the value of /' by approximately 0.1. For com-
parison, our hand calculator gives

Af = f(34) = f(32) = 4.0982 — 4 = 0.0982.
(b)Wesetx =land h = —ﬁ), In this case, the differential is

2 1 2
df = = (,* = =004
507\ 10 50

A change in x from 1 to % decreases the value of /* by approximately 0.04. For com-
parison, our hand calculator gives

Af = £0.9)— f(1) = (0.9 — (1)¥* = 0.9587 — 1 = —0.0413. Q

Example 2  Use a differential to estimate: (a) /104, (b) cos 40°.

SOLUTION
(a) We know that /100 = 10. We need an estimate for the increase of

S =%

as x increases from 100 to 104. Here

F) = # and  df = f'(x)h= %
Withx = 100 and % = 4, df becomes
4 1
210 5

A change in x from 100 to 104 increases the value of the square root by approximately
0.2. Tt follows that

V104 = 4/1004+0.2=10+0.2 =10.2.
As you can check, (10.2)? = 104.04. Our estimate is not far off,
(b) Let f(x) = cosx, where as usual x is given in radians. We know that cos45° =
cos (7/4) = ~/2/2. Converting 40° to radians, we have

- S " Y™
40 =45 -5 =2 (ISO) 5= - 5 radians.

We use a differential to estimate the change in cosx as x decreases from 7/4 to

(/4) — (7 /36):

Sf(x) = —sinx and df = f'(x)h = —hsinx.

m 225
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EXERCISES 4.11

Withx = /4 and h = —7/36, df is given by

af = =0.0617.

( 7T) P (JT) T ﬁ \/2_
—-=)sin{-)=—=— = —
36 4 36 2 72
A decrease in x from 7 /4 to (/4) — (x/36) increases the value of the cosine by
approximately 0.0617. Therefore,
cos40° = cos45° + 0.0617 = 0.7071 + 0.0616 = 0.7688.
Our hand calculator gives cos40° = 0.7660. O

Example 3 A metal sphere with a radius of 10 cm is to be covered by a 0.02 cm
coating of silver. Approximately how much silver will be required?

SOLUTION We will use a differential to estimate the increase in the volume of a sphere
if the radius is increased from 10 cm to 10.02 ¢cm. The volume of a sphere of radius
is given by the formula ¥V = %nf\ Therefore
av =4mrih.
Taking » = 10 and 2 = 0.02, we have
dV = 4x(102(0.02) = 87 = 25.133.

It will take approximately 25.133 cubic cm of silver to coat the sphere. 0O

Example 4 A metal cube is heated and the length of each edge is thereby increased
by 0.1%. Use a differential to show that the surface area of the cube is then increased
by about 0.2%.

SOLUTION Let x be the initial length of an edge. The initial surface area is then
S(x) = 6x%. As the length increases from x to x + &, the surface area increases from
S(x) to S(x + #). We will estimate the ratio
AS  S(x +h) = S(x)
s S(x)
by
5 taking h=0.001x.

Here
S()=6x>,  dS=12xh = 12x(0.001x),

and therefore

dS  12x(0.001x)

— =2 =0.002.

N 6x2
If the length of each edge is increased by 0.1%, the surface area is increased by about
0.2%. 1

1. Use a differential to cstimate the change in the volume of bExercises 3-8. Usc a differential to estimate the value of the in-
a cube caused by an increase / in the length of each side. dicated expression. Then compare your estimate with the result
Interpret geometrically the error of your estimate AV — d V. given by a calculator.

2. Use a differential to estimate the area of a ring of inner radius .
rand width 4. What is the exact area? 3. /1002. 4.1/4/245.



5, J15.5. 6. (26)23.
7. (335 8. (33)71/5,

P Exercises 9-12. Use a differential to estimate the value of the cx.
pression. (Remember to convert to radian measure.) Then com-
pare your estimate with the result given by a calculator.

9. sin 46°. 10. cos 62°.

11. tan 28° 12. 5in43°,

13. Estimate f(2.8) giventhat f(3)=2and f'(x P45,

14. Estimate /(5.4) given that £(5) = 1 and /"(x) = /xZ £ 3.

15. Find the approximate volume of a thin eylindrical shell with
open ends given that the inner radius is », the height is 4, and
the thickness is 7.

. The diameter of a steel ball is measured to be 16 centime-
ters, with a maximum error of 0.3 centimeters. Estimate by
differentials the maximum error (a) in the surface area as
calculated from the formula § = 4772; (b) in the volume as
caleulated from the formula ¥ = 23,

17. Abox s to be constructed in the form of a cube to hold 1000
cubic foot. Use a differential to estimate how accuratcly the
inner edge must be made so that the volume will be correct
to within 3 cubic feet.

18. Use differentials to estimate the values of x for which
@ VEXFT1- % <001
®) VxF1 - Y% < 0.002.

19. A hemispherical dome with a 50-foot radius will be given
a coat of paint 0.01 inch thick. The contractor for the job
wants to estimate the number of gallons of paint that will be
needed. Use a differential to obtain an estimate. (There are
231 cubic inches in a gallon.)

- View the carth as a sphere of radius 4000 miles. The volume
of ice that covers the north and south poles is estimated to
be 8 million cubic miles. Suppose that this ice melis and the
water produced distributes itself uniformly over the surface
of the earth. Estimate the depth of this water.

>

»
S

21. The period P of the small oscillations of a simple pendulum
is related to the length £ of the pendulum by the equation

poomft

Ve

where g is the (constant) acceleration of gravity. Show that

a small change 4L in the length of a pendulum produces 2

change dP in the period that satisfies the equation

dP_1dL

P 2L

- Suppose that the pendulum of a clock is 90 centimeters long,
Use the result in Exercise 21 to determine how the length
of the pendulum should be adjusted if the clock is losing 15
seconds per hour.

"
5}

"
o

- A pendulum of length 3.26 feet goes through onc complete
oscillation in 2 seconds. Use Exercise 21 to find the approx-
imate change in 7 if the pendulum is lengthened by 0.01
feet,
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24. A metal cube is heated and the length of cach edge i thercby
increased by 0.1%. Use a differential to show that the volume
of the cube is then increased by about 0.3%.

25. We want to determine the area of a circle by measuring
the diameter x and then applying the formula 4 — imx
Use a differential to estimate how accurately we must mea.
sure the diameter for our area formula to yield a result that
is accurate within 1%.

26. Estimate by differentials how precisely x must be determined
(@) for our caleulation of x” to be accurate within 1%; (b)
for our estimate of x'/" to be aceurate within 1%. (Here 7 is
a positive integer.)

Little-o(h) Let g be a function defined at least on some open in-

terval that contains the number 0. We say that g(h) is litle-o(h)

and write g(h) = o(k) to indicate that, for small /, g(h) is so
small compared to / that

27. Determine whether the statement is true.
(@) 4% = o(h)
2
o(h).
©) B2 = o().
28. Show that if g(k) = o(k), then ‘gin})g(h) =0.
29. Show that if g () = o(%) and £2(h) = o(h), then

O 2

st +am =ok) ad  gdgh) = o).

30. The figure shows the graph of a differcntiable function /' and
a line with slope m that passes through the point (x, /(x)).
The vertical separation at x 4/ between the line with slope
m and the graph of f has been labeled g(k).

(a) Calculate g(k).

(b) Show that, of all lines that pass through (s, £(x)), the
fangent linc is the line that best approximates the graph
of f near the point (x, f(x)) by showing that

gy=o(h) iff  m=flx).
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Here we dispense with g(h) and call (k) any expression in &
which, for small /4, is so small compared to & that

]
=0
31. (4 differentiable function is locally almost linear) If f is a
linear function,
1) =mx +b,
then

SO+ = flx)=mh.

Show that

a function f is differentiable at x iff there
exists a number 2 such that

FG&+h) = f(x) = mh + o(k).

@.11.3)

What is m here?

PROJECT 4.11 Marginal Cost, Marginal Revenue, Marginal Profit

In business and economics we recognize that costs, revenues,
and profits depend on many factors, Of special interest to us
here is the study of how costs, revenues, and profits are affected
by changes in production and sales. In this brief section we make
the simplifying assumption that all production is sold and there-
fore units sold = units produced.

Supposc that C(x) represents the cost of producing x units.
Although x is usually a nonnegative integer, in theory and prac-
tice it is convenient to assume that C(x) is defined for x in some
interval and that the function C is differentiable. In this context,
the derivative C'(x) is called the marginal cost at x.

This terminology deserves some explanation. The differ-
ence C(x + 1) — C(x) represents the cost of increasing produc-
tion from x units to x 4 1 units and, as such, gives the cost of
producing the (x + 1)-st unit. The derivative C'(x) is called the
marginal cost at x because it provides an estimate for the cost
of the (x + 1)-st unit: in general,

(differential estimate)

Clx +h) — C(x) = C'(x)h.
At = 1 this cstimate reads
Clx +1) - Cx) = C'(x).
Thus, as asserted,
C'(x) Z cost of (x + 1)-stunit. O

By studying the marginal cost function C’, we can obtain an
overall view of the changing cost patlerns.

Similarly, if R(x) represents the revenue obtained from the
sale of x units, then the derivative R'(x), called the marginal
revenue at x, provides an estimate for the revenue obtained from
the sale of the (x + 1)-st unit.

IfC = C(x) and R = R(x) are the cost and revenue func-
tions associated with the production and sale of x units, then the
function

P(x) = R(x) — C(x)

is called the profit function. The points x (if any) at which C(x) =
R(x) — that is, the values at which “cost” = “revenue™—

are called break-even points. The derivative P'(x) is called the
marginal profit at x. By Theorem 4.3.2, maximum profit occurs
ata point where P'(x) = 0, a point where the marginal profit is
zero, which, since

Px) = R(x) = C'(x),

is a point where the marginal revenue R'(x) equals the marginal
cost C'(x).

Aword about revenue functions. The revenue obtained from
the sale of x units at an average price p(x) is the product of x
and p(x):

R(x) = xp(x).

In classical supply-demand theory, if too many units are sold,
the price at which they can be sold comes down. It may come
down so much that the product xp(x) starts to decrease. If the
market is flooded with units, p(x) tends to zero and revenues are
severely impaired. Thus it is that the revenue R(x) increases with
xup 1o a point and then decreases. The figure gives a graphical
representation of a pair of cost and revenue functions, shows
the break-even points, and indicates the regions of profit and
loss.

RC

loss  break-even
paints




Problem 1. A manufacturer determines that the total cost of
producing x units per hour is given by the function
)
C(x) = 2000 + 50x — 3 (dollars)
What is the marginal cost at production level 20 units per hour?
What is the exact cost of producing the 21st component?
Problem 2. A manufacturer determines that the costs and rev-
cnues that result from the production and sale of x units per day
are given by the functions

C(x)=12,000+30x  and  R(x) = 6505 — 5x2.

Find the profit function and determine the break-even poins.

Find the marginal profit function and determine the produc-

tion/sales level for maximurm profit.

Problem 3. The cost and revenue functions for the production

and sale of x units are

-
CO) =45+ 1400 and R =20r— T

() Find the profit function and determine the break-even
points.

(b) Find the marginal profit function and determine the produc-
tion level at which the marginal profit is zero.

(¢) Sketch the cost and revenue functions in the same coordinate
system and indicate the regions of profit and loss. Estimate
the production level that produces maximum profit.
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Problem 4. The cost and revenue functions are
R(x) = 60x — 2x/x,

with x measured in thousands of units.

C(x)=3000+5x  and

(a) Use a graphing utility to graph the cost function together
with the revenue function. Estimate the break-even points.
(b) Graph the profit function and estimate the production level
that yields the maximum profit.
Problem 5. The cost and revenue functions are
10x

C(x) =4+ 0.75x d T
Gl=4rlla o 1502527

Rx)=

with x measured in hundreds of units.
(a) Use a graphing utility to graph the cost function together
with the revenue function. Estimate the break-even points.
(b) Graph the profit function and estimate the production level
that yields the maximum profit. Exactly how many units
should be produced to maximize profit?
Problem 6. Let C(x) be the cost of producing x units. The av-
erage cost per unit is A(x) = C(x)/x. Show that if C"(x) > 0,
then the average cost per unit is a minimum at the production
levels x where the marginal cost equals the average cost per unit.
Problem 7. Let R(x)be the revenue that results from the sale of
x units. The average revenue per unit is B(x) = R(x)/. Show
that if R"(x) < 0, then the average revenue per unit is a max-
imum at the values x where the marginal revenue equals the
average revenue per unit.

W 4.12 NEWTON-RAPHSON APPROXIMATIONS

Figure 4.12.1 shows the graph of a function /. Since the graph of / crosses the x-axis
at x = c, the number c is a solution (root) of the equation f(x) = 0. In the setup of
Figure 4.12.1, we can approximate ¢ as follows: Start at x, (sce the figure). The tangent
line at (x;, f(x,)) intersects the x-axis at a point x; which is closer to ¢ than x|. The
tangent line at (x2, f(x2)) intersects the x-axis at a point x;, which in turn is closer to

c than x,. In this manner, we obtain numbers xy, x,, x3, . ..

more closely approximate c.

/

+ Xp, Xp41, Which more and

Figure 4.12.1
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Figure 4.12.2

Figure 4.12.6

y=fl)

There is an algebraic connection between x,, and x,.; that we now develop. The
tangent line at (x,, f{x,)) has the equation

¥ =[G = fE)6 — x).
The x-intercept of this line, x,.1, can be found by setting y = 0:
0= J(6n) = f'Cen)n 1 = Xn).

Solving this equation for x,, we have

@121 Cr - /ﬂ(i';))

This method of locating a root of an equation f(x) = 0 is called the Newton-
Raphson method. The method does not work in all cases. First, there are some conditions
that must be placed on the function f. Clearly, / must be differentiable at points near the
root ¢. Also, if f'(x,) = 0 for some , then the tangent line at (x,, f(x,)) is horizontal
and the next approximation x,,,., cannot be calculated. See Figure 4.12.2. Thus, we will
assume that f”(x) # 0 at points near c.

The method can also fail for other reasons. For example, it can happen that the
first approximation x; produces a second approximation x, which in turn takes us back
to x. In this case the approximations simply alternate between x; and x,. See Figure
4.12.3. Another type of difficulty can arise if f'(x;) is close to zero. In this case the
second approximation x; can be worse than x;, the third approximation x3 can be worse
than x,, and so forth. See Figure 4.12.4.

”,

Figure 4.12.4 Figure 4.12.5

There is a condition that guarantees that the Newton-Raphson method will work.
Suppose that f is twice differentiable and that f(x)f”(x) > 0 for all x between ¢ and
x1. If f(x) > 0 for such x, then f”(x) > 0 for such x and (as shown in Section 4.6)
the graph bends up, and we have the situation pictured in Figure 4.12.5. On the other
hand, if f(x) < 0 for such x, then f"(x) < 0 for such x and (as shown in Section 4.6)
the graph bends down, and we have the situation pictured in Figure 4.12.6. In each of
these cases the approximations xy, x,, x3, . .. tend to the root c.

Example 1 The number +/3 is a root of the equation x> — 3 = 0. We will estimate
/3 by applying the Newton-Raphson method to the function f(x) = x* — 3 starting
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at x; = 2. [As you can check, £(x)f”(x) > 0 on (~/3, 2) and therefore we can bc sure
that the method applies.] Since f*(x) = 2x, the Newton-Raphson formula gives

xf +3
2%

x2—3
Xpp) = Xy — b =

Successive calculations with this formula (using a calculator) are given in the following

table:
n X Tntl = Fi-
1 2 1.75000
2 1.75000 1.73214
3 1.73214 1.73205

]

Since (1.73205) = 2.999997, the method has generated a very accurate estimate of

V3 in only three steps. 0

EXERCISES 4.12

[®> Exercises 1-8. Use the Newton-Raphson method to estimate a
root of the cquation f(x) = 0 starting at the indicated value of
x: (2) Express x,.1 in terms of x,. (b) Give x4 rounded off to
five decimal places and evaluate /° at that approximation.

1. f(x) =x* —24;
2. flx)=x>—4x+1;

x =5

-~

3. f(x)=x"—25 x 4 f0)=x"=30; x =2
5 f(x)=cosx—x; x; =1
6. f(x) =sinx =1

7 ) =x¥3-x;
8 f(x)=x+tanx; x
9. The function f(x) =x'/* is 0 at x = 0. Verify that the
condition f(x)f"(x) > 0 fails everywhere. Show that the
Newton-Raphson method starting at any number x| # 0 fails
to generate numbers that approach the solution x = 0. De-
seribe the numbers x|, x; ... that the method generates.

10. What results from the application of the Newton-Raphson
method to a function /" if the starting approximation x, is
precisely the desired zero of £7

P11 Set £(x) =25 —3x% — 1.

(a) Show that the equation f(x) = 0 has a root between 1
and 2.

(b) Show that the Newton-Raphson method process started
at x; = 1 fails to generate numbers that approach the
root that lies between 1 and 2.

(c) Estimate this root by starting at x; = 2. Determine x,
rounded off to four decimal places and evaluate f(xs).

J»12. The function f(x) = x* — 2x? — {7 has two zeros, one at a

point & between 0 and 2, and the other at —a. (£ is an even

function.)

(a) Show that the Newton-Raphson method fails in the

search for a if we start at x = 1. What are the outputs
X1, X2, X3, ... in this case?

(b) Estimate a by starting at x; = 2. Determine x4 rounded
off to five decimal places and evaluate /(xy).
13. Set f(x) = x2 — a,a > 0. The roots of the equation f(x) =
0are £./a.
(a) Show that if x; is any initial estimate for /z, then the
Newton-Raphson method gives the iteration formula
L, 4 <1
Y= x+—]. A
A
(b) Take ¢ = 5. Starting at x, = 2, use the formula in part
(a) to calculate x4 to five decimal places and cvaluate
f(xa).
14. Set f(x) = x* — a, k apositive integer, ¢ > 0. The number
a'/* is a root of the equation f(x) = 0.
(a) Show that if x| is any initial estimate for a'/¥, then the
Newton-Raphson method gives the iteration formula

tom = [ =0+ ]
Note that for & = 2 this formula reduces to the formula
given in Excrcise 13.

(b) Use the formula in part (a) to approximate /23, Begin
at x; = 3 and caleulate x4 rounded off to five decimal
places. Evaluate f(x,).

1
15. 8et f(X) = — —a,a #0.
x
(2) Apply the Newton-Raphson method to derive the itera-
tion formula

Xyt = 2% — axy, n=>1.

Note that this formula provides a method for calculating
reciprocals without recourse to division.

(b) Uscthe formulain part (a) to calculate 1/2.7153 rounded
off to five decimal places.
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16. Set f(x) = x* — 7x? — 8x — 3.
(a) Show that has exactly one critical point ¢ in the interval

(b) Use the Newton-Raphson method to estimate ¢ by calcu-
lating x;. Round off your answer to four decimal places.
Does f have a local maximum at ¢, a local minimum, or
neither?
17. Set f(x) = sinx + ix? — 2x.
(a) Show that f has exactly one critical point ¢ in the interval
2.3

(b) Use the Newton-Raphson method to estimate ¢ by calcu-
Tating x3. Round off your answer to four decimal places.

B CHAPTER 4. REVIEW EXERCISES

Does f have a local maximum at ¢, a local minimum, or
neither?

18. Approximations to 7 can be obtained by applying
the Newton-Raphson method to f(x) = sinx starting at
=3
(2) Find x4 rounded off to four decimal places.

(b) What are the approximations if we start at x; = 67

. The equation x + tanx = 0 has an infinite number of pos-
tive 10015 71.72,73. ... 7y slightly larger than (7 — Lyr.
Use the Newton-Raphson method to find 1 and 7, to three
decimal place accuracy.

°

Exercises 1-2. Show that f satisfies the conditions of Rolle’s
theorem on the indicated interval and find all the numbers ¢ on
the interval for which f7(c) = 0.

L @)=x-x; [-1,1]

2. f(x) = sinx +cosx — 1;

[0, 271
Exercises 3-6. Verify that / satisfies the conditions of the mean-
value theorem on the indicated interval and find all the numbers
¢ that satisfy the conclusion of the theorem.

L) =x =2 +1; [-2,3]

4 f)=vi-1; 2
1 N

2.4 6 fx) =% [0,16].

: x+

5 fx)=—;
x—1

7. Sct f(x) = x** — 1. Note that f(—1)= f(1)=0. Ver-
ify that there does not cxist a number ¢ in (—1,1) for
which f7(¢) = 0. Explain how this does not violate Rolle’s
theorem.
Set f(x) = (x + 1)/(x — 2). Show that there does not exist
anumber ¢ in (1, 4) for which f(4) — f(1) = f/(c)(4 — 1).
Explain how this does not violate the mean-value theorem.
9. Does there exist a differentiable function / with /(1) =

5, f(4)=1,and f"(x) = —1 for all x in (1, 4)? If not, how

do you know?
10. Let f(x) =

a. Show that f(x) = 0 for at most one x in [~ 1, 1].

b. Forwhat values of & does /(x) = 0 forsome x in[—1, 1]?

™

—3x + . k constant.

Exercises 11-16. Find the intervals on which / increases and
the intervals on which f* decreases; find the critical points and
the local extreme values.

11. f(x) = 22" +3x% + L.
13, f(x) = (x + 2% (x — 1),

12. f(x) =x* —4x 4 3.
14./(1):x+%.
x
15. f() = ﬁ
16. f(x) =sinx —cosx,

Exercises 17-22. Find the critical points. Then find and classify
all the extreme values.

17. f(x) +23+x+ 1

0<x<2m.

x e[-2,1].

18. f(x)=x*—8x2+2; xe[-1,3]
19. f(x) =x% + iz; xe(l,4]

¥
20. f(x) = cos’x +sinx; x €[0,2x]
21 f(x) =xy/T—x; xe€(~00,1].
2. /() =~ x € (2, ).

Exercises 23-25. Find all vertical, horizontal, and oblique (see
Exercises 4.7) asymptotes.

—12°

Exercises 26-28. Determine whether or not the graph of /" has
a vertical tangent or a vertical cusp at c.

26. f(x) = (x = 1Y
27. f(x)
28, f(x) =3x"22 +x);

c=0.
Exercises 29-36. Sketch the graph of the function using the
approach outlined in Section 4.8.
29, f(x) =644 —3x%. 30 f(x)=3x° —5x3 + 1.

2x
31 f(x) = PRt
3. fx)=xv/4—x.
35. f(x) =sinx ++3eosx, x€[0,27]
36. f(x) =sin’x —cosx, x e [0,2x]
37. Sketch the graph of a function f that satisfies the following

conditions:

32 f(x) = x23(x — 10).

34, f(x)=x* — 202 43,

S=1)=3, f©)=0, f@)=~
SN =@ =0
Fi(x) = 0forx < —land forx > 2, f(x) < 0

if—1l<x<2;

fMx) < Oforx < 1, f"(x) > 0forx > L




38. Given that the surface area of a sphere plus the surface area
of a_oube is constant, show that the sum of the volumes is
minimized by letting the diameter of the sphere equal the
length of a side of the cube. What dimensions maximize the
sum of the volumes?

39. A closed rectangular box with a square basc is to be built
subject to the following conditions: the volume is to be 27
cubic feet, the area of the base may not exceed 18 squarc
feet, the height of the box may not excced 4 feet. Determine
the dimensions of the box (a) for minimal surface area; (b)
for maximal surface area.

40. The linc through P(1,2) intersects the positive x-axis at
A(a, 0) and the positive y-axis at B(0, b). Determine the
values of @ and b that minimize the area of the triangle OAB.

41. A right circular cylinder is generated by revolving a rectan-
gle of given perimeter P about one of its sides. What dimen-
sions of the rectangle will generate the cylinder of maximum
volume?

42. Aprinted page is to have a total area of 80 square inches. The
margins at the top and on the sides are to be | inch each; the
bottom margin is to be 1.5 inches. Determine the dimensions
of the page that maximize the area available for print.

43. An object moves along a coordinate line, its position at
time 7 given by the function x(f) =  + 2 cos . Find those
times from ¢ =0 to # =27 when the object is slowing
down.

44. An object moves along a coordinate line, its position at
time ¢ given by the function x(1) = (4 — 1)(z — 1)2,¢ = 0.
(a) When is the object moving to the right? When to the left?
When does it change direction? (b) What is the maximum
speed of the object when moving left?

I

5. An object moves along a coordinate line, its position at time
£ given by the function x(r) = v + 1, 7 = 0. (a) Show that
the acceleration is negative and proportional to the cube of
the velocity. (b) Use differentials to obtain numerical es-
timates for the position, velocity, and acceleration at time
# = 17. Base your estimate on ¢ = 15.

46. A rocket is fired from the ground straight up with an initial

velocity of 128 feet per second. (a) When does the rocket

reach maximum height? What is maximum height? (b) When
does the rocket hit the ground and at what speed?

47. Ballast dropped from a balloon that was rising at the rate of
8 feot per second reached the ground in 10 seconds. How
high was the balloon when the ballast was released?
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48. A ball thrown straight up from the ground reaches a height
0f 24 feet in 1 second. How high will the ball go?

49. A boy walks on a straight, horizontal path away from a light
that hangs 12 feet above the path. How fast does his shadow
lengthen if he is 5 feet tall and walks at the rate of 168 feet
per minute?

50. The radius of a cone increases at the rate of 0.3 inches per
minute, but the volume remains constant. At what rate does
the height of the cone change when the radius is 4 inches
and the height is 15 inches?

51. A railroad track crosses a highway at an angle of 60°. A lo-
comotive is 500 feet from the intersection and moving away
from it at the rate of 60 miles per hour. A car is 500 feet from
the intersection and moving toward it at the rate of 30 miles
per hour. What is the rate of change of the distance between
them?

52. A square is inscribed in a circle. Given that the radius of the
circle is increasing at the rate of 5 centimeters per minute, at
what rate is the area of the square changing when the radius
is 10 centimeters?

»
@

. A horizontal water trough 12 feet long has a vertical cross
section in the form of an isosceles triangle (vertex down).
The base and height of the triangle are cach 2 fect. Given
that water is being drained out of the trough at the rate of
3 cubic feet per minute, how fast is the water level falling
when the water is 1.5 feet deep?

54. Use a differential to estimate £(3.8) given that £(4) = 2 and
S =x—4.

55. Use a differential to estimate f(4.2) given that fxy=
I+ 1/ /.

Exercises 56-57. Use a differential to estimate the value of the

expression.

56. /83. 57. tan43°.

58. A spherical tank with a diameter of 20 feet will be given a
coat of paint 0.05 inches thick. Estimate by a differential the
amount of paint needed. (Assume that there are 231 cubic
inches in & gallon.)

[> Exercises 59-60. Use the Newton-Raphson method to estimate
aroot of f(x) = 0 starting at the indicated value: (a) Express
Xug1 I terms of x,. (b) Give x4 rounded off to five decimal
places and evaluate f at that approximation.

59. flx)=x" - 10;

60. f(x) = xsinx —cosx; x|

=2




CHAPTER

M 5.1 AN AREA PROBLEM; A SPEED-DISTANCE PROBLEM

An Area Problem

In Figure 5.1.1 you can see a region £ bounded above by the graph of a continuous
function £, bounded below by the x-axis, bounded on the left by the line x = a, and
bounded on the right by the line x = 5. The question before us is this: What number,
if any, should be called the area of Q?

Figure 5.1.1

To begin to answer this question, we split up the interval [a, 5] into a finite number
of subintervals

[xo, x0T, [xr, x2], o ooy [a—t, X with a=xp <X < <X,=h.
This breaks up the region €2 into » subregions:
QL Q. ..., Q. (Figure 5.1.2)

‘We can estimate the total area of Q by estimating the area of each subregion €; and
adding up the results. Let’s denote by M; the maximum value of f on [x;_y, x;] and by

234
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G=xp 3 % T3 x,=b x

Figure 5.1.2

m; the minimum value. (We know that there are such numbers because £ is continuous.)
Consider now the rectangles r; and R; of Figure 5.1.3. Since

S QSR

oy

Figure 5.1.3

we must have
area of r; < arca of Q; < area of R;.
Since the area of a rectangle is the length times the width,
mi(x; — x;_1) < area of Q; < Mi(x; — x,_)).
Setting Ax; = x; — x;_, we have
m;Ax; < area of Q; < M;Ax;.

This inequality holds fori = 1,7 =
on the one hand

.., 1 = n. Adding up these inequalities, we get

(5.1.1) \‘ mAxy +maAx; + -+ m,Ax, < areaof Q, ‘

and on the other hand

area of @ < M Ax; + MyAxy + - + M, Ax,.

A sum of the form

6.12)

miAxy +maAxy + -+ muAx, (Figure 5.1.4)
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is called a lower sum for £ A sum of the form
M Axy 4+ MaAxy + -+ M, Axy (Figure 5.1.5)

is called an upper sum for f.

area of shaded region is a area of shaded region is an
Tower sum for / upper sum for f
Figure 5.1.4 Figure 5.1.5

Inequalities 5.1.1 and 5.1.2 together tell us that for a number to be a candidate for
the title “area of §,” it must be greater than or equal to every lower sum for f and it
must be less than or equal to every upper sum. It can be proven that with f continuous
on [a, b] there is one and only one such number. This number we call the area of Q.

A Speed-Distance Problem

If an object moves at a constant speed for a given period of time, then the total distance
traveled is given by the familiar formula

distance = speed x time.

Suppose now that during the course of the motion the speed v does not remain constant;
suppose that it varies continuously. How can we calculate the distance traveled in that
casc?

To answer this question, we suppose that the motion begins at time 4, ends at time
b, and during the time interval [a, b] the speed varies continuously.

As in the case of the area problem, we begin by breaking up the interval [, b] into
a finite number of subintervals:

[0, 0], [0, 82)s - - - [em1s B with a=ly<th <---<ty,=b.

On each subinterval [1;_1, ;] the object attains a certain maximum speed A4; and a
certain minimum speed m;. (How do we know this?) If throughout the time inter-
val [#;_1, 4] the object were to move constantly at its minimum speed, m;, then it
would cover a distance of m; Az; units. If instead it were to move constantly at its
maximum speed, M;, then it would cover a distance of M; Af; units. As it is, the ac-
tual distance traveled, call it s;, must lic somewhere in between; namely, we must
have

miAL < s < MiAL.
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The total distance traveled during full the time interval [a, b}, call it s, must be the sum
of the distances traveled during the subintervals [,_,, #]; thus we must have
S=s1+s24- -+ 5.
Since
mAl <51 < MiAy
myAt <5, < MryAn,

maAl, < s,; < MyAty,,
it follows by the addition of these inequalities that
myAt +maAly + - my Aty <5 < MAH 4 MyAty + -+ M, AL,
A sum of the form
miAl +myAty + -+ m,At,
is called a lower sum for the speed function. A sum of the form
MAH 4 MaAty + -+ + M, At

is called an upper sum for the speed function. The inequality we just obtained for s tells
us that s must be greater than or equal to every lower sum for the speed function, and
it must be less than or equal to every upper sum. As in the case of the area problem,
it turns out that there is one and only one such number, and this is the total distance
traveled.

B 5.2 THE DEFINITE INTEGRAL OF A CONTINUOUS FUNCTION

The process we used to solve the two problems in Section 5.1 is called integration,
and the end results of this process are called definite integrals. Our purpose here is to
establish these notions in a more general way. First, some auxiliary notions.

621 By a partition of the closed interval [a, b], we mean a finite
subset of [a, b] which contains the points a and 4.

We index the elements of a partition according to their natural order. Thus, if we say
that

P = {x0, %1, %2, .. ., Xae1. X} is a partition of [«, 5],

you can conclude that
a=xp<XxX] <. <Xy, =h.
Example 1  The sets
1 0L 0L ©0LLLLn

are all partitions of the interval [0, 1]. O

If P = {xq,x1,%2,..
into # subintervals

n—1> X} 18 a partition of [a, 5], then P breaks up [a, b]

[xo. x1]1, [x1, x21, - - <, [xn—1, %a] of lengths Axy, Axa, .., Axy,.
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Suppose now that f is continuous on [a, »]. Then on each subinterval [x;_y, x;]
the function f takes on a maximum value, M;, and a minimum value, m;.

The number

Up(Py= MiAx) + MyAxy + -+ + My Ax,
(5.22) is called the P upper sum for f, and the number
Ly(P)=mAx) +myAxy + -+ myAx,

is called the P lower sum for f.

Example 2 The function f(x) =1+ x? is continuous on [0, 1]. The partition
P ={0, % % 1} breaks up [0, 1] into three subintervals
Ixo, 211 =10, 3], [oxl =4 2], [x2, xa] =[3,1]

of lengths
]

3 . 3
Axv=%-0=1 Anp=3i-1=1 Axg=1-3=1
Since f increases on [0, 1], it takes on its maximum value at the right endpoint of each

subinterval:
Mm=fd=3: m=r=%3  M=s0)=2

The minimum values are taken on at the left endpoints:

5

m=fO=1 m=f()=; m=rQG=%

Thus

Ur(P) = MiAx; + MyAxy + MaAxy =3 (3) + 2 (5 +2()) =F =152
and

Lp(P)=mAxi+mAx+mdx;=1(1)+3(5)+E () =5 =1.20.

For a geometric interpretation of these sums, see Figure 5.2.1. 1

z o4

upper sum lower sum
@ ®

Figure 5.2.1




5.2 THE DEFINITE INTEGRAL OF A CONTINUOUS FUNCTION m 239

Example 3 The function f(x) = coswx is continuous on [0, 3]- The partition Y
P=1{0,4,1.4.3 2]} breaksup [0, 3] into five subintervals !

o, 1] = [0, 1], oml= 1,4, P2, w31 = [

beoxad =53] [maxsl=[31

of lengths
Axp =4, Axy =L, Axy =1, Ay =1 FonEs §

See Figure 5.2.2.
The maximum values of /' on these subintervals arc as follows:

My = fO0)=cos0=1, M= f(})=coslr =13,
My = f(§) =cosim =1v2, My = f(3) =cosiz =0,
Ms=f(%) =cosly =1 Figure 5.2.2

and the minimum values are as follows:

53¢
my = f(3) =cosim =0, Wu—/(%):COb—U:*%,
ms = f(%) = cos%n = —%«/i
Therefore

and
LR =10+ V() +0 @)+ (B () + (- /D) () =006 2

Both in Example 2 and in Example 3 the separation between Up(P) and L ;(P)
was quite large. Had we added more points to the partitions we chose, the upper sums
would have been smaller, the lower sums would have been greater, and the separation
between them would have been lessened.

By an argument that we omit here (it appears in Appendix B.4), it can be proved
that, with /' continuous on [a, 5], there is one and only one number / that satisfies the
inequality

Ly(PYy<I<UHP) for all partitions P of [a, b].

This is the number we want.

_ DEFINITION5.2.3 THE DEFINITE INTEGRAL OF A CONTINUOUS
. FUNCTION

Let fbe continuous on [, b]. The uniqus ber [ that satisfies the i 1i

LiP)<1=UxP) forall partitions P of[a. b]
is called the definite integral (or more simply the integral) of f from a to b

and is denoted by
: 3
[ e
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The symbol | dates back to Leibniz and is called an integral sign. It is really an
elongated S—as in Sum. The numbers a and b are called the limits of integration (a is
the lower limit and b is the upper limit),! and we will speak of infegrating a function
f from a to b. The function / being integrated is called the integrand. This is not the
only notation. Some mathematicians omit the dx and simply write [ : . We will keep
the dx. As we go on, you will see that it does serve a useful purpose.

In the expression
b
[ fx)dx
a

the letter x is a “dummy variable”; in other words, it can be replaced by any letter not
already in use. Thus, for example, .

/ﬂb f(x)d(x), Lb/<x) dt, /;bf(z) dz

all denote exactly the same quantity, the definite integral of f from ¢ to b.

From the introduction to this chapter, you know that if f is nonnegative and con-
tinuous on [a, /], then the integral of £ from x = a to x = b gives the area below the
graphof f fromx =atox =b:

)
A= | f(x)dx
a
You also know that if an object moves with continuous speed v(¢) = [v(¢)| from time

{ = atotime ¢ = b, then the integral of the speed function v gives the distance traveled
by the object during that time period:

S /ﬂbv()‘) dt= Kb\v(r)\ dr.

We'll come back to these applications and introduce others as we go on. Right now we .
carry out some computations.

Example 4  (The integral of a constant function)

b
(5.2.4) / kdx = k(b — a).

]

In this case the integrand is the constant function f(x) = k. To verify the formula, we
take P = {xp, X1, ..., X,} as an arbitrary partition of [a, b]. Since f is constantly £ on
[a, b], £ is constantly k on each subinterval [x;_1, x;]. Thus both m; and M; are £, and
both L ;(P) and Up(P) are

kA +kAxy + -+ kAx, = k(Ax) + Axy + - + Ax,) = k(b — a).
explain -

Therefore it is certainly true that

Ly(P) < k(b —a) < Ug(P).

There is no connection between the term “limit” as used here and the limits introduced in Chapter 2.
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Since this inequality holds for all partitions P of [a, 5], we can conclude that

b
/ f@dx=k(b—a). O
For example,
1
f 3dx=3[1-(-1)]=32)=6 and
=1

10
/ —2dx = =2(10 —4) = —2(6) = —12.
)

If k > 0, the region between the graph and the x-axis is a rectangle of height &
erected on the interval [a, b]. (Figure 5.2.3.) The integral gives the area of this rectangle. Figure 5.2.3

Example § (The integral of the identity function)

b
(5.2.5) / xdx = 3(t? - d?).

Here the integrand is the identity function f(x)=x. (Figure 5.2.4.) To verify the
formula we take P = {x0, x|, ..., x,} as an arbitrary partition of [, b]. On each subin-
terval [x;_1, x;], the function f(x) = x has a maximum value 34 and a minimum value
m;. Since f is an increasing function, the maximum value occurs at the right endpoint
of the subinterval and the minimum value occurs at the left endpoint. Thus M; = x;
and m; = x,_1. It follows that

Up(P) = x1Ax) + 2Ax + -+ + x,Ax,

and

Li(P) = xoAx| +x1Ax; 4 - + x,_1 Axy.

Figure 5.2.4

For each index i
() Xio1 < 306 +xim1) < X (explain)
Multiplication by Ax; = x; — x;_; gives
XimtAx; < 50 +xi0)( — xim1) < X Ax;,
which we write as

1

Xi1Ax; < 5 < x;Ax;.
Summing from i = 1 to i = », we find that
(+%) Li(P) = 3 = xd) + 3 (3 —x]) + o+ L (k2 — x2L)) < Up(P).

The sum in the middle collapses to
-2 =10 - dd.

Consequently

Li(P) < 36" —a®) < Uy(P).
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area of shaded region: [4x dx=
3 W a?)

Figure 5.2.5

area of shaded region: [} 32 dx = z

Figure 5.2.6

Since P was chosen arbitrarily, we can conclude that this inequality holds for all parti-
tions P of [a, b]. It follows that

b
/ xdr=l@?-d) 0
o

For example,

-1 - -2

3 2
f cde= P (-1 =3®) =4 and / xdx= g[zl-(»zﬁ]:o.
If the interval [a, b] lies to the right of the origin, then the region below the graph of
fx)=x, x €fa,b]

is the trapezoid shown in Figure 5.2.5. The integral

5
[xas
o

gives the area of this trapezoid: A = (b —a)3a+Dd)]= 1@? — ).

Example 6
3
f Rdx=%. (Figare 5.2.6)
1
Let P = {X0, X1, ..., %) be an arbitrary partition of [1, 3]. On each subinterval

[x;-1, x;] the function £(x) = x* has a maximum M; = x? and a minimum /; = 52
It follows that

Us(P) = x1Ax1 Foorn AT
and
Li(Py=x5An + - +x2_ Axy.
For cach index i, L =7 =1,
3xl < xbFxom xP < 3% (Verify this)
Division by 3 gives
< Ly X +x7) < b

We now multiply this inequality by Ax; = X; — Xi-1. The middle term then becomes

HEAE LR 45D —xi-) = 307 - 1)

and shows that
x‘z,le‘ = %(x: = )c?_l) = x,zAx‘.

The sum of the terms on the left is L;(P). The sum of all the middle terms collapses
26.
o

T i¥ i3 3 3 & __Lfad 3N o L3R 3y 26
i("'l’-‘~(»+-\2‘x1+"'+xn*Xn—l)'z(xn’xﬂ)‘ib -H=3

to

The sum of the terms on the right is Ur(P)- Clearly, then,

Li(P) < B < Up(P).




5.2 THE DEFINITE INTEGRAL OF A CONTINUOUS FUNCTION m 243

Since P was chosen arbitrarily, we can conclude that this inequality holds for all parti-
tions P of [1, 3]. It follows that
3
/ xtdx =
1

The Integral as the Limit of Riemann Sums

For a function f continuous on [, 5], we have defined the definite integral

/ ’ frar

as the unique number that satisfies the inequality

% 0

b
Ly(P) < / f(xydx <U,(P)  forall partitions P of [a, b].

This method of obtaining the definite integral (squeezing toward it with upper and lower
sums) is called the Darboux method.t

There is another way to obtain the integral that, in some respects, has distinct
advantages. Take a partition P = {xo, x|, ..., x,} of [a, b]. P breaks up [, b] into n
subintervals

[xo, x1], [y, xole - X1, %]
of lengths
Axp, Axa, ..., Ax,.

Now pick a point x;* from [xg, x;] and form the product f(x)Ax,; pick a point x3 from
[x1, x2] and form the product f(x})Ax; go on in this manner until you have formed
the products

SEDAx),  [GDAx, ..., f(x)Ax,.
The sum of these products
S°(P) = fGDAxR + [ Az + -+ f(x)Ax,

is called a Riemann sum.™ Since m; < f(x}) = M; for each index i, it’s clear that

(5.2.6) Lp(P) < S*(P) < Us(P).

. This inequality holds for all partitions P of [a, b].

Example 7 Let f(x) =x?, x € [1,3]. Take P = {1, 3,2, 3} and set

L, x=% (Figure 5.2.7)

Here Ax) = %, Ax, = 21 Axz = 1. Therefore

SHPY= (D)5 + (G 3+73)1=20) +2 () +21) = 2 =s.5625. Figure 6.2.7

"After the French mathematician J. G. Darboux (1842-1917).
TAfler the German mathematician G. F. B. Riemann (1826-1866).




244 m

CHAPTER 5 INTEGRATION

In Example 6 we showed that

/jx%k: Brf=2-1=B=ge67.
Our Riemann approximation is pretty good. 1
TFor each partition P of [a, 5], we define || P, the norm of P, by setting
|IP]l = max Ax;, i=1,2,...,n
The definite integral of f is the /imit of Riemann sums in the following sense: given
any € > 0, there exists a § > 0 such that

b
if Pl <8,  then \S'(P)—f fx)dx| <e
!

no matter how the x;° are chosen within the [x;_1, x;].
We can express this by writing

b
(5.2.7) / JWydr= lim $(P),

which in expanded form reads

b
/ fx)de= “}l)iumo [FED)ax + fE) A%+ + f(x3) Ax, ]
a IPll=
A proof that the definite integral of a continuous function is the limit of Riemann
sums in the sense just explained is given in Appendix B.5. Figure 5.2.8 illustrates the
idea. Here the base interval is broken up into eight subintervals. The point x{-is chosen
from [xo, x1], x5 from [x1, x5], and so on.

y

| r

ST Lae L [ Loy |y
g4 o 5w

*2

X6

Figure 5.2.8

‘While the integral represents the area under the curve, the Riemann sum represents the
sum of the arcas of the shaded rectangles. The difference between the two can be made
as small as we wish (less than €) simply by making the maximum length of the base
subintervals sufficiently small—that is, by making || P || sufficiently small.

This approach to the definite integral was invented by Riemann some years before
Darboux began his work. For this reason the integral we have been studying is called
the Riemann integral.
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Remark  The process of integration can be extended to discontinuous functions so
long as they are not “too” discontinuous.' Basically there are two ways to do this: One
way is to extend the meaning of upper and lower sums. Another way, more accessible
to us with the tools at hand, is to continue with Riemann sums. This is the coursc we’ll

follow when we return to this subject. (Project 5.5.) O

What we mean by this will be touched upon in Projet 5.5.

EXERCISES 5.2

Exercises 1-10. Calculate L, (P) and Uy (P).

L f)=2, xel01]

2 f)=1-x, xe[0,2)
3 feny=x2 xe[-1.0}

4/ =1-x xel01];

S5 ) =1+x" xel01]

6. fx)=x, xe[01];

7 ) =x% xe[-L1) A
8 fly=x% xel-11} ot
9. fy=sinx, xe[0.n]; P={0,{rx in 7},

10. fxy=cos x, xe[0,al P={01in inx}.

11. Let f be a function continuous on [~1, 1] and take P as a
partition of [L, 1]. Show that each of the following three
statements s false.

@) Lp(P)=3and Up(P)=2.

|
(0) Li(P)=3, U/ (P)=6, and /4 f)dx=2.

OLAPY=3, Uy =6 and /‘ Py = 10.
s

12. (a) Given that P = {xo, x1, ..., %,} is an arbitrary partition
of [a. b], find L;(P) and U(P) for f(x) = x +3
(b) Use your answers to part (a) to cvaluate

/ * fod

x.

+2x.

13. Exercise 12 taking f(x)

14. Exercise 12 taking f(x)

Exercises 15-18. Express the limit as a definite integral over the

indicated interval.

15. “}';‘mu[ (x7 +2x1 = 3) Axy + (xF + 2 = 3) Axp
+(x2 420, -3)Ax]; [-1,2]

16. lm [(x3 = 3x0) Axy + (x] = 3x1) Ay + -
+ (X = 3x%m1) Ax, 5 [0,3].

17: ”‘ll“m [Gr? sine} +1) Aty + (13 sin@1 + 1) Ay + -

H(;Y sin(24 + 1) At,] where £ € [y, 1],
Lom [0,27).

=12

: NG /5

18. H}A\EO{U{)Z+I n+ (’X)u [AL <";)2+1Ar,}

feltmntli=12,...n [1,4].

19. Let 2 be the region below the graph of f(x) = x%, x
(0. 11. Draw a figure showing the Ricmann i $°(P) as

where

s

H

20. Let §2 be the region bem the graph of f(x) = 3x +1,x €
10.2]. Draw a figure showing the Riemann sum §'(P) as
an estimate for this area. Take P = {0, 1, 3,1, 3, 2} and let
the x} be the midpoints of the subintervals.

21. Let f(x) =2x,x € [0, 1]. Take £ = {0, ¢, %, 4. 3.1} and
set

=% 1
Calculate the following:
(@) Le(P). (b) S*(P). (o) Up(P).
22. Taking / as in Exercise 21, determine

/ﬂ e

1
3
X7 dx

23. Evaluate

using upper and lower sums. HINT:
b —a* = (b +ba + ba® + )b — a).

"
] xt
o

using upper and lower sums.

24. Evaluate

Exercises 25-30. Assume that f and g are continuous, that
a < b,andthat [ () dx > [ g(x)dx. Which of the statements
necessarily holds for all partitions P of [a, ]? Justify your an-
swer.

25. Ly(P) < Us(P). 26. Ly(P) < Ly(P).

27. Ly(P) < / fx)dx. 28. Uy(P) < U(P).

2 b
29. U,~(P)>/ glx)dx. 30. b;(m</ fx)dx.

31 A partition P = {xq, X1, %2, .-, Xu_1. %} of [a, b] is said
to be regular if the subintervals [x,_, x,] all have the same
length Ax = (b — a)/n. Let P = {50, 31, .. Xp_1, ) be
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a regular partition of [, b]. Show that if £ is continuous and
increasing on [a, 4], then
U(P) = L (P) =[f(]) — f(a)] Ax.

32. Let P = {x0, X1. X2, . . ., Xn—1, X4} be a regular partition of
the interval [a, b]. (See Exercise 31.) Show that if £ is con-
tinuous and decreasing on [a, 4], then

—Li(P)y=[/(a) = f(B)] Ax
>33, Set f(x) = VT 22
(a) Verify that f increases on [0, 2].
(b) Let P = {xg, X1, ..., Xy1. %) be a regular partition of
[0, 2]. Determine a value of » such that

2
0= / Sx)dx — Ls(P) < 0.1.
(1

(¢) Usea programmable calculator or computer to calculate
J3 £6) dx with an error of less than 0.1

P34, Set f(x) = 1/(1 +x2).

es on [0, 1].
(0) Let P = {X0. 1, ... Xu_1, %} be a regular partition of
[0, 2]. Determine a valuc of » such that

2
0= / Feryde— L(P) = 0.1,
Jo

(c) Use a programmable calculator or computer to calculate
Ji fx)dx with an error of less than 0.05. NOTE: You
will see in Chapter 7 that the exact value of this integral
is /4.
35. Show by induction that for each positive integer £,
142434 k= Lk + 1)
36. Show by induction that for each positive integer £,
P42+ P4k = Lk + Dk + 1)
37.Let P = {xg, %1, %2, ..., X1, %x) be a regular partition of
the interval [0, 5], and set f(x) = x.
(a) Show that

Li(Py= [()+1+2+3+ s+ =1)].

M 5.3 THE FUNCTION F(x)

(b) Show that

bZ
(Py= GO +243 44 n].
(c) Use Exercise 35 to show that
Li(Py= 11— |IPI) and UxP)=

(d) Show that for all choicas of x}-points

P+ 1P

S =

38. Let P =

b
1b*  and therefore f xde=1
0

+y Xp—1, X} be a regular partition of -

() Show that

b 2
Li(P)= [0+ P+ 2P o= 1)

(b) Show that
»
Up(P) = ol [1P4+224+32 4. n?].

(c) Use Exercise 36 to show that
Li(Py= 1P =3IIPII+IIPIP)  and
Up(P) = g2 @ +311PIL+ 1P
(d) show that for all choices of x}"-points

5
lim S(P)=4b* and therefore / xdy =102
170 b

39.Let f be a function continuous on [a, b]. Show that
il' Pis a partition of [a,b], then Ly(P),Us(P), and
3 [L/(P) ~+ Uy(P)] are all Riemann sums.

Exercises 40-43. Using a regular partition P with 10 subinter-

vals, estimate the integral
(2) by Le(P)and by Ur(P), (b) by [L(P)+ U(P)],
(¢) by $*(P) using the midpoints of the subintervals. How

does this result compare with your result in part (b)?

2 1
40./ & +2)dx 4L[ VX dx.
0 0
2 1 1
a2 | ——a 43./ sinx dr.
) 1+x2 o
x 4
= [T f@yde

The evaluation of the definite integral

[abf(x) dx

directly from upper and lower sums or from Riemann sums is usually a laborious and
difficult process. Try, for example, to evaluate

3 2x 4 x
3olii2
X - ——)dx r dx
/2 <Y +r ]—xz>[ o /,ml—xz
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from such sums. Theorem 5.4.2, called the fimdamental theorem of integral calculus,
gives us another way to evaluate such integrals. This other way depends on a connection
between integration and differentiation described in Theorem 5.3.5. Along the way we
will pick up some information that is of interest in itself.

THEOREMSBAT .
is continuous on [a; b}, and Pand Q are parﬁﬁoné of[a, b]. If.

Suppose tha
02D Pthen

L) <LA0)  amd  UNQ) = Uy

This result can be justified as follows: By adding points to a partition, we make the
subintervals [x;—y, x;] smaller. This tends to make the minima, ;, larger and the
maxima, M;, smaller. Thus the lower sums are made bigger, and the upper sums are
made smaller. The idea is illustrated (for a positive function) in Figures 5.3.1 and 5.3.2.

as points are added to a partition, the lower sums tend to get bigger

Figure 5.3.1

as points are added to a partition, the upper sums tend to get smaller
Figure 5.3.2
The next theorem says that the integral is additive on intervals.

obads ke

ft /: b f(i}’dt: l b Fe)dr.

For nonnegative functions £, this theorem is easily understood in terms of area. The
area of part I in Figure 5.3.3 is given by

® a % b
[ rwas
a Figure 5.3.3
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the area of part 11 by

b
f()dy;

b
/ f@)de.
u
The theorem says that

the area of part I + the area of part II = the area of the entire region, [w]

The fact that the additivity theorem is so casy to understand does not relieve us of
the necessity to prove it. Here is a proof.

and the area of the entire region by

PROOF OF THEOREM 5.3.2 To prove the theorem, we need only show that for cach partition
Pof[a, b]
. b
Li(P) < / fo)yde+ / J(@)dt < Up(P). (Why?)

a ¢
We begin with an arbitrary partition of [, bl

P={xp.x1, ..., %)
Since the partition Q = P U {c} contains P, we know from Theorem 5.3.1 that
m L(P) < Ly(Q) and Un(Q) = Uy(P).

The sets

O1=0nN[a,c] and Q2=0QnN[c, b]
are partitions of [a, ¢] and [c, 5], respectively. Moreover
@ Le(Q0) + Li(02) = L(Q) and Ur(00) + Up(Q2) = U(Q).
Since
e b
o< [foazu@) wmi L= [ roa=uion.
we have
¢ b
L0+ Li(Q2) < / J df+/ J@) dt < Up(01) + Us(0)),

and thus by (2),

13 b
y@ = [ ot [ roasuo.

Therefore, by (1),

3 b
P < [ ot [roazuve. a
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Until now we have integrated only from left to right: from a number a to a number
b greater than a. We integrate in the other direction by defining

6.3.3)

5.3.4)

With these additional conventions, the additivity condition

L fay L/E.b/'(l)dt . / ra

holds for all choices of a, b, ¢ from an interval on which f is continuous, no matter
what the order of a, b, ¢ happens to be. We have left the proof of this to you as an
exercise. (Excrcise 16)

‘We are now ready to state the all-important connection that exists between integra-
tion and differentiation. Our first step is to point out that if / is continuous on [a, 5]
and c is any number in [a, 5], then for each x in [a, b]. the integral

[roa

is a number, and consequently we can define a function 7 on [a, b] by setting

Flx) = / " poa

THEOREM 5.3.5

Let f be continuous on {a, 5] and let ¢ be any number in [«, b]. The function
F defined on [a; b] by setting : :

x
Elx) = / [y de
is col1tmu§us on [g. b], differentiable on (4. b), and has derivative
Floo) = fx) forallx in(a, b).

PROOF We will prove the theorem for the special case where the integration that defines
F is begun at the left endpoint a; namely, we will prove the theorem for the following
function:

F(x) = / ’ oy (The more general case is
a

Ieft to you as Exercise 34.)
We begin with x in the half-open interval [a, b) and show that

. Fx+h) - F(x)
lim ————— 7
=1 h

S@&).
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A pictorial argument that applies to the case where f > 0 is roughed out in Figure
534,

= l}mm

a e b
h
F(x) = area from a to x and Fr + k) = area from a to x + 4. Therefore
(e + )~ F(x) = area from x to x + . For small 4 this is approximately 7(x) k. Thus

Sk

Flx+h) - Flx) (x]
h k

is approximately = ).

Figure 5.3.4

Now to a proof. Fora <x <x+h < b,

f“ S / ™ = f e

/ﬂ ™ roa- / " fwyar= / ™

which, by the definition of F, gives

Therefore

x+h
m Fx +h)— F(x):/ St

On the interval [x, x 4 /], an interval of length 7, / takes on a maximum value M,
and a minimum value ;. On [x, x + k], the product M}k is an upper sum for / and
myh is a lower sum for f. (Use the partition {x, x + /}.) Therefore

xhh
mh.hff fltydt < My - h.
x
It follows from (1) and the fact that & is positive that
" F(x +/1]) - F(x) <.
h

Since f is continuous on [x, x + 4],

iy ms = )= i, 6

i
.
1
.

and thus

. F(x+h)—F(x)

2 lim ————— = 3

[#] Jim, P’ Jx) v

This last statement follows from the “pinching theorem,” Theorem 2.5.1, which,
as we remarked in Section 2.5, applies also to one-sided limits. In a similar manner we
can prove that, for x in the half-open interval (a, 5],
Fi h)— F(x
@ i w - /).

For x in the open interval (a, b), both (2) and (3) hold, and we have

o PR = FGo)
A = e

J@&).
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This proves that /" is differentiable on (a, ») and has derivative F'(x) = f(x).
All that remains to be shown is that F is continuous from the right at  and contin-
uous from the left at b. Limit (2) at x = a gives
F —
fim L4 tB - F@
B0t h

fa).
Now, for i > 0,

Rt - = FOEDZF@)

and so
Fla+h)— Fla) .

oy e+~ o= iy (5

h) = - li =0.
)= s jim
Therefore

Jim Pla+h) = Fa).
This shows that F' is continuous from the right at x = a. The continuity of # from the
left at x = b can be shown in a similar manner by applying limit (3)atx = 5. O

x
Example 1 The function F(x) = / (2t + ) dt for all x € [-1, 5] has derivative
S |

F(x)=2x+x* forallx e(~1,5). 0O

Example 2 For all real x, define
x
Fx)= / singe dr.
0
Find F'(3) and F'(=1).
SOLUTION By Theorem 5.3.5,
F'(x) =sinmx for all real x.
Thus, F(3) =sin (37) = 1v2and F'( - 1) =sin (- iz)=-1. QO
Example 3  Set

S
Fx)= / ——dt for all real numbers x.
o L+¢

(a) Find the critical points of F and determine the intervals on which F increases and
the intervals on which F decreases.

(b) Determine the concavity of the graph of # and find the points of inflection (if any).
(c) Sketch the graph of F.

SOLUTION

(a) To find the intervals on which F7 increases and the intervals on which F decreases,
we examine the first derivative of 7. By Theorem 5.3.5,

for all real x.

Fl(x)=

1
14 x2
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Since F’(x) > 0forallreal x, F increases on (—o0, 0o); there are no critical points.
b) To determine the concavity of the graph and to find the points of inflection, we use
p
the second derivative
=2
Fl(x)= ———.
© =TT

The sign of F” and the behavior of the graph of F are as follows:

sign of F"
betavior fgeph a0 concawe
up down
point
of
inflection

(¢) Since F(0) = 0and F'(0) = 1, the graph passes through the origin with slope . A
sketch of the graph is shown in Figure 5.3.5. As you'll see in Chapter 7, the graph

Figure 5.3.5 3
|y has two horizontal asymptotes: y = i7 and y = 3w, 1

EXERCISES 5.3

1. Given that

i fnds

find the following:

. 5 (d) Express F(2x) as an integral of ¢ sin.
6, / F@ydr =4, / fyde=1, (¢) Express —F(x) as an integral of 7 sin
? : Exercises 7-12. Calculate the following for each F* given below:
@ FD. & FO. © F. @ FE

5 2 5
(@) Sx)dx. (b) fxyde. () flx)dx. x 0o
¢ ﬁ Vi€ /\ e /1 o 7 F(x):] i 8. F(x):/ Ve ta

o o 1 b 249
© 1o © [roa o [ o

. Given that

4 4 8 x x
/l./mdx—; / rydx =1, /lf(x)dx:ll, il m):/] I m)=£ e T

find the following: 13. Show that statements (a) and (b) are false.

I x
9. F(r):/ 2+ 1de. 10, F(x):[ sinmwzde.
f S

™

@ /* e ® / f@d (© /" ) . (a) Us(P)) =4 for the partition 1
& % ! Up(Py) =5 for the partition .
s 4 4

@ / flode. (e / fxyde. / Sx)dx. (b) Lp(P1)=35 for the partition L1
3 (] 4 i

L(P)= e
14. (a) Which continuous functions /" defined on [a, 5], have

3. Use upper and lower sums to show that for the partition P, = {0,

05 < / i the property that £ ,(P) = Uy (P) for some partition £?
| x (5) Which continuous functions / defined on [a, b] have
4, Use upper and lower sums to show that the property that £ +(P) = U(Q) for some partitions
g and Q7
0.6< /D i 15. Which continuous functions f defined on [a, 5] have the
: operty that all lower sums £ (P al?
5. Forx > —1,set F(x) = [ /T F 1 d1. property that all ower sums £,(£) are equa

16. Show that if f is continuous on an interval /, then
(a) Find F(0).  (b) Find F'(x). (c¢) Find F'(2).

o b b
(@) Express F2) as an integral of t7F T, / Fydr+ f Fydi= f Floyde
s L
(©) ‘Brpress = (%) asianintegral of 13/t 1 for every choice of a, b, ¢ from I, HINT: Assume @ < b and

6. Let Flx) = [Jesint dr. consider the four cases: ¢ =a.¢ = b,c <a, b < c. Then
(@ Find F(z). (b) Find F(x). () Find F(iw). consider what happens it @ > b or




Exercises 17 and 18. Find the critical points for F and, at each
critical point, determine whether 7 has a local maximum, a local
minimum, or neither.

= syl Tr—4
17. Fy= | ~——dr 18, F(r)= dr.
& /«1 e ) /n 1+r

x
19. For x > 0, set F(.r):/ (1/t)dt.
1

(@) Find the critical points for F, if any, and determine the
intervals on which F increases and the intervals on which
F decreases.

(b) Determine the concavity of the graph of F and find the
points of inflection, if any.

(©) Sketch the graph of .

.
20. Let F(x) = | #(t —3)dr.

(a) Find the critical points for # and determine the inter-
vals on which /* increases and the intervals on which #
decreases.

(b) Determine the concavity of the graph of F and find the
points of inflection, if any.

(c) Sketch the graph of F.

21. Suppose that / is differcntiable with f'(x) > 0 for allx, and
suppose that f(1) = 0. Set
x
F(x)= / f(o)yde.
0

Justify each statement.

(a) F is continuous.

(b) £ is twice differentiable.

(¢) x = 1is a critical point for F.

(d) F takes on a local minimum at x = 1.

() F(1) < 0.

Make a rough sketch of the graph of F.

22. Suppose that g is differentiable with g'(x) < 0 for all

x < 1,g(1)=0,and g'(x) > 0 for all x > 1, and suppose

that g(1) = 0. Set

G(x) = f g(t)dr.
0
Justify each statement.
(a) G is continuous.
(b) G is twice differcntiable.
(c) x = 1 is a critical point for G.
(d) The graph of G is concave down for x < 1 and concave
up for x > 1.
(¢) G is an increasing function.
Make a rough sketch of the graph of G.
. (a) Sketch the graph of the function

x
/ J(®ydt, —1 < x =3, and sketch
i

N
=

—l=<x=<0
0<x=<3,
(b) Calculate F(x

the graph of F.
(c) What can you conclude about £ and F at x = 0?7
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24. (a) Sketch the graph of the function

f(V)—{ et

O<x=1
l<x=3
(b) Calculate F(x) = / f(®)dr, 0 < x <3, and sketch the
0
graph of F.
(¢) What can you conclude about f and F atx = 17

Exercises 25-28. Calculate F'(x).

HINT: Set # =x> and use the
chain rule.

cosx
26. F(x) :/ V1 —22dr.
1

|
27. F'(x):/ (t — sin®£) dr.

-
25. F(x)/ tcostdt.
0

JE tZ
28, F(x) = i,
2 fo [

29 Set F(x) = 2x + / g it Determine
h T+22
(@ F(0). (b) F(0). © F"(0).
30, Set F(x) = 2x + / S0t Determine
@ FQO). (b)F(x).

31. Assume that f is continuous and

/ fyd

(a) Determine f(0).
(b) Find the zeros of £, if any.
32. Assume that f is continuous and

4+l2

x
/ S{t)dt = sinx — x cosx.
(

(2) Determine /(Lx). (b) Find £'(x).

33. (4 mean-value theorem for integrals) Show that if £ is con-
tinuous on [, b], then there is a least one number ¢ in (a, b)
for which

b
[ rwar= e -a.

34. We proved Theorem 5.3.5 only in the case that the integra-
tion which defines F is begun at the left endpoint a. Show
that the result still holds if the integration is begun at an
arbitrary point ¢ € (a, b).

35. Let f be continuous on [a, b]. For each x € [a, b] set

F(x)= / Trodn ad Gey= /:f(r)dt

taking ¢ and d from [, 5].
() Show that F and G differ by a constant.
£ rwar.

(b) Show that F(x) — G(x) =
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36. Let f be everywhere continuous and set

Flx) = ﬁ [1/‘ o) du] dr.

Find (a) F'(x). (0) F/(1). (¢) F'(x). (&) F"(1).
[ Exercises 37-40. Use a CAS to carry out the following steps:
() Solve the cquation F'(x) = 0. Determine the intervals on
which £ increases and the intervals on which F decreases.
Produce a figure that displays both the graph of F and the
graph of F'.
(b) Solve the equation F”(x) = 0. Determine the intervals on
which the graph of F is concave up and the intervals

on which the graph of F is concave down. Produce a
figure that displays both the graph of F and the graph
of F.
37. F(x) = / (2 =3t —4)de.
o
38. F(x) :/ 2-3cosydr, x €[0,27]
o
0
39. F(x):/ sin2rdr, x € [0.27)
A

0
40. F(x) = f @—1lde

M 5.4 THE FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS

The natural setting for differentiation is an open interval. For functions / defined on

an open interval, the antiderivatives of / are simply the functions with derivative f.
For continuous functions defined on a closed interval [a, b], the term “antiderivative”

takes into account the endpoints a and b.

DEFINITION 5.4.1
Let / be

ANTIDERIVATIVE ON (a b)

onla, bl if

on [a, b]. A function G is called an antiderivative for f. |

G is continuous on [a, b] and Gl(x) = A (xj forallx € (a, b).

Theorem 5.3.5 tells us that if f is continuous on [, ], then

o= [ s

is an antiderivative for f on [a, b]. This gives us a prescription for constructing anti-
derivatives. It tells us that we can construct an antiderivative for f by integrating f.

The theorem below, called the “fundamental theorem,” goes the other way. It gives
us a prescription, not for finding antiderivatives, but for evaluating integrals. It tells us
that we can evaluate the integral

b
[ 1o
a

from any antiderivative of f by evaluating the antiderivative at b and at a.

THEOREM 5.4.2  THE FUNDAMENTAL THEOREM OF INTEGRAL CALCULUS
Let f be continuous on [a, b]. If G is any antiderivative for f on [a; b],‘theﬁ 2

b 2
f flyde = G(b) — Gla).
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PROOF From Theorem 5.3.5 we know that the function
x
ro = [ s
a

Is an antiderivative for f on [a, b]. If G is also an antiderivative for f on [a, 5], then
both 7 and G are continuous on [a, b] and satisfy F'(x) = G'(x) for all x in (a, b).
From Theorem 4.2.4 we know that there exists a constant C such that
Flx)=Gx)+C for all x in [a, b].

Since F(a) =0,

Ga)y+C=0 and thus C = —G(a).
It follows that

F(x) = G(x) — G(a) for all x in [q, b].
In particular,

b
/ Sy dt = F(b) = G(b) — G(a). A

‘We now evaluate some integrals by applying the fundamental theorem. In each case
we use the simplest antiderivative we can think of,

"
Example 1 Evaluate / x2dx.
1

SOLUTION ~ As an antiderivative for f(x) = x?, we can use the function
G(x) = 13

(Verify this.)
By the fundamental theorem,

=21,

4
[ xldx = G — G(1) = @y - Ly = g1
1

NOTE: Any other antiderivative of f(x) = x? has the form H(x) = {x? + C for
some constant C. Had we chosen such an A instead of G, then we would have had

4
/ Wdx=H@ - HO) = [t@ +c]-[faP +C]=%+c-1-c=21;
J1

the C’s would have canceled out. 2

T2
Example 2 Evaluate / sinx dx.
0
SOLUTION  Here we use the antiderivative G(x) = — cos x:
Tf2
/ sinx dx = G(r/2) — G(0)
° = —cos(w/2) — [~ cos(0)] = 0— (=)= 1. @

Notation Expressions of the form G(b) — G(a) are conveniently written

(]

.
f dr = Ex}]4 =l4p—lap =2
| )

In this notation

and

w2 1
/ sinx dv = [ ~cos x:J = —cos(/2) — [~cos(@)] = . T
o 0

m 255
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To calculate
b
-/ fx)dx
a
by the fundamental theorem, we need to find an antiderivative for f. We do this by
working back from the results of differentiation.

For rational ,

%(y*‘);(wrl)x’.

d4 [ .
E(V%»])ix'

This tells us that ‘
w1

Thus, ifr # —1,

G(x) =

is an antiderivative for f(x) =x".
4l

Some common trigonometric antiderivatives are listed in Table 5.4.1. Note that in
each case the function on the left is the derivative of the function on the right.

u Table 54.1

Function Antiderivative

—cosx CoSX sinx
sec? x tanx esc?x —cotx
secx tanx Secx

We continue with computations.

cscx cotx —CSCX

Zd, 2 L 2
s[5 [3-
| x \ 22,

% N ot .
fo #Pa= 3] =300 =30 =%
s

0

i /3 ot
/ seczzdt:[mm]Y L =3 (- =3+
- —wi4 3 4

/2 /2 T T
cscxcotxdx:[—cscx] :4csc—r[»csc—]:414 -2)=1.
fTé /6 2 6 2

1
Example 3 Evaluate / (2x — 6x* + 5)dx.
0

SOLUTION As an antiderivative we use G(x) = %2 = 8% 4 5x

1 B |
fg(2x~6x"’+5)dx:[xz»%x’+5x]0: —t4s=2% 0

1
Example 4 Evaluate / (x — D(x +2)dx.
-1

SOLUTION  First we carry out the indicated multiplication:
G Dl D=t a2
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As an antiderivative we use G(x) = 3x° + Jx? — 2x:
=1

1 1
[ (x—1)(x+z>dx:[§x‘+§xtzx} - g
B 3

We now give some slightly more complicated examples. The essential step in each
case is the determination of an antiderivative. Check each computation in detail.

2441 2 2
/ d t dx = f @ +x ) dx = [:ix3 »x”} =
1 1

X 1
5 5 5
/ «/x—]dx:/ (x =12 dx:[%(x»l)”z}‘:%.
1 1

1

1 1
/(4—ﬁ)zdx:/(16~8ﬁ+x)4/x:[IGX—§13’2+%XZ] =g
0 0

0

The Linearity of the Integral

The preceding examples suggest some simple properties of the integral that are used
regularly in computations. Throughout, take £ and g as continuous functions and & and
B as constants.

1. Constants may be factored through the integral sign:

b b
(54.3) /af(x)dx:a/ f(x)dx.

For example,
s s e 3227, 321 _ 2
3/xdx =2 dx =2 [ | =3[P - (1)?] =28-1]=2.
[ svas=3 [ e 257 e -0 =30
4 w4
/0 2cosxdx:2fU cosxdr=2[sinx]" =2 [sin T —sino)]
2
:2‘4:&.

II. The integral of a sum is the sum of the integrals:

b b b
4.4 / [F () + g(x)] dr = f fG)dx+ / g(x)d.

For example,

7/2 /2 /2
/ (sinx + cosx)dx = / sinx dx + / cosx dx
0 o 0

/2

/2 .
= [» Cost + [bmx}o

= (—cos7/2) — (—cos0) + sinz/2 — sin0
=141=2.
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M. The integral of a linear combination is the linear combination of the integrals:

b b b
(5.4.5) / [af (x) + Bg(x)] dx = oz/ Flxydx +;3/ g(x)dx.

This applies to the linear combination of more than two functions. For example,

1 1 1 £
/(Zx—6x4+5)dx:2f xa&v—@/ x4dx+f Sdx
Jo 0 0 0

27! 51! 1 2
=2(=| —6|= Sx| =1-§+5=2.
e R e

This is the result obtained in Example 3.

Properties I and II are particular instances of Property IIL. To prove III, let F be an

antiderivative for f and let G be an antiderivative for g. Then, since
[aF(x)+ BGx)] = aF'(x) + BG'(x) = af (x) + Bg(x),
it follows that « F + BG is an antiderivative for «f + Bg. Therefore,
b b
e+ peconas = [or) + paco)]
= [aF(b) + BG(D)] — [aF(a) + BG(a)]
= a[F(b) — F(a)] + BIG(b) — G(a)]
b b
= a[ _f(x)dx-)—tﬁ/ gx)dx.

/4

Example 5 Evaluate secx[2tanx — Ssecx]dx.
o

SOLUTION

/4 74
/ secx[2tanx — 5secx]dx = [ [2secx tanx — 5sec? x] dx
0 0

wja x4
:2/ secxtanxdx—S/ sec? x dx
0 0
/4 /4
:Z[SSCX] ' —S[lanx]
0 0
= Z[Sec% —sec()] -5 [tem% —tanO}

=2V2-1]-5[1-01=2+/2-7. 0O

EXERCISES 5.4

Exercises 1-34. Evaluate the integral.
) i 4 4
1. / (2x —3)dx. z./ (3x +2)dx. 54/ 2% dx. 6./ Y dx.
Jo o 1 0
o 2 s 5y
3,/ Sxtdx. 4.[ (2x +x%)dx. 7./ 2% — Tdx. s./ (734»53() dx.
1 1 1 X

Ja
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0
m./ @+ ar
]

i
12./ Txbdx.
-1

0
9. /2<x +1)(x —2) dx.

2
11./ (SH»%) dr.
| s

| !
13./ o — x'?) . 14./ (x4 = 2x'P) dx.
o 0

I a

15./0 (x + D)Vdx, ]&A (a*x — %) dx.

17. /u(ﬁ—«/?)zdx.
0

s s
19./ Ll 7% zoA/ EIRA P
J1 2 1 x2

o
1s./ (x —2)%dx.
-

2 '
21./ 2x(x? + 1)dx. zz./ 303 + .
1 0
2 i
23. / cosx dr. 24. | 3sinxdr.
0 o
- s
25. / 2sec? xdx. 26. / scex tanx dx.
o w6
7 /d i3
27. / cscu cotu du. 28. / —esc? udu.
s s

w
-3

2w
29. / sinx dx.
0
i3
31./ (3x—2sec2x) dx.
b \x

/2
32 / esex(eotx — 3csex) dr.
i

rd  —— w20d
33,/ [~(J4+xz)} dx. 34./ [7(5&1’1):[ dx.
o Ldx o dx

Exercises 35-38. Calculate the derivative with respect to x
(a) without integrating; that is, using the results of Section 5.3;
(b) by integrating and then differentiating the result.

35./ @ +2)7dt 364/ (cost —sinf)dr.
\ o

1
[ dcosan
(

2041 2
37./ isecu tanudu.  38. / (- Dar.
1
39. Define a function F on [1, 3] such that F'(x) = 1/x and
@F2)=0; ) FQ)=-3
40. Define & function  on [0, 4] such that F*(x) = v/T+ x? and
@FR)=0; B)FG)=
Exercises 41-44. Verify that the function is nonnegative on the
given interval, and then calculate the arca below the graph on
that interval.
4L f(x) =4x —x%  [0,4].
2. f(x)=xyx+1; [1,9]
43. f(x) = 2cosx;  [—7/2, 7/4].
4. f(x) = secxtanx; [0, /3]

Exercises 45-48. Evaluate.

45. (a) / (x = 3)dx. (b)/ Ix = 3|dx.
S 2

46. (a) /A(Z.Y +3)dx. (b) /L 12x + 3| dx.
-4 —a

47. () [;(xzfl)dr, ® /;\xhudx

'3 7
48. (a) / cosx dx. (b) / |cosx|dx.
—f2 2

Exercises 49-52. Determine whether the calculation is valid. 1
it is not valid, explain why it is not valid.

2 2
49.f xcosux={xsinx+cou} =1-1=0.
o

3| 17 1 1
—dx = | — =———|—=)=
o {2,#],2 8 ( x)

1 2
xldx = [ﬂ\x\] =2-(-2)=0.
5 D

53. An object starts at the origin and moves along the x-axis
with velocity
v(t) =100 -1, 0=t<10.
(a) What is the position of the object at any time ¢,
0=<¢t=<10?
(b) When is the object’s velocity a maximum, and what is
its position at that time?
54. The velocity of a bob suspended on a spring is given:

v(f) =3sint +4cost, =0,
At time ¢ = 0, the bob is one unit below the equilibrium
position. (See (he figure.)
(a) Determine the position of the bob at each time # = 0.

(b) What s the bob's maximum displacement from the equi-
librium position?

equilibrium
position

|
|
|
1
|
|
|
|

4

Exercises 55-58. Evaluate the integral.

55/f(xm Fw= {2”; =

Dmare
l<x=x

- 2+, 2<x<
56.[7/(,!()4):; f(x):{%:fz 05;14‘0
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1+2cosx,

s [0 seds se={ iy

nf3<x<m

32 :
¢ ) _ | 2sinx, 0<x=m/2
58 /(, foydx; - fl)= l2+cosx, /2 <x <37/2.

x+2, —2<x<0
59. Let f(x) = 2, O0<x<lI
4-2x, l<x<2,

and set g(x) = /\ f@)de.
2

(a) Carry out the integration.

(b) Sketch the graphs of f and g.

{c) Wl is f continuous? Where is / differentiable?
Where is g differentiable?

60. Let f(x) = ;
2 -5,

and let g(x) = /x foydr
-1

graph of f from x

651

Example 1
tox =1.

Figure 5.5.2
y

below by the x-axis.

Figure 5.5.3

—n/2<x<7/3

o

(a) Carry out the integration.
(b) Sketch the graphs of £ and g.
(c) Where is f ? Where is / dif
Where is g differentiable?
. (Important) Tf f is a function and its derivative f” is contin-
uous on [a, 5], then

;
[ roa=ro-ra.

Explain the reasoning here.
. Let £ be a function such that f' is continuous on [a, b].
Show that

b 1 Y
] f@f'@ydt= S = FA@)l
o
. Given that / has a continuous derivative, compare

d £d
;[/u f(t)dt:l to / L@

. Given that f is a continuous fanction, set F(x)=
S %/ (1) di. Find F'(x). HINT: The answer is not x/(x).

M 5.5 SOME AREA PROBLEMS

The calculations of area that we carry out in this section are all based on what you
already know: if f is continuous and nonnegative on [a, 4], then the area under the
a to x = b is given by the integral of f fromx = a tox = b;
namely, with Q as in Figure 5.5.1

b
areaof @ = [ f(x)dx.

Find the area below the graph of the square-root function from x = 0

SOLUTION  The graph is pictured in Figure 5.5.2. The area below the graph is %
1 I 1
/ Vxdx = f W= [3] =2 0
0 (i 0 =

Example 2  Find the area of the region bounded above by the curve y = 4 — x? and

SOLUTION The curve intersects the x-axis at x = —2 and x = 2. See Figure 5.5.3.
The area of the region is 2:

/722(4 —x%dx =
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NOTE: The region is symmetric with respect to the y-axis. Therefore, the area of the

region can be stated as 2 v/;,z(4 —x?)dx:
2
—xdx = _1 =2(8-8)=2(8) =2
2/0(4 ) = 24— L a(s-%)=2(%) =2

‘We’ll have more to say about the symmetry considerations in Section 5.8 1

Now we calculate the areas of somewhat more complicated regions. To avoid
excessive repetitions, let’s agree at the outset that throughout this section the symbols
/- g, h represent continuous functions.

b2 b

y=f
| y =gl
o |
2 9
S :
b x a b x a b x

area of Q = area of Q; - area of Q,
Figure 5.5.4
Look at the region 2 shown in Figure 5.5.4. The upper boundary of 2 is the graph

of a nonnegative function / and the lower boundary is the graph of a nonnegative
function g. We can obtain the arca of Q2 by calculating the area of ©; and subtracting
off the area of €2,. Since

b b

area of Q) = f f(x)dx and areaof Q= f g(x)dx,
a f

we have

b b
area of Q :/ f(x)dx—/ glx)dx.

We can combine the two integrals and write

b
(65.2) area of @ = f [f(x) — g()] dx.

Example 3 Find the area of the region bounded above by the line y = x + 2 and
bounded below by the parabola y = x2.

SOLUTION - The region is shown in Figure 5.5.5. The limits of integration were found
by solving the two equations simultancously:
x+2=x" iff aP-x-2=0
iff x4+ Dx—-2)=0
iff x=-1 or x=2. Figure 5.5.5
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Figure 5.5.7

The area of the region is given by the integral

2 Z
/4 [6+2—22)dr = [+ 20— 3]
:(z+4—§)7(%7z+§):§ a

We derived Formula 5.5.2 under the assumption that f and g were both nonnegative,
but that assumption is unnecessary. The formula holds for any region €2 that has
an upper boundary of the form y=f(x), x € [a,b]

and
a lower boundary of the form y = glx), x € [a, b].
To see this, take Q as in Figure 5.5.6. Obviously, € is congruent to the region

marked Q' in Figure 5.5.7; €' is  raised C units. Since Q' lics entirely above the
x-axis, the area of Q' is given by the integral

b b
Jwre+ -+ cna= [ - eenas
Since area of = area of ',

b
area of @ = / [f(x) — g(x)]dx
as asserted.

Example 4 Find the area of the region shown in Figure 5.5.8.

Figure 5.5.8

SOLUTION From x = /4 to x = 5m/4 the upper boundary is the curve y = sinx
and the lower boundary is the curve y = cos x. Therefore

Smjd

arcaof @ = / [sinx — cosx]dx
n/4

)

=2v2. Q

= [— cosx — si.nx]
By

Example 5 Find the area between
y=4x and y=x

fromx = —2tox =
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SOLUTION A rough sketch of the region appears in Figure 5.5.9. The drawing is not

to scale. What matters to us is that y = x* is the upper boundary fromx = —2tox = 0,
but it is the lower boundary from x = 0 to x = 2. Therefore

0 2
area:/ [x3—4x}dx+/ [4x — x*]dx
-2 o

= [ -2] + - 1]
=[0—(-#]+[4-0]=8 0L

Example 6 Usc integrals to represent the arca of the region = Q, U €2, shaded
in Figure 5.5.10.

SOLUTION Fromx =atox = b, the curve y = f(x) is above the x-axis. Therefore
b
area of Q) = / S(x)dx.
«

Fromx = b tox = c, the curve y = £(x) is below the x-axis. The upper boundary for
€, is the curve y = 0 (the x-axis) and the lower boundary is the curve y = f(x). Thus

c e
area of 2, = / [0— f(x)]dx= —/ f(x)dx.
b b
The area of £ is the sum of these two areas:

b c
maom:/ /'(x)dx—/. fx)dx. O
a b

Figure 5.5.10

Figure 5.5.11 shows the graph of a function that crosses the x-axis repeatedly. The
area between the graph of " and the x-axis from x = a to x = e is the sum

area of Q; + area of 2, + area of Q3 + area of Q4.

a;

Figure 5.5.11
By the reasoning applied in Example 6, this area is

/;bf(x)dxfj:f(x)dx+/Ldf(x)dx—‘[)f(x)dx.

What is the geometric significance of

/ “fwan

Answer: Since

/ /’(x)dx:/ﬂbf'(x>dx+LCf(x)dz+/cdf(x)azwj;f(x)ax.
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Y we have
e
[ f(x)dx = area of Q — area of Q; + area of 2; — area of Q4
a
= area of (2| U Q3) — area of (2, U Q4).

For a function that changes sign, the region between the graph and the x-axis has
two parts: the part above the x-axis and the part below the x-axis. The integral gives the
area of the part above the x-axis minus the area of the part below the x-axis.

3
Example 7 Evaluate / (x? — 2x) dx and interpret the result in terms of areas.

-1
Then find the area between the graph of f(x) = x> — 2x and the x-axis from x = —1
tox =3.

SOLUTION The graph of f(x) = x2 — 2x is shown in Figure 5.5.12. Routine calcu-
lation gives
Figure 5.5.12 3 1. 3 4
/ (x* — 2x)dx = [—x’—xz] =_.
. 3 3

This integral represents the area of (€2 U Q3) minus the area of ;.
The area between the graph of f and the x-axis from x = —1 to x = 3 is the sum

A = area of Q) + area of Q, + area of Q3

0 2 3
:/:l(xz-Zx)erﬁ»[—/O (xz—Zx)dv]+£ (2 — 2x)dx
0 2 3
- -~ s 2
_/7‘(x 2x)dx+-/:’ 2x —x )zix+/z. (x* —2x)dx
0
SN

‘We come now to Figure 5.5.13. We leave it to you to convince yourself that the
area 4 of the shaded part is as follows:

b c
4= [ - gna+ e - senes

d e
+ [t - senas+ [t —geonae 2

Figure 5.5.13
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Exercises 1-10. Find the arca between the graph of £ and the
x-axis.

L fx)=24x% xe[0,1].

2 fx)=(x+27% xe[02]
L=Vt xe[3,8)

4. f)=x*3+x). x€[0,8]

5. /@) =@ +17, xelo,1]
6. /() =3+ xe0,8]
T f()y=x2—4, xe[l,2].

8. f(x)=cosx, xe[im ix]
9. f(xy=sinx, xe[im i)
10. f(x)=x>+1,

xe[-2,-1].
Exercises 11-26, Sketch the region bounded by the curves and
find its arca.

Wy=x, y
12,y = 6x —x7,
13.y=5-x2

4.y =38,

23,y = cosx,

2.y =sinx,
B.oy=x, y
2.y =x+1, 7. P31

27. The graph of £(x) = x? — x — 6 is shown in the accompa-
nying figure.

»
L

33.

(2) Evaluate [*, £(x) dx and interpret the result in terms of
areas.

(b) Find the area between the graph of f and the x-axis from

x=-3tox =4
(c) Find the arca between the graph of £ and the x-axis from
x=-2tox =3.

28. The graph of f(x) = 2sinx, x € [—/2, 37/4] is shown in
the accompanying figure,

Y

() Bvaluate />
areas. -

(b) Find the area between the graph of £ and the x-axis from
x=-m/2tox =3n/4

(c) Find the arca between the graph of £ and the x-axis from
x=-7/2tox =0

Set f(x) =2 —x.

(a) Bvaluate [%, f(x)dx.

(b) Sketch the graph of f and find the area between the graph
and the x-axis from x = =2 tox = 2

) dx and interpret the result in tems of

. Set f(x) = cosx + sinx.

(a) Evaluate [ f(x)dx.

(b) Sketch the graph of £ and find the area between the graph
and the is fromx = —7 tox = 7.

Set f(x) =x> —4x +2.

(@) Evaluate 7, f(x)dx.

(b) Use a graphing utility to graph f and estimate the
area between the graph and the x-axis from x = —2 to
x = 3. Use two decimal place accuracy in your approxi-
mations.

(¢) Are your answers to parts (a) and (b) different? If so,
explain why.

. Set f(x) =3x? — 2cosx.

(a) Evaluate [™/2, f(x)dx.
(b) Use a graphing utility to graph / and estimate the arca
between the graph and the x-axis from x = —m/2 to

x = 7/2. Use two decimal place accuracy in your ap-
proximations.

() Are your answers to parts (a) and (b) different? If so,
explain why,

Sct f(x) = {

¥+l 0=x=1
Boe
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Sketch the graph of / and find the area between the graph

and the x-axis.
N 3/x, O<x<l

34. Set f(x) = 450 3 owear
Sketch the graph of f and find the area between the graph
and the x-axis.

35. Sketch the region bounded by the x-axis and the curves
y=sinx and y =cosx with x [0, /2], and find its
area.

36. Sketch the region bounded by y = 1and y = 1 + cos x with
x € [0, 7], and find its area.

[5>37. Use a graphing utility to sketch the region bounded by the

curves y = x7 +2x and y = 3x + 1 with x € [0, 2], and
estimate its area. Use two decimal place accuracy in your
approximations.

[®-38. Use a graphing utility to sketch the region bounded by the

x* —2x%and y = 4 — x? withx € [-2, 2], and
arca. Use two decimal place accuracy in your
approximations.

4 _ 2

39. A sketch of the curves y =
shown in the figure.

x*—12 and y=his

() Use a_graphing utility to get an accurate drawing of
et 1

(b) Find the arca of region 11.
(¢) Estimate & so that region | and region 11 have cqual
areas.

40. A sketch of the curves y = x> — x* and y = 4 is shown in
the figure. Estimate 4 so that region 1 and region Tl have
equal areas.

ity; Integrating

Integrability

We begin with a function f defined on a closed interval [a, b].
Whether or not £ is continuous on [a, b], we can form arbitrary
Riemann sums

SH(P) = f(xD)Ax) + SDAX 4+ S5 AXy.

If these Riemann sums tend to a finite limit / in the sense already
explained (5.2.7), then we say that f is (Riemann) integrable on
[a, b] and set

/u“/”(x)ui\' =1

A complete cxplanation of which functions are integrable
and which functions are not integrable is beyond the scope
of this text. Roughly speaking, a function is integrable iff it
is not “t00” discontinuous. Thus, for example, the Dirichlct
function

1, x rational
T =10) X irrational
(which, as you know, is everywhere discontinuous) is not in-
tegrable on [, b]: choosing the x; to be rational, we have

f(x}) = 1 for all , and therefore
1Py = (DAx1+ (DAx + -+ (DAx, =b —a;
choosing the x7 (o be irrational, we have f(x}) = 0 for all 7, and
therefore
S*(P) = (0)Ax) + (0)Axz + -+ (0)Ax, = 0.

Clearly the $*(P) do not tend to a limitas [| || = max Ax; tends
o 0. On the other hand, it can be shown that if /" is bounded and
has at most an enumerable set of discontinuities

KEy XX

then £ is integrable on [a, b]. In particular, bounded functions
with only a finite number of discontinuities are integrable. These
are the only functions we will be working with,

Remark  Were this a treatise in advanced mathematics, we
would have to elaborate on the notion of integrability. But this
is not a treatise in advanced mathematics; it is a text in calculus,
and for calculus the integration of discontinuous functions is not
very important. What is important to us in calculus is the link
between integration and differentiation described in Theorem
5.3.5 and Theorem 5.4.2. This link is broken at the points where
the integrand is discontinuous.



Integrating Discontinuous Functions

Figure A shows three rectangles: the closed rectangle Ry, the
rectangle R obtained from R, by removing the rightmost side,
and the rectangle Rs obtained from R, by removing both sides,

y

Figure A

The area of Ry is (b — a)h. What is the arca of B,? We
obtain R, by removing a line segment, which is a set of area 0.
It follows that the area of R, is also (b — a)h. Thus R, also has
area (b — a)h.

Itis only a small step from these considerations to the fol-
lowing observation: If a region Q has area A, then every region
which differs from 2 by only a finite number of line segments
also has area A.

In what follows we will begin by integrating over a closed
interval [a, ] functions g that differ from a continuous function
/ at only a finite number of points. By restricting ourselves to
nonnegative functions, we can interpret the integral as the area
under the graph and conclude that

hg(x)dx: b/(x)dx.
Jawa=[

Figure B shows the graph of

L ox=0
gx)=1x O<x<l
iox=1

Figure B
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0010, 1} g differs from the idenity fonction fx) =xonly
atx = 0 and x = 1. Therefore

! ! o
= e
fng(x)dx_fg xdx_[zx ]n L

Figure C shows the graph of

0, x=-1
2, ~l<x<0
L, x=0
2 0<x<1
0, x=1.

Py

=

|
|

Figure C

On [~1, 1] g differs from the squaring function f(x) =
onlyatx = —1,x = 0, x = 1. Thercfore

[lg(x)dx 1j xide= BV‘L =2

We come now to a slightly different situation. Figure D
shows the graph of

X xelo1)
x=1, xe[L2)
g ={x-2 xec[23)
x=3, xe[3.4)
0, x=4

This functions has jump discontinuities at x = 1, x =2, x —
3,x = 4. We can integrate g on [0, 4] by integrating from fnte-
ger Lo integer and adding up the results:

[g(x)dm/O‘de/‘Z(x—1>dx+[(xfz)dx

+/:(x73)¢n

Since the area under cach line segment is 1, the integral of g
adds up to 4(3) = 2.
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i 1 H 5 T
Figure D

Problem 1. (The greatest integer functions) The expression [x)
i used to denote the greatost integer less than x.

a. Sketch the graph of the function g(x) = [x) and integrate g
fromx =0tox =5.

The expression [x] is used to denote the greatest integer less than

or oqual to x.

b, Sketch the graph of g(x) = [x] and integrate g from x =0
tox =3.

¢. Sketch the graph of A(x) = [x] — [x) and integratc # from
x=0tox=5.

Problem 2. Graph the function g and evaluate the integral of
g over the interval on which it is defined.

)= 2-x, 0=x=1
& EX=24x, 1<x=2

cosx, 0<x<im
c. gx)={sinx, ifm<x<m
3 mEx=w

Problem 3. For each of the functions g in Problem 2, form the
integral

G(x):/(; g(tydr.

a. Show that for the first function, G is not differentiable at
x=1.
b. Show that for the second function, G is not differentiable at

K2
. Show that for the third function, G is not differentiable at
x = L and not differentiable at x = 7.

I

HINT: In each case show that at the selected value of x

Liny
h—b

LA -G
h R0t

G(x +h)— Gx)
h )

M 5.6 INDEFINITE INTEGRALS

We begin with a continuous function /. If ' is an antiderivative for f on [, b], then

m

If C is a constant, then
b
a

[Feo+ c| =1F®)+C1~[F@) + C1= Fo) - F@) = [F(x)]

Thus we can replace (1) by writing

If we have no particular interest in the interval [«, b] but wish instcad to emphasize that
F is an antiderivative for /', which on open intervals simply means that 7' = ', then
we omit the @ and the b and simply write

Antiderivatives expressed in this manner are called indefinite integrals. The constant
C is called the constant of integration; it is an arbifrary constant and we can assign
to it any value we choose. Each value of C gives a particular antiderivative, and each
antiderivative is obtained from a particular value of C.

For rational 7 different from —1 we have

/ ' fyde = [F(x)]i-
"
b

-/;bf(x) d= [F(x) . c]

/f(x)dx = Fx)+C.
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In particular,
/x’dx =3 +C and /fxdx =¥ 4c.

Table 5.6.1 gives the antiderivatives of Table 5.4.1 expressed as indefinite integrals.

H Table 5.6.1
/sinxdx:»cosx%»(f /cosxdx:sinx+C
/Seczxdx:lanx+C fcsczxd>c=~cutx+C

/Secxtanxdx:secx +C /cscxcotxdx:—cscx+€

The calculation of indefinite integrals is a linear process. Unless o and 8 are both

zero,
.61 /[mf()c)«)—ﬁg()c)]zix:ct/f(x)d;c#—ﬁ/g(x)abc.T
The equation holds in the following sense: if F and G are antiderivatives for f and g,
then

[+ pewnas = are + s6w + ¢
and

« [ st p [ewar=atre+ cu+ pioe +
= aF(x) + G(x) + aC, + BC,.

With & and 8 not both zero, aC| + BC, is an arbitrary constant that we can denote by
C thereby confirming (5.6.1). O

Example 1 Calculate S15x3% — 2 ¢sc? x] dx.
SOLUTION

/[st/z —2csc?x]dx = S/Jci"zdx - 2/csczxdx
=5(3) 5" +C1 = 2=cotx) + C,

=2x"2 4 2cotx + C.
writing C for ¢ + ¢, —

Example 2 Find f given that fx)=x*+2and f£(0) = 1.

SOLUTION  Since f” is the derivative of J f is an antiderivative for f”. Thus

f(x):/(x3+2)dx:§x4+2x+c

! Explain how (5.6.1) fails if « and B are both zero.
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for some value of the constant C. To evaluate C, we use the fact that £(0) = 1. Since
FO =1 and f(0)= 40} +20)+C=C,
we see that C = 1. Therefore
fE=x'+2x+1. Q

Example 3 Find f given that

FEy=6x—2, f(H=-5  andf(1)=3.
SOLUTION First we get f” by integrating /"

fx)= /(Gx —2)dx =3x*—2x + C.

Since
FQ)y=-5 and f(1)=3(17 -2 +C=1+C,
we have
—5=1+C and thus C=—6.
Therefore

fix)y =3 -2x—6.
Now we get f by integrating f":
fx)= /(sz —2x—6)dx=x"—x*—6x+K.

(We arc writing the constant of integration as K because we used C before and it would
be confusing to assign to C two different values in the same problem.) Since

FfH=3 and SH=P-QQP-61)+K=-6+K,
we have
3=—6+K and thus K =9
Therefore
fE) =x*—x?—6x+9. 2

Application to Motion

Example 4 An object moves along a coordinate line with velocity
v(f) =2 — 3t +¢> units per second.

Its initial position (position at time ¢ = 0) is 2 units to the right of the origin. Find the
position of the object 4 seconds later.

SOLUTION Let x(¢) be the position (coordinate) of the object at time ¢. We are given
that x(0) = 2. Since x'(¢) = v(t),

x(t):/v(!)dt:f(2—31+fz)dt:2t>%lz+%t3+C.
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Since x(0) = 2 and x(0) = 2(0) — O 0P +C = C, we have C =2 and
() =20 =37+ 18 42,
The position of the object at time ¢ = 4 is the value of this function at ¢ = 4:
@ =24~ 3647 + 1@} +2=7L.

At the end of 4 seconds the object is 7% units to the right of the origin.
The motion of the object is represented schematically in Figure'5.6.1. O

Figure 5.6.1

Recall that the speed v is the absolute value of velocity (Section 4.9):
speed at time ¢ = v() = |v(?)|,

and the integral of the speed function gives the distance traveled (Section 5. 1):

b
5.6.2) / |v(£)| dr = distance traveled from time ¢ = a to time ¢ = 4.
a

Example 5 An object moves along the x-axis with acceleration a(f) = 2¢ — 2 units
per second per second. Its initial position (position at time ¢ = 0) is 5 units to the right
of the origin. One second later the object is moving left at the rate of 4 units per second.

(2) Find the position of the object at time ¢ = 4 seconds.
(b) How far does the object travel during these 4 seconds?

SOLUTION  (a) Let x(¢) and v(¢) denote the position and velocity of the object at time
1. We are given that x(0) = 5 and v(1) = —4. Since v'(r) = a(r),

v(t) = /a(t)dt: /(Zt -Ddt=1> -2 +C.
Since
v)=—4 and v()=(1P-2)+C=-1+C,
we have C = —3 and therefore
vty =1 -2t 3.
Since x'(f) = v(¢),
x(2) :/v(t)dt: /(rz —2u-di=3 -2 -3 K,

Since

HO)=5  and  x(0)= 307 - (0 -30)+K =K,
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we have K = 5. Therefore

x(t) =4 — 12 =3t +5.

As you can check, x(4) = —3. At time 1 = 4 the object is 2 units to the left of the

3
origin.
(b) The distance traveled from time ¢ = 0 to £ = 4 is given by the integral

4 4
S:/ m(,w;:/ |2 — 2t —3|dt.
0 0

To evaluate this integral, we first remove the absolute value sign. As you can verify,

2| =2-3), 0=r<3
e =2t 3‘“{ P2 —2t-3, 3<tr<4

Thus

3 4
s:f (3+2!—tl)dt+f(zz—2t—3)dt
0 3

147, iy ‘34
=3 +2-27 PP =
[ T3 ]n+[3 v 3

During the 4 seconds the object travels a distance of % units.
The motion of the object is represented schematically in Figure 5.6.2. 1

Figure 5.6.2
QUESTION The object in Example 5 lcaves x = 5attime f = Oand arrives atx = —§
attime ¢ = 4. The separationbetweenx = Sandx = —% isonly |5 — (—%)\ = ?.How

is it possible that the object travels a distance of & units?

ANSWER  The object does not maintain a fixed direction. It changes direction at time
. You can see this by noting that the velocity function

w) =R —-2—-3=0=-3)+1)

changes signs at f = 3.

Example 6 Find the equation of motion for an object that moves along a straight
line with constant acceleration « from an initial position xo with initial velocity vo.

SOLUTION  Call the line of the motion the x-axis. Here a(#) = @ atall times ¢. To find
the velocity we integrate the acceleration:

v(t) = fad[: at+C.
The constant C is the initial velocity vo:
w=v0)=a 0+C=C.
‘We sce therefore that

v(t) = at+ vp.
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To find the position function, we integrate the velocity:
x(f) = / v(t)dt = /(az+ w)dt = a + vyt + K.

The constant X is the initial position xq:
xo=x0)=1a 0>+ 0+ K =K.

The equation of motion can be written

5.6.3) x() = jaf + vt +x0.0 | 0

I the case of 2 free-falling body, & = —g and we have Galileo’s equation for frce fall, Sec (4.9.5). There
we denoted the initial position by yy (instead of by xe) because there the motion was viewed as taking place
along the y-axis.

EXERCISES 5.6

Exercises 1-18. Calculate, 30. () =sinx, fO)=-2, fO)=1.
L[ 2 o vpa 2T oo s
3. /(ax+b)dx. 4. /(ax7+b)¢r' 33. Compzuc% U /(x)dxj] to/%[/(x)]dx.
5 ﬁ% ; 6. / (X]X‘:l) s 34. Calculate

Jrwew - s

35. An object moves along a coordinate line with velocity
u(t) = 61> — 6 units per second. Its initial position (posi-

7./(’”3;1)(&—.

9. / (t —a) —byds. 10. / (& —a)® - bydr. tion at time # = 0) is 2 units to the left of the origin. (a) Find
R ) the position of the object 3 seconds later. (b) Find the total
*—a)t—b i o i ing thos: c
1. / @ —a) ) & 12. / Q= VD2 + F)av. distance traveled by the object during those 3 seconds.
g 36. An object moves along a coordinate line with acceleration

, a(t) = ( + 2)° units per second per second. (a) Find the ve-

3. / g0)g'(x) dx. 14, / sin.x cosx dv. locity function given that the initial velocity is 3 units per

, second. (b) Find the position function given that the initial

15, / tanx sec? x . 16. / £ 4 velocity is 3 units per second and the initial position is the
()] origin.

i / 47 % / L 37. An object moves along a coordinate line with acceleration

@x 12 T a(r) = (¢ + 1™ units per sccond per second. (a) Find the

velocity function given that the initial velocity is | unit per

Exercises 19-32. Find f from the information given. second. (b) Find the position function given that the initial

B fx)=2-1 f@) =4 velocity is 1 unit per second and the initial position is the
20. f((x)=3—4x, f(1)=6. origin.

2. f(x)=ax+b,  f(2)=0. 38. An object moves along a coordinate line with velocity
22 fi(x) =ax? +bx +c, fO)=0. v(t) = #(1 — £) units per second. Its initial position is 2 units

. : to the left of the origin. (a) Find the position of the object
B S =sinx,  f0)=2. 10 seconds later, (b) Find the total distance traveled by the
24 fix)=cosx, f(m)=3. object during those 10 seconds.

2. fly=6x -2, f(O)=1 fO)=2
26. ['(x) = —12x%, f(0)=1,
2. M) =x =, S
B =1-x, f@=1,
29. f"(x) =cosx, ['(0)=

39. A car traveling at 60 mph decelerates at 20 feet per second
per second. () How long does it take for the car to come to
a complete stop? (b) What distance is required to bring the
car to a complete stop?

40. An object moves along the x-axis with constant acceleration.
Express the position x(¢) in terms of the initial position xg,
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the initial velocity wy, the velocity v(z), and the elapsed
time ¢,

41. An object moves along the x-axis with constant acceleration
a. Verify that

[(OF = v§ +2a[x(t) — xo].

42. A bobsled moving at 60 mph decelerates at a constant rate
to 40 mph over a distance of 264 feet and continues to decel-
erate at that same rate until it comes to a full stop. (a) What
is the acceleration of the sled in feet per second per second?
(b) How long does it take to reduce the speed to 40 mph? (¢)
How long does it take to bring the sled to a complete stop
from 60 mph? (d) Over what distance does the sled come to
a complete stop from 60 mph?

43. Inthe AB-run, minicars start from a standstill at point 4, race
along a straight track, and come to a full stop at point B one-
half mile away. Given that the cars can accelerate uniformly
to a maximum speed of 60 mph in 20 seconds and can brake
ata maximum rate of 22 feet per second per second, what is
the best possible time for the completion of the AB-run?

Excrcises 44-46. Find the general law of motion of an object

that moves in a straight line with acceleration a(¢). Write xo for

the initial position and vy for the initial veloeity.

44. a(t) =sint. 45. a(t) =24 + 6Bt.

46. a(t) =cosz.

47. Asaparticle moves about the plane, its x-coordinate changes
at the rate of 12 — 5 units per second and its y-coordinate
changes at the rate of 3¢ units per second. If the particle is
atthe point (4, 2) when ¢ = 2 seconds, where is the particle

4 scconds later?

48. Asa particle moves about the plane, its x-coordinate changes
at the rate of ¢ — 2 units per second and its y-coordinate
changes at the rate of /7 units per second. If the particle is
at the point (3, 1) when r = 4 seconds, where is the particle
5 second later?

49. A particle moves along the x-axis with velocity v(t) =
Al + B. Determine 4 and B given that the initial velocity
of the particle is 2 units per second and the position of the

particle after 2 seconds of motion is 1 unit to the left of the
initial position.

50. A particle moves along the x-axis with velocity v(r) =
At* + 1. Determine A given that x(1) = x(0). Compute the
total distance traveled by the particle during the first second.

51. An object moves along a coordinate linc with velocity
(f) = sin units per second. The object passes through the
origin at time ¢ = /6 seconds. When is the next time: (a)
that the object passes through the origin? (b) that the object
passes through the origin moving from left to right?

o
4

. Exercise 51 with v(¢) = cos¢.

o
@

. An automobile with varying velocity v(¢) moves in a fixed
direction for 5 minutes and covers a distance of 4 miles.
What theorem would you invoke to argue that for at least
one instant the speedometer must have read 48 miles per
hour?

54, A speeding motoroyclist sees his way blocked by a haywagon
some distance s ahead and slams on his brakes. Given that
the brakes impart to the motorcycle a constant negative ac-
celeration a and that the haywagon is moving with speed v;
in the same direction as the motorcycle, show that the mo-
torcyclist can avoid collision only if he is traveling at a speed
less than v; + /2]als.

55, Find the velocity v(f) given that a(f) = 2[v(1)]* and vy # 0.

Exercises 56 and 57. Find and compare

= /(r)dx) w [ St

2 _ .3 4
56. f(x) L% §7. /(x) = cosx — 2sinx.
> Exercises 58-61. Use a CAS to find f from the information
given.
. Ji+1
58. fi(x) = 5 f@ =2
J'x) i 14

59. f'(x) = cosx — 2sinx;
60. f"(x) = 3sinx +2cosx;
61, f'(x)=5—3x +x%

fe/) =2
F© =0, /) =0.
FO) =3, f(0) =4,

W 5.7 WORKING BACK FROM THE CHAIN RULE;
THE u-SUBSTITUTION

To differentiate a composite function, we apply the chain rule. To integrate the outputs
of the chain rule, we have to apply the chain rule in reverse. This process requires some

ingenuity.

Example 1

Calculate

/(xz — D*x dx.

SOLUTION  From the chain rule we know that

dx

i[(xl —1)°) = 502 — 1)*2x = 10(x* — I)’x.
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Working back from this, we have
/(x2 —Dixdr= / 10> = D'xdx = 5(x? = 1) 4+ C.

You can check the result by differentiation.

Example 2 Calculate
/ sin? x cos x dx.
SOLUTION  Since
d. .
—[sinx] = cosx,
ZLsinx] X,
we know from the chain rule that
d 5
—[sin’ x] = 3sin® x cos x.
dx
‘Working back from this, we have
/sinzxcosxdx: %/SSinzxcosxdx =1sin’x 4+ C.

You can check the result by differentiation. QO

Example 3  Calculate
/szsin O3+ ).
SOLUTION  Since
d
;[cosx] = —sinx,
we know that
;;[cos &+ D] = —sin (&° + 1) 322,
Therefore
/ZXZSin O3+ Ddr = %/ =sin (2?4 1) 3x%dr = —2cos (x3 + 1) + C.

You can check the result by differentiation.

We carried out these integrations by making informed guesses based on our expe-
rience with the chain rule. The underlying principle can be stated as follows:

THEOREM 5.7.1
If f is a continuous function and ¥/ = f; then
[ s a = racy+ e

|- forall functions u = u(x) whichhave values in the domain of f and continuous
L derivative u’ >
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PROOF The key here is the chain rule. If £ is continuous and F' = £, then

d
/ S (x)dx = [ Fllueyu'(x)de = f PG dr = Fe) +C.
by the chain rule —t i

The u-substitution, described below, offers a somewhat mechanical way of carrying
out such calculations. Set

u = u(x), du = u'(x) dx.
Then write

//(u(x))u’(x)dx s /f(u) du=Fu)+C=Fukx)+C. Q
T where 7 =

Below we carry out some integrations by u-substitution. In each case the first step is

to discern a function # = u(x) which, up to a multiplicative constant, puts our integral
in the form

[ oo
Example 4 Calculate

1
R
/(3+5x)2 .
SOLUTION Set u =3 + 5%, du = 5dx. Then

1 1 /1 1,
b =) = cu
Groxp ™ u2(5 “) 54

al

nd
1 1 1 1
— _dr=-fuldu=—Zul+C=-"—+C.
/(3+5x>2 5/“ u=-—su G

Example 5 Calculate /x2\/4+x3 dx.
SOLUTION Set u =4+ x>, du=3x*dx. Then

X34+ x3dx = 4+ 302 xPdx = ju'du
NLRGIEAE
wf? %du

and

/xzx/4+x3dr= %/ul’zdu: W+ C= ta+x’2+c. 2

Example 6 Calculate / 2% sec’(x* + 1) dx.
SOLUTION Set u = x* + 1, du = 4x* dx. Then
2x? sec?(x* + 1) dx = 2sec?(x* + 1) x’dx = 1 sec? u du
e e
sctu

and

/2x35502(x4+l)dx:%/seczudu:%tanu#»C:%tan(x‘#»l)—rC, 8]
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Example 7 Calculatc/secsxtanx dx.

SOLUTION  We can write sec’x tanx dx as sec?x sec x tan x dx. Setting

U =secx, du = secx tanx dx,
we have
sec’x tanx dx = sec? (secx tanx) dx = u’du.
w du
Therefore

/sec3xtanxdx /uzdu:%usﬁ»c: %sec“’xﬁ»c. ]

Remark  Every integral that we have calculated by a u-substitution can be calcu-
lated without it. All that's required is a firm grasp of the chain rule and some ca-
pacity for pattern recognition. Suggestion: redo these calculations without using a
u-substitution. O
s
Example 8 Evaluate / % = D = 3x +2) dr.
(]

SOLUTION We need to find an antiderivative for the integrand. The indefinite
integral

/(x2 - 1)(x® —3x +2)%dx

gives the set of all antiderivatives, and so we will calculate this first. Set

u=x3-3x42, du=(3x* - 3)dx = 3(x* = 1) dx.
Then

OF = 1) = 3x +2P%dx = (x* — 35 +2) (2 = Dax = LuPdu.
ST T
@ Ldu
It follows that
/(;ﬂ = D(x® = 3x 4+ 2)%dx = %/u}du =gut+C=L0-3x+2¢ +C.

To evaluate the definite integral, we need only one antiderivative. We choose the
one with C = 0. This gives

2
/ 2= D = 3% + Dy = [%(x‘ —3x+ 2)‘}2 =20. O
0
b
The Definite Integral / Slax)u’ (x)dx

We can evaluate a definite integral of the form

b
f Sy ') de
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by first calculating the corresponding indefinite integral as we did in Example 8 or by
employing the following formula:

b u(hy
7.2 / Fuop(x) ds = / " Flu) du.

This formula is called the change-of-variables formula. The formula can be used to
evaluate j“b f(u(x))w'(x)dx provided that u' is continuous on [a, b] and f is contin-
uous on the set of values taken on by « on [a, 5]. Since u is continuous, this set is an
interval that contains a and b.

PROOF Let F be an antiderivative for /. Then F’' = f and
b b
/ S (x)ydx = / Fu) u'(x)dx
‘ e b )
= [Fue] = e - Fuay = [ e

We redo Example 8, this time using the change-of-variables formula.

2
Example 9 Evaluate / @2 = 1)(x* = 3x +2)° dx.
0

SOLUTION As before, set u = x* — 3x +2, du = 3(x* — 1)dx. Then
2 = 1) = 3x + 2 = jud du.
Atx =0, =2. Atx =2, u = 4. Therefore,
2 4
/ @ =D —3x 420 de = gf wdu
0 2

4
= [ﬁu“}z —Ltw-L@*=2 0

1/2
Example 10 Evaluate/ cos® 7rx sin 7 x dx.
0

SOLUTION Setu = cosmx,du = —n sinzx dx. Then
cos? mx sinx dx = cos’ wx sinrx dy = —Luldu.
2 x
uw Lau
x

Atx =0,u = 1. Atx = 1/2,u = 0. Therefore

12 1 /0 11 i, 1
/ cos’ wx sinmx dr = 77/ uddu = 7/ wddu == 7u4] =—. 0
0 b 7 Jo w4 1y 4w

The u-substitution can be applied to every integral with a continuous integrand:
s = [ flutom)ds
T get u(x)=1x

Of course there is no point to this. A u-substitution should be made only if it facilitates
the integration. In the next two les we have to use a little imagination to find a
useful substitution.
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Example 11  Calculate / x(x — 3y dx

SOLUTION Set u =x —3. Then du =dx and x = u +3.
Now

x(x — 3Ydy = (u + 3uldu = @b + 3u°) du
and

/x(x —3Ydx = /(u“ +3u’) du

=W+ iS4 =1 -3y +1lx -3 +C O

Vi
x5Vx2 4 1dx.
SOLUTION Set u = x*+ 1. Then du = 2xdx and x2 =y — 1.
Now
SV ldi= 2 2+l xdv=
T ——

@—-1¢ @ Ldu
Atx =0,u =1 Atx = +/3,u = 4. Thus

Example 12 Evaluate /
0
= 12 /u du.

Vi
A KVl ldv =1 - D2 du
=1 @S - 2037 4w yay

4
2,72 _ays2 2,90
= 2[711 Ut +su L

‘
_[,3201,2_2 N
= [k ] = 2

EXERCISES 5.7
Exercises 1-20. Calculate. 1. / G 12
. / dx 5 / dx
RS AN rew 19 / L
3. /‘/Zx T dx. 4. /«/aerbdx.

Exercises 21-26. Evaluate.

1
21. / x(x? + 1) dv.
0

1
.
< ——di
z /,,<1+r2)‘ ’

o
25. / yar =y dy.
0

5. / (ax + by dx. 6. / 2ax(ax? + b)* dx.

t 3¢
7./mdt. 8./mdl

9. /xz(l + x4y, 10. fx""«/a + bx" dx.

11./(1&2?11» 12./3/%113
2 =
. 27 f) =2/ F L xe[0.2].
13./7,1.(. 14. / x
e =& B0 = G

15. /5x<x2+1r~‘dx. 16. /zﬁ(l —x*) 1 gy,

x €[0,2].
29. f(x) =x7(1+x79)7?,

4x +6
VaZ3x+1

x-1
ey
~a +bxn

0
zz./ 3x%(4 +2x% ax
=

Exercises 27-30. Find the area below the graph of f.

x e[1,2].
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2c+5
(x +22(x + 37
Exercises 31-37. Calculate.

31./xmdx. [setu=x+1]
32 /2“/%1{1,‘.

30 /(x) = x e [0,1].

1. [ x/Zx —Tds.

2 1
34. ] (2t + 30t 35. f —dx.
ViJxr+x

)
E 3

37.] A .
y Jxrl

0
3@/ 2+ 1) dv.
-1

5yl
38. ———dx.
j; Vx—1
39. Find an equation y = f(x) for the curve that passes through
the point (0, 1) and has slope
d; f—
& Pl
dx
40. Find an equation y = £(x) for the curve that passes through
the point (4, 1) and has slope
dy _ 1

dx T 2 AT+
Exercises 41-64. Calculate.

a1. f cos(3x + 1) dx. 42. / sin 27 dx.
43. / cse? mx dx. 44. / scc 2x tan 2x dx.
45. f sin(3 — 2x) dx. 46. / sin® x cos x dx.
47. /.cos‘xsinxdx. 4s./xsec2x3dx

sin /X
90, [ 4
/ e
50. /csc (1= 2x)cot (1 — 2x)dx.

51. / A1+ sinx cosx dx. 52.

s3. / sinTx cosx dx. 54 /
55. /sin:m cos? wx d. 56. /(l+laﬂz,\‘)scc2xdx.
57. [Ysin3X2 cosx? d.

58. f xsin®(x? — m)cos (x7 — w)dx.

sec? x cse? 2x
59. . 60. Ix.
V1 +tan 2+ cot 2x

ﬁl./ms)([#dx. 62./%:&,

63. /xzmn(an)secl (* 4 ) d.

64. [ (xsin’x + 57 sinx cosx) dx.
Exercises 65-70. Evaluate.

x 3
65. / sin x cos x dx. 66. / secx tanx dx.
7 ~a3

I
67. sec? mx dx.

i
T ow

68. f cos® —-x sin -x dx.
14 2 2

o

i N

69./ sinx cos® x d. 70. | xcosx?dx.
0

Jo

71. Derive the formula
fsin2 xdx=jx —jsin2x 4+ C.
HINT: Recall the half-angle formula
sin? @ = J(1 — cos26).
72. Derive the formula
fcoszxzix =1x+isin2x+C
Calculate.

73. / cos? 5x dx. 74. / sin® 3x d.

2 o
75. f cos? 2x dx. 76. / sin® x dx.
0 0

Exercises 77-81, Find the area between the curves.
7.y =cosx, y=—six, x=0 x=%

=sinmx,

cosTX,

=cos’mwx, y=sin’wx,

80. y = cos?mx —sin’ 7x,

3
81y =csctmx, y=secny,
82. Calculate

/ sinx cos x dx.

(a) Sotting u = sin>x.

(b) Setting u = cos x.

() Reconcile your answers to parts (a) and (b).
83. Calculate

/ sec? x tanx dx

(a) Setting u = secx.
(b) Setting u = tanx.
(c) Reconcile your answers to parts (a) and (b).
84. Let f be a continuous function, ¢ a real number. Show that

) [ fo—odr= [ s
and, if ¢ # 0, |
® HNCEEE [ o
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For Exercises 85 and 86 reverse the roles of x and u in (5.7.2) quadrant is the region below the curve y=+"-xTx¢c
and write > i [0, 7]. Therefore
feyd= / S 0 d —af i
/\(a) L, A=4 A 72— x2dx.

85. (The area of a circular region) The circle x? + 1% = 42 en-
closes a circular disc of radius 7. Justify the familiar formula N s .
A= 72 by integration. HINT: The quarter-disk in the first  86. Find the area enclosed by the ellipse %% 1 a2 = o232,

Setx =rsinu, dx = rcosu du.

B 5.8 ADDITIONAL PROPERTIES OF THE DEFINITE INTEGRAL

We come now to some properties of the definite integral that we’ll make use of time and
time again. Some of the properties are pretty obvious; some are not. All are important.

L. The integral of a nonnegative continuous function is nonnegative:

b
(5.8.1) if f(x)>0 forallx ¢ [a, b], then / fx)dx > 0.

The integral of a positive continuous function is positive:

b
5.8.2) if S(x)>0 forallx € [a,b], then / f(x)dx > 0.

Reasoning: (5.8.1) holds because in this case all of the lower sums Ly(P) are
nonnegative; (5.8.2) holds because in this case all the lower sums are positive. 0

IL The integral is order-preserving: for continuous functions Sandg,

b b
(5.8.3) if f(x) < g(x)forallx € [a,b], then / Sflx)dx 5/ g(x)dx

and

b b
5.8.4) if f(x) < g(x) forall x €[a,b], then //(x)dx</ g(x)dx.

PROOF OF (5.8.3) If f(x) <g(x) on [a,b], then J&) = fx)=0 on [a,b).
Thus by (5.8.1)

b
/ [gx) = f(x))dx > 0.
a
This gives
b b
/ glx)dx —/ fx)dx>0
a a
and shows that
b b
[rwas [swa
a i
The proof of (5.8.4) is similarly simple. QO

T,
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L Just as the absolute value of a sum of numbers is less than or equal to the sum of
the absolute values of those numbers,
[xt 2+t Xl < il Bl £l
the absolute value of an integral of a continuous function is less than or equal to
the integral of the absolute value of that function:

b h
85 1 [ o< [

PROOF OF (5.8.5) Since —| f(x)| < f(x) < | f(x)|, it follows from (5.8.3) that
b b b
*/ U'(-V)\dX§/ f(x)dx-/ 1/ @)l dx.
This pair of inequalities is equivalent to (5.8.5). O

IV. If f is continuous on [a, b], then

b
(5.8.6) m(b—a) < / Fx)dx < M(b— a)

where m is the minimum value of f on [a, 5] and M is the maximum.
Reasoning: m(b — a) is a lower sum for f and M(b — a) is an upper sum.

You know from Theorem 5.3.5 that, if £ is continuous on [a, b], then for all

x €(a,b)
d x .
z (/ /mdt) = o

Below we give an extension of this result that plays a large role in Chapter 7.

V. If £ is continuous on [a, b] and « is a differentiable function of x with values in
[a, b], then for all u(x) € (a, b)

u(x)
687 ( / f(t)dt> = )

2
dx

PROOF OF (6.8.7) Since f is continuous on [a, b], the function
u
Flu) = [ foydt
f
is differentiable on (a, ») and
Fl(u) = f(u).
This we know from Theorem 5.3.5. The result that we are trying to prove follows from
noting that

u(x)
[ o= ruey

and applying the chain rule:

d ([ d
= ( / 10 dt) = PG = Fa@' ) = fa@u' ). 3
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d {1
Example 1 Find — / —at).
P dx < o 141
SOLUTION At this stage you probably cannot carry out the integration: it requires the

natural logarithm function. (Not introduced in this text until Chapter 7.) But for our
purposes, that doesn’t matter. By (5.8.7),

d {1 1 3x2
= —dt| = ——3x =
dx(fg 1+¢ ) 1+x3 * 143 H

d 2x 1
Ex Find — dt
ample 2 Fin dx(/x 1+l2()

SOLUTION The idea is to express the integral in terms of integrals that have constant
lower limits of integration. Once we have done that, we can apply (5.8.7). In this case,
we choose 0 as a convenient lower limit. Then, by the additivity of the integral,

x 1 2% 1 2x 1
—dz+/ 7{11:[ ——dt.
L 1+ « 142 o 14122
2x 1 2x 1 x 1
——dt= ——dt— ——dt
[ 1+ /;, 14122 _/0 142

Differentiation gives

d 2% ] d # 1 d (" 1
— —dt]| = — dt) — — ——d
ax (/ 1+r2‘) ax ([ 12 ’) ax (A T+ ’)

2 1
2 e,
)2“ 1+v”(1> T+4x2 1+4x2

Thus

1+ (2r
by (5.8.7) —

VI Now a few words about the role of symmetry in integration. Suppose that f is
continuous on an interval of the form [—a, a], a closed interval symmetric about
the origin.

(5.8.8) (a) if fisoddon[—a,a], then /a fx)dx=0.

(b) if fisevenon[—a,a], then f f(x)ziv:Z/. f(x)dx. Jodd
—a 0
Figure 5.8.1

These assertions can be verified by a simple change of variables. (Exercise 34.)
Here we look at these assertions from the dpoint of area. For co i we
refer to Figures 5.8.1 and 5.8.2.

For the odd function,

a 0 a
[ f(X)de/‘ f(x)zlir/; f(x)dx = arca of Q) — area of 2 = 0.

For the even function,

Feven

a a
/—u J(x)dx = area of Q; + area of 2, = 2(area of Q) = 2/0 flx)de. Q Figure 5.8.2
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Suppose we were asked to evaluate

A laborious calculation would show that this integral is zero. We don’t have to carry
out that calculation. The integrand is an odd function, and the interval of integration is

x
/ (sinx — x cosx)’dx.
—x

symmetric about the origin. Thus we can tell immediately that the integral is zero:

EXERCISES 5.8

-
(sinx — x cosx)’dx = 0.

-

Assume that f and g are continuous on [a, ] and

/:f(,x)dx> /ﬂhg(x)dx.

Answer questions 1-6, giving supporting reasons.

1. Does it necessarily follow that f7[ f(x) — g(x)]dx > 0?

2. Does it necessarily follow that f(x) > g(x) for all x €
[a, 5]?

3. Does it necessarily follow that f(x) > g(x) for at least some
x €[a,b]?

4. Does it necessarily follow that

03

‘/jmm > th(xm

5. Does it necessarily follow that [*| f(x)l dx > [71g(x)] dx?

6. Does it necessarily follow that | f(0)l dx > [, g(x)de?
Assume that f is continuous on [4, 6] and

Lb./(x)dx =0.

Answer questions 715, giving supporting reasons.
| 7. Does it necessarily follow that £(x) = 0 for all x € [a,b]?
; 8. Does it necessarily follow that f(x) = 0 for at least some
x€la b)?
9. Docs it necessarily follow that 7’| £(x)|dx = 07

10. Does it necessarily follow that | f7 £(x) dx| = 0?

11. Must all upper sums Uy(P) be nomnegative?

12. Must all upper sums Uy(P) be positive?

13. Can a lower sum L ;(P) be positive?

14. Does it necessarily follow that [[/(x)]? dx = 07

15. Does it necessarily follow that f[£(x) + 11dx = b — a?

16. Derive a formula for
d b
t)dt
7 ([0 )

given that « is differentiable and f is continuous.

Exercises 17-23. Calculate.
14x? 5

L N / @
ax\Je Vu+s dx\Jsi 1
d ([ da (" @

19. 1ydt). 20. :
dx (/: e r) dx /o vl+rz>
d [ ?sint d 1t

21 — —dt). 22— ins?dr ).
ax (/ ‘ ") & (/WS‘“ )
d VY2

23, - :
dx (/, 1+ dl)

24. Show that

w(x)
- ( / (:) 0 dr) = W) — S )

given that » and v arc differentiable and f is continuous.
Exercises 25-28. Calculate. HINT: Exercise 24.

a7 d e a
25 L . 26, -~ i
dx (/X t ) dx (/V 2+ ﬂ)
2% Ijx
n ¢ / Wired). 8L f coszzdt).
dx \Jane dx \Jax

29. Prove (5.8.4).
. (mportant) Prove that, if f is continuous on [a, 4] and

3

w
2

b
/ |f()ldx =0,

then f(x) = 0 for all x in [a, b]. HINT: Exercise 50, Section
24,

w
=

. Find H' (2) given that

P4,
H(x)= —dt
@) fb 1+t
32. Find H' (3) given that

H(x)= %/;[21 —3H'()]dr.
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33, (2) Let / be continuous on [—a, 0]. Use a change of variable 2 g .
B e 1) ¢ ®) L/(,x)ﬂ:zA JG)dxf f is oven.
& “ Exercises 35-38. Evaluate using symmetry considerations.
[ 1= [ s -
. 5 35./ (x + sin 2x) dx. 36./ —d
(b) Let / be continuous on [—a. a]. Show that Y
ra a /3
/ f(x)dx:/ L)+ f (=)l ds. 31/ (1437 — cosx) dx.
—a o 3

34. Let £ be a function continuous on [—a, a]. Prove the state-
ment basing your argument on Exercise 33.

(a) /a fx)dx=0 if fisodd.

w4
38. / (x? — 2x + sinx + cos 2x) dx.
g

W 5.9 MEAN-VALUE THEOREMS FOR INTEGRALS;
AVERAGE VALUE OF A FUNCTION

‘We begin with a result that we asked you to prove earlier. (Exercise 33, Section 5.3.)

f S)ds = fleb—a).

Thls number fleyi is called the average value (ov mean value) of fon [a, b].

‘We now have the following identity:

b
(5:9.2) / f(x)dx = (the average value of f on [a, b]) - (b — a).

This identity provides a powerful, intuitive way of viewing the definite integral.
Think for a moment about area. If / is constant and positive on [a, 4], then 2, the

. . . area = (the constent value of /)-( h a)
region below the graph, is a rectangle. Its area is given by the formula

Figure 5.9.1

arca of € = (the constant value of f on[a, 6])- (b —a). (Figure59.1)

If / is now allowed to vary continuously on [a, b], then we have

area of @ = /bf(x)dx,

and the arca formula reads

arca of = (the average value of f on [a, b]) - (b — a). (Figure 5.9.2)
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Figure 5.9.2

Think now about motion. If an object moves along a line with constant speed v
during the time interval [a, 5], then

distance traveled = (the constant value of v on [a, 6]) - (b — a).
If the speed v varies, then we have

b
distance traveled = / v()dt,

«

and the formula reads

: distance traveled = (the average speed on [a, b]) - (b — a).

Let’s calculate some simple averages. Writing fa, for the average value of f on
[a, ], we have

1 b
fog= E/ S dx.
The average value of a constant function f(x) = k is, of course, k:

L k o k
Sug = m/ kdx = bia[x]” =5 b-a=k
The average value of a constant multiple of the identity function f(x) = ax is the

arithmetical average of the values taken on by the function at the endpoints of the
interval:

1t 1 ra ,p
= —— | axdr=——[2y?
Juve b—a/“‘”” b—a[Zx]a

1 ra, 1 _abtas SO+ fl@)
_b-a[z(b ) = 2. = 5
What is the average value of the squaring function f(x) = x2?

1 e 1 27 1 »—d
o e )
g bﬁl" * b~a[3l b—a( 3 )

{(b2 +ab+a?)(b - a)]
3

= }(B* +ab +aP).

The average value of the squaring function on [a,?] is not %(bz—f-az); it is
; 1(6? + ab+a?). On [1, 3] the values of the squaring function range from 1 to 9.
A While the arithmetic average of these two values is 5, the average value of the squaring

function on the entire interval [1, 3] is not 5; it is 2.
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There is an extension of Theorem 5.9.1 which, as you'll see, is useful in applications.

THEOREM 5.9.3  THE SECOND MEAN-VALUE THEOREM FOR INTEGRALS

If fand gare i on[a,blandgis ive, then there is a number
¢ in(a; b) for which

b b
| 1o s [ ewan

This number f{c) is called the g-weighted average of fon [a, b].

‘We will prove this theorem (and thereby obtain a proof of Theorem 5.9.1) at the end of
this section. First, some physical considerations.

The Massof aRod  Imagine a thin rod (a straight material wire of negligible thickness)
lying on the x-axis from x = a to x = b. If the mass density of the rod (the mass per
unit length) is constant, then the total mass M of the rod is simply the density A times
the length of the rod: M = x(b — @)." If the density A varies continuously from point
to point, say A = A(x), then the mass of the rod is the average density of the rod times
the length of the rod:

M = (average density) - (length).

This is an integral:

3 b
(6.9.4) M= / A(x)dx.

The Center of Mass of a Rod  Continue with that same rod. If the rod is homogeneous
(constant density), then the center of mass of the rod (we denote this point by x,/) is
simply the midpoint of the rod:

xu=1a+b). (the average of x from a to b)

If the rod is not homogeneous, the center of mass is still an average, but now a weighted
average, the density-weighted average of x from a fo b; namely, x, is the point for

which
b b
XM/ }\(x)d\f:/. xh(x)dx.

Since the integral on the left is 4, we have

b
(5.9.5) XM = / XA(x) dx.
i

Example 1 A rod of length L is placed on the x-axis from x = 0 tox = L. Find the
mass of the rod and the center of mass given that the density of the rod varies directly
as the distance from the x = 0 endpoint of the rod.

IThe symbol  is the Greek letter “lambda.”
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SOLUTION  Here A(x) = kx where k is some positive constant. Therefore
L L
M :/ ke = 4] = ber?
o % o
and

i i L
xuM = | x(ex)dx :/ bt = [ o' | = bz,
0o

Division by M gives xy =

I
0 PREFEN

In this instance the center of mass is to the right of the midpoint. This makes sense.
After all, the density increases from left to right. Thus mass accumulates near the right
tip of therod. I

‘We know from physics that, close to the surface of the earth, where the force of
gravity is given by the familiar formula W = mg, the center of mass is the center of
gravity. This is the balance point. For the rod of Example 1, the balance point is at
= %L Supported at that point, the rod will be in balance.

Later (in Project 10.6) you will see that a projectile fired at an angle follows a
parabolic path. (Here we are disregarding air resistance.) Suppose that a rod is hurled
into the air end over end. Certainly not every point of the rod can follow a parabolic
path. What moves in a parabolic path is the center of mass of the rod.

‘We go back now to Theorem 5.9.3 and prove it. [There is no reason to construct a
separate proof for Theorem 5.9.1. It is Theorem 5.9.3 with g(x) identically 1.]

PROOF OF THEOREM 5.9.3  Since /' is continuous on [a, 4], f takes on a minimum value
m on [a, b] and a maximum value M. Since g is nonnegative on [a, b],

mg(x) < f(x)glx) < Mg(x) forall x in [a, 5].

Therefore

b b b
[ meoas< [ g < [ e

and
b b b
n [ et [ rwema<m [ g

We know that [” g(x)dx = 0. If f* ¢(x)dx = 0, then, by the inequality we just de-
rived, jf' f(x)g(x)dx =0 and the theorem holds for all choices of ¢ in (a, ). If
f“/’ g(x)dx > 0, then

b
[ st
e 7 BT

0
/ g(x)dx

=M

m
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and by the intermediate-value theorem (Theorem 2.6.1) there exists a number ¢ in (a, b)

for which
/ SWe)ds
fo=to
/g(x)dx
Obviously, then,
b b
7@ [Cgeas= [ pogea o
EXERCISES 5.9

Exercises 1-12. Determine the average value of the function on
the indicated interval and find an interior point of this interval at
which the function takes on its average value.

1 f(x) =mx+b, xe0,c
xe[-1,1).

3. xe[-1,1].

4. f(x) xe[1.4].

5. f(x) €[-2,2].

6. f()=x'7, xe[-8,8]

7 f)=2x—x% x€l0,2]

8. f()=3-2x, xel0,3]

9. f()=+/x, xe[0,9]

10. f(x)=4—x%, xe[-22]

1L f(x)=sinx, xe[0,2x].

12. f(x) =cosx, x€[0,7].

13. Let f(x) = x", n a positive integer. Determine the average

value of f on the interval [a, 5].
14. Given that / is continuous on [a, b], compare

/ﬂ ’ Sy

(a) if £ is constant on [a, b]; (b) if / increases on [a, 5];
(¢} if f decreases on [a, b].

15. Suppose that f has a contimuous derivative on [, ]. What
is the average value of /" on [, b]?

f®)b—a) and

16. Determine whether the assertion is true or false on an arbi-
trary interval [a, 5] on which f and g are continuous.
@) (f + e = fovg + Guve-
) (@f)avg = fave-
©) (f@)avg = (fave)(gavg)-
() (&g = (fave)/Gave)-

17. Let P(x,y) be an arbitrary point on the curve y =
Express as a function of x the distance from P to the ongm
and calculate the average of this distance as x ranges from 0

to /3.

18. Let P(x, y) be an arbitrary point on the line y = mx. Ex-
press as a function of x the distance from P to the origin

and calculate the average of this distance as x ranges from
OtoI.

19. A stone falls from rest in a vacuum for ¢ seconds. (Section
4.9). (a) Compare its terminal velocity to its average ve-
locity; (b) compare its average velocity during the first %z
seconds to its average velocity during the next 1f seconds.

20. Let f be continuous. Show that, if f is an odd function, then
its average value on every interval of the form [—«, 4] is
zero.

21. Suppose that f is continuous on [a, #] and f7 f(x)dx = 0.
Prove that there is at least one number ¢ in (a, b) for which
flo=0.

22. Show that the average value of the functions f(x) = sinrx
and g(x) = cos 7 is zero on every interval of length 21, n
a positive integer.

23. An object starts from rest at the point xo and moves along
the x-axis with constant acceleration a.

(a) Derive formulas for the velocity and position of the ob-
jectateach time ¢ > 0.

(b) Show that the average velocity over any time interval
[t1, 2] is the arithmetic average of the initial and final
velocities on that interval.

24. Find the point on the rod of Example 1 that breaks up that
rod into two picces of equal mass. (Observe that this point
is not the center of mass.)

25. A rod 6 meters long is placed on the x-axis from x = 0 to
x = 6. The mass density is 12/+/x + 1 kilograms per meter.
(a) Find the mass of the rod and the center of mass.

(b) What is the average mass density of the rod?

26. For a rod that extends from x = a to x = b and has mass

density & = A(x), the integral

y
f (x — (x)dx

gives what is called the mass moment of the rod about the
pointx = ¢. Show that the mass moment about the center of
mass is zero. (The center of mass can be defined as the point
about which the mass moment is zero.)
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27. A 1od of length L is placed on the x-axis from x =0 to
x = L. Find the mass of the rod and the center of mass if the
mass density of the rod varies directly: (a) as the square root
of the distance from x = 0; (b) as the square of the distance
fromx = L.

28. A tod of varying mass density, mass M, and center of
mass xu, extends from x = a to x = b. A partition P =

{0, %1, - ., %4} of [a, b] decomposes the Tod into n pieces
in the obvious way. Show that, if the n pieces have masses
My, My, ..., My and centers of mass X, Xigr - -, Xy
then

XM = Xa, My + Xy My + - + X34, M.

29. A rod that has mass M and extends from x = 0 tox = L
consists of two pieces with masses M;, M,. Given that the
center of mass of the entire rod is at x = £ L and the center
of mass of the first piece is at x = }L, determine the center
of mass of the second piece.

30. A rod that has mass M and extends from x = 0 tox = L
consists of two pieces. Find the mass of each piece given
that the conter of mass of the entire rod is at x = 3L, the
center of mass of the first piece is at x = L1, and the center
of mass of the second piece is at x = J L.

31. Arod of mass M and length L is to be cut from a long piece
that extends to the right from x = 0. Where should the cuts
be made if the density of the long picce varies directly s the
distance from x = 0? (Assume that M > 1kL? where & is
the constant of proportionality in the density function.)

32. Is the conclusion of Theorem 5.9.3 valid if g is negative
throughout [a, b]? If so, prove it.

33. Prove Theorem 5.9.1 without invoking Theorem 5.9.3.

34. Let f be continuous on [a, b]. Let a < ¢ < b. Prove that
f(ey= Jlim (average value of f on[¢— k¢ + k).

35. Prove that two distinct continuous functions cannot have the
same average on every interval.

B CHAPTER 5. REVIEW EXERCISES

36. The arithmetic average of n numbers is the sum of the num-
bers divided by n. Let f be a function continuous on [a, b].
Show that the average value of f on [a. b] is the limit of
arithmetic averages of values taken on by f on [a, ] in the
following sense: Partition [, b] into 7 subintervals of equal
length (b — )/ and let $*(P) be a corresponding Riemann
sum. Show that §*(P)/(b — a) is an arithmetic average of
n values taken on by f and the limit of these arithmetic
averages as || P|| — 0 is the average value of £ on [a, b].

37. A partition P = (xo,x1.%2, ..., %) of [, b] breaks up
[a. b] into # subintervals

Lxo, x13, Bevs 22l - Doy 6l

Show that if f is continuous on [, 5], then there are » num-

bers x7 € [x;_1, x;] such that

b
[ = s+ fepan+ o+ faan.

(Thus each partition P of [a, b] gives rise to a Riemann sum
which is exactly equal to the definite integral.)

P> 38. Let f(x) =x° —x + L forx € [-1,2].

(2) Find the average value of f on this interval.
(b) Estimate with three decimal place accuracy a number ¢
in the interval at which f takes on its average value.

(c) Use a graphing utility to illustrate your results with a

figure similar to Figure 5.9.2.

P> 39. Exercise 38 taking f(x) = sinx withx € [0, %].
J3>40. Exercise 38 taking f(x) = 2 cos 2x with x € [~ /4, 7/6].
P41 Set f(x) = —x* + 107 +25.

(a) Estimate the numbers a and » with @ < b for which
fla)=f(b)="0

(b) Use a graphing utility to draw the graph of f on [a, b].

(c) Estimate the numbers ¢ in (a, b) for which

b
[ swas = e -a.

P> 42. Exercise 41 taking f(x) = 8 +x? — x*.

Exercises 1-22. Calculate.
3 —2x + 1

~ 2. /(x“ — 3% dx.
3./;2(1+r3)‘0dz. 4. /(1+2ﬁ)2¢m

2/3 _ 132 —_—
/“ =ty 6./,\v’x2 2.
7
7. fx«/fodx. s./x2(2+2x3>‘ d.
1+ /%) sin(1/x)
&ij m/TdA

12 /(sece — tan6)%dg.
13 /(tan?ﬂ‘/ ~cot30Ydo. 14, fxsinlecosx?dx.
1 1
15, | ———dx. | ————dx.
/I+cos2x % 16 / 1= sin2x
17. [secinxlanzrxd.r 18./ﬂxx/l+bx2dx.
ax?y/T+bx dx.

g (X>
n [ EGa

19. jax«/l + bx dx.

&g

\/1+g(x

21.
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Exercises 23-28. Evaluate.
2

2. / (% = 2x + 3)dx.
-1

4
25. / si
o

2
27./ 2 + DO+ 3x — 6) dx.
o

8

,
F

24, ——dx.
/o iy

w8
26. / (tan? 2x + sec? 2x) dx.
0

X €08 2 dx.

28.

29. Assume that  is a continuous function and that

/:/(x)dv:l /le(x)dle, [

(a) Find f; f(x)dx.

(b) Find f; £(x)dx.

() Explain how we know that /(x) > 4 for at least one x in
[3.5]

(d) Explain how we know that /(x) < 0 for at least one x in

fx)dx =8,

30. Let f be a function continuous on [—2, 8] and let g(x) =
5
f@)+3.0f / S@)dx = 4, what is / ’ gX)dx?
-2 -2
Exereises 31-36. Sketch the region bounded by the curves and
find its area.
Ay=4-xy=x+2
32y=4-xx4y+2=0
x=3y.
34,y = X, the x-axis, y = 6 — x.
35. %3, the x-axis, x +y = 2.
36. 4y —xtx+y+1=0.
Exercises 37-41. Carry out the differentiation,

d [ a d (r a
37 - . 38 — — .
7 dx (/0 1+11) dx (j[, l+t1)
d (" a d ([ a
L . 40. — =\
i dx (/X 1+r2> 0 dx (/0 1—11)

g g
41. — ;
Loy (ﬁ 142)

42. Ateachpoint (x, y) ofa curve y the slope is x+/x” F 1. Find
an equation y = f(x) for y given that y passes through the
point (0, 1).

5
LLet Flx)= | —— a1, al
R Lr2+2r+2 e

() Does F take on the value 07 If so, where?
(b) Show that F increascs (—o0, 00).
(¢) Determine the concavity of the graph of .
(d) Sketch the graph of .

. Assume that f is a continuous function and that

I
P

IS
B

/ tf(t)dt = xsinx + cosx — 1.
o

@ Find f(x).  (b) Caleulate f'(x).
Exercises 45-47. Find the average value of f on the indicated
interval,

45, f(x) = ;o [0.4]
) Wrows [0. 4]
46, f(x) = x +2sinx; [0, 7],

47. Find the average value of f(x) = cosx on every closed in-
torval of length 27r.

Exercises 48-53. Let £ be a function continuous on [ex, p] and

let © be the region between the graph of / and the x-axis from

X =a 10 x = f. Draw a figure. Do not assume that f keeps

constant sign.

48. Write an integral over [o, £] that gives the area of the portion
of 2 that lies above the x-axis minus the area of the portion
of §2 that lies below the x-axis.

49. Write an integral over [«, 8] that gives the area of Q.

50. Write an integral over [, §] that gives the area of the portion
of © that lies above the x-axis.

51. Write an integral over [, 8] that gives the arca of the portion
of © that lies below the x-axis.

52. A rod extends from x = 0 to x
of mass if the d
from x = 2a.

$3. A rod extends from x = 0 to x = a, a > 0. Find the center
of mass if the density of the rod varies directly as the distance
fromx = La

a,a > 0. Find the center
ity of the rod varies directly as the dist




292

CHAPTER

H 6.1 MORE ON AREA

Representative Rectangles

You have seen that the definite integral can be viewed as the limit of Riemann sums:

1710

b
0 / Feodx = lim [£(51) Ax+ £(c8) Arp o4 £(x2) Axy].

With x; chosen arbitrarily from [x;_1, x,], you can think of f(x}) as a representative
value of f for that interval. If / is positive, then the product

1) b

gives the area of the representative rectangle shown in Figure 6.1.1. Formula (1) tells
us that we can approximate the area under the curve as closely as we wish by adding
up the areas of representative rectangles. (Figure 6.1.2)

Figure 6.1.1 Figure 6.1.2

Figure 6.1.3 shows a region Q bounded above by the graph of a function f and
bounded below by the graph of a function g. As you know, we can obtain the area of ©
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by integrating the vertical separation f(x) — g(x) fromx = a tox = b:
b
a= [t - gonas.
@
In this case the approximating Riemann sums are of the form
[/Ge) — b o + [1() - g()]An + -+ [£(5) — £(x3)] 83,

»

Figure 6.1.3
Here a representative rectangle has
height  f(x7) — g(x7). width  Ax;,
and area
[767) = gsi)] A
Example 1 Find the area A of the set shaded in Figure 6.1.4.

SOLUTION  From x = —1 to x = 2 the vertical separation is the difference
2x? — (x* — 2x?). Therefore

2 2
A= / [2x% — (x* = 2x%))dx = | (@x* —xYax
i -1

2
B .
[-3 ] =

Areas Obtained by Integration with Respect to y

We can interchange the roles played by x and y. In Figure 6.1.5 you see a region 2,
the boundaries of which are given not in terms of x but in terms of y. Here we set the
representative rectangles horizontally and calculate the area of the region as the limit
of sums of the form

[FO) = G0N an +[F () = G03)]Ap ++ + [F () = G(7)]Ar.
These are Riemann sums for the integral of 7/ — G. The area formula now reads
d
= [1r) - Gonay.
o

In this case we are integrating with respect to y the horizontal separation F(y) — G(y)
ffomy =ctoy=d.

Figure 6.1.4
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Figure 6.1.6

Figure 6.1.5

Example 2  Find the area of the region bounded on the left by the curve x = »? and
bounded on the right by the curve x = 3 — 2y2.

SOLUTION  The region is sketched in Figure 6.1.6. The points of intersection can be
found by solving the two equations simultaneously:

x =y and x=3-2"
together imply that

Gl

The points of intersection are (1, 1) and (1, —1). The easiest way to calculate the area
is to set our representative rectangles horizontally and integrate with respect to y. We
then find the area of the region by integrating the horizontal separation

G- - =3-3

fromy=-1toy=1:

a=f i(s ~3ay =[5y -]

NOTE: Our solution did not take advantage of the symmetry of the region. The region
is symmetric about the x-axis (the integrand is an even function of y), and so

1

! 1
A:Z/(373yz)dy:2[3y—y3} =4
o 0

Example 3 Calculate the arca of the region bounded by the: curves x = y? and
x — p =2 first (a) by integrating with respect to x and then (b) by integrating with
respect to y.

SOLUTION  Simple algebra shows that the two curves intersect at the points (1, —1)
and (4, 2). 4

(a) To obtain the area of the region by integration with respect to x, we set the repre-

sentative rectangles vertically and express the bounding curves as functions of x.
= y? for y we get y = £./%; y = 4/ is the upper half of the parabola
—/x is the lower half. The equation of the line can be written y = x — 2.
(See Figure 6.1.7.)
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Figure 6.1.7

Figure 6.1.8

The upper boundary of the region is the curve y = \/x. However, the lower

boundary consists of two parts: y = —/x fromx =0 tox =1, and y

from x = 1 to x = 4. Thus, we use two integrals:

1 i
A= [ - s + [ 15 - -2
0 1

1
o

1 4 4
= zf N +] W =+ Ddx =[$62] +[36 - b2+ 2]
0 3 ¢

(b) To obtain the area by integration with respect to y, we set the representative rectan-
gles horizontally. (See Figure 6.1.8.) The right boundary is the line x = y + 2 and
the left boundary is the curve x = y2. Since y ranges from —1 to 2,

4= [0+ = [+ ]

In this instance integration with respect to y was the more efficient route to take.

EXERCISES 6.1

2
_9
i 2"

1
a

Exercises 1-14. Sketch the region bounded by the curves. Rep-
resent the area of the region by one or more integrals (a) in terms
of x; (b) in terms of y. Evaluation not required.

Ly=x% y=x+2. 2y o
2, y=2k 4.y =¥,
—Vx, y=x-6, y=

Ty =lxl,

¥, x=3y+2 3p—x=8.
X wp=2x, p=l.
9.x+4=)% x=5 10.x =y, x
y=2 x+y=9, y=x-1L

12.y=x, y=x’+x-1

B, y=xttx-1

Moy=x+1, y+3x=13, 3y+x+1=0

Exercises 15-26. Sketch the region bounded by the curves and
caleulate the area of the region.

15.4x =4y —y?, dx—y=0.

16.x+y? —4=0, x+y=2.
17.x=y% x=12-2)%

18.x +y =27 .
Bx+y—)y = y+yi=0.
8x =2y + 2 —2p.

=sec?x, x€[-n/d,n/4].
2.y =sin’x, y=tan’y, x€[-m/4 7/d].
HINT: sin’ x = (1 — cos 2x).
23.y=2cosx, y=sin2x, x¢l[-m 7l
4. y=sinx, y=sin2x, xe[0,7/2).
25.y =sin*xcosx, xe[0, /2]
26.y =sin2y, y=cos2x, x e [0,7/4].

Exercises 27-28. Use integration to find the area of the triangle

with the given vertices.

27.(0,0),(1,3), (3. ).

28.(0,1),(2.0),(3,4).

29. Use integration to find the area of the trapezoid with vertices
(=2,-2).(L, 1), (5, 1), (7, -2).

30. Sketch the region bounded by y
Find the area of the region.

S, y=—x,andy=1.
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31. Sketch the region bounded by y = 6 — x2
and y = —x(x > 0). Find the area of the region.

32. Find the area of the region bounded by the parabolas x* =
4py and y* = 4px, p a positive constant.

33. Sketch the region bounded by y = x? and y = 4. This region
is divided into two subregions of equal areaby aline y = ¢.
Find c.

x(x =0),

34. The region between y = cosx and the x-axis for x €

[0, 7/2] is divided into two subregions of cqual area by a
line x = ¢. Find c.

Exercises 35-38. Represent the area of the given region by one

or more integrals.

35. The region in the first quadrant bounded by the x-axis, the
line y = /3x, and the circle x? 4+ 32 = 4.

36. The region in the first quadrant bounded by the y-axis, the
line y = +/3x, and the circle x2 + y? = 4.

37. The region determined by the intersection of the circles
P4y =dand(x 22 +(y— 2P =4.

38. The region in the first quadrant bounded by the x-axis, the
parabola y = ¥2/3, and the circle x2 + y* = 4.

39. Take @ > 0,5 > 0,7 a positive integer. A rectangle with
sides parallel to the coordinate axes has one vertex at the
origin and opposite vertex on the curve y = bx" at a point
where x = a. Calculate the area of the part of the rectangle
that lies below the curve. Show that the ratio of this area to
the area of the entire rectangle is independent of @ and b, and
depends solely on n.

FS

. Use a graphing uti

R

IS

40. (a) Calculate the area of the region in the first quadrant

bounded by the coordinate axes and the parabola y =
I+a—axta>0.
(b) Determine the value of 4 that minimizes this arca.

[941. Use a graphing utility to draw the region bounded by the

curves y = x* —2x% and y = x + 2. Then find (approxi-
mately) the area of the region.

y to sketch the region bounded by the
curvesy = sinx and y = |x — 1]. Thenfind (approximately)
the area of the region.

. A section of rain guiter is 8 feet long. Vertical cross sec-

tions of the gutter are in the shape of the parabolic region
bounded by y = #x? and y = 4, with x and y measured in
inches. What is the volume of the rain gutter?
HINT: ¥ = (cross-sectional area) x length.

. (a) Calculate the area 4 of the region bounded by the graph

of f(x) = 1/x* and the x-axis with x € [1, b].
(b) What happens to 4 as b — oo?

. (a) Calculate the area A of the region bounded by the graph

of f(x) = 1/+/x and the x-axis with x € [1, b].
(b) What happens to 4 as b — oc?

. (a) Letr > L, rational. Calculate the area 4 of the region

bounded by the graph of f(x) = 1/x" and the x-axis
with x & [1, 5]. What happens to 4 as b — c0?

(b) Let 0 < r < 1, 7 rational. Calculate the area 4 of the
region bounded by the graph of f(x) = 1/x" and the
x-axis with x € [1, b]. What happens to 4 as b — 00?

M 6.2 VOLUME BY PARALLEL CROSS SECTIONS;
DISKS AND WASHERS

Figure 6.2.1 shows a plane region  and a solid formed by translating €2 along a line
perpendicular to the plane of Q. Such a solid is called a right cylinder with cross

section Q.

Figure 6.2.1

If 2 has area 4 and the solid has height /, then the volume of the solid is a simple

product:

V=A-h (cross-sectional area - height)
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Two elementary examples are given in Figure 6.2.2.

i

¥ = (mr2)h = (cross-sectional area) - height ¥ = (/- w)- & = (cross-sectional area)- height

Figure 6.2.2

To calculate the volume of a more general solid, we introduce a coordinate axis and
then examine the cross sections of the solid that are perpendicular to that axis. In Figure
6.2.3 we depict a solid and a coordinate axis that we label the x-axis. As in the figure,
we suppose that the solid lies entirely between x = ¢ and x = b. The figure shows an
arbitrary cross section perpendicular to the x-axis. By 4(x) we mean the area of the
cross section at coordinate x.

If the cross-sectional area A(x) varies continuously with x, then we can find the
volume ¥ of the solid by integrating A(x) fromx = a tox = b:

b
(6.2.1) V:/ A(x)dx.

DERIVATION OF THE FORMULA Let P = {xg, x1, X2, ..., %,} be a partition of [a, b].
On each subinterval [x;_;, x;] choose a point x}. The solid from x;_; to x; can be
approximated by a slab of cross-sectional area A(x}) and thickness Ax;. The volume

of this slab is the product

A(x?) Ax;. (Figure 6.2.4)
The sum of these products,
A(x})Axy + A(x3) Axy + -+ A(x]) Axy,

is a Riemann sum which approximates the volume of the entire solid. As || P|| — 0,
such Riemann sums converge to
b
/ A@x)dx. 2
a

Remark  (Average-value point of view) Formula (6.2.1) can be written

6.2.2)

V = (average cross-sectional area) - (b — a).

area 4 (x)

a X b

Figure 6.2.3

xta Tl F %Ly

Figure 6.2.4
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Example 1 Find the volume of the pyramid of height / given that the base of the
pyramid is a square with sides of length  and the apex of the pyramid lies directly
above the center of the base

SOLUTION  Set the x-axis as in Figure 6.2.5. The cross section at coordinate x is a
square. Let s denote the length of the side of that square. By similar triangles
%s 1r v

and therefore W= ;(h —x).

Figure 6.2.5

The area 4(x) of the square at coordinate x is s> = (#2/h2)(h — x)?. Thus

4 r2orh 20 =521
=/ 4 =— | (h—xPdx=—|— =42, Q
¥ /0 (x)dx hz/‘; (h —x)*dx s I: 3 ]0 3t°h

Example 2 The base of a solid is the region enclosed by the ellipse

2 52

e + Y o

at P2
Find the volume of the solid given that each cross section perpendicular to the x-axis
is an isosceles triangle with base in the region and altitude equal to one-half the base.

SOLUTION  Set the x-axis as in Figure 6.2.6. The cross section at coordinate x is an
isosceles triangle with base PQ and altitude %P ©. The equation of the ellipse can be
written

Since
S 2b
lengthof PO =2y = —
a
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x=a

Figure 6.2.6

the isosceles triangle has area
1 el b B s 5
AW) = 30k = 3 =V =22 ) (2Va2 =22 ) = (a2 - ¥2).
a a a

We can find the volume of the solid by integrating A(x) from x = —a to x = a:

i :/; A(x)dx :Z/UEA(x)dx

by symmetry

260 (4,0, 202 7
=— —xDdr =" et -2 | =44k O
uz[o(a o a? [z” 3]0 3

Example 3 The base of a solid is the region between the parabolas
x =y and x=3-2y"

Find the volume of the solid given that the cross sections perpendicular to the x-axis

are squares. .

SOLUTION  The solid is pictured in Figure 6.2.7. The two parabolas intersect at 1)
and (1, —1). From x = 0 to x = I the cross section at coordinate x has area

A(x) = (29 = 4y% = 4x.

Figure 6.2.7

m 299
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(Here we are measuring the span across the first parabola x = ¥2.) The volume of the
solid fromx =0tox = 1is

"= /l4xdx = [zﬁ]l =z

From x = 1 to x = 3, the cross section at coordinate x has area
AG) =2yl =4* =203 —x) =6 — 2x.

(Here we are measuring the span across the second parabolax = 3 — 2 ¥2.) The volume
of the solid fromx = 1tox =3 is

3
Vz:f (6-2x)dx = |6
1

The total volume is

A+ V=6, O

Solids of Revolution: Disk Method

Suppose that/ is nonnegative and continuous on [, 5]. (See Figure 6.2.8.) If we revolve
about the x-axis the region bounded by the graph of / and the x-axis, we obtain a solid.

i

Figure 6.2.8

The volume of this solid is given by the formula

b
6.2.3) V= / [ f @) dx.

VERIFICATION The cross section at coordinate x is a circular disk of radius f(x). The
area of this disk is 77[ f(x)]>. We can get the volume of the solid by integrating this
function fromx =atox =b.

Among the simplest solids of revolution are the circular cone and sphere.

Example 4 We can generate a circular cone of base radius » and height 4 by
revolving about the x-axis the region below the graph of

fx)= %x, 0<x<h (Figure 6.2.9)
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e

Figure 6.2.9

By (6.2.3),
i 2 2 rh 2 137"
volume ofc(mc:/o k4 l:ix] dx = %/n xldx = % [%]o =lm?h. Q

Example 5 A sphere of radius 1 can be obtained by revolving about the x-axis the
region below the graph of

J)y=vrr—x2, —r<x=<r (Draw a figure.)

Therefore

r -
volume of sphere = / 7@ —xPdx =7 [rzx —ix ] =3nri.
o .
NOTE: Archimedes derived this formula (by somewhat different methods) in the third
century B.C.

‘We can interchange the roles played by x and y. By revolving about the y-axis the
region of Figure 6.2.10, we obtain a solid of cross-sectional area A(y) = 7 [g(y)]2 and
volume

d
(6.2.4) V= / 7[g() dy.
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Example 6 Let 2 be the region bounded below by the curve y = x%3 + 1, bounded
to the left by the y-axis, and bounded above by the linc y = 5. Find the volume of the
solid generated by revolving £2 about the y-axis. (See Figure 6.2.11.)

y

(8, 5)

y=x2isl

Figure 6.2.11

SOLUTION To apply (6.2.4) we need to express the right boundary of Q as a
function of y:
y=x*41  gives ¥ =yp—1  andthus x=(y—1)"2

The volume of the solid obtained by revolving €2 about the y-axis is given by the integral

5 5
e 24 1224
v = [ ateoipay = f (v — 1F7Fdy

:x/(y—”dy—n{(v )] =64r 0

Solids of Revolution: Washer Method

The washer method is a slight generalization of the disk method. Suppose that /" and g
are nonnegative continuous functions with g(x) < f(x) for all x in [a, b]. (See Figure
6.2.12.) If we revolve the region Q about the x-axis, we obtain a solid. The volume of

Figure 6.2.12
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this solid is given by the formula

b
6.2.5) V= f ([ f) - [g()P)dx. (washer method about the x-axis)

VERIFICATION  The cross section at coordinate x is a circular ring (in this setting we call
it a washer) of outer radius f(x), inner radius g(x), and area

A@) =7/ = 7@ = 2L/ P - [g)P).
‘We can get the volume of this solid by integrating A(x) fromx =atox =b. O

As before, we can interchange the roles played by x and y. By revolving the region
depicted in Figure 6.2.13 about the y-axis, we obtain a solid of volume

d
6.2.6) V= / 7([FO)P — [GONP) dy. (washer method about the y-axis)

Figure 6.2.13

Example 7  Find the volume of the solid generated by revolving the region between
y=4x* and y=2x

(a) about the x-axis. (b) about the y-axis.

SOLUTION  The curves intersect at the points (0, 0) and (2, 4)

(a) We refer to Figure 6.2.14. For each x from 0 to 2, the x cross section is a washer of
outer radius 2x and inner radius x?. By (6.2.5),

2 2
v :fo w[(2x) — (x*]dx = nfo (x> — x%dx = n[§x3 —lr
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Figure 6.2.14

Figure 6.2.15

(b) The solid is depicted in Figure 6.2.15. For each y from 0 to 4, the y cross section is
a washer of outer radius ,/y and inner radius %v By (6.2.6),

V=[x - @rlar=rx [ 0-bAa

EXERCISES 6.2

Exercises 1-16. Sketch the region € bounded by the curves and
find the volume of the solid generated by revolving this region
about the x-axis.

My=
13. y = secx,
14, y =cscx,
15. y = cosx,

16.y =sinx, x=}w, x=4m, y=0

Exercises 17-26. Sketch the region € bounded by the curves and
find the volume of the solid generated by revolving this region
about the y-axis.

17.y=2x, y=4, x=0.

28.x=y?, x=2 2.x =92 x=0.

27. The base of a solid is the disk bounded by the circle
x% 4 y? =r% Find the volume of the solid given that the
cross scetions perpendicular to the x-axis are: (a) squares;
(b) cquilateral triangles.

28. The basc of a solid is the region bounded by the ellipse
4x% +9y? = 36. Find the volume of the solid given that
cross sections perpendicular to the x-axis are: (a) equilateral
triangles; (b) squares.

29, The base of a solid is the region bounded by y = x? and
y = 4. Find the volume of the solid given that the cross sec-
tions perpendicular to the x-axis are: (a) squares; (b) semi-
circles; (c) equilateral triangles.

30. The base of a solid is the region between the parabolas
x = y?andx =3 — 2y?. Find the volume of the solid given
that the cross sections perpendicular to the x-axis are:

(a) rectangles of height /;  (b) equilateral triangles;
(c) isosceles right triangles, hypotenuse on the xy-plane.

31. Carry out Exercisc 29 with the cross sections perpendicular

to the y-axis.
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32. Carry out Exercise 30 with the cross sections perpendicular
to the y-axis.

w

3. The base of a solid is the triangular region bounded by the
y-axis and the lines x + 2y = 4, x — 2y = 4. Find the vol-
ume of the solid given that the cross sections perpendicular
to the x-axis are: (a) squares; (b) isosceles right triangles
with hypotenuse on the xy-plane.

34. The base of a solid is the region bounded by the ellipse
27 + a%y? = a?b2. Find the volume of the solid given that
the cross sections perpendicular to the x-axis are: (a) isosce-
les right triangles, hypotenuse on the z-plane; (b) squares;
(c) isosceles triangles of height 2.

35. The base of a solid is the region bounded by y = 2+/sinx
and the x-axis with x € [0, 7/2]. Find the volume of the
solid given that cross sections perpendicular to the x-axis are:
(a) equilateral triangles; (b) squares.

36. The base of a solid s the region bounded by y = scc x and

y = tanx with x € [0, 7/4]. Find the volume of the solid

given that cross sections perpendicular to the v-axis are:

() semicircles; (b) squares.

37. Find the volume enclosed by the surface obtained by revoly-
ing the ellipse 52x2 + a2)% = a2b? about the x-axis.

38. Find the volume enclosed by the surface obtained by revolv-
ing the ellipse 5%x2 + a2)? = a?b? about the y-axis.

39. Derive a formula for the volume of the frustum of a right
circular cone in terms of the height &, the lower base radius
R, and the upper base radius 7. (See the figure.)

40. Find the volume enclosed by the surface obtained by re-
volving the equilateral triangle with vertices (0, 0), (a, 0),
(a, $+/3a) about the x-axis.

41. A hemispherical basin of radius  feet is being used to store
water. To whal percent of capacity is it filled when the water
is:

(a) 4r feet deep? (b) 1r feet deep?

42. A sphere of radius 7 is cut by two parallel planes: one,  units
above the equator; the other, 5 units above the equator. Find
the volume of the portion of the sphere that lies between the
two planes. Assume that @ < b.

43. A sphere of radius r is cut by a plane  units above the equa-
tor. Take 0 < 4 < r. The top portion is called a cap. Derive
the formula for the volume of a cap.

44. A hemispherical punch bowl 2 feet in diameter is filled to
within 1 inch of the top. Thirty minutes after the party starts,
there arc only 2 inches of punch left at the bottom of the bowl
(2) How much punch was there at the beginning?

(b) How much punch was consumed?

45. Let f(x) =x"2 forx > 0.

(a) Sketch the graph of /.

(b) Calculate the area of the region bounded by the graph
of f and the x-axis fromx = 1 tox = b. Take b > 1.

(c) The region in part (b) is rotated about the x-axis. Find
the volume of the resulting solid.

(d) What happens to the area of the region as b — oc?
‘What happens to the volume of the solid?

46. This is a continuation of Excrcise 45.

(a) Calculate the area of the region bounded by the graph of
f and the x-axis fromx =ctox =1.Take 0 < ¢ < I.

(b) The region in part (a) is rotated about the x-axis. Find
the volume of the resulting solid.

(c) What happens to the area of the region as ¢ — 077
‘What happens to the volume of the solid?

47. Withx and y measured in feet, the configuration shown in the
figure is revolved about the p-axis to form a parabolic con-
tainer, no top. Given that a liquid is poured into the container
at the rate of two cubic feet per minute, how fastis the level of
the liquid rising when the depth of the liquidis 1 foot? 2 feet?

v

48. Let x = f(v) be continuous and positive on the interval
[0, &]. The configuration in the figure is revolved about the
y-axis to form a container, no top. Supposc that the con-
tainer is filled with water which then evaporates at a rate
proportional to the area of the surface of the water. Show
that the water level drops at a constant rate.

> 49. Set f(x) = x5 and g(x) = 2x,x > 0.

(@) Use a graphing utility to display the graphs of / and g
in one figure.

(b) Use a CAS to find the points of intersection of the two
graphs.

(c) Usea CAS to find the area of the region bounded by the
two graphs,
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(d) The region in part (c) is revolved about the x-axis. Use
a CAS to find the volume of the resulting solid.

50. Carry out Exercisc 49 taking f(x) = v2x —
x2 —dx +4.

51. The region between the graph of /(x) = /X and the x-axis,
0 < x < 4,isrevolved about the line y = 2. Find the volume
of the resulting solid.

52.The region bounded by the curves
y=x+1 is revolved about the linc
volume of the resulting solid.

and g(x) =

x —1) and
1. Find the

53. The region between the graph of y = sinx and the x-axis,
0 < x = ,isrevolvedabout theline y = 1. Find the volume
of the resulting solid.

54, The region bounded by y =sinx and y = cosx, with
7/4 < x <, is revolved about the line y = 1. Find the
volume of the resulting solid.

55. The region bounded by the curves y = x2 — 2x and y = 3x
is revolved about the line y = —1. Find the volume of the
resulting solid.

56. Find the volume of the solid generated by revolving the
region bounded by y = x2 and x = y%: (a) about the line
x = —2; (b) about the line x = 3.

§7. Find the volume of the solid generated by revolving the
region bounded by y? = 4x and y = x: (a) about the x-axis;
(b) about the line x = 4.

58. Find the volume of the solid generated by revolving the
region bounded by y = x* and » = 4x: (a) about the line
X = 5; (b) about the line x = —1.

59. Find the volume of the solid generated by revolving the
region OAB in the figure about: (a) the x-axis; (b) the line
4B; (c) the line CA4; (d) the y-axis.

y= a2

60. Find tho volume of the solid generated by revolving the
region OAC in the figure accompanying Excreise 59 about:
(a) the y-axis; (b) the line C4; (c) the line 4B; (d) the x-axis.

Figure 6.3.2

M 6.3 VOLUME BY THE SHELL METHOD

Figure 6.3.1 shows the region € below the curve y = 5x —x* fromx =0 tox = 1.
By revolving §2 about the y-axis we obtain a solid of revolution. This solid has a certain
volume. Call it . To calculate V' by the washer method we would have to express
the curved boundary of Q in the form x = ¢(y), and this we can’t do: given that
= 5x —x°, we have no way of expressing x in terms of y. Thus, in this instance,
the washer method fails. Below we introduce another method of calculating volume, a
method by which we can avoid the difficulty just cited. It is called the shell method.

To describe the shell method of calculating volumes, we begin with a solid cylinder
of radius R and height %, and from it we cut out a cylindrical core of radius . (Figure
63.2)

Since the original cylinder has volume 7 R*A and the piece removed has volume

5r2h, the cylindrical shell that remains has volume
We will use this shortly.

Now let [, b] be an interval with a > 0 and let / be a nonnegative function con-
tinuous on [a, b]. If the region bounded by the graph of / and the x-axis is revolved
about the y-axis, then a solid is generated. (Figure 6.3.3) The volume of this solid can
be obtained from the formula

6.3.1) 7 R2h — r?h = wh(R +r)(R —

b
6.3.2) V:f 2mxf(x)dx.
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This is called the shell-method formula.

Figure 6.3.3

DERIVATION OF THE FORMULA W take a partition P = {x, x,, . .., x,} of [a, b] and con-
centrate on what happens on the ith subinterval [x;_;, x;]. Recall that when we form a
Riemann sum we are free to choose x;" as any point from [x;_, x;]. For convenience we
take x} as the midpoint %(x,,[ + x;). The representative rectanglc of height f(x}) and
base Ax; (sec Figure 6.3.2) gencrates a cylindrical shell of height f{ (x]"), innerradius r =
xi—1,and outer radius R = x,. We can calculate the volume of this shell by (6.3.1). Since

h= f(x}) and R+r=ux+x_; =2} and R—r=Ayx,
the volume of this shell is

' TR + )R = r) = 2x? (57 Axy.
The volume of the entire solid can be approximated by adding up the volumes of these
shells:

V=20 fx}) Axy + 23 £ (x3) Ay + -+ 2737 £ (x7) Axy.

The sum on the right is a Riemann sum. As || P — 0, such Riemann sums converge to
b
/ 2rxf(x)dx. QO
a

Remark  (dverage-value point of view) To give some geometric insight into the shell-
method formula, we refer to Figure 6.3.4. As the region below the graph of / is revolved
about the y-axis, the vertical line segment at x generates a cylindrical surface of radius x,
height f(x), and lateral area 2rrx f (x). As x ranges fromx = a tox = b, the cylindrical
surfaces form a solid. The shell-method formula

b
V:/ 2wxf(x)dx

Figure 6.3.4
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Figure 6.3.5

states that the volume of this solid can be expressed by writing

©3.3 y= ( the average lateral area of ) -2

the component cylindrical surfaces

This is the point of view we’ll take. O

Example 1 The region bounded by the graph of f(x) = 4x — x* and the x-axis
from x = 1 to x =4 is revolved about the y-axis. Find the volume of the resulting
solid.

SOLUTION  See Figure 6.3.5. The line segment x units from the y-axis, 1 <x <4,
generates a cylinder of radius x, height f(x), and lateral area 27 x f(x). Thus

4 4 4
V= / 2x(dx —xP)dx = 271/ (4x? — x¥)dx = 2n[§x3 — i ] =
1 %

The shell-method formula can be generalized. With 2 the region from x = a to
x = b shown in Figure 6.3.6, the volume generated by revolving €2 about the y-axis is
given by the formula

b
6.3.4) V= / 2mx[f(x) — g(x)]dx. (shell method about the y-axis)
a

The integrand 27w x[ f(x) — g(x)] is the lateral area of the cylindrical surface, which is
at a distance x from the axis of rotation.

As usual, we can interchange the roles played by x and y. With €2 the region from
¥ = ctoy = d shown in Figure 6.3.7, the volume generated by revolving Q about the
x-axis is given by the formula

d
6.3.5) V= / 2ny[F(y) — Gl dy. (shell method about the x-axis)
e

Figure 6.3.6 Figure 6.3.7
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The integrand 2y [F(y) — G(p)] is the lateral area of the cylindrical surface, which

is at a distance y from the axis of rotation.

Example 2  Find the volume of the solid generated by revolving the region between
y= %2 and y=2x

(a) about the y-axis, (b) about the x-axis.

SOLUTION  The curves intersect at the points (0, 0) and (2, 4).

(a) We refer to Figure 6.3.8. For cach x from 0 to 2 the line segment at a distance x
from the y-axis generates a cylindrical surface of radius x, height (2x — x2), and
lateral area 27 x(2x — x2). By (6.3.4),

2 2 . 2
v :[ 2x(2x — ) dx = an (3% —x¥)dx = 2n[§x3 - %x‘] =
o o 0

(b) We begin by expressing the bounding curves as functions of y. We write x = /3
for the right boundary and x = % y for the left boundary. (See Figure 6.3.9.) For
each y from 0 to 4 the line segment at a distance y from the x-axis generates a
cylindrical surface of radius y, height (\/ — % ¥), and lateral area 27 p(/3 — 3
By (6.3.5),

4 4
v =[5 - bay=n [ @2 -0
0 0

Figure 6.3.8 Figure 6.3.9

Example 3 A round hole of radius  is drilled through the center of a half-ball of
radius ¢ (r < a). Find the volume of the remaining solid.

SOLUTION A half-ball of radius a can be formed by revolving about the y-axis the
first quadrant region bounded by x2 + y? = a?. What remains afler the hole is drilled
is the solid formed by revolving about the y-axis only that part of the region which is
shaded in Figure 6.3.10.

x24 2= g2

Figure 6.3.10
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y (a) By the washer method. We refer to Figure 6.3.11.

o

Va7

2
ﬂ([\/az—yz} —rz)dy:nf (@ =72 —)Hdy
o

N

=In(@® -2y,

(b) By the shell method. We refer to Figure 6.3.12.
a
V= / 2rxva? — xtdx.
a4

Ldu=—2xdx. Atx =r,u=a’—r%atx = a,u = 0. There-

4
V= / 2nxva? —xtdx =
i

2,521 _ 2t
:n[gu'] = jm(a® —ri)e.
o

If » = 0, no hole is drilled and V = %.’taa the volume of the entire half-ball. O
In our last example we revolve a region about a line parallel to the y-axis.

Figure 6.3.12

Example 4 The region © between y = /x and y =x2,0 <x < 1, is revolved
about the line x = —2. (See Figure 6.3.13.) Find the volume of the solid which is
generated.

|

x=-2 |

Figure 6.3.13

SOLUTION We use the shell method. For each x in [0, 1] the line segment at x
generates a cylindrical surface of radius x + 2, height «/x — x?, and lateral area
27(x + 2)(5/X — x2). Therefore

1
V:/ 27 (x + 2)(Vx — x%)dx
0

1
:271[
0

— 2n[2x5"2 + %Xs/z _

32 42k 3 2x%)dx

1
_23] = ®
B ]x]—wﬂ. a
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Remark We began this section by explaining that the washer method does not provide
a way for us to calculate the volume generated by revolving about the y-axis the region
shown in Figure 6.3.1. By the shell method we can easily calculate this volume:

1 1
V= [ 2mx(5x —x%)dx = 277/ (5x2 — x®)dx = 2n[§x1
0 0

EXERCISES 6.3

1
1,7] e c
:’x]ﬂ_ﬁﬂ. a

Exercises 1-12. Sketch the region © bounded by the curves and
use the shell method to find the volume of the solid gencrated
by revolving $2 about the y-axis.

Ly=x,

8.y=

B e
x=,
12. x = |yl,
Exercises 13-24. Sketch the region 2 bounded by the curves and
use the shell method to find the volume of the solid generated
by revolving  about the x-axis.

13.5+3y =6

y=0,

Exercises 25-30. The figure shows three regions within the unit
square. Express the volume obtained by revolving the indicated
region about the indicated line: (a) by an integral with respect to
x; (b) by an integral with respect to y. Calculate each volume by
evaluating one of these integrals

25. Qi the y-axis. 3
27. @, the x-axis. 28. @, the line x = —3.
29. Q;, the y-axis. 30. @, the line y = —1.

31. Use the shell method to find the volume enclosed by the sur-
face obtained by revolving the ellipse 42x2 + a?y? = a2h?
about the y-axis

26. Qy, the line y

32. Carry out Exercise 31 with the ellipse revolved about the
X-axis.

33. Find the volume enclosed by the surface generated by re-
volving the cquilateral triangle with vertices (0, 0), (a. 0).
(1a, $+/3a) about the y-axis.

34. A ball of radius  is cut into two picces by a horizontal plane
a units above the center of the ball. Determine the volume
of the upper piece by using the shell method.

35. Carry out Exercise 59 of Section 6.2, this time using the shell
method.

36. Carry out Exercise 60 of Section 6.2, this time using the shell
method.

37. (a) Verify that F(x) = x sin x + cosx is an antiderivative

of f(x) =xcosx.

(b) Find the volume generated by revolving about the y-
axis the region between y = cosx and the x-axis, 0 <
X <m/2.

38. (a) Sketch the region in the right half-plane that is outside
the parabola v = x? and is between the lines y = x + 2
andy = 2x

(b) The region in part (a) is revolved about the y-axis. Use
the method that you find most practical to calculate the
volume of the solid generated.

For Exercises 3942, set

) = V3, 0=x <l
TO=1 /70 12x <2

and let  be the region between the graph of £ and the x-axis.
(See the figure.)
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39. Revolve Q about the y-axis. through the paraboloid. Find the volume of the solid that re-
(a) Express the volume of the resulting solid as an integral mains: (a) by integrating with respect to x; (b) by integrating
inx. with respect to y.
(b) Express the volume of the resulting solid as an integral ~ J48. (a) Draw the graph of (x) = sinwx2, x € [-3,3].
iny. (b) Let © be the region bounded by the graph of £ and the
(c) Calculate the volume of the solid by evaluating one of x-axis with x € [0, 1]. If @ is revolved about the x-axis
these integrals. and the disk method is used to calculate the volume, then
40. Carry out Exercise 39 for  revolved about the x-axis. the resulting integral cannot be readily evaluated by the

fundamental theorem of calculus. Use a CAS 1o estimate
this volume.

(c) Tf Q is revolved about the y-axis and the shell method
is used to calculate the volume, then the resulting in-
tegral can be evaluated by the fundamental theorem of

43. Let Q be the circular disk (x —b)* +? <a?,0 < a < b. caleulus. Calculate this volume.

The doughnut shaped region generatedby revolving 2about s 49. Set (x) = sin and g(x) = L.
the y-axis s called a forus. Express the volume of the torus as:
(a) a definite intogral in x.

41. Carry out parts (a) and (b) of Exercise 39 for € revolved
about the line x = 2.

42. Carry out parts (a) and (b) of Exercise 39 for Q revolved
about the line y = —

(a) Use a graphing utility to display the graphs of / and g
in one figure.

(bradehuieittgnlin i (b) Use a CAS to find the points of intersection of the two
44, The circular disk x2 + »? < a®, a > 0, is revolved about the graphs.

line x = a. Find the volume of the resulting solid. () Usea CAS to find the area of the region bounded by the
45. Letrand & be positive numbers. The region in the first quad- two graphs. )

rant bounded by the linc x/r + y/ & = 1 and the coordinate (d) The region in part (c) is revolved about the y-axis. Use

axes is rotated about the y-axis. Use the shell method to de- a CAS to find the volume of the "55"‘“‘“3 solid.

rive the formula for the volume of & cone of radius r and 2 31

height . > 50. Set f(x) = s and g(x) = 3 — Ix.
46. A hole is drilled through the center of a ball of radius r, leav- (8) Use a graphing utility to dmplay the graphs of / and g

ing a solid with a hollow eylindrical core of height /. Show in one figure. ) )

that the volume of this solid is independent of the radius of (b) Use a CAS to find the points of intersection of the two

the ball. graphs.

(c) Use a CAS to find the area of the region in the first
quadrant bounded by the graphs.

(d) The region in part (c) is revolved about the y-axis. Use
a CAS 1o find the volume of the resulting solid.

47. The xenmn SZ in the first quadrant bounded by the parabola
=12 —x? and the coordinate axes is revolved about the
y-axis. The resulting solid is called a paraboloid. A vertical
hole of radius @, & < r, centered along the y-axis, is drilled

W 6.4 THE CENTROID OF A REGION; PAPPUS'S THEOREM
ON VOLUMES

The Centroid of a Region

¥ In Section 5.9 you saw how to locate the center of mass of a thin rod. Suppose now
that we have a thin distribution of matter, a plae, laid out in the xy-plane in the shape
of some region 2. (Figure 6.4.1) If the mass density of the plate varies from point to
point, then the determination of the center of mass of the plate requires the evaluation
of a double integral. (Chapter 17) If, however, the mass density of the plate is constant
-~ throughout ©, then the center of mass depends only on the shape of 2 and falls on a
point (X, ) that we call the centroid. Unless 2 has a very complicated shape, we can
Figure 6.4.1 locate the centroid by ordinary one-variable integration.

‘We will use two guiding principles to locate the centroid of a plane region. The first
is obvious. The second we take from physics; the result conforms to physical intuition

and is easily justified by double integration

Principle 1: Symmetry  If the region has an axis of symmetry, then the centroid (%, 7)
lics somewhere along that axis. In particular, if the region has a center, then the center
is the centroid.
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Principle 2: Additivity If the region, having area A4, consists of a finite number of %
pieces with areas 4, ..., , A, and centroids (X1, 7). ..., (Xn, F,,), then [

|
4N | ¥d=X41+-+¥%,4,  and  JA=Y A+ Y dn

‘We are now ready to bring the techniques of calculus into play. Figure 6.4.2 shows
the region €2 under the graph of a continuous function f. Denote the arca of by 4.
The centroid (¥, ¥) of 2 can be obtained from the following formulas:

Figure 6.4.2

b b
64.2) m:/ xf(x)dx, ¥ :/ LA dx.

DERIVATION To derive these formulas we choose a partition P = {xg, 1, ..., x,} of
[a, b). This breaks up [a, b] into # subintervals [x;_1, x;]. Choosing x;* as the midpoint
of [x;_, x;], we form the midpoint rectangles R; shown in Figure 6.4.3. The area of R,
is f(x}) Ax;, and the centroid of R; is its center (x;', Zf()c‘)) By (6.4.1), the centroid
(X, ¥ ,) of the union of all these rectangles satisfies the following equations:

Xp P*Xf( 1) Ax - +x;/(x;’)Ax,,,
Ap = 3T x4 3 )T A
(Here 45 represents the area of the union of the n rectangles.) As || P|| — 0, the union

of rectangles tends to the shape of Q and the equations we just derived tend to the
formulas given in (6.4.2). 0

Figure 6.4.3

Before we start looking for centroids, we should explain what we are looking for.
‘We learn from physics that, in our world of W = mg, the centroid of a plane region
is the balance point of the plate €2, at least in the following sense: If Q has centroid
(X, ¥), then the plate 2 can be balanced on the line x = ¥ and it can be balanced on the
line y = ¥. If (%, 7) is actually in Q, which is not necessarily the case, then the plate
can be balanced at this point.

Example 1 Locate the centroid of the quarter-disk shown in Figure 6.4.4.

SOLUTION The quarter-disk is symmetric about the line y = x. Therefore we know
thatX = y. Here

JA= f @) Pdx = / 1? = xydx =
0 0
by =T —

2

Si P Figure 6.4.4
1NCe = 37[?‘
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NOTE: It is almost as easy to calculate X 4:

YA:/ xf(x)dx:/ xyvr? —x2dx
0 0

0
= Jf W dy [u = —x),du=—2xdx]

=72
2

- —1[3u3/2]0 e
HE .

and proceed from there. O

SOLUTION  The hypotenuse lies on the line

B th
 m i
Y=

Hence

. b L 1
Figure'eA.5 Td= / xf(x)dx = / (—Exz 4 hx) dx =
0 0

| sa= [[wwpa=t [

Since 4 = bk, we have

The centroid is the point (36, 14). 1

and g. In this case, if @ has area 4 and centroid (X, ), then

Example 2 Locate the centroid of the triangular region shown in Figure 6.4.5.

Figure 6.4.6 shows the region £ between the graphs of two continuous functions

b b
€4 | FA- / ) - gl dr, 4= f AP — [P dx.

Figure 6.4.6 graph of g. Then, in obvious notation,
FA+T, A =%;A;  and  FA+T Ay =T, Ap

Therefore

and

b b
74 =7 s~ Tdy = [ AP ax - [ Mg ds

o

b
:/ U @P —le@Pdx. D

VERIFICATION  Let A s be the area below the graph of f and let 4, be the area below the

b b b
FA=F;A; — Ty :[ xf(x)dx —f xg(x)dx :f *[f () — gx)]dx
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Example 3 Locate the centroid of the region shown in Figure 6.4.7. ¥

SOLUTION Here there is no symmetry we can appeal to. We must carry out the
calculations.

2
fo @ —xdx = {4

= 4. The centroid is the point (1, £).

2
4= /0 WP [Py dv =

Figure 6.4.7

Therefore ¥ = §/% = 1 and 3 =

Pappus’s Theorem on Volumes

All the formulas that we have derived for volumes of solids of revolution are simple
corollarics to an observation made by a brilliant ancient Greek, Pappus of Alexandria
(circa 300 A.D.).

THEOREM 6.4.4 PAPPUS'S THOREM N VOLUMES!
Aplane region is revolved about an axis that lies inits plane. If the region does
not cross the axis, then the volume of the resulting solid of revolution’is the

| area of the region multiplied by the circumference of the circle described by

| the centroid of the region:

| V =27RA

where A is the arca of the region and R is the distance from the axis of revolution
to the centroid of the region. (See Figure 6.4.8.)

axis

" centroid

Figure 6.4.8
Basically we have derived only two formulas for the volumes of solids of revolution:

The Washer-Method Formula  If the region © of Figure 6.4.6 is revolved about the
r-axis, the resulting solid has volume

b
Vo= [ 2 - P,

theorem is found in Book VII of Pappus’s Mathematical Collection, largely a survey of ancient
y to which Pappus made many original contributions (among them this theorem). Much of what
ow today of Greek geometry we owe to Pappus.
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The Shell-Method Formula  If the region €2 of Fi gure 6.4.6 is revolved about the y-axis,
the resulting solid has volume

b
= [ amxtsc) - sconas.
Note that
b
Vo= [ 2P - s as
b o
= Zx/ 3 (/P = [g)P) dx = 2774 =27 R4
and
b -
v, = / 2mx[f(x) — g(x)]dx = 27%4 = 27 R 4,
as asserted by Pappus. 0

Remark  In stating Pappus’s theorem, we assumed a complete revolution. If € is only
partially revolved about a given axis, then the volume of the resulting solid is simply
the area of Q multiplied by the length of the circular arc described by the centroid.

Applying Pappus’s Theorem

Example 4  Earlier we saw that the region in Figure 6.4.7 has area # and centroid

(1, %) Find the volumes of the solids formed by revolving this region (a) about the

y-axis, (b) about the line y = 5.

SOLUTION

(a) We have already calculated this volume by two methods: by the washer method
and by the shell method. The result was ¥ = %7 Now we calculate the volume by
Pappus’s theorem. Here we have R = 1 and 4 = 4. Therefore

V=2m(l)($) =t

(b) Inthis case R =5~ & = 2 and 4 = £ Therefore

6

V=27 (9)(3) = .

5

Example 5  Find the volume of the torus generated by revolving the circular disk

=0+ — kP <, hk=r (Figure 6.4.9)

(a) about the x-axis, (b) about the y-axis.

SOLUTION  The centroid of the disk is the center (A, k). This lies & units from the
x-axis and 4 units from the y-axis. The arca of the disk is 772, Therefore

@) Ve = 2w (k)(r?) = 272k, (b) ¥, = 2m(h)(mr?) = 272hr. 11
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Figure 6.4.9

Example 6 Locate the centroid of the half-disk

P4yt y20

by appealing to Pappus’s theorem.

SOLUTION  Since the half-disk is symmetric about the y-axis, we know that ¥ = 0.
All we need is y.

If we revolve the half-disk about the x-axis, we obtain a solid ball of volume i;‘nr-‘.
The area of the half-disk is j7»2. By Pappus’s theorem

inrd =21y (3nr?).

Simple division gives y = 4r/37. O i

Remark  Centroids of solids of revolution are introduced in Project 6.4. O

EXERCISES 6.4

Excrcises 1-14. Sketch the region bounded by the curves. Lo-
cate the centroid of the region and find the volume generated by
revolving the region about each of the coordinate axes.

2.x+1=0, x+y*=0.
2. x+ =4, x

(a) Locate the centroid of 2. (b) Locate the centroid of the
. first-quadrant part of 2. (c) Locate the centroid of the upper

dy=x, y=2x, x=3. half of 2.

Exercises 15-24 Locate the centroid of the bounded region 26. The cllipse 5%x2 + a?y* = 4?5 encloses a region of area

determined by the curves. 7ab. Locate the centroid of the upper half of the region.
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27. The rectangle in the accompanying figure is revolved about 32,

the line marked /. Find the volume of the resulting solid.

28. In Example 2 of this section you saw that the centroid of the

triangle in Figure 6.4.5 is at the point (b, 14).

(a) Verify that the line segments that join the centroid to the
vertices divide the triangle into three triangles of equal
area.

(b) Find the distance d from the centroid of the triangle to

the hypotenuse. 33.

(¢) Find the volume generated by revolving the triangle
about the hypotenuse. 34
29, The triangular region in the figure is the union of two right
triangles €y, Q. Locate the centroid: (a) of €2, (b) of 2,
(¢) of the entire region.

30. Find the volume of the solid generated by revolving the en-
tire triangular region of Exercise 29. (a) about the x-axis;
(b) about the y-axis.
31. () Find the volume of the ice-cream cone of Figurc A, P35
(A right circular cone topped by a solid hemisphere.)
(b) Find ¥ for the region &2 in Figure B.

I 36.
>3

W
3

B

Figure A Figure B

The region €2 in the accompanying figure consists of a squate
S of side 2r and four semidisks of radius r. Locate the cen-
troid of each of the following.

@ ®) Q. (©) SUQ. (d) SUDs.
© SUQ U h SUL U

(9 SUQUQU

Give an example of a region that does not contain its
centroid.

. The centroid of a triangular region can be located without

integration. Find the centroid of the region shown in the
accompanying figure by applying Principles 1 and 2. Then
verify that this point ¥, ¥ lies on each median of the triangle,
two-thirds of the distance from the vertex to the opposite
side.

(b, b}

0, 0 {a, 0)

Use a graphing utility to draw the graphs of y = I and

y =x?for x > 0. Let € be the region bounded by the two

curves. Usc a CAS to find:

(a) thearea of Q.

(b) the centroid of €; plot the centroid.

(c) the volume of the solid generated by revolving 2 about
the x-axis.

(d) the volume of the solid generated by revolving £ about
the y-axis.

Exercise 35 with y =x2 — 2x +4and y = 2x + L.

Use a graphmg uuhry to draw the graphs of y = 16 — 8x

and y — 5x2 4 4. Let Q be the region bounded by the

two curves. Use a CAS to find:

(a) the area of . (b) the centroid of 2.

. Excrcise 37 with y=2++x+2 and y=i(x?+

3x -2).
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of a Solid of Revolution

Ifa solid is homogeneous (constant mass density), then the cen-  HINT: Use the following principle: if a solid of volume ¥ con-
ter of mass depends only on the shape of the solid and is called  sists of a finite number of picces with volumes 11, ¥, .. ..
the centroid, In general, determination of the centroid of asolid  and the picces have centtoids 7, %z, . then ¥V = ¥, 73 +
requires triple intcgration. (Chapter 17.) However, if the solid ~ Ty7s + - - - + %, 7.

is a solid of revolution, then the centroid can be found by one-
variable integration.

Let © be the region shown in the figure and let T be the
solid generated by revolving € around the x-axis. By symme-
try, the centroid of 7 is on the x-axis. Thus the centroid of T is Problem 2. Show that ¥V
determined solely by its x-coordinate ¥. volume of §.

Now revolve © around the y-axis and let S be the resulting
solid. By symmetry, the centroid of S lies on the y-axis and is
determined solely by its y-coordinate 7.

? x[f(0)Pdx where ¥ is the

Vi Problem 3. Use the results in Problems 1 and 2 to locate the

centroid of each of the following solids:

(a) A solid cone of base radius r and height 4.

(b) A ball of radius .

(¢) The solid generated by revolving about the x-axis the first-
quadrant region bounded by the ellipse 52 + a?% — o252
and the coordinate axes.

(d) The solid generated by revolving the region below the graph
of f(x) = /X, x €[0. 1, (i) about the x-axis; (if) about the
y-axis.

(€) The solid generated by revolving the region below the graph
Problem 1. Show that T7 = [ wx[ /(x)]? dx where ¥ is the of f(x) =4 —x?,x € [0, 2], (i) about the x-axis; (ii) about
volume of 7. the y-axis.

MW 6.5 THE NOTION OF WORK

We begin with a constant force F directed along some line that we call the x-axis. By
convention we view F as positive if it acts in the direction of i increasing x and negative
if itacts in the direction of decreasing x. (Figure 6.5. 1)

F>0 F<0

Figure 6.5.1

Suppose now that an object moves along the x-axis from x = a to x = b subject
to this constant force . The work done by F during the displacement is by definition
the force times the displacement:

6.5.1)

Itis not hard to see that, if F acts in the direction of the motion, then ¥ > 0, but
if £ acts against the motion, then W < 0. Thus, for example, if an object slides off a
table and falls to the floor, then the work done by gravity is positive (earth’s s gravity
points down). But if an object is lifted from the floor and raised to tabletop level, then
the work done by gravity is negative. However, the work done by the hand that lifts the
object is positive.
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To repeat, if an object moves from x = a to x = b subject to a constant force F,
then the work done by F is the constant value of F times b — a. What is the work done
by F if F does not remain constant but instead varics continuously as a function of x?
As you would expect, we then define the work done by F as the average value of F,
times b — a:

b
6.5.2) W:/ fx)dx.

(Figure 6.5.2)

constant force variable force
W=Fub-a) w=[re dx
Figure 6.5.2
Hooke’s Law

You can sense a variable force in the action of a steel spring. Stretch a spring within
its elastic limit and you feel a pull in the opposite direction. The greater the stretching,
the harder the pull of the spring. Compress a spring within its elastic limit and you
feel a push against you. The greater the compression, the harder the push. According to
Hooke's law (Robert Hooke, 1635-1703), the force exerted by the spring can be written

Fx) = —kx
where £ is a positive number, called the spring constant, and x is the displacement from
the equilibrium position. The minus sign indicates that the spring force always acts in

the direction opposite to the direction in which the spring has been deformed (the force
always acts so as to restore the spring to its equilibrium state).

Remark Hooke’s law is only an approximation, but it is a good approximation for
small displacements. In the problems that follow, we assume that the restoring force of
the spring is given by Hooke’s law. 11

Example 1 A spring of natural length L, compressed to length %L, exerts a
force Fy.

(a) Find the work done by the spring in restoring itself to natural length.
(b) What work must be done to stretch the spring to length %L‘.’

SOLUTION  Place the spring on the x-axis so that the equilibrium point falls at the
origin. View compression as a move to the left. (See Figure 6.5.3.)
Our first step is to determine the spring constant. Compressed %L units to the left,
the spring exerts a force Fy. Thus, by Hooke's law
Fy=F(-4L) = —k(—4L) = $kL.
Therefore k = 8/ /L. The force law for this spring reads

Flx)=— (3fo> s
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Figure 6.5.3 Figure 6.5.4

(a) To find the work done by this spring in restoring itself to equilibrium, we integrate
F(x)fromx = —fL tox =0:

0 0 Fo [x27° LF,
W:/ F(X)dx:/ _(@%h:ﬁﬁ[i] _Lh
i s N L L2, 16

(b) We refer to Figure 6.5.4. To stretch the spring, we must counteract the force of the
spring. The force exerted by the spring when stretched x units is

F(x)=— (gfu)x.

To counter this force, we must apply the opposite force

—F(x)= (?) x

The work we must do to stretch the spring to length L can be found by integrating
—F(x)fromx =0tox = EL

Li10 L/10 F. e e
W:f —F(x)dx :/ L) xdx = 8t ==t 0
o [ L T2 o 25

Units  The unit of work is the work done by a unit force which displaces an object a
unit distance in the direction of the force. If force is measured in pounds and distance
is measured in feet, then the work is given in foot-pounds. In the SI system force is
measured in newtons, distance is measured in mefers, and work is given in newton-
meters. These are called joules. There are other units used to quantify work, but for our
purposes foot-pounds and joules are sufficient.t

Example 2 Stretched % meter beyond its natural length, a certain spring exerts a
restoring force with a magnitude of 10 newtons. What work must be done to stretch the
spring an additional § meter?

SOLUTION  Place the spring on the x-axis so that the equilibrium point falls at the
origin. View stretching as a move to the right and assume Hooke’s law: F(x) = —kx.

When the spring is stretchcd meter, it exerts a force of — 10 newtons (10 newtons
to the left). Therefore, —10 = —k(;) and £ = 30.

“The term “newton” deserves definition. In general, force is measured by the acceleration that it imparts.
The definition of a newton of force is made on that basis; namely, a force is said to measure 1 newfon if it
acts in the positive direction and imparts an acceleration of 1 meter per second per second to a mass of 1
Kilogram

m 321
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Figure 6.5.5

To find the work necessary to stretch the spring an additional % meter, we integrate
the opposite force —F(x) = 30x fromx = { tox = %

W= /mso\- dre ?O[HZ}m — Sjoules. 1
7 S oV R ’
Counteracting the Force of Gravity

To lift an object we must counteract the force of gravity. Therefore, the work required
to lift an object is given by the equation

(6.5.3) work = (weight of the object) x (distance lifted).t

If an object is lifted from level x = a to level x = b and the weight of the object
varies continuously with x—say the weight is w(x)}—then the work done by the lifting
force is given by the integral

b
(6.5.4) W= / w(x)dx.

This is just a special case of (6.5.2).

Example 3 A 150-pound bag of sand is hoisted from the ground to the top of a
50-foot building by a cable of negligible weight. Given that sand leaks out of the bag
at the rate of 0.75 pounds for each foot that the bag is raised, find the work required to
hoist the bag to the top of the building.

SOLUTION  Once the bag has been raised x feet, the weight of the bag has been reduced
to 150 — 0.75x pounds. Therefore

50 50
W= / (150 — 0.75x)dx = [150.x - %(0.75),#}0
o

= 150(50) — 1(0.75)(50)? = 6562.5 foot-pounds 1

Example 4 What is the work required to hoist the sandbag of Example 3 given that
the cable weighs 1.5 pounds per foot?

SOLUTION  To the work required to hoist the sandbag of Example 3, which we found
to be 6562.5 foot-pounds, we must add the work required to hoist the cable.

Instead of trying to apply (6.5.4), we go back to fundamentals. We partition the
interval [0,50] as in Figure 6.5.5 and note that the ith piece of cable weighs 1.5Ax;
pounds and is approximately 50 — x;* feet from the top of the building. Thus the work
required to lift this piece to the top is approximately

(1.5)A%;:(50 — x}) = 1.5(50 — x;') Ax; foot-pounds.

"The weight of an object of mass m is the product mg where g is the magnitude of the acceleration duc to
gravity. The value of g is approximately 32 feet per second per second; in the metric system, approximately
9.8 meters per second per second.
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It follows that the work required to hoist the entire cable is approximately
1.5(50 — x{)Ax; + 1.5(50 — X3)Axp + 4 1.5(50 — x})Ax, foot-pounds.

This sum is a Riemann sum which, as max Ax; — 0, converges to the definite integral

50 50
/ 1.5(50 — x)dx = 1.5[50x — %xz] = 1875.
0 0
The work required to hoist the cable is 1875 foot-pounds.

The work required to hoist the sandbag by this cable is therefore

6562.5 foot-pounds + 1875 foot-pounds = 8437.5 foot-pounds. O

Remark  We just found that a hanging 50-foot cable that weighs 1.5 pounds per foot
can be lifted to the point from which it hangs by doing 1875 foot-pounds of work. This
result can be obtained by viewing the weight of the entire cable as concentrated at the
center of mass of the cable: The cable weighs 1.5 x 50 = 75 pounds. Since the cable
is homogeneous, the center of mass is at the midpoint of the cable, 25 feet below the
suspension point. The work required to lift 75 pounds a distance of 25 feet is

75 pounds x 25 feet = 1875 foot-pounds.

‘We have found that this simplification works. But how come? To understand why
this simplification works, we reason as follows: Initially the cable hangs from a sus-
pension point 50 feet high. The work required to lift the bottom half of the cable to
the 25-foot level can be offset exactly by the work done in lowering the top half of the
cable to the 25-foot level. Thus, without doing any work (on a net basis), we can place
the entire cable at the 25-foot level and proceed from there,

(NOTE: In Exercise 31 you are asked to extend the center-of-mass argument to the
nonhomogencous case.)

Pumping Out aTank  Figure 6.5.6 depicts a storage tank filled to within « feet of the
top with some liquid. Assume that the liquid is homogencous and weighs o' pounds g -
per cubic foot. Supposc now that this storage tank is pumped out from above so that
the level of the liquid drops to b feet below the top of the tank. How much work has o |-
been done?

For each x € [a, b], we let

A(x) = cross-sectional area x feet below the top of the tank,

s(x) = distance that the x-level must be lifted.

We let P.= {xg, x1, ..., x,} be an arbitrary partition of [a, 5] and focus our attention
on the ith subinterval [x;_, x,]. (Figure 6.5.7) Taking x;* as an arbitrary point in the 7th
subinterval, we have

Figure 6.5.6

A(x7)Ax; = approximate volume of the ith layer of liquid,
0 A(x])Ax; = approximate weight of this volume,

s(x') = approximate distance this weight is to be lifted.

“The symbol o is the lowercase Greek letter “sigma.”
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Figure 6.5.8

Figure 6.5.7

Therefore

as(x])A(x})Ax; = approximate work (weight x distance) required to pump out

this layer of liquid.

The work required to pump out all the liquid can be approximated by adding up all
these terms:

W = os(x))AGXDAX + 05 AG)Ax + - - 4+ 05(x) AR AX,.

The sum on the right is a Riemann sum. As || P|| — 0, such Riemann sums converge
to give

b
(6.5.5) W= / o5(x) A(x) dx.

We use this result in Example 5.

Example 5 A hemispherical water tank of radius 10 feet is being pumped out.
(See Figure 6.5.8.) Find the work done in lowering the water level from 2 feet below
the top of the tank to 4 feet below the top of the tank given that the pump is placed (a)
at the top of the tank, (b) 3 feet above the top of the tank.

SOLUTION Take 62.5 pounds per cubic foot as the weight of water. From the figure
you can see that the cross section x feet below the top of the tank is a disk of radius
+/100 — x2. The area of this disk is

A(x) = m(100 — x2).

In case (a) we have s(x) = x. Therefore

"
W= / 62.57x(100 — x2) dx = 33,750 2 106, 029 foot-pounds.
&




In case (b) we have s(x) = x + 3. Therefore

6.5 THENOTION OF WORK m 325

"
= / 62.57(x +3)(100 — x%)dx = 67,750 7 = 212, 843 foot-pounds. 3
2

Suggestion: Work out Example 5 without invoking Formula (6.5.5). Simply construct

the pertinent Riemann sums.

EXERCISES 6.5

Exercises 1-2. An object moves along the x-axis coordinatized
in feet under the action of a forcc of F(x) pounds. Find the work
done by £ in moving the object from x = a to x = b

1 F(x) = x(x> +1)%; a=1,b=4
2 F(x)=2xvx +1; a=3,b=8.

Exercises 3-6. An object moves along the x-axis coordina-
tized in meters under the action of a force of F(x) newtons.
Find the work done by £ in moving the object from x = a to
x=bh.
3 F() = x24T
4 0(x)

5. F(x) = x + sin2x;

=x? + cos 2x;

7. A 600-pound force compresses a 10-inch automobile coil
exactly 1 inch. How much work must be done to compress
that coil to 5 inches?

8. Five foot-pounds of work are needed to stretch a certain
spring from 1 foot beyond natural length to 3 feet beyond
natural length. How much stretching beyond natural length
is achieved by a 6-pound force?

e

Stretched 4 feet beyond natural length, a certain spring ex-
erts a restoring force of 200 pounds. How much work is re-
quired to stretch the spring; (a) 1 foot beyond natural length?
(b) 1] feet beyond natural length?

. A certain spring has natural length Z. Given that ¥ is the
work required to stretch the spring from L feet to L +a
feet, find the work required to stretch the spring; (2) from L
feet to L +2a feet; (b) from L fect to £ + na feet; (c) from
L+a feet to L +2a feet; (d) from L +a foot to L + na
feet.

=

. Find the natural length of a spring given that the work re-
quired to stretch it from 2 feet to 2.1 feet is one-half of the
work required to stretch it from 2.1 feet to 2.2 fect.

s}

. A cylindrical tank of height 6 feet standing on  base of ra-
dius 2 feet is full of water. Find the work required to pump
the water: (a) to an outlet at the top of the tank; (b) to a level
of 5 feet above the top of the tank. (Take the weight of water
as 62.5 pounds per cubic foot.)

. A cylindrical tank of radius 3 feet and length 8 feet is laid
out horizontally. The tank is half full of oil that weighs
60 pounds per cubic foot.

(a) Verify that the work done in pumping out the oil to the
top of the tank is given by the integral

960 /;(x + 39— x2 dx.
Evaluate this integral by evaluating the integrals
/0 s Vo =32 dx / i ax
separately.

(b) What is the work required to pump out the oil to a level
4 feet above the top of the tank?

[ 14. Exercise 12 with the same tank laid out horizontally. Use a

CAS for the integration.

15. Calculate the work required to hoist the cable of Example 4
by applying (6.5.4).

16. In the coordinate system used to derive (6.5.5) the lig-
uid moves in the negative direction. How come W is
positive?

17. A conical container (vertex down) of radius r feet and height
# feet is full of liquid that weighs o pounds per cubic foot.
Find the work required to pump out the top 1/ feet of liquid:
(a) to the top of the tank; (b) to a level £ feet above the top
of the tank.

18. What is the work done by gravity if the tank of Excrcise 17
is completely drained through an opening at the bottom?

19. A container of the form obtained by mol\ring the parabola

3%%,0 < x < 4, about the y-axis is full of water. Here
x dnd y are given in meters. Find the work done in pumping
the water: (a) to an outlet at the top of the tank; (b) to an
outlet 1 meter above the top of the tank. Take o = 9800.

20. The force of gravity cxerted by the earth on a mass m at a
distance 7 from the center of the earth is given by Newton’s
formula,

mM

e

where M is the mass of the carth and G is the universal gray-
itational constant. Find the work done by gravity in pulling
amass m fromr =r tor =r;

21. A chain that weighs 15 pounds per foot hangs to the ground
from the top of an 80-foot building. How much work is re-
quired to pull the chain to the top of the building?

22. A box that weighs w pounds is dropped to the floor from
a height of d feet. (a) What is the work done by gravity?
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(b) Show that the work is the same if the box slides to the
floor along a smooth inclined plane. (By saying “smooth,”
we are saying disrcgard friction.)

. A 200-pound bag of sand is hoisted at a constant rate by a
chain from ground level to the top of a building 100 feet
high
(a) How much work s required to hoist the bag if the weight

of the chain is negligible?
(b) How much work is required to hoist the bag if the chain
weighs 2 pounds per foot?

N
&

24. Supposc that the bag in Exercise 23 has a tear in the bottom
and sand leaks out at a constant rate so that only 150 pounds
of sand are left when the bag reaches the top.

(a) How much work is required to hoist the bag if the weight
of the chain is negligible?

(b) How much work is required to hoist the bag if the chain
weighs 2 pounds per foot?

o
o

. A 100-pound bag of sand s lifted for 2 seconds at the rate
of 4 fect per second. Find the work done in lifting the bag if
the sand leaks out at the rate of half a pound per second.

26. A rope is used to pull up a bucket of water from the bottom

of a 40-foot well. When the bucket is full of water, it weighs

40 pounds; however, there is a hole in the bottom, and the

water leaks out at the constant rate of 1 gallon for each

10 feet that the bucket is raised. Given that the weight of

the rope is negligible, how much work is done in lifting the

bucket to the top of the well? (Assume that water weighs

8.3 pounds per gallon.)

»
3

. Arope of length / feet that weighs o pounds per foot s lying
on the ground. What is the work done in lifting the rope so
that it hangs from a beam: (a) / fect high; (b) 2/ feet high?

. A load of weight w is lified from the bottom of a shaft & fect
deep. Find the work done given that the rope used to hoist
the load weighs o pounds per foot.

12
2

2
2

. An 800-pound stecl beam hangs from a S0-foot cable which
weighs 6 pounds per foot. Find the work done in winding
20 feet of the cable about a steel drum.

w
&

. A water container initially weighing w pounds is hoisted by
a crane at the rate of n feet per second. What is the work
done if the container is raised m feet and the water leaks out
constantly at the rate of p gallons per second? (Assume that
the water weighs 8.3 pounds per gallon.)

31. A chain of variable mass density hangs to the ground from
the top of a building of height /. Show that the work required
to pull the chain to the top of the building can be obtained by
assuming that the weight of the entirc chain is concentrated
at the center of mass of the chain.

32. An object moves along the x-axis. At x = g it has velocity

vy, andatx = b it has velocity v,. Use Newton’s second law

of motion, F = ma = m(dv/dt), to show that

W ’ F(x)dx L T
V= J x = —myy — ~mv;.
A 2 b 2 a

The term mv? is called the kineric energy of the object.

What you have been asked to show is that the work done on

an object equals the change in kinetic energy of that object.
This is an important result.

33. An object of mass m is dropped from a height /. Express the
impact velocity in terms of the gravitational constant g and
the height /.

TIn Exercises 34-37 use the relation between work and kinetic

energy given in Exercise 32.

34. The same amount of work on two objects results in the speed
of one being three times that of the other. How are the masses.
of the two objects related?

35. A major league baseball weighs 5 oz. How much work is
required to throw a baseball at a speed of 95 mph? (The
ball’s mass is its weight in pounds divided by 32 ft /sec?, the
acceleration due to gravity.)

36. How much work is required to increase the speed of a 2000-
pound vehicle from 30 mph to 55 mph?

w
3

. The speed of an earth satellite at an altitude of 100 miles is
approximately 17,000 mph. How much work is required to
launch a 1000-1b satellite into a 100-mile orbit?

(Power) Power is work per unit time. Suppose an object moves

along the x-axis under the action of a force F. The work done by

F in moving the object from x = a to arbitrary x is given by the

integral

W= f Fludu.
Viewing position as a function of time, setting x = x(¢), we have

pP= “%I = F(x(/))‘(% = Flx()] v().

This is called the power expended by the force F. Tf force is
measured in pounds, distance in feet, and time in seconds, then
power is given in foot-pounds per second. If force is measured
in newtons, distance in meters, and time in scconds, then power
is given in joules per second. These are called watzs. Commaonly
used in engineering is the term horsepower:

1 horsepower = 550 foot-pounds per second

= 746 watts,

38. (a) Assume constant acceleration. What horsepower must
an engine produce to accelerate a 3000-pound truck
from 0 to 60 miles per hour (88 feet per second) in
15 seconds along a level road?

(b) What horsepower must the engine produce if the road
rises 4 feet for every 100 feet of road?
HINT: Integration is not required to answer these questions,

39. A cylindrical tank set vertically with height 10 feet and ra-

dius 5 feet is half-filled with water. Given that a 1 -horsepower
pump can do 550 foot-pounds of work per second, how long
will it take a -horsepower pump:

(a) to pump the water to an outlet at the top of the tank?
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(b) to pump the water to a point 5 feet above the top of the (2) How much work is required to pump the oil to the top
tank? of the tank?
40. A storage tank in the form of a hemisphere topped by a (b) How long would it take a } -horscpower motor (o cmpty
cylinder is filled with oil that weighs 60 pounds per cubic out the tank?
foot. The hemisphere has a 4-foot radius; the height of the 1. Show that the rae of change of the kinetic energy of an object
cylinder is § feet. is the power of the force expended on it.

M *6.6 FLUID FORCE

1f you pour oil into a container of water, you'll see that the oil soon rises to the top. Oil
weighs less than water.

For any fluid, the weight per unit volume is called the weight density of the fluid.
We’ll denote this by the Greek letter o.

An object submerged in a fluid experiences a compressive force that acts at right
angles Lo the surface of the body exposed to the fluid. (It is to counter these compressive
forces that submarines have to be built so structurally strong.)

Fluid in a container exerts a downward force on the base of the container. What is
the magnitude of this force? It is the weight of the column of fluid directly above it.
(Figure 6.6.1.) I a container with base arca A is filled to a depth / by a fluid of weight
density o, the downward force on the base of the container is given by the product

©6.6.1)

Fluid force acts not only on the base of the container but also on the walls of the
container. In Figure 6.6.2, we have depicted a vertical wall standing against a body of
liquid. (Think of it as the wall of a container or as a dam at the end of a lake.) We want
to calculate the force exerted by the liquid on this wall.

level of
the liquid -~

Figure 6.6.2

As in the figure, we assume that the liquid extends from depth a to depth 4, and
we let w(x) denote the width of the wall at depth x. A partition P = {xg, x1, ..., x,}
of [a, b] of small norm subdivides the wall into » narrow horizontal strips. (See Figure
6.63.)

We can estimate the force on the ith strip by taking x7' as the midpoint of [x;_y, x;].
Then

w(x]") = the approximate width of the ith strip

and

w(x})Ax; = the approximate area of the ith strip.

Figure 6.6.1
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Figure 6.6.3

Since this strip is narrow, all the points of the strip are approximately at depth x;'. Thus,
using (6.6.1), we can estimate the force on the ith strip by the product

oxw(x)Ax;.
Adding up all these estimates, we have an estimate for the force on the entire wall:
F = ox{w(x)Ax) + oxyw(x3)Axz + -+ oxjw(x)) Ax,.
The sum on the right is a Riemann sum for the integral

b
/ axw(x) dx.

a

As ||P|| = 0, such Riemann sums converge to that integral. Thus we have

b
6.6.2) fluid force against the wall = / oxw(x) dx.

a

The Weight Density of Water The weight density o of water is approximately
62.5 pounds per cubic foot; equivalently, about 9800 newtons per cubic meter. We’ll
use these values in carrying out computations.

Example 1 A cylindrical water main 6 feet in diameter is laid out horizontally.
(Figure 6.6.4) Given that the main is capped half-full, calculate the fluid force on
the cap.

Figure 6.6.4




SOLUTION Here o = 62.5 pounds per cubic foot. From the figure we see that
w(x) = 2+/9 — xZ. The fiuid force on the cap can be calculated as follows:

s s
F :/ (62.5)%(2V9 — x?) dx = 62.5 / 2x+/9 — x2dx = 1125pounds. O
0 J0

Example 2 A metal plate in the form of a trapezoid is affixed to a vertical
dam as in Figure 6.6.5. The dimensions shown are in meters. Calculate the fluid
force on the plate taking the weight density of water as 9800 newtons per cubic
meter.

water level

Figure 6.6.5

SOLUTION  First we find the width of the plate x meters below the water level. By
similar triangles (see Figure 6.6.6),

t=38-x) sothat  w(x)=842f=16—x.

0 ’_%IR water leve|

Figure 6.6.6

The fluid force against the plate is
8 8
/ 9800x(16 — x) dx = 9800/ (16x — x%)dx
4 4

8
= 9800]8x* - 1], 22300000 newtons. @
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EXERCISES *6.6

1. A rectangular plate 8 feet by 6 feet is submerged vertically
in a tank of water, an 8-foot edge at the surface of the water.
Find the force of the water on each side of the plate.

2

. A square plate 6 feet by 6 feet is submerged vertically in a
tank of water, one edge parallel to the surface of the water.
Calculate the fluid force on each side of the plate given that
the center of the plate is 4 feet below the surface of the water.

w

. A vertical dam at the end of a reservoir is in the form of an
isosceles trapezoid: 100 meters across at the surface of the
water, 60 feet across at the bottom, Given that the reservoir is
20 meters deep, calculate the force of the water on the dam.

4. A square metal plate 5 meters by 5 meters is affixed to the
lowermost portion of the dam of Exercise 3. What is the
force of the water on the plate?

@

. A plate in the form of an isosceles trapezoid 4 meters at the
top, 6 meters at the bottom, and 3 meters high has its upper
edge 10 meters below the top of the dam of Exercise 3.
Calculate the force of the water on this plate.

ES

. A vertical dam in the shape of a rectangle is 1000 feet wide
and 100 feet high. Calculate the force on the dam given that
(a) the water at the dam is 75 feet deep;

(b) the water at the dam is 50 feet deep.

h end of & horizontal oil tank is elliptical, with horizon-
tal axis 12 feet long, vertical axis 6 feet long. Calculatc the
force on an end when the tank is half full of oil that weighs
60 pounds per cubic foot.

8. Fach vertical end of a vat is a segment of a parabola (vertex
down) 8 feet across the top and 16 fect decp. Calculate the
force on an end when the vat is full of liquid that weighs 70
pounds per cubic foot.

©

. The vertical ends of a water trough are isosceles right trian-
gles with the 90° angle at the bottom. Calculate the force on
an end of the trough when the trough is full of water given
that the legs of the triangle are 8 feet long.

>

. The vertical ends of a water trough are isosceles triangles 5
teet across the top and 5 feet deep. Calculate the force on an
end when the trough is full of water.

. The ends of a watertrough are semicircular disks with radius
2 feot. Calculate the force of the water on an end given that
the trough is full of water.

-
5}

. The ends of a water trough have the shape of the parabolic
segment bounded by y = x> — 4 and y = 0; the measure-

B CHAPTER 6. REVIEW EXERCISES

ments are in feet. Assume that the trough is full of water and
set up an integral that gives the force of the water on an end.
13. A horizontal cylindrical tank of diameter § feet is half full
of oil that weighs 60 pounds per cubic foot. Calculate the
force on an end.
Calculate the force on an end of the tank of Exercise 13
when the tank is full of oil.

=

o

. A rectangular metal plate 10 fect by 6 fect is affixed to a ver-
tical dam, the center of the plate [1 feet below water level.
Caloulate the force on the plate given that (a) the 10-foot
sides are horizontal, (b) the 6-foot sides are horizontal

. A vertical cylindrical tank of diameter 30 feet and height
50 fect is full of oil that weighs 60 pounds per cubic foot.
Caleulate the force on the curved surface.

=

3

. A swimming pool is 8 meters wide and 14 meters long, The
pool is 1 meter deep at the shallow end and 3 meters deep at
the deep end; the depth increases linearly from the shallow
end to the deep end. Given that the pool is full of water,
calculate
(a) the force of the water on each of the sides,

(b) the force of the water on each of the ends.

8. Relate the force on a vertical dam to the centroid of the

submerged surface of the dam.

e

. Two identical metal platcs are affixed to a vertical dam. The
centroid of the first plate is at depth /2, and the centroid of
the second plate is at depth /5. Compare the forces on the two
plates given that the (wo plates are completely submerged.

0
S

. Show that if a plate submerged in a liquid makes an angle &
with the vertical, then the force on the plate is given by the
formula

b
177/ ox w(x)sect dx
a

where o is the weight density of the liquid and w(x) is the
width of the plate at depth x, @ < x < b.

)

. Find the force of the water on the bottom of the swimming
pool of Exercise 17.

22. The face of a rectangular dam at the end of a reservoir is 1000

feet wide, 100 feet tall, and makes an angle of 30° with the

vertical. Find the force of the water on the dam given that

(a) the water level is at the top of the dam;

(b) the water at the dam is 75 feet deep.

Exercises 1-4. Sketch the region bounded by the curves. Rep-
resent the area of the region by one or more definite integrals (a)
in terms of x; (b) in terms of y. Find the area of the region using
the more convenient representation,

3y =2c—1)x—p=5

4.y =x x-3y+4=0

5. Find the area of the region bounded by y = sinx and y =
cos x between consecutive intersections of the two graphs.



6. Find the area of the region bounded by y — tan? x and the
x-axis from ¥ = 0 tox = /4.

7. The curve »* = x(1 — x)? is shown in the figure. Find the
arca of the Toop.

8. The curve x /2 4 y1/2 = ¢1/2 is shown in the figure. Find the
area of the region bounded by the curve and the coordinate

{a, 0) £

9. The base of a solid is the disk bounded by the circle
x2 4+ % = 2. Find the volume of the solid given that the
cross sections perpendicular to the x-axis are: () semicir-
cles; (b) isosceles right triangles with hypotenuse on the
xy-plane.

10. The base of a solid is the region bounded by the equilateral
triangle of side length a with one vertex at the origin and
altitude along the positive x-axis. Find the volume of the
solid given that cross-sections perpendicular to the x-axis
are squares with one side on the base of the solid.

11. The base of a solid is the region in the first quadrant bounded
by the coordinate axes and the line 2x + 3y = 6. Find the
volume of the solid given that the cross sections perpendic-
ular to the x-axis are semicircles.

12. A solid in the shape of a right circular cylinder of radius 3
has its base on the xy-plane. A wedge is cut from the cylinder
by a plane that passes through a diameter of the basc and is
inclined to the xy-plane at an angle of 30°. Find the volume
of the wedge.

Exercises 13-24. Sketch the region 2 bounded by the curves

and find the volume of the solid generated by revolving  about

the axis indicated.

13. x2 = 4y,
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14.x> =4y, y=1lx; ypeaxis.
Boy=x’ y=1, x=0; x-axis.
16.y=5" y=
17.y=secx, y=0, 0<x< /4 x-axis.
-2 <x <7/2
0<x<./m y-axis.
0<x<r/2  yaxis.

3%, yeaxis.

. x=0; yeaxis.

18. y = cosx,

y=x*-3x, x=4.

x+1; xeaxis.

3x; yeaxis.

Exercises 25-30. The figure shows three regions within the rect-
angle bounded by the coordinate axes and the lines x = 4 and
» = 2. Express the volume obtained by revolving the indicated
region about the indicated line: (a) by an integral with respect to
x; (b) by an integral with respect to y. Calculate cach volume by
evaluating one of these integrals

25. Q;; the x-axis, 26. 2; the linc y = 2.
27. %; theline x = 28. Qy; the y-axis.

29. Q3 the y-axis. 30. Q; the line y = ~2,
Exercises 31-34. Find the centroid of the bounded region deter-
mined by the curves.

2oy=x} p=dr

fromx = —z/2 tox = /2.

Exercises 35-36. Sketch the region bounded by the curyes. De-

termine the centroid of the region and the volume of the solid

generated by revolving the region about each of the coordinate
axes.

By=x, y

36,y =x% x=)",

37. An object moves along the x-axis from x = 0 to x = 3 sub-
Ject to a force F(x) = x+/7 + xZ. Given that x is measured
in feet and 7 in pounds, determine the work done by 7.,

38. One of the springs that supports a truck has a natural length
of 12 inches. Given that a force of 8000 pounds compresses
this spring 3 inch, find the work required to compress the
spring from 12 inches to 9 inches.

2

0=<xx1

O=x=<1.
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39, The work required to stretch a spring from 9 inches to
10 inches is 1.5 times the work needed to stretch the spring
from 8 inches to 9 inches. What is the natural length of the
spring?

40. A conical tank 10 feet deep and § feet across the top is filled
with water to a depth of 5 feet, Find the work done in pump-
ing the water (=) to an outlet at the top of the tank; (b) o
an outlet 1 foot below the top of the tank. Take o = 62.5
pounds per oubic foot as the weight density of water.

41, A 25-foot chain that weighs 4 pounds per foot hangs from
the top of a tall building. How much work is required to pull
the chain to the top of the building?

42. A bucket that weighs 5 pounds when empty rests on the
ground filled with 60 pounds of sand. The bucket is lifted
to the top of a 20 foot building at a constant rate. The sand
leaks out of the bucket at a constant rate and only two-thirds
of the sand remains when the bucket reaches the top. Find
the work done in lifting the bucket of sand to the top of the
building.

43, A spherical oil tank of radius 10 feet is half full of oil that
weighs 60 pounds per cubic foot. Find the work required to
pump the oil to an outlet at the top of the tank.

44. A rectangular fish tank has length 1 meter, width % meter,
depth % meter. Given that the tank is full of water, find
(a) the force of the water on each of the sides of the tank;
(b) the force of the water on the bottom of the tank.

Take the weight density of water as 9800 newtons per cubic
meter.

45. A vertical dam is in the form of an isosceles trapezoid 300
‘meters across the top, 200 meters across the bottom, 50 me-
ters high.

(2) What is the force of the water on the face of the dam
when the water level is even with the top of the dam?

(b) Whatis the force of the water on the dam when the water
level is 10 meters below the the top of the dam?

Take the weight density of water as 9800 newtons per cubic

meter.




CHAPTER

Some real numbers satisfy polynomial cquations with integer coefficients:

3 satisfies the cquation  5x — 3 = 0;
/2 satisfies the equation x%—2 =0,

Such numbers are called algebraic. There are, however, numbers that are not algebraic,
among them 7. Such numbers are called transcendental.
Some functions satisfy polynomial equations with polynomial coefficients:

flx)= 5 satisfies the equation (mx + ﬁ)/’(x) —x =0
ax+v2

@) =2yx =327 satisfies the equation [ /(x) + 6x2 S+ Ox* —4x)=o0.

Such functions are called algebraic. There are, however, functions that are not alge-
braic. Such functions are called #ranscendental. You are already familiar with some
transcendental functions—the trigonometric functions. In this chapter we introduce
other transcendental functions: the logarithm function, the exponential function, and
the trigonometric inverses. But first, a little more on functions in general.

W 7.1 ONE-TO-ONE FUNCTIONS; INVERSES

One-fo-One Functions

A function can take on the same value at different points of its domain. Constant
functions, for example, take on the same value at all points of their domains. The
adratic function f(x) = x2 takes on the same value at —c as it does at ¢; so does the
solute-value function g(x) = |x|. The function

JE) =14+ -3)x-5)
=kes on the same value at x = 5 as it does at x = 3:

@) =1, f&=1

333
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7 s not one-to-one: () = 7 x)

Figure 7.1.1

£ is one-to-one

Figure 7.1.2

=)
S

I
Figure 7.1.3

Functions for which this kind of repetition does not occur are called one-fo-one
Sfunctions.

DEFINITION 7.1.1

A function f is said to be one-to-one if there are no two dlstmct numbers in
the domain of £ at which £ takes on the same value:

S = 1) implies Xi=a2.

Thus, if f is one-to-one and xy, x; are different points of the domain, then

fGxn) # fxa)-
The functions

fE)=x and  f)=Vx

arc both one-to-one. The cubing function is one-to-one because no two distinct numbers
have the same cube. The square-root function is one-to-one because no two distinct
nonnegative numbers have the same square root.

There is a simple geomcmc test, called the Aorizontal line test, which can be used to
determine whether a function is one-to-one. Look at the graph of the function. If some
horizontal line intersects the graph more than once, then the function is not one-to-one.
(Figure 7.1.1) If, on the other hand, no horizontal line intersects the graph more than
once, then the function is one-to-one (Figure 7.1.2).

Inverses

We begin with a theorem about one-to-one functions.

THEOREM 7.1.2

1f £ is a one-to-one function, then there is one and only one function ¢ dﬁ:ﬁned
on the range of f that satisfies the equation

fle(x)) =x  forallx intherange of ot

prOOF The proof is stralghtforward If x is in the range of £, then / must take on the
value x at some number. Since f is one-to-one, there can be only one such number. We
have called that number g(x). 0O

The function that we have named g in the theorem is called the inverse of f and is
usually denoted by the symbol /1.

DEFINITION 7.1.3  INVERSE FUNCTION

Let f be a one-to-one function. The inverse of £, denmed by f 1 xsthe umque
function defined on the range of £ that satisfies the equation .

SOy =x  forall x in the range of /. (Figure 7.13)
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Remark The notation f~! for the inverse function is standard, at least in the United
States. Unfortunately, there is the danger of confusing ! with the reciprocal of f,
that is, with 1//(x). The “~1” in the notation for the inverse of f is not an exponent;
f~\(x) does not mean 1 /f(x). On those occasions when we want to express 1//(x)
using the exponent —1, we will write [f(x)]~). O

Example 1 You have seen that the cubing function
f@=x

is one-to-one. Find the inverse.

SOLUTION Wesety = f~!(x) and apply f to both sides:

fo)y=x
y=x (/ i the cubing function)
y= Xl/3.

Recalling that y = f~1(x), we have
S =

The inverse of the cubing function is the cube-root function. The graphs of f(x) = x*
and f~!(x) = x'/3 are shown in Figure 7.1.4. O

Figure 7.1.4

Remark Weset y = f~!(x) to avoid clutter. It is easier to work with a single letter
y than with the expression £~ (x).
Example 2 Show that the linear function
y=3x-5
is one-to-one. Then find the inverse.

SOLUTION  To show that f is one-to-one, let’s suppose that

S@) = f(x).
Then
3% -5=3x-5
3x1 =3x
X =x.

The function is one-to-one since
Ffa) = f(x) implies X=Xy,

Viewed geometrically, the result is obvious. The graph is a line with slope 3 and as
ch cannot be intersected by any horizontal line more than once.)
Now let’s find the inverse. To do this, we sety = £ ~!(x) and apply f to both sides:
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’ i Recalling that y = f~'(x), we have
' f’l(x):%x+§.
The graphs of f and /= are shown in Figure 7.1.5. 13
53 T Example 3  Find the inverse of the function
: fE=(1-x)"+2
S 43 *  SOLUTION Wesety = f~!(x)and apply f to both sides:
foy=x
A=y +2=x

-5 (l—ys)”s:x—Z
-y =(x-2°
Figure 7.1.5 P=1-(x-2)

y=[-G-2°"
Recalling that y = f~!(x), we have
e =1-0-277

o

Example 4 Show that the function
F)y=x"+2x+3x -4
is one-to-one.
SOLUTION  Setting F(x|) = F(x,), we have
xfp2x] 430 -4 =x]+ 20 + 30— 4
x4 2] 4+ 30 = x5 +2x3 + 3x2.

How to go on from here is far from clear. The algebra becomes complicated.
Here is another approach. Differentiating F, we get

Fi(x)=5x*+6x2 +3.

Note that F'(x) > 0 for all x and therefore F is an increasing function. Increasing
functions are clearly one-to-one: x, < x; implies F(x1) < F(x2), and so F(x;) cannot
possibly equal F(x;). O

Remark In Example 4 we used the sign of the derivative to test for one-to-oneness.
For functions defined on an interval, the sign of the derivative and one-to-oneness can
be summarized as follows: functions with positive derivative are increasing functions
and therefore one-to-one; functions with negative derivative are decreasing functions
and therefore one-to-one.

Suppose that the function f has an inverse. Then, by definition, f! satisfies the
equation

7.1.4) () =x  forallx inthe range of f.
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1t is also true that £ix)
71
.15 SO =x  forall x in the domain of
i
-
PROOF  Take x in the domain of f and sety = f(x). Since y is the range of £, * FUON =
SO =y. Figure 7.1.6
This means that x=f{1)
FUT @) = &) f4
andtellsus that f takes on the same value at J7H(f(x)) asitdoes atx. With f one-to-one,
this can only happen if 7
fUe)=x 0 -
Equation (7.1.5) tells us that /' undoes what is done by f: Figure 7.1.7
/ takes x to f(x); /" takes f(x) back to x. (Figure 7.1.6) *T o
Equation (7.1.4) tells us that  undoes what is done by /71 %
Sltakesxto /M) fiakes fT\x)backtox.  (Figure 7.17) ;
It is evident from this that
domainof f~! = range of /  and range of f~" = domain of f. Flfed
=
The Graphs of fand ! Figure 7.1.8
The graph of / consists of points (x, f(x)). Since /= takes on the value x at f&), %
the graph of £~! consists of points (f(x), x). If, as usual, we use the same scale on the

y-axis as we do on the x-axis, then the points (x, f(x)) and (f(x), x) are symmetric S
with respect to the line y = x. (Figure 7.1 .8.) Thus we see that

the graph of = is the graph of f reflected in the line y = x.

This idea pervades all that follows.

Figure 7.1.9
Example 5  Sketch the graph of £~ for the function f graphed in Figure 7.1.9.

SOLUTION - First we draw the line y = x. Then we reflect the graph of f in that line.
The result is shown in Figure 7.1.10. 13

Continuity and Differentiability of Inverses

Letf be a one-to-one function. Then / has an inverse, f~!. Suppose, in addition, that
7 s continuous. Since the graph of / has no “holes” or “gaps,” and since the graph of
7! is simply the reflection of the graph of f in the line y = x, we can conclude that
the graph of £~ also has no holes or gaps; namely, we can conclude that /! is also
-ontinuous. We state this result formally; a proof is given in Appendix B.3. Figure 7.1.10
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THEOREM 7.1.6 ‘

|
Lt £ be a one-to: i fined on an open interyal /. If £ is continuous, ‘

then its inverse /! is also continuous.

Now suppose that / is differentiable. Is = necessarily differentiable? Let’s as-
sume so for the moment.
From the definition of inverse, we know that

f(fYx)=x  forallx inthe range of f.
Differentiation gives
d b
ST =1
However, by the chain rule,
d
UG @ = £ O
x
Therefore
LW =1
and, if /(71 (x) # 0,

—IV ey 1
[PAN (d )(A)—kf,(/,,(x))-

For a geometric understanding of this relation, we refer you to Figure 7.1.11.

Figure 7.1.11

The graphs of f and /! are reflections of each other in the line y = x. The tangent
lines I, and Z, are also reflections of each other. From the figure,

“x)—b -b
() = stopeatty = 2Ly = sope oty = 5 5

so that (f~1Y(x) and f'(f~'(x)) are indeed reciprocals.
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The figure shows two tangents intersecting the line y = x at a common point. If the
tangents have slope 1, they do not intersect that line at all. However, in that case, both
graphs have slope 1, the derivatives are 1, and the relation holds. One more observation.
We have assumed that £'(f~'(x)) # 0.If /'(f~!(x)) = 0, then the tangent to the graph
of fat (f~!(x), x) is horizontal, and the tangent to the graph of 1 at (x, £~(x)) is
vertical. In this case £~ is not differentiable at x.

Formula (7.1.7) has an unwieldy look about it; too many fussy little symbols, The
following characterization of (/') may be easier to understand.

THEOREM 7.1.8

Let f be a one-to-one function differentiable on an open interval /. Let a be a
point of £ and let f(a) = b. If f'(a) # 0, then £~ is differentiable at b and

L
.

This theorem, proven in Appendix B.3, places our discussion on a firm footing.
Remark Note thata = f~'(b), and therefore
1 1
IO = == 557
0= 7@ = 7wy
This is simply (7.1.7)atx = b. U

We rely on Theorem 7.1.8 when we cannot solve for /" explicitly and yet we want
to evaluate (/') at a particular number.

Example 6 The function f(x)=x>+lx is differentiable and has range
(=00, 00).

(a) Show that /" is one-to-one.

(b) Calculate (f~1)'(9).

SOLUTION

(a) To show that f is one-to-one, we note that
S@)=3"+1>0 forallrealx.

Thus f is an increasing function and therefore one-to-one.

(b) To caleulate (f~')(9), we want to find a number @ for which f(@)=9. Then
(7Y@ is simply 1//"(a).
The assumption f(a) = 9 gives
@+ %a =9
and tells us @ = 2. (We must admit that this example was contrived so that the algebra
would be easy to carry out.) Since f'(2) = 3(2)° + } = ¥, we conclude that

yoy— L _1_2
YO = = =5 2
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EXERCISES 7.1

Finally, a few words about differentiating inverses in the Leibniz notation. Suppose
that y is a one-to-one function of x:

=y(x).

Then x is a one-to-one function of y:

x =x().
Moreover,

yaO) =y for all y in the domain of x.
Assuming that y is a differentiable function of x and x is a differentiable function of y,
we have
Yoo =1,

which, if y'(x(3)) # 0, gives

1
)= ———.
Y0
In the Leibniz notation, we have
019 &
o dy  dyjdx’

The rate of change of x with respect to y is the reciprocal of the rate of change of y with

respect to x.
‘Where are these rates of change to be evaluated? Given that y(a) = b, the right
side is to be evaluated at x = a and the left side at y = b.

Exercises 1-26. Determine whether or not the function is one- 8. fon) = 1
to-one and, if so, find the inverse. If the function has an inverse, : -

give the domain of the inverse.

L f(x)=5x+3. 2
3 fx)y=1-x% 4.
5 fe)y=x+1 6.
7. fGx)=1+3x% 8.
9. flx)y=(1-x). 10.
1L f()=(c+ 1) +2 12.
13. f(x)=x%5. 14.
15, f(x)=(@2—3x). 16.

. f(x)=sinx,x € [7% ﬂ

18. /@) =cosx. v € [-2. %]

1
1. f@=-. 20.
2. fG)=x+ % 2.

1
- 24. =— -1
P fx) T
x+2 1
25, fxy=""". 26, f(x) = ——.
fG)=3x+5. I® =5 &=
Foy=x 27. What s the relation between a one-to-one function f and the
o) = — 3x 42 function (f~1)~1?
SE) =x* -1 Exercises 28-31. Sketch the graph of the inverse of the function
Sy =(1-x)" graphed below.
f)y=(@x -1 28. 29,
FEy=1-(-2'"". y 5
f@y=@ -3
1 1}
L |1
-1 1 % 1 e
S =
x
J)=—.
x|




30. 31

i
|
|
1
!
|
I
|
T %
1
I
I
I
|
I
1

32. (a) Show that the composition of two one-to-one functions,
/ and g, is one-to-one.
(b) Express (f 0 g)™" in terms of £~ and g~
33. (@) Let f(x) = §x* +x? + kx, k a constant. For what val-
ues of k is / one-to-one?
(b) Let g(x) = x* + kx? + x, k a constant. For what values
of k is g one-to-onc?
34. () Suppose that f has an inverse, f(2) =5, and f'(2) =
—3. Whatis (/7Y(5)?
(b) Suppose that / has an inverse, £(2) —
3 Ifg=1/f7", whatis g'(—3)?

—3,and f'(2) =

Exercises 35-44. Verify that / has an inverse and find (/=Y (c).
35 fx)=x"+1; c=9.

36. f(x)=1-2x—x% c=4.

37 f(x) = x + 2%,
38. f(x)=siny, —i7r <x < lm; ¢

39. f(x) = 2x + cosx;

x>0; c=38.

c=m.

40. /(x)—L: x>

A fr) =tanx, ~4w <x < im; c=3

42 /) =x"+23 4+ 2% c=-5.

43. f(x)73x—~, x>0, c=2.

44 f(x)=x—m+cosx, 0<x<2m; c=-1

Exercises 4547, Find a formula for (1Y (x) given that f is
one-to-one and its derivative satisfies the equation given.

45. (%) = fx). 46. f'(x) =1+ [f@P.
41 £ = VT= /@
48. Set
31, 0
so={n"" 150

(2) Sketch the graph of f and verify that / is one-to-one.
(b) Find /'
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ax+b
cx+d’
49. (a) Show that £ is one-to-one iff ad — be # 0.
(b) Suppose that ad — be % 0. Find /=,
50. Determine the constants a, , ¢, d for which f = £~1.
51. Set

For Exercises 49 and 50, let f(x) =

Jx)= /: V1+12de.

() Show that / has an inverse.

(b) Find (f71Y(0).

52. Set
2x
Sx) =/ V16 +14dt.
1
(2) Show that f has an inverse.
(b) Find (/~Y(0).
53. Let f be a twice differentiable one-to-one function and set
=yt
(a) Show that
9 S
x)=
g RO
(b) Suppose that the graph of £ is concave up (down). What
can you say then about the graph of /=12
54. Let P be a polynomial of degree n.
() Can P have an inverse if # is even? Support your answer.
(b) Can Phave an inverse if n is 0dd? If so, give an example.
Then give an example ofa polynomial of odd degree that
does not have an inverse.
55. The function f(x) =sinx, —m/2 <x < /2, is one-to-

one, differentiable, and its derivative does not take on the
value 0. Thus f has a differentiable inverse y = /= (x).
Find dy/dx by setting f(y) = x and differentiating implic-
itly. Express the result as a function of x.

56. Exercise 55 for f(x) = tanx, —7/2 < x < 7/2.

Exercises 57-60. Find f~!.

57 f(x)-4+3Jle, x=1
58. f(x) = 2+3 x #-5/2.
59. f<x)::/m+z.

0. /(">‘1+r

JB> Exercises 61-64. Use a graphing utility to draw the graph of £,
Show that /" is one-to-one by consideration of f'. Draw a figure
that displays both the graph of f and the graph of f~!.

6l f(x)=x+3x+2. 62, f(x)=x¥5 -1
63. f(x) = 4sin2x,
64. f(x) =2 — cos3x,

—n/4<x <m/4
0<x=<m/3.
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Figure 7.2.1

N 7.2 THE LOGARITHM FUNCTION, PART |

You have seen that if # is an integer different from —1, then the function f(x) = x" is

a derivative:
d xnfl
o 4
R (n + 1)'

This formula breaks down if n = —1, for then n 4+ 1 = 0 and the right side of the
formula is meaningless.
No function that we have studied so far has derivative x~
can easily construct one: set
1
Lx)= | -dt
1t

From Theorem 5.3.5 we know that L is differentiable and

I = 1/x. However, we

1
L'(x)=~ forallx > 0.
x

This function has a remarkable property that we’ll get to in a moment. First some
preliminary observations: Make sure you understand them.
(1) Lisdefined forall x > 0.
(2) Since

1
L'x)=- forall x > 0,
x

L increases on (0, 00).
(3) L(x)isnegative if 0 <x <1, L(1)=0, L(x)is positive forx > L.
(4) Forx > 1, L(x) gives the area of the region shaded in Figure 7.2.1.

Now to the remarkable property.

THEOREM 7.2.1 ‘
For all positive numbers @ and b, 1
Lab) = L(a) + L(b). ‘

PROOF Set b > 0. For all x > 0, L(xb) and L(x) have the same derivative:

d 1 1 d

E[L(—’fb)] T b= = E[L(X)]-

chain rule
Therefore the two functions differ by some constant C:
Lxb)y=L(x)+C. (Theorem 4.2.4)

We can evaluate C by setting x = 1:

L(p)=L(1-b)y=L()+C=C.

L(1)=0
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It follows that, for all x > 0,
L(x - b) = L(x) + L(b).

We get the statement made in the theorem by setting x =a. 0

From Theorem 7.2.1 and the fact that L(1) = 0, it readily follows that

(1) for all positive numbers b, L(1/b) = —L(b)
(7.2.2) | and
(2) for all positive numbers a and b, L(a/b) = L(a) — L(b).

PROOF
(1) 0=L(1)=Lb-1/b)=L(b)+ L(1/b)  andtherefore  L(1/b) = —L(b);
(2) L(a/b) = L(a - 1/b) = L(a) + L(1/b) = L(a) — L(3). 2

‘We now prove that

for all positive numbers  and all rational numbers p/q,

(7.2.3)

L@y = P L(a).
q

PROOF You have seen that d[L(x)] /dx 1/x. By the chain rule,

E[L(xm)] = ‘¥( Xy = m (5) =1 — g (é) o [ L(x)]

[EXA

Since L(x?/7) and EL(x) have the same derivative, they differ by a constant;
q
play_ P
Ly =Zr@y+cC.
q

Since both functions are zero at x = 1, C = 0. Therefore L(x?/%) = —L(x) for all

x > 0. We get the theorem as stated by settingx =a. O

The domain of L is (0, oc). What is the range of L?

(7.2.4) The range of L is ).

PROOF Since L is continuous on (0, o), we know from the intermediate-value theorem
that it “skips™ no values. Thus, the range of L is an interval. To show that the interval
is (~00, 00), we need only show that the interval is unbounded above and unbounded
below. We can do this by taking A as an arbitrary positive number and showing that L
takes on values greater than M and values less than —3/.
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Figure 7.2.2

Let M be an arbitrary positive number. Since

L<z)=[}dt

is positive (explain), we know that some positive multiple of L(2) must be greater than
M; namely, we know that there exists a positive integer # such that

nL(2) > M.
Multiplying this equation by —1, we have
—nL(2) < —
Since
nL(2) = L(2") and —nL(2)=LE2™"), (7.2.3)
we have

L@ >M and  LQ7) < -M.

This proves that the range of L is unbounded in both directions. Since the range of L is
an interval, it must be (—oc, 00), the set of all real numbers.

The Number e

Since the range of L is (—oo, 00) and L is an increasing function (and therefore one-to-
one), we know that L takes on as a value every real number and it does so only once. In
particular, there is one and only one real number at which L takes on the value 1. This
unigue number is denoted throughout the world by the letter et

Figure 7.2.2 locates e on the number line: the arca under the curve y = 1/ from
t=1tot=eisexactly 1.

The Logarithm Function

Since
e
L(e):/ Sdr=1,
1t

we see from (7.2.3) that

for all rational numbers p/q

.25 Ly =2,
q

The function that we have labeled L is known as the natural logarithm finction, or
more simply as the logarithm function, and from now on L(x) will be written In x. Here
are the arithmetic properties of the logarithm function that we have already established.
Both a and b represent arbitrary positive real numbers.

In(1) =0, In(e) =1,
In(ab) = Ina + Inb, In(l/b) = —Inb,

In(@/b) = Ina —nb,  Ina?t =Lma.
q

7.2.6)

7 After the celebrated Swiss mathematician Leonhard Euler (1707-1783), considered by many the greatest
mathematician of the eighteenth century.
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The Graph of the Logarithm Function

You know that the logarithm function

x
1

lnx:/ —dt
|t

has domain (0, 00), range (—oc, oc), and derivative

d ()= 1
Ty

For small x the derivative is large (near 0, the curve is steep); for large x the derivative

is small (far out, the curve flattens out). At x = 1 the logarithm is 0 and its derivative

1/x is 1. [The graph crosses the x-axis at the point (1, 0), and the tangent line at that

point is parallel to the line y = x.] The second derivative,

&* 1
="

is negative on (0, oc). (The graph is concave down throughout.) We have sketched the - 723
graph in Figure 7.2.3. The y-axis is a vertical asymptote: lgure:72,

asx — 07, nx = —oc.

Example 1 We use upper and lower sums to estimate
2 dt
n2= = (Figure 7.2.4)
1
from the partition

_q=lon12g 16 17 18 19 20 _
P={1=5% 0 10 10 0 00 10 o= 2" T 2
Using a calculator, we find that Figure 7.2.4
1 (10 10 10 10 10 10 10 10 10 10
LiP) =g+t E+Huritig+tnrntitn)
1 1 1 1 1 1 1 1 1 1
Sutototutststotetstag> 0668
and
U= (R )
L 1 1 1 1 1 1 1 1,1
=gt+tiutotututistietotigts<0719.
We know then that
0.668 < L(P) <In2 < Up(P) < 0.719.
The average of these two estimates,
1(0.668 + 0.719) = 0.6935,
is not far off. Rounded off to four decimal places, our calculator gives In2 = 0.6931.
()
m Table 7.2.1
Table 7.2.1 gives the natural logarithms of the integers 1 through 10 rounded off to n Inn n Inn
the nearest hundredth. 1 0.00 6 179
. . . ) 2 0.69 7195
_Exqmple 2 Use the properties of logarithms and Table 7.2.1 to estimate the follow- 3 Lio 8 208
ng: 4 139 9 220
(@ In02.  (b) In025.  (¢) ln24.  (d) Ino0. 5 161 10 23
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SOLUTION
(@ M02=In}=—In5=—16lL () n025=In}=—In4=-139.
© n24=n2 =@ =n3+In4—In5088.

() 9 = [(©)(10)] = n9+1n10=4.50. 1

Example 3 Estimate e on the basis of Table 7.2.1.
SOLUTION We know that Ine = 1. From the table you can see that
3m3—-Inl0=1.
The expression on the left can be written
In3*—n10=1n27-In10 =In3 =n2.7.
This tells us that In2.7 = 1 and therefore e =2.7. 0

Remark It can be shown that e is an irrational number, in fact a transcendental
number. The decimal expansion of e to twelve decimal places reads

e=2.718281828459.F 2

Exercise 66 in Section 12.6 guides you through a proof of the irrationality of e. A proof that ¢ is transcon-
dental is beyond the reach of this text.

EXERCISES 7.2
Exercises 1-10. Estimate the logarithm on the basis of Table 14. Estimate
7.2.1; check your results on a calculator. 25y
- P t
1. 1n20. 2. Inl6. L
3. Inl6. 4. 3%,
5. 0.1 6. In2.5. by using the approximation 1[L ((P) + U(P)] with
7. 72 8. Inv/630. Poll=t 381830 as
9. Inv2 10. In0.4. PAEE W
11. Verify that the area under the curve y = 1/x from x = 1 15. Taking In 5 = 1.61, use differentials to estimate
to x =2 equals the area from x =2 to x =4, the area (1052, (b)In48, ()55
from x =3 to x =6, the area from x =4 10 x =8, and, 16. Taking In 10 = 2.30, use differentials to estimate
more gencrally, the arca from x = & to x = 2k. Draw some @103, ()96, ()l
figures. 0 ’
12. Verify that the area under the curve y = 1/x from x = 1 to Exercises 17-22. Solve the equation for x.
x = m equals the area from x = 2 to x = 2sm, the area from 17. Inx = 2. 18. Inx = —1.
x to x = 3m, and, more generally, the area from x = & 19. 2 —Inx)lnx =0. 20. 1inx =In(2x — 1).
“”f =km 21 In[(2x + D(x +2)] = 2In(x +2).
3. Beumate 2.2 +2) - linxt = 1.
15 gy 23. Show that
In1s= / 2
1t Inx 1
—lx—1

by using the approximation J[Z ;(P) + Us(P)] with e e i
HINT: Note that — 2

=89 1011 _q5 T
P={1=5¢ 10 U L3 as a derivative.

and interpret the limit




Exercises 24-25. Let n be a positive integer greater than 2. Draw
relevant figures.

24. Find the greatost integer k for which
1

1
Sapn g

1
373 + % <Inn.

25. Find the least integer k for which

. ppk 1
R i
P> Exercises 26-28. A function g is given. (i) Use the intermediate-
value theorem to conclude that there is a number rin the indicated
interval at which g() = In. (ii) Usc a graphing utility to draw a
figure that displays both the graph of the logarithm and the graph
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Differentiating and Graphing
We know that for x > 0
1

X

%(lnx) =
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of g on the indicated interval. Find # accurate to four decimal
places.

26. g(x)=2x—-3; [1,2].
27. g(x) =sinx; [2,3].
28. g(x) = i [1,2].

x
[ Exercises 20-30. Estimate the limit numerically by cvaluating
the function at the indicated values of x. Then use a graphing
utility to zoom in on the graph and justify your estimate.
Inx
29. lim
oy

14 0.0001.
30. Iinoq X Inx;
X0+

x=1£051%0.1,1£0.01,140.001,

x =0.5, 0.1, 0.01, 0.001, 0.0001.

As usual, we differentiate composite functions by the chain rule. Thus

L= — L=
= =— " (1+x%)=
P <) 14 x2dx I+x
and

d 1 d 3

—[n(l+3x)]=———(1+3x)= ——
il = 3 =gy
Example 1 Determine the domain and find /'(x) for

) =T VA +x2).

2

for all real x

forallx > —1.

SOLUTION  For x to be in the domain of f; we must have x+/4 + x2 > 0, and thus we
must have x > 0. The domain of f is the set of positive numbers.
Before ditferentiating 7, we make use of the special properties of the logarithm:

J)=Tn(xv4+32) =1Inx + In[(4+x?)'?

From this we see that

11 1 1 x
x)=—~4=- =4 — =
AR A A S

Example 2 Sketch the graph of
fG)=1In|x|.

:].nx+%ln(4+x2).

44252 y

x(4+x2)"

y=Inx p=inx

SOLUTION  The function, defined at all x # 0, is an even function: f(—x) = f(x) for

all x # 0. The graph has two branches:

y =1In(-x), x<0 and

Each branch is the mirror image of the other. (Figure 7.3.1.)

y=Inx,

x>0, y=Inld

] Figure 7.3.1
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S =xlnx
Figure 7.3.2

Example 3  (important) Show that

d
@30 Znlxp = L foran x £0.
dx x

SOLUTION Forx > 0,
d d 1
2 =£ -
k) = =(nx) =~
For x < 0, we have |x| = —x > 0, and therefore

d d 1 d 1
k) = Zla(0l = =0 = (L)

—-x

Applying the chain rule, we have

21— =

% (111

Example 4 Set f(x) =x1nx.

(a) Give the domain of f and indicate where f takes on the value 0. (b) On what
intervals does f increase? decrease? (¢) Find the extreme values of £ (d) Determine
the concavity of the graph and give the points of inflection. (e) Sketch the graph of f.

x—1 d d
x_;—ZD = E(ln\x— 1) - E(lnIX—Z\):

SOLUTION  Since the logarithm function is defined only for positive numbers, the
domain of f is (0, cc). The function takes on the value Oatx = 1: f(1)=1In1 =0.
Differentiating f; we have
1
fx)=x-—+hx=1+nx
x
To find the critical points of f; we set /'(x) = 0:

l+Inx=0, Inx=-1, x=-, (verify this)
e

Since the logarithm is an increasing function, the sign chart for f* looks like this:

E T —— [

behavior of /:  decreases + increases
f decreases on (0, 1/¢] and increases on [1/e, 00). Therefore
1 1 1 1 1
‘(1/e)=-In{ =) ==(nl —lne)=—-= —— = 0368
T =3 n(e) Jnl-lme=—C= -5

is a local minimum for /" and the absolute minimum.

Since f"(x) = 1/x > 0 forx > 0, the graph of f is concave up throughout. There
are no points of inflection.

You can verify numerically that lim x Inx = 0. Finally note that as x — oc,
xInx — oo, =20

A sketch of the graph of /" is shown in Figure 7.3.2.
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Example 5 Set f(x)=1n (xi ])_

() Specify the domain of £ (b) On what intervals does f increase? decrease? (¢) Find
the extreme values of f. (d) Determine the concavity of the graph and find the points
of inflection. (e) Sketch the graph, specifying the asymptotes if any.
SOLUTION  Since the logarithm function is defined only for positive numbers, the
domain of / is the open interval (1, 0o).

Making use of the special properties of the logarithm, we write

S =x* —In(x — 1) =4Inx —In(x — 1).

Differentiation gives

41 3x—4
A iy S )
T S SR et ' T
S =Gt T T T -1

Since f is defined only for x > I, we disregard all x < 1. Note that f"(x) =0 at
x = 4/3 (critical point) and we have:

sign of £ —=—==—~ (o

behavior of f: 1 4 A
decreases increases
Thus £ decreases on (1, 3] and increases on [%, o). The number
f(3) =44 -3In3=225
is a local minimum and the absolute minimum. There are no other extreme values.
Testing for concavity: observe that f"(x) = 0 atx = 2. (We ignore x = 2/3 since
2/3 is not part of the domain of £.) The sign chart for /* looks like this:

SIEN O f" 4444+ttt tttttdbtrds0omo o

concavity: 1 concave up 2 concave down %

The graph is concave up on (1, 2) and concave down on (2, oc). The point
(2, f(2)) =(2,4In2) = (2,2.77)
is a point of inflection, the only point of inflection.
Before sketching the graph, we note that the derivative

4 1
re=2-

w=v)
is very large negative for x close to 1 and very close to 0 for x large. This tells us that
the graph is very steep for x close to 1 and very flat for x large. See Figure 7.3.3. The Figure 7.3.3

line x = 1is a vertical asymptote: as x — 17, f(x) = co. O

T

al asymptote r = 1

Integration

The integral counterpart of (7.3.1) takes the form

1
(7.3.2) f rdx =In|x|+C.

The relation is valid on every interval that does not include 0.

m 349

boint of inflection

 minimum value = 2.25
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Integrals of the form

/
/ Y (x)dx with u(x) # 0 can be written / —du
u(x)

by setting
u = u(x), du =u'(x)dx.

dx.

2
X

le Iculat
Example 6 Cacuacfliébc3

SOLUTION  Up to a constant factor, x2 is the derivative of 1 — 4x3, Therefore, we set

w=1-4x% du = —12x2dx.

%2 du
/wdx:—é o = hhn+C=—fnjl—43+C. D

6x2 42

2
Example 7 Evaluate / T
1 X +x+1

SOLUTION Set u=x>+x+1, du=@3x*+1)dx.
Atx=1, u=3atx =2, u=11.

2 3 11
2 di 11
f Sl :2/ & o]
1 X +x41 s u 3

=2nll—m3)=2m(%). 2

Here is an example of a different sort.
I
Example 8 Calculate / 22
x

SOLUTION  Since 1/x is the derivative of Inx, we set
1
u=Inx, du = —dx.
x
This gives
In
D e = /udu =l 4+C=lmxP+C o

x

Integration of the Trigonometric Functions
‘We repeat Table 5.6.1:

/sinx dx = —cosx+C /cosx dx =sinx 4+ C
fseczxdx:tanerC /csczxdx:—cotx+c

/secanx dx =secx +C [cscxcmx dx = —cscx +C
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Now that you are familiar with the logarithm function, we can add four more basic
formulas to the table:

[tanxdx:—lnlcost+C:ln|secx\+C
(7.3.3) [cotx dx =In|sinx| + C
/secx dx = In|secx +tanx| + C

[cscx dx =In|cscx — cotx| + C

The derivation of these formulas runs as follows:

sinx
tanx dx = dx (setu = cosx, du = —sinx dx)

cosx

d
:_/l:qmuwc
u

=—In|cosx| +C =In —‘+C
cosx
=In|secx|+ C.
/cotx dx = / Cf)sxdx (setu=sinx,  du=cosx dx)
sinx

:/ﬂzlnlul-*-c:ln\sinx!«f»c.
u

secx + tanx
fsecx dx £ /secxédx
secx + tanx

secx tanx + sec?x
=f —————dx
secx + tanx

[setu = secx +tanx, du = (secx tanx + sec? x) dx]

d
:[lzln\u\+C:ln\secx+tanx\+C.
u

The derivation of the formula for / cscx dx is left to you.

Example 9 Calculate/cotzrx dx.

SOLUTION Setu =mx, du=mdx.

1 1 1
fcotzrx dx:;/cotu du= lnlsinu\JrC:;ln\sinzrerrC. a

1Only experience prompts us to multiply numerator and denominator by secx -+ tan x.

m 351
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Remark The u-substitution simplifies many calculations, but you will find with

experience that you can carry out many of these integrations without it.

/8
Example 10 Evaluate / sec2x dx.
0

u]

SOLUTION  As you can check, 1 In|sec2x 4 tan2x| is an antiderivative for sec2x.

Therefore

/8 /8
f sec2x dx = %[ln\secz,v +tan2x\]0
o

sec? 3x

Example 11 Calculalefi X
1+ tan3x

SOLUTION Setu =1+tan3x, du = 3sec?3x dx.

sec? 3 d
/ﬂdxzéfi:%m\uuc:%lnxumsch.
u

1+ tan3x

Logarithmic Differentiation
‘We can differentiate a lengthy product

&) = g1(X)g(x) - gx)
by first writing

In |g(x)] = In(Igi(:)l|g200)] - - galx)])

=Mlgi®)] + gl + - + In g, ()]

and then differentiating:
g0 _ g | s &)
&) &) @) gulx)
Multiplication by g(x) then gives

g x)

4

(7.3.4) g(x)=glx) (

[ G B 160
ak) &) gu(x)

s

sIn(V2+ 1) —nl]=1n(2+1)=044 O

[w]

The process by which g/(x) was obtained is called logarithmic differentiation.
Logarithmic differentiation is valid at all points x where g(x) # 0. At points x where

g(x) = 0, the process fails.
A product of 7 factors,

8(x) = g1(X)g2(x) -~ gulx)

can, of course, also be differentiated by repeated applications of the product rule,
Theorem 3.2.6. The great advantage of logarithmic differentiation is that it readily
gives us an explicit formula for the derivative, a formula that’s easy to remember and

easy to work with.
Example 12  Calculate the derivative of

£00) = x(r — 1)z —~ 2)(x —3)
by logarithmic differentiation.
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SOLUTION We can write down g'(x) directly from Formula (7.3.4):

1 1 1 1
g’(x>=x<x—1)<x—2)(x—3)(;+x71+m+x73);

or we can go through the process by which we derived Formula (7.3.4):

In|gx)|=In|x|+Inlx — |+ In|x — 2] +In|x — 3],
1 1 1 1
ge _ 1, .

ex)  x x—-1 x-—2 x-3

1
g’(x):x(x—1)(x—2)(x—3)(;+$+x12+ﬁ>, u}

The result is valid at all numbers x other than 0, 1, 2, 3. These are the numbers where
glx)=0. 1

Logarithmic differentiation can be applied to quotients.

Example 13 - Calculate the derivative of
(2 +1%@2x — 57

glx)= G+

by logarithmic differentiation.
SOLUTION  Our first step is to write
g(x) = (¥ + 1°Qx = 5P 4+ 572

Then, according to (7.3.4),

oy R DPRx = P3G+ 1P2x) | 22x = 5)(2) | (-2 + 5)’3(2)()}
£O =5 [ I+ 1p [P T+3)2
_ P Pex -5 6x 4 4x
TR +sP (x2+1 2x—5_x2+5>'

We don’t have to rely on (7.3.4). We can simply write
In]g(x)| = In|(x> + 3)°| + In|(2x — 5| — In|(x? + 5)?|
=3nx?+ 1] +2In)2x — 5| - 2In|x> + 5

and go on from there:

200 _ 3@y | 20 2020
e) X4l 2x-5 X245

6x 4 4x
5 oy [ —
g(”‘gm(xlﬂ*'zx—s x2+5>'

The result is valid at all numbers x other than % At this number g(x) = 0. 1

= 353
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That logarithmic differentiation fails at the points where a product g(x) is 0 is not
a serious deficiency because at these points we can easily apply the product rule. For
example, suppose that g(a) = 0. Then one of the factors of g(x) is 0 at x = a. We write
that factor in front and call it g|(x). We then have

EXERCISES 7.3

) =g1®e@) &) with  gi@=0.
By the product rule,
d
g = 81007 [8200) - @] + g1 () [226x) - g ()]
Since gi(a) = 0,
g@) =gl@le@ - g@]

We go back to the function of Example 12 and calculate the derivative of

&) =x(x — D(x - 2)(x - 3)

atx = 3 by the method just described. Since it is the factor x — 3 thatis O atx = 3, we

write

By the product rule,

&) = = 3)[x(x = Hx = 2)].

d
glx)=(x~ N0 = Do = D1+ 1[x(x = Dix - 2)1.

Therefore

£B3)=33-13-2 =6

Exercises 1-14. Determine the domain and find the derivative. 35 / sinx P 6 / sec? 2x
{ x.
1 f(r)=Indr. 2 /() =I@x +1). 2+ cosx *‘a"zx
3 @)=l + 1), 4. /()= In[Gx + 1Y) 2. /ILM 28, /2 .
T o = Tinx
j 7@ :"‘4*1‘ ; J&) il“;’) % / dx 0 /qecznam
- ) =it~ 1l . /() = In(in). - | s e
9. f(x) = (2% + 1P In(@x + 1), S
42 31./%&1.
10. 70 =1m| S5 1. f(x),l— sinx +cosx
- nx :
12, f) =l YZF1. 13. f(x)=sin(Inx). 32 f VE(+ x) e HOD Sty — 1

14. f(x) = cos (Inx). :
f(‘t) cos (Inx) 35 _VE - /‘tan(lnx) 5
Exercises 15-36. Calculate. 1 +x[ x
dx
15. /x+1' e gf 5 - 35. /(l+secx)2dx. 36. /(Svcscx)zdx
x+1 N
17. N Exercises 37-46. Evaluate.
© dx ¢ dx
1. f!all}x dx. 20. /sec%nxdx. SN 38'/, £
; st x / dx /’ 1 1
st ¥ = 40. -—)d
21. /xaccx dx. 2 [ e A s N1 g ) o
) s 13
2. [;dr 2, (ROt 41./ A 42./ tanwx dx.
(3-x9 xta o 21 1id




T2 cosx 2
43. / —— dx. 4. f (1 +csc x)2dx.
a6 1+ sinx x4

n .
45‘/ cotx d. 46. / Iz 2
nf4 1 X

47. Pinpoint the error in the following:

5 1 5
I x — 2] = i
/1 —a [l \L I3

1
48. Show that im Ind+x)
e

tive.

= 1 from the definition of deriva-

Exercises 49-52. Calculate the derivative by logarithmic differ-
entiation and then evaluate g’ at the indicated value of .

49. g(x) = (2 + 12(x — 1P%x% x=1.
50. g(x) = x(x + a)(x + D)(x +¢); x

—b.

__de-n
Sl.g(x)vm, x=0.

_[a=-n=-27
52. g(x) = {m] 9 w2,

Exercises 53-56. Sketch the region bounded by the curves and
find its area.

53.y=secx, y=2 x=0, x=n/6
Shy=csclor, y=x v=1l
55.y=—tanx, y=1, «x

56.y=secx, y=cosx, x=0, x=%.

Exercises 57-58. Find the area of the part of the first quadrant

that lies between the curves.

57.x+4y-5=0 and xy=1.

58.x+y—3=0 and xy=2.

59, The region bounded by the graph of f(x) = 1/y/T+ x and
the x-axis for 0 < x < 8 is revolved about the x-axis. Find
the volume of the resulting solid.

60. The region bounded by the graph of /(x) = 3/(1 -+ x2) and
the x-axis for 0 < x < 3 is revolved about the y-axis. Find
the volume of the resulting solid.

61. The region bounded by the graph of f(x) = ,/secx and the
x-axis for —7/3 < x < m/3 is revolved about the x-axis.
Find the volume of the resulting solid.

62. The region bounded by the graph of £(x) = tanx and the
x-axis for0 < x < /4 isrevolved about the x-axis. Find the
volume of the resulting solid.

63. A particle moves along a coordinate line with acceleration
a() = (¢ + 1)~2 feet per sccond per second. Find the dis-
tance traveled by the particle during the time interval [0, 4]
given that the initial velocity v(0) is 1 foot per second.

64. Exercise 63 taking v(0) as 2 feet per second.

Exercises 65-66. Find a formula for the nth derivative.

65. (Inx). 66. % [In(1 —x)].

ax
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67. Show that [ cscx dx =1In|csex — cotx| + C using the
methods of this section,
68. (a) Show that for 7 = 2, (7.3.4) reduces to the product rule
(3.2.6) except at those points where g(x) = 0,
(b) Show that (7.3.4) applied to

21(x)
£:(x)

gx) =

reducesto the quotient rule (3.2.10) except at those points
where g(x) = 0.

Exercises 69-74. (i) Find the domain of £, (ii) find the intervals
on which the function increases and the intervals on which it
decreases, (iii) find the cxtreme values, (iv) determine the con-
cavity of the graph and find the points of inflection, and, finally,
(v) sketch the graph, indicating asymptotes.

69. f(x)=In(4—x). 70. f(x)=x—Inx.

71, f(x)=xInx. 72 f(x)=In(4-x?).

X - Xl
7. f(v):ln{m]. 74, /(x):lnL_J.

75. Show that the average slope of the logarithm curve from

x=atox=>his
1 I b
Pyl s ;.

76. (a) Show that f(x) = In2x and g(x) = In 3x have the same
derivative.
(b) Calculate the derivative of F(x) = Inkx, where k is any
positive number.
() Explain these results in terms of the properties of loga-
rithms.

[ Exercises 77-80. Use a graphing utility to graph £ on the indi-

cated interval. Estimate the x-intcrcepts of the graph of f and
the values of x where / has either a local o absolutc cxtreme
value, Use four decimal place accuracy in your answers.

71 fG) = Fhx; (0, 10]
7. f) =xnx;  (0,2].

79. f(x) =sin(nx); (1, 100].
80. f(x) =x’In(sinx);  (0,2].

[ 81. A particle moves along a coordinate line with acceleration

a(t)=4—2(t + 1)+ 3/(¢ + 1) feet per second per second

from¢=0tor=3.

(a) Find the velocity v of the particle at each time  during
the motion given that v(0) = 2.

(b) Use a graphing utility to graph v and a together.

(c) Estimate the time ¢ at which the particle has maximum
velocity and the time at which it has minimum velocity.
Use four decimal place accuracy.

[>82. Exercise 81 with a(r) = 2cos 2(¢ + 1) + 2/(z + 1) feet per

second per second from ¢ = 0tof =7,

[>83. Set £(x) = 1/x and g(x) = —x? +4x — 2.

(a) Use a graphing utility to graph f and g together.
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(b) Use a CAS to find the points where the two graphs inter- |9 Exercises 85-86. Use a CAS to find (i) /(x) and £"(x); (ii) the

sect. points where f, /' and f” are zero; (iii) the intervals on which
(c) Use a CAS to find the area of the region bounded by the £, /" and /" are positive, negative; (iv) the extreme values of £
two graphs. Inx 1+2Inx
85 f(x)= . 86. f(x) = ——".
and g(x) = |x —2|. X 2VInx

[5>84. Exercisc 83 taking f(x)

H 7.4 THE EXPONENTIAL FUNCTION

Rational powers of e already have an established meaning: by e#/4 we mean the gth
oot of e raised to the pth power. But what is meant by 2 orem?
Earlier we proved that each rational power e?/¢ has logarithm p/g:

@40 et = £,
q

The definition of e for z irrational is patterned after this relation.

‘ DEFINITION 7.4.2

If z is irrational, then by e® we mean the unique number that has logarithm z:

{ Ine =z.

What is e¥2? Tt is the unique number that has logarithm +/2. What is ¢™? It is the unique
number that has logarithm 7, Note that ¢* now has meaning for every real value of x:
it is the unique number that has logarithm x.

DEFINITION 7.4.3
The function

is called the exponential function.

|
Ex)=¢" for all real x

Some properties of the exponential function are listed below.
(1) In the first place,

7.4.4) In for all real x

Writing L(x) = Inx and £(x) = ¢, we have
LE(x))=x for all real x.

This says that the exponential function is the inverse of the logarithm function.

. (2) The graph of the exponential function appears in Figure 7.4.1. It can be obtained
Figure 7.4.1 from the graph of the logarithm by reflection in the line y = x.
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(3) Since the graph of the logarithm lies to the right of the y-axis, the graph of the
exponential function lies above the x-axis:

(7.4.5) & >0 for all real

(4) Since the graph of the logarithm crosses the x-axis at (1, 0), the graph of the
exponential function crosses the y-axis at (0, 1):

Inl=0 gives e&'=1.

(5) Since the y-axis is a vertical asymptote for the graph of the logarithm function, the
x-axis is a horizontal asymptote for the graph of the exponential function:

asx — —oo, ¢ — 0.

(6) Sincethe exponential function is the inverse of the logarithm function, the logarithm
function is the inverse of the exponential function; thus

(7.4.6) e =, forallx > 0.

You can verify this equation directly by observing that both sides have the same
logarithm:

In("*) = Inx
since, forall real ¢, Ine’ = 1.
You know that for rational exponents
PIHTIS) — ppla . gr/s

This property holds for all exponent: irrational exponent:

THEOREM 7.4.7

for all real ¢ and b.

PROOF

Ine"* =a+b=Ine*+Ine’ = In(e” - eh).
The one-to-oneness of the logarithm function gives

ath _ 0 b O

We leave it to you to verify that

Y

1
748 et==  ad =2
&l e

We come now to one of the most important results in caleulus. It is marvelously
simple.

m 357
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THEOREM 7.4.9

The exponential function is its own derivative: for all real x,

d
E(e)fe"

prROOF The logarithm function is differentiable, and its derivative is never 0. It follows
(Section 7.1) that its inverse, the exponential function, is also differentiable. Knowing
this, we can show that
d
E(ﬁ’r) =e
by differentiating both sides of the identity
Ine* =x.
On the left-hand side, the chain rule gives
—(ln€‘) S (e‘)
On the right-hand side, the derivative is 1:
d
—@) =1
=%
Equating these derivatives, we have

d
— () = a —() =
X(e) 1 and thus x(e) & a

Compositions are differentiated by the chain rule.

Example 1
d
(a) i(ek*) =Pl = &7k = ket
1
b) (V) = L —¢ —
() (2)9 (f)t(2[> PG
1

© = () =e" E(—xz):e”‘ (—2x)=-2xe™. 0O

ex,

The relation

d d
x x and i 1l o kx
dx(e)ée and its corollary P @) =ké

have important applications to engineering, physics, chemistry, biology, and economics.
‘We take up some of these applications in Section 7.6.

Example 2 Let f(x) = xe™ for all real x.

(a) On what intervals does f increase? decrease?

(b) Find the extreme values of /.

(¢) Determine the concavity of the graph and find the points of inflection.
(d) Sketch the graph indicating the asymptotes if any.
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SOLUTION
fx)=xe™,
fixX)=xe (=) +e ™ =(1-x)e™,
S =01=-xe*(-D—eF=@-2e™
Since ™ > 0 for all x, we have f'(x) =0 only at x = L. (critical point) The sign of

/" and the behavior of f are as follows:

SIgN Of £ bbbk ok ok ok 44 O m e

behavior of /: increases 1 decreases

The function f increases on (—oc, 1] and decreases on [1, 00). The number
1

1
1)= —= =0.368
S e 272
is a local maximum and the absolute maximum. The function has no other extreme
values.
The sign of f” and the concavity of the graph of f are as follows:

SIgN OF £ == === = m e m e [P

concavity: concave down 2 concave up
The graph is concave down on (—0c0, 2) and concave up on (2, oc). The point

@ fO) =022 (2 ) =(2,027)

2
@272p
is a point of inflection, the only point of inflection. In Section 11.6 we show that as
x — 00, f(x)=x/e* — 0. Accepting this result for now, we conclude that the x-axis

is a horizontal asymptote. The graph is given in Figure 7.4.2. 1

L
1 2 horizontal asymplote ¥
y=0
Sl = e

Figure 7.4.2

Example 3 Let f(x) = e~/ for all real x.

(a) Determine the symmetry of the graph and find the asymptotes.

(b) On what intervals does f increase? decrease?

(¢) Find the extreme values.

(d) Determine the concavity of the graph and find the points of inflection.
(e) Sketch the graph.
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Fl) = e

Figure 7.4.3

SOLUTION  Since f(—x) = e = 2 = f(x), f is an even function. Thus
the graph is symmetric about the y-axis. As x — oo, e 12 5 0. Therefore, the
x-axis is a horizontal asymptote. There are no vertical asymptotes.

Differentiating f, we have

F0) = e (—x) = —xe
£ = 7x(7xe—.ﬁ/z) e = (xz _ l)e"z"l.

Since e *'/2 > 0 for all x, we have f'(x) = 0 only at x = 0 (critical point). The sign of
/" and the behavior of f are as follows:

S i s s b e s e s s

behavior of /: increases 0 decreases

The function increases on (—oo, 0] and decreases [0, c0). The number
fO=e=1

is a local maximum and the absolute maximum. The function has no other extreme
values.

Now consider f"(x) = (x? — 1)e™*"/2. The sign of /" and the concavity of the
graph of f are as follows:

Sign of /" 44k 44 t0 - mmmmmm e Ot+tttt+
concavity: -1 0 1 £
concave point concave point concave
u of down u
inflection inflection

The graph of f is concave up on (—oo, —1) and on (1, 00); the graph is concave down
on (—1, 1). The points (—1, e~"/2) and (1, e~!/) are points of inflection.
The graph of f is the bell-shaped curve sketched in Figure 7.4.3.7 1

The integral counterpart of Theorem 7.4.9 takes the form

(7.4.10) /.L’Xd.\’ = +C.

In practice
/e“mu’(x)dx is reduced to f &du
by setting
u=u(x), du =u'(x)dx.
Example 4 Find / 9 ¥ dx.
SOLUTION Setu =3x, du=3dx.

/9e3wx:3fe“du:36“+c:35“+C.

" Bell-shaped curves play  big role in probability and statistics.

|
J
_\
|
‘
|
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If you recognize at the very beginning that
d
363 = L),
priCa)
then you can dispense with the u-substitution and simply write

/9€3de == 3/3ehdx =3*+C. Q

Example 5 Find/ %d}c.

1
SOLUTION Setu = /%, du=——dx.

2%

Example é Fmd/ = +1

SOLUTION We can put this integral in the form
1
/ —du
u

=e¥+1,  du=3e¥dx.

by setting

Then

& Ll ) o B
/L,uJTld":a/;du:gln!ul+C:§In(e‘+1)+c_ a

Example 7 Evaluate

VIms
/ xe ™ 2dx.
0

SOLUTION Setu = —1x? du=—xdx.

At x=0,u=0; atx =+/2In3, u=—1n3. Thus

T3 A —In3 i3 A
xe"/zdx:—/ edu=—[¢] T =1-em=1-1=2 1
0 0
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EXERCISES 7.4

1
Example 8 Evaluate/ & + D)dx.
0

SOLUTION Setu =
At x=0, u=2;

41, du=edx.
atx =1, u=-e+1 Thus

1 e+l . e+l
/ e + 1)dx :/ idu = [3u] " =i+ 197 - 29 0
0 4

Exercises 1-24. Differentiate.

9.y =1 +e™)
1y =¥ InJx.

21. fx) = sin ().
23. f(x) = ¢ ¥ cosx.

Exercises 25-42. Calculate.

25. f & dx.
27. f M dx.
29. / xe¥ dx.

ix
et/

3 | — dx.

X
33./1n(f‘dx.
4
35./—d..
N
P
L . —
[ 7=
‘,h
3. [ S _ax
/2e2x+3 *
a. f cos e d.

Exercises 43-52. Evaluate.

1
43. f e dx.
0

2.y =3exHL,
4.y =2¢7%,
6.y =x%.

8. E\E“.

10,y = J(e" — ).
12.y = (3 = 2e).
4.y = (¥ —e )
16. y = xZe* —xe®.
e —1

20. y = Ine®.

22.f ()= &%,

24. f(x) = In(cose>").

26. / e ¥ dx.
28. /e“”dx.
30. / xe™ dx.
N
3. f - —
%
3. / e f dx.
.
36. / £ _ux.
EES
ax?
38. / 2 ux
& 1
5 —2x
40. / SE) g,
p

42. /@’*[1 + cos (e™)] dx.

1
44, f e dx.
o

18.y=

Ins 1 4
4. / o5 d. 46./ xe ™ dx.
J0 0
[ foge_sgr
47./ g 4s.f dr.
(I o
2 e -
9. f £ 50. / e
et y 1=
ot . Inwe/4
51./ & +2)dx. 52.[ o sec e d.
0 0

53. Let a be a positive constant.
(2) Find a formula for the nth derivative of £(x) = ™.
(b) Find a formula for the nth derivative of /(x) = e™".
54. A particle moves along a coordinate line, its position at time
£ given by the function

x(f)y=Ae* + Be™.  (4>0,B>0,k>0)

(a) Find the times ¢ at which the particle is closest to the
origin.

(b) Show that the acceleration of the particle is proportional
to the position coordinate. What is the constant of pro-
portionality?

55. A rectangle has one side on the x-axis and the upper two ver-
tices on the graph of y = e™*". Where should the vertices be
placed so as to maximize the area of the rectangle?

56. A rectangle has two sides on the positive x- and p-axes and
one vertex at a point P that moves along the curve y = e® in
such a way that p increases at the rate of } unit per minute.
How is the area of the rectangle changing when y = 3?

57, Set f(x) = e,

(a) What is the symmetry of the graph?

(b) On what intervals does the function increase? decrease?

(c) What are the extreme values of the function?

(d) Determine the concavity of the graph and find the points
of inflection.

(¢) The graph has a horizontal asymptote. What is it?

(f) Sketch the graph.

58. Let Q be the region below the graph of y = ¢ fromx =0
tox =1
(a) Find the volume of the solid generated by revolving $2

about the x-axis.




(b). Set up the definite integral that gives the volume of the
solid generated by revolving ©2 about the y-axis using the
shell method. (You will see how to evaluate this integral
in Section 8.2.)

59. Let 2 be the region below the graph of y — e
tox=1.

fromx =0

() Find the volume of the solid generated by revolving &2
about the y-axis.

(b) Form the definite integral that gives the volume of the
solid generated by revolving  about the x-axis using
the disk method. (At this point we cannot carry out the
integration.)

Exercises 60-63. Sketch the region bounded by the curves and
find its area.

y=1 y=2 x=2
Exercises 64-68. Determine the following: (1) the domain; (if)
the intervals on which £ increases, decreases; (iii) the cxtreme
values; (iv) the concavity of the graph and the points of inflection.
Then sketch the graph, indicating all asymptotes.
64. f(x 65. f(x) = el
66. /(x) 67. f(x) = x2Inx.
68. f(x) = (x — x2)e™"
69. For each positive integer » find the number x, for which
firerdx =n.
70. Find the critical points and the extreme values. Take & as a
positive integer.
@ f(x)
() f(x)
71. Take @ > 0 and refer to the figure.

x> 0.
x real.

5

(a) Find the points of tangency, marked 4 and 5.
(b) Find the area of region I.
(c) Find the area of region 11
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72. Prove that for all x > 0 and all positive integers 7
4 1 Xz oh g
e > +x+27!+371+-»-+m

Recall that n! = n(n — 1)(n —2)---3.2- 1.

x x
HINT: e‘:l+/ e‘dl>l+/ dit=1+4x
{ 0

o

x x
‘:l+fe’dz>l+/(l+r)dz
o o

*
=1l+x+=, andsoon.

2
73. Prove that, if n is a positive integer, then

e > x"
HINT: Exercisc 72,

574. Set f(x) = and g(x) = x2,

(a) Use a graphing utility to draw a figure that displays the
graphs of / and g.

(b) Estimate the x-coordinates a and b(a < b) of the two
points where the curves intersect. Use four decimal place
accuracy.

(c) Estimate the arca between the two curves from x = ¢ to
x=b

for all x sufficiently large.

[>75. Exercise 74 with /(x) = ¢* and g(x) = 4 — x2,

[> Exercises 76-78. Use a graphing utility to draw a figure that dis-
playsthe graphs of / and g. The figure should suggestthat f and g
are inverses. Show that this is true by verifying that f(g(x)) = x
for each x in the domain of g.

76. f(X) =¥, gx)=InyT x>0
77 fx) = gx)=vinx; x>1
8. f(x) = &) =2+lnx; x>0

[>79. Set /(x) = sine*. (a) Find the zeros of /: (b) Use  graphing
utility to graph f.
[ 80. Exercise 79 with f(x) = ™ — 1.
[>81. Set f(x) = ™ and g(x)
(a) Use a graphing utility to draw a figurc that displays the
graphs of / and g.
(b) Estimate the x-coordinate of the point where the two
graphs intersect.
(c) Estimate the slopes at the point of intersection.
(d) Are the curves perpendicular to each other?
[-82. (a) Use a graphing utility to draw a figure that displays the
graphs of f(x) = 10¢™* and g(x) = 7 — ¢*.
(b) Find the x-coordinates  and b (a < b) of the two points
where the curves intersect.
(c) Usea CAS to find the area between the two curves from
r=atox=h.

[ 83. Use a CAS to calculate the integral,

(a)fl lexdx. (b) /e" (%)dd»

elunx
(c) /rgzxdx.

Inx




364 m CHAPTER 7 THE TRANSCENDENTAL FUNCTIONS

PROJECT 7.4 Some Rational Bounds for the Number e

The purpose of this project s to lead you through a proof that,

HINT:  Forall numbers £in [1,1+ 1],

for cach positive nteger n

L
I 1\ [
(7.4.11) (1+*) §e§<]+—)
n n

Step 2. Show that

Tt will follow that

(+3Pses(+Y),
)4 by applying the exponential function to each entry in the inequal-

1+

The proof outlined below is based directly on the definition of

the logarithm function

4|
lnx=/ —dt,
Lt

and on the characterization of e as the unique number for which
o
[ Fa=
W IF

Step 1. Show that for cach positive integer 1,

1
<In
b

The proof has two steps.

g

1+=
"

(01 =e=(022)
Y eos(e

ity derived in Step 1.
and so on.

The bounds that we have derived for e are simple, elegant,
and easy to remember, but they do not provide a very efficient
method for calculating e. For example, rounded off to seven
decimal places,

1\ 1\
(1+ﬁ) = 2.7048138 and (I+m)

x>0

= 2.7318620.

Apparently a lot of accuracy here, but it doesn’t help us much in
finding & decimal expansion for e. It tells us only that, rounded
off to one decimal place, e = 2.7. For a more accurate decimal
1) 1 expansion of e, we need to resort to very large values of . A

= much more efficient way of calculating e s given in Section 12.6

M 7.5 ARBITRARY POWERS; OTHER BASES

Arbitrary Powers: The Function f(x) = x"

The elementary notion of exponent applies only to rational numbers. Expressions such
as

10° 91i3 7-4i5 )
make sense, but so far we have attached no meaning to expressions such as
5 5 4
102, o 7-v3, e

The extension of our sense of exponent to allow for irrational exponents is conveniently
done by making use of the logarithm function and the exponential function. The heart
of the matter is to observe that for x > 0 and p/g rational,

xPla = olpiplx
(To verify this, take the logarithm of both sides.) We define x* for irrational z by settin;
y &= Y g
s,
We can now state that

if x>0, then
- inx

(7.5.1)

x'=¢ for all real numbers .
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In particular,
10V2 = (V2110 o _ prin2 73— o=¥3mT

7° = el

With this extended sense of exponent, the usual laws of exponents still hold:

”» . s X

752 FrET =g XM=, @'y &

xS
PROOF
Artoms _ rinx s s

rinx '

- s ey € X!
75 = iy _ grins | pmshix =%
TR

() = et = st _ s

The differentiation of arbitrary powers follows the pattern established for rational
powers; namely, for each real number » and each x > 0

d
(7.5.3) — () =rx
dx

:
PROOF !
d d d r
— ()= —(@" ) = x) = xS =
dx « dx ( ) dx( ) X
Another way to see this is to write f(x) = x” and use logarithmic differentiation:

Inf(x)=rinx |

'@ _r
f&)  x
fx)= 'xﬁ - % =rl. 0
Thus
;;.% (x‘/i) =25/ and %(.\'7) =ax™ L

As usual, we differentiate compositions by the chain rule. Thus

@ [62 499 = Va2 + 55162 5y 2 2B + 5700
dx dx

Example 1 Find di [&"+ ™).
x

SOLUTION  One way to find this derivative is to observe that 24 1) =¥ In(x?+1)
and then differentiate:

4 37— @[ semeeen] _ 3xin (1) 2x o2
e+ ]‘Z[E }75 LG

6.

)

:(x2+1)3*[

P 1
i n (x ) e




[

366 W CHAPTER 7 THE TRANSCENDENTAL FUNCTIONS

Another way to find this derivative is to set f(x) = (x* + 1)**, take the logarithm of
both sides, and proceed from there

Infx)=3x -In@x*+1)

e,z
@ T e

f’(x):f(t)[ +31n(,\ +1)]

+ [In(x? +DIB) = 5 +3IGT 4 )

L[ o6x?
2y
= (x 1
41 |:x2+1

| a

Each derivative formula gives rise to a companion integral formula. The integral
version of (7.5.3) takes the form

X
(7.5.4) /x’ dx = +C, for r#-1.
r+1
Note the exclusion of # = —1. What is the integral if r = —1?

n X3
Example 2 Fmd/mdx.

SOLUTION Setu =2x*+1, du=8x%x.

G _ @x*+ D7
/(—2,x4+1)” 8/” dlt_7(1—7>+c_ﬁ8(l—ﬂ) +C. 0

Base p: The Function f(x) =

To form the function f(x) = x", we take a positive variable x and raise it to a constant
power r. To form the function f(x) = p*, we take a positive constant p and raise it to
a variable power x. Since 1* = 1 for all x, the function is of interest only if p # 1.

Functions of the form f(x) = p* are called exponential functions with base p. The
high status enjoyed by Euler’s number e comes from the fact that

d
E(@’) =

For other bases the derivative has an extra factor:

d
7.5.5 —(p")=p lnp.
(7.5.5) @) =p'np

PROOF

d d
E(p*) = d—(e* By = Inp=p'lnp. QO
x
For example,

d d
—(2%)=2"In2 and —(10%) = 10" In 10.
dx dx
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The next differentiation requires the chain rule:
d (e 322 B B _ gt
= (2 ) =272) (357 = 6:2 In2.

The integral version of (7.5.5) reads

1
7.5. Fdx = —p* +C.
7.5.6) /17 x lin +

The formula holds for all positive numbers p different from 1. For example,

1
2%dx = —2* s
/ * In2 6

Example 3 Find/xsﬂldx.
SOLUTION Setu = —x2, du = —2x dx.
1 1/1
—x? u 1 ~
Py = o du=—>(—]5
/xS dx 2/5 u Z(InS) +C

-1 2
=—=5"4+C. 0O
s T

2
Example 4 Evaluate/ 3%y,
1

SOLUTION Set u=2x—1, du=2dx.

At x=1, u=1; atx =2, wu=3.Thus
2 173 11 V)
32"'d-:7/ Fdu=_|—-3"| =—==10923. O
/1 T2, T W ) T s

Base p: The Function f(x) = log, x
If p > 0, then

Inp'=tlhp  foralls.
If p is also different from 1, then In p # 0, and we have

Inp' y
np
This indicates that the function
. Inx
f@y==
n p

satisfies the relation
f(phYy=t  forallreals.
In view of this, we call
Inx
Inp

m 367
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the logarithm of x to the base p and write

Inx
7.5.7, =—
C ) log, x g

The relation holds for all x > 0 and assumes that p is a positive number different
from 1. For example,

32 In2° _ 52

logR=""F=—F="—F=
8T T2 T 2
and
ogin (1) = In(p) W10 —nio_ 1
S0 l1o) = 0100 ~ W10z T 2mio 2
We can obtain these same results more directly from the relation
(7.5.8) log, p* =1¢.
Accordingly

logy32=log,2° =5 and  log (1) = logjep(10071/2) = —1.

Since log,, x and In x differ only by a constant factor, there is no reason to introduce
new differentiation and integration formulas. For the record, we simply point out that

d {log, %) d (lnx 1
s =—_—)= .
ax % dx \Inp xlnp

If p is e, the factor In p is 1 and we have

d 1
7 logex) = -

The logarithm to the base e, In = log,,, is called the natural logarithm {or simply the
logarithm) because it is the logarithm with the simplest derivative.

Example 5 Calculate

d d 1
@) - (logs [x]). (b)a[log2(3xz+l)], () / PR

SOLUTION
d n_dllx]_ 1
@ E(lOgS b= dx ': In5s ] TN
d d [n@3x?+1)
—[log,(3x* +1)] = — | ————
W geme ) = 2[R
1 d
Gx2+1) i

L Gx+ )hnzdx T G2+ )2

by the chain rule

1 1 f1, I
N A S L . T
© /xln]O * =0/ ¥ = o T O = loenkl+C
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Exercises 1-8. Evaluate.

1. log, 64. 2. log, &.
3. loggy 5. 4. log, 0.01.
5. logg 1. 6. logs 0.2.
7. logs 125. 8. log, 4.

Exercises 9-12. Show that the identity holds.
9. log, vy = log, x + log, .

1
10. log, ~ = — log, x. 1L log, ¥ = ylog, x
X

x
12. log, ~
p

log, x — log, .
Exercises 13-16. Find the numbers x which satisfy the equation.
13 [0 eset, 14. logs x = 0.04.

15. log, 10 = log, 100. 16. log, 2 = log; .

17. Estimate In a given that ¢ < a < e,

18. Estimate ¢” given that Inx; < b < Inx,.

Exercises 19-28. Differentiate.

19. /(x) = 3%, 20. g(x) =

2. fx) = 25730 2. Fe) = 55,
23. g(x) = /log; x. 24, h(x) = 7,
25. f(x) = tan(logs x). 36, 0lx)= loilzl»x‘

27. F(x) =cos(2* +27).  28. h(x) =a~* coshx.
Exercises 29-35. Calculate.
9, /3%» 30. /2"dx,

31 /<x3+3’*)11x. 32./“0*“411
33.[ & 34./]"*;‘5%,
XIns X

35 /logzv

36. Show that, if ¢, b, ¢ are positive, then
log, ¢ = log, blogy ¢
provided that a and b are both different from 1.
Exercises 37—40. Find £'(c).
37. f(x) = logs x. 38. f(x) = x log; x.
39. f(x)=In(Inx). 40. £(x) = logy(log, x).

Exercises 41-42. Caleulate f'(x) by first taking the logarithm
of both sides

AL () =
Exercises 43-52. Calculate,

d &
3. Sl + 17

42 1) = po0,

44, iy,
dx

o)

s 4 Inx
45, —[nx)"],

d d 2
47, L pysiney, b (@2 +1)
7. 7T [x*], 48, 7y leos )+
d d -
49. —[(sinx)**], 50, —[x*7],
7 [(6inx)™] 0. B
- d
el MeS} Rl 7 scc
st 1), 52, —[(tan )],

53. Show that

asx — oo,

e
(1+3) =
x

HINT: Since the logarithm function has derivative 1 at
¥ =k

In(l+Ah) Il In(1+h)
h Tk

Exercises 54-58. Draw a figure that displays the graphs of both
functions.

54. f(x)=¢" and g(x)=3"
5. f(x)=¢" and g(x)=2".
56. f(x)=Inx and g(x) =log;x.
57. f()=2" and g(x)=log,x.
58. f(x)=Inx and g(x)=log,x.
Exercises 59-65. Evaluate.

59,/ 27 dx.
1

1
60./ 4% dx.

0

4

dx
| xIn2

2
z./ PP dx.
0
1 P’
53./ X107 dx,
0
"L 5T
64./ L
o Vx+1
1
os.f @ +x%dx.
0

ash — 0, =il

Exercises 66—68. Give the exact value.
66. 717, 67, 500 17(0n3)
68. (16)!/n2,

[ 69. (a) Usc a graphing utility to draw a figure that displays the

graphs of both f(x) = 2 and g(x) = x> —
(b) Use a CAS to find the x-coordinates of the lhree points
where the curves intersect.
() Use a CAS to find the arca of the bounded region that
lies between the two curves.

P> 70. Exercise 69 for f(x) =27 and g(x) = 1/x2.
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W 7.6 EXPONENTIAL GROWTH AND DECAY

We begin by comparing exponential change to linear change. Let y = y(¢) be a function
of time 7.
If y is a linear function, a function of the form

y) =kt +C, ( C constants)
then y changes by the same additive amount during all periods of the same duration:
Y+ A=kt + A+ C = (kt + C) + kAt = y(2) + kAt

During every period of length A¢, y changes by the same amount kAz.
If y is a function of the form

(1) = Ce, (k, C constants)
then y changes by the same mudtiplicative factor during all periods of the same duration:
ip g all p
W+ Aty = CHOTAD = CMehdt = i),

During every period of length Ar, y changes by the factor e/,
Functions of the form

f(6) = Cét
have the property that the derivative f”(z) is proportional to f(¢):
f(t) = Cke" = kCet = kf(1).

Moreover, they are the only such functions:

THEOREM 7.6.1
If

k f(t)=kf(t) forallt in some interval,
then there is a constant C such that

£ty = CeF for all ¢ in that interval.

PROOF We assume that
SO =kf(6)
and write
SO =k =0

—K, we have

Multiplying this equation by e
(%) e () — ke f)=0.
Observe now that the left side of this equation is the derivative
d
;[e"‘ f@l (Verify this.)
Equation () can therefore be written
@ g
—[e 0n]=0.
PO
It follows that

e f(r)y=C  forsome constant C.
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Multiplication by e gives
fH=c. 0
Remark In the study of exponential growth or decay, time is usually measured from
time ¢ = 0. The constant C is the value of f at time ¢ = 0:
fOy=ce =c.
This is called the initial value of f. Thus the exponential £(t) = Ce can be written
f@=fO). 1
Example 1 Find f(z) given that f'() = 2£(¢) for all £ and £(0) = 5.

SOLUTION The fact that £/(r) = 2./(¢) tells us that f(f) = Ce¥ where C is some
constant, Since f(0) = C = 5, we have f(t) = 5¢%. 1

Population Growth

Under ideal conditions (unlimited space, adequate food supply, immunity to disease,
and so on), the rate of increase of a population P at time ¢ is proportional to the size of
the population at time . That is,

P(t) = kP(t)

where k > 0 is a constant, called the growth constant. Thus, by our theorem, the size
of the population at any time ¢ is given by

P(t) = P(0)e",

and the population is said to grow exponentially. This is a model of uninhibited growth.
Inreality, the rate of increase of a population does not continue to be proportional to the
size of the population. After some time has passed, factors such as limitations on space
or food supply, diseases, and so forth set in and affect the growth rate of the population.

Example 2 In 1980 the world population was approximately 4.5 billion and in the
year 2000 it was approximately 6 billion. Assume that the world population at each
time ¢ increases at a rate proportional to the world population at time ¢, Measure £ in
years after 1980.

(a) Determine the growth constant and derive a formula for the population at time 7.

(b) Estimate how long it will take for the world population to reach 9 billion (double
the 1980 population).

(¢) The worldpopulation for 2002 was reported to be about 6.2 billion. What population
did the formula in part (a) predict for the year 20027

SOLUTION  Let P(t) be the world population in billions ¢ years after 1980. Since
P(0) = 4.5 = 3, the basic equation P'(t) = kP(¢) gives

P(t) = 3k,
(a) Since P(20) = 6, we have
$% =6, 20k=nP=m% k= LHmi=00143.
The growth constant k is approximately 0.0143. The population ¢ years after 1980

is

Py %‘,0.0143:_
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(b) To find the value of ¢ for which P(£) = 9, we set 3”4 = 9:

0.0143¢ 2
e =2, 0.0143t =n2, and t 00143 = 48.47.
Based on the data given, the world population should reach 9 billion approximately
48% years after 1980—around midyear 2028. (As of January 1, 2002, demographers
were predicting that the world population would peak at 9 billion in the year 2070
and then start to decline.)

(c) The population predicted for the year 2002 is

P2) = %e” 0143(22) _ %603146 ~6.164

billion, not far off the reported figure of 6.2 billion. 0

Bacterial Colonies

Example 3 The size of a bacterial colony increases at a rate proportional to the size
of the colony. Suppose that when the first measurement is taken, time ¢ = 0, the colony
occupies an area of 0.25 square centimeters and 8 hours later the colony occupies 0.35
square centimeters.

(a) Estimate the size of the colony ¢ hours after the initial measurement is taken. What
is the expected size of the colony at the end of 12 hours?

(b) Find the doubling time, the time it takes for the colony to double in size.

SOLUTION Let S(t) be the size of the colony at time ¢, size measured in square
centimeters,  measured in hours. The basic equation S§'() = kS(¢) gives

S(1) = S(0) .
Since S(0) = 0.25, we have
S(t) = (0.25) M.
We can evaluate the growth constant & from the fact that S(8) = 0.35:
0.35 = (0.25) €%, =14, 8k =1n(1.4)
and therefore
k=1In(14) = 0.042.

(a) The size of the colony at time ¢ is
S@t) = (0.25) 0042 square centimeters.
The expected size of the colony at the end of 12 hours is
S(12) = (0.25) ™1 = (0.25) ™™ = .41 square centimeters.

(b) To find the doubling time, we seek the value of ¢ for which S(r) = 2(0.25) = 0.50.

Thus we set

(0.25) ™™ = 0.50
and solve for £:

In2
12~ 16.50.

0.042¢
=2 0042 =Tn2 1= =
% & 0.042

The doubling time is approximately 16% hours. O
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Remark  There is a way of expressing S(¢) that uses the exact value of k. We have
seen that & = { In (1.4). Therefore
S(t) = (0.25)eIR0D = (0.25) M4 = (0.25)(1.4)7%.

We leave it to you as an exercise to verify that the population function derived in
Example 2 can be written P(t) = 3 (%)”Z".

Radioactive Decay

Although different radioactive substances decay at different rates, each radioactive
substance decays at a rate proportional to the amount of the substance present: if A(¢)
is the amount present at time ¢, then

A'(fy=kA(t)  for some constant k.

Since 4 decreases, the constant &, called the decay constant, is a negative number. From
general considerations already explained, we know that

A1) = A(0)

where 4(0) is the amount present at time ¢ = 0.
The half-life of a radioactive substance is the time T it takes for half of the substance
to decay. The decay constant £ and the half-life 7 are related by the equation

(7.6.2)

PROOF The relation 4(T) = %A(O) gives
34(0) = A(0)er”, & =1, kT=—-In2. 0O

Example 4 Today we have 4 grams of a radioactive substance with a half-life of
8 years.

(a) How much of this substance will remain in 16 years?

(b) How much of the substance will remain in 4 years?

(¢) What is the decay constant?

(d) How much of the substance will remain in ¢ years?

SOLUTION We know that exponentials change by the same factor during all time

periods of the same length.

(a) During the first 8 years 4 will decrease to %AU, and during the following 8 years
it will decrease to 3(§ 4o).= 1 4o. Answer: £ 4q grams.

(b) In 4 years 4y will decrease to some fractional multiple & 4o and in the following 4
years to a? 4. Since o = 1, & = +/2/2. Answer: (v/2/2) 4, grams.

(c) In general, kT = —In2. Here T = 8§ years. Answer: k = —% In2.

(d) In general, A(r) = A(0)e". Here 4(0) = Ao and k = ~§ In2. Answer: A(f) =
40(57%““2)‘). Qa

Example 5 Cobalt-60 is a radioactive substance used extensively in radiology. It
has a half-life of 5.3 years. Today we have a sample of 100 grams.
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(a) Determine the decay constant of cobalt-60.
(b) How much of the 100 grams will remain in ¢ years?
(¢) How long will it take for 90% of the sample to decay?
SOLUTION
(a) Equation (7.6.2) gives
—In2 —In2
k= T =53 = —0.131.
(b) Given that 4(0) = 100, the amount that will remain in ¢ years is
A(t) = 100e70131,
(c) If 90% of the sample decays, then 10%, which is 10 grams, remains. We seek the
time ¢ at which

100131 = 10,
‘We solve this equation for #:
~ I(.)
—0.131
It will take approximately 17.6 years for 90% of the sample to decay. O

=17.6.

e 0Bl =g, —0.131¢ = In(0.1), t

Compound Interest

Consider money invested at annual interest rate 7. If the accumulated interest is credited
once a year, then the interest is said to be compounded annually; if twice a year, then
semiannually; if four times a year, then quarterly. The idea can be pursued further.
Interest can be credited every day, every hour, every second, every half-second, and
so on. In the limiting case, interest is credited instantaneously. Economists call this
continuous compounding.

The economists’ formula for continuous cc di

is a simple ial:

7.6.3)

Here ¢ is measured in years,
Ay = A(0) = the initial investment,
7 = the annual interest rate expressed as a decimal,
A(t) = the principal at time 7.
A DERIVATION OF THE COMPOUND INTEREST FORMULA  Fix # and take % as a small time incre-
ment. Then
A(t + h) — A(t) = interest earned from time ¢ to time ¢ + 4.

Had the principal remained A4(¢) from time ¢ to time ¢ + /, the interest earned during
this time period would have been

hA().
Had the principal been A(z + /) throughout the time interval, the interest earned would
have been

ThA(E + B).
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The actual interest earned must be somewhere in between:
rhA(t) < At + 1) — A(t) < rhA(t + h).
Dividing by £, we get

rA@) <

et =460 th) — 40 < rA(t + h).

If A varies continuously, then, as / tends to zero, rA(¢ + 4) tends to r4() and (by the
pinching theorem) the difference quotient in the middle must also tend to rA(#):

A(t + i) — At
lim A+ h) - 40) = rA(r).
(=9 h
This says that

A'(t) = rAQY).
Thus, with continuous compounding, the principal increases at a rate proportional to
the amount present and the growth constant is the interest rate r. Now, it follows that
Alt) = Ce.

If Ay is the initial investment, we have C = 4, and therefore 4(1) = 4oe’. O

Remark  Frequency of compounding affects the return on principal, but (on modest
sums) not very much. Listed below are the year-end values of $1000 invested at 6%
under various forms of compounding:

(a) Annual compounding: 1000(1 + 0.06) = §1060.

(b) Quarterly compounding: 1000[1 + (.06/4)]* = $1061.36.

(¢) Monthly compounding: 1000[1 + (.06/12)]'> = $1061.67.

(d) Continuous compounding: 1000 %% = $1061.84. 0

Example 6 $1000 is deposited in a bank account that yields 5% compounded

continuously. Estimate the value of the account 6 years later. How much interest will
have been earned during that 6-year period?

SOLUTION  Here Ay = 1000 and » = 0.05. The value of the account ¢ years after the
deposit is made is given by the function
A(1) = 10009,
At the end of the sixth year, the value of the account will be
A(6) = 1000 *%© = 1000 ¢** = 1349.86.

Interest earned: $349.86. 1
Example 7 How long does it take to double your money at interest rate » com-
pounded continuously?
SOLUTION  During ¢ years an initial investment 44 grows in value to

A(ty= Ao,
You double your money once you have reached the time period ¢ for which

Age =24,.

Solving this equation for ¢, we have

0.6
=2, rt=1In2, t:lrﬁg—g. a
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EXERCISES 7.6

For example, at 8% an investment doubles in value in 2% — 8.625 years.
P! 0% ¥y

Remark A popular estimate for the doubling time at an interest rate «% is the rule
of 72:

72
doubling time = —.
o

According to this rule, the doubling time at 8% is approximately £ Z = 9 years. Here is
how the rule originated:

060 69 72
/100 « o
For rough calculations 72 is preferred to 69 because 72 has more divisors.! O

'This way of calculating doubling time is too inaccurate for our purposes. We will not use it.

J> NOTE: Some of these excrises require a caleulator or graphing

utility.

and in 2000, 281 million, Use this information to estimate
the population in 1980. (The actual figure was about 227

1. Find the amount of interest earned by $500 compounded
continuously for 10 years:
(a) at 6%, (b) at 8%, (c) at 10%.

2. How long does it take for a sum of money to double if com-
pounded continuously:
(a) at6%? (b) at 8%? (c) at 10%?

3. At what rate r of continuous compounding does a sum of
money triple in 20 ycars?

4. At what rate 7 of continuous compounding does a sum of
money double in 10 years?

5. Show that the pOpulmon function derived in Example 2 can
be written P(r) =

6. A biologist obsnrvci that a certain bacterial colony triples
every 4 hours and after 12 hours occupies 1 square centime-
ter.

(2) How much area was occupied by the colony when first
observed?
(b) What is the doubling time for the colony?

7. A population P of insects increases at a rate proportional to
the current population. Suppose there are 10,000 insects at
time ¢ = 0 and 20,000 insccts a week later.

(2) Find an expression for the number P(r) of insects at each
time ¢ >
(b) How many insects will there be in % year? In 1 year?

8. Determine the time period in which y = Ce** changes by a
factor of ¢.

9. The population of a certain country increases at the rate
of 3.5% per year. By what factor docs it increase every 10
years? What percentage increase per year will double the
population every 13 years?

10. According to the Bureau of the Census, the population of
the United States in 1990 was approximately 249 million

=

IS}

@

I~

o

million.)

- Use the data of Exercise 10 to predict the population for

2010. Compare the prediction for 2001 with the actual re-
ported figure of 284.8 million.

Use the data of Exercisc 10 to estimate how long it will take
for the U.S population to double.

. Itis estimated that the arable land on earth can support a max-

imum of 30 billion people. Extrapolate from the data given
in Example 2 to estimate the year when the food supply will
become insufficient to support the world population. (Rest
assured that there are strong reasons to belicve that such
extrapolations arc invalid. Conditions change.)

. Water is pumped into a tank to dilute a saline solution. The

volume of the solution, call it ¥, is kept constant by contimu-
ous outflow. The amount of salt in the tank, call it s, depends
on the amount of water that has been pumped in; call this x.
Given that

ds s

Vv

find the amount of water that must be pumped into the tank
to eliminate 50% of the salt. Take ¥ as 10,000 gallons.

. A 200-liter tank initially full of water develops a leak at the

bottom. Given that 20% of the water leaks out in the first
5 minutes, find the amount of water left in the tank  min-
utes after the leak develops if the water drains off at a rate
proportional to the amount of water present.

What is the half-life of a radioactive substance if it takes 5
years for one-third of the substance to decay?

. Two years ago there were 5 grams of a radioactive substance.

Now there are 4 grams. How much will remain 3 years from

now?




18. A year ago there were 4 grams of a radioactive substance.
Now there are 3 grams. How much was there 10 years
ago?

19. Suppose the half-life of a radioactive substance is # years.
‘What percentage of the substance present at the start of a
year will decay during the ensuing year?

20. A radioactive substance weighed » grams at time # = 0. To-
day, 5 years later, the substance weighs » grams. How much
will it weigh 5 years from now?

21. The half-life of radium-226 is 1620 years. What percentage
of'a given amount of the radium will remain after 500 years?
How long will it take for the original amount to be reduced
by 75%?

22. Cobalt-60 has a half-life of 5.3 years. What percentage of
a given amount of cobalt will remain after 8 years? If you
have 100 grams of cobalt now, how much was there 3 years
ago?

23. (The power of exponential growth) Tmagine two racers com-
peting on the x-axis (which has been calibrated in me-
ters), a linear racer LIN [position function of the form
x1(f) = kz + C] and an exponential racer EXP [position
function of the form x,(¢) = e + C]. Suppose that both
racers start out simultancously from the origin, LIN at
1 million meters per second, EXP at only 1 meter per second.
Tn the early stages of the race, fast-starting LIN will move
far ahead of EXP, but in time EXP will catch up to LIN, pass
her, and leave her hopelessly behind. Show that this is true
as follows:

(a) Express the position of each racer as a function of time,
measuring ¢ in seconds.

(b) Show that LIN’s lead over EXP starts to decline about
13.8 seconds into the race.

(c) Show that LIN is still ahead of EXP some 15 seconds
into the race but far behind 3 seconds later.

(d) Show that, once EXP passes LIN, LIN can never catch
up.

24. (The weakness of logarithmic growth) Having been soundly
beaten in the race of Exercise 23, LIN finds an opponent
she can beat, LOG, the logarithmic racer [position function
x3(t) = kIn(f + 1) + C]. Once again the racetrack is the x-
axis calibrated in meters. Both racers start out at the origin,
LOG at 1 million meters per second, LIN at only 1 meter
per second. (LIN is tired from the previous race.) In this
race LOG will shoot ahead and remain ahead for a long
time, but eventually LIN will catch up to LOG, pass her,
and leave her permanently behind. Show that this is true as
follows:

(a) Express the position of each racer as a function of time
f, measuring ¢ in seconds.

(b) Show that LOG’s lead over LIN starts to decline 10° — 1
seconds into the race.

(c) Show that LOG is still ahead of LIN 107 — 1 seconds
into the race but behind LIN 10° — I seconds into the
race.

(d) Show that, once LIN passes LOG, LOG can never catch
up.
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25. Atmospheric pressure p varies with altitude /4 according to
the equation
dp _
dn
Given that p is 15 pounds per square inch at sea level and
10 pounds per square inch at 10,000 feet, find p at: (a) 5000
feet; (b) 15,000 feet.
26. The compound interest formula

kp where & is a constant.

Q=P
can be written
P=Qe.

In this formulation we have P as the investment required to-
day to obtain O in ¢ years. In this sense P dollars is present
value of O dollars to be received ¢ years from now. Find the
present value of $20,000 to be received 4 years from now.
Assume continuous compounding at 4%.

27. Find the interest rate » needed for $6000 to be the present
value of $10,000 8 years from now.

28. You are 45 years old and are looking forward to an anmal
pension of $50,000 per year at age 65. What is the present-
day purchasing power (present value) of your pension if
money can be invested over this period af a continuously
compounded interest rate of: (a) 4%? (b) 6%? (c) 8%?

. The cost of the tuition, fees, room, and board at XYZ Col-
lege is currently $25,000 per year. What would you expect
to pay 3 years from now if the costs at XYZ are rising at
the continuously compounded rate of: (a) 5%? (b) 8%? (c)
12%?

30. A boat moving in still water is subject to a retardation pro-
portional to its velocity. Show that the velocity ¢ seconds
after the power is shut off is given by the formula v = ae™
where a is the velocity at the instant the power is shut off.

"
2

31. A boat is drifting in still water at 4 miles per hour; 1 minute
later, at 2 miles per hour. How far has the boat drifted in that
1 minute? (See Exercise 30.)

32. During the process of inversion, the amount A of raw sugar
present decreases at a rate proportional to A. During the first
10 hours, 1000 pounds of raw sugar have been reduced to
800 pounds. How many pounds will remain after 10 more
hours of inversion?

33. The method of carbon dating makes use of the fact that all
living organisms contain two isotopes of carbon, carbon-
12, denoted 2C (a stable isotope), and carbon-14, denoted
14C (a radioactive isotope). The ratio of the amount of '“C
to the amount of '2C is essentially constant (approximaely
1/10,000). When an organism dies, the amount of 2C present
remains unchanged, but the '*C decays at a rate proportional
to the amount present with a half-life of approximately 5700
years. This change in the amount of C relative to the amount
of 12C makes it possible to estimate the time at which the
organism lived. A fossil found in an archaeological dig was
found to contain 25% of the original amount of '“C. What
is the approximate age of the fossil?
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34. The Dead Sea Scrolls are approximately 2000 years old. How
much of the original '*C remains in them?

Exercises 35-37. Find all the functions f that satisfy the equa-

36. f/(t) = sinf(¢). 37. (1) = cos ().
38. Let g be a function everywhere continuous and not identi-
cally zero. Show that if /'(¢) = g(¢) £ (¢) for all real £, then

tion for all real 1. either f is identically zero or / does not take on the value
35. /() = 1f(¢). HINT: Write £'(r) — 1/(¢) = 0 and multiply zero.
the equation by ¢~*'/2

B 7.7 THE INVERSE TRIGONOMETRIC FUNCTIONS

Arc Sine

y=sinx

Figure 7.7.1

Figure 7.7.1 shows the sine wave. Clearly the sine function is not one-to-one: it takes
on cvery value from —1 to 1 an infinite number of times. However, on the interval
[—ln 7] it takes on every value from —1 to 1, but only once. (See the solid part of
the wave.) Thus the function

¥ =sinx, x € [—3m, in]

maps the interval [— ;71
that maps [—1, 1] back to [—
the arc sine function:

] onto [—1, 1] in a one-to-one manner and has an inverse
%:1]3 also in a one-to-one manner. The inverse is called

= arcsinx,

) xe[-1,1]
is the inverse of the function
y =sinx, x € [-}7, ix].

These functions are graphed in Figure 7.7.2. Each graph is the reflection of the other
in the line y = x.

y:svn,‘(‘xs[f%/!, ;n] p=arcsiny, xel-1, 1]

Figure 7.7.2
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Since these functions are inverses,

B Table 7.7.1
x sinx
7.7.1) forallx e [-1,1], sin(arcsinx) = x _in =
2
—im —1v3
and ,%n _% 53
o
: . ) 0 0
(7.7.2) forallx € [~§7r, 77!]. arcsin (sinx) = x. i i
57 2
w12
Table 7.7.1 gives some representative values of the sine function from x = —J i V3
tox = %n. Reversing the order of the columns, we have a table for the arc sine. (Table %n 1
772)
On the basis of Table 7.7.2 one could guess that forall x € [—1, 1]
H Table 7.7.2
arcsin (—x) = — arcsin (x). ¥ [y
This is indeed the case. Being the inverse of an odd function (sin (—x) = — sinx for -1 —iz
allx € [—%n, %rr]), the arc sine is itself an odd function. (We leave it to you to verify =Lo/8 ol
this.) 2 3
Y S
1 1
Example 1 Calculate if defined: 2 %
7 0 0
(a) arcsin (sin f—éﬂ) (b) arcsin (sin y7r) i "
1 i
(¢) sin (arcsin §) (d) arcsin (sin 27) ‘;5 :
3 B bt
(e) sin (arcsin2). T ?
V3 37
SOLUTION 1 i

a) Since L is in the interval [, 1], we know from (7.7.2) that
16 =% 2

arcsin (sin &) = L.

(b) Since Jx isnot intheinterval [~ L7, 7], we cannotapply (7.7.2) dircetly. However,
Im = g7 + 27 and sin (3 + 27) = sin (377). Therefore

arcsin (sin 37r) = arcsin (sin }7) =

from (7.7.2) —

3

(¢) From (7.7.1),

sin (arcsin §) = 1.

(d) Since 7 is not within the interval [—1x, 11, we cannot apply (7.7.2) directly.
However, gn =2 — %n. Therefore
arcsin (sin $77) = aresin [sin (1

from (7.7.2) —

() The expression sin (arcsin 2) makes no sense since 2 is not in the domain of the arc
sine. (There is 7o angle with sine 2.) The arc sine is defined only on [—1,1]. Q
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x (0<x<])

x (-l<x<0)

Since the derivative of the sine function,
< (sinx)
—(sinx) =cosx,
dx

is nonzero on (—%ﬁ, %T[), the arc sine function is differentiable on the open interval
(=1, )i, We can find the derivative as follows: reading from the accompanying figure

y = arcsinx
siny = x
dy 1
cosy— =
Vax
dy 11
dx  cosy
Thus
7.7.3)
Example 2
d 1 d 6x
——(aresin3x?) = —m————— - —(3x%) = 2
dx( ) JT=(3x22 dx( ) 1—9x4
the chain rule

NOTE: We continue with the convention that if the domain of a function / is not
specified explicitly, then it is understood to be the maximal set of real numbers x for
which f(x) is a real number. In this case, the domain is the set of real numbers x for
which —1 < 3x2 < L. This is the interval [-1/+/3, 1/4/3]. O

The integral counterpart of (7.7.3) reads

(7.7.4) / dx arcsiny + C.

Example 3 Show that fora > 0

(7.7.5)

.
= arcsin — + C.
a

SOLUTION We change variables so that o is replaced by 1 and we can use (7.7.4).
To this end we set

au=x, adu=dx.

1Section 7.1.
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Then
_ adu _
R =aliZ .
_t

since ¢ = 0

av

X
=arcsiny + C = arcsin—+C. QO
a

ya

dx

V3
Example 4 Evaluate / ——dx.
4 0 V4—xZ

SOLUTION By (7.7.5),
/ dx = 1 tc
e h i B .
Ji-x2 2
It follows that
Y dy 3 3
/0 ﬁdx:[arcsin %]; :arcsln%—ﬂrcsinO:%f(): -732 ]
Arc Tangent

Although not one-to-one on its full domain, the tangent function is one-to-one on the
open interval (=4, }) and on that interval the fanction takes on as a value every real
number. (See Figure 7.7.3.) Thus the function

y=tanx, x € (4w, in)

maps the interval (—%rr, %n) onto (—oc, 00) in a one-to-one manner and has an inverse
that maps (—o0, co) back to ~%7r, %n), also in a one-to-one manner. This inverse is
called the arc tangent: the arc tangent function

y =arctanx, x € (—00,0)

A
e — e
B}

y=tan-lx, xreal

1

_ 11
y=tan nxe( 7”,213)

Figure 7.7.3

m 381
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is the inverse of the function

y=tanx, xe&(-im im).

These functions are graphed in Figure 7.7.3.

Bach graph is the reflection of the other in the line y = x. While the tangent has
vertical asymptotes, the inverse tangent has horizontal asymptotes. Both functions are
odd functions.

Since these functions are inverses,

(7.7.6) for all real numbers x tan (arctanx) =

and

7.7.7) forall x € (—§m, §7), arctan (tanx) = x.

Itis hard to make a mistake with (7.7.6) since that relation holds for all real numbers,
but the application of (7.7.7) requires some care since it applies only to x in 7%71, %x).
Thus, while arctan (tan 1) = L, arctan (tan Jrr) # {7 To calculate arctan (tan im),
we use the fact that the tangent function has period . Therefore

arctan (tan J7r) = arctan (tan $7) = n.

The final equality holds since 27 € (—im, Lr).

Since the derivative of the tangent function,
1

d

2
—(tanx) = sec’ x = ——,
dx( cos?x

is never 0 on (— 3, 37r), the arc tangent function is everywhere differentiable. (Section
7.1) We can find the derivative as we did for the arc sine: reading from the figure
y = arctanx

tany = x

dy

2

sec” y =1
sec

dy 1 o — 1
dx ~ secty YT
We have found that
.7.8) ¢ (arctanx) !
A ——(arctan mm——
dx VTR

Example 5

i,

! 2
_ . BELLE
1+ (ax? +bx +c)? dx(ax HEF$E)

d
E[arctan(axz +bx +¢)]

by the chain rule

_ 2ax +b
T 14 (@x®+bx +o)’
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The integral counterpart of (7.7.8) reads

¢ ) S ctanx + C.
7.2.9 ar 3
+x2

Example 6 Show that, for a 5 0,

d 1
7710 / S — —aretan® 4 C.
a?+xr a a

SOLUTION We change variables so that a is replaced by 1 and we can use (7.7.9).
We set

au=x, adu =dx.

/‘ dx adu 1 du
2+x2 " J @2+a o) 112

1 1
:-arctanu+C:7arcmnf+C. a
a a a

Then

(7.7.9) S
2
d:
Example 7 Evaluate /0 4+xxz.
SOLUTION By (7.7.10),
dx */ dx —larctanx-{»c
4+x2 " J 2245272 27

and therefore

/ . L arct: 1 tan 1 L arctan 0 5 a
— == an — [ = - arc i nl = _—.
b 4+x2 7 |2 L, 2 2 3
Arc Cosine, Arc Cotangent, Arc Secant, Arc Cosecant

These functions are not as important to us as the arc sine and arc tangent, but they do
deserve some attention.

Arc Cosine  While the cosine function is not one-to-one, it is one-to-one on [0, 7] and
maps that interval onto [—1, 1]. (Figure 1.6.13) The arc cosine function

¥y = arccosx, xe[-1,1]
is the inverse of the function
y =cosx, x e[0,x].

Arc C The function is one-t on (0, ) and maps that interval
onto (—00, 00). The arc cotangent function

¥ = arccotx, x € (=20, 00)

is the inverse of the function

y = cotx, x €(0,7).
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Are Secant, Arc Cosecant These functions can be defined explicitly in terms of the

arc cosine and the arc sine. For [x| > 1, we set

arcsecx = arccos (1/x), arcescx = aresin(1/x).

In the Exercises you are asked to show that for all |x| = 1

sec (arcsec x) = x and csc (arcesex) = x.

Relations to 1=
‘Where defined

(7.7.11) arctanx + arccotx =

arcsec.x + arccscx =

aresinx + arccosx = 1

We derive the first relation; the other two we leave to you. (Exercises 73, 74.)

Our derivation is based on the identity

cosf :sin(%rr —6).

Suppose that y = arccos x. Then

cosy =x with yel0,m]

and therefore

sin(j7 —y) =x  with (im—y)e[-im}

(Section 1.6)

It follows that
arcsinx = }m -y, arcsinx + y = i, arcsinx + arccosx = L

as asserted. O

Derivatives
d 1 d 1
E(arcsinx) = it E(arccosx) =—

7.7.12) d( tanx) L d( tx) L

e ——f(arctanx) = e ——l(arccotx) = ——

dx 1422 dx 1+x2
¢ faresecx) ! S R
—(arcsecx) = —(arcese x) = — 2
dx dx Va2 =T

VERIFICATION The derivatives of the arc sine and the arc tangent were calculated car-
lier. That the derivatives of the arc cosine and the arc cotangent are as stated follows

immediately from (7.7.11). Once we show that

i(ar&:<ec x)= .
o S =

KVaZ=1
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the last formula will follow from (7.7.11). Hence we focus on the arc secant, Since

the chain rule gives

arcsecx = arccos (1/x),

d
E(arcsecx) =
This tells us that
1
——— forx > 1
a .
d—(arcsecx) =1 szl_ 1
i ———— forx < —1
—xv/x2 -1

The statement

d
—(arcsecx) = ———
P ? xlVxT =1

1

is just a summary of this result. 3

Remark on Notation The expressions arcsin x, arctan x, arccos x,and so on are some-

times written sin™" x, tan

EXERCISES 7.7

~!x, cos™

'x,andsoon. O

Exercises 1-9. Determine the exact value.

1. (a) arctan 0;

2. (a) arcsec 2;

3. (a) arccos (—1);

4. (a) sec (arcsec [~2/+/3]);
5. (a) cos (arcsec 2);

6. (a) arcsin (sin[117/6]);
7. (a) arccos (sec [771/6);
8. (a) cos (arcsin [3]);

9. (a) sin (2 arccos [4]);

(b) arcsin (—+/3/2).

(b) arctan (+/3).

(b) arcsec (—+/2).

(b) sec (arccos [ 1]).
(b) arctan (sec 0).

(b) arctan (tan [1177/4]).
(b) aresec (sin [137/6]).
(b) sec (arctan [1]).

(b) cos (2 arcsin[2]).

10. (a) What are the domain and range of the arc cosine?
(b) What are the domain and range of the arc cotangent?

Exercises 11-32. Differentiate.

1L y = arctan (x + 1).
13, f(x) = arcsec (2x?).
15, f(x) = x arcsin 2x.
17. u = (arcsin x)2.
19.y = arclanx.

21, f(x) = arctan Zx.

23. y = arctan (Inx).

25.0 = arcsin(y/T = 7).

12. y = arctan /%.
14. f(x) = &" arcsinx.
16. f(x) = emoanx,
18. v = arctane®,

20. y = aresec V32 + 2.

22. f(x) = In(arctan x).

24. g(x) = arcsec (cos x +2).

26. 60 = aresin (L)

r+l

1

O L -1 =

27. g(x) = x? arcsec’ (;) Zs.sfarclan(l_”z)-
1

29,y =sinfaresec (Inx)]. 30, £(r) = = %,
3L f(x) = V& =32 + carcsin (1) Take ¢ > 0.
z

— arcsin (‘) Take ¢ > 0.

33.1f0 < x < L, then arcsin x i the radian measure of the acute
angle that has sine x. We can construct an angle of radian
measure arcsin x by drawing a right triangle with a side of
length x and hypotenuse of length 1. Use the accompanying
figure to determine the following:

() sin (arcsin x).
(b) cos (arcsin x).
() tan (arcsin x).
(&) cot (arcsin x).
(©) sec (arcsinx).
() cscarcsinx).
34.1£0 < x < 1, then arctan x is the radian measure of the acute
angle with tangent x. We can construct an angle of radian
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measure arctan x by drawing a right triangle with legs of
length x and 1. Use the accompanying figure to determine
the following:

() tan (arctan x)
() sin(arctanx)
() sec(arctanx)

35, Calculate f

(b) cot (arctan x)
(d) cos (arctanx)
(f) osc (arctanx).
dx taking ¢ > 0.
(v +B) -

HINT: Set au = x + b.

36. Calculat - taki 0.
acuaef 2+(r+b)2 5 aking a >
1 x

37. Show that arcsec‘f| +C,

/ Ix \\/ﬁ = a

taking a > 0.
38. (a) Verify, without reference to right triangles, that for all
xlz1
scc(arescex)=x  and  cse(arcsecx) = x.

(b) What is the range of the arc secant? (The arc secant is
the inverse of the secant restricted to this set.)

(c) What is the range of the arc cosecant? (The arc cosecant
is the inverse of the cosecant restricted to this set.)

Exercises 39-52. Evaluate.

39, /‘ dx 40 /1 4
“ o TR TR
|
ds
42./ <
b VE—x2
3/5 dx “ /E dx
"l 5422 ) VAT —16
372 ]
45./ ds . 46./ g
s O+ 4x2 b 9+ (-2
47 /q B 48 /57‘”
" /1629 “Ji k-3 —6x 48

-2 In3 x
9.[ . N— so.f e
s A3 2 V1= e

In2
51. e
L

Exercise 53-62. Calculate.

53./ 2

sec? x

—_—dx.
V9 —tan’x

55, / X4 56, / i
; x. . :
s T
57, / e 58, / 2% dx
9 -+ tan? x 3 4sin°x
59}/ arcsinx dx. 50. arctanx 5.
x2 1+x2
dx dx
61 62./ ;
[x T— (nxy? X+ (nx)

63. Find the area below the curve y = 1/5/4 — x2 fromx = —1
tox =1

64. Find the area below the curve y = 3/(9 + x?) fromx = -3
tox =3

65. Sketch the region bounded above by y = 8/(x* + 4) and
bounded below by 4y = x2. What is the area of this region?

66. The region below the curve y = 1/5/4 + x2 from x = O to
x = 2 is revolved about the x-axis. Find the volume of the
resulting solid.

67. The region in Exercise 66 is revolved about the y-axis. Find

the volume of the resulting solid.

68. The region below the curve y = 1/x2/x% — 9 from x =
24/3 to x = 6 is revolved about the y-axis. Find the volume
of the resulting solid.

. A billboard  feet wide is perpendicular to a straight road
and is s feet from the road. From what point on the road
would a motorist have the best view of the billboard; that
is, at what point on the road (see the figure) is the angle
subtended by the billboard a maximum?

a
e

70. A person walking along a straight path at the rate of 6 feet
per second is followed by a spotlight that is located 30 feet
from the path. How fast is the spotlight turning at the instant
the person is 50 feet past the point on the path that is closest
to the spotlight?

71. (a) Show that
F(x)= a —x‘+?arcsm( ),a>0

is an antiderivative for f(x) = va? — x2.

(b) Use the result in part (a) to calculate / Var —x2dx

and interpret your result as an area.




72. Set
F(x) = arctan (l”f;;) x % 1/a.
(a) Show that f'(x) = 1 ! x#1/a.

+x2

(b) Show that there is no constant C such that f(x) =
arctanx + C forall x # 1/a.

() Find constants C| and C, such that

J&) = arctanx + Cy
/) = arctanx + C

forx < 1/a
forx > 1/a.
73. Show, without reference to right triangles, that

arctanx + arccotx = iz forall real x.
HINT: Use the identity cot@ = tan (i — 6).
74. Show, without reference to right triangles, that

arcsec x + arcescx = L

for |x| = 1.
75. The statement
/ —== dx =arcsin3 — arcsin 0 = arcsin3
0 ~1—x2

is nonsensical since the sine function does not take on the
value 3. Where did we go wrong here?

] 78. Use a graphing utility to draw the graph of /(x) =
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[>76. Evaluate

. arcsinx
lim ——

=0 x

numerically. Justify your answer by other means.

/us
0

by using the partition {0, 0.1, 0.2, 0.3, 0.4, 0.5} and the in-
termediate points.

> 77. Estimate the integral

¥ =005 x3=015 =025
x; =035, x=045.

Note that the sine of your estimate is close to 0.5. Explain
the reason for this.

1+x2
on [0, 10].

(a) Caleulate ;' f(x)dx forn = 1000, 2500, 5000, 10,000.
(b) What number are these integrals approaching?

(¢) Determine the value of

i, T

B PROJECT 7.7 Refraction

Dip a straight stick in a pool of water and it appears to bend.
Only in a vacuum docs light travel at speed ¢ (the famous ¢
of £ = mc?). Light does not travel as fast through a material
medium. The index of refiaction n of a medium relates the speed
of light in that medium to ¢:

¢

ed of light in the medium

index of refraction i,

.

When light travels from one medium to another, it changes di-
rection; we say that light is reffacted. Experiment shows that the
angle of refraction 6, is related to the angle of incidence 6, by
Snell’s law:

nising; = n, sin,.

Like the law of reflection (sce Example 5, Section 4.5), Snell’s
law of refraction can be derived from Fermat’s principle of least
time.

Problem 1. A light beam passes from a medium with index of
refraction #, through a plane sheet of material with top and
bottom faces parallel and then out into some other medium
with index of refraction 7,. Show that Snell’s law implies the
7, 8in6 = ny siné, regardless of the thickness of the sheet or
its index of refraction.

A star is not where it is supposed to be. The index of re-
fraction of the atmosphere varies with height above the earth’s
surface, 1 = n(y), and light that passes through the atmospherc
follows some curved path, y = p(x). Think of the atmosphere
as a succession of thin parallel slabs. When 2 light ray strikes a
slab at height , it is traveling at some angle 6 to the vertical;
when it emerges at height y + Ay, it is traveling at a slightly
different angle, 6 + AQ.
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Problem 2. (b) Verify that the slope of the light path must vary in such a

(a) Use the result in Problem 1 to show that ey that

1+ (dy/dx)* = (constant) [n(»)]*.

an g AIOX (c) How must 7 vary with height v for light to travel along a
n dy dy = 1+ (dy/dxy circular arc?

M 7.8 THE HYPERBOLIC SINE AND COSINE

Certain combinations of the exponentials e* and ¢ ™ occur so frequently in mathematical
applications that they are given special names. The fyperbolic sine (sinh) and hyperbolic
cosine (cosh) are the functions defined as follows:

7.8.1) sinhx = (e* — ™), coshx = 1(e* +e™).

The reason for these names will become apparent as we go on.

Since
d, . d _ % o e
S Ginhn) = [f(er —e)] = e +e™
and
d d ; .
E(coshx) S [$eF +e™)] =3 —e™),
we have
(7.8.2) < (sinh h d( hx) = sinh
8. kS v) = shx ooy =sinh x.
= sinhx) = coshx, o coshx X

In short, each of these functions is the derivative of the other.

The Graphs
‘We begin with the hyperbolic sine. Since
sinh (—x) = §(e™ — ") = —}(¢* — e™*) = —sinhx,
the hyperbolic sine is an odd function. The graph is therefore symmetric about the
origin. Since
d . 1 .
T (sinhx) = coshx = 3(e* +€7¥) > 0 for all real x,
%
the hyperbolic sine increases everywhere. Since
a d
= (sinhx) = E(coshx) =sinhx = {(e* — ™),
you can see that

2 negative, for x <0

&
——(sinhx) is 0, at x=
dx? positive, for x > 0.
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The graph is therefore concave down on (—00, 0) and concave up on (0, 0c). The point
(0, sinh 0) = (0, 0) is a point of inflection, the only point of inflection. The slope at the
origin is cosh 0 = 1. A sketch of the graph appears in Figure 7.8.1.

‘We turn now to the hyperbolic cosine. Since

cosh(—x) = L(e™ + &) = L(¢* + ) = coshx,
the hyperbolic cosine is an even function. The graph is therefore symmetric about the
y-axis. Since
d
d—(cosh x) = sinh x,
X
you can see that
d negative, for x <0
—(cosh x) is 0, at x=0
dx positive, for x > 0.
The function therefore decreases on (—oo, 0] and increases on [0, 00). The number
cosh0=3(e" +e ) =J(1+1)=1

is a local and absolute minimum. There are no other extreme values. Since
d? d .
—— (cosh x) = — (sinh x) = coshx > 0 for all real x.
dx? dx

the graph is everywhere concave up. (See Figure 7.8.2.)
Figure 7.8.3 shows the graphs of three functions:

1€, y=coshx = j(e*+¢

y =sinhx = }(e* —e™¥), y=
Since ¢™* > 0, it follows that, for all real x,

sinhx < le* < coshx. for all real x.

Although markedly different for negative x, these functions are almost indistinguishable
for large positive x. This follows from the fact that, as x — oo, ™% — 0.

The Catenary
A preliminary point: in what follows we use the fact that for all real numbers ¢
cosh? = 1 + sinh?+.

The verification of this identity is left to you as an exercise.

Figure 7.8.4 depicts a flexible cable of uniform density supported from two points
of equal height. The cable sags under its own weight and so forms a curve. Such a curve
is called a catenary. (After the Latin word for chain.)

To obtain a mathematical characterization of the catenary, we introduce an x,y-
coordinate system so that the lowest point of the chain falls on the positive y-axis
(Figure 7.8.5). An engineering analysis of the forces that act on the cable shows that
the shape of the catenary, call it y = f(x), is such that

dy 1 dy\?
2o
® dx?  a * (dx)

where a is a positive constant that depends on the length of the cable and on its mass
density. As we show below, curves of the form

(%) y=a cosh;i +C (C constant)

7,

y=sinh x
Figure 7.8.1

i

o1

y=coshx
Figure 7.8.2

¥

y=sinhx

Figure 7.8.3

v

Figure 7.8.4
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¥

O, &)

Figure 7.8.5

-300
Figure 7.8.6

(cos s, sin7)

area of circular sector =3¢

Figure 7.8.7

meet this condition exactly:

d. 1
Kl (sinh f) - =sinh 2
ala a

dx
dy
dx?

2y 1 x 17 ox 1 day\?
—= = —cosh— ==, /1 +sinh"— = - /1 o
T T, +sin a a +(dx>

T follows from cosh? £ = 1 + sinh? £

The cable of Figure 7.8.5 is of the form
y=acoshX +(h — a).
a

[This assertion is based on the fact that only curves of the form () satisfy (x) and the
conditions imposed by Figure 7.8.5. This can be proven.]

The Gateway Arch in St. Louis, Missouri, is in the shape of an inverted catenary
(see Figure 7.8.6). This arch is 630 feet high at its center, and it measures 630 feet
across the base. The value of the constant ¢ for this arch is approximately 127.7, and
its equation takes the form

y = —127.7cosh (x/127.7) + 757.7.

Identities

The hyperbolic sine and cosine functions satisfy identities similar to those satisfied by
the “circular” sine and cosine.

cosh? ¢ — sinh? ¢ =

sinh (¢ + ) = sinh¢ coshs + cosh¢ sinhs,
(7.8.3) cosh (z +5) = cosht coshs + sinh/ sinhs,
sinh2¢ = 2sinh¢ cosh¢,

cosh2¢ = cosh® # + sinh® £.

The verification of these identities is left to you as a collection of exercises.

2

Relation to the Hyperbola x? — y? =1

The hyperbolic sine and cosine are related to the hyperbola x2
“circular” sine and cosine are related to the circle x2 + y? = 1:

2 = 1 much as the

1. For each real 7,
cos? t +sin’ 1 = 1,
and thus the point (cos 7, sin#) lies on the circle x* + y? = 1. For each real 7,
cosh?t — sinh? 7 = 1,

and thus the point (cosh ¢ sinh ¢) lies on the hyperbola x2 — y? = 1.

2. For each ¢ in [0, 27] (see Figure 7.8.7), the number %t gives the area of the circular
sector generated by the circular arc that begins at (1, 0) and ends at (cos ¢, sin#). As
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we prove below, for each ¢ > 0 (see Figure 7.8.8), the number 1t gives the area of 7
the hyperbolic sector generated by the hyperbolic arc that begms at (1, 0) and ends
at (coshz, sinh ).

P(cosh 1, sinh 1)
PROOF Let A(¢) be the area of the hyperbolic sector. Then,

cosh
A(r) = } cosh sinh/ —/ Vx?—1dx.
1

The first term, % cosh#sinh, gives the area of the triangle OPQ, and the integral

coshe
[T veETa
1

gives the area of the unshaded portion of the triangle. We wish to show that

area of hyperbolic sector = 1/

Figure 7.8.8
A@)y=13t  forallt > 0.
‘We will do so by showing that
Ary=14 forallt >0  and  A(0)=
Differentiating A(¢), we have
d cosht
An=1 [coshtf(smhr)Jr smht—(coshz)] r ( Vx2 — 1da
and therefore
d cosh?
0 A'(t) = L(cosh? £ + sinh?r) — 5 ( N 1dx> ;
1
Now we differentiate the integral:
d cosh? d X .
T ( \/X—ZTldx> = Vcosh’r — E(cosht) = sinh? - sinh¢ = sinh? 7.
¥ 1
T 587
Substituting this last expression into (1), we have
4'(t) = J(cosh® ¢ + sinh? #) — sinh® ¢ = L(cosh® ¢ — sinh’ £) = L
It is not hard to see that A(0) = 0:
cosh 0 1
A(0) = } cosh0 sinho—f Va2 — ldx = 3(1)(0) »/ Ve Tde=0, 0
1 1
EXERCISES 7.8
Exercises 1-18. Differcntiate. 13. y = e cosh2x. 14. y = arctan (sinh x).
Ly sinhi? 2.y = cosh(x +a). 15. y = In(coshx). 16. y = In(sinhyx).
= Voo 4.y = (sinhax)(cosh ax). 17. y = (sinhx)". 18,y = xoor,
sinh x Satg Exercises 19-25. Verify the identity.
S.y=——"0 6.y="—". 2 e
coshx — 1 x 19. cosh®s —sinh® 7 = 1.
= asinhbx — bcoshax. 20. sinh (f +5) = sinh# coshs + cosh sinhs.
) = ¢*(coshx + sinhx). 21. cosh(f +5) = cosh# coshs + sinh¢ sinhs.
y=1In|sinhax|. 10. y = In|1 — coshax|. 22. sinh2¢ = 2sinh ¢ coshr.
= sinh (e¥). 12. y = cosh(Inx?). 23. cosh2s = cosh? £ + sinh® 1 =2 cosh® 7 — 1 =2 sinh® 1 4 1.
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24. cosh (—f) = cosh ; the hyperbolic cosine function is even.
25. sinh (~f) = — sinh; the hyperbolic sine function is odd.
Exercises 26-28. Find the absolute extreme valucs.

26. y = Scoshx +4sinhx.

27.y = —Scoshx + 4sinhx.

28. y = 4coshx + 5sinhx.

29. Show that for cach positive integer

(coshx + sinhx)* = coshnx + sinhnx.
30. Verify that )
y' =cty=0.

. Determine 4, B, and ¢ so that y = A coshex + Bsinhex
satisfies the conditions ¥ — 9y =0, y(0) = 2,'(0) = 1.
Take ¢ > 0.

32. Determine A, B, and ¢ so that y = A coshcx + Bsinhex
satisfies the conditions 4" — y = 0,y(0) = 1,'(0) = 2.
Take ¢ > 0.

Exercises 33—44, Calculate.

33. /cnshax dx.

Acoshex + B sinhcx satisfies the equation

w

34, / sinhax dx.
35. / sinh? ax coshax dx.
36. / sinh ax cosh® ax dx.

sinh ax coshm
37 dx. 38.

/coshax & _/ unhax

39./de. 40. /smhzxd):.

cosh” ax

41, /coshzxdx.

42. f sinh 2x "™ dx.

45. f(r)=coshx, xe[-1,1].

46. f(x) =sinh2x, x [0.4].

47. Find the area below the curve y = sinhx fom x =0 to
x =10

48. Find the area below the curve y = cosh2x fromx = —In5
tox =In3.

49, Find the volume of the solid gencrated by revolving about the
x-axis the region between y = coshx and y = sinhx from
x=0tox=1

sinhx fromx =0tox =

axis. Find the volume of the

50. The region below the curve )
In5 is revolved about the x
resulting solid.

51. The region below the curve y = cosh 2x from x = —In5 to
x = In5 is revolved about the x-axis. Find the volume of the
resulting solid.

52. (a) Evaluate

sinhx
x> eF
(b) Evaluate
. coshx
lim
pac

if0 <a <landifa > 1

[ 53. Use a graphing utility to sketch in one figure the graphs of

f(x) = 2 — sinh x and g(x) = coshx.

() Use a CAS to find the point in the first quadrant where
the two graphs intersect.

(b) Use a CAS to find the arca of the region in the first quad-
rant bounded by the graphs of / and g and the y-axis.

J3>54. Use a graphing utility to sketch in one figure the graphs of

f(x) = coshx — | and g(x) = 1/ coshx.

g, sinh [ “ f sinhx (a) Use a CAS to find the points where the two graphs in-
v 1+ cosh r tersect.

Exercises 45 and 46. Find the average value of the function on (b) Use a CAS to find the area of the region bounded by the

the interval indicated. graphs of f and g.

M *7.9 THE OTHER HYPERBOLIC FUNCTIONS
The hyperbolic tangent is defined by setting
sinh x

tanhy = —— = ———.
coshx e +e™*

There is also a hyperbolic cotangent, a hyperbolic secant, and a hyperbolic cosecant:
coshx ) 1 o

e sechx = o cschx = Pl

The derivatives are as follows:

cothx =

d d
~(tanhx) = sech’x, =_(cothx) = —csch’x,
dx dx

7.9.1)
—sechx tanh x,

d d
—(sechx) = —(eschx) = —cschx cothx.
dx dx
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These formulas are easy to verify. For instance,

d
E(tamh xX)=

dx B

d. . oo d
coshx

cosh? x

cosh? x — sinh® x 2

S e —e=igachi,
cosh® x cosh”x

We leave it to you to verify the other formulas.
Let’s examine the hyperbolic tangent a little further. Since
sinh(—x)  —sinhx

tanh (—x) = ———= =
anh (=) cosh(—x) coshx

= —tanhx,

the hyperbolic tangent is an odd function and thus the graph is symmetric about the
origin. Since

{
di(tanhx) = sech’y > 0 for all real x,
X

the function is everywhere increasing. From the relation

e Pt o ] g2
tanhx:‘:¥.‘:\:_‘\
eter T e ter & et e 1

you can sce that tanh x always remains between —1 and 1. Moreover,
asx — oc, tanhx — 1 and asx — —oo, tanhx — —1.
The lines y = 1 and y = —1 are horizontal asymptotes. To check on the concavity of
the graph, we take the second derivative;
di;(tanh x)= % (sech®x) =2 sechx% (sech x)
= 2 sech x (—sechx tanhx)
= —2 sech’x tanhx.
Since
negative, for x <0

is 0, at x=
positive, for x > 0,

&' —gH
tanhy = ————
& e

you can see that

& positive, for x <0
——(tanhx) is 0, at x=0
dx? negative, for x > 0.

The graph is therefore concave up on (—oo, 0) and concave down on (0, o). The point
(0, tanh 0) = (0, 0) is a point of inflection. At the origin the slope is

1

sech?0 = e
cosh” 0

The graph is shown in Figure 7.9.1.

m 393
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horizontal asymptote

horizontal asymptote

y=tanhx

Figure 7.9.1

The Hyperbolic Inverses

Of the six hyperbolic functions, only the hyperbolic cosine and its reciprocal, hyper-
bolic secant, fail to be one-to-one (refer to the graphs of y = sinhx, y = coshx, and
» = tanhx). Thus, the hyperbolic sine, hyperbolic tangent, hyperbolic cosccant, and
hyperbolic cotangent functions all have inverses. If we restrict the domains of the hy-
perbolic cosine and hyperbolic secant functions to x > 0, then these functions will also
have inverses. The hyperbolic inverses that are important to us are the inverse hyperbolic
sine, the inverse hyperbolic cosine, and the inverse hyperbolic tangent.

These functions,

y:sinh"x, y:cosh"x, y:tanh’lx,
are the inverses of
y = sinhx, y=coshx (x=>0), y =tanhx

respectively.”

| THEOREM792 ,
@ sioh ' x=In(+va2¥ D, wrel
(i) coshlx =ln(x + VA2 D), x=1

1+‘), T

i

(i) tanh ' x =3 m(

prROOF To prove (i), we set y = sinh™! x and note that
sinhy =x.

This gives in sequence:

@ —2x—e? =0, ¥-2xe&-1

0.

%(sy —e)y=x, &

This last equation is a quadratic equation in ¢”. From the general quadratic formula,
we find that

¢ =l VEAT+H=x£ VX1
Since ¢* > 0, the minus sign on the right is impossible. Conscequently, we have
& =x+vVx2+1,

i The expressions sinh™' x, cosh™ x, tan™! x can be written arcsinh x, arccosh.x, arctanh x. However the
““—1” notation is more common.
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and, taking the natural log of both sides,
y=hE+v/x2+1).
To prove (ii), we set
y=cosh™'x, x>1
and note that
coshy =x and y=0.
This gives in sequence:
)
Again we have a quadratic in ¢”. Here the general quadratic formula gives
¢ =3k VAT ) =x+/xT 1

Since y is nonnegative,

X, e’ +e¥ =2x, ¥ —2xe¥ +1=0.

& =xtx2-1

cannot be less than 1. This renders the negative sign impossible (check this out) and

leaves
& =x+x2-1

as the only possibility. Taking the natural log of both sides, we get

y=Ihx+vx2-1).

The proof of (iii) is left as an exercise. 1

EXERCISES 7.9

Exercises 1-10. Differentiate. 17. Show that, if x> > 1, thenx — /52 — 1 < .
1.y = tanh’x, 2.y = tanh?3x. 18. Show that
3.y = In(tanhx). 4.y = tanh (Inx). L1 /1y
5. y = sinh (arctan ). 6.y =sech(3x + 1), fanh™x =3 ]"( Thexs<l
7.y = coth (VX2 + 1. 8.y = In(scchx).
¥ =colhlva2+ 1) ¥=dnlsschz) 19. Show that
9.y — _Scchr 10,y = _Oh
: 1+ coshx’ . 1+sechx’
1
Exereises 11-13. Verify the formula. (7.9.3) di(sinh” )= . xreal
” x
11. —(cothx) = —csch’x.
dx
d 20. Show that
12. L (sech x) = —sech x tanh . how thal
dx
7
13. 2 (cseh x) = —csch x cothx. d ;
dx (79.4) | —(cosh™ x) = x> 1
14. Show that dx
fanh (¢ 1 5) tanht + tanh s
anh (£ 45) = ——
1 4 tanh? tanhs 21. Show that
15. Given that tanh xo = £, find (a) sech xo.
HINT: 1 — tanh”x = sech’s. Then find (b) coshx, (c)
sinh x, (d) coth xo, () csch xo. 7.9.5) “l<x<l
16. Given that tanh £ = — 3, evaluate the remaining hyperbolic

functions at #.
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22. Show that

d
—(sech )= —, O<x=<l
dx x
23. Show that
d —1
Zesch )= ——=.  x#0.
dx( ) 1x|v/1T +x2 #
24. Show that
d -1
£ x) = . 1.
oot ) = 0 x| >

25. Sketch the graph of y = sech x, giving: (a) the extreme val-
ues; (b) the points of inflection; and (c) the concavity.
26. Sketch the graphs of (a) y = cothx, (b) y = cschx.

27. Graph y = sinhx and y = sinh™' x in the same coordinate
system. Find all points of inflection

28. Sketch the graphs of (a) y = cosh™
29. Given that tan ¢ = sinh.x, show that

¢,(b)y =tanh™' x
d
(@ dlf = sccha.
(b) x = In(scc ¢ + tan ).
© % e
7=t
30. The region bounded by the graph of y = sechx between
x=—1and x = 1 is revolved about the x-axis. Find the
volume of the solid generated.
Exercises 31-40. Calculate.

31 /t:mhr dx. 32. fcmhx dx.

33. /scchx dx. 34. jcschx dx.

35, f sech’x tanh x dx 36. / x sech?x? dx.

W CHAPTER 7. REVIEW EXERCISES

1 + tanhx

37./taxﬂmln(coshx)dx. 33./ dx.

sech’x
o i
1+ tanhx

Exercises 41-43. Verify the formula. In cach case, take g > 0.

dx = sinh™ G) +c.

cosh® x

40. / tanh® x sech’x dx.

1
4. f —

a2 [ = (B

/ S e = o E)y+c

43‘/ . lwnh" (5>+C i x| < a.
¢ *Lﬂlh ()+C if x| > a.

44. 1f an object of mass m falling from rest under the action of
gravity encounters air resistance that is proportional to the
square of its velocity, then the velocity v(¢) of the object at
time ¢ satisfies the equation

L
n = mg—kv

where k = 0 is the constant of proportionality and g is the
gravitational constant.

(a) Show that
il ’mnh <\/ gk )

i a solution of the cquation which satisfies v(0) =
(b) Find

fim v(2).
=

This limit is called the terminal velocity of the body.

Exercises 1-8. Determine whether the function / is one-to-one
and, if so, find the inverse.

1 () =x"3 2. 2 f@) =

3. f0) = 5L 40 f0) = @5+ 1)
x=1

5 Sy =l 6. f(x) = sin2x + cosx

7. f(x) =xInx. 8. () = 2x + l

Exercises 9-12. Show that / has an inverse and find

).

1
9. f) =1 o=

10. f(x) =3x —

=V

12. f(x) =x — 7 +cosx;

4+i2ds; c=0.

c=-1

Exercises 13-22. Calculate the derivative.

13. f(x) = (Inx?)? 14. y = 2sin(e™).
e e & sinh x

15,500 = T 16. f(x) = (x + 1y,

17.p = In(x> +3%).

19. f(x) = (coshx)"*.

18. g(x) = arctan (coshx).
20. f(x) = 2x>aresin (x2).




21. f(x) = log, (%)

Exercises 23-38. Calculate.

23./
25/ LR
Trsix

m [ 2,

ginx
29. f
x

22. f(x) = arcsec v/x2 + 4.

x
2
dx. 30. [ x%e" dx.
secx tanx
32.
/ 14+ secz
34. / ——dx.
e +e

5
35. $dx‘ 36./
L, X —ax+ 13

3. /0 sect? (3 ax

Exercises 39—42. Find the area below the graph.

dx.

33. /2‘ sinh 2% dx.

38. /tzmh2 2xdx.

39-y:x2 <[0,1]. 40.y:x2+1, x e[0,1].
aly= xe[0,4]
42.y= xefo.4]

VI=x7'
43. (a) Apply the mean-value theorem to the function f(x) =
In(1 + x) to show that forall x > —1

2 cm4m<x

T+x
(b) Use the resultin part (2) to show that lim, l"“%” =1
44. Show that for all positive integers m and n with 1 < m < n
il o L ol e B
m om ml n m—1
1 Wlgy 1
HINT: o < /k T

45. Find the area of the region between the curve xy = &2, the
x-axis, and the vertical lines x = a, x = 2a.

46. Find the area of the region between the curve y = sec Lrx
and the x-axis from x = —1 andx = 1.

1

47. Let Q be the region between the graph of y = (1 4 x?)~1/2
and the x-axis, from x =0 to x = +/3. Find the volume
of the solid generated by revolving © (a) about the x-axis;
(b) about the y-axis.

48. Let © be the region between the graph of y = (1 4 x2)=1/4

and the x-axis, from x = 0 to x = §. Find the volume of

o
&

»n
4

o
kS

73
S

o
*
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the solid generated by revolving & (a) about the x-axis;
(b) about the y-axis.

In
. Let f(x) = = on (0, 00). (a) Find the intervals where f
B

increases and the intervals where it decreases; (b) find the
extreme values; (c) determine the concavity of the graph and
find the points of inflection; (d) sketch the graph, including
all asymptotes.

. Exercise 49 for the function f(x) = x2e=+.

Given that |a| < 1, find the value of b for which

/

- Show that

.
/ — %=
b Tra?

A certain bacterial culture, growing exponentially, increases
from 20 grams to 40 grams in the period from 6 a.m. to
8am.

¢ 9
/ ———dx forall real numbersa.
o 142

(2) How many grams will be present at noon?

(b) How long will it take for the culture to reach 200 grams?
A certain radioactive substance loses 20% of its mass per
year. What is the half-life of the substance?

. Polonium-210 decays exponentially with a half-life of 140

days.

(a) At time ¢ = 0 a sample of polonium-210 has a mass of
100 grams. Find an expression that gives the mass at an
arbitrary time ¢,

(b) How long will it take for the 100-gram mass to decay to
75 grams?

. From 1980 to 1990 the population of the United States grew

from 227 million to 249 million. During that same period the
population of Mexico grew from 62 million to 79 million. If
the populations of the United States and Mexico continue to
grow at these rates, when will the two populations be equal?

. The population of a suburb of a large city is increasing at

rate proportional to the number of people currently living in
the suburb. If, after two years, the population has doubled
and after four years the population is 25,000, find:

() the number of people living in the suburb initially;

(b) the length of time for the population to quadruple.

. Let p and ¢ be numbers greater than | which satisfy the

condition 1/p + 1/¢ = 1. Show that for all positive a and b

v

el

»
HINT: Let C be the curve y = x?~!, x > 0, Let €2, be the
region between C and the x-axis from »
2, be the region between C and the -
y = b. Argue that

ab < areaof Q) + area of Q,.
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M 8.1 INTEGRAL TABLES AND REVIEW

‘We begin by listing the more important integrals with which you are familiar.

L fkdu =ku+C, k constant.

ur+!
2. /u’du: +C, # constant, r # —1.
r+1
1
3. /~du:ln\u\+C. 4. fe“du:e“+C.
u
I
5. /p“du:—-#C. p > 0 constant, p # 1.
Inp
6. /sinudu:fcoqurC. Ts /cosudu:sinu+c,
8. /tanudu:ln\secu\+c. 9. /coludu:ln\sinuwrc

10. /secudu:1n|secu +tanu| + C.

11. | cscudu = In|cscu — cotu| + C.

12. /secuta.nudu =secu +C. 13. fcsc ucotudu = —cscu +C.
14. /seczudu:tanu+c. 15, /csczudu:—cotu+C.
dr
16. ] «/E—% du= a.rosi.ng +C, a > 0 constant,
du 1 u
17. [ —— = —arctan—+C, a > 0 constant.
at+u?  a a
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du 1 u
18. / —————du = —arcsec — + C, a > 0 constant.
|ulvu? — a? a a
19. /sinhudu =coshu +C. 20. fcoshudu =sinhu + C.

For review we work out a few integrals by u-substitution.
Example 1 Calculate / xtanx2dx.

SOLUTION Setu = x?, du = 2x dx. Then

/xla.nxzdx = %[tanudu =1ln|secul +C = ilnfsecx?|+C. Q
L Formulas

Example 2 Caiculate / dx.

[
b e +2
SOLUTION  Set

u=e"+2, du=e'dr. Atx=0u=3;atx=1,u=e+2.
Thus

1o 2 gy et2
= Z =11
ﬁ e* +2d}C / u [ n\u\L
Fnrmula}J
=ln(e+2)-In3=In[je+2)] =045 0

cos 2x
Xam Cal i
E ple 3 Calculate sz dx.

SOLUTION Setu =2+sin2x, du = 2cos2x dx. Then
€05 2x 1 L 1 -173 1(3),23
Gt IE dx:ifmdu:E/u du=1()u?l+C
Formula2 ——
=3Q+sn2x)A+C. 0

The final example requires a little algebra.

dx

Ex le 4 Calculate | ———.
ampl aouae/x2+2x+5

SOLUTION  First we complete the square in the denominator:

/ dx 7/ dx 7/ dx
X+2+5 ) (2+2x+D)+4 ) Gr1P+4
We know that

du 1 U
i :EarctanEJrC.

Setting

u=x+1, du=dx,

u 399
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we have

d a1 L (B
Pl B Rl A R

Using a Table of Infegrals A table of over 100 intergrals, including those listed at the
beginning of this section, appears on the inside covers of Lh]: text. This is a relatwcly
short list. Mathematical handbooks such as Burington’s Handbook of Mc

Tables and Formulas and CRC Standard Mathematical Tables contain extensive tables;
the table in the CRC reference lists 600 integrals.

The entries in a table of integrals are grouped by the form of the integrand: “forms
containing a + bu,” “forms containing N7 Tt gonometric forms,” and so forth.
The table on the inside covers is grouped in this manner. This is the only table of integrals
we’ll refer to in this text.

1
J+e a

Example 5 We use the table to calculate

/ dx

Jarxt
SOLUTION Of the integrals containing +/a? + 2, the one that fits our needs is
Formula 77:
du
—=In u+va7+u2‘+c.
/ Va+u? ‘

In our case, a = 2 and u = x. Therefore

dx
S VY TR e (E T u |
/ Va4 +x? l ‘
Example 6 We use the table to calculate
/‘ dx
3x22x — 1)’

SOLUTION The presence of the linear expression 2x — 1 prompts us to look in the
a + bu grouping. The formula that applies is Formula 109:

/' du _ 1 b n atbu bu
wa+bu)  au a2

Inourcasea = —1,b =2, u = x. Therefore
/ &1 / @
322 —1) 3) K22x-1)

Example 7 We use the table to calculate \

+C.

SOLUTION  Closest to what we need is Formula 90:

Va2 —u? 1 u
/uduzfﬂ/az—uz—eucsin7+c.
u a



We can write our integral to fit the formula by setting

Doing this, we have

/;/Q_chbc:Z/

Check this out. -

EXERCISES 8.1

w=2x, du=2dx
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1
du=2 [——\/9 —u? — arcsin %] +C
u

1
:2[~~ 9— 4,\~~arcsm~]+c. =]
2x

Exercises 1-38. Calculate,

L/ehdx,
)

3./ sinx dx.
0

5. /sec%l — x)dx.

A

7. / cot s,
/6

o f
LILI

1. / Y g
oy COS2X

2 i
13. / o
1 ox?

T
T e
sec’ g
17. d
3tamg +1
.

x
Biif 2
'l'/(x+1)z+4dx
= [

25, / &
) 2410

27. /x sinx? dx.

9. / tan’ x dx.

¢ Inx?
31 — dx,
Tox

arcsinx
3. / dx.

2. f cos 2x d.

1
4./ secmx tanmx dx.
o

"o cos?x

e
12. dx.

=

3
14./
16. /a‘e‘ dx.
sin ¢

18 /3 2cos ¢ e

20 f —
& /x2>4x+13

. [ 4
x

p
4. [ ——
u [ ima

26. / " tan¢* dx.

x
28 | ——adr.
8 /9+x“d1

30. / cosh 2x sinh® 2x d.

a3 / /4 arctan x e
1+x2

34, / & cosh(2 — ") .

1 1
35./ dx. 36./ -
xlnx =

S iy
3 / LIy 38.
T i

Exercises 39-48. Calculate using our table of integrals.

39./\/x2—4dx. 40. /«/4—:2 dx.

41. / cos® 2¢ dt. 2. / sect rdt.
43./#_ 44./ £O5
x(2x +3) 2% 3x

46. / s
)

48. /x‘smxdz,

47. /x3 Inx dx.

/ 1+ cosx dr.

0
HINT: cos x = 2cos? 1x — 1.

49. Evaluate

50. Calculate / sec? x tanx dx in two ways.
(2) Setu = tanx and verify that
/seczx tanxdx = { tan’x + €.
(b) Setu = secx and verify that
/sec?mnm = }sec’x +Cy.

() Reconcile the results in parts (a) and (b).
51. Verify that, for each positive integer n:
(@ | sin’nxdx = ix.

0
HINT: sin @ = L(1 — cos 26)
N
) / sinrx cos nx dx = 0.
0

/n
() / sinnx cosnx dx = 0.
0
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52. (a) Calculate f sin’ x dx. HINT: sin’ x = 1 — cos? x.
(b) Calculate [ sin® x dx.
(¢) Explain how to calculate [ sin? ™' x dx for an arbitrary
positive integer &.
53. (a) Calculate [ tan’ x dx. HINT: tan® x = sec’x — 1.
(b) Calculate [ tan’ x dx.
(¢) Caloulate [ tan’ x dx
(d) Explain how to caleulate [ tan®*" x dx for an arbitrary
positive integer k.
54. (a) Sketch the region between the curve:
y = sinx over the interval [, 7).
(b) Calculate the area of that region.
(c) The region is revolved about the x-axis. Find the volume
of the resulting soid.

J>55. () Use a graphing utility to sketch the graph of

s y = cscx and

1
"~ sinx +cosx

£) for 05):5%.
(b) Find 4 and B such that sin x + cos x = A sin (x + B).
(¢) Find the area of the region befween the graph of / and

the x-axis.

J>56. (a) Use a graphing utility to sketch the graph of f(x) =
e’tz.

(b) Let @ > 0. The region between the graph of £ and the
y-axis from x = 0 to x = a is revolved about the y-axis.
Find the volume of the resulting solid.
(¢) Find the valuc of a for which the solid in part (b) has a
volume of 2 cubic units.
J>-57. (a) Use a graphing utility to draw the curves
x+1
x+1
in the same coordinate system.
(b) These curves intersect at two points and determine a
bounded region 2. Estimate the x-coordinates of the two
points of intersection accurate to two decimal places.
(¢) Determine the approximate area of the region €.
J>58. (a) Use a graphing utility to draw the curve

P =x31—x).

for x> -1

and x+2y=16

(b) Your drawing in part (a) should show that the curve forms
aloop for 0 < x < 1. Calculate the area of the loop.
HINT: Use the symmetry of the curve.

H 8.2 INTEGRATION BY PARTS

We begin with the formula for the derivative of a product:
u( () + v’ () = (- vY (x).

Integrating both sides, we get

/u(x)u’(x)dv + / v (x)ydx = /(u cu)(x)dx.
Since (

J e = o +.

‘we have

f u(x)'(x)dx + / v (x)dx = u(x)v(x)+ C
and therefore

/ u(x)v'(x) dx = u(x)v(x) — / v (x)dx + C.
Since the calculation of

[ vonisrae

will yield its own arbitrary constant, there is no reason to keep the constant C. We
therefore drop it and write

@210 /u(x)v’(x)dx:u(x)v(x)—fv(x)u’(x)d\'.
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The process of finding
/ w(x)v'(x) dx
by calculating
/ () (x) dx

and then using (8.2.1) is called integration by parts.
Usually we write

u = u(x), dv = v'(x)dx
du = u'(x)dx, v = v(x).

Then the formula for integration by parts reads

®8.22) /udv =uv */vdu.

Integration by parts is a very versatile tool. According to (8.2.2) we can calculate

udv by calculating | v du instead. The payoff is immediate in those cases where

we can choose # and v so that

/ vdu is casier to calculate than /u dv.

Example 1 Calculate / x e dx.

SOLUTION We want to separate x from e*. Setting
u=x, dv=¢"dx
we have
du = dx, v=e¢".
Accordingly,

fxe‘dx:fudu:uv—/udu:xe‘~/‘e‘¢x:xe‘7eX+C.

Our choice of # and dv worked out well. Does the choice of # and dv make a
difference? Suppose we had set

u=e", dv =xdx.
Then we would have had
du = e*dx, v=

In this case integration by parts would have led to

/xe‘dx:/udv:uvffvdu:%xze*—%/xze'dx,

giving us an integral which at this stage is difficult for us to deal with. This choice of #
and dv would not have been helpful. 0
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Example 2 Calculate/x sin2x dx.
SOLUTION  Setting

= dv = sin2x dx,
we have

du = dx, v:—%cos2x.

Therefore,
/xsiandx = —1xcos2x — / —4cos2x dx = —}xcos2x + § sin2x + C.

As you can verify, had we set
u = sin2x, dv =xdx,

then we would have run into an integral more difficult to evaluate than the integral with
which we started. 3

In Examples 1 and 2 there was only one effective way of choosing  and dv. With
some integrals we have more latitude.

Example 3 Calculatc/xlnx dx.

SOLUTION  Setting

u=Inx, dv = x dx,
we have
1 o
du=—dr, v=1
x 2

The substitution gives

fxlnxdx:/udv:uvffvdu

x 157 1 1,2
:7lnx—/;?i\t:Elenx—zfxdx:%xllnxfzx'ﬁ-C.

ANOTHER APPROACH  This time we set

u=xlnx, dv=dx
so that

du= (1 +Mx)dx, Y=g

/udv:uv—/vdu

[xlnxziv:lenx—/x(1+lnx)dx.

In this case the relation

gives

The new integral is more complicated than the one with which we started. It may
therefore look like we are worse off than when we began, but that is not the case. Going
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on, we have

fxlnxdx:lenx—[xdx—fxlnxdx
2/xlnxdx:le.nx—/xdx

=x"Inx - {x2+C

/xlnxdx: 3x%Inx — tx? 4+ C.

This is the result we obtained before. In the last step we wrote C/2 as C. We can do
this because C represents an arbitrary constant,

Remark  As you just saw, integration by parts can be useful even if / vdu is not

easier to calculate than / u dv. What matters to us is the interplay between the two

integrals. O

To calculate some integrals, we have to integrate by parts more than once.
Example 4 Calculate / xe " dx.

SOLUTION  Setting

we have

This gives

[xze’de = / wdv =uv— / vdu=—x*F — / —2xe "dx

=—x%* + f 2xe " dx.
‘We now calculate the integral on the right, again by parts. This time we set

u=2x, dv=e"dx.

This gives
du = 2dx, v=—e"

/er”d\::/udv:uv—/rdu = —2xe™" —/*26” dx

=—2xe™* +/Ze”‘ dx = —2xe™ — 2™ + C.

and thus

Combining this with our earlier calculations, we have

/xze*X di=-—x%e —2xe™¥ — 2 +C=—(C+2x+2eF+C. UL
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Example 5 Calculale/e‘ cos x dx.

SOLUTION  Once again we’ll need to integrate by parts twice. First we write

u=ce", dv = cosx dx
du = e* dx, v =sinx.

This gives

[6)) /e*cosx(b’:/udv:uv—/udu:exsi.nx—/e‘sinxdx,

Now we work with the integral on the right. Setting

u=e, dv = sinx dx
du =¢* dx, v=—00sX,

we have
2) /e‘sinxdx:/udu:uu—fvdu:—e"cosx+/é‘cosxdx.
Substituting (2) into (1), we get

/e‘ cosx dx = e*sinx + ¢" cosx —/e‘ cosx dx
ZfeX cosx dx = €*(sinx + cosx)

/eX cosx dx = ye*(sinx + cosx).
Since this is an indefinite integral, we add an arbitrary constant C:
/ ¥ cosx dx = je*(sinx + cosx) + C.

(We began this example by setting u = e*, dv = cos x dx. As you can check, the sub-

stitution # = cosx, dv = ¢* dx would have worked out just as well.) O

Integration by parts is often used to calculate integrals where the integrand is a
mixture of function types; for example, pol ials mixed with exponentials, polyno-
mials mixed with trigonometric functions, and so forth. Some integrands, however, are
better left as mixtures; for example,

fzx/dx =¢“+C  and f3x7cusx3dx =sinx’ + C.
Any attempt to separatc these integrands for integration by parts is counterproductive.

The mixtures in these integrands arise from the chain rule, and we need these mixtures
to calculate the integrals.

Example 6 Calculate f x° cosx® dx.
SOLUTION  To integrate cos x*, we need an x2 factor. So we’ll keep x together with

cosx* and set

u=x, dv = x? cos x* dx.
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Then

du = 3x% dx, v = 1{sinx?

/xscosx3dx: 337 sinx? —/

=3sinx® +lcosx®+C. 0

and

sinx® dx

The counterpart to (8.2.1) for definite integrals reads

b 5
8.2.3) / u(x)'(x) dx = [u(x)v(x)]b ~/ v(x)u'(x) dx.

This follows directly from writing the product rule as
w(xW'(x) = (- v)(x) — vl (x).

Just integrate from x = atox = b.

We can circumvent this formula by working with indefinite integrals and bringing
in the limits of integration only at the end. This is the course we will follow in the next
example.

2
Example 7 Evaluate / 2 Inx dx.
1

SOLUTION  First we calculate the indefinite integral, proceeding by parts. We set

u=Inx, dv =x%dx
1 1

du = —dx, v=—x*
x 4

This gives
/x3lnx dr = 1x*lnx —%/ﬂd}c =qxiinx — Lxt 4 C.
To evaluate the definite integral, we need only one antiderivative. We choose the one
with C = 0. This gives
2 2
/1 2P lnxdx = [%x“lnx - %x"j[l =4m2-2. 0

Through integration by parts, we construct an antiderivative for the logarithm, for
the arc sine, and for the arc tangent.

(8.2.4) /lnxdx:xlnx—x#—C.

8.2.5) / arcsinx dx = x arcsinx ++v'1 —x2+ C.

m 407
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8.2.6) f arctanx dx = x arctanx — § In(1 +x%) + C.

We will work with the arc sine. The logarithm and the arc tangent formulas are left to
the Exercises.
To find the integral of the arc sinc, we set

u = arcsinx, dv =dx

This gives

arcsinx dx = x arcsinx — / ————=dr=xaresinx ++v1-x2+C. 1
/ VT=%2

EXERCISES 8.2
Exercises 1-40. Calculate. 4 i
vercises alculate ) - / e . / aresin 2
1 /.w" dx. 24/ X2 dr. !

i 33. / x arctan x? dx.

4./x Inx? dx. 0 i
34, /cosﬁd:. HINT: Set 4 = /., dv = <5Y% 4
6./x3e"14ix,

dx
8 f x(In x)°

3
10. / xvx + ldx.
0

'
35, / x? cosh2x dx. 36. / x sinh 2x? dx.
)
1
37. / ~ aresin (In x) dx.
x

38. /cus (In x)dx. HINT: Integrate by parts twice.

12 fxz(e" — lydx. 2e
39. / sin(In x) dx. 40. / xH(in xY dx.
13 /(m)zm 14./x()(+5) gy, !
41. Derive (8.2.4): /lnxdx =xlhx—x+C.
15. /x‘}‘dx. 16./ﬁlmdx. /
42. Derive (8.2.6):
17. /x(x + 5 dx. 18. /(2’ +x2) dx
) ) /amanx dx = xarctanx — $In(1+x%) + C.
12 i
19. /u x cos 7 dx. 20. / **sinx dx. Derive the following three fmmulas
o
k+1 +1
2 _7 K — L E
Zl.sz(A+l)9dx. zz.fx—(zxfl) 7 dx. 43-/)[ Inxdy = rlr— (k+1)2 +Cok# L
" & (a cos bx + bsinbx)
23. /!‘sinxdx. 24. /(e" + 2x) dx. 44. /e cosbx dx = = gF
i - & (asinbx — beosbx)
zs./ In(l + x%) dx. 26. /xln(x+ 1)dx. “5-/9" sinbrdxs ——— 5 T ——+C
o 46. What happens if you try integration by parts to calculate
27. / nxdx, n#-1 28 f € cos 2x dx. [ €™ coshax dx? Calculate this integral by some other
method.
2. / o 30, / o sinx dv. 47. Set £(x) = x sinx. Find the area between the graph of £ and
. the x-axis from x = 0 to x = 7.




48. Set g(x) = x cos 3x. Find the area between the graph of g
and the x-axis from x = 00 x = 7.
Exercises 49-50. Find the area between the graph of £ and the
x-axis.
49. f(x) = arcsinx, x €[0,1].
50. f(x) =xe™, xel0,2].
Let ©2 be the region between the graph of the logarithm func-
tion and the x-axis from ¥ = 1 to x = e. (a) Find the area
of ©. (b) Find the centroid of 2. (c) Find the volume of the
solids generated by revolving €2 about each of the coordinate
axes.
In.
52, Let £(x) = —2, x € [1, 2¢].
x
(a) Find the area of the region €2 bounded by the graph of /
and the x-axis.
(b) Find the volume of the solid generated by revolving
about the x-axis.

Exercises 53-56. Find the centroid of the region under the graph.

53. f(x)=¢", xe[0,1].

54 f(x)=e™, xe[0 1]

55. f(x) =sinx, x €[0,7].

56. f(x) =cosx, x €0, in].

7. The mass density of a rod that extends fromx = 0 tox = 1
is given by the function A(x) = ¢** where & is a constant.
(a) Caleulate the mass of the rod. (b) Find the center of mass
of the rod.

58. The mass density of a rod that extends from x =2 tox =3
is given by the logarithm function f(x) = Inx. (a) Calculate
the mass of the rod. (b) Find the center of mass of the rod.

Exercises 59-62. Find the volume generated by revolving the

region under the graph about the y-axis.

59. f(x) = cosdmx, xe[0.1].

60. f(x) = xsiny, xe[0,x].

6l f(x)=xe, xel0 1]

62. f(x)=xcosx, xe[0in].

63. Lot €2 be the region under the curve y = ¥, x € [0, 1]. Find
the centroid of the solid generated by revolving € about the
x-axis. (For the appropriate formula, sec Project 6.4.)

64. Let Q be the region under the graph of y = sinx,x €
[0, 4. Find the centroid of the solid generated by revolving
Q about the x-axis. (For the appropriate formula, sce Project
6.4

65. Let Q be the region between the curve y = coshx and the x-
axis from x = 0 to x = 1. Find the area of €2 and determine
the centroid.

66. Let 2 be the region given in Exercise 65. Find the centroid
of the solid generated by revolving ©:
(a) about the x-axis; (b) about the y-axis

67. Let # be a positive integer. Use integration by parts to show
that

/x"e”‘ dx =22 Z/x"’*e“dx. a#0.

a a
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68. Let 1 be a positive integer. Show that

/(m xY'dx =x(In x)' —n /(In Xy dx.

The formula given in Exercise 67 reduces the calculation of
[x"e™ dx to the calculation of [ x"~'¢* dx. The formula
given in Exercise 68 reduces the calculation of [(Inx)" dx to
the calculation of f(Inx)"~! dx. Formulas (such as these) which
reduce the ion of an ion in n to the
of the corresponding expression in # — 1 are called reduction
Sormulas.

Exercises 69-72. Calculate the following integrals by using the
appropriate reduction formulas.
70. /xfe" dx.

69. /xsel‘ dx.
71, /(ln x) dx. 72. /(m )t dx.

73. (a) As youcan probably see, were you o integrate [ x’e* dx
by parts, the result would be of the form

/r‘g‘ dx = Ax’¢" + Bx%¢" + Cxe* + De* + E.

Differentiate both sides of this cquation and solve for the
coefficients 4, B, C, D. Inthis manner you can calculate
the integral without actually carrying out the integration.

(b) Calculate f x’¢* dx by using the appropriate reduction
formula.

74. It P is a polynomial of dogree £, then

/P(x)e‘dx =[P&)— Px)+ -+ PO +C.

Verify this statement. For simplicity, take &
75. Use the statement in Exercise 74 o calculate:
(a) /(x2 —3x+ e’ dx.  (b) /(.ﬁ —2x)e* dx.
76. Use integration by parts to show that if  has an inverse with
continuous first derivative, then

//"‘(x)dx:xf’l(x)—/x(/ Y(x)dx.

77. Show thatif f and g have continuous sccond derivatives and
/(@) = ga@) = f(b) = g(b) =0, then

5 b
/ fl)g" (xydx = / g(x)f"(x) dx.
a

78. You are familiar with the identity

,
16)= 1w = [ reoas

(a) Assume that f has a continuous second derivative. Use
integration by parts to derive the identity

f®) = fla)= '@ —a)~ fl J"(x) (x = bydx.
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(b) Assume that /" has a continuous third derivative. Use the
S () a TtSeration by patts 1. domve the
s

o J "(a
1)~ @ = rae - o+ L0 - ap

b e,
7/ %{x — bYdx.

Going on in this manner, we are led to what are called
Taylor series (Chapter 12).
b79. Use a graphing utility to draw the curve y = x sinx for

x > 0. Then use a CAS to calculate the area between the

curve and the x-axis

(a) from x

(b) fromx = 7 to

(c) fromx =27 tox = 37.

(d) What is the area between the curve and the x-axis from
x =nw tox = (n + 1)7? Take n an arbitrary nonnega-
tive integer.

4

. Use a graphing utility to draw the curve y = x cosx for
x = 0. Then use a CAS to calculate the area between the
curve and the x-axis

PROJECT 8.

(a) fromx = fwtox =3

(b) fromx = 3w tox =

(c) fromx = 3wtox =1

(d) What is the area between the curve and the x-axis from
x =121 — D to x = $(2n + )m? Take # an arbi-
trary positive integer.

P> 81. Use a graphing utility to draw the curve y = 1 — sinx from
x =0tox = . Then usc a CAS
(a) to find the area of the region $2 between the curve and
the x-axis.
(b) to find the volume of the solid generated by revolving £
about the y-axis.
(c) to find the centroid of Q2.
[ 82. Use a graphing utility to draw the curve y = xe* fromx = 0
tox = 10. Then use a CAS
(a) to find the centroid of the region Q between the curve
and the x-axis.
(b) to find the volume of the solid generated by revolving £
about the x-axis.
(¢) to find the volume of the solid generated by revolving 2
about the y-axis.

n nx

Problem 1. Show that for each positive integer #,

2T
/ sin? nx dx =
0

HINT: Use the identities

21

and cos? nx dx =

sin®@ =1 —1cos20,  cos?d =1 +4cos20.

Problem 2. Show that for m # n,

2
/ sin mx sinnx dx =0
1

and

2w
/ cos mx cosnx de =
0
HINT: Verify that
2
/ cos[(m +n)x]dr = 0.
0

Then use the addition formula

cos(a + B) = cosa cos B — sina sin

d Cosine Waves y— cos nx

to show that

2 2
/ cosmx cosnx dx / sinmx sinnx dx.
o o

Evaluate the cosine integral by parts.

Problem 3. Show that for m # n,

2
/ sinmx cos nx dx
0

HINT: Verify that

2

sin[(m + mx]dx = 0.

Then use the addition formula
sin (@ + B) = sina cos B + cosa sin B

to show that
2 2
/ sin mx cosnx dx +/ cosmx sinnx dx = 0.
o o

Evaluate the second integral by parts.
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Summary

For cach positive integer n

2n
/ sinfnxdx =x  and
o

These relations lie at the heart of wave theory.

Problem 4. (The superposition of waves) A function of the
form

FG) =@ sinx +aysin2x + -+ a, sinnx + by cosx

+byc082x + - -+ + b, cos nx

w is called a lynomial, and the ients a, by
/ cos’ nxdx =7, are called the Fourier coeflicients.’ Determine the a and by from
k=ltok=n
©.2.6) and for positive integers m # n HINT: Evaluate
21 2 27
/ sinmax sinnx dx =0, / S()sinkx dx  and / S(x)coskx dx
0 0 0

o
/ cosmx cosnx dx = 0,
0

2
/ sinmx cos nx dx = 0.
o

using the relations just summarized.

1 After the French mathematician J. B. J. Fourier (1768-1830), who was
the first to use such polynomials to closely approximate functions of

great gencrality.

W 8.3 POWERS AND PRODUCTS OF TRIGONOMETRIC
FUNCTIONS

Integrals of trigonometric powers and products can usually be reduced to elementary
integrals by the imaginative use of the basic trigonometric identities and, here and there,
some integration by parts.

These are the identities that we’ll rely on:

Unit circle relations
sin?f + cos®@ =1, tan®6 + 1 = sec? 8, cot? 8 4+ 1 =csc?
Addition formulas
sin(er 4+ B) = siner cos B + cos e sin
sin(o — B) = sine cos B — cosa sin B
cos (@ + B) = cosa cos B — sina sin 8

cos(a — ) = cosccos f + sina sin B

Double-angle formulas

sin20 =2sin6cosh,  cos2f =1—2sin*6
Half-angle formulas
sin” 6 = 1 05 26, cos?6 = J + 4 cos26.

Sines and Cosines
Example 1 Calculate

/ sin® x cos x dx.
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SOLUTION  The relation cos? x = 1 — sin x enables us to express cos* x in terms of
sinx. The integrand then becomes

(a polynomial in sinx)cosx,

an expression that we can integrate by the chain rule.
/ sin’x cos® x dx = /sin2 xcos* x cosx dx
= /sinzx(l — sin?x)? cos x dx
= /(smzx — 2sin* x + sin® x) cos x dx
=1sin’x — Zsin'x + bsin’x +C. Q2
Example 2 Calculate

/sinsxdx

SOLUTION The relation sin® x = 1 — cos
cosx. The integrand then becomes

enables us to express sin® x in terms of

(a polynomial in cosx)sinx,

an expression that we can integrate by the chain rule:
/sinjx dx = /sin“x sinx dx
= /(1 — cos® x)? sinx dx
= /(1 —2cos?x + cos* x)sinx dx

= /sinx 4lv—2/coszx sinx dx +/cos“x sinx dx

=—cosx+3cos’x —LeosSy +C. O

Example 3 Calculate

/ sin’ x dx and / cos® x dix.

SOLUTION  Since sin’ x = % - %cosz,\t and cos®x = % + %cos 2x,

/smzxdx:/(%—%cnsh) dx =

X — %sin2x+C

and

/coszxdx:/(%Jr%cost) dy=jx+isin2x+C. 0O
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Example 4 Calculate

/ sin? x cos? x dx.

SOLUTION The relation 2sinx cosx = sin 2x gives sinx cos?x = % sin 2x and
that we can integrate:

/sinzx cos? x dx = %/sinZ 2x dx

g/(g-gcos4x)dx

%/dx»%/cos4xdx:%x-§siu4x+6'. a

[

Example 5 Calculate

/ sintx dx.

SOLUTION
sin*x = (sin?x)? = (3-1 cost)2 =1- Lcos2x + 4cos? 2x
=} —%cos2x+§+§cos4x
- 3 1 5 1 o
= 7§~ 30082x + gcos4x.
Therefore

:/(% — 5008 2x + { cosdx) dx

:%x—%sin2x+§sin4x+€. Q

Example 6 Calculate
/sin Sx sin3x dx.

SOLUTION The only identities that feature the product of sines with different argu-
ments are the addition formulas for the cosine:
cos (& — f) = cosa cos § + sina sin g, cos{ar + B) = cosa cos B — sin sin 8.
We can express sina sin 8 in terms of something we can integrate by subtracting the
second equation from the first one.
In our case we have
€08 2x = 08 (5x — 3x) = ¢c0s 5x cos 3x + sin 5x sin 3x
€08 8x = ¢cos (5x + 3x) = cos 5x cos 3x — sin Sx sin3x

and therefore

sin 5x sin 3x = J(cos 2x — cos 8x).
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Using this relation, we have

f sin Sx sin 3x dx

/coslx dx — %fcos&x dx

={sin2x — fsin8x+C. 12

Tangents and Secants

Example 7 Calculate

/tan“x dx.

SOLUTION The relation tan® x = sec?x — 1 gives
tan* x = tan® x sec? x — tan® x = tan’ x sec’x — sec”x + L.
Therefore

/tan"x dx = /(t;mzx sec’x —sec’x + 1)dx

=jtan’x —tanx+x+C. 2

Example 8 Calculate

/ sec® x dx.

SOLUTION The relation sec? x = tan? x + 1 gives
/sec3x dx = / secx (tan’x + 1) dx = / secx tan x dx + f secx dx.

We know the second integral, but the first integral gives us problems. (Here the relation
tan® x = sec? x — 1 doesn’t help, for, as you can check, that takes us right back to where
we started.)

Not seeing any other way to proceed, we try integration by parts on the original
integral. Setting

U =Secx, dv = sec’x dx
du = secx tanx dx, v =tanx,
we have
/‘sec}x dx =secxtanx — [ secx tan® x dx
:secxtanxffseclx dx+/secxdx
tantx = sex — 1 —

2/sec3x dx :secxtallx+/sccx dx

o

/scc3x dx = %secxtanx + %ln\sccx + tanx| + C.
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/secl’x dx.

SOLUTION  Applying the relation sec? x = tan?x + 1 to sec* x, we can express the
integrand as

Example 9 Calculate

(a polynomial in tanx)sec? x.
‘We can integrate this by the chain rule:
sect x = sect x sec x = (tan’ x + 1) sec? x = (tan® x + 2 tan® x + 1)sec? x.
Therefore

/ sec x dx /(tan%c sec? x + 2tan’ x sec® x + sec® x) dx

=1’y +3tan’y +tanx +C. Q0

Example 10  Calculate
/tan5 x sec’ x d.

SOLUTION  Applying the relation tan?x = sec?x — 1 to tan® x, we can express the
integrand as
(a polynomial in secx)secx tanx.

‘We can integrate this by the chain rule:

/tan5 xsec’x dx = / tan* x sec? x secx tanx dx

= /(seczx — 1)*sec? x secx tanx dx

](sec“x — 2sec*x + sec® x) sec x tanx dx

. .
=1sec’x — Zsec’x + fsecx +C. O

Cotangents and Cosecants

The integrals in Examples 7-10 featured tangents and secants. In carrying out the
integrations, we relied on the identity tan? x + 1 = sec? x and in one instance resorted
to integration by parts. To calculate integrals that feature cotangents and cosecants, use
the identity cot? x + 1 = esc?x and, if necessary, integration by parts.

EXERCISES 8.3

Exercises 1-44. Calclate. (If you run out of ideas, use the cx-
amples as models.)

/s
1. / sin’ x dx. 2. / cos? 4x dx. 7. / si
o

/s
3. / sin® 3x d. 4. / cos’ x dx. 9. / sec? x dx. 10. / esc? 2x di.
o

5. / cos* x sin x di. 6. / sin’ x cos? x dx.

8./sin21cos4x dx.
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11 ]mﬁxdx. 12. fcor‘xdx,

-
13. / sin® x dx. 14. / cos® x cos 2x dx.
o
2
15. / sin2x cos 3x dx. 16. / cos 2x sin3x dx.
o
17. /tunzxscczxdx. 18. fcm?xcs&x d.

19. / sin’ x sin2x dx.

21./sm“xdx.
w2

=/
23.[ cot? x dx.
i

25. / cot® x esc x dx.

72
20. / cos* x dx.
o
22. /cossxsmsxdm
24. f tan®x dx.
26. /tm“xsec"xdx.

27. / sin 5x sin 2x dx. 28. /sec4 3x dx.

30'/sin X
cosx

32. / cot’ 2x dr.

29, / sin®2 x cos® x dx. dx.

31 f tan® 3x dx.
1
3. / sin® 3mx cos® 3mx dx.
116

I
34. / cosx cos S dx.
{i} .

4

38 / cos 4x sin2x dx.
0

36. /(sm}x — sinx)* dx.

37. f tan® x sec* x dx. 38. / cottx csct x dr.

2
39. / sin $x cos 2x dx. 40. / sin ax dx, a #0.
0

7i4 /2
41, / tan’ x sec? x d. 42. / ese’ xcotx dx.
o ,1

/4

/6 (3
43. / tan? 2x dx. 44, f tanx sec*? x dx.
o o

45. Find the area between the curve y = sin’ x and the x-axis
fromx =0tox =m.

46. The region between the curve y = cos x and the x-axis from
x = —7/2tox = /2 is revolved about the x-axis. Find the
volume of the resulting solid.

47. The region of Exercise 45 is revolved about the x-axis. Find
the volume of the resulting solid.

48. The region bounded by the y-axis and the curves y = sinx
and y = cosx, 0 < x < 7/4, is revolved about the x-axis.
Find the volume of the resulting solid.

49. The region bounded by the y-axis, the line y = 1, and the
curve y = tanx. x € [0, /4], is revolved about the x-axis.
Find the volume of the resulting solid.

50. The region between the curve y = tan® x and the x-axis from
x = 0tox = 7/4 is revolved about the x-axis. Find the vol-
ume of the resulting solid.

51. The region between the curve y = tan x and the x-axis from
x =0to x = 7/4 is revolved about the line y = —1. Find
the volume of the resulting solid.

52. The region between the curve y = sec® x and the x-axis from
x = 0tox = /4 is revolved about the x axis. Find the vol-
ume of the resulting solid.

53. (a) Use integration by parts to show that forn > 2

ion 1t n-lf
sin” x dx = ——sin"" xcosx + sin""x dx.
n

(b) Then show that

2 a2
/ sin” x dx / sin" 2 x dx.
0 n

() Verify the Wallis sine formulas:
forevenn > 2,

w72 15301
/ sy G s 3l
0

®
n--6-4.2 2

forodd n > 3,

/2 (n—1)---4.2
in"xdr=-—""——.
[t Ot

54. Use Excrcise 53 to show that

(2 72
f cos” x dx = / sin” x dx.
i {

55. Evaluate by the Wallis formulas:
/2 /2
() / sin’ x dx. ) / cos® x dx.
o o

[ 56. Use a graphing utility to draw the graph of the func-
tion £(r) = x +sin2x, x € [0, 7). The region between the
graph of f and the x-axis is revolved about the x-axis.

(a) Use a CAS to find the volume of the resulting solid.
(b) Calculate the volume exactly by carrying out the inte-
gration.

[»57. Use a graphing utility to draw the graph of the function
g(x) = sin’ x?, x € [0, /7. The region between the graph
of g and the x-axis is revolved about the y-axis.

(2) Use a CAS to find the volume of the resulting solid.
(b) Calculate the volume exactly by carrying out the inte-
gration.
[ 58. Use a graphing utility to draw in one figure the graphs of both
/(x) =1+ cosx and g(x) = sin }x fromx = Otox = 2.
(a) Use a CAS to find the points where the two curves in-
terscct; then find the area between the two curves.

(b) The region between the two curves is revolved about the
x-axis. Use a CAS to find the volume of the resulting
solid.
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M 8.4 INTEGRALS FEATURING v/a? — %, v/a% T 32, /32 — a?

Preliminary Remark By reversing the roles played by x and u in the statement of
Theorem 5.7.1, we can conclude that

ifF = f  then / SG@)) () du = Fx(u) + C
®.4.1) [ and

x(b) b
[ rea= [ e
x(a) a

These are the substitution rules that we will follow in this section. 2

[ntegrals that feature a2 — x2, +/a? + x2, or /xZ — a2 can often be calculated
by a trigonometric substitution. Taking a > 0, we proceed as follows:
for m we set X =asinu;
for v/a? + x2 we set X =atanu;
for vx2 — a2 we set X =asecu.
In making such substitutions, we must make clear exactly what values of u we are using.

Failure to do this can lead to nonsensical results.
We begin with a familiar integral.

Example T You know that
a
/ Vi “xids
—a
represents the area of the half-disk of radius a and is therefore 1a?. (Figure 8.4.1) We

confirm this by a trigonometric substitution.
For x from —a to a, we set

Figure 8.4.1

X =asinu, dx=acosudu,
taking  from — {7 to 1. For such «, cosu > 0 and
Va2 =32 =va? —a?sinffu = acosu.
At u=—lmx=-a; at u=1im x=a Therefore

[ [

2

72

7/2
azcoszudu:azf (3 +fcos2u)du=1na®. 0
/2

To a limited extent we can give a geometric view of a trigonometric substitution
oy drawing a suitable right triangle. Since the right triangle interpretation applies only
10 u between 0 and %ﬂ, we will not use it as the basis of our calculations.
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Example 2  To calculate

dx
@

we note that the integral can be written
3
)

/(

This integral features v/a? — x2. For each x between —a and a, we set

x =asinu, dx=acosudu,
taking u between —1s and }7. For such u, cosu > 0 and

acosu.

Therefore

/ dx acosu
PR IS o W)
(a2 — x2)32 (acosu)®

1 1

——du
a? ) costu

1

= 7/seczudu
a
1

=—tanu+C=
sinu

tanu = —— J
cosu

Check the result by differentiation. 1

Before giving the next example, we point out that, at those numbers u where
cosu # 0, secu and cos « have the same sign (secu = 1/ cosu).

Example 3 We calculate
/\/aﬂ +x2 dx.

For each real number x, we set
x =atanu, dx = asec® udu,
taking u between —%n and %n. For such u, secu > 0 and
val+x2=asecu.
t Check this out.

Therefore

/\/a2+x2dx:f(asecu)aseczudu

:az/secsudu
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2
= %(seculanu +1In|secu + tanul) + C

Examplo 7, Section 8.3 — 1

2 71 2 2+ %2
R BN S
2 a a a a

=V ¥ 2+ La?Infx + VATt 27| — 1a’na+cC.

Noting that x + v/a? + x? > 0 and, absorbing the constant —1a* Ina in C, we can
write

8.4.2) /\/a2 +x2dx=jxv/a? + 22 + la’In (x + /a2 +xz) +C.

This is a standard integration formula. (Formula 78) O

Example 4 We calculate

/ dx
V-1
The domain of the integrand consists of two separated sets: all x > 1 and all x < -1
Both forx > 1andx < —1, we set
X =secu, dx = secutanu du.
For x > 1 we take u between 0 and %n’; for x < —1 we take u between 7 and %71. For -1
such u, tanu > 0 and

x2—1=tanu. 1

secutanu
‘:fhdu:/secudu
tanu

=In|secu + tanu| + C

=Inlx +vx2—1|+C.

Therefore,

Check the result by differentiation. 1

Example 5 We calculate

Ik

x =2secu, dx = 2secutanu du.

Forx > 2andx < —2, we set

For x > 2 we take u between 0 and %n; for x < —2 we take u between x and %n. For
suchu, tanu > 0 and

Vx2—4 =2tanu.

B
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With this substitution
/ _ 2secutanu
/x2—a J 4sectu 2tanu
1 1

4 ) secu

1
:Z/cosudu

1
= —si o
4Smu+

du

Check the result by differentiation.

Remark  Before rushing into a trigonometric substitution, look at the integral care-
fully to see whether there is a simpler way to proceed. For instance, you can calculate

by setting x = a sinu, and so on, but you can also carry out the integration by setting
u = a® — x%. Try both substitutions and decide which is the more effective. [T

Example 6 Calculate

/x/x2+2x+5‘

By completing the square under the radical, we can write the integral as

fx
| =
For each real number x, we set
x+1=2tanu, dx = 2sec? udu,
taking u between — Lo and }7. For such u, secu > 0 and
Jer1P+a= Vata?u +4 = 2/tan?u+ | = 2secu.
Therefore

2sec?u

/«/x 24+2x+5 /Zsecu
:/secudu:ln\secu+tauu\+C
=n3Va2+2x +5+ 5+ DI+ C
=l +hvx+2x+5+x+1]+C.

Absorbing the constant In % in C and noting that the expression within the absolute
value signs is positive, we have

dx

fj n (VA2 as + 54 +1) +
VX24+2x+5

Check the result by differentiation. O
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Trigonometric substitutions can be effective in cases where the quadratic is not
under a radical sign. In particular, the reduction formula

dx 1 2t
(8.4.3) /mdr:ﬁ/cos "D u dy

(a very useful little formula) can be obtained by setting x = a tan , taking u between
= érr and %JT' The derivation of this formula is left to you as an exercise.

EXERCISES 8.4

oot o o 42
Exercises 1-34. Calculate. £ / xor—xT—8dr. . / A e
ax V3T 4+ 4x +13
L / =
/2 — 12

3./\/ﬁdx.

B x
EE R T L
/(x2+2X+5)2 & /«/xzflxﬁ-} 8

35, Use integration by parts to derive the formula

/ aresee xde = x aresee ¥ — x4 V37— 1] +.C.

1
36. Calculate / ~Va? —x2dx
x
(a) by setting u = v/a? — x2.

(b) by a trigonometric substitution.
(¢) Then reconcile the resuits,

37. Verify (8.4.3).
Exercises 38-39. Use (8.4.3) to calculate the integral.

1. /x\/4 ¥, 1. : |
B[ — EDYY
5 /()c“rl)2 i /(x2+1)1 .
13. / X225~ x2 dx. 14, / Exercises 40-41. Calculate the integral: (2) by integrating by
o parts, (b) by applying a trigonometric substitution,

o
16. / Va? —x2 4, 40. / X arctan  dx. 41, / x arcsin x dx.
0
W =i 42. Find the area under the curve y = (vxZ = 9)/x fromx = 3
18 /

2
5 ——adx.
[7=
{ x
i

12 2
R
b (1 —x2)

dx. tox =35.

43. The region under the curve y = 1/(1 + x2) from x = 0 to

19 3 = " 3 x = 1 is revolved about the x-axis. Find the volume of the
: = )i resulting solid.
44. The shaded part in the figure is called a cireular segment.
dx dx
Ao mrmr 2 | G Calculate the area of the segment:
= e £ D
n [ = 24, | o ddfissn
/o (5—x2p2 4 /e‘ 4+ e=
dx &
25, / —= 2. / v,
x2/x2 — a2 /9 — e
5 / dx » / dx
RN AN

2. / L 30, / w® 45. Show that in a disk of radius r a sector with contral angle of
(% —dx + 472 Véx —x2 radian measure 6 has area A4 = 1r29. HINT: Assume first
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that0 < @ < 1 and subdivide the region as indicated in the
figure. Then verify that the formula holds for any sector.

wo

46. Find the area of the region bounded on the left and right by
the two branches of the hyperbola (x* /a )= () =1,
and above and below by the lines y = b

47. Find the area between the right branch of the hyperbola
(x2/9) — (v*/16) = L and the line x = 5.

48. If the circle (x —hY + )2 =’ b > a > 0, is revolved
about the y-axis, the resulting “doughnut-shaped” solid is
called a torus. Use the shell method to find the formula for
the volume of the torus.

49. Calculate the mass and the center of mass of a rod that
extends from x =0 to x =a > 0 and has mass density
wx) = (2 a2

. Calculate the mass and center of mass of the rod of Exercise
49 given that the rod has mass density A(x) = (x2 + a2)=/2,

For Exercises 51-33, let Q be the region under the curve

=7 —a fromx =atox =+2a.

n
2

o o
|5

o

o

56. Set /(x) =

. Sketch ©, find the area of Q, and locate the centroid.

Find the volume of the solid generated by revolving Q about
the x-axis and determine the centroid of that solid.

. Find the volume of the solid generated by revolving 2 about

the y-axis and determine the centroid of that solid.

. Use a trigonometric substitution to derive the formula

1
———=dr=In(x+va?+x2)+C.
/«/a?{»xl ( )

. Use a trigonometric substitution to derive the formula

dx=Inx+yx*—a?|+C.

= Use a CAS

(a) to draw the graph of f;

(b) 10 find the area between the graph of f and the x-axis
fromx =0tox = 3

(©) to find the volume of the solid gensrated by revolving
about the y-axis the region described in part (b).

. Set f(x) = 5 g,xz&UseaCAS

x

(a) to draw the graph of f;

(b to find the area between the graph of f and the x-axis
fromx =3tox =6;

(c) to locate the centroid of the region described in part (b).

H 8.5 RATIONAL FUNCTIONS; PARTIAL FRACTIONS

In this section we present a method for integrating rational functions. Recall that a
rational function is, by definition, the quotient of two polynomials. For example,

J@) =

—7

are rational functions, but

f&) =

are not rational functions.

g =

22 +3 3xt —20x2 +17
o M=o
x(x—1¢ xS+ -7

sinx

hx) =

A rational function R(x) = P(x)/Q(x) is said to be proper if the degree of the
numerator is less than the degree of the denominator. If the degree of the numerator
is greater than or equal to the degree of the denominator, then the rational function
is called improper.” We will focus our attention on proper rational functions because
any improper rational function can be written as a sum of a polynomial and a proper

rational function:

P@) r(x)

=px)+

o) o)’

TThese terms are taken from the familiar terms used to describe rational numbers p/q.

T1This is analogous to writing an improper fraction as a so-called mixed number.
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This is accomplished simply by dividing the denominator into the numerator.
As is shown in algebra, every proper rational function can be written as the sum of
partial fractions, fractions of the form

4 BxiC
®5.1) —~ _ g 2XFC
(x —a) (2 + Bx + )k

with x? 4 Bx + y irreducible.!” Sucha sum is called a partial fraction decomposition.
We begin by calculating some partial fraction decompositions. Later we will use
these decompostions to calculate integrals.

Example 1 (The denominator splits into distinct linear factors.) For
2x _ 2x
-x—2 G-2)x+1D)
we write
2% A B
Y—a—2 5t ;
x2—x—=2 x-2 x+1
with the constants 4 and B to be determined.
Multiplication by (x — 2)(x + 1) yields the equation
1) 2x = A(x + 1)+ B(x — 2)
We illustrate two methods for finding 4 and B.

METHOD I We substitute numbers for x in (1):
Setting x = 2, we get 4 = 34, which gives 4 = %,
Settingx = —1, we get — 2 = —3B, which gives B = N
The desired decomposition reads

2% T e 2
x=2 3(x-2) 3x+1

*
You can verify this by carrying out the addition on the right.

METHOD 2 (This method is based on the observation that two polynomials are equal
iff their coefficients are equal.)
‘We rewrite (1) as

2% = (4 + B)x + (4 - 2B).
Equating coefficients, we have
A+B=2
A-2B=0.

We can find 4 and B by solving these equations simultaneously. The solutions are again:
a

A=%B=12

" Not factorable into lincar expressions with real coefficients. This is the case if B —dy <.
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In general, each distinct linear factor x — o in the dcnonunator gwes tise 10 a
terntof the form

Example 2 (The denominator has a repeated linear factor.) For
20343
x(x — )2’

we write
5 C
(=1

22+3 4
x(x— 12

This leads to
2x? 43 = A(x — 1)* + Bx(x = 1) + Cx.

To determine 4, B, C, we substitute three values for x. (Method 1.) We select 0 and 1
because for these values of x several terms on the right will drop out. As a third value
of x, any other number will do; we select 2 just to keep the arithmetic simple.

Setting x = 0, we get3 = 4.
Settingx =1, weget 5 =C
Settingx =2, weget 1l = A+2B +2C,
which, with 4 =3and C =5, gives B = —1.
This gives us
5

25243
tEo

MR

In general, each factor of the form (x —a)* in the denommatot glves Tise to:
an expression of the form
A Ay
-t

x—a (x-a?

. L
G af

Example 3 (The i has an irreducible quadratic factor.) For
x50 +2
GHDE+D)
‘we write
x2+5x+2 A Bx+C
GHDE+D  xl 2l
and obtain

5 4+2=A@+ D+ Bx+CYx+ 1) =(A+ B>+ (B+C)x+ 4+ C.
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Equating coefficients (Method 2), we have

A+B=1
B+C=5
A+C=2.
This system of equations is satisfied by 4 = —1, B = 2, C = 3. (Check this out.) The
decomposition reads
X2 4 5x 42 -1 2x+3

G+DEFD) i+l g
(We could have obtained this result by using Method 1; for example, by setting x =
“Lx=0x=1) O

In the examples that follow, we’ll use Method 1.

Example 4 (The has an irreducible quadratic factor) For

x(x2+x+1)
we write
1 A Bx+C

G240 x o

and obtain
1= 40> +x+ 1)+ (Bx + O)x.

Again, we select values of x that produce simple arithmetic.
l=4 (x=0)
1=344+B+C (x=1)
l=A+B-C (x=-1.

From this we find that

and therefore
1 1 x+1 -
(@ +x+1)  x A4xtl

- In general, each irreducible quadratic factor x2 4+ Bx + yinthe denominator
gives tise to a term of the form

Ax+ B
2t Briy

Example 5 (The denominator has a repeated irreducible quadratic factor.) For

3x% 4 0% 4+ 2002 4 3x + 31
(e + D(x2 + 4
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we write

W4 xP 42062 +3x 431 4 Bx+C  Dx+E
(x + D@2+ 47 x+1 7 244 @ +4
This gives
3% 40 4+ 200 4 3x 431 = AGE + 47+ (Bx + O)x + Dx +4)
+(Dx + E)x + 1.

This time we use x = —1,0, 1,2, =2:
50 =254 (x=-1)
31 =164 + 4C + E x=0)

58 =254+ 10B+10C 42D +2F (x=1
173 =644 +48B +24C +6D +3E x=2)
145 =644+ 16B — 8C+2D— E x==2).
‘With a little patience, you can determine that
A=2, B=1, C=0, D=0, E=-1.
This gives the decomposition

WAL 02 +3x 431 2 % 1
(x + D)2 + 4)? Tx4l o xa2+4 @24y

In general, each multiple irreducible quadratic factor (x% + Bx + y) in the
denominator gives rise to an expression of the form ,

A5t B 4B trin

S e B

As indicated at the beginning of this section, if the rational function is improper,
then a polynomial will appear in the decomposition.
Example 6 (4n improper rational function.) The quotient
¥ +2
x2—1

is improper. Dividing the denominator into the numerator, we find that

S+2 2
EEa_ 34, x+ 2 X + (Verify this)
x2—1 -1
The decomposition of the remaining fraction reads
x+2 _ 4 B

P ey
= 3. Therefore

1 3
- 2(x+l)+ 2Azx—1)
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We have been decomposing quotients into partial fractions in order to integrate
them. Here we carry out the integrations, leaving some of the details to you.

Example 1
2x 4 2
/xzfx72‘1"/[3@72)*3@“)]dx
=ihx—2/+2mx+1+C
=4[ -2c+1+C O
Example 2

>4 x~1+(x—1)2

2x% 43 3 1 5
T = |2 dx
/Jf(xfl)zdyC /[ }
5
=3hx|-lnlx -1 -——+4C
x—1
XS

5
=1 e
nx—l{ el

Example 3

24+ 5x —1
/ X2+ 5x +2 dx:/ LA
x4+ D2+ 1) x+1 x2+1

1
:7/ dx+/2x+3dx.
x+1 x4+

Since

1
—/ dx=—Inlx+ 1]+ C;
x+1
and

2% +3 2x 1 4
/XZ+1 r:/mdx+3fxz+ldx:]n(x + 1)+ 3arctanx + C5,
we have
x2+5x+2 5
e ¥ =1 1|+ In(x* + 1) + 3arctanx + C
(x+l)(x2+l)” n|x + 1|+ In{x* + 1) + 3arctanx +

241

= 1i+33rcta.nx+c. 8]
=

Example 4/

dx 1 x+1 x+1
I= | ————= (-5 )dx=lapw - | 2T 4
x(x2+x+1) x xl4x+1 x2+x+1
To calculate the remaining integral, note that (d/dx)(x* + x + 1) = 2x + 1. We can
manipulate the integrand to get a term of the form du/u with # = x2 + x + 1:

x4+l Sx41+) 1/ 241 o 1
x4+l x24x+1)"

tx+1 . 2fx+1l 2
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This gives us

/’ x+1 . l/' 2x+1 ‘v+1/ 1 p
e X+ = x.
x24+x+1 2) x24+x+1 2J #2+x+1l

The first integral is a logarithm:

1 241 1
E/ﬁdxzilu(fﬁ»x{»l)ﬁ»a. (2 +x+1>0 forallx)

The second integral is an arc tangent:

1 / 1 dx 1 /‘ dx 1 3 [ 2 ( i 1)] ic
= == = —arctan | — [ x 2
2) x2+x+1 7 (x+%)2+(«/§/2)2 i3 V3 2
Combining the results, we have the integral we want:

1
I:ln\x\—§1|1(xz+x+l)—

Example 5
3xt 4 x3 4+ 20x% + 3% + 31 2, x 1
- = ———dx = ——t 5 - |9
(x + D2 +4)? x+1 x24+4  (x2+4)?

The first two fractions are easy to integrate:

2
/x+1dx:21n\x+ll+cl,

x 1
/mdx: / 2+4m_—1n(v F4H+C

The integral of the last fraction is of the form

/ dx
Grrady’

As you saw in the preceding section, such integrals can be calculated by setting x =
atanu,u € 7%7r, %rr)A [(8.4.3).] In this case

dx 1 2
m cos” udu

[ x =2tanu

1
= E_/“ + cos2u)du
_1

half-angle formula 1 ;
. T + 3 sin 2u + C3

1 1

= —u+ —sinucosu + Cs
16 16

_1

sin2u = 2sinu cosu

X 1 % 2
—arctan — = )| =)+
T T (\/x2+4> («A +4) :

1 x 1
TsarctanEJr z+4 +:Cy




The integral we want is equal to

x

2]11h+H+ In(x +4)— <m

Example &'

/:_fzdr—/[x“’+xfz(++l)+
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1 %
— —arctan= +C. O
) ](’arctanZJr(

3
prra 1>] &

74 Fiz r 77111\\t+1\+’ln\,\—1\+(‘ w}

EXERCISES 8.5

Exercises 1-8. Decomposc into partial fractions.

2

Rl oy g P

4 —
=1y
s P+x2+x+2
3 T x4 42
2x2 1
go el [N
¥ —6x2+11x 6 (x4 1)

Exercises 9-30. Calculatc.
% ife—le g
J &=+ ™
J x
10. —_—— )
/ GrDE+eTn "

20 —dx® 4 4? +3
X2

12./%&
13./mdx. 14./'

+3 2
15./de m/ 3
2oavi2 w12

11.

17/ & 18/ &
Je-n I
52 2 —1
o f— X 4 i -
/(X—l)z(erl)” Grc—22 ™
a2
21 ALVM 22/3‘ 3‘1+‘dx.
o
Ftax?—dx -1
wpt e T g
/ eI /(.r1+16)2
& 26'/ L
x4 +4 x4+ 16

THINT: Witha > 0, x* + > = (2 + v2ax + a)(x? — v/3ax + a).

2"'/md*
4 x? 7—»+3
(»? +1)(x2+x)

%3
27. / e de

x+1
29. [ ———adx
/xurx?—ﬁx”

Exercises 31-34. Evaluate.

3
E % 4
214/ L — 32./ dx
o X2 +5x+6 1 +x
P x—ax+3 S
REX e 34. ——y dx.
f, x34+2x24x A (x2+2y

Exercises 35-38. Calculate.
e .
35, /#de. 36./"‘m
J sin®@ —2sin6 — 8 e 456 +6

1 sec? §
ELA e E— 38— __dp.
/ H([In)? — 4) 8 /tan’l) mrr

Exercises 39-45. Derive the formula.

u
39. [ ——a
/ P
lie

dut 1 u
q0. [ | ¥
/u(u+bm " u+bu\
/ @ _ 1 b latbu
wa+bu)  au  a? u

1
= et bu—alnla+bu)+C.
™

+C.

b
a+bu Lc.
u

du 1 1
" = -
/ Wa+buf  a@t b T @
43. / 7du a+u

44/ udu

uldu
45, | ——=—u + ln
[+

1
o
2"

s

a—ul

—ihe -’ +C.

Exercises 46-47. Calculate

[
J @+ bu)c +du)

with the cocfficients as stipulated.
46. a. b, c, d all different from 0,
47.a, b, c,d all different from 0,

ad = be.
ad # be.
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1

48. Show that for y =

d"y _ (=1yat 1 1

&2 G-t e+

49. Find the volume of the solid generated by revolving the re-
gion between the curve y = 1/+/4 — x7 and the x-axis from
x = 0tox =3/2: (a) about the x-axis; (b) about the y-axis.

50. Calculate

/ x* arctan x d.

51. Find the centroid of the region under the curve y =
24 1) fromx =0tox =1.

. Find the centroid of the solid generated by revolving the
region of Exercise 31 about: (a) the x-axis; (b) the y-axis.

u
©

v

. Use a CAS to decompose into partial fractions.
6xt+ 110} — 202 —5x =2
W
*(x + 1y
x® 4202 +4x + 93
@2 +HE2-9)
X +7x+12
© o
x(x2 +2x +4)
J> Exercises 54-55. Use a CAS to decompose the integrand into
partial fractions. Use the decomposition to evaluate the integral.
F2x6 — 13%5 + 23x* — 155 + 4057 —24x + 9
T e s il X i
x5 — 6x% +9x%

()

dx.

55 f w8427 700 4 2305 41000 +955° — 1947 + 1336 =52
3 : 5 3
6+ 205 4 507 — 1620 + 8x2 + 32x — 48

P 56. Use a CAS to calculate the integrals

1
— dnn=0,1,2.
/x2+2x+n”" 4

Verify your results by differentiation.
P> 57. Set

&)= s
T Xt 45x 46
(2) Use a graphing utility to draw the graph of £.
(b) Calculate the area of the region that lies between the
graph of f and the x-axis from x = 0 tox = 4.
58. (a) The region of Bxercise 57 is revolved about the y-axis.
Find the volume of the solid gencrated.
(b) Find the centroid of the solid described in part (a).

J>50. Set
9—x

T =5

(2) Use a graphing utility to draw the graph of /.
(b) Find the area of the region that lies between the graph
of f and the x-axis fromx = ~210x =9
60. (a) The region of Exercise 59 is revolved about the x-axis.
Find the volume of the solid generated.
(b) Find the centroid of the solid described in part (a).

M *8.6 SOME RATIONALIZING SUBSTITUTIONS

There are integrands which are not rational functions but can be transformed into ratio-
nal functions by a suitable substitution. Such substitutions are known as rationalizing
substitutions.

First we consider integrals in which the integrand contains an expression of the form
\'VT(X'). In such cases, setting u = J/f(x), which is equivalent to setting " = f(x), is
sometimes effective. The idea is to Teplace fractional exponents by integer exponents;
integer exponents are usually easier to work with.

dx
E 1 Fi —_—
xample Fmd/ T

SOLUTION To rationalize the integrand, we set

i X, 2udu= d_x,

2
du:/(l—r)du
1+u

=2u—2ln(l+u)+C
1+u>04T

=2Jx —2ln(1+V/x)+C. O

taking u > 0. Then u = /X and

/ dx / 2u
1+x 1+u

divide
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. dx
Example 2 Fmd/m.

SOLUTION  Here the integrand contains two distinct roots, J/x and /. We can
climinate both radicals by setting
=, 6udu = dx,

taking « > 0. This substitution gives /x = #? and /¥ = u3. Therefore
dx 6u° i
——=| ——du=6 di
/CﬁJrﬁ /uz+u3 “ /l+u “

1
:6/<u27u+lfr>du
divide — %

:6[%u3~%uz+u—ln(1+u)+(3]
ltus0—7

=2Vx —3Jx +6x —6In(l+x)+C. O

Example 3 Findf\/l — et dx.

SOLUTION  To rationalize the integrand, we set

Then 0 < u < 1. To express dx in terms of 1 and du, we solve the equation for x:

2u

w=1-¢" 1-u?=¢, In(l —u®) =x, - =
1—u?

du = dx.

The rest is straightforward:

/de:/u (713"“2)@
- [azia= [ (

divide; then use
patial fractions

=2u+Inju—1]-Tnju+1]+C

=1
=2u+h|* r+c
u+1
JT=eF —1
=2Vl—¢ +In|———|+C. 1
Vi—e 41

Now we consider rational expressions in sinx and cos x. Suppose, for example,
that we want to calculate
1
J 3sinx —4cosx
We can convert the integrand into a rational function of u by setting

wtan}x  taking x between — ; and 7.
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This gives
i 1 1 1
COS3X = —F— = ——— = 2
wh firwls JIrw
and
sl 1 1 ¥
SiN5x = cos 3x tanzx = .
1+u

The right triangle illustrates these relations for x € (0, 7).

Note that

5 . 2u
sinx = 2sin {x cos Jx =

14u?

and

cosx = cos? x —sin” 1x

Since u = tan 5x with 3x € (—1x, ), Lx = arctan u and x = 2arctanu.

Therefore
2

dx = ——du.
T+ ™

In summary, if the integrand is a rational expression in sinx and cos x, then the substi-

tution u = tan %x, x € (—m, ), gives

1—u? 2

sinx = CO8x = —

2u .
1+u?’ u?’ T+

du

and converts the integrand into a rational function of . The resulting integral can then

be calculated by the methods of Section 8.5.

1
3sinx —4cosx

Example 4 Find[

SOLUTION Setu = tan 1x with x € (—m, 7). Then
1 1

1+u?

3sinx —4cosx  [6u/(1+ )] — (41 — u)/(L +u2)] 4 + 60— 4

and

1

1 1+u? 2
dr = AL SN [ S—
/3sinx—4cosx f4uz+6u—4 T+ ™ /2u2+3u—2 .

Since
1 _ 1 oS, s
22 +3u-2 @+22u—-1) u+2 2u—1

we have

1 101 20 1
= a2 1
/2u2+3u—2 “ 5]u+2du+5f2u7] %

=—fhnfu+2+in2u—1+C

(partial fractions)

:7§In|tan%x+2\+g‘1n|2tan%x—l\+c. u]
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Exercises 1-30. Calculate.

1./17'%/;.
3.fm¢v.

5./xmdx.
7. /(HZ)JTW.
1./%&

ufﬁji

f5:

s f i

x
17. dx.
/ Vira
19. / 2% (4x + 1) gx.

f (ax + h)3 7 ¢

23. /Rdx
1+ cosx —sinx

25 f ———
/2+sinx %

1
27, / - dx.
sinx +fanx

2. 1-— cf)s 57
1+ sinx
Exercises 31-36. Evaluate.
4 g3
31 . dx.
v x+1

3. / sin2x -
2+ cosx

~
z./ g
J l+x

- /r(x = -1

6./x V1 +xdx.

8. /(x = Dvx +2dx.

10. /x(l + )1 dx.

2. / sinx
1+ sin x

28. /—\dx
1 +sinx + cosx

30./T¢x
5+ 3sinx

8]
2. —
/,1—1{/}— =

T2
34./ ———dx.
o 1+sinx

B 8.7 NUMERICAL INTEGRATION

To evaluate a definite integral of a continuous function by the formula

b
[ rwas=ro) - r@,

3 1 1
35./ ———————dx. 36.
o sinx —cosx — 1 o

37. Use the method of this section to show that

1
/secx dx :/
cosx

38. (a) Another way to calculate [ secx dx is to write

cosx cos ¥
secx dx = 7y =
cos

Use the method of this section to show that
1 in
/secxdx:ln\/ﬂ#—C
1 —sin x

(b) Show that the result in part (a) is equivalent to the fa-
miliar formula

/secrdx:ln\scc x +tan x|+ C.

39. (a) Use the approach given in Exercise 38 (a) to show that

/cscxdx:ln jlEiess
T+cos x

(b) Show that the result in part (a) is equivalent to the for-
mula

/cscxdx:ln\cscx—coc x| +C

40. The integral of a rational function of sinh x and coshx can
be transformed into a rauondl function of u by means of the
substitution ¥ = lanh 5. Show that this substitution gives

1+u? 2

COth:I,uZ‘ b= du.

2u
sinh x = —4
i

Exercises 41-44. Integrate by setting u = tanh Lx.

1
Q2 | ——ax
/ 1+ coshx

1 1-e
43. - dr. 44, 5
f sinhx + coshx T &

41. /sech x dx.

we must be able to find an antiderivative F and we must to able to evaluate this an-
tiderivative both at @ and at 5. When this is not feasible, the method fails.
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Figure 8.7.3

/]QU/
|2

l B

%1 fo1tw
2

Figure 8.7.4

The method fails even for such simple-looking integrals as
1 1
f X sin x dx or f e dx.
o 0

There are no elementary functions with derivative /% sinx or e

Here we take up some simple numerical methods for estimating definite integrals—
methods that you can use whether or not you can find an antiderivative. All the methods
we describe involve only simple arithmetic and are ideally suited to the computer.

‘We focus now on
b
/ Jlxydx.
i

We suppose that f is continuous on [a, b] and, for pictorial convenience, assume that
£ is positive. Take a regular partition P = {xo, X1, X2, . . ., Xa—1, X»} of [a, b], subdivid-
ing the interval into n subintervals each of length (b — a)/n:
[a, 6] = [xo, 1]V - U i1, %1 U - - U [, %]
with
b=
A2 2
n

The region €; pictured in Figure 8.7.1, can be approximated in many ways.

e

Figure 8.7.1

Figure 8.7.2

(1) By the left-endpoint rectangle (Figure 8.7.2):

area Z f(- A% = fGi-1) (b - ") :

n

(2) By the right-endpoint rectangle (Figure 8.7.3):
: 5 b—a
area = f(x)Ax; = flx:) (T) .
(3) By the midpoint rectangle (Figure 8.7.4):
o Xio1 + x; b—a
a2 () =  (22) (22
(4) By a trapezoid (Figure 8.7.5):

e L)+ falan = 3070 + f) ().
7
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(5) By a parabolic region (Figure 8.7.6): take the parabola y = Ax? + Bx + C that
passes through the three points indicated.

area = - [/(n .)+4/(“ L “‘) + /‘(x,)] Ax;

[f(n 1)+4f(m)+f(x,)] (bé’n“).

You can verify this formula for the area under the parabola by doing Exercises 11
and 12. (If the three points are collinear, the parabola degenerates to a straight line
and the parabolic region becomes a trapezoid. The formula then gives the area of that
trapezoid.)

The approximations to €; just considered yield the following estimates for

b
/ Fx)dx.
a
(1) The left-endpoint estimate: | |
b—a ) PR £
er:T[f(xU)+/<xl>+"'+/(Xn71>]~ T
(2) The right-endpoint estimate: Figure 8.7.6

b—
Ro= 220G + SO+ S
(3) The midpoint estimate:

=22 (52 s ()]

(4) The trapezoidal estimate (frapezoidal rule):

b-a [/(Xo)Jrf(n) S+ fx2) SGn)+ /(xn)]
= Tk S g sl T

n 2

= G0+ 20 4 2 A ) Fan)

(5) The parabolic estimate (Simpson 5 rule): |

S = bs;na {/(Xo) + S+ 2L ) o (-]

() ()|

The first three estimates, L,, R,, M,, are Riemann sums (Section 5.2); T, and S,,,
although not explicitly written as Riemann sums, can be written as Riemann sums.
(Exercise 26.) It follows from (5.2.6) that any one of these estimates can be used
to approximate the integral as closely as we may wish. All we have to do is take n
sufficiently large.

As an example, we will find the approximate value of

2 dx
X

In2=
by applying each of the five estimates. Here

&)= Xl [a, 5] =[1,2].



i
436 W CHAPTER 8 TECHNIQUES OF INTEGRATION

Taking # = 5, we have

The partition points are

0 (Figure 8.7.7)

5 e w3
, ¥a=3, xs=4.

3 6 7
Y=35 N=3 X=i X3=

el f—
o

N

§

I
1 & Z
5 5

Figure 8.7.7

Using a calculator and rounding off to four decimal places, we have the following
estimates:

L= i +i+ivied)
sEH3 33+ 5 =L+ b+i+L+ 1) =06456.

1 L 1 1y ~
tHi i+l ) =056,

10,10 10, 10, 10 SIS R T N |
M= i+ S+ B+ F+B) =2+ 5+ b+ 5
15 10,10 10, 10 SIS T ST GO B

L=+ 8+ +R+9+5) =(G+Li+i+L+1+5)=0695%.
So=hlEHFH2E i i HAR B s )z 0,

Since the integrand 1 /x decreases throughout the interval [1, 2], you can expect the

left-endpoint estimate, 0.7456, to be too large, and you can expect the right-endpoint

estimate, 0.6456, to be too small. The other estimates should be better.

The value of In 2 given on a calculator is In 2 = 0.69314718, which is 0.6931
rounded off to four decimal places. Thus Ss is correct to the nearest thousandth,

Il

3
Example 1 Find the approximate value of/ V4 4 x3 dx by the trapezoidal rule.
(]
Take n = 6.

b—a
n

SOLUTION  Each subinterval has length
are

3-0 1
=—==3 The partition points

=0, =1 m=1 xm= 3, m=2 xs= 3. X =3. (Figure8.7.8)

Then

Figure 8.7.8 T Z 3O+ 2/ (1) + 2/ + 27 () +2/@ + 27 (2) + fO)],
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with f(x) = +/4+ x3. Using a calculator and rounding off to three decimal places, we
have

(0) = 2.000, f(5) =203, fy=2236,  f(3)=2.716,
J@)=3.464,  f(3)=4430,  f(3)=5.568.
Thus
Ty = 4(2.000 + 4.062 + 4.472 + 5.432 + 6.928 + 8.860 + 5.568) £ 9.331. 1

Example 2 Find the approximate value of

3
/ Va+x3de
o
by Simpson’s rule. Take n = 3.
SOLUTION  There are three subintervals, each of length
b—a 3-0

=1
n 3

Here
xp =0, Fpe=ily Top=Ds Xa=3;
xt+xn _ 1 xtxn
== =
Simpson’s rule yields
S =3/@+ O +2/O +2/@+47(3) +47 () + 4/ ()]
with f(x) = +/4 + x?. Taking the values of /" as calculated in Example 1, we have
S5 = %(2.000 +5.568 +4.472 + 6.928 + 8.124 + 10.864 + 17.72) = 9.279.

For comparison, the value of this integral accurate to five decimal places is
9.27972. 0

Error Estimates

A numerical estimate is useful only to the extent that we can gauge its accuracy. When
we use any kind of approximation method, we face two forms of error: the error inherent
in the method we use (we call this the theoretical error) and the error that accumulates
from rounding off the decimals that arise during the course of computation (we call this
the round-off error). The effect of round-off error is obvious: if at each step we round
off too crudely, then we can hardly expect an accurate final result. We will examine
theoretical error.

We begin with a function / continuous and increasing on [a, b]. We subdivide
[a, b] into n nonoverlapping intervals, each of length (b — a)/n. We want to estimate

/abf(x)dx

by the left-endpoint method. What is the theoretical error? It should be clear from
Figure 8.7.9 that the theoretical error does not exceed

e - s (7).

m 437
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¥

fib)

fla)

bea

each width is 2=% ; here n = 6

Figure 8.7.9

The error is represented by the sum of the areas of the shaded regions. These regions,
when shifted to the right, all fit together within a rectangle of height f(b) — f(a) and
base (b —a)/n.

Similar reasoning shows that, under the same circumstances, the theorctical error
associated with the trapezoidal method does not exceed

. b—a
() L) = f@)] <T) .
[n this setting, at least, the trapezoidal estimate does a better job than the left-endpoint
estimate.
The trapezoidal rule is more accurate than () suggests. As is shown in texts on

numerical analysis, if / is continuous on [, 5] and twice differentiable on (a, 4), then
the theoretical error of the trapezoidal rule,

b
Ef:/ feyde - T,

can be written

(b—ay
7.1 T 22 e
®.7.1) E! e

where ¢ is some number between @ and b. Usually we cannot pinpoint ¢ any further.
However, if /" is bounded on [a, ], say | /(x)| < M fora < x < b, then

b-ay

8.7.2 El <
8.7.2) 1l < =5

Recall the trapezoidal-rule estimate of In 2 derived at the beginning of this section:

!
mz:/ = dx 2 0.696.
X
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To find the theoretical error, we apply (8.72). Here

S =t

” 1 2
J@ == 5 =2
X X
Since [ is a decreasing function, it takes on its maximum value at the left endpoint
of the interval. Thus | /"(x)] < (1) = 2 on [1, 2]. Therefore, witha = 1, b = 2, and

n =15, we have

-1 1
2= 7ag < 0007,

The estimate 0.696 is in theoretical error by less than 0.007.
To get an estimate for
21
2= / —dx
X

that is accurate to four decimal places, we need
(b-ay
12n%

T
1E5] <

(65} M < 0.00005.

Since

b-ap,  @-1F

1242 - 1242
we can satisfy (1) by having

1
= < 0.00005,
n

which is to say, by having
n? > 3333,
As you can check, 7 = 58 is the smallest integer that satisfies this inequality. In this
case, the trapezoidal rule requires a regular partition with at Icast 58 subintervals to
guarantee four decimal place accuracy.
Simpson’s rule is more effective than the trapezoidal rule. If /' is continuous on
[a, b] and /™ exists on (, b), then the theoretical error for Simpson’s rule,

b
£5= [ rwa-s,
.

can be written

s (b-ay
®7.3) B = -(288()”)4 9%,

where, as before, ¢ is some number between  and b. Whereas (8.7.1) varies as 1/n2,
this quantity varies as 1/n*. Thus, for comparable 7, we can expect greater accuracy
from Simpson’s rule. In addition, if we assume that #)(x) is bounded on [4, b], say
| /@) < Mfora < x < b, then

8.7.4)

§
1B <

(b-ay
28800
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To estimate

2
an:/ ld.\t
X

by the trapezoidal rule with theoretical error less than 0.00005, we needed to subdivide
the interval [1, 2] into at least fifty-eight subintervals of equal length. To achieve the
same degree of accuracy with Simpson’s rule, we need only four subintervals:

for f(x)=1/x, FO(x) = 24/x*.
Therefore | ®(x)| < 24 for all x € [1, 2] and

¢ _ 2=1y 1
g5« E D0y :
2880 1% 120 %
This quantity is less than 0.00005 provided only that n* > 167. This condition is met

byn =4

Remark If your calculus course is computer related, you will no doubt see these and
other numerical methods more thoroughly applied. 1

EXERCISES 8.7

[>1n Exercises 1-10 round off your calculations to four decimal 5. Estimate the value of 7 by estimating the integral
places.
/ Lt = 2
. = arctan] = =
1. Estimate o 14x2 4
12 5
L xdy by (a) the trapezoidal rule, n = 6; (b) Simpson’s rule, 7 = 3.
2 6. Estimat
by: (a) the lefi-cndpoint estimate, # = 12; (b) the right- sumate
endpointestimate, 2 = 12; (¢) the midpoint estimate, n = 6;
(d) the trapezoidal rule, n = 12; (¢) Simpson’s rule, 7 =
Check your results by performing the integration.
3. Estimate by: (a) the trapezoidal rule, » = 4; (b) Simpson’s rulo, 7 = 2.
. 7. Estimate
/ s e d i
i / cosxdx
by: (a) the midpoint estimate, » = 3; (b) the trapezoidal rule, :

n = 6;(c) Simpson’s rule, n = 3. Check your results by per-

: 2 : by: (a) the midpoint estimate, n = 4; (b) the trapezoidal rule,
forming the integration. ¥:(@) the midpolntestipinte, 1 ® P Y

# = 8; (¢) Simpson’s rule, n = 4.

2 et
f e
L x
by: (a) the midpoint estimate, n = 4; (b) the trapezoidal rule,
n = 8; (¢) Simpson’s rule, n =

w

. Estimate

@

. Estimate

by: (a) the lefi-endpoint estimate, 1 = 6; (b) the right-
endpoint estimate, # = 6; (c) the midpoint estimate, 7 = 3;
(d) the trapezoidal rule, 1 = 6; () Simpson’s rule, 7 = 3

©

. Estimate

IS

. Estimate
2

/Me"z &
0

by: (a) the trapezoidal rule, #n = 6 (b) Simpson’s rule, n = 3. by: (a) the trapezoidal rule, # = 10; (b) Simpson’s rule,
(Note the superiority of Simpson’s rule.) =S




10. Estimate

# 1
—dx
[
by: (a) the midpoint estimate, n = 4; (b) the trapezoidal rule,
7 = 8; (c) Simpson’s rule, n = 4.
11. Show that there-is a unique parabola of the form y =

Ax? + Bx + C through three distinct noncollincar points
with different x-coordinates.

12. Show that the function g(x) = Ax? + Bx + C satisfies the
condition

b _
/ gy = I’T“ [g{a)+4g (”;b) +g(b)j]

for every interval [q, 5].

[> Exercises 13-22. Determine the values of # which guarantee a
theorctical error less than e if the integral is estimated by: (a) the
trapezoidal rule; (b) Simpson’s rule.

"
13./ Vxdy; e=0.01
f

3
14./ A e=001
1

4 3
S. / Vxde e =0.00001, 16, / xdx; € =0.00001,
| 1

£3 .3
17. / sinxdy; €=0.001. 18. / cosxdx; €=0.00L
o o
3 e
19. / edx; e=0.01 20. / Inxdx; €=0.01.
1 1

2 2
21. / e dx; €=0.0001. 22. / e dx; € =0.00001,
0 il

N
o

. Show that Simpson’s rule is exact (theoretical error zero) for
every polynomial of degree 3 or less.

9
R

. Show that the trapezoidal rule is exact (theoretical error zero)
if £ is linear.
25. (a) Set f(x) = x2 Let[a, b] = [0, 1] and take 1 = 2, Show
that in this case the theoretical error inequality
(®-a

o
1E]| < St
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is replaced by equality if M is taken as the maximum
value of f” on [a, b].

(b) Set f(x) = x* Let[a, 5] = [0, 1]and take n = 1. Show
that in this case the theoretical error inequality
(b-ay
ES| < — M
1l = 3880n

is replaced by equality if A is taken as the maximum
value of 7 on [a, b].

26. Show that, if f is continuous, then 7, and S, can both be
written as Riemann sums.

27. Let f be a function positive on [a, 5]. Compare
b
M 1, [ s

given that the graph of / is: (a) concave up; (b) concave
down.
28. Show that {7, + 2 M, = §,.
[ 29. Use a CAS and the trapezoidal rule to estimate:

10
(a) / (x +cosx)dx, n=50.
0,
7
() f & =5t 4P -3 —x £ dydr. n=30.
”
[ 30. Use a CAS and Simpson’s rule to estimate:
3 X2
: ———dx, n=50.
/6
) / (x +tanx)dx, n=25.
0

31. Estimate the theoretical crror if Simpson’s rule with n = 20
is used to approximate

2 4
d.
/‘ X249 x

32. Estimate the theoretical error if the trapezoidal rule with
n = 30 is used to approximate

Exercises 1-40. Calculate.
cosx

") asin’x

3. /2x sinhux dx.

5. f R
ey

7. /sian cosx dx.

w42
1 2. / X
T+
4 / (tan x + cotx)? ds.
6. /xarctan x dx.

8. / 3xe ™ ax,

3
9./ Invx + Ldx.
0

1. / O g
cosx
:
Il/ e " coshx dx
o

dx
15 f ——. 16.
/e‘ e é
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17. ]xZ‘dx. 18. /ln(xﬁ)ztc
2

20./ x%e” dr.
0

22. / sin 2x sin 3x dx.

28. / x tan’ 2x dx.

G
29, / 2 .

3
304/ xInyx? + ldx.
sin® x o

31 / (sin2x +cos2xPdx. 32 / J/cosx sin’ x dx.

Sx+1
(x+2)2 -2 + l)

34. /m’%sec%dx.

12
dx. 36. /
o

38 / ¥ sindx dx.

35,

1

7=

37 / 5% cos 2x dx.
1 —sin2x

39. f —————dx
1+ sin2x

Sy 43
dx.
/ G-DE+2x+5)
41. Show that, for g # 0,
(@ /X"cosuerV: TIMEE 7 sinax d,
a

® /x" S e ﬁ/x"" cosax dr.

a a
42. Use the formulas in Exercise 41 to calculate

(@ / x? cos 3x dx. (b) / sin4x dx.

cosmx cos b d.

43.

44.

45.

46.

&
3

49.

52.

(a) Show that

f A— (I ' a
m+1 m+1

x /x"‘(lnx}”" dx.

(b) Calculate / xH(Inx)® dx.

Calculate the area of the region between the curve y =

x2 arctan x and the x-axis fromx =0 tox = 1.

Find the centroid of the region bounded by the graph of

y = (1 = x%)7Y2 and the x-axis, x € [0, 1].

Let £(x) = x +sinx and g(x) = x both for x € [0, ].

(a) Sketch the graphs of / and g in the same coordinate
system.

(b) Caleulate the area of the region © between the graphs
of fand g.

(c) Calculate the centroid of Q2.

(a) Find the volume of the solid generated by revolving
about the x-axis the region Q of Exercise 45.

(b) Find the volume of the solid generated by revolving
about the y-axis the region £ of Exercise 45.

The region between the curve y = In 2x and the x-axis from

x = ltox = eisrevolved about the y-axis. Find the volume

of the solid generated.

2
Estimate / vx3 4+ xdx by: (a) the midpoint estimate,

o
n = 4; (b) the trapezoidal rule, n = 8; (¢) Simpson’s rule,

n = 4. Round off your calculations to four decimal places.
Estimate | +/T+ 3 dx by: (a) the trapezoidal rule, n = 8;

Jo
(b) Simpson’s rule, » = 4. Round off your calculations to
four decimal places. (c) Find the exact value of the integral
and compare it to your results in (a) and (b).

- For the integral of Exercise 50, determine the values of »

which guarantee a theoretical crror of less than 0.00001 if
the integral is estimated by: (a)the trapezoidal rule; (b) Simp-
son’s rule.

3 o
Estimate / —dx by: (a) the trapezoidal rule, n = 8;
(c) Simpson’s Tule, 1 — 4. Round off your caleulations to
four decimal places.




CHAPTER

HOR -

Introduction

An equation that relates an unknown function to one or more of its derivatives is called
a differential equation. We have already introduced some differential equations. In
Chapter 7 we used the differential equation

dy _
dt
to model exponential growth and decay. In various exercises (Section 3.6 and 4.9) we
used the differential equation

(1) ky [there written /(1) = k£ ()]

d*y

@ o 'y =0,
the equation of simple harmonic motion, to model the motion of a simple pendulum
and the oscillation of a weight suspended at the end of a spring.

The order of a differential equation is the order of the highest derivative that appears
in the equation. Thus (1) is a first-order equation and (2) is a second-order equation.

A function that satisfies a differential equation is called a solution of the equation.
Finding the solutions of a differential equation is called solving the equation.

All functions y = Ce* where C is a constant are solutions of equation (1

ay

= =kCe" = ky.

a e =Y
All functions of the form y = C) cos wt + C; sin wf, where C; and C constants are
solutions of equation (2):

y = Ccoswt + Cysinwt

& )
— = —C) sinw! + wC; cos wt
dt
&
d_z)ll = —w’Cicoswt — &’ Cysinwt = —aly

443



444 m CHAPTER 9 SOME DIFFERENTIAL EQUATIONS
and therefore
el
F{ Ty =0.

Remark Differential equations reach far beyond the boundaries of pure mathematics.
Countless processes in the physical sciences, in the life sciences, in engineering, and
in the social sciences are modeled by differential equations.

The study of differential equations is a huge subject, certainly beyond the scope
of this text or any text on calculus. In this little chapter we examine some simple,
but useful, differential equations. We continue the study of differential equations in
Chapter 19.

One more point. In (1) and (2) we used the letter ¢ to indicate the independent
variable because we e looking at changes with respect to time. In much of what follows,
we'll use the letter x. Whether we use x or # doesn’t matter. What matters is the structure
of the equation

M 9.1 FIRST-ORDER LINEAR EQUATIONS

A differential equation of the form

©.1.0

is called a firs or linear diff ial equation. Here p and ¢ are given functions
defined and continuous on some interval 7.
[In the simplest case, p(x) = 0 for all x, the equation reduces to
¥ =qx).
The solutions of this equation are the antiderivatives of g.]

Solving Equations )’ + p(x)y = g(x) First we calculate

H() = / pe)dr,
omitting the constant of integration. (We want one antiderivative for p, not a whole
collection of them.) We form e, multiply the equation by ¢*/**), and obtain
eHWy 4 HO p(x)y = e Dg(x).
The left side of this equation is the derivative of /™y, (Verify this.) Thus, we have

4 foy) = ey

Integration gives

) :/e““’q(.r)dwrc

and yields

©9.1.2) y(x) = e H® U A Wg(x) dx + C] .| o




9.1 FIRST-ORDER LINEAR EQUATIONS

Remark  There is no reason to commit this formula to memory. What is important
here is the method of solution. The key step is multiplication by e#®), where H(x) =
[ p(x)dx. It is multiplication by this factor, called an integrating factor, that enables us
to write the left side in a form that we can integrate directly. 1

Note that (9.1.2) contains an arbitrary constant C. A close look at the steps taken
to obtain this solution makes it clear that that this solution includes a// the functions
that satisty the differential equation. For this reason we call it the general solution. By
assigning a particular value to the constant C, we obtain what is called a particular
solution.

Example 1 Find the general solution of the equation
Y +ay=»h, a, b constants, a#0.
SOLUTION  First we calculate an integrating factor:

H(x)= / adx = ax and therefore ) — gox

Multiplying the differential equation by %, we get

Y ey = b e,

The left-hand side is the derivative of ¢ y. (Verify this.) Thus, we have
d
E[em},] —he,

We integrate this equation and find that

It follows that

b
Y= Ce,
a

This is the general solution.

Example 2  Find the general solution of the equation
Y +2xy=x
and then find the particular solution y for which »(0) = 2.

SOLUTION  This equation has the form (9.1.1). To solve the equation, we calculate
the integrating factor ¢#®):

fodx:

Multiplication by e* gives

H(x) and so 0 =

31 4 2 2
ey 4+ 2xe" y = xe*

d 2 2

s

dx [ &
Integrating this equation, we get

e"y: %e*z +C,
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which we write as
y=4i+Ce.

This is the general solution. To find the solution y for which y(0) = 2, we set x =
0, y = 2 and solve for C:

_ 1 _l. _3
2=4+C=4+C and so C=3.
The function
y=4+27

is the particular solution that satisfies the given condition. 1

Remark  When a differential equation is used as a mathematical model in some
application, there is usually an initial condition y(xq) = yo that makes it possible to
evaluate the arbitrary constant that appears in the general solution. The problem of
finding a particular solution that satisfies a given condition is called an initial-value
problem. 1

Example 3  Solve the initial-value problem:

xy' =2y =3x*, y(=1)=2.

SOLUTION This differential equation does not have the form of (9.1.1), but we can
put it in that form by dividing the equation by x:

Now we set
2 -2
H(x)= | ——drx=—-2Inx =lnx
X
and get the integrating factor

HE) _ plnx™

e =X
Multiplication by x~2 gives

x7y =2y =3x

2 =3
Integrating this equation, we get
Ty =34+ C
which we write as
y= %ﬂ +Cx%

This is the general solution. Applying the initial condition, we have
y-D=2=3(-1 +C(-12=3+C.

2

This gives C = }. The function y = 3x*+ }x? is the solution of the initial-value

problem. (Check this out.) 1
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Applications

Newton’sLaw of Cooling Newton’s law of cooling states that the ratc of change of the
temperature T of an object is proportional to the difference between 7 and the (assumed
constant) temperature 7 of the surrounding medium, called the ambient temperature.
The mathematical formulation of Newton’s law takes the form

dr z
s m(T — 1) where  is a constant.

Remark  The constant m in this model must be negative; for if the object is
warmer than the ambient temperature (T — 7 > 0), then its temperature will decrease
(dT/dt < 0), which implics m < 0; if the object is colder than the ambient temper-
ature (7' — v < 0), its temperature will increase (dT/d¢ > 0), which again implies
m<0. 0O

To emphasize that the constant of proportionality is negative, we write Newton's
law of cooling as

ar
©.1.3 Z="HT=o. k> 0constan.
a

This equation can be rewritten as

dTr
— + AT =kt
dt+ T,

a first-order lincar equation with p(#) = k and ¢(#) = kt constant. From the result in
Example 1, we sce that

k
T= f +Ce™M =14 Ce™,
The constant C is determined by the initial temperature 7'(0):
TO)=t+C’=t+C sothat C=7(0)—r.

The temperature of the object at any time # is given by the function

(9.1.4) T(t) = © + [T(0) — z]e™.

Example4 A cupofcoffeeis served to youat 185°F ina room where the temperature
is 65°F. Two minutes later, the temperature of the coffee has dropped to 155°F. How
many more minutes would you expect to wait for the coffee to cool to 105°F?

SOLUTION  In this case 7 = 65 and T(0) = 185. Therefore
T(t) = 65+ [185 — 65]e™ = 65 + 1207,
To determine the constant of proportionality #, we use the fact that T7(2) = 155:
T(2) = 654 120e~% = 155, = B3, k=—1In(3/4)=0.144,

Taking & as 0.144, we write T () = 65 4 120e~"1** for the temperature of the coffec
at time £,

m 447
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Now we want to find the value of # for which 7'(r) = 105°F. To do this, we solve
the equation

65+ 1207014 = 105
for #:
120614 = 40, —0.1447 = In(1/3), = 7.63min.

Therefore you would expect to wait another 5.63 minutes. I

Remark In arriving at the function T'(f) = 65 + 120e™%1** we used 0.144 for .
But this is only an approximation to k. We can avoid this slight inaccuracy by stopping
ate ™ = 2 and writing

eH=()7 =), To=6s+120(3)".

This version of T is exact and therefore preferable on a theoretical basis. However, it
has a disadvantage: it’s harder to use in computations. For our purposes, both versions
of T are acceptable. [0

A Mixing Problem

Example 5 A chemical manufacturing company has a 1000-gallon holding tank
which it uses to control the release of pollutants into a sewage system. Initially the tank
has 360 gallons of fluid containing 2 pounds of pollutant per gallon. Fluid containing
3 pounds of pollutant per gallon enters the tank at the rate of 80 gallons per hour and
is uniformly mixed with the fluid already in the tank. Simultaneously, fluid is released
from the tank at the rate of 40 gallons per hour. Determine the rate (Ibs/gal) at which
the pollutant is being released after 10 hours of this process.

SOLUTION  Let P(t) be the amount of pollutant (in pounds) in the tank at time £. The
rate of change of pollutant in the tank, dP/dt, satisfies the condition

a8 ite in) — (rate out)
£ = fatelin) (g L
ar (rate in rate ou
The pollutant is entering the tank at the rate of 3 x 80 = 240 pounds per hour
(rate in).
Fluid is entering the tank at the rate of 80 gallons per hour and is leaving at the rate
of 40 gallons per hour. The amount of fluid in the tank is increasing at the rate of 40
gallons per hour, and so there are 360 + 40t gallons of fluid in the tank at time £. We
can now conclude that the amount of pollutant per gallon in the tank at time 7 is given
by the function
P
360 +40:°
and the rate at which pollutant is leaving the tank is
0 PO _ PO
360+400 9+t

Therefore, our differential equation reads

(rate out).

dpP P
T (rate in) — (rate out) = 240 — s
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which we can write as
EAAR
dat " 9+¢ T
This is a first-order linear differential equation. Here we have
1 1
plt) = 5 M H(z):/mdtzlnwﬂ\ =IO+, @40
As an integrating factor, we use
MO = o) — g 4y
Multiplying the differential equation by 9 + ¢, we have
dP
O+0— +P=2400+1)
i
;7[(9 + )P =24009 + )
O+0DP =12004+1+C
[
P)=1200+1)+ —.
0= 120040+ 5
Since the amount of pollutant in the tank is initially 2 x 360 = 720 (pounds), we see
that
C
P(0) = 120(9) + 5 =720, whichimpliesthat  C = —3240.
Thus, the function
3240
P(t)=1200+1)— — ds,
(1) ( ) 917 (pounds)
gives the amount of pollutant in the tank at any time £ After 10 hours there are
360 + 40(10) = 760 gallons of fluid in the tank, and there are
P(10) = 120(19) — 28 = 2109
pounds of pollutant. Therefore, the rate at which pollutant is being released into the
sewage system after 10 hours is 5 = 2.78 pounds per gallon. O
EXERCISES 9.1
Exercises 1-6. Determine whether the functions satisfy the dif- 14 5 _ 1 5y 12 xy 42y = S5
ferential equation. E
L2 —y=0, p) =P p(x) =x2 42672, 13. xy/ — 4y = —2nx. 4.y +y=2+2x.
Yty =x wE) = e )= 14 Ce 15. y' — &y = 0. 16. ' —y ="

5 1 17.(1+ &)y +y X' +y=(1+x)".
3y +y=y% N = oo 2@ =y 19,y + 2xy = xe ™. 20.xy' -y =2xInx.
4.y +4y =0; yi(x)=2sin2x, yy(x)=2cosx. 2oy + 2 0. ny+ 2 Y=+ P,
5.3 —4y=0; n(x)=¢¥, ) =Csinh2x. i x+1
6.y =2y —3y =76 y(x)=eF +2e% Exercises 23-28. Find the particular solution determined by the

initial condition.

8.y +y=x, yO)=1

4.y —y=e*, y=1
1

o) = Jre.

Exercises 7-22. Find the general solution.
$.xy —2
10. y'

25y +y=
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1
26.) +y=— =e
Y+r=1r yO)y=e
27.xy — 2y (1) =0.
2.0y +2p=xe, y(l)=-1

29. Find all functions that satisfy the differential equation

¥ —y=y"—y HINT: Setz = ' — y.

30. Find the general solution of y* + ry = 0, r constant.

(a) Show that if y is a solution and y(a) = 0 at some num-
bera > 0, then y(x) = 0 for all x. (Thus a solution y is
either identically zero or never zero.)

(b) Show that if » < 0, then all nonzero solutions are un-
bounded.

(c) Show that if » > 0, then all solutions tend to 0 as
X — 0.

(d) What are the solutions if r = 07

Exercises 31 and 32 are given in reference to the differential
equation

Yt pley =0
with p continuous on an interval 7.
31. (a) Show that if y) and y; are solutions, then
is also a solution.
(b) Show that if y is a solution and C is a constant, then
u = Cy is also a solution.

32. (a) Leta € 1. Show that the general solution can be written
3(x5) = Cem PO

(b) Show thatify is a solution and y(b) = 0 for some b € 1,
then y(x) = 0 forall x € /.
(c) Show that if | and y, are solutions and y(b) = y(b)
for some b € 1, then yi(x) = yo(x) forall x € 1.
Exercises 33 and 34 are given in reference to the differential
equation (9.1.1)

Y+ p()y =4,
with p and ¢ continuous on some interval 7.
33.Leta € I and let H(x) = f* p(t)dt. Show that

= [ et

is the solution of the differential equation that satisfies the
initial condition y(a) = 0.

34. Show that if y; and y, are solutions of (9.1.1), then
¥ =y — » isasolution of y' + p(x)y = 0.

35. A thermometer is taken from a room where the temperature
is 72°F to the outside, where the temperature is 32°F. OQut-
side for § minute, the thermometer reads 50°F. What will
the thermometer read after it has been outside for 1 minute?
How many minutes does the thermometer have to be outside
for it to read 35°F?

36. A small metal ball at room temperature 20°C is dropped
into a large container of boiling water (100°C). Given that
the temperature of the ball increases 2° in 2 seconds, what
will be the temperature of the ball 6 seconds after immer-

sion? How long does the ball have to remain in the boiling
water for the temperature of the ball to reach 90°C?

37. An object falling from rest in air is subject not only to gray-
itational foree but also to air resistance. Assume that the air
resistance is proportional to the velocity and acts in a dircc-
tion opposite to the motion. Then the velocity of the object
at time ¢ satisfies an equation of the form

v =32~ kv,

where £ is a positive constantand v(0) = 0. Here we are mea-
suring distance in feet and the positive direction is down.
(a) Find v(t).
(b) Show that v(t) cannot exceed 32/k and that v(¢) —
32/kast — oc.

(c) Sketch the graph of v.

38. Suppose that a certain population P has a birth rate dB/dr
and a death rate dD/dr. Then the rate of change of P is the
difference

dP_dB_dD
dt dr
(a) Assume that dB/dt = aP and dD/dt = bP, where a and
b are constants. Find P(¢) if P(0) = Py > 0.
(b) What happens to P(£) as ¢ — 00 if

(a>b  (Da=b  (i)a<b?

39. The current / in an electrical circuit consisting of a resistance

R, inductance Z, and voltage £ varies with time according to
the formula

d
LE L Ri=E
dt
Take R, L, E as positive constants.
(@ Findi(t)ifi(0) = 0.
(b) What limit does the current approach as 1 — 00?
() Inhow many seconds does the current reach 90% of this
limit?
40. The current i in an electrical circuit consisting of a resis-

tance R, inductance L, and a voltage £ sinwt varies with
time according to the formula

di . ;
L=+ Ri = Esinwt.
dt

Take R, L, E as positive constants,

(a) Find i(z) if i(0) = ig.

(b) What happens to the current in this case as # — oc?
(c) Sketch the graph of i.

41. A 200-liter tank, initially full of water, develops a leak at the
bottom. Given that 20% of the water leaks out in the first 5
minutes, find the amount of water left in the tank ¢ minutes
after the leak develops:

(a) ifthe water drains off at a rate proportional to the amount
of water present.

(b) ifthe water drains offat a rate proportional to the product
of the time elapsed and the amount of water present.

42. Ata certain moment a 100-gallon mixing tank is full of brine
containing 0.25 pound of salt per gallon. Find the amount of




salt present ¢ minutes later if the brine is being continuously
drawn off at the rate of 3 gallons per minute and replaced by
brine containing 0.2 pound of salt per gallon.

IS
@

. An advertising company introduces a new product to a
metropolitan arca of population M. Let £ = P(f) denote
the number of people who become aware of the product by
time 7. Suppose that P increases at a rate which is propor-
tional to the number of people still unaware of the product.
The company determines that no one was aware of the prod-
uct at the beginning of the campaign [P(0) = 0] and that
30% of the people were aware of the product after 10 days
of advertising.

(a) Give the differential equation that describes the number
of people who become aware of the product by time 7.

(b) Determine the solution of the differential equation from
part (a) that satisfies the initial condition P(0) = 0.

(c) How long does it take for 90% of the population to be-
come aware of the product?

44. A drug is fed intravenously into a patient’s bloodstream at

a constant rate r. Simultaneously, the drug diffuses into the

patient’s body at a rate proportional to the amount of drug

present.

(a) Determine the differential equation that describes the
amount Q(r) of the drug in the patient’s bloodstream at
time 7.

(b) Determine the solution Q = Q(t) of the differential
equation found in part (a) that satisfies the initial condi-
tion O(0) = 0.

(c) What happens to Q(f)as t — 0o?

[>45. (a) The differential cquation

dP
= (2cos2m) P
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models a population that undergoes periodic fluctua-
tions. Assume that P(0) = 1000 and find P(r). Use &
graphing utility to draw the graph of P.

(b) The differential equation

dp
7 = (2eos2m)P +2000 cos 2t

models a population that und periodic

as well as periodic migration. Continue to assume that
P(0) = 1000 and find P(z) in this case. Use a graphing
utility to draw the graph of P and estimate the maximum
value of .

[>-46. The Gompertz equation

aP
o =F@-bmnp)

where a and b are positive constants, is another model of

population growth.

(2) Find the solution of this differential equation that sat-
isfies the initial condition P(0) = Py. HINT: Define a
new dependent variable O by setting Q = In P.

(b) What happens to P(t) as £ — 00?

(¢) Determine the concavity of the graph of P.

(d) Use a graphing utility to draw the graph of P in the case
whetea = 4,b = 2,and Py = 1¢% Does the graph con-
firm your result in part (c)?

W 9.2 INTEGRAL CURVES; SEPARABLE EQUATIONS

Introduction

We begin with a pair of functions P and Q which have continuous derivatives

P'= p, 0’ = g and form the equation
0] P+ 00 =C,

C constant.

Note that in this equation the x's and y's are not intermingled; they are separated.
Equation (1) represents a one-parameter family of curves. Different values of the

parameter C give different curves.

If y = y(x) is a differentiable function which on its domain satisfies (1), then by

implicit differentiation we find that
P+ Q) = 0.
Since P’ = p and Q' = g, we have

p(x)+q0)y =0

= this sense, curves (1) satisfy differential equation (2).
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‘What does this mean? It means that if y = y(x) is a differentiable function and its
graph lies on one of the curves

PE)+0=C,

then along the graph of the function the numbers x, y(x), y'(x) are related by the
equation

)+ ()Y (x) =0.

Separable Equations

In our introduction we started with a family of curves in the xy-plane and obtained
the differential equation satisfied by these curves in the sense explained. Now we
reverse the process. We start with a differential equation and obtain the family of
curves which satisfy it. These curves are called the integral curves (or solution curves)
of the differential equation

Our starting point is a differential equation of the form

2.1 P +40) =0,

with p and g continuous. A differential equation which can be written in this form is
called separable.
To find the integral curves of (9.2.1), we expand the equation to read

PR +q(()y'x) =0.
Integrating this equation with respect to x, we find that
[rwas [avemma=c,
where C is an arbitrary constant. From y = y(x), we have dy = y'(x)dx. Therefore
[+ [avrar=c.

The variables have been separated. Now, if P is an antiderivative of p and Q is an
antiderivative of ¢, then this last equation can be written

9.2.2)

This equation represents a one-parameter family of curves, and these curves are the
integral curves (solution curves) of the differential equation.

Example 1 The differential equation
x+yy =0

is separable. (The variables are already separated.) We can find the integral curves by

writing
/xdx+/ydy:C,
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Carrying out the integration, we have
x2+ 52 +C,
which, since C'is arbitrary, we can write as
x4 y=cC.

For this equation to give us a curve, we must take C > 0. (If C < 0, there are no real
numbers x, y which satisfy the equation, If C = 0, there is no curve—just a point, the
origin.) For C > 0, the equation gives the circle of radius +/C centered at the origin.
The family of integral curves consists of all circles centered at the origin. 3

Example 2 Show that the differential equation
v+ =xy—y
is separable and find an integral curve which satisfies the initial condition y@2Q)=1.
SOLUTION  First we show that the equation is separable. To do this, we write
G+1y =yx-1
y1=x)+@+1y =0

Next we divide the equation by y. As you can verify, the horizontal line y = 0 is an
integral curve, However, we can ignore it because it doesn’t satisfy the initial condition
¥(2) = 1. With y + 0, we can write

11
1wty g
5

1
1—x+(1+7)y
Y

The equation is separable. Writing

/(u;;)dw/(ui) d=C,

we find that the integral curves take the form

0.

x—42 4yt =C.
The condition y(2) = 1 forces
22—t +1+m)=c, which implies  C=1.
The integral curve that satisfies the initial condition is the curve
x—3x2+y+njy|=1.

Figure 9.2.1

Figure 9.2.1 shows the curve forx > 0. O

Functions as Solutions

If the equations of the integral curves can be solved for y in terms of x, then the integral
curves are graphs of functions y = f(x). Functions so obtained satisfy the differential
equation and are therefore solutions of the differential equation in the ordinary sense.

Example 3 Show that the differential equation

¥ =xe'*
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is separable and find the integral curves. Show that these curves are the graphs of
functions. Verify by differentiation that these functions are solutions of the differential
equation

SOLUTION The equation is separable since it can be written as

(Verify this.)
Setting

[rera- [era=c.

C and therefore

we have —xe ™ —e¢™* + e’
e =xe™" el * G S s
These equations give the integral curves.
To show that these curves are the graphs of functions, we take the logarithm of
both sides:
In(e?)=In(xe " +e*+C)
—y=Ihxe™ +e 7 +C)
y=—lnxe"+e " +O).

The integral curves are the graphs of the functions

y=—In(xe "+ +C).
Since
5 —xe ¥ teF —e xe™* xe™*
) = = =
2 xe ¥ e+ C xe ¥ tex+C eV’
we have

This shows that the functions satisfy the differential cquation.

Applications

In the mid-nineteenth century the Belgian mathematician P. F. Verhulst used the differ-
ential equation

d)
9.2.3 i (R,
( ) a ky( )

where k and M are positive constants, to model population growth. This equation

is now known as the logistic equation, and its solutions are functions called logistic
functions. Life scientists have used this equation to model the spread of disease, and

social scientists have used it to study the dissemination of information. In the case of §
disease, if M denotes the total number of people in the population under consideration }
and y(¢) is the number of infected people at time 7, then the differential equation states ‘
that the rate of growth of the disease is proportional to the product of the number of

people who are infected and the number who are not infected.
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The differential equation is separable, since it can be written in the form
1 q
———y'=0.

Y(M —y)

Integrating this equation, we have

[ric- | o= =c

M 1M
kt — / (/7 uE / ) dy = (partial fraction decomposition)
¥ M=y

and therefore
1 1
ﬂlnly\ - H]n |M—y|=kt+C.

These are the integral curves.

It is a good exercise in ip ing logarithms, ex Hals, and arbitrary con-
stants to show that such equations can be solved for y in terms of ¢, and thus the
solutions can be expressed as functions of . The result can be written as

cM
Ct+e V'
If R is the number of people initially infected, then the solution function y = y(r)
satisfies the initial condition (0) = R. From this we see that

cM R
=0 and therefore C=—.

C+1 M—-R
As you can check, this value of C gives

y= (not the same C as above)

R

MR

©.2.4) W)= yEY e

This particular solution is shown graphically in Figure 9.2.2. Note that y is an increasing
function. In the Exercises you are asked to show that the graph is concave up on [0, ;]
and concave down on [#1, 00). In the case of a disease, this means that the disease
spreads at an increasing rate up to time ¢ = #; and after ; the disease is still spreading,
but at a decreasing rate. As # — oo, e=** — 0, and therefore y® — M. Over time,
according fo this model, the disease will tend to infect the entire population.

»
v=u
o
R
1 i

Figure 9.2.2

m 455
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Example 4 Assume that a rumor spreads through a population of 5000 people at
a rate proportional to the product of the number of people who have heard it and the
number who have not heard it. Suppose that by a certain day, call it time 7 = 0, 100
people have heard the rumor and 2 days later the rumor is known to 500 people. How
Tong will it take for the rumor to spread to half of the population?
SOLUTION  Let y(#) denote the number of people aware of the rumor by time ¢. Then y
satisfies the logistic equation with A = 5000 and the initial condition R = y(0) = 100.
Thus, by (9.2.4),
()= 100000 5000
= 100 + 4900e=35000k1 — | 4 49¢—S000k: *
The constant of proportionality & can be determined from the condition y(2) = 500:
5000 —10,000% 10000k _ 9
S0 = o 1+ 4% =10, ¢ =%
Therefore
—10, 000k = In(9/49) and k = 0.00017.
Taking & as 0.00017, we have
5000
1+ 49708
To determine how long it will take for the rumor to spread to half of the population, we
seek the value of 7 for which

=

5000
2500 = —————.
0= T age o
Solving this equation for ¢, we get
s 1 In(1/49)
1449708 =2, OB = == 458,
A 2z e I ~0.85
It will take slightly more than 4% days for the rumor to spread to half of the popula-

tion. O
Differential Notation
The equation

m pe)+q()y =0

can obviously be written

a
2 )— = 0.
) px)+q() oy
In differential notation the equation reads
® Pl +q() dy = 0.

These equations are equivalent and can all be solved by setting

[rwas [ama=c.

Of these formulations we prefer (1) and (2) because they are easy to understand
in terms of the notions we have emphasized; some authors prefer (3) because it leads
more directly to the method of solution:

[rmars [amar=c
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Exercises 1-12. Find the integral curves. If the curves are the
graphs of functions y = f(x), determine all the functions that
satisfy the cquation.

Ly = ysin@x +3).
3y =)

2.7 =@+ D02 +y).

+1y
—

10. 7 sin 2x dx + cosx (2 — y) dy = 0,

2+1 1+2y?

Lo O b
X

9. (yInx)y’ =

11 (y I y = %
Gl ysinx
Exereises 13-20. Solve the initial-value problem.

16.5% =y —xy, y(~1)=—1.

17y + 3 +x + Dde+ (p — dy =0, y(2)=0.
18. cos ydx + (1 + e )sinydy =0, p(0) = /4.
19. ) =66, y(0)=0.

20.xy' —y =22, p1)=1.

21. Supposc that a chemical A combines with a chemical B to
form a compound C. Tn addition, suppose that the rate at
which C'is produced at time f varies directly with the amounts
of 4 and B present at time . With this model, if 4 grams of
A are mixed with By grams of B, then

dc
77 =KAo = C)(Bo - C).

(a) Find the amount of compound C' present at time ¢ if
Ao =By

(b) Find the amount of compound C present at time ¢ if
Ao # By.

J>22. Assume that the growth of a certain biological culture is

modeled by the differential equation

das o

= 0.00205 (800 — ),
where § = S(z) denotes the size of the culture, measured in
square millimeters, at time . When first observed, at time
¢ =0, the culture occupied an area of 100 square millime-
ters.
() Determine the size of the culture at each later time £,
(b) Use a graphing utility to draw the graphs of S and d./d.
(c) At what time 7 does the culture grow most rapidly? Use

three decimal place accuracy.

23. When an object of mass m moves through air or a viscous
medium, it is acted on by a frictional force that acts in the di-
rection opposite to its motion. This frictional force dopends
on the velocity of the object and (within close approxima-
tion) is given by

F(v) = —av — p?,

where o and § are positive constants.
(a) From Newton’s second law, F = ma, we have

y— B?

el B,

Solve this differential equation to find v = v().

(b) Find v if the object has initial velocity v(0) = vy

(c) What happens to v(?) as  — 00?

A descending parachutist is acted on by two forces:  con-

stant downward force mg and the upward force of air re-

sistance, which (within close approximation) is of the form

—PBuv? where £ is a positive constant. (In this problem we are

taking the downsward direction as positive.)

(2) Expross ¢ in terms of the velocity v, the initial velocity
vy, and the constant v, = /mg/p.

(b) Express v as a function of 7.

(¢) Express the acceleration  as a function of £. Verify that
the acceleration never changes sign and in time tends to
zero,

(d) Show that in time v tends to v,.. (This number v, is called
the terminal velocity.)

0
: o

J>25. A flu virus is spreading rapidly through a small town with a

population of 25,000. The virus is spreading at a rate propor-

tional to the product of the number of people who have been

infected and the number who haven’t been infected. When

first reported, at time ¢ = 0, 100 people had been infected

and 10 days later, 400 people.

(a) How many people will have been infected by time 12
(Measure £ in days.)

(b) How long will it take for the infection to reach half of
the population?

(c) Use a graphing utility to graph the function you found
in part (a).

26. Let y be the logistic function (9.2.4). Show that dy/dt in-
creases for y < M/2 and decreases for y > M/2. What can
you conclude about dy/d when y = M/2? Explain.

~
3

. A rescue package of mass 100 kilograms is dropped from a
height of 4000 meters. As the object falls, the air resistance
is cqual to twice its velocity. After 10 seconds, the package’s
parachute opens and the air resistance is now four times the
square of its velocity.

(a) What is the velocity of the package the instant the
parachute opens?

(b) What is the velocity of the package ¢ seconds after the
parachute opens?

(c) What is the terminal velocity of the package?
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HINT: There are two differential equations that govern the
package’s velocity and position: one for the frec-fall period
and one for the period after the parachute opens.

28, Tt is known that m parts of chemical 4 combine with » parts
of chemical B to produce a compound C. Suppose that the
rate at which C is produced varies directly with the product
of the amounts of A and B present at that instant. Find the
amount of C produced in  minutes from an initial mixing of
Ay pounds of 4 with By pounds of B, given that:

(a) n =m, Ay = By, and Ay pounds of C are produced in
the first minute.

(b) n=m, Ay = } By, and Ay pounds of C are produced in
the first minute.

PROJECT 9.2 ORTHOGONAI JECTORIES

If two curves intersect at right angles, one with slope r; and the
other with slope #1,, then mm; = —1. A curve that intersects
every member of a family of curves at right angles is called an
orthogonal trajectory for that family of curves.

A differential equation of the form

V=160

where f(x, ) is an expression in x and y, generates a family of
curves: all the integral curves of that particular equation. The
orthogonal trajectories of this family are the integral curves of
the differential equation
” 1

fG.3)

The figure indicates a family of parabolas y
orthogonal trajectories of this family of parabolds consutuu a
family of ellipses.

We can establish this by starting with the equation
y=Cx*

and differentiating. Differentiation gives
¥ =2Cx.

(c) n # m, Ag = Bo, and Ay pounds of C are produced in
the first minute.

HINT: Denote by A(z), B(r), C(¢) the amounts of 4, B,C

present at time #. Observe that C'(¢) = kA(f) B(¢). Then note

that

A=A = — ”jr - B@) = —=—C()

and thus

C'(r):k[A(,—mj

nC(r)} [B., - z)]

Since y = Cx?, we have C = y/x?, and thus

The orthogonal trajectories are the integral curves of the differ-
ential equation

Y=
As you can check, the solutions of this cquation can be written
in the form

2 +22 =K%
Problem 1. Find the orthogonal trajectories of the following

families of curves. In cach case draw several of the curves and
several of the orthogonal trajectories.

a 2x+3y=C. b. y=Cx.
e xy=C. d y=0Cx
e y=_Ce" f. ox=Cyt

Problem 2. Find the orthogonal trajectorics of the following
families of curves. Tn each case use a CAS to draw several of
the curves and several of the orthogonal trajectories. If you can,
graph the curves in one color and the orthogonal trajectories in
another.

2y —x2=C. b.
Cce* )
oy, d. ¢'siny
x

Problem 3. Show that the given family of curves is selft
orthogonal. Use a graphing utility to graph at least four members
of the family.

=4C(x +C). b.
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W 9.3 THE EQUATION y” + ay’ + by = 0

A differential equation of the form

3.1

where g and b are real numbers, is called a / I-order linear dij
equation with constant coefficients.

By a solution of this equation, we mean a function y = y(x) that satisfies the
equation for all real x.

The Characteristic Equation

As you can readily verify, the function y = ¢~“* satisfies the differential equation

0.

¥V +ay (Verify this.)
This suggests that the differential equation
V'itay' +by=0

may have a solution of the form y = ¢'*
If y = ¢, then

Y =re* and " =r2”
Substitution into the differential equation gives
FPe tard™ + bt =P ar+b) =0,
and since &'~ # 0,
r+ar+b=0.
This shows that the function y = ¢ satisfies the differential equation iff
rPtar+b=0.
This quadratic equation in 7 is called the characteristic equation.
The nature of the solutions of the differential equation
Y'tay' +by =0
depends on the nature of the characteristic equation. There are three cases to be con-

sidered: the characteristic equation has two distinct real roots; it has only one real T00t;
it has no real roots. We’ll consider these cases one at a time.

Case I: The characteristic equation has two distinct real roots #1 and ry. In this case
both

= and V) = e

are solutions of the differential equation.
Case 2: The characteristic equation has only one real root ¥ = a. In this case the
characteristic equation takes the form
(r—ay =0
This can be written

¥ = 2ar +¢*=0.
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The differential equation then reads

V' = 2ay +aty =0.
As you are asked to show in Exercise 33, the substitution y = ue® gives
W' =0.

This equation is satisfied by

the constant function Uy = and the identity function uy = x.

Thus the original differential equation is satisfied by the products
yp =% and y2 = xe*. (Verify this.)
Case 3: The characteristic equation has two complex rools
rn=a+ip, rm=a—Iif with g # 0.

In this case the characteristic equation takes the form

(r—a—iB)r—a+iB) =0,
which, multiplied out, becomes

¥ = 2ar + (@ + g5 =0.

The differential equation thus reads

=2y + (@ + Hy = 0.

As you are asked to show in Exercise 33, the substitution y = ue* eliminates o and
gives

w4+ pu=0.
This equation, the equation of simple harmonic motion, is satisfied by the functions
uj = cos Bx and uy = sin ﬂ.\'ﬁ
Thus, the original differential equation is satisfied by the products
1 = ¢ cos Bx and o = €™ sin Bx.
Linear Combinations of Solutions; Existence and Uniqueness

of Solutions; Wronskians

Observe that if yy and y; are both solutions of the homogeneous equation, then every
linear combination

u(x) = Ciy1(x) + Coyalx)
is also a solution.
PROOF Set
u=Cy+Cya
and observe that

W=Cy+Cypy, and  u'=Cyf +Coys.

“You have seen this before. In any casc, you can easily verify it by differentiation.
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Since y; and y, are solutions of (9.3.1),
WHay by =0 and ¥ +ayh+by=0.
Therefore,
W' a4 bu = (Ciy) + Coyy) + a(Cry] + Coph) + B(Ciy, + Coys)
= Q07 +ayl + by + Ca0% +ay; + bya)
=Ci(0)+C(0)=0. L
You have seen how to obtain solutions of the differential equation
Vitay +bhy=0
from the characteristic equation

¥ +ar+b=0.

‘We can form more solutions by taking linear combinations of these solutions. Question:
Are there still other solutions or do all solutions arise in this manner? Answer: All
solutions of the homogeneous equation are linear combinations of the solutions that we
have already found.

To show this, we have to go a little deeper into the theory. Our point of departure
is a result that we prove in a supplement to this section.

\D UNIQUENESS THEOREM
L be arlzitféry real numbers. The homogeneous eq

Geometrically, the theorem says that there is one and only one solution the graph of
which passes through a prescribed point (xg, &) with prescribed slope ;. We assume
the result and go on from there.

Named after Count Hoene Wronski, a Polish mathematician (1776-1853).
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Note that the Wronskian can be written as the 2 x 2 determinant

_ |y onm
PO=1y6 B

‘Wronskians have a very special property.

(Appendix A.2)

THEOREM 9.3.4
If both i and p; are sol\m(ms of
Vitay +by =0,

then their Wronskian W is either identically zero or never zero.

PROOF Assume that both y; and y; are solutions of the equation and set
W =y = »yi.
Differentiation gives
W' = 3133 + Y1¥5 = Yi¥s = Y% = 3ys — ¥
Since y; and y; are solutions, we know that
WHayi+byn=0
and
¥ +ays + by, = 0.
Multiplying the first equation by —y, and the second equation by y1, we have
=¥y —ayy—byyp =0
yay1+aypy + by =0.
‘We now add these two equations and obtain
015 =) +ayy — ) =0
In terms of the Wronskian, we have
W +aW =0.
This is a first-order linear differential equation with general solution
W(x) =Ce .
If C = 0, then W is identically 0; if C # 0, then ¥ is never zero. [

- THEOREM 9.35

Every solution of the homogeneous equamm

can be expressed in a unique manner as the lmear combmatmn of any two
solutions with a nonzero Wronskuan . :
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PROOF Let u be any solution of the equation and let y;, y» be any two solutions with
nonzero Wronskian. Choose a number xo and form the equations
Ciy1(xo) + Cayalxo) = u(xo)
C1yi(x0) + Capplre) = u'(x0).
The Wronskian of y; and y; at xp,
W(xo) = y1(x0)ya(xo) — 2(x0)yi(¥0).
is different from zero. This guarantees that the system of equations (1) has a unique
solution given by
‘= u(xo)yy{xo) — ya(xo)u'(xo) G 1o’ (xg) — u(xo)yi(xo)
P1(X0)V5(x0) — ya(xo)y|(x0)” Y1(x0)y3(xo) — y2(x0)y] (x0)
Our work is finished. The function Cyy; + Cay» is a solution of the equation which
by (1) has the same value as u at xo and the same derivative. Thus, by Theorem 9.3.2,
C\y1 + G2y and u cannot be different functions; that is,
u = Ciy1 + Caya.

This proves the theorem. [

The General Solution

The arbitrary linear combination y = C1y; 4 Cayz of any two solutions with nonzero
Wronskian is called the general solution. By the theorem we just proved, we can obtain
any particular solution by adjusting C; and C.

We now return to the solutions obtained earlier and prove the final result, for
practical purposes the summarizing result.

r THEOREM 9.3.6

| Given the equation

‘ : Yitay +by =0,
1 we form the characteristic equation
Pdar+b=0.

1. If the characteristic equation has two distinct real roots 7y and >, thenthe
general solution takes the form

Y= Y+ G

1I. Ifthe characteristic equation has only one real root = o, then the general
solution takes the form

y=Cie¥ + Coxe™ = (C1 + Cox)e™.

111 1f the characteristic equation ‘has two complex roots,

o —ip,

ri=o+ip and ¥

then the general solution takes the form
¥ = C1e cos fx + C,e¥ sin Bx = ¢**(Cy cos fx + Cysin Bx).
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PROOF To prove this theorem, it is enough to show that the three solution pairs
et elak &% xet® & cos fx, e sin Bx
all have nonzero Wronskians. The Wronskian of the first pair is the function
W) = e"“%(e’”) - %(e"‘)e'”
=R —nd ¥ =~ ) itrer,
W(x) is different from zero since, by assumption, r» # r1.
We leave it to you to verify that the other pairs also have nonzero Wronskians. 1

It is time to use what we have learned.

Example 1 Find the general solution of the equation y” 42y’ — 15y = 0. Then
find the particular solution that satisfies the initial conditions

¥ =0, YO =-1
SOLUTION The characteristic equation is the quadratic r? + 2r — 15 = 0. Factoring
the left side, we have

+5F—-3)=0.
There are two real roots: —5 and 3. The general solution takes the form
y=Cie ¥ 4+ G e,
Differentiating the general solution, we have

¥ ==5C e +3C; €.
The conditions

y0=0, Y©O=-1
are satisfied iff

C+C=0 and —5C, +3C, =-1.

Solving these two equations simultaneously, we find that

a=%  G=-

The solution that satisfies the prescribed initial conditions is the function

P i

Example 2  Find the general solution of the equation y” + 4y’ +4y = 0.
SOLUTION The characteristic equation takes the form r2 +4r + 4 = 0, which can
be written
(r+27=0.
The number —2 is the only root and
y=Ce 4 Coxe ™

is the general solution. J
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Example 3 Find the general solution of the equation y” + y+3y=0.
SOLUTION The characteristic equation is #% +r +3 = 0. The quadratic formula
shows that there are two complex roots:
=g +ig/, =1L
The general solution takes the form
y = e [C) cos(3v/TIx) + Csin(A/11x)). D

In our final example we revisit the equation of simple harmonic motion.

Example 4 Find the general solution of the equation
Ytoly=0.  (0#£0).

SOLUTION  The characteristic equation is #% + ? = 0 and the roots are
r =i, ry = —wi.

Thus the general solution is

y=Cicoswx + Cysinwx. O
Remark  As you probably recall, the equation in Example 4 describes the oscillatory
motion of an object suspended by a spring under the assumption that there are no forces
acting on the spring-mass system other than the restoring force of the spring. This
spring-mass problem and some generalizations of it are studied in Section 19.5. In the
Exercises you are asked to show that the general solution that we gave above can be
written

¥y = Asin(wx + ¢y),

whete 4 and ¢y are constants with 4 > 0 and ¢ € [0,27). O

EXERCISES 9.3

Exercises 1-18. Find the general solution. My =2 45y =0, pE/D=0, y/)=2

Ly 2y 8y —o, 2.y~ 13y 42y =0, 25. Findall solutions of the cquation y” — ' — 2y = 0 that sat-
L o isfy the given conditions:

35"+ 8 + 16y = 0. 4y Ty +3y =0, ® YO =1

5. )" +2y +5 =0 6.1 —3y +8y=0. YOy =1. g :

72" +5y' =3y =0. 8.y =12y =0. 26. Show that the general solution of the differential equation
412y = s Bl o

9. )+ 12y =0. 10.y" = 3y'+ 3y =0. gyl i 50y

can be written

13. "+ 9y =0. 0.

15,25+ 2/ + 9/ =0, iy =0, y = Creoshwx + C; sinhwx.

17.8y" +2y —y =0, 18. 59" =2/ + y =0. 27. Suppose that the roots 7 and r; of the characteristic equation
are real and distinct. Then they can be writtenasry = « + 8

Exercises 19-24. Solve the initial-value problem. and 7, = o — B, where & and f are real. Show that the gen-

19.y" =5y +6y=0, pO0)=1 y(O)=1 eral solution of the homogeneous equation can be expressed

in the form

20,y +2y 4y =0, p2)=1,
¥ = €"(Ccosh Bx + Cy sinh px).

2Ly 45y =0, p)=1 y(v)
2.y =2y +2y =0, pO)=-1, y(©O)=-1. 28. Show that the general solution of the differential equation
23"+ 4y +4y =0, y(-1)=2, y(-1)=1. Vitaty=0
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can be written
y = Asin(wx + ¢g)
where 4 and ¢ are constants with 4 > 0 and ¢ € [0, 27).
29. Complete the proof of Theorem 9.3.6 by showing that the
following solutions have nonzero Wronskians.
@ y=e", y=xe. (one root case)
(b) yi =e* cos fx, y» = ™ sin Bx. (complex root case)

w
S

. In the absence of any external electromotive force, the cur-
rent/inasimple electrical circuit varics with time 7 according
to the formula

(L. R, C constants)

Find the general solution of this equation given that L =
I, R=10% and

() C=2x10"%
. Find a differential equation y" + ay’ + by = 0 that is satis-
fied by both functions.

@ n=e" y=
® yp=3e p
© n=2e" y=xe

w

3x

w
i<

. Find a differential equation y" + ay' + by = 0 that is satis-
fied by both functions.
(a) 1 = 2cos2x,
(b) 1 = e~ cos 3,

y2 = —sin2x.
v» =2e ¥ sin 3x.

w
@

. (a) Show that the substitution y = e**u transforms
Y =2ay' +aly=0 into " =0.
(b) Show that the substitution y = e**# transforms
Y =2ay + (@ +y =0 into u"+pu=0.
Exercises 34 and 35 relate to the differential cquation
¥+ ay + by = 0, where  and b are nonnegative constants.

IL s inductance, R is resistance, and C is capacitance. If L is given
in henrys, R in ohms, C in farads, and £ in scconds, then the current
i given in amperes.

34. Prove that if @ and & are both positive, then y(x) — 0 as
x — oo for all solutions y of the equation.

w

S. (a) Prove that if @ = 0 and b > 0, then all solutions of the
equation are bounded.
(b) Suppose thata > 0,5 = 0, and y = p(x) is a solution
of the equation. Prove that

lim y(x) =k
for some constant k. Determine & for the solution that satis-
fies the initial conditions: (0) = yp. ¥'(0) = y;.

36. (Tmportant) Let y1,, be solutions of the homogencous
equation. Show that the Wronskian of yy, y; is zero iff one
of these functions is a scalar multiple of the other.

37. Let 1, y» be solutions of the homogeneous equation. Show
that if y;(xo) = y2(xo) = 0 for some number xg, then one of
these functions is a scalar multiple of the other.

(Euler equation) An equation of the form

) 2y faxy + By =

where « and 8 are real numbers, is called an Euler equation.

38. Show that the Euler equation (%) can be transformed into an
cquation of the form
&2y dy
5 ta-+by=0
a2 T

where @ and b are real numbers, by means of the change of
variablez = Inx. HINT: Ifz = Inx, then by the chain
rule,
dy _dydz _dyl
dx  dzdx  dzx’
Now caloulate d%y/dx* and substitute the result into the dif-
ferential equation.
Exercises 39-42. Use the change of variable indicated in Ex-
ercise 38 to transform the given cquation into an equation with
constant coefficients. Find the general solution of that equation,
and then express it in terms of x.

40. x%y" — 2xy' +2y = 0.
0. 42.x%"—xy +5p=0.

39,57 3y —8y = 0.
4127y 3y +4y

*SUPPLEMENT TO SECTION 9.3

PROOF OF THEOREM 9.3.2

Existence: Take two solutions yi, ¥, with nonzero Wronskian

W (@) = 1 ()p5(x) = y2(x)yi (x).

For any numbers xg, arp, & the equations

Ciy1(x0) + Coya(xo) = &
Ciy(x0) + Cayi(xo) = oy

can be solved for Cy and C,. For those values of C; and C», the function

y=Cin+GCy

is a solution of the homogeneous equation that satisfies the prescribed initial conditions.
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Uniqueness: Let us assume that there are two distinct solutions i, y» that satisfy the same
prescribed initial conditions
yilxo) = o = y2(%0)  and  yi(xo) = @) = ¥j(xo).
Then the solution y = y; — y; satisfies the initial conditions
Pxo) = 0,y (x0) = 0.

Since y; and y; are, by assumption, distinct functions, there is at least one number x; at which y
is not zero. Therefore, by the continuity of y there exists an interval 7 on which y does not take
on the value zero.

Now let u be any solution of the homogeneous equation. The Wronskian of y and u is zero
atxp:

W (x0) = y(xo)u'(x0) — u(xo)y'(x0) = (0)u'(x0) — u(x}0) = 0.

Therefore the Wronskian of yand u is everywhere 7ero. Since y(x) # 0 forallx € 1, the quotient
u/y is defined on Z, and on that interval

d(u\ _ oy —wy W
28 (8 Yoo 28 =0, Z=c¢, ad =Cy.
dx (y) ¥ »? o =

We have shown that on the interval 7 every solution is some scalar multiple of y.
Now let 1 and u, be any two solutions with a nonzero Wronskian . From what we have
just shown, there are constants C; and C; such that on /

w=Cy and uy=Coy.
Then on 7
W =wiuy — uzey = (Ciy)Coy) = (Cp)(C1y) = C1C = ') = 0.

This contradicts the statement that 7’ % 0.
The assumption that there are two distinct solutions that satisfy the same preseribed initial
itions has led to a diction. This proves uni

B CHAPTER 9. REVIEW EXERCISES

i -10. Fi solution. dy
Exercises 1-10. Find the general solution 14, (Ty —secy tnx; y(0)= %
x

i e 2y cos2x

Ly +y =27 P Exercises 15-22. Find the general solution.

e et _ 15,y =2y +2y =0. 16"+ + iy =0.
J iny 17.p" —y' — 18.y" —4y' = 0.

5. 32 4+ Ixy =sin2x. 6.3y +2y = 26" 19. 3" — 6y +9y = 0. 20. 3" +4y =0.

- % T 21 y" +4y' + 13y =0. 22.3p" — 5y — 2y = 0.

Exercises 23-26. Solve the initial-value problem.
By oy =0 p(0)=1, y(0)=0.

U LT F 12y =0 H0) =2, y(0) =8

By 6y 13y =00 H0) =2, () =2.

Exercises 11-14. Solve the initial-value problem. 265" 44y +dy =0, y-1)=2, y(-1)=1.

Hxly by =2+4x% y(1)=2. Exercises 27-28, Find the orthogonal trajectories of the family
120 =4/ M= 1. of curves,

2.y =Co 28.y=

8.y =

4 I
10. 2 - 21152,
&

c

By = T

=2y y(O)=
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Exercises 29-30. Find the values of 7, if any, for which y = x"

is a solution of the equation.

29. x2y" +4xy +2y =0 30. %7

31. An investor has found a business that is increasing in value
2t a rate proportional to the square of its present value. If
the business was worth 1 million dollars one year ago and is
worth 1.5 million dollars today, how much will it be worth
1 year from now? One and one-half years from now? Two
years from now?

v _xy —8y=0.

w
IS

. An investor has found a business that is increasing in value
at a rate proportional to the square root of its present value.
1f the business was worth 1 million dollars two years ago
and is worth 1.44 million dollars today, how much W ill it be
worth 5 years from now? When will the business be worth
4 million dollars?

w
@

. The rate at which 2 certain drug is absorbed into the blood-
stroam is deseribed by the difforeptial equation

dy

dt

a—by

where a and b are positive constants and y = y() s the

amount of the drug in the bloodstream at time 7 (hours).

(a) Find thesolution ofthe differential equation that satisfies
the initial condition y(0) = 0

(b) Show that }E\; y(2)exists and give the value of this limit.

(c) How long will it take for the concentration of the drug
1o reach 90% of its limiting value?

W
=

. A metal bar at a temperature of 100°C is placed in a freezer
kept at a constant emperature of 0°C. After 20 minutes the
temperature of the bar is 50°C.

(a) What is the temperature of the bar after 30 minutes?
(b) How long will it take for the temperature of the bar to
reach 25°C?

. An object at an unknown temperature 1S placed in a room
which is held at a constant temperature of 70°F. After
10 minutes the temperature of the object is 20°F and after
20 minutes its temperature is 35°F.

(a) Find an expression for the temperature of the object at
time £

(b) What was the temperature of the object when it was
placed in the room?

w
&

w
&

A 1200-gallon tank initially contains 40 pounds of salt dis-
olved in 600 gallons of water. Water containing 12 pound
oF salt per gallon is poured into the tank at the rate of
6 gallons per minute. The mixture is continually stirred and
o drained from the tank at the rate of 4 gallon per minute.

(a) Find T, the length of time needed to fill the tank.

(b) Find the amount of salt in the tank at any time I,
0<t<T.

() Findthe amount of salt in the tank at the instant it over-
flows.

37. A tank initially holds 80 gallons of & Prine solution con-
taining 1/8 pounds of salt per galon. Another brine solution
containing | pound of salt per gallon s poured into the tank
s the rate of 4 gallons per minutc. The mixture = continu-
ously stirred and is drained from the tank at the rate of
§ gallons per minute.

(a) Find T, the length of time needed to empty the tank.

(b) Find the amount of salt in the tank at any time f,
0<t=

(c) Find the amount of salt in the tank at the instant it con-
tains exactly 40 gallons of the solution-

38, The differential equation

dP

= PAOTI—107°P)
models the population of  certain community. Assume that
P(0) = 2000 and that time 1 i measured in months.

(@) Find P(?) and show that i, P(2) exists.

(b) Use a graphing utility o dra the graph of P and esti-
mate how long it will take for the ‘population to reach
90% of its limiting value.

39. A rumor is spreading through a town with a population of
20,000, The rumor is spreading at a rate proportional to the
product of the number of people who have heard it and the
B imber of people who have not heard it Ten days ago 500
people had heard the rumor; today 1200 have beard it
() How many people will have heard the rumor 10 days

from now?
(6) At what time wil the ramor be spreading the fastest?

40, 1f a flexible cable of uniform density is suspended between
o fixed points at equal height, then the shape y = y(x) of
{he cable must satisfy the initial-value problem

yoy=a, ¥O=0

Setting u = dy/dx, we have the equation

w1

® e _lnza
&

(@) Solve equation (2)

{5) Totegrate to find the shape of the cable.



CHAPTER

H 10.1 GEOMETRY OF PARABOLA, ELLIPSE, HYPERBOLA

You are familiar with parabola, ellipse, hyperbola in the sense that you recognize the
equations of these curves and the general shape. Here we define these curves geomet-
rically (Figure 10.1.1), derive the equations from the geometric definition, and explain
the role played by these curves in the reflection of light and sound. (See Figure 10.1. 1)

Geometric Definition

dy
dy dz
F
&y P F
!

dy=dy d, +dy = a constant \dy - dl = a constant
parabola ellipse hyperbola
Figure 10.1.1
Parabola

standard Posifion  F on the positive y-axis, | horizontal. Then F' has coordinates of
the form (c, 0) with ¢ > 0 and / has equation x = —C.

Equation

469
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axis

focus ¢ F

vertex

Figure 10.1.2

Figure 10.1.3

directrix

Derivation of the Equation A point P(x, y) lies on the parabola iff | = d5, which
here means

Vx4t —cP=y+ec
This equation simplifies to
x? =4cy. (verify this)

Terminology A parabola has a focus, a directrix, a vertex, and an axis. These are
indicated in Figure 10.1.2,

Ellipse

Standard Position £ and F on the x-axis at equal distances ¢ from the origin. Then
Fyisat(—c, 0)and F, at(c, 0). Withd, and d; asin the defining figure, setd; + d» = 2a.

Equation

Setting b = +/a® — ¢, we have

(the familiar equation)

Derivation of the Equation A point P(x, ) lies on the ellipse iff &, + d> = 2a, which
here means iff

VO F P+ +x — e+t =2a

This equation simplifies to

(verify this)

which, with b = v/aZ — 2, is

Terminology  An ellipse has two foci, Fy and F», a major axis, a minor axis, and four
vertices. These are indicated in Figure 10.1.3 for an ellipse in standard position. The
point at which the axes of the ellipse intersect is called the center of the ellipse.

Hyperbola

Standard Posifion £, and F, on the x-axis at equal distances ¢ from the origin.
Then F; is at (—¢, 0) and F; at (c, 0). With d) and d» as in the defining figure, set
ld — da| = 2a.

Equation
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Setting b = +/c? — a2, we have

(the familiar cquation)

Derivation of the Equation A point P(x, ) lies on the hyperbola iff |di — da| = 2a,
which here means iff

Vet +yi—Jx—c)? +y? = +2a.

This equation simplifies to

= - =1, (verify this)

which, with b = v/cZ — a2, is

Terminology A hyperbola has two foci, Fy and Fa, two vertices, a transverse axis that
joins the two vertices, and two asymplofes. These are indicated in Figure 10.1.4 for a
hyperbola in standard position. The midpoint of the transverse axis is called the center
of the hyperbola.

asymptotes

Figure 10.1.4

Translations

Suppose that xo and yo are real numbers and 5 is a set in the xy-plane. By replacing each
point (x, y) of S by (x +xo, ¥ + Yo), We obtain a set S which is congruent to S and
obtained from § without any rotation. (Figure 10.1.5.) Such a displacement is called a
rranslation.

The translation
(x,y) —> (x + %0,y + o)

applied to a curve C with equation E(x, ») = Ot results in a curve C" with equation
E(x —x0.7 = y0) = 0.

I Every equation in x and y can be written in this manner: simply transfer the right side of the equation to
the left side.

70

Figure 10.1.5




472 =

CHAPTER 10 THE CONIC SECTIONS; POLAR COORDINATES; PARAMETRIC EQUATIONS

PROOF The coordinates of (x, y) satisfy the equation E(x, y) =0
iff
the coordinates of (x + xo, y + yo) satisfy the equation £(x —xp,y —y0) =0. O
Examples

(1) The translation (x, y) — (x — 1, y + 3) moves points one unit left and three units
up. Applying this translation to the parabola with equation y = %xz, we obtain the
parabola with equation y — 3 = 1(x + 1),

(2) The translation (x, y) = (x + 5, y — 4) moves points five units right and four units
down. Applying this translation to the cllipse with equation

Earlier (Exercise 57, Section 1.4) you were asked to show that the distance between
the origin and any line / : Ax 4+ By + C = 0 is given by the formula

(€]

By means of a translation we can show that the distance between any point P(xo, yo)
and the line 7 : Ax + By 4+ C = 0 is given by the formula

Axo+ By + C
a0.1.1) ap, = Axt Bt Ol

prooF The translation (x, ) — (x — xp, ¥ — o) takes the point P(xy, yp) to the origin
O and the line / : Ax + By + C = 0 to the line

' Ax +x0)+ By +y)+C =0
We can write this equation as
(a constant)

Ax+By+K=0 wih K=TxiBntC.

Applying (x) to /', we have
|| |4x0 + Byy + C|

TrE T VEeE
Since P and / have been moved the same distance in the same direction, 7 to O and / to
', we can conclude that d(P, I) = d(0, ['). This confirms (10.1.1). 1

40,1 =

We will rely on this result later in the section.

Parabolic Mirrors

The discussion below is based on the geometric principle of reflected light (introduced
in Example 5, Section 4.5): the angle of incidence equals the angle of reflection.
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Take a parabola and revolve it about its axis. This gives you a parabolic surface.
A curved mirror of this form is called a parabolic mirror. Such mirrors are used in
scarchlights (automotive headlights, flashlights, etc.) and in reflecting telescopes. Our
purpose here is to explain the reason for this.

‘We begin with a parabola and choose the coordinate system so that the equation
takes the form x? = 4cy with ¢ > 0. We can express y in terms of x by writing

x
yp=i=,
4c¢
Since
dy  2x _x
dx ~ 4c 2
the tangent line at the point P(xg, yo) has slope m = x¢/2c and has equation
. Xo
1) —y)= 5o = Xo)-
C
For the rest, we refer to Figure 10.1.6.
7 1
&
3 Ry
3 o
7 P
2
& ),
¥
o
Figure 10.1.6

In the figure we have drawn a ray (a half-line) / parallel to the axis of the parabola,
which in this setup is the y-axis. We want to show that the angles marked § and y are
equal.

Since the tangent line at P(xo, yo) is not vertical, it intersects the y-axis at some
point 7. To find the coordinates of 7, we set x = 0 in (1) and solve for y. This gives

2
%o
2¢

Since the point (xo, yp) lies on the parabola, we know that x} = 4cyy and therefore

y=JYo-

x5 dew
.=V ——F - ="Jo

PENT0s 2

The y-coordinate of T is —yy. Since the focus F is at (c, 0),
d(F,T)=yo+c.
The distance between F and P is also yg + ¢ ©

d(F, P) = Jx} + (v — & = VAcyo + (o — ) = V0 + ) = o +c.
(f = 4ey) i T—uﬁw 0)
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Since d(F, T) = d(F, P), the triangle TFP is isosceles and the angles marked « and
are equal. Since / is parallel to the y-axis, & = y and thus (and this is what we wanted
to show) B = y.

The fact that 8 = y has important optical consequences. It means (Figure 10.1.7)
that light emitted from a source at the focus of a parabolic mirror is reflected in a beam
parallel to the axis of that mirror; this is the principle of the searchlight. It also means
that light coming to a parabolic mirror in a beam parallel to the axis of the mirror is
reflected entirely to the focus; this is the principle of the reflecting telescope.

parabalic mirrors.

principle of the searchlight: principle of the reflecting
alight source at the focus telescope: parallel rays
sends out a beam of converge at the focus
parallel rays
Figure 10.1.7

Elliptical Reflectors

Like the parabola, the ellipse has an interesting reflecting property. To derive it, we
work with the ellipse

XZ yZ
FrE =l
Differentiating implicitly with respect to x, we get
2x  2ydy dy bPx
it ) and thus e e
o2 B dx S e
The slope of the ellipse at a point P(xq, y) not on the x-axis is therefore
bxo
atyy’
and the tangent line at that point has equation
bxg
y=—yo=———(x—xo).
ay

‘We can rewrite this last equation as
(x0)x + (a*yo)y — a®b? = 0.

We can now show the following:

At cach point P of the ellipse, the focal radii 77 P

10.1.2
¢ ) and F, P make equal angles with the tangent.
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PROOF If P lies on the x-axis, the focal radii both lie on the x-axis and the result is
clear. To visualize the argument for a point P = P(xg, yp) not on the x-axis, se¢ Figure
10.1.8.

Figure 10.1.8

To show that 71 P and F, P make equal angles with the tangent, we need only show
that the triangles P7, F) and PT, F; are similar. We can do this by showing that

adn. F) _dh.F)
d(Fi, P) ~ d(F, P)

which, in view of (10.1.1), can be done by showing that

| = P — | _ [PPxoe — a?b| P
Vaoter+35  Jro -+
This equation simplifies to
(xoc + a?)? (xoc — a%)?
Got P +7 -t
(@ — A+ azyé =d(@ -
% )g =1 (b=aT=ch)

This last equation holds since the point P(xo, yo) is on the ellipse. 3

The result we just proved has the following physical consequence:

An elliptical reflector takes light or sound originating

0.1.3) at one focus and reflects it to the other focus.

In elliptical rooms called “whispering chambers,” a whisper at one focus, inaudible
nearby, is easily heard at the other focus. You will experience this phenomenon if you
visit the Statuary Room in the Capitol in Washington, D.C. In many hospitals there are
elliptical water tubs designed to break up kidney stones. The patient is positioned so
that the stone is at one focus. Small vibrations st off at the other focus are so efficiently
concentrated that the stone is shattered.
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/ Hyperbolic Reflectors

A straightforward calculation that you are asked to carry out in the Exercises shows

hyperbolic that:
reflector
10.1.4) At each point P of a hyperbola, the tangent line bisccts
o the angle between the focal radii /1 P and /5 P.
£
it For some consequences of this, we refer you to Figure 10.1.9. There you see the right
/ branch of a hyperbola with foci £, F,. Light or sound aimed at /% from any point to

Figure 10.1.9

EXERCISES 10.1

the left of the reflector is beamed to F.

Exercises 1-8. Find the vertex, focus, axis, and directrix of the
given parabola. Then sketch the parabola.
Ly=ix2
Ly=Le -1
S.y+2=1(x-20%
—4x.

Ty=

Exercises 9-16. An cllipse is given. Find the center, the foci, the
length of the major axis, and the length of the minor axis. Then
sketch the ellipse.

9. 329+ /4 =1
1L 3x2 42y = 12,
13. 4x% + 9y — 18y =27,
15. 4(x — 12 4 y> = 64.
16. 16(x — 2)? +25(y — 3)* = 400.

10.x2/4 +32/9 = 1.
12327 + 47 — 12 =0.
14.4x% + 3y — 6y +5=

Excreises 17-26. A hyperbola is given. Find the center, the ver-
tices, the foci, the asymptotes, and the length of the transverse
axis. Then sketch the hyperbola.

17.x2 -y =1 18. y? 1.

19. x%/9 — y2/16 = 1. 20. x2/16 — y*/9 = 1.
2716 —x%/9 = 1. 22.3%/9 —x%/16 = 1.
23 (x —1P2/9—(y —3)%/16 = L.

24, (x — 12/16 — (y —=37/9=1.
25.4x% —8x — y* + 6y — 1 =0,

26. -3x + 32 — 6x = 0.

27. A parabola interseets  rectangle of area A at two opposite
vertices. Show that, if one side of the rectangle falls on the
axis of the parabola, then the parabola subdivides the rect-
angle into two pieces, one of arca 1.4, the other of area 4.

28. Aline through the focus of a parabola intersects the parabola
at two points P and Q. Show that the tangent line through P
is perpendicular to the tangent line through Q.

29. Show that the graph of cvery quadratic function
» = ax? + bx + c is a parabola. Find the vertex, the focus,
the axis, and the directrix.

30. Find the centroid of the first-quadrant portion of the clliptical
region %3 + a%y? < @?p%.

31. Find the center, the vertices, the foci, the asymptotes, and
the length of the transverse axis of the hyperbola with cqua-
tion xy = 1. HINT: Define new X¥-coordinates by setting
x=X+Yandy=X-7Y.

32. As t ranges from 0 to 277, the points (a cos £, b sin £) generate
a curve in the xy-plane. Identify the curve.

33. An ellipse has area 4 and major axis of length 2¢. What is
the distance between the foci?

34. A searchlight reflector is in the shape of a parabolic mirror.
If it is 5 feet in diameter and 2 feet deep at the center, how
far is the focus from the vertex of the mirror?

The line that passes through the focus of a parabola and is paral-

lel to the directrix intersects the parabola at two points 4 and B.

The line segment 4B is called the latus rectum of the parabola.

In Exerciscs 35-38 we work with the parabola x? = 4¢y, ¢ > 0.

By © we mean the region bounded below by the parabola and

above by the latus rectum.

35. Find the length of the latus rectum.

36. What is the slope of the parabola at the endpoints of the latus
rectum?

37. Determine the arca of © and locate the centroid.

38. Find the volume of the solid generated by revolving € about
the y-axis and locate the centroid of the solid. (For the cen-
troid formulas, see Project 6.4.)

39. Suppose that a flexible inclastic cable (see the figure) fixed at
the ends supports a horizontal load. (Imagine a suspension



bridge and think of the load on the cable as the roadway.)
Show that, if the load has constant weight per unit length,
then the cable hangs in the form of a parabola.

HINT: The part of the cable that supports the load from 0 to

xis subject 1o the following forces:

(1) the weight of the load, which in this case is proportional
tox.

(2) the horizontal pull at 0 : p(0).

(3) the tangential pull at x : p(x).

Balancing the vertical forces, we have

kx = p(x)sing. (weight = vertical pull at x)

Balancing the horizontal forces, we have

p(0) = p(x)cosd. (pull at 0 = horizontal pull at x)

40. A lighting panel is perpendicular to the axis of a parabolic
mirror. Show that all light rays beamed parallel to this axis
are reflected to the focus of the mirror in paths of the same
length.

41. All equilateral triangles are similar; they differ only in scale.
Show that the same is true of all parabolas.

For Exercises 42-44 we refer to a hyperbola in standard position.
42. Find functions x = x(¢), y = y(¢) such that, as / ranges over
the set of real numbers, the points (x(¢), ¥(¢)) traverse
(a) the right branch of the hyperbola.
(b) the left branch of the hyperbola.
43. Find the area of the region between the right branch of the
hyperbola and the vertical line x = 2a.

44. Show that at each point P of the hyperbola the tangent line
bisects the angle between the focal radii F, P and 75 P.
Although all parabolas have exactly the same shape (Exercise
41), ellipses come in different shapes. The shape of an ellipse
depends on its eccentricity e. This is half the distance between

the foci divided by half the length of the major axis:

(10.1.5)

For every ellipse, 0 < e < 1.
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Exercises 45-48. Determine the eccentricity of the ellipse.

45.x2/25 4 y2/16 = 1. 46. x%/16 +37/25 = 1.

47 (x = 12/25+(y+22/9=1.

48. (x + 12/169 + (v — 12/144 = 1.

49. Suppose that £ and E are both cllipses with the same major
axis. Compare the shape of £ to the shape of E; if e, < e,.

50. What happens to an ellipse with major axis 2a if e tends
to 0?

51. What happens to an ellipse with major axis 2a if e tends
to1?

Exercises 52-53. Writc an equation for the ellipse.
52. Major axis from (~3, 0) to (3, 0), eccentricity 1.
53. Major axis from (—3, 0) to (3, 0), eccentricity 2v/2.
54. Let  be a line and let F be a point not on /. You have seen
that the set of points P for which
d(F, P)=d(, P)
is a parabola. Show that, if 0 < ¢ < 1, then the set of all
points P for which
d(F, Py=ed(, P)

is an ellipse of eccentricity e. HINT: Begin by choosing a
coordinate system whereby F falls on the origin and ! is a
vertical line x = k.

The shape of a hyperbola is determined by its eccentricity e. This

is half the distance between the foci divided by half the length

of the transverse axis:

(10.1.6)

For all hyperbolas, e > 1.

Exercises 55-58. Determine the eccentricity of the hyperbola.
55.x2/9 — y2/16 = 1. 56.x2/16 —y*/9 = 1.
57.x2 — 1 58.x2/25— y2/144 = 1.

59. Suppose #; and Hy are both hyperbolas with the same trans-

verse axis. Compare the shape of H, to the shape of H; if
e <e.

. What happens to a hyperbola if e tends to 1 ?
. What happens to a hyperbola if e increases without bound?
. (Compare to Exercise 54.) Let / be a line and let 7 be a point
not on /. Show that, if e > 1, then the set of all points P for
which
d(F, P)=cd(, P)
is a hyperbola of eccentricity, e. HINT: Begin by choosing
a coordinate system whereby F falls on the origin and / is a
vertical line x = .

. Show that every parabola has an equation of the form
(ax+By) = yx + 8+ € with  a®+ g2 £0.

HINT: Take ! : Ax + By + C = 0 as the directrix, F(a, b)
as the focus.




478 ® CHAPTER 10 THE CONIC SECTIONS; POLAR COORDINATES; PARAMEIRIC EQUATIONS

M 10.2 POLAR COORDINATES

‘We use coordinates to indicate position with respect to a frame of reference. When we
use r 1 di , our frame of is a pair of lines that intersect at
right angles. In this section we introduce an alternative to the rectangular coordinate
system called the polar coordinate system. This system lends itself particularly well to
the representation of curves that spiral about a point and closed curves that have a high

— -
o poleraxis  degree of symmetry. In the polar coordinate system, the frame of reference is a point O
Figure 10.2.1 tllé)atz “1/§ call the pole and a ray that emanates from it that we call the polar axis. (Figure

In Figure 10.2.2 we have drawn two more rays from the pole One lies at an angle
of ¢ radians from the polar axis; we call it ray 6. The apposite ray lies at an angle of
8 + 7 radians; we call it ray 6 + 7.

ray 6

] //7‘\ //
+x %
/ /<\
“' o/ 0\
\ polar axis
\
/
ray 6+

Figure 10.2.2

Figure 10.2.3 shows some points along these rays, labeled with polar coordinates.

In general, a point is assigned polar coordinates [r, 6] if it lies at a
(10.2.1) | distance |¢| from the pole
ontheray 8, if# > 0 and ontheray 6 + 7 ifr < 0.

2
ray3a
ray 8 ¥
S \
S
/ 12,8
0,6
o ZH\ polar axis
o
/ -2, 1
3,6
Srsa
¥
ray 6+ x
Figure 10.2.3 Figure 10.2.4
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Figure 10.2.4 shows the point [2, %n]. The point lies two units from the pole on
the ray 3. The point [—2, 2] also Lies two units from the pole, not on the ray Zm, but
on the opposite ray, the ray %n.

Polar coordinates are not unique. Many pairs [, 6] can represent the same point.

(1) Ifr = 0, it does not matter how we choose 6. The resulting point is still the pole:

10.2.2) 0 =10,6] for all

(2) Geometrically there is no distinction between angles that differ by an integer mul-
tiple of 277. Consequently, as suggested in Figure 10.2.5,

10.2.3) [r, 01 =1[r.0 +2n7], for all integers n.

Figure 10.2.5

(3) Adding 7 to the second coordinate is equivalent to changing the sign of the first
coordinate:

(10.2.4) (Figure 10.2.6)

A polar axis

2 0v =12, 0
ray 6+ 7

Figure 10.2.6
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»

4
|
|
|
|
I
|
|
|
|
|

olar axis

OV - Y

o)
|

Figure 10.2.7

£

Remark Some authors do not allow 7 to take on negative values. There are some
advantages to this approach. For example, the polar coordinates of a point are unique
if 6 is restricted to the interval [0, 27) or to (—7, 7]. On the other hand, there are
advantages in graphing and finding points of intersection that follow from letting
take on any real value, and this is the approach that we have adopted. Since there is no
convention on this issue, you should be aware of the two approaches. 1

Relation to Rectangular Coordinates

In Figure 10.2.7 we have superimposed a polar coordinate system on a rectangular
coordinate system. We have placed the pole at the origin and directed the polar axis
along the positive x-axis.

The relation between polar coordinates [r, #] and rectangular coordinates (x, y) is
given by the following equations:

(10.2.5)

PROOF We'll consider three cases separately: = 0,7 > 0,7 < 0.
Case I: 7 = 0. In this case the formula holds since [r, 8] is the origin and both x and y
are 0:

0=0cos6, 0 =0sing.

Case 2: r > 0. Suppose that [r, 8] = (x, y). Then (x, y) lies on ray 6, and (x/r, y/7)
also lies on ray 6. (Draw a figure.) Since (x, y) lies at distance » from the origin,

)c2+y2 =7k

-

This places (x/r, y/r) on the unit circle. Thus (x/r, y/r) is the point on the unit circle
which lies on ray 6. It follows from the very definition of sine and cosine (Section 1.7)
that

It follows that

x g
— =cosé, X:smﬁ
7 r
and thus
x =rcosf, y =rsinf.

Case 3: r < 0. Since [r,8] = [~r, 8 + x] and —r > 0, we know from the previous
case that

x=—rcos (@ +m), y=—rsin(f +m).
Since
cos (f + ) = —cosé and sin (6 + ) = —sinf,
once again we have

x =rcosf, y=rsing. 4
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From the relations we just proved, it should be clear that, unless x = 0,

(10.2.6) tand = 2,
x

and, under all circumstances,

(10.27) ¥4yt =s2,

Figure 10.2.8 illustrates all this for points in the first quadrant. Figure 10.2.8

Example 1 Find the rectangular coordinates of the point £ with polar coordinates
[~2, 3=].

SOLUTION The relations x =rcosf, y=rsind give
¥ =—2cosjm =-2(}) =1, y==2sinlr = —2(1v/3) = 3.

The point £ has rectangular coordinates (—1, —/3). O

Example 2 Find all possible polar coordinates for the point P that has rectangular
coordinates (—2, 2+/3).

SOLUTION We know that  rcosf = —2, rsind = 2+/3. It follows that
12 =r2cos? 6+ r¥sin’ 0 = (=2)° + (2v/3) = 16,

so that r = +4.
Taking r = 4, we have

dcosf = =2 4sind =23
c059:~% sinez%ﬁ.
These equations are satisfied by setting § = %n, or more generally by setting
6 = 2w + 2nm.
The polar coordinates of P with first coordinate » = 4 are all pairs of the form
[4, 37 + 2n7),

where 7 ranges over the set of integers.
We could go through the same process again, this time taking r = —4, but there is
no need to do so. Since [r, 8] = [~r, § + 7], we know that

[4, 37 +2nw] = [~4, Gn + 7) + 2n7].

The polar coordinates of P with first coordinate » = —4 are thus all pairs of the form
[—4, 37 + 2n7]

where again n ranges over the set of integers. 0




482 W CHAPTER 10 THE CONIC SECTIONS; POLAR COORDINATES; PARAMETRIC EQUATIONS
Here are some simple sets specified in polar coordinates. We leave it to you to draw
appropriate figures.
(1) The circle of radius a centered at the origin is given by the equation
r=a.
The interior of the circle is given by r < a and the exterior by r > a.
(2) The line that passes through the origin with an inclination of o radians has polar
equation
0=a.
(3) Fora # 0, the vertical line x = g has polar equation
rcosf =a or, equivalently, r =asech.
(What’s the equation if @ = 07)
(4) For b # 0, the horizontal line y = b has polar equation
rsing = b or, equivalently, r=1b csch.
(What’s the equation if b = 0?)

Example 3 Find an equation in polar coordinates for the hyperbola x2 — =
SOLUTION  Setting x = r cos6 and y = r sinf), we have
rtcos’d —rlsin’ 6 = o?
r2(cos? 0 — sin®6) = a®
rleos20 =a®. 0
Example 4 Show that the equation r = 2a cos 6 represents a circle. (Take a > 0
and see Figure 10.2.9.)
SOLUTION  Multiplication by  gives

7% = 2ar cos

*
x?+y? = 2ax
¥ —2ax+ 4 =0
2 2 o w3
S—— x*—2ax+a‘+y
2 2
Figure 10.2.9 G —ay +y
This is the circle of radius @ centered at the point with rectangular coordinates
(a, 0).
Symmetry

Symmetry about the x- and y-axes and symmetry about the origin are illustrated in
Figure 10.2.10. The coordinates marked are, of course, not the only ones possible. (The
difficulties that can arise from this are explored in Section 10.3.)

Example 5  Test the curve 2 = cos 26 for symmetry.

SOLUTION  Since cos [2(~8)] = cos (—26) = cos 26, you can see that if [r,8]is on
the curve, then so is [, —6]. This tells us that the curve is symmetric about the x-axis.
Since

cos [2(w — )] = cos (27 — 26) = cos (—26) = cos 26,
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r,n-6] [r, 1 {
.

olr,-a1 .
Ir, 746

symmetry about the y-axis symmetry about the origin

Figure 10.2.10

symmetry about the x-axis

you can see that if [r, 8] is on the curve, then so is [, 7 — 8]. The curve is therefore
symmetric about the y-axis.

Being symmetric about both axes, the curve must be symmetric about the origin.
You can verify this directly by noting that

cos [2(r + 6)] = cos (27 + 26) = cos 26,

so that if [r, 6] lies on the curve, then so does [, = + 8]. A sketch of the curve appears
in Figure 10.2.11. Such a curve is called a lemniscate. 0

EXERCISES 10.2

r2=cos 20
lemniscate

Figure 10.2.11

Exercises 1-8. Plot the point with these polar coordinates.

15.[3, —1x]. 16. [2, 37].

Lt 201 dn] Exercises 17-24. Below some points re specified in rectangular
1 ; coordinates. Give all possible polar coordinates for each point.
* H; 57 A ltoratl 17. (0, 1). 18. (1,0).
5[4 l‘*”]‘ 6. [722’ 9% 19.(-3,0). 20. (4, 4).
7. [~z 7] 8.3, 57 2.2, -2). 2.3, -3V3.
Exercises9-16. Givethe recangular coordinaes of the point. o' < 205
g i . (443, 4). (/3. —1).
9B, 57} 10:14, o 3 25, Find a formula for the distance between [r1, 6] and [r», 6],
1L [-1, —n]. 12.[-1,537]. 26. Show that forry > 0,7 > 0, |6 — 6] < 1 the distance for-
13, (=3, ~1r] 14.[2,0]. mula you found in Exercise 25 reduces to the law of cosines.
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Exercises 27-30. Find the point [, 6] symmetric to the given
point (2) about the x-axis; (b) about the y-axis; () about the
origin. Express your answer with 7 > 0 and 6 € [0, 27).

27. [4, 7l 28. [3, =37

29. -2, ix]. 30. [-3,—3x].

Exercises 31-36. Test the curve for symmetry about the coordi-
nate axes and for symmetry about the origin.

31 r=2+cosf. 32.r =cos26.

33, #(siné +cosd) = 1. 3d.rsin6 = 1.

35.r2sin26 = 1. 36.7%cos26 = 1.

Exercises 37-48. Write the equation in polar coordinates.

$ow=12 38,y
39.2xy =1. 40.x2 + )% =9.
4.3+ (y -2 =4 2. —a)+y =

43,
45
46. )
48, (x2 4+ 2P =x% — 32

Exercises 49-58. Identify the curve and write the equation in
rectangular coordinates.

49.7sinf = 4.

4457 = =4

47, (x2 + 7 = 2xp.

50. rcost) =4
52. 62 :é

53,5 =2(1 — cosd)~". 54,7 =2sind.
55.r = 6cosf. 56.0 = —jm
57. tang = 2. 58.r = 4sin (@ + ).

Exercises 59-62. Write the equation in rectangular coordinates
and identify the curve.

4 6
59— . 60.r=— .
ey " Tr2simo
4 2
L= — 2 (S
1—cosé 34 2sind
63. Show that if @ and b are not both zero, then the curve

=2asiné + 2bcosd

is a circle. Find the center and the radius.

64. Find a polar equation for the set of points P[r, 6] such that
the distance from P to the pole equals the distance from P
to the line x = —d. Take d = 0. Sce the figure.

Polar axis *

65. Find a polar cquation for the st of points P[r, 8] such that
the distance from P to the pole is half the distance from P to
the line ¥ = —d. Take d > 0.

66. Find a polar equation for the set of points P[r, 8] such that
the distance from P to the pole is twice the distance from 2
to the line x = —d. Take d > 0.

M 10.3 SKETCHING CURVES IN POLAR COORDINATES

Here we sketch some curves that are (relatively) simple in polar coordinates [r, 8] but
devilishly difficult to work with in rectangular coordinates (x, y).

Example 1  Sketch the curve r = 6, # > 0 in polar coordinates.

SOLUTION At6 =0,r =0;at6 = %rr, r= ﬁn;at@ = %ﬂ,r = %n; and so on. The
curve is shown in detail from @ = 0to 8 = 2 in Figure 10.3.1. It is an unending spiral,
the spiral of Archimedes. More of the spiral is shown on a smaller scale in the right part
of the figure. 3

Now to some closed curves.

Example 2  Sketch the curve » = 1 — 2 cos in polar coordinates.
SOLUTION Since the cosine function is periodic with period 27, the curve r =
1 —2cosf is a closed curve which repeats itself on every -interval of length 27,
We will draw the curve from 6 = 0 to 8 = 2. That will account for r in every direc-
tion.

We begin by representing the function r = 1 — 2 cos§ in rectangular coordinates
(8, r). This puts us in familiar territory and enables us to see at a glance how r varies
with 6.
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[ 4]
.
DIGEE Teotar ars

(27, 2%

G4

(.7

[z
i
S 3
3x 4]
r=6 0<6<2x
spiral of Archimedes

Figure 10.3.1

In Figure 10.3.2 we have marked the values of & where r is zero and the values of
6 where r takes on an extreme value.

Figure 10.3.2

Reading from the figure we have the following: as 6 increases from 0 to %71, %
increases from —1 to 0; as # increases from %rr to 7, r increases from 0 to 3; as 6
increases from  to §r, r decreases from 3 to 0; finally, as ¢ increases from imto2m,r
decreases from 0to —1.

By applying this information step by step, we develop a sketch of the curve
r =1—2co0s6 in polar coordinates. (Figure 10.3.3.)

o o)

-’ polar axis (3,71 polar axis

O<fsom Osé=sm

1
3

-1, 0]

polar axis polar axis

0

0<6<ia 0sos2x

Figure 10.3.3
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NOTE: Here we did more work then we had to. Since the function » = 1 — 2cosé is
an even function [r (=) = r (8)], the polar curve is symmetric about the x-axis. Then,
having drawn the curve from @ = 0 to 6 = 7, we could have obtained the lower half of
the curve simply by flipping over the upper half. T

Example 3  Sketch the curve = ¢os 26 in polar coordinates.

SOLUTION Since the cosine function has period 27, the function » = cos2¢ has
period %. Thus it may seem that we can restrict ourselves to sketching the curve from
6 = 0to# = 7. Butthis is not the case. To obtain the complete curve, we must account
for r in every direction; that is, from ¢ = 0to 6 = 27.

Figure 10.3.4 shows r = cos 26 r din 1 di (8, r) from
9 = 0108 = 2x. In the figure we have marked the values of & where  is zero and the
values where  has an extreme value.

1

1
-4 L
AL
3 Jm @ 7 27 [}
Byas T
-1

Figure 10.3.4

Translating Figure 10.3.4 into polar coordinates [r, 8], we obtain a sketch of the
curve r = cos 26 in polar coordinates. (Figure 10.3.5.) The sketch is developed in eight
stages. These stages are determined by the values of § marked in Figure 10.3.4.7 1

ﬂ ‘ %
GEYES P lospsix 0s0<3n 0so<n
| |
los6<2a 0<psia 0<0sin lososon
Figure 10.3.5

1Once again we did more work than we had to. Since the function » = cos 26 is an even function, the polar
curve r = cos 28 is symmelric about the x-axis. Thus, having drawn the curve from 0 = 0 t0 § =, we
could have obtained the rest of the curve by reflection in the horizontal axis.
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Example 4  Figure 10.3.6 shows four cardioids, heart-shaped curves. Rotation of
F=1+cosf by %n radians (measured in the counterclockwise direction) gives

r=14cos(®—ir)=1+sin6.

‘
| |
r=1+cosg r=1+sin6 r

Figure 10.3.6

r=1-sin@

Rotation by another 5 radians gives

r=14cos(¢ —m)=1-cosh.
Rotation by yet another %71 radians gives

r=1+cos(6 —37)=1-sin.
Note how easy it is to rotate axes in polar coordinates: each change

cos — sinf — —cosf — —sind
Tepresents a counterclockwise rotation by %n radians. 0

Atthis point we will try to give you a brief survey of some of the basic polar curves.

(The numbers a and b that appear below are to be interpreted as nonzero constants.)

Lines : 6 = a, r=asect, r=a csch. (Figure 10.3.7)

Yy oy=2
x
r=-2sec r=2csch
Figure 10.3.7
Circles : ¥ = a, ¥ =asinf, r=acosf. (Figure 10.3.8)
r=2 r=-2 r=4sin6 r=-4cos i

Figure 10.3.8
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r=a+bcosh. (Figure 10.3.9)
r=3+cos 6 r=24cos r=1+cosf r=trcos
convex limagon cardioid limagon with
limagon with a dimple an inner loop
Figure 10.3.9

The general shape of the curve depends on the relative magnitudes of @ and b.

Lemniscates't: r? = asin26, r2 = acos26 (Figure 103.10)

N a%s
5% ok
2 NS 2
7
r2=4cos20
Figure 10.3.10
Petal Curves: ¥ = asinnf, r =acosnf, integer n. (Figure 10.3.11)

r=sin 30 r=c0s 46

Figure 10.3.11

If n is odd, there are n petals. If n is even, there arc 2n petals.

 From the French term for “snail”. The word is pronounced with a soft ¢.
1iErom the Latin lemniscatus, meaning “adomed with pendant ribbons.”
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The Intersection of Polar Curves

The fact that a single point has many pairs of polar coordinates can cause complica-
tions. In particular, it means that a point [r;, 6] can lie on a curve given by a polar
equation although the coordinates 7, and 6; do not satisfy the equation. For example,
the coordinates of [2, 7] do not satisfy the equation #> = 4 cos §:

P=22=4  but 4cosd =4cosmw = —4.

Nevertheless the point [2, 7] does lie on the curve 72 = 4 cos 8. We know this because
[2, 7] = [~2, 0] and the coordinates of [—2, 0] do satisfy the equation:

¥ =(=2%=4,  4cosh =4dcos0=4
In general, a point P[ry, 61] lies on a curve given by a polar equation if it has at least
one polar coordinate representation [, 6] with coordinates that satisfy the equation. The
difficulties are compounded when we deal with two or more curves. Here is an example.
Example 5 Find the points where the cardioids
r=a(l —cos®) and 7 =a(l + cos ) @>0)
intersect.

SOLUTION  We begin by solving the two equations simultaneously. Adding these.
equations, we get 27 = 2¢ and thus » = a, Given that r = a, we can conclude that
cos# = 0 and therefore § = %rr + n7. The points [a, %ﬂ + nrr] all lie on both curves.
Not all of these points are distinct:

for n even, [a, 3 + nr] = [a, ir]: forn odd, [a, 37 +nn] = [a, 3.
In short, by solving the two equations simultaneously we have arrived at two common
points:

[a,37] =(0.a)  and  [a, }x] = (0, -a).
However, by sketching the two curves (see Figure 10.3.12), we see that there is a
third point at which the curves intersect; the two curves intersect at the origin, which
clearly lies on both curves:

for r =a(l —cos) take 6=02m,...,
for r=a(l + cosf) take 0=um3m,...,

Figure 10.3.12

The reason that the origin does not appear when we solve the two equations simulta-
neously is that the curves do not pass through the origin “simultancously”; that is, they
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do not pass through the origin for the same values of 6. Think of each of the equations

r =a(l —cosf) and r = a(l+cosé)

as giving the position of an object at time 6. At the points we found by solving the
two equations simultancously, the objects collide. (They both arrive there at the same
time.) At the origin the situation is different. Both objects pass through the origin,
but o collision takes place because the objects pass through the origin at different
times. O

Remark Problems of incidence [does the point P lie on the curve 7 = p(6)7] and
problems of intersection [where do the polar curves r = p1(8) and r = p2(6) inter-
sect?] can usually be analyzed by sketching the curves. However, there are situations
where such problems can be handled more readily by first changing to rectangular

coordinates (x, y). O

EXERCISES 10.3

Exercises 1-32. Sketch the polar curve.

1.6=—4m.
3.r=4
5.r=—2sinf.
7.rescd =3. 8.7 =1-cosd.
9.r=6, —im<6<m 10.rsecd=-2
1L 7 =sin36. 12. % = cos 26.
14, r = cos26.
16. 7 =siné.
17.7% = 9r.
18.=—4 l=r<2
19.r = —1 +sinf.
0<6<im
2.7 =cos50, 005y
U.r=e" -m=<6=7.
25.7 =2+siné. 26. r = cotf.
27.7 = tand. 28.r =2 cosf.

29.r =24 sech. 30.7r =3 —csc.
31.r=—1+2c0s8. 32.r = 1+2sind.
Exercises 33-36. Determine whether the point lies on the curve.

B.orlcosh=1; [Lal  34.r2=cos26; [l,z7)

s =sinlo; [Lir] 36,7 =sind6; (1 —inl

7. Show that the point [2, ] Ties both on r* = 4cos and on
=3+ cosb.

38. Show that the point [2, %r[] lies both on +2 sin6 = 4 and on
r =2c0826.

Exercises 39-46. Sketch the curves and find the points at which

they intersect. Express your answers in rectangular coordinates.

39.r =sinf, r=—cost.
40.72 =sinf, r=2—sinb.
4l.r=cos’8, r=-1

42.r =2sin, r=2cosf.
43.7 =1 —cosd, r=cosé.
44.r=1—cosh, r=sinb.
45.7 =sin20, r=sind.

46.r =1—cosf, r=1-+sind.

[ 47. () Use a graphing utility to drayw the curves
F=1+cos(®—4m) and r=1+cos (@ +4m).
Compare these curves to the curve r = 1+ cosf.
(b) More generally, compare the curve r = /(6 — )10 the
curve r = f(6). (Take o > 0.)
[ 48. (2) Use a graphing utility to draw the curves

r=1+sin0 and r*=4sin28

using the same polar axis.
(b) Use a CAS to find the points where the two curves in-
tersect.
J5> 49. Excrcise 48 for the curves

r=1l+cosd and  r=1+cosif.
[ 50. Exercise 48 for the curves
r=2 and r =2sin36.
J9>51. Exercise 48 for the curves
r=1-3cos¢ and r=2-5sing.

The clectrostatic charge distribution consisting of a
charge ¢ (¢ > 0) at the point [, 0] and a charge —¢ at
[r, 7] is called a dipole. The lines of force for the dipole
are given by the cquations

P52 ()

r=ksin’6.
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Use a graphing utility to draw the lines of force for [3-54. Usea graphing utility to draw the curver = %% — 2 cos 4.

k=123

(b) The equipotential lines (the sct of points with equal elec-
tric potential) for the dipole are given by the cquations

7 = mcosé

Usea graphing utility to draw the cquipotential lines for
m=123

(c) Draw the curves 7 = 25in?§ and r2 =2cos6 using
the same polar axis. Estimate the xy-coordinates of the
points where the two curves intersect.

J553. Use a graphing utility to draw the curves
r =1+ sinkd + cos® 246

for k = 1,2,3, 4, 5. Suggest a name for such curves,

Suggest a name for this curve.

[»55. The curves 7 = A coskf and 7 = Asinké are known as

petal curves. (See Figure 10.3.11.) Use a graphing utility
to draw the curves
r=2coskf and r=2sinkd

for k = 3 and & = . Form a conjecture about the shape of
these curves for numbers £ of the form (2m + 1)/2,

P> 56. Usc a graphing utility to draw the curves

r=2coskd and 7 =2sinkd

Make a conjecture about the shape of
m/3 (a) m even, not a multiple of 3;
(b) m odd, not a multiple of 3.

& PROJECT 1 Parabola, Ellipse, Hyperbola in Polar Coordinates

In Scetion 10.1 we defined a parabola in terms of a focus and a
dircotrix, but our definitions of the ellipse and hyperbola were
given in terms of two foci; there was nio mention of a directrix,
In this project we give a unified approach to the conic sections
that involves a focus and a directrix in all three cases.

Let F be a point of the plane and / a line which does not
pass through F. We call F the focus and [ the directrix. Let ¢ be a
positive number (the eccentricify) and consider the set of points
P that satisfy the condition

In the figure, we have superimposed a rectangular coordinate
system on a polar coordinate system. We have placed F at the
origin and taken / as the vertical line x = d,d > 0.

Problem 1. Show that the sct of points P that satisfy condition
(1 is given by the polar equation
ed
r=—2
1 +ecost

@

Problem 2. Verify the following statements.

a. If 0 < e < 1, equation (2) gives an ellipsc of eccentricity e
with right focus at the origin, major axis horizontal:

=

If e = 1, equation (2) gives a parabola with focus at the
origin and directrix x = d:

o

If ¢ > 1, cquation (2) gives a hyperbola of eccentricity e
with left focus at the origin, transverse axis horizontal:

=P _

with a =

Problem 3. Identify the curve and write the equation in rect-
angular coordinates.

8
e
44 3cost

[3
bor=——o
" T3 20050

6
Cr=a—
2+ 2cos0

Problem 4. Taking o and 8 as positive constants, relate the
curves

) o o o
" T Bsme’ 1—Bcost’
to the curve
o
" T3 Beost’

HINT: Example 4.
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M 10.4 AREA IN POLAR COORDINATES

0=4
Here we develop a way of calculating the area of a region with boundary given in polar

coordinates.
As a start, we suppose that o and § are two real numbers witha < f < & + 2r.
We take o as a function that is continuous on [e, 8] and keeps constant sign on that

| r=p6)
|
| =g interval. We want the area of the polar region I" generated by the curve
Fiir ~
| - r = p(6), a<6<p
I // . . . .
= Such a region is portrayed in Figure 10.4.1.
| In the figure p(#) remains nonnegative. If p(9) were negative, the region I would
g polar axis appear on the opposite side of the pole. In either case, the area of I' is given by the
Figure 10.4.1 formula
8
(10.4.1) A= / L[p())*d6.
o
=0, PROOF We consider the case where p(9) > 0. Wetake P = {6y, 65, .. ., #,} asapartition
| of [, B] and direct our attention to the region from 6;_; to §;. We set
R; = max value of p on [#;_1, 6;].

r; = min value of p on [6;_;, 6;] and

The part of [" that lies from 6;_; to 6; contains a circular sector of radius r; and central
angle A6; — 6;_ andis contained in a circular sector of radius R; with the same central
angle Ad;. (See Figure 10.4.2.) Its area 4; must therefore satisfy the inequality

1206, < 4 < JRIAG,.T
By adding up these inequalities from 7 = 1 to 1 = n, we can sce that the total area A

of T must satisfy the inequality

polar axis
Ly(P)=A<Un(P)

o~y
1
Figure 10.4.2 M
where f(0) = %[p(@)]z. Since £ is continuous and (1) holds for every partition P of

[, B], we can conclude that

b o
A:/ f(e)d@:/ L[p(@)Pdo. 11

Calculate the area enclosed by the cardioid

«sf  Example 1
(Figure 10.4.3)

—cos6,

r=

polar axis
SOLUTION The entire curve is traced out as 6 increases from 0 to 2. Note that

1 —cosé = 0 for all § in [0, 2]. Since 1 — cos @ keeps constant sign on [0, 2],

2 2
A:,/. %(170059)2119:%/ (1 — 2cos 6 + cos? 8) db
0 0

2
7;/ (3 —2cos8 + 5 c0s 26) df.

0
T paitangle formula: cos?

Figure 10.4.3

1+ Scos20

I The symbol p is the lower case Greek letter “rho.”
11 The area of a circular sector of radius r and contral angle o is }r2ar.
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Since

21 2
=0 and f cos20df = 3sin26| =0,
0 0

2

2
/ cos# df = sind

o

o
we have

21 5 2
3 s
2ﬁ ida:;/O dg=3r. Q

A slightly more complicated type of region is pictured in Figure 10.4.4. We approach
the problem of calculating the area of the region €2 in the same way that we calculated
the arca between two curves in Section 5.5; that is, we calculate the area outtor = p(6)
and subtract from it the area out to » = p;(6). This gives

B B
area of Q :/ Hoa(O)Pd0 »/ L @))d8,

which can be written

B
104.2) arca of 2 = / L OF = [m©@))de.

To find the area between two polar curves, we first determine the curves that serve
as outer and inner boundarics of the region and the intervals of 6 values over which
these boundarics are traced out. Since the polar coordinates of a point are not unique,
extra care must be used to determine these intervals of 6 values.

Example 2  Find the area of the region that lics within the circle r = 2 cos 6 but is
outside the circle r = 1.

SOLUTION The region is shown in Figure 10.4.5. Our first step is to find the values
of 6 for the two points where the circles intersect:
2eosO=1, coso=1  o=imim

Since the region is symmetric about the polar axis, the area below the polar axis equals
the area above the polar axis. Thus

73
A:Z// 1([2c0s 61 — [11%) 6.
0

Carry out the integration and you will see that 4 = %z + %ﬁ =191. Q

Example 3  Find the area 4 of the region between the inner and outer loops of the
limagon

r=1-—2cosé (Figure 10.4.6)

SOLUTION Wefindthat » = 0 at 8 = x/3 andat 6 = 5m/3. The outer loop is traced
out as @ increases from /3 to § = 57/3. Thus

5n/3
area within outer loop = 4y = / 41 — 2cos6]> d6.
Japs

/3

polar axis

Figure 10.4.4

Figure 10.4.6
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The lower half of the inner loop is traced out as § increases from 0 to /3 and the upper
half as 8 increases from Sm/3 to 2. (Verify this.) Therefore

/3 2n
area within inner loop = A = f 11— 2cos6T°d6 +/ 11— 2c0s6T d6.
o 3

Sxf
Note that
/ 11— 2cos01%d0 = / 111 — 4c0s6 + 4 cos? 0] do
= %/[1 —4cosf + 2(1 + cos20)] d6
= %/[3 —4cos6 +2cos20]do
= 1[36 — 4sin0 +sin20] + C.
Therefore
5m/3
A= %{39 —4sinf + sinze] =2+ 33,
/3
/3 2
Ay = %[39 —4sinf + sinZS] + %{39 —4sind + SmZH]
0 53

In—33+ir—3V3=7-3V3,
and
A= =2+ 3V3- (r—3/3) =7 +3V3=834 O

Remark We could have done Example 3 more efficiently by exploiting the symmetry
of the region. The region is symmetric about the x-axis. Therefore

T /3
A:zf %[I—ZCOSG]sz—Z/ 11 -2cos6Pdo.
/3 [

Example 4 The region 2 common to the circle » = 2sin® and the limagon 7 =
3 — sin6 is indicated in Figure 10.4.7. The 6-coordinates from 0 to 27 of the points of
intersection can be found by solving the two equations simultaneously:

2sinf =3 —sin,  sinf= G=im, 5%

Therefore the area of 2 can be represented as follows:

/6 S 6 T

areaof @ = / 12sin6Pds +/ 113 - sin6]do + / 3[2sin 61 d6;
0 /6

/6 s,

or, by the symmetry of the region,

o6 /2 3
arca of Q = 2/ 112sin6)d6 + 2[ 1[3 —sing] ap.
0

/6

Figure 10.4.7

As you can verify, the area of @ is 3 — £+/3 = 0.68. 2
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Exercises 1-6. Calculate the area enclosed by the curve. Take
a>0.

Lr=acosd

7.

from6 = —imtod =
2.7 =acos30

3.r =avleos 20
4.7 = a(l + cos 36)

5.2 = a?sin?6.

from § =

from 6 =

from# = —iwtod = Lr.
6. 7% = a*sin’20,

Exercises 7-16. Find the area between the curves.

6=0,

7.r=tan20  and the rays 0=

8.7 =cosd,

r=siné, andtherays6 =0, @
0=1lxn

10.7 =1+cosé, r=cosd, and the rays 6=0,
=3

9.7 =2c0s0, r=cosh, andtheraysd =0,

117 = a(4cost —sccf) andtheraysd =0, 6= L.

12.7 = Jsec? 16 and the vertical line through the origin.

Bor=¢®, 0<6<m r=6, 0<O<x the rays
6=0, 0=am.

Wr=e, 2t<0<3m r=0, 0<0<n therays
=0, &=

0<f<m r=e? 0<0=<m; therays
6 =3m.

0<@=<m; »r 0

e,

27 <0 < 3m; therays

Exercises 17-28, Represent the area by one or more integrals.
17. Outside r = 2, but inside # = 4sin .

18. Qutside » = | — cos 6, but inside » = 1 + cos .

19. Inside r = 4, but to the right of 7 = 2secf.

20. Inside r = 2, but outside » = 4 cos 4.

21. Inside r
22. Inside the inner loop of » = 1 — 2sing.

4, but between the lines ¢ = j and 7 = 2sec.

23. Inside one petal of r = 25in 30,
24. Outside r = 1 + cos 4, but inside 7 = 2 — cos 8.
25. Interior to both r = 1 — sing and » = sind.

26. Tnside one petal of r = 5 cos 6.
27. Outside = cos 26, but inside r =

28. Interior to both » = 24 cosf and r = 2asin6, a > 0.

29. Find the area within the three circles: » = 1,7 = 2 cos 9,
r=2sing.

30. Find the area outside the circle » = a but inside the lemnis-
cate 12 = 2a’ cos 20.

31. Fix ¢ = 0 and let 7 range over the set of positive integers.
Show that the petal curves = ¢ cos 216 and » = a sin 276
all enclose exactly the same area. What is this ar

32.Fix a > 0 and let n range over the set of positive inte-
gers. Show that the petal curves » = a cos([2n + 1]6) and
r = asin([2n + 1]6) all enclose exactly the same area. What
is this arca?

Centroids in Polar Coordinates
The accompanying figure shows a region 22 bounded by a po-
lar curve r = p(f) from 6 = o 0 = f with @ < p < a +
27. We take p(6) as nonncgative. A partition of [e;, 8. (o =
00,616, ....6, = B), breaks up % into n subregions with ar-
eas 4; and centroids (%7, 77). As explained in Section 6-4, if @
has centroid and area 4, then

XA =XA) + Ty + - + T4,
yA4

A+ Tods 4 T A

Approximate (%7, 77) by the centroid (x;, ) of the triangle
shown in the figure and approximate 4; by the area of the cir-
cular sector of radius p(x7) from 6 = 6;_; to & = 6;. (Recall
that the centroid of a triangle lies on cach median, two-thirds of
the distance from the vertex to the opposite side. Exercise 34,
Section 6.4.)

33. Go on to show that the rectangular coordinates ¥, 7 of the
centroid of 2 are given by the equations

8
TA= %/ p(6) cos 86,
(104.3) ‘
Ll
4= g/ P (8)sinods

where A is the area of Q.

34. In Section 6.4 we showed that the quarter-disk of Figure
6.4.4 has centroid (dr/37, 4r/3). Obtain this result from
(10.4.3).

35. Find the rectangular coordinates of the centroid of the region
enclosed by the cardioid » = 1 + cos 6.
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36. Find the rectangular coordinates of the centroid of the region (a) Show that in polar coordinates the equation can be written
enclosed by the cardioid r = 2 + sinf.
[ Exercises 37-38. Use a graphing utility to draw the polar curve. ri=aitos 20 e
Then use a CAS to find the area of the region it encloses. (b) Draw the curve for a = 1, 2, 4. Use a graphing utility.
37.r =2+ cosf. 38.7 = 2cos36. (¢) Setting & = 2, find the area inside the loop.
[ Exercises 39-40. Use a graphing utility to draw the polar curve. |9 42. The curve
Then use a CAS to find the area inside the first curve but outside s e
the second curve. 4y =ax’y, a>0
39.r=4cos30, -
40,7 =2 cos 0,

P> 41. The curve

is called a bifolium.
—cosé. (a) Show that in polar coordinates the equation can be written

r =asiné cos’§.

yZ:xz(a ‘).a>0 o
a+x (b) Draw the curve fora = 1,2, 4. Use a graphing utility

is called a strophoid. (c) Setting a = 2, find the area inside one of the loops.

M 10.5 CURVES GIVEN PARAMETRICALLY

So far we have specified curves by equations in r orby
in polar coordinates. Here we introduce a more general method. We begin with a pair
of functions x = x(¢), y = p(¢) differentiable on the interior of an interval /. At the
endpoints of I (if any) we require only one-sided continuity.

For each number ¢ in 7 we can interpret (x(¢), y(¢)) as the point with x-coordinate
x(#) and y-coordinate y(¢). Then, as ¢ ranges over I, the point (x(¢), y(?)) traces out a
path in the xy-plane. (Figure 10.5.1.) We call such a path a parametrized curve and refer

= to ¢ as the parameter.

Example 1  Identify the curve parametrized by the functions

(el (e

Figure 10.5.1

@) =t+1, y)=2t-5 t € (—o0, 00).

SOLUTION We can express y(f) in terms of x(¢):
() = 2[x(t) — 1] - 5 = 2x(6) = 7.

The functions parametrize the line y = 2x — 7: as ¢ ranges over the set of real numbers,
the point (x(¢), y(¢)) traces out the line y = 2x — 7.

Example 2 Identify the curve parametrized by the functions
=2, yH=r t €[0,00).

SOLUTION  For each ¢ € [0, 00), both x(z) and y(¢) are nonnegative. Therefore the
curve lies in the first quadrant.
From the first equation we have ¢ = %x(t} and therefore

() = §lx@P.
The functions parametrize the right half of the parabola y = %xzz as f ranges over

Figure 10.5.2 the interval [0, co), the point (x(t), ¥(1)) traces out the parabolic arc y = %xz, x>0
(Figure 10.5.2)) 4

Example 3 Identify the curve parametrized by the functions

x(f) = sin’ ¢, y(t) =cost tel0,m].
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SOLUTION  Since x(t) = 0, the curve lies in the right half-plane. Since
x(t)=sin’t =1 —cos’r = 1 - ()],

the points (x(¢), y(¢)) all lie on the parabola

(Figure 10.5.3)

©,1;:=0

. .

x=1-y2 i) =sin?s, yh=coss  (el0,
Figure 10.5.3
Ati=0,x=0andy = l;at¢ =7, x = 0and y = —1. As ¢ ranges from 0 to ,
the point (x(z), (1)) traverses the parabolic arc
x=1-y% -l1=<y=<1
from the point (0, 1) to the point (0, —1). L

Remark  Changing the domain in Example 3 to all real ¢ does rot give us any more
of the parabola. For any given ¢ we still have

0=<x(t)<1 and —l=y®H =<l

As t ranges over the set of real numbers, the point (x(¢), y(r)) traces out that same
parabolic arc back and forth an infinite number of times.

Straight Lines  Given that (xo, yo) # (x1, y1), the functions

(08.1) [ x(1) =xo+t(x1—x0),  p(t) = yo+1(» — y0) £ & (=00, 00)

parametrize the line that passes through the points (x, yo) and (i, p1).

PROOF If x| = x;, then we have
x(#) = xo, 2(1) = yo+t0n = yo)-

As ¢ ranges over the set of real numbers, x(r) remains constantly xo and y(¢) ranges
over the set of real numbers. The functions parametrize the vertical line x = xg.
If x; # xo, then we can solve the first equation for 7.

_x(0—x
Toxi—xg

t
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Substituting this into the second equation, we find that

O -y=2

20y xol.
X —Xo

The functions parametrize the line with equation
— X
DRG0,
—x

This is the line that passes through the points (xo, o) and (x1, y1). 3

Ellipses and Circles Takea, b > 0. The functions x(1) = a cos ¢, y(¢) = bsint satisfy
the identity

P | DOP
=
aZ + b}l
As ¢ ranges over any interval of length 27, the point (x(2), y(¢)) traces out the ellipse
XZ 2
Sk
a b2

Usually we et ¢ range from 0 to 27 and parametrize the ellipse by setting

=1

(10.5.2)

x(#) = acost, y(1) = bsint te [O,Zn]w

If b = a, we have a circle. We can parametrize the circle
4yt =a®

by setting

(10.5.3) ’j()‘) =acost, y(t) = asint t€[0,27].

Hyperbolas Take a, b > 0. The functions x(f) = a cosh?, y(t) = bsinht satisty the
identity
EOP _DOP _
T T
Since x() = a cosh > 0 for all ¢, as £ ranges over the set of real numbers, the point
(x(1), y(¢)) traces out the right branch of the hyperbola

1.

(Figure 10.5.4)

Figure 10.5.4
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Two observations.

(1) Usually we think of ¢ as representing time. Then (x(¢), y(¢)) gives position at
time . As time progresses, (x(), (z)) traces out a path in the xy-plane. Differ-
ent parametrizations of the same path give different ways of traversing that path.
(Examples 4 and 5.)

(2) On occasion we’ll find it uscful to parametrize the graph of a function y = f(x)
defined on an interval /. We can do this by setting

x()=t, »(1) = 1) tel,
As ¢ ranges over /, the point (¢, f(t)) traces out the graph of f.
Example 4 The line that passes through the points (1, 2) and (3, 6) has equation
y = 2x. The line segment that joins these points is the graph of the function
y=2x, 1l=<x=<3.

‘We will parametrize this line segment in different ways using the parameter £ to indicate
time measured in seconds.
‘We begin by setting

x®)=t,  yy=2 1el1,3]

Attime ¢ = 1, the particle is at the point (1, 2). It traverses the line segment and arrives
at the point (3, 6) at time 1 = 3.
Now we set

x(B=t+1, =242 t€[0,2].

Attime 7 = 0, the particle is at the point (1, 2). It traverses the line segment and arrives
at the point (3, 6) at time ¢ = 2.
The equations

X =3—1t,  yO=6-2 tefo,2]

represent a traversal of that same line segment but in the opposite direction. At time
t = 0, the particle is at the point (3, 6). It arrives at (1, 2) at time ¢ = 2.
Set

x(t) =34z, y(t)=6—8¢ ref0,4].

Now the particle traverses the same line segment in only half a second. At time ¢ = 0,
the particle is at the point (3, 6). It arrives at (1, 2) at time 7 = %
Finally we set

x(1) =2 —cost, y(@) =4 —2cost t € [0, 4n).

In this instance the particle begins and ends its motion at the point (1, 2), having
traced and retraced the line segment twice during a span of 47 seconds. (See Figure
1055) Q

Remark If the path of an object is given in terms of a time parameter £ and we
climinate the parameter to obtain an cquation in x and y, it may be that we obtain a
clearer view of the path, but we do so at considerable expense. The equation in x and y
does not tell us where the particle is at any time #. The parametric equations do.

Figure 10.5.5

m 499
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Figure 10.5.6

2 2
x 2
Example 5 We return to the ellipse — + 27 = 1 and again use the parameter ¢ to
a
measure time measured in seconds.
A particle with position given by the equations
x(t) = acost, y(t) = bsint t €[0,27]
traverses the ellipse in a counterclockwise manner. It begins at the point (a, 0) and
makes a full circuit in 277 seconds. If the equations of motion are
x(t) = acos2mt, y(t) = —bsin2mt te[0,1],

the particle still travels the same ellipse, but in a different manner. Once again it starts
at (a, 0), but this time it moves clockwise and makes a full circuit in only 1 second. If
the equations of motion are

x(t) = asindmt, y(t) = —bcos4dmt t €0, 00],
the motion begins at (0, 5) and goes on in perpetuity. The motion is clockwise, a
complete circuit taking place every half second. O

Intersections and Collisions

Example 6 Two particles start at the same instant, the first along the linear path

xty=%-5%, ) =4t—5 t>0

and the second along the elliptical path

xp(f) = 2sin 3mt, ya(t) = =3 cos it t>0.

(a) At what points, if any, do the paths intersect?
(b) At what points, if any, do the particles collide?

SOLUTION To see where the paths intersect, we find equations for them in x and y.
The linear path can be written

x+2p-6=0, x<
and the elliptical path

Solving the two equations simultaneously, we get

x=2, y=0 and x=0, y=3.

This means that the paths intersect at the points (2, 0) and (0, 3). This answers part (a).
Now for part (b). The first particle passes through the point (2, 0) only when
16 8
xl(z):?—gt:Z and () =4-5=0.
As you can check, this happens only when 1 = % When t = %, the second particle is
elsewhere. Hence no collision takes place at (2, 0) There is, however, a collision at (0,3)
because both particles get there at exactly the same time, £ = 2:

x1(2) = 0 = x2(2), 712) =3 = »Q). (See Figure 10.5.6) 0
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Exercises 1-12. Express the curve by an equation in x and y.

Lx()=1, y@)=2+1.
2x()=3—1, yH=5-2
x()=1% yy=4+1.

4ox(t)y=2t—1, y@t)=8t
5. x(r) = 2cost,

6. x(¢) = sec?1,

5.
y(t) =3sinz.
y(®) =2 +tans.

7. x(t) =tant, y(f) = sect.
8.x(f)=2—sins, y(t) = cost.

9. x(f) =sinz,  y(t) =1+ cos’t.
10.x(t) =€, yp(t)=4—e.
1L x(t) = 4sint,  y(r) =3+ 2sint.
12. x(¢) = csct,  p(f) = cott.

Exercises 13-21. Express the curve by an equation in x and y;
then sketch the curve.

Box)y=e", y)=e*—1 t=<0.

14. x(r) = 3 cost,
15. x(t) = sint,
16. x(r) = 1/1,

y)=2—cost 0<t<m.

Y1) = csct O<t=<y

Yy =1/t 0<t<3.

17.x() =342, y(t)=5-4 —1<r<2.
18 x()=sect, pt)=tant 0<t<lnm

9. x(t)=sinmt, yt)=2t 0<t<4.

20. x(z) = 2sint, y(f) = cost

21. x(t) = cott,

22. (fmportant) Parametrize the polar curve r = p(d),
0 efo. Bl

yy=csct im<r<lm

23. A particle with position given by the equations

x(f) =sin2xt, y() =cos2mt te[0,1]

starts at the point (0, 1) and traverses the unit circle
x?+y? =1 once in a clockwise manner. Write equations
in the form

x) = 1@,

50 that the particle

(2) begins at (0, 1) and traverses the circle once in a coun-
terclockwise manner;

(b) begins at (0, 1) and traverses the circle twice in a clock-
wise manner;

() traverses the quarter circle from (1, 0) to (0, 1);

(d) traverses the three-quarter circle from (1, 0) to (0, 1).

24, A particle with position given by the equations

yOy=glt) te[0.1]

y() = 4sin 27t te[0,1].

X() = 3cos2mt,

starts at the point (3,0) and traverses the ellipse
16x2 + 9y = 144 once in a counterclockwise manner.
Write equations of the form

=0, yO=g0) 1ep1],

so that the particle

(a) begins at (3, 0) and traverses the ellipse once in a clock-
wise manner;

(b) begins at (0, 4) and traverses the ellipse once in a clock-
wise manner;

() begins at (3, 0) and traverses the ellipse twice in a
counterclockwise manner;

(d) traverses the upper half of the ellipse from (3, 0) to
(0,3).

25. Find a parametrization

x=x(1), y=y@ 1e(-1,1),

for the horizontal line y = 2.
26. Find a parametrization

X)) =sinf(), yO)=cosf(r) te(,1),

which traces out the unit circle infinitely often.
Exercises 27-32. Find a parametrization

x=x@), y=y» rel0,1]

for the given curve.
27. The line segment from (3, 7) to (8, 5).
28. The line segment from (2, 6) to (6, 3).
29. The parabolic arc x = 1 — 2 from (0, —1) to (0,1).
30. The parabolic arc x = »2 from (4, 2) to (0, 0).
31. The curve y* = x from (4, 8) to (1, 1).
32. The curve y* = x? from (1, 1) to (8, 4).

(Tmportant) For Exerciscs 33-36 assume that the curve

Cix=x(), y=y0 teled,

is the graph of a nonnegative function y = f(x) over an
interval [a, b]. Assume that x’(r) and y(r) are continuous,
x(c) = a and x(d) = b.

33. (The area under a parameirized curve) Show that

d
(10.54) | the arca below C /y(t)x'(r)dt.

HINT: Since C is the graph of /, y(r) = f(x(2)).
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34. (The centroid of a region under a paramelrized curve). Show
that, if the region under C has area 4 and centroid (%, ),
then

d
x4 =/ x(t) y(6) x'(¢) dt,
(10.5.5) 4

¥4 =[O AOP @) dr.

35. (The volume of the solid generated by revolving about a co-
ordinate axis the region under a parametrized curve) Show
that

d
Ve f T (OFPx' () dt,

(10.5.6) d
/ 2rx(®)y(t) x'(¢) dt.

L provided x(e) 2 0

w
&

. (The centroid of the solid generated by revolving about a co-
ordinate axis the region under a parametrized curve) Show
that

a
XV, = / TP (1) dt

(105.7) a
¥V, = / Tx(O(OPx' (1) dr.

L provided x(c) = 0

37. Sketch the curve

x(t)y=at, y@1)=a(l—cost) t€[0,2n]
and find the area below it. Take a > 0.

38. Determine the centroid of the region under the curve of
Exercise 37.

39. Find the volume generated by revolving the region of
Exercise 38 about: (a) the x-axis; (b) the y-axis.

d the centroid of the solid generated by revolving the
region of Exercise 38 about: (a) the x-axis; (b) the y-axis.

41. Give a parametrization for the upper half of the ellipse
B3x? + a?y? = a®b? that satisfies the assumptions made for
Exercises 33-36.

42. Use the parametrization you chose for Exercise 41 to find (a)
the area of the region enclosed by the ellipse; (b) the centroid
of the upper half of that region.

43, Two particles start at the same instant, the first along the ray
x@)=2t4+6, »)=5-4 t=0

and the second along the circular path
x(fy=3—5cosmt, y(t)=1-+35sinmz >0

(a) At what points, if any, do these paths intersect?
(b) At what points, if any, do the particles collide?

44. Two particles start at the same instan, the first along the
elliptical path

x1(f)=2—3coswt, p()=3+7sinnt t=>0.
and the second along the parabolic path
() =3t+2 ypO=-LC+ 1P+ >0

(a) At what points, if any, do these paths intersect?

(b) At what points, if any, do the particles collide?
We can determine the points where a parametrized curve
C: x=x(), y=y(¢) tel

intersects itself by finding the numbers 7 and s in 7(» # 5) for
which

x() =x(s) and y(r) = yis).

Use this method to find the point(s) of self-intersection of cach
of the following curves.

. x(@) =122, y0)=0£=3+2t treal
46. x(t) = cos#(1 —2sin¢),  y(t) = sinz (1l —2sinf)
tef0. ]

47. x(t) = sin2mt, y() =21 tef0,4].

a8 x()=2 -4, yO)=£-3>+2t  rreal
Exercises 49-52. A particle moves along the curve described
by the parametric equations x = f(#), y = g(t). Use a graphing
utility to draw the path of the particle and describe the motion
of the particle as it moves along the curve.

49.
50.x
51.x

2%, y=4-27
3(2-3), y
cos(t? + t),

0<t<6.
-3t -3< 3
y=sin(+1) 0=tr=<2l

52, x =cos(ln?), y =sin(In¢) 1=t=e™.
53. Use a graphing utility to draw the curve
x(0) = cos@(a — bsind), W(B) =siné (¢ — bsind)

from 6 = 0 to & = 2 given that

(©a=2b=1
(d) In general, what can you say about the curve if @ < b?
a> b

(¢) Express the curve in the form r = p(8).
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B PROJECT 10.5 Parabolic Trajectories

In the carly part of the seventeenth century Galileo Galilei ob-
served the motion of stones projected from the tower of Pisa and
concluded that their trajectory was parabolic. Using calculus,
together with some simplifying assumptions, we obtain results
that agree with Galileo’s observations.

Considera projectile firedat an angle 8, 0 < 8 < /2, from
apoint (xp, yp) with initial velocity v. (Figure A.) The horizon-
tal component of vy is vy cos @, and the vertical component is
vosiné. (Figure B.) Let x = x(¢), y = y(¢) be parametric equa-
tions for the path of the projectile.

Ground level

Figure A

vy
vosin @
vo c0s6
Figure B

We neglect air resistance and the curvature of the earth.
Under these circumstances there is no horizontal acceleration
and

Xy =0.

The only vertical acceleration is due to gravity; therefore
V) =-g

Problem 1. Show that the path of the projectile (the trajectory)
is given parametrically by the functions

x(0) = (wocos )t +xo,  p(1) = —1gr® + (vosinO)r + y.
Problem 2. Show that in rectangular coordinates the equation
of the trajectory can be written

y= = 50?6 (x — x0)? +tanb(x — x0) + 30
20

Problem 3. Measure distances in feet, time in scconds, and
set g = 32t/ soc?. Take (xo, yp) as the origin and the x-axis as
ground level. Consider a projectile fired at an angle 6 with initial
veloeity vp.

a. Give parametric equations for the trajectory; give an equa-
tion in x and y for the trajectory.

b. Find the range of the projectile, which in this case is the

x-coordinate of the point of impact.

How many seconds after firing does the impact take place?

Choose ¢ 5o as to maximize the range.

L S

Choose ¢ so that the projectile lands at x = b.

Problem 4.

a. Use a graphing utility to draw the path of the projectile fired
atan angle of 30° with initial velocity vo = 1500 fi/sec. De-
termine the range of the projectile and the height reached.

b. Keeping vy = 1500 ft/sec, experiment with several values
of 6. Confirm that ¢ = /4 maximizes the range. What an-
gle maximizes the height reached?

M 10.6 TANGENTS TO CURVES GIVEN PARAMETRICALLY

Let C be a curve parametrized by the functions

x=x(t), y=y0)

defined on some interval 7. We will assume that 1 is an open interval and the parametriz-

ing functions are differentiable.

Since a parametrized curve can intersect itself, at a point of C there can be

(i) one tangent,  (ii) two or more tangents,

or (iii) no tangent at all. (Figurc 10.6.1)

To make sure that there is at least one tangent line at each point of C, we will make the

additional assumption that

(10.6.1)

K'OF + ()] #0.
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AN
/ 7 X

one tangent two tangents no tangent

Figure 10.6.1

This is equivalent to assuming that x'(z) and y'(z) are never simultancously zero. Without
this assumption almost anything can happen. See Exercises 31-35.
Now choose a point (xg, yo) on the curve C and a time £ at which

x(to) =xp  and  y(i0) = yo-

We want the slope m of the curve as it passes through the point (xo, o) at time #?.
To find this slope, we assume that x'(fy) 0. With x(f) # 0, we can be sure that, for
h sufficiently small but different from zero,

x(to + k) — x(t6) # 0. (explain)
For such 4 we can form the quotient

x(to + 1) —x(to)

secant line

(xltg + b), ylag +4))
g
_—tangent line

(i), yit))
Figure 10.6.2

This quotient is the slope of the secant line pictured in Figure 10.6.2. The limit of this
quotient as 4 tends to zero is the slope of the tangent line and thus the slope of the
curve. Since
Yo+ h) = ylo) _ (/W +1) —yw)] | y'()
x(to+h)—x(t)  (/Mx+h)—x(K)]  x'()

ash — 0,

1 1t could pass through the point (xp, vo) at other times also.
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you can see that

_ Y

10.6.2; = B
( ) m perony

As an equation of the tangent line, we can write
Y'(to)
y = ylt) = W[X —x(t)]. (point-slope form)
Multiplication by x'(fp) gives
Y (@)lx = x(t0)] — ¥ ()ly — »()] =0

and thus

(10.6.3) \:/(fo)[x = xp] = x'(to)[y — yo] = 0.

‘We derived this equation under the assumption that x () # 0.1fx'(z) = 0,(10.6.3)
still makes sense. It is simply 3'(fo)[x — xo] = 0, which, since y'(#) # 0, can be
simplified to read

(10.6.4)

In this case the tangent line is vertical.

Example 1 Find an equation for each tangent to the curve
x(0) =1, y(B)=1—1¢ t € (=00, 00)
at the point (8, —1).

SOLUTION ~ Since the curve passes through the point (8, —1) only when ¢ = 2, there
can be only one tangent line at that point. Differentiating x(¢) and y(), we have

x(1) = 382, Y =-1
and therefore
Y@=12, yQ@=-1
The tangent line has equation
(—Dx — 8] =12y = (=1)] = 0. [by (10.6.3)]

This reduces to
¥+ 12y+4=0. 0
Example 2 Find the points on the curve
x(f) =3 —4sin¢, y(t) =4+ 3cost t € (=00, 00)

at which there is (i) a horizontal tangent, (ii) a vertical tangent.

1 We are assuming that x'(r) and y'(¢) are not simultaneously zero.
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(3,7)

(71,4] 7,4

Figure 10.6.3

Figure 10.6.4

SOLUTION  Since the derivatives
x'(f)= —4cost  and V(1) = —3sin¢
are never simultaneously zero, the curve does have at least one tangent line at each of
its points.
To find the points at which there is a horizontal tangent, we set y'(r) = 0. This
gives t = nw,n =0, +1,+2, ... Horizontal tangents occur at all points of the form
(x(nm), y(nm)). Since

7, neven
x(nm)=3—4sinnr =3 and y(nﬂ):4+3cosn7r:{1' - ol

horizontal tangents occur only at (3,7) and (3,1).

To find the points at which there is a vertical tangent, we set x'(¢) = 0. This gives
t=4m+nmw,n=0,%1,42, - Vertical tangents occur at all points of the form
(e(3 + n7), y(br +nr)). Since
—1, n even

x(%n+nn):3—4sin(%n+nn):[ 7 wodd

and

y (37 +nm) =4+ 3cos (3 + 7w

vertical tangents occur only at (—1,4) and (7,4). O

Remark  The results obtained in Example 2 become obvious once you recognize the
parametrized curve as the ellipse

G- =9

1.
16 9

The cllipse is sketched in Figure 10.6.3 1
Example 3  The curve parametrized by the functions

o i
x() = I @) = =t t € (—00,00)

_—
T+ T+
is called a strophoid. The curve is shown in Figure 10.6.4. Find equations for the lines
tangent to the curve at the origin. Then find the points at which there is a horizontal
tangent.

SOLUTION  The curve passes through the origin when# = —1 and whent = . (Verify
this.) Differentiating x(¢) and y(¢), we have

)= U+ - =Heny -4
(1+722 (L +2P
, (L4231 =33 —t(1—H2r)  1—42—1*
Y= 1+2y RESE
At time ¢ = —1, the curve passes through the origin with slope
Y

(=) 1

Therefore, the tangent line has equation y = —x.
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At time ¢ = 1, the curve passes through the origin with slope
N
¥ -1
Therefore, the tangent line has equation y = x.
To find the points at which there is a horizontal tangent, we set '(¢) = 0. this gives
-4 -t =0
This equation is a quadratic in £2. By the quadratic formula,

, —4+J/16+4
z~:_+2—+—:72i«/§.

Since 12 > 0, we exclude the possibility that 12 = —2 — /5. We are left with 1> =
/3 — 2. This gives t = ++/+/5 — 2. Note that

x(iyﬁ)— L=(5-) _ ol

1+ (V5-2) 2

and

y(#/45-2) - (i\/ﬁ) = (+/v5-2) Bleson

There is a horizontal tangent line at the points (0.62, £0.30). (The coordinates are
approximations.)

We can apply thesc ideas to a curve given in polar coordinates by an equation of

the form r = p(8). The coordinate transformations
x =rcosf, y =rsind
enable us to parametrize such a curve by setting
x(0) = p(B)cosB,  y(6) = p(6)sinb.
Example 4 Take @ > 0. Find the slope of the spiral » = a6 at§ = %n. {The curve
is shown for & > 0 in Figure 10.6.5.)
SOLUTION We write
x(9) =rcost = ab cos b, y(6) =rsin® = afsinb.
Now we differentiate:
x'(0) = —ab sin6 +acosf, V'(6) = ab cosd +asinb.

Since

and Yy (37)=a I
Figure 10.6.5

the slope of the curve at § = 57 is

YT _ 2.
= Sl e
i R 0.64. O

Example 5  Find the points of the cardioid » = 1 — cos ¢ at which the tangent line
is vertical.
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Figure 10.6.6

EXERCISES 10.6

SOLUTION  Since the cosine function has period 277, we need only concern ourselves
with ¢ in [0, 27r). The curve can be parametrized by setting

x(8) = (1 —cos@)cosd,
Differentiating and simplifying, we find that
x'(0) = (2cost — 1)sinf,

y(©) = (1 — cos6)sinf.

¥'(0) = (1 — cosO)(1 + 2cosH).

The only numbers in the interval [0, 2;7) at which x is zero and )’ is not zero are
%31, T, %71 The tangent line is vertical at

[3.37]. 2.7
These points have rectangular coordinates (%, %«/E). (=2,0, (¢}, -1v3). 0

[3.37]. (Figure 10.6.6)

73

Exercises 1-8. Find an equation in x and y for the linc tangent
to the curve.

yy=0-1 att=1
ye)=t+5 at ¢ =2
3.x(ty=2t, y(t)=cosmt at 1 =0.
4x(y=2t-1, woy=r* atz=1

2

S.x() =2 yH=Q2-1} ati=
6.x(t)=1/t, yO)=1>+1 atr=1
7. x(e) = cos’s, (1) =sin’t at (=
8.x(t)= wWe)=3e"

Exercises 9-14. Find an equation in x and y for the line tangent
to the polar curve at the indicated value of 6.
9.r =4-2sinf #=0.

att=0.

10.7 =4cos26 6 =1

4
Mr=——
cosh
S 1
Zor=—> 6=1n
T cos0
Ly o ff—cost
Siné + cosd
siné + cosd
Br=—— §=1in
" Sind — cosd B

Exercises 15-18. Parametrize the curve by a pair of differen-
tiable functions

x =x(0), y=y) with KOF +OF #0.
Sketch the curve and determine the tangent line at the origin
from the parametrization that you selected.

15. y = x 16. x =
175 = 18.y°

Exercises 19-26. Find the points (x, y) at which the curve has:

(a) a horizontal tangent; (b) a vertical tangent. Then sketch the
curve.

19.x(t)=3t—13, p)=t+1
20.x(6) =12 -2, p(t)=1+121.

21 x(f) =3 —4sint, y(t) =4+3cost.
22.x(f) =sin2t,  y(t) =sint.
B.x()=12—2t, ypt)=1 3242
24.x(t) =2 — 5cost, y(f) =3 +sinz.
25. x(¢) =cost, y(r) =sin2t.

26. x(t) =3 +2sinz,  y(t) =2+ 5sinz.
27. Find the tangent(s) to the curve

x(t) = —t +2co0s I, y() =" — 4
at the point (2, 0).
28. Find the tangent(s) to the curve
x()=1 -1, y()=tsinint
at the point (0, 1).

29, Let P[r1,61] be a point on a polar curve r = f(9) as in
the figure. Show that if f'(8;) = 0 but f(6;) # 0, then the
tangent line at P is perpendicular to the linc segment OP.

polar axis
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30.1f 0 < a < 1, the polar curve » =g —cosé is a limagon 37.x(f) = cost, y(f) =sinz at ¢ =1lm.
with an inner loop. Choose « so that the curve will intersect 3 _ _
itself at the pole in a right angle. SEEQ=E ¥ Sk A=l

Exercises 31-35. Verify that x'(0) = y/(0) = 0 and that the ¥ =¢ y=e S0

given description holds at the point where ¢ = 0. Sketch the 0.5 =sin’t, p()=cost  atr=lx

curve. J>41. Let x =2+secr, y=2—tans. Use a CAS to find
3Lx() =2, y=¢; cusp. Ly/dx?.

32.x(1)=1, y@&)=15 horizontal tangent. J»42. Use a CAS to find an equation in x and y for the line tangent

to the curve

33.x()=1¢, p(t)=1¢% vertical tangent.

M.x()=1 =1, y(t)=27% tangent with slope 2. x=si’t y=cos’t att=

35.x() =12 p(t)=r>+1; no tangent line.

36. Suppose that x = x(r), y = y() arc twice differentiable
functions that parametrize a curve. Take a point on the curve MY i :
at which x'(¢) # 0 and d?y/dx exists, Show that [ 43. Excrcise 42 forx = e, y=e'  att=In2.

J»>44. Use a CAS to find an equation inx and y for the line tangent

Then use a graphing utility to sketch a figure that shows the
curve and the tangent line.

e

) to the polar curve
d’y ()Y — Y (X" (¢
aoes | L2 XSO YOG P
& 0P L
2+sinf 2
Exercises 37-40. Calculate &%y /dx? at the indicated point with- Then use a graphing utility to sketch a figure that shows the
out eliminating the parameter £. curve and the tangent line.

M 10.7 ARC LENGTH AND SPEED

Figure 10.7.1 represents a curve C parametrized by a pair of functions
x=x(t), y=y() t € [a,b].

We will assume that the functions are continuously differentiable on [a, b] (have first

derivatives which are continuous on [a, 5]). We want to determine the length of C.
Here our experience in Chapter 5 can be used as a model. To decide what should

be meant by the area of a region 2, we approximated by the union of a finite number

of rectangles. To decide what should be meant by the length of C, we approximate C

by the union of a finite number of line segments. Figure 10.7.1
Each number 7 in [a, 4] gives rise to a point P = P(x(¢), y(¢)) that lies on C. By

choosing a finite number of points in [a, 5],

What is the length of this curve?

=h<h<- <l y<b<--<tpg<l,=h,
we obtain a finite number of points on C,
By Pryvesss Bt By Pisi o B
We join these points consecutively by line segments and call the resulting path,

y=BPU---UP_,BU---UP, P,

a polygonal path inscribed in C. (See Figure 10.7.2.)
The length of such a polygonal path is the sum of the distances between consecutive
vertices:

length of y = L(y) = d(Po, P) + -+ +d(Piot, P) + -+ d(pacy, Pu).
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a polygonal path inscribed in the curve C

Figure 10.7.2

The ith line segment P;_; P; has length

(P, P) =

[x() = x (6P + (&) = y(t-0)P

i \/[x(n)*x(t(q)r N {y(m = (1)
=t L=t

By the mean-value theorem, there exist points £+ and #*, both in the interval (1, %),

for which

x(t) — x(6-1)

i — i

=x'(fF and
) =

Letting Aty = #; — t;_;, we have

APy, Py =

Adding up these terms, we obtain

L) =P+ D EOP A+ 4 JIEHP + DENF A

As written, L(y) is not a Riemann sum: in general, £;* # #7*. It is nevertheless true (and
at the moment we ask you to take on faith) that, as max Az; — 0, L(y) approaches the

integral

b
| EOE P

Arc Length Formulas

By the argument just given, admittedly incomplete, we have obtained a way to calculate
arc length. The length of the path C traced out by a pair of continuously differentiable

functions

is given by the formula

x=x(), y=

/(1) t€la,b]

10.72.1)

b
10 = [ VEOFF DT

More insight into this formula is provided in Chapter 14.

2 =yt _
—_— =Y

P + D'EIP At
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Let’s use (10.7.1) to obtain the circumference of the unit circle. Parametrizing the
unit circle by setting
x(t) = cost, y(t) =sint t €[0,2x],
we have
x'(t) = —sint, ¥'(t) = cost

and thus
B 2
circumference = / Vsin £+ cos? t dt = / 1dt=2m.
0 o

Nothing surprising here. But suppose we parametrize the unit circle by setting
x(t) =cos2t, y(1) =sin2t t€[0,2m].
Then we have
xX'(f)y = —2sin2t, y'(¢)=2cos2t

and the arc length formula gives
o e . 2
L(C) :/ V4sin® 2t + dcos? 2t dr:/ 24t = 47,
0 0

This is not the circumference of the unit circle. What’s wrong here? There is nothing
wrong here. Formula (10.7.1) gives the length of the path traced out by the parametrizing
functions. The functions x(r) = cos 2¢, y(r) = sin 2¢ with ¢ € [0, 2] trace out the unit
circle not once, but twice. Hence the discrepancy.

When applying (10.7.1) to calculate the arc length of a curve given to us geomet-
rically, we must make sure that the functions that we use to parametrize the curve trace
out each arc of the curve only once.

Suppose now that C is the graph of a continuously differentiable function

y=f&), xelabl
We can parametrize C by setting
x()=t, O =f0 t € [a.b].
Since
x(t)=1 and YO = fO.
(10.7.1) gives
b
L(C) = / T+ ORdr.

Replacing ¢ by x, we can write:

b
€10.7.2) The length of the graph of f = / Y1+ [P dx.

A direct derivation of this formula is outlined in Exercise 52.

Example 1 The function f(x) = 1x* + 3x~! has derivative

2

£ =4
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In this case
T+ =14 (Gx* = L+ 47
The length of the graph from x = 1 tox =3 is

3 3
f 1+[f'(x)]2dx:f I
1 1

:/1 (322 +1x72) dx =

Y=ttt i+ = (‘xl+%x’z)2.

Example 2 The graph of the function f(x) = x? from x = 0tox = 1 isa parabolic
arc. The length of this arc is given by

s
/ T+ GPdr = / 1+4xdx,zf O+ dr
0
1
= [/@ e+ @ (x+ VP 2)]
Wy - 0
=B+ im(2+v5) 2148 0

Suppose now that C is the graph of a continuously differentiable polar function
r=p@®, a<6<p
We can parametrize C by setting
x(8) = p(6)cosd,  y(6) = p(8)siné 0 € [a, Bl
A straightforward calculation that we leave to you shows that
FOF +/OF = @F + O

The arc length formula then reads

B
1073 1) = [ JTOF+ O do.

Example 3 Forfixeda > 0, the equation » = a represents a circle of radius ¢. Here
p@)=a and 0'(©)=0.

The circle is traced out once as § ranges from 0 to 2. Therefore the length of the curve
(the circumference of the circle) is given by

Vi
f [p(a]u[p(eyde_f /mde-/ adf =2ma. 2

Example 4 We calculate the arc length of the cardioid r = a(1 — cos 8). We take
a > 0. To make sure that no arc of the curve is traced out more than once, we restrict
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6 to the interval [0, 2]. Here
p(0) = a(l — cos6) and  p'(6) = asind,
so that
[o@OF + [0’ O)F = a*(1 — 2cos6 + cos? 0) + a® sin® § = 2a%(1 — cos 6).
The identity %(1 — cos#) = sin* %9 gives
[P@F + [0’ @) = 4a” sin® 16.
The length of the cardioid is 8a:

2 m 2
/ VPO + [0/ ) do = / 2asin %H do = 4a[ —cos %9]0 =8z 0O
0 0

T i 26> 0foro e [0,21]

The Geometric Significance of dx/ds and dy/ds

Figure 10.7.3 shows the graph of a function y = f(x) which we assume to be contin-
uously differentiable. At the point (x, y) the tangent line has an inclination marked c, .
Note that o, € (=4, §x).

The length of the arc from a to x can be written

s(x) = / VI OP d.

Differentiation with respect to x gives s'(x) = /1 + [f'(x)]. (Theorem 5.3.5.) Using
the Leibniz notation, we have

ds (dr)z
=4

dx d.
Note that s is a one-to-one function of x with nonzero derivative (the derivative is at
least 1) and therefore has a differentiable inverse. By (7.1.9)

Figure 10.7.3

V1+tan?a, = sec .

L ooy > Oforay (=4m. im)

dx
- = —— = CO0S Uy.
ds  sec ay -
To find dy/ds, we note that
3 dy _dyds _dy N
an === —— = —35s¢eC .
R
T chain e

Multiplication by cos o, gives
& _
— = SIN0.
ds

For the record,

43 dy . : T
(10.2.4) Zo coso, and l =sina, where a, is the inclination of the
ds tangent line at the point (x, y).

ds
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(0, 4)

Figure 10.7.4

Speed Along a Plane Curve

So far we have talked about speed only in connection with straight-line motion. How
can we calculate the speed of an object that moves along a curve? Imagine an object
moving along some curved path. Suppose that (x(¢), y(1)) gives the position of the
object at time #. The distance traveled by the object from time zero to any later time ¢
is simply the length of the path up to time #.

.
s() =/; () + [ @) du.

The time rate of change of this distance is what we call the speed of the object. Denoting
the speed of the object at time # by v(z), we have

(10.7.5) (1) =5'() = V¥ OF + '@OF

Example 5 The position of a particle at time  is given by the parametric equations
x(t) =3cos2t, y(t) = 4sin2t t €[0,2n].
Find the speed of the particle at time ¢ and determine the times when the speed is a
maximum and when it is a minimum.
SOLUTION  The path of the particle is the ellipse
2 2

X e

9
The particle moves around the curve in the counterclockwise direction, the direction
indicated by the arrows. The speed of the particle at time ¢ is

v(6) = VIR(OP + (O =+/(—6sin 26)> + (8 cos 262 =36 sin’ 21 + 64 cos? 2¢
= /36 + 28 cos? 2¢. (sin® 2t = 1— cos? 21)

The maximum speed is 8, and this occurs when cos?2t = 1; that is, when ¢ =
0,7/2, 7, 3/2, 2. At these times, sin® 2t = 0 and the particle is at an end of the
‘minor axis. The minimum speed is 6, which occurs when cos? 2¢ = 0 (and sin? 22 = 1;
that is, when ¢ = /4, 31 /4, 5 /4, T /4. At these times, the particle is at an end of
the major axis.

(Figure 10.7.4)

In the Leibniz notation the formula for speed reads

10.7.6) et = (BN (2 ’
o Tar VY \dr dr) -

If we know the speed of an object and we know its mass, then we can calculate its
kinetic energy.

Example 6 A particle of mass m slides down a frictionless curve (see Figure 10.7.5)
from a point (o, yp) to apoint (x1, y; ) under the force of gravity. As discussed in Project
4.9B, the particle has two forms of energy during the motion: gravitational potential
energy mgy and kinetic energy %m v2, Show that the sum of these two quantities remains
constant:

GPE+KE=C.
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In terms of the variables of motion this reads
1
mgy + Emv2 =C.

SOLUTION  The particle is subjected to a vertical force — mg (a downward force of
magnitude mg). Since the particle is constrained to remain on the curve, the effective
force on the particle is ial. The ial of the vertical force is
—mg sina (see Figure 10.7.5.) The speed of the particle is ds/dt and the tangential

acceleration is d2s /df. (It is as if the particle were moving along the tangent line.)

Gon yo)

tangent

—mg sin a
-mg [
e
\

. ground level

Figure 10.7.5

Therefore, by Newton’s law F = ma, we have
s . dy
m—g = —mgsin o = —mg_.
by (10.7.4) —
Thus we can write
dy ds
mga +m 7
dy ds ds d’s
mgdi% m 5 P =0

(we multiplied by 45)

dy .
mg; +my— =0. (chain rule)
Integrating with respect to ¢, we have
mgy + ymv? = C,
asasserted. 1

EXERCISES 10.7

Exercises 1-18. Find the length of the graph and compare it to 4. f@)=x, xe[0,44].

the straight-line distance between the endpoints of the graph. 5@ =V -3, xeo3l.
L f(x)=2x+3, xelo1]. 6. f(x)=3@x—1y2 xe[l,2].
2 fx)=3x+2, xe[0,1]. 7 f) =2 +22, xe[o,1].

3 f@) = — 82, xe[l,4] 8 f(x) =52 -2, xe[2,4]
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¥ elLs].

9. fx)=

10. f(x) = xel.4]

11. f(x) = — 323, xell,8]

12. f(x) = g5x* + gx 73, xe[1,2).

13. f(x) = In(secx), x [0, i)

14, f(xr)=$x% xe[0.1].

15, f(5) = bxvAT— 1= 1@+ 57— 1), xe[l,2].
16. f(x) = cosh x, x €[0,In2].

17. f(x) = Lx+/3 =22 + Jaresin (}v/3x), x €[0,1].
18. /(x) = In(sin x),
Exercises 19-24. The equations give the position of a particle
at each time ¢ during the time interval specified. Find the ini-
tial speed of the particlc, the terminal speed, and the distance
traveled.
19. x(2)

x € [im gn].

2, y()=2t from¢=0tot =3

20. x(¢) —1, y©) =1 fomi=0tor=1.

Wox(®)=£, yi@)=1 fromi=0tor=1

2. x(f)=acos’t, y(f)=asin’t froms=0tor=im.

23.x(t) = €' sin 1,

24, x(t) = cost + tsint,
Otor=m.

25. Leta > 0. Find the length of the path traced out by

¥(6) =a(l —cosf)

y()=¢cost fromr=0tof=

y(t)=sint —t cost froms =

*(0) = (6 —sing),
as 0 ranges from 0 to 2.
26. Let a > 0. Find the length of the path traced out by
x(6) = 2acosd —acos29,
(0) =2asinf — asin26
as 0 ranges from 0 to 27
27. (a) Leta > 0. Find the length of the path traced out by
x(0) = 3acosd +acos36,
Y(8) = 3asin® —asin36
as @ ranges from 0 to 2.
(b) Show that this path can also be parametrized by
x(0) =4dacos’ 6, y(6) =4asin’6 0= <27
28. The curve defined parametrically by
x(6)=6cos6, y(8) =0sing.
is called an Archimedean spiral. Find the length of the arc
traced out s ¢ ranges from 0 to 2.
Exercises 29-36. Find the length of the polar curve.
29.r =1 fromf=0t0f =27
30.r=3 from§=0106=m.
3.r=¢ fromé = 0to@ = 4x. (logarithmic spiral)
from 0 = —27 t0 6 = 2.
3B.r=e" fromf=0tod =2m.

R2r=aé,a>0,

34.r=1+cos@ fromf =0to6 =2
35.r=1-cosf fromf=0t00 =}
36.r =2asech,a >0, fromf=0t06 = jm.

37. At time ¢ a particle has position
x(f)=14arctant, p()=1—Iny1+2.
TFind the total distance traveled from time £ = Ototime s = 1.
Give the initial speed and the terminal speed.
38. At time ¢ a particle has position

x(fy=1+cost, y()=t—sint.

Find the total distance traveled from time ¢ =0 to time
£ = 2¢. Give the initial speed and the terminal speed.

39. Find c given that the length of the curve y = Inx fromx = 1
to x = e equals the length of the curve y = ¢* fromx =0
tox =c.

40. Find the length of the curve y = x%? x € [1, 8]. HINT:
Work with the mirror image y = x*2, x € [1,4].

41. Set f(x) =3x —Son[-3,4].

(a) Draw the graph of f and the coordinates of the midpoint
of the line segment.

(b) Find the coordinates of the midpoint by finding the num-
ber ¢ for which

e 4
/J 1+ [f'x)P de = / V1I+[f )P dx.

[>42. Set f(x) = x¥2 on 1, 5. Use a graphing wility to draw the

graph of f and a CAS to find the coordinates of the midpoint.
HINT: Find the number ¢ for which

& i i
j TP de= 5 /1 VIFI GO dr.
|
43. Show that the curve y = coshx has the property that for

every interval [a, b] the length of the curve from x = a to
x = b equals the arca under the curve from x = a tox = b.

[-44. Let £(x) =2lnx on [1, ¢]. Draw the graph of / and use a

CAS to estimate the length of the graph.

P>-45. Let f(x) = sinx — x cosx on [0, ]. Use a graphing utility

to draw the graph of / and use a CAS (o estimate the length
of the graph.

[®-46. (a) Use a graphing utility to draw the curve

x(t)=e¥ cos2t, yp(r)=e€sin2t 0=t <w/3.

(b) Use a CAS to cstimate the length of the curve. Round
off your answer to four decimal places.

> 47. (a) Usea graphing utility to draw the curve

xt)y=02, yty=£—t treal

(b) Your drawing should show that the curve has a loop. Use
a CAS to estimate the length of the loop. Round off your
answer to four decimal places.

> 48. The curve §

3t 3¢

W=5op MO=p g Fb
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is called the folium of Descartes.
(a) Use a graphing utility to'draw this curve.
(b) Your drawing in part (a) should show that the curve has
a loop in the first quadrant. Use a CAS to estimate the
length of the loop. Round off your answer to four deci-
mal places. HINT: Use symmetry.
49. Sketch the polar curve
r=1-cosh, 0<é<m
and calculate the length of the curve,
[ 50. Usc a graphing wtility to draw the polar curve

r =sin 50, 0<6=<2nm
and use a CAS to calculate the length of the curve to four
decimal place accuracy.
PSI. (a) Leta > b > 0. Show that the arc length of the ellipse
x(t) = acost,

y(t) =bsint 0=<t<2mw

is given by the formula
2
L=4a / VI—ecos? i dr.
Jo

where ¢ = v/a?— 5/a is the eccentricity. The inte-
grand does not have an elementary antiderivative.

(b) Seta = 5 and b — 4. Approximate the arc length of the
ellipse using a CAS. Round off your answer to two dec-
imal places.

52. The figure shows the graph of a function f contimuously dif-
ferentiable from x = a to x = b together with a polynomial
approximation. Show that the length of this polygonal ap-
proximation can be written as the following Riemann sum:

L+ LPEDRAR + o+ 1+ L )P A%,

As || P|| = max Ax; tends to 0, such Riemann sums tend to

5
/ 1+ [f'(x)Pdx.

53. Suppose that f is continuously differentiable from x = a to
x = b. Show that the

5
length of the graph of f = / | secfae(x)]| dx

(10.7.7)
where a(x) is the inclination of the tangent
line at (x, f(x)).
54. Show that a homogeneous, flexible, inelastic rope hanging

from two fixed points assums the shape of a carenary:
S =acosh () = St et @0
a/=2

HINT: Refer to the figure. The part of the rope that cor-
responds to the interval [0, x] is subject to the following
forces:

(1) its weight, which is proportional to its length;

(2) a horizontal pull at 0, p(0);

(3) a tangential pull at x, p(x).

X

2(0)

W 10.8 THE AREA OF A SURFACE OF REVOLUTION; THE CENTROID
OF A CURVE; PAPPUS'S THEOREM ON SURFACE AREA

The Area of a Surface of Revolution

In Figure 10.8.1 you can see the frustum of a cone; one radius marked r, the other R.
The slant height is marked s. An interesting elementary calculation that we leave to you
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Figure 10.8.1

Figure 10.8.3

Figure 10.8.4

shows that the area of this slanted surface is given by the formula

(10.8.1) (Bxercise 21)

This formula forms the basis for all that follows.

Let C be a curve in the upper half-plane (Figure 10.8.2). The curve can meet the
x-axis, but only at a finite number of points. We will assume that C is parametrized by
a pair of continuously differentiable functions

=x(f), y =y ¢ €e,d].

Furthermore, we will assume that C is simple: no two values of # between ¢ and d give
rise to the same point of C; that is, the curve does not intersect itself.

Figure 10.8.2

If we revolve C about the x-axis, we obtain a surface of revolution. The area of that
surface is given by the formula

d — %
(10.8.2) A= / 2y x(OP + ()] dr.

We will try to outline how this formula comes about. The argument is similar to the
one given in Section 10.7 for the length of a curve.

Each partition P = {c =ty <t < --- < t, = d} of [¢, d] generates a polygonal
approximation to C. (Figure 10.8.3) Call this polygonal approximation C,. By revolving
C, about the x-axis, we get a surface made up of » conical frustums.

The ith frustum (Figure 10.8.4) has slant height

0= V() = x(@-)P + () — (6P

_ /[x(n) - xm,l)]z [,v(r, ’
¥

= ti-1

The lateral area 7w [y(f;—1) + y(¢;)]s; [see 10.8.1] can be written

x(n)—x(n,l)]q[yo,)—r(r .)]20’ .
=t =l

i)+ ym]\/ |
There exist points #*, £, £**, all in [4,_), #;], such that

T i =

intermediate-value theorem L mean-value theorem ——

Y.
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Let At; = t; — 1. We can now write the lateral area of the ith frustum as

22 y(#7)y/ -+ ()P An.

The area gencrated by revolving all of C,, is the sum of these terms:

e S —
2y EIP + DEIP At -+ 20y @GR + D (9P As,.

This is not a Riemann sum: we don’t know that ' = r* = £, But it is “close” to a
Riemann sum. Close enough that, as || P|| — 0, this “almost” Riemann sum tends to
the integral:

d P P S
[ moviorsera.

That this is so follows from a theorem of advanced calculus known as Duhamel’s
principle. We will not attempt to fill in the details. O
Example 1 Derive a formula for the surface area of a sphere from (10.8.2.)
SOLUTION We can generate a sphere of radius r by revolving the arc

x(t) =rcost, y(#) = rsint te[0,7]
about the x-axis. Differentiation gives

x'(ty=—rsint, y'({)=rcost.

N
A= 27[/ rsinty/r2(sin’ ¢ + cos? £) dr
0

#
:271r2/ sintdr:2r!rz[~cosl] =472 @
0

By (10.8.2),

5
o
Example 2 Find the area of the surface generated by revolving about the x-axis the
curve y? — 2Iny = 4x from y = 1 toy=2.
SOLUTION 'We can represent the curve parametrically by setting
x(t) = j(* = 2In0), =t tell,2]

Here

SO =30-1N,  yo=1
and

FOP +OF = [3¢+)] . (check this)
It follows that

2 ! ? 2 1.3 2 1o
A:/ ZnZ[E(t#—t“’)]dr:/ T+ Dar=x[lr ] =¥z 0
1 ]

Suppose now that C is the graph of a continuously differentiable nonnegative
function y = f(x), x & [a, b]. The area of the surface gencrated by revolving C about

the x-axis is given by the formula
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b
(10.8.3) A= f 2 f 1+ 1) dx.

This follows readily from (10.8.2). Set
x=1 0= f0) tela, bl
Apply (10.3.2) and then replace the dummy variable ¢ by x.
Example 3  Find the area of the surface generated by revolving about the x-axis the
graph of the sine function from x = 0 tox = 3.
SOLUTION  Setting f(x) = sinx, we have f'(x) = cos x and thercfore

/2
A= f 27 sinx+/1 + cos? x dx.
0

To calculate this integral, we set
u=cosx, du=—sinxdx.

At x

, u=1; at x = 17, u = 0. Therefore
0
A:—Zr{f V1 +ud du=2w
1 0

=2z [§14\/1+—M+ i (u +V1+ uz>}
by (841)—T
=nVZ+In(1++2)]=237 2723, 0

V1+u?du

1
0

Centroid of a Curve

The centroid of a plane region €2 is the center of mass of a homogencous plate in the
shape of Q. Likewise, the centroid of a solid of revolution 7 is the center of mass of a
homogeneous solid in the shape of 7. All this was covered in Section 6.4.

What do we mean by the centroid of a plane curve C? Exactly what you would
expect. By the centroid of a plane curve C, we mean the center of mass of a homogeneous
wire in the shape of C. (There is no suggestion here that the centroid of a curve lics on
the curve itself. In general, it does not.)

We can locate the centroid of a curve from the following principles, which we take
from physics.

Principle 1: Symmetry. If a curve has an axis of symmetry, then the centroid (¥, 7)
lies somewhere along that axis.

Principle 2: Additivity. If a curve with length L is broken up into a finite number of
pieces with arc lengths Asy, ..., As, and centroids (¥1,7), - - - . (X7,), then
XL =X1As) + - + X As, and YL = F 1 As1 4+ + 5, As,.

Figure 10.8.5 shows a curve C that begins at 4 and ends at B. Let's suppose that the
curve is continuously differentiable (can be parametrized by continuously differentiable
functions) and that the length of the curve is L. We want a formula for the centroid
& 7)-

Let (X(s), Y(s)) be the point on C that is at an arc distance s from the initial point
A. (What we are doing here is called parametrizing C by arc length.) A partition
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Figure 10.8.5

P={0=s)<s5 <-<s,=L}of[0, L] breaks up C into » little picces of lengths
Asy, ..., As, and centroids (1, 7)), . .., %y, 7,). From Principle 2 we know that

FL=F1As1+ - +%,As5,  and  FL =V A5+ +F,As,

Now for each 7 let sf = %(s,,; +s:). Then X; = X(s}) and 3, = Y(s7). [We are ap-
proximating (¥;, ¥;) by the center of the i th little piece.] We can therefore write

TLEXEDAS + -+ T DA, FLETiDAs + -+ Toy(s)As,.

The sums on the right are Riemann sums tending to easily recognizable limits: letting
1P|l = 0, we have

L 73
10.8.4) %L / X(s)ds and  FL= / Y(s) ds.
Jo 0

These formulas give the centroid of a curve in terms of the arc length parameter. It is
but a short step from here to formulas stated in terms of a more general parameter.
Suppose that the curve C is given parametrically by the functions
x =x(t), y=x@) tefe,d]
where ¢ is now an arbitrary parameter. Then

s(8) = / VIF P + ') du, ds = s'(0y dt = VI OF + ()P dr.

At s=0,t=c; at s=L,¢=d. Changing variables in (10.8.4) from s to #, we
have

d d

5= [“xew o= f XeOWEOE + OF
d d

1= / Y60 5 de = f YsOWFOP + OF d.

A moment’s reflection shows that

X)) =x()  and Y1) = y().
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Figure 10.8.6

We can then write

d
L= [ x/EOP T DT .

(10.8.5)
d
L= f YOV + D OF dr.

These are the centroid formulas stated in terms of an arbitrary parameter 7.

Example 4 Locate the centroid of the quarter-circle shown in Figure 10.8.6.
SOLUTION We can parametrize that quarter-circle by setting
x(t) = rcost, (1) =rsint te[0,7/2].

Since the curve is symmetric about the line x = y, we know that ¥ = y. Here x'(t) =
—rsin# and y'(¢) = r cos . Therefore

VEOPF + I/ OF = Vr2sin* t +r2cos? t =r.

r

Note that L = 7r/2. Therefore y = #2/L = 2r/m. The centroid of the quarter-circle
is at the point (2r /7, 2r/x). QO

By (10.8.5)

2 5 /2 5
sint dt =r [*COS[] =P
0

/2
yL = / (r sint)r dt =
0

Remark In Section 6.4 we found that the centroid of the quarter-disk is at the point
(4r /37, 4/37). This point is closer to the origin than the centroid of the quarter-circle.
To be expected, since on average the points of the quarter-disk are closer to the origin
than the points of the quarter-circle.

Example 5 Take a > 0. Locate the centroid of the cardioid » = a(1 — cos).

SOLUTION The curve (see Figure 10.3.6) is symmetric about the x-axis. Thus 3 = 0.
To find ¥ we parametrize the curve as follows: taking § € [0, 2], we set

x(8) = rcosf = a(l — cos@)cosh,
y(@)=rsing = a(l —cosd)sind.
A straightforward calculation shows that
[X'O)F + [ (6)1 = 4a’ sin® 16.
Applying (10.8.5), we have

p 2
¥L :/ {a(1 — cos @) cos 6] [2a sin §0] d6 =
0
(check this out) )

By Example 4 of Scction 10.7, L = 8a. Thus X
of the curve is at the point (—ga, 0). 1

)/8a = ——%u. The centroid
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If C is a continuously differentiable curve of the form
y=Jx), xelab],
then (10.8.5) reduces to

b b
(10.8.6) xL :/ I+ [P dx, VL :/ SOV + ()] dx.

You can easily verify this. :

Pappus’s Theorem on Surface Area

That same Pappus who gave us that wonderful theorem on volumes of solids of rev-
olution (Theorem 6.4.4) gave us the following equally marvelous result on surface
area:

THEOREM 10.8.7 PAPPUS'S THEOREM ON SURFACE AREA

A plane curve is revolved about an axis that lies in its plane. The curve may
meet the axis but, if so, only at a finite number of points: If the curve does
not cross the axis, then the area of the resulting surface of revolution is the
length of the curve multiplied by the cncumference ofthe cn‘cle descnbed by
the centroid of the curve: -

A =2nRL

where I is the length of the curve and R is the distance from the axis of
revolution to the centroid of the curve.

Pappus did not have calculus to help him when he made his inspired guesses; he did
his work thirteen centuries before Newton or Leibniz was born, With the formulas that
we have developed through calculus (through Newton and Leibniz, that is), Pappus’s
theorem is easily verified. Call the plane of the curve the xy-plane and call the axis of
rotation the x-axis. Then R = ¥ and

d
4= [ 20 FOF T OF &
d _
= / YOV O + (OR dt = 22FL = 27RL. 1

EXERCISES 10.8-

Exercises 1-10. Find the length of the curve, locate the centroid,
and determine the area of the surface generated by revolving the
curve about the x-axis.

L fx)=4, xel01].

2 fx)=2x, xe[0,1]

3.y=4%x, xe[0,3]

x()=3t, yHy=4 te[0,2].
r=5 6el0,in].
x(t)=2cost, y(t)=2sint tel0,in].

xO)=cos’t, p)y=sin’t te[0,in].

ERE I

%+ = withx € [-1a, La]and y > 0.

4y=-2x+12, xe0.5) 10.7 = 1+cos8, 6 €[0,x].
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Exercises 11-18. Find the area of the surface generated by re-
volving the curve about the x-axis.

11 fx) = 1x%, xe[0.2].
12. f(x xe(l2]
13.4y =x x¢€l[0,1].

4.2 =9x, xe[0,4]

15. y = cosx,x € [0, 3]
2JT—x, xe[-10]
18.y = coshx. x €[0,In2].

19. Take a > 0. The curve

x(6) = a(@ — sinf),  y(0) = a(l —cos6) Hreal

is called a cycloid.
(a) Find the area under the curve from ¢ = 0 to § = 2.
(b) Find the area of the surface gencrated by revolving this
part of the curve about the x-axis
20. Take g > 0. The curve

x(0) = 3acosd +acos 3,
2(8) = 3asinf —asin30
is called a hypocycloid.

(a) Use a graphing wtility to draw the curves with a = 1,
2.1

3

(b) Take a = L. Find the area enclosed by the curve.

(¢) Takea = 1. Set up a definitc integral that gives the arca
of the surface generated by revolving the curve about
the x-axis.

21. By cutting a cone of slant height s and base radius r along a
lateral edge and laying the surface flat, we can form a sector
of acircle of radius s. (See the figure.) Use this idea to verify
(10.8.1).

2
area = 265, 0 in radians

22. The figure shows a ring formed by two quarter-circles. Call
the corresponding quarter-discs €2, and ;. From Section
6.4 we know that ©, has centroid at (4a /3, 4a /37) and Q.
has centroid at (4r /37, 47 /3m).
(a) Locate the centroid of the ring without integration.
(b) Locate the centroid of the outer arc from your answer to
part (a) by letting a tend to r.

23. (a) Locate the centroid of each side of the triangle in the
figure.

(b) Use your answers in part (a) to calculate the centroid of
the triangle.

(¢) Where is the centroid of the triangular region?

(d) Where is the centroid of the curve consisting of sides
4and 5?

(e) Use Pappus’s theorem to find the lateral surface arca of
a cone of base radius 4 and height 3.

24. Find the arca of the surface generated by revolving the curve
about the x-axis.

(@) 2x =y T —1+Inly—y? =1y €[2,5).
(b) 6a’xy = y* +3a*, y € [a,3al.

25. Use Pappus’s theorem to find the surface area of the
torus generated by revolving about the x-axis the circle
- =a.(0<a<bh)

26. (a) We calculated the surface area of a sphere from (10.8.2),
not from (10.8.3). Could we just as well have used
(10.8.3)? Explain.

(b) Verify that (10.8.2) applied to

C: x(=cost, yH=r te[0,27]
gives 4 = 8xr. However, the surface obtained by re-
volving C about the x-axis is a cylinder of base radius
7 and height 2, and therefore 4 should be 477, What’s
wrong here?

27. (An interesting property of the sphere) Slice a sphere along

two parallel planes a fixed distance apart. Show that the
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surface area of the band so obtained depends only on the
distance between the planes, not on their location.

28. Locate the centroid of a first-quadrant circular arc

t € [6h,6].

C:x(f) =rcost, y(t)=rsins,

29. Find the surface area of the ellipsoid obtained by revolving
the ellipse

»
Ztm=l 0<i<o

(a) about its major axis; (b) about its minor axis.

The Centroid of a Surface of Revolution

If a material surface is homogencous (constant mass density),
then the center of mass of that material surface is called the cer.
troid. In general, the determination of the centroid of a surface
requires the use of surface integrals. (Chapter 18) However, if
the surface is a surface of revolution, then the centroid can be
found by ordinary one-variable integration.

30. Let C be a simple curve in the upper half-plane parametrized

by « pair of continuously differentiable functions,

x =x(1),

y=x0 teled)

Take a wheel (a roll of tape will do) and mark a point on the
rim. Call that point P. Now roll the wheel slowly, keeping your
eyes on P. The jumping kangaroo path described by 2 is calicd a
¢ycloid. To obtain a mathematical charactetization of the cycloid,
let the radius of the wheel be R and set the wheel on the x-axis
50 that the point P starts out at the origin. The figure shows £
after a turn of § radians,

cychid

Problem 1. Show that the cycloid can be parametrized by the
functions

x(0) = R —sin6), y(0) = R(I — cosb).
HINT: Length of OB = length of B = Rf.
Problem 2.

At the end of each arch, the cycloid comes to a cusp. Show
that x" and y' are both 0 at the end of each arch.

®

=3

Show that the area under an arch of the cycloid s three times
the area of the rolling circle.

e

. Find the length of an arch of the cycloid.

By revolving C about the x-axis, we obtain a surface of rev-
olution, the arca of which we denote by 4. By symmetry, the
centroid of the surface lies on the x-axis. Thus the centroid
is completely determined by its x-coordinate . Show (hat

(10.8.8) | x.

EN

d S
[ 2OV OP + P OF d

by assuming the following additivity principle: if the sur-
face is broken up into 1 surfaces of revolution with ar-
cas Ai,..., 4, and the centroids of the surfaces have
x-coordinates ¥y, .. ., ¥,, then

TA=X1 4+ +Tudy.

31. Locate the centroid of a hemisphere of radius 7.

32. Locate the centroid of a conical surface of base radius  and
height 4.

. Locate the centroid of the lateral surface of the frustum of a
cone of height 4, base radius R, upper radius 7.

w
@

Problem 3.
a. Locate the centroid of the region under the first arch of the
cycloid.
b. Find the volumc of the solid generated by revolving the re-
gion under an arch of the cycloid about the x-axis.

IS

Find the volume of the solid generated by revolving the re-
gion under an areh of the cycloid about the y-axis.

The curve given parametrically by
x(@) = R(@+sing),  y(¢) = R(l —cosg). ¢ & [w, 7]
is called the inverted cycloid. It is obtained by reflecting one
arch of the cycloid in the x-axis and then translating the result-
ing curve so that the low point is at the origin,

Problem 4. Use a graphing utility to draw the inverted cycloid.

Problem 5.

a. Find the inclination @ of the linc tangent to the inverted
cycloid at the point (x¢b, ¥(¢)).

b. Letsbethearc distance from the low point of the inverted cy-

cloid to the point (x(4), ¥(¢)). Show that s = 4R sin 1=

4R siner, where o is the inclination of the tangent line at

(), ¥(¢)-

Visualize two particles sliding without friction down an arch
of the inverted cycloid. If the two particles are released at the
same time from different positions, which one will reach the bot-
tom first? Neither—they will both get there at exactly the same
time. Being the only curve that has this property, the inverted
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arch of a cycloid is known as the taurochrone, the same-time
curve,

Problem 6. Verify that the inverted arch of a cycloid has the
tautochrone property by showing that:

a. The cffective gravitational force on a particle of mass m is
—mgsina, where a is the inclination of the tangent line at
the position of the particle. From this, conclude that

d’s

L = —gsina.
dr &

®

=2

Combine (+) with Problem 5(b) to show that cach descending
particle is the dowmward phas of simple harmonic motion
with period

7 =4n/R/g.

Thus, while the amplitude of the motion depends on the point of
release, the frequency does not. Two particles relcased simulta-
neously from different points of the curve will reach the low point

the curve in exactly the same amount of time: T/4=nJR/g

Suppose now that a particle descends without friction along
a curve from point 4 to a point B not directly below it. What
should be the shape of the curve so that the particle descends
from A to B in the lcast possible time? This question was first
formulated by Johann Bernoulli and posed by him as a chal-
lenge to the scientific community in 1696. The challenge was
readily accepted and within monihs the answer was found —by
Johamn Bernoulli timself, by his brother Jacob, by Newton, by
Leibniz, and by L'Hépital. The answer? Part of an inverted cy-
cloid. Because of this, the inverted cycloid is heralded as the
brachystochrone, the least-time curve.

A proof that the inverted cycloid is the least-time curve,

the curve of quickest descent, is beyond our reach. The argu-
ment requires a sophisticated variant of calculus known as the
caleulus of variations. We can, howover, compare the time of de-
scent along a cycloid to the time of descent along a straight-line
path,
Problem 7. You have scen that a particle descends along the
inverted arch of a cycloid from (R, 2R) to (0, 0) in time
| = T/4 — n/RJg. Whatisthetime of descentalong astraight-
line path?

. i s e

W CHAPTER 10. REVIEW EXERCISES

Exercises 1-8. Tdentify the conic section. If the curve is a
parabola, find the vertex, focus, axis, and dircetrix; if the curve
s an cllipse, find the center, the foci, and the lengths of the major
and minor axes; if the curve is a hyperbola, find the center, ver-
tices, the foci, the asymptotes, and the length of the transverse
axis. Then sketch the curve.
1.x2-4y—4=0.
2.x% —4y? — 10x + 41
2442 +6x+8=
4,9x% 4 4y? — 185 — 8y =23.
5. 452 —9y? —8x — 18y +31 =0.
6.x2—10x —8y +41=0.
7. 9x2 425y — 18x + 100y — 116 = 0.
8,202 — 3)% +44/3x — 63y =9.
Exercises 9-10. Give the rectangular coordinates of the point
9.[—4. i) 10. [v2, —57).
Exercises 11-14. Points arc specified in rectangular coordinates.
Give all possible polar coordinates for cach point.

110, —4). 12.(-% -5

13. (2V3, -2 14. (—1,/3).

Exercises 15-18. Write the equation in polar coordinates.
16. x* +y* —2x = 0.

17. 52 +y2 —4x+2y=0. 18 ¥y =

1
Exercises 19-22. Write the equation in rectangular coordinates.
19. 7 = 5secf. 20.7 = —4cosb.

21.r =3cosf + 4sinb. 22.r? =sec26.

Exercises 23-26. Sketch the polar curve.

23.r = 2(1 —sinf). 24.r =2 +cos26.

25, = sin’(0/2). 26,1 =1 —2sinf.

Exercises 27-28. Sketch the curves and find the points at which

they intersect

27.r =/2sinb. 1* 2.

28.r =2cosf, r=2v/3sinf.

Exercises 29-30. Sketch the curve and find the arca it encloses.

29. 7 = 2(1 — cosé). 30, #% = 4sin26.

31. Find the area inside one petal of r = 2c0s46.

32. Find the area inside the circle 7 = sin but owiside the car-
dioid r = 1 — cos 6.

33. Find the area which is common to the two circles: r =
2sin@, r =sinf + cosb.

Exercises 34-38. Express the curve by an equation in x and y3

then sketch the curve.

x=1/, y=£+1 t#0
35.x —sint, y=cos2t, 0=<t=um.
36. x = cosht, sinhf, —o00 < <00.

3M.x=¢, ¥ % _2¢ +1, t=0.

gx=r+2 y=r+4+8 =0

39, Find a parametrization x = x(@), y =y, t€[0, 1], for
the line segment from (1, 4) to (5, 6).

40. Find a parametrization x = x(0), y=y(®), 10, 1], for
the line segment from (2, —1) to (=2, 3)-
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41. A particle traverses the ellipse 4x2 + 9y = 36 in a clock-
wise manner beginning at the point (0, 2). Find a parametriza-
tionx = x(¢), y = (), ¢ € [0, 2], for the path of the par-
ticle.

Exercises 42-43. Find an equation in x and y for the line tangent

to the curve.

.x()=3—1, yt)=92-3¢ t=1.

43, x(1) = 3¢', )

44. Find an equation in x and y for the line tangent to the polar
curve C 17 =2sin26, atf = /4.

)=35¢~, t=0.

Exercises 45-46. Find the points (x, y) at which the given curve

has (a) a horizontal tangent, (b) a vertical tangent.

5.0 =242, p(O) =1+ 1 — 61

46. x(f) = 2cost — cos2t, y() = 2sint —sin21.

47.Find dy/dx and d’y/dx? for the curve C:x =312,
y=47

48. An object moves in a plane so that dx/d¢ and d*y/de? are
nonzero constants. Identify the path of the object.

Exercises 49-54. Find the length of the curve.
49.y=x2+2 fromx=0tox =3

50.y=In(1 —x% fromx=0tox =

5L x(t) =cost, y(r) =sin’t froms=0tor =1z,
52.x(t)=3%  y(t)=36t+9P72 fromi=0tor=4.
53.r=1-sinf from6=0t06 =27.

S4.r =0 from6=01t06 =/5.

Exercises 55-58. Find the area of the surface generated by re-
volving the curve about the x-axis.

4x fromx =0tox =24,
L x() =387, y() =t fromt=3tot=8.

57.6xy=x*+3 fromx=1tox =3

58.3x% +4)2 =342, y>0.

59. Show that, if /" is continuously differentiable on [a, b] and
" is never zero, then the length of the graph of S = the
length of the graph of /.

60. A particle starting at time # = 0 at the point (4, 2) moves
until time ¢ = 1 with x'(#) = x(¢) and y'() = 2(¢). Find
the initial speed vy, the terminal speed vy, and the distance
traveled 5.

Exercises 6163 concern the astroid: the curve

24 2 o g

61. Sketch the astroid and show that the curve can be para-
metrized by setting

x@)=acos’t, (@) =asin’6 0 e0,27].
62. Find the length of the astroid.
63. Find the centroid of the first-quadrant part of the astroid.

64. A particle moves from time / = 0 to / = | so that x(t) =
41 —sinmt, y(t) = 4 + coswt.
(a) When does the particle have minimum speed? When
does it have maximum speed?
(b) What is the slope of the tangent line at the point where
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W 11.1 THE LEAST UPPER BOUND AXIOM

So far our approach to the real number system has been somewhat primitive. We have
simply taken the point of view that there is a one-to-one correspondence between the
set of points on a line and the set of real numbers, and that this enables us to measure
all distances, take all roots of nonnegative numbers, and, in short, fill in all the gaps left
by the set of rational numbers. This point of view is basically correct and has served
us well, but it is not sufficiently sharp to put our theorems on a sound basis, nor is it
sufficiently sharp for the work that lies ahead.

We begin with a nonempty set S of real numbers. As indicated in Section 1.2, a
number M is an upper bound for S if

x<M for all x €S,

1t follows that if M is an upper bound for S, then every number in [M, c0) is also an
upper bound for S. Of course, not all sets of real numbers have upper bounds. Those
that do are said to be bounded above.

It is clear that every set that has a largest element has an upper bound: if b is the
largest element of S, then x < b for all x € . This makes b an upper bound for S. The
converse is false: the sets

S1=(=00,0) and S =1{1/2,2/3,3/4,---,n/(n+1), -}
both have upper bounds (for instance, 2 is an upper bound for each set), but neither has
a largest element.

Let’s return to the first set, S;. While (—oo, 0) does not have a largest element, the
set of its upper bounds, namely [0, c0), does have a smallest element, namely 0. We
call 0 the least upper bound of (—o0, 0).

Now let’s reexamine S,. While the set of quotients

n_ 1 1
n+l n+l
does not have a greatest element, the set of its upper bounds, [1, 00), does have a least
element, 1. The number 1 is the least upper bound of that set of quotients.

=123,
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In general, if S is a nonempty set of numbers which is bounded above, then the
least upper bound of S is the least number which is an upper bound for S.

We now state explicitly one of the key assumptions that we make about the real
number system. This assumption, called the least upper bound axiom, provides the
sharpness and clarity that we require.

AXIOM 11.1.1  THE LEAST UPPER BOUND AXIOM

- Every nonempty set of real numbers that has an upper bound has a least
upper bound.

Some find this axiom obvious; some find it unintelligible. For those of you who find it
obvious, note that the axiom is not satisfied by the rational number system; namely, it
is not true that every nonempty set of rational numbers that has a rational upper bound
has a least rational upper bound. (For a detailed illustration of this, we refer you to
Exercise 33.) Those who find the axiom unintelligible will come to understand it by
working with it.

We indicate the least upper bound of a set S by writing lub S. As you will see from
the examples below, the least upper bound idea has wide applicability.

(1) lub (—o0, 0) = 0. lub(—00, 0] = 0.
@) lub(—4, -1)=—1, lub(—4, —1] = —1.
3) lub{1/2,2/3,3/4,---,n/(n+1),-- -} =1L
@ lub{—1/2,-1/8, —1/27, -+, —1/n% ...} = 0.
(5) b {x:x? <3} = lub{x : —v/3 <x < 3} =+/3.

(6) For each decimal fraction

b=0.bbybs, -,
we have
b =1ub {0.5), 0.5153, 0.b, 5303, - - -}

(7) If S consists of the lengths of all polygonal paths inscribed in a semicircle of radius
1, then lub S = 5 (half the circumference of the unit circle).

The least upper bound of a set has a special property that deserves particular
attention. The idea is this: the fact that M is the least upper bound of set § does not
guarantee that M is in S (indeed, it need not be, as ill dinthey di les),
but it guarantees that we can approximate M as closely as we wish by elements of S.

THEOREM 11.1.2

£ 1s the least upper bound of the set § and € is a positive number, then there
is at least one number s in S such that 2
M=—e<s <M

L

PROOF Lete > 0. Since M is an upper bound for S, the condition s < M is satisfied by
all numbers s in S. All we have to show therefore is that there is some number s in 5
such that

M—e<s.
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M-e

Figure 11.1.1

-

Suppose on the contrary that there is no such number in 5. We then have
x<M-—¢€ for all xes.

This makes M — € an upper bound for S. But this cannot be, for then M — e is an upper
bound for S that is Jess than M, which contradicts the assumption that M is the least
upper bound. O

The theorem we just proved is illustrated in Figure 11.1.1. Take S as the set of
points marked in the figure. If M = Iub S, then S has at least one element in every

half-open interval of the form (M — €, M].

Exampile 1

@) Let S=1{1/2,2/3,3/4,--,n/(n +1),---) and take € = 0.0001. Since 1 is the
least upper bound of S, there must be a number s €  such that
1-0.0001 <5 < 1.
99,999
100, 000
(b) Let S = {0, 1,2, 3} and take € = 0.00001. It iis clear that 3 is the least upper bound
of . Therefore, there must be a number s € S such that

3-0.00001 <5 <3.

There is: take, for example, s =

Thereis:s =3. 1
We come now to lower bounds. Recall that a number m is a lower bound for a
nonempty set ' if
m<x for all x€es.

Sets that have lower bounds are said to be hounded below. Not all sets have lower
bounds, but those that do have greatest lower bounds. We don’t have to assume this.
We can prove it by using the least upper bound axiom.

THEOREM 11.1.3

Every nonempty set of real numbers that has a lower bound has a greatest
lower bound.

PROOF  Suppose that § is nonempty and that it has a lower bound £. Then
k<s for all seds.
It follows that —s < —k for all s € S; that is,
{-s:5€8) has an upper bound — %.

From the least upper bound axiom we conclude that {—s:s € S} has a least upper
bound; call it . Since —s < m forall s € S, we can see that

-m=<s for all sES,

and thus —m is a lower bound for S. We now assert that —m is the greatest lower bound
of the set S. To see this, note that, if there existed a number m satisfying

—m<m <s for all ses,
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then we would have
—Ss < -my<m for all sEeS,
and thus m would not be the /east upper bound of {—s :s € S).1 O
The greatest lower bound, although not necessarily in the set, can be approximated

as closely as we wish by members of the set. In short, we have the following theorem,
the proof of which is left as an exercise.

THEOREM 11.1.4

If m is the greatest lower bound of the set S and ¢ is a positive number, then
there is at least one number s in S such that

m=§<mte

The theorem is illustrated in Figure 11.1.2. If m = glb S (that is, if m is the greatest e
Tower bound of the set S), then S has at least one element in every half-open interval of = mte
the form [m, m + €). Figure 11.1.2

Remark  Given that a function f is defined and continuous on [a, 4], what do we
know about f? Certainly the following:

(1) We know that if / takes on two values, then it takes on every value in between (the
intermediate-value theorem). Thus f maps intervals onto intervals.

(2) We know that f takes on both a maximum value and minimum value (the extreme-
value theorem).

We “know” this, but actually we have proven none of it. With the least upper bound
axiom in hand, we can prove both theorems. (Appendix B.) 1

tWe proved Theorem 11.1.3 by assuming the least upper bound axiom. We could have proceeded the other
way. We could have sel Theorem 11.1.3 as an axiom and then proved the least upper bound axiom as a
theorem.

EXERCISES 11.1

Exercises 1-20. Find the least upper bound (if it exists)and the 17, (x : x? > 4}, 18 fx: = 1] > 2},
greatest lower bound (if it exists). 19, EEE S 1) 0. et <)

1.(0,2). 2.[0,2]. Exercises 21-24. Find a number s that satisfies the assertion
3. (0, c0). 4. (—o0, ). made in Theorem 11.1.4 for S and € as given below.

5. 1x? <4} 6. {x:|x—1 2 2 3 g

oy A 2= [ (B G o (Y ) e=ooot,

xixd 28  {x : x .

T = 22.5=(1,2,3,4}, €=0.0001.

9.{24,24.24, - ). T et
10, {-1,-4, -5 -4 ...} BB= {1 wwemamerlm) s
11. {0.9,0.99,0.999, - - }} e=(p)k=1).
12.(=2,2,-2.1,2.1, =2.11,2.11, .- -}. ws={LLL (Y. ), e=(W @z
Bileslnx < I 14. ¢ e 0k 25. Prove Theorem 11.1.4 by imitating the proof of Theo-
15 {x:x2+x— 1 <0} 16. {x : x> +x +2 > 0}. rem 11.1.2.
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26. Let S = {ay, @, a3, - - -, a,} be a finite nonempty set of real
numbers.
(a) Show that S is bounded.
(b) Show that lub S and glb S are elements of S.
27. Suppose that b is an upper bound for a set S of real numbers.
Prove that if b € S, then b = lub S.
28. Let S be a bounded set of real numbers and suppose that
lub § = glb S. What can you conclude about S?
29. Suppose that S is a nonempty bounded set of real mumbers
and T is a nonempty subset of S.
(a) Show that T is bounded.
(b) Show thatglb S <glb T < Iub T < lub §.
30. Show by example
(a) that the least upper bound of a set of rational numbers
need not be rational.
(b) that the least upper bound of a set of irrational numbers
need not be irrational.
31.Let ¢ be a positive number. Prove that the set §=
{e.2¢, 3¢, -+ -, ne, - - -} is not bounded above.

w
B

(a) Show that the least upper bound of a set of negative num-
bers cannot be positive.

(b) Show that the greatest lower bound of a set of positive
numbers cannot be negative.

2

w
&

. The set S of rational numbers x with x* < 2 has rational
upper bounds but no least rational upper bound. The argu-
ment goes like this. Suppose that S has a least rational upper
bound and call it xy. Then either

=2 o x>2 o x}<2

(a) Show that x7 = 2 is impossible by showing that if x} =
2, then xo is not rational.

(6) Show that x2 > 2 is impossible by showing that if
x3 > 2, then there is a positive integer # for which
(o — l)i > 2, which makes xo — ! a rational upper
bound or S that s less than the least rational upper bound

(c) Show that x2 <2 is impossible by showing that if
x5 <2, then there is a pemwe integer n for which
(50 + 1)? < 2. This places xo + 1 in § and shows that
xp cannot be an upper bound for S.

34. Recall that a prime number is an integer p > 1 that has

1o positive integer divisors other than 1 and p. A famous
theorem of Euclid states that there are an infinite number of
primes (and therefore the set of primes is unbounded above).
Prove that there are an infinite number of primes. HINT: Fol-
lowing the way of Buclid, assume that there are only a finite

number of primes py, pa, -+, p, and examine the number
x=(pp2-- pn>+ 1L
Lets = {2,307 (4 ()" (52" ).

(a) Usc a graphmg utility or CAS to caleulate ()" for
n = 5,10, 100, 1000, 10, 000.

(b) Does S have a least upper bound? If so, what is it? Does
S have a greatest lower bound? Tf so, what is it?

LetS = {ay, a2, a3, - - -} with @) = 4 and for further

SUbSCHpIS dy i = .
(a) Calculate the numbers @y, s, a4, -+, aro.
(b) Use a graphing utility or CAS to calculate a,

asy, + - -, dso.
(¢) Doss S have & Least upper bound? 1o, what i it? Doss
S have a greatest lower bound? If so, what is it?

Let S={VELVZV2y2V/2 2} Thus  S=

{a1,a2,a3,,ay. -} with a; =+/2 and for further

Subscripts a,+1 = +/2a,.

(a) Use a graphing utility or CAS to calculate the numbers
ar. a3, -, ar.

(b) Show by induction that a, < 2 for all .

(¢) What is the least upper bound of S?

(d) Tn the definition of S, replace 2 by an arbitrary positive
number ¢. What is the least upper bound in this case?

L Let  S= (V2 V24224 V24+2, -} Thus

= /2 and for further subscripts @) = /2 F ay.

(2) Use graphing utility or CAS to calculate the numbers
ay, a2, a3, -+, a1

(b) Show by mduntmn that @, < 2 for all #.

(c) What is the least upper bound of §?

(d) Tn the definition of S, replace 2 by an arbitrary positive
number c. What is the least upper bound in this case?

M 11.2 SEQUENCES OF REAL NUMBERS

To this point we have considered sequences only in a peripheral manner. Here we focus

on them.

What is a sequence of real numbers?

positive integers.

DEFINITION 11.2.1 SEQUENCE OF REAL NUMBERS

A sequence of real numbers is a real-valued function defined on the set of
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You may find this definition somewhat surprising, but in a moment you will see that it
makes sense.
Suppose we have a sequence of real numbers

a1, @2, a3, ", dpy "0

What is @ ? It is the image of 1. What is a,? It is the image of 2. What is a3? It is the
image of 3. In general, a, is the image of n, the value that the function takes on at the
integer n.

By convention, a; is called the first term of the sequence, @, the second term, and
so on. More generally, a,, the term with index n, is called the ath term.

Sequences can be defined by giving the law of formation. For example:

. 111
is the sequence Lzgg s
: 1234 .
is the sequence FEE O TR AR
is the sequence 1,4,9,16,

1t’s like defining /by giving f(x).
Sequences can be multiplied by constants; they can be added, subtracted, and
multiplied. From

a1, 82,03, Ay, and by, by by, by

we can form
the scalar product sequence : aay, cay, @as, -+«

ar+bi,ay+ by, a3+ by, a4y by,
the difference sequence : @y — by, a; — by, a3 — bs, -

Qe
the sum sequence :
s pggiBy, e,
the product sequence : @15y, axba, a3by, - -+, aphy, -+ .

If the b;’s are all different from zero, we can form

11 1

the reciprocal sequence : B b by
the tient q, &5
uotient sequence : —, —, —

4 4 PR

The range of a sequence is the set of values taken on by the sequence. While there can
be repetition in a sequence, there can be no repetition in the statement of its range. The
range is a set, and in a set there is no repetition. A number is either in a particular set
or it’s not. It can’t be there more than once. The sequences

0,1,0,1,0,1,0,1,--- 0,0,1,1,0,0,1,1,---
both have the same range: the set {0, 1). The range of the sequence

0,1,-1,2,2,-2,3,3,3,-3,4,4,4,4,—4,...

and

is the set of integers.
Bounded and unt dod

for are what they are for other real-

valued functions. Thus the sequence @, = 2" is bounded below (with greatest lower
bound 2) but unbounded above. The sequence b, = 27" is bounded. It is bounded below
with greatest lower bound 0, and it is bounded above with least upper bound %

Many of the sequences we work with have some regularity. They either have an
upward tendency or they have a downward tendency. The following terminology is
standard. The sequence with terms a, is said to be

m 533
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increasing if L for all n,
nondecreasing if Ay < dyey forall n,
decreasing if y > dpyl for all n,
nonincreasing if Ay = Ansl forall n.

A sequence that satisfies any of these conditions is called monotonic.
The sequences

111

Laigegs

2,4,8,16,---,2", -

2,2,4,4,6,6,---,2n,2n, -

1
Lo

are monotonic. The sequence

is not monotonic.
Now to some examples that are less trivial.

Example 1 The sequence a, = " s increasing. It is bounded below by %

n
(the greatest lower bound) and above by 1 (the least upper bound).

PROOF Since
i _ @AD/042) _n+l n+l w42+

e P
an n/(n+1) n+2 n n+2n
we have a, < a,41. This confirms that the sequence is increasing. The sequence can
be displayed as
1 9, 98 10 o
273 50777590 1000

It is clear that % is the greatest lower bound and 1 is the least upper bound. (See the two
representations in Figure 11.2.1.) O

a L g,
| ; b4 Lyl T T R
0 1 2 34 1 1 2 3 45 6 7 "
2 3 45
Figure 11.2.1

2" Y . .
Example 2 The sequence @, = — is nonincreasing and starts decreasing at
n

!
n=21%

Recall that 2! = n(n — 1)(n —2) -
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PROOF The first two terms are equal: ay
2 2 . o

1
LH:E:Z:E:@.

For n = 2 the sequence decreases:
G _ 2% a2
a (D2 ot

< 1. (seFiguel122) O

Example 3 Forc > 1, the sequence a, = ¢” increases without bound.

Figure 11.2.2

PROOF Choose a number ¢ > 1. Then

1
Gl O s
= sl

n
This shows that the sequence increases. To show the unboundedness, we take an arbitrary
positive number M and show that there exists a positive integer & for which

=M
A suitable £ is one for which
s In M,
~ Inc

for then

klne>InM, Inc*>hM,

Since sequences are defined on the set of positive integers and not on an interval,
they are not directly susceptible to the methods of calculus. Fortunately, we can some-
times circumvent this difficulty by dealing initially, not with the sequence itself, but
with a differentiable function of a real variable x that agrees with the given sequence at
the positive integers 7.

Example 4 The sequence a, = 7 s decreasing. It is bounded above by 1/e and
L
below by 0.

PROOF We will work with the function

f)=—

e

Note that £(1) = 1/e = ay, f(2) = 2/¢* = @, f(3)=3/&
Differentiating f, we get

X

3, and so on.

P
e e
Since f'(x) < 0 for x > 1, f decreases on [1, oc). Thus /(1) > f(2) > f(3) > ---.
Thus a; > ay > a3 > - - -. The sequence is decreasing.

The first term a; = 1/e is the least upper bound of the sequence. Since all the terms
of the sequence are positive, 0 is a lower bound for the sequence.

In Figure 11.2.3 we have sketched the graph of f(x) = x/e* and marked some of
the points (1, a,). As the figure suggests, the a, decrease toward 0. The number 0 is the
greatest lower bound of the sequence.! 1

tProof of this is readily obtaincd by a method outlined in Section 11.6
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Ba) g

Figure 11.2.3

Example 5 The sequence a, = n'/* decreases forn > 3.

PROOF We could compare a, with a,- directly, but it is easier to consider the function

1/x

fx) =

instead. Since f(x) = /"% we have

Fi(y = etrotne 4 (lm)
dx-Xx

Forx > e, f/(x) < 0. This shows that f decreases on [e, o). Since 3 > e, the function
f decreases on [3, 00), and the sequence decreases forn > 3. 0O

EXERCISES 11.2

Exercises 1-8. The first several terms of a sequence ), a - - -
are given. Assume that the pattern continues as indicated and
find an explicit formula for the a,,

1.2,5,8,11,14,

8.1,2, 4.4, %,6.

v a9
Exercises 9-40. Determine the boundedness and monotonicity
of the sequence with a,, as indicated.
2 -1y
9. = 10. () s
n

12. (1.001)".

n
n4(-1y

n

11.

13. (0.9)".

n?

a1

M
Va1

e
19—
274 100

zLJn( 2 )
)

15.

33,

35.

37.

N

b D 2. (1)
s
26. In (ﬂ)
n
2 Y2t
N
@it 0. L1
> W mt3
sin
21, 34 0
a2 n(n +3)
o
s 36. cosnrw.
PR
In(n +2) =2y
. 38—
n ] e Lyn
o B 40. \(2) 2
(n+ 1) Gr

. Show that the sequence a, = 5" /! decreases for n > 5.Ts

the sequence nonincreasing?

. Lot M be a positive integer. Show that @, = M"/n! de-

creases forn = M.



43. Show that, if 0 < ¢ < d, then the sequence
ap = (" +d)
is bounded and monotonic.
44. Show that lincar combinations and products of bounded se-
quences are bounded.
Sequences can be defined recursively: one or more terms are
given explicitly; the remaining ones are then defined in terms of
thir predecessors.
Exercises 45-56. Give the first six terms of the sequence and
then give the th torm.
1

o=l =
46.a1=1; a=a, +3n(i+ )+ 1
7. a; @it = 3@ +1).
Boar=1 au=1la,+1
49.a,=1; ay =a,+2.
5001 =1; ap = ——a,.
n+1
Slaj=1; dup=a,+2n+1.
S2.a1=1; duy =24, + 1.
S3ar=1 au=a+ - +a.
54.a Gnpr =4 —ay.
S5.a1=1, @=37 =2, =), n=2
=3 a=3a,-2m-1, n>2

~60. Use mathematical induction to prove the fol-
lowing assertions.

57.1fa) = 1and ayp1 = 2a, + 1, thena, = 2" — 1.

58.1fa) =3 and @,4) = a, + 5, then @, = 5n — 2.

+1 n
59.1fa; = land g,y = o nn,thenu“:F.
60. 1 1and L, L

L Ifa) =1 and 41 = ay — ————, thena, = —.
r=lad =g —re iR
61. Let 7 be a real number, + # 0. Define
Si=1
T+r
T4r+r2

=14r4rig ot

(a) Suppose that r = 1. What s S, forn =1,2,3, -7
(b) Suppose that r # 1. Find a formula for S, that does
not involve adding up the powers of . HINT: Calculate

Sy =78

62. Seta,

&
>

S
b

&

. Define a sequence by setting ,
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1
=———,n=1,2,3, - and form the sequence
n(n + 1)
Si=a
SH=a+a
S=a+a+a
Si=ai+atas+-+a,

Find a formula for S, that does ot involve adding up the
terms 1,4y, a3, - - HINT: Use partial fractions to writc
1/[k(k + 1)] as the sum of two fractions.

. A ballis dropped from a height of 100 feet. Bach time it hits

the ground, it rebounds to 75% of its previous height.
(a) Let S, be the distance that the ball travels between the
nth and the (n + 1)st bounce. Find a formula for .

(b) Let T, be the time that the ball is in the air between the
nth and the (# + 1)st bounce. Find a formula for 7,
Suppose that a bacterial culture is growing exponentially
(Section 7.6) and that the culture doubles every 12 hours.
Obtain a formula for the number £, of square millimeters of
culture expected in r hours given that the culture measured

5 square millimeters when first observed.

Vrltn—n n=12,
3.---. Use a graphing utility or CAS to plot the first 15
terms of the sequence. Determine whether the sequence is
monotonic. If so, in what

. Excrcise 65 for the sequence defined recursively by setting

a =100, Gnp1 =2+ ay. n=1,2,3 .
. Define a sequence recursively by setting
a =1 =1+ /a,, n=123....

(a) Show by induction that this is an increasing sequence.

(b) Show by induction that the sequence is bounded above.

(c) Use a graphing utility or CAS to calculate .
g, s

(d) Use a graphing utility or CAS to plot the first 15 terms
of the sequence.

(&) Estimate the least upper bound of the sequence.

. Define a sequence recursively by setting

a=1 =3, A=123 .

() Show by induction that this is an increasing sequence.

(b) Show by induction that the sequence is bounded above.

(c) Use a graphing utility or CAS to calculate ay, a3,
ool

(d) Use a graphing utility or CAS (o plot the first 15 terms
of the sequence.

(¢) Estimate the least upper bound of the sequence.
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W 11.3 LIMIT OF A SEQUENCE

You have seen the limit process applied in various settings. The limit process applied
to sequences is particularly simple and exactly what you might expect.

DEFINITION 11.3.1  LIMIT OF A SEQUENCE
lim @, =L
n—00
if for each € > 0, there exists a positive integer K such that

if n=K, then lan = Lli<e:

Example 1 Since

it is intuitively clear that

To verify that this statement conforms to the definition of limit of a sequence, we must
show that for each € > 0 there exists a positive integer X such that

4n—1

if n>K, then — —4| <e.
n

To do this, we fix € > 0 and note that

4n —1 1 1
ot [(-2) o
n n n
We now choose X sufficiently large that 1/K < e.Ifn > K, then1/n < 1/K < e and
consequently

4n—1

Example 2  Since

Vil I+ gm
it is intuitively clear that
N
NZES

To verify that this statement conforms to the definition of limit of a sequence, we must
show that for each € > 0 there exists a positive integer X such that

2/n
NSt

lim
vy

if n=>K, then ‘ —2‘ < €.
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To do this, we fix € > 0 and note that
2n 20 = 2(J/A+ 1) -2 ‘ 2 2
- o Ay e e e
NZES NZES| VR N S BV )

We now choose K sufficiently large that 2/v/K < e.Ifn > K, then2//n < 2/v/K <€
and consequently

[N}

24/n
NZESE

<i—=rxe, O

In Section 11.1 we gave meaning to decimal expansion
b=0.b1bybs -
through the least upper bound axiom. We stated that
b =1ub{0.5,, 0.b1b2, 0.5153b3, - ).
We can view b as the limit of a sequence: set @, = 0.5;b; - - - b, and we have
lim a, = b.
o0
Example 3 You are familiar with the assertion

1
- =0333....
3

—_
Here we justify this assertion by showing that the sequence with terms ¢, = 0,333 ...3
satisfics the limit condition
;. 1
e
To this end, we fix € > 0 and observe that

1 —_—— I
sl (0o 11 L
3 3 3 ERRTTINSTY

—_—
09999

We now choose K sufficiently large that 1 /10X < ¢.Ifn > K,then1/10" < 1/10X < ¢
and therefore

Limit Theorems

The limit process for sequences is so similar to the limit processes you have already
studied that you may find you can prove many of the limit theorems yourself. In any
case, try to come up with your own proofs and refer to these only if necessary.

THEOREM 11.3.2  UNIQUENESS OF LIMIT

I tma, =L and  lima,=M  then L=M
e e

m 539
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A proof along the lines of our proof of Theorem 2.3.1 is given in the supplement at the
end of this section. Try to construct your own proof.

DEFINITION 11.3.3

A sequence that has a limit is said to be convergem A'sequence that hasno
limit is said to be divergent.

Instead of writing
lima, =L,
n—o0
we will often write
ay — L (read “a, converges to L)
or more fully,

ay = L as n— 0.

THEOREM 11.3.4

Every convergent sequence is bounded.

PROOF Assume that a, — L and choose any positive number: 1, for instance. Using 1
as €, you can see that there must be a positive integer X such that

lan — Ll <1 for all n>K.
Since |ay| — |L| < [lan| — |L]| < |an — L|, we have
lan] < 1+1L| for all n=K.
It follows that
lan| < max{|al, |aal, ..., lax—il, L + L]} for all n.
This proves that the sequence is bounded. 0O

Since every convergent sequence is bounded, a sequence that is not bounded cannot
be convergent; namely:

(11.3.5) Every unbounded sequence is divergent.

The sequences
3
n
a,,:%n, by = ——, e, =nlnn
n+l
are all unbounded. Each of these sequences is therefore divergent.
Boundedness does not imply convergence. As a counterexample, consider the “os-

cillating” sequence

{1,0,1,0,1,0,---}.
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This sequence is certainly bounded (above by 1 and below by 0), but it does not converge:
the limit would have to be arbitrarily close both to 0 and to 1.
Boundedness together with monotonicity does imply convergence.

tence which is bounded above converges to the least

W converges to the greatest

PROOF Suppose the sequence with terms a, is bounded above and nondecreasing. If L
is the least upper bound of this sequence, then

a, <L for all n.
Now let € be an arbitrary positive number. By Theorem 11.1.2 there exists ax such that
L—e<ag.
Since the sequence is nondecreasing,
ag < a, for all n>K.
It follows that
L—¢e<a, <L for all n=>K.
This shows that
la,—Ll <€  forall n>K
and proves that
a, = L.

The nonincreasing case can be handled in a similar manner, O

Since b = 0.b12b; - - - is the least upper bound of the sequence with terms a, =

0.b1b; - - - by, and this sequence is bounded and nondecreasing, the theorem confirms
that

lim a, = b.
Py
Example 4 We shall show that the sequence a, = (3" + 4")!/ is convergent. Since
3= (MY < 3" AW < (@ g = @ 4 =2ln 4 <3,

the sequence is bounded. Note that

(37 + 47Y D/ = (3 4 4mVn(3n 4 gr)
= (3" 4 4M)/n3 4 (30 4 47 ingn,

Since

@ +amin s @mie =3 and (3 4/ > @ = 4,
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we have
3"+ 4rx)(nﬂ)/n 3 (Al = 3+l g gkl
Taking the (n 4 1)st root of the left and right sides of this inequality, we obtain
4 +4n)l/r’ - (3n+l +4n+l)l/(n+1)_
The sequence is decreasing. Being also bounded, it must be convergent. (For the limit,
see Exercise 43.) 0O

The theorem which follows will help us work with limits of sequences without
having to resort so frequently to the €, X details set forth in Definition 11.3.1.

THEOREM 11.3.7
Let @ be a real number. If a, — L and b, — M, then
@ay+b, > L+ M, @) ea, — oL, (ti)ya,b, = LM.
If, in addition, M # 0 and each b, # 0, then
L

N 1 a,
(w)aa S and (v)b~n~v—]v—[.

Proofs of parts (i) and (ii) are left as exercises. For proofs of parts (iii}{(v) see the
supplement at the end of this section.
We are now in a position to handle any rational sequence

gt ot e
PR i L i
"B+ BT+ By

To determine the behavior of such a sequence, we need only divide both numerator and
denominator by the highest power of # that occurs.

Example 5
3p4 — 242 o 3 5
et e SR VL Ve R VU NP
s —3n3 1-3/n? 1
divide by n®
Example 6
gl 7 = s
Lot Vw4 4 g
n"+12n 1412/ 1
divide by n”
Example 7
n=3n+n+2  1-3/n+1/n+2/nt
n+7n - In+17/n3 :
divide by n*

Since the numerator tends to 1 and the denominator tends to 0, the sequence is un-
bounded. Therefore, it cannot converge.
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THEOREM 11.3.8

a0 R e L]0

‘We leave the proof to you.

THEOREM 11.3.9 THE PINCHING THEOREM FOR SEQUENCES
Suppose that for all » sufficiently large

= by <05

o, » Lande, — L.thenb, > L.

Once again the proof is left to you.
The following is an obvious corollary to the pinching theorem.

Suppose that for all # sufficiently large

11.3.10) 1ba] < cn
If¢, — 0, then b, — 0.
Example 8
5 1
EBE 0 since ‘wsn and -—0. 0

f n

Example 9
Va+(1/nP -2

since

2 < VA4 (1/nP < V4+4(1/n) +(1/n)?> =2+ 1/n

Example 10 (4 limit to remember)

e
lim (1 + 7) =e:
o0 n

PROOF In Project 7.4 you were asked to show that

113.1mn

e 1y
(1 A, —) <e< (1 + —) for all positive integers 7.
n n

and 24 1/n— 2.

[w}
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Dividing the right inequality by 1 + 1/n, we have

A 1\"
T+1/n~ n)
Combining this with the left inequality, we can write
e LA*
—— =14 —) ge
1+1/n n
Since
e e
S
1+ 1/n 1
the pinching theorem guarantees that

"
(H—f) —>e O
n

Continuous Functions Applied to Convergent Sequences

=e,

The i image of a convergent isa More pre-
cisely, we have the following theorem:

PROOF We assume that f is continuous at ¢ and take € > 0. From the continuity of /'
at ¢ we know that there exists a number § > 0 such that

if x—cl<d,  then [f(x)—f(o)l<e
Since ¢, — ¢, we know that there exists a positive integer X such that
if n>K, then |c, —c| <.
It follows that
if n>K, then |f(c,)— f(c)l <e. O
Example 11 Itis clear that
sy
n
Since the functions
f(x) =sinx, fGxy=¢', f(x) = arctanx
are defined at all the 7r/n and are continuous at 0, we can conclude that

x/n

sinzr/n — sin0 =0, e sl =1, arctanz/n — arctan0 =10, QO
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Example 12
2n—1

1
=230
n n

Since the functions
1
JW=Va fE=hr fe=

are defined at all the terms of the sequence and are continuous at 2, we know that

2 1—>ﬁ, In -l — In2, _n*‘)l. m]
n 2n—1 2
Example 13
in? 7l —8/n? =
—_— 5 —,
l6n? 16 16

Since f(x) = tan /X is defined at all the terms of the sequence and is continuous at
72/16,

e tnT =1 0
el tan | o oan = s,
Y e 16 3

Example 14 Since the absolute-value function is everywhere defined and every-
where continuous,

a,— L  implies |a,| > |L]. O

Stability of Limit
Start with a sequence
1,4z, 5 lpy v

Now change a finite number of terms of this sequence, say the first million terms.
‘We now have a sequence

R bl by by, e
We know nothing about the b, from n = 1 to n = 1, 000, 000. But we know that

b, =a, for n > 1,000, 000.
This is enough to guarantee that

if lim a, =L, then lim b, = L.
0o n=>20

PROOF If the positive integer K is such that

la, — L] <€ for all n>=K,
then the positive integer X, = max{X, 1, 000, 000} is such that

by — L] <€ foralln > K,. O

Similar reasoning shows that

if lim b, =L, then lim @, = L.
n—00 n—00

= 545
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The following should now be clear:

We cannot deflect a convergent sequence from its limit by changing a finite number
of terms; nor can we force a divergent sequence to converge by changing a finite
number of terms. (For if we could, the convergence of the second sequence would
force the convergence of the first sequence.)

Remark For some time now we have asked you to take on faith two fundamentals of
integration: that continuous functions do have definite integrals and that these integrals
can be expressed as limits of Riemann sums. We could not give you proofs of these
assertions because we did not have the necessary tools. Now we do. Proofs are given

in Appendix B. O

EXERCISES 11.3

Exercises 1-40. State whether the sequence converges and, if it
does, find the limit.

L2 2 z
i
3. & i
D
i

T
11, (—1y" /.
13. (-3
nx
4n+1
2
17, @D
Bn -1
2

15. tan

n

19 ——.
V2t 1

21, cosn. 2
cosmt Tt + 12

2. JA=T/n.
21

T

NCES 1 1

3 28, — — :
2yn n n+l

2 1\
29.(1+7) . 30. (l+7) .
n n

23. eV,

25, Inn — Ingn + 1), 26.

27.

on

3.5 3221037 — In(n? 4+ 1).
"

33, S 34, arctan | —
by g . arcta L
N it P

T
35 T Fa . 3g Mt
n
"
37. arctann. 38.3.444...4,
(l=n (4D +4)
39. amsm( - ) Gt DmE3)

[ Exercises 41-42. Use a graphing utility or CAS to plot the first

15 terms of the sequence. Determine whether the sequence con-
verges, and if it does, give the limit.

41. (a) . ®) %
2w (b) n?sinr/n).

43. Show that if 0 < a < b, then (a” + b")!/" — b.
44. (a) Determine the values of 7 for which 7" converges.
(b) Determine the values of 7 for which ##” converges.
45, Prove that
if an— L and b, - M, then a,+b, > L+ M.
46. Let o be a real number. Prove that
if ay — L, then

g, = aL.

47. Given that

1 1 n+l
(1 G ~) —e show that (1 + 7) —e.
n n

48. Determine the convergence or divergence of a rational se-
quence
e ettt 4t
"B B T e o
given that: (a) k = J; (b) k < J; (¢} k > j. Justify your an-
swers. Assume that a; # 0 and §; # 0.
49, Prove that a bounded nonincreasing sequence converges to
its greatest lower bound.
50. From a sequence with terms a,, collect the even-numbered
terms e, = @z, and the odd-numbered terms o, = ¢2,_1.
Show that

ay > L iff e —L and o, — L.




51. Prove the pinching theorem for sequences.

52. Show that if a, — 0 and the sequence with terms by is
bounded, then a,b, — 0.

53. Suppos that a, — L. Show that if @, < M for all n, then
L=wM

54. Earlier you saw that if a, — L, then |a,| — |Z]. Is the
converse true? Namely, if |a,| — |L|, does it follow that
a, — L? Prove this, or give a counterexample.

55. Prove that @, — 0 iff |a,] - 0.

56. Suppose that a, ~ L and b, — L. Show that the sequence

ay, by, ay, by, a3, b3, -+
converges to L.

57. Let f be a function continuous everywhere and let » be a real
number. Define a sequence as follows:

a=r a=f), a=f1O) a= A1

Provethatifa, — L,thenLisafixedpointof f : £(L) = L.
58. Show that
on
nl
by showing that
-
m

59. Prove that (1/n)!/ — 0 for all positive integers .

60. Prove Theorem 11.3.8,

Exercises 61-66. Below are some sequences defined roour-
sively. Determine in each case whether the sequence converges
and, if so, find the limit. Start cach sequence with a; = 1.

6L ppy = 62. 4, =2,
n
63. 4y = P 64. a4, = T

65. a4y =1 —a,. 66. G541 = 1a, + 1.

The notion was introduced in Exercises 1 12.

PROJECT 1

Let Rbe a positive number. The sequence defined recursively by

setting
1 R

m a=1, a= —(un,, + ) n=23,4,....
2 [

can be used to approximate v/,

Problem 1. LetR =3.

a. Caleulate az, as, - -, ag. Round off your answers to six dec-

imal places.

Sequences and the Newtol Raphs:

11.3 LIMIT OF ASEQUENCE m 547

Exercises 67-74. Evaluate numerically the limit of each se-
quence as n — oo. Some of these sequences converge more
rapidly than others. Determine for each sequence the least value
of n for which the nth term differs from the limit by less than
0.001.

75. (a) Find the limit of the sequence defined in Exercise 67,
Section 11.2.

(b) Find the limit of the sequence defined in Exercise 68,
Section 11.2.

[ 76. Define & sequence recursively by setting

ay =6+ a,_,
(2) Estimate ay, a3, a4, as, ag, rounding off your answers to
four decimal places.
(b) Show by induction that a, < 3 for all .
(c) Show that the a, constitute an increasing sequence.
HINT: a},; —a? = (3 — a,)(2 + a,).
(d) What is the limit of this sequence?
[ 77. Define a sequence recursively by setting

n=234,....

a =1, n=2,34,...

ay=1, a,=cosa,,

(a) Estimate ay, a3, ag, - - -, ayp, rounding off your answers
to four decimal places.
(b) Assume that the sequence converges and estimate the
limit to four decimal places.
[%78. Define a sequence recursively by setting

a=1 a,=a, 1 +cosa, n=234,...,

(a) Estimate az, a3, ay, - -, a0, rounding off your answers
to four decimal places.

(b) Assume that the sequence converges and cstimate the

limit to four decimal places.

Metho

b. Show that if @, — L, then L = +/3.

The Newton-Raphson method (Scction 4.12) applied to a
differentiable function f generates a sequence which, under cer-
tain conditions, converges to a zero of £, The recurrence relation
is of the form

n=123....
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Problem 2. Show that recurrence relation (1) is the recurrence
relation generated by the Newton-Raphson method applied to
the function f(x) = x? — R.

Problem 3. Each of the following recurrence relations is based
on the Newton-Raphson method. Determine whether the se-
quence converges and, if so, give the limit.

ax=1, Xpi=x-

sinx, — 0.5
B =] o =i e
COS
Inx, —1
o =ty g =
1Xn

Problem 4. For each sequence in Problem 3 find a function /
that generates the sequence. Then check each of your answers
by evaluating f.

*SUPPLEMENT TO SECTION 11.3

PROOF OF THEOREM 11.3.2

If L # M, then

1L — M| > 0.

The assumption that lim a, = L and lim a, = M gives the existence of X such that
n—o0 nco

if

n>Ky, then la,—L|<3lL-M|

and the existence of X, such that

if

Forn = max{K, K2}, we have

n> Ky, then l|ay— M| < 3|L—M.T

lay — LI+ la, — M| < |L — M]|.

By the triangle inequality we have

L= M| =L —a)+(an = M)| < |L —an| +|an — M| =lan — LI+ lar — M.

Combining the last two statements, we have

IL— M| < |L— M.

The hypothesis L M has led to an absurdity. We conclude that L = M. 0

PROOF OF THEOREM 11.3.7 ()—(v)
To prove (iii), we set ¢ > 0. For each n,

|@nby — LM| = [(anby — ayM) + (ayM — LM)|

< laullby — M|+ |Mlla, — L.

Since convergent sequences are bounded, there exists Q' > 0 such that
lal <@  foralln.
Since [M| < |M] + 1, we have

m [anby — LM| = Qlby — M|+ (IM| + Dia, — L|.1F

TWe can reach these conclusions from Definition 11.3.1 by taking 1| — M| as e.

fiSoon we will want to divide by the coefficient of |a, — Z|. We have replaced |4 by |M| + 1 because

| M| can be zero.
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Since b, — M, we know that there exists K| such that

€
iFonzK,  th by — M| < .
i onxk en | <35
Since a, — L, we know that there exists K such that
B
if > K, the =Ll < —.
— S 77Ty

For n > max{Kj, K}, both conditions hold, and consequently

Qlby = MI+ (M| + D, Ll < 5+ 5 =e.

TIn view of (1), we can conclude that
if n = max{Ky, K3}, then lapb, — LM| < €.
This proves that
aphy - LM. QO

To prove (iv), once again we sct € > 0. In the first place

M= by| _ b= M|
Bt |~ i
Since b, — M and |M|/2 > 0, there exists K| such that
M|
it nzKi,  then  |by—M| < "2_’
This tells us that for n > K we have
M| 2
|Ba| > — and thus —_— <
>3 el = T

Thus for n > K we have

@

MZ
i 2K, thn  |b,— M| E‘T‘
Thus for # > K, we have
2
by — M| <e.
il — M1 < ¢
In view of (2), we can be sure that
if > max(Ky, Ko}, the L
it 0> max(K;, Ka), en |- <e
o X{8£7, K B w
This proves that
bk
b M
The proof of (v) is now easy:
4 L
oy ==
B, @ 173
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M 11.4 SOME IMPORTANT LIMITS

Our purpose here is to direct your attention to some limits that are particularly important
in caleulus and to give you more experience with limit arguments. Before looking at
the proofs given, try to construct you own proofs.

Each limit is taken as # — co.

y @ x> 1 forall x > 0.
@ x>0 if|x] < 1.
1
3 —-=0 foralla > 0.
P
2
1.4.n @) L, >0 for all real x.
nt
: Inn
, @& — =0
, n

©) n'/m—1

Q) (1+‘£)"ﬂe* for all real x.

n
E
?

If x > 0, then

1 as  n— o0

M

PROOF Fix any x > 0. Since
. 1
In(x"") = -Inx,
n
we see that
ln(x””) — 0.

We reduce In (x!'/7) to x'/* by applying the exponential function. Since the exponential
function is defined at the terms In (x!/") and is continuous at 0, it follows from Theorem
11.3.12 that

cijn
B s

If|x| < 1, then
@
x" =0 as n— oo.

PROOF The result clearly holds for x = 0. Now fix any x # 0 with x| < 1 and observe
that the sequence @, = |x|" is a decreasing sequence:
= ) < Jxl
Lete > 0. By (11.4.1), €'/" — 1. Thus there exists an integer K > 0 for which
1K

x| <€ (cxplain)
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This implies that |x|% < e. Since the |x|" form a decreasing sequence, we have

" =x"<e foral n=K. Q

Forcacha > 0
@) 1

— =0 as n = 00.

PROOF Take & > 0. There exists an odd positive integer p for which 1 /p < . Then

3 1/p
o< 2o <()"
ne n n
Since 1/n — 0 and the function f(x) = x'/7 is defined at the terms 1/n and is con-

tinuous at 0, we have

e 1
(») -0, and thus by the pinching theorem, — >0 0
" I

For each real x

@ x"
— =0 as n— oo,
n!

PROOF Fix any real number x and choose an integer & > |x|.Forn >k +1,

- ()t -

The middle term is less than 1

. Xk FEFIN 7]
ot \wm G )

Since k is fixed and 1/n — 0, it follows from the pinching theorem that

Since & > |x|, we have

n u
‘iao and thus oo o
n! n!
Inn
) — =0 as n— oco.
n

PROOF A routine proof can be based on L'Hépital’s rule (Theorem 1 1.6.1), but that is
not available to us yet. We will appeal to the pinching theorem and base our argument
on the integral representation of the logarithm:

Inn 1 (1 11 2 1 1
0<—=-= —dt < — —=dt = - —l)=2{—=—-- 0. Q
T n n/lt Sn/,ﬁ n(ﬁ ) (ﬁ n).,
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EXERCISES 11.4

PROOF We know that

Inn*

Applying the exponential function, we have

/
Vs =1
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l/ﬂ:lnn

o

@

For each real x
X\" "
(1+3) e

as

PROOF For x = 0, the result is obvious. For x # 0,

(14 ) = (14 3) = [ HLEZPD L],

The crux here is to recognize that the bracketed expression is a difference quotient for

x/n

the logarithm function. Once we se¢ this, we let # = x/n and write

= lin

lim [ln(l

n—oo

It follows that

+x/n)—ln1:|

x/n

m

h—0

[

D=1l _ s
. =1

In (1 + ;—Z)“ — X.

Applying the exponential function, we have

(1 + ’,-z) S Q

tForeacht > 0

Atr=11/1=1

lim
=0

1n(r+h>4m}
[

d
0=

1
T

Exercises 1-38. State whether the sequence converges as

n — oo if it does, find the limit.
1. 2%,
N
5 (7) .
n
5 et D)

n
1000
nt’
9. 1", o > 0.
gr
11 —.
o

13 (n + 27,

2, e79n,
logyn
=SS

4.

3n
6. —.
m

8. nl/r2),

10.1n("+1).
S

15, | e7Fdx.
0

" dx
1 [ —.
ﬁn 1+x2
19. (n +2)!/0+2,

2
a1, Inn .

23n-1
16.

gETN

18. / e ™dx.
0

20. n’sinnm.

i
2. / dx

al
24. —.
2
X\
26,
(+3)
! dx
28 [ .
1w VX




- N
29. / e dx 30. (1 + 7) :
2 s
o "
I 3. /ﬂ cose” dx.
5 "
X
B+ ) 3 (1+-) .
(+3) (+3)
Un T
35/ sinx? dx. 36 (1+2) >0 x>0
—l/n n
4, S0E/n) 55, At
sin(3/m)
39. Show that lim [(r -+ 1)1/2 = n1/2] = 0.
A
40. Show that lim [(2 +m)2 —n] = L.
s
41. () Show that a regular polygon of n sides inscribed in a
cirele of radius # has perimeter p, = 2rn sin (/).
(b) Find
lim p,
s
and give a geometric interpretation to your result.
42. Show that
if 0<c=<d, then (" +d")'" - d.
Exercises 43-45. Find the indicated limit.
142+-
43, tim LH2E AN
ary "
1
HINT: 1424 4= "(”T*)
T I .
A g P PR
e (A E MR+
3 1@n + 1
HINT: 1242040t = 20 DO D 13( ntd)
13 23 3
FrORITY e i )
asee 2nt4n—1 N ,
1
HINT: P42 4 tnd= w.
46. A scquence ay, az, - - - is called a Cauchy sequence' if

for cach € > 0 there exists an index

(11.4.2) k such that

|y = an| <€ forallm,n=> k.
Show that
(11.4.3) every convergent sequence

is a Cauchy sequence.

T After the French baron Augustin Louis Cauchy (1789-1857), one of
the most prolific mathematicians of all time.

I>s

. (a) Letay, az, -+ - be
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It is also true that every Cauchy sequence is convergent, but
that is more difficult to prove.

. (Arithmetic means) For a scquence aj, ay, - - -, set

1
= @@t a).

(a) Prove that if the a, form an increasing sequence, then
the m, form an increasing sequence.

(b) Prove that if a, — 0, then m,, — 0.

convergent sequence. Prove that

lim (dy — dyy) = 0.

(b) What can you say about the converse? That is, suppose
that ay, ay, - - - is a sequence for which

lim (@, — a,-1) = 0.
o

Does aj, a3, - - - necessarily converge? If so, prove it; if
not, give a counterexample.

. Starting with 0 <a <b, form the arithmetic mean

a; = La+b) and the geometric mean by = +/ab. For
n=2,3,4,set

Uy =3 +bpy)  and by =a b
() Show by induction on  that
Gyt > @y > by > by forn =234,

(b) Show that the two sequences converge and nlin; a, =
lim b, The common value of this limit s called the

arithmetic-geometric mean of a and b.

. You have seen that for all real x

g o B =

However, the rate of convergence is different at different
x. Verify that with n = 100, (1 + 1/n)" is within 1% of its
limit, while (14 5/#)" is still about 12% from its limit.
Give comparable accuracy cstimates atx = | and atx = 5
for n = 1000.

- Evaluate

s g TN
Jim (sin §)

numerically and by graphing. Justify your answer by other
means.

. We have stated that

"Iirr;[(n: +m)—n) =4 (Bxercisc40)
Evaluate

Lim [(n* +nH)' —n]

ey
numerically. Then formulate a conjecture about
fork=1,2,3,---

Lim [(7* + #*=H)VE — )
b

and prove that your conjecture s valid.



554 W CHAPTER 11 SEQUENCES; INDETERMINATE FORMS; IMPROPER INTEGRALS

53. The sequence defined recursively by setting

Gpy = oty +

is called the Fibonacci sequence.
(a) Calculate a3, as, - - -

(b) Define

Calculate ), 7y, - -+

- @o.

(c) Assume that r,, — L, and find L. HINT: Relate 7, to

starting with @y =ay =1 K
54, Set
12 3 n
W=ttt
_ awn Show that a, is a Riemann sum for f; x dx. Does the se-

76

quence i, a, - - - converge? If so, to hat?

M 11.5 THE INDETERMINATE FORM (0/0)

For each x-limit process that we have considered,

asx —ec, asx — cT, asx —»> ¢, asx — 00, asx — —00,
if f(x) - L and g(x) — M # 0, then
FACONN £
g(x) M

The attempt to extend this algebra of limits to the case where f(x) — 0 and g(x) — 0
leads to the nonsensical result

@ 0

g O
Knowing only that f(x) — 0 and g(x) — 0, we can conclude nothing about the
limit behavior of the quotient f(x)/g(x). The quotient can tend to a finite limit:

sin x

—1;

as x—0,

it can tend to +o0:

| sin x| 1
as x— 0, e
x? x|

%

it can tend to no limit at all:

as x =0, = tends to no limit.
-1, x<0

KI_[ 1, x>0
X

For whatever limit process is being used, if f(x) — 0 and g(x) — 0, the quotient
F(x)/g(x) is called an indeterminate of the form 0/0.

Such indeterminates can usually be handled by elementary methods. (We have
done this right along.) Where elementary methods are difficult to apply, Hdpital’s
rulef (explained below) can be decisive. The rule applies equally well to all forms of
x-approach:

asx — ¢, asx — cT, asx — ¢, asx — 00, asx — —o0.

As used in the statement of the rule, the symbol y (the Greek letter gamma) can represent
areal number, it can represent oo, it can represent —oo. By allowing this flexibility to
¥, we avoid tiresome repetitions.

tAttributed to the Frenchman G. R A. DHopital (1661-1704). The result was actually discovered by his
teacher John Bernoulli (1667-1748).
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L'HOPITAL'S RULE (0/0)
Suppose that
F) >0 and  gx)— 0

11.5.1
¢ ) and in the approach g(x) and g'(x) are never 0.
If j/(x) -y, then L(x) - y.
g &)

We defer consideration of the proof of this rule to the end of the section. First we
demonstrate the usefulness of the rule.

cosx

Example 1 Find lim .
o2 T — 2%

SOLUTION  As x — /2, both numerator and denominator tend to zero and it is not
at all obvious what happens to the quotient

Sx) _ cos x

glx)  m—2x"
Therefore we test the quotient of derivatives:
k4 fi(x) —sinx sinx 1
as X — 3 g’((x) ) — = 3 — 3
It follows from L’Hépital’s rule that
k4 [ 1
s x>, p

We can express all this on just one line using * to indicate the differentiation of num-
erator and denominator:
. cos x . —sinx . osinx 1
lim —— X [im = lim =-. 0
For2 — 2% xom2 =2 x—mi2 2 2

Example 2 Find lirg
P

SOLUTION  As x — 07, both numerator and denominator tend to 0 and
Fx) 1 2Jx 0
= v~ T
&) (cosVR)(1/2[VaD)  cosyr 1

1t follows from L'Hépital’s rule that

0.

x
lim —— — 0.
0% §in /X
For short, we can write

2vx

2 L x
lim —— = lim Y = a
=07 5in/X  x—07 cos /X

Remark  There is a tendency to abuse this limit-finding technique. L'Hopital’s rule
does not apply to cases where numerator or denominator has a finite nonzero limit. For
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example,
0
lm ——— = - =0.
s~>0x +cosx 1
A blind application of LHbpital’s rule leads to
; x £ o 1
lim ——— = lim ———— =
x—0x+cos x x—01—sinx

This is nonsense. U

Sometimes it is necessary to differentiate numerator and denominator more than
once. For two differentiations we require that g(x), g'(x), g”(x) never be zero in the
approach. For three differentiations we require that g(x), g'(x), £"(x), g"(x) never be
zero in the approach. And so on.

X x—1
Example 3 Find lin:] ki

x2

SOLUTION As x — 0, both numerator and denominator tend to 0. Here

S e -1 |
gy~ 2 |
Since both numerator and denominator still tend to 0, we differentiate again:
rw_e
g 2
Since this last quotient tends to %, we can conclude that
er il 1 o] 1
= 73 and therefore % -5

We abbreviate this argument by writing

i L2 fim & i
i =lim —— = 2
b x? =0 2x x=02 2

L' Hépital’s rule can be used to find the limit of a sequence.

-1
Example 4 Find lim ———

neo 1/
SOLUTION The quotient is an indeterminate of the form 0/0. To apply the methods
of this section, we replace the integer variable n by the real variable x and examine the
behavior of

e ]
ey as X — 00,
1/x
Applying L'Hopital’s rule, we have
2/x _ 1 2/%, ol 2
lim < Tim L/:) =0 e,
o 1jx | aow (—1/x?) 250
It follows that
21
asn — 00, —-2. 2
I/n

To derive I’ Hopital’s rule, we need a generalization of the mean-value theorem.
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THEOREM 11.5.2° THE CAUCHV MEAN-VALUE THEOREM!

Suppose that f and g are differentiable on (a, b) and continuous on [a, b]. It
¢ isnever 0 in (a, b), then there is & number » in (2. b) for which

S ) fle)

g0 gl —ela

PROOF We can prove this by applying Rolle’s theorem (4.1.3) to the function
G(x) = [g(b) — g@ /() — f(@)] — [g(x) = g@]LSB) = fl@)].
Since
G@=0 and G(b)=0,

there exists (by Rolle’s theorem) a number r in (a, b) for which G'() = 0.
Differentiation gives

G'(x) = [g(B) — g(@)]f'¥) = gNLS®) - f(@)].
Setting x = r, we have
[g(h) — g@1 ') — g OIfB) = f@)] =0
and thus
[¢(®) — g@] /() = £OSB) = F(@)].
Since g’ is never 0 in (a, b),
g #0  and  g(b)—gla) #0.
oxplain
We can therefore divide by thesc numbers and obtain
S B - @)

g gl —g@)’

Now we prove L'Hépital’s rule for the case x — c*. This requires that in the
approach g(x) # 0 and g'(x) # 0. We assume that, as x — ¢,

F6) =0, gx)—0,  and LHONN
g'x)
‘We want to show that
FiCa}
g0

PROOF By defining f(c) = 0and g(c) = 0, we make f and g continuous on an interval
[e.c + A]. For each x € (¢, c + /)

S _ -1 _ S0
gx) gl —glo) &)

TThe same Cauchy who gave us Cauchy sequences.
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with 7 between ¢ and x. (The Cauchy mean-value theorem applied on the interval [¢, x].)
If,as x — ¢,
S'x)
g

J& _ S

= Q
gx) g

=y, then

The case x — ¢~ can be handled in a similar manner. The two cases together prove
the rule for the case x — ¢.
Here is an outline of the proof of UHépital’s rule for the case x — oo.

PROOF The key here is to setx = 1/1:

S _ o LY

Tim = iiw

A T ey T S Trgyn
= tim LU0 gy OO, S@)
gD T g T g

by L'Hépital’s rule for the case # — 07

EXERCISES 11.5

Exercises 1-32. Calculate,

sin x In x . cosx —cos3x Na+x—a—x
1. lim ) i 27. tim 2% . 28. lim )
Jm, TS Gd) L) *
o5 sec? x — 2t . x —arcsi
3. lim & ) 29, tim T X ZEOE gy gy T 20N
o T (1 +x) wofa T+ cosdx o il
arctan x arcsin
- . 6 E AT 31, lim Y 32, lim Z50Y
=72 $in 2x x—a x" —a" x=0 arctan 2x w0,
gt 21 e Exercises 33-36. Find the limit of the sequence.
. Tim e . lim % i 33. lim (/2 — arctann)v 34, lim ln(.l = l/n)‘
. e 1n 5% sin(1/m)
9. li 10. 1i . i
=] =0 x(1+%) 35. lim L . 36. fim S0 7/'; S
e Al DAl ek sy
12. lim —-—. [ Exercises 37-42. Use technology (graphing utility or CAS) to
calculate the limit.
1 i =G 2 %
i ST ) :
= 37, Jim ——. 1
¢ X 7 Jim T 38l
e -2 x—ln(xt1
15, 1im X 2 16: fig Z ) ) %
BT "casax 26 T —cosax 3. lim . 40, lim
z 53 b
ne s — 15272 2
17 b BT 18; i, LR, LY
e =1 b = - fim ——.
19. lim L FX = 20, lim 220 43. Find the fallacy:
x>0 x(e* = 1) x=0  x B ~
% fif 5 o lim 24x+sinx im 1+cos x
2. lim T 2. lim P r —cosx s ilisinz
50 x — sinx =01 — A "
L JT=2 2x —sinmx b N W
B im 24, lim =TT 6y feosx 1
o T 2 ax o N
\ ¥ . 44, Show that, if @ > 0, then
25, lin 2RT) 58! i eV

s (m — 20

¥+ /x4 sin

lim n(a’" — 1) =1n a.
S
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45. Find values of @ and b for which y

lim —_“’SZZ_ b_ 4

x>0
46. Find values of @ and b for which

sin2x +ax + bx®
lim —————— =o.
P x

e _
47. Calculate lim %.
48. Lt be a twics difforentiable function and ¢ value of . 54, The figure shows an angle 0 between 0 and /2. Let 7(9) be
(@) Show that the area of triangle ABC, and let S(6) be the arca of the scg.
mentofthe ciclecurby the chord A 5. Find Jim 7(9)/S(6).
x+ h) —fa-n)
i (D= FeB)_
i
(b) Show that

iy L+ D= 200) ¢ s =1y

7 = f"(x).

49. Given that / is continuous, use ’Hépital’s rule to determine

lim G /0 /'(t)dt),

-
50. The integral Si(x) = / %dz plays a role in applied
o

P> 55. Set

mathematics. Calculate the following limits:

i) f) = x2-16
@ lig =2 Vs
CSiGr) =2 (@) Use a graphing utility to graph £, What is the behavior
byl = of f(x)asx — 00?25 x — —00?

(b) What s the behavior of  as x — 42 Confirm your an-
swer by applying L'Hopital’s rule.

> 56. Set f(x) =

() Use a graphing utility to graph f. What is the behavior
of f(x) asx — 007 as x —> —00?
(b) What is the behavior of / as x — 02 Confirm your an-
52. (a) Given that the function f is differentiable, £(a) = 0 and swer by applying UHopital's rule,
/(@) # 0, determine

x
S1. The Fresnelfunction C(x) = | cos® ¢ dt arises in the study

0
of the diffraction of light. Calculate the following limits: s

P

P
. £ e 57, Set fx)="— "=
im 24T
e f(x) (a) Usea graphmg utility to graph /. Estimate
) Suppose f is k-times differentiable, f(a) = f'(a) = lim f(2).

"= /+1a) = 0, and f*(a) % 0. Calculate.
@ Say# u (b) Use LHopital’s rule to confirm your estimate,

IF o 33
lim o ZDE 58. Setg(r) = 23
i = B> £
3. Let A(b) be the area of the region bounded by the parabola (@) Use a graphing utility to graph g. Estimate
y=x? and the horizontal line y = b (b > 0), and let lim ().
din

T(b) be the arca of triangle AOB. (Sce the figure.) Find
llm T(b)/ A®). (b) Use L'Hopital’s rule to confirm your estimate.
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W 11.6 THE INDETERMINATE FORM (oo /00); OTHER
INDETERMINATE FORMS
We come now to limits of quotients where numerator and denominator both tend to co.
Such quoti are called indeterminates of the form co /oo for the limit process used.
As in the case of I'Hépital’s rule (0/0), the result we state applies equally well to
all forms of x-approach:

asx — ¢, asx — ¢, asx —> ¢, asx — 00, asx — —00.

As before, the symbol y can represent a real number, it can represent oo, it can represent
—00.

LHOPITALS RULE (c0/00)
Suppose that
aten f(x) > £o0 and g(x) = oo
and in the approach g’(x) # 0.
L&) pAS)]
If -y, then —_— >y
gw 7 o)

While the proof of 'Hdpital’s rule in this setting is a little more complicated than
it was in the (0/0) case,! the application of the rule is much the same.

Example 1 Let« be any positive number. Show that

Inx
(11.6.2) asx — 00, — = 0.
X

SOLUTION Asx — 00, both numerator and denominator tend to co. L'Hopital’s rule
gives
Inx 1/x

. : : 1
lim — = lim =lm —=0 0
x—>00 X% x—oo @x®~!1  x—o0 @x?

For example, as x — 00,

Inx Inx Inx Inx

2 x 001 0000

all tend to zero.

Example 2 Let o be any positive number. Show that

€
(11.6.3) asx — 00, — — oo,
pr

tWe omit the proof.
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SOLUTION  Choose a positive integer k > a. For large x > 0

e &

P
‘We will prove (11.6.3) by proving that
&

asx — oo, — = 00,
xk

We do this by UHdpital’s rule. We differentiate numerator and denominator &-times:

x

i e’ . i i li e * i e o
m —=im —=lm — = lm — = o0,
w00 xk T oo kT T xoo k(k — 1)k 2 £=00 kI
For example, as x — oo,

e e* e

s T T all tend to oc.

Remark  Limit (11.6.2) tells us that In x tends to infinity more slowly than any positive
power of x. Limit (11.6.3) tells us that ¢* tends to infinity more quickly than any positive
power of x, 01

. : 2"
Example 3 Determine the behavior of a, = —5 asn = 0o
[
2%
SOLUTION To use the methods of calculus, we investigate lim o Since both
700 X
numerator and denominator tend to oc with x, we try LHdpital’s rule:
2F . 2'In2 . 2*(ln2y
lim — = lim = 20, =
X100 X x>0 2x =00 2

Therefore the sequence must also diverge to oo. O

The Indeterminates 0 - co, o0 — oo
The usual way to deal with such indeterminates is to try to write them as quotients to
which we can apply one of L'Hépital’s rules.

Example 4 (0- o) Find Iirg JxInx.

SOLUTION As x — 0%, /X — 0 and In x — —co. Thus we are dealing with an
indeterminate which (up to sign) is of the form 0 - oo,
Writing \/x Inx as

we can apply LU'Hbpital’s rule oco/oc:

= 1
lim «/xInx = lim C B
x>0 x—0+ 1/

We could have chosen to write /¥ Inx as

JE
1/lnx’

but, as you can check, the calculations would not have worked out very well. 1
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Example 5 (oo — o0)  Find l(iu/xz) (tanx — secx).
x(rf2)

SOLUTION Asx — (1/2)”,tanx — oo and secx — oo. Thus we are dealing with
an indeterminate of the form oo — co.
We proceed to write tanx — sec x as a quotient:

sinx 1 sinx
tanx —secx = —— — =—
COS X cosx cosx

Since the function on the right is an indeterminate of the form 0/0, we can write

sinx —1 4 cosx 0 o

v—(ni2-  COSX  x—(r/2 —SInX

This shows that  lim (tanx —secx) =0. 3
x—(m/2)

The Indeterminates 0°, 1>, co”

These indeterminates all arise in an obvious manner from consideration of expressions
of the form [ £(x)]%). Here we require that f(x) remain positive. (Arbitrary powers
are defined only for positive numbers.) Such indeterminates are usually handled by first
applying the logarithm function:

y=[/FY  gives  Iny =g f(x).

Example 6 (0°) Show that

(11.6.4) lim x* = 1.

x—0%

SOLUTION Here we are dealing with an indeterminate of the form 0°. Our first step
is to take the logarithm of x*. Then we apply L'Hopital’s rule:

3 Inx . x _
hm In(x¥) = hm 1 (x Inx) = 111':)1‘ 17 Yli“n\ T/Vz = Jlﬂg(‘x) =0,

Thus,asx — 0, In(x*)— 0 and x"=e" 5 el=1. 0

Example 7 (1) Find "“01(1 + x)lx,

SOLUTION Here we are dealing with an indeterminate of the form 1°°: as x —
0,14 x — 1 and 1/x — oo. Taking the logarithm and then applying 'Hopital’s
rule, we have

I !
i In(1 4+ = lim Ll R
x>0+ x x>0t 1+ x

As x = 0%, In(1 +x)' = 1 and (1 +x)"/* = 07" 5 el = ¢ Set x =1/n
and we have the familiar result: asn — oo, [1 +(1/n)]" - e. 2

Example 8 (") Show that

if l<a<b then lim (¢* +5)* =b
io00
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SOLUTION  Here we are dealing with an indcterminate of the form oc®: as x —> 00,
a* +b* — coand 1/x — 0. Taking the logarithm and then applying UHoépital’s rule,
we find that
P In(a* + b*
lim In(a* + 59" = fim @& +6)
X500 x

200
+ . a'lna+ 5" Inb _ . (a/b)y'Ina+nb »
e

This gives lim (¢* +5*)!* =p. O
x50

The Misuse of L’Hopital’s Rules

The calculation of limits by differentiation of numerator and denominator is so com-
pellingly easy that there is a tendency to abuse the method. But note: not all quotients
are amenable to CHopital’s rules — only those which are indeterminates 0/0 or 00/00.
Take, for example, the following (mindless) attempt to find
lim x'/~,
50+
Taking the logarithm of x'/* and (mis)applying IHépital’s rules, we have
. Inx o1
lim Inx"* = lim — £ lim - = 0.
i =0t X =0t x
This seemsto indicate thatasx — 0%, Inx'/* — ooand therefore x/* = s s oo
This may look fine, but it’s wrong:

2 3
=i O=4
The limit of x'/* as x — 0% is clearly 0, not oo.
Where did we go wrong? We went wrong in applying L Hopital’s method to calculate

‘H

®'=;

2

Asx — 0%, Inx — —ooand x — 0. L'Hopital’s rules do not apply.

EXERCISES 11.6

Exercises 1-34. Calculate. 5 1 1
15, lim | —— — — |.
5 20x x=~0[sin?x  x?
. i :
300 x2 4 | 17. Tim x /&=,
LR X1
4.

1\
19. lim (cos—) .
Py x

6.
1 1
21. lim [\ - 7_]
. lim X 8. lim(x In|sinx|). =olln(+x)  x
x—=x/2- tanx x=0
e ) o 1
9. lim x%. 10, fim (xsin ). 23. lim (= — cotx .
i 7 ) vy (
T, Fln 52 12 1 0¥
.\gq)[x(nlx\) 1 - lim pre 25. Xlgi_(vxz +2x —x).
1,7 R
13. lim (—/ e dr), 27, lim (& + 1)/,
e \X Jo x50

28

. lim | sinx|*.
x=0
sinx

. lim x
10+

. lim_ | secx[®5F.
x—vny2

lim (2 + o247
. o1y’
(52

- (148)”

. lim (¢ + 1)!/7.
2%
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1\
29. lim (coshx)'™. 30. lim (1+7) .
o = x

1 1
31 lim (— - —). 32, lim(e" +3x)'7.
x=0\sinx x =)

. 1 x 1427\
3. lim ( — — ! X .
33 I (m = 1) 34 XITB( 2 )

Exercises 35-42. Find the limit of the sequence.

K
36. lim .

n—o0 21

1
38, lim —2(p > 0).
Ny

37. lim (Inn)'/".
4350

39, lim (n* +n)'/". 40. lim n¥"Cm,
f=S b

n’lnn

41. lim 42, lim (Vi — DV

[ Exercises 43-46. Use technology (graphing utility or CAS) to
calculate the limit.

43, lim(sinx)".
x=0

1 1
45. lim (— = 7)
x—0 \ sinx tanx
Exercises 47-52. Sketch the curve, specifying all vertical and

horizontal asymptotes.

44, 11[n;] (tanx)" 2.
-

46. lirgﬁ(sinh )77

1
47, y=x2—- =. 48.y = :
VEEE YEVx -1
9.y =xe 50.y = xe~*.
!
| R ]

x
The graphs of two functions y = f(x) and y = g(x) are said to
be asymplotic as x — 00 if

Jim () —g(0)] =0;
they are said to be asymptotic as x to —oc if
lim [f(x)—g(x)]=0.
x>0
These ideas are implemented in Exercises 53-56.

53. Show that the hyperbolic are y = (b/a)/x? — a is asymp-
totic to the line y = (b/a)x as x — 00,

54. Show that the graphs of y = coshx and y = sinhx are
asymptotic as x — o0

55. Give an cxample of a function the graph of which is asymp-
totic to the parabola y = x2 as x — oo and crosses the graph
of the parabola exactly twice.

56. Give an example of a function the graph of which is asymp-
totic to the line y = x as x — oo and crosses the graph of
the line infinitely often.

57. Find the fallacy:

lim — =
x—0% SinX  x—0° COSX

58. (a) Show by induction that, for cach positive integer £,

(b) Show that, for cach positive mumber

(Inx)
lim ~—2_

>0 X

59. The geometric mean of two positive numbers @ and bis +/ab.

Show that
7 lealix 1ixy]*
ab = lim [3@'" + ')

60. The differential equation satisfied by the velocity of an object
of mass m dropped from rest under the influence of gravity
with air resistance directly proportional to the velocity can
be written

dv
0 — +kv=mg,
(%) gy kv =mg
where & > 0 is the constant of proportionality, ¢ is the grav-
itational constant and v(0) = 0. The velocity of the object at
time ¢ is given by
(1) = (mg/ k(1 — ™™,
(@) Fix £and find Jim (2.
(b) Set k = 0 in (x) and solve the initial-value problem
v _
m— =mg,
a ="
Dos this result fit in with what you found in part (2)?

[ Exercises 61-62. Set f(x) = xe™. Use a graphing utility to
draw the graph of /" on [0, 20]. For what follows, take £ on the
interval [0, 5].

61. (a) Find the area A, of the region £ that lies between the
graph of f and the x-axis.
(b) Find the centroid (%5, 75) of 2.
(c) Find the limit of A, %5. 75 as b — 0. Interpret your
results geometrically.

v(0) = 0.

62. (2) Find the volume of the solid generated by revolving £2;
about the x-axis.
(b) Find the volume of the solid generated by revolving €2,
about the y-axis.
(c) Find the limit of each of these volumes as b — oo. In-
terpret your results geometrically.
b63. Let f(x) = (1 +x)' and g(x) = (1 +x2)"* on (0. o0).
(2) Use a graphing utility to graph / and g in the same co-
ordinate system. Estimate
1 x).
Jim, 20
(b) Use L'Hdpital’s rule to obtain the exact value of this limit.

P>64. Set f(x) = VxTF3x +1—x.
(a) Use a graphing utility to graph /. Then use your graph to
estimate

tim /(o).
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(b) Use U'Hopital’s rule to obtain the exact value of this limit, (b) Use L'Hopital’s rule to obtain the exact value ofhis limit.
65. Set g(e) = VBT T . 66. The resuls obtained in Exercises 64 and 65 can be general-
(:) ff; )a gm;mng u:imy lz ;:aph; R ized: Let n be a positive integer and let P be the polynomial
to estimate ) PEY ="+ bix" L 4 bx™ by x4 by
' b
Jim g(x). Show that Tim ([PG)]"" — x) = 2.
gy =

M 11.7 IMPROPER INTEGRALS
In the definition of the definite integral

/;b fx)dx

itis assumed that [, 5] is a bounded interval and f is a bounded function. In this section
weuse the limit process to investigate integrals in which either the interval is unbounded
or the integrand is an unbounded function. Such integrals are called improper integrals.

Integrals over Unbounded Intervals

We begin with a function f which is continuous on an unbounded interval [a, oc). For
each number b > a we can form the definite integral

[/(x)dx.

If, as & tends to oo, this integral tends to a finite limit Z,

b
lim / F)dx=1L.
b f,
then we write
o
/ f)dx =1L
a
and say that
%
the improper integral / Fx)dx converges to L.
a
Otherwise, we say that
0
the improper integral / Fx)dx diverges.
o
In a similar manner,

b b
improper integrals / f(x)dx  arise as limits of the form  lim / Sflx)dx.
g a2 [,

Example 1

o0 00 gy
(a) f e ¥dx = % (b) / @ diverges.
{1 1ox

Xdx '
(© / ==L @) / cos wxdx diverges.
X —o0
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Figure 11.7.1

VERIFICATION

o2 o e (1 1 1
(a) dx =1 1m dx—l\m = 0—17]141;C 3 %) =3
g
(b)f ax 1mf ——hmlnlw
1 x  boo
By 17" 1
(“)/ = 7:2‘51[*;1:}31;(‘*;)21'

(d) Note first that

; 1 ! 1
/ coswxdx = | —sinmx | =——sinma.
a e n 7

As atends to —o0, sin wa oscillates between — 1 and 1. Therefore the integral oscillates
between 1/ and —1/m and does not converge.

The usual formulas for area and volume are extended to the unbounded case by the
use of improper integrals.

Example 2 Fix p > 0 and let  be the region below the graph of
1
fx)=—., x=1 (Figure 11.7.1)
xP

As we show below,
1
arcaof Q=1 p-1’

This comes about from setting

b d.
o i X
area of @ = lim —
boo Ji xP

Forp #1,

1
° dx b dx i —. if p>1
— =1 — = lim - P _ 1
/; xP blglfl xP /Lx 1— (b D=1p-1 g

Forp=1,
f""dx /"Cdx
— = = =00,
. XF 1 x

as you have seen alrcady.

For future reference we record the following:

®4d
aLz.n / % converges if p > 1 and diverges if 0 < p < 1.
X

Example 3 A configuration offinite volume with infinite surface area. You have seen
that the region below the graph of f(x) = 1/x withx > 1 hasinfinite area. Suppose that
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this region of infinite area is revolved about the x-axis. See Figure 11.7.2. What is the
volume of the resulting configuration? It may surprise you somewhat, but the volume
is not infinite. It is in fact 7: using the disk method to calculate volume (Section 6.2),

we have
o0 % g bd.
V:/ n[f(x)]%/x:n/ —x:nlimf 2%
1 X2 b0 f; x?

—17?
:nlim[—] =wreli=g
X%

brog l Figure 11.7.2

However, the surface that bounds this configuration does have infinite area (Exercise
41). This surface is known as Gabriels horn.

When it proves difficult to determine the convergence or divergence of an improper
integral, we try comparison with improper integrals of known behavior.

¥
. . L <
(A comparison test) Suppose that f and g are continuous and e &

0< f(x) <g(x) forallx € [a,co). (Figure 11.7.3) f\

o0 =
a1.7.2) @1 / g(x)dx converges, then / f(x)dx converges.
u a

Figure 11.7.3

0 0
(i) If / f(x)dx diverges, then / g(x)dx diverges.

A similar result holds for integrals from —oo to b. The proof of (11.7.2) is left to
you as an exercise.

dx
VItss

oo
forx € [1, o0) and /
1

%0
Example 4 The improper integral / converges since
4

1 1 X
St oR

To evaluate

converges.

Py

directly, we would first have to evaluate

b dx

foreach b > 1,

[IRVAES
and this we can’t do because we have no way of calculating / [w]
& x
Example 5 The improper integral / = diverges since
1 V142
1 1 2% el
—— S forx e [l, 00 and / —— diverges.
T4+x = JT+2 e} Lk g
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‘We can obtain this result by evaluating
b dx
/1 V47
and letting / tend to oc. Try to carry out the calculation in this manner. O

Suppose now that f is continuous on (—o0, 00). The improper integral

/x Sx)ydx

1 00
(x)dx and d.
fﬂgm xomd [ s

is said to converge if

both converge. In this case we set
o0
/ fE) =L+ M
-0
where
0 o0
/ fx)dx =1 and / fxyds =M.
. o
Example 6 Let r > 0. Determine whether the improper integral

< r
/ e dx (Figure 11.7.4)
oo PP X%

I
Figure 11.7.4

b
converges or diverges. If it converges, give the value of the integral.

SOLUTION  According to the definition, we need to determine the convergence or

divergence of both
0 5
r r
/ ———dx and / ——— dx.
—ao P24 52 o ritx
x
=

0 ¥ . LS o
/ — 5 dx= lim / s dx = lim [arclan( )}
L FE R a==00 f, ¥*+x a5 a

. a T b
= —alzlymm,mn (;) A (—§> =
For the second integral:

o, ) - . x\1h
S5 dx = lim > dx = lim [a:ctan (—)]
b Ftx b—oo fy 724X b0 r/do

. (h) E
= lim arctan | — ) = —.
b—00 7. 2

Since both of these integrals converge, the improper integral

*
———dx
/,x r2 +x2

converges. The value of the integral is %n + %}1 =

For the first integral:

)
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Remark Note that we did not define

o [ rwas
as

b
® jim [ S

It is easy to show that if (1) exists, then (2) exists and (1) = (2). However, the existence
of (2) does not imply the existence of (1). For example, (2) exists and is 0 for every odd
function , but this is certainly not the case for (1). See Exercises 57 and 58. O

Integrals of Unbounded Functions

Improper integrals can arisc on bounded intervals. Suppose that £ is continuous on the
half-open interval [a, b) but is unbounded there. See Figure 11.7.5. For each number
¢ < b, we can form the definite integral

<
/ fx)dx.
a
If, as ¢ — b7, the integral tends to a finite limit Z, namely, if
c
lim / fx)dx =1L,
e=b Jy
then we write
b
f f(x)dx=1L
a
and say that
b
the improper integral / Sx)dx converges to L.
a
Otherwise, we say that the improper integral diverges.

Similarly, functions which are continuous but unbounded on half-open intervals of
the form (g, 5] lead to consideration of

b
lim / F(0)dx.
cat J,
If this limit exists and is L, then we write
b
/ fx)dx =1L
a
and say that
b
the improper integral / f(x)dx converges to L.
a
Otherwise, we say that the improper integral diverges.

Example 7

1 2 d.\’
@) / 1-x)y2Pdx =3 (b) / — diverges.
0 0 X

Figure 11.7.5
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Figure 11.7.6

VERIFICATION
1 L3
(a) / (1—x)"2Rdx = lim / (1 —x)"2dx
0 e=>1-Jfo
= lim [7 3a 7x)‘/3]( = lim [-3(1 — )" + 3] = 3.
i o 0 ot
2dx . fPdx 2
® [ 5= cli’&/( L im [inx] = tim 2 -t =o0. 0

Finally, suppose that f is continuous at each point of [a, b] except at some interior
point ¢ where f has an infinite discontinuity. We say that the improper integral

/ﬂb fx)dx

converges if both
¢ b
/ f(x)dx and / f(x)dx
A 3
converge. If

/alf(x)zlx:L and /;bf(x)dx:[vl,

we set
b
f f(xX)dx =L+ M.
a

Example 8 Test
" 4 dx
® L G2

for convergence.

SOLUTION The integrand has an infinite discontinuity at x = 2. See Figure 11.7.6.

For integral () to converge both

2 dx 4 dx
[ oS5 = [

must converge. Neither does. For instance, as ¢ — 27,
/l( e :[—LT:— L —1— o0,
1 (x =272 x=2] c—2
This tells us that
2 dx
./1 (r—27

diverges and shows that (x) diverges.
If we overlook the infinite discontinuity at x = 2, we can be led to the incorrect
conclusion that

4 dx [ 1 ]“ 3
e e [ ey, B
1 (x —2) x—-2] 2




1
Example 9 Evaluate / 4
X

improper. Thus we need to evaluate both

0 dx
L, X8

Note that
O dx ¢ dx
&= tim = lim [5x/
x5 emo Ly XM T s
and

/l dx
X475

1
a ;
/ SR
5

EXERCISES 11.7
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SOLUTION  Since the integrand has an infinite discontinuity at x = 0, the integral is
Ddx
[

I, = Jim [5¢'* —5(-2)*] = 5 (')

b dx ys]! 1
= i = li S = i Lo /5] =
= LQT”/E P (IEEL [Sx ]L = lim [5 S¢ } =3.

=0t

It follows that the integral from x = —2 to ¥ = | converges and we have

1074 Q

Exercises 1-34. Below we list some improper integrals. De-
termine whether the integral converges and, if so, evaluate the
integral.

*dx

L. eon
[ =

, )

z/“‘ dx
T 1422

-

4 / P,
o
Ldx

. 0 ~/;‘
Vax

-]

p>0.

6.

16 fm 4
"t x(nx)?

dx
, #-1

3

2. / T2
13 ¥3x —1

w
21./ L
| aED)

4 dx
24./l —

oo

x

26 [ ————dx.
6/1 (l+x2)de

s ]
28./ ——dx.

oaeF Fer¥
5 /4 dx
Tl +6

o
32./ cos?x dx.
o

2 /SL
CJaxE+1)

E adx
[l
o
29. / coshx dx.
0

31. / e Fsinxdx.
0

Lodfa 2 B
€ CosXx
33, —dx. 34./ —dx.
h 7% o Vemx

J> Exercise 35-36. Use a graphing utility to draw the graph of the
integrand. Then use a CAS to determinc whether the integral
converges or diverges.

. -
35. (a —dx. b
A R @4
. o
<°)fo e ‘“‘>/0 Tt
i 5 g
36. (a - dx. b’ / —dx.
()/U — o [ =
of Za @ [ s
¢ x. X
0 V2—x 0 +/2x —x2

37. Evaluate
1
/ arcsinx dx
o

na—
16 +x22 %
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using integration by parts even though the technique leads
to an improper integral.
38. (a) For what values of r is

/ retdx
0
convergent?
(b) Show by induction that
o
f x"eTdx =nl, n=1,23,---.
0

39, The integral

o 1
——dx
/u x(1+x)
is improper in two distinct ways: the interval of integration
is unbounded and the integrand is unbounded. If we rewrite
the integral as
1 o 1
———dx + / —=—dx,

o VE(+x) 1 VE(L+x)

then we have two improper integrals, the first having an un-

bounded integrand and the sccond defined on an unbounded

interval. Tf each of these integrals converges with values L,

and L,, then the original integral converges and has value

Ly + L,. Evaluate the original integral.
40. Evaluate

= 1
——dx
by the method outlined in Exercise 39.

41, The graph of f(x) = 1/x with x > 1 is revolved about the
x-axis. Show that the resulting surface has infinite area. (We
stated this in Example 3.)

42. Sketch the curves coxandy = tanx for0 < x < /2.
Calculate the area between the two curves.

43. Let 2 be the region bounded by the coordinate axes, the curve
¥ =1//x, and the line x = 1. (a) Sketch €. (b) Show that
€ has finite area and find it. (c) Show that if  is revolved
about the x-axis, the configuration obtained does not have
finite volume.

44. Let © bo the region between the curve v = 1/(1 + x?) and
the x-axis, x = 0. (a) Sketch 2. (b) Find the area of .
(¢) Find the volume obtained by revolving € about the
x-axis. (d) Find the volume obtained by revolving €2 about the
y-axis.

45. Let @ be the region bounded by the curve y = ¢ and
the x-axis, ¥ > 0. (a) Sketch . (b) Find the area of Q. (c)
Find the volume obtained by revolving §2 about the x-axis.
(d) Find the volume obtained by revolving Q about the
y-axis. (¢) Find the surface area of the configuration in part
().

46. What point would you call the centroid of the region in Ex-
etcise 452 Docs Pappus’s thearem work in this instance?

47. Let  be the region bounded by the curve y =
the x-axis, x > 0. (2) Show that £2 has finitc arca. (The arca

is 1/, as you will see in Chapter 17.) (b) Calculate the
volume generated by revolving & about the y-axis.

. Let Q be the region bounded below by y(x? + 1) = x, above
byxy = 1, and to the left by » = 1. (a) Find the arca of Q.
(b) Show that the configuration obtained by revolving £
about the x-axis has finite volume. (¢) Calculate the volume
generated by revolving © about the y-axis.

'S
3

49. Let 2 be the region bounded by the curve y = x~'/4 and
the x-axis, 0 < x < L. (a) Sketch Q. (b) Find the area of
9. (¢) Find the volume obtained by revolving €2 about the
x-axis. (d) Find the volume obtaincd by revolving € about
the y-axis.

50. Prove the validity of comparison test (11.7.2).
Exercises 51-56. Use comparison test (11.7.2) to determine
whether the integral converges.

%
dx. 52./ 2% dx;
1

0, b
2x
54./ 2 g
X

L &,
51./
L VTE
=
53./ (147 dx.
0

@
Inx

s5. / 2% .
1 x?

57. (a) Show that

ssfx ds
“Jo Vx+lhx

.
/ *_dx
S Tre

diverges by showing that
o 2
/ X dx
b T+
diverges.

L2
(b) Then show that lim / —Zdx =0.
bz ], T2

58. Show that
o
(@) / sinx dx diverges
s
although
oh
() lim / sinx dx = 0.
bmso f_y
59. Calculate the arc distance from the origin to the point
(x(81). ¥(81)) along the exponential spiral » = ae®?. (Take

a>0,c>0)
60. The function

is important in statistics. Prove that the integral on the right
converges for all real x.
Exercises 61-64: Laplace transforms. Let f be continuous on
[0, 00). The Laplace transform of f is the function £ defined by
setting

Fs) = fm & f(x) dx.
o




The domain of 7 is the set of numbers s for which the improper
integral converges. Find the Laplace transform F of each of the
following functions specifying the domain of F.

6L f(x)=1. 62. f(x)
63. f(x) = cos2x, 64, f(x) = e

Exercises 65-68: Probability density functions. A nonnegative
function /* defined on (—o0, oc) is called a probability density
function if

%,

~
/ F@yde =1.
o
65. Show that the function / defined by
) 6x/(1+3x7P, 120
Jx) = {
0, x<0
is a probability density function.
66. Let & > 0. Show that the fanction
X ke, x>0
fe)= 0, x<0

is a probability density function. It s called the exponential
density function.

W CHAPTER 11. REVIEW EXERCISES
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67. The mean of a probability density function f is defined as
the number

n= /::)xf(x)dx.

Calculate the mean for the exponential density function.

68. The standard deviation of a probability density function f
is defined as the number

00 172
o= [ IR de

where 1 is the mean. Calculate the standard deviation for
the exponential density function.

69. (Useful later) Let f be a continuous, positive, decreasing
function defined on [1, 00). Show that

/ T rwydx
A
converges iff the sequence

a= [ rwax

converges.

Exercises 1-6. Find the least upper bound (if it exists) and the
greatest lower bound (if it exists).
Lix:|x—2/<3)
3fx:x—x-2<0).
S fx:e™ <2}
Exercises 7-12. Determine the boundedness and monotonicity
of the sequence with &, as indicated.

2. {x:x?>3)
4. {x:cosx < 1}.

6. {x:lnx <e).

P
; g 8.
In+1
(G
0.1+ 0.
A T4
" in (17 /2
7R 12, wf”
7 r

Exercises 13-26. State whether the sequence converges and if
it does, find the limit.

(24 1)(n +2)

13121, 1. ’
" +) T+
U >
n \Y 4n? 4541
1s. , 16. Lt L
(1 +n) 4+ 1

17, cos(re /) sinr /). 18. (2 e %) .

el

20,3121 — In(2 + 1).

32— 73
Mol = 2. 7014
4nt +2n2 +3 2n+1

23. (r/n) cos (/). 24. (n/m)sin (n1r).

ntl "
zsA/ e dx. 26./ —=dx.
g RV

27. Show that, if @, — L, thena,) — L.

28. Suppose that the sequence a, converges to Z. Define the
sequence m, by

_aitat-+a,

= = !

"y

Prove that m, — L.
29. Choose any real number @ and form the sequence

cosa, cos(cos @), cos(cos(cosa)), - - - .

Convince yourself numerically that this sequence converges
to some number L. Determine L and verify that cos L = L.
(This is an effective numerical method for solving the equa-
tion cosx = x.)

30. Find a numerical solution to the equation sin (cosx) =x.
HINT: Use the method of Exercise 31.

Exercises 31-40. Calculate.

5x+42Inx

31 i . lim &1
=% Xt 30nx + tan2x
33 Jig JLC08%), 34 lim x /6D,
x=0 x2 x=1
2 2 —23
4 S
35. lim (1 £ —) 36. lim &<
x=0 x x>0 sinx
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10"
37, lim x’Inx. 3. tim U0
. P

—x

e+

39. lim 40. lim cse(rx)In x.
fout 2 s
41. Calculate lim xe™ f &dx.
e A

el

42. Let n be a positive integer. Calculate lin})
x>0 x?

Exercises 43-50. Determine whether the integral converges and,

if s0, evaluate the integral.

20 gV 1
43. dx. 44./ ——dx.
e o —x2
/2
45. 46. / secx dx.
o
° sin( /x) 1
47. —=—=dx. 48. o—rs
7 [ o dx 5 | o
o] o
49./ ——dx. 50./ —dx.
b e te* , x(lnx)

a
51. Evaluate / In(1/x)dx fora > 0.
0
52. Find the length of the curve y = (a2 — x%3)2 fromx = 0
tox=a,a>0

53. Let S and 7 be nonempty sets of real numbers which are
bounded above. Let § + 7 be the set defined by

S+T={x+y:xeSandyeT}

Prove that lub (S 4 7) = lub § + lub 7.

54.Let S be a nonempty set which is bounded below. Let
B={b:bis a lower bound of S}. Show that (a) B is
nonempty; (b) B is bounded above; (¢) lub B =glb 5.

55. Let f be a function continuous on (—c0, 0o) and L a real
number.
(a) Show that

if /x fG)dx =L then lim f fyds =1L,

(b) Find an cxample which shows that the converse of (a) is
false.

56. Show that
o 3
/ S(x)dx =L iff lim / Sfx)dx =L
% =N

in the event that £ is (a) nonnegative or (b) even.

57. In general the least upper bound of a set of numbers need
not be in the set. Show that the least upper bound of a set of
integers must be in the set.

58. Let f be a function continuous on [a,5]. As usual, denote
by Ly (P) and Us(P) the upper and lower sums that corre-
spond to the partition P. What is the least upper bound of
all L(P)? What is the greatest lower bound of all Uy(P)?




CHAPTER

Mathematics was not invented overnight. Some of the most fruitful mathematical ideas
have their origin in ancient times.

Some 500 years before the birth of Christ, a self-taught country boy, Zeno of Elea,
invented four paradoxes that rocked the intellectual establishment of his day. Here is
one of Zeno’s paradoxes clothed in modern terminology.

Suppose that a particle moves along a coordinate line at constant speed. Suppose
that it starts at x = | and heads toward the point x = 0. If the particle reaches the
halfway mark x % in ¢ seconds, then it will reach the pointx = 41 in¢+ %t seconds,
the point x = in ¢+ ¢ + Lt seconds, and so on. More generally, it will reach the
pointx = ﬁr in

f+ 4+ okt seconds.

This line of reasoning suggests that the particle cannot reach x = 0 until it has traveled
through the sum of an infinite number of little time segments:
th St Gt g+ seconds.

But what sense does this make? Even if we were very swift of mind and could add at
the rate of one term per nanosecond, we would still never finish. An infinite number of
nanoseconds is still an infinity of time, and that is more time than we have.

Mathematicians sidestep paradoxes of this sort by using infinite serics. Before we
begin the study of infinite series, we introduce some notation.

W 12,1 SIGMA NOTATION

‘We can indicate the sequence

i
i
a

by setting a, = ( %)"’1 and writing
a),a2,a3,44, 85, .
We can indicate that same sequence beginning with index 0: set 5, = (1)" and write
bo, by, by, by, by, .
575
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More generally, we can set ¢, = (%)"wp and write

Cps Cp+1s Cp+25 Cp43, Cptds ***

‘We have the same sequence but have begun with index p. We will often begin with an
index other than 1.
The symbol Y is the capital Greek letter “sigma.” We write

n
m > a

k=0
(“the sum of the a; from & equals 0 to k equals #”) to indicate the sum

at+ar+--+an
More generally, for n > m, we write
n

03] >a

k=m
to indicate the sum

G+ Qi)+ Fape

In (1) and (2) the letter “k” is being used as a “dummy” variable; namely, it can be
replaced by any other letter not already engaged. For instance,
7

Y Pl Zk

i=3 =3 k=3

all mean the same thing:
ay+as+as+ag+ar.
You know that
@@+ +a)+ (ot +by)=(ao+ho)+ -+ (an + by,
alap+ - +ay) = aay+ -+ aa,
@+ +an) + @1+ +a)=ap+-- +a.
‘We can make these statements in ) notation by writing

n

Z":ak + Z by =y (ax + b,
k=0 k=0

k=0

n n
o Z @ = Z aa,
k=0 k=0
m n u
Zak+ Z ap= Zak.
k=0 k=0

=m+1

At times we’ll find it convenient to change indices. Observe that

n n—j
Zak:ZaI+J~ (Seti =k —j)
= =0
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“You can learn to master this notation by doing the Exercises at the end of the section.
First, one more remark. If all the a; are equal to some fixed number r, then

n

n
Z ag can be written Z
=0

k=0
Obviously,
- n+1
=(n+1y.
In particular,
n
Si=n+l
EXERCISES 12.1
Exercises 1-10. Evaluate. 3 4 10 1 1 1
9.0 T4 o 2004 oot
5 5 B 5 sttt Ty
LY Gk+1). 2. 3.(3k—1).
Z ) Z¢ Exercises 21-24. Transform the first expression into the second
L 4 by a change of indices.
SPIES 4“5 T a3
= A Y o i S
3 o+l n?+6n+ 10
503 (—1)k2k. 6. Y (—1)k2k+,
k=0 k=0
4 S (=1
7Y 3. :
=2 31 El i
31\ 3 2%
9.2(;) : 10. Z( 1)*( )
i=0\2 25: 3
24. i .
Exercises 11-16. Express in sigma notation. # n=Zo (n+2)!
LL I B35 Tt i1 25. Bxpress the decimal fraction 0, a,a, - - a, in sigma notation
12.1-345-T7+---—19 usingpowcrsofl/lo.
13.1-242-3+3-44 43536,

26. Show Lmtz E
14. The lower sum myAx, +myAxy + - - + m, Ax,. f

15. The upper sum M; Ax) + MyAx; + -+ + M, Ax,.

Exercises 27-30. Use a graphing utility or CAS to evaluate th
16. The Riemann sum f()Ax1+f () A%+ - -+ 1 () Ay bsj‘rf‘_m s Tyer Heetie

10 7 o1 301
Exercises 17-20. Write the given sums as Zak andas Y a5 27 kLﬂ ¥ Bre
i=0 e o
11 1 o 4" 101 21 2 2\*
P oot i b 9.5 . 0.5 (5.
FtaEt tom atat ot Eﬁfd = \3

M 12.2 INFINITE SERIES

While it is possible to add two numbers, three numbers, a hundred numbers, or even a
million numbers, it is impossible to add an infinite number of numbers. The theory of
infinite series arose from attempts to circumvent this impossibility.
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Introduction; Definition

To form an infinite series, we begin with an infinite sequence of real numbers:
ap, ay,ay---. We can’t form the sum of all the a; (there are an infinite number of
them), but we can form the partial sums:

0
So=4ap= Zﬂk,

k=0
1
si=ap+a = Zak,
=0

2
S;=ao+ata= Zak,
=

3
s3=ap+a +az+a3:2ak,
=0

n
Sn =ao+a1+02+a3+~-*+an=zak~
k=0

and so on.

DEFINITION 12.2.1

If, as n — o0, the sequence of partial sums

tends to a finite limit L, we write

and say that

o0
the series Z a converges to L.
k=0
We call L the sum of the series. If the sequence of partial sums diverges, we
say that

the series Z ax diverges.

Remark  NOTE: The sum of a series is not a sum in the ordinary sense. It is a
limit. O

Here are some examples.

Example 1 We begin with the series

Z(k+ 1)(k+2)

k=0

To determine whether this series converges, we examine the partial sums.
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Since
1 1 1
C+DET2) " k+1 k12
you can see that
1 1 1 1
S":ﬁ+ﬁ+'”+n(n+1)‘L(n+1)(n+2>

1 1 1 1 1 1 1 1
:(rz)*(ri)*'*(;*m)*(m*m)
ST S WO SIS T D

Z 2 3 n a4+l an+l a+2
Since all but the first and last terms occur in pairs with opposite signs, the sum “tele-
scopes” to give

1
n+2’
Asn — oc, s, — 1. This indicates that the series converges to 1:

Spi=1

= 1

L+ Dk +2)

o

Example 2 The series
S-1¥  and >
k=0 k=0

illustrate two forms of divergence: bounded divergence, unbounded divergence.
For the first series,

Sp=l=lh =14 (=1)"
Here
1; if n is even
=0, ifnisodd

The sequence of partial sums reduces to 1,0, 1, 0, - - -. Since the sequence diverges, the
series diverges. This is an example of bounded divergence.
For the second series,

X =14242+... 42"

n
Sp =

=

Since 5, > 2", the sum tends to oo, and the series diverges. This is an example of
unbounded divergence. O

The Geometric Series
The geometric progression

I
gives rise to the numbers

Lol4x, I4x+x% T4x+x2+235....
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These numbers are the partial sums of what is called the geometric series:

"
e
k=0

This series is so important that we will give it special attention.
The following result is fundamental:

(@) I |xI<l, then

=0

(12.2.2)

s
G Izl dthen > x* diverges.
k=0

PROOF  The sth partial sum of the geometric series

takes the form
O] sp=1+4x+x2+. 3"
Multiplication by x gives
X8y =x+x2 x> 4o g xm
Subtracting the second equation from the first, we have
(1 —x)s, =1 —x"tL,

For x # 1, this gives

(&)

If |x| < 1, then x"*! — 0 as n — oo and thus [by (2)]
1

Sy —>
1—x

This proves (i).

Now we prove (ii). If x = 1, then [by (1)] s, = 7 + 1 — oo and the series diverges.
Ifx = —1, then [by (1)] s, alternates between 1 and 0 and the serics diverges. If x| > 1,
then x™+! diverges and [by (2)] the sequence of partial sums also diverges. Thus the
series diverges.

Setting x = 3 in (12.2.2), we have

21 1
== =2
&P

By beginning the summation at k = 1 instead of at k = 0, we drop the term 1/2° = 1
and obtain

=:1.

e

(12.2.3)

1
2*

=
i
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(This result is so useful that it should be committed to memory.) The partial sums of
this series

1

2
9 1 1 3
n=3+i=1

25 1 1 7
S=atits=g
=lglplpd. 15
=3t itst =1

Lyl 11 31
S=rtitsttn=;
and so on

are illustrated in Figure 12.2.1. After sy, each new partial sum lies halfway between the
previous partial sum and the number 1.

2 Z
2 i B T w1
L ! ! L1
s B 53 4 S5
Figure 12.2.1
The convergence of the geometric series at x = ﬁ gives us one more way to assign

precise meaning to infinite decimals. (We have briefly dealt with this matter before.)
Begin with the fact that

This gives

and shows that the partial sums

1 1

et

are ali less than % Now take a series of the form

1
SrA:B+ o

S
S E with  a=0,o0rl,-- 09,
10%
k=1
Its partial sums
ai ay an
h=—+—S+ -+ —=
"=ttt T

are all less than 1:

e n 1 1 1 N
t,,—ﬁ+1‘02+-»-+ﬁ59(E+W+---+1~0”)7%”<9(§)71.

Since the sequence of partial sums is nondecreasing and is bounded above, it is con-
vergent. (Theorem 11.2.6.) This tells us that the series

i

k=1

m 581
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Figure 12.2.2

is convergent. The sum of this series is what we mean by the infinite decimal
Qayamas---a,---.

Example 3 A ball dropped from height # hits the floor and rebounds to a height

proportional to £, that is, to a height o with o < 1. It then falls from height o A, hits

the floor and rebounds to the height o(ch) = %k, and so on. Find the length of the
path of the ball.

SOLUTION  The motion of the ball is illustrated in Figure 12.2.2. The length of the
path, call it s, is the sum of the series

s=h+20h+20%+20% 4

o
:h+20/1[1+a+az+---]:h+20h20k.
=0

The series in ¢ is a geometric series which, since |o| < 1, converges to 1/(1 — o).
Therefore

s=h+20h

[fhis 6 fect and o = 3, then

s=6+2(3)6 =6+24=30feet! O

‘We will return to the geometric series later. Right now we turn our attention to
series in general.

Some Basic Results

THEOREM 12.2.4
© % e
1. If 3" a; converges and Y by converges, then Y (ax -+ by) converges.
=0 =0 =
%0 % o
Moreover, if 3" ax = Land ) by = M, then Y (ax + b)) = L + M.
= =0 =

o o
2. If 3 a converges, then Y” & a; converges for each real number o
=0 =0

o ©
Moreover, if 3" a; = L, then Y gz =a L.
=0 i

PROOF Let

Sy = Zn:dk- t = i:bk, Uy = i(ak + b, Uy = if“%
=0 k=0

k=0 k=0

Note that

Uy =5y + 1y and Up = O Sp.

FOf course, this is an idealization of what happens in practice. In the world we live in, balls do not keep
bouncing forcver. Friction dampens the action.




Ifs, - L and t, — M, then

U, > L+ M and v, >al. QA

THEOREM 1225
The kth term of a convergent series tends to 0; namely,

i :
ifo Zak “converges, then a0 as k— oo.
=}

PROOF Suppose that the series converges. Then the partial sums tend to some number
L:

"
Pt Z”k - L.
=

Only one step behind, the s,_; alsotend to :5,_; — L. Since a, = Sy — Sp—1, we have
ap — L — L = 0. A change in notation gives ¢; — 0. 1

o0,
12.2.6) if a0 then Za,, diverges.
=

This is a very useful observation.

Example 4
k
(a) Ask — oo, 1 — 1. Since e -+ 0, the series
i k 0+1+2+3+4+ di
(ol SRR PR o R o B es.
1 273735 EESS

(b) Since sink 4 0as k — oo, the series

%
Zsink:sin(H—sinl+sin2+sin3+--» diverges. O
=

o
CAUTION  Theorem 12.2.5 does not say that, if @; — 0, then ) a; converges. There

=0
are divergent series for which ax — 0. (One such series appears in Example 5.) O

Example 5 The kth term of the series

&1 1 11
=t et b — 4
,; Vi V2 B Va

tends to zero:

12.2 INFINITE SERIES

m 583
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However, the series diverges:

MV S vl -

1 1 1

= oo ey oo B

nterms

Back for a moment to Zeno’s paradox. Since the particle moves at constant speed
and reaches the halfway point in ¢ seconds, it is expected to reach its destination in 2¢
seconds. The series with partial sums

sp=t+t+dtto+

does converge to 21.

EXERCISES 12.2

Exercises 1-10. Find the sum of the series.
1

8

LY —. 2.
=1 2k(k + 1) i=
Rl x 1
: 4y —
Exk( k+3) lczzi)(k+1)(k+3)
x 3 1
53 —. 6. .
P2 AZ‘,
o |- ok
7. . 8.
bies ora
o ok+d o k-1
9.3 . 10. 3
pz L

11. Use series to show that every repeating decimal fraction rep-
resents a rational number (the quotient of two integers).

12. (a) Let j be a positive integer. Show that

o o
Z ax converges iff Z ax converges.
=0 =

® % j=1
(b) Show that if 3" ay = L,then Y} ax =L — Y a.
k=0 = k=0

o % J=l
(c) Show that if 3" a = M, then " ar = M+ Y ay.
= k=0 k=0

Exercises 13-14. Derive the indicated result by appealing to the
geometric series.

2 1

13 Y (-t = ——, k<.
EJ( ) T+x el
L 1

14, Y (=1)fx%* = xl < 1.
k;g( =gy s

Exercises 15-18. Find a series expansion for the expression.

15 2 forpx <1 16. for x| < 1.
T—x T+x

17.

x x 1
for |x] < 1. 18. —— for x| < =.
x +x2 1+ 4x? 2

Exercises 19-22. Show that the series diverges

191+3+9+27+81+
) 8 16

5 = (k1Y
Ep i g(*)

PR
o ph-2
(=31

22.

23. Assume that a ball dropped to the floor rebounds to a height
proportional to the height from which it was dropped. Find
the total length of the path of a ball dropped from a height
of 6 feet, given it rebounds initially to a height of 3 feet.

24. In the setting of Exercise 23, to what height does the ball
rebound initially if the total length of the path of the ball is
21 feet?

25. How much money must you deposit at 7% interest com-
pounded annually to enable your descendants to withdraw
ny dollars at the end of the first year, 7, dollars at the end of
the second year, #; dollars at the end of the third year, and
50 on in perpetuity? Assume that the set of n; is bounded
above, ;. < N for all £, and express your answer as an infi-
nite series.

0
LS

. Sum the series you obtained in Exercise 25, setting
(@) r =5, n; = 5000 (1)
(b) r = 6, = 1000(0.8Y+.

©r=5n=N.

Suppose that only 90% of the outstanding currency is recir-
culated into the economy: then 90% of that is spent, and so
on. Under this hypothesis, what is the long-term economic
value of a dollar?

N
'

N
2

. Consider the following sequence of steps. First, take the unit
interval [0, 1] and delete the open interval (3, 3). Next, delete
the two open intervals (7 —) and ( 3) from the two inter-
vals that remain after the first step. Fot the third step, delete
the middle thirds from the four intervals that remain after the
second step. Continue on in this manner. What is the sum of
the lengths of the intervals that have been deleted? The set
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that remains after all of the “middle thirds” have been delcted
is called the Cantor middle third set. Give some points that
are in the Cantor set.

29. Start with a square that has sides four units long. Join the
midpoints of the sides of the square to form a second square
inside the first. Then join the midpoints of the sides of the
second square to form a third square, and so on. See the
figure. Find the sum of the areas of the squares.

30. (a) Show that if the series Y~ a converges and the series
¥ by diverges, then the series Y(ax + by) diverges.
(b) Give examples to show that if 3" ae and 3" b, both di-
verge, then cach of the series

@ +b)  and > e - b

may comcrge or may diverge.

31, Let z agbeacomvergentseriesandlet R, — 5° a. Prove
that R — Dasn » 0. Note that if s, is the m}: partial sum
of the series, then Z ap = s, + Ry; R, is called the remain-
der.

=
32. (a) Prove that if Y ay is a convergent series with all terms
S
nonzero, then Y (1 /a) diverges.
k=0
©
(b) Suppose that a; > 0 for all k and 3" a; diverges. Show
k=0

=
by example that 3" (1/a;) may converge and it may di-
k=0

verge.

33. Show that

X k+1
3 (i) diverges
LM
In (M) >0
k

k1Y
3 diverges.
k=1 k

35. (a) Assume that d — 0 and show that

although

34, Show that

D s~ dey)) = dh.
k=1

(b) Sum the following serics:

v -k X 241
(‘); \/k(/c+l) RO B 2

36. Show that
- 3 .
/.§ ot = 14)2 for  |x| <1

HINT: Verify that s,, the ath partial sum of the series, satis-
fies the identity

(=%, =1~ (1 + Dx" 4 nx"+

[ (Exercises 37-40. Speed of convergence) Find the least i integer

N for which the nth partial sum of the series differs from the
sum of the series by less than 0.0001,

® 1 S
LW 38. Y (0.9,
=3 =
o @ 2\*
39, : 40.% (2.
i1kl +2) /g (3)

oo
41. Start with the geometric series Z x* with |x| <1 and a

positive number €. Determine lht, lcasl positive integer N
for which |L — sx| < € given that the sum of the series is L
and s is the Nth partial sum.

IS
=)

- Prove that the series 3 (ax1.1 — ai) converges iff the ,, tend
i=1

to a finite limit.

W 12.3 THE INTEGRAL TEST; BASIC COMPARISON,

LIMIT COMPARISON

Here we begin our study of series with nonnegative terms: a, > 0 for all k. For such

series the sequence of partial sums is nondecreasing:

w1

k=0

—Zak—an+l +Zak 2 Zak~ S
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The following simple theorem is fundamental.

THEOREM 12.3.1

A series with nonnegative terms converges iff the sequence of pdmal sums is
bmmded

PROOF Assume that the series converges. Then the sequence of partial sums is conver-
gent and therefore bounded. (Theorem 11.3.4.)

Suppose now that the sequence of partial sums is bounded. Since the terms are

ive, the seq is nond By being bounded and nondecreasing,

the sequence of partial sums converges. (Theorem 11.3.6.) This means that the series
converges. 1

The convergence or divergence of some series can be deduced from the convergence
or divergence of a closely related improper integral.

THEOREM 12.3.2  THE INTEGRAL TEST

If £ is continuous, positive, and decreasing on [1; o0), then

o0 o0
Z Sk converges iff / flx)dx converges.
#=1 1

PROOF In Exercise 69, Section 11.7, you were asked to show that if /" is continuous,
positive, and decreasing on [1, oo), then

0 n
[ Ffx)dx converges iff  the sequence ay = / f(x)dx converges.
1 1

‘We assume this result and base our proof on the behavior of the sequence of integrals.
To visualize our argument, see Figure 12.3.1.

112) ++ fon)

1 2 3 4ee0n-ln
Figure 12.3.1
Let’s suppose that f is continuous, positive, and decreasing on [1, c0). Since f°
decreases on the interval [1, ],
f@Q)+-+ fn) is a lower sum for f on [1, n],
and
S+ F fr—1) is an upper sum for £ on [1, n].

Consequently,

1@+ g0 < [ fas < f 4t s - 1.
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If the sequence of integrals converges, it is bounded. Then, by the left inequality,
the sequence of partial sums is bounded and the series converges.

Suppose now that the sequence of integrals diverges. Since f is positive, the se-
quence of integrals increases:

/l“/'(x)dx < /”+1f(x)dx.

Since this sequence diverges, it must be unbounded. Then, by the right inequality, the
sequence of partial sums is unbounded and the series diverges.

Applying the Integral Test

Example 1 (The harmonic series)

(12.3.3) diverges.

PROOF The function f(x) = 1/x is continuous, positive, and decreasing on [1, o). We

know that
* dx; ;
/ == diverges. (1171
X

By the integral test,
1
Z % diverges. O
=1
The next example generalizes on this.

Example 2  (The p-series)

1 1 1 1 .
(12.3.9) ;ﬁ:1+27+37+ﬂ+“' converges iff p>1.

PROOF If p < 0, then the terms of the series are all greater than or equal to 1. Therefore,
the terms do not tend to zero and the series cannot converge. We assume therefore
that p > 0. The function f(x) = 1/x? is then continuous, positive, and decreasing on
[1, 00). Thus, by the integral test,

1 y < dx
— converges iff — converges.
=k X7

-

Earlier you saw that

® dx
X

converges iff p>1. (11.7.1)
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It follows that

1
w

™8

converges iff p>1. 0

Example 3  Show that the series

5 . 1 . .
; klﬂ(k T m2 T om3 T ¥ma T diverges.

SOLUTION We begin by setting f(x) = . Since f is continuous, positive,

xIn(x +1)
and decreasing on [1, 00), we can use the integral test. Note first that for all x € [1, o)
1 1
e P ——
xhnGx+1)~ x+DhE+1)
Therefore

b 1 y b 1 - 5
/‘ et 7 <x+1)1n(x+1)d*:["[“("“”]1

=In[ln(b+ 1)] — In[n2].
As b — o0, In[In(h + 1)] — oo. This shows that

2 1
/ ———dx
1 xIn(x+1)

diverges. Therefore the series diverges. 1

Remark on Notation You have seen that for each j > 0
o
Z a converges iff Z a converges.
= =

(Exercise 12, Section 12.2.) This tells us that in deciding whether a series converges, it
does not matter where we begin the summation. Where detailed indexing would con-
tribute nothing, we will omit it and write ) a; without specifying where the summation
begins.

For instance, it makes sense to say that

1 1
Z 2 converges and Z % diverges
without specifying where the summation begins. 1

In the absence of detailed indexing, we cannot know definite limits, but we can be
sure of the following:

(1) if 3" ax and Y by converge, then > ap+ by converges;
(2) foreach @ # 0

(12.3.5) > o converges iff >a converges

and, equivalently,

> aa diverges  iff >ak diverges.
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The convergence or divergence of a series with nonnegative terms can often be
determined by comparison with a series of known behavior,

THEOREM 12.3.6 THE BASIC COMPARISON THEOREM

Suppose that 3" a; and 3~ by are serics with nonnegative terms and

Z ap < Z by for all £ sufficiently large.

@) 1f 5" b, converges, then: Zak converges
A 1 Y a; diverges. then Y by diverges.

PROOF  The proofis just a matter of noting that, in the first case, the partial sums of >a
form a bounded increasing sequence and, in the second case, they form an unbounded
increasing sequence.

Applying the Basic Comparison Theorem
Example 4

1 1
(a) Z Fre converges by comparison with Z a

1 1 1
il < B and Z 5 converges.

/(1 7 es by e . 4 1 .

(b) Z B sy converess by comparison with Z z
I B 1 _
m < e 7 and Z a2 converges,

1

3k+1

Example 5 Show that Z diverges.

SOLUTION  Since

1 1 1
%3tk M
all we have to do is show that

i diverges.
This follows by (12.3.5) from the divergence of
i
k
1

in(k +6)

SOLUTION  Since the graph of y = Inx stays below the line y = x, we know that, for
allreal x, Inx < x. It follows that, for all & sufficiently large,

In(k+6) < In(2k) < 2

Example 6  Show that Z diverges.
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and

1 1

— <

2k Ik +6)
Since > 1/k diverges, ».1/2k diverges. This tells us that the original series
diverges. O

When direct comparison is difficult to apply, the following test can be useful.

THEOREM 12.3.7 THE LIMIT COMPARISON THEOREM
Let > a; and Y by be series with posifive terms. If ay/by — L, and L is
positive, then ¢

Z a converges iff Z by converges.

PROOF Choose € between 0 and L. Since a; /by — L, we know that for all & sufficiently
large (for all £ greater than some 4p)

L

<E€E.
be

For such & we have

L—e<ﬁ<L+eA
by

and thus
(L — ey < ap < (L +¢€)by.
This last inequality is what we need:
if Y ay converges, then Y (L — €)by converges, and thus Y b, converges;

if 3 by converges, then > (L + €)b; converges, and thus ) a; converges.

Applying the Limit Comparison Theorem
To apply the limit comparison theorem to a series Y a;, we must find a series 3 by of
known behavior for which a; /b, converges to a positive number.
Example 7 Determine whether the series
s 1

converges or diverges.

SOLUTION  For large k

1
Bt differs little from i

Ask — oo,
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Since

1
Z = converges,

(it is a convergent geometric series), the original series converges. [

Example 8 Determine whether the series
Z 362 4 2k + 1
Bl
converges or diverges.

SOLUTION  For large k the terms with the highest powers of & dominate. Here 342
dominates the numerator and 3 dominates the denominator, Thus, for large %,

% differs little from Sk‘k; = %
Ask — oo,
SEA2%+1 3 3424k 14 2/(3k) + 1/(3k%)
L e T e
Since

1 . 3 .
Z T diverges, Z % diverges.

1t follows that the original series diverges.
Example 9  Determine whether the series
Z 2k+5
VS + 318
converges or diverges.

SOLUTION  For large k, 2k dominates the numerator and /&5 = &* dominates the
denominator. Thus, for such k,

2%+5 differs litdle from 2K _ 26 _ 2
—_—— €rs little fror s )
VI 1313 VB R
Ask — oo,
%45 2 245K WS 145/

TR T, e T e—e—m— = —— ]
VL3P TR 28 e +3/8  JT4+3/83
Since
1 2
Z ﬁ converges, Z kT converges.

It follows that the original series converges.

Remark  The question of what we can and cannot conclude by limit comparison if
ar/br — 0 orif az /by — o0 is taken up in Exercises 47 and 48. O
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EXERCISES 12.3

Exercises 1-36. Determine whether the s c s or di- =
xercises etermine whether the series converges or di- (b) Show that 3° ke~ converges for cach & > 0.

verges,
k ! (c) Show that, mnreveuerally, k” ok converges for cach
LEE Rk £
) | i nonnegative integer 7 and o
¥y m 4y "7 40. Let p > 1. Usc the integral test o show that
1 1 ! 1
6y ——. =t L - AP S
Za/k+ Yt =D+ T <kzkp ;kﬂ “ Dt
—~
7Y 8. z(f) . This result gives bounds on the error (the remainder) R, that
\/21( —% 5 results from using s, to approximate the sum of the p-series.
9.3 arctan k» 10, ln‘K [ Exercises 41-42. (a) Use a CAS or graphing utility. Calculate
T+# [ the sum of the first 100 terms of the series. (b) Use the inequal-
| - 1 ities given in Exercise 40 to obtain upper and lower bounds
.y o5 2.3 TR for Ryp. () Use parts (a) and (b) to estimate the sum of the
series.
1324h uy L 41iI 42%'
=\3) TS+ 2mE e =t
15357 InE 652 For Excrises 43-46, use the error bounds given in Exercise 40.
e, 3 P 4
« &lnky 43. (a) Ifyouweretouse s to approximate 3° — whatwould
I Tk+2 =S
7. 18.Y k‘f be the bounds on your error?
+ W +7 (b) How large would you have to choose 1 to ensure that R,
0.5 23/c+52. 0y ki— L s Less than 0.00017 .
5K+ 3K 345 J344. (2) Ifyouwere tousesiop to approximate z 3 whatwould
WY be the bounds on your error? -
n " (b) How large would you have to choose 7 to cnsure that Ry
Byl 1+2* is less than 0.0001? .
1+ 56 (¢) Use the result of part (b) to estimate Z e
5y 2k + 1 . 1:
45. (a) How many terms of the series 3" — must you use to
k4
2k + 1 1 ensure that R, is less than 0.00017
Y BE G (b) How large do you have to choose 1 to ensure that &y is
. - less than 0.0017 .
2. 3 ke 80: 32 9 Use the result of part (5)to estimate 3° .
2+smk 2+ cosk =l
3L 32. s
T L I 46. Exercise 45 for the series 3 —
=
k
3P 34, ; Exercises 47 and 48 complete the limit comparison test.
ZI+2+ Sk Z 22 e i o P o

47.Let Y a; and 3" by be series with positive terms. Suppose
353 — (2k 36.3 @ that /by — 0.
(a) Show that if Y b; converges, then 3" ¢ converges.
(b) Show that if ¥y, diverges, then 3" b diverges.
(c) Show by example thatif 3" a¢ converges, then Y~ ¢ may
converge or diverge.
(d) Show by example that if 3 b diverges, then 3 a; may
converge or diverge.
39. (a) Show that f e~k converges for each & > 0. [Parts () and (d) explain why we stipulated L > 0 in Theo-
= rem 12.3.7.]

o
37. Find the values of p for which kgz m converges.

© Ink
38. Find the values of p for which 3 % converges.
k=2




48. Let 3~ ax and Y by be scries with positive terms. Suppose

that a; /b — oo.

(a) Show that if 3" by diverges, then 3" ¢y diverges.

(b) Show that if 3" a; converges, then ¥ by converges.

(c) Show by example that if 3~ ay diverges, then 3" b, may
converge or diverge.

(d) Show by cxample thatif 3" b, converges, then 3~ a; may
converge or may diverge.

49. Let 3 a; be a series with nonnegative terms.

(a) Show that if 3 a; converges, then 3" a? converges.

(b) Give an example where 3 a7 converges and Y~ a; con-
verges; give an example where Y a? converges but 3~ a;
diverges.

50. Let 3 ay be a series with nonnegative terms. Show that if

3 af converges, then Y (a;/ k) converges.

SL. Let f be a continuous, positive, decreasing function on

[1, 00) for which { f(x)dx converges. Then we know that

the series 3 (k) also converges. Show that
Pt

0<L-s, <fwf(x)dx

where L is the sum of the series and s, is the nth partial sum.

M 12.4 THE ROOT TEST; THE RATIO TEST
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[> Exercises 52-53. Use a CAS and the result obtained in Exercise

51 to find the least integer 7 for which the difference between
the sum of the series and the nith partial sum is less than 0.001.
Find s,.

©
5.3

1 &,
o 53. 3 ket
[=Y 2N §

54. Let s, be the nth partial sum of the harmonic series, a series
which you know diverges.
(a) Show that
In(+1)<s, <1+hn
(b) Find the least integer 7 for which s, > 100.

§5. Show that

e

Ink
—= converges by comparison with
Yorn es by comp >

56. Let p and ¢ be polynomials with .
Give necessary and sufficient conditions on p and g for the
convergence of

28
2

We continue our study of series with nonnegative terms. Comparison with the geometric

series

2

leads to two important tests for convergence: the root test and the ratio test.

THEOREM 12.4.1  THE ROOT TEST

@)’ — p.
() Ifp < 1, then ¥ a; converges.
() Ifp > 1 then 3 a; diverges.

diverge.

Let 3 a; be a serics with nonnegative terms, and suppose that

(iif) If p = I then the test is inconclusive. The series may converge; it may

PROOF We suppose first that p < 1 and choose 1, so that

p<p<l.
Since (@)% — p,
(@)  <p  forall &
Thus
@ <pf forall &

sufficiently large.

sufficiently large.
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Since 3" u¥ converges (a geometric series with 0 < u« < 1), we know by the basic
comparison theorem that Y a; converges.
‘We suppose now that p > 1 and choose x so that

p=pu>1
Since (@)% — p,
(a)'F > p for all k sufficiently large.
Thus
a > pf  forall k&  sufficiently large.

Since Y ¥ diverges (a geometric series with 1« > 1), we know by the basic comparison
theorem that )~ a; diverges.

To see the inconclusiveness of the root test when p = 1, consider the series Y (1/k)
and Y"(1/k%). The first series diverges while the second serics converges, but in each

case (ap)/F — 1.
IV a

N 1 \2
(a)'*F = (}72) = (m> - 12=1

[Earlier we showed that, as & — 00, k¥ — 1.(11.4.1)] 0O
Applying the Root Test

1
1 e ge
Example 1 For the series Y nkF

1

1k

*=— 0.
(ax) nk

The series converges. [

2/<
7

1\ ¥k 1\ V¥ 3 3 .
(ak)l”‘:2<%> :z[&) }:z[ﬁ] —2.13=2

The series diverges. U

Example 2 For the series Y

N
Example 3 Inthe case of Y (1 - ;)

1
@)V =1- s

Here the root test is i lusive, It is also ssary: since a; = (1 — 1/k)F tends
to 1/e and not to 0, the series diverges. O
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THEOREM 12.4.2  THE RATIO TEST

Let )" a; be a series with positive terms and suppose that
Q41
sk
ar
) IfA < [ then }” a; converges.
() If 4 > 1, then ¥ a;. diverges.
(iif) If A = 1, then the test is inconclusive. The series may converge; it may
diverge.

PROOF  We suppose first that . < 1 and choose 4 so that A < u < 1. Since
A1

— A,
i
we know that there exists ko > 0 such that
. ay.
it kxzhk, then 2 g (explain)
g
This gives
it < Rk, Az < fapyr < @lag,
and more generally,
Gorj < Wag, J=1,2,000
For k > ko we have
= A
[65) @ < pt g, = M,:u".
S

Since < 1,

%k _ Gk £
ekt = Y converges.
ke pho

It follows from (1) and the basic comparison theorem that 3" a; converges. The proof
of the rest of the theorem is left to the Exercises. 4

Remark  Contrary to some people’s intuition, the root and ratio tests are nof cquiva-
lent. See Exercise 48.

Applying the Ratio Test

. = 1
Example 4  The ratio test shows that the series > 7 converges:

1
an_ 1 _K_ 1
a  k+D! T k41
’ k
Example 5  For the series ZW
a1 _ k1 108 1k+1 1

w 10+ E T & 10
The series converges.!

"You are asked to find the.sum of this series in Exercise 41
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5 k-
Example 6 For the series Y 7

a1 (k+ DM R k41 I
et WU e S W, e N [ ) R
@ (k+ D!k 3

Since e > 1, the series diverges.

Example 7  For the series Z thc ratio test is inconclusive:
a1 zk+1_2k+1_2+1/k
@ 2k+1)+1 1 2k+3 2437k

Therefore, we have to look further. Comparison with the harmonic series shows that
the series diverges:
1 1 .
w1 T and Z %= Z x diverges.

Summary on Convergence Tests

In general, the root test is used only if powers are involved. The ratio test is particularly
effective with factorials and with combinations of powers and factorials. If the terms
are rational functions of %, the ratio test is inconclusive and the root test is difficult to
apply. Series with rational terms are most easily handled by limit comparison with a
p-series, a series of the form 3 1/%”. If the terms have the configuration of a derivative,
you may be able to apply the integral test. Finally, keep in mind that, if a; #> 0, then
there is no reason to try any convergence test; the series diverges. [(12.2.6).]

EXERCISES 12.4

Exercises 1-40. Determine whether the series converges or 1/ 1\
diverges. 9. - (m)
10% £\
LYo )y
= w5
3
3.27. 4.):(72](“) . 23, T 07D,
(n &y In k
2 2100* &x k : BE
P+2
7L e aY Ik
K+ 6k (In k)k LD~ o 8.3 <2k71)_
2\ b
9.21{(7) . 10.2*_ 2-4--2k (2k+l)
wWor 29. 27(2]()! . 0y GETTF
2%+ vk kI(2k) n k
1. : 12. : A2K) Ll
Zl+f Lo AT 3Z'st,4-
3 - wyk s
'ZW' B EDIE MY — 3k>2,
vk 2% k ¥
3 x 1 . - K i
5 e X BY 36,5 (VE-vE=T)
1,2 4.8

B n
1 18, . SR WY T
X ar Zk(lnk) MatmteteEt




12.5 ABSOLUTE CONVERGENCE AND CONDITIONAL CONVERGENCE; ALTERNATING SERIES m 597

41. Find the sum of the series

i
46. Find the positive numbers 7 for which 3 /L converges.
47. Taker > Oandlet the ay be positive, Use the roottest to show
that, if (@)% — pand p < 1/r, then Y awr* converges.
48. Set

ZL' for odd &
a =

ii =t for even k.
= 10

The resulting series

HINT: Exercise 36 of Section 12.2.

42. Complete the proof of the ratio test by proving that
(@) if & > 1, then Y ay diverges, and
(b) if & = 1, the ratio test is inconclusive.
43. Let r be a positive number. Show that a; = r¥/k! — 0 by

considering the serics 3" ay.

44. Show that a; = k!/k* — 0 by appealing to the series ¥ a;

of Exercise 26.

45. Find the integers p > 2 for which Y

1y (a) Use the root test to show that 3 a; converges.
(gl SomerEes: (b) Show that the ratio test does not apply.

W 12.5 ABSOLUTE CONVERGENCE AND CONDITIONAL
CONVERGENCE; ALTERNATING SERIES

In this section we consider series that have both positive and negative terms.

Absolute Convergence and Conditional Convergence

Let 3" a; be a series with positive and negative terms. One way to show that 3" a,
converges is to show that the series of absolute values 3 |a,| converges.

THEOREM 12.5.1

If: Z la]| converges, then Z a converges.

PROOF For each &

—lael = a < |ag|

and therefore 0 < aj + |ag| < 2|ag|.

If 3 |ax| converges, then )" 2|ax| = 2 Y |ay| converges, and therefore, by basic com-
parison, )" (ay + |ax|) converges. Since

we know that ) a; converges.

ar = (ax + lag|) — lagl,
[w]

Series Y~ ay for which 3" |ag| converges are called absolutely convergent. The
theorem we have just proved says that

(12.5.2) \:bsolutely convergent series are convergent
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As we will show presently, the converse is false. There are convergent series that are
not absolutely convergent. Such series are called conditionally convergent.

Example 1 Consider the series
i (— 1yt
=

If we replace each term by its absolute value, we obtain the series

— 1 | 1 1 1 1
;ﬁ:+ﬁ+§+ﬁ+§+m

This is a p-series with p = 2. It is therefore convergent. This means that the initial
series is absolutely convergent. J

Example 2 Consider the series
1 1 1 1 1 1 1 1

s etETEtEtr v oEt
If we replace each term by its absolute value, we obtain the series
1 1 1 1 1 I
FrEtE Tttt
This is a convergent geometric series. The initial series is therefore absolutely conver-
gent. [

S P
P

Example 3  The series

1 1 2 1 1 4 1 1 n
2 3 4 5 6

is only conditionally convergent.
It is convergent (see the next theorem), but it is not absolutely convergent: if we

replace each term by its absolute value, we get the harmonic series

fddig bplad g a
2 3 4 5 6 i
Alternating Series
A series such as
1 1 o 11 i 11 5
2 3 4 5 6

in which consecutive terms have opposite signs is a called an alternating series. As in
our example, we shall follow custom and begin all alternating series with a positive
term. In general, then, an alternating series will look like this:

oo
aoful—ﬁ—azfas#»---:z(—l)"ak
=1

with all the a; positive. In this sctup the partial sums of even index end with a positive
term and the partial sums of odd index end with a negative term.

12.5.3 THE BASIC THEOREM ON ALTERNATING SERIES

Letay, ay, az, bea i q of positive The series

~
Qi mea e Z(*])kak converges  iff 4 >0
=0
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PROOF Ifthe series converges, then its terms must tend to zero. This implies thata; — 0.
Now we assume that a; — 0 and show that the series converges. First we look at
the partial sums of even index, s;,,. Since

sam = (@o —a1) + (a2 — @) + - - + (@2m—2 — doam—1) + t2m
is a sum of positive numbers, s3,, > 0. Since
Son+2 = Sam — (G2mi1 — Gams) and  azpp1 —damgn > 0,
it’s clear that
S2m+2 < S

This shows that the sequence of partial sums of even index is a decreasing sequence
of positive numbers. Being bounded below by 0, the sequence converges. (Theorem
.) We call the limit L and write

Som — L.

Now we look at the partial sums of odd index, s3,,41, and note that
Som+1 = S2m — Qo1

Since s3,, — L and azpq1 — 0,

S2me1 = L.
Since the partial sums of even index and the partial sums of odd index both tend to L,
the sequence of all partial sums tends to L. (Exercise 50, Section 11.3.) O

Tt is clear from the theorem that the following series all converge:

1 1 1 1 1 1 1 1 1 1
Io oo — oo —— e, -t =t
23 4 5 6 V23 VA5V
1 1 1 1 1
TuataTaty et

The first two series converge only conditionally; the third converges absolutely.

s

Estimating the Sum of an Alternating Series  You have seen that if ag, a1, a3, -+ - isa
decreasing sequence of positive numbers that tends to 0, then

x
Z(~ 1fa;  convergestosomesum L.
=0

The number L lies between all consecutive partial sums, s, sy-1.
(12.5.4) From this it follows that s, approximates L to within @, :

lsp — L| < aysy.

PROOF We have shown that the partial sums of even index decrease toward L. As you
can show, the partial sums of odd index increase toward L. It follows that L lies between
all consecutive partial sums s, and s,,41: one of these is greater than L; the other is less
than L. Therefore, for cach index ,

Isp = LI < sy = Spet]l = @1 D

m 599
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Example 4 Both

11

3 at5 76" wd At &
are convergent alternating series. The nth partial sum of the first series approximates the
sum of that series within 1/(n + 1); the nth partial sum of the second series approximates
the sum of that series within 1/(n + 1)2. The sccond series converges more rapidly than
the first series. 1

11 1 1 1 1 1

1
Tasdi s
PR +5 +

Example 5 Give a numerical estimate for the sum of the series

e (~1)’»71 1+1 |+
SQk+D T 3 s T

correct to three decimal places.

SOLUTION By Theorem 12.5.3, the series converges to a sum L. For s, to approximate
L to three decimal places, we must have |s, — L| < 0.0005. Writing out the first few
terms of the series, we have

1 1 1 1 1 L

1 = Sl S (o N RS I S
315 7!Jr 6+1ZO 5040+

1 1
inc = =< —=0 0. o
Since a3 TRy 0.0002 < 0.0005,

1 1 i 1 1 1 1 101
m=lo—f—=l—og— = —
2 ! 6 120 120
approximates L to within 0.0005.

We can obtain a decimal estimate for L by noting that 0.8416 < % < 0.8417. To
three decimal places, L1s 0.842. 0O

Rearrangements

A rearrangement of a series ) ay is a series that has exactly the same terms but in a
different order. Thus, for example,

1 1 1 1 1 li
e aEtEsTEtE T E
and
1 1 1 1 1 1
I+t Ss+s—5—a+=+

AU T
are both rearrangements of
PR N U S S T
TRty TRt TwtTo
In 1867 Riemann published a theorem on rearrangements of series that underscores
the importance of distinguishing between absolute convergence and conditional con-
vergence. According to this theorem, all rearrangements of an absolutely convergent
series converge absolutely to the same sum. In sharp contrast, a series that is only con-
ditionally convergent can be rearranged to converge to any number we please. It can
be arranged to diverge to o0, to diverge to —co, even to oscillate between any two
bounds we choose.
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EXERCISES 12.5

m 601

Exercises 1-31. Test these series for (a) absolute convergence,
(b) conditional convergence.

+ (=1 +

L1+(=D)+1+-

12. Ysin (77)

14. (-1 k2+1
(=1t
N ES T

(e

13, 01 (VEFT - VR).

'5'251“(4/2)

Lk 1
17. 3 (1) — 5% k+l).

5 U k2
|9.Lk72ﬂ. 0. 00y
4}(72 kl
21. Z(—l)kd_k 2. Z(*l)”?
%
23. (=1 ksin(1/4). 24. E(—l)‘“kf‘
25. Y (— ke, 26, 3 257k com
2 “wwk» 28. M,
pYCSYi ¥ o
29. ZM
30, 1 Ve il ’
"2737 % %12 3k+3 m+at
23 546 L (3k+2)(3k+3)
314-—5—m+..,+(71) m

Exercises 32-35. The partial sum indicated is used to estimatc
the sum of the series. Estimate the error.

g 1
32 3 (- 8 33. - Sg0-
2. k;( D o Z( 1y «/ﬁ g0
LI {1 LI, 35 eyl

i=0 oy’ i B

36. Let s, be the nth pania] sum of the series
1 '
Z( Y mk
Find the least value of 7 for which s, approximates the sum
of the series within (a) 0.001, (b) 0.0001.

37. Find the sum of the series of Exercise 36.

P> Exercises 38-39. Use a CAS to find the least integer 5 for which
s, approximates the sum of the series to the indicated accuracy.
Find s,.

o '3
a8 S @ oon
b %

0.005.

& '3 1 %
39. Eo (~1Y WaaE
40. Verify that the series
1 1 1 1 1
37t gtz gt
diverges and explain how thw does not violate the basic the-
orem on alternating series.

41. Let L be the sum of the series

1A-+f——+

and let s,, be the ath partial sum. Find the least value of n for
which s, approximates Z to within () 0.01, (b) 0.001.

42. Let ag, a1, a3, -+ be a nonincreasing sequence of positive
numbers that converges to 0. Does the alternating series
5"(—1)*ay necessarily converge?

43. Can the hypothesis of Theorem 12.5.3 be relaxed to require
only that the az and the @y form decreasing sequences
of positive numbers with limit 07

44, Show that if Y a; is absolutely convergent and |b;| < |ax|
for all &, then Y by is absolutely convergent,

45. (2) Show that if 3" a is absolutely convergent, then Y a?

is convergent.
(b) Show by means of an example that the converse of the
result in part (a) is false.

46. Let 2( 1)*a; be an alternating series with the a; form-

ing a 1 decrezmng sequence of positive numbers. Show that
the sequence of partial sums of odd index increases and is
bounded above.

47. In Section 12.8 we prove that, if Y azc* converges, then
> agx* converges absolutely for all x such that |x| < |c].
Try to prove this now.

48. Form the series

a—3tb+ia—jb+ia—tb+--

(a) Express this series in ) notation.
(b) For what positive values of @ and b is this series abso-
Tutely convergent? conditionally convergent?
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M 12.6 TAYLOR POLYNOMIALS IN x; TAYLOR SERIES IN x

We begin with a function f continuous at 0 and form the constant polynomial Pe(x) =
J(0). If £ is differentiable at 0, the linear function that best approximates / at points
close to 0 is the linear polynomial

Pi(x) = f(0) + /'(O)x;

P has the same value as / at 0 and also has the same first derivative (the same rate of
change):

POy = f0),  P0)=£Y0).

If £ is twice differentiable at 0, then we can get a better approximation to f by using
the quadratic polynomial

R = 0+ o+ L0

P; has the same value as £ at 0 and the same first two derivatives:
P2(0) = £(0), P(0) = £10), P(0) = f(0).
If / has three derivatives at 0, we can form the cubic polynomial

P =10+ 70+ D02 SO0,

P3 has the same value as / at 0 and the same first three derivatives:
P3(0) = £(0), P5(0) = £(0), P(0) = f"(0), P0) = £7(0).
In general, if / has n derivatives at 0, we can form the polynomial

i)
B = 10+ 5O+ L0 g O

P, has the same value as £ at 0 and the same first # derivatives:
PO =/0).  PO=/0), PO)=/0)...., PPO)=f"0).

These approximating polynomials Py(x), Py(x), Pa(x), - -, Py(x) are called Taylor
polynomials after the English mathematician Brook Taylor (1685-1731). Taylor in-
troduced these polynomials in 1712,

Example 1 The exponential function f(x) = e has derivatives
S =¢, [y =¢, frx)y=e, and so on.
Thus
fO=1  fO=1  fO=1  [O=1-, [O0)=1
The nth Taylor polynomial takes the form

X
Po(x) =1+x + + + * i
3! nt’
Figure 12.6.1 shows the graph of the exponentlal function and the graphs of the first
four approximating polynomials.
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Figure 12.6.1

Example 2 To find the Taylor polynomials that approximate the sine fi unction, we

write

f(x) = sinx, f'(x) = cosx, S'(x) = —sinx, S"(x) = —cosx.
The pattern now repeats itself:
S9x%) = sinx, SO%) = cosx, SO%) = —sinx,  fO(x)= —cosx.

At x = 0, the sine function and all its even derivatives are 0. The odd derivatives are
alternately 1 and —1:

flo=1, F70) = —1, 0y =1, FO0) = -1, and so on.
Therefore the Taylor polynomials are as follows:
Pyxy=0
Pi(x) = Pyx) = x
Ead
Py(x) = Py(x) =x — I
X3
Bs(x) = Pox) =x — =+ =
3!
x3 x7
Pix)=Py(x) =x — ar + FTRT) and so on.
Only odd powers appear. This is not surprising since the sine function is an odd function.
)

Itis not enough to say that the Taylor polynomials

- ),
B = 10+ @+ L0y [7O,

approximate f(x). We must describe the accuracy of the approximation.
Our first step is to prove a result known as Taylor’s theorem.
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THEOREM 12.6.1 TAYLOR'S THEOREM

If £ has n + 1 continuous derivatives on an open interval / that contains 0,
then for each x € 1

0, o (0)

S@) = fO) + F10)x + ~—= T R

with R, (x) = — (D) — ) dr. We call R, (x) the remainder.
n! 0

PROOF Fix x in the interval /. Since
x
| rwa= s 0.
0
we have
x
=10+ [ roa.
0
‘We now integrate by parts. We set
u=f(t) and  dv=dt. ‘
This forces
du = f(e)dt.

For v we may choose any function of ¢ with derivative identically 1. To suit our purpose,
we choose

v=—(x—1).

‘We carry out the integration by parts and get
[ ro=[-roc-o] + [ row-na
0 o Jo

x
= f’(o)x+/ F(E)(x — tydt,
o
which with (1) gives
x
6= 1@+ O+ [ - o
0

This completes the first step toward the proof of the theorem.

Integrating by parts again [set u = f“(t),dv = (x —t)d¢, leading to du =
) dt, v = —3x — 1)), we get

10 = 5@+ rox + 20

Lt 5 [ 106 - par
Continuing to integrate by parts (see Exercise 61), we get after n steps

F(n), X
f(x)—/(0)+/(0)v+/(0) e +L‘<%+l’[ SO0 — oy dt,
nl nl Jo

which is what we have been trying to prove.
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To see how closely

O
n!

26 =0+ 0+ L0

ey
approximates f(x), we need an estimate for the remainder term R, (x). The following
corollary to Taylor’s thcorem gives a more convenient form of the remainder. It was
established by Joseph Lagrange in 1797, and it is known as the Lagrange formula for
the remainder. The proof is left to you as an exercise.

COROLLARY 12.6.2 LAGRANGE FORMULA FOR THE REMAINDER
The remainder in Taylor’s theorem can be written

o

41!

with ¢ some number between 0'and x.

 Ro=

Remark  If we write Taylor’s theorem using the Lagrange formula for the remainder,
we have

/!

" (), (n+1),
F&) = O+ f(0)x + #xz +ot mx" + LA O

al e

with ¢ some number between 0 and x. This result is an extension of the mean-value
theorem (Theorem 4.1.1), for if we let » = 0 and take x > 0, we get

S = fO+ fe)x, which can be written J&) = f(0) = fle)x — 0)

with ¢ & (0, x). This is the mean-value theorem for £ on the interval [0,x]. @

The following estimate for R, (x) is an immediate consequence of Corollary 12.6.2:

JX‘"+1
O]

1263 Ry < (max\/"“”(r)\)
e

where J is the closed interval that joins 0 to x.

Example 3  The Taylor polynomials for the exponential function f(x) = ¢ take
the form

2 X"
Py =14x+ 3+ T

N (Example 1)
n!

We will show with our remainder estimate that for each real x

Ry(x)— 0 as n— oo,

and thercfore we can approximate e” as closely as we wish by Taylor polynomials.

We begin by fixing x and letting M be the maximum value of the exponential
function on the closed interval J that joins 0 to x. (I x > 0, then M = &*; if x < 0,
M = e’ = 1.) Since

o) =e foralln,
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we have

max | /") =M foralln.
ted

Thus, by (12.6.3)
el
IR = M%.
From (11.4.4), we know that, as n — oo,
[
[CE
It follows then that R, (x) — 0 as asserted. O

0.

Example 4  We return to the sine function f(x) = sinx and its Taylor polynomials
Pi(x) = Pyx) = x,

3
P =P =x - 5

31
P =R =x-5+5  adsoon
The pattern of derivatives was established in Example 2; namely, for all &,
JE9(x) = sinx, SED(x) = cos x,
SEED(x) = —sinx, S D(x) = —cos x.

Thus, for all » and all real ¢,

VAARGTE SN
It follows from our remainder estimate (12.6.3) that
x n1
R = —2
(n+1)!
Since
x|+
m -0 for all real x,
n L4

we see that R, (x) — 0 for all real x. Thus the sequence of Taylor polynomials converges
to the sine function and therefore can be used to approximate sin x for any real number
x with as much accuracy as we wish. O

Taylor Series in x
By definition 0! = 1. Adopting the convention that /' = f, we can write Taylor
polynomials

10 ,

2 ;00 ,
T +---+Tx

Pulx) = f(0) + f(0)x +
in Y notation:

IR
Py(x)= Z fk#xk.
=0 "
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If £ is infinitely differentiable on an open interval  that contains 0, then we have
"
TR ON
)= Z ot R@. xel,

for all positive integers 7. If, as in the case of the exponential function and the sine
function, R,(x) — 0 for each x € 7, then for all such x

®
Z/ (0) o fx).

In this case, we say that £(x) can be expanded as a Taylor series in x and write

k),
(12.6.4) fx) = Z U ](0) %
= K

Taylor series in x are sometimes called Maclaurin series afier Colin Maclaurin, a
Scottish mathematician (1698—1746). In some circles the name Maclaurin remains
attached to these series, although Taylor considered them some twenty years before
Maclaurin.

It follows from Example 3 that

o ok %2 . 3
(12.6.5) e = T=ltx+ =4+ =+ for all real x.
Tt 2173
From Example 4 we have
% k 3 507
. EHF i XX x
(12.6.6) slnx:;mx -x»§+5~!7%+--~ for all real x.
=
We leave it to you as an exercise to show that
R '3 2 2 4 6
(267 ((Zk;l =1-Z+ - S+ forallrel .

We come now to the logarithm function. Since In x is not defined at x — 0, we
cannot expand In x in powers of x. We work instead with In (1 + x).

2 3
,%4»%‘.-- for -l <x <l

B0, (71)k+1
0268) | ln(1+x) =" x
k=1

PROOF"  The function

S =In(1+x)

"The proof we give here illustrates the methods of this section. A much simpler way of obtaining this series
expansion is given in Section 12.9.
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is defined on (—1, o) and on that interval has derivatives of all orders:

1
S = T Sfx) = S =

1 3
R (T +xp

19w =~ 19w =

41
T and so on.

!
1+x)*
The pattern is now clear: for £ > 1
wr (- D

(L4 x)
Evaluation at x = 0 gives f®(0) = (—1)!*'(k — 1)! and
SO0 _ o
[
Since £(0) = 0, the nth Taylor polynomial takes the form

IR
k=1

fOE) = (=1

=
Therefore, all we have to show is that
Ry(x)—> 0 for —1l<x=<l.

Instead of trying to apply our usual remainder estimate [in this case, that estimate is
not delicate enough to show that R,(x) — 0 for x under consideration], we keep the
remainder in its integral form. From Taylor’s theorem,

R = o [ 00 = oy

Therefore in this case

RN A gy [
R,‘(x)_n!/o( R s — e = 1)A Trom®

For 0 < x < 1 we have

VH»l
IR, (3)| = f(lﬂ)m /(x*t)”dr oo

explain

For —1 < x < 0 we have

x—1y Ofp=x\" 1
Ml = V ez ‘ [(1+x) e

By the first mean-value theorem for integrals (Theorem 5.9.1), there exists a number
X, between x and 0 such that

O/t —x\" 1 X, —x\" 1
/( (1+[) 1+zdt7<1+xn) (1+.rn)(7x>'

Since —x = |x|and 0 < I +x < 1 + x,, we can conclude that

X1\ (1%l
o< (3) (255

Since |x| < | and x,, < 0, we have

Xn < [xlxn X K] < [xlxa 1] = I+ x),
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and thus
xq + |x|
1 +x,

IRy ()] < | (1 TX) .

Since x| < 1, Ry(x) > 0. O

< |x|.

It follows that

Remark The series expansion for In (1 + x) that we have just verified for —1 < x < 1
cannot be extended to other values of x. For x < —1 neither side makes sense: In (1 + x)
is not defined, and the series on the right diverges. For x > 1, In(1 + x) is defined, but
the series on the right diverges and hence does not represent the function. At x = 1,
the series gives the intriguing result

n2=1-j+3-4+--. QO
‘We want to emphasize again the role played by the remainder term R, (x). We can
form a Taylor series

(k)(o) L

Mg

-

for any function f with derivatives of all orders at x = 0, but such a series need not
converge at any number x # 0. Even if it does converge, the sum need not be f(x). (See
Exercise 63.) The Taylor series tof(x) iff the i term R,(x) tends
to 0.

Some Numerical Calculations

H Table 12.6.1

If the Taylor series converges to f(x), we can use the partial sums (the Taylor poly-
nomials) to calculate f(x) as accurately as we wish. In what follows we show some
sample calculations. For ready reference we list some values of k! in Table 12.6.1.

| 24
Example 5 Determine the maximum possible error we incur by using Ps(x) to 51 120
estimate f(x) = e* for x in the interval [0, 1]. ! 720
y 2 5,040

SOLUTION Forall x, 40,320

# x®

e—l+x+ + e e i

31 n!

Now fix any x in the interval [0, 1]. From Example 3 we have

X2 x xt x5 xS
A =ltxt g+t y+5+y
and

7
ey Pl = max o L € s
[Rs(x)| = Oigglf 0] T umf‘f(x‘ o <e"7‘ T <0.0006.

e ze e<3

The maximum possible error we incur by using Py(x) to estimate e* on [0, 1] is Iess
than 0.0006. In particular, we can be sure that

1 1 1 1957
1+7 ste =

P(ly=1+1 ==
dD=1+1+5 + 516l 720

3t
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differs from e by less than 0.0006. Our calculator gives 17?—07 =2.7180556 and e =

2.7182818. This difference is actually less than 0.0003. U

Example 6 Give an estimate for e*? correct to three decimal places (that is, re-
mainder less than 0.0005).

SOLUTION  From Example 3 we know that the nth Taylor polynomial for ¢* evaluated
1

atx =02=7x,
02?2 (0.2 0.2)"
P02 =1402+ 0+ o o oy
approximates e®? to within
|R,(0.2)] <™ o2+ <e o2 < L
T 1) (n+1)! 54+ 1)
e<3
‘We require
< 0.0005,

3

55 (n + 1)!

which is equivalent to requiring
5"+ (n 4 1)! > 6000.
The least integer that satisfies this inequality is n = 3. [5%(4!) = 15, 000.] Thus
027  (02° 7328
= —— =1.22133

2! 3! 6
differs from % by less than 0.0005. Our calculator gives ¢%? = 1.2214028, so in fact
our estimate differs by less than 0.00008. 1

P(0.2)=1402+

Example 7  Use the sine series to estimate sin 0.5 within 0.001.
SOLUTION Atx = 0.5 = }, the sine series gives

0.59°  (0.5° (0.5
31 s. T T
From Example 4, we know that 2,(0.5) approximates sin 0.5 to within

sin0.5 = 0.5 —

0.5+ 1
R(05) < —F— = _— .
1 (0.5)] = 4+ 2+ 1)
Note that
1
iff (1),
m < 0.001 iff 200 + 1)1 > 1000.

The least integer that satisfies this inequality is 7 = 4. [23(5!) = 3840.] Thus

= the coefficient of x* is 0
05 23

3148

Py(0.5) = P3(0.5) = 05—

approximates sin 0.5 within 0.001.
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Our calculator gives

% =0.4791667 and sin0.5 = 0.4794255. O

Remark  We could have solved the last problem without reference to the remainder
estimate derived in Example 4. The series for sin 0.5 is a convergent alternating series
of the form stipulated in Theorem 12.5.3. By (12.5.4) we can conclude immediately

that sin 0.5 lies between every two consecutive partial sums. In particular

0.5

0.5
3 31

3
0.4791667 = 0.5 — f} <sin0.5 < 0.5

(0.5
s

=04794271. Q

Example 8 Use the series for In (1 + x) to estimate In 1.4 within 0.01.

SOLUTION By (12.6.8),

14 =1n(1+04)= 04— 1047+ 1047 - 104 +....

This is a convergent alternating series of the form stipulated in Theorem 12.5.3. There-

fore In 1.4 lies between every two consecutive partial sums.

The first term less than 0.01 is

1(0.4)* = 1(0.0256) = 0.0064.

The relation

0.4 — 1047 + 104 — 204 <In1.4 < 04— 1047 + L0.47

gives
0.335 <Inl.4 < 0.341.

Within the prescribed limits of accuracy, we can take In 1.4 = 0.34.1

A much more effective way of estimating logarithms is given in the Exerciscs.

EXERCISES 12.6

Exercises 1-4. Find the Taylor polynomial P, for the function f,
1 f(x) =x - cosx. 2 f(x) =T+
3. f(x) = Incosx. 4. f(x) = secx.
Exercises 5-8. Find the Taylor polynomial Ps for the given func-
tion f.
5. f(x)=(1+x)"1 6. f(x) = ¢ sinx.
7. f(x) = tanx. 8. f(x) = xcosx?.
9. Determine Py(x), Py(x), Py(x), Pr(x) for
fx)=1—x+43x% + 553
10. Determine Py(x), Pi(x), Po(x), P3(x) for f(x) = (x + 1)%.

Exercises 11-16. Determine the nth Taylor polynomial P, for
the function f.

1. fx)=e. 12. f(x) = sinhx.
13. f(x) = coshx. 14, f(x)=In(l —x).
15. f(x) =€, rareal number.

16. f(x) = cosbx,

b areal number.

Exercises 17-20. Assume that  is a function with | /®(x)| < 1

for all 7 and all real x. (The sine and cosine functions have this

property.)

17. Estimate the maximum possible error if Ps(1/2) is used to
estimate £(1/2).

18. Estimate the maximum possible error if P;(~2) is used to
estimate f(—2).

19. Find the least integer  for which you can be sure that 2,(2)
approximates f(2) within 0.001.

20. Find the least integer # for which you can be sure that P, (—4)
approximates f(—4) within 0.001.

Exercises 21-24. Assume that / is a function with | f®(x)| < 3

for all 7 and all real x.

21. Find the least integer n for which you can be sure that
P,(1/2) approximates f(1/2) with four decimal place accu-
racy.

22. Find the least integer # for which you can be sure that 2,(2)
approximates f(2) with three decimal place accuracy.
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23. Find the values of x for which you can be sure that P5(x)
approximates f(x) within 0.05.

24. Find the values of x for which you can be sure that P3(x)
approximates /(x) within 0.05.

Exercises 25-32. Use Taylor polynomials to estimate the fol-

lowing within 0.01.

25. Je. 26.5in0.3.
27.sinl. 28.1n1.2.
29, cos | 30. &,

3L sin 10°, 32. cos6°.

Exercises 33-40. Find the Lagrange form of the remainder
Ral).

3B fx)=e";, n=4

34 f)=In(l+x); n=5

35 f(x)=cos2x; n=4 36 f(x)=vIF+1; n=3
37. f(x)=tanx; n 38, f(x) =sinx; n=>5.

1
3. f() =arctanx; n=2. 40 ()= o =4

Exercises 41—44. Writc the remainder R, (x) in Lagrange form.

41 [y = e 42. f(x) = sin2s.

43, f(x) =

45. Let P, be the nth Taylor polynomial for the function
FG) =In(l +2x).

Find the least integer 1 for which: (a) P,(0.5) approximates
In1.5 within 0.01; (b) P,(0.3) approximates In 1.3 within
0.01; (c) P,(1) approximates In 2 within 0.001.

46. Let P, be the nth Taylor polynomial for the function

4. f(x)=1In(1+x).

f(x)=sinx.

Find the least integer # for which: (a) P,(1) approximates
sinl within 0.001; (b) P,(2) approximatcs sin2 within
0.001. (c) Po(3) approximate sin3 within 0.001.

L Set f(x) = &'

(1) Find the Taylor polynomial P, for f of least degree that
approximates ¢ atx = J with four decimal place accu-
racy. Then use that polynomial to obtain an estimate of

Je.

(b) Find the Taylor polynomial P, for f of least degree that
approximates ¢* at x = —1 with four decimal place ac-
curacy. Then use that polynomial to obtain an estimate
of lle.

P> 48. Set f(x) = cosx.

(a) Find the Taylor polynomial P, for / of least degree that
approximatescos x atx = /30 with three decimal place
accuracy. Then use that polynomial to obtain an estimate
of cos(rr /30).

(b) Find the Taylor polynomial £, for / of least degree that
approximates cos x° atx = 9 with four decimal place ac-
curacy. Then use that polynomial to obtain an estimate
of cos 9°.

49. Show that a polynomial P(x) = g+ a1x + -+ + apx" is
its own Taylor scries.
50. Show that

(*l)k
cosx = Z a5

for all real x.

51. Show that

«
1
sinhx = ; T l)x“*‘ for all real x.

52. Show that
o

1
coshx =y ——x* forallreal x.
(2k)!

Exercises 53-57. Derive a series expansion in x for the func-

tion and specify the numbers x for which the expansion is valid.

Take a > 0.

53, fx) =

55. f(x) = cosax.

57. f(x) =In(a + ).

58. The series we derived for In (1 + x) converges too slowly to
be of much practical use. The following scrics expansion is
much more effective:

1n(1”):2(x
T—x

for

54, f(x) = sinax.
56. f(x) = In(l — ax).

(12.6.9)

Derive this series expansion.
59. Set x = } and use the first three nonzero terms of (12.6.9)
to estimate In 2.

60. Use the first two nonzero terms of (12.6.9) to estimate In 1.4.
61. Verify the identity
FARC)
k! N
— f S0 — i
®

by using integration by parts on the second integral.

/ FO =t

62. Prove Corollary 12.6.2 and then derive remainder estimate
(12.6.3).

[ 63. (a) Use a graphing utility to draw the graph of the function

e x#0.
/m’{ 0, x=0.
(b) Use L Hopital's rule to show that for every positive in-
teger 7,
i
lim $—— =0.
x=0  x"
(¢) Prove by induction that f(0) = 0 foralln > 1.
(d) What is the Taylor series of 7
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(e) For what values of x does the Taylor series of / actually and show that the gth partial sum

converge to £(x)?

[>64. Set £(x) = cos x. Using a graphing utility or a CAS, draw a
figure that gives the graph of £ and the graphs of the Taylor
polynomials P, Py, P, Py.

[ 65. Set f(x) = In(1 + x). Using a graphing utility or a CAS, satisfies the inequality
draw a figure that gives the graph of £ and the graphs of the
Taylor polynomials 7y, P, Py, Ps.

66. Show that e is irrational by taking the following steps.

0<qlle—s)< L.
q

(1) Begin with the cxpansion o )
(2) Show that g's, is an integer and argue that, if e were of

e Z the form p/q, theng (e — s,) would be a positive integer
B ! less than 1.

M 12.7 TAYLOR POLYNOMIALS AND TAYLOR SERIES IN x — a

So far we have carried out series expansions only in powers of x. Here we generalize
to series expansions in powers of x — @ where a is an arbitrary real number. We begin
with 2 more general version of Taylor’s theorem.

g, %)
i

s re@e-0+ 206 s 8D g

win

L
L f Bk i dr
tJo )

The polynomial
g'@
2!

is called the nth Taylor polynomial for g in powers of x — a. In this more general setting,
the Lagrange formula for the remainder, R,(x), takes the form

()
£ = 8@+ 5@ =+ £ - ap o 4 Dy

g("“)(c)

12.7.2 r)=E )
( ) Ru(x) G

(x —ay*!

where ¢ is some number between a and x.
Now letx € I, x # a, and let J be the closed interval that joins a to x. Then

—a!

" Ix
127.3 [R(x)] < (ma,x lg¢ *”(z)\) R
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If R,(x) — 0, then we have the series representation
g'@
2!
which, in sigma notation, takes the form

O]

(x—al+- -+

80) = g@) +g'(@)x —a)+ —B—ay e,

00 (k)
a2.7.4) g =Y gk—f“)(x —af.
k=0 #

This is known as the Taylor expansion of g(x) in powers of x — a. The series on the
right is called a Taylor series in x —a.
All this differs from what you saw before only by a translation. Define

Sx) = glx +a).
Then
O =g t+a)  ad  P0) =P
The results of this section as stated for g can all be derived by applying the results of
Section 12.6 to the function £
Example 1 Expand g(x) = 4x> — 3x? 4 5x — 1 in powers of x — 2.
SOLUTION We need to evaluate g and its derivatives at x = 2:
gx)=4x* = 3x* +5x — 1

g =122 —6x +5

g'(x)=24x -6

g"(x)=24.

All higher derivatives are identically 0.
Substitution gives g(2) = 29, g'(2) = 41, g"(2) = 42, " (2) = 24,and g®(2) =
0 for all k > 4. Thus, from (12.7.4),

) , 24 N
B0 =29+ 41~ D+ S (x =2+ 5 =)

=204+41(x —2)+21(x — 27 +4(x -2 O

Example 2 Expand g(x) = x? Inx in powers of x — 1.
SOLUTION We need to evaluate g and its derivatives at x = 1:
gx)=xlnx
g(x)=x+2xInx
g'(x)=3+4+2lx
&) =2x""
g9 = -2x7
V@) = @@
g% = -@@eNr™
£7e) = QB

—23Nx~*
=(2)@)x~>  andsoon.
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The pattern is now clear: for k > 3
gB(x) = (= 1120k — 3)1 x4+,
Evaluation at x = 1 gives g(1) =0, g'(1) =1, g"(1) = 3 and, for k > 3,
g0 = (=1 20k - 3)1.

The expansion in powers of x — 1 can be written
. 3 5 v CDMT )k - 3) 3
g = =D+~ 1) +;*k!“(x— 1

(D!

'3
WonE—p Y M

3
:(x71)+§(x71)1+2k2

Another way to expand g(x} in powers of x —  is to expand g(z + @) in powers of
tand then set f = x — a. This is the approach we take when the expansion in f is either
known to us or is readily available.

Example 3 We can expand g(x) = ¢*/% in powers of x — 3 by expanding
gt +3) =2

in powers of r and then setting £ = x — 3.
Note that

|

‘ o0 t/2)k ,

: gt +3) = H2e? = &2 ,Z i *63222“{‘
} exponential series -

Setting 1 = x — 3, we have
1
. SR PN 3
gx)=¢ szk!(x 3.

Since the expansion of g(# + 3) is valid for all real , the expansion of g g(x) is valid for
allrealx. O

Now we prove that

the series expansion
(12.7.5) Inx =lna+ — (X*d)—*()t»a) +—(\:7u)}

is valid for 0 < x < 2a.

PROOF We expand In (a + ¢) in powers of 7 and then set = x — a. Note first that

ln(a+f):ln[a(l+£):[:lna+ln(1+£>.
a a

From (12.6.8) we know that the expansion

R OR ORS
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holds for -1 < ¢/a <

N | ey
n@+)=ha+--=(-) +=(=) -
a 2\a 3\a

Setting t = x — a, we find that

Inx =Ina

for—a <x—a<aandthusfor0 <x <2¢. 0O

EXERCISES 12.7

1; that is, for —a < ¢ < a. Adding Ina to both sides, we have

for —a<t=<a.

1 1
+tolr—a)— o5 —ay +

Exercises 1-6. Find the Taylor polynomial of the function f for
the given values of a and # and give the Lagrange form of the
remainder.

L f(x) a=4, n=3
2. f(x) a=n/3, n=4
3. fx)=sinx; a=n/4, n=4

4 f@y=hx; a=1 n=5
5. () =arctany; a=1, n=3.
6. f(x)=cosmx; a=13, n=4

Exercises 7-22. Expand g(x) as indicated and specify the values
of x for which the expansion is valid.

7.g(x)=3x> —2x>+4x +1 inpowersofx — 1.
8. g(x)
9. g(x) = 2x5 +x> —3x —5 inpowersofx + 1.

x*—x3+x?—x+1 inpowersofx —2.

10. g(x) = x~' in powers of x — 1

11 g(x) = (1 +x)! inpowersof x — 1.

12 g(x) = (b+x)"" inpowersofx —a, a#—b.
13. g(x) = (1 — 2x)"  in powers of x + 2.

14. g(x) = e inpowers of x + L.

=

15. g(x) = sinx _in powers of x — 7.

16. g(x) = sinx in powers of x — iz

H
17. g(x) = cosx inpowers of x — .

18. g(x) = cosx in powers of x — 7.

19. g(x)

20. g(x) = sinrx  in powers of x — 1.

21 g(x) = In(1 + 2x) in powers of x — L.
22, g(x) = In(2+ 3x) in powers of x — 4.

sinjrx  in powers of x — 1.

Exercises 23-32. Expand g(x) s indicated.
23. g(x) =xInx in powers of x — 2.

24. g(x) = x* + ¢ inpowers of x — 2.
25. g(x) = xsinx in powers of x.

26. g(x) = In(x?) in powers of x — 1.

27. g(x) = (1 —2x)™® in powers of x +2.
28. g(x) =sin’x  in powers of x — 1.
29. g(x) =cos’x in powers of x — 7.

30. g(x) = (1 +2x)™* in powers of x — 2.
31 g(x)=x" inpowersofx — 1.
32.g(x) = (x — 1y inpowers of x.

33. (a) Expand e* in powers of x — a.

(b) Use the expansion to show that e+ = ¢¥1¢’.

(c) Expand e~ in powers of x — a.

34. (2) Expand sin x and cos x in powers of x — a.

(b) Show that both serics are absolutely convergent for all
real x.

() As noted earlier (Scction 12.5), Riemann proved that the
order of the terms of an absolutely convergent series may
be changed without altering the sum of the series. Use
Riemann’s discovery and the Taylor cxpansions of part
(a) to derive the addition formulas

sin (x; +x2) = sinx; cosxp + cosx, sinxy,
cos (x1 + %2) = cosx; cos X — sinxy sinxa.
[ 35. Use a CAS to determine the Taylor polynomial Ps in powers
of (x — 1) for f(x) = arctanx.
[ 36. Use a CAS to determine the Taylor polynomial Py in powers
of (x — 2) for f(x) = cosh2x.

W 12.8 POWER SERIES

You have become fami

o

>y

k=0

liar with Taylor series

(0 oo 4
sz( L S— Z/ @ _ oy,
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Here we study series of the form

:x %
Z a x* and Z ap(x — a)f
=0 =0

without regard to how the coefficients a; have been generated. Such series are called
power series: the first is a power series in x; the second is a power series inx — a.
Since a simple translation converts

< 0
Zuk(x - a)lf into Zak x*,
k=0 k=0

we can focus our attention on power series of the form

%
Sak
=

When detailed indexing is unnecessary, we will omit it and write

Zakx”.

DEFINITION 12.8.1
A power series 3~ a; x* is said to converge
Q) at¢if Y~ a;c* converges;
(i) on the set S'if 3 a; x* converges at each x € §.

The following result is fundamental.

THEOREM 12.8.2
If 3 ap k

If 3 ax* diverges at d, then it diverges at all x with [x| > |d].

converges at ¢ £ 0, it converges absolutely at all x with |x| < Jc|:

PROOF Suppose that 3" axc* converges. Then axck — 0, and, for & sufficiently large,

lare®l < 1.
This gives
v |k 13
laxt] = laschl | < 5[
c ¢
For |x| < |¢|, we have
X
H <1
c

The convergence of 3 |a;x¥| follows by comparison with the geometric series. This
proves the first statement.

Suppose now that 3" axd* diverges. There cannot exist x with |x| > d at which
3" agx* converges, for the existence of such an x would imply the absolute convergence
of 3" axd*. This proves the second statement. 0
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It follows from the theorem we just proved that there are exactly three possibilities
for a power series:

Case 1. The series converges only at x = 0. This is what happens with
Z Kk
For x # 0, k*x* £> 0, and so the series cannot converge.

Case 2. The series converges absolutely at all real numbers x. This is what happens
with the exponential series

o
X

Case 3. There exists a positive number r such that the series converges absolutely for
|x| < r and diverges for |x| > r. This is what happens with the geometric

series
2

Here there is absolute convergence for |x| < 1 and divergence for |x| > 1.
Associated with each case is a radius of convergence:
In Case 1, we say that the radius of convergence is 0.
In Case 2, we say that the radius of convergence is co.
In Case 3, we say that the radius of convergence is .

The three cases are pictured in Figure 12.8.1.

convergence only at 0 convergence everywhere

0 0

 case L radiuis of convergence = 0

divergence convergence | divergence

-r 0 ’

Jdiis of convergence
Figure 12.8.1

In general, the behavior of a power series at — and at # is not predictable. For example,
the series

E [ e Lok
XA X Xt L

all have radius of convergence 1, but the first series converges only on (—1, 1), the
second series converges on (—1, 1], the third on [—1, 1), and the fourth on [—1, 1].

The maximal interval on which a power series converges is called the interval of
convergence. For a series with infinite radius of convergence, the interval of convergence
is (—co, co). For a series with radius of convergence 7, the interval of convergence can
be [—r, 7], (=r,#],[—r, r), or (—r, 7). For a series with radius of convergence 0, the
interval of convergence collapses to {0}.




12.8 POWER SERIES W 619
Example 1  Verify that the series

&
o L

has interval of convergence (1, 1].

SOLUTION ' First we show that the radius of convergence is 1 (namely, that the series
converges absolutely for |x| < 1 and diverges for x| > 1). We do this by forming the

series
(G0N 1
) S| = 3 L
and applying the ratio test.
We set
1
b= ;\-’f’k

and note that

b I e+ 1 ko [x]! k

a0 BT ARED &k

by lx|*/k k+1 |x| k+1

By the ratio test, series (2) converges for x| < 1 and diverges for |x| > L. It follows
that series (1) converges absolutely for |x| < I and diverges for |x| > 1. The radius of
convergence is therefore 1.

Now we test the endpoints x = —landx = 1. Atx = —1,

Z ﬂxk becomes Z ﬂ(— l)k = Z l
k k k
This is the harmonic series, which, as you know, diverges. Atx =1,
1y 1y
Z <T)x" becomes Z ( k> :
This is a convergent alternating series.

We have shown that series (1) converges absolutely for [x| < 1, diverges at —1,
and converges at 1. The interval of convergence is (1, 1. @

Example 2 Verify that the series

) party
has interval of convergence [—1, 1].

SOLUTION  First we examine the series

@

=Y it

Again we use the ratio test. (The root test also works.) We set

1
b= hl*

We could also have used the oot test:

1 o L
GV =12 = bl > el
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and note that

B 2 e k 2‘ .
ok _ Y LI, YN :
P ES P z

By the ratio test, (2) converges for |x| < 1 and diverges for [x| > 1. This shows that (1)
converges absolutely for |x| < 1 and diverges for |x| > 1. The radius of convergence
is therefore 1.

Now for the endpoints. Atx = —1,

-1
takes the form Z( ) =-1+3 g

1ok
kfz.\’
This is a convergent alternating series. Atx =1,
Loy 1
Z P ecomes Z z

This is a convergent p-seties. The interval of convergence is therefore the closed interval
-1,1. Q

Example 3  Find the interval of convergence of the series
k

0] e

SOLUTION We begin by examining the series

k
K _ 13
_2 Gk\x\.

)

We set
k
b= el
and apply the root test. (The ratio test also works.) Since
(b = L Epx| = L), (Recall that /% — 1)
you can see that (2) converges
for  Lxl <1, thatis, for  |x| <6,
and diverges
for x> 1,  thatis,for x| > 6.
Testing the endpoints:
at x =6, Z 76’L Z k, which is divergent;
a x=-6 y(—é)k =3"(~1fk,  which s also divergent.

The interval of convergence is the open interval (—6,6). 1
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Example 4 Find the interval of convergence of the series

k!
(6] Zm ks

SOLUTION - Proceeding as before, we begin by examining the serics

! k!
@ > | = me.
We set
il
by = (:T')!\x;k.
Since factorials are involved, we use the ratio test. Note that
bit1 G+ @l x| k+1
e T BN B GkI30k 100k 1)"”‘
1
EETES oL
Since

A

33k +2)Gk+ 1)
the ratio by.| /by tends to 0 no matter what x is. By the ratio test, (2) converges at all x
and therefore (1) converges absolutely at all x. The radius of convergence is 0o and the
interval of convergence is (—oo, 00). 1

0,

n
Example 5  Find the interval of convergence of the series Z ?x".

[
SOLUTION Weset by = 27\x|‘ and apply the roottest. Since (b)/* = L&|x| — oo

for every x # 0, the series diverges for all x # 0; the serics converges only at
x=0. 1

Example 6  Find the interval of convergence of the series

EDF
> e G+ 2k
SOLUTION We consider the series
T (L) APSEP J N S
"3k & *Zkzy"* I
We set
1
b= e 2/
and apply the ratio test (the root test will work equally well):
bit K23% Jx + 241 2 1
_— = . " - " __x42 Sl 42
be T GFDBEW ok gl T gk

The series is absolutely convergent for —5 < x < 1:

e+2l<1 iff [x+2/<3  if —S<x<l.

m 621
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We now check the endpoints. Atx = -5,

1
Z k23k (73)k = Z 2

This is a convergent p-series. Atx =1,

b2

(G0N (1)
K23k O =3 &

This is a convergent alternating series. The interval of convergence is the closed interval

[-5.1. Q

EXERCISES 12.8

=
1. Suppose that the series Y azx® converges at x = 3. What
k=0

can you conclude about the convergence or divergence of

the following series?
o -

@ 3 a2t ®) 3 a(=2)F
k=0 k=0

N -

(©) Y ar(=3)F. (d) 3 a4t
k=0 k=0

9
. Suppose that the series Y apx® converges at x = —3 and

»

diverges at x = 5. What can you conclude about the conver-
gence or divergence of the following series?

= =
@ Y a2 ) 3 a6t
k=0 k=0
= o
(©) Y adt. @ Y (-DFadk
k=0 k=0
Exercises 3—40. Find the interval of convergence.
3.3 kxk 4. Z%J
1 2¢
5. —x* [
N 0vid
7. (k) x 8. z( ”kv
' ﬁ
1 k
9. % v 0.5 o0 mk
k2
12. Y ——x*
Xt
14.% L
C =k
16. Y ka*x*

K, 3,
17. 5 1 18,3 et

Xk 7k %
9.5 0.3 5+

- ' 3
2L - 22. ¥ kix,

2. 1 2
3. Y- 1 4. Z(W
25. 5 (— 1)L<x71 26. z( <f
«
z7.z(f'r G Zlnk(erl)h
k- %
29, Y (-1)F £ (x+3). 30 2 (x—4)
: G+ D! :
&
1
31.2(1+%) . pytle )” G—af.
Ink
—(x -2 34, 3
33. Z =2y Z(l k)h(x b
35. Z(—l)k@)*(x + 1)
k,,rk
36.Y ——————(x—2F.
DB 1)(k+2)( )
x 2w w4t
-4+ T
PR ST
-1 4 9 L 16
8. ) g(xfl)ZJrg(xfl) +§(x—1)“+
3x2 oxt amx® | 81yt
39. 42 4 T
3 "9 TTe 2
40. L+ D - Za 1P+ F0+ D’ - o+ D+
41. Suppose that the series Z a(x — 1Y converges at x = 3.

»
@

What can you conclude about the convergence or divergence
of the following series?

® > an ® (e
k=0 k=0

(©) i(—l Yar2k.
=

. Suppose that the series Z ay(x + 2)* converges at x = 4.
i=

At what other values of x muat the series converge ? Does
the series necessarily converge at x = —8?

3. Let 3 apx* be a series with radius of convergence r > 0.
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(a) Show that if the series is absolutely convergent at one = |
endpoint of its interval of convergence, then it is abso- -
Tutely convergent at the other endpoint. =R
(b) Show that if the interval of convergence is (7, 7] then -
the series is only conditionally convergent at r. 47. Let 3 ajx* be a power series with radius of convergence
44. Let # > 0 be arbitrary. Give an example of a power series o ;ggsibl)' infinite.

3 ax* with radius of convergence . : .
5 (a) Giventhat |a|'/* — p showthat,if p # 0, thenr = 1/p

45. The power series Y- ax* has the property that a3 = a; and, if p = 0, then r = oo,
forall k = 0. = (b) Given that |aj,1 /| — % show that, if % # 0, then

() What is the radius of convergence of the series? r=1/xand if1 =0, thenr = co.

(b) What is the sum of the series? 48. Let 3" a;x* be a power series with finite radius of conver-
46. Find the interval of convergence of the series 3" spx* where gence r. Show that the power series 3 a;x?* has radius of
sy is the kth partial sum of the series convergence /7.

M 12.9 DIFFERENTIATION AND INTEGRATION OF POWER SERIES

Differentiation of Power Series

We begin with a simple but important result,

THEOREM 12.9.1
If

%
Zakxk:ao+a1x+azx2+---+anx”+~-~
=

converges on(=c; ¢); then

SR i
Zdi(gkx“"):a,y+2a;x+~-+na,,x""+---
k=0 : 3 :

also converges on (¢

PROOF  Assume that
x
Z ax* converges on (—c, ¢).
=0

Then it converges absolutely on this interval. (You can reason this out from Theorem
12.8.2)
Now let x be some number in (—c, ¢) and choose € > 0 such that
x| < x| +€<ec.

Since |x| + ¢ lies within the interval of convergence,

oc
Z Jax(lx] + €)¥]| converges.

As you are asked to show in Exercise 48, for all & sufficiently large,

kx50 < (1x] + €)f.
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It follows that for all such %,
Vearx* | < lag(x] + €)¥).
Since
B
Z Jar(x| + €)¥| converges,
k=0
we can conclude that

9 gty

=

x
Z |kapx*1| converges
k=1

and thus that

Z T (agx )—;kukx ' converges. U

k=0

Repeated application of the theorem shows that

el dZ X d'i o0 4
Z E(U"Xk)" Z E(aﬂk)’ Z o 4(a;(x ), and so on
k=0 k=0
all converge on (—c, ¢).
Example 1 Since the geometric series
%
St =l xS xS
=0

converges on (—1, 1), the series

»
wa)fzw Vol 2e 3% a5t et e

& o
Z ﬁ(xk) =3 k= Dx*2 =24 6x + 1267 + 200 4+ 30 4o
=2

© g S i X
> F(xk) =3kl — 1)k — 2)x*7% = 6+ 24x + 60x? + 120x° + -
=0 4% =

and so on
all convergeon (—1,1). 1
Remark That ) apx® and > kazx* have the same radius of convergence does not
indicate that they converge at exactly the same points. If the series have a finite radius

of convergence r, it can happen that the first series converges at » and/or —r and the
second serics does not. For example

I
k:lk

converges on [—1, 1], but the derived series
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converges only on [—1, 1). At x = 1 this series diverges. 1
Suppose now that
o
Z axt converges on (—c, ¢).
k=0

Then, as we have scen,

& d
Z — (ax*) also converges on (—c, c).
= dx

Using the first series, we can define a function f on (—c, ¢) by setting

o

F@) =) at.

k=0

Using the second series, we can define a function g on (—¢, ¢) by setting
N d
g = ; T @),

The crucial point is that

f'@) = g).

THEOREM 12.9.2  THE DIFFERENTIABILITY THEOREM —[
If

o
[y = Zakx" forall x in (—¢, c),
=0
then £ is differentiable on (=c, ¢) and

.
=0

re=3 L (-c.0).
rdx

By applying this theorem to f”, you can see that " is itself differentiable. This in
turn implies that £ is differentiable, and so on. In short, f has derivatives of all orders.
The discussion up to this point can be summarized as follows:

In the intetior of its interval of convergence a power series defines an infinitely
differentiable function the dertvatives of which can be obtained by differenti-
- ating term by term:

= JoE L
— axt )= ——(ayx or all n.
dx" \ 2 & dx

=0 =0

For a detailed proof of the differentiability theorem, see the supplement at the end
of this section. We go on to examples.
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d
Example 2 You know that d—(e“) = ¢*. You can see this directly by differentiating
x

the exponential series:

t d . d [ xk &, d [(x* 20y ¥l & x N

[ ﬁ“*;(%ﬁ)—ga(ﬁ)—;a{m*Zm*e’ B
i

5

;

:

F

aetn:kfl—/r

Example 3 You have seen that
» 2yt xS o8
cosx = ’z!*ﬂ’@*ﬁ“"'

sinx =x

The relations

d d
&= (sinx) = cosx, 5 (cosx) = —sinx

can be confirmed by differentiating these series term by term:

d(sin yi 3x2+5x4 7x6+9x3
7 TR TR TR T
_ % at % b _
& 7E+Z~a+§---»fcosx
d A .
P i T T T TH
¥oox5 %
e

[ :
:7(x_§+§_ﬁ+...>:—smx. o

00 k
Example 4 We can sum the series ZYT for all x in (—1, 1) by setting
K
=)
oo Lk
x)= — forall x in(—1, 1
sW=3.7 =10

and noting that
oo gkl 1
'(x) = =—
g = 2% T8
the geometric series
Since
gy = and  g(0)=0,

we know that

g(x):fln(l—x):ln(lix).

It follows that

Lig s 1
Zfzm<7> forall x in(—1,1). Q
k 1-x
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Integration of Power Series

Power series can be integrated term by term.

THEOREM 12.9.3 ' TERM-BY-TERM INTEGRATION

o -
Iffx)= Zakx" converges on (—c, ¢),  then
k=0 %

Fix)= k‘«l: 1)c”” converges on(—¢, ¢) and ff(x)dx =F@x)+C.
=0 :

P %

PROOF Suppose that 3" ajx* converges on (—c, ¢). Then Y |azx¥| also converges on
k=0 k=0

(—c, ¢). (Theorem 12.8.2) Since

K < |laxF| forallk,

Ak
—x
k+1

we know by basic comparison that

b

k=0

Gk
k+1

converges on (—c, ¢).

It follows that

%
ak
E 1 converges on (—c, ¢).
Sk+1

Since

=Y et wd Fw-Y e,

=0 =0
we know from the differentiability theorem that

F(x)=f(x)  andthus / f)=Fm+C. Q

Term-by-term integration can be expressed by writing

12.9.4) f (Zakx") dx = (Z k‘%x’f“) +C.

k=0 =0

Example 5 You are familiar with the series expansion

SIS IR I
1+x_l—(—x)7;( D,
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It is valid for all x in (—1, 1) and for no other x. Integrating term by term, we have
) D
In(l+x :/ —1* ) dx = —x" )+ C
(1+x) g( ) ; i

forall xin (—1, 1). Atx = Oboth In(1 + x) and the series on the right are 0. It follows
that C = 0 and thus
o D e

].n(1+x):zk+1x

k=1

forallxin(—1,1). 2

In Section 12.6 we asserted that this expansion for In (1 + x) was valid on the half-
closed interval (—1, 1]. This gave us an expansion for In 2. Term-by-term integration
gives us only the open interval (—1, 1). Well, you may say, it’s easy to see that the
logarithm series also converges at x = 1.T True enough, but how do we know that it
converges to In 2? The answer lies in a theorem proved by the Norwegian mathematician
Niels Henrik Abel (1802-1829).

THEOREM 12.9.5 ABEL'S THEOREM
% 0

Suppose that Y axx* converges on (—c,c) and f(x) =3 ax* on this
=0 k=0

interval.
®
If f is left continuous at ¢ and 3~ axck converges, then
o

0,
fo =Y ad.
k=0
00
If i right continuous at —c and Y ay(—c)* converges, then
=0

S0 =3 a0,
k=0

From Abel’s theorem, it is evident that the series for In (1 + x) does represent the
function at x = 1 and therefore

1.1 1
T st Do T,
PR "

‘We come now to the arc tangent:

¥ 7
(129.6) arctanx =x — — 4+ — — — 4+ for —1<x<1

T An alternating series with a; — 0.
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PROOF Forallxin(—1, 1)

! 1 3 k) 2
e il e ) B

Integration gives

k
arctan x :/(Z( DFx 2‘) dx—( 2</~1r)1 ”L*‘)Jrc.

The constant C is 0, as we can see by noting that both the serics on the right and the
arc tangent are 0 at x = 0. Thus, for all x in (—1, 1), we have

o 3 507
(G0 2k+1 R

't ,~§ ~ 7 = e ol e

arctan x 2.3 T x 3+5 7+

That the series also represents the function atx = —1, and x = 1 follows directly from
Abel’s theorem: at both points the arc tangent is continuous in the sense required; at
both points the series converges. 1

Since arctan | = %r{, we have
LIPS S B W
P A
This series, known to the Scottish mathematician James Gregory by 1671, is an clegant
formula for 7, but it converges too slowly for ional purposes. A much more

effective way of calculating 7 is outlined in Project 12.9.B.
Since term-by-term integration can be used to obtain an antiderivative, it can be
used to obtain a definite integral.

Example 6 For all real x
- I BV R 6
SR TR T T

It follows that for all real x

)[6 x& xm x12
T I
and
/‘e,jzdx:[x,ﬁ+i,i+ L S ,}
5 352 73D T 74D 115 T 13(6!) 5

1 1 1 1 1 " 1
520 7 73 9@ T TI(h) | 13(6Y
The integral on the left is the sum of the series on the right.

To obtain a decimal estimate for the integral, we work with the series on the
right. The series is an alternating scries with terms that tend to 0 and have decreasing
magnitude. Therefore the integral lics between consecutive partial sums. In particular
it lies between

1 1 1 1

5@)7Gh T @) | 1IGY
and

1 1 1 1 1 1
[75 52) T 76D %’11(5»]*13(6!)'

m 629
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Simple arithmetic shows that the first sum is greater than 0.74672 and the second sum
is less than 0.74684. It follows that

“dx < 0.74684.

1
0.74672 < f

Within 0.0001 the integral is 0.7468. O

The integral of Example 6 was easy to estimate numerically because it could
be expressed as an alternating series to which we could apply the basic theorem on
alternating series. The next example requires more subtlety and illustrates a method
more general than that used in Example 6.

1
Example 7 We want a numerical estimate for / & dx. Proceeding as we did in
0
Example 6, we find that

Roeeg o 3 b e b
/D" de=1+3+ 55T 76 Tean iy T By

‘We now have a series expansion for the integral, but that expansion does not take
us directly to a numerical estimate for the integral. We know that s,, the nth partial
sum of the series, approximates the integral, but we don’t know the accuracy of the
approximation. We have no handle on the remainder left by s,.

We start again, this time keeping track of the remainder. For x € [0, 1],

(12.6.3)
XZ x" xn+1 3
<& -1 —+ -t =)=Rx)<e | — —_
Y= ( TET +n!> ”(‘>*e[(n+1)!}<(n+1)!
If x € [0, 1], then x? € [0, 1] and therefore
N 4 2n 3
& —(1 LS.
0xF (+X+2!+ o) S

Integrating this inequality from x = 0 to x = 1, we have

Ta x* =
05/ (142 + 4+ ) |ax
s 21 nl

Carrying out the integration where possible, we see that
' 1 1 1 3
0= Fdx — |1+ttt ———— [ < ———.
*/0 & [ T35 @n+ 1)(71!)] “wr
We can use this inequality to estimate the integral as closely as we wish. Since

3 -
7171680

[a
< ———dx.
o (n+1)!

< 0.0006, (we took » = 6)

we see that
1 1 1 1 1 & 1
30520 73Y) 94y 11(Sh - 13(6h)

approximates the integral within 0.0006. Arithmetical computation shows that

a=1+

1.4626 < a < 1.4627.
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It follows that

1
1.4626 < / e dx < 14627 + 0.0006 = 1.4633.
0

The estimate 1.463 approximates the integral within 0.0004. 2

Power Series; Taylor Series
It is time to relate Taylor series

L0

1
= M

to power series in general. The relationship is very simple.

On its interval of convergence, a power series is the Taylor seties of its sum.

To see this, all you have to do is differentiate

f@) =a+ax +ax®+ -+ axf 4.
term by term. Do this and you will find that /®(0) = k!ay, and therefore
_ /%0

*= T

The ay are the Taylor coefficients of /.
We end this section by carrying out a few simple expansions.

Example 8 Expand cosh x and sinh x in powers of x.

SOLUTION  There is no need to go through the labor of computing the Taylor coeffi-
cients

FAO]
B
By definition,
coshx = (e* +e¥)  and sinhx = L(e* — e™). 8.1
Since
XZ X3 XA YS
o 2o Pt X
SEltrtgigtata T
we have
el E o E
- 21 31T 4 s
Thus

2%

1 Xz X4 xz X4 X X
“’th:E(“zE”Z*'”):”E*E*'”:Z

@o!

k=0

631
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and

inhy = 3 (26 425 42
inhr = L (26 425
Sl 2 X 31

20 2ktl

Z(zk+ nr

=0

Iﬁ X
5*"')2*‘*3!*5

Both expansions are valid for all real x, since the exponential expansions are valid for

allrealx. 0O

Example 9 Expand x2 cosx? in powers of x.
p

SOLUTION

and

x?cosx?

xS
sx=1—=+= -
€08 X 2!-{-4! 6!+
x(: X!z XIX
el gyt e T

BT ]

This expansion is valid for all real x, since the expansion for cos x is valid for all real x.

ALTERNATIVE SOLUTION

Since

d s
x?cosx® = — (Lsinx?),
dx

we can obtain the expansion for x? cos x by expanding } sin x* and then differentiating

term by term. 1

EXERCISES 12.9

Exercises 1-6. Expand /(x) in powers of x, basing your calcu-
lations on the geometric series

=l4x+x+ 2"+
1 2 = !
& =g @ =gy
3. fx)= ﬁ 4. /() =In(1-x).

5 flx)=1In(1—x?). 6. f(x)=1In(2-3x).

Exercises 7-8. Expand /(x) in powers of x, basing your calcu-
lations on the tangent series

tanx =x + }xd 4+ Zx% + LT+
7. f(x) = sec? x.

Exercises 9-10. Find £1(0).
9. f(x)=x"sinx.

8. f(x)=Incosx.
10. £(x) = x cosx%.
Exercises 11-22. Expand f(x) in powers of x.

11, f(x) =sinx?. 12. f(x) = x?arctanx.

13. f(x) =& 14. f(x) =

I+x’

15. f(x) 16. f(x) = x sinhx2,

17. f(x) = +e 18. f(x) = coshx sinhx

19. f(x)=xIn (1 +x%). 20. f(x) = (x> +x)In(1 +x).
21, fx)=x%e. 22. f(x) = x(sinx + cos2x).

Exercises 23-26. Evaluate the limit (i) by using [’Hopital’s rule,
(ii) by using power series.

P Y.
=5

S sinx — x
32

24. lim
x>0

cosx — | —l—x

26. Tim

25. lim s
x=0 X arctanx

s>0 xsinx
Exercises 27-30. Find a power series represcntation for the im-

proper integral.
(1t 1 1 os
z7.f L1t zs./ e I
o ¢ o 7
30./* sinh
0

* arclan
za/ kel
bt [
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Exercises 31-36. Estimate to within 0.01 by using serics.

|
31./ e dx,
o

1
33.[ sin/x dx.
0

1
32 / sinx? dx.
o

"
34. / x*e™ dx.
o
21— cosx
36 | —Zax.
o x
Exercises 37-40. Use a power serics to estimate the integral

within 0.0001.
38, /w o
(] x°

_‘7/ smr
0.2
w0 [
]

0.5
39, / nd+3),.
i Tz

Exercises 4143, Sum the series.

1
35. / arctanx? dx.
o

xsinxdx.

a3 Lo 42 i
=11 =
Lo
43. T
La”
-1
44 Set f(x) = T—.
x

(a) Expand £(x) in a power serics.
(b) Differentiate the series and show that

n
;(nJrl)!

45, Set f(x) = xe*.
(a) Expand f(x) in a power series.
(b) Integrate the series and show that

0

> i +2) 2

n=1

46. Deduce the differentiation formulas
d d

——(sinhx) = coshx, —(coshx) = sinhx
dx dx

from the expansions of sinhx and cosh x in powers of x.

47. Show that, if 3" ayx* and 37 bex* both converge to the same
sum on some interval, then a; = by for each k.
48. Show that, if € > 0, then

Jkx*=| < (x| + €)* for all £ sufficiently large.

49. Suppose that the ﬁmcllon / has the power series represen-
tation f(x) = Y 2, apx*.

(a) Show that if / is an even function, then ay;; = 0 for
all k.

(b) Show that if f is an odd function, then ay = 0 for
all k.

Supposc that the function £ is infinitely differentiable on

an open interval that contains 0, and suppose that /"(r) —

—2/(x)and f(0) = L. Express f(x) as a power series in x.

What is the sum of this series?

51. Suppose that the function f is infinitely differentiable on
an open interval that contains 0, and suppose that (x)=
—2f(x) forall xand £(0) =0, f(0) = 1. Express f(x)as
a power series in x. What is the sum of this series?

. Expand f(x), f'(x), and { /(x)dx in power series
(a) f(x)=x27%.

(b) f(x) = x arctanx.

Exercises 53-55. Estimate within 0.001 by series expansion and
check your result by carrying out the integration directly.

w
S

o
B

2
53 / xIn (1 +x)dx.
o

i
ss. / xe~ dx.
o

56. Show that

2 N 23 25
Cdx |24 S b
nsfoe x [+3+5(2!)+
6422n+1

ETESY

1
54. / xsinx dx.
o

2ln+l
taonr 1)an

PROJECT 12.9A The Binomial Series

Starting with the binomial 1 + x and raising it to the power «,
we obtain the function
Fly=+x)1
Here o is an arbitrary real number different from 0. Tt can be
positive or negative. It can be rational or irrational.
Problem 1. Show that the Taylor serics of this function can be
written
afa — 1 @1 -2
e ( )2 D(( 3)I(Dt ) 3

This series is called the hinomial series.

Problem 2. Show that the binomial series converges absolutely
on (—1, 1). HINT: Use the ratio test.

Denote the sum of the binomial series by p(x).
Problem 3. Use term-by-term differentiation to show that
(1+x)¢'(x) =apx)  forallx e (~1,1)

HINT: Compare coefficients.
Problem 4. Form the function

#x)
(I+xy

&) =
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and show that ¢'(x) = 0 for all x& (1, 1). HINT: Differentiate

by the quotient rule and apply the identity derived in Problem 3.
From Problem 4 you know that g is constant on (1, 1).

Since g(0) = 1, g(x) = 1 forall x € (=1, 1). This tells us

o(x) = (1+x)
and therefore

forallx € (-1, 1)

=1
(1+x)":1+ax+sz+

2!

(12.9.7)

qu.,._

This is one of the most important series expansions in mathe-
matics. Replacing x by — and setting o = —1, we obtain the
geometric series. The binomial series associated with positive
integer values of o have only a finite number of nonzero terms
(check this out), and these give the binomial expansions of ele-
mentary algebra:

A4+x)'=1+x
(I+xP =1+2x+x>
A+x)° =1+3x +3x2 +x°

(140" = 1+4x + 6x + 427 + x4

and so on.

Problem 5. Use the binomial series to obtain a power series in
x for the function given.

a fx)=vI+x. b &) =I—x.

o fx)=+T+x% d f@) =T
1

e fr)= — f.f(x):m.

Problem 6.

a. Use the binomial scrics to obtain a power series in x for the
function f(x) = 1/+/T=x2.

b. Use the series you found for f to construct a power series for
the function F(x) = arcsinx and give the radius of conver-
gence.

Problem 7.

a. Use the binomial series to obtain a power series in x for the
function f(x) = 1/+/T+x2.

b. Use the series you found for f to construct a power series for
the function F(x) = sinh™" x and give the radius of conver-
gence. [Use (7.9.3).]

The value of 7 to twenty decimal places is
7 A 3.14159 26535 89793 23846.
In Exercises 8.7 you were asked to estimate 7 by estimating the
integral
1
——dx = z
b 14+ 4
using the trapezoidal rule and Simpson’s rule.
In this project we estimate 7 (much more effectively) by
using the arc tangent series

3

t 2 +X < + fc l=xx<1
arctanx =x — —+ = - = or —1<x
CRECT ==
and the relation
z
6] 7 = 4arctan § —arctan ;.

(This relation was discovered in 1706 by John Machin, a Scots-

man.)

Problem 1. Verify (1). HINT: Using the addition for-

mula for the tangent function, calculate tan(2arctan 1), then
1

tan (4arctan {), and finally tan (4 arctan { — arctan 715).

The arc tangent series gives

and

y L1 1(13 1015 101y

arctan 755 = 335 — 5 (%) + 5 ()" — 7 (m) +--
These are convergent alternating series. (The terms alternate in
sign, have decreasing magnitude, and tend to 0.) Thus we know,
for example, that

11y 4 101y
-1 +i()

11y} 1
3(3) < arctan §

and

3
25— 3 (s) <arctan s < 5L
Problem 2. Show that 3.1459262 < 7 < 3.14159267 by us-
ing six terms of the series for arctan L and two terms of the
series for arctan 5.

Greater accuracy can be obtained by using more terms. For
example, fifteen terms of the series for arctan § and just four
terms of the series for arctan 5; determine 7 accurately to
twenty decimal places.
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Problem 3. b. Use the result in part (a) to estimate 7. Compare your esti-
» i ate to the twenty-plag timate given at the beg i f
a. Use a CAS to obtain the sum of the first fificen terms of the B ey paseestimate. gven at helbeg anig o
series for arctan | and the first four terms of the series for Project;

arctan 5k

*SUPPLEMENT TO SECTION 12.9

PROOF OF THEOREM 12.9.2

o x4 o
Set  fG)=) aw* and  glo)= 3 T(ak.r") =) kapxtt,
k=0 = k=

Select x from (—c, ¢). We want to show that

o= i LEHDSO
) i
Forx + h in (—c, ¢), # # 0, we have

fe+h) - &)
2(x) — R

o v oo o + ) — gt
=S kb=t = 0 % B — gt
kz:; e Z h

+ i) —xt
ak[%}

Nl

=
D ket —
=

By the mean-value theorem,

(x + It — x*
&

for some number # between x and x + A. Thus we can write

Sl +h) = flx) & PR -1
chctt i mi’l ) % =3 kar(n)

= “ilmk[.‘c’”" = (m‘"][
k=1

= k()"

2(x) —

D kalxt = )]
k=2

By the mean-value theorem,

k=1 _ =1
Y

for some number p;| between x and . It follows that

I = @ = b= e = (e

Since |x —#;| < |4] and | pe-i] < la| where |or] = max {[x], |x + Al},

= N < 1l = DR

Thus

SE+m - 1)
h

2(x) — < 1AL ek — Daga*=2).
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Since this series converges,

Jim (lh\ ; Jk(k — Dagat =2 )

This gives

fm o

gty LR =S
h |

Ta i _ e

andthus /'(5) = lim

B CHAPTER 12. REVIEW EXERCISES

Exercises 1-4. Find the sum of the series.

20 Eeu ()
IR 2. 2.3 (=1) (7) .
<1n 2)¢ =
3. 1 4.
Z Z, k(A +1)

Exercises 5-20. Determine convergence or divergence if the se-

ries has only nonnegative terms; determine whether the series is
, conditi onvergent, or divergent if

it contains both positive and negative terms.

& ol K1>
g}(ﬂ)i{ﬂ lo'gk;l
k
. Z‘k(%) .
Z( 1y
5o "‘é, Zlflv
1. E “‘T‘:’;f) . 20, é zk;k4

Exercises 21-28. Find the Taylor scries expansion in powers
of x.

21. f(x) = xe**
23. f(x) = /xarctan /.

22 f(x)=In(1+x2).
24, f(x)=a*,a >0,

1+x?
25 f(x)=x m( ”_2).

27, f(x) = (1 — )" uptox?.

26. f(x) = (x + x?)sinx?

28. f(x) = arcsinx up to x*.

Exercises 29-36. Find the interval of convergence.

k. 1}
9.5 ix* 30. zﬂw‘.
2k ok
31 L(Zk)' - 1? o (x 2.
33 Z( fzz i, 34, Z%xz"“.
") Ay L2} «
35, = (x +3) 36. 3 5 0o+ D

Exercises 3740. Find the Taylor series expansion of / and give
the radius of convergence.

37. f(x) = e~ in powers of (x + 1).

38. f(x) = sin2x in powers of (x — 7/4).
39. f(x) = Inx in powers of (x — 1).

40. f(x) = v/x + I in powers of x.

Exercises 41-46. Estimate within the accuracy indicated from a
series expansion,

i
414/ B0l 4B 0ol
o 1+x*

|
43. V68, 0.01. 44./ xsinx*dx, 001
o

1
45.5in48°,  0.0001 46. x%e ™ dx, 0.001.
0
47. Use the Lagrange form of the remainder to show that the
approximation

is accurate to four decimal places for 0 < x < /4.
48. Use the Lagrange form of the remainder to show that the
approximation

cosx =1 —Lx2 4 L 6
cosx 21— x4 L

1
-

is accurate to five decimal places for 0 < x < 7 /4.
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49. Find the sum of the series

o 7

Z a;  given that q; = / xe *dx.

k=1 L

50. Show that every sequence of real numbers can be covered by
a sequence of open intervals of arbitrarily small total length;
namely, show thatif x|, x3, x3, . . . is a sequence of real num-
bers and € is posilive, then there exists a sequence of open
intervals (¢, b,) With a, < x, < b, such that

i(bn —a)<e
=

51. Prove that the series 3" (ags1 — ay) converges iff the se-

quence a; converges.
. o
52. Determine whether or not the series > a; converges or di-

verges. If it converges, find the sum.

@ “k:i(%)”~ ) ak=gj(%)".

() ax = ; (%)"



APPENDIX

B A.1 ROTATION OF AXES; ELIMINATING THE xy-TERM

Rotation of Axes

We begin with a rectangular coordinate system O-xy. By rotating this system about
the origin counterclockwise through an angle of « radians, we obtain a new coordinate
system O-XY. See Figure A.1.1.

A point P now has two pairs of rectangular coordinates:

(x, y) in the O-xy system and (X, Y)inthe O-XY system.

Here we investigate the relation between (x, y) and (X, ¥). With P as in Figure A.1.2,
x =rcos(a+B), y =rsin(e + 8) and X=vrcosf, Y=rsing.
(This follows from 10.2.5.) The addition formulas
cos (o + B) = cosa cos § — sina sin B, sin (e + B) = sine cos B + cosa sin B
give

x =rcos(o + ) = (cosar) ¥ cos B — (sina)r sin B,

y =rsin{e + B) = (sin)r cos B + (cosa)r sin B,

and therefore

(AL {cosa) X — (sine) ¥, y = (sina) X + (cosa) Y.

These formulas give the ofa ckwise rotation of &

radians.

Equations of Second Degree
As you know, the graph of an equation of the form
ax* + ey +dx+ev+ f=0  witha,cnot both 0

Figure A.1.1

Figure A.1.2
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is a conic section: except in degenerate cases, a circle, an ellipse, a parabola, or a
hyperbola.
The general equation of second degree in x and y is an equation of the form

(A12) |ax’+bxy+cy®+dx+ey+ =0  witha, b, cnotall 0.

The graph is still a conic section, but, in the presence of an xy-term, more difficult to
visualize.

Eliminating the xy-Term

A rotation of the coordinate system enables us to eliminate the xy-term. As we’ll show,
if in an O-xy coordinate system a curve y has an equation of the form

) ax® +bxy+cy’ +dx+ey+ f=0  withb #£0,

then there exists a coordinate system O-XY obtainable from the O-xy system by a
counterclockwise rotation  of less than /2 radians such that in the O-XY system y
has an equation of the form

@ AX*+CY* + DX+ EY+F=0  with 4, C not both 0.
To see this, substitute
x = (cosa) X — (sina)Y, y = (sine) X + (cosa)Y

into equation (1). This will give you a second-degree equation in X and ¥ in which the
coefficient of X7 is

—2a cosa sina + b(cos® & — sin® ) 4 2c cos o sin e,
This can be simplified to read
(c —a)sin2a + b cos 2a.

To eliminate the XY-term, we must have this coefficient equal to zero; that is, we must
have

bcos2a = (a — ¢)sin2a.

Since we are assuming that b # 0, we can divide by  and obtain

a c
520 = | —— | sin2a.
cos ( b ) o

We know that sin 2« # 0 because, if it were 0, then cos 2« would be 0 and we know
that can’t be because sine and cosine are never simultaneously 0. Thus we can divide
by sin 2« and obtain

cot2a =

b
We can find a rotation « that eliminates the xy-term by applying the arc cotangent

function:

s 1
2a = arccot (%) which gives o= Earccot (




In summary, we have shown that every equation of form (1) can be transformed into
an equation of form (2) by rotating axes through the angle

1 :
13 o = Sarccot (”T

Note that, as promised, & € (0, 77/2). We leave it to you to show that 4 and C in (2) are
not both zero.

Example 1 Inthe case of xy —2 = 0,a = ¢ = 0, b = 1. Settingor = } arccot 0 =
1 (4n) = in, we have
x =(cos Im) X — (sinm) Y = IV2(X - V),
y=(sindm) X+ (cos fm) ¥ = JVI(X + 7).
Equation xy — 2 = 0 becomes
W -ry-2=0,
which can be written
X x?
22 22
This is the equation of a hyperbola in standard position in the O-XY system. The
hyperbola is sketched in Figure A.1.3. 0O

Example 2 In the case of 11x> + 4435y + 792 — 1 =0, we have a = 11, b=
44/3, ¢ = 7. Thus we set

i -4\ 1 ;
o = 3 arccot <ﬁ) = 3 arccot (ﬁ) = g7
As you can verify, equations
x = (cosim) X — (sinm) ¥ = 1 (V3X - ¥).
y=(sinln) X +(cosim)¥ = L (X +3Y)
transform the initial equation into 13X2 + 5¥2 — 1 = 0. This we write as
X ¥
WY Ny

This is the equation of an ellipse in standard position in the O-XY system. The ellipse
is sketched in Figure A.1.4. 1

W A.2 DETERMINANTS

By a matrix we mean a rectangular arrangement of numbers enclosed in parentheses.

For example,
(2 4) (1 6 3) f ‘7‘ ‘1)
31 5 2 2 011

are all matrices. The numbers that appear in a matrix are called the entries.

A.2 DETERMINANTS m A-3

Figure A.1.3

Figure A.1.4
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Each matrix has a certain number of rows and a certain number of columns. A
matrix with m rows and n columns is called an m x n matrix. Thus the first matrix
above is a 2 x 2 matrix, the second a 2 x 3 matrix, the third a 3 x 3 matrix. The first
and third matrices are called square; they have the same number of rows as columns.
Here we will be working with square matrices as these are the only ones that have
determinants.

‘We could give a definition of determinant that is applicable to all square matrices,
but the definition is complicated and would serve little purpose at this point. Our interest
here is in the 2 x 2 case and in the 3 x 3 case. We begin with the 2 x 2 case.

The determinant of the matrix

a a
A2 (b\ bz)

is the number a;b; — ayb;.

‘We have a special notation for the determinant. We change the parentheses of the
matrix to vertical bars:

determinant of ( 91 92) = |9 @ =ayb, — azb;.
b by

b by

Thus, for example,

5 8

i 2‘:(5-2)—(8-4):10—32:-22.
40 1

0} :(4-1)7(0-0):1.

‘We remark on three properties of 2 x 2 determinants:
1. If the rows or columns of a 2 x 2 determinant are interchanged, the determinant
changes sign:

b by
a @

@ a
by by

a a
by by

ar
by by

PROOF Just note that

biay — byay = —(arby — axhy) and ahy —a1h, = —(a1hy —azhy). 0

2. A common factor can be removed from any row or column and placed as a factor
in front of the determinant:

Aay ax
Aby by

a @
b by’

Aa; Aay
b b

—; | @ —
=Ai 51 ik =4




A2 DETERMINANTS
PROOF Just note that
(ua)by — (han)by = Mahy — arby)
and
(ha)by — ay(Aby) = Marh, — azby). T
3. If the rows or columns of a 2 x 2 determinant are the same, the determinant is 0.

PROOF

a @
a @

a a

b bi =athy—ajhy =0. U

=aa; —ma; =0,

The determinant of a 3 x 3 matrix is harder to define. One definition is this:

a @ as
by by by| = abyes — arbses + apbsey — axbics + asbicy — asbacy.
¢ o o

The problem with this definition is that it is hard to remember. What saves us is that
the expansion on the right can be conveniently written in terms of 2 x 2 determinants;
namely, the expression on the right can be written

ai(bacs — bsey) — ax(bicy — bacy) + as(brcs — bacy),

which turns into

by by by by b b
e o| "% | B ol
Thus we have
a @ a
by b b b by b,
w22y b b by =al| 2 Bea| )l P ra | 2.
a o a 2 'R !

We will take this as our definition. It is called the expansion of the determinant by
elements of the first row. Note that the coefficients are the entries @y, ay, a3 of the
first row, that they occur alternately with 4 and — signs, and that each is multiplied
by a determinant. You can remember which determinant goes with which entry a; as
follows: in the original matrix, mentally cross out the row and column in which the
entry ; is found, and take the determinant of the remaining 2 x 2 matrix. For example,
the determinant that goes with a3 is

L b b=
1€

b by
ez

A-5
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When first starting to work with specific 3 x 3 determinants, it is a good idea to set up
the formula with blank 2 x 2 determinants:

a

€1

az

b by 1?3 :al‘

(=)

as
=l [+a] |
3

and then fill in the 2 x 2 determinants by using the “crossing out” rule explained above.

Example 1

o
[CRWE)

w s —

25 6 5 6 2
1(15 — 8) — 2(0 — 24) + 1(0 — 18)
T+48-18=37. Q

_ 1‘3 4’720 4 0 3‘

|

A straightforward (but somewhat laborious) calculation shows that 3 x 3 determi-
nants have the three properties we proved earlier for 2 x 2 determinants.

1. If two rows or columns are interchanged, the determinant changes sign.
2. A common factor can be removed from any row or column and placed as a factor
in front of the determinant.

3. If two rows or columns are the same, the determinant is 0.

EXERCISES A.2

Exercises 1-8. Evaluate the following determinants.

1

2| 1 -1

1.‘34[. 2 )
11 a b

3.aa‘. aly gl
103‘ 100
502 4 1f. 6.(0 2 0f.
01 0 00 3
00 1 a 00
7.{0 2 of. 8.(b ¢ 0]
300 d e f

9. If 4 is a matrix, its franspose A” is obtained by interchanging
the rows and columns. Thus
by
by

T
a o\ _{a
(171 bz) a (a;

T
a @ a a b oa
by by B =la b al.
] a by oo

Show that the determinant of a matrix equals the deter-
minant of its transpose: (a) for the 2 x 2 case; (b) for the
3 x 3 case.

and

Exercises 1014, Justify the assertions by invoking the relevant
properties of determinants.

T2 3 45
10. |4 5 6|+|1 2
78 9] |78
123 |45
1.4 5 6/=[7 8 9|
789 |12 3
123 123 123
12.14 5 6|+ |1 2 3|=|4 5 6|
789 7809 |7809
?
5.
3
12
4.x 2 3x|=0.
45
15. (a) Verify that the equations
Ix4dp=6

2x-3y=7




can be solved by the preseription

6 4 3 6
7 -3 2 1
TR YT 4
2 =3 2 -3
(b) More generally, verify that the equations
ax + a; d
bix+bhy=e
can be solved by the prescription
d a a d
e b b e
a @l S
b b by by

A.2 DETERMINANTS m A-7

provided that the determinant in the denominator is dif-
ferent from 0.
(c) Devise an analogous rule for solving three linear equa-
tions in three unknowns.
16. Show that a 3 x 3 determinant can be “expanded by the el-
ements of the bottom row” as follows:

@ ay ay

bk by|=a|P? Ploa|f 8| @
Hby bs| T % e b | T b by

e ¢ 63

HINT: You can check this directly by writing out the values of the
determinants on the right, or you can interchange rows twice to
bring the bottom row to the top and then expand by the clements
of the top row.
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APPENDIX

In this appendix we give some proofs that many would consider too advanced for the
main body of the text. Some details are omitted. These are left to you.

The arguments presented in Sections B.1, B.2, and B.4 require some familiarity
with the least upper bound axiom. This is discussed in Section 11.1. In addition, Section
B.4 requires some understanding of sequences, for which we refer you to Sections 11.2
and 11.3.

M B.1 THE INTERMEDIATE-VALUE THEOREM

LEMMA B.1.1

Let f be continuous on [a, b]. If f(a) < 0 < f(b) or £(b) < 0 < f(a), then
there is a number ¢ between a and b for which f(c) = 0.

PROOF Suppose that f(a) < 0 < f(b). (The other case can be treated in a similar
manner.) Since f(a) < 0, we know from the continuity of f that there exists a number
& such that f is negative on [a, &). Let

¢ =lub{& : f is negative on [a, £)}.

Clearly, ¢ < b. We cannot have f(c) > 0, for then/ would be positive on some interval
extending to the left of ¢, and we know that, to the left of ¢, f is negative. Incidentally,
this argument excludes the possibility that c = b and means that ¢ < 5. We cannot have
f(c) <0, for then there would be an interval [a, 1), with # > ¢, on which f is negative,
and this would contradict the definition of c. It follows that f(c) = 0. O

THEOREM B.1.2  THE INTERMEDIATE-VALUE THEOREM

If 1 is continuous on [a, ] and K 1s a number between f{a) and f(b). then
there is at least one number ¢ between g and b for which f(c) = K. =
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PROOF Suppose, for example, that
Sf@) < K < f(b).
(The other possibility can be handled in a similar manner.) The function
g)=f(x)-K
is continuous on [a, b]. Since
g@)=f@—K<0 and gb)=fb)—K >0,

we know from the lemma that there is a number ¢ between a and 5 for which g(c) = 0.
Obviously, then, f(c)=K. 2

M B.2 BOUNDEDNESS; EXTREME-VALUE THEOREM

LEMMA B:2.1

If £ is continuous on [, b], then £ is bounded on [a, b].

PrOOF Consider
{x :x € [a, b] and f is bounded on [a, x]}.
It is casy to see that this set is nonempty and bounded above by 5. Thus we can set
¢ =1lub {x : fis bounded on [a, x]}.

Now we argue that ¢ = b. To do so, we suppose that ¢ < b. From the continuity of £ at
¢, itis easy to see that f is bounded on [c — €, ¢ + €] for some € > 0. Being bounded on
[a, ¢ — e]andon [¢ — €, ¢ + €], it is obviously bounded on [a, ¢ + €]. This contradicts
our choice of ¢. We can therefore conclude that ¢ = . This tells us that f is bounded on
[a, x]forall x < b. We are now almost through. From the continuity of f; we know that
f is bounded on some interval of the form [b — €, 5]. Since b — € < b, we know from
what we have just proved that / is bounded on [a, » — €]. Being bounded on [a, b — €]
and bounded on [b — €, b], it is bounded on [a, b]. 1

THEOREM B.2.2  THE EXTREME-VALUE THEOREM

1f £ is continuous on a bounded closed interval [a, b], then on that interval f
takes on both a maximum value M and a minimum value m.

PROOF By the lemma, f is bounded on [a, b]. Set
M =Tub {f(x):x € [a, b]).
‘We must show that there exists ¢ in [a, 5] such that f(c) = M. To do this, we set

1
g = s o8

If f does not take on the value M, then g is continuous on [a, b] and thus, by the lemma,
bounded on [, b]. A look at the definition of g makes it clear that g cannot be bounded
on [a, b]. The assumption that / does not take on the value M has led to a contradiction.
(That f takes a minimum value 7 can be proved in a similar manner) O
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W B.3 INVERSES

THEOREM B.3.1 CONTINUITY OF THE INVERSE

Let f beaone-to-one function defined onaninterval (z, ). If f is continuous,
then its inverse /7! is also continuous.

PROOF If f is continuous, then, being one-to-one, f either increases throughout (a, b)
or it decreases throughout (a, £). The proof of this assertion we leave to you.

Suppose now that f increases throughout (a, b). Let’s take ¢ in the domain of £~!
and show that /! is continuous at c.

We first observe that f~!(c) lies in (a, b) and choose ¢ > 0 sufficiently small so
that f~'(c) — e and f~!(c) + € also lie in (a. b). We seck a8 > 0 such that

ife—8<x<c+38, then fo—e<fw < le+e
This condition can be met by choosing § to satisfy
f(f U ) —€e)<e—8 and 438 < f(fHO) +e),
forthen, ifc — 8 <x <¢+34,
fEl@-a<x < fF@+e),
and, since ! also increases,
Qe < 7)< O+

The case where f decreases throughout (a, 5) can be handled in a similar manner. 1

THEOREM B.3.2  DIFFERENTIABILITY OF THE INVERSE

Let f be a one-to-one function differentiable on an open interval /. Let a be'a
point of I and let f(a) = b. If f/(a) # 0, then /= is differentiable at b and
1

SRR
U= s

PROOF (Here we use the characterization of derivative spelled out in Theorem 3.5.7.)
We take € > 0 and show that there exists a § > 0 such that

So-se L)
—b 7@

Since f is differentiable at a, there exists a §; > 0 such that

if 0<|t—b| <34, then €.

1 1
To-—7@  f@| ¢

X—a

if 0<|x—al<é. then

and therefore
cs)
J&) = fl@) @

€.
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By the previous theorem, £~ is continuous at b. Hence there exists a § > 0 such that
if O0<|t—b| <3, then  0<|f7 i) — f7'B) <81,
and therefore

o-e)

—b @ =

B B.4 THE INTEGRABILITY OF CONTINUOUS FUNCTIONS

The aim here is to prove that, if f is continuous on [a, 5], then there is one and only
one number 7 that satisfies the inequality

L(PY<I<UxP) forall partitions P of [a, b].

DEFINITION B.4.1

A function f is said to be uniformly continuous on [a, b] if, for each € > 0,
there exists § > 0 such that

if x,yelab] and lx=yl<38; then )= F)] = e

For convenience, let’s agree to say that the interval [a, b] has the property P, if
there exist sequences xy, x, x3, - - - and y1, y2, ys, - - with

Xas Yn € [a, b], e = yul < 1/n, [/ Gen) = F )l > €

for all indices n.

LEMMA B.4.2

If £ is not uniformly continuous on [a, b], then [a. b] has the property P; for ‘
some € > 0.

PROOF If f"is not uniformly continuous on [a, &], then there is at least one € > 0 for
which there is no § > 0 such that

if x,y €[a,b] and Ix —y|l <38, then &) —fl <e.

The interval [a, b] has the property P. for that choice of €. The details of the argument
arclefttoyou. 0

LEMMA B.4.3

Let # be continuous on [a, b]. If [a, b] has the property ., then at least one
of the subintervals [a, }(a + b)]. [3(a + b), b] has the property P..
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PROOF Let’s suppose that the lemma is false. For convenience, we let ¢ = %(u =+ b), s0
that the halves become [a, ¢] and [c, b]. Since [a, c] fails to have the property P, there
exists an integer p such that

if  xyelac ad -yl <l/p,  then |fx)-fO)] <e
Since [c, /] fails to have the property P, there exists an integer ¢ such that
if  x.yele,b] and  |x—yl<l/g, then |f(x)— ()| <e.

Since f is continuous at ¢, there exists an integer » such that, if |x — ¢| < 1/7, then
|£(x) = f(e)] < %e. Sets =max[p, ¢, 7] and suppose that

x,y €la,b], lx =yl < 1/s.
If x, y are both in [, ¢] or both in [c, ], then
/) =Sl <e
The only other possibility is that x € [a, ¢] and y € [c, &]. In this case we have
Jx—c|l <1/r, ly—cl < 1/r,
and thus
@)= f@l<te. 1S = @) < ze.
By the triangle inequality, we again have
1fx) = fO)l <e
In summary, we have obtained the existence of an integer s with the property that
x,y €la, b, x—yl<1l/s implies  |f(x)— fO)l <e.

Hence [a, b] does not have property P.. This is a contradiction and proves the
Temma.

THEOREM B.4.4

If £ is continuous on [a, b], then f is uniformly continuous on {a, 5]

PROOF We suppose that f is not uniformly continuous on [a, b] and base our argument
on a mathematical version of the classical maxim “Divide and conquer”.

By the first lemma of this section, we know that [a, ] has property P, for some
€ > 0. Webisect [a, 5] and note by the second lemma that one of the halves, say [a1, b;],
has property P.. We then bisect [a;, b;] and note that one of the halves, say [az, ],
has property P.. Continuing in this manner, we obtain a sequence of intervals [a,, b,],
each with property P.. Then for each n we can choose x,, y, € [a,, b,] such that

Pon = yal <1/ and  |fG) = fOn)l Z €
Since
Q@ <Gy S Anpy < byp by <,

we see that sequences ay, aa,- - - and by, by, - - are both bounded and monotonic. Thus
they are convergent. Since 5, — a, — 0, we see that both sequences converge to the
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same limit, say L. From the inequality
4y Xy < yu < by,
we conclude that
Xy —> L and Y= L.
This tells us that
[£Gen) = SOl = ALY = f(L) = 0.

and contradicts the statement that | f(x,) — f(v,)| > € foralln. 1

LEMMA B.4.5
If P and O are partitions of [a, b], then L /(P) < Ur(0).

PROOF P U  is a partition of [a, b] that contains both P and Q. It is obvious then that
LiPy=Lp(PUQ)<U/(PUQ) <UHQ). 1
From this lemma it follows that the set of all lower sums is bounded above and has
2 least upper bound L. The number L satisfies the inequality
Ly(P)< L <Us(P) for all partitions P
and is clearly the least of such numbers. Similarly, we find that the set of all upper
sums is bounded below and has a greatest lower bound U. The number U satisfies the
inequality
Ly(P)<U<UgHP) forall partitions P
and is clearly the largest of such numbers.
We are now ready to prove the basic theorem.

THEOREM B.4.6  THE INTEGRABILITY THEOREM

If  is continuous on [a, b], then there exists one and only one number 7 that
satisfies the inequality.

LAP)<I<U[P), forall partitions P of [a, b].

PROOF We know that
LAPY<L <U=<UnP) for all P,
so that existence is no problem. We will have uniqueness if we can prove that
L=U.

To do this, we take ¢ > 0 and note that f; being continuous on [a, b], is uniformly
continuous on [a, b]. Thus there exists a § > 0 such that, if

xyeldl ad  oyl<d e IS0 f0) <

m A-13
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‘We now choose a partition P = {xg, x1, ..., x,} for which max Ax; < §. For this
partition P, we have

n

UAP)— Li(P)= 3" Midwy = 3 i
i=1

i=¥
i=1

I e € < €
<EIEAXL:EX;AXI:]77Q(Z7—H):E.
i= im

Since
Up(P)—Ly(P) <€ and 0<U~—-L<UiP)— Ls(P),
you can see that
0<U-L<e

Since ¢ was chosen arbitrarily, we musthave U — L =0and L =U. 1

M B.5 THE INTEGRAL AS THE LIMIT OF RIEMANN SUMS

For the notation we refer to Section 5.2.

THEOREM B.5.1

If f is continuous on [a, 5], then

b
/ f)dx = lim S'(P).

IiEl=0

PROOF Let € > 0. We must show that there exists a § > 0 such that

fab Sx)dx

From the proof of Theorem B.4.6 we know that there exists a § > 0 such that
it |IPI <8, then Up(P)—Li(P)<e.

if Pl <8, then  |S%(P)

<e.

For such P we have
Up(P)—e < Ly(P)<SY(P) = Up(P) < Le(P)+e.
This gives
b 3
/ fx)dx —e < S*(P) < / f(x)dx +e,
and therefore

b
‘S"(P)—/ fx)dx| <e. 0O




B ANSWERS TO ODD-NUMBERED EXERCISES

CHAPTER 1
SECTION 1.2
L. rational 3. rational 5. rational 7. rational 9. rational 1L =
Bo> 15 < 176 1910 2113 23 5-43
N NN - 2. "
3o g a0 4 v 3 g
31 - 33. 35,
2 I ¢ R ¥ ] *
37 39,
2 0o F d
41. bounded; lower bound 0, upper bound 4 43. not bounded 45. not bounded 47. bounded above; v/2 is an upper bound

. xp =2, x| =275, x; = 2.58264, x5 = 2.57133, x4 = 2.57128,
bound & 2.57128...); x, = 2.5712815907 (10 decimal places).

5L (x — 5P 53, 862 +2)(x — 227+ 4) 55 (2x +3)F
§7.2,-1  59.3 6l norealroots  63. norcalzeros 65, 120
1. Ifr and r + s are rational, then s = ( +5) — r is rational.

57128; bounded; lower bound 2, upper bound 3 (the smallest upper

67. 56 69. 1

73. The product could be either rational o irrational; 0 - 2 = 0 is rational, 1 - +Z = +/3 is irrational. 79. b—a =0 division by 0
SECTION 13
1. (=00, 1) 3. (—00,—3) 5. (o0, -}) 7. (=1 1) 9. (—o0, —2]U[3, o0) 1n [-1,4]
1.0 DU@E o) 15 [000) 17 (0,2) 19 (—06,—6)UR.00) 2L (=2.2) 23 (=00, —3)U(3, o0)
27 (-Lou@En 2. (3 =3
35. (—o0,—HU(=L,00) 37 fx| <3
4. 45. 47. (@) - <l<y
SECTION L4
110 3. 445 5. (4,6) 7. (5.-3)
15. slope 2, y-intercept —4  17. slope L, y-intercept 2 5x+2 23 y=-5x+2 25 y=3

27 x=-3

29, y=7

3L3y-2-17=0 33

39. (L1 43. 2 45, ~ &

53. 3x+13y-40=0  55. isosceles right triangle

7) 3G (3

—
2.
=

). (424

49. (236,-021) 51 (0.61,2.94), (2.64, 1.42)

. F=3C+32-40°
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SECTION 1.5

1L f@=2f)=1L1D= 16, 7(3)=2 3 f@=0 (=3 fen=0r703)= LZE_‘

»

=0 fm=hsd=-Lrh=F T PIREEREIOE “E farpy=d + ks B 22

©

/(zx):«/wxl‘/(%): ”MH,/(a+h):Ja2+2nb+bZ+1 11, 242 +dah + 207 — 30— 3hida =3+ 2k

B3 18 -2 113,03 1 dom(D=(-e ooy range (f) = (0,00) 2L dom (f)= (2. o0); range (f) = (—09, 00)
25, dom (/) = (—o0, DU, 00); range () = @ 0) 25 dom (f) = (~o0, 1]; range (/) =0, 0)

27, dom () = (~o0, Th range (/) = [~1,00) 2% dom (f) = (—00, 2); range (/) = (0.09)

31, horizontal Tine one unit bove x-axis 33 line through the originwithslope2 35, tine through (0,2) with siope

7. upper semicircle of tadis 2 centered at the origin 3. i

41, dom (f) = (—00, VO, oo); range (/) = [-1. 11 43, dom (f) = [0, 00); range (H=0,00)

45, yes, dom () = [-2, 2 mnge (N =[-2.2) 47 w0 . odd 5L neiher 53 even 5. odd

5. @ 59.

B
(b)x; = —6.566, 12 = —0.493,x3 = 5.559
(c) A(—4,28.667), B(3, —28.500)

528,055 100

2
61. range: [-9,00) 63, A= f—-,wh:re C is the circumference; dom (4) =10, 00)
i

65, ¥ = 502, where s i the avea of a face; dom ¥ = [0,00) 7. § = 3, where d s the diagonal of  face: dom (5) = [0 o)

3 1
3 2 where x isthe length of aside; dom () = [0.09) 7 A= ST S

9. 4=
¢ 3

2 _py
73. A:bxlkxl,ugxga 75. A:%A»@;Xl),()g)’szs 77, ¥ = ar}(108 = 2nr)
4
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SECTION 1.6
1. polynomial, degrec 0 3. rational function 5. neither 7. neither 9. neither
11, dom () = (o0, 00) 13. dom (/) = (00, 0) 15. dom (f) = (~00, ~2) U (~2,2) U(2, 00)
v y
LA T
¥
st 5n x 7 5w %
4 . - A . —270° 25, 300° niase a2 X ;L
7SS 25 3200 253000 27, 11459 1% 5
3. %37 54— 77" 39. 07771 4107101 43. 31524 45. 0.5505, % — 0.5505
47. 14231, m+ 14231 49, 1799727 — 17997 51 x =1.31,1.83,3.40,3.93,5.50,6.02
53. dom (f) = (—o00, co)irange (f) =[0,1] 55, dom () = (~o0, c0); range (f) = [~2,2]
57. dom (f) = (kn » %,kyw %)‘k:ﬂi L£2,. jrange (f)=[l,00) 9.2 6l 6m
63. 7.
¥
J
T | R T
i
23 116 -17 2 .
69. odd 7l even 73 0dd 77 (37,?).appmx73 7. (%—.ﬁ),appwx 82
91. 93.(c) 4 changes the amplitude; B stretches or compresses the graph horizontally.
SECTION 1.7
1.4 3. 1 s 2 7.3
9. (f +g)x) = x — 1; domain (—o00, oc) 1L (f +8)®) =x ++x =1 — x + I; domain [I, 00)
(f — 8)(x) = 3x — 5; domain (~co, 00) (f — ) = vx — 1+ 5+ 1 —x; domain 1, 00)
(f - 8)(x) = —2x2 + 7x — 6; domain (—c0, 00) (F Q) =vr—1x—xFD=xv/x=T—v52—1;

2x

domain (1, ]
N e
(E) = T

-VxE>0 @/ =

(f) x)y= domain: all real numbers except x =

LY (145
2 7

13, @) (6 +3g)x)=6x+3%,x >0 O (f—gx)=x+ . xﬁ+l,x>0,x#2

15,
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21, 23, (J o g)x) = 2x% + 5 domain (—0,00) 25, (f 0 g)(x) = Vx% + 5; domain (~00, 00)
7. domain: all real numbers exceptx = 0,x = 29. (f o g)(x) = | sin 2x|; domain (o0, 00)

-
&
o
=
o
i
Y
z

— 1); domain (<00,00) 33, (Fogoh)) =22+ 1 damain (—o0,00) 35, @)= 7. f()=2sinx
x

2
39, glx)= (\ 4%‘) A gy =2x" =1 43 (fogdx)=Ixli(go NE)=x 45. (f e gl(x) = cos’ x;(g o F)x) =sin(l —x%)

47 g)=c 49 g)=c
5. (a)domg =
(b)dom g =
(c) dom g = [0, Jal; range g = [0, 5]

3.a+3]; range g = [0, b]
—4,a — 4] tange g = [0, 36]

(d) dom g = [0, 24]; range g = [0, 5]

53. fg is an even function since (fg)(—x) = f(~x)g(—x) = f(x)g(x) = (/B)x)

s =7 ST esw= {7 I s = o0 0= 0+ e =eo
{— — f(—x 5x2 =1

. fiy = LI TOTE) a1 g = TLEE pygobis ©U ckogix

63. (a) For fixed a, varying b varies the y—coordinate of the vertex of the parabola.

(b) For fixed b, varying a varies the x-coordinate of the vertex of the parabola.
(¢) The graph of F is the reflection of the graph of F* in the x-axis.

A

. () For ¢ = 0, the graph of cf is the graph of f scaled vertically by the factor c.
For ¢ = 0, the graph of ¢f is the graph of £ scaled vertically by the factor |e| and then reflected in the x-axis
(b) For ¢ = 1, the graph of g is the graph of f compressed horizontally;
For0 < ¢ < 1, the graph of g is the graph of £ stretched horizontally;
For —1 < ¢ < 0, the graph of g is the graph of  stretched horizontally and reflected in the y-axis;
For ¢ < —1, the graph of g is the graph of f compressed horizontally and reflected in the y-axis

SECTION 1.8

11. all positive integers 7 B-Ha- 9.7 =41
Chapter I Review Exercises
L. rational 3. irrational 5. bounded below; 1 is a lower bound 7. bounded; 1 is an upper bound, 5 is a lower bound

15 13 (=0,2/5) 15 (=00, —2]U[3,00)  17. (=2,-DU.00) 19 (1,3)
2L (=5, —4)U(—4,-3) 23 @5v2 (2. 25 =12 27, y=-$x 29 (=1.3/2) 3L (1,2),(3.18)
33. dom (f) = (~0c, o0); range (f) = (—o00,4]  35. dom (/) = [4, co; range () = [0, o0)

37. dom (f) = (~o0, o) range (/) =[L,00) 39 dom (f) = (~o0, o) range (f) = [0,00) 41

b 7. s
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49. (f +g)(x) = x* + 3x + 1; domain (—o0, o) 5L (f +g)(x) = cos® x + sin 2x; domain [0, 27]
(f = 2)(x) = 3+ 3x — x2; domain (o0, o) (f = g)(x) = cos? x — sin 2x; domain [0, 2]
(f2)(x) = 3x® + 2x% — 3x — 2; domain (o0, 00) (fg)(x) = sin 2xcos?x; domain (—o0, 00)
3r+2 . s
19 = ;7 T domainx # —1,1 18w = X domainx € 0,21),x # /2,7, 37/2

sin2x

(f 0 £)(x) = /% — & domain (—00, 2] U [2, o)
(g0 /)x) = x — 4; domain [—1, 50)

55 @y=he (9ifa >0, (a,b)and (ea, ab)arc on the same side of the origin; ifr < 0, (a. 5) and («a, cb) are on opposite sides ofthe origin

CHAPTER 2

SECTION 2.1
L @2 ®)-1 (o doesnorexist (-3 3. (a) doesnotexist () =3 (c) doesnotexist (d)—3

5. (@) doesnotexist (b) does motexist () doesmotexist ()1 7. (@2 B2 @2 @-1 9 @0 ;O ©0 MO
Il c=0,6 13. -1 15,12 17. 1 19. % 21. does not exist 23,2 25. does not exist 27. 1

29. doesmotexist 3.2 33.2 350 371  39.16  41. doesnmotexist  43. 4 45. doesnot exist

12 9.4 512 S5 3 S5 () ()5 (i) dossmotexist 7. (@) () —3/4 ()0  §9. cm—1 6l o=

8

. f(5) = 1,8(x) > Oasx — 0

SECTION 2.2
3 % 3. does not exist 5.4 7. does not exist L A 11. does not exist 13. 0 18. 2 51 19. 1

21 & 23, 0.05 25. 0.02 27. =175 29. fore = 0.5, take 8 = 0.24; for ¢ = 0.25, take 6 = 0.1
31. fore = 0.5, take § = 0.75; for € = 0.25, take § = 0.43 33. fore = 0.25, take § = 0.23; for ¢ = 0.1, take § = 0.14
35. Tako§ = Je. If0 < |x — 4| < Le, then (2x — 5)— 3] = 2/x — 4 < &,

37. Take § = fe. 10 < x — 3] < Le, then |(6x — 7) — 11| = 6x — 3] < &.

3. Taked = §e 10 < v~ 2| < Je,then |l = 3% = 5| =3lc 2| <. 4L Statoments (b), (e}, (g), and (i) are necessarily true.
3. @) lim — ! (i) T 1 i) lim 0 () tim | Hoo
3. 2 . — i —
Dl 7 @ T ) tml s =a o172

45. (i) and (iv) of (22.6) with L = 0

61 (b) No. Consider /(x) = 1 —x? and g(x) = 1 + x2 on (~1, ) and let c = 0

SECTION 2.3
@3 4 (© -2 ()0 () doesnotexist (f) 4

{11 1 4-x ) ) ;
3. lim [(; - Z) (X 74)] = !L“l[(?) (‘r 74)} = lim 5 =~ 7g+ Theorem 2.3.2 does not apply since |im —— docs not exist.
53723 9.5l docsmotexist I3~ IS doesmotexist 171 1.4 20} 23, -}
25. doesmotexist  27. ~1  29.4  31.a/b 33 5/4 35 doesmotexist 37, 2

3.@0 B ~f ©0 @doesnotexist 4. @4 (6) =2 ()2 (@) doesnotexist 43, f(x)= 1/x, () = —Ljx,c =0

1
45. True.  47. Tree. 49, False, 51, False. 5.0 lme =1 5.5 s}
6L @1 ) 2x ()32 (@4 (e) nmxr!

H
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SECTION 2.4

L @x=-3,x=0x=22x=6  (b)At—3, neither; at 0, continuous from the right; at 2, neither; at 6, neither
(c) removable discontinuity at x = 2; jump discontinuity at x = 0

3. continuous 5. continuous 7. continuous 9. removable discontinuity 11, jump discontinuity

13. continuous 15, infinite 17. no inui 19. no

21, infinite discontinuity atx =3 23, no discontinuities  25. jump discontinuities at 0 and 2

27. removable discontinuity at —2; jump discontinuityat3 29,
3L f()= 33. impossible 35, 4 37. A-B=3withB#3 39.c=-3 4. 1) =1 3. f5)=1
45. nowhere  47. x = 0,x = 2, and all nonintegral values of x
S k=52 9. lm f(x)=~1, lim f(x)=1; fis discontinuous at O forall k.

SECTION 2.5

303 52 7.0 9. does not exist 1 13. 2 15,1 17. 4 19, —4 21 1
2
23 3 25. 0 27. 3«/5 29. —1 3.0 350 371 39. % 41 —/3; 51,10 53.1/3
n
SECTION 2.6
L f)=—1<0,/2)=6>0 3. f0)=2>0 f(r/)=1-7/4<0 5.3 =fk>0.5M=-5<0
T Let f@) =23 — AT 2 f()=1-~3 <0, f)=6>0
9. Let F(x) =x° — 22 + 5x — L; F(0) = —1 < 0, F{1) =3 > 0. Therefore there is a number ¢ € (0, 1) such that F(c) = 0 which implies
fo=1
1. f(=3)= =13 <0, f(=2)=2> 0; f(O) =2 > 0, f(1) = —1 < 0, f(2) =2 > 0; / has arootin (-3, ~2), (0, 1), and (1, 2)
By 15, 1. 19.
ey
1 . e
’ 5 At
% 1 ; 1 3
21. impossible by the intermediate-value theorem ~ 23.
37. f has azero on (=3, —2), (0, 1), (1, 2); the zeros of f are r| = ~2.4909, ) = 0.6566, r3 = 1.8343
39. f has azero on (=2, —1), (0, 1), (1, 2); the zeros of / are r = —1.3482,7> = 02620, r3 = 1.0816
41. £ is not continuous at x = 1. Therefore f does not satisfy the hypothesis of the intermediate-value theorem.
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43. f satisfies the hypothesis of the intermediate-value theorem.
SE2+en) 1
2 T2

= f(o) forc =2.38,4.16,5.25.
45. £ is bounded; the maximum value of 7 is 1, the minimum value is —1

47..  is bounded; no maximum value, the minimurn value is approximately 0.3540

Chapter 2 Review Exercises
L1 30 501 4 9.0 1L 172 13. does not exist 15. 3/5 17. 4/3 1% =3

21 -3/4 23 -1 25 —1/4 27. 0 29. 2 31. (), (@

/

33.

®) @1 GO (i) doesnotexist (iv) 6 ()4 (vi) does not exist

(© @ yes;no (ii) no; yes

35. A=7,8=1/4 37 f(-3)= M. fO)=n 41 ()

By =2cosx—x+1 f1)=2c0s1>0, fQ)=2c0s2—1<0 49, (@)yes; f(x) = (byno

CHAPTER 3
SECTION 3.1

1. -3 3. 5-2¢ 5 45 -4

17 y+3x—16=0 19. x—4p+3=
21. (2) Removable discontinuity at ¢ = ~1; jump discontinuity atc =1 (b) / is continuous but ot differentiable at ¢ = 0 and ¢ = 3
23 x=-1 25 x=0 27 x=1 29. 4 31. does not exist
g T T
3. 3s. 37.
y v 5y
——
o
] 2 ¥ c
3
39. fisnotcontinuousatl  d1. A=3,B
Tn 4348, there are many possible answers. Here are some.
0, xH£-1

43 f(x)=c,canyconstant 45, f(x)=|x+1|; f(x)= iRz 47, fx)=2x+5
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49. (b) f is not differentiable at 2 51. (a) no (b)

B @r=t Oy fO= G-k  (©y=f©) 5 y-2=—d—4) 5.

7E w
9. g0 =0 6L f'()=-1 6 f-h=1 65 fy=10m
i) = s S e b
6. @FG)= 5= FO) = ST 69. () f'(x) = 10x — 21x
(b) f(x) = —2x + 16x° — 6x5; '(—2) = 68 @) f'(x) = 0atx = 0,10/21
o 8= 2
©FO=-35 5~ g SV =1
71 (@) tangent: y— 3 = -4~ 3y nomal: y- Y =4

() (1453, 1.547)

SECTION 3.2

2 352 -2 22 +3x 4 1)
.- 3. 55x% —18x% 3 b L5 . 322~ 6x — e 1B
L1 3. 5554 —18x Sowxth %5 R I o
B
15, 8x 41552 —8x— 10 17 _M 19. —80x% +81x% — 64x7 + 6325 21 F1(0)=—L; () =—1
x2(x — 22
8. fO)=0;f()=-1 25 '0)*{17-/'(1)—M 277, fO=3 29 fF@®=L 3L 2y-x-8=0
. SO)=07()= S SO =" W= . FO)= L fO=% 3L 2y-x-8=
3. y—4x+12=0 35 (=1,27), (3, —5) 37 (-1,-3), (1. ) 39. (a) -2,0,2 41. (22
(0)(=2,0)U (2, 0) (b) (—00, 0)U (2, 00)
(©) (=00, —2)U(0,2) ©(0,2)
43. (-2,-10) 45 f(x)=x’+x’+x+C, Canyconstant 47. f(x)=2x® — 3x2+1/x+C,Cany constant 49, A =—2,B=—8

5145 83, 4=-1,B=0,C=4 ssAx:fz% 5. c=-1,1 6l y=-x,p+24=26(x+3)

63. f(x) = Ix| and g(x) = x| are not differentiable at 0; their sum A(x) = 0 is differentiable everywhere.
6. F'(z):z;c(l + %)(z.«’ - 1)+(x2+1)<*712)(b‘ - r)+<x2+1)(1 +§)(6x1 -n
T (20,2 T, (3) £(x) £ 0 forallx £ 0

() (20, ~2)U (0, %) ®)(0.00)

©C2-DU-10 © (~00.0)
75. (@) Let D) = w

Atx =0, D(0.001) = 0.99999, D(—0.001) = 0.99999; at
0.70675, D(—0.001) = 0.70746; at x = /3, D(—0.001) =
D{~0.001 .0005

(b) cos(0) = 1, cos(/6) = 0.866025, cos(/4) = 0.707107, cos (1/3) = 0.5, cos(w/2) =0 (¢} f(x) = cosx.

= /6, D(0.001) = 0.86578, D(~0.001) = 0.86628; at
49957, D(~0.001) = 0.50043; at x = /2, D(0.001)
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SECTION 33
&, &y 1 a1 dy _ —x?

1 = =12 — 2 3. =1+ B 2 = . — = .
T n-'ta x (4227 Pl 2

2603 3
13, 18x2 2 5 o5 — 1. ——
18x2 + 30x + 5x 5 Gy Ty
-2 5
21 i B9 327 4x-120° 29, —6x 3L 4—12x' 332 3.0 37 646056
(x—

39 1—dx 410 24 43. -24 45. y =x* - {x% + 2x% + C, C any constant 471, ~4 4 C, C any constant
9. px) =27 —6x+7 SL@n! ()0 (© fH¥x)=nl—1)--(n —k+ Dx"*
3. (@) /'(0) = 0.

(d)

wro-{% 128 /
v ey

@rw={r 7

S.@x=0 ®x>0 ©r<0 9 @r=-2x=1 G)r<-2x>1 (©-2<x<l

a e LA A A ST N S By
63 =i bt rw Tl 6 @] =a - ) T o (b)( ﬁ'zﬁ)‘(ﬁ’ zﬁ)

2
2

- (@) ') =327 +2x =4 (c) The graph is “falling” when £'(x) < 0; the graph s rising when f'(x) 0.

=

@) S@)=3x"—6x+3 (o) the tangent linc is horizontal.  (d) x) = 0.586, x, = 3414

SECTION 3.4
dA d4 e v 5 3 V2 V3,
1 =2 4x 3oo=na 5. -% To S 9 xo=1% @ == ® 52

B.@y? ®r6 @ -4 =-28/r 15 x=1L

SECTION 3.5
Ly=x'+22 4+ Ly =4 4 4x = ax(x2 + 1) 3
x4 1%y =20 4 1)(2x) = dx (2 + 1)

8% + 1257 4 6x + 1y = 2457 + 24x + 6 = 6(2x + 1)?
Qe+ 1%y = 3(2x + 1)22) = 6(2¢ + 1

Sy =22+ 24572 Flx) = 20 — 207 = 2x(1 )

FE) =G+ 1) =2+ )1 —x72) = 2x(1 +x72)(1 —x72) = 2¢(1 — x

)

3
7. 2(1-2x)"2 9. 20(x" — x19)9(5x* — 10x%) 1. 4 (): - l) (1 + i,) 13, 4(x —x3
x X2

2
R T S U A 324.&[ ) (22 +x+1)

_—y 5
2o-1 230 25 D Drdedr T -S4 12004

t-5 2716 29.1 310

7R = T oI T vy
3.0 39 2 PG+ 1) + 2 + 0] 4L % BonSEE ) 4 2600

. @x=0 (Mx<0 ©x>0 W @x=-lx=1 (B)-l<x<l (@Qr<—lx>l
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)

51 50 = “"ﬁ 53,y = nlp" 55, y=(x2+ 1P +C, Canyconstant  57. y = (x° — 2)? + C, C any constant
2

F ER o) =

59. L2 4 1) = e 6. T'(x) =

65. Let P(x) be a polynomial function of degree #. The number a is a zero of multiplicity & for P, k < n, iff P(a) = p'(a) PED@y=0

and PP(a) # 0.

dF 2%
67. 800 7 em®/sec 69. (2) i 5(49—9.8:)

) "(1/x a " 7
@ SM=-§ x+-2 7. (@) *% 75. [g/CIP 0] + f[gx)]g" (x)
() (0.797,1.202) LI Dyt 1y
(1 +x2p
1)
o L&
O T rr
SECTION 3.6
P ; iy
L Casing—secxtans 3 P madesor—Sesexeotr 5 Do deostsine 7 Y - 20 Vet Jicos Vi
ax @t an
4 & &
9. % —2wsec?x? L Z—i' =41 - mes ma)(x +ootmx) I3 ﬁ ——sinx 15, TX’Z = cosx(1 + sinx)~?
&y 2 2 &y 2 &y 2
17 25 = 12eos2u(2sin' 2w — oot 20) 19, 7 =8se? wan2 20 75 = (2= 9x)sindx + 12x cos3x
2
23. d% =0 25 sinx 27 27 —12)sin3/ — 452 cos3¢ 9. 3cosdxf'(sin3x) 3. y=x 33 y—I=—4x—ln)
x
35 y-VI=Vix—im)  3oatx oalwlr  4Latimmin Boaininizle 45 atlr Ua

IS
5

L@ ) =0atx=fx 3m (0) f'(x)>0on (0, tn) U (B, 2n) () S'x) <Oon (i, $n)

9. @ &) =0atx={r im  ®) () >00n (0, fr)U(fm2r)  (©fCx)<0on(in In)
dy  dydudx 2 2 dy 2

S (@) 2 o DEHEE = 7 = T ) =

@ G = Judx @ = Golseextanx)m) = 2msec? xt tanwr (b) y = sec’nt — 3 7 = 2seome(secnt tan ) = 20 sec’ nt tanwt
R dy _dydudx | . 1 - g g
53. (a) e ma =430 —)P(=}) - (—sinx) - 2 =4[L(1 —cos20)] sin2¢ = (4sin® £)(2sin¢ cos ) = 8sin” ¢ cos

d

(b)y = [5(1 — cos20)]* = sinf £; 7': = 8sin’ rcost

a (—1)+D 2 sinx, nodd
55, ——(cosx) = 61. f(x) = 2sinx + 3cosx + C, C any constant

dx® (=1y"?cosx, neven

63. f(x)=sin2x +secx + C, C any constant 65. f(x) = sin(x?) + cos 2x + C, C any constant

67. (@ f'x

1 .4 1 . 1 1 i 1 N
sin — — = cos =;g(x) = 2x sin — — cos L (b) lim g'(x) = lim (Zx sin — — cos —) = lim cos — does not exist
Fxox x x ¥50 x50 x ) T
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s
*

it

69. @a=—3, b (b)

2

73. A(x) = Lc?sinx; 4'(x) = LeF cosx

75, @) f4PG) = K coskx,  fHH(x) = —k7 sinkx, bym =42
S = K cosky,  fOPTIG) = kP4 sinfx
77 f bas a horizontal tangent atx = 47, x — fx,x 2339, 2603 79 y=x |sinx — x| < 0.01 on (~0.3924,0.3924)
SECTION 3.7
2 " - - y; 1
1 - 3,2 s EEH3) e 2O g potosdy) g, 16 SRS EX 20 .
¥ 9y X343 2x—y)+1 cos(x +y)—x (x +yy Qy+xp
s Y 3oy 94 i dy _S &y __ 9
15, 75 =jvcosty — fatsinyeos’y 17, LTy wim
21 tangent2x +3y — 5= 0;normal 3x —2y +12=0 23, tangentx +2p + 8= 0; normal 25 — y+ 1 = 0
-2 i V3 T 3 3 x
25. tangent: y = —x + [ —= ; normal: y +{z- b2 V| . S—
sy =2+ (5 ’ ’(34 it Ty
31 x5~ 5) 33, l( .. ) 35, !
VIR 3o T2\Vr ax EEa
37. 39, — 2
o } { " s(Ya+bxy
- 2x sec? /X tas
g1, SESe VT~ an ¥ + 2rsed? R an 45, atrightangles 47 at(1,1), @ = /4 at(0,0), & = 7/2
N
V6 V2\ (V6 V3
Ly =0y-2x-12=0 55 [-X2 M) (X0 . ¥2
53 y-2Zx+12=0,p-2x—12 :'5(4i4 Tty
59. (b)d(k) > coash — 0 andas k — OF 61. f'(x) > 0 on(~oc, 00)

(¢) The graph of / has a vertical tangent at (0, 0).

T dy _
v BIWG =8 W 5 s =
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x

2
9. (a) ; (b;v:i%
Chapter 3 Review Exercises
1 a4+ 2
L fy=3x-4 3 g@)=-— : i +
Fixy=3x e T 7 g
sec? V2 +1
V2Zr+1
ds —4 y G+73
o ey . f'(8) = —3esc? (36 + 7 L1712 25, Y2 . tangent:
V. = g e S @=3e o) 2112 28 SR 27, wngent:y

29. tangent: y = 2x

5 mormal: y =

o 3t2,¥+y: 39, @ _ 6x’+3cosy -2y
dx X4 3xy2

Cdx 2x +3xsiny
Bo@r=24 0O (c.DUMExE (© 24

®) (0, )

7, 47)U (3m.2m);

@x=1/3 49 y=-xy=2x+54 51, 4

CHAPTER 4
SECTION 4.1

9 0=

17, K(t) = secr® 422 sec 2 tan 1 + 662

4, normal:x +4y = 17

X 3L f)=—cos@—x) 33 ' =2cosy —xsinx 35 3 = (—1yulh

= 4L tangent: Sx — 3y =9; normal: 3x + 5y = 19

3z 5w In 3 1
1. 3¢ T T Se=3 Te=hE o V2 dLe=0
2)-f0) 3
13. No. By mean-value theorem there exists at least one number ¢ & (0, 2) such that £'(c) = % =3
=— — f(=1
17 £ =140 f : 11; —3<es—lade=1 21 % =0and f'(x) is never zero; f is not differentiable at 0.
I @ ) =3x2—3=3(3— 1)#0on(=1,1)  37.Set, for instance, f(x) = é 'z:z ;b
®-2<b<2
47, ¢ =0.676 49. ¢ =10.3045 5l c=0 53. ¢=2205 55. ¢c= 8,/3
SECTION 4.2
1. increases on (—oo, —1] and [1, 0c], decreases on [~1,1] 3. increases on (~oc, —1] and [1, o), decrcases on [—1, 0) and (0, 1]
5. increass on [, 00}, decreases on (—oc, —3] 7. increases on [—1, 00), decreases on (—oc, —1]
9. increases on (—oc, 2), decreases on (2,00) 11, increases on (—oe, —1) and (1, 0], decreases on [0, 1) and (1, 50)

13. increases on [—+/3, 0] and [/3, o¢), decreases on (—oo, —v/5] and [0, /5] 15, increases on (—oc, —1) and (~ 1, 60)
17. increascs on [0, o0), decreases on (—o¢, 0] 19, increases on [0, 27
21 increases on [47, 7], decreases on [0, 7] 23, increases on [0, 2] and [, 7], decreases on

25.

-x+3 27 fny=

+at bbb x 45 29, f(x)=

24lx20

31 () =2x —cosx +4
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3. inereases on (=00, ~3) and [~1, 1], decreases on [~3, 1] and [I,50)  35. inereases on (~co, 0] and [3, oc), decreases on [0, 1) and [1, 3]

7. , 39, . 41 ,

\/

oY ; '

; . . ;
i
. 45. Not possible; f is increasing, so f(2) must be greater than £(~1).
\ 47 @true  (b) false; see Figure 42,10
\7*___ 49, @true  (b) false; £(x) =57 on (1, 1)

5. (C=1 () f(x)=sinx,g(x)=cosx  61.0.06975 < sin4° < 0.06981

63. f'(x)=0atx = —0.633,0.5,2.633 65, f'(x) =0atx =0.770,2.155,3.798, 5.812
f is decreasing on [—2, —0.633] and [0.5, 2.633] [ is decreasing on [0, 0.770], [2.155, 3.798], and [5.812, 6]
[ is increasing on [—0.633, 0.5] and [2.633, 5] Jf is increasing on [0.770, 2.155] and [3.798, 5.812]

2515, 4054520

67. @0, 3,7 F 2 9. @0 1. f = C constant; f'(x) =0
®) (r, F) U, 2m) () (0, 20)
(©) (0, 5V, ) (c) (—oc, 0)

SECTION 43
1. no criical pts; no local extreme values 3. critical pts. %1; local max f(~1) = —2, local min £(1) = 2

5. critical pts. 0, 2; £(0) = 0 local min, /(2

4 local max 7. no critical pts; no local extreme values

9. critical pt. —; local max f(~1)=~8  11. critical pts. 0, 2, 1; local max F(3)=223%/%, local min f(1)

13, critical pts. §, 1; local max J) =% 15, critical pts. 2, 0; local max f(=2) = —4, local min £(0) = 0

17. critical pts. —2, — 2, 0; local max f(~22) = 1 ()12, local min f(0)= 0 19, critical pts. —

: local min f(~4

3
21. eritical pt. 1 local min f(I)=3  23. critical pts. {7, 37 local max f(47) = +/Z, local min fGm)=-v2

25. eritical pis. L, 4, Jr local max £(3) = 1 — /3, local min £ (§1) = f(3) = ~ 3

27. critical pts. J, §; local max fir)

V3 + Y, local min £ (3m) = ~34/3+ 2x

29, (a) f increases on [—2, 0] U 3, 00); f decreases on (—c0, =2] U [0, 3]
(b) £(0) is a local max; /(~2) and /(3) are local minima.

b

critical points 1, 2, 3; local max P(2) = —4, local min P(1) = P(3) = —5
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37

/ 1ol i 2 8 E

wodd wewn

39. a=4,b=%2

43. (2) f(x) = 4% — 14x — 8 f'(2) = —4, f'(3) = 58. Therefore f* hasa zeto in (2, 3). Since f*(x) = 12x? — 14 > Oon[2,3], /* has exactly
one zero in (2, 3).

47. (a) critical pts. —0.692, 2.248; local max f(—0.692) = 29.342, local min f(2.248) = —8.766
(b) £ is increasing on [—3, —0.692] and on [2.248, 41; / is decreasing on [—0.692, 2.245]

49. (a) critical pts. —2.201, —0.654,0.654, 2.201; f(~2.201) = 2.226 and f(0.654) = 6.634 are local maxima, f(—0.654)= —6.634 and

Fe2n=
(b) £ i increz

2.226 are local minima
ing on [~3, —2.201], [-0.654, 0.654], and [2.201, 3]; 1 is decreasing on [~2.201, —0.654] and [0.654, 2.201]

+ /') > 0on (3, 00); no local extrema. 53, critical pts. —1.326, 0, 1.816; local maxima at —1.326 and 1.816, local minimum at 0.

SECTION 4.4
+ f(~2) = 0 endpt min and absolute min

eritical pt. 2; £(0) = 1 endpt max and absolute max, /(2) = —3 local min and absolute min, £(3) = —2 endpt max

3272/ Jocal min

»

eritical pt. 271/3; £(272/%

. eritical pt. 27/%; f(75) = 107§ endpt max and absolute max; £(2™"/%) = 3 -27%/3 local min and absolute min, £(2) = 44 endpt max

-

. critical pt. 3; £(0) = 2 endpt max and absolute max, #(3) = =4 local min and absolute min, £(2) = 0 endpt max

. critical pt. ~2; £(~3) = —{ endpt max, f(~2) = — } local min and absolute min, /(1) = 1 endpt max and absolute max

@

critical pts. §, I £(0) = 0 endpt min and absolute min, f(1) = ¢ local max, £(1) = 0 local min and absolute min

i

critical pt. 2; f(2) = 2 local max and absolute max, /(3) = Oendptmin  17. critical pt. |; no extreme values

=

critical pt. §7; £(0) = —+/3 endpt min and absolute min, f(37) = § local max and absolute max, /() = +/3 endpt min

2

- f(0) = 5 endpt max and absolute max, /() = —5 endpt min and absolute min

1

8

. critical pt. 0; f(—4m)

— +/3 endpt min and absolute min, no absolute max

2
g

. critical pts. 1, 4; £(0) = 0 endpt max, /(1) = —2 local min and absolute min, /(4) = I local max and absolute max, f(7)
and absolute min

~2 endpt min

=l

critical pts. —1, 1, 3; f(~2) = 5 endpt max, f(—1) = 2 local min and absolute min, /(1) = 6 local max and absolute max, (3) = 2 local min
and absolute min

29. critical pis. ~1,0,2; f(—3) = 2 endpt max and absolute max, /(~1) = 0 local min, /(0) = 2 local max and absolute max, /(2) = —2 local
min and absolute min

3L ) 33. Not possible: f(1) =0, f increasing implies /(3) > 0.
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1 if x is a rational number P » q T
a1 fw= i 5 (7) (7)
0 if x is an irrational number. p+q p+q
47. x=m/4  49. critical pts.: —1.452, local max; 0.727, local min; f(—2.5) absolute min; £(3) absolute max
51, critical pts.: —1.683, local max; —0.284, local min; 0.645, local max; 1.760, local min; f(—) absolute min; /() absolute max.

S8 YessM=fQ=Lm=f)=f3)=0 55 YesM=f)=2+vEm=/1)=}

SECTION 4.5
1400 3. 20by 10fL 5. 32 7. 6000 9, radius of semi-circle

@
|

1nx=2y

3p
12457

15. 2V3by §43in. 17, cquilateral triangle with side 4 19, (1,1)  21. 24'sq. units

. height of rectangle §3(5 — +/3) = 4.46 in; side of triangle 19(6 + +/3) = 7.03 in.

b

L ix§ 27, (0,V3) 290 5V5f 3L 54by72in. 33, (a)useitall for the circle
(b) use 287/(4 + ) = 12.32 in. for the circle

w
&

5. base radius 12 and height 3 37 10by 10by 1258 39. cquilateral triangle with side 2+/3

41. base radius } Rv/Gand height $Rv/3  43. base radius }Rv2 and height $R  45. $160,000 47, wnf =m

13
W=t Shasl S DSasomes  STom=1 8. 59mph 61, momivimom exists
63. walk along the shore
65. (b) (1 +~+2,2++2) 67. (3. &)
1-42
©y-Q2+v)= (x = [1+ 2]
)y = ) 37«/7( [ 3}

@t =1y

SECTION 4.6
1. {a)increasing on [a, b], [d, n], decreasing on [b, 4], [, p]

(b) concave up on (e, &), (1, m), concave down on (a, c), (k. £), (m. p); points of inflection atx = ¢, &,/, and m

L) (i) £, (i) S 5. concave down on (—oc, 0), concave up on (0, o)

Bl

concave down on (—oo, 0), concave up on (0, oc); pt of inflection (0, 2)

©

concave up on (20, — 4 +/3), concave down on (—£+/3, $4/3), concave up on (13, o) pts of inflection (—1 /3, —

. concave down on (~0o, —1) and on (0, 1), concave up on (~1, 0) and on (1, 20); pt of inflection (0, 0)

. concave up on (—oo, — 1+/3), concave down on (—1+/3, £+/3), concave up on

oo); pis of inflection (— /3, ). (143, &)

o

. concaveup on (0, 00)  17. concave down on (—o0, ~2), concave up on (=2, 0); pt of inflection (~2, 0)

concave up on (0, 477), concave down on (47, ), concave up on (32, m); pts of inflection (1, §) and (37, 1)

=

=2

. concave up on (0, 1), concave down on (- ), concave up on (7, 7); pts of inflection ({5, § + fym?) and (F. § + E=?)

. (£3.94822,10.39228) 25, (=3,0), (~2.11652,2.39953), (~0.28349, —18.43523)
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27. (a) f increases on (—c0, —/3] and [+/3, oc), decreases on [—+/3, +/3] 29.

(b) £(—+/3) = 10.39 local max; /(+/3) = ~10.39 local min,

(c) concave down on (oo, 0), concave up on (0, 60)

(d) (0, 0)is a point of inflection

() f decreases on (—oo, —1] and [1, 20), increases on [~1, 1]
(b) f(—1) = —1 local min; f(1) = 1 local max

(c) concave down on (—00, —v/3) and (0, v/3), concave up on

(=+/3, 0y and (+/3, 00)
1(0,0), (ﬁ ?)

?)

(d) points of infiection (—ﬁ

33. (a) increasing on (oo, o)
(b) no local max or min

(¢) concave down on (09, 0), concave up on (0, 1), no concavity on
(1, 00)

(d) point of inflection (0, 0)

45, f(x)=x" = 3x% +3x —3; one

(b) No. If £"(x) < Oand /'(x) < 0 forall x, then f(x) < f'(O)x + /(0) on (0, o0} which implics /(x) — —oc as x — oo

31. (a) increasing on [, ]

(b) no local max or min

() concave up on (—, 0), concave down on (0, 7)

(d) point of inflection (0, 0)

E
T

35,
39. =1 4 4=18B8=
4.
9.
51. (a) concave up on (—4, —0.913) and (0.913, 4); concave down on (~0.913, 0.913)

(b) points of inflection at x = —0.913, 0.913

53. () concave up on (7, —1.996) and (~0.345, 2.550); concave down on (~1.996, —0.345) and (2.550, )

(b) points of inflection at x = —1.996, ~0.345, 2.550

w
b

. (a) 0.68824, 2.27492, 4.00827, 5.59494
(b} (0.68824, 2.27492) U (4.00827, 5.59494)
(c) (0, 0.68824) U (2.27492, 4.00827) U (5.59494, 1)
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57, (a) £1, £0.71523, £0.32654
() (~0.71523, ~0.32654) U (0. 0.32634) U (0.71523, 1), (1, c0)
() (—oc, =) U (=1, —0.71523) U (—0.32654, 0) U (0.32654, 0.71523)

SECTION 4.7

L@ M=% @ @1 @0 Ex=—Lx=1 @y=0y=1 3. vertical = horizontal; y = }

5. vertical: x = 2; horizontal: none 7. vertical: x = £3; horizontal: y =0 9. vertical: x = ~4; horizontal: y =
3 15, vertical: x = I; horizontal: y =

13. vertical: none; horizontal: y =

11. vertical: ¥ = §; horizontal; y

19. vertical: x = (20 + })7; horizontal: none 21 neither 23, cusp

17. vertical: none; horizontal: y

25. tangenl 27 ncicher 29, cusp 3L cusp  33. neither; f not continuous at ¥ = 0

39. (a) increasing on (=00, —1, [1, 50);
decreasing on [~ 1, 1]
(b) coneave down on (o, 0); concave up
on (0, %)
- vertical tangent at x = 0

41. (a) decreasing on [0, 2]; increasing on (—oc, 0], [2, o)

(b) concave up on (~1, 0), (0, 60); concave down on (~o0, —1) vertical cusp at x = 0

)

=0 47. (4) p odd
(b) p even

vertical tangent linc at x
y=1landy = —1 horizontal asymptotes

&
@

43. vertical cusp atx =
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SECTION 4.8
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B
55. (a) increasing on (—00, —1, 0, 1], [3, oc); decreasing or (1, 0), [1, 3] eritical pis.x = —1,0, 1,3

(b) concave up on (—00, —3), (2, 00) concave down on (~3, 0), (0,2) (¢}

SECTION 4.9

1 x(9)=—6,v5) = ~T,a() = -2, speed=7 3. x(1)=6,0(1) = =2, (1) = ¥, speed =2

”

x(D)=0,v(1)=18,a(l) =54, 5peed =18 7. @)none (Ha(r)=0forallt=0 9 @r=13 (b)r=2
o4 B4 15 dadB 174 19 dandC 20 0.2).(T0)) 23, (0.3),@4,00) 25. 2,5)

27.(0,2-3V3),(4,00)  29.r=3 31 1=22J3 33 lp<i<2n,
3 H 3

m<i<im Ur<i<om
35 0st=im jr<e<2r 3% Smst<in 39576 4L v3/2g 45. 9 fifsee

A7 @2sec (B)I6A (48ftsec 49 @B R ®UBR (100R 5L 984 f

55. Yes. by the mean-value theorem there is at least one fime ¢ = ¢ such that

=71.86.

57. 1f the speed of the car is less than 60 mi/hr = 1 mi/min, then the distance traveled in 20 minutes is less than 20 miles. Thercfore, the car must
have gone atleast I mi/min at some time 7 < 20. Let 1 be the first instant the car's speed is | mimin. Then the car traveled » < 1, miles duting
the time interval [0, #1). Now apply the mean-value theorem on the interval [7;, 20]

59. The bob attains maximum speed of 4., at the equilibrium point.

SECTION 4.10
1. @) ~2unitsfsec (b)4unitsisec 3. 9 units/sec

—12sint cos?

3 2 § m2i
—3V10 7. —2 mimin, -§ m¥/min

16cos27 + 4sin’ 1
9. JakvIomPmin 1L decreasing7inZisec 13, boat 4 I5. 1L f2sec 17, 10 fmr

19. 19° fimin, B0 fimin 21 0.5634lbiscc  23. dropping 1/27 inJmin 25, 10/w em¥/min 27, decteasing 0.04 rad/min
3 3 pping 1/ g
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29. 57 mi/min a1 % 2= 0.031 rad/sec 33. 0.1 fYmin 35. decreasing 0.12 rad/sec 37. increasing W‘I rad/min

15
39, — fisec 41, 4961 misec  43. 4
/82

SECTION 4.1
1. av =32
—dV =3z + i (see figure)

310+ ﬁ taking x = 1000; 10.0067 i 2 % taking x = 16;1.9844 7. 8.15 taking x = 32; 8.1491 9. 0.719; 0.7193
11. 0.531; 0.5317 13. 1.6 15. 2mrht 17. error < 0.01 ft 19. 98 gallons 23. 0.00307 sec 25. within %%

27. (@and (Daretrue 31 m = f'(x)

SECTION 4.]2 3
2%, | 2
L (@) xpet = 2 + 5 (®)xs 489898 3. (8) xnyr = % + ?5 (}) (b) x5 = 2.92402
sy sinx, + cos 6+x,
& s edh R T =35 s A N % 2302 9. x, =(—1)y—t2m
@) Fnn S G XEOTI T @ =g )% 23078 = (—1p127
1L () = L6777, f(xg) 2000020 13 (b)xs =2.23607, f(xa) =0.00001 15, (b) == 0.36828

27153

17. (b) x3 = 2.98827; localmin 19, | =2.029, r, = 4913

Chapter 4. Review Exercises

1L e=+iy3 3 oc=+J73 5. c=1+43 7. f is not differentiable on (—1, 1). 9. violates the mean-value theorem
5

11, increasing on (~o0, ~1] U [0, co); decreasing on [~1, 0]
critical pts. —1,0; f(—1) = 2 local max, f(0) = 1 local min

13. increasing on (— oo —2]U[—$, co; decreasing on [—2, —#]

critical pts. =2, =2, 1; f(~ 2) 0 local max, f(—3#) = —8.381 local min

3

15. increasing on [—1, 1J; decreasing on (~00, —1] U [1, 00)
critical pts. —1, 1; /(1) = —} local min, f(1) = } local max

17 critical pts. —1, —4; f(=1) = 1 local max, f(~ 1) = 2 local min;
F(=2) = —1 endpoint and absolute min, 7(1) = 5 endpoint and absolute max

19, critical pt. +/2; f(+/2) = 4 absolute min, f(4) = 16.25 endpoint and absolute max

21, critical pt. 2; /(2) = 2+/3 absolute max, f(1) = 0 endpoint min; no local or absolute min
5/G)=5

23. vertical: x =4, x = =3; horizontal: y =3 25, vertical: x = I; oblique: y

27. vertical cusp

29. 31




ANSWERS TO ODD-NUMBERED EXERCISES W A-35

39. @) 3x3x3 (b)IVZx3VIx3/2 4L P3xPf6 43 [0, im1Un, $]U 3, 2m)
45, 0) x(IN =425 01D Z0.1172,6(17) 200022 47 1520f. 49, 120fumin 5L ISmihr 53 L fumin

2410
55. f(42)=25375 57 tand3° 209302 59 (a) vy = 2‘%
X

(b) x4 = 2.15443, /(2.15443) = 0.00007

CHAPTER 5

SECTION 5.2

L LRy =30 =4 3 Li(P)= & UP)= 2 5o LP) =4 Up) =% T LPy= &, Upp) =%
9. Ly(P)=tm Us(P)=Yn 1l @LAP)<U(P) but 3£2

1
(b)L,(P)g/'f(x)dx =Up(P) but 3£2<6

1
©) Le(P) = L fx)dx =Up(P) but 3<102£6

18, (@) Ly(P)= —3x1(x1 —x0) = 3ma(xz = x1) = -+ = 3 tn —xum1)  (0) —3(62 — ) (2 +2x —3)dx
'
Up(P) = =3xp(x1 —x0) = 3x1(x2 = ¥1) — +++ = 3xp_1 (¥ — xp—1)
2
17. / 2sin@ +dr 19 21 @iy =% 2.1
g E
[ORGESH
2

©@UAP) =3

5 b b b

25. necessarily holds: Ly(P) < / glo)dx < / J(x)dx SUGP)  27. necessarily holds: Lg(P) < / g(x)dx < / fx)dx
5 b

29, necessarily holds: Us(P) = f Flxydx > f g)dx 3. (b)n=25 ()30

4L (@) Lr(P) Z0.6105, Ur(P) = 0.7105  (b) 1/2[Ly(P)+ Up(P)] = 0.6605 () S*(P) = 0.6684

43 @) L(P)Z 053138, Up(PY = 0.73138  (b) J[LAP)+ Up(P)] = 0.63138 () S*(P) = 0.63926

SECTION 5.3

L @5 ®-2 ©-1 @0 (-4 (f)1

2
5 @FO=0 B)FE=xFFT ©FQ)=2/3 (d)f(Z):/ﬂ iFldl (@ —F(x) =

0
1/t +1dr




A-36 W ANSWERS TO ODD-NUMBERED EXERCISES

Tk O ©F Oy

1 @-1 O ©0 @-wsinrx
15. constant functions

19, (2) F i increasing on (0, o).

21. (a) f is continuous; Theorem 5.3.5
(b) F'(x) = £() and f is differentiable; 7(x) = f'(x)
© F()=f(1)=0
@F(Wy=rf1)>0

23. (a)

13. (a) Since Py C Py, Ur(P2) < Up(P1).

(b) The graph of F is concave down on (0, oc).

9 @VZ ©)0 ©-4F @-(TET+22VZFD)

(b) Since Pr € Pa, Li(P) < Ly(Py).

17. x = 1is a critical number; F has a local minimum at x = 1.

©

(&) F(©) = 0. F/(x) < 0.on (0, 1), F"(x) > 0 on (0, 00)

-4t +d, -l1=x<0

(<) f s continuous at x = 0, but not differentiable; F is continuous and differentiable at x = 0.

25 F'(x) =3x%cos(x®). 27, F'(x)=2x[sin*(x?) — x2].
37. (@) F'(x) = 0atx = —1,4;
F increasing on (oo, —1], [4, co);
F decreasing on [~1,4]
b) F'(x)=0atx =3
the graph of " is concave up on (3, o0); concave down on (=00, §)

SECTION 5.4

2 3 2 B
1 -2 341 5.8 7.2 9.2 JI)
2.4 21 252 2.2-42 2.0 3L E-243

37 Flx)=secQx+Dan@x +1)  39. (a)/x# ®) -3+
2 2

47 @43 B4 49 valid

29. @0

) Flx) = 5
¢ 244243, O<xz
®»2 ©2 3 @O=} ®2-2
39. @ F=0atx=0,% 7 % 2m;
F increasing on [, 7], [3F, 2n);
F decreasing on [0, 51, [ 3]
() F'(x)=O0atx =%, 3 3 Ir;
the graph of F* is concave up on (%, ), (32, It);
the graph of F is concave down on (0, 3), (3%, 3£), (%%, 27)
13-4 15 2% -1 17. ta? 19. 3
33 VI3-2 35 Fl)=(+27
d
2w 2 s s @iz b

51 not valid; 1/x” is not defined at x = 0.




ANSWERS TO ODD-NUMBERED EXERCISES W A-37

0
53.(a)x(l):itz—%(3.05r510 (b)Au:s;x(S):Z% 55.% 57. 2443+ U2

9. @ $¥2+2w 42, 25250 ®) P
) =12x+2, O<xs<l
—x2+4x+1, l<xx2 5
S
2 ¥ L 2 3 %

(¢)  is continuous on [~2, 2J; f is differentiable on (2, 0), (0, 1), (1, 2); g s differentiable on (~2, 2).

63. f(x)and f(x) — f(a), respectively

SECTION 5.5
L % s g 73 9.4

H

=6
15, area = §

17. area=10 7 21. area=4

27. (a) —, the area of the region bounded by f and the x-axis for x € [~3, 2] U [3, 4] minus the area of the region bounded by £ and the x-axis
forx € [~2,3].

®F @




A-38 B ANSWERS TO ODD-NUMBERED EXERCISES

65
2. @0 ()5 M@ ®)1787 3. '? 35. area=2 -2 37. 286

2.6 |

39. )5 () h=9.4489

SECTION 5.6

1 1, 1
L=gz+C 3 gadsbesC 5. 2/TFX+C 7. 554 o4C 9
7 X

$a+b)y? +abt +C

1
i 2 o 1 2
3 g@P+C 15 Jse?x+Corjtan’x+C 17 “HyI e 1

. 37 - $a+ by 4 2abeM2 4 C

21 fex?+bx—2a-2b 23 3-cosx 25 F-x 4342 27 g -2 420 +23) 29 x—cosx+3
[N ) ) L e
s -3 - deds 8 ([ swdx) = £ [ U = S0+ C

35. (a) 34 units to theright of the origin (b)) 44 units ~ 37. (@) v =2(c+ D2 =1 (B) x() =50+ 12 —r -

39. () d4sec (b)) 193.6F 43 42sec 45 x()=xo+uer+ AR+ BO 4T a(X0,50) 49, 4 3

B=2

51 (@ate=Yzsec (b)atr=L2rsec 53 mean-valuetheorem 55 v(r) = vo(l = 2¢vp) ™!

]

— 13 4x -3

d d
s o [‘[(cosxflsmx)d cosx — 2sinx; /;[[(x)]dx:cosx—z;inXJrC 59, f(x)=sinx +2cosx + 1
x x

1
————+C
@

°

, 4 . .
3 dex+ 12 4C 5. E(MX‘FZ)) el 7 . B+ C

1
“marar T C

s
B VETT4C 15 32+ 12 4C 17 44 4C 1.~ JTmaixi 4 C
i 3

21 % 230 25 i[P

29. 2 3L 2+ -+ P40 3 - P4 - 1P 4

—
35 4fl+vF+C 3 BvE-

30 y=32+ 1% +% 41 fsnGr+D+C 43, —(cotmx)/m +C
45. Jeos(3—20+C 47 —toosx+C 49 —200sxM24+C 51 J(l4sinx?4+C 83 fwsidmx+C
55. —sbcotmx+C 57 Lsin*x?+C 59, 21+tanx)24C 6L —sin(l/x)+C 63, janlG4r)+C

65.0 67 W3-1yx 9. } T3 dr+ gsinlx+C 75 % 7.2 7. 12w 8L (4V3-6)/3x

83. @ Lse?x+C () juan’x+C' (@ Isec?x +C= (1 +tan’x) 4+ C = Jran?x + C'
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SECTION 5.8

i .
toyess [ 17w - geonar = [ e

gx)dx >0 3. yes;if f(x) < g(x) forall x € [a; 5] then
b b
[ raxs [Cswae

5 nojtake f(x) = 0.g(x) = ~Ton[0,1] 7. no; take any odd function on an interva of the form [—c, ¢]

1 b b
o nn;/ xdx:ﬂ,but/ kldx=1 1L yes; Ufu’)z/ f&ydx =0 13 no; L/(P}</ Sy =0 15, yes
-1 A

. 2sin(x?) NG
RO z;.m 25,

1
= 27 4e/TH 407 — tanx sec? x| sec x| 3L
x

5.0 3 Intgad-3

SECTION 5.9

Pt )
8. =4 1L 4V.=0, = % Vo — — 15, ——— 2
* ! b y=x A e =9 0

17. D=3 +3%54.V.= 23 19. (a) The terminal velocity is twice the average velocity.

(®) The average velocity during the first § seconds is one-third of the average velocity

during the next
1t seconds.

" 5
B @) =atx0)= Jat £ xp () Vg = %/ atd = “’_;"’2 = W)+ )
A

_WT+2 - 2, 3 s
2s. (a)M724(«/771 T (b)A.V74(«ﬁfl) 27 @M =3k 5y =30 () M = TS, xy =
29, 1y = QM = M)L/SM; 31, x:% 3. @AV =2r () 0691

4L (2) @ = ~3.4743,b = 3.4743
(9 f(©)=AV. 360948 ¢ =+2.9545 or c = £1.1274,

Chapter 5. Review Exercises

1372 4332 40512 4 ¢ 3 EA+yc 5.3 -1P 4 C 7. —LQ -4+ 3x)+C

9. U+ VR +C 1. 2/TTsax+C 13 36— lcot30 —40+C 15 lumnxt+c 17, Lsecd rx +C
3 3 3 2

19. é%(u.bx)’ﬂ(szfz) 2L T+ +C 239 25 3 274 Lew
& N 9 3 1 2 1
2. @-2  O6 () fue (d)/2 7 KINE R i EE e

T4 1422

41 —csox B @x=0 (b) Fl(x)=

@

1
FrmTs 70 (© concaveup on (o0, ~1), concave down on (1, c)

5 4 ]
4.1 410 49.L | f)ldx 51, %U \f(x)\dx—/ f(x)dx] 53y =4
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CHAPTER 6
SECTION 6.1

2
(@ L[(x +2)—x*]dx

. .
® [ 15— [ 15-o-dia

2
(@) /ﬂ 262 — x%]dx

0] /OX [y”; < (%y)‘q dy

4 6
@ /0 [ﬂf#ﬁ)]dw-fé [0 — (x — 6)ldx

]
® [1o+0-ya

@ ffqz[gjx’(*")}d’wﬁé[?‘x]h

; i
© [y=conare [[1r-Gr-m1ay

@ fiwm — (—Va+)dx

.
® [ 502 a0

@ /4[2: el [)]dx+j;v[(94x)—(x— Dldx

® f; [os0- H dy+f [o-n- %y}dy

@ [][x'” — (P 4x = Dldx

®) f;: [(,% + %\/4}'+5) - (—% - %\/W)] d,v+[‘ [(f% + %v’m) —y“]dy




ANSWERS TO ODD-NUMBERED EXERCISES W A-41

17. area=32 19. area= 31 2. area=2-+2

15. area=2

23. area=8

33 c=4

43. 1536 cuin Z0.89cuft 45, (a) A(D) =252

39. The ratio is L 4L area=7.93
n+1
v (6) 4(h) > 00 a5 x — o0
~l.ag 179 "
SECTION 6.2 s
14w 3. Loy 5 fw 7. Py 9. 2z ¥ B s %(ﬂz+6x+é)

17 %7 10 By ool I 23 5 g5 &y g @5 030 0@ 52 b % © B

TR + R +1%)

) 47 (o) 8V3 B.@E © L 5 (@I )4 37. §mab? 39,

31

41.

L @32

@ 315% &) 4B% 43 V= w2 = 3r2h 4 13)




A-42 m  ANSWERS TO ODD-NUMBERED EXERCISES

4. @

b
s ) ,4(h):f 27 Hax =307 — 1)
f

b
1+ © V(h):/ (23 dx = 3n(1 - b7
i

(&) Asb — 00, 4(B) — oo and ¥ (6) — 37

2
47 L tumin when the depthis 1 foot; o fmin when the depthis 2 fect. 49 (b)x =0, x =21 Z L1892, (©0.9428 (&) 51234
™ ®

SLo9n Shodr—la? 55250 ST @ Zx xS @er ® Er ©Bx @ P

SECTION 6.3

1o 3n 3. g

e

7. 167 9. Zx 1L 36r I3 87 15 BMx g7

19. 2x 21, 64w 23 i= 25 (a) V=

1 1
[ 2ex(l —X)dx (b)) V :[ aytdy; V= Lo
Jo o 5

3
fes

' I
27. (@) V:f 7 —xdx (b V:[ 2ep(F = y)dyi Y
o o

1 1
29. (a) V :[ mdx () V:f (1 = p)dy; V:% 31 $wha® 33 jmaddV3
o o

35 (a) 64m (b)) 1B 37. (a) F'(x) = xcosx -2
T 2 R V3 4 8
39. (a) V:[ z«/zmm,w/ 2wxvd—x2dx () V:/ ,7(473}/2)@ © V=
Jo ! o
1 2 Vi b2 —\2
41 () V:f Zﬁxx(l—x)dx+/ R —aWA-xdx (D) V:/ S (277}> 7(27\/ 7;2) dy
o i o Ne

&
&

hia
. (@) V:Zf 2
b

e (b= e - y2>z]dv

@ -ppax ® :fj w[(e+

- 1 ot , | wat
5. V:/ gii| - Dpanheaints 0. L it Tl o Bt
o v 3 2 7 -2

=

49. (b) x =0,x = 1.8955 (c) 0.4208 (d) 2.6226

SECTION 6.4
A A
9 n (£.2).n /=24 15 (3.5) 17 (1,

2L (2,4) 23. (-1.0) 25. (a) (0,0)  (b) ( i (©) (0.%) 27 ¥V =nmabe + vat + b7)

2Rsiné(2sing + cosd)

1L oy flgsit) i Ly R3 sin? .
+3b34h) (@ (Ja+3bo3h) 31 (a) £ R sin® 6Q2sing +cosé)  (b) T sin8 + 20036)

© %YL ©r=l @r=%

33. An annular region; sce Excreise 25(2). 35, (@) A=
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SECTION 6.5
L 302 357t 1
L8I7sb 3 Le4-PAfb s 53— gewton-meters 7. 625 fi-lb

11 1951 13. (a) (64807 + 8640) ft-Ib (0) (15, 120 + 8640) fi-lb 15, 8437.5 it-lb

9. (a) 25-f-lb  (b) %

ft-Ib

17. @ fhrr2ilo b (b) ({72 h20 + Zar?hka) felb 19. (a) 38470 newton-meters  (b) 4807 newlon-meters

21. 48,000 fi-Ib 23. (a) 20,000 fi-Ib (b) 30,000 fi-Ib 25. 796 fi-1b 27. (a) %0[2 fi-lb (b} %/ZU fi-lb 29. 20,800 fi-Tb

Fv=oVIE 35 SN 3T 974X 10 B 39, (a) 670secor |imin, 10scc  (b) 1116 5scc or 18 min, 36 sec

SECTION 6.6

1. 900016 3. 1437 x 10%newtons 5. 1.7052 x 105 newtons 7. 216016 9, S92 11333331 13. 25601

15 @ 4125016 () 4125000 17 () 297267 newtons  (b) 39,200 newtons at the shallow end; 352,800 newtons at the decp end

19. F2::lm 21. 2.217 x 10° newtons
1

Chapter 6. Review Exercises

2
1. (a)[‘(2751+x)dx (b)/ WZ=r+ »)dy; 3

3. (u)/‘szm:iw/_;g(mfx%) ax (b)/:;(V75‘v1+4)dV; 18

7. & 9. (@) 2ar? (O 11,

Bogr 58 x 1920 2L 27w

around x-axis: £, around y-axis: $

I 464-7VT) 39 6Sinches 41 1250filbs 43, S50,0007 fiulbs

45, (@ 32 x 109 newtons  (b) 1978 x 105 newtons

CHAPTER 7
SECTION 7.1

L /) =1x-3 3. not one-to-one 5 /My = (- 1S T 7N = e - ) 9. flN ) =1-x153

LT =E-2P -1 Bl =a50 s, F@=12-x18) 17 f71x) = arcsine (to be studied in Section 7.7)

. TN =1yx

25 /W =2 -x)/x-1) 27. they are equal

Vizk=3
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1

35, f(x) = 3x? = 0 on (—o0o, 00), f'(x) = O only atx =0,(/"YO) =15 3T f =1+ = 0on (0, 00); (f1(®)

. f(x)=2—sinx > Don(-o0,00); (S y@m=1 4L Fx) = sec?x = Don (—m/2.7/2 (SY(WD= 1

43, fix) =3+ :7 >0on(0,005 (FY@=4% 45, (f7NY(x)

1
G Ot

A
49. () f’(x):ﬁ;é() i oad—be#0 (B =

Z:ﬁ Sl f0=VTFE>0 O UTHO=Z

S3. (8) IF f isincroasing, then the graphs of £ and g have opposite concavity if  is decreasing, thon the graphs of / and g have the same concavity.

55 (YW = 59. flx)= 16— 12x +6x2

SECTION 7.2
1. n2+mn10=299 3. 2In4—Inl10 =048 5. —In10=-230 7. m8+n9—1n10 =198 9. %anEUES

2%
n.f lir—m2 130406 15 (@) 165 () 15T (9171 1% 1. x=1¢ 2lx=1
o x

Inx

d(inx)
23. —_
i e

25 k=n—1 27 (3 n3—sin3 =096 > & In2—sin2
() r=22191

SECTION 7.3

y 1 ; 3x2
1. domain (0, 00), f'(0) =+ 3. domain (=1, 00), f'(x) =

S 5. domain (—o0, 00), f'(x) =

x
L+a?

43

7. domainall x # £1, /'(x) 9. domain (— 4, 00), f'(x) = 22x + D{L + 21 Q2x + 1]

1

11. domain (0, 1)U (1, 00), /V(X):’X(Tlx)z 13. domain (0, 00); f'(x) = écos(lnx) 15. lnjx + 11+ C —imp-x+C
19. Linjsec3x|+C 21 %In\secxz+wnx2\+c 23. ﬁw: 25, —Inf2+cosx[+C 27 In|lax|+C

2. %+c 3. in|sinx4cosx|+C 33 Zln[l4xyEl4C 35 x2injsecy ftanx] s +C 371

9.1 4L lmd 433 45 jm2 4T The integrand is not defined at x = 2.

9. g'(x) = (% + DA — )% (;:1 4 sl gty = (Ti(z;)(;%n (g xi - ﬁ - %

am1 3= D!

—im2 57. £ -4 39. 7ln9 61. 27 a2 ++3) 63. In5ft 65. (—1)




69.

71

73.

7s.

79.

81,

83

85,

ANSWERS TO ODD-NUMBERED EXERCISES W A-45

(i) domain (—oc, 4) )
(i) decreases throughout
(iii) no extreme values

(iv) concave down throughout; no pts of inflection

(i) domain (0, o0) ®
(i) decreases on (0, e~"/2), increases on [1/2, oc]
(iii) f(e™"2) = —Le™" local and absolute min.

(iv) concave down on (0, e=%/2); con
(€32, 00) pt of inficction at (e~

(i) domain (0, o0) )
i) increases on (0, 13; decreases on [1, 60)
(iii) /(1) =In } local and absolute max
(iv) concave down on (0,2.0582); concave up on (2.0582, 0);
point of inflection (2.0582, ~0.9338) (approx.)

average slope = In(b/a) 77. x-intercept: 1; absolute min at x = e~2; absolute max at x = 10

x-intercepts: 1,23.1407; absolute max at.x = 4.8105, absolute min at x = 100
@ v()=2+2~ 43I +1)  (c) maxvelocity at £ = 1.5811; min velocity at £ = 0

(b) x-coordinates of points of intersection: x = 1, 3.30278
() 42234042

@ s =20 gy o ZIH6Inx
> F
® FO=0 D=0 =0

© fG)=0on(l, 00} f'x)= 0on(0,e'2);  f"(x) > 0 on (35, oc);
SG)<00n(0,1): () <0on(e!? 00 f'(x) <0on(0,e%)  (d) f(e')local and absolute maximum

SECTION 7.4

»

L 26%cos(e¥) 23, fi(x) = —e > (Qcosx +sinx) 25, e 27

L2-s 40 SLoferd S @) fUm=ae® () /@) = (ciyaTe s ss m(

_ge

dy 1 dy .
5 L=t i L - s i 2
5 oo=¢ (X+ nx) T =T xe 9.

1 g dy ER dy dy 2¢* dy
- 2= L =dxe (V41 5. 2 =y AR T . -
En (:“L /;) BT =@y s Faste U iy R

H4C 29 4 HC 3L el C

L3240 35 84 C 3 2/FFTHC 3, MR HC 4L SMTLC el 45 L1-n6)

e

. (4) f s an even function; symmetric with respect to the y-axis.

(b) f incroases on (—oc, 0; f decreases on [0, o).

(&) f(0) = 1isalocal and absolute maximum,
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(d) the graph is concave up on (—oo, —1/v/2)U(1/+/2, 00); the graph is concave down on (—1/+/2, 1/+/2); points of infiection at

(=1/~/2, &7y and (1/4/2, ¢71/2)
®

(@) the x-axis

1
5. @) w(l—e) () / e dx 6L LB 4D 63 Foe—2
o

65. (2) domain (—oc, 0)U (0, 00)
(b) increases on (00, 0), decreases on (0, o)
(©) 1o extreme values

(@) concave up on (~co, 0) and on (0, 00)

67. (a) domain (0, o)
(b) f increases on (e™'/2, co); f decreases on (0, e™/).
(©) f(e™2) = ~1/2¢ is alocal and absolute minimum.
(d) the graph is concave down on (0, e=3/2); the graph is concave up
on (e3/2, 0o); point of inflection at (¢, ~3/2¢%)

6. xy=In(r+1) 7. @ (il.e) ®) 1(e—Z) ©
a a

75, (a)

(b) x = —1.9646;x = 1.0580
(©) 64240
79, (&) x = In(nml)n = £1,42,...

SL. (b) x = 1.3098
(©) f(1.3098) = ~0.26987; g'(1.3098) = 0.76348

© *

Porizantsl
asymptote
eal

vertical asymptote < ~ 0

© t

1+2a%

ae

8. (2) x —Inle* — 1], +C

) e e —2e 420 — e 4 C

) no (©) e 4 C
SECTION 7.5 el ; i
nxy _lnx+lny Inx Iy
i 3 -1 5. 2 Rt i Bl (BT L ST 1
L6 : 0 T3 Slgar= g i iy T inp =T Hlogy
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»
11 log, x* = l]';X 3.0 152 1Tan<ha<s 19 f(x)=2(n3)5>
»
TR P P S S B 35 Py BN
* 23 ¥ logyx *Ins
27. F'(x) =In2(2™" —2%)sin(2* +277) 29, i+c 31 lx“7£+c 33, logs|x|+C  35. i(lnx)zw’—C 3
R s T T3 Rt 4 M ems
1 Ingin: . i
39— 4L S =php 43 4D [Y% -Hn(,\'+l)} 45. (m)“”{w] 47, xoins (cosxlnx+§ )
e F E
2 5
49. (sin x> [ s‘:: 2 7sinxlu(s|nx)} 51 ¥ [2 +2%(n x)(mz)}
x E

b7

5, =ls 6.2 6 65. 67, approx. 16.999999; SN DAY (S yInINAS) _ 17 _ 1
42 1o

69. (a) the x-coordinates of the points of intersection are: x & —1.198, x = 3 and x = 3.408,
(b) for the interval [~1.198, 3], 4 & 5.5376; for the interval (3, 3.408], 4 = 0.1373

SECTION 7.6

1 @$A11.06 (0961277 (c)$859.14 3. about 53% : (In3)/20 = 0.0549

7. (@) P(6) = 10,000¢'M2 = 10,0002)'  (b) P(26) = 10, 000(2)%, £(52) = 10, 000(2) 9. @B () k= %

1L P02 317 Lmillion; P(L1) = 2844 million 13, intheyear2112 15, 200 (1) hters 17, 5(3) 2 2.86 gms
19. 10001 — (1)'"1% 21, 80.7%, 3240 y1s
B @ 0= 105, x0) = — 1

&

() %h:(f)* x(0)] = %[10‘” @ -n]=10°
This derivative is zero at # = 61n 10 2 13.8. After that the derivative is negative

© x(15) < €17 = (&) 2 20° = 25(10%) = 3.2(10%) < 15(10%) = x,(15)
x(18) =¥ — 1= (1) — 1220 — 1 = 64(10%) — 1 > 18(10°) = x,(18)
%2(18) — x1(18) = 64(10%) — 1 — 18(10%) = 46(10%)

(d) Ifby time ¢y EXP has passed LIN, then #y > 61n 10. For all 7 = ¢ the speed of EXP is greater than the speed of LIN: for
£21 > 6010, 1(t) = & > 106 = vy (2).

25 @ 15()Y? = 1225102 () 1522 = 8.16 Tbyin2 27. 64% 29. (a)$29,045.86  (b) $31,781.23 (c) $35,833.24

31. 176/In2 =254 ft 33. 11,400 years 35, () =Ce? A {8

SECTION 7.7

V3

L @0 ()-ix 3 @in )iz 5. @3 bir 7. (a) does not exist  (b) docs not exist 9 @5 (b)~%
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1 2 2 1+ x)ar
Mo 13— 15 = 217 19
¥+ +2 ENLTEEY T=4T e (1 +x2)

1 i ’ i
" Wrrrrrid 2. 27, 2xaresee (— | -
(1 + 4x?)Jarctan2x M+ (nwy] EVer x arcs <X>

1

29. cos [aresec (x)] - —————uc

x| Inx|inx? — 1

& 1 - L fx
Bo@x OVI- - 35 aesin (T2 ) +c

1 m

39. 4 4l x4 x5 kx4 5;«05&;47% 49. ix 5L arctan2 - br = 0322
53 jacsine? +C 55 Jarmne?+C ST fatn(ltnx)+C 5. laresinx+C 61 arcsin(in)+C

1
63. 7 65, 2m — 4 67. dn(v2—1)

69. /s + sk fect from the point wherc the line of the sign interscets the road.

1

71. {b) j7a?; arca of semicircle of radius @ 75. s not defined for x > 1.

77. cstimate & 0.523, 5in 0.523 = 0.499 explanation: the integral = arcsin 0.5; therefore sin (integral) = 0.5
SECTION 7.8
asinhax § acoshax
1. 2xcoshx? 3 — 7. ab(cosh bx — sinh 9. ——— 11 2% cosh(eX
oo 2/ooshax T coshx ableoshy —sichiax) Sinhax e com ()

13. —e ¥ cosh2x + 2 ¢~ sinh 2x 15. tanhx 17. (sinhx)* [In(sinhx) + ¥ cothx]  27. absolute max —3

1 1 1 1
3L A=2BF=fc=3 3 —sishax+C 35 —si’ax+C 37 -hEoshax)+C 39 ———— +C
2 a 3a a acosh ax
41 jinhxcoshx+x)+C 43, 2coshyX+C 45 smh1=1175  47. 8% 49
51 wllnS+ §sinh(4In5)] = 250492 53. (a) (0.69315, 1.25)
(b) 4= 0.38629
SECTION 7.9 - y
3 E ZFT -
T T — 5 2¢*" cosh(arctan £¥) 5, Tresch VT o, TSech x(tanhx + 2sinh )
T+ 1 (1+coshx)?

5@ ®F ©f @ @3

25. (a) absolute max f(0) =1
s @
(b) points of inflection at ¥ = In(1 +v/2) = 0.881,x = —In(l + v2) =
—0.881
(c) concave up on (=00, — In(1 + +/2)) U (In (1 + +/2), 00); concave down
on(=In(1++2),In(1 4+ v2))
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27. (0,0) s a point of inflection for both graphs  31. In(eoshx)+C 33, 2arctan (") +C 35, ~dseek’x 4 C

siohx

. In [l +tanhx| +C

37. §{In(coshx)? + C

Chapter 7. Review Exercises

1
1

24(Inx)?
x

1
L@=@-20 3 fl= i‘t S @=ps 7owotonstoone 0. -4 1L ) 1,

& — e 32+ Inx

tanhx  Incoshx
i R —_——— 3. sin e
L e - 23, arcsine® + C

2
. (coshx)* 2
19. (coshx) [ = ] O T
1 sinx ki —
25 sactan( == )+C 27 2hnfseeVF+anyF|+C 29, ESHC 3 imy om

cosh2*
———+C 35

37. 2tanhl 39 2 4L v 45 P2 47 @ir?  (pyor

49.(a) increasing on (0, ], decreasing on [e, 0c)
(b) absolute max f(e) = 1
(€) concave down on (0, ¢*2), concave up on (¢%/2, 50), point of inflection (32, £(3/2))

(d) the x-axis is a horizontal asymptote

5. b=a 53. (a)160 grams  (b) approx. 6.64 hours 5. (a) A(f) = 1007w 112 2= [gg ¢~000495 (b) approx. 58.12 days
S7. (6250 (b) approx. 5.36 years

CHAPTER 8
SECTION 8.1

L~ 4 C N 2w 5 —tan(l-x)+C 7. 4m3 9. —V1-x24+C 1. 0 13. e— e 15. m/de

17. 3V3@n6 +1+C 19, (Ja)njae® —B|+C 21 %1n[<x+1)1+4]—§armn(%[x+1])+c 23. Larcsinz? 4 C

25 arctan (x +3)+C 27, —Loosx?+C 29 mmx~x+C 3L 32 33 laresinx® +C 35 njlnx|+C 37 3
39. (Formula 99)% Va2 —4-2Inlx + Vx> =4+ C  41. (Formula 18) $lsin2e — sl 2]+ C 43, (Formula 108) £ In 5 "H‘Jrr.
x
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45. (Formula 81) —
53. (a) $tan’x — In|scex| + C

k

3 V2 (V2+1
55 D) A=~2, B=1 o S7. () ~080,580  (c)27.60
® ©% (/571) ® ©
SECTION 8.2
L —xe*—e*+C 3 -l 4 C 5. 25! 7o =21 - )V = e (1 — 22 - B -2 4
9 3+t 1L AT TI@E+D)—4VTFI+C 13 x(nx) —2xlnx +2x +C
3x? 6x 6 1 |
15. 3% - - - 17 & S — s+ 350 19,
3 <1n3 W32 3y (]n})‘)+c 7 9T g+ 904 C s
2L o2 A+ )0 — dxe + D+ g+ )4 C 23. Le*(sinx —cosx) +C 25 2+ % -2
il Ji-2 x 1
27. X 29. ~Ix?cosx® +isin®+C 31 — 3B -
P G e 1r?cosa? + Lsina® + C 5t -2
35 Jx%sinh2x — {xcosh2x + L sinh2x + C 37. Inxarcsin(nx) + /T — (x> +C 39, %[sin(lnx) —cos(Inx)] +C
E 5 . E
.7 w0 T4 Lorg @1 (B S0 (o xeaxis; mle — 2), y-axis; T( +1)
12 7 2 2
S i=1fe—1),F=(e+1)/4 55 Ei=imy=in ST @M=(F—1/k  (0)xy = [k~ De +1]/[k(e* — 1]
44 ag?
59. ¥V =4—8/m 6L V=lu(e—2) 63 i=(@+1)/2AS—1)] 65 mea=simhl= - %
o
69. (3x* - 32+ 3x - Pet +C 71 x[(Inx)® —3(Inx)? +6lnx 6]+ C 73 & [x3 —3x2+6x —6]+C
75. (@) (x> —5x +6)e" +C () (=322 4 4x — )" + C
7. @) 81 @7 —2= 11416
(b) 3m (b) 73 — 272 = 11.2671
(©)5m (©) (3,0.31202)
@@n+Dma=0,12...
SECTION 8.3

. }eostx —cosx +C

9 —
+hnlx+vVx2+9+C 47. (Formula 11) x* [

) Jtan*x — L tan’x + In|secx| + C

1
(d)/m“" Txdx= i—-ianl‘x —/tan“’

]+c 49. 22
(© 1an®x — L tan*x + L tan’ x — In|seex| + C

Yxdx

—leosSx+dcosTx+C 7. bsintx — Lsinfx+C 9. (I/m)tanmx +C

1. julx+Infcosxi+C 13 3x 15 fcosx—feosSr+C 17 by 4 C
19. dsnfx+c 21 Lsin2r + & sindx + ks 2 +C 23 ffg 25 ~loscts+ besdx 4 C
= 2 2

27, gsindx - fsinTr+C 29 Fein™2x— Zain!l25+C 31 Lean3x— Lan?3x + binfsecdx|+C 33 e
35 -1/6 3 dan’x+iwn’x+C 39 JeosGr)-deos(3m+C 41 14

V3 oz 372 L5 3
3. 22 4sx2 41 0 40 T SLozfl== +m2

2% = B 7 " w[1-F4m2]
55 @2 ) &7 §7. Jm?=49348

1
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SECTION 8.4
1 ams;n(f)+c S gy R Y PV = B s, Zarcsm(i)flmﬂ—xz#—c
a 2 2

—j4=x?

3-n
6

257
1. 61? 15, In(VEF 7 +x)—

1 1
19.18-9v2 21, R G SO N R Tt/ o)
aix

S0y mad
27, JerJF S+C 2. Z(X*Z)Z —5(6x —x2 —8)2 + Jarcsin(x — 3)+ 3(x - VB 2 "8+ C
() ‘e 2 3 H 7
x<
preEr

x24x U oretan ((5F
A gl LA -,
87 +ox+5) 160

@

1 3 3x x
)+C 39.§arctmx+m+m+c

i ;
a1 g(zxz—uamsxnx+§\/1~x2+c e ;ﬁ AS.A:ErzsinecnsH+/ VT xPdx =
reose
P “2-1a
47 3010-$m3] 49, M =In(1+v2),xy = 2= De
300-zh3] X )2 In(l++2)

2 -2
3[V2 - In(vZ +1)]

S1. A= 1a2VE - In (/I 4 1)

2
TVZ-In(2+ 1)

V3 o 23V3-m) 5
TR O e - G A

SECTION 8.5
s 1 174 xp 12 32 1 -2

3 = - 2 - ; L
Tl %46 Erz i e & hlFa

3 1, 4
1L 2% =2+ 2 45hjx —1[—3lfx| +C 13, x4 oxd p6x? 320 —
x 73 x

+80nlx —2(+C 15 Shjx—2[—d4lnjx—1|+C

3 1 1 =2 1 x

17. ——+C 9. Zhnfx— 1] — —— + - L — arctan =
T ot 19 gl s gkt eC 21 J gt +C

I o 3 5(1-x) 1242427 1
285G FDt Facanst ST C 25 e fazcmn(xi»l)+7arcmn(x—l)+(]
a7 —+4ln ‘+c 29. —4inlx|+ 3 njx —2|— Al +3+C 3 n(i) B omE)-2

1. |sing—4 1 |lnt— 1 cdu
5. - > 37 oIn|—= . T,
I g sinﬁ+2(+€ gl 1m+2r+c AT a =T | ame €

49. @ imin7 O x@—vT) 5L F=Qhdym, F=@ +2)/2m

1 5 4 1

53 (@) - — 55 ox° =
@5 - x7+x+1 e 5, oxd 425 — z(sz) arcmn( ) +2Inls = 1| +Infx + 3]
3 4
(b)x2+4 ¥+3
-1 3
©

xz+2x+4 Tx

o
3

. ()3In7 —5In3 59. ()11 —In12




A-52 W ANSWERS TO ODD-NUMBERED EXERCISES

SECTION 8.6

1. =2(J/X+ Il — 3+ C 32T+ - —x+2/T=& +C 5 31+ - 21+ 4 C

e
7*4(1+L‘2)2+C . x+2/F+2IVE—114+C 1B x+4yx—T+dlm|yx—T— 1|+ C
x

ix - 42 -12+C o

15 20THE ~Dmx + € 17 36 -8VEFA+C 19 L+ DV 4 dax + D)7V - x40
4b + 2ax . 5 L N ) . ‘ .
Cdax+b . —ln|l —tanZ|+C 5 A e 5 Nl Fod ok
U=t C B i mi+c 25 ﬁarctan[ﬁ( tmzﬂ)} re 7 bifun| LIS,

: 2 Ji-1
- || T T ane) Cdt2atan2 33 2442 3 I
B | et O e 324403 3 ( )
41. 2areta ((n] ") c . -2 ve

SECTION 8.7
L @506 ()60 (572 (5T (©)576 3.@13%4 (009122 (©L1776  ()LISIB () L1614
S @T =332 (w2 3.0416 7. (@) 18440 (b)) 17915 (c) L8090 9. (@08818 () 0.8821

B @nz8  ®nrz2 15 @nz238 (=10 17 @ex51  (rz4 19 @37 (Bhnz3
b b
2L (@n =78 ®rnz7 27 (@M, :’/ f@dx =T, (7T, 5/ Sx)ydx = My

29. (@)49.4578  (b)1280.56 31, crror < 4.01 x 10~

Chapter 6. Review Exercises

E 3
%ﬂrctan(%)v‘C 3. 2rcoshx —2sithx+C 5. > +dlnje| —4lnfx+1[+C
2 H

1

m’x+C 133 -

7. —4cosx — feos3xr+C = ~dcoPx +C 9. —3+In16 11 In|scox|—Ls
z & 5 H H

L

x 2
—asin= +C 21, Jx%e —
a

2. lufx+C 25 lm@+v3)-im3 2

;\rcsm.\‘f(xi»Z)\/lfxl)w'—C 29. -3

-1 2 i .
31 x4+ §sin?2x 4+ C 33.ln‘”?‘—x T+HC 3 3+ G+ DV FT]+C 37 dx?sin2e + Jxcos2x — bsin2x +C
= =
6-3v3 33
39, @2 —scc2x—x +C 45 (J 22) 47 @irn3 (B rC-3)
3

49, My =3.0270, Ty = 2.7993, 54 = 2.9975

@123 ®10

CHAPTER 9
SECTION 9.1

1. y1is; 2 is not 3. v and y; are solutions 5. y1 and y; are solutions T.y=—3+Ce* 9. y=1+4Ce 2
11 p =x + Ce?® 13, p=3nx+Cx? 17. y=14+Ce™ + 1) 19. )7:c’Xz(%r2+C)

Cie* + Caxe®

2L y=Clx+ 1) 23 y=2"+x-1 25 y=e*[In(l+e)+e—In2] 27 y =33 ) 29. y
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35 T(1)=40.10°1.62min ~ 37. (a) v(t) = %(1 —ehy 39. @i = %[1_2%/”]

& -
)1 —e™™ < 1™ - Dast — oo (b)iw%%ﬂmps)a“%m

L
(©) = Z 10 seconds

41, (2)200($) 43. (a) 'IT‘; =kKM-P) 45. (a) P(f) = 1000l 27i/m)
4
(b) zoo(%)”’z—‘ liters (b) P(t) = M(1 — e=09557ry (b} P(r) = 20005 270/7 _ 1000

(2) 65 days

SECTION 9.2

1
L y = Ce (/2cos@x43) 5. ysiny+cosy = cos (—) +C 7. e —xe +C
x
1 2
S Myt 1+ g =My +C 1L 2 =ClnxP-1 13 acsiny=1-vI=2 15, y+ln\v\:%~xfj
y
1. o - kafe . AoBo(eF4t — kot
17 x50l D-actany =4 19 y=h[3¥ -2 2L @C0H)= Tridy  OCO= G5 g

avgetamy

an
B @ (@ + Bu)e @™ — Buy — @+ Bug — Buge i

ﬁ, where C is an arbitrary constant, () vty =
FeT

© Jlim v() =0

3 25,000 15.65(1 +0.70 135 .
B @y = g, owr YROE 154 () 40dys 27 @ 8882miee (b)) = W (¢) 15.65 misec

SECTION 9.3

1y =Cle™™ 4 Che* 3

Cle™ + Cyxe™ 5.y =e™¥(Cio0s2x + Cssin2x) %

=C el 4 e

9. y=Cicos2V3x + Cosin2v3x 1L y = Cy /I 4 Cpe=Gitn 13. y = Cycos3x + Csindx

15, y = e 0/2(Cy cos

+Cysingx) 17, y=Cpeli £ G0 19, y=2¢2 21
23, y =T AHD | 5y p-2x-D) 25 @y =Ce™ +(1-C)e™ By =Ce* £2C - e
3L @y 2 -8y =0 (b)y" —4y' Sy = ©¥" =6y +9y =0

M. y=Cxt+Gx? 4L y=

0122+ Crx?Inx

Chapter 9. Review Exercises

1 y+Ce —2e7% 32+ D =x+sin2x+C 5. 7. arctany =x + {2 4+ C

15, y=e'[Crcosx + Casinx] 17,

=Cie¥ + Cre

23 y=1 25. y = e¥[2c0s2x — 2sin2x] 27. > =C-x

31. one year from now: $3 million; one and one-half years from now: $6 million; two years from now: oc
af) _ b A s 71110
B @y=E1-e? [OF3 () $In10 35. (a) T(r):70—#(m)‘ BT =-%

37. (@) 20minues (b)) PO) =420~ )=~ 20—+ ()225pounds 39, W 2742 (b) =40 days
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CHAPTER 10
SECTION 10.1

1. vertex (0, 0) y 3. vertex (1, 0)
focus (1, 1)
axisx =1

directrix y = — directrix y

5. vertex (2, —2) v 7. vertex (2, —4)
focus (2, 1) focus (2, — 1)
axisx =2 axisx =2
directrix y = —3 :

directrix y =

9. center (0, 0) 11. center (0, 0) ’

o

. center (0, 1) ’
foci (++/5, 0) foci (0, £+/2) foei (£+/5, 1)

length of major axis 6 Tength of major axis : length of major axis 6 g@ <
Tength of minor axis 4 2V6 length of minor axis 4

Length of minor axis 4

@
Sl

center (0, 0)

center (1, 0) .

foci (1, £4+/3) “ transverse axis 2
Length of major axis 16 : vertices (+1,0)
Tength of minor axis 8 ‘W foci (3, 0)

asymptotes y = tx

19. center (0, 0) 21. center (0, 0)
transverse axis 6 transverse axis 8
vertices (&3, 0) vertices (0, +4)
foci (£5, 0) foci (0, £5)
asymptotes y = £ 4x asymptotes y = +4x

23. center (1, 3) 25. center (1,3)

transverse axis 6
vertices (4, 3) and (~2,3)

foci (6, 3) and (4, 3)
asymptotes y = +4(x — 1) +3

transverse axis 4
vertices (1, 5)and (1, 1)
foci (1,3 + /3)
asymptotes y = 2x + 1, y

31, center (0, 0), vertices (1, 1) and (—1, —1), foci (+/2, +/2) and (v/2, —+/2), asymptotes x = 0 and y
3. 20/nZat — Afma 35, de B2VI-m@+ Vb 451 41 b
49. Ly is fatter than £, more like acirole  51. The ellipse tends to  line segment of length 24

L3294y =1 555 5742

59, The branches of A open up less quickly than the branches of .

2

+ The hyperbola tends to a pair of parallel lines separated by the transverse axis.
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SECTION 10.2

7. Seefigmetotheright. 9. (0,3) 1L (L,O) 13 (-3, 3B 15 0,-3)

Vo [l gm 4 2nm) (=1, Jr +20n] 19, [3,7 +202], [-3, 2nx]
poer s

2. [2vZ, §rr + 207, <242, 3 + 2nm) 23. (8, b + 2n), [=8, L7 + 2nm]

Bt g —arnes@-0) 2 @A OB @I

2. @237 ®»Rr] © 2. ix] 31. symmetry about the x-axis
33.no symmetry about the coordinate axcs; no symmetry about the origin

35. symmotry about the origin 37, 7 cos =2 39. r2sin26 = | 41 r =4sing

3. 8=mn/4 45, 1—cos@ 47. r? =sin26 49. the horizontal line y

the parabola y? = d(x +1) 55, the circle x? + 7 = 6x

»

. the line y = v/3x 5

P
3

8x + 16, parabola
d

. the line y = 2x 59. 3x% 4 4% — 8x = 16, ellipse 61.

2

. (x =B +(y — @) = a® + 2, center: (b, ), radins: v/aZ ¥ 52 65. r=
.5

SECTION 10.3
1

33. yes; [1,w] = [~1,0) and the pairr = —1,8 = 0 satisfies the equation  35. yes: the pairr = 3.8 = Lx satisfies the cquation

37 2,%] = [-2, 0). The coordinates of [~2, 0] satisfy the equation 2 = 4 cos #, and the coordinates of [2, 7] satisfy the cquation 7 = 3 + cos 6.

3. 0.0,(=3,3) 4L (-L0,(1LO) 43 (0.0, 21V 45 (0,0, [EXER

47 r = f(6 — )isthe curve r = f(8) rotated counterclockwise a radians.
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The rectangular coordinates of the points of intersection are: (0, 0), (2, 0), (~1, 0), (~0.25, +0.4330)

51 (b) The curves intersect at the pole and at: 53. butterfly
¥ =1-3cosé r=2-5siné
[-2.0] [2.7]
[3.800, 3.510] [3.800,3.510]

[~1.267,0.713]

SECTION 10.4

[-2412, 1.081]
[-1.267,0.713]

3 3
9. Fr+3

55. a petal curve with 2m petals

1. ia* 13, @

. snfs w3 |
15 @ +1-20) 1T /1/6 J([@sin6P — 2P)de 19 L’/] H4P - [25eco1)dp

s
21. z[/ %(Zsece)zd9+/
4 w3

it
27. w—8% f L(cos20)%d6
o

SECTION 10.5

2 3
%(4)219] 23. 3(2sin30)2d6

/6 /2
25. 2[/ %(sin9)2d6+f ia 75!!15)2:19:'
o as6

o

2. fr-4/3 a1 ZZ B.660 3 L 4—3’5+2J§ 41 (©8—27

Lodx=(y -1 3y=al41l,x>0 5. 9% +4y% =36

1L 2y —6=

19, x =sindny

15 xy=1

. @x() = —sin2nt, y() =cos2mr  (b)x(r) = sindwe, y(¢) = cosdmt

(d) x() = cos 3xt, y(t) = —sin dzs

71+t

©) x() = cos 3¢, y(f) = sin L
H H
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25 x()=tninr, y=2 27 x(@)=3+5 p)=7-2 29 x()=sm’mt, y(¢)=—cosmt

3L a0 =@ -1y =2-1F 33

S{x)dx = area below C

' ‘
swoa= [ oo

i . 5
ws. [ abofr 0= [Caseors o= [ ssore v
g " "
/ 2ux( O O di = f 2mx(OF W ()t = f InxfEydx =y
37. 4 =2na® 39. @) ¥ =312 () =4n’d

4L x(t)= —acost, y() = bsint; t € [0,m] 43, () paths intersect at (6, 5) and (8, 1) (b) particles collide at (8, 1)

45. curve intersects iiselfat (0,0)  47. curve interseets itselfat (0, 0) and (0, 3)

2
49. The particle moves along the parabola y = 2x — % from (0, 0) to (12, ~12).

o

. The paticle moves around the unit circle in the counterclockwise direction starting from the point (1, 0).

@
&

. (d) The curve has a loop if a < b no loopifa > b (e)r = a — bsin®

SECTION 10.6

1 3—y— 3Ly=1 5 3x+y— 7. 2 +2y—/2=0 9. 2x+y—8=0

15 x(0) =t y(0) =13 17. x(6) = 1, y(1)
tangent line y = 0 tangent line x = 0

l

23. @at(-%,+23) 25,
(b)at(~1,0)

1Box+2p+1=0 ; 19. (a) none;

. @at(3,7)and 3, 1);
(b)at(~1,4)and (7, 4)

(@) at (442, £1);
(b)at (£1,0)

¥

35

fon

37. -8 39. 2 41, cot’ t 43 y-2=-%u-]

m A-57

1L x—5y+4=0

(b)at (2,2) and (=2,0)
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SECTION 10.7

15 3.7 5. 23 7. 4 9.6+5hs  1L§ 1B m(+vD) 151 1T x4 lV3
19. initial speed 2, terminal speed 4;s = 2+/3 +In(2+v3)  21. initial speed 0, terminal speed /13;x = (13313 - 8)

23. initial speed /2, terminal speed vZe";s = v2(e" ~ 1) 25. 8a

. (a) 24a (b) use the identities cos 38 = 4.cos® 8 — 3cos#, sin 30 = 3sinf — dsin’ & 29. 27 3L Ve — 1)

33 35— 1) 35 4-242 37. In(1 ++/2) 39. ¢

41 (@) (3.

5.

Z46984 47 (2) (6)2.7156

49.4 51 (b)28.3617 53. (x)] = | secfe(x)]|

SECTION 10.8

3

L L=1G5=0.4 4, =8 3. L=57) =32, 4 =20r 5. L=10,(%,7) = (3.4). 4y = 801

A 6/, F=6Q—VIim, Ay =4x2—-3) 9. L=1ira; % 3ajw, Ay =2ra®
| o 5 3 5 64ra?

1. §z7VT7 - 1) 13. Bz 15, 7[V2 +In(l ++2)] 17. 3V2m(2e" +1) 19. (2) 3wa (b)T

23. (a)the 3, 4, 5 sides have centroids 25. 4z?ab
(G.0.¢4.2.4.2

(e) 4 =207

mat s
70 sine. () 2md? b P 1n [ 12
.

29, (a)2rh? +
-«

‘, where e is the eccentricity c/a = va? — b2 ja

e

i 2R+ h
31. at the midpoint of the axis of the hemisphere 33, on the axis of the cone ( = ') 5 units from the base of radius -

,

Chapter 10. Review Exercises
1. parabola; vertex (0, —1), focus (0, 0), axis x = 0, directrix y = —2

3. ellipse; center (—3, 0), focii (—3 % /3, 0), major axis 2, minor axis 1
H

. hyperbola; center (1, —1), vertices (1, —3), (1, 1), focii (1, —1 = v/T3), asymptotes y + 1 = =2(x — 1), transvorse axis 4

7. ellipse; center (1, —2), focii (5, ~2), (~3, —2), major axis 10, minor axis 6 9. (-2, -2v3)
L[4 3 +2n7], 5 =0,£0, 2,3 [-4, 4w+ 2], 0= 0, %1, %2, -
1. [, —fm +20w], m=0,%1,42, 5[4, 3x+2nm), n =0, %1, 42, 15, r = secftan® 17. r =4cosf —2sin®

19555 20 23y —4y=




ANSWERS TO ODD-NUMBERED EXERCISES B A-59

2. [4v3, bx] [IVE $x] thepole 29, 6 33
3Boy=1-220=<x<1 Moy=@-12x2>1
v v

!

I+4t,y=4+2 41 x=3sint,y=2cost 43, Sx+3y=30
45. horizontal tangents at (0, 10), (3, —J); vertical tangent at (—1, By 4 dygdx =2, a8y pax? = 13 49. 12

SLAVE+im@e+V3)  sL 8 ss L

57. Wy 6L 63. (3a

<

CHAPTER 11

SECTION 11.1
Lb=2gb=0 3 nohbigh=0 5 b=2gh=-2 7 nolbgh=2 9 lb=2}gh=2

11 lub=1;glb=09  13. lub=¢; glh=0 15. lub= (-1 +vSygb = 3(~1 -5 17 nolub;no glb
1 molbinoglh 2L ghS=0, 0x(f) <0+0001 25 ghs=0, 0= (5" <o+ (L) 0> L+ 1)

35. (a) 2.48832, 2.59374, 2.70481, 2.71692, 271815
(b) lub=¢, glb=2

I I

nwla | @ a | a | a5 | a @ [ as [ @y | aw
. 1412 | 16818 [ 8340 [ 19152 19571 | 19785 | 19892 19946 | 19973 | 1.9986
© 2
@ ¢

SECTION 11.2

el
L gy =2+43(-1), 1,280 & S =T =123,
noifn=2k—1,
T =\ ifn—oy,  Wherek=123.. 9. decreasing bounded below by 0 and above by 2
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1. not monotenic; bounded below by 0 and above by 3 13.  decreasing; bounded below by 0 and above by 0.9
15, increasing; bounded below by 1 but not bounded above 17. increasing; bounded below by £/ and above by 2
19. increasing; bounded helow by £ but not bounded above  21.. increasing; bounded below by 0 and above by In2

23. decreasing; bounded below by | and above by 4 25. increasing; boundod below by +/3 and above by 2

27 decrcasing; bounded above by — | but not bounded below  29.  increasing; bounded below by 4 and above by 1
31 decreasing; bounded below by 0 andabove by 1 3. decreasing; bounded below by 0 and abovo by §

35. decreasing; bounded below by 0 and above by 1 37. decreasing; bounded below by 0 and above by 1 In 3
39, increasing; bounded below by § but not bounded above

Soa=la=a=}a=kea=

47 a

SLoap=la=4a3=9.a4=16,a5 =250, =36 a,=n
S m=la=1la=2a=4a=80a=16 a=2""2fornz3

Boa=lm=3a=Sa=Ta=9a=11; a=2n—1

e

61, (a)n {b)

5V3 (3)“”‘“
3

63. (@) 150(3)"" CE 65. increasing; limit 1

T—r

67. (c)2,2.4142,

6180

5538,2.6118, -, 2.6180; lub= }(3++/5)

SECTION 11.3

1. diverges 3. converges to 0 5. converges to 1 7. converges to 0 9. converges to 0 11, diverges
13. convergesto 0 15. convergesto 1 17. converges to 3 19. convergesto $4/2 21 diverges 23, convergesto 1
25. converges to 0 27. converges to 1 29. converges to 31. diverges 3.0 354
3ow/2 39 -m2 4L @1 (B)0 61. convergesto 0 63. convergesto 0 65. diverges
3445
67. L=0,n=32 W L=t N L=bn= T L=0,n=65 75. (a) +Zf )3

SN = @ s [ % | @ [ & [ =
. 05403 | 08576 | 0654 | 07935 | 07014 | 07640 | 07221 | 07504 |

(b) 0.7391; it is the fixed point of /(x) = cosx
SECTION 11.4
1. converges to 1 3. converges to 0 5. converges to 0 7. converges to 0 9. convergestol 11, converges o 0
13. convergestol IS, convergesto | I7. convergestor 19, comvergestol 21, convergesto0 23 divergos
25. convergesto0 27 convergestoe™! 29 comvergos 00 3L comvergesto0 33 comvergestoe® 35, convergesto 0
372 41. (b)27r. Asn — oo, the perimeter of the polygon tends to the circumference of the circle, 3.1 45 sLL=)

w‘
|
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53 (’JH; a; as | as | ar [ as | ay [ an ozl

s vs
5|8 |13|21]34] 55 12 [1.5]1.6667 | 1.6000 | 1.625 |

1445
2

L= = 1.618033989

SECTION 11.5

1.0 301 s 4 7. In2 %F 12z 1 5.3 1mr 19.-1 212
Z -7

23 3v6 25 -p 2.4 2.4 3L} 3.1 351 3.0 39.1 411

B Hm@xsing £0, (e £x—cosx) A0 45 a=db=1 47, 75

=
e

O sk@1l ®-1 533 85 @) /() ocasx—sdoo  (0)10 5T (b2 06931

SECTION 11.6
1. o0

251 27.¢  29.e 3.0 33.-} 350 371 391 4.0 4.1 450

47. y-axis vertical asymptote 49, x-axis horizontal asymptote 51, x-axis horizontal asymptote

55. example: £(x) = 5+ %

57. lim cosx #0
20t

6L (W Ay =1—(1+b)e?

2-Q+2b+bYet $— 304264267 ®
= LR CERA T L
1=+ AT—(1 1 b)e?]
Ofimdeh g2, o =4 |

63, lim (1452 =
208

65. lim gx) = —5/3.

SECTION 11.7
L1 3 4= 5. diverges 7.6 9. iz 1L 2 13 diverges 15—} 177 19.diverges  21.1n2
23. 4 25, diverges 27. diverges 29. diverges 33 2 -2 35. () converges: 55 37, jm—1 39 7
(b) converges: &
(¢) converges: &
(d) diverges
t
43. @ (b2 (c)V:/ ,7( ®1
o
© i
@2r

(@ 7[VZ + (1 + v2)]
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1 | o
3. diverges since for x large the integrand is greater than — and ] —dxdiverges 5. converges by comparison with /
x x

59. L =(avT+cEjc)e™ 61.

Chapter 11. Review Exercises
1. lb=5,glb=—1

9. not monotonic; bounded below by 0, bounded above by 3

13. diverges 1. convergesto |

25. comvergesto0 29, L = 0.7391

2

45. diverges  47. 2/x 49, ix

CHAPTER 12

SECTION 12.1

L1 315 s -5 18

-1y

i=0 +

SECTION 12.2

L3 3.4 5. 4 7.

¢
= 3

19. 52 (2 geomeric series withr = 2 > 1 21,
=\2 2

%, dom (F) = (0, 00)

3 b=2,gb=—1

17,

31

L2 VEFT-VE E(L7
s e0f Yot =S (4
3. y-9909 a1, y=|[[0CHL

[

1. converges; comparison 3" 1/4%

In x|

SECTION 12.3

7. diverges; limit comparison Y 1/

15. diverges; comparison Y7 1/k

3. converges; comparison 3" 1/4%

9. converges; integral test

17. diverges; ay 7 0

dx

ey

1

s
3. ; = 67.
2 +4’ (0.00)

2

5. nolubnoglt 7. increasing; bounded below by 4, bounded above by 3

11, increasing from 3 on; bounded below by &, not bounded above

converges to 0 19. converges to 0 21. convergesto } 23. converges to 0

5003.o-; 38 300 39.-1 4l 432!

5L aln(l/a)+a S5 (b)/xxdx

u 3 7 1 o
98 1L T@k-1) 13 Y AER+D 15 3 MAg 17 Yo L
=) P=) i =] =52 +3
2. seth=n+3 23 selk=n—3 - L 1% 27. 133333... 29, 271828...
® ®
9. 24 15 Y xt+! 17, Y (—1)fx
=) =
im (EE1Y 2 #£0 23 18% 25, (1+ )’k 27.59 29 32
o\ ) T° - Z"* 100 . g
1 %A+l @11 1
—= Y 37. N=6
Wi 1) @ Z WG =4 (kl o

: —x) H where [[ ]] denotes the greatest integer function,

5. diverges; comparison X_ 1/(k + 1)

11. diverges; p-series with p = 2 < | 13. diverges; ay # 0

19. converges; limit comparison ¥ 1/4% 21. diverges; integral fest




. g i 2k
. converges; limit comparison with Z ¥

25. diverges; limit comparison 3”1k

ANSWERS TO ODD-NUMBERED EXERCISES W A-63

27. converges; limit comparison 3 1/43/2

29. converges; integral test 31 converges; comparison Y7 3/42 33. converges; comparison Y 2/42
converges; comparison 3 1/42 3. p>1
@1
A @LITT G002 R <0031 (@L< Y 2 <1209 43 (a)1/101 < Rygg < 1/100 (b) 10,001
i
@15 BT (©1082 49, (b) ¥y may either converge or diverge.
X 1/#* converges and 31/ % converges; 3~ 1/ k% conyorges and 3 1/ diverges.
53 N=3

SECTION 12.4

1. converges; ratio test 3. converges; root test 5. diverges; ratio test 7. diverges; limit comparison 3" 1/k

9. converges; 1oot test 11. diverges; limit comparison 3~ 1/& 13. diverges; ratio test 15. converges; comparison 3~ 1/£3/2
17. converges; comparison " 1/k2  19. diverges; integral test 21, diverges; ay — ¢™'% £ 0 23. diverges; limit comparison 3" 1/ 4
25. converges; ratio test 27. converges; comparison Y 1/k3/2 29. converges; ratio test 31 converges; ratio test: a1 /ay — £
33. converges; ratio test 35. converges; root test 37. converges; root test 39. converges; ratio test 4. 2

45. p=2

SECTION 12.5
diverges; a; /> 0

3. diverges; a; 4 0

B

(a) does not converge absolutely; intogral test (b con

werges conditionally; Theorem 12.5.3 7. diverges; limit comparison Y"1/

9. () does not converge absolutely; limit comparison 37 1/k  (b) converges conditionally; Theorem 12,53 11, diverges; a; £ 0
13. (a) does not converge absolutely; comparison 3~ 1/y/F 1 (b) converges conditionally; Theorem 12.5.3
s PR LI N T "
15. converges absolutely (terms already positive); Lsm(m) Sz = 7L Usinx|=js) 17, converges absolutel; ratio test
P z
19. (@) does not converge absolutely; limit comparison 1/ (b) converges conditionally; Theorem 1253 21. diverges; ai 4 0
1
23. diverges; a > 0 25. converges absolutely; ratio test 27, diverges; ay = 7 forall & 29. converges absolutely; comparison 3" 1/42
31. diverges; a4 0 33. 01104 37. 40 39, N=139,998
4L @4 ()6 43 No.  Forinstance, setaz = 2/k and sy = 1/
45. (b) X 1/4? is convergent, 3~ is not absolutely convergent.

SECTION 12.6

+ L3y
7oxt b ]

i 5
1Y

=} &
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5 5k
13, Z(;/') wherem = = mmmmm 1s. be* 17. 000002 19 n=9 2L =6  23. |x| <1513

25. 79748 (79/48 = 1.646) 27. 5/6 (5/6=0.833) 29. 13/24 (13724 =

.542) 31. 0.1745

—4sin2c 3sec! ¢ — 2seq 3¢2 -1 (=1y+le=e
5 — % 37 TS < L st L 5 ntl
3 T <l 37 3 S lel<lxl 39 sl dl S el <
45 @4 (D2 (©99 4T @164 (5)0368
s oD e,
55. ; P (~00,00) 57 Ina Z T Cwal
111 842 (842
(5) +?<5) }: 1215 (E:"m)
6. @0  (@r=0
65. Pox)=x — 437 Pr(x) b P == b b - L P = - b2 L
SECTION 12.7
~
LB =24 J =) = =47+ g = 4P 5 P‘m,l,ﬁ ,1})4
Rix)= S —4)", Je—dl<|x—4| sc
128¢ R =5 ( =
et s Ppissich - —x—1)P s
5 Py(o) = + (A 1) (A D (‘ 1y Ry) = (l+c)
T 649 — D+ Tx = 1 +3(x — 1P, (—00,00) 9. —3+5(x + 1) = 19(x + 1} +20(x + 1)* — 10(x + J* +2(x + 1), (=00, 00)
E ; N 1 9 1) ® (i -
RS E —1F. (-L3 323 (5) @+t (-5 — ) (00, 00
11 ;1 1y (z G- (-1, 13. 5§ ) e+ 33 Z 2k+1)!(” n) (—oc, 00)
& (1) - ) 1 2% <1)“ k 15
17. ; G @~ (e.00) 1o, Z(zkw( ) = ¥, (—co.00) 21 1n3+z ( x = 1), <—5,5]
= P .
23, 2In2+(1+In2)(x - 2) + Zm(“’z‘ 27 ;(/\+2)(k+1)5kj(’t72)
! o ¢
29. 1+Z o & =y Z(n 1)

: — _ % -
SPLAPR ol LS Z” o @ Eplzd
=

=
2 1 - 1y L 3
35, Polx) = —+ (x - U——w—n —u = g = D7 g = 1)
SECTION 12.8
(@) absolutely convergent  (b) absolutely comvergent ()7 (@2 3. (1.1} 5 (=og,00) 7. {0)
9. [-2,2) 11. {0} B [-Lh 15. (=1,1)  17. (=10, 10) 19. (00, 00) 2L (—00,00) 23, (=3/2,3/2)

25. comergesonlyatx =1 27. (=4.0) 29, (=oo,00) 3L (=1 1) 33, (0.4) 37 (-2,2)




ANSWERS TO ODD-NUMBERED EXERCISES M A-65

L
39, |——= —=| 4L (@) absolutely comvergent  (b) absolutely comvergent  (0) 7
[-% %] (s) absoluely comvergent (b) absoluel ©
3@ T lawrk] = Y lar(—r)| 45, ()1
2
(6 IS lax(—r)¥] converges, then 3" a(~r)* converges ®) Y ax "“*f‘#
—
SECTION 12.9
" )
L4232 4 4 3 l+k‘c+(k+l) B CE o
=D
17
7 1+x? +§v R
o g = © w it "
B3 IO sy o Zka 0.y E sy, Z( 1') 2.4 25 o)
k=0 K k=0 k=0 & k=1 k k=t K
Z (Zk 1) A _l<x<1 31.0804.<7 <0808 33 0.600 </ = 0.603

2

35.0204<7<0304  37. 0.9461 39, 0.4485 41, et 43. 3x2e7 45, (a)Z—x“‘

55. 0.2640 < 1 <0.2643;7 =1 —2/e = 0.2642411

Chapter 12. Review Exercises

1 4 32 5. diverges; limit comparison with 3_ 1/k 7. absolutely convergent
9. absolutely convergent  11. diverges 13. conditionally convergent
15. converges 17. diverges 19. converges
D SEACIP i AVITERPY ST
= =+l = 2k +

31 (—o0,00) 33 (=9,9) 35 (=4,-2] 37 & i I) 2 (e 1
=0

41. 0494 43. 40816 45 074316 49. 2

Appendix A.2. Answers

1L -2 3.0 55 7. -6

9. Caloulate the determinant of 47 and compare it with the determinant of 4

123 456 5 6|
456 1 2.3 8 9]
789 789 2 3‘
«
B
la @ a y

15, (¢)Let D = by by|. Thenx=




W INDEX

A

Abel, Niels Henrik, 628

Abels theorem, 628

Abscissa, 17

Absolute convergence, 597-598

Absolute extreme values, 175-178

Absolute maximum, 175-176

Absolute minimum, 175-176

Absolute valuc, 5-6, 13-16

Absolute value function, 25

Acceleration, 209-213

Addition formulas, 411

Algebra, 7-8

Algebraic combinations of functions,
4142

Algebraic functions, 333
Alternating series, 598
basic theorem on, 598599
estimating the sum of, 599-600
Ambient temperature, 447
Angle(s), 35
of incidence, 387
of refraction, 387
Angular velocity, 217
Antiderivatives, 254-257
Atbitrary powers, 364-366
Are cosccant, 384-385
Are cosinc, 383
Arc cotangent, 383
Archimedean spiral, 516
Archimedes, 301
Archimedes, spiral of, 474
Are length, 509-513
Arc secant, 384-385
Arc sine, 378-381
Arc speed, 514-515
Arc tangent(s), 381-383, 628629
Area(s), 234-236
caloulating, by integration, 260-264
of circular region, 281
by integration with respect to 3, 292-295
in polar coordinates, 492494
of representative rectangles, 292-293
of surface of revolution, 517-520
Argument (of a function), 25
Aistotle, 47
Arithmetic averago, 286, 290
Arithmetic-geometric mean, 553
Aithmetic mean, 17
Astroid, 151
Asymptotes, 34-35, 471
horizontal, 197-198
of hyperbola, 471
oblique, 201
vertical, 195-198

Asymptotic graphs, 564
Average, arithmetic, 286, 200
Average revenue per unit, 229
Average value of a function, 285
Average-value point of view, 307
Average velocity, 210
Axis (axes).

ofcllipse, 470

of parabola, 470

rotation of, A:1

B

Bacterial growth, 372-373

Basc p, 366-368

Basic comparison theorem, 589-590

Bemoulli brothers, 526, 5541

Bifolium, 496

Binomial scries, 633-634

Birds, flight paths of, 190-191

Biscction method, 98, 102

Bounded divergence, 579

Bounded functions, 98-99

Boundedness, 7, 98-100

Bounded sequences, 533-534,
540-541

Boyle's law, 222

Brachystochrone, 526

Break-even points, 228

c
Caloulus of variations, 526
Cantor middle third set, 585
Carbon dating, 377
Cardioids, 487
Cartesian coordinate system, see Rectangular
coordinates
Catenary, 389-390, 517
Cauchy, Augustin Louis, 5537
Cauchy mean-value theorem, 160,
557-558
Cauchy sequence, 553
Center:
of ellipse, 470
of hyperbola, 471
Centroid(s)
of curve, 520-523
in polar coordinates, 495
of region, 312-315
of solid of revolution, 317
of surface of revolution, 525
of triangle, 24
Chain rule(s), 133137
and trigonometric functions,
144-145
Change-of-variables formula, 27§

Characteristic equation, 459-460
Cirele, 9, 21
parametrized, 498
unit, 35, 37
Cissoid, 152
Closed interval, 6
Collapsing sums, 241
Collisions, 500
Complex roots, §
Composition (of functions), 4345
Compound interest, 374-376
Concavity, 190-193
Conditional convergence, 598
Cone(s):
right circular, 10
Constant:
decay, 373-374
gravitational, 213-214
growth, 371
of integration, 268
spring, 320
Continuity, 82-88
and differcntiability, 110112
on intervals, 88
of inverse functions, 337-340, A: 10
one-sided, 86
ata poin, §2-87
Continuous compounding, 374
Continuous functions, 75, 77
integrability of, A:11-14
Convergence:
absolute, 597-598
conditional, 598
interval of, 618-622
of power series, 617-622
radius of, 618
speed of, 585
Convergent sequences, 540, 544
Convergent scries, 580-584
alternating series, basic theorem on,
598-599
basic comparison theorem for,
589-590
integral test for, 585-588
it term of, 583
Timit comparison theorem for, 590-591
properties of, 582-584
ratio test for, 595-596
100t test for, 593-594
Coordinates, 5, 17. See atso Polar coordinates;
Rectangular coordinates
Coordinate axes, 17
Coordinate line, 5
Cosecant(s), 36
arc, 384-385
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Cosecant(s) (contimied)
calculating integrals involving powers and
products of, 415
derivative of, 143
hyperbolic, 392
Cosine(s), 36
arc, 383
calculating integrals involving powers and
products of, 411-414
derivative of, 142
hyperbolic, 388-391
Cotangeni(s), 36
arc, 383
calculating integrals involving powers and
products of, 415
derivative of, 143
hyperbolic, 392
Critical points, 168-169
Cross sections, volume by parallel,
304

Cube, 9
Cubics, 33-34
Cubing function, 161
Curve(s):
centroid of, 520-523
figure-cight, 152
integral (solution), 451
least-time, 526
orthogonal, 151
parallel, 165
parametrized, 496-500
petal, 488
same-time, 526
sketching, 201-208
specd along plane, 514-515
tangent to, 105-106
Cusps, vertical, 199
Cyeloid, 525-526
inverted,
Cylinder(s):
right, 296-297
right circular, 10

D
Darboux method, 243
d/dx notation, 124-127
Decay constant, 373-374
Decimal representation, 4-5
Decreasing functions, 160-165
Decreasing sequences, 533-536
Definite integral, see under Integral(s)
Degree (of polynomials), 32-34
Degree measure (of angles), 35
Density:
of real numbers, 5
weight, 328
Dependent variable, 25
Derivative(s). See also Differentiation
d/dx notation for, 124-127
definition of, 106
of differences, 116

and differentiation, 106-108
equality of, 164165

of exponential functions, 358
of higher order, 127-128

of lincar combination, 116

of product of two funetions, 117-119

of quotients, 121-122

as rate of change, 130-132, 217, 218-219

acceleration, 209-213
in ceonomics, 228-229
free fall, 213-215
speed, 210
velocity, 209-213
of rational powers, 149-150
and reciprocal rule, 119-121
of scalar multiples, 115-116
of sums, 115-116
and tangent to curve, 105-106
of trigonometric functions, 142-145
and chain rule, 144-145
cosceant, 143
cosine, 142
cotangent, 143
secant, 143
sine, 142
tangent, 143
Descartes, René, 3
Determinants, A3-6
Difference quotient, 106
Differentiability, 106
and continuity, 110-112
of inverse functions, 339, A:10
Differentiability theorem, 625
Differentials, 223-226
Differential calculus, 106
Differential equations, 443-449
applications of, 447-449
definition, 443
first-order, 443446
homageneous equations:
¥+ ay’ + by =0, 459-465
order of, 443
separable, 452456
applications of, 454-456
definition, 452
solutions of, 443
Differentiation, 106-108. See also
Derivative(s)
chain rule for, 133-137
fornulas for, 115-122
differences, 116
product rule, 117-119
quotient rule, 121-122
reciprocal rule, 119-121
scalar multiples, 115-116
sums, 115-116
trigonometric functions, 142-145
implicit, 147150
of logarithm functions, 347-349
logarithmic, 352-354
of power serics, 623-626

Dipole, 490
Directrix (of parabola), 470, 491
Dirichlet function, 73, 83, 161
Discontinuities, 82-83, 87
Discontinuous functions:
intogrability of, 267-268
integration of, 245
Disk(s), 300
Disk method, 300-302
Distance:
botween point and line, 472
in rectangular coordinates, 18
and speed, 236-237
Divergence, 579
Divergence, test for, 583
Divergent sequences, 540-541
Divergent serics, 580-584
basic comparison theorem for, 589-590
limit comparison theorem for, 590-591
ratio test for, 595-596
root test for, 593-594
test for divergence, 583
Domain, 25, 28-29
Double-angle formulas, 411
Double zero, 139
Doubling time, 372, 376
Duhamels principle, 519
Dununy variable, 240

E
e, rational bounds for, 356-362, 364
Eeccentricity, 491
of ellipse, 477
of hyperbola, 477
Economic applications, 228-229
Elements (of set), 3
Ellipse, 22
geometry of, 469, 470
parametrized, 498
in polar coordinates, 491
Elliptical reflectors, 474475
Endpoint extreme valucs, 175
Endpoint maximum, 174-175
Endpoint minimunm, 174-175
Energy, kinetic, 217
Engineering applications, see Scientific and
engineering applications
Entries (of matrix), A:3
Equations of second degree, A:l-2
Equilateral triangle, 8, 24
Equipotential lines, 491
Error estimates, 437-440
Essential discontinuities, 82
Euclid, 47
Tuler equation, 466
Even functions, 27-28, 201
Existence and uniqueness theorem, 461
Exponents, laws of, 7
Exponential density functions, 573
Exponential function(s), 35¢
with base p, 366-367




definition, 356
derivatives of, 358
integral of, 360-362
as inverse of logarithm function, 356
Exponential growth/decay, 370-376
bacterial growth, 372-373
compound interest, 374-376
population growth, 371-373
radioactive decay, 373-374
Extreme values, 174180
absolute, 175-178
endpoint, 175
finding, 179-180
local, 167-172
critical points, 168-169
derivative, 168
and first-derivative test, 170172

and second-derivative test, 171-172
in max-min problems, 182187, 190-191

Extreme-value theorem, 99-100
proof, A:9

F
Factorials, 7
Factoring formulas, 8
Fibonacei sequence, 554
Figure-cight curve, 152
First-derivative test, 170-172
First mean-value theorem for integrals,
285-286
First-order equations, 443449
Fixed-point property, 101
Fluid force, 327-329
Focus (foci), 491
of ellipse, 470
of hyperbola, 471
of parabola, 470
Folium of Doscartes, 517
Foot-pounds, 321
Force(s)
fluid, 327-329
of gravity, 322-325
limes of, 490491
Free fall, 213-215
Fresnel function, 550
Function(s), 24-30. See also Continuity;
Transcendental functions
absolute value, 25
algebraic, 333
algebraic combinations of, 4142
applications of,
behavior of, as x — oo, 177-178
bounded, 98-99
composition of, 43-45
continuous, 75, 77
critical points of, 168-169
decreasing, 160-165
domain of, 25, 28-29
even, 27-28, 201
‘graphs of, 26-27
image of, 25

increasing, 160165
integrability of continuous, A:11-14
integrability of discontinuous, 267-268
linear combinations of, 41-42

logistic, 454

lower sum of, 236, 238

odd, 27-28, 201

periodic, 37n, 201

period of a, 37n

piccewise defined, 25

polynomial, 32-34

range of, 25

rational, 34-35

sealar multiples of, 41-42

sketching graphs of, 201-208
symmetric, 27-28

trigonometric, 35-39

upper sum of, 236, 238

vertical line test for, 26

Fundamental Theorem of Integral Calculus,

254-258
derivation of; 246-252
proof, 255

Future value, 377

G
Gabricl’s horn, 567
Galileo Galilei, 213
General solution, 445
Geometric mean, 564
Geometric progression, 579
Geometric series, 579-584
Geometry, 8-10
Gompertz equation, 451
Graphs:
of functions, 26-27
of hyperbolic sinefcosinc, 388-389
of inverse functions, 337
of logarithm functions, 345-349
in polar coordinates, 434490
sketching, 201-208
of trigonometric functions, 38-39
Graphing utilities, 27
Gravitational constant, 213-214
Gravity, counteracting force of, 322-325
Greatest lower bound, 530-531, 533-534
Gregory, James, 620
Growth constant, 371

H

Half-angle formulas, 411
Half-life, 373

Half-open (half-closed) interval, 6
Harmonic motion, simple, 216
Harmonic serics, 587

Heaviside function, 90

Higher order derivatives, 127-128
‘Hooke, Robert, 320

Hooke’s law, 320-321

Horizontal asymplotes, 34-35, 197-198
Horizontal line test, 334

INDEX m -3

Horizontal translations, 44
Horscpower, 326
Hyperbola, 22
geometry of, 469471
parametrized, 498499
in polar coordinates, 491
Hyperbolic functions, 388-395
cosecant, hyperbolic, 392
cosine, hyperbolic, 388-391
cotangent, hyperbolic, 392
inverses of, 394-395
secant, hyperbolic, 392
sine, hyperbolic, 388-391
tangent, hyperbolic, 392-394
Hyperbolic reflectors, 476
Hypocyeloid, 524

I
Tdentities, trigonometric, 37-38
iff statements, 48
Image (of function), 25
Implicit differentiation, 147-150
Tmproper integrals, 565571
over unbounded intervals, 565-569
of unbounded functions, 569-571
Improper rational functions, 422
Inclination, 18
Increasing functions, 160-165
Tncreasing sequences, 533-536
Indefinite integrals, 268-273
u-substitution with, 274-277
Independent variable, 25
Indeterminate form(s), 560-563
of type 09, 562
of type 0/0, 554
of type 0*00, 561
of type 1%, 562
of type 00, 562-563
of type 00 — 20, 561-562
of type 00/00, 560-561
Index of refraction, 387
Induction, mathematical, 4951
Inequalities, 5, 11-16
and absolute value, 13-16
triangle incquality, 16
Infinite discontinuities
Infinite limits, 58
Ininite series, 575-600, 606-634
absolute convergence of, 597-598
alternating series, basic theorem on,
598-599
basic comparison theorem for,
589-590
binomial series, 633-634
conditional convergence of, 598
convergence of, 579-580
convergent::
absolute convergence, 597-598
alternating serics, basic theorem o,
598-599
basic comparison theorem, 589-590
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Infinite series (continued )
conditional convergence, 598
integral test, 585-588
A term of, 583
limit comparison theorem for, 590-591
power scries, 617-622
properties, 582-584
ratio fest, 595-596
root test for, 593-594

definition, 578
divergence of, 580-584
test for, 583
divergence test for, 583
divergent::
basic comparison theorem for, 589-590
limit comparison theorem for,
590-591
ratio test for, 595-596
root test for, 593-594
geometric series, 580-584
integral test for, 585-588
limit comparison theorem for, 590-591
partial sums of, 578-579
power series, 616-622
convergence/divergence of, 617622
definition, 617
differentiation of, 623-626
integration of; 627-631
Taylor scrics vs., 631-632
ratio test for, 595-596
rearrangements of, 600
root test for, 593-594
sigma notation for, 575-577
sum of; as limit, S78-579
‘Taylor series::
poveer series vs., 631-632
inx, 606-611
inx-a, 613-616

Initial position, 213

Initial-value problems, 446

Initial velocity, 213

Tntegers, 4

Integrability, 266

of continuous functions, A:11-14
of discontinuous functions, 267-268
Integral(s):
and antiderivative, 254-257
definite, 237-245
definition, 237
distance, caleulation of, 236-237
formulas for, 239, 242
general properties of, 281-284
notation, 239
Riemann sums, 243-243
u-substitution with, 277-279
of exponential function, 360-362
fundamental theorem of integral caleutus for
evaluation of, 254-258
255,285-286
derivation, 246-252
improper, 565-571

over unbounded intervals, 565-569
of unbounded functions, 569-571
indefinite, 268-273
u-substitution with, 274-277
as limit of Riemann sums, A:14
linearity of, 257-258
mean-value theorems for, 253
first, 2
second, 287-289
Riemann, 244
Integral curves, 451
Integral sign, 240
Integral tables, 400
Integral test, 585-588
Tntegrand, 240
Integrating factors, 445
Integration, 237
area problems using, 260-264
calculating areas by, with respect to y,
292-295
constant of, 268
of discontinuous functions, 245
formulas for, 398-399
of logarithm functions, 349-352
numerical, 433-440
with partial fractions, 423429
by parts, 402-408
of power series, 627-631
with rationalizing substitutions,

521

symmetry in, 283-284
term-by-term, 627-631
of trigonometric functions, 350-352
by trigonometric substitution, 417-421
Intercepts (of line), 18, 19
Interest, compound, 374-376
Interior points (on an interval), 6
Tntermediate-value theorem(s), 97-99, A:8
proof, A:9
Intersections, 500
Interval(s), 6
continuity on, 88
of convergence, 618-622
Tnverse functions, 334-340
continuity of, 337-340, A:10
definition, 334
differentiability of, 339, A:10
graphs of, 337
hyperbolic functions, 394-395
notation for, 335, 394
one-to-one functions, 334-337
trigonometric functions, 378-385
arc cosecant, 384-385
arc cosine, 383
arc cotangent, 383
arc secant, 384-385
arc sine, 378-381
arc tangent, 381-383, 628-629
Inverted cycloid, 525
Trrational numbers, 4-5
Tsosceles triangles, 24

J
Joules, 321
Jump discontinuities, 83

K
Kinetic energy, 217

L
Lagrange, Joseph-Louis, 106n, 197, 605
Lagrange formula for the remainder,

Laplace transforms, 572-573
Latus rectum (of parabola), 476
Least-time curve, 526
Least upper bound, 528-530
of sequence, 533534
Least upper bound axiom, 529-530
Left-hand limit(s), 70-71
Leibniz, Gottfried Wilhelm, 3
Leibniz notation, 124-125, 340
Lemniscate, 151, 482, 488
L'HUpital, G. E A, 554n
LHépital’s rule, 555-558, 563
Limagon, 488
Limit(s), 54-82 ]
definition of, 6471
existence of, 77-78
idea of, 54-56
infinite, 58 ]
of integration, 240 1
left-hand, 70-71 i
Tower, 240 }
nonexistent, 60 g
one-sided, 56-57, 70-71, 79 ‘
right-hand, 70-71 J
of sequences, 536-538 “
definition, 538
theorems, $36-539
stability of, 545 ;
theorems involving, 73-79, 81-82 :
trigonometric, 92-96 \
uniqueness of, 73 }
upper, 240 1
Limit comparison theorem, 590-591 3
Line(s), 18-21
distance between point and, 472
equations for, 19
equipotential, 491
of force, 490-491
intercepts of, 18, 19
normal, 113
parallel, 19
parametrized, 497-498
perpendicular, 19
perpendicular bisector of, 24
slope of; 18
straight, 497-498
tangent, 106, 109-110
Linear combination, 116
Linearity of integral, 257-258
Linear polynomials, 32-34




Local extreme values, 167-172
critical points, 168-169
derivative, 168
and first-derivative tost, 170172
and second-derivative test, 171-172
Local maximum, 167-168
Local minimum, 167-168
Logarithm function, 342-354
definition, 344
differentiation of, 347-349, 354
graphing, 345-349
integration of, 349-352
as inverse of exponential function, 356
natural, 344
range of, 343
and trigonometric functions, 350-352
Logarithmic differentiation, 352-354
Logarithm of x to the base p, 367-368
Logistic equation, 454
Logistic functions, 454
Lower bound, 7, 530-531
greatest, 530-531, 533-534
Lower limit, 240
Lower sum, 236-238

M
m x 1 matrix, A4
Maclaurin, Colin, 607
Maclaurin series, 607
Major axis (of cllipse), 470
Mapping, 25
Marginal cost, 228
Marginal profit, 228
Marginal revenue, 228
Mass moment, 289
Mathematical induction, 49-51
Mathematical proof, 47-48
Matrices, A:3-6
Maxinum:
absolute, 175-176
endpoint, 1 74-175
Tocal, 167-168
Max-min problems, 182187, 190-191
Mean:
arithmetic, 17
of probability density function, 573
Mean-value theorem(s), 154-158
Cauchy, 557-558
for integrals, 253
first mean-value theorem, 285286
second mean-value theorem, 287-289
Median (of triangle), 24
Members (of set), 3
Method of fluxions, 3
Midpoint formula, 18
Minimum;
absolute, 175-176
endpoint, 174-175
local, 167-168
Minor axis (of cllipse), 470
Mirrors, parabolic, 472-474

Mixing problems, 448-449
Monotonic sequences, 534

N
Natural logarith, 368
Natural logarithm functions, 344
Natural numbers, 41
Newton, Sir Isaac, 3
Newtons (unit), 321
Newton-meters, 321
Newton-Raphson method, 229-231
and sequences, 547548
Newton’s Law of Cooling, 447448
Newton's Law of Gravitational Attraction,
139
Nondecreasing sequences, 534
Nonexistent limits, 60
Noninereasing sequences, 534
Normal lines, 113
Norman window, 32
Notation:
for inverse functions, 335
Leibniz, 124-125, 340
sigma, 575-577
Number line, 5
Numerical integration, 433440

(o]
Oblique asymptotes, 201
0dd functions, 27-28, 201
One-sided continuity, 86
One-sided limits, 56-57, 69-71, 79
One-to-one functions, 333-337
continuity of, 337-340
definition, 334
graphs of, 337
horizontal line test for, 334
inverses of, 334-337
One-to-oneness, test for, 336
Open interval, 6
Order (of a differential equation), 443
Ordered pair, 17
Ordinate, 17
Origin, 5,17
Orthogonal curves, 151
Orthogonal trajectories, 151, 458

P
. estimating, 634
Pappus’s theorem on surface area, 523
Pappus’s theorem on volumes, 315-317
Parabola, 22, 469470

in polar coordinates, 491
Parabolic mirrors, 472-474
Parabolic trajectories, 503
Parallel curves, 165
Parallel lines, 19
Parametrized curves, 496-500
definition, 496
intersections/collisions, 500
tangents to, 503-508

INDEX m

Partial fractions, 423429
Partial sums, 578-579
Particular solution, 445
Partitions, 237
regular partition, 245
Period, 37
Periodic functions, 37x, 201
Periodicity of trigonometric functions, 37
Perpendicular bisector, 24
Perpendicular lincs, 19
Petal curves, 488
Piecewisc functions, 25
Pinching theorem, 91-93
for sequences, 543-544
Point(s):
continuity at, 82-87
distance between line and, 472
of inflection, 191-193
interior, 6
Polar coordinates, 478-483
area in, 492404
centroids in, 495
ellipse in, 491
graphing in, 484490
hyperbola in, 491
intersection of polar curves, 489-490
parabola in, 491
rectangular coordinates, relation fo,
480482
symmetry in, 482-483
Polygonal path, 509-510
Polynomial functions (polynomials),
32
derivative of, 118-119
Population growth, 371-373
Positive integers, 4
Pover series, 616-622
convergence/divergence of, 617-622
definition, 617
differentiation of, 623-626
integration of, 627-631
Taylor series vs., 631-632
Present value, 377
Pressure, fluid, 327-329
Prime number, 532
Principle of Least Time, 186n
Probability density functions, 573
Product rule, 117-119
Profit function, 228
Proofs, 4748
Proper rational functions, 422423
prserics, 587
Pumping problems, 323-325
Pyramid, volume of, 298
Pythagorean theorem, 13

Q

Quadrants, 17
Quadratic formula, §
Quadratic functions, 33
Quotient rule, 121-122
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Infinite scrics (continued )
conditional convergence, 598
integral test, 585-588
&th term of, 583
limit comparison theorem for, 590-591
power series, 617-622
propertics, 582-584
ratio test, 595-596
root test for, 593-594

definition, 578
divergence of, 580-584
test for, 583
divergence test for, 583
divergent:
basic comparison theorem for, 589-590
limit comparison theorem for,
590-591
ratio test for, 595-596
Toot test for, 593-594
geometric series, 580-584
integral test for, 585-588
limit comparison theorem for, 590-591
partial sums of, 578-579
power serics, 616-622
convergence/divergence of, 617-622
definition, 617
differentiation of, 623-626
integration of, 627-631
Taylor scries vs., 631-632
ratio test for, 595-596
rearrangements of, 600
Toot test for, 593-594
sigma notation for, 575-577
sum of, as limit, 578-579
Taylor serics:
power series vs., 631-632
inx, 606-611
inxa, 613-616
Initial position, 213
Initial-value problems, 446
Initial velocity, 213
Tntegers, 4
Integrability, 266
of continuous functions, A:11-14
of discontinuous functions, 267-268
Tntegral(s).
and antiderivative, 254-257
definite, 237-245
definition, 237
distance, caleulation of, 236-237
formulas for, 239, 242
general properties of, 281-284
notation, 239
Riemann sums, 243-245
u-substitution with, 277279
of exponential function, 360-362
fundamental theorem of integral caleulus for
evaluation of, 254-258
255, 285-286
derivation, 246-252
improper, 565-571

over unbounded intervals, 565-569
of unbounded functions, 569-571
indefinite, 268-273
u-substitution with, 274-277
as limit of Riemann sums, A:14
Tinearity of, 257-258
mean-value theorems for, 253
first, 285-286
sccond, 287-289
Riemann, 244
Integral curves, 451
Tntegral sign, 240
Integral tables, 400
Integral test, 585-588
Integrand, 240
Integrating factors, 445
Integration, 237
area problems using, 260-264
calculating arcas by, with respect to y;
292-295
constant of, 268
of discontinuous functions, 245
formulas for, 398-399
of logarithm functions, 349-352
mumerical, 433-440
with partial fractions, 423-429
by parts, 402-408
of power series, 627-631
with rationalizing substitutions,
430-432

symmetry in, 283-284
term-by-term, 627-631
of trigonometric functions, 350-352
by trigonometric substitution, 417421
Intercepts (of line), 18, 19
Interest, compound, 374-376
Interior points (on en interval), 6
Intermediate-value theorem(s), 97-99, A:8
proof, A:9
Tntersections, 500
Interval(s), 6
continuity on, 88
of convergence, 618-622
Inverse functions, 334-340
continuity of, 337-340, A:10
definition, 334
differentiability of, 339, A:10
graphs of, 337
hyperbolic functions, 394-395
notation for, 335, 394
one-to-one functions, 334-337
trigonometric functions, 378-385
arc cosecant, 384-385
arc cosine, 383
arc cotangent, 383
arc secant, 384-385
arc sine, 378-381
arc tangent, 381-383, 628-629
Inverted cycloid, 525
Irrational numbers, 4-5
Isosceles triangles, 24

J
Joules, 321
Jump discontinuities, 83

K
Kinetic energy, 217

{E
Lagrange, Joseph-Louis, 106x, 197, 605
Lagrange formula for the remainder,

Laplace transforms, $72-573
Latus rectum (of parabola), 476
Least-time curve, 526
Least upper bound, 528-530
of sequence, $33-534
Least upper bound axiom, 529-530
Left-hand limit(s), 70-71
Leibniz, Gottfiied Wilhelm, 3
Leibniz notation, 124-125, 340
Lemniscate, 151, 482, 488
Upital, G. F. A., 554n
L'Hopital’s rule, 555-558, 563
Limagon, 488
Limit(s), 54-82
definition of; 6471
existence of, 77-78
idea of, 54-56
infinite, 58
of integration, 240
left-hand, 70-71
lower, 240
‘nonexistent, 60
one-sided, 56-57, 70-71,79
right-hand, 70-71
of sequences, 536-538
definition, 538
theorems, 536-539
stability of, 545
theorems involving, 73-79, 81-82
trigonometric, 92-96
uniqueness of, 73
upper, 240
Limit comparison theorem, 590-591
Line(s), 18-21
distance between point and, 472
equations for, 19
equipotential, 491
of force, 490491
intercepts of, 18, 19
normal, 113
parallel, 19
parametrized, 497498
perpendicular, 19
perpendicular bisector of, 24
slope of, 18
straight, 497-498
tangent, 106, 109-110
Linear combination, 116
Linearity of integral, 257-258
Linear polynomials, 32-34




Local extreme values, 167172
critical points, 168-169
derivative, 168
and first-derivative test, 170172
and second-derivative test, 171-172
Local maximum, 167-168
Local minimum, 167-168
Logarith function, 342-354
definition, 344
differentiation of, 347-349, 354
‘graphing, 345-349
intepration of, 349-352
as inverse of exponential function, 356
natural, 344
range of, 343
and trigonometric functions, 350-352
Logarithmic differentiation, 352-354
Logarithm of x to the base p, 367-368
Logistic equation, 454
Logistic fanctions, 454
Lower bound, 7, 530-531
greatest, 530-531, 533-534
Lovwer limit, 240
Lower sum, 236-238

M
mx n matrix, A
Maclaurin, Colin, 607
Maclaurin serics, 607
Major axis (of ellipse), 470
Mapping, 25
Marginal cost, 228
Marginal profit, 228
Marginal revenue, 228
Mass moment, 289
Mathematical induction, 49-51
Mathematical proof, 4748
Matrices, A3-6
Maximum:
absolute, 175176
endpoint, 174-175
Tocal, 167-168
Max-min problems, 182-187, 190151
Mean:
arithmetic, 17
of probability density function, 573
Mean-value theorem(s), 154158
Cauchy, 557-558
for integrals, 253
first mean-value theorem, 285-286
second mean-value theorem, 287-289
Median (of triangle), 24
Members (of set), 3
Method of fruxions, 3
Midpoint formula, 1§
Minimum:
absolute, 175-176
endpoint, 174-175
local, 167-168
Minor axis (of cllipse), 470
Mirrors, parabolic, 472-474

Mixing problems, 448-449
Monotonic sequences, 534

N

Natural logarithm, 368

Natural logarithm functions, 344

Natural numbers, 4

Newton, Sir Isaac, 3

Newtons (unit), 321

Newton-meters, 321

Newton-Raphson method, 229-231
and sequences, 547-543

Newton's Law of Cooling, 447-448

Newton’s Law of Gravitational Attraction,

139
Nondecreasing scquences, 534
Nonexistent limits, 60
Noninereasing sequences, 534
Normal lines, 113
Norman window, 32
Notation:
for inverse functions, 335
Leibniz, 124-125, 340
sigma, 575-577

Nurmber line, 5

Numerical integration, 433-440

[e]
Oblique asymptotes, 201
0dd functions, 27-28,201
One-sided continuity, 86
One-sided limits, 56-57, 6971, 79
One-to-one functions, 333-337
continuity of, 337-340
definition, 334
graphs of, 337
horizontal line test for, 334
inverses of, 334-337
One-to-oneness, test for, 336
Open interval, 6
Order (of a differential equation), 443
Ordered pair, 17
Ordinate, 17
Origin, 5, 17
Orthogaonal curves, 151
Orthogonal trajectories, 151, 458

P
, estimating, 634
Pappus’s theorem on surface area, 523
Pappus’s theorem on volumes, 315-317
Parabola, 22, 469-470
in polar coordinates, 491
Parabolic mitrors, 472-474
Parabolic trajectories, 503
Parallel curves, 165
Parallel lines, 19
Parametrized curves, 496-500
definition, 496
intersections/collisions, 500
tangents to, 503-508

INDEX m [-5

Partial fractions, 423-429
Partial sums, 578-579
Particular solution, 445
Partitions, 237
regular partition, 245
Period, 37
Periodic functions, 374, 201
Periodicity of trigonometric functions, 37
Perpendicular bisector, 24
Perpendicular lines, 19
Petal curves, 488
Piecewise functions, 25
Pinching theorem, 91-93
for sequences, 543-544
Point(s):
continuity at, 82-§7
distance betwween line and, 472
of inflection, 191193
interior, 6
Polar coordinates, 478483
area in, 492-494
centroids in, 495
ellipse in, 491
graphing in, 484-490
hyperbola in, 491
interscetion of polar curves, 489490
parabola in, 491
rectangular coordinates, relation to,
480-482
symmetry in, 482-483
Polygonal path, 509-510
Polynomial functions (polynomials),
3234
derivative of, 118-119
Population growth, 371-373
Positive integers, 4
Power scries, 616-622
convergence/divergence of, 617-622
definition, 617
differentiation of, 623-626
integration of, 627-631
Taylor series vs., 631-632
Present value, 377
Pressure, fluid, 327-329
Prime number, 532
Principle of Least Time, 1861
Probability density functions, 573
Product rule, 117-119
Profit function, 228
Proofs, 47-48
Proper rational functions, 422423
peseries, 587
Pumping problems, 323-325
Pyramid, volum of, 298
Pythagorean theorem, 18

Q

Quadrants, 17
Quadratic formula, §
Quadratic functions, 33
Quotient rule, 121122
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Radians, 35-36
Radian measure, 35
Radioactive decay, 373-374
Radius of convergence, 618
Range, 25
of logarithm functions, 343
unbounded, 344
Rates of change per unit time, 217,
218219
Rational bounds for ¢, 364
Rational functions, 34-35
Rationalizing substitutions, 430432
Rational numbers, 4
Rational powers, derivatives of, 149-150
Ratio test, 595-596, 619-620
Real line, 5
Real numbers, 4-7
absolute value of, 5-6
boundedness of, 7
classification of, 4
decimal representation of, 4-5
density of, 5
intervals of, 6
on number line, 5
sequences of, 532-536
Rearrangements, 600
Reciprocal rule, 119-121
Rectangle, 9
Rectangular coordinates, 17-23
distance/midpoint formulas, 18
lines, 18-21
polar coordinates, relation to, 480482
Rectangular solid, 9
Recursively defined sequences, 537
Reflectors:
clliptical, 474475
hyperbolic, 476
Refraction, 387
Removable discontinuitics, 82
Repeating decimals, 4
Representative rectangles, 292-293
Revenue per unit, average, 229
Riemann, Bernhard, 243, 244, 600
Riemann integral, 244
Riemann sums, 243-245
integral as limit of, A:14
Right circular cone, 10
Right circular cylinder, 10
Right cylinder, 296-297
Right cylinder with cross section, 296
Right-hand limits, 70-71
Right triangle, trigonometric functions in terms
of, 38

Rod:
center of mass of, 287-288
mass of, 287

Rolle, Michel, 156

Rolle’s theorem, 156-157

Root test, 593-594, 619

Rotation of axes, A:1

Round-off error, 437
Rule of 72,376

S
Same-time curve, 526
Sealar multiples, derivatives of,
115-116
Scientific and engineering applications:
encrgy
kinetic, 217
halflife, 373
Hooke’s law, 320-321
temperature, 24, 447448
work, 319-323
Secant(s), 36
arc, 384-385
caleulating integrals involving powers and
products of, 414-415
derivative of, 143
hyperbolic, 392
Second degree, equations of, A:1-2
Second-derivative test, 171-172
Second mean-value theorem for integrals,
287-289
Second-order equations, 443
Sectors, 9
Segments, circular, 421
Separable equations, 452-456
applications of, 434436
definition, 452
Sequence(s), 532-536
bounded, 533-534, 540-541
convergent/divergent, 540-541
increasing/decreasing, 533-536
limits of, 538-536
definition, 538
theorems, 539-536
monotonic, 534
and Newton-Raphson method, 547-548
of partial sums, 578-579
pinching theorem for, 543-544
recursively defined, 537
unbounded, 540-541
Series:
alternating, 598-600
with nonnegative terms, 585-591
Set(s), 3-4
Shell method, 306-311, 316
Sigma notation, 575-577
Simple harmonic motion, 216
Sine(s), 36
arc, 378-381
caleulating integrals involving powers and
products of, 411-414
derivative of, 142
hyperbolic, 388-391
limit of, 92
Slope, 18, 106
Snell’s Law of Reftaction, 387
Solids of revolution:
centroid of, 317

disk methed, 300-302

washer method, 302-303
Solution(s):

of differential equations, 443

cxistence and uniquencss of, 461
Solution curves, 451
Speed, 210,217

along plane curve, 514515

of convergence, 585

and distance, 236-237
Sphere, 9

volume of, 301
Spiral, Archimedean, 516
Spiral of Archimodes, 474
Spring constant, 320
Square, 9
Square matrices, A4
Squaring function, 161
Standard deviation, 573
Standard position, 34

of ellipse, 470

of hyperbola, 470

of parabola, 469
Strophoid, 496, 506
Substitution(s):

rationalizing, 430432

trigonometric, 417421
u-substitution, 274-279
Sums:

collapsing, 241

derivatives of, 115-116

Riemann, 243-245

upper/lower, 236-238
Surface(s):

of revolution:

area of, 517-520
centroid of, 525

Surface area, Pappus’s theorem on, 523
Symmetric fnctions, 27-28
Symmetry:

in integration, 283-284

in polar coordinates, 482-483

T
Tangent(s), 36

arc, 381-383, 628-629

calculating integrals involving powers and

products of, 414-415

1o curve, 105-106

derivative of, 143

hyperbolic, 392-394

lines, tangent, 106, 109-110

to parametrized curves, 503-508

vertical, 110, 198-199, 505
Tangent lines, 106
Tautochrone, 526
‘Taylor polynomials in x, 602-606
Taylor series:

power series vs., 631-633

inx, 606-611

inx-a, 613616
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Taylor's theorem, 604-605
Temperature, 24
ambient, 447
‘Term-by-term integration, 627-631
Terminal velocity, 457
Terminating decimals, 4
Theoretical error, 437-440
Torus, 312, 422
Trajectorics:
orthogonal, 458
parabolic, 503
Transcendental functions, 333, 342-354
exponential fanctions, 356-362
with base p, 366-367
definition, 356
derivative of, 358
integral of, 360-362
as inverse of logarithm function,
5

hyperbolic functions, 388-395
cosecant, hyperbolic, 392
cosine, hyperbolic, 388-391
cotangent, hyperbolic, 392
inverses of, 394-395
secant, hyperbolic, 392
sine, hyperbolic, 388-391
tangent, hyperbolic, 392-394

inverse trigonometric funetions,

378-385
arc secant, 384-385
ar sine, 378-381
arc tangent, 381-383

Togarithm function, 342-354
definition, 344
differentiation of, 347-349
graphing, 345-349
integration of, 349-352
natural logarithm function, 344
range of, 343
and trigonometric functions,

350-352
trigonometric functions, 350-352
Translations, 471472
horizontal, 44
vertical, 42-43
‘Transverse axis (of hyperbola), 471
Triangle(s), 8

centroid of, 24

cquilateral, 24

isosceles, 24

median of, 24

trigonometric functions in terms of, 38

Triangle incquality, 16
Trigonometric functions, 35-39
angles, 35
arc tangent, 381-383
calculating integrals involving powers and
products of:
cotangent/cosccant, 415
sinescosines, 411414
tangent/sccant, 414415
derivatives of, 142-145
and chain rule, 144-145
cosecant, 143
cosine, 142
cotangent, 143
secant, 143
sine, 142
tangent, 143
araphs of, 38-39
identities, trigonometric, 37-38
integration of, 350-352
inverse functions, 378-385
arc cosecant, 384-385
arc cosine, 383
arc cotangent, 383
arc secant, 384-385
ar sine, 378-381
arc tangent, 381-383, 628-629
periodicity of, 37
in terms of arbitrary triangle, 38
in terms of right triangle, 3§
values of, 37
‘Trigonometric limits, 92-96
Trigonometric substitutions, 417-421
Triple zero, 139

u
Unbounded divergence, 579
Unbounded functions, 95
integrals of, 569-571
Unbounded range, 344
Uniform circular motion, 217
Uniformly continuous functions,
Al
Unit eircle, 35, 37
Unit circle relations, 411
Unit pulse function, 90
Upper bound, 7, 528
least, 528-530, 533-534
Upper limit, 240
Upper sum, 236-238
u-substitution, 274-279
with definite integrals, 277-279

INDEX m -7

of fatx, 25

of trigonometric functions, 37
Variables, 25
Velocity, 209-213

angular, 217

average, 210

initial, 213

terminal, 457
Verhulst, P. E, 454
Vertex (vertices):

of ellipse, 470

of hyperbola, 471

of parabola, 470
Vertical asymptotes, 34-35, 195-198
Vertical cusps, 199
Vertical line test, 26
Vertical tangents, 110, 198199, 505
Vertical translation, 42-43
Volume(s):

Pappus’s theorem on, 315-317

by parallel cross scctions, 206-304

by shell method, 306-311

Wallis sine formulas, 416
Washer method, 302-303, 315
Water, weight density of, 328
Watts, 326
Weight density, 328
Weighted average, 287
Well-defined sets, 4
Whispering chambers, 475
Work, 319-323

and Hooke’s law, 320-321

per unit of time, 326

tank, pumping out, 323-325
Wronskians, 461-462

X
x-axis, 17

x-coordinate, 17

x-term, elimination of, A:2-3

Y
yeaxis, 17
y-coordinate, 17

Z
Zeno's paradox, 575, 584
Zeroes, 48
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