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Deformation of Earth Materials

Much of the recent progress in the solid Earth sciences is based
on the interpretation of a range of geophysical and geological
observations in terms of the properties and deformation of
Earth materials. One of the greatest challenges facing geo-
scientists in achieving this lies in finding a link between phys-
ical processes operating in minerals at the smallest length
scales to geodynamic phenomena and geophysical observa-
tions across thousands of kilometers.

This graduate textbook presents a comprehensive and
unified treatment of the materials science of deformation as
applied to solid Earth geophysics and geology. Materials
science and geophysics are integrated to help explain
important recent developments, including the discovery of
detailed structure in the Earth’s interior by high-resolution
seismic imaging, and the discovery of the unexpectedly
large effects of high pressure on material properties, such
as the high solubility of water in some minerals. Starting
from fundamentals such as continuum mechanics and
thermodynamics, the materials science of deformation of Earth
materials is presented in a systematic way that covers elastic,
anelastic, and viscous deformation. Although emphasis is
placed on the fundamental underlying theory, advanced
discussions on current debates are also included to bring read-
ers to the cutting edge of science in this interdisciplinary area.

Deformation of Earth Materials is a textbook for graduate
courses on the rheology and dynamics of the solid Earth, and
will also provide a much-needed reference for geoscientists in
many fields, including geology, geophysics, geochemistry,
materials science, mineralogy, and ceramics. It includes review
questions with solutions, which allow readers to monitor their
understanding of the material presented.

SHUN-ICHIRO KARATO is a Professor in the Department of
Geology and Geophysics at Yale University. His research
interests include experimental and theoretical studies of the
physics and chemistry of minerals, and their applications to
geophysical and geological problems. Professor Karato is
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Preface

Understanding the microscopic physics of deformation
is critical in many branches of solid Earth science.
Long-term geological processes such as plate tectonics
and mantle convection involve plastic deformation of
Earth materials, and hence understanding the plastic
properties of Earth materials is key to the study of
these geological processes. Interpretation of seismolog-
ical observations such as tomographic images or seis-
mic anisotropy requires knowledge of elastic, anelastic
properties of Earth materials and the processes of plas-
tic deformation that cause anisotropic structures.
Therefore there is an obvious need for understanding
a range of deformation-related properties of Earth
materials in solid Earth science. However, learning
about deformation-related properties is challenging
because deformation in various geological processes
involves a variety of microscopic processes. Owing to
the presence of multiple deformation mechanisms,
the results obtained under some conditions may not
necessarily be applicable to a geological problem that
involves deformation under different conditions. There-
fore in order to conduct experimental or theoretical
research on deformation, one needs to have a broad
knowledge of various mechanisms to define conditions
under which a study is to be conducted. Similarly,
when one attempts to use results of experimental or
theoretical studies to understand a geological problem,
one needs to evaluate the validity of applying partic-
ular results to a given geological problem. However,
there was no single book available in which a broad
range of the physics of deformation of materials was
treated in a systematic manner that would be useful for
a student (or a scientist) in solid Earth science. The
motivation of writing this book was to fulfill this need.

In this book, I have attempted to provide a unified,
interdisciplinary treatment of the science of deforma-
tion of Earth with an emphasis on the materials
science (microscopic) approach. Fundamentals of the

materials science of deformation of minerals and
rocks over various time-scales are described in addition
to the applications of these results to important geo-
logical and geophysical problems. Properties of materi-
als discussed include elastic, anelastic (viscoelastic),
and plastic properties. The emphasis is on an interdis-
ciplinary approach, and, consequently, I have included
discussions on some advanced, controversial issues
where they are highly relevant to Earth science prob-
lems. They include the role of hydrogen, effects of
pressure, deformation of two-phase materials, local-
ization of deformation and the link between viscoelas-
tic deformation and plastic flow. This book is intended
to serve as a textbook for a course at a graduate level in
an Earth science program, but it may also be useful for
students in materials science as well as researchers
in both areas. No previous knowledge of geology/
geophysics or of materials science is assumed. The
basics of continuum mechanics and thermodynamics
are presented as far as they are relevant to the main
topics of this book.

Significant progress has occurred in the study of
deformation of Earth materials during the last ~30
years, mainly through experimental studies. Experi-
mental studies on synthetic samples under well-defined
chemical conditions and the theoretical interpretation
of these results have played an important role in under-
standing the microscopic mechanisms of deformation.
Important progress has also been made to expand
the pressure range over which plastic deformation can
be investigated, and the first low-strain anelasticity
measurements have been conducted. In addition,
some large-strain deformation experiments have been
performed that have provided important new insights
into the microstructural evolution during deformation.
However, experimental data are always obtained under
limited conditions and their applications to the Earth
involve large extrapolation. It is critical to understand
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the scaling laws based on the physics and chemistry of
deformation of materials in order to properly apply
experimental data to Earth. A number of examples of
such scaling laws are discussed in this book.

This book consists of three parts: Part |
(Chapters 1-3) provides a general background includ-
ing basic continuum mechanics, thermodynamics and
phenomenological theory of deformation. Most of this
part, particularly Chapters 1 and 2 contain material
that can be found in many other textbooks. Therefore
those who are familiar with basic continuum mechan-
ics and thermodynamics can skip this part. Part II
(Chapters 4—16) presents a detailed account of materi-
als science of time-dependent deformation, including
elastic, anelastic and plastic deformation with an
emphasis on anelastic and plastic deformation. They
include, not only the basics of properties of materials
characterizing deformation (i.e., elasticity and viscos-
ity (creep strength)), but also the physical princi-
ples controlling the microstructural developments
(grain size and lattice-preferred orientation). Part III
(Chapters 17-21) provides some applications of the
materials science of deformation to important geolog-
ical and geophysical problems, including the rheolog-
ical structure of solid Earth and the interpretation of
the pattern of material circulation in the mantle and
core from geophysical observations. Specific topics
covered include the lithosphere—asthenosphere struc-
ture, rheological stratification of Earth’s deep mantle

and a geodynamic interpretation of anomalies in seis-
mic wave propagation. Some of the representative
experimental data are summarized in tables.
However, the emphasis of this book is on presenting
basic theoretical concepts and consequently references
to the data are not exhaustive. Many problems (with
solutions) are provided to make sure a reader under-
stands the content of this book. Some of them are
advanced and these are shown by an asterisk.

The content of this book is largely based on lectures
that I have given at the University of Minnesota and
Yale University as well as at other institutions. I thank
students and my colleagues at these institutions who
have given me opportunities to improve my under-
standing of the subjects discussed in this book through
inspiring questions. Some parts of this book have
been read/reviewed by A.S. Argon, D. Bercovici,
H.W. Green, S. Hier-Majumder, G. Hirth, I. Jackson,
D.L. Kohlstedt, J. Korenaga, R.C. Liebermann,
J.-P. Montagner, M. Nakada, C.J. Spiers, J. A. Tullis
and J. A. Van Orman. However, they do not always
agree with the ideas presented in this book and any
mistakes are obviously my own. W. Landuyt, Z. Jiang
and P. Skemer helped to prepare the figures. I should
also thank the editors at Cambridge University Press
for their patience. Last but not least, I thank my family,
particularly my wife, Yoko, for her understanding, for-
bearance and support during the long gestation of this
monograph. Thank you all.
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Stress and strain

The concept of stress and strain is key to the understanding of deformation. When a force is applied to
a continuum medium, stress is developed inside it. Stress is the force per unit area acting on a given
plane along a certain direction. For a given applied force, the stress developed in a material depends
on the orientation of the plane considered. Stress can be decomposed into hydrostatic stress (pressure)
and deviatoric stress. Plastic deformation (in non-porous materials) occurs due to deviatoric stress.
Deformation is characterized by the deformation gradient tensor, which can be decomposed into
rigid body rotation and strain. Deformation such as simple shear involves both strain and rigid body
rotation and hence is referred to as rotational deformation whereas pure shear or tri-axial compression
involves only strain and has no rigid body rotation and hence is referred to as irrotational deformation.
In rotational deformation, the principal axes of strain rotate with respect to those of stress whereas
they remain parallel in irrotational deformation. Strain can be decomposed into dilatational
(volumetric) strain and shear strain. Plastic deformation (in a non-porous material) causes shear strain
and not dilatational strain. Both stress and strain are second-rank tensors, and can be characterized by
the orientation of the principal axes and the magnitude of the principal stress and strain and both have
three invariants that do not depend on the coordinate system chosen.

Key words stress, strain, deformation gradient, vorticity, principal strain, principal stress, invariants
of stress, invariants of strain, normal stress, shear stress, Mohr’s circle, the Flinn diagram, foliation,

lineation, coaxial deformation, non-coaxial deformation.

I.1. Stress
I.1.1. Definition of stress

This chapter provides a brief summary of the basic
concept of stress and strain that is relevant to under-
standing plastic deformation. For a more comprehen-
sive treatment of stress and strain, the reader may
consult MALVERN (1969), MAsE (1970), MEANS (1976).

In any deformed or deforming continuum material
there must be a force inside it. Consider a small block
of a deformed material. Forces acting on the material
can be classified into two categories, i.e., a short-range
force due to atomic interactions and the long-range

force due to an external field such as the gravity
field. Therefore the forces that act on this small
block include (1) short-range forces due to the dis-
placement of atoms within this block, (2) long-range
forces such as gravity that act equally on each atom
and (3) the forces that act on this block through the
surface from the neighboring materials. The (small)
displacements of each atom inside this region cause
forces to act on surrounding atoms, but by assump-
tion these forces are short range. Therefore one
can consider them as forces between a pair of atoms
A and B. However, because of Newton’s law of action
and counter-action, the forces acting between two
atoms are anti-symmetric: fap = —fga Where fap a)
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FIGURE I.I Forces acting on a small pyramid.

are the force exerted by atom A (B) to B (A).
Consequently these forces caused by atomic displace-
ment within a body must cancel. The long-range force
is called a body force, but if one takes this region as
small, then the magnitude of this body force will
become negligible compared to the surface force (i.e.,
the third class of force above). Therefore the net force
acting on the small region must be the forces across
the surface of that region from the neighboring mate-
rials. To characterize this force, let us consider a small
piece of block that contains a plane with the area of dS
and whose normal is n (n is the unit vector). Let T be
the force (per unit area) acting on the surface dS from
outside this block (positive when the force is compres-
sive) and consider the force balance (Fig. 1.1). The
force balance should be attained among the force T
as well as the forces T'>? that act on the surface
dS) 53 respectively (dS, 3 are the projected area of
dS on the plane normal to the x 3 axis). Then the
force balance relation for the block yields,
3

Tds=Y_T/ds; (1.1)
J=1

Now using the relation dS; = n; dS, one obtains,
(1.2)

where T; is the ith component of the force T and o;; is
the ith component of the traction T, namely the ith
component of force acting on a plane whose normal is
the jth direction (n; = T7). This is the definition of
stress. From the balance of torque, one can also show,

(1.3)

Tij = Tji-

The values of stress thus defined depend on the
coordinate system chosen. Let us denote quantities in
a new coordinate system by a tilda, then the new coor-
dinate and the old coordinate system are related to
each other by,

(1.4)

3
5= 4
=

where a;; is the transformation matrix that satisfies the
orthonormality relation,

3
E ajjjm = éim
J=1

where 6,,, is the Kronecker delta (6;,,=1 for i=m,

(1.5)

6;m =0 otherwise). Now in this new coordinate system,
we may write a relation similar to equation (1.2) as,

(1.6)

Noting that the traction (7) transforms as a vector in
the same way as the coordinate system, equation (1.4),
we have,

3
Ti=> ayT;
J=1

Inserting equation (1.2), the relation (1.7) becomes,

3
T,-= E Ok AjjNc -
Jik=1

(1.7)

(1.8)

Now using the orthonormality relation (1.5), one has,

3
n;i = E (Zﬂﬁi.
j=1

Inserting this relation into equation (1.8) and compar-

(1.9)

ing the result with equation (1.6), one obtains,'

3
5’;‘/ = Z U‘k]a[kajl. (110)
k=1

The quantity that follows this transformation law is
referred to as a second rank tensor.

I.1.2.  Principal stress, stress invariants

In any material, there must be a certain orientation of a
plane on which the direction of traction (7) is normal
to it. For that direction of n, one can write,

T = on; (1.11)

! In the matrix notation, 5 = 4 - o - AT where 4= (a;) and A” = (a;).
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where o is a scalar quantity to be determined. From
equations (1.11) and (1.2),

3

Z(Jij — O'(Sf]')nj =0.

J=1

(1.12)

For this equation to have a non-trivial solution other

than n =0, one must have,
(1.13)

|0y — o8| =0

where | Xj;| is the determinant of a matrix X;;. Writing
equation (1.13) explicitly, one obtains,

g1 — 0o a12 a13
o1 0 — O 023 = 70'3 =+ I{,O'Z + Il,0+III, =0
031 o op—0
(1.14)
with
I, =01 +0n+o03 (1.15a)
_ 2 2 2
Il, = —01102 — 011033 — 033022 + 0, + 073 + 053
(1.15b)
I, = 01102033 + 2012023031 — 011075
(1.15¢)

2 2
— 00073 — 03307,.

Therefore, there are three solutions to equation (1.14),
o1,02,03(01>02>03).These are referred to as the
principal stresses. The corresponding n is the orienta-
tion of principal stress. If the stress tensor is written
using the coordinate whose orientation coincides with
the orientation of principal stress, then,

(o] O 0
loj]=10 o2 0 (1.16)
0 0 o3

It is also seen that because equation (1.14) is a scalar
equation, the values of I, 11, and I, are independ-
ent of the coordinate. These quantities are called the
invariants of stress tensor. These quantities play
important roles in the formal theory of plasticity (see
Section 3.3). Equations (1.15a—c) can also be written
in terms of the principal stress as,

I, =01+ 03+ 03 (1.17a)
I, = —010y) — 0203 — 030 (1.17b)
and
IIIO — 010203. (117C)

a1

X1

X3
X2

I

FIGURE 1.2 Geometry of normal and shear stress on a plane.

I.1.3.  Normal stress, shear stress,

Mohr’s circle

Now let us consider the normal and shear stress on a
given plane subjected to an external force (Fig. 1.2).
Let x; be the axis parallel to the maximum compres-
sional stress o and x, and x;3 be the axes perpendicular
to x;. Consider a plane whose normal is at the angle 6
from x; (positive counterclockwise). Now, we define a
new coordinate system whose x| axis is normal to the
plane, but the x} axis is the same as the x, axis. Then
the transformation matrix is,

cosf) 0 —sinf
=1 0 1 0 (1.18)

sinf 0 cosf
and hence,

AR Bl B VI N B Gn2g
2 2 2
[5‘,’,‘] = 0 a2 0
2 Psin20 0 ﬁfgcos 20

(1.19)

Problem 1.1

Derive equation (1.19).

Solution

The stress tensor (1.16) can be rotated through the
operation of the transformation matrix (1.18) using
equation (1.10),
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[cos® O —sinf@][o; O O cosf 0 sind
leil=1 0 1 0 0 o2 O 0 1 0
Lsinf 0 cosé 0 0 o3| [—sinf 0 cosf
—M+Mcos26 0 I =B in2g
2 2 2
= 0 o 0
L %sin% 0 ¥7MC0829

Therefore the shear stress 7 and normal stress o, on this
plane are

G13 Efzgsmza (1.20)
and
P el N Sl SN V) (1.21)

2 2

respectively. It follows that the maximum shear stress
is on the two conjugate planes that are inclined by
+mn/4 with respect to the x; axis and its absolute mag-
nitude is (o) — 03)/2. Similarly, the maximum com-
pressional stress is on a plane that is normal to the x;
axis and its value is 0. [t is customary to use oy — 03 as
(differential (or deviatoric)) stress in rock deformation
literature, but the shear stress, 7 = (0] — 03)/2, is also
often used. Eliminating § from equations (1.20) and
(1.21), one has,

21
T2+(Un701 —;—03> :Z(Ul 703)2'

(1.22)

Thus, the normal and shear stress on planes with var-
ious orientations can be visualized on a two-dimensional
plane (7—o, space) as a circle whose center is located
at (0,(o1 + 03)/2) and the radius (o7 —o03)/2
(Fig. 1.3). This is called a Mohr’s circle and plays an
important role in studying the brittle fracture that is
controlled by the stress state (shear—normal stress ratio;
see Section 7.3).

When o = 0, = 03(= P), then the stress is isotro-
pic (hydrostatic). The hydrostatic component of stress
does not cause plastic flow (this is not true for porous
materials, but we do not discuss porous materials
here), so it is useful to define deviatoric stress

When we discuss plastic deformation in this book, we
use oy (without prime) to mean deviatoric stress for
simplicity.

A=(0,0)
B=(0,03)
T C=(0,6,+05)/2)
R=(-03)/2
R
A c B "

FIGURE I.3 A Mohr circle corresponding to two-dimensional stress
showing the variation of normal, o,, and shear stress, 7, on a plane.

Problem 1.2

Show that the second invariant of deviatoric stress

. 1
can be written as I, = 3 (01 — 02)* + (02 — 03)*+

(o3 — J|)2].

Solution

If one uses a coordinate system parallel to the
principal axes of stress, from equation (1.15), one
has II, = —o}0y — 0)0y — o405 Using I, = o} + o5+
finds B =0+ 0% + o2 +2(d) o5+
oholy + o4o}) = 0. Therefore Il =1 (o7 + 0%+0%).

Now, inserting ¢y = oy — % (01 4+ 02+ 03) etc., one

-
0y =0, one

obtains Ilor = % [(O’l — 0'2)2 + (0’2 — 0’3)2 +(0’3 — 0'1)2} .

Problem 1.3

Show that when the stress has axial symmetry with
respect to the x; axis (i.e., oy = 03), then o, = P+
(o1 — 03)(cos? 6 — 1).

Solution

From (1.21), one obtains, o, = (014 03)/2+
((o1 — 03)/2) cos20. Now cos20 =2cos’f — 1 and
PZ%(O’] +O’2+0’3) :%(0'1 +20’3) =0 —%(O’l —0’3).
Therefore o, = P+ (01 — 03)(cos? § — 1).

Equations similar to (1.15)—(1.17) apply to the
deviatoric stress.
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1.2. Deformation, strain

1.2.1. Definition of strain

Deformation refers to a change in the shape of a mate-
rial. Since homogeneous displacement of material points
does not cause deformation, deformation must be
related to spatial variation or gradient of displacement.
Therefore, deformation is characterized by a displace-
ment gradient tensor,

814,‘

1= e (1.24)

where u; is the displacement and x; is the spatial coor-
dinate (after deformation). However, this displacement
gradient includes the rigid-body rotation that has noth-
ing to do with deformation. In order to focus on defor-
mation, let us consider two adjacent material points
Po(X) and Qo(X + dX), which will be moved to P(x)
and Q(x+ dx) after deformation (Fig. 1.4). A small
vector connecting Py and Qg, dX, changes to dx after
deformation. Let us consider how the length of these
two segments changes. The difference in the squares of
the length of these small elements is given by,

3

(dx)* — (dX)* = i(dxi)z = (dxy)?
i=1

i=1

3
8/Yk aA//x i
> (5!, ~ 8}(/_) dx;dx;.  (1.25)

ijk=1

Therefore deformation is characterized by a quantity,

1 30X 0Xy
Eij =% (5,’/ - -
2 =l 8}(,‘ 8};,

which is the definition of strain, ;. With this defini-
tion, the equation (1.25) can be written as,

(1.26)

(dx)2 — (dX)2 = ZZE!‘/’dX,' dx,-.

i

(1.27)

From the definition of strain, it immediately follows
that the strain is a symmetric tensor, namely,

Eij = Eji- (128)
Now, from Fig. 1.4, one obtains,
dui = dx,« — dX,‘ (129)
hence
au,- - OX,

=6, — —t. 1.30
ox; 7 O (130

% Q(x+dx)
P(x)

o+du

<l

dX Qy(X+dX)
Po(X)

FIGURE 1.4 Deformation causes the change in relative positions
of material points.

Inserting equation (1.30) into (1.26) one finds,

1<8ui %_ 3 aukauk>

&= 5 a_xj 6X,‘ = 8)(,‘ 8_)61

(1.31)

This definition of strain uses the deformed state as a
reference frame and is called the Eulerian strain. One
can also define strain using the initial, undeformed
reference state. This is referred to as the Lagrangian
strain. For small strain, there is no difference between
the Eulerian and Lagrangian strain and both are
reduced to?

(0w Oy
T3 \oy, T ox;)

1.2.2.

(1.32)

Meaning of strain tensor

The interpretation of strain is easier in this linearized
form. The displacement gradient can be decomposed
into two components,

81/11‘ 1 81/[,' (911,‘ 1 814,- 81/[]'
=-|—+= === 1.33
The first component is a symmetric part,
1 614,‘ 8u,-
== =—+ =] =¢; 1.34
E] 2 (8x,- + E)x,-) gj ( )

which represents the strain (as will be shown later in
this chapter).

2 Note that in some literature, another definition of shear strain is used in
which e; = du;/0x; 4+ Ou;/Ox; for i # jand e; = Ou;/Ox; ; e.g., Hobbs
et al. (1976). In such a case, the symbol +;; is often used for the non-

diagonal (i # j) strain component instead of &;.
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Let us first consider the physical meaning of the

. d . .
second part, %(?)_Z/ — d—':fl) The second part is an anti-

symmetric tensor, namely,

1/0u; Ou;
The displacement of a small vector du; due to the
operation of this matrix is given by,

(1.35)

3
dii = " wyidu;. (1.36)
=1

Since w; = 0, the displacement occurs only to the direc-
tions that are normal to the initial orientation. Therefore
the operation of this matrix causes the rotation of mate-
rial points with the axis that is normal to both ith and jth
directions with the magnitude (positive clockwise),

dii?
du,‘

(Again this rotation tensor is defined using the defor-

tan 95/ = —

(1.37)

= TWji = .

med state. So it is referred to as the Eulerian rotation
tensor.) To represent this, a rotation vector is often
used that is defined as,

(= (w1, w2,m3)) = (w23, W31, 012). (1.38)

Thus w; represents a rotation with respect to the ith
axis. The anti-symmetric tensor, oy, is often referred to
as a vorticity tensor.

Now we turn to the symmetric part of displacement
gradient tensor, ;. The displacement due to the oper-
ation of gj; is,

3
- e .
dif; = E ejj du;.
J=1

From equation (1.39), it follows that the length of a
component of vector #! changes to,

(1.39)

U = (1 + E,-,-)u?. (140)
Therefore the diagonal component of strain tensor
represents the change in length, so that this component

of strain, ¢;, is called normal strain. Consequently,

14
Vo (I+en)(l +en)(l+ex3) = 1+en +ent+exn
(1.41)
where V is initial volume and Vis the final volume and
the strain is assumed to be small (this assumption can
be relaxed and the same argument can be applied to a
finite strain, see e.g., MAsE (1970)). Thus,

3

- AV
E ik = ——. (1.42)
k=1 4

Obviously, normal strain can be present in defor-
mation without a volume change. For example,

e 0 0
gi=1|0 ,%5 0 represents an elongation
0 0 —ie

along the 1l-axis and contraction along the 2 and
3 axes without volume change.

Now let us consider the off-diagonal components
of strain tensor. From equation (1.39), it is clear that
when all the diagonal components are zero, then all the
displacement vectors must be normal to the direction
of the initial vector. Therefore, there is no change in
length due to the off-diagonal component of strain.
Note, also, that since strain is a symmetric tensor,
ejj = €ji, the directions of rotation of two orthogonal
axes are toward the opposite direction with the same
magnitude (Fig. 1.5). Consequently, the angle of two
orthogonal axes change from 7/2 to (see Problem 1.4),

g —tan~' 2. (1.43)
Therefore, the off-diagonal components of strain ten-
sor (i.e., g5 with i # j) represent the shape change with-
out volume change, namely shear strain.

Problem |.4*%

Derive equation (1.43). (Assume a small strain for
simplicity. The result also works for a finite strain, see
MasE (1970).)

Solution

Let the small angle of rotation of the i axis to the j axis
due to the operation of strain tensor be 60 (positive
clockwise), then (Fig. 1.5),

dii;
— d_u] ~ 60,‘/‘ =

1

tan 60 = —(gi + wi) = —€j + wj.
Similarly, if the rotation of the j axis relative to the i
axis is 66, one obtains,

du;

tan 591',' = — z
' 4

R 00 = —(ejj + wj) = —&jj — wj;.

(Note that the rigid-body rotations of the two axes are
opposite with the same magnitude.) Therefore, the net
change in the angle between i and j axes is given by

A@,:/' = (59,] -+ 50],‘ = *26[/' ~ tan AOU

Hence Af; = — tan™! 2¢;;.
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FIGURE 1.5 Geometry of shear deformation.

1.2.3.  Principal strain, strain ellipsoid

We have seen two different cases for strain, one in which
the displacement caused by the strain tensor is normal to
the original direction of the material line and another
where the displacement is normal to the original mate-
rial line. In this section, we will learn that in any material
and in any geometry of strain, there are three directions
along which the displacement is normal to the direction
of original line segment. These are referred to as the
orientation of principal strain, and the magnitude of
strain along these orientations are called principal strain.
One can define the principal strains (e1,¢2,¢€3;
€1 >¢e,>¢3) in the following way. Recall that the nor-
mal displacement along the direction i, §#;, along the

vector u is given by,

3
611,': E Eijl;.
j=1

Now, let u be the direction in space along which the
displacement is parallel to the direction u. Then,

(1.45)

(1.44)

511,' = EU;
where ¢ is a scalar quantity to be determined. From
equations (1.44) and (1.45),

3 (1.46)

> ey —edy)u; = 0.

J=1

For this equation to have a non-trivial solution other

than # =0, one must have,

|5[/'—6(5[/'| =0 (]47

where | X is the determinant of a matrix Xj;. Writing

equation (1.47) explicitly, one gets,

2
— £33E7.

Therefore, there are three solutions of equation (1.48),
€1,€2,¢3(e1>¢€2>¢3). These are referred to as the prin-
cipal strain. The corresponding u° are the orientations
of principal strain. If the strain tensor is written using
the coordinate whose orientation coincides with the

orientation of principal strain, then,

€1 0 0
=10 e 0 (1.50)
0 0 &3

A strain ellipsoid is a useful way to visualize the
geometry of strain. Let us consider a spherical body
in a space and deform it. The shape of a sphere is

described by,

()’ + () + (ws)* = 1. (1.51)
The shape of the sphere will change due to deforma-
tion. Let us choose a coordinate system such that the
directions of 1, 2 and 3 axes coincide with the directions
of principal strain. Then the length of each axis of the
original sphere along each direction of the coordinate
system should change to #; = (1 + £;)u;, and therefore

the sphere will change to an ellipsoid,
@3 ) @)
. 5 ;=1 (1.52)
(1+€1) (l+€2) (1+€3)

A three-dimensional ellipsoid defined by this equa-
tion is called a strain ellipsoid. For example, if the
shape of grains is initially spherical, then the shape of
grains after deformation represents the strain ellip-
soid. The strain of a rock specimen can be deter-
mined by the measurements of the shape of grains
or some objects whose initial shape is inferred to be

)

nearly spherical.
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Problem |.5%

Consider a simple shear deformation in which the
displacement of material occurs only in one direction
(the displacement vector is given by u=(yy, 0, 0)).
Calculate the strain ellipsoid, and find how the
principal axes of the strain ellipsoid rotate with strain.
Also find the relation between the angle of tilt of the
initially vertical line and the angle of the maximum
elongation direction relative to the horizontal axis.

Solution

For simplicity, let us analyze the geometry in the x—y plane
(normal to the shear plane) where shear occurs. Consider
a circle defined by x? 4 »* = 1. By deformation, this
circle changes to an ellipsoid, (x + yy)> +3? = 1, 1ie.,

A 2xy + (P 1)y =1 (1)

Now let us find a new coordinate system that is tilted
from the original one by an angle 6 (positive counter-
clockwise). With this new coordinate system, (x,y) —
(X, Y) with

(3)= (0 26)(5) @)

By inserting this relation into (1), one finds,

AxxX> + Axy XY + Ay Y2 =1 (3)
with
Axy 1+14*—14%cos26 — ysin26

27y(cos 26 — %7 sin 20) (4)
1+19%+14%cos 20 + vsin 20

Axy | =
Ayy

Now, in order to obtain the orientation in which
the X-Y directions coincide with the orientations of
principal strain, we set Ayy=0, and get tan20 =
2/y. Axx<Ayy and therefore X is the direction of
maximum elongation. Because the change in the angle
() of the initially vertical line from the vertical direction
is determined by the strain as tan ¢ = ~y, we find,

and =1 (—+ &+ 7)
: (5)

4 + tan?yp)

(—tanp +

N — N

Aty = 0,0 = n/4. As strain goes to infinity, v — oo,
ie., ¢ — n/2,and tan @ — 0 hence § — 0: the direction
of maximum elongation approaches the direction
of shear. g; = Af)l(/2 — 1 changes from 0 at v = 0 to co

a=(ge+1)/ (e+1)

1 k=0
1 b=(g+1) / (€5+1)

FIGURE 1.6 The Flinn diagram (after Hosss et al., 1976).

asy — oo and &y = A4,//? — 1 changes from 0 aty = 0
to—1l aty — oo.

1.2.4. The Flinn diagram

The three principal strains define the geometry of the
strain ellipsoid. Consequently, the shape of the strain
ellipsoid is completely characterized by two ratios,
a=(e1+1)/(ea+1) and b=(e2+1)/(e3+1). A
diagram showing strain geometry on an a—b plane is
called the Flinn diagram (Fig. 1.6) (FLiNN, 1962). In
this diagram, for points along the horizontal axis,
k=(a—-1)/(b—1)=0, and they correspond to the
flattening strain (¢, = e >e3(a = 1,h>1)). For points
along the vertical axis, k = oo, and they correspond to
the extensional strain (¢ >¢; = &3(b = 1,a>1)). For
points along the central line, k=1 (a=b, ie.,
(e1+1)/(e2+1)=(e2+1)/(e3+ 1)) and deforma-
tion is plane strain (two-dimensional strain where
€, = 0), when there is no volume change during defor-
mation (see Problem 1.6).

Problem 1.6

Show that the deformation of materials represented by
the points on the line for k=1 in the Flinn diagram is
plane strain (two-dimensional strain) if the volume is
conserved.

Solution

If the volume is conserved by deformation, then
(er+D(e2+1)(es+1)=1 (see equation (1.41)).
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foliation

Combined with the relation (g;+1)/(e2+1)=
(e2+1)/(e3 + 1), we obtain (¢34 1)° = 1 and hence
€2 = 0. Therefore deformation is plane strain.

1.2.5. Foliation, lineation (Fig. 1.7)

When the anisotropic microstructure of a rock is
studied, it is critical to define the reference frame of
the coordinate. Once one identifies a plane of reference
and the reference direction on that plane, then the three
orthogonal axes (parallel to lineation (X direction),
normal to lineation on the foliation plane (Y direction),
normal to foliation (Z direction)) define the reference
frame.

Foliation is usually used to define a reference plane
and /ineation is used define a reference direction on the
foliation plane. Foliation is a planar feature in a given
rock, but its origin can be various (HoBBs ez al., 1976).
The foliation plane may be defined by a plane normal
to the maximum shortening strain (Fig. 1.7). Foliation
can also be caused by compositional layering, grain-size
variation and the orientation of platy minerals such as
mica. When deformation is heterogeneous, such as the
case for S-C mylonite (L1STER and SNOKE, 1984), one
can identify two planar structures, one corresponds to
the strain ellipsoid (a plane normal to maximum short-
ening, €3) and another to the shear plane.

Lineation is a linear feature that occurs repetitively
in a rock. In most cases, the lineation is found on the
foliation plane, although there are some exceptions.
The most common is mineral lineation, which is defined
by the alignment of non-spherical minerals such as
clay minerals. The alignment of spinel grains in a spinel
lherzolite and recrystallized orthopyroxene in a garnet
lherzolite are often used to define the lineation in peri-
dotites. One cause of lineation is strain, and in this case,
the direction of lineation is parallel to the maximum
elongation direction. However, there are a number of

lineation FIGURE 1.7 Typical cases of (a)

foliation and (b) lineation.

other possible causes for lineation including the pref-
erential growth of minerals (e.g., HoBBs et al., 1976).

Consequently, the interpretation of the significance
of these reference frames (foliation/lineation) in natu-
ral rocks is not always unique. In particular, the ques-
tion of growth origin versus deformation origin, and
the strain ellipsoid versus the shear plane/shear direc-
tion can be elusive in some cases. Interpretation and
identification of foliation/lineation become more diffi-
cult if the deformation geometry is not constant with
time. Consequently, it is important to state clearly how
one defines foliation/lineation in the structural analysis
of a deformed rock. For more details on foliation and
lineation, a reader is referred to a structural geology
textbook such as HoBBs et al. (1976).

[.2.6. Various deformation geometries

The geometry of strain is completely characterized by the
principal strain, and therefore a diagram such as the Flinn
diagram (Fig. 1.6) can be used to define strain. However,
in order to characterize the geometry of deformation
completely, it is necessary to characterize the deformation
gradient tensor (dj (= €; + w;)). Therefore the rota-
tional component (vorticity tensor), w;, must also be
characterized. In this connection, it is important to dis-
tinguish between irrotational and rotational deformation
geometry. Rotational deformation geometry refers to
deformation in which w; # 0, and irrotational deforma-
tion geometry corresponds to w; = 0. The distinction
between them is important at finite strain. To illustrate
this point, let us consider two-dimensional deformation
(Fig. 1.8). For irrotational deformation, the orientations
of the principal axes of strain are always parallel to those
of principal stress. Therefore such a deformation is called
coaxial deformation. In contrast, when deformation is
rotational, such as simple shear, the orientations of
principal axes of strain rotate progressively with respect
to those of the stress (see Problem 1.5). This type of
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irrotational deformation
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FIGURE [.8 Irrotational and rotational deformation.

deformation is called non-coaxial deformation. (When
deformation is infinitesimal, this distinction is not impor-
tant: the principal axes of instantaneous strain are always
parallel to the principal axis of stress as far as the property
of the material is isotropic.)

Various methods of identifying the rotational com-
ponent of deformation have been proposed (BoucHEz

et al., 1983; SimpsoN and ScHMID, 1983). In most
of them, the nature of anisotropic microstructures,
such as lattice-preferred orientation (Chapter 14), is
used to infer the rotational component of deformation.
However, the physical basis for inferring the rotational
component is not always well established.

Some details of deformation geometries in typical
experimental studies are discussed in Chapter 6.

1.2.7.  Macroscopic, and microscopic stress
and strain

Stress and strain in a material can be heterogeneous.
Let us consider a material to which a macroscopically
homogeneous stress (strain) is applied. At any point in
a material, one can define a microscopic, local stress
(strain). The magnitude and orientation of microscopic
stress (strain) can be different from that of a macro-
scopic (imposed) stress (strain). This is caused by the
heterogeneity of a material such as the grain-to-grain
heterogeneity and the presence of defects. In particu-
lar, the grain-scale heterogeneity in stress (strain) is
critical to the understanding of deformation of a poly-
crystalline material (see Chapters 12 and 14).



2 Thermodynamics

The nature of the deformation of materials depends on the physical and chemical state of the materials.

Thermodynamics provides a rigorous way by which the physical and chemical state of materials can

be characterized. A brief account is made of the concepts of thermodynamics of reversible as well
as irreversible processes that are needed to understand the plastic deformation of materials and
related processes. The principles governing the chemical equilibrium are outlined including the
concept of chemical potential, the law of mass action, and the Clapeyron slope (i.e., the slope of a
phase boundary in the pressure-temperature space). When a system is out of equilibrium, a flow of
materials and/or energy occurs. The principles governing the irreversible processes are outlined.
Irreversible processes often occur through thermally activated processes. The basic concepts of
thermally activated processes are summarized based on the statistical physics.

Key words entropy, chemical potential, Gibbs free energy, fugacity, activity, Clapeyron slope,
phase diagrams, rate theory, generalized force, the Onsager reciprocal relation.

2.1. Thermodynamics of reversible
processes

Thermodynamics provides a framework by which the
nature of thermochemical equilibrium is defined, and,
in cases where a system is out of equilibrium, it defines
the direction to which a given material will change. It
gives a basis for analyzing the composition and struc-
ture of geological materials, experimental data and the
way in which the experimental results should be
extrapolated to Earth’s interior where necessary. This
chapter provides a succinct review of some of the
important concepts in thermodynamics that play sig-
nificant roles in understanding the deformation of
materials in Earth’s interior. More complete discus-
sions on thermodynamics can be found in the text-
books such as CALLEN (1960), bDE GRoOT and MAZUR
(1962), LANDAU and LirsHITZ (1964) and PRIGOGINE
and DEFAY (1950).

2.1.1.  The first and the second principles

of thermodynamics

The first principle of thermodynamics is the law of conser-
vation of energy, which states that the change in the inter-
nal energy, dE, is the sum of the mechanical work done to
the system, the change in the energy due to the addition of
materials and the heat added to the system, namely,

dE = 6W + 6Z + 60 (2.1)

where W = — P dV (the symbol 6 is used to indicate a
change in some quantity that depends on the path) is
the mechanical work done to the system where P is the
pressure, dV is the volume change, 6Z is the change in
internal energy due to the change in the number of
atomic species, i.e.,

67 = Z @5) dn;

i S,V.n;

(2.2)
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where 7;1s the molar amount of the ith species and 6Q is
the change in “heat.” Thus
dE=—PdV+_ (@) dn; + 6Q. (2.3)
—~\0n; s Vo

Note that “heat” is the change in energy other than
the mechanical work and energy caused by the
exchange of material. These two quantities (mechan-
ical work and the energy associated with the transport
of matter) are related to the average motion of atoms.

In contrast, the third term, 6Q, is related to the proper-
ties of materials that involve random motion or the

random arrangement of atoms. The second principle of

thermodynamics is concerned with the nature of pro-
cesses related to this third term. This principle states
that there exists a quantity called entropy that is deter-
mined by the amount of heat introduced to the system
divided by temperature, namely,

Y

dS:T

(2.4)
and that the entropy increases during any natural pro-
cesses. When the process is reversible (i.e., the system is
in equilibrium), the entropy will be the maximum, i.e.,

ds=0 (2.5)
whereas
ds>0 (2.6)

for irreversible processes. Equation (2.6) may be writ-
ten as
6Q 60

7+7

dS = oS + diS =
* T

(2.7)
where d,S = 6Q/T is the entropy coming from the
exterior of the system and d;S = 6Q’/T is the entropy
production inside the system. For reversible processes
60" = 0 and for irreversible processes, §Q'>0. From
(2.3) and (2.7), one finds,

dE = TdS — PdV + Z< ) n; — 60’ (2.8)
S,V
For equilibrium,
dE = TdS — PdV + Z(@n) dn; (2.9)
/S, V.n;

and E = E(S,V,n;).
The enthalpy (H), Helmholtz free energy (F), and
the Gibbs free energy (G) can be defined as,

H=E+PV (2.10a)

F=E-TS (2.10b)
and
G=E-TS+PV (2.10c)
respectively and therefore,
dH = Ta’S—i—VdP—i—Z( n) dn; — 60’
S,V ,n;

(2.11a)

dF = -SdT — PdV dn; — 6Q'
* Z (811 )v Vo ! @

(2.11b)
and
dG = —SdT + VdP + Z( ) dn; — 60

S,V n;
(2.11¢)

It follows from (2.8), (2.11a)-(2.11c) that for a
closed system and for constant S and V' (S and P, T
and V, Tand P), dE = —6Q' (dH = —6Q',dF = —60Q',
dG = —6Q') so that E (H, F, G) is minimum at equili-
brium. Also from (2.8), (2.11a)—(2.11c), one obtains

(G~ Gk, )
On; S,V .nj On; S,P.n; On; T,V.n;

() -
on; T,P,n,_ "

This is the definition of the chemical potential. Thus at
thermochemical equilibrium,

(2.12)

dE =TdS — PdV + Z,u,-dn,- (2.13a)
dH = TdS + VdP+Z/L,- dn; (2.13b)
dF = —SdT — PdV + Zu,-dn,» (2.13¢)
dG = —SdT + VdP+Zu,-dn,«. (2.13d)
From (2.13), one has

= (3s),,~ (5). @1
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(2.14c)

p—_(9E\ __(oF

B aV S,n,-_ aV Tn;
= (on), ().
OP Js,,. oP Jr.,.

It can be seen that the thermodynamic quantities such
as T, P, S and V (and p;) can be derived from E, H, F
and G. Therefore these quantities (E, H, F and G)
are called the thermodynamic potentials. The thermo-
dynamic potentials assume the minimum value at
thermochemical equilibrium. Because we will mostly
consider a system at constant temperature and pres-
sure, the most frequently used thermodynamic
potential is the Gibbs free energy. y; is the thermo-

(2.14d)

dynamic potential of the ith species (per unit mole). To
emphasize the fact that y; is the thermodynamic poten-
tial of the ith species per mole, it is often called the
partial molar thermodynamic potential (partial molar
Gibbs free energy when the independent variables are T'
and P).

Using the rule of calculus, it follows from (2.13)

and (2.14),
PEN\ [ PE _ (o _ (0P
osov),  \ovos), ~\oV).,  \9S).,.

(2.15a)
PH\ (O*H _ (9T _ (o
osor),  \opPos), ~\oP), \9S ).,
(2.15b)
PF\ [ OF oS\ (0P
arov),~ \avar),~ \ov),, = \o7),,
(2.15¢)
and
PG\ (PG :7@ (v
oToP),  \oPoT), oP)r, \OT ),
(2.15d)

These relations (2.15) are called the Maxwell relations.

Similar relations among thermodynamic variables
can also be derived. Consider a quantity such as
entropy that is a function of two parameters (such as
temperature and pressure; this is a case for a closed
system, i.e., n; is kept constant), i.e., Z=Z(X, Y; n;),
then,

0z 0z
Z === X — Y. 2.1
. (aX)Y,n; ¢ * (8Y)X.n; d ( 6)

If we consider a process in which the quantity Z is kept
constant, then, dZ =0 and

o0z oY o0z

— === — . 2.1
(aX)Y,n, (8X)Z.n; (8Y)X,n, ( 7)
Examples of such a relation include

oS oP oS

- = _ = —— 2.18:¢
(8T)P,n, (8T)S,n, (8P)Tﬁrl, ( 8d)

orT oS oT

(ﬁ)&n;_ - (ﬁ)ﬁn, <% >V7n, (218b)
and

)% oV oP

(aT)P,m_ - (67 )TAn, <8T)V,m - (218(:)

These thermodynamic identities (the Maxwell relations
and the relations (2.18)) are often used in manipulating
thermodynamic relationships (e.g., Chapter 4).

Now let us rewrite (2.13d) as,

1 P Hi

= dE+=dV (--) . 2.1
dS = dE+.d *Z 7) dni (2.19)
At equilibrium, the entropy is a maximum, i.e., dS=0.
Consider a case where two systems (1 and 2) are in

contact. In this case the condition for equilibrium can
be written as

1 1 P P
dS =— dE| + — dEy + =L av, + -2 av.
T TR AR N

iu‘i i ;LL[ i
+ZK_TI|> dny + (—ﬁ) dnz} =0.

Because we consider a system with a constant energy
(dEy + dE>=0), volume (dV;+dV,=0) and matter
(dni + dnly = 0), (2.20) becomes,

(2.20)

(2.21)

This must occur for any arbitrary changes of internal
energy (dE;), volume (dV) and chemical composition
(dn}). Therefore when two systems (1 and 2) are in con-
tact and in equilibrium, 1/7, = 1/T5, P,/T) = P2/ T
and p} /T, = 1/ T and hence the conditions of equi-
librium are

T] = Tz (2223.)
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P=DP (2.22b)
and
= g (2.22¢)

The variables such as temperature, pressure and the
concentration of ith species do not depend on the size
of the system. These variables are called intensive quan-
tities. In contrast, quantities such as entropy, internal
energy and Gibbs free energy increase linearly with the
size of the system. They are called extensive quantities.
It follows that,

S(AE, 3V, in;) = iS(E, V,n;) (2.23)

where 4 is an arbitrary parameter. Differentiating
(2.23) with 4, and putting A =1, one obtains,

TS=E+PV =) un. (2.24)
i

Differentiating this equation, and comparing the

results with equation (2.19), one finds,

SdT—VdP+» nidy; =0. (2.25)
i

This is the Gibbs—Duhem relation, which shows that the

intensive variables are not all independent.

The concept of entropy is closely related to the
atomistic nature of matter, namely the fact that
matter is made of a large number of atoms. A system
composed of a large number of atoms may assume a
large number of possible micro-states. All micro-states
with the same macro-state (temperature, volume etc.)
are equally probable. Consequently, a system most
likely assumes a macro-state for which the number of
corresponding micro-states is the maximum (i.e., the
maximum entropy). Thus the concept of entropy must
be closely related to the number of the micro-state, W,
as (for the derivation of this relation see e.g., LANDAU
and LirsHITZ (1964)),

S=kg-logW (2.26)

where kg is the Boltzmann constant.' The number of
micro-states may be defined by the number of ways in
which atoms can be distributed. When n atoms are
distributed on N sites, then, W= yC, = N!/(N —n)!n!,
and,

! When log is used in a theoretical equation in this book, the base is e (this is
often written as /n). In contrast, when experimental data are plotted, the

base is /0 (unless specified otherwise).

1.0 T T T T

081 1

S:onfig/ R

FIGURE 2.1 A plot of configurational entropy
Sconfig(X) = —R[xlogx + (I — x) log(l — x)].

(N —n)ln!
=~ — RNpoi[xlogx + (1 — x)log(l — x)]

S =kg-log

(2.27)

where x = n/N and N= N, Ny (N, is the Avogadro
number, and N, is the molar abundance of the rele-
vant species) where the Stirling formula, N! ~ N-
log N — N for N> 1 was used. The entropy correspond-
ing to this case may be called configurational entropy
Scontig and is plotted as a function of concentration x in
Fig. 2.1. The configurational entropy is proportional
to the amount of material, and for unit mole of mate-
rial, it is given by

Sconfig = —R[xlog x + (1 — x) log(1 — x)]. (2.28)

The micro-state of matter may also be characterized
by the nature of lattice vibration; that is, matter with
different frequencies of lattice vibration is considered
to be in different states. The vibrational entropy
defined by this is related to the frequencies of atomic
vibration as (e.g., ANDERSON, 1996; BorN and HuaNG,
1954, see Box 2.1),

h(l)l‘
Suio ~ —kn ) _log <2nkB T>

where /4 is the Planck constant, kg is the Boltzmann
constant, w; is the (angular) frequency of lattice vibra-
tion of mode i (for a crystal that contains N atoms in

(2.29)

the unit cell, there are 3N modes of lattice vibration). It
can be seen that a system with a higher frequency of
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Box 2.1 Lattice vibration and the
vibrational entropy

Small random motion of atoms around their
stable positions causes “disorder” in a material
that contributes to the entropy. To calculate the
contribution to entropy from lattice vibration, we
note that the internal energy due to lattice vibration
is given by (e.g., Born and Huang, 1954)

N Z (nihew; [ 2m) exp(nihw; /2nkg T)
E— Z n;=0 -
i=1 > exp(nihw;/2nkgT)
n;=0
hw;/2n

Mz

p(hw;/2nksT) — 1

where n; is the number of phonons of the ith
mode of lattice vibration and w; is its (angular)
frequency. Using the thermodynamic relation

F=—T [(E/T*)dT, one obtains
ha),‘
2TIkBT

where U is the energy of a static lattice (at 7= 0 K).
Therefore from S = —(9F/97),

how;
Svib = kB{Zlog[l — exp <f anBTﬂ

Z hw; 1
2nkg Texp(hw;/2nkpgT) — 1

hw;
- I .
kBZ O ke T

F= U+kBTZIOg[1 fexp(f

The approximation is for high temperature, i.e.,
how;2nksT < 1.

vibration has a lower entropy. When the vibrational
frequency changes between two phases (A and B), then
the change in entropy is given by,

ASyi, = S&, — SBy = kg Zlogw—’B ~ Rlogw—g
V1 Vi - (,’\);4 wg

(2.30)

where wg‘B is a characteristic frequency of lattice vibra-
tion (the Debye frequency; see Box 4.3 in Chapter 4) of
a phase A or B.

In a solid, the micro-state may be defined either by
small displacements of atomic positions from their

lattice sites (lattice vibration) or by large displacements
that result in an exchange of atoms among various
sites. Therefore the entropy may be written as,

S = Syib + Sconfig- (2.31)
2.1.2. Activity, fugacity
Using the equations (2.10), (2.12) and (2.28), we can

write the chemical potential of a component as a func-
tion of the concentration x (for x < 1),

w(T, P, x) = (T, P) + RTlog x (2.32)

where 1° is the chemical potential for a pure phase
(x=1). In a system that contains several components,
(2.32) can be generalized to,

1T, P,x)) = j)(T. P) + RTlog x; (2.33)

where the suffix 7/ indicates a quantity for the ith
component.

Problem 2.1

Derive equation (2.32).

Solution

From (2.10) and (2.12), noting that E, V" and S are the
extensive variables, one obtains,

<8G> <8E> +P<8V) 7T<8S>
anmo] T.P anmn] T.P anmo] T.P anmol T.P

OSconfig
=e+ Pv— Tsyip — T(ﬂ)
8nmol
= NO _ <8;conhg> )
Nmol
where 10 = e + Pv — Ty, and e, v and s,;, are molar

internal energy, molar volume and molar (vibrational)
entropy respectively.

Now, noting that dx = dnyel/Nmo (from
X = n/N = nmol/Nmol), it follows from (2.28),
(8Sconﬁg/anmol)7—¢p: —R log(x/(l - x)) ~ —R log X.
Therefore one obtains w(T, P,x) = p’(T, P)+
RT log x.
Activity

In deriving (2.32), we made an assumption that the
component under consideration has a small quantity
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(dilute solution) so that atoms in the component do not
interact with each other or with other species. Such a
material is called an ideal solution. In a real material
where the interaction of atoms of a given component is
not negligible, a modification of these relations is
needed. A useful way to do this is to introduce the
concept of activity (of the ith component), a;, which is
defined by,

wi(T, Pa;) = pd(T, P) + RTlog a;. (2.34)

If 19(T, P) is the chemical potential of a pure phase, then
by definition, for a pure system, the activity is 1 (for
example, if pure Niis present in a system, then the activity
of Ni is an;=1). Now we can relate (2.34) to (2.33) by
introducing the activity coefficient, ;, defined by,

a; = X (235)
to get
,LLI'(T7P7X1') :M?(T3P)+RT10g71xl (236)

The activity coefficient can be either v; > 1 or v; < 1.

Fugacity

For an ideal gas, the (molar) internal energy (e) is a
function only of temperature (Joule’s law), i.e.,
e=e(T). And the enthalpy is s=e+ Pv. Therefore
using the equation of state (Pv= RT), one finds that
enthalpy is also a function only of temperature,
namely, 7=h(T). To get an equation for (molar)
entropy, recall the relation (2.19) for a closed system,
ds = % de + ; dv. (2.37)
Using the definition of specific heat (c,), this equation
is translated into,

ds =1 i P~ ar i

2.38
TdT T T T (238)
Integrating this equation, one obtains,
Te, v
s(T,v) :s(To,vo)—i-/ — dT+ Rlog—. (2.39)
n T Vo

Inserting the relation Pv= RT, and using u=h— Ty,
one has,

id ® P
WP, T)=pu®(Po, T) + RTlogP— (2.40)

0

where 1i®(Po, T) = h(T) — Ts(Py, To)~T [, (c,/ T)dT.
This equation indicates that the chemical potential
(partial molar Gibbs free energy) of an ideal gas

increases logarithmically with pressure. For a non-
ideal gas, one can assume a similar relation, i.e.,

f(P,T)
Py

u(P,T) = u®(Py, T) + RTlog (2.41)
where u® (T, Py) is identical to the ideal gas. This is the
definition of fugacity, f. The fugacity coefficient, v, is
often used to characterize the deviation from ideal gas,

f=vP. (2.42)

Obviously, f— P (v — 1)as P — 0.

The fugacity of a given fluid can be calculated from
the equation of state. Let us integrate 9u/0P = v (v is
the molar volume) to obtain

,
p(P.T) = (P, T) + / o€, T) de. (2.43)
Py
Now for an ideal gas,
. . P .
J(P.T) = ji4(Py, T) + / SET)de  (244)

Subtracting (2.44) from (2.43), one has,
(P, T) = (P, T) = u(Po, T) — p*(Po, T)
P
+f (w6, 1)~ e 1)
0

(2.45)

Noting that any fluid becomes an ideal gas at zero

pressure, i.e., Plifo (u(Po, T) — wé(Py, T)) =0 and
0
from (2.40) and (2.41), wP,T)—p4P,T)=

RTlog(f (P, T)/P). Therefore one obtains

. P
logf(P7 T) _ 1 lim
P RTP—0 J,

(U(fv T) - Uid(f? T)) df
(2.46)

The fugacity of a gaseous species at any 7’ and P can be
calculated from the equation of state (i.e., v=v (P,T))
using equation (2.46).

Non-ideal gas behavior occurs when the mutual
distance of molecules becomes comparable to the
molecular size, /,,. The mean distance of molecules in
afluidis given by / = (v/Na)"*= (RT/PNa)"* where
v is the molar volume. When //[,, > 1, then a gas
behaves like an ideal gas, whereas when /1, ~1, it
becomes a non-ideal gas. For water, /,,~ 0.3 nm and
[/ly~1 at a pressure of ~0.5GPa (at 1673K),
whereas for hydrogen, /, ~ 0.lnm and one needs
~15 GPa to see non-ideal behavior (at 1673 K)
(Fig. 2.2b).
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AP, T) = Py exp(

When a fluid behaves like an ideal gas whose equa-
tion of state is Pv= RT, then its fugacity defined by
equation (2.41) is equal to its (partial) pressure.
However, as fluids are compressed, their resistance
to compression increases and the molar volume
does not change with pressure as much as an equation
of state of an ideal gas would imply. If the molar
volume does not change with pressure, for example,
then the fugacity will be an exponential function of

pressure,
o(T)- P
RT )

Important examples are water and carbon dioxide.
The fugacities of water and carbon dioxide can be
calculated from the equations of state (Fig. 2.2).
Water behaves like a nearly ideal gas up to ~0.3 GPa
(at T>1000K), but its property starts to deviate
from ideal gas behavior above ~0.5GPa. At
P=2GPa(T=1500K), for example, the fugacity
of water is ~13 GPa and at P = 3 GPa (T = 1500K),
it is ~55 GPa. The large fugacity of water under high

(2.47)

pressures means that water is chemically highly reac-
tive under deep Earth conditions. The behavior of
carbon dioxide is similar. When extrapolating labo-
ratory data involving these fluids obtained at low
pressures to higher pressures, one must take into
account the non-ideal gas behavior of these fluids
(see Chapter 10).

Problem 2.2

The equations of state of water and carbon dioxide are
approximately given by the following formula (FrosT
and Woob, 1997Db),

RT a(T)RV'T
oD =~ ’rramp kT +20p) 0D
+¢(T)VP +d(T)P.

Where parameters (a, b, ¢ and d) are functions of
temperature, but not of pressure (see Table 2.1).
Show that the fugacity of these fluids is given by

AP, T) a7 RT+ b(T)P
P b(T)RTYT gRT+2b(T)P
2¢(T)PVP  d(T)P?
3 RT 2RT

b(T)P
RT

log

and using the parameter values shown below calculate
the fugacities of water and carbon dioxide for the con-
ditions 0 < P < 20 GPa and 1000 < 7" <2000 K.

TABLE 2.1 Equation of state parameters, a(T), b(T), ¢(T) and d(T)
for water and carbon dioxide.

All parameters are assumed to be parabolic function of
temperature:m =mg +m; T + my T2 (where mis a, b, c or d).
Units listed in the table are for mg. The unit for m is

[mi] = [mo]/T, and for my is [my] = [mo]/T2. Units:

a (mé Pa K1/2mol—1), b (m3), c (m3 Pa—1/2), d (m3Pa—1).

CO, H,O

a ap=>5.373
a1=5.6829 x 1073
ar=—4.045x 107° a=2.368 x 1073

b bo=4.288 x 1073 bo=2.7732 x 107>
- b =2.0179 x 1078
- bh,=9.2125x 10712

¢ co=—7.526x 1071° co=—3.934x 10710
c;=1.1440 x 10713 c1=5.66x10""

- 6 =—-2.485x 10716

d dy=3.707 x 1071 dy=2.186 x 10713
dy=1.198 x 107° dy=-3.6836x 1078
dr = —1.0464 x 10722 d>=1.6127 x 107!

ap=75.395x% 10
ay=—6.362 x 1072

Solution
Using equation (2.40), one obtains

aRVT

S/ _ g ,

1 P 1 !
+bte/E+ dE }df

and performing elementary integration and remember-
ing that the parameters a, b, ¢ and d are functions of
temperature, 7, one obtains

AP.T) _ a(T) | RTHb(T)P
P W(TRIVT S RT+25(T)P
2¢(T)PVP  d(T)P?
3 RT 2RT

b(T)P
RT

log

Note that these gases behave like an ideal gas (i.e.,

f— P) as P— 0 as they should. At intermediate

pressures (P ~ 5-20 GPa for water or carbon dioxide),
the third term (b(7)P/RT) dominates and f/P =~
exp(b(T)P/RT) whereas at extreme pressures (i.e.,
P — 00), f/ P~ exp(d(T)P?/2RT). The results of the
fugacity calculation are shown in Fig. 2.2.
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Problem 2.3

Derive equation (2.47).

Solution

Inserting the equation of state for an ideal gas,
Pv = RT, into (2.46) and assuming v(P,T) =v is
constant, one has

S 1 lim P
IOgF ﬁP@HO (P* P()) 7RT10gP70
:&Jr lim logﬁ.

RT = Po—0 P
Hence f(P, T) = Pyexp(v(T) - P/RT).

2.1.3.  Chemical equilibrium: the law of mass action

Consider a chemical reaction,

ardy + Ay +-- =B+ baBy+ -+ (2.48)

where A;, B; are chemical species and «;, [; are the
stoichiometric coefficients (e.g., H,O = H, + %02).
At equilibrium for given T and P, the Gibbs free
energy of the system must be a minimum with respect
to the chemical reaction. When a chemical reaction
described by (2.48) proceeds by a small amount, 6/,
the concentration of each species will change as
6n; = v;,6h. The condition for chemical equilibrium
reads

§G=0= Z < an,) n; = (Z Vih ) (2.49)
and hence
Z vipi =0 (2.50)

where (2.12) is used. Inserting the relation (2.32) into
this equation, one finds,

al a2 0 0
xAlez _aupiy + — = P __)

s = exp(

(2.51a)

This is called the law of mass action that relates the
concentration of chemical species with their chemical
potential. When the solution is not ideal (a case where
solute atoms have a strong interaction with others),
then equation (2.51a) must be modified to,

al a2 Bl 32
NaNo o O
Al 82 ol
XpiXpy - ValVa2

a il A+ 0 ..
-exp (_ 1y th“m

where ~; is the activity coefficient for the ith species
defined by (2.35). These relations are frequently used in
calculating the concentration of defects in minerals
including point defects and trace elements.

Problem 2.4

Consider a chemical reaction Ni + %02 = NiO. The
molar volumes, molar entropies and molar enthal-pies
of each phase are given in Table 2. 1. Calculate the oxygen
fugacity for the temperature of 7= 1000 — 1600 K and
P = 0.1MPa — 10 GPa when both Ni and NiO co-exist.

Solution

The law of mass action gives, (fo,/Po)"*= K(T, P)-
anio/ani- When both Ni and NiO exist, then
ani = anio = 1, so that

(fo,/Po)'*= exp( (MONio — [ — %Nooz)/RT)'

Now writing the temperature and pressure dependence
of chemical potential explicitly and remembering that
the pressure dependence of chemical potential is
included in the fugacity, one has

)"

1 ) ’ 1
enio — eni — 5€0, + P(unio — vni) — T(snio — sni — 350,)
=exp RT .

Note that the enthalpy of the formation of NiO from
the elements at zero pressure (~0.1 MPa) is A, =
eNiO — €Ni — 1607 Inserting the values of thermody-
namic parameters from Table 2.2, one obtains the fugac-
ity versus 7—P relations shown in Fig. 2.3 (for simplicity,
we assumed constant molar volumes for solid phases).
Note that the oxygen fugacity increases with pressure.

Problem 2.5%

Discuss how the fugacity of water is controlled in a
system that contains water as well as other materials such
as olivine, a metal that modifies the oxygen fugacity
(Hosss, 1984; KARATO et al., 1986). For simplicity,
assume that all the gaseous phases behave like an ideal gas.
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TABLE 2.2 Thermodynamic properties of various oxides and
metals relevant to the oxygen fugacity buffer.

v (x 10~®m’/mol): molar volume, h®(k)/mol): molar enthalpy
of formation from elements, s (J/mol K): molar entropy.

All quantities are at room pressure and T =298 K. Molar
volumes of some materials change with temperature and
pressure as well as with phase transformations. However,
these changes are small relative to the difference in molar

volume of metals and their oxides.
v " s
0, 24798 0 205.15
Fe 7.09 0 27.28
FeO 12.00 —272.04 59.80
Ni 6.59 0 29.87
NiO 10.97 —239.74 37.99
Mo 9.39 0 28.66
MoO, 19.58 —587.85 50.02
101
g 1
>
‘c
S
z 10
c
)
=3
< Ni-NiO
(@] 105}
Mo-MoO,
10710 1 1 1 1 1
0 5 10 15 20 25 30
Pressure (GPa)
FIGURE 2.3 Oxygen fugacities corresponding to several metal-

oxide buffers.

Solution

If water alone exists, then the chemical reaction that
will occur is

1
H,O =H, +§OQ. (1)

The law of mass action demands

fisoPy? [finfo, = Ki(T, P). )

Now the total pressure of the gas must be the same as the
given pressure, P, so that (assuming ideal gas behavior)

S0 +/u, +fo, = P. (3)

In the case where only water is present, then the dis-
sociation of one mole of water produces one mole of
hydrogen and 1/2 mole of oxygen, so fu, = 2fo,-
Inserting this into the equation for the law of mass
action, and noting that one has

: 3. 3
JH,0 -l-mle_[/jop(l)ﬂKTZ/?(T7 P)=r (4)

where for simplicity, we assume that all the gasses are
ideal, so that all the fugacity coefficients are 1.This
equation gives the fugacity of water when only water
is present. At high pressures, exceeding ~1 GPa, the
second term in this equation is small (confirm this
yourself), so that fi,0 ~ P, but when significant disso-
ciation occurs (at lower pressures), then the water
fugacity will be lower.

Now consider a case where some other species are
present that also react with oxygen, hydrogen etc. For
example, let us consider a case where material 4 (e.g.,
Fe) reacts with oxygen to form another mineral 4, O,,
(e.g., Fe,0O3), namely,

xA +go2 = 4,0,. (5)
The corresponding law of mass action gives

/2
ay féﬁ

aso, )/

= Ky (T, P). (0)

This means that when a substance A is present, oxygen
atoms provided by the dissociation reaction of water
react with 4 to form A, O,. Then (if enough 4 is present)
the oxygen fugacity is controlled by reaction (5) and
should be fo,/Py = K3 (T, P). Inserting this into (2)
and with (3) (assuming ideal gas behavior), one finds,

P—PyK;”

P—PoK” N
14K, K3

—2  fu 7
1+K71 K

Jmo & 2
It follows that, when the oxygen fugacity buffered by the
reaction x4 +30, = 4,0, is low, ie., K;/}’Kl <1,
then fu, = P > fu,0, whereas when the oxygen fugacity
is high (K;/}'Kl > 1), then fu,0 ~ P—POKg/"’ > fu,-

2.1.4. Phase transformations: the Clapeyron
slope, the Ehrenfest slope

For a given chemical composition, a stable phase at a
given pressure and temperature is the phase for which
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the Gibbs free energy is the minimum. When a material
with a given chemical composition can assume several
phases, then as the P, T conditions change, the phase
with the minimum Gibbs free energy may change from
one to another. In these cases, the stable phase for a
material changes with these variables, and a phase
transformation occurs. They include « to 3 transforma-
tion in quartz, order—disorder transformation in pla-
gioclase, « (olivine) to [ (wadsleyite) transformation
in (Mg, Fe),Si04 and « (bec) to € (hep) transformation
in iron.

A phase transformation may be classified into two
groups. In some cases, a phase transformation involves
a change in the first derivatives of Gibbs free energy
(e.g., (0G/OT)p, = —S or (0G/OP), = V, where S'is
entropy and V is volume). This type of phase trans-
formations is called the first order phase transforma-
tion. Many phase transformations in silicates and
metals are of this type. In these cases, there is a change
in density (molar volume) and heat is either released or
absorbed upon the phase transformation (due to the
change in molar entropy; recall that T'dS is the latent
heat). Another is the case where there is no change in
the molar volume or entropy (the first derivatives of
Gibbs free energy), but changes occur only in the
second derivatives. This type of phase transformations
is referred to as the second order phase transformation.
Many of the structural phase transformations belong
to this class. The « to § transformation of quartz is
close to this type and many structural transformations
of perovskite belong to this type (e.g., GHOSE, 1985).

This type of phase transformation does not involve
changes in density or in entropy (hence no latent
heat). Note that although there is no change in density
in these types of transformation, there is a change in
the elastic constants and thermal expansion (the
second derivatives of Gibbs free energy), and therefore
there must be a change in seismic wave velocities asso-
ciated with a second-order phase transformation.
Schematic diagrams showing the change in free
energy associated with a first- and a second-order
transformation are shown in Fig. 2.4. In the case
where a first-order transformation is considered, a
material can assume two possible states. When the
free energy of one phase is lower than the other, then
a phase with lower free energy is more stable. Therefore
if the transition from one state to the other is kineti-
cally possible, then all the materials will transform to a
phase with the lowest free energy. Note, however, that
this transition involves kinetic processes over a local
maximum of free energy, and therefore the transfor-
mation takes a certain time to be completed.
Consequently, a metastable phase can exist in the case
of a first-order transformation when the kinetics
involved are sluggish for a given time-scale. Examples
include the presence of diamond at the Earth’s surface
(the stable phase for carbon at the Earth’s surface is
graphite, so we would not have diamond if the presence
of everything on Earth were controlled by thermody-
namic stability), and the possible presence of metasta-
ble olivine in cold regions of subducting slabs (see
Chapters 17 and 20). The situation is different for a

a
@ PT)=(PuTy PT)=(PoTo PT)=(P,T)
¢ phase 2 G G phase 1
phase 1 |\ i phase 1 phase 2 phase 2
\ II — Il — > l
\ , ! i
\ , / /
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b
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FIGURE 2.4 Free energy of a system having (a) first-order and (b) second-order phase transformations. The horizontal axis represents atomic
configuration (atomic positions, crystal structure).
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Box 2.2 The Gibbs phase rule

The state of a system containing c-components
and p-phases can be specified by (c—1)p + 2
variables. Two are T and P, and for each p-phase,
one needs to specify the fraction of phases that
requires ¢—1 variables. Now these p-phases are in
chemical equilibrium, and therefore the chemical
potential of each component in p-phases must be
equal,

1 1 1
Hy = Hy = = Hp
2 2 2
M= ==,
py =y ==

where u} is the chemical potential of ith component
in the jth phase. This means that there are ¢(p — 1)
constraints. Therefore the degree of freedom of the
system, f, is

f=(—p+2—clp—1)=c—p+2

This relation is referred to as the Gibbs phase rule.

second-order transformation that occurs due to the
instability of one phase. For a second order transfor-
mation, no metastable phase can exist.

A couple of points may be noted. According to the
Gibbs phase rule (Box 2.2), for a material with ¢
components, there exist f=c—p+2 (¢, the number
of components; p, the number of phases) degrees of
freedom at given P and 7. For example, for a single-
component system (¢ = 1), if three phases co-exist
(p=3), then there are zero degrees of freedom
(f = 0). That is, there is only one set of 7 and P at
which three phases co-exist. Similarly, when two
phases co-exist in a single-component system, then
there is one degree of freedom (f=1-2+2=1):
that is, if 7' is changed then so is P. Therefore when
two phases co-exist in a single-component system, the
temperature and pressure must be related, P = P(T).
The slope of this curve, (dP/dT),,, for the first-order
phase transformations is referred to as the Clapeyron
slope.”

2 In some literature, (dT/dP),. is called the Clapeyron slope. It does not
matter which definition one uses as far as one defines it clearly.

The situation is different for a multi-component
system. Let us consider a two-component system.
If two phases co-exist in such a system, there are
two degrees of freedom f=2+2—2=2. Thatis T
and P can be modified independently. This means
that there is a space in a 7-P plane where the two
phases co-exist. For this reason, a multi-component
system usually shows a gradual phase transition: one
phase changes to another within a certain 7—P range.
For example, at a given pressure, melting in a multi-
component system begins at a certain temperature (the
solidus) and completes at another temperature (the
liquidus). At a temperature between the solidus and
the liquidus, solid and melt co-exist. This is why melt-
ing in Earth occurs usually as partial melting.

Let us derive an equation for the Clapeyron slope in
terms of other thermodynamic parameters. Consider a
boundary between two phases for a single-component
system (univariant transformation). Along the boun-
dary the Gibbs free energy of two phases must be
identical, namely,

G| = G. (2.52)

Now take the derivative along the boundary (the suffix n;
is omitted because we consider a single-component sys-
tem) to find dG| = dG, along the boundary)

G, G, _ (0Gy 0G>
(W),f’” (W)f”’ = (W)f’” (W)f”"
(2.53)

Using the identities (0G/0T) p= —Sand (0G/OP) =V,
one obtains

ar\ _ S$1-5
dT ), Vi=V2
where the suffix “eq” is used to clearly indicate that
the derivative is taken along the equilibrium boun-

dary. This relation is called the Clapeyron—Clausius
relation.

(2.54)

Similar relations can be derived for a second-order
transformation (Problem 2.6; e.g., CALLEN, 1960),

(dp) _ a)1—Q) _ C1—C2
Teq 1/K1—1/K2 T(al—ag)

(2.55)

where o ; is the thermal expansion of 1, 2 phase, K  is
the (isothermal) bulk modulus of 1, 2 phase, and Cy 5 is
the specific heat (at constant pressure) of 1, 2 phase.
This relation was derived by EHRENFEST (1933) and
hence should be called the Ehrenfest relation.
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Problem 2.6*

Derive equation (2.55).

Solution

For a second-order transformation, the first derivatives
of the Gibbs free energy are identical for the two
co-existing phases, V= V>, S} =S,. Therefore, along
the boundary, the following relations must be
satisfied,

v, N\ (Vs v,
(W),f’” (W)T‘”’ = (ﬁ)f’” (W)f”’
(1a)
S sy . ([0S 9S>
(ﬁ),f”* (ﬁ)ﬁ”’ = (ar),f”* (ap )f”"
(1b)

These two equations can be combined to give,

Wy _9Vs oV _ova
T 9T oP 9P |[dT

=0 ()
aS, 98, 9S; 8S, | |dP

In order for this equation to have a non-trivial solu-
tion, the following relation must be satisfied,

oV _ovy oy ov,
or 0T 0P OP —0 (3)
05,05, 05,08,

oT 90T 0P 0P

Therefore,

vy _9Va\® (V) _OV2\ (981 OS2\ _
oT  oT op op)\or oT)
where the Maxwell relation (equation (2.15),

0S/0P = —0V/90T) was used. Using the definitions
of thermal expansion (aun = (1/V)(0V/IT),), (iso-
thermal) bulk modulus (K= —V(90P/JV);) and the
specific heat at constant pressure (C = T(9S/9T),)
and the fact that V', = V5, one finds,

1

Now solving equations (1a) and (1b), the slope of the
phase boundary in the 7-P space is given by,

dT) oy OV1]OP—0V,/OP  8S,/0P —dS,/0P
_851/(’)T—852/8T_ a1 —Q)
OV JOP -0V, /0T 1/Ki—1/K,
Ci—-Gy

<dP> OV, /0T —0V,/dT _ 0S,/0T - 8S,/0T
eq

- T(a1 70(2) ' (6)

2.1.5. Phase diagrams

For a given chemical composition with temperature
(7) and pressure (P), there exist a certain number of
phases determined by the Gibbs phase rule. A diagram
showing the stable phases on a certain parameter space
is referred to as a phase diagram. In constructing a
phase diagram, one usually fixes the chemical compo-
sition, i.e., the system is assumed to be closed. For
a closed system, the stability of each phase is solely
determined by temperature and pressure. Fig. 2.5 illus-
trates some of the phase diagrams for binary (two-
component) systems.

A phase diagram is usually constructed based on

direct experimental studies. However, because the
stability of each phase is determined by the chemical
potential, a phase diagram can be constructed theo-
retically if the dependence of the chemical potential
of each phase on 7, P and composition (n;) is
known, i.e.,
W (T, Pony) = (T, Pymy) (2.56)
where pi/,  is the chemical potential of the ith species in
phase A or B. Consider a single-component system,
where a material (with a fixed composition) can assume
two phases (A or B). Then the equilibrium temperature
and pressure are determined by

eq—Tsy+ Pvy=ep— Tsp+ Pug (2.57)

where e4 5, 545 and v, p are molar internal energy,
entropy and volume of phase A and B respectively.
When all the parameters (e4 5, S4p5 and v, p) are
independent of temperature and pressure (this is a
good approximation for liquids and solids for a
small range of temperature and pressure), the
phase boundary can be calculated from ey p, 545
and vy p as,

€4—E€p
Vq4—UB

S4—SB
Vq4—UB

P= T. (2.58)
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(@ (b) FIGURE 2.5 Typical phase
T T diagrams for a binary system
involving melting reactions. (a) A
o case for a solid solution, (b) a case
Liquid Liquid for eutectic behavior, (c) a case for
eutectic behavior with limited
o o mutual solubility, (d) a case for two
Liquid + Solid Liquid + A Liquid + B phases that have limited solubility
below a critical temperature,
T., but show complete mixing
above T..
A+B
Xa Xg Xa Xg
(© (d)
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Problem 2.7

Calculate the phase boundaries as a function of
temperature and pressure for the olivine—
wadsleyite — ringwoodite  (in  Mg,SiO4)  phase
transformation using the values of thermodynamic
parameters listed in the Table 2.3.

Solution

The phase boundaries for these two reactions can
be calculated from (2.58). To calculate the thermo-
dynamic parameters for wadsleyite — ringwoodite, use
the relation A)(Wad—n'ing = A)(oli—wing — AXoli—wad-
Poliwad(GPa) = 8.57+0.00427 x T'(K)

Pyad—ring (GPa) = 12.244+0.006 12 x T (K).

and

TABLE 2.3 Some thermodynamic parameters related to phase
transformations (from NAvrRoTsky (1994)).

Units: Ae (kJ/mol), As (J/mol K), Av (x 107¢ mslmol), dP/dT
(MPa/K)

Ae As Av dP/dT
Mg,Si04
olivine — wadsleyite 271 -9.0 -3.16 2.8
olivine — ringwoodite 39.1 —15.0 —4.14 3.6
Fe,SiOy
olivine — wadsleyite 9.6 —-109 -320 34
olivine — ringwoodite 3.8 —14.0 —4.24 33
MgSiO;
pyroxene — garnet 351 -2.0 -283 0.71
pyroxene — ilmenite ~ 59.4 —15.5 —4.94 33
ilmenite — perovskite  51.1 6.0 —1.89 -32
garnet — perovskite 750 =75 -
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Solid-solution, eutectic melting

When there are two or more components in the system,
there are additional degrees of freedom by which the
chemical potential is controlled. Consequently, the
phase diagram depends on how the chemical potential
of each phase varies with the composition. For sim-
plicity let us consider a two-component system. The
component i = 1 and 2 may assume various phases
such as solid and liquid. Two cases may be distin-
guished. One is the case in which the two components
mix well in both the solid and liquid phases. In this
case, the contribution from the configurational
entropy is similar for both the solid and liquid phases,
and the free energy of each phase changes with compo-
sition similarly following the compositional depend-
ence of internal energy, entropy and the molar
volume. The phase diagram corresponding to this
case is shown in Fig. 2.5a. In such a case, solid A and
B are said to form a solid-solution. Another is the case
where mixing occurs only in the liquid phase. In this
case, the contribution from the configurational
entropy is important only in the liquid phase.
Consequently, the free energy of the liquid becomes
low in the intermediate concentration of a given spe-
cies, and therefore the solidus of the system is reduced
significantly at intermediate compositions (Fig. 2.5b).
Melting behavior due to this type of mixing property is
called eutectic melting.

The solid-solution type behavior is observed when
the solid phases involved have similar properties (crys-
tal structure and chemical bonding). The examples
include magnesiowlistite (MgO and FeO), olivine
(fayalite Fe,SiO,4 and forsterite Mg,Si0y), plagioclase
feldspar (albite NaAlSi;Og and anorthite CaAl,Si;Og).
In all of these cases, ions that have similar ionic radii
are incorporated as a solid-solution in the solid phase.
If the ionic radii are largely different then the solubility
in the solid phase is limited and the eutectic behavior
will occur. This is the case for the MgO-CaO,
MgSiO3-Mg,SiO4 systems.

Solvus

Let us now consider a two-component system in which
there is a finite solubility of each phase into another in
the solid state as well as in the liquid state. First, con-
sider a system in which mixing is complete in the liquid
state and a small degree of mixing also occurs in the
solid state. In such a case, a phase diagram needs to be
modified. A solid phase always contains, in this case, a
finite amount of secondary component so that there is

a modification to the phase diagram toward the end-
member component representing the effects of finite
solubility (Fig. 2.5¢). A phase diagram for a silicate and
water system at high 7 is an important example.
Consider the equilibrium at temperature 7' below the
eutectic point. When the amount of B is small, then the
only phase that exists is a phase A that contains a small
amount of B. According to the Gibbs phase rule, in
such a case we have f=c—p+2 =3, that is this
phase, i.e., phase A with a small amount of B can
exist for a range of 7, P and composition. When the
amount of B in the system increases, then at a certain
point, the phase A can no longer dissolve all the com-
ponent B and there will be two phases (X>>X > X)).
The same thing happens from another side, namely the
B-phase side. Consequently the domain is divided into
one-phase domains in each side of the phase diagram
(A-rich or B-rich, X<X;,X >X;) and a two-phase
domain (X>>X >X)). In the latter domain, there are
two phases that co-exist, and therefore the degree of
freedom is f=2. Consequently, if temperature and
pressure are prescribed, then the chemical composi-
tions of a material must be fixed. The boundaries
between the one- and two-phase regions correspond
to the solubility of each species into another.

Usually the solubility of another phase into a given
phase increases with temperature, so the boundaries
separating two one-phase domains will become closer
as temperature rises. These boundaries are often
referred to as a solvus. When mutual solubility is
large, then at a certain temperature below the melting
temperature, the two solvus curves merge. Above this
critical temperature (7.) the two phases mix com-
pletely. Above this temperature mixing occurs both in
solid-state and liquid-state, and therefore the phase
diagram above this temperature should look like that
of a solid-solution (Fig. 2.5d). Obviously the solvus
curves or any of the boundaries on a phase diagram
also depend on pressure. The temperature and pressure
dependence of solvus curves for various combinations
of minerals is used as petrological barometers and/or
thermometers (e.g., Woobp and FRASER, 1976).

Effects of non-stoichiometry: a phase diagram

for an open system

The phase diagram considered above assumes that the
chemical composition of each phase is independent of
T and P except in cases where finite solubility of one
component occurs in each phase. For example, a phase
diagram for (Mg, Fe)O is usually constructed assuming
that this is a two-component system (MgO and FeO)
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assuming that the material exchange occurs only
through Mg < Fe keeping the number of atoms in
the (solid) system constant. This is not strictly true
when the system under consideration is open (i.e.,
when the system exchanges materials with the sur-
rounding system). In a system like XO (X =Mg etc.;
O, oxygen), the ratio of the number of atoms of X and
O (stoichiometry) can deviate from what the chemical
formula would indicate. The deviation from the formal
chemical formula is referred to as non-stoichiometry.
When non-stoichiometry occurs in an ionic crystal,
then charge balance must be maintained by creating
another type of charged species. This is usually done by
creating point defects or by incorporating another spe-
cies. One example is an Fe-bearing mineral such as
olivine (Mg, Fe),Si0,) that can have non-stoichiometry
caused by a change of valence state of iron
(Fe*t < Fe'). In this case the charge balance is main-
tained by the change in the concentration of M-site
vacancies that have a negative effective charge (see
Chapter 5). Another example is a combined substitu-
tion such as AP + Fe’t o Si*" + Fe’*. In these
cases, an additional variable such as oxygen fugacity
or the activity of Al,Oj3 is needed to specify the degree
of non-stoichiometry. The degree of non-stoichiometry
in the former type of processes is usually small (~10~*
or less in olivine) but can be large in an Fe-rich
compound such as FeO (in FeO the non-stoichiometry
is ~8%, 1.e., Feg 9,O). Even in cases where the degree of
non-stoichiometry is small, its effects on physical prop-
erties can be important. In a binary material (such as
XO0), the oxygen fugacity is used as an additional var-
iable in constructing a phase diagram (N1TSAN, 1974).
(In a ternary system such as Mg,SiOy, the stoichiom-
etry is defined by two ratios (i.e., Mg/O, Mg/Si), and
hence one needs two additional parameters to completely
describe the chemical state of the system. Both oxygen
fugacity and the oxide activity must be specified in such
a case.)

To illustrate this point, let us consider a phase dia-
gram of Fe-O. Iron (Fe) can assume three different
valence states dependent on oxygen fugacity, fo,: met-
allic iron Fe® at low oxygen fugacity, ferrous iron Fe? *
at intermediate oxygen fugacity and ferric iron Fe* * at
high oxygen fugacity, see Fig. 2.6. Each species (Fe,
Fe?* and Fe’ *) has a different chemical character and
therefore the stable phases at different conditions will
depend on the oxygen fugacity. Consequently in an
Fe—O system, four compounds may be present depen-
dent upon the oxygen fugacity, i.e., metallic iron at low
oxygen fugacity, wiistite (FeO) and magnetite (Fe;04)

75 T
hematite
7.0r 1
<
= .
b magnetite
o
o
s] .
— wistite
6.5 1
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-10 -5 0 5

log fo2 (MPa)

FIGURE 2.6 A phase diagram of Fe-O at 0. MPa.

at the intermediate oxygen fugacity and hematite
(Fe,03) at high oxygen fugacity. Iron in wiistite is
mostly ferrous iron (Fe’™), whereas in magnetite
there are both ferrous iron (Fe>™) and ferric iron
(Fe**) and finally at high oxygen fugacity all iron
changes to ferric iron (Fe®™). The stability of iron-
bearing olivine can be analyzed in a similar way.
Olivine accepts ferrous iron but not ferric iron (ferric
iron is present in olivine but only with a very small
amount, ~1-10 ppm, as point defects) and therefore it
is stable only within a certain range of oxygen fugacity
that is determined by the stability of wiistite (FeO).

A somewhat different phase diagram applies when a
given mineral favors ferric iron more than ferrous iron.
In such a case, even at an oxygen fugacity in which iron
would occur as FeO, iron in that mineral can be ferric
iron. In some cases, the stability field of the ferric iron-
bearing phase expands to a much lower oxygen fugac-
ity, and in such a case a mineral containing ferric iron
could co-exist with metallic iron. An important case is
silicate perovskite that favors ferric iron, and the for-
mation of silicate perovskite from ringwoodite leads to
the formation of metalliciron (e.g., FROST et al., 2004).

2.2. Some comments on the
thermodynamics of a stressed system

In the usual treatment of thermodynamics, the energy
change of a system due to mechanical work is treated
assuming hydrostatic stress. That is dW=—PdV, i.e.,
the work done against pressure. An extension of such a
treatment to non-hydrostatic stress conditions is
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FIGURE 2.7 The process of formation of a vacancy (or dissolution
of atoms) in a stressed solid at a grain boundary (or crystal-liquid
interface).

grain

needed when the deformation of materials is consid-
ered. The strain energy of stressed solid (per unit vol-
ume) is usually written as (e.g., LANDAU and LiFsHITZ,
1959; SCHMALZRIED, 1995)

dw = ZO’,’/dz’f!‘/

i

(2.59)

where oy; is stress and de; is the strain increment.
However, this expression does not capture the energy
difference that plays an important role in diffusional
(or pressure-solution) creep (Chapter §). According to
this equation, the energy of the system is independent
of the orientation of the interface at which the reaction
occurs, but the free energy change associated with a
particular reaction under non-hydrostatic stress
depends on the process that occurs at the crystal sur-
face (or grain boundary). Consequently, the free
energy change may depend on the orientation of the
interface with respect to the applied stress at which the
reaction occurs. To illustrate this point, let us consider
the formation/destruction of a vacancy (dissolution/
precipitation of a stressed solid) into a grain boundary
(or a liquid) (Fig. 2.7). Consider the formation of a
vacancy in a crystal. The formation of a vacancy is
made by the removal of an atom from inside a crystal
to the surface. Therefore, there is a volume expansion,
and hence the formation free energy of a vacancy is
often written as G* = E* — TS* + PQ, where Q is the
volume of a vacancy (atom). However, to be more
specific, the energy associated with vacancy formation
depends on where it occurs. To see this, let us recall that
vacancy creation (destruction) occurs mostly at grain
boundaries. When an atom is removed from the inte-
rior of a crystal to its grain boundary, one needs to do
work against normal stress (only normal stress comes

into play because the displacement is normal to the
boundary), thus

G(x) = E — TS +0,(x)- Q=G + 0, (x)-Q (2.60)

where E" is the internal energy including the strain
energy (e.g., (2.59)), S is the entropy (vibrational
entropy), 0,(x) is the normal stress on the grain boun-
dary that depends on the orientation of the boundary
with respect to the applied stress, Gy = E* — TS* + PQ
and o7,(x) is the deviatoric component of the normal
stress (o},(x) = 0,4(x) — P). Equation (2.60) defines
the Gibbs free energy of a solid under stress near a
boundary. Note that G*(x) is heterogeneous and there
is no absolute equilibrium state under the deviatoric
stress. The free energy defined by (2.60) represents
only the local equilibrium. Also note that although
the internal energy (E) depends on stress, its depend-
ence is of second order (equation (2.59)) and the domi-
nant role of stress is through the o, (x) - Q (or o/,(x) - Q)
term.

There have been extensive debates concerning the
exact formula for the free energy of stressed solids (see
e.g., JounNsoN and SCHMALZRIED, 1992; KawmB, 1961;
PaTERSON, 1973; SHimIZU, 1992). However, except for
the above well-defined case, many controversies are
around the strain energy term. The contribution to
this term in an actual stressed solid is usually domi-
nated by the energy due to heterogeneous dislocation
density rather than the strain energy of dislocation-free
solids (e.g., PoiriErR and GuiLLoOPE, 1979), and the
relevance of such a controversy to real geological issues
(or physical processes) is questionable.

2.3. Thermodynamics of irreversible

processes

A brief account of the thermodynamics of irreversible
processes is given in this section. From the microscopic
point of view, elastic deformation occurs when atomic
displacement from stable positions is limited to the
small vicinity of stable positions at which the material
assumes minimum free energy. When the force that
causes deformation is removed, atoms move back to
their original positions. Therefore elastic deformation
is reversible (and instantaneous). However, statistical
mechanics shows that, at finite temperatures, there is
a non-zero probability that an atom can assume a
position away from the equilibrium position. This ran-
dom motion of atoms is referred to as fluctuation.
Consequently, an atom could sometimes move to a
new stable position over the potential barrier with a
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certain probability (see section 2.3). This process can
be assisted by the applied stress. Once this happens,
then upon the removal of the stress, the atomic config-
uration of the material would not revert to the original
configuration instantaneously: thus the deformation
becomes irreversible (and time dependent because the
process now depends on the probability of atomic
jumps).

Plastic deformation occurs due to irreversible pro-
cesses. Therefore an understanding of irreversible pro-
cesses is critical in the study of plastic deformation. The
important issues here are the relationship between
mass flux and various driving forces for mass flux
and the interaction of various (generalized) forces.
More detailed discussions of the thermodynamics of
irreversible processes can be found in CALLEN, 1960,
DE GrooT and MazuRr (1962) and GLANSDORFF and
PRIGOGINE (1971).

2.3.1. Flux and the generalized forces

Irreversible motion or the flux of atoms (or energy)
occurs when a system is out of equilibrium. One can
surmise that some forces cause such a flux.
Experimental observations show that in most cases
the rate of motion of atoms or the flux of atoms (or
energy) is linearly proportional to the force. An exam-
ple of such an empirical law is Fick’s law of diffusion
(of atoms) (also see Chapter 8),

J=-DVe. (2.61)

where J is the flux of atoms, D is diffusion coefficient
and c is the concentration of atoms (number of atoms
per unit volume). Fick’s law, (2.61), is given for a case
where only one type of force is present (concentration
gradient) and only single atomic species move. The
generalization of this type of flow law is important in
considering atomic transport (and plastic flow) in an
ionic crystal.

In generalizing an equation such as (2.61), it is
useful to examine the physical basis for atomic flow.
In the previous section (section 2.1), we learned that in
a system at thermochemical equilibrium, the entropy
must be maximum and hence the following quantities
(intensive parameters) must be homogeneous, 1/T,
P/T and —p/T (equation 2.22). When the system is
out of equilibrium, a flow of atoms (or energy) will
occur due to the heterogeneity of these quantities. Such
a flow produces entropy. Since entropy is given by the
product of extensive quantities (such as energy) and
intensive parameters (such as temperature), it is

natural to define the gradients of these quantities as
generalized forces that drive the motion of correspond-
ing (extensive) quantities. Therefore we define a gener-
alized force by

X=Ve¢ (2.62)

where £ = 1/T, P/T, —u/T and define a linear rela-
tionship between the force and the flux, J, of an exten-
sive quantity,

J=L-X=L-V¢ (2.63)

where L is a material constant that is often referred to
as a phenomenological coefficient. For instance, the
extensive quantity corresponding to an intensive
parameter 1/7 is the internal energy, so the flux corre-
sponding to V(1/7) will be the flux of energy, i.e., heat
flow. In this case, the empirical law is Fourier’s law,

Jr=—kVT (2.64)

where J7is the energy flux and k is thermal conductiv-
ity. Comparing Fourier’s law with equations (2.62) and
(2.63) (¢ = 1/T), one obtains

L=kT". (2.65)

Similarly, the extensive quantity corresponding to an
intensive parameter —u/7T is the number of atoms, n,
so the corresponding flux is the flux of atoms. The
empirical relation for this case is therefore Fick’s law
of atomic diffusion,

J=—-DVc¢ (2.66)

where D is the diffusion coefficient and ¢ is the concen-
tration of atoms (number of atoms per unit volume)
and we have,

_ Dc

L
R

(2.67)

Problem 2.8

Derive equation (2.67).

Solution

Using the relation (2.32), u = o+ RTlogx = po+
RTlog(¢/cy), one obtains X = -V (u/T) = —R(Ve/c).
Inserting this into (2.64), one gets J= —DVc=
(Dc/R)X = LX, and therefore L = Dc¢/R.
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From the above discussion, two methods of general-
ization of the above linear relationship are obvious. First,
Fick’s law describes the flux of atoms due to the concen-
tration gradient, but more generally, atomic flux due to
the gradient of chemical potential X = —V(u/T) can be
considered. The chemical potential may include not only
the gradient of concentration (gradient of configura-
tional entropy) but also the gradient of free energy due
to other effects such as electrostatic field. Electrostatic
interaction among different diffusing species plays an
important role in ionic crystals (see Chapter & for more
details). In such a case, the electrostatic energy must be
included in the chemical potential thus

(po + RTlog (¢/co) + qo)

Ve 4, pVe
c T c

I
Y=_-VE—_vy
T

q

= f?qufR (2.68)
where g is the electrostatic charge of the species, ¢ is the
electrostatic potential and E is the electrostatic field
(E=—-Vo).

Second, in writing equation (2.62), we considered
only one force and one flux. A natural generalization
of this relation is

J=>LX
J

where we include various types of forces and corre-
sponding fluxes. The phenomenological coefficients dis-
cussed above correspond to the diagonal components,
L' namely a material parameter describing the flow of
intensive variables (matter (or energy)) due to the corre-
sponding gradient of extensive parameters (generalized
force). Off-diagonal components of phenomenological
coefficients (L7 with i j) express the coupling of differ-
ent fluxes. Physically these terms represent the flux of the
ith variable caused by the generalized force conjugate to
the jth variable. For example, the temperature gradient
can cause the diffusion flux of atoms (Soret effect), and

(2.69)

conversely the concentration gradient can cause the
temperature gradient (Dufour effect). Diffusion in a
multi-component system is an important example
where coupling among different species can cause
important effects on mass transport (e.g., LASAGA,
1997, see also Chapter 8). The entropy production rate
contains various terms including the scalar (PV term),
vector (heat flow, diffusional mass flow) as well as tensor
(energy dissipation due to plastic flow). A coupling of
flux of various variables can occur only when these
variables have the same transformation with respect to
the change of the coordinate system. This comes from

the fact that the entropy production rate (equation 2.66)
is a scalar, so that upon the transformation of the coor-
dinate this quantity must not change.

Among the off-diagonal components that represent
the coupling of different fluxes, the following symme-
try relation, the Onsager reciprocal relation, must be
satisfied,

Li=p/ (2.70)

if the independent fluxes are written as linear functions
of the independent generalized forces. The Onsager
reciprocal relation is a consequence of the symmetry
of fluctuation with respect to time (for details see e.g.,
CALLEN, 1960; bE GRoOT and MAZUR, 1962; LANDAU
and LiFsHITZ, 1964).

2.3.2. Some notes on the driving forces for

plastic deformation

The driving forces considered in the previous section
may be called thermodynamic forces (such as a force
due to the gradient of concentration of a given species).
However, under a deviatoric stress, there are forces that
directly arise from the applied macroscopic (stress) field.
In a solid under deviatoric stress, what forces drive
large-scale atomic motion leading to plastic flow? Two
cases can be distinguished. First, for an atomic species
such as individual atoms or isolated point defects, there
is no direct interaction between applied stress and these
atomic species. In a perfect crystal, atoms are in their
lattice sites without any stress or strain. Similarly for
point defects, most of them are also isotropic and are
not associated with deviatoric strain so that they do not
interact with deviatoric stress (exceptions are defect
complexes, which can have anisotropic strain field and
interact with shear stress causing anelasticity; see
Chapter 11). Consequently applied stress provides no
direct driving forces for atomic species. The most impor-
tant driving force for the motion of these atomic species
(e.g., point defects) under deviatoric stress is the ther-
modynamic force, X = —V(u/T) = —R(Vc/c), caused
by the heterogeneity of defect concentration due to the
heterogeneous microstructure of a polycrystalline mate-
rial (see Chapter &). Heterogeneity of defect concentra-
tion can also occur due to the local stress heterogeneity
due to the presence of a dislocation or a grain boundary
(see Chapters 8 and 9). In these cases, dislocation
motion or motion of atoms across a grain boundary
occurs due to (indirect) thermodynamic force. Second
is the case for dislocation motion, which is different
from the case for point defects. Due to the long-range
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displacement field associated with it, a dislocation has a
direct mechanical interaction with the applied stress
(Peach—Koehler force: see Chapter 5). A dislocation
moves both by the direct effect of applied stress as well
as by the thermodynamic forces caused by the concen-
tration gradient of point defects around it.

In some literature, the gradient in chemical potential
that drives processes such as diffusion under stress, o, is
written as (e.g2., SCHMALZRIED, 1995)
v%:Rvmga—%w (2.71)
where a is the activity and Q is the molar volume of the
species involved. This expression is misleading and
should be used with care. First, this equation would
imply that the applied stress has a direct effect on defect
motion. This is not true in many cases. For example,
diffusion flux in a polycrystalline material under devia-
toric stress is caused by the indirect thermodynamic
force due to the local (grain scale) variation in the
normal component of stress at the place where crea-
tion/destruction of defects occur (Chapter 8). In other
words, stress in this equation should not be the macro-
scopic stress.” The use of equation (2.71) will obscure
this basic physics of stress-induced kinetic processes
and is not recommended. Second, in the case of diffu-
sion flux in a polycrystalline material, the two terms in
equation (2.71) are redundant if the stress dependence
of concentration is included in the activity term
because in this case, the driving force is a thermody-
namic driving force, V(u/T) = RV loga, caused by
the grain-scale variation in stress, and is given
by V(u/T) = RVloga = —(Q/T) - (o/L) ~ —(Q/T)-
Vo (a = agexp(—oQ/RT)).

2.3.3. Stationary (steady-state) state: the principle

of minimum entropy production rate

The flow of materials (or energy) causes entropy pro-
duction (energy dissipation). The rate of local entropy
production is given by

as i i i i
@EE:Z.}X :Z:J-vg.

Inserting the relation (2.69) into (2.72), one gets

(2.72)

3 If equation (2.71) is used, with o being the macroscopic stress, then there
would be no diffusion or deformation for a homogeneous deviatoric
stress.

® = Z Lixixi

iy

(2.73)

where we used the Onsager reciprocal relation. Now con-
sider a case where one force (X*) is fixed but others are free
to vary. The entropy production rate is minimum with
respect to X' (i # k) when the following condition is met,

od
oX

=Y LY =7=0 (i#k). (2.74)
J

At the stationary state, all the fluxes other than the one
corresponding to a fixed force (X*) should vanish. Now
from the conservation equation for an extensive
parameter & p(9¢'/0t) = —V-J', it is seen that the
state of minimum entropy production rate (i.e.,
J;=0) corresponds to the stationary state
(0¢1/0t = 0). This is referred to as the principle of
minimum entropy production rate.

2.4. Thermally activated processes

2.4.1. Absolute rate theory

Basic theory

An irreversible process involves an atomic jump from
one stable position to the next. The atomic jump is
often caused by a large fluctuation of atomic positions
due to lattice vibration. Such a process is referred to as a
thermally activated process. The energy of an atom in a
crystal has a minimum value at the lattice sites. As one
measures the energy of an atom from one lattice site to
the neighboring site, the energy has a local maximum
somewhere in the middle of the two lattice sites. The
value of the energy maximum depends on the pass
along which one moves an atom. The position at which
the energy at the peak is minimum is called a saddle point
(Fig. 2.8). Through thermal vibration, atomic positions
fluctuate. Therefore, with some non-zero probability, a
system can assume an atomic configuration in which an

FIGURE 2.8 A plot of enthalpy as a function of atomic position
associated with an atomic jump from position A to position A. S is the
saddle point. H* = E* 4 PV* is the activation enthalpy (E” is the
activation energy and V'is the activation volume).
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atom goes to a saddle point. At a saddle point, the
potential energy of an atom has a maximum with respect
to the spatial coordinate, and consequently, this config-
uration is unstable and an atom moves to the next stable
position (or goes back to the original position). When the
velocity of an atom at that saddle position is “positive,”
then the atom goes to the next stable position (a lattice
site). Since this new configuration is stable, that atom
does not go back to the original position instantaneously.
Therefore the motion over a saddle point is irreversible.
The rate at which this occurs may be calculated by
applying the principles of statistical physics and the fol-
lowing theory is called the absolute rate theory, which
was developed by EYRING (1935). The application of
this theory to atomic migration in a solid was made by
Frynn (1968) and VINEYARD (1957) (see also FLynNN
(1972)). Noting that the activated state has different
chemical bonding and hence the frequencies of lattice
vibration are different, one obtains (e.g., FLYNN (1972))

H*
=U- - — 2.75
w=r exp( RT) (2.75)
where
3N
;i
- =l
V=33 (2.76)
[ o]
i=2

is a constant with a dimension of frequency (»; and )
are frequencies of lattice vibration with the ith mode at
the ground state (4) and at the saddle point configu-
ration (S) respectively) and

H =Hg—H;=(Es—E4)+P(Vs—Vy4) (2.77)

is the activation enthalpy (Es 4 (Vs 4): internal energy
(volume) of a system with state S and 4). An interpre-
tation of equation (2.75) is that & is the “trial fre-
quency,” and exp(—H*/RT) is the success rate of a
jump. o is of the order of the Debye frequency (char-
acteristic frequency of lattice vibration, see Chapter 4)
and does not change very much with pressure or tem-
perature. The most important parameter to control the
rate of process is H', the activation enthalpy. This term
(i.e., exp(—H*/RT)) can change by orders of magni-
tude as temperature and/or pressure (or other chemical
factors such as water fugacity) change.

The rate of atomic jump depends exponentially on
temperature and pressure and hence the effects of tem-
perature and pressure on an atomic jump are large.

Es— E, is always positive whereas Vg— V, can be
positive or negative (see Chapter 10). Consequently,
an atomic jump is always enhanced by higher temper-
ature, whereas higher pressure usually suppresses an
atomic jump (Chapter 10). Also note that the temper-
ature dependence of thermally activated processes
results in the time dependence of the process because
these processes occur as a result of fluctuation.

Effects of stress on thermal activation

The above formula shows that the rate at which a ther-
mally activated process occurs is strongly dependent on
temperature and pressure through activation enthalpy,
H*. When an atom (or defect) has an interaction with
stress, the activation enthalpy becomes dependent on the
stress. This is a case for dislocations (see Chapters 5 and
9) which have an anisotropic strain field and hence have
strong interactions with applied (deviatoric) stress. In
such a case, the activation enthalpy becomes stress
dependent, H'(c). In these cases, applied stress changes
the energy of a dislocation when it moves from the
ground state to the saddle point configuration. The
stress works on a piece of dislocation when a piece of
dislocation moves to the direction of the Peach—Koehler
force (Chapter 5) and hence the enthalpy will be
reduced. On the other hand, when a dislocation moves
in the opposite direction, the enthalpy for the barrier will
increase. The net rate of motion will then be given by

w=wh—w"

% {exp (— HZ;U)) — exp (— %)] (2.78)

although the backward activation is not very impor-
tant at high stresses.

Because the activation enthalpy in these cases
decreases with stress, there is a threshold stress, o, at
which activation enthalpy vanishes,

H(0.) = 0.

(2.79)

When stress reaches this level, then motion of defects is
possible without the help of thermal activation. In
other words, there is a finite probability of defect
motion even at 7=0K. Such a motion of defects is
referred to as athermal motion. For athermal motion,
fluctuation does not play an important role and hence
the process becomes (nearly) time independent. A phe-
nomenon often referred to as yield corresponds to this
athermal motion of defects (dislocations) (the stress at
which plastic deformation occurs at low temperatures
is often referred to as a yield stress).
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3 Phenomenological theory

of deformation

The formal theory of deformation plays an important role in formulating energy dissipation

(i.e., seismic wave attenuation) and non-linear rheological relationships. This chapter presents a
brief summary of the phenomenological theory of plastic deformation. This includes the classification
of deformation (elastic, viscous, plastic etc.), the mathematical formula for constitutive relations,
formulation of transient creep and the mathematical formula appropriate for non-linear rheology.

Key words elasticity, visco-elasticity, anelasticity, constitutive relations, Levy—von Mises equation,
mechanical equation of state, transient creep, creep response function, creep compliance function,
Kramers—Kronig relation, Maxwell model, Voigt model, Zener model, Burgers model.

3.1. Classification of deformation

The response of a material to applied stress can occur
in a variety of ways. Under some conditions, an
equilibrium state can be achieved upon applying a
stress, whereas time-dependent or steady-state defor-
mation can also be achieved. To understand the
microscopic basis for this difference, it is useful to
consider the nature of atomic displacement caused
by an applied stress. At static equilibrium, each
atom occupies a position corresponding to the mini-
mum potential energy (Fig. 3.1a). Upon applying a
stress (a force per unit area), atoms move their posi-
tions from their stable positions. If the stress is small,
or the temperature is low (or time is short), then only
small, instantaneous  displacement will occur.
Consequently, when the stress is removed, atoms go
back to their original positions. This type of instanta-
neous and recoverable deformation is called elastic
deformation. In contrast, when a large stress is applied
or stress is applied for a long time (at high temper-
atures), then a material responds to the stress not
only instantaneously but also through delayed, time-

dependent deformation and a fraction of the strain is
not recoverable.

Deformation that has time-dependent and non-
recoverable strain is called non-elastic deformation.
Microscopically, this type of deformation occurs when
the atomic motion is so large that atoms move, over the
potential hill, to the next stable positions (Fig. 3.1b).
Once atoms move over the potential hill, then even if
the stress is removed, they will not go back to their
original positions immediately. Note, however, that
under some conditions, recoverable but time-dependent
(delayed) deformation could occur. This is the case when
deformation atomic motion over the
potential hill, but deformation causes elastic strain inside
a material (back stress). In this case, after the removal of
external stress, atomic motion occurs in such a way as to
reduce the internal (back) stress associated with elastic
strain so that the final equilibrium state will have no
permanent strain: strain is recoverable but time-depend-
ent. This type of deformation is often referred to as
anelastic deformation. In contrast, deformation can be

involves

time-dependent and strain is non-recoverable. This
type of deformation is referred to as viscous (or
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FIGURE 3.1 Atomistic view of

plastic') deformation. However, both anelastic and vis-
coelastic deformation are often collectively referred to as
anelastic deformation.

Deformation can occur nearly instantaneously and
be non-recoverable. Fracture or low-temperature
yielding at high stress is nearly time-independent yet
deformation is non-recoverable. This type of behavior
is, however, better considered as an end-member
behavior of plastic deformation (e.g., HART (1970)).

The mode of non-elastic deformation is conveniently
classified into brittle and plastic (ductile) deformation.
In more casual terms, brittle deformation is fracture and
ductile deformation is flow. These two processes are
nearly independent and therefore the non-elastic
response of a material to the external force is either
brittle fracture or ductile flow whichever is easier.
Fracture involves the macroscopic breaking of chemical
bonds (at the scale of cracks), which occurs in most
cases in a localized fashion. In most cases, ductile flow
involves the microscopic motion of atoms and in many
cases occurs homogeneously. Consequently, micro-
scopic, thermally activated motion of atoms (defects)
controls ductile deformation, but thermally activated
processes play a less important role in brittle fracture.
In this book, we focus on plastic flow, but a brief
summary of brittle deformation is given in Chapter 7.
Extensive reviews of brittle deformation are given by
PaTERsON and WoNG (2005) and ScHoLrz (2002).

3.2. Some general features of plastic
deformation

Fig. 3.2 illustrates a typical result of mechanical tests in
the plastic regime. In all cases, there is an instantaneous

! In the literature, the term “plastic deformation” is often used to describe
nearly time-independent yielding, and the other type of strongly time-
dependent deformation is called viscous flow. However, in this book I use
“plastic deformation” for any time-dependent non-recoverable
deformation.

non-elastic (a) elastic (recoverable) and (b)
non-elastic (non-recoverable)
deformation.

o = constant
£ d
g steady state
=
n

Time
FIGURE 3.2 A schematic diagram of a strain versus time relation for
a constant stress test showing various stages of deformation, where .
is the elastic strain. This figure corresponds to a case where work-
hardening occurs in the transient stage.

elastic response yielding elastic strain, but we focus on
the non-elastic component. Non-elastic deformation
usually starts with a transient period in which the strain
rate (at constant stress) or stress (at constant strain
rate) changes with time. Eventually a material will
usually assume steady-state deformation in which the
strain rate (for constant stress) or stress (for constant
strain rate) remains constant with time. A few points
should be noted. First, the steady state is only approx-
imately defined, and in fact, there are several quasi-
steady-states of deformation for a given material.
This is due to the fact that plastic deformation is sensi-
tive to microstructures and there is a hierarchy
of microstructures. As microstructures evolve, plastic
properties also evolve. Consequently, when different
microstructures assume quasi-steady-state at different
time-scales, there will be several quasi-steady-states of
deformation for a given material. One example is the
deformation of a polycrystalline material in the dislo-
cation creep regime (see Chapter 9). Dislocation micro-
structures at each grain level will evolve during
deformation, and quasi-steady-state deformation will
be reached when dislocation microstructures achieve
steady state (constant dislocation density, constant
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subgrain structures etc.). At the same time, orienta-
tions of individual grains will evolve with deformation
to result in a lattice-preferred orientation (see
Chapter 14) that will also affect plastic deformation.
Consequently, another quasi-steady-state will be
achieved when steady-state lattice-preferred orienta-
tion is established. Grain size may also evolve during
deformation that affects the plastic flow (see
Chapter 13). In most cases, these grain-scale micro-
structures evolve with longer time constants than
dislocation microstructures. Therefore quasi-steady-
states corresponding to steady-state lattice-preferred
orientation and steady-state grain size will be achieved
in later stages than the quasi-steady-state correspond-
ing to steady-state dislocation microstructures. It is
important to define the scale that one is talking about
when one discusses the time-dependent deformation of
materials. Second, under some conditions, steady-state
deformation becomes unstable and localized unstable
deformation occurs (Chapter 16).

In this chapter we will discuss some general (phe-
nomenological) aspects of the mathematical descrip-
tion of mechanical behavior in the plastic regime. The
issues that we discuss in this chapter include: (i) the
formulation of non-linear flow laws (section 3.3),
(it) the formulation of transient deformation behavior
(section 3.4) and (iii) the influence of ductile deforma-
tion on energy loss and on apparent elastic moduli
(section 3.5).

3.3. Constitutive relationships for

non-linear rheology

The plastic properties of a material are expressed in
terms of a relationship between stress and strain or
strain-rate. Therefore a material parameter (or para-
meters) that characterizes plastic deformation must
express a relation between two second rank tensors
(deviatoric stress o; and deviatoric strain rate £;). In
the simplest case of linear rheology at steady state, the
relation should be

Tjj =2 Z 77[/’/(15.1;[ (31)
k.l

where 7;; is the viscosity tensor. It follows that a large
number of measurements along various orientations
are needed to fully characterize the plastic properties
of a material. However, in many cases, a material is
approximately isotropic. This would be the case where
one considers deformation of a polycrystal whose
microstructure is nearly isotropic. In such a case, at

steady state, the plastic properties of a material are
characterized by a single scalar parameter, viscosity,’
7, defined by,

(3.2)

Consequently, the plastic properties in such a case
can be determined by measuring the one component
of strain rate corresponding to one type of stress.
For example, one can apply normal stress on the x;
plane, o;, and observe the corresponding strain
rate €. The viscosity can be determined by
n= (0’1 — 0’3)/2(é‘1 — &-‘3) = (0'1 — 0'3)/3é1 (note that
€3 = —%él) where o3 is the lateral stress (confining
pressure). Given this effective viscosity, strain rates
corresponding to any other stress components can
be calculated from (3.2). For a more general aniso-
tropic rheology, one has to determine the rheological
properties for a large number of orientations.

In the case of non-linear rheology, one may deter-
mine a relationship such as & = 4(oy — 03)" (n>1).
But this equation cannot be generalized to ¢; = Ao;},
because such a relation violates the rule of transforma-
tion of tensors (if one rotates the coordinate system,
the left- and the right-hand sides would change differ-
ently). If a material is isotropic, stress and strain rate
must be related by a scalar quantity. Therefore, for
non-linear rheology, one must have,

(3.3)

g = Bloy) - 0y

where B is a scalar function of stress. Because B is a
scalar, it must contain only the invariants of (devia-
toric) stress tensor (see Chapter 1). Because the first
invariant of stress tensor is hydrostatic pressure, the
first invariant is usually assumed not to contribute to
deformation (other than its effect on a constant
term related to the rate of thermal activation, see
Chapter 10). The third invariant is also assumed not
to contribute to assure that energy dissipation is always
positive (see equation (3.11)). In this case, the simplest
form will be,

B=B(Il,) = B- 11"V, (3.4)
Therefore equation (3.3) becomes
é,’,'ZB-II((Tnil)/zo'i/. (35)

2 Similar to an elastic material (see Chapter 4), there are two viscosities for
an isotropic material, one for shear and another for bulk deformation.
However, for a perfectly dense solid, the bulk viscosity is infinite.
Therefore we consider only shear viscosity here (for the bulk viscosity, see
also Chapter 12).
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This is referred to as the Levy—von Mises equation.
In this case (i.e., isotropic rheology), one can trans-
late the results from one type of deformation geom-
etry to another deformation geometry. Note that
when large internal stress exists in addition to the
applied stress, the B(II,) term will be largely modi-
fied by the internal stress. Consequently, the plastic
flow of a material will be affected by the presence of
internal stress. An application of this notion to plas-
tic deformation during a phase transformation is
discussed in Chapter 15.

Problem 3.1#%

Let us consider two cases. In uni-axial (tri-axial)
compression tests, one applies uni-axial stress, and
measures uni-axial strain rate. Usually, the results of
such tests are presented as a relationship between
o1 — o3 and ¢, as,

é1 = C(oy —a3)" (1)

and C and n are the constants that are determined by
experiments.

The second is a case of simple shear tests. In this case,
the results are usually presented as a relationship
between shear stress 7 and shear strain rate -,

4 = Dt". (2)
Show that,

D= 3(”+1)/2C. (3)
Solution

Under the assumption of isotropic plasticity, the
rheological equation for both cases must satisfy
equation (3.5). Now, the strain-rate tensor for tri-
axial compression is

e 0 0
gi=10 =k 0
0 0 -l

2

and the deviatoric stress tensor is

[y 0 0 P 0 0
O';«]- =0 o3 O] -0 P O
L0 0 o3 0 0 P
(30 — 03) 0 0
= 0 —Xo1 —03) 0
i 0 0 —3(01 —03)

Therefore 11, = (o) — o3)* (note that only deviatoric
stress contributes to plastic flow in the ductile regime).
The flow law for the tri-axial test assumes the form,

é] == C(O’[ —0’3)"

Comparing this relation with equation (3.5),
B=(C/2)30D/2,

Now for simple shear,

0 4 0
=% 0 0
0 0 O
and
0 7 0
J;/-: T 0 0
0 0 0
Therefore II, = 7> and using (3.5), one gets

1y =$3 /201 Hence D = 3("1/2C.

Equation (3.5) can be rewritten using the equivalent
stress (a scalar)

0. = (311,)"? (3.6)
to obtain
g =32 . B.g" gy (3.7)

We can also define the equivalent strain rate (a scalar)

4 1/2
then
ge=2-3"D2 g o (3.9)

These definitions, i.e., equations (3.6) and (3.8), are
made to recover the relations o, =0 — 03 and &, = &,
for tri-axial compression.

It is often useful to define effective viscosity, 7esr,
by 0j; = 2netr €5, then

1 _1-n

Nerr = 27130702 Bl
2—1/;13—(;1—1)/2nB—]/”é(lfn)/n.

e

(3.10)

The effective viscosity decreases with the increase of
stress and increases with strain rate.
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Plastic deformation dissipates energy. The energy
dissipation per unit volume due to plastic deformation
is given by

o= oy
i

Using the equations (3.6) and (3.7), one obtains

(3.11)

& = B = B/ gl (3.12)

Note that the energy dissipation by plastic flow is a
strong function of stress (or strain rate).

3.4. Constitutive relation for transient
creep

Transient creep is a phenomenon in which the rate of
deformation at a given stress (temperature and pres-
sure) changes with time (or strain). Since all of these
variables (stress, temperature, pressure) are kept con-
stant, this temporal variation of mechanical properties
must be attributed to the evolution of internal structure
(or internal mechanical state such as stress distribu-
tion). Therefore a general equation for transient creep
is given by

oc=FET,P;y) (3.13)

where y is a parameter that defines the internal struc-
ture or state of a material such as dislocation density or
grain size, or the distribution of internal stress. As
deformation proceeds, y evolves that leads to transient
behavior. Annealing may also cause a change in y
without a change in strain that leads to time-dependent
(transient) behavior. The specific form of such a func-
tion depends on the microscopic mechanisms of defor-
mation that are discussed in Chapters 8 and 9. In this
section I will summarize some of the general aspects of
the formulation of time-dependent deformation.
There have been some discussions as to how to
formulate time-dependent deformation. The question
is closely related to the issue of whether a mechanical
equation of state exists or not (HARrT, 1970; HoLLoMON,
1947; ZENER and HoLLoMON, 1946). When the stress
required for plastic deformation depends on the instan-
taneous values of the strain, strain rate, temperature
and pressure and not on their past histories, it is said
that a mechanical equation of state exists (similar to
the equation of state of material, by which the density
of a given material is defined only by the state variables
such as temperature and pressure without any depend-
ence on the path through which the temperature and

pressure are attained). If the mechanical equation of
state indeed exists, then one can predict the mechanical
properties of a material including transient behavior
without knowing its detailed history. HART (1970)
showed that if a mechanical equation of state exists,
then y must be a unique function of strain, y(¢), and
should not explicitly depend on time (see also
McCARTNEY (1976)). Constitutive relations consistent
with this requirement include

o= Aele" + oy (3.14)

(e.g., HArT, 1970; PoIRIER, 1980) or

U:B{l—exp (— (;))}é"—i-oo- (3.15)
0

(e.g., CHINH et al., 2004; Vock, 1948) (¢, r, s > 0) which
have been used in the literature to describe strain
(work) hardening behavior. Note that equation (3.14)
does not describe steady-state flow (at infinite strain,
strength would become infinite which is physically
meaningless), whereas (3.15) does.

However, there is no reason to believe that a
mechanical equation of state exists for a range of
materials or conditions, and in fact, in many cases,
mechanical properties of materials indeed depend on
their history and hence a mechanical equation of state
does not exist. For example, when deformation occurs
by grain-size sensitive creep and when grain size is
controlled by grain growth, then the strength of the
material depends on the entire history of that material
(the initial grain size and the temperature—pressure
history). Similarly, deformation superposed with
pre-existing deformation depends on the pre-existing
conditions such as the initial stress (this is the case for
post-glacial rebound, in which deformation occurs
due to stress caused by the variation of surface load
in addition to the pre-existing stress due to long-term
convection, see Chapter 18).

In these cases, the transient creep behavior can be
described explicitly in terms of time variation of strain
(at a constant stress). In many cases the experimental
data can be fitted to the logarithmic constitutive equa-
tion, namely,

e(t) = €ea + Blog(l + A1") + &, (0<n<1) (3.16)

where e, is elastic strain 4 and B are constants, and &; is
the steady-state strain-rate. This equation is reduced to
the following “parabolic” flow law for 47" < 1,

e(t) = €etg + ABE" + £52 - (3.17)
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Equation (3.16) (with n=1/3) was first used by
ANDRADE (1910) and is often referred to as the
Andrade creep law. From (3.16), one has

_ ABn"!

é(f)—m-i‘és' (3.18)

It is seen that in both models the strain rate decreases
with time, leading to the steady-state value, &y, at infin-
ite time, but they yield infinite strain rate for 1 — 0
(¢ — ABnt""' — 00). Therefore, these models cannot
be applied to short-term deformation. Some micro-
scopic models leading to (3.16) or (3.17) are discussed
in Chapter 9.

An alternative equation is an exponential formula,

t
(1) :sela—Q—C{l —exp (—7)] + &t (3.19)
T
where C is a constant (C = 7(¢9 — &;)) and 7 is a char-
acteristic time. This relation is a solution of the follow-
ing differential equation,
dé € — &

= (3.20)

The equation of type (3.20) is a rather general equation
that describes a relaxation process in which strain rate
decreases from the initial value & to the final value &;
with a relaxation time 7. When a relaxation time has a
certain distribution, and when the stress versus strain-
rate relation is linear, then one can use the principle of
superposition to obtain

e = can +é.g.z+c/0w[1 fexp<f£>] D) dr  (3:21)

where D(7)dr is the fraction of relaxation time
between Tand 7 + dr (f;° D(7)dr = 1). Assuming var-
ious distribution functions D(7), one obtains a range
of time dependence of strain including a parabolic
flow law (equation (3.17)) (see also section 3.5 and
Nowick and BErrY (1972)). Therefore the flow laws
such as (3.16) (or (3.17)) and (3.19) are not mutually
exclusive.

3.5. Linear time-dependent deformation

3.5.1. General theory

Let us consider a case where deformation involves
both elastic and non-elastic components. Such
behavior is generally referred to as anelasticity or

visco-elasticity.” When the amplitude of strain (or
stress magnitude) is small, one can apply the principle
of superposition and a systematic analysis of mechan-
ical behavior can be performed. Such low-strain
deformation involving both elastic and non-elastic
components plays an important role in seismic wave
propagation. This section provides a brief summary
of phenomenological theory. Specific mechanisms
of anelasticity are discussed in Chapter 11. Applica-
tions to seismic wave propagation are discussed in
Chapter 20. A general extensive discussion on anelas-
ticity is given by Nowick and BErRY (1972).

Let us first consider the mechanical response in the
time domain. When non-elastic deformation occurs,
strain in a material includes not only instantaneous
elastic strain but also delayed strain. Consider the
response of a material for a small increment of stress,
do, applied at time ¢t = 7. Because the strain at time ¢
depends on the time elapsed since the application of
stress, the strain of the material will be given by

de(1) = J(t — ') do(1') (3.22)

where J(¢) is referred to as the creep response function.
Obviously, the response must occur after the stress is
applied, hence J(#) = 0 for ¢ < 0. The total strain cor-
responding to the time-dependent stress o () is given by

do(1')
t/

e(r) = /: J(t=1)do(d) = /r J(t—171) dr'.

o0 —00

(3.23)

For a simple case of step-wise stress, i.e., 0 = 0y
for t>7¢ and o=0 for t</?, do(t)/dl = o9 6(t)

(where 6(¢) is the Dirac delta function,

J7o A(xo — x) 8(x) dx = A(xo)), one obtains

s =0, (3.24)
a0

So the creep response function can be obtained by
solving the force balance equation for a constant stress.

Since J(0) corresponds to instantaneous deforma-
tion (i.e., elastic), this is often referred to as the unre-
laxed compliance, Jy, and J(oco) is the relaxed
compliance, Jg, i.c.,

Ju =J(0) and Jr = J(00). (3.25)

3 Terms such as anelasticity and visco-elasticity are used to describe defor-
mation in which both elastic and viscous components play a role. In some
literature anelasticity is referred to as a specific type of deformation in
which the viscous component of strain will vanish after a long time.
However, here I use the term anelasticity in a broad sense including both
recoverable and non-recoverable deformation.
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It is also useful to define the stress relaxation func-
tion M(z) by

()

g
&

0

M(r) (3.26)
Similarly one can define the relaxed and unrelaxed
modulus as

JR U

It is instructive to rewrite equation (3.23) by sepa-

rating the creep response function into instantaneous
and retarded components,

do(t—¢) ,

0 =doot) [0 - T 39

Problem 3.2

Derive equation (3.28).

Solution

By separating creep response function into two
components, J(¢) = Juy + [J(¢) — Ju], and changing
the variable as £ = ¢ — 7', equation (3.23) becomes

() = - /0 W+ ) - JU)]% .

Therefore

0=t [ " doti— 6)- / " e - m)%g%
— o)~ [~ 9 -9 ag

Now let us consider the mechanical response in the
frequency domain. Consider a periodic stress,
o = gp exp(iot) (o: frequency).” Then (3.23) becomes

e(t) = iw o exp (iwt)
. / J(t = ) exp(—iw(t — ') dt’

oo

= o(1)J" (o) (3.29)

where we define the creep compliance function by

* The use of a complex variable is for mathematical convenience. o = o exp

(iwt) should be understood to mean o = Re[oy exp(iwt)] = oo cos wt.

t

J () = io / J(t — ) expl—ioo(t — )] df

J —0C
o3
= ico/ J(1) exp(—iwt) dt (3.30)
0
where we used the fact that J(¢) = 0 for <0 (causal-
ity). Thus the creep compliance function is the Fourier
transform of creep response function. Using (3.28), one
can show that

el

T (0) = Ju +io /0 (1) = Ju)exp(—ioor) di.

(3.31)

Equation (3.31) means that when the response of a
system has a delay (i.e., J(t) — Ju #0), then J*(w)
has an imaginary part and is frequency dependent
(i.e., the mechanical property £(t)/o(t), is frequency
dependent and strain has a delay).

The creep compliance function may be written as

J(w) = Ji(w) — ir(w) (3.32)
with
Ji(w)=Ju + w/ (J(t) — Ju)sinwe dt (3.33a)
0
and
Jr(w) = —cu/ (J(t) — Jy) cos wt dt. (3.33b)
0
Equation (3.29) can be rewritten as
e(t) = e exp(iot — i6) = J*(w)og exp(iowt) (3.34)

where 6 is the phase lag. From equation (3.34),
one has

Ji(w) = 0 osé (3.35a)
oo

Do) = sins (3.35b)
0o

and
Ja(w)

tan 6 = 3.35¢
iAo (3.350

Since the strain must arise after the application of stress
(i.e., causality), ¢ is positive and J>(w) and J; (o) must
be both positive.

Similarly, defining a complex modulus by

= M\ (0) + iMa (o) (3.36)

one has
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M (o) = ?COS(S (3.37a)
0
oo .
Mr(w) = - sin ) (3.37b)
0
and
M;(w)
tand = . 3.37c
M1 () (3.37¢)

The real and imaginary parts of creep response func-
tion J*(w) are not independent, but related to each
other. This can be shown by taking the inverse
Fourier transform of J*(w) and inserting that relation
back into J*(w) to find (Problem 3.3)

2 [ Jh(x)x
Ji(w) —Jy = ;/0 Xj(_)wz dx (3.38a)
and
20 [ Ji(x)—J

The relation (3.38) is called the Kramers—Kronig rela-
tion. If either J; (w) or J2(w) is known for all frequency
ranges, then another one (i.e., J2(w) or Ji(w)) can be
calculated from the Kramers—Kronig relation. Similar
relations can also be derived for M (w) and M,(w).

Problem 3.3#

Derive the Kramers—Kronig relation, (3.38).

Solution

The inverse Fourier transform of equation (3.33a)
yields

2 [>J —-Ju .
J(t) —Ju :f/ Msmwtdw.
T Jo w

Inserting this relation into equation (3.33b), one has
2 Rl B f —Ju .

Jr(w) = __w/ / Msmaﬁcoswtvda-dt
T Jo 0 0%

:_Z_w/ 7J1(2O[)_‘2]Uda
T Jo o&—w

where the relation [)*sinatcoswrdt = a/(a? — »?)
was used. Equation (3.38a) can be derived similarly.

The real and the imaginary parts of creep response
function correspond to the stored energy and the
energy loss during deformation. This can be shown as

follows. The energy loss during one cycle of loading is
given by
2u/w
|AE| = %Uds :/ oédt = nJr(w)oy (3.39)
0

and the maximum energy stored in the system is given
by
/20 1
E:/&déz/ 6édt:§J1(w)0§ (3.40)
0

where ¢ and ¢ are stress and strain for a purely elastic
material.

Problem 3.4

Prove relations (3.39) and (3.40).

Solution

For a periodic stress 0 = Re{oy exp(iwf)} = og cos wt.
And ¢ = Re{(J| — i)h)iwog(cos ot + isinwt)} = oow -
(=J1sinwt + J, cos wr). Consequently, |AE|=fode=
fozn/“’zre’dt = o—%wfozn/w (=Jisinwt-coswt +J5cos> wt) d =
nJ,03. For a periodic stress, the maximum energy is

stored at 1/4 of the cycle, so that E = fon/zw& Edt =
—akw g/zw Jisinot - coswt - di = 1J,03  where we
used relations & = ¢y cos wt and & = —oywJ| sin wt.

It is customary to use a Q-factor to measure the
degree of energy loss (see also Chapter 18), which is
defined by

L

=35 (3.41)

0

Then using equations (3.39) and (3.40), one obtains

D(w)  Mr(w)
Ji(w)  Mi(o)

0 ' (w) = : (3-42)

Now let us consider how attenuation affects the
velocity of elastic waves. A one-dimensional equation
of motion of an elastic wave in a dissipative material
can be written as (e.g., Akl and RicHARDs, 2002;
Kovrsky, 1956)

zu 2M
= M 0) T = My (o) + v ()] O

&u
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where u is the displacement. Since there is an imaginary
part in the elastic constant, the energy must be dissi-
pated and consequently the amplitude of the wave will
decrease with distance. Therefore we assume the fol-
lowing form of displacement

u(x,t) = ug exp{—%(}c - V(w)t)}exp{—a(w)x}
(3.44)

with 21/ = w/V(w) where V(w) is the (phase) veloc-
ity of the wave and a(w) is the attenuation coefficient.
Equation (3.44) can be written as

u(x,t) = ug exp(iot)exp{—iK(w)x} (3.45)
with
K(®) = —— — ia(o) - (3.46)

)

Inserting equations (3.45) and (3.46) into equa-
tion (3.43), one finds

- w\/M*p(a)

_w p .
)y \/Ml(w) +iM,(w)

(3.47)
From equations (3.46) and (3.47), one obtains
Vo) = 2[M2( ) + M3 \/Ml
p[M1(@) + /M3 () + M3(©)] >+M2
_ J1 (U)) o 1
p(Ji(@) + J5(@)  \/pJi(w)
(3.48)
and
a(w) = P wM>(w)
2A(Mi(w) + M3()) M (@) + 1/ M3 (o) + M3 (o)
o @ M) o b))
2V(w) Mi(w)  2V(w) J, (a))

(3.49)

When there is energy dissipation, the elastic constants
and hence elastic wave velocities become frequency
dependent. This is called the physical dispersion (e.g.,
KaNaMoRI and ANDERSON, 1977).

3.5.2. Some simple models

To obtain an intuitive, physical understanding of ane-
lasticity, let us consider some simple models. Models
contain both elastic and viscous elements that are

—— A
Wi

Elastic material

T
I

Maxwell model

N
Voigt model — Ui
My
M,
Zener model — Ui
My
M, 2
Burgers model— h

FIGURE 3.3 Various models of elastic and non-elastic deformation.

combined in different ways. The manner in which
they are combined is critical to the mechanical behav-
ior of the model and the micro-physical basis for each
model is discussed in Chapter 11.

Five models are shown in Fig. 3.3 and for each,
one can obtain a force balance equation by noting
that the constitutive equation for an elastic element is
o = Me and that for a viscous element is o = 7é, where
M and 7 are elastic constant and viscosity respectively.
The results are summarized in Table 3.1 (see also
Problem 3.4).

The creep response function can be obtained from
the strain corresponding to a step-wise stress for each
model. Similarly, the constitutive equation can be
solved for periodic stress to obtain the creep compli-
ance function. The results are summarized in Table 3.2
and the strain responses are illustrated in Fig. 3.4.
Elastic wave velocity and the attenuation correspond-
ing to each model can be calculated from the creep
compliance function and the results are summarized
in Table 3.3 and shown in Fig. 3.5.

For example, for the Maxwell model, the initial
strain is elastic strain and the strain increases linearly
with time due to viscous deformation, namely,

g:aJ(z):A%(Hi)

where 7y = n/M is the Maxwell time. The viscous strain
becomes comparable to the elastic strain at the Maxwell
time. This is a good model for a material in which elastic
and viscous deformation occur independently.

(3.50)
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TABLE 3.1 Simple models of rheological properties and the corresponding constitutive relations.

Model

Force balance equation

Elastic material

Maxwell model

Voigt model
Zener model
1
Burgers model — o+
Ty

é:}]0+137(}:%(0+TMd) (TM=A7)

0= Me +né = M(e + TyE)

oc=Me

Ui

. . 7] 7 MM
o+ 76 = Mi(e +78) (1 =37z 7o = 2 Mi = 4205

T, ,
1+T—0) ¢+ 7.6 = MR(¢ + 7,6) T,,:A'/[’—ZR

TABLE 3.2 Various models and corresponding creep response and creep compliance functions.

Model Creep response function J(r) Creep J*(w) compliance function
Maxwell model LM<1 n i) LM(I N iwlTM)

) -

Zener model MLR:—z—f—MLR%T—;TE[I —exp(—T—[”)] MLR%;Z:,

TABLE 3.3 Various rheological models and corresponding seismic wave velocities and attenuation.

Model V(w) 0 (w)
Maxwell model \/ﬂ 207y !
PA[ ot/ 140?73, Ty
. 2(1+0?73))
Voigt model \/ﬂ M T
£ P\ 144/ 1+(u:7-f/, M
A o A 1 T
(L8 o ) o /gy _2
Zener model ) (1 + 2 Trom ) 1 2T r0r) e
Ty — T:
A="—Z7= /77)
Maxwell Voigt Zener FIGURE 3.4 The strain response
c c c . N
IS < ‘T for a step-wise applied stress for
n %) ] various models.
Ee
t/my Ity tirg

In some cases, viscous and elastic deformation are
coupled. This type of mechanical response is repre-
sented by a Voigt model. For the Voigt model, the
extension of a viscous element causes the increase in
stress in an elastic element (“back-stress”) that is con-
nected in parallel to a viscous element and therefore

prevents further extension of the viscous element
(examples include the viscous grain boundary sliding
with elastic grains, the viscous motion of fluid in an
inclusion in an elastic matrix and the viscous motion of
dislocations in an elastic grain, see Chapter 11).
Accordingly for the Voigt model strain will reach a



44

Deformation of Earth Materials

FIGURE 3.5 The frequency

dependence of elastic wave
velocity and attenuation.

Maxwell Voigt Zener
3
>
7
o
D
o
log wt log wt log wt

finite value at infinite time as can be seen from the
following equation,

e = 0J(1) :%[1 7exp<fi):| .

The characteristic time to reach the finite ultimate
strain is the same as the Maxwell time defined above
(T = n/M). There is no instantaneous deformation
for the Voigt model because deformation of a viscous
element takes some time to develop. The Voigt model is

(3.51)

appropriate in cases where viscous deformation creates
internal, back-stress that ultimately terminates viscous
strain. However, there is no instantaneous response in
the Voigt model, that leads to an infinite instantaneous
elastic constant. This is physically unrealistic.

To rectify this one can add an elastic element in
series to the Voigt model. This is the Zener model
(also called a standard linear solid). The Zener model
has an instantancous deformation followed by the
delayed deformation and is characterized by two elas-
tic moduli (relaxed and unrelaxed moduli (Mg =

S _ ..
/M, 1/M, and My = M,)). The characteristic

time for this delayed deformation is 7, =n/M,.
Deformation will stop at a finite strain at infinite time.

In order to have infinite viscous deformation at long
term, one can add another viscous element in parallel
to the Zener model. Such a model is referred to as the
Burgers model. The Burgers model is a serial combina-
tion of the Zener and the Maxwell models and is char-
acterized by two viscosities (short- and long-term
viscosities).

When one discusses short-term rheology, the Zener
model is the most important model (that is why it is
called a standard linear solid). 1t has a finite elastic
constant at infinite frequency (corresponding to unre-
laxed modulus) and another smaller elastic modulus at

zero frequency (corresponding to relaxed modulus).
When anelasticity is due to the constrained motion
of viscous elements in an elastic material, its behavior
is described by the Zener model. However, at a long
time-scale, viscous motion becomes important
because the “back-stress” that causes Zener type
behavior becomes ineffective (see Chapter 11 for a
microscopic interpretation of this point). So the
Burgers model is the most general model that describes
the non-elastic behavior of materials. Such behavior
has been demonstrated in some materials such as
AlLO3 (LakKI et al., 1998).

The frequency dependence of each model can be
calculated from the creep compliance function J*(w)
(Table 3.2) and resultant frequency dependence of
elastic wave velocity and attenuation can also be calcu-
lated (Table 3.3, Fig. 3.5). Note that all of these simple
models show a rather strong frequency dependence for
attenuation except in a narrow frequency range close to
the peak frequency for the Zener model.

Problem 3.5

Derive the equations of force balance, the creep
response function and the creep compliance function
for the Zener model and calculate the frequency
dependence of elastic wave velocity and attenuation.

Solution

A Zener model is a series combination of a Voigt
model and a spring. Therefore the total strain is given
by e = €| + &; (also € = &1 + &) where ¢; is strain in
the Voigt unit and &; strain in the spring. Now, for a
spring, M»e; = 0. In the Voigt unit, the strain in
a spring and a dash-pot is the same and M e, = o)
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Maxwell Voigt

log Q1

Zener FIGURE 3.6 Effects of

distributed relaxation times.

log wt log wt

and né; =0