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Preface
to the Fifth Edition

SOME HISTORY

As I tecall, it was in 1948 that Mark Morkovin, a colleague in engineering, ap-
proached me to suggest that I write a text for engineering students needing to proceed
beyond elementary calculus to handle the new applications of mathematics. World
War II had indeed created many new demands for mathematical skills in a variety
of fields. :

Mark was persuasive and I prepared a book of 265 pages, which appeared in
lithoprinted form, and it was used as the text for a new course for third-year students.
The typesetting was done using a “varityper,” a new typewriter that had keys for
mathematical symbols.

In the summer of 1949 I left Ann Arbor for a sabbatical year abroad, and
we rented our home to a friend and colleague Eric Reissner, who had a visiting
appointment at the University of Michigan. Eric was an adviser to a new publisher,
Addison-Wesley, and learned about my lithoprinted book when he was asked to
teach a course using it. He wrote to me, asking that I consider having it published
by Addison-Wesley.

Thus began the course of this book. For the first edition the typesetting was
carried out with lead type and I was invited to watch the process. It was impressive to
see how the type representing the square root of a function was created by physically
cutting away at an appropriate type showing the square root sign and squeezing type
for the function into it. How the skilled person carrying this out would have marveled
at the computer methods for printing such symbols!



ABOUT THIS EDITION

This edition differs from the previous one in that the chapter on ordinary differential
equations included in the third edition but omitted in the fourth edition has been
restored as Chapter 9. Thus the present book includes all the material present in the
previous editions, with the exception of the introductory review chapter of the first
edition.

A number of minor changes have been made throughout, especially some up-
dating of the references.

The purpose of including all the topics is to make the book more useful for
reference. Thus it can serve both as text for one or more courses and as a source of
information after the courses have been completed.

ABOUT THE BOOK

The background assumed is that usually obtained in the freshman-sophomore calcu-
lus sequence. Linear algebra is not assumed to be known but is developed in the first
chapter. Subjects discussed include all the topics usually found in texts on advanced
calculus. However. there is more than the usual emphasis on applications and on
physical motivation. Vectors are introduced at the outset and serve at many points
to indicate geometrical and physical significance of mathematical relations.

Numerical methods are touched upon at various points, both because of their
practical value and because of the insights they give into the theory. A sound level
of rigor is maintained throughout. Definitions are clearly labeled as such and all
important results are formulated as theorems. A few of the finer points of real variable
theory are treated at the ends of Chapters 2, 4, and 6. A large number of problems
(with answers) are distributed throughout the text. These include simple exercises
as well as complex ones planned to stimulate critical reading. Some points of the
theory are relegated to the problems, with hints given where appropriate. Generous
references to the literature are given, and each chapter concludes with a list of books
for supplementary reading. Starred sections are less essential in a first course.

TOPICAL SUMMARY

Chapter 1 opens with a review of vectors in space. determinants, and linear equa-
tions, and then develops matrix algebra, including Gaussian elimination, and
n-dimensional geometry, with stress on linear mappings. The second chapter takes up
partial derivatives and develops them with the aid of vectors (gradient, for example)
and matrices; partial derivatives are applied to geometry and to maximum-minimum
problems. The third chapter introduces divergence and curl and the basic identities;
orthogonal coordinates are treated concisely; final sections provide an introduction
to tensors in n-dimensional space.

The fourth chapter, on integration, reviews definite and indefinite integrals, using
numerical methods to show how the latter can be constructed; multiple integrals are
treated carefully, with emphasis on the rule for change of variables; Leibnitz’s Rule
for differentiating under the integral sign is proved. Improper integrals are also
covered; the discussion of these is completed at the end of Chapter 6, where they are
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related to infinite series. Chapter 5 is devoted to line and surface integrals. Although
the notions are first presented without vectors, it very soon becomes clear how
natural the vector approach is for this subject. Line integrals are used to provide an
exceptionally complete treatment of transformation of variables in a double integral.
Many physical applications, including potential theory, are given.

Chapter 6 studies infinite series without assumption of previous knowledge. The
notions of upper and lower limits are introduced and used sparingly as a simplifying
device; with their aid, the theory is given in almost complete form. The usual tests are
given: in particular, the root test. With its aid, the treatment of power series is greatly
simplified. Uniform convergence is presented with great care and applied to power
series. Final sections point out the parallel with improper integrals; in particular,
power series are shown to correspond to the Laplace transform.

Chapter 7 is a complete treatment of Fourler series at an elementary level.
The first sections give a simple introduction with many examples; the approach
is gradually deepened and a convergence theorem is proved. Orthogonal functions
are then studied, with the aid of inner product, norm, and vector procedures. A
general theorem on complete systems enables one to deduce completeness of the
trigonometric system and Legendre polynomials as a corollary. Closing sections
cover Bessel functions, Fourier integrals, and generalized functions.

Chapter 8 develops the theory of analytic functions with emphasis on power
series, Laurent series and residues, and their applications. It also provides a full
treatment of conformal mapping, with many examples and physical applications
and extensive discussion of the Dirichlet problem.

Chapter 9 assumes some background in ordinary differential equations. Linear
systems are treated with the aid of matrices and applied to vibration problems. Power
series methods are treated concisely. A unified procedure is presented to establish
existence and uniqueness for general systems and linear systems.

The final chapter, on partial differential equations, lays great stress on the rela-
tionship between the problem of forced vibrations of a spring (or a system of springs)
and the partial differential equation

pity 4 hu, — kzvzu =[x, y,z,1).

By pursuing this idea vigorously the discussion uncovers the physical meaning of the
partial differential equation and makes the mathematical tools used become natural.
Numerical methods are also motivated on a physical basis.

Throughout, a number of references are made to the text Calculus and Linear
Algebra by Wilfred Kaplan and Donald J. Lewis (2 vols., New York, John Wiley &
Sons, 1970-1971), cited simply as CLA.

SUGGESTIONS ON THE USE OF THIS BOOK AS THE TEXT FOR A COURSE

The chapters are independent of each other in the sense that each can be started with
a knowledge of only the simplest notions of the previous ones. The later portions
of the chapter may depend on some of the later portions of earlier ones. It is thus
possible to construct a course using just the earlier portions of several chapters. The
following is an illustration of a plan for a one-semcster course, meeting four hours



aweek: 1.1t0 1.9, 1.14, 1.16, 2.1 10 2.10, 2.12 t5 2.18, 3.1 t0 3.6, 4.1 t0 4.9, 5.1
to 5.13,6.1t0 6.7, 6.11 to 6.19. If it is desired that one topic be stressed, then the
corresponding chapters can be taken up in full detail. For example, Chapters 1, 3, and
5 together provide a very substantial training in vector analysis; Chapters 7 and 10
together contain sufficient material for a one-semester course in partial differential
equations; Chapter 8 provides sufficient text for a one-semester course in complex
variables.

T express my appreciation to the many colleagues who gave advice and encour-
agement in the preparation of this book. Professors R. C. F. Bartels, F. E. Hohn,
and J. Lehner deserve special thanks and recognition for their thorough criticisms
of the first manuscript; a number of improvements were made on the basis of their
suggestions. Others whose counsel has been of value are Professors R.V. Churchill,
C. L. Dolph, G. E. Hay, M. Morkovin, G. Piranian, G. Y. Rainich, L. L. Rauch,
M. O. Reade, E. Rothe, H. Samelson, R. Buchi, A. J. Lohwater, W. Johnson, and
Dr. G. Béguin.

For the preparation of the third edition, valuable advice was provided by Pro-
fessors James R. Arnold, Jr., Douglas Cameron, Ronald Guenther, Joseph Horowitz,
and David O. Lomen. Similar help was given by Professors William M. Boothby,
Harold Parks, B. K. Sachveva, and M. Z. Nashed for the fourth edition and by Pro-
fessors D. Burkett, S. Deckelman, L. Geisler, H. Greenwald, R. Lax, B. Shabell and
M. Smith for the present edition.

To Addison-Wesley publishers T take this occasion to express my appreciation
for their unfailing support over many decades. Warren Blaisdell first represented
them, and his energy and zeal did much to get the project under way. Over the
years many others carried on the high standards he had set. I mention David Geggis,
Stephen Quigley, and Laurie Rosatone as ones whose fine cooperation was typical
of that provided by the company.

To my wife [ express my deeply felt appreciation for her aid and counsel in
every phase of the arduous task and especially for maintaining her supportive role
for this edition, even when conditions have been less than ideal.

Wilfred Kaplan
Ann Arbor, Michigan
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1

Vectors and Matrices

1.1 INTRODUCTION

Our main goal in this book is to develop higher-level aspects of the calculus. The
calculus deals with functions of one or more variables. The simplest such functions
are the linear ones: for example, y = 2x + S and 7z = 4x + 7y + 1. Normally, one
is forced to deal with functions that are not linear. A central idea of the differential
calculus is the approximation of a nonlinear function by a linear one. Geometrically,
one is approximating a curve or surface or similar object by a tangent line or plane
or similar linear object built of straight lines. Through this approximation, questions
of the calculus are reduced to ones of the algebra associated with lines and planes—
linear algebra.

This first chapter develops linear algebra with these goals in mind. The next
four sections of the chapter review vectors in space, determinants, and simultancous
linear equations. The following sections then develop the theory of matrices and
some related geometry. A final section shows how the concept of vector can be
generalized to the objects of an arbitrary *“vector space.”

1.2 VECTORS IN SPACE

We assume that mutually perpendicular x, y, and z axes are chosen as in Fig. 1.1,
and we assume a common unit of distance along these axes. Then every point P in
space has coordinates (x, y, z) with respect to these axes, as in Fig. 1.1. The origin
O has coordinates (0, 0, 0).
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Figure 1.1  Coordinates in space.

A vector v in space has a magnitude (Iength) and direction but no fixed location.
We can thus represent v by any one of many directed line segments in space, all
having the same length and direction (Fig. 1.1). In particular, we can represent v by
the directed line segment from O to a point P, provided that the direction from O to
P is that of v and that the distance from O to P equals the length of v, as suggested
in Fig. 1.1. We write simply

v=0P. (L.1)

The figure also shows the components v,, v,, v, of v along the axes. When (1.1)
holds, we have

U, =x, vy =Y, v, = 2. (1.2)

We assume the reader’s familiarity with addition of vectors and multiplication

of vectors by numbers (scalars). With the aid of these operations a general vector v
can be represented as follows:

v=u,d+v,j+ vk (1.3)

Herel, j, k are unit vectors (vectors of length 1) having the directions of the coordinate
axes, as in Fig. 1.2. By the Pythagorean theorem, v then has magnitude, denoted by

[v|, given by the equation
lv|=,/vZ+ vg + v2. (1.4)

In particular, for v = 5}3 the distance of P: (x, y, z) from O is

OBl = T F s
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Figure 1.3  Definition of dot product.

More generally, for v = P P, where P, is (x1, y1, z;) and P, is (x3, y2, 22), one has
v = 0P, — OP;, = (x» — x)i + - - - and the distance between P; and P; is

d=1v|=|P Pl =V — 012+ (2= n)P* + (22 — 21)% (1.6)

The vector v can have 0 length, in which case v = oP only when P coincides
with 0. We then write

v=0 1.7

and call v the zero vector.
The vector v is completely specified by its components vy, vy, v,. It is often
convenient to write

vV = (Vx, Uy, V;) (1.8)

instead of Eq. (1.3). Thus we think of a vector in space as an ordered triple of
numbers. Later we shall consider such triples as matrices (row vectors or column
vectors).

The dot product (or inner product) of two vectors v, w in space is the number

v-w=|v||w|cosb, (1.9)

where 6 = <(v, w), chosen between 0 and = inclusive (see Fig. 1.3). When v or w
is 0, the angle 6 is indeterminate, and v - w is taken to be 0. We alsohave v-w =0
when v, w are orthogonal (perpendicular) vectors, v .. w. We agree to say that the 0
vector is orthogonal to all vectors (and parallel to all vectors). With this conventi’
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Figure 1.4 Component.

we can state:
v-w=0 precisely when v .l w. (1.10)
The dot product satisfies some algebraic rules:

u-v=v-u, u-(v+w)=u-vi+u-w, (1.11)
u-(evy=(u)-v=c(u v), u-u=u

Here ¢ is a scalar.
In Eq. (1.9) the quantity |v|cos# is interpreted as the component of v in the
direction of w (see Fig. 1.4):

comp,, v = |v|cos 6. (1.12)

This can be positive, negative, or O.

The angles «, 8, and y, between v (assumed to be nonzero) and the vectors i,
J, and Kk, respectively, are called direction angles of v; the corresponding cosines
cosa, cos B, cos y are the direction cosines of v. By Egs. (1.9) and (1.12) and
Fig. 1.2,

v-i=|v|cosa = comp; v =v,,
v-j=|v|cos B =comp; Vv = vy, (1.13)
v-k = |v|cosy = comp, V = v,.

Accordingly,

v
cosa = —1—)——, cosff = —=, cosy = E. (1.14)
vl vl vl

Thus the vector (1/|v|)v has components cos «, cos B, cos y; we observe that this
vector is a unit vector, since its length is (1/|v[)|v] = 1.
Sincei-i=1,i-j =0, etc., we can compute the dot product of

u=uitujtuk and v=vi+vj+vk
as follows:
-V = (i 4w+ u k) - (v 4 vyj+ vk
=u it uvi-j+ -
Here we use the rules (1.11). We conciude: |

-V = U U U, ugy,. (1.15)
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Figure 1.5  Vector product.

The vector product or cross product u x v of two vectors u, v is defined with
reference to a chosen orientation of space. This is usually specified by a right-handed
xyz-coordinate system in space. An ordered triple of vectors is then called a positive
triple if the vectors can be moved continuously to attain the respective directions of
i, j, k eventually without making one of the vectors lie in a plane parallel to the other
two; a practical test for this is by aligning the vectors with the thumb, index finger,
and middle finger of the right hand. The triple is called negative if the test can be
satisfied by using j, i, k instead of i, j, k. If one of the vectors is 0 or all three vectors
are coplanar (can be represented in one plane), the definition is not applicable.

Now we define u x v = w, where

u-w=0, v-w=0,
|W| = |u| |v|sin®, 6 =<(u,v), (1.16)
u, v, w form a positive triple.

This is illustrated in Fig. 1.5.
The definition breaks down whenu or v is 0 or when 6 = O or (u, v collinear).
In these cases we write u x v = 0. We can say simply:

ux v=0 precisely when u|v. (1.17)

From Eq. (1.16) we observe that

jw| = [u x v| = [u] |v|siné8
(1.18)
= area of parallelogram of sides u, v,
as illustrated in Fig. 1.5.
The vector product satisfies algebraic rules:
UXV=—-VXUWux(V+W)=uxv+uoxw,
u X (cv) = (cu) x v =c(u x v),
uxu=290, (1.19)
ux(vxw=(u -wy-—(u-vw,
xVv)xw=(@-wyv—(v-whu.
The last two rules are described as the identities for vector triple products.
Sincei xi=10,i x j=Kk.,i x k = —}j, and so on, we can calculate u x v as

i+ u,j+uk)x i+ v j+v.k)=uwvixi+uvixj+- -
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and conclude:
u X V= {u,v: —u-v )i+ (v, —uv)j+ (uv, —u,vk (1.20)
This can also be written as a determinant (Section 1.4):
i §j k|
uxv=lu, u, ul 1.21)

v, Uy U

Here we expand by minors of the first row.

From the rules (1.19) we see that, in general, u x v # v x uandu x (v x w) #
(u xv)xw.

For further discussion of vectors, see Chapter 11 of CLA.!

1.3 LINEAR INDEPENDENCE = LINES AND PLANES

Two vectors u, v in space are said to be linearly independent if they cannot be
represented by directed line segments on the same line. Otherwise, they are said to
be linearly dependent or collinear (see Fig. 1.6). When u or v is 0, the vectors are
considered to be linearly dependent. We thus see that u, v are linearly dependent
precisely whenu x v = 0.

Three vectors u, v, w in space are said to be linearly independent when they
cannot be represented by directed line segments in the same plane. Otherwise, they
are said to be linearly dependent or coplanar (see Fig. 1.7).

We can include both these cases in a general definition: Vectors uy, ..., u; in
space are linearly independent if the only scalars ¢y, .. ., ¢, such that
aup+ - e = 0 (1.22)
arec; =0,c,=0,...,¢,=0.

For k = 2, u, and u; are thus hinearly dependent if ¢cu, + c,u; = 0 for some
scalars ¢, c, that are not both 0. If, say, ¢; # 0, then

u = ——u.
2
Thus u, is a scalar times u; and is collinear with u; (if ¢, = 0 or u; = 0, then u,
would be 0). Conversely, if u, u, are collinear, then u; —ku; = 0oru; —ku, =0
for some scalar k. Thus the new definition agrees with the old one.
Similarly, for k = 3, u;, u,, u; are linearly dependent if c,u; + ¢c,u; +c3u; = 0
for some scalars ¢, ¢;, ¢3 that are not all 0. If, for example, ¢3 # 0, then

Thus u; is a linear combination of u, and u, so the three must be coplanar (Fig. 1.8).

"The work Calculus and Linear Algebra by the author and Donald J. Lewis, 2 vols. (New York: John Wiley
and Sons, Inc., 1970-1971), will be referred to throughout as CLA.
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(a) (b)

Figure 1.6  (a)Linearly independent vectors u, v. (b) Linearly dependent
vectors u, v.

(a) (b)

Figure 1.7  (a) Linearly independent vectors u, v, w. (b) Linearly depen-
dent vectors u, v, w.

Figure 1.8 The vector u; as a linear combination of u;, u,.

Conversely, if the three vectors are coplanar, then it can be verified that one
mnust equal a linear combination of the other two, say, u3 = kju, + k;u, and then
kjuy + kua — lu; = 0, so the vectors are linearly dependent by the new definition.
Again the two definitions agree.

What about four vectors in space? Here the answer is simple: They must be
linearly dependent. Let the vectors be u,, u,, us, u4. There are then two possibilities:
(a) uy, uy, u; are linearly dependent, and (b) uy, u,, uj are linearly independent. In
case (a),

Uy + o + 3y = 0
for some scalars ¢, ¢;. ¢z not all 0. But then
U + Coth + ¢33 + Ouy = 0,

with not all of ¢, ¢z, ¢3 equal to 0. Thus uy, uz, uy, wy are linearly dependent. In
case (b), uy, u,, u; are not coplanar and hence can be represented by the directed
edges of a parallelepiped in space, as in Fig. 1.9. From this it follows that u4 can
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coly

) cu

Figure 1.9  Expression of uy as a linear combination of u;, u;, us.

be represented as ¢;u; + c;u; + c3u; for appropriate ¢y, ¢, ¢, as in the figure; this
is analogous to the representation of v in terms of 1, j, k in Eq. (1.3) and Fig. 1.2.
Now

cau oy ey —uy = 0,

so that again uy, ..., u4 are linearly dependent.

Accordingly, there cannot be four linearly independent vectors in space. By
similar reasoning we see that for every k greater than 3 there is no set of & linearly
independent vectors in space.

However, for k < 3 there are k linearly independent vectors in space. For
example, i, j is such a set of two vectors, and i, j, k is such a set of three vectors.
(We can also consider i by itself—or any nonzero vector—as a set of one linearly
independent vector.)

Every triple u;, u;, u; of linearly independent vectors in space serves as a basis
for vectors in space; that is, every vector in space can be expressed uniquely as a
linear combination ¢,u; + c;u; + c3us, as in Fig. 1.9.

We call i, j, k the standard basis. The equation v = v,i + v,j + vk is the
representation of v in terms of the standard basis.

We observe that one could specialize the discussion of linear independence
to »wo-dimensional space—that is, the xy-plane. Here there are pairs of linearly
independent vectors, and each such pair forms a basis; i, j is the standard basis.
Every set of more than two vectors in the plane is linearly dependent.

Planes in space. 1f Py: (x1, yi, z1) is a point of a plane and n = Ai+ Bj+ Ckisa
nonzero normal vector (perpendicular to the plane), then P: (x, y, z) is in the plane
precisely when

n. W =0 1.23)
or
Ax—x)+B(y—-y)+Clz-z1)=0 (1.24)
(see Fig. 1.10). Equation (1.24) can be written as a linear equation

Ax+By+Cz+D =0 (1.25)
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I

o L

Figure 1.10  Plane.

Figure 1.11  Line, distance s as parameter.

and every linear equation (1.25) (4, B, C not all 0) represents a plane, with n =
Ai + Bj + CKk as normal vector.

Lines in space. 1f Pi: (x1, y1, z;)isapoint of aline and v = ai+ bj+ ck is a nonzero
vector along the line (that is, representable by a directed line segment joining two
points of the line), then P: (x. y, z) is on the line precisely when

vx PP =0, (1.26)

that is, when v and F]? are linearly dependent. Since v # 0, W must be a scalar
times v:

PP =1tv, 1.27)

where ¢ can be any number. From Eq. (1.27) we obtain parametric equations of the
line:

x = x| +at, y =y + bt, z=z1+ct, —-oco0o<t<oo (1.28)

If v happens to be a unit vector, then | P, ﬁl = |t|, so that ¢ can be regarded as a
distance coordinate along the line. In this case we usually replace ¢ by s, so that

x =x; +as, y =y +bs, z=2z1+cs, —oo<s<oo, (129

as in Fig. 1.11.

1.4 DETERMINANTS
For second-order determinants, one has the formula

a b

o g|=ad—bc (1.30)
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Then higher-order determinants are reduced to those of lower order. For example,

a
a
as
ag

aj
)
a3
by
by
by
by

by
by
b3

C|
4}
3
Cy

Cy
)
3
d;
d>
d;
dy

=al

by
bs

b,
by
by

2 _p |9 Q|19 2l gy
€3 a ay by

o dy a c d>

c; di|—by|lazs ¢3 dy|+---. (1.32)
Cy4 d4 ag €4 d4

From these formulas, one sees that a determinant of order n is a sum of terms, each
of which i1s 1 times a product of n factors, one each from the n columns of the
array and one each from the n rows of the array. Thus from (1.31) and (1.30), one
obtains the six terms

a\brcy — a\byc; — biarcs + biascy + carbs — cjazb;.
We now state six rules for determinants:

1. Rows and columns can be interchanged. For example,

ai by ¢ a a; a
a b2 G| = b] bz b3 .
as b3 C3 cp € O3

Hence in every rule the words row and column can be interchanged.
1. Interchanging two rows (or columns) multiplies the determinant by —1. For

example,
a b ¢ a b o
ap bz G| = —|a bl C|.
a3 by ¢ a by
HI. A factor of any row (or column) can be placed before the determinant. For
example,
kal kb| k(‘] a b] C|
a b2 C) | = k a b2 Cy .
a b o ay by

IV. If two rows (or columns) are proportional, the determinant equals 0. For
example,

kﬂl kbl kCl
a b, Cy
a b o

=0.

V. Determinants differing in only one row (or column) can be added by adding
corresponding elements in that row and leaving the other elements un-
changed. For example,

a) b] C]r Al b‘ C| al+A] bl Cy
a b2 ¢ |+ Az b2 G|l =|a + Ag b2 Ca.
a; by ¢ Ay by o a3+ Ay by o
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V1. The value of a determinant is unchanged if the elements of one row are
multipled by the same quantity k and added to the corresponding elements
of another row. For example,

a by ¢ ay+kay by +kby c +kc;
a bz Cr| = a b2 Co
ay by 3 az b, c3

By a suitable choice of k, one can use this rule to introduce zeros; by repetition of
the process, one can reduce all elements but one in a chosen row to 0. This procedure
is basic for numerical evaluation of determinants. (See Section 1.10.)

From Rule IT one deduces that a succession of an even number of interchanges of
rows (or of columns) leaves the determinant unchanged, whereas an odd number of
interchanges reverses the sign. In each case we end up with a permutation of the rows
(or columns) which we term even or odd according to the number of interchanges.

From an arbitrary determinant, one obtains others, called minors or the given
one, by deleting k rows and £ columns. Equations (1.31) and (1.32) indicate how
a given determinant can be expanded by minors of the first row. There is a similar
expansion by minors of the first column or by minors of any chosen row or column.
In the expansion, each element of the row or column is multiplied by its minor
(obtained by deleting the row and column of the element) and by 1. The =% signs
follow a checkerboard pattern, starting with + in the top left corner.

From three vectors u, v, w in space, one obtains a determinant

Uy Uy U
D= v, v, v (1.33)
wy w, w,
One has the identities
D=u-vXw=w-uXV=V-wXxu (1.34)

The vector expressions here are called scalar triple products. The equality D =
u - v x w follows from expansion of D by minors of the first row and the formula
(1.20) applied to v x w. The other equalities are consequences of Rule II for inter-
changing rows.

In (1.34), one can also interchange - and x. For example,

U-VXW=UXV- W,

since the right-hand side equals w - u x v. Also, interchanging two vectors in one
of the scalar triple products changes the sign:

u-wxv=u-(—I)(vxw)=—-u-vxw.

The number D in (1.34) can be interpreted as plus or minus the volume of a
parallelepiped whose edges, properly directed, represent u, v, w as in Fig. 1.12. For

D = |w| |u x v|cos ¢,

where |w| cos ¢ is the altitude h of the parallelepiped (or the negative of 4 if ¢ >
7 /2), as in Fig. 1.12. Also, |u x v| is the area of the base, so that D is indeed =
the volume. One sees that the 4+ holds when u, v, w form a positive triple and

11
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Figure 1.12  Scalar triple product as volume.

Figure 1.13  Parallelogram formed by u, v.

that the — holds when they form a negative triple. When the vectors are linearly
independent, one of these two cases must hoid. When they are linearly dependent,
the parallelepiped collapses, and D = O; in the case of linear dependence, either u
orv x wis D, or else the angle ¢ is 7 /2.

Thus we have a useful test for linear independence of three vectors, u, v, w in
space: They are linearly independent precisely when D # 0.

This discussion can be specialized to two dimensions. For two vectors u, v in
the xy-plane, one can form

u u,
D=t )
vy Uy

Nowu x v = (u,v, — uyv,)k = Dk. Thus
D = £|u x v| = *(area of parallelogram), (1.35)

where the parallelogram has edges u, v as in Fig. 1.13. Again D = 0 precisely when
u, v are linearly dependent. We observe that

D=uxv-k

and hence D is positive or negative according to whether u, v, k form a positive triple.
We verify that if ¢ is the angle from u to v (measured in the usual counterclockwise
sense for angles in the plane), then the triple is positive for 0 < ¢ < 7 and negative
form<¢p<2n.InFig. 1.13, u=3i+j,v=i—j,clearly m <¢ <27,and D =
'3 _l = —4; the triple is negative.

For proofs of rules for determinants, see Chapter 10 of CLA and the book by
Cullen listed at the end of the chapter.
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1.5 SIMULTANEOUS LINEAR EQUATIONS

We consider a system of three equations in three unknowns:
anx +any +ainz =k,
axx +axy+anz =k, (1.36)
431X + ayy +anz = k;.

With this system we associate the determinants

ay ap a3 ki apn an
D =|ay an an| Dy =ky axpn an|
a3 an asxn ky an an (1.37)
ay ki aps a;; ap k
Dy =lay k» an), D3 =|ay an k|
ayr ki asn ay ayp k3
Cramer’s Rule asserts that the unique solution of (1.36) is given by
D, D, Dy
X = D y= D 2_3, (1.38)

provided that D # 0.
We can derive the rule by multiplying the first equation of (1.36) by ‘37 a2

32 A
(that is, by the minor of @ in D), the second equation by minus the minor of a;;, and

the third by the minor of as,. If we then add the equations, we obtain

dz; dx ay Ay an
X | ap —an
dszy dzs asz dasz ax» an
a a a as
+ylaz|S? Pl -y 4zfan|t? P -
asy dz az; ass
a a
=k 22 23|
asy aszz

The coefficient of x is the expansion of D by minors of the first column. The
coefficient of y is the expansion of

ap dap daps
an ap an|=0

asx; daxp das

and similarly the coefficient of z is 0. The right-hand side is the expansion of D, by
minors of the first column. Hence
Dx = D, (1.39)
and similarly
Dy = D3, Dz = Ds. (1.40)
Thus each solution x, y, z of (1.36) must satisfy (1.39) and (1.40). If D # O, these

are the same as (1.38); we can verify that, in this case, (1.38) does provide a solution
of (1.36) (Problem 15). Thus the rule is proved. °

13
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If D = 0, then (1.39) and (1.40) show that, if there is a solution, then D; = 0,
D, = 0, D; = 0. We reserve discussion of the general case D = 0 to Section 1.10
and here consider only the homogeneous system

aux + apy +anz=0,
ayx +any+anz=0, (1.41)

ayx + apy +azz =0.
Here Dy = 0, D; =0, D; = 0. Thus if D # 0, Egs. (1.41) have the unique solution
x =0, y =0, z=0 (1.42)

called the trivial solution.
On the other hand, if D = 0, then Eqgs. (1.41) have infinitely many solutions.
To show this, we introduce the vectors

vy = ayi +anj +ask,
vy = api +axnj + ank,
vy = api+ anj + ank.

Then XV +Yyva+2v; has components a1 x +ay +a13z,ax +any+axz, ayx+
a3y + a33z. Hence Egs. (1.41) are equivalent to the vector equation

XVy 4+ yv, +2v3 = 0. (1.43)

Now we have assumed that D = 0. It follows that v, v,, v5 are linearly dependent.
For the corresponding determinant,

ViV X V3

equals D with rows and columns interchanged; by Rule I of Section 1.4, this de-
terminant equals D and thus is 0. Therefore vy, v, v3 are linearly dependent, and
numbers ¢y, ¢, ¢3 that are not all 0 can be found such that

C1Vi + vy + ¢c3vy = 0.

Thus x = cif, v = cat,z = c3t, where ¢ is arbitrary, provides infinitely many
solutions of (1.43) and hence of (1.41).

The results established here extend to the general case of n equations in n
unknowns:

anxy +apxy+ - Famx, = ki,

(1.44)
X1 + Xz + c o0+ QuuXn = Ky
Here
ay ap o din
D=|: : (145)

An1 Ap2 ' Qpp
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and Dy, ..., D, are obtained from D by replacing the entries of the first, second, . . .,
nth columns of D by k4, ..., k, as in (1.37). Cramer’s Rule holds: If D # 0, then
Egs. (1.44) have the unique solution

_ D D,

XI_D"”’X"ZE' (1.46)
Ifk, =0,..., k, =0, then Egs. (1.44) are homogeneous and always have the trivial
solution

x1=0,x2=0,...,x,,=0. (1.47)

If D # 0, this is the only solution, If D = 0, then there are infinitely many solutions
of the homogeneous equations.
For further discussion of this topic, see Section 1.10.

PROBLEMS

1. Let points Py: (1.0, 2), P: (2,1, 3), P3: (1,5, 4) be given in space.
a) From a rough graph, verify that the points are vertices of a triangle.
b) Find the lengths of the sides of the triangle.
¢) Find the angles of the triangle.
d) Find the area of the triangle.
e) Find the length of the altitude on side P; P>.
f) Find the midpoint of side P P;.
g) Find the point where the medians meet.
2. Letvectorsu =i—j+2k,v=3i+j— k, w=1i+ 5j + 2k be given.

a) Findu - v. b) Findu x v.

¢) Find |u|. d) Find «(u, v).

€) Find u x (2v + 3w). f) Findu-vxwandv x u-w.
g} Find u x (v x w). h) Find the direction cosines of u.

i) Find comp,,v.

3. a) Show that an equation of the plane through (x1, y|, z1), (x2. ¥2, 22), (x3, ¥3, 23} 18
given by
XX Y=y 272z
x—x1 y2—-yn n2-u|=0
X3—X1 Y3—Yy1 23—
Are there any exceptions?
b) Find an equation of the plane through the points of Problem 1.
4. Let points Py: (1,3, =1), P»: (2, 1,4), P3:(1,3,7), Ps: (5,0, 2) be given.
a) Show that the points do not lie in a plane and hence form the vertices of a tetrahedron.
b) Find the volume of the tetrahedron.

15
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. Test for linear independence:

a) u = 15i — 21k, v = 20i — 28k
byu=i+j-kv=2i+j+kw=7i+5j—k
du=2i+jv=2j+kw=2i+kp=i+j+k

. Find parametric cquations for the line satisfying the given conditions:

a) passes through (2, 1, 0) and (3, 2, ).
b) passes through (1, 1, 2) and is parallel to the line x =2 — 5¢t, y =1+ 2¢t, z = 3¢.
¢) passes through (0, 0, 0) and is perpendicular to the plane Sx — y +z = 2.

d) passes through (1, 2, 2) and is perpendicular to the line x = 1 ++¢t,y =2 -1,z =
34+ trandtothelinex =24++¢,y=5+2t,z=7+4¢.

. Find an equation for the plane satisfying the given conditions:

a) passes through the z-axis and the point (1, 2, 5).

b) passes through (1, 2, 2) and is perpendicular tothe linex =2 —r,y =34 5¢,z =
2 —4r.

¢) passes through the line x = 1 4+ ¢,y = 2+ 3¢,z = 1 4 5¢ and is perpendicular to
the plane 2x + y — z = 0.

. Let line L pass through P) and have nonzero vector v; along the line; let line L, pass

through P, and have nonzero vector v, along the line. Let u = Py P». Use geometric
reasoning for the following:

a) Show that L| and L coincide precisely whenu x v = 0 and vy x v, = 0.

b) Show that L and L, are parallel and noncoincident preciscly when u x v # 0 and
vi X vy =0.

¢) Show that L; and L; intersect at one point precisely when u-v; x v; = 0 and
V| X V) ;ﬁ 0.

d) Show that L, and L, are skewed precisely when u - v| x vo # 0. Show that in this
case the shortest distance between two points on Ly, L is

_ |ll'V| X V2|
[vi x va

. Let L be the line through Py: (1,2, 3)and Pp: (10, 11, 15).

a) Find the trisection points of the segment P P,.
b) Find a point P on L that is not on P; P; and is two units from P;.

Evaluatc the determinants:
3 5 | 1 0 1
a)‘1 _4' b 1o o oo 1 2
1 0 3
2 2 1 s 72 a b ¢
d |1 11 o2 1 41 f) |a> b
3 4 21 =2 3 al b» ol
0 1 4 1

Dctermine whether the ordered triple u, v, w is positive or negative:
aAu=i—-2j-Skv=2i+j—k w=3i+4j+2k
b)u=2i+3j+4k, v=4i+3j+2kw=i+j+k
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Prove the identities:
u-u u-v

2
a) juxv|®= v-u V-V

b)y(uxv)-(wxz)y=u -w)v-z)—(u-z)(v-w)
guxv)yx(uxw=(u-vxwu
duxvxw+vxwxuw+wx@@xv)=90
Solve the simultaneous linear equations:
a)3x—2y=4,x+2y=4

b) S5x —y=4,x+4+2y=3
Ox—y+z=1lx+y—-2=23x+y4+2z=0
d)x—y+2z=0,3x—-y+2z2=0,6x—4y+52=0
Consider the simultaneous equations

ajix +apy =k, anx +any = k.

a) Show that if D # 0, Cramer’s Rule provides the unique solution. Interpret geomet-
rically.
b) Let D = 0, D| # 0. Show geometrically why there is no solution.

¢) Let D =0, D) =0, D, = 0. Show geometrically various cases that can arisc, some
yielding solutions and others yielding no solutions.

Show that for the system (1.36) with D = 0, Cramer’s Rule (1.38) does provide a solution.
[Hint: It suffices to check the first equation of (1.36), since the others are similar. Show
that after substitution from (1.38) it can be written ay, Dy + a12D2 + ayizD3s = k| D.
Show that the left-hand side can be written as

kitan&i —anlp+ailp) + k(-anlda +apln —aps)
+ ki(a1 A3 —anlAn +apiiag).

Now interpret the coefficients of ki, k2, k3 as determinants expanded by minors.]

Let D be as in (1.45).

a) Let a;; = §;;, where §;; = 1 fori = j and §;; = O fori # j. Show that D = 1.
[This is the rule det / = 1, in the notation of Section 1.9.]

b) Leta;; = 1ifi + j = n + | and a;; = 0 otherwise. Show that D = —1.

¢) Let ¢j; = O fori > J, so that the array has “upper triangular form.” Show that
D =ayaxn - apy.

d) It can be shown that

D= 2 £y, @12, Gy

where the sum is over all permutations (ji, ..., ju) of (1,2,...,n)and g .., is 1
for a permutation which is even (obtainable from (1, 2, ..., n) by an even number
of inierchanges of two integers) and is —1 for an odd permutation (odd number of
interchanges). (See Chapter 4 of the book by Perlis listed at the end of the chapter.)
Verify this rule for n = 2 and for n = 3.

17
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1.6 MATRICES

By a matrix we mean a rectangular array of /m rows and »n columns:

a - QA
(1.48)
am cec Qmp
For this chapter (with a very few exceptions) the objects a;1, aj, ..., am, will be

real numbers. In some applications they are complex numbers, and in some they are
functions of one or more variables. We call each a;; an entry of the matrix; more
specifically, a;; is the i j-entry.

We can denote a matrix by asingle lettersuchas A, B, C, X, Y, ....If A denotes
the matrix (1.48), then we write also, concisely, A = (a;;).

Let A be the matrix (a;;) of (1.48). We say that A is an m x n matrix. When
m = n, we say that A is a square matrix of order n. The following are examples of

matrices:
2 35 1 2 1 4
A—[l N 3], B_[4 3], C_[z _3]. (1.49)

Here Ais2 x 3,and B and C are 2 x 2; B and C are square matrices of order 2.
An important square matrix is the identity matrix of order n, denoted by I:

1 0 --- 0
/ 01 6) 5 [1 fori = j, (1.50)
N o Yo fori # j. ’
00 -.- 1

We call §;; the Kronecker delta symbol. One sometimes writes I, to indicate the
order of /, but normally the context makes this unnecessary.

The principal diagonal of a square matrix is formed of the entries ay,
az, ..., ay,. For I, the principal diagonal is 1, 1,..., 1 (n times).

For each m and n we define the m x n zero matrix

0O .- 0
0=|: S (1.51)
0 ... 0

One sometimes denotes the matrix by O,,, to indicate the size—that is, the number
of rows and columns. .

In general, two matrices A = (a;;) and B = (b;;) are said to be equal, A = B,
when A and B have the same size and a;; = b;; for all { and ;.

A 1 x n matrix A is formed of one row: A = (a,, ..., a;,). We call such
a matrix a row vector. In a general m x n matrix (1.48), each of the successive
rows forms a row vector. We often denote a row vector by a boldface symbol: u,
v,...(or, in handwriting, by an arrow). Thus the matrix A in (1.49) has the row
vectors u; = (2, 3,5 and u; = (1, 2, 3).
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Similarly, an m x 1 matrix A is formed of one column:

ayy
A= : . (1.52)

ami

We call such a matrix a column vector. For typographical reasons we sometimes
denote this matrix by col(ay, ..., a,) or even by (a1, ..., an,;), if the context
makes clear that a column vector is intended. We also denote column vectors by
boldface letters: u, v,.... The matrix B in (1.49) has the column vectors v, =
col (1,4) and v, = col (2, 3).

We denote by 0 the row vector or column vector (0, ..., 0). The context will
make clear whether 0 is a row vector or a column vector and the number of entries.

The vectors occurring here can be interpreted geometrically as vectors in
k-dimensional space, for appropriate &. For example, the row vectors or column
vectors with three entries are simply ordered triples of numbers and, as in Section
1.2, they can be represented as vectors ai + bj + cKk in 3-dimensional space. This
interpretation is discussed in Section 1.14.

Matrices often arise in connection with simultaneous linear equations. Let such
a set of equations be given: '

ayxi+ o0 Xy = 1.
: (1.53)

amixy1+ -0 AunXn = Ym.
Here we may think of y|,..., y, as given numbers and x, ..., x,, as unknown
numbers, to be found; however, we may also think of x, ..., x, as variable num-
bers and y,, ..., yn as “dependent variables” whose values are determined by the
values chosen for the “independent variables” xi, ..., x,. Both points of view will
be important in this chapter. In either case we call A = (a;;) the coefficient matrix
of the set of equations. The numbers y,, .. .. y, can be considered as the entries in
a column vector y = col(y...., Vm). The numbers x, ..., x, can be thought of

as the entries in a row vector or column vector X; in this chapter, we usually write
X = col(x,...,x,).

1.7 ADDITION OF MATRICES s SCALAR TIMES MATRIX

Let A = (a;;) and B = (b;;) be matrices of the same size, both m x n. Then one
defines the sum A + B to be the m x n matrix C = (¢;;) such that ¢;; = a,; + b;;
forall i and j; that is, one adds two matrices by adding corresponding entries. For

example,
3 5 1 " 01 0 _|[3 6 1
1 0 -2 2 3 51713 3 3)
Let ¢ be a number (scalar); let A = (a;;) be an m x n matrix. Then one defines
cA tobe the m x n matrix B = (b;;) such that b;; = ca;; for alli and j; thatis, cA

19
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is obtained from A by multiplying each entry of A by c. For example,

O

We denote (—1)A by —A and B +(—A)by B — A.
From these definitions we can deduce the following rules governing the two
operations:

1. A+ B =B+ A. 2. A+(B+C)=(A+B)+C.
3.¢c(A+ B)=cA +cB. 4. (a+b)C =aC + bC.
5. a(bC) = (ab)C. 6. 1A = A. (1.54)
7. 0A = O. 8. A+ 0 =A.
9. A+ C =B ifandonlyif

C=8-A

Throughout, we assume that the sizes of the matrices are such that the operations
have meaning. The proofs are obtained by simply applying the definitions. For
example, for Rule 1 we write

A+ B =(a;;)+ (b)) = (a;; + bij)
= (bij +a;;) = (bij) + (a;j) = B+ A.

PROBLEMS

In these problems the following matrices are given:

o[ el ool el

1 45 1 4
F = 2 0 7], G:[ 0 ] H=(1,0,1), J=(3,52), K=(@3)5),
(3 1 0 2 -1 0 I 4 2 2
L=|2 5 6[ M=]1 2 1 N=|0 3, P=j-1 -1/
L1 4 3 3 2 -1 7 1 3 3

1. a) Give the number of rows and columns for each of the matrices A, F, H, L, and P.
b) Writing A = (a;j), B = (b;;), and so on, give the values of the following entries:
ap, ax, 21, €22, dia, ez, fui, g2, g21, hiz, ma3.
¢) Give the row vectors of C, G, L, and P.
d) Give the column vectors of D, F, L, and N.

2. Evaluate each expression that is meaningful:

a) A+ B. b) C + D. ¢) E+F.
dy L+ M. e) N—P. f) G- F.
g) 5C. h) 2E. i) 3E +4D.

)2C+D—E. k) 3L — N.
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3. Solve for X:
a)C+X =D, b) F -5X =G.
4. Solve for X and Y:
a) X+Y=N,X-Y=P. b) 2X —3Y =L, X -2Y =M.

5. Prove each of the following rules of (1.54):

a) Rule 2. b) Rule 3. ¢) Rule 4. d) Rule 5.
e) Rule 6. f) Rule 7. g) Rule 8. h) Rule 9.

1.8 MULTIPLICATION OF MATRICES

In order to motivate the definition of the product AB of two matrices A and B, we
consider two systems of simultaneous equations:

anuy+ - Faypup =y,
: (1.55)
amiuy + - +ampup:ym-
bixy + o+ bigx, =uy,
: (1.56)
bpixi + -+ bppxn = up.
Such pairs of systems arise in many practical problems. A typical situation is that in
which xy, ..., x,, are known numbers and y,, ..., y, are sought, all coefficients b;;
and a;; being known. The second set of equations allows us to compute u, ..., up;
if we substitute the values found in the first set of equations, we can then find
Y1, - -, Ym- We carry this out for the general case:

yr=anu+---+apup
=ay(buxi 4+ +biuxy) + -+ apbpix; + -+ bpnXs)
= (anbi + - +aipbp)x; + -+ @by + - - + aipbpn)ia;
and, in general, fori = 1,...,m,
yi = (anbn + - +aipbp)x; + -+ (@b + - -+ aipbp)x,
or
yvi=cux 4+ +cinx,, i=1,...,m,
where
cij=apnbij+---+apb, fori=1,....m j=1..., n. (1.57)

Thus from the coefficient matrix A = (a,;) and the coefficient matrix B = (b;;) we
obtain the coefficient matrix C = (c;;) by the rule (1.57). We write C = AB and
have thereby defined the product of the matrices A and B.
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P

Figure 1.14  Product of two matrices.

Weobserve that (a;,, . . ., a;p)isthe ith row vectorof A and thatcol (by;, ..., b,;)
is the jth column vector of B. Hence to form the product AB = C = (c;;). we obtain
each ¢;; by multiplying corresponding entries of the ith row of A and the jth column
of B and adding. The process is suggested in Fig. 1.14.

We remark that the product A B is defined only when the number of columns of
A equals the number of rows of B; thatis, when Aism x pand Bis p x n, AB is
defined and is m x n. Also, when A B is defined, B A need not be defined, and even
when it is, A B is generally not equal to B A; that is, there is no commutative law for
multiplication.

EXAMPLE 1

[a b][e f g]_[ae+bh af + bi ag+bj]

c d]lh i § ce+dh cf +di cg+dj
Herem =2, p=2,n=3. ®
EXAMPLE 2
1 2 1 1 1+8+ 2 11
30 5 41 =|34+0+10]=1] 13
2 1 =7 2 2+4-—14 ~8
Herem =3, p=3,n=1. ®

The second example illustrates the important case of the product Av, where A is
anm x n matrix and v is an n x 1 column vector. The product Av is again a column
vectoru, m x 1.

In the general product AB = C, as defined above, we note that the jth column
vector of C is formed from A and the jth column vector of B, for the jth column
vector of C is

auby+ - taby; ay o aip
a'.’lblj _+ P +azpbpj an e aZp

) b,;
e P/
Ambyj+ - +ampbpj am Amp
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Hence if we denote the successive column vectors of B by uy,...,u,, then the
column vectors of C = AB are Auy, ..., Au,. Symbolically,

A (] o [e]] = [[au] - [Au]

EXAMPLE 3 To calculate AB, where

31 2 1 0 3 1 3
A= . B=] 5 2 1 51
105

u u u3 Uy Us

A 6 A 6 A 18
u = U, = , u3 = ’
=14l T lio T 23

and then note that uy = u; and us = u;, so that Auy, = Au; and Aus = Aus.

Therefore
6 6 18 6 18
AB‘[—4 10 23 —4 23]' *

we calculate

EXAMPLE 4 The simultaneous equations
3x+2y+5z=u,
4x — 5y — 8z = v,
Ix+2y+92=w

are equivalent to the matrix equation

3 2 5 x u
4 -5 -3 yl|=jvy
7 2 9 Z w

for the product on the left-hand side equals the column vector

3x +2y+ 5z
4x — S5y — 8z
Tx + 2y + 9z

and this equals col (4, v, w) precisely when the given simultaneous equations hold.
In the same way the two sets of simultaneous equations (1.55) and (1.56) can
be replaced by the equations

Au=y and Bx=nu.

The elimination process at the beginning of this section is equivalent to replacing u
by Bx in the first equation to obtain y = A(Bx). Our definition of the product AB is
then such that y = A(BXx) = (A B)x. Therefore for every column vector x,

A(Bx) = (AB)x. o
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Powers of a square matrix. If A is a square matrix of order n, then the product
AA has meaning and is again n x n; we write A? for this product. Similarly, A® =
A%A, A= A%A, .. AT = ASA, ... We also define A° to be the n x n identity
matrix /. Negative powers can also be defined for certain square matrices A; see
Section 1.9.

Rules for multiplication. Multiplication of matrices obeys a set of rules, which we
adjoin to those of the preceding section:

10. A(BC) = (AB)C. 11. Al = A.
12. 1A = A. 13. A(B+C)= AB + AC.
14. ¢(AB) = A(cB). 15. AO = O.
c(AB) = AcB) . (1.58)
16. 0A = O. 17. A°=1.
18. AXAl = A, 19. (A% = AM.

20. Ax = Bx forall xifand onlyif A = B.

Here the sizes of the matrices must again be such that the operations are defined.
For example, in Rule 13,if A ism x p, then B and C must be p x n.

To prove Rule 10 (associative law), we let C have the column vectors uy, .. ., 4.
Then BC has the column vectors Buy, . .., Bu,, and hence A(BC) has the column
vectors A(Bu,), ..., A(Buy). But as was remarked above, A(Bx) = (AB)x for
every X. Therefore A(BC) has the column vectors (AB)uy, ..., (AB)u,. But these
are the column vectors of (AB)C. Hence A(BC) = (AB)C.

For Rule 11, A is, say, m x p,and ] is p x p. so that

a) a|,, (l) (1) 8 an alP
Al = .. | = : = A.
am) Tt amp O 0 . 1 am Tt amp

We can also write Al = C = (c¢;;), where
Cij = aiéij + -+ aipbp; = ayj,

since 8; = 1 but§;; = Ofori # j.Rule 12 is proved similarly. For Rule 13 we have
A(B + C) = D, where

dij = an(br; +cij) + -+ + aiplbp; + cpj)
= (anbij + -+ aipbp)) + (ancyj + -+ - +aipcy)),
and hence D = AB + AC. Rule 14 is proved similarly. Rules 15 and 16 follow from

the fact that all entries of O are 0, here again the size of O must be such that the
products have meaning.
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In Rules 17, 18, and 19, A is a square matrix, and £ and / are nonnegative
integers. Rule 17 is true by definition of A’; and Rules 18 and 19 are true for/ = 0
and! = | by definition. They can be proved for general / by induction (see Problem 4
below).

ForRule 20,1et A and Bbe m x n,andlete,, ..., e, be the column vectors of the
identity matrix / of order n. Then A[ is a matrix whose columns are Aey, ..., Ae,,
and BI is a matrix whose column vectors are Be,. ..., Be,. If Ax = Bx for all x,
then we have

Ae, = Be,, ..., Ae, = Be,.

Therefore Al = BI or, by Rule 11, A = B. Conversely, if A = B, then AXx = Bx
for all x, by the definition of equality of matrices.

Remark. Because of the associative law, Rule 10, we can generally drop parentheses
in multiple products of matrices. For example, we replace [A(BC)]D by ABCD.
No matter how we group the factors, the same result is obtained.

PROBLEMS

Let the matrices A, . ... P be given as at the beginning of the set of problems following Section 1.7.

1. Evaluate each expression that is meaningful:

a) AB. b) CA. ) AC.

d) CD and DC. e) CEand EC. f) Al

g IL. h) 27 + 3GL. i) C*—3C-—-10C°,
j) E(E = 51). k) LNI ) MPG.

m) HL+ J. n) KA. 0) OC+ N.

p) EZ. qQ E°. r) E%.

s) HELP.

2. Calculate RS for each of the following choices of R and S:
31 1 02 0 2
a)R—[s 2]’ S‘[o 131 3]'

| 4
2 01 1 2 1
b)Rzzl'S:[3zzzz]'

50
3. Consider each of the following pairs of simultaneous equations as cases of (1.55) and
(1.56) and express yy, ....in terms of x|, ... (i) by eliminating u;, ... and (ii) by multi-
plying the coefficient matrices:
3u|—+—2u3=y1 5x) —x2 = u
a) l5u1+6u3=y2 and X +2x = uy’

) 2“1—[42:_\'[ X|+2.X’2—X3:ul
5“l+uz=)’2 2X[+3X2+X3:u2.

25
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4. Prove each of the following rules of Section 1.8:

a) Rule 12.

b) Rule 14.

¢) Rule 18, by induction with respect to /.

d) Rule 19, by induction with respect to / and Rule 18.
S. Let A be a square matrix. Prove:

a) A= I =(A+INA-1).

b) A>— I =(A-I)A2+ A+1).

¢) A2—2A-31=(A-3I)YA+]).

d) 6A7 — A —21 =(2A+ 1(3A -2]).

6. If A and B are n x n matrices, is A — B? necessarily equal to (A — B) (A + B)? When
must this be true?

7. Find nonzero 2 x 2 matrices A and B such that A2 + B? = 0.

8. Prove: If A is a2 x 2 matrix such that AB = BA for all 2 x 2 matrices B, then A = ¢/
for some scalar c.

1.9 INVERSE OF A SQUARE MATRIX

Let A be an n x n matrix. If an n x n matrix B exists such that AB = [, then we call
B an inverse of A. We shall see below that A can have at most one inverse. Hence
if AB = I, we call B the inverse of A and write B = A~!.

For a general n x n matrix A we denote by det A the determinant formed from
A; that is,

ay - Qi
detA =] : C- (1.59)

L R ¢

We stress that det A is a number, whereas A itself is a square array—that is, a matrix.
The principal properties of determinants are summarized in Section 1.4.
If A and B are n x n matrices, then one has the rule
det A det B = det (AB). (1.60)

For a proof, see CLA, Sections 10-13 and 10-14 or page 80 of the book by Perlis
listed at the end of the chapter; see also Problem 9 below. From this rule it follows
that if A has an inverse, then det A # 0. For AB = [ implies

det A det B =det =1,

so that det A # 0; also det B = det A~' # 0 and, in fact,

1
det B=det A7 = oA (1.61)
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Conversely, if det A # 0, then A has an inverse. For if det A # 0, then the
simultaneous linear equations

anxy + - Fapx, =y
: (1.62)
amXxy +  --- + GppXp = Yn
can be solved for xy, ..., x, by Cramer’s Rule (Section 1.5). For example,
Yi G - Qi
x =|: D =D,
Yn an2 R / PP

where D = det A. Upon expanding the first determinant on the right, we obtain an
expression of the form

Xy =buyr+ -+ biayn,
with appropriate constants by, ..., b,. In general,
Xi=byyi,+---+ by, i=1,....n (1.63)
Now our given equations (1.62) are equivalent to the matrix equation
AX =Yy,
and the solution (1.63) is given by
x = By.
The fact that this is a solution is expressed by the relation
ABy=y or ABy=1ly.

This relation holds for all y. Hence by Rule 20 of Section 1.8 we musthave AB = I,
so that B is an inverse of A.

The reasoning just given also provides a constructive way of finding A~!. One
simply forms the equations (1.62) and solves for x|, ..., x,. The solution can be
written as X = By, where B = A~

25

EXAMPLE 1 A = [1 ;

]. The simultaneous equations are

2x1 + 5x2 = vy, Xi+3x = ya.
We solve by elimination, and find
x; =3y — 5y, X2 = —y1+ 2.

3

Therefore A~! = [_]

_; ] We check by verifying that AA™! = I. °
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Nonsingular matrices. A matrix A having an inverse is said to be nonsingular.
Hence we have shown that A is nonsingular precisely when det A # 0. A square
matrix having no inverse is said to be singular.

Now let A have an inverse B, so that AB = [. Then as remarked above, also det
B # 0, so that B also has an inverse B~', and BB~! = I. We can now write

BA = BAI = BABB™' = BAB)B' =BIB™' =BB"' = 1.
Therefore, also, BA = /. Furthermore, if AC = I, then
C =IC =BAC =Bl = B.
This shows that the inverse of A is unique. Furthermore, if CA = 1, then
C=Cl=CAB=1IB=B.

These results can be summarized as follows: The inverse B = A~ of A is unique
and B satisfies the two equations

AB=1 and BA=1;

furthermore, if a matrix B satisfies either one of these two equations, then B must

satisfy the other equation, and B = A™".
The inverse satisfies several additional rules:

21. (AD)"' = D 'A-L

22. (cAY ' =cTA (¢ #0).

23. (A7 H ' = A
Here A and D are assumed to be nonsingular n x n matrices. To prove Rule 21, we
write

ADYD 'A™Y=ADMD HA ' = AIA™ = AAT = |

Therefore D~'A~' must be the inverse of AD. The proof of Rule 22 is left as an
exercise (Problem 5 below). For Rule 23 we reason that A~ is nonsingular and
hence A~! has an inverse. But A='A = [, so that A is the inverse of A~}; that is,
A=(ANHN

Rule 21 extends to more than two factors, for example,

(ABCDY ' = D 'c7'B71A7L.

The proof is as above. In this way we see that the product of two or more nonsingular
matrices is nonsingular.

Negative powers of a square matrix. Let A be nonsingular, so that A~ exists. For
each positive integer p we now define A7 to mean (A~')?. Since A is nonsingular,
A’ is also nonsingular; in fact, A” has the inverse

(AA--- A '=A71A7T A7 = Aa7Hr.
Therefore

AT? =(APYD or APATP =1 o (L64)



Chapter 1 Vectors and Matrices

Rules 18 and 19,

AP AY = APY, (1.65)
(A)? = AP, (1.66)

are now satisfied, for A nonsingular, for arbitrary integers p and q, positive, negative,
or zero. These rules are proved for p and g nonnegative in Section 1.8.
To prove (1.65) for general p and g, we first reason that, since

(Ap+4)—l = AP,
(1.65) is equivalent to A”AYA~P~% = . This in turn is equivalent to the statement
() A’ATA" =1 wheneverp+q+r =0.
Now for s and ¢ nonnegative we know that A*A’ = A**'. This implies
AAA =1 and ATATAM =1
and hence

ATTTAA =1, A'ATTAT =,
ATHMATAT =], AT'AST AT = L

The last six equations state that (=) holds in each of the following cases: p > 0, g > 0,
r<0p=<0g<0r=0p=<0g=20r=0p=0,g=<0r=>0p=0,
qg <0,r <0;,p <0,9g =0,r <0. These are all possible cases. Hence () is
proved, and (1.65) follows.

We note that, by (1.65), A? A7 = AYA” Hence A” and A9 commute (that is,
obey the commutative law) under multiplication.

The proof of (1.66) is left as an exercise (Problem 6 below).

The procedure of Example 1 for finding the inverse of a matrix can be much
improved. The calculation of inverses of matrices is very important in numerical
work, and various procedures have been devised for this purpose, especially adapted
to digital computers (see Section 1.10).

Inverses can be used to solve matrix equations—for example, equations of the
formr AX = B or XA = B, where A and B are known and X is sought; if Aisn x n
and nonsingular, then we find, respectively,

X=A"'B and X=BA"".

and verify in each case that the equation is satisfied. As a special case, we solve the
equation AX =y (A being n x n) to obtainx = A~ 'y.

Remark. If k < n, A is an n x k matrix, and B is a k x n matrix, then AB is
an n x n matrix and AB is singular. To see this, we complete A and B ton x n
matrices by adding extra columns and rows of zeros. Let A, and B, be the expanded
matrices obtained. Then AB = A, By, since the added zeros contribute nothing to

29
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the product. But A| and B, are singular, so that A; B, = AB is singular, since det

A B, is 0 by (1.60).

EXAMPLE 2

1[124]
1 —
;L2 1s

(L S ]

(RN SN 8
W = r—
o OO

1 2 4 4 5 13
21 5)=(6 9 21| ®
0 00 11 13 35

PROBLEMS
1. Verify that each of the following matrices is nonsingular and find the inverse of
each:
35 4 7
a)A..[z 4], b)B_[l 6]_
1 2 0 1
) C=12 2 dy D=3 1 2
01 - 4 0 3
2. LetA, ..., D be as in Problem 1. With the aid of the answers to Problem 1, solve for X
orx
0 1 1 5
a)AX—[1 0]. b)AX_I:6 2].
7 2 2va42 |3 4
o 5xa=[] 7] o wxa=[3 4]
e) Ax = col (4, 3). f) Bx =col(l,7).
1 6 2 0 5 4
g)BX—[5 0 _3]- h”‘C—[s 0 1]

i) xC =(1,2,3).
3. Simplify:

a) [(AB)~'A~!|L

b) (ABC) "} (C'B~TA~1)~ L.

¢) {[(A~'YB]7'A72B~ "),
4. Prove:

D xD=(2,1,0.

a) If A and B are nonsingularand AB = BA, then A™'B~! = B~'A~L.
b) f ABC =1I,then BCA=1and CAB = 1.

5. Prove Rule 22.

6. Prove the rule (1.66) for arbitrary integers p, g. [Hint: For s > 0, ¢ > 0, show by (1.64)
that (A*)™" = (A™*) = A% and that (A™°)™" = A" ]

7. Let A = (a;;) be a nonsingular square matrix of order n. Prove:

— -1 _ 1
a) Ifn =2,then A = %A
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b) 1Ifn = 3, then A ! is the matrix

ax  an a;3 an a;p ag
ayp axy l iazs as an an
1 ‘023 ast i ‘an 013‘ ‘013 apy
det A asy  azy asz  ass azy  aj)
az ax ‘012 ay i ‘011 ap:
az)  as; azy  as az, ax

¢) Let A;; denote the minor determiqant of A obtained by deleting the ith row and jth
colurmn from A. Let b;; = (—])’+JAJ-,-. The matrix B = (b;;) is called the adjoint of
A and is denoted by adj A. Show that

_ 1 .
A lzaetfgadJA

. Let all matrices occurring in the following equations be square of order n. Solve for X

and Y, stating which matrices are assumed to be nonsingular:

a) X+Y=AX-Y=B. b) X+Y=AX+BY=C.

¢) X+AY =B, X+ CY =D. d) AX+BY=C,DX+EY=F.
¢) XA+YB=C,XD+YE=F.

. a) Prove the rule (1.60) for 2 x 2 matrices; that is, prove:

aiy a||bu bi2| _ |anbi +anby anbi+apnbn

ay axp||bay bx axbiy +axnby  anbp+anbn|
[Hint: Use Rule V of Section 1.4 for adding determinants to write the right-hand side
as a sum of four determinants. Then factor by, ... from these and show that two

terms are 0 and the other two have sum

a  anz
azy an

(b11b22 — b21b12).]

b) Prove the rule (1.60) for 3 x 3 matrices.
¢) Prove the rule (1.60) for n x n matrices.
Let A = col(uy, ....u,) (column vector) and B = (vy, ..., v,) (row vector); letn > 2.

a) Show directly that thc n x n matrix AB is singular (cf. the Remark at the end of
Section 1.9).

b) Show that BA is 1 x 1—that is, a scalar.

(Permutation matrices) Let P;; be the n x n matrix obtained from / by interchanging
the ith and jth rows (i < j). Thus forn =3,

0 0 1
Phb=(0 1 O
1 00

a) Show that PJ = 1.
b) Show that P;; can be obtained from I by interchanging the ith and jth columns of 7.

¢) Show that, if A is an n x n matrix, then P;; A is obtained from A by interchanging
the ith and jth rows of A, and A P;; is obtained from A by interchanging the ith and
jth columns of A.

d) Show that P;; is nonsingular.

3
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1.10 GAUSSIAN ELIMINATION

For solving simultaneous linear equations, finding inverses of matrices, and eval-
uating determinants, a number of practical techniques have been developed and
implemented in computer software. We here summarize the standard Gauss and
Gauss-Jordan procedures and refer for details to the book of Gerald and Wheatley
and that of Perlis, listed at the end of the chapter.

Gauss procedure. The system (1.44) of Section 1.5 is replaced by the matrix equa-
tion
Ax =k, (1.67)
where A = (a;;) and k = col (ky, ..., k,). One forms the “augmented matrix”
B=[A k] (1.68)
formed from A by adjoining k as (n + 1)-st column. One operates on the matrix B by

I. adding multiples of one row to another row,
II. interchanging two rows.

When A is nonsingular, suitable applications of these steps replace B by a new matrix
C=[D h] (1.69)

obtained by augmentation from an upper triangular matrix D—that is, a matrix with
0’s below the principal diagonal. The steps described correspond to replacement of
the given simultaneous equations (1.44) by new ones with the same solutions. Since
D is upper triangular, the new equations have the form

dnxy+---+dinxp =hy, duxo+- A dmxn=h2 ..., duxa=h, (1.70)
and are easily solved for x,, x,_;..... x| in turn. Thus we have found the unique
solution.

We observe that by Rules II and VI of Section 1.4,

det D = (—1)! det A, (1.71)

where ¢ is the number of row interchanges. Thus, for nonsingular A, det A and det D
are both nonzero. By Problem 16 following Section 1.5, det D = d;1dyn .. . dun #
0, ..., as is needed to solve (1.70), and by (1.71) one can at once obtain det A.
Gauss-Jordan procedure. In addition to steps I and II, we use a step:

III. multiplying a row by a nonzero scalar.

By applications of these three steps we can obtain from the matrix B a new
matrix

E=1[I bp] 1.72)
and the new equations (still having the same solutions) have the form
X = pi, X2 =pa, ..., Xn = Dn’ 1.73)

we have again obtained the unique solution.
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The inverse of A can be obtained by the same procedure, applied to the matrix
F=[A 1] (1.74)

obtained from A by adjoining to it the successive columns of the identity matrix of
order n. The steps described can be applied to F to reduce it to the form

G=[ HI. (1.75)
and one verifies that H = A~! (Problem 9 below).
Singular case.  When A is singular, one cannot proceed from (1.68) to (1.72).
However, one can always use steps I and 11 to reduce B to the form

J=[K ¢} (1.76)

where K is an n x n matrix in “row echelon form.” By this we mean that in each
row the first nonzero entry (the “leading entry”) has column index which increases
as the row index increases. An example is

0 3 5 1
00 2 5 A.77)
00 0 4
0 00O

In the singular case, the first r rows (0 < r < n— 1) contain nonzero entries, whereas
the last n — r rows are all 0; here r is the rank of the matrix. In the nonsingular case
r=n.

By steps I, II, and IIl, one can in fact achieve a form (1.76) in which K has
row echelon form and each leading entry is 1 and is the only nonzero entry in its
column. The first r of the corresponding linear equations can now be solved for r
of the unknowns in terms of the remaining » — r unknowns, which can be chosen
arbitrarily. These yield infinitely many solutions, provided that the remaining n — r
equations contain no contradictions. Since the last n — r rows of K are zero, one
must have ¢, ;| = ¢,4» = - - = ¢, = 0. Otherwise there is no solution.

If the given simultaneous equations are homogeneous, then the steps described
preserve that property, so that ¢ must be 0 and no contradiction can arise. Thus if
det A = 0, so that A is singular, the simultaneous equations AX = 0 have infinitely
many solutions.

In the extreme case r = 0, A must be the zero matrix and there is no solution if
k #£ 0, all x are solutions if kK = 0.

PROBLEMS

1. Solve by Gaussian elimination:
a)x+v—z=1. 2x4+y+z=5 2x4+y=0
b) x+2y+:=4, 2x—v+z=4  x—-v+2z=0
¢) v+2z=2 x+yv-—:z=3, 2x+z=4

d) 2v+v+32=6, 2x+4+vy+5:=8 —2x+4+3v—4:=-3
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. Evaluate the determinant as in Gaussian elimination:

2 I
a) 2 1 b)
30 2 1 2 2 1
2 1 1 2
. Solve by Gauss-Jordan elimination:
a)2x4+y—z=3x+y—z=1x—-2y+2z=4
b)x+y—z+w=5x—v—-24+2w=4,
2x—y+z—w=7x43y—-z—w=>5
. Find the inverse matrix:
L2 Lo EEE
a) |2 0 -1 by {2 0 2 c)2110
4 2 2 3 1 3 L0 1 1

. In the following systems the elimination process shows that the determinant of coefficients

is 0. Carry out the process and find all solutions:

A 2x—-y+z=3x+2y—z=1,5x—-5y+4z=8

b)x+y—z=1,2x—y—-z=2x+4y~-27=2

x—y+z+w=0x+2y—z—-w=0,
x—-y—-z4+2w=0.x+3y+z-2w=0

d) x+y—2:+3w=0,2x—y+z—-w =0,
3x—z42w=0,5x+2y—-5:+8w =0

. Consider two equations in three unknowns:

aix+by+ciz =k, ax + by + 2z = ks,

a) Show that if Gaussian elimination can be carried out to solve for x and y, then
by writing z = ¢ the solutions become parametric equations for a line in space
(Section 1.3).

b) Assume that the two equations represent two planes in space. Interpret geometrically
the case in which the equations have no solution and the case in which elimination
leads to a second equation 0 = 0.

. Consider four equations in three unknowns:

aix +biy+c;z=k (i=1...,4).

Assume that the pair of equations for i = 1, 2 and the pair for i = 3, 4 each represents
a line in space as in Problem 6(a). Thus the solutions of the four equations represent the
points common to two lines in space. Discuss the geometrical alternatives that can occur
and relate them to the set of solutions of the given equations.

. Let A be anm x n matrix. Let C = (c;;) be the m x m matrix which differs from the iden-

tity only in that cp, = A # 0. Let B be the m x m matrix which differs from the identity
only in the kth column, in which by, = .

a) Show that CA is obtained from A by multiplying the Ath row by A.

b) Show that BA is obtained from A by adding b j; times the kth row to the jth row for
all j except k.

¢) Show that B and C are nonsingular.
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Remark These results show that steps I and I1I of Section 1.10 are obtained by multiplying
A on the left by a nonsingular matrix. The same assertion applies to step II (Problem 11
following Section 1.9).

9. Let AH = I and let H have column vectors ki, .. .. k,. so that Ak; equals q;, the
Jjth column of 7. Show that the Gauss-Jordan process of going from (1.74) to (1.75) is
equivalent to solving the n systems Ak; = q; to obtain H.

*1.11 EIGENVALUES OF A SQUARE MATRIX

Let A be an n x n matrix. For some nonzero column vector v = col (v, ..., v,) it
may happen that, for some scalar A,

Av = Av. (1.78)

If this occurs, we say that A is an eigenvalue of A and that v is an eigenvector
of A, associated with the eigenvalue X. The concept of eigenvalue has important
applications in many branches of physics. An important example is the spectrum—of
light, of an atom, of a nucleus. The frequencies occurring in the spectrum correspond
tothe eigenvalues of a matrix (or of a suitable generalization of a matrix). Eigenvalues
are also of importance in the solution of linear differential equations (see Chapters 9
and 10).
We can write Eq. (1.78) in the form Av = A/v or in the form

(A — X1 =0.
Thus v = col(vy, ..., v,) 1s an eigenvector of A associated with the eigenvalue
A precisely when vy, ..., u, form a nontrivial solution of the set of homogeneous
linear equations
(@i — Mvp +apvz+ -+ +av, =0,
ay vy +an — v+ - +axv, =0, 1.79)
anivy + ap2vy + < Hlapn — M, = 0.

Now we know (Section 1.10) that Eqs. (1.79) have a nontrivial solution precisely
when the determinant of the coefficients is O, that is, when det (A — Al) = Qor

ajp— A ap ayn
az ap—Ai - ax
. =0. (1.80)
dn| [27y) st Qpn — A

When expanded, (1.80) becomes an algebraic equation of degree n for A, called the
characteristic equation of the matrix A. The eigenvalues of A are simply the real
roots of the characteristic equation. (The complex roots of the characteristic equation
can also be interpreted as eigenvalues of A; see the end of this section).
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12

EXAMPLE 1 LetA = [] 5

]. Then the characteristic equation is

| — 2 2 _ _
; 2_A[_o or A1=34—-4=0 or (A—4+1)=0.
The roots are A, = 4 and A, = —1.To find v for A = A| = 4, we form the equations
(1 —4)yv; + 2v, =0, 3+ 2 —-4Hv, =0,

and find that the solutions are all vectors k(2, 3). Hence the eigenvectors associated
with the eigenvalue A, = 4 are all vectors (2, 3) for nonzero k. In the same way
we find that all eigenvectors associated with the eigenvalue A, = — 1 are all vectors
k(1, —1) for nonzero k. [

EXAMPLE 2 Let

A O - 0
B=Qibdp=|: :
0 0 - A,
We call B a diagonal matrix and write B = diag(};. ..., X,). Then B has the
characteristic equation
Ap—A - 0
: C =0 or (A=A —=A) -k —A) =0
0 cee A, — A
Hence B has the eigenvalues A, ..., An. We leave to Problem 5 below the dis-
cussion of the eigenvectors of B. We remark here that when Ay, ..., A, are n dif-
ferent numbers, the eigenvectors associated with the eigenvalue A, are the vectors
c, ..., 0,1,0,...,0), with 1 as kth entry and ¢ nonzero. ®

Similar matrices. Let A and B be n x n matrices. We say that B is similar to A if
B=C"AC
for some nonsingular # x n matrix C. If this holds, then
A=CBC™ =(C"y'BC",

so that A is also similar to B. Hence we speak of similar matrices A, B.
If A and B are similar, then A and B have the same characteristic equation. For

det(B — Al) = det(C"'AC — Al) =det(CT'AC ~ AC7'IC)
=detC" (A —ANC
=detC™" det(A — Al)det C = det (A — Al).
since det C ! det C = 1. It follows also that A and B have the same eigenvalues.

Matrices with n distinct real eigenvalues. Let the n x n matrix A have n distinct
(real) eigenvalues A(,..., A, and let v, ..., v, be eigenvectors associated with
Ay, ..o Ag, respectively: Av; = v i =1, ., n. Now let C be the matrix whose
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column vectors are vy, ..., V,, respectively. Write v; = col(vy;, ..., v,;) for j =
1,...,n. Then
vip o U L P
AC=A = :
Un) rrc Upp )\l Uni T )\n VYan
vy o Uy, Ao - 0
= : BN - | =cB.
Unl cvo Unn 0 . A_"
where B is a diagonal matrix, B = diag (A, ..., 4,). It can be shown that C must
be nonsingular (see Problem 12 following Section 1.16). Hence B = C~'AC, and
A is similar to the diagonal matrix diag (A, ..., X,). )
EXAMPLE 3
1 2 2
A= 2 3 =2
-5 3 8

Here A has the characteristic equation

I—4A 2 2
2 3—x =2 |=0 o (A-3HA-4HAr-5=0.
-5 3 8—A

For A = 3 the eigenvector v = (v, v, v3) must satisfy the equations
‘2L‘| + 21)2 + 21)3 = 0, 2U| + 01)2 - 21)3 =0, ‘5U| + 31)3 + 51)3 =0.

Hence vi = (1, 0, 1) is an associated eigenvector. Similarly, for A, = 4 an associated
eigenvector is (2, 2, 1), and for A; = 5 an associated eigenvector is (0, 1, —1). Hence
C~'AC = B, with

1 2 0 3
C=(0 2 1|, B=1]0
I 1 -1 0

o~ O

0
0 | = diag (3.4, 5).
5

We check by verifying that AC = CB. Thus A is similar to the diagonal matrix B.
°

In general, some of the eigenvalues may coincide (multiple roots of the char-
acteristic equation), and there may be less than n real roots of the characteristic
equation (1.80). To handle the general case, it is best to extend the theory of matrices
to the case of complex matrices, whose elements are complex numbers. All concepts
generalize easily to this case, and, in particular, one can define complex eigenvalues
and complex eigenvectors as above. For example, the matrix

Lo
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has the characteristic equation A* + | = Q. The eigenvalues are +i, and associated
eigenvectors are (2, | F ). One proves, exactly as above, that when the matrix A
has » distinct complex eigenvalues, A is similar Lo a diagonal matrix.

PROBLEMS
1. Find all eigenvalues and associated eigenvectors:
0 1 =2 5 =2 8
301 1 3 :
a) [4 3il, b) [2 6}’ c) |2 1 o, d| -4 0 -5

4 -2 5 -4 2 —7

2. (a), (b), (c), (d) For each of the matrices of Problem 1, call the matrix A and find a
nonsingular matrix C and a diagonal matrix B such that 8 = C~' AC.

»

(Complex case) For each of the following choices of matrix A, find all cigenvalues and
associated eigenvectors, and find a diagonal matrix B such that B = C "1 AC:

0 0 0
a) [}1 ”” b) [? _ﬂ glo 1 =2
) 01 -1

4. (Repeated roots) Find all cigenvalues and associated eigenvectors:

T 4 0o 1 =2
a) 1. b) Ojya, c) |::1 _5i|. d) | -6 5 -4

5. (Diagonal matrices)

a) Let B = diag(x. ut). Show that, if & 5 u, then the eigenvectors associated with A are
all nonzero vectors (1, ) and those associated with w are all nonzero vectors c(0, 1);
show that, if X = w, then the eigenvectors associated with A are all nonzero vectors
(vr, v2).

b) Let B =diag(A(, A2, A3)and lete; = (1,0,0).e2 = (0, 1,0),e3 = (0.0, 1) (column
vectors). Show thatif A|. A2, A3 are distinct, then foreach Ax the associated eigenvectors
are the vectors cex for ¢ # O; show that if Ay = A3 # Az, then the cigenvectors
associated with A are all nonzero vectors cje; + c;e; and those associated with A ; are
all nonzero vectors ce3; show that if Ay = A2 = A3, then the cigenvectors associated
with Aj are all nonzero vectors v = (v}, va, v3).

¢) Let B = diag (Ay, ..., X,). Show that the eigenvectors associatcd with the eigenvalue

X are all nonzero vectors v = (v, ..., v, ) suchthat v; = 0foralli suchthat X, # ;.

6. Let A and B be similar matrices. Let x|, .. ., A, be the (not necessarily distinct) eigenvalues
of A.

a) Prove that A Ay --- A, = det A.
b) Conclude from the result of (a) that det A = det B.

¢) Provethat Ay + - -+ A, = a1y + - - + ay,. The number ayy + - - - + a,, is called the
trace of A.

d) Prove from the result of (c) that A and B havc equal traces.

7. Prove that the matrix A = [(1) i ] is not similar to a diagonal matrix. [Hint: Show by the

results of Problcm 6 that the diagonal matrix would have to be /]
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8. Prove the following:
a) Every square matrix is similar to itself.
b) If A is similar to B and B is similar to C, then A is similar to C.

*1.12 THE TRANSPOSE

Let A = (a;;) be an m x n matrix. We denote by A’ the n x m matrix B = (b;;) such
thatb;; = qa;; fori =1,...,n,j=1,...,m. Thus B = A’ is obtained from A by
interchanging rows and columns. The following pair is an illustration:

[0 O
5 0 7 7 7

The first row of A becomes the first column of A”; the second row of A becomes
the second column of A’. In general, we call A’ the franspose of A. We observe that
I’ = I. The transpose of a matrix obeys several rules, which we adjoin to our list:

2. (A+BY = A’ + B'.

25. (cA)Y = cA'.

2. (A’ = A. (1.81)
27. (ABY = B'A’.

28. If A is nonsinguiar, then (A™'Y = (A")™".

To prove Rule 24, we write D = (A + B) = (d;;), so that
d,‘j = 4aj +b,'j
forall i and j. Then D’ = E = (e;;). where ¢;; = d;; for all i and j, or
ejj = a;i + bj,
Thus E = A"+ B or D' = A’ 4+ B’. The proofs of Rules 25 and 26 are left as
exercises (Problem 4 following Section 1.13).
To prove Rule 27, we let Abe m x p, Bbe p x n. We then write C = AB =
(C,‘j), D=A= (d,’j), E=B = (e,_/) Then
B'A"=ED = F = (f;;),
where

fij =endj+ - +epdy =braj +- -+ bpiajp

=aj]b[,-+-~~+c1jpb,,jz("j,- i=1,....n, jzl....,m).

Hence F = C' or B'A’ = (AB)'. ®
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To prove Rule 28, we write AA~! = /. Then by Rule 27,
(A"YA' =1'=1.

From this equation it follows, as in Section 1.9, that (A")~! = (A™1Y. °
A matrix A such that A = A’ is called a symmerric matrix. Here A must be a
square matrix. The matrix / is symmetric, as are the following matrices:

- 3 -1 0
5| 1 7 2
2 0 2 4

Also, every diagonal matrix is symmetric.
Symmetric matrices are useful in discussing quadratic forms, that is, algebraic
expressions of the form

Z Za,,x,x, (1.82)

i=l j=

For n = 2 the expression is
2 2
ay Xy + apxix; + ax;xax; + apx;.

Here x,x, is the same as x,x;, so we could combine the second and third terms.
However, it is preferable to split the combined term into two equal terms, each having
as coefficient the average of a;; and ay,. For example, 3x2 + 5x,x; + 7xx) + 4x3
is replaced by

3x} + 62127 + 6x2x1 +4x3. (1.83)

By proceeding similarly for the general quadratic form (1.82) we can always assume
that the coefficient matrix (a;;) is symmetric, and it is standard practice to write
quadratic forms in this way. For the example just considered, this matrix is [6 4]

Now let the n x n symmetric matrix A = (a;;) be given, and consider the
quadratic form (1.82). Here we can consider x, ..., x, as variables. For each as-
signment of numerical values to x1, ..., x, the form (1.82) has a numerical value Q.
Hence Q is a function of the n variables xi, ..., x,. However, it is simpler to think
of Q as a function of the vector x = col (xy, ..., x,):

Q(X) = Zn: Xn: AijXiX;. (1.84)
i=1 j=t

Furthermore, for each x we can compute the number Q(x) by matrix multiplications:

Qx) = X' Ax. (1.85)
Here x' is the transpose of the column vector x and is therefore the row vector
(xy, ..., Xx,). Accordingly, (1.85) is the same as
ay -oam | [x
Q) = (xy...., xn)

dpy - Qpn Xn
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The product of the last two factors is an n x 1 column vector whose ith entry is
anx, + - - + aj,x,. The product of the 1 x n row vector (x,, ..., x,)and thisn x 1
column vector is a 1 x | matrix—that is, a number; in fact, it is precisely the number
on the right-hand side of (1.84). Therefore (1.85) is indeed another way of writing
(1.84).

As an illustration, we write the quadratic form Q(x) of (1.83) as follows:

Q(X) = x, g S:IX (X = col (xl, Xz)).

When expanded, this becomes

( )|:3 6:| -x]] ( ) 3x,+6x2:|
Xj,. X = (X}, X
N 6 4 | X2 b2 6x; +4x;

= x1(3x; + 6x2) + x2(6x; + 4x3) = 3x|2 4+ 6x,x2 + 6x2x +4x§,

0(x)

as expected.

*1.13 ORTHOGONAL MATRICES
Let A be areal n x n matrix. Then A is said to be orthogonal if
AA = 1. (1.86)

Hence, A is orthogonal if and only if A~! = A’, that is, if and only if the inverse
of A equals the transpose of A. Thus every orthogonal matrix is nonsingular. The
following are examples of orthogonal matrices:

>
it
|
|
WIN IR wil—

LB 1[I
(V[P ERVIEN

ve}
i

T TSR
|

WIN W= WM

Let us consider the row vectors u;, u, of A as vectors in the xy-plane:

3, + 4, 4, + 3.
n = -i+ -j, m, = —=i+ =j.
1= 3 5J 2 5 5.l
Then we observe that u; and u, are both unit vectors and that u; - u, = 0, so that
u;, u; are perpendicular. A similar statement applies to the column vectors of A:

v 3i 4 i+ —j
=-i— -j, vy = i+ =j.
'=sitsk hESTS
We can proceed similarly with the row vectors or column vectors of B, regarding
them as vectors in space: u; = %i + %j + %k ..... Again we verify that the row

vectors, or the column vectors, are mutually perpendicular unit vectors.
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The geometrical concepts used here can be generalized to n dimensions
(Section 1.14). Here we phrase them algebraically. For an n x n matrix A = (a;;)
the crucial conditions are as follows:

ah - +al =1, i=1..... n. (1.87)
ajaji + -+ ainaj, =0, i, i=1,..., n, j=1,...,n (1.88)
a§j+...+a§j=1‘ j=1....n. (1.89)
ajjai + -+ anjan = 0, JFEk j=1,.... n, k=1.....n. (1.90)

(Here (1.87) states that the row vectors are unit vectors, (1.88) states that different
row vectors are orthogonal, and (1.89) and (1.90) express the analogous conditions
on the column vectors.)

THEOREM

a) Let A be an n x n orthogonal matrix. Then conditions (1.87) through (1.90)
all hold.

b) If A is an n x n matrix such that (1.87) and (1.88) hold or such that (1.89)
and (1.90) hold, then A is orthogonal.

Proof.

a) Let A be orthogonal, so that (1.86) holds. By the definition of matrix multi-
plication, (1.86) asserts that

I, =],

0. i#j.

Hence (1.87) and (1.88) follow. From (1.86) we have also, by the properties

of inverses (Section 1.9),

ajaj; + -+ apa, =8 = (1.91)

A'A=1, (1.92)
and hence
ayaij + -+ aniay; :5,-j; (1.93)

and this implies (1.89) and (1.90).

b) If (1.87) and (1.88) hold, then (1.91) holds, so that AA" = [; if (1.89)
and (1.90) hold, then (1.93) holds, so that A’A = [. In either case, A is
orthogonal. °

Orthogonal matrices are important in studying changes of coordinates (see
Problem 13 following Section 1.15).
If two n x n matrices B, C are such that

B=A""'CA (1.94)

for some orthogonal matrix A, then B 1s said to be orthogonally congruent to C.
It then follows that C is also orthogonally congruent to B, so that we referto B, C
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as orthogonally congruent matrices (Problem 9 following this section). We observe
that orthogonally congruent matrices are similar.

If Cis symmetric, then C is orthogonally congruent to a diagonal matrix B, B =
diag (M, Aa, ..., A,), where Ay, ..., X, are the (necessarily real) eigenvalues of C
(with multiple eigenvalues repeated in accordance with their multiplicities). For a
proof of this theorem, see Section 5-3 of the book by Perlis listed at the end of the
chapter (see also Problems 12 and 16 following this section).

This result is very important for the study of quadratic forms. Let C be a
symmetric matrix and let A be an orthogonal matrix such that A~!CA = B =
diag (A, ..., A,). Then let us consider the quadratic form

Q) =Y "> cixix; = xCx, x = col (x, ..., x).

i=1 j=1
We express x|, .. ., x, in terms of new variables y;, ..., y, by writing
X = Ay, y=col(y,..., V)

Thenx' = y'A’ = y'A~!, and hence Q(x) becomes a quadratic form Q,(y): .

0X) = Qi) =yA 'CAy=yBy =) "> bi¥y
i=1 j=I

Py

:)\lyll—}-u--i—)\,,y;.

Hence Q(x) can be written in terms of v\, ..., v, as a quadratic form containing
only the squares of the unknowns. The coefficients Ay, .. ., &, are the eigenvalues of
B. But B and C have the same eigenvalues. Hence once we know the eigenvalues
of C (with their multiplicities), we can write Q in terms of yi, ..., y,. It is not
necessary to find the matrix A.

We can interpret x|, ..., x, as Cartesian coordinates in n-dimensional space
(Section 1.14). Then y,, ..., y, are simply new Cartesian coordinates in n-dimensi-
onal space with the same origin (see Problem 14 following Section 1.15). Forn = 2
the equation Q(x) = l—that is, the equation

CLXT + CiaXiXa 4 210X + X3 = 1,

—represents a conic section in the x, x>-plane. In terms of the new coordinates y;, y»
this equation becomes Q,(y) = I, or

AMyE+day: =1,

and hence represents an ellipse or hyperbola. In fact, in the language of plane analytic
geometry the theorem on symmetric matrices for the case n = 2 is equivalent to the
familiar statement that every second-degree equation Ax> + Bxy + Cy? = 1 can be
reduced to the standard form Ax? + By* = 1 by an appropriate rotation of axes in
the xy-plane. (If A;A, = 0, the curve is degenerate.)
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PROBLEMS
1. Find the transpose of each of the matrices:
3 1 |
a |1 23 b [0 2 0) (1,5.0,4) d |0
305 1 0 7

. Choose a and b so that each of the following matrices becomes symmetric:

2 a 3
a) [210 3"3_1] b) | b—a 0 4+a
3 p 5

. For each of the following quadratic forms, obtain the coefficient matrix when the form

is written in such a way that the coefficient matrix is symmetric:
a) 5xl2 +4x1x; + 3)(%.

b) 7X12 + 2xyx3 — X%.
c) x12 + 3x% — x% + 4x1x0 + 6x1x3 + 2x2x3,

d) 2x|2 + x% + x32 + 2x1x3 — 4xpx3.

. Prove each of the following parts of (1.81).

a) Rule 25, b) Rule 26.

. Show that each of the following matrices is orthogonal:

a) Ll: 5 12:| b)[ cosw sinw:|
131—-12 5| —sinw cosw |’
23 6 oo

¢) ~| 6 2 =3, d -

7 3 6 ) 211 1 -1 -1
1 -1 1 -1

. (a), (b), (c). Represent the row vectors of each of the matrices in Problem 5 (a), (b),

(c) as vectors in the plane or in space, graph them, and verify that they are mutually
perpendicular unit vectors.

7. (a), (b), (c). Proceed as in Problem 6 with column vectors instead of row vectors.
. Let A and B be n x n orthogonal matrices. Prove:

a) det A = £1.
b) AB is also orthogonal.
c) A" and A~! are orthogonal.

. Prove:

a) Every square matrix is orthogonally congruent to itself.
b) If B is orthogonally congruent to C, then C is orthogonally congruent to B.

¢) If B is orthogonally congruent to C and C is orthogonally congruent to D, then B is
orthogonally congruent to D.
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10. We consider complex matrices, that is, matrices with complex entries. If A = (a;;) is
such a matrix, we denote by A the conjugate of A, that is, the matrix (a;i;), where Z is
the conjugate of the complex number z (for example, if z = 3 + 5/, then z = 3 — 5i).
Prove the following:

a) If z) and 2z, are complex numbers, then (z;, + 22) = 21+ Zx and 7122 =
b) If A and B are matrices and c¢ is a complex scalar, then (A + B) = A

AB,(cA) =¢A.

¢) Every complex matrix A can be written uniquely as A} + i Ay, where A; and A; arc
real matrices, and A| = %(A +A). Ay = (2i)"}(A — A). We call A, the real part of
A, A, the imaginary part of A.

+ e
&) 4

o

I

d) If A is a square matrix, then (AY = (A) and, if A is nonsingular, then(A~!) = (A1,
e) A is areal matrix if and only if A = A.

11. Let A be areal square matrix, let A be real, and let Av = Av for a nonzero complex column
vector v. Show that Au = Xu for a real nonzero vector u, so that A is an eigenvalue of A
considered as a real matrix. [Hint: Let v = p + iq. where p and g are real and not both
zero. Show, with the aid of the results of Problem 10, that Ap = Ap and Aq = Aq and
hence that u can be chosen as one of p. q.]

12. Let A be a real symmetric matrix. Show, with the aid of the results of Problem 10, that
all eigenvalues of A are real. [Hint: Let Av = Av for some complex X and some nonzero
complex vector v = col(vy. ..., v, ). Consider the product Q = v'Av. Show that Q is
real and that

Q =avv =a(u > + -+ Jual?).
Conclude that X is real.]

Remarks By Problem 11, A is actually an eigenvalue of A as a real matrix. The expression
V' AV is a special case of a Hermitian quadratic form Q(v). See Section 5-7 of the book by
Perlis listed at the end of the chapter.

13. Let A be as in Problem 12 and let Q(x) = Xx'Ax be the corresponding quadratic form.
We call this form positive definite if Q(x) > 0 for x # 0. Show that, if Q(x) is positive
definite, then det A > 0. [Hint: Use Problem 6 following Section 1.11.]

Remark It can be shown that Q is positive definite if and only if det Ay > O for k =
I,....n, where Ay =(a;;),i = 1,...,k, j =1,..., k. See Chapter 6 of G. Strang, Linear
Algebra and Its Applications, 3rd ed., Int'l Thomson Publishing, 1988.

14. Let A and @ be as in Problem 13. Show that Q(x) can be written as u% + -+ ui in
terms of appropriate coordinates (4, ..., u,), where x = Du and D is nonsingular.

15. The inner product of w = col(u,,...,u,) and v = col(v,, ..., v,) is defined in
Section 1.14 as u;v| + - -+ + u,v, and hence cquals u'v = v'u. Also |u| is defined
as (0'w)!/?; u and v are termed orthogonal if u'v = 0. Now let A be a real symmetric
n x n matrix, so that A = A’. Let Ay, A, be eigenvalues of A which are unequal and let
vy, vy be corresponding eigenvectors. Show that v and v, are orthogonal. [Hint: First
show that X' Ay = y’Ax for all x, y. Then from Av, = A v, Av, = A2vs deduce that
A1vyvi = Apv| vy and hence that viva = 0.]

16. For A as in Problem 15, let A have n distinct eigenvalues A4, ..., An. Show that A
is orthogonally congruent to B = diag(},, ..., An). [Hint: As in Section 1.11, B =
C~'AC, where the columns of C are eigenvectors vy, .. ., v, of A. From the results of
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Problem 15 show that the v, are pairwise orthogonal and can be chosen so that |v;| = |
forj=1,..., n.]

1.14 ANALYTIC GEOMETRY AND VECTORS
IN n-DIMENSIONAL SPACE

The formal operations on vectors and coordinates in Section 1.2 suggest that the
restriction to 3-dimensional space, and hence to three coordinates or components, is
not necessary.

We define Euclidean n-dimensional space E" to be a space having n coordinates

X1, ..., Xx,. Throughout this section, n will be a fixed positive integer. A point P of

the space is by definition an ordered n-tuple (x|, ..., x,); all points of the space are

obtained by allowing xi, ..., x, to take on all real values. The point (0, ..., 0) is

the origin, O. The distance between two points A: (ay,...,a,)and B: (b, ..., b,)
is defined to be the number

d=ay =b )P+ + (@, — ba). (1.95)

A vector vinn-dimensional space is defined to be an ordered n-tuple (vy, . .., v,)

of real numbers; v, ..., v, are the components of v (with respect to the given

coordinates). In particular, we define a zero vector
0=(0,...,0). (1.96)
To the pair of points A, B in that order corresponds the vector
AB = (b, —ai.....by—ay). (1.97)

Remarks. Both points and vectors are represented by n-tuples, but this will be seen
to cause no confusion. In fact, there are advantages in being able to go back and
forth freely between the two points of view, that of points and that of vectors. With

each point P: (x), ..., x,) we can associate the vector OP = (x|,....x,) = X.
Conversely, to each vector x = (x,... . Xp) We can assign the point P whose
coordinates are (xy, ..., x,), and then x = OP. Later we shall also interpret our

vectors as matrices, either as row vectors or as column vectors.
The sum of two vectors, multiplication of a vector by a scalar, and the scalar
product (ot inner product or dot product) of two vectors are defined by the equations:

u+v=1(u +v..... Uy + vy), (1.98)
ha = (hu,. ..., hu,), (1.99)
U -v=1uv +- -+ u,v,. (1.100)
The length or normof v = (v, ..., v,) is defined as the scalar
V| =4/V - v= vl2 + - 42 (1.101)

If [v] = 1, v is called a unit vector.
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The vector product of two vectors can be generalized to » dimensions only
with the aid of rensors (see, however, Section 11-9 of CLA). The set of all vectors
(vi, ..., v,) with the operations (1.98) through (1.101) will be denoted by V".

In V" the following properties can then be verified (Problem 6 following
Section 1.15):

Lut+v=v+u II. u+v)+w=u+(v+w).
II. h(n + v) = hua + hv. IV. (a + b)u = au + bu.
V. (ab)u = a(bu). VI lu=u.
VII. Ou = 0. VIILu-v=v-u
IX. (u+v)- w=u-w+v-w X. (au) -v=a(u-v).
XI.u-u=>0. XII. u-u = O if and only if u = 0.
(1.102)
A set of k vectors vy, ..., v, of V" is said to be linearly independent if an
equation
avit+ t+ave=0 (1.103)
can hold only if ¢, = - -- = ¢ = 0. If a relation (1.103) does hold with not all ¢’s

equal to 0, then the vectors are said to be linearly dependent.

Remarks. 'We observe that for every n x k matrix A,

Acol(cy,...,c) =1V + - - + vy, (1.104)
where vy, ..., v are the column vectors of A. For

ay - ay | aap+ - toag
. : = =1V + - Vg
L S« Ck C1Gny+ o+ Crlnk

Thus the linear combinations of vy, .. ., v; can be expressed as Ac. Accordingly, to
state that v, . .., v, are linearly independent is the same as to state that Ac = 0 is

satisfied only for ¢ = 0. In particular, for k = n, A is a square matrix, and Ac = 0
is equivalent to n homogeneous linear equations in n unknowns; thus the column
vectors vy, ..., v, of A are linearly independent precisely when these equations
have only the trivial solution ¢, = 0, ..., ¢, = O—thatis, whendet A # 0, or A is
nonsingular. Accordingly, n vectors v,, ..., v, of V" are linearly independent if and
only if A is nonsingular, where A is the matrix whose column vectors are vy, ..., V,.

A set of k vectors vy, ..., v, of V" is said to be a basis for V” if every vector v
of V" can be expressed in unique fashion as a linear combination of vy, ..., v, that
is, if

V=01V + -V

for unique choices of the scalars ¢y, . . ., ¢x. We call these scalars the components of
v with respect to the basis v, ..., v;.

We can now state a number of rules concerning linear independence and basis:

a) The vectors vy, ..., v; are linearly dependent if and only if one of these
vectors is expressible as a linear combination of the others.
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b) If one of the vectors v, ..., v; is 0, then v{, ..., v; are linearly dependent.

¢) If vi, ..., v, are linearly independent, but vi, ..., V¢, vi4; are linearly de-
pendent, then v, is expressible as a linear combination of vy, ..., v;.

d) Ifv,, ..., v; arelinearly independent and 2 < k, thenv,, ..., v, are linearly
independent.

e) (Rule for comparing coefficients). If Vi, ..., Vg are linearly independent and
ayvi+ -t avi =bivi+ -+ bvy,

thena, = by,a, = by, ..., a4 = by. :
f) There exist n linearly independent vectors in V": for example, the vectors

e, =(1,0,...,0), e =1(0,1,0,...,0),..., e, =1(0,...,0,1).
(1.105)
g) There do not exist » + 1 linearly independent vectors in V". ‘
h) If v, ..., v, are linearly independent vectors in V", then vy, ..., v, forma
basis for V", in particular, ey, ..., e, form a basis for V",
i) Every basis for V" consists of n linearly independent vectors.
J) Ifk < nandvy, ..., v, arelinearly independent, then there exist g4+, ..., V,
such that vy, ..., v, form a basis for V",
t¢ k) If vi,..., v are linearly independent vectors in V", and uy, ..., U, are
all expressible as linear combinations of vy, ..., v, then wy, ..., U, are

linearly dependent.

We prove Rules (g) andb(i)' here and leave the remaining proofs to Problem 10
following Section 1.15.

- Proofof (g). Letv,,..., vy, belinearly independent vectors in V". Then by Rule

(d), vy, ..., v, arealso linearly independent. Hence the matrix A, whose columns are
Vis...,V,, is nonsingular. Therefore the equation Ac = v, has a unique solution
for ¢; that is,

Vgl =C1VL+ -+ Gy Vi

By Rule (a), vy, .. V.1 would then be linearly dependent, contrary to assumption.
Therefore there cannot be n + 1 linearly independent vectors in V. °

Proofof (i). Letvy,...,v,beabasisfor V".Thenv,..., v, are linearly indepen-
dent. Forif ¢;vy + - - - + ¢, vy = 0, then

C|=0,...,Ck=0,

' since, by definition of a basis, 0 can be represented in only one way as a linear combi-

nation of v, ..., v;. Hence by Rules (d) and (g) we must have k < n. Let us suppose
k < n. Then we can express ey, ..., e, as linear combinations of v, ..., vy—say,
Ab, = e, ..., Ab, = e,, where A is the n x k matrix whose column vectors are
Vi, ..., V. Accordingly, AB = I, where B is the k x n matrix whose column vec-
tors are by, ..., b,. But for k < n a product of an n x k matrix and a k x n matrix
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is always singular (see the Remark at the close of Section 1.9). Hence we have a
contradiction, and we must have k = »n. Thus Rule (i) is proved. °®

The basis ey, ..., e, defined in (1.105) is called the standard basis of V". For
n == 3 this is the familiar basis i, j, k. In general,

v=(,...,0p) =vie; + -+ v,e,. (1.106)

We now prove a theorem of much importance for the geometry of E":

THEOREM If u and v are vectors of V", then
Ju-v| < |ul |v] (Cauchy-Schwarz inequality). (1.107)
The equality holds precisely when u and v are linearly dependent. Furthermore,
[u+v| < |u|+|v] (triangle inequality). (1.108)
The equals sign holds precisely when u = kv or v = hu with 1 > 0.

Proof. Ifv # 0and uis notascalar multiple of v, thenu + ¢v # 0 forevery scalarz,
and hence |u + rv|* > O for all ¢, so that

(U41v)-(u4+1tv) >0  or POy=uf +2ta-v)+*|v? >0

for all 1. Hence the discriminant of the quadratic function P(t) must be negative;
that is,

4(u-v)* - 4jul*|v)? <0,
so that |u - v| < |u] |v|. Similarly, [u-v| < |u] |v| if u s 0 and v is not a scalar
multiple of u. If u = ¢v (in particular, if u = 0), then

ju-v|=|cv-v] = |c(v-v)|
= le| [VI* = lev] [v] = [u] }v],

by Rule X in (1.102) and the definition (1.101). Similarly, equality holds if v = cu (in
particular, if v = 0). Thus (1.107) is proved, along with the conditions for equality.
To prove (1.108), we write:

u+vP=@+v)- @+v)=u’+|vP+2u-v
= (ju] + IVv)> +2u - v = 2Ju| |v| < (Ju] + v (1.109)

The last inequality follows from (1.107). By taking square roots we obtain (1.108).
The investigation of the case of equality is left to Problem 8 following Section 1.15.
®

Now let Py, P,, Py be three points of E”". By (1.95), (1.97) and (1.101), | P, P;]
equals the distance d from P, to P,. We write d(Py,P;) = |P, P,|. It follows that
d(P,,P;) > 0 and that d( Py, P;) = O only for P, = P5. Also, d( Py, P,) = d(P;,Py),

. - —> — .
since |P,P| = |— Py P2| = | Py P,|. Finally, from (1.97), P\ P; = Py P, + P, P;, s0
that, by (1.108),

|Py P3| < [Py Py + | Py P or d(Py, P3) <d(P), Py)+d(P,, Py);
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that is, the length of one side of a triangle is less than or equal to the sum of the
lengths of the other two sides. This explains the term triangle inequality in (1.108).

Because of the theorem, we can define the angle 6 between two nonzero vectors
u, v by the conditions
o cosf=—v 0<O<m (1.110)
’ Ju |v]
for by (1.107), u - v/(Ju| |v|]) lies between —1 and 1 (inclusive). With the aid of
distance and angle, one can now develop geometry in n-dimensional space in familiar
fashion.

We define two vectors u and v to be orthogonal (or perpendicular) ifu - v = 0,
that is, by (1.110) if they form an angle of 7 /2 (or if one of the vectors is 0). We define
an orthogonal system of vectors as a system of £ nonzero vectors vy, ..., Vv, such
that each two vectors of the system are orthogonal; the set of vectors is necessarily
linearly independent (Problem 9 following Section 1.15), so that by Rule (g) above,
k < n. An orthogonal system of unit vectors is called an orthonormal system. There
exists an orthonormal system of n vectors, namely, e, ..., e,. Every orthogonal
system of n vectors forms a basis for V", by the preceding Rule (h); we call such a
system an orthogonal basis (or, for a system of unit vectors, an orthonormal basis).

Given linearly independent vectors vy, . . ., Vi, itis always possible to construct
anorthogonal system of k vectorsu,, . .., u,, each of which is alinear combination of
Vi, ..., V¢ (Gram-Schmidt orthogonalization process). We illustrate this for & = 3;

the construction is then easily pictured in 3-dimensional space:

U = Vi
u a
wm=v; (V2 u)—s, 1.111)
[ug
up L) 73
u3 =v3 — (V3 - uy)—s — (V3 - W) —.
[aq lusz]

To obtain u,, we subtract from v, the vector obtained by “projecting” v, on v;; to
obtain u3, we subtract from vj its projections on w; and uw,. By (1.111), uy = v, w,
is a linear combination of v, and v;, and u; is a linear combination of vy, v,, v3;
also, v = uy, v, is a linear combination of u, and u;, and v, is a linear combination
of u;, u,, and u;. The proof of these assertions and of the orthogonality is left to
Problem 11 following Section 1.15. The process clearly extends by induction to any
finite number of linearly independent vectors. Furthermore, in general the process
is such that, for each h, u, is a linear combination of v, ..., v;, and v, is a linear
combination of uy, ..., u.

Remark. With the aid of the Gram-Schmidt process we can extend Rule (j) as
follows: ‘

I) If Kk < nanduy,...,n form an orthogonal system in V", then there exist
vectors Uy, . . ., U, such that uy, . .., u, form an orthogonal basis.

The proof is left as an exercise (Problem 10(j)).
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Volume in E". In 3-dimensional space, we saw that £D = £u - v x w gives
the volume of a parallelepiped whose edges, properly directed, represent u, v, w
(Section 1.4). Furthermore, D equals a third-order determinant, as in Eq. (1.33).

These results generalize to £ as follows: If v,, ..., v, are vectors of V", then
v Tt Vip
Vo) Vg .
D= ] (1.112)
|‘ Uyl e Upn ‘

equals plus or minus the volume of an n-dimensional parallelotope whose edges,

properly directed, represent vy, ..., v,. In Eq. (1.112), vi = Vi1, ..o, Vi) - oo,
vV, = (v, - .._,1)),,,,). The parall_el)otope can be chosen to have vertices O, Py, ..., P,,
where vi = OP,,....,v, = OP, and the n-dimensional solid consists of all points
P of E" such that

E’) =Hvy+ -+ V., (1.113)
where 0 < < |..... 0 <1, <1 (see Sections 11-15and 11-16 of CLA).

*1,15 AXIOMS FOR V"

From Rule (h) of Section 1.14 we can state:
XIII. V" has a basis consisting of n vectors.

It is of considerable intercst that Rules I through XII of (1.102) plus Rule XIII can
be regarded as a set of axioms, from which one can deduce all other properties of
the vectors in n-dimensional space, without reference to the sets of components. For
example, u + 0 = u, since

u+0=1lu+0u=(1+0u=u

by Rules VI, VII, and IV. Also, the equation v + u = w has a solution for u—namely,
the vector w + (—1)v, which we also denote by w — v; for

v[wH(—Dv] = v+ [(—Dv+w]=[lv+(=Dv]+w
=0v+w=04+w=w

by Rules II, VI, IV, VII, I, and the rule u + 0 = u just proved. The solution is unique,
forv+u=wimplies—-v+(v+u)y=—-v+w=w-—vor(—v4+vi+tu=w-yv
oru=w — v: here we wrote —v for (—1)v, as is usual. Other algebraic properties
can be deduced in similar fashion. Also, the norm [u] is defined in terms of the scalar
product by Eq. (L.101); its properties derive from those of the scalar product. In
particular, the Cauchy-Schwarz inequality and triangle inequality follow as before,
without use of components.

One can introduce coordinates or components on the basis of the axioms them-
selves. for Rule XIIT guarantees existence of a basis vy, ..., v,. The Gram-Schmidt
process can then be used to construct an orthogonal basisuy, . . ., u,,. We “normalize”
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these vectors by dividing by their norms to obtain an orthonormal basis:
e* —_ uy e* — U,
1 — T greccr by = .
uy | s

For an arbitrary vector v we can now write, in unique fashion,

v=ule] + -+ Ve, (1.114)

and call (v}, ..., v}) the components of v with respect to the basis e}, ..., e;. We
note that

v-e; = vi(e]-e])+vie;-e)+ -+ vi(e) - e]) =],
because the basis is orthonormal. In general,
vi=v-ef,...,v; =V €. (1.115)
On the basis of Rules I through XII we now verify (see Problem 12 below) that
u+v=(uj+ov)e] + -+, +vye,
hv = (hv])e} + - - - + (hv))e;, h (1.116)

— gy * K
u-v=u v+ U, |

This simply means that the vector operations can be defined in terms of components
just as in (1.98), (1.99), and (1.100). Accordingly, while the new basis may be
different from the original one (this is simply a choice of new axes), all properties
described with the old components can be found just as well with the new ones. This
means that all properties of the vectors can be found from (1.102) and Rules XIII
alone. This leads to the following definition:

DEFINITION A Euclidean n-dimensional vector space is a collection of objects
u, v, ...called vectors, including a zero vector 0, for which the operations of addition,
multiplication by scalars, and scalar product are defined and obey Rules I through
XIII. °

By virtue of our discussion there is, except for notation, really only one Euclidean
n-dimensional vector space, namely, V",

We have emphasized the axiomatic approach to vectors. There is a similar dis-
cussion for points. In fact, given a Euclidean n-dimensional vector space, we can as-
sign components (v}, .. ., v}) to each vector as above. To the zero vector (0, ..., 0),
we then assign an origin O; to each vector (v}, ..., v;) we assign a point P and
interpret v}, . . ., v} as the coordinates of P. All the concepts of geometry can now be
introduced as above, and we recover our n-dimensional Euclidean space, the same
(except for notation) as E”.

One can ask whether there is any value in the generalization of vectors to
n-dimensional space, since we live in a 3-dimensional world. The answer is that the
generalization has proved to be exceedingly valuable. The equations of a mechanical
system having “N degrees of freedom” are easier to describe and understand in terms
of a vector space of dimension 2N. In the kinetic theory of gases an n-dimensional
space (the “phase space”) is of fundamental importance; here n may be as large
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as 10%. In relativity a 4-dimensional space is needed. In quantum mechanics, one is
in fact forced to consider the limiting case n = o00; surprisingly enough, this theory
of a vector space of infinite dimension turns out to be closely related to the theory
of Fourier series (Chapter 7).

PROBLEMS

LInV4letu=(3,2,1,0,v=(1,0,1.2),w=(54,1-2).
a) Findu+ v, u +w, 2u, —3v, Ow.
b) Find3u —2v,2v+ 3w, u—w,u+ v — 2w.
¢) Findu-v,u-w,|uj,|v|.

d) Show that w can be expressed as a lincar combination of u and v and hence that u,
v, w are linearly dependent.

2. In E" the line segment Py P, joining points P, P; is formed of all points P such that
ﬁ =tP Py, where 0 <t < 1.

a) In E4, showthat(5, 10, —1, 8)ison theline segmentfrom(1,2,3,4)10(7, 14, —3, 10).
b) In E*, is (2, 8, 1, 6) on the line segment joining (1, 7, 2, S) to (9, 2, 0, 7)?

¢) In E?, find the midpoint of the line segment from Py: (2,0, 1,3, 7)to P> (10, 4, =3,
3, 5); that is, find the point P on the segment such that |m| = |m|.

d) In E3, trisect the line segment joining (7, 1,7, 9, 6) to (16, —2, 10, 3, 0).
e) In E”, show that if P is on the line segment P, Py, then | Py P| + | P2 P| = | P1 P2l.

. — —> =0
3. Prove the Pythagorean theorem in E™: If P| P; is orthogonal to P; P3, then |P) P3|° =
| Py P>|* + | P> P3|%. [Hint: Write the left side as

(P\Py+ PyPy)- (PP + PaP3) ]
R | —_— e
4. Prove the Law of Cosines in E": If P; P, and P P; are nonzero vectors, then
—> 5 — — —_— —
|P2P;|* = |P{Py|* + | Py P3|* — 2|P| P,| |y Ps|cos 6,
where 9 is the angle between Py P> and P P3.
5. a) In E°, find the sides and angles of the triangle with vertices
(1,2,3,4,5), (5,4,2,3, 1), and (2,2,2,2,2).

b) Prove: In E", the sum of the angles of a triangle is . [Hint: For a triangle with sides
a, b, cin E™, construct the triangle with the same sides in the plane EZ; why is this
possible? Then show, with the aid of the Law of Cosines, that corresponding angles
of the two triangles are equal.]

6. Prove the rules (1.102), with the aid of (1.96) through (1.101).
7. Prove Cauchy’s inequality:

n 2 n n

2 2
E u; v; < E u; E v,
i=1 =1 i=1

[Hint: Use (1.107).]
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Prove the rule for equality in (1.108) as stated in the theorem. [Hint: Use (1.109) to .-
reduce the problem to that for ju - v| = |u| |v|. Use the first part of the theorem and the
meaning of linear dependence to prove the desired result.]

. Prove: The vectors of an orthogonal system are linearly independent.
10.

Prove the following rules for vectors in V", with the aid of the hints given.

a) Rule (a) [Hint: If ¢, v + - - - 4 cx v, = 0 and, for example, c; # 0, then express vy as
a linear combination of vy, ..., vx_;. For the converse, suppose vy = cjvi +--- +
Ck—Vi—1 and write this equation in the form ¢;vy + - - - + ;v = 0.]

b) Rule (b) [Hint: Suppose v; = 0 and choose ¢y, ..., ¢ notall 0 so that c;vy +--- +
v = 0]

¢) Rule (¢) [Hint: One has ¢1v) + -+ - + cx41 Vi1 = 0 with not all ¢’s 0. Show that
Ck+1 cannot be 0.]

d) Rule (d)

e) Rule (e)

f) Rule (f)

g) Rule (h) [Hint: Apply Rules (g) and (e).]

h) Rule (j) [Hint: By Rule (i), vy, ..., vy, do not form a basis. Hence one can choose
Vi+1 Sothat vy, ..., v¢y) are linearly independent. If k + 1 < n, repeat the process.]

i) Rule (k) [Hint: Apply Rule (j) to obtain abasis vy, ..., v,. ByRule(g),u), ..., W41,
Vi1, - .., Vy are linearly dependent, so that

. iy + -+ Crp W F Crp2Vipt + 0o F Cpp1 Ve = 0.
Show from the hypotheses that ¢ = 0, ..., cpy1 = 0.]

) Rule(]) [Hint: Letv; = u,, ..., V¢ == u;. Then choose v, ..., v, as in Rule (j) so
that vy, ..., v, form a basis. Now apply the Gram-Schmidt process to vy, ..., v,.]

a) Let vy, v,, v3 be linearly independent. Prove that the vectors (1.111) are nonzero and

form an orthogonal system. Prove also that, for# = 1, 2, 3, uy, is alinear combination
of vi, ..., vy, and vy, is a linear combination of uy, ..., uy.

b) Carry out the process (1.111) in V3 with v; = i,v; = i+j+k, v; = 2j +k, and
graph.

Prove that if u}, ..., u; and v}, ..., v} are the components of u and v with respect to
the orthonormal basis €7, . .., €}, then (1.116) holds.
(Change of basis) Lete], ..., e} be an orthonormal basis of V", so that (1.114) and

(1.115) hold for an arbitrary vector v. In particular, we can write
ej = ajje] + - +ane;,

aij=ej'e;"v i=1,....,n. j=1...,n.
a) Show that, with A = (a;;),
col (v}, ..., v;) = Acol(vy,....up).

Thus the matrix A provides the link between the components of v with respect to the
two orthonormal bases. [Hint: Write v = vie; +-- - +v,€, = vie] +.--+v;e; and
dot both sides with € fori =1,...,n.]

b) Show that the jth column of A gives the components of €; with respect to the basis
e}, ..., e, and the ith row of A gives the components of e} with respect to the basis
€,...,€y.

¢) Show that A is an orthogonal matrix (Section 1.13).
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14. (Change of coordinates in E") We choose a new ornigin O™ and a new orthonormal
basis e}, ..., ey for V” as in Problem 13. Then each point P obtains new coordinates
by the equation

—
O*P =xjel + -+ xe,.
a) Let O* have old coordinates (h;. ..., hy). Show with the aid of the results of Problem
13 that
col(xy,....x})=Acol(x; —hy,....0 X, — h,),
where A is an orthogonal matrix.

b) Show that if the origin is changed but there is no change of basis (so that one has a
translation of axes), then

X<=X,'—h,'. i=1,‘..,n.

1.16 LINEAR MAPPINGS

A basic tool of the calculus is the concept of function. We can describe this in general

terms as the assignment to each object in one set (the domain of the function) of an

object in a second set (the target set of the function). The range of the function is

the set of objects in the target set that are actually used (see Fig. 1.15). A function

is also called a mapping. We speak of the function as a mapping of the domain into

the target set. When the range is the whole target set, we replace “into” by “onto.”
We now consider the simultaneous linear equations

anxg+ -+ dipXp = Y1,
: (1.117)
Xy + -0 dpnXp = Ym
or, in matrix form,
Ax =y, 1117)
where x = col (x|, ..., x,),y = col(y1, . - -, ym). (In this section, all vectors will be

written as column vectors.) Through (1.117) or (1.117") a vector y of V™ is assigned
to each vector x of V". Thus we have a function or mapping whose domain is V"
and whose range is contained in V™. Furthermore, if x, and x, are in V" and ¢y, ¢,
are scalars, then

Ale1x| + 2x2) = ¢|(AX)) + c2(AXa); (1.118)

target set

Figure 1.15  Function or mapping.
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that is, the mapping (1.117') assigns to each linear combination ¢|X; + ¢;X; the
corresponding linear combination of the values assigned to X, and x,. We call such
a mapping linear:

DEFINITION Let T be a mapping of V" into V™. Then T is linear if for every
choice of x; and x; in V" and every pair of scalars ¢y, ¢3, one has

T(c1X1 + c2%3) = a1 T (X)) + 2T (x32). (1.119)

Thus for every m x n matrix A, the equation y = AX defines a linear mapping
T of V" into V™ with T(x) = Ax. , ®

Conversely, if T is a linear mapping of V" into V™, then there is an m x n
matrix A such that T(X) = AX for all x in V". To prove this assertion, we first note
that (1.119) implies the general rule

Txy+--+ax)=cT&)+ -+ T (xp). (1.120)
Now let ey, ..., e, be the standard basis in V" and let -
" Te)=u;, j=1,...,n (1.121)
Por each vector X = (xq, ..., x,) = x1€; + - - - + x,&, in V", it then follows from

(1.120) that
Tx)=x1T@)+ -+ x,T(e,) =x1u; + -+ + x50,
= Acol(xy,...,x,) = Ax, ‘
where VA is the m x n matrix whose column vectors are uy, ..., W,. )

It follows that the study of linear mappings of V" into V™ is equivalent to the
study of mappings of the formy = Ax, where A is an m x n matrix. For each linear
mapping T we call A the matrix of T, or the matrix representing T. For each matrix
A we call the corresponding linear mapping T the linear mapping T determined by
A; we also write, more concisely, the linear mapping y = Ax, or even, the linear
mapping A.

From the proof just given we see that for each linear mapping T the column

vectors uy, .. ., u, of the matrix A representing T are the vectors T(ey), ..., T(e,)
of V™. Thus if A = (a;;), then
Aej=col(a1j,...,amj)=uj. (1.122)

Furthermore, as in the proof, we can write

y=Ax=Acol(x,..., X)) = xju + - - - + xp10,.

-Thus the linear mapping A assigns to each vector x = col(x, ..., x,) the linear

combination x;u; + - - - + x,u, of the column vectors
u,...,u, (vectorsof V™).

It is very helpful to think of a linear mapping as suggested in Fig. 1.16, in which
the vectors are represented by directed segments from the origin; heren =2, m = 3.



Chapter 1  Vectors and Matrices

Figure 1.17  Linear mapping of V?into V>.

EXAMPLE 1 Let the linear mapping 7 have the matrix A = [? ;] Evaluate

Tx)forx =(1,0)=x;,x=0,)=x,x=2,-1)=x3.x=(l,—1) = x4 and
graph.

Solution. T(x,) = Acol(l,0) = col(2, 1), T(Xy) = Acol(0,1) = col(3,2),
T(x3) = A col(2,—1) = col(1,0), T(x4) = A col(l,—1) = col(—1, —1) (see
Fig. 1.17).

We note that x; = ¢, and X, = e,, so that

T(x))=T(e;)=u =col(2,1),

the first column vector of A. Similarly, T(x,) = u; = col (3, 2), the second column
vector of A. Also x; = 2e; — e,, so that

T(x3)=2u —uy; =2(2,1)-(3,2)=(1,0).
Similarly, T(x4) = T(e; —€) = u; —u; =(—1, —1). ®

EXAMPLE 2 Find a linear mapping 7 of V2 into V? such that
T((1,0)=(2,1,2) and T((0,1)=(5,3,7).

25

Solution. T has the matrix A = |:1 3 jI ®
27

Notation. We shall write T'(x, ..., x,) for T((xy, ..., x,)), since the extra paren-

theses are not necessary.
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For each particular linear mapping 7 of V" into V™, one is concerned with such
properties as the following:

a) the range of T—the set of all y for which T (x) =y for at least one x;
b) whether T maps V" onto V™—that is, whether the range of T is all of V",

¢) whether T is one-to-one—that is, whether, for every y, T(x) = y has at most
one solution x;

d) the set of all x for which T (x) = 0; this set is called the kernel of T
e) the set of all x for which T(x) = y,, where yj is a given element of V™.

We remark that 7(0) must be 0. For T(0) = T(00) = 07(0) = 0. Hence the
kernel of T always contains the zero vector of V". With regard to (c) and (e) we
have a useful rule:

THEOREM Let T be a linear mapping of V" into V™ and let T(xy) = y, for a
particular Xy and yg. Then all solutions x of the equation 7 (x) = y, are given by

X=Xy+4+2,

" where z is an arbitrary vector in the kernel of T. Hence T is one-to-one precisely
when the kernel of T consists of 0 alone.

Proof. We are given that T'(Xy) = Y. If also T(x) = yg, then
T(x—x0)=T(x)—T(X) =Yo—Yyo=0.
Hence x — Xy is an element z of the kernel of T:
xéxozz or X=Xg+ Z.
Conversely, if X = X¢ + z, where z is in the kernel of T, then
T(x)=T(x)+ T(z) = T(x9) + 0 = yp.

The last sentence of the theorem follows from the previous result, since T is
one-to-one precisely when the equation 7(x) = y, has exactly one solution, for
every yg for which there is a solution. ]

EXAMPLE 3 Let 7 map V? into V? and have the matrix

A=

—_ L N
NN

Then Ax = 0 is equivalent to
2x1 +4x, =0, 3x; +6x, =0, X1+ 2x, =0.

This is satisfied for x; = —2x;, that is, by all vectors #(2, —1) of V2. We note that
Acol(2,3) = (16, 24, 8); that is, T(x) = (16, 24, 8) is satisfied for x = xp; = (2, 3).
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Hence all vectors x such that 7'(x) = (16, 24, 8) are given by
X =(2,3)4+ (2. =1),

where ¢ s arbitrary. °

EXAMPLE 4 T maps V*into V> and
T{x), x2,x3) = (v, y2) = () — X2, 00 — x3).

To find the kernel, we must solve the equations x; — x> = 0, x> — x3 = (. The
solutions are given by all (x|, xz, x3) such that x; = x> = x3, hence by all vectors
t(1, 1, 1), where ¢ is an arbitrary scalar. Here T is not one-to-one. However, the range
of T is all of V2, for the equations

X — X2 = V. Xy — X3 =}y

can always be solved for x|, x,, x;—for example, by taking x; = 0, x> = y;, and
x; = v; + v1. Therefore 7 maps V? onto V* but is not one-to-one. [

EXAMPLE 5 T maps V" into V™ and T (x) = Oforevery x. Thus T has the matrix
0 = Op,. We call T the zero mapping and sometimes also denote this mapping by
0. T is clearly linear and is neither onc-to-one nor onto. o

EXAMPLE 6 7 maps V" into V" and T (x) = x for every x. Thus T has the matrix
I = I,. We call T the identity mapping and sometimes also denote this mapping by I.

T is clearly linear and is one-to-one and onto. )

EXAMPLE 7 LetT map V* into V? and have the matrix

A=

—_— N

31
0 2
20

Find the range of T'.

Solution. 'The range of T consists of all y = x;u; 4+ x>u; + x3u3, where u;, uz, u;
are the column vectors of A:

u =col(2,1. 1), u; = col(3.0.2), u; = col(1,2,0).

Thus the range consists of all linear combinations of uy, uy, us. If u), u», us are
linearly independent, then they form a basis for V¥, and the range is V*. However,
we verify that 2u; — u, — uy; = 0, so that these vectors are linearly dependent.
Furthermore, we see that u,, u; are lincarly independent and that u; is expressible as
a linear combination of u,, u,. Hence the range is given by all linear combinations
of u, and u,, and this set is not all of V*. Thus 7" does not map V* onto V3, and
the equation 7'(x) = y, has no solution for X, for some choices of yg; for example,
T(x) = (1,0, 0) has no solution, as one can verify (the vector (1, 0, 0) is not a linear
combination of u; and u,). ®
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PROBLEMS
In these problems, all vectors are written as column vectors. Also, the following matrices are
referred to:
1/+/2 —=1/42
|2 1]’ s_[2 3]’ c_[uv2 /fy
35 4 6 1/¥V2 142
1 0 -1 0 31 2
D‘[o —1]’ E‘[ 0 —1]’ F‘[o 2 4]'
2 1 2 1
G-[; g 2] H= 4 2 J=|[1 2
-6 -3 1 2
(3 1 27 1 01 2 00
K=|1 01 L=(0 1 0], M=]|0 2 0] =2,
L5 2 3] 01 1 0 0 2
[1 0 07
N=]0 2 0
L0 0 3]

=2 TN - Y I N

10.

. Let the linear mapping T have the matrix A.

a) Evaluate T(1,0). T(0, 1), T(2, —1), T(-1, 1) and graph.

b) Find the kemel of T, determine whether T is one-to-one, and find all x such that
T(x) = (2, 3).

¢) Find the range of T and determine whether T maps V2 onto V2.

. Let the linear mapping T have the matrix B.

a) Evaluate T(1.0), T(0, 1), T(1, —1), T(—1, —1) and graph.

b) Find the kernel of 7', determine whether T is one-to-one, and find all x such that
T(x) =(2,4).

¢) Find the range of T and determine whether T maps V2 onto V2.

. Let T map V" into V™ and have the matrix F.

a) Find n and m.
b) Find the kernel of T, and determine whether T is one-to-one.
¢) Find the range of T and determine whether T maps V" onto V™.

. (a), (b), (c) Proceed as in Problem 3 with matrix G.
. (a), (b), (c) Proceed as in Problem 3 with matrix H.
. (a), (b), (¢) Proceed as in Problem 3 with matrix J.
. (a), (b).‘(c) Proceed as in Problem 3 with matrix XK.
. (a), (b), (c) Proceed as in Problem 3 with matrix L.
. Letthe linear mapping T have the equationy = Cx. For general x, find the angle between

x and T(x) =y, as vectors in V2, and also compare |X| and |T(x)]. From these results,
interpret T geometrically. [Hint: Consider x as OP and y as OQ, where O is the origin
of EZ and P and Q are points of E2.]

Let the linear mapping T have the equation y = Dx. Regard x as ﬁ y as OQ, as in
Problem 9, and describe geometrically the relation between x and y = T(x).
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11. Interpret cach of the following linear mappings geometrically, as in Problems 9 and 10:

a) y = Ex, b) y = Mx.

12. If T maps V" into V", then x and y = 7'(x) arc vectors in the same n-dimensional vector
space and can be comparcd (see Problems 9, 10, and 11). If T(x) is a scalar multiple
of x, for somc nonzero X, say T(x) = AX, then we say that X is an eigenvector of T,
associated with the eigenvalue A. If T has the matrix A, then x is also an eigenvector of A,
associated with the eigenvalue A, as in Section 1.11.

Prove: If vi, ..., v; are eigenvectors of the linear mapping T, associated with

distinct eigenvalues Ay, ..., Ag, then v, ..., v; are linearly independent. [Hint: Let T
have the matrix A. Use induction. Verify that the assertion 1s true for k = 1. Assume
that it is truc for &k = m < n and prove it for k = m + 1 by assuming ¢\ v) + --- +
Cm+1V¥my1 = 0, multiplying by A on the left, and then eliminating v,, ,; to obtain

CAmpt —ADVE+ - F A1 — AV = 0.

Now use the induction hypothesis to conclude thatc; = 0. ..., ¢» = 0 and hence also
Cmt+l = 0]

13. a) Let T be a linear mapping of V" into V™. Prove: If v, ..., v, are linearly de-
pendent vectors of V", then T(vi),.... T(vy) are linearly dependent vectors
of V™,

Is the converse true? Explain.
b) Let A be a nonsingular n X n matrix. Show thatif vy, ..., vy are vectors of V7, then
they are lincarly independent if and only if Av|, ..., Avy arc linearly independent.

14. a) Letu;, ..., u, be abasis for V" andletvy, ..., v, beabasisfor V™. LetT be alinear
mapping of V" into V™, so that T assigns to each vector u = pjuy + -- - + ppu, of
V" avectorv=q,v| + -+ + ¢mVy of V™. Show that

col(qi, ..., qm) = Bcol(p...., pn). B =(bij)
where B is the m x n matrix such that
T(UJ)=ble1+-~-+bmij. j=1,..., n.
Thus for each choice of bases in V" and V™ there is a matrix B rcpresenting the
linear mapping T.
b) With reference to part (a), let
u; =ugje+ -+ uyje, forj=1,....n,
vi =vie + -+ upye, fori=1,...,m,
in terms of the standard bases in V" and V™, respectively. Show that
B=V AU,
where V is the m x m matrix (v,;). U is the n x n matrix (1;;) and y = AX is the
representation of T in terms of standard bases in V" and V™ as in Section 1.16. (Why
is V nonsingular?)
¢) With reference to parts (a) and (b), let T be a linear mapping from V" to V" and

let only one basis be used, so that vy = uy,...,v, = u,. Show that in part (b),
B is similar to A. Show further that if the basis uy, .. ., u, is orthonormal, then B is
orthogonally congruent to A.
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*1.17 SUBSPACES m RANK OF A MATRIX
By a subspace of V" we mean a collection W of vectors of V" such that

(i) W contains 0, and
(i) if u, v are in W, then so is each linear combination au + bv.

Let W be a subspace and let W contain vectors besides 0. We then seek sets
of linearly independent vectors in W. Each such set contains at most n vectors but
may in fact always contain fewer than n. We let k be the largest integer such that W
contains k linearly independent vectors, and call k the dimension of W. When W
contains 0 alone, we assign the dimension 0 to W.

When k = n, W necessarily coincides with V". For then W contains linearly
independent vectors uy, . .., u,, and by repeatedly applying (ii) we conclude that W
contains each linear combination of u;. ..., u,. Since uy, ....u, form a basis for
Vi W =Vvn,

For k = 1. W consists of all scalar multiples of a single vector uy, that is, all
w = wu,. If, say, n = 3, then the corresponding points P such that OP = wu,
trace out a line L through O in 3-dimensional space (Fig. 1.18a).

If k = 2, then W contains two linearly independent vectors u;, u- and, by (ii),
contains all the linear combinations

W= wu + wils.

These linear combinations exhaust W. since any vector not expressible in this form
would have to be linearly independent of u,, u; (Rule (c) of Section 1.14). If again
n = 3, then the corresponding points P such that 0P = wfill a plane in space, as
in Fig. 1.18b.

In general, we see that if W has dimension k, then W consists of all linear
combinations

W =wU + -+ wlg, (1.123)

where uy, .. .. u; are linearly independent vectors of W. We termuy, . .., u, a basis
of W. There are many choices of basis for a given W, but all have the same number
of vectors (Problem 4, which follows below).

Geometrically, the subspaces of V" correspond to the point O (k = 0), and lines,
planes. and “hyperplanes” through O, in E”, and to E" itself (k = n).

(b)

Figure 1.18  (a) One-dimensional subspace of V*. (b) Two-dimensional
subspace of V*.
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Now let vy, ..., v, be k vectors of V", not necessarily linearly independent,
k > 1. We then form the set W of all linear combinations wv; + --- 4+ wyv; of
these vectors. We see at once that conditions (1) and (ii) are satisfied. Hence W is a

subspace. If the vectors are in fact linearly independent, then, as before, v, ..., v;
must be a basis of W, and k is the dimension of W.

If. however, they are linearly dependent, then some of the vectors vy, ..., v, can
be omitted, and we see that W has dimension &’ < k. We can choose k' as the largest
integer such that £’ of the vectors v|, .. .. v, are linearly independent. For example,
we can suppose by renumbering that vy, ..., v, are such a linearly independent set
(as large as possible) in W. Then vy, ..., v, form a basis for W.

The practical determination of a basis for W can be carried out by Gaussian
elimination as in Section 1.10. We form the k x n matrix A whose row vectors are
the given vectors v, v, ..., v,. Thus W consists of all linear combinations of the
rows of A; we call W the row space of A. We then use the steps I (adding multiples of
one row to the other rows) and II (interchanging two rows) of Section 1.10. Neither
of these changes the row space of A. For I no proof is needed. For I, v, ..., v, are
replacedby v, +c,vy, ..., v, +ci vy, where ¢, = 0. Every linear combination of these
vectors is a linear combination of vy, ..., v, and is hence in W. Also, every vector
in W can be written as a linear combination of the new vectors, since vy, is one of the
new vectors and v; = (v; +c;v,)—¢; v, fori # h. Hence the row space is unchanged.

As in Section 1.10, we can apply the two steps to reduce A to row echelon form

with nonzero row vectors uy, ..., u, and (for r < k), the following rows are 0. The
vectors uy, . . ., u, are linearly independent as one sees at once from the row echelon
form. Thus u,, ..., u, are a basis for the subspace W and W has dimension r, equal

to the rank of A, as in Section 1.10. We conclude that the rank of a matrix A is the
maximal number of linearly independent row vectors of A. From the above analysis
it follows that if A i1s k& x n, then the rank r cannot exceed n or k.

EXAMPLE 1 Lletv, =2, 4, —1,1),v; =(4,-2,1,1),v; = (2, 14, —4, 2)’, and
let W be the set of all linear combinations of vy, v,, v, so that W is a subspace of
V*. We seek a basis for W and form

2 4 -1 1
A=|4 =22 1 1
2 14 -4 2
Gaussian elimination gives
2 4 -1 | 2 4 —1 1

0 —-10 3 -1 0 —10 3 -1
0 10 -3 1 0 0 0o 0

Henceu; = (2,4, —1, I),u, = (0, —10, 3, — 1) form a basis, and W has dimension
2=r =rank of A. ®

One can also show that the rank of A equals the maximum number of linearly
independent column vectors of A. If A is k x n, the column vectors are n vectors
of V¥, say, v, ..., V,, and the corresponding linear combinations.form a subspace,
which is the range of the mapping y = Ax from V" to V¥ (Section 1.16). Thus our
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assertion is equivalent to the statement that the rank of A equals the dimension of
the range of A. For a proof see Problem 7 following this section.
We can summarize our results as follows:

column rank of A = row rank of A = dimension of range of A.
EXAMPLE 2 We again consider the matrix A of Example 1. The range of A
consists of all linear combinations of

w, = col(2,4,2), wy = col(4, =2, 14),
w; =col(—1,1, —4), wy =col(l. 1, 2).

We find a basis for the range by Gaussian elimination applied to the matrix (transpose
of A):

2 4 2
;o 4 -2 14
A= -1 1 -4
1 1 2
We obtain
2 4 2 2 4 2
0 —10 10 0 —10 10
0 3 -3 0 0 O
0 -1 1 0 0 O
Therefore z, = co0l(2,4,2),z; = col(0, —10, 10) are a basis for the range; the
dimension of the range is 2 = r, as expected. °

The kernel. The kernel of A consists of all x in V” such that Ax = 0. The kernel
satisfies (i) and (ii) and is hence a subspace of V". For A0 = 0 and if Au = 0,
Av = 0, then A(au + bv) = aAu + bAv = 0.

We let A be the dimension of the kernel of A: h is called the nullity of A.

Relation between rank and nullity. Let A be a k x n matrix of rank r and nullity
h. Then we have
r+h=n. (1.124)

To show this, we consider the corresponding homogeneous simultaneous linear
equations

anx;+ -+ Fapx, =0,
: : (1.125)
anxi+ - Fapx, =0.
or
Ax = 0. (1.125")

As we did in Section 1.10, we can solve these by Gaussian elimination, reducing
A to the row echelon form. The solutions are given by linear expressions for r of



Chapter |  Vectors and Matrices

the unknowns in terms of the remaining unknowns. By renumbering we can assume

that xy, ..., x, are expressed in terms of x, ;... .. Xt
X) :dl,H—er-H + +dl.nxn
X = dr r1 X 41 + ce + dr,nxm

Here we write

Xrgt = Wy,
Xp = Wy.
Then the solutions are given by
x=wr+lC0](dl,r+1a~-«»drr+l 1,0, 0)
+--+w,cold . .... d ., 0,..., 0, 1) (1.126)

= Wrp Uy + -+ wuu,,

where w, |, ..., w, are arbitrary scalars. Thus the kernel of A is represented as the
set of linear combinations of n — r vectors a, ;. ..., u,,. We see that these vectors
are linearly independent (see Problem 5 below). Therefore the kernel has dimension
n—rorh =n—r.Equation (1.124) 1s proved. [Note: As in Section 1.10, if r = 0,
Ax = 0 is satisfied by all x, so that 2 = n.]

Maximum rank. Determinant definition of rank. For a k x n matrix A we have
seen that the rank r of A cannot exceed k or n. When r is the largest integer satisfying
this condition, A is said to have maximum rank. If k < n, this means that r = k; if
k > n, it means that r = n.

By a minor of A we mean a determinant formed from the array A by striking
out certain rows and columns to obtain a square array. If, for example, A is 3 x 3,
then A has one 3 x 3 minor det A, nine 2 x 2 minors, and nine 1 x | minors (the
nine entries of A).

One can show that r, the rank of A, is the largest integer such that some » x r
minor of A is nonzero (see Problem 6, which follows).

EXAMPLE 3 We again consider the matrix A of Example 1. The kernel of A is
found from the Gaussian elimination applied to A, as was done in Example 1. Hence
1t consists of all x such that

2x)+4x —x3+ x4 =0,
—10."2 +3x; — x4 = 0.
We solve for x;, x,, letting x3 = w3, x4 = wy. We find

] 3 3 1
X =——w3;— — = —w; — —Wwy.
TR T 0w T 10T 10
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Thus

( ) | 3 3 |
X = VX2, X3, X4) = | —— — — W4, — — —Wq. W3,
X1, X2, X3. X4 10w3 lOw4 10w3 1Ow4 3, Wa

N |
10" 10 107 10
where —oc < w3 < 00, —00 < wy < 00. Accordingly,
p) = (_L, 3 1,0), Py = (_i, LN 1)
10 10 100 10

are a basis for the kernel. Thus 7 =2 =4 —r asin Eq. (1.124).
We can also check that the 3 x 3 minors of A are all 0:

2 4 1 4 —1 1
4 =2 1/=0, -2 1 1|=0,...
2 14 -4 14 —4 2
but there are nonzero 2 x 2 minors:
2 4
‘4 —2“‘20'

Hence again we find r = 2.

PROBLEMS
1. Find the rank of the matrix in two different ways and verify cquality:
3 1 2 12 2
a2 5 0 b) 3 5 4
L5 -7 6 | -1 4 2
013 4 R
|1 0 0 5 d) 5 3 1 2 3
L3 023 0 -1 21 4

2. (a), (b), (¢), (d) Find the nullity # of each matrix of Problem 1 and check that # +r = n;

also find a basis for the kernel if # > 0.

3. Let W be the subspace formed of all linear combinations of the vectors given. Find a basis

for W:

a) (1,3,2).(2,—-1,2),(1,10,4),(0, 1, 1),

b) (3,6,2),(1.3. 1), (5, 1,7,

¢ (1.2,2,3),(3,2,2, 1),(1,1,1, 1), (2, 1. 1, 0),

d) 3,1,5.0,1),(2,0,4,2.0),(1,—-1,3.4,—1),(1,1,0,0,0).

. Let W be a subspace of V" of dimension k. Prove: Every basis of W has k vectors. [Hint:

Show first that no basis can have more than k vectors. Next suppose that a basis has fewer
than & vectors. By completing the given basis of k vectors to a basis for V", show that one
could then obtain a basis for V" of less than n vectors.]

. Show that the vectors u, ., ..., u, in Eq. (1.126) are linearly independent.
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6. Prove that the evaluation of rank by nonzero minors is correct. [Hint: Show that this rank
is unaffected by Gaussian elimination and then find its value for a matrix in row echelon
form.]

7. Prove: the row rank of A equals the column rank. [Hint: Use the result of Problem 6 and
Rulc I of Section 1.4 to show that A and A’ have the same row rank.]

oo

For a given A and given n x n matrix A, let W be the set of vectors x such that Ax = Ax.
Show that W is a subspace of V7. (If A is an eigenvalue of A, W consists of 0 plus all
eigenvectors for this A.)

9. Prove: For a given y, the equation Ax = y has a solution if and only if the matrices A
and [A y] have the same rank. Here [A y] is obtained from A by adjoining the column
vector y at the right. [Hint: Consider the relationship between y and the range of A as a
subspace.]

*1.18 OTHER VECTOR SPACES

Thus far in this chapter we have considered only Euclidean n-dimensional vector
spaces. One is often led to consider sets of objects that can be added and muitiplied
by scalars, in accordance with the familiar rules, but for which there may be no
scalar product or norm. We call such a set, with the given operations, a vector space.
The term “Euclidean” is reserved for a vector space having a scalar product for
which all the rules (1.102) of Section 1.14 are satisfied. In each vector space, one
can define hinear independence and dependence in the usual way. One then calls the
vector space n-dimensional if it contains n but no more than n linearly independent
vectors. For some vector spaces, one can find n linearly independent vectors for
every positive integer n; one then speaks of an infinite-dimensional vector space. For
technical reasons it is also useful to introduce a zero-dimensional vector space V°,
consisting of ) alone; this vector space has no sets of linearly independent vectors.
For convenience we define a vector space formally:

Definition. A vector space V is a collection of objects u, v, ... called vectors,
including a zero vector 0, for which addition and mulitiplication by real scalars are
defined in accordance with the following rules:

[ u+v=v+u II. (u+v)+w=u+(v+w).

II. h(u +v) = hu + hv. IV. (a + b)u = au + bhu. 1.127)
V. (ab)u = a(bu). VI lu = u.

VII. Ou =0.

By a subspace of V we mean a subset W of V satisfying the two conditions (i)
and (ii) of Section 1.17. We observe that the rules (1.127) must also hold in such a
subspace W. Thus W is also a vector space.

For many vector spaces the objects called vectors do not arise in a geometrical
context, and our standard boldface or arrow notations are not appropriate; see, for
instance, Examples 1 and 2 below.

As was pointed out in Section 1.15, other rules can be deduced from Rules I
through VII—for example, the rule stating that subtraction is always possible and
is unique and the rule w + 0 = u. Furthermore, the discussion of basis and linear
independence carries over to an arbitrary vector space. In particular, Rules (a), (b),
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(c), (d), and (e) of Section 1.14 remain valid. Rules (f) and (g) are essentially the
definition of an n-dimensional vector space. Rules (h), (i). ( j), and (k) remain valid
in the following forms:

h') If v, ..., v, are linearly independent vectors in an n-dimensional vector
space V, thenv,,..., v, form a basis for V.

i') Every basis for an n-dimensional vector space consists of n linearly indepen-
dent vectors.

J) Ifk < nandvy,...v, are linearly independent vectors in an n-dimensional
vector space V, then there exist v;, ., ..., Vv, so thatv,, ..., v, form a basis
for V.

k') Ifvy, ..., vy arelinearly independent vectors in a vector space, V anduy, . . .,
v, are all expressible as linear combinationsof v, ..., v¢, thenuy, ..., 0
are linearly dependent.

The discussion of a general n-dimensional vector space V can in fact be referred
back to the case of V" by the following procedure. Letv,. ..., v, be n linearly inde-
pendent vectors in V. Since V does not contain n + 1 linearly independenl vectors,
it follows that every vector of V is expressible uniquely as a linear combination of
Vieo.o.. v,, so that vi. ..., v, form a basis. Hence for every vector u in V we can

u=uvi+---+u,v,

and, as in Section 1.14, we call u, ..., u, the components of u with respect to the

basis vy, ..., v,. We can identify the vectors of V with the corresponding n-tuples,
writing u = (uy, ..., u,). Then
cu = (cuy....,cu,), u+w=">(u +w,...,u,+w,

exactly as in V". Hence (apart from considerations related to the scalar product or
norm), V is the same as V",

For a general, not necessarily finite-dimensional, vector space V, one can take
advantage of the theory of V" in the following way. Let v,, ..., v, be linearly
independent vectors in V. Then all the linear combinations of v, ..., v, themselves
form a vector space V', as in the preceding paragraph, and we can identify V' with
V" by replacing each vector of V' by the corresponding n-tuple of components with
respectto vy, ..., v,. Hence V' forms an n-dimensional vector space. We call V' an
n-dimensional subspace of V.

As a special case of the preceding paragraph, we conclude that if all vectors in
a vector space V are expressible as linear combinations of n linearly independent
vectors vy, ..., v,, then V is n-dimensional and vy, ..., v, form a basis for V.

We proceed to give some examples of vector spaces:

EXAMPLE 1 Let V consist of all polynomials in x: 3 — x,5 + x + 2x%,7 —
3x2+9x%, .. .. The sum of two polynomials is again a polynomial; a scalar times a
polynomial is again a polynomial:

3(5+x + 2x%) = 15 + 3x + 6x%
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There is a zero polynomial: 0. Rules I through VII are satisfied, as one sees at once.
For example, if p(x) and g(x) are polynomials, then p(x) + g(x) = g(x) + p(x)
(equality meaning identity). Thus Rule I holds. Hence V is a vector space. We
observe that the n polynomials 1, x, x>, ... .. "~ are linearly independent. Suppose
that

el+ex+ - Fex" ' =0;

that is, let ¢, + c3x + -+ + ¢,x"~" coincide with the 0 polynomial and hence
have the value O for all x. Now a polynomial of degree k has at most k roots, and
hence ¢y, ..., ¢, must all be 0. Therefore I, x,...,x"~! are linearly independent.
Accordingly, V is an infinite-dimensional vector space. o

EXAMPLE 2 Let V consist of all polynomials of degree at most 3, that is, of all
polynomials of the form ag 4 @, x + a,x? 4+ a;x*. The sum of two such polynomials
is again a polynomial of degree at most 3; there is a similar statement for a scalar
times such a polynomial. Rules [ through VII all hold. Therefore V is a vector space.
The four polynomials 1, x, x>, x* are in V and are linearly independent. Thus we
can consider V as the space V', as before, formed of all linear combinations of
four linearly independent vectors in the vector space of Example 1. Accordingly, as
before, V is a 4-dimensional subspace of the vector space of all polynomials. @

EXAMPLE 3 Let V consist of all 2 x 2 matrices. Then again addition and multi-
plication by scalars yield matrices of the same size and, by the rules of Section 1.7,
all of Rules I through VII are satisfied. The “zero vector” is O = Oy;. In V the four
matrices

1 O 0 1 0 0 0 0
E”:[O O:|’ E|2=[0 0j|, EzaZ[l O]' E22=[0 1]

are linearly independent. For the equation

CEntaER+aE)+albn=0

a a|l_,_[00
o al-e-[5 0]

is equivalent to

and henceto ¢, =0, ..., ¢4 = 0. Furthermore, every 2 x 2 matrix A is expressible
uniquely as a linear combination of Eyy,..., En: A = (@) = anEn+ - +
a» Ey. It follows, as before, that V is 4-dimensional and that E,,, ..., E» form a
basis for V.

By similar reasoning we show that for each fixed choice of m and n the set V
of all m x n matrices forms a vector space of dimension mn. The mn matrices E;;,
having 1 as the ij-entry and all other entries 0, form a basis for V. ®

Complex vector spaces. One can extend the concept of vector space by allowing
the scalars to be complex numbers. One then obtains a complex vector space. The
previous theory carries over with the obvious changes.
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EXAMPLE 4 The set of all complex numbers forms a complex vector space,
whose dimension is 1, with a basis consisting of any one nonzero complex number.
L

EXAMPLE 5 The set of all polynomials with complex coefficients forms an
infinite-dimensional complex vector space. ®

EXAMPLE 6 The set of all functions of form ae** + be™**, where a and b
are complex constants, forms a complex vector space of dimension 2, with basis
2ix ,—-2ix

et e . @

PROBLEMS

1. Show that each of the following sets of objects, with the usual operations of addition and
multiplication by scalars, forms a vector space. Give the dimension in each case and, if
the dimension is finite, give a basis.

a) All polynomials of degree at most 2.
b) All polynomials containing no term of odd degree: 3 4 5x2 + x*, x? — x10

g e e

¢) All trigonometric polynomials:
ap+aj;cos x + bysin x + - -- 4+ a, cos nx + b, sin nx.
d) All functions of the form ae* + be™".
e) All 3 x 3 diagonal matrices.
f) All4 x 4 symmetric matrices A; that is, all matrices A such that A = A"
g) All functions y = f(x), —0o < x < 0o, such that y” + y = 0.
h) All functions y = f(x). —00 < x < oo, such that y"’ — y' = 0.
i) All functions f(x) which are defined and continuous for 0 < x < |.
j) All functions f{x) which arc defined and have a continuous derivative forO < x < I.
k) All infinite sequences: xy. X3, ..., X, . ...
1) All convergent sequences.

2. Show that the four polynomials 1, 1 +x, I +x + x>, I +x +x? form a basis for the vector
spacc of Example 2.

3. Show that the following matrices form a basis for the vector spacc of Example 3:

e R R T

4. Show that the functions cos 2x, sin2x form a basis for the complex vector space of
Examplc 6.
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2

Differential Calculus
of Functions
of Several Variables

2.1 FUNCTIONS OF SEVERAL VARIABLES

If to each point (x, y) of a certain part of the xy-plane is assigned a real number z,
then z is said to be given as a function of the two real variables x and y. Thus

z=x>— % z=xsinxy [all (x,y)]
are such functions. Many such functions are considered, without special mention,
in the theory of functions of one variable. For example, the function y = a* is a
function of both a and x, as is the function y = log, x. The basic theorems on
differentiation relate to the functions y = u + v,y = u - v,y = u/v, that is, to
certain functions of # and v, where « and v are functions of x. In many cases a
function of one variable can be considered as a function of two variables with one
of the two variables held fixed; for example, y = x* is obtained from y = x"
(a function of x and n) by assigning to n the value 3.
Similar remarks apply to functions of three or more variables. Thus

u=xyz, u=)c2+yz+zz—t2

give u as a function of three and four variables, respectively.

It will be seen throughout the following discussion that the theory of functions of
three or more variables differs only slightly from that of functions of two variables.
For this reason, most of the emphasis will be on functions of two variables. On
the other hand, there are basic differences between the calculus of functions of one
variable and that of functions of two variables.
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Functions of two, three, four, and even millions of variables occur in physics.
The following are simple examples:

RT .
P=-, (ideal gas law),

(torque on a wire),

N
_m 2,2 2 energy of an ideal gas in terms of velocity
£= 2 Z (uf + v +wi) (components of the N molecules

i=l1

2.2 DOMAINS AND REGIONS

Most of the theory of functions of one variable is given in terms of a function defined
over an interval: @ < x < b. For functions of x and y a corresponding concept is
needed. A natural one would be a rectangle: a < x < b,¢ < vy < d. But many
problems require more complicated sets, such as circles, ellipses, and so on. In order
to have sufficient generality to cover all practical cases, it is necessary to formulate
the concept of a domain.

The general term set of points in the xv-plane means any sort of collection of
points. finite or infinite in number: the points (0, ) and (1, 0); the points on the line
v = x; the points inside the circle x> 4+ y*> = 1.

A neighborhood of a point (x;, v;) will mean the set of points inside a circle
having center (x, y|) and radius §; we can thus speak of a neighborhood of radius
8. Each point (x, v) of the neighborhood satisfies the inequality:

(x —x) + (v — v)* < 8% Q2.1

A set of points is called open if every point (x|, y,) of the set has a neighborhood
lying wholly within the set. The interior of a circle is open, as is the interior of an
ellipse or a square; these open sets are defined by inequalities such as the following:

) 2 x- y
x4y <l —+ =<1, |x|]<1 and |¥| < I.
2 3
The entire xy-plane is open, as is a half-plane such as the “right half-plane™: x > 0.
However, the interior of a circle plus the circumference is not open, for no neigh-
borhood of a point on the circumference lies entirely in the set.

A set E is called closed if the points of the plane that are not in £ form an open
set. Thus the points on and outside the circle x> + y*> = 1 form a closed set. The
points of the circumference themselves form a closed set, as do the points on and
interior to the circumference.

A set is called bounded if the whole set can be enclosed in a circle of sufficiently
large radius. Thus the points of the square, | x| < I, |y| < 1, form a bounded set; this
set is also closed. The points interior to an ellipse, x* + 2y* < 1, form a bounded
open set.
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A nonempty open set is called a connected open set or a domain if, besides
being open, it has the property that any two points P, Q of the set can be joined by a
broken line lying wholly within the set. Thus the interior of a circle is a domain. (As
in Section 1.16, the word domain is also used for the set on which a given function
is defined. The context will make clear in which sense the word is to be understood.
Furthermore, in many cases the domain of definition of a function is also a domain
as defined here.)

We remark that a domain D cannot be formed of two nonoverlapping open sets.
For example, the points for which |x| > O form an open set E composed of two
parts: the set of points for which x > 0 and the set for which x < 0. The set E is
not a domain, since the points (—1, 0) and (1, 0) lie in E but cannot be joined by a
broken line in E (see Problem 8 after Section 2.4).

A boundary point of a set is a point every neighborhood of which contains at
least one point in the set and at least one point not in the set. Thus the boundary points
of the circular domain x? 4+ y* < 1 are the points of the circumference: x> + y> = 1.
No boundary point of an open set can belong to the set; however, every boundary
point of a closed set belongs to the set. '

An interior point of a set is a point having a neighborhood that is contained in
the set. Thus every point of an open set E is an interior point of E. A boundary point
of a set cannot be an interior point.

The term region will be used to describe a set consisting of a domain plus,
perhaps, some or all of its boundary points. Thus a region may be a domain (if
no boundary points are included). If all boundary points are included, the region
is called a closed region; it then necessarily forms a closed set. (See Problem 13
following Section 2.4). Thus a circle plus interior, X2+ y2 < 1, is a closed region.
A domain is sometimes called an open region.

It will be found that for most practical problems a domain is defined by one or
more inequalities, and the boundary of a domain is defined by one or more equations,
whereas a closed region is given by a combination of the two; for example,

xy < | is a domain,
xy = 1 is its boundary,

xy < 1 is a closed region.

IA

These concepts are illustrated in Fig. 2.1.

The extension of these ideas to three or more dimensions is not difficult; for
four or more dimensions, graphical representation is essentially hopeless. Thus a
neighborhood of a point (xy, yy, 2;) in space is the set of points (x, y, ) inside a
sphere,

(x—x)+ 0 -n)r+@—) <8,

and the other definitions can be repeated without change. In general, in n-dimensional
space E" (Section 1.14) a neighborhood of radius é of a point A: (ay, . . ., a,) consists
of all points P: (x|, ..., x,) such that d(A, P) < §, that s, such that

AP = (x; —a) + - - + (xn — an)? < &2

75



76

Advanced Calculus, Fifth Edition

Boundary

Boundary

Figure 2.1  Set concepts.

The other concepts, such as open set and closed set, are defined in terms of neigh-
borhoods as before.

The definitions can also be adapted to the case of one dimension. A neighborhood
of a point x, of the x axis is an interval: x; —§ < x < x; + 8. A domain on the x axis
is one of the following four types of sets: (1) an open interval: a < x < b; (2) an
infinite openinterval: a < x;(3) an infinite open interval: x < b; (4) the entire x axis.
A bounded closed region on the x axis is a closed interval: a < x < b.

Occasionally it is convenient to use the term neighborhood of a point to mean
an open set containing the point.

2.3 FUNCTIONAL NOTATION » LEVEL CURVES
AND LEVEL SURFACES

Most of the functions to be considered will be defined in a domain or, occasionally,
in a closed region. The notation “z = f(x, y) in domain D” will mean that z is
given as a function of x and y for all points in a domain D of the xy-plane. The
variables x and y are called independent variables, while z is dependent. Similarly,
one writes: “u = f{(x, y, z).in domain D” or “w = f(x, v, z, u) in domain D”
for functions of more than two variables. As with functions of one variable, the
functional notation also serves to indicate corresponding values for a given function.
Thus if z = f(x. y) is defined by the equation z = /1 — x> — y? in the domain
x?+y? <1 then f(0,0)=1, f(}, ) =,/3,and so on.

The functional relationship z = f(x, y) is sometimes written thus: z = z(x, y).
For functions of three or more variables one writes, similarly, ¥ = u(x, y,z), w =
wx,y. z.u),y = y(xg, ..., x,).

A function of two variables can be represented graphically by a surface in
3-dimensional space, as shown in Fig. 2.2. For functions of three or more variables
this representation is not available.

Another method for representing functions of two variables is that of level curves
or contour lines. This is the method used in making a contour map or topographical
map. One plots the loci,

f(xvy)=cl~ f(xvy)=C2....
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X

Figure 2.2  Function of two variables.

Figure 2.3  Level curves.

for various choices of the constants ¢y, ¢». ... ; each locus f(x, y) = ¢ is called a
level curve of f(x.y); it may actually be formed of several distinct curves. This is
illustrated in Fig. 2.3, in which f(x, y) = x2y + x* + 2y?; the value of ¢ is shown
on each curve. The level curves often provide a better understanding of the function
than a sketch of the surface z = f(x, y).

The method just described is available in principle for functions of three vari-
ables; here one draws the level surfaces: f(x,v,2) = ¢\, f(x,y,2) = c3,... for
appropriate choices of ¢y, c;, . ... The surfaces of constant gravitational potential
(approximately spheres) about the earth illustrate this. The surfaces of constant tem-
perature or pressure are of importance in meteorology.

One can also represent a function of three variables with the aid of level curves;
if, for example, z is fixed, then f(x, y, z) becomes a function of x and y and can
be represented by its level curves in an xy-plane as earlier. If this is done for several
values of z, one obtains a corresponding number of diagrams that together represent
the function. This is common practice in meteorology, in which lines of constant
pressure (isobars) are plotted for various altitudes.

For functions of four or more variables the loci, f = const, are “hypersurfaces”
in a space of four or more dimensions. These level hypersurfaces are mainly of
theoretical interest. To represent the function graphically, one is forced to fix one or
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more of the variables and thereby obtain level surfaces in 3-dimensional space or
level curves in a plane.

A function f(x, y) is said to be bounded when (x, y) is restricted to a set E,
if there is a number M such that | f(x, y)| < M when (x, y) is in E. For example,
z=x*+y? is bounded, with M =2, if |x| <! and |y| < 1. The function z =
tan (x + y) is not bounded for |x + y| < j7.

2.4 LIMITS AND CONTINUITY

Letz = f(x, y)be givenin adomain D, and let (x,, ) be a point of D or a boundary
point of D. Then the equation

lim fx.y) =c @2
means the following: given any € > 0, a§ > 0 can be found such that for every
(x, ¥) in D and within the neighborhood of (x;, y,) of radius &, except possibly for
(xy, y1) itself, one has

[flx,y)—c| <e. 2.3

In other terms, if (x, y) is in D and
0<(x—x))+(y—y)P <8, 24

then (2.3) holds. Thus if the variable point (x, y) is sufficiently close to (but not at)
its limiting position (x;, y,), the value of the function is as close as desired to its
limiting value c.

If the point (x;, y,) isin D and

Xli_{{}l f&xoy) = fxan)s (2.5)

Y=y

then f(x, y) is said to be continuous at (x;, y;). If this holds for every point (x|, y)
of D, then f(x, y) is said to be continuous in D.

The notions of limits and continuity can be extended to more complicated sets—
for example, to closed regions. The preceding definitions can be repeated essentially
without change. Thus if f(x, y)is defined in a closed region R and (x;, y,) is in R,
then (2.2) is said to hold if, for given € > 0, a§ > 0 can be found such that (2.3)
holds whenever (x, y) is in R and is within distance & of (x, y,), butnot at (x, y;).If
(2.5) holds, then f(x, y)is continuous at (x|, y,). Similar definitions hold if f(x, y)
is defined only on a curve in the xy-plane. The notions of limits and continuity must
always be considered in relation to the set in which the function is defined.

Continuity for functions of two variables is a more subtle requirement than for
functions of one variable. Such a simple function as

X2 —y?
xZ + yZ
is badly discontinuous at the origin, without becoming infinite there. For z has limit

0 if (x, y) approaches the origin on the line x = y, has limit 1 if (x, y) approaches
the origin on the x axis, and has limit —1 if (x, y) approaches the origin on the y axis.

=
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Thus no limiting value can be assigned at (0, 0). It should be noted that the level
curves of this function are straight lines, all passing through (0, 0); this alone shows
that there is a discontinuity at the origin.

However, the fundamental theorem on limits and continuity holds without
change:

THEOREM Letu = f(x.y)and v = g(x. y) both be defined in the domain D
of the xy-plane. Let

Vliﬁn} flx, v) =u,. Xan} glx,y)=v. 2.6)
y—y Y=y
Then
x]ii?, [fx,y)+gx. )] =ur +v. (2.7)
Jim [f Qe y) - g, I = uy - vy (2.8)
lim L8 M o), 2.9)
ey

If f(x, y)and g(x. y) are continuous at (x|, y,), then so also are the functions

fx,»
glx,y)’

flx. v +gx.v),  flx,»-glx.y),

provided, in the last case, g(x;, v;) # 0.
Let F(u. v) be defined and continuous in a domain Dy of the uv-plane and let
F[f(x.y), g(x. )] be defined for (x, y) in D. Then, if (u,, vy) is in Dy,

Aanxl. Flf(x.y). 8. )] = Fluy. vy). (2.10)
If f(x, v)and g(x, v) are continuous at (x;, y;), then so alsois F[ f(x, y), g(x, ¥)].
Proof. We first consider the composite function F[ f(x, y), g(x, y)], which is the

most fundamental notion of the whole theorem. Since Flu, v] is assumed to be
continuous in Dy, one has

uli}r{} Flu. vl = Fluy, v]; (2.11)

vy

by (2.6), as (x, y) approaches (x,, y,)., (4, v) approaches (u,, v;), so that by (2.11),
Am FLf(e,y) gle )l = Fllim fCxy), lim g, y)I = Fluy, vil.

Thus (2.10) is established. If f and g are continuous at (x,, y;), then f(x{, y|) = u;
and g(x|, y) = vy, so that by (2.10),
x]Lr?_l Flfe.v).gle. ] = FLf(xa. ). g(xy. vl

y—=w

that is, F[ f(x, v). g(x. y)] is continuous at (x|, y;).
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Now one verifies easily that the particular Flu, v] = u 4+ v is continuous for all
values of 4 and v. If (2.10) is applied to this choice of F, one finds

Jim [f(x. )+ gl 3 = wi + v,

¥y ¥
which is (2.7); by the same reasoning, one concludes that if f(x, y) and g(x, y) are
continuous at (x, y;), thensois f(x,y) + g(x, y).

The statements about products and quotients follow in the same way by con-
sideration of the special functions F = « - v and F = u«/v. One need only show
that these functions are continuous (for v # 0 in the second case). This can be done
directly by applying the preceding €. § definition or as follows. One shows that the
functions « + v and u — v are continuous functions of # and v and also that %w
and w? are continuous functions of w (theorems on functions of one variable). It
follows from the function-of-function rule just proved that (4 + v)> and (u — v)* are
continuous and hence that

1 ,
u-v= Z[(u +v) = — )]

is continuous for all (1, v) and we obtain the conclusions about the product f - g.

Next one shows that 1/v is a continuous function of v for v # 0 (function of
one variable) and hence that u/v = u - (1/v) is a continuous function of « and v
for v # 0. If, for example, v| > 0, then we take Dy to be the half-plane v > 0 in the
uv-plane. From (2.6) we conclude that g(x, y) > v;/2 > 0insome neighborhood D,
ofradius & of (x,, ) (except possibly at (x;, y,) itself). In the discussion of limits and
continuity, (x. y)canberestricted to D), so that the values (4, v) = (f(x, y), g(x, y))
lie in Dy, where ' = u/v is continuous. Hence the previous reasoning applies to
ufv. o

The theorem above can be restated in analogous form for functions of three
or more variables and, in the case of the composite function, for combinations of
functions of one and two variables, one and three variables, and so on:

FIfGe, 1. FLfD.gM), FLf(x.yv. 2] FLI(1), g(t). h(1)],
By virtue of this theorem, one can conclude that polynomial functions such as
w=xv+3xz> - xyz
are continuous for all values of the variables, whereas rational functions such as
v oy —x
l—xt—y

are continuous except where the denominator is 0.

Mappings from V" to V™. At times, one considers sets of functions of n variables:
Y= fl(-xl ------ Vn)-

(2.12)

Y¥m = fm(—rl- Ve . «xn)~
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We assume that all functions are defined in a domain D of n-dimensional space.
Equations (2.12) then describe a mapping from D to m-dimensional space. A special
case of such a mapping is a linear mapping, as discussed in Section 1.16, with D all
of n-dimensional space.

EXAMPLE
X —X3
=53 V=573
xi + x5 Xy + X3
Here m = n = 2, and D consists of V? minus the vector (0, 0). [ )
We can use vector notation and replace f(x), ..., x,) by fi(x), and so on. In fact

we can replace (2.12) by one vector equation
y = f(x). (2.12)

Here x is a vector of V", y is a vector of V™, and f is a vector function: f =
(fl ----- fm ).

We call the mapping continuous at x° in D if, for each € > 0, thereisa é > 0
such that |f(x) — f(x")| < € for each x in D satisfying |x — x°| < &.

The previous discussion extends to such mappings. We observe also that the

mapping (2.12') is continuous at x° = (x?, ..., x%) if and only if all the functions
Fix1, o X)), oo oy fm(xy. ..., x,) are continuous at (x?, ..., x%) (see Problem 10
which follows).
Instead of using vector notation, we can think of (x|, ..., x,) as a point in E"
and (yy,.... V) as a point in E™, Then we write (2.12) as
Q= F(P), (2.12")

where P is a point of D and Q a point of E™. The definition of continuity then reads:
F is continuous at Py in D if for each € > O there isa § > 0 such that, for P in D,

d(F(P), F(Py)) <€ wheneverd(P, Py) <§.

Here d(A. B) stands for the distance between A and B in the appropriate space: £”
for d(P, Py), E™ for d(F(P), F(Py)). As in Section 1.14, in E", for example, one
has the properties:

(i) d(A,B)>=0. d(A.B)=0 onlyforA =B,

(i1) d(A, B) = d(B, A),
(ii) d(A.C) <d(A.B)+d(B.C).

These properties of distance turn out to be crucial for discussions of continuity.
Because of their importance and generality, one uses the term metric space for any
set with a real distance function d satisfying (i), (ii), and (iii). Thus E" or V" can
be regarded as metric spaces with distance d(A, B) = |a — b|for A = (a,, .. ., a,),
B=(b,.... b,) regarded as points or vectors.
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PROBLEMS

1.

Give several examples of functions of several variables occurring in gecometry (area and
volume formulas, law of cosines, and so on).

. Represent the following functions by first sketching a surface, and second, drawing level

curves:
a) z=3—x -3y b) c=x>+y+1
¢) z=sin(x + y) d) 7 =

. Analyze the following functions by describing their level surfaces in space:

a) u=x>+y"+22 b) u=x+y+z
O w=x24y>—¢ d) w=x*+y?

. Determine the values of the following limits, whercver the limit exists:

2 2 : x
. X =y b) llm 3 3
a) lim ———— Sy SN
) r—0 L+ a7 4y :ﬂg SRR
V=0 :
: I+x—v
5
) 2y gin x d) lim ———
¢) lim (L+y)siny ) 1—0 X 4y
x—0 - y—0
v—0

. Show that the following functions are discontinuous at (0, 0) and graph the corresponding

surfaces:!

X

a) =15 b) z = log(x? 4+ v2)

. Describe the sets in which the following functions arc dcfined:

a) z=¢"" b) z =log(x* +y> = 1)

) z=1—x2—y2 d)u==

. Prove the theorem: Let f(x, y)be defined in domain D and continuous at the point (x, y})

of D. If f(xy,y;) > O, then there is a neighborhood of (x|, y;) in which f(x.v) >
%f(xl ,¥1) > 0. [Hint: Use € = %f(xl, y1) in the definition of continuity.]

. Let D be a domain in the plane. Show that D cannot consist of two open scts £y, E>

with no point in common. [Hint: Suppose the contrary and choose point P in E, and
point Q in E,; join these points by a broken line in D. Regard this line as a path from P
to Q and let s be distance from P along the path, so that the path is given by continuous
functions x = x(s).y = y(s5),0 < s < L,withs =0at Pands = L at Q. Let
f(s) = —1if (x(s), y(s))yis in E; and let f(s) = 1 if (x(s), y(s)) is in E;. Show that
f(s)1s continuous for 0 < s < L. Now apply the intermediate value theorem: 1f f(x)1s
continuous fora < x < b and f(a) < 0, f(b) > 0, then f(x) = 0 for somc x between
a and b (see Problem 5 following Section 2.23).]

. Prove the theorem: Let f(x, ¥) be continuous in domain D. Let f(x. y) be positive for

at least one point of D and negative for at least one point of D. Then f(x, v) = 0 for at
least one point of D. [Hint: Use Problem 7 to conclude that the set A where f(x, y) > 0
and the set B where f(x.y) < Oareopen. If f(x, y) # 0in D, then D is formed of the
two nonoverlapping open sets A and B this is not possible by Problem 8.]

Remark This result extends the intermediate value theorecm to functions of two variables.

'In this book. log x denotes the natural logarithm of v.
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10. In V", |x| = /z + -~ + «7. as in Scction 1.14.

a) Show that if |x| < €, then [x)| < €, ..., |x,| < €. Interpret the result geometrically
forn = 2.

b) Show that if |x;| < §,....|x,| < 8, then |X| < nd.

¢) In(2.12), let filxy, ... xp)e .., fm(x1. ..., x,) be defined in domain D and contin-
uous at (x‘l’ ..... x,?). Show that the corresponding mapping (2.12') is continuous at
x’. [Hint: Given ¢ > 0, choose 8 > 0 so small that | fi(x(, .. ... Xy )~ f|(x? ..... x,?)l
<e/m N fmxre o xn) = fu (XD XD < €/m for |x — x°] < 8. Conclude

from (b) that |f(x) — Fx°)| < ¢ for |x — x0| < 8.]
d) Show that if the mapping (2.12) is continuous at x°, then each of the functions

filxy, ..o L5 RN Smx1, ..., X) 1S continuous at (x(l), ey x,(,)).
11. An(infinite) sequence of points Py, .... P,. ... in the plane is said to converge and have
limit Py:

lim P, =Py or P,— Py
n—0c

if for each ¢ > O there is an integer N such that d(P,. Py) < € forn > N. Show that the
limit Py is unique. [Hint: If P, — Pgand P, — Py, Py # Py, thentake € = 1d(Py. P))
and obtain a contradiction. ]

12. Show that a set E in the plane is closed if and only if for every convergent scquence
(Problem 11) of points {P,} in E, the limit of the sequence is in E. [Hint: Suppose E
is closed and P, — Py, with P, in E for all n. If Py is not in E, then choose € > 0
such that d(P, Py) < € implies that P is not in E (why is this possible?) and obtain a
contradiction. Next suppose E is such that whenever {P,} is in E and P, — Py, then
Py is in E. To show that E is closed, suppose that Py is a point not in E and that no
neighborhood of Py consists solely of points not in E. Then choose P, such that P, is
in £ and d(P,. Py) < 1/n. Show that P, — Py and obtain a contradiction.]

13. a) Show that the empty set is open (and closed) and hence the whole plane is closed.

b) Show that the set formed of a set E in the plane and its boundary is closed.

2.5 PARTIAL DERIVATIVES

Letz = f(x, y) be defined in a domain D of the xy-plane and let (x|, ¥,) be a point
of D. The function f(x, y,) then depends on x alone and is defined in an interval
about x,. Hence its derivative with respect to x at x = x| may exist. If it does, its
value is called the partial derivative of f(x.y) with respect to x at (x,, vy), and is
denoted by

of 9z

—(x. orby —

ga T erby
One has thus, by the definition of the derivative,

SO+ Ax,yv) — fx, )
Ax '

(2.13)

C .
—(x1,y) = lim
dx Ax—0

When the point (x;, v;) at which the derivative is being evaluated is evident, one
can write simply 0z /0dx or 0f/dx for the derivative. Other notations commonly used
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The preceding definitions extend at once to functions of three or more variables.
If w = (x, y, u, v), then one partial derivative at (x, y, u, v) is
dw lim glx,y. u+ Au,v)—glx,y,u, v
—_— = 1 .
du Au—0 Au

(2.14)

When only three vanables x, y, z are involved in a discussion, the notation
dz/dx is self-explanatory: x and y are independent, and y is held constant. How-
ever, when four or more variables are involved, the partial derivative symbol by
itself is ambiguous. Thus if x, y, u, v are involved, then du/dx may be interpreted
as fi(x,y), where u = f(x,y), v = g(x, y). one may also interpret du/ox as
h.(x,y,v), where u = h(x, y, v). For this reason, when four or more variables are
involved, it is advisable to supplement the partial derivative symbol by indicating
the variables held constant. For example,

0
(5) means f,(x, y), where z = f(x. y).

3]
(ﬂ) means h,(x, y, v), where u = h(x, y, v).
ax /.,

The independent variables consist of the variable with respect to which the differ-
entiation is being made, plus all variables appearing as subscripts.

EXAMPLE 1 Ifw = xuv + u — 2v, then

Jw _ wo 41 ow _ ) .
o uv, r xv , 7 = xu .

EXAMPLE 2 Ifu, v, x, y are related by the equations

u=x-y, v=ux+Yy,

0
(—u_) - 1‘ -@) - l.
ax /, ax /,
0 a
ax /, ox /,

since u can be expressed in terms of x and v by the equation

then

whereas

u=72x—v,

from which one also obtains

V=2x—u. ()
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EXAMPLE 3 If x> 4+ y> — 7> = I, then

0z 0z
2x —2z— =0, 2y —2;— =0,
ox ay
whence
0z x 0z ¥y
—_— = -, — = 0.
ol 2 (z#0) °

2.6 TOTAL DIFFERENTIAL m FUNDAMENTAL LEMMA

In forming the preceding partial derivatives dz/dx and dz/dy, changes Ax and Ay
in x and y were considered separately; we now consider the effect of changing x and
y together. Let (x, y) be a fixed point of D and let (x + Ax, v + Ay) be a second
point of D. Then the function z = f(x, y) changes by an amount Az in going from
(x,y)to(x + Ax, y + Ay):

Az= f(x+Ax. v+ Ay) — f(x.y). (2.15)

This defines Az as a function of Ax and Ay (x and y being considered as constants),
with the special property

Az=0 when Ax=0 and Ay=0.
For example, if z = x> + xy + xy?, then
Az = (x + Ax)" 4 (x + Ay + AY) + (X + Ax)(y + Ay)’ — xF —xy — xy?
= AxQ2x + ¥ + y3) 4 Ay(x +2x¥) + Ax + AxAv(1 4 2v) + Ay x + AxAy.
Here Az is of the form
Az =aAx +bAy + cAx +dAxAy + eA_y2 + j'AxFyz.

that is, a linear function of Ax and Ay plus terms of higher degree.
In general, the function z = f(x, y) is said to have a total differential or to be
differentiable at the point (x, y) if, at this point,

Az =aAx +bAy+¢€ - Ax +€1- Ay, (2.16)

where a and & are independent of Ax, Ay and €, and ¢; are functions of Ax and Ay
such that

lim ¢, =0. lim €, =0; 2.17)
Ax =0 Ax—()
Ayv—0 Ay—+0

the linear function of Ax and Ay,

alAx + bAy
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X

Figure 2.4  Partial derivatives.

are z,, fv. f1 or, more explicitly, z. (x|, y1), fo(x;. ¥1). fi(xy, ¥1). When subscripts
are used, there can be confusion with the symbol for components of a vector; hence
when vectors and partial derivatives are being used together, a notation such as
dz/0x or 3f /dx is preferable for partial derivatives.

The function z = f(x, y) can be represented by a surface in space. The equation
y = y, then represents a plane cutting the surface in a curve. The partial derivative
dz/dx at (x;, ¥;) can then be interpreted as the slope of the tangent to the curve, that
is, as tan «, where « is the angle shown in Fig. 2.4. In this figure, 2 = 5 + x* — y?,
and the derivative is being computed at the point x = 1,y = 2. Fory = 2,z =
1 + x2, so that the derivative along the curve is 2x; for v = 1, one finds f.(l,2)
to be 2.

The partial derivative & is defined similarly; one now holds x constant,

ay [ v

equal to x,, and differentiates f(x,. y) with respect to y. One has thus

'—.(x )_% — lim flyo+Ay) = flx, y)
ay L) = 3y = am, Ay .

Sl

This can also be interpreted as the slope of the tangent to the curve in which the
plane x = x, cuts the surface z = f(x, y). One also writes f,(x, y;). fo(x,, y;) for
this derivative.

If the point (xy, v|) is now varied, one obtains (wherever the derivative exists) a
new function of two variables: the function f, (x, ¥). Similarly, the derivative dz/dy
at a variable point (x, y) is a function f,(x, v). For explicit functions £ = f(x.y),
evaluation of these derivatives is carried out as in ordinary calculus, for one is always
differentiating a function of one variable, the other being treated as a constant. For
example, if 7 = x*> — y°, then

0z az

— = 2x, — =2y
dx ay
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is then termed the total differential of 7 at the point (x, y) and is denoted by dz:
dz = alAx + bAy. (2.18)

If Ax and Ay are sufficiently small, dz gives a close approximation to Az. More
precisely, one can write

Az = Ax(a + €)) + Ay(b + &),

where a and b are constants; by (2.17) the percentage error in each term caused by
replacing €, and ¢; by 0 can be made as small as desired by choosing Ax and Ay
sufficiently small. (This argument fails if @ or b is 0.)

In the preceding example, Az has a total differential at each point (x, y), with

a=2x+y+ v, =x+2xy,
and

€ = Ax + Ay(l 4+ 2y), €= XAy + AxAy.

THEOREM If : = f(x, v) has a total differential (2.18) at the point (x, y), then
f 1s continuous at (x, v) and

az Jaz
= — b= —; 2.19
“ dx ay ( )

that is, the two partial derivatives exist at (x, v) and have the given values.
Proof. Set Ay = 0. Then, by (2.16) and (2.17),
0z Az . Ax(a+¢€)

— = lim = lim ——— = lim(a+¢) =a.
ox Ax—0 Ax Ax—0 Ax Ax—0

Similarly, one shows that dz/dy = b. The continuity of f follows from f(x + Ax,
v+ Ay) — f(x,y) = Az, where by (2.16) and (2.17) Az has limit 0 as Ax — 0,
Ay — 0. °

Remark. The theorem shows that the differential, when it exists, is unigue. One can
describe the differential of f(x, y) at a point (x,, y,) as the unique linear function
a(x —x;)+ b(y —v,) which approximates Az = f(x, y)— f(x|, y;)asinEq. (2.16),
withAr=x —x, Ay =y — y.

The existence of the partial derivatives at the point (x, y) is not sufficient to
guarantee the existence of the total differential (see Problem 7 following this section);
however, their continuity near the point is sufficient for this.

FUNDAMENTAL LEMMA [f ; = f(x, y) has continuous first partial deriva-
tives in D, then z has a differential
az J
dz = Zax + Zay (2.20)
ax ay

at every point (x, y) of D.
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Proof. Let (x,y) be a fixed point of D. If x alone changes, one obtains a change
Azinz:

Az = f(x + Ax,y) = f(x, y);
this difference can be evaluated by the Mean Value theorem for functions of one

variable, for, with y held fixed, z is a function of x having a continuous derivative
fx{(x, ). Thus one concludes:

fx+ Ax,y) = f(x,y) = fu(x1, y)Ax,
where x| is between x and x + Ax. Since f,(x, y) is continuous, the difference
€1 = filx, y) = filx, y)
approaches zero as Ax approaches 0. Thus
fOx+Ax,y)— f(x,y) = fulx, ¥)Ax + €; Ax. (2.21)
Now if both x and y change, one obtains a change Az in z:
Az = f(x + Ax,y+ Ay) — f(x, y).

This can be written as the sum of terms representing the effect of a change in x alone
and a subsequent change in y alone:

Az =[f(x+Ax,y) = flx, Y]+ [f(x+ Ax, y+ Ay) — f(x + Ax. y)]. (2.22)

The first term can be evaluated by (2.21). The second is evaluated similarly, with z
a function of y alone:

fx+Ax,y+ Ay)— f(x + Ax,y) = f,(x + Ax, y))Ay,

where y, is between y and y + Ay. It follows from the continuity of f,(x, y) that
the difference

€ = filx + Ax, y1) — fulx,y)
approaches 0 as both Ax and Ay approach 0. One has now
SO+ Ax,y+ Ay) — f(x + Ax, y) = f(x, Y)Ay + &2Ay. (2.23)
Equations (2.21), (2.22), and (2.23) now give
Az = fi(x, Y)Ax + fulx, y)Ay + €, Ax 4+ €,AYy,

where €, and ¢, satisfy (2.17). Thus z has a differential dz as stated in (2.20), and
the Fundamental Lemma is proved. °
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For reasons to be explained, Ax and Ay can be replaced by dx and dy in (2.20).
Thus one has
0z

dz _—dx+~—d\ 2.29)
which is the customary way of writing the dlfferentla].
The preceding analysis extends at once to functions of three or more variables.
For example, if w = f(x, y, u, v), then

w 3 w w
dw_—dx+—wdv+—du+——dv (2.25)

dy du Jv
EXAMPLE 1 If; = x* — y?, thendz = 2xdx — 2y dy. ®
EXAMPLE 2 Ifw =2 thendw = 2dx + $dy — 5 dz. °

PROBLEMS

1. Evaluate 2 7;— and 1f
3 t 3

x4y’
b) z = ysinxy
O +xly—x*z+71-2=0
& o= o=
€) z=(x2 4 y2)?
f) z = arcsin(x + 2y)
gl et +2e" —et —2z2=0
h) xv? +vz2 +xyz=1

2. Acertainfunction f(x, v)isknownto have the following values: f(0,0) =0, f(1,0)=1,

2,00 = 4, f(O,1) = =2, f(I, 1) = —1, f(2,1) = 2, f(0,2) = -4, f(1,2) =
—3. f(2,2) = 0. Compute approximately the derivatives f,(1, 1) and f,(1, 1).

3. Evaluate the indicated partial derivatives:

a) (?‘) and(g;’) ifu=x?— 2 v =x—2y

a)z=

b) (d) and(av) ifx =e“cosv,y =e“sinv
c) ()—) and(av) ifu=x—=2y,v=u—2y

d) (dx). and (ﬁé)r ifr =/x2+y2 x =rcosb

4. Find the differentials of the following functions:

X
a)z—_\‘

b) z =log/x2 + y?
X

Oz=1—"3—3

d) z=(x— 2_\))5(‘-"

) z =arctan 2

Hu=——
NSRS
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5. Forthe givenfunctionz = f(x, v).find Azanddzintermsof Axand Ayatx = |,y = 1.
Compare these two functions [or sclected values of Ax. Ay near 0.

a) 7 =1+ 2xy b) : = =

6. A certain function 7 = f(x, y) is known to have the value f(1,2) = 3 and derivatives
fu(1.2) =2, f,(1.2) = 5. Make “rcasonable™ estimates of f(1.1,1.8). (1.2, 1.8), and
S(1.3,1.8).

7. Letz = flx.v) = xv/(x” + v2) except at (0, 0): let £(0.0) = 0. Show that #z/dx and
dz/dy exist for all (x. y) and arc continuous except at (0, 0). Show by the Fundamental
Lemma that ¢ has a differential for (x. y) # (0. 0) but not at (0.0). since f is discontinuous
at (0, 0). [It is instructive to graph the level curves of f.]

2.7 DIFFERENTIAL OF FUNCTIONS OF n VARIABLES =
THE JACOBIAN MATRIX

For a function of n variables
Y= flxy ..., Y, ) (2.26)
the differential is obtained as in Section 2.6:
dy = fo dxi 4+ -+ fo dxn. (2.27)

Thus it is a linear function of dx,. ..., dx,, whose coefficients f..... f., are
the partial derivatives of f at the point considered. This linear function is a close
approximation to the increment Ay in the sense described 1n Section 2.6:

Ay = f(x;+dxy..... Xy +dx,)— flog. . ... )
= fodxi+ -+ fodx, +epdx; + -+ €,dx,. (2.28)
where
€, —> 0,.... €, >0 as dx, —>0,..., dx, — 0.

On occasion, one has to deal with several functions of » variables:

(2.29)

Ym = fm(xl ------ Xy ).

If these functions have continuous partial derivatives in a domain D of E”, then all
have differentials:

dy, = %(l.rl 4.4 %di‘,,.

: (2.30)
dyp = %%’dx; 4+ .+ de,,.

ax,
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These equations can be written in matrix form:

a ] [ 2 o
: =\ : : ) (2.31)
, O fin 3 fim
dym 90 7 Bx, dx,
Thus the vector col (dyy, ..., dy,) is obtained from the vector
col(dxy,...,dx,)
by multiplication by the matrix
8 - X J.xX,
(EL) ~| : 2.32)
Y I
ax) 0.x,

This matrix is called the Jacobian matrix of the set of functions (2.29); its entries
are partial derivatives of the functions (2.29), evaluated at a chosen point of D.

Equations (2.29) assign a point (. ..., y,) in E™ to each point (xy, ..., x,)
of D. Thus they describe a mapping of D into E™ (see Fig. 2.5, in which n = 3,
m = 2). The linear equations (2.30) or (2.31) describe a linear mapping (Sec-
tion 1.16) that approximates the given mapping near a chosen point; the linear
mapping is expressed in terms of coordinates (dxy, .. ., dx,), with origin at the cho-
sen point in D and axes parallel to the given axes, and coordinates (dy,., . ... dVm)
related similarly to the corresponding point in E™.

We can simplify further by regarding (2.29) as a vector function of the vector
X=(x),..., X, )

y = f(x). 2.29%)

Xy ¥s

Xy —T -¥
X

Figure 2.5 The differential as a linear mapping approximating a given
mapping.
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Herey = (v, ..., ¥n), and fis a vector function (fy, ..., fm). We then write (2.31)
in the concise form:

dy = f, dx. (2.31)
Here dx = col(dx,,...,dx,), dy = col(dy,,...,dy,), and {; is an abbreviation

for the Jacobian matrix (3f;/dx;). We can also write dy;/dx, for 9f,/0x, and are
then led to write (2.31°) in the form

dy = yyxdx,

which is much like the formula dv = y'dx for functions of one variable.

EXAMPLE 1 The function f is defined by the equations
Vi = xi 4 x5 — a3

2 2 2
Y2 = X[ — X5+ X3,

y3 = f.rf + x% + x%
Hence
dy, 2x1dxi + 2x2dy — 2x3dxs 26 20 —2xq |[dy
dy =|dy;, | = 2v1dxy = 2x3dx; + 2x3dx; | = 2¢) 21 2x3 || dxa |-
dyy —2x1dx; +2xpdx; + 2x3dxs —2x) 2x; 2x5 || dxs

At the point (x;. x5, x3) = (2, 1, 1) we find (v, y. v1}) = (4,4, —2) and

4 2 =2
dy = 4 =2 2 | dx.
-4 2 2

If x = (2.01, 1.03, 1.02), then dx = (0.01, 0.03, 0.02), and the last equation gives

4 2 —27Toot 0.06
dy=| 4 -2 2|(003|=]002]
4 2 2(|o002 0.06

so that, approximately, y = (4.06, 4.02, —1.94); the exact value is (4.06006. 4.0196.
—1.9388). '}

EXAMPLE 2 u = x> — xy, v = xy + v°. Here the independent variable vector is
(x, v), and the dependent variable vector is (u. v). We have

I:a’u] _ [(2)( — yydx ~ xd_\'] _ [2.\’ -y —x '\[dx]
dv] vdx + (x +2y)dy] v 4 2v|ldyv]

At(x, v) = (2, ). (4, v) = (2, 3), and the approximating lincar mapping is

=1
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du

Figure 2.6 Mapping and approximating linear mapping for Example 2.

{see Fig. 2.6). We study this linear mapping in more detail. For dy = 0 we have
du = 3dx and dv = dx, so that (du. dv) follows a line of slope %; fordx =0
we have du = —2dy and dv = 4dy. so that (du, dv) follows a line of slope —2.
Similarly, the linear mapping can be studied along other lines. In particular, we verify

that the points of the square

correspond to the points of the shaded parallelogram in the (du, dv) diagram. The
area of the square is |, and the area of the parallelogram is

3 =2
31+ j) x (=20 +4))] = | 4\ = 14 sq. units.

2

For the given nonlinear mapping u = x> — xy, v = xy + y* the lines y = 1 and
x = 2(on which dy = 0 and dx = 0, respectively) correspond to parabolas through
(2, 3) in the uv-plane, as shown. The square 2 < x <3, | <y <2 (the same square
as above) corresponds to a “curved parallelogram™ as in the figure. Thus we see in a
geometric way how the linear mapping approximates the given mapping. We observe
that the linear mapping takes the line dy = 0 or the line dx = 0 to a line rangent to
the curve obtained from the nonlinear mapping. °

Remark. We have seen that for the square 0 < dx < [.0 < dy < 1, the corre-
sponding region for the linear mapping is a parallelogram of area 14 = |: A
similar calculation applies to an arbitrary square, and we find that the area is always
multiplied by 14. Since arbitrary figures can be approximated by unions of squares,
one concludes by a limiting process that all areas are multiplied by 14 under the

linear mapping.
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EXAMPLE 3 The mapping

X = COS U COS U, y =cosusinv, sinu

&1

has the Jacobian matrix

ax  ox . .

ou o —sinucosv —cosusinv

ay dy | _ . .

7 | = | —sinusinv  cosucosv
7 9z cos u 0

£
=
&
[ )

EXAMPLE 4 Letw = F(x,y, 7). Then the Jacobian matrix of F is the row vector
(0F/dx,dF /3y, dF/0z). We call this vector the gradient vector of F and denote it
by V F or grad F. This is discussed in Section 2.13. Similarly, F(x,, ..., x,) has as
Jacobian matrix the row vector (F,,, ..., F, ), called the gradient vectorof F. @

We return to the general mapping y = f(x) and assume m = n, so that the
mapping is given by equations

yl = fl(X] ...... X u)v

Yn = fn(xh e ‘xn)~

In this case the Jacobian matrix yx = (9f;/0x;) is square, and we can form its
determinant:
X X,
J=det(ayi>= : :
0x;j 3 Iy

We call this determinant the Jacobian determinant (or simply, the Jacobian) of the
mapping. For the corresponding linear mapping dy = yx dx, J is the determinant of
the matrix yx of the mapping; this determinant measures the ratio of n-dimensional
volumes. Symbolically,

AV, = |det yx|AV,.

This is justified, as in the preceding Example 2, on the basis of the determinant
formula for volume of an n-dimensional parallelotope (Eq. (1.107) in Section 1.14).
For n = 2, |J| measures the ratio of areas, as in Example 2 (see Problems 5 and 6
below).

Since the linear mapping approximates the nonlinear one, we can say that the
absolute value of the Jacobian determinant J measures the ratio of corresponding
volumes for small regions near the chosen point. This relationship is studied further
in Sections 2.9, 4.6, and 5.14. Anillustration is provided by the preceding Example 2,
in which n = 2 and J = 14 at the point; this is precisely the ratio of the area of the
parallelogram to the area of the square to which the parallelogram corresponds. For
n = 1, J becomes the derivative dy/dx, and its absolute value does measure the
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ratio of corresponding lengths Ay, Ax:
dy/dx =lim(Ay/Ax)as Ax — 0.
The Jacobian determinant is also denoted as follows:

_ 8(y|v~---yn) _ a(fls'-'v.fn)
B 8(.’61, ...,X,,) - 8(xl ...... X,,).

dy/dx| ~ |Av|/|Ax]| for small Ax, since

The concept of Jacobian determinant and these notations can also be applied to n
functions of more than n variables. One simply forms the indicated partial deriva-
tives, holding all other variables constant. For example, for f(u, v. w), g(u, v, w),
one has

o(f. &) _ S fv|
a(u7 1)) g“ gll‘.
a(f. g) _ fo Sfu
o, wy g, gul

PROBLEMS

1. Obtain the Jacobian matrix for each of the following mappings:

a) vi =5x1 +2x3, v2 = 2x; + 3x2.
b) v = 2.r|2 +x%. ya2 = 3xyx3.

€) V] = X|X2X3, V2 = xlz,n.

d) u=1xcosy,v=xsiny, w=x".
e) w= Xzyz.

f) w=x%4y>—z°

g x=ty=1z7=1%

2. Obtain the linear mapping dy = fy dx approximating the given mapping y = f(x) near the
specified point and use the linear mapping to obtain an approximation to the value f(x)
specified.

a) vi = x} +x3, 2 = xyx2 at (2, 1), approximate (2.04, 1.01).
b) vi = x1x2 — x3. v2 = x;x2 + xyx3 at (3, 2, 1), approximate f(3.01, 1.99, 1.03).

€) u=-e"cosy, v =e"siny,w = 2¢" at (0. 7/2), approximate value of (u.v, w) for
(x,v)=1(0.1.1.6).

d) v :X%+-~~+X5,_\‘1 =xl2+x§+~-~+x§ ..... Vn :xl2+~--+x5_| at(1,0,...,0),

approximate f(1, 0.1,-4 . 00D
3. Obtain the Jacobian determinant requested:
(. v)
a(x,y)

du, v, w)
b) A, vy, 2)

3

a) foru = x* — 3xv?, v = 3x%y — 3.

foru = xe' cosz, v =xe'sinz, w = xe'.

C) 3?{:5; for f(u. v, w) = u vw, gu. v. w) = wvt — wt
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M fogh)
d) Ay, v.2)

- e

for fix.v.z. ) =x"4+2y+22 =2 glx.vooo )= xvz+12 hix. v ) =

4. For the mapping 1 = €' cosy. v = ¢" sin ¥ from the xv-planc to the uv-planc. carry out
the following steps:

a) Evaluatc the Jacobian determinant at (1, 0).

b) Show that the squarc R,,: 0.9 < x < I.1. 0.1 < y < 0.1 corresponds to thc rcgion
R,. bounded by arcs of the circles u> + v> = ¢'¥, u? + v> = ¢>? and the rays
v = x(tan 0.1) u, u > 0, and find the ratio of the area of R, to that of R, .. Compare
with the result of (a).

¢

~—

Obtain the approximating linear mapping at (1, 0) and find the region R, . correspond-
ing to the square Ry, of part (b) under this linear mapping. Find the ratio of the arca
of R, tothat of R, and compare with the results of parts (a) and (b).

5. a) Letu, v be lincarly independent veetors in V2. Show by geometric reasoning that the
points P of the plane for which

—
X=0P=qgu+bv, O0<ac<l! 0<b=l,

fill a parallclogram whose cdges, properly directed. representu and v.

b) Withu, vasin(a).let A be a nonsingular 2 x 2 matrix, so that Au. Av arc also linearly
independent (Problem 13 following Scction 1.16) and under the lincar mappingy = Ax
the parallelogram of part (a) is mapped onto a parallelogram given by

y=0—é=A(uu+l)v)=(tAu+hAv. O<a=<l.0<bh<l,

in the planc.
Show that the arca of the sccond parallclogram is |det Al times the arca of the first.
[Hint: Let B be the matrix whose column vectors arc u, v and let C be the matrix
whose column vectors are Au, Av. Show that the areas in question arc |det B| and
[det C1.]
6. Gencralize the results of Problem S to 3-dimensional space. Thus in (a) usc threc vectors
u. v. w and consider the corresponding parallclepiped and in (b) take A to be a nonsingular
3 x 3 matrix and constder volumes.

2.8 DERIVATIVES AND DIFFERENTIALS OF COMPOSITE FUNCTIONS

The functions to be considered in the following will be assumed to be defined in
appropriate domains and to have continuous first partial derivatives, so that the
corresponding differentials can be formed.

THEOREM If z = f(x,v)and x = g(r), v = h(t). then
dz dzdx dzdy

de _kdx o dy 2.33
dt dx dt + dv dt ( )

If: _ f‘(.\‘, \_) and v = g(“‘ v), y = h(ll. ‘U). then
(_)i az dx  dz dy az dz dx 4z ()_\ (2.34)

du  dxou  dvdu  dv  arxadv | avau
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In general, if z = f(x.y,t,..)and x = glu,v,w....), y = h(u,v,w,...),
t=pu,v.w,...), ..., then

az 0z d0x n 0z dy 4 dz ot n

ou ox du  odyou  dr du

9z dz dx  dzdy a9z It

—_=— et — =+ —— + 2.35
Jdv dx dv Iy Jv t ar dv ( )
az dz dx  dz dy Oz Or N
Jw  Odxdw dydw I dw ' ®

These rules, known as “chain rules,” are basic for computation of derivatives of
composite functions. Equations (2.33), (2.34), and (2.35) are concise statements of
the relations between the derivatives involved. Thus in (2.33),

z= flg(). h(t)]

is the function of + whose derivative is denoted by dz/dr, while dx/dr and dv/dt
stand for g'(r) and k'(r), respectively. The derivatives 3z/dx and dz/dy, which could
be written (dz/dx), and (32/9y),, stand for f,(x.y)and fi(x,y).In (2.34),

7= flg(u.v), h(u, v)]

is the function whose derivative with respect to u is denoted by dz/du, which should
be understood as (dz/du),. A more precise statement of the first equation in (2.34)
would be as follows:

(az _ (92 0x +<8z dy
du ), \ox ) \du/,  \dy ) \ou),

and similar remarks apply to the other equations.

The proof of (2.33) will be given as a sample; the other rules are proved in the
same way. Let ¢ be a fixed value and let x. v, z be the corresponding values of the
functions g. A, and f. Then, for given At. Ax and Ay are determined as

Ax = g(t + At) — g(1). Av = h(t + At) — h(1),
while Az is then determined as
Az = f(x + Ax, v+ Av)— f(x.v).
By the Fundamental Lemma, one has

0z dz
Az = i—Ax + ;Ay + €1Ax + e Ay.
dx ay :

Hence
Az a7 Ax  Jz Ay Ax Ay

=——+ —— +€— 2.
At 8xAt+8yAt+ lAt+€"At
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As At approaches 0, Ax /At and Ay/ At approach the derivatives dx /dt and dy/dt,
respectively. while €; and €, approach 0, since Ax and Ay approach 0. Hence

I Az dz dx I a9z d) 40. dx 40 dy
1m = c =3
a0 At ox  dt ay dr dr dt

that is,
dz  9zdx " E(_jl
_ dt  axdr  dvdr’
as was to be proved.

The three functions of ¢ considered here—x = g(¢t). vy = h{t). 2 = flg(1).
h(r)]—have differentials

d. d dz
dx d:A dy="ar. az=%ar

From (2.33). one concludes that

Az, 2 02(dx Ny (Y,
dt™  3x\dt dy\dt )’

that is. that

But this is the same as (2.24), in whichdx and dy are Ax and Ay, arbitrary increments
of independent variables. Thus (2.24) holds whether x and y are independent and
dz is the corresponding differential or whether x and y, and hence z, depend on 7.
so that dx, dy, dz are the differentials of these variables in terms of ¢.

Similar reasoning applies to (2.34). Here u and v are the independent variables
on which x, v, and z depend. The corresponding differentials are

But (2.34) gives

dz dx  dz dy dz dx 0z dy
d —— |A — Av
¢ (8r6u+8y8u) u+(8_r8v+8»8v) ’

_ 9z 8xA +3xA +8 d)A +d‘VA
T\ T ) Tl S T et

=2 By
ax T gy

Again (2.24) holds. Generalization of this to (2.35) permits one to conclude:

THEOREM  The differential formula

dz —dx+——d»+—dt+ (2.36)
ox dy
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which holds when z = f(x,y,t....) and dx = Ax,dy = Ay, dt = Az1,...,
remains true when x, y, ¢, ..., and hence z, are all functions of other independent
variables and dx, dv, dt, ..., dz are the corresponding differentials. ]

As a consequence of this theorem, one can conclude: Any equation in differen-
tials that is correct for one choice of independent and dependent variables remains
true for any other choice. Another way of saying this is that any equation in differ-
entials treats all variables on an equal basis. Thus if

dz=2dx - 3dy
at a given point, then

d : dz + > d
X = — Z —_ )

P
is the corresponding differential of x in terms of v and z.

An important practical application of the theorem is that in order to compute
partial derivatives, one can first compute differentials, pretending that all variables
are functions of a hypothetical single variable (for example, t), so that all the rules
of ordinary differential calculus apply. From the resulting differential formula, one
can at once obtain all partial derivatives desired.

EXAMPLE 1 Ifz = ©=1 then

A

2xydx — (x* — Ddy

dz = -
)2
by the quotient rule. Hence
z 2x dz 1 —x?
dx v dy  y? °

EXAMPLE 2 Ifr? = x> — y*.then r dr = xdx + v dy. whence

ar X ar y dx r
— | ==, — | ==, — | = —. andsoon. °
dx /., r av /. r ar /. «x

EXAMPLE 3 If z = arc tan y/x (x # 0), then

e a(Y) -
4 X~ 4 y-

and hence

D
Il

|
-
P
]
=~

=
I
-
(§8]
+
e
W
S
<
!
o
ro
+
<
to
[ ]
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PROBLEMS

1.

10.

11.

12.

If(a)y=u+v,(b)y=u-v,(c) y = u/v,where u and v aré tunctions of x, then apply
(233)to find dy/dx.

. If y = u?, where u and v are functions of x, then find dy/dx by (2.33). [Hint: (a*) =

a*loga, (x*) = ax‘"!]

. If y = log, v, where u and v are functions of x, then find dy/dx by (2.33). {Hint:

(log, x) = 1/[xloga],log, a = 1/log, x.]

. If z = e¢¥ cos y, while x and y are implicit functions of ¢ defined by the equations

B —t—r =1, yiP 4y —t4+y=0,
then find dz/dt fort = 0. [Note that x =0and y =0 fors =0.]

. Letz = x3 — 3x2y, where x and y are functions of ¢ such thatforr =5, x =7, v =2,

dx/dt =3, and dy/dt = —1. Find dz/d! for t = 3.

. Let z = f(x,y), where f,(4,4) =7, f,(4,4) = 9,x = 20 412142y =

5¢3 + 3t — 1. Find dz/dt for 1 = 0.

. Ifu= f(x,y)and x = rcosé, y = rsiné, then show that

3u2+ A 3u2+1 du\’
ax ay/) ~ \or r2\a6,)

[Hint: Use the chain rules to evaluate the derivatives on the right-hand side.]

. If w = f(x,y)and x = ucosh v, y = u sinh v, then show that

(5 -G -G) -2

[Cf. hint for Problem 7.]

. If z = f(ax + by), show that

ba—Z — a% =0.
ax ay
Find dz/dx and dz/dy by first obtaining dz:
a) z = logsin (x%y2 — 1)
b) z= xzyz\/ﬁ—y2
c) x2 42y -zt =1
If f(x. y) satisfies the identity

flx ty)=1"f(x, )
for a fixed n, f is called homogeneous of degree n. Show that one then has the relation

af af
x—+y-_—=nf(x,y).
dx dy
This is Euler’s theorem on homogeneous functions. [Hint: Differentiate both sides of the
identity with respect to ¢ and then set t = 1.]

(The Stokes total time derivative in hydrodynamics) Let w = F(x,y,z.t), where
x = f(t),y = g(), z = h(t), so that w can be expressed in terms of / alone.
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Show that
dw Jdwdx Jwdy Odwdz OJw

dt _axd:+ayd:+azdr+az'
Here both dw/dt and dw /ot = F,(x, v, z. t) have meaning and are in general unequal.
In hydrodynamics, dx/dt, dy/dt, dz/dt are the velocity compenents of a moving fluid
particle, and dw/dt describes the variation of w “following the motion of the fluid.” It
is customary, following Stokes, to write Dw/Dt for dw/dt. [See H. Lamb, Hydrodv-
namics, 6th ed. (Dover: New York, 1945), p. 3.]

2.9 THE GENERAL CHAIN RULE

On occasion, one deals with two sets of functions:

yi= filug, ... Up),
(2.37)
Ym = fmluy, ..., up),
and
uy = gilxy. ..., Xn),
(2.38)
up = gplxy. ..., Xp)

If one substitutes the functions (2.38) in the functions (2.37), one obtains composite
functions

yi =fl(gl(Xl ~~~~~ xn) ~~~~ gp(xl ----- xn)):Fl(xl '''''' Xn)
(2.39)
Ym = fm(g1(x). ..., Xp)eonn, gplxi .. xy)) = Fy(xg, ..., Xn).

Under the appropriate hypotheses, one can obtain the partial derivatives of these
composite functions by chain rules, as in the previous section:

8v,» 3\’,‘ u d i ou
i _ 9yidw Yi 9up

éx—_,- N 3741 ax; o du, ox;

(i=1...., m, j=1,.... n. (2.40)

The formulas (2.40) can be expressed concisely in matrix language. The partial
derivatives dy; /d.x; are the entries in the m x n matrix

vy ay| L n
3 x| dXx) 9x,
Vi
(9—) =| : Col (2.41)
ox. : : :

ax, Axs A,
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This is the Jacobian matrix of the mapping (2.39) (see Section 2.7). The formulas
(2.40) involve two other Jacobian matrices:

L auy iy
g l)ll,, Pt

-} .[ a ; ”.\'] 3\‘,,
(l> = | . (,u ) =] - o (2.42)
du.,» : : (?X,‘ . .

AT .. A ) tl)ll/, HN/,
Au du dx; T Ay,

The chatn rules (2.40) state that the product of the last two Jacobian matrices equals

the previous one:
d i d i ai i
()= (2)(2)
(‘)X_,' 8!4‘}' (‘).\”./‘

This equation is called the general chain rule. It includes all the rules of the previous
section.

EXAMPLE 1 Lety, = uus—ujus, y» = u]u3+u§. Uy = x;cos X2+ (x; —x5),
Ur = X[ SINX> + X (X2, U3 = xlz - XX+ le. Then, by (2.43),

COoS.xy + 2(,\’] —X2)  —X Sin,\'g — 2(.\”1 — X3)

av; Wy — U3y U] —U .
. = . Sin X + x> X COS X2 + X
ax; us 2uy Uy

2x) — x2 2xr — x)

On the right-hand side, u|, ua, 13 can be expressed in terms of x;, x,, and the two
matrices can be multiplied. However, for many purposes it is sufficient to leave the
result in indicated form. In particular, to obtain numerical values, one can substitute
the appropriate values and multiply the matrices only as a last step. For example, for
x; = l.x» =0, weobtain u; = 2, u> = 0, u3; = | and hence

3 =2
ay; 1 2 -2 -7 8
ox; 10 2 7 -4
' 2 -1

that is to say, dy,/dx; = —7. 0y, /dx; = 8, dy2/dx; = 7,and dy,/0xa = —4. @

Differentials and the chain rule. 1f we take differentials in Eqs. (2.37) and (2.38),
we obtain the equations

’ AN avy
dyvi = —d ~— du,,.
Ay o, uy+ -+ ou, U
(2.44)
')yl 8\'m
d)‘,,,: (8." dul++7 du,,.

Uy up
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and
d
d“l :—l'dxl+ + uldxn
| 8X,,
(2.45)
Jdu ou
du, = —L4d v+ T dx,.
T
In (2.44), duy, ..., du, are arbitrary increments Au,, ..., Au,, whereas in (2.45)
they are functions of the arbitrary increments dx (= Ax)), ..., dx,(= Ax,). How-

ever, we know from Section 2.8 that the relationships are the same no matter how
we interpret the differentials. We can write these equations in matrix form:

d."l dul dul Xm
d )i d i
:(>) .l : :(#J - (2.46)
8uj : ) dX,‘ :
dym _du,, du, dx,
If we eliminate the vector col (du;. ..., du,) in these equations, we obtain
d_Vl_ dX|
" du:
- (8).) (ﬁ) : 2.47)
' Buj axj :
.dym_ dx,
or
8y1 8u| aV] au,,) 8\'1 Hul )
dyy=| ———+ .- 4+ — —L | dx, + | — + o ldxa -
7! (aul dxy dup 0x, l du; 0x» ?
and so on. From these equations we can read off dy,/9x;, 0y, /dxa, . ... Clearly, the

results are the same as (2.40) or (2.43). Thus (2.47) can be termed the general chain
rule in differential form.

The preceding development can be carried out even more concisely in terms of
the notations of Section 2.7: The given functions are really vector functions

y = f(u). u = g(x).
If we take differentials, we obtain
dy = y,du, du = udx
and hence
dy = y,ux dx, (2.48)
so that
¥Yx = Yulx- (2.49)

This last equation is the same as (2.43); the previous one is the same as (2.47).
We saw in Section 2.7 that a Jacobian matrix such as yy is the matrix of the linear
transformation approximating the given, in general nonlinear, mapping y = f(x).
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Thus Eq. (2.43) asserts that if we have successive mappings u = g(x), y = f(u) and
hence obtain a composite mapping y = f(g(x)), then the matrix of the linear approx-
imation of the composite mapping is obtained by multiplying the approximating
matrices of the two stages. In the special case when f and g are linear, then we
have u =Bx.y = Au for appropriate matrices A and B (ux = B,y, = A), and the
composite mapping isy = A(Bx) = ABX, as in Section 1.8; thusy, = AB = y,u,.

Case of square matrices. In the preceding analysis, letm = n = p, so that all the
Jacobian matrices appearing are square and each has a determinant—the Jacobian
determinant of the corresponding mapping, as in Section 2.7. For example,

du du, 8() y)
s «+«s ¥Yn
de[ = = ——
yu ,. o B(ul,...,u,,)
ay, . ay,
Au, auy,

To the equation (2.49) we can apply the rule det AB = det A det B (Eq. (1.60) in
Section 1.9) to obtain the following very useful rule:

det y, = dety, det u,: (2.50)
that 1s,
Ve Vn AV Y Oy, ..
(" Yn) _ (3 yn) 0(uy “n). @251
dlxy...., X)) Huy. ..., u,) o(xy,.... Xn)

If, for example, n = 2, then each determinant here can be interpreted as in Section
2.7 as plus or minus the ratio of small corresponding areas, and (2.51) states roughly
that

AA, AA, AA,

AA,  AALAAC

where we have written AA, for an “area element” in the x,x,-plane, and similarly
for AA,, AA,. There is a similar interpretation for n = 3, in terms of volumes, and
for higher n in terms of higher-dimensional volume.

PROBLEMS

1. Find the Jacobian matrix (dy; /dx ;) in the form of a product of two matrices and evaluate
the matrix for the given values of x|, xs. ....

el .
a) yi = uju2 — 3uy, va = u3 + 2uuz + 2uy — upiuy = x)cos3xz. 4z = x;sindxa;
RY :0,)(2:0,
2 2 2 2 . 2 2
b) vi = uy +u5 — 3wy +us, va = uy — w5+ 2uy — 3uai Uy = X[X2X3. M2 = X(X5X3,
3 = xjxaxyx = lLx=1Lx3=1
, s 2
C) Yy =wupe, va =uje ", vy =uiiu :x12+.rz,u2 :2)(12 —xa x;1=1,x=0.
— 2 2 2 2 2 2 5,2 2 2.
d) yi=uy+ - Fu, —up.va=uy Uy — s, Yy = Uy Uy — U

1
up =xiy txpx.uz = xlz +2x1x3, ..., u, = xlz +axixix; =1,x =0.
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2. a) Find d(z, w)/d(x,y) forx = 1,y = 0if z = W3t — v+t - v w =

W+ v —2utu = xcosxy, v=xsinxy + x? — y2.

b) Find d(x, y)/8(s.t) fors = 0, t = 0if x = (2> + w)'?, y = w(z> + w2
t=GHt+ D hw=Q2s -+ 17
3. Justify the rules, under appropriatc hypotheses:
a) If y = f(u), u = g(v), v = h(x), then yx = yyuyvy.

b) Jcow) _ d(z, w) du, v) s, 1)
dvoy) T du,v) sy a(x,y)y”

4. For certain functions f(x, v), g(x, ¥), p(u, v), g(u, v) it is known that f(xy, vo) = uy,
2{x0. o) = vp and that f (xg. yo) = 2, fy(x0, Yo) = 3, gx{x0, yo) = —1, gy(x0, o) =5,
pulitp, vo) = 7, pylup. vo) = 1, qu(ug, vo) = =3, qulug, vp) = 2. Letz = F(x,y) =
p(f(x,¥), g(x. y), w = G(x,y) = q(f(x, y), g(x. ¥)) and find the Jacobian matrix of
z(x, y), w(x, y) at (xp. ¥o)-

5. Letu; = xj — 3x2 + 2xyx2, ur = 2x7 + 5x2 — 3x1x;. Let w = (w;, wy) be a vcctor

2 111 for u = (3. 3). Find the Jacobian matrix

7 5
atx = (2, 1) for the composite function wlu(x)].

function of u = (uy, u2) such that wy = |

6. Letu = f(x) and v = g(x) be differentiable mappings from a domain D in 3-dimensional
space to 3-dimensional space. Let a and b be constant scalars. Let A be a constant 3 x 3
matrix. Show:

a) dlu+v) =du—+dv

b) d(au + bv) = adu + bdv

c) d(Au) = Adu

d) dlu-v)=u-dv+v-du

e) duxv)y=uxdv+duxy

2.10 IMPLICIT FUNCTIONS
If F(x, y.z2)isa given function of x, y, and z, then the equation
F(x,y.2) =0 (2.52)

is a relation that may describe one or several functions z of x and y. Thus if x* +
y? 42> — 1 =0, then

z2=+/1-xr—y% or z=—y1—-x?-y%

both functions being defined for x2 + y? < I. Either function is said to be implicitly
defined by the equation x> 4+ y*> + 72 — 1 = 0.
Similarly, an equation

Fx,y.z,w)=0 (2.53)

may define one or more implicit functions w of x, y. z. If two such equations are
given:

F(x.y,.z.w) =0, Gx.y.z,w)=0, (2.54)
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it is in general possible (at least in theory) to reduce the equations by elimination to
the form

w = f(x,y), z=g(x,y) (2.55)

that is, to obtain two functions of two variables. In general, if m equations in n
unknowns are given (m < n), it is possible to solve for m of the variables in terms
of the remaining n — m variables; the number of dependent variables equals the
number of equations.

The main question to be considered here is of the following type. Suppose
a particular solution of the m simultaneous equations is known, for example, a
quadruple (x;, y;, 2;, wy) of values satisfying (2.54); then one seeks to determine
the behavior of the m dependent variables as functions of the independent variables
near the given point; for example, for (2.54), one wishes to study f(x. y)and g(x, y)
near (x, y,), given that f(x;, y;) = w, and g(x,, y;) = z,. Determining behavior
of a function near a point will consist here of finding the first partial derivatives at
the point: when the first derivatives are known, the total differential can be found,
and hence a linear approximation to the function is known.

It will in fact be seen that the essential step to be taken consists of a linearization
of the given simultaneous equations. This has its counterpart in the formulation of
laws of physics; one seeks to describe natural phenomena by means of the simplest
possible equations. These are usually linear in form and are usually valid only
when the variables are restricted to a narrow range. The complete description of
the phenomena in general involves simultaneous nonlinear equations, which are far
more difficult to grasp. A typical example is Hooke’s law for a spring: F = k*x: the
linear dependence of force F on displacement x is valid only as a first approximation.

To analyze an equation of form (2.52), we assume that z = f(x. y) is a differ-
entiable function that satisfies the equation, so that

F(x,y, fx.y) =0 (2.56)

We assume that this relation holds for (x, y) in a domain D and that the points

(x,y.z2), for(x,y)in D and z = f(x, v), all lie in a domain in which F is differen-
tiable. Then from (2.52) or (2.56) we obtain:

Fodx+ F,dy+ F,dz=0. 2.57)

Here : is considered to be the function f(x, y), so thatdz = f.dx + f,dy. From
(2.57) we deduce that
di=-Lg_Dgy (2.58)
= F: X F: y. .

so that (provided that F. # O at the points considered)

0z F. 97 F.
'\:—-:———" = T = — 2.59
4 ox F. S ay F. ( )

These are the desired expressions for the derivatives.
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EXAMPLE 1 x>+ y?+42z% = Lor x>+ v? + 2% — | = 0. We imitate the procedure
of the preceding paragraph:

2xdx +2vdy +2:dz =0,

x v
d7 = ——dx — ~dy,
z 2
0z X az \)

S=_s =t (Z#£0)
ax z v z (=#0
These equations apply to each differentiable function satisfying the given
equation—in particular to the function z = (I — x? — yH)!2 Atx = v =
we find z = l/ﬁ, and hence

0z X NG az \ NG
dx z 2 dy z 2

rol—

We remark that the same results can be obtained by taking partial derivatives
instead of differentials in the given equation. From (2.52), with ; considered as a
function of x and y, we differentiate with respect to v and then with respect to y to
obtain

a2 0z
Fo+ F.— =0, F.+ F.— =0,
X ay

from which (2.59) again follows. In the case of Example | we obtain

az az
2v 4+ 2:— =0, 2v +2;:—
ax ’ ay

= 0.

For the pair of equations (2.54) we assume that differentiable functions
w = f(x,y).z=glx, ) satisfy the equations and can then take differentials:

Fodx+ Fody+ F.dz+ F,dw = 0.

(2.60)
Gydx+G,dyv+G-dz:+ G, dw=0.

We consider these equations as simultaneous linear equations for dz and dw and
solve by elimination or by determinants. Cramer’s Rule yields

—-Fdx - F.dy F,
-G dx—G,dy G,

d; =
‘F; F.
G: Guw
F- —F.dx—F,dy
G. —-G,dx—G,dy
dw = - .

F. F.
G. Gy
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and hence

F., F, F, F,
G, G, G, G,

dz = — dx — — dy,
F. Fy, F,. F,
G. G, G, G,
F. F F. F,
G, G, G, G,

dw = — dx — dy.
F, Fu F. Fy
G: Guy G; Gw

Thus we can read off partial derivatives. Since the determinants appearing are
Jacobian determinants, we can write the derivatives in terms of Jacobians:

AHF,G) aF,G)
% — o(x, w) % o da(y, w)
ax  F,.G)’ dy  AEG)
3(z. w) a(z, w)
(2.61)
IF, G) . IF,G)
dw @) dw @y
ax  3FE.G)’ gy  OF.G)’
d(z, w) (z. w)

Here we must assume that the Jacobian 3(F, G)/d(z, w) in the denominator is
different from O at the points considered.
EXAMPLE 2
22+ y 4+ 22— zw =0,
xt+y 4227+ zw -8 =0.

We observe that the equations are satisfied forx = 1,y = 1,z = 1, w = 4, and seek
differentiable functions z(x, y), w(x, y) satisfying the equations near this point. If
such functions exist, then

4xdx +2ydy+ 2z~ w)dz —zdw =0,
2xdx +2ydy+ (dz+w)dz+ zdw = 0.
By elimination we find
6xdx +4ydy +62dz =0,
6x(2z + w)ydx +4y(z + w)dy — 62°dw =0

and hence
. ”y
dz = —idx——"dy.
z 3z
2 2y(z
dw = XETW et w

2 372
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109
from which we can read off partial derivatives dz/0x = —x/z and so on. We could
have applied (2.61) directly. For example,
4x -z
0z 2x z _ —bxz  x
dx  |2z-w -z 62z
4z4+w Z

We observe that the determinant in the denominator equals 677, and this is different
from O near z = 1.

We could also have taken partial derivatives. By differentiating with respect to
X, we obtain

dx 4 27— w2l v
X —w)— —z
¢ ox ox

dz ow
2x+dz+w)— +7z— =0.
dx ax

Elimination gives dz/0x

= —x/z, dw/dx =

x(2z + w)/z*. Taking differentials
saves time, since all partial derivatives are obtained at once.

®
The reasoning generalizes to an arbitrary set of m equations in m + n unknowns,
say

Fi(yi, . oou Ym. X1, o, x,) =0
(2.62)
Fon(yr..... Vs Xlseves x,)=0

We seek m differentiable functions

i = filx..... X)),

(2.63)

satisfying the equations. Assuming differentiability as before, we obtain from (2.62)

Frody + -+ Fiydym + Fiodxg + - -+ F dx, =0,

(2.64)
Fopdy) + -+ Fpy, dym + Fopedxy + -+ -+ Fpy dx, =0,
where dyy, .

., dyn, are the differentials of the functions sought. Equations (2.64)
are m linear equations in the m unknowns dy;,,

.., dy,, and we have in effect lin-
earized our problem. If the appropriate determinant is not 0, we can solve Eqs. (2.64)



110

Advanced Calculus, Fifth Edition

fordyy,.... dy,,. That determinant is
Flv, Flv,,,
’ ' IF..... Fn
: = B (2.65)
: d(.Vl ~~~~~ .Vm)
me, e Fmi\',,,
The equations can be solved by elimination or by determinants.
We can also use matrices here. Equations (2.64) can be written:

Fydy+Fydx =0, (2.66)
where F, is the Jacobian matrix of the coefficients of dy,, .. ., dy,, in (2.64), that is,
it is the matrix whose determinant is given in (2.65). Similarly,

Fro, - Fi,
Fo=| s (2.67)
Fm.x, st Fm,\',,
Finally, dy = col(dyy, ..., dy,), anddx = col(dx,. ..., dx,). If Fy is not singular

at the point considered—that is, if the Jacobian determinant (2.65) is not 0—then
Fy has an inverse and we can write

F, dy = -F, dx,
(2.68)
dy = —(Fy)"'Fy dx.
This equation gives dy, .. .. dv,, and hence all partial derivatives of the unknown

functions fi...., fu.
We can also take partial derivatives in (2.62). By differentiation with respect to
X;. we obtain

dy OYm
Flo=l 4. 4+ F, 224 F, =0
: (’.\'»,’ ’ (9.\',' ’
(’}| E).\’m
Fmv|_ +"'+Fm\',,,—_ +Fm.1, =0
" ax; 3y, ~

These are m linear equations for the m unknowns dy,/dx;, ..., dy,/dx;. If the
determinant (2.65) i1s not 0, we can solve for the unknowns. Cramer’s Rule gives,
for example,

Fl.\', F [ Fl»v,,, Fl,\'| Fy i FI»‘""
v, _ . ) ) . .
ax; ' ' ' ' . .
Fox, Fny. - Fay, Fny, Fye oo Fy,
W, ..., Fu)
_ ()(XJ I S RN Vi )
- AFy, ... Fn)
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Similar formulas are obtained for dy,/dx;., ..., dy,/dx;. In general,
a 3(Fl ----- Flu)
Yi _ a(,Vl ----- A7E RIS RIS VIS IIPIN Ym) . .
W = f’(F] AAAAA Fm) (l = 1 ,,,,, n, J = l ..... n). (2.69)

f)(y| ..... Ym)
The denominator here is the Jacobian (2.65). The numerator is obtained from
the denominator by replacing the ith column by col (3F,/dx;, ..., dF,/dx;). An

illustration is given by Egs. (2.61), where m = 2 and n = 2 (two equations in four
unknowns). The following are additional illustrations:

one equation in two unknowns: F(x, v) = 0. Here

AN Y (2:70)
dx  F, Y ' )
one equation in three unknowns: F(x,y, z) = 0. Here, as in (2.59),
az F, 9z F,
—_=——, — =—= (F.#£0). 2.71
ox F 3y I3 (F. #0) (2.71)

two equations in three unknowns: F(x,y, z) = 0, G(x, y, z) = 0. Here

dF.G) 3(F,. G)
ﬁ — W\'.X} ﬂ _ a(x, Z) (2 72)
dx | AF.G)’ dx  AF.G)’ )

Ay, 2) Hy. )
where

d(F.G) _ ‘Fy Fel Lo

dv.2) |G, G.

three equations in five unknowns: F(x,y,z.u,v) = 0,Gex, y,z.u,v) = 0,
H(x,y.z,u,v)= 0. Here

HF. G, H) AF,G, H) o(F,G, H)
X Ty X 3w, y.0 Dy w2
- WF,G . H) - IF,G, H)’ - HNF, G, H)’
Qu (e, v, 2) v 3(x, . 2) du dx. y.2)
(2.73)
NF,G, H) IF,G, H) JIa(F,G, H)
Wy Iwua) A [C ) 92 By
30 WF.G.H)’ ou _ WF.G.H)’ 30 AF.G.H)
ax,v,2) x, v, 2) a(x, y. z)

For greater precision the partial derivatives appearing should have subscripts
attached. For example, in (2.73), 9x/du should be (9x/9u),.

The entire preceding discussion has been based on the assumption that implicit
functions are in fact defined by the equations. This assumption is not always fulfilled.
For example, the equations

CHyitut+ vt +1=0, =y +2uv=0

define no functions at all. It can be shown that if the Jacobian determinant in the
denominator is not 0, then the implicit equations do define functions as before. One
has the following fundamental result:
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IMPLICIT FUNCTION THEOREM For i = 1....,m, let the functions
Fi(yy..... Vs X1, - - -, Xp) all be defined in a neighborhood of the point Py: (y?. R
N S N ") and have continuous first partial derivatives in this neighborhood.

Fy...., Vs X1y ovns: x,)=0 i=1,...,m,

be satisfted at P, and let

8(Fl-,~--va)

— #0 ath,

AVivevy Ym)
Then in an appropriate neighborhood of (x?, R xf,’), there is a unique set of con-
tinuous functions

.V,':f,'(X],...,x”)a i=1,...,m,
such that y0 = fi(x{, ..., xNfori=1,.... m and for all |
Fi(fl(xla ----- tn)s-‘wfm(xlv~'~axn)~-\.l ------ X,,)EO

in the neighborhood. Furthermore, the f; have continuous partial derivatives satis-
fying (2.69). o

A proof for the case m = 1, n = 1 is given in the next section.

Remark. If the Jacobian determinant happens to be 0 at the point of interest, a

different choice of dependent variables (such as x;, y;. ..., y,) may avoid the dif-
ficulty. Thus if the Jacobian matrix formed of all m + n first partial derivatives of
eachof F|, ..., F, hasrank m at the point Py (Section 1.17), then one can solve for

m of the variables in terms of the remaining ones.

*2.11 PROOF OF A CASE OF THE IMPLICIT FUNCTION THEOREM

The discussion of implicit equations in the preceding section is purely formal; it is
assumed that we can solve them, and then it gives formulas for derivatives of the
solutions. It is important to know when we can solve. In practice, the typical situation
is that one initially knows just one point on the graph of the solution sought and
then one tries to find a continuous solution through this point. The Implicit Function
Theorem ensures that if the relevant Jacobian is not zero at the point, then this is
possible at least in a sufficiently small neighborhood of the initial point. The basis
of the theorem is the fact that near the point our equations can be approximated by
linear equations (by taking differentials), so that, provided that the relevant matrix
is nonsingular, one can always solve.

We here consider only the simplest case of one equation in two unknowns, which
we write as

F(x,v)=0. (2.74)

For a discussion of the general case, we refer the reader to Chapter 9 of the book by
Rudin listed at the end of the chapter. (See also Remarks at the end of this section.)
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THEOREM Let F(x, y)bedefined inanopenregion D of the xv-plane, let (xq. vo)
be in D, and let F(xg, yo) = 0; let the partial derivatives F, F, be continuous in D
and suppose that F,(xq. yo) # 0. Then there is a function

v = f(x) withdomain |x — xy] < 8. & > 0. (2.75)

whose graph is in D, with f(xy) = yo, and that satisfies Eq. (2.74). Furthermore, a
positive number 7 can be chosen so that the graph of (2.75) lies in the set

Ix—xol <8 |y—=vol <n

and provides all solutions of (2.74) in this set. The function f is differentiable, and

) Fo(x, f(x)
f)= e S .
Fo(x. f(xy
Proof. We let
Fo(x,y)
glx, yy= Fix.v)
wherever F, # 0, so that
F\ - _F\g

Now Fi(xg, yo) # 0. Let us suppose, to be specific, that Fy(xy. yo) > 0. Then, by
continuity, £.(x, y) > O1in a neighborhood of (xy. vo). Therefore we can choose &, n
so small and positive that the closed rectangular region

E:|x — x| =8, [¥y =¥l <n

isin D, and F, > 0 in E. The function g is also continuous in E and hence has
absolute minimum s and maximum M in E (see Sections 2.19 and 2.23):

m<gkx,¥y)<M mkE.
Wereplace § by a smaller number, if necessary, toensure that |m|8 < nand |M|§ < .
This is done to ensure that the graphs of the linear functions
Yy — vo = M(x — xp), v — vy = m(x — xp). jx —xg] <6 (2.76)

liein E (see Fig. 2.7). We assume § to be so chosen.

Now, since F, > 0in £ and F(x,. vo) = 0. F is monotone strictly increasing
along the line x = x; in E and hence is positive for y > y, and negative for y < yj.
Along a line

¥ = ¥o = Ax — xq),
F becomes a function of x, and
Sy
dx ~ “dx

Hence, if X is greater than M, the maximum of g, dF/dx is positive along the line;
thus F itself is positive for x > x,, negative for x < xo. There is similar reasoning,

=F.+AF.=-F.g+AF. = F.(xA—g).
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Figure 2.7  Proof of the Implicit Function Theorem.

with reversal of signs, for A < m.Thus thesignof FisasinFig.2.7.Since F, > 0, F
is monotone strictly increasing in v on each line x = const in £ and hence must go
from negative to positive. Therefore by the Intermediate Value theorem (Problem 5
following Section 2.23) F(x, y) = 0 for exactly one y for each x. This value of y
we denote by f(x). Thus

F(x, f(x)) =0,

and y = f(x) provides all solutions of the implicit equation in E.

The graph of f is squeezed between the two lines (2.76). Hence f is continuous
at xo, with f(x) = yo = f(xg) as x — x,. But the same argument applies to each
point (x, y) on the graph of f; we can find a rectangle E centered at the point and
so on, as for (xp, o). Therefore f is continuous for all x in the interval |x — xg| < 8.
(We can also define f at the endpoints of the interval, xy £ &, but we ignore these
values in the subsequent discussion.)

Finally, we seek the derivative of f at x,. Alongaline y — y; = A(x — x) with
A = g(xp. vg) + €. € > 0, we have, as earlier,

darF

i Fy- (A —g)=F, -[g(xo, o) — g(x.y)+€].

Since g is continuous at (xg, o), |g(x, v) — g(xg, Yo)| < € for (x, y) sufficiently close
to (xo, yo); thus the quantity in brackets is positive, and dF/dx > 0. Therefore F
itself is positive along the line, for x > x; and x sufficiently close to x¢. But this
means that the graph of f must be below the line, that is,

f(x) < yo+ [g(x0, yo) + €](x — xp)
or

f(x) — fxo)

X — Xy

< g(xp, yo)+ €

for x > xq as earlier. Similarly,

f(x) = fxp)

X — Xp

> glxg, yo) — €
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for x > xy and x sufficiently close to x,. Thus

o fo) = flxy)
lim ¥————— =

v X X — Xy

8(xo. ¥o).

In the same way the same limit is Found as x — x,; . Therefore
J'(x0) = g(xp. ¥o).

Again the argument applies to cvery point (x, v) on the graph of f, and we conclude
that at each such point

F6) = gle. y) = — oY)
X) = X.V)= —-——-—.
: e Fox.v)

Thus the theorem is proved. ®

Remarks.  The theorem proved here gives more information about uniqueness than
the general theorem stated at the end of the previous section: In an appropriate
neighborhood of Py: (xy. vo), all points (x, v) satisfying the implicit equation are on
the graph of the solution y = f(x) found. The general theorem can be extended in
analogous fashion.

The proof gives some information about the size of the x-interval in which
a solution y = f(x) can be found. Specifically, one must choose a rectangle
E:|x — xol <48, ]y — vl <nin which F, >0 (or F. <0) and in which § has been
restricted so that § K < n, where K = max |[g(x, v)| in E. One sometimes has more
information about £ that permits one to give a better estimate of the size of the in-
terval. For example. if F, > Oin E and F is positive for y = y, + 7 and negative for
v = vy — 1, then the solution is defined and unique for [x — xy| < 8. The restriction
[¥ — vo| < n.in general, 1s needed to ensure the uniqueness of the solution. For
example, the cquation

hl . .
Y- —vysinx —e*v+e'siny =0

satisfles the hypotheses of the theorem with x, = 0, y, = 0, and a solution is given
by v = sin.x. However, another solution is y = ¢'; we exclude this solution by
restricling to a sufficiently small rectangle £ about (0, 0).

The existence of a unique continuous solution v = f(x) can also be shown as
follows. With E chosen as above so that F, > O1in E, F(xg, v)is strictly increasing
n y, so that F(xg, yo + 1) > 0. F(xy. vo — 1) < 0. By the continuity of F. for é
sufficiently small, F(x, vo + 1) > O and F(x. vy — n) < 0 for |x — x| < é. By the
Intermediate Value Theorem. as above, for each x with |x — x| < 8, F(x,y) =0
foraunique v = f(x) between yy — n and vy + . Given € > 0, we can choose 1 so
that n < € and we have | f(x) — f(xg)| < € for |[x — xy| < §. Thus f is continuous
at xo. By applying the same reasoning to each point (.xy, v,) on the graph of f we
conclude that f 1s continuous for |x — xy} < §.

We can extend the proof to cover the casc of G(x, y,z) = 0 with G = 0 and
G. # 0at Py (xg. vo. 20), say G. > 0 at Py. The proof of the preceding paragraph
extends at once to this case to yield a unique continuous solution z = f(x, y) with
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graph in an appropriate set E:|x — x3| < &.|v — v| < 8.|5 — 29| < n. For the
equation G(x. vg, 2} = 0 we apply the theorem for the equation F(x, v) = 0 to
show that f(x. v;) has a continuous derivative f,(x, v,) and the equation

Loy = =G, (x, v, fx. )/ GAx, ¥. fx.y)

is satisfied at (xg. vo). By applying the same reasoning to each point (x. vy, f(x;. v1))
on the graph of f, we conclude that the last equation holds at each point (x, y) with
[x —xg] <8, |y — vo| < 8. Since f is continuous, the right hand side of the equation
1s continuous for |x —xg| < 8, |y — vo| < 8 and therefore so also is f,{x, y). Similarly
£, is continuous and satisfies the analogous equation with G, replacing G ,.

A similar reasoning applies to the single equation F(v, x|, ....,. v, )} = 0, to yield
asolution y = f(x;...... v,). For the general case of /m equations F (v, .... Vors
Xy, ... x,) = 0,i = |,...,m.one can proceed by induction. The case m = |

has been disposed of. If we have proved the theorem for m — | equations, then
we prove it for m equations by observing that the hypothesis on the Jacobian
A(Fy, ..., F,)/0(yv,. ..., yy,)implies that for some i, 0F; /dy,, # 0at Py. For proper
numbering, we can take i = m and then solve the mth equation for y,, (by applying
the theorem for a single equation); we substitute the resulting function in the pre-

vious equations; one verifies that the new equations in vy, ..., ¥, 1, X[, ..... X, still
satisfy the appropriate hypotheses. Hence by the induction assumption they yield
desired functions v; = fi{x),..... x,yfori=1,..., m — 1. Finally,
Ym = ,Vrn(yl ----- Vm—te  Xpo.o.0] X, )
=vVulfi... ... Smote Xpoooo0 Xp) = faulXp, ... Xp).
PROBLEMS

1. Find (9z/dx), and (dz/av), by Eq. (2.71):
a) iy -2 =3
b) xyz+ 223 +3xz7 =1
o) P Hxz+2vi—1=0
d) e +e¥+:-1=0
2. Given that

2x + v — 3z —2u =0, x+2v+z4+u=0

find the following partial derivatives:

dx ay (i)z dy
/. ax ), auf Az ),
3. Find (9u/dx), and (3u/dy),:
a2 =Ly -t =2
by e" +xu—-—yw—-—1=0¢" —xv+yu—-2=0

) P4 vu—vuitur=1,xu—-2vv=1
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4. Given that
xl—i—yz 2owr4 i =1, .Yz—)’2+22+lt2+21)2=2],

a) find du and dv interms of dx, dy, and dz atthe pointx = 1,y = 1,z =2, u = 3,
v =2
b) find (du/dx), - and (v/dy), . at this point;
¢) lind approximately the values of w and v forx = 1.1, y = 1.2,z = 1.8.
5. fxyv+2xu+3xv+uv—1=0,2xy 4+ 3vu — 2xv + 2uv 4+ 2 = 0, {ind the Jacobian
matrix [“+ ],

v Uy
6. Let equations F(x, x2, x3, x4) = 0, Fa(x|, x2, x3, x4) = 0 be given. At a certain point
where the equations are satisfied, it is known that

oF;\ 3 1 0 2
ax;/) 5 1 ~1 4]
a) Evaluate (dx(/dx3),, and (dx,/dx4)y, at the point.
b) Evaluate (d.x|/dx3),, and (dx4/dx3),, at the point.
¢) Evaluate a(x,. x2)/3(x3, x4) and d(x3, x4)/3(x|, x2) at the point.
7. Prove: If F(x, v.2) = 0, then (2) (85) (§) = 1.
8. In thermodynamics the variables p (pressure), T (temperature), U (internal energy), and
V (volume) occur. For each substance these are related by two equations, so that any two
of the four variables can be chosen as independent, the other two then being dependent.
In addition, the sccond law of thermodynamics implies the relation
i d

a) 30 - T +p=0,
when V and T are independent. Show that this relation can be written in cach of the
following forms:

by L+ T8~ pdL =0 (U.V indep.),

aT T, U .
o T-— P(;)T + (;)((v‘ p; =0 (V, pindep.),
3 av ' .
d) %*’T%*'P%: (p. T indep.),
) L3V NV, T .
€) {riz -1 % + p—i’;iy‘ pi =0 (U, pindep.),

AHp. V) av :
f T57 0y~ Py —1=0 (T.U indep.).

[Hint: The relation (a) implies that if

dU =adV +bdT, dp=cdV +edT

arc the cxpressions for dU and dp interms of dV and dT, thena — Te+ p = 0. To
prove (b), for example, one assumes relations

dT =a dV + B dU, dp =y dV +48dU.

If these are solved for dU and dp in terms of dV and d T, then one obtains expressions
for a and ¢ in terms of «, B. y, §. If these expressions are substituted in the equation
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a—Te+ p =0, onehasanequationina. 8. y.5.Sincca = 3T /9 V. ctc., the relation
of form (b) is obtained. The others are proved in the same way. |

2.12 INVERSE FUNCTIONS m CURVILINEAR COORDINATES

A pair of functions

x = flu,v), v=gu.v) 2.77)

can be regarded as a mapping from the uv-plane to the xv-plane (see Section 2.7).
Under appropriate conditions this mapping is a one-to-one correspondence between
a domain D, in the uv-plane and a domain D, in the xy-plane (Fig. 2.8). One can
then consider the inverse mapping that takes each point (x, v) in D, to the unique
point (. v) such that (2.77) holds. The inverse mapping is given by functions

U= @x.v), v =Yy, v). (2.78)

However, we may have difficulty in solving (2.77) to obtain these functions explicitly.

We may, nevertheless, consider Egs. (2.77), in the form

fu,vy—x =0, gu,v)y—y =0

as implicit cquations for the functions (2.78). We can then seek partial derivatives
as in the preceding section. With F(x, v.u.v) = f(u.v) — x and G(x. y.u.v) =
¢(u, v) — v we have, for example.

) MF. G) }Al i’
% _ ey 0« _ 8
9y AF.G T
E’(’l. ly) ,/ll .,‘ ‘ ;/ll ‘/V‘
L& &l g &

The Jacobian determinant in the denominator is simply the Jacobian of the mapping
(2.77). As earlier, we assume that it is not zero at the points considered. This con-
dition, together with the continuity of the first partial derivatives appearing, ensures
that the Implicit Function Theorem is applicable. so that the inverse mapping (2.78)
is well defined.

The fact that the functions (2.78) are solutions of (2.77) means that

Sflotx vy gl vl = x. glotx. ) yx. Ml = y.

AT

Figure 2.8  Mapping, inversc mapping. and curvilinear coordinates.
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Figure 2.9  Polar coordinates as curvilinear coordinates.

(If we apply a mapping and then the inverse mapping. the composite is the identity
mapping.) Hence by the rule (2.51).

A y) du.v) “ 0‘ -1 2.79)

. v)de.y) [0 1
Thus the Jacobian of the inverse mapping is the reciprocal of the Jacobian of the
mapping.

Curvilinear coordinates.  We can also regard (2.77) as equations describing a trans-
formation from rectangular to curvilinear coordinates in the xy-plane. For fixed
v.(x, y) traces a curve with u as parameter; for fixed «. (x. y) traces a curve with
v as parameter. The curves mentioned serve as lines v = const, « = consl in the
curvilinear coordinate system (Fig. 2.8).

The most common example of curvilinear coordinates is provided by polar
coordinates (Fig. 2.9). Here x = r cos 0.y = rsin6.

The inverse functions (2.78) express the curvilinear coordinates in terms of
rectangular coordinates. For polar coordinates the inverse functions are

o oy
r=x+ 2 6 =tan ' ~,
Y

for an appropriate interpretation of the inverse tangent.
The preceding discussion extends 1o 3-dimensional space and gencrally to E”.
One considers a mapping

Xy = fituy. ..., 799 R v, = fuluy. ... 1,) (2.80)
or. in vector language, a vector function
X = f(u).

The mapping ts assumed to be defined in a domain D in E” and the {unctions f,
are assumed to be continuous and have continuous first partial derivatives in D,
with Jacobian d( fy. ... f,)/8G,, ... 1,) # Oatthe pointu’ = (u). .. .. ulyof D.
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Then there is a continuous inverse mapping

up = gylxy, ... Xp)eo ooy Uy = gp(Xy. ... .. Yy ) (2.81)

defined in a neighborhood (open set) D of X" = f(u”), whose range is a neighbor-
hood D, of u® contained in D, so that

f(g(x)) = x in Dy. gf(u)) =u inD,

(one-to-one correspondence between Dy and D). The inverse mapping functions
g; in (2.81) have continuous first partial derivatives in Dy. The partial derivatives of
these functions can be obtained as earlier by the procedures for implicit functions.
One can also reason that the differentials satisfy a matrix equation

dx = f,du
and hence
du = ()" dx.

This shows that the Jacobian matrix of the inverse mapping is simply the inverse of
the Jacobian matrix of the mapping (assumed to be nonsingular). In concise notation,

Uy = (xu)_l~

so that

detuy = and detuy detx, =1 (2.82)

1
det x,,

as in (2.79). The concept of curvilinear coordinates also applies to (2.80). Common
examples, for n = 3, are the two systems

X =rcosf, v =rsind. 7 =1z, (2.83)
x = psin¢cosd, v = psingsind, 7= pcoso. (2.84)

which are the equations of transformation from rectangular coordinates to cylindrical
and spherical coordinates, respectively (Fig. 2.10).

Figure 2.10  Cylindrical coordinates and spherical coordinates.
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PROBLEMS

L

6.

For the transtormation x = rcosf, y = rsinf from rectangular to polar coordinates,
verify the relations:

a) dx =cos dr —rsinfl df, dy =sinfdr + rcos6 do

b) dr = cosb dx +sinf dv, db = —Si%(’dx + C"Tsezly
A e 0y e ar _ . or .

c) (W)H = cosd, ((,—,)‘ =secd, (ﬁ)‘ = cosb, (ﬂ)e = secH
vy 0 dd) 1

d 555 =" g =

. Given the mapping

X =u—2v, y=2u+v.

a) write the cquations of the inverse mapping,

b) evaluate the Jacobian of the mapping and that of the inverse mapping.

. Given the mapping
x =1 — vl v =2uuv.
a) compute its Jacobian,
b) evaluate (%‘\i)‘ and (%’)»
. Given the mapping
x = f(u,v), v = glu,v),
with Jacobian J = :;EI\‘ 1\; show that for the inverse functions one has
du 1 dy du 1 ox av 1 dy v 1 ox
ax  Jov ay T v’ ax  Jou dy  J du

Use these results to check Problem 1(b).

. Given the mapping

x = flu. v, w), yo=g(u.v, w), z=hu,v.w).

with Jacobian J = % show that for the inverse functions one has

du 1 ay,z) u 1 d(z, x) du _ 1 3(x,y)

dx T o w) ay ENFTORTIA 9z Jdv.w)

dv a2 dv 1 dz.x) dv 1 dlx.y)

dx S dw. ) ay ETTNT 9z Jaw. )

dw 1oy dw 13z, x) dw 1 dx,y)

dx  J du. v ay ~J du, v)’ 9z J du. V)’
For the transformation (2.84) from rectangular to spherical coordinates, (a) compute
the Jacobian g(L/:—T})_;))) (b) evaluate dp/dy. d¢p/dz. 30 /dx for the inverse transformation

(cf. Problem 5).
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7. Prove that if v = f(u.v). v = g(u. v). then

(E)x (‘du _ (E))') 'Eiv)
du ) Nox /), 3)1!,“(6_\‘ .
(‘Jx) (31}) E)u) (8)‘)
dv /i Nox /), Nav/ N/

(fi.\‘) (ii\')
— — | =1
dy S \Ndx

8. Polar coordinates in E" (n > 3) arc introduced by the equations

and

also that

Yy =rcosd, x> =rsingcosdr, .. .. Xy o2 = P SIDG - SIN,; 3 COS Py, o,
Xy = F Sil’ld)] -sIn ¢y, 2 COS bu-1.

X, = rsing---sing, _->sing, .

a) Show that if x = (x(....,. v, ) and (x,_(. x,) is not (0, 0) or of the form (¢, 0) with
¢ > 0, then unique polar coordinates are assigned to x by the requircments r =
(xf + ---+x;;\)1/3 >0,0<¢; <m..... 0 < ¢p_r <m0 < ¢, < 2m. (Hence
the limits of integration for a multiple integral over the n-dimensional spherical region
_\',3 + .- -+x,3, < a* are Oto a for r. O to  for cach ¢; except 0 to 2 7 for ¢, - .) [Hint: x
cannot be 0, so .x'lz + - +.\’,% > 0andr > 0. Choose ¢ as cos ™ '(x, /r). 0 < ¢ <.
Show that ¢; = 0 or ¢; = n cannot occur, since they imply |x;| = r and hcence
X3 = x3 = --- = 0. Next choose ¢ = cos ™ (xa/(r sing)). 0 < ¢p» < 7, and show
that ¢>» = 0 or m cannot oceur, ctc.]

b) Show that the corresponding Jacobian is J,, = r"~! sin "2 ¢ sin” ¢ - sin @, .
[Hint: Use induction. For the step from xn — 1 to n, use the polar coordinates p. ¢, . . ..,
¢,—1 1n the subspace x| = 0. so that x» = pcos¢g>. v1 = psingrcosgs, .. .. and
X p. P2 ... ¢, can be considered as cylindrical coordinates in E". Go from these
cylindrical coordinates (o full polar coordinates by the cquations xj = rcos¢y, p =
r sin ¢;. Show that

8(Xl- o d)l ----- ¢Il*|7) —r Olxg, ... Xp ) o
ar gy, ..., bn-1) ' . o oo du-1)

where J,_f = p" 2 sin” Y o - - singy,_» by induction hypothesis. The conclusion
now follows from (2.51).]

- jn-l~

2.13 GEOMETRICAL APPLICATIONS

We recall the parametric representation for curves in the plane:
x = f(t), y=g(). a <t <8 (2.85)

For each r the vector v = (f'(r). g'(+)) can be considered as the velocity vector of
the moving point (x(t), ¥(2)) in terms of time 7. Its magnitude is

dx\> dv\® s
: = -, 2.86
M V (dt) (dt) di1 ( )
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where s is distance along the path. One can interpret (2.85) as a vector function
r=r(t), a<r<p,

where r is the position vector:

r=xi+yj.
Then
dX.+ ¥y, "
V= —1 —]=Tr
ar " ar

The vector v is tangent to the path at the point (x(¢), y(#)). Normally, one can use s
as a parameter, instead of ¢, and then the velocity vector becomes

T=""i+ 2 (2.87)
s s
a unit tangent vector, since by (2.86),
dx\’ dy\’ dx\’ dy\’ dt)
() + (@) =[(@) () )&
[For a detailed discussion, see CLA, pp. 329-336.]

The preceding analysis extends to curves in space with no significant change.
A curve in space has parametric equations

2

x = f(1), y =gt z=h(), a<t<§8, (2.88)

and these are equivalent to a vector function r = r(¢), where now

r=xi+vj+zk (2.89)
as in Fig. 2.11. The velocity vector
dx dy dz
L4y Y k=71 2.90
v drl+a'r‘]+dr r'(t) (2.90)

is again tangent to the path and has magnitude |v| = ds/dt, where s is distance
along the path, increasing with ¢. The corresponding unit tangent vector is

T=—v="T4 25 % (2.91)
M A

Ry

Figure 2.11  Curve in space, velocity vector v, and unit tangent vector T.
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() + de v+ dv. o+ do)

(X +Ax, v+ Avo o+ AD)

(vyov. o)

]

Figure 2.12  Displacements along the tangent line.

We remark that if v = 0 at a point. then the tangent direction is not determined by
v; where this happens, it may be possible to detcrmine a nonzero tangent vector by
repeated differentiation (Problem 19).

At a value 1; of ¢ for which v is not 0, v = r'(1,) is a vector along the tangent
line to the path at (x,. v;,z;) = r(#), and hence the tangent line has parametric
equations

X —x = =), =y =gt —1). z—zr=hupe —n). 2.92)

or, in vector form,

W =@t —rru 2.93)

(Section 1.3).
We observe that Eq. (2.92) can be obtained from Eqs. (2.88) by taking differen-
tials

dx = f'(ndt. dy = g'(ydte, dz = h'(tydi (2.99)

and then interpreting dt as t — ;. dx as x — x;,dy as v — v, dz as 2 — 2|, while
evaluating the derivatives f'(r). ... atr. Thus dx. dy. dz are displacements from P,
along the tangent line, as in Fig. 2.12. This result illustrates a basic principle. namely,
that taking differentials corresponds to forming tangents. We can write Eqs. (2.94)
in vector form:

dr= f'(hdri+ g'(ndij+ h'(1)drk. (2.95)

where dr = dxi 4+ dvj + dzk. the “differential displacement vector.”
Now let an cquation

Fe,y.2) =0 (2.96)

by given: in general this represents a surface in space. Let (xy, ;. 2;) be a point on
this surface, and let

x = f(r). ¥y = g(1). z = h(t) (2.97)
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be a curve in the surface, passing through (x,. v, z;) when ¢ = ;. One has thus
FIf). gr), h(nH] = 0. (2.98)
Taking differentials. one concludes

of aF IF
{—d\’+ (—d\+ l—df_ :0. (2.99)
) az

0x dy

where 0F /dx, dF /dy, dF /dz are to be evaluated at (x, v;. 7)) and dx = f'(1)) dt,
dv = g'(1))dt. dz = h'(t))dt; as earlier. these differentials can be replaced by
X —x;, v—yv.2— 2, where (x. v, 2)is a point on the tangent to the given curve at
(xy. v, 21). Accordingly, (2.99) can be written:

aF

oF oF
o (v =y + -
()-\' (x1.3v1.21) 9z (x).yp.op)

(x —xp)+

(X AN .Z])

(z—2zp=0. (2.100)

This is the equation of a plane containing the tangent linc to the chosen curve.
However, (2.100) no longer depends on the particular curve chosen: all tangent lines
to curves in the surface through (x,. v. zy) lie in the one plane (2.100). which is
termed the rangent plane to the surface at (xy, v,. 2)). [If all three partial derivatives
of F are O at the chosen point, Eq. (2.100) fails to determine a plane, and the definition
breaks down.]

1t should be remarked that (2.99) is equivalent to (2.100), that is. that again the
operation of taking differentials vields the tangent. As a further illustration of this,
consider a curve determined by two intersecting surfaces:

Fix.v.z)y=0. G(y.y.2)=0. (2.101)
The corresponding differential relations
aF JF aF 3G G

0G
—dv+ —dv+ —dz;=0. T dx + —dv+
ax av az ax

d:=0 (2.102)

ay az
represent two intersecting rangent planes at the point (x,. v,. z,) at the point con-
sidered; the intersection of these planes is the rangent line to the curve (2.101). To
obtain the cquations in the usual form. the partial derivatives must be evaluated at
{xy. v[. 1), and the differentials dx, dv, dz must be replaced by x —x;. v —v;. 2 —2.
These results can also be put in vector form. First of all. (2.100) shows that the
vector (0F /o) + (0F /3v)j+ (3F Joz)Kisnormaltothe tangentplanc at (xy, ¥y, 2;).
This vector is known as the gradient vector of the function F(x. v, 2) (see Fig. 2.13).
We write
grad F = i]:1 + ir',] + £k (2.103)
dx ay 0z
The notation V F (read “del F) for grad F will also be used; this is discussed in
the following section. There is a gradient vector of F at each point of the domain
of definition at which the partial derivatives exist: in particular, there is a gradient
vector at each point of the surface F(xv, v,z) = 0 considered. Thus the gradient
vector has a “point of application” and should be thought of as a bound vector.
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~

X

Figure 2.13  Gradient vector of F and surface F(x. y, z) = const.

Equation (2.99) for the tangent plane can now be written in the vector form
grad F-dr =0 (r=xi+ yj+ zK). (2.104)
while the two Egs. (2.102) for the tangent line become
grad F - dr =0, grad G -dr = 0. (2.105)

Since (2.105) expresses the fact that dr = dxi + dyj + dzk is perpendicular to both
grad F and grad G, one concludes that

dr x (grad F x grad G) = 0; (2.106)

this equation again represents the tangent line. The vector grad F x grad G has
components

AF  AF aF aF aF  OF
ay  0: Pz ox ax Oy
’ A) [ 7 € X . ax It (2.107)
G 3G G G G 3G
ady a9z dz dx ax dy
Hence the tangent line can be written in the symmetric form
X —x y—y z- 7
— L (2.108)
dF~ OF aF  OF dF ar
ay 0z Dz Ox ax ER
3G 96 3G 3G LICR 16
y 4z dz  dx dyv o dy
or, in terms of Jacobians, in the form
X — X y =N =21
AF,G) — F.G) T WF.G) (2.109)
a(y, o) a(z. x) a(x. y)

This discussion and that of the preceding section show the significance of the
differential. Taking differentials in an equation or system of equations corresponds
on the one hand to replacement of the equations by /inear equations in the variables
dx,dy, ... and on the other hand to replacement of curves and surfaces by tangent
lines and planes.
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PROBLEMS

1

Given the equations x = sint, y = cos!, z = sin” s of a space curve,

a) sketch the curve,

b) find the equations of the tangent linc at the point P for which ¢ = %,
¢) find the equation of a plane cutting the curve at right angles at P.

. a) Show that the curve of Problem [ lics in the surface x2 4 2v? 4z = 2.

b) Find the cquation of the plane tangent to the surface at the point P of Problem 1{b).
¢) Show that the tangent line to the curve at P lics in the tangent plane to the surface.

. Letu = u(t)and v = v(1)be vector functions of t, where u. v are vectors in 3-dimensional

space. Prove (assuming appropriate differentiability):
a) %(u+v)= ‘Z,vll’+‘(jl—lv

b) £1gtul = g% + g'(Hu

¢) (%(u-v):u-%,!+v~‘;j,—‘t‘

d) :Tl:(“ XV)=ux ‘(% + % x v (watch the order!)

. Let u = u(r) have constant magnitude, |u(¢)| = a = const. Show, assuming appropriate

differcntiability, that v is perpendicular to du/dt. What can be said of the locus of P
such that OP = u?

. Leta point P move in space, so that OP = r = r(¢) and the velocity vectoris v = dr/dt.

The acceleration vector of P is

v d*r

A== —.
dt  dt*
Assume further that the speed is 1, so that ¢ can be identified with arc length s and
dr
v=T= —.
ds

a) Show that v is perpendicular to the acceleration vector a = dv/ds {(cf. Problem 4).
The plane through P determined by v and a is known as the osculating plane of the
curve at P. Itis given by the equation

—
PO -vxa=0,

where Q is an arbitrary point of the plane, provided that v x a # 0. Show that the
osculating plane is also given by
P_Q) dr  d’r
o — X =

dt  di?
where ¢ is an arbitrary paramectcr along the curve, provided that (dr/dt) x
(d*r/dt?) # 0.

b) Find the osculating plane of the curve of Problem 1 at the point ¢ = 7/3 and graph.
[It can be shown that this plane is the limiting position of a plane through three points
Py, P>, Py on the curve, corresponding to parameter values #1, 12, 3, as the values
1. 12, t3 approach the value ¢ at P.|
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. Let P move in space with speed | as in Problem 5. The curvature of the path is defined

as x. where

dv| |dT

~ds

ds

Thus if & # 0. T and (1/«)dT/ds = N arc perpendicular unit vectors: T is tangent to
the curve at P, N is normal to the curve at P and is termed the principal normal. The
radius of curvature is p = 1/x. The vector B = T x N is called the binormal. Establish
the following rclations:
a) B is a unit vector and (T. N, B) is a positive triple of unit vectors

dB 0. dB —
b) ¢ -B=0and 57 - T=0
¢) there is a scalar —r such that % = —tN; r is known as the torsion

d) % = —«T + tB. The equations

dT dN JB
CoNn. Lo reB. 822 N
as - dy T ds "

are known as the Frenet formuldas. For further propertics of curves, sce the book by Struik
listed at the end of the chapter.

. Let a point P move in space at speed v = ds/dt = {v| # 0. Show:

a) a= o= %T+ I;J—ZN (p # 0).[Hint: Sct v =vT, differentiate, and use the formula
dT/ds = kN = (1/p)N of Problem 6.]

b) x = v} v x al.

¢) fw=da/drandvxaz£0 thent =|vxal ™ vxa w
d) The path 1s a straight line if and only if « = 0.

e) The path lies in a plane if and only if 7 = 0.

Note.  Where v = 0, the curvaturc « is defined to be 0. If v = 0, the path reduces to a
point.

. For each of the following surfaces, find the tangent plane and normal linc at the point

indicated. verifying that the point is in the surface:

a) x4y 4P =9a(2,2, 1)

b) et — 2 =0a(0,0,1)

o ' —xy 4yt =0a(l L,

d) x>+ 37— 2 =0at(0,0.0)
Why does the procedure break down in (d)? Show by graphing that a solution is
impossible.

e) xv —z=0at(x, y.z5) where x|y = 1)

f) xv+ yvz4+uxz=Tlat(x.y.z1).wherex;vy 4+ vizy + 520 = 1

. Show that the tangent plane at (x;. vy. 27) to a surface given by an equation z = f{x. ¥)

is as follows:

f

ax

(—:'v':

L
(x —xy) 8,\'(“ yi).

Obtain the equations of the normal line.
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Find the tangent plane and normal line to the following surfaces at the points shown (see
Problem 9): '

a) z=x%+yrat(l,1,2),

b e=VI-2 a3 1.4).
0 z=1%at(21,2), '
d) z =log(x2 + y?) at(%,%, )

For each of the following curves (represented by intersecting surfaces), find the equations
of the tangent line at the point indicated, verifying that the point 1s on the curve:

aA2x+y—z=6,x+2y+2z=7at(3,1, 1),
b) x24+ 2+ 22=9,x2+y* - 822 =0at (2,2, 1);
o x*+y’=1x+y+z=0at(1,0,-1);
d) x24+y2+22=9,x24+2y2+3z2=9at (3,0, 0).
Why does the procedure break down in (d)? Show that solution is impossible.
Show that the curve
-y 4+t =1, 'xy+xz=2
is tangent to the surface ’
xyz —x* —6y =—6
at the point (1, 1, 1).
Show that the equation of the plane normal to the curve
F(x,y,2) =0, Gix,y,2)=0
at the point (xy, yi, z1) can be written in the vector form
dr.grad F x grad G =0, A
and write out the equation in rcctangular coordinates. Use the results to find the normal
planes to the curves of Problem 11(b) and (c) at the points given.
Determine a plane normal to the curve x = t2,y = ¢, z = 2¢ and passing through the

.point (1, 0, 0).

Find the gradient vectors of the following functions:

a) F=x2+y? 472 b) F =2x%+y?

Plot a level surface of each function and verify that the gradient vector is always normal
to the level surface.

Three equations of form x = f(u,v), y = g(u, v), z = h(u, v) can be considered as
parametric equations of a surface, for elimination of ¥ and v leads in general to a single
equation F(x, y, z) =0.
a) Show that the vector .
af, dg. 0h af .  dg. 8h
=i+ —j+ —k —i+—=j+ —k
(au'+ 3l T ) x (au'+ 3t T 30
. h, )
_ e, 3D e,
Au,v) (u, v) (u, v)

is normal to the surface at the point (xy, y;, zy), where x; = f(uy, v1), y1 = gui, v1),
z1 = h(uy, v|) and the derivatives are evaluated at this point.
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b) Write the equation of the tangent plane.
¢) Apply the results to find the tangent plane to the surface
X =Ccosucosv, y =cosusinv, Z =sinu
at the point for whichu = 7 /4, v = /4.
d) Show that the surface (c) is a sphere.
Find the equations of a tangent line to a curve given by equations:
z=f(x.y). =gk y).
Three equations
F(x,y,z,1)=0, G(x,y,z,1)=0, H(x,y.2.1)=0

can be regarded as implicit parametric equations of a curve in terms of thc parameter ¢.

Find the equations of the tangent line.

Let a curve in space be given in parametric form by an equation: r =r(1).#) <1 < 1,

where r = OP and O is fixed.
a) Show that if dr/dt = 0, then the curve degenerates into a single point.
b) Letdr/dt = 0 at a point Py on the curve, at which ¢ = fo. Show that if d*r/d* # 0
for ¢t = 1o, then d°r/d? represents a tangent vector to the curve at Py and, in general,
that if
dr d’r dmr dmtr
— =0, —-— =0, —— #0
dt dr? dr dpn+!

forr = 1y, then

s

dn+lr

+1
dr” 1=ly

represents a tangent vector to the curve at Py. [Hint: For ¢ # 1y the vector
r(t) —r(tg) () — f(o),  gU)—gl), = h(1) — h(ty)
(=100 T =gyt =yt T (= oy
represents a secant to the curve, as in Fig. 2.11. Now let t — t, and evaluate the limit

of this vector with the aid of de I’Hépital’s Rule, noting that f'(zg) = 0, g’(1p) =
0, h'(ry) = 0, but at least one of the three (n 4+ 1)th derivatives is not 0.]

¢) Show that if the parameter ¢ is the arc length s, then dr/ds has magnitude 1 and hence
1s always a tangent vector.

Leta curve be given as in Problems 5-7, with v £ 0 and « as parameter. Then the equation
v =r(u) + wv(u)

gives the tangent linc to the path at the point r(«) with w as parameter along the linc. The
equation also defines a surface, with u and w as parameters. The surface is called the
tangential developable of the curve. It is a ruled surface whose rulings are the tangent
lines to the path.

a) Sketch the tangential developable for each of the following curves:
(1) a circular helix;
(i) thecurve x = u, y = ul z = u’.
b) Show that along a chosen ruling of a tangential developable all points of the surface
have the same tangent plane, which is the osculating plane to the curve at the point
r(u).
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Remark A developable surface is one which can be obtained from a plane by bending
without stretching. Examples are cones, cylinders, and the surfaces of this problem. (See
Chapter 2 of the book by Struik listed at the end of the chapter.)

2.14 THE DIRECTIONAL DERIVATIVE

Let F(x, y, z) be given in a domain D of space. To compute the pé;tial derivative
dF /dx at a point (x, y, z) of this domain, one considers the ratio of the change A F
in the function F from (x, vy, z) to (x + Ax, y, 2) to the change Ax in x. Thus only
the values of F along a line parallel to the x axis are considered. Similarly, 3F/dy
and 0F /dz involve a consideration of how F changes along parallels to the y and z
axes, respectively. It appears unnatural to restrict attention to these three directions.
Accordingly, one defines the directional derivative of F in a given direction as the
limit of the ratio

AF

2.110
s (2.110)

of the change in F to the distance As moved in the given direction, as As ap-
proaches 0.

Let the direction in question be given by a nonzero vector v. The directional
derivative of F in direction v at the point (x, y, z) isthen denoted by V , F(x, y, z) or,
more concisely, by V, F. A displacement from (x, y, z) in direction v corresponds
to changes Ax, Ay, Az proportional to the components v,, v,, v; that is,

Ax = hv,, Ay = hv,, Az = hy, (2.111)

where h is a positive scalar. The displacement is thus simply the vector kv, and its
magnitude As is h|v|. The directional derivative is now by definition the limit:

F(x +hvy, y+hv,. z+hv) — F(x,y,2)
hiv| '

V.F = lim 2.112)
h—0

In this definition we have allowed 4 to approach O through positive or negative
values, just as in the definition of the derivative dy/dx as the limit of Ay/Ax as Ax
approaches 0 through positive or negative values. One can think of the directional
derivative of F at (x, y, z) in direction v as the derivative of a function of one variable
obtained by considering F as a function of a coordinate along an axis through (x, y, z)
in the direction of v with the same unit of distance as along the x, y, and z axes.

If F has a total differential at (x, y, z), then, as in Section 2.6,

AF = F(x-l—hvx, v+hv,,z+hvz)—F(x ¥, 2)

= —hv + h + hvz + € hvx + e2hv, + €3hv,.

dx
Thus ‘
AF JdF v oF v JoF v, v
— =42 b le—x+€2vv + z——z-.
RVl Ax vl Ay vl 8z vl v| v| vl
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If h approaches zero, the last three terms approach 0, while the left-hand side ap-
proaches V, F. One has thus the equation

aF ve OF v, OF v,

V,F=——+ —_——
dx |v|  dy|v|] 0z ]v|

(2.113)

- Now v,/|v], v,/|v|, v;/|v| are simply the components of a unit vector u in the
direction of v and are thus, by Section 1.2, the direction cosines of v:

1
u= m(vxi +v,J + v.k) = cosai + cos Bj + cos yk.

Accordingly, (2.113) can be written in the following form:

oF oF oF
V,F = _—cosa+ —cosf+ —cosy. (2.114)
dx dy 0z

One has thus the fundamental rule: .
The directional derivative of a function F(x, y, z) is given by

n oF b+ aF
—~— CO8 — cos — cos ¥,
ax * ay 02 4

where o, 8, y are the direction angles of the direction chosen.

The right-hand side of (2.114) can be interpreted as the scalar product of the
vector grad F = VF = (3F/3x)i + (0 F/dy)j + (3 F/9z)k and the unit vector u.
Thus by Section 1.2 the directional derivative equals the component of grad F in
the direction of v:

 V,F=VF. ﬁ = comp, VF. | (2.115)

It is for this reason that the notation V , F is used for the directional derivative. In
the special case when v = i, so that one is computing the directional derivative in
the x direction, one writes

oF

V.F=V,F =comp, VF = o (2.116)

similarly, the directional derivatives in the y and z directions are

oF oF
= V.F

V,F=o- V.F=—.
: ay 0z

There are other situations in which a partial derivative notation is used for
the directional derivative. A common one is that in which one is computing the
directional derivative at a point (x, y, z) of a surface § along a given direction
normal to S. If n is a unit normal vector in the chosen direction, one writes

F
V. F=VF.n= g— ) (2.117)
n
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Equation (2.115) gives further information about the vector VF = grad F. For
from (2.115), one concludes that the directional derivative at a given point is a
maximum when it is in the direction of VF; this maximum value is simply

OF\> [OF\* [oF\*
IVF| = (a) +(5> +(52—>. (2.118)

Thus the gradient vector points in the direction in which F increases most rapidly,
and its length is the rate of increase in that direction. If v makes an angle 6 with
VF, then the directional derivative in the direction of v is

V.F = |VF|cos#f. 2.119)
Thus if v is tangent to a level surface
F(x,y,z) =const

at (x, y, z), then V,F = 0; for VF is normal to such a level surface.

One sometimes refers to a “directional derivative along a curve.” By this is'|

meant the directional derivative along a direction tangent to the curve. Let the curve
be given in terms of arc length as parameter:

x=f(s), y=g(@), z=h(s)
and let the direction chosen be that of increasing s. The vector

dx. dy. dz
u= it Itk
is then tangent to the curve and has length 1 (cf. Section 2.13). Hence the directional
derivative along the curve is
dFdx 0oFdy 0oFdz dF
ViF=—— 4+ —— 4+ —— = —;
dxds dyds 0dzds ds
that is, it is the rate of change of F with respect to arc length on the curve.

The meaning of the directional derivative can be clarified by visualizing the
following experiment. A traveler in a balloon carries a thermometer. At intervals he
records the temperature. If his reading at position A is 42° and that at the position
B is 44°, he would estimate that the directional derivative of the temperature in the
direction Z_ﬁ)is positive and has a value given approximately by 2° = d, where d is the
distance |AB|; if |AB| = 5000 ft, the estimate would be 0.0004° per foot. If he
continued traveling past B in the same direction, he would expect the temperature to
rise at about the same rate. If the balloon moves on a curved path at a known
constant speed, the traveler can compute the directional derivative along the path
without looking out of the balloon. :

The foregoing discussion has been given for three dimensions. It can be spe-
cialized to two dimensions without difficulty. Thus one considers a function F(x, y)
and its rate of change along a given direction v in the xy-plane. If v makes an angle
o with the positive x axis, one can write

(2.120)

oF aF
V., F=V,F =—cosa+ — sina; (2.121)
ox dy
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y

grad F

| |

\ ) x
0 N

Figure 2.14  Gradient of F(x, y) and curves F(x, y) = const.

for v has direction cosines cosa and cos 8 = cos(%rr — a) = sina. Again the
directional derivative is the component of grad F =(3F/dx)i + (3F/3y)j in the
given direction; the directional derivative at a given point has its maximum in
the direction of grad F, the value being

2 2
IVF| = \/(QE) + (%) . 2.122)
dx dy

The directional derivative is zero along a level curve of F, as suggested in the
accompanying Fig. 2.14.

If the level curves are interpreted as contour lines of a landscape, that is, of the
surface z = F(x, y), then the directional derivative means simply the rate of climb
in the given direction. The rate of climb in the direction of steepest ascent is the
gradient, precisely the term in common use. The bicyclist zigzagging up a hill is
taking advantage of the component rule to reduce the directional derivative.

PROBLEMS

1. Evaluate the directional derivatives of the following functions for the points and directions

given:

a) F(x,y,z) = 2x2 — y> + z% at (1, 2, 3) in the direction of the line from (1, 2, 3) to
(3,5,0)

b) F(x,y,2) = x2 + y2 at (0, 0, 0) in the direction of the vector u = ai+ bj + ck; discuss
the significance of the result;

') F(x,y)=e"cosy at (0, 0)in a direction making an angle of 60° with the x axis;

d) F(x,y) =2x —3yat(l, 1) along the curve y = x? in the direction of increasing x;

e) F(x,y,z) =3x—5y+2zat (2,2, 1)in the direction of the outer normal of the surface
x4y +22=09;

f) F(x,y,2) = x*+y?—z2at(3,4,5)along the curve x2+y2 — 72 = 0, 2x2 4+ 2y? -2 =
25 in the direction of increasing x; explain the answer.
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2. Evaluate 8 F/3n, where n is the unit outer normal to the surface given, at a general point

(x, y, 2) of the surface given:

a) F =x?—y% surfacex? + y2 + 22 = 4;

b) F = xyz, surface x% + 2y? + 472 = 8.
3. Prove that if « = f(x, y) and v = g(x, y) are functions such that

du v du v
ax  ay’ 9y~ ox’

e

Cer -
then

Vo = Va+7r/2v )
e g

for every angle «.

4. Show that if ¥ = f(x, y), then the directional derivatives of u along the line 6 = cofist
and circles r = const (polar coordinates) are given respectively by

du 1du
Vou = —, v =—-—.
o= o o/ = 50
5. Show that under the hypotheses of Problem 3 one has
ou 1dv 13du v

ar rag’  ras  or
[Hint: Use Problem 4.] L ,

6. Let arc length s be measured from the point (2, 0) of the circle x2 + y? = 4, starting in the
direction of increasing y. If u = x2 — y2, evaluate du/ds on this circle. Check the result
by using both the directional derivative and the explicit expression for u in terms of 5. At
what point of the circle does u have its smallest value?

7. Under the hypotheses of Problem 3, show that 3u/ds = dv/8n along each curve C of the
domain in which u and v are given, for appropriate direction of the normal n.

8. Determine the points (x, y) and directions for which the directional derivative of u =
3x2 4 y? has its largest value, if (x, y) is restricted to lie on the circle x4+ y2 =1.

9. Afunction F(x, y, z)isknownto have the following values: F(1,1, 1) =1, F(2,1,1) =4,
F(2,2,1) =8, F(2,2,2) = 16. Compute approximately the directional derivatives:

ViF, Vi jF, Vi juF
at the point (1, 1, 1).

2.15 PARTIAL DERIVATIVES OF HIGHER ORDER

Let a function z = F(x, y) be given; its two partial derivatives 3z/dx and dz/dy are
themselves functions of x and y:

9z 9z

— = F,(x,y), — = F,(x,y).

9% X, y) 3y y(x y) |

Hence each can be differentiated with respect to x and y; one thus obtains the four
second partial derivatives:

92z 32z
ﬁ = x):(-xv )’), ayax =ny(xvy)7
(2.123)
8%z 9?2

Z
=F xX\A ’ rec ’ .
9x 3y yx(x, ) 3y? yy (X, ¥).
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Thus 9%z/0x? is the result of differentiating dz/9dx with respect to x, while 3%z/dy 8x
is the result of differentiation of 9z/dx with respect to y. Here a simplification is
possible if all derivatives concerned are continuous in the domain considered, for
one can prove that

Pz 3%z
dydx  dx oy’

(2.124)

that is, the order of differentiation is immaterial. A proof of (2.124) is given at the
end of this section.

Third- and higher-order partial derivatives are defined in a similar fashion, and
again, under appropriate assumptions of continuity, the order of differentiation does
not matter. Thus one obtains four third partial derivatives:

332 ¥z P 3z
ax3’ 9x2dy  dxdydx  dydx?’ e
3z 3z ¥z ¥z

dx dy? = dy dx dy = ay2ax’  ay

A clue as to why the order of differentiation does not matter can be obtained by
considering the mixed partial derivatives of z = x"y™. Here one has

9z n—1.m aZz n—-1_m-1
dx =nx dy dx =nmxeoye
2
Z n,m=1 d°z n—1_m—1
—_— =mx y =nmx
dy Y dx dy Y

Thus the order does not matter in this case. A similar reasoning applies to a sum of
such terms with constant factors, that is, a polynomial in x and y:

Z=ao+ax + @y +asx® + asxy +asyt + - - + a;xPy9.

It is essentially because an “arbitrary” function can be approximated by such a
polynomial near a given point that the rule holds.
Other notations for higher derivatives are illustrated by the following examples:

3’z ¥z
8_x2=Zxx=f11(x,)’), m__-zyx:fﬂ(x’)’)*
93w *w

———-————ax 3y 3z = Wayxr = f32!(X, Yy, 7), ——axz 312 = Wy = f33“(x, ¥, 2).

If z = f(x, y), the Laplacian of z, denoted by Az or V?z, is the expression

3%z %
Az=Vz=— + —. , 125
z 2= oo+ a7 (2.125)
The A symbol here must not be confused with the symbol for increments; for this
reason the V°z notation is preferable. If w = f(x, y, z), the Laplacian of w is

T <
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defined analogously:

P?w 9w 82w
Aw=Vw=—+-—+—.
w=EVw=aataatoe
The origin of the V2 symbol lies in the interpretation of ¥ as a “vector differential
operator”:

d a . . 3
V=—i+—j+—k =
ax + ay“ + 0z \
One then has symbolically ’ {
02 92 02
Vi=V.V= +—+

ax? | 9y | 8z

This point of view will be discussed further in Chapter 3.
If z = f(x, y) has continuous second derivatives in a domain D and

V=0 (2.126)

in D, then z is said to be harmonic in D. The same term is used for a function of
three variables that has continuous second derivatives in a domain D in space and
whose Laplacian is 0 in D. The two equations for harmonic functions:

9%z 9%z 2w ?w  Pw

—_— —_ = ()7 - - _ 0, 2.127
ax2  3y? dx? + dy? + az2 : ( )

are known as the Laplace equations in two and three dimensions, respectively.
Another important combination of derivatives occurs in the biharmonic
equation:

9z 3%z 34z

9z, ¥z ¥z 212
Ixt + dx2dy? + ay4 (2.128)

which arises in the theory of elasticity. The combination that appears here can be
expressed in terms of the Laplacian, for one has
3%z 3%z 3%z

+2——

2 2
v z
VIV = 5n P 2530y T oy

If we write V*z = Vz(sz), then the biharmonic equation can be written:
Véz=0. (2.129)

Its solutions are termed biharmonic functions. This can again be generalized to
functions of three variables, (2.129) suggesting the definition to be used.

Harmonic functions arise in the theory of electromagnetic fields, in fluid dynam-,
ics, in the theory of heat conduction, and in many other parts of physics; applications
will be discussed in Chapters 5, 8, and 10. Biharmonic functions are used mainly in
elasticity. (See Section 8.25.)
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Proof of the rule (2.124). We assume that z = f(x, y) has continuous derivatives
fx+ fys Jxys fyx in a domain D. Let R be a closed square region xo <x < Xxp+ h,
Yo <y < yg + A contained in D. Then by the rule f g'x)dx = g(b) — gla),

Xo+h yo-+h
// fxdedy=/ / fxydydx g nld g R TIE O
R Xo Yo ‘ .

Xxo+h
= / (fiCx, yo+ h) — fi(x, yo)ldx

X0

xo-+h Xo+h Lo
= / S, yo+h)dx -—/ felx, yo)dx

X0 X0

= f(xo+h,yo+ h) — f(xo, yo + 1) — f(xo+ h, yo) + f(x0, Yo).

We interchange the roles of x and y to obtain similarly

/f fuxdxdy = f(xo+h, yo+ h) — f(xo + h, yo) — f(xo0, Yo+ h) + f(xo, yo).
R

Therefore the two double integrals are equal or

/ (fxy - fyx)dx dy =0.
R

Since this holds for every such square region R in D, we must have

fX_V (xyy)E_fy_x (x,y) inD.

(See Problem 14 following Section 2.18.) Thus the proof is compete. ®

Remark. This proof uses properties of double integrals which are usually developed
in the first course in calculus; these properties are also considered in Chapter 4
(Sections 4.3 and 4.11).

2.16 HIGHER DERIVATIVES OF COMPOSITE FUNCTIONS
Let z = f(x,y) and x = g(t), y = h(t), so that z can be expressed in terms of ¢

- alone. The derivative dz/dt can then be evaluated by the chain rule (2.33) of

Section 2.8:

dz  dzdx 8zd_y

g Jees S (2.130)
dt dxdt  dydt - - . .

By applying the product rule, one obtains the following expression for the second
derivative:

s _d(dz)_idsdy drd )+ dzdy  dyd (a
dr? "~ dt\dt)  dxdr*  dtdt dy di2  drdt\dy)

A

B RO
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To evaluate the expressions (d/dt)(dz/9x) and (d/dt)(0z/dy), one uses (2.130)
again, this time applied to dz/0x and dz/dy rather than to z.

d (82 3%z dx 8%z dy

dt T ax2dt ' dyoxdt’
d <3z 8% dx | 3'zdy
dt T axdydr | dyrdt’

One thus finds the rule:

d’z  dzd*x 3%z (dx)2 ) 9%z dxdy 9%z (dy) dz d%y

a7 " axar T ax2\ar axdy dr dr | 3y 3y di?’

(2.131)

This is a new chain rule.

Similarly, if z = f(x,y),x = g(u v), y = h(u, v), so that (2 34) holds, one

has

dz _ 9z dx 03z dy
du  9xdu  dydu’

9%z 9z d*x 9 az) d9x 98zd*y 9 3y

L=t 2 e

u?  0x du?  du\dx dy du?  du ay ou’
Applying (2.132) again, one finds

B 32)_82z dx 3%z dy 9 (3z\ 9% dx 8%z dy
u T 9x29u  dyox du’ du\dy) oxdyodu 9y 9u’

(2.132)

so that

3%z 8z 8%x 822\ [ 9x\? 8%z dx dy dy 9z aZy
—_= — — | = ——=, (2133
du?  ox 8u2+(8x2)(6u) +23x8y8u8u+3y ( ) +8y8u ( )
1t should be remarked that (2.133) is a special case of (2.131), since v is treated as
a constant throughout.

Rules for 8°z/du dv, 3°z/3v* and for higher derivatives can be formed, anal-
ogous to (2.131) and (2.133). These rules are of importance, but in most practical

cases it is better to use only the chain rules (2.33), (2.34), (2.35), applying repeatedly
if necessary. One reason for this is that simplifications are obtained if the derivatives

occurring are expressed in terms of the right variables, and a complete description

of all possible cases would be too involved to be useful.

The variations possible can be illustrated by the following example, which con-
cerns only functions of one variable.

Lety = f(x)and x = ¢'. Then

d_y_dydx__dye,
dt  dxdt  dx
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d’y dy dy ,
dr? dt( )e +Ee

Hence

_d? d°ydx o dy ,
= dx? dt dx
_d%y R
: dx2 + dxe )
One could also write ! )
dy _dy,_ dy

a o dx T ax

d?y d( dy d dy\dx d ( dy
ar = dt( dx) dx (xE)E ="a(*a)
_d¥y RN
Tat Tt
The second method is clearly simpler than the first; the answers obtained are equiv- -
alent because of the equation x = €',

and then

2.17 THE LAPLACIAN IN POLAR, CYLINDRICAL,
AND SPHERICAL COORDINATES

An important application of the method of the preceding section is the transformation

of the Laplacian to its expression for other coordinate systems.
We consider first the 2-dimensional Laplacian “
w 9w
Viw=——+ —
9x2 = 9yt

and its expression in terms of polar coordinates r, 8. Thus we are given w = f(x, y)
and x = rcosf, y = rsinf, and we wish to express V>w in terms of r, 8, and
derivatives of w with respect to r and 6. The solution is as follows. One has

Jw aw ar + dw 06 Bw Jw dr v Jw 06
ax _ dr ox | 90 ax’ 8y ar By a6 8

by the chaln rule. To evaluate dr/dx, 06/0x, or/dy, 96 /3y we use the equations v
dx = cos@dr — rsin6 do, dy =sinfdr +rcos6df.

(2.134)

These can be solved for dr and df by determinants or by elimination to give

sin 6 cos 6

dr = cosfdx +sin6 dy, d0 = ——dx + dy.
¥
Hence
ar : ar . a0 sin & 98  cos@
— =c¢co0s0, — =sinéb, —_—= - — = .
dx ay ax r ay r
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Thus (2.134) can be written as follows:

ow dw sinf dw 8_w=sin08_w+cos08_w. 2.135)
or r a6

—_— = _——_—

ox ar r 06 ay
These equations provide general rules for expressing derivatives with respect to x
or y in terms of derivatives with respect to r and 6. By applying the first equation to
the function dw/dx, one finds that

w9 [ow d (dw sinf 8 [dw -
—_—=——)=cos0—{ — |} — ——{ — | <4
dx? dx \ dx ar \ ox r 00\ ox
by (2.135) this can be written as follows: . . L ~
3w 9 dw  sinf dw sing 9 dw sinf 3w
— =cosf—{ cosf— — —— ——| cosf— — —}.
ax? or ar r a6 r 06 ar r 006

The rule for differentiation of a product gives finally

32w  2sinfcosf 3*w  sin?6 9w

w = cos’ 6 +
ax: ar? r ar 86 r2 962
sin298_w 2sin9c0598_w' 2.136)
r or r 26
Ixj the same manner, one finds o
w9 [dw . 98 ( . dw cosfdw
— = —| — }=sin8—| sin6— + e
dy?z 3y \ 9y ar ar r 06
cosf 9 S,noaw + cosf dw
r o\ T T % )
2.137)
P’w 2082w 2sinfcosf 3w N cos? 6 92w
—— =8I _ _—
dy? or? r or 39 rz 962
cos?0 dw  2sinfcosd dw
r or r2 96"
Adding (2.136) and (2.137), we conclude: ,
.92 3?2 9?2 1 92 10
V=224 28 %W d . (2.138)

"t T trwe i

this is the desired result.
Equation (2.138) at once permits one to write the expression for the 3-dimensional
Laplacian in cylindrical coordinates; for the transformation of coordinates

X =rcoso, y =rsiné, z1=7z
involves only x and y and in the same way as earlier. One finds:

2w 9w  Ftw w1 3%w 1w  FPw

=t — = —— = ——  ——  —, 2.139
ax2  Ay*  9z2  ar?  r290r  roar 072 ¢ )
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A procedure similar to the preceding gives the 3-dimensional Laplacian in spher-
ical coordinates (Fig. 2.10):

Oy = 82w N 82w 4 Pw _ w 4 1 3%w + 1 3w
T ax2 7 ay? | 8z2 T 9p? | p? 3¢?  plsin’e 062
» (2.140)
sl +2 dw + cot¢ dw
pdp  p* B

(See Problem 8 following the next section.)

2.18 HIGHER DERIVATIVES OF IMPLICIT FUNCTIONg e

In Section 2.10, procedures are given for obtaining differentials or first partial deriva-
tives of functions implicitly defined by simultaneous equations. Since the results
are in the form of explicir expressions for the first partial derivatives [cf. (2.71),
(2.72), (2.73), etc.], these derivatives can be differentiated explicitly. An example will
illustrate the situation. Let x and y be defined as functions of 4 and v by the implicit
equations:

Ryl +i=1, 242y w4t =1.
Then with F(x, y, u, v) = x2+y*+u?+v2—1,G(x, ...) = x* +2y? —u> +v2 -1,

AF.G) 2u 2y
x By —2u 4y 3u
= TR - =T
ou S TRl 2x 2y X
2x 4y
AF. G) 2x 2u
8}) _ 3(x‘,u) _ 2x —2u _ 2u'
0, T T AFEG T =
du S e 2x 2y y
2x 4y
Hence ;
*x 3udx 3 3u(-3u 3 9u? 3
M xX23u x x2\ x x  x3 X
3y  2udy 2 2u(2u)+2_ 4ur 2
wr— y2ou oy y*\y/) y ¥ oy
PROBLEMS
1. Find the indicated pahial derivatives:
a ) 1 T H BT
a) T 4 and 1fw = ”——my .
b) and W if w = arc tan

Salil

BT~
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lw . — Xty
) 8):6)22 daxiay ifw=e ’

m-n
d) aaxm B;Z ifw= x'"y".

Formula (2.138) can be used as a check for (a) and (b).

. Verify that the mixed derivatives are identical for the following cases:

9%z 9%z _ X
a) mry, and m fOTZ = m,

Fw P w 9w /7 3 7
b) 3x8y31’323y9x’and dydz ox forw=yx*+y*+2°

. Show that the following functions are harmonic in x and y:

a) e*cosy, b) x3 — 3xy2, ¢) log v/x2 + y2.

. a) Show that every harmonic function is biharmonic.

b) Show that the following functions are biharmonic in x and y:
xe*cosy, x*—3x%y?

¢) Choose the constants a, b, ¢ so that ax? + bxy + cy? is harmonic.
d) Choose the constants a, b, ¢, d so that ax?® + bxzy + cxy2 + dy3 is harmonic.

. a) Prove the identity:

Vi(uv) = uV2y 4+ vV +2Vu - Vv

for functions « and v of x and y.
b) Prove the identity of (a) for functions of x, y, and z.
¢) Prove that if u# and v are harmonic in two or three dimensions, then

w=xu+v

is btharmonic. [Hint: Use the identity of (a) and (b).]
d) Prove that if « and v are harmonic in two or three dimensions, then

w=r2u+v

is biharmonic, where r?2 = x2 + y? for two dimensions and r? = x2 + y? + z% for
three dimensions.

. Establish a chain rule analogous to (2.133) for 9%z/9u dv.
. Use the rule (2.133), applied to 82w/d8x? and 32w/9y?, to prove (2.138).
. Prove (2.140). [Hint: Use (2.139) to express V2w in cylindrical coordinates; then note

that the equations of transformation from (z, r) to (p, ¢) are the same as those from (x, y)
to (r,0).]

. Prove that the biharmonic equation in x and y becomes

2 2 1

1 ’ 1
Wrrrrp + — Wrrog + _w9990 + wrrr - r_3wr99 - ;‘z'wrr + 7 Wee + FWr = 0

in polar coordinates (r, 8). [Hint: Use (2.138).]

If u and v are functions of x and y defined by the equations
xy+uv=1, xu+yv=1,

find 8%u/9x2.
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If u and v are inverse functions of the system

x =u?—v? y = 2uv,

show that u is harmonic.

A differential equation is an equation relating one or more variables and their derivatives;
the Laplace equation and biharmonic equation above are illustrations (see Chapters 9
and 10). A basic tool in the solution of differential equations, that is, in determining the
functions that satisfy the equations, is that of introducing new variables by appropriate
substitution formulas. The introduction of polar coordinates in the Laplace equation in
Section 2.17 illustrates this. The substitutions can involve independent or dependent
variables or both; in each case, one must indicate which of the new variables are to be
treated as independent and which as dependent. Make the indicated substitutions in the
following differential equations:
dy __ _2x

‘a) gf = P ; new variables y (dep.) and u = x? (indep.);

b) 3; = x_-:}L4; new variables v = y — 3 (dep.) and ¥ = x — 1 (indep.);

3

c) x2d 2 +3x j——% 31 = 0; new variables y (dep.) and ¢ = log x (indep.);

d) jx + (51)3 0; new variables x (dep.) and y (indep.); |

€) Zx_ - 4x + y(3x — 2) = 0; new variables v = e‘"zy (dep.) and x (indep.);
f)a 3” ba“ = 0 (a, b constants); new variables u (dep.), z = bx — ay (indep.), and

=ax + by (indep.);
g % ay = 0; new variables u (dep.), z = x + y (indep.), and w = x — y (indep.).

Transformation of the Sturm-Liouville differential equation. The equation is
d’u , du
pX)—— + p(x)—— +{Ak(x) —g(x)}u =0
dx dx

on an interval a < x < b on which p(x) > 0, k(x) > 0 and A is a constant. One transforms
this by the substitution u = z(x)v, y = h(x), where h'(x) # 0 and z(x) # 0 on the
interval, to obtain a new dcpendent variable v and new independent variable y.

a) Show that the new equation is

pzh”? + (pzh" + 2pZ'H’ +pzh)—— + [pz" + p'd + z(Ak — @)]v = 0,

,d%v

dy e
where in all coefficients x is expressed in terms of y through the inverse function x =
¢(y) of y = h(x). (Assume all functions and derivatives appearing are continuous.)

b) Show that for proper choice of A(x) and z(x) the new equation can be written thus:
2
% +( = QO =0

[Hint: To obtain the desired form, require that the coefficient of dv/dy is 0 and that
the coefficient of Av equals the coefficient of d?v/dy?>; then divide by this latter
coefficient. Show that the second condition gives A’ = (k/p)!/2, so that a suitable
function 4 is f k()/ p()]"/ 2dt where xg is on the given interval, and that the first
condition gives (d/dx) log(h'z? p) = 0, which is satisfied by a suitable function by
making #'z% p = 1 and then choosing z = (kp)~'/*. Verify that the Q(y) obtained can
be written as (1/f)d> f/dy* + q/k, where f = 1/z as a function of y. This change
of variables is known as the Liouville substitution.)
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14. The proof at the end of Section 2.15 uses properties of the double integral. Justify the
following:

a) If g(x, y) is continuous on a square region R: xg < x < xo+ h,yo <y < yo+h,

and g(x, y) > 0in R, then
// glx,y)dxdy > 0.
R

b) If g(x, y) is continuous in domain D and

f/g(X.y)dxdy=0
R

for every region R as in (a) contained in D, then g(x, y)=0. [Hint: Suppose
g(xo0, yo) > 0. Then by continuity, g(x. v) > 0 in some region R (Problem 7 following
Section 2.4). Hence by (a) the double integral over R could not be 0. If g(xg, yo) < 0,
then apply the same reasoning to —g(x, y).]

2.19 MAXIMA AND MINIMA OF FUNCTIONS
OF SEVERAL VARIABLES

We first recall the basic facts concerning maxima and minima of functions of one
variable. Let y = f(x) be defined and differentiable in a closed intervala < x < b,
and let xp be a number between a and b: a < x¢ < b. The function f(x) is said to
have a relative maximum at xo if f(x) < f(xo) for x sufficiently close to x;. It follows
from the very definition of the derivative that if f'(x,) > 0, then f(x) > f(xo) forall
x > xp and sufficiently close to xo; similarly, if f'(xp) < O, then f(x) > f(xo) for
all x < x¢ and sufficiently close to xo. Hence at a relative maximum, necessarily
f'(x0) = 0. A relative minimum of f(x) is defined by the condition f(x) > f{x;)
for all x sufficiently close to xy. A reasoning such as the preceding enables one to
conclude that at a relative minimum of f(x), necessarily f'(xy) = 0.

_The points xy at which f'(xo) = 0 are termed the critical points of f(x).
Although every relative maximum and minimum occurs at a critical point, a critical
point need not give either maximum or minimum. This is illustrated by the function
y = x3, =1 < x < 1, at x = 0. This function has a critical point at x = 0, but
the point is neither maximum nor minimum and is an example of what is termed a
horizontal inflection point. This is illustrated in Fig. 2.15.

Let xo be a critical point, so that f'(xs) =0, and let it be assumed that f"(xp) > 0.

Then f(x) has a relative minimum at xq. For by the Mean Value theorem when
x>xg, f(x)— f(xo)= f'(x))x —x0), where xq<x;<x. Since f["(x9)>0,
f'(x1) > 0 for x; > xqg and x; sufficiently close to xp. Hence f(x) — f(xq) > 0 for
x > xg and x sufficiently close to xo. Similarly, f(x) — f(xo) > Oforx < xpand x
sufficiently close to xo. Therefore f(x) has a relative minimum at xy. An analogous
reasoning applies when f”(x) < 0. Accordingly, one can state the rules:

If f'(xo) = Oand f”"(xy) > O, then f(x} has a relative minimum at xg; if f'(xg) =0
and f”(x¢) < 0, then f(x) has a relative maximum at xg.
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Figure 2.15  Critical points of function y = f(x).

These two rules cover most cases of interest. It can of course happen that
f"(x0) = O at a critical point, in which case one must consider the higher deriva-
tives. A repeated application of the previous reasoning gives the following general
rule:

Let f'(x0) =0, f"(x0) =0, ..., f™(xp) = 0, but f™*D(xy) # 0; then f(x) has a
relative maximum at xg if n is odd and f*V(xy) < 0; f(x) has a relative minimum
at xg if n is odd and f*V(xy) > 0; f(x) has neither relative maximum nor relative
minimum at xo but a horizontal inflection point at x, if n is even.

The preceding discussion has been restricted to points x, within the interval

of definition of f(x) and to relative maxima and minima. The notion of relative

L maximum and minimum can readily be extended to the endpoints a and b, and

rules can be formulated in terms of derivatives. However, the interest in these points

arises mainly in connection with the absolute maximum and minimum of f(x) on

the interval @ < x < b. A function f(x) is said to have an absolute maximum M

for a certain set of values of x if f(xy) = M for some x; of the set given and

f(x) < M for all x of the set; an absolute minimum is defined similarly, with the

condition f(x) > M replacing the condition f(x) < M. The following theorem is
then fundamental.

THEOREM If f(x) is continuous in the closed interval a < x < b, then f(x)
has an absolute minimum M, and an absolute maximum M, on this interval. ®

The proof of this theorem requires a more profound analysis of the real number
system; see Section 2.23.

It should be remarked that the inclusion of the end-values is essential for this
theorem, as the simple example y = x for 0 < x < 1 illustrates; here the function
has no minimum or maximum on the set given. For the set 0 < x < 1, the absolute
minimum is 0, for x = 0, and the absolute maximum is 1, for x = 1. The example
y = tanx for —7/2 < x < 7/2 illustrates a function with no absolute minimum
or maximum; in this case, adjoining values at the endpoints x = £7/2 does not
help.

A function f(x) is said to be bounded for a given set of x if there is a constant X
suchthat | f(x)| < K onthis set. The theorem above implies that if f(x) is continuous
in the closed interval a < x < b, then f(x) is bounded in this interval; for K can
be chosen as the larger of |M;}, |M;|. For example, let y = sinx for0 < x < m.
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This function has the absolute minimum M| = 0 and the absolute maximuom M, =1
and is bounded, with K = 1. The example y = x for0 < x < 1 illustrates a bounded
function (K = 1) having neither absolute minimum nor absolute maximum; the
example y = tan x for —%n <x < %71 illustrates an unbounded function.

To find the absolute maximum M of a function y = f(x), differentiable for
a < x < b, one can reason as follows: if f(xg) = M anda < xy < b, then f(x) has
necessarily a relative maximum at xg; thus the absolute maximum occurs either at a
critical point within the interval or at x = a or x = b. One therefore first locates all
critical points within the interval and compares the values of y at these points with
the values at x = g and x = b; the largest value of y is the maximum sought. It is
thus not necessary to use the second derivative test described at the beginning of this
section. The absolute minimum can be found in the same way.

The determination of critical points and their classification into maxima, min-
ima, or neither are important also for graphing functions; from a knowledge of the
critical points and the corresponding values of y, a very good first approximation to
the graph of y = f(x) can be obtained.

After these preliminaries we can consider the analogous questions for functions
of two or more variables. Let z = f(x, y) be defined and continuous in a domain D.
This function is said to have a relative maximum at (xo, yo) if f(x, y) < f(x0, yo)
for (x, y) sufficiently close to (xy, ¥p) and to have a relative minimum at (xo, yo) if
f(x, )= f(xo, yo) for (x, y) sufficiently close to (xg, yo). Let (xo, yo) give arelative
maximum of f(x, y); then the function f(x, y;), which depends on x alone, has a
relative maximum at x, as is illustrated in Fig. 2.16. Hence if f,(xo, yo) exists,
then f,(xo, yo) = O; similarly, if f,(xo, yo) exists, then f,(xo, yo) = 0. Points (x, y)
at which both partial derivatives are O are termed critical points of f. As before,
one concludes that every relative maximum and every relative minimum occur at a
critical point of f, if f, and f, existin D.

One might expect that the nature of a critical point could be determined by
studying the functions f(x, yg) and f(xg, v), with the aid of the second derivatives
as previously. First of all, it should be remarked that one of these functions can have
a maximum at (xg, yp), while the other has a minimum. This is illustrated by the
functionz = 1 + x2? — y2 at (0, 0); this function has a minimum with respect to x at
x =0 for y = 0 and a maximum with respect to y at y = 0 for x = 0, as shown in

)

\K_‘___.-—_—
|
|
|
|
1

c———

Figure 2.16 Maximum of z = f(x, y).
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Figure2.18 z=1— x> +4xy — y°.

Fig. 2.17. This critical point is an example of what is termed a saddle point; this will
be discussed further. The level curves of z are shown in Fig. 2.17; the configuration
shown is typical of that at a saddle point.

A further complication is the following: It can happen that z = f(x, yo) has a
relative maximum for x = xg, and z = f(xg, y) has also a relative maximum for
y = Yo, but z = f(x,y) does not have a relative maximum at (xo, y). This is
illustrated by the function z = 1 — x? + 4xy — y?at (0,0). Fory =0,z = 1 — x?,
with maximum for x = 0; for x = 0, z = 1 — y?, with maximum for y = 0. On the
other hand, for y = x, z = 1 4+ 2x?, so that the section of the surface by the plane
y = x has a minimum at x = 0. This is shown in Fig. 2.18. The level curves, shown
in the same figure, again reveal the presence of a saddle point.
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rid
ar?
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Figure 2.19  9°z/0r? for function of Fig. 2.18.

A better understanding of this example and a clue to a general procedure can
be obtained by introducing cylindrical coordinates (r, 8). One has then z = 1 —
r*(1—2sin 20).1f one sets & = const = «, one obtains z as a function of 7. Fora = 0,
one obtains the xz-trace: z = 1—r?;fora = /2, one obtains the yz-trace: z = 1—r?;
fora = m/4,one obtains the trace in the plane y = x: z = 1+r2.Fora general a, one
has the trace z = 1 — r(1 — 2 sin 2a); r can here be allowed both positive and nega-
tive values. On each trace, 9z/9r = —2r(1 — 2 sin 2w); thus z, as a function of r, has
acritical point for r = 0. However, 3%z/3r? = —2(1 —2 sin 2e). This second deriva-
tive takes on both positive and negative values, as shown graphically in Fig. 2.19.
The second derivative test for functions of one variable at once shows that both
relative maxima and relative minima occur in corresponding directions o.

In order to generalize this analysis to an arbitrary function z = f(x, y) we make
use of the directional derivative in direction ¢, defined in Section 2.14. This we again
denote by V,z and recall the formula:

9 0
Vuz=—zcosa+~£sina. Bt b
ax ay

At a critical point (xo, yo), one has necessarily V,z = 0; this means that in each
plane (x — xg) sina — (y — yp) cos e = 0, z has a critical point at (xp, yg), when z is
regarded as a function of “directed distance” s from (xg, o), in the xy-plane; this is
illustrated in Fig. 2.20. As in the example above, the type of critical point may vary
with the direction chosen. In order to analyze the type, one introduces the second
derivative of z with respect to s, that is, the second directional derivative in direction
a. This is simply the quantity V,V,z, and one has

a3 9
VoeVaz =V, ——zcosa + oz sin o
dx dy

2 2 2

= ﬁx_z cos’a + 28x ;y sin cosa + # sin’ a. (2.141)
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Figure 2.20  Critical point of z = f(x, y) analyzed by vertical sections.
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This is precisely the quantity 32z/3r? of the preceding example. In order to guarantee
a relative maximum for z at (xo, ¥p), one can require that this second derivative be
negative for all ¢, 0 < @ < 2m; this ensures that z has a relative maximum as a
function of s in each plane in direction «, and in fact (all second derivatives being
assumed continuous) that z has a relative maximum at the point; cf. Problem 10
following Section 2.21. A similar reasoning applies to relative minima. One therefore
obtains the rule:
If 9z/9x = 0 and 9z/9y = 0 at (xg, yp) and
2 2 2

gx—zz cos’a + 283 i:y sino cos & + g—y-i— siffa <0 (2.142)
forx = xg,y = yg,andalla: 0 < o < 2m,thenz = f(x, y)has arelative maximum
at (xg, ¥o); if 3z/0x = 0 and 3z/dy = O and
i cosla +2 i sina cosa + —2 sin

d ay?

2a>0 (2.143)

x2 x dy

for x = X0, ¥ = Yo, andalle: 0 < o < 2m,thenz = f(x, y)has arelative minimum
at (xo, Yo).

It thus appears that the study of the critical points is reduced to the analysis of
the expression

Acos’a + 2B sina cosa + Csin®a, (2.149)

where the abbreviations
2 ‘ 2 ' 2

b4 b4 9°z
A = —(x0, Yo), B = . Yo), C = —(xo, 2.145
a2 X0 YO) x ay(xo o) 3y2 (x0, y0)  (2.145)

are used. Here an algebraic analysis reduces the question to a simpler one, for one
has the following theorem:

THEOREM If B> —~ AC <0and A + C <0, then the expression (2.144) is nega-
tive for all ; if B> — AC < Oand A+ C > 0, then the expression (2.144) is positive
for all «.

5
W@
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Proof. Let the expression (2.144) be denoted by P(c). Let B*—~ AC <0 and
A+ C<0. Then P(xn/2) = C < 0, forif C > 0, then A + C < 0 implies
A <0, so that AC < 0; this contradicts the condition B2 — AC < 0. Similarly, one
shows P(0) = A < 0. For ¢ # £m/2, one has

P) = cos’a(A + 2B tana + C tan’ ).
Thus P(a) is positive, negative, or 0, according to whether the quadratic expression
Qu)=Cu*+2Bu+A (u=tana)

is positive, negative, or 0. Since B? — AC < 0, Q(u) has no real roots; thus Q(u) is
always positive or always negative. Foru = 0, Q = A < 0. Hence Q(u) is always
negative, and the same holds for P(cr). Accordingly, the first assertion is proved.
The second is proved in the same way. °

If B> — AC > 0, the proof just given shows that P(a) will be positive for some
values of o and negative for others, as in the example of Fig. 2.17. In this case the
critical point is termed a saddle point. If B> — AC = 0, there will be some directions
in which P(a) = 0, and one must introduce higher derivatives in order to determine
the nature of the critical point.

We summarize the results obtained: -

THEOREM Let z = f(x, y) be defined and have continuous first and second
partial derivatives in a domain D. Let (xq, yo) be a point of D for which dz/3dx and
dz/dy are 0. Let

32 82 ) 2

A=stoy.  B=gostey), C= %( X0, Yo)-
Then one has the following cases:
B? — AC < 0and A + C < 0, relative maximum at (xo, Yo); (2.146)
B? - AC <0and A + C > 0, relative minimum at (xg, Yo); (2.147)
B? — AC > 0, saddle point at (xg, yo); (2.148)
B? — AC = 0, nature of critical point undetermined. (2.149)
®

If A, B, and C are all 0, so that P(a) = 0, one can study the critical point with the aid
of the third derivative: V,V,V,z. This is illustrated by the function z = x3=3xy?,
whose level curves are graphed in Fig. 2.21. If the third derivatives are all 0, one
can go on to higher derivatives as for functions of one variable. In essence the whole
problem is reduced to one for functions of one variable, and the directional derivative
is the chief tool in this reduction.

In the accompanying Fig. 2.21, examples are given of various types of critical
points; in each case the level curves of the function are shown.

Remark. For the cases B> — AC < 0and B2 — AC > 0, one can show that the level
curves of f have the qualitative appearance of Fig. 2.21(a), (b), and (c). To this end,
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Figure 2.21 Examples of critical points of f(x, y) at (0, 0). The corre-
sponding functions are as follows: (a) z = 1 — x2 — y?, (b) z = x? + 2,
©z=xy,(d)z=x"-3xy’, (e)z =x2y%, ()z =4~y

one applies the implicit function theorem to the equation

f (x Y ) —c=0
to obtain a differential equation for these level curves:

Ly
Sy

The differential equation has a singular point at the critical point, since the numerator
and denominator are 0 there. By applying the theory of configurations at such singular
points, one deduces that in the case of a maximum or minimum, the level curves
are all closed curves around the singular point, whereas at a saddle point the curves
resemble hyperbolas and asymptotes as in Fig. 2.21(c). For details, see Chapter 15
of the book by Coddington and Levinson listed at the end of the chapter. This book
considers the problem for pairs of first-order equations. Our problem is replaced by
such a pair by writing

dx dy

i =[x, y), P fix, ),

which gives the solutions in parametric form.

The preceding discussion has concerned only relative maxima and minima. Just
as with functions of one variable, one can define the notions of absolute maximum
and absolute minimum,; again their investigation calls for a study of the function
at the “ends” of the domain D of definition, that is, on the boundary. In order to
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ensure the existence of absolute maximum and minimum, one must demand that the
domain D itself be bounded (cf. Section 2.2). One has then, as for functions of one
variable:

THEOREM Let D be a bounded domain of the xy-plane. Let f(x, y) be defined -

and continuous in the closed region E formed of D plus its boundary. Then f(x, y)
has an absolute maximum and an absolute minimum in E. ]

The fact that D is a domain is actually inessential for this theorem; the the-
orem remains valid for any bounded closed set E (Section 2.2). For a proof, see
Section 2.23.

Again one has the corollary that a function f(x, y) that is continuous in a
bounded closed region (or set) E is necessarily bounded on E; thatis, | f(x, y)| < M
for (x, y) in E and for a suitable choice of M.

To determine the absolute maximum and minimum of a function f(x, y) defined
on a bounded closed region E, one proceeds as for functions of one variable. One
determines the critical points of f inside E and the values of £ at the critical points;
one then determines the maximum and minimum of f on the boundary. Among
these values the desired maximum and minimum will be found.

EXAMPLE Find the maximum and minimum of z = x? 4+ 2y* — x on the set

24y <l
One has .

a b

-1, Loy

dx ay
Thus the critical point is at (1, 0), at which 7= —— . On the boundary of E, one has
x>+ y*=1,sothat 7 = 2—x —-x2,-1<x < 1. Forthlsfunctlonweﬁndthe
absolute maximum to be 2 , at the cntlcal point x = —— ; the absolute m1n1mum is
0, attheend x = 1. Thus the absolute maximum is 2 occumng at (=1, + 3) and
the absolute minimum is — 1 3> occurring at (2, 0). Smce the minimum occurs inside

E, it is also a relative mmlmum as can be checked by (2.146) through (2.149). One
has here

92 8? 0°
= —z' = <, B - £ = 0, = ‘—Z = 4q,
dx? dx dy ay?
so that (2.147) is satisfied. : (3

The maximum and minimum on the boundary can also be analyzed by the
method of Lagrange multipliers, to be explained in the following section.

All of the foregoing extends to functions of three or more variables without
essential modification. Thus at a critical point (xo, Yo, 20) of w = f(x, y, 2), all three
derivatives dw/dx, dw/dy, dw/3z are 0, so that the directional derivative:

Jw ow w
\ V.w=—cosa+ —cosff§ + —cosy
ax oy 9z

in the direction of an arbitrary unit vector u = cos ai + cos §j +cos yk is zero at the
point (xg, Yo, 2o). This directional derivative is the derivative dw/ds of a function of
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one variable s, serving as coordinate on a line through (x, yp, o) in direction u. To -
analyze the critical point, one uses the second derivative d*w/ds* = V,V,w:

' B ] ]
V.V,w=—(V,w)cosa + —(V,w)cos 8 + —(V,w)cos y
N LR dx ay az

2y 2 2

=53 cos?ar + 28x R cosacos B + 28x 52 cosacosy (2.150)
Pw 3w Ftw

+5y_2003 'B+28y8z cos Bcosy + &Tcos Y.

If this expression is positive for all u, then w has a relative minimum at (xo, yo, Zo)-
‘ Algebraic criteria for the positiveness of this “quadratic form” can be obtained; see
! Section 2.21.

Remarks. The tests for maxima or minima of f(x) given at the beginning of this
l section can be deduced from Taylor’s formula with remainder (Section 6.17). There
! is a similar formula for functions of several variables (Section 6.21), and it can also
be used to derive the tests for maxima and minima.

*2.20 EXTREMA FOR FUNCTIONS WITH SIDE CONDITIONS =
LAGRANGE MULTIPLIERS

A problem of considerable importance for applications is that of maximizing or
minimizing a function of several variables, where the variables are related by one or
more equations, termed side conditions. Thus the problem of finding the radius of
the largest sphere inscribable in the ellipsoid x%+2y% 43z = 6 is equivalent to min-
imizing the function w = x? + y* 4 z2, with the side condition x? + 2y? + 372 = 6.

To handle such problems, one can, if possible, eliminate some of the variables by
using the side conditions and eventually reduce the problem to an ordinary maximum
and minimum problem such as that considered in the preceding section. This proce-
dure is not always feasible, and the following procedure is often more convenient; it
also treats the variables in a more symmetrical way, so that various simplifications
may be possible.

To illustrate the method, we consider the problem of maximizing w = f(x, y, 2),
where equations g(x, y, z) = 0 and h(x, y, z) = 0 are given. The equations g = 0
and h = 0 describe two surfaces in space, and the problem is thus one of maximizing
f(x,y,2) as (x, y,z) varies on the curve of intersection of these surfaces. At a
maximum point the derivative of f along the curve, that is, the directional derivative
along the tangent to the curve, must be 0. This directional derivative is the component
of the vector Vf along the tangent. It follows that V f must lie in a plane normal to
the curve at the point. This plane also contains the vectors V g and V h (Section 2.13);
that is, the vectors Vf, Vg, and V are coplanar at the point. Hence (Section 1.3)
there must exist scalars A, and A, such that

Vf+MVg+aVh=0 (2.151)
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at the critical point. This is equivalent to three scalar equations:

af - dg oh af ag 3h af dh
— 4+ A —F+r—=0, —F+ArA—=+i—=0 = k— A— =0.
8x+ lE)x_‘h 2ox 3y+ 18y+ 28y 3z+ ! + 232

(2.152)

These three equations, together with the equations g(x, y,z) = 0, h(x, y,z) = 0,
serve as five equations in the five unknowns x, y, z, &}, A;. By solving them for
x, ¥, z, one locates the critical points on the curve.

It has been tacitly assumed here that the surfaces g = 0, & = 0 do actually inter-
sect in a curve and that Vg and Vh are linearly independent. Cases in which these
conditions fail are degenerate and require further investigation (cf. Section 2.22).

The method described applies quite generally. To find the critical points of

w= f(x,y,2,u,...), where the variables x, y, z,... are related by equations
glx,v,z,u,..)=0,h(x,y,z,u,...)=0, ..., one solves the system of equations
af ag oh of dh
— A=+ Ay— =0, A— Ay — =0,...,
8x+13+28x+ dy+]8v+78+
(2.153)

glx,y,z,u,...)=0, h(x,y,z,u,..)=0,...

for the unknowns x, y, z, u, ..., A, A2, ... . The parameters A,, A, ... are known
as Lagrange multipliers.

EXAMPLE To find the critical points of w = xyz, subject to the condition
x? 4+ y? + z* = 1, one forms the function

fHrg=xyz+ A2+ 4221
and then obtains four equations:
yz+22x =0, xz4+2Ay=0, xy+2iz=0  xX2+y*+*=1.

Multiplying the first three by x, y, z respectively, adding, and using the fourth equa-
tion, one finds A = (3xyz) Using this relation, one easily finds the 14 crit-
ical points (0, 0, #1), (0 +1,0), (£1,0,0), (£v3/3, £+/3/3, £+/3/3). The first
six listed are saddle points, whereas the remaining eight furnish four minima and
four maxima, as simple considerations of signs show. The maxima and minima are
absolute. '

*2.21 MAXIMA AND MINIMA OF QUADRATIC FORMS
ON THE UNIT SPHERE

One of the most important applications of the method of Lagrange multipliers
is to the problem of maximizing or minimizing a quadratic form in n variables
(Section 1.12):

w= f(xy,... xn)—ZZa,,xxj 2.154)

i=1 j=
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subject to the side condition
x12+..-+x3=1, ) : (2.155)

We can interpret (2.155) as the equation of the unit sphere in E", so that our problem
is that of maximizing or minimizing f on the unit sphere. As in Section 1.12, we let
A = (a;;) be the n x »n matrix of coefficients of the quadratic form and can always
assume that f is written in a form which makes A symmetric: a;; = aj; for all i and
j,or A=A’ Asin Section 1.12, we can then also write

flxg, ..., %) =X AX, (X =col(xy,...,x,)).

We proceed as in the preceding section and are led to the n + 1 equations: '
§—£+A§% =0, %—i—k% —0,..., ;f +k:i =0,
. : (2.156)
glxy, ..., xp)=0.
Here f is as previously, and g(xy, ..., x,) = 1 —x? —- - - —x2. Since A is symmetric,
FO, o Xn) = anxy + apxix; + apxx + apxixs + apxax + -
= ayx} + 2apx1x; + 2a13x1%3 + -+
(Gve are suggesting only the terms in x,), and accordingly, _
af
—— =2anx; +2apx; +2ai3x3+ . ey B

3x1
Thus the Eqgs. (2.156) become

2a11x1 + 2a12x2 + - - - + 2a.x, — 20x; = 0,

¥

2an1 %1 4 2a0%2 + -+ 4 2nnXn — 2Ax, = 0,
w \ : © x4+ =1
Here the first n equations are equivalent to the equation
AX = AX.

Therefore they state that x (if nonzero) is to be an eigenvector of A, associated with
the eigenvalue X (Section 1.11). The last equation states that |x| = 1, so that X is a
unit vector and cannot be 0. Thus we are seeking the unit eigenvectors of A. If xis
such an eigenvector, then

flxp, ..., x) =X Ax = X'Ax = Ax'x

=A(F+ -+ x2) =2

Hence the eigenvalues of A provide the values of f at its critical points on the unit
sphere. In particular, the absolute maximum of f on the unit sphere equals the largest
eigenvalue of A, and the absolute minimum of fon the unit sphere equals the smallest
eigenvalue of A. As in Section 1.13, all eigenvalues are real.
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EXAMPLE 1 Letn =2 and let
f(x,y) =ax®+ 2bxy + cy?,

sothat A = [} g] Then the eigenvalues of A are the solutions of

a—A b
b c—A

,:0 or M —(a+cA+ac-b>=0.

Hence

LoateEVatol —4ac—b) _a+cxla—cF+ b
- B 2 '

2

The last form shows that the roots are always real (see Problem 12 following
Section 1.13). If @ = ¢ and b = 0, the roots are equal and equal to (a + c)/2.
Otherwise, the larger root is obtained from the plus sign, the smaller from the
minus sign. Also, if ac — b*> > 0, both roots have the same sign as a + ¢. Thus
if a + ¢ < 0, then both roots are negative. If ac — b* < 0, the roots have opposite
signs; if ac — b> = 0, one root is 0, the other is a + c.

Since our side condition is x* + y? = 1, we can write x = cosa, y = sina, and
f becomes a cos’ a + 2bsina cosa + ¢ sin® &. When both roots are positive, f has
a positive minimum and remains positive for all o; when both roots are negative, f
has a negative maximum and remains negative for all &. Thus the conditions found
provide a new proof of the rules given in Section 2.19 for the function

Acos’a + 2Bsina cosa + C sin® . °

In this example we have thus far considered only the nature and significance of
the eigenvalues. To find the eigenvectors, and hence to find (x, y) that maximizes or
minimizes f, one proceeds as in Section 1.11.

For a general quadratic form f, one can imitate the example and ask for the
conditions under which f has a positive minimum or a negative maximum on the
unit sphere. We remark that every nonzero vector x = (xi, ..., x,) can be written
as k(uy, ..., u,), where k = |x| and u = (u,, ..., u,) is a unit vector. Hence

L x) =)0 ayxix; = kY D ayuiuy =k fu, . ).

Accordingly, if f has a positive minimum on the unit sphere, then f is positive for
all nonzero x. Conversely, if f is positive for all nonzero x, then f is positive on the
unit sphere, in particular, and hence f has a positive minimum on the unit sphere.
Similarly, f has a negative maximum on the unit sphere if and only if f is negative
for all nonzero X. A quadratic form that is positive (negative) for all nonzero x is
said to be positive definite (negative definite). Hence we can say, for example: fis
positive definite if and only if all eigenvalues of A are positive.

Another way to obtain these results is to choose new Cartesian coordinates
(¥1, ..., yn)in E". As was pointed out in Section 1.13, for proper choice of the new
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coordinates, f becomes simply
AYE -+ Ay,

where A1, ..., A, are the (necessarily real) eigenvalues of A. It is thus clear that f
is positive deﬁmte precisely when all the A’s are positive.

For further information on this topic, see Chapter 10 of Vol. 1 of the book by
Gantmacher listed at the end of the chapter.

For a general function F(xy,...,x,), with critical point at (x?, cees xﬂ), the
method of Section 2.19 leads us to the quadratic form

0%F
E Uinj, g
— Bx,- an . k.
L

where (u,, ..., u,) is a unit vector and all derivatives are evaluated at the critical
point. If this form is positive definite, then F has a minimum at the critical point.

~ Hence ifall eigenvalues of the matrix (32 F /3x; 3x ;) are positive, there is a minimum.
Similarly, if all eigenvalues are negative, then there is a maximum. This matrix is
called the Hessian matrix of F.

PROBLEMS , .
1. Locate the critical points of the following functions, classify them, and graph the func- ’
tions:
a) y = x3 - 3x, b) y = 2sinx + sin2x, ) y=e* —e ¥,

2. Determine the nature of the critical pointof y = x" (n = 2,3,...)atx = 0.

3. Determine the absolute maximum and absolute minimum, if they exist, of the following
functions:

a) y=cosx, =5 <x <%,
b) y=logx, 0<x <1,
c¢) y =tanh x, allx,
d)y——+——5 all x.

4. Find the critical points of the followmg functions and test for maxima and minima:
a) z=1-x2_yZ
b) z=14x2 452,
©) z=2x2—xy—=3y*—3x+7y,
d) z=x2—5xy—y?,
e) z=x2—2xy +y?,
f) z =x3 = 3xy2 453,
° g z=x%—2x(siny +cosy) + 1,
Tn) z=xp? 422y —xy,
i) z=x3 43,
P z=x4+3x2y2 + 4,
K) z = [x2 + (v + 1D?][x? + (y — 1)?] (interpret geomemcally)
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5. Find the critical points of the following functions, classify, and graph the level curves of

10.

the functions:

a) z=e ¥V,

b) z = x* - y4,

¢) z = sinx cosh Yy,

d) 7= 2,
) = iy

e z=x?—xy+y%

flz=x+y+/1-x2—y2

. Find the critical points of the following functions with given side conditions and test for

maxima and minima:

a) z=3x+4y, wherex24+y? =1,

b) z =x2+y?, wherex* +y* =1,

©) z = x% + 24xy + 8y?, where x? + y? =25,

dw=x+z wherex2+y2+22= 1,

e) w=xyz, wherex?+y2=1landx —z =0,

f) w=x2+y2+z% wherex+y+z=1andx?>+ y? - 22 =0.

. Find the point of the curve

oxy+yi—2=1, t4yi=1

nearest to the origin (0, 0, 0).

. Find the absolute minimum and maximum, if they exist, of the following functions:

_ 1
a) = m, all (x,y)

b) z=xy, x> +y2 <1,
Qw=x+y+z, X*+y2+22 <1,
d) w=e""7, all(x,y,2).

. Determine whether the given quadratic form is positive definite:

a) 3x2 4+ 2xy + y?,

b) x% — Xy — 2y2,

c) %xlz + %x.xz + Zx% + %xzxj + %x% .
Prove the validity of the criterion (2.143) for a minimum, under the conditions stated.
[Hint: The function V4V, f(xg, yo) is continuous in o for 0 < @ < 2w and has a
minimum M| in this interval; by (2.143), M| > 0. By the Fundamental Lemma of Section
2.6, 8z/3x and 3z/dy have differentials at (xg, yo). Show that this implies that

Vo f(x,y) = Vg flxo, yo) + 5V Ve fxo, yo) + €5 =5V Vo fx0, yo) + €5,

where x = xp+scosa,y = yp+ssina (s > 0) and |¢| can be made as small as desired
by choosing s sufficiently small. Choose § so that |e| < %M { for0 < s < § and show
that

Vof(x,y)=58[VoeVof(xo,v0)+€]1>0 for0O<s <8.

Accordingly, f increases steadily, as one recedes from (xg, yo) on a straight line in the
neighborhood of radius § of (xg, yo).]
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11. (The method of least squares) Let five numbers ey, €3, €3, 4, es be given. It is in general

12.

13.

impossible to find a quadratic expression f(x) = ax? + bx + ¢ such that f(~2) = |,
f(=1) = e, f(0) = e3, f(1) = es, f(2) = es. However, one can try to make the “total
square-error”

E = (f(=2)—er)* + (f(=1) — 2)* + (f(0) — €3)* + (f(1) — e4)® + (f(2) — e5)?

as small as possible. Determine the values of a, b, and ¢ that make E a minimum. This is
the method of least squares, which is basic in the theory of statistics and in curve-fitting
(sce Chapter 7).

Find the shortest distance d between the two skew lines

x=14+2t, y=2-3t, =5 and x=2+4+71, y=3+21, z=1—-1
by minimizing the squared distance function for variable points on the two lines.

Let f be a positive definite quadratic form 3 Y agjxix; in (xy,..., Xp)(aij = aj;).
Show that each level set E: f(xy,...,x,) = ¢ (¢ > 0) is a bounded closed set [Hint:
Let Ag > O be the smallest eigenvalue of A = (a;;) and show that f(x) = c implies
[x]? < Ag /c. This shows that E is bounded. To show E is closed, proceed as in Problem 7

following Section 2.4 to show that if xg is not in E, so that £( f(xq) — ¢) > 0, then some
neighborhood of xp has no point in E.]

14. Let A and B be symmetric n x n matrices and let f(xy, ..., Xp) =X AX, g(x1,...,x5) =
x'Bx be the corresponding quadratic forms. Let g be positive definite. Use Lagrange
multipliers to seek critical points of f on the set g(xj, ..., x,) = 1 (a bounded closed

15.

set by Problem 13). .
a) Show that, at each critical point X, AX — ABx = 0 and x’'Bx = 1, where A is a root
of the nth degree equation ,
det (A — AB) =0, (%)
and that f(x) = A.
b) Show that if A, A, are distinct roots of (x) and x;, X» are corresponding choices of
X, then x’l Bx; = 0. (Comparc Problem 15 following Section 1.13.)

Show that Problem 14 can be reduced to the problem of Section 2.21 by a suitable linear
transformation x = Ez, where FE is a nonsingular n x n matrix. [Hint: First set x = Cy,
where C is an orthogonal matrix such that C'BC = B; = diag(uy, ..., i), with all
wj > 0, so that

CY) = miyl 4+ + uay? = g1(y)

12 12

- as in Section 1.13. Then sety = Dz, where D = diag (1/u,"", ..., 1/u,"), so that

gD =21+ +2; = 22(2).
Verify that x satisfies the critical point conditions Ax ~ ABx = 0, x'Bx = 1, if and only
if z satisfies the conditions
Az—2z=0, zZz=1,

where Ay = D'AD, A| = C'AC, so that A, is symmetric, and that these conditions
are those for a critical point of f»(z) = Z'Ajz, with A, symmetric, on the unit sphere.
Finally remark that x = Ez, where E = C D and E is nonsingular.]

Remark A further orthogonal transformation z = C;w ydiagonalizes Aj. The combined
nonsingular transformationx = Fw, with F = C DC}, diagonalizes both coefficient matrices
A,

B of the given quadratic forms.




Chapter 2  Differential Calculus of Functions of Several Variables
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Figure 2.22  Level curves of f(x, y) with Vf # 0.

*2.22 FUNCTIONAL DEPENDENCE

Throughout this chapter the condition that a derivative or Jacobian is zero has
played an important role. Thus in Section 2.10 the condition that the Jacobian not
be zero was needed to obtain the derivatives of implicit functions; in Section 2.19
the condition that all partial derivatives be zero was used to locate critical points.
In this section we consider these questions from a more general point of view, with
emphasis on certain extreme cases that are of importance.

Let w = f(x, y) be given in a domain D. If Vw = (3f/3x)i + (3f/dy)j is
not 0 in D, then the level curves f(x,y) = const of w are well-defined -curves,
one through each point of D. This follows from the implicit function theorem of
Section 2.11; at each point (x|, y,), either 3f/3x 7% 0 or 3f/9y # 0, so that (2.70)
gives a definite derivative for the implicit function. The family of level curves is thus
without singularity, as shown in Fig. 2.22.

Singularities will be introduced if Vw = 0 at certain points of D. These are
precisely the critical points considered in Section 2.19. Figure 2.21 illustrates some
of the possible complications.

The extreme case is that in which Vw = 0 in D, that is, every point of D is a
critical point. Here df/3x = 0 and df/dy = 0 in D, and one concludes that f is
constant in D:

THEOREM Let f(x, y)be defined in domain D and let

?—j: =0, ?i = (2.157)
0x ay

in D. Then there is a constant ¢ such that

f=c . ‘ (2.158)
in D. ' ,
Proof. Let Py: (xy, y;)and P5: (x;, v») be two points of D such that the line segment
P\ P, lies in D. Let P: (x, y) vary on this segment and let s be the distance P, P.
The directional derivative of f at P in the direction P, P, is then equal to df/ds;
since 3f/dx = 0, 3f/0y = 0, one has df/ds = 0. Hence by the familiar theorem

for functions of one variable, f, as a function of s, is constant on P