


Deformation of Earth Materials

Much of the recent progress in the solid Earth sciences is based

on the interpretation of a range of geophysical and geological

observations in terms of the properties and deformation of

Earth materials. One of the greatest challenges facing geo-

scientists in achieving this lies in finding a link between phys-

ical processes operating in minerals at the smallest length

scales to geodynamic phenomena and geophysical observa-

tions across thousands of kilometers.

This graduate textbook presents a comprehensive and

unified treatment of the materials science of deformation as

applied to solid Earth geophysics and geology. Materials

science and geophysics are integrated to help explain

important recent developments, including the discovery of

detailed structure in the Earth’s interior by high-resolution

seismic imaging, and the discovery of the unexpectedly

large effects of high pressure on material properties, such

as the high solubility of water in some minerals. Starting

from fundamentals such as continuum mechanics and

thermodynamics, the materials science of deformation of Earth

materials is presented in a systematic way that covers elastic,

anelastic, and viscous deformation. Although emphasis is

placed on the fundamental underlying theory, advanced

discussions on current debates are also included to bring read-

ers to the cutting edge of science in this interdisciplinary area.

Deformation of Earth Materials is a textbook for graduate

courses on the rheology and dynamics of the solid Earth, and

will also provide a much-needed reference for geoscientists in

many fields, including geology, geophysics, geochemistry,

materials science,mineralogy, and ceramics. It includes review

questions with solutions, which allow readers to monitor their

understanding of the material presented.
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Preface

Understanding the microscopic physics of deformation

is critical in many branches of solid Earth science.

Long-term geological processes such as plate tectonics

and mantle convection involve plastic deformation of

Earth materials, and hence understanding the plastic

properties of Earth materials is key to the study of

these geological processes. Interpretation of seismolog-

ical observations such as tomographic images or seis-

mic anisotropy requires knowledge of elastic, anelastic

properties of Earth materials and the processes of plas-

tic deformation that cause anisotropic structures.

Therefore there is an obvious need for understanding

a range of deformation-related properties of Earth

materials in solid Earth science. However, learning

about deformation-related properties is challenging

because deformation in various geological processes

involves a variety of microscopic processes. Owing to

the presence of multiple deformation mechanisms,

the results obtained under some conditions may not

necessarily be applicable to a geological problem that

involves deformation under different conditions. There-

fore in order to conduct experimental or theoretical

research on deformation, one needs to have a broad

knowledge of various mechanisms to define conditions

under which a study is to be conducted. Similarly,

when one attempts to use results of experimental or

theoretical studies to understand a geological problem,

one needs to evaluate the validity of applying partic-

ular results to a given geological problem. However,

there was no single book available in which a broad

range of the physics of deformation of materials was

treated in a systematic manner that would be useful for

a student (or a scientist) in solid Earth science. The

motivation of writing this book was to fulfill this need.

In this book, I have attempted to provide a unified,

interdisciplinary treatment of the science of deforma-

tion of Earth with an emphasis on the materials

science (microscopic) approach. Fundamentals of the

materials science of deformation of minerals and

rocks over various time-scales are described in addition

to the applications of these results to important geo-

logical and geophysical problems. Properties of materi-

als discussed include elastic, anelastic (viscoelastic),

and plastic properties. The emphasis is on an interdis-

ciplinary approach, and, consequently, I have included

discussions on some advanced, controversial issues

where they are highly relevant to Earth science prob-

lems. They include the role of hydrogen, effects of

pressure, deformation of two-phase materials, local-

ization of deformation and the link between viscoelas-

tic deformation and plastic flow. This book is intended

to serve as a textbook for a course at a graduate level in

an Earth science program, but it may also be useful for

students in materials science as well as researchers

in both areas. No previous knowledge of geology/

geophysics or of materials science is assumed. The

basics of continuum mechanics and thermodynamics

are presented as far as they are relevant to the main

topics of this book.

Significant progress has occurred in the study of

deformation of Earth materials during the last �30
years, mainly through experimental studies. Experi-

mental studies on synthetic samples under well-defined

chemical conditions and the theoretical interpretation

of these results have played an important role in under-

standing the microscopic mechanisms of deformation.

Important progress has also been made to expand

the pressure range over which plastic deformation can

be investigated, and the first low-strain anelasticity

measurements have been conducted. In addition,

some large-strain deformation experiments have been

performed that have provided important new insights

into the microstructural evolution during deformation.

However, experimental data are always obtained under

limited conditions and their applications to the Earth

involve large extrapolation. It is critical to understand ix



the scaling laws based on the physics and chemistry of

deformation of materials in order to properly apply

experimental data to Earth. A number of examples of

such scaling laws are discussed in this book.

This book consists of three parts: Part I

(Chapters 1–3) provides a general background includ-

ing basic continuum mechanics, thermodynamics and

phenomenological theory of deformation. Most of this

part, particularly Chapters 1 and 2 contain material

that can be found in many other textbooks. Therefore

those who are familiar with basic continuum mechan-

ics and thermodynamics can skip this part. Part II

(Chapters 4–16) presents a detailed account of materi-

als science of time-dependent deformation, including

elastic, anelastic and plastic deformation with an

emphasis on anelastic and plastic deformation. They

include, not only the basics of properties of materials

characterizing deformation (i.e., elasticity and viscos-

ity (creep strength)), but also the physical princi-

ples controlling the microstructural developments

(grain size and lattice-preferred orientation). Part III

(Chapters 17–21) provides some applications of the

materials science of deformation to important geolog-

ical and geophysical problems, including the rheolog-

ical structure of solid Earth and the interpretation of

the pattern of material circulation in the mantle and

core from geophysical observations. Specific topics

covered include the lithosphere–asthenosphere struc-

ture, rheological stratification of Earth’s deep mantle

and a geodynamic interpretation of anomalies in seis-

mic wave propagation. Some of the representative

experimental data are summarized in tables.

However, the emphasis of this book is on presenting

basic theoretical concepts and consequently references

to the data are not exhaustive. Many problems (with

solutions) are provided to make sure a reader under-

stands the content of this book. Some of them are

advanced and these are shown by an asterisk.

The content of this book is largely based on lectures

that I have given at the University of Minnesota and

Yale University as well as at other institutions. I thank

students and my colleagues at these institutions who

have given me opportunities to improve my under-

standing of the subjects discussed in this book through

inspiring questions. Some parts of this book have

been read/reviewed by A. S. Argon, D. Bercovici,

H.W. Green, S. Hier-Majumder, G. Hirth, I. Jackson,

D. L. Kohlstedt, J. Korenaga, R.C. Liebermann,

J.-P. Montagner, M. Nakada, C. J. Spiers, J. A. Tullis

and J.A. Van Orman. However, they do not always

agree with the ideas presented in this book and any

mistakes are obviously my own. W. Landuyt, Z. Jiang

and P. Skemer helped to prepare the figures. I should

also thank the editors at Cambridge University Press

for their patience. Last but not least, I thankmy family,

particularly my wife, Yoko, for her understanding, for-

bearance and support during the long gestation of this

monograph. Thank you all.
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Part I

General background





1 Stress and strain

The concept of stress and strain is key to the understanding of deformation.When a force is applied to

a continuum medium, stress is developed inside it. Stress is the force per unit area acting on a given

plane along a certain direction. For a given applied force, the stress developed in a material depends

on the orientation of the plane considered. Stress can be decomposed into hydrostatic stress (pressure)

and deviatoric stress. Plastic deformation (in non-porous materials) occurs due to deviatoric stress.

Deformation is characterized by the deformation gradient tensor, which can be decomposed into

rigid body rotation and strain. Deformation such as simple shear involves both strain and rigid body

rotation and hence is referred to as rotational deformationwhereas pure shear or tri-axial compression

involves only strain andhas no rigid body rotation and hence is referred to as irrotational deformation.

In rotational deformation, the principal axes of strain rotate with respect to those of stress whereas

they remain parallel in irrotational deformation. Strain can be decomposed into dilatational

(volumetric) strain and shear strain. Plastic deformation (in a non-porousmaterial) causes shear strain

and not dilatational strain. Both stress and strain are second-rank tensors, and can be characterized by

the orientation of the principal axes and themagnitude of the principal stress and strain and both have

three invariants that do not depend on the coordinate system chosen.

Key words stress, strain, deformation gradient, vorticity, principal strain, principal stress, invariants

of stress, invariants of strain, normal stress, shear stress, Mohr’s circle, the Flinn diagram, foliation,

lineation, coaxial deformation, non-coaxial deformation.

1.1. Stress

1.1.1. Definition of stress

This chapter provides a brief summary of the basic

concept of stress and strain that is relevant to under-

standing plastic deformation. For a more comprehen-

sive treatment of stress and strain, the reader may

consultMALVERN (1969),MASE (1970),MEANS (1976).

In any deformed or deforming continuum material

there must be a force inside it. Consider a small block

of a deformed material. Forces acting on the material

can be classified into two categories, i.e., a short-range

force due to atomic interactions and the long-range

force due to an external field such as the gravity

field. Therefore the forces that act on this small

block include (1) short-range forces due to the dis-

placement of atoms within this block, (2) long-range

forces such as gravity that act equally on each atom

and (3) the forces that act on this block through the

surface from the neighboring materials. The (small)

displacements of each atom inside this region cause

forces to act on surrounding atoms, but by assump-

tion these forces are short range. Therefore one

can consider them as forces between a pair of atoms

A and B. However, because of Newton’s law of action

and counter-action, the forces acting between two

atoms are anti-symmetric: fAB¼�fBA where fAB (BA) 3



are the force exerted by atom A (B) to B (A).

Consequently these forces caused by atomic displace-

ment within a body must cancel. The long-range force

is called a body force, but if one takes this region as

small, then the magnitude of this body force will

become negligible compared to the surface force (i.e.,

the third class of force above). Therefore the net force

acting on the small region must be the forces across

the surface of that region from the neighboring mate-

rials. To characterize this force, let us consider a small

piece of block that contains a plane with the area of dS

and whose normal is n (n is the unit vector). Let T be

the force (per unit area) acting on the surface dS from

outside this block (positive when the force is compres-

sive) and consider the force balance (Fig. 1.1). The

force balance should be attained among the force T

as well as the forces T1,2,3 that act on the surface

dS1,2,3 respectively (dS1,2,3 are the projected area of

dS on the plane normal to the x1,2,3 axis). Then the

force balance relation for the block yields,

T dS ¼
X3
j¼1

T j dSj: (1:1)

Now using the relation dSj ¼ nj dS, one obtains,

Ti ¼
X3
j¼1

T j
i nj ¼

X3
j¼1

�ijnj (1:2)

where Ti is the ith component of the force T and �ij is

the ith component of the traction Tj, namely the ith

component of force acting on a plane whose normal is

the jth direction ðnij ¼ T j
i Þ. This is the definition of

stress. From the balance of torque, one can also show,

�ij ¼ �ji: (1:3)

The values of stress thus defined depend on the

coordinate system chosen. Let us denote quantities in

a new coordinate system by a tilda, then the new coor-

dinate and the old coordinate system are related to

each other by,

~xi ¼
X3
j¼1

aijxj (1:4)

where aij is the transformation matrix that satisfies the

orthonormality relation,

X3
j¼1

aijajm ¼ �im (1:5)

where �im is the Kronecker delta (�im¼ 1 for i¼m,

�im¼ 0 otherwise). Now in this new coordinate system,

we may write a relation similar to equation (1.2) as,

~Ti ¼
X3
j¼1

~�ij~nj: (1:6)

Noting that the traction (T) transforms as a vector in

the same way as the coordinate system, equation (1.4),

we have,

~Ti ¼
X3
j¼1

aijTj: (1:7)

Inserting equation (1.2), the relation (1.7) becomes,

~Ti ¼
X3
j;k¼1

�jkaijnk: (1:8)

Now using the orthonormality relation (1.5), one has,

ni ¼
X3
j¼1

aji~ni: (1:9)

Inserting this relation into equation (1.8) and compar-

ing the result with equation (1.6), one obtains,1

~�ij ¼
X3
k;l¼1

�klaikajl: (1:10)

The quantity that follows this transformation law is

referred to as a second rank tensor.

1.1.2. Principal stress, stress invariants

In anymaterial, there must be a certain orientation of a

plane on which the direction of traction (T) is normal

to it. For that direction of n, one can write,

Ti ¼ �ni (1:11)

x3

x1

x2

T

T2

T3

T1

FIGURE 1.1 Forces acting on a small pyramid.

1 In the matrix notation, ~� ¼ A � � � AT where A¼ aij
� �

and AT ¼ aji
� �

.
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where � is a scalar quantity to be determined. From

equations (1.11) and (1.2),

X3
j¼1
ð�ij � ��ijÞnj ¼ 0: (1:12)

For this equation to have a non-trivial solution other

than n¼ 0, one must have,

�ij � ��ij
�� �� ¼ 0 (1:13)

where Xij

�� �� is the determinant of a matrix Xij. Writing

equation (1.13) explicitly, one obtains,

�11 � � �12 �13
�21 �22 � � �23
�31 �32 �33 � �

������
������ ¼ ��3 þ I��

2 þ II��þ III� ¼ 0

(1:14)

with

I� ¼ �11 þ �22 þ �33 (1:15a)

II� ¼ ��11�22 � �11�33 � �33�22 þ �212 þ �213 þ �223
(1:15b)

III� ¼�11�22�33 þ 2�12�23�31 � �11�223
� �22�213 � �33�212:

(1:15c)

Therefore, there are three solutions to equation (1.14),

�1; �2; �3ð�14�24�3Þ.These are referred to as the

principal stresses. The corresponding n is the orienta-

tion of principal stress. If the stress tensor is written

using the coordinate whose orientation coincides with

the orientation of principal stress, then,

½�ij� ¼
�1 0 0
0 �2 0
0 0 �3

2
4

3
5: (1:16)

It is also seen that because equation (1.14) is a scalar

equation, the values of I�, II� and III� are independ-

ent of the coordinate. These quantities are called the

invariants of stress tensor. These quantities play

important roles in the formal theory of plasticity (see

Section 3.3). Equations (1.15a–c) can also be written

in terms of the principal stress as,

I� ¼ �1 þ �2 þ �3 (1:17a)

II� ¼ ��1�2 � �2�3 � �3�1 (1:17b)

and

III� ¼ �1�2�3: (1:17c)

1.1.3. Normal stress, shear stress,
Mohr’s circle

Now let us consider the normal and shear stress on a

given plane subjected to an external force (Fig. 1.2).

Let x1 be the axis parallel to the maximum compres-

sional stress �1 and x2 and x3 be the axes perpendicular

to x1. Consider a plane whose normal is at the angle �

from x3 (positive counterclockwise). Now, we define a

new coordinate system whose x01 axis is normal to the

plane, but the x02 axis is the same as the x2 axis. Then

the transformation matrix is,

½aij� ¼
cos � 0 �sin �
0 1 0

sin � 0 cos �

2
4

3
5 (1:18)

and hence,

½~�ij� ¼

�1 þ �3
2

þ �1 � �3
2

cos 2� 0
�1 � �3

2
sin 2�

0 �2 0

�1 � �3
2

sin 2� 0
�1 þ �3

2
� �1 � �3

2
cos 2�

2
666664

3
777775:

(1:19)

Problem 1.1

Derive equation (1.19).

Solution

The stress tensor (1.16) can be rotated through the

operation of the transformation matrix (1.18) using

equation (1.10),

θ x1

x2

x3

σ1

σ1

σ2

σ2

σ3 σ3

σn

τ

FIGURE 1.2 Geometry of normal and shear stress on a plane.

Stress and strain 5



½~�ij� ¼

cos � 0 �sin �

0 1 0

sin � 0 cos �

2
6664

3
7775

�1 0 0

0 �2 0

0 0 �3

2
6664

3
7775

cos � 0 sin �

0 1 0

�sin � 0 cos �

2
6664

3
7775

¼

�1 þ �3
2

þ �1 � �3
2

cos 2� 0
�1 � �3

2
sin 2�

0 �2 0

�1 � �3
2

sin 2� 0
�1 þ �3

2
� �1 � �3

2
cos 2�

2
666664

3
777775:

Therefore the shear stress � and normal stress �n on this

plane are

~�13 � � ¼
�1 � �3

2
sin 2� (1:20)

and

~�33 � �n ¼
�1 þ �3

2
� �1 � �3

2
cos 2� (1:21)

respectively. It follows that the maximum shear stress

is on the two conjugate planes that are inclined by

�p=4 with respect to the x1 axis and its absolute mag-

nitude is ð�1 � �3Þ=2. Similarly, the maximum com-

pressional stress is on a plane that is normal to the x1
axis and its value is �1. It is customary to use �1��3 as
(differential (or deviatoric)) stress in rock deformation

literature, but the shear stress, � � ð�1 � �3Þ=2, is also
often used. Eliminating � from equations (1.20) and

(1.21), one has,

�2 þ �n �
�1 þ �3

2

� �2
¼ 1

4
ð�1 � �3Þ2: (1:22)

Thus, the normal and shear stress on planes with var-

ious orientations can be visualized on a two-dimensional

plane (�–�n space) as a circle whose center is located

at ð0; ð�1 þ �3Þ=2Þ and the radius ð�1 � �3Þ=2
(Fig. 1.3). This is called a Mohr’s circle and plays an

important role in studying the brittle fracture that is

controlled by the stress state (shear–normal stress ratio;

see Section 7.3).

When �1 ¼ �2 ¼ �3 ¼ Pð Þ, then the stress is isotro-

pic (hydrostatic). The hydrostatic component of stress

does not cause plastic flow (this is not true for porous

materials, but we do not discuss porous materials

here), so it is useful to define deviatoric stress

�0ij � �ij � �ijP: (1:23)

When we discuss plastic deformation in this book, we

use �ij (without prime) to mean deviatoric stress for

simplicity.

Problem 1.2

Show that the second invariant of deviatoric stress

can be written as II�0 ¼
1

6

h
ð�1 � �2Þ2 þ ð�2 � �3Þ2þ

ð�3 � �1Þ2
i
:

Solution

If one uses a coordinate system parallel to the

principal axes of stress, from equation (1.15), one

has II�0 ¼ ��01�02 � �01�03 � �03�02. Using I�0 ¼ �01 þ �02þ
�03 ¼ 0; one finds I2� ¼ �021 þ �022 þ �023 þ 2ð�01�02þ
�02�

0
3 þ �03�01Þ ¼ 0. Therefore II�0 ¼ 1

2 ð�021 þ �022 þ�023 Þ:
Now, inserting �01 ¼ �1 � 1

3 ð�1 þ �2 þ �3Þ etc., one

obtains II�0 ¼ 1
6 ð�1 � �2Þ

2 þ ð�2 � �3Þ2
h

þð�3 � �1Þ2
i
:

Problem 1.3

Show that when the stress has axial symmetry with

respect to the x1 axis (i.e., �2 ¼ �3), then �n ¼ Pþ
ð�1 � �3Þðcos2 �� 1

3Þ.

Solution

From (1.21), one obtains, �n ¼ ð�1 þ �3Þ=2þ
ðð�1 � �3Þ=2Þ cos 2�. Now cos 2� ¼ 2 cos2 �� 1 and

P ¼ 1
3 ð�1 þ �2 þ �3Þ ¼ 1

3 ð�1 þ 2�3Þ ¼ �1 � 2
3 ð�1 � �3Þ.

Therefore �n ¼ Pþ ð�1 � �3Þðcos2 �� 1
3Þ.

Equations similar to (1.15)–(1.17) apply to the

deviatoric stress.

τ

σn

C = ( 0 , (σ1 + σ3) / 2 )
R = (σ1 − σ3) / 2

R

CA B

B = ( 0 , σ3) 
A = ( 0 , σ1)

FIGURE 1.3 A Mohr circle corresponding to two-dimensional stress

showing the variation of normal, �n , and shear stress, � , on a plane.
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1.2. Deformation, strain

1.2.1. Definition of strain

Deformation refers to a change in the shape of a mate-

rial. Since homogeneous displacement of material points

does not cause deformation, deformation must be

related to spatial variation or gradient of displacement.

Therefore, deformation is characterized by a displace-

ment gradient tensor,

dij �
@ui
@xj

: (1:24)

where ui is the displacement and xj is the spatial coor-

dinate (after deformation). However, this displacement

gradient includes the rigid-body rotation that has noth-

ing to do with deformation. In order to focus on defor-

mation, let us consider two adjacent material points

P0(X) and Q0(Xþ dX), which will be moved to P(x)

and Q(xþ dx) after deformation (Fig. 1.4). A small

vector connecting P0 and Q0, dX, changes to dx after

deformation. Let us consider how the length of these

two segments changes. The difference in the squares of

the length of these small elements is given by,

ðdxÞ2 � ðdXÞ2 ¼
X3
i¼1
ðdxiÞ2 �

X3
i¼1
ðdXiÞ2

¼
X3
i;j;k¼1

�ij �
@Xk

@xi

@Xk

@xj

� �
dxi dxj: (1:25)

Therefore deformation is characterized by a quantity,

"ij �
1

2
�ij �

X3
k¼1

@Xk

@xi

@Xk

@xj

 !
(1:26)

which is the definition of strain, "ij. With this defini-

tion, the equation (1.25) can be written as,

ðdxÞ2 � ðdXÞ2 � 2
X
i;j

"ij dxi dxj: (1:27)

From the definition of strain, it immediately follows

that the strain is a symmetric tensor, namely,

"ij ¼ "ji: (1:28)

Now, from Fig. 1.4, one obtains,

dui ¼ dxi � dXi (1:29)

hence

@ ui
@xj
¼ �ij �

@Xi

@xj
: (1:30)

Inserting equation (1.30) into (1.26) one finds,

"ij ¼
1

2

@ui
@xj
þ @uj
@xi
�
X3
k¼1

@uk
@xi

@uk
@xj

 !
: (1:31)

This definition of strain uses the deformed state as a

reference frame and is called the Eulerian strain. One

can also define strain using the initial, undeformed

reference state. This is referred to as the Lagrangian

strain. For small strain, there is no difference between

the Eulerian and Lagrangian strain and both are

reduced to2

"ij ¼
1

2

@ui
@xj
þ @uj
@xi

� �
: (1:32)

1.2.2. Meaning of strain tensor

The interpretation of strain is easier in this linearized

form. The displacement gradient can be decomposed

into two components,

@ui
@xj
¼ 1

2

@ui
@xj
þ @uj
@xi

� �
þ 1

2

@ui
@xj
� @uj
@xi

� �
: (1:33)

The first component is a symmetric part,

"ij ¼
1

2

@ui
@xj
þ @uj
@xi

� �
¼ "ji (1:34)

which represents the strain (as will be shown later in

this chapter).

Po(X)
Qo(X + dX)

u+ du
P(x)

Q(x + dx)dx

dX
u~

~ ~

FIGURE 1.4 Deformation causes the change in relative positions

of material points.

2 Note that in some literature, another definition of shear strain is used in

which "ij ¼ @ui=@xj þ @uj=@xi for i 6¼ j and "ii ¼ @ui=@xi ; e.g., Hobbs

et al. (1976). In such a case, the symbol �ij is often used for the non-

diagonal (i 6¼ j) strain component instead of "ij.

Stress and strain 7



Let us first consider the physical meaning of the

second part, 1
2ð
@ ui
@ xj
� @ uj

@ xi
Þ. The second part is an anti-

symmetric tensor, namely,

oij ¼
1

2

@ ui
@xj
� @uj
@xi

� �
¼ �oji ðoii ¼ 0Þ: (1:35)

The displacement of a small vector duj due to the

operation of this matrix is given by,

d~uoi ¼
X3
j¼1

oij duj: (1:36)

Since oii ¼ 0, the displacement occurs only to the direc-

tions that are normal to the initial orientation. Therefore

the operation of this matrix causes the rotation of mate-

rial points with the axis that is normal to both ith and jth

directions with the magnitude (positive clockwise),

tan �ij ¼ �
d~uoi
dui
¼ �oji ¼ oij: (1:37)

(Again this rotation tensor is defined using the defor-

med state. So it is referred to as the Eulerian rotation

tensor.) To represent this, a rotation vector is often

used that is defined as,

wð¼ ðo1;o2;o3ÞÞ � ðo23;o31;o12Þ: (1:38)

Thus oi represents a rotation with respect to the ith

axis. The anti-symmetric tensor,oij, is often referred to

as a vorticity tensor.

Now we turn to the symmetric part of displacement

gradient tensor, "ij. The displacement due to the oper-

ation of "ij is,

d~u"i ¼
X3
j¼1

"ij duj: (1:39)

From equation (1.39), it follows that the length of a

component of vector u0i changes to,

~ui ¼ ð1þ "iiÞu0i : (1:40)

Therefore the diagonal component of strain tensor

represents the change in length, so that this component

of strain, "ii, is called normal strain. Consequently,

V

V0
¼ ð1þ "11Þð1þ "22Þð1þ "33Þ � 1þ "11 þ "22 þ "33

(1:41)

whereV0 is initial volume andV is the final volume and

the strain is assumed to be small (this assumption can

be relaxed and the same argument can be applied to a

finite strain, see e.g., MASE (1970)). Thus,

X3
k¼1

"kk ¼
4V

V
: (1:42)

Obviously, normal strain can be present in defor-

mation without a volume change. For example,

"ij ¼
" 0 0
0 � 1

2 " 0
0 0 � 1

2 "

0
@

1
A represents an elongation

along the 1-axis and contraction along the 2 and

3 axes without volume change.

Now let us consider the off-diagonal components

of strain tensor. From equation (1.39), it is clear that

when all the diagonal components are zero, then all the

displacement vectors must be normal to the direction

of the initial vector. Therefore, there is no change in

length due to the off-diagonal component of strain.

Note, also, that since strain is a symmetric tensor,

"ij ¼ "ji, the directions of rotation of two orthogonal

axes are toward the opposite direction with the same

magnitude (Fig. 1.5). Consequently, the angle of two

orthogonal axes change from p=2 to (see Problem 1.4),

p
2
� tan�1 2"ij: (1:43)

Therefore, the off-diagonal components of strain ten-

sor (i.e., "ij with i 6¼ j) represent the shape change with-

out volume change, namely shear strain.

Problem 1.4*

Derive equation (1.43). (Assume a small strain for

simplicity. The result also works for a finite strain, see

MASE (1970).)

Solution

Let the small angle of rotation of the i axis to the j axis

due to the operation of strain tensor be ��ij (positive

clockwise), then (Fig. 1.5),

tan ��ij ¼ �
d~uj
dui
� ��ij ¼ �ð"ji þ ojiÞ ¼ �"ij þ oij:

Similarly, if the rotation of the j axis relative to the i

axis is ��ji, one obtains,

tan ��ji ¼ �
d~ui
duj
� ��ji ¼ �ð"ij þ oijÞ ¼ �"ij � oij:

(Note that the rigid-body rotations of the two axes are

opposite with the same magnitude.) Therefore, the net

change in the angle between i and j axes is given by

4�ij ¼ ��ij þ ��ji ¼ �2"ij � tan4�ij:

Hence4�ij ¼ � tan�1 2"ij.
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1.2.3. Principal strain, strain ellipsoid

Wehave seen two different cases for strain, one in which

the displacement caused by the strain tensor is normal to

the original direction of the material line and another

where the displacement is normal to the original mate-

rial line. In this section, wewill learn that in anymaterial

and in any geometry of strain, there are three directions

along which the displacement is normal to the direction

of original line segment. These are referred to as the

orientation of principal strain, and the magnitude of

strain along these orientations are called principal strain.

One can define the principal strains ð"1; "2; "3;
"14"24"3Þ in the following way. Recall that the nor-

mal displacement along the direction i, � ~ui, along the

vector u is given by,

�~ui ¼
X3
j¼1

"ijuj: (1:44)

Now, let u be the direction in space along which the

displacement is parallel to the direction u. Then,

�~ui ¼ "ui (1:45)

where " is a scalar quantity to be determined. From

equations (1.44) and (1.45),

X3
j¼1
ð"ij � "�ijÞuj ¼ 0: (1:46)

For this equation to have a non-trivial solution other

than u¼ 0, one must have,

j"ij � "�ijj ¼ 0 (1:47)

where Xij

�� �� is the determinant of a matrix Xij. Writing

equation (1.47) explicitly, one gets,

"11 � " "12 "13
"21 "22 � " "32
"31 "32 "33 � "

������
������ ¼ �"3 þ I""

2 þ II""þ III"

¼ 0

(1:48)

with

I" ¼ "11 þ "22 þ "33 (1:49a)

II" ¼ �"11"22 � "11"33 � "33"22 þ "212 þ "213 þ "223
(1:49b)

III" ¼ "11"22"33 þ 2"12"23"31 � "11"223 � "22"213
� "33"212: (1:49c)

Therefore, there are three solutions of equation (1.48),

"1; "2; "3ð"14"24"3Þ. These are referred to as the prin-

cipal strain. The corresponding u0 are the orientations

of principal strain. If the strain tensor is written using

the coordinate whose orientation coincides with the

orientation of principal strain, then,

½"ij� ¼
"1 0 0
0 "2 0
0 0 "3

2
4

3
5: (1:50)

A strain ellipsoid is a useful way to visualize the

geometry of strain. Let us consider a spherical body

in a space and deform it. The shape of a sphere is

described by,

ðu1Þ2 þ ðu2Þ2 þ ðu3Þ2 ¼ 1: (1:51)

The shape of the sphere will change due to deforma-

tion. Let us choose a coordinate system such that the

directions of 1, 2 and 3 axes coincide with the directions

of principal strain. Then the length of each axis of the

original sphere along each direction of the coordinate

system should change to ~ui ¼ ð1þ "iiÞui, and therefore

the sphere will change to an ellipsoid,

ð~u1Þ2

ð1þ "1Þ2
þ ð~u2Þ2

ð1þ "2Þ2
þ ð~u3Þ2

ð1þ "3Þ2
¼ 1: (1:52)

A three-dimensional ellipsoid defined by this equa-

tion is called a strain ellipsoid. For example, if the

shape of grains is initially spherical, then the shape of

grains after deformation represents the strain ellip-

soid. The strain of a rock specimen can be deter-

mined by the measurements of the shape of grains

or some objects whose initial shape is inferred to be

nearly spherical.

x1

x1

x2

x2′

′

FIGURE 1.5 Geometry of shear deformation.
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Problem 1.5*

Consider a simple shear deformation in which the

displacement of material occurs only in one direction

(the displacement vector is given by u¼ (�y, 0, 0)).

Calculate the strain ellipsoid, and find how the

principal axes of the strain ellipsoid rotate with strain.

Also find the relation between the angle of tilt of the

initially vertical line and the angle of the maximum

elongation direction relative to the horizontal axis.

Solution

For simplicity, let us analyze thegeometry in thex–yplane

(normal to the shear plane) where shear occurs. Consider

a circle defined by x2 þ y2 ¼ 1: By deformation, this

circle changes to an ellipsoid, ðxþ �yÞ2 þ y2 ¼ 1, i.e.,

x2 þ 2�xyþ ð�2 þ 1Þy2 ¼ 1: (1)

Now let us find a new coordinate system that is tilted

from the original one by an angle � (positive counter-

clockwise). With this new coordinate system, x; yð Þ !
X;Yð Þ with

x
y

� �
¼ cos � sin �
�sin � cos �

� �
X
Y

� �
: (2)

By inserting this relation into (1), one finds,

AXXX
2 þ AXYXYþ AYYY

2 ¼ 1 (3)

with

AXX

AXY

AYY

0
@

1
A ¼ 1þ 1

2 �
2 � 1

2 �
2 cos 2�� � sin 2�

2�ðcos 2�� 1
2 � sin 2�Þ

1þ 1
2 �

2 þ 1
2 �

2 cos 2�þ � sin 2�

0
@

1
A (4)

Now, in order to obtain the orientation in which

the X–Y directions coincide with the orientations of

principal strain, we set AXY¼ 0, and get tan 2� ¼
2=�: AXX5AYY and therefore X is the direction of

maximum elongation. Because the change in the angle

(’) of the initially vertical line from the vertical direction

is determined by the strain as tan’ ¼ �, we find,

tan � ¼ 1

2
ð�� þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ �2

p
Þ

¼ 1

2
ð� tan’þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
4þ tan2

p
’Þ
: (5)

At � ¼ 0, � ¼ p=4.As strain goes to infinity, � !1,

i.e., ’! p=2, and tan �! 0 hence �! 0: the direction

of maximum elongation approaches the direction

of shear. "1 ¼ A
�1=2
XX � 1 changes from 0 at � ¼ 0 to1

as � !1 and "2 ¼ A�1=2yy � 1 changes from 0 at � ¼ 0

to –1 at � !1.

1.2.4. The Flinn diagram

The three principal strains define the geometry of the

strain ellipsoid. Consequently, the shape of the strain

ellipsoid is completely characterized by two ratios,

a � ð"1 þ 1Þ=ð"2 þ 1Þ and b � ð"2 þ 1Þ=ð"3 þ 1Þ. A

diagram showing strain geometry on an a–b plane is

called the Flinn diagram (Fig. 1.6) (FLINN, 1962). In

this diagram, for points along the horizontal axis,

k � ða� 1Þ=ðb� 1Þ ¼ 0, and they correspond to the

flattening strain ð"1 ¼ "24"3ða ¼ 1; b41ÞÞ. For points
along the vertical axis, k ¼ 1, and they correspond to

the extensional strain ð"14"2 ¼ "3ðb ¼ 1; a41ÞÞ. For
points along the central line, k¼ 1 (a¼ b, i.e.,

ð"1 þ 1Þ=ð"2 þ 1Þ ¼ ð"2 þ 1Þ=ð"3 þ 1ÞÞ and deforma-

tion is plane strain (two-dimensional strain where

"2 ¼ 0), when there is no volume change during defor-

mation (see Problem 1.6).

Problem 1.6

Show that the deformation of materials represented by

the points on the line for k¼ 1 in the Flinn diagram is

plane strain (two-dimensional strain) if the volume is

conserved.

Solution

If the volume is conserved by deformation, then

ð"1 þ 1Þð"2 þ 1Þð"3 þ 1Þ ¼ 1 (see equation (1.41)).

k = 0

k = 1

k = ∞

1
1

a =
 (ε

1 +
 1

) /
 (ε

2 +
 1)

b = (ε2 + 1) / (ε3 + 1)

FIGURE 1.6 The Flinn diagram (after HOBBS et al., 1976).
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Combined with the relation ð"1 þ 1Þ=ð"2 þ 1Þ ¼
ð"2 þ 1Þ=ð"3 þ 1Þ, we obtain ð"2 þ 1Þ3 ¼ 1 and hence

"2 ¼ 0. Therefore deformation is plane strain.

1.2.5. Foliation, lineation (Fig. 1.7)

When the anisotropic microstructure of a rock is

studied, it is critical to define the reference frame of

the coordinate. Once one identifies a plane of reference

and the reference direction on that plane, then the three

orthogonal axes (parallel to lineation (X direction),

normal to lineation on the foliation plane (Y direction),

normal to foliation (Z direction)) define the reference

frame.

Foliation is usually used to define a reference plane

and lineation is used define a reference direction on the

foliation plane. Foliation is a planar feature in a given

rock, but its origin can be various (HOBBS et al., 1976).

The foliation plane may be defined by a plane normal

to the maximum shortening strain (Fig. 1.7). Foliation

can also be caused by compositional layering, grain-size

variation and the orientation of platy minerals such as

mica. When deformation is heterogeneous, such as the

case for S-C mylonite (LISTER and SNOKE, 1984), one

can identify two planar structures, one corresponds to

the strain ellipsoid (a plane normal to maximum short-

ening, "3) and another to the shear plane.

Lineation is a linear feature that occurs repetitively

in a rock. In most cases, the lineation is found on the

foliation plane, although there are some exceptions.

The most common is mineral lineation, which is defined

by the alignment of non-spherical minerals such as

clay minerals. The alignment of spinel grains in a spinel

lherzolite and recrystallized orthopyroxene in a garnet

lherzolite are often used to define the lineation in peri-

dotites. One cause of lineation is strain, and in this case,

the direction of lineation is parallel to the maximum

elongation direction. However, there are a number of

other possible causes for lineation including the pref-

erential growth of minerals (e.g., HOBBS et al., 1976).

Consequently, the interpretation of the significance

of these reference frames (foliation/lineation) in natu-

ral rocks is not always unique. In particular, the ques-

tion of growth origin versus deformation origin, and

the strain ellipsoid versus the shear plane/shear direc-

tion can be elusive in some cases. Interpretation and

identification of foliation/lineation become more diffi-

cult if the deformation geometry is not constant with

time. Consequently, it is important to state clearly how

one defines foliation/lineation in the structural analysis

of a deformed rock. For more details on foliation and

lineation, a reader is referred to a structural geology

textbook such as HOBBS et al. (1976).

1.2.6. Various deformation geometries

The geometry of strain is completely characterized by the

principal strain, and therefore adiagramsuchas theFlinn

diagram (Fig. 1.6) can be used to define strain. However,

in order to characterize the geometry of deformation

completely, it is necessary to characterize the deformation

gradient tensor ðdij ð¼ "ij þ oijÞÞ. Therefore the rota-

tional component (vorticity tensor), oij, must also be

characterized. In this connection, it is important to dis-

tinguish between irrotational and rotational deformation

geometry. Rotational deformation geometry refers to

deformation in which oij 6¼ 0, and irrotational deforma-

tion geometry corresponds to oij ¼ 0. The distinction

between them is important at finite strain. To illustrate

this point, let us consider two-dimensional deformation

(Fig. 1.8). For irrotational deformation, the orientations

of the principal axes of strain are always parallel to those

of principal stress. Therefore such a deformation is called

coaxial deformation. In contrast, when deformation is

rotational, such as simple shear, the orientations of

principal axes of strain rotate progressively with respect

to those of the stress (see Problem 1.5). This type of

foliation lineation

L

FIGURE 1.7 Typical cases of (a)

foliation and (b) lineation.
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deformation is called non-coaxial deformation. (When

deformation is infinitesimal, this distinction is not impor-

tant: the principal axes of instantaneous strain are always

parallel to the principal axis of stress as far as the property

of the material is isotropic.)

Various methods of identifying the rotational com-

ponent of deformation have been proposed (BOUCHEZ

et al., 1983; SIMPSON and SCHMID, 1983). In most

of them, the nature of anisotropic microstructures,

such as lattice-preferred orientation (Chapter 14), is

used to infer the rotational component of deformation.

However, the physical basis for inferring the rotational

component is not always well established.

Some details of deformation geometries in typical

experimental studies are discussed in Chapter 6.

1.2.7. Macroscopic, and microscopic stress
and strain

Stress and strain in a material can be heterogeneous.

Let us consider a material to which a macroscopically

homogeneous stress (strain) is applied. At any point in

a material, one can define a microscopic, local stress

(strain). Themagnitude and orientation of microscopic

stress (strain) can be different from that of a macro-

scopic (imposed) stress (strain). This is caused by the

heterogeneity of a material such as the grain-to-grain

heterogeneity and the presence of defects. In particu-

lar, the grain-scale heterogeneity in stress (strain) is

critical to the understanding of deformation of a poly-

crystalline material (see Chapters 12 and 14).

irrotational deformation

rotational deformation

FIGURE 1.8 Irrotational and rotational deformation.

12 Deformation of Earth Materials



2 Thermodynamics

The nature of the deformation ofmaterials depends on the physical and chemical state of thematerials.

Thermodynamics provides a rigorous way by which the physical and chemical state of materials can

be characterized. A brief account is made of the concepts of thermodynamics of reversible as well

as irreversible processes that are needed to understand the plastic deformation of materials and

related processes. The principles governing the chemical equilibrium are outlined including the

concept of chemical potential, the law of mass action, and the Clapeyron slope (i.e., the slope of a

phase boundary in the pressure-temperature space). When a system is out of equilibrium, a flow of

materials and/or energy occurs. The principles governing the irreversible processes are outlined.

Irreversible processes often occur through thermally activated processes. The basic concepts of

thermally activated processes are summarized based on the statistical physics.

Key words entropy, chemical potential, Gibbs free energy, fugacity, activity, Clapeyron slope,

phase diagrams, rate theory, generalized force, the Onsager reciprocal relation.

2.1. Thermodynamics of reversible
processes

Thermodynamics provides a framework by which the

nature of thermochemical equilibrium is defined, and,

in cases where a system is out of equilibrium, it defines

the direction to which a given material will change. It

gives a basis for analyzing the composition and struc-

ture of geological materials, experimental data and the

way in which the experimental results should be

extrapolated to Earth’s interior where necessary. This

chapter provides a succinct review of some of the

important concepts in thermodynamics that play sig-

nificant roles in understanding the deformation of

materials in Earth’s interior. More complete discus-

sions on thermodynamics can be found in the text-

books such as CALLEN (1960), DE GROOT and MAZUR

(1962), LANDAU and LIFSHITZ (1964) and PRIGOGINE

and DEFAY (1950).

2.1.1. The first and the second principles
of thermodynamics

The first principle of thermodynamics is the law of conser-

vation of energy, which states that the change in the inter-

nal energy, dE, is the sum of themechanical work done to

the system, the change in the energy due to the addition of

materials and the heat added to the system, namely,

dE ¼ �Wþ �Zþ �Q (2:1)

where �W ¼ �PdV (the symbol � is used to indicate a

change in some quantity that depends on the path) is

the mechanical work done to the system where P is the

pressure, dV is the volume change, �Z is the change in

internal energy due to the change in the number of

atomic species, i.e.,

�Z ¼
X
i

@E

@ni

� �
S;V;nj

dni (2:2)
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where ni is themolar amount of the ith species and �Q is

the change in ‘‘heat.’’ Thus

dE ¼ �PdVþ
X
i

@E

@ni

� �
S;V;nj

dni þ �Q: (2:3)

Note that ‘‘heat’’ is the change in energy other than

the mechanical work and energy caused by the

exchange of material. These two quantities (mechan-

ical work and the energy associated with the transport

of matter) are related to the average motion of atoms.

In contrast, the third term, �Q, is related to the proper-

ties of materials that involve random motion or the

random arrangement of atoms. The second principle of

thermodynamics is concerned with the nature of pro-

cesses related to this third term. This principle states

that there exists a quantity called entropy that is deter-

mined by the amount of heat introduced to the system

divided by temperature, namely,

dS ¼ �Q
T

(2:4)

and that the entropy increases during any natural pro-

cesses. When the process is reversible (i.e., the system is

in equilibrium), the entropy will be the maximum, i.e.,

dS ¼ 0 (2:5)

whereas

dS40 (2:6)

for irreversible processes. Equation (2.6) may be writ-

ten as

dS ¼ deSþ diS ¼
�Q

T
þ �Q

0

T
(2:7)

where deS ¼ �Q=T is the entropy coming from the

exterior of the system and diS ¼ �Q0=T is the entropy

production inside the system. For reversible processes

�Q0 ¼ 0 and for irreversible processes, �Q040. From

(2.3) and (2.7), one finds,

dE ¼ TdS� PdVþ
X
i

@E

@ni

� �
S;V;ni

dni � �Q0: (2:8)

For equilibrium,

dE ¼ TdS� PdVþ
X
i

@E

@ni

� �
S;V;ni

dni (2:9)

and E ¼ EðS;V; niÞ.
The enthalpy (H), Helmholtz free energy (F ), and

the Gibbs free energy (G) can be defined as,

H ¼ Eþ PV (2:10a)

F ¼ E� TS (2:10b)

and

G ¼ E� TSþ PV (2:10c)

respectively and therefore,

dH ¼ TdSþ VdPþ
X
i

@U

@ni

� �
S;V;nj

dni � �Q0

(2:11a)

dF ¼ �S dT� PdVþ
X
i

@U

@ni

� �
S;V;nj

dni � �Q0

(2:11b)

and

dG ¼ �S dTþ VdPþ
X
i

@U

@ni

� �
S;V;nj

dni � �Q0:

(2:11c)

It follows from (2.8), (2.11a)–(2.11c) that for a

closed system and for constant S and V (S and P, T

and V, T and P), dE ¼ ��Q0 ðdH ¼ ��Q0; dF ¼ ��Q0;
dG ¼ ��Q0Þ so that E (H, F, G) is minimum at equili-

brium. Also from (2.8), (2.11a)–(2.11c), one obtains

@E

@ni

� �
S;V;nj

¼ @H

@ni

� �
S;P;nj

¼ @F

@ni

� �
T;V;nj

¼ @G

@ni

� �
T;P;nj

� �i: (2:12)

This is the definition of the chemical potential. Thus at

thermochemical equilibrium,

dE ¼ TdS� PdVþ
X
i

�i dni (2:13a)

dH ¼ TdSþ VdPþ
X
i

�i dni (2:13b)

dF ¼ �S dT� PdVþ
X
i

�i dni (2:13c)

dG ¼ �S dTþ VdPþ
X
i

�i dni: (2:13d)

From (2.13), one has

T ¼ @E

@S

� �
V;ni

¼ @H

@S

� �
P;ni

(2:14a)

S ¼ � @F

@T

� �
V;ni

¼ � @G

@T

� �
P;ni

(2:14b)
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P ¼ � @E

@V

� �
S;ni

¼ � @F

@V

� �
T;ni

(2:14c)

V ¼ @H

@P

� �
S;ni

¼ @G

@P

� �
T;ni

: (2:14d)

It can be seen that the thermodynamic quantities such

as T, P, S and V (and �i) can be derived from E, H, F

and G. Therefore these quantities (E, H, F and G)

are called the thermodynamic potentials. The thermo-

dynamic potentials assume the minimum value at

thermochemical equilibrium. Because we will mostly

consider a system at constant temperature and pres-

sure, the most frequently used thermodynamic

potential is the Gibbs free energy. �i is the thermo-

dynamic potential of the ith species (per unit mole). To

emphasize the fact that �i is the thermodynamic poten-

tial of the ith species per mole, it is often called the

partial molar thermodynamic potential (partial molar

Gibbs free energy when the independent variables are T

and P).

Using the rule of calculus, it follows from (2.13)

and (2.14),

@2 E

@S @V

� �
ni

¼ @2E

@V @S

� �
ni

) @T

@V

� �
S;ni

¼ � @P

@S

� �
V;ni

(2:15a)

@2 H

@S @P

� �
ni

¼ @2 H

@P @S

� �
ni

) @T

@P

� �
S;ni

¼ @V

@S

� �
V;ni

(2:15b)

@2 F

@T @V

� �
ni

¼ @2 F

@V @T

� �
ni

) @S

@V

� �
T;ni

¼ @P

@T

� �
V;ni

(2:15c)

and

@2 G

@T @P

� �
ni

¼ @2 G

@P @T

� �
ni

) � @S

@P

� �
T;ni

¼ @V

@T

� �
P;ni

:

(2:15d)

These relations (2.15) are called the Maxwell relations.

Similar relations among thermodynamic variables

can also be derived. Consider a quantity such as

entropy that is a function of two parameters (such as

temperature and pressure; this is a case for a closed

system, i.e., ni is kept constant), i.e., Z¼Z(X, Y; ni),

then,

dZ ¼ @Z

@X

� �
Y;ni

dXþ @Z

@Y

� �
X;ni

dY: (2:16)

If we consider a process in which the quantity Z is kept

constant, then, dZ¼ 0 and

@Z

@X

� �
Y;ni

¼ � @Y

@X

� �
Z;ni

@Z

@Y

� �
X;ni

: (2:17)

Examples of such a relation include

@S

@T

� �
P;ni

¼ � @P

@T

� �
S;ni

@S

@P

� �
T;ni

(2:18a)

@T

@V

� �
S;ni

¼ � @S

@V

� �
T;ni

@T

@S

� �
V;ni

(2:18b)

and

@V

@T

� �
P;ni

¼ � @V

@P

� �
T;ni

@P

@T

� �
V;ni

: (2:18c)

These thermodynamic identities (theMaxwell relations

and the relations (2.18)) are often used in manipulating

thermodynamic relationships (e.g., Chapter 4).

Now let us rewrite (2.13d) as,

dS ¼ 1

T
dEþ P

T
dVþ

X
i

��i
T

� �
dni: (2:19)

At equilibrium, the entropy is a maximum, i.e., dS¼ 0.

Consider a case where two systems (1 and 2) are in

contact. In this case the condition for equilibrium can

be written as

dS ¼ 1

T1
dE1 þ

1

T2
dE2 þ

P1

T1
dV1 þ

P2

T2
dV2

þ
X
i

� �
i
1

T1

� �
dni1 þ �

�i2
T2

� �
dni2

� �
¼ 0:

(2:20)

Because we consider a system with a constant energy

(dE1þ dE2¼ 0), volume (dV1þ dV2¼ 0) and matter

ðdni1 þ dni2 ¼ 0Þ, (2.20) becomes,

dS ¼ 1

T1
� 1

T2

� �
dE1 þ

P1

T1
� P2

T2

� �
dV1

þ
X
i

� �
i
1

T1
þ �

i
2

T2

� �
dni1 ¼ 0:

(2:21)

This must occur for any arbitrary changes of internal

energy (dE1), volume (dV1) and chemical composition

ðdni1Þ. Therefore when two systems (1 and 2) are in con-

tact and in equilibrium, 1=T1 ¼ 1=T2; P1=T1 ¼ P2=T2

and �i1=T1 ¼ �i2=T2 and hence the conditions of equi-

librium are

T1 ¼ T2 (2:22a)
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P1 ¼ P2 (2:22b)

and

�i1 ¼ �i2: (2:22c)

The variables such as temperature, pressure and the

concentration of ith species do not depend on the size

of the system. These variables are called intensive quan-

tities. In contrast, quantities such as entropy, internal

energy and Gibbs free energy increase linearly with the

size of the system. They are called extensive quantities.

It follows that,

SðlE; lV; lniÞ ¼ lSðE;V; niÞ (2:23)

where l is an arbitrary parameter. Differentiating

(2.23) with l, and putting l¼ 1, one obtains,

TS ¼ Eþ PV�
X
i

�ini: (2:24)

Differentiating this equation, and comparing the

results with equation (2.19), one finds,

SdT� VdPþ
X
i

ni d�i ¼ 0: (2:25)

This is the Gibbs–Duhem relation, which shows that the

intensive variables are not all independent.

The concept of entropy is closely related to the

atomistic nature of matter, namely the fact that

matter is made of a large number of atoms. A system

composed of a large number of atoms may assume a

large number of possible micro-states. All micro-states

with the same macro-state (temperature, volume etc.)

are equally probable. Consequently, a system most

likely assumes a macro-state for which the number of

corresponding micro-states is the maximum (i.e., the

maximum entropy). Thus the concept of entropy must

be closely related to the number of the micro-state,W,

as (for the derivation of this relation see e.g., LANDAU

and LIFSHITZ (1964)),

S ¼ kB � logW (2:26)

where kB is the Boltzmann constant.1 The number of

micro-states may be defined by the number of ways in

which atoms can be distributed. When n atoms are

distributed on N sites, then, W¼ NCn ¼N!=ðN�nÞ!n!,

and,

S ¼ kB � log
N!

ðN� nÞ!n!
ffi �RNmol x log xþ ð1� xÞ logð1� xÞ½ � (2:27)

where x ¼ n=N and N¼Na Nmol (Na is the Avogadro

number, and Nmol is the molar abundance of the rele-

vant species) where the Stirling formula, N! � N �
logN�N forN� 1 was used. The entropy correspond-

ing to this case may be called configurational entropy

Sconfig and is plotted as a function of concentration x in

Fig. 2.1. The configurational entropy is proportional

to the amount of material, and for unit mole of mate-

rial, it is given by

Sconfig ¼ �R x log xþ ð1� xÞ logð1� xÞ½ �: (2:28)

Themicro-state of matter may also be characterized

by the nature of lattice vibration; that is, matter with

different frequencies of lattice vibration is considered

to be in different states. The vibrational entropy

defined by this is related to the frequencies of atomic

vibration as (e.g., ANDERSON, 1996; BORN andHUANG,

1954, see Box 2.1),

Svib 	 �kB
X
i

log
hoi

2pkBT

� �
(2:29)

where h is the Planck constant, kB is the Boltzmann

constant, oi is the (angular) frequency of lattice vibra-

tion of mode i (for a crystal that contains N atoms in

the unit cell, there are 3Nmodes of lattice vibration). It

can be seen that a system with a higher frequency of

1 When log is used in a theoretical equation in this book, the base is e (this is

often written as ln). In contrast, when experimental data are plotted, the

base is 10 (unless specified otherwise).
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FIGURE 2.1 A plot of configurational entropy

SconfigðxÞ ¼ �R x log x þ ð1� xÞ logð1� xÞ½ �.
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vibration has a lower entropy. When the vibrational

frequency changes between two phases (A and B), then

the change in entropy is given by,

�Svib � SA
vib � SB

vib ¼ kB
X
i

log
oB

i

oA
i

	 R log
oB

D

oA
D

:

(2:30)

whereoA;B
D is a characteristic frequency of lattice vibra-

tion (the Debye frequency; see Box 4.3 in Chapter 4) of

a phase A or B.

In a solid, the micro-state may be defined either by

small displacements of atomic positions from their

lattice sites (lattice vibration) or by large displacements

that result in an exchange of atoms among various

sites. Therefore the entropy may be written as,

S ¼ Svib þ Sconfig: (2:31)

2.1.2. Activity, fugacity

Using the equations (2.10), (2.12) and (2.28), we can

write the chemical potential of a component as a func-

tion of the concentration x (for x
 1),

�ðT;P; xÞ ¼ �0ðT;PÞ þ RT log x (2:32)

where �0 is the chemical potential for a pure phase

(x¼ 1). In a system that contains several components,

(2.32) can be generalized to,

�iðT;P; xiÞ ¼ �0i ðT;PÞ þ RT logxi (2:33)

where the suffix i indicates a quantity for the ith

component.

Problem 2.1

Derive equation (2.32).

Solution

From (2.10) and (2.12), noting that E, V and S are the

extensive variables, one obtains,

� ¼ @G

@nmol

� �
T;P

¼ @E

@nmol

� �
T;P

þP @V

@nmol

� �
T;P

�T @S

@nmol

� �
T;P

¼ eþ P�� Tsvib � T
@Sconfig

@nmol

� �

� �0 � T
@Sconfig

@nmol

� �
:

where �0 � eþ P�� Tsvib and e, � and svib are molar

internal energy, molar volume and molar (vibrational)

entropy respectively.

Now, noting that dx ¼ dnmol=Nmol ðfrom
x ¼ n=N ¼ nmol=NmolÞ, it follows from (2.28),

@Sconfig=@nmol

� 	
T;P
¼ �R logðx=ð1 � xÞÞ 	 �R log x.

Therefore one obtains �ðT; P; xÞ ¼ �0ðT; PÞþ
RT log x.

Activity
In deriving (2.32), we made an assumption that the

component under consideration has a small quantity

Box 2.1 Lattice vibration and the
vibrational entropy

Small random motion of atoms around their

stable positions causes ‘‘disorder’’ in a material

that contributes to the entropy. To calculate the

contribution to entropy from lattice vibration, we

note that the internal energy due to lattice vibration

is given by (e.g., BORN and HUANG, 1954)

E ¼
X3N
i¼1

P1
ni¼0

nihoi=2pð Þ exp nihoi=2pkBTð Þ

P1
ni¼0

exp nihoi=2pkBTð Þ

¼
X3N
i¼1

hoi=2p
exp hoi=2pkBTð Þ � 1

where ni is the number of phonons of the ith

mode of lattice vibration and oi is its (angular)

frequency. Using the thermodynamic relation

F ¼ �T
R

E=T2
� 	

dT, one obtains

F ¼ Uþ kBT
X
i

log 1� exp � hoi

2pkBT

� �� �

whereU is the energy of a static lattice (at T¼ 0K).

Therefore from S ¼ � @F=@Tð Þ,

Svib ¼ �kB
X
i

log 1� exp � hoi

2pkBT

� �� �(

�
X
i

hoi

2pkBT
1

exp hoi=2pkBTð Þ � 1

)

	 �kB
X
i

log
hoi

2pkBT
:

The approximation is for high temperature, i.e.,

hoi=2pkBT
 1.
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(dilute solution) so that atoms in the component do not

interact with each other or with other species. Such a

material is called an ideal solution. In a real material

where the interaction of atoms of a given component is

not negligible, a modification of these relations is

needed. A useful way to do this is to introduce the

concept of activity (of the ith component), ai, which is

defined by,

�iðT;P; aiÞ ¼ �0i ðT;PÞ þ RT log ai: (2:34)

If �0i ðT;PÞ is the chemical potential of a pure phase, then

by definition, for a pure system, the activity is 1 (for

example, if pureNi is present in a system, then the activity

of Ni is aNi¼ 1). Now we can relate (2.34) to (2.33) by

introducing the activity coefficient, �i, defined by,

ai � �ixi (2:35)

to get

�iðT;P; xiÞ ¼ �0i ðT;PÞ þ RT log �ixi: (2:36)

The activity coefficient can be either �i > 1 or �i < 1.

Fugacity
For an ideal gas, the (molar) internal energy (e) is a

function only of temperature (Joule’s law), i.e.,

e¼ e(T ). And the enthalpy is h¼ eþP�. Therefore

using the equation of state (P�¼RT), one finds that

enthalpy is also a function only of temperature,

namely, h¼ h(T ). To get an equation for (molar)

entropy, recall the relation (2.19) for a closed system,

ds ¼ 1

T
deþ P

T
d�: (2:37)

Using the definition of specific heat (cv), this equation

is translated into,

ds ¼ 1

T

de

dT
dTþ P

T
d� ¼ cv

T
dTþ P

T
d�: (2:38)

Integrating this equation, one obtains,

sðT; �Þ ¼ sðT0; �0Þ þ
Z T

T0

cv
T

dTþ R log
�

�0
: (2:39)

Inserting the relation P�¼RT, and using �¼ h�Ts,

one has,

�idðP;TÞ ¼ ��ðP0;TÞ þ RT log
P

P0
(2:40)

where ��ðP0;TÞ ¼ hðTÞ � TsðP0;T0Þ�T
R T
T0

cv=Tð ÞdT.
This equation indicates that the chemical potential

(partial molar Gibbs free energy) of an ideal gas

increases logarithmically with pressure. For a non-

ideal gas, one can assume a similar relation, i.e.,

�ðP;TÞ ¼ ��ðP0;TÞ þ RT log
fðP;TÞ
P0

(2:41)

where ��ðT;P0Þ is identical to the ideal gas. This is the

definition of fugacity, f. The fugacity coefficient, �, is

often used to characterize the deviation from ideal gas,

f � �P: (2:42)

Obviously, f! P (� ! 1) as P! 0.

The fugacity of a given fluid can be calculated from

the equation of state. Let us integrate @�=@P ¼ � (� is

the molar volume) to obtain

�ðP;T Þ ¼ �ðP0;T Þ þ
Z P

P0

�ð�;TÞ d�: (2:43)

Now for an ideal gas,

�idðP;T Þ ¼ �idðP0;T Þ þ
Z P

P0

�idð�;T Þ d�: (2:44)

Subtracting (2.44) from (2.43), one has,

�ðP;TÞ � �idðP;T Þ ¼ �ðP0;T Þ � �idðP0;T Þ

þ
Z P

P0

�ð�;T Þ � �idð�;TÞ
� 	

d�:

(2:45)

Noting that any fluid becomes an ideal gas at zero

pressure, i.e., lim
P0!0

�ðP0;T Þ � �idðP0;T Þ
� 	

¼ 0 and

from (2.40) and (2.41), �ðP;T Þ � �idðP;T Þ ¼
RT logðf ðP;TÞ=PÞ. Therefore one obtains

log
fðP;T Þ

P
¼ 1

RT
lim
P0!0

Z P

P0

�ð�;T Þ � �idð�;T Þ
� 	

d�:

(2:46)

The fugacity of a gaseous species at any T and P can be

calculated from the equation of state (i.e., �¼ � (P,T))

using equation (2.46).

Non-ideal gas behavior occurs when the mutual

distance of molecules becomes comparable to the

molecular size, lm. The mean distance of molecules in

a fluid is given by l ¼ �=NAð Þ1=3¼ RT=PNAð Þ1=3 where
� is the molar volume. When l=lm � 1, then a gas

behaves like an ideal gas, whereas when l=lm �1, it

becomes a non-ideal gas. For water, lm� 0.3 nm and

l=lm � 1 at a pressure of �0.5GPa (at 1673K),

whereas for hydrogen, lm � 0:1 nm and one needs

�15 GPa to see non-ideal behavior (at 1673K)

(Fig. 2.2b).
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FIGURE 2.2 (a) Fugacity of water

and carbon dioxide as a function of

temperature (T) and pressure (P).

Note the large deviation from ideal

gas behavior at higher pressures

(data for the equation of state are

from FROST and WOOD (1997a)).

(b) A comparison of the fugacity

of water (thin curve) with ideal gas

behavior (thick curve). Significant

deviation from the ideal gas

behavior is seen when the mean

distance of water molecules, l,

is close to lm (where lm is the

molecular size).

Thermodynamics 19



When a fluid behaves like an ideal gas whose equa-

tion of state is P�¼RT, then its fugacity defined by

equation (2.41) is equal to its (partial) pressure.

However, as fluids are compressed, their resistance

to compression increases and the molar volume

does not change with pressure as much as an equation

of state of an ideal gas would imply. If the molar

volume does not change with pressure, for example,

then the fugacity will be an exponential function of

pressure,

fðP;T Þ 	 P0 exp
�ðTÞ � P
RT

� �
: (2:47)

Important examples are water and carbon dioxide.

The fugacities of water and carbon dioxide can be

calculated from the equations of state (Fig. 2.2).

Water behaves like a nearly ideal gas up to �0.3GPa

(at T41000K), but its property starts to deviate

from ideal gas behavior above �0.5GPa. At

P ¼ 2GPa ðT ¼ 1500KÞ, for example, the fugacity

of water is �13 GPa and at P ¼ 3GPa ðT ¼ 1500KÞ,
it is �55GPa. The large fugacity of water under high

pressures means that water is chemically highly reac-

tive under deep Earth conditions. The behavior of

carbon dioxide is similar. When extrapolating labo-

ratory data involving these fluids obtained at low

pressures to higher pressures, one must take into

account the non-ideal gas behavior of these fluids

(see Chapter 10).

Problem 2.2

The equations of state of water and carbon dioxide are

approximately given by the following formula (FROST

and WOOD, 1997b),

�ðP;TÞ ¼ RT

P
� aðTÞR

ffiffiffiffi
T
p

ðRTþ bðTÞPÞðRTþ 2bðTÞPÞ þ bðTÞ

þ cðTÞ
ffiffiffiffi
P
p
þ dðTÞP:

Where parameters (a, b, c and d) are functions of

temperature, but not of pressure (see Table 2.1).

Show that the fugacity of these fluids is given by

log
fðP;TÞ

P
¼ aðTÞ

bðTÞRT
ffiffiffiffi
T
p log

RTþ bðTÞP
RTþ 2bðTÞPþ

bðTÞP
RT

þ 2

3

cðTÞP
ffiffiffiffi
P
p

RT
þ dðTÞP2

2RT

and using the parameter values shown below calculate

the fugacities of water and carbon dioxide for the con-

ditions 05P5 20GPa and 10005T52000K.

Solution

Using equation (2.46), one obtains

log
f

P
¼ 1

RT

Z P

0

� aR
ffiffiffiffi
T
p

ðRTþb�ÞðRTþ2b�Þþbþc
ffiffiffi
�

p
þ d�

� �
d�

¼ 1

RT

Z P

0

affiffiffiffi
T
p 1

ðRTþb�Þ �
1

RT=2þb�ð Þ

� ��

þbþc
ffiffiffi
�

p
þ d�

o
d�

and performing elementary integration and remember-

ing that the parameters a, b, c and d are functions of

temperature, T, one obtains

log
fðP;TÞ

P
¼ aðTÞ
bðTÞRT

ffiffiffiffi
T
p log

RTþbðTÞP
RTþ2bðTÞPþ

bðTÞP
RT

þ 2

3

cðTÞP
ffiffiffiffi
P
p

RT
þ dðTÞP2

2RT
:

Note that these gases behave like an ideal gas (i.e.,

f! P) as P! 0 as they should. At intermediate

pressures (P� 5–20GPa for water or carbon dioxide),

the third term (b Tð ÞP=RT) dominates and f=P 	
exp b Tð ÞP=RTð Þ whereas at extreme pressures (i.e.,

P!1), f=P 	 exp d Tð ÞP2=2RT
� 	

. The results of the

fugacity calculation are shown in Fig. 2.2.

TABLE 2.1 Equation of state parameters, a(T), b(T), c(T) and d(T)

for water and carbon dioxide.

All parameters are assumed to be parabolic function of

temperature: m ¼ m0 þm1T þm2T2 (where m is a, b, c or d).

Units listed in the table are for m0. The unit for m
1
is

m1½ � ¼ m0½ �=T, and for m2 is m2½ � ¼ m0½ �=T2. Units:

a (m6 Pa K1/2 mol�1), b (m3), c (m3 Pa�1/2), d (m3 Pa�1).

CO2 H2O

a a0¼ 5.373 a0¼ 5.395� 10

a1¼ 5.6829� 10�3 a1¼�6.362� 10�2

a2¼�4.045� 10�6 a2¼ 2.368� 10�5

b b0¼ 4.288� 10�5 b0¼ 2.7732� 10�5

– b1¼ 2.0179� 10�8

– b2¼ 9.2125� 10�12

c c0¼�7.526� 10�10 c0¼�3.934� 10�10

c1¼ 1.1440� 10�13 c1¼ 5.66� 10�13

– c2¼�2.485� 10�16

d d0¼ 3.707� 10�15 d0¼ 2.186� 10�15

d1¼ 1.198� 10�20 d1¼�3.6836� 10�18

d2¼�1.0464� 10�22 d2¼ 1.6127� 10�21
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Problem 2.3

Derive equation (2.47).

Solution

Inserting the equation of state for an ideal gas,

P� ¼ RT, into (2.46) and assuming �ðP;TÞ ¼ � is

constant, one has

log
f

P
¼ 1

RT
lim
P0!0

� � ðP� P0Þ � RT log
P

P0

� �

¼ P�

RT
þ lim

P0!0
log

P0

P
:

Hence fðP;TÞ 	 P0 exp �ðTÞ � P=RTð Þ.

2.1.3. Chemical equilibrium: the law of mass action

Consider a chemical reaction,

�1A1 þ �2A2 þ � � � ¼ 	1B1 þ 	2B2 þ � � � (2:48)

where Ai, Bi are chemical species and �i, 	i are the

stoichiometric coefficients (e.g., H2O ¼ H2 þ 1
2 O2).

At equilibrium for given T and P, the Gibbs free

energy of the system must be a minimum with respect

to the chemical reaction. When a chemical reaction

described by (2.48) proceeds by a small amount, �l,
the concentration of each species will change as

�ni ¼ �i�l. The condition for chemical equilibrium

reads

�G ¼ 0 ¼
X
i

@G

@ni

� �
�ni ¼

X
i

�i�i

 !
�l (2:49)

and henceX
i

�i�i ¼ 0 (2:50)

where (2.12) is used. Inserting the relation (2.32) into

this equation, one finds,

x�1A1x
�2
A2 ��

x	1B1x
	2
B2 ���

¼ exp ��1�
0
A1 þ�� 	1�0B1 ��

RT

� �
:

(2:51a)

This is called the law of mass action that relates the

concentration of chemical species with their chemical

potential. When the solution is not ideal (a case where

solute atoms have a strong interaction with others),

then equation (2.51a) must be modified to,

x�1A1x
�2
A2 � � �

x	1B1x
	2
B2 � � �

¼ �	1B1�
	2
B2 � � �

��1A1�
�2
A2 � � �

� exp ��1�
0
A1
þ ��� 	1�0B1 ���
RT

� �
where �i is the activity coefficient for the ith species

defined by (2.35). These relations are frequently used in

calculating the concentration of defects in minerals

including point defects and trace elements.

Problem 2.4

Consider a chemical reaction Niþ 1
2 O2 ¼ NiO. The

molar volumes, molar entropies and molar enthal-pies

of each phase are given inTable 2.1. Calculate the oxygen

fugacity for the temperature of T ¼ 1000� 1600K and

P ¼ 0:1MPa� 10GPa when both Ni and NiO co-exist.

Solution

The law of mass action gives, fO2
=P0ð Þ1=2¼ KðT;PÞ �

aNiO=aNi. When both Ni and NiO exist, then

aNi ¼ aNiO ¼ 1, so that

fO2
=P0ð Þ1=2¼ expðð�0NiO � �0Ni �

1

2
�0O2
Þ.RTÞ:

Now writing the temperature and pressure dependence

of chemical potential explicitly and remembering that

the pressure dependence of chemical potential is

included in the fugacity, one has

fO2

P0

� �1=2

¼ exp
eNiO � eNi � 1

2
eO2
þ P �NiO � �Nið Þ � T sNiO � sNi � 1

2
sO2

� 	
RT

� �
:

Note that the enthalpy of the formation of NiO from

the elements at zero pressure (�0.1MPa) is h0NiO ¼
eNiO � eNi � 1

2 eO2
. Inserting the values of thermody-

namic parameters fromTable 2.2, one obtains the fugac-

ity versusT–P relations shown inFig. 2.3 (for simplicity,

we assumed constant molar volumes for solid phases).

Note that the oxygen fugacity increases with pressure.

Problem 2.5*

Discuss how the fugacity of water is controlled in a

system that contains water as well as other materials such

as olivine, a metal that modifies the oxygen fugacity

(HOBBS, 1984; KARATO et al., 1986). For simplicity,

assume that all the gaseous phases behave like an ideal gas.
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Solution

If water alone exists, then the chemical reaction that

will occur is

H2O ¼ H2 þ
1

2
O2: (1)

The law of mass action demands

fH2OP
1=2
0 =fH2

f
1=2
O2
¼ K1ðT;PÞ: (2)

Now the total pressure of the gasmust be the same as the

given pressure, P, so that (assuming ideal gas behavior)

fH2O þ fH2
þ fO2

¼ P: (3)

In the case where only water is present, then the dis-

sociation of one mole of water produces one mole of

hydrogen and 1/2 mole of oxygen, so fH2
¼ 2fO2

.

Inserting this into the equation for the law of mass

action, and noting that one has

fH2O þ
3

22=3
f
2=3
H2O

P
1=3
0 K

�2=3
1 ðT;PÞ ¼ P (4)

where for simplicity, we assume that all the gasses are

ideal, so that all the fugacity coefficients are 1.This

equation gives the fugacity of water when only water

is present. At high pressures, exceeding �1GPa, the

second term in this equation is small (confirm this

yourself), so that fH2O 	 P, but when significant disso-

ciation occurs (at lower pressures), then the water

fugacity will be lower.

Now consider a case where some other species are

present that also react with oxygen, hydrogen etc. For

example, let us consider a case where material A (e.g.,

Fe) reacts with oxygen to form another mineral Ax Oy

(e.g., Fe2O3), namely,

xAþ y

2
O2 ¼ AxOy: (5)

The corresponding law of mass action gives

axA
aAxOy

f
y=2
O2

P
y=2
0

¼ K2ðT;PÞ: (6)

This means that when a substance A is present, oxygen

atoms provided by the dissociation reaction of water

react withA to formAxOy. Then (if enoughA is present)

the oxygen fugacity is controlled by reaction (5) and

should be fO2
=P0 ¼ K

2=y
2 ðT;PÞ. Inserting this into (2)

and with (3) (assuming ideal gas behavior), one finds,

fH2O 	
P�P0K

2=y
2

1þK�11 K
�1=y
2

; fH2
	 P�P0K

2=y
2

1þK1K
1=y
2

: (7)

It follows that, when the oxygen fugacity buffered by the

reaction xAþ y
2 O2 ¼ AxOy is low, i.e., K

1=y
2 K1 
 1,

then fH2
	 P� fH2O, whereas when the oxygen fugacity

is high ðK1=y
2 K1 � 1Þ, then fH2O 	 P�P0K

2=y
2 � fH2

.

2.1.4. Phase transformations: the Clapeyron
slope, the Ehrenfest slope

For a given chemical composition, a stable phase at a

given pressure and temperature is the phase for which

TABLE 2.2 Thermodynamic properties of various oxides and

metals relevant to the oxygen fugacity buffer.

� (� 10�6 m
3

/mol): molar volume, h0ðkJ/molÞ: molar enthalpy

of formation from elements, s (J/mol K): molar entropy.

All quantities are at room pressure and T¼ 298 K. Molar

volumes of some materials change with temperature and

pressure as well as with phase transformations. However,

these changes are small relative to the difference in molar

volume of metals and their oxides.

� h0 s

O2 24 798 0 205.15

Fe 7.09 0 27.28

FeO 12.00 �272.04 59.80

Ni 6.59 0 29.87

NiO 10.97 �239.74 37.99

Mo 9.39 0 28.66

MoO2 19.58 �587.85 50.02

Re-ReO2

Ni-NiO

Mo-MoO2
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FIGURE 2.3 Oxygen fugacities corresponding to several metal-

oxide buffers.
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the Gibbs free energy is the minimum.When amaterial

with a given chemical composition can assume several

phases, then as the P, T conditions change, the phase

with the minimum Gibbs free energy may change from

one to another. In these cases, the stable phase for a

material changes with these variables, and a phase

transformation occurs. They include � to 	 transforma-

tion in quartz, order–disorder transformation in pla-

gioclase, � (olivine) to 	 (wadsleyite) transformation

in (Mg, Fe)2SiO4 and � (bcc) to " (hcp) transformation

in iron.

A phase transformation may be classified into two

groups. In some cases, a phase transformation involves

a change in the first derivatives of Gibbs free energy

(e.g., @G=@Tð ÞP;ni¼ �S or @G=@Pð ÞT;ni¼ V, where S is

entropy and V is volume). This type of phase trans-

formations is called the first order phase transforma-

tion. Many phase transformations in silicates and

metals are of this type. In these cases, there is a change

in density (molar volume) and heat is either released or

absorbed upon the phase transformation (due to the

change in molar entropy; recall that TdS is the latent

heat). Another is the case where there is no change in

the molar volume or entropy (the first derivatives of

Gibbs free energy), but changes occur only in the

second derivatives. This type of phase transformations

is referred to as the second order phase transformation.

Many of the structural phase transformations belong

to this class. The � to 	 transformation of quartz is

close to this type and many structural transformations

of perovskite belong to this type (e.g., GHOSE, 1985).

This type of phase transformation does not involve

changes in density or in entropy (hence no latent

heat). Note that although there is no change in density

in these types of transformation, there is a change in

the elastic constants and thermal expansion (the

second derivatives of Gibbs free energy), and therefore

there must be a change in seismic wave velocities asso-

ciated with a second-order phase transformation.

Schematic diagrams showing the change in free

energy associated with a first- and a second-order

transformation are shown in Fig. 2.4. In the case

where a first-order transformation is considered, a

material can assume two possible states. When the

free energy of one phase is lower than the other, then

a phase with lower free energy ismore stable. Therefore

if the transition from one state to the other is kineti-

cally possible, then all the materials will transform to a

phase with the lowest free energy. Note, however, that

this transition involves kinetic processes over a local

maximum of free energy, and therefore the transfor-

mation takes a certain time to be completed.

Consequently, a metastable phase can exist in the case

of a first-order transformation when the kinetics

involved are sluggish for a given time-scale. Examples

include the presence of diamond at the Earth’s surface

(the stable phase for carbon at the Earth’s surface is

graphite, so we would not have diamond if the presence

of everything on Earth were controlled by thermody-

namic stability), and the possible presence of metasta-

ble olivine in cold regions of subducting slabs (see

Chapters 17 and 20). The situation is different for a

G

phase 1

phase 2

(P, T ) = (P1, T1)

(P, T ) = (P1, T1)

(P, T ) = (Pc, Tc)

(P, T ) = (Pc, Tc)

(P, T ) = (P2, T2)

(P, T ) = (P2, T2)

G phase 1
phase 2

G
phase 1 phase 2

(a)

G GG
(b)

FIGURE 2.4 Free energy of a system having (a) first-order and (b) second-order phase transformations. The horizontal axis represents atomic

configuration (atomic positions, crystal structure).
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second-order transformation that occurs due to the

instability of one phase. For a second order transfor-

mation, no metastable phase can exist.

A couple of points may be noted. According to the

Gibbs phase rule (Box 2.2), for a material with c

components, there exist f¼ c� pþ 2 (c, the number

of components; p, the number of phases) degrees of

freedom at given P and T. For example, for a single-

component system (c ¼ 1), if three phases co-exist

(p¼ 3), then there are zero degrees of freedom

(f ¼ 0). That is, there is only one set of T and P at

which three phases co-exist. Similarly, when two

phases co-exist in a single-component system, then

there is one degree of freedom ðf ¼ 1� 2þ 2 ¼ 1Þ:
that is, if T is changed then so is P. Therefore when

two phases co-exist in a single-component system, the

temperature and pressure must be related, P ¼ PðTÞ.
The slope of this curve, dP=dTð Þeq, for the first-order

phase transformations is referred to as the Clapeyron

slope.2

The situation is different for a multi-component

system. Let us consider a two-component system.

If two phases co-exist in such a system, there are

two degrees of freedom f ¼ 2þ 2� 2 ¼ 2. That is T

and P can be modified independently. This means

that there is a space in a T–P plane where the two

phases co-exist. For this reason, a multi-component

system usually shows a gradual phase transition: one

phase changes to another within a certain T–P range.

For example, at a given pressure, melting in a multi-

component system begins at a certain temperature (the

solidus) and completes at another temperature (the

liquidus). At a temperature between the solidus and

the liquidus, solid and melt co-exist. This is why melt-

ing in Earth occurs usually as partial melting.

Let us derive an equation for the Clapeyron slope in

terms of other thermodynamic parameters. Consider a

boundary between two phases for a single-component

system (univariant transformation). Along the boun-

dary the Gibbs free energy of two phases must be

identical, namely,

G1 ¼ G2: (2:52)

Now take the derivative along the boundary (the suffix ni
is omitted because we consider a single-component sys-

tem) to find dG1 ¼ dG2 along the boundary)

@G1

@T

� �
P

dTþ @G1

@P

� �
T

dP ¼ @G2

@T

� �
P

dTþ @G2

@P

� �
T

dP:

(2:53)

Using the identities @G=@Tð ÞP¼ �S and @G=@Pð ÞT¼ V,

one obtains

dP

dT

� �
eq

¼ S1�S2

V1�V2
(2:54)

where the suffix ‘‘eq’’ is used to clearly indicate that

the derivative is taken along the equilibrium boun-

dary. This relation is called the Clapeyron–Clausius

relation.

Similar relations can be derived for a second-order

transformation (Problem 2.6; e.g., CALLEN, 1960),

dP

dT

� �
eq

¼ �1��2

1=K1�1=K2
¼ C1�C2

Tð�1��2Þ
(2:55)

where �1,2 is the thermal expansion of 1, 2 phase,K1,2 is

the (isothermal) bulk modulus of 1, 2 phase, andC1,2 is

the specific heat (at constant pressure) of 1, 2 phase.

This relation was derived by EHRENFEST (1933) and

hence should be called the Ehrenfest relation.

Box 2.2 The Gibbs phase rule

The state of a system containing c-components

and p-phases can be specified by (c� 1)p þ 2

variables. Two are T and P, and for each p-phase,

one needs to specify the fraction of phases that

requires c�1 variables. Now these p-phases are in

chemical equilibrium, and therefore the chemical

potential of each component in p-phases must be

equal,

�11 ¼ �12 ¼ � � � ¼ �1p
�21 ¼ �22 ¼ � � � ¼ �2p
���������
�c1 ¼ �c2 ¼ � � � ¼ �cp

where �ij is the chemical potential of ith component

in the jth phase. This means that there are c(p� 1)

constraints. Therefore the degree of freedom of the

system, f, is

f ¼ ðc� 1Þpþ 2� cðp� 1Þ ¼ c� pþ 2

This relation is referred to as the Gibbs phase rule.

2 In some literature, dT=dPð Þeq, is called the Clapeyron slope. It does not

matter which definition one uses as far as one defines it clearly.
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Problem 2.6*

Derive equation (2.55).

Solution

For a second-order transformation, the first derivatives

of the Gibbs free energy are identical for the two

co-existing phases, V1¼V2, S1¼S2. Therefore, along

the boundary, the following relations must be

satisfied,

@V1

@T

� �
P

dTþ @V1

@P

� �
T

dP ¼ @V2

@T

� �
P

dTþ @V2

@P

� �
T

dP

(1a)

@S1

@T

� �
P

dTþ @S1

@P

� �
T

dP ¼ @S2

@T

� �
P

dTþ @S2

@P

� �
T

dP:

(1b)

These two equations can be combined to give,

@V1

@T
� @V2

@T

@V1

@P
� @V2

@P

@S1

@T
� @S2

@T

@S1

@P
� @S2

@P

2
664

3
775 dT

dP

� �
¼ 0: (2)

In order for this equation to have a non-trivial solu-

tion, the following relation must be satisfied,

@V1

@T
� @V2

@T

@V1

@P
� @V2

@P

@S1

@T
� @S2

@T

@S1

@P
� @S2

@P

��������

��������
¼ 0: (3)

Therefore,

@V1

@T
� @V2

@T

� �2

þ @V1

@P
� @V2

@P

� �
@S1

@T
� @S2

@T

� �
¼ 0: (4)

where the Maxwell relation (equation (2.15),

@S=@P ¼ �@V=@T) was used. Using the definitions

of thermal expansion (�th � 1=Vð Þ @V=@Tð ÞP), (iso-

thermal) bulk modulus (K � �V @P=@Vð ÞT) and the

specific heat at constant pressure (C � T @S=@Tð ÞP)
and the fact that V1¼V2, one finds,

ð�1 � �2Þ2 �
1

T

1

K1
� 1

K2

� �
ðC1 � C2Þ ¼ 0: (5)

Now solving equations (1a) and (1b), the slope of the

phase boundary in the T–P space is given by,

dP

dT

� �
eq
¼ @V1=@T� @V2=@T

@V1=@P� @V2=@P
¼ @S1=@T� @S2=@T

@S1=@P� @S2=@P

¼ @S1=@T� @S2=@T

@V1=@P� @V2=@T
¼ �1��2

1=K1�1=K2

¼ C1�C2

Tð�1��2Þ
: (6)

2.1.5. Phase diagrams

For a given chemical composition with temperature

(T) and pressure (P), there exist a certain number of

phases determined by the Gibbs phase rule. A diagram

showing the stable phases on a certain parameter space

is referred to as a phase diagram. In constructing a

phase diagram, one usually fixes the chemical compo-

sition, i.e., the system is assumed to be closed. For

a closed system, the stability of each phase is solely

determined by temperature and pressure. Fig. 2.5 illus-

trates some of the phase diagrams for binary (two-

component) systems.

A phase diagram is usually constructed based on

direct experimental studies. However, because the

stability of each phase is determined by the chemical

potential, a phase diagram can be constructed theo-

retically if the dependence of the chemical potential

of each phase on T, P and composition (ni) is

known, i.e.,

�iAðT;P; niÞ ¼ �iBðT;P; niÞ (2:56)

where �iA;B is the chemical potential of the ith species in

phase A or B. Consider a single-component system,

where amaterial (with a fixed composition) can assume

two phases (A or B). Then the equilibrium temperature

and pressure are determined by

eA � TsA þ P�A ¼ eB � TsB þ P�B (2:57)

where eA,B, sA,B and �A,B are molar internal energy,

entropy and volume of phase A and B respectively.

When all the parameters (eA,B, sA,B and �A,B) are

independent of temperature and pressure (this is a

good approximation for liquids and solids for a

small range of temperature and pressure), the

phase boundary can be calculated from eA,B, sA,B
and �A,B as,

P ¼ � eA�eB
�A��B

þ sA�sB
�A��B

T: (2:58)
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Problem 2.7

Calculate the phase boundaries as a function of

temperature and pressure for the olivine!
wadsleyite! ringwoodite (in Mg2SiO4) phase

transformation using the values of thermodynamic

parameters listed in the Table 2.3.

Solution

The phase boundaries for these two reactions can

be calculated from (2.58). To calculate the thermo-

dynamic parameters for wadsleyite! ringwoodite, use

the relation �Xwad!ring ¼ �Xoli!ring ��Xoli!wad.

Poli!wadðGPaÞ ¼ 8:57þ 0:004 27�T ðKÞ and

Pwad!ring ðGPaÞ ¼ 12:24þ 0:006 12�T ðKÞ.

T

XA XB

Liquid

Solid

Liquid + Solid

XA XB 

Liquid

Liquid + A Liquid + B

A + B

T

XB

T

T1

X

Liquid

B

XA

A + B

A

solvus

XB

T

Tc

XXA

A + B

(a) (b)

(c) (d)

FIGURE 2.5 Typical phase

diagrams for a binary system

involving melting reactions. (a) A

case for a solid solution, (b) a case

for eutectic behavior, (c) a case for

eutectic behavior with limited

mutual solubility, (d) a case for two

phases that have limited solubility

below a critical temperature,

Tc, but show complete mixing

above Tc.

TABLE 2.3 Some thermodynamic parameters related to phase

transformations (from NAVROTSKY (1994)).

Units: �e (kJ/mol), �s (J/mol K), �� (� 10�6 m
3

/mol), dP/dT

(MPa/K)

�e �s �� dP/dT

Mg2SiO4

olivine!wadsleyite 27.1 �9.0 �3.16 2.8

olivine! ringwoodite 39.1 �15.0 �4.14 3.6

Fe2SiO4

olivine!wadsleyite 9.6 �10.9 �3.20 3.4

olivine! ringwoodite 3.8 �14.0 �4.24 3.3

MgSiO3

pyroxene! garnet 35.1 �2.0 �2.83 0.71

pyroxene! ilmenite 59.4 �15.5 �4.94 3.3

ilmenite!perovskite 51.1 6.0 �1.89 �3.2
garnet!perovskite 75.0 �7.5 –
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Solid-solution, eutectic melting
When there are two or more components in the system,

there are additional degrees of freedom by which the

chemical potential is controlled. Consequently, the

phase diagram depends on how the chemical potential

of each phase varies with the composition. For sim-

plicity let us consider a two-component system. The

component i ¼ 1 and 2 may assume various phases

such as solid and liquid. Two cases may be distin-

guished. One is the case in which the two components

mix well in both the solid and liquid phases. In this

case, the contribution from the configurational

entropy is similar for both the solid and liquid phases,

and the free energy of each phase changes with compo-

sition similarly following the compositional depend-

ence of internal energy, entropy and the molar

volume. The phase diagram corresponding to this

case is shown in Fig. 2.5a. In such a case, solid A and

B are said to form a solid-solution. Another is the case

where mixing occurs only in the liquid phase. In this

case, the contribution from the configurational

entropy is important only in the liquid phase.

Consequently, the free energy of the liquid becomes

low in the intermediate concentration of a given spe-

cies, and therefore the solidus of the system is reduced

significantly at intermediate compositions (Fig. 2.5b).

Melting behavior due to this type of mixing property is

called eutectic melting.

The solid-solution type behavior is observed when

the solid phases involved have similar properties (crys-

tal structure and chemical bonding). The examples

include magnesiowüstite (MgO and FeO), olivine

(fayalite Fe2SiO4 and forsterite Mg2SiO4), plagioclase

feldspar (albite NaAlSi3O8 and anorthite CaAl2Si2O8).

In all of these cases, ions that have similar ionic radii

are incorporated as a solid-solution in the solid phase.

If the ionic radii are largely different then the solubility

in the solid phase is limited and the eutectic behavior

will occur. This is the case for the MgO–CaO,

MgSiO3–Mg2SiO4 systems.

Solvus
Let us now consider a two-component system in which

there is a finite solubility of each phase into another in

the solid state as well as in the liquid state. First, con-

sider a system in which mixing is complete in the liquid

state and a small degree of mixing also occurs in the

solid state. In such a case, a phase diagram needs to be

modified. A solid phase always contains, in this case, a

finite amount of secondary component so that there is

a modification to the phase diagram toward the end-

member component representing the effects of finite

solubility (Fig. 2.5c). A phase diagram for a silicate and

water system at high T is an important example.

Consider the equilibrium at temperature T1 below the

eutectic point. When the amount of B is small, then the

only phase that exists is a phase A that contains a small

amount of B. According to the Gibbs phase rule, in

such a case we have f ¼ c� pþ 2 ¼ 3, that is this

phase, i.e., phase A with a small amount of B can

exist for a range of T, P and composition. When the

amount of B in the system increases, then at a certain

point, the phase A can no longer dissolve all the com-

ponent B and there will be two phases ðX24X4X1Þ.
The same thing happens from another side, namely the

B-phase side. Consequently the domain is divided into

one-phase domains in each side of the phase diagram

(A-rich or B-rich, X5X1;X4X2) and a two-phase

domain ðX24X4X1Þ. In the latter domain, there are

two phases that co-exist, and therefore the degree of

freedom is f¼ 2. Consequently, if temperature and

pressure are prescribed, then the chemical composi-

tions of a material must be fixed. The boundaries

between the one- and two-phase regions correspond

to the solubility of each species into another.

Usually the solubility of another phase into a given

phase increases with temperature, so the boundaries

separating two one-phase domains will become closer

as temperature rises. These boundaries are often

referred to as a solvus. When mutual solubility is

large, then at a certain temperature below the melting

temperature, the two solvus curves merge. Above this

critical temperature (Tc) the two phases mix com-

pletely. Above this temperature mixing occurs both in

solid-state and liquid-state, and therefore the phase

diagram above this temperature should look like that

of a solid-solution (Fig. 2.5d). Obviously the solvus

curves or any of the boundaries on a phase diagram

also depend on pressure. The temperature and pressure

dependence of solvus curves for various combinations

of minerals is used as petrological barometers and/or

thermometers (e.g., WOOD and FRASER, 1976).

Effects of non-stoichiometry: a phase diagram
for an open system
The phase diagram considered above assumes that the

chemical composition of each phase is independent of

T and P except in cases where finite solubility of one

component occurs in each phase. For example, a phase

diagram for (Mg, Fe)O is usually constructed assuming

that this is a two-component system (MgO and FeO)

Thermodynamics 27



assuming that the material exchange occurs only

through Mg, Fe keeping the number of atoms in

the (solid) system constant. This is not strictly true

when the system under consideration is open (i.e.,

when the system exchanges materials with the sur-

rounding system). In a system like XO (X¼Mg etc.;

O, oxygen), the ratio of the number of atoms of X and

O (stoichiometry) can deviate from what the chemical

formula would indicate. The deviation from the formal

chemical formula is referred to as non-stoichiometry.

When non-stoichiometry occurs in an ionic crystal,

then charge balance must be maintained by creating

another type of charged species. This is usually done by

creating point defects or by incorporating another spe-

cies. One example is an Fe-bearing mineral such as

olivine ((Mg,Fe)2SiO4) that can have non-stoichiometry

caused by a change of valence state of iron

ðFe2þ , Fe3þÞ. In this case the charge balance is main-

tained by the change in the concentration of M-site

vacancies that have a negative effective charge (see

Chapter 5). Another example is a combined substitu-

tion such as Al3þ þ Fe3þ , Si4þ þ Fe2þ. In these

cases, an additional variable such as oxygen fugacity

or the activity of Al2O3 is needed to specify the degree

of non-stoichiometry. The degree of non-stoichiometry

in the former type of processes is usually small (�10� 4

or less in olivine) but can be large in an Fe-rich

compound such as FeO (in FeO the non-stoichiometry

is�8%, i.e., Fe0.92O). Even in cases where the degree of

non-stoichiometry is small, its effects on physical prop-

erties can be important. In a binary material (such as

XO), the oxygen fugacity is used as an additional var-

iable in constructing a phase diagram (NITSAN, 1974).

(In a ternary system such as Mg2SiO4, the stoichiom-

etry is defined by two ratios (i.e., Mg=O;Mg=Si), and

hence one needs two additional parameters to completely

describe the chemical state of the system. Both oxygen

fugacity and the oxide activity must be specified in such

a case.)

To illustrate this point, let us consider a phase dia-

gram of Fe–O. Iron (Fe) can assume three different

valence states dependent on oxygen fugacity, fO2
: met-

allic iron Fe0 at low oxygen fugacity, ferrous iron Fe2þ

at intermediate oxygen fugacity and ferric iron Fe3þ at

high oxygen fugacity, see Fig. 2.6. Each species (Fe0,

Fe2þ and Fe3þ) has a different chemical character and

therefore the stable phases at different conditions will

depend on the oxygen fugacity. Consequently in an

Fe–O system, four compounds may be present depen-

dent upon the oxygen fugacity, i.e., metallic iron at low

oxygen fugacity, wüstite (FeO) and magnetite (Fe3O4)

at the intermediate oxygen fugacity and hematite

(Fe2O3) at high oxygen fugacity. Iron in wüstite is

mostly ferrous iron (Fe2þ), whereas in magnetite

there are both ferrous iron (Fe2þ) and ferric iron

(Fe3þ) and finally at high oxygen fugacity all iron

changes to ferric iron (Fe3þ). The stability of iron-

bearing olivine can be analyzed in a similar way.

Olivine accepts ferrous iron but not ferric iron (ferric

iron is present in olivine but only with a very small

amount, �1–10 ppm, as point defects) and therefore it

is stable only within a certain range of oxygen fugacity

that is determined by the stability of wüstite (FeO).

A somewhat different phase diagram applies when a

given mineral favors ferric iron more than ferrous iron.

In such a case, even at an oxygen fugacity in which iron

would occur as FeO, iron in that mineral can be ferric

iron. In some cases, the stability field of the ferric iron-

bearing phase expands to a much lower oxygen fugac-

ity, and in such a case a mineral containing ferric iron

could co-exist with metallic iron. An important case is

silicate perovskite that favors ferric iron, and the for-

mation of silicate perovskite from ringwoodite leads to

the formation of metallic iron (e.g., FROST et al., 2004).

2.2. Some comments on the
thermodynamics of a stressed system

In the usual treatment of thermodynamics, the energy

change of a system due to mechanical work is treated

assuming hydrostatic stress. That is dW¼�PdV, i.e.,

the work done against pressure. An extension of such a

treatment to non-hydrostatic stress conditions is
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FIGURE 2.6 A phase diagram of Fe-O at 0.1 MPa.
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needed when the deformation of materials is consid-

ered. The strain energy of stressed solid (per unit vol-

ume) is usually written as (e.g., LANDAU and LIFSHITZ,

1959; SCHMALZRIED, 1995)

dW ¼
X
ij


ij d"ij (2:59)

where 
ij is stress and d"ij is the strain increment.

However, this expression does not capture the energy

difference that plays an important role in diffusional

(or pressure-solution) creep (Chapter 8). According to

this equation, the energy of the system is independent

of the orientation of the interface at which the reaction

occurs, but the free energy change associated with a

particular reaction under non-hydrostatic stress

depends on the process that occurs at the crystal sur-

face (or grain boundary). Consequently, the free

energy change may depend on the orientation of the

interface with respect to the applied stress at which the

reaction occurs. To illustrate this point, let us consider

the formation/destruction of a vacancy (dissolution/

precipitation of a stressed solid) into a grain boundary

(or a liquid) (Fig. 2.7). Consider the formation of a

vacancy in a crystal. The formation of a vacancy is

made by the removal of an atom from inside a crystal

to the surface. Therefore, there is a volume expansion,

and hence the formation free energy of a vacancy is

often written as G
 ¼ E
 � TS
 þ PO, where O is the

volume of a vacancy (atom). However, to be more

specific, the energy associated with vacancy formation

depends onwhere it occurs. To see this, let us recall that

vacancy creation (destruction) occurs mostly at grain

boundaries. When an atom is removed from the inte-

rior of a crystal to its grain boundary, one needs to do

work against normal stress (only normal stress comes

into play because the displacement is normal to the

boundary), thus

G
ðxÞ ¼ E
 � TS
 þ 
nðxÞ � O ¼ G
0 þ 
0nðxÞ � O (2:60)

where E* is the internal energy including the strain

energy (e.g., (2.59)), S* is the entropy (vibrational

entropy), 
n(x) is the normal stress on the grain boun-

dary that depends on the orientation of the boundary

with respect to the applied stress, G
0 ¼ E
 � TS
 þ PO
and 
0nðxÞ is the deviatoric component of the normal

stress ð
0nðxÞ ¼ 
nðxÞ � PÞ. Equation (2.60) defines

the Gibbs free energy of a solid under stress near a

boundary. Note that G
ðxÞ is heterogeneous and there

is no absolute equilibrium state under the deviatoric

stress. The free energy defined by (2.60) represents

only the local equilibrium. Also note that although

the internal energy (E*) depends on stress, its depend-

ence is of second order (equation (2.59)) and the domi-

nant role of stress is through the 
nðxÞ � O (or 
0nðxÞ � OÞ
term.

There have been extensive debates concerning the

exact formula for the free energy of stressed solids (see

e.g., JOHNSON and SCHMALZRIED, 1992; KAMB, 1961;

PATERSON, 1973; SHIMIZU, 1992). However, except for

the above well-defined case, many controversies are

around the strain energy term. The contribution to

this term in an actual stressed solid is usually domi-

nated by the energy due to heterogeneous dislocation

density rather than the strain energy of dislocation-free

solids (e.g., POIRIER and GUILLOPÉ, 1979), and the

relevance of such a controversy to real geological issues

(or physical processes) is questionable.

2.3. Thermodynamics of irreversible
processes

A brief account of the thermodynamics of irreversible

processes is given in this section. From the microscopic

point of view, elastic deformation occurs when atomic

displacement from stable positions is limited to the

small vicinity of stable positions at which the material

assumes minimum free energy. When the force that

causes deformation is removed, atoms move back to

their original positions. Therefore elastic deformation

is reversible (and instantaneous). However, statistical

mechanics shows that, at finite temperatures, there is

a non-zero probability that an atom can assume a

position away from the equilibrium position. This ran-

dom motion of atoms is referred to as fluctuation.

Consequently, an atom could sometimes move to a

new stable position over the potential barrier with a

σn

liquid/grain boundary

grain

vacancy

grain

Ω

FIGURE 2.7 The process of formation of a vacancy (or dissolution

of atoms) in a stressed solid at a grain boundary (or crystal–liquid

interface).
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certain probability (see section 2.3). This process can

be assisted by the applied stress. Once this happens,

then upon the removal of the stress, the atomic config-

uration of the material would not revert to the original

configuration instantaneously: thus the deformation

becomes irreversible (and time dependent because the

process now depends on the probability of atomic

jumps).

Plastic deformation occurs due to irreversible pro-

cesses. Therefore an understanding of irreversible pro-

cesses is critical in the study of plastic deformation. The

important issues here are the relationship between

mass flux and various driving forces for mass flux

and the interaction of various (generalized) forces.

More detailed discussions of the thermodynamics of

irreversible processes can be found in CALLEN, 1960,

DE GROOT and MAZUR (1962) and GLANSDORFF and

PRIGOGINE (1971).

2.3.1. Flux and the generalized forces

Irreversible motion or the flux of atoms (or energy)

occurs when a system is out of equilibrium. One can

surmise that some forces cause such a flux.

Experimental observations show that in most cases

the rate of motion of atoms or the flux of atoms (or

energy) is linearly proportional to the force. An exam-

ple of such an empirical law is Fick’s law of diffusion

(of atoms) (also see Chapter 8),

J ¼ �Drc: (2:61)

where J is the flux of atoms, D is diffusion coefficient

and c is the concentration of atoms (number of atoms

per unit volume). Fick’s law, (2.61), is given for a case

where only one type of force is present (concentration

gradient) and only single atomic species move. The

generalization of this type of flow law is important in

considering atomic transport (and plastic flow) in an

ionic crystal.

In generalizing an equation such as (2.61), it is

useful to examine the physical basis for atomic flow.

In the previous section (section 2.1), we learned that in

a system at thermochemical equilibrium, the entropy

must be maximum and hence the following quantities

(intensive parameters) must be homogeneous, 1=T;

P=T and ��=T (equation 2.22). When the system is

out of equilibrium, a flow of atoms (or energy) will

occur due to the heterogeneity of these quantities. Such

a flow produces entropy. Since entropy is given by the

product of extensive quantities (such as energy) and

intensive parameters (such as temperature), it is

natural to define the gradients of these quantities as

generalized forces that drive the motion of correspond-

ing (extensive) quantities. Therefore we define a gener-

alized force by

X � r� (2:62)

where � ¼ 1=T; P=T; ��=T and define a linear rela-

tionship between the force and the flux, J, of an exten-

sive quantity,

J ¼ L � X ¼ L � r� (2:63)

where L is a material constant that is often referred to

as a phenomenological coefficient. For instance, the

extensive quantity corresponding to an intensive

parameter 1=T is the internal energy, so the flux corre-

sponding tor 1=Tð Þ will be the flux of energy, i.e., heat
flow. In this case, the empirical law is Fourier’s law,

JT ¼ �krT (2:64)

where JT is the energy flux and k is thermal conductiv-

ity. Comparing Fourier’s lawwith equations (2.62) and

(2.63) (� ¼ 1=T), one obtains

L ¼ kT2. (2:65)

Similarly, the extensive quantity corresponding to an

intensive parameter ��=T is the number of atoms, n,

so the corresponding flux is the flux of atoms. The

empirical relation for this case is therefore Fick’s law

of atomic diffusion,

J ¼ �Drc (2:66)

whereD is the diffusion coefficient and c is the concen-

tration of atoms (number of atoms per unit volume)

and we have,

L ¼ Dc

R
. (2:67)

Problem 2.8

Derive equation (2.67).

Solution

Using the relation (2.32), � ¼ �0 þ RT log x ¼ �0þ
RT log c=c0ð Þ, one obtains X ¼ �r �=Tð Þ ¼ �R rc=cð Þ.
Inserting this into (2.64), one gets J ¼ �Drc ¼
Dc=Rð ÞX � LX, and therefore L ¼ Dc=R.
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From the above discussion, two methods of general-

ization of the above linear relationship are obvious. First,

Fick’s law describes the flux of atoms due to the concen-

tration gradient, but more generally, atomic flux due to

the gradient of chemical potential X ¼ �r �=Tð Þ can be

considered. The chemical potential may include not only

the gradient of concentration (gradient of configura-

tional entropy) but also the gradient of free energy due

to other effects such as electrostatic field. Electrostatic

interaction among different diffusing species plays an

important role in ionic crystals (see Chapter 8 for more

details). In such a case, the electrostatic energy must be

included in the chemical potential thus

X ¼ �r �
T
¼ �rð�0 þ RT log c=c0ð Þ þ q�Þ

T

¼ � q

T
r�� R

rc
c
¼ q

T
E� R

rc
c

(2:68)

where q is the electrostatic charge of the species, � is the

electrostatic potential and E is the electrostatic field

(E ¼ �r�).
Second, in writing equation (2.62), we considered

only one force and one flux. A natural generalization

of this relation is

Ji ¼
X
j

Lij�Xj (2:69)

where we include various types of forces and corre-

sponding fluxes. The phenomenological coefficients dis-

cussed above correspond to the diagonal components,

Lkk, namely a material parameter describing the flow of

intensive variables (matter (or energy)) due to the corre-

sponding gradient of extensive parameters (generalized

force). Off-diagonal components of phenomenological

coefficients (Lij with i 6¼ j) express the coupling of differ-

ent fluxes. Physically these terms represent the flux of the

ith variable caused by the generalized force conjugate to

the jth variable. For example, the temperature gradient

can cause the diffusion flux of atoms (Soret effect), and

conversely the concentration gradient can cause the

temperature gradient (Dufour effect). Diffusion in a

multi-component system is an important example

where coupling among different species can cause

important effects on mass transport (e.g., LASAGA,

1997, see also Chapter 8). The entropy production rate

contains various terms including the scalar (PV term),

vector (heat flow, diffusionalmass flow) aswell as tensor

(energy dissipation due to plastic flow). A coupling of

flux of various variables can occur only when these

variables have the same transformation with respect to

the change of the coordinate system. This comes from

the fact that the entropy production rate (equation 2.66)

is a scalar, so that upon the transformation of the coor-

dinate this quantity must not change.

Among the off-diagonal components that represent

the coupling of different fluxes, the following symme-

try relation, the Onsager reciprocal relation, must be

satisfied,

Lij ¼ Lji (2:70)

if the independent fluxes are written as linear functions

of the independent generalized forces. The Onsager

reciprocal relation is a consequence of the symmetry

of fluctuation with respect to time (for details see e.g.,

CALLEN, 1960; DE GROOT andMAZUR, 1962; LANDAU

and LIFSHITZ, 1964).

2.3.2. Some notes on the driving forces for
plastic deformation

The driving forces considered in the previous section

may be called thermodynamic forces (such as a force

due to the gradient of concentration of a given species).

However, under a deviatoric stress, there are forces that

directly arise from the appliedmacroscopic (stress) field.

In a solid under deviatoric stress, what forces drive

large-scale atomic motion leading to plastic flow? Two

cases can be distinguished. First, for an atomic species

such as individual atoms or isolated point defects, there

is no direct interaction between applied stress and these

atomic species. In a perfect crystal, atoms are in their

lattice sites without any stress or strain. Similarly for

point defects, most of them are also isotropic and are

not associated with deviatoric strain so that they do not

interact with deviatoric stress (exceptions are defect

complexes, which can have anisotropic strain field and

interact with shear stress causing anelasticity; see

Chapter 11). Consequently applied stress provides no

direct driving forces for atomic species. Themost impor-

tant driving force for the motion of these atomic species

(e.g., point defects) under deviatoric stress is the ther-

modynamic force, X ¼ �r �=Tð Þ ¼ �R rc=cð Þ, caused
by the heterogeneity of defect concentration due to the

heterogeneous microstructure of a polycrystalline mate-

rial (see Chapter 8). Heterogeneity of defect concentra-

tion can also occur due to the local stress heterogeneity

due to the presence of a dislocation or a grain boundary

(see Chapters 8 and 9). In these cases, dislocation

motion or motion of atoms across a grain boundary

occurs due to (indirect) thermodynamic force. Second

is the case for dislocation motion, which is different

from the case for point defects. Due to the long-range
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displacement field associated with it, a dislocation has a

direct mechanical interaction with the applied stress

(Peach–Koehler force: see Chapter 5). A dislocation

moves both by the direct effect of applied stress as well

as by the thermodynamic forces caused by the concen-

tration gradient of point defects around it.

In some literature, the gradient in chemical potential

that drives processes such as diffusion under stress, 
, is

written as (e.g., SCHMALZRIED, 1995)

r �
T
¼ Rr log a� O

T
� r
 (2:71)

where a is the activity and O is the molar volume of the

species involved. This expression is misleading and

should be used with care. First, this equation would

imply that the applied stress has a direct effect on defect

motion. This is not true in many cases. For example,

diffusion flux in a polycrystalline material under devia-

toric stress is caused by the indirect thermodynamic

force due to the local (grain scale) variation in the

normal component of stress at the place where crea-

tion/destruction of defects occur (Chapter 8). In other

words, stress in this equation should not be the macro-

scopic stress.3 The use of equation (2.71) will obscure

this basic physics of stress-induced kinetic processes

and is not recommended. Second, in the case of diffu-

sion flux in a polycrystalline material, the two terms in

equation (2.71) are redundant if the stress dependence

of concentration is included in the activity term

because in this case, the driving force is a thermody-

namic driving force, r �=Tð Þ ¼ Rr log a, caused by

the grain-scale variation in stress, and is given

by r �=Tð Þ ¼ Rr log a ¼ � O=Tð Þ � 
=Lð Þ 	 � O=Tð Þ�
r
 a ¼ a0 exp �
O=RTÞð Þð .

2.3.3. Stationary (steady-state) state: the principle
of minimum entropy production rate

The flow of materials (or energy) causes entropy pro-

duction (energy dissipation). The rate of local entropy

production is given by

� � dS

dt
¼
X
i

JiXi ¼
X
i

Ji� r�i: (2:72)

Inserting the relation (2.69) into (2.72), one gets

� ¼
X
i;j

LijXiXj (2:73)

where we used the Onsager reciprocal relation. Now con-

sider a casewhereone force (Xk) is fixedbutothers are free

to vary. The entropy production rate is minimum with

respect toXi i 6¼ kð Þwhen the following condition is met,

@�

@Xi
¼
X
j

LijXj ¼ Ji ¼ 0 ði 6¼ kÞ: (2:74)

At the stationary state, all the fluxes other than the one

corresponding to a fixed force (Xk) should vanish. Now

from the conservation equation for an extensive

parameter �i; � @�i=@tð Þ ¼ �r� Ji, it is seen that the

state of minimum entropy production rate (i.e.,

Ji¼ 0) corresponds to the stationary state

ð@�i=@t ¼ 0Þ. This is referred to as the principle of

minimum entropy production rate.

2.4. Thermally activated processes

2.4.1. Absolute rate theory

Basic theory
An irreversible process involves an atomic jump from

one stable position to the next. The atomic jump is

often caused by a large fluctuation of atomic positions

due to lattice vibration. Such a process is referred to as a

thermally activated process. The energy of an atom in a

crystal has a minimum value at the lattice sites. As one

measures the energy of an atom from one lattice site to

the neighboring site, the energy has a local maximum

somewhere in the middle of the two lattice sites. The

value of the energy maximum depends on the pass

along which one moves an atom. The position at which

the energy at the peak isminimum is called a saddle point

(Fig. 2.8). Through thermal vibration, atomic positions

fluctuate. Therefore, with some non-zero probability, a

system can assume an atomic configuration in which an

3 If equation (2.71) is used, with 
 being the macroscopic stress, then there

would be no diffusion or deformation for a homogeneous deviatoric

stress.

H

A
A′

S

H*

FIGURE 2.8 A plot of enthalpy as a function of atomic position

associated with an atomic jump from position A to position A0 . S is the

saddle point. H
 ¼ E
 þ PV
 is the activation enthalpy (E* is the

activation energy and V* is the activation volume).
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atom goes to a saddle point. At a saddle point, the

potential energy of an atom has a maximumwith respect

to the spatial coordinate, and consequently, this config-

uration is unstable and an atom moves to the next stable

position (or goes back to the original position).When the

velocity of an atom at that saddle position is ‘‘positive,’’

then the atom goes to the next stable position (a lattice

site). Since this new configuration is stable, that atom

does not go back to the original position instantaneously.

Therefore the motion over a saddle point is irreversible.

The rate at which this occurs may be calculated by

applying the principles of statistical physics and the fol-

lowing theory is called the absolute rate theory, which

was developed by EYRING (1935). The application of

this theory to atomic migration in a solid was made by

FLYNN (1968) and VINEYARD (1957) (see also FLYNN

(1972)). Noting that the activated state has different

chemical bonding and hence the frequencies of lattice

vibration are different, one obtains (e.g., FLYNN (1972))

w ¼ ~� � exp � H


RT

� �
(2:75)

where

~� ¼

Q3N
i¼1

oi

Q3N
i¼2

o 0i

(2:76)

is a constant with a dimension of frequency (oi and o0i
are frequencies of lattice vibration with the ith mode at

the ground state (A) and at the saddle point configu-

ration (S) respectively) and

H
 ¼ H
S �H
A ¼ ES � EAð Þ þ P VS � VAð Þ (2:77)

is the activation enthalpy (ES,A (VS,A): internal energy

(volume) of a system with state S and A). An interpre-

tation of equation (2.75) is that ~� is the ‘‘trial fre-

quency,’’ and exp �H
=RTð Þ is the success rate of a

jump. ~� is of the order of the Debye frequency (char-

acteristic frequency of lattice vibration, see Chapter 4)

and does not change very much with pressure or tem-

perature. The most important parameter to control the

rate of process isH*, the activation enthalpy. This term

(i.e., exp �H
=RTð Þ) can change by orders of magni-

tude as temperature and/or pressure (or other chemical

factors such as water fugacity) change.

The rate of atomic jump depends exponentially on

temperature and pressure and hence the effects of tem-

perature and pressure on an atomic jump are large.

ES�EA is always positive whereas VS�VA can be

positive or negative (see Chapter 10). Consequently,

an atomic jump is always enhanced by higher temper-

ature, whereas higher pressure usually suppresses an

atomic jump (Chapter 10). Also note that the temper-

ature dependence of thermally activated processes

results in the time dependence of the process because

these processes occur as a result of fluctuation.

Effects of stress on thermal activation
The above formula shows that the rate at which a ther-

mally activated process occurs is strongly dependent on

temperature and pressure through activation enthalpy,

H*. When an atom (or defect) has an interaction with

stress, the activation enthalpy becomes dependent on the

stress. This is a case for dislocations (see Chapters 5 and

9) which have an anisotropic strain field and hence have

strong interactions with applied (deviatoric) stress. In

such a case, the activation enthalpy becomes stress

dependent, H*(
). In these cases, applied stress changes

the energy of a dislocation when it moves from the

ground state to the saddle point configuration. The

stress works on a piece of dislocation when a piece of

dislocation moves to the direction of the Peach–Koehler

force (Chapter 5) and hence the enthalpy will be

reduced. On the other hand, when a dislocation moves

in the opposite direction, the enthalpy for the barrier will

increase. The net rate of motion will then be given by

w ¼ wþ � w�

¼ ~� exp �H
þð
Þ
RT

� �
� exp �H
�ð
Þ

RT

� �� �
(2:78)

although the backward activation is not very impor-

tant at high stresses.

Because the activation enthalpy in these cases

decreases with stress, there is a threshold stress, 
c, at

which activation enthalpy vanishes,

H
ð
cÞ ¼ 0: (2:79)

When stress reaches this level, then motion of defects is

possible without the help of thermal activation. In

other words, there is a finite probability of defect

motion even at T¼ 0K. Such a motion of defects is

referred to as athermal motion. For athermal motion,

fluctuation does not play an important role and hence

the process becomes (nearly) time independent. A phe-

nomenon often referred to as yield corresponds to this

athermal motion of defects (dislocations) (the stress at

which plastic deformation occurs at low temperatures

is often referred to as a yield stress).
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3 Phenomenological theory
of deformation

The formal theory of deformation plays an important role in formulating energy dissipation

(i.e., seismic wave attenuation) and non-linear rheological relationships. This chapter presents a

brief summary of the phenomenological theory of plastic deformation. This includes the classification

of deformation (elastic, viscous, plastic etc.), the mathematical formula for constitutive relations,

formulation of transient creep and the mathematical formula appropriate for non-linear rheology.

Key words elasticity, visco-elasticity, anelasticity, constitutive relations, Levy–vonMises equation,

mechanical equation of state, transient creep, creep response function, creep compliance function,

Kramers–Kronig relation, Maxwell model, Voigt model, Zener model, Burgers model.

3.1. Classification of deformation

The response of a material to applied stress can occur

in a variety of ways. Under some conditions, an

equilibrium state can be achieved upon applying a

stress, whereas time-dependent or steady-state defor-

mation can also be achieved. To understand the

microscopic basis for this difference, it is useful to

consider the nature of atomic displacement caused

by an applied stress. At static equilibrium, each

atom occupies a position corresponding to the mini-

mum potential energy (Fig. 3.1a). Upon applying a

stress (a force per unit area), atoms move their posi-

tions from their stable positions. If the stress is small,

or the temperature is low (or time is short), then only

small, instantaneous displacement will occur.

Consequently, when the stress is removed, atoms go

back to their original positions. This type of instanta-

neous and recoverable deformation is called elastic

deformation. In contrast, when a large stress is applied

or stress is applied for a long time (at high temper-

atures), then a material responds to the stress not

only instantaneously but also through delayed, time-

dependent deformation and a fraction of the strain is

not recoverable.

Deformation that has time-dependent and non-

recoverable strain is called non-elastic deformation.

Microscopically, this type of deformation occurs when

the atomic motion is so large that atoms move, over the

potential hill, to the next stable positions (Fig. 3.1b).

Once atoms move over the potential hill, then even if

the stress is removed, they will not go back to their

original positions immediately. Note, however, that

under some conditions, recoverable but time-dependent

(delayed) deformation could occur. This is the case when

deformation involves atomic motion over the

potential hill, but deformation causes elastic strain inside

a material (back stress). In this case, after the removal of

external stress, atomic motion occurs in such a way as to

reduce the internal (back) stress associated with elastic

strain so that the final equilibrium state will have no

permanent strain: strain is recoverable but time-depend-

ent. This type of deformation is often referred to as

anelastic deformation. In contrast, deformation can be

time-dependent and strain is non-recoverable. This

type of deformation is referred to as viscous (or
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plastic1) deformation. However, both anelastic and vis-

coelastic deformation are often collectively referred to as

anelastic deformation.

Deformation can occur nearly instantaneously and

be non-recoverable. Fracture or low-temperature

yielding at high stress is nearly time-independent yet

deformation is non-recoverable. This type of behavior

is, however, better considered as an end-member

behavior of plastic deformation (e.g., HART (1970)).

Themode of non-elastic deformation is conveniently

classified into brittle and plastic (ductile) deformation.

Inmore casual terms, brittle deformation is fracture and

ductile deformation is flow. These two processes are

nearly independent and therefore the non-elastic

response of a material to the external force is either

brittle fracture or ductile flow whichever is easier.

Fracture involves themacroscopic breaking of chemical

bonds (at the scale of cracks), which occurs in most

cases in a localized fashion. In most cases, ductile flow

involves the microscopic motion of atoms and in many

cases occurs homogeneously. Consequently, micro-

scopic, thermally activated motion of atoms (defects)

controls ductile deformation, but thermally activated

processes play a less important role in brittle fracture.

In this book, we focus on plastic flow, but a brief

summary of brittle deformation is given in Chapter 7.

Extensive reviews of brittle deformation are given by

PATERSON and WONG (2005) and SCHOLZ (2002).

3.2. Some general features of plastic
deformation

Fig. 3.2 illustrates a typical result of mechanical tests in

the plastic regime. In all cases, there is an instantaneous

elastic response yielding elastic strain, but we focus on

the non-elastic component. Non-elastic deformation

usually starts with a transient period in which the strain

rate (at constant stress) or stress (at constant strain

rate) changes with time. Eventually a material will

usually assume steady-state deformation in which the

strain rate (for constant stress) or stress (for constant

strain rate) remains constant with time. A few points

should be noted. First, the steady state is only approx-

imately defined, and in fact, there are several quasi-

steady-states of deformation for a given material.

This is due to the fact that plastic deformation is sensi-

tive to microstructures and there is a hierarchy

of microstructures. As microstructures evolve, plastic

properties also evolve. Consequently, when different

microstructures assume quasi-steady-state at different

time-scales, there will be several quasi-steady-states of

deformation for a given material. One example is the

deformation of a polycrystalline material in the dislo-

cation creep regime (see Chapter 9). Dislocationmicro-

structures at each grain level will evolve during

deformation, and quasi-steady-state deformation will

be reached when dislocation microstructures achieve

steady state (constant dislocation density, constant

elastic non-elastic
(a) (b) FIGURE 3.1 Atomistic view of

(a) elastic (recoverable) and (b)

non-elastic (non-recoverable)

deformation.

σ = constant

εe

steady statetransient

Time
S

tra
in

FIGURE 3.2 A schematic diagram of a strain versus time relation for

a constant stress test showing various stages of deformation, where "e
is the elastic strain. This figure corresponds to a case where work-

hardening occurs in the transient stage.

1 In the literature, the term ‘‘plastic deformation’’ is often used to describe

nearly time-independent yielding, and the other type of strongly time-

dependent deformation is called viscous flow. However, in this book I use

‘‘plastic deformation’’ for any time-dependent non-recoverable

deformation.
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subgrain structures etc.). At the same time, orienta-

tions of individual grains will evolve with deformation

to result in a lattice-preferred orientation (see

Chapter 14) that will also affect plastic deformation.

Consequently, another quasi-steady-state will be

achieved when steady-state lattice-preferred orienta-

tion is established. Grain size may also evolve during

deformation that affects the plastic flow (see

Chapter 13). In most cases, these grain-scale micro-

structures evolve with longer time constants than

dislocation microstructures. Therefore quasi-steady-

states corresponding to steady-state lattice-preferred

orientation and steady-state grain size will be achieved

in later stages than the quasi-steady-state correspond-

ing to steady-state dislocation microstructures. It is

important to define the scale that one is talking about

when one discusses the time-dependent deformation of

materials. Second, under some conditions, steady-state

deformation becomes unstable and localized unstable

deformation occurs (Chapter 16).

In this chapter we will discuss some general (phe-

nomenological) aspects of the mathematical descrip-

tion of mechanical behavior in the plastic regime. The

issues that we discuss in this chapter include: (i) the

formulation of non-linear flow laws (section 3.3),

(ii) the formulation of transient deformation behavior

(section 3.4) and (iii) the influence of ductile deforma-

tion on energy loss and on apparent elastic moduli

(section 3.5).

3.3. Constitutive relationships for
non-linear rheology

The plastic properties of a material are expressed in

terms of a relationship between stress and strain or

strain-rate. Therefore a material parameter (or para-

meters) that characterizes plastic deformation must

express a relation between two second rank tensors

(deviatoric stress �ij and deviatoric strain rate _"ij). In

the simplest case of linear rheology at steady state, the

relation should be

�ij � 2
X
k;l

�ijkl _"kl (3:1)

where �ijkl is the viscosity tensor. It follows that a large

number of measurements along various orientations

are needed to fully characterize the plastic properties

of a material. However, in many cases, a material is

approximately isotropic. This would be the case where

one considers deformation of a polycrystal whose

microstructure is nearly isotropic. In such a case, at

steady state, the plastic properties of a material are

characterized by a single scalar parameter, viscosity,2

�, defined by,

�ij � 2� _"ij: (3:2)

Consequently, the plastic properties in such a case

can be determined by measuring the one component

of strain rate corresponding to one type of stress.

For example, one can apply normal stress on the x1
plane, �1, and observe the corresponding strain

rate _"1. The viscosity can be determined by

� ¼ ð�1 � �3Þ=2 _"1 � _"3ð Þ ¼ ð�1 � �3Þ=3 _"1 (note that

_"3 ¼ �1
2
_"1) where �3 is the lateral stress (confining

pressure). Given this effective viscosity, strain rates

corresponding to any other stress components can

be calculated from (3.2). For a more general aniso-

tropic rheology, one has to determine the rheological

properties for a large number of orientations.

In the case of non-linear rheology, one may deter-

mine a relationship such as _"1 ¼ A �1 � �3ð Þn (n> 1).

But this equation cannot be generalized to _"ij ¼ A�nij,

because such a relation violates the rule of transforma-

tion of tensors (if one rotates the coordinate system,

the left- and the right-hand sides would change differ-

ently). If a material is isotropic, stress and strain rate

must be related by a scalar quantity. Therefore, for

non-linear rheology, one must have,

_"ij ¼ Bð�ijÞ � �ij (3:3)

where B is a scalar function of stress. Because B is a

scalar, it must contain only the invariants of (devia-

toric) stress tensor (see Chapter 1). Because the first

invariant of stress tensor is hydrostatic pressure, the

first invariant is usually assumed not to contribute to

deformation (other than its effect on a constant

term related to the rate of thermal activation, see

Chapter 10). The third invariant is also assumed not

to contribute to assure that energy dissipation is always

positive (see equation (3.11)). In this case, the simplest

form will be,

B ¼ BðII�Þ ¼ �B � II ðn�1Þ=2� : (3:4)

Therefore equation (3.3) becomes

_"ij ¼ �B � IIðn�1Þ=2� �ij: (3:5)

2 Similar to an elastic material (see Chapter 4), there are two viscosities for

an isotropic material, one for shear and another for bulk deformation.

However, for a perfectly dense solid, the bulk viscosity is infinite.

Therefore we consider only shear viscosity here (for the bulk viscosity, see

also Chapter 12).
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This is referred to as the Levy–von Mises equation.

In this case (i.e., isotropic rheology), one can trans-

late the results from one type of deformation geom-

etry to another deformation geometry. Note that

when large internal stress exists in addition to the

applied stress, the B II�ð Þ term will be largely modi-

fied by the internal stress. Consequently, the plastic

flow of a material will be affected by the presence of

internal stress. An application of this notion to plas-

tic deformation during a phase transformation is

discussed in Chapter 15.

Problem 3.1*

Let us consider two cases. In uni-axial (tri-axial)

compression tests, one applies uni-axial stress, and

measures uni-axial strain rate. Usually, the results of

such tests are presented as a relationship between

�1 � �3 and _"1 as,

_"1 ¼ Cð�1 � �3Þn (1)

and C and n are the constants that are determined by

experiments.

The second is a case of simple shear tests. In this case,

the results are usually presented as a relationship

between shear stress � and shear strain rate _�,

_� ¼ D�n: (2)

Show that,

D ¼ 3ðnþ1Þ=2C: (3)

Solution

Under the assumption of isotropic plasticity, the

rheological equation for both cases must satisfy

equation (3.5). Now, the strain-rate tensor for tri-

axial compression is

_"ij ¼
_" 0 0
0 �1

2
_" 0

0 0 �1
2
_"

2
4

3
5

and the deviatoric stress tensor is

�0ij ¼
�1 0 0

0 �3 0

0 0 �3

2
64

3
75�

P 0 0

0 P 0

0 0 P

2
64

3
75

¼

2
3ð�1 � �3Þ 0 0

0 �1
3ð�1 � �3Þ 0

0 0 �1
3ð�1 � �3Þ

2
64

3
75:

Therefore II� ¼ 1
3ð�1 � �3Þ

2 (note that only deviatoric

stress contributes to plastic flow in the ductile regime).

The flow law for the tri-axial test assumes the form,

_"1 ¼ _" ¼ Cð�1 � �3Þn

Comparing this relation with equation (3.5),

�B ¼ ðC=2Þ3ðnþ1Þ=2.
Now for simple shear,

_"ij ¼
0 1

2
_� 0

1
2 _� 0 0
0 0 0

2
4

3
5

and

�0ij ¼
0 � 0
� 0 0
0 0 0

2
4

3
5:

Therefore II� ¼ �2 and using (3.5), one gets
1
2

_� ¼ C
23
ðnþ1Þ=2�n. Hence D ¼ 3ðnþ1Þ=2C.

Equation (3.5) can be rewritten using the equivalent

stress (a scalar)

�e � ð3II�Þ1=2 (3:6)

to obtain

_"ij ¼ 3�ðn�1Þ=2 � �B � �n�1e � �ij (3:7)

We can also define the equivalent strain rate (a scalar)

_"e �
4

3
II _"

� �1=2
(3:8)

then

_"e ¼ 2 � 3�ðnþ1Þ=2 � �B � �ne � (3:9)

These definitions, i.e., equations (3.6) and (3.8), are

made to recover the relations �e¼�1��3 and _"e ¼ _"1
for tri-axial compression.

It is often useful to define effective viscosity, �eff,

by �ij � 2�eff _"ij, then

� eff ¼ 2�13ðn�1Þ=2 �B
�1
�1�ne

¼ 2�1=n3�ðn�1Þ=2n �B
�1=n

_"ð1�nÞ=ne : (3:10)

The effective viscosity decreases with the increase of

stress and increases with strain rate.
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Plastic deformation dissipates energy. The energy

dissipation per unit volume due to plastic deformation

is given by

� ¼
X
i;j

�ij _"ij � (3:11)

Using the equations (3.6) and (3.7), one obtains

� ¼ B1�
nþ1
e ¼ �B

�1=n
_"ðnþ1Þ=ne : (3:12)

Note that the energy dissipation by plastic flow is a

strong function of stress (or strain rate).

3.4. Constitutive relation for transient
creep

Transient creep is a phenomenon in which the rate of

deformation at a given stress (temperature and pres-

sure) changes with time (or strain). Since all of these

variables (stress, temperature, pressure) are kept con-

stant, this temporal variation of mechanical properties

must be attributed to the evolution of internal structure

(or internal mechanical state such as stress distribu-

tion). Therefore a general equation for transient creep

is given by

� ¼ Fð _";T;P; yÞ (3:13)

where y is a parameter that defines the internal struc-

ture or state of a material such as dislocation density or

grain size, or the distribution of internal stress. As

deformation proceeds, y evolves that leads to transient

behavior. Annealing may also cause a change in y

without a change in strain that leads to time-dependent

(transient) behavior. The specific form of such a func-

tion depends on the microscopic mechanisms of defor-

mation that are discussed in Chapters 8 and 9. In this

section I will summarize some of the general aspects of

the formulation of time-dependent deformation.

There have been some discussions as to how to

formulate time-dependent deformation. The question

is closely related to the issue of whether a mechanical

equation of state exists or not (HART, 1970;HOLLOMON,

1947; ZENER and HOLLOMON, 1946). When the stress

required for plastic deformation depends on the instan-

taneous values of the strain, strain rate, temperature

and pressure and not on their past histories, it is said

that a mechanical equation of state exists (similar to

the equation of state of material, by which the density

of a given material is defined only by the state variables

such as temperature and pressure without any depend-

ence on the path through which the temperature and

pressure are attained). If the mechanical equation of

state indeed exists, then one can predict the mechanical

properties of a material including transient behavior

without knowing its detailed history. HART (1970)

showed that if a mechanical equation of state exists,

then y must be a unique function of strain, y "ð Þ, and
should not explicitly depend on time (see also

MCCARTNEY (1976)). Constitutive relations consistent

with this requirement include

� ¼ A"q _"r þ �0 (3:14)

(e.g., HART, 1970; POIRIER, 1980) or

� ¼ B 1� exp

�
�
�
"

"0

�s�� �
_"r þ �0 � (3:15)

(e.g., CHINH et al., 2004; VOCE, 1948) (q, r, s> 0) which

have been used in the literature to describe strain

(work) hardening behavior. Note that equation (3.14)

does not describe steady-state flow (at infinite strain,

strength would become infinite which is physically

meaningless), whereas (3.15) does.

However, there is no reason to believe that a

mechanical equation of state exists for a range of

materials or conditions, and in fact, in many cases,

mechanical properties of materials indeed depend on

their history and hence a mechanical equation of state

does not exist. For example, when deformation occurs

by grain-size sensitive creep and when grain size is

controlled by grain growth, then the strength of the

material depends on the entire history of that material

(the initial grain size and the temperature–pressure

history). Similarly, deformation superposed with

pre-existing deformation depends on the pre-existing

conditions such as the initial stress (this is the case for

post-glacial rebound, in which deformation occurs

due to stress caused by the variation of surface load

in addition to the pre-existing stress due to long-term

convection, see Chapter 18).

In these cases, the transient creep behavior can be

described explicitly in terms of time variation of strain

(at a constant stress). In many cases the experimental

data can be fitted to the logarithmic constitutive equa-

tion, namely,

"ðtÞ ¼ "ela þ B logð1þ AtnÞ þ _"st ð05 n � 1Þ (3:16)

where "ela is elastic strainA andB are constants, and _"s is

the steady-state strain-rate. This equation is reduced to

the following ‘‘parabolic’’ flow law for Atn � 1,

"ðtÞ ¼ "ela þ ABtn þ _"st � (3:17)
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Equation (3.16) (with n¼ 1/3) was first used by

ANDRADE (1910) and is often referred to as the

Andrade creep law. From (3.16), one has

_"ðtÞ ¼ ABntn�1

1þ Atn
þ _"s � (3:18)

It is seen that in both models the strain rate decreases

with time, leading to the steady-state value, _"s, at infin-

ite time, but they yield infinite strain rate for t! 0

( _"! ABntn�1 !1). Therefore, these models cannot

be applied to short-term deformation. Some micro-

scopic models leading to (3.16) or (3.17) are discussed

in Chapter 9.

An alternative equation is an exponential formula,

"ðtÞ ¼ "ela þ C 1� exp

�
� t

�

�� �
þ _"st (3:19)

where C is a constant (C ¼ � _"0 � _"sð Þ) and � is a char-

acteristic time. This relation is a solution of the follow-

ing differential equation,

d _"

dt
¼ � _"� _"s

�
� (3:20)

The equation of type (3.20) is a rather general equation

that describes a relaxation process in which strain rate

decreases from the initial value _"0 to the final value _"s
with a relaxation time � . When a relaxation time has a

certain distribution, and when the stress versus strain-

rate relation is linear, then one can use the principle of

superposition to obtain

" ¼ "ela þ _"stþ C

Z 1
0

1� exp � t

�

� �h i
�Dð�Þ d� (3:21)

where D �ð Þ d� is the fraction of relaxation time

between � and � þ d� (
R1
0 D �ð Þd� ¼ 1). Assuming var-

ious distribution functions D �ð Þ, one obtains a range

of time dependence of strain including a parabolic

flow law (equation (3.17)) (see also section 3.5 and

NOWICK and BERRY (1972)). Therefore the flow laws

such as (3.16) (or (3.17)) and (3.19) are not mutually

exclusive.

3.5. Linear time-dependent deformation

3.5.1. General theory

Let us consider a case where deformation involves

both elastic and non-elastic components. Such

behavior is generally referred to as anelasticity or

visco-elasticity.3 When the amplitude of strain (or

stress magnitude) is small, one can apply the principle

of superposition and a systematic analysis of mechan-

ical behavior can be performed. Such low-strain

deformation involving both elastic and non-elastic

components plays an important role in seismic wave

propagation. This section provides a brief summary

of phenomenological theory. Specific mechanisms

of anelasticity are discussed in Chapter 11. Applica-

tions to seismic wave propagation are discussed in

Chapter 20. A general extensive discussion on anelas-

ticity is given by NOWICK and BERRY (1972).

Let us first consider the mechanical response in the

time domain. When non-elastic deformation occurs,

strain in a material includes not only instantaneous

elastic strain but also delayed strain. Consider the

response of a material for a small increment of stress,

d�, applied at time t ¼ t0. Because the strain at time t

depends on the time elapsed since the application of

stress, the strain of the material will be given by

d"ðtÞ ¼ Jðt� t0Þ d�ðt0Þ (3:22)

where J tð Þ is referred to as the creep response function.

Obviously, the response must occur after the stress is

applied, hence J tð Þ ¼ 0 for t5 0. The total strain cor-

responding to the time-dependent stress � tð Þ is given by

" tð Þ ¼
Z t

�1
J t� t0ð Þ d� t0ð Þ ¼

Z t

�1
J t� t0ð Þd� t0ð Þ

dt0
dt0:

(3:23)

For a simple case of step-wise stress, i.e., � ¼ �0
for t � t0 and � ¼ 0 for t5 t0, d� t0ð Þ=dt0 ¼ �0 � t0ð Þ
(where � t0ð Þ is the Dirac delta function,R1
�1 A x0 � xð Þ � xð Þ dx ¼ A x0ð Þ), one obtains

JðtÞ ¼ "ðtÞ
�0
� (3:24)

So the creep response function can be obtained by

solving the force balance equation for a constant stress.

Since J 0ð Þ corresponds to instantaneous deforma-

tion (i.e., elastic), this is often referred to as the unre-

laxed compliance, JU, and J 1ð Þ is the relaxed

compliance, JR, i.e.,

JU � Jð0Þ and JR � Jð1Þ: (3:25)

3 Terms such as anelasticity and visco-elasticity are used to describe defor-

mation in which both elastic and viscous components play a role. In some

literature anelasticity is referred to as a specific type of deformation in

which the viscous component of strain will vanish after a long time.

However, here I use the term anelasticity in a broad sense including both

recoverable and non-recoverable deformation.
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It is also useful to define the stress relaxation func-

tion M tð Þ by

MðtÞ � �ðtÞ
"0
� (3:26)

Similarly one can define the relaxed and unrelaxed

modulus as

MR �Mð1Þ ¼ 1

JR
and MU �Mð0Þ ¼ 1

JU
� (3:27)

It is instructive to rewrite equation (3.23) by sepa-

rating the creep response function into instantaneous

and retarded components,

"ðtÞ ¼ JU�ðtÞ �
Z 1
0

ðJð�Þ � JUÞ
d�ðt� �Þ

d�
d� � (3:28)

Problem 3.2

Derive equation (3.28).

Solution

By separating creep response function into two

components, J tð Þ ¼ JU þ J tð Þ � JU½ �, and changing

the variable as � � t� t0, equation (3.23) becomes

" tð Þ ¼ �
Z 1
0

JU þ J �ð Þ � JUð Þ½ �d� t� �ð Þ
d�

d�:

Therefore

" tð Þ ¼ �JU
Z 0

�

d� t� �ð Þ�
Z 1
0

J �ð Þ � JUð Þd� t� �ð Þ
d�

d�

¼ JU� tð Þ �
Z 1
0

J �ð Þ � JUð Þd� t� �ð Þ
d�

d�:

Now let us consider the mechanical response in the

frequency domain. Consider a periodic stress,

� ¼ �0 exp iotð Þ (o: frequency).4 Then (3.23) becomes

"ðtÞ ¼ io �0 exp ðiotÞ

�
Z t

�1
Jðt� t0Þ expð�ioðt� t0ÞÞ dt0

� �ðtÞJ	ðoÞ ð3:29Þ

where we define the creep compliance function by

J	ðoÞ � io
Z t

�1
Jðt� t0Þ exp �ioðt� t0Þ½ � dt0

¼ io
Z 1
0

JðtÞ expð�iotÞ dt (3:30)

where we used the fact that J tð Þ ¼ 0 for t< 0 (causal-

ity). Thus the creep compliance function is the Fourier

transform of creep response function. Using (3.28), one

can show that

J	ðoÞ ¼ JU þ io
Z 1
0

ðJðtÞ � JUÞexpð�iotÞ dt: (3:31)

Equation (3.31) means that when the response of a

system has a delay (i.e., J tð Þ � JU 6¼ 0), then J	 oð Þ
has an imaginary part and is frequency dependent

(i.e., the mechanical property " tð Þ=� tð Þ, is frequency

dependent and strain has a delay).

The creep compliance function may be written as

J	ðoÞ ¼ J1ðoÞ � iJ2ðoÞ (3:32)

with

J1ðoÞ ¼ JU þ o
Z 1
0

ðJðtÞ � JUÞ sinot dt (3:33a)

and

J2ðoÞ ¼ �o
Z 1
0

ðJðtÞ � JUÞ cosot dt: (3:33b)

Equation (3.29) can be rewritten as

"ðtÞ � "0 expðiot� i�Þ ¼ J	ðoÞ�0 expðiotÞ (3:34)

where � is the phase lag. From equation (3.34),

one has

J1ðoÞ ¼
"0
�0

cos � (3:35a)

J2ðoÞ ¼
"0
�0

sin � (3:35b)

and

tan � ¼ J2ðoÞ
J1ðoÞ

� (3:35c)

Since the strainmust arise after the application of stress

(i.e., causality), � is positive and J2 oð Þ and J1 oð Þ must

be both positive.

Similarly, defining a complex modulus by

M	ðoÞ � 1

J	ðoÞ ¼M1ðoÞ þ iM2ðoÞ (3:36)

one has

4 The use of a complex variable is for mathematical convenience. � ¼ �0 exp
iotð Þ should be understood to mean � ¼ Re �0 exp iotð Þ½ � ¼ �0 cosot.
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M1ðoÞ ¼
�0
"0

cos � (3:37a)

M2ðoÞ ¼
�0
"0

sin � (3:37b)

and

tan � ¼M2ðoÞ
M1ðoÞ

� (3:37c)

The real and imaginary parts of creep response func-

tion J	 oð Þ are not independent, but related to each

other. This can be shown by taking the inverse

Fourier transform of J	 oð Þ and inserting that relation

back into J	 oð Þ to find (Problem 3.3)

J1ðoÞ � JU ¼
2

p

Z 1
0

J2ðxÞx
x2 � o2

dx (3:38a)

and

J2ðoÞ ¼ �
2o
p

Z 1
0

J1ðxÞ � JU
x2 � o2

dx � (3:38b)

The relation (3.38) is called the Kramers–Kronig rela-

tion. If either J1 oð Þ or J2 oð Þ is known for all frequency

ranges, then another one (i.e., J2 oð Þ or J1 oð Þ) can be

calculated from the Kramers–Kronig relation. Similar

relations can also be derived for M1 oð Þ and M2 oð Þ.

Problem 3.3*

Derive the Kramers–Kronig relation, (3.38).

Solution

The inverse Fourier transform of equation (3.33a)

yields

J tð Þ � JU ¼
2

p

Z 1
0

J1 oð Þ � JU
o

sinot do:

Inserting this relation into equation (3.33b), one has

J2 oð Þ ¼ � 2o
p

Z 1
0

Z 1
0

J1 �ð Þ � JU
�

sin�t � cosot � d��dt

¼ � 2o
p

Z 1
0

J1 �ð Þ � JU
�2 � o2

d�

where the relation
R1
0 sin�t cosot dt ¼ �=ð�2 � o2Þ

was used. Equation (3.38a) can be derived similarly.

The real and the imaginary parts of creep response

function correspond to the stored energy and the

energy loss during deformation. This can be shown as

follows. The energy loss during one cycle of loading is

given by

jDEj ¼
I
� d" ¼

Z 2	=o

0

� _" dt ¼ pJ2ðoÞ�20 (3:39)

and the maximum energy stored in the system is given

by

E ¼
Z

�� d�" ¼
Z p=2o

0

���_" dt ¼ 1

2
J1ðoÞ�20 (3:40)

where �� and �" are stress and strain for a purely elastic

material.

Problem 3.4

Prove relations (3.39) and (3.40).

Solution

For a periodic stress � ¼ Re �0 exp iotð Þf g ¼ �0 cosot.
And _" ¼ Re J1 � iJ2ð Þio�0 cosotþ i sinotð Þf g ¼ �0o �
ð�J1 sinotþ J2 cosotÞ. Consequently, DEj j¼

H
�d"¼R 2p=o

0 � _"dt¼�20o
R 2p=o
0 �J1 sinot �cosotþJ2 cos

2ot
� 	

dt¼
pJ2�20. For a periodic stress, the maximum energy is

stored at 1/4 of the cycle, so that E ¼
R p=2o
0 ��� _�" dt ¼

��20o
R p=2o
0 J1 sinot � cosot � dt ¼ 1

2J1�
2
0 where we

used relations �� ¼ �0 cosot and _�" ¼ ��0oJ1 sinot.

It is customary to use a Q-factor to measure the

degree of energy loss (see also Chapter 18), which is

defined by

Q�1 � jDEj
2pE

: (3:41)

Then using equations (3.39) and (3.40), one obtains

Q�1ðoÞ ¼ J2ðoÞ
J1ðoÞ

¼M2ðoÞ
M1ðoÞ

� (3:42)

Now let us consider how attenuation affects the

velocity of elastic waves. A one-dimensional equation

of motion of an elastic wave in a dissipative material

can be written as (e.g., AKI and RICHARDS, 2002;

KOLSKY, 1956)



@2u

@t2
¼M	ðoÞ @

2u

@x2
¼ M1ðoÞ þ iM2ðoÞ½ � @

2u

@x2
(3:43)
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where u is the displacement. Since there is an imaginary

part in the elastic constant, the energy must be dissi-

pated and consequently the amplitude of the wave will

decrease with distance. Therefore we assume the fol-

lowing form of displacement

uðx; tÞ ¼ u0 exp � 2pi
l
ðx� VðoÞtÞ


 �
expf��ðoÞxg

(3:44)

with 2p=l ¼ o=V oð Þ where V oð Þ is the (phase) veloc-
ity of the wave and � oð Þ is the attenuation coefficient.

Equation (3.44) can be written as

uðx; tÞ ¼ u0 expðiotÞexpf�iKðoÞxg (3:45)

with

KðoÞ � o
VðoÞ � i�ðoÞ � (3:46)

Inserting equations (3.45) and (3.46) into equa-

tion (3.43), one finds

KðoÞ ¼ o
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi



M	ðoÞ

r
¼ o

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi



M1ðoÞ þ iM2ðoÞ

r
�

(3:47)

From equations (3.46) and (3.47), one obtains

VðoÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

2 M2
1ðoÞ þM2

2ðoÞ

 �


 M1ðoÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

1ðoÞ þM2
2ðoÞ

qh i
vuut 


ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1ðoÞ



s

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J1ðoÞ

ðJ21ðoÞ þ J22ðoÞÞ

s

 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi


J1ðoÞ
p

(3:48)

and

�ðoÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi




2ðM2
1ðoÞ þM2

2ðoÞÞ

r
oM2ðoÞ

M1ðoÞ þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

1ðoÞ þM2
2ðoÞ

q

 o

2VðoÞ �
M2ðoÞ
M1ðoÞ

¼ o
2VðoÞ �

J2ðoÞ
J1ðoÞ

�

(3:49)

When there is energy dissipation, the elastic constants

and hence elastic wave velocities become frequency

dependent. This is called the physical dispersion (e.g.,

KANAMORI and ANDERSON, 1977).

3.5.2. Some simple models

To obtain an intuitive, physical understanding of ane-

lasticity, let us consider some simple models. Models

contain both elastic and viscous elements that are

combined in different ways. The manner in which

they are combined is critical to the mechanical behav-

ior of the model and the micro-physical basis for each

model is discussed in Chapter 11.

Five models are shown in Fig. 3.3 and for each,

one can obtain a force balance equation by noting

that the constitutive equation for an elastic element is

� ¼M" and that for a viscous element is � ¼ � _", where

M and � are elastic constant and viscosity respectively.

The results are summarized in Table 3.1 (see also

Problem 3.4).

The creep response function can be obtained from

the strain corresponding to a step-wise stress for each

model. Similarly, the constitutive equation can be

solved for periodic stress to obtain the creep compli-

ance function. The results are summarized in Table 3.2

and the strain responses are illustrated in Fig. 3.4.

Elastic wave velocity and the attenuation correspond-

ing to each model can be calculated from the creep

compliance function and the results are summarized

in Table 3.3 and shown in Fig. 3.5.

For example, for the Maxwell model, the initial

strain is elastic strain and the strain increases linearly

with time due to viscous deformation, namely,

" ¼ �JðtÞ ¼ �

M
1þ t

�M

� �
(3:50)

where �M � �=M is theMaxwell time. The viscous strain

becomes comparable to the elastic strain at the Maxwell

time. This is a good model for a material in which elastic

and viscous deformation occur independently.

η

η

η2
η1

η

M

M

M

M1

M1

M2

M2

Elastic material

Maxwell model

Voigt model

Zener model

Burgers model

FIGURE 3.3 Various models of elastic and non-elastic deformation.
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In some cases, viscous and elastic deformation are

coupled. This type of mechanical response is repre-

sented by a Voigt model. For the Voigt model, the

extension of a viscous element causes the increase in

stress in an elastic element (‘‘back-stress’’) that is con-

nected in parallel to a viscous element and therefore

prevents further extension of the viscous element

(examples include the viscous grain boundary sliding

with elastic grains, the viscous motion of fluid in an

inclusion in an elastic matrix and the viscous motion of

dislocations in an elastic grain, see Chapter 11).

Accordingly for the Voigt model strain will reach a

TABLE 3.1 Simple models of rheological properties and the corresponding constitutive relations.

Model Force balance equation

Elastic material � ¼M"

Maxwell model _" ¼ 1
��þ 1

M _� ¼ 1
�ð�þ �M _�Þ �M ¼ �

M

� 	
Voigt model � ¼M"þ � _" ¼Mð"þ �M _"Þ
Zener model �þ �3 _� ¼MR "þ �� _"ð Þ �3 ¼ �

M1þM2
; �� ¼ �

M1
;MR ¼ M1M2

M1þM2

� �
Burgers model

1

��
�þ 1þ ��

�"

� �
_�þ �"€� ¼MRð _"þ ��€�Þ �� ¼ �2

MR

� �

TABLE 3.2 Various models and corresponding creep response and creep compliance functions.

Model Creep response function J tð Þ Creep J	 oð Þ compliance function

Maxwell model 1
M 1þ t

�M

� �
1
M 1þ 1

io�M

� �
Voigt model 1

M 1� exp � t
�M

� �h i
1
M

1

1þ io�M

Zener model 1
MR

�"
��
þ 1

MR

�� � �"
��

1� exp � t
��

� �h i
1

MR

1þ io�"
1þ io��

TABLE 3.3 Various rheological models and corresponding seismic wave velocities and attenuation.

Model V oð Þ Q�1 oð Þ

Maxwell model
ffiffiffiffi
M



q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2o�M

o�Mþ
ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þo2�2

M

p
r

1

o�M

Voigt model
ffiffiffiffi
M



q ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2 1þo2�2

Mð Þ
1þ

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1þo2�2

M

p
r

o�M

Zener model
ffiffiffiffiffiffi
MR




q
1þ D

2
o2�2

1þo2�2

� �



ffiffiffiffiffiffi
MU




q
1� D

2

1

1þ o2�2

� �
, D

o�
1þ o2�2

ðD � �� � �"
�

; � � ffiffiffiffiffiffiffiffiffi
���"
p Þ

t/τM t/τst/τM

Maxwell Voigt Zener

εe

S
tra

in

S
tra

in

S
tra

in

FIGURE 3.4 The strain response

for a step-wise applied stress for

various models.
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finite value at infinite time as can be seen from the

following equation,

" ¼ �JðtÞ ¼ �

M
1� exp

�
� t

�M

�� �
� (3:51)

The characteristic time to reach the finite ultimate

strain is the same as the Maxwell time defined above

(�M � �=M). There is no instantaneous deformation

for the Voigt model because deformation of a viscous

element takes some time to develop. The Voigt model is

appropriate in cases where viscous deformation creates

internal, back-stress that ultimately terminates viscous

strain. However, there is no instantaneous response in

the Voigt model, that leads to an infinite instantaneous

elastic constant. This is physically unrealistic.

To rectify this one can add an elastic element in

series to the Voigt model. This is the Zener model

(also called a standard linear solid). The Zener model

has an instantaneous deformation followed by the

delayed deformation and is characterized by two elas-

tic moduli (relaxed and unrelaxed moduli (MR ¼
1

1=M1þ1=M2
and MU ¼M2)). The characteristic

time for this delayed deformation is �� � �=M1.

Deformation will stop at a finite strain at infinite time.

In order to have infinite viscous deformation at long

term, one can add another viscous element in parallel

to the Zener model. Such a model is referred to as the

Burgers model. The Burgers model is a serial combina-

tion of the Zener and the Maxwell models and is char-

acterized by two viscosities (short- and long-term

viscosities).

When one discusses short-term rheology, the Zener

model is the most important model (that is why it is

called a standard linear solid). It has a finite elastic

constant at infinite frequency (corresponding to unre-

laxed modulus) and another smaller elastic modulus at

zero frequency (corresponding to relaxed modulus).

When anelasticity is due to the constrained motion

of viscous elements in an elastic material, its behavior

is described by the Zener model. However, at a long

time-scale, viscous motion becomes important

because the ‘‘back-stress’’ that causes Zener type

behavior becomes ineffective (see Chapter 11 for a

microscopic interpretation of this point). So the

Burgers model is the most general model that describes

the non-elastic behavior of materials. Such behavior

has been demonstrated in some materials such as

Al2O3 (LAKKI et al., 1998).

The frequency dependence of each model can be

calculated from the creep compliance function J	 oð Þ
(Table 3.2) and resultant frequency dependence of

elastic wave velocity and attenuation can also be calcu-

lated (Table 3.3, Fig. 3.5). Note that all of these simple

models show a rather strong frequency dependence for

attenuation except in a narrow frequency range close to

the peak frequency for the Zener model.

Problem 3.5

Derive the equations of force balance, the creep

response function and the creep compliance function

for the Zener model and calculate the frequency

dependence of elastic wave velocity and attenuation.

Solution

A Zener model is a series combination of a Voigt

model and a spring. Therefore the total strain is given

by " ¼ "1 þ "2 (also _" ¼ _"1 þ _"2) where "1 is strain in

the Voigt unit and "2 strain in the spring. Now, for a

spring, M2"2 ¼ �. In the Voigt unit, the strain in

a spring and a dash-pot is the same and M1"1 ¼ �1

log ω t log ω tlog ω t

lo
g Q

–1
V

 (ω
)

Maxwell Voigt Zener FIGURE 3.5 The frequency

dependence of elastic wave

velocity and attenuation.
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and � _"1 ¼ �2, and � ¼ �1 þ �2. Eliminating "1; _"1;

"2; _"2; �1; _�1; �2; _�2 from these equations, one

gets "þ ð�=M1Þ _" ¼ 1=M1 þ 1=M2ð Þ�þ ð�=M1M2Þ _�.
Now defining �" � �=ðM1 þM2Þ; �� � �=M1;MR ¼
M1M2=ðM1 þM2Þ, one obtains �þ �" _� ¼MR "þð
�� _"Þ. Consider a periodic stress, � ¼ �0 exp iotð Þ and
a corresponding strain, " ¼ J	 oð Þ�0 exp iotð Þ to get

J	 oð Þ ¼ 1

MR

1þ io�"
1þ io��

¼ 1

MR

1þ o2���" � io �� � �"ð Þ
1þ o2�2�

:

Now if one defines � � ffiffiffiffiffiffiffiffiffi
�"��
p

; D � ð�� � �"Þ=� and

assuming D� 1, one obtains

J1 oð Þ ¼ 1

MR
1� D

o2�2

1þ o2�2

� �

and

J2 oð Þ ¼ D
1

MR

o�
1þ o2�2

:

Consequently

Q�1 oð Þ ¼ J2 oð Þ
J1 oð Þ 
 D

o�
1þ o2�2

and

V oð Þ 
 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J1 oð Þ

p 

ffiffiffiffiffiffiffiffi
MR




s
1þ D

2

o2�2

1þ o2�2

� �



ffiffiffiffiffiffiffiffi
MU




s
1� D

2

1

1þ o2�2

� �
:

3.5.3. Effects of distributed relaxation times

Although the strong frequency dependence, as pre-

dicted by a simple model such as the Maxwell model

or a Zener model, is observed in liquids, the frequency

dependence of attenuation (and elastic wave velocities)

in solids is in general much weaker. The distribution of

relaxation times may cause a weaker frequency

dependence of Q. However, this can only be the case

for the Zener model. For the Maxwell or the Voigt

model, distribution of relaxation times does not change

the frequency dependence of Q. Therefore the obser-

vation that Q is a weak function of frequency implies

that the mechanisms must involve the Zener model

behavior with distributed relaxation times. The role

of distributed relaxation times on frequency depend-

ence can be easily seen in Fig. 3.6.

In order to consider the effects of distributed relax-

ation times, we make an assumption that the energy

loss caused by each peak is additive. This is the case for

small energy loss. Under this assumption, one can

generalize the equation for frequency dependence of

attenuation for the Zener model,

Q�1ðoÞ ¼
Z 1
0

D
o�

1þ o2�2
ð�Þ d� (3:52)

where D �ð Þ d� is the number density of relaxation

times, which is normalized as,Z 1
0

Dð�Þ d� ¼ 1 � (3:53)

Defining x � o � , equation (3.52) translates into

Q�1ðoÞ ¼ D
o

Z 1
0

x

1þ x2
D

x

o

� �
dx: (3:54)

It is often observed that in a certain frequency

region, the frequency dependence of Q is

Q � o� 0 � �51: (3:55)

This type of frequency dependence of Q is fre-

quently observed particularly at high temperatures.

Note, however, that this type of frequency dependence

should apply only in a limited frequency range. The

relation (3.54) implies D x=oð Þ / o1��, and conse-

quently the corresponding distribution of relaxation

times have the form,

Dð�Þ ¼ A���1: (3:56)

Obviously such a distribution function must have a

limit in � in a certain region, �25 �5 �1 hence,

log ω t log ω t log ω t

lo
g 

Q–
1

Maxwell Voigt Zener FIGURE 3.6 Effects of

distributed relaxation times.
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Z �1

�2

A���1d� ¼ A

�
��1 � ��2
� 	

¼ 1 for 05�51 (3:57a)

¼ Aðlog �1 � log �2Þ ¼ 1 for � ¼ 0 (3:57b)

then,

Dð�Þ ¼ ����1

��1 � ��2
� ����1 ���1 for 05�51 (3:58a)

Dð�Þ ¼ 1

�ðlog �1 � log �2Þ
for � ¼ 0: (3:58b)

From equations (3.52) and (3.58a) or (3.58b), one gets

(for ��11 � o� ��12 ),

Q�1ðoÞ ¼ Dðo�1Þ��Fð�Þ for 05�51 (3:59a)

Q�1ðoÞ ¼ p
2

D
log �1 � log �2

for � ¼ 0 (3:59b)

with

Fð�Þ � �
Z 1
0

x�

1þ x2
dx ¼ p�

2 cosðp�=2Þ : (3:60)

The seismic wave velocities corresponding to these

relations for Q can be calculated from the complex

compliance,

VðoÞ ¼ V1 1� 1

2
cot

�p
2

Q�1ðoÞ
� �

for 05�51

(3:61a)

VðoÞ ¼ V1 1þQ�1

p
logo�1

� �
for � ¼ 0 (3:61b)

where V1 is the ‘‘unrelaxed’’ velocity (velocity when

Q�1 ¼ 0). In both cases, velocity increases with fre-

quency (KANAMORI and ANDERSON, 1977; MINSTER

and ANDERSON, 1981).

Note that the power-law behavior of attenuation,

(3.55), is related to the time dependence of transient

creep. This can be understood from equation (3.31),

which connects the creep response function J tð Þ to the

creep compliance function J	 oð Þ. The power-law

behavior of attenuation, Q�1 / o��, corresponds to

the time dependence of transient creep, " ¼ "ela þ At�

(Problem 3.6).

Problem 3.6*

Show that " ¼ "ela þ At� corresponds to Q�1 / o��

(hint: use the relation
R1
0 x� cos x dx ¼ �� �þ 1ð Þ�

sin ð�p=2Þ where � xð Þ �
R1
0 yx�1 exp �yð Þdy is the

gamma function).

Solution

The transient creep behavior, "¼ "ela þAt�, implies that

J tð Þ ¼ JU þBt�. Inserting this relation into equation

(3.33), one has J1 oð Þ ¼ JU þBo
R1
0 t� sinot dt and

J2 oð Þ ¼ �Bo
R1
0 t� cosot dt¼�Bo��

R1
0 x� cosxdx

¼ Bo��� �þ 1ð Þ sin ð�p=2Þ where x� ot and � xð Þ is
the gamma function. For weak attenuation, J1 oð Þ 
 JU

hence Q�1 oð Þ ¼ J2 oð Þ=J1 oð Þ ’ J2 oð Þ=JU / o��.

frequency
ω1 ω2

ΔV1

ΔV2ΔV = ΔV1 + ΔV2

velocity

attenuation

FIGURE 3.7 A schematic

diagram showing the dependence

of seismic wave velocity with

frequency when two mechanisms

of attenuation with different

characteristic frequencies are

present.
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Relaxation times depend on thermodynamic param-

eters and/or microstructural parameters of a given

material (for details see Chapter 11). In many cases

the relaxation time depends on temperature and pres-

sure as,

� ¼ �0 exp
H	

RT

� �
(3:62)

where �0 is the pre-exponential term, H	 is the activa-

tion enthalpy (H	 ¼ E	 þ PV	; E	, activation energy,

V	, activation volume),R is the gas constant,T is

temperature, and P is pressure. Thus,

Q�1ðo;T;PÞ ¼ Dðo�10Þ��Fð�Þ exp �
�H	1ðpÞ
RT

� �
for 05�51

(3:63a)

Q�1ðo;T;PÞ ¼ pD
2

1

log �10 � log �20 þ ðH	1 �H	2Þ=RT
for � ¼ 0

(3:63b)

where quantities with the suffix 1 or 2 are for the upper

and lower cut of characteristic times ð�1;2Þ respectively.
Note that the temperature dependence of Q is directly

related to the frequency dependence ofQ. In particular,

for frequency independentQ, temperature dependence

is also small. For instance if the distribution of relaxa-

tion time is due to the pre-exponential term alone, then

H	1 �H	2 ¼ 0 and hence Q will be independent of tem-

perature and pressure.

The above results indicate that there is one-to-one

correlation between the velocity reduction

½V 1ð Þ � V oð Þ�=V 1ð Þ and Q oð Þ. This is true only

when there is a single relationship on the frequency

dependence of Q. Consider a simple case where there

are two absorption peaks for a Zener model, o1 and o2

(o2 � o1). Each peak corresponds to a specific mecha-

nism of relaxation that reduces the seismic wave velocity

(see Fig. 3.7). In such a case, when the seismic wave

velocities are measured near to, or at a frequency lower

than o1, then the velocity reduction due to anelastic

relaxation is caused by two mechanisms, and hence

DVðoÞ ¼ DV1ðoÞ þ DV2ðoÞ (3:64)

where DV1 oð Þ and DV2 oð Þ correspond to the velocity

reduction caused by two mechanisms. In these cases,

seismic wave velocities will be lower than expected

from the relations such as (3.61). A potentially impor-

tant situation is a case where partial melting occurs. In

this case, the peak frequencies for melt-induced attenu-

ation are likely to be higher than seismic frequencies

(see Chapter 11).
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4 Elasticity

This chapter provides a brief summary of the physics of elastic constants that has important

applications for the inference of the constitution of Earth’s interior (Chapter 17) as well as for

understanding the origin of lateral heterogeneity in seismic wave velocities (Chapter 20) and seismic

anisotropy (Chapter 21). Elasticity is one of the key properties of materials that control seismic wave

propagation. To the extent that elastic constants reflect the nature of chemical bonding and crystal

structure, the elasticity of a given material also influences its plastic properties. Starting from the

definition of elastic constants and their symmetry properties, a brief summary of the experimental

techniques of measurements of elastic constants and some materials science (solid-state physics)

fundamentals of elastic constants are discussed including the origin of the variation of the elastic

constant with pressure and temperature (anharmonicity) and the influence of chemical composition

and phase transformations on elastic constants. Birch’s law on the relationship between density and

elastic wave velocities and the Debye model of lattice vibration provide a unified framework to

understand the relationship among various anharmonic parameters although these relations (or

models) are only approximately satisfied in real materials.

Key words Hooke’s law, elastic constants, bulk modulus, shear modulus, Lamé constants,

Poisson’s ratio, Cauchy relation, X-ray diffraction, Brillouin scattering, ultrasonic wave techniques,

Birch’s law, Grüneisen parameter, Anderson–Grüneisen parameter, Debye model, soft mode,

polyhedral model, Pauling’s rule.

4.1. Introduction

Although the main emphasis of this book is plastic

deformation, an understanding of elastic deformation

is important for two reasons. First, the most important

means by which we explore Earth’s interior is seismic

wave propagation, which is controlled by the elasticity

of Earth materials. Seismological observations are

used to infer the constitution and dynamics of Earth’s

interior. In both applications, one needs to understand

the way in which (isotropic average of) elastic proper-

ties change with pressure, temperature and composi-

tion (and crystal structure) as well as the origin of

elastic anisotropy. Second, to the extent that elastic

constants reflect the nature of chemical bonding and

the crystal structure, elastic constants have important

influence on plastic properties. Plastic anisotropy (i.e.,

the relative easiness of various slip systems) and the

pressure and temperature dependence of plasticity are

in part controlled by elastic properties (Chapters 8–10).

This chapter presents a brief summary of the theory

and experimental observations on elasticity with the

emphasis on those aspects that have important seismo-

logical applications. A more detailed account can be

found in ANDERSON (1996), BORN and HUANG

(1954), MARADUDIN et al. (1971), POIRIER (2000) and

WALLACE (1972). The focus is on the elastic properties

of a single crystal or the elastic properties of a homo-

geneous material. Specific issues of the elastic properties

of polycrystallinematerials including those of a partially 51



molten material are discussed in Chapter 12. These

issues become important when we consider the elastic

properties of polycrystalline or polyphasematerials con-

taining highly anisotropic crystals and/or materials with

highly contrasting elastic constants.

The experimental results and techniques are

reviewed by BASS (1995) and LIEBERMANN (2000)

and the methods and results of first-principles com-

putational studies are summarized by KARKI et al.

(2001).

4.2. Elastic constants

4.2.1. Hooke’s law and elastic constants

When a small stress is applied to a material for a short

period (or at low temperature), strain will result instan-

taneously and when the stress is removed there is no

permanent strain. This instantaneous and recoverable

deformation is referred to as elastic deformation. When

the stress is low, then the strain, e, is a linear function of

stress, �, namely,

� ¼Me (4:1)

where M is the elastic constant. As is obvious from

equation (4.1), the elastic constant has a dimension of

stress (a commonly used unit is GPa). This relation is

referred to as Hooke’s law. In a more formal fashion,

one needs to take into account the fact that both the

stress and strain are (second rank) tensors (Chapter 1).

For an isotropic material, there are only two modes of

strain, namely volumetric and shear strain and the

response of a material must be the same for all types

of shear strain. Consequently one can write,

�ij ¼ l �ij
X
k

ekk þ 2�eij (4:2)

where l and � are the Lamé constants and �ij is

Kronecker’s delta (�ij ¼ 1 for i¼ j, �ij ¼ 0 for i 6¼ j).

From equation (4.2), one obtains,

K ¼ lþ 2

3
� (4:3)

where K is the bulk modulus and

�ij ¼ 2�eij ¼ 2�ij ði 6¼ jÞ (4:4)

where �ij ¼ �ij=2 is the shear stress (see Chapter 1) and
� is the shear modulus (rigidity).

Consider uni-axial compression along the x1-direction

(�11 6¼ 0 but other components of stress are 0). In this

case equation (4.2) becomes

�11 ¼ l
X
k

ekk þ 2�e11 (4:5a)

and

�22 ¼ �33 ¼ 0 ¼ l
X
k

ekk þ 2�e22

¼ l
X
k

ekk þ 2�e33:
(4:5b)

Therefore if one defines Poisson’s ratio by

� � � e22
e11
¼ � e33

e11
(4:6)

one obtains

� ¼ l
2ðlþ �Þ ¼

3K� 2�

2ð3Kþ �Þ ¼
3ðK=�Þ � 2

2ð3ðK=�Þ þ 1Þ : (4:7)

Problem 4.1

Derive equations (4.3) and (4.7) and show that for a

liquid, Poisson’s ratio is 1
2.

Solution

From (4.2), one has
P
k

�kk ¼ 3lþ 2�ð Þ
P
k

ekk ¼ 3P.NowP
k

ekk ¼ �DV
V and K � �V ðdP=dVÞ ¼ �PðV=DVÞ.

Therefore K ¼ lþ 2
3�.

From (4.5b), l e11 þ 2e22ð Þ þ 2�e22 ¼ 0 and hence

� ¼ �ðe22=e11Þ ¼ l=2 lþ �ð Þ. For a liquid, � ¼ 0 so

that � ¼ 1
2.

The velocities of seismic waves in an isotropic

medium are given by

VP ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Kþ 4

3�

�

s
(4:8a)

and

VS ¼
ffiffiffi
�

�

r
(4:8b)

where VP;S are P- and S-wave velocities. Therefore

VP

VS
¼

ffiffiffiffiffiffiffiffiffiffiffiffi
K

�
þ 4

3

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2ð1� �Þ
1� 2�

r
(4:9)

or

� ¼ VP=VSð Þ2�2
2 VP=VSð Þ2�1
h i : (4:10)
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For most parts of Earth’s interior � � 0:3

(Chapter 17). For this value,VP=VS ¼1.87. Somemate-

rials such as serpentine have an unusually high Poisson

ratio due to the unusually low shear modulus compared

to the bulk modulus (for serpentine � � 0:35). A high

Poisson ratio is used to identify serpentine-rich regions

(e.g., KAMIYA and KOBAYASHI (2000), OMORI et al.

(2002)). The inner core has a very high Poisson ratio

(� � 0:44) close to that of a liquid (� ¼ 0:5), which

was often attributed to the presence of partial melt

(e.g., LOPER and FEARN, 1983; SINGH et al., 2000).

However, a high Poisson ratio may also be attributed

to high pressure and temperature since pressure

increases K more than � and temperature decreases �

more than K. Recent first-principles calculations show

that a high Poisson ratio of the inner core can be

explained by a property of solid iron (ALFÉ et al.,

2002a; STEINLE–NEUMANN et al., 2001).

In most parts of this book, the approximation of

elastic isotropy is good enough, but when one consid-

ers the elasticity of a crystal or seismic anisotropy, a

more complete description of elastic properties is

needed. In such a case, a more general form of the

stress–strain relationship must be used, namely,

�ij ¼
X
kl

Cijklekl (4:11)

where Cijkl are the elastic constants. Note that the

elastic constants are the fourth-rank tensors that con-

nect two second-rank tensors (stress and strain).

Elastic deformation does not dissipate energy and

therefore by elastic deformation energy is stored in the

system. The (potential) energy due to elastic deforma-

tion can be calculated as

U ¼
X3
i;j¼1

Z
�ij deij ¼

1

2

X3
i;j;k;l¼1

Cijkleijekl: (4:12)

One finds that the elastic constants should not

change if suffices (ij) are interchanged with klð Þ. Also

from the symmetry of strain tensor (eij ¼ eji,
Chapter 1), one can show that the elastic constants

remain unchanged when suffices (ij) are changed to

(ji). Therefore

Cijkl ¼ Cklij ¼ Cijlk ¼ Cjikl: (4:13)

Because of the symmetry relationship (4.13),

although the elastic constants are the fourth-rank

tensors, one can write an elastic constant using two

indices as Cij where new indices are defined as 11! 1,

22! 2, 33! 3, 23! 4, 13! 5 and 12! 6. Thus

C1111¼C11, C1213¼C65 etc. This abbreviated nota-

tion, the Voigt notation, is frequently used in the liter-

ature. With this notation, elastic constants can be

represented by a 6� 6 matrix. Note that although an

elastic constant would look like a second-rank tensor

(Cij) with this notation, it is indeed a fourth-rank tensor

and when one performs a coordinate transformation,

one must go back to the full notation and follow the

rule of transformation of a fourth-rank tensor (this is

important when we discuss seismic anisotropy, see

Chapter 21). From the symmetry relations it follows

that

Cij ¼ Cji: (4:14)

Because of this symmetry relationship, the number

of independent elastic constants is at most 21

(¼ (6� 6� 6)/ 2þ 6). The number of independent elas-

tic constants is further reduced by the symmetry of a

material (Box 4.1, Table 4.1).

Box 4.1 Crystal structure and elastic
constants

Crystal structure can be classified based on the

symmetry of the unit cell and the atomic

arrangement within the unit cell. The number in the

parentheses is the number of independent elastic

constants. Due to the different atomic arrangement

within a unit cell, there are two classes of crystal

symmetry for tetragonal and trigonal lattices that

leads to two different numbers of independent

elastic constants.

Cubic (3) MgO, spinel (ringwoodite),

garnet*

Hexagonal (5) �-quartz, ice-I, e-iron
Tetragonal (6,7) Stishovite, rutile

Trigonal (6,7) 	-quartz, hematite, corundum

Orthorhombic (9) Olivine, orthopyroxene,

wadsleyite,MgSiO3 perovskite
**

Monoclinic (13) Diopside, jadeite

Triclinic (21) Albite, talc

*Garnet is usually cubic, but tetragonal garnet is

reported from high-pressure synthesis (KATO and

KUMAZAWA, 1985).

**MgSiO3 perovskite is usually orthorhombic, but

perovskite with a lower symmetry could exist at

higher temperatures (and pressures).
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4.2.2. The Cauchy relation

Under certain conditions, the elastic constant has full

symmetry with respect to the indices: Cijkl does not

change with any permutation of indices. This leads to

the following relations,

C23 ¼ C44

C31 ¼ C55

C12 ¼ C66

C14 ¼ C56

C25 ¼ C46

C36 ¼ C45

( 4:15)

which are referred to as the Cauchy relations (for a

cubic crystal for which C44¼C55¼C66 and

C23¼C31¼C12, these relations are reduced to

C12¼C44). When the Cauchy relations are met, there

will be only 15 independent elastic constants. The

Cauchy relation is satisfied when (1) all forces are

central forces (a force that depends only on the dis-

tance between atoms but not on the angles between two

(or more) chemical bonds), (2) every atom is at the

center of symmetry and (3) the crystal has no internal

strain (see e.g., BORN and HUANG, 1954).

Table 4.2 shows the elastic constants of some miner-

als at ambient conditions. The Cauchy relation is satis-

fied well in many alkali halides and spinel, but not in

MgO and most of the silicates and many metals. Since

the conditions (2) and (3) are met in these materials, this

means that the inter-atomic forces in these materials

contains non-central components. Contribution from

covalent bonding is one cause for the non-central force.

An elastic constant represents resistance for defor-

mation with certain geometry. Consider C11. This elas-

tic constant relates elongation strain along 1-direction

( e11) ( 100½ � direction: for a definition of directions in

a crystal see Box 4.2, Fig. 4.1) with compressional

stress along 1-direction (�11) (for a cubic crystal,

�11 ¼ C11e11 þ C12e22 þ C12e33). Therefore C11 repre-

sents the stiffness of a material for compression along

the 100½ � direction. Similarly applying the force balance

equation appropriate for �12, one gets (for a cubic

crystal) �12 ¼ C44 e12. Therefore C44 represents the

stiffness associated with the shear deformation on the

(100) plane along the 010½ � direction (e12).
It should be emphasized that a cubic crystal is, in

general, elastically anisotropic. This is different from

the symmetry of properties that can be represented by a

second-rank tensor (e.g., the refractive index, diffusion

coefficients, thermal and electrical conductivity). For

properties that can be written by a second-rank tensor,

the properties are isotropic if the material has cubic

symmetry. But for properties such as elastic constants

and viscosity that are given by a fourth-rank tensor, the

cubic symmetry does not imply isotropy. A remarkable

example is MgO. MgO has highly anisotropic elasticity

and its anisotropy changes with pressure, and at

TABLE 4.1 Elastic constant matrix of typical crystals.

Isotropic

C11 C12 C12 0 0 0

C12 C11 C12 0 0 0

C12 C12 C11 0 0 0

0 0 0 1
2 ðC11 � C12Þ 0 0

0 0 0 0 1
2 ðC11 � C12Þ 0

0 0 0 0 0 1
2 ðC11 � C12Þ

2
666666666664

3
777777777775

Cubic

C11 C12 C12 0 0 0
C12 C11 C12 0 0 0
C12 C12 C11 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 C44

2
6666664

3
7777775

Hexagonal

C11 C12 C13 0 0 0
C12 C11 C13 0 0 0
C13 C13 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C44 0
0 0 0 0 0 1

2 ðC11 � C12Þ

2
6666664

3
7777775

Orthorhombic

C11 C12 C13 0 0 0
C12 C22 C23 0 0 0
C13 C23 C33 0 0 0
0 0 0 C44 0 0
0 0 0 0 C55 0
0 0 0 0 0 C66

2
6666664

3
7777775

54 Deformation of Earth Materials



extremely high pressure corresponding to the deep

lower mantle, its anisotropy is very large: S-wave velo-

city anisotropy is � 20% (see section 4.7). But the ther-

mal (and electrical) conductivity in MgO is isotropic.

4.3. Isothermal versus adiabatic
elastic constants

An elastic constant represents the resistance of a mate-

rial for deformation with small strain. Note that the

resistance of a material for deformation (i.e., the stored

energy associated with deformation) is dependent on the

process of deformation. We can distinguish two cases:

isothermal and adiabatic deformation and correspond-

ing elastic constants. When stress is applied slowly, then

as strain develops in a sample, a sample maintains

thermal equilibrium with the surroundings. The elastic

constant corresponding to this way of deformation is

called an isothermal elastic constant. Alternatively, stress

can be applied quickly so that no energy exchange

occurs between the sample and the surroundings during

deformation. The elastic constant corresponding to this

type of deformation is called an adiabatic elastic con-

stant. Whether deformation is isothermal or adiabatic

depends on the time-scale of deformation relative to the

time-scale of thermal diffusion. Let us consider a case of

elastic wave propagation. The time-scale of thermal

diffusion, �th, in this case is given by �th � l2=p2

where l is the wavelength of elastic waves and 
 is

thermal diffusivity. If �tho ¼ 2VP;Sl=p
� 1 (where

VP;S is elastic wave velocity, and o is the frequency

of the elastic wave or the inverse of the time-scale

of deformation), deformation is adiabatic and if

�tho	 1, deformation is isothermal. 
 for most mine-

rals is� 10�6 m2/s, and VP;S� 104m=s , and the typical

wavelength of seismic waves is � 103–104 m and the

wavelength of ultrasonic waves is � 10�3 m, hence

�tho � 1013�14 for seismic waves, and �tho � 107 for

ultrasonic waves so for all seismic wave propagation

and most laboratory studies, deformation is adiabatic.

The only exception is a static measurement, such as

X-ray measurement, which is isothermal.

Let us consider how isothermal elastic constants are

related to adiabatic elastic constants. In general, one

can write,

dP ¼ @P

@V

� �
S

dVþ @P

@S

� �
V

dS (4:16)

TABLE 4.2 Adiabatic elastic constants of some materials at ambient conditions (unit is GPa) (from BASS (1995)).

Cubic C11 C12 C44

Au 191 162 42.4

Ag 122 92 45.5

Cu 169 122 75.3

	-Fe 230 135 117

NaCl 49.1 12.8 12.8

KCl 40.5 6.9 6.3

Periclase (MgO) 294 93 155

Pyrope (Mg3Al2Si3O12) 296 111 92

Spinel (MgAl2O4) 282 154 154

Ringwoodite (Mg2SiO4) 327 112 126

Hexagonal C11 C33 C44 C12 C13

Ice-I (H2O) 13.5 14.9 3.09 6.5 5.9

�-SiO2 117 110 36 16 33

Orthorhombic C11 C22 C33 C44 C55 C66 C12 C13 C23

Enstatite (MgSiO3) 225 178 214 78 76 82 72 54 53

Forsterite (Mg2SiO4) 328 200 235 67 81 81 69 69 73

Wadsleyite (Mg2SiO4) 360 383 273 112 118 98 75 110 105

Perovskite (MgSiO3) 515 525 435 179 202 175 117 117 139
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and

dT ¼ @T

@V

� �
S

dVþ @T

@S

� �
V

dS: (4:17)

From (4.16), one gets,

dP

dV
¼ @P

@V

� �
S

þ @P

@S

� �
V

dS

dV
: (4:18)

For isothermal deformation ðdT ¼ 0Þ one gets from

(4.17),

@S

@V

� �
T

¼ � @T

@V

� �
S

@S

@T

� �
V

: (4:19)

Hence, from (4.18) and (4.19),

@P

@V

� �
T

¼ @P

@V

� �
S

� @P

@S

� �
V

@T

@V

� �
S

@S

@T

� �
V

¼ @P

@V

� �
S

� @P

@T

� �
V

@T

@V

� �
S

:

(4:20)

Using the definition, KT;S ¼ �V @P=@Vð ÞT;S where

KT;S are isothermal and adiabatic bulk modulus

respectively, one has

KT ¼ KS �
	2
thK

2
TTV

CV
(4:21)

where 	th � 1
V @V=@Tð ÞP is thermal expansion and the

relations

@P

@T

� �
V

¼ 	thKT (4:22)

and

@T

@V

� �
S

¼ �	thKTT

CV
(4:23)

have been used (Problem 4.2).

Using the definition,

�th �
	thKTV

CV
(4:24)

where �th is the (thermodynamic) Grüneisen parameter,

and V is the molar volume, equation (4.21) can be

written as (Problem 4.2),1

KS ¼ KT ð1þ �th	thTÞ: (4:25)

With the typical values of materials parameters

and temperature (�th � 1; 	th� 3� 10�5 K�1 and

T� 2000K), KS is larger than KT by � 6%.

One notes that a combination of equations (4.22)

and (4.24) gives @P=@Tð ÞV¼ 	thKT ¼ �thCV

V . Integrating

this relation, one obtains

Pth ¼ PðT2Þ � PðT1Þ �
�th
V

Z T2

T1

CV dT

¼ �th
EðT2Þ � EðT1Þ

V
(4:26)

where P T1;2

� �
is pressure at temperature of T1;2, and

E T1;2

� �
is internal energy at temperature of T1;2: Pth is

often referred to as thermal pressure.

Box 4.2 The Miller index

Crystallographic planes and orientations in a

crystal are given by symbols such as (100) for

plane and 010½ � for orientation. These are called

the Miller indices.

A crystal is made of a periodic array of atoms,

and one can define the smallest unit that preserves

the symmetry of the crystal. This unit cell is defined

by three basis vectors (a1, a2, a3). This set of basis

vectors is used to define the coordinate system.

Using this coordinate system, a plane that

contains lattice points (positions of atoms) can be

written as

hx1 þ kx2 þ lx3 ¼ n

where h, k, l and n are integers. This plane is called a

(hkl) plane. For example, (100) is a plane normal to

the a1 direction (the equation for this plane is

x1 ¼ n). Similarly a plane �110
� �

corresponds to the

equation �x1 þ x2 ¼ n. There are several crystallo-

graphically equivalent planes for a given structure.

For example, in a cubic crystal, there are three

equivalent (100)-type planes: (100), (010) and

(001). A symbol {100} is used to represent such

equivalent planes.

Orientations in a crystal are shown by a symbol

uvw½ �. u, v and w are the smallest integers that

represent the direction cosines of a direction in

a crystal coordinate. For example, 100½ � is the

direction parallel to the a1 direction and 110½ � is the
direction on the (001) plane that is 458 between

the a1 and a2 directions. Similar to planes, there are

three equivalent 100½ �-type directions ( 100½ �; 010½ �
and 001½ �Þ. A symbol h100i is used to denote such

equivalent directions.

1 For the shear modulus, there is no difference between adiabatic and

isothermal modulus.
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Problem 4.2*

Derive the relations (4.21) through (4.25).

Solution

If a quantity Z is a function of X and Y

Z ¼ Z X;Yð ÞÞ; then dZ ¼ @Z=@Xð ÞY dXþ @Z=@Yð ÞX dY
�

.

By taking dZ¼ 0, one gets 0 ¼ @Z=@Xð ÞYþ @Z=@Yð ÞX

@Y=@Xð ÞdZ. For Y¼V, Z¼P and X¼T, we get

0¼ @P=@Tð ÞVþ @V=@Tð ÞP @P=@Vð ÞT. Using the

definition of bulk modulus and thermal expansion

(KT¼�V @P=@Vð ÞT and 	th� 1
V @V=@Tð ÞPÞ one gets

@P=@Tð ÞV¼	thKT. Similarly for Y¼S, Z¼T and

X¼V, 0¼ @T=@Vð ÞSþ @S=@Vð ÞT @T=@Sð ÞV and using

the Maxwell relation @S=@Vð ÞT¼ @P=@Tð ÞV, one gets

0¼ @T=@Vð ÞSþ @P=@Tð ÞV @T=@Sð ÞV. Now using

@P=@Tð ÞV¼ 	thKT and the definition of the specific

heat CV � T @S=@Tð ÞV, one obtains @T=@Vð ÞS¼ �	th

KTT=CV. Inserting these relations into equation

(4.20), one obtains equation (4.21). Using the defi-

nition of the thermodynamic Grüneisen parameter,

�th ¼ 	thKTV=CV, equation (4.21) is converted to

equation (4.25), KS ¼ KT 1þ �th	thTð Þ.

4.4. Experimental techniques

Elastic constants in materials can be measured using a

variety of techniques. Techniques may be classified

into three categories: (1) static measurements, (2)

dynamic measurements using wave propagation and

(3) dynamic measurements using phonon–photon

interactions. Understanding the basics of the experi-

mental techniques is important because the frequency

at which the elastic constants are measured is different

among various techniques and elastic constants

depend on frequencies (e.g., adiabatic versus isother-

mal elastic constants (see section 4.3), and the influ-

ence of anelasticity (see Chapters 3 and 8)). Also each

technique has its own limitations and care must be

exercised in using experimental data to interpret seis-

mological observations.

4.4.1. Static measurements of elastic constants

Elastic constants of a material can be determined by

X-ray diffraction. X-ray diffraction from a crystal

occurs when the following condition (the Bragg con-

dition) is met,

2d sin � ¼ nl (4:27)

where d is the spacing of adjacent lattice planes, � is the

angle of incident (and diffracted) X-ray with respect to

the lattice plane, n is an integer and l is the wavelength
of the X-ray. Consequently, by measuring the angle �

for a given wavelength l or by measuring l (i.e.,

energy) for a fixed value of �, one can determine the

lattice spacings, d. When stress is applied, the lattice

spacings will be modified. By measuring small changes

in lattice spacings, one can determine the elastic con-

stants if one knows the magnitude of stress.

When the variations in lattice spacing due to non-

hydrostatic stress are measured, a full elastic constant

matrix can be determined from the X-ray diffraction

(SINGH, 1993; SINGH et al., 1998; UCHIDA et al., 1996).

In this technique, one determines the spacings of many

crystallographic planes in a polycrystalline sample

under a given stress geometry (e.g., tri-axial compres-

sion). When a polycrystalline sample is under non-

hydrostatic stress, then depending on the orientation

of the plane relative to the applied macroscopic stress

(100)
(110)

(111)

[100] [110]

[001]

[010]

FIGURE 4.1 Definitions of crystallographic planes and orientations.
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orientation, the values of lattice spacings will be differ-

ent. Therefore by measuring the lattice spacings as a

function of the orientation of the direction of a dif-

fracted X-ray beam with respect to the applied stress,

one can determine the elastic constants. One of the

advantages of this technique is that when high strength

X-ray beams are available (e.g., at synchrotron facili-

ties), one can apply this technique to a small sample

under high pressures. Elastic constant matrices of var-

ious materials have been determined by this technique

to pressures exceeding 50GPa (e.g., DUFFY et al.,

1999; MAO et al., 1998). However, the uncertainties in

the elastic constants determined by this technique are

large because this technique relies on the subtle

changes in lattice spacings and the uncertainties in the

estimated stress magnitude are propagated to the

uncertainties in the estimated elastic constants. For

this reason, a relatively large stress is applied to a

sample in this method. This causes plastic deformation

that modifies the stress field around individual grains

causing a systematic variation in the change in lattice

spacing. This leads to a biased estimate of elastic ani-

sotropy (WEIDNER et al., 2004).

4.4.2. Ultrasonic techniques

The velocity of elastic waves can be determined by the

measurement of the travel times of elastic waves similar

to seismological measurements. In these measure-

ments, the wavelength of the waves used must be

significantly smaller than the sample size and con-

sequently, the frequency of waves must be higher

than � VP;S=L where L is the sample dimension. For

� 1mm sample with VP,S � 5–10 km/s, the frequency

must be higher than � 107 Hz. In this technique, one

generates ultrasonic waves using a piezoelectric trans-

ducer and records the elastic waves that have passed

through the sample using another (or the same) trans-

ducer. From the measured travel time, one can deter-

mine the elastic wave velocities from the known sample

length. This technique has been used for pressures

up to � 15GPa and temperatures to � 1500K (e.g.,

LIEBERMANN, 2000). For an isotropic material, the

measurements of P- and S-wave velocities provide

complete information on elasticity (if the density is

known). For anisotropic materials such as single crys-

tals or polycrystalline samples with anisotropic fabrics,

measurements must be made along various directions

and polarizations (for S-waves) to fully characterize

the elastic properties. Uncertainties in the determined

elastic constants in this technique are due to the

uncertainties in travel time measurements and those

in sample length estimates. High-resolution measure-

ments of elastic wave velocities, with an accuracy of

� 0.1%, can be made using this technique when

the travel times are measured using interferometric

techniques (e.g., JACKSON and NIESLER, 1982;

LIEBERMANN, 2000). Elastic properties determined by

this technique correspond to adiabatic elastic con-

stants. CHEN et al. (1997) extended this technique to

GHz frequencies, which allows us to determine the

elastic constants of samples with a dimension of the

order of 100 mm.

4.4.3. Opto-elastic techniques

Elastic waves (phonons) interact with light (photons).

One of these interactions is known as Brillouin scatter-

ing. At a finite temperature, phonons are excited in a

crystal. These phonons interact with photons. Photons

are scattered by phonons. Scattering occurs either in an

elastic or an inelastic fashion. Upon inelastic scattering

(i.e., scattering in which photon energy is changed), the

frequency of photons is modified. The change in fre-

quency is given by

Do
o
¼ �2nV

c
sin

�

2
(4:28)

where V is the elastic wave velocity, c is the velocity of

light (photons), n is an integer and � is the angle

between the directions of incident light and scattered

light (ANDERSON et al., 1969). This technique can be

applied to small samples (say � 100 mm) and a full

elastic constant matrix can be determined from small

samples under high pressures (WEIDNER, 1987). This

technique has been applied to a number of minerals

using a diamond anvil cell and elastic constants

have been determined at pressures beyond 20GPa (e.g.,

SINOGEIKIN and BASS, 1999; ZHA et al., 1998). Elastic

properties determined by this technique correspond to

adiabatic elastic constants. The uncertainties of the

results obtained from this technique (typically � 1%)

are larger than those of the ultrasonic measurements

but are better than the static X-ray measurements. One

major limitation of this technique is that it can be

applied only to optically transparent materials.

Some representative results of elastic constants for

typical Earth materials are summarized in Table 4.2.

These data are at ambient pressure and temperature for

a fixed composition. As we will learn later, pressure,

temperature and composition have important effects

on elastic properties.
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4.4.4 . Velocity es timates from the phonon
density of stat e

Acoustic waves in a crystal are some types of phonon

(see Box 4.3). The distribution of a number of phonons

as a function of energy (i.e., wavenumber) is called the

phonon density of state. Using non-elastic scattering of

X-rays (or neutrons) by phonons, one can determine

the phonon density of state (e.g., STURHAHN et al.,

1995). The low-energy part of the phonon density of

state is related to the acoustic wave velocities (see

Box 4.3), so that such measurements provide estimates

of acoustic wave velocities. The errors in estimated

velocities from this technique are high (a few %), but

the advantage of this technique is that it can be applied

to a small optically opaque material. This technique

has been applied to estimate the sound velocities of

iron by LIN et al. (2005).

4.5. Som e genera l trends in ela sticity:
Birch’ s law

In general, the elastic properties ofmaterials depend on a

number of parameters, such as temperature, pressure,

crystal structure and chemical composition. However,

based on a large number of data, BIRCH (1961) found

that, to a good approximation, the elastic properties of

materials are controlled mostly by the mean atomic

number and the molar volume (specific density): other

factors such as the crystal structure play relatively minor

roles.2 This empirical law, Birch’s law, captures some

essence of elasticity that simplifies our understanding of

the elastic properties of minerals in Earth’s interior.

Therefore I will first summarize Birch’s law and its phys-

ical interpretation and some important applications, and

then discuss the crystal structure effects and other issues

that are the exceptions of Birch’s law. However, I note

that Birch’s law is an empirical law and in some cases,

this law is followed only approximately.

BIRCH (1961) established an empirical rule that the

changes in elastic constants with temperature and pres-

sure in a given material (i.e., with a given chemical

composition) occur primarily through the change in

density. This is referred to as Birch’s law (Fig. 4.2). In

his original paper, BIRCH (1961) summarized his

results in the following formula,

VP;Sð�; �MÞ ¼ aP;Sð �MÞ þ bP;S 
 � (4:29 )

Box 4.3 The Debye model

The lattice vibration in a crystal occurs with

various frequencies. The distribution of

vibrational frequency is a key factor that

characterizes the way in which lattice vibration

influences the thermal properties of crystals. In

the Debye model, the lattice vibration is

approximated as a plane elastic wave, and the

displacement of the atoms can be written as

u x; tð Þ ¼ u0 exp �2pi k 
 x� �ltð Þ½ � where k is the

wavenumber, x is distance, �l � ol=2p is the

angular frequency of vibration with a mode l.

�l is related to the velocity of elastic waves as

Vl ¼ �l= kj j (Vl � VP;S), and t is time. The

displacement associated with an elastic wave must be

consistent with the discrete nature of a lattice. One

way is to consider a wave in a finite body and impose

the periodic boundary condition, i.e., u xj; t
� �

¼
u xj þ Lj; t
� �

, where Lj (j¼ 1, 2, 3) is the length of

the edge of a crystal. This leads to k1;2;3 ¼
n1;2;3=L1;2;3 ¼ n1;2;3=V

1=3 where nj is an integer and

V is the volume of a crystal. Therefore, in the

wave-number space (k-space), the allowable wave

numbers are distributed with equal distance, so that

the number of wave numbers for kj j and

kj j þ d kj j is 4pV kj j2d kj j ¼ 4pV�2d�=V3
l . If one

defines the distribution function of frequencies of

lattice vibration in such a way that f �ð Þ d� is

the number of modes whose frequency is between �

and � þ d�, then f �ð Þ ¼ 4pV 2=V3
S þ 1=V3

P

� �
�2.

The maximum frequency, �D, is determined by

the fact that the total number of modes isR �D
0 f �ð Þ d� ¼ 3N (N: number of atoms). Therefore

�D ¼
9

4p
N

V 2=V 3
S þ 1=V 3

P

� �
 !1=3

¼ kBTD=h where �D

is the Debye frequency and TD is the Debye

temperature. Because any thermodynamic parameter

is controlled by the Boltzmann factor exp �h�=kBTð Þ,
and the frequency distribution is characterized by

a single parameter, the Debye frequency (�D), any

thermodynamic properties are characterized by a

single non-dimensional parameter h�D=kBT ¼
TD=T. This model captures some characteristics of

thermal properties of solids, and is useful in

geophysics because it relates the thermal properties

of solids with the elastic properties that can be

inferred from seismology.2 Note, however, that the crystal structure plays an essential role for elastic

anisotropy.
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in which seismic wave velocities are a linear function

of density and the effect of chemical composition is

expressed in terms of mean atomic weight �M ð �M for

Mg2SiO4 is
1
7 ð24:305� 2þ 28:086þ 15:999� 4Þ ¼ 20:099;

for atomic weight see Table 4.3). Although Birch’s law

is usually stated in terms of density and chemical com-

position as shown in equation (4.29), it is more instruc-

tive to write it in terms of molar volume, V, and

chemical composition, X. Considering the fact that

the seismic wave velocities are determined by elastic

constants and density or molar volume (see equation

(4.8)), one can reformulate Birch’s law as,

CðT;P;XÞ ¼ C VðT;PÞ;X½ � (4:30)

where C is an elastic constant, X represents chemical

composition such as XFe ¼ Fe= FeþMgð Þ or �M; and

V is the molar volume. The reason for the use of the

(molar) volume rather than the density is to distinguish

the effects of volume change due to compression or

thermal expansion from the density change due to the

Vp
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FIGURE 4.2 The Birch diagram

for elastic wave velocities and

density (after BIRCH, 1961, 1964).

(a) For metals (a bulk sound

velocity versus density plot) and

(b) for silicates (a P-wave velocity

versus density plot, numbers are

the mean atomic weight). The

elastic velocities are primarily

determined by the density and the

mean atomic number.
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change in chemical composition i.e., the change in density

by replacing atomswith different species (e.g.,Mg�Fe).

Let us consider a case where the chemical composi-

tion (X) is fixed and consider the effects of pressure and

temperature. In such a case,

@ logC

@T

� �
P;X

¼ @ logC

@ logV

� �
X

@ logV

@T

� �
P;X

¼ @ logC

@ logV

� �
X

	th

( 4:31a)

and

@ logC

@P

� �
T;X

¼ @ logC

@ logV

� �
X

@ logV

@P

� �
T;X

¼ � @ logC

@ logV

� �
X

1

KT
:

( 4:31b)

When Birch’s law is valid, then a material (with a given

composition) has the same elastic properties if the

molar volume is the same, irrespective of the actual

pressure and temperature. This is often referred to as

Birch’s law of correspondent state.

From relations (4.31),

f� logCgP
f� logCgT

¼ � �P=KT

�T 
 	th
(4:32)

where � logCf gT;P is the variation in logC due to the

variation in T and P. For typical values of thermal

expansion (� 2� 10� 5 K� 1) and of bulk modulus

(� 150GPa), and for �P ¼ 30 GPa and �T ¼ 1000K,

this ratio is � 10. Therefore pressure has a larger effect

on elastic constants (seismic wave velocities) than

temperature in Earth’s interior. In fact, for typical

values of a pressure derivative of elastic constants

(dC=dP � 2–5), elastic constants could change by a

factor of 2–5 throughout the mantle, whereas the

changes in elastic constants due to temperature are of

the order of 20% or less. However, temperature effects

are critical when lateral variation in seismic wave

velocities (i.e., seismic tomography) is considered. It

should also be noted that the pressure effects are usu-

ally different for different elastic constants, Cij.

Consequently, the elastic anisotropy can change with

pressure (Figs. 4.3b and 4.10).

Birch’s law implies that the molar volume, i.e.,

the inter-atomic distance, plays an essential role in

controlling the elastic properties. The elastic constants

are related to the vibrational frequency. In the Debye

model (Box 4.3), all lattice vibration modes are

assumed to be acoustic vibration and in such a

case, oi / Vi=a where Vi is the velocity of elastic

TABLE 4.3 Ionic (and atomic) radii (in nm) and atomic weight of

some atoms (ions) (in �10� 3 kg/mol).

Ionic (or atomic) radius1 Atomic weight

O2� 0.140 (VI) 15.999

Naþ 0.102 (VI) 22.990

Mg2þ 0.072 (VI) 24.305

Al3þ 0.039 (IV), 0.053 (VI) 26.982

Si4þ 0.026 (IV), 0.040 (VI) 28.086

Kþ 0.138 (VI) 39.098

Ca2þ 0.100 (VI) 40.078

Ti2þ 0.086 (VI) 47.88

Cr3þ 0.0615 (VI) 51.996

Fe2þ 0.077HS, 0.061LS (VI)2 55.847

Fe3þ 0.0645HS, 0.055LS (VI) –

Ni2þ 0.070 (VI) 58.693

Ni3þ 0.060HS, 0.056LS (VI) –

Ge4þ 0.040 (IV) 72.6

Rbþ 0.149 (VI) 85.468

Sr2þ 0.116 (VI), 0.125 (VIII) 87.62

Nd3þ 0.0995 (VI), 0.112 (VIII) 144.24

Sm3þ 0.0964 (VI), 0.109 (VIII) 150.36

Lu3þ 0.0848 (VI), 0.097 (VIII) 174.967

Hf4þ 0.071 (VI), 0.083 (VIII) 178.49

Re4þ 0.063 (VI) 186.207

Os4þ 0.063 (VI) 190.23

Pb2þ 0.118 (VI), 0.129 (VIII) 207.2

Pb4þ 0.0775 (VI), 0.094 (VIII) –

Th4þ 0.100 (VI) 232.038

U4þ 0.097 (VI), 0.100 (VIII) 238.029

U5þ 0.076 (VI) –

U6þ 0.048 (IV), 0.075 (VI) –

He 0.108 (VI)3 4.003

Ne 0.121 (VI)3 20.180

Ar 0.164 (VI)3 39.948

Kr 0.178 (VI)3 83.798

Xe 0.196 (VI)3 131.293

1 Shannon–Prewitt ionic radius (from BLOSS, 1971)

except for rare gas elements. The roman numbers in the

parentheses are the coordination numbers (i.e., the

number of ions with a different electrostatic charge

surrounding the particular ion).
2HS andLS indicate the ionic radius for high-spin state

and for low-spin state respectively. Transition metal

ions such as Fe2þ can change their spin state by

compression. High-spin (low-spin) state is preferred at

relatively low (high) pressures (BURNS, 1970).
3Atomic radii for rare gas elements (from ZHANG and

XU, 1995).
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wave of ith mode and a is the inter-atomic distance.

Velocity is related to elastic constants and density

through Vi ¼
ffiffiffiffiffiffiffiffiffiffi
Ci=�

p
where Ci is the relevant elastic

constant (for VS ¼
ffiffiffiffiffiffiffiffi
�=�

p
, CS ¼ �, and for VP ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðKS þ 4
3�Þ=�

q
; CP ¼ KS þ 4

3�, and for V
 ¼
ffiffiffiffiffiffiffiffiffiffiffi
KS=�

p
,

C
 ¼ KS). Consequently, the Grüneisen parameter

defined as the volume dependence of the frequency of

lattice vibration (this is the original definition by

GRÜNEISEN (1912)),

� � � @ log o
@ logV

� �
T

¼ @ log o
@ logP

� �
T

(4:33 )

plays an important role in understanding the pressure

and temperature dependence of elasticity. If we distin-

guish the Grüneisen parameter for the bulk modulus

from that for the shear modulus, then

�
K
� � @ log o


@ logV

� �
T

¼ � 1

2

@ logKS

@ logV

� �
T

� 1

6

¼ 1

2

KT

KS

@KS

@P

� �
T

� 1

6
� 1

2

@KS

@P

� �
T

� 1

6

(4:34a )

and

�� � �
@ log oS

@ logV

� �
T

¼ � 1

2

@ log�

@ logV

� �
T

� 1

6

¼ 1

2

KT

�

@�

@P

� �
T

� 1

6
:

(4:34b )

Or equivalently,

�K � �
@ logKS

@ logV

� �
T

¼ @ logKS

@ log �

� �
T

¼ 2�
K
þ 1

3
� @KS

@P

� �
T

(4:35a )

and

�� � �
@ log�

@ logV

� �
T

¼ @ log�

@ log �

� �
T

¼ 2�� þ
1

3

¼ KT

�

@�

@P

� �
T

:

(4:35b )

Prob lem 4.3*

Show that the vibrational Grüneisen parameter defined

by equation (4.33), �vib (I use subscript ‘‘vib’’ to clearly

indicate this is a vibrational Grüneisen parameter),

is identical to the thermal Grüneisen parameter

defined by equation (4.24), �th (subscript ‘‘th’’ means

thermodynamic), if the Grüneisen parameters for all

the modes of lattice vibration are the same.

Soluti on

In order to connect the vibrational Grüneisen

parameter (i.e., (4.33)) with the thermodynamic

Grüneisen parameter (i.e., (4.24)), one needs to use a

relation between lattice vibration and thermo-

dynamic properties. Using the relationships F ¼ Uþ
kBT

P
i

log 1� exp �hoi=2pkBTð Þ½ � (F, Helmholtz free

energy; U, energy at T¼ 0K; Box 2.1) and

S ¼ � @F=@Tð ÞV, one obtains @S=@Vð ÞT¼ ð�vibkB=VÞP
i

½x2i exp xið Þ= exp xið Þ � 1ð Þ2� with xi � hoi=2p kBT,
where we assumed that the Grüneisen parameters

for all vibrational modes are the same,

�vib ¼ �@ log  oi=@ logV ¼ �@ log  o =@ logV. Now,

the internal energy is given by

E ¼ F� T @F=@Tð ÞV¼ Uþ kBT
P
i

½xi=ðexp xið Þ � 1Þ�;

and hence CV ¼ dE=dT ¼ kB
P
i

½x2i exp xið Þ= exp xið Þ � 1ð Þ2�.

Therefore @S=@Vð ÞT¼ �vibCV=V. Using the thermo-

dynamic identities such as the Maxwell relation and

the definitions of thermal expansion and bulk modulus,

one obtains @P=@Tð ÞV¼ @S=@Vð ÞT¼ � @V=@Tð ÞP
@P=@Vð ÞT¼ 	thKT (see problem 4.2). Therefore

�vib ¼ V	thKT=CV ¼ �th.

Prob lem 4.4

Derive equation (4.34).

Soluti on

Using oi / Vi

a , one finds log o i ¼ logVi � 1
3
logV ¼

1
2 logCi � 1

6 log �. Thus @ log o i=@ log � ¼ ð1=2Þð@ logCi=@ log �Þ�
1
6. UsingCS ¼ � andC
 ¼ KS, one obtains (4.34).

The Grüneisen parameter is often referred to as an

anharmonic parameter, because the deviation from har-

monic oscillation causes the volumedependence of elastic

constants. Anharmonicity (Box 4.4) results in both tem-

perature and pressure dependence of elastic constants.

Under some assumptions, temperature and pressure

dependence of elastic moduli has the same origin and

hence they are related. In such a case, the variation of

the bulk modulus (and other elastic moduli) occurs

through the variation in displacement, i.e., volume.

Both temperature and pressure change the volume,

which will change the elastic constants. The values of

these anharmonic parameters for some Earth materials

are given in Table 4.4. From (4.35) we obtain
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@ logVS

@ logV

� �
X

¼ � @ logVS

@ log �

� �
X

¼ � 1

2
�� � 1
� �

(4:36a)

@ logVP

@ logV

� �
X

¼ � @ logVP

@ log �

� �
X

¼ � 1

2
ð1� BÞð�K � 1Þ þ B �� � 1

� �� � (4:36b)

with B � 4
3 �=ðKþ 4

3�Þ ¼ 2 1� 2�ð Þ=3 1� �ð Þ ¼ 4
3V

2
S=V

2
P � 0:4

and @ logVP;S=@ logV
� �

X
and @ logVP;S=@ log �

� �
X

are the partial derivatives of P- or S-wave velocity

with respect to molar volume and density for a con-

stant chemical composition.

Note that the Grüneisen parameter defined by

(4.24) (or (4.33)) is a useful parameter only to the extent

that a single vibrational frequency (or two frequencies)

can characterize the thermal property of a material.

Such a simplification is made in the Debye model in

which all modes of lattice vibration are assumed to

follow a dispersion relation similar to acoustic waves.

This is obviously an over simplification and one major

limitation is the neglect of non-acoustic modes of lat-

tice vibration called optical modes.When optical modes

play an important role, the characterization of anhar-

monic properties using the Grüneisen parameter needs

some revisions.

In the previous discussions, we assumed Birch’s

law. It must be emphasized that although Birch’s

law is a good approximation for many materials,

it is an empirical law and is only approximately

valid. To emphasize the distinction of real material

behavior from ideal Birch’s law behavior, it is instruc-

tive to write,

@C

@T

� �
P

¼ @C

@T

� �
V

þ @C

@V

� �
T

@V

@T

� �
P

: (4:37)

Here the first term, @C=@Tð ÞV, in the right-hand side of

equation (4.37) represents the temperature effect at a

constant volume and the second term represents the

effect of thermal expansion. The first term is often

referred to as the intrinsic temperature derivative of

elastic constants (ANDERSON, 1987a), and for

materials that follow Birch’s law, @C=@Tð ÞV¼ 0. In

many cases non-zero values of @C=@Tð ÞV are found,

and in these cases, the present discussions apply only

approximately.

Anharmonicity causes both thermal expansion

and the pressure dependence of the elastic moduli,

and anharmonicity is characterized by the Grüneisen

parameter. Therefore the Grüneisen parameter,

thermal expansion and the pressure dependence of

the elastic modulus are related. In a case where the

Grüneisen parameters are identical for all modes of

lattice vibration, it can be shown from equation (4.34)

that,

@KS

@P

� �
T

¼ 2�
K
þ 1

3
¼ 2	thKTV

CV
þ 1

3
� 2	thKTV

3nR
þ 1

3
: (4:38)

Box 4.4 Anharmonicity

The atomic displacement associated with elastic

deformation is small, and therefore the force on

each atom is approximately a linear function of

displacement, namely,

F ¼ �kx: (1)

The corresponding potential energy is then given by

U ¼ 1
2 kx

2: (2)

The equation of motion corresponding to this type

of force is given by

m
d2x

dt2
¼ �kx (3)

the solution of which is

x ¼ x0 exp iotð Þ (4)

with o ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
. This type of motion is referred to

as harmonic oscillation. The frequency of harmonic

oscillation is determined by k (the curvature of the

potential, i.e., elastic constant) andm (mass).When

the displacement becomes large, deviation from

harmonic potential may occur. The nature of devi-

ation from symmetric harmonic potential can be

understood from a simple model of inter-atomic

interaction (see Fig. 4.4). Such a deviation from

harmonic potential is referred to as anharmonicity.

When the potential is anharmonic, then the mean

curvature of the potential that an atom feels will be

dependent on the amplitude of vibration. The

amplitude of vibration is determined by the ther-

mal energy, kBT, and the potential energy (see

Fig. 4.4). When the potential energy is a function

of the inter-atomic distance only, then, for a large

volume, the amplitude of vibration at a given tem-

perature will be large, and the mean curvature of

potential will be small (i.e., small elastic constant).

When a volume is reduced, then the amplitude will

be small, and the curvature will be large (i.e., large

elastic constant).
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Problem 4.5

Derive equation (4.38).

Solution

From (4.34), one has @ logKS=@ logVð ÞT ¼
�2�

K
� 1

3 ¼ � @KS=@Pð ÞT. Now if we assume that the

Grüneisen parameter for the bulk modulus is the same

as that for all other modes of lattice vibration, then

we can use the relation (4.24) to get @KS=@Pð ÞT¼
2� þ 1

3 ¼ 2	thKTV=CV þ 1
3. At high temperatures,

CV � 3nR where n is the number of atoms per unit

formula (n¼ 7 for olivine Mg2SiO4), therefore

@KS=@Pð ÞT� 2	thKTV=3nRþ 1
3.

If Birch’s law is satisfied, i.e., if the intrinsic temper-

ature derivative is negligible, then using the definitions

of the Grüneisen parameter and the relations (4.35)

and (4.36), the temperature and pressure derivatives

of seismic wave velocities can be written in terms of

the bulk modulus, thermal expansion and the

Grüneisen parameters as

@ logVS

@P

� �
T

¼ �� � 1

2KT
(4:39a)

@ logVP

@P

� �
T

¼ ð1� BÞð�K � 1Þ þ Bð�� � 1Þ
2KT

(4:39b)

and

@ logVS

@T

� �
P

¼ �ð�� � 1Þ	th

2
(4:40a)

@ logVP

@T

� �
P

¼ �
ð1� BÞð�K � 1Þ þ Bð�� � 1Þ
� �

	th

2
:

(4:40b)

A few points may be noted here. As noted before,

the influence of pressure is large in comparison to that

of temperature. Furthermore, as seen from equation

(4.39), the influence of pressure on seismic wave velo-

cities (and elastic constants) is non-linear (i.e.,

@ logVP;S=@P
� �

T
changes with pressure) because KT

changes with pressure: pressure derivatives decrease

TABLE 4.4 Anharmonic parameters of some oxides and silicates at ambient conditions (unit is� 10�5 K�1 for thermal expansion, 	th,

� @ logKS=@Tð ÞP and � @ log�=@Tð ÞP , but @KS=@Pð ÞT and @�=@Pð ÞT are non-dimensional). These values can be converted to �K;�;T

through the relations �K � @KS=@Pð ÞT , �� ¼ ðKT=�Þ @�=@Pð ÞP and �T � �ð1=	thÞ @ logKT=@Tð ÞP . All the data are at ambient pressure

and at T � TDðTD Debye temperature).

	th
@KS

@P

� �
T

@�
@P

	 

T

� @ logKS

@T

	 

P

� @ log�
@T

	 

P

Ref.

Periclase (MgO) 3.1 4.3 2.5 15 26 (1), (2)

Pyrope (Mg3Al2Si3O12) 1.9 4.9 1.6 11 11 (1), (2)

Spinel (MgAl2O4) 2.1 5.7 0.72 13 12 (1), (2)

Ringwoodite (Mg2SiO4) 1.9 4.8 1.8 13 12.5 (2), (3)

Corundum (Al2O3) 1.6 4.3 1.8 6.0 17 (1), (2)

Enstatite ((Mg, Fe)SiO3) 2.4 8.5 1.6 25 16 (4), (5)

Forsterite (Mg2SiO4) 3.1 5.0 1.8 14 17 (1), (2)

Wadsleyite ((Mg, Fe)2SiO4) 1.9 4.3 1.4 11 15 (2), (6)

Perovskite (MgSiO3) 3.0 3.9 1.6 13 14 (7), (8)

(1): ANDERSON and ISAAK (1995)

(2): BASS (1995)

(3): JACKSON et al. (2000b)

(4): FRISILLO and BARSCH (1972)

(5): FLESH et al. (1998)

(6): MAYAMA et al. (2004)

(7): AIZAWA et al. (2004)

(8): JACKSON (1998)

Elasticity 65



significantly with pressure. In contrast, the influence of

temperature is linear (i.e., @ logVP;S=@T
� �

P
is con-

stant) at above � 1
2TDðTD, Debye temperature) where

the Grüneisen parameters (��;K) and thermal expan-

sion are nearly independent of temperature. However,

thermal expansion vanishes at T¼ 0K, and increases

strongly with temperature below � 1
2TDðTD, Debye

temperature). Consequently, the temperature deriva-

tives are 0 at T = 0K and reach asymptotic values

above � 1
2TD where thermal expansion becomes insen-

sitive to temperature.

Now let us consider how these parameters

change with pressure. To a first approximation, elas-

tic constants such as the bulk modulus increase line-

arly with pressure (see Fig. 4.3). In this case

@KS=@Pð ÞT is constant (typically @KS=@Pð ÞT � 4, see

Table 4.4) and the Grüneisen parameter is independent

of pressure. But from (4.24), it can be seen that as

pressure increases, the bulk modulus increases signifi-

cantly and therefore thermal expansion will decrease.

The pressure dependence of thermal expansion can be

calculated as follows. Taking the derivative of thermal

expansion with respect to pressure, one obtains,

@	th

@P

� �
T

¼ �	th

KT
�T (4:41)

where

�T � �
1

	th

@ logKT

@T

� �
P

¼ @ logKT

@ log �

� �
P

: (4:42)

�T is referred to as the Anderson–Grüneisen parameter

which takes a value of � 4–6 for most materials and

is nearly independent of temperature or pressure (see

ANDERSON, 1996). If �T is independent of density, then

equation (4.41) can be integrated to get,

	th

ð	thÞ0
¼ �0

�

� ��T
(4:43a)

where 	thð Þ0 and �0 are thermal expansion and

density at a reference state. Alternatively, if the

Anderson–Grüneisen parameter changes weakly with

density as �T 
 � is constant as is the case for the

Grüneisen parameter (see the next section), then

	th

	thð Þ0
¼ exp ��0T 1� �0

�

� �� �
(4:43b)

where �0T is the Anderson–Grüneisen parameter at the

reference density. These relations indicate that thermal

expansion decreases significantly with the increase in

density.

Problem 4.6

Derive equation (4.43), and calculate the difference

in thermal expansion between the shallow region

(720 km depth) and the very bottom (2890 km) of

the lower mantle using the PREM density model

(see Table 17.1, Chapter 17) using a value of �T (or

�0TÞ;¼ 5.

Solution

By differentiating thermal expansion (	th � @ logV=@T)
with pressure, one obtains

@	th=@Pð ÞT¼
@ @ logV=@Pð ÞT

@T
¼ � @

@T

1

KT
¼ 1

K2
T

@KT

@T
:

Therefore using �T � �ð1=	Þð@ logKT=@TÞ ¼
@ logKT=@ log �ð ÞP, @ log	th=@Pð ÞT¼ �ð1=KTÞ�T. Noting

dP ¼ KTd log �, one gets @ log	th=@ log �ð ÞT ¼ ��T
and therefore if �T is independent of density, then

	th= 	thð Þ0 ¼ �0=�ð Þ�T . If �T changes with density as

�T 
 � is constant, then @ log	th=@ log �ð ÞT ¼ ��T ¼
��0Tð�0=�Þ. Integrating this relation, one obtains

	th= 	thð Þ0 ¼ exp ��0T 1� �0=�ð Þ
� �

. In PREM, the

density at 720 km is 4410 kg/m3 whereas the density at

U

r

repulsive

attractive

total (attractive + repulsive)

FIGURE 4.4 A schematic drawing of the inter-atomic potential. The

inter-atomic potential is composed of an attractive potential due to

Coulombic interaction and a short-range repulsive potential caused

by quantum mechanical effects (the Pauli exclusion principle). The

Coulombic potential changes with atomic distance as / 1=r, whereas

the repulsive potential changes more rapidly with atomic distance.

Consequently, the inter-atomic potential has an asymmetric shape

around the equilibrium atomic distance. This asymmetry causes the

pressure and temperature dependence of elastic moduli and is

responsible for thermal expansion.
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2890km is 5570 kg/m3. Therefore 	th 2890kmð Þ=
	th 720kmð Þ ¼ 0:31 from (4.43a) or¼ 0.35 from (4.43b).

Let us consider how the Grüneisen parameter

changes with pressure. By differentiating equation

(4.24) (� ¼ 	thKTV=CV) by density (for a constant

chemical composition, X) assuming CV is constant

(i.e., at high temperature behavior), one has

@ log �

@ log �

� �
T

¼ @ log	th

@ log �

� �
T

þ @ logKT

@ log �

� �
T

�1: (4:44)

Using the relations @ log	th=@ log �ð ÞT¼ ��T,
and @ logKT=@ log �ð ÞT¼ @KT=@P, one gets

@ log	th=@ log �ÞT þ @ logKT=@ log �ð ÞT�1 ¼ ��Tþ
�
@KT=@Pð ÞT�1 � �q.
If q � �T � @KT=@Pð ÞTþ1 is independent of den-

sity, one can integrate (4.44) to get

�=�0 ¼
�0
�

� �q

: (4:45)

Now if @KT=@Tð ÞV¼ 0, @KT=@Tð ÞP¼ @KT=@Tð ÞVþ
@KT=@Vð ÞP @V=@Tð ÞP¼ @KT=@Vð ÞP @V=@Tð ÞP. Using the

definitions 	th � ð1=VÞ ð@V=@TÞ and �T � �ð1=	thÞ

@ logKT=@Tð ÞP and the relation @KT=@Vð ÞP¼
� @KT=@Pð ÞTðKT=VÞ, one gets �T ¼ @KT=@Pð ÞT. So

q ¼ �T � @KT=@Pð ÞTþ1 ¼ 1. In such a case, the

Grüneisen parameter decreases with depth in Earth.

There are notmany experimental studies on the pressure

(density) dependence of Grüneisen parameters, but

results of theoretical calculations support the notion

that Grüneisen parameters decrease with pressure (den-

sity) (Fig. 4.5). In general, the pressure dependence of

the Grüneisen parameter can be different for the

Grüneisen parameters for different modes. This causes

the pressure dependence of ð� logVS=� logVPÞ which
has an important implication for the interpretation of

seismic tomography (see Chapter 20).

We have seen that all the parameters that control

the temperature and pressure dependence of seismic

wave velocities change with density (pressure): thermal

expansion decreases significantly with density, the bulk

modulus increases significantly with density, while the

Grüneisen parameter decreases slightly with density.

Consequently, the absolute values of the temperature

derivatives of seismic wave velocities decrease signifi-

cantly with density, i.e., with depth. This has important

implications for the interpretation of the lateral varia-

tion of seismic wave velocities (KARATO and KARKI,

2001, see Chapter 20).

I should emphasize, however, that the assumption of

Birch’s law is not always justifiable. In these cases, the

above discussions are not valid in a strict sense, and one

needs to use the results of direct measurements of elastic

wave velocities at various pressures and temperatures.

4.6. Effects of chemical composition

In section 4.5, we focused on one aspect of Birch’s law,

namely the effects of molar volume (density) on elastic

constants for the same chemical composition. Now let

us focus on the effects of chemical composition at a fixed

temperature and pressure. Birch’s law shows that the

elastic constants or seismic wave velocities of a material

at a given temperature and pressure are controlled by

chemical composition mainly through the mean atomic

weight, �M. Such a relation holds very nicely for bulk

sound velocity defined as V
 �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V2

P � 4
3V

2
S

q
¼

ffiffiffiffiffiffiffiffiffiffiffi
KS=�

p
.

The bulk sound velocity for materials with a given

crystal structure changes with mean atomic weight as

(e.g., CHUNG (1972), Fig. 4.6),

V
 /
1ffiffiffiffiffi
�M

p : (4:46)

A theoretical justification for this relation can be

found if one uses the Debye model (SHANKLAND,

1977). In the Debye model the frequency of lattice

vibration is related to elastic constants as,

o /
ffiffiffiffiffiffiffiffiffi
KP;S

m

r
/ VP;S ¼

ffiffiffiffiffiffiffiffiffi
CP;S

�

s
(4:47)

where m is the atomic mass, which is proportional

to �M; � ¼ n �M=V where n is the number of atoms for

8
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2
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Pressure (GPa)

MgO

100 120 140

(V/μ) (dμ /dV)
1000 K
2000 K
3000 K

δμ

FIGURE 4.5 Results of theoretical calculations on the pressure

dependence of the Grüneisen parameter, �� , in MgO (KARATO and

KARKI, 2001). �� decreases with pressure.
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one formula (7 for olivine Mg2SiO4), and V is the

molar volume. Therefore relation (4.46) implies that

the bulk modulus is independent of chemical composi-

tion. Let us consider how such a relation is explained on

an atomic basis. Let us assume the Born–Meyer type

inter-atomic potential for an ionic solid, namely,

U rð Þ ¼ �AZcZae
2

r
þ B exp � r

b

	 

(4:48)

where r is the inter-atomic distance,�AZcZae
2=r is the

potential energy associated with the Coulombic inter-

action among cations and anions (A is the Madelung

constant that depends only on the crystal structure),

Zc;ae is the electrostatic charge on cation and anion

respectively, and B exp �r=bð Þ is the repulsive potential
(B and b are parameters representing the strength of

repulsive potential and the characteristic length at

which repulsive potential becomes strong). Using the

definition of the bulk modulus, K ¼ �Vð @P=@VÞ, we
find (see Problem 4.7)

V
 ¼
ffiffiffiffi
K

�

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AZcZae2ðd=b� 2Þ

3dn �M

r

¼ 1ffiffiffiffiffi
�M

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AZcZae2ðd=b� 2Þ

3dn

r
: (4:49)

where d is the inter-ionic distance. For many materials,

d=b is practically constant (d=b� 6–10; see e.g., TOSI,

1964). The mean atomic distance, d, changes only

slightly with the variation of atomic species.

Consequently,
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AZcZae

2 d=b� 2ð Þ=3dn
p

is nearly

independent of mean atomic weight. This reflects the

fact that the strength of inter-atomic potential is essen-

tially controlled by the nature of outer electrons and

therefore insensitive to the atomic weight that deter-

mines the nature of core electrons. The situation for the
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FIGURE 4.6 The relation

between bulk sound velocity and

mean atomic weight for materials

with various crystal structures.

The relation (4.46) is well satisfied

(after CHUNG, 1972).
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shear modulus is not as simple as the bulk modulus

because it depends on the angle of the chemical bonds

as well as the distance between atoms, but to the extent

that the nature of atomic bonding is largely controlled

by outer electrons, the shear modulus is also not very

sensitive to the atomic weight.3

Problem 4.7

Derive equation (4.49) from the Born–Meyer type

inter-atomic potential, i.e.,

U rð Þ ¼ �AZcZae
2

r
þ B exp �r

b

	 

(1)

where r is the inter-atomic distance, �AZcZae
2=r is

the potential energy associated with the Coulombic

interaction among cations and anions (A is the

Madelung constant that depends only on the crystal

structure), Zc;ae is the electrostatic charge on cation

and anion respectively, andB exp �r=bð Þ is the repulsive
potential (B and b are parameters representing

the strength of repulsive potential and the characteristic

length at which repulsive potential becomes strong).

Solution

From the requirement of mechanical equilibrium, we

have (at P¼ 0), P ¼ 0 ¼ �@U=@V. Therefore B ¼
ðAbZcZae

2=d2Þ exp d=bð Þ where d is the equilibrium

inter-atomic distance. From the definition of the bulk

modulus, we get

K ¼ � 1

9�d2
4AZcZae

2

d2
� B

b
2þ d

b

� �
exp � d

b

� �� �

whereV ¼ � d3. Using the relation B ¼ ðAbZcZae
2=d2Þ

exp d=bð Þ, one gets

K ¼ AZcZae
2

9�d4
d=b� 2ð Þ: (2)

Now inserting this relation and � ¼ n �M=V into

V
 ¼
ffiffiffiffiffiffiffiffiffi
K=�

p
, one gets V
 ¼ ð1=

ffiffiffiffiffi
�M

p
Þ
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
AZcZae

2 d=b� 2ð Þ=3dn
p

.

When relation (4.46) is satisfied and if the variation

of elastic wave velocities is due to the variation in chem-

ical composition through mean atomic weight, we have

@ logV


@ log �
� @ logV


@ log �

� �
T

¼ � 1

2
: (4:50)

Similar relations also apply to VP;S. In all cases, as far

as the variation in chemical composition affects mainly

the density but not the elastic constants, then we have

(for variation in chemical composition)

� logVP;S;


� log �
� @ logVP;S;


@ log �

� �
T

50: (4:51)

This is in marked contrast to the effects of temperature

and pressure for which @ logVp;s;
=@ log �
� �

X
40. The

geodynamic significance of this difference is discussed

in Chapter 20. Table 4.5 summarizes some of the exper-

imental data on the composition dependence of elastic

constants (elastic wave velocities).

Some subtleties may be worth commenting on. Our

discussion on the independence of bulk modulus on

chemical composition is valid when the changing

TABLE 4.5 Dependence of elastic constants on chemical composition (after SPEZIALE et al. 2005).

X3 @ logVP

@X
@ logVS

@X
@ logVP

@ log �
@ logVS

@ log �

Olivine Fe/(FeþMg) �0.24 �0.37 �0.67 �1.1
Garnet1 Fe/(FeþMg) �0.09 �0.08 �0.52 �0.48
Garnet2 Ca/(CaþMg) 0.03 0.08 �1.6 �3.7
Orthopyroxene Fe/(FeþMg) �0.21 �0.30 �0.92 �1.3
Wadsleyite Fe/(FeþMg) �0.37 �0.52 �1.2 �1.6
Ringwoodite Fe/(FeþMg) �0.18 �0.28 �0.48 �0.74
Majorite–pyrope Al/(FeþMgþ Si)4 0.03 0.04 1.2 1.5

1 Fixed Ca/Mg
2Fixed Fe/Mg
3Molar fraction
4Mg at VI coordinated site, Si at VI coordinated site

3 However, because the shear modulus is sensitive to some subtle feature of

inter-atomic bonding, the shear modulus is more sensitive to chemical

composition than the bulk modulus.
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chemical composition does not change the inter-atomic

distance d too much and the electrostatic charge

remains the same (see equation (4.49)). This is true

when a change in chemical composition occurs

through the replacement of one ion with another with

a similar radius and an identical charge (for ionic radii

of typical ions see Table 4.3). An example is the change

in xFe ¼ Fe=ðFeþMgÞ. The ionic radii of Mg2þ and

Fe2þ ions are not very different (0.072 nm for Mg2þ

versus 0.077 nm for Fe2þ), but they have a large differ-

ence in atomic weight (24.31 g/mol versus 55.85 g/mol).

In such a case the change in density has a much larger

effect than the change in the bulk modulus. However,

when the chemical composition changes through the

variation of xCa ¼ Ca=ðCaþMgþ FeÞ, the situation

is different. In this case both the ionic radii and the

atomic weight are significantly different (the ionic

radius and the atomic weight of Ca2þ and Mg2þ are

0.100 nm and 40.08 g/mol, and 0.072 nm and 24.31 g/

mol respectively). Consequently, in this case, the

change in interatomic distance plays an important

role as well as the change in density. The Ca2þ ion

has another unique property. Because its size is so

large compared to Mg2þ and Fe2þ, the addition of

Ca2þ modifies the structure of a crystal and a com-

pound containing a large amount of the Ca2þ ion tends

to have a crystal structure that is different from

those with only Mg2þ and Fe2þ. An example is that

CaSiO3 assumes a cubic perovskite structure whereas

(Mg, Fe)SiO3 assumes an orthorhombic perovskite

structure under most of the lower mantle conditions.

Another well-known example is pyroxene. Ca-poor

pyroxene assumes the orthorhombic structure (ortho-

pyroxene) whereas Ca-rich pyroxene assumes the

monoclinic structure (clinopyroxene) at low pressures.

Since the shear modulus is sensitive to the subtle differ-

ence in crystal structure, changing xCa ¼ Ca=ðCaþ
Mgþ FeÞ can cause a large difference in the shear

modulus relative to the bulk modulus (e.g., KARATO

and KARKI, 2001).

4.7. Elasti c constants in several cryst al
struct ures

4.7.1. A polyhed ral model of ionic cryst als
and elastic anisotropy

The elasticity of silicate minerals can be examined

based on a polyhedral model. The basis of this model

is the concept that the crystal structure of silicates can

be understood in terms of a mixture of coordination

polyhedra, which are composed of a cation in their

centers surrounded by anions, in most cases oxygen

ions (see Fig. 4.7, Box 4.5). This ‘‘asymmetry’’ of cati-

ons and anions is due to the fact that anions (oxygen

ions) are much larger than cations. The chemical bond-

ing in a coordination polyhedron is stronger than the

chemical bonding between them. For instance, a min-

eral olivine, Mg2SiO4, can be viewed as being made of

an arrangement of SiO4 andMgO6 polyhedra. In brief,

in this model, one considers a material as being com-

posed of a collection of relatively strong polyhedra that

are connected by relatively weak forces. In this model,

the elastic constants of a material are controlled by the

stiffness of individual polyhedra and the change in the

geometry of polyhedra. The fundamental reason for

this is the tendency in an ionic crystal for charge bal-

ance to be maintained locally between adjacent ions

with different charges. This is one of the Pauling rules

controlling the structure of ionic crystals (Box 4.5;

PAULING (1960)).

To understand the basis for this model, let us first

look at the bond strength of various chemical bonds as

measured by the incompressibility (bulk modulus) of

each bond (Fig. 4.8; HAZEN and FINGER, 1979). The

bulk modulus for each bond is a measure of bond

strength. HAZEN and FINGER (1979) compiled the

data on bond strength based on the results of X-ray

diffraction studies and found that the bond strength of

ionic bonds has a clear correlation with the electro-

static charges of ions and the bond length (the distance

between ions) but they also found that correction must

be made for ‘‘effective ionic charges’’ on each ion as4

[010]

[001]

FIGURE 4.7 The structure of a silicate such as olivine can be viewed

as a mixture of coordination polyhedra. Tetrahedra (T) are made of Si

and O, and octahedra (M1 and M2) are made of Mg and O.

4 HAZEN and FINGER (1979) originally proposed a relation

Kpoly / S2ZcZae
2=d3, but this expression is dimensionally incorrect and

equation (4.52) is more appropriate.
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Kpoly /
S2ZcZae

2

d4 
(4:52 )

where d is the bond length (distance) between cations

and anions and the parameter S is introduced to take

account of ionicity (S¼ 0.75 for halides, S¼ 0.5 for

oxides and S¼ 0.2 for carbide: a small value of S

means that the effective charge is small, i.e., the chem-

ical bonding is more covalent). Consequently, the Si–O

is the strongest chemical bond, followed by the Al–O,

Mg–O and K–O. Relation (4.52) is essentially identical

to equation (2) in Problem 4.7.

Elastic anisotropy of silicates can be understood

through a polyhedral model (e.g., BASS et al., 1984;

WEBB and JACKSON, 1990). For instance, the olivine

(Mg2SiO4) structure can be considered as an array of

MgO6 and SiO4 polyhedra (Fig. 4.7). Anisotropy in

elastic constants can be analyzed using three principles:

(1) the SiO4 polyhedron is stronger than theMgO6 poly-

hedron, (2) when strong polyhedra are linked, then

a linkage that has a degree of freedom of bending

(tilting) is weaker than a linkage without a degree of

freedom of bending and (3) when one deforms a series

of connected elements the overall stiffness is an appro-

priate average of stiffness of elements (see Chapter 12).

From Fig. 4.7 it can be seen that the compression along

the 001½ � (as well as 100½ �) direction requires the com-

pression of a network of strong SiO4 polyhedra as

well as of stronger MgO6 octahedra (M1 octahedra:

in olivine there are two types of MgO6 octahedra M1

and M2 octahedra, M1 is stronger than M2 octahedra

(LEVIEN and PREWITT, 1981)), whereas the compres-

sion along the 010½ � direction can be accommodated

by the deformation of weak MgO6 polyhedra. This

provides a simple explanation for C11  4 C33  4C22.

The effect of changes in the coordination number

(number of other ions surrounding an ion) can also be

incorporated in the polyhedral model. When the coor-

dination number is increased, the bond length will also

increase. Consequently, the bulk modulus of a poly-

hedron will decrease. The reason for this is that when a

larger number of ions are involved inmaking the chem-

ical bonds around an ion, then the charge of that ion is

‘‘shared’’ with a larger number of surrounding ions and

the effective charge that can be used for an individual

bond decreases. This is Pauling’s rule (2) (see Box 4.5).

4.7.2. Elast ic anisotropy ca used by int rinsic
anisot ropy of bonding

For materials with a simpler structure, a polyhedral

model does not apply. This includes some metals and

simple ionic solids such as alkali halides or oxides. Let

us consider two cases.

Elasticit y of hcp m etals
For obvious reasons, the concept of coordination poly-

hedra does not apply to metals. In metals elastic

constants are determined by the nature of free electrons

as well as the interaction of core electrons at each

atom (electrons bound to each nucleus). Although

the polyhedral model does not apply to metals, to a

large degree, the stiffness (‘‘bond strength’’) can be

Box 4.5 Pauling’s rules for the structure
and chemical bonding in an ionic crystal
(PAULING, 1960)

Most minerals are ionic crystals. In ionic crystals,

electrostatic interaction largely controls their

structure. Pauling formulated the principles of

crystal structures of ionic solids as follows:

(1) A coordination polyhedron of atoms is formed

about each cation, the bond length is the sum of

ionic radii, and the coordination number of the

cation is determined by the radius ratio.

(2) The total strength of the bonds that reach an

anion from all neighboring cations is equal to

the charges of the cation.

(3) Shared edges and, especially, shared faces of

coordination polyhedra destabilize a structure.

This effect is strongest for cations of high charge

and small coordination number, especially if

near the lower limit of the radius ratio for that

coordination.

(4) Cations of high valency and small coordination

number tend not to share polyhedral elements.

(5) The number of essentially different kinds of

constituent in a crystal structure tends to be

small.

These are empirical rules that give a basis for the

concepts of ionic radii, bond length, and a broad area

of materials science, studying crystal structures and

properties of crystals, based on these concepts is

called crystal chemistry. Although these concepts

are empirical and hence the validity is limited, they

provide a useful guideline for understanding a range

of important physical and chemical properties of

ionic crystals (for details see BLOSS, 1971 and

NAVROTSKY, 1994).
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interpreted in terms of atomic distance (‘‘bond-length’’)

similarly to the case for ionic crystals. The shorter the

atomic distance, the larger the stiffness. One example is

the elastic anisotropy in hcp (hexagonal close packed)

metals. The hcp structure is characterized by two lat-

tice constants, a and c. For the ideal hcp structure

c=a ¼
ffiffiffiffiffiffiffiffi
8=3

p
¼ 1:633. Fig. 4.9 shows a correlation

between C11=C33 and c=a. There is a positive correla-

tion supporting the above notion. STEINLE–NEUMANN

et al. (2001) calculated the elastic constants of hcp

Fe (a high-pressure phase of Fe and a likely constituent

of the inner core) and showed that c=a increases sig-

nificantly with temperature andC11=C33 also increases,

leading to a change in elastic anisotropy fromC115C33

at low temperatures to C114C33 at high temperatures.

However, the recent study by GANNARELLI et al.

(2005) showed a much more modest influence of tem-

perature on the c=a ratio and elastic anisotropy.

Elasticity of materials with B1 and B2 structures
Simple ionic crystals such as MgO cannot be described

by coordination polyhedra. All cation–anion bonds

are identical in these structures, and there is no way

to define a coordination polyhedron. Even in these

simple ionic crystals, a marked elastic anisotropy is

often observed. For materials with B1 structure

(NaCl structure), both C11 and C12 increase more or

less linearly with pressure, whereas C44 does not

increase with pressure very much, and in some cases

even decreases with pressure. Recall that in a cubic

crystal like B1 structure, there are two shear moduli,

C44 and ðC11 � C12Þ=2. The anomalous behavior ofC44

of (Mg, Fe)O leads to large depth variation (pressure

dependence) of elastic anisotropy of this material

(KARATO, 1998e; KARKI et al., 1997) (see Fig. 4.10).

A similar pressure-induced softening is observed in

materials with the spinel structure (see ANDERSON

(1996), ANDERSON and LIEBERMANN (1970)).

However, such an unusual behavior of C44 is not

observed in materials with B2 structure (CsCl struc-

ture). ANDERSON (1968) showed that such anomalous

behavior of the shear elastic constant tends to occur for

ionic crystals with a low coordination number.

4.8. Effects of phase transformations

Aphase transformation changes elastic properties. The

nature of changes in elastic properties should be exam-

ined for the first- and second-order transformations

separately. When a first-order phase transformation

occurs, both phases are dynamically stable but a

phase transformation occurs due to the difference in

K
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FIGURE 4.8 The relation

between the bond strength (Kp)

and the bond length (d is the inter-

atomic distance) (after HAZEN and

FINGER, 1979).
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free energy of these two phases. Therefore, a change in

elasticity in this case is simply the result of the differ-

ence in crystal structures. Consequently, to the extent

that Birch’s law describes the elasticity, there is pos-

itive correlation between density and elastic wave

velocities, and a denser phase will have higher elastic

wave velocities (elastic constants). This is approxi-

mately true as seen in Fig. 4.11 (LIEBERMANN, 1982;

LIEBERMANN and RINGWOOD, 1973). However, such a

trend is modified when a phase transformation

involves a change in coordination (DAVIES, 1974;

LIEBERMANN and RINGWOOD, 1973). Examples

include the B1 (NaCl structure) to B2 (CsCl structure)

transformation in which the coordination of cations

changes from 6 to 8 and the transformation from coes-

ite to stishovite in which the coordination of silicon

with respect to oxygen changes from 4 to 6. In these

cases, the effects of weakened bond strength reduces

the degree to which the elastic constants (elastic wave

velocities) increase associated with density increase.

However, in almost all cases, transformation to a

denser structure results in the increase in elastic con-

stants (or elastic wave velocities). This is in marked

contrast to the case of plasticity. In plasticity, density

plays only a small role and consequently, denser phases

can often have smaller plastic strength (see KARATO

(1989c) and Chapter 15).

The situation is different in the case of a second-

order phase transformation. A first-order phase trans-

formation occurs when a free energy of one phase (one

crystal structure) becomes higher than another phase

(crystal structure). In such a case, infinitesimal atomic

displacement in one phase keeps a phase stable,

whereas a finite atomic displacement (that occurs by

large stress or thermal activation) will bring a material

to another phase that is more stable than the other. In

such a case, an infinitesimal displacement that is con-

trolled by elastic constants is stable and nothing

unusual happens. In contrast to this first-order phase
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FIGURE 4.9 Elastic anisotropy

(C11=C33) and c=a relationship in

some hcp metals for a constant

density (after STEINLE–NEUMANN

et al., 2001).
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transformation, there is another type of phase trans-

formation. A material can become unstable for a small

displacement of atoms along a certain direction, lead-

ing to a new phase (structure). This type of phase

transformation is referred to as the second-order

phase transformation (Chapter 2). When this instabil-

ity occurs there is no resistance force against atomic

displacement along that direction and therefore the

frequency of lattice vibration corresponding to the

displacement of atoms along this particular direction

goes to zero. Consequently, one of the elastic constants

vanishes. This softened mode of lattice vibration is

referred to as a soft mode. The first theoretical treat-

ment of such lattice instability was made by BORN

(1940) (see also BORN and HUANG, 1954) and a more

general theory was developed by Landau (LANDAU

and LIFSHITZ, 1964; see also CARPENTER, 2006;

GHOSE, 1985). For instance, the vibrational frequency

of the �25 mode (lattice vibration with the �25 mode

corresponds to the rotation of TiO6 octahedra) goes

to 0 at 110K in SrTiO3 associated with a transforma-

tion from a cubic structure (at higher T) to a tetragonal

structure. This phase transformation is caused by the

rotation of TiO6 octahedra and it occurs because the

crystal becomes unstable against the rotation of TiO6

octahedra. Similarly, stishovite (a high-pressure poly-

morph of quartz) undergoes a second-order phase

transformation at high pressure (� 50GPa) that is

associated with a soft mode (ANDRAULT et al., 1998;

SHIEH et al., 2002). The 	- to �-quartz transformation

is close to the second-order transformation (the vol-

ume change is very small, and this transformation is

associated with the rotation of SiO4 tetrahedra). The

frequencies of some phonons in quartz become low

near the transformation temperature implying some

degree of softening of these modes (BOYSEN et al.,

1980).

It must also be noted that the softening of atomic

displacement is often associated with the increase in the

dielectric constant (in the extreme case, the dielectric

constant becomes infinite: e.g., KITTEL (1986)). A

dielectric constant has an important effect on the con-

centration of point defects (see Chapters 5 and 10).

Both the reduction of elastic constants and the increase

of the dielectric constant are likely to enhance defect-

related processes such as diffusion and dislocation

motion. However, not many experimental or theoret-

ical studies have been made on this issue (see

Chapter 15 and CHAKLADER, 1963; SCHMIDT et al.,

2003; WHITE and KNIPE, 1978).
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A transformation to a denser

structure invariably results in an

increase in elastic wave velocities.

However the degree to which the

elastic wave velocities increase

with density (associated with a

phase transformation) is

significantly smaller for

transformations that involve a

large increase in the coordination

number.
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5 Crystalline defects

Crystalline defects such as point defects (vacancies, interstitial atoms, hydrogen-related defects etc.),

dislocations and grain boundaries play essential roles in plastic deformation. This chapter gives a brief

review of the fundamentals of crystalline defects. The relation between the concentration of point

defects and temperature, pressure and chemical environment is discussed based on thermodynamic

principles. Some basic properties of dislocations including the slip systems, dislocation energy and the

important properties of grain boundaries and subgrain boundaries are summarized.

Key words point defects, dislocations, grain boundaries, subgrain boundaries, vacancies, interstitials,

stoichiometry, ferric iron, slip systems, Burgers vector, Peach–Koehler force, Schmid factor.

5.1. Defects and plastic deformation:
general introduction

A crystalline material is made of a nearly perfect

periodic array of atoms. When a force is applied,

individual atoms move away from their stable posi-

tions. This will cause a restoring force. When the

statistical fluctuation caused by atomic vibration is

neglected and when deformation is homogeneous,

then the (homogeneous) displacement of atoms due

to a reasonable level of stress is so small that upon the

removal of force, the atoms will return to their original

positions, hence deformation is elastic. Plastic defor-

mation occurs when atoms move to the next stable

position, so that after the removal of external force

they do not go back to their original positions. The

force necessary to move atoms to the next stable posi-

tions is determined by the inter-atomic potential

energy U(x) by,

Fplastic ¼ �
�
@U

@x

�
max

: (5:1)

If we assume a periodic atomic potential U¼U0 �
cos(2px / a) (a, lattice spacing), then,

Fplastic ¼
2pU0

a
: (5:2)

Now, consider a small elastic deformation. For a

small displacement, the potential energy must be

related to the elastic constants. Thus,

� ¼ Felastic

a2
¼ �" (5:3)

where "¼ x / a is the strain and � is the shear modulus.

Now,

Felastic ¼ � lim
x�!0

�
@U

@x

�
¼
�
2p
a

�
U0 sin

�
2px
a

�

�
�
2p
a

�2
U0x: (5:4)

Hence

U0 ¼
�a3

ð2pÞ2
: (5:5)

Therefore, the stress needed to deform a material by a

homogeneous, coherent motion of atoms without the

help of thermal agitation would be given by,

�plastic ¼
Fplastic

a2
� �

2p
(5:6)
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which is �10–50GPa for typical metals and silicates.

This is obviously much higher than what is empiri-

cally found (<1GPa for most materials). Thus the

coherent motion of atoms without the help of thermal

activation cannot be responsible for plastic deforma-

tion of solids. Defects or incoherent motion of atoms

are needed to explain the strength of real materials.

Incoherent motion of atoms is in most cases associ-

ated with defects. So in short, defects play a central

role in plastic deformation. Thermally activated

motion of atoms is one of the important types of

incoherent motion that is assisted by defects

(Section 2.3). Therefore the rate of plastic deforma-

tion is controlled largely by the thermally activated

stochastic processes and hence is time and temperature

dependent.

Defects within a grain include point defects,

dislocations and stacking faults. Grain boundaries

can also be considered as defects. Atomic bonding

around these defects is largely disturbed and atoms

are much more mobile in and around these defects.

Therefore the motion of these defects can cause non-

recoverable deformation, namely permanent plastic

deformation.

Now let us consider the motion of a defect. A

defect could move recoverably. However, because the

atomic bonding around a defect is weak, a large non-

recoverable motion of defects can also occur. This is

particularly the case at high temperatures. This is due

to thermally activated processes (section 2.4).

At a very general level, one can obtain the following

rate equation by considering that the rate of deforma-

tion must be proportional to the amount of strain

caused by a unit motion of a defect, a number of

defects and their mobility. The strain rate caused by

the motion of defects can be written as,

_" ¼ �" � KðT;P;C; �; "; tÞ �NðT;P;C; "; �; tÞ (5:7)

whereK is the rate (velocity) of motion of defects, D" is
the plastic strain associated with a unit motion of

defect, N is the number density of defects, T is temper-

ature, P is pressure, C is a parameter that characterizes

the chemical environment and t is time.

The creep constitutive relation (equation (5.7))

depends on how K and N depend on various parame-

ters. The manner in whichK andN vary with T, P, C, �

etc. depends on the specific defects involved. In gen-

eral, the relation tends to be highly non-linear when

larger defects are involved (cracks, dislocations) and/

or under higher stresses.

5.2. Point defects

5.2.1. Generalities

Definition
Defects at a scale of individual atoms are called point

defects. They include vacant atomic sites (vacancies),

atoms that occur at sites that are normally not occu-

pied by atoms (interstitial atoms), ions with electro-

static charges that are different from normal charges

(aliovalent ions (e.g., Fe3þ at Fe2þ site)) and impur-

ity atoms (Fig. 5.1). Point defects may be classified

into two types based on the thermodynamic origin:

one is the thermal defect (or defects of thermal ori-

gin), which is formed by thermal activation in a

closed system, and the other is the chemical defect

(defects of chemical origin), which is formed as a

result of interaction with the environment that is

created only in an open system. The terms intrinsic

defects or extrinsic defects are often used but it is

recommended to use thermal and chemical to describe

their origin more clearly. The former type of defect

includes vacancies and interstitial atoms and the lat-

ter type of defect includes Fe3þ at Fe2þ site and

impurity atoms. Water (hydrogen)-related defects

also belong to the second category.

Equilibrium concentration of point defects
In both cases, the concentration of point defects is

usually controlled by the thermochemical equilibrium.

In other words, at a certain finite temperature (and

pressure) and with a certain chemical environment

(such as oxygen fugacity), the concentration of point

vacancy

interstitial
atom

impurity (substitution)
impurity (interstitial)

FIGURE 5.1 Point defects in a crystal (a vacancy, an interstitial atom,

and an impurity atom are shown).
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defects is determined by the thermochemical para-

meters. One should also note, however, that the

concentration of point defects is determined by ther-

mochemical parameters only when the system is

in chemical equilibrium. The kinetics to achieve chem-

ical equilibrium takes a finite time, and hence non-

equilibrium concentration can be realized under

certain conditions.

The basic principle that controls the concentration

of point defects can be understood as follows. Consider

a case where one creates a certain number, n, of point

defects in a crystal that contains N lattice sites. By

replacing n atoms with point defects, the free energy

of the crystal is increased by n � gf where gf is the

change in free energy due to the replacement of one

atom with a point defect.1 gf is therefore referred to as

the free energy of formation of a defect. However, by

introducing a certain number (n) of point defects in a

crystal, the (configurational) entropy (see Chapter 2) of

the crystal increases. Thus the net change in the Gibbs

free energy of the crystal is,

DGðnÞ ¼ n � gf � T � DSconfðnÞ: (5:8)

The configurational entropy, DSconf(n), is given by (see

Chapter 2),

DSconfðnÞ ¼ kB log
N!

ðN� nÞ!n!
(5:9)

where kB is the Boltzmann constant. The equilibrium

state of the system is the one that minimizes the Gibbs

free energy so that, the equilibrium number of defects,

n, is determined by the equation,

@DGðnÞ
@n

¼ 0: (5:10)

Inserting the relation (5.9) and using the Stirling for-

mula, log � n!� n � log � n� n, for large n, one obtains,

n

N
¼

exp

�
� gf=kBT

�

1þ exp

�
� gf=kBT

� � exp

�
� gf=kBT

�
: (5:11)

Problem 5.1

Derive equation (5.11).

Solution

From equations (5.8) and (5.9), one has,

DG(n)¼ ngf�TDSconf(n). Using the Stirling formula,

this equation becomes,

DGðnÞ � n � gf � kBT½N logN� ðN� nÞ logðN� nÞ
� n log n�:

Taking the derivative of this equationwith respect to n,

@DGðnÞ
@n

¼ gf � kBT½logðN� nÞ � log n� ¼ 0:

Therefore

n

N� n
¼ exp

�
� gf
kBT

�
:

The free energy for the formation of a defect in the

above treatment is defined for one defect. In the liter-

ature, the free energy of the formation of a defect is

often defined for one mole (NA¼ 6.02� 1023 species,

the Avogadro number). In this case, equation (5.11)

can be re-written as,

n

N
¼ exp

�
� Gf

RT

�
(5:12)

where R�NA � kB is the gas constant and Gf¼NA � gf
(Gf is the free energy of one mole of the defect).

The free energy of formation of (one mole of) a

point defect can be written as,

Gf ¼ Ef þ PVf � TSf (5:13)

where Ef is the internal energy for formation of one

mole of the defect, Vf is the volume of formation of

one mole of the defect
�
Vf ¼ @Gf=@P

� �
T

�
and Sf is the

entropy for formation of one mole of the defect�
Sf ¼ � @Gf=@T

� �
P

�
. Physically, Ef corresponds to

the change in energy of a crystal caused by the change

in chemical bonding associated with the formation of

onemole of the defect. The formation volume,Vf, corre-

sponds to the pressure dependence of formation free

energy, Gf, which includes an explicit change in crystal

volume as well as the pressure dependence of some

1 Note that here I use free energy per defect, rather than free energy per one

mole of defect to clearly illustrate the statistical nature of defect formation.

It should also be noted that gf does not include the configurational

entropy.
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physical constants such as elastic constants (for details

see Chapter 10). The formation entropy, Sf, represents

the change in the vibrational entropy of a crystal caused

by the formation of a defect. Combining (5.12) and

(5.13), we obtain,

n

N
¼ exp

�
Sf

R

�
: exp

�
� Ef þ PVf

RT

�

�
�

n

N

�
0

exp

�
� Ef þ PVf

RT

�
: (5:14)

The formation entropy of a defect, Sf, is due to

the change in the frequencies of lattice vibration and

is�R, so the first term, n=Nð Þ0, is on the order of unity

(SHEWMON, 1989). The formation energy varies from

one type of defect to another and is�50–300 kJ/mol in

many oxides (e.g., SAMMIS et al., 1981; SHEWMON,

1989). The formation volume also varies from

one type of defect to another and will be discussed

in Chapter 10. However, in most cases it is on the

order of molar volume (�(5–50)� 10� 6 m3/mol).

The formation volume is usually positive but in

some materials (such as ice I), it takes a negative

value. The concentration of a point defect is shown as

a function of temperature and pressure for a range

of Ef and Vf in Fig. 5.2. The important messages to

learn are:

(a) the concentration of point defects increases expo-

nentially with temperature;

(b) the concentration of point defects changes signifi-

cantly with pressure; when the activation volume

for formation is positive (negative), the concentra-

tion decreases (increases) with pressure.

5.2.2. Point defects in ionic solids

The above treatment is quite general and can be

applied to any material. However, some special points

may be noted as to the point defects in ionic crystals.

Most minerals are classified as ionic solids (with some

contribution from covalent bonding especially for

Si–O bonds) in terms of chemical bonding. In these

materials, the majority of bonding energy is due to

the electrostatic interaction and therefore the require-

ment for charge balance has a strong control on the

concentration of defects.

A Schottky pair
Consider, for simplicity, an ionic solid with a chemical

formula AX (A, cation; X, anion; MgO is an example).

One can have vacancies at the A (cation) site or

vacancies at the X (anion) site. The ease of forming a

vacancy at the A site is usually different from the ease

of forming a vacancy at the X site. This would cause

different concentrations of vacancies at the A and X

sites. However, if the concentrations of A- and X-site

vacancies are different then there will be a net charge in

a crystal, which will increase its energy enormously.

Therefore the concentration of positively charged

defects is very nearly equal to that of negatively

charged defects, and the charge neutrality condition is
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FIGURE 5.2 Influence of (a) temperature and (b) pressure on the

concentration of point defects, n=N (for (b) T¼ 1500 K).
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well satisfied in most cases.2 Therefore the unit process

of the formation of vacancies in an ionic crystal is a

formation of a pair of defects (a Schottky pair),

null, V 00A þ V 		x  (5:15 )

where we used the Kröger–Vink notation of point

defects (Box 5.1) and ‘‘null’’ indicates a perfect lattice.

Because of the requirement of charge balance,

½V 00A � ¼ ½V		x �: (5:16 )

In this case, one can consider a formation energy for

a mole of a pair of defects V00A and V		x , a mole of

Schottky pair, GS. Applying the law of mass action,

one gets,

½V 00A � � ½V		x � ¼ exp

�
� Gs

RT

�
¼ K17 (5:17 )

where K17 is the equilibrium constant for equa-

tion (5.17). From (5.16) and (5.17),

½V 00A � ¼ ½V 		x � ¼ exp

�
� Gs

2RT

�
¼ K

1=2
17 : (5:18 )

In a more general case, such asMg2SiO4 olivine, the

above formulation must be generalized. For a com-

pound A�B�C� ����, the reaction to make a

Schottky defect is

null, �VA þ �VB þ �VC � � �  (5:19)

The condition of preservation of stoichiometry

requires,

½VA�
�
¼ ½VB�

�
¼ ½VC�

�
¼ � � � ¼ ½VS� (5:20)

where [VS] is the concentration of a Schottky defect of

a compound. The law of mass action (see Chapter 2)

yields,

½VA��:½VA��:½VA�� � � � ¼ exp

�
� GS

RT

�
(5:21)

hence,

½VS� ¼ð������ � � �Þ1=ð�þ�þ�þ�Þ:

exp

�
� GS

ð�þ � þ � þ � � �ÞRT

�
:

(5:22)

Therefore,

E
f ¼
ES

ð�þ � þ � þ � � �Þ  (5:23)

and

V
f ¼
V
S

ð�þ � þ � þ � � �Þ  
(5:24)

with

V
f ¼ y OM  (5:25)

where OM is the molar volume and y is a factor on the

order of unity (for details see Chapter 10).

A Frenk el pair
Another example of a pair of charged defects is a

Frenkel pair, a pair of a vacancy and an interstitial

atom. For example, a Frenkel pair at A-sublattice in

a compound AX is formed through a reaction,

null, V 00A þ A		1 : (5:26)

Thus,

½V 00A �½A		1 � ¼ exp

�
� GF

RT

�
¼ K26  (5:27)

and if the Frenkel pair is the dominant defect, then the

charge balance must be maintained by the vacancy and

interstitial atom, ½V 00A � ¼ ½A		1 �, thus

½V 00A � ¼ ½A		1 � ¼ exp

�
� GF

2RT

�
: (5:28)

Note that the volume change associated with a

Frenkel pair is smaller than that of a Schottky pair.

Box 5.1 Th e Krö ger–Vink nota tion of
poin t defect s

In considering a chemical reaction involving point

defects in an ionic crystal, it is important to

consider the conservation of lattice sites and of

electrostatic charge. The Kröger–Vink notation

of point defects is a useful tool to clearly define

a point defect and indicate its effective charge

relative to the perfect lattice. A Kröger–Vink

notation contains three types of information: XZ
Y:

X indicates the atomic species that occupies the

lattice site Y, and Z represents the effective charge

( * is effectiveþ charge, 0 0 is effective 2� charge

and� is neutral). Thus for example, Fe	M;Fe
�
M in

olivine (Mg, Fe)2SiO4 indicate a ferric iron (Fe3þ)

at M-site, a ferrous iron (Fe2þ) respectively, and

V 00M indicates a vacancy at M-site with an effective

charge of 2� (relative to the perfect lattice).

2 This is true only for the bulk of a crystal. The charge neutrality condition

can be violated near defects. Dislocation lines and grain boundaries can be

charged in an ionic crystal (see Box 5.2).
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Consequently, interstitial atoms tend to be dominant

defects under high-pressure conditions.

Defect format ion in an open system (the
Krö ger–Vink diagram)
In the above formulation, we assumed that there is no

exchange of atoms between the sample and the sur-

roundings, and therefore the charge balance must be

maintained internally. Let us now consider a case

where a sample can react with the surroundings. A

system is referred to an open system when an exchange

of materials (atoms) occurs between the system and the

surroundings. An example is a crystal that is in contact

with some fluids (say water or air). At high temper-

atures, some components of the fluids can be dissolved

into the crystal and conversely some components of the

crystal go into the fluid. Such an exchange of materials

often results in the change in stoichiometry of the

crystal and hence the formation of point defects. In

these cases, the change in free energy includes the

change associated with material exchange.

We consider two cases in which the influence of

oxygen fugacity and oxide activity (the oxide compo-

nent of a compound: forMg2SiO4, one can think of this

compound as made fromMgO and SiO2 (or MgSiO3))

changes the stoichiometry and modifies the concentra-

tion of point defects. Another important case is the

defect formation in a system that contains some impur-

ities. An important case is hydrogen (water) as impur-

ity. This is an important subject and is discussed in

Chapter 10 in detail.

	 Case 1. Point defect chemistry of an Fe-bearing

system: the effect of oxygen fugacity.

In a compound containing Fe, an exchange of oxygen

with the surrounding atmosphere occurs easily because

of the ease for Fe to change its valence state. The

change in the valence state of Fe is associated with

the change in the stoichiometry of the given compound

and hence other point defects. Consequently, many

physical properties in these materials are dependent

on oxygen fugacity, fO2
. Let us consider, for the sake

of simplicity, a system such as (Mg, Fe)O (a similar

discussion applies to a system such as (Mg, Fe)2SiO4

as far as the (Mg, Fe)O/SiO2 ratio is fixed). We can

think of a reaction of oxygenwith a crystal in two steps.

First is the ionization of an oxygen molecule, which

creates an oxygen ion, O2�, plus electron holes, h	 (an

electron hole is an electronic defect that is created in an

insulator (or semiconductor) when an electron is trans-

ferred from the valence band to the conduction band or

to an impurity level. Therefore it has a positive effective

charge. See a textbook of solid state physics, e.g.,

KITTEL (1986)),

1

2
O2 , O2� þ 2h	: (5:29)

Second, let us carry an oxygen ion and two electron

holes to a crystal. Note that the addition of an oxygen

ion (to the surface) creates an M-site vacancy (V 00M).

Therefore the reaction of the oxygen ion with an

oxide crystal can be written as

1

2
O2 , 2h	 þ V 00M þO�O  (5:30)

where the Kröger–Vink notation of point defects is

used (see Box 5.1). These electron holes react with

ferrous iron ðFe�MÞ to form ferric iron ðFe	MÞ,

Fe�M þ h	 ¼ Fe	M: (5:31)

Combining equations (5.30) and (5.31),

1

2
O2 þ 2Fe�M , O�O þ V 00M þ 2Fe	M: (5:32)

Applying the law of mass action (Chapter 2),

f
1=2
O2
¼ K32½V 00M �½Fe	M�

2 (5:33)

where K32 is the relevant equilibrium constant where

we used the fact that ½O�O� � 1:

Such a reaction changes the concentration of other

charged defects. Consequently, the formation of these

defects modifies the charge balance. Because the elec-

trostatic interaction energy is large, the charge neutral-

ity condition must always be satisfied, namely,

½Fe	M� þ ½h	� þ 2½V 		O � þ � � �
¼ ½e0� þ 2½V 00M � þ 4½V 0000Si � þ � � � : (5:34)

In many cases, one type of defect among positively (or

negatively) charged defects has much higher concen-

tration than others and the equation (5.34) can be

simplified. For example, under some conditions in

Fe-bearing minerals, the dominant defects are ferric

iron and the vacancy at the M (Mg or Fe)-site. Then

the condition for charge neutrality (equation 5.34) is

simplified to,

½Fe	M� ¼ 2½V 00M � (5:35)

thus,

½Fe	M� ¼ 2½V 00M � / f
1=6
O2
: (5:36)
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Given the above formula, the concentration of other

defects can also be determined through the law of mass

action. For example, the concentration ofM-site inter-

stitial atoms can be calculated by considering a reac-

tion (the formation of a Frenkel pair),

null, V 00M þM		1 (5:37)

and an associated relation from the law of mass

action,

½V 00M �½M		1 � ¼ K37 (5:38)

thus,

½M		1 �/ f
�1=6
O2

: (5:39)

The concentration of electrons can be calculated from

the law of mass action for the formation of an electron-

hole pair,

null, e0 þ h	 (5:40)

½e0�½h	� ¼ K40 (5:41)

hence

½e0�/ f
�1=6
O2

: (5:42)

Because of their positive dependence on fO2
, the con-

centration of M-site vacancies, ferric iron or electron

holes will increase when fO2
increases. In contrast, the

concentration of some defects such as M-site intersti-

tial atoms or electrons will decrease. Then the domi-

nant types of defect will change, and the charge balance

will be controlled by those new defects. A diagram that

illustrates the overall nature of point defect popula-

tions as a function of fO2
etc. is called the

Kröger–Vink diagram (Fig. 5.3).

Problem 5.2

Construct aKröger–Vink diagram (concentration versus

fO2
diagram) for (Mg, Fe)O.Consider the following types

of point defect: e0; h	;V 00M;V
		
O ;M

		
1 ;O

00
1 ;Fe

	
M: Assume

that the concentration of ferric iron ðFe	MÞ is higher

than that of electron holes (h	). Consider first a regime

inwhich the dominant defects areV 00M andFe	M. Calculate

the relationship between the defect concentration and

fO2
: The calculation will predict that the assumption for

the dominant defects is violated at lower fO2
: What are

the likely dominant defects at lower fO2
?

Solution

See Fig. 5.3.

It is also noted that because the concentration of ferric

iron increases with fO2
, at a certain fO2

, the concentra-

tion of ferric iron becomes so large that a given crystal

become unstable relative to another structure in which

ferric iron can occupy the crystallographic sites with

low free energy. Similarly, at lower fO2
a phase contain-

ing metallic iron becomes more stable. Consequently, a

mineral that contains transition metals such as Fe2þ is

stable only under a certain range of fO2
(see Chapter 2).

	 Case 2: point defects in a ternary system: effects of

oxide activity.

In a ternary system such as Mg2SiO4, some properties

depend on the oxide activity as well as the oxygen

fugacity. The oxide activity is controlled by the pres-

ence of secondary phases. For example, when olivine

(Mg2SiO4) co-exists with pyroxene (MgSiO3) then the

activity of MgO is low but the activity of SiO2 is high.

To show the change in the Mg/Si ratio explicitly, we

may rewrite equation (5.30),

1

2
O2 þM�M , V 00M þ 2h	 þMO ðsurfaceÞ: (5:43)

This equation is essentially the same as equation (5.30)

but the lattice site conservation is explicitly expressed.

This equation means that an oxygen molecule reacts

with Mg in the crystal to form MgO on the surface.

By doing so, an Mg atom is removed from the M-site

leaving a vacancy ðV 00MÞ.
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FIGURE 5.3 A Kröger–Vink diagram for (Mg, Fe)O. The M-site may

be occupied by Mg or Fe.
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Applying the law of mass action to equation (5.43),

one gets,

f
1=2
O2
¼ K43½V 00M�½h	�

2aMO (5:44)

where aMO is the activity of MO (MgO). When the

charge neutrality condition is given by ½Fe	M� ¼ 2½V 00M�,
one has,

½Fe	M�/ ½h	�/ ½V 00M� / f
1=6
O2

a
1=3
MO: (5:45)

Problem 5.3

Derive equation (5.45).

Solution

When the charge balance is maintained by ferric

iron and M-site vacancies, then equation (5.35) must

be satisfied. The application of the law of mass

action to (5.31) yields, ½Fe	M� ¼ 2½V 00M� ¼ K�130 ½Fe�M�½h	�.
Inserting this into (5.44), and solving for ½Fe	M�,

one gets, ½Fe	M� ¼ f
1=6
O2

a
1=3
MO

�
1
2K43K

2
30

��1=3
½Fe�M�

2=3.

The concentrations of other defects can be calculated

by a similar manner as in the case of (Mg, Fe)O

(Problem 5.2).

An important point to note here is that the concen-

tration of point defects in a ternary system such as

(Mg, Fe)2SiO4 depends not only on the oxygen fugacity

but also on the oxide activity, aMO. The oxide activity

is, in practice, set by the bulk chemistry of the system.

Consider a chemical reaction,

MgOþMgSiO3 ¼Mg2SiO4: (5:46)

The law of mass action gives,

aMgOaMgSiO3
¼ K46ðT;PÞ:aMg2SiO4

(5:47)

where K46 T;Pð Þ is the equilibrium constant for the

reaction (5.46). Because olivine is present,

aMg2SiO4
¼ 1. When excess MgO is present in the sys-

tem, then aMgO¼ 1 and aMgSiO3
¼ K46 T;Pð Þ. When

excess orthopyroxene (MgSiO3) is present, then

aMgSiO3
¼ 1 and aMgO¼K46(T,P). When there is excess

MgO (MgSiO3), then the concentration of vacancies of

Mg and O-sites (Si-site) will be reduced.

In addition to the oxygen fugacity and the oxide

activities discussed above, the activity of water (hydro-

gen oxide) can play an important role in controlling the

density (and mobility) of defects in silicate minerals.

Because of its importance, the issues of hydrogen-

related defects are treated separately in Chapter 10.

5.3. Dislocations

The concept of crystal dislocations plays an essential

role in the plastic flow of solids. This chapter summa-

rizes the basic concepts of dislocations including its

definition, geometrical properties and the stress–strain

associated with them. The dynamics of dislocation

motion is reviewed in Chapter 9. For a more compre-

hensive description of the theory of crystal dislocations,

a reader can refer to a number of excellent textbooks

including Dislocations and Plastic Flow in Crystals

(COTTRELL, 1953), Theory of Crystal Dislocations

(NABARRO, 1967b), and Theory of Dislocations

(HIRTH and LOTHE, 1982).

5.3.1. Generalities: definition of crystal
dislocations, slip systems

Experimental observations on single crystals often

show that plastic deformation occurs heterogeneously

by crystalline slip. Slip occurs on a certain plane along a

certain direction, and therefore a slip is characterized

by the slip plane and the slip direction, together defining

a slip system.

If slip were to occur on a certain plane by the

homogeneous relative motion of materials on each

side, then a large number of chemical bonds must be

cut simultaneously. The stress necessary for such a

deformation was calculated and is on the order of

�10% of the elastic modulus (see equation (5.6)) that

far exceeds the actual strength of materials (as shown

at the beginning of this chapter). Recognizing this dis-

crepancy, POLANYI (1934), OROWAN (1934) and

TAYLOR (1934) independently proposed that the actual

plastic deformation occurs by the propagation of a slip

front. The slip front is a line (not necessarily a straight

line) that separates, on a crystallographic plane, the

region that has already slipped from regions that have

not yet slipped (Fig. 5.4). This line is called

a dislocation. Since the unit step of slip in this

manner involves cutting a limited number of chemical

bonds, it will occur more easily than a homogeneous

slip.

A portion of dislocation where the dislocation line

direction is perpendicular to the slip direction is called

an edge dislocation. If it is parallel to the slip direction,
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it is called a screw dislocation. A dislocation with a

more general orientation is called a mixed dislocation.

The atomic distortion around each dislocation is

shown in Fig. 5.4.

The incremental slip in a crystal associated with the

propagation of a slip front is characterized by a vector b

called the Burgers vector. The Burgers vector is one of

the vectors of the relative movement of atoms by which

the periodicity of the lattice is preserved. (Occasionally

one observes slip vectors that are smaller than these. In

this case, one disturbs crystal periodicity by the propa-

gation of this dislocation. These dislocations are called

partial dislocations and they are associated with stacking

faults, a misalignment of atomic packing on a plane.)

The easiness of slip for various slip systems of a

given crystal is determined by the crystal structure

and the nature of chemical bonding (Table 5.1). In

simple metals, easy slip planes are usually the planes

in which the atomic packing is dense. For example, in

the fcc (face-centered cubic) structure, the {111} planes

are the dense-pack plane and are the dominant glide

planes. Similarly in the hcp (hexagonal-close-pack)

structure, the basal plane (the (0001) plane) is the

easy slip plane. The choice of slip systems in silicates

and ionic crystals is more complicated. For example,

electrostatic interaction is an important factor that

controls the easy slip plane in ionic crystals. In the

NaCl type crystal, the densest packing plane is {100},

but the easy glide plane is {110} in most cases. This is

considered to be due to the effects of electrostatic

interaction: the glide on the {110} plane brings ions

with the same charge so close that it is not favored.

Thus, a favorable glide plane in an NaCl type crystal is

dependent on the nature of chemical bonding. In crys-

tals with strong ionic bonding (e.g., NaCl) the {110}

planes are the favorable glide planes. Whereas in crys-

tals with less ionic bonding (e.g., PbS), the {100} planes

are the favorable glide planes (e.g., NABARRO, 1967b).

In silicate minerals in which Si is surrounded by four

oxygen ions (low-pressure form of silicates), the pre-

ferred glide planes are those for which the relative

motion of atoms along them does not cut strong Si–O

bonds.

In olivine, [100](010) is the favored slip system at

low-stress, high-temperature conditions. However, slip

systems with b¼ [001] are favored under high-stress

conditions (CARTER and AVÉ LALLEMANT, 1970). It

is also found that slip systems with b¼ [001] are also

favored under high water fugacity conditions (JUNG

and KARATO, 2001b). An important point to empha-

size here is that the dominant slip system(s) in a given

material can change when the physical/chemical condi-

tions of deformation change. Changes in dominant slip

system(s) result in major changes in the nature of

deformation fabrics (lattice-preferred orientation,

LPO; Chapter 14).

Recently, there have been some attempts to calcu-

late the dominant slip systems in minerals from ‘‘first-

principles’’ (e.g., DURINCK et al., 2005a, 2005b;

OGANOV et al., 2005). In these studies, the authors

calculated the energy associated with the homogeneous

shear in a perfect crystal along a certain direction on a

certain plane and considered that the strength calcu-

lated from such a procedure corresponds to the

strength of each slip system. The strength correspond-

ing to homogeneous shear is different from the strength

controlled by dislocation motion, and therefore this

approach is not appropriate in predicting the dominant

slip systems.

Because of the plastic anisotropy due to slip, only

some components of applied force cause plastic defor-

mation. This concept can be quantified by the quantity

called the Schmid factor, S, which is defined by

(Fig. 5.5),

�RSS � S�a (5:48)

where �a is the applied stress (F/A) and �RSS is the

resolved shear stress, i.e., the component of stress

that actually acts on a given slip system. The Schmid

factor is related to the orientation of slip plane and slip

direction relative to the direction of applied force,

S ¼ cosy � cosl (5:49)

bedge
screw slip plane

FIGURE 5.4 Slip and dislocation. Dislocation lines are the boundaries

on a slip plane between the slipped (white region) and unslipped

portions. A thick arrow shows the direction of the relative motion of

the bottom and the top parts of a crystal between which the slip occurs.

Small arrows show the direction of propagation of the slip. The velocity

of propagation depends on the dislocation mobility that can be

anisotropic. The dislocation line has a certain angle with respect to the

slip direction. A dislocation line that is parallel to the slip direction is

called a screw dislocation, and a dislocation line that is normal to the slip

direction is called an edge dislocation (a dislocation line that is neither

parallel nor normal to the slip direction is called a mixed dislocation).
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where cosy is the direction cosine between the direc-

tion of the applied force and the slip direction and cosl
is the direction cosine between the direction of the

applied force and the slip plane normal. The cosl
term comes into equation (5.49) because only the com-

ponent of applied force along the slip direction is effec-

tive in producing slip. The cosl term comes into

equation (5.49) because applied force acting on a

glide plane acts on the area of A/cosy.

Problem 5.4

Derive the equation (5.49) and show that the Schmid

factor is less than or equal to 1/2.

Solution

The component of the force along the slip direction

is F cosl. This component of force causes the slip.

This force applies to the plane with an area of

A/cosy. Therefore the resolved shear stress is

F cosl=ðA=cosyÞ ¼ ðF=AÞ cosl cosy. Now without

loss of generality, we can choose the coordinate

system such that n¼ (0,0,1). We define the y-axis

such that the force F is in the y–z plane. Thus

the unit vector parallel to the applied force is F¼ (0,

siny , cosy). The slip vector bmust be on the x–y plane,

thus b ¼ ðcos �; sin �; 0Þ. Therefore S ¼ F � nð Þ F � bð Þ ¼
cosy siny sin � ¼ 1

2 sin 2y sin � � 1
2 :

By its definition, it is clear that the motion of a

dislocation results in strain. The nature of strain caused

by dislocationmotion is determined by the geometry of

the slip system. The deformation is localized along the

dislocation line, but by taking a statistical average, one

can think of a homogeneous deformation field due to

the motion of homogeneously distributed dislocations.

Under this assumption, the displacement due to the

TABLE 5.1 Slip systems of typical materials.

Crystal structure Burgers vector (glide direction) Glide plane

fcc metal 1
2 h110i {111}, {110}, {100}

bcc metal 1
2 h111i, h100i {110}, {112}, {123}

hcp metal 1
3 h11�20 i, h0001i, 13 h11�23i (0001),{1�100}

B1 (NaCl-type) h110i {110}, {100}, {111}

Quartz 1
3 h11�20i, h0001i, 13 h 11�23i (0001),{10�10},{10�11}

Spinel 1
2 h110i {110}, {111}, {100}

Garnet 1
2 h111i, h100i {110}

Olivine [100], [001] (010), (100), (001), {0kl}

Orthopyroxene [001] (100), (010)

Clinopyroxene [001] (100)

Wadsleyite [100], [001], 12 h111i {0kl},{1�10}

Perovskite (cubic) 100h i, 110h i {100},{110}

Perovskite (CaTiO3)
a [100] (010)

Ilmenite 1
3 h11�20i (0001)

aDominant slip systems in the orthorhombic phase inferred from lattice-preferred orientation (KARATO et al., 1995b).

λ

F

b
n

A

ψ

FIGURE 5.5 Definition of the Schmid factor.

The shaded plane is the glide plane (with normal n) and the glide

direction is b.
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glide motion of homogeneously distributed disloca-

tions is given by,

u ¼ �ðr � nÞl (5:50)

i.e., ui ¼ �ð
P
j

xjnjÞli where � is strain, l is the unit

vector parallel to the Burgers vector (l � b=b) and n

is the slip plane normal (unit vector). Here we use

the fact that the displacement is parallel to the

Burgers vector and the amount of displacement

increases linearly with the distance from a glide

plane. Therefore,

"ij ¼
1

2

�
@ui
@xj
þ @uj
@xi

�
¼ 1

2
�ðnjli þ niljÞ (5:51)

and

oij ¼
1

2

�
@ui
@xj
� @uj
@xi

�
¼ 1

2
�ðnjli � niljÞ (5:52)

Note that deformation due to slip is simple shear,

which is associated with rigid body rotation. This rigid

body rotation is essential for the rotation of crystallo-

graphic axes during the deformation of a polycrystal-

line material that causes lattice-preferred orientation

(LPO) (Chapter 14).

Deformation by dislocation motion can also occur

by its motion being perpendicular to its glide plane.

Consider the motion of a large number of edge dislo-

cations normal to their glide planes (climb). In this

case, extra half-planes are added or removed. The dis-

placement of material is parallel to the glide direction

and the deformation geometry is pure shear,

u ¼ �ðr � lÞl (5:53)

i.e., ui ¼ �
�P

j

xjlj

�
li and hence,

"ij ¼ �lilj (5:54)

and

oij ¼ 0: (5:55)

There is no rigid body rotation associated with dislo-

cation climb.

von Mises condition and the independent slip
systems
Plastic deformation by dislocation motion occurs

only with a limited geometry. Therefore if only one

slip system operates, then only one type of simple

shear deformation can occur for a given crystal.

Homogeneous deformation of a polycrystalline

material cannot occur by dislocation glide in such

a case. For a homogeneous deformation of a polycrys-

talline material to occur by dislocation motion, a

certain number of independent slip systems must

operate. Consider a polycrystalline material made of

crystals with random orientation. If homogeneous

deformation were to occur in such a material, a

crystal must be able to change its shape in an arbi-

trary fashion. Consequently, the deformation by dis-

location glide must be able to create any arbitrary

strain. The total strain due to different slip systems

can be written as,

"Tij ¼
X
k

"kij ¼
X
k

1

2
�kðnkj lki þ nki l

k
j Þ (5:56)

where "kij is strain caused by the kth slip system. Since

the volume is conserved by plastic deformation,

"T11 þ "T22 þ "T33 ¼ 0: (5:57)

Equations (5.56) and (5.57) give a set of five equations

to determine five unknowns, �k. Consequently, five

independent slip systems, i.e., five independent sets

of (n, l) are needed to achieve homogeneous deforma-

tion. This condition is referred to as the von Mises

condition. When this condition is not met, a polycrys-

talline material may fracture (if pressure is low) or

deform inhomogeneously. The independent slip

systems are those slip systems that the strain tensors

from them cannot be produced by a combination of

others. Let us consider the case of an NaCl-type crys-

tal (e.g., (Mg, Fe)O). Consider deformation by

h110if110g slip systems. Let us consider first the slip

due to ½101�ð101Þ, and define the coordinate system

parallel to h100i axes. In this case, using equa-

tion (5.51), one can show that the strain due to this

slip system is
�1 0 0
0 0 0
0 0 1

2
4

3
5. Similarly, the strain due to

the ½011� ð011Þ and ½110� ð110Þ is
0 0 0
0 �1 0
0 0 1

2
4

3
5 and

�1 0 0
0 1 0
0 0 0

2
4

3
5. It is clear that only two of them are

independent. As is obvious from the above analysis,

the off-diagonal components of strain are all zero,

which means that the deformation changing the

angles of two different crystallographic axes cannot

occur by this set of slip systems. Similarly it can be

shown that the h110if100g system has three inde-

pendent slip systems. Thus a combination of the

h110if110g and the h110if100g slip systems provides
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five independent strain components needed for the

von Mises condition (Problem 5.5).

Note, however, that this condition can be relaxed

in several cases. First, if heterogeneous deformation

is allowed, the von Mises condition is relaxed and

only four independent slip systems are needed

(HUTCHINSON, 1976). Second, contribution from

other modes of deformation can also relax this con-

dition. One important example is the contribution

from diffusional creep, which is important under

most Earth conditions as well as experimental

conditions with small grain size. The other is small-

strain deformation such as the deformation

associated with the post-glacial rebound in which

elastic strain can make an important contribution

(KARATO, 1998c). The contribution from dislocation

climb may also be important (DURHAM et al., 1977;

TAKESHITA et al., 1990). In these cases, deformation

can occur using a smaller number of slip systems.

Under these circumstances, the rate of deformation

will be significantly higher than that for large-strain

deformation.

Because of the von Mises condition, (large-strain)

steady-state creep of a polycrystalline material with

several slip systems is usually rate-controlled by the

rate of the hardest slip system (HUTCHINSON, 1976,

1977). Therefore in a study of the plastic deformation

of a single crystal, one needs to investigate the defor-

mation of all the possible slip systems including hard

ones to obtain useful information for the strength of a

polycrystalline aggregate.

Problem 5.5*

Show that the strain caused by the h110if110g slip

systems in the NaCl structure has only two

independent strain components and the h110if100g
system in the NaCl structure has three independent

slip systems so that the combination of the two sets

make a homogenous deformation of a polycrystal

possible.

Solution

For the h110ið101Þ slip system, n ¼ ð1= ffiffiffi
2
p

; 0; 1=
ffiffiffi
2
p Þ;

l ¼ ð� 1=
ffiffiffi
2
p

; 0; 1=
ffiffiffi
2
p Þ:Now using equation (5.51), we

find "11 ¼ ��; "12 ¼ "13 ¼ "22 ¼ 0 and "33 ¼ �.

Therefore the strain is "1ij ¼
�1 0 0
0 0 0
0 0 1

2
4

3
5. Similarly

the strain due to the ½011�ð011Þ slip system is

"2ij ¼
0 0 0
0 �1 0
0 0 1

2
4

3
5 and the strain due to the

½�110�ð110Þ slip system is "3ij ¼
�1 0 0
0 1 0
0 0 0

2
4

3
5. Therefore

"1ij � "2ij � "3ij ¼ 0 and hence one of these strain

components can be made by a linear combination of

the others, so that only two components are

independent.

For the h110if100g slip systems, there are six

physically different systems (note that the slip

direction and the slip plane normal must be

perpendicular),

i.e., �110
	 


100ð Þ; 110½ � 100ð Þ; �101
	 


010ð Þ; 101½ � 010ð Þ;
�110
	 


001ð Þ; 110½ � 001ð Þ. Among them, 011½ � 100ð Þ

produces "4ij¼
0 1 1
1 0 0
1 0 0

2
4

3
5, 101½ � 010ð Þ "5ij¼

0 1 0
1 0 1
0 1 0

2
4

3
5 and

110½ � 001ð Þ "6ij¼
0 0 1
0 0 1
1 1 0

2
4

3
5. These three are independent,

and they cause the change in angles of

crystallographic axes (but not the elongation along

the crystallographic axes because "11¼"22¼"33¼0).

Thus a combination of h110if110g and h110if100g
slip systems provides the five independent slip

systems.

Stress–strain field, energy of a dislocation, force on a
dislocation
A dislocation is associated with a stress–strain field.

The stress–strain field associated with a dislocation

is dependent on the nature of dislocation, either

edge or screw (or mixed). The stress–strain field

around a dislocation is characterized by the stress

and strain tensor and therefore dependent on the

direction with respect to dislocation line and the

Burgers vector. One can find a full treatment of

the stress–strain field of a dislocation in the text-

books listed previously. If we use a simpler scalar

formula,

� ¼ �b

2pKr
(5:58)

where � is the shear modulus, b is the length of the

Burgers vector, K¼ 1� � (�, Poisson’s ratio) for edge

dislocation and K¼ 1 for screw dislocation, r is the
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distance from the dislocation line.3 An important point

is that a dislocation has a long-range stress (strain) field,

and consequently, dislocation–dislocation interaction

plays an important role in plastic deformation. In con-

trast, a strain field caused by a point defect varies with

distance as � / ð1=r2Þ (e.g., FLYNN, 1972).

There are three consequences of a stress (and strain)

field of a dislocation. First, because of the stress–strain

field around a dislocation, a dislocation has energy that

is proportional to its length. Therefore a dislocation is

associated with line tension. Knowing the stress (and

strain) field associated with a dislocation, the energy of

a dislocation (per unit length) can be calculated as

(COTTRELL, 1953),4

E ¼ �b2

4pK
log

�
R

b0

�
� �b2 (5:59)

where b0 is the radius of the dislocation core andR is the

upper limit for integration. Note that in this calculation,

the energy associated with the central regions of the

dislocation line (dislocation core, i.e., a region r < b0)

is not included. In this region, elastic theory does not

apply and an atomistic calculation is needed. A detailed

calculation shows that the contribution to dislocation

energy from the dislocation core is usually �10–20 %

(e.g., COTTRELL, 1953). So equation (5.59) (i.e.,

E � �b2) is a good approximation for most purposes.

In deriving equation (5.59), wemade an assumption that

the crystal is isotropic. This assumption is not valid in

many geological materials, and the elastic anisotropy

affects the relative values of dislocation energy for dif-

ferent slip systems which can influence the relative ease

of different slip systems.5

Problem 5.6

Derive equation (5.59).

Solution

The strain energy per unit volume is given byR
� d" ¼ �"2=2K ¼ K�2=2� ¼ ðb2=8p2Þð�=Kr2Þ. Now

we integrate this along a cylinder (parallel to the

dislocation) with length l to get

E 0 ¼
R
dE 0 ¼

Z R

b0

b2

8p2
�

Kr2
2prl dr ¼ l�b2

4pK
log

R

b0
.

Therefore the energy per unit length is E ¼ E 0

l ¼
ð�b24pKÞ log R

b0

� �
� �b2.

Problem 5.7

Using equation (5.59), calculate the change in energy

per unit volume due to dislocations for dislocation

densities ranging from 1010–1014 m�2 (assume

b¼ 0.5 nm, �¼ 150GPa). Discuss how the strain

energy due to dislocations affects the condition for a

phase transformation from olivine to wadsleyite

(a high-pressure polymorph of olivine) assuming

that dislocations are generated only in olivine. Use

the following parameters: U1 –U2¼ � 27.1 kJ/mol,

S1 – S2¼ 9.0 J/mol K, V1 – V2¼ 3.16� 10� 6 m3/mol,

V1¼ 43.67� 10� 6 m3/mol and V2¼ 40.54 � 10� 6 m3/

mol (where 1 refers to olivine and 2 refers to wadsleyite).

Solution

The Gibbs free energy of each phase is given by,

G1;2 ¼ U1;2 � TS1;2 þ ðPþ E1;2ÞV1;2

where E1,2 are the strain energies of 1, 2 phases. The

condition for a phase transformation is therefore,

P ¼ P0 þ DP

with

P ¼ �U1 �U2 � TðS1 � S2Þ
V1 � V2

¼ 13:7GPa

and

DP ¼ �E1V2 � E2V2

V1 � V2
¼ �ð5:2� 520ÞMPa

where we used an assumption that dislocations are

present only in olivine, so E1 ¼ 	�b2 and E2¼ 0.

3 The stress is obviously a tensor, and therefore it depends on orientation. If

z is the axis parallel to the dislocation, and x is the direction of the Burgers

vector, then the stress field around a screw dislocation is

�xz ¼ �
�b

2p
y

x2 þ y2
; �yz ¼

�b

2p
x

x2 þ y2

and for an edge dislocation

�xx ¼ �
�b

2pð1� vÞ
yð3x2 þ y2Þ
ðx2 þ y2Þ2

; �yy ¼
�b

2pð1� vÞ
yðx2 � y2Þ
ðx2 þ y2Þ2

;

�zz ¼ vð�zz þ �yyÞ; �xy ¼
�b

2pð1� vÞ
xðx2 � y2Þ
ðx2 þ y2Þ2

other components are 0.
4 The equation (5.59) would imply that energy of a dislocation in an infinite

medium would be infinite (because logR!1 as R!1). However, in

practice, there must be other dislocations in a given material, therefore R

would be about the mean distance of dislocations. The mean distance of

dislocations in typical Earth materials is 0.1–10 mm and hence

logðR=b0Þ ¼ 7�12. Therefore for a good approximation, E � �b2.
5 Note that the relative ease of different slip systems should also depend on

the slip plane.
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Therefore the phase boundary will be shifted to a shal-

lower depth, the magnitude of which is on the order of

� 0.15–15 km depending on the dislocation density.

Second, because a dislocation has a long-range

stress–strain field, dislocations strongly interact each

other. This strong interaction is a cause of various

mechanical behaviors of materials such as work hard-

ening (see Chapter 9).

Third, a dislocation is associated with the relative

displacement, b, and consequently, some work will be

done on a material when a dislocation moves under

applied stress. From this the force acting on a dis-

location line can be calculated as follows. Consider a

small motion of a dislocation segment dl by dx.

This motion will sweep an area segment of

dA ¼ d l � dx. Now on this plane, the applied stress

� will exert a force dF ¼ �dA ðdFi ¼
P
j

�ijdAjÞ. By
the motion of a dislocation, material across the glide

plane will move by b. Therefore the work done by

this force is

dW ¼ b � dF ¼ b � ð�dAÞ ¼ ðb�Þ � dA
¼ ðb�Þ � ðd l� dxÞ ¼ ½ðb�Þ � d l� � dx (5:60)

whereweused the fact that the stress is a symmetric tensor

ðb � ð� dAÞ ¼
P
i;j

bj�ij dAj ¼
P
i;j

bj�ijdAj ¼ ðb�Þ � dAÞ,

and the vector identity A � ðB � CÞ ¼ ðA � BÞ � C.
Therefore the force acting per unit length of a disloca-

tion is

f ¼ ðb�Þ � d l

dl
¼ ðb�Þ � el (5:61)

where el � d l=dl is the unit vector along the dislocation

line. This is called the Peach–Koehler force. Note that

the direction of the force is normal to the direction of a

dislocation line, and the magnitude of the force is the

same for all the directions on the glide plane (i.e., the

force tends to expand a dislocation loop; Problem 5.8).

In a simple scalar form,

f ¼ �b: (5:62)

Problem 5.8*

Show that the force on the dislocation is normal to the

dislocation line and the magnitude is the same for all

portions, and derive relation (5.49) (definition of the

Schmid factor) from relation (5.61).

Solution

Let the x–z plane be the glide plane of dislocation,

and let the z-axis be parallel to the dislocation

line. The Burgers vector (slip direction) b is on the

x–z plane, and let ’ be the angle between b and

the dislocation line. Then b=b ¼ ðsin’; 0; cos’Þ.
Then applying equation (5.61), the force is

f ¼ bðsin’ � �xy þ cos’ � �yz; sin’ � �xx þ cos’ � �xz;0Þ.
Therefore there is a force on the x–z plane normal to

the dislocation line, fx, and there is also a force normal

to the glide plane, fy (this force does not cause glide,

but could cause dislocation climb). Now let the

angle between the force and the normal of the glide

plane be y and the angle between the projection

of the force on the x–z plane and the z-axis be �.

Then, �xy ¼ ðF=AÞ siny cosy sin� and �yz ¼ ðF=AÞ
siny � cosy cos�, and the direction of force is

F=F ¼ ðsiny sin�; cosy; siny cos�Þ. So the direction

cosine between the slip direction and the force direction

is ðF=FÞ � ðb=bÞ� cosl¼ sinyðsin�sin’þ cos�cos’Þ¼
siny cosð��’Þ. Therefore fx¼ bðsin’ ��xyþ cos’�
�yzÞ¼ ðbF=AÞcosð��’Þsiny � cosy � b�RSS, which

does not depend on the position of a dislocation and

�RSS¼ðF=AÞcoslcosy �ðF=AÞS. Hence the Schmid

factor, S, is given by S¼ coslcosy which agrees with

(5.49) as it should.

Partial dislocations, dissociation of a dislocation
Dissociation of a dislocation into partial disloca-

tions is commonly observed in oxides and silicates

(as well as in some metals). Dissociation occurs when

a perfect dislocation has a large energy (long Burgers

vector) and when there is a mechanism to decompose

the Burgers vector into shorter ones. For instance,

when there are three possible Burgers vectors in a

given crystal among which the following relation

holds,

b1 ¼ b2 þ b3 (5:63)

then a dislocation with the Burgers vector b1 can be

split into two dislocations with Burgers vectors b2 and

b3. This dislocation splitting occurs when the splitting

reduces the dislocation energy. If the dislocation

energy relation (5.59) for an isotropic material is

applied, then the condition for splitting (Frank energy

criterion) is given by

b214b22 þ b23 (5:64)
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Examples of dislocation splitting include 1
2 ½111� ¼

1
4 ½111� þ 1

4 ½111� in garnet (ALLEN et al., 1987) and

½010� ¼ 1
4 ½011� þ 1

4 ½011� þ 1
4 ½011� þ 1

4 ½011� in olivine

(FUJINO et al., 1992). FUJINO et al. (1992) discussed

the influence of elastic anisotropy in estimating the

energetics of dislocation splitting.

Note that the Burgers vectors of split dislocations

are not that of the displacement vectors corresponding

to a unit cell. These dislocations are called partial dis-

locations and the reaction such as (5.63) is called the

dissociation of a dislocation (Fig. 5.6). In such a case,

the atomic arrangement in the plane between two par-

tial dislocations is different from that of a perfect crys-

tal. This planar defect where the atomic arrangement

deviates from that of a perfect lattice is called a stacking

fault. The partial dislocations repel each other and the

width of the stacking fault is determined by the balance

due to the repulsive force and the attractive force that

tends to reduce the width of a stacking fault.

Dissociation of a dislocation occurs both on the

glide plane (glide dissociation) or on a plane perpen-

dicular to it (climb dissociation).

Dislocation density versus stress relationship
Unlike the density of point defects, dislocation density

is not controlled by thermodynamic equilibrium. This

is due to its small configurational entropy because of its

large dimension as compared to point defects. Instead,

the dislocation density is primarily controlled by the

applied stress (other sources for dislocations include

crystal growth). In an ideal steady-state deformation,

the dislocation density is determined by the balance

between the applied stress and the stress around a

dislocation, namely,

� ¼ �b
r
� S�a (5:65)

hence

	 ¼
�
1

r

�2
¼
�
S

b

�2�
�a
�

�2
: (5:66)

Thus the dislocation density, at a steady state, is

proportional to the square of applied stress. Such a

relation is approximately consistent with obser-

vations (Fig. 5.7) although the observed stress

exponent is often smaller than 2. Note that the dis-

location density is only weakly dependent on pres-

sure and temperature through6 	ðP;TÞ=	ðP0;T0Þ ¼�
�ðP0;T0Þ=�ðP;TÞ

�2
.

Problem 5.9*

Dislocation density is often measured on a section by

counting the number of dislocations that intersect the

plane, N. Show that if the dislocation orientation is

random, then the dislocation density is given by

	 ¼ 2N=AwhereA is the area (e.g.,UNDERWOOD, 1969).

Solution

Let us consider a cube (whose edge length is l)

containing the total length, L, of dislocations.

b
stacking fault

b1

b2

b = b1 + b2

FIGURE 5.6 Partial dislocations and a stacking fault.

10–4

QUARTZ

Mc C (1977) - single crystals

10–5

10–6

10–7

ρ b
2

10–8 OLIVINE

K & G (1974)
D, G & B (1977)
Z & G (1979)

10–9

10–4 10–3

(σ1– σ3)/μ
10–2 10–1

Polyctystals

single crystals

FIGURE 5.7 The dislocation density versus stress relationship (after

KOHLSTEDT and WEATHERS, 1980).

6 Pressure and temperature will modify the strain partitioning among dif-

ferent slip systems, which have some effects on the dislocation density

through the change in the Schmid factor, S.
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Consider a small segment of a dislocation line whose

length is �L. Now let � be the angle between the

direction of dislocation and the normal to the plane

on which the measurement is done. Then the length

of this segment of dislocation projected to the line

normal to the plane is �L � cos y. Now let us consider

cutting these lines by planes whose distance is � l. Then

the number of points at which the dislocation

lines are cut by these planes is �L � cos y
�l . Consequently,

the number of points per unit area is

N=A ¼ ð
P

�LÞhcos �i=�l � l2 ¼ Lhcos �i=l2�l ¼ ðL=VÞ
hcos �i. Now hcos �i ¼

R p=2
0 cos � fð�Þ d� ¼

R p=2
0 cos �

sin � d� ¼ 1
2 where fð�Þ d� ¼ sin � d� is the probability

that a line has an angle �� �þ d�. Therefore

	 � L=V ¼ 2N=A. Note that the assumption of

random orientation distribution is usually not valid

because of the crystallographic control of dislocation

lines that can cause large errors in dislocation density

measurements. This error can be reduced if the total

length of the dislocation lines for a given volume is

measured (KARATO and JUNG, 2003).

Geometrically necessary dislocations
When a strain gradient is present in a material, then the

density of dislocations can be controlled by strain rather

than stress. For example in a deforming polycrystalline

aggregate, the strain gradient is present near grain boun-

daries due to the contrast in the plastic properties of the

grains in contact. At high enough temperatures, this

strain gradient can be accommodated by the accumula-

tion of dislocations. COTTRELL (1964) termed them as

geometrically necessary dislocations, and the implica-

tions of these dislocations on mechanical properties

were examined by ASHBY (1970). The density of geo-

metrically necessary dislocations can be calculated by

considering the geometry of deformation. Consider a

case where bending occurs in a crystal (a similar anal-

ysis applies to other deformation geometries). Let us

define the z-axis as the axis around which the bending

occurs, and let the x- and y-axes be defined as shown

in Fig. 5.8. Let us consider a small cross section on

the z-plane whose edge lengths are dx and dy.

The bending causes the relative displacement along

the y-direction of

du ¼ �ðyþ dyÞ � dx� �ðyÞ � dx ¼ @�
@y
� dx � dy (5:67)

where g is the plastic strain. Now the same displace-

ment can also be caused by the presence of

dislocations. Recall that each dislocation causes a dis-

placement of a crystal of magnitude b. If dislocations

of the same Burgers vector are present in an area (of a

cross section) dx �dy, then there are a total of 	G dx � dy
dislocations (	G is the density of geometrically neces-

sary dislocations) in this area so the relative displace-

ment of materials between lines separated by dy

parallel to the Burgers vector (x-direction) is

du ¼ 	Gb � dx � dy: (5:68)

From equations (5.67) and (5.68), we get

	G ¼
1

b

@�

@y
: (5:69)

The density of geometrically necessary dislocations can

be high (for @�=@y ¼ 0:01=10 mm ¼ 103m�1, and

b ¼ 10�9m; 	G � 1012m�2). Geometrically necessary

dislocations may play an important role in strain

accommodation in a polycrystal as well as in the devel-

opment of dynamic recrystallization (Chapter 13).

Enhanced deformation associated with a phase trans-

formation may also involve geometrically necessary

dislocations (see Chapter 15).

Kinks and jogs
Dislocation motion may be classified into two catego-

ries: motion on a glide plane andmotion away from the

glide plane. In both cases, dislocation motion occurs

through the motion of small steps. A small step on a

dislocation line on a slip plane is called a kink.

Similarly, a step on a dislocation line out of its slip

x

y

u + du

u

FIGURE 5.8 Geometrically necessary dislocations.
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plane is called a jog. Because of their small size, the

concept of statistical equilibrium by the competition of

energy increase with configurational entropy works in

such a case.

Note that unlike dislocation density, kink or jog

density is in most cases controlled by thermal equili-

brium (because of their small dimension). Thus,

ck;j ¼
1

b
exp

�
�
G
k;j
RT

�
(5:70 )

where G
k;j is the formation free energy of a kink or a

jog. Essentially, the formation energy of a kink (or a

jog) is the excess energy associated with the increase in

the dislocation line. Since the excess length is �b, the
formation energy of a kink or a jog is given roughly

by (for a material with a large Peierls stress, the for-

mation energy of a kink or a jog depends also on the

Peierls stress, see HIRTH and LOTHE (1982), and

Chapter 9)

G
k;j � �b3: (5:71 )

Kink density described by equation (5.70) corre-

sponds to the density of thermal kinks. Kinks may

also be present on a dislocation due to geometrical

reasons. For example, if a dislocation line is tilted

from the minimum of the Peierls potential, then there

must be kinks with density given by

ck ¼
�

a 
(5:72 )

where a is the spacing of the minimum of the Peierls

potential. These are called geometrical kinks. Short-

term, low strain deformation could occur by the

motion of geometrical kinks (KARATO, 1998a). In

these cases, only kink migration is needed for deforma-

tion. When deformation occurs in a steady-state fash-

ion, one needs to continuously create kinks by thermal

activation. Therefore dislocation motion in such a case

involves both the formation and migration of kinks.

Cha rges on disloc ation s, dislocation -point
def ect intera ction
The kink or jog density may also depend upon the

chemical environment such as oxygen partial pressure

and/or water fugacity. There is evidence that disloca-

tions in ionic solids have an electrostatic charge. HOBBS

(1983) and JAOUL (1990) proposed that dislocations in

some silicate minerals (such as olivine) may have elec-

trostatic charges. The direct evidence for electrostatic

charges on dislocations in KCl was reported by

COLOMBO et al. (1982) and KATAOKA et al. (1983,

1984a, 1984b) who showed that the strength of KCl

doped with CaCl2 changed as an electric field was

applied. In these cases, the density of kinks (also jogs)

depends on the concentration of charged point defects

and the velocity of dislocations becomes sensitive to

the chemical environment.

Electric charges on dislocations may develop due to

the imbalance of formation energies of cation and

anion defects. In ionic crystals, point defects can be

created for cation as well as anion sites. Because of the

charge neutrality requirement, the concentrations of

positively and negatively charged defects must be the

same in a crystal. However, locally near the source/sink

of defects, the concentrations of positively charged

defects can be different from those of negatively

charged defects. This arises due to the fact that the

formation energy for positively charged defects can

be different from that of negatively charged defects.

In these cases, a dislocation will be associated with

unequal amounts of electrostatic charges, a global

charge balance being maintained by the accumulation

of oppositely charged defects around a dislocation

(ESHELBY et al., 1958; BROWN, 1961) (see Box 5.2).

Kinks (or jogs) on dislocations in ionic crystals can also

contain electrostatic charges for geometrical reasons

(e.g., HIRTH and LOTHE, 1982).

Charges on dislocations may also be introduced

through the interaction of a dislocation with electrons

in semiconductors (LOUCHET and GEORGE, 1983).

Dislocations in semiconductors act as donors or

acceptors for electrons. In both cases, charges on dis-

locations are through kinks (or jogs). In other words,

any processes that change the electronic state of these

materials has a strong influence on the density of kinks

(or jogs) and therefore affects the mobility of

dislocations.

Observation of dislocations
A dislocation is associated with a long-range, strong

strain field. Consequently, a number of techniques can

be used to observe a dislocation. They include:

(1) Decoration technique

Chemical reactions occur faster along the disloca-

tion line than other dislocation-free portions of a

crystal. Consequently, certain chemical species can

be diffused along dislocation lines to ‘‘decorate’’

them. If these species have certain optical charac-

teristics, then one can see dislocation lines under an

optical microscope. An example is the oxidation

decoration of (Mg, Fe)2SiO4 olivine (KOHLSTEDT
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Box 5.2 Electric charge on grain boundaries and dislocations

Extended defects such as dislocations and grain boundaries in ionic solids can contain an electric charge. An

extended defect is the site at which point defects are formed. But the formation energy of cation defect is usually

different from that of anion defect. Therefore near the extended defect, there is an imbalance of concentration in

charged defects. Let us consider a case of (Mg,Fe)O where the formation of cation vacancy, V 00M, is easier than

anion vacancies. Formation of a cation (anion) vacancy near a grain boundary creates an excess cation (anion) in

the grain boundary, null,M		MðboundaryÞ þ V 00MðcrystalÞ (or null, O00OðboundaryÞ þ V		O ðcrystalÞÞ. Since a

larger amount of cation vacancies are formed at the extended defects, there will be positive charge in the boundary

and negative charge near the defect. The redistribution of charged species under these circumstances can be

analyzed by noting that the concentration of any charged defect is determined by its intrinsic concentration and the

electrostatic interaction, namely, ½X� ¼ ½X�0 exp ð�Ze
=RTÞ where [X] is the concentration of defectX, [X]0 is the

concentration of defect X for zero potential, Ze is the electrostatic charge of the defect, and 
 is the electrostatic

potential. Far from the boundary (dislocation), the charge neutrality condition must be met, namely,

½V 00M�1 ¼ ½V 00M�0 exp
2e
1
RT

� �

¼ ½V		O �1 ¼ ½V		O �0 exp �
2e
1
RT

� � (1)

where ½V 00M�0 ¼ exp
�
GV 00

M
=RT

�
; ½V		O �0 ¼ exp

�
GV		

O
=RT

�
and quantities with1 mean those far from the extended

defect. Thus, 
1 ¼ ðGV 00
M
� GV		

O
Þ=4e50. Since the electric potential is caused by the space charge in the crystal, if

the potential is negative in the crystal, the potential on the boundary must be positive (this corresponds to an excess

M 		
M (the net charge of a material must be neutral)). The distribution of charge is determined by the distribution of

electric potential that must satisfy the Poisson equation, namely,

r2
 ¼� 4p
P

q

"0

¼� 8peð½V		O � � ½V 00M�Þ
"0

(2)

where "o is the static dielectric constant and q is the electric charge. Inserting ½V 00M� ¼ ½V 00M�1 expð2e�
ð
� 
1Þ=RTÞ; ½V		O � ¼ ½V		O �1 expð�2eð
� 
1Þ=RTÞ into equation (2), and assuming 2eð
� 
1Þ=RT� 1,

equation (2) is transformed to

r2ð
� 
1Þ ¼ k2ð
� 
1Þ (3)

with k2 � 16pe2½V 00M�1="0RT. For a grain boundary, this equation can be written as

ðd2=dx2Þð
� 
1Þ ¼ K2ð
� 
1Þ where x is normal to the boundary and has a solution of the form


� 
1 / exp ��xð Þ. A similar analysis can be made for a dislocation, in which case, we use a cylin-

drical coordinate, namely, ðd2=dr2 þ ð1=rÞðd=drÞÞð
� 
1Þ ¼ �2ð
� 
1Þ and the solution has the form


� 
1 / K0 �rð ÞwhereK0 �rð Þ is the Bessel function. In both cases the charge distribution has a characteristic

length l given by

l ¼ ��1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

"0RT

16pe2½V00M�1

s

¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"0RT exp ððGV00

M
þ GV		

O
Þ=2RT Þ

16pe2

s
:

(4)

Let us now consider a case where charge balance is controlled by impurity atoms such as Fe	 and cation

vacancies (and therefore we ignore anion vacancies). Far from the boundary (or a dislocation), the spatial

distribution of charge due to V 00M and Fe	 in the crystal must satisfy the charge neutrality condition,
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et al., 1976). This is a handy technique that can be

used with a minimum facility (all one needs are a

simple furnace to heat a sample to�1200K and an

optical microscope). A three-dimensional image of

the dislocations can be observed by this technique.

Decorated dislocations can also be observed by a

scanning electron microscope, which increases the

resolution of dislocation observations (KARATO,

1987a) (Fig. 5.9a).

(2) Etch pit technique

A chemical reaction at the surface of a crystal often

occurs selectively at a point where a dislocation line

intersects the surface. This often results in the forma-

tionof etch pits. Etch pits canbe observed either by an

optical microscope or by a scanning electron micro-

scope. Some acid (HCl, H2NO3, HF etc.) is used for

the etching purpose depending on the material.

(3) Transmission electron microscopy (TEM)

The distortion of a crystal lattice by a dislocation

line results in the distortion of the way in which

electron beam is diffracted. Using a well-aligned

electron beam, one can investigate the distortion of

small regions of lattice by dislocations. In this

technique, one can determine the nature of lattice

distortion and therefore the details of the disloca-

tion structure (such as the Burgers vector). The

spatial resolution of TEM is high. With a con-

ventional imaging technique, images with a

spatial resolution of better than 0.1 mm are routine

(Fig. 5.9b). With more sophisticated high-

resolution imaging techniques, direct imaging of

the atomistic arrangement is possible (Fig. 5.9c).

For details of transmission electronmicroscopy see

e.g., WILLIAMS and CARTER (1996).

Dislocation density measurement
Density of dislocations is defined by,

	 �
P

l

V
(5:73)

where
P

l is the total length of dislocations, and V is

the volume of a crystal. The dislocation density can be

determined using various techniques. In most cases,

observation is made on a two-dimensional plane, so

that the correction for orientation (when one counts

the number of dislocations that cross the given plane)

(Problem 5.9). However, the uncertainties due to this

correction factor are large. A more accurate

2½V00M�1 ¼ 2½V00M�0 exp
2e
1
RT

� �

¼ ½Fe	M�1 ¼ ½Fe
	
M�0 exp �

e
1
RT

� �
:

(5)

Using V 00M
	 


0
¼ exp �GV00

M
=RT

� �
, we get from equation (5)

3e
1 ¼ GV00
M
þ RT log

½Fe	M�0
2

: (6)

Note that the sign of electrostatic potential, 
1, away from the extended defect changes with temperature and

the impurity content (the potential is neutral when 2 V00M
	 


0
¼ Fe	M
	 


0
or at a temperature

T0 ¼ �GV00
M
=R log

½Fe	M�0
2 called the iso-electric temperature). The potential is positive for a large value of Fe	M

	 

but negative for a low Fe	M

	 

. Positive potential means that the boundary (dislocation) is negatively charged.

This is due to the fact that Fe	M
	 


in the crystal is higher than 2 V00M
	 


0
so V		O
	 


0
must be reduced and hence

excess oxygen ions will be present on the boundary (dislocation) leading to a negative boundary potential. The

spatial distribution of charged defects and potential can be obtained by solving the Poisson equation and one

can obtain

l ¼ ��1 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

"0RT

12pe2
h
Fe	M

i
1

vuut

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"0RT exp e
1=RTð Þ

12pe2
h
Fe	M

i
0

vuut :

(7)

As can be seen from (4) and (7), the effective thickness of a grain boundary (or dislocation core) is sensitive to

temperature (and impurity content).
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measurement is a three-dimensional measurement of a

total dislocation length in a given volume of a crystal.

This is possible even for a two-dimensional image if the

effective thickness of a layer from which an image is

obtained is known (e.g., KARATO and LEE, 1999).

5.4. Grain boundaries

5.4.1. Generalities: geometry and boundary
energy

A grain boundary is a planar defect that separates

two portions of crystals with different orientations.

Grain boundaries may conveniently be classified into

two categories, namely low-angle boundaries and

high-angle boundaries. Low-angle boundaries (or

subgrain boundaries) are those that can be modeled

as arrays of dislocations. They may further be classi-

fied into two categories depending on the types of

dislocations that a grain boundary is made of. A

(low-angle) grain boundary made of an array of

edge dislocations is called a tilt boundary. A (low-

angle) boundary made of screw dislocations is

referred to as a twist boundary. In both cases, the

misfit angle,7 �, is related to the spacing of the dis-

locations, d, as (Fig. 5.10a),

� � b

d
: (5:74)

The energy of a low-angle boundary depends on the

misfit angle. This can be easily calculated by combining

the equation for dislocation energy (5.59) with relation

(5.74) to get,

� ¼ �b

4pK
� log

b

b0
� log �

� �
: (5:75)

The energy versus angle relationship is shown in

Fig. 5.10.

Thus a low-angle grain boundary can be easily

specified based on the orientation of the crystal and

the slip system(s) of dislocations. The characterization

of more general, high-angle boundaries is more com-

plicated. In order to define a grain boundary, one needs

five parameters: two to define the orientation of a

plane in one crystal, and three to define the orientation

of another crystal. However, if one focuses on one type

of boundary such as a tilt boundary, then one can use

one parameter, the misfit angle between the two grains,

to fully characterize the boundary. In Fig. 5.11, we use

the misorientation associated with a tilt boundary to

plot the energy as a function of the misfit angle. Note

that up to�20o, equation (5.75) reproduces the experi-

mental data well. Above this angle, the mean distance

of the dislocations will be smaller than the atomic

spacing so that the concept of dislocation will lose its

meaning. Also note that there are several minima in

energy as a function of misfit angle that correspond to

10 μm
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FIGURE 5.9 Various techniques to observe dislocations (all in

olivine). (a) Scanning electron microscopy on decorated dislocations,

(b) transmission electron microscopy (TEM, bright field image; courtesy

of Jun-ichi Ando), (c) high-resolution TEM (courtesy of Kiyoshi Fujino).

7 For any pair of grains, one can define themisorientation by noting that for

any pair of grains, there is an orientation, the rotation around which

makes the orientations of two grains identical.
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some specific misorientation at which the atomic

arrangement in neighboring grains has small differen-

ces. These two lattices are often referred to as the

coincident-site-lattice (CSL).

Problem 5.10

Derive equation (5.75).

Solution

The energy of a (low-angle) grain boundary is

given by (total length of dislocations per unit

area)� (dislocation energy per unit length). Now if

the misfit angle of a grain boundary is �, then using

equation (5.74), the total length of dislocations in

unit area of the boundary is 1=d. Therefore the energy

per unit area of a grain boundary is given

by � ¼ ð�b2=4pdKÞ logðR=b0Þ. Now, the limit of

integration R in this case is �d. Therefore

� ¼ ð�b2=4pdKÞ logðd=b0Þ ¼ ð�b=4pKÞ�ðlogðb=b0Þ�
log �Þ.

Problem 5.11

Discuss how to infer the slip systems from the

observations on low-angle boundaries.

Solution

A tilt boundary is made of periodic array of

dislocations (Fig. 5.10a). The normal to the tilt

boundary, nt, is parallel to the Burgers vector, so

b k nt. The slip plane normal (n) is normal to both the

dislocation line (l) and the tilt plane normal,

n k l� ntð Þ. A twist boundary is made of two sets of

screw dislocations. Therefore from the directions of line

of dislocations, one can infer two Burgers vectors,

b k l, but one cannot determine the glide plane.

As can be seen from equation (5.74), the mean

spacing between dislocations becomes smaller as the

misfit angle increases. At a certain point, it becomes

meaningless to use the concept of dislocations when the

distance between dislocations becomes comparable to

the atomic spacing. This occurs when the misfit angle is

�10–20o (b=d � 1
3�1

5). A grain boundary whose misfit

angle exceeds this may be classified as a high-angle

(b)
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b
2

θ

θ
2

FIGURE 5.10 Dislocations and (a) a tilt boundary and (b) a twist

boundary.
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FIGURE 5.11 Energy of grain boundaries (< 011> tilt boundaries) as a

function of the misfit angle (a case for NiO; after DHALENNE et al., 1982).
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boundary.8 From (5.75), it is easy to show that the

typical energy of a high-angle grain boundary is

�0:01� �b � 1 J=m2. Regions separated by low-

angle boundaries are often referred to as subgrains.

However, the distinction between subgrains and grains

may not always be clear. A convenient way to distin-

guish themmay be to use the energy–misfit angle curve.

Due to the overlap of dislocation cores at high angles,

the actual grain boundary energy versus misfit angle

relation starts to deviate from (5.75) at a certain angle.

Boundaries exceeding this angle could be called grain

boundaries and those with misfit angles less than this

angle may be defined as subboundaries. A grain boun-

dary is a planar defect that separates two portions of

crystals with different orientations. Grain boundaries

have higher energy than a perfect lattice. This means

that a grain boundary is associated with surface (boun-

dary) tension. One of the consequences of this fact is

that each grain with a different radius has extra energy

due to surface tension. That is, a grain with a given

diameter has an excess pressure. This excess pressure

(energy per unit volume) is given by,

�P ¼ 2�

r
(5:76)

where � is the grain boundary energy and r is the radius

of the grain.

Problem 5.12

Derive equation (5.76) and calculate the excess

pressure (energy per unit volume) for r¼ 1mm–10mm

(this is a plausible range of grain size in the crust and

the mantle; see Chapter 15) and � ¼ 1 Jm�2. Compare

this with the energy due to dislocations.

Solution

Consider the excess energy associated with the volume

expansion dv when a pressure difference of �P is

present. The work done against excess pressure must

be equal to the work done against the increase in

surface energy, so that,

�P dv ¼ � dA

where dA is the change in the area. Now dv ¼ 4pr2dr
and dA ¼ 8prdr and therefore,

�P ¼ 2�

r
:

For the range of the radius of grains (r¼ 1 mm–10mm),

this gives, �P ¼ 2 � 102�2 � 106 Pa. These values

are comparable to those due to dislocations

(4� 102�106 Pa; see Problem 5.8) but the relative mag-

nitude of these two contributions depends on the dis-

location density and grain size (see also Chapter 13).

Because each grain boundary is associated with the

surface (interface) tension, when several grain bounda-

ries meet, the geometry of a grain boundary must be

such that the surface tension is balanced. This equili-

brium geometry is achieved when the material trans-

port is effective (i.e., at high temperatures or when

mass transport through a liquid phase occurs). Let us

consider a three-grain junction (Fig. 5.12). Three grain

boundaries meet at a line. On this line, three forces act

from the surface tension due to three grain boundaries.

The force balance equation reads,

F1 þ F2 þ F3 ¼ 0 (5:77)

where Fi is the force due to the surface (interface)

tension on each boundary, i.e., Fi / � �i where �i is
the grain boundary energy of the ith boundary.

Therefore these forces must be on a single plane, and

their magnitudes must satisfy,

�1
sin �1

¼ �2
sin �2

¼ �3
sin �3

: (5:78)

In particular, when the grain boundary energy is iso-

tropic, then �1 ¼ �2 ¼ �3 ¼ 2p=3.
Note that the relation (5.78) provides a means of

estimating the grain boundary energy. In most cases,

this equation gives a relative energy from the measured

angles of grain boundary intersections. However, when

one of the boundaries is a subboundary, then knowing

γ23

γ12γ13

θ2
grain 2

θ3
grain 3

grain 1
θ1

FIGURE 5.12 Force balance at grain boundaries.

8 A low-angle boundary is also referred to as subboundary, and a high-angle

boundary is simply referred to as grain boundary.
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the spacing of dislocations, one can calculate the abso-

lute value of energy of this subboundary. Consequently

from (5.78), one can calculate the absolute values of

grain boundary energy. This technique has been used

to estimate the grain boundary energy in olivine by

DUYSTER and STÖCKHERT (2001).

The force balance argument can also be applied to a

liquid–solid contact (Fig. 5.13). Assuming isotropic

boundary energy, one gets,

�ss
2�sl
¼ cos

�

2
: (5:79)

The angle between liquid and solid contact, �, is

referred to as the dihedral angle. When �ss=�sl 
 2,

then �¼ 0. That is the liquid completely wets the

grain boundary. When 24�ss=�sl 

ffiffiffi
3
p

, then

p=3 
 �40. Then the liquid has a negative curvature

and assumes a continuous tube at the three-grain junc-

tions.When
ffiffiffi
3
p

4�ss=�sl 
 1, then 2p=3 
 �4 p=3 and
the liquid will occur at four-grain junctions with neg-

ative curvature. In this case, the liquid phase can be

connected only at a large liquid fraction. Finally when

14�ss=�sl, then �42p=3 and the liquid occurs at iso-

lated pockets at four-grain junctions with positive cur-

vature (see Fig. 5.13). The morphology of liquid in a

liquid–solid mixture has an important influence on the

physical properties (see Chapters 12 and 20).

5.4.2. Thickness of grain boundaries

Grain boundaries are the high-diffusivity paths. The

degree to which diffusion is enhanced by grain boun-

daries depends partly on the ‘‘width’’ of the grain

boundaries. The most direct technique for deter-

mining the width of grain boundaries is the high-

resolution transmission electron microscopy (TEM)

(Fig. 5.14). In most cases, the thickness of grain boun-

daries determined by high-resolution TEM is a few

times the unit cell dimension (e.g., RICOULT and

KOHLSTEDT, 1983). However, the effective thickness

can be larger than the structural thickness when grain

boundaries have an electrostatic charge (see below).

MISTLER and COBLE (1974) proposed a method for

estimating grain boundary width from the experimen-

tal data on grain boundary migration and grain boun-

dary diffusion.

5.4.3. Grain boundary ledges (steps)

Grain boundaries are not always smooth. Under some

conditions grain boundaries contain a large number

of irregular points. These are called ledges or steps.

Chemical reactions involving atomic diffusion may

occur preferentially at these sites. Consequently,

grain boundaries with smooth morphology will have

lower mobility compared to other boundaries. Under

some conditions the number of ledges (steps) is con-

trolled by thermochemical equilibrium, and grain

boundaries tend to have more ledges (steps) at high

temperatures.

5.4.4. Grain boundary charges

Similar to dislocations, grain boundaries in ionic solids

can have static charges (KINGERY, 1974a, 1974b). The

basic physics is common, that is the imbalance in for-

mation energies of cation and anion defects results in

local excess charge that is compensated for by the

Debye–Hückel atmosphere of space charge (a cloud

3 nm

(0
.2

.0
)

(1.1.0)

FIGURE 5.14 A high-resolution TEM image of a grain boundary

(from HIRAGA et al., 2002).
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FIGURE 5.13 The definition of a dihedral angle.
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of charged species around a charged defect that neu-

tralizes the net electrostatic charge). KLIEWER and

KOEHLER (1965) developed a basic theory for space

charge associated with an extended defect such as grain

boundaries (see also theories by ESHELBY et al. (1958)

and BROWN (1961) on charged dislocations), (see

Box 5.2). KINGERY (1974a, 1974b) showed that grain

boundaries in a ceramic material (Al2O3) have electro-

static charges by demonstrating the migration of grain

boundaries by an applied electric field.

The electrostatic charge on a grain boundary has an

influence on the properties of a grain boundary. The

electrostatic charge controls the concentration of

impurities on the grain boundary (or vice versa). The

effective width of a grain boundary in which transport

properties are enhanced will be the Debye–Hückel

length l ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
"RT=4ðZþ Z0ÞpN0q2

p
(", dielectric con-

stant;N0, number density of impurity atoms; q, electro-

static charge of charged defects;Z, Z0, effective valence

of two charged defects) that can be much thicker than

the structural width seen by high-resolution TEM

(HRTEM) images (Fig. 5.15).

5.4.5. Impurities on grain boundaries

Grain boundaries have more-or-less disordered struc-

tures and therefore can accommodate relatively large

amounts of impurities. Segregation of impurities on

grain boundaries is well known (e.g., CHIANG and

TAKAGI, 1990; HIRAGA et al., 2004). YAN et al.

(1983) investigated the influence of electrostatic charge

(space charge) and elastic misfit on the segregation

of impurities on grain boundaries. Impurities on

grain boundaries have important control on grain

boundary migration (see Chapter 13). YOSHIDA et al.

(2002) investigated the role of grain boundary

impurities on diffusional creep in Al2O3. The concept

of grain boundary segregation of impurities can also

be applied to the distribution of trace elements. In

geochemistry, the distribution of trace elements such

as K, U, Th, Rb, Sr, Nd, Sm is used to infer the

evolution of Earth. A key physical parameter in such

an argument is the distribution coefficients, namely the

partitioning of an element between melt and solid. If

grain boundaries contain a significant amount of these

elements, then the distribution coefficients are no lon-

ger the material parameter but they become dependent

on the grain size (HIRAGA et al., 2004). Hydrogen is

also likely to be present preferentially on grain

boundaries.
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FIGURE 5.15 A schematic diagram showing spatial distribution of

electric charge near an extended defect (grain boundary or

dislocation).
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6 Experimental techniques for study
of plastic deformation

An understanding of the experimental techniques of study of plastic deformation is important not

only for those who wish to conduct deformation experiments but also for those who would like to

apply experimental data on plastic deformation for geological, geophysical and geochemical studies.

There is a range of techniques that have been used and each of them has some advantages and

limitations. This chapter provides a brief summary of the basic techniques used in experimental

studies of plastic deformation. They include mechanical tests under high pressure and temperature

using a standard tri-axial testing apparatus as well as large-strain torsion apparatus and some of the

recently developed ultrahigh-pressure (>10GPa) deformation apparatus. Key issues in sample

preparation and characterization are also reviewed including the control of the chemical

environment.

Key words gas-medium deformation apparatus, solid-medium deformation apparatus, load

cell, X-ray in-situ stress/strain measurement, constant stress (strain-rate) test, hardness test,

stress-relaxation test, stress-dip test, compression (tension) test, torsion test.

6.1. Introduction

Experimental techniques of deformation studies in

Earth sciences involve (1) the generation and charac-

terization of Earth-like thermodynamic conditions

(pressure, temperature, chemical environment), (2) the

controlled generation of differential stress (or strain)

and (3) the measurements of stress and strain. There-

fore an experimental set-up usually consists of an envi-

ronmental chamber (sample assembly) in which a

desired thermodynamic environment (e.g., pressure,

temperature, fugacity of water, fugacity of oxygen

etc.) is established, and an actuator to generate differ-

ential stress, and some sensors to measure strain and/or

stress, temperature and pressure (Fig. 6.1). A detailed

account of amoderately high-pressure (<3GPa) defor-

mation apparatus is given by TULLIS and TULLIS

(1986). PATERSON (1990) describes some details of a

gas-medium deformation apparatus (<0.5GPa) and

WEIDNER et al. (1998) discusses the stress measure-

ments under high pressure using X-ray diffraction

techniques. DURHAM et al. (2002), WANG et al. (2003)

and XU et al. (2005) provide a detailed account of the

new development of high-pressure deformation appa-

ratus beyond �5GPa and PATERSON and OLGAARD

(2000) give a detailed account of an apparatus for tor-

sion tests under low-pressure (<0.5GPa) conditions.

6.2. Sample preparation and
characterization

6.2.1. Sample preparation

Sample preparation is not a trivial part of the exper-

imental study of plastic deformation. Samples may be

classified into single crystals and polycrystals. Studies

on single crystals will be desirable when the micro-

scopic processes of deformation involving crystal 99



dislocations and/or twinning are to be investigated.

The crystallographic orientation of a sample can be

determined using X-ray or electron-beam diffraction

techniques and the plastic deformation of a sample

should be investigated for several orientations. Usually,

the plastic properties of a given crystal are anisotropic

(Chapters 5 and 9) and therefore the plastic properties

of a crystal must be investigated for several orienta-

tions including those in which a hard slip system(s) is

activated. This point must be emphasized because it is

not easy to activate the hard slip system(s) and one

tends to focus on the flow behavior of a soft slip

system(s) only. In such a case, the results may not be

applicable to the deformation of a polycrystal because

the strength of the hard slip system(s) usually controls

the strength of a polycrystal (Chapter 9).

Deformation experiments on single crystals do not

provide information on grain boundary processes.

Experiments on polycrystalline samples must be car-

ried out to investigate the role of grain boundary pro-

cesses. In these cases, samples with controlled grain size

must be prepared. This can be done by crushing grains

followed by sorting the grain size (e.g., KARATO et al.,

1986). Fine-grained specimens can also be made from

chemical reactions in which the grain size is controlled

by the competition of nucleation and growth (see

Chapter 13). Samples should not have large porosity:

otherwise, the collapse of the pore space will affect the

mechanical data and the results are hard to interpret.

Also when a powder sample is used in a high-pressure

experiment, pressurization creates a high density of

defects (dislocations, crushed powders) that compli-

cates the interpretation of mechanical data. A dense

polycrystalline sample can be prepared by pressing

powders in a capsule by high pressure, temperature

apparatus (hot-isostatic-pressing (HIP)). A high con-

fining pressure provides a large driving force for

compaction, and hence a dense material can be made

without much grain growth. If a sample is annealed

after densification at a high enough temperature (for

a long time), most of the defects created during pres-

surization can be removed. It is important to check the

degree of annealing by the microstructural observation

of annealed (and undeformed) samples. A small amount

of water enhances compaction and grain growth, but an

excessive amount of water prevents both processes

(KARATO, 1989b). Care must be taken not to add too

much water.

In uni-axial (or tri-axial) compression tests, a speci-

men is cut to a rectangular or cylindrical shape. The

length to diameter ratio is usually chosen to be�2–2.5.
If this ratio is significantly smaller than 2, then the

friction between the sample and the piston at the inter-

face significantly affects the results. If this ratio is

larger than 2.5, a sample tends to buckle. When a

polycrystalline material is tested, the grain size must

be small enough so that a large number of grains are

contained in a sample to allow a statistically mean-

ingful average be determined. As a rule of thumb, the

diameter of the sample in a tri-axial test must be larger

than �10 times the grain diameter.

In shear deformation experiments using a sandwich

method, the sample thickness must be small enough to

allow nearly simple shear geometry of deformation: a

thick sample tends to show a large amount of short-

ening. At the same time, a layer of sample should con-

tain a large enough number of grains in a cross section,

say more than�10 grains across the section. Usually, a

sample is cut from a cylindrical sample at 458 thus a
sample is a thin oblate shape.

A sample for a torsion test has a cylindrical shape

with orwithout a hole at the center. A cylindrical sample

with a hole may be used in a torsion test that minimizes

the gradient in strain (rate) and stress across a sample

(PATERSON and OLGAARD, 2000; XU et al., 2005).

actuator

sample chamber

displacement
transducer

load cell

sample

piston

FIGURE 6.1 A typical set-up for a deformation experiment. A

deformation apparatus consists of: (1) an environmental chamber (a

high-pressure vessel with a furnace), (2) an actuator and (3) various

sensors. When a load cell is located outside a sample chamber,

friction at the piston and chamber wall causes large errors in the

stress estimate. Sensors such as a load cell may be located inside a

sample chamber to reduce the errors. Also when a high-intensity

X-ray is used, then both stress and strain can be measured in situ from

X-ray diffraction and X-ray absorption imaging.
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In a deformation experiment, force is transmitted to

a sample from the actuator through a piston. The

material for a piston must be significantly stronger

than the sample. In both a sandwich method and a

torsion test, the coupling between the sample and the

piston must be strong: otherwise the torque would not

be transmitted to the sample and a slip would occur at

the interface. This slip is a serious problem when the

sample strength is a significant fraction of, or exceeds,

the confining pressure. In these cases, grooves may

be made on the piston surfaces to minimize the slip

(KAMB, 1972; ZHANG andKARATO, 1995; ZHANG et al.,

2000). To make sure that the slip does not occur, it is

recommended to insert a strain marker (a soft thin

layer of material which can be a foil of metal or can

be a coated material) in the sample. The rotation of

the strain marker provides a measure of the magnitude

of the shear strain of a sample. If the amount of rotation

agrees with the value calculated by the displacement of a

piston or the rotation angle of the piston, then one can

conclude that a significant slip did not occur. Also, the

sample thickness must be measured both before and

after an experiment. The change in sample thickness

gives the magnitude of shortening strain.

When a fluid (a gas or a liquid) is used as a pressure

medium, a polycrystalline sample needs to be placed in

a jacket made of fluid-impermeable material to prevent

the penetration of the fluid into grain boundaries. In

most cases in a high-temperature deformation experi-

ment, a metal jacket such as an iron jacket is used. A

metal jacket supports some load that needs to be cor-

rected. Also a metal jacket will control the chemical

environment such as oxygen fugacity (see section 6.3.3).

When one wants to control the oxygen fugacity for

a large range, then one can use a jacket made of two

layers, one inside to control the oxygen fugacity and

another one outside to seal the sample from the fluid.

6.2.2. Microstructural characterization

Microstructures of a sample must be characterized as

much as possible. For a polycrystalline specimen, the

porosity of a sample must be significantly lower than

the total strain. Grain size must be measured including

its distribution. Grain size can change during deforma-

tion due either to grain growth or to dynamic recrys-

tallization. Therefore grain size should be measured

both before and after each experiment.

Usually grain size is measured on a two-dimensional

section. A correction must be made for the sectioning

effects. The average grain size can be determined from

the average length of intercepts. In this technique, the

average length of intercepts of a line with grain boun-

daries is measured on two-dimensional sections. The

average length of intercepts is proportional to the ave-

rage grain size as

�L ¼ ��I (6:1)

where �L is the average grain size, �I is the intercept length

and � is a constant that depends on the grain shape.

For nearly spherical grains, �� 1.5 (MENDELSON,

1969). Several hundred or more grains need to be

measured to obtain statistically meaningful data on

grain size. Determining the grain-size distribution

from the observations on a two-dimensional plane is

not trivial. The distribution of grain sizes on a two-

dimensional section is not the same as the distribution

of grain size in three dimensions. One method devel-

oped by CAHN and FULLMAN (1956) is to calculate the

grain-size distribution from the observation on a two-

dimensional section in which some assumptionmust be

made concerning the grain shape. For spherical grains,

the grain-size distribution is given by

NðLÞ ¼ 2

p
nðxÞ
x2
� 2

px
dnðxÞ
dx

(6:2)

whereN(L) dL is the number of spheres with diameters

between L and Lþ dL, n(x) dx is the total number of

intercepts per unit length with the length between x and

xþ dx. Another method is the Schwartz–Saltykov

method in which one uses the distribution of diameters

of grains on a two-dimensional section to infer the

three-dimensional distribution of grain size. A detailed

account of themeasurements of three-dimensionalmicro-

structures on a two-dimensional section of a specimen

is given in UNDERWOOD (1969). Various software

packages such as the NIH software are available to

make digital measurements of microstructures.

Problem 6.1*

Derive equation (6.2).

Solution

Let N(L) dL be the number of spheres per unit

volume with size between L and Lþ dL. Given this

distribution, what is the number of intercepts per unit

length of a chord whose length is between x and xþ dx?

Let us first note that the intercept length between x and

xþ dx will be produced when a chord intersects a

sphere at a distance between X and Xþ dX where
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X2 þ x2=4 ¼ L2=4. The cross sectional area

corresponding to this intersection is 2p XN(L) dX dL.

Therefore the expected number of intersections with

the length between x and xþ dx is 2p XN(L) dX dL.

Translating this into the total number of intersects

between x and xþ dx, one obtains 2pXN Lð Þ dX dL ¼
2pXN Lð Þ @X=@xð ÞL dx dL. Now from X2 þ x2=4 ¼
L2=4, one has @X=@xð ÞL¼ �x=4X. Therefore

2pX �N Lð Þ � @X=@xð ÞL dx � dL ¼�p
2xN Lð Þ dx � dL. The

intercept with x and xþ dx can come from any sphere

whose diameter is larger than x. Therefore the total

number per unit length of intersections with length

between x and xþ dx is given by nðxÞ dx ¼ �ðp=2Þx �
dx
R1
x NðLÞ dL. Differentiating this equation by x,

one has dn=dx ¼ �ðp=2Þ
R1
x NðLÞ dL� ðp=2ÞxNðxÞ ¼

n=x� ðp=2ÞxNðxÞ. Rearranging this for N(L), one

obtains equation (6.2).

Deformation microstructures must be carefully

characterized using a range of equipment (optical

microscope, scanning and transmission electronmicro-

scopes (SEM, TEM) etc.). Grain-boundary morphol-

ogy including subgrain structures and dislocation

microstructures (Burgers vectors, glide planes, mor-

phology) are among the important microstructures

that need to be characterized. For details see the appro-

priate chapters (Chapters 5, 8, 9, 13 and 14).

6.3. Control of thermochemical
environment and its characterization

6.3.1. Pressure generation and its measurements

Pressure is an important thermodynamic variable in

the study of deformation of materials (see Chapter 10).

When rheological experiments are made on a polycrys-

talline sample, grain-boundary cracking could occur

if a differential stress is applied at a low confining

pressure. Therefore to suppress cracking, one inserts

a sample in a jacket and a jacketed specimen is placed

in a high-pressure environment (a rule of thumb is that

cracking is not very important if the confining pressure

significantly exceeds the differential stress). Also, a

confining pressure is important to minimize ‘‘cavita-

tion’’ during high-temperature creep that affects the

creep behavior (e.g., CHEN and ARGON, 1981). In

addition, Earth’s interior is at high pressure and tem-

perature so there is an obvious motivation to investi-

gate the rheological properties under high pressures

(and temperatures). It should be noted that various

thermodynamic variables change with pressure (and

temperature). One notable example is the fugacity of

water (and carbon dioxide) that increases significantly

with pressure (PITZER and STERNER, 1994, FROST and

WOOD, 1997a, 1997b) (see Chapter 2). Also, important

phenomena including some of the phase transforma-

tions in silicate minerals (e.g., olivine to wadsleyite

transformation) occur only under high pressures

(Chapters 2, 15 and 17). Consequently, studies on the

effects of water and on phase transformations (in sili-

cate minerals) on rheology must be conducted under

high pressures.

Pressures to �0.3GPa are routinely achieved by

pumping a gas (such as argon) into a vessel. The vessel

must be sealed to keep the pressure. An ‘‘O’’ ring is used

to seal the high-pressure gas, particularly for the mov-

ing portions. However, sealing by an ‘‘O’’ ring becomes

difficult above �0.5GPa (because most polymers used

for ‘‘O’’ rings become brittle at high pressures).

Pressure exceeding�1GPa is usually obtained by com-

pressing a sample surrounded by a soft solid-medium

such as pyrophyllite or MgO. A sample assembly is

squeezed by a hard material such as tungsten carbide

through a hydraulic press.

A pore–fluid pressure can be controlled with an

additional device. A sample may be connected through

a porous end-piece to an additional hydraulic system

and the fluid pressure there can be controlled by a pump

independent of the pressure of the solid portion.

Pressure is measured by a pressure transducer at a

low-pressure level at which the pressure can be meas-

ured in the fluids (<1GPa), but at higher pressures

(in a solid-medium apparatus), pressure is usually esti-

mated based on the calibration using phase diagrams

or equations of state of some standardmaterials.When

a synchrotron X-ray facility is used, one can measure

the density of some standard material by X-ray diffrac-

tion (this could be the sample itself) and estimate the

pressure from the equation of state of that material.

6.3.2. Generation of high temperature
and its measurements

High temperature (high temperature relative to the

melting temperature of a sample) is needed to conduct

deformation experiments in the plastic regime. In most

cases, a resistance heater is used to increase the temper-

ature. The design of a furnace constitutes an important

part of deformation studies. Generating a high temper-

ature (T > 1300K) in a gas-medium apparatus is not
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trivial. One needs to minimize the convection to obtain

a high enough efficiency of a furnace. This is accom-

plished by putting porous ceramic materials in the

space surrounding a furnace winding (a porous ceramic

must be packed tightly to minimize the convection). By

controlling the power of two ormore different portions

of a furnace independently, one can minimize the tem-

perature gradient. A temperature exceeding�1600K is

hard to obtain in a gas-medium apparatus. In contrast,

a temperature exceeding �2000K can be obtained in a

solid-medium apparatus although the temperature

gradient tends to be higher in a solid-medium appara-

tus because of its smaller size and lower flexibility in

the control of furnace power (as compared to a gas-

medium apparatus). Temperature is usually measured

by a thermocouple. A thermocouple is made of a junc-

tion of twometals, and when this junction is placed at a

certain temperature, then an electrostatic voltage is

generated. By measuring the difference in the voltage

between two junctions (one is called a ‘‘cold junction’’

usually at room temperature), one can measure the

temperature. A variety of thermocouples are available,

and one must choose an appropriate one for a planned

range of temperature.

Three issues need to be considered in terms of tem-

perature. First, an experiment must be carried out after

the temperature distribution is nearly at a steady state.

Otherwise, a long-term variation in temperature causes

distortion of an apparatus by thermal expansion lead-

ing to large errors in measured strain. Second, the

temperature distribution in a sample must be as homo-

geneous as possible. Plastic properties are highly sensi-

tive to temperature and therefore a large temperature

gradient in a sample can cause large errors. Third, the

voltage output from a thermocouple depends not only

on temperature but also on pressure. GETTING and

KENNEDY (1970) investigated the effects of pressure

on two types of thermocouples. The pressure effects on

the thermocouple output depend on the type of ther-

mocouple. For the pressure effects on thermocouple

readings, see also LI et al. (2003a).

6.3.3. Control and characterization
of the chemical environment

In Chapter 5, we learned that the concentration of

defects in minerals depends on the chemical environ-

ment. Consequently, the nature of plastic deformation

is sensitive to the chemical environment. Among many

aspects, three parameters are important for plastic

deformation: oxygen fugacity, oxide activity and water

fugacity. In an atmospheric pressure experiment, oxy-

gen fugacity is usually controlled by a mixture of gas

such as CO/CO2. The chemical reaction,

COþ 1

2
O2 ¼ CO2: (6:3)

The chemical equilibrium demands

fo2 ¼ K2
3ðTÞ

f 2co2
f 2co

(6:4)

where fO2
is oxygen fugacity, fCO2

is the fugacity of

carbon dioxide, fCO is the fugacity of carbon mono-

oxide, and K3 is the equilibrium constant for reaction

(6.3). For a given temperature, the oxygen fugacity can

be controlled by changing the ratio of CO2½ �= CO½ �
because fCO2

/ CO2½ � and fCO/ [CO] at low pressures.

In high-pressure experiments, a gas-mixture cannot be

used, and instead, the oxygen fugacity is controlled by

the solid–solid reaction such as,

xMþ y

2
O2 ¼MxOy: (6:5)

The law of mass action corresponding to this reaction

yields

f
y=2
O2
¼ K5ðT;PÞ

aMxOy

axM
(6:6)

where K5(T, P) is the equilibrium constant for the reac-

tion (6.5). When bothM and MxOy phases are present,

the activity of each phase is 1, so fO2
¼ K

2=y
5 ðT;PÞ (one

needs to demonstrate that both of these two phases

exist after a run to confirm that this reaction buffered

the oxygen fugacity). Various pairs of metals and

metal oxides can be used to control a range of fO2
. A

limitation of this technique is that only discrete values

of fO2
can be realized. However, some trick can be

used to extend the range of fO2
. For instance, a solid

solution rather than end-member materials can be

used to achieve the values of fO2
between end-member

values. Note that the oxygen fugacity corresponding to

a given oxide–metal buffer changes with temperature

and pressure.

Similarly the oxide activity can be controlled by

placing an oxide in a sample assembly. For instance,

if an oxide MxOy is present, then aMxOy
¼ 1. In a sys-

tem that contains more than two oxide components

(e.g., Mg2SiO4), oxide activity must also be controlled.

Oxide activity can be controlled by placing an oxide

next to a sample. For example, the oxide activity of a

system involving olivine, Mg2SiO4, is determined by

the following reaction,
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Mg2SiO4 ¼MgSiO3 þMgO: (6:7)

Applying the law of mass action, one has

aMg2SiO4

aMgSiO3
� aMgO

¼ K7ðT;PÞ: (6:8)

Therefore if MgO is placed next to olivine, then at

chemical equilibrium, the activity of oxide is such that

aMgO¼ 1 and from the thermodynamic data one obtains

aMgSiO3
� 0:1 (at P¼ 0.1MPa and T¼ 1500K).

Water fugacity is usually controlled by adding excess

water at various pressures (and temperatures). Excess

water may be added by the decomposition of some

hydrous minerals or simply adding free water. In these

experiments, it is important to make sure that water

(hydrogen) be kept in the sample space and melting

did not occur. Hydrogen is easy to diffuse through the

capsules and the use of capsulematerial with low hydro-

gen diffusivity (and solubility) is recommended. Pt, or

Au–Pd (or Ag–Pd) is known to be a good material for a

capsule by which much of the hydrogen is effectively

kept in the sample space. Melting should be avoided

because melting often leads to a reduced water content

in the sample due to high water (hydrogen) solubility in

the melt if the system is under saturated with water.

When an experiment is to be made on a sample contain-

ing water (hydrogen), water (hydrogen) content must

be measured both before and after an experiment.

Hydrogen loss during an experiment often occurs and

in such a case the interpretation of the result is compli-

cated. Conversely, hydrogen may penetrate into a sam-

ple from the pressure medium. Water fugacity may be

controlled below the maximum level by using a buffer-

ingmaterial. For example, if a hydrousmineral co-exists

with the anhydrous counter-part, hydrogen fugacity

must be buffered to a value controlled by chemical

equilibrium. An example is the reaction between brucite

(Mg(OH)2) and MgO, MgOþH2O¼Mg(OH)2 that

could buffer the water fugacity. However, the ability

of this type of reaction to control the water fugacity

depends on the degree to which one can retain hydrogen

in the system and thismethod has not been explored yet.

The measurement of these thermochemical param-

eters is not trivial. At one atmospheric pressure, the

oxygen fugacity can bemeasured by an electrochemical

method using a zirconia sensor (e.g., SATO, 1971). At

high pressures, a chemical reaction such as the reaction

between Fe-bearing minerals and Pt can be used to

infer fO2
(e.g., RUBIE et al., 1993). Water content can

be determined by infrared absorption spectroscopy

or by using SIMS (secondary-ion-mass-spectrometer)

(see Chapter 10). It should be noted that the water

content (water fugacity) of a sample is not easy to

control. Water can diffuse into or out from a sample

easily. It is strongly recommended to determine the

water content of a sample both before and after each

experiment.

6.4. Generation and measurements
of stress and strain

6.4.1. Generation of deviatoric stress and strain

Except for deformation associated with compaction in

a porous material, plastic deformation occurs due to

deviatoric stress. The simplest way of generating a

deviatoric stress is dead weight loading in which load

is applied by a mass being placed on top of a sample

(e.g., KOHLSTEDT and GOETZE, 1974). The stress,

�1 ¼ mg=A (m, mass; g, acceleration due to gravity;

A, cross section area of loading), is generated by a load

of mass,m. By this method a very accurate stress can be

applied to a sample, but the magnitude of stress is

limited. If a loading piston must be sealed, then the

friction will limit the accuracy of stress measurement

for this method. When a large force is needed to gen-

erate a deviatoric stress (e.g., at high confining pres-

sures), one needs to use some type of actuator. An

actuator is made of either an electric motor (and

gears) or a hydraulic pump to move a piston (either

advance/retract or rotate a piston) in a controlled

manner. The most common mode of operation is to

provide a constant displacement or rotation rate, yield-

ing an approximately constant strain rate (after the

correction for the change of sample geometry and

apparatus distortion if necessary). If one wants to

operate a deformation apparatus with an actuator

with a constant load mode (approximately constant

stress mode) then one needs a feedback mechanism

such as a servo-control system. The load output must

be fed to an actuator driver circuit to maintain a con-

stant load.

A deformation apparatus at high pressures exceed-

ing �3GPa is difficult to design. The main reason is

that in a conventional design in which a deformation

experiment is made by moving a piston through a

pressure medium, a mobile piston must support both

confining the pressure and load needed for deforma-

tion. Because this mobile piston must move in an area

in which it is not well supported from the surrounding

material, the piston tends to fail if the stress exerted on

the piston exceeds the fracture strength of the piston,
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which depends on the material and geometry of the

piston. For tungsten carbide the fracture strength is

several GPa, and consequently, deformation experi-

ments above a few GPa are difficult. A deformation-

DIA (D-DIA) is designed to conduct deformation

experiments above a few GPa. In this apparatus, in

addition to four pistons that provide �2(¼�3), two
deformation pistons can be moved independently from

these four to provide �1. The maximum pressure of

operation is increased by using short tapered pistons

(WANG et al., 2003). However mobile pistons in this

apparatus must move in a poorly supported area and

the maximum pressure of operation with tungsten car-

bide pistons is limited to �10GPa. An alternative type

of apparatus was designed by YAMAZAKI and KARATO

(2001a) and XU et al. (2005). In this apparatus a rota-

tional actuator is attached to one of the anvils of a

Drickamer apparatus (rotational Drickamer apparatus,

RDA). In a Drickamer apparatus, a high pressure can

be generated using tapered anvils that are supported

by a gasket. Deformation experiments are made by

rotating an anvil, and therefore the deformation piston

(anvil) is supported (almost) exactly the same way as in

static experiments. Consequently, deformation experi-

ments can be performed to much higher pressures than

by other types of apparatus (at the time ofwriting (2007)

the maximum pressure of operation with RDA is

�18GPa (at temperature of �2000K)).

Deviatoric stress can also be generated by squeezing

a sample in an anisotropic fashion. For example, in a

multi-anvil apparatus, deviatoric stress can be gener-

ated if the strength of materials in a sample assembly is

different along different directions (BUSSOD et al., 1993;

KARATO and RUBIE, 1997). Similarly, deviatoric stress

is generated in a diamond anvil cell due to axial com-

pression (KINSLAND and BASSETT, 1977; SUNG et al.,

1977; MAO et al., 1998). In these cases, the stress is not

generated in a well-controlled fashion, and both stress

and strain rate tend to be high and not well defined.

Table 6.1 summarizes some characteristics of vari-

ous deformation apparatus.

6.4.2. Measurements of stress and strain

The strain of a sample is usually measured by the

displacement of a piston relative to a fixed portion

of the apparatus. Various displacement sensors can

be used, but the most common is the linear-variable-

displacement-transducer (LVDT), by which displace-

ment can be converted to a voltage output through

an inductance-based transducer. With this type of

measurement, one must be careful about the long-

term variation in the length of various portions of the

apparatus due to the variation of temperature (and

pressure). Actual measurements must be conducted at

conditions where the drift in displacement is negligible

in comparison to the actual strain rates that one

expects. It is also important to make corrections for

the deformation of the apparatus itself. An apparatus

will be deformed when a stress is applied to the sample.

The deformation of apparatus is determined by its

stiffness that depends on the elastic constants of mate-

rials and the geometry of the frame. The stiffness of the

apparatus must be measured and corrected for the

mechanical tests with a constant strain rate. When an

X-ray image of a sample is taken (using a high intensity

X-ray facility such as synchrotron radiation facility),

then the sample strain can be measured directly from

the X-ray images (CHEN et al., 2004).

The stressmeasurements are usually conducted using

various types of force transducer (called a load cell). The

most common one is the strain-gauge-based force trans-

ducer in which the applied force causes elastic strain of

gauges that changes their resistance. The change in

resistance, in turn, can be monitored as a voltage out-

put from a bridge circuit. When a force transducer is

placed outside a high-pressure apparatus, the force that

one measures includes the resistance for the motion of a

piston at the pressure seal or other portions of the

sample assembly. In most cases, this resistance is large

and accurate measurements of stress from outside a

pressure vessel are difficult. In some cases, the correction

for resistance forces is made through ‘‘touch-point’’

measurements (Fig. 6.2) (BORCH and GREEN, 1989;

TINGLE et al., 1993). In such a measurement, after

the piston contacts the sample, the piston is backed

up (removed from the sample by a small amount).

When a sample is surrounded by a liquid, the liquid

will penetrate into the gap between the piston and the

sample. Now onemoves the piston down to squeeze the

sample. Before the piston touches the sample, the load

measured by the load cell reflects mostly the friction.

When the piston touches the sample, there is a sharp

increase in load. The load now includes the sample

strength as well as friction. Assuming that friction

does not change with displacement, one can determine

the strength of a sample as a function of strain. A key

to the success of this stress measurement is the sharp-

ness of the touch point and the validity of the assump-

tion that the friction is insensitive to displacement.

A significant improvement to the stress measurements

has been achieved by this technique.
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Although this liquid-cell sample assembly is an

important improvement to the stress measurement in

a solid-medium apparatus, uncertainties remain as to

the nature of friction that is not always reproducible.

PATERSON (1970) developed an internal load cell for a

gas-medium high-pressure deformation apparatus. In

this case, the load cell is placed inside a high-pressure

vessel and there is no influence from friction. Conse-

quently, the resolution of stress measurements by this

internal load cell is nearly the same as that at room

pressure and far better than that using an external load

cell. A major limitation of this technique, however, is

that it can only be applied to a gas-medium apparatus

and the practical limit of pressure is �0.5GPa (above

this pressure, sealing at an interface between the

moving piston and the pressure vessel becomes very

difficult).

Totally different methods of stress measurements

have been developed by WEIDNER (1998) using X-ray

diffraction obtained at synchrotron radiation facilities.

These techniques use the effects of stress to modify the

spacings of atomic planes (lattice spacing). Since high-

intensity X-rays generated by synchrotron radiation

can penetrate the sample through pressure media,

these techniques can be used under very high pressures.
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FIGURE 6.2 Some examples showing the variation of the

external load cell reading during deformation experiments

(modified from BORCH and GREEN, 1989).

TABLE 6.1 Some characteristics of various deformation apparatus.

P (GPa) T (K) Stress measurement Note Ref.

dead-weight creep apparatus 10�4 < 2000 from weight of a load low fH2O
(1)

gas-medium apparatus* <0.5 <1600 internal load cell limited fH2O
(2)

Griggs-type apparatus <3 <1600 external load cell limited strain (3)

deformation-DIA <10** <1600 X-ray limited strain (4)

rotational Drickamer apparatus <18** <2000 X-ray unlimited

strain

(5)

multianvil stress-relaxation <23 <2000 estimate (or X-ray) non-steady

state

(6)

diamond anvil <200 <1000 X-ray non-steady

state, very

high stress

(7)

(1): CARTER et al. (1980) and KOHLSTEDT and GOETZE (1974).

(2): PATERSON (1970) and PATERSON (1990).

(3): TULLIS and TULLIS (1986).

(4): WANG et al. (2003).

(5): XU et al. (2005) and YAMAZAKI and KARATO (2001a).

(6): BUSSOD et al. (1993), FUJIMURA et al. (1981), and KARATO and RUBIE (1997).

(7): KINSLAND and BASSETT (1977), MAO et al. (1998), and SUNG et al. (1977).

*A rotational actuator can be attached to a gas apparatus that allows an unlimited strain deformation experiment.

The major limitation is the low maximum pressure. The effects of pressure and water, both of which are very

important in Earth science applications of deformation experiments, cannot be determined precisely enough if a

gas-medium apparatus is used (for details, see Chapter 10).

**This limit is for tungsten carbide anvils. The pressure range can be expanded by using anvils with a harder

material (e.g., diamond or cubic boron nitride).
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Two techniques have been developed. The first is stress

measurement by the broadening ofX-ray peaks. If stress

develops in a polycrystalline aggregate, then individual

grains will be subject to different stress states. Conse-

quently, the values of lattice spacing become distrib-

uted. This causes broadening of X-ray peak positions.

In most earlier studies, this technique was used for

granular materials where large contact stress develops

at grain-to-grain contacts by high pressure. Weidner

and his colleagues applied this technique to character-

ize the rheology of materials at pressures to �20GPa

(CHEN et al., 1998, 2002b; XU et al., 2003). However

the nature of deformation at grain contacts is highly

complicated and the relevance of such data to geolog-

ical problems is questionable.

The second method uses the dependence of lattice

spacing on the orientation of crystals with respect to

the orientation of applied macroscopic stress. When a

sample is under hydrostatic equilibrium, the lattice

spacing corresponding to a specific crystallographic

orientation has a single value, dhkl. When a crystal is

under deviatoric stress, however, the lattice spacing

depends on the local stress state. It will be smaller

(larger) for grains where the crystal plane is normal to

the maximum (minimum) compression stress. By con-

ducting X-ray diffraction measurements at various

angles, one can determined the lattice spacing as a

function of orientation with respect to the macroscopic

stress (Fig. 6.3). The amplitude of the deviation of

lattice spacing from a standard value corresponding

to a given temperature and pressure is proportional to

the magnitude and geometry of deviatoric stress and

the orientation of the lattice plane fromwhich the X-ray

is diffracted. Thus, in general, the degree to which the

lattice spacing is modified by stress is a function of

stress as well as the crystallographic index of the lattice

plane and the stiffness of the lattice plane, namely,

dðhklÞ � d0ðhklÞ
d0ðhklÞ

¼ F �ij;CðhklÞ; �
� �

(6:9)

where d(hkl) is the lattice spacing corresponding to the

crystallographic orientation of (hkl), �ij is the stress

tensor, C(hkl) is the elastic constant corresponding to

the compression of the (hkl) plane, and� is a parameter

characterizing the stress–strain distribution.

The lattice strain ½dðhklÞ � d0ðhklÞ�=d0ðhklÞ can be

separated into compressional and shear components.

The compressional component provides an estimate

of hydrostatic pressure (from the known equation of

state). The shear component gives an estimate of devia-

toric stress. In order to convert the shear component of

lattice strain, one needs to have a model that relates

the grain-scale strain, ½dðhklÞ � d0ðhklÞ�=d0ðhklÞ, to the
macroscopic stress. Such a relation has been established

for the elastic deformation of a polycrystalline aggre-

gate (SINGH, 1993; FUNAMORI et al., 1994; UCHIDA

et al., 1996). SINGH (1993) and FUNAMORI et al.

(1994) showed that when deformation is elastic, then

the nature of the stress–strain distribution (i.e., the

parameter �) can be determined from theX-ray diffrac-

tion data for multiple crystallographic planes to deter-

mine the magnitude of deviatoric stress (for axially

symmetric stress).When themicroscopic stress is identi-

cal to the macroscopic stress (Reuss or Sachs state, see

Chapter 12), then the equation is simplified and for uni-

axial (tri-axial) compression, it becomes (Problem 6.2)

dðhklÞ � d0ðhklÞ
d0ðhklÞ

¼ ��1 � �3
2�hkl

cos2 Y� 1

3

� �
(6:10)

where �hkl is the appropriate shear modulus (the rele-

vant shearmodulus) andY is the angle of normal of the

diffraction plane with respect to the direction of max-

imum compression. A complete expression for �hkl
corresponding to elastic deformation for various crys-

tal symmetries is given by UCHIDA et al. (1996).

However, LI et al. (2004a) andWEIDNER et al. (2004)

showed that the assumption of elastic accommodation of

strain is often violated under high-pressure (and high-

temperature) experiments where plastic deformation

plays an important role. However, a model equivalent

to that of SINGH (1993) and FUNAMORI et al. (1994)
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FIGURE 6.3 Variation of the lattice strain, Dd /d0, as a function of

the direction of the diffracting plane relative to the maximum

compression direction, Y (where Y¼ 0 corresponds to the

maximum compression direction), for uni-axial compression.
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has not been formulated for plastic deformation. The

role of plastic deformation on microscopic stress

becomes important when the plastic anisotropy is high.

This results in some uncertainties in the stress measure-

ments from lattice strain determined by X-ray

diffraction.

Despite the issue of grain-scale stress–strain distri-

bution, this technique of stress measurement has a

much firmer basis than the stress measurements from

X-ray peak broadening. Combined with the strain mea-

surements by X-ray imaging, this synchrotron-based

technique provides a promising new method for the

quantitative study of deformation of materials under

deep Earth conditions (e.g., CHEN et al., 2004).

An alternative method for estimating stress is to

use some microstructural ‘‘paleo-piezometers’’ (see

Chapters 5 and 13). BUSSOD et al. (1993) used a

dynamically recrystallized grain size versus stress

relationship (see Chapter 13) to estimate stress and

KARATO and JUNG (2003) used the dislocation density

versus stress relationship. The former relationship is

sensitive to thermochemical variables (Chapter 13)

whereas the latter is insensitive to these variables

(Chapter 5). Consequently, the dislocation density

gives a reasonable estimate of stress in deforming

materials, although a precise measurement of the dis-

location density is not always straightforward. For

olivine, an SEM-based technique of dislocation den-

sity measurements provides a highly accurate determi-

nation of dislocation density and hence stress

(KARATO and JUNG, 2003).1 In contrast, the use of

recrystallized grain size is not recommended because

this paleo-piezometer is sensitive to various thermo-

chemical parameters (see Chapter 13) and does not

provide a reliable estimate of stress.

Problem 6.2*

Derive equation (6.10).

Solution

If the coordinate is chosen such that the x1 direction is

parallel to the maximum compression direction, then

the stress tensor is given by

P 0 0
0 P 0
0 0 P

0
@

1
Aþ

2
3 �1 � �3ð Þ 0 0

0 �1
3 �1 � �3ð Þ 0

0 0 �1
3 �1 � �3ð Þ

0
@

1
A

The first component gives rise to the linear

compressional strain, "P ¼ �P=3KT, and the second

term the shear strain. In order to calculate the lattice

strain due to the second term (i.e., shear stress), let us

recall that the lattice strain due to the normal

component of a shear stress, �n, on a plane is the sum

of the normal strain caused by the normal stress and

the strain due to the traction on planes normal to

that plane. Consequently, "hkl ¼ �ð1þ �hklÞ�n=Ehkl ¼
��n=2�hkl (where Ehkl, Young’s modulus of

deformation normal to the (hkl) plane; �hkl, Poisson’s

ratio of deformation normal to the (hkl) plane). Now

recall that the normal stress to the plane where

the normal is oriented Y from the x1 direction is

�n ¼ ð�1 � �3Þðcos2 Y� 1
3Þ (Chapter 1, Problem 1.3).

Therefore "hkl ¼ �½ð�1 � �3Þ=2�hkl� cos2 Y� 1
3

� �
.

6.5. Methods of mechanical tests

Plastic deformation is a mode of deformation where

strain is irrecoverable, and time dependent. In other

words, the mechanical properties in this mode are

dependent on time and/or strain. In general, we seek

to find a relationship between strain, "ij, and stress, �ij,

and their time derivatives, namely,

Fð"ij; _"ij; � � �; �ij; _�ij; � � �; tÞ ¼ 0 (6:11)

where _"ij ¼ d"ij=dt and _�ij ¼ d�ij=dt. In an experimental

study, some variables (e.g., strain rate, _"ij) are imposed

and onemeasures other dependent variables (e.g., stress).

6.5.1. Constant stress, constant strain-rate tests

When the strain rate is constant,

F _"ð�; _�; � � �; t; _"Þ ¼ 0: (6:12)

In this case one measures the time variation of stress,

�(t), for a given strain rate to determine the mechanical

property of a given material. Similarly, when stress is

given, then one determines the variation of strain with

time, i.e.,

F�ð"; _"; � � �; t;�Þ ¼ 0: (6:13)

Typical results from these two types of experiment

are illustrated in Fig. 6.4. For a constant strain-rate

test, the initial t–�(t) curve represents an elastic

1 In this technique, the total length of dislocation lines per unit volume is

measured as opposed to a conventional two-dimensional measurement of

a number of dislocations on a section. Consequently, errors caused by the

uncertainties in dislocation orientation are largely eliminated resulting in a

much higher resolution in dislocation density measurements.
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response. This is followed by a transient behavior,

and finally steady-state behavior is usually obtained

at which the stress remains constant. For a constant

load (stress) test, there is an instantaneous elastic res-

ponse followed by a transient response, and finally the

displacement–time curve becomes linear (steady-state

deformation).

Either of these experiments provides the data to

characterize the mechanical properties of materials.

As far as the rheological data at steady states are con-

cerned, the choice of the mode of deformation experi-

ments (either constant stress or constant strain rate)

does not matter. These two modes provide the same

results. However, there are several differences between

the two modes of deformation experiments. First, the

determination of activation energy and volume is more

straightforward for a constant stress test than for a

constant strain-rate test. Consider a power-law rheology,

_" ¼ A�n exp � E� þ PV�

RT

� �
: (6:14)

When stress is kept constant, then the activation

enthalpy (E*þPV*) can be determined by the temper-

ature variation of strain rate, namely,

@ log _"

@T

� �
�;P

¼ E� þ PV�

RT2
: (6:15)

Similarly, the activation volume can be determined by

measuring the pressure dependence of strain rate,

@ log _"

@P

� �
�;T

¼ � V�

RT
: (6:16)

However, such a measurement for constant strain-

rate experiments can be made only after one knows the

stress exponent, n. In constant strain-rate experiments,

the activation enthalpy E*þPV* is related to the tem-

perature dependence of strength as

@ log �

@T

� �
_";P

¼ E� þ PV�

nRT2
: (6:17)

Similarly, the activation volume V* is related to the

pressure dependence of strength as

@ log �

@P

� �
_";T

¼ � V�

nRT
: (6:18)

Consequently, the error in the stress exponent propa-

gates to the error in E* and V* measurements.

Second, the practical identification of ‘‘steady-

state’’ deformation is more difficult in a constant stress

test than in a constant strain-rate test. This is partic-

ularly true when an experiment is made for small

strains. In a constant stress test, it is important to

calculate strain rates as a function of strain to assure

that a steady state is indeed achieved.

Third, when performing a constant strain-rate test,

one needs to know the deformation of apparatus due to

the change in stress to obtain a true deformation of the

sample. This can be made by measuring the apparatus

distortion by applying a load on a sample with known

strength (such as an elastic spring). This correction is

not needed for a constant stress test, because the appa-

ratus distortion is constant.

Fourth, technically speaking, a constant strain-rate

test is easier to perform than a constant stress test. For a

constant stress test, one needs to have a good control of

stress that can bemadeonlywhen a high-resolution servo-

controlled actuator is available and the load acting on the

sample is measured accurately. In contrast, a constant

strain-rate test is readily performed with a constant

speed of actuator motion that is easier to achieve.

Finally, one should note that strictly speaking,

both so-called constant stress and constant strain-rate

tests are usually performed not truly at a constant

stress nor a constant strain rate. These tests are usually

made at a constant load or a constant displacement

rate. Since sample geometry (i.e., cross section area)

changes with deformation, some corrections are

needed to convert them to truly constant stress or

strain-rate conditions.

In many cases, results at ‘‘steady state’’ are of par-

ticular interest. To confirm that the experimental

results correspond to steady state, one must conduct
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FIGURE 6.4 Typical results of constant (a) strain rate and (b) constant

stress tests.
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deformation experiments to relatively large strains

(at least �10%) to determine the mechanical response

of a specimen ranging from transient to steady-state

behavior (see Chapter 3). For a constant strain-rate

test, the steady state is relatively easily identified by

the (approximately) constant load on the stress–strain

curve (obviously the change in sample geometry must

be corrected for). Identification of steady-state defor-

mation is not trivial for a constant stress (load) test. In

this type of test, the raw data are the displacement

versus time curves. When one looks at only a small

portion of such curves, any such a curve would look

like a straight line even though deformation may still

be in the transient stage. To identify the steady state,

one needs to calculate the strain rates as a function of

time (strain) and confirm that the strain rate is indeed

(nearly) independent of strain (time). A steady state is

not attained at low strains. This will result in a system-

atic error in the estimated parameters. A typical case is

work-hardening behavior (stress needed to deform a

material at constant strain rate increases with strain).

In such a case, if the strain rate or creep strength

of material is determined at roughly the same strain,

then the stress dependence of strain rate (i.e., stress

exponent) tends to be underestimated. Similarly, when

the transient period (strain) corresponding to work-

hardening increases with pressure, then the pressure

dependence of deformation (such as the activation

volume, see Chapter 10) determined from low-strain,

transient creep data will be systematically lower than

the true value corresponding to the steady state.

Determining a complete mechanical property such

as a stress–strain curve (or strain–time curve) for a

large span of strain is time consuming but a critical

first step in any mechanical test of a given material.

Such a result will tell us at which strain ‘‘steady-state’’

deformation is achieved for a given material under a

certain range of conditions. Only after this type of test,

does one know how much strain one needs to deter-

mine ‘‘steady-state’’ mechanical properties. Unfortu-

nately this important step is often skipped. In such a

case, the results from such a study do not necessarily

correspond to ‘‘steady-state’’ flow law and can result in

serious systematic errors (see also BLUM et al., 2002).

Problem 6.3

Explain how the results of constant stress experiments

correspond to the results of constant strain-rate tests

for a given same material as shown in Fig. 6.4.

Solution

A stress–strain curve shown in Fig. 6.4a.i is charac-

terized by the initial increase in strength followed by a

steady-state strength. For a constant stress experiment,

the initial part will correspond to the decreasing strain

rate with time (work hardening) followed by a linear

relation of strain with time (Fig. 6.4b.i). The stress–strain

curve shown in Fig. 6.4a.ii is characterized by a peak in

stress followed by a steady-state stress. If the initial

part corresponds to elastic deformation, then this

corresponds to a displacement–time curve that has

an initial softening period (work softening) followed

by a linear displacement–time relation shown in

Fig. 6.4b.ii.

6.5.2. Stress-relaxation tests

The constant stress or constant strain-rate tests are

most common. However, in some cases, other more

complicated modes of test are performed. One of

which is the stress-relaxation test. In this case, a sam-

ple is loaded at a given condition and then the motion

of a piston is terminated. The stress accumulated in

the sample is relaxed by plastic flow. The manner in

which stress relaxation occurs provides some infor-

mation about the rheological properties of a material.

One of the advantages of this technique is that it

allows us to investigate plastic properties at very slow

strain rates. Note, however, that neither stress nor

strain rate is constant during deformation in such a

test, and therefore the mechanical data obtained may

not represent the steady-state rheology of a given

material.

In the stress-relaxation test, the motion of a motor

(actuator) is terminated. Therefore the total strain is

the sum of elastic strain of the machine, "M, elastic and

plastic strain of a sample, "E and "P respectively,

" ¼ "M þ "E þ "P (6:19)

where "M ¼ �=k and "E ¼ �=M. Now taking the time

derivative of equation (6.19), and considering the fact

that the total strain is kept constant, one has,

_"P ¼ �
1

k
þ 1

M

� �
_�: (6:20)

Thus, during a stress-relaxation test (see Fig. 6.5), the

elastic strain in the sample and the machine changes to

the plastic strain of the sample. Therefore by measur-

ing the time dependence of stress, _�, one can determine
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the rheological properties of a sample. A few points

need to be noted.

(1) In order for this technique to be useful in obtaining

the rheological properties of a sample, the stiffness

of the machine must be significantly higher than

the elastic constant of the sample (k�M). Other-

wise, the signal will be very small and it is difficult

to obtain useful data on the rheological properties

of the sample.

(2) Since a small elastic strain is converted to plastic

strain, the strain rates associated with stress-

relaxation tests are usually much smaller than

those in typical mechanical tests particularly at

the later stage of a test. Consequently, this type of

test allows us to obtain some insights into the rheol-

ogy at small strain rates.

(3) However, both stress and strain change with time

in this type of test. Therefore the rheological flow

law may not represent the steady-state flow law.

6.5.3. Stress-dip tests

Another method that has been used to investigate

the transient response of a material is so-called stress-

dip tests. In this technique, the stress is suddenly

decreased and the response of a material to this

stress dip is measured. If the stress dip is small and

the response of the material is measured immediately

after the stress dip, then one may be able to assume

that the transient response occurs without changing

the microstructure (such as the dislocation density).

Therefore, this technique provides some clues as to

the effects of microstructures (such as dislocation

interaction) on rheological properties. In particular,

this test has been used to infer the influence of (micro-

structure-induced) internal stress in dislocation creep

(see Chapter 9).

6.5.4. Indentation hardness tests

Some insights into the ‘‘strength’’ of materials can be

obtained from the indentation tests. In this test, one

indents a sample surface by a hard material (typically

diamond) and the area of indentation for a given

load is determined. The load divided by the area of

indentation (which has a dimension of stress) gives a

measure of ‘‘hardness.’’ For example, when a pyramid-

shaped indenter (called the Vickers indenter) is used,

the hardness is defined by,

H ¼ L

A
(6:21)

where L is load (N) and A is area (m2) (A is the actual

contact area between the indenter and a sample, so

for the Vickers indenter (a pyramid shape indenter),

A ¼ d 2=2 sinð68	Þ ¼ d 2=1:854 where d is the diameter

of indentation mark). So the unit of hardness is N/m2.

Hardness provides some measure of the strength

of materials. However, the relation between hardness

and other well-defined plastic properties is not well

known. GILMAN (1985) gives an excellent review of

the physics of hardness tests. Briefly, hardness is con-

trolled by the resistance of materials against plastic

flow. When a nearly isotropic indenter such as the

Vickers indenter is used, the hardness is controlled by

the activation of multiple slip systems and hence is

approximately proportional to the strength of poly-

crystalline materials (EVANS and GOETZE, 1979). In

contrast, when a highly anisotropic indenter such as

the Knoop indenter is used, then the hardness becomes

highly dependent on the orientation of indenter with

respect to the crystallographic orientation of a sample.

This provides a means to constrain active slip systems

(BROOKES et al., 1971).

One of the advantages of this technique is that it can

be applied to a small sample. For a small load (say

0.1–0.2 N), the diameter of indentation for a typical

silicate is �10mm, so that a sample as small as �50mm
can be used (e.g., KARATO et al., 1990). The variation

of strength across a grain boundary was determined by

this technique and GILMAN (1985) called this techni-

que the mechanical microprobe. Another benefit of this

technique is that one can activate dislocation motion

even at relatively low temperatures because cracking is

minimized due to high local confining pressure caused

by indentation. Accordingly this technique provides a

unique method for estimating the low-temperature

plasticity such as the Peierls stress (e.g., EVANS and

GOETZE, 1979).
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FIGURE 6.5 A typical result of a stress-relaxation test.

At t¼ t0, the advancement of the piston is stopped and stress

relaxation occurs.
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6.6. Various deformation geometries

6.6.1. Uni-axial (tri-axial) compression/tension

This is the most popular geometry of mechanical test-

ing. In ceramic or Earth sciences, typical samples are

brittle, and so the tri-axial testing machine is usually

used to apply pressure to prevent brittle fracture. One

determines the relationship between the shortening

strain "1(t) and the compressional stress �1(t) (x1
being the direction of applied force). In this mode of

deformation, the direction of the principal axis of

strain is parallel to the direction of principal stress

(co-axial deformation). In most cases, tri-axial com-

pression tests are conducted on a jacketed specimen.

Tension tests can also be made, one of the advantages

of this mode of test is that one can reach larger strains

(RUTTER, 1998). In this mode, �1(¼�2) is confining

pressure, and one determines the relationship between

"3(t) and �3(t).

6.6.2. Simple shear deformation

Saw-cut sample assembly (a sandwich method)
Nearly simple shear tests can be performed using a tri-

axial testing apparatus by sandwiching a thin slice of a

sample between saw-cut pistons (Fig. 6.6b). Upon uni-

axial (tri-axial) compression, a sample sandwiched

between two pistons will be sheared. A sample will

also be shortened, but if the sample thickness is suffi-

ciently small, extrusion is difficult and deformation is

approximately simple shear. Two points must be care-

fully examined. First, deformation geometry is not

strictly simple shear. Some component of uni-axial

compression is present due to extrusion. Therefore,

the deformation geometry must be examined by meas-

uring the change in sample thickness and the amount

of shear through the measurements of rotation of a

strain marker.

The conditions of deformation are nearly homo-

geneous in this test except at sample edges. Toward

the end of a sample, a sample (and a piston) extrudes

toward a supporting material. Because the two pistons

move laterally to each other, the effective area to sup-

port a load changes with strain. Because of these com-

plications, the maximum strain to be reached by this

technique is limited to �2–3 (depending on the thick-

ness of a sample), although much higher strains (�8)
can be obtained by repeating shear experiments (e.g.,

YAMAZAKI and KARATO, 2002).

In these tests, one measures the uni-axial load and

uni-axial shortening, and converts them to shear stress

(� 
 ð�1 � �3Þ=2) and shear strain (� 
 2("1� "3)) (see
Chapter 1).

Torsion tests
When a sample is placed between two pistons and the

one piston is rotated with respect to another, then the

sample will be deformed by simple shear. Given a

sample thickness, h, and the rate of rotation, o, the
strain rate of a sample is given by,

_"ðrÞ ¼ or
h

(6:22)

That is, the strain rate is heterogeneous. Consequently,

the stress is also heterogeneous,

�ðrÞ ¼ o
Ah

� �1=n
r1=n (6:23)

where _" ¼ A�n. The torque needed to rotate the sample

at the angular velocity of o is given by,

� ¼
Z R

0

Z 2p

0

r2�ðrÞ dr d	: (6:24)

If A does not change with r, then, by inserting the

relation (6.23) into (6.24), one has

� ¼ 2p n
3nþ 1

o
Ah

� �1=n
Rð3nþ1Þ=n: (6:25)

(a) (b) (c)
σ1

σ3

σ3

FIGURE 6.6 Typical deformation

geometries. (a) Tri-axial

compression (or tension),

(b) saw-cut deformation for a

(nearly) simple shear deformation

and (c) a torsion test.
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PATERSON and OLGAARD (2000) discussed how to

retrieve rheological data from torque measurements.

When the flow laws determined by one method are

compared with the flow laws determined by another

method, an appropriate conversion must be made.

Such a conversion is possible only when some assump-

tions concerning the symmetry of flow properties are

made. In a general case of anisotropic rheology, a large

number of independent experiments with different geo-

metries are needed and they are independent. Under

the assumption of isotropic rheology, one way to make

a conversion is to cast rheological flow laws into an

isotropic formula, namely the Levy–von Mises flow

law (equation (3.5), Chapter 3).
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7 Brittle deformation, brittle–plastic
and brittle–ductile transition

Non-elastic deformation is conveniently classified into brittle and plastic (ductile) deformation

based on the scale of discontinuous deformation. Although the main focus of this book is plastic

(ductile) deformation, some knowledge of brittle deformation is critical to the understanding of

rheological stratification of the lithosphere. Also an understanding of brittle to plastic transition is

essential for the understanding of the origin of deep and intermediate earthquakes. This chapter

provides a brief summary of brittle deformation and themajor differences between brittle and plastic

deformation. The nature of brittle–plastic transition is discussed based on the different dependence

of strength in two regimes on temperature and pressure and other parameters.

Key words micro-cracks, faulting, Coulomb–Navier’s law, Byerlee’s law, pore fluid pressure, brittle

fracture, plastic flow, brittle–ductile transition, semi-brittle deformation, brittle–plastic transition.

7.1. Brittle fracture and plastic flow:
a general introduction

When a stress is applied to a material, a material will

deform elastically when the stress is small or when

stress is applied at low temperatures (or for a short

time). Deformation of a material in this case is due to

a small displacement of atoms from their stable posi-

tions. Upon applying stress, atoms move to new equi-

librium positions instantaneously, and upon the

removal of this stress, they move back to their original

positions. The nature of elastic deformation and the

elastic properties of materials are discussed in

Chapter 4.

Non-elastic deformation involves atomic move-

ments to the next stable positions. Once atoms move

to the next stable positions, then strain is not recover-

able immediately. Such a style of deformation occurs

when the stress is high and/or the stress is applied at

high temperatures (for a long time). Non-elastic defor-

mation involves ‘‘defects’’ around which atomic bond-

ing is weak. Non-elastic deformation can be classified

into two categories based on the scales of defects

(Table 7.1): (i) deformation involving cracks or pores

(cataclastic deformation) and (ii) deformation involv-

ing point defects, dislocations and grain boundaries

(crystal plasticity). A crack (or pore) is a defect around

which atomic bonding is completely broken. As a

result, there is a large volume expansion associated

with formation of these defects, and there is large stress

concentration and a resultant long-range stress field

surrounding cracks or pores. Consequently, interac-

tion among cracks (or pores) is strong and this often

leads to localized deformation (brittle fracture). Other

defects such as point defects, dislocations and grain

boundaries (‘‘crystalline defects’’) are defects around

which atomic bonding is only partially broken. These

defects are associated with a relatively short-range

stress–strain field. Consequently, the interaction is

weak among these defects, and in most cases, deforma-

tion occurs homogeneously when these small-scale

defects are involved.

Since relatively large-volume expansion is invol-

ved in cataclastic deformation, hydrostatic pressure114



suppresses these processes much more than deforma-

tion involving crystalline defects. Consequently, there

is a transition from cataclastic deformation in the shal-

low part of Earth to crystalline plasticity in the deep

part of Earth. Traditionally, this transition was loosely

called a brittle–ductile transition implying transition

from localized cataclastic deformation to homogene-

ous deformation caused by crystalline defects (B2 toA1

in Table 7.1). However, cataclastic deformation (defor-

mation involving cracks and pores) can occur homoge-

neously in a stable fashion when crack growth or pore

coalescence is limited (B1 in Table 7.1). In other words,

deformation in regime B1 corresponds to a case where

cracks (or pores) nucleate but do not grow to cause

instability. In contrast, deformation involving crystal-

line defects occurs in most cases in a homogeneous

stable fashion. However, under some limited condi-

tions, deformation involving these small-scale defects

can become unstable and localized deformation

associated with a fault can occur (A2 in Table 7.1;

Chapter 16).

So in short, each mechanism of deformation

involving different types of defects can further be

classified into four categories from the point of view

of homogeneity of deformation (Table 7.1). RUTTER

(1986) and EVANS et al. (1990) provide some discus-

sion on the nomenclature for deformation regimes

noting these complications (see also KOHLSTEDT

et al. (1995)). I recommend that A1 be called ‘‘plastic

flow,’’ A2 ‘‘ductile faulting,’’ B1 ‘‘(distributed) cata-

clastic flow’’ and B2 ‘‘brittle fracture.’’ Note the

term ‘‘flow’’ is used here to describe homogeneous

deformation.

The distinction between the different regimes sum-

marized in this table is not always very sharp. There is a

broad range of conditions under which deformation

involves both crystalline defects and cracks. This

regime is often referred to as a ‘‘semi-brittle’’ regime

in which deformation often occurs in a localized

fashion (a regime between A2 and B2).

In this chapter, I will provide a brief summary

of cataclastic deformation with an emphasis on brit-

tle fracture (mode B2) and the physical processes of

transition from brittle fracture (localized deforma-

tion involving cracks and pores) to plastic flow

(homogeneous deformation involving crystalline

defects; mode A1) including a discussion of some of

the roles of intermediate regimes such as cataclastic

flow (mode B1) and ductile faulting (A2). No justifi-

cation can be made, in this short space, for an exten-

sive discussion of this important topic. For a more

complete discussion of cataclastic deformation and

the transition between brittle fracture to plastic flow,

the reader is referred to excellent textbooks such as

PATERSON and WONG (2005; for materials science

bases) and SCHOLZ (2002; for geological/geophysical

applications).

7.2. Brittle fracture

7.2.1. Micro-cracks and faulting

When a deviatoric stress is applied to a heterogeneous,

porous material, stress is concentrated at certain

points (e.g., grain boundaries or cracks or pores). A

high-stress concentration would lead to the breaking

of chemical bonds, creating new surfaces. New cracks

are formed and/or pre-existing cracks grow. Cracks

have a long-range stress–strain field. Consequently,

their interaction is strong. Brittle fracture starts with

the formation of micro-cracks. Micro-cracks interact

to form a fault, and finally large-scale displacement

occurs along a fault. Consequently, the process of

brittle fracture may be classified into the nucleation of

a fault through micro-crack interaction, and the

growth of a fault through sliding. When one deforms

an intact rock without pre-existing faults, then in order

to cause fracture, one needs to nucleate micro-cracks

and let them interact. In other words, one needs both

the nucleation and growth of faults to fracture an

intact rock. On the other hand, if a piece of rock

has pre-existing faults, then the failure of this rock

involves only the propagation (growth) of these faults.

Consequently, the fracture strength of an intact rock is

higher than that of a rock that contains pre-existing

faults (e.g., PATERSON and WONG, 2005). In most of

Earth’s lithosphere, it is likely that rocks contain pre-

existing faults, and in such a case, the strength of rocks

in the brittle regime is controlled by the resistance

TABLE 7.1 Classification of style (regime) of deformation.

Homogeneous Localized

Point defects

Dislocations

Grain boundaries

������������������������
(crystal–plastic)

A1 (plastic

flow)

A2 (ductile

faulting)

Cracks

Pores

(cataclastic)

B1 (cataclastic

flow)

B2 (brittle

fracture)
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against fault motion (i.e., growth of cracks). For this

reason, the brittle strength of the lithosphere is usually

calculated based on the resistance against fault

motion.

7.2.2. Coulomb–Navier’s law of fracture
strength

Coulomb–Navier’s law of friction
The resistance to fault motion is described by an

empirical relation, Coulomb–Navier’s law (e.g.,

PATERSON and WONG, 2005; SCHOLZ, 2002), which

states that the motion along a fault occurs when the

magnitude of shear stress on the fault exceeds a certain

critical value that increases linearly with the normal

stress on the fault, namely

�fric ¼ �c þ �f �n (7:1)

where �c is ‘‘the cohesive strength’’ and �f is the fric-

tion coefficient and �n is the normal stress acting

on the fault plane. �c represents the resistance to

fault motion without any normal stress. Therefore �c
is the force per unit area of the fault plane due to the

chemical bonding, hence the name cohesive strength.

The second term represents the ‘‘true’’ frictional

resistance that is proportional to the normal stress.

The normal stress increases with pressure. For

instance, in the very deep interior of Earth where the

deviatoric stress is much less than the confining pres-

sure, then �n � P (see Problem 1.2). Consequently,

brittle fracture becomes difficult in the deep interior

of Earth.

When a large amount of fluid is present, then the

effective normal stress will be reduced and hence,

�fric ¼ �c þ �fð�n � PfÞ � �c þ �fðP� PfÞ (7:2)

where Pf is the pressure of pore fluid (pore pressure)

and the approximation is valid for the case where

deviatoric stress is significantly smaller than the con-

fining pressure. Thus a significant reduction in strength

occurs when a pore fluid is present.

Byerlee’s law, the role of pore fluids and a simple
model of brittle fracture strength
Based on a large number of experiments, BYERLEE

(1978) found that the two parameters �c and �f are

nearly independent of the materials (�c� 50MPa,

�f � 0.6–0.8), the temperature and the rate of defor-

mation. (Strictly speaking, the friction coefficient is

weakly dependent on the rate of deformation. This

rate dependence of the friction coefficient controls the

stability of fault motion (e.g., SCHOLZ, 2002).

However, the variation of the friction coefficient

with the rate of deformation is usually small (�a
few % or less). This empirical law of the constancy

of the friction coefficient is referred to as Byerlee’s law

(BYERLEE, 1978).

Some essence of brittle fracture strength can be

understood using a simple model. Consider the surface

of a fault plane that is made of irregular topography

(Fig. 7.1). The two sides of irregular surface are in

contact with each other only at certain contact areas.

Let A be a total surface area, and Ac a contact surface

area. When a force acts on this fault area, the force

across the interface must be supported by these contact

points. Therefore the force balance normal to the sur-

face yields,

�?Ac ¼ �nA (7:3)

where �? is the yield stress of material against normal

stress and �n is the normal stress on the fault plane (the

definition of yield stress is somewhat ambiguous, but at

the low-temperature, high strain-rate conditions con-

sidered here, materials can support a certain deviatoric

stress that is nearly independent of temperature and

strain rate (for more detail, see Chapter 9). Similarly,

the force balance parallel to the surface yields,

�kAc ¼ �A (7:4)

where �jj is the yield stress for shear stress and �c is the

cohesive strength. Dividing equation (7.4) by (7.3), one

gets,

�fric ¼
�k
�?

�n: (7:5)

If we add a strength at zero normal stress (‘‘cohesive

strength,’’ �c), then this formula becomes identical to

Coulomb–Navier’s law, (7.1), with �f � �k=�?. This
model provides a simple explanation for a number of

fundamental properties of rock friction. In this

τ
σn

FIGURE 7.1 A schematic drawing of the structure of a fault surface.

The contact between two sides of a material occurs at small

irregularities.

116 Deformation of Earth Materials



model, the friction coefficient is given by the ratio of

strength for two different geometries. Therefore if the

material on the fault is not plastically anisotropic,

then the friction coefficient should be close to 1 and

hence independent of rock type, temperature and

strain rate as observed. This model also predicts

that if a material on the fault (fault gouge) is highly

anisotropic (e.g., clay minerals), then the friction

coefficient will be small (e.g., SHIMAMOTO and

LOGAN, 1981).

It may be mentioned here that although it is remark-

able that the friction coefficient is nearly independent of

materials and also insensitive to temperature and the

rate of slip, there is a subtle dependence of friction

coefficients on these parameters (e.g., DIETERICH,

1978; RUINA, 1983; MARONE, 1998; PATERSON and

WONG, 2005). A particularly important issue is the

sensitivity of the friction coefficient to the rate of the

slip and the slip distance sometimes called rate and state

dependent friction. The microscopic basis for the rate

and state dependent friction has not been studied in

detail although it likely involves some thermally

activated processes such as plastic deformation

and diffusion-controlled crack healing (see e.g.,

NAKATANI, 2001). The dependence of friction coeffi-

cients on the rate of slip and other parameters is

critical to the stability of slip. Briefly, if the friction

coefficient decreases with slip rate or displacement,

then slip will be unstable (and vice versa) (e.g.,

DIETERICH, 1978; RUINA, 1983; MARONE, 1998;

PATERSON and WONG, 2005). However, the ampli-

tude of variation of the friction coefficients with

these variables is rather small (�a few %). Therefore

for most purposes of estimating the ‘‘strength,’’ one

can assume a constant friction coefficient.

Now let us consider a case where a fraction f of the

interface is occupied with a fluid with pressure Ppore.

Under these conditions, the brittle fracture strength is

significantly reduced. To understand the origin of this

effect, let us consider the model shown in Fig. 7.1. The

force balance equation (7.3) becomes

�n ¼ Pporefþ ð1� f Þ�s (7:6)

where �s is the normal stress supported by the solid

portion. Similarly, equation (7.4) should be modified to

� ¼ ð1� f Þ�s (7:7)

where � s is the stress in the solid part.Nowwe assume that

for the stress in the solid part, Coulomb–Navier’s law

(7.1) works, i.e., �s ¼ �0fric ¼ �cþ �f�s. Then we get,

�fric ¼ ð1� f Þ�c þ �f ð�n � fPporeÞ: (7:8)

A few comments may be made on relation (7.8).

First, the role of the pore fluid pressure on the strength

depends on f, the fraction of the interface filled with the

fluid. Consequently, when the volume fraction of the

fluid is small, say 0.1–1% (this would be the case for

most partially molten materials; see Chapter 12), then

themechanical effects of fluids will beminor. However,

when the volume fraction of fluids increases, f

becomes large. Note that the value of f also depends

on the geometry of fluid (dihedral angle; see

Chapter 12). When the dihedral angle of a fluid with

solid is zero, f� 1. The dihedral angles between aque-

ous fluids and rocks are typically non-zero (e.g.,

HOLNESS, 1993) except at very high pressures (above

a few GPa, see Chapter 12). This means that a pore

pressure high enough to cause faulting is either due to a

large amount of fluid (a fluid phase tends to be sucked

to a high porosity region, and therefore the amount of

fluid on the fault plane can be much higher than the

average amount of fluid) or due to the non-equilibrium

geometry of fluids.

The strength of a material in the brittle regime

depends on the stress state, namely either compression

or tension. To see this point, let us consider a two-

dimensional case. We consider a plane whose normal

is at an angle � from the x-axis (direction of the maxi-

mum compressive stress) and calculate the normal (�n)

and shear stress (�) acting on it. We take the x-axis

along the direction of �1 (the maximum compressive

stress) and the y-axis along the direction of �3 (the mini-

mum compressive stress), and let � be the angle from the

x-axis. Inserting the relation � ¼ 1
2 ð�1 � �3Þ sin 2�

and �n ¼ 1
2 ð�1 þ �3Þ � 1

2 ð�1 � �3Þcos 2� (see Chapter 1,

equations (1.20) and (1.21)) into equation (7.1), we

find that the faulting occurs when the following

condition is met,

�c þ
1

2
�fð�1 þ �3Þ ¼

1

2
ð�1 � �3Þðsin 2�þ �f cos 2�Þ:

(7:9)

As one increases differential stress �1��3 at a con-

stant confining pressure 1
2 ð�1 þ �3Þ, this condition is

first met at the angle where sin 2�þ �f cos 2� is the

maximum. Now sin 2�þ �f cos 2� has the maximum

at

tan 2� ¼ 1

�f
: (7:10)
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Thus the orientation of the fault plane depends on

the value of the friction coefficient. With a typical

value of �f ¼ 0.6–0.8, 258�308 from the compression

axis (�¼ 458 (p/4) for �f ¼ 0).

Problem 7.1*

Show that the above discussion is equivalent to the

Mohr-circle construction discussed in Chapter 1, in

which one draws a circle representing �n �ð Þ; � �ð Þð Þ
and compares the values of �n �ð Þ; � �ð Þð Þ with the

Coulomb–Navier criterion. The fracture occurs at

the condition where the Mohr-circle and the line for

the Coulomb–Navier criterion first intersect.

Solution

TheMohr circle is defined by �2 þ ð�n� 1
2ð�1 þ �3ÞÞ

2 ¼
1
4 ð�1 � �3Þ

2 (equation (1.23)). The Coulomb–Navier

condition for faulting is � ¼ �c þ �f�n. These two

intersect when � ¼ �c þ �f�n is the tangent of a circle

�2 þ ð�n� 1
2 ð�1 þ �3ÞÞ

2 ¼ 1
4 ð�1 � �3Þ

2. The tangent of

this circle is given by

� ¼ �0 þ
�n0ð�n0� 1

2 ð�1 þ �3ÞÞ
�0

�
�n0� 1

2 ð�1 þ �3Þ
�0

�n:

Consequently, �f ¼ �ð�n0� 1
2 ð�1 þ �3ÞÞ=�0. Now

using the relations (1.21) and (1.22) (Chapter 1), ð�n0�
1
2 ð�1 þ �3ÞÞ

�
�0 ¼ �1

�
tan 2�. Therefore 1=�f ¼ tan 2�

and the two discussions are equivalent.

For this value of �, one has,

�c ¼ �
1

2
�fð�1 þ �3Þ þ

1

2
ð�1 � �3Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2f þ 1

q
: (7:11)

For tension, �1¼ 0, �3¼�T0, thus,

T0

�
�f þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2f þ 1

q �
¼ 2�c: (7:12)

For compression, �1¼C0, �3¼ 0, thus,

C0

� ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2f þ 1

q
� �f

�
¼ 2�c: (7:13)

Therefore,

C0

T0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�2f þ 1

q
þ �fffiffiffiffiffiffiffiffiffiffiffiffiffiffi

�2f þ 1
q

� �f
: (7:14)

We conclude that the brittle (fracture) strength of a

material is stronger for compression than for tension

(Fig. 7.2) (for this reason, any architecture, such as a

bridge, is designed such that most of the components

are under compressional stress).

7.3. Transitions between different regimes
of deformation

7.3.1. Generalities

The strength of a material in the brittle fracture

regime (B2) is insensitive to strain rate, temperature

and materials, but increases nearly linearly with pres-

sure (see equation (7.1) or (7.2)). In contrast, in

another mode of non-elastic deformation, namely

the plastic flow (A1), the strength of materials is highly

sensitive to temperature and weakly sensitive to

pressure (under low-pressure conditions).1 Therefore

when the physical conditions of deformation are

changed, then the dominant mechanism of non-elastic

deformation will change. To a good approximation,

cataclastic and crystal–plastic deformation occur

independently (this is not strictly true as will be dis-

cussed later in this section). Consequently, the easier

one out of the two mechanisms (the one that gives a

lower strength) will be the dominant mechanism of

deformation.
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FIGURE 7.2 The compressional strength/tensional strength ratio in

the brittle regime.

1 In much of the literature, it is said that the strength in the plastic flow

regime is insensitive to pressure. This is misleading because pressure effect

on plastic flow can be enormous under high-pressure conditions

(Chapter 10). Plastic flow strength is insensitive to pressure only at low

pressures.

118 Deformation of Earth Materials



The strength of a material in the plastic flow

regime, �plas, is highly sensitive to temperature (see

Chapters 8–10). In many cases, the following power-

law relationship holds between the stress and strain

rate for plastic flow, namely,

�plas / _"1=n exp
E � þ PV �

nRT

� �

� _"1=n exp
E �

nRT

� �
� 1þ PV �

nRT

� �
for

PV �

nRT
� 1

� �
(7:15)

where _" is strain rate, n is stress exponent (n¼ 1�5), E*
is activation energy, V* is activation volume, T is tem-

perature, P is pressure and R is the gas constant. From

equation (7.15), it follows that the strength in the plas-

tic flow regime decreases significantly with depth

mainly due to the rapid increase in temperature with

depth. In contrast, the strength of materials in the

brittle fracture regime (B2) is almost independent of

temperature, but increases nearly linearly with pressure

(see equation (7.1)). (Basic differences between brittle

fracture (regime B2) and plastic deformation (regime

A1) are summarized in Table 7.2.) It should be empha-

sized that relation (7.15) is applicable only to a specific

case, i.e., a power-law rheology. At relatively low tem-

peratures and/or high stress, the strength �plas becomes

much less sensitive to temperature and pressure. The

physical mechanisms responsible for this type of

behavior include deformation by dislocation glide

over the Peierls potential and mechanical twinning.

For details see Chapter 9.

In a simplified view for the transition between

deformation by crystalline defects and by cracks (or

pores), one assumes that (i) these two mechanisms of

deformation are independent (i.e., the one with smaller

strength dominates), and (ii) the strength correspond-

ing to deformation by cracks (or pores) is given by

Coulomb–Navier’s law (equation (7.1) i.e., regime B2).

Consequently, the plastic flow dominates at high tem-

peratures and high pressures, i.e., in the deeper por-

tions of Earth (Fig. 7.3). Because both temperature and

pressure increase with depth, the dominant mode of

non-elastic deformation changes from brittle fracture

to plastic flow as one goes from the shallow to deep

portions of Earth (see Chapter 19). Such a diagramwas

first proposed by GOETZE and EVANS (1979). In the

simple model described above, the transition condi-

tions for plastic flow to brittle fracture (between B2

and A1) is given by

�plas ¼ �fric ¼
�1 � �3

2
� �f�n � �fP: (7:16)

Note that this criterion refers to the growth of a

fault but does not refer to the nucleation of faults (or

the nucleation of cracks). Consequently, this condition

corresponds to a condition at which the stress needed

for plastic flow is the same as the stress needed for

frictional sliding. In other words, this condition is for

the transition from plastic flow (A1) to brittle fracture

(B2) (point A in Fig. 7.3).

However, as discussed in section 7.1, there are com-

plications in the way in which deformation mecha-

nisms or the mode of deformation change with

physical conditions. A key point is the notion that

homogeneous (‘‘ductile’’) deformation can occur even

in the cataclastic deformation where deformation

occurs by cracks and pores, and that localized

TABLE 7.2 Summary of characteristics of brittle and plastic deformation.

Sensitivity to Brittle fracture (regime B2)
2 Plastic flow (regime A1)

2

Pressure �Linear �Exponential
Temperature Weak Strong (exponential)

Materials Weak Strong

Rate of deformation Weak Strong

Water content Strong Strong

Stress state1 Yes Weak3

1 Stress state means the geometry of the stress tensor such as compression, tension or shear.
2 For the definition of the regimes, see Table 7.1.
3 Strength in the plastic regime depends on the stress state only when plasticity is anisotropic. In many

materials, the degree of plastic anisotropy is weak, and the strength depends only weakly on the stress

state in the plastic regime.
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deformation can occur even in a case where deforma-

tion is by crystalline defects.

Consequently, one can define four different regimes

(not two), and therefore one can imagine various

combinations to describe the transition from homoge-

neous crystalline plastic deformation (mode A1) to

localized deformation by cracks (mode B2). The details

of this gradual transition are not fully understood and

consequently, there is no widely accepted formula to

describe this gradual transition.

A concept that captures some aspects of gradual

transition is the so-called ‘‘Goetze criterion’’

(KOHLSTEDT et al., 1995), namely,

�1 � �3 ¼ 2�plas ¼ P: (7:17)

One may interpret that relation (7.17) defines the con-

ditions at which the stress associated with plastic flow

becomes high enough for crack nucleation, which is

suppressed by confining pressure (due to volume

expansion; see e.g., KOHLSTEDT et al., 1995).2 An

experimental basis for this criterion is given by

EDMOND and PATERSON (1972). In other words, equa-

tion (7.17) represents the conditions corresponding to a

transition between regimes A1 and B1. For a typical

value of �f¼ 0.7, �1��3� 1.4P for equation (7.16) and

�1��3¼P for equation (7.17). Consequently, the

region P < �1��3< 1.4P may be interpreted as non-

localized or semi-brittle deformation involving homo-

geneously distributed micro-cracks (e.g., KOHLSTEDT

et al., 1995).

Note, however, that the physical basis for the

Goetze criterion is not well defined and that the differ-

ence between Coulomb–Navier’s law and the Goetze

criterion is small and therefore the introduction of the

Goetze criterion helps reduce the strength only slightly.

In addition to these criteria, one may also introduce a

criterion corresponding to the onset of shear localiza-

tion in the plastic flow regime (A1 to A2 transition; see

Chapter 16). When shear localization occurs during

deformation by crystalline defects, deformation will

occur along a fault that is made of fine-grained materi-

als without a large pore space. Strength along such a

ductile fault will be temperature sensitive and pressure

insensitive but is significantly lower than that corres-

ponding to homogeneous shear for coarse-grained

regions. The curve D–E–F in Fig. 7.3 represents the

strength corresponding to deformation along a ductile

fault, but the conditions for ductile faulting and the

strength corresponding to ductile faulting are very

poorly constrained (Chapter 16).

7.3.2. Semi-brittle regime

When one constructs a strength–depth diagram

assuming either brittle fracture or plastic flow occurs

(equation (7.16)), then the dominant mechanism of

deformation would change abruptly from brittle frac-

ture to plastic flow and the peak strength would be very

Depth (pressure)

S
tre
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th

Coulomb–Navier’s law (7.1)

“Goetze criterion” (7.17)

plastic flow (7.15)

ductile fault

A

B C
D

E

F
GH

FIGURE 7.3 A schematic diagram showing the conditions for a

brittle–plastic and brittle–ductile transition.

The thick solid curve shows the depth variation of strength

corresponding to plastic flow and the thick broken line shows the

pressure dependence of strength corresponding to

Coulomb–Navier’s law. Shown together are the line corresponding

to the ‘‘Goetze criterion’’ and the strength–depth relation for the

ductile fault. The thick gray curve is the estimated strength for the

intermediate regime where cracking occurs but deformation is

homogeneous (regime (B1)). Point A corresponds to A1! B2

transition, B to B1! B2 and C to the A1! B1 transition respectively.

The trend from D–E–F shows a strength evolution corresponding

to ductile faulting (point D corresponds to the A1!A2 transition).

The curve G–H represents a trend for ‘‘yielding.’’ The position

of this curve depends on the mechanism of ‘‘yielding.’’ Yielding

due to the Peierls mechanism provides a modest reduction

of strength, whereas when twinning at a low stress is possible

(e.g., in orthopyroxene), then the reduction of strength is

substantial.

2 KOHLSTEDT et al. (1995) recommend that the transition defined by

equation (7.17) be called the ‘‘brittle–plastic transition (BPT),’’ and the

transition defined by equation (7.16) ‘‘brittle–ductile transition (BDT).’’

However, these terminologies are confusing because the conditions shown

by equation (7.17) define the conditions at which micro-cracking starts,

but at this condition micro-cracks are distributed uniformly. Uniform

deformation by micro-cracking is often referred to as ‘‘ductile’’

deformation (e.g., RUTTER, 1986). Likewise, the transition defined by

equation (7.16) corresponds to the transition between A1 and B2, but

according to RUTTER (1986)’s terminology, brittle–ductile transition

could correspond to the transition between B1 and B2.
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high, �500–1000MPa (KOHLSTEDT et al., 1995, see

Fig. 19.4). Such a sharp transition is an artifact of a

simplifying assumption that relations such as (7.1) (or

(7.2)) and (7.15) would apply to the whole range of

deformation behavior. At conditions near the peak

(modest temperature and high stress), the microscopic

processes assumed for equations (7.1) and (7.15) are

probably no longer fully active.

For example, at modest temperatures, the crack

tip will be blunted by plastic flow and the stress

concentration will be reduced. This will reduce the

stress–strain field around the cracks hence reduce

their interactions, leading to a more stable deforma-

tion. Cracks and dislocations co-exist in most of the

materials deformed in the semi-brittle regime (e.g.,

EVANS et al., 1990; JIN et al., 1998). On the other

hand, dislocation motion in grains may cause stress

concentration due to dislocation pile up (ZENER,

1948b; STROH, 1954, 1955). When a large number of

dislocations are piled up at grain boundaries, then a

high-stress concentration occurs that may cause crack

nucleation if pressure is low enough. Also, in the plastic

flow regime, a simple power-law creep formula such as

(7.15) is not a good approximation at high stresses (see

Chapter 9 for more details). Under high-stress condi-

tions, strain rate will depend exponentially on stress and

hence the temperature dependence of strength is

weaker. Furthermore, deformation may occur in a

localized fashion even under the conditions where

cracking is inhibited (by high confining pressure)

when temperature in not high (see Chapter 16 for

more details on shear localization). These additional

processes that occur in the modest temperatures reduce

the strength in both regimes, and hence make the

strength substantially lower than would be expected

from a simple model.

However, because of the complications of the inter-

actions of various processes, the constitutive relation-

ship appropriate for this regime has not been well

established. CHESTER (1988) proposed the following

equation that interpolates the behavior of brittle frac-

ture and plastic flow regime, namely,

�sb ¼ ��plas þ ð1� �Þ�fric (7:18)

where � sb is the strength in the semi-brittle regime,

�fric ¼ �c þ �f�n and �plas / _"1=n exp
�
ðE �P þ PV �Þ=nRT

�
and with � ¼ tanh ��nð Þ and � is an empirical constant

(CHESTER (1988) chose �¼ 0.0014MPa�1 for halite).

As normal stress (pressure) increases, �! 1 and

�sb ! �plas, and as normal stress decreases, �! 0 and

�sb ! �fric. Although this formula conveniently

represents a transition from brittle fracture to plastic

flow when normal stress (pressure) increases, this is

entirely an empirical formula and there is no strong

theoretical basis for this formula. For example, a general

behavior that plastic flow is favored at high temperatures

is not represented by this equation. Furthermore equa-

tion (7.18) is not consistent with a view that plastic flow

and brittle failure are parallel (independent) processes.

An alternative way to obtain a constitutive relation

for a semi-brittle regime is to assume that the strain

rate in this regime includes a contribution from two

processes,

_"sb ¼ _"plas þ _"catac (7:19)

where _"catac is the strain rate due to cataclastic defor-

mation and _"plas is the strain rate due to plastic defor-

mation. In this equation, the influence of temperature

(and pressure) on the brittle fracture to plastic flow

transition is captured because _"plas increases with tem-

perature more rapidly than _"catac and _"catac decreases

with pressure more rapidly than _"plas. A difficulty in

this approach is that the strain rate due to cataclastic

deformation is not always well defined particularly in

the brittle fracture regime. In the brittle fracture

regime, _"catac ¼ 0 for � < � fric, whereas for � ¼ � fric
any value of _"catac is possible. Therefore, in this

model, the strength for the semi-brittle regime is simply

either plastic flow strength for � < �plas or brittle

strength at � ¼ � fric.
What is missing is a quantitative model for the

interaction between fracture and flow and the physical

description of the flow law corresponding to the loca-

lized deformation in the plastic flow regime. From a

microscopic point of view, this interaction involves the

interaction between cracks and dislocations near the

crack tip, where high-stress concentration occurs. In

most silicates, high-dislocation density around crack

tips will enhance ductility either by enhancing plastic

deformation and/or reducing the tendency for crack

coalescence that leads to faulting. Some theoretical

studies have been conducted to understand the inter-

action of dislocations (or plasticity) with cracks (e.g.,

KELLY et al., 1967; YOKOBORI, 1968). However, no

generally accepted quantitative models have been for-

mulated to describe the strength in the semi-brittle

regime as a function of thermomechanical variables.

Shear localization in the crystal–plastic deforma-

tion regime will also reduce the strength. However,

the conditions under which shear localization occurs

in crystal–plastic deformation are not well under-

stood and the physical description of deformation
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mechanisms along a ductile fault is highly incomplete

(see Chapter 16).

7.3.3. Geological observations on the
brittle–plastic transition

The cataclastic to crystal–plastic deformation transi-

tion can be investigated by the structural observations

on exposed sections of the crust (and the uppermantle).

SIBSON (1975, 1977) provides a summary of structural

observations on such a transition (see also SCHOLZ,

2002). Evidence of plastic flow in minerals increases

with depth, but in more detail, the degree to which

plastic deformation occurs is mineral specific. In the

(upper continental) crust, quartz first shows evidence

of plastic flow (at �570K) followed by plagioclase

feldspar (at �720K). In the brittle fracture and semi-

brittle regime, deformation is localized, and localized

deformation in the semi-brittle regime often leads to

intensive shear heating causing formation of a totally

molten and quenched rock (pseudotachylyte). It is

important to note that any structural observations on

naturally deformed rocks that are related to stress

magnitude in the plastic flow regime or semi-brittle

regime (recrystallized grain size, dislocation density,

twinning etc.) usually show the maximum stress of

�100–200MPa or so. This is significantly smaller

than the maximum stress inferred from a simple

model such as KOHLSTEDT et al. (1995;

i.e., �500–1000MPa). The large discrepancy between

a simple model and the geological observations sug-

gests that a simplified model such as the one proposed

by KOHLSTEDT et al. (1995) does not capture some

essence of deformation at relatively low temperature

and high stress. Three points may be noted. First, as

discussed in section 7.3.2, deformation in the semi-

brittle regime is not well characterized and there remain

large uncertainties in quantifying the strength in this

regime. Second, deformation in the plastic flow regime

can be localized under some conditions (Chapter 16). If

localization occurs then the steady-state flow law

(equation (7.15)) does no longer apply and the actual

strength can be significantly lower than that predicted

by equation (7.15). Third, the flow law represented by

equation (7.15) will not apply at high stress and/or low

temperature conditions (see curve G–H in Fig. 7.3).

‘‘Yielding’’ caused by deformation due to the Peierls

mechanism or twinning will limit the deviatoric stress

supported by any materials under these conditions

(see Chapter 9) such as semi-brittle deformation.
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8 Diffusion and diffusional creep

Diffusional creep is an important mechanism of plastic deformation in a polycrystalline material at

relatively low stress and small grain size. There is evidence that diffusional creep plays an important

role in some regions of Earth. At high temperatures, atoms move from their stable positions with

some probability due to thermally activated processes. This is referred to as diffusion. The driving

force for diffusion is the gradient in chemical potential including the concentration gradient caused

by the contact of materials with different chemical compositions or by the stress gradient at grain

boundaries created by the applied stress. Consequently, the rate of deformation due to diffusive

mass transport is sensitive to diffusion coefficient as well as grain size: the rate of deformation

is faster for a smaller grain size. Similar to other processes, diffusional mass transport involves a

number of parallel (independent) and sequential (dependent) processes. As a result, the interplay

of various diffusing species can be complicated and this also results in a complicated variation in

grain-size sensitivity with grain size. Deformation of a polycrystalline material is associated with

grain boundary sliding. Large-strain plastic flow involving grain-boundary sliding is sometimes

referred to as superplastic flow. Materials science models of superplastic flow are reviewed and

some geological significance is discussed. Finally, transient diffusional creep caused by the stress

redistribution and its possible roles in small-strain deformation in Earth are discussed.

Key words point defects, diffusion, Fick’s law, high-diffusivity path, chemical reaction, Nabarro–

Herring creep, Coble creep, pressure-solution creep, grain-boundary sliding, superplasticity.

8.1. Fick’s law

At finite temperatures, atoms move around their

stable positions due to thermal vibration. As a

result, they jump into the next stable positions

with a finite probability. Therefore, initially concent-

rated atomic species will ‘‘diffuse out’’ as time goes

on. This process is called diffusion. Consequently,

atoms tend to diffuse from a highly concentrated

region to a less concentrated region. An empirical

law to describe this phenomenon is called Fick’s first

law of diffusion which states that the atomic flux is

linearly proportional to the concentration gradient,

namely,

J ¼ �D@c
@x

(8:1)

where J is the flux of atoms, c is the number of atoms

per unit volume and D is the diffusion coefficient (this

is the definition of diffusion coefficient). Therefore the

diffusion coefficient, D, has a dimension of m2s�1 in

SI units. Diffusion occurs not only under concentra-

tion gradient, but also under some other generalized

forces including electrostatic force (Chapter 2).

Equation (8.1) can then be rewritten in terms of gener-

alized force, X,

J ¼ L � X (8:2) 123



with

X � �r �

T

� �
(8:3)

where � is the chemical potential that is related to the

concentration of the species,1 c, as (see Chapter 2),

� ¼ �� 0 þ RT log c (8:4)

Consequently, equation (8.2) may be rewritten as,

J ¼ �L @

@x

�

T

� �
(8:5)

with

L ¼ Dc

R
(8:6)

where R is the gas constant.

This is a useful expression when the diffusion equ-

ation is to be generalized. For example, the free energy

of an atomic species may be modified by the free energ-

ies of other species if there is some interaction between

them. In this case, the diffusion flux of one atomic

species will depend on the concentration (gradient) of

other species as well. Also, the free energy of an atomic

species may include interaction with the electric field.

Note that, strictly speaking, the diffusion coefficient,

D, is a (second-rank) tensor that connects two vector

quantities, ‘‘force’’ and ‘‘flux.’’ Therefore it should be

written asDijwhere the suffix ij indicates the directions

in space. That is, D is, in general, anisotropic.

Similarly, the coefficient L may also represent the

flux of different species ðJ iÞ corresponding to different

forces ðXjÞ. In such cases, we will use the notation,

Ji ¼
P
j

LijX j where the symbol Lij is a transport coef-

ficient that represents the coupling of the force Xj and

the flux J i.

Combining Fick’s first law of diffusion with the

equation of mass conservation, @ c=@ t ¼ �
P
i

ð@Ji=@xiÞ,
we obtain Fick’s second law of diffusion,

@c

@t
¼
X
ij

@

@xi
Dij

@c

@xj
: (8:7)

If diffusion coefficient is spatially homogeneous,

@c

@t
¼
X
ij

Dij
@2c

@xi@xj
; (8:8)

and if diffusion coefficient is isotropic,

@c

@t
¼ D

X
i

@2c

@x2i
: (8:9)

Equation (8.7), or (8.8) or (8.9) together with the

boundary and initial conditions determines the con-

centration profile c xi; tð Þ. Let us consider a case where

two materials are in contact at a surface (x¼ 0) and the

initial concentration of a given species is c¼ 0 for x< 0

and c¼ c0 for x> 0. The solution of equation (8.9) for a

one-dimensional problem is,

cðx; tÞ ¼ c0
2

1þ erf
x

2
ffiffiffiffiffiffi
Dt
p

� �� �
(8:10)

where erf yð Þ is the error function defined by

erf ðyÞ ¼ 2ffiffiffi
p
p
Z y

0

expð�z2Þ dz: (8:11)

Equation (8.10) indicates that the concentration profile

c x; tð Þ controlled by diffusion is characterized by a

non-dimensional parameter � � x=2
ffiffiffiffiffiffi
Dt
p

. The function

c x; tð Þ given by equation (8.10) is plotted in Fig. 8.1

showing that at � ¼ �1 (x ¼ �2
ffiffiffiffiffiffi
Dt
p

), the concent-

ration of a given species becomes �92% of the value

at infinite x.

Problem 8.1

Show that equation (8.10) is the solution of the

diffusion equation subject to the initial conditions

defined above. (Note erf 1ð Þ ¼ 1 ¼ �erf �1ð Þ.)

Solution

From (8.11), one gets, d erf ðyÞ=dy ¼ ð2=
ffiffiffi
p
p
Þ expð�y2Þ

and d2erf ðyÞ=dy2 ¼ �ð4y=
ffiffiffi
p
p
Þ expð�y2Þ: Applying

–2 –1 0 1 2
–1

0

1

er
f (

x)

x
FIGURE 8.1 A graph showing an error function.

1 In Chapter 2, the concentration x (i.e., the fraction of possible atomic

sites) is used to define �0. Since x ¼ c=ðN=VÞ; ��0 ¼ �0 � RTlogðN=VÞ
(N: number of atomic sites, V: volume).
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the chain rule of differentiation one gets @c=@t ¼
1
2 c0ðd erf �=d�Þð@�=@tÞ ¼ �ðc0x=4

ffiffiffiffiffiffiffi
pD
p

Þ expð��2Þt�3=2.
Similarly, @c=@x ¼ 1

2 c0 ðd erf �=d�Þð@�=@xÞ ¼ c0=
ffiffiffiffiffiffiffiffi
pDt
p

�
expð��2Þ and @2c=@x2¼�ðc0x=4D

ffiffiffiffiffiffiffi
pD
p

Þt�3=2expð��2Þ.
Therefore, @c=@t ¼ Dð@2c=@x2Þ and remembering that

erfð1Þ ¼ 1 and erfð�1Þ ¼ �erfð1Þ ¼ �1, one can

show that cðx; 0Þ ¼ 1
2 c0½1þ erfð1Þ� ¼ c0 for x> 0, and

cðx; 0Þ ¼ 1
2 c0½1þ erfð�1Þ� ¼ 0 for x50. Therefore the

initial conditions are met.

8.2. Diffusion and point defects

Statistical mechanics of diffusion (random walk) shows

that (e.g., SHEWMON, 1989),

D ¼ 1

6
a2� (8:12)

where� is the frequency of jump and a is the distance of

jump (a numerical factor 1/6 comes for the case of

6-coordinated site). An atomic jump in a crystal to

the next site occurs at an appreciable rate only when

the neighboring site is vacant or only when the jump

of an interstitial atom is considered. Thus the jump

frequency (probability) of an atom in a crystal is pro-

portional to the probability of finding a defect multi-

plied by the probability of atomic jumpwhen a defect is

present, namely,

� ¼ �f�m (8:13)

where �f ¼ cd=c ¼ nd is the fraction of sites occupied

by the point defect (cd, defect concentration; c, atomic

concentration) and �m is the probability of atomic

jump when the neighboring site is vacant. Atomic

jumps occur as a consequence of statistical fluctuation

of atomic positions. Thermal vibration causes fluctua-

tion of atomic positions, and consequently, any atoms

(or the group of atoms) can jump to the next stable

position over a barrier with a finite probability. Such a

process is referred to as a thermally activated process

and the rate of atomic jumps increases significantly

with temperature (see Chapter 2). The basic concept

is that an atomic jump occurs over a potential barrier

(Gm) and the probability at which a jump occurs is

related to the probability that an atom occupies a

saddle point through which a jump occurs (Gm is the

free energy difference between saddle point and the

initial position). Thus,

D ¼ 1

6
a2

cd
c

�m ¼
1

6
a2� � exp �Gf þ Gm

RT

� �
(8:14)

where Gf is the formation free energy of defect and Gm

is the migration free energy and �m ¼ � exp �Gm=RTð Þ
(� is the frequency of lattice vibration).

Equation (8.14) can be written as,

Dc ¼ Ddcd (8:15)

whereDd is the diffusion coefficient of defects, and cd is

the concentration of defects (the fraction of lattice sites

occupied by defects),

Dd ¼ 1

6
a2� � exp �Gm

RT

� �
: (8:16)

Note that the diffusion coefficient of defects ðDdÞ
is much larger than that of atoms because a defect

can always jump to the next atomic site but an atom

can do this only when it has a defect in the next site

(from (8.15), the difference is a factor of c=cd). In many

cases, such kinetics as the kinetics of equilibration

with respect to fO2
are controlled by the diffusion of

defects (such as vacancies) rather than that of oxygen

ions and are hence very fast (KARATO and SATO, 1982)

(see Problem 8.3).

The diffusion of defects and that of atoms are

related. Let us write the flux of atoms Ja and the flux

of defects (of that atom) Jd as

Ja ¼ �Laa 1

T

@�a

@x
� Lad 1

T

@�d

@x
(8:17a)

Jd ¼ �Lda 1

T

@�a

@x
� Ldd 1

T

@�d

@x
(8:17b)

respectively, where Jij are the coefficients related to

the diffusion coefficient by (8.6). Now since the total

number of atomic species is conserved,

Ja þ Jd ¼ 0 (8:18)

In order for this relation to be satisfied for arbitrary

chemical potential gradients, one must have,

Laa ¼ �Lad ¼ �Lda ¼ Ldd (8:19)

where we used the Onsager reciprocal relation,

Lad ¼ Lda (Chapter 2).2 Inserting equation (8.19) into

equations (8.17a,b), one obtains,

2 Because L ¼ Dc=R;Laa ¼ Ldd is equivalent to equation (8.15).
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Ja ¼ �Laa 1

T

@ð�a � �dÞ
@x

¼ �Jd: (8:20)

8.3. High-diffusivity paths

In a real material, diffusion of atoms can occur

through the bulk of crystal (bulk diffusion (or volume

diffusion)), or through some regions that have largely

different diffusion coefficients due to the difference

in structures. They include grain boundaries and dis-

locations. Diffusion through these regions is usually

faster than diffusion through the bulk and they are

referred to as high-diffusivity paths. The enhancement

of diffusion through these regions is, however, selective

to particular species. In simple ionic solids such as alkali

halides or oxides, diffusion of anions is highly enhanced

by high-diffusivity paths, but diffusion of cations is not

much enhanced (e.g., GORDON, 1973; CANNON and

COBLE, 1975).

The degree to which diffusion is enhanced is pro-

portional to the volume fraction of these regions.

When one estimates the effective diffusion coefficient

involving a large number of high-diffusivity paths, one

can use the following relationship,

Deff ¼ DV þ p�
L

DB for grain-boundary diffusion (8:21)

where � is the thickness of grain boundary, and L is

grain size, and

Deff ¼DV þ p�b2Dpipe for pipe diffusion

ðdiffusion along dislocationsÞ
(8:22)

where � is the dislocation density and b is the length of the

Burgers vector. In these equations, it is assumed that the

area of the high-diffusion coefficient near grain boundar-

ies is limited to thickness � and the area of the high-

diffusion coefficient near dislocations is limited to the

regionswithin theBurgers vector.Obviously this assump-

tion is a rough approximation and the proportional con-

stants can be off from these equations by a factor of 3–5.

Usually, the activation energy for diffusion along

high-diffusivity paths is smaller than that for bulk diffu-

sion. As a result, diffusion along high-diffusivity paths

tends to be important at relatively low temperatures.

When one considers diffusion of a specific ion (say

Mg in MgO or in olivine), there are several possible

defects that may contribute to diffusion. The effects of

the chemical environment on diffusion come mainly

from the effects of the chemical environment on point

defect concentrations. Some of the diffusion coefficients

in olivine are summarized in Fig. 8.2. Note that diffu-

sion coefficients of various species in a given material

can be different. In MgO, for example, diffusion of Mg

is faster than that of O through the bulk (e.g., GORDON,

1973). However, diffusion of O is significantly enhan-

ced by grain boundaries whereas that of Mg is not.

Consequently, when the grain size is small enough, dif-

fusion of O becomes faster than that of Mg. A similar
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case is found in Al2O3, that is diffusion of Al is faster

than that of O through the bulk. However, diffusion

of O is significantly enhanced by the presence of grain

boundaries whereas that of Al is not. Consequently,

when the grain size is small, diffusion of O will become

faster than that of Al (e.g., GORDON, 1973; CANNON

and COBLE, 1975). In Mg2SiO4 olivine, diffusion of Mg

is the fastest, and the diffusion of Si is the slowest

through the bulk of grains. Again the presence of grain

boundaries may offset the relative ease of diffusion of

various species in olivine. Note also that diffusion in

most minerals is sensitive to the chemical environment.

Consequently, the results such as shown in Fig. 8.2 need

to be modified when the diffusion coefficients are com-

pared in different chemical environments. The most

notable factor related to the chemical environment is

the fugacity of water (hydrogen). In many cases, the

presence of water significantly enhances diffusion, but

the details, such as the relative degree of enhancement

for different species, are not well known. For the effects

of water see also Chapter 10.

8.4. Self-diffusion, chemical diffusion

Above, we considered the diffusion of only one species

in isolation. Such an assumption would be applicable to

the case where an isotope of one species diffuses in the

matrix. Because the isotopes of a given species (e.g., 17O

and 16O, isotopes of oxygen with atomic mass of 17 and

16 respectively) have exactly the same (outer) electron

distribution, their chemical characteristics are identical.

Consequently, when a gradient in the concentration of

one isotope is present, themotion of the isotope through

the matrix does not cause any changes in energy, and

there is no interaction between isotopes. Therefore, the

diffusion of an isotope can be treated as diffusion

caused solely by the concentration gradient without

being affected by any chemical or electrostatic interac-

tions and is therefore identical to the diffusion of that

atomic species without any interactions. Consequently

the diffusion coefficient of an isotope of a given atomic

species is often referred to as the self-diffusion coefficient

(or tracer diffusion coefficient) of the atom. Another

important diffusion coefficient is the chemical diffusion

coefficient that controls the diffusion of two different

chemical species (e.g., Mg and Fe). In this latter case,

the motion of one species affects the motion of another

species because of chemical interactions. The self-

diffusion coefficient is an intrinsic property of a given

species in a given material. The chemical diffusion coef-

ficient can be calculated from the self-diffusion

coefficients of the atomic species involved and the

nature of their mutual interactions. The rate of atomic

diffusion involved in the plastic deformation can also be

calculated from the self-diffusion coefficients by know-

ing the nature of interaction of all diffusing species.

Now let us consider a case where two atomic species

(A and B) occupy the same lattice site. An example is

A¼Mg and B¼Fe. In these cases, diffusion of one

species must be accompanied by that of another, and in

general, there could be some chemical interactions

between the two diffusing species. This type of diffu-

sion, i.e., diffusion of two (or more) atomic species

is referred to as chemical diffusion. The case such

as the diffusion of Mg and Fe in (Mg,Fe)O or in

(Mg, Fe)2SiO4 is a simple example. In these cases, dif-

fusion would occur when the concentration of Mg (Fe)

in a given material is not in chemical equilibrium with

the surroundings. For example, when MgO is located

next to FeO at high temperature, then Fe diffuses into

MgO from FeO and Mg diffuses into FeO fromMgO.

Since bothMg and Fe have 2þ charge, the diffusion of

these species does not change the electric field of the

sample. To analyze such a problem, let us define the

chemical diffusion coefficient, ~D, by

J ¼ � ~D
@c

@x
(8:23)

where c is the concentration of one species and J is

the flux of that species. In calculating the flux, we must

take into account the fact that the boundary between

the two crystals moves as diffusion occurs. If we

denote � as the velocity of motion of the boundary,

and if there is no direct interaction between A and B

atoms (i.e., LAB ¼ 0) then using (8.20),

JA ¼ �LAA

T

@ð�A � �dÞ
@x

þ �cA (8:24a)

JB ¼ �LBB

T

@ð�B � �dÞ
@x

þ �cB: (8:24b)

But because the concentration of defects is not affected

by the diffusion ofA andB atoms,3 ð@�d=@xÞ ¼ 0 and the

3 This is valid when the diffusion of A and B atoms does not affect the

concentration of atoms in other atomic sites. In an ionic solid such as

(Mg,Fe)O, chemical diffusion of Mg and Fe will create imbalance of

concentration of oxygen as a result of difference in the rate of diffusion of

Mg andFe. Consequently, if the oxygen diffusion rate is much slower than

that of Mg and Fe (this is true in single crystals but not in most poly-

crystals), then the diffusion rate is adjusted to make Mg and Fe diffusion

the same, i.e., the effective diffusion coefficient becomes the same as the

one given by (8.36) (see CHEN and PETERSON, 1973).
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total concentration of A and B atoms does not change

with time (@c=@t ¼ 0),

@cA

@t
þ @c

B

@t
¼ @c
@t
¼ 0 ¼ � @

@x
ðJA þ JBÞ

¼ @

@x
DA @c

A

@x
þDB @c

B

@x
� c�

� � (8:25)

where we used the relation LAA ¼ DAcA=R;LBB ¼
DBcB=R (equation (8.6)) and �A;B ¼ �A0;B0 þ RT log cA;B

(equation (8.4)). Therefore,DAð@cA=@xÞ þDBð@cB=@xÞ�
c� ¼ C where C is a constant that is independent of x.

The value of C depends on the choice of coordinate

system, which can be set toC¼ 0 by choosing a coordi-

nate that is fixed to a marker (i.e., JA þ JB ¼ 0), thus

� ¼ 1

c
DA @c

A

@x
þDB @c

B

@x

� �
: (8:26)

Inserting this into (8.24a) and noting @cA=@x ¼
�@cB=@x, one obtains

@cA

@t
¼ @

@x
~D
@cA

@x
(8:27)

with

~D ¼ xBDA þ xADB (8:28)

where xA;B are the fraction of sites occupied by an A (B)

ion ðxA þ xB ¼ 1; xA ¼ cA=c; xB ¼ cB=cÞ, DA;B is

the self-diffusion coefficient of an A (B) ion, and it is

assumed that species A and B behave like an ideal

solution. Equation (8.28) means that the effective diffu-

sion coefficient for the chemical diffusion is simply the

arithmetic mean of two diffusion coefficients (e.g.,

CHEN and PETERSON, 1973).

Problem 8.2

Derive equation (8.24). (Assume there is no direct

interaction between A and B atoms (i.e., LAB ¼ 0).)

Solution

The flux of A, B atoms and the defects at that site (d)

are given by

JA ¼ �LAA

T

@�A

@x
� LAB

T

@�B

@x
� LAd

T

@�d

@x
þ �cA

JB ¼ �LBA

T

@�A

@x
� LBB

T

@�B

@x
� LBd

T

@�d

@x
þ �cB

Jd ¼ �LdA

T

@�A

@x
� LdB

T

@�B

@x
� Ldd

T

@�d

@x
þ �cd:

Now, the total flux of the lattice site must be conserved,

JA þ JB þ Jd ¼ �ðcA þ cB þ cdÞ: Therefore, LAAþ
LAB þ LAd ¼ 0; LBA þ LBB þ LBd ¼ 0 and LdAþ
LdB þ Ldd ¼ 0. Using the Onsager reciprocal relation

ðLAB ¼ LBA;LAd ¼ LdA;LBd ¼ LdBÞ,

JA ¼ �LAA

T

@ð�A � �dÞ
@x

� LAB

T

@ð�B � �dÞ
@x

þ �cA

JB ¼ �LBA

T

@ð�A � �dÞ
@x

� LBB

T

@ð�B � �dÞ
@x

þ �cB:

If one makes an assumption that the direct coupling

between A and B atoms is negligible, then LAB ¼
LBA ¼ 0 and we get equation (8.24).

Now let us consider a case in which the diffusing

atomic species have different electrostatic charges from

the matrix material. An example is the diffusion of

protons, H�, into a silicate or an oxide. The incor-

poration of a charged species must be accompanied

with the diffusion of another species that has a charge

with different sign. The chemical reaction involved

may be written as,

2Fe�M þH2O ¼ 2H� þ 1

2
O2 þ 2Fe	M: (8:29)

That is, upon the reaction of water with a mineral,

hydrogen atoms (protons) are dissolved and ferric

iron ðFe�MÞ is reduced to ferrous iron ðFe	MÞ: Defect

species that have excess charges are Fe�M and H�. If the

charge balance is maintained by these defects, the con-

centrations of these defects must satisfy �½H�� ¼ �½Fe�M�
where � X½ � indicates the change in concentration of a

defect X. Such a situation can be generalized and we

can consider a general chemical reaction such as (8.29)

involving two charged species A and B with concen-

trations cA and cB with stoichiometric coefficients �

and 	 (A is H�, B is Fe�M, and � ¼ 1, 	 ¼ 1 in the above

example) respectively. The charge neutrality condition

for such a reaction reads,

cA

cB
¼ �
	
: (8:30)

The flux of each charged species is given by,

JA ¼ �DAcA

RT

@�A

@x
þ qA

@


@x

� �
þ �cA (8:31a)

JB ¼ �DBcB

RT

@�B

@x
þ qB

@


@x

� �
þ �cB (8:31b)
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where 
 is the electrostatic potential caused by the local

heterogeneity in charge distribution, u is the velocity of

the boundary and qA and qB are electric charges. Note

that in contrast to the previous case, we include the

interaction between A and B through the electrostatic

potential. The charge neutrality condition demands,

�qA þ 	qB ¼ 0: (8:32)

When a macroscopic electric field is not applied, then

the total electric current must vanish, i.e.,

qAJA þ qBJB ¼ 0: (8:33)

Using (8.30), (8.31) and (8.33), one obtains

@’

@x
¼ � DA �DB

DA þ ð�=	ÞDB

1

qA
@�A

@x

¼ DA �DB

DA þ ð�=	ÞDB

1

qB
�

	

@�B

@x
(8:34)

where we used the relation @�A=@x ¼ @�B=@x that can

be obtained from �k ¼ ��k0 þ RT log ck (equation (8.4))

and (8.30).4 The internal electric potential (called the

Nernst field) is caused by the difference in diffusion

coefficients of different charged species. Inserting this

into (8.31a), and defining the effective diffusion coef-

ficient, ~DA, by

JA ¼ �
~DAcA

R

1

T

@�A

@x
(8:35)

one gets

~DA ¼ ð�þ 	Þ
�=DA þ 	=DB

: (8:36)

The same equation can be derived for ~DB defined by

JB � �ð ~DBcB=RÞð1=TÞð@�B=@xÞ (i.e., ~DB ¼ ~DA).

Physically, this equation means that because of the

requirement of charge neutrality, reaction such as (8.29)

requires diffusion of both positively and negatively char-

ged species. Consequently, the slower of the twodiffusing

species controls the overall rate of reaction. For instance,

the incorporation of hydrogen (proton) in Mg2SiO4

requires the counter diffusion of negatively charged

species such asM-site vacancies and/or electrons.

Problem 8.3*

Consider the oxidation kinetics of (Mg, Fe)O. Write

a chemical reaction equation for oxidation and find

the effective diffusion coefficient for oxidation in terms

of diffusion coefficients of atomic species involved.

Solution

As we learned in Chapter 5, the oxidation kinetics

involves the attachment (or removal) of an oxygen

molecule on (from) the surface and the resultant

creation (destruction) of electron holes (by the change

of oxygen molecule to an oxygen ion), h�, and M

(metal)-site vacancies,V00M, namely,

1

2
O2 ¼ O	O þ V00M þ 2h�:

Thus, at the surface, we will have excess V00M and h�

both of which have excess charges. Therefore the

diffusion of these species must occur satisfying

the charge balance so we use equation (8.32)

ðA ¼ V 00M;B ¼ h�; � ¼ 1; 	 ¼ 2Þ, to get

~D ¼ 3

2=Dh� þ 1=DV00
M

¼
3Dh�DV00

M

2DV00
M
þDh�

:

Consequently, the kinetics of oxidation in this case

are controlled by the diffusion of protons or M-site

vacancies, the slower of these species.

Equation (8.36) can be extended to a reaction that

involves three species that have different electrostatic

charges (e.g., the reaction between MgO and SiO2 to

form Mg2SiO4). In such a case, one can choose the

lattice positions of the slowest moving species in the

resultant compound as a reference frame and obtain a

result similar to (8.36) in which the two species are

those with the fastest and the intermediate values of

diffusion coefficients. Consequently, the rate of react-

ion involving three differently charged species is deter-

mined largely by the diffusion of a species that has

the intermediate value of the diffusion coefficient

(e.g., KINGERY et al., 1976).

8.5. Grain-size sensitive creep (diffusional
creep, superplasticity)

8.5.1. Experimental observations
and historical notes

When a deviatoric stress is applied to a polycrystalline

material at low stresses and high temperatures, plastic

deformation occurs, with a rate that is inversely

4 The velocity, �, in equation (8.31) disappears when equation (8.33) is

used together with equations (8.30) and (8.32). In other words, the choice

of the reference frame does not matter for the chemical diffusion as

far as charge neutrality is maintained.
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proportional to grain size and only weakly dependent

on applied stress, namely,

_" ¼ A
�n

Lm
exp �E 
 þ PV 


RT

� �
(8:37)

where A is a constant, � is deviatoric stress, L is grain

size, E* and V* are the activation energy and volume

respectively and the parameters n and m take values of

n¼ 1�2, m¼ 1�3. Both the stress and grain-size

dependence of strain rate are distinct from another

important mechanism of deformation, dislocation

creep (Chapter 9), in which stress sensitivity is higher

and strain rate does not depend on grain size. And as

we will see, these two classes of deformation mecha-

nisms are independent inmost cases. Consequently, the

deformation mechanisms described by equation (8.37)

dominate in materials with small grain sizes and/or at

low stresses (see section 9.9).

As is obvious from the sensitivity to grain size,

grain-boundary processes play an important role in

this type of deformation. This section reviews theoret-

ical models and experimental observations of grain-

size sensitive creep including (1) diffusional creep,

(2) grain-boundary sliding and (3) ‘‘superplasticity.’’

Plastic deformation caused by stress-induced diffu-

sional mass transport was first formulated byNABARRO

(1948) and thenmore formally byHERRING (1950). The

basic physics of this process was well established in these

papers. Interestingly, NABARRO (1948) suggested the

possible importance of diffusional creep in Earth’s

interior in his first paper on diffusional creep.5 COBLE

(1963) modified these theories by including mass trans-

port along grain boundaries. The importance of grain-

boundary sliding was first analyzed by LIFSHITZ (1963)

in detail. RAJ and ASHBY (1971) made a detailed and

elegant analysis of the interplay between diffusional

mass transport and grain-boundary sliding. The role of

the change in shape of grains due to grain-boundary

energy-driven processes was discussed by ASHBY and

VERRALL (1973), ASHBY et al. (1978) and SPINGARN

et al. (1979), which provides a model for superplasticity

in which large deformation occurs without significant

change in grain shape. An alternative model for

superplasticity was proposed by MUKHERJEE (1971)

in which the role of dislocations created at grain

boundaries is emphasized. The consequence of charge

balance in mass transport in ionic compounds was

discussed by RUOFF (1965). JAOUL (1990) proposed a

new theory for diffusional mass transport in an ionic

compound that predicts a behavior different from pre-

vious models. As I will discuss later, this new theory

contains a fundamental error and the classic treatment

by RUOFF (1965) (see also STOCKER and ASHBY, 1973)

is still valid. ASHBY (1969) and ARZT et al. (1983)

discussed the importance of interface reaction in diff-

usional creep.

From a geological or geophysical point of view,

GORDON (1965) was among the first to point out

the importance of diffusional creep based on semi-

quantitative estimates of viscosity. ELLIOTT (1973) dis-

cussed the possible importance of diffusional creep

based mainly on geological observations. The role of

a pressure-solution creep, one type of diffusional creep

involving a fluid-phase transport has been discussed

including (ELLIOTT, 1973; RUTTER, 1976; RUTTER,

1983; GREEN, 1984; SPIERS et al., 1990; SHIMIZU,

1994). STOCKER and ASHBY (1973) examined the rela-

tive importance of several mechanisms of deformation

in Earth’s upper mantle and concluded that the con-

tribution from diffusional creep is in most cases not

important. However, their conclusion was not based

on direct experimental study. The first systematic study

on diffusional creep in Earth materials was made

by KARATO et al. (1986). Based on the experimental

results, KARATO et al. (1986) and KARATO and WU

(1993) suggested that diffusional creep may play an

important role in deep portions of Earth’s uppermantle.

The importance of diffusional creep in the lower mantle

was discussed byKARATO et al. (1995b) andYAMAZAKI

and KARATO (2001b).

8.5.2. Basic theory of diffusional creep

Nabarro–Herring creep, Coble creep
When a differential stress is applied to a polycrystalline

material, a heterogeneous stress state is created due to

heterogeneous mechanical properties. Grain bounda-

ries are weaker than the grains themselves, and hence

mutual sliding of grains along grain boundaries occurs

upon the application of stress. This grain-boundary

sliding causes high stress concentration at grain boun-

daries such that stress states near grain boundaries will

depend on the orientation of the grain boundaries

relative to the stress. Because grain boundaries are a

5 If the ‘‘corresponding state’’ argument (namely homologous temperature

scaling, SK) could be extended to include crystals held at their melting

points under external pressures comparable with their internal pressures,

this estimate could be used as a lower (upper?, SK) limit to the viscosity of

the lithosphere (the asthenosphere, SK) of the earth which is believed to be

a few degrees below its melting point at all depths. This extension would

require further discussion (NABARRO, 1948).

130 Deformation of Earth Materials



good source/sink for defects,6 the concentration of

point defects near grain boundaries will be dependent

upon the stress state at grain boundaries. The free

energy for formation of defects at grain boundaries is

different from that in the bulk. There is an extra work

associated with the stress, �nO. Thus,

cdð�Þ ¼ cdð0Þ � exp �nO
RT

� �
(8:38)

with cd 0ð Þ ¼ c � expð�Gf=RTÞ.
Because the stress states are dependent upon the

orientation of grain boundaries, this causes spatial

distribution of vacancy concentration at the scale

of grain size (L). Therefore the flux of defects will

occur, causing macroscopic strain (Fig. 8.3). This

strain will relax the stress at grain boundaries, lead-

ing to the steady-state distribution of stress (RAJ

and ASHBY, 1971). This mass transport involves

diffusion of both defects and atoms, so we must

use the formula that we developed before, that is

the flux of atoms in these cases is given by equation

(8.20), i.e.,7 Ja ¼ �ðLaa=TÞð@ �a � �d
	 


=@xÞ ¼ �Jd.

Now using the relation between the chemical

potential and the concentration of a given species,

i.e., � ¼ ��0 þ RT log c (equation (2.17)), and the rela-

tion between atomic diffusion coefficient and diffusion

coefficient of defects, Dc ¼ Ddcd (equation (8.15)),

one gets,

Ja ¼ �Laa

T

@ð�a � �dÞ
@x

¼ D
ðc� cdÞ

cd
@cd

@x

� Dd @c
d

@x
¼ �Jd:

(8:39)

By noting @ cd=@x � ½cdð�nÞ � cdð��nÞ�=L, where L is

grain size, equation (8.39) becomes,

Ja � Ddcdð0Þ expð�nO=RTÞ � expð��nO=RTÞ
L

(8:40)

where we used relation (8.38) and the fact that the

difference in concentration of defects occurs at a scale

of grain size, L. Now, for a typical case, �nO=RT� 1,

hence,

Ja � 2Ddcdð0Þ
L

�nO
RT
¼ 2Dc

L

�nO
RT

(8:41)

The rate of change in the length of crystal is given by,

� _L ¼ �
_V

L2
¼ OJa

NA
(8:42)

where � _V is the volumetric rate of addition of atoms to

a grain boundary ð� _V ¼ JaL2ðO=NAÞÞ. Therefore,

_" ¼ �
_L

L
¼ OJa

LNA
¼ 2DcO

L2NA

�nO
RT
¼ 2D

L2

�nO
RT

(8:43)

where we used a relation cO ¼ NA. A more detailed

analysis gives,

ato
ms

va
ca

nc
ies

FIGURE 8.3 A conceptual drawing showing the process of diffusional creep.

6 This assumption is valid only under some conditions. Cases where this

assumption is not valid will be discussed later in this chapter.
7 Strictly speaking the chemical potential of a defect or atomic species in

non-hydrostatically stressed solids can be defined only at the vicinity of

grain boundaries or other extended defects where the concentrations of

species can bemodified. Consequently, the use of chemical potential above

must be understood as an approximation @�=@x � ð�þ � ��Þ=L where

�þ� are the chemical potentials at the grain boundary with different

orientations and L is grain size.
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_" ¼ � D

L2

�O
RT

(8:44)

with � � 14 where � � �1 � �3: Creep due to diffu-

sional mass transport through the bulk of grains is

referred to as Nabarro–Herring creep. Note that the

stress versus strain-rate relationship is linear and that

the strain rate is inversely proportional to (the second

power of) grain size.

In the original Nabarro–Herring creep model, diffu-

sional mass transport in the bulk of crystals is conside-

red. The extension of this model to the cases where

high-diffusivity paths make an important contribution

is straightforward. For instance, when diffusion along

grain boundaries is also important, then we replace

the diffusion coefficient with an effective diffusion

coefficient given by (8.21) to get,

_" ¼ � 1

L2
DV þ p�

L
DB

� �
�O
RT

: (8:45)

If ðp�=LÞDB 
 DV, i.e., at small grain size and/or at

low T, then,

_" ¼ �p �D
B

L3

�O
RT

: (8:46)

Thus in these cases, the grain-size dependence of strain

rate changes from _" / 1=L3 at small grain size to

_" / 1=L2 at coarser grain size. Note that strain rate in

this case is a linear function of stress, but the strain rate

is more sensitive to grain size than that in the

Nabarro–Herring creep. This type of creep mechanism

is referred to as the Coble creep (COBLE, 1963). As we

will learn later, in diffusional creep in a compound, the

variation in grain-size dependence of strain rate with

grain size can be different from this simple trend. A

similar case is also found where the interface reaction

controls the rate of deformation. Typical results of

diffusional creep are shown in Fig. 8.4.

The geometry of deformation by diffusional mass

transport is irrotational: the directions of principal strain

are parallel to those of applied stress. This is in contrast

to deformation due to a dislocation motion that is rota-

tional (simple shear) constrained by the crystallographic

nature of slip (see Chapter 5). Consequently deforma-

tion due to diffusional creep does not usually result in

the lattice-preferred orientation (see Chapter 14, see also

BONS and DEN BROK (2000) for an exceptional case).8

Diffusional creep in a compound
In ionic solids, many species must diffuse to achieve

mass transport. For instance, inMgO, wemust consider

diffusion of Mg as well as O. Diffusion of which species

controls the rate of deformation? Let us consider a

compound A�1
A�2

A�3
� � �. If one species diffuses

faster than others, then this species will assume excess

concentration at grain boundaries that gives rise to a

(a)

(b)

(c)
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FIGURE 8.4 Experimental results showing evidence for diffusional

creep in olivine under water-saturated conditions. (a) The stress

dependence of the strain-rate relationship, (b) The grain-size

dependence relationship, and (c) The temperature dependence

(where d is the grain size, Q is the activation enthalpy, data from MEI

and KOHLSTEDT, 2000a).

8 However, when diffusion is highly anisotropic, then a certain degree of

lattice-preferred orientation can develop. BONS and DEN BROK (2000)

presented a case in which lattice-preferred orientation develops during

pressure-solution creep when the rate of dissolution/precipitation is

strongly anisotropic.
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‘‘counter effect’’ to retard diffusion of that species by for

example the effects of electrostatic field.

In a multi-component system, the relation (8.39)

should be extended to include the interaction of differ-

ent diffusing species. To simplify the analysis, let us

assume that this interaction is solely through electro-

static field.9 Then one has,

Ji ¼ �
Dici
RT

�
@ð�i � �di Þ

@x
þ qi

@


@x

�
(8:47)

where Ji is the flux of ith species, ci is the number of

atoms (of the ith species) per unit volume, Di is the

diffusion coefficient, �di is the chemical potential of the

vacancies at the lattice site, �i is the chemical potential,

qi is the electrostatic charge of the ith species and 
 is

the electrostatic potential caused by the diffusion of

ionic species.

The charge balance requirement readsX
i

�iqi ¼ 0: (8:48)

At a steady state, the stoichiometry must be pre-

served,10 and hence

ci ¼ �ic (8:49)

and

Ji ¼ �iJ: (8:50)

Note that equations (8.48) and (8.50) guarantee that

there is no net electric current,X
i

qiJi ¼ 0: (8:51)

From (8.47) and (8.50),

� 1

RT

@ð�i � �di Þ
@x

þ qi
@


@x

� �
¼ J

Dic
: (8:52)

Using the relation (8.4), the chemical potential term

can be written as ð1=RTÞ@ð�i � �di Þ=@x � �ð1=cdi Þ�
ð@cdi =@xÞ (see (8.39)). The spatial variation of defect

concentration comes from the spatial variation of

normal stress at grain boundaries (equation 8.38).

Since the stoichiometry is preserved by assumption,

the generation or destruction of defects at grain bound-

aries must occur in such a way that the change in defect

concentration satisfies the relation similar to (8.39), i.e.,

cdi ¼ �ic
d: (8:53)

Therefore

1

RT

@ð�i � �di Þ
@x

¼ @ logðci=c
d
i Þ

@x
¼ @ logðc=c

dÞ
@x

� 1

RT

@ð~�� ~�dÞ
@x

(8:54)

where ~� and ~�d are the chemical potential of a com-

pound and of a defect group of a compound (e.g.,

Schottky defect). Equation (8.54) means that the

driving force for diffusion caused by the concentra-

tion gradient is the same for all species.11 OperatingP
i

�i to equation (8.52) and using (8.48), one can

eliminate the electrostatic potential to get

� 1

RT

@ð~�� ~�dÞ
@x

X
i

�i ¼
J

c

X
i

�i

Di
: (8:55)

Now we define the effective molecular diffusion

coefficient for diffusional creep in a compound, ~D, by

J �
~Dc

RT

@ð~�� ~�dÞ
@x

(8:56)

hence,

~D ¼

P
i

�iP
i

ð�i=DiÞ
: (8:57)

Thus, the creep constitutive relation for a com-

pound is given by the same equation as (8.44), the

atomic volume being replaced with a molar volume

and the diffusion coefficient being replaced with the

one given by equation (8.57). For example, for MgO,

the effective diffusion coefficient is

9 The following derivation is similar to the derivation of chemical diffusion

coefficient for the case of diffusion of different species with different

electrostatic charges. The only difference is that for deformation the

driving force for diffusion is the chemical potential gradient of vacancies

(defects), ð1=RTÞ @ �i � �di
	 


=@x � �ð1=cdi Þ ð@ cdi Þ=@x:
10 This assumption can be challenged when the mechanical work done

by stress becomes comparable to the work needed to cause chemical

decomposition (see the later part of this chapter).

11 JAOUL (1990) obtained a different relation,

1
RT

@~�
@ x � ��

j

c

@ cdj �ð Þ
@ x / cdj 0ð Þ

where cdj is the concentration of the most abundant defect and � j is the

stoichiometric coefficient of that atomic species. Therefore, in his theory,

the most abundant defect (M-site vacancy in olivine) also plays a special

role in creep. However, his treatment is incorrect because he made an

approximation to ignore all other defects in the chemical potential before

taking the derivative of chemical potential with respect to the space

coordinate: although one type of defect may dominate in the chemical

potential, it may not dominate in the gradient of chemical potential, and

in fact it does not because of the requirement of preservation of stoichi-

ometry (equation (8.54)).
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~D ¼ 2
1=DMgþ1=DO

¼ 2DMgDO

DMg þDO

and for olivine Mg2SiO4,

~D ¼ 7
2

DMg
þ 1

DSi
þ 4

DO

¼ 7DMgDSiDO

2DSiDO þDMgDO þ 4DMgDSi
:

The physical meaning of equation (8.57) is that because

of the assumption that the stoichiometry must be pre-

served during creep, the slowest diffusing species con-

trols the overall rate of creep.

How valid is the assumption of conservation of

stoichiometry? This assumption must be very accu-

rately true for a binary ionic solid such as MgO

and Al2O3, because changing the ratio of number

of cations and anions requires a huge energy

(Dh¼ 608.5 kJ/mol for MgO; Dh¼ 1693.4 kJ/mol for

Al2O3 (NAVROTSKY, 1994)) compared to the work

done by the stress, �O (0.05–50 kJ/mol for

�¼ 1–1000MPa, O� (20–40)	10�6m3/mol). In con-

trast, the energy associated with changing the stoichio-

metric ratio in a ternary system such as Mg2SiO4 is

much less. For instance, the decomposition of

Mg2SiO4 (olivine) into 2MgOþ SiO2 is associated with

only Dh¼ 60.7kJ/mol and Mg3Al2Si3O12 (pyrope gar-

net) into 3MgOþAl2O3þ 3SiO2 is Dh¼ 74.2 kJ/mol

(NAVROTSKY, 1994). The large difference between the

energies associated with two types of decomposition

is due to the fact that the decomposition of a binary

compound into ionic species includes electrostatic

energy whereas the decomposition of a ternary com-

pound into several binary oxides does not involve ele-

ctrostatic energy. Consequently, if a high enough stress

is applied, then stress-induced decomposition of mate-

rial can occur in a ternary compound. According to

DIMOS et al. (1988), this critical stress is dependent on

the difference in diffusion coefficients between different

species and is given by

�c �
j�hj
O

~D

�D

����
���� (8:58)

where DD is the difference in diffusion coefficients.

�c� 100–1000 MPa for most geological materials.

OZAWA (1989) reported evidence for stress-induced

chemical segregation in the spinel grains in a naturally

deformed spinel lherzolite.

When multiple diffusion paths are present, diffu-

sion coefficient in equation (8.57) must be replaced

with that of effective diffusion coefficient for individ-

ual ion. Thus, the diffusion coefficient of each species

in equation (8.57) must be replaced with

Dk
eff ¼ Dk

V þ
X
i

Ak
i D

k
i (8:59)

where Dk
V is the volume diffusion coefficient of the kth

species, Ak
i is the non-dimensional geometrical factor

for the ith high-diffusivity path (Ak
i ¼ p�=L for grain-

boundary diffusion), and Dk
i is the diffusion coeffi-

cient of the kth species along the ith high-diffusivity

path. The point here is that the diffusion of a given

species along different paths is independent (parallel

processes), whereas the diffusion of different species

are dependent (sequential processes).

Problem 8.4*

Consider the effects of grain-boundary diffusion on

the constitutive law for a polycrystalline MgO.

Experimental studies show that the diffusion of oxygen

is much slower than that of magnesium through the

bulk, whereas the diffusion of oxygen is significantly

enhanced by the presence of grain boundaries, but the

effects of grain boundaries are negligible for the

diffusion of magnesium. Discuss how the grain-size

sensitivity of strain rate changes with grain size.

Solution

The effective diffusion coefficients of Mg and O are

given by DMg
eff ¼ DMg

V and DO
eff ¼ DO

V þ ðp�=LÞDO
B . The

effective diffusion coefficients of Mg and O are plotted

as a function of grain size, L (Fig. 8.5). One can

recognize three regimes. In the largest grain-size

regime, i.e.,

log L

Deff
Mg

Deff
O

log D

FIGURE 8.5 A diagram showing the variation of effective diffusion

coefficients of the cation (Mg) and the anion (O) in oxides with

grain size.
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p�
L
DO

B � DO
V � DMg

V ;

~D ¼
2DMg

V DO
V þ ðp�=LÞDO

B

	 

DMg

V þDO
V þ ðp�=LÞDO

B

� 2DO
V :

In the intermediate grain-size regime,

DO
V �

p�
L
DO

B � DMg
V ;

~D ¼
2DMg

V DO
V þ ðp�=LÞDO

B

	 

DMg

V þDO
V þ ðp�=LÞDO

B

� 2
p�
L
DO

B :

In the smallest grain-size regime,

p�
L

DO
B 
 DMg

V 
 DO
V ;

~D ¼
2DMg

V DO
V þ ðp�=LÞDO

B

	 

DMg

V þDO
V þ ðp�=LÞDO

B

� 2DMg
V :

Consequently, the grain-size dependence of strain rate

changes with grain size from / 1=L2 for the largest

grain size, to / 1=L3 for the intermediate grain-size

regime and finally, / 1=L2 for the smallest grain-size

regime. Note that this trend is different in a simple case,

where the grain-size dependence of strain rate changes

from / 1=L2 for large grain size to / 1=L3 for small

grain size.

Interface reaction-controlled creep
Diffusional creep involves two processes, namely the

development of concentration gradient of defects at

the grain-scale as a result of heterogeneity of stress, and

the resultant diffusion of atoms (defects) from one region

of grains to others. Consequently, to complete the process

of deformation by diffusional creep, one needs both the

interfacial reaction to establish concentration gradient

and resultant diffusional flow. In the previous analysis

of diffusional creep,wehavemade an assumption that the

grain boundaries act as perfect source or sink for defects

and the interface reaction is faster than diffusion. This

assumption may not be valid under some conditions.

The equivalent strain rate corresponding to surface

reaction (i.e., the strain rate corresponding to an infin-

ite diffusion coefficient) is given by ASHBY (1969) and

ARZT et al. (1983),

_"reac ¼ A
ð�� �thÞn

L
(8:60)

where A is a constant, n¼ 1–2 and �th is the threshold

stress that depends on the structure of the grain bound-

aries. The threshold stress exists in the interface reaction,

because the creation or destruction of defects involves

the change in the length of boundary dislocations. In the

models of ARZT et al. (1983) and ASHBY (1969), it is

determined by the balance between the dislocation line

tension (see Chapter 5) and the external stress, namely,

�th �
�bb
2L

(8:61)

where � is the shear modulus (please do not confuse

this with the chemical potential), bb � b=3 is the length

of the Burgers vector of grain-boundary dislocations

(�th� 103�105 Pa for typical minerals; �¼ 1011 Pa,

bb¼ 0.2 nm, L¼ 0.1�10mm). Because the interface

reactions to create or destroy defects and the diffu-

sional mass transport must occur sequentially, the

overall strain rate is given by,

_" ¼ 1

1= _"diff þ 1= _"reac
(8:62)

where _"diff is strain rate due to diffusional creep (equat-

ion (8.45)). Interface control can become important in

cases where diffusional mass transport is easy. One

example is diffusional creep through fluid-phase mass

transport, i.e., pressure-solution creep. SPIERS et al.

(1990) reported evidence for interface reaction-control

in pressure-solution creep in NaCl.

Pressure-solution creep
When a fluid phase is present, diffusional mass transport

through a fluid phase makes an important contribution.

At grain boundaries under compression, solid materials

have higher free energy than those at the tensional side,

and consequently materials are dissolved at the com-

pressional side and precipitated at the tensional side of

grain boundaries. This mechanism of creep is similar to

that of Coble creep and is often referred to as pressure-

solution creep or dissolution–precipitation creep. Evi-

dence of this type of deformation is found in sedimen-

tary and metamorphic rocks (see e.g., ELLIOTT, 1973;

DICK and SINTON, 1979; RUTTER, 1983).

Although the mechanisms of pressure-solution

creep are similar to that of Coble creep and hence its

constitutive relation is similar, there are a few points

that are worth mentioning. First, the role of the fluid

phase on deformation depends on the geometry of the

fluid phase in an aggregate. In order for a fluid phase to

have a large effect on deformation, it must wet the

boundary efficiently. Experimental studies on the wet-

ting behavior of aqueous fluids showed that in most

cases the dihedral angles are larger than 60o and aque-

ous fluids do not wet the grain boundaries of silicate

minerals such as quartz or olivine at static equilibrium
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(e.g., WATSON and BRENAN, 1987). Consequently, the

effective wetting, which is required for the enhanced

deformation by fluid-phase mass transport, will occur

only under special conditions where rocks are highly

fractured, or in rocks that are undergoing diagenesis

(compaction at the presence of fluids). In other words,

pressure-solution creep occurs effectively only in rocks

that do not have equilibrium microstructure. URAI et al.

(1986b) emphasized the role of stress to wet the grain

boundaries that are otherwise devoid of fluids.

Second, given an assumption that most grain boun-

daries are wetted, then a conceptual question is how can

one maintain deviatoric stress at grain boundaries when

a fluid phase is present on grain boundaries? If all the

grain boundaries contain a fluid phase, it is not straight-

forward to maintain deviatoric stress. Several models

have been proposed to solve this paradox. (1) A fluid

filmmay support a finite deviatoric stress when the film

is very thin. There are some reports that show that a

very thin fluid film (say on the order of nm thick) can

have a much higher viscosity than a bulk of the fluid

(HORN et al., 1989) (see also NAKASHIMA, 1995;

NAKASHIMA et al., 2004), and in that case a finite stress

can be supported (RUTTER, 1976). (2) Grain bounda-

ries may assume an island structure, that is grain boun-

daries with a fluid phase may be composed of patches

that connect two grains and between the patches a fluid

phase is present (RAJ and CHUNG, 1981). (3) The

deviatoric stress is supported by solid–solid contacts,

and the dissolution actually occurs not at the contacts

but at the regions near the contacts due to the increased

free energy caused by higher strain energy due to

higher density of dislocations (GREEN, 1984; TADA

and SIEVER, 1986; TADA and SIEVER, 1987). The first

model is at best speculative, and if indeed a very

thin film with high viscosity is required for pressure-

solution creep to occur, then the effectiveness of

pressure-solution creep becomes questionable. The

presence of a thin film of fluid along grain boundaries

is sometimes proposed (e.g., DRURY and FITZ

GERALD, 1996), but evidence against such fluid phases

is also reported (HIRAGA et al., 2002). The second

model is also speculative and neither a theoretical basis

nor experimental support for such a structure is firmly

confirmed. The thirdmodel is a viable one that has some

experimental support (TADA and SIEVER, 1987).

Third, because fluid-phase mass transport is fast, the

kinetics of deformation by pressure-solution creep is

often controlled by the interface reaction. This is partic-

ularly the case where the interface reaction is sluggish.

Spiers and his colleagues have conducted extensive

experimental and theoretical studies to identify the

mechanisms of pressure-solution creep, and emphasized

the importance of interface reaction-control. For a

review see SPIERS et al. (2004).

Fourth, a mixture of a fluid and a solid is not usually

stable. When such a mixture is in a gravitational field,

compaction occurs due to the difference in density.

Compaction itself may occur by pressure-solution

creep. Consequently, deformation by pressure-solution

creep is not generally steady state.

Fifth, which is related to the fourth point above,

deformation by pressure-solution creep may occur in a

system in which a fluid phase is not confined in a system

(an open system). In this case deformation will occur

through the removal ofmaterial by a fluidwithout being

associated with precipitation.

8.5.3. Small-strain and large-strain phenomena

The analysis presented above is for steady-state creep.

Models of steady-state diffusional creep assume (1) the

local stress at grain scale is a steady state, and (2) the

grain morphology is a steady state. These assumptions

can be violated under some important geological/

geophysical conditions. This section discusses two

cases, first diffusional creep at small strains (strains of

the order of elastic strain), and second diffusional creep

at very large strains (superplasticity). The first case is

important in the deformation associated with post-

glacial rebound (see also Chapter 18), and the second

case is important in many geological cases.

Grain-boundary sliding and ‘‘superplasticity’’
Diffusive mass transport changes the shape of individ-

ual grains. To maintain the coherency at grain boun-

daries, grains must slide past each other. This can be

shown as follows (see Fig. 8.6).

The velocity of mass transport at a point in grain 1

is given by �1 ¼ �01 þDrc1 where �01 is the velocity of

the center of gravity of grain one and the second term

represents the displacement due to diffusive flow. If we

consider the tangential component of velocity, then

r ¼ rt. At grain boundaries, c1¼ c2. Thus,

�2 � �1 ¼ �02 � �01 þDðrc2 �rc1Þ ¼ �02 � �01: (8:63)

Therefore, the self-consistent change of shape of grains

and their displacement in the process of diffusional

creep are necessarily accompanied by slip along grain

boundaries (LIFSHITZ, 1963).

The interplay between grain-boundary sliding and

diffusional creep was analyzed by RAJ and ASHBY
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(1971). Grain-boundary sliding and diffusional mass

transport are both needed for continuing deformation.

If plastic flow (either by diffusion or dislocation creep)

does not occur, then grain-boundary sliding will

increase the stress in the surrounding grains due to

elastic strain and sliding eventually stops. The continu-

ing deformation to large strain is only possible with the

help of plastic flow. Consequently, if one has a cons-

titutive relation for diffusional mass transport ( _"diff) or

dislocation creep ( _"disl) corresponding to a case where

there is no resistance to grain-boundary sliding and

deformation due to grain-boundary sliding ( _"gbs) with

no resistance to plastic deformation, then the overall

rate of deformation ( _" ) is given by,

_"�1 ¼ ð _"diff þ _"dislÞ�1 þ _"�1gbs: (8:64)

This is because diffusion and dislocation creep are

independent, but these processes and grain-boundary

sliding are dependent. Results supporting this type of

formulation have been reported by GOLDSBY and

KOHLSTEDT (2001).

Models of superplasticity
Superplasticity refers to a phenomenon in which large

strain deformation is achieved without strain locali-

zation (or failure), usually in tension. As such it is

defined by phenomenological criteria without specify-

ing microscopic mechanisms (e.g., NIEH et al., 1997).

The interest in superplasticity is mainly from an engi-

neering point of view: one can form materials to vari-

ous shapes under superplastic conditions.

There have been some interests on superplasticity in

the geological community. However, the significance

of superplasticity in the geological sciences is different

from that in engineering. I will first provide a brief

historical note on engineering literature on superplas-

ticity and will discuss geological significance.

In short, superplasticity refers to deformation in

which large strains can be achieved without necking

instability. As such the term superplasticity is relevant

only for tensional deformation. Deformation in geol-

ogy involves not only tensional deformation but also

compressional or shear deformation. Therefore, super-

plasticity as defined above is not very relevant to geo-

logy (one can extend the discussion on stability to other

deformation geometries, but instability caused by geo-

metrical reasons will not occur for simple shear).

In essence, the characteristics of superplastic defor-

mation can be summarized as follows:

(1) deformation is stable to large strains;

(2) grains remain nearly equiaxial after large strains; and

(3) the stress exponent is small (n¼ 1–2).

The stability of deformation in tension is analyzed

in Chapter 16 following the analysis of HART (1967),

which indicates that the stable deformation in tension

is possible when n is small (strictly speaking n� 1). As

such the stability of deformation to large strains is

nothing but a result of a small stress exponent, and

any mechanisms that have a small stress exponent can

result in ‘‘superplastic’’ behavior.12 As a consequence

of stability of deformation, deformation to extremely

large strains is often observed, and in these cases, a

marked evidence of grain-boundary sliding is usually

found. Therefore the most important issue regarding

FIGURE 8.6 Grain-boundary sliding is necessarily associated with diffusional creep (Lifshitz sliding).

12 Deformation with a small stress exponent (n¼ 1) can occur during a phase

transformation or deformationduring thermal cycling. Large-strain, stable

deformation caused by a phase transformation is sometimes referred to

as transformation plasticity (for details see Chapter 15), and we will focus

on superplasticity due to small grain size in this section (this is often

referred to as structural superplasticity).
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superplasticity is to explain the contribution of grain-

boundary sliding in plastic deformation.

Ashby–Verrall model (ASHBY and
VERRALL, 1973)
(a heterogeneous grain-switching model for large strain

diffusional creep)

At large strains, the shape of grains will change,

which results in unstable grain-boundary morphology.

Then grain-boundary energy-driven processes tomodify

grain-boundary morphology will operate. In essence,

‘‘superplasticity’’ occurs, in this model, because of

the interplay of deformation and grain-boundary

energy-driven processes.Grain-boundary energy-driven

processes tend to keep grain shape equant. If this rear-

rangement does not occur, then grain elongation will

retard deformation (GREEN, 1970).

A grain switching event will occur at large strains

when, due to grain-boundary sliding, two triple junctions

meet (center of Fig. 8.7). At this point, a four-grain

corner will be formedbut it is unstable andwill transform

into a new configuration (right-hand side of Fig. 8.7).

The essence of this grain-switching event is therefore the

interface (grain-boundary) energy-driven processes. In

other words, plastic deformation leads to an energetically

unstable grain-boundary morphology (four-grain junc-

tion), which must be modified if grain-boundary migra-

tion occurs. ASHBY and VERRALL (1973) analyzed this

process and obtained a constitutive relation that is sim-

ilar to diffusional creep, but the magnitude of strain rate

is larger than that of diffusional creep.

The rate of deformation involving grain neighbor-

switching events could be controlled by various pro-

cesses. ASHBY and VERRALL (1973) considered that

grain-boundary sliding is relatively easy and therefore

either the diffusional mass transport or the grain-

boundary reaction can control the rate of deformation.

The constitutive relation they derived is identical to that

for diffusional creep except for a numerical factor.

ASHBY et al. (1978) and SPINGARN and NIX (1978)

extended the above model to homogeneous deforma-

tion (Fig. 8.7b).

Mukherjee model (MUKHERJEE, 1971)
Grain-boundary sliding accommodated by dislocation

motion may control the rate of deformation. These

models (see e.g., MUKHERJEE, 1971) usually lead to a

higher stress exponent, typically n=2. In Mukherjee’s

(a)

(b)
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C
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FIGURE 8.7 (a) A grain-

switching event leading to

superplasticity (ASHBY and

VERRALL, 1973), (b) a

homogeneous grain-switching

model for superplasticity (after

ASHBY et al., 1978).
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model, deformation occurs by grain-boundary sliding

and sliding is controlled by dislocation motion within

the grains. Resistance to sliding is concentrated at

ledges. This high stress generates dislocations. They

pile up at opposite grain boundaries. The back-stress

eventually prevents the ledge acting as a source of

dislocations. Thus continuous deformation is possible

only when these dislocations are removed by recovery.

The recovery rate is proportional to stress acting on

piled-up dislocations, which leads to n=2 dependence

of strain rate,

_" / �2

L2
: (8:65)

The creep constitutive relation is similar to (8.65),

i.e., _" / �n=Lm with n> 1 andm=1–3 is often reported

(e.g., GOLDSBY and KOHLSTEDT, 2001; NIEH et al.,

1997; HIRTH and KOHLSTEDT, 2003).

Note, however, that non-linear grain-size sensi-

tive creep constitutive law can be obtained when

deformation occurs under the conditions close to the

dislocation–diffusional creep boundary. The total

strain rate is the sum of strain rate due to diffusional

creep and dislocation creep, _" ¼ A1ð�=LmÞ þ A2�
n. If

the deformation conditions are close to the boundary

between dislocation and diffusional creep regimes,

then the experimental results could be fitted to a single

flow law of a form _" ¼ Að� p=LqÞ for a narrow range of

stress with 15p5 n and 05 q5m. In these cases, the

stress exponent and grain-size exponent that one

obtains have little physical significance.

Problem 8.5

Show that if a material deforms at the condition where

contributions from diffusional creep and dislocation

creep are nearly equal, then if the data are fitted to a

flow law _" ¼ A�p=Lq, then one obtains p � ð1þ nÞ=2
and q � m=2 where n is the stress exponent ( _" ¼ A2�

n) in

the dislocation creep regime and m is the grain-size

exponent ( _" ¼ A1ð�=LmÞ) in the diffusional creep regime.

Solution

The flow law in this case can be written as

_" ¼ A1ð�=LmÞ þ A2�
n where the first term is the

contribution from diffusional creep and the second

term from dislocation creep. Let us fit the data

using a power-law equation _" ¼ Að�p=LqÞ. Then

A1ð�=LmÞ þ A2�
n ¼ Að�p=LqÞ and therefore the

apparent stress exponent p is given by

p ¼ @ log A1ð�=LmÞ þ A2�
nð Þ

@ log�
¼ A1ð�=LmÞ þ A2n�

n

A1ð�=LmÞ þ A2�n
:

Now at conditions near the boundary between

dislocation and diffusional creep regimes,

A1ð�=LmÞ � A2�
n. Inserting this relation into the

above relation, one obtains p � 1
2 ð1þ nÞ. Similarly,

q ¼ � @ log A1ð�=LmÞ þ A2�
nð Þ

@ logL
¼ mA1ð�=LmÞ

A1ð�=LmÞ þ A2�n
� m

2
:

Superplasticity (geological significance)
Superplasticity is characterized by a small stress expo-

nent and significant grain-boundary sliding. These two

points have the following geological/geophysical sig-

nificance. First, a small stress exponent means that

flow is more stable and time dependence of convection

is weak in comparison to highly non-linear rheology

(e.g., CHRISTENSEN, 1989). Second, significant grain-

boundary sliding has two important consequences.

(i)Whendeformation involves significantgrain-boundary

sliding, the rate of deformation is sensitive to grain size.

In this case, grain-size reduction can cause rheological

weakening and shear localization. (ii) Significant grain-

boundary sliding destroys the pre-existing fabric

(lattice-preferred orientation), leading to very weak

seismic anisotropy. Note, however, there is no satisfac-

tory theory for how the fabric is destroyed by super-

plastic deformation.

Note that the grain-size sensitivity of deformation

tends to result in localization (and hence instability) of

deformation (as opposed to stable deformation that is

the essence of superplasticity in the engineering con-

text). The main reason for this apparent discrepancy

lies in the fact that in realistic geological contexts, grain

size is neither constant nor homogeneous, but it

changes with time and space due to deformation and/

or reactions (including phase transformations). As a

result, a portion of rocks that has smaller grain size

deform more and more grain-size reduction would

occur leading to localization (for more details on the

processes controlling grain size see Chapter 13).

The terms superplasticity and diffusional creep are

used in a lot of the literature with some distinctions but

they are used to describe basically the same pheno-

menon. POIRIER (1985) stated that ‘‘it (diffusional

creep) obviously does not (lead to superplasticity),

for the only reason that the creep rate is very low

(page 205).’’ This statement is misleading and not

appropriate. It is not the rate of deformation in some
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specific mechanisms that allows superplastic defor-

mation. It is (i) the low-stress exponent and (ii) the

grain-boundary sliding (or more appropriately grain

switching) that allow stable large strain deformation

(superplasticity). Therefore, in the case of diffusional

creep, the classic model neglecting grain-switching

events does not explain superplasticity. However, new

models of (large-strain) diffusional creep such as RAJ

and ASHBY (1971), ASHBY and VERRALL (1973),

ASHBY et al. (1978) or SPINGARN and NIX (1978) in

which diffusional creep associated with grain-boundary

sliding or grain switching are modeled can naturally

explain ‘‘superplasticity.’’ In fact, ASHBY et al. (1978)

and SPINGARN and NIX (1978) showed that a grain-

switching event necessarily occurs at large strains dur-

ing diffusional creep. Therefore it is appropriate to

consider that diffusional creep at large strains that is

associated with grain-switching events is one of the

possible mechanisms of superplasticity.

Transient phenomena in diffusional creep
(Lifshitz–Shikin theory)
The driving force for diffusional creep is the gradient in

vacancy concentration at grain boundaries caused by

the variation in local stress at grain boundaries. The

local stress at grain boundaries is, in turn, determined

by the nature of strain accommodation. Upon loading,

stress distribution will initially be controlled by elastic

deformation. Therefore initial creep rate will be con-

trolled by the stress distribution corresponding to elas-

tic deformation. However, diffusional mass transport

will change the stress distribution. Thus transient

behavior will occur. The change in stress distribution

is schematically shown in Fig. 8.8 (after RAJ and

ASHBY, 1971). Elastic accommodation results in a

sharp stress concentration near corners, which is relaxed

by diffusional mass transport.

Thus, the creep behavior can be characterized

by initial high strain rate _"0 that gradually decreases

to a steady-state value, _"1. Therefore the constitutive

equation is given by,

_" ¼ _"0 þ ð _"1� _"0Þ 1� exp � t

�

� �� �
(8:66)

where � is the relaxation time of stress at grain boun-

daries, which is in turn determined by creep rate. Thus

we need to know two parameters: _"1= _"0 and relaxa-

tion time, � . The relaxation time is the time to relax

elastic strain by diffusive flow. Therefore it is given by

LIFSHITZ and SHIKIN (1965)

� � �

E _"
� L2RT

DOcE
� 


E
(8:67)

where E is the elastic modulus and 
 is the viscosity of

the material. The experimental study by GORDON and

TERWILLINGER (1972) showed _"0 �10 _"1 and the ini-

tial creep rate is linearly dependent upon stress.

The relaxation time is �1021Pa s/1011Pa� 1010

s� 103y for a typical mantle. For a high-viscosity region

(
� 1022Pa s), it is �104 y. The time-scale of post-

glacial rebound is 103–104 y. Therefore the conclusion

grain-boundary morphology

stress distribution for
elastic accommodation

stress distribution for
diffusional accommodation 

FIGURE 8.8 The stress

distribution near grain boundaries

corresponding to elastic or

diffusional accommodation.

Arrows indicate the shear

direction. The stress distribution

immediately after the application

of stress is determined by elastic

strain and has a large stress

concentration at grain boundaries.

This high stress concentration is

relaxed after a certain time and

at steady state the stress

distribution is controlled by

diffusive mass transport. As a

result the initial strain rate is

much faster than the steady-state

strain rate and the steady state is

attained after a relaxation time of

� "e= _"s .
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is that transient behavior is only marginally impor-

tant for typical mantle or for soft regions, but it is

significant for hard regions such as the deep lower

mantle.

8.5.4. Several issues on diffusional creep

How to identify diffusional creep or superplasticity
In laboratory studies, the identification of diffusional

creep can most clearly be made by determining the

stress exponent (n=1) and the grain-size exponent

(m=2–3). n=1 andm=2–3 will be the strong evidence

for diffusional creep (diffusional creep accommodated

by grain-boundary sliding) (n=2, m=2–3 will be

observed with dislocation creep accommodated by

grain-boundary sliding).

When there is strong evidence for large strain but

grain shape remains nearly equant, this suggests an

importance of grain-boundary sliding. However,

other processes can also result in the absence of grain

elongation. They include energy-driven grain-boundary

migration and dynamic recrystallization (associated

with dislocation creep). Therefore the absence of

grain elongation cannot provide unequivocal evidence

for superplasticity.

Inference of diffusional creep or superplasticity

from naturally deformed rocks is more difficult. The

strongest evidence for diffusional creep or superplasticity

is the absence of strong lattice-preferred orientation

despite large strain (BOULLIER and GUEGUEN, 1975;

BEHRMANN and MAINPRICE, 1987). If there is strong

evidence for large strain, yet lattice-preferred orientation

is weak, then one may conclude that grain-boundary

sliding (superplasticity) has made a significant contribu-

tion to strain. However, the correlation between the

presence/absence of lattice-preferred orientation and

superplasticity (i.e., grain-boundary sliding) is not

entirely clear. There are strong cases where no lattice-

preferred orientation develops or even the pre-existing

lattice-preferred orientation is destroyed by superplas-

tic flow (e.g., EDINGTON et al., 1976; KARATO et al.,

1995b) but there are some reports showing strong

lattice-preferred orientation during grain-size sensitive

creep (e.g., PIERI et al., 2001). It is likely that the strong

lattice-preferred orientation observed in the latter

study is caused by the processes of dynamic recrystal-

lization (dislocation glide and/or grain-boundary

migration) and the dominant deformation mechanism

is not grain-boundary sliding (see Chapters 13 and 14

for more details). An exception to this is a case where

there is strong anisotropy in diffusion and/or the rate

of dissolution/precipitation. In these cases, a certain

degree of lattice-preferred orientation may develop by

deformation due to diffusional creep (BONS and DEN

BROK, 2000).

In some cases, evidence for diffusional mass trans-

port can be identified from a ‘‘denuded zone’’ from

which the concentration of certain elements are reduced

(POIRIER, 1985, p. 197). This occurs in certain alloys

(or solid-solutions) in which the diffusion of certain

atoms is much slower than others. In such a case,

stress-induced diffusion results in an enhanced concen-

tration of easier-to-diffuse elements at boundarieswith a

particular orientation relative to stress. OZAWA (1989)

observed stress-induced chemical zoning in spinel in a

deformed peridotite, similar to stress-induced (kinetic)

demixing (DIMOS et al., 1988) providing evidence

for diffusive mass transport. A similar observation

includes ‘‘pressure shadow’’ in which the deposition

ofminerals at one side of the grains is observed in certain

rocks that were deformed at the presence of a fluid

phase (e.g., ELLIOTT, 1973). However, there has been

some controversy as to the implications of denuded

zones for diffusional creep (e.g., RUANO et al., 1993;

WOLFENSTEIN et al., 1993; BILDE-SORENSON and

SMITH, 1994; BURTON and REYNOLDS, 1994;

GREENWOOD, 1994). Some authors pointed out discrep-

ancies between experimental observations and simple

models of diffusional creep (RUANO et al., 1993;

WOLFENSTEIN et al., 1993). These discrepancies are,

however, probably the consequence of some complica-

tions in diffusional creep such as the imperfect action

of boundaries as source/sink for defects, or some

contributions from other processes such as grain-

boundary sliding.

Four-grain junctions (Fig. 8.6) are evidence for

grain-switching events that are unique to superplas-

ticity (ASHBY and VERRALL, 1973; KARATO et al.,

1998; GOLDSBY and KOHLSTEDT, 2001). Thus a fre-

quent observation of four-grain junctions can be

taken as evidence for superplasticity. However, the

absence of four-grain junctions in naturally deformed

rocks should not be considered as evidence against

superplasticity. In naturally deformed rocks, post-

deformational annealing is likely to have modified

these small-scale microstructures.

Some issues on the extrapolation of experimental
data on diffusional creep
Experimental observations on diffusional creep are

limited to samples with a small grain size (in most

cases �10 mm or less). The typical grain size in Earth’s
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mantle is �100mm to a few mm (see Chapter 13), and

therefore significant extrapolation is needed to apply

experimental data to evaluate deformation in Earth’s

mantle (and crust). In many studies, experimental

data on diffusional creep show Coble creep behavior,

i.e., m¼ 3 (e.g., HIRTH and KOHLSTEDT, 1995a;

RYBACKI and DRESEN, 2000). However, the extrap-

olation of these data to coarser grain sizes in Earth

assuming m¼ 3 is not necessarily valid. As shown by

GORDON (1973) and CANNON and COBLE (1975) (see

also Problem 8.4), the grain-size exponent, m, for

diffusional creep in ionic compounds probably

changes as grain size changes. An extrapolation to a

coarser grain size assuming m¼ 3 leads to an under-

estimation of strain rates due to diffusional creep.

Note also that if the grain-size exponent m changes

as in the case of MgO and Al2O3, then it will also

imply that the rate-controlling diffusing species

changes with grain size. Since the sensitivity of the

diffusion coefficient on the chemical environment

such as water fugacity is different among different

diffusing species (and also different diffusion mecha-

nisms, see Chapter 10), it is possible that the sensitivity

of diffusion creep on chemical environment (such as

water fugacity) determined by laboratory experiments

is different from that for natural conditions.
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9 Dislocation creep

Plastic deformation can occur by a collective motion of atoms as crystal dislocations. Evidence

for dislocation creep in Earth is abundant although other mechanisms such as diffusional creep

(see Chapter 8) dominate under some conditions. The rate of deformation due to dislocation motion

is proportional to dislocation density and velocity (the Orowan equation). In most cases dislocation

density increases with applied stress and dislocation velocity also increases with stress leading to a

non-linear relationship between stress and strain rate. However, steady-state dislocation density is

achieved only after a certain time or strain and therefore a significant period of transient creep is

often observed in dislocation creep. The dislocation velocity for its glide motion is controlled by

a variety of resistance forces including the intrinsic resistance caused by the crystal lattice (the Peierls

stress, reorganization of dissociated (partial) dislocations), the interaction with impurity (solute)

atoms, and mutual interaction. Dislocation motion out of its glide plane (climb) is controlled by the

diffusion of atoms. In both glide and climb, the motion of dislocation often occurs in a step-wise

manner through the motion of kinks and jogs respectively whose density is in most cases controlled

by the thermochemical equilibrium. Consequently, the velocity of dislocations is often sensitive to

thermochemical environment such as oxygen and water fugacity. Creep due to dislocation motion

involves a number of processes many of which must occur sequentially. As a result, the slowest of

these processes usually controls the overall rate of deformation. In the final section, a brief summary

of the concept of a deformation mechanism map is presented. A deformation mechanism gives

a guide to infer dominant mechanisms of deformation under a broad range of conditions.

Key words dislocation glide, dislocation climb, recovery, work hardening, Peierls stress, theOrowan

equation, Weertman model, Cottrell atmosphere, dissociation, partial dislocations, stacking

fault, Harper–Dorn creep, internal stress, deformation mechanism map, twinning.

9.1. General experimental observations
on dislocation creep

Historically, the importance of dislocations in plastic

deformation was recognized (in 1934 by Taylor,

Polanyi and Orowan; see OROWAN, 1934; POLANYI,

1934; TAYLOR, 1934) more than 10 years before the

importance of atomic diffusion in plastic deformation

was appreciated (NABARRO, 1948). Significant progress

was made on the fundamentals of dislocation motions

during the 1960s and important models of high-temper-

ature creep were proposed (e.g., WEERTMAN, 1968).

About the same time, David Griggs at UCLA started

extensive studies on plastic deformation of minerals and

rocks (see the Griggs volume (HEARD et al., 1972)).

Experimental studies on rock deformation on nat-

ural coarse-grained rocks (or single crystals) in these

early days showed that, in most cases, plastic defor-

mation occurs by dislocation motion and results

in characteristic microstructures. The deformation 143



microstructures of most naturally deformed rocks are

similar to those found in experimentally deformed

rocks in the dislocation creep regime, which provides

a strong evidence for dislocation creep in Earth’s inte-

rior. Based partly on this notion, WEERTMAN (1970)

suggested the importance of dislocation creep in Earth’s

mantle and pointed out the importance of stress- or

strain-rate-dependent effective viscosity in modeling

the depth variation of viscosity. Similarly, STOCKER

and ASHBY (1973) concluded that dislocation creep

plays an important role in Earth’s upper mantle.

Using the seismological observations of the distribu-

tion of anisotropic microstructures, KARATO (1998d)

and KARATO and WU (1993) suggested that disloca-

tion creep plays an important role in the boundary

layers (i.e., the top and the bottom layers) in the

mantle.

The important characteristics of dislocation creep

include:

(1) the relation between (steady-state) strain-rate and

stress is in most cases non-linear (Fig. 9.1);1

(2) deformation is usually highly anisotropic at the

level of grains;

(3) a significant transient period exists due to the evolu-

tion of dislocation structures (density, distribution);

(4) grain-scale microstructures develop during dis-

location creep including the formation of new

grain boundaries, strain-induced grain-boundary

migration (Chapter 13) and lattice- (crystallo-

graphic) preferred orientation (Chapter 14);

(5) the activation energy of creep agrees with that of

self-diffusion (of the slowest species) in many sim-

ple materials (metals and alkali halides), although

such a correlation is not clear in oxides and sili-

cates; and

(6) in almost all the silicate minerals so far studied,

plastic deformation by dislocation creep is signifi-

cantly enhanced by the presence of a trace amount

of water (hydrogen) (Chapter 10).

The microscopic origin of non-linear rheology is

that the strain rate in dislocation creep is proportional

to both dislocation density and velocity, both of which

are stress dependent. As a consequence of the non-

linear relationship between stress and strain rate,

the effective viscosity corresponding to dislocation

creep is stress dependent (strain-rate dependent (see

Chapter 3)). Consequently, when estimating the varia-

tion in effective viscosity for dislocation creep, one

needs to specify either the stress or strain rate (see

Chapter 19). However, the dislocation density has a

definitive value corresponding to applied stress only

at a steady state. The establishment of steady-state

dislocation density requires certain reorganization of

dislocation microstructures, and therefore there is a

significant transient period (strain) in dislocation

creep.
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FIGURE 9.1 (a) Stress versus strain rate and (b) inverse

temperature versus strain rate relationships in a single crystal of

olivine oriented for the 100½ � 010ð Þ slip system (room pressure,

buffered by orthopyroxene) (BAI et al., 1991).

1 There is one important exception to this rule. In certain cases where

dislocation density is independent of applied stress, then strain rate is a

linear function of stress (Harper–Dorn creep). This mechanism is discussed

in section 9.5.
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In this chapter we will learn the basic physics of

dislocation creep, starting from the fundamental rela-

tionship among dislocation density, velocity and strain

rate, i.e., the Orowan equation. The Orowan equation is

the starting point for most dislocation creep models.

This equation indicates that it is the processes

controlling dislocation density and the velocity of dis-

location motion that control the strain rate. Therefore

in this chapter we will focus on these two topics, the

dynamics of dislocation motion and the processes

controlling the dislocation density (dislocation multi-

plication and annihilation), which are essential to the

understanding of dislocation creep.

9.2. The Orowan equation

Let us consider the deformation of a crystal by the

motion of dislocations. For simplicity, let us assume

that dislocations are distributed uniformly. In such a

case, the deformation of a crystal can be calculated by

considering the deformation of a small region of a

crystal (of size L) that contains a single dislocation

(Fig. 9.2). When a dislocation has moved through a

crystal with a dimension L, then an average strain of

�b/L is created. Thus, when a dislocation moves a

small distance �L, then an increment of strain will be

�" � b

L

�L

L
¼ �b�L (9:1)

where I used a relation � ¼ 1=L2 (�, dislocation density).

If this strain increment is created during a time �t,

_" ¼ �"

�t
¼ b�

�L

�t
¼ b��: (9:2)

This is theOrowan equation (in the tensor formulation, the

Orowan equation can be written as _"ij¼ 1
2�ðbi�jþbj�iÞ,

which comes from "ij¼ 1
2�ðnjliþniljÞ, see Chapter 5).

The Orowan equation is the basis for most of the

models of plastic deformation by dislocation motion.

The physical meaning of the Orowan equation is

obvious. The rate of deformation is proportional to

the amount of unit displacement caused by dislocation,

b, dislocation density, �, and the (average) velocity of

dislocation motion, �. Among these parameters, the

length of the Burgers vector is nearly independent of

either the physical or chemical conditions (throughout

the conditions in Earth, it will change less than�10%).

The dislocation density at a steady state is determined

by the magnitude of stress (equation (5.66))2 and is

largely independent of materials, temperature and

pressure (and other thermochemical conditions). In

contrast, the dislocation velocity is a complicated func-

tion of stress, thermochemical conditions (T, P, fugac-

ity of water etc.). Complications of dislocation creep

come mostly from the variation of dislocation velocity.

Dependence of dislocation velocity on dislocation den-

sity gives rise to work hardening (or work softening) and

recovery. Temperature and pressure dependence of

creep are also through the velocity term. Similarly the

effects of the chemical environment are mainly through

its effect on dislocation velocity.

9.3. Dynamics of dislocation motion

When a deviatoric stress is applied, a force acts on a

dislocation (see equation (5.61)); consequently a dislo-

cation moves. The velocity of a dislocation is deter-

mined by the balance of a force due to stress and the

resistance force(s). The force acting on a dislocation

includes the forces caused by external stress as well

as stress due to other dislocations (internal stress).

Therefore the resistance to dislocation motion

includes: (1) the intrinsic resistance (the Peierls stress),

(2) the extrinsic resistance (resistance due to impurity

or solid-solution atoms) and (3) the mutual interac-

tions. Dislocation motions controlled by the Peierls

stress or impurities are insensitive to strain magnitude,

whereas dislocation motion controlled by mutual

interactions is sensitive to the strain because mutual

interaction depends on dislocation density and config-

uration, both of which evolve with strain. A dislocation

must overcome all of these resistance forces and there-

fore the largest resistance force controls the rate of

deformation. In fcc (face-centered-cubic) metals (such

as Au, Cu), where chemical bonding is weak and the

unit cell dimension is small, the Peierls stress is small

L b

FIGURE 9.2 Motion of a dislocation across a crystal causes the

relative displacement of two parts of a crystal of b.

2 There are some cases in which dislocation density is independent of

applied stress. In such a case strain rate is linearly proportional to applied

stress (Harper–Dorn creep).
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and the impurities or the mutual interactions are the

most important resistance forces. In such a case, sig-

nificant transient creep is often observed, which is

caused by the increase in dislocation interactions with

strain. Also strain hardening (work hardening) is often

observed in such a material, caused by the increase in

resistance forces due to the increase in dislocation

density. In materials where chemical bonding is strong

(covalent bonding) (Si, Ge, diamond, SiO2) or the unit

cell is large (garnet), the Peierls stress is high and has

important effects on the rate of dislocation motion. In

the extreme case where the Peierls stress is very large,

dislocation velocity is nearly independent of strain,

but dislocation density can evolve with strain, causing

the transient creep characterized by strain (work) soft-

ening (see later). In most silicate minerals, the nature of

chemical bonding is between ionic and covalent and

unit cell dimension is large. Consequently, the Peierls

stress is relatively large and the dislocation glide is in

general difficult.

9.3.1. Intrinsic resistance

The Peierls stress
When a dislocation is present in a crystalline lattice

there must be extra energy associated with it (see

Chapter 5). This extra energy varies with distance

with a period of the unit cell of the crystalline lattice.

This potential energy of dislocation is referred to as

the Peierls potential (self-energy of a dislocation per

unit length), �P xð Þ. Consequently, when a dislocation

moves through a crystal, there is a force on it that is

given by the spatial derivative of potential energy,

f ¼ �ð@�P=@xÞ ¼ �bð Þ. The maximum of this force

gives the resistance for motion of dislocation over the

Peierls barrier to the next stable position,

�P ¼
1

b

@�P
@x

����
����
max

(9:3)

and is called the Peierls stress. The Peierls stress is the

stress needed to move a dislocation in a crystal without

the help of thermal activation. It is determined by the

crystal structure and chemical bonding and hence is

intrinsic to a given material. For a simple sinusoidal

potential, �P / � � cos 2px=bð Þ (�, shear modulus; b,

the length of the Burgers vector), the Peierls potential

is related to the crystal structure and the elastic con-

stant, which is determined by the strength of chemical

bonds (for the derivation of this formula see a standard

textbook on crystal dislocations: e.g., COTTRELL,

1953; NABARRO, 1967b; HIRTH and LOTHE, 1982),

�P ¼
2�

1� �exp �
2p
1��

h

b

� �
(9:4)

where h is the distance between two planes between

which dislocation glide occurs and � is the Poisson’s

ratio. This relation indicates that among the possible

slip systems, the one that has the largest h=b will have

the smallest Peierls stress.

Such a sinusoidal potential is appropriate for met-

allic or ionic bonding. For covalent bonding, the

potential has a sharp minimum near the lattice sites,

hence the Peierls stress will be higher than given by

equation (9.4). The effects of form of inter-atomic

potential (namely the effects of chemical bonding) on

the Peierls stress were investigated by FOREMAN et al.

(1951). TAKEUCHI and SUZUKI (1988) reviewed experi-

mental data on the Peierls stress in a large number of

materials and showed that the variation in the Peierls

stress with materials can be explained mostly by the

geometrical factor through (9.4) despite this oversim-

plification (Fig. 9.3).

The motion of a dislocation over the Peierls poten-

tial does not occur homogeneously. Rather it occurs

step-wise through the formation of a ‘‘step’’ and its

motion (Fig. 9.4) through the nucleation andmigration

of kinks. Therefore glide velocity of an edge dislocation

�g is proportional to the number of kinks and their

velocity. If ck is the density of a kink pair (number of

kink pairs per unit length), then the mean distance

between the pairs of kinks is lk � 1=ck. If kinks spread

by this distance, then a dislocation line will move by a

distance, b. The time needed for this to occur is

	 � lk=�k ¼ 1=ck�k. Therefore the velocity of the

glide motion of a dislocation by the nucleation and

migration of kinks is given by
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FIGURE 9.3 The Peierls stress versus h=b relation for various

materials (after TAKEUCHI and SUZUKI, 1988).
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�g ¼
b

	
¼ ckb�k (9:5)

where ck is the kink density (number of kinks per unit

length) and �k is the kink velocity. Kinks may be

formed by thermal activation or they may exist by

deformation for geometrical reasons (geometrical

kinks; see Chapter 5). In a case where kinks are formed

by thermal activation, the kink density is sensitive to

the temperature and chemical environment (see

Chapter 5), ck ¼ ck T;P;Cð Þ where C denotes parame-

ters related to the chemical environment such as oxy-

gen and water fugacity. The kink velocity is also a

function of thermochemical variables as well as stress,

�k ¼ �k T;P;Cð Þ.
At a high stress, effects of stress to change the

potential barrier for kink formation (and migration)

become important and hence the following equation

applies,3

�g / exp �H�ð�;CÞ
RT

� �
(9:6)

where H� �; Cð Þ is the activation energy for a double-

kink nucleation (and migration). The reason for the

stress dependence of the activation enthalpy is the fact

that the geometry of dislocation at the saddle point

depends on the stress and that the activation enthalpy

includes the mechanical energy done by the applied

stress (see Fig. 9.4), namely,

H�ð�;CÞ ¼ H�0ðCÞ � �b ��Að�;CÞ
¼ H�0ðCÞ½1� Bð�;CÞ � �� (9:7)

where �A is the area swept by a segment of dislocation

when it has moved from the ground state to the acti-

vated state (called an activation area) and Bð�;CÞ ¼
b ��Að�;CÞ=H�0.

To understand howH� �; Cð Þ depends on stress, let

us consider a few simple cases. In a case where B �;Cð Þ
is independent of stress, then the activation enthalpy is

a linear function of stress, namely,

H�ð�;CÞ ¼ H�0ðCÞ½1� BðCÞ � ��: (9:8)

However, when a dislocation moves over a Peierls

potential, the activation area is in most cases stress

dependent because the shape of a dislocation moving

over the Peierls potential depends on the stress.

Imagine a straight dislocation line. Dislocation glide

occurs through the formation (nucleation) of kinks and

their migration. When applied stress is low, relative to

the Peierls stress, kink nucleation occurs through the

formation of a pair of discrete kinks. Once they are

formed, then two kinks will migrate to opposite direc-

tions. Let us first calculate the enthalpy of formation of

a pair of kinks. The formation enthalpy of a pair of

kinks is the enthalpy associated with the saddle point

configuration as shown in Fig. 9.4a. The enthalpy

difference between this configuration and the ground

state configuration (a dislocation lies on the Peierls

potential minimum) is

H�ð�; lÞ ¼ 2H�k þH�intðlÞ � �bld (9:9)

where l is the distance between two kinks, H�k is the

formation enthalpy of a kink, H�int lð Þ is the interaction
enthalpy of kinks, � is the applied stress and d is the

(c)

ΔA

(a)

l

d

ΔA

(b)

FIGURE 9.4 Dislocation glide through the nucleation and

migration of a pair of kinks.

(a) A saddle-point configuration for low stress. A pair of kinks

separated by a distance l is formed. �A is the area swept

by a dislocation segment that has moved from the ground

state (in the Peierls valley) to the saddle point. �b�A is the

work done by the applied stress to cause kink nucleation.

(Kink migration also occurs over a Peierls potential hill that is

normal to the Peierls potential hill for nucleation. This Peierls

potential is often referred to as the Peierls potential of the

second kind.)

(b) A saddle-point configuration for high stress. At a saddle

point two kinks are not well separated leading to a different

stress dependence for �A compared with the case for low

stress.

(c) After nucleation of a kink (pair), segments of the kink will

migrate to achieve dislocation glide.

3 At low stresses, the backward motion of dislocation must also be consid-

ered, so that �g / exp �H�þð�Þ=RTð Þ � exp �H��ð�Þ=RTð Þ where
H�þ;�ð�Þ is activation enthalpy for forward and backward motion. If

the activation enthalpy depends on stress as H�þ;�ð�Þ ¼ H�0 1��=�0ð Þ
then �g / exp �H�0=RT

� �
sinh ðH�0=RTÞð�=�0Þ

� �
� 2 exp �H�0=RT

� �
ðH�0=RTÞ�

�=�0 as �=�0�!0.

Dislocation creep 147



distance of neighboring Peierls potential minima (d� b).

H�k consists of the excess enthalpy associated with the

formation of a kink due to the increase in the line energy

and the Peierls energy, and the line energy in turn

depends on the Peierls energy because the geometry of

a kink is controlled by the balance of line tension and the

force caused by the Peierls potential. Thus

H�k ¼
ffiffiffiffiffiffi
K

2p

r
�b3

ffiffiffiffiffiffi
�P
�

r
(9:10)

whereK is a constant of order unity, and the kink-kink

interaction enthalpy is given by HIRTH and LOTHE

(1982),

H�int ¼ �
K

8p
�b2d2

l
: (9:11)

Taking the derivative of equation (9.9) with respect to l,

one finds that the enthalpy H� �; lð Þ has a maximum of

H�ð�; lmÞ ¼ H�0 1�
ffiffiffiffiffiffi
�

�P

r� �
(9:12)

at lm ¼ 1
2

ffiffiffiffiffiffiffiffiffiffiffi
K=2p

p ffiffiffiffiffiffiffiffiffiffiffiffiffi
�bd=�

p
where H�0 ¼ 2H�k ¼

ffiffiffiffiffiffiffiffiffiffiffi
2K=p

p
�

�b3
ffiffiffiffiffiffiffiffiffiffiffi
�P=�

p
. This maximum enthalpy is the enthalpy

for thermal activation needed to nucleate a pair of

kinks.

When a high stress is applied, then lm becomes

smaller and the saddle point configuration occurs at

the middle of two adjacent Peierls potential minima

(Fig. 9.4b), and the stress dependence of activation

enthalpy becomes stronger. In this case, one needs to

find the geometry of dislocation at the saddle point

configuration considering the balance of line tension

and the force caused by the applied stress, �b. A

detailed analysis yields (see e.g., KOCKS et al., 1975),

H�ð�Þ ¼ H�0 1� �

�P

� �2
: (9:13)

So, we have three cases for the stress dependence of

the activation enthalpy, equations (9.8), (9.12) and

(9.13). Other functional relationships can be found

for other models, but in all models, the activation

enthalpy is a function of �=�C, and H�ð�=�CÞ ¼ 0 for

� ¼ �C (for the cases of (9.12) or (9.13), �C ¼ �P). A
generic form that satisfies these relations is

H�
�

�C

� �
¼ H�0 1� �

�C

� �q� �s
(9:14)

where q and s are non-dimensional parameters with

0< q	 1 and 1	 s	 2 (e.g., KOCKS et al., 1975;

FROST and ASHBY, 1982). Note that the critical stress,

�C (�P), is sensitive to the chemical environment such

as the presence of water and H�0 depends on �P, there-

fore both H�0 and 1� �=�Cð Þqð Þs terms depend on the

chemical environment. Experimental data at relatively

low temperature and high stress can be fitted to the

flow law formula involving the stress-dependent acti-

vation enthalpy such as (9.14). In fitting experimental

data, a range of parameters (q and s) may be used but

the choice of these parameters does not have large

effects (Fig. 9.5).

When the applied stress reaches �C, then dislocation

motion is possible even at T ¼ 0 K. In this sense, �C
corresponds to the ‘‘yields stress.’’ When this critical

stress is due to the motion of a dislocation over the

Peierls potential, this stress corresponds to the Peierls

stress (�P). Note that although equation (9.14) for-

mally allows stress higher than �C, physically such a

stress is meaningless because a material cannot support

stress higher than this value. Consequently the stress

�C can be understood to be the absolute maximum

strength that a given material can support (with a finite

number of dislocations).

The activation enthalpy for dislocation glide at zero

stress (i.e., H�0) is highly sensitive to the length of the

Burgers vector as well as the Peierls stress. Both of

which are sensitive to the crystallographic nature of

each slip system. This causes strong anisotropy in dis-

location glide. The chemical environment such as water

fugacity can change H�0 through the change in the

σ
σP

T
T0

(1, 1)

(3/4, 4/3)
(1/2, 2)

(1, 2)

0 0.2 0.4 0.6 0.8 1
0

0.2

0.4

0.6

0.8

1

FIGURE 9.5 The stress needed to move a dislocation with a given

velocity as a function of temperature in the Peierls mechanism.

Numbers in parentheses indicate (q, s).
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Peierls stress (Chapter 10). For example, there is evi-

dence that water enhances the deformation of silicates

with particular slip system(s) more than others (e.g.,

BLACIC, 1975; MACKWELL et al., 1985) and this could

partly be due to the anisotropic enhancement of dis-

location glide.

HEGGIE and JONES (1986) developed a theoretical

model and showed that hydrogen reduces the Peierls

stress in quartz (see Chapter 10). Similarly HAASEN

(1979), HIRSCH (1979) and JONES (1980) proposed

models for the influence of impurities on dislocation

mobility in semiconductors. In these cases, impurities

affect dislocation motion either through the change

in kink density or kink mobility (or both). HOBBS

(1981) suggested that similar mechanisms may apply

to silicate minerals. When a dislocation is split into

partial dislocations, then the length of the Burgers

vector is reduced that reduces H�0. If the excess work

needed to re-organize a stacking fault is not large,

then dislocation splitting can result in softening.

Consequently, in a material where the Peierls stress

plays an important role, splitting of dislocations can

result in weakening. In contrast, in a material where

the Peierls stress is low, splitting usually leads to

hardening.

In most silicate minerals, the Peierls stress is large

because of largely covalent (plus some ionic compo-

nent of) bonding and of large unit cell dimensions. In

these cases, dislocation glide is difficult and may con-

trol the overall rate of plastic deformation. In a mate-

rial with a high Peierls stress, deformation with a small

strain may occur through the migration of pre-existing

‘‘geometrical kinks’’ (see Chapter 5) and therefore

rheology at small strains will be different from steady-

state rheology. This transient behavior is a possible

mechanism of seismic wave attenuation (KARATO,

1998a) (see also Chapter 11).

When the Peierls stress is large, the direct mech-

anical effects of impurity atoms (which are important

in materials with low Peierls stress) are not impor-

tant. In these materials, the effects of impurities

would likely be through indirect effects including

the effects to modify the concentration of point defects

that enhance diffusion and the effects to reduce the

Peierls stress by reducing the chemical bonds.

Thermal and athermal motion of defects
When the activation enthalpy is stress dependent

and decreases with stress, then there is a critical stress

at which the activation enthalpy for defect motion

becomes zero,

H�þ;�ð�cÞ ¼ 0: (9:15)

If the relation between stress and activation enthalpy is

linear, this stress is given by

�c ¼
H�

bDA
: (9:16)

When stress reaches this level, then motion of defects is

possible without the help of thermal activation. In

other words, there is a finite probability of defect

motion even at T ¼ 0 K. Such a motion of defects is

referred to as athermal motion.

Effects of dissociation
The dissociation of a dislocation into two (or more)

partial dislocations is often seen in silicate minerals (as

well as metals and oxides) (see Chapter 5). Dissociation

usually results in extra resistance for dislocation motion

and is often invoked to explain workhardening (e.g.,

COTTRELL, 1953). For instance, if dissociation occurs

on a screw dislocation, then the cross-slip motion of

screw dislocation occurs only when the stacking fault

shrinks (ESCAIG, 1968). Thus an extra energy is needed

for a cross-slip of a dissociated screw dislocation.

POIRIER and VERGOBBI (1978) suggested that creep in

olivine might be controlled by the motion of screw

dislocations involving the shrinkage of a stacking fault.

However, the correlation between dissociation and

creep is not straightforward. In some cases, dissocia-

tion could lead to weakening. For example, in a crystal

with a large Peierls stress due to a large Burgers vector,

dissociation can result in a reduction in the Peierls

stress, leading to weakening (e.g., CORDIER and

DOUKHAN, 1995). The dynamics of motion of dissoci-

ated dislocations with a high Peierls stress is discussed

by MÖLLER (1978).

9.3.2. Extrinsic resistance

Interaction with impurity atoms
Dislocations are associated with strain field. Therefore

dislocations have strong interaction with impurity

atoms that have strain field. In addition, if a disloca-

tion has an electrostatic charge then it also interacts

with charged defects.

In these cases, a dislocation will be associated with

either a higher or lower concentration of certain atomic

species including vacancies. Consequently, a motion of

a dislocation must be associated with diffusion of these

atomic species. Let us consider a case for impurity

atoms with different atomic (ionic) radius from that of
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the host atoms. In this case, elastic interaction occurs

between a dislocation and impurity atoms. The

strength of this interaction can be characterized by

the interaction energy that is characterized by a

parameter,


 ¼ �bDV
3p

1þ �
1� � (9:17)

where � is the Poisson ratio and

DV ¼ Vs � Va (9:18)

where Vs is the molar volume of solute (impurity

atoms) and Va is the molar volume of atoms in the

host crystal. Consequently, the distribution of impur-

ity atoms around a dislocation is modified to (Fig. 9.6),

c ¼ c0 exp �

 sin �

rRT

� �
: (9:19)

When a dislocation is accompanied with impurity

atoms, then the rate of dislocation motion is controlled

by the dislocation–impurity atom interaction and the

diffusion of impurity atoms. First, when a modest

stress is applied at high temperatures, a dislocation

moves together with impurity atoms. In such a case,

the velocity (mobility) of dislocation is controlled

by the rate of diffusion of impurity atoms. In this

regime, the dislocation velocity is proportional to the

diffusion coefficient of impurities, and inversely pro-

portional to the concentration of impurity atoms and

the strength of dislocation–impurity interaction. To

obtain the relation between dislocation velocity and

diffusion coefficient, we start from the general relation

between flux and force (see Chapter 2),

J ¼ D c� c0ð Þ
RT

f ¼ c� c0ð Þ� (9:20)

where f is the force on the particle. Therefore if there

are N impurity atoms around a dislocation (per unit

length), then the total force, F, needed to move these

atoms will be

F ¼ RTN

D
� ¼ �b: (9:21)

The number of impurity atoms around a dislocation

(per unit length) must now be calculated. The distance

from a dislocation where the concentration of impurity

atoms is different from the rest of the crystal is

�
=RT (see (9.19)). Most of the impurity atoms are

removed (collected) from this region by a moving dis-

location if the potential is repulsive (attractive), so

N � c0 
=RTð Þ2 (for details see HIRTH and LOTHE,

1982), and hence

� ¼ �DRT�b

c0
2
(9:22)

where � is a constant of order unity. Second, if a very

large stress is applied, then impurity atoms are broken

away from a dislocation, then a dislocation becomes

free from impurity atoms and moves fast. The critical

stress for breakaway depends on the concentration

of impurity atoms and the strength of binding of

impurities to a dislocation. Now recall that the extra

concentration of impurity atoms around a dislocation

per unit length is given by jc� c0jb2 � c0 1�½
exp �
=rRTð Þ�b2 � c0ð
b=RTÞ. The force needed

to remove one impurity from the potential well is

given by� @W=@rj j � 
=b2 (W: interaction potential).

Consequently, the force (per unit length) needed to

break away impurity atoms is � jc� c0jb2 @W=@rj j
� c0


2=bRT ¼ �cb. So that

�c �
c0


2

b2RT
: (9:23)

Above this stress, the dislocation velocity is controlled

by the intrinsic resistance such as the Peierls stress (or

phonon drag). Thus the relation between dislocation

velocity and stress would look like Fig. 9.7. At high

c/c0

r

β < 0

β > 0 

FIGURE 9.6 The distribution of impurities around a dislocation.

S
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FIGURE 9.7 A stress versus velocity diagram for a dislocation

interacting with impurity atoms.
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temperatures where atoms are mobile, there are two

branches in the force versus dislocation velocity dia-

gram. One slow branch corresponds to the Cottrell

drag case where dislocation drags impurity atmosphere.

The second branch corresponds to intrinsic resistance

such as the Peierls mechanism. A transition from slow,

Cottrell drag branch to fast intrinsic resistance branch

occurs at a certain stress level, leading to a catastrophic

change in dislocation velocity. This catastrophic transi-

tion sometimes leads to an unstable deformation called

the Portevin–Le Chatelier effect (fluctuation of stress

during a constant strain-rate deformation;

Chapter 16). A similar behavior is also observed in

grain-boundary migration (see Chapter 13).

Problem 9.1

Explain the cause for unstable dislocation motion

using Fig. 9.7 (see also the discussion on Fig. 13.4 on

page 234–235).

Solution

A solution of equation (9.20) is stable (unstable) if

a small increase in dislocation velocity results in

increase (decrease) in stress (force). Therefore in a

stress–velocity diagram, if the slope is positive

(i.e., @F=@�40), then dislocation motion is stable. The

stress (force) versus dislocation velocity curve shown

in Fig. 9.7 has three regions. In a region between point

1 and 3, @F=@�50 and dislocation motion is unstable.

Physically, this corresponds to the fact that when

dislocation velocity becomes faster, more impurity

atoms are broken away from the dislocation core so

that stress (force) becomes smaller. In essence, the

unstable motion of dislocation is caused by

breakaway of impurities from the dislocation line.

Suzuki effect
SUZUKI (1962) proposed that the motion of a disloca-

tion in a solid-solution alloy may be controlled by the

interaction of stacking faults with alloying elements. In

many minerals a certain degree of solid-solution and

stacking faults (partial dislocations) are commonly

observed. Therefore a similar effect may play some

role in minerals (e.g., SMITH, 1985). The stacking

fault (associated with partial dislocations) has different

atomic packing from the perfect lattice and hence has

an extra energy. Therefore the concentration of an

alloying element is likely different in the stacking

fault from that in the matrix. Consequently, when a

partial dislocation moves, it must exchange alloying

elements with the matrix and this diffusion-controlled

exchange may contribute to the resistance to disloca-

tion motion.

SUZUKI (1962) showed that the resistance (stress)

due to this effect is given by

�S ¼
�ðc0Þ � �ðc1Þ

b
� @�
@c

�c

b
(9:24)

where � cð Þ is the energy of stacking fault with the

concentration of solid-solution c. A typical value of

@�=@ c is � 0.1 Jm�2, and therefore one gets

�S � 10 MPa for �c ¼ 0:1, b¼ 0.5 nm.

9.3.3. Resistance due to mutual interaction

Dislocation motion is caused by the stress on a disloca-

tion line. This stress includes applied stress but also the

stress caused by other dislocations. The stress caused by

other dislocations play an important role in dislocation

motion during creep because dislocations have a long-

range elastic strain field. Dislocation–dislocation inter-

action can influence dislocation motion by other

mechanisms. They include formation of jogs formed

by the crossing of two screw dislocations, and the for-

mation of dislocation junctions.

Problem 9.2

Explain how a jog can be formed when two screw

dislocations cut each other and explain why a jog on

a screw dislocation results in resistance for dislocation

motion.

Solution

Consider a screw dislocation that cuts another screw

dislocation whose orientation is normal to another

one. The atomic displacement along a screw

dislocation is parallel to the dislocation line, and

therefore there will be a step, a jog, in each

dislocation normal to the dislocation line. At a jog on

a screw dislocation, the dislocation is an edge

dislocation. Consequently, this portion can move

only along a particular plane and the motion away

from its glide plane requires diffusion.
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The exact microscopic mechanism in which

dislocation–dislocation interaction modifies the

dislocation velocity is therefore complicated and

depends on a particular mechanism. However,

dislocation–dislocation interaction usually reduces

the dislocation velocity and the degree to which

dislocation velocity is reduced increases with dis-

location density. Consequently, the effect of

dislocation–dislocation interaction is often parame-

terized by replacing the stress with the effective stress,

�eff 
 �� �i,

� ¼ � �effð Þ 
 � �� �ið Þ (9:25)

where

�i � �b
ffiffiffi
�
p

(9:26)

is the internal stress. This relation can be understood by

remembering that the mean interaction stress between

dislocations is given by �i ¼ �h i � �b= rh i ¼ �b ffiffiffi
�
p

.

Implicit in this formulation is that the basic micro-

scopic physics of dislocation motion is unaffected by

the dislocation–dislocation interaction and therefore

the stress versus dislocation velocity relation is the same

as that for an isolated dislocation. Consequently,

strictly speaking this formulation is appropriate only

for the case of mechanical interactions rather than the

case for jog formation and/or node formation.

When the internal stress is the most important resist-

ance force, then no dislocation motion would occur

when the increase in dislocation density due to deforma-

tion results in � � �i ¼ ��b
ffiffiffi
�
p

. In such a case, continu-

ing deformation is possible onlywhen dislocation density

is reduced by recovery. Theories of creep corresponding

to such a case will be discussed later in this chapter.

9.3.4. Dislocation climb, cross-slip

Climb of an edge dislocation
Motion of an edge dislocation out of its glide plane is

referred to as climb. Climb of an edge dislocation

involves removal or addition of atoms (Fig. 9.8), and

needs diffusion of atoms away from or to the disloca-

tion. Therefore this mode of dislocation motion occurs

effectively only at relatively high temperatures (more

than half the melting temperature). The climb motion

of a dislocation occurs step by step, similar to the glide

through the migration of a jog (a jog is a step on a

dislocation line that is normal to the glide plane,

Fig. 9.8). The velocity of dislocation climb is therefore

proportional to the density of jogs, cj (a number of jogs

per unit length of a dislocation), and its velocity, �j,

�c ¼ cjb�j: (9:27)

In most cases the jog density is determined by ther-

modynamic equilibrium and is dependent on thermo-

chemical parameters (temperature, water fugacity etc.,

see Chapter 5).

Let us calculate the velocity of jog migration, �j.

The rate at which a jog moves is controlled by the rate

at which vacancies are emitted or attached to a dislo-

cation line and therefore the velocity of jogmigration is

controlled by diffusion of vacancies (and hence atoms).

When an external stress is applied, then the energy of

formation of a vacancy at the dislocation core becomes

stress dependent. Consequently, the concentration of

vacancies along a dislocation line is modified to

cv ¼ c0v exp
�O
RT

� �
: (9:28)

Consequently, a gradient in vacancy concentration is

created by the stress that leads to diffusion and hence

results in the migration of jogs. To determine how fast

a jog migrates, we will first solve the diffusion equation

for vacancies with the boundary condition that the

vacancy concentration at the dislocation core is

cv ¼ c0v exp �O=RTð Þ, and the concentration of vacan-

cies at a large distance L (L is approximately the mean

distance of dislocations) is c0v . At steady state, the vacancy

concentration must satisfy the Laplace equation,

r2cv ¼ 0 (9:29)

for isotropic diffusion coefficient. Solving this equa-

tion with appropriate boundary conditions, one gets,

cvðrÞ ¼ c0v 1þ expð�O=RTÞ � 1ð Þlogðr=LÞ
logðb=LÞ

� 	

� c0v 1þ ð�O=RTÞlogðr=LÞ
log ðb=LÞ

� 	 (9:30)

where we made an approximation �O=RT551.

b b

FIGURE 9.8 The atomic process of edge dislocation climb.

Climbing of an edge dislocation requires atomic diffusion (after

POIRIER, 1985).
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Problem 9.3

Derive equation (9.30).

Solution

The Laplace equation in the cylindrical coordinate

is ð1=rÞð@=@rÞrð@=@rÞ þ ð1=r2Þð@2=@�2Þ
� �

cv ¼ 0. With

the axial symmetry, this equation is reduced to

ð1=rÞðd=drÞrðd=drÞcv ¼ 0. The solution of this equation

has the following form, cv rð Þ ¼ C1 log rþ C2 where C1

and C2 are the integration constants that must be

determined by the boundary conditions. The boundary

conditions for this case are cvðbÞ ¼ c0v exp �O=RTð Þ and
cv Lð Þ ¼ c0v which give C1 ¼ c0v exp �O=RTð Þ�1½ �

logðb=LÞ and

C2 ¼ c0v 1� exp �O=RTð Þ�1
logðb=LÞ logL

h i
. Thus we get (9.30).

Consequently, there is a vacancy current per unit

length of a dislocation,

I ¼ �2prDv
@cv
@r
¼ 2p�ODvc

0
v

RT log ðL=bÞ

¼ 2pDc�O
RT logðL=bÞ ¼

2pD�NA

RT logðL=bÞ ð9:31Þ

where Dv is the diffusion coefficient of vacancies and

we used the relationsDvcv ¼ Dc and cO ¼ NA. Because

this is a flux of vacancies per unit length, the flux for

one jog (whose width is �b) is Ib. This flux makes a

displacement of a jog by b. Therefore, the jog velocity is

related to the vacancy flux as,

�j ¼ Ib2 (9:32)

and hence

�c ¼ cjb�j ¼
2p�ODcj

RT logðL=bÞ / Dcj (9:33)

where we used a relation b3NA ¼ O. The dependence of
climb velocity on L is annoying, but for a reasonable

range of dislocation density, logðL=bÞ is only weakly

dependent on dislocation density and logðL=bÞ �4�5.
The velocity of dislocation climb is proportional to

the diffusion coefficient and the jog concentration.

Therefore the dependence of dislocation climb velocity

on temperature and chemical environment is through

their influence on diffusion coefficient and jog concen-

tration. If the activation enthalpy for jog formation is

not small then cj / exp �H�jf=RT

 �

(H�jf: enthalpy for

jog formation), andH�climb ¼ H�jf þH�diff . If the forma-

tion energy of a jog is small, then the mean distance of

jogs will be smaller than the characteristic length of

diffusion of atoms along a dislocation line, then all

sites along a dislocation line can operate as a source/

sink of atoms. In such a case, a dislocation line is said

to be ‘‘saturated’’ with jogs and �c / D, and hence

H�climb ¼ H�diff.

Note that the diffusion coefficient in equation (9.33)

is an average diffusion coefficient normal to the dis-

location line, D?. Anisotropy in D? and in jog forma-

tion energy causes anisotropy in the climb velocity of a

dislocation.

Problem 9.4*

Consider a pair of edge dislocations with a distance

l whose extra half-plane is common but extend to

different directions (Fig. 9.9). Such a pair is called a

dislocation dipole. Since these two dislocations with

opposite signs attract each other (at a long distance),

they will climb and finally annihilate. During this

climb, atoms (vacancies) must diffuse out (in) from

this region. Assuming that a dislocation dipole is in a

cylinder with a radius�L0ðL0 � lÞ, show the velocity of

dislocation climb is given by �c ¼ Dcj�bO

1��ð ÞlRT log ðL0=
ffiffiffiffi
bl
p
Þ
.

Solution

The interaction of two dislocations is, in general,

complicated because the interaction depends on the

orientations and relative positions of two dislocations.

However, when the two edge dislocations are separated

more than �b on parallel planes with a distance l, then

stress between two dislocations is attractive and is given

by � ¼ �b=2p 1� �ð Þl (equation (5.65)). Therefore the

l L′

FIGURE 9.9 Climb motion of a pair of edge dislocations.
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vacancy concentration near the dislocation core

is modified by this stress to cv ¼ c0v exp �bO=2p 1� �ð Þlð Þ
� c0v 1þ �bO=2p 1� �ð Þlð Þ. As a result, vacancy

concentration at the dislocations is modified (to the

same degree), and consequently, there must be a flux of

vacancies out of this region containing a dislocation

dipole. To determine the steady-state flux, we first

consider vacancy concentration profile corresponding

to a single dislocation subjected to the stress caused

by the mutual interaction. Since the diffusion equation

is linear, the vacancy concentration can be determined

by the superposition of two solutions, each of which

corresponds to the vacancy distribution by one

dislocation. Let us assume the following form cv rð Þ ¼
C1 log rþ C2 which is valid for r� l. An obvious

boundary condition is cv L0ð Þ ¼ c0v so that cv rð Þ ¼
C1 logðr=L0Þ þ c0v . Another boundary condition is

that at the cores of each dislocation (at distance

�b from each dislocation), the concentration of

vacancy must be cv � c0v 1þ �bO=2p 1� �ð Þlð Þ. Using

the superposition of solutions for each dislocation,

one finds cv rð Þ ¼ ðc0v�bO=4p 1� �ð ÞlÞ ðlogðr=L0Þ=
logð

ffiffiffiffi
bl
p

=L0ÞÞ þ c0v . The vacancy flux I can be calculated

as I ¼ �2prDvð@cv=@rÞ ¼ Dvc
0
v�bO=2 1� �ð ÞlRT

logðL0=
ffiffiffiffi
bl
p
Þ. Using the relations �j ¼ Ib2 and

�c ¼ cjb�j, one obtains �c ¼ Dcj�bO= 1� �ð ÞlRT
logðL0=

ffiffiffiffi
bl
p
Þ. This is similar to equation (9.33) with

minor modifications.

Cross-slip of a screw dislocation
The glide plane is defined by the unit vector normal to the

plane n ¼ x � b where x is the vector parallel to the

dislocation line and b is the Burgers vector. For a screw

dislocation, xjjb and therefore n¼ 0 and there is no

unique glide plane. Consequently, a glide motion of a

screw component of dislocation can occur on any crys-

tallographic planes. The glide out of a glide plane is called

cross-slip and is more difficult than the glide on a glide

lane if a dislocation is dissociated.

When a dislocation is dissociated, then the motion

of a (screw) dislocation involves the motion of two

partial dislocations. Except for a special case in which

the Burgers vectors of two dislocations (partial dislo-

cations) are parallel to the original undissociated screw

dislocation, cross-slip involves climb component of

partial dislocations. Consequently, cross-slip may

occur when the dissociated portion becomes undisso-

ciated by the shrink of a stacking fault. This is an

energetically unfavorable process therefore it occurs

only through thermal activation (Fig. 9.10; ESCAIG,

1968). POIRIER (1976a) emphasized the role of cross-

slip as a process of dislocation recovery similar to

dislocation climb. Both cross-slip of a screw disloca-

tion and climb of an edge dislocation are needed for a

dislocation glide loop to move its glide plane.

9.4. Dislocation multiplication, annihilation

We have so far considered the factors that control

dislocation velocity. Let us now consider processes by

which dislocation density is controlled.

9.4.1. Dislocation multiplication

Dislocations can be introduced into a crystal either

through growth process (from a melt or from another

phase due to a phase transformation) or by deformation

(applied stress). A dislocation can move by an applied

stress, but as far as its motion is homogeneous, there

is no change in the length of a dislocation. In order to

increase the length of a dislocation, dislocation motion

must be heterogeneous (this is analogous to the gener-

ation of a magnetic field by dynamo (e.g., MERRILL

et al., 1998)). Let us consider a case where a dislocation

is pinned at two points (Fig. 9.11a). Such pinning may

occur for various reasons including the presence of a jog

on a screw dislocation, a dislocation node, or an immo-

bile impurity atom. In such a case, an applied stress will

move a dislocation line between the pinning points until

they form a loop. This process can continue to cause the

P1

P2

P1

P2

P1

P2

FIGURE 9.10 Cross-slip of a dissociated screw dislocation (after POIRIER, 1985). P1, P2 denote different slip planes. Hatched regions show

stacking faults. In order for a screw dislocation to change its slip plane by cross-slip, the stacking fault must constrict locally.
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increase in the length of dislocation (i.e., dislocation

density). Such a source of dislocations is called the

Frank–Read source. In order for this mechanism to

work, one needs mechanisms for pinning. Also because

of the line tension of a dislocation, as discussed in

Chapter 5, the magnitude of applied stress must exceed

�FR �
�b

l
(9:34)

where l is the distance of pinning points. A similar proc-

ess is a double cross-slip (Fig. 9.11b). In both cases, the

rate of dislocation multiplication is proportional to dis-

location velocity and the number of dislocation sources,

that is proportional to dislocation density, namely,

_�þ ¼ AN�g (9:35a)

where N is the number density of dislocation source.

When dislocations are multiplied by the Frank–Read

source or by double cross-slip, N / � and therefore

_�þ ¼ A0��g: (9:35b)

9.4.2. Recovery, annealing of dislocations

Dislocation can be annihilated. Two mechanisms are

important. First, dislocations can be annihilated at

grain boundaries (or subgrain boundaries). This hap-

pens when a dislocation reaches a grain boundary or

when a moving boundary sweeps materials that contain

dislocations. The latter process is particularly impor-

tant in dynamic recrystallization (see Chapter 13 for

details). Second, when dislocations with different signs

collide, they disappear through dislocation climb (see

Problem 9.4). Third, once dislocations are organized as

a regular array, then they become immobile, and they

no longer play an active role in deformation (note that

the dislocation density in the Orowan equation is that

ofmobile dislocations). Collectively these processes are

referred to as recovery processes. The rate at which

dislocation density decreases in the first mechanism is

proportional to the glide velocity and dislocation density,

whereas for the second mechanism it is proportional to

the climb velocity and the number of dipoles and hence

to the second power of dislocation density, namely,

_�� ¼ B1��g for grain-boundary annihilation (9:36a)

and

_�� ¼ B2�
2 for dislocation�dislocation interaction

(9:36b)

where B2 is proportional to the diffusion coefficient.

9.4.3. Evolution of dislocation density
and transient creep

The dislocation density changes with time following

_� ¼ _�þ � _��: (9:37)

Given specific mechanisms of dislocation multiplica-

tion and annihilation, and the knowledge of depend-

ence of dislocation velocity on dislocation density, one

can integrate equation (9.37) and calculate the strain

versus time (or stress versus strain) relation.

To solve equation (9.37), one needs to know the

relation between dislocation velocity and density. In

the initial stage of work hardening (or at low temper-

atures), one may assume that the dislocation density

does not change so much and hence dislocation

velocity is independent of dislocation density (e.g.,

JOHNSTON and GILMAN, 1959; JOHNSTON, 1962) see

also LI (1963), REPPICH et al. (1964),WEBSTER (1966a,

1966b), SUMINO (1974), and KARATO (1977). Under

these conditions equation (9.37) becomes

_� ¼ A0�g�� B2�
2 ¼ k1�� k2�

2 (9:38)

where k1 ¼ A0� and k2 ¼ B2. Here I assumed that the

dislocation multiplication is by a Frank–Read source

and the annihilation is by mutual interaction (k1 is

proportional to the glide mobility and k2 is propor-

tional to the climb mobility, i.e., diffusion coefficient).

If k1;2 are independent of time, then equation (9.38) can

be integrated to obtain � tð Þ. The dislocation density,

(a)

(b)

FIGURE 9.11 Processes of dislocation multiplication:

(a) Frank–Read source, (b) double cross-slip.
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� tð Þ, can be inserted into the Orowan equation,

_" tð Þ ¼ � tð Þb�, to obtain (Problem 9.5)

" ¼ "0 þ _"stþ
_"s
k1

log 1þ _"0 � _"s
_"s

1� exp �k1tð Þð Þ
� 	

(9:39)

where _"0 is the initial strain rate ( _"0 ¼ �0b�) and _"s is

the steady-state strain rate ( _"s ¼ �sb�). For a short time

(i.e., k1t
 1),

" � "0 þ _"stþ
_"s
k1

log 1þ _"0 � _"s
_"s

k1t

� �
: (9:40)

The assumption that k1;2 is independent of time is

valid only at low temperatures or the initial stage of

deformation. In fact this logarithmic transient creep is

often found at low temperatures (e.g., GAROFALO, 1965).

Problem 9.5

Derive equation (9.39).

Solution

Rearranging equation (9.38), onehas 1=��1=ð��k1=k2Þð Þ
d� ¼ k1 dt. If k1;2 are independent of time,

then this equation can be integrated to obtain

� ¼ ðk1=k2Þ 1
1� 1�ðk1=k2Þð1=�0ð ÞÞ exp �k1tð Þ, where �0 is the

initial dislocation density. Inserting this relation into

the Orowan equation, one gets _" ¼ _"s
1� ð _"0� _"sÞ= _"0½ � exp �k1tð Þ

( _"0 ¼ �0b� (initial strain rate) and _"s ¼ �sb� ¼ ðk1=k2Þ�
b� (steady-state strain rate)). When k1;2 are independent

of time, dislocation velocity is independent of time, and

therefore integrating this equation once more

(by changing the variable, x 
 A exp �k1tð Þ), one

obtains, " ¼ "0 þ _"stþ ð _"s=k1Þ log 1þ ð _"0 � _"sÞ= _"s½ ��½
1� exp �k1tð Þð Þ�.

At the later stage of transient creep (i.e.,

ð _"0 � _"sÞ= _"s551), equation (9.39) becomes

" ¼ "0 þ _"stþ _"0 � _"sð Þ=k1½ � 1� exp �k1tð Þ½ �: (9:41)

This form of transient creep (exponential transient

creep) is frequently observed at high temperatures

(e.g., AMIN et al., 1970). However the derivation of

(9.41) from (9.39) is not valid because the assumption

that dislocation velocity is independent of dislocation

density used to derive (9.39) is not appropriate in the

later stage of transient creep. Furthermore, equation

(9.41) implies that the relaxation time will be controlled

by the glide velocity of dislocations, whereas the

experimental data at high temperatures show that the

relaxation time is controlled by the rate-controlling

processes of dislocation recovery (in most cases the

climb velocity; see AMIN et al., 1970).

AKULOV (1964) presented a physical model to

derive an exponential transient creep law from disloca-

tion dynamics. He noted that equation (9.38) can be

modified to

d�

d"
¼ d�

dt

dt

d"
¼ k1�� k2�

2

�b�
¼ �0 � 
1� ¼ �
1 �� �sð Þ

(9:42)

where �0 ¼ A0�g=b� / �g=�, 
1 ¼ B2=� / �c=� (�g,

velocity of dislocation for multiplication (glide veloc-

ity); �c, velocity of dislocation climb) and �s ¼ �0=
1.

At high temperatures, dislocation velocity is climb-

controlled so 
1 is independent of strain and disloca-

tion density. Under these conditions, equation (9.42)

can be integrated to yield,

_" ¼ _"s þ _"0 � _"sð Þ exp �
1"ð Þ (9:43)

where _"0 ¼ �0b� and _"s ¼ �sb�. Changing the variable

using y 
 _"0 � _"sð Þ= _"s½ � exp �
1"ð Þ, this can be modi-

fied to

_" ¼ _"s
1� _"0 � _"sð Þ= _"0½ � exp �
1 _"stð Þ (9:44)

and hence

" ¼ "0 þ _"stþ
_"0 � _"s

1 _"s

1� exp �
1 _"stð Þ½ �: (9:45)

This formula represents the transient creep behavior

controlled by a relaxation process with the relaxation

time of 	 ¼ 1=
1 _"s, and is shown to fit a large number of

data on high-temperature transient creep in metals and

minerals (AMIN et al., 1970; SMITH and CARPENTER,

1987). AMIN et al. (1970) derived equation (9.45) assum-

ing an empirical relation (Problem 9.6)

d _"

dt
¼ � _"� _"s

	
(9:46)

with 	 / 1= _"s.

Problem 9.6

Derive equation (9.45) from equation (9.46).

Solution

Integrating equation (9.46), one has _" ¼ _"0 � _"sð Þ�
exp �t=	ð Þ þ _"s. Integrating this once more " ¼ "0 þ _"stþ
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	 _"0 � _"sð Þ 1� exp �t=	ð Þ½ �. If one inserts 	 / 1= _"s, then

equation (9.45) can be obtained.

The above analysis for high-temperature transient

creep formula can further be expanded to explain

Andrade creep, i.e., " / t
 with 
51 which is observed

at modest to high temperatures (see Chapter 3). One

way is to generalize equation (9.42) to

d�

d"
¼
X
m

�m � 
mð Þ�m (9:47)

where �m; 
m are relevant constants (AKULOV, 1964).

In a special case, where only one term dominates, i.e.,

d�=d" ¼ �
m�mand for large strain, one obtains

" / t m�1ð Þ=m: (9:48)

With m ¼ 3
2, one has " / t1=3, a transient creep behav-

ior frequently observed in metals (GAROFALO, 1965).

The same relation can also be derived from (9.45) if one

assumes a distribution of relaxation times (MINSTER

and ANDERSON, 1981). In either case, note that the

Andrade creep formula can be derived only for a cer-

tain range of time (or strain). As is obvious from the

above derivation, the Andrade creep formula is not a

good approximation for short time (small strain). In

fact for t! 0, the Andrade creep formula would pre-

dict an infinite strain rate that is not physical.

Let us example an implication of dislocation

dynamics on the steady-state dislocation density. At

high temperatures or at conditions close to steady-state

creep, the assumption of a constant dislocation veloc-

ity is no longer valid. Under these conditions, the

mutual interaction of dislocations to control disloca-

tion velocity becomes important, and hence equa-

tion (9.38) needs to be modified. A commonly used

relation is4

�g ¼ C �� �ið Þ ¼ �0 � k
ffiffiffi
�
p

(9:49)

with �0 ¼ C� and k ¼ C�b. Thus with the same

assumption for the dislocation multiplication and

annihilation as (9.38), one has

_� ¼ A0� �0 � k
ffiffiffi
�
p� �

� B2�
2: (9:50)

At steady state, A0 �0 � k
ffiffiffiffiffiffi
�ss
p� �

� B2�ss ¼ 0 and hence

�ss ¼ b�2
�

�

� �2

for �
 A0C�2b2

4B2
: (9:51)

This provides a theoretical basis for the dislocation

density versus stress relationship,5 and physically this

means that under the condition of slow dislocation

recovery (i.e., �
 A0C�2b2=4B2), the dislocation den-

sity reaches a point where applied stress nearly balan-

ces with the internal stress. The characteristic time for

equilibrium of dislocation density is given by

	 � 1=B2� for �
 A0C�2b2=4B2. Essentially, this cor-

responds to a case where _�þ � _�� so that at steady

state, _�þ / �� �i � 0.

9.5. Models for steady-state dislocation
creep

9.5.1. Generalities

The previous sections provide a general theoretical

framework for modeling plastic deformation by dislo-

cation motion. Given the dynamics of dislocation mul-

tiplication and recovery, such a theory provides us with

a useful means to understand the variety of behavior in

plastic deformation in various materials.

For example, in metals with a low Peierls stress

(e.g., fcc metals, such as Cu and Au), dislocation glide

in pure materials is easy, and these materials are soft.

However, with further deformation these materials

become harder due to the increase in resistance for

dislocation motion caused by the increase in disloca-

tion density (work hardening). Steady-state deforma-

tion is possible only at high temperatures, where

dislocation density can be reduced to maintain

steady-state deformation by dislocation motion. In

short, in these materials, intrinsic dislocation glide is

easy, but mutual interaction among dislocations makes

their motion difficult, and steady-state deformation is

possible only when dislocation density is maintained at

a steady-state value due to dislocation annihilation via

dislocation climb (or cross-slip).

In a material where the intrinsic resistance for dis-

location glide (the Peierls stress) is large, dislocation

multiplication by glide is difficult. In these cases, the

rate of dislocation multiplication by glide may control

the rate of deformation. The deformation of (dry)

quartz in which the Peierls stress is high due to strongly

covalent bonding belongs to this class. Glide-con-

trolled steady-state deformation is also observed in

some metallic alloys.

4 WEBSTER (1966b) used a relation �g ¼ �0 � k� in his analyses.

5 Equation (9.38) would give �ss ¼ k1=k2. In this case the dislocation

density would be sensitive to temperature, which is not consistent with the

observation.
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The variation in deformation behavior described

above can be investigated through the formulation

discussed in the previous section by varying the various

parameters. In this section, I will review variousmodels

of steady-state creep based on some specific models for

dislocation motion and structure.

9.5.2. Some models

The analysis of interaction between dislocation multi-

plication by glide and annihilation by climb (or by

cross-slip) can be simplified in the following way if

only the steady-state deformation is concerned. The

whole process of dislocation multiplication and anni-

hilation may be considered to be made of two steps,

i.e., glide of dislocation by a distance L and annihila-

tion by climb that eliminates the internal stress and

allows the next glide. In this scheme the average veloc-

ity of dislocation can be written as,

� ¼ L

tg þ tc
(9:52)

where L: distance of unit motion of dislocation before

dislocations stop at certain obstacles. If tg
 tc (glide is

easy, climb is difficult) then you have climb-controlled

creep. This is the case for metals and simple ionic

solids. If tc
 tg (glide is difficult) then you have glide-

controlled creep. This is the case for covalent materials

and/or materials with complicated crystal structure.

Detailed discussions on the models of high-temperature

creep can be found in POIRIER (1976b, 1985).

Climb control model
When dislocation climb is more difficult, then

� ¼ L

tg þ tc
� L

tc
¼ L

d
�c (9:53)

where d is the distance between glide planes. Using the

Orowan equation, we get,

_" ¼ �b� ¼ �bL
d
�c: (9:54)

Subgrain boundary recovery model
In a material that has been deformed at steady-state

creep, dislocations often show an organized structure

(Fig. 9.12) in which many of them occur as subgrain

boundaries. Several models have been proposed in

which it is assumed that the rate of steady-state defor-

mation is controlled by dislocation recovery and the

dislocation recovery occurs in subgrain boundaries.

Therefore the starting point of this type of model

is the relation (9.42) and one calculates the steady-

state density of mobile dislocations and the rate of

recovery.

Let us consider a model in which dislocations are

distributed as loops in a subgrain with the sizeL (in this

model there is no mention of the source of disloca-

tions). This block is surrounded by subboundaries.

Dislocations move within subgrains to create strain,

but their density is kept constant by the recovery at

subgrain boundaries. If the mean distance of loops is

H, then the density of mobile dislocations (dislocations

in a subgrain) is given by

� ¼ NL ¼ L

H

1

L3
L ¼ 1

HL
(9:55)

where N is the number of loops in the cell. Now let us

assume that the internal stress caused by mutual inter-

action of dislocations (�i � �b=H) is balanced with the

applied stress. Thus,

H ¼ �b
�
: (9:56)

The distance that dislocations must climb to cause

annihilation is � 1
2H. Therefore using (9.54), one

gets,

_" ¼ b
1

HL

2L

H
�c ¼ 2

�

�b

� �2

b�c ¼
�Dcj�O
b2RT

�

�

� �3

: (9:57)

In this model, the size of subgrains, L, disappears

from the final equation. If one uses an empirical rela-

tion L � b�=�, then equations (9.55) and (9.56) yield

� � b�2 �=�ð Þ2.

H

L

L

L

FIGURE 9.12 A subboundary recovery model of creep. Dislocation

loops whose mutual distance is H expand and when they reach the

subboundary, they annihilate through dislocation climb. Formation

of loops is due to the operation of some dislocation sources (see

Fig. 9.11). The rate of annihilation at subboundaries is assumed to

be the rate-controlling step.
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Weertman model
WEERTMAN (1968) proposed a model of steady-state

creep in which some details of dislocation multiplica-

tion and annihilation processes are considered. In this

model, both dislocation multiplication and annihila-

tion are considered to occur homogeneously in a crys-

tal. He proposed that dislocations are generated from

some sources and propagate on a given glide plane

(Fig. 9.13). Creep strain is due to dislocation glide.

Dislocations on neighboring planes interact with each

other to make pairs of dislocations (dislocation

dipoles). Once a dislocation dipole is made, disloca-

tions do not glide anymore. Further dislocation glide is

possible only after dislocations are annihilated through

climb. Thus the whole process is rate-controlled by

climb of dislocations and hence by diffusion.

The starting point is the modified Orowan equa-

tion (9.54). Let us first consider a number (or the density)

of dislocations. There is one source per volume of pL2d

and thus, ifM is the density of dislocation source, then

M ¼ 1

pL2d
(9:58)

The density of mobile dislocation is given by (a

number of sources per unit volume) � (the length of

dislocations per one dipole) � (number of dipoles for

one source). The number of dislocation dipoles is here

because a dislocation becomes mobile only when anni-

hilation occurs at a dipole, i.e., the rate of dislocation

motion. For one source, the length of dislocation is pL.
The number of dipoles per source is given by �L=d (at

a dipole, there must be a balance of stress due to

neighboring dislocation on the same plane (�1=L)

and the stress between two dislocations on separate

planes (�1=d)). Therefore,

� ¼M � pL � L
d
¼ pML2

d
(9:59)

From (9.58) and (9.59), one gets � ¼ 1=d 2 . Thus,

_" � b
L

d 3
�c �

b

d
7
3M

1
2

�c (9:60)

Now from Problem 9.4, �c � Dcj� and d � bð�=�Þ
(from � � b�2 �=�ð Þ2). Therefore,

_" � �

�

� �9=2
Dcj

M1=2
(9:61)

n¼ 4.5 if M (the density of dislocation source) is inde-

pendent of stress (n is larger than 3 (a standard value),

because of the factor L=d). However, ifM is dependent

on stress, then other stress dependence will result. For

example, if one assumes M � � � �2, then n ¼ 3:5. If

one assumes M � �=d � �3, then n ¼ 3.

Nabarro model
NABARRO (1967a) proposed a model of dislocation

creep in which strain is caused by dislocation climb.

Contribution from dislocation climb was demonstra-

ted by the analysis of shape change in single crystals of

olivine by DURHAM et al. (1977). Similarly, DUCLOS

et al. (1978) inferred important contribution from dis-

location climb in oxide spinel deformed at high homo-

logous temperature based on transmission electron

microscopy study of dislocation structures. The rate

of deformation in this model is proportional to the rate

of dislocation climb and hence to the diffusion coeffi-

cient, and is to the third power of stress (n¼ 3).

Deformation in this case does not have a rotational

component, and hence no lattice-preferred orientation

will develop (see Chapters 5 and 14).

Influence of pipe diffusion
Some modification can be made for the recovery-

controlled model by introducing the effects of dis-

location core diffusion. The velocity of dislocation

S

S

d

L

FIGURE 9.13 Weertman’s model of steady-state, recovery-controlled dislocation creep. Dislocation loops are generated by the source

(S), and they expand. When two loops meet at a distance d, their motion stops until a dislocation is annihilated by climb (see Fig. 9.9).

When a pair of dislocations is annihilated (through climb motion), then the propagation of the next loop becomes possible to maintain

‘‘steady-state’’ creep.

Dislocation creep 159



climb is controlled by diffusion. Diffusion can

occur, not only through the bulk of a crystal, but

also along the dislocation lines (see Chapter 8). If

the influence of diffusion along a dislocation line is

included, equation (9.32) can be replaced with

�c ¼
2pðDþDpipepb2�Þcj�O

bRT logðL=bÞ

¼
2p DþDpipepð�=�Þ2

 �

cj�O

bRT logðL=bÞ (9:62)

which predicts _" / �n at low stress and _" / �nþ2 at high
stress where n is the stress exponent in the model where

bulk diffusion controls the rate of dislocation climb.

The major features of climb-controlled creep can be

summarized as follows. (1) The stress and strain-rate

are related by a non-linear relation. If a power-law

formula is used then, n¼ 3–5. (2) The activation energy

of creep is the same as that of activation energy of

diffusion if cj is constant. In crystals with a high

Peierls stress, cj is dependent upon temperature

through cj � expð�H�j =RTÞ where H�j is enthalpy for

jog formation. In this case, H�creep ¼ H�diff þH�j where

H�diff is activation energy for diffusion. (3) Processes

that enhance diffusion will also enhance creep. (4)

Processes that increase jog density will enhance creep

in materials with a high Peierls stress. These last two

points are important in relation to the enhancement of

creep rate by water (see Chapter 10).

Glide control model
When dislocation glide is difficult, then glide itself will

control the rate of deformation. Crystals with a high

Peierls stress or solid-solution with a large misfit (class

I alloys) (because of large interaction of dislocations

with solute atoms that resists glide) belong to this

category.

When dislocation glide is more difficult, then

� ¼ L

tg þ tc
� L

tg
¼ �g: (9:63)

Using the Orowan equation, we find,

_" ¼ �b� ¼ �b�g: (9:64)

The creep rate is directly related to the dislocation

density and dislocation velocity. There is no term

related to dislocation geometry (such as L=d in equa-

tion (9.54)). Consequently the stress dependence of

strain rate comes from that of a dislocation density,

� � b�2 �=�ð Þ2, and that of dislocation glide velocity.

The activation enthalpy for creep is that of dislocation

glide. WEERTMAN (1957) proposed a model for glide-

controlled high-temperature creep. He considered both

viscous dislocation motion (e.g., motion of a disloca-

tion controlled by solute drag) and dislocation motion

controlled by the Peierls stress. In both cases, the dis-

location density is considered to be controlled by the

balance between internal stress and applied stress and

hence, � � b�2 �=�ð Þ2. At low stress, the velocity is

nearly linearly dependent and hence the stress exponent

is n� 3. A glide-controlled creep model involving solute

atoms was proposed by TAKEUCHI and ARGON (1976).

In geological materials, glide-controlled creep could

occur due to the high Peierls stress. In this case, the rate

of deformation depends on stress in an exponential

fashion at high stresses. This occurs due to the stress

dependence of activation free energy (see section 9.3.1).

Harper–Dorn creep
There are some reports suggesting that plastic defor-

mation of a single crystal shows linear relationship

between stress and strain rate under some conditions

(HARPER and DORN, 1957). In these cases, the dislo-

cation density is independent of applied stress and such

a mechanism of creep is called the Harper–Dorn creep.

In other words, the dislocation density is not deter-

mined by the applied stress but it assumes a frozen-in

value. If this mechanism works at low stresses, then

the extrapolation of high-stress data (on power-law

creep) assuming that the only competing mechanism

is linear diffusional creep would be misleading. There

have been some suggestions that this mechanismmight

operate in Earth (e.g., LANGDON et al., 1982; WANG,

1994; WANG et al., 1994; VAN ORMAN, 2004).

The most unusual feature of Harper–Dorn creep is

that the dislocation density is independent of applied

stress. There are several proposals to explain this. For

instance, WEERTMAN and BLACIC (1984) proposed

that the fluctuation of temperature gives rise to a chem-

ical stress at a dislocation that might exceed the applied

stress. In other words, they suggested that the observed

linear rheological behavior is an artifact of experimen-

tal conditions and is not a material property. There is

no experimental support for this notion, however.

LANGDON and YAVARI (1982) reviewed several

mechanisms by which the dislocation density is

independent of applied stress. They start from the

Orowan equation and discuss that if the stress depend-

ence of _�þ is equal to that of _��, then steady-state

dislocation density will be independent of stress and

is determined by the number of dislocation sources.

However, when dislocation density is controlled by
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processes other than the balance of internal stress with

applied stress, dislocation density is sensitive to kinetic

parameters such as diffusion coefficient and hence to

temperature (and other chemical environment). For

example, in a model preferred by LANGDON and

YAVARI (1982), dislocation density will be propor-

tional to diffusion coefficient, which is inconsistent

with the observations.

ARDELL (1997) applied a dislocation network

model for creep to explain Harper–Dorn creep (see

also PRZYSTUPA and ARDELL, 2002). In the disloca-

tion network model of creep, creep involves motion of

‘‘free’’ dislocations in subgrains and their interaction

with dislocations on subgrains that form networks.

‘‘Free’’ dislocations glide into subboundaries where

free dislocations and dislocations in the network inter-

act. Assuming the balance between the stress around a

free dislocation and stress around a network disloca-

tion, the density of free dislocations is given by � / 1=l2

where l is the mean spacing of network dislocations.

Now under the conditions where network dislocations

are easy to change their mean spacing, force balance

demands � / 1=l leading to � / �2. A dislocation net-

work consists of a number of nodes where the relation

b ¼
P

bi is satisfied (see Chapter 5). Coarsening of a

network involves destruction of some nodes. ARDELL

(1997) argued that network coarsening is no longer

possible when possible dislocation reactions that

allow network coarsening are exhausted. If this hap-

pens then l and hence the dislocation density becomes

independent of applied stress, and would explain the

linear relation between stress and strain rate. Although

this model explains observations in some materials

with high symmetry where a number of reactions

exist, a dislocation network is not observed in some

minerals with low symmetry. In order to have a net-

work, one needs to have a reaction among various

dislocations satisfying b ¼
P

bi but such a reaction is

not observed in olivine for example.

NABARRO (1989) proposed that the dislocation

density is controlled by the Peierls stress if the applied

stress is below the Peierls stress, i.e., � � b�2 �P=�ð Þ2

(i.e., it is independent of applied stress). J. N. Wang

presented some discussions to support the Nabarro

model (e.g., WANG and NIEH, 1995). However, no

explanation is provided as to why dislocation density

is independent of applied stress below the Peierls stress

(many materials show non-linear dislocation creep

with stress-dependent dislocation density at a stress

below the Peierls stress). In addition, the choice of

experimental data is unclear and the observational

basis for Harper–Dorn creep in this series of work is

rather weak. For example, WANG (1994) and WANG

et al. (1994) cited some experimental data on olivine

and quartz. However, their interpretation of the exper-

imental data is not convincing. WANG (1994) inter-

preted the low stress portions of data by KOHLSTEDT

and GOETZE (1974) and KARATO et al. (1986) in

terms of Harper–Dorn creep (linear dislocation

creep), but the later detailed follow-up studies clearly

showed that the linear rheological behavior observed

by KARATO et al. (1986) is indeed due to diffusional

creep (e.g., HIRTH and KOHLSTEDT, 1995a; MEI and

KOHLSTEDT, 2000a) and the stress exponent for dislo-

cation creep is n� 3.5 down to the lowest stress so far

investigated (e.g., BAI et al., 1991).

In summary, there is no experimental support for

Harper–Dorn creep in geological materials and a well

accepted model to explain stress-independent disloca-

tion density has not been proposed. I conclude that

physical processes of Harper–Dorn creep remain elu-

sive and the possibility of this mechanism in Earth and

planetary interior is at best speculative at this stage.

For a critical review of Harper–Dorn creep see also

BLUM et al. (2002).

9.6. Low-temperature plasticity
(power-law breakdown)

In the above models, the rate of deformation is consid-

ered to be controlled by the slower of two successive

processes, namely dislocation glide and climb (equa-

tion (9.58)). The constitutive relation for these models

is characterized by the power-law relationship between

stress and strain rate, _" / �n. Deviation from such a

relation is often observed at high stress (or at low

temperatures) in which strain rate increases with

stress more rapidly than a power-law relation predicts.

In these cases, the constitutive relation is best charac-

terized by assuming that the activation enthalpy is

stress dependent, i.e., _" / exp �H� �ð Þ=RT½ � (or _" / �2�
exp �H� �ð Þ=RT½ �). In all cases, the activation enthalpy

in this regime decreases with stress and there is a thr-

eshold stress at which the activation enthalpy becomes

zero. When stress reaches this level, deformation is

possible without thermal activation (athermal motion

of dislocations). Under these conditions, the strength is

only weakly dependent on temperature and strain rate,

and the strength in this regime is often referred to as

yield strength (or yield stress). The yield strength is

therefore nearly identical to the Peierls stress in materi-

als with relatively strong chemical bonds.
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This transition can be interpreted in two different

ways. First is the case where creep is always controlled

by glide because glide is more difficult than climb

(recovery). In this case, the creep rate is always con-

trolled by the following type of formula,

_" / �2 exp �H� �ð Þ=RT½ �, and the transition to expo-

nential creep law occurs when the stress dependence

of activation enthalpy is strong (i.e., at high stress).

This is a likely case for crystals with a high Peierls

stress. However, if this explanation is valid, then at

low temperatures where climb is very difficult, a switch

to climb-control would occur. In contrast, the expo-

nential flow law applies to very low temperatures as

shown experimentally by EVANS and GOETZE (1979).

Indeed, the exponential flow law appropriate for the

Peierls mechanism fits to their experimental data very

well down to room temperature and is used to deter-

mine the Peierls stress. In such a case, an alternative

model proposed by FROST and ASHBY (1982) may

work better in which it is presumed that the competi-

tion of glide and climb will no longer occur at low-

temperature and high-stress regimes. A microscopic

basis for this model has not been well examined but

likely involves the stress-assisted unpinning of disloca-

tions from an obstacle such as a dislocation dipole (this

is analogous to a model of unpinning proposed by

KARATO and SPETZLER (1990) to explain transition

from anelasticity to visco-elasticity). In this model,

the low-temperature, high-stress exponential creep

and high-temperature power-law creep are alternative

mechanisms, whichever is easier will control the

strength. This model is used to construct a deformation

mechanism map (ASHBY, 1972; FROST and ASHBY,

1982) (for more details of ‘‘power-law breakdown,’’

see also TSENN and CARTER (1987)).

Deformation by twinning is a similar case. When

two crystals share a lattice point on a common plane

but other atomic positions of two crystals (or two

portions of a crystal) have mirror symmetry with

respect to this common plane, they are referred to as

twins (Fig. 9.14). In certain crystals (calcite, quartz,

orthopyroxene,6 orthorhombic perovskite) twinning

occurs by the shear stress. In most cases, the rate of

deformation by mechanical twinning is controlled by

thermally activated nucleation and the appropriate

constitutive equation is

_" ¼ A � exp �H�0 1� �=�Tð Þ
RT

� 	
(9:65)

where A is a constant, H�0 is the activation enthalpy at

zero stress, and �T is the critical stress for nucleation of

twins at T¼ 0K (e.g., FROST and ASHBY, 1982). The

magnitude of �T tends to be smaller than that of the

Peierls stress in many crystals for easy twinning.

In these cases, stress supported by these minerals is

limited to �T.

9.7. Deformation of a polycrystalline
aggregate by dislocation creep

A single crystal has a number of different slip systems

with different rheological properties. Therefore, at a

single crystal level, rheological properties are aniso-

tropic: rheological properties depend on the orienta-

tion of a crystal relative to the stress. Therefore when a

polycrystalline aggregate is subjected to an external

stress, individual grains will be deformed differently

that will also modify the stress distribution at the

level of grains. Both stress and strain will be heteroge-

neous in a deforming polycrystal and the actual stress

and strain distribution is highly complicated (see

Chapter 12 for some details). However, a simple end-

member case can be considered. VON MISES (1928)

showed that when strain is homogeneous, then in

order for a polycrystalline aggregate to deform by

slip, there must be five independent slip systems

(see also Chapter 5). In this case, stress at individual

grains will be heterogeneous, and higher stress will

be supported in grains in which deformation occurs

θ

twinned
region

FIGURE 9.14 Deformation by twinning (compare with Fig. 9.2).

Twinning results in shear strain, � ¼ tan �, that is determined by the

crystallography of twinning.

6 In case of pyroxene, finite strain is created associated with a

transformation from orthoenstatite to clinoenstatite under the shear

stress. This is not twinning, but the kinetics and geometry of deformation

by this process are similar to those involved in deformation by twinning.
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mostly by hard slip system(s). When deformation pro-

ceeds to a large strain, then strain accommodation just

mentioned becomes important and consequently, the

strength of a polycrystalline aggregate at large strains

is largely controlled by that of hard slip system(s)

(HUTCHINSON, 1976, 1977) (Fig. 9.15).

However, the processes of strain accommodation

among various grains can be different at small strains.

DUVAL et al. (1978, 1983) showed that the creep

strength of a polycrystalline ice at large strains is con-

trolled by that of hard slip systems (prismatic and/or

pyramidal slip systems), whereas the creep strength at

small strains is controlled largely by a weak slip system

(basal slip system). This can be understood if one

recalls that strain accommodation at small strains can

be made by elastic strains. At small strains, plastic

deformation occurs first in grains which are orientated

favorably for a soft slip system(s). These grains deform

causing strain mismatch with surrounding grains.

This strain mismatch can be accommodated by elastic

strain if the total strain is small enough. At this stage,

therefore, the strength of a polycrystalline aggregate

is largely controlled by that of a weak slip system.

Eventually, stress associated with elastic strain becomes

so large that other harder slip systems start to operate.

Eventually most of the deformation and strain accom-

modation will be accomplished by plastic deformation

and at this stage, the overall strength is controlled by

that of the hard slip systems. Therefore there will be a

gradual transition from soft slip system-control to hard

slip system-control as deformation proceeds (Fig. 9.16).

The critical strain at which this transition occurs is

approximately an elastic strain. This model predicts

that at small strains, there must be recoverable strain

(anelastic deformation) because a part of strain is elastic.

This point was demonstrated by DUVAL et al. (1978).

KARATO (1998c) formulated this model and argued

that since the strain magnitude associated with the

post-glacial rebound is not far from elastic strain, tran-

sient creep may play an important role in post-glacial

rebound (see Chapter 19). A similar process was dis-

cussed by BUSSOD and CHRISTIE (1991) and by HIRTH

and KOHLSTEDT (1995b) in relation to dislocation

creep in fine-grained peridotite and dunite respectively.

Important messages to be learned are (1) in order to

understand the creep strength of a polycrystal from the

experimental studies on single crystals, one needs to

investigate the rheological properties of hard slip sys-

tems as well as those of soft ones. This point must be

emphasized, because in many experimental studies on

deformation of single crystals only the plastic flow for

soft slip systems were determined (see Chapter 6). (2)

There is a unique mechanism for transient creep in

deformation of a polycrystal. Deformation of a

Stress σ (×10–5 N/m2)

Curve 1:
τC /τB = 4, σo = 2.4 τB

Polycrystalline
data in
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FIGURE 9.15 A comparison of single crystal stress versus

strain-rate relations with that of a polycrystal (for ice) (after

HUTCHINSON, 1977).

(a)

(b)

strain rate

soft slip system hard slip system

strain

elastic
accommodation

plastic
accommodation

FIGURE 9.16 Strain partitioning in a deforming polycrystal.

(a) At small strain, strain at grain boundaries can occur by elastic

accommodation, whereas it involves the operation of hard slip

systems at large strain. (b) The strength of a polycrystal is controlled

by that of a soft slip system for small strains, whereas for large strains,

the strength is controlled by that of the hard slip system(s).

Dislocation creep 163



polycrystalline aggregate at strains near or less than the

elastic strain occurs only through the operation of soft

slip systems.

9.8. How to identify the microscopic
mechanisms of creep

From a purely pragmatic point of view of a geologist or

geophysicist, finding a constitutive relation under a

given physical and chemical state is enough and there

is no actual need for identifying the microscopic mech-

anisms of deformation (such as climb versus glide-

control). However, understanding the microscopic

mechanisms is critical when one wants to understand

the significance of limited experimental data for a

broad range of geophysical questions. For example, if

dislocation glide is slower than climb, mechanical data

from a laboratory study often show strain softening

(controlled by dislocation multiplication). In contrast

if dislocation climb is more difficult than glide, then

work hardening will occur. However, in Earth transi-

ent behavior will not be important as far as deforma-

tion occurs to large strain in a quasi-steady-state

fashion. A functional form to represent the dependence

of creep rate onwater content is different between these

two cases (see Chapter 10).

9.8.1. From steady-state flow law

Non-linear dependence of strain rate on stress is a strong

indication for dislocation creep. When the activation

enthalpy is stress dependent, it suggests an important

contribution of dislocation glide. However the detailed

values of stress exponent (say n¼ 3 versus n¼ 4) do

not provide useful information as to microscopic mech-

anisms of deformation, although the difference between

n¼ 1 and n¼ 3 is important in understanding the mech-

anisms of deformation. Similarly, the values of activa-

tion enthalpy are not very useful in constraining the

microscopic mechanisms of dislocation creep. In con-

trast, the dependence of strain rate on some thermo-

chemical parameters such as oxygen fugacity, oxide

activity, water fugacity provide useful constraints on

the microscopic mechanisms of deformation (e.g., BAI

et al., 1991; KARATO and JUNG, 2003).

9.8.2. From dislocation microstructures

Observations of dislocation microstructures are often

the key to the identification of microscopic mecha-

nisms of deformation. (1) Slip systems (glide directions,

i.e., the Burgers vectors, and glide planes) can be deter-

mined by the observations by transmission electron

microscopy (operating slip systems can also be inferred

from SEM or optical observations of subboundaries).

(2) Among the edge versus screw dislocations, those

dominantly observed are the ones that move slower,

and hence are rate-controlling dislocations. (3) The

morphology of dislocation lines provides some clue as

to the importance of intrinsic resistance for dislocation

motion (by the Peierls stress): if the nucleation of kinks

is much more difficult than the migration of kinks,

dislocations will show linear morphology along certain

crystallographic directions. This is an indication of a

high Peierls stress. (4) When dislocation lines are not

confined on a glide plane, it implies that dislocation

climb and/or cross-slip are active.

9.8.3. From a stress-dip test

A stress-dip test is a useful technique in distinguishing

glide-control from a recovery (climb)-control model.

The basic idea behind this test is the concept of ‘‘inter-

nal stress.’’ When the creep rate is controlled by recov-

ery, then during steady-state deformation, the applied

stress is nearly balanced with the internal stress.

Consequently, if one reduces the stress (a stress dip)

after steady-state creep, then the applied stress would

be less than the internal stress and therefore deforma-

tion will completely stop until internal stress is reduced.

In contrast, if internal stress is substantially lower than

the applied stress, then strain rate after a reduction of

stress (stress dip) will be finite. This will be the case

when creep rate is controlled by dislocation glide.

Stress-dip tests were applied to metals (KURISHITA

et al., 1989) as well as to oxides (WANG et al., 1993,

1996).

9.9. Summary of dislocation creep models
and a deformation mechanism map

Summary of high-temperature creep models
Except for poorly understood Harper–Dorn creep,

most of the high-temperature creep models summar-

ized above show a power-law relationship between

(deviatoric) stress and strain rate, _" / �n. The value

of stress exponent n is typically 3–5. Among these

values of n, n¼ 3 is the most natural value coming

from _" ¼ �b� with � / �2 and � / �. Consequently, a
power law _" / �3 is considered to be ‘‘canonical’’ high-

temperature creep behavior (e.g., WEERTMAN and

WEERTMAN, 1975). In other words, power-law creep

164 Deformation of Earth Materials



with n> 3 involves some specific processes of disloca-

tion multiplication and/or recovery.

CANNON and SHERBY (1973) and CANNON and

LANGDON (1988) suggested that the stress exponent,

n, may depend on properties of materials. For example,

CANNON and SHERBY (1973) argued that creep with

n¼ 3 is observed in ceramics with ranion=rcation4 2

(ranion; cation is ionic radius of anion (cation)) while in

ceramics with ranion=rcation 4 2 creep with n¼ 5 is com-

monly observed. Similarly, CANNON and LANGDON

(1988) argued that creep with n¼ 5 occurs in materials

that satisify the von Mises condition (more than five

independent slip systems), whereas creep with n¼ 5

occurs in materials that have less than five independent

slip systems. However, the correlation of stress expo-

nent with properties of materials is not clear. For

example, forMgO for which extensive experimental stud-

ies have been conducted, the stress exponent is n¼ 3–4

(e.g., FROST and ASHBY, 1982; YAMAZAKI and

KARATO, 2002), although it has ranion=rcation ¼ 1:805 2

and the von Mises condition is satisfied. I conclude that

there is no clear trend in the stress exponent for power-law

creep. Various possible mechanisms by which the stress

exponent takes a value other than 3 have already been

discussed including the stress dependence of disloca-

tion sources, change in diffusion path (bulk versus

dislocation core diffusion).

The role of jogs in recovery processes or the degree

to which dislocation glide controls the rate of deforma-

tion of minerals is unclear. Recently, KOHLSTEDT

(2006) proposed a simple diffusion-controlled recovery

model for olivine, but the experimental and theoretical

bases for such a model are weak. For example, the

observed large anisotropy suggests an important role

of jogs or the important contribution from dislocation

glide. In fact, the interpretation of fabric transitions in

olivine (Chapter 14) suggests an important role of

glide-controlled creep under high-stress and/or low-

temperature conditions.

Deformation mechanism maps
We have learned that there are a number of mecha-

nisms by which a given material can be deformed

plastically. A deformation mechanism map is a useful

tool to identify a dominant mechanism of deforma-

tion for a given material under a variety of physical

(and chemical) conditions. A deformation map is

constructed based on a number of experimental

data on plastic deformation for a variety of mecha-

nisms, and using the relationships between diffe-

rent mechanisms, one can identify the dominant

mechanism of deformation as a function of some

key parameters.

A deformation mechanism map (for steady-state

deformation) for a given material can be constructed

as follows (a detailed account of deformation

mechanism maps is provided by FROST and ASHBY

(1982)):

1. Write down the steady-state constitutive equation

for possible mechanisms under consideration using

available experimental data.

2. Consider which mechanisms are parallel (independ-

ent) and which ones are sequential (dependent). For

parallel mechanisms, strain rates are additive,

namely,

_" ¼
X

_"i (9:66)

thus the mechanism that yields the highest strain

rate under a given condition will be dominant.

Diffusional and dislocation creep are independent

mechanisms because they involve different defects.

For sequential mechanisms (or dependent mecha-

nisms), the inverse strain rate is additive, namely,

_" ¼ 1P
ð1= _"iÞ

: (9:67)

Typical dependent mechanisms are dislocation glide

and climb in high-temperature, power-law creep.

There are some exceptions to this classification.

For example, when creep is due to dislocation

motion, at high-stress levels, dislocation creep is

either controlled by recovery (or glide) or by glide

without pinning due to dislocation interaction. In

such a case, the two processes are independent, and

the actual rate of deformation is the faster of the

two, but not the sum of the two (in practice these

two cases give similar results although the two cases

are different theoretically).

3. Choose appropriate variables (grain size and tem-

perature, temperature and stress etc.) to map the

dominant mechanisms. Note that in most cases, a

two-dimensional diagram is used for convenience in

which case one needs to recall that some other

parameters are fixed.

4. Estimate reasonable values of these variables rele-

vant to a given geological process.

5. Draw conclusions as to the dominant deformation

mechanism(s).

Examples of a deformation mechanism map are

illustrated in Fig. 9.17.
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General conclusions from these maps are:

1. For a range of conditions that might be relevant to

geological processes (we consider ductile deforma-

tion only), the following mechanisms appear to be

potentially important: power-law creep, diffusional

creep and low-temperature plasticity (the Peierls

mechanism).

2. The Peierls mechanism is important at high stresses

and/or low temperatures. Therefore it may be

important in some portions of cold slabs.
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FIGURE 9.17 (a) A deformation

mechanism map for MgO in the

temperature–stress space for a

grain size of 100 mm showing

competition among power-law

dislocation creep, exponential

flow law (‘‘plasticity’’) and

diffusional creep (from FROST and

ASHBY, 1982). (b) A deformation

mechanism map for olivine in the

grain size versus stress space at

T/Tm¼ 0.75 under ‘‘dry’’

conditions (Coble creep, i.e.,

m¼ 3 is assumed for diffusional

creep).
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3. Diffusion creep–dislocation creep boundaries are

close to typical conditions in most of the Earth’s

interior. This implies that if there is any mechanism

of grain-size reduction, then significant rheological

weakening should occur (see also Chapter 16). This

also implies that in boundary layers (lithosphere

etc.) where stress is high, one might expect disloca-

tion creep, whereas in the stagnant core of a con-

vection cell, one might expect diffusional creep (see

also KARATO, 1998d).

Applications of deformation maps will be discussed

in Chapter 19 in relation to some specific geological

questions. I should note that a deformation mechanism

map is a good guide to infer possible mechanisms of

deformation under a variety of conditions. However, in

many geological or geophysical applications, it is the

observations on deformation microstructures that

provide a more robust conclusion on the dominant

deformation mechanisms. A combination of micro-

structural observations (including observations on seis-

mic anisotropy (see Chapter 21)) and a deformation

mechanism map is a good way to understand the dom-

inant deformation mechanisms. Finally I must quote a

cautious note: Both the equations used to describe creep

behaviour, and the maps constructed from them, must be

regarded as a first approximation only. The maps are no

better (no worse) than the equations and data used to

construct them (FROST AND ASHBY, 1982).
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10 Effects of pressure and water

Pressure has important effects on plastic flow. Pressure affects the rate of plastic flow through two

distinctmechanisms. First, the height of the potential barrier for atomicmotion changeswith pressure,

which usually makes plastic flowmore difficult at higher pressures. This effect is mainly characterized

by a parameter called activation volume. Experimental observations and theoretical models of

activation volume are summarized including the pressure dependence of activation volume. For a

constant stress, the rate of deformation changes with pressure by asmuch as ten orders ofmagnitude in

Earth’s interior. Second, pressuremodifies the chemical environment particularly the fugacity of water

that controls the concentration of point defects and changes the rate of plastic deformation. The

fugacity of water becomes higher at higher pressures, which enhances the rate of plastic deformation

by several orders of magnitude. Experimental observations and theoretical models of effects of

pressure and water on plastic deformation are reviewed including empirical correlations such as the

homologous temperature scaling and some atomistic models of defects.

Key words activation volume, homologous temperature, Keyes model, water fugacity, hydrogen-

related defects, FT–IR spectroscopy.

10.1. Introduction

It is often argued that the strength of a rock in a brittle

regime increases strongly with pressure, but the

strength in the ductile (plastic flow) regime is relatively

insensitive to pressure. This is misleading, however,

and in fact, the effects of pressure on plastic deforma-

tion can be large and complicated under the condi-

tions of Earth’s deep interior. The large effect of

pressure is obviously very important in the deep mantle

where pressure becomes very large, but it is already

important in the depth range exceeding �30 km (mid-

lithosphere and below). For instance, the effects of

pressure can change the viscosity of the deep conti-

nental lithosphere (�200 km depth) by a factor of

�103–105.
There are three different ways by which pressure

affects plastic deformation. First, pressure affects all

the fundamental physical properties such as molar

volume and elastic modulus. The driving force for

defect motion is dependent on these properties and

hence the rate of deformation becomes pressure-

dependent through its effect on driving forces for

defect motion. For example, the effects of stress

to cause plastic deformation can be scaled as �=� (�,

stress; �, shear modulus), thus the changes in the

elastic modulus cause a change in plastic properties.

This effect is, however, relatively small (elastic moduli

change with pressure by a factor of�3–5 in the Earth’s

mantle; see Chapter 4). A second, and more important

effect, is the effect through the change in defect mobi-

lity. The defect mobility may change with pressure

due to (1) the pressure dependence of the fugacity of

some chemical species such as water and/or to (2) the

pressure dependence of activation free energy (i.e.,

activation volume). These effects are large and in168



most cases act in opposite ways: the effects of water for

instance are to enhance deformation whereas the

effects of the activation volume are usually to suppress

deformation. The effect of water is also pressure-

dependent. The water effect is large only at high pres-

sures (high water fugacity). Third, pressure causes

phase transformations that modify plastic properties.

The effects of phase transformations are discussed in

Chapter 15, and in this chapter, I will focus on the first

two effects.

Since the physical mechanisms are quite different

between the pressure effects without the influence of

water and the (pressure-dependent) water-weakening

effects, I will treat them separately in this chapter. I will

first (in section 10.2) focus on the effects of pressure

on plastic properties without water-weakening effects

(effects at the absence of water or at a constant water

content) and then discuss the effects of water in sec-

tion 10.3. However, as we will learn in this chapter, a

proper quantitative analysis of the influence of water

(hydrogen) can only be made when the influences of

water and pressure are analyzed together.

10.2. Intrinsic effects of pressure

In this section, I will summarize experimental observa-

tions and models on the effects of pressure on plastic

deformation under the conditions where the effects

of the chemical environment are negligible. In the

geological or geophysical context, the most important

pressure-sensitive chemical environment that affects

plastic flow is the fugacity of water. Therefore the

results summarized in this section would apply to

Earth materials for constant water content (water

fugacity) or for very small water content.

10.2.1. Experimental observations

Introduction
Two different causes for this type of pressure depend-

ence can be distinguished. First, plastic deformation in

most cases involves the thermally activated motion of

defects, and the barrier for defect motion depends

on pressure. This effect can be expressed by the pres-

sure dependence of free energy for motion of defects,

namely the activation volume (V*) for defect motion

(this may include the activation volume for formation

of defects). For example when the power-law creep

formula is assumed, the pressure dependence of strain

rate due to this effect can be expressed as _" ¼ Að�n=LmÞ�
exp �ðE� þ PV�Þ=RTð Þ ( _" is strain rate, � is stress, L is

grain size, E* is activation energy, V* is activation

volume, R is the gas constant, T is temperature, P is

pressure A, n and m are constants), see Fig. 10.1.

Second, pressure changes elastic constants and the

dimension of unit cell and hence changes the stress

field around a defect. This effect can be incorpora-

ted in the power-law creep equation as _" ¼ A0ðP;TÞ �
ðbðP;TÞm=LmÞð�n=�ðP;TÞnÞ exp �ðE� þ PV�Þ=RTð Þ
where b is the length of the Burgers vector and � is the

shear modulus. The length of the Burgers vector

changes little with T and P (the change throughout

the mantle is less than �10%) but shear modulus

increases significantly with pressure (the change

throughout the mantle is a factor of �2–3). Therefore
this effect is mostly from the pressure dependence

of shear modulus. This effect is through bðP;TÞm=
�ðP;TÞn term and will result in the hardening effects.

For example, when pressure is increased by �15
(100)GPa, then j�b=bj � 0:03 ð�0:1Þ and j��=�j �
0:3ð�3Þ. Therefore the magnitude of this effect will

be to reduce the strain rate by a factor of �2 (�30).
We conclude that the effects of pressure through this

mechanism are modest. Themost important effect is the

effect through the activation volume. Because this effect

is through an exponential term, i.e., exp �PV�=RTð Þ,
this effect is small at low pressures and cannot be deter-

mined accurately at low pressures, but its effects become

large at higher pressures. For example, let us consider a

typical case of activation volume of 15� 10�6m3/mol.

At the temperature of 1600K, this would result in a

change of strain rate by a factor of�2 when the pressure
change is DP¼ 0.5GPa (this is the maximum pressure

range that can be explored by a gas-medium deforma-

tion apparatus). If the pressure change is DP¼ 15GPa,

NaCl (B1)

NaCl (B2)MgO

0 10 20 30 40 50
0

0.005

0.010

0.015

0.020

Pressure (GPa)

σ/
μ

Room temperature strength

FIGURE 10.1 The pressure dependence of (normalized)

strength, �/�, of various materials determined at room

temperature (after KARATO, 1998b).
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the strain rate will be reduced by a factor of �108.
The effects of pressure on strain rate through the

activation volume are shown in Fig. 5.2b. It is seen

that the effect through exp �PV�=RTð Þ term can be

very large, but the magnitude of this effect depends

strongly on the value of activation volume. It should

also be noted that because the rate of deformation

changes with pressure following the exponential func-

tion, exp �PV�=RTð Þ, the pressure effect is large only at
high pressures.

Consequently, it is important to investigate the

pressure effects in a wide range of pressures. Although

the resolution of a low-pressure, gas-medium defor-

mation apparatus is high, it is difficult to obtain

a tight constraint on the pressure dependence of

plastic deformation using a gas-medium apparatus

(see Problem 10.1).

Problem 10.1*

Show that the error of the activation volume

determined from the experiments at P¼P1 and

P¼P2 corresponding to a generic power-law creep

ð _" ¼ Að�n=LmÞ exp �ðE� þ PV�Þ=RTð ÞÞ is

�V�

V�

����
���� ¼ RT

jP1 � P2jV�
� _"

_"

����
����þ n

��

�

����
����þm

�L

L

����
����þ PV�

RT

�P

P

����
����þ H�

RT

�T

T

����
����

� �

where �X=X is the error in determining the parameter

X and H*¼E*þPV* is the activation enthalpy

(n¼ 1–5, m¼ 0–3; see Chapters 9 and 10). Typical

values of activation volume and activation enthalpy

in silicates or oxides are (5–20)� 10�6m3/mol and

(400–800) kJ/mol. Assuming the following values of

errors in determining various parameters, discuss the

relative merit of high-resolution, low-pressure experi-

ments and low-resolution, high-pressure experiments

in determining the activation volume.

Pressure range 0.1MPa to

0.5GPa

0.1 MPa to

15GPa

Error in pressure 1% 5%

Error in stress 1% 10%

Error in strain rate 5% 10%

Error in temperature 0.1% 3%

Error in grain size 10% 10%

Solution

From the power-law constitutive equation, uncertainties

in several measured parameters are related as

log _"þ � _"

_"
¼ logAþ n log�þ ��

�

� �

�m logLþ �L
L

� �
� H�

RT
1� �T

T

� �
1þ PV�

H�
�P

P
þ �V

�

V�

� �� �

� logAþ n log�þ ��
�

� �
�m logLþ �L

L

� �

� H�

RT
1� �T

T
þ PV�

H�
�P

P
þ PV�

H�
�V�

V�

� �
: (1)

Writing this equation for P¼P1 and P¼P2, and sub-

tracting each other, one obtains

log
_"1
_"2
þ � _"

_"
¼ n

��

�
�m

�L

L
� P1 � P2ð ÞV�

RT
þ H�

RT

�T

T
� PV�

RT

�P

P

� P1 � P2ð ÞV�
RT

�V�

V�
(2)

where one notes that errors occur in a random fashion

in each experiment so errors at P¼P1 and P¼P2 do

not cancel. Now logð _"1= _"2Þ ¼ �ðP1 � P2ÞV�=RT, so

� _"

_"
¼ n

��

�
�m

�L

L
þ H�

RT

�T

T
� PV�

RT

�P

P
� ðP1 � P2ÞV�

RT

�V�

V�
(3)

one obtains

�V�

V�

����
���� ¼ RT

jP1 � P2jV�
� _"

_"

����
����þ n

��

�

����
����þm

�L

L

����
����þ PV�

RT

�P

P

����
����þ H�

RT

�T

T

����
����

� �
:

(4)

With the assumed values of errors and parameters, the

errors in activation volume determined from low-

pressure experiments are dominated by the errors in

grain size and/or pressure measurements and will be

20–60%. In contrast, the errors in activation volume

determined from high-pressure experiments are

dominated by those in pressure and/or temperature

measurements and the error in activation volume will

be 3–10%. This large difference comes mostly from the

difference in the span of pressure, i.e., the difference in

RT=jP1 � P2jV�. Therefore although the errors in the

measurement of various parameters (i.e., � _"= _"j jþ
n ��=�j þm �L=Lj j þ ðPV�=RTÞ �P=Pj j þ ðH�=RTÞ �T=Tj jÞj
are large in high-pressure experiments, overall errors in

the activation volume are significantly smaller than

those in low-pressure experiments.

Some representative results
There are a wide variety of experimental observations

on the pressure effects on plastic deformation. In gen-

eral, experimental studies on plastic deformation at

high pressures are difficult and many experimental

studies have been performed under limited conditions.

Consequently, physical significance of experimental
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results on pressure dependence of plastic properties can

be very different among different sets of experiments.

It is critical to identify the microscopic processes

controlling the plastic flow in each experimental con-

dition to obtain sensible information on the effects of

pressure on plastic deformation from experimental

studies. Also, the interpretation of results under high

pressures is complicated due to the influence of water.

Under high pressures, it is very difficult to avoid con-

tamination of a sample with water that has a large

effect on plastic deformation. Effects of water must

be carefully corrected in order to determine the true

effects of pressure.

(1) Low-temperature plasticity
Effects of pressure on low-temperature plasticity

have been investigated for many materials including

metals (e.g., JESSER and KUHLMANN-WILSDORF,

1972), alkali halides (e.g., DAVIS and GORDON, 1968;

AUTEN et al., 1973; MEADE and JEANLOZ, 1988)

and oxides and silicates (e.g., AUTEN et al., 1976;

MEADE and JEANLOZ, 1990; MAO et al., 1998;

MERKEL et al., 2003). Under these conditions, the

plastic flow in materials is controlled by dislocation

glide and the thermal activation plays relatively

minor roles. Consequently, the ‘‘strength’’ determined

in these experiments is insensitive to the strain rate

and reflects largely the stress needed to move disloca-

tions on their glide planes – such as the Peierls stress.At

high temperatures (most of Earth’s interior), the rate-

controlling processes for plastic flow are different, and

consequently, results at low temperatures cannot be

extrapolated to high temperatures and have little rele-

vance to Earth science. Fig. 10.1 shows some of these

results (on ionic crystals). The pressure effects on

strength are rather modest and the strength increases

nearly linearly with pressure.

(2) High-temperature plasticity (Table 10.1)
HEARD and KIRBY (1981) determined the pressure

dependence of creep strength of CsCl in high-

temperature, power-law dislocation creep regime by

conducting constant strain-rate deformation experi-

ments at pressures up to 0.4GPa and temperature

of 423–673K (0.45–0.73 T/Tm). This material has a

large activation volume and its activation volume

for creep was well determined by these low-pressure

measurements (V*¼ 53 � 10�6m3/mol). Similarly

large values of activation volume were obtained for

the formation processes of Schottky defects in alkali

halides.

Pressure dependence of high-temperature disloca-

tion creep in olivine has been investigated by many

groups (Fig. 10.2). ROSS et al. (1979) were the first

to attempt to determine the activation volume for

Earth material by conducting deformation experi-

ments at high pressures. They used the solid-medium

Griggs apparatus to P¼ 1.5GPa at T¼ 1373–1623K

(0.64–0.74 T/Tm) and determined the activation vol-

ume for creep in olivine as V*¼ 13� 10�6m3/mol.

BORCH and GREEN (1987, 1989; GREEN and BORCH,

1987) conducted deformation experiments on olivine

to 2.5GPa (at 1473K) using an improved Griggs-

type apparatus (see Chapter 6). They obtained V*¼
27� 10�6m3/mol. Deformation experiments on oli-

vine were conducted to much higher pressures using a

multi-anvil apparatus (BUSSOD et al., 1993; KARATO

and RUBIE, 1997). BUSSOD et al. (1993) used grain size

as a stress indicator to determineV*¼ 5–10� 10�6m3/

mol, whereas KARATO and JUNG (2003) and KARATO

and RUBIE (1997) obtained V*¼ 14� 10�6m3/mol

for ‘‘dry’’ conditions by estimating the strength from

elastic constants using a theoretical model and from

the dislocation densities respectively. This result

agrees well with a result of theoretical calculation

(V*¼ 13.9� 10�6m3/mol, KARATO, 1977). Using a

recently developed deformation apparatus, D-DIA,

LI et al. (2003b) reported an even smaller activa-

tion volume, V*< 3� 10�6m3/mol. Fig. 10.2 compares

these results. The discrepancy among several studies is

large showing the difficulties in obtaining reliable results

on pressure effects on plastic deformation. Important

issues to be noted in evaluating these results include: (1)

the resolution of (or the uncertainties in) stress measure-

ments, (2) evaluation of the effects of water (hydrogen),

(3) the flow-law formula used (power-law creep versus

exponential flow law, i.e., deformation mechanisms)

and (4) the influence of transient creep. In addition,

in some cases defects introduced during the pressuriza-

tion process are not well annealed, and that can

potentially influence themechanical behavior and intro-

duce an extra degree of complication in interpreting the

data. In order to resolve the cause for this discrepancy, a

careful analysis of the issues listed above will be needed.

Although a large scatter in the reported values of

activation volume for olivine is alarming, there are

some robust observations for other materials. For

instance, the activation volumes for diffusion (and

creep) in alkali halides and MgO, which are well-

constrained experimentally, can be explained by a the-

oretical model rather well (KARATO, 1981a, 1981b)

(see also the later part of this chapter). Also, some

Effects of pressure and water 171



TABLE 10.1 Experimental data on activation volumes (units: V* (� 10� 6 m3/mol), P (GPa), T (K)). Only results from high-

temperature conditions (T/Tm> 0.5) are shown.

V* P T property remarks ref.

CsCl 53� 6 10�4–0.40 423–673 Dislocation creep (1)

NaCl 50� 5 0.02–0.65 900–1000 Schottky formation From conductivity (2)

7� 1 0.02–0.65 900–1000 Na migration From conductivity (2)

NaBr 44� 5 0.02–0.65 900–1000 Schottky formation From conductivity (2)

9� 1 0.02–0.65 900–1000 Na migration From conductivity (2)

KCl 59� 5 0.02–0.65 900–1000 Schottky formation From conductivity (2)

8� 1 0.02–0.65 900–1000 K migration From conductivity (2)

KBr 54� 5 0.02–0.65 900–1000 Schottky formation From conductivity (2)

11� 1 0.02–0.65 900–1000 K migration From conductivity (2)

Garnet1 5.3� 3 1.3–4.3 1373–1753 Diffusion (Mg) ‘‘Dry’’5 (3)

5.6� 3 1.3–4.3 1373–1753 Diffusion (Fe) ‘‘Dry’’5 (3)

6.0� 3 1.3–4.3 1373–1753 Diffusion (Mn) ‘‘Dry’’5 (3)

Olivine 5.5 1.0–3.5 1173–1373 Diffusion (Mg–Fe) ‘‘Dry’’5 (4)

5.4� 4 1.0–4.0 1473 Diffusion (Mg–Fe) ‘‘Dry’’ (�200 ppm H/Si) (5)

1� 1 0.5–9 873–1173 Diffusion (Mg–Fe) ‘‘Dry’’5 (6)

16� 6 0.3–6 1373–1450 Diffusion (Mg–Fe) Water-saturated6 (7)

0.7� 2.3 4.0–9.0 1773 Diffusion (Si) ‘‘Dry’’ (< 1 ppm H/Si) (8)

10.6� 0.3 0.3–12 1373–1623 Hydrogen solubility Water-saturated6 (9)

13� 3 0.5–1.5 1373–1623 Dislocation creep ‘‘Wet’’7 (10)

5–10 6–13.5 1723–1873 Dislocation creep ‘‘Dry’’5,8 (11)

14� 1 0.3–15 1873 Dislocation creep ‘‘Dry’’9 (<100 ppm H/Si) (12)

15� 53 0.1–0.3 1523 Diffusional creep ‘‘Dry’’5 (13)

24� 3 0.1–2.2 1473 Dislocation creep Water-saturated6 (14)

27� 5 1.2–2.6 1473 Dislocation creep ‘‘Dry’’5 (15)

0–5 0.3–8 618–1780 Dislocation creep ‘‘Dry’’5 (16)

MgO 3.0� 0.4 15–25 2273 Diffusion of Mg ‘‘Dry’’5 (17)

3.3� 2.4 15–25 2273 Diffusion of O ‘‘Dry’’5 (17)

1.8� 1.2 7–35 1573–1973 Diffusion of Mg–Fe ‘‘Dry’’5 (18)

Anorthite2 24� 21 0.1–0.4 1273–1423 Diffusional creep ‘‘Dry’’10 (19)

384 0.1–0.4 1273–1423 Diffusional creep ‘‘Wet’’ (water-saturated) (19)

(1): HEARD and KIRBY (1981).

(2): YOON and LAZARUS (1972).

(3): CHAKRABORTY and GANGULY (1992).

(4): MISENER (1974).

(5): FARBER et al. (2000).

(6): JAOUL et al. (1991).

(7): HIER-MAJUMDER et al. (2005a).

(8): BÉJINA et al. (1999).

(9): KOHLSTEDT et al. (1996).

(10): ROSS et al. (1979).

(11): BUSSOD et al. (1993).

(12): KARATO and RUBIE (1997).

(13): MEI and KOHLSTEDT (2000a).

(14): KARATO and JUNG (2003).

(15): GREEN and BORCH (1987).

(16): LI et al. (2004b).
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well-defined experimental data on olivine such as the

data reported by KOHLSTEDT et al. (1996), KARATO

and JUNG (2003), and HIER-MAJUMDER et al. (2005a)

under water-saturated conditions for a broad range of

pressure can be explained by a combination of the

influence of water and pressure (see section 10.3.6).

(3) Diffusion (Table 10.1)
Diffusion of atoms is one of the important elemen-

tary processes for high-temperature plastic deforma-

tion. Diffusion controls the rate of diffusional creep.

Diffusion also plays an important role in high-

temperature dislocation creep in many materials. An

experimental set-up for diffusion experiments is rela-

tively simple compared to that for plastic deformation.

Consequently, a large number of experimental results

are already available for diffusion under high pressures

(for review see e.g., SAMMIS et al., 1977; 1981). Inmany

cases, the rate of diffusion decreases with pressure

and the pressure dependence of diffusion can be

characterized by the activation volume, namely,

D ¼ D0 exp �ðE� þ P �V
�Þ=RTÞ

�
(Fig. 10.3).

Some caution must be exercised in interpreting

high-pressure diffusion data, however. When diffusion

coefficients are measured by high-pressure annealing

using a high-pressure apparatus with solid media,

effects of plastic deformation (i.e., effects of disloca-

tions) could be important. This is particularly impor-

tant because a very thin layer near the surface

(interface) is used in diffusion measurements. Any

‘‘damage’’ of the surface (interface) during pressuriza-

tion will seriously affect the results. Also, as noted
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FIGURE 10.2 Experimental results for the pressure dependence

of the creep strength of olivine at high temperatures (T=Tm > 0.5)

(after KARATO, 1998b).
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Notes to table 10.1 (cont.)

(17): VAN Orman et al. (2003).

(18): YAMAZAKI and IRIFUNE (2003).

(19): RYBACKI et al. (2006).
1Almandine–spessartine–pyrope
2 Synthetic hot-pressed anorthite
3� 5� 10�6m3/mol is the reported error bar. Because the pressure range explored in this study is very small, the

actual error bar is likely much larger.
4No error bar is reported
5No water was added, but no report on water content after the experiment.
6 The partial pressure of water was� total pressure. The activation volume was calculated after the correction for

the fugacity effect.
7Water was supplied by the decomposition of talc. The stress measurements were made using the external load cell

with a solid pressure medium. The results have very large uncertainties due to the influence of friction (see Chapter 6).
8 Results from stress-relaxation tests. Recrystallized grain size was used to infer the stress.
9 Results from stress-relaxation tests. The initial stress was estimated from the elastic constants of the components

in the sample assembly.
10Water content ranges from 380 to 3100 ppm H/Si for ‘‘dry’’ samples.
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before, a larger amount of water tends to be dissolved

in many silicates and oxides at higher pressures that

enhances diffusion. These two effects would reduce the

observed pressure effects. Some of the observed unusu-

ally small effects of pressure on diffusionmay be attrib-

uted to these effects.

10.2.2. Models for pressure dependence
of plastic deformation

Some cautious notes must be made here because the

concept of activation volume has not always been cor-

rectly understood. In many literatures, the activation

volume of diffusion or deformation was identified

directly with that of an atomic species that is involved

in a relevant process. Also, a significant decrease

of activation volume with pressure was frequently

invoked to explain the modest depth variation of vis-

cosity of Earth’s mantle inferred from geodynamic

considerations. Neither of these notions is supported

by the physical models of pressure effects on deforma-

tion (or diffusion) as will be clear in this chapter.

Due to the difficulties in the experimental studies of

plastic deformation at high pressures, experimental

data on the pressure effects are sparse and many of

them are conducted under limited conditions. As we

will learn in this chapter, the physical significance of

observed pressure dependence of plastic properties can

be different among different processes of deformation.

For instance, in the low-temperature regime where

plastic deformation is controlled by dislocation glide

(e.g., the Peierls mechanism), the effects of pressure on

the strength are more or less linear (i.e., the strength

is roughly proportional to the elastic modulus and

hence increases approximately linearly with pressure)

and only modest (up to a factor of 3–5 increase with

pressure in the whole mantle). In contrast, in the high-

temperature, power-law creep regime or in the diffu-

sional creep regime, pressure can change the strength

by ten orders of magnitude in the whole mantle. The

results obtained for one particular mechanism of

deformation cannot be extrapolated to the strength of

materials under conditions where some other mecha-

nisms control the strength. Therefore it is very impor-

tant to identify the microscopic mechanisms of

deformation before one can formulate the experimen-

tal results to apply them to Earth’s interior.

General considerations
Pressure effects on plastic deformation can be analyzed

either by measuring the influence of confining pressure

on strain rate at constant stress, or by measuring the

stress needed to deform a material at constant strain

rate. Both techniques should give an identical result

if deformation is steady state although there are some

differences in the nature of uncertainties (see Chapter 6).

When the rate of deformation is controlled by

thermally activated processes and when deformation

occurs in the power-law regime, then, for ‘‘steady-

state’’ deformation,1 one can write

_" ¼ A � exp � G�

RT

� �
� �n

¼ A � exp �S�

R

� �
exp �E� þ PV�

RT

� �
� �n: (10:1)

Activation volume, V*, is a partial derivative of the

Gibbs free energy of activation with respect to pressure

(see Chapter 2), i.e.,

V� ¼ @G�

@P

� �
T

¼ @H�

@P

� �
T

(10:2)

and activation entropyS* is given byS� ¼ �@G�=@Tð ÞP.
Therefore activation volume can be determined by the

pressure dependence of activation enthalpy. Alterna-

tively, activation volume V* can be determined either

from2

V� ¼ nRT
@ log�

@P

� �
T; _"

for constant strain-rate tests

(10:3a)

or

V� ¼ �RT @ log _"

@P

� �
T;�

for constant stress tests

(10:3b)

if the pressure dependence of A � exp S�=Rð Þ is negli-

gible. The main contribution to the activation entropy

1 In order to determine activation volume using this formula, deformation

must be ‘‘steady state.’’ Deviation from steady-state deformation can lead

to a systematic error in the estimated activation volume.
2 Green and Borch (1987) reported that V* determined from V� ¼ nRT �
@ log�=@Pð ÞT does not agree with the value calculated from V� ¼
@H�=@Pð ÞT with H� ¼ nR @ log�=@ 1=Tð Þð ÞP (the former gives positive

V* whereas the latter gives a negative V*). They argued the importance of

the second derivatives of Gibbs free energy of activation such as

@V�=@Pð ÞT ¼ @2G�=@P2
� �

T
and @S�=@Tð ÞP ¼ � @2G�=@T2

� �
P
.

However, the contributions from the second derivatives are usually small

(see discussions in the later section) and the discrepancy between two

results is likely due to the variation of n with pressure (n will increase with

pressure if the increase in stress results in the change in the rheological

regime from the power-law to the Peierls regime, which would lead to the

decrease in apparent H* with pressure).
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is the change in vibrational frequencies (see Chapter 2),

so the pressure dependence of exp S�=Rð Þ is small com-

pared to exp �PV�=RTð Þ. The pressure dependence of
A is usually small as I discussed above. Only exception

is the case whereA contains water fugacity. In this case,

the pressure dependence ofA is strong. Such a case will

be discussed separately in section 10.3. It must also

be noted that the determination of activation volume

by equation (10.3a) with a constant n is valid only for

the power-law regime. Because a material will become

stronger at high pressures, it often happens that the

stress level increases with pressure and the deformation

mechanism changes to the Peierls mechanism. In such

a case, the use of equation (10.3a) gives an apparent

activation free energy that decreases with pressure

(negative activation volume).

(1) Diffusional creep
For Nabarro–Herring diffusional creep, the constitu-

tive law is (Chapter 8)

_" ¼ A1
�b3

RT

D0

L2
exp �E�1 þ PV�1

RT

� �

¼ A1vD
�b3

RT

b2

L2
exp �E�1 þ PV�1

RT

� �
(10:4)

where I used a relation D0 � b2vD (b, the length

of the Burgers vector; vD, the Debye frequency).

Therefore the pressure dependence of creep rate

comes from that of the Debye frequency, shear mod-

ulus and the activation volume term. When stress is

kept constant, then,

@ log _"

@P
¼ @ log vD

@P
� 1

K
� V�1
RT

: (10:5)

Using the definition of the Grüneisen parameter (see

Chapter 4), one obtains

@ log _"

@P
¼ � � 1

K
� V�1
RT

: (10:6)

For typical crustal or mantle minerals, the second term

dominates (for K¼ 100GPa, � ¼ 1:5, V�1 ¼ 10�
10�6 m3=mol, (second term)/(first term)� 50). Since

the flow law is linear between stress and strain rate, a

case of constant strain rate is the same as the case of

constant stress.

(2) Power-law dislocation creep
A generic constitutive equation for power-law disloca-

tion creep is (Chapter 9)

_" ¼ A2vD
�

�

� �n

exp �E�2 þ PV�2
RT

� �
: (10:7)

Therefore for a constant stress,

@ log _"

@P
¼ @ log vD

@P
� n

@ log�

@P
� V�2
RT

¼ �
ð2n� 1Þ� þ 1

3 n

K
� V�2
RT

: (10:8a)

Using the analysis similar to the diffusional creep, it can

be shown that the second term dominates the pressure

dependence.

For a constant strain rate,

@ log �

@P
¼ 1

n
n
@ log�

@P
� @ log vD

@P
þ V�2
RT

� �

¼
½ð2n� 1Þ=n	� þ 1

3

K
þ V�2
nRT

: (10:8b)

(3) The Peierls mechanism
The constitutive equation for the Peierls mechanism

is given by

_" ¼ A3vD
�

�

� �2
exp �H�ðPÞ 1� �=�PðPÞð Þqð Þs

RT

� �
:

(10:9)

Hence

@ log _"

@P
¼

3� þ 2
3

K
�H� 1� �=�Pð Þq½ 	s

RT
@ logH�

@P
þ sq �=�Pð Þq

1� �=�Pð Þq
@ log�P
@P

	 

:

(10:10)

The pressure dependence of creep comes from

that of vD Pð Þ, H* (P) and �P Pð Þ but similar to other

mechanisms, the pressure dependence of vD Pð Þ is

small and the main effects are from H�ðPÞ and �P Pð Þ.
The relative importance of these two terms depends

on the stress level. At high temperatures and/or

low strain rates, the stress is small and hence

@ log _"=@P � � �V�2=RT where �V�2 
 @H�=@P, a result

similar to power-law dislocation creep. At low temper-

atures and/or high strain rates, stress will be high, and

@ log _"=@P � �H� 1� �=�Pð Þq½ 	s�1sq �=�Pð Þq
RT

@ log �P
@P

:

The pressure dependence of strain rate in the Peierls

mechanism is small (for a constant stress @ log _"=@P /
�@ log �P=@P � �ð2� þ 1

3Þ=K. Note that the apparent

activation volume (pressure dependence of creep) for this

mechanism is significantly lower than that for the power-

law creep. In many ultrahigh-pressure rheology experi-

ments, a high stress is applied to a sample, and plastic

deformation likely occurs by the Peierls mechanism or
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similar exponential flow-law mechanisms. A great care

must be exercised when results from such studies are

applied to Earth where power-law dislocation creep (or

diffusional creep) is likely important.

Models for activation volume
As we learned above, activation volume is the most

important parameter that determines the pressure

dependence of plastic deformation. Models for acti-

vation volume can be classified into two categories,

namely atomistic models and phenomenological mod-

els. Atomistic models are based on some microscopic

models for thermally activated processes that control

the rate of deformation. Some important concepts in

this type of models will be reviewed. Phenomenological

models refer to any models that are based on an empir-

ical relationship without any atomistic details. The

most important one in this category is the model of

homologous temperature scaling. Physical basis for this

model will be discussed in some detail.

(1) Microscopic models for activation volume
By definition, activation volume is the partial deri-

vative of the Gibbs free energy associated with a proc-

ess of thermal activation with respect to pressure. The

pressure dependence of activation free energy is made

of two distinct terms. First, when there is an explicit

volume change associated with thermal activation,

then there is a P � �V term in the activation free

energy where �V is the explicit volume change asso-

ciated with thermal activation. Second, any work to

create an activated state depends on pressure due to

the dependence of physical constants such as elastic

constants (in addition to the volume change effect).

Both terms yield an activation volume, and hence in

general,

V� ¼ �Vþ �V� (10:11)

where �V is the explicit volume change of the system

due to thermal activation without elastic distortion of

a crystal and �V� is the activation volume due to the

pressure dependence of physical properties that deter-

mines the activation enthalpy (e.g., elastic constants).

It is important to distinguish these two effects because

the origin of pressure dependence of activation volume

is quite different between the two terms.

The presence of these two distinct terms can be

understood easily by considering the following two

hypothetical cases. First let us consider a case in

which the inter-atomic potential is so weak that a

change in atomic configuration between the ground

state and the activated state does not change the free

energy of the system (i.e., �V� ¼ 0). Even in such a case,

when one moves an atom from the inside to the surface

of a crystal (to form a vacancy), one does extra work

corresponding to P � �V. So there is �V associated

with this process. Second is a case where there is no

explicit volume change associated with thermal activa-

tion (i.e., �V¼ 0). Even in this case, changes in atomic

configuration between the ground state and the acti-

vated state result in excess energy due to the change in

inter-atomic potential energy. This energy depends on

some physical properties that in general depend on

pressure. Therefore even in this case, there must be

some activation volume ( �V�). Note that this �V� may

also include an explicit volume change. For example,

formation of a vacancy may results in elastic singular-

ity that results in an extra volume change, volume

relaxation, in addition to the explicit change in volume

due to the removal of an atom from the interior to the

surface of a crystal (ESHELBY, 1956).3

Let us consider the physical models for �V and �V�.

The origin of �V is straightforward in some cases.

When formation of a vacancy is considered, this term

is related to the volume change of a crystal associated

with the formation of a vacancy. Note, however, that

even in a case where the thermally activated process in

consideration involves vacancy formation, �V is not

necessarily the volume of the single vacancy. Vacancy

formation in an ionic solid occurs as the formation of a

group of vacancies to maintain the charge neutrality

condition (a Schottky group), so that (Chapter 5),

�V ¼ y O
�þ � þ � þ � � � (10:12)

where y is a constant representing the atomic relaxa-

tion around a vacancy (y �1), O is the volume of a

Schottky group, and �, �, �, . . . are the stoichiometric

coefficients, i.e., for olivine Mg2SiO4, �¼ 2, �¼ 1 and

�¼ 4 (for olivine (or MgO) this gives �V� 6.5 (5.5)�
10�6m3/mol for y ¼ 1). Similarly, if a process involves

an explicit volume change due to some chemical reac-

tion (e.g., if deformation involves water-related spe-

cies), then the rate of deformation is proportional to

the concentration of relevant water-related species.

The concentration of water-related species depends

on pressure through the volume change. See the later

part of this chapter for more detail.

3 In terms of the notation in Chapter 5, this part of activation volume

corresponds to �V� ¼ ð1� yÞO where O is the atomic volume of species

involved in the defect (see also equation (10.12)).

176 Deformation of Earth Materials



The origin of �V� may be investigated through atom-

istic calculations (e.g., GILMAN, 1981; LIDIARD, 1981).

But here I will review two continuum models of acti-

vation volume. A continuum model of a thermally

activated state is obviously a simplified model of actual

processes, but a major advantage of such a simplified

model is that some part of physics can be more easily

understood than a more rigorous numerical approach.

In a continuum model of defect, the difference in free

energy between the activated and the ground state is

modeled as a free energy change in a continuum. If an

activated state has no excess electric charge, then the

change in energy associated with the activated state

may be modeled as elastic strain energy (e.g., ZENER,

1942; KEYES, 1963). If, on the other hand, an activated

state is associated with an excess electric charge, then

the electrostatic energy will also be changed by the

formation of an activated state.

(1.i) Elastic strain energy model for �V�

Activation energy for deformation or diffusion may be

approximately treated as strain energy. Under this

assumption, from the dimensional analysis, it is clear

that one can write (KEYES, 1963),

G�elaðPÞ ¼ � � CðPÞ � OðPÞ (10:13)

where � is a non-dimensional parameter, C is some

combination of elastic constants and O is the volume

of defects that are involved in the given process. By

differentiating equation (10.13) with P, one obtains,

�V�ela ¼
@G�ela
@P

� �
0

¼ H�ela
K

K
@ logC

@P
� 1

� �
: (10:14)

Now we recall @ logC=@P ¼ ð2� þ 1
3Þ=K (Chapter 4),

and hence,

�V�ela ¼
H�ela
K

2� � 2

3

� �
: (10:15)

For most materials, � ¼ 1:5� 0:5 (Chapter 4), so
�V�ela � ð2:3� 1ÞH�ela=K. For a typical case of H�ela ¼
200�500 kJ=mol and K¼ 120GPa, we get �V�ela ¼
ð4�10Þ � 10�6 m3=mol. This type of model was first pro-

posed by KEYES (1963) and applied to Earth science by

KUMAZAWA (1974), SAMMIS et al. (1977, 1981),

POIRIER and LIEBERMANN (1984). However, the valid-

ity of this model is not obvious. For example, the process

of formation of vacancies involves the explicit volume

expansion simply because of the removal of atoms from

the interior to the surface of a crystal. The volume

expansion associated with this process is related to the

atomic volume (O), P � O, which is not incorporated in

the strain-energymodel. Also, the formation of a charged

defect includes a significant change in electrostatic energy

that is not included in this model. The importance of

explicit volume change and the electrostatic energy in

formation of point defects in ionic solids was discussed

by KARATO (1977, 1981a).

(1.ii) Effects of electrostatic energy on �V�

In addition to the strain energy, a thermally activated

state may also have excess energy associated with elec-

trostatic charge. The enthalpy change associated with

creating a defect with excess charge, Ze, is given by

(e.g., FLYNN, 1972)

H�ele ¼
Z2e2

2"0ðPÞ � rðPÞ
(10:16)

where "0 Pð Þ is the static dielectric constant and r Pð Þ
is the ‘‘radius’’ of the defect at the activated state con-

figuration. By differentiating (10.16) with pressure

assuming that the radius of defect changes with pres-

sure in the same way as the mean inter-atomic distance,

one obtains

�V�ele ¼
H�ele
K

@ log "0
@ logV

þ 1

3

� �
: (10:17)

According toKEYES (1963) andKARATO (1977, 1981a),

@ log "0=@ logV ¼ 2:5� 1:0, and �V�ele ¼ ð2:8� 1:0Þ �
ðH�ele=KÞ. Therefore, numerically elastic and dielec-

tric models give similar activation volumes. In fact,

if one assumes that the pressure dependence of

static dielectric constant is mainly through the vibration

of optical mode frequency with pressure (the Szigetti

relation, see KITTEL, 1986) then @ log "0=@ logV

¼ 2� � 1 and equation (10.17) becomes identical to

equation (10.15) (only difference is the meaning of the

Grüneisen parameter: it is the acoustic mode Grüneisen

parameter for the elastic model and the optical mode

Grüneisen parameter for the dielectric model).

(1.iii) Homologous temperature scaling
The temperature and pressure variation of rheological

properties including diffusion coefficient of atoms is

often scaled using the melting temperature, namely,

AðP;TÞ ¼ A0 exp �� 0
TmðPÞ

T

� �
(10:18)

where Tm(P) is the ‘‘melting temperature’’ of the mate-

rial that changes with pressure, P. Such a relation

has been observed for a large number of materials
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including metals and ionic solids (e.g., WEERTMAN,

1968, see Fig. 10.4).

SHERBY et al. (1970) and POIRIER and

LIEBERMANN (1984) provided some theoretical

explanation for the homologous temperature scaling.

Here I will summarize POIRIER and LIEBERMANN’S

(1984) discussion. They assumed, following KEYES

(1963), that the activation enthalpy for deformation

(or diffusion) can be expressed by elastic strain energy

and used Lindemann’s law for melting that assumes

thatmelting occurs when the amplitude of lattice vibra-

tion reaches a critical value. LINDEMANN (1910) postu-

lated that melting occurs when the amplitude of atomic

vibration exceeds some critical value. Using the equi-

partition law and assuming that a solid behaves like a

collection of harmonic oscillators, one obtains,

E ¼ khxi2 (10:19)

where E is the energy of the crystal, k is a spring

constant and hxi is the amplitude of atomic dis-

placement due to lattice vibration. According to

Lindemann, melting takes place when the amplitude

of lattice vibration becomes a critical value, hxic¼ � � a.
Then, at a melting temperature, we must have

E ¼ k�2 � a2 ¼ RTm ¼ mo2�2 � a2 (10:20)

where we used a relation o ¼
ffiffiffiffiffiffiffiffiffi
k=m

p
(o, frequency of

lattice vibration) and hence,

Tm ¼
�2mO2=3o2

R
¼ �

2CO
R

(10:21)

where the relationship o ¼ V=a ¼
ffiffiffiffiffiffiffiffiffi
C=�

p
ð1=aÞ

¼
ffiffiffiffiffiffiffi
CO
p

m�1=2O�1=3 ¼ C1=2m�1=2O1=6 (Chapter 4)

is used. Using the elastic strain-energy model for

defect formation or migration, i.e., equation (10.13),

one finds

G� ¼ �RTm

�2
¼ �0RTm (10:22)

with

�0 ¼ �

�2
: (10:23)

Given the relation (10.22), assuming �0 does not

change with pressure, one can calculate the activation

volume,

V� ¼ @G
�

@P
¼ H�

Tm

dTm

dP
: (10:24)

This is a useful model because pressure dependence

of melting temperature is better known than the

pressure dependence of plastic deformation. However,

theoretical basis of the assumptions is not very secure.

In particular the validity of the Lindemann’s law of

melting for silicates can be questioned (e.g., WOLF and

JEANLOZ, 1984). Also the appropriate choice of ‘‘melt-

ing temperature’’ is not obvious. A question is often

raised as to what Tm we should use when evaluating

the rheological properties of a multi-component sys-

tem. In a multi-component system, melting occurs

gradually from the solidus and is completed at the

liquidus. The difference between the solidus and the

liquidus can be large: for a peridotite the difference is

�600K at room pressure. It is often argued that the

solidus should be used as Tm in rheological studies

(e.g., GREEN and BORCH, 1987), but this notion is

inconsistent with the observation that the rheological

properties of pure olivine polycrystals (solidus is

�2100 K) is virtually indistinguishable from those of

peridotites (solidus is �1500 K) (see e.g., ZIMMERMAN

and KOHLSTEDT, 2004). A large reduction of solidus

temperature from the melting temperature of compo-

nent solids is due to the influence of mixing entropy to

reduce the free energy of liquid. Since the plastic prop-

erties of solid are our concern, solidus temperature

that is affected by the properties of liquid should not

be used. Rather than the solidus of the system, the

melting temperatures of each phase must be used and

some appropriate average must be taken (see also

Chapter 12). One of such an analysis is given by

YAMAZAKI and KARATO (2001b) for a two-phase mix-

ture of (Mg, Fe)SiO3–(Mg,Fe)O in the lower mantle.

Also one should remember that the homologous tem-

perature scaling is only approximately true.

Activation volume for the homologous temperature

model can be compared with those of other models. If

one uses the Lindemann’s law, then from (10.24) one

has @ logTm=@ logV ¼ �2� þ 2
3 ¼ �Kð@ logTm=@PÞ,

and one obtains,

V� ¼ H�

K
2� � 2

3

� �
: (10:25)

Therefore, all of these semi-empirical models ((10.14),

(10.17) and (10.24)) essentially give an identical

result, (10.25). For H� ¼ 300�600 kJ=mol and K ¼
100–200GPa, we obtain V¼ (6–15)� 10�6m3/mol.

Two points need to be emphasized. First, these rela-

tions are only semi-quantitative: they give a rough

estimate of V*, but not the precise value of V*.

Second, the relationships such as (10.25) are applicable

only for �V�. The actual activation volume should

include �V as (V� ¼ �V þ �V�).
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(2) Atomistic models
Several more atomistic models of activation volume

have been developed. Each model has to include spe-

cific aspects of atomistic processes involved in a given

process. For example, when diffusion occurs through

vacancymechanism, the activation free energy includes

the energy change associated with cutting bonds as well

as the work done against the volume change. KARATO

(1977, 1981a) developed such a model that includes the

effect of explicit volume change (�V), elastic strain

energy and electrostatic energy associated with point-

defect formation and migration ( �V�).

More detailed calculations using an empirical inter-

atomic potential or first-principle approach have also

been made (e.g., KARATO, 1978; WALL and PRICE,

1989; WRIGHT and PRICE, 1993; ITA and COHEN,

1997; BRODHOLT and REFSON, 2000; BRAITHWAITE

et al., 2003). In calculating the energy of formation of

defects in ionic crystals, a neutral group of defects such

as the Schottky defects must be considered as a unit

process rather than the energy of an isolated charged

defect. However, this means that such a calculation

must incorporate a large number of atoms, excee-

ding a number of atoms for one defect (�105–106).
Alternatively, defect energy can be calculated for a

smaller number of atoms if the long-range interaction

is incorporated by a continuum approximation such as

the method of MOTT and LITTLETON (1938). In this

model, atomistic details are incorporated only in the

vicinity of a defect and the long-range interaction of

atoms is treated through the elastic and dielectric dis-

tortion of a crystal. The defect-energy calculations

published so far involved only a small number of

atoms (< 1000 atoms), and the validity of these results

is questionable. However, due to the rapid progress in

the computational power, it is likely that a realistic

calculation of defect energy can be made for compli-

cated materials such as silicates in the near future.

Pressure dependence of activation volume
In its simplest form, the equation H*¼E*þPV* is

a first-order approximation in which the activation

enthalpy is considered to increase linearly with pressure.

Under certain conditions this may not be a good app-

roximation. In fact several authors suggested the impor-

tance of pressure dependence of activation volume

(O’CONNELL, 1977; POIRIER and LIEBERMANN, 1984;

BORCH and GREEN, 1987; HIRTH and KOHLSTEDT,

2003). Two types of argument have been presented. The

first one is based on the elastic strain-energy model.

Assuming this model, one obtains (Problem 10.2),

@ log �V�

@P
¼ � 1

K
þ 1

� � 1
3

@�

@P
: (10:26)

Therefore, the pressure dependence of activation vol-

ume critically depends on the pressure dependence of

the Grüneisen parameter. If the Grüneisen parameter

is independent of pressure, then @ logV�=@P ¼ �1=K,
which is the same as the pressure dependence of a

molar volume and the pressure dependence of activa-

tion volume is small. If, however, the Grüneisen

parameter decreases significantly with pressure, then

the activation volume decreases significantly with pres-

sure. For example, it is often found that ��q ¼ constant

(Chapter 4). In such a case, @�=@P ¼ �q�=K and

@ logV�=@P ¼ �ð1=KÞ ð1þqÞ��
1
3

��1
3

� �2:4=K for �¼ 1.5

and q¼ 1. This means that V* decreases with pressure

more than the (molar) volume. O’CONNELL (1977)

obtained a similar result assuming that the activation

volume is a volume of a vacant sphere in a continuum

but such a model is not supported by an atomistic

theory of point defects (GILMAN, 1981).

Problem 10.2

Derive the relation (10.26).

Solution

From (10.25), one has

@ log �V�

@P
¼ @ logH

�

@P
� @ logK

@P
þ
@ logð2� � 2

3Þ
@P

¼
2� � 2

3

K
� @ logK

@P
þ 1

� � 1
3

@�

@P
:

Now, @ logK=@P ¼ ð2� þ 1
3Þ=K and hence

@ log �V�=@P ¼ �1=K þ ½1=ð� � 1
3Þ	ð@�=@PÞ.

Another argument is that activation volume

depends on the pressure dependence ofmelting temper-

ature and dTm=dP decreases significantly with pressure

if Tm is the solidus (BORCH and GREEN, 1987).

However, Tm in relation (10.25) is not the solidus as

discussed before. It should also be noted that a signifi-

cant fraction of activation volume is the explicit volume

change, �V, and in such a case there should be very

small pressure dependence of �V. This can be seen in

the results of KOHLSTEDT et al. (1996) where the acti-

vation volume associated with the dissolution of water

in olivine is nearly constant for a pressure range of
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0.3–13GPa. In summary, there is no clear evidence for

significant decrease of activation volume with pressure.

In estimating the depth variation of viscosity in

Earth’s mantle, the pressure dependence of activa-

tion volume is often invoked. O’CONNELL (1977) and

POIRIER and LIEBERMANN (1984), for example,

argued that the mantle viscosity is nearly depth-

independent because of the large reduction of activa-

tion volume at high pressures. As we learned above,

this notion is neither supported by theory nor by exper-

imental observations, and if indeed mantle viscosity is

nearly depth-independent, an alternative explanation

must be found. YAMAZAKI and KARATO (2001b) sug-

gested that a weak depth dependence of viscosity

through the lower mantle of Earth is due simply to

the small activation energy and volume of diffusion in

lower mantle minerals such as (Mg, Fe)O (Chapter 19).

Pressure-induced change in the mechanism of
defect motion
Activation volume for defect motion depends on the

atomistic mechanism. Defect motion involving vacan-

cies involves a larger activation volume than defect

motion involving interstitial atoms. Consequently, it is

expected that the mechanism of defect motion changes

from vacancy mechanism to interstitial atom mecha-

nism as pressure increases. This issue was examined by

KARATO (1978) based on the theoretical calculation of

formation free energy of vacancies and interstitial

atoms in a model crystal following the method by

KANZAKI (1957). KARATO (1978) found that a change

in the dominant type of defects occurs as pressure

increases, and that the transition pressure depends

strongly on the nature of inter-atomic potential: the

‘‘harder’’ the repulsive potential, the higher the transi-

tion pressure. Above this transition pressure, the activa-

tion volume is negative. ITO and TORIUMI (2007)

obtained similar results by the molecular dynamics sim-

ulation of diffusion in MgO.

10.3. Effects of water

10.3.1. General introduction

The effects of water on plastic deformation are large

and deserve special attention. GRIGGS and BLACIC

(1965) and GRIGGS (1967) discovered that high-

temperature plastic deformation of quartz is signifi-

cantly enhanced by a small amount of water dissolved

in quartz. Similar effects were also found for olivine

(BLACIC, 1972; CHOPRA and PATERSON, 1981, 1984;

KARATO et al., 1986) and for other minerals. In all

cases, the effects of water are larger at higher pressures.

It is also well documented that the solubility of water in

minerals increases with pressure (at least at low pres-

sures). Therefore, weakening effects of water are due to

water-related species that are dissolved in minerals.

Consequently, in order to understand the effects of

water (hydrogen) on plastic deformation in Earth, we

need to understand (1) the microscopic mechanisms of

dissolution of water, (2) the microscopic mechanisms

by which water-related species (defects) enhance defor-

mation of minerals and (3) the mechanisms by which

amounts of water in minerals are controlled in Earth.

Important progress toward understanding of atomistic

mechanism of water dissolution has been made through

experimental observations and thermodynamic model-

ing of point defects. A combination of experimental

observations and thermodynamic as well as atomistic

modeling of defects (both point defects and disloca-

tions) has provided some insights into the mechanisms

of water weakening.

In the following, I will first summarize the mecha-

nisms of water (hydrogen) dissolution in minerals, fol-

lowed by the experimental observations on water

weakening and its theoretical interpretations. Finally, a

brief reviewwill be given on the processes by which water

contents in minerals may be controlled in Earth’s

interior.

10.3.2. Mechanisms of dissolution of water
(hydrogen)

When the water (hydrogen) budget in solid Earth is

discussed, often only hydrous minerals such as phlo-

gopite, serpentine and some other hydrous minerals

are considered. A major challenge to this notion was

made in the early 1970s by MARTIN and DONNAY

(1972) who pointed out the importance of nominally

anhydrous minerals (minerals that do not have H in

their chemical formula, e.g., quartz (SiO2) and olivine

((Mg, Fe)2SiO4) as a water (hydrogen) reservoir in

Earth’s interior. In fact, the pioneering studies by

Griggs and his colleagues (GRIGGS and BLACIC, 1965;

BLACIC, 1972) already showed that a certain amount of

hydrogen can be dissolved in nominally anhydrous

minerals such as quartz and olivine. Detailed experi-

mental studies in the laboratory of Paterson at ANU

(Australian National University) supported this notion

for quartz and olivine (for review of earlier works

see KARATO, 1989a; PATERSON, 1989), and the subse-

quent studies at other laboratories contributed to
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the understanding of the nature of hydrogen in

olivine and other silicates. Reviews on this topic are

also available (BELL and ROSSMAN, 1992; THOMPSON,

1992; KOHLSTEDT and MACKWELL, 1999; INGRIN

and SKOGBY, 2000; WILLIAMS and HEMLEY, 2001;

BOLFAN-CASANOVA, 2005).

These studies have established that nominally anhy-

drous silicate minerals such as quartz (SiO2) or olivine

((Mg, Fe)2SiO4) which do not have H (hydrogen)

in their chemical formula can dissolve a significant

amount of hydrogen. The amount of hydrogen that

can be dissolved in these minerals depends on the

thermodynamic conditions and increases with the

fugacity of water. Consequently, the effects of water

on kinetic processes (such as plastic deformation and

diffusion) increase with the fugacity of water.

Although the amount of water that can be dissolved

in most nominally anhydrous minerals (�10�4�10�1
mole fraction, �10�3–1 wt%) is smaller than that in

hydrous minerals (2.7 wt% in phlogopite, 4.3 wt% in

serpentine), the concentration of hydrogen in these

minerals is much larger than that of point defects

under anhydrous conditions (�10�5�10�6 mole frac-

tion). This is the fundamental reason why hydrogen

enhances various kinetic processes in silicates.

It must also be noted that although the amount of

hydrogen that can be dissolved into nominally anhy-

drous minerals is relatively small (compared to the

concentration of water in hydrous mineral), the solu-

bility is large enough to significantly affect water

(hydrogen) budget in Earth’s interior. For example, if

the upper mantle is saturated with hydrogen, the total

amount of water that goes to nominally anhydrous

minerals will be �1021 kg, which is about the same

as the amount of the sea water. The situation is some-

what different for minerals in the transition zone such

as wadsleyite and ringwoodite. In these minerals (par-

ticularly in wadsleyite), the maximum solubility of H is

very high and in wadsleyite, it reaches the point that 1/8

of Mg is replaced with H to change its chemical for-

mula from Mg2SiO4 to Mg1.75H0.25SiO4 (INOUE et al.,

1995). The amount of water that can be dissolved in

wadsleyite (and ringwoodite) far exceeds the amount of

sea water (�10 times of sea water, i.e., �1022 kg).
Let us consider atomistic mechanisms of dissolution

of water in silicate minerals. Water, H2O, can be dis-

solved in silicate minerals in a variety of ways. Water

provides hydrogen and oxygen ions through the reaction,

H2O ¼ H2 þ
1

2
O2 ¼ 2Hþ þO2�: (10:27)

Now both proton H+ and oxygen ions O2� go to some

sites in a mineral. For an oxygen ion, there are two

possibilities. An oxygen ion can either go into a lattice

site that is usually occupied by oxygen, or it may go

into an interstitial site. A hydrogen ion, namely

proton may go into various sites that have negative

charges. Therefore for minerals containing two types

of cations such as olivine, wadsleyite or ringwoodite

((Mg, Fe)2SiO4), we will consider three possible sites

that are negatively charged: (1) M-site (M represents

either Mg or Fe) vacancy, (2) Si-site vacancy and (3)

oxygen ion. Consequently, likely mechanisms of disso-

lution of water (hydrogen) in silicate minerals are

(Fig. 10.5):

(i) two protons atM-site vacanciesþ oxygen at O-site

(ii) four protons at Si-site vacancies þ oxygen at

O-site

(iii) two protons at an interstitial oxygen

(iv) two proton at a regular O-site þ at an interstitial

oxygen

The mechanism (iii) is identical to the dissolution of

‘‘molecular’’ water. In minerals such as (Mg, Fe)O,

only (i) or (iii) (or (iv)) may be considered. In minerals

such as SiO2, on the other hand, only mechanisms (ii),

(iii) or (iv) can be considered. (One can consider a
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FIGURE 10.5 Mechanisms of dissolution of water in silicate

minerals. Hydrogen (proton) and nearby oxygen form an electric

dipole. The interaction between an electric dipole and the

electromagnetic field (light) causes absorption of light. Note that each

mechanism is associated with a specific volume change of a crystal.
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modified version of mechanism (iv) in which one pro-

ton is associated with an interstitial oxygen.)

Two points may be noted. First, in the first two cases

shown in Fig. 10.5, hydrogen atoms completely neutral-

ize the defect. However, partial neutralization is also

possible. That is if two protons go to a M-site vacancy

ðV00MÞ (for the notation of defects see Box 5.1), then the

defect is completely neutralized ðð2HÞ�M, this defect

has the same charge as in the perfect lattice site) but if

only one proton goes to the M-site, it is only partially

neutralized (H0M, this defect has –1 effective charge

compared to the perfect lattice). Similarly, if four pro-

tons go to the Si-site vacancy (V0000Si ), then one has a

neutral defect (ð4HÞ�Si) whereas if only one proton goes

to a Si-vacancy then one has a charged defect H000Si. The

distinction between fully charge-compensated defects

such as ð2HÞ�M and partially charge-compensated defects

such as H0M is important because the latter affects

the concentrations of other charged defects whereas

the former does not. Consequently, the latter type of

defects has a more important role in modifying phys-

ical properties. Note, however, even a neutral defect

such as ð2HÞ�M has an important effect on diffusion

of atoms at the same site, i.e., the M-site in this case

(e.g., HIER-MAJUMDER et al., 2005a).

Second, note that even in cases (i) and (ii) where

protons are associated with cation vacancies, I draw

Fig. 10.5 in such a way that protons are close to the

nearby oxygen to formOHdipoles, OHð Þ�O. It is an OH

dipole that causes absorption of an infrared beam

(see Box 10.1). To emphasize this fact, a neutral defect

such as 2Hð Þ�M may be considered as a defect complex

ðOHÞ�O�V00M�ðOHÞ�O
� 
�

(e.g., KOHLSTEDT et al.,

1996). However, the dependence of concentrations of

2Hð Þ�M and ðOHÞ�O� V00M�ðOHÞ�O
� 
�

on chemical

environment is identical.

Equation of chemical reaction corresponding to

model (i) is

H2OðfluidÞ þM�M , ð2HÞ
�
M þMOðsurfaceÞ: (10:28)

This relation means that, by adding water, oneM (Mg

or Fe) is removed from an M-site and two protons

occupy an M-site to form a neutral defect, ð2HÞ�M.

The M atom removed from the M-site will be com-

bined with an oxygen atom to create an excess MO

(MgO) (at the surface). This implies that the solid will

undergo a volume expansion of �	 � VMO whereVMO

is the molar volume of MO. Applying the law of mass

action one obtains

fH2O ¼ K29ðT;PÞ � ½ð2HÞ�M	 � aMO: (10:29)

Hence

½ð2HÞ�M	 ¼ fH2OðT;PÞ � a�1MO � K�129 : (10:30)

The cases (ii) and (iii) can be treated similarly, and

one obtains,

½ð4HÞ�Si	 ¼ f 2H2O
ðT;PÞ � a2MO � K�131 (10:31)

and

½ðH2OÞ�I 	 ¼ fH2OðT;PÞ � K�132 (10:32)

respectively whereK29,31,32 are the relevant equilibrium

constants given by

K�129 ðT;PÞ ¼ exp �
��H2O

þ�u29 þ P�	29 � T�s29

RT

 !

(10:33a)

K�131 ðT;PÞ ¼ exp �
2��H2O

þ�u31 þ P�	31 � T�s31

RT

 !

(10:33b)

K�132 ðT;PÞ ¼ exp �
��H2O

þ�u32 þ P�	32 � T�s32

RT

 !

(10:33c)

where ��H2O
is the chemical potential of water at the

reference state, Du is the energy needed to create the

hydrogen-related defect ( 2Hð Þ�M, 4Hð Þ�Si and H2Oð Þ�I ),
�	 and Ds are the volume and entropy change associ-

ated with the formation of hydrogen-related defect

respectively. With the reaction shown by (10.28), the

volume change of the system �	29 is composed of the

volume change due to the addition of MgO and

the volume change of M-site by replacing Mg with

two protons. The latter is only a fraction of the volume

of Mg2þ (�1.4� 10�6m3/mol) and is much smaller

than the volume of MgO (�11� 10�6m3/mol) so

that �	29 must be similar to the molar volume of

MgO. For 4Hð Þ�Si, �	31 is approximately that of SiO2

(�22� 10�6m3/mol) and for the volume change of

Si-site (the molar volume of SiO2 is approximately

twice that of MgO. This is due to the fact that the

molar volumes of oxides are dominated by those of

oxygen ions: SiO2 has two and MgO has one oxygen).

It is likely that for a given mineral there are a few

possible sites in which hydrogen can be dissolved. The

relative fraction of hydrogen at various sites will

change with physical and chemical conditions. For

example, the relations (10.30) and (10.31) indicate
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that 2Hð Þ�M dominates at relatively low aMO, but at

high aMO, 4Hð Þ�Si will dominate. This was confirmed

by LEMAIRE et al. (2004). It should also be noted

that the kinetics of dissolution of water (hydrogen)

are different among different sites. The kinetics of

dissolution of water (hydrogen) at M-site involves

diffusion of V00M but the kinetics of dissolution of

water (hydrogen) at Si-site involves diffusion of V00 00Si .

Consequently, it is possible that for an experimental

time-scale one only sees incorporation of hydrogen at

M-site whereas in the natural environment (at longer

time-scales), incorporation of hydrogen at Si-site

might also occur.

Neutral defects do not have direct influence on the

concentration of other defects. Therefore defects such

as 2Hð Þ�M will not have direct influence on the defects at

other sites such as oxygen or silicon-related defects. In

contrast to neutral defects, charged defects have strong

influence on the concentrations of other charged

defects and consequently have important effects on a

number of physical properties.

Several mechanisms can be considered for the for-

mation of charged defects. For instance, a neutral

defect 2Hð Þ�M may change to a charged defect through

the ionization reaction

ð2HÞ�M ¼ H 0M þH�: (10:34)

Box 10.1. Infrared spectroscopy and
hydrogen in minerals

Infrared spectroscopy is a powerful tool with which

the nature of hydrogen (water) in minerals can

be investigated (Fig. 10.6). A light beam

(electromagnetic wave) interacts with the optical

modes of lattice vibration that involve the relative

motion of cations and anions. Both stretching mode

of OH bonds and bending mode of H–O–H interact

with light with �3mm wavelength range and energy

levels of electrons and phonons can change due to

this interaction. Consequently, light is absorbed by

a substance that contains OH-related species. By

measuring the absorption of light by a substance,

one can determine the concentration of OH, and the

possible sites at which OHdipoles are located. Three

types of information (data) are useful to investigate

the nature of OH-related defects. First, from

the intensity of absorption, one can determine

the concentration of OH. Second, from the

wavenumber of absorption peaks, one can place

constraints as to the plausible sites where OH

may be present. Third, from the anisotropy of

absorption, one can infer the orientation of OH

dipoles in a given crystal that provides a useful

constraint on the crystallographic positions where

hydrogen atoms are located. A useful calibration

needed for the determination of OH content from

infrared absorption was provided by PATERSON

(1982), but the validity of this equation is debated

(e.g., BELL et al., 2003). It should be noted that when

infrared absorption is measured at ambient pressure

and temperature, results may not reflect the nature

of OH-related species at high pressure and

temperature: it is difficult to quench the atomic

sites because of the fast diffusion of hydrogen. In-

situ measurements of infrared absorption at high

pressure and temperature will be needed to obtain

definitive data to specify the likely lattice sites

where hydrogen may sit in minerals at high

pressures and temperatures.

Other techniques ofmeasuring hydrogen content in

minerals include secondary-ion-mass-spectrometer

(SIMS) and nuclear-reaction-analysis (NRA)

technique. Both techniques are available only at

ambient conditions. Since NRA technique relies on

the reaction of hydrogen with some atom such

as 15N, this technique is considered to provide

the most robust results of hydrogen content

in a mineral. However, IR spectroscopy has

important advantages in that it gives constraints as

to the speciation of hydrogen from the wave-

number dependence of absorption and anisotropy

in absorption. Such information cannot be obtained

from SIMS or NRA measurements.
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saturated conditions (NISHIHARA et al., 2006).
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A free proton H� will react with a negatively charged

defect such as V00M to yield

H� þ V00M ¼ H0M (10:35)

thus

2H0M ¼ 2Hð Þ�MþV00M: (10:36)

Therefore, applying the law ofmass action, one obtains

2Hð Þ�M
� �

¼ H0M
� �

H�½ 	K34 (10:37a)

V00M
� �

H�½ 	 ¼ H0M
� �

K35 (10:37b)

H0M
� �2¼ ð2HÞ�M� �

V00M
� �

K36: (10:37c)

This means that the concentration of a charged defect,

H0M, depends on the concentration of neutral defect,

2Hð Þ�M, as well as that of M-site vacancy, V00M.

Obviously K�136 ¼ K34K35. The importance of free pro-

ton, H� (or OHo
�), has been shown by the study of

electric conductivity in olivine, wadsleyite and ringwoo-

dite (HUANG et al., 2005; WANG et al., 2006).

Let us now consider how the dominant types of

point defects change with water fugacity. At water-

free (‘‘dry’’) conditions, the dominant types of point

defects in olivine and other ferro-magnesian silicates

are M-site vacancy and ferric iron. The concentration

of M-site vacancy depends on the oxygen fugacity as

(see Chapter 5)

f
1=2
O2
¼ K38 V00M

� �
Fe�M
� �2

aMO: (10:38)

At dry conditions, the dominant defects in olivine

are M-site vacancy, V00M, and ferric iron, Fe�M, and the

charge neutrality condition is Fe�M
� �

¼ 2 V00M
� �

and

hence

Fe�M
� �

¼ 2 V00M
� �

¼ 21=3f
1=6
O2

a
�1=3
MO K

�1=3
38 : (10:39)

When one inserts this relation and (10.30) into (10.37c)

and (10.37b), one finds that H0M
� �

/ f
1=2
H2O

and

H�½ 	 / f
1=2
H2O

. The dependence of concentrations of

other defects on chemical environment can be deter-

mined using the law of mass action (Table 10.2).

Note that in this regime, the concentration of H0M
increases with water fugacity as H0M

� �
/ f

1=2
H2O

but the

concentration of V00M is independent of fH2O. Therefore

at certain fH2O, the dominant negatively charged defect

will change from V00M to H0M (Fig. 10.7), and conse-

quently the charge neutrality condition becomes

Fe�M
� �

¼ H0M
� �

: (10:40)

Using this charge neutrality condition and the relations

(10.29), (10.37c) and (10.38), one has

H0M
� �

¼ f
1=4
H2O

f
1=8
O2

a
�1=2
MO K

1=4
29 K

1=4
36 K

�1=4
38 : (10:41)

Concentration of all other charged defects can be cal-

culated from (10.41) using the law of mass action for

relevant reactions. The results are summarized in

Table 10.2 (for comparison, this table also includes

defect concentrations corresponding to the charge neu-

trality condition of Fe�M
� �

¼ 2 V00M
� �

).

Similar analyses can be made for other types

of defects (charge neutrality conditions such as

OHð Þ0I
� �

¼ Fe�M
� �

). Note that different defects have dif-

ferent dependence on thermodynamic parameters.

Consequently, the data on the dependence of physical

properties (such as the rate of deformation or diffusion)

on thermodynamic parameters provide useful con-

straints on the dominant defect that controls the process.

Problem 10.3

Diffusion of Mg(Fe) in olivine occurs through

the vacancy mechanism. Compare the dependence of

Mg(Fe)-related defects on water fugacity and infer

which defect controls diffusion of Mg under hydrous

conditions using the experimental observation that

DMg�Fe / fH2O. (Assume that the charge neutrality

log  f H2O

H.
h.

h.

Fe.

V ′′

H ′

H.
(OH)′I

(OH)′I

O′′

SiI

lo
g 

[X
]

V ′′′′

(2H)×

....

M

Fe.MM

M
V ′′M

M

H ′M

I

O′′ISi

V ′′′′Si

FIGURE 10.7 A schematic diagram showing the concentrations of

various defects as a function of water fugacity in olivine. At low water

fugacity conditions, the dominant charged defects are ferric iron Fe�M
and M-site vacancy V 00M , whereas when water fugacity increases they

change to Fe�M and H0M .
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conditions are either Fe�M
� �

¼ H0M
� �

or

Fe�M
� �

¼ 2 V00M
� �

.)

Solution

Diffusion coefficient of Mg(Fe) is proportional to

the defect concentration related to Mg(Fe), i.e.,

2Hð Þ�M, H0M, V00M or M��I . From Table 10.2,

V00M
� �

/ f
�1=2
H2O

, H0M
� �

/ f
1=4
H2O

, 2Hð Þ�M
� �

/ fH2O and

M��I
� �

/ f
1=2
H2O

for the charge neutrality condition of

Fe�M
� �

¼ H0M
� �

, or V00M
� �

/ f 0H2O
, H0M
� �

/ f
1=2
H2O

,

2Hð Þ�M
� �

/ fH2O and M��I
� �

/ f 0
H2O

for the charge

neutrality condition of Fe�M
� �

¼ 2 V00M
� �

. The

experimental observation by HIER-MAJUMDER et al.

(2005a) shows that DMg�Fe / fH2O. Therefore we

conclude that diffusion of Mg(Fe) in olivine under

hydrogen-rich conditions is due to 2Hð Þ�M (recall that

diffusion of Mg(Fe) in olivine under hydrogen-poor

conditions is due to V00M).

Based on the comparison of model predictions

(Table 10.2) with experimental observations, dominant

mechanisms of incorporation of water in various min-

erals have been investigated. Existing experimental

observations suggest that the dominant mechanism

of water (hydrogen) dissolution in quartz and olivine

(and wadsleyite) is through the neutral defects 4Hð Þ�Si
and 2Hð Þ�M respectively (DOUKHAN and PATERSON,

1986; KOHLSTEDT et al., 1996). Also the experimental

observations suggest that the charge neutrality condi-

tion is either Fe�M
� �

¼ H0M
� �

or Fe�M
� �

¼ 2 V00M
� �

. Less

extensive studies have been made for other minerals,

but for garnets both 4Hð Þ�Si and OHð Þ0I are proposed

(AINES and ROSSMAN, 1984; LU and KEPPLER, 1997;

WITHERS et al., 1998; KATAYAMA et al., 2003), for

orthopyroxene the results by RAUCH and KEPPLER

(2002) suggest 2Hð Þ�M as a dominant type of defect,

for clinopyroxene defects associated with cation

vacancies were suggested by SMYTH et al. (1991),

SKOGBY (1994), KATAYAMA and NAKASHIMA (2003),

BROMILEY et al. (2004), and for (Mg, Fe)O, a charged

defect H0M is proposed to be the dominant hydrogen-

related defects (BOLFAN-CASANOVA et al., 2002). The

results on (Mg, Fe)O are at odds in comparison to

other minerals. The absorption spectra reported by

BOLFAN-CASANOVA et al. (2002) show evidence of a

TABLE 10.2 Dependence of concentration of point defects in (Mg, Fe)2SiO4 or (Mg, Fe)SiO3 on chemical environment

( X½ 	 / f
p
H2Of

q
O2

ar
MO) for various charge neutrality conditions.

Fe�M
� �

¼ 2 V00M
� �

Fe�M
� �

¼ H0M
� �

Defect p q r p q r

2Hð Þ�M
� �

1 0 �1 1 0 �1
H0M
� �

1
2

1
12 � 2

3
1
4

1
8 � 1

2

Fe�M
� �

0 1
6 � 1

3
1
4

1
8 � 1

2

V00M
� �

0 1
6 � 1

3 � 1
2

1
4 0

M��I
� �

0 � 1
6

1
3

1
2 � 1

4 0

O00I
� �

0 1
6

2
3 � 1

2
1
4 1

Si����I

� �
0 � 1

3 � 10
3 1 � 1

2 �4
OHð Þ0I

� �
1
2

1
12

1
3

1
4

1
8

1
2

H2Oð Þ�I
� �
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large amount of free water (and brucite) suggesting

that a large fraction of hydrogen dissolved in their

samples was not quenched as OH-related defects.

Similarly, the incorporation of carbon in olivine is

likely through a neutral defect C�Si.

Special attention should be paid to a case in which

water (hydrogen) is dissolved into a mineral in combi-

nation with another species. For example, the water

solubility in orthopyroxene is known to correlate with

the concentration of Al (RAUCH and KEPPLER, 2002).

In this case, the solubility is controlled by a reaction,

Si�Si þ 1
2H2OðfluidÞ þ 1

2Al2O3 ¼ ðH �AlÞ�Si þ SiO2:

(10:42)

Alternatively,Al andHmay replace twoM (MgorFe) as

2M�M þ 1
2H2OðfluidÞ þ 1

2Al2O3 ¼ H0M �Al�M
� �

þ 2MO:

(10:43)

In such cases, the concentration of water (hydrogen) in

a mineral depends not only on water fugacity but also

the activity of Al2O3,

H �Alð Þ�Si
� �

/ f
1=2
H2O

a
1=2
Al2O3

a�1SiO2
(10:44)

or

H0M �Al�M
� �� �

/ f
1=2
H2O

a
1=2
Al2O3

aSiO2
: (10:45)

The kinetics of water (hydrogen) dissolution into (or

escape from) a mineral involves diffusion of Al ion that

is slow compared to the diffusion of hydrogen and

cation vacancy (or electron holes). Therefore hydrogen

contents in these minerals may be better preserved than

hydrogen in olivine (or wadsleyite).

It is important to note that the solubility of these

defects depends on both pressure and temperature. In

particular, the pressure dependence of solubility is

large because both water fugacity and the equilibrium

constants strongly depend on pressure. At low pres-

sures, water fugacity is low and the equilibrium con-

centration of water-related defects (hydrogen-related

defects) is low. However, the solubility of these defects

increases strongly with pressure and the effects of water

on physical properties becomemore important at high-

pressures. Temperature also has important influence

on solubility of volatile species (hydrogen, carbon).

For olivine, the existing study indicates strong positive

dependence of hydrogen solubility on temperature

(ZHAO et al., 2004) whereas the data on ringwoodite

indicate a negative dependence (OHTANI et al., 2000).

DEMOUCHY et al. (2005) discussed that the temperature

dependence of chemical composition of coexisting

fluid phase affects the temperature dependence of

water (hydrogen) solubility at high temperatures.

It is likely that grain boundaries can dissolve some

water. It is often reported that the water content in a

polycrystalline sample exceeds significantly that of a sin-

gle crystal (e.g., MEI and KOHLSTEDT, 2000a), which

suggest an important role of grain boundaries. However,

the nature of ‘‘water’’ on grain boundaries is not well

understood. The relative contribution between grain

boundary and the concentration of intragranular hydro-

gen (water) may change with pressure. Also it is possible

that some of the polycrystalline samples have a small

amount ofmelt (that is quenched to a glass upon cooling)

that contains a large amount of water (even � 0.1 % of

melt with �10% water gives �1500ppm H/Si). The role

of grain boundaries in the dissolution of water remains

unconstrained and deserves a detailed study.

10.3.3. Experimental observations on the role
of water on plastic deformation

The effects of water to enhance high-temperature

creep have been documented in a number of minerals

(quartz, olivine, plagioclase, halite). Here I will focus

on two minerals, quartz and olivine, and review some

essential observations.

Quartz
Historically, quartz was the first material in which

water-weakening effect was found (GRIGGS and

BLACIC, 1965; GRIGGS, 1967; BLACIC, 1975). Conse-

quently a large number of experimental studies have

been conducted since the mid-60s but the essence of

this remarkable effect is not yet fully understood (for a

review, see PATERSON, 1989).

There are two reasons why the mechanisms of water

weakening in quartz are difficult to study (compared to

those in olivine). First, diffusion coefficient (chemical

diffusion coefficient; see Chapter 8 about diffusion)

of water in quartz is very low particularly when the

water content is low (KEKULAWALA et al., 1981;

KRONENBERG et al., 1986). Therefore the concentra-

tion of water (or hydrogen-related defects) in quartz is

likely not in equilibrium with the given thermochemi-

cal conditions in many experiments. Consequently,

small-scale features such as water-containing bubbles

play an important role to modify the effective concen-

tration of water-related defects near dislocation lines

(e.g., MCLAREN et al., 1983; DOUKHAN and TRÉPIED,

1985; PATERSON, 1989) causing complications in

interpreting the experimental data. Second, as a
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consequence of the first point, deviation from thermo-

chemical equilibrium is large at lower pressures and

hence the majority of the mechanical data were

obtained at higher pressures (>1GPa ) using a solid-

medium deformation apparatus. Interpretation of

mechanical data from a solid-medium apparatus is

difficult due to the large error in stress measurements

caused by friction (see Chapter 6). Some high-resolution

mechanical tests have also been made at low pressures

(typically<0.3GPa ) (KEKULAWALA et al., 1978, 1981;

PATERSON and KEKULAWALA, 1979; MAINPRICE

and PATERSON, 1984; MACKWELL and PATERSON,

1985; PATERSON, 1989) or room pressure (LINKER

and KIRBY, 1981; LINKER et al., 1984) but the interpre-

tation of these results are difficult because of a large

deviation from thermochemical equilibrium.

Another complication for quartz is that since dislo-

cationmobility is so low (due to strong covalent bonding

of Si–O), deformation (in the dislocation-creep regime) is

not always steady state: a whole regime of deformation

ranging from transient to steady-state creep involving

dislocation multiplication (work hardening or work

softening) and annihilation (recovery) must be consid-

ered to fully understand the role of water in quartz

deformation (e.g., GRIGGS, 1974; PATERSON, 1989).

The possible importance of dislocation multiplication

in quartz deformation is emphasized by (MCLAREN

et al., 1989).

Although the exact details of the way in which water

affects quartz deformation are not clearly understood,

the main observations can be summarized as follows.

The effect of water on plastic deformation of quartz is

very large. Quartz crystals with little water (<80 ppm

H/Si)4 are very strong. At a confining pressure of

0.3GPa , even at 1573K and stress of �1GPa , defor-

mation is largely due to brittle fracture and plastic

deformation due to dislocations occurs only near crack

tips (DOUKHAN and TRÉPIED, 1985). However, with a

larger amount of water (>500 ppm H/Si), plastic

deformation becomes much easier: at �850K, strain

rate of 10�5 s�1 can be achieved at �100 MPa devia-

toric stress (if extrapolated to 1573K, the flow stress

for strain rate of 10�5 s�1 will be � 4 MPa). The easi-

ness of plastic deformation is correlated with the water

content in quartz crystals (e.g., HOBBS et al., 1972;

DOUKHAN and TRÉPIED, 1985). A similar observation

was made by KRONENBERG and TULLIS (1984) who

showed that the creep strength of quartz decreases with

pressure when water is present. They interpreted their

results as due to the increased solubility of water in

quartz with pressure. Similarly, MACKWELL et al.

(1985) found that even with the presence of water,

quartz is strong at low pressures (0.3GPa), whereas

once annealed at higher pressures (1.5GPa) with the

presence of water, quartz becomes weak even at a low

pressure (0.3GPa), a result presumably due to the

pressure effect on water solubility (see also CORDIER

and DOUKHAN, 1989). Using a liquid-cell assembly

with the Griggs apparatus, quantitative studies on the

influence of water on deformation of quartzite have

been conducted by GLEASON and TULLIS (1995) and

POST et al. (1996). When the influence of water is para-

meterized as _" / f r
H2O

, r� 1–2. The value of r is not well

constrained by the previous studies (Fig. 10.8). The

reported value of r should be considered as a lower

bound since the important effect of the influence of the

exp �PV�=RTð Þ term is not included in the currently

available literature (for discussion of this point see

section 10.3.6). BLACIC (1975) noted anisotropic

effects of water weakening.

Water enhances many kinetic processes of quartz

including diffusion (DENNIS, 1984; FARVER and

YUND, 1991), dynamic recrystallization (HOBBS,

1968), dislocation recovery (TULLIS, 2002) and grain

growth (TULLIS and YUND, 1982).

Present study
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FIGURE 10.8 Dependence of the creep strength of quartz on water

fugacity (POST et al., 1996). A constitutive relation of _" / f r
H2O P; Tð Þ�

�n � exp � E� þ PV�

RT

� �
(n = 4) is assumed. The water fugacity is changed

by changing the pressure, but the influence of the exp �PV�=RTð Þ term

is not included in this analysis (i.e., effectively it is assumed that V*¼ 0).

4 Two units are used to define the water (hydrogen) content. H/Si is the ratio

of number of hydrogen to silicon atoms, whereas wt% is the weight

percent (of water, H2O). 1 wt%of water inMg2SiO4 (SiO2) corresponds to

156 000 ppmH/Si (67 000 ppmH/Si). Both are non-dimensional units, but

unit must be specified to clearly indicate the water (hydrogen) content.
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All the published results on the role of water on

deformation of quartz are for dislocation creep.

However, diffusion coefficients (of oxygen) in quartz

increase with water content (DENNIS, 1984; FARVER

and YUND, 1991), and hence diffusional creep is likely

enhanced by water.

Olivine
The effects of water to enhance plastic deformation of

olivine single crystals were first observed by BLACIC

(1972) using the Griggs apparatus. CHOPRA and

PATERSON (1981, 1984) performed the first high-

resolution experimental studies on deformation of

natural dunites using a gas-medium deformation

apparatus at 0.3GPa. When a natural dunite was

deformed as is, a large amount of water supplied from

the dehydration of accessory hydrous minerals, and a

dunite was weaker compared to a sample that was dried

at high temperatures (at room pressure). Studies using

synthetic sampleswere initiated byKARATO et al. (1986)

and follow-up studies were conducted inKohlstedt’s lab

(e.g., HIRTH and KOHLSTEDT, 1995a, 1995b; MEI and

KOHLSTEDT, 2000a, 2000b). These early studies were

conducted at low pressures, < 0.45GPa.

The kinetics of chemical diffusion of water (hydro-

gen) in olivine is fast (MACKWELL and KOHLSTEDT,

1990; KOHLSTEDT andMACKWELL, 1998) and most of

the experiments can be conducted under equilibrium

conditions even at low pressures (say� 0.3GPa) where

precise mechanical measurements are possible.

Consequently the influence of water on plastic defor-

mation in olivine is much better understood than that

in quartz. However it should be noted that the knowl-

edge obtained at low pressures (<0.5GPa) is limited

and cannot be applied to Earth’s upper mantle below

� 20 km (see KARATO and JUNG, 2003).

The effect of water on plastic deformation of olivine

is modest compared to that on quartz at least at low

pressures. At P¼ 0.3GPa and at T¼ 1573K, the dif-

ference in stress to achieve deformation of water-free

and water-saturated olivine at 10�5 s�1 strain rate is a

factor of 1.5 to 3 (e.g., CHOPRA and PATERSON, 1984;

MACKWELL et al., 1985; KARATO et al., 1986). Also

MACKWELL et al. (1985) found that the effects of water

are anisotropic: deformation due to dislocations with

b¼ [001] is enhanced more than deformation by

b¼ [100] dislocations. Similarly, YAN (1992) found

water enhances dislocation recovery in olivine and its

effect is anisotropic: stronger effect for b¼ [001] dislo-

cations than b¼ [100] dislocations. KARATO et al.

(1986) investigated the influence of water on plastic

deformation using synthetic olivine aggregates in

both diffusional and dislocation creep regimes and

found that in both diffusional and dislocation creep

regimes, water enhances plastic deformation of

olivine. They also found that the strength of olivine is

negatively correlated with the amount of dissolved

water. Similar studies were conducted by MEI and

KOHLSTEDT (2000a, 2000b).

MEI and KOHLSTEDT (2000a, 2000b) and KARATO

and JUNG (2003) investigated the influence of pressure

on water-weakening effect in olivine in detail. At low

pressures (< 0.45GPa), deformation is progressively

more enhanced with increasing pressure (MEI and

KOHLSTEDT, 2000a, 2000b) which is interpreted as

due to the increase in water solubility with pressure

(Fig. 10.9). However, at higher pressures both the

influence of increasing water solubility and decreasing

dislocation mobility are important, which results in the

non-monotonic dependence of strength on pressure

(KARATO and JUNG, 2003). The maximum effect of

water in the deep upper mantle (say �300–400 km
depth) is quite large: for a given stress, strain rate

under water-saturated conditions is a factor of �104
larger than that under water-free conditions. When the

olivine
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FIGURE 10.9 Influence of water fugacity on the rate of

deformation in olivine in the dislocation-creep regime (MEI and

KOHLSTEDT, 2000b). In the experiments by MEI and KOHLSTEDT

(2000b), the water fugacity was changed by changing the total

confining pressure. Consequently, the value of the water fugacity

exponent, r, cannot be determined uniquely because it depends on

the unknown activation volume �V� (for details see the later part of

this chapter).
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influence of water is parameterized as _" / f rH2O
, one

obtains r�1.0–1.2.
Water also has important influence on other pro-

cesses in olivine such as diffusion (of Fe–Mg) (HIER-

MAJUMDER et al., 2005a), grain-growth kinetics

(KARATO, 1989b), dynamic recrystallization (AVÉ

LALLEMANT and CARTER, 1970; POST, 1977; JUNG

and KARATO, 2001a), fabric development (JUNG and

KARATO, 2001b; KATAYAMA et al., 2004; JUNG et al.,

2006), electrical conductivity (KARATO, 1990; WANG

et al., 2006) and KARATO (1995) suggested that seismic

wave attenuation may also be enhanced by water.

Problem 10.4

Explain why chemical diffusion of water in quartz is

more sluggish than that in olivine.

Solution

Note that by diffusion of water, we mean the rate of

chemical reaction between water and mineral that is

controlled by chemical diffusion (Chapter 8). When

water reacts with a silicate mineral, hydrogen diffuses

into a silicate, but another charged defect must also

diffuse to maintain the charge neutrality. In olivine,

M-site vacancies (or electron holes) can be this charge-

compensating defect whose diffusion coefficient is

large. In contrast, in quartz, the charge-compensating

defect is either Si-site or O-site defect diffusion of both

is more sluggish than that of M-site vacancies in

olivine. This is a basic reason for the vast difference

in chemical diffusion rate between two minerals. Note

that this model suggests that the currently available

experimental results on olivine may correspond to

partial equilibrium (with respect to the M-site) and

not to complete equilibrium. In the natural setting or

in experimental studies with longer durations (or at

higher temperatures), a larger fraction of hydrogen

may go to the Si-site (that requires diffusion of Si) than

observed in the currently available experimental data.

Other minerals
The role of water on plastic deformation in other min-

erals is less extensively studied. RUTTER (1972) and

RUTTER et al. (1994) reported weakening effects of

water on plastic deformation of calcite. TULLIS and

YUND (1982) showed the enhanced grain growth in

calcite by the presence of water. In both cases the

effects are less pronounced than in quartz. Water-

induced enhancement of plastic deformation and

recovery in feldspar was investigated by TULLIS et al.

(1979), TULLIS and YUND (1980) and STÜNITZ et al.

(2003). AVÉ LALLEMANT (1978), BOLAND and TULLIS

(1986) and HIER-MAJUMDER et al. (2005b) studied the

role of water on deformation in clinopyroxene. The

influence of water on creep in feldspar and clinopyrox-

ene is stronger than that in olivine but weaker than that

in quartz. SKOGBY andROSSMAN (1989), SKOGBY et al.

(1990), SKOGBY (1994), RAUCH and KEPPLER (2002)

and KATAYAMA and NAKASHIMA (2003) investigated

the water dissolution mechanisms in pyroxenes. Little is

known about the effect of water on deformation of

garnets (for preliminary results see JIN et al., 2001).

KATAYAMA and KARATO (2007) investigated the

influence of water on plastic deformation of pyrope

garnet and found that the rate of deformation is sensi-

tive to water content. LAGER et al. (1989), ROSSMAN

et al. (1989), WITHERS et al. (1998), ROSSMAN and

AINES (1991) and KATAYAMA et al. (2003) investigated

the water dissolution mechanisms in garnets.

Solubility of water (hydrogen) in wadsleyite has been

studied by INOUE et al. (1995), KOHLSTEDT et al.

(1996), and NISHIHARA et al. (2007a). These studies

showed that the solubility could reach �3 wt%, and at

this limit, 1
8 of M-site is completely replaced with two

protons. NISHIHARA et al. (2007a) investigated the

influence of oxygen fugacity on solubility of water in

wadsleyite and showed very weak dependence on oxy-

gen fugacity for the dominant absorption peaks. These

observations suggest that the mechanism of water dis-

solution in wadsleyite is similar to that of olivine, two

protons occupy the M-site vacancy, 2Hð Þ�M, but at the

same time, there are other hydrogen-related species

whose concentration depends on chemical environ-

ment in a different manner. KUBO et al. (1998) showed

that water enhances dislocation recovery in wadsleyite

and enhances transformation kinetics. However, CHEN

et al. (1998) reported small effects of water on the

strength of wadsleyite at relatively low temperatures.

NISHIHARA et al. (2006) found that water enhances

grain-growth kinetics in wadsleyite. HUANG et al.

(2005) showed water enhances electrical conductivity

in wadsleyite and ringwoodite through diffusion of free

protons, H� (a similar result has been obtained for

olivine (WANG et al., 2006)). Nothing is known about

the effects of water on plastic deformation of perov-

skite. The solubility of water (hydrogen) in MgSiO3

was investigated by a few groups but the results show

large discrepancy. MEADE et al. (1993) reported a
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solubility of �700 ppm H/Si and MURAKAMI et al.

(2002) reported a high water solubility, �30 000 ppm
H/Si, LITASOV et al. (2003) reported �1000 ppm H/Si

for Al-free perovskite and�14 000–18 000ppmH/Si for

Al-bearing perovskite, whereas BOLFAN-CASANOVA

et al. (2000, 2003) reported much smaller solubility

(<10ppm H/Si). The solubility of hydrogen in perov-

skite is not well constrained at this time. FREUND and

WENGELER (1982) and BOLFAN-CASANOVA et al.

(2002) showed a finite solubility of water in MgO. But

no experimental data are available on the effects of water

on the physical properties of MgO or magnesiowüstite.

10.3.4. Models for water (hydrogen) weakening

Diffusional creep
The model for water-weakening effects in diffusional

creep is straightforward. Given the flow law for diffu-

sional creep, _" ¼ �ðD=L2Þð�O=RTÞ (equation (8.44)),

the enhancement of diffusional creep for a fixed grain-

size should be due to the enhancement of diffusion.5

Since diffusion coefficient is determined by the concen-

tration, �f, and the mobility, �m, of a relevant point

defect (see Chapter 8), the influence of water on diffu-

sion must be evaluated both for defect concentration

and on mobility. As has been shown in section 10.3.3,

the influence of water on defect concentration can be

written as�f / f rH2O
,6 whereas the influence of water on

defect mobility is through the change in the activation

enthalpy for mobility, namely, �m / exp ð�H�m;wet=RTÞ
where H�m;wet is the activation enthalpy for defect

migration under ‘‘wet’’ conditions. H�m;wet is different

from H�m;dry (activation enthalpy for defect migration

under ‘‘dry’’ conditions) because the relevant defect can

be different between the two cases (e.g., 2Hð Þ�M versus

V00M for Mg diffusion). Thus

_"wet ¼ �
Deff;wet

L2

�O
RT
/ f rH2O

� exp �
H�diff;wet
RT

� �
(10:46)

whereH�diff;wet is the activation enthalpy for diffusional

creep under ‘‘wet’’ conditions.

Dislocation creep
The situation is more complicated for dislocation

creep. The rate of plastic deformation by dislocation

motion is determined by the density of (mobile) dislo-

cations and their velocity as _" ¼ �b	 (� is dislocation

density, b is the length of the Burgers vector and 	 is the

velocity of dislocation motion; see Chapter 9). The

length of the Burgers vector does not change with

water so much and therefore water effects should be

either through its effect on dislocation density or dis-

location velocity (or both). At steady state, dislocation

density is controlled by force balance, � � b�2 �=�ð Þ2

(see Chapter 5), and is nearly independent of water

content and the main effect of water must be through

its effects on dislocation velocity corresponding to a

constant dislocation density. However, when a crystal

has a low initial dislocation density and dislocation

multiplication is difficult, then water effects could be

through the enhancement of dislocation multiplication.

The latter situation is likely the case of experi-

mental deformation of quartz (at least at modest tem-

peratures) where intrinsic dislocation mobility is low

due to the strong covalent Si–O bond (HOBBS et al.,

1972; GRIGGS, 1974) (see also PATERSON, 1989).Many

of the experimental observations on quartz at modest

temperatures are likely due to the effects of water on

dislocationmultiplication that determine the density of

mobile dislocations. Dislocation multiplication is easy

in olivine (or quartz at high temperatures), and in this

case, most of the water-weakening effect is from its

influence on dislocation mobility at a constant disloca-

tion density.

Since both dislocation density and velocity are

ultimately controlled by dislocation mobility, let us

now consider how water might affect dislocation

mobility. In crystals with relatively strong covalent

bonding, important factors to control dislocation mobi-

lity are (1) kink nucleation and migration and (2) jog

nucleation and migration. The jog migration rate is

controlled by atomic diffusion whereas other processes

(kink formation/migration and jog formation) are con-

trolled mostly by dislocation core structures (Chapter 9).

A generic equation for dislocation velocity in a

crystal with relatively high intrinsic resistance to dis-

location motion (high Peierls stress) is (see Chapter 9)

	c;g ¼ cj;kb	j;k (10:47)

where 	c;g is climb (or glide) velocity, cj;k is jog (or kink)

concentration and 	j;k is jog (or kink) velocity. Water

effects may be through cj;k or 	j;k (or both). HOBBS et al.

(1972) andGRIGGS (1974) proposed that in most exper-

imental studies in quartz, dislocation multiplication

plays an important role in determining the resistance

of quartz for plastic deformation. In this model, water

5 In real Earth, grain size under ‘‘wet’’ conditions could be larger than that

under ‘‘dry’’ conditions which could counteract the influence of

enhancement of diffusion.
6 The analysis in section 10.3.3 is for defects in the crystal. Defects at grain

boundaries may show different dependence on water.
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is considered to enhance glide mobility of dislocations

by the increase in kink density, ck, and/or kinkmobility,

	k, by water (hydrogen). In order for this process of

weakening to occur, hydrogen-related defects must dif-

fuse to a dislocation line, and the formation and/or

migration energy of kinksmust be reduced by hydrogen.

HEGGIE and JONES (1986) performed theoretical calcu-

lations of dislocation energies in quartz. They showed

that hydrogen defects have large binding energies with a

dislocation line and therefore tend to be bound along

the dislocation line. They also showed that both nucle-

ation and migration energies of double kinks are con-

siderably reduced by the interaction with hydrogen

defects. Consequently, their results support the

GRIGGS (1974) and HOBBS et al. (1972) model for

hydrolytic weakening. It is likely that similar effects

are present in other silicates, although the extent to

which nucleation and migration of kinks controls dis-

location creep (i.e., the Peierls mechanism) depends on

the bond strength. Such an effect is expected to be

stronger in materials where a strong Si–O bond plays

important roles. CORDIER and DOUKHAN (1995) dis-

cussed the importance of dislocation splitting on

water weakening in quartz.

When dislocation recovery controlled by disloca-

tion climb is the rate-controlling step, then _" / 	c
where 	c is the velocity of dislocation climb. Now,

the climb velocity is controlled by the jog velocity

(	j / D,D, diffusion coefficient) and jog concentration

(cj), 	c ¼ cjb	j. Therefore the enhancement of diffusion

or the increase in jog concentration by hydrogen will

lead to enhanced rate of deformation. If one writes

	j / f rD
H2O

and cj / f
rj
H2O

, then _" / 	c / f rc
H2O

with

rc ¼ rD þ rj. In olivine, a recovery-controlled model is

proposed (e.g., MEI and KOHLSTEDT, 2000b; KARATO

and JUNG, 2003). A jog may be hydrated, in which case

the jog concentration is a function of hydrogen content

(water fugacity). Consider the following reaction

nj
2
�H2Oþ ðjogÞ()ðhydrated jogÞ (10:48)

where nj is the number of hydrogen atoms at a

hydrated jog. Applying the law of mass action to reac-

tion (10.48),

~cj ¼ K48 � f nj=2
H2O
� cj (10:49)

where ~cj is the concentration of hydrated jogs and K48

is the equilibrium constant for the reaction (10.48)

(which includes other factors such as oxide activity,

see section 10.3.2). Consequently,

_" / f
nj=2
H2O
� cj � 	j / f

nj=2
H2O
�D CHð Þ / f

ðnj=2ÞþpD
H2O

(10:50)

where D is the diffusion coefficient and D / f pDH2O
(see

Table 10.1). The observed anisotropy may be due to

the anisotropy in the degree of hydration, K48: for one

type of dislocation, hydration affects the kink energy

more than for other types of dislocation.

Alternatively hydrogen weakening in the dislocation-

creep regime may be due to the enhancement of dis-

location glide. In analogy with the theoretical study by

HEGGIE and JONES (1986) on quartz, it is possible that

the dislocation energy (such as the Peierls energy)

in olivine is reduced by hydrogen thereby increasing

the density and mobility of kinks. Therefore, within a

glide-controlled model, one way to explain the enhan-

cement of deformation by hydrogen is to assume (1)

the dislocation velocity is controlled by 	g ¼ ckb	k,

and (2) the concentration (and mobility) of kinks

increases by hydration. Similar to equation (10.48),

the chemical reaction relevant to the hydration of a

kink is

nk
2
�H2O þ kinkð Þ , hydrated kinkð Þ (10:51)

where nk is the number of hydrogen atoms at a hydrated

kink. Applying the law of mass action to equation

(10.51), one has

�ck ¼ K51 � f nk=2
H2O
� ck (10:52)

where �ck is the concentration of hydrated kinks and K51

is the reaction constant for reaction (10.51). Therefore,

_" ¼ �ckb�	k ¼ K51 � f
nk=2
H2O
� ck � �	k (10:53)

where �	k is the velocity of hydrated kinks. Again, in

this case, enhancement of creep by water can be aniso-

tropic because both K51 and �	k will be anisotropic. If

we assume that K51 and �	k are not dependent on the

concentration of hydrogen (or water fugacity), the

water fugacity dependence of creep rate comes mainly

from the dependence of concentration of hydrated

kinks on water fugacity thus

_" / f
nk=2
H2O

: (10:54)

In a case where a hydrated kink contains a 2Hð Þ�M,

nk=2 ( _" / fH2O), whereas if a hydrated kink contains

a 4Hð Þ�Si, then nk=4 ( _" / f 2H2O
).

In summary, the way in which the influence of

water on the strain rate for dislocation creep can be

expressed is by an equation similar to equation (10.46),

namely,
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_"wet / f r
H2O
� exp �

H�disl;wet
RT

� �
(10:55)

whereH�disl;wet is the activation enthalpy for dislocation

creep thatmay include jog (kink) formation andmigra-

tion enthalpy, and r is related to the influence of water

on the concentration of hydrated jogs (or kinks).

One remarkable observation in olivine is the highly

anisotropic effect of water weakening: deformation by

b¼ [001] dislocations is enhanced by water more than

b¼ [100] dislocations (MACKWELL et al., 1985).

Diffusion of Si and O in olivine is not strongly aniso-

tropic (JAOUL et al., 1981; JAOUL and HOULIER,

1983; HOULIER et al., 1988, 1990), so a possible mech-

anism of anisotropy in the hydrogen-weakening effect

is the anisotropic enhancement of jog formation.

Alternatively, control by kink nucleation and migra-

tion may be a cause of anisotropy, because by its very

nature the nucleation and migration of kinks is

strongly controlled by the crystal structure.

It should be noted that the nature of transition

between ‘‘dry’’ condition to ‘‘wet’’ condition is differ-

ent from the nature of transition between diffusional

and dislocation creep. In the latter case, the two

deformation mechanisms are independent and both

processes operate following the same constitutive rela-

tion under most conditions, and consequently the

total strain rate is simply given by _" ¼ _"disl þ _"diff
and each term ( _"wet or _"dry) has the same expression

corresponding to a case where each of them operates

in isolation. In contrast, when we consider a transition

in deformation behavior between ‘‘wet’’ and ‘‘dry’’

conditions, a process that operates at one condition

(e.g., ‘‘wet’’ condition) may not operate at another

condition in the same way as it operates in isolation

so that the constitutive relations may not be additive.

For example, dominant point defect may change from

vacancy to interstitial atom as water fugacity changes,

then _"wet and _"dry are not necessarily additive (see

Fig. 10.7). The analysis of experimental data spanning

both ‘‘wet’’ and ‘‘dry’’ conditions needs to be done with

a great care.

Other volatiles
Water (or hydrogen) is not the only volatile species in

Earth, but there are other volatile species including car-

bon (e.g., WOOD et al., 1996). Very little has been inves-

tigated on the influence of volatile elements on plastic

deformation other than hydrogen. However, the solu-

bility of carbon in olivine was investigated. KEPPLER

et al. (2003) showed much smaller solubility of carbon

in olivine than that of hydrogen (at P¼ 3.5GPa,

T¼ 1400K, solubility of carbon is �6 ppmC=Si

ð�0:5wt ppmÞ as compared to that of hydrogen,

�2000 ppmH=SiÞ. KEPPLER et al. (2003) also pro-

posed that carbon is dissolved in olivine as C�Si. From

an atomistic point of view, the following points should

be noted. The influence of volatile elements on plastic

properties is through dissolved defect containing the

volatile elements. The solubility of carbon in olivine

is, for example, much smaller than that of hydrogen.

However, carbon is dissolved in olivine at Si-site.

Consequently, it is likely that all the dissolved carbon

will directly influence plastic deformation that is

related to the Si-site defects. Effects of both water

and carbon dioxides (as well as other oxides such as

P2O5) on melting of silicate has been studied

(KUSHIRO, 1975; WYLLIE and HUANG, 1976). The

results showed a clear trend between the melting tem-

perature andmelt composition and the concentration of

these volatile species. Because there is a close link

between melting temperature and plastic properties

(i.e., homologous temperature scaling), one might

expect some important effects of other volatiles.

However, very little is known about the influence of

carbon or other volatile elements on plastic properties.

10.3.5. Interplay between pressure and water
(hydrogen) effects

Experimental studies on the influence of water on plas-

tic deformation (and related properties) are often con-

ducted by changing the water (hydrogen) content of a

sample through the change in pressure. For example,

one can change the water content of olivine by a factor

of �500 by changing pressure from 0.1 to 3GPa. By

plotting the strain rate as a function of water content,

one could determine a parameter r ( _" / f rH2O
). However,

one should recall that strain rate changes also with

pressure due to the activation volume effect with the

same water content, namely,

_" / f r
H2O
ðP;TÞ � exp �E� þ PV�

RT

� �
: (10:56)

Therefore the influence of activation volume,

exp �ðE� þ PV�Þ=RTð Þ, needs to be corrected appro-

priately in order to determine r. Otherwise, the infer-

ence of a parameter r will be incorrect (see a discussion

by KARATO, 2006a).

In order to evaluate the influence of the

exp �ðE� þ PV�Þ=RTð Þ term, let us consider how

water fugacity changes with pressure. As we learned
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in Chapter 2, water is nearly an ideal gas at high

temperatures (above �1300 K) at low pressures

(<0.5GPa), but above a few GPa, fugacity of water

changes with pressure approximately exponentially

(fH2O P;Tð Þ / exp P �V�=RTð Þ with �V� � 11� 10�6 m3/mol,

which is close to the molar volume of oxygen).

Consequently, when a system is in equilibrium with a

water reservoir, strain-rate changes with pressure as

shown in Fig. 10.10. At low pressures (say <0.5GPa),

strain rate increases with pressure due to the increase in

fH2O, whereas at higher pressures, the competition

between the fH2O term and the exp �PV�=RTð Þ term
becomes important and often strain-rate decreases

with pressure. These two effects are different and it is

critical to characterize these two effects separately

in order to determine the constitutive relationship

(flow law) that can be extrapolated to Earth’s interior.

As seen from Fig. 10.10, it is important to realize

that the full characterization of these two effects

can only be made through the experimental studies

under a broad pressure range spanning below and

above �0.5GPa, at which the behavior of water

changes from nearly ideal gas to highly non-ideal gas

(see Chapter 2). An example of such an analysis that

incorporates both the effects of fH2O P;Tð Þ and

exp �PV�=RTð Þ is shown in Fig. 10.11.

Problem 10.5*

Discuss how exp �ðE� þ PV�Þ=RTð Þ term affects the

apparent water fugacity exponent determined from

r� 
 d log _"=d log fH2O as compared to the true water

fugacity exponent defined by r 
 @ log _"=@ logð fH2OÞP;T.
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FIGURE 10.10 The variation of strain rate with pressure for

constant stress and temperature using equation (10.56).
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FIGURE 10.11 (a) The pressure dependence of the creep

strength of olivine under water-saturated conditions and (b) the

analysis of the data in terms of _" / f r
H2O P; Tð Þ � �n � exp �E� þ PV�

RT

� �
,

where both r and V* are determined together from the data (KARATO

and JUNG, 2003).
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Solution

From _" / f rH2O
P;Tð Þ � exp �ðE� þ PV�Þ=RTð Þ, one

has r� 
 d log _"=d log fH2O ¼ @ log _"=@ log fH2Oð ÞP;T�
V�

RT @P=@ log fH2Oð ÞT¼ r� V�

RT @P=@ log fH2Oð ÞT. There-

fore r ¼ r� þ V�

RT
@P

@ log fH2O

� �
T
. Now, at low pressures

and high temperatures where water is nearly an ideal

gas, @P=@ log fH2Oð ÞT� P so that r ¼ r� þ PV�=RT. At

higher pressures where fH2O
P;Tð Þ / exp P �V�=RTð Þ,

then @P=@ log fH2Oð ÞT� RT= �V� and hence r � r�þ
V�= �V�. For a typical value of V* (�10� 10�6m3/mol),

PV�=RT � 0:3 (for P¼ 0.5GPa and T¼ 1600K) and

V�= �V� � 1. In either case, the difference between r and

r* is large.

An equation similar to (10.56) may apply to the rate

of kinetic processes that are assistedbyhydrogen, namely,

Y / exp �E�Y þ PV�Y
RT

� �

/ C ~r
OHðP;TÞ � exp �

~E� þ P ~V�

RT

� �
(10:57)

where Y is the rate of some process such as electric

conductivity or diffusion coefficient, COH P;Tð Þ is the
concentration of hydrogen in the mineral, and ~r is an

appropriate constant. The concentration of hydro-

gen depends on pressure and temperature as (see

section 10.3.2)

COHðP;TÞ / f rOH

H2O
ðP;TÞ exp �E�OH þ PV�OH

RT

� �
:

(10:58)

For diffusion of Mg–Fe in olivine, ~r ¼ 1 (HIER-

MAJUMDER et al., 2005a), and for olivine rOH ¼ 1

(KOHLSTEDT et al., 1996). Consequently, V�Y ¼
V�OH þ ~V�. HIER-MAJUMDER et al. (2005a) found

=16� 10�6m3/mol for olivine under water-saturated

condition, and V�OH �10 � 10�6 m3=mol for olivine

(KOHLSTEDT et al., 1996). This leads to ~V� �6 �
10�6 m3=mol, which is consistent with the observa-

tion of V�diff �5�6 � 10�6 m3=mol for Mg–Fe diffu-

sion in olivine under ‘‘dry’’ conditions (e.g., MISENER,

1974; FARBER et al., 2000) assuming V�diffðwetÞ �
V�OH þ V�diffðdryÞ.

7 Similarly, KARATO and JUNG

(2003) obtainedV�creep ¼ 24 � 10�6 m3=mol for olivine

under water-saturated conditions, and V�creep ¼ 14 �
10�6 m3=mol under water-free conditions. These obser-

vations can be interpreted by noting V�creepðwetÞ �
V�OH þ V�creepðdryÞ.

10.3.6. Some issues in investigating water
(hydrogen) in minerals

Experimental studies on the nature of hydrogen are

challenging for several reasons. First, hydrogen is so

mobile that it could easily move into a sample from the

surroundings or move out from a sample to the sur-

roundings. Second, the hydrogen can occur as various

forms in a given material depending on the pressure

and temperature, and therefore the form of hydrogen

that one observes at ambient conditions may not

represent the form of hydrogen-related species in

Earth’s interior.

Let us first discuss the diffusional loss or gain of

hydrogen. The characteristic time for a given reaction

depends on the length-scale at which the reaction

occurs and the chemical diffusion coefficient as,


diff �
d 2

p2D
(10:59)

where d is the length-scale at which diffusion takes

place and D is the chemical diffusion coefficient of

hydrogen in a given material. If the time-scale involved

in a given process significantly exceeds 
diff, then the

process will occur to completion. On the other hand

if the time-scale is much less than 
diff, then the process

does not alter the concentration of defects. Fig. 10.12

shows a diagram in which the characteristic times

for diffusion-controlled reactions are compared with

the length- and time-scales of various processes. For

example, consider what could happen during a typical

quenching process in the lab. The quenching time-scale

is �1–100 second (depending on the type of appara-

tus), and the sample size is �1–5mm and the mean

distance among the various atomic sites is �1 nm.

From Fig. 10.12, it is seen 
 
 
diff (
 is the time-scale

of quenching) if d is the sample size. However, if d is the

distance among different lattice sites, then 
 � 
diff.

Therefore we conclude that the total hydrogen content

of a sample is preserved in most cases during quen-

ching but the atomic sites that hydrogen prefers at

high pressure and temperature may not be preserved

during quenching. Consequently, if the preferred sites

of hydrogen-related defects change with pressure and

temperature, there is no guarantee that the atomic sites

7 I used ‘‘�’’ rather than ‘‘¼’’ is to emphasize the fact that the process of

thermal activation under water-saturated conditionsmay involve a different

defect (hydrated defect) from that under dry (water-free) conditions and

therefore the corresponding activation volume is likely somewhat different.
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of hydrogen-related defects inferred from observations

at ambient pressure and temperature are identical to

those at high pressure and temperature.

A similar analysis applies to a natural sample.

Recall that the hydrogen solubility in a given mineral

is a strong function of pressure and temperature. At

high pressures and temperatures in Earth’s interior, the

hydrogen solubility is high, whereas at low pressures

and temperatures, the solubility is low. Imagine a min-

eral that occurs in a hydrous environment in Earth’s

deep interior. Then a large amount of hydrogen should

be dissolved in themineral. Suppose that this mineral is

transported to Earth’s surface. The pressure and tem-

perature are now reduced, and the solubility of hydro-

gen is reduced. If we assume that the sample is

embedded in a large rock so that diffusion is inefficient

(i.e., t� 
diff where t is the time-scale of depressuriza-

tion) then the total hydrogen content in amineral will be

preserved, but the sample will be supersaturated with

hydrogen. In such a case, the excess hydrogen will

precipitate either as water-filled bubbles or hydrous

minerals (depending on the pressure–temperature con-

ditions). Consequently, a natural sample that one can

investigate in the lab at ambient pressure and temper-

ature will contain ‘‘frozen’’ hydrogen-related defects

as well as precipitated water-filled bubbles and/or

hydrous minerals. An FT–IR absorption spectrum

from such a sample includes absorption peaks due to

dissolved OH (due to frozen-in OH) in addition to

those due to free water and hydrous minerals (BERAN

and LIBOWITZKY, 2006). Therefore if the hydrogen

content of a sample is estimated only from the absorp-

tion peaks corresponding to dissolved OH, then it will

provide an underestimate of a true hydrogen content in

a sample in Earth’s interior. The amount of hydrogen

in water-filled bubbles and hydrous inclusions must be

added in order to infer the water (hydrogen) content of

a sample in Earth’s interior. Submicron-size hydrous

minerals are frequently detected in natural samples

by TEM studies (e.g., KITAMURA et al., 1987;

KHISINA et al., 2001). They may represent the excess

hydrogen that was dissolved in a mineral in Earth’s

deep interior. However, these minerals or fluid inclu-

sions could have been formed as a result of later stage

metasomatism. Origin of various hydrogen-related

species must be examined carefully in order to obtain

insight into the hydrogen (water) content in Earth from

the analysis of samples from Earth.

10.3.7. Principles governing the distribution
of water in minerals in Earth

The effects of water on plastic properties are large. By

laboratory experiments, we can determine how water

affects plastic properties, and when the results are

properly parameterized based on a sound physical

model, then the results can be extrapolated to Earth

and planetary interiors. Given the strong effects of

water, it is important to understand the principles by

which the distribution of water is controlled.

Water content in any portion of Earth is controlled

by a complex history of water budget including the

water supply and loss. At a macroscopic scale (say

more than �1 km), diffusive transport of water is

ineffective, and in most cases water is transported

associated with macroscopic (advective) transport of

material. This includes water transport by the migra-

tion of liquids (melts) containing water as well as water

transport by convective motion of water-bearing min-

erals. In this regard, the stability of hydrous phases

and their spatial distribution in subducting slabs play

a critical role (e.g., RÜPKE et al., 2004). Upwelling of

relatively water-rich plumes will also modify the water

distribution.
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FIGURE 10.12 A characteristic distance (d) and time-scale (
)

diagram for the equilibration of hydrogen-related defects. The

(chemical) diffusion coefficients are from KOHLSTEDT and MACKWELL

(1998) for temperatures of �1000–1500 K. The solid lines

correspond to the relation (10-59). If the characteristic length and

time for a given process (d, 
) fall above the solid lines, then the

hydrogen-related species will be frozen during that process. If the

characteristic length and time for a given process (d, 
) fall below the

solid lines, then the nature of hydrogen-related species will be reset

during the process (after KARATO, 2006a).
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Let us now consider more microscopic processes of

water re-distribution. In a general multi-component

system, water (hydrogen) at equilibrium is distributed

among co-existing phases according to the partition

coefficients (relative solubility limits) and the amount

of each phase. If a system is open with respect to water,

then all phases have water contents corresponding to

the solubility for a given chemical environment (water

fugacity etc.). Therefore whatever processes may

operate, water contents in each phase will always be

determined by the chemical equilibrium with the envi-

ronment. However, when the system is closed with

respect to water, then the formation of a new phase

that has largely different water solubility will result in

a marked re-distribution of water (hydrogen). An

important example is partial melting (KARATO, 1986;

HIRTH and KOHLSTEDT, 1996). Consider for simplic-

ity, a case where melt formed stays with solid (this type

of melting process is referred to as batch melting; see

Box 10.2). In such a case, there must be chemical

equilibrium between all the melt and solid in the sys-

tem. Therefore if Cs0 is the total water (hydrogen)

content and Cm;s are the concentration of water in

melt and solid respectively then the conservation of

water demands

�Cm þ 1� �ð ÞCs ¼ Cs0  ( 10:60)

where � is the fraction of melt.8 Now the condition of

chemical equilibrium (with respect to water) is

Cs

Cm
¼ k ( 10:61)

where k is a partition coefficient that is controlled by

the relative solubility of water. From equations (10.60)

and (10.61), one has

Cs

Cs0
¼ k

�þ ð1� �Þk � 1� 1� k

k
� for�� 1

( 10:62)

where Cs0 is the concentration of water in the solid

before melting. Note that this relation also applies to

Box 10.2 Partial melting

Melting in a multi-component system occurs

gradually when the temperature reaches a certain

value called the solidus, and the degree of melting

increases with further increase in temperature, and

at a certain temperature (called the liquidus) the

whole material will be molten. So in a broad range

of temperature, a material is composed of a mixture

of melt and solid. This is called partial melting.

Partialmeltingmodifies the distribution of various

elements such as hydrogen (water). Theway inwhich

an incompatible element such as hydrogen (water) is

redistributed upon partial melting depends on the

processes of melt transport. When melt moves

easily, then upon melting, the melt will be removed

from the system by gravity before the bulk of melt

becomes in chemical equilibrium with the original

solid. In this case, chemical equilibriumbetweenmelt

and solid occurs only locally upon incremental

melting. This process of melting is referred to as

fractional melting. In contrast, if the melt transport

is very slow, all the melt formed may stay in

chemical equilibrium with the original solid. This

mode of melting is referred to as batch melting

(by batch melting alone, one can not separate

the melt from the solid. In order to do so, one

needs to invoke fractional melting at a later

stage). The removal of an incompatible element is

more efficient for the fractional melting. The

experimental and observational studies suggest

that the melt extraction in the shallow upper

mantle is easy and partial melting in the upper

mantle occurs in most cases as fractional melting.

In many cases, melting occurs as a progressive

process. When melting occurs as fractional melting,

then at any time, the total amount of melt that

has been produced will be larger than the amount

of melt at a given time. The integrated (total)

amount of melt removed from the solid is referred

to as the degree of melting. The degree of melting at

mid-ocean ridges can be estimated from the volume

ratio of the oceanic crust and the oceanic

lithosphere and is �10%. The fraction of melt in a

partially molten material is the same as the degree

of melting only when melting occurs as batch

melting. Although the degree of melting is �10%
beneath the mid-ocean ridges, the melt fraction in

a partially molten column beneath them can be

much smaller than this value (conversely the melt

fraction in a magma chamber will be, by

definition!, always very high despite the fact that

the melt fraction in the melting column is small).

The degree of melting and the fraction of melt

should not be confused.

8 If the fraction is volume (mass) fraction, then concentration must be

measured per volume (mass).
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any reaction involving two phases with different water

solubility, such as the formation of a hydrous mineral.

We conclude that the formation of a phase with a high

water solubility such as melt or hydrous mineral in a

closed system will decrease the concentration of water

in an anhydrous mineral.

The above argument requires some modifications

when one phase is easily removed from the system.

Consider a case where melting occurs progressively

(say by the decrease in pressure). Let us assume that

melt has different density from surrounding solids and

is easy to move. In such a case, as melt is formed it is

removed from the system before the melt becomes in

chemical equilibrium with the majority of the solids

(this process of melting is referred to as fractional

melting). In such a case, chemical equilibrium between

melt and solid is achieved only at the time of melting

between a small amount of melt and solid, say at grain

boundaries. Let us imagine a small mass of solid, dm, is

melted, this mass ofmaterial transforms tomelt. Let dx

be the amount of water in this newly formed melt. The

concentration of water in the small amount of melt is

dx=dm, and the concentration of water in the solid is

x=m. By assumption, a small amount of melt and solid

are in chemical equilibrium during this incremental

process. Therefore

x=m ¼ kðdx=dmÞ: (10:63)

Integrating this one obtains x=x0ð Þk¼ m=m0ð Þ and

hence,

x=m

x0=m0
¼ m

m0

� �ð1�kÞ=k
: (10:64)

Inserting the relations Cs ¼ x=m, Cs0 ¼ x0=m0, and

� ¼ ðm0 �mÞ=m0 where � is the total fraction of melt

removed from the solid (i.e., the degree of melting) into

(10.64), one finds,

Cs

Cs0
¼ ð1� �Þð1�kÞ=k � exp � 1� k

k
�

� �

� 1� 1� k

k
� for �� 1:

(10:65)

It can be seen that a significant depletion of water

occurs when the degree of melting exceeds a few times

the partition coefficient (95% of water is removed

if �=k ¼ 3). Fig. 10.13 shows plots of relations (10.62)

and (10.65). Although the degree of removal of water

in both processes is the same for a small degree of

melting, the two models yield largely different results

at a larger degree of melting: the degree of removal

of water from solid by partial melting is larger

for fractional melting than for batch melting. Note

that the appearance of a hydrophilic (water-loving)

phase (melt or hydrous minerals) will always reduce

the water (hydrogen) content in co-existing nomi-

nally anhydrous minerals. Therefore the presence of a

hydrous mineral does not mean that a rock is rheolog-

ically soft.

Plausible processes of water circulation in Earth

have been investigated by MCGOVERN and SCHUBERT

(1989), RICHARD et al. (2002), BERCOVICI andKARATO

(2003), RÜPKE et al. (2004), and KARATO et al. (2006).

The large uncertainties in these models include the sol-

ubility of water (hydrogen) in deep mantle (particularly

lowermantle)minerals, and themacroscopic andmicro-

scopic processes of water transport. ‘‘Inverse’’ approach

to infer water content from geophysical observations is

presented by KARATO (2003b, 2006b).
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0
FIGURE 10.13 Depletion of water by partial melting as a function

of the degree of melting, �, and the partition coefficient, k.
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11 Physical mechanisms of seismic wave
attenuation

All materials show some deviation from perfect elasticity particularly at low frequencies and/or high

temperatures. In geophysics, this effect can be seen as the attenuationof seismicwaves, but it can also be

seen as a reduction in seismic wave velocities.Many of the physical processes causing this effect involve

the motion of crystalline defects (dislocations, grain boundaries) and are sensitive to temperature,

grain size and the chemical environment such as the fugacity of water. This chapter provides a review

of the solid-state mechanisms of seismic wave attenuation as well as those involving partial melt.

Understanding the physical mechanisms of anelasticity (or visco-elasticity) is critical for the inference of

distribution of temperature, grain size, water content and other variables describing physico-chemical

environment such as the presence of partial melt from seismic wave attenuation (Chapters 18, 20).

Key words anelasticity, visco-elasticity, Q, velocity dispersion, Maxwell model, Voigt model,

standard linear solid, Burgers model, absorption band model, melt squirt, Walsh model, Zener

mechanism (thermoelasticity), Bordoni peak, Snoek peak, Kê peak, bulk attenuation.

11.1. Introduction

Understanding the microscopic mechanisms for ane-

lasticity is critical for the interpretation of seismic wave

attenuation in terms of the physical and chemical state

of Earth’s interior (e.g., JACKSON, 2000) and for the

study of tidal dissipation that controls the thermal

history and orbital evolution of planets (e.g., KAULA,

1964). The phenomenological theory of anelastic (or

visco-elastic) behavior1 is reviewed in Chapter 3. This

chapter provides a materials science basis for anelas-

ticity (or visco-elasticity) including a brief description

of experimental techniques (section 11.2), experimental

and theoretical results on solid-state mechanisms of

anelasticity (section 11.3) and mechanisms unique to

partially molten materials (section 11.4).

11.2. Experimental techniques of
anelasticity measurements

11.2.1. General introduction

Experimental techniques of anelasticity (or visco-

elasticity) measurements can be divided into two

categories: (quasi-) static and dynamic measure-

ments. In comparison to elasticity measurements,

anelasticity measurements are challenging because

small signals must be measured. Consider, for exam-

ple, a static method of elasticity measurements (see

Chapter 4). We can determine the elastic constants by

measuring the strain caused by a known stress. In

anelasticity measurements, we need to determine a

small deviation from elastic deformation, so the

1 Anelasticity is often distinguished from visco-elasticity, but when energy

dissipation follows ‘‘high-temperature background’’ type behavior (see

Chapter 3) where attenuation is related to frequency as Q�1/o��, this

distinction becomes unclear. I therefore use a term ‘‘anelasticity’’ in a

broad sense to describe deformation associated with energy loss in general. 199



resolution of strain measurements required for static

measurements is high and such experiments are chal-

lenging. This is particularly the case because we need to

confirm that anelastic response of a sample is linear

with respect to stress. The linear behavior is usually

observed below the strain of �10�6. If one wants to

determine anelasticity (say a parameter Q� 100) with

�10% resolution, then one would need to determine

strain with a resolution of 10�6/100/10¼ 10�9. For a

10mm sample, this means that one needs to be able to

measure the displacement of �10�2 nm! (using geomet-

rical amplification, the displacement can be amplified to

make the measurement more feasible: see Problem 11.1).

In addition, anelastic behavior is sensitive to frequen-

cies as well as temperature and pressure, chemical

environment and microstructures such as grain size.

Consequently, high-resolution measurements of dis-

placement or amplitude of waves must be carried out

under a well-controlled environment.

Problem 11.1

Estimate the resolution of strain measurements needed

for static anelasticity measurements in which Q is

measured by the deviation of elastic modulus from

(high-frequency) unrelaxed modulus. Assume Q� 100,

and calculate the resolution of strain measurements

needed to determine Q within 10% error below the

total strain of 10�6.

Solution

Anelasticity affects the elastic modulus. Therefore,Q can

be determined by the measurements of elastic modulus.

Let us recall Q�1 ¼ DM oð Þ=M 1ð Þ (see Chapter 3)

where DM(o)¼M(1)�M(o) (M(o) is elastic

modulus at frequency o). Now elastic strain for a given

stress is " ¼ �=M. Therefore the change in strain due to

anelasticity is D" ¼ ð�=MÞ ðDM=MÞ � ð�=MÞQ�1 �
10�8. The corresponding displacement on the sample

surface with a diameter r is �x¼ r�"� 0.1 nm for

r¼ 1 cm. Using a long arm (lever) R, one can amplify

the displacement to �x¼R�"� 10 nm for R¼ 1m.

Therefore one needs to measure the displacement

with a resolution of �1 nm to determine Q� 100 with

10% accuracy.

A few points should be noted. First, almost all

mechanisms of anelasticity are frequency-dependent.

Consequently, the measurements are best made in

the seismic frequency range (1–10�3Hz). Second,

most of the mechanisms for anelasticity are sensitive

to temperature (and pressure). Therefore temperatures

similar to those in Earth’s interior must be used in the

measurements or the temperature dependence of ane-

lasticity must be determined with sufficient accuracy.

The effects of pressure are two-fold. First, many ane-

lasticity mechanisms are sensitive to the presence of

grain boundaries. Therefore a polycrystalline sample

is often used in these studies. Because of the anisotropy

in thermal expansion (in most minerals), a polycrystal-

line sample tends to develop grain-boundary cracking

when it is heated without confining pressure. Although

this trend can be suppressed by using a fine-grained

sample, the use of a high confining pressure, exceeding

the magnitude of local stress at grain boundaries is

recommended to minimize the unwanted effects of

cracking (effects of cracking can be identified by inves-

tigating the pressure effects on attenuation). Finally,

the stress magnitude must also be relatively small in

order to assure that mechanisms that operate under

laboratory conditions are linear anelasticity (or visco-

elasticity).

11.2.2. Wave-propagation method

Attenuation of elastic waves can be determined by

the change in amplitude of elastic waves. Similar to

the ultrasonic wave velocity measurements, one gener-

ates ultrasonic waves using a piezoelectric transducer

and measures the waveform of received elastic waves.

The observed waveform includes waves with different

frequencies. Using the Fourier analysis, one calculates

the amplitude of waves with a range of frequencies at

least at two positions. The amplitude of waves, X(x, t),

changes as the wave propagates,

Xðx; tÞ ¼ A0 expð�axÞexp io t� x

V

� �h i
(11:1)

where � is the attenuation coefficient, o is (angular)

frequency, x is distance, t is time andV is the velocity of

elastic wave. Using the definition of Q, one can show

that

Q�1 ¼ 2aV

o
(11:2)

hence

Xðx; tÞ ¼ A0 exp � o
2VQ

x

� �
exp io t� x

V

� �h i
: (11:3)
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Therefore by measuring the amplitude of elastic waves

at a given position for a variety of frequencies or by

measuring the amplitude of wave with a fixed fre-

quency at different positions, one can determine Q. It

is usually assumed that Q is independent of frequency,

but one can also infer the frequency dependence of Q

from the measured amplitude versus frequency results.

Since the wavelength must be significantly shorter than

the laboratory sample size, a high frequency is needed.

For example, SATO et al. (1989) used 5MHz in their

study of attenuation using this technique.

Problem 11.2

Derive equation (11.2).

Solution

Recall that the energy of a wave is proportional to the

square of its amplitude and the definition of Q is

Q�1 � DE=2pE where DE is energy loss per one cycle.

For one cycle, a wave will travel a distance of one

wavelength, so that

Q�1 ¼ X2 xð Þ�X2 xþlð Þ
2pX2 xð Þ ¼ exp �2axð Þ�exp �2a xþlð Þð Þ

2p exp �2�xð Þ

¼ 1�exp �2alð Þ
2p � al

p .

Now V ¼ lo=2p, therefore Q�1 ¼ 2aV=o.

11.2.3. Quasi-static measurements

One of the major limitations of the wave-propagation

method described above is that only high-frequency

waves can be used. Also, the dependence of attenuation

on frequency is not easy to determine because the fre-

quency range that can be explored is limited. In fact, in

many of the studies inwhich the spectramethod is used, it

is assumed that the attenuation (Q) is independent of

frequency (e.g., SATO et al., 1989). Seismic wave attenu-

ation and its frequency dependence can be best deter-

mined by quasi-static methods. In the quasi-static

method, one determines the change in amplitude and

phase-lag of the displacement corresponding to a periodic

force. If the specimen is elastic, then the amplitude of

displacement is determined by the (unrelaxed) elastic con-

stant that is determined by high-frequencymeasurements

and there is no phase-lag: deformation is instantaneous.

However, when non-elastic deformation is involved,

then the amplitude will be smaller than expected from

unrelaxed elastic modulus, and there must be a phase-lag

in response. In short, one measures the frequency-

dependent modulus, M(o), and frequency-dependent

phase-lag of displacement, �(o). These two quantities

are related to in-phase response, M1(o), and the out-of-

phase response,M2( o), of a material as (see Chapter 3),

MðoÞ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M2

1ðoÞ þM2
2ðoÞ

q
¼ 1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

J21ðoÞ þ J22ðoÞ
q

(11:4)

and

tan �ðoÞ ¼M2ðoÞ
M1ðoÞ

¼ J2ðoÞ
J1ðoÞ

¼ Q�1ðoÞ: (11:5)

M1(o) and M2(o) are related by the Kramers–Kronig

relation (Chapter 3), and therefore if eitherM(o) or �(o)
is determined for an infinite frequency range, one set of

results (either M(o) or �(o)) is enough to completely

characterize the non-elastic behavior of a material.

Although measurements for an infinite frequency range

are impossible in practice, the Kramers–Kronig relation

is useful to assure the internal consistency of

a measurement when results from a wide range of fre-

quencies are available.

11.2.4. Low-frequency oscillation methods

KE (1947) developed an apparatus to measure low-

frequency anelastic measurements. In this apparatus, a

sample is attached to a ‘‘pendulum’’ and a force is ini-

tially applied to a specimen þ pendulum to cause free-

oscillation (at the frequency determined by the geometry

and the elastic stiffness of the sample and supporting

rod). The amplitude of this free-oscillation is measured

by a sensor (usually by an optical encoder: see also

WOIRGARD et al., 1981). The decay of amplitude with

time is measured from which attenuation (Q�1) can be

determined. GUEGUEN et al. (1989) applied this techni-

que to determine Q in single crystals of forsterite.

BRENNAN and STACEY (1977) were among the first

to use a forced-oscillation apparatus to determine

low-frequency attenuation in geological materials.

BERCKHEMER et al. (1982) and KAMPFMANN and

BERCKHEMER (1985) applied this technique to high

temperature (but at room pressure) to determine seis-

mic wave attenuation in Earth materials. GRIBB and

COOPER (1998) used a similar apparatus. In this type

of apparatus, a sinusoidal stress is applied to one end of

a sample and the displacement of another end of

the sample is measured. The effects of attenuation

can be determined by the delay in displacement and

the decay in amplitude. In these studies anelasticity of
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polycrystalline samples was studied without confining

pressure. Consequently, the possible role of grain-

boundary cracking is not clearly ruled out. JACKSON

and PATERSON (1987, 1993) further developed this type

of apparatus to allow measurements of attenuation

under a confining pressure and high temperature.

With the current apparatus, measurements of seismic

wave attenuation can be made to �0.3GPa and

�1600K. The measurements of attenuation at high

confining pressure are important for two reasons.

First, cracking at grain boundaries probably occurs in

most geological materials if a deviatoric stress is

applied without confining pressure. A confining pres-

sure of� 0.2GPa is high enough to close most cracks if

the magnitude of deviatoric stress is low (for attenua-

tion measurements, a stress of 0.1–1MPa is usually

used). Second, some effects such as the effects of

water can only be measured under high water fugacity

conditions. Extension of such measurements to higher

pressures is desirable but highly challenging.

11.3. Solid-state mechanisms
of anelasticity

Mechanisms of seismic wave attenuation (anelasticity

or visco-elasticity) can be conveniently divided into

solid-state mechanisms and mechanisms involving

partial melt. This section reviews the solid-state mech-

anisms of anelasticity (or visco-elasticity; see also

KARATO and SPETZLER, 1990). When a small stress

is applied then a perfect crystal will deform only elas-

tically. Restoring force for atomic displacement is

large and atoms will go back to their original positions

as soon as the stress is removed. Non-recoverable or

time-dependent strain will occur usually through the

(thermally activated) motion of crystalline defects.

Since all of these dissipative processes are time-

dependent, their contribution to energy loss can be

evaluated by the relative strain magnitude, "diss="ela,

where "diss is the strain associated with dissipative

process(es) and "ela is the elastic strain. When dissipa-

tive deformation is characterized by viscosity, �, then

"diss="ela ¼ tM=� ¼ t=�M where �M � �=Mð Þ is the

Maxwell time (Chapter 3). Typical values of viscosity

of solid Earth materials is �1018–1022Pa s, and

M� 1011 Pa so, "diss="ela � tðsÞ=ð107�1011Þ. Therefore
we conclude that typical viscous behavior associated

with a long-term viscosity does not contribute signifi-

cantly to seismic wave attenuation except for very

long-period phenomena such as the Chandler wobble

(�107 s). It is the viscous (dissipative) deformation

at shorter time-scales that causes seismic wave

attenuation. One should also note that the frequency

dependence of seismic wave attenuation is in most

cases Q�1/o�� with �¼ 0.2–0.4 (e.g., ANDERSON

and MINSTER, 1979; KARATO and SPETZLER, 1990;

SHITO et al., 2004) which is different from what is

expected from simple viscous motion of defects

(attenuation due to unlimited viscousmotion of defects

would yield Q�1/o�1, or constrained motion of a

defect will lead to Q�1 / o�=ð1þ o2�2Þ, see

Chapter 3). Such weak frequency dependence requires

a distribution of relaxation times or some transient

creep behavior characterized by e/ t� (Chapter 3).

11.3.1. Point defect mechanisms

Mechanisms of elastic wave attenuation due to motion

of point defects may be classified into two categories.

The first is anelastic relaxation due to local motion of

point defects (motion with a scale of a few atoms), and

the second is viscous (visco-elastic) relaxation due to

grain-scale motion of point defects.

Anelastic relaxation due to local motion
of point defects
Point defects are associated with strain (stress) field

(see Chapter 5). Consequently when stress is applied,

there will be interaction between a point defect and the

applied stress. In considering the interaction between

the applied stress and point defect, the symmetry of

strain field plays a key role. Consider a point defect

such as a vacancy in a cubic crystal located at regular

atomic sites. Then the strain field associated with this

defect has the same symmetry as an atom and all other

possible positions for this type of defect are identical.

In this case, applied (deviatoric) stress does not interact

with the defect. In contrast, when a point defect is

located at a site that has a lower symmetry than the

host crystal, then the symmetry is broken by the defect

and there are several non-equivalent positions in a

crystal that have different energy. Such low-symmetry

defects include an interstitial atom and a defect pair

(see Fig. 11.1). In these cases, when deviatoric stress is

(a) (b) (c)

FIGURE 11.1 Point defects that can cause anelasticity (after

KARATO and SPETZLER, 1990).
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applied to a crystal, a defect (or a defect complex)

will move from one configuration to another lower

energy configuration through atomic diffusion causing

anelastic relaxation.Anelastic behavior due to themotion

of point defects is well documented in metals (NOWICK

and BERRY, 1972). One is the Snoek peak due to the

motion of interstitial impurity atoms in bcc (body-cen-

tered-cubic) metals, and another is theZener peak caused

by the motion of pairs of atoms in solid-solution alloys.

At a larger scale, point defects at one side of a crystal have

different energy than those of another orientation, which

causes diffusive mass transport from one grain boundary

to another. This mechanism will be discussed in Section

11.3.3 (grain-boundary mechanisms).

Anelastic relaxation by point defects can be charac-

terized by relaxation time, � , and relaxation strength,

� (Chapter 3). The characteristic time for defect

motion is the time for diffusion of an atom from one

position to another. If the distance of two atomic posi-

tions is a then the characteristic time for this atomic

motion is given by

� � a2

p2D
(11:6)

whereD is the diffusion coefficient and a is the distance

of defect motion. The relaxation strength is propor-

tional to the strain associated with a defect and the

defect concentration as

� ¼ "diss
"ela
¼ "an
"ela
� �" � ðC0 � CÞ

�=M
¼ C0ð�"Þ2 �MO

RT
(11:7)

where C0 is average concentration of the point defect,

�" is strain due to the defect, O is the volume of the

defect, M is the elastic modulus of the crystal, R is the

gas constant and T is temperature, and we used the

relation C ¼ C0 exp ��O � � "=RTð Þ � C0 1� �O � � "=RTð Þ.
The relaxation time and the relaxation strength for

various point defectmechanisms of anelastic relaxation

are given in Table 11.1. In order for this mechanism to

be important, the relaxation strength must be large

(>10�3) and relaxation time must be within the

seismic period (inverse frequency, 1–10�3Hz). Point

defects that have large enough relaxation strength

(i.e., defects with high concentrations) are hydrogen-

related defects (concentration up to � 0.1) and some

solid-solution pairs such as Fe–Mg or Si–Al pairs.

However, the diffusion coefficients for such defects

are generally too high to be compatible with significant

seismic wave attenuation, or the relaxation strength is

too low.

Transient diffusional creep
Point defects such as vacancies have different energies

at grain boundaries of different orientations with

respect to the applied shear stress. This causes the

flow of vacancies (and hence atoms) from grain boun-

dary to grain boundary, causing a large-scale plastic

strain. This type of plastic flow is called diffusional

creep (Chapter 8). Diffusional creep is an obvious

energy dissipation process, and therefore a possible

mechanism for seismic wave attenuation. However,

the time-scale of deformation associated with steady-

state diffusional creep is too long to cause any appre-

ciable seismic wave attenuation. GRIBB and COOPER

1998; see also COOPER, 2002), however, proposed that

transient diffusional creep may be responsible for

some of the seismic wave attenuation. Upon the appli-

cation of deviatoric stress, stress concentration occurs

at grain boundaries which is to be relaxed by diffu-

sional flow. Consequently, higher rate of deformation

occurs at the initial stage of diffusional creep.

TABLE 11.1 Relaxation strength and relaxation times for point-defect mechanisms in silicate

minerals such as Mg2SiO4 olivine.

Relaxation strength Relaxation time (s)

M-site defects

Mg–Fe pair �10�3 �10�5–10�4
Hydrogen-related defects �10�4–10�2 �10�6–10�4

Si-site defects

Hydrogen-related defects �10�4 �1–10

Modified from KARATO and SPETZLER (1990).
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LIFSHITZ and SHIKIN (1965) showed that the rate of

deformation in the transient diffusional creep is given

by "/ t� (with �� 0.5). This leads to Q�1/o�� (see

Problem 3.6, Chapter 3). The characteristic time of

deformation for this mechanism is that of diffusional

creep and hence strongly depends on grain size,

namely,

� / Lm (11:8)

with m¼ 2–3 (see Chapter 8). Consequently, for a

power-law regime, attenuation would depend on

grain size as

Q�1 / ðo�Þ�� / L��m: (11:9)

A related mechanism of anelasticity caused by grain-

boundary sliding is discussed in section 11.3.3.

11.3.2. Dislocation mechanisms

Dislocations are line defects (Chapter 5) whose motion

results in non-elastic deformation. Dislocation motion

is in most cases thermally activated and hence dissi-

pates energy. There are numerous observations both in

metals (e.g., NOWICK and BERRY, 1972; FANTOZZI

et al., 1982) and minerals (e.g., GETTING et al., 1997;

GUEGUEN et al., 1989; KARATO and SPETZLER, 1990)

that show the importance of dislocationmechanisms of

anelasticity or visco-elasticity.

Dislocation motion results in long-term creep

(Chapter 9). Therefore viscous motion of dislocations

is an obvious mechanism for seismic wave attenuation.

However, there are a number of issues that need to be

examined in order to understand how dislocation

motion leads to elastic wave (seismic wave) attenua-

tion. First, the characteristic time corresponding to

steady-state dislocation creep is too long compared to

the periods of seismic waves as discussed before.

Therefore if a dislocation motion can cause significant

elastic wave attenuation at seismic time-scales (fre-

quencies), there must be some mechanisms by which

dislocations can move much faster at a short time-scale

than their motion in steady-state creep, but such

fast dislocation motion must terminate at longer

time-scales (otherwise one would have unacceptably

small long-term viscosity). Here we are looking for a

possible transient dislocation creep wherein mobility

of dislocations is much higher than that of steady-

state creep. Second, the frequency-dependence of seis-

mic wave attenuation (Q�1/o�� with �¼ 0.2–0.4

(e.g., KARATO and SPETZLER, 1990; SHITO et al.,

2004) is different from what is expected from simple

viscous motion of dislocations (attenuation due to

unlimited viscous motion of dislocations would

yield Q�1/o�1, or constrained motion of a disloca-

tion segment will lead to Q�1 / o�=ð1þ o2�2Þ).
Therefore important points to be clarified are (1) the

mechanisms for faster dislocation motion for short

time-scale deformation and (2) the physical explana-

tion for a limited dislocation motion (anelastic

behavior as opposed to viscoelastic behavior). The

understanding of these microscopic bases for attenu-

ation is critical to connect seismic wave attenuation to

long-term creep.

It is not difficult to find mechanisms of short-term

fast dislocation motion because there are a range of

mechanisms for dislocation motion and usually the

most difficult process controls the rate of steady-state

deformation (see Chapter 9). Among a variety of dis-

location mechanisms for elastic wave attenuation,

I will review two models that apply to different classes

of materials.

In a material with a small Peierls stress (e.g., fcc

metals, simple ionic solids such as alkali halides or

MgO), resistance to dislocation motion by chemical

bonding of a crystal is small (see Chapters 5 and 9).

In these cases, the Peierls stress is small and dislo-

cation glide is easy. Therefore a dislocation can be

treated as a continuum string with a line tension,

�b2, where � is the shear modulus and b is the length

of the Burgers vector (Chapter 5). When a devia-

toric stress is applied, a dislocation moves causing

plastic strain and associated energy loss. However,

in many cases, dislocation motion is not uniform

due to the interaction with impurities or with other

dislocations. Consequently, dislocations are often

pinned at certain points. In such a case, applied

stress will cause an expansion of dislocation line

(Fig. 11.2a) until the applied stress balances with

the stress caused by the line tension and dislocation

motion stops. Therefore such a small-scale motion

of dislocations causes anelastic relaxation. The

relaxation strength and time for such a process are

determined by dislocation density and mobility

respectively as

� ¼ "diss
"ela
¼ "an
"ela
¼ 1

12

l

L

� �3

¼ 1

12
l2� (11:10)

and

� ¼ l2

8�B
(11:11)

204 Deformation of Earth Materials



where l is the distance between the pinning points, L is

the mean distance between pinned dislocation seg-

ments, B is the mobility of a dislocation (	¼ �bB; 	,
velocity of a dislocation) and we used a relation

� ¼ l=L3 (�: dislocation density). Note that the

strength of attenuation due to this mechanism depends

on the geometry of dislocation pinning. The most com-

monmechanism of pinning is due to jogs formed by the

intersection of dislocations. In this case, l�L (or

� � 1=l2), so one has large attenuation, D� 0.1.

Therefore if the relaxation time (equation (11.11)) is

within or close to the periods of seismic waves

(1–103 s), then dislocation motion can result in strong

seismic wave attenuation. Themobility of a dislocation

relevant to seismic wave attenuation is not known but

it is likely higher than that relevant to long-term defor-

mation. One possibility is that dislocation mobility

relevant to seismic wave attenuation is that corres-

ponding to dislocation glide, and dislocation mobility

that controls long-term deformation corresponds to

that for dislocation climb (e.g., MINSTER and

ANDERSON, 1980, 1981). This would be a case for

material in which the resistance for dislocation glide

is small (i.e., pure materials with a low Peierls stress

such as Cu or MgO), but most minerals do not belong

to materials of this category.

Problem 11.3*

Derive relations (11.10) and (11.11).

Solution

The final equilibrium shape of a dislocation segment

pinned at two points is determined by the balance of

line tension and the force acting on a dislocation line.

From the geometry of curved dislocation line, the force

due to the line tension (per unit length of dislocation)

is given by �b2=R where R is the radius of curvature.

The force per unit length on a dislocation due to the

applied stress is �b (Chapter 5). Therefore R ¼ �b=�.
Now consider a block of crystal with linear dimension

of L that contains a dislocation. When a complete slip

occurs along the glide plane of a dislocation then the

strain would be " ¼ b=L. When slip occurs only a

fraction of glide plane, due to pinning, then the

strain in a volume of L3 will be �" ¼ ðb=LÞ ð�s=sÞ ¼
ðb=L3Þ �s � "an. When a dislocation segment moves

from its initial position to the final equilibrium

position, the area that a dislocation has swept is

�s ¼ R2
� 1
2
R2 sin 2
 � 2

3
R2
3 ¼ 1

12
ðl3=RÞ ¼ 1

12
ð l3�=�bÞ

where we used the relations 2R
� l (see Fig. 11.2a) and

R ¼ �b=�. Therefore � ¼ "an="ela ¼ 1
12 l=Lð Þ3. The

characteristic time for dislocation motion is

� ’ R 1� cos 
ð Þ=	 � R
2=2�bB ¼ l2=8B� where 	 is

the dislocation velocity and we used the relations

	¼�bB, 2R
� l and R ¼ �b=�.

For materials with a high Peierls stress (i.e.,

most minerals), an alternative model for dislocation

motion applies. In this case, dislocation motion

(glide) occurs through the (nucleation and) migration

of kinks (Chapters 5 and 9), and dislocation motion

involves more discrete characteristics and is strongly

controlled by the crystal structure. In such a case, a

dislocation line does not behave like a string, but its

geometry is controlled by the crystallographic orien-

tation. When dislocations are pinned by some mech-

anism (such as jogs) then when a stress is applied, a

dislocation will glide along a certain crystallographic

direction until it reaches a pinned position (Fig. 11.2b).

Therefore such dislocation motion will lead to ane-

lastic behavior. The relaxation strength and time for

this mechanism are given by SEEGER and SCHILLER

(1966)

Rθ

(a)
l

l

(b)

b

FIGURE 11.2 Geometry of pinned dislocations under stress. (a) The

case where the dislocation geometry is not controlled by

crystallographic orientation (low Peierls stress) and (b) the case of

high Peierls stress.
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D � b4��l

RT
exp � 2H �k

RT

� �
(11:12)

and

� � 1

�
exp

H �k
RT

� �
(11:13)

respectively, where l is the distance between two pin-

ning points, � is dislocation density,H�k is the energy of

a kink (��b3, see equation (5.71), Chapter 5; note that

this energy may also depend on the Peierls stress, see

Chapter 9), and � is the characteristic frequency of a

dislocation. The mobility of dislocations in this case is

controlled by the nucleation and growth of a pair of

kinks. An attenuation peak due to this mechanism is

called the Bordoni peak. A somewhat different case can

occur in materials that are deformed by long-term

plastic deformation. In these materials, dislocations

are already generated and they assume certain micro-

structures. Some dislocations already have kinks due

to dislocation–dislocation interactions or the interac-

tion with the applied (long-term) stress. A small stress

associated with seismic wave propagation can cause

small-scale migration of pre-existing kinks (geometri-

cal kinks) that requires kink migration but not kink

nucleation. This provides a possible explanation of a

vast difference in dislocation mobility between steady-

state creep and seismic wave attenuation (KARATO,

1998a).

In both cases, dislocation mechanisms likely have a

range of relaxation times, because of the presence of

different slip systems and a variety of crystal orienta-

tions as well as the distribution of pinning point spac-

ings. This leads to a weak frequency dependence of

attenuation (e.g., MINSTER and ANDERSON, 1981;

KARATO, 1998a).

Consideration of microscopic physics of dislocation

motion also provides a plausible mechanism for tran-

sition from anelastic to viscous (visco-elastic) behavior

(e.g., KARATO and SPETZLER, 1990; KARATO, 1998a).

At high temperatures and/or low frequencies, pinning

will no longer be effective allowing large-scale motion

of dislocations. Similarly, when geometrical kinks (pre-

existing kinks) are exhausted, then kink nucleation will

become needed leading to large-scale motion of dislo-

cations. Therefore there will be a gradual transition

from anelastic behavior (in a strict sense) to visco-

elastic behavior as temperature increases and/or as

frequency decreases. LAKKI et al. (1998) report exper-

imental observations on gradual transition from ane-

lastic to viscous behavior.

11.3.3. Grain-boundary mechanisms

Grain-boundary sliding
Grain boundaries have structures different from the

bulk of grains, and usually have weaker resistance to

deformation. Consequently, upon the application of

(shear) stress, grains across a boundary slide across

each other. This sliding will create strain mismatch at

grain corners that builds up back-stress that prevents

further grain-boundary sliding. Sliding eventually

stops when the back-stress balances applied stress.

Therefore viscous grain-boundary sliding causes ane-

lastic behavior. Assuming that the grain boundary can

be treated as a viscous thin film (�, viscosity; �, thick-

ness), the force balance equation for viscous deforma-

tion associated with the displacement, x, is

1

�

dx

dt
¼ 1

�
��M

x

L

� �
(11:14)

where � is the applied stress and Mðx=LÞ is the back-
stress (M, elastic modulus). Solving this equation, and

noting that anelastic strain due to grain-boundary slid-

ing is given by "an ¼ x=L, one gets,

"an ¼
�

M
1� exp � t

�gs

� �� �
: (11:15)

Therefore grain-boundary sliding mechanism yields

anelastic relaxation characterized by

D � 1 (11:16)

and

�gs ¼
�L

M�
: (11:17)

Note that the maximum magnitude of this effect is

large (more precise calculation yields �¼ 0.2–0.3

e.g., NOWICK and BERRY, 1972). The frequency

dependence of attenuation is therefore given by

Q�1 ¼ D½o�=ð1þ o2�2Þ� with a well-defined relaxa-

tion peak at o ¼ 1=� . However, when grain size, L,

grain-boundary viscosity, �, or grain-boundary width,

�, have distribution, then attenuation will show more

modest dependence on frequency. Experimental stud-

ies by TAN et al. (1997, 2001); GRIBB and COOPER

(1998) and JACKSON et al. (2002), show evidence of

grain-boundary mechanism(s) with modest frequency

dependence (Q�1/o�� with �� 0.2–0.3). In these

cases, attenuation due to grain-boundary sliding

depends on grain size as

Q�1 / ðo�Þ�� / L��: (11:18)
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Note that the grain-size dependence of attenuation for

this mechanism is different from that of transient diffu-

sional creep (equation (11.9)). Therefore by comparing

the frequency dependence and grain-size dependence

of attenuation, one can determine which model (grain-

boundary sliding or transient diffusional creep) is more

important for seismic wave attenuation.

The experimental observation of weak freq-

uency dependence for a wide range of frequency

(�1–10�3Hz) cited above would imply a wide distri-

bution of relaxation time. Such a wide distribution is

difficult to attribute to the distribution of grain size

alone. The viscosity and/or the width of grain bounda-

ries should have a wide range of values.

Anelastic behavior due to grain-boundary sliding

(see Fig. 11.3) will gradually change to viscous (visco-

elastic) behavior when the elastic back stress is reduced

at higher temperatures and/or at lower frequencies by

diffusion (RAJ and ASHBY, 1971).

Experimental observations on grain-boundary

mechanisms of attenuation are reviewed by NOWICK

and BERRY (1972). GRIBB and COOPER (1998) and

JACKSON et al. (2002) report evidence for grain-

boundary mechanisms of seismic wave attenuation in

olivine aggregates.

Problem 11.4

Show how to distinguish the grain-boundary sliding

model for attenuation from the transient diffusional

creep model from the frequency and grain-size

dependence of attenuation.

Solution

From equation (11.9) for the transient diffusional

creep model and (11.18) for the grain-boundary sliding

model, we have ð@ logQ�1=@oÞ=ð@ logQ�1=@LÞ ¼ 1

for the grain-boundary sliding model, whereas

ð@ logQ�1=@oÞ=ð@ logQ�1=@LÞ ¼ 1=m where m is the

grain-size exponent for diffusional creep, i.e., _" / L�m

(m¼ 2–3).

Problem 11.5

Derive equation (11.15).

Solution

The strain rate of viscous materials on grain boundaries

is given by ð1=�Þ ðdx=dtÞ, which is proportional to the

applied shear-stress minus back-stress due to elastic

deformation, and inversely proportional to viscosity.

Therefore ð1=�Þ ðdx=dtÞ ¼ ð1=�Þ ��Mx
L

	 

. If we

define y � x� �L=M, then this differential equation is

reduced to dy=dt ¼ �ð1=�gsÞy with �gs ¼ �L=M�.

Therefore we have y ¼ y0 expð� t=�gsÞ. From the

initial condition that x¼ 0 for t¼ 0, we get

"an ¼ x=L ¼ ð�=MÞ 1� exp �ðt=�gsÞ
	 
� �

.

Anelasticity due to motion of twin boundaries,
subboundaries
In materials that are subject to easy mechanical twin-

ning, it is possible that twin boundaries move under

external stress causing attenuation. Among various

minerals, calcite and perovskite are unique in their

tendency for mechanical twinning. However, there is

no well-documented report on this effect (see, however,

HARRISON and REDFERN, 2002).

Sliding along subgrain boundaries is a potential

source of anelasticity (GRIBB and COOPER, 1998).

However, the magnitude of this effect is likely to be

small because of the small misorientation between

neighboring subgrains.

Grain-scale thermoelasticity
When a stress is applied to a polycrystalline aggregate,

grains in an aggregate will deform but in general strain

in each grain will be different. Let us consider an

instantaneous response of a polycrystalline aggregate.

The difference in volumetric strain in each grain will

result in difference in the degree of adiabatic heating

(or cooling). Consequently, each grain will develop a

different temperature that will eventually be homogen-

ized by thermal diffusion. Since a change in temper-

ature causes a change in strain due to thermal

L

x

δ

FIGURE 11.3 A schematic diagram showing grain-boundary sliding.
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expansion, strain distribution in a polycrystalline

aggregate will be time-dependent, and is associated

with energy dissipation. The mechanical response of a

polycrystalline aggregate changes from adiabatic to

isothermal response at sufficiently long time-scales.

This mechanism therefore causes anelastic behavior

and is referred to as thermoelasticity. A full account

of thermoelasticity is given by ZENER (1948a). The

characteristic time for this process is the time for ther-

mal diffusion between grains and is given by

� � L2

p2�
(11:19)

where L is the grain size and � is the thermal diffusivity.

The strength of relaxation is determined by the differ-

ence between the isothermal and adiabatic elastic

modulus, and hence on the Grüneisen parameter

(Chapter 4), 
, and elastic anisotropy of crystals,

� ¼ p�CPT

2 ~R

M
(11:20)

where � is density, CP is specific heat, T is temperature,

M is elastic modulus and ~R is a factor that depends on

the anisotropy or heterogeneity of elastic moduli,

~R � DM
M

� �2

: (11:21)

Problem 11.6

Show that when energy loss occurs only for shear

deformation but not for bulk deformation, then

QP=QS � 3V2
P=4V

2
S for small dissipation.

Solution

P- and S-wave velocities are related to shear and bulk

modulus as VP ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðKþ 4

3�Þ=�
q

and VS ¼
ffiffiffiffiffiffiffiffi
�=�

p
.

Recall that the energy loss for deformation

characterized by an elastic constant M¼M1þ iM2 is

given by Q�1 ¼M2=M1 (see Chapter 3). Therefore

if one writes K¼K1þ iK2 and �¼�1þ i�2,

then Q�1K ¼ K2=K1 and Q�1� ¼ �2=�1 ¼ Q�1S . Now

Q�1P ¼ðK2þ 4
3
�2Þ=ðK1þ 4

3
�1Þ¼ ½K1=ðK1þ 4

3
�1Þ� ðK2=K1Þþ

4
3
½�1=ðK1 þ 4

3
�1Þ�ð�2=�1Þ � 1 � 4

3
ðV2

S=V
2
PÞ

	 

Q�1K þ

4
3ðV2

S=V
2
PÞQ�1S where we used the assumption of

small dissipation (i.e., VP �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðK1 þ 4

3�1Þ=�
q

and

VS �
ffiffiffiffiffiffiffiffiffiffi
�1=�

p
). If QK¼1, then QP=QS � 3V 2

P=4V
2
S .

For a reasonable range of grain size (1–10mm)

and thermal diffusivity (�10�6m2/s), we have

� � 10�1–10 s. This is exactly the time-scale of seismic

(body) wave propagation therefore thermoelasticity is

potentially an important mechanism of seismic wave

attenuation. However, the importance of this effect

strongly depends on the anisotropy or heterogeneity

factor, ~R. ~R for a single-phase material can be esti-

mated from elastic anisotropy and in most cases

Q�1� 10�3–10�4. Similarly in most mineral aggregates,

the contrast in elastic moduli is less than 10% so attenu-

ation is Q�1� 10�3–10�4. Therefore in most cases the

magnitude of anelasticity due to this mechanism is not

very large (e.g., KARATO, 1977; HEINZ et al., 1982).

However, the magnitude of this effect becomes large

when heterogeneity in elastic constants becomes large.

KARATO (1977) investigated the thermoelasticity in a

partially molten material and showed that its magnitude

become �� 10�2 and this could be an important mech-

anism of seismic wave attenuation (see section 11.3).

One of the important aspects of this mechanism is

that since this mechanism involves differential heating

due to volumetric strain, it results in significant bulk

attenuation and hence a small value ofQP=QS which is

distinct from theQP=QS of most other mechanisms (for

many other mechanisms there is no bulk attenuation

(QK¼1) and QP=QS ¼ 3V2
P=4V

2
S � 2:3).

11.3.4. Experimental studies on solid-state
mechanisms of anelasticity in Earth
materials

Experimental studies on anelasticity in solids are reviewed

by CHANG (1961), FANTOZZI et al. (1982) and KARATO

and SPETZLER (1990). Generally, dominant peaks of

attenuation are found at relatively low temperatures,

but the attenuation behavior becomes more diffused

and a power-law behavior Q�1 / o�� exp ��E�=RTð Þ is
commonly observed at high temperatures.

Two sets of experimental observations on olivine

(or olivine-rich rocks) deserve special attention. First,

GUEGUEN et al. (1989) conducted laboratory experi-

ments (at room pressure) to measure the attenuation

of elastic waves in forsterite single crystals at seismic

frequency at high temperatures. They measured Q val-

ues of undeformed and deformed forsterite and noted a

distinct increase in attenuation by deformation. This

is strong evidence for the importance of dislocations

on anelasticity. Their results show a power-law behav-

ior, Q�1 / o�� exp ��E�=RTð Þ, with � � 0:2�0:3
and E*¼ 440 kJ/mol. Second, two groups reported
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grain-size sensitive attenuation in olivine (or olivine-

rich) aggregates (TAN et al., 1997, 2001; GRIBB and

COOPER, 1998; JACKSON et al., 2002), see Fig. 11.4.

Samples with smaller grain size show systematically

higher attenuation.

Evaluation of the relative importance of these two

mechanisms is difficult because the relationship

between dislocation density and attenuation has not

been investigated quantitatively. Also, there are no

experimental studies on the pressure effects on attenu-

ation (except for the indirect effects due to cracking).

An extrapolation of laboratory data to Earth suggests

that grain-boundary mechanisms marginally explain

some of the seismologically observed attenuation

(JACKSON et al., 2002). GRIBB and COOPER (1998)

interpreted their results in terms of a model of transient

diffusional creep that implies a stronger grain-size

effect than JACKSON et al. (2002) and concluded that

grain-boundary effects do not contribute significantly

to seismic wave attenuation unless subgrain bounda-

ries play a similar role as grain boundaries.

Another important issue that has not been investi-

gated in detail is the influence of water (hydrogen).

Almost all solid-state kinetic processes in silicates

are enhanced by water (hydrogen) and consequently,

anelasticity is likely to be enhanced bywater. An earlier

study by JACKSON et al. (1992) reported a difference in

anelasticity between as-is dunite and dried dunite. As-is

dunite contains more water than dried dunite (CHOPRA

and PATERSON, 1984) and consequently, such results are

likely to be due to enhanced anelasticity by water.

However, there have been no systematic studies on this

effect at this time (2007).

Experimental studies on anelasticity were also per-

formed on calcite (JACKSON and PATERSON, 1987),

MgO (GETTING et al., 1997; WEBB and JACKSON,

2003), titanate perovskite (WEBB et al., 1999) and

iron (JACKSON et al., 2000a). In most cases, the attenu-

ation behavior follows the power-law, Q�1 /
o�� exp ��E�=RTð Þ, with �¼ 0.2–0.4 (Table 11.2). It
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FIGURE 11.4 Attenuation of seismic waves in a polycrystalline

olivine (after JACKSON et al., 2002).

TABLE 11.2 Typical experimental results on anelasticity in minerals. The data follow the constitutive relation Q�1 ¼ A � o�� � L�m�
exp ��H�=RTð Þ. For polycrystalline samples, only the results from high-pressure experiments are listed. Units: A (s��(mm)m), H*

(kJ/mol), P (GPa), T (K).

A � m H* P T Remarks2 ref.

Olivine 8.1	 102 0.2 – 440 RP1 1273–1673 S, forsterite (1)

Olivine 7.5	 102 0.26 0.26 424 0.2 1273–1573 P, Fo90 (2)

CaTiO3 6.3	 102 0.37 – 500 0.2 1173–1573 P (3)

SrTiO3 5.0	 103 0.37 – 590 0.2 1173–1573 P (3)

MgO 2.3	 102 0.30 – 233 RP 1000–1500 S (4)

MgO 1.5	 102 0.30 – 250 0.2 973–1173 P (5)

bcc Fe 8.1	 101 0.23 – 270 0.2 873–1073 Mild steel (6)

1RP indicates room pressure (10� 4GPa).
2 S indicates a single crystal, P indicates a polycrystal.

(1) GUEGUEN et al. (1989).

(2) JACKSON et al. (2002).

(3) WEBB et al. (1999).

(4) GETTING et al. (1997).

(5) WEBB and JACKSON (2003).

(6) JACKSON et al. (2000a).
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should be noted that, although the influence of pres-

sure and water on any defect-related processes is

expected to be very large (see Chapter 10), experimen-

tal studies on these effects are difficult and there have

been no systematic experimental studies to investigate

these effects.

11.4. Anelasticity in a partially molten
material

11.4.1. General introduction

Partial melting affects elastic and anelastic properties

of material. At infinite frequency (immediately after

the application of stress), a partial melt will have unre-

laxed elastic moduli that are smaller than those of melt-

free materials. In addition to this reduction of elastic

constant for unrelaxed state, anelastic relaxation will

occur at finite frequency (or finite time) due to viscous

motion of the melt. The transition from unrelaxed to

relaxed state occurs with certain characteristic times.

Consequently, this results in anelastic relaxation.

Anelastic relaxation results in frequency-dependent

elastic moduli and the attenuation of elastic waves

(Chapter 3). Unrelaxed moduli are determined by the

contrast in elastic constants between the melt and the

solid, and the fraction and geometry of melt. In addi-

tion melt viscosity will also play an important role for

anelastic properties. In this section I review theoretical

models and experimental observations on the anelastic

properties of a partially molten material. Mechanisms

of anelasticity unique to a partially molten material

include: (1) energy dissipation due to the viscous

motion of melt, (2) thermoelasticity caused by inho-

mogeneous stress distribution (KARATO, 1977). Both

of them are sensitive to the geometry as well as the

viscosity (and the bulk modulus) of melt. Briefly, when

melt completely wets grain boundaries, then the effects

of partial melting to modify anelastic behavior are

large whereas if melt assumes isolated pockets, then

the effects are small. Geometry of partial melt is con-

trolled by interfacial energy and stress and is discussed

in Chapter 12.

11.4.2. Attenuation due to viscous motion
of melt

When viscous deformation occurs in the melt pocket,

deformation becomes time-dependent and therefore

there is energy loss. In most cases where melt is con-

fined in a material, viscous motion of melt will

terminate at a certain point, causing anelastic relaxa-

tion. The anelasticity is therefore characterized by the

relaxation strength and the relaxation time. The relax-

ation strength is proportional to the melt fraction, �,

and melt geometry,

D ¼ A
�

�
(11:22)

where A is a non-dimensional constant of order � 0.1,

� is the melt fraction, � ¼ �=L (�, thickness of a film; L,

the size of a film, i.e., grain size) for melt film and

� ¼ r=2pL (L, grain size; r, the radius of a tube) for a

melt tube. The relaxation time depends on the viscosity

of melt, �, elastic constant of solid matrix, M, and the

aspect ratio of the melt pocket as

� ¼ B�

M�n
(11:23)

where B (�1) is a constant that depends on melt geom-

etry and n is a constant that depends on the mechanism

of flow in the melt pocket. Note that the value of n has

a strong influence on the relaxation time.

There are two distinct mechanisms of flow in the

melt pocket (Fig. 11.5). First, when a melt is confined

to an inclusion in a solid matrix (i.e., an isolated melt

pocket), viscous motion within a melt inclusion

(melt pocket) dissipates energy and causes attenuation.

WALSH (1968, 1969) developed a theory to relate

energy dissipation with viscosity of melt and geometry

of melt pocket. Upon the application of a force, trac-

tion is transmitted to an isolated melt pocket that

causes a viscous motion. Viscous motion gradually

relaxes the stress eventually leading to another equili-

brium (relaxed state). Therefore this mechanism leads

to anelastic behavior. In both cases, energy loss occurs

for both shear and bulk deformation. For this mecha-

nism, n¼ 1 and � � 10�10�10�11
	 


ð1=�Þ where I used

the viscosity of 1–10Pa s (KUSHIRO, 1976) and the

elastic modulus M� 1011 Pa. Therefore in order

to bring this time-scale towards the seismic time-scale,

one would need an unacceptably small aspect ratio

(�¼ 10�10–10�13). Consequently, attenuation due to

this mechanism is unlikely to be important for the

upper mantle, although it might be important in the

crust where melt viscosity can be higher. It is noted,

however, that since the peak frequency of this mecha-

nism is likely to be higher than seismic frequencies, a

partially molten material will show a relaxed behavior

for seismic wave propagation. Consequently, the seis-

mic wave velocity will be reduced by this mechanism

although attenuation is unlikely to be significant
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(KARATO, 1977). Since viscous motion of fluid occurs

due to shear traction, this mechanism causes attenua-

tion mostly for shear deformation and not for bulk

deformation (QK
Q�, QS<QP).

Problem 11.7

Calculate the magnitude of velocity reduction by the

Walsh mechanism.

Solution

The velocity reduction by an anelastic relaxation with

the Zener model is given by DV=V � 1
2D ¼ A�=2�

(Table 3.3). For typical mantle materials A� 0.2, so

DV=V � 0:1ð�=�Þ. For a tube model, the volume

of melt per cube with dimension l is 3pr2l � X(
) where
X(
) is a geometrical factor that depends on

the dihedral angle 
 (X(
)� 0.2–0.4 for 30o<
< 60o)

and the volume of a cube is l3, so that � � r=2pl �ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�=12p2X 
ð Þ

p
and DV=V � 0:6

ffiffiffi
�
p

. Therefore for

� ¼ 10�2�10�3, DV=V � 2�6%. The velocity

reduction by this mechanism is large although this

mechanism is unlikely to be important for attenuation.

For a melt film, 3�¼�, and DV=V � 30%.

Another mechanism was proposed by O’CONNELL

and BUDIANSKI (1974, 1977); MAVKO and NUR (1975)

andMAVKO (1980).When amelt forms some connected

network, then the applied stress can cause a flow of

melt from one region to another. Consider a simple

case where melt pockets have a geometry shown in

Fig. 11.5c. Since the pressure in the melt pocket

depends on the geometry (orientation of surfaces) of

a melt pocket, different pressures will develop in melt

pockets with different orientations. Consequently,

flow of melt will occur to relax this pressure gradient.

The flow in this case is a viscous flow in a tube or thin

layer and hence the time-scale of flow is highly sensitive

to the melt geometry. In a polycrystalline material, the

space-scale at which pressure gradient is relaxed is

determined by the space-scale of melt geometry that

is roughly the size of grains (1–10mm). Thus this

mechanism results in anelastic behavior, but the char-

acteristic frequency is different from that of the Walsh

mechanism.Due to the difference in flow geometry, the

value of n in these mechanisms is different from that of

the Walsh mechanism (n¼ 1), n¼ 2 for melt tube and

n¼ 3 for melt film.

Remembering that if melt has a single geometry, �

(melt fraction) and � (melt geometry) must have a

simple relation and consequently (see Problem 11.7),

� ¼ 3A0 for a film (11:24a)

and

� ¼ 2pð Þ3=2A0�1=2 for a tube: (11:24b)

The magnitude of relaxation, �, can be very high, but

for thesemechanisms to be important in attenuation, the

characteristic frequencies must be in the seismic fre-

quency band. The characteristic frequencies are highly

sensitive to the geometry of melt, and in order for the

characteristic frequencies to be in the seismic frequency

band, the aspect ratio needs to be �¼ 10�3–10�4 for a

film geometry and �¼ 10�5–10�6 for a melt tube.

(a)

melt lens

melt tube

melt film

a

L

2r

L
δ

c

melt
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FIGURE 11.5 The geometry of a melt pocket in a partially molten

material and the nature of energy dissipation in a partial melt. (a) An

isolated melt pocket. Shear deformation of a fluid in the pocket can

cause energy dissipation. (b) A melt tube. Differential pressure in

different regions of connected tubes causes a flow of fluid, resulting in

energy dissipation. (c) Connected melt films (melt squirt). Differential

pressure causes fluid flow similar to a melt tube.
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SHANKLAND et al. (1981) analyzed various cases for the

distribution of aspect ratios, and HAMMOND and

HUMPHREYS (2000a, 2000b) studied the influence of

geometry of melt in experimental samples. HAMMOND

and HUMPHREYS (2000a, 2000b) concluded that this

mechanism has characteristic frequencies higher than

seismic frequencies. However, there are two issues

that need attention. First, the experimental study by

JACKSON et al. (2004a) shows that the peak frequencies

of anelasticity of partially molten peridotite are in the

seismic frequency range. If one interprets the experimen-

tally observed peak frequencies by this mechanism, then

onewould need to assume either the effective viscosity of

a thin layer of melt is much higher than that of a bulk

fluid or the flow geometry might be more complicated

than a simple model. NAKASHIMA et al. (2004) reviewed

the literature and showed that the effective viscosity of a

thin fluid layer can indeed be much higher that that of

the bulk of a fluid. FAUL et al. (2004) proposed an

alternative model that a change in grain-boundary

geometry by partial melting may cause enhanced ane-

lasticity due to grain-boundary sliding.

It should be noted that because the geometry of

melt is likely to be distributed as emphasized by

SHANKLAND et al. (1981), it is highly likely that some

portion of melt pockets have characteristic frequencies

higher than seismic frequency so that they do not con-

tribute to attenuation but reduce seismic wave velo-

cities. If the melt fraction is �1%, the velocity

reduction will be a few percent (a tube model is used,

see Problem 11.7).

One of the important characteristics of this mecha-

nism is that it causes non-negligible bulk attenuation,

QK 6¼ 1. Consequently, the QP=QS ratio tends to be

small for this mechanism. This is particularly true

when a material contains melt-filled pores with a vari-

ety of shapes (SCHMELING, 1985); in these cases, melt

pockets with different shapes will develop different

pressures upon compression that causes flow of melt

between different melt pockets. DUREK and EKSTRÖM

(1995) reported evidence for bulk attenuation in the

asthenosphere, which could be attributed to the pres-

ence of partial melt.

11.4.3. Thermoelasticity in a partially molten
material

The magnitude of grain-scale thermoelasticity depends

strongly on the contrast in elastic constants of each

grain. Consequently, thermoelasticity can be signifi-

cant in a partially molten material. KARATO (1977)

analyzed the thermoelasticity in partially molten mate-

rials assuming some simplified melt geometries. The

characteristics of this mechanism are common to that

of thermoelasticity in a solid polycrystal. The charac-

teristic frequency is similar to (11.19). In particular,

this mechanism provides bulk attenuation and hence

the QP=QS ratio tends to be small.

11.4.4. Experimental studies on anelasticity
in partial melts

Partial melting is often assumed to be the cause of low

velocity and high attenuation in Earth’s interior (e.g.,

SHANKLAND et al., 1981). MIZUTANI and KANAMORI

(1964) and SPETZLER and ANDERSON (1968) con-

ducted experimental studies on elastic wave attenua-

tion in partially molten systems using analogmaterials.

Both of these studies reported a large increase in

attenuation upon partial melting. SATO et al. (1989)

investigated elastic wave attenuation of partially mol-

ten peridotites at high frequencies (5MHz) and noted

that partial melting does not cause appreciable change

in attenuation. However, they did observe significant

reduction in elastic wave velocities, which implies that

the characteristic frequencies for anelastic relaxation

associated with partial melting are higher than the

frequency range that they used. GRIBB and COOPER

(2000) conducted room-pressure, high-temperature

and seismic-frequency experiments on an olivineþmelt

mixture. JACKSON et al. (2004a) performed anelasticity

measurements on an olivineþmelt system at high pres-

sure, high temperature and seismic frequencies (see

Fig. 11.6). A detailed study by JACKSON et al. (2004a)

for a broad range of frequencies showed that the
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FIGURE 11.6 The results of an experimental study on attenuation

of seismic waves in the olivine þ basalt melt (JACKSON et al., 2004a).
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presence of melt causes a broad absorption peak in

addition to the high-temperature background.

11.4.5. Seismological observations

Seismological studies on the presence of partial melting

are controversial. Historically, many of the observa-

tions on low velocity (and/or high attenuation) were

attributed to the presence of partial melting. However,

the importance of solid-state relaxation mechanisms

was recognized in the 1970s and early 1980s based on

theoretical argument (e.g., GUEGUEN and MERCIER,

1973; KARATO, 1977; MINSTER and ANDERSON,

1980), and the experimental studies support this notion

(e.g., KARATO, 1993a; JACKSON et al., 2000a). Briefly,

the observed velocity reduction in the low-velocity

zone can be attributed to a combined effect of anhar-

monicity and solid-state anelasticity. However, current

seismological observations provide an inconclusive

answer as to the importance of partial melting to

cause anomalies in seismic wave attenuation and velo-

cities. First, a detailed search for evidence of partial

melting by seismic anisotropy near an ocean ridge (East

Pacific Rise) failed to detect evidence for partial melt-

ing in seismic anisotropy (WOLFE and SOLOMON,

1998). Second, the frequency dependence of attenua-

tion in the wedge mantle in the Philippine Sea region

is consistent with the solid-state mechanisms but

inconsistent with partial melt mechanisms (SHITO

et al., 2004). Third, however, (DUREK and EKSTRÖM,

1995) reported significant bulk attenuation in the

asthenosphere that may be due to the presence of par-

tial melting.

In summary, currently there is no strong evidence

for the influence of partial melting on either velocity or

attenuation anomalies in Earth’s upper mantle. A

majority of the seismological observations can be

attributed to solid-state processes. Experimental, the-

oretical and geochemical studies suggest that a region

of a significant melt fraction in Earth is limited because

of effective compaction and fast melt transport.

However, petrological and geochemical studies also

suggest that there is a broad region of small melt frac-

tion, � 0.1%, corresponding to the asthenosphere

(e.g., PLANK and LANGMUIR, 1992; see also FAUL,

2001 who suggested a larger value). A small amount

of melt could cause velocity reduction without causing

large enhancement of attenuation. There are some

reports showing a large, sharp decrease in seismic

wave velocities at the lithosphere–asthenosphere boun-

dary (e.g., RYCHERT et al., 2005). Observed ultra-low

velocity regions in theD0 0 layer are usually attributed to

partial melting (e.g., WILLIAMS and GARNERO, 1996;

LAY et al., 2004), but an alternative model invoking

chemical heterogeneity is also possible (e.g., GARNERO

and JEANLOZ, 2000).
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12 Deformation of multi-phase materials

Most parts of the Earth aremade of multi-phasematerials. The physical mechanisms of deformation

of a multi-phase material differ from those of a homogeneous material in several ways. A key

issue here is how the rate of deformation (or the strength of a polycrystalline material) is related to

those of individual materials (or crystals) and their volume fraction, orientation and geometry.

Experimental observations and theoretical models of the deformation of a multi-phase material are

reviewed. It is shown that the plastic deformation of a multi-phase material is controlled not only

by the rheological contrast (the contrast in effective viscosity) and the volume fraction of each phase

but also by the stress–strain distribution that depends on the geometry of each phase. The case of

partial melt deserves special attention.Mechanical contrast is large in this case and as a consequence

the properties of a partial melt depend strongly on the fraction and geometry of the melt. Principles

that determine the geometry of melt in a partially molten material are discussed.

Key words Reuss average (model), Voigt average (model), Hill average (model), Hoff’s analogy,

Taylor average (model), Sachs average (model), variational principle, self-consistent approach,

percolation, partial melt, dihedral angle.

12.1. Introduction

So far, we have considered the deformation of single-

phase, homogeneousmaterials. This is a natural starting

point, but there are several fundamental differences in

deformation and microstructural development between

a single- and a multi-phase material. Obviously, for the

most part Earth is made of multi-phase materials and

therefore an understanding of the deformation of a

multi-phase material is essential in Earth science. A

heterogeneous microstructure may occur at various

scales, but we will consider, in most of this chapter, a

multi-phasematerial where heterogeneity ofmechanical

properties occurs at the scale of grains or a group of

grains. Deformation of a single-phase polycrystalline

material can be treated in a similar way: each single

crystal with a different orientation can be considered

as a material with different mechanical properties.

The relation between the mechanical properties of

multi-phase materials and the properties of individual

materials is important for several reasons. The seismic

wave velocities of a multi-phase aggregate depend on

the stress–strain distribution as well as the volume

fraction and geometry of each phase (e.g., WATT

et al., 1976). The effects of the presence of multi-phases

are more important in plastic properties because the

contrast in plastic properties of various phases (or

crystals with different orientations) is generally much

larger than that of elastic properties. Consequently, the

focus in this chapter is the plastic properties of multi-

phase materials, although I will also briefly discuss the

average elastic properties of multi-phase aggregates.

Many of the formal aspects of the theory are common

between the elastic and plastic properties.

The plastic properties of multi-phase aggregates

may be addressed from two different end-member214



viewpoints. If the volumetrically dominant phase is a

weaker phase, then one can ask how the addition of a

strong material increases the aggregate strength (e.g.,

YOON and CHEN, 1990; RYBACKI et al., 2003). In con-

trast, if the volumetrically dominant phase is stronger

than a minor component, then the question is how the

addition of a weaker material reduces the overall

strength (e.g., BLOOMFIELD and COVEY-CRUMP,

1993; KOHLSTEDT, 2002). As we will learn, in both

cases, the key question is the distribution of stress

and strain in co-existing phases that depends strongly

on the geometry (morphology) of the two phases,

which evolves with strain. It must also be emphasized

that a multi-phase mixture tends to assume a small

grain size due to the sluggish grain growth that indi-

rectly influences the plastic properties. The direct

effects due to mechanical interactions of two phases

and the indirect effects due to grain size must be clearly

distinguished in analyzing the experimental data.

Unique features of plastic deformation of multi-

phase rocks have been noticed by a number of geo-

logical observations. Upper crust rocks are made

of quartz, feldspar and micas whose rheological

properties are different, resulting inmarkedly contrast-

ing deformation microstructures in these rocks

(BEHRMANN and MAINPRICE, 1987). Upper mantle

rocks are made of olivine, orthopyroxene and garnet

(in the deep portion) and again their rheological con-

trast can be large (e.g., KARATO et al., 1995a).

Similarly, in the lower mantle where the major constit-

uent minerals are magnesiowüstite and perovskite, the

rheological contrast in co-existing phases is likely to be

large (YAMAZAKI and KARATO, 2001b). In these cases,

the question of how to estimate the rheological proper-

ties of a multi-phase aggregate from the rheological

properties of component minerals becomes important.

In this chapter, I will discuss some of the important

characteristics of the deformation of a multi-phase

material. To simplify the discussion, I will mostly

treat deformation of a two-phase material but the

generalization to deformation of a material with more

than three-components is straightforward. A funda-

mental issue in treating the deformation of

multi-phase composite materials is that the stress–

strain distribution in these materials is heterogeneous

and difficult to characterize precisely. Consequently, in

most cases, properties of multi-phase materials can

only be calculated approximately. It should also be

noted that the stress–strain distribution is sensitive to

the geometry of two phases that may evolve during

deformation.

12.2. Some simple examples

Let us consider two simple cases shown in Fig. 12.1. In

Fig. 12.1a there are two materials that are connected in

parallel whereas in Fig. 12.1b, two materials are con-

nected in series. When external (compressional) stress

is applied, these materials will deform, but the stress–

strain distribution between the two elements is differ-

ent. In Fig. 12.1a the strain (rate) of the two elements is

identical whereas the stress in each element is different,

in contrast in Fig. 12.1b the stress in each element is

identical whereas the strain (rate) is different.

For case (a) in which two elements are connected in

parallel along the compression direction, the strain in

each element must be the same. If a linear constitutive

relation is assumed, then,

�1 ¼M1"; �2 ¼M2": (12:1)

Note that the following analysis applies to elastic as

well as viscous deformation. In the case of elastic

deformation, " is strain, and M1,2 are the elastic con-

stants, and in the case of viscous deformation, " should

be read as strain rate and M1,2 will be the relevant

viscosity. This correspondence between elastic and vis-

cous deformation works also for non-linear constitu-

tive relations as far as viscous behavior at steady state

is considered and is referred to as Hoff’s analogy

(HOFF, 1954). Now the total stress is given by

� ¼ x1�1 þ x2�2 ¼ ðx1M1 þ x2M2Þ" �Ma" (12:2)

where x1,2 is the volume fraction of 1- (2-) material

(x1þ x2¼ 1) with

Ma ¼ x1M1 þ x2M2 (12:3)

σ σ

σσ

(a) (b)

FIGURE 12.1 Two simple models of a combination of two materials:

(a) homogeneous strain and (b) homogeneous stress.
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where Ma is the effective modulus for case (a).

Similarly for case (b), the stress in each element

must be same but the strain is the sum of each strain.

Thus

� ¼M1"1 ¼M2"2 (12:4)

and

" ¼ x1"1 þ x2"2 ¼
x1
M1
þ x2
M2

� �
� � �

Mb
(12:5)

with

Mb ¼
1

x1=M1 þ x2=M2
(12:6)

where Mb is the effective modulus for case (b). The

actual modulus of a two-phase mixture must be in

between these two end-member cases, so that

Ma �M �Mb: (12:7)

The averagemodulus for a composite corresponding to

case (a) (homogeneous strain) is referred to as theVoigt

average for elastic deformation, and as the Taylor

average for viscous (plastic) deformation, and case

(b) (homogeneous stress) as the Reuss average for elas-

tic deformation, and as Sachs average for viscous (plas-

tic) deformation.

Problem 12.1

Show Ma �Mb:

Solution

From equations (12.3) and (12.6), one hasMa �Mb ¼
x1x2 M1 �M2ð Þ2

�
ðM1M2 x1=M1 þ x2=M2ð ÞÞ � 0:

Problem 12.2

Consider the case of a 1:1 mixture of two phases.

Calculate the ratio of the upper and the lower bound

as a function of ratio of moduli.

Solution

For x1 ¼ x2 ¼ 1
2, equations (12.3) and (12.6) yield

Ma

Mb
¼ x1M1 þ x2M2ð Þð x1M1

þ x2
M2
Þ ¼ 1

4ð2þ � þ 1
�Þ

where � �M1=M2. As � �M1=M2 changes from 1 to

1,Ma=Mb changes from 1 to� 1
4 �. The modulus ratio

of two cases is on the order of modulus ratio of the two

components.

The elastic modulus or the viscosity for a composite

material for case (a) (parallel combination) gives an

upper bound and that for case (b) (serial combination)

yields the lower bound (HILL, 1952). These two bounds

yield very different properties if the contrast in proper-

ties (elastic constants of viscosities) is large (see

equations (12.3) or (12.6)) (see Problem 12.2). HILL

(1952) suggested that some mean values of the upper

and the lower bounds (MH1 ¼ 1
2 ðMa þMbÞ or

MH2 ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
MaMb

p
) would give a reasonable estimate

of real aggregate properties. The arithmetic

mean (MH1 ¼ 1
2 ðMa þMbÞ) is often called the Hill

average. There is no theoretical reason to justify this

model but it has been frequently used for practical

applications.

12.3. More general considerations

12.3.1. Variational principle

The above analysis showed that one can calculate the

bounds for the average properties of a multi-phase

aggregates by considering some specific distribution

of stress or strain. Such a result is a special case of a

more general result derived from the variational princi-

ple (see e.g., HASHIN and SHTRIKMAN, 1963; ASHBY

et al., 1978). Briefly, the variational principle states

that among the various possible stress–strain distribu-

tions in a system that satisfy the boundary conditions,

the actual state is the one in which the energy (energy

dissipation if " is strain rate) or complementary energy

(dissipation) is the minimum. When applied to a mate-

rial with linear constitutive relation, the energy and the

complementary energy density can be defined as

U ¼
Z
� d" ¼ 1

2
M�"2 ¼ 1

2
�" (12:11)

and

�U ¼
Z
" d� ¼ 1

2

1

M�
�2 ¼ 1

2
�" (12:12)

respectively, where we define the macroscopic (aver-

age) modulus,M*, by � �M
�
". If strain (rate) is homo-

geneous in a multi-phase material, then

U0 ¼
1

2

�X
i

xiMi

�
"2 (12:13)

where xi is the volume fraction of the ith phase and

each phase has the following constitutive relation,

�i ¼Mi"i. Similarly for homogeneous stress,
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�U0 ¼
1

2

�X
i

xi
Mi

�
�2: (12:14)

The variational principle states that U0 � U and
�U0 � �U. Consequently, we have

X
i

xiMi �M� � 1P
i

ðxi=MiÞ
: (12:15)

Problem 12.3

Show that the relation (12.15) can be generalized for a

non-linear constitutive relation, " � ð1=M�Þ�n, toP
i

xiM
1=n
i

� �n

�M� � 1P
i

ðxi=MiÞ :

Solution

Using a non-linear constitutive relation, " � ð1=M�Þ�
�n, one obtains

U ¼
R
� d" ¼ n

nþ 1
M � 1=n"ðnþ1Þ=n ¼ n

nþ 1
�"

and

�U ¼
R
" d� ¼ 1

nþ 1

1

M�
�nþ1 ¼ 1

nþ 1
�".

Equation (12.13) becomes U0 ¼ ½n=ðnþ 1Þ�
�P

i

xi�
M

1=n
i

�
"ðnþ1Þ=n and (12.14) becomes �U0 ¼ ½1=ðnþ 1Þ���P

i

ðxi=MiÞ
�
�nþ1. Consequently, using the relation

U0 � U and �U0 � �U, we get
�P

i

xiM
1=n
i

�n �M� �
1P

i

ðxi=MiÞ.

12.3.2. A more general stress–strain distribution

General introduction
Let us consider a more general case where both stress

and strain distribute inhomogeneously. In such a case,

one may write

� ¼ x1�1 þ x2�2 (12:16)

and

" ¼ x1"1 þ x2"2 (12:17)

where x1,2 is the volume fraction of the phase 1 and 2,

and

x1 þ x2 ¼ 1: (12:18)

Note that in using the relation such as equations (12.16)

and (12.17), I made an approximation that the proper-

ties of a mixture are represented by volume fraction.

This is often called coarse microstructure approxima-

tion. This approximation is valid when the character-

istic length-scale of each component is larger than the

length-scale of microstructure such as grain size (e.g.,

HILL, 1965). In such a case, interaction of two phases

can be treated by a continuum mechanics. Now define

the following parameters, A1 and A2, to treat the non-

uniform distribution of strain as

"1 ¼ A1"; "2 ¼ A2": (12:19)

From equations (12.17) and (12.19), we find

x1A1 þ x2A2 ¼ 1: (12:20)

If strain is uniform then

A1 ¼ A2 ¼ 1: (12:21)

Now let us introduce linear constitutive relations for

individual phases,

�i ¼Mi"i; "i ¼ Si�i ðfor i ¼ 1; 2Þ: (12:22)

Then

" ¼ x1S1�1 þ x2S2�2 (12:23a)

and

� ¼ x1M1"1 þ x2M2"2: (12:23b)

If one defines the aggregate modulus by

� �M�" (12:24)

then

M� ¼ x1M1A1 þ x2M2A2: (12:25)

One can obtain similar relations for compliance, S, by

defining

�1 ¼ B1�; �2 ¼ B2� (12:26)

to get

x1B1 þ x2B2 ¼ 1 (12:27)

and

S� ¼ x1S1B1 þ x2S2B2: (12:28)

From equations (12.25) and (12.28), one obtains

M� ¼M1 þ x2A2ðM2 �M1Þ (12:29a)

and

S� ¼ S1 þ x2B2ðS2 � S1Þ: (12:29b)
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Equations (12.29a) and (12.29b) mean that the

mechanical properties of a two-phase aggregate can

be calculated only when one knowsA2 orB2 (i.e., strain

or stress distribution). The Voigt average (or Taylor

model), i.e., homogeneous strain corresponds to the

assumption of A1¼A2¼ 1, and the Reuss average (or

Sachs model), i.e., homogeneous stress corresponds to

the assumption of B1¼B2¼ 1. When strain is homoge-

neous, stress is heterogeneous, �1=�2 ¼ C1=C2, and

when stress is homogeneous, then strain is heterogene-

ous, "1="2 ¼ S1=S2 ¼ C2=C1.

Direct calculation
When the concentration of a secondary phase is small

and has a simple shape such as a sphere, then the strain

in the secondary phase, i.e., A2, can be calculated

directly (Fig. 12.2a). The solution for A2 (sometimes

called the concentration factor) for a spherical inclu-

sion, A2(M2, M1), becomes a scalar and is given by

A2ðM2;M1Þ ¼
M1

ð1��ÞM1þ�M2
(12:30)

with � ¼ 2
15 ½ð4� 5�Þ=ð1� �Þ� for shear and

� ¼ 1
3 ½ð1þ �Þ=ð1� �Þ� 05�51ð Þ for dilatation (�,

Poisson’s ratio) (for a viscous fluid for shear � ¼ 2
5)

(ESHELBY, 1957). Therefore

M� ¼M1 1þ M2�M1

ð1��ÞM1þ�M2
x2

� 	
: (12:31)

If the secondary phase has a smaller (larger) modulus,

it will reduce (increase) the modulus of a composite.

Self-consistent approach
The approximation of dilute mixture does not work in

many practical cases where the fraction of the second

component is large. In these cases, one needs to include

the effects of interaction of each component to evaluate

M*. One of these models is a so-called self-consistent

approach, in which the interaction of two components

is treated as follows. For simplicity, let us consider a

two-phase mixture. Let us consider deformation of a

piece of component 2 embedded in a matrix that is

made of both components (1 and 2) (Fig. 12.2b). In

contrast to the previous case where deformation of

component 2 in the matrix made of component 1 is

treated, we consider deformation of component 2 in a

matrix that is made of a mixture of components 1 and 2

whose property M* is unknown. We make an assump-

tion (approximation) that the properties of the matrix

are homogeneous and characterized by a single quan-

tity, M*. In this approach, one calculates A2 as a func-

tion of M* and inserts this A2 into equation (12.29a),

and demands that the M* thus calculated must be the

bulk property of an aggregate, M*. Briefly, in this

approach, one has A2 ¼ A2 M2;M
�ð Þ, and hence

equation (12.29a) becomes,

M� ¼M1 þ x2A2ðM2;M
�Þ � ðM2 �M1Þ: (12:32)

This equation is an implicit equation by which M* can

be determined from the known volume fraction and

mechanical properties of each phase. Because the

requirement (12.32) is the self-consistency of the pro-

cedure, this approach is called the self-consistent

approach (e.g., HILL, 1965). Extension of such an

approach to non-linear materials is discussed by

CHEN and ARGON (1979) and PONTE CASTAÑEDA

and WILLIS (1988).

Let us apply the self-consistent approach to a simple

case where the second phase has the spherical shape.

For a spherical inclusion, the concentration factor,

A2 M2;M
�ð Þ, becomes a scalar and is given by (e.g.,

ESHELBY, 1957),A2 M2;M
�ð Þ ¼ M�

1��ð ÞM�þ�M2
, and hence

Phase 1

Phase 2

Phase 1

Phase 2

FIGURE 12.2 (a) An inclusion of phase 2 in phase 1 and (b) an inclusion of phase 2 in a mixture of phase 1 and 2. In the self-consistent

approach, the matrix made of phases 1 and 2 is treated as a homogeneous medium with one (unknown) modulus.
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ð1� �ÞM�2 þ ðM1 þM2Þ� � ðM1x1 þM2x2Þ½ �M�

� �M1M2 ¼ 0 ð12:33aÞ
or

fðyÞ � ð1� �Þy2 þ ð� þ x2 � 1Þ� þ � � x2½ �y� �� ¼ 0

(12:33b)

with y �M�=M2 and � �M1=M2. Because 1� �40

and ��40, this equation has a positive and a

negative root. Remembering that the moduli for

homogeneous strain (rate) and stress are

given by Ma ¼ x1M1 þ x2M2 and Mb ¼ ðx1=M1Þþð
ðx2=M2ÞÞ�1 respectively, it is easy to show that

f Ma=M2ð Þ � f Mb=M2ð Þ50 (Problem 12.4). Conse-

quently, the solution of equation (12.33) must be

between the moduli corresponding to homogeneous

stress (Mb) and strain (rate) (Ma) (see Fig. 12.3), i.e.,

Ma �M� �Mb: (12:34)

Results of a self-consistent approach are compared

with the upper and the lower bounds in Fig. 12.3. The

results approach the lower bound at a large amount of

a weaker phase and the upper bound at a small amount

of a weaker phase. This does not agree with the

experimental results such as BLOOMFIELD and

COVEY-CRUMP (1993) showing that a weaker phase

plays an important role even at a relatively small vol-

ume fraction.

The above approach can be extended to a case

where the shape of the secondary phase is not spherical.

Such a generalization can be made if the concentration

factor is calculated as a function of the shape of an

inclusion, S, A2 (M2, M
*, S).

TREAGUS (2002) extended the above analysis to

include anisotropic inclusions. She used the Eshelby

solution for elliptic inclusions and assumed an iso-

tropic modulus to obtain an effective modulus of a

two-phase mixture with anisotropic shape of secon-

dary phase material. She further assumed that the

results can be applied to a case of non-random distri-

bution of oriented inclusions and discussed the influ-

ence of secondary phase shape on viscous anisotropy

(TREAGUS, 2003). However, TREAGUS (2002, 2003) did

not treat the matrix as an anisotropic medium, and

therefore her results apply to the case for randomly

oriented inclusions but not for a material with aniso-

tropic plasticity.

As one can see from Fig. 12.1, the upper and the

lower bounds of modulus can be interpreted as the

anisotropy in modulus (viscosity or elastic constant).

Problem 12.4

Derive equation (12.33a,b) and show

f Ma=M2ð Þ � f Mb=M2ð Þ50:

Solution

Inserting equation (12.32) into equation (12.26), one

obtains

ð1� �ÞM�2 þ ðM1 þM2Þ� � ðM1x1 þM2x2Þ½ �M�

� �M1M2 ¼ 0:

Dividing this equation by M2
2 and using x1 þ x2 ¼ 1

and the definitions y �M�=M2 and � �M1=M2, one

obtains the relation (12.33b). Inserting y ¼Ma=M2

into (12.33b), f Ma=M2ð Þ ¼ �� y� �ð Þ y� 1ð Þ40

(05�51). Similarly, f Mb=M2ð Þ ¼ ��½�2= 1þ �ð Þ2��
yb ya � ybð Þ50 (ya4yb40).

0.0

M
 ∗ /M

a

M∗, self-consistent theory
Ma, homogeneous strain

Mb, homogeneous stress
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FIGURE 12.3 The dependence of the modulus (elastic modulus,

viscosity) of a composite on the fraction of each phase for a case of

� � M1=M2 ¼ 10. The homogeneous strain (rate) upper bound, Ma,

homogeneous stress lower bound, Mb, and the results of a self-

consistent approach, M*, are shown.

Jordan–Handy model
Variation of stress–strain distribution in two-phase

mixture with strength contrasts and phase geometries

is discussed qualitatively by JORDAN (1988) using a

concept of gradual transition from nearly homogene-

ous strain to localized deformation as a volume

fraction of a weak phase increases. He employed a

model of deformation of porous materials to formulate
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a flow law for homogeneous strain following THARP

(1983). HANDY (1994) incorporated this idea into a

more elaborated mathematical formula. He starts

from an energy dissipation relation,

_E ¼ x1�1 _"1 þ x2�2 _"2 (12:35)

where _E is the energy dissipation per unit volume. He

distinguishes two cases. (1) A case where much of the

load is supported by a stronger phase. This case is

called the LBF (load-bearing frame). He postulates

that strain is homogeneous in this case (Voigt or

Taylor model), so equation (12.35) is modified to

_E ¼ x1�1 _"þ x2�2 _" � �LBF _": (12:36)

Therefore

�LBF ¼ x1�1 þ x2�2: (12:37)

By defining the strength ratio by � � �1=�2 (1,

strong phase; 2, weak phase), this equation can be

rewritten as

�LBF
�2
¼ ð1� x2Þ� þ x2: (12:38)

(2) Another is a case where much of the strain is due

to a weaker phase (phase 2). This is called the IWL

(interconnected weak layers). HANDY (1994) postulates

that the strain in this case is completely concentrated in

a weaker phase for a limit of �!1 (i.e., the phase 2 is

extremely weak), namely, _" 	 x2 _"2 as �!1. Also

strain must be homogeneous when the two phases

have identical properties, namely, _" ¼ _"1 ¼ _"2 for

� ¼ 1. HANDY (1994) chooses the following functional

form that satisfies these requirements,

_" ¼ x
�ð�Þ
2 _"2 with �ð�Þ ¼ 1� 1

� (12:39)

With this assumption and from _" ¼ x1 _"1 þ x2 _"2, one

has

_"1 ¼
1�x1��2

1�x2
_" (12:40)

and from (12.35)

�IWL

�2
¼ 1� x1��2


 �
� þ x1��2 ¼ 1� x

1=�
2


 �
� þ x

1=�
2 :

(12:41)

�IWL ! 1� log x2ð Þ�2 as �!1. HANDY (1994) sug-

gests that between these two cases, the one with lower

energy dissipation will be a stable one. The IWL is

similar to a case of Reuss or Sachs model, but stress

is not homogeneous in this case (see Problem 12.5).

Handy’s model provides a practical means to calcu-

late the strength of a two-phase material as a function

of strength ratio and volume fraction. However, the

choice of the functional form, (12.39), is arbitrary and

there is no strong theoretical basis behind this model.

In fact the assumption that the stress–strain partition-

ing depends only on the strength ratio is not supported

by the experimental study by BLOOMFIELD and

COVEY-CRUMP (1993).

Problem 12.5

Calculate the stress distribution in two phases for the

IWL model and show that the result approaches to the

LBF if �! 0 (�! 1).

Solution

For the IWL model, one has _" ¼ x�2 _"2 ¼ x�2S2�
n
2 ¼

x�2M
�1
2 �n2 from equation (12.39) where we use the

relation _"i ¼ Si�
n
i � ð1=MiÞ�ni . From equation (12.40),

_"1 ¼ ½ð1� x1��2 Þ=ð1� x2Þ� _" ¼ S1�
n
1 ¼M�11 �n1. There-

fore �2 ¼ x
��=n
2 M

1=n
2 _"1=n and �1 ¼ ðð1� x1��2 Þ=

ð1� x2ÞÞ1=nM1=n
1 _"1=n and �1=�2 ¼ ððx�2 � x2Þ=

ð1� x2ÞÞ1=n M1=M2ð Þ1=n. So the stress in the IWL

model is not homogeneous (different from Reuss or

Sachs model). For a limiting case of �! 1 (�!1), we

have �1=�2 ¼ 0, i.e., the load is supported entirely by a

weaker phase, 2. If �! 0 (�! 1), �1=�2 ! M1=M2ð Þ1=n

and _"1 ¼ _"2 ¼ _", a result for a homogeneous strain rate

(LBF model).

Numerical modeling
TULLIS et al. (1991) conducted numerical calculations

of plastic deformation of two-phase materials using a

finite element approach. They chose a plagioclase and

clinopyroxene mixture and investigated the deforma-

tion behavior of an aggregate in the dislocation creep

regime. They explored the conditions of a modest

strength contrast, i.e., the relative strength of the two

phases changes by a factor of �1–10. They found that

both stress and strain are heterogeneous and that the

relation between the average strength of an aggregate

and the strength of an individual phase depends on the

relative strength and geometry of the two phases as

follows:

(i) If a volumetrically small phase is relatively weak,

the average strength of a mixture is approximately

the same as that of a homogeneous strain rate.

220 Deformation of Earth Materials



(ii) If a volumetrically small phase is relatively strong,

the average strength is close to that of homoge-

neous strain.

(iii) However, if the geometry of a weak phase is such

that most of the strain is taken by the weak phase

then the average strength is close to that of homo-

geneous stress.

The trends (i) and (ii) are similar to the results of

a self-consistent model (see section (12.3.2)). As we

will see later, experimental observations show that

when the strength contrast is very large, a significant

deviation from the above trend can be seen. An

important case is a two-phase mixture with a very

weak minor phase. In such a case, strain tends to

be partitioned largely into a weaker phase and even

for a small volume fraction, rheological behavior is

similar to the case of homogeneous stress (see (12.7)).

Note also that the above theoretical models do not

consider the effects of evolving geometry of two-

phases.

12.3.3. Effective stress exponent and activation
enthalpy

Let us now consider a case of a mixture of two materi-

als that deform plastically by the power-law creep with

different stress exponents and activation enthalpies.

What is the effective stress exponent and the activation

enthalpy of a two-phase mixture?

Let us define the flow-law parameters of each

phase as

_"i ¼ Ai exp �
H�i
RT

� �
�ni i ¼ 1; 2: (12:42)

Now let us define the composite flow law as

_"c ¼ Ac exp �
H�c
RT

� �
�ncc : (12:43)

Consider twocases:homogeneousstrain (rate)andhomo-

geneous stress. For homogeneous strain rate, one has

�c ¼ x1�1 þ x2�2 ¼ x1
_"c

A1 exp �H�1=RT
� �

 !1=n1

þ x2
_"c

A2 exp H�2=RT
� �

 !1=n2
ð12:44Þ

Similarly for homogeneous stress,

_"c ¼ x1 _"1 þ x2 _"2 ¼ x1A1 exp �
H�1
RT

� �
�n1c

þx2A2 exp �
H�2
RT

� �
�n2c : ð12:45Þ

From equations (12.44) and (12.45), one obtains

(Problem 12.6; FRENCH et al., 1994)

nc ¼ x1
_"1
_"c
n1 þ x2

_"2
_"c
n2 for homogeneous stress

(12:46a)

1

nc
¼ x1

�1
�c

1

n1
þ x2

�2
�c

1

n2
for homogeneous strain rate

(12:46b)

and

H�c ¼ x1
_"1
_"c
H�1 þ x2

_"2
_"c
H�2 for homogeneous stress

(12:47a)

H�c ¼ x1
nc
n1

�1
�c

H�1 þ x2
nc
n2

�2
�c

H�2 for homogeneous

strain rate: ð12:47bÞ

The corresponding pre-exponential factors of an

aggregate can also be related to properties of individual

phases namely,

Ac ¼ x1A1 exp �
H�1
RT

� �
�n1c þ x2A2 exp �

H�2
RT

� �
�n2c

� 	

� exp H�c
RT

� �
��ncc for homogeneous stress

(12:48a)

Ac ¼ x1A
�1=n1
1 exp

H�1
n1RT

� �
þ x2A

�1=n2
2 exp

H�2
n2RT

� �� 	�nc

� exp H�c
RT

� �
for homogeneous strain rate:

(12:48b)

These results mean that the effective stress exponent or

activation enthalpy of a two-phase mixture depends on

the distribution of stress or strain rate as well as the

stress exponent, the activation enthalpy and the pre-

exponential factor in each phase.
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Problem 12.6

Derive equations (12.46) and (12.47).

Solution

For homogeneous stress, taking the logarithmic

derivative of equation (12.45) @ log _"c=@ log �c ¼ nc ¼
x1ð _"1= _"cÞn1 þ x2ð _"2= _"cÞn2 and @ log _"c=@ �1=RTð Þ ¼
H�c ¼ x1ð _"1= _"cÞH�1 þ x2ð _"2= _"cÞH�2. Similarly, for

homogeneous strain rate, from equation (12.44),

@ log �c
@ log _"c

¼ 1

nc
¼ x1

�1
�c

1

n1
þ x2

�2
�c

1

n2

and

@ log�c
@ 1=RTð Þ ¼

H�c
nc
¼ x1

�1
�c

H�1
n1
þ x2

�2
�c

H�2
n2
:

JI and ZHAO (1993) presented a similar model in

which the logarithmic stress or strain rate is assumed to

be additive, namely, log�c ¼ x1 log�1 þ x2 log�2 and

log _"c ¼ x1 log _"1 þ x2 log _"2. However, there is no

obvious reason to assume that the logarithmic stress

or strain is additive. CHEN and ARGON (1979) studied

the relationship between nc and the stress exponents of

individual phases using the self-consistent approach.

12.4. Percolation

12.4.1. General introduction

The above models are applicable to the case where the

contrast in properties among co-existing phases is

small. When the contrast in properties is large, some

other approaches are needed, and it is in such a case

where the issue of deformation of two-phase materials

becomes particularly important. However, theoretical

understanding of deformation of such a material (i.e.,

deformation of a two-phase mixture with highly con-

trasting rheological properties) is not well developed.

Percolation theory is one of the models in which one

can treat behavior of a two-phase mixture with a large

contrast in property. In this theory, one investigates

how the overall properties of a mixture depend on the

mixing ratio (volume fraction of each phase). In cases

where the properties are vastly different, the properties

of a mixture depend strongly on the geometry of a

mixture, particularly the interconnectedness of a weak

phase. To see this point, consider a mixture of an

insulator and a metal, or a liquid and a solid. In these

cases, when the volume fraction of a ‘‘weaker’’ phase (a

phase with low viscosity or high conductivity) reaches a

critical value, then a drastic change in bulk property will

occur. For example, in the case of a mixture of an

insulator and a metal, when metallic particles are dis-

tributed in an isolatedmanner, then the overall electrical

conductivity is dominated by the insulator, and hence is

zero. However, at a certain critical volume fraction of a

metallic phase, a metallic phase will be connected from

one end of the sample to another, and then conductivity

will increase dramatically. This sharp transition between

isolated to connected geometry is called the percolation

transition. The purpose of a model is to find this critical

volume fraction, percolation threshold, and to under-

stand how the connectivity of a weaker phase evolves

with its volume fraction. For a review of percolation

theory one can consult STAUFFER and AHARONY

(1992). A succinct discussion of percolation theory and

its applications to the properties of heterogeneous rocks

are given in GUEGUEN and PALCIAUSKAS (1994).

In this approach, the connectivity of a weaker phase

is a key. Consider a square lattice where each site can

be occupied by a weaker phase or empty (i.e., occupied

by a stronger phase). In Fig. 12.4, we define a group of

weaker phase materials that are connected each other.

Such a group is called a cluster. The central issue of a

percolation theory is to calculate the size of cluster, S

(i.e., the number of sites that are contained in a cluster),

and define the condition at which S becomes infinite.

As we will find, the cluster size approaches infinity at a

certain volume fraction of a weaker phase as

S / 1

ðpc � pÞx ðp5pcÞ (12:49)

where x is a constant that depends on the mechanisms

of percolation, p is the probability of finding a site

occupied by a weaker phase (i.e., the volume fraction

of a weaker phase), and pc is the critical volume

(a) (b)

FIGURE 12.4 Cluster and percolation.
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fraction of a weaker phase (the percolation threshold).

In addition to S (the size of cluster), the fraction of sites

that belongs to infinite clusters, P, is also an important

quantity. This quantity determines the properties of a

two-phase mixture above the percolation threshold.

12.4.2. The Bethe lattice

Exact calculations of properties of a random mixture

of two materials are difficult, and most results have

been obtained by numerical calculations (see

STAUFFER and AHARONY, 1992). However, an analyt-

ical result can be obtained in one particular model. In

this model, we consider sites that are connected to z

neighboring sites (z: coordination number). Consider a

site from which bonds are formed. There are z bonds

from each site. From each of these new sites (Ai) that

are bonded to this original site, there will be z� 1

bonds to the neighboring sites extending to ‘‘outside’’

(Aiþ 1), and so on. This network of objects involving

infinite number of objects is called the Bethe lattice

(BETHE, 1935) (Fig. 12.5). Now let us assume that

each site is occupied by an object with a probability p

(p is the fraction of a weak phase). Then for a given site

(Ai), the probability that this site is bonded to the

neighboring sites (Aiþ 1) is (z� 1)p. Repeating this

process to the next neighboring sites, one finds that

the probability to find a connected bond at the n-th

step is z� 1ð Þp½ �n. If z� 1ð Þp51, then z� 1ð Þp½ �n! 0

as n!1. Consequently, if one were to have an infinite

cluster, z� 1ð Þp ¼ 1 and hence the condition for per-

colation is given by

pc ¼
1

z�1 : (12:50)

More sophisticated calculations have been made for

the percolation threshold for various lattice. The

results are summarized in Table 12.1. Note that there

are two values of percolation threshold: one for bond

percolation and another for site percolation. Bond

percolation refers to percolation that occurs in a sys-

tem in which all sites are occupied with a weaker phase,

but the connection (bond) between each site is made

only with certain probability, p. Site percolation occurs

in a system in which each site is occupied by a weaker

phase with probability, p. It is interesting to compare

this value with the value for the critical melt fraction at

which a solid-like behavior changes to a liquid-like

behavior. VAN DER MOLEN and PATERSON (1979)

determined that this values is� 0.2–0.3 for plastic defor-

mation of a partiallymolten granite (see also SCOTT and

KOHLSTEDT, 2006). It is also noted that this critical

volume fraction is close to the fraction of a weaker

phase ((Mg,Fe)O) in Earth’s lower mantle (e.g.,

KARATO, 1981b; YAMAZAKI and KARATO, 2001b).

Let us now calculate how the size of cluster, S,

increases as p approaches a critical value, pc, and how

the fraction of sites that belong to an infinite cluster

changes if p exceeds the critical value, pc. Consider the

Bethe lattice made of infinite sites (Fig. 12.5). z

branches emanate from the origin. Let us define, T,

as the average size of each branch, i.e., the average

number of sites that belong to one branch. From one

point, say Ai, there are z� 1 neighboring sites, Aiþ 1,

that will extend further away. They are either unoccu-

pied sites or occupied sites. Since the network is infin-

ite, one can calculate the average size of a cluster by

counting the number of sites in the connected network

starting from any site. The chosen site may either be

occupied or unoccupied with a weak phase. The unoc-

cupied sites contribute 0 to the size of cluster, whereas

the occupied sites contribute 1 from the site itself and

(z� 1)T 0 from the extending cluster whereT 0 is the size

of a cluster that starts from this particular site.

However, since we consider an infinite network, the

average size of subbranch of cluster is also T, i.e.,

T¼T 0. Therefore

TABLE 12.1 The percolation threshold for various three-

dimensional lattices.

Lattice Bond percolation Site percolation

Diamond 0.388 0.428

Simple cubic 0.249 0.312

bcc 0.179 0.245

fcc 0.119 0.198

O

A3

A2

A1

FIGURE 12.5 The Bethe lattice. O is origin, which is connected to

A1, A2, � � �. From each site there are z branches.
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T ¼ ð1� pÞ � 0þ pð1þ ðz� 1ÞTÞ (12:51)

hence

T ¼ p

1�ðz�1Þp ¼
1

z�1
p

pc�p
: (12:52)

The size of a cluster emanating from the origin is 0 for

an unoccupied case and 1þ zT for an occupied case,

hence

S ¼ ð1� pÞ � 0þ pð1þ zTÞ (12:53)

and

S ¼ pð1þpÞ
1�ðz�1Þp ¼

1

z�1
pð1þpÞ
pc�p

: (12:54)

The size of a cluster goes to infinity as p! pc.

Now let us calculate the average fraction of mate-

rial points, P, that belong to infinite clusters when

p exceeds a critical value, pc. As P increases, the

strength of a mixture will decrease. To calculate the

value of P, let us first define the probability, Q, that a

path from the origin is interrupted somewhere. This

can happen either by (i) having an occupied point but

all the out-going branches are not connected to infin-

ity or (ii) by having this point unoccupied (1�p).
Since there are z� 1 branches, the first probability is

pQz�1, and obviously the probability for (ii) is 1�p.
Therefore

Q ¼ pQz�1 þ 1�p: (12:55)

Rearranging equation (12.55), one finds

ðQ� 1Þ 1� pðQz�2 þQz�3 þ � � � þQþ 1Þ
� 


¼ 0:

(12:56)

Now the probability that the origin is occupied but not

connected to infinity is pQz. The probability that the

origin is occupied and connected to infinity is P.

Therefore

p ¼ pQz þ P: (12:57)

Equations (12.55) and (12.57) can be solved to

obtain,

p� P

p

� �1=z
� p

p� P

p

� �ðz�1Þ=z
þ p� 1 ¼ 0: (12:58)

This equation gives a relationP ¼ P pð Þ (Fig. 12.6). The
solution has a general behavior such that P! 1 as

p! 1 and P! 0 (P! p� pcð Þ� (�¼ 1 for z¼ 3)) as

p! pc ðp4pcÞ (Problem 12.7).

Problem 12.7

Show that P! 1 as p! 1 and P! p� pcð Þ� (�¼ 1 for

z¼ 3) as p! pcðp4pcÞ.

Solution

For any value of z, let p! 1 in equation (12.58), then

one gets 1� Pð Þ ¼ 1� Pð Þz�1. Thus P� 1ð ÞP�
1þ 1� Pð Þ þ � � � þ 1� Pð Þz�3
n o

¼ 0 since 1þ

1� Pð Þ þ � � � þ 1� Pð Þz�340, P¼ 1. From

equation (12.58), as p! pc, 1� P=pcð Þpc=ðpcþ1Þ

�pc 1� P=pcð Þ1=ðpcþ1Þþpc � 1 ¼ 0 and hence P! 0.

Therefore P / p� pcð Þ�. For z¼ 3, equation (12.58)

can be written as X� pX2 þ p� 1 ¼ �p X� 1ð Þ�
X� ð1� pÞ=pð Þ ¼ 0 with X � ðp� PÞ=Pð Þ1=3. Since

X¼ 1 corresponds to P¼ 0, a physically

meaningful solution is X ¼ ð1� pÞ=p, hence

P ¼ p� 1� pð Þ3=p2 ¼ 2 p� 1
2

� �
p2 � pþ 1
� �

=p2 !
6 p� 1

2

� �
¼ 6 p� pcð Þ as p! pc (Fig. 12.6).

The above analytical results are for a special case of

the Bethe lattice. For a more general case, numerical

modeling must be employed. However, a general rela-

tionship is that S diverges as p! pc, andP! 1 as p! 1

and P! p� pcð Þ� as p! pc (p> pc). Rheological

behavior above the percolation threshold is likely to

be dominated by a weaker phase. This approach will be

useful when the contrast in property between two

phases is very large. However, this approach has not

been applied to long-term creep.

P

p

1

pc0

FIGURE 12.6 Plots of P (the fraction of sites occupied by a weak

phase) versus p (the fraction of a weak phase). P¼ 0 for p< pc and

P! 1 as p! 1 and P! (p� pc) as p! pc (p> pc).
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12.5. Chemical effects

Presence of a secondary phase has another obvious

effect. Consider an aggregate of olivine, (Mg,Fe)2SiO4.

When a very small amount of (Mg,Fe)O (or

(Mg,Fe)SiO3) (say 1%) is added, it will not have a

direct mechanical effect (other than controlling the

grain size through Zener pinning; see Chapter 13).

However, addition of (Mg,Fe)O (or (Mg,Fe)SiO3)

changes the oxide activity and hence indirectly changes

the rheological properties of the aggregate (BAI et al.,

1991).

Also, the presence of a secondary phase may influ-

ence the rheological properties through its influence on

the properties of interfacial boundaries. Consider a

mixture of A and B. Unlike a pure A (or B) phase

aggregates, a mixture of two phases has a large fraction

of A–B boundary. Diffusional creep involving these

interphase boundaries may be largely different from

those of grain boundaries in a pure phase. CHEN (1982)

and WHEELER (1992) proposed a model of diffusional

(or pressure-solution) creep in which the role of inter-

phase boundary is emphasized. These authors ana-

lyzed the problem of diffusional creep involving

interfacial boundaries and found that enhancement of

creep could occur if deviation from stoichiometry is

allowed in these phases. However the deviation from

stoichiometry likely occurs only under very high stress

(see Chapter 8). Under relatively small stress condi-

tions that are normally the case for diffusional creep,

the stoichiometry must be preserved and hence the

enhanced deformation will not be realized. In fact the

experimental observation by HITCHINGS et al. (1989)

of higher deformation rate of a mixture of olivine with

other phases quoted byWHEELER (1992) turned out to

be an artifact caused by the systematically smaller

grain size of these two-phase mixtures (the importance

of systematic variation in grain size in two-phase mix-

ture was noted by MCDONNELL et al. (2000) and JI

et al. (2001)). Therefore I conclude that there is no

evidence of enhanced deformation due to the chemical

effect as proposed by WHEELER (1992).

12.6. Deformation of a single-phase
polycrystalline material

Deformation (elastic or plastic deformation) of a single-

phase polycrystalline material can be treated in the

same way as deformation of a multi-phase material.

In this case, each grain has anisotropic mechanical

properties, Mijkl, and the question is how to take an

average of anisotropic mechanical properties to obtain

average properties of a polycrystalline aggregate.

Such a problem has been solved for two end-member

cases (homogeneous stress and homogeneous strain

(rate)) for isotropic aggregates with linear mechanical

properties. Here I simply summarize the results (for

more detail see HILL, 1952; WATT et al., 1976). For

the upper bound (homogeneous strain (rate): Voigt,

Taylor model),

~MD
a ¼

Aþ2B
3

for dilatational deformation

(12:59a)

~MS
a ¼

A�Bþ3C
5

for shear deformation (12:59b)

with A ¼ 1
3 ðM11 þM22 þM33Þ; B ¼ 1

3 ðM12 þM23þ
M31Þ; C ¼ 1

3 ðM44 þM55 þM66Þwhere Voigt notation
of moduli is used (i.e., M11 ¼M1111; M12 ¼M1122;

M44 ¼M2323 etc.: see Chapter 4). And for the lower

bound model (homogeneous stress: Reuss, Sachs

model),

~MD
b ¼ 3ðXþ 2YÞ½ ��1 for dilatational deformation

(12:60a)

and

~MS
b ¼

4X�4Yþ3Z
5

� 	�1
for shear deformation

(12:60b)

withX ¼ 1
3 ðS11 þ S22 þ S33Þ; Y ¼ 1

3 ðS12 þ S23 þ S31Þ;
Z ¼ 1

3 ðS44 þ S55 þ S66Þ where Sij is the abbreviated

notation of compliance defined by "ij ¼
P
kl

Sijkl�kl:

I should emphasize that the degree of anisotropy is

usually much larger for plastic deformation than for

elastic deformation. Consequently, the upper and the

lower bounds give largely different effective moduli.

The relation between single crystal deformation and

the strength of a polycrystalline aggregate was inves-

tigated by KOCKS (1970) and HUTCHINSON (1976,

1977). When homogeneous deformation is assumed,

then the overall strength of a polycrystalline aggregate

is dominated by that of a crystal with a hard orienta-

tion (see Chapter 9).

12.7. Experimental observations

Deformation of a multi-phase aggregate involves

complex features of stress and strain distribution and

therefore careful experimental studies are required to
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understand the nature of deformation of a multi-phase

aggregate. In analyzing or conducting experimental

studies, two issues must be noted. (i) Mechanical

behavior of a two-phase material is very sensitive to

microstructures including the geometry of each phase

and the grain-size. Therefore the microstructures of

deformed samples must be analyzed carefully in con-

junction with the mechanical data. The morphology of

each phase is important in estimating strain partition-

ing.Grain size is also critical, because grain size is likely

to be affected systematically by the mixture of various

phases (Chapter 13). Importance of grain-size sensitiv-

ity in plastic deformation two-phase aggregates has

been noted by MCDONNELL et al. (2000) and JI et al.

(2001). (ii) Microstructures often evolve with strain,

and therefore large-strain deformation experiments

are needed to fully understand the mechanical behav-

ior of a two-phase aggregate.

Experimental studies on plastic deformation of

multi-phase aggregates involve the determination of

mechanical properties of aggregates in relation to

strain partitioning. Strain partitioning can be inferred

from the microstructural analysis of a deformed

sample. This provides "1 ¼ A1" and "2 ¼ A2". Stress

partitioning can also be investigated using the equa-

tion (12.16) which can be rewritten as

� "ð Þ ¼ x1�1 A1"ð Þ þ x2�2 A2"ð Þ (this relation is valid

for non-linear constitutive relationships as well).

Given strain partitioning (i.e., A1 and A2) and the

volume fraction of each phase (i.e., x1 and x2), this

relation gives the stress partitioning. Note that the

stress and strain distribution in co-existing phases

( �1; "1ð Þ; �2; "2ð Þ) and the average stress–strain

(rate) (�, ") are related by a linear tie line defined

by BLOOMFIELD and COVEY-CRUMP (1993) (see

Problem 12.8)

�� �1
"� "1

¼ �� �2
"� "2

: (12:61)

This relation allows a graphical analysis of the stress–

strain distribution in a deformed two-phase mixture

within the coarse-microstructure approximation

(Fig. 12.7a). BLOOMFIELD and COVEY-CRUMP (1993)

performed detailed analysis of plastic deformation of a

mixture of calcite (harder phase) and halite (softer

phase) and found that a large fraction of strain is

partitioned in a softer phase (halite), and that the

degree of strain partitioning to a weaker phase

increases with strain (Fig. 12.7b). A similar observa-

tion was made by ROSS et al. (1987). In particular,

ROSS et al. (1987) showed that the stress–strain curve

can develop a negative slope when a large fraction of

strain becomes accommodated by a weaker phase.

Such observations suggest that the progressive parti-

tioning in strain into a weaker phase may lead to shear

localization under some conditions (see Chapter 16).

RYBACKI et al. (2003) conducted a detailed experi-

mental study on deformation of a mixture of calcite (soft

phase) and quartz (hard phase) in a mixture where the

volume fraction of a hard phase is small (1–30%). They

found that as the fraction of a hard material increases

both stress exponent and activation energy become

closer to those of a hard material. This indicates that

the mechanical behavior at larger fractions of a hard

phase moves closer to homogeneous strain (see discus-

sion in section 12.3.3) in which a large fraction of load is

supported by a harder phase material. This concept is

sometimes referred to as load transfer (e.g., PARK and

MOHAMED, 1995; LI and LANGDON, 1998). Other

experimental works include JORDAN (1987), ROSS

et al. (1987), BONS and COX (1994), BONS and URAI

(1994), KRAJEWSKI et al. (1995), BRUHN and CASEY
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FIGURE 12.7 (a) A graphical representation of relation (12.61).

(b) The stress–strain relationship in a deformed 30% halite þ 70%

calcite aggregate (after BLOOMFIELD and COVEY-CRUMP, 1993).
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(1997), BRUHN et al. (1999), MCDONNELL et al. (2000),

JI et al. (2001) and XIAO et al. (2002).

Problem 12.8

Derive equation (12.61).

Solution

From equation (12.16), � ¼ x1�1 þ x2�2, so using

x1 þ x2 ¼ 1 one has �� �2 ¼ x1 �1 � �2ð Þ and

�� �1 ¼ �x2 �1 � �2ð Þ. Similarly, "� "2 ¼ x1 "1 � "2ð Þ
and "� "1 ¼ �x2 "1 � "2ð Þ. Eliminating x1 and x2, one

finds ð�� �1Þ=ð"� "1Þ ¼ ð�� �2Þ=ð"� "2Þ:

12.8. Structure and plastic deformation
of a partially molten material

The mechanical properties of a partially molten mate-

rial have attracted much attention because partial

melting is the most important process by which Earth

(and other planets) evolves. Therefore the understand-

ing of physical processes of evolution of Earth and

terrestrial planets relies strongly on our understanding

of physical properties of a partially molten material. In

this book, we focus on the plastic deformation of a

partially molten material. A partially molten material

is one of the multi-phase materials, but the contrast in

mechanical properties is large. Not only that the fluid

phase has no rigidity, but also a fluid phase usually has

a much lower bulk modulus. Consequently, the influ-

ence of partial melting on mechanical properties is

large both for compressional properties (bulk modulus

and compaction rate) and for shear properties (shear

modulus and (effective) viscosity).

From a mechanical point of view, partial melt is a

mixture of materials with largely contrasting properties.

As we have learned above, the physical properties of a

mixture (with large contrast in properties) are sensitive

to the geometry of the phases involved. Therefore we

will start with the geometry of partial melt, and then

discuss the plastic flow properties of partial melt.

12.8.1. Geometry of partial melt

Consider a solid–liquid contact. There are two types of

interface at this contact: a solid–solid interface and a

solid–liquid interface. Each interface is associated with

interfacial energy, �ss and �sl respectively. The force

balance condition demands

cos
�

2
¼ �ss

2�sl
(12:62)

where � is the dihedral angle (Fig. 12.8). This equation

means that the dihedral angle is controlled by the

relative value of interfacial energies. The dihedral

angle increases with the increase of �sl=�ss and �¼ 0

for �sl=�ss 
 1
2. Notice that �¼ 0 for a wide range of

�sl=�ss, and as a consequence many materials show

�¼ 0. It should also be noted that equation (12.62) is

a simplified equation. In a more general case, interface

energies are dependent on crystallographic orientation

and hence the dihedral angle is in general orientation-

dependent (e.g. FAUL et al., 1994). Interfacial energies

also change with the concentration and type of impur-

ities (Chapter 5).

As shown in Fig. 12.9, the dihedral angle controls

the morphology of melt. If �¼ 0, the melt completely

wets grain boundaries. For 1
3p 60�ð Þ � �40, the fluid

pressure in the melt is smaller than outside and the tube

of melt is a stable geometry. Whereas for �4 1
3pð60�Þ,

the fluid in a melt pocket will have a higher pressure

than the surroundings, and the melt will assume iso-

lated pockets (for a small melt fraction). For most

silicate systems, dihedral angles of 308–508 are often

observed (e.g., WAFF and BLAU, 1979, 1982; COOPER

and KOHLSTEDT, 1982; TORAMARU and FUJII, 1986),
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FIGURE 12.8 The relation between the dihedral angle and the ratio

of interfacial energies.
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whereas with silicate minerals and aqueous fluids

�41
3 p is observed at low pressures (P< 2GPa;

WATSON and BRENAN, 1987). Note, however, that the

dihedral angles depend strongly on the chemical compo-

sition of fluid that coexists with solid. When the compo-

sitions of fluid and solid are similar, dihedral angle is

small. In fact, YOSHINO et al. (2007) showed that the

dihedral angle in silicate melt and olivine changes sys-

tematically with pressure and reaches 0 degrees at

�7GPa. Fig. 12.8 shows that a small variation in

�sl=�ss results in a large variation in dihedral angle.

Therefore a wide range of dihedral angle is expected

even in a simple one-component system. Wetting geom-

etry is also affected by the presence of deviatoric stress.

This can be understood by comparing the effective stress

due to interfacial tension with the applied stress. For

�1mm radius of curvature, the interfacial tension will

be�1MPa (for interfacial energy of�1 J/m2). So a stress

larger than this will influence the melt geometry.

12.8.2. Deformation of a partially molten material

Deformation of a partially molten material may be

classified into: (i) elastic deformation, (ii) anelastic

deformation and (iii) plastic (viscous) deformation.

Some aspects of anelastic deformation of a partially

molten material have been discussed in Chapter 11.

Here I will focus on (steady-state) plastic deformation

of a partially molten material.

Deformation of a partially molten material occurs

in two different modes. In one mode, when the relative

motion of melt and solid is allowed, then volumetric

deformation occurs leading to compaction. Physics of

compaction was investigated by MCKENZIE (1984)

and BERCOVICI et al. (2001a). Compaction is a process

in which the fluid is squeezed out of a partially molten

material due to the gravity force caused by density

difference or to the external force. The compaction is

characterized by a compaction length that is the char-

acteristic length at which the porosity changes due to

compaction. Since compaction involves viscous flow of

fluid out of the solid skeleton that is accommodated by

plastic deformation of solid, the compaction length

depends on the permeability of fluid, k, as well as the

viscosity of solid and melt, �solid;melt, as,

	c �

ffiffiffiffiffiffiffiffiffiffiffiffi
k�solid
�melt

s
: (12:63)

Since deformation of the solid skeleton associated with

compaction includes volumetric strain, the effective

viscosity of solid, �solid, includes not only shear viscos-

ity but also bulk viscosity, �solid ¼ �bulksolid þ 4
3�

shear
solid where

�bulk; shearsolid is the bulk (or shear) viscosity of solid. The

concept of a bulk viscosity has not always been made

clear in the literature on fluid mechanics. A standard

textbook such as LANDAU and LIFSHITZ (1987) does

not give a physical explanation for the bulk viscosity.

SCOTT and STEVENSON (1984) (see also RICARD et al.,

2001) provided a clear physical explanation for the

bulk viscosity for deformation of a porous material:

they showed that the bulk viscosity is in fact deter-

mined by the shear viscosity of solid and the porosity

as �bulksolid � �shearsolid =
 where 
 is the porosity (note that

�bulksolid !1 as 
! 0 and �bulksolid ! �shearsolid as 
! 1). This

relation implies that at a small porosity, �bulksolid � �shearsolid

and squeezing melt will become progressively more

difficult as the melt fraction (porosity) decreases.

Problem 12.9*

Derive the relation (12.63) for compaction length.

Solution

Recall that the compaction process involves fluid

segregation due to the differential pressure that is

controlled by permeability, k, namely, Jmelt ¼
�ðk=�meltÞðdp=dxÞ (Jmelt, melt flux; p, pressure).

Now let the characteristic pressure difference be �p

and the characteristic length-scale at which pressure

(a)

Solid

Solid
Liquidθ

(b)

θ = 0

θ > 60°

(d)

0 < θ < 60°

(c)

FIGURE 12.9 The geometry of partial melt as a function of the

dihedral angle (after KARATO, 2003a).
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changes be 	c. Then, Jmelt ¼ �ðk=�meltÞ ðdp=dxÞ
	 �ðk=�meltÞ ð�p=	cÞ. Note that the pressure changes

due to the change in porosity, and therefore the

characteristic length at which the pressure changes is

identical to the compaction length. Plastic deformation

of solid must occur associated with the melt

segregation. The mass flux of melt must be

accommodated by the deformation of solid, so that

dVsolid=dt 	 �dVmelt=dt ¼ �SJmelt (S, cross section

area). Consequently, dVsolid=dt ¼ Vsolid _"solid ¼
�SJmelt ¼ Sðk=�meltÞð�p=	cÞ where _"solid ¼ ð1=VsolidÞ �
ðdVsolid=dtÞ. Now the volume change occurs in a

column with a length of 	c, so that Vsolid=S 	 	c. Also

the stress that causes deformation of solid is similar to

the pressure difference, �p 	 �, and using the

definition of solid viscosity, � ¼ �solid _"solid, one

obtains 	c ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
k�solid=�melt

p
.

Let us focus on shear (plastic) deformation of a

partial melt in which a large-scale relative motion

of melt and solid does not occur. In this case, we

have a mixture of melt and solid. Two end-member

cases can easily be distinguished. One is deformation

of a mixture of a large amount of melt with a

small amount of solid. In this case, the overall

rheological property is controlled by that of a

melt with a small influence of solid suspensions.

Using the assumption that stress is supported by

the melt but solid particles do not deform,

_" 	 1� 
ð Þ _"melt, and one would get � ¼ �0 1
1�


	 �0 1þ 
ð Þ where �0 is the viscosity of pure liquid

and 
 (
 1) is the volume fraction of solid particles.

However, some corrections must be made as to the

distortion of flow lines by solid particles that yield the

well-known Einstein formula (e.g., EINSTEIN, 1906;

LANDAU and LIFSHITZ, 1987),

� ¼ �0 1þ 5

2



� �
: (12:64)

Experimental data and some models for viscosity of

liquids with solid suspensions are summarized in

MCBIRNEY and MURASE (1984; see also RYERSON

et al., 1988). Interpreting (12.64) as an equation for a

small change in viscosity for a small change in concen-

tration of suspension, ROSCOE (1952) obtained the

following equation for the viscosity of a liquid with a

relatively large amount of suspension,

� ¼ �0ð1� A
Þ�5=2 (12:65)

where A is a constant near unity (ROSCOE, 1952). This

formula gives an appropriate asymptotic limit of rela-

tion (12.64) for 
! 0, � 	 �0 1þ 5
2A


� �
, and also yields

infinite viscosity as 
! 1=A.

Another end-member case is a case where amaterial

is dominated by solid with a small amount of melt. In

this case, deformation is similar to the LBF (load bear-

ing framework) and the strength is given by

� ¼ 1� 
ð Þ�s þ 
�m 	 1� 
ð Þ�s where 
 is the melt

fraction, and �s,m is the strength of solid and melt

respectively. Therefore the creep strength of a material

will be modified through stress concentration as

�s 	
�

1�
 : (12:66)

HIRTH and KOHLSTEDT (1995b) showed that their

data on deformation of olivine and basaltic melt in

the dislocation creep regime roughly fit this relation.

For diffusional creep, additional effects will arise due

to the reduction of diffusion path if diffusion occurs

along grain boundaries, i.e., Coble creep (this effect will

not be present in Nabarro–Herring creep). Diffusion dis-

tance will be shortened by the presence of melt that

enhances the rate of deformation by L0=L ¼
1=ð1� B �ð Þ

ffiffiffi


p
Þ where B(�) is a geometrical factor that

depends on the dihedral angle (COOPER and

KOHLSTEDT, 1986; COOPER et al., 1989) (see

Fig. 12.10, Problem 12.10). The stress concentration

effect given by equation (12.66) can also be cast in

terms of the reduction of melt-free boundary, as

�s 	 �
L0

L

� �2

¼ �

ð1� Bð�Þ
ffiffiffi


p
Þ2
: (12:67)

Therefore combining these two effects, one gets,1

d

π/3
θ/2

ϕ

L

FIGURE 12.10 The geometry of diffusional mass transport along a

grain boundary.

1 This formula is slightly different from the result proposed by COOPER et al.

(1989), i.e., _" ¼ _"0 L=L0ð Þ4¼ _"0½1= 1� Bð�Þ
ffiffiffi


p

ð Þ4�. Different from the

present discussion, COOPER et al. (1989) argued that the chemical potential

gradient driving diffusional flow is enhanced by the presence ofmelt pocket.
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_" ¼ _"0
L

L0

� �3

¼ _"0
1

ð1� Bð�Þ
ffiffiffi


p
Þ3
: (12:68)

Experimental results on grain-boundary diffusional

creep (Coble creep) on olivine and basalt agree reason-

ably well with this model (see KOHLSTEDT, 2002).

KELEMEN et al. (1997) proposed the following rela-

tion that describes the rheological behavior of a parti-

ally molten rock for a broad range of melt content,

_" ¼ _"0 expð�
Þ (12:69)

where � is a non-dimensional constant (� 20–40).

However, there is no strong theoretical basis for this

equation, and it should be considered as a practical

means to fit the data. For example, the asymptotic

behavior of (12.69) at 
! 0 does not agree with that

of equation (12.68) and an extrapolation to 
! 1

would give _" ¼ _"0 exp �ð Þ which does not contain any

physical constant for liquid phase which is physically

unreasonable. A more appropriate formula that agrees

with a relation (12.68) at 
! 0 is

_" ¼ _"0 expð�0
ffiffiffi



p
Þ (12:70)

with �0 ¼ 3B(�) but this formula also yields an unrea-

sonable limit for 
! 1. So both equations (12.69) and

(12.70) must be considered as rough approximations

for a small melt fraction.

The relation such as equations (12.67) and (12.68)

indicates that the degree of enhancement of plastic

deformation is highly sensitive to the wetting behavior

throughB(�). Formaterials with smaller dihedral angles

(largerB(�)), the degree of enhancement of deformation

will be larger. The importance of wetting behavior in

plastic deformation of partially molten materials was

investigated by PHARR and ASHBY (1983).

JIN et al. (1994) conducted deformation experi-

ments of partially molten peridotites and reported

very large effects of partial melting in reducing the

creep strength of peridotite at small melt fractions.

These authors attributed this to near complete wetting

of grain boundaries during deformation. The results by

Green’s group (JIN et al., 1994) are in marked contrast

to the results fromKohlstedt’s group (see KOHLSTEDT,

2002) that show only limited wetting and hence modest

weakening effects at small melt fractions (<5%). JIN

et al. (1994) argued that complete wetting occurred

during their experiments (at P¼ 1.5GPa), but that

after removing the stress melt geometry went back to

equilibrium non-wetting geometry. If this is true then

one needs to explain why this dynamic wetting did not

occur in Kohlstedt group’s experiments. The cause for

this discrepancy is not resolved. Complete wetting is

observed in static experiments in a peridotite system at

high pressures (YOSHINO et al., 2007), and in such a case,

plastic deformation should be enhanced dramatically.

Rheological properties of a partially molten mate-

rial evolve with strain. At high stresses and large

strains, the morphology of melt changes from interface

tension-controlled morphology to stress-controlled

morphology leading to rheological weakening (e.g.,

ZIMMERMAN et al., 1999). This phenomenon was first

reported by BUSSOD and CHRISTIE (1991). The degree

to which deformation affects the geometry of melt

depends on the relative magnitude of applied devia-

toric stress and the stress caused by interfacial tension.

Briefly, the ratio of stress due to external force to the

stress due to interface tension at melt–solid contact,

�=ð�=rÞ (�, interface energy; r, the radius of curvature
of melt–solid interface), controls the influence of stress

on melt geometry. I note that the stress at the melt–

solid contact depends on the melt fraction. The radius

of curvature is proportional to the melt fraction, 
, as

r /
ffiffiffi


p

, and consequently the critical stress changes

with melt fraction as �c / 1=
ffiffiffi


p

. This relation implies

that the influence of applied stress on melt geometry is

small for a small melt fraction, but the influence of stress

becomes important at a largemelt fraction.With increas-

ing melt fraction, the radius of curvature will increase

and the influence of applied stress will become more

important. Some theoretical and experimental studies

are available on this issue but much remains unexplored

(NYE and MAE, 1972; RAJ, 1986; SROLOVITZ and

DAVIS, 2001; MEI et al., 2002; HOLTZMAN et al.,

2003a; HIER-MAJUMDER et al., 2004).

Problem 12.10*

Consider a partially moltenmaterial with amelt pocket

with a negative curvature (i.e., 05� 
 1
3 p). Show that

the radius of curvature of a melt is proportional to
ffiffiffi


p

where 
 is the melt fraction, and

Bð�Þ ¼ 8
ffiffiffi
3
p

3

 !1=2
sin p=6� �=2ð Þffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1
3

ffiffiffi
3
p
ð1þ cos �Þ þ sin �� p=3� �ð Þ

q :

Solution

Consider a two-dimensional section of a melt tube

shown in Fig. 12.10. Let � be the dihedral angle, and

’ be the angle defined by the center of radius of

curvature and the two corners of the melt pocket
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(Fig. 12.10). From a geometrical consideration, one

can show �þ ’ ¼ p=3 and the cross sectional area of

a melt tube is calculated to be ð3r2=2Þ�
1
3

ffiffiffi
3
p
ð1þ cos �Þ þ sin �� p=3� �ð Þ

� �
. A melt tube is

contained in a solid with an area of 1
4

ffiffiffi
3
p

L2
0 (L0 the

distance of two adjacent grains, Fig. 12.10). Therefore

the porosity is 
 ¼ 2
ffiffiffi
3
p

r=L0ð Þ2 1
3

ffiffiffi
3
p
ð1þ cos �Þþ

�
sin �� p=3� �ð ÞÞ, i.e., r /

ffiffiffi


p

. The length of a

grain boundary that is covered by a melt is

rð4
ffiffiffi
3
p

=3Þ sin p=6� �=2ð Þ. Using the definition of

B �ð Þ; l=l0 ¼ 1� B �ð Þ
ffiffiffi


p

where l0 is the length of grain

boundary and l is the length of grain boundary that is

not wetted by melt, one obtains,

Bð�Þ ¼ 8
ffiffiffi
3
p

3

 !1=2
sin p=6� �=2ð Þ

1
3

ffiffiffi
3
p
ð1þ cos �Þ þ sin �� p=3� �ð Þ

� � :

Rheological properties of partially molten materials

at large melt fractions have been investigated by ARZI

(1978), VAN DER MOLEN and PATERSON (1979),

MECKLENBURGH and RUTTER (2003), and SCOTT

andKOHLSTEDT (2006). In most of these studies, defor-

mation involves grain–grain switching or grain crush-

ing. ARZI (1978) defined a rheologically critical melt

fraction at which the mechanical behavior of a partial

melt changes from solid-like to liquid-like behavior.

This criticalmelt fraction corresponds to the percolation

threshold discussed in section 12.4. Rheological behav-

ior near the critical melt fraction is important in the

evolution of magma ocean (e.g., ABE, 1997).

In applying the results of experimental studies on

the influence of partial melting on rheological proper-

ties, one needs to address how the melt fraction in a

given rock is controlled. This problem not only

involves the thermodynamics of melting but also the

physics of compaction and melt transfer. Some aspects

of these issues are discussed in Chapters 17 and 19.
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13 Grain size

Grain size is one of the important microstructural parameters that control rheological properties.

Conversely, grain size often reflects deformation conditions. This chapter provides a detailed

account of the physical processes by which grain size is controlled.We start from the basic physics of

grain-boundary migration, and discuss the kinetics of grain growth, mechanisms of dynamic

recrystallization and finally the physics by which grain size is controlled by nucleation growth. Some

examples of the application of basic physics to understand the grain-size distribution and rheology

of Earth’s interior are presented.

Key words grain boundary, grain-boundary migration, grain growth, Zener pinning, Ostwald

ripening, dynamic recrystallization, nucleation growth in phase transformations, paleopiezometers.

13.1. Introduction

Grain size is an important parameter that controls the

rheology of rocks (see Chapter 8). The grain size of

rocks can vary from �10 mm (ultra-mylonite, a fine-

grained rock found in shear zones; e.g., BELL and

ETHERIDGE, 1973; WHITE et al., 1980; HANDY, 1989)

to �102–103 m (estimated grain size of the inner core;

BERGMAN, 1998, see also Chapter 17 of this book)

depending on its thermal and mechanical history. This

large variation in grain size causes significant changes in

rheological properties. For example, for a small grain

size and low stress, a polycrystalline material tends

to deform by grain-size sensitive creep mechanisms,

such as diffusional creep (see Chapter 8). In these

cases, the viscosity of a rock, �, changes with grain

size, L, as � / Lm where m is a constant between 2 and

3. Therefore a change in grain size by a factor of 100

(say 1mm to 10 mm) in this regime would lead to a

change in viscosity by a factor of 104 to 106. Thus the

understanding the processes that may control the grain

size of materials in Earth’s interior is critical to the

understanding of its rheological properties.

A close association of grain-size reduction and

large (localized) strain is seen in ductile shear zones

(mylonite) in Earth’s crust (WHITE et al., 1980; HANDY

et al., 1989). Grain-size reduction may lead to shear

localization under some conditions (Chapter 16). The

importance of grain size in controlling the style of man-

tle convection has also been studied by KARATO et al.

(2001), SOLOMATOV (2001), HALL and PARMENTIER

(2002) and KORENAGA (2005). Another example is

the inner core. There is evidence for strong scattering

of seismic waves in the inner core (CORMIER et al., 1998;

VIDALE and EARLE, 2000), suggesting that the grain

size there is comparable to the wavelength of seismic

waves (on the order of 103 m). This large grain size

probably results in the relatively large viscosity that

affects the dynamics of the inner core (Chapter 17).

Therefore there is a strong indication of an important

role for grain size on deformation, and it is crucial to

understanding the physical processes that may control

grain size in Earth’s interior.

In this chapter, I will first summarize the fundamen-

tals of grain-boundary migration and discuss three

processes by which grain size may be controlled in232



Earth: grain growth, dynamic recrystallization and

phase transformations (nucleation and growth). Under

static conditions, grain growth occurs to reduce the

grain-boundary energy in a rock. The importance of

grain growth has been inferred in several geological

cases including the variation in grain size as a function

of location in contact metamorphic rocks (e.g.,

JOESTEN, 1983; COVEY-CRUMP and RUTTER, 1989).

The fundamental physics of grain growth has been

well understood, although there are complications in

the grain-growth processes in multi-phase materials.

When deformation occurs by dislocation creep, heter-

ogeneous distribution in dislocation densities often

causes dynamic recrystallization by which grain size

may be reduced. Evidence of this deformation-induced

grain-size reduction is ubiquitous in many naturally

deformed rocks. The physical processes of dynamic

recrystallization are complicated and much less well

understood than (static) grain growth. However, vari-

ous models have been proposed, which will be sum-

marized in this section. When a phase transformation

(or chemical reaction) occurs, changes in grain size

may also occur by nucleation and growth processes.

13.2. Grain-boundary migration

Grain-boundary migration is one of the key processes

that control grain size. At a finite temperature, atoms

are always moving around by thermal fluctuation and

as a result an atom may change its position with time.

Consequently, atoms near a boundary should be mov-

ing back and forth from one grain to another across the

boundary.When the free energies are different between

the two neighboring grains, then atoms tend to stay in a

grain with a lower free energy. As a result, there is a

migration of grain boundary.

13.2.1. Driving forces

The above picture of grain-boundary migration indi-

cates that the driving force for grain-boundary migra-

tion is the difference in free energy across a grain

boundary. There are several causes for the difference

in free energies between neighboring grains. The first is

the bulk free energy difference between adjacent

grains. In this case, the driving force is simply,

F ¼ �g (13:1)

where �g is the difference in free energy per unit vol-

ume (the unit of the driving force is therefore the same

as pressure). One of the most important types of energy

difference is the difference in dislocation energy caused

by the heterogeneity in dislocation density. In this case,

equation (13.1) can be written as,

F ¼ �b2�� � (13:2)

Heterogeneity of dislocation density could be caused

by the orientation dependence of local stress, namely

(see Chapter 5),

F1 ¼
�2

�
�ðS2Þ
�� �� ¼ 2

�2S2

�

�S

S

����
���� (13:3)

where S is the Schmid factor (Chapter 5). Once a grain

boundary starts to move due to heterogeneity in dis-

location density, then a portion of a crystal behind the

moving boundary will have zero dislocation density.

Therefore the effective driving force will be the dislo-

cation density of grains with a higher dislocation

density.

Elastic strain energy difference is another driving

force. In this case,

F2 ¼ �ðe�Þj j ¼ �
2

�

��

�

����
���� � (13:4)

Comparing F1 and F2, one has F1=F2 ¼ 2S2ð�SÞ=S
��=�

��� ��� �
2�10 where we used the values of S� 0.4,

�S=S ¼ 0:5� 1:0 and ��=� ¼ 0:1� 0:2. There-

fore we conclude that the dislocation energy is in most

cases more important than the elastic strain energy.

Surface (boundary) tension is another important

driving force. A grain with a finite size has extra energy

associated with its grain boundary. Consequently,

grains with different grain size have different free ener-

gies. The energy per unit volume due to grain-

boundary energy is 2ð�=LÞ (Problem 5.12). Therefore

a difference in grain size causes a driving force for

grain-boundary migration,

F3 ¼ 2 �
�

L

��� ��� ¼ 2
�

L

�L

L

����
���� � �

L
(13:5)

where L is the grain size and we assumed, �L=L � 1
2.

This driving force is large when grain size is small.

Problem 13.1

Assuming S¼ 0.4, �=1011 Pa, �¼ 1 J/m2, �S=S ¼ 0:5

and �L=L ¼ 0:5, construct a map on a stress and grain

size space that shows the dominant driving force for

grain-boundary migration.
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Solution

Using equations (13.3) and (13.5), the condition at

which these two driving forces are equal is given by

F1=F3j j ¼ ð�
2S2=�Þ �S=S

�� ��
ð�=LÞ �L=L

�� �� � �2S2=�
�=L

¼ S2=���2L ¼ 1

(Fig. 13.1). Note that most of the conditions in

laboratory experiments (� ¼10–103 MPa, L¼ 10–102

mm), and in Earth (� ¼1–102 MPa, L¼ 102–104 mm)

are close to the boundary and therefore both driving

forces play equally important roles.

13.2.2. Mobility of grain boundaries

Grain-boundary mobility is controlled by several fac-

tors. They can be classified into (1) intrinsic mobility,

(2) impurity drag and (3) secondary phase drag

(KINGERY et al., 1976; YAN et al., 1977).

Intrinsic mobility
This refers to the mobility of a clean, impurity-free

boundary. It is controlled by the migration of grain-

boundary ledges (steps). The mobility of grain boun-

dary is proportional to the number of ledges and their

mobility. The number of ledges is sensitive to the crys-

tallographic orientation. Therefore, intrinsic mobility

is often highly anisotropic leading to a faceted boun-

dary. When a grain boundary is wetted by a liquid

phase, other factors such as the effects of impurities

tend to be less important because of their high mobility

in the liquid phase, and the intrinsic mobility plays an

important role (see DRURY and VAN ROERMUND,

1989).

Impurity drag
Impurity atoms often occur on grain boundaries. Their

distribution near boundaries is symmetric in the static

situation, whereas it becomes asymmetric when boun-

daries move (Fig. 13.2). TORIUMI (1982) reported

asymmetric distribution of impurities around grain

boundaries in olivine.

This exerts a drag force that depends on the velo-

city, � : fim �ð Þ. This drag force must have the following

properties: When velocity is small, the drag force

increases with velocity, �. When velocity is very fast,

most of the impurities will be left behind and no appre-

ciable drag will occur. Thus, the force versus velocity

curve should look like Fig. 13.4.

104

grain-boundary energy

dislocation energy

Grain size (µm)

S
tre

ss
 (M

P
a)

103

102

101

100

100 101 102 103 104

FIGURE 13.1 A diagram showing the stress–grain size region in

which two different driving forces for grain-boundary migration

dominate.

Static boundary

Moving boundary

FIGURE 13.2 A schematic diagram showing the distribution of

impurity atoms near a grain boundary.

fim

υ

FIGURE 13.3 A relation between the drag force due to impurities

on grain boundaries, fim �ð Þ and grain-boundary velocity.
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At small velocities (or small driving forces), the

grain-boundary mobility is controlled by the diffusion

of impurity atoms and hence the drag force is inversely

proportional to the diffusion coefficient and propor-

tional to the concentration of impurity atoms. In con-

trast at high velocities (or large driving forces),

impurity atoms tend to be broken away from the mov-

ing boundary and the degree to which impurities are

broken away is controlled by the diffusion coefficient

as well as the interaction potential. In this regime, for

smaller diffusion coefficients, more break-away occurs

and hence mobility is larger (force is smaller).

Therefore the total drag force is given by,

f ¼ fim þ f0 (13:6)

where f0 is the intrinsic drag (due to intrinsic mobility),

i.e., f0 ¼ �=M0. Thus, the force versus velocity diagram

for a grain boundary looks like Fig. 13.4.

The behavior of grain-boundary migration can be

understood from the graphical solution of equation

(13.6) (see Fig. 13.4). Let us consider a case where we

increase the force on a grain boundary from level C

to A. At a small force, the level C or below, the

diagram has only one solution, which is stable (see

Problem 13.2). As one increases the force to the level

of B, then one has three solutions (1, 2 and 3). Among

these three, two are stable (1 and 3) and one (2) is

unstable (see Problem 13.2). Again at a level A, there

is only one stable solution. Physically, at a low level of

force, the grain boundary moves with impurities, the

velocity of boundary migration being determined by

the mobility of impurities. In contrast, at a high level of

force, the grain boundary moves without impurities

(impurities are left behind the moving boundaries),

the velocity of migration being controlled only by the

intrinsic mobility. In between these two regimes, there

is a transition from loaded boundary to free boundary

(Fig. 13.4). When this occurs, there is a marked

increase in grain-boundary mobility (GUILLOPÉ and

POIRIER, 1979).

Problem 13.2

Examine the stability of solutions of equation (13.6)

using the graph (Figure 13.4). A solution is stable

(unstable) if a small increase in velocity results in an

increase (decrease) in force for a grain boundary.

Solution

The basic physics of stability of grain-boundary motion

is the same as that of a dislocation that interacts with

impurities (Problem 9.1). When @F=@ �40 (F, force, �,

velocity of a boundary), the motion is stable whereas

when @F=@ �50, it is unstable.
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FIGURE 13.4 A force versus grain-boundary velocity curve.

Effects of secondary phase particles
Secondary phase particles have a large influence on

grain-boundary migration. Effects of secondary phases

are similar to those of impurities.When secondary phase

particles are present, then grain boundaries either move

with them or leave them behind. When the mobility of

secondary phases is high, then theymove together with a

boundary, but the velocity of the boundary is less than

that without secondary phases. When the mobility of

secondary phases is low and a large enough force acts on

a boundary, then the boundary can move leaving sec-

ondary phase particles behind. Thus the interaction of

secondary particles with grain boundaries is similar to

that between the grain boundary and impurity atoms. A

detailed account for the case of pore-boundary interac-

tion is given by BROOK (1969). An important difference

between the role of secondary phase particles and

impurities is that the secondary phase particles often

change their distribution during annealing (FAN et al.,

1998). A detailed discussion of the role of secondary

phase on grain growth will be made in section 13.3.2.

Effects of a fluid phase
Let us now consider the effects of a fluid phase.

The role of a fluid phase depends on its geometry and

chemical properties. Let us first consider a case where a

fluid phase assumes a continuous film. Note that this
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geometry occurs only when the fluid phase completely

wets the boundary.

In order formaterials to be transferred across a grain

boundary with a fluid phase, two successive processes

are needed, namely the surface reaction to remove an

atom from the solid to the fluid film (or vice versa) and

diffusion through a fluid (Fig. 13.5). Thus,

� ¼ d

tr þ td
(13:7)

where tr is the reaction time for surface reaction to

remove an atom from one boundary (or to attach an

atom to another boundary) and td; time for diffusion.

If td� tr then the boundary migration is controlled by

diffusion (diffusion-controlled regime), thus � � d=td.

Now td � d 2=Dlcl where Dl is the diffusion coefficient

of material in the liquid phase and cl is the solubility of

solid material in the liquid hence,

� � Dlcl
d
: (13:8)

If tr� td then the surface reaction controls the rate

of mass transfer, and

� � d

tr
: (13:9)

Thus the grain-boundary velocity versus fluid-layer

thickness should look like Fig. 13.6.

A fluid phase may be present in a polycrystalline

solid as an isolated pocket. In such a case, the role of a

fluid phase in grain-boundary migration is similar to

that of secondary phase particles. The difference is that

a fluid phase is more mobile than a solid particle, and

therefore its role to reduce the grain-boundary mobi-

lity is less pronounced.

In summary, a fluid phase enhances grain-boundary

migrationwhen it forms a thin continuous layer,whereas

it will retard grain-boundary migration when it is thick

or when it occurs as isolated pockets. A fluid phase may

indirectly influence grain-boundary migration by help-

ing the Ostwald ripening (see section 13.3) of the secon-

dary phase or by dissolving the secondary phase.

13.3. Grain growth

Grain growth is a process whereby grain-boundary

energy in a polycrystalline specimen is reduced by

eliminating some grain boundaries. This occurs when

grain-boundary energy is the main driving force for

grain-boundary migration. Therefore grain growth is

an important process at low dislocation densities (low

stresses) and/or at small grain sizes (see Problem 13.1).

13.3.1. Normal grain growth

Basic theory
The actual process of grain growth is due to the imbal-

ance of grain-boundary forces at grain-boundary junc-

tions. Consider a case of isotropic grain-boundary

energy. Let us also consider a two-dimensional model

for the easiness of visualization (the essence is the same

for three dimensions). Then, the interface tension will

be balanced when three grain boundaries meet at 120 º.

However this is possible only for ideal grains that have

a hexagonal shape (on two-dimensional projection; in

three dimensions it is dodecahedron). If there are

grains other than hexagons, then this force balance

does not occur at triple junctions. This imbalance of

interfacial forces causes large grains to grow and small

grains to shrink, leading to grain growth. The kinetics

of grain growth is therefore controlled by the rate of

grain-boundary migration and the geometry of grains.

Now the velocity of grain-boundary migration caused

by grain-boundary energy imbalance is given by,

� ¼ 3�M�
1

L1
þ 1

L2

� �
¼ 6M��

1

L
(13:10)

where L1,2 is the curvature of grain boundary and L

is the grain size. Now, let us assume that the rate at

which grain size increases is proportional to the velo-

city of grain-boundary migration. More precisely, the

velocity of grain-boundary migration in this case is

v

d
FIGURE 13.6 A plot of the relationship between the grain-boundary

velocity and the thickness of a fluid phase, d.

d

FIGURE 13.5 The geometry of mass transport through a fluid phase

at a grain boundary.

236 Deformation of Earth Materials



proportional to the difference in the curvatures of

neighboring grains, i.e.,

dL

dt
¼ AM�

1
�L
� 1

L

� �
(13:11)

where A is a constant of order unity and �L is the

average grain size. This equation means that grains

whose sizes are larger than �L grow at the expense of

grains whose sizes are smaller than �L. Consequently,

the average grain size �L will increase with time. The

evolution of average grain size can be determined from

(13.11) together with a condition for the conservation

of mass (e.g., HILLERT, 1965). Briefly, the rate at which

average grain size increases is proportional to the rate

at which smaller grains disappear. The rate at which

small grains disappear is proportional to the velocity

of grain-boundary migration that is proportional to

M� 1= �L� 1=Lð Þ. If the grain-size distribution remains

the same, then M� 1= �L� 1=Lð Þ /M�= �L and

d �L

dt
¼ A0M�

1
�L

(13:12)

and hence

�L
2ðtÞ � �L

2ð0Þ ¼ k2t (13:13)

with

k2 ¼
1

2
A0M�: (13:14)

Note that the material constant k2 depends strongly on

thermochemical conditions mainly through the mobi-

lity term, M.

The parabolic grain-growth law is a natural con-

sequence of a process driven by grain-boundary curva-

ture (dL=dt / 1=L) (e.g., HILLERT, 1965). However,

the simple parabolic formula, (13.13), is not always

observed experimentally (e.g., ATKINSON, 1988). More

generally, the grain-growth kinetics can be written as,

Ln � Ln
0 ¼ knt (13:15)

where n � 2 (hereafter I use L to represent an average

grain size for simplicity). A review of experimental

studies (ATKINSON, 1988) shows that even in very

pure materials, grain-growth kinetics follows (13.13)

with n> 2. The cause for deviation from a simple

model (n¼ 2) is investigated by ATKINSON (1988) and

others through numerical modeling (e.g. LOUAT

and DUESBERY, 1994; COCKS and GILL, 1996; GILL

and COCKS, 1996). The values of n large than 2 are

attributed to the violation of the assumption (13.12).

One obvious cause is the effect of secondary phase

particles in which the grain-growth exponent is n¼ 3

or 4 (as will be discussed below).

Problem 13.3

Compare the time dependence of grain size expected

from the grain-growth law with n¼ 2, 3, 4 and 5.

Solution

From equation (13.15), one obtains L=L0ð Þn�1 ¼
knt=L

n
0 � t=t0, and hence L=L0 ¼ t=t0 þ 1ð Þ1=n. For

Ln � Ln
0, the grain-growth kinetics is simplified to

L / t1=n. Grain growth is more sluggish with a higher

value of n (Fig. 13.7).

13.3.2. Effects of secondary phase particles

Zener pinning
Grain growth is often inhibited by secondary phase

particles. This effect is strong when the secondary

phase particle is immobile. The essential reason for

this is that when immobile particles are present at

grain boundaries, moving boundaries have to increase

their area in order to pass these particles (see Fig. 13.8).

Therefore the excess energy is required to cause grain-

boundary migration. When the driving force for grain-

boundary migration is large (i.e., small grain size),

moving boundaries ‘‘eat’’ particles to formmineral inclu-

sions. However, when the driving force is small (coarse
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FIGURE 13.7 A plot of the grain size versus the time relation for

various n t0 � Ln
0=kn

� �
.
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grain size), then secondary phase particles are swept up

by grain boundaries and move with them, if they have

certain mobility. Finally, when secondary phase par-

ticles are totally immobile or the driving force is small,

then grain-boundary migration (grain growth) will ter-

minate when the driving force is balanced with the

resistance force exerted by the presence of the secondary

phase. The effect of the secondary phase particle to

terminate the grain growth is called Zener pinning.

The terminal grain size controlled by the immobile

secondary phase particles can be calculated as follows.

The excess energy for a moving grain boundary to

consume one particle is 2pa2� � pa2� ¼ pa2� (a is the

radius of the particle). If the mean distance of particles

is H, then the volume fraction f is given

by f ¼ 4
3 p a

3=H3. Therefore, the excess energy per unit

volume due to secondary phase particles is

p a2�=H3 ¼ 3
4 f ð�=aÞ. If this exceeds the driving force,

�=L, then grain growth will stop. Therefore the termi-

nal grain size is given by,

LZ ¼
4a

3f
: (13:16)

In summary, the secondary phase particles (including a

fluid phase) have important effects on grain-growth

kinetics. When they are mobile, their effects are rela-

tively minor. When they are immobile, their effects are

large. The magnitude of the effects depends also on the

volume fraction and the size of the secondary phase:

the larger the volume fraction of secondary particles,

the smaller the terminal grain size, and for a given

volume fraction, the terminal grain size is smaller for

the smaller particle size of the secondary phase.

Ostwald ripening
The average size of the secondary phase particles may,

however, increase with time. Consider a case where the

secondary phase particles have a certain range of sizes

and that the material of the particles has a finite solubil-

ity and diffusivity in the matrix. Recall that the solu-

bility of materials in a particle into the matrix depends

on the free energy difference of that material between

the two phases. Furthermore note that the free energy

of a particle depends on the size, because for a particle

with a finite size there is a finite pressure caused by the

surface tension, F3 ¼ �g=V ¼ 4p�a2=4p3 a
3 ¼ 3�=a (a is

the particle size). Therefore the solubility of the mate-

rial of the particle in the matrix is dependent on the size

of the particle as,

cðaÞ ¼ c0 exp
3�O
aRT

� �
� c0 1þ 3�O

aRT

� �
: (13:17)

Consequently, there is a mass flux from smaller

particles to larger ones leading to the growth of average

size of secondary phase particles. This process is

referred to as the Ostwald ripening (Fig. 13.9). The

rate at which the size of the secondary particle grows

can be calculated using a method similar to the one

used in the theory of dislocation climb (see

Chapter 10).

To simplify the analysis, let us make an approxima-

tion that the rate of grain coarsening is controlled

by the rate at which the size of small particles shrinks

(KINGERY et al., 1976). This is a reasonable approxi-

mation because the change in particle size is more rapid

for small particles. The steady-state total mass flux from

small particles can be calculated from the steady-state

concentration profile by Jtotal ¼ �4pr2Dðdc=drÞ. The

(1) (2) (3)

FIGURE 13.8 A grain boundary moving through a stationary particle.

a2

a1

FIGURE 13.9 A schematic diagram showing the mechanism of

Ostwald ripening.
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concentration profile must satisfy the Laplace equation

in the spherical coordinates, namely,

r2c ¼ 0 ¼ 1

r2
d

dr
r2

d

dr
c (13:18)

with the boundary condition (13.17) at r¼ a and

c ~L
� �
¼ c0 where ~L ð� aÞ is the mean distance of the

secondary phase particles. The solution of (13.18) with

these boundary conditions is,

cðrÞ ¼ c0 1þ 3�O
RT

1

r
� 1

~L

� �� �
: (13:19)

Noting that this flux must be equal to the flux of

materials of growing large particles whose size is

a, we obtain J total ¼ �4pr2Dðdc=drÞ ¼ 4pa2ðda=dtÞ.
Therefore

a2
da

dt
¼ 3�ODc0

RT
(13:20)

and hence

a3ðtÞ � a3ð0Þ ¼ 9�ODc0
RT

t: (13:21)

Thus the size of secondary phase particles growswith

time if there is finite solubility (c0) and diffusivity (D) of

materials of the secondary phase particles in the matrix.

At the asymptotic limit (a(t)� a(0)), a / t1=3, thus the

size of grains controlled by (13.18) changes with time as

L / a / t1=3 (e.g., FAN et al., 1998).

The kinetics of grain growth controlled by the

Ostwald ripening is determined by the solubility and

diffusivity of secondary phase material in the matrix. In

contrast, the kinetics of grain growth in a single-phase

material is controlled by diffusivity of material across

grain boundaries. The latter is usually much faster than

the former, and hence the grain-growth kinetics in a

multi-phase material is significantly more sluggish than

that in a single-phase material. Experimental studies on

grain-growth kinetics in a two-phase mixture for Earth

materials include (YAMAZAKI et al., 1996; WANG et al.,

1999; ZIMMERMAN and KOHLSTEDT, 2004; OHUCHI

and NAKAMURA, 2006).

Problem 13.4

Using equation (13.21) show that when the rate of

growth of the secondary phase particles is controlled

by grain boundary diffusion in the matrix, then n¼ 4 in

equation (13.15) whereas when it is controlled by

volume diffusion n¼ 3.

Solution

When grain-boundary diffusion dominates in the

transport of secondary phase materials in the matrix,

then D ¼ ðp�=LÞDB. If the size of grains is controlled

by the Zener pinning, then L ¼ 4a=3f. Therefore

L3ðdL=dtÞ ¼ 128p�O�DBc0=27RTf
3 and integrating

one gets, L4 tð Þ � L4 0ð Þ ¼ ð32p�O�DBc0=27RTf
3Þt.

When volume diffusion dominates, one gets

L3 tð Þ � L3 0ð Þ ¼ ð128�ODc0=81RTf
3Þt.

The grain-size distribution in the steady-state, nor-

mal grain growth remains constant with time (by

definition). A model by HILLERT (1965) leads to a

steady-state grain-size distribution

PðxÞ ¼ ð2eÞ3 3x

ð2� xÞ5
exp � 6

2� x

� �
ð05x52Þ (13:22)

where x � L=Lc , L is grain size, Lc is the critical grain

size (� average grain size) above which a grain will grow,

P xð Þ dx is the probability of finding a grain with size

between x and xþ dx. In this model, grains with a size

larger than 2Lc do not exist during normal grain growth.

Problem 13.5

Grain-growth kinetics in wadsleyite (at P¼ 15–16 GPa)

is described approximately by the following equation

(NISHIHARA et al., 2006)

L2 tð Þ � L2 0ð Þ ¼ A� C1:7
OH exp �H	

RT

� �
t

where A¼ 10�18 m2/s, H*¼ 120 kJ/mol and COH is the

content of OH in ppm H/Si (at a fixed oxygen fugacity

of 104 Pa). Calculate the critical temperature above

which grain size grows to �1mm in a typical slab in

the transition zone. Consider a range of water content,

COH¼ 100–100000 ppm H/Si, and assume that the

initial grain size is much smaller than 1mm. Discuss

what conditions are needed to maintain the grain size

smaller than 1mm for a significant portion (say larger

than �100 km) of a slab subducting with a velocity of

10 cm/yr.

Solution

Because L tð Þ � L 0ð Þ, we can make an approximation

tC1:7
OH exp �H	=RTð Þ � L2 tð Þ=A, thus log10 t ¼ �1:7�

log10 COH þ 0:434 H	

RTþ 2log10L tð Þ�log10A. For the

subduction velocity of 10 cm/y, it takes 1 Myr for a
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slab to move 100 km. Therefore we choose t¼ 1 Myr,

and calculate the temperature needed to increase

the grain size to 1mm in 1 Myr. From the above

grain-growth law, the conditions under which grain

size smaller than 1mm is maintained are

�1:7 � log10 COH ppmH
Si

� �
þ 6270

T Kð Þ41:5. For a relatively

dry slab where COH�100 ppm H/Si, the critical

temperature is 1280K, whereas for a wet slab where

COH�100 000 ppm H/Si, the critical temperature is

630K. The temperatures in subducting slabs depend

on the initial temperature (before subduction) and the

velocity of subduction. For cold, fast subducting slabs,

the temperature at the coldest (central) region of the

slab at �500 km depth is �900K. Therefore if a slab is

nearly saturated with water, grain growth is almost

instantaneous and it is impossible to maintain small

grain size whereas if a slab is dry (less than �100 ppm

H/Si), then a small grain size can survive for a

considerable length in its cold regions (T< 1200 K).

13.3.3. Abnormal grain growth

In many cases, the statistical balance maintains the

shape of grain-size distribution, and only the average

grain size increases. This type of grain growth is

referred to as normal grain growth. In contrast, under

some conditions, a small number of grains grow at the

expense of small ones and grain-size distribution

changes with time. This is referred to as abnormal

grain growth. In such a case, a material will be com-

posed of bimodal grain-size distribution: a fine-grained

matrix and coarse-grained crystals. HILLERT (1965)

showed that abnormal grain growth occurs when the

following conditions are met simultaneously: (1) nor-

mal grain growth cannot take place due to the presence

of secondary phase particles, and (2) there is at least

one grain much larger than the average grains.

13.3.4. Effect of stress: the limiting grain size

So far, we have neglected the effects of stress (devia-

toric stress) on grain growth. If one considers the finite

rate of Ostwald ripening, then there is no ultimate limit

for grain size and consequently the grain size in a static

environment will be controlled by the time and temper-

ature (and other thermodynamic factors). However,

when deviatoric stress is present, even when plastic

flow and resultant dynamic recrystallization (see the

next section) are ignored, there is a mechanism by

which grain size is limited to a certain level. This is

due to the effects of the stress field. The energy due to

elastic deformation caused by strain mismatch is

dependent on the size of secondary phase particles.

Consequently stress can affect the grain-growth

kinetics and could limit the grain size at a finite level.

JOHNSON (1984) and JOHNSON andCAHN (1984) inves-

tigated a related subject, but the role of stress on grain-

growth kinetics has not been investigated in any detail

(see also VOORHEES, 1985, 1992).

13.3.5. Some examples

Some of the representative results are summarized

in Table 13.1. An experimental study of grain growth

is straightforward. One prepares a fine-grained

starting material and anneals it at high temperature

and hydrostatic conditions for a certain period. The

change in grain size as a function of time, temperature

and other physical and chemical conditions is deter-

mined that gives a functional relation of grain-growth

kinetics. Note, however, that most of the results of

grain-growth experiments at room pressure have a

strong influence of cavitation (KARATO, 1989b) and

are not applicable to geological problems. All the

results shown in Table 13.1 are results of high-

pressure experiments.

Fig. 13.10 shows a typical example of results of

normal grain growth (for quartz; TULLIS and YUND,

1982). Grain size increases with annealing time and

temperature. In quartz, the grain-growth kinetics

increases with pressure. The authors interpreted this

result to indicate that the grain-growth kinetics is

controlled by the solubility of quartz in the intersti-

tial fluid. Grain-growth kinetics is also sensitive to

other parameters such as oxygen fugacity and water

content. Fig. 13.11 shows results on wadsleyite in

which the dependence of grain-growth kinetics on

oxygen fugacity, temperature and water content was

investigated in detail (NISHIHARA et al., 2006b). Less

detailed work was made for other minerals such as

olivine (Fig. 13.12). Note that most of the studies are

on single-phase materials and very little is known on

the grain-growth kinetics in multi-phase systems.

Also, although water is known to have a large effect

on grain-growth kinetics, detailed studies on the

influence of water are limited. Consequently, the

applicability of the presently available experimental

data to real geological problems is limited.

It is important to note that the results on grain-

growth kinetics for single-phase materials probably
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TABLE 13.1 Experimental results on grain-growth kinetics in some minerals. Parameters are for equation (13.15), Ln � Ln
0 ¼ knt, with

kn ¼ kn0Cr
OH exp �H	=RTð Þ for ‘‘wet’’ case where the water content is known (COH, water content, in ppm H/Si), but

kn ¼ kn0 exp �H	=RTð Þ is used when water content is not known (the values of r was determined only in NISHIHARA et al. (2006b)). In all

other studies under ‘‘wet’’ conditions, samples contained water close to the saturation limit at the experimental conditions,

but the value of r was not determined. kn0 also depends on other chemical parameters such as oxygen fugacity. (The values of kn0

for wadsleyite are for the Ni-NiO buffer.) Units: T (K), P (GPa), kn0 ( mmð Þns�1), H* (kJ/mol).

Material T P n r log10kn0 H* Remarks Ref.

Quartz 1073–1273 0.5–1.5 �2 – 2 80 ‘‘Wet’’ (1)3

Anorthite 1373–1623 0.0001 2.6 – 11 365 ‘‘Dry’’ (2)4

Olivine 1473–1573 0.3 �2 – 4.2 160 ‘‘Wet’’ (3)

Olivine 1573 2 �2 – 4.6 2001 ‘‘Dry’’ (3)

Wadsleyite 1450–1673 15 �2 1.7 –6 120 ‘‘Wet’’ (4)

Wadsleyite 1773–2173 15 �2 – 7.5 410 ‘‘Dry’’ (4)

Ringwoodite 1473–2023 21 4.5 – –8 414 ‘‘Damp’’2 (5)

Perovskite (þMgO) 1573–2173 25 10.6 – –45 320 – (6)5

Olivineþ diopside 1473 1.2 4 – – – ‘‘Dry’’ (7)6

Lherzolite 1373–1523 0.3 3 – 5.4 700 ‘‘Dry’’ (8)7

1 Estimated from the activation energy for grain-boundary mobility.
2 Samples contained variable amounts of water (�200–450 ppm H/Si).
3 In reference (1), the authors analyzed the data using L� L0 ¼ knt

n with kn ¼ kn0 exp �H	=RTð Þ rather than
(13–15). The use of this form of grain-growth law is not appropriate, and I have recalculated the parameters from

reference (1) using equation (13–15).
4 Synthetic samples prepared from a glass.
5No report on water content.
6 Synthetic samples. All experiments were conducted at T=1473K and therefore activation enthalpy was not

determined. The kinetic parameters depend on the mixing ratio. The values shown here are for Fo70Di30. For

n¼ 4, log10 k mmð Þ4s�1
	 


=0.29.
7 62% olivine, 26% orthopyroxene,10% clinopyroxene, 2% spinel; less than 30 ppm H/Si.

(1): TULLIS and YUND (1982).

(2): DRESEN et al. (1996).

(3): KARATO (1989b).

(4): NISHIHARA et al. (2006b).

(5): YAMAZAKI et al. (2005).

(6): YAMAZAKI et al. (1996).

(7): OHUCHI and NAKAMURA (2006).

(8): ZIMMERMAN and KOHLSTEDT (2004).
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FIGURE 13.10 The evolution of

grain size of quartz with annealing

time and temperature (TULLIS and

YUND, 1982). (A), (B), (C):

novaculite (A: initial sample, B: 172

hour, C: 796.5 hour annealing)

(D), (E), (F): flint (D: initial sample,

E: 172 hour, F: 796.5 hour

annealing)
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provide a gross overestimate of actual grain growth

in multi-phase materials. Also note that except for

wadsleyite for which the influence of water is

studied in detail, there is no experimental work in

which the influence of water is quantified. Fig. 13.13

provides a rough estimate of the influence of secon-

dary phase particles on grain-growth kinetics in peri-

dotite. It is also noted that the influence of chemical

environment such as water fugacity (water content)

is not always well investigated, although effects

of chemical environment, particularly that of water

content, are likely to be very large (see NISHIHARA

et al., 2006).
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FIGURE 13.11 The grain-growth kinetics in wadsleyite. (a) The grain

size versus time relation, (b) the temperature dependence of the

grain-growth parameter, and (c) the water content dependence of the

grain-growth parameter (NISHIHARA et al., 2006).
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13.4. Dynamic recrystallization

Grain growth, as we have just discussed, occurs when

the dominant driving force for grain-boundary migra-

tion is grain-boundary energy. This would be the case

for low stress and/or small grain-size conditions

(Problem 13.1). In contrast, under high stress and/or

coarse grain-size conditions, dislocation energy domi-

nates the driving force for grain-boundary migration.

Grain-scale microstructural reorganization caused by

dislocations is loosely called dynamic recrystallization.

This includes formation of new (high-angle) grain

boundaries and mobilization of pre-existing grain

boundaries. As we will learn in this section, similar to

grain growth where heterogeneity in grain size is the

driving force, it is the heterogeneity in dislocation

distribution that causes dynamic recrystallization:

if dislocation distribution were perfectly homogeneous

none of the processes referred to as dynamic recrystal-

lization would occur. Consequently, dynamic recrys-

tallization occurs easily in materials where plastic

anisotropy is strong. In such a material, dislocation

density tends to be highly heterogeneous because the

dislocation density strongly depends on the orientation

of individual crystals. Most minerals are highly ani-

sotropic and therefore dynamic recrystallization is

commonly observed in many minerals. For similar

reasons, dynamic recrystallization occurs preferen-

tially near grain boundaries where strain heterogeneity

is large.

Dynamic recrystallization has important effects

both in the strength of rocks and in the microstructure

of rocks. This section provides a brief summary of

experimental observations and theoretical models of

dynamic recrystallization.

13.4.1. Experimental observations

Microstructural observations

(1) Subgrain rotation (Fig. 13.14)
In some materials, deformation by dislocation creep at

high temperatures leads to the formation of subgrain

boundaries (subboundaries) (Fig. 13.14a). The size of

subgrains is uniquely determined by stress as,

LS

b
¼ K

�

�
(13:23)

where LS is the subgrain size, K is a constant (�20).
With progressive deformation, misfit angles of sub-

boundaries may increase (Fig. 13.14b). When misfit

angles reach a certain critical angle (�10–20 degrees),

subboundaries evolve into normal grain boundaries

because dislocations in subboundaries lose their

identity when their distance becomes comparable to

the length of the Burgers vector. In these cases, one

can observe microstructural evolution from subboun-

daries (low-angle boundaries) to grain boundaries

(high-angle boundaries) with progressive strain

(Fig. 13.14a). Usually, this evolution can also be seen

in a given specimen: evolution to recrystallized grains

occurs more rapidly near existing grain boundaries

(because of large strain gradient) than the central por-

tion of pre-existing grains.

The size of subgrains is nearly the same as the size

of recrystallized grains. But, more precisely, the size

of recrystallized grains evolves with time: the size of

the recrystallized grains usually increases with the

progression of dynamic recrystallization and remains

constant after a certain strain (or time).

(2) Grain-boundary migration
Polycrystalline materials deformed by dislocation creep

often show grain-boundary migration. This occurs due

to the heterogeneity of dislocation density. Boundaries

migrate towards grains with higher dislocation densities

and portions of crystals behind migrating boundaries

have little dislocations. Dislocation distribution is

highly heterogeneous inmaterials undergoingmigration

recrystallization. Grain boundaries are often serrated.

Subgrain rotation and grain-boundary migration may
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FIGURE 13.13 The grain size versus time relation for peridotite

at 1523 K as inferred from laboratory data on grain-growth

kinetics. The influence of pressure or water is not considered.

The influence of Opx pinning is estimated through a model

that assumes that the kinetics of grain growth is controlled by

grain-boundary diffusion of Si on olivine boundaries (after EVANS

et al., 2001).
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not be totally independent processes. Subgrain rotation

can increase the local misfit angles and hence increases

the contrast in dislocation density in neighboring grains.

At a certain point, the contrast in dislocation density

will become large enough to initiate grain-boundary

migration.

(3) Recrystallized grain size versus stress
relation

After certain strain (usually �10–100%), dynamically

recrystallizing materials assume ‘‘steady-state’’ micro-

structure. The size of grains at this stage is determined

primarily by applied stress and only weakly dependent

on other parameters such as temperature, pressure or

water fugacity (e.g., KARATO et al., 1980; VAN DER

WAL et al., 1993). Therefore dynamically recrystallized

grain size can be used to infer stress at which a given rock

was deformed: such a relation is therefore called a

paleopiezometer.

GUILLOPÉ and POIRIER (1979) showed, however,

that the grain size versus stress relation depends on

the mechanisms of recrystallization. Similarly, JUNG

and KARATO (2001a) found that the size of dynami-

cally recrystallized grains in olivine depends on water

content.

Evolution of dynamically recrystallized grain size

during deformation in dunite was studied by ROSS

et al. (1980). According to ROSS et al. (1980), the size

of recrystallized grains does not change significantly

with progressive recrystallization. The size of grains at

an early stage of recrystallization is similar to that at a

later stage. However, SANDSTRÖM (1977) andKARATO

et al. (1980) noticed some increase in grain size from the

earlier stage to final steady state.
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FIGURE 13.14 Recrystallization

due to subgrain rotation. (a)

Microstructure of a deformed

peridotite (from Avachinsky

Volcano, Kamchatka) showing the

development of subgrains in

olivine (seen as a slightly different

color), (b) the relation between
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At a steady state,

Lg ¼ Ag�
�rg (13:24)

where A and r are constants that are not very sensitive

to temperature or pressure etc. It must be noted that

the sensitivity of dynamically recrystallized grain size

on parameters other than stress has not been investi-

gated in any detail. Theoretical models (see later)

suggest some dependence of recrystallized grain size

on other thermodynamic parameters such as temper-

ature and water fugacity. The representative results on

minerals are summarized in Table 13.2.

TABLE 13.2 The relation between the size of dynamically recrystallized grains and stress. A relation Lg ¼ Ag�
�rg is used. Units: T (K), P

(GPa), Ag mm �MPargð Þ:

T P log10Ag rg Remarks Ref.

Ni 1035–1552 RP1 4.33 1.33 – (1)

Mg 673–873 RP 2.74 1.28 SGR2þGBM2 (2)

NaCl 523–1063 RP 2.45 1.18 SGR (3)

NaCl 523–1063 RP 3.95 1.28 GBM (3)

NaNO3 293–573 RP 2.82 1.54 SGR (4)

NaNO3 293–573 RP 3.40 1.54 GBM (4)

Calcite 873–1273 0.3 3.22 1.11 SGR (5)

Calcite 873–1273 0.3 3.75 1.11 GBM (5)

Quartz 973–1173 1.5 1.89 0.61 Regime 13 (6)

Quartz 1173–1373 1.5 3.56 1.26 Regime 2&33 (6,7)4

Feldspar 1173 1.5 1.74 0.66 Regime 13 (8)5

Olivine 1773–1923 RP 3.92 1.18 Dry, SGR (9)6

Olivine 1473–1573 2.0 4.41 1.18 Wet, MR (10)6

Olivine 1473–1573 0.3 4.14 1.33 Dry/wet (11)7

(1): LUTON and SELLARS (1969).

(2): DRURY et al. (1985).

(3): GUILLOPÉ and POIRIER (1979).

(4): TUNGATT and HUMPHREYS (1984).

(5): RUTTER (1995).

(6): STIPP and TULLIS (2003).

(7): STIPP et al. (2006).

(5): KARATO et al. (1980).

(6): VAN DER WAL et al. (1993).

(7): JUNG and KARATO (2001a).

(8): POST and TULLIS (1999).

(9): KARATO et al. (1980).

(10): JUNG and KARATO (2001a).

(11): VAN DER WAL et al. (1993).
1RP indicates room pressure.
2 SGR refers to subgrain rotation recrystallization and MR migration recrystallization.
3 ‘‘Regimes 1, 2 and 3’’ refer to three different deformation conditions defined by HIRTH and TULLIS (1992) based

on microstructures.
4 STIPP et al. (2006) investigated the influence of water for�260 to�640 ppmH/Si and found little water effect in

this range.
5�0.1 wt% water.
6 ‘‘Dry’’ samples have less than �10 ppm H/Si, whereas ‘‘wet’’ ones have �800–1400 ppm H/Si.
7 ‘‘Dry’’ samples have less than �100 ppm H/Si, and ‘‘wet’’ ones �300 ppm H/Si (in the olivine lattice), and no

significant dependence on water content was observed.
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(4) Other effects
Another obvious effect is resetting of grain shape.

When dynamic recrystallization occurs, grain shape

no longer follows macroscopic strain.

Dynamic recrystallization involving grain-boundary

migration can modify lattice-preferred orientation

(LPO) whereas dynamic recrystallization due to sub-

grain rotation does not have an important influence on

LPO (KARATO, 1987b, 1988).

Mechanical aspects

(1) Weakening associated with grain-size
reduction

When the degree of grain-size reduction is large

enough, then a deformation mechanism could change

to a grain-size sensitive one, causing weakening. The

association of large shear with small grain sizes in

many crustal shear zones (mylonites) suggests that

this may be an important mechanism of shear

localization.

There have been some reports showing weakening

due to dynamic recrystallization in silicates presum-

ably due to grain-size reduction (POST, 1977; ZEUCH,

1982, 1983; TULLIS and YUND, 1985).

(2) Weakening due to grain-boundary migration
There is clear evidence in metals (e.g., Ni) where the

work hardening effect is eliminated by fast grain-

boundary migration (LUTON and SELLARS, 1969).

Single peak stress–strain curves or oscillation in stress

strain curves are seen to be dependent upon deforma-

tion conditions (SAKAI and JONAS, 1984). This type of

weakening occurs only when grain-boundary migra-

tion is significant and work hardening is important.

The role of work hardening in minerals has not been

well investigated, but is likely to be not as important as

inmetals because glide mobility of dislocations is much

less in minerals than in metals as a result of high Peierls

stresses.

13.4.2. Models for dynamic recrystallization

The experimental observations summarized above sug-

gest the importance of two distinct processes: migra-

tion of grain boundaries and their mutual collisions,

and the formation of subgrain boundaries and their

evolution to high-angle grain boundaries.

Now having summarized some of the important

experimental observations, let us discuss physical mech-

anisms by which this microstructural reorganization

occurs. Two processes are of particular importance:

mobilization of a pre-existing grain boundary and the

formation of subgrain boundaries.

Strain-induced grain-boundary migration and
impingement
A contrast in dislocation density provides a driving

force for grain-boundary migration. A grain boundary

moves to a direction of higher dislocation density of

grains. One point that needs to be noted is that grain-

boundary migration in a real material occurs hetero-

geneously: migration occurs in a segment between

pinning points. This means that a moving boundary

must increase its boundary area which requires extra

energy (see Fig. 13.15). Therefore one needs a finite

amount of dislocation density contrast to overcome

this energy barrier. Since the boundary energy is pro-

portional to the square of the size of the bulge

(Fig. 13.15), and the bulk dislocation energy is propor-

tional to the volume of the bulge (l3), the critical con-

dition for the migration is

�E ¼ �b2��4	
�

l
(13:25)

where 	 is a constant of order unity. Consequently,

deformation-induced grain-boundary migration (grain-

boundary migration caused by dislocation density con-

trast) occurs only after a certain dislocation density

contrast is established. Once this critical condition is

met, a portion of grain boundary starts to move. After a

grain boundary moves, then a region behind a moving

boundary will be dislocation-free and therefore the driv-

ing force for boundarymigrationwill increase.Also as the

moving boundary bulges out further, its size gets larger

hence the excess energy due to boundary energy will be

reduced. Therefore the grain-boundary migration will be

accelerated once it starts. Consequently moving bounda-

ries keep moving until they collide with each other.

At a steady state, the dynamic balance between

nucleation of new grains (i.e., the achievement of

FIGURE 13.15 Bulging of a grain boundary.
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critical strain to establish the condition (13.25)) and

grain growth determines the grain size. During steady

state, the balance between nucleation and growth

implies that in a time taken for a recrystallizing grain

boundary to sweep a volume of a grain of diameter L,

there will be on average one nucleation event per equiv-

alent volume.

Let t1 be the time to sweep out the volume of radius

L=2. Then

t1 ¼
L

2�
(13:26)

where � is the velocity of grain-boundary migration.

Now if _N �V is the nucleation rate (per unit volume), then

the time interval of nucleation in a volume unit of

radius �L, t2, is given by,

t2 ¼
1

4
3 p L=2ð Þ3 _NV

¼ 6

pL3 _NV

ðfor volume nucleationÞ: (13.27a)

Similarly, for boundary nucleation ( _NA: the nucleation

rate per unit area),

t2 ¼
1

p L=2ð Þ2 _NA

¼ 4

pL2 _NA

ðfor boundary nucleationÞ: (13.27b)

At statistical balance, t1¼ t2, and therefore,

L ¼ 12�

p _NV

� �1=4

ðfor volume nucleationÞ (13:28a)

and

L ¼ 8�

p _NA

� �1=3

ðfor boundary nucleationÞ: ð13:28bÞ

In this model, the size of dynamically recrystallized

grains is related to two microscopic processes namely

grain-boundary migration and nucleation of new grains.

Up to this point, themodel is quite general and as we will

see in the next section, this type of model can also be

applied to other processes involving nucleation and

growth. However, in order to obtain a specific relation-

ship between the size of grains and the conditions at

which the nucleation and growth occur, we need a

model specific to a particular physical process. Here let

us consider the nucleation and growth associated with

dynamic recrystallization involving grain-boundary

migration. The velocity of grain-boundary migration is

proportional to the mobility and driving force. DERBY

and ASHBY (1987) considered that the major driving

force is grain-boundary energy, namely,

� ¼MF /M

L
: (13:29)

The nucleation rate can be estimated by calculating the

rate at which the condition (13.25) is met. The rate at

which energy difference is created by deformation is obvi-

ously proportional to strain rate, but it may also depend

on the grain size. Thus, the nucleation rate is given by,

_NA;V /
_e
Lq

(13:30)

where a constant q represents the dependence of nucle-

ation rate on grain size. Thus in general one has

L / M

_e

� �1=ðm�qþ1Þ
(13:31)

wherem¼ 4 for volume nucleation andm¼ 3 for boun-

dary nucleation. Assuming the power-law creep,

_e ¼ _e0 exp �H	_e=RT
� �

�n, and the temperature (and

pressure) dependence of boundary mobility,

M ¼M0 exp �HM
	 =RTð Þ, this equation can be trans-

lated to

LðT;P;C; �Þ ¼ AðT;P;CÞ��n=ðm�qþ1Þ (13:32)

where AðT;P;CÞ / M0=_e0ð Þ1=ðm�qþ1Þ

exp ðH	_e �H	MÞ= m� qþ 1ð ÞRT
� �

(T, temperature; P,

pressure; C, parameters that characterize chemical envi-

ronment, i.e., water fugacity). The stress exponent of

grain size in this model is �n=ðm� qþ 1Þ. In most

cases, grain-boundary nucleation dominates, and there-

fore this translates to L / ��n=ð4�qÞ. For olivine, the

stress exponent is ��1.2 (KARATO et al., 1980; VAN

DER WAL et al., 1993; JUNG and KARATO, 2001a) and

n¼ 3–3.5 and therefore we get q� 1.1–1.5.

An important point to be noted is that according

to this model, the size of dynamically recrystallized

grains depends not only on stress but in general also on

other thermodynamic variables that affect thekinetic pro-

cesses (grain-boundary migration, plastic deformation)

involved in dynamic recrystallization. In many cases,

H	_e �H	M> 0,andthereforegrain sizeprobablydecreases

with increasing temperature. This effect is observed in a

magnesium alloy (DE BRESSER et al., 1998). Similarly

when water enhances grain-boundary migration more

thandeformation, then the sizeofadynamically recrystal-

lized grain increases with water content (JUNG and

KARATO, 2001a).However, the details of the dependence

of recrystallized grain size on temperature and other ther-

mochemical parameters have not been well investigated.
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A somewhat different model was proposed by DE

BRESSER et al. (1998). Noting that grain growth occurs

in the diffusion creep regime to bring grain size large

enough for dislocation creep to occur, they postulated

that the grain size in these cases is determined by the

balance of strain rates in two deformation mecha-

nisms, i.e., _ediff T;P; �;Lð Þ ¼ _edisl T;P; �ð Þ. Although

the interplay of diffusion and dislocation creep is

important as first noted by RUTTER and BRODIE

(1988), one can imagine a case in which dynamic

recrystallization leads to a grain size and stress condi-

tion that is still definitely in the dislocation creep

regime. In such a case, obviously this model does not

apply. It is also important to recognize that the balance

between diffusional and dislocation creep is different

from the microscopic balance between nucleation and

growth (impingement) as postulated by DERBY and

ASHBY (1987). The latter occurs at the grain level that

may determine the size of grains at the steady state of

dynamic recrystallization, and has nothing to do with

diffusional creep itself. The former type of balance

concerns processes after the completion of dynamic

recrystallization. It is important to distinguish these

two levels of statistical balance. The difference in

time-scale between these processes is critical when one

evaluates the influence of these processes in strain-

localization (see Chapter 16).

Subgrain rotation and subgrain growth
In an idealistic case, deformation by dislocation

motion occurs through the motion of homogeneously

distributed dislocations. However, because of strong

long-range interaction between dislocations, homoge-

neous distribution is often unstable and dislocations

tend to assume certain structures. The one that is often

observed at high temperatures is subgrain-boundary

(subboundary) formation in which dislocations with

the same sign and type tend to arrange themselves

into a planar well-organized array called subbounda-

ries (Fig. 13.14a) and between these boundaries the

density of dislocations is less. Dislocations in subboun-

daries are less mobile and hence they do not contribute

to deformation. Subboundaries are characterized by

the misfit angles that are determined by the density of

dislocations in them.Under some conditions, themisfit

angles of subboundaries increase with strain leading

to the formation of high-angle grain boundaries.

Subboundary formation is enhanced by heterogeneous

deformation. In realistic heterogeneous deformation

there will be regions where dislocations with one

sign may occur more than others. These are called

geometrically necessary dislocations (ASHBY, 1970).

Once one has an excess population of dislocations

with one sign, then these dislocations interact

each other to form subboundaries to reduce the free

energy.

HOLT (1970) considered the fluctuation in disloca-

tion distribution and postulated that the size of fluctu-

ation with the maximum growth rate corresponds to

the size of subgrains. His model assumes heterogene-

ous distribution of (screw) dislocations without exter-

nal force, and considers dislocation motion caused by

the mutual interaction whose strength is inversely pro-

portional to the distance of dislocations. It is also

assumed that there is no dislocation multiplication or

annihilation. When homogeneous distribution of dis-

location is modified, then the energy caused by mutual

interaction will also be modified which drives the dis-

location flux. The growth of fluctuation of dislocation

density is analyzed and shown to be dependent on the

wavelength of fluctuation in dislocation density. He

postulates that the wavelength at which the growth

rate is the maximum corresponds to the size of sub-

grains. KUBIN (1993) presented a similar but more

sophisticated model in which the dislocation cell struc-

ture is treated as a result of self-organization in non-

equilibrium processes. SHIMIZU (1998) considered a

different situation in which the size of recrystallized

grains is controlled by the growth of subgrains.

These models predict,

L

b
¼ K0

�

�

	 
rsg
(13:33)

whereK 0 and rsg are constants depending on the details

of the model. See also SHERBY et al. (1977), AMADEO

and GHONIEM (1988) and SELITSER and MORRIS

(1994). Since the physical basis for grain size is different

between subgrain rotation and grain-boundary migra-

tion mechanisms of recrystallization, the stress versus

grain size relationship is different between these cases

(GUILLOPÉ and POIRIER, 1979).

13.4.3. Application of paleopiezometers

Some microstructural parameters such as dynamically

recrystallized grain size and dislocation density (see

Chapter 5) are dependent mainly on (deviatoric) stress

and can serve as stress indicators. Since these micro-

structures can be used to infer the magnitude of devia-

toric stress in the geological past they are referred to

as paleopiezometers (e.g., NICOLAS, 1978). Three of

them have been used in the geological community:
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dislocation density, �, subgrain size, Ls, and dynami-

cally recrystallized grain size, Lg, namely,

� ¼ A1b
�2 �

�

� �n1
(13:34a)

Ls ¼ A2b
�

�

� ��n2
(13:34b)

and

Lg ¼ A3b
�

�

� ��n3
(13:34c)

where A1;2;3 and n1;2;3 are constants. These microstruc-

tures can be measured on deformed rocks and using

relations (13.34) one can easily determine the stress

magnitude. However, caution must be exercised in

using these paleopiezometers. Two points must be

noted. First, strictly speaking these piezometers work

only at steady-state deformation. No deformation in

the Earth is steady state and therefore the effects of

deformation history must be evaluated. One effective

way is to compare several microstructural parameters.

For example, if deformation that was responsible for

microstructures was really steady state, then when one

plots two different paleopiezometer values from a

given rock (say dislocation density and recrystallized

grain size), all of these microstructural parameters (dis-

location density, recrystallized grain size etc.) must fall

on a single line (Problem 13.6). The deviation of the

data points from such a line suggests the effects of non-

steady-state deformation. Second, the physical basis of

paleopiezometers is not always clear and the extrapo-

lation of laboratory data to the Earth may not always

be justified. This is less of a problem for the dislocation

density paleopiezometer than the recrystallized grain

size paleopiezometer. Major problems in using the

dynamically recrystallized grain size paleopiezometer

include the effects of recrystallization mechanisms (one

needs to identify the recrystallization mechanism in a

given specimen and use the paleopiezometer corre-

sponding to the same recrystallization mechanism)

and the effects of thermochemical environment on

recrystallized grain size.

Problem 13.6

Show that the log(dislocation density) versus

log(recrystallized grain size) corresponding to steady-

state deformation defines a line. Discuss where the

dislocation density versus grain size data would fall if

there is a stress pulse (or if there is post-deformation

annealing). Note that a steady state can be achieved

more easily for dislocation density than recrystallized

grain size during a stress pulse and recovery is in most

cases faster for dislocation density than for grain size

(Fig. 13.16).

Solution

Eliminating the stress from equations (13.34a) and

(13.34c), one gets �n3 Lg

� �n1¼ An1
3 An3

1 b
n1�2n3 and hence

n3 log �þ n1 logLg ¼ n1 logA3 þ n3 logA1 þ n1 � 2n3ð Þ�
log b. Consequently, if these microstructural parameters

correspond to a steady state, then the data should

fall on the line on a log(dislocation density) versus

log(recrystallized grain size) plot. If a stress pulse and

corresponding transient stage of deformation is

responsible for these microstructures, then dislocation

density will quickly increase whereas grain size will

change more slowly. Consequently the data points

would fall at the high dislocation density side of this

line. In contrast, if post-deformation annealing is

important, then the dislocation density will decrease

quickly whereas grain size will adjust to a smaller stress

more slowly and hence the data points would fall below

that line.

13.5. Effects of phase transformations

In dynamic Earth, a piece of material may be brought

into a new physical/chemical condition (a new temper-

ature, pressure or the fugacity of relevant species) so

that a previous crystal structure or mineral assembly

becomes thermodynamically unstable. Metamorphism

1
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annealing

Log grain size
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FIGURE 13.16 A dislocation density versus dynamically

recrystallized grain size plot. If both dislocation density and

recrystallized grain size correspond to a steady state, then the data

should fall on a single line. Deviations from this line indicate non-

steady-state deformation such as a stress pulse and/or static

annealing.
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occurs in this case to make a new thermodynamically

stable assembly.

Subduction of oceanic lithosphere is one of themost

important cases in which such metamorphism occurs.

In this case, themost important process is the change in

crystal structure (phase transformation) of constituent

minerals. These processes could affect rheology by

various mechanisms including the effects of grain-size

reduction (Chapter 15). In this chapter, we will focus

on the effects of grain-size reduction.

13.5.1. Kinetics of a phase transformation

There are a variety of processes by which phase

transformations or chemical reactions may change the

grain size. For example, a phase transformation may

occur through a collective displacement of atoms

(e.g., martensitic transformation) or through more

localized atomic motion involving nucleation and

growth (AARONSON, 1990). Here we consider the

grain-size change associated with nucleation and

growth. Although nucleation and growth are not always

the processes controlling the kinetics of a phase trans-

formation, these processes occur in a wide range of

geological conditions and are also the essence of chem-

ical reactions.

The physical processes by which grain size is con-

trolled during nucleation–growth associated with a

phase transformation have some similarity with that

of dynamic recrystallization. The concept of nucleation

is, however, better defined for a phase transformation

than dynamic recrystallization. Formation of a new

phase occurs because the bulk free energy of one

phase becomes smaller than another phase. A phase

with a smaller free energy is more stable. However, the

processes by which a material is transformed from one

phase to another involve formation of new interfacial

boundaries. Therefore there is a competition between

bulk free energy and the boundary energy. Let us write

a change in free energy associated with the formation

of a new grain with grain size r. By forming a new grain

the bulk free energy is reduced by ð4p=3Þ r3 G1 � G2ð Þ.
However, by creating an interfacial boundary, we

increase the free energy by 4pr2� where � is the interfa-

cial energy. Therefore the net change in the free energy is

�G ¼ 4pr2� � 4p
3
r3ðG1 � G2Þ: (13:35)

This relation means that the change in free energy is

the maximum at r ¼ 2�=ðG1 � G2Þ and the free energy

difference for this r is ð16p=3Þ ½�3=ðG1 � G2Þ2
:

A phase transformation may occur through a vari-

ety of mechanisms. Two classes of mechanisms are

often observed: nucleation–growth and martensitic

mechanisms. In a nucleation–growth type mechanism,

a new nucleus of new phase is formed in old phase

(either inside a grain or at grain boundaries (or along

a dislocation)) and they grow consuming old materials.

In a martensitic mechanism, finite shear in an old

crystal causes transformation to a new structure. The

latter process is assisted by the external differential

stress and therefore it tends to dominate at high

stress conditions. In most conditions in the Earth, the

nucleation–growth mechanism dominates.

Nucleation–growth

(1) Nucleation
When the thermodynamic condition change is large

enough, then a material that was stable under the pre-

vious thermodynamic condition could become less ther-

modynamically stable than a new phase. This means

that the free energy of a new phase will be smaller than

the free energy of an old phase. Therefore the old phase

tends to transform to a new phase. However, this does

not happen all of a sudden. The transformation must

start from making a ‘‘nucleus.’’ However, when a new

phase material is created not only a new phase (that has

a lower free energy) but also a new interfacial boundary

must be created that has excess energy. This excess free

energy associated with the creation of a new nucleus

depends on where the new nucleus is formed. The excess

energy is, in general, smaller when a nucleus is formed

on ‘‘defects’’ (such as grain boundaries or dislocations).

However, the density of the possible nucleation sites will

be smaller for these defects in comparison to the bulk.

Therefore the nucleation at defects is favored when the

P–T (pressure–temperature) conditions are close to

equilibrium, whereas when P–T conditions are far

from equilibrium then nucleation in the bulk will be

favored. Nucleation in the bulk is often referred to as

homogeneous nucleation and nucleation at grain boun-

daries is referred to as inhomogeneous nucleation or

grain-boundary nucleation.

The net change in free energy associated with the

formation of a new phase is given by,

�G ¼ 4p
3
r3�GV þ 4pr2� (13:36)

where �GV is the free energy difference between a new

phase and an old phase (per volume) (�GV< 0 if a new

phase is stable), r is the size of a new phase and � is the

interfacial energy of a boundary between a new phase
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and an old phase. Thus if a new phase is too small it will

be unfavorable and will disappear. If a new phase

happens to be large, then it will be stable and grow.

The critical size rc can be given by @�G=@r ¼ 0,

thus

rc ¼
2�

�GVj j (13:37)

and the corresponding energy is

�G	 ¼ 16p�3

3ð�GVÞ2
: (13:38)

Free energy varies approximately linearly with T

(temperature) and P (pressure), so that �GV /
Tc � Tð Þ; Pc � Pð Þ where Tc or Pc is equilibrium T or

P and therefore,

�G	 / 1

ðTc � TÞ2
;

1

ðPc � PÞ2
: (13:39)

Now the probability for nucleation is proportional

to exp ��G	=RTð Þ. When atomic diffusion is involved

in nucleation (this will be the case in a phase trans-

formation in a solid-solution), then the rate at which

nucleation occurs is also proportional to the diffusion

coefficient, D ¼ D0 exp �H	=RTð Þ, thus,

I ¼ A exp ��G	

RT

� �
exp � H	

RT

� �
: (13:40)

Note that because of the relation (13.43), the nucle-

ation rate, I, depends on T or P very strongly, namely,

I ¼ A exp � B

ðT� TcÞ2

" #
exp � H	

RT

� �
(13:41)

or

I ¼ A exp � C

ðP� PcÞ2

" #
exp �H	

RT

� �
: (13:42)

For example, if either T or P gets close to the equili-

brium T or P, then the nucleation rate I becomes so

small that nothing would happen. Measurable nuclea-

tion will occur only when a finite ‘‘overshoot’’ in T or P

is made.

(2) Growth
After nucleation, each nucleus will grow. They impinge

upon each other and the growth process stops. Further

progress of transformation occurs by new grains that

are formed in untransformed regions. Let us now cal-

culate the rate of transformation as a function of

nucleation rate I and growth rate G. For simplicity,

we assume that both nucleation and growth rates are

constant with time.

Now, consider one three-dimensional spherical new

grain with a radius r. Its volume V1 is given by,

V1 ¼
4p
3
r3 ¼ 4p

3
G3ðt� 
Þ3 (13:43)

where t is time and 
 is time when growth started. Thus,

dV1 ¼ 4pG3ðt� 
Þ2dt: (13:44)

Now we consider a number of new grains that are

growing in a transforming material. Recall that nucle-

ation and growth occur in a volume fraction which has

not been transformed, u tð Þ ¼ 1� x tð Þ (xðtÞ is the vol-
ume fraction of transformed material). Therefore the

volume fraction of newly formed material during a

time period d
 is given by,

dV2 ¼ dV1 � dn � uðtÞ (13:45)

where dn is the number of nuclei formed per time

period d
 . dn is related to the nucleation rate I,

I ¼ dn

d

: (13:46)

Thus,

dV2

dt
¼ 4pG3ðt� 
Þ2I � uðtÞ � d
 � (13:47)

Now we must consider all the grains that have nuc-

leated from 
 ¼ 0 to 
 ¼ t to calculate the total rate

of increase in the volume fraction of a new phase,

dV3=dt. Thus by integrating equation (13.47), one

obtains,

dV3

dt
¼ 4pG3I � uðtÞ

ðt
0

ðt� 
Þ2 d
 ¼ 4p
3
G3I � uðtÞt3 (13:48)

Remembering that V3 tð Þ ¼ x tð Þ so that dV3 tð Þ=dt ¼
dx tð Þ=dt ¼ �du tð Þ=dt, one finds,

� duðtÞ
dt
¼ 4p

3
G3I � uðtÞt3: (13:49)

By integrating (13.49), one finally obtains,

uðtÞ ¼ exp �p
3
G3I � t4

	 

(13:50)

and

xðtÞ ¼ 1� exp � p
3
G3I � t4

	 

: (13:51a)

A similar analysis can be applied to a two-dimensional

growth to get,
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xðtÞ ¼ 1� exp �p
3
G2I � t3

	 

: (13:51b)

Problem 13.7

Derive equation (13.51b) for two-dimensional growth.

Solution

The only difference between two and three dimensions

is the geometry of nuclei. Instead of a spherical nucleus,

we have a circular nucleus. Thus dV1 ¼ 2pG2 t� 
ð Þ dt.
And the rate at which new grains are formed

is dV2=dt ¼ ðdV1=dtÞ I � u tð Þ ¼ 2pG2 t� 
ð ÞI � u tð Þ d
 .
By integrating this formula from 
 ¼ 0 to 
 ¼ t, the total

rate of formation of new grains is given by dV3=dt ¼
dx tð Þ=dt ¼ �du tð Þ=dt ¼ 2pG2I � u tð Þ

R t
0 t� 
ð Þ d
 ¼

pG2I � u tð Þ � t2. Therefore �du tð Þ=dt ¼ pG2I � u tð Þt2
and u tð Þ ¼ exp �1

3pG
2I � t3

� �
and hence x tð Þ ¼ 1�

exp �1
3pG

2I � t3
� �

.

In general, the volume fraction of transformed

grains is given by,

xðT; tÞ ¼ 1� exp �A Tð Þtk
� �

: (13:52)

This equation is referred to as the Avrami equation.

From these relations, one can see that the volume

fraction of a new phase x(T, t) increases with time

and when one can define a critical time above which a

new phase will occupy a significant fraction of a given

material. Thus,

AðTÞtk4	 (13:53)

(where 	 is a non-dimensional parameter (	� 3 for

�95% transformation)) then the transformation is

effectively complete. From this one can define the

Avrami time

tAv ¼
	

AðTÞ

� �1=k
(13:54)

which is a measure of time-scale of a phase

transformation.

For three-dimensional (homogeneous), nucleation

tAv /
1

Gk�1I

� �1=k
(13:55)

with k=3 for two-dimensional nucleation (grain-

boundary nucleation) and k¼ 4 for homogeneous

nucleation.

Now consider the size of grains of a new phase.

Fundamental physics is similar to the physics of

dynamic recrystallization. In this case, grain size is

controlled by the impingement. Therefore the size of

grains after a phase transformation is determined by

the equation similar to (13.29) or (13.30). Therefore, the

size of grains is controlled by the competition between

nucleation and growth. A useful measure of the size of

the new grain is given by the Avrami length �Av

�Av � G � tAv /
G

I

� �1=k
: (13:56)

If nucleation is very slow but growth rate is fast, grain

size will be large. In contrast, if nucleation is easy and

growth rate is slow, then grain size will be small. This

simple physics has been well known and often applied

in diamond manufacture.

Problem 13.8

We have defined two different types of grain size: one is

the critical size for nucleation (equations (13.25) and

(13.37)) and the other is the size determined by the

balance of nucleation and growth (equations

(13.28a,b) and (13.56)). Show that the former size is

unstable whereas the latter size is stable.

Solution

In the former (nucleation), the competition is between

bulk free energy and surface energy. Consider a small

deviation in grain size from the critical size. If the grain

size becomes larger (smaller) than the critical size, then

the absolute value of the bulk energy (the value is

negative) term increases (decreases) more than the

surface energy term and then the system will obtain a

lower (higher) energy state, so that the grain size will

increase (decrease). Therefore the system is unstable

for this perturbation. In contrast, if the grain size

becomes larger (smaller) than the values determined

by dynamic balance (equations (13.28) or (13.56)),

then both growth and nucleation time-scales will

increase (decrease) but the nucleation time-scale

increases (decreases) more than the growth time.

Consequently the grain size will decrease (increase).

Therefore the grain size determined by this type of

dynamic balance is stable.

In this sense, the model by TWISS (1977) gives an

unstable grain size and physically unreasonable as

correctly pointed out by POIRIER (1985).
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To illustrate how this physics works in real Earth, let

us consider a case of a phase transformation in a down-

going slab. When temperature in the slab is warm

(young slab and/or slow subduction rate), then nuclea-

tion is easy but growth rate will also be fast. In contrast,

in a cold slab, both nucleation and growth are difficult.

However, in this latter case, actual nucleation rate is not

very small, because actual nucleation will occur after a

very large overstep. Thus, the main difference between

cold and warm slabs is the difference in growth rate. As

a result, grain size after a phase transformation in a cold

slab will be significantly smaller than that in a warm

slab. Calculations by RIEDEL and KARATO (1997)

based on kinetic parameters by RUBIE and ROSS

(1994) showed that for a very cold slab, the grain size

of spinel can be as small as �1 mm. This will lead to a

very significant reduction in strength. As a consequence,

they predicted that cold slabs could be weaker than

warm ones under some conditions. This unusual behav-

ior provides a natural explanation for a seemingly

strange result of seismic tomography that shows evi-

dence of larger deformation for older slabs (in the west-

ern Pacific) than younger slabs (in the eastern Pacific).

Problem 13.9

When grain size is dependent on temperature, then the

strain rate associated with grain-size sensitive creepwill

be temperature-dependent due to two different reasons:

first due to the thermal activation for defect motion

and second due to the temperature sensitivity of grain

size. Show that under certain conditions, the rate of

deformation of materials decreases with the increase of

temperature. Discuss under which environment this

unusual temperature sensitivity of creep might occur.

Solution

The flow law for grain-size sensitive creep can be

written as _e ¼ A ð�n=LmÞ exp �H	_e=RT
� �

where H	_e is

the activation enthalpy for deformation. However, the

grain size can also be temperature-dependent when it

is controlled by dynamic balance of nucleation and

growth. Under these conditions the grain size is

dependent on temperature as L ¼ L0 exp �HL
	=RTð Þ.

Therefore _e ¼ Að�n=Lm
0 Þ exp �ðH	_e �mH	LÞ=RT

� �
. When

grain size is controlled by nucleation and growth of

a new phase, then the activation energy for grain

size is large (comparable to that of deformation) and

H	_e �mH	L50. In such a case, creep rate has a negative

effective activation enthalpy. Such a situation probably

occurs in subducting slabs, leading to a weaker slab in a

colder region (KARATO et al., 2001).

13.6. Grain size in Earth’s interior

So far, we have reviewed elementary processes by

which grain size may be controlled in Earth. We now

consider what grain size would one expect in the

dynamically evolving Earth. Let us consider, first,

what would happen when a polycrystalline rock is

deformed in Earth to large strain. As we learned

before, most minerals are plastically anisotropic and

prone to dynamic recrystallization. The grain size at

the completion of dynamic recrystallization is deter-

mined by the local balance of nucleation and growth.

This grain size is primarily controlled by stress,

although it is also influenced by other parameters

such as temperature and water content (water fugac-

ity). Under certain conditions, grain size after the com-

pletion of dynamic recrystallization is large enough so

that deformation still occurs in the dislocation creep

regime. In this case, not much would happen.

An interesting case is the situation where the grain

size after dynamic recrystallization is so small that

deformation occurs in the diffusion creep (or other

grain-size sensitive creep) regime. In this case, the new

grain size is not stable for the long term. Grain growth

should occur that brings grain size up to the size of the

dislocation creep regime. In the dislocation creep

regime, however, grain-size reduction will bring grain

size back to a small size.

Such interplay between dislocation creep, dynamic

recrystallization and grain growth was discussed by

ZEUCH (1982, 1983). In particular, DE BRESSER et al.

(1998) postulated that the grain size versus stress rela-

tionship corresponding to dynamic recrystallization

may coincide with the boundary between dislocation

and diffusion creep. Several points must be recognized.

First, one can imagine a case where this hypothesis

clearly does not work. This is a case where the size

of grain size after dynamic recrystallization is larger

than the critical size for diffusion creep. This can occur,

because the microscopic processes by which the grain

size is controlled by dynamic recrystallization is differ-

ent from the competition between grain growth and

grain-size refinement. In dynamic recrystallization,

the governing microscopic process is a microscopic

balance between nucleation and grain impingement.
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Second, it is important to distinguish between two

scales of microstructural balance (equilibrium). At a

small scale, grain size can be controlled by the balance

of nucleation and growth. Here the driving force for

grain-boundary migration is dislocation density con-

trast or subboundary energy. (This is similar to the

primary recrystallization.) After this stage, grain

growth driven by grain-boundary energy will occur

(similar to the secondary recrystallization). Once grain

size becomes large enough for dislocation creep to

dominate, then grain size will be reduced to a value

that is controlled by the microscopic balance of nucle-

ation and growth. Therefore grain size will oscillate

and there will be a bimodal grain size in dynamically

recrystallizing materials. The mechanical behavior of

such materials will be similar to the one analyzed by

SAKAI and JONAS (1984). Oscillatory behavior will

appear under some conditions.

Now having reviewed some of the fundamental

processes by which grain size may be controlled, what

are the actual grain sizes of rocks in Earth? The grain

size of rocks from the crust and upper mantle can be

determined directly from the rock samples collected on

Earth’s surface. In the crust one can see a vast range of

grain size reflecting their thermomechanical history.

For example, basalts have very fine grain size almost

glassy texture to �10 mm grain size, which is due to

rapid crystallization (fast nucleation at modest growth

rate) caused by rapid cooling. As a basalt is annealed in

the crust, its grain size increases to �0.1 to 1mm size

(thismetamorphosed basalt is called diabase and finally

gabbro). For a similar reason, granites, which are usu-

ally formed in the deep crust and hence cooled slowly,

show large grain size, 1–10mm. Deformed crustal

rocks show a range of grain size. The most intensive

plastic deformation usually occurs in the lower crust

(RUTTER and BRODIE, 1992). In the lower crust, the

grain size has a wide variation. The smallest grain size

occurs in highly sheared region and ultra-mylonites

have grain size as small as �10 mm.

A similar variation in grain size can be seen in the

upper mantle rocks. Here grain size is mostly corre-

lated with the magnitude of stress (AVÉ LALLEMANT

et al., 1980; MERCIER, 1980), but it can also vary

from one mineral to another. Under most conditions,

olivine, the most abundant mineral in the upper mantle,

is the softest mineral and undergoes dynamic recrystal-

lization readily. Orthopyroxene, the second common

mineral in upper mantle rocks, is stronger than olivine

in the dislocation creep regime (under water-poor con-

ditions). Consequently, in many cases where deforma-

tion occurs initially by dislocation creep, orthopyroxene

undergoes less deformation and recrystallizes later.

However, after dynamic recrystallization, the grain size

of orthopyroxene is significantly smaller than that of

olivine (by a factor of �5–10). Consequently, ortho-
pyroxene after dynamic recrystallization often shows

evidence of grain-size sensitive creep, and orthopyrox-

ene under these cases can be significantly weaker

than olivine. For example, in typical coarse-grained

upper mantle xenoliths, the grain size of olivine, ortho-

pyroxene and other minerals is a few mm (e.g.,

NICOLAS, 1978; MERCIER, 1980). However, in highly

sheared upper mantle rocks, the grain size can be as

small as �10 mm.

The grain size in Earth deeper than the transition

zone cannot be estimated from direct observations.

There are some reports on mantle rocks or fragments

of minerals deeper than �300 km showing a few mm

grain size (e.g., HAGGERTY and SAUTTER, 1990). A

recent report on the presence of seismic anisotropy in

the transition zone (TRAMPERT and VAN HEIJST, 2002)

suggests deformation by dislocation creep implying a

relatively large grain size, whereas the lack of seismic

anisotropy in most of the lower mantle (MEADE et al.,

1995) suggests a relatively small grain size. By compar-

ing the diffusion coefficients measured in the labora-

tory with the viscosity inferred from geophysical

observations (see Chapter 19), YAMAZAKI and

KARATO (2001b) estimated a grain size of �2–3mm

at the top of the lower mantle. Based on a numerical

simulation of grain-growth kinetics, SOLOMATOV et al.

(2002) inferred a similar grain size for the lower mantle.

The grain size in the inner core could be much larger.

From the comparison of laboratory data on seismic

wave attenuation with seismological observations,

the grain size in the inner core is estimated to be

�102–103 m (Chapter 17). This inferred large grain

size likely reflects a small deviatoric stress and a very

high temperature (close to the melting temperature) in

the inner core, which is likely to be made of nearly

single phase.
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14 Lattice-preferred orientation

Non-random distribution of crystallographic orientation, lattice-preferred orientation (LPO) (or

crystallographic-preferred orientation: CPO), is one of the important microstructural characteristics

of rocks. LPO in naturally deformed rocks can be measured in the laboratory or LPO in rocks

deformed in Earth’s interior can be inferred from seismic anisotropy. If the physical processes by

which LPO is formed are understood, then one can use measured or seismologically inferred LPO to

infer physical processes such as a flow pattern in Earth. This chapter provides a review of the various

ways of representing LPO and the physical processes for the formation of LPO including

deformation-induced LPO and crystallization- (or recrystallization-) induced LPO. LPO is

controlled by both the microscopic physics of deformation or the nucleation–growth of crystals and

the macroscopic geometry of field in which LPO develops (finite strain ellipsoid, stress, magnetic

field, heat flow etc.). The relation between LPO and deformation geometry can change with physical

(and chemical) conditions of deformation.

Key words Lattice-preferred orientation (LPO), Euler angles, orientation distribution

function (ODF), pole figure, inverse pole figure, J-index, M-index, Schmid–Boas relation,

Taylor–Bishop–Hill model, self-consistent model, dynamic recrystallization, fabric transition.

14.1. Introduction

Distribution of crystallographic orientation of grains

in a polycrystalline material may be non-random. It

can be measured on rock samples and it can also be

inferred from geophysical observations of anisotropic

properties such as seismic anisotropy (see Chapter 21).

This non-random distribution of crystallographic axes

is called lattice-preferred orientation (LPO) or crystal-

lographic-preferred orientation (CPO) or simply fabric.1

LPO reflects the processes by which a rock was formed

and/or has been deformed in a given environment

(‘‘field’’). Therefore by knowing the relationship

between LPO and the anisotropic field in which a

rock’s LPO was established, one can infer the aniso-

tropic field that would provide an important insight

into the dynamic processes in Earth.

In this chapter we will first learn the experimental

methods of LPO measurement and the representation

of LPO (section 14.2). Then the physical mechanisms

of formation of LPO will be discussed based on both

theoretical models and experimental observations

(section 14.3).

One of the most important concepts in studying

LPO is that the nature of LPO is controlled by both

microscopic processes and macroscopic anisotropic

fields. When it is caused by deformation, LPO depends

on deformation mechanisms as well as the geometry of

deformation. Consequently, in order to obtain some

1 Either the term lattice-preferred orientation (LPO) or crystallographic

preferred orientation (CPO) is used in the literature. The term fabric is also

used for LPO in geological literature, but the term fabric refers to grain

shape, grain-size distribution in the materials science literature, which is

called texture in geological literature. 255



information as to the macroscopic field from LPO, one

needs to understand the microscopic processes of LPO

development. A more extensive discussion of LPO can

be found in books such as KOCKS et al. (1998) and

WENK (1985) (for a new technique of LPO measure-

ment, EBSD, see RANDLE, 2003).

14.2. Lattice-preferred orientation:
definition, measurement and
representation

14.2.1. Measurement of lattice-preferred
orientation

Lattice-preferred orientation can be measured using a

range of techniques. A classic technique is the optical

microscope measurement using a universal stage. In

this case, the anisotropic optical properties of crystals

are used to determine the orientation of each crystal.

Spatial resolution is determined by the sample thick-

ness relative to grain size, and usually the orientations

of grains smaller than�20 mm are difficult to measure.

X-ray measurements can be used to determine LPO. In

this technique, one measures the intensity of various

peaks of diffracted X-rays as a function of direction in

a sample. From the orientation dependence of intensity

of diffracted X-ray one can determine LPO. This tech-

nique has the advantage of being able to be applied to

samples with fine grain size but the calculation of LPO

from X-ray intensity is not straightforward because of

the corrections for absorption and fluorescence. A

recent and the most powerful technique is a scanning

electronmicroscope (SEM)-based technique, called the

electron backscatter diffraction technique (EBSD;

Fig. 14.1; DINGLEY and RANDLE, 1992; ADAMS

et al., 1993; PRIOR and WHEELER, 1999; RANDLE,

2003). In this technique, a narrowly focused electron

beam is scanned on a sample surface and one measures

the distribution of diffracted electrons due to multiple

scattering. Because of multiple scattering, the spatial

pattern of diffracted electron beam reflects the orient-

ation of crystal but not the direction of the incident

electron beam. These diffracted electrons form a

‘‘Kikuchi pattern,’’ which varies with crystal orienta-

tion (Fig. 14.1). The electron beam is usually obtained

from a scanning electron microscope, and the diffrac-

tion pattern is captured by a high-sensitivity camera. In

order to obtain a high quality Kikuchi pattern, the

sample surface must be well polished. A common pol-

ishing procedure includes chemico-mechanical polish-

ing using a colloidal silica. A high density of defects

(dislocations) reduces the quality of patterns, but even

in highly deformed mylonites (that have dislocation

density of �1012–1013 m�2), the quality of images is

good enough to conduct high quality measurements

with a recent version of the SEM-EBSD system.

The indexing of the patterns can be made by

comparing the observed pattern with calculated ones

for various orientations (commercially available soft-

ware can be used for this purpose; Fig. 14.1b). This

technique can be applied to almost all crystals and the

determination of orientation is accurate to 18 or bet-
ter. The spatial resolution depends on the nature of

the electron beam. If a conventional tungsten fila-

ment is used, then the spatial resolution is �2 mm.

Using a high-density electron beam produced by a

field-emission-gun, one can obtain a spatial resolu-

tion of �0.2 mm. Another diffraction-based technique

(a) (b)
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FIGURE 14.1 (a) A Kikuchi pattern of deformed olivine and (b) a comparison of a calculated Kikuchi pattern with the observed one. Plate 2.
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for LPO measurement includes neutron diffraction

measurements (e.g., WENK, 2002). Neutrons interact

with crystals including those containing hydrogen

(X-rays do not interact with protons because a proton

atom does not have an electron). One of the merits of

this technique is that the absorption of neutrons by

materials is much less than that of electrons and

hence a large sample volume can be studied. WENK

(1985, 2002) contain reviews of preferred orientation

measurements.

14.2.2. Representation of lattice-preferred
orientation

Pole figure
Lattice-preferred orientation can be represented in

several ways. In the Earth science community, pole

figures are most commonly used. A pole figure is a

representation of the distribution of crystallographic

orientations in a sample coordinate. One chooses

a particular coordinate fixed to a sample (shear plane–

shear direction, foliation–lineation etc.), and plots the

direction of a particular crystallographic orientation in

this space. In order to show the orientation distribution

in a two-dimensional diagram, a stereographic pro-

jection is used. Usually, the direction is projected to

the lower hemisphere. Although this representation

can cover all the orientations in the sample space,

only a finite number of crystallographic orientations

can be chosen. Also the relative orientations of the

different crystallographic axes of each grain cannot

be represented in a pole figure. Therefore the informa-

tion in pole figures is incomplete. For example, when

one chooses [100], [010], [001], then no information

of orientation distribution of other orientations, say

[110], can be represented.

An example of pole figures is shown in Fig. 14.2. In

this representation, one can see how some of the differ-

ent crystallographic orientations are distributed in the

space relative to the deformation geometry (e.g., folia-

tion, lineation).

Mathematically, a pole figure represents the ang-

ular distribution of a given crystallographic direction

c ¼ hkl½ � with respect to a sample coordinate system,

and therefore it represents a volume fraction of grains

having their crystallographic orientation parallel to

the sample direction y and yþ dy ðy ¼ �; �f g; dy ¼
sin� � d� � d�; �; co-latitude;�; longitudeÞ;

dV

V
¼ 1

4p
PcðyÞ dy ¼

1

4p
Pcð�; �Þ sin� � d� � d� (14:1)

wherePc yð Þ dy is the fraction of grains whose crystallo-

graphic orientation is between y and yþ dy. A pole

figure is usually normalized as Pc yð Þrandom¼ 1.

Inverse pole figure
Another frequently used representation is the inverse

pole figure. In an inverse pole figure, one plots the ori-

entation of particular orientations in space (e.g., com-

pression direction, shear direction, lineation) using a

coordinate defined with respect to the crystallographic

axes. This plot can cover all of the crystallographic

orientations but only a small number of orientations

in the sample space can be presented. An example of

an inverse pole figure is shown in Fig. 14.3. Because all

the crystallographic orientations are shown in this plot,

one can easily find how crystallographic orientations

are related to a given external reference frame such as

(a)

[100]

(b)

olivine, A-type

olivine, C-type

(c) orthopyroxene

(d) periclase (MgO)
[100] [110] [111]

[010] [001]

FIGURE 14.2 Some examples of pole figures showing the distribution

of crystallographic orientations in the coordinate system defined

with respect to the deformation geometry. The color code indicates

the density of data (red, high; blue, low). (a) Olivine experimentally

deformed in simple shear (water-poor, low-stress, high-temperature

conditions), (b) olivine experimentally deformed in simple shear

(water-rich, low-stress) (from JUNG et al., 2006), (c) naturally

deformed orthopyroxene showing a girdle type LPO (from SKEMER

et al., 2006), (d) MgO experimentally deformed in simple shear

(from LONG et al., 2006). Plate 3.
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the shear direction (or shear plane). Therefore the inverse

pole figure is very useful in inferring the dominant slip

system(s).

Similar to the pole figure, the inverse pole figure is

defined as,

dV

V
¼ 1

4p 
RyðhÞ dh ( 14:2)

where Ry hð Þdh is the fraction of grains for which a

given orientation in space is between h and hþ dh

of crystallographic orientation space. An inverse pole

figure is usually normalized as Ry hð Þrandom¼ 1.

Because both pole figures and inverse pole figures

are incomplete, information on LPO provided by these

two diagrams are not redundant but complementary.

Therefore use of both pole figures and inverse pole

figures is recommended. For instance, it is easy to visua-

lize the pattern of LPO in the sample space from pole

figures, but it is often more instructive to use inverse

pole figures to infer the dominant slip system(s).

Problem 14.1

Compare the pole figures shown in Fig. 14.2b and the

corresponding inverse pole figures shown in Fig. 14.3b

and discuss (i) the dominant slip system(s) and (ii) the

controlling framework of LPO development.

Solution

In Fig. 14.2b, the olivine [001] axis has peaks nearly

parallel to the shear direction and the [100] axis is

nearly normal to the shear plane. However, there is a

significant angle between the peak positions and these

structural frameworks. Also the orientations of other

crystallographic axes are not shown in these diagrams.

In the inverse pole figure shown in Fig. 14.3b, the

olivine [001] axis is clearly parallel to the maximum

elongation direction and the olivine [100] axis is

parallel to the maximum shortening direction, and no

other crystallographic orientation has any correlation to

the finite strain ellipsoid. Consequently, we conclude

that [001](100) is the dominant slip system in this sample.

Orient ation distr ibution fu nction
A more complete representation of LPO is the orienta-

tion distribution function (ODF). The orientation of

each crystal can be completely specified by three

Euler angles (Fig. 14.4, Box 14.1). The Euler angles of

one crystal are defined by three angles, so a given

orientation of a three-dimensional object can be speci-

fied by a vector g in a three-dimensional space. The

orientation distribution function, f gð Þ, is defined as

f gð Þ dg being the volume fraction of materials whose

Euler angle is between g and gþ dg, namely,

dV

V
¼ fðgÞ dg: (14:3)

Therefore the ODF contains the most complete

information of LPO. The pole figures or the inverse

pole figures are the subsets of ODF. For this reason,

(a) A-type

(b) C-type

shear
direction

shear plane
normal

maximum
elongation

maximum
shortening

001 010

100

100

010001

olivine FIGURE 14.3 Examples of

inverse pole figures showing the

distribution of orientations in

space relative to the

crystallographic coordinate. (a)

Olivine deformed in the A-type

regime (the same sample as shown

in Fig. 14.2a) and (b) olivine

deformed in the C-type regime

(the same sample as in Fig. 14.2b).

The color code indicates the

density of data (red, high; blue,

low). Plate 4.
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the ODF is commonly used in materials science.

However, interpretation of ODF is not necessarily

intuitive and it is still not very commonly used in the

Earth science community. The orientation distribution

function is normalized as

ð
fðgÞ dg ¼ 1: (14:4 )

To understand how to interpret ODF, let us take

a simple example. A case for single slip fabric is

straightforward. Consider the A-type olivine fabric

in which the olivine [100] axis is nearly parallel to

the shear direction and the [010] axis is nearly normal

to the shear plane. In this case, if the Euler angles

are defined as shown in Box 14.1, then the data

points corresponding to olivine A-type fabric will

be plotted near �1;�; �2ð Þ ¼ 0; 12p; 0
� �

. SCHMID and

CASEY (1986) and BENN and ALLARD (1989) provide

some examples of the application of ODF for geological

materials (see also MAINPRICE and NICOLAS, 1989).

None of these representations provide information

about the spatial correlation of orientations of grains.

Spatial distribution or correlation of orientations can

be plotted or studied from digital EBSDmeasurements

and can provide important information as to the pro-

cesses of deformation (Fig. 14.5).

Another useful measure of the relative orientations

of grains ismisorientation of two grains. Given a pair of

grains, one can define a common axis and the rotation

of one crystal relative to another will make the orien-

tations of two grains coincide. This angle is called

misorientation angle. The distribution of misorienta-

tion angles reflects the nature of relative orientations in

grains (e.g., WHEELER et al., 2001). SKEMER et al.

(2005) used misorientation angles to quantify the

strength of deformation fabrics (see the next section).

Problem 14.2

In addition to the A-type fabric discussed before, olivine

assumes a range of LPO depending on the physical and

chemical conditions. B-type fabric: the [001] axis is

nearly parallel to the maximum elongation direction

and the [010] axis is parallel to the maximum shortening

direction, C-type fabric: the [001] axis is nearly parallel to

the maximum elongation direction and the [100] axis is

parallel to the maximum shortening direction, E-type

fabric: the [100] axis is nearly parallel to the maximum

elongation direction and the [001] axis is parallel to the

maximum shortening direction, and D-type fabric: the

[100] axis is nearly parallel to the maximum elongation

direction and the [001] and [010] axes form a girdle. Show

how olivine B-, C-, E- and D-type fabrics are plotted in

the ODF (x0 axis is [100] axis, y0 axis is [010] axis and z0

axis is [001] axis). Assume that the fabric symmetry

follows the strain ellipsoid and the x axis is the

maximum elongation direction, and the z axis is the

maximum shortening direction.

Solution

B type: ODF is near �1;�; �2ð Þ ¼ 1
2p;

1
2p; 0

� �
C type: ODF is near �1;�; �2ð Þ ¼ 1

2p;
1
2p;

1
2p

� �
E type: ODF is near �1;�; �2ð Þ ¼ 0; 0; 0ð Þ
D type: ODF is near where �1;�; �2ð Þ ¼ 0;�; 0ð Þ
where � has any value (0 � � � p).

(a) B-type (b) C-type

0

π

π/2
Φ

φ 2 φ 2

φ1 φ10

π

π/2 π/2

π/2
Φ

olivine FIGURE 14.4 Some examples of

the orientation distribution

function (ODF). (a) Olivine

deformed in the B-type regime and

(b) olivine deformed in the C-type

regime. The distribution of

crystallographic orientation of

individual grains is shown in the

Euler angle space. The color code

indicates the density of data (red,

high; blue, low). Plate 5.
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14.2.3. Statistics and fabric strength

The actual measurements of crystallographic orienta-

tions of grains by EBSD or similar techniques are made

on individual points. From these measurements, we

infer the geometry of flow and calculate seismic aniso-

tropy and other anisotropic properties. One of the

practical questions is ‘‘how many grains do we need

to measure in order to obtain statistically meaningful

results for fabrics?’’ WENK (2002) and SKEMER et al.,

(2005b) investigated this issue. As we learned before

the most complete information of LPO is contained

in ODF, f gð Þ. This function is normalized as equa-

tion (14.4), so the simplest parameter to characterize

the nature of LPOwill be a J-index defined by (BUNGE,

1982)

J �
ð
fðgÞj j2 dg: (14:5)

This parameter is a scalar, so it does not characte-

rize the geometry of LPO, but it reflects the strength

of LPO. The J-index increases with increasing

the strength of LPO and for random distribution

J¼ 1 and for a single crystal distribution it is infin-

ite (Problem 14.3). The amplitude of seismic aniso-

tropy has a positive correlation with the J-index

(e.g., MAINPRICE and SILVER, 1993; SILVER et al.,

1999).
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FIGURE 14.5 Orientation mapping. Orientations of each grain can

be color-coded and the spatial distribution of orientation is visualized

(from JUNG et al., 2006). Plate 6.

Box 14.1 Euler angles and the orientation
distribution function (ODF)

The orientation of a three-dimensional object in a

space can be defined by three angles. For example,

one can define the orientation of a crystal by

defining the orientation of a crystallographic

plane (by two parameters) and by defining the

orientation of one crystallographic direction on

that plane (by one parameter). This can be done

in the following way. Let us assume that a crystal

and a sample coordinate (i.e., foliation–lineation)

coincide. Starting from this, let us rotate the

crystal coordinate (x0; y0; z0) relative to a sample

coordinate (x; y; z) using the following three steps.

(i) Rotate the crystal coordinate across the sample

axis z by �1 (0 to 2p). (ii) Then rotate the crystal

coordinate around the x 0 axis by � (0 to p).
(iii) Finally rotate the crystal axis around z0 by �2
(0 to 2p). These three angles that define the crystal
orientation in the sample coordinate are called

the Euler angles. The Euler angles for a crystal

completely define its orientation (relative to the

sample space). The space made of three angles

ð�1;�; �2Þ is called the Euler space. Orientation

of each crystal corresponds to a point in the Euler

space. The distribution of these points in the Euler

space can be described by a function that defines

the density of these points. This function is called

the orientation distribution function, ODF. In the

Euler space, the direction along the � axis is

the direction in which the crystal’s x0 axis is parallel

to the x direction. Similarly the �1 direction is the

direction in which the crystal’s z0 axis is parallel to the

sample axis of z direction, and the �2 direction is the

direction inwhich the crystal’s y0 axis is parallel to the

sample axis of y direction.
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Problem 14.3

Show that J¼ 1 for a random fabric and J ¼ 1 for a

single crystal fabric.

Solution

For random distribution,
Ð
f gð Þdg ¼ 1 ¼ frandom

Ð
dg ¼

frandom where we used a relation, dg ¼ 1=8p2 sin��
d’1 d’2 d� and hence

Ð
dg ¼ 1. Consequently,

Jrandom ¼
Ð
frandomj j2dg ¼

Ð
dg ¼ 1. For a single crystal

fabric, f gð Þ ¼ � g� g0ð Þ where � xð Þ is the Dirac delta

function ð� xð Þ ¼ 0 for x 6¼ 0 and
Ð1
�1 � xð Þdx ¼ 1) and

Jsingle �
Ð
� gð Þj j2 dg ¼ 1.

However, the J-index must be applied cautiously

because actual measurements of fabric are often made

on individual grains and some numerical artifacts can

influence the calculation of the J-index. As shown

before, the J-index for a continuous distribution of

orientation is between one and infinity and should

not depend on the number of data points (grains).

However, as noted by MATTHIES and WAGNER (1996)

and XIE et al. (2003), the J-index can be dependent on

the number of data points when the smoothing factor is

not chosen appropriately. In general, when we study

the fabric, we seek to determine the anisotropic struc-

ture of the aggregate that is independent of the number

of grains. However, any practical measurements are

made on a finite number of grains. If an infinite num-

ber of spherical harmonics are used to represent the

fabric, then the actual ODF would have discrete values

(0 or 1) in the Euler angle space2 (Fig. 14.6). In contrast,

for an ideal case of an infinite number of grains, ODF

should be a smooth function in the Euler angle space.

Consequently, one must truncate the spherical har-

monic order to capture the appropriate nature of ODF

and obtain the J-index that is independent of the number

of data points. SKEMER et al. (2005) investigated

the influence of these numerical artifacts on the results

of the J-index and found that in most cases the calculated

J-index from a given sample depends strongly on these

parameters (the maximum degree of spherical harmonics

and the number of data points), and consequently, the

J-index must be used with great caution.

SKEMER et al. (2005) introduced an alternative

measure of fabric strength based on misorientation

angles. For any pair of two grains, one can determine

the misorientation angle (Chapter 5). A misorientation

distribution function R �ð Þ is defined such that R �ð Þ d�
is a fraction of pairs of grains for which the misorien-

tation angle is between � and �þ d�. R �ð Þ for random
fabric, R0 �ð Þ, can be calculated from the symmetry

of the crystal (e.g., GRIMMER, 1979), and one can use

the difference between the actual R �ð Þ and R0 �ð Þ as a
measure of fabric strength, namely,

M � 1

2

Z �max

0

Rð�Þ � R0ð�Þj j d�: (14:6)

This is called the M-index. The M-index is 0 for ran-

dom fabric and is 1 for a single crystal. Misorientation

angle can easily be calculated from the data of orienta-

tion distribution function using a commercial software

package. One advantage of usingmisorientation angles

is that there are a large number of misorientation

angles for a given finite number of data points

(NC2 ¼ N N� 1ð Þ=2 � N2=2) so that there are fewer

numerical artifacts than the J-index. In fact, SKEMER

et al. (2005) showed that the values of theM-index are

stable, for a typical fabric strength, for a number

of grains exceeding �100–200 (this number is higher

for a crystal with high symmetry: for a cubic crystal

it is �500–1000 grains) (Fig. 14.7).

g1

f (g)

high l

medium l

low l

FIGURE 14.6 A schematic diagram showing the relation

between discrete measurements of orientation and a continuous

orientation distribution function (after BUNGE, 1982).

2 The problem found by MATTHIES and WAGNER (1996) is due to this

artifact. For a weak fabric,
Ð
fðgÞ dg ¼ 1 � f 0N, where we use the

approximation that ODF is nearly constant, and there are N data

points in the Euler space. J ¼
Ð
jf j2 dg � f 02N � 1=N Therefore as

found by MATTHIES and WAGNER (1996).
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14.2.4. Symmetry of fabrics

The symmetry of LPO is controlled by the symmetry of

the ‘‘field’’ (strain etc.) and the symmetry of crystals.

Consequently, knowing the symmetry of crystals, one

can deduce the symmetry of deformation from the LPO.

Some detailed discussion of this issue is presented by

PATERSON and WEISS (1961) and WEISS and WENK

(1985). ‘‘Symmetry’’ is defined by an operation or a set

of operations by which a given object (in this case pole

figures) become identical. For instance [100] direction

in a cubic crystal is equivalent to [010] and [001], and

these orientations are denoted collectively as 100h i.
Consequently, in a pole figure, there should be three

equivalent points corresponding to the orientation of

100h i. The symmetry of deformation should also

affect the symmetry of a pole figure. For instance, if

deformation is uni-axial, then the pole figure should

have uni-axial symmetry whereas simple shear deforma-

tion results in a pole figure that has the orthorhombic

symmetry. Some of the examples are shown in Fig. 14.2.

14.3. Mechanisms of lattice-preferred
orientation

Two microscopic processes can control the develop-

ment of lattice-preferred orientation (fabric). In one

mechanism, while individual atoms remain in each

grain, the crystallographic orientation of individual

crystal may rotate by deformation with respect to a

certain external reference frame. Another mechanism

is that grains with different orientations may grow

at the expense of grains with other orientations. This

latter mechanism involves grain-boundary migration.

The former is called deformation-induced lattice rota-

tion, and the latter (re)crystallization.

14.3.1. Fabric developments by deformation

Rotation of a crystal by constrained deformation
Consider a simple case where a single crystal with only

one slip system is deformed experimentally by uni-axial

compression. The end of the specimen is constrained

by the surrounding materials. Let us assume that the

deformation occurs by a slip using a single slip system.

In this case deformation is simple shear, and if the

crystal orientation is fixed with respect to the external

reference frame, then there will be a gap between the

surrounding materials and the specimen (Fig. 14.8). A

crystal rotates to fill this gap. The amount of rotation

can be calculated as follows. Note that the length of a

material line along the slip direction is preserved. If we

define the angle between the compression direction

and the slip plane normal to be �, then the length of

a material line along the slip direction, x, is x ¼ l=cos �

where l is the thickness of the sample. Because this

length does not change by deformation,

dx ¼ dl=cos �þ l sin � d�=cos2 � ¼ 0 and one obtains,

tan � d� ¼ �dl=l: (14:7)

Integrating this, one finds

cos �

cos �0
¼ l

l0
(14:8)

where �0 is the initial angle and l0 is the initial sample

thickness. This equation means that upon compression,

the slip plane rotates toward the normal to the
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FIGURE 14.7 (a) The distribution of the misorientation angle in

deformed olivine in the dislocation creep regime as compared with

a theoretical distribution corresponding to a random distribution of

orientations. (b) The M-index of deformed olivine as a function of

the number of grains for which orientations were measured (after

SKEMER et al., 2005).
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compression direction (�! 1
2p as l! 0). This is the

Schmid–Boas relation extended to a finite strain.

This simple case shows that the essence of lattice

rotation is related to the rotational component of

deformation. Deformation caused by slip (dislocation

glide) is simple shear (Chapters 5 and 9), and therefore

there is non-zero rigid body rotation, oij. The essence

of the Schmid–Boas relation is that a crystal rotates its

orientation relative to the external frame in such a way

that the rotational component of deformation due to

slip (oML
ij : rotation of material points relative to the

lattice) and rigid-body rotation (oLX
ij : rotation of lat-

tice relative to the external frame (microscopic

rotation)) agrees with the imposed rotational compo-

nent of deformation (oMX
ij : rotation of material points

relative to the external frame (macroscopic rotation)).

Consequently, a general relation describing the

rotation of a crystalline lattice relative to the external

frame is given by

oLX
ij ¼ oMX

ij � oML
ij : (14:9)

Briefly, this equation means that the rotation of crys-

tallographic axes relative to the external reference

frame is controlled both by the geometry of macro-

scopic deformation, oMX
ij , and the geometry of micro-

scopic deformation, oML
ij . This equation contains the

essence of the mechanism of LPO due to deformation.

During deformation, the orientations of individual

grains continuously rotate relative to the external refer-

ence frame. When deformation involves rotational

components (i.e., deformation due to dislocation

glide or twinning), then all the crystals will rotate due

to the mismatch of rotation due to microscopic defor-

mation and macroscopic deformation. Among many

crystals those in whichoLX
ij � 0 will rotate their orient-

ation more slowly than others so that these crystals

will dominate the LPO. It should be noted that there

are no stable or equilibrium orientations toward which

crystals rotate. Rather all crystals rotate their crystallo-

graphic orientations and the LPO is controlled by the

relative rates of rotation as emphasized by WENK and

CHRISTIE (1991).

The rotation of material points relative to the cry-

stalline lattice, oML
ij , is the microscopic controlling

factor for LPO.When deformation is due to crystalline

slip (dislocation glide) or twinning, rotation of material

points relative to the lattice, oML
ij , is determined by the

combination of rotations associated with individual

slip systems (and/or twin systems) as

�oML
ij ¼

1

2

X
S

lsi n
s
j � lsj n

s
i

� �
�� s (14:10)

where ��s is shear strain, ns is the slip-plane normal and

l s is the slip direction for the sth slip system

(Chapter 5). To determine the LPO from modeling,

one needs to calculate ��s for individual slip systems.

This is a complicated issue and in general ��s cannot be

determined uniquely. However, some general conclu-

sions can be drawn as follows.

A simple case is deformation due to diffusional

mass transport, such as diffusional creep or dislocation

creep due to dislocation climb (NABARRO, 1967a). In

these cases, microscopic deformation does not have

FIGURE 14.8 Constrained deformation of a single crystal with a

single slip system (lines indicate the trace of slip planes).
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a rotational component, so oML
ij ¼ 0 and hence

oLX
ij ¼ oMX

ij . This means that all the grains rotate

their crystallographic axes in the same way as imposed

by the macroscopic geometry of deformation.

Consequently no LPO will develop due to deformation

by diffusional creep (or dislocation climb) and the pre-

existing LPO will rather be destroyed. The destruction

of the pre-existing LPO by superplastic deformation

(Chapter 8) was demonstrated in metals (e.g., Au–Cu

eutectic alloy, EDINGTON et al., 1976) and in some

minerals (e.g., orthopyroxene, BOULLIER and

GUEGUEN, 1975).

When deformation is due to slip (dislocation glide)

and/or twinning, then microscopic deformation inclu-

des rotational components. Consequently, the nature of

LPO in these cases is controlled by the partitioning of

deformation among various slip (twin) systems. Several

theoretical models have been developed by which LPO

by dislocation glide can be calculated, including

the Taylor–Bishop–Hill model (e.g., LISTER et al., 1978;

VAN HOUTTE andWAGNER, 1985) and the self-consistent

approach (e.g., MOLINARI et al., 1987; WENK et al.,

1991). In the Taylor–Bishop–Hill model, strain is

assumed to be homogeneous and therefore more than

five independent slip systems are needed. In general, the

partitioning of strain among several slip systems cannot

be uniquely calculated. In this model, strain in each slip

system is determined using a criterion that the actual

strain partitioning occurs in such a way that the energy

dissipation is minimum (VAN HOUTTE and WAGNER,

1985). However, in many of anisotropic minerals, the

number of independent slip systems is less than five and

the Taylor–Bishop–Hill model cannot be applied. The

self-consistent approach is one of the models by which

fabric development and strength of polycrystalline

materials with less than five slip systems can be calcula-

ted (see Chapter 12). In this model, a crystal is consid-

ered to be an inclusion in a continuum matrix whose

properties depend on the interaction between the inclu-

sion and the matrix itself. The interaction equations

between the matrix and the inclusion are solved such

that the matrix properties are considered to be a function

of the stress-strain field of an inclusion: hence the name

‘‘self-consistent approach’’ (MOLINARI et al., 1987;

LEBENSOHN and TOMÉ, 1993; also see Chapter 12).

The issue of strain compatibility is circumvented by

treating the matrix as a continuum. An alternative

model was proposed by ETCHECOPAR and VISSEUR

(1987), RIBE (1989a), and RIBE and YU (1991) in

which the strain accommodation problem is solved

approximately byminimizing the gaps and/or overlaps.

Although the details are different among various mod-

els, the LPOs calculated for some minerals such as

olivine are very similar. As a general rule, the largest

strain is partitioned in the easiest (set of) slip systems,

and has the largest influence on LPO.

The simplest case in this category is a case in which

only one slip system dominates. This end-member case

occurs when contributions from subordinate deforma-

tion mechanisms are significant (which provide strain

components needed for strain accommodation) but

does not directly alter the orientations of crystals.

LPO developed by deformation under conditions

close to the dislocation–diffusional creep boundary is

such an example where both dislocation and diffu-

sional creep contribute to total strain significantly.

In this case, oML
ij is for that particular slip system and

the dominant orientations of crystals are such that

deformation-induced microscopic rotation agrees

with the rigid-body rotation imposed by the macro-

scopic deformation geometry. In simple shear, the

orientation of the microscopic shear direction (plane)

becomes sub-parallel to the macroscopic shear direction

(plane). Since deformation conditions in most parts of

Earth are close to the boundary between dislocation–

diffusional creep (e.g.,KARATO et al., 1986;DE BRESSER

et al., 1998), this end-member LPO is often observed in

Earth materials.

A similar but somewhat different case is a case

in which a single set of slip systems such as the

h111i 1�10
� �

or h1�10i 111f g slip system for bcc or fcc

crystals respectively provides enough strain compo-

nents to accommodate arbitrary strain. In such a

case, although a single set of slip systems controls

the LPO, the single set of slip systems has a large

number of equivalent slip systems and therefore oML
ij

must be calculated using various equivalent slip direc-

tions and slip planes. In a more general case, a combi-

nation of different slip systems must be considered to

explain the LPO.

Inference of a dominant slip system from the

inverse (or pole) figure is straightforward only in

cases where a single slip dominates in low-symmetry

materials. In more general cases, the crystallographic

direction parallel to the shear direction in simple shear

does not necessarily correspond to the crystallogra-

phic slip direction. For instance, in NaCl, the slip

direction is 110h i, but in the inverse pole figure, the

111h i and/or 100h i directions are nearly parallel to the

shear direction or extrusion direction (Fig. 14.3a).
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This is due to the combination of several equivalent

slip systems in this high-symmetry crystal (WENK

et al., 1989).

Problem 14.4

Assuming only one slip system, [100](010), dominates

in a crystal with orthorhombic symmetry (e.g., olivine),

predict LPO for simple shear, uni-axial tension and

compression (for infinite strain).

Solution

For simple shear, the [100] direction becomes parallel

to the shear direction and the (010) plane becomes

parallel to the shear plane. For uni-axial tension, the

[100] direction becomes parallel to the tension direction

and the other two axes are normal to the tension

direction. For uni-axial compression, the [010] direction

becomes parallel to the compression direction, and the

other two axes are normal to it.

14.3.2. Fabric development due to oriented
crystallization

LPO due to orientation-dependent crystallization is

well known in metallurgy and in the study of ice sheets

in oceans (e.g., BENNINGTON, 1963; NES et al., 1984;

GANDIN et al., 1995; WETTLAUFER et al., 1997; KURZ

and FISCHER, 1998). When a polycrystalline material

is formed by crystallization from a liquid, grains with

specific orientation may be selectively crystallized if

the free energy of the grain depends on the orientation

(oriented crystallization). Alternatively, the growth rate

of grains with certain direction(s) could be faster than

grains with other directions, causing LPO (oriented

growth). The orientation dependence of free energy

can occur when some anisotropic field is present. For

example, KARATO (1993b) proposed that when crys-

tallization occurs in the presence of a magnetic field,

then grains with low magnetization energy will grow

faster than others. Similarly if the growth rate is con-

trolled by heat flow then anisotropic growth could

occur because thermal conductivity can be aniso-

tropic (e.g., BERGMAN, 1997). For example, when

the rate of solidification is controlled by the rate of

removal of heat, then the crystal with the orientation

that is most effective for the removal of latent heat

tends to grow faster than the others. In this case, the

LPO will be controlled by the anisotropy in thermal

conductivity.

14.3.3. Effects of dynamic recrystallization on
crystallographic fabric

In the previous discussion of deformation-induced

LPO, we assumed that the crystallographic orientation

of a group of atoms in a given grain remains the same

during the LPO development, and LPO develops as a

result of change in orientation of a group of atoms as a

whole. This assumption can be invalid during high-

temperature deformation. During high-temperature

deformation, formation of new grains and/or growth

and consumption of grains can occur as a result of

heterogeneity of deformation. These processes are

collectively referred to as dynamic recrystallization

(Chapter 13). Dynamic recrystallization affects LPO in

several ways (e.g., GOTTSTEIN and MECKING, 1985;

URAI et al., 1986a; KARATO, 1987b; JESSEL, 1988a,

1988b; DOHERTY et al., 1997; WENK et al., 1997;

KAMINSKI and RIBE, 2001; LEE et al., 2002).

The essence of the processes by which LPO is

affected by dynamic recrystallization can be summar-

ized as follows. First, dynamic recrystallization often

results in grain-size reduction. Grain-size reduction pro-

motes grain-size sensitive deformation mechanisms,

thereby reducing the number of necessary slip systems

to achieve plastic deformation. This will promote the

development of an end-member, single-crystal LPO.

This process is important in both in Earth and in labo-

ratory experiments, because deformation conditions

are close to the boundary between dislocation and dif-

fusional creep in both cases (see Chapters 9 and 19).

Therefore materials in regions of a smaller grain size can

often deform by grain-size sensitive creep such as diffu-

sional creep that relaxes the constraints on deformation

in coarse-grained regions that deform by dislocation

creep (LEE et al., 2002). Second, grain-boundary migra-

tion affects LPO when grains with certain orientations

grow at the expense of grains with other orientations

(oriented growth). Third, grains with particular orienta-

tions may be selectively nucleated (oriented nucleation)

and if the subsequent growth process does not modify

their orientations, then oriented nucleation would affect

LPO. The subgrain rotation that occurs in most min-

erals during the early stage of dynamic recrystallization

does not have a strong direct effect on crystal orientation.

Its effect is mainly to make the orientation distribu-

tion more diffuse (KARATO, 1988). It is the subsequent
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grain-boundary migration and/or resultant grain-size

reduction that affects LPO.

There are two key issues that need to be addressed

in examining the role of grain-boundary migration in

LPO development. First, one needs to know how

selective nucleation and/or growth result in a change

in LPO. The grain-boundary migration associated

with dynamic recrystallization occurs due to the

contrast in dislocation density between neighboring

grains. As deformation proceeds, the dislocation den-

sity becomes higher and in many cases, it becomes

more heterogeneous due to the constraints imposed

by neighboring grains (e.g., geometrically necessary

dislocations, ASHBY, 1970). Consequently, at some

point, the difference in dislocation density becomes

high enough to overcome the excess energy associated

with creating new (portions of) grain boundaries.

When this condition is met, then grains with lower

dislocation densities will grow at the expense of grains

with higher dislocation densities (KARATO, 1987b).

Therefore a key factor here is the orientation depend-

ence of dislocation density. The orientation depend-

ence of dislocation density depends critically on the

stress–strain distribution in a deforming polycrystal.

When stress is homogeneous, i.e., when individual

grains deform like an isolated free grain, then crystals

with soft orientations will have higher dislocation

densities (because of a higher resolved shear stress on

a dominant slip system). In contrast, when strain is

homogeneous, i.e., when the constraints for deforma-

tion are tight, then crystals with hard-to-deform ori-

entations must deform to the same strain as others,

which implies that the local stress for crystals with

hard orientations will be higher than crystals in other

orientations. In the latter case, recrystallization would

proceed first in grains with hard orientations, whereas

in the former, recrystallization will proceed in grains

with soft orientations. If these grains with high dis-

location densities are selectively consumed, LPO

would develop. Both cases have been observed in

different materials and, obviously, the issue of the

orientation dependence of dislocation density depends

on the materials and the physical/chemical conditions

of deformation (URAI et al., 1986a; KARATO, 1987b;

KARATO and LEE, 1999).

Second is the competition between recrystallization-

induced LPO and deformation-induced LPO. Both

processes occur concurrently and hence the relative

importance of these two processes must be eval-

uated. KARATO (1987b) introduced a non-dimensional

parameter,

� � L _"

	"1
(14:11)

where L is grain size, _" is strain rate, 	 is the velocity of

grain-boundary migration and "1 is the critical strain

for recrystallization. For a smaller �, the effects of

grain-boundary migration play a more important role

than deformation-induced lattice rotation whereas for

a large � effects of deformation dominates. A similar

parameter was used by KAMINSKI and RIBE (2001).

In summary, the processes of LPO development

during dynamic recrystallization are more compli-

cated than those in deformation-induced LPO. The

details of the formation of heterogeneity and the aniso-

tropy of dislocation density and the competition of

grain-boundary migration with concurrent deforma-

tion-induced lattice rotation need to be considered.

Observations of deforming samples by ‘‘see-through’’

experiments on analog materials provide important

insights into the complicated geometrical changes during

dynamic recrystallization (e.g., URAI, 1983, 1987; URAI

et al., 1986a). However, the most critical information is

the dislocation distribution in samples that have under-

gone dynamic recrystallization (see, e.g., LEE et al.,

2002). Obviously currently available models do not cap-

ture all of the essential physics of dynamic recrystalliza-

tion and a lot more needs to be learned on the role of

dynamic recrystallization in LPO development.

14.3.4. Fabric development in diffusional creep
or superplasticity

Diffusional creep or superplasticity (Chapter 8) does

not have an obvious process to rotate the crystal lattice.

Deformation by diffusional mass transport does not

have a rotational component. Consequently, diffusional

creep does not result in LPO. In fact, EDINGTON et al.

(1976) reported that a pre-existing fabric was destroyed

by superplastic deformation of an Au–Cu eutectic alloy.

Similarly, large-strain experiments on CaTiO3 perov-

skite in simple shear in a diffusional creep regime showed

very weak LPO (KARATO et al., 1995b). However, some

exceptional cases have also been reported. First is the

experimental observation on calcite in the so-called

superplastic regime. RUTTER et al. (1994) conducted

tri-axial compression and tension tests on calcite in the

superplastic creep regime and found slow but significant

LPO development (also KARATO et al. (1995b) found

significant LPO in a diffusion creep regime when the

conditions are close to the boundary with dislocation

creep in CaTiO3 perovskite, n� 1). Similarly PIERI et al.
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(2001) conducted torsion tests on calcite and found very

strong fabric after large-strain deformation in a similar

regime. Superplasticity is defined here as a deformation

processes characterized by a small stress exponent

(n� 1.7) and by the lack of significant grain elongation.

These results are at odds in view of the common belief

that superplastic deformation does not create significant

fabrics (see 14.3.1). The current interpretation of these

results is that a significant fraction of deformation in

these cases is due to dislocation glide, and this is

particularly the case of PIERI et al. (2001) where the

grain-size reduction occurred as a result of dynamic

recrystallization. In such a case, the grain size

remains close to the critical grain size for transition

to dislocation creep (see Chapter 13), and an end-

member, single-slip fabric could develop. Second is

the fabric development during pressure-solution creep

(Chapter 8). BONS and DEN BROK (2000) showed that

the rate of dissolution and/or precipitation may depend

on crystallographic orientation that could cause fabric

development in the diffusion-controlled creep.

14.3.5. Controlling framework for LPO

The essence of LPO caused by slip is the geometrical

mismatchofmicroscopicandmacroscopicdeformation

(equation (14.8)). Therefore the LPO is controlled by

the geometry of deformation and not directly by the

orientation of applied stress. However, there is a contro-

versyas to theexactcontrolling factorofLPOformedby

crystalline slip. On the one hand, based on numerical

modeling, the symmetryofLPO(pole figures) sometimes

follows the shear direction and shear plane (quartz:

LISTER andHOBBS, 1980). In this case, the directions of

the peaks in pole figures do not changewith strain, when

the shear plane–shear direction is used as a reference

frame. On the other hand, other numerical models show

that the symmetry of pole figures follows that of a finite-

strainellipsoid(olivine:RIBE andYU,1991;WENK etal.,

1991; TOMMASI et al., 2000; Fig. 14.9). In this case, the

directions of peaks in pole figures rotate when the shear

plane–shear direction is used as a reference frame in pole

figures.Thedistinctionbetween these two cases is impor-

tant because this issue is related to the inference of defor-

mation geometry (such as sense of shear) from LPO

(BOUCHEZ et al., 1983). If pole figures follow the shear

plane and shear direction, then the pole figures plotted

using the finite-strain ellipsoid as a reference frame will

show a deviation of peak position with respect to the

finite-strain ellipsoid. This deviation can be used as an

indicatorof the senseof shear (BOUCHEZ et al., 1983).On

the other hand, if the pole figures follow the symmetry

[100] [010] [001]
(a) Pure shear

[100]
(b) Simple shear

[010] [001]

FIGURE 14.9 Pole figures of olivine (RIBE and YU, 1991) based on numerical modeling (simple shear).
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of the finite-strain ellipsoid, then the peak positions

in a pole figure would coincide with the main axes of

the pole figures (when pole figures are constructed using

the finite-strain ellipsoid as a reference frame), and there-

fore there is no way of inferring the sense of shear from

LPO (see also TAKESHITA et al., 1990). The experimen-

tal study by ZHANG and KARATO (1995) on olivine

under water-poor conditions showed that at relatively

low strains where little dynamic recrystallization is

observed, the symmetry of LPO follows closely that

of a finite-strain ellipsoid, whereas after the onset of

dynamic recrystallization, it follows close to the shear

direction and shear plane.

In addition to these cases, JUNG et al. (2006) reported

cases in which the pole figures’ peak positions deviate

significantly from both of these frameworks. The origin

of such a deviation is not well understood, but one

possibility is the significant influence of fast grain-

boundary migration: when grain-boundary migration

is fast, stress orientation could influence LPO

(KARATO, 1987b). Also when two slip systems that

have conjugate slip directions/slip planes (i.e., the

[100](001) and [001](100)) play an important role, the

position of peaks in pole figures depends on the parti-

tioning of strain between the two slip systems and can

deviate significantly from the strain ellipsoid or from

shear plane–shear direction. Consequently, care must

be exercised in inferring the sense of shear from the

fabrics of this type (see KATAYAMA et al., 2004).

14.4. A fabric diagram

Deformation fabrics in a given material depend on the

deformation geometry and the physico-chemical con-

ditions of deformation. A change in the fabric (LPO)

due to the change in physico-chemical conditions

of deformation is referred to as a fabric transition.

If the conditions under which a particular type of

fabric dominates are experimentally constrained then

from the fabric one can infer the conditions under

which a rock has attained the fabric (e.g., CARTER and

AVÉ LALLEMANT, 1970; LISTER, 1979; LISTER and

PATERSON, 1979; HOBBS, 1985; JUNG and KARATO,

2001b; KATAYAMA et al., 2004; JUNG et al., 2006).

This is similar to the inference of physical conditions

(such as temperature and pressure) from the chemical

composition or existing stable phases in a rock. In the

latter, the phase diagram (see Chapter 2) plays a key

role. Similarly, when one wants to infer the physico-

chemical conditions from deformation fabrics, one

needs to know the relation between deformation

fabrics and physico-chemical conditions of deforma-

tion. A diagram showing dominant deformation fab-

rics in a given parameter space is referred to as a fabric

diagram. Understanding the nature of a fabric diagram

is important in applying experimental results to Earth.

All of the laboratory studies of deformation experi-

ments are conducted at much faster strain rates than

those in Earth. Consequently, the LPO observed in

laboratory experiments may not be an important one

under geological conditions. In order to apply labora-

tory data on LPO to deformation in Earth, one needs

to understand the scaling laws in fabric diagrams.

An obvious mechanism for a fabric transition is a

change in the dominant (easiest) slip system(s). In this

case, the fabric transition will occur when the strain

rates of two competing slip systems become equal,

namely,

_"1 T;P; 
;L;Cð Þ ¼ _"2 T;P; 
;L;Cð Þ (14:12)

where _"1;2 is the strain rate for slip systems 1 and 2,

respectively, and T is temperature, P is pressure, 
: is

stress, L is grain size and C is a parameter that charac-

terizes chemical environment such as water fugacity.

Therefore the boundary between two fabrics is defined

by a function

FðT;P; 
;L;CÞ ¼ 0 (14:13)

that is a solution of equation (14.12). Therefore the

fabric boundaries are represented by a hyper-surface

in the multi-dimensional space. Several properties of a

fabric diagram can be immediately noted (KARATO,

2007).

(1) A fabric diagram does not explicitly depend on

the strain rate. This is obvious from (14.13), which

does not contain strain rate. This important pro-

perty is due to the fact that the fabric boundaries

are determined by the relative strain rates of two

slip systems. Consequently, as far as strain rates are

concerned, there is no need for extrapolation:

experimental results obtained at much higher

strain rates than in Earth can be directly applied

to Earth where strain rates are much lower than

those in laboratory experiments.

(2) Although the boundaries among various fabric

types shown in a fabric diagram do not depend

on the strain rates, experimental results obtained

at high strain rates cover only some portion of the

parameter space. For example, most experimental

studies are conducted at much higher stresses than

those in most of the Earth. Therefore proper
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extrapolation is needed to construct a fabric dia-

gram for a broad range of parameter space. This

extrapolation is often made using equations such

as (14.12) and requires the knowledge of flow-law

equations.

(3) A fabric transition could occur not only by a

change in the relative easiness of deformation by

different slip systems, but also by the change in

relative rates of lattice rotation by deformation

and the rate of grain-boundary migration. In such

a case, we need to compare rates of these processes

to define the fabric boundary (KARATO, 1987b).

Fig. 14.10 shows two examples of such fabric dia-

grams (one for quartz and the other for olivine).

Let us consider some examples. Consider a case

where a power-law equation is appropriate for all the

slip systems involved,

_"1;2 ¼ A1;2

n1;2 exp �

H	1;2
RT

� 	
: (14:14)

The fabric boundary for this case is given by

log
A1

A2
þ n1 � n2ð Þ log
�H	1 �H	2

RT
¼ 0: (14:15)

For an exponential flow law

_"1;2 ¼ A1;2

2 exp �

H	1;2 � B1;2


RT

� 	
(14:16)

the fabric boundary is given by

RT log
A1

A2
� H	1 �H	2
� �

þ B1 � B2ð Þ
 ¼ 0: (14:17)

If the dependence of the flow-law parameters on

water content (water fugacity) is known, these relations

can be written in terms of water content (or fugacity).

14.5. Summary

Significant progress has been made in the study of

lattice-preferred orientation in rocks. Major driving

forces for this progress are (1) the improved analytical

techniques for measuring LPO (i.e., EBSD), (2) the

improvement in experimental studies for large-strain,

non-coaxial deformation experiments and (3) new

developments in theoretical modeling.

It is now straightforward tomeasure the LPOs from

naturally deformed rocks and calculate any structure-

related properties such as ODF and seismic anisotropy.

However, inferring geologically or geophysically sign-

ificant conclusions from such measurements is not

straightforward. This requires an understanding of the

relationship between LPO and deformation conditions.

In this chapter, I have reviewed some of the fundamen-

tals of LPO development based on both experimental

and theoretical studies.

The key factors in the materials science of LPO are

(i) the dominant slip systems of dislocations and (ii) the

deformation mechanism maps (boundary between dislo-

cation and diffusional creep). Currently the only mean-

ingful way to determine the dominant slip systems in a

given crystal is to conduct an experimental study of plastic

deformation under well-controlled physical and chemi-

cal conditions. Experimental studies on olivine by JUNG

and KARATO (2001b), KATAYAMA et al. (2004), JUNG
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et al. (2006) and KATAYAMA and KARATO (2006) have

revealed a rich variety in LPO in olivine based on large-

strain deformation experiments in simple shear under a

controlled chemical environment. However similar stud-

ies on deep Earth minerals are difficult and we currently

have little knowledge on LPO of materials composing

more than 90% of Earth. There have been some

attempts to infer dominant slip systems in minerals and

calculate LPO or the nature of seismic anisotropy from

theoretical calculations (e.g., THUREL et al., 2003b;

TOMMASI et al., 2004; DURINCK et al., 2005a;

OGANOV et al., 2005). This would be a useful approach

because deformation experiments are difficult to con-

duct under deep Earth conditions (see Chapter 6).

Unfortunately, the usefulness of this approach is highly

limited at present since in all of the studies the strength

was calculated for homogeneous shear and the concept of

dislocation was not used in the calculations of strength.

I should note, however, that theoretical approaches

have the advantage of being able to calculate LPO

development for complicated or a wide range of geo-

metries (e.g., RIBE, 1989b; TOMMASI et al., 2000;

KAMINSKI et al., 2004), but the range of predictability

of current models is again limited. Beyond the qualita-

tive prediction of LPO based on the (assumed) domi-

nant slip systems, many details from such calculations

are unconstrained from a materials science point of

view. For instance, the role of dynamic recrystalliza-

tion that controls the rate of LPO development and its

geometry (e.g., KARATO, 1987b; ZHANG andKARATO,

1995; LEE et al., 2002) is not well incorporated in

currently available models. Consequently, the evolu-

tion of LPO with strain predicted from these models

has limited predictive power at this time.

In summary, the best approach for using LPO to

infer dynamic processes in Earth is to combine materi-

als science knowledge of LPO development (based on

experimental results and theoretical analysis of scaling

laws) with a range of plausible models of dynamic

processes, and compare the results of various models

with seismological observations. An example of such

an approach is given by KNELLER et al. (2005) on the

subduction zone where the physical and chemical con-

ditions are likely to change in a complicated fashion.
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15 Effects of phase transformations

Phase transformations occur in many regions in Earth (particularly in the transition zone,

410–660 km depth in the mantle) and have several important effects on plastic properties. A phase

transformation changes crystal structure and the nature of the chemical bonding that affects any

physical properties including plastic properties. In addition, a first-order phase transformation

results in a change in grain size and a redistribution of internal stress–strain that may influence the

nature of plastic deformation. A second-order phase transformation will not result in these changes,

but will result in the anomalous reduction of an elastic constant and/or the anomalous increase in the

dielectric constant. All of these changes have certain effects on rheological properties. This chapter

presents a summary of the experimental observations and theoretical models on which one can

estimate the relative importance of various effects in geological processes.

Key words isomechanical group, transformation plasticity, Greenwood–Johnson model, Poirier

model, grain-size reduction.

15.1. Introduction

Phase transformations of materials occur in Earth’s

interior. The most important ones are those that

occur in the mantle transition zone (410–660km; see

Chapter 17), but phase transformations also occur in

the crust and the upper mantle, and perhaps in the

lower mantle. A phase transformation affects the rheo-

logical properties in a variety of ways. (1) A phase trans-

formation results in a different crystal structure and

chemical bonding, which will modify all the properties

including the rheological properties (crystal structure,

chemical bonding effects). (2) A first-order phase trans-

formation (for a classification of phase transformations

see Chapter 2) results in the volumetric strain that causes

deviatoric stress and strain, which may affect the rheo-

logical behavior (internal stress–strain effects). (3) A

(first-order) phase transformation results in the modifi-

cations of microstructures particularly grain size, which

will cause a change in rheological properties (grain-size

effect; also see Chapter 13). (4) A first-order transfor-

mation results in the release (or absorption) of heat,

which results in a change in temperature and hence a

change in rheological properties. (5) Second-order

phase transformations can be associated with anomalies

in elastic and dielectric properties (e.g., GHOSE, 1985).

There are some reports indicating anomalous rheolog-

ical behavior associated with second-order phase

transformations.

15.2. Effects of crystal structure and
chemical bonding: isomechanical
groups

A phase transformation will change the geometry of the

atomic arrangement (crystal structure) as well as the

nature of chemical bonding. The bcc (body-centered-

cubic) structure to hcp (hexagonal-close-pack) structure

transformation in iron, for example, changes the crystal

structure from cubic to hexagonal symmetry and hence 271



causes a large change in anisotropy in many physical

properties including plastic properties. The graphite to

diamond transformation changes the crystal structure

but in this case, the change in chemical bonding (from

weak van der Waals bonding in graphite to strong

covalent bonding in diamond) has a larger effect in

changing the rheological properties. For some cases,

the effects of phase transformations on plastic proper-

ties can be directly studied, whereas inmany cases direct

deformation experiments are difficult under the condi-

tions where a phase transformation occurs. In the latter

case, the use of analog materials that assume the same

crystal structure and chemical bonding at accessible

conditions helps to infer the plastic properties of a

material for which direct mechanical tests have not yet

been conducted. FROST and ASHBY (1982) provide an

extensive review of the effects of crystal structure and

chemical bonding on rheological properties. KARATO

(1989c, 1997b) discusses some of the important effects in

oxides and silicates. In particular, KARATO (1989c)

noted the important effect of crystal structure on the

creep strength of oxides in the dislocation creep regime.

15.2.1. Direct mechanical tests on plastic
properties of deep Earth materials

The effects of change in the crystal structure on the

rheological properties can be investigated directly if

deformation experiments are conducted under the

conditions under which a phase transformation occurs.

For example, for quartz, it is possible to conduct defor-

mation experiments both for �- and �-quartz. In these

cases, a direct comparison of the rheological properties

is possible. However, for the majority of the phase

transformations that occur in Earth, direct deforma-

tion experiments are difficult because many phase

transformations occur at high pressures (e.g., the olivine

to wadsleyite transformation occurs at �13–16 GPa

depending on the temperature). Under these con-

ditions, quantitative deformation experiments are

challenging, although significant progress is being

made using new types of deformation apparatus

(WEIDNER et al., 1998; DURHAM et al., 2002; XU

et al., 2005). I should emphasize that although there

have been some reports on room- or low-temperature

(T/Tm< 0.3) mechanical properties of deep Earth

materials under pressures similar to deep Earth con-

ditions (e.g., MEADE and JEANLOZ, 1990; MAO et al.,

1998, 2002; MERKEL et al., 2002, 2003, 2004; WENK

et al., 2004), the relevance of these data to Earth is

highly questionable because the deformation

mechanisms at low temperatures are different from

those under high temperatures.

Some experimental observations

� SiO2 (�-quartz and �-quartz: Ttr¼ 846K (at room

P), quartz to coesite transformation: Ptr¼ 3–4 GPa at

700–1000K, coesite to stishovite: Ptr¼ 8–9GPa, at

T¼ 1000–1500K)

Quartz undergoes a series of phase transformations.

The �- to �-quartz transformation that occurs at 846K

(at room P) is nearly a second-order transformation.

Whereas most other transformations are first-order

transformations. The high-temperature deformation

of quartz in both the �- and �-quartz field was inves-

tigated by KIRBY (1977) who conducted deforma-

tion experiments on synthetic quartz single crystals

that contain �900 ppm H/Si at temperatures of

676–1047K. The slip system �12�10
� �

0001½ � was acti-

vated in this study and no marked change in strain

rate was observed at T=Ttr (846 K), but a marked

change in the activation energy (E*=162 kJ/mol in the

�-quartz and E*=60 kJ/mol in the �-quartz field) was

found (Fig. 15.1). The interpretation of this result is

difficult because the sample was not in chemical equili-

brium with the surrounding atmosphere. The solubility

of water in quartz is pressure-dependent and therefore

there must have been some degree of dehydration or

precipitation of water during deformation experiments

without confining pressure. In contrast to this work,

SCHMIDT et al. (2003) concluded that there is a weak-

ening near the ��� transformation. Their work is,

however, indirect since they studied the deformation

through the change in pressure in fluid inclusions.

The plastic deformation of coesite was studied by

RENNER et al. (2001). Their results show a higher

strength of coesite than quartz at comparable condi-

tions, but the role of water has not been well quantified.

SHIEH et al. (2002) investigated the strength of stisho-

vite as well as its high-pressure polymorph (CaCl2
structure) using a diamond anvil at room temperature.

� (Mg,Fe)2SiO4 (olivine, wadsleyite, ringwoodite,

perovskite þ magnesiowüstite)

The first experimental study on the effects of olivine

to spinel transformation was made by VAUGHAN and

COE (1981) on Mg2GeO4 that undergoes the olivine to

spinel transformation at low pressures (less than

1 GPa). This is an analog material of (Mg,Fe)2SiO4

that undergoes a similar transformation atmuch higher

pressures (>17GPa). VAUGHAN and COE (1978)

showed that the slip systems in Mg2GeO4 olivine are
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similar to (Mg,Fe)2SiO4 olivine. VAUGHAN and COE

(1981) concluded that themain effect of this phase trans-

formation is to change the strength through the change

in grain size. However, the relative strength of olivine

and spinel at the same normalized conditions was not

determined. KARATO et al. (1998) made deformation

experiments on the spinel phase of (Mg, Fe)2SiO4 (i.e.,

ringwoodite) at transition-zone conditions. In both of

these studies, the stress was not measured with enough

accuracy, and therefore the resultsmust be considered as

semi-quantitative. Nevertheless, these two studies identi-

fied the importance of grain-size sensitive creep and

KARATO et al. (1998) determined the deformationmech-

anismmap for ringwoodite under the limited conditions.

Deformationmechanisms inwadsleyite and ringwoo-

dite have been studied using TEM analysis (SHARP

et al., 1994; DUPAS-BRUZEK et al., 1998; KARATO

et al., 1998; CORDIER, 2002). At high stress and/or

coarse grain size, dislocation creep dominates and the

dominant slip systems have been identified. The slip

systems in ringwoodite (silicate spinel) are similar to

(nearly stoichiometric) oxide spinel. The 110h i 1�10
� �

and 110h i 1�11
� �

slip systems dominate with minor con-

tribution from the 110h i 001f g slip systems in bothmate-

rials. The situation is more complicated in wadsleyite.

CHEN et al. (1998) investigated the creep properties of

olivine, wadsleyite and ringwoodite at high pressures

and modest temperatures and found that wadsleyite

and ringwoodite are stronger than olivine, but the

water-weakening effects are large only for olivine (see

also XU et al., 2003). KUBO et al. (1998) investigated the

kinetics of olivine to wadsleyite transformation as a

function of water content and inferred the role of

water on plastic deformation of wadsleyite. Under the

assumption that the kinetics is controlled by the plastic

deformation of wadsleyite, they concluded that water

enhances plastic deformation of wadsleyite. They also

show evidence of enhanced dislocation recovery in
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wadsleyite from TEM observations. The significance of

these results to Earth’s mantle is not clear, however,

because both of them are indirect measurements:

CHEN et al. (1998) investigated the deformation of pow-

der samples at modest temperatures and therefore

microscopic processes supporting the stress are unclear,

and KUBO et al. (1998) did not directly investigate plas-

tic deformation. NISHIHARA et al. (2007b) determined

the creep strength of wadsleyite and olivine using a

rotational Drickamer apparatus and concluded that at

water-poor conditions, wadsleyite is significantly stron-

ger than olivine.

POIRIER et al. (1986) investigated the microstructure

of perovskite þ magnesiowüstite aggregates after the

transformation from ringwoodite and concluded that

perovskite is stronger than magnesiowüstite. CHEN

et al. (2002b) and KARATO et al. (1990) investigated

the strength of perovskite at low tomodest temperatures

but at pressures outside its stability field. MEADE and

JEANLOZ (1990), MEADE et al. (1995) and MERKEL

et al. (2003) investigated the deformation of perovskite

under high-pressure conditions at room temperature.

Because the mechanisms of plastic deformation prob-

ably change with temperature, the relevance of low-

temperature experiments to deformation in Earth’s

deep interior is questionable. CORDIER et al. (2004)

investigated the plastic deformation of MgSiO3 perov-

skite under upper lower mantle conditions using the

stress-relaxation test. Slip systems are inferred from X-

ray diffraction. The stress magnitude was not deter-

mined. KUBO et al. (2000) emphasized the importance

of grain-size reduction associated with the formation of

the perovskite andmagnesiowüstite assembly that could

result in rheological weakening. All of these studies are

semi-quantitative and the plastic properties of wadsley-

ite, ringwoodite and silicate perovskite are largely

unconstrained at this time (2007).

� NaCl, CsCl (B1 to B2)

MEADE and JEANLOZ (1988) investigated the plasti-

city of NaCl across the transformation from the B1

(NaCl) to B2 (CsCl) structure. The experimental study

was made at room temperature using a diamond anvil

cell. Samples were squeezed between two anvils and the

differential stresses supported by the sample were

determined by the lateral variation of pressure that

was measured by the shift of fluorescence peak of

ruby (for more details of the technique used see

Chapter 6). These authors found that the room temper-

ature strength of the B2 structure is significantly lower

than that of the B1 structure. They proposed a model

based on ionic radii consideration, but the results can

be interpreted by the model of Peierls stress-controlled

flow that implies that the strength is highly sensitive to

the ratio of spacing of glide planes and the length of the

Burgers vector (TAKEUCHI and SUZUKI, 1988).

However, because the measurements were made at

room temperature and no measurements were made

for the dependence of strength on strain rate nor tem-

perature, these results cannot be used to infer the high-

temperature plasticity of this material across the B1 to

B2 transformation.

SAMMIS and DEIN (1974) conducted deformation

experiments of CsCl across the transformation temper-

ature from CsCl (B2) structure to NaCl (B1) structure

and inferred enhanced deformation.

� H2O (ice)

H2O undergoes a series of phase transformations

under high pressures. POIRIER et al. (1981) and

DURHAM and STERN (2001) conducted rheological

measurements on H2O in various phases. Rheology

of high-pressure H2O is a key to the understanding of

dynamics and evolution of icy satellites. DURHAM and

STERN (2001) provide an extensive review of this topic.

They used a high-resolution creep apparatus to inves-

tigate creep properties of ice under the conditions of

T=160–270K, P=0.1–500MPa. This range of tem-

perature and pressure covers the stability fields of ice I,

II, III, V and VI. Ice II and V have considerably higher

creep strength than ice I and VI (Fig. 15.2). However,

the possible importance of grain size documented for

ice I (GOLDSBY and KOHLSTEDT, 2001) makes this

comparison complicated. In cases where grain size

17
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plays an important role, changes in grain size across a

phase boundary (see Chapter 13) must be evaluated in

order to estimate the role of phase transformation.

� iron (bcc, fcc, hcp)

Iron undergoes a series of phase transformations.

The influence of the phase transformation from low-

temperature Fe (bcc, �-Fe) to high-temperature Fe

(fcc, �-Fe) (Ttr¼ 1183K at room pressure) on plastic

properties has been extensively studied (DE JONG and

RATHENAU, 1959, 1961; CLINARD and SHERBY, 1964).

The plastic properties of hcp Fe ("-Fe) were not studied

in any detail. MAO et al. (1998) andWENK et al. (2000)

conducted room-temperature deformation experi-

ments using a diamond anvil cell. They reported evi-

dence for the importance of basal slip from the

deformation fabrics. No experimental studies were

conducted on "-Fe at high temperatures.

� titanium (hcp to bcc: Ttr¼ 1155K)

Titanium undergoes a phase transformation at room

pressure from low-temperature hcp structure (�-Ti) to

high-temperature bcc structure (�-Ti). There is a signi-

ficant jump in self-diffusion coefficients as a phase

changes from hcp (lower temperature) to bcc (higher

temperature). CHAIX and LASALMONIE (1981) investi-

gated deformation of titanium during the transforma-

tion between �-Ti and �-Ti and observed enhanced

deformation during the transformation.

� cobalt (hcp to fcc: Ttr¼ 722K)

Cobalt undergoes a phase transformation at room

pressure from a low-temperature hcp structure (�-Co)

to a high-temperature fcc structure (�-Co) at 722K.

ZAMORA and POIRIER (1983) observed enhanced plas-

tic deformation when temperature is increased from

below to above this transformation temperature

(Fig. 15.3).

15.2.2. Isomechanical groups (classification
of mechanical properties, scaling
law, systematics)

For many geological applications, direct experimental

tests on rheological properties or microstructural

development are difficult because of the extreme con-

ditions (such as high pressures) that are required for

such experimental studies. For example, quantitative

experimental studies of deformation of (Mg,Fe)SiO3

perovskite under lower mantle conditions (P> 24 GPa,

T> 2000K) or hcp Fe or under inner core conditions

(P> 330GPa, T> 5000K) respectively are extremely

difficult and have not been performed to date.

Although various attempts are being made to develop

new technology to achieve such a goal (e.g.,

DURHAM et al., 2002), quantitative studies on rheolog-

ical properties under deep mantle conditions remain

highly challenging and can be made only under a

limited range of parameters (e.g., under relatively

high stresses). Many of the earlier studies on the plastic

properties of deep Earth materials were at low temper-

atures (KARATO et al., 1990; MEADE and JEANLOZ,

1990; MAO et al., 1998; MERKEL et al., 2003). These

studies provide some insights into the plastic properties

at low temperatures, such as the magnitude of the

Peierls stress (Chapter 9), but the relevance of such

results to high-temperature rheology in most of

Earth’s interior is highly questionable.

A useful approach under these circumstances is

to use analog materials and find some general trends.

If one finds analog materials that are stable at low-

pressure conditions, then one can conduct detailed

quantitative studies on rheological properties to under-

stand the basic physical mechanisms of deformation in

that class of materials. If one finds that rheological

properties of that class of materials are similar after a

proper normalization, then one can use the results from

such studies to infer rheological properties of deepEarth

materials. Such an indirect approachwas highly success-

ful in elasticity (e.g., LIEBERMANN, 1982). The basic

premise behind such a philosophy is the presence of

systematics in a given property under consideration.

An isomechanical group refers to a group of materi-

als that show similar mechanical behavior when prop-

erties are compared after appropriate normalization.

Once an isomechanical group is established for materi-

als that are geologically important, then a trend estab-

lished for that group, based on studies on analog

materials, can be applied to estimate properties of

Earth materials using an appropriate scaling scheme.

Qualitative aspects (microstructures)
One use of the analog materials approach is to inves-

tigate microstructural development. Examples include

the use of some organic transparent materials for a

better understanding of deformation microstructures

through in-situ observations of microstructural devel-

opment during deformation (‘‘see-through’’ experi-

ments). In many cases, the main purpose of such an

experiment is to get qualitative ideas about microstruc-

tural development and not much discussion has been

made as to the validity of the use of analogs.

Examples include the see-through deformation

experiments on sodium nitrate, octachloropropane
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and canalite (URAI, 1983). These in-situ observations

on microstructural development have provided

important new insights into the processes of dynamic

recrystallization (e.g., URAI et al., 1986a; DRURY and

URAI, 1990), such as the role of grain-boundary

migration or of a fluid phase, which are difficult to

investigate using conventional techniques where

microstructures are observed after deformation.

However, the relevance of these observations to real

rocks must be evaluated with great caution. A phys-

ical understanding of the processes that will provide

the scheme of scaling from analog materials to real

rocks is necessary before any of these observations

can be used to infer geological processes. Such studies

(studies of a scaling law) have been performed for

creep properties (ASHBY and BROWN, 1982; FROST

and ASHBY, 1982; KARATO, 1989c), but have not yet

been made for dynamic recrystallization-related

microstructure developments.

Quantitative aspects (scaling laws for creep)
Similar to the case of elasticity, it would be useful if

one could infer rheological properties of deep Earth

materials from the studies on rheological properties of

analog materials. For example, germanates are known

to be a good analog for silicates in terms of phase

relations and elastic properties. Since chemical pro-

perties of Ge4þ are similar to Si4þ (both have inert

gas-type electron configuration, namely 2s22p6 for

Si4þ and 3s23p6 for Ge4þ ) but the ionic radius of

Ge4þ (0.040 nm) is significantly larger than that of

Si4þ (0.026 nm) (see Table 4.3). Crystal structures
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of ionic solids are primarily controlled by the ratio of

ionic radii (e.g., BLOSS, 1971). As pressure goes up,

large oxygen ions are squeezed more than small cati-

ons. Therefore the ratio rcation/ranion will increase with

pressure. Thus, germanates often show crystal struc-

tures that would be seen in silicates under higher pres-

sures. For example, Mg2GeO4 is stable in spinel

structure at room pressure (to �1300K), whereas the

spinel structure is stable for Mg2SiO4 only above

�17GPa. Similarly, CaTiO3 crystallizes into perov-

skite structure at room pressure but MgSiO3 crystal-

lized into perovskite structure only above �24GPa.

Thus it would be nice if we can learn something from

the studies on these analogs. The most important issue

here is to establish scaling laws for rheology.

Scaling laws and normalization of parameters
(ASHBY and BROWN, 1982)
When one uses analog materials, results obtained at

one condition for one specimen must be used to infer

some properties of other materials at different condi-

tions. For example, we might conduct deformation

experiments for CaTiO3 perovskite in a certain range

of temperature and stress and obtain a flow law that

describes a relation between T, stress and strain rate.

How could one infer the rheological properties of

MgSiO3 perovskite from these data?

The first thing that one needs to establish is the

presence (or not) of a ‘‘universal flow law’’ for a

class of materials under consideration. If a universal

flow law exists, then one can use it to predict the flow

law of materials that belong to the same class (an

isomechanical group) under other conditions. To see

if a universal flow law exists or not, one has to com-

pare the flow laws of various materials. To allow such

a comparison, one needs to non-dimensionalize the

flow law.

Creep constitutive law at steady state can in general

be written as

_" ¼ f �;T; S;Xð Þ (15:1)

where S is the structural parameters such as grain size

and LPO (lattice-preferred orientation), X is a set of

materials parameters such as Tm (melting tempera-

ture), n (stress exponent) and m (grain-size exponent).

Now, let us choose a set of normalizing parameters

��; T �; _"� such that the parameters controlling defor-

mation are normalized (non-dimensionalized) as,

~� ¼ �=��, ~T ¼ T=T�, ~_" ¼ _"= _"� and ~X ¼ X=X� respec-

tively. Thus, equation (15.1) becomes,

~_" ¼ f ~�; ~T; ~S; ~X
� �

(15:2)

where ~S and ~X are non-dimensionalized structural and

materials parameters. If the data on creep for various

materials for equivalent ~S converge to a single master

curve ~_" ¼ fð~�; ~T; ~XÞ, then non-dimensional materials

parameters, ~X, must be constants for the members of

that group.

The choice of a set of normalization parameters

(��;T �; _"�) is critical for this approach but is not

unique. The following normalization scheme is

often used (FROST and ASHBY, 1982): �� ¼ � (�,

shear modulus), T� ¼ Tm (Tm, melting temperature),

_"� ¼ DmO
�2=3 (Dm, diffusion coefficient at melting

temperature). Such a normalization scheme has some

theoretical basis. Creep laws suggest that stress affects

creep through interaction with defects such as disloca-

tions. The interaction of stress with dislocations is

proportional to the elastic modulus such as the shear

modulus (see Chapter 5). The temperature dependence

of creep in many cases comes from that of diffusion for

which homologous temperature (T/Tm) normalization

works well (Chapter 10). Such an argument can be

extended to include pressure and parameters charac-

terizing chemical environment (such as oxygen fugac-

ity and water fugacity). In most cases, the pressure

effect can be expressed by the pressure effects of melt-

ing temperature. In such a case, pressure does not

explicitly come into play but appears indirectly

through Tm(P) (see Chapter 10). The way to normalize

the parameter characterizing the chemical environ-

ment is not well known. In the case of water fugacity

that has a large effect on plasticity, one choice is again

through its effect on melting temperature, i.e., Tm(C).

However, these choices are not based on any rigorous

theory, and should be considered as semi-empirical.

The normalization scheme for strain rate, for example,

could be interpreted as a rate of a thermally activated

process at melting temperature.

The choice of normalization discussed above is not

always practical for applications to Earth sciences.

The most problematic one is _"� ¼ DmO
�2=3 because

the diffusion coefficient at the melting temperature

is not usually known for Earth materials or their ana-

logs. Under these conditions, an alternative choice is

_"� ¼ �D where �D is the Debye frequency that can be

calculated from the elasticmoduli or seismic wave veloc-

ities (Chapter 4). Using an empirical relation D � a2�D:

expð�gðTm=T ÞÞ (see Chapter 10), it is seen that these two

choices are equivalent (note that Dm � a2�D expð�gÞ)

Effects of phase transformations 277



except for the factor of exp �gð Þ. Because the variation
in �D among various materials with the same crystal

structure is small, normalization with respect to strain

rate is not very important in most cases.

Let us take an example of diffusional creep. The

flow law of diffusional creep (Nabarro–Herring creep)

is (see (9.44)),

_" ¼ �D0�O
RTL2

exp �H�

RT

� �
: (15:3)

This equation gives a relationship among macroscopic

variables, _";T; �, structural variable (L, grain size) and

materials parameters, O;D0;H
�. The equation (15.3)

can be normalized to,

~_" ¼ �
~X1

~S
2

~�
~T
exp � ~X2

1

~T
� 1

� �� 	
(15:4a)

where ~_" ¼ _"=DmO
�2=3, ~T ¼ T=Tm, ~� ¼ �=�, ~S ¼

L=O1=3 ¼ L=b, ~X1 ¼ �O=RTm and ~X2 ¼ H�=RTm.

Alternatively,

~_" 0 ¼ �
~X1

~S
2

~�
~T
exp �

~X2

~T

� �
(15:4b)

with ~_"0 ¼ _"=D0O
�2=3 ¼ _"=�D. In either case, when a

master curve can be defined for a group of materials,

then ~X1 ¼ �O=RTm and ~X2 ¼ H�=RTm must be similar

to all the materials in that group. The formula (15.4b)

is preferred because all the normalization parameters

are those that are easily determined. Similarly a

non-dimensional creep constitutive equation can be

obtained for power-law dislocation creep, _" ¼
A �=�ð Þnexp �H�=RTð Þ, namely,

~_" 0 ¼ ~X3~�n exp �
~X2

~T

� �
(15:5)

where ~_"0 ¼ _"=�D and ~X3 ¼ A=�D. Since ~X3 ¼ A=�D
(�D) is nearly constant for many materials, the relations

(15.4b) or (15.5) indicate that the creep properties for

the same class of materials are essentially controlled by

the (normalized) grain size ( ~S ¼ L=b), normalized stress

(~� ¼ �=�) and normalized temperature ( ~T ¼ T=Tm).

Problem 15.1

Derive equations (15.4a), (15.4b) and (15.5).

Solution

Using the definition Dm ¼ D0 exp �H�=RTmð Þ, and

using the relations ~T ¼ T=Tm, ~� ¼ �=� and

~S ¼ L=O1=3 ¼ L=b, the equation (15.3) becomes

_" ¼ �ðDmO
�2=3= ~T ~S 2Þð�O=RTmÞ~� exp ðH�=RTTm

Þ:ð
ð1 � 1= ~TÞÞ. Using the definitions, ~X1 ¼ �O=RTm,

~X2 ¼ H�=RTm, and ~_" ¼ _"=DmO
�2=3, this is

translated to (15.4a), ~_" ¼ �ð ~X1= ~S2Þð~�= ~TÞ:

exp � ~X2 1=~T � 1
� �
 �

. If one uses ~_"0 ¼ _"=D0O
�2=3 ¼

_"=�D, then ~_" ¼ ~_"0 exp H�=RTmð Þ and hence ~_"0 ¼
�ð ~X1= ~S2Þð~�= ~TÞ exp � ~X2= ~T

� �
. Now the power-law

creep equation, _" ¼ A �=�ð Þnexp �H�=RTð Þ, can be

scaled by using ~X2 ¼ H=RTm, ~X3 ¼ A=�D, ~� ¼ �=�

and ~T ¼ T=Tm as _" ¼ �D ~X3~�n exp � ~X2= ~T
� �

, and

using the definition ~_"0 ¼ _"=D0O
�2=3 ¼ _"=�D one

obtains (15.5).

Once a scaling law such as (15.4b) or (15.5) is est-

ablished for a class of materials and we know non-

dimensional material parameters such as ~X1; ~X2; ~X3

for that class of materials, then the creep properties

of materials that belong to this class can be predicted

from the properties of those materials that are used for

normalization. In the above scheme, these properties

are �D (Debye frequency), � (shear modulus), b (the

length of the Burgers vector) and Tm (melting temper-

ature). For most materials, these properties are well

known from laboratory experiments including those

materials that occur in Earth’s deep interior.

Therefore the creep properties in Earth’s deep interior

can be inferred from this approach. KARATO et al.

(1995a) studied the creep systematics in garnet

(Fig. 15.3) and applied that result to infer the rheolog-

ical stratification in the transition zone, and KARATO

(2000) inferred the viscosity of the inner core from the

experimental data on hcpmetals. However, the validity

of such a normalization scheme is not always obvious.

There are some complications in other materials such

as perovskite (e.g., DRURY and FITZ GERALD, 1998;

WANG et al., 1993).

An example of the search for systematics was made

by ASHBY and BROWN (1982; see also FROST and

ASHBY, 1982). FROST and ASHBY (1982) in particular

showed that at a very general level, the nature of resist-

ance of materials for plastic deformation is related to

the nature of chemical bonding: the hierarchy of

strength is covalent bonding> ionic bonding>metal-

lic bonding� van der Waals bonding.

In silicate minerals the Si–O bond is the strongest

bond (Si–O bond is highly covalent when Si is sur-

rounded by four oxygens). However, when Si is
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surrounded by six oxygens, then the bond length

increases and the nature of bonding becomes more

ionic. Consequently, some reduction of ‘‘strength’’ may

occur when the coordination of Si changes from four to

six. SHIEH et al. (2002) determined room temperature

strength of stishovite and found that the normalized

stress of stishovite is significantly smaller than other

silicates (with four coordination), suggesting an effect

of weakened bond. Similar results were obtained for

MgSiO3 perovskite where Si is surrounded by six oxy-

gens (MERKEL et al., 2003). However, the effects of

coordination of Si on high-temperature plasticity of

silicates have not been investigated.

Effects of crystal structure on plastic flow are also

significant. For example, the bcc (body-centered-cubic)

to hcp (hexagonal-closed-pack) structure transfor-

mation in Fe results in a large difference in plastic aniso-

tropy. The transition fromB1 structure (NaCl structure)

to B2 (CsCl structure) results in a large difference in the

spacing of glide planes that results in a significant weak-

ening particularly at low temperatures. Also a transfor-

mation to the garnet structure results in significant

strengthening, because of the unusually large unit cell

structure of garnet that makes dislocation glide difficult.

Problem 15.2

The viscosity of the inner core plays a critical role in

controlling the inner core rotation. But there is no

direct measurement of high-temperature plasticity in

iron in the inner core. Table 15.1 below shows the

properties of some of the hcp metals (b, the length of

the Burgers vector; c/a, the ratio of two lengths of unit

cell; Tm, melting temperature; VP, P-wave velocity; VS,

S-wave velocity; �, shear modulus;D0, pre-exponential

term for diffusion coefficient; H*, activation enthalpy

of diffusion). The known properties of hcp Fe ("–Fe)

in the inner core are b¼ 0.225 nm, Tm¼ 5800K,

VP¼ 11.1 km/s, VS¼ 3.6 km/s and �¼ 170GPa. Using

the results shown in Table 15.1, predict the diffusion

coefficient of Fe in the inner core and calculate the

viscosity of the inner core appropriate for the

Nabarro–Herring creep corresponding to the grain

size of 1–1000m (assume the temperature of 0.90 Tm)

(grain size of �1000m is inferred: Chapter 17).

Solution

To infer yet to be determined diffusion coefficient, one

needs to find the systematic trend in diffusion coefficient

through normalization. Diffusion coefficients

D ¼ D0 exp �H�=RTð Þ contain two constants, D0 and

H�. NormalizeD0 by ~D0 ¼ D0=b
2�D and ~H ¼ H�=RTm

to find the systematics and determine ~D0 and ~H for

hcp metals, and use the relation (15.3) to calculate the

viscosity, � ¼ RTL2=�DO with � ¼ 14. The Debye

frequency is related to VP and VS as �D ¼
9NA=4pO 1=V3

P þ 2=V3
S

� �� �1=3
(see Chapter 4). Use

O ¼ ð
ffiffiffi
3
p

=2Þb3ðc=aÞNA (NA, the Avogadro number)

for the molar volume.

Systematics in high-temperature creep in oxides
and silicates
The presence of systematics was first extensively

studied by Ashby and his coworkers for a range of

materials (BROWN and ASHBY, 1980; ASHBY and

BROWN, 1982; FROST and ASHBY, 1982). Systematics

in high-temperature creep in Earth materials has been

investigated by several groups (for a review see e.g.,

KARATO, 1997b). In many cases, well-defined creep

systematics have been demonstrated (e.g., garnet;

Fig. 15.3), although some complications have been

noted in other materials such as perovskite (e.g.,

POIRIER et al., 1983; BEAUCHESNE and POIRIER,

1989, 1990; WANG et al., 1993).

Figure 15.4 summarizes the systematics in high-

temperature creep in some of the oxides and

silicates (KARATO, 1989c). As shown, crystal struc-

ture has a large effect on high-temperature creep

TABLE 15.1 Properties of some hcp metals, b (the length

of the Burgers vector, nm), Tm (melting temperature, K),

VP (velocity of P-wave, km/s), VS (velocity of S-wave, km/s),

� (shear modulus, GPa), D0 (pre-exponential term for

diffusion coefficient, m2/s), H* (activation enthalpy for

diffusion, kJ/mol).

Zn Cd Mg

b 0.267 0.293 0.321

c/a 1.856 1.886 1.624

Tm 693 594 924

VP 4.11 3.142 5.780

VS 2.35 1.676 3.151

� 49.3 27.8 16.4

D0 1.3	 10�5 5.0	 10�6 1.0	 10�4

H* 91.7 76.2 135
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strength. Even at the same homologous temperature

(T=Tm), the creep strength (effective viscosity) of

materials with different crystal structures can differ

as much as several orders of magnitude. Such a

trend is markedly different from the trend in elas-

ticity. In elasticity, density plays the major role:

materials with higher densities tend to have higher

elastic constants (higher seismic wave velocities).

This is Birch’s law (Chapter 4), which states that

elastic properties are primarily controlled by den-

sity. Thus, in plastic properties, Birch’s law does not

work: density plays a minor role in plastic properties

and denser materials can have smaller creep

strengths than less dense materials. Crystal structure

has a greater effect.

Some cautionmust be exercised in using the system-

atics in creep laws. The creep systematics provide a

guideline for inferring still unknown creep properties

of materials. However, such a systematic trend should

not be considered as more than just a guideline.

Important details such as the role of impurities (e.g.,

water) are not well incorporated in the normalization

scheme.

15.3. Effects of transformation-induced
stress–strain: transformation
plasticity

A phase transformation causes a change in the shape

and/or volume of a crystal. Consequently, a phase

transformation may affect the plastic properties by

two distinct mechanisms: (i) if the shape of a crystal

changes in response to applied stress, then it results in

plastic strain, or alternatively, (ii) if there is a finite

volume change associated with a phase transforma-

tion, this volume change creates internal stress–strain

that may affect the rheological behavior. The first case

is similar to deformation by mechanical twinning that

is discussed in Chapter 9 (section 9.6). I will focus on

the second mechanism in this chapter. Unusual defor-

mation behavior associated with transformation-

induced internal stress–strain is often referred to as

transformation plasticity and the first detailed study

was made by GREENWOOD and JOHNSON (1965).

GORDON (1971) pointed out the possible role of trans-

formation plasticity in Earth’s mantle (see also SAMMIS

and DEIN, 1974 and PARMENTIER, 1981). POIRIER

(1982) and PANASYUK and HAGER (1998) proposed

theoretical models using specific assumptions (the

details will be discussed in this section). This phenom-

enon occurs, in contrast to the effects of crystal struc-

ture, only during a phase transformation: internal

stress or strain caused by a transformation will be

relaxed by plastic flow, and after complete relaxation,

enhanced deformation will no longer occur. However,

if the degree of enhancement of deformation is large, it

still has an important influence on geodynamics. The

importance of this phenomenon depends on the mag-

nitude of this effects and the duration of this process.

As we will learn in this section, the current models

provide a good estimate of total strain due to this

effect. However the conditions under which transfor-

mation plasticity is important are likely to be limited to

modest temperatures.

15.3.1. Experimental observations

Enhancement of plastic deformation during a first-

order phase transformation can be observed in two

different ways. First, when a small external stress is

applied during a first-order phase transformation, per-

manent strain is created whose amount is proportional

to the applied stress and increases linearly with the mag-

nitude of volume change. When temperature cycling is

made around a transformation temperature, this
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permanent strain is proportional to the number of

cycles (COTTRELL, 1964). Similarly, when a constant

strain rate is imposed during a temperature ramp that

includes a transformation temperature, then an unusual

weakening occurs after a transformation temperature

is reached (CHAIX and LASALMONIE, 1981; ZAMORA

and POIRIER, 1983; Fig. 15.5). Grain-size sensitivity in

transformation plasticity was also observed in Bi2WO4

and Bi2MoO6 (WINGER et al., 1980).

15.3.2. Models for transformation plasticity

Greenwood–Johnson model: an unrelaxed model
Models of transformation plasticity may be classi-

fied into two categories. The first is an unrelaxed

model in which the internal stress caused by the

volumetric strain is considered to modify the rheo-

logical behavior. This model was proposed by

GREENWOOD and JOHNSON (1965) who assumed an

isotropic flow law for non-linear rheology, namely

(see Chapter 3),

_"0ij ¼ B 
 IIðn�1Þ=2�0 �0ij (15:6)

where _"0ij is the deviatoric strain-rate, �0ij the devia-

toric stress, n the stress exponent, B a constant and

II�0 the second invariant of the deviatoric stress ten-

sor (see Chapter 1). GREENWOOD and JOHNSON

(1965) postulated that under the condition in which

the magnitude of transformation-induced deviatoric

stress, � 0tr, is significantly larger than that of applied

deviatoric stress, the second invariant of stress tensor

is dominated by the internal stress and the rheology is

linear with respect to the applied stress. However, the

internal stress caused by transformation is macro-

scopically isotropic, so that it does not directly con-

tribute to the deviatoric stress term, �0ij, in

equation (15.6).

Integrating (15.6), one obtains

"0ij ¼ B1 
 IIðn�1Þ=2�0 �0ij (15:7)

where � 0ij and II� 0 are assumed to be constant with time

and B1 ¼ B 
 	T. From equation (15.7), one finds

II" 0 ¼ B2
1 
 II n� 0 : (15:8)

Thus

"0ij ¼ B
1=n
1 
 II

ðn�1Þ=2n
"0 �0ij: (15:9)

Now II"0 is related to the volume change associated

with a phase transformation. The total (deviatoric)

strain is the sum of imposed macroscopic strain (uni-

axial deformation along the z axis (x3 axis) is

assumed here) and the (deviatoric) strain (strain

from which the volumetric strain is subtracted) due

to the volume change associated with a phase trans-

formation, 
ij.

"Tij ¼
�1

2 " 0 0
0 �1

2 " 0
0 0 "

0
@

1
Aþ 
ij: (15:10)

The magnitude of deviatoric strain caused by a phase

transformation (
ij) is proportional to the volume

change associated with a phase transformation but its

orientation is random if there is no preferred orienta-

tion of a new phase material. Consequently, we have

I
 ¼ 
11 þ 
22 þ 
33 ¼ 0 (15:11a)

and

II
 ¼ �
11
22 � 
22
33 � 
33
11 þ 
212 þ 
223 þ 
231

¼ � �V

V

� �2 (15:11b)

where � is a constant of order unity. Therefore from

the definition of II"0 one obtains,

II"0 ¼
3

4
"2 þ 3

2
"
33 þ �

�V

V

� �2

: (15:12)
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At a temperature of �722 K, a

phase transformation occurs from

hcp to fcc structure that leads to

weakening.
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Problem 15.3

Derive equation (15.12).

Solution

Using the definition of the second invariant of strain and

equation (15.10), II"0 ¼ � �1
2" þ 
11

� �
�1

2" þ 
22
� �

�
�1

2" þ 
22
� �

" þ 
33ð Þ � " þ 
33ð Þ �1
2" þ 
11

� �
þ 
212þ


223 þ 
231 ¼ 3
4"

2 � 1
2" 
11 þ 
22 � 2
33ð Þ þ II
. Using

(15.11), one gets II"0 ¼ 3
4"

2 þ 3
2"
33 þ � �V=Vð Þ2.

From (15.9) and (15.12), one finds

"þ 
33 ¼ �033B
1=n
1 II

ðn�2Þ=2n
"0

¼ �033B
1=n
1

3

4
"2 þ 3

2
"
33 þ �

�V

V

� �2
 !ðn�1Þ=2n

:

(15:13)

Solving this equation for strain (assuming "� �V=Vj j)
and after taking the average over 
33,

" ¼ �033B
1=n
1

�V

V

� �ðn�1Þ=n
�ðn�1Þ=2n 1� 3ðn� 1Þ

4n

�
 233

�ð�V=VÞ2

" #

¼ �033B
1=n
1 �V=Vð Þðn�1Þ=n�ðn�1Þ=2n 4nþ 1

5n
ð15:14Þ

wherewe used the values of� ¼ 1
3 and

�
 233= �V=Vð Þ2 ¼ 4
45

(GREENWOOD and JOHNSON, 1965) and it was assumed

that the orientation of strain due to the phase trans-

formation is random, i.e., �
33 ¼ 0 (where �
33 is the aver-

age value of 
33). Thus this model predicts that the total

strain during a phase transformation is linearly propor-

tional to the applied stress. This prediction is borne out

by the experimental observations.

Problem 15.4*

Derive equation (15.14).

Solution

Expanding the right-hand side of equation (15.13)

assuming "� �V=Vj j, one finds,

"þ 
33 ¼ C 1þ 3 n� 1ð Þ
4n

"
33

� �V=Vð Þ2

" #

with C� �033B
1=n
1 �ðn�1Þ=2n �V=ð VÞðn�1Þ=n. Solving this

for ",

" ¼ C� 
33
1�Cð3 n� 1ð Þ=4nÞ 
33=� �V=Vð Þ2

h i

� C� 
33ð Þ 1þ 3 n� 1ð Þ
4n

C
33

� �V=Vð Þ2

" #

¼ C 1� 3 n� 1ð Þ
4n


233

� �V=Vð Þ2

" #

þ
33
3 n� 1ð Þ

4n

C2

� �V=Vð Þ2
� 1

" #
:

Taking the average for all orientations, this leads to

" ¼ C 1� 3 n� 1ð Þ
4n

�
 233

� �V=Vð Þ2

" #
¼ C 4nþ 1ð Þ

5n

where we used the values of � ¼ 1
3 and

�
 2
33

�V=Vð Þ2 ¼
4
45 ð�
33 ¼ 0Þ.

Because of the assumption that II�0 is constant with

time, this model does not give the precise value of strain

rate during the transformation, but the average value

of strain rate can be roughly calculated from (15.14) as

_" � "

	T
(15:15)

where 	T is the characteristic time for a phase trans-

formation. The characteristic time for transformation

depends both on nucleation and growth rate but in

most cases in Earth, the rate at which a phase trans-

formation occurs is largely controlled by the rate at

which a material moves vertically. In such a case,

	T � �z=� where �z is the depth interval in which a

phase transformation is completed (�10�15 km for

the olivine to wadsleyite transformation, �3�5 km
for the transformation from ringwoodite to perovskite

and magnesiowüstite transformation) and � is the ver-

tical velocity of material motion (�1�102 mm/yr).

Note that for n¼ 1, (15.14) gives " ¼ �033B1 which is

the strain without the effects of a phase transformation.

Enhancement of deformation occurs only when n> 1

i.e., onlywhen the deformationmechanism is non-linear

dislocation creep (and not for diffusional creep).

A similar model was proposed by COTTRELL (1964)

to explain deformation in a polycrystalline material

during thermal cycling. When a polycrystalline mate-

rial is subjected to a temperature cycling under small

applied stress, then plastic deformation is observed

whose strain is proportional to �� 
 �T where �� is

the anisotropy in thermal expansion and �T is the
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amplitude of temperature cycling. COTTRELL (1964)

considered that this is due to large internal stress due

to thermal expansion anisotropy that dominates the

stress invariant in equation (15.6).

PANASYUK and HAGER (1998) analyzed a similar

model but calculated the magnitude of internal stress

directly from the estimated local strain rate due to the

volume change associated with a phase transforma-

tion. Briefly, they assumed the non-linear rheology

(equation (15.6)) and postulated that the second invar-

iant of deviatoric stress tensor is dominated by the

internal stress caused by the volumetric strain associ-

ated with a phase transformation. Under these

assumptions II� 0 / � 0tr
2 instead of II� 0 / � 00

2 (for a

case without a transformation-induced stress; �00 is

the background stress), and the magnitude of enhance-

ment of deformation is roughly given by,

_"

_"0
� � 0tr

� 00

� �n�1
: (15:16)

Note that similar to the Greenwood–Johnson model

(these models are in fact equivalent; see Problem 15.5),

this mechanism works only for non-linear rheology,

n> 1 (i.e., dislocation creep), and that this mechanism

is important only when the transformation-induced

stress is significantly larger than the background

stress.

The magnitude of internal stress can be estimated

from the rate of transformation assuming that the

materials surrounding the transformation materials

must deform to accommodate the strain. Assuming

this accommodation occurs via plastic flow, one can

estimate the stress magnitude from the strain rates.

For example, for a general upwelling flow, the rate of

upwelling is estimated to be �1 mm/yr for which the

volumetric strain rate associated a phase transforma-

tion is on the order of 10�16 s�1, which would result in

the stress on the order of 0.1�1 MPa. This is the same

stress level expected in the general area of Earth’s

mantle (see Chapter 9). Therefore in this case, the

enhancement of deformation is negligible. However,

in a subducting slab, the descending velocity is much

faster, �1�10 cm/yr (the asymmetry of vertical velo-

city is due to the symmetry of flow geometry), and hence

the volumetric strain rate will be �10�14�10�15 s�1.

These strain rates are much faster than those

expected at the low-temperature environment in

slabs. Therefore the influence of transformation-

induced internal stress can be significant in subducting

slabs (although other effects such as the effects of grain-

size reduction can also be large; see section 15.4).

Problem 15.5*

Show that the Greenwood–Johnson and the

Panasyuk–Hager models are essentially identical.

Solution

From the relationships (15.14) and (15.15) for

the Greenwood–Johnson model, the ratio of strain

rate associated with a phase transformation to

the background strain-rate is given by

_"
_"0
¼ B	Tð Þ1=n �V=Vð Þðn�1Þ=n�ðn�1Þ=2n½ð4nþ1Þ=5n�� 0

0

B�0n
0

¼ �V=Vð Þ
B	T

n oðn�1Þ=n
�ðn�1Þ=2n½ð4nþ1Þ=5n�

�0n�1
0

where I used the relation _"0 ¼ B� 0n0 . Now the strain

rate associated with a phase transformation is given by

_"tr ¼ 
ð�V=VÞ
	T

where 
 is a constant of order unity and

this strain-rate is associated with the internal

stress �0tr through the relation _"tr ¼ B�0ntr . Thus

�V=Vð Þ
B	T

n oðn�1Þ=n
¼ _"tr

B



 �ðn�1Þ=n
¼ �tr

0n�1
�
n�1
n . Therefore

_"= _"0 ¼ K � 0tr=�
0
0

� �n�1
with K � �=
2ð Þðn�1Þ=2n 4nþ1ð Þ

5n ¼
0:95 for � ¼ 1

3, 
 ¼ 1
2 and n=3. This means that the

Greenwood–Johnson and the Panasyuk–Hager

models are identical except for a minor difference in

the numerical factor.

Poirier model: a relaxed model
In contrast to these models in which the internal stress

is assumed to be not relaxed, POIRIER (1982) consid-

ered a case where the internal stress caused by volu-

metric strain is relaxed by plastic flow. This would

correspond to a case of phase transformation at high

temperatures and/or a later stage of phase transforma-

tion. POIRIER (1982) writes

_" ¼ _"AXA þ _"BXB þ � _"T þ _"a 1� XBð Þ (15:17)

where in the first and the second term, _"A;B andXA;B are

the strain rate and volume fraction ofA, B phase respec-

tively (XA þ XB ¼ 1). The third and the fourth terms in

equation (15.17) are unique to the phase transforma-

tion. The third term represents the direct contribution of

transformation strain (associated with the volume

change, �V=V) to the total strain rate and is given by
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� _"T ¼ &
�V

V

����
���� dXB

dt
(15:18)

where � and & are constants of order unity. The fourth

term is the contribution to the strain rate from the

generation of dislocations caused by the volume

change associated with the transformation. In writing

an equation for this term, POIRIER (1982) postulates

that the deformation due to transformation-induced

dislocations occurs only in the phase A (a weaker

phase) and that volumetric strain associated with a

phase transformation results in geometrically necessary

dislocations (ASHBY, 1970) and used the Orowan equa-

tion (see Chapter 6.3),

_"a ¼ �ab� (15:19)

where �a is the density of dislocations created due to

a phase transformation, u is dislocation velocity. It

is further postulated that the velocity of dislocations is

linearly proportional to the applied stress and that �a is

proportional to the absolute value of volume change

�V=Vj j and the volume fraction of a new phaseXB, i.e.,
1

�aðtÞ ¼ �T
XBðtÞ; (15:20)

with

�
T
¼ C

�V

V

����
���� � 1

bL

�V

V

����
���� (15:21)

where L is the space-scale of heterogeneity of strain,

i.e., �grain size. Therefore

_"a tð Þ ¼ bM Tð Þ�
T
�XB T; tð Þ (15:22)

where u¼M� (M is the mobility of dislocations) and

C is a constant. When one considers a case where the

first three terms are small, then equation (15.17) is

reduced to

_"ðT; tÞ ¼ bMðTÞ�
T
�XBðT; tÞð1� XBðT; tÞÞ: (15:23)

This equation means that there is enhanced deforma-

tion during a phase transformation and the degree to

which deformation is enhanced changes with time and

is proportional to the volume change associated with

the phase transformation. If we use the relation (13.52)

(XBðT; tÞ ¼ 1� expð�A Tð ÞtkÞ), then we can also cal-

culate the amount of permanent strain due to a phase

transformation, namely,

"1ðTÞ ¼
�

T
MðTÞb

AðTÞ1=K
�FðKÞ (15:24)

with

FðKÞ � 1� 2�1=K

K
�ð1KÞ K ¼ 3; 4 (15:25)

where � xð Þ �
R1
0 yx�1 exp �yð Þ dy is the gamma

function (F 1ð Þ � 0:5, F 2ð Þ � 0:5192, F 3ð Þ � 0:5527,

F 4ð Þ � 0:5768 etc.: Problem 15.6).

Problem 15.6*

Derive equations (15.24) and (15.25).

Solution

Integrating equation (15.23), one has

"1 Tð Þ ¼
R1
0

_" T; tð Þ dt ¼ CbM Tð Þð�V=VÞ�R1
0 XB T; tð Þð1� XB T; tð ÞÞ dt.
Now XBðT; tÞ ¼ 1� expð�A Tð ÞtkÞ � 1� exp �zk

� �
with z � A1=kt. Thus dz ¼ A1=kdt and

Ð1
0 XB tð Þ

1� XB tð Þð Þ dt ¼ A�1=k
Ð1
0 exp �zk

� �
1� exp �zk

� �� �
dz.

Let us define
Ð1
0 exp �zk

� �
1� exp �zk

� �� �
dz � F kð Þ.

Then F kð Þ ¼
Ð1
0 exp �zk

� �
dz�

R1
0 exp �2zk

� �
dz.

Putting zk � y, dz ¼ ð1=kÞyð1�kÞ=k dy and one

obtains F kð Þ ¼ ½ð1� 2�1=kÞ=k�
Ð1
0 y1=k�1 exp �yð Þ dy ¼

½ð1� 2�1=kÞ=k�� 1=kð Þ.
Therefore "1 Tð Þ ¼ ðCM Tð Þb=A Tð Þ1=kÞ ð�V=VÞ�F kð Þ ¼

ðCM Tð Þb=A Tð Þ1=kÞ ð�V=VÞ�1�2�1=kk � 1
k

� �
.

When the third term in equation (15.17) is unim-

portant, the enhancement of strain rate by this mech-

anism is given by,

_"a
_"0
� 1þ Cð�V=VÞXBð1� XBÞ

�0
� 1þ �T

�0
: (15:26)

In short, the degree of enhancement of deformation

in this model is mainly determined by the ratio of

transformation-induced dislocation density to back-

ground dislocation density (�
T
=�0). The dislocation

density associated with accommodation strain

due to a transformation is given roughly by

�
T
� ð1=bÞð@�=@xÞ � ð1=bLÞ �V=Vj j, and one would

obtain �T � 1011�1013 m�2 (where we assumed

L¼ 10�2�1mm) for olivine to wadsleyite transforma-

tion, which is comparable to or higher than typical

1 The density of dislocations generated by volume change associated with a

phase transformation can be calculated from the theory of ASHBY (1970)

on geometrically necessary dislocations, which indicates that the

dislocation density is related to the strain gradient (�T � 1=b j @�=@x j, g:
strain, � � j �V=V j) (see Chapter 5).
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dislocation densities in Earth’s mantle (�108�1012m�2:
Chapter 5). However, as soon as these transformation-

induced dislocations are exhausted (i.e., after newly

formed grain boundaries have swept all the pre-

existing grains), this mechanism will cease to operate.

The essence of this model is the presumption that the

transformation-induced dislocations enhance plastic

deformation. In other words, in calculating the strain

rate using the Orowan equation, it is assumed that

the dislocation velocity is determined by the magni-

tude of applied stress and is not affected by the trans-

formation-induced dislocations. This is not obvious,

because one of the well-known effects of high-

dislocation density on deformation is work hardening

(see Chapter 9), which will reduce the strain rate. If

work hardening plays an important role, the effects

of transformation strain-induced dislocations on

rheology will be small or even reduce as opposed to

enhance the rate of deformation. In fact the concept

of geometrically necessary dislocations was proposed

to explain some aspects of work hardening (see e.g.,

ASHBY, 1970). Therefore this effect is likely to be

important only in a narrow range of temperature.

MEIKE (1993) also discussed this issue and concluded

that there is no convincing case for transformation-

enhanced plasticity in minerals.

Also, the high-dislocation density that is considered

to be a cause of enhanced plasticity can be maintained

only for a certain period, if the role of dislocation

recovery is considered (PATERSON, 1983). Briefly, if

the characteristic time for dislocation recovery is

much shorter than that of a phase transformation,

then the enhanced plastic deformation considered in

the above model will work only for a limited period.

Since the time-scale of a phase transformation is

largely controlled by the vertical motion by convec-

tion, the relative time-scales of phase transformation

and dislocation recovery are mainly determined by

temperature. The enhancement of deformation would

occur only at relatively low temperatures.

Problem 15.7*

Show that a high-dislocation density and resultant

(possible) enhancement of deformation due to a phase

transformation occurs only when 	R � 	T where 	R;T
are the characteristic times of dislocation recovery and

transformation respectively (PATERSON, 1983).

Hint: assume the following relations for the kinetics

of a phase transformation and of dislocation recovery:

�aðtÞ ¼ �T 1� exp � t

	T

� �� 	
dislocation generation

and

�ðtÞ ¼ �0 � ð�0 � �sÞ 1� exp � t

	R

� �� 	
dislocation recovery

where �0;s are the initial and the steady-state dislocation

density respectively.2

Solution

The time variation of dislocation when both a phase

transformation and dislocation recovery occur can be

calculated from the relation d�=dt ¼ d�=dtð Þþþ
d�=dtð Þ� where d�=dtð Þþ is the rate of generation of

dislocations by a phase transformation and d�=dtð Þ� is

the rate of dislocation recovery. From equation (15.20)

we get �a tð Þ ¼ �T 1� exp �t=	Tð Þð Þ and d�=dtð Þþ¼
ð�T=	TÞ exp �t=	Tð Þ. Also from � tð Þ ¼ �0 � �0 � �sð Þ:
1� exp �t=	Rð Þ½ �, we get d�=dtð Þ�¼ �ð�� �sÞ=	R.
Therefore d�=dtþ �=	R ¼ ð�T=	TÞ exp �t=	Tð Þ þ �s=	R.
Integrating this equation, one gets � tð Þ ¼
�sf1þ ð�T=�sÞ ½	R=ð	T � 	RÞ�½expð�t=	TÞ � expð�t=	RÞ�g
and hence the strain rate due to the intrinsic

deformation and deformation due to increased

dislocation density is given by _" tð Þ ¼ _"sf1þ ð�T=�sÞ:
	R=ð	T � 	RÞ½ �½exp �t=	Tð Þ � exp �t=	Rð Þ�g. It can be

shown that the strain rate has a maximum value

of _" tð Þ ¼ _"sð�T=�sÞ expð�½	R=ð	T � 	RÞ� log 	T=	Rð ÞÞ at
tm ¼ ½	T	R=ð	T � 	RÞ� logð	T=	RÞ. Therefore if

	R � 	T, _" tð Þ ¼ _"s 1þ �T=�sð Þ, whereas if 	R � 	T,

_" tð Þ ¼ _"s. The time-scale of transformation is mainly

determined by the time-scale of convection, whereas

the characteristic time for recovery is controlled

by temperature, 	R ¼ 	0R exp H�R=RT
� �

, where H�R is

activation enthalpy for recovery. Therefore the

condition 	R � 	T means that the temperature should

be lower than some critical value ðT 5 ðH �R=RÞ

logð	�R=	TÞÞ.

Note that when we use a physical interpretation of

the Levy–von Mises formulation of non-linear rheol-

ogy, i.e., when the second invariant of stress (�� 0 ) in the

constitutive relation for plastic flow is interpreted to be

2 The use of first-order kinetics as opposed to second-order kinetics (see

Chapter 10) is justified because we consider the annihilation of disloca-

tions with equal signs.
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dislocation density (Chapter 3), then the two classes of

models (the Greenwood–Johnson and the Poirier

model) just discussed appear to be equivalent.

Therefore these models have common limitations as

we have just discussed: enhanced deformation occurs

only when a high-dislocation density is maintained for

a sufficiently long time (i.e., low temperature) and

when work hardening is not important (i.e., high tem-

perature). These conditions are mutually exclusive and

the conditions under which transformation plasticity is

important are rather limited.

15.3.3. Experimental observations

Experimental observations of transformation-induced

plasticity are reviewed by GREENWOOD and JOHNSON

(1965), POIRIER (1985) and MEIKE (1993). The linear

relationship between applied stress and strain, i.e.,

relation (15.24), is in most cases well documented.

However, in most cases, the enhanced deformation

associated with a phase transformation is reported

only when a phase transformation occurs at relatively

low homologous temperature. The interplay between

work hardening and softening, as well as the influence

of dislocation recovery need to be investigated in more

detail.

15.4. Effects of grain-size reduction

A first-order phase transformation such as the olivine to

wadsleyite transformation can lead to a significant

change in grain size. VAUGHAN and COE (1981) were

the first to suggest that the grain-size reduction associated

with the olivine–spinel (ringwoodite) transformation

might result in rheological weakening. RUBIE (1984)

discussed the possible role of weakening for a range of

slabs with different thermal structures. Grain-size reduc-

tion is often observed in laboratory experiments that

have led to the idea of rheological weakening. However,

the real question here is if the grain sizes observed in

laboratory experiments are representative of the grain

sizes in Earth. The time scale of a phase transformation

in a laboratory is vastly different from that in Earth, and

therefore an appropriate scaling law is needed to estimate

the grain size associated with a phase transformation in

Earth. In fact, grain size after a phase transformation

can become smaller or larger dependent on the condi-

tions of phase transformation (see Chapter 13).

The scaling law for the grain-size evolution associ-

ated with a phase transformation in Earth has been

analyzed by RIEDEL and KARATO (1996, 1997) and

KARATO et al. (2001), and they applied the results to

calculate the grain-size reduction associated with phase

transformations that occur in a subducting slab.

Briefly, the degree to which grain-size reduction occurs

is highly sensitive to the temperature at which a phase

transformation occurs. The grain size after a transfor-

mation is roughly determined by (see Chapter 13),

L � GðTÞ�Z

�sub
(15:27)

where G Tð Þ ¼ G0 exp �H�G=RT
� �

is the growth rate

that depends on temperature (H�G is the activation

enthalpy for growth), �sub is the velocity of subduction

and DZ is the overshoot depth for phase transforma-

tion. For cold slabs (T� 800–900 K), the grain size can

be as small as�1 mm, leading to substantial weakening.

In addition, at low temperatures, the grain-growth

kinetics is sluggish. Consequently, a significant rheo-

logical weakening occurs that can last for a substantial

amount of time in cold subducting slabs. In contrast,

such effects would not be important in warm slabs

where the grain size after a phase transformation is

large and also the grain-growth kinetics is fast.

KARATO et al. (2001) explained the large contrast in

the nature of deformation of subducting slabs between

the eastern and western Pacific by this mechanism.

RUBIE (1983) discussed the role of reaction-induced

grain-size reduction on the rheology of Earth’s crust.

FURUSHO and KANAGAWA (1999) and NEWMAN et al.

(1999) reported evidence for such an effect in Earth’s

upper mantle. STÜNITZ and TULLIS (2001) reported

such an effect in experimentally deformed plagioclase

aggregates.

Note that the effects of grain-size reduction are

particularly important in cases where a phase trans-

formation involves formation of two phases, e.g.,

ringwoodite to perovskite and magnesiowüstite trans-

formation. In such a case, a small grain size will last

longer and the weakening effects will be significant

(e.g., KUBO et al., 2000).

15.5. Anomalous rheology associated with
a second-order phase transformation

A second-order phase transformation can be associ-

ated with anomalous elastic and dielectric behavior

(e.g., GHOSE, 1985; CARPENTER, 2006). For example,

one of the elastic constants vanishes and/or the dielec-

tric constant becomes infinite at the thermodynamic

condition at which a second-order phase transforma-

tion occurs (the former occurs when anomalous
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behavior is associated with the acoustic mode of lattice

vibration and the latter behavior occurs when ano-

malous behavior occurs in the optical mode of lattice

vibration; see Chapter 4, and GHOSE (1985) and

CARPENTER (2006) for more detail).

Second-order phase transformations are rather

uncommon in Earth’s interior, but many of the struc-

tural phase transformations observed in materials with

the perovskite structure are of second order. Some of

the phase transformations in SiO2 are nearly second

order. Anomalies in these properties (elastic and dielec-

tric properties) could cause drastic changes in rheolog-

ical properties. CHAKLADER (1963),WHITE andKNIPE

(1978) and SCHMIDT et al. (2003) reported on an

anomalous mechanical behavior (enhanced deforma-

tion) of quartz associated with the � to � transforma-

tion (see however a conflicting result by KIRBY (1977))

which is nearly second-order transformation (almost

no volume change). Room-temperature plasticity was

investigated at around a second-order phase transfor-

mation from stishovite to CaCl2 structure of SiO2

(SHIEH et al., 2002). Although these authors did not

find any anomalous behavior in the measured

strength–elastic modulus ratio, they concluded ano-

malous weakening near the (second-order) phase trans-

formation by translating their results to strength using

the Reuss-average elastic constant (their Figure 4). The

validity of this conclusion is questionable since their

results of calculation reflect mostly the anomaly in one

elastic constant (in the Reuss-average scheme, the aver-

age elastic constant is dominated by the small elastic

constants), and the question of how the anomaly in one

elastic constant affects the plastic strength (which is the

central issue here) was not investigated in their study.

KARATO and LI (1992) and LI et al. (1996) investigated

the high-temperature creep behavior of CaTiO3 across

a structural phase transformation (between ortho-

rhombic and tetragonal structures) and found only a

small change in diffusional creep behavior similar to

those observed by KIRBY (1977). In summary, drastic

effects of second-order phase transformations on

(high-temperature) plasticity have not been well

documented, although such an effect might result in

anomalies in plastic properties. In particular, high-

elastic anisotropy near the second-order phase trans-

formation could cause large plastic anisotropy, but

there have been no definitive studies on this subject.

15.6. Other effects

A first-order phase transformation also involves a

change in the entropy. Consequently, there is a change

in temperature associated with a first-order phase

transformation. An exothermic (endothermic) phase

transformation such as the olivine to spinel (or wad-

sleyite or ringwoodite) transformation will result in the

increase (decrease) in temperature. The degree towhich

temperature is modified depends on the relative rate of

a phase change and that of thermal diffusion as well as

the magnitude of change in the entropy. The maximum

value of temperature change for transformations in the

transition zone is �
100K, which would result in a

change in viscosity of about an order of magnitude.

Another effect includes a change in element parti-

tioning associated with a phase transformation. For

example, during a phase transformation from olivine

to wadsleyite, Fe is partitioned more into wadsleyite

leading to weakening of this phase. Similarly, the trans-

formation from ringwoodite to perovskite and magne-

siowüstite results in Fe-enrichment in magnesiowüstite

in most cases that leads to weakening of magnesiowüs-

tite relative to co-existing perovskite. A more drastic

effect is the redistribution of water (hydrogen) associ-

ated withmelting (KARATO, 1986; see also Chapter 19).

In some cases a phase transformation of a phase

results in decomposition into two (or more) phases. In

such cases, the plastic properties of the resultant aggre-

gates are those of a two (or more)-phase mixture. One

particularly interesting case is where one of the phases

is a fluid. In such a case, dramatic effects are expected

depending on the geometry of the fluid phase (see

Chapter 12). When the fluid assumes a continuous

film, then the effective pressure is significantly reduced

and shear instability can occur.
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16 Stability and localization of deformation

Deformation in Earth often occurs in a localized fashion particularly in the lithosphere.

The most marked example of this is deformation associated with plate tectonics, in which

deformation is localized at plate boundaries: plate tectonics would not operate without shear

localization. This chapter reviews the physical mechanisms of the localization of deformation.

The criteria for instability and localization are reviewed not only for infinitesimal deformation

but also for finite amplitude deformation. Several mechanisms of the localization of plastic flow

are discussed including thermal runaway instability, localization due to grain-size reduction,

localization due to strain partitioning in a two-phase material and localization due to the intrinsic

instability of dislocation motion. Many processes may play a role in shear localization in Earth, but

grain-size reduction appears to play a key role in shear localization in the ductile regime.

Key words instability, localization, bifurcation, shear band, necking instability, adiabatic

instability, mylonite, grain-size reduction.

16.1. Introduction

The plastic deformation of solids involves the motion

of crystalline defects, so deformation is always heteroge-

neous (i.e., localized) and non-steady at the level of the

individual defect (dislocations, grains etc.). However,

when averaged over the space-scale of many defects and

over the time-scale of the motion of a large number of

defects, deformation in the ductile regime occurs in most

cases homogeneously both in space and time. Deviation

from such an idealized form of deformation occurs under

some limited conditions, which leads to (spatially) local-

ized, and (temporally) unstable deformation. Localized

deformation is ubiquitous in the shallow portions of

Earth (i.e., the upper crust) where brittle failure is the

dominant mode of deformation. Localized deformation

could extend to deeper portions, e.g., the entire litho-

sphere, and even in the deeper portions of Earth.

The fundamental causes for localization in the brit-

tle regime are (1) the intrinsic instability of motion of a

single crack, due to the interplay between stress con-

centration and crack motion, and (2) the strong inter-

action among cracks to cause positive feedback that

enhances localized deformation (e.g., PATERSON and

WONG, 2005, see also Chapter 7). However, brittle

deformation is suppressed by a large confining pres-

sure, and one does not expect brittle failure at depths

exceeding�10–20 km. In this chapter, we will focus on

the mechanisms of localization of deformation in the

plastic regime. In this regime, deformation occurs

through the motion of smaller scale defects such as

dislocations and point defects (Chapters 8 and 9).

Motion of these defects is usually viscous and intrinsi-

cally stable and the interaction among these defects

is less strong than the interaction among cracks.

Consequently, instability and localization are not

often seen in the plastic regime. However, under some

limited conditions, the interaction among defects or

the interaction of defects with other ‘‘fields’’ (such as

the temperature field) could lead to unstable localized288



deformation. Shear localization in the plastic regime is

generally considered to be the cause of crustal shear

zones (e.g., WHITE et al., 1980). Classical examples of

instability (localization) in metals in the ductile regime

include the propagation of the Lüders band (localized

deformation observed in iron or Al–Mg alloy at mod-

est temperatures through the propagation of shear

zones) and the Portevin–Le Chatelier effect (unstable

deformation of some alloys such as Al–Li and Cu–Sn

that is characterized by the serrated stress–strain

curves; see e.g., HIRTH and LOTHE, 1982). In geologic

materials, localized deformation is often observed

when a region of fine grain size develops (e.g., POST,

1977; WHITE et al., 1980; FURUSHO and KANAGAWA,

1999). Also well known is the adiabatic instability, i.e.,

localized deformation due to localized shear heating

(e.g., ROGERS, 1979). These processes of localized

deformation are found under limited conditions in

experimental studies. When one wants to evaluate if

some of these processes (or processes similar to them)

might occur in Earth, one needs to understand the

basic physics behind them because the applications of

laboratory data to geological problems always involve

a large degree of extrapolation.

Mechanisms of instability (and localization) of defor-

mation in the plastic regime have been reviewed byHILL

(1958), HART (1967), ARGON (1973), RUDNICKI and

RICE (1975), RICE (1976), KOCKS et al. (1979), POIRIER

(1980), BAI (1982), EVANS and WONG (1985),

FRESSENGAS and MOLINARI (1987), ESTRIN and

KUBIN (1988), HOBBS et al. (1990), MONTÉSI and

ZUBER (2002), and REGENAUER-LIEB and YUEN

(2003). Reviews with a geological context include

EVANS and WONG (1985), HANDY (1989), HOBBS

et al. (1990), DRURY et al. (1991), BRAUN et al.

(1999), BERCOVICI and KARATO (2002), MONTÉSI

and HIRTH (2003), and REGENAUER-LIEB and YUEN

(2003). In this chapter, I will discuss some of the fun-

damental physics behind instability and localization

during deformation in the plastic regime.

16.2. General principles of instability
and localization

16.2.1. Criteria for instability and localization:
infinitesimal amplitude analyses

Instability (and localization) of deformation occurs

when the changes in properties of materials and/

or local stress caused by a small excess deformation in

a region cause further deviation from homogeneous

deformation in that region. This occurs, for example,

when a material has a property such that the resistance

to deformation decreases with strain (or strain rate). In

fact, in most laboratory experiments, the localization

of deformation is associated with some sort of weaken-

ing. For example, localized deformation in the soft

steel called the Lüders band propagation is associated

with a sharp drop of stress in a constant strain-rate test

(e.g., NABARRO, 1967b). As we have learned in pre-

vious chapters (Chapters 3, 8 and 9), in most cases,

resistance to plastic deformation increases with strain

(work hardening) and strain rate (positive strain-rate

exponent). Therefore deformation in the plastic regime

is usually stable and homogeneous and the instability

and localization of deformation will occur only when a

material has some atypical properties and/or when

macroscopic deformation geometry satisfies some

conditions. The main theme of this chapter is to pro-

vide a brief summary of the physical basis for unstable

and localized deformation to identify the conditions

under which unstable and localized deformation may

occur.

The condition for instability mentioned above can

be translated into an inequality

� log _"

� log "
4 0: (16:1)

When this condition is met, then in a region where more

than average deformation occurred (� log "4 0), strain

rate there will become larger (� log _"4 0). Therefore

strain there will increase further and deformation will

be localized in that region.

In the literature, the condition for localization

(instability) was often defined in different ways. In a

classical paper on the necking instability for tension

tests, HART (1967) defined the condition for unstable

deformation in terms of cross sectional area A as

� log
�
A

� logA
5 0 or

�
�
A

�A
4 0 (16:2)

where _A is the time derivative of A. When this condi-

tion is met, an area where the cross section becomes

smaller than average will keep shrinking that leads to

the necking instability.

POIRIER (1980) presumed that deformation is

unstable when the load needed to deform a material

is reduced by a small increase in strain, namely,

� logF

�"
� 0 (16:3)
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where F¼�A is the load (force). For simple shear

where A is constant, this relation is equivalent to

� log �=�"50.

An alternative way to define the instability is to

investigate the time dependence of strain. When strain

is written as " ¼ "0 exp ltð Þ, then if

l40; (16:4)

strain increases exponentially with time and deforma-

tion is said to be unstable. This approach has been used

in many linear stability analyses (e.g., ESTRIN and

KUBIN, 1988).

MONTÉSI and ZUBER (2002) defined an effective

stress exponent, neff � � log _"=� log�, and use the neg-

ative effective stress exponent,

neff50; (16:5)

as a condition for instability and localization.

Yet another way to define the condition for insta-

bility is to seek a condition under which a system can

assume two different states corresponding to the same

imposed boundary conditions (bifurcation; e.g.,

RUDNICKI and RICE, 1975; BERCOVICI and KARATO,

2002). For example, for a given stress, when a system

can assume two different strain rates, then a systemwill

evolve into bifurcation in which parts of the system

will assume one strain (strain rate) and other parts

will assume another strain (strain rate). This leads to

localization if the strains (strain rates) in these regions

are sufficiently different.

How are these different expressions related? The

correspondence between (16.1) and (16.4) is straight-

forward. Note that if " ¼ "0 exp ltð Þ, then _" ¼ l" and

� _" ¼ l�". Therefore � _"=�" ¼ l and (16.1) and (16.4) are

equivalent. To compare (16.1) with (16.2), let us note

that the relations �" ¼ �� logA and _A=A ¼ � _l=l ¼ � _"

hold for deformation of a cylindrical sample with no

volume change. From _A=A ¼ � _l=l ¼ � _", one obtains

� _A=�A� _A=A ¼ � _"=�". Note that (16.1) and (16.2) are

not identical in general except for a case where

� _A=�A
�� ��� _A=A

�� �� (e.g., ESTRIN and KUBIN, 1986).

The correspondence of bifurcation to the condition

of instability described above can be understood if one

notes that for most cases � log _"=� log " � 0 at small

strains (work hardening). In such a case, the condition

� log _"=� log "4 0 means that � log _"=� log " changes

sign from negative to positive as strain increases.

Consequently, a strain versus strain-rate curve,

" _"ð Þ, for a constant stress, will not be a single-valued

function, so there will be two strains corresponding

to a given strain rate that leads to bifurcation.

Bifurcation analysis can also be made for _" �ð Þ.
Recall � log�=� log _"4 0 in most materials for small

strain rates (positive stress exponent), therefore if

� log�=� log _" becomes negative at a large strain rate,

then _" �ð Þwill not be a single-valued function leading to

bifurcation. Note that the conditions for localization

correspond to � log�=� log _"5 0, i.e., negative effective

stress exponent.

The instability condition by POIRIER (1980) (i.e.,

(16.3)) is not equivalent to � log _"=� log "40 (or equiv-

alently to (16.2) and (16.4)). Equation (16.3) can

be written as � log�=�"þ � logA=�"5 0. ð� logA=�"Þ
� kð Þ is a constant that depends on the geometry of

deformation (� 1 for uni-axial deformation, 0 for simple

shear). Consider a case of simple shear (k ¼ 0). Then

(16.3) becomes � log�=� log " ¼ @ log�=@ log "ð Þ _"þ
ð@ log�=@ log _"Þ ð@ log _"=@ log "Þ5 0. It is clear that

the condition � log �=� log _"5 0 and � log _"=� log "4 0

are not connected directly. In fact, the condition of

� log�=� log "5 0, i.e., the maximum stress in a

stress–strain curve, is often observed well before shear

instability occurs, indicating that it is not an appropri-

ate criterion for shear instability (localization)

(ARGON, 1973).

Similarly, the condition of negative effective stress

exponent, (16.5), does not necessarily lead to shear

instability (localization). This can be seen by writing

� log _"=� log " ¼ @ log _"=@ log "ð Þ�þ ð@ log _"=@ log �Þ
ð@ log �=@ log "Þ. Even if ð@ log�=@ log _"Þ50, if

ð@ log�=@ log"Þ40 (i.e., work hardening), then

ð@ log _"=@ log�Þð@ log�=@ log"Þ50 and instability will

not necessarily occur. Also the condition of a negative

effective stress exponent does not apply to thermal run-

away instability as will be shown later.

16.2.2. Development of strain localization: finite
amplitude instability

Although most of the discussions in this chapter are

on the conditions for instability at a small amplitude of

perturbation in strain, it is important to discuss some

issues of instability at finite amplitude. The condition

� log _"=� log "4 0 means that deformation is unstable

and that a material has the potential for strain local-

ization, but this does not tell us how fast strain local-

ization develops. Therefore this condition alone is not

sufficient to evaluate if significant shear localization

develops or not. Also important is the boundary con-

dition or the property of the forcing ‘‘machine.’’ As we

will learn, certain conditions must be met about the

properties of the ‘‘machine’’ (materials surrounding the
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region in which shear localization occurs), in order for

significant localization to develop.

Influence of time dependence of materials
parameters
The instability of deformation may not necessarily

lead to significant shear localization unless the growth

of instability is rapid. Figure 16.1 illustrates this point.

Curve A shows the case where instability occurs and

rapidly grows leading to significant shear localization.

Curve B shows the case in which the instability occurs

initially but the rate of growth of instability decreases

rapidly, and significant localization will not occur.

Case C is the case where instability occurs fast initially

but the rate of instability growth decreases with time.

However, the rate of decrease in the rate of instability

is small compared to the initial rate of growth of insta-

bility and one obtains a sufficiently large degree of

localization. Curve D shows yet another case, where

the initial physical conditions do not cause instability,

but eventually a material develops some conditions

(e.g., microstructures) that promote instability.

In order to treat the issue of casesA, B andC shown

in Fig. 16.1, ESTRIN and KUBIN (1988) used the fol-

lowing criteria for the development of finite amplitude

instability (localization),

l0 4 0 and
dl
dt

� �
0

4 0 ðcaseAÞ (16:6)

or

l040;
dl
dt

� �
0

50 and
dl
dt

� �
0

����
����� l20: ðcaseCÞ

(16:7)

The physical meaning of (16.6) is obvious. The condi-

tions (16.7) mean that the rate with which instability

grows decreases with time, but the initial rate of growth

is fast enough to establish significant degree of local-

ization (note that the rate of initial growth is l0 and the

rate of change in growth rate is dl=dtð Þ0
�� ��=l0). The case

B would correspond to

l0 4 0;
dl
dt

� �
0

50 and
dl
dt

� �
0

����
���� 	 l20: ðcaseBÞ

(16:8)

The evaluation of a situationD, i.e., l0< 0 but l> 0

at later stage, requires the analysis of instability for a

large range of strain (time). Conditions for instability

are often not met at small strains, but gradually evolve

with strain. Analyses of � log _"=� log " at various strains

will be critical to address this point.

Although the following analyses will focus on linear

stability analyses (analyses for infinitesimal strain), I will

touch upon these issues when they play a critical role.

Problem 16.1*

Show that the conditions (16.7) lead to significant

localization but (16.8) will not.

Solution

By integrating �" ¼ �"0 exp ltð Þwith l ¼ l0 þ dl=dtð Þ0 t,
one obtains

"

�"0
¼
Z 1
0

exp l0tþ
dl
dt

� �
0

t2
� �

dt

¼
Z 1
0

exp l0t�
dl
dt

� �
0

����
����t2

� �
dt

¼
ffiffiffi
p
p

2
exp

�

4

� �
1þ erf

ffiffiffi
�

p� �h i
� � l20

dl
dt

� 	
0

�� ��
 !

where I used the definition erf xð Þ � 2ffiffi
p
p
R x
0 exp �y2

� 	
dy

(erf 1ð Þ ¼ 1; erf 0ð Þ ¼ 0). If the condition (16.7) is met

(i.e., �� 1), then "=�"0 

ffiffiffi
p
p

exp �=4ð Þ ! 1, so signif-

icant localization will occur. If � < 1 (i.e., (16.8)), then

"=�"0 
 ð
ffiffiffi
p
p

=2Þ exp �=4ð Þ 

ffiffiffi
p
p

=2 (for �! 0) and

localization will be limited.

Influence of elasticity (machine stiffness)
Boundary conditions can also play an important role in

the growth of instability. Consider a sample connected

to a ‘‘machine’’ which is described by an elastic spring

A

B

C

D

Time

S
tra

in

FIGURE 16.1 A schematic diagram showing the development of

shear localization and instability (modified after KOCKS et al., 1979).
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(Fig. 16.2a). Force is supplied from this machine to a

sample so that when instability starts in the sample, the

machine must provide energy in order to keep up with

continuing growth of instability. If the machine is very

stiff, then even though the properties of a sample

become weak and satisfy the conditions for instability,

no continuing development of localization is possible.

The machine must be sufficiently soft to realize the

localization. In other words, the degree of weakening

must be sufficiently large in order to achieve a signifi-

cant amount of localization (e.g., SCHOLZ, 2002).

To see this point, let us consider a stress (force)

versus strain (displacement) diagram (Fig. 16.2b).

When @F=@u5 0, a displacement will cause unloading

of the machine. The unloading will follow the slope,

�K, defined by the machine stiffness, K, where F¼Ku

(F, force; u, displacement). If this unloading of the

machine is not as large as the unloading from the sam-

ple, then instability does not develop to result in signifi-

cant localization. So the condition @F=@uj j4K must

be satisfied in order for the machine to keep up with the

progressive deformation. For shear localization in

Earth, a similar formula can be obtained if regions

outside a shear zone behave like an elastic body. This

will be a good approximation when shear localization

occurs in a short time-scale in a relatively cold region.

In such a case equation @F=@uj j4K may be cast into

the equivalent form

@�

@"

����
����4M

whereM is the elastic modulus of the material. In other

words, when the finite amplitude instability is consid-

ered, the condition for instability is stronger than those

discussed in 16.2.1. For example, instead of ��=�"5 0,

one must have ��=�"5�M.

Problem 16.2

Show that @F=@uj j4K and @�=@"j j4M are equivalent.

Solution

From the definition of the stiffness F¼Ku and the

definition of an elastic constant M (� ��=�" ¼
�F � u=�u � A), one gets K ¼MA=u. So @F=@uj j4
K ¼MA=u and hence @�=@"j j4M.

16.2.3. Orientation of shear zones

In most of the analyses of shear localization, deforma-

tion is assumed to be plane deformation and the plane

of shear localization is assumed to be the same as the

shear plane. This assumption is valid if only one com-

ponent of stress (strain) plays an important role.

However, when deformation involves volume change

(volume expansion, in most cases), then such an

assumption will no longer be valid. ANAND et al.

(1987) extended shear localization analysis in the ductile

regime to two dimensions and determined the orienta-

tion of a shear zone. They made a linear stability ana-

lysis involving the following properties of materials: the

strain-rate hardening, strain hardening, thermal soft-

ening and pressure hardening coefficients. Conditions

under which a small perturbation in shear strain grows

are determined as well as the orientation along which

the perturbation grows most rapidly. They found that

shear bands are formed, in simple shear geometry, in

two directions. Strain in such a case must be accommo-

dated by the combination of deformation in two shear

bands. The fastest growing shear band is formed in the

direction (measured from the direction of the instanta-

neous maximum stretching direction) (Fig. 16.3)

� ¼ � p
4
þ �

2


 �
(16:9)

(a)

K(M)
∂u
∂F ∂σ

∂ε

Force
(stress)

Displacement (strain)

1

K1(M1)

K2(M2)

∂u
∂F ∂σ

∂ε

(b)

FIGURE 16.2 (a) A spring connected to a material that shows time-

dependent deformation and (b) a strain (displacement) versus stress

diagram showing the condition for development of a finite-

amplitude instability.

When @�
@"

�� ��5M (or @F
@u

�� ��5K), then instability does not occur even if

there is strain softening, whereas when @�
@"

�� ��4M (or @F
@u

�� ��4K), then

instability does develop.
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with

� ¼ sin�1
1

P0
1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� P2

0

q� �
 �
(16:10)

where P0 is a non-dimensional parameter characteriz-

ing the pressure sensitivity of strength (i.e., � ¼P0 � P
where � is the shear stress). If rheological properties are

pressure-insensitive, then P0¼ 0, and �¼ 0. In such a

case, a shear band will be formed parallel to the shear

plane (another one would be normal to shear plane,

but strain by this is small). According to this theory,

there will be an inclination between the shear bands

and the shear plane when the rheological properties are

pressure-sensitive.1 Note that the results of this theory

are analogous to the theory of brittle fault (Chapter 7).

In the brittle faulting, using Coulomb–Navier’s law,

the angle of a fault is controlled by the friction coef-

ficient that is analogous to the parameter P0. The

observed tilted shear zones in the shear deformation

of a partially molten material (e.g., ZIMMERMAN et al.,

1999; HOLTZMAN et al., 2003b) suggest that the rheo-

logical behavior of material in their experiments is

pressure-sensitive. SPIEGELMAN (2003) and KATZ

et al. (2006) proposed a model to explain shear local-

ization in partially molten materials that involves vol-

ume change during deformation.

16.3. Mechanisms of shear instability and
localization

16.3.1. General considerations

In order to understand the physical meaning of con-

ditions of instability (localization), let us consider a

simple case where only one component of stress (or

strain) plays an important role. In such a case, the

relation between stress and various variables may be

written as2

_" ¼ _" T; "; �; S; Bð Þ (16:11)

where T is temperature, " is strain, _" is strain rate, � is

stress, S is some microstructural parameter such as

grain size, and a parameter B denotes a geometrical

factor such as the cross sectional area which depends

on sample and deformation geometry.

Now we consider how stress needed to deform a

sample changes with a small variation of parameters,

namely,

� log _" ¼XT� logTþ X"� log "þ X�� log �

þ XS� logSþ XB� logB
(16:12)

where XT ¼ @ log _"=@ logTð Þ�; "; S;B etc. Each term rep-

resents the sensitivity of strain rate on various param-

eters that depends on the specific mechanisms (and

processes) of deformation as well as deformation

geometry.

Three of them correspond to intrinsic material

properties. They areXT ¼ @ log _"=@ logTð Þ�; "; S;B, X" ¼
@ log _"=@ log"ð ÞT; �;S;B and X�¼ @ log _"=@ log�ð ÞT; ";S;B.
XT¼ @ log _"=@ logTð Þ�;";S;B represents the temperature

sensitivity of strength, which isXT¼H�=RT for power-

law rheology involving typical thermal activation

processes. This term is positive, so a local increase in

temperature by deformation tends to enhance instability

and resultant localization. X"¼ @ log _"=@ log"ð ÞT; �;S;B
represents the sensitivity to strain. This term is zero for

steady-state rheology and has a finite value only for

transient rheological behavior. In many cases, transient

behavior is characterized by work hardening in such a

case, this termmay be represented by _"/ "�h and hence

X"¼�hwhere h is called the work hardening coefficient
(work softening is also observed in some cases, in which

−χ
χ

FIGURE 16.3 Orientations of shear zones (shown by thick lines).

Broken lines indicate the direction of principal stress. The

orientation of shear zones depends critically on the pressure

sensitivity of the strength (i.e., volumetric strain). When there is no

pressure sensitivity (i.e., no dilatation), shear bands will be formed on

a plane parallel to the shear plane. When the strength has a

significant pressure dependence (i.e., a large volumetric strain),

then the shear bands will have a certain angle with respect to the

shear plane (after ANAND et al., 1987).

1 The pressure-insensitive rheology in this context means ductile rheology in

which pressure-sensitivity is small. In terms of a non-dimensional param-

eter, P0, brittle rheology would correspond to a large value of P0 (P0
 0.5,

P0: friction coefficient). The ductile rheology is also pressure-sensitive, but

P0 ¼ �V�=RT 
 10�4�10�2 (V*: activation volume). In the context of

shear band formation, ductile rheology is considered to be pressure-

insensitive rheology.

2 Note that I have assumed that the plastic flow strength is pressure-

insensitive. This is justifiable in most ductile deformation in which a

change in pressure caused by applied deviatoric stress is small. When the

strength is pressure-sensitive, i.e., deformation in the brittle regime, then at

least two components of stress (strain) need to be considered.
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case one can use a negative value of h). Work hardening

will reduce the strain rate, so it has a stabilizing effect.

the X�¼ @ log _"=@ log�ð ÞT; ";S;B term represents the

stress sensitivity of strain rate, and is X�¼ n for power-

law rheology. The term XS¼ @ log _"=@ logSð ÞT; �;";B
represents the influence of some structural parameters

such as dislocation density and grain size on the

strength. The local variation in grain size is one of the

important mechanisms of shear localization.

Finally, the term XB ¼ @ log _"=@ logBð ÞT; �; "; S
represents the influence of deformation geometry.

For example, cross sectional area may change during

uni-axial deformation that could lead to necking insta-

bility (e.g., HART, 1967).

16.3.2. Specific mechanisms of instability
and localization

Geometrical (necking) instability
Plastic deformation often causes shape change that

may cause local variation in effective stress. Let us

focus our attention to necking instability. The essence

of necking instability is that once an area smaller than

other area is formed during (uni-axial) tension, then

stress is concentrated in that area causing further

shrinkage of that area. Since the essence of this instability

is the geometrical one, it is appropriate to use the insta-

bility criterion by HART (1967), i.e., � log _A=� logA50.

To write this inequality in terms of properties of mate-

rials, let us start from the relation � log _" ¼ n � � log��
h � � log " (we assumed a relation _" / "�h�n). Now from

F¼ �A where F is the applied force and A is the area

through which force acts, the change in cross sectional

area is related to the change in stress as � log �þ
� logA ¼ 0 and _�=�þ _A=A ¼ 0 (force is assumed to

be constant). Also from V¼ lA where V is volume

and l is the length, we get � log lþ � logA ¼ �"þ
� logA ¼ 0 (�" ¼ � log l, elongation strain is taken pos-

itive here) and hence _"þ _A=A ¼ 0 and � _" ¼ �� _A=Aþ
_A�A=A2 (volume is assumed to be constant). Inserting

these relations into � log _" ¼ n� log�� h� log ", one

obtains � log _A=� logA ¼ n h="nþ 1=n� 1ð Þ. Therefore
the condition for instability, � log _A=� logA5 0, is

n4
h

"
þ 1: (16:13)

For h¼ 0, by integrating � log _A=� logA ¼ 1� n, one

can show that the instability grows as (HART, 1967)

�A

�A0
¼ A

A0

� �1�n
ðfor h ¼ 0Þ: (16:14)

Note that the rate of growth of inhomogeneity is a

strong function of stress exponent, n. If n¼ 1, there is

no growth, but if n� 1, then the growth is rapid.

Problem 16.3

Derive equation (16.14).

Solution

From d log _A=d logA ¼ 1� n, one obtains _A= _A0 ¼
A=A0ð Þ1�n. Now if the initial heterogeneity in cross

section develops during a time �t, �A0 ¼ _A0 �t, then

the corresponding heterogeneity in the final stage will

be �A ¼ _A �t so that �A=�A0 ¼ _A= _A0 ¼ A=A0ð Þ1�n.

A large stress exponent and/or small work harden-

ing coefficient promote necking instability. For a small

n, instability grows very slowly (see equation (16.14))

so that a material can deform uniformly. This is an

explanation for a stable large extensional deformation

of a material with a small stress exponent known as

superplasticity (see Chapter 8). It should also be noted

that this type of geometrical instability does not occur

in simple shear in which the area to which stress acts

is kept constant. Since most deformation geometry in

Earth involves a large component of simple shear, neck-

ing instability does not usually play an important role

(see, however, TAPPONNIER and FRANCHETEAU, 1978).

Adiabatic instability (thermal runaway instability)
Plastic deformation dissipates energy. Consequently,

if there is a region in which a higher strain (strain rate)

is created then more heat is generated in that region

and hence that region is heated up and there will be

a local increase in temperature (this often leads to

melting). Increased temperature will enhance plastic

deformation and therefore there is a positive feedback

and potential for unstable, localized deformation due

to deformation-induced heating. Processes that may

counteract this include: (1) thermal diffusion and (2)

work hardening. Therefore the essence of models of

thermal (adiabatic) instability is to examine how these

processes compete. The interplay between deforma-

tion-induced heating, work hardening and heat flow

can be analyzed by solving the momentum balance

equation and energy transport equation together.

However, a simple analysis can be made if one focuses

on infinitesimal amplitude instability. To do this let us
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assume a simple power-law constitutive relation with a

work-hardening term, namely, _" / exp �H�

RT

� 	
"�h�n.

We consider how small changes in controlling var-

iables affect the strain rate. To evaluate the influence

of temperature, we start from the energy conservation

relation,

@T

@t
¼ �@

2T

@x2
þ _"�

	CP
(16:15)

where � is thermal diffusivity, _"� is the rate of energy

dissipation per unit volume, 	 is the density, CP is the

specific heat. When there is no heat diffusion, temper-

ature will rise according to @T=@t ¼ _"�=	CP whereas if

temperature diffusion is fast, then energy balance is

dominated by @T=@t ¼ �ð@2T=@x2Þ and therefore the

characteristic time of heat diffusion is �th 
 L2=�.

Consequently, the temperature increase due to

mechanical work is roughly given by (e.g., ARGON,

1973)

�T ¼ � _"�

	Cp
�t (16:16)

with

� � �th
�def
¼ L2 _"

�"
(16:17)

which depends on the dimension of the region of inter-

est, L, and thermal diffusivity, � and hence

�T ¼ _"

"

L2

�

_"�

	Cp
�t ¼ L2

�

_"�

	Cp
� log ": (16:18)

Inserting these relations into the instability condition,

� log _"=� log "4 0, we obtain

H�

RT2

L2

�

_"�

h	CP

41: (16:19)

We find that the adiabatic instability occurs when

(1) a material is deformed at a high energy dissipation

rate, _"� (fast strain rate and/or high stress), (2) a large

region is subject to temperature heterogeneity (large

L), and (3) when deformation occurs at relatively low

temperatures. A large sample size and high strain rate

are needed in order to develop localized high tem-

perature regions without significant heat diffusion.

Consequently, for small samples in a typical laboratory

experiment, one needs a very high rate of deformation

(e.g., SPRAY, 1987; TSUTSUMI and SHIMAMOTO, 1997)

and the adiabatic instability is not usually observed in

typical slow laboratory deformation experiments.

However, for a large body, conditions for adiabatic

instability are more easily met and evidence for shear

heating is found in the rock called pseudotachylyte, a

very fine-grained (sometimes glassy) rock observed on

fault planes that has been quenched from the melt

(SIBSON, 1975, 1977).

GRIGGS and BAKER (1969), HOBBS et al. (1986),

OGAWA (1987), HOBBS and ORD (1988) and KARATO

et al. (2001), discussed the possible implications of

adiabatic instability for the origin of deep (and inter-

mediate depth) earthquakes.

Problem 16.4

Calculate the critical energy dissipation rate for

adiabatic instability.

Solution

Rewriting (16.19), one gets _"�4 _"�ð Þc� h	CP�RT
2=H�L2.

If we plug in the following typical values (h¼ 1,

	¼ 3000kg/m3, CP¼ 1200 J/kgK, �¼ 10�6m2/s and

H*¼ 500kJ/mol), then we get _"�ð Þc¼10�8�10�10ÞW=kg

for T� 2000K and L¼ 1–10 km. This value can be

compared with the heat production rate from typical

Earth material of 10� 10–10� 12W/kg (e.g., TURCOTTE

and SCHUBERT, 1982). We conclude that the adiabatic

instability likely occurs in Earth, but to obtain a high

degree of localization (small L), atypically high energy

dissipation is required.

Localization due to grain-size reduction
The association of a smaller grain size and shear local-

ization is well known in mylonites (WHITE, 1979;

WHITE et al., 1980). Therefore the role of grain-size

reduction in shear localization deserves special atten-

tion. When deformation occurs by the motion of

crystalline defects, the reduction in grain size results

in some degree of weakening if grain-size reduction

is large. However, some processes could counteract

this, including grain growth. Therefore the competition

of these processes needs to be evaluated in order to

understand the role of grain-size reduction in shear

localization.

Details of the processes that control grain size are

reviewed in Chapter 13. Grain-size reduction can occur

through two different processes: nucleation–growth of

new grains by phase transformation (or by chemical

reaction) or by dynamic recrystallization. These pro-

cesses may reduce the grain size. In contrast, grain
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growth driven by grain-boundary energy will increase

the grain size.

Let us use a simple constitutive relation that

includes the grain size sensitivity, _" / L�m"�h�n.

Then noting that grain size changes with strain as

well as time, we obtain (for a constant stress),

� log _"

� log "
¼ �m @ logL

@ log "

� �
t
þ @ logL

@t

� �
"

"

_"


 �
�h (16:20)

where @ logL=@ log "ð Þt represents the rate at which

grain size is reduced with strain (e.g., by dynamic

recrystallization), and @ logL=@tð Þ" represents the

rate of change in grain size at a fixed strain (e.g., by

grain growth). The condition for (infinitesimal strain)

instability is therefore

@ logL

@ log "

� �
t
þ @ logL

@t

� �
"

"

_"
þ h

m
50: (16:21)

Essentially, this equation means that grain size must

decreases with strain faster than the rate of grain

growth and work hardening rate. This condition can

be met for a certain range of physical parameters. One

obvious case is a case where there is a large degree of

grain-size reduction and grain growth is inhibited.

Chemical reactions (i.e., metamorphism) under rela-

tively low temperature conditions provide such an

environment. Chemical reactions at relatively low

temperatures occur only when a large departure from

chemical equilibrium is achieved. In such a case, nucle-

ation rate of new phases is relatively high because of a

large driving force for the reaction. Yet the growth rate

is low so that one tends to get a small grain size for the

reaction product (see Chapter 13). Subsequent growth

of grains is also slow particularly when the reaction

products contain several different phases due to Zener

pinning (see Chapter 13). Consequently, metamor-

phism provides a good opportunity to lead localized

(enhanced) deformation (e.g., RUBIE, 1983). Natural

evidence for shear localization caused by grain-size

reduction due to chemical reaction is reported by

DRURY et al. (1991) and FURUSHO and KANAGAWA

(1999).

The situation is more complicated when grain-size

reduction occurs due to dynamic recrystallization.

Dynamic recrystallization occurs only in the disloca-

tion creep regime (Chapter 13), in which deformation is

insensitive to grain size (Chapter 9). Consequently,

m¼ 0 so that there is no effect of grain-size reduction

in this regime. Furthermore, when deformation occurs

in grain-size sensitive mechanism such as diffusional

creep, there is no mechanism to reduce the grain size.

Therefore it might appear that the concept of weaken-

ing and shear localization by dynamic recrystallization

is fundamentally flawed. It is easy to see that such a

simple view is not valid when one considers the micro-

structural heterogeneity in a dynamically recrystallizing

material (Fig. 16.4). In most cases, dynamic recrystal-

lization is initiated at or near existing grain boundaries

(Chapter 13). Fine-grained regions are formed there

whose thickness increases with strain. If the grain size

in this region is below a threshold value, then the

deformation mechanism there will be grain-size sensi-

tive creep such as diffusional creep. During this stage,

the ‘‘cores’’ of large grains are deformed by dislocation

creep and hence keep producing heterogeneity in dis-

location distribution that leads to the formation of

fine-grained regions along the grain boundaries.

Consequently, the thickness of fine-grained regions

increases with time (strain) until the whole sample is

completely recrystallized. In the intermediate stage of

dynamic recrystallization therefore a material is com-

posed of two regions: large grains deformed by dislo-

cation creep, and fine-grained regions near the grain

boundaries deformed by diffusional creep (or some

sort of grain-size sensitive creep). It is in this transient

stage where shear localization could occur.

Let us consider a model shown in Fig. 16.4. We

assume that the grain size changes from L to L0

(L>L0) instantaneously and that the rate at which

the volume fraction, 
, of a fine-grained region

changes with time is proportional to the volume frac-

tion of the coarse-grained region and to the rate at

which that region deforms, namely,

FIGURE 16.4 A microstructure of a material undergoing dynamic

recrystallization. Large grains undergo deformation by dislocation

creep which creates small recrystallized grains near grain boundaries.
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_ ¼ � 1� 
ð Þ _"1 (16:22)

where � is a non-dimensional constant of order unity

and _"1 is the strain rate of the coarse-grained region

(Chapter 13). The solution of (16.22) with the initial

condition of 
(0)¼ 0 is


 ¼ 1� exp �� _"1tð Þ (16:23)

Therefore the time-scale for completion of dynamic

recrystallization is �recrys 
 3=� _"1 during which coarse-

grained regions will deform to "1 
 3=�.

In order for shear localization to occur by grain-size

reduction, the fine-grained regions must be softer than

the original material, i.e., _"2 L0ð Þ4 _"1 where _"2 L0ð Þ ¼
A0ð�=Lm

0 Þ exp �H�diff=RT
� 	

is the strain rate corres-

ponding to grain-size sensitive creep (diffusional creep)

for a grain size of L0, and _"1 ¼ B0�
n exp �H�disl=RT

� 	
is the strain rate corresponding to dislocation creep. By

defining ~L as a grain size at which the strain rate for

diffusion creep is the same as that for dislocation creep,

this condition can be written as

� �
~L

L0

� �m

41: (16:24)

However, condition (16.24) itself does not guarantee

if this leads to significant shear localization. Hardening

will occur by grain growth and eventually shut off the

localization. Strain by grain-size sensitive creep during

grain growth needs to exceed strain by dislocation creep.

In order to calculate the relative magnitude of strain by

these two processes, let us assume, for simplicity, that the

regions of small grain size are connected (above the

percolation threshold, see Chapter 12). Then, one can

assume that stress in these two regions is same and the

strain in the fine-grained region during this periodwill be

"2 ¼
Z �recrys

0

_"2 dt ¼
A

k

L
q�m
0

q�mð Þ=q 1þ 3k

� _"1L
q
0

� �q�m
q
�1

2
4

3
5

ðfor q 6¼ mÞ
(16:25a)

¼ A

k
log 1þ 3k

� _"1L
q
0

� �
ðfor q ¼ mÞ

(16:25b)

where the flow law of the fine-grained region is

_"2¼A=Lm and the grain-growth kinetics is Lq�Lq
0¼kt.

Therefore the necessary condition for significant local-

ization, "2="1�1, is approximately given by

�

�

1þ �ð Þ��1
�

� 1 ðfor q 6¼ mÞ (16:26a)

�

�
log 1þ �ð Þ � 1 ðfor q ¼ mÞ (16:26b)

with � � 3k ~Lm=�ALq
0; � � 1�m=q and ~L is the grain

size at which the deformation mechanism changes

from dislocation creep to diffusional creep ( _"1 � _"2 ¼
A= ~Lm). The parameter � � 3k ~Lm=�ALq

0 represents the

ratio of time-scale of grain growth and the time-scale of

deformation by dislocation creep. The (�, �) space

corresponding to the inequalities (16.26) is shown in

Fig. 16.5. The conditions (16.26a,b) have two asymp-

totic branches. For �� 1, the relation (16.26) leads to

�� 1, and for �� 1, it leads to � � �j j� (for (16.26a)
with �< 0; for (16.26b) this equation will be

� � �=log 1þ �ð Þ but these relations are similar as can

be seen in Fig. 16.5). The inequality � > 1 or � < 1

represents the competition between dislocation and

diffusional creep and is identical to the relation

(16.24) and the inequality �4 �j j� or �5 �j j� repre-

sents the competition between deformation by diffu-

sional creep and grain growth (Problem 16.5).

Therefore the conditions for localization given by

inequality (16.26) correspond to a large degree of initial

grain-size reduction (a large �, (16.24)), and a slow

grain-growth rate relative to the rate of deformation

by diffusional creep (a small � relative to �, (16.26)).

These conclusions are similar to the one obtained in

section 16.2.2 (relation (16.7)), i.e., the fast initial

growth of instability and the slow rate of decrease in

the rate of growth of instability.
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(16.26a)
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FIGURE 16.5 A diagram showing the conditions for shear

localization described by relations (16.26) in the (�, &) space.
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The physical conditions (such as stress and temper-

ature) corresponding to these localization conditions

may be inferred if the relevant physical parameters

are known. Those parameters are well constrained

for diffusional and dislocation creep. Both activation

enthalpy and the stress exponent for dislocation

creep are higher than those for diffusional creep.

Consequently, the condition (16.24) (� > 1) corres-

ponds to high stress and low temperature (see JIN

et al., 1998). The physical conditions corresponding

to the inequality �4 �j j� are less obvious because of

the complications in the kinetics of grain growth. If

grain-growth kinetics in pure olivine is used, then insta-

bility conditions are hardly satisfied because the

kinetics of grain growth is much faster than that of

deformation (i.e., �� 1). Influence of secondary

phases on grain-growth kinetics needs to be included

if grain-size reduction is responsible for shear local-

ization in the upper mantle. However, not much is

known about the effects of secondary phases on

grain-growth kinetics (see EVANS et al., 2001).

Problem 16.5

Show that the inequality �4 �j j� or �5 �j j� represents
the competition between deformation by diffusional

creep and grain growth.

Solution

From the definition, �=� ¼ ~L=L0

� 	m
=ð3k ~Lm=�ALq

0Þ ¼
�ALq�m

0 =3k. Recall the grain-growth law,Lq � Lq
0 ¼ kt,

from which one can define the characteristic time for

grain growth, �gg as a time needed to increase the grain

size to twice the initial size. Then �gg � 2q � 1ð ÞLq
0=k ¼

3L
q
0=k for q¼ 2. Now the characteristic time for

deformation by diffusion creep is �diff � 1= _" ¼ Lm
0 =A.

Therefore �=� ¼ �gg=�diff whichmeans that the inequality

�4 �j j� or �5 �j j� represents the competition between

deformation by diffusional creep and grain growth ( �j j
is a non-dimensional constant of order unity).

In their analysis of conditions for shear localization,

JIN et al. (1998) considered only the competition

between dislocation and diffusional creep (i.e., the

parameter �). In other words, their treatment was

limited to the conditions defined by equation (16.24).

However, as can be seen in Fig. 16.5, this condition is

valid only when � � 3k ~Lm=�ALq
0
5 1. When grain-

growth rate is fast, this treatment is not adequate: the

influence of a finite value of � � 3k ~Lm=�ALq
0 needs to

be addressed in addition to the effects of � � ~L=L0

� 	m
.

DE BRESSER et al. (1998) proposed that the grain size

of a material undergoing dynamic recrystallization is

controlled by the balance of grain-size refinement in

the dislocation creep regime and grain growth in the

diffusional creep regime (see Chapter 13). Using this

model, DE BRESSER et al. (2001) argued that the grain

size of a material cannot be far from the critical grain

size between dislocation and diffusional creep, and

therefore the degree of weakening by this mechanism

is small. In essence they looked at the strain-rate

enhancement at long-term equilibrium, but not the

integrated strain. Consequently, the contribution

from the initial stage deformation at a small grain-

size is ignored and the conclusion is not necessarily

valid (see 16.2.2): even though the growth rate of insta-

bility may become low in a later stage of growth of

instability, if the rate of growth of instability is fast at

the beginning, then significant localization can result.

The above analysis does not explicitly include the

influence of evolution of volume fraction of recrystal-

lized region, 
, on strain partitioning. Amore complete

analysis will have to include this effect, as well as the

evolution of stress–strain partitioning.

Localization due to intrinsic instability of dislocation
motion
Motion of defects at a microscopic scale can be unsta-

ble in some cases. This can happen either at a level of

individual defect or at the level of a group of defects.

For example, the Portevin–Le Chatelier effect seen in

some alloys is interpreted to be due to unstable motion

of individual dislocations due to the interaction with

impurities (solute atoms): when break-away of solute

atmosphere occurs, then dislocation velocity can be

accelerated in an unstable fashion (e.g., NABARRO,

1967b; ESTRIN and KUBIN, 1991). Similarly, the pro-

pagation of the Lüders band is considered to be due to

the weakening caused by the creation of a large number

of mobile dislocations that is seen as a second yield

point in a stress–strain curve (e.g., COTTRELL, 1953;

NABARRO, 1967b). These cases are the examples in

which either the work-hardening coefficient or stress

exponent is negative (h< 0 or neff< 0). The relevance of

these processes to deformation in Earth is not clear.

Although some evidence of dislocation-point defects

interaction is reported in minerals (e.g., KITAMURA

et al., 1986; ANDO et al., 2001), its role in shear local-

ization in Earth’s interior has not been investigated in

any detail.
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Localization due to grain-boundary migration
associated with dynamic recrystallization
A somewhat analogous mechanism is unstable (peri-

odic) deformation associated with dynamic recry-

stallization involving grain-boundary migration

(LUTON and SELLARS, 1969; SAKAI and JONAS,

1984). When dynamic recrystallization occurs in some

metals such as Ni, the stress–strain curve often shows

oscillation. This phenomenon is interpreted to be due

to the temporal weakening caused by grain-boundary

migration that has eliminated dislocations (SAKAI and

JONAS, 1984). In these materials increasing dislocation

density by deformation causes work hardening. Grain-

boundary migration eliminates some of the disloca-

tions causing weakening. Consequently, if weakening

occurs coherently in a deforming polycrystal, signifi-

cant weakening occurs. WHITE et al. (1980) considered

this mechanism is important for mylonite formation

and ZEUCH (1983) discussed that this mechanism may

operate in olivine, but the role of grain-boundary

migration on mechanical properties of silicate is less

distinct than those of metals because work hardening is

less important in silicates than in metals (Chapter 9).

Localization due to anisotropic microstructure (LPO)
development
Development of crystallographic texture (LPO,

Chapter 14) causes plastic anisotropy and hence changes

the creep strength. If LPO develops in a certain region

of a material, then this region will have different rheo-

logical properties. This rheological change due to LPO

development is often characterized by a Taylor factor

(see Chapter 14). This effect can be incorporated

through the Taylor factor, M, defined by,

_" / "�h �

M "ð Þ

� �n

: (16:27)

For constant stress deformation,

� log _"

� log "
¼ �h� n

� logM

� log "
4 0: (16:28)

Therefore if the rate of geometrical weakening is fast

compared to the work-hardening rate, then localiza-

tion due to LPO development will occur. Such a phe-

nomenon is well-documented in metallurgy. WHITE

et al. (1980) and HARREN et al. (1988) listed this mech-

anism as one of the most important mechanisms of

shear localization in mylonites. However, not much

is known about geometrical hardening (or softening)

in geological materials, and currently available knowl-

edge is mostly based on modeling that involves gross

simplifications (e.g., TAKESHITA and WENK, 1988;

TAKESHITA, 1989). Furthermore, LPO development in

some minerals such as olivine causes hardening (e.g.,

WENK et al., 1991) rather than softening. In such a

case LPO development cannot cause shear localization.

Instability and localization in deformation
of a two-phase material
Due to the inherent mechanical heterogeneity, defor-

mation of a two-phase mixture has a high potential for

shear localization. Deformation in a two-phase mate-

rial depends critically on how strain (or strain rate) and

stress are partitioned between two phases (Chapter 12).

Deformation tends to be partitioned more in the

weaker phase, and if a small increase in strain (strain

rate) partitioning in the weaker phase promotes further

increase in strain (strain rate) partitioning, then this

will lead to instability (localization). A classic example

is deformation in the brittle regime in which stress

concentration at the crack tip causes this positive feed-

back leading to fracture along a fault plane (see

Chapter 7 and PATERSON and WONG, 2005). When a

fluid phase is formed due to a dehydration reaction or

partial melting, then localized deformation occurs along

a pore-rich (or melt-rich) region due to the increased

pore pressure (e.g., RALEIGH and PATERSON, 1965;

HOLTZMAN et al., 2003b). A similar case was found

in the experimental study of BLOOMFIELD and

COVEY-CRUMP (1993) in which they found that strain

is progressively partitioned more into a weaker phase.

Shear localization associated with the formation of fine-

grained regions by dynamic recrystallization can be

viewed as shear localization in a two-phase material if

fine-grained regions and coarse-grained regions are con-

sidered as two different phases with different rheological

properties. An S–P mylonite is a natural example of this

process in which strain is partitioned largely in the

fine-grained recrystallized mineral (orthopyroxene)

(e.g., BOULLIER and GUEGUEN, 1975).

Instability (localization) of deformation is enhanced

in a two-phase material if a weaker phase coagulates.

Local increase in the volume fraction of a weaker phase

will lead to instability and localization. STEVENSON

(1989) discussed the instability of deformation involv-

ing coagulation of a weaker phase (melt) in a parti-

ally molten material. BERCOVICI et al. (2001b) and

BERCOVICI and RICARD (2003, 2005) developed a

sophisticated theory of deformation of a two-phase

mixture with the emphasis on the continuum mechan-

ics aspects and applied it to shear localization and

generation of plate boundaries. Deformation in the
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brittle field involves cracks and (elastic) solid and

hence as far as cracks and solids are considered as

two phases, their theory has some resemblance to a

standard theory for brittle fracture. However, their

theory differs significantly from a standard theory of

fracture involving cracks and their interaction.

Although the role of surface energy is included in

both theories in a similar way, the role of stress con-

centration that plays a key role in the classical model of

brittle fracture (Chapter 7) is not included in

BERCOVICI and RICARD (2003) and BERCOVICI et al.

(2001b). Instead the interaction of weak phases is

incorporated through the interface energy and through

an assumed rule of the effect of volume fraction of

weak phase on strength. BERCOVICI and RICARD

(2005) extended their analysis to include the influence

of ‘‘fineness’’ (small grain size). Their model provides

new insights into the processes of grain-size reduction

and distribution of grain size but some of the impor-

tant aspects of micro-physics such as the role of defor-

mation mechanisms (see Fig. 16.4) and the processes of

dynamic recrystallization (see Chapter 13) are not

included in detail.

16.4. Long-term behavior of a shear zone

Localization of deformation is by definition a transient

phenomenon. Once unstable deformation occurs, then

a certain amount of strain is concentrated in a shear

zone but the enhanced deformation will eventually

stop. After being formed, how will a shear zone be

deformed in the subsequent period? In order for a

shear zone to continuously work as a weak zone for a

geologically long period (e.g., a plate boundary), there

must be some mechanisms to keep that zone weak.

The formation of a shear zone is associated with the

formation of some types of defects (e.g., gouge in the

brittle regime, fine-grained materials in the ductile

regime). The long-term behavior of a shear zone

depends critically on how these defects are annealed

(healed).

Consider a shear zone formed by the adiabatic insta-

bility. In this case, after the formation of a shear zone,

it will be made of quenched glass or very fine-grained

materials (pseudotachylyte). Consequently, if a shear

zone is made at modest depth (modest temperatures),

then this zone will be a weak zone (Chapter 8). The

same is true for a shear zone that was formed by grain-

size reduction. In these cases, the long-term behavior

of a shear zone is largely controlled by grain-growth

kinetics. Therefore, the strength of a shear zone will

increase with time. If fine-grained regions are made of a

single phase, then the kinetics of grain growth is fast

(growth to �100mm will take �105 yr for pure olivine
at T¼ 800K (�1–3GPa) at water-poor conditions, see

Chapter 13), but if several minerals co-exist, then

growth kinetics will be much more sluggish (grain

growth in a multi-phase material occurs by a slow

process called Ostwald ripening, see Chapter 13). In

the latter case, a shear zone could maintain a weak

state for a geological time-scale (�108 yr).
Another way to maintain a shear zone is to have

repeated instabilities. A well-known example in the

brittle field is earthquakes along plate boundaries.

There are some possible processes by which repeated

instabilities occur on a shear zone in the ductile regime

including the adiabatic instability in a fine-grained soft

shear zone. However, mechanisms of repeated insta-

bilities (such as the ‘‘period’’ of instability) are not well

understood.

16.5. Localization of deformation in Earth

There are a number of observations on localized defor-

mation in the ductile regime in Earth. The most impor-

tant observation is a mylonite which is commonly

observed in the continental lower crust (WHITE et al.,

1980) (mylonite is also observed in the oceanic upper

mantle along a transform fault (JAROSLOW et al.,

1996)). Mylonite is a fine-grained rock observed nor-

mally on or near a fault. Microstructural studies indi-

cated that grain-size reduction is syntectonic (i.e., it

occurred at the same time as tectonic deformation)

and is due to ductile processes as opposed to fracture.

Therefore mylonite presents a clear case for shear

localization due to grain-size reduction in the plastic

flow regime (see Chapter 7).

Despite the clear evidence for the formation of

mylonite by grain-size reduction there has been some

confusion as to the origin of mylonite. One of the

puzzling observations is the fact that lattice-preferred

orientation (LPO; for details of lattice-preferred orien-

tation see Chapter 14) of mylonites is not always weak.

If mylonite is formed as a result of grain-size sensitive

creep such as diffusional creep, then one expects a weak

LPO for mylonites (Chapter 14). In contrast to this

expectation, the LPO in the mylonites is not always

weak although in ultra-mylonites (rocks with very

small grain size, �10 mm or less) it tends to be nearly

random (BERTHE et al., 1979). Based on the absence of

clear indication of random fabric, WHITE et al. (1980)

argued that grain-size reduction is not the major cause
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for shear localization, and that the main causes for

shear localization are anisotropic microstructure (LPO)

development and/or softening due to grain-boundary

migration associated with dynamic recrystallization. In

addition to the conceptual problem that a clear corre-

lation between small grain size and shear zone is not

readily explained by this model, there is a problemwith

thismodel from the view point of properties ofmaterials.

As I have reviewed in this chapter, these two processes,

i.e., LPO-induced weakening and grain-boundary

migration-induced weakening are not well documented

in silicate minerals and unlikely to be important in

Earth’s interior. Furthermore, the recent experimental

studies of deformation fabrics show that significant

LPO develops even though when grain size is reduced

and a sample is deformed by grain-size sensitive creep,

as far as grain size is concerned reduction is not very

large (KARATO et al., 1995b; PIERI et al., 2001).Also JIN

et al. (1998) demonstrated a clear correlation between

grain-size reduction and shear localization (see also

WHITE, 1979; HANDY, 1989; DRURY et al., 1991). JIN

et al. (1998) showed that the volume fraction of fine-

grained regions increases systematically toward the

shear zone and that LPO in the fine-grained regions is

significantly weaker than that of coarse-grained regions

(ultra-mylonites from the studied region by JIN et al.

(1998) have almost completely random LPO). Based on

these studies as well as studies on other processes

reviewed in this chapter, I consider that grain-size reduc-

tion due to dynamic recrystallization (and/or chemical

reactions) is indeed a likely cause for shear localization.

When the degree of grain-size reduction is very large it

leads to the regime in which deformation is completely

by diffusional creep (hence no LPO), whereas if the

degree of grain-size reduction is modest, there will be

some LPO although there is significant weakening.

Obviously a combination with other processes is

always a possibility. Enhanced deformation in fine-

grained regions sometimes leads to significant shear

heating that will further enhance localization (SIBSON,

1975; OBATA and KARATO, 1995; JIN et al., 1998).

Evidence for localized fluid penetration is often

observed in the semi-brittle regime (ETHERIDGE et al.,

1983) as well as in the ductile regime (along grain

boundaries; CAHN and BALLUFFI, 1979). Fluid flow

helps shear localization (see e.g.,HIPPERTT andHONGN,

1998). Reduced grain size will also enhance the reac-

tion kinetics that will in turn enhance deformation.

In addition, the ‘‘yielding’’ of one mineral such as

orthopyroxene due to twinning above a critical stress

leads to a large rheological contrast that promotes

shear localization.

A large number of processes probably occur in the

shear localization in the actual Earth that make the

inference of operating mechanisms difficult. However,

the existing observations on naturally deformed rocks

from shear zones and the experimental data strongly

suggest that grain-size reduction accompanied with

some other processes is the key to the formation of

shear zones.

Where could shear localization occur in Earth? The

materials science based analysis presented in this chap-

ter provides some insights. The important mechanisms

for shear localization in Earth are (1) grain-size reduc-

tion, (2) shear heating (adiabatic instability) and (3) the

formation of a weaker secondary phase. Both grain-

size reduction and shear heating work efficiently under

relatively low temperatures, namely in the relatively

shallow regions (or in the cold subducting slabs).

Together with the well-known mechanisms of shear

localization due to brittle fracture, shear localization

during plastic flow at relatively low temperatures is the

ultimate cause of plate tectonics. Localized deforma-

tion is also likely to occur when a two-phase mixture

with a large rheological contrast is deformed. A well-

documented example is deformation of a partially mol-

ten material (HOLTZMAN et al., 2003b, 2005). Interplay

of melt segregation and deformation is a likely cause of

narrowly focused melt transport beneath mid-ocean

ridges. A similar process of shear localization may

occur in the lithosphere when one of the minerals

‘‘yields’’ at the condition in which other minerals have

relatively large strengths.

When shear localization plays an important role,

then the pattern of material circulation associated with

mantle convection is different from the case of homo-

geneous deformation. The flow law should include

strain-weakening (or strain-rate weakening) rheology

to incorporate localization (e.g., TACKLEY, 2000a,

2000b; BERCOVICI, 2003) but such a flow law consis-

tent with the materials science of deformation has not

been formulated in any detail.
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Part III

Geological and geophysical
applications





17 Composition and structure
of Earth’s interior

The current status of our understanding of the structure and composition of Earth and other

terrestrial planets is summarized with the emphasis on those issues that are critical to the

rheological properties and the dynamics/evolution of terrestrial planets. A brief summary of

the methods of inference of pressure, temperature and major element compositions is presented

together with some major results. Current knowledge of the mineralogical composition of the crust,

mantle and core is briefly reviewed together with a review of our knowledge on the water content

and grain size.

Key words Adams–Williamson equation, adiabatic temperature gradient, Bullen parameter, crust,

mantle, core, transition zone, lower mantle, D0 0 layer, inner core, pyrolite model, chondrite model.

17.1. Gross structure of Earth and other
terrestrial planets

This chapter provides a brief review of the structure

and composition of Earth and other planetary interi-

ors. The emphasis is on the issues that are critical to

the understanding of rheological properties, and

hence the dynamics and evolution of terrestrial plan-

ets. Several methods are currently used to infer the

interior of Earth and other planets. (1) The gravity

field outside a planet and related geodetic measure-

ments provide constraints on the average density and

the mass distribution in that planet. (2) The magnetic

field outside a planet provides some clue as to the

dynamics of planetary interiors. The magnetic field

caused by remnant magnetization of crusts provides

hints as to the dynamics of a planet in the past. The

magnetic field that is currently generated in a planetary

interior provides an important clue as to the dynamics

and structure of that planet particularly the core.

(3) Where available, the propagation of elastic waves

(seismic waves) in the planet provides information as

to the elastic properties of a planet. When interpreted

on the basis of knowledge of material properties under

high pressure and temperatures, the nature of elastic

wave propagation gives strong constraints on the com-

position of Earth and planetary interiors. (4) Samples

(either rocks or atmospheric gases) collected from (the

surfaces of) a planet provide direct information as

to the composition of the planet with the help of the

theory of chemical differentiation. (5) The knowledge

of the chemical composition of the solar system

(obtained from the chemical composition of meteo-

rites) combined with the theory of planetary formation

and the associated chemical evolution gives an impor-

tant constraint on the composition of a planet.

For obvious reasons, far more details are known

about Earth’s interior than the interiors of other ter-

restrial planets, and therefore the main focus of this

chapter is the structure and composition of Earth’s

interior. However a review of the studies on the inter-

iors of other terrestrial planets is also included to

place the studies on Earth in a broader planetary

perspective. 305



The distribution of elastic constants and density

in Earth’s interior can be determined from the com-

bination of seismological observations with geodetic

observations (observations of the topography and

the gravity field). The seismological observations

that are usually used are the velocities of P- and

S-waves, but in some cases data on seismic wave

attenuation and the anisotropy of seismic wave

velocities are also included. One of such models is

PREM (preliminary reference Earth model) devel-

oped by DZIEWONSKI and ANDERSON (1981). This

is a one-dimensional model in which all the physical

parameters are assumed to change only with depth.

Fig. 17.1 shows some of the basic features of PREM

(see also Table 17.1). In this model, Earth is divided

into several layers, crust, upper mantle (to �400 km),

transition zone (�400–670 km), lower mantle

(�670–2890 km) and the core (�2890–6370 km).

There are significant sharp jumps in seismic wave

velocities and densities at the boundaries between

these layers indicating that there must be a change

in crystal structure of major constituent minerals

and/or chemical composition.

Although much more limited, some information

concerning the internal structure of other terrestrial

planets (or satellites) is also obtained mostly from

gravity and magnetic field observations. These data

provide important constraints on the composition

and internal structure of these planetary bodies partic-

ularly the gross chemical composition and the presence

or absence of metallic cores.

17.2. Physical conditions
of Earth’s interior

17.2.1. Pressure distribution

When hydrostatic equilibrium is attained, the depth

variation of pressure is determined by the hydrostatic

equilibrium, namely,

dP ¼ �g dz ¼ ��g dr (17:1)

where P is pressure, g is the acceleration due to grav-

ity, � is density, z is depth and r is the distance from

the center of Earth. The condition of hydrostatic

equilibrium is very well satisfied in most portions of

Earth because Earth materials are soft enough and

cannot support large non-hydrostatic stress. The max-

imum non-hydrostatic stress that Earth materials can

support for a geological time-scale is on the order of

1–100MPa in most regions, which is far less than the

magnitude of hydrostatic pressure (to �135GPa in

the mantle).

Note that the acceleration due to gravity in turn

depends on density,

gðrÞ ¼ G �MðrÞ
r2

¼ 4pG

R r
0 � ð�Þ�2 d�

r2
(17:2)

where G is the gravity constant and M(r) is the mass of

planetary materials within the radius r. Using equa-

tions (17.1) and (17.2), the density and hence pressure

distribution in a planet can be calculated from the total

mass M(R) and the equation of state (i.e., the relation-

ship between density and pressure). The equation of state

can be inferred from seismological observations, because

V2
� � V 2

P � 4
3V

2
S ¼ KS=� ¼ @P=@�ð ÞS. Therefore the

density distribution in Earth can be calculated from

seismological observations. To see how this can be

made, let us combine equations (17.1) and (17.2) to

obtain,

d�

dr
¼ � gðrÞ�2ðrÞ

KSðrÞ
¼ � 4pG�ðrÞ

V2
�ðrÞ

R r
0�ð�Þ�2 d�

r2
(17:3)

where KS � �dPd�. This is the Adams–Williamson equa-

tion. Given V�(r) from seismology, the density can be

obtained by solving equation (17.3) numerically. This

approach was used in the PREM model in estimating

the density distribution in the lower mantle and the

core. It is important to remember that the assumption

behind this equation is that the depth variation of

density is determined solely by adiabatic compression

(see section 17.2.2) and that density changes only

with depth (laterally homogeneous). Due to these
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FIGURE 17.1 The PREM model for gross Earth structure (after

DZIEWONSKI and ANDERSON, 1981). VP, P-wave velocity; VS, S-wave

velocity; �, density; P, pressure; QS, Q for the S-wave. Plate 7.
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TABLE 17.1 Structure of Earth (PREM). Velocities and bulk modulus are those at the period of 1 s (after DZIEWONSKI and

ANDERSON, 1981).

z P � VP
* VS

* K** �** �B QS
***

0 0 1020 1.450, 1.450 0.000, 0.000 2.14 0.000 0.00 0

3 0.03 1020 1.450, 1.450 0.000, 0.000 2.14 0.000 0.00 0

3 0.03 2600 5.800, 5.800 3.200, 3.200 52.0 26.6 0.00 600

15 0.34 2600 5.800, 5.800 3.200, 3.200 52.0 26.6 0.00 600

15 0.34 2900 6.800, 6.800 3.900, 3.900 75.3 43.9 0.00 600

24.4 0.60 2900 6.800, 6.800 3.900, 3.900 75.3 43.9 0.00 600

24.4 0.60 3381 8.022, 8.019 4.396, 4.612 131.4 68.2 �0.13 600

40 1.12 3379 8.004, 8.179 4.400, 4.598 131.1 68.0 �0.13 600

60 1.79 3377 7.982, 8.165 4.404, 4.580 130.7 67.7 �0.13 600

80 2.45 3375 7.959, 8.150 4.409, 4.562 130.2 67.4 �0.13 600

80 2.45 3375 7.959, 8.150 4.409, 4.562 130.0 67.4 �0.13 80

115 3.62 3371 7.920, 8.124 4.417, 4.529 129.3 66.9 �0.13 80

150 4.78 3367 7.876, 8.102 4.425, 4.502 128.5 66.5 �0.12 80

185 5.94 3363 7.840, 8.066 4.433, 4.469 127.7 66.0 �0.12 80

220 7.11 3360 7.801, 8.049 4.441, 4.436 126.9 65.6 �0.12 80

220 7.11 3446 8.559 4.644 152.9 74.1 0.78 143

265 8.65 3463 8.656 4.675 157.9 75.7 0.79 143

310 10.2 3490 8.732 4.707 163.0 77.3 0.80 143

355 11.8 3516 8.819 4.738 168.2 79.0 0.82 143

400 13.4 3543 8.905 4.770 173.5 80.6 0.83 143

400 13.4 3724 9.134 4.933 189.9 90.6 1.73 143

450 15.2 3787 9.390 5.078 203.7 97.7 1.79 143

500 17.1 3850 9.646 5.224 218.1 105.1 1.86 143

550 19.1 3913 9.902 5.370 233.2 112.8 1.92 143

600 21.0 3976 10.158 5.516 248.9 121.0 1.98 143

635 22.4 3984 10.212 5.543 252.3 122.4 0.37 143

670 23.8 3992 10.266 5.570 255.6 123.9 0.37 143

670 23.8 4381 10.751 5.945 299.9 154.8 0.98 312

721 26.1 4412 10.910 6.094 306.7 163.9 0.97 312

771 28.3 4443 11.066 6.240 313.3 173.0 0.97 312

871 32.8 4504 11.245 6.311 330.3 179.4 0.97 312

971 37.3 4563 11.416 6.378 347.1 185.6 0.98 312

1071 44.9 4621 11.578 6.442 363.8 191.8 0.98 312

1171 46.5 4678 11.734 6.504 380.3 197.8 0.99 312

1271 51.2 4735 11.882 6.563 396.6 203.9 0.99 312

1371 55.9 4790 12.024 6.619 412.8 209.8 0.99 312

1471 60.7 4844 12.161 6.673 428.8 215.7 0.99 312

1571 65.5 4898 12.293 6.725 444.8 221.5 0.99 312

1671 70.4 4951 12.421 6.776 460.7 227.3 0.99 312

1771 75.4 5002 12.545 6.825 476.6 233.1 0.99 312

1871 80.4 5047 12.666 6.873 492.5 238.8 1.00 312

1971 85.4 5106 12.784 6.919 508.5 244.5 1.00 312

2071 90.6 5157 12.900 6.965 524.6 250.2 1.00 312

2171 95.8 5207 13.016 7.011 540.9 255.9 1.00 312

2271 101.0 5257 13.131 7.055 557.5 261.7 1.00 312

2371 106.4 5307 13.245 7.099 574.4 267.5 1.00 312

2471 111.8 5357 13.361 7.144 591.7 273.5 1.00 312

2571 117.3 5407 13.477 7.189 609.5 279.4 1.01 312

2671 123.0 5457 13.596 7.234 627.9 285.5 1.01 312



TABLE 17.1 (cont.)

z P � VP* VS* K** �** �B QS***

2771 128.7 5506 13.688 7.266 644.0 290.7 1.00 312

2871 134.6 5556 13.711 7.265 653.7 293.3 1.00 312

2891 135.8 5566 13.717 7.265 655.6 293.8 0.99 312

2891 135.8 9903 8.065 0 644.1 0 0.98 0

2971 144.2 10 029 8.199 0 674.3 0 0.99 0

3071 154.7 10 181 8.360 0 711.6 0 0.99 0

3171 165.1 10 327 8.513 0 748.4 0 1.00 0

3271 175.4 10 467 8.658 0 784.6 0 1.00 0

3371 185.6 10 602 8.796 0 820.2 0 1.00 0

3471 195.7 10 730 8.926 0 855.0 0 1.00 0

3571 205.6 10 853 9.050 0 888.9 0 1.00 0

3671 215.3 10 971 9.168 0 922.0 0 1.00 0

3771 224.8 11 083 9.279 0 954.2 0 1.00 0

3871 234.2 11 191 9.384 0 985.5 0 1.00 0

3971 243.2 11 293 9.484 0 1015.8 0 1.00 0

4071 252.1 11 390 9.579 0 1045.1 0 1.00 0

4171 260.7 11 483 9.669 0 1073.5 0 1.00 0

4271 269.0 11 571 9.754 0 1100.9 0 1.00 0

4371 277.0 11 655 9.835 0 1127.3 0 1.00 0

4471 284.8 11 734 9.912 0 1152.9 0 1.00 0

4571 292.2 11 809 9.986 0 1177.5 0 1.00 0

4671 299.3 11 880 10.056 0 1201.3 0 1.00 0

4771 306.1 11 947 10.123 0 1224.2 0 1.00 0

4871 312.6 12 010 10.187 0 1246.4 0 1.01 0

4971 318.7 12 069 10.249 0 1267.9 0 1.01 0

5071 324.5 12 125 10.310 0 1288.8 0 1.02 0

5150 328.9 12 166 10.356 0 1304.7 0 1.03 0

5150 328.5 12 764 11.028 3.504 1343.3 156.7 1.00 85

5171 330.0 12 774 11.036 3.510 1346.2 157.4 1.00 85

5271 335.4 12 825 11.072 3.535 1358.6 160.3 1.00 85

5371 340.3 12 870 11.105 3.558 1370.1 163.0 0.99 85

5471 344.7 12 912 11.135 3.579 1380.5 165.4 0.99 85

5571 348.7 12 949 11.162 3.598 1389.8 167.6 0.99 85

5671 352.2 12 982 11.185 3.614 1398.1 169.6 0.99 85

5771 355.3 13 010 11.206 3.628 1405.3 171.3 0.99 85

5871 357.9 13 034 11.223 3.640 1411.4 172.7 0.99 85

5971 360.0 13 054 11.237 3.650 1416.4 173.9 0.99 85

6071 361.7 13 069 11.248 3.658 1420.3 174.9 0.99 85

6171 362.9 13 080 11.256 3.663 1423.1 175.5 0.99 85

6271 363.6 13 086 11.261 3.667 1424.8 175.9 0.99 85

6371 363.8 13 088 11.262 3.668 1425.3 176.1 0.99 85

z (km): depth, P (GPa): pressure, � (kg/m3): density,VP (km/s): compressional wave velocity,VS (km/s): shear wave

velocity, K (GPa): bulk modulus, � (GPa): shear modulus, �B: the Bullen parameter,QS: Q-factor for shear waves.

*In the top 220 km, the elastic properties are assumed to have transverse isotropy in PREM. The numbers in the

first column of velocity correspond to those for vertical deformation (e.g.,VPV,SV) and the numbers in the second

column to those for horizontal deformation (e.g., VPH,SH).

**Bulk modulus and shear modulus in the top 220 km are for the average values.

***Different Q-models have also been published. For discussions see text of this chapter as well as Chapter 18.



assumptions, which are needed to infer density dis-

tribution, density distribution is, in general, less well

constrained than seismic wave velocities. However,

the integrated density is well constrained, and the

pressure distribution is known with a high degree of

accuracy (better than �1%).

Problem 17.1

Derive the Adams–Williamson equation, (17.3).

Solution

Combing equations (17.1) and (17.2), one obtains

dP=dr ¼ �4pG� rð Þ
R r
0 � �ð Þ�2 d�=r2

� �
. Now dP=dr ¼

@P=@�ð ÞS d�=dr, and � @P=@�ð ÞS¼ KS where we

assumed the adiabatic compression. Inserting these

relations into dP=dr ¼ �4pG� rð Þ
R r
0 � �ð Þ�2 d�=r2

� �
, one

finds equation (17.3).

17.2.2. Temperature distribution

In contrast to pressure, the distribution of temperature

is less well constrained. This is because neither the

distribution of heat sources nor the material properties

that control heat transfer (i.e., viscosity, thermal con-

ductivity) are well known. However some basic features

of temperature distribution are well established. In this

section, an overview of temperature distribution is

given. The governing equations are Fourier’s law of

conductive heat transfer

Ji ¼ �k
@T

@xi
(17:4)

where k is thermal conductivity (for simplicity we

assume that thermal conductivity is isotropic) and

the energy conservation equation for a moving mate-

rial, i.e.,

�CP
@T

@t
þ
X3
i¼1

ui
@T

@xi

 !
¼ �divJþ A (17:5)

where u is the velocity of motion of materials, CP is the

specific heat and A is the heat generation per unit

volume. The left-hand side of equation (17.5) contains

two terms, representing the energy gain in a parcel of

material: the first term represents the increase in heat

content and the second term corresponds to the advec-

tive transfer of heat. The right-hand side represents the

energy gain due to the heat flux by conduction (�divJ)
and the energy gain due to heat generation (A).

Temperature distribution in a given region of Earth

is controlled by the relative importance of various

terms in equation (17.5) and the boundary and the

initial conditions. Let us first compare the two terms,

�CP

P3
i¼1

uið@T=@xiÞ and divJ, i.e., the advective heat

transport and the conductive heat transport. The ratio

of these two terms, a Peclet number, is given by1

Pe �
�CP

P3
i¼1

uið@T=@xiÞ

k
P3
i¼1
ð@2T=@x2i Þ

� �CPuT=L

kðT=L2Þ
¼ �CPuL

k
¼ uL

�

where � � k=�CPð Þ is thermal diffusivity (�10�6 m2/s

for most silicates) and L is the length-scale at which

temperature changes. When considering the vertical

temperature profile of a near-surface lithosphere,

the vertical velocity of motion is <10m/Myr and

uL=�50:3, and therefore the advective heat transfer

is small (except in cases where hydrothermal fluid plays

an important role). In contrast, for hot general regions of

the mantle, u¼ 10�3–10�1m/yr and L� 1000km, so

uL=� � 3 � ð10�103Þ and the advection effect

dominates.

The temperature distribution in a subducting slab is

governed by a similar principle. Assuming a certain

initial temperature profile before subduction, the tem-

perature profile of a slab in the mantle can be calcu-

lated by solving the equation of thermal conduction.

The term A includes the heat generation by radio-

active elements, the heating or cooling by the latent

heat associated with a phase transformation and the

frictional heating. The importance of this term rela-

tive to the actual heat flux in Earth can be estimated

as follows. If a steady state is assumed, integrating

the right-hand side of equation (17.5) for a one-

dimensional problem, one obtains

k
@T

@z

� �
h

� k
@T

@z

� �
0

þ
Z h

0

Adz ¼ Jh � J0 þ
Z h

0

Adz

(17:6)

where Jh and J0 are the heat flux (positive upward) at

depth h and at the surface respectively. The surface

heat flux on Earth is on the order of 30–100mW/m2

(e.g., SCLATER et al., 1980). The amounts of heat gene-

ration due to radioactive elements in various rocks are

1 The velocity of materials in a convecting fluid is given by

u � ð�=LÞRa� with � � 2
3 and Ra is the Rayleigh number defined as

Ra � �g	thL
3=��. Therefore uL=� � Ra� .
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summarized in Table 17.2. Radioactive heat gener-

ation in the mantle is �10�12W/kg, whereas radioac-

tive heat generation in the crust is �10�10W/kg. From

this table, one can find that the radioactive heat gen-

eration from the oceanic crust and the upper mantle

makes a negligible contribution to the total heat flux.

However, radioactive heat production is an important

part of heat generation in the continental regions. For

the whole Earth, the total amount of radioactive heat

generation is only �30–50% of the total energy loss

(�44TW) (the ratio of heat production by radioactive

elements to the total heat loss from the surface is called

the Urey ratio and the current estimate of the Urey

ratio is �0.3–0.5 (SCHUBERT et al., 2001)). This indi-

cates that Earth is being cooled at the present time.

The contribution from latent heat may be estimated

by estimating the temperature change associated with

a phase transformation, �T ¼ L=�CP � �50�100 K

(L, latent heat). The contribution from frictional heat-

ing can be calculated as

Afric ¼ _"
 ¼ � _"2 ¼ 

2

�
: (17:7)

The strain rate in a general region of convecting mantle

is estimated to be 10�15 s�1 ( _" � u=H, u, velocity of

plate motion;H, the depth of mantle). From (17.7), it is

immediately obvious that in order for frictional heat-

ing to be important (in comparison to radioactive heat-

ing which yields A� 10�8W/m3 for the mantle)

for a strain rate of 10�15 s�1, the stress magnitude must

exceed�10MPa or viscosity must be larger than�1022
Pa s. Therefore frictional heating plays relatively small

roles in general portions of convecting mantle where

the viscosity is <1022 Pa s (see Chapters 18 and 19).

However, in regions of localized deformation, this

effect can be large. For instance, in shear zones, strains

of order �1 can occur in �1 Myr with stress levels of

�100MPa. In such a case, strain rate is�10�13 s�1 and
Afric� 10�5W/m3 that significantly exceeds radioac-

tive heating and therefore frictional heating plays an

important role in these regions. Note that both latent

heat and frictional heating do not affect the net energy

budget of a convecting system because these heat sour-

ces are ultimately from convecting mass transport

itself. The main role of these processes is to redistribute

the energy.

When the effect of convection (i.e., uið@T=@xiÞ
term) and heat generation is negligible and when ther-

mal conductivity is constant, then (17.4) is reduced to,

@T

@t
¼ �

X3
i¼1

@2T

@x2i
: (17:8a)

The assumption of ignoring heat generation is appro-

priate for the oceanic upper mantle. When we consider

the depth variation of temperature in the oceanic

upper mantle, lateral variation can be neglected

(@=@z	 @=@x; @=@y, z: vertical axis). If one makes

another assumption that thermal conductivity is cons-

tant, then temperature distribution can be determined

by solving equation (17.8a) with appropriate initial and

boundary conditions assuming that temperature

changes only with one direction (z, i.e., depth, in this

case), namely,

@T

@t
¼ � @

2T

@z2
: (17:8b)

Let us consider the temperature profile of a column of

materials that were injected from the deeper portion

at a mid-oceanic ridge. These hot materials will be

cooled from above as they spread horizontally.

Therefore the initial condition for this problem is

T(z, 0)¼T1 where T1 is the temperature of hot,

TABLE 17.2 Concentration of radioactive elements in various portions of silicate Earth (the values of heat

generation are those at present). Heat production rate in the core is not well known but is much less than that

in silicate Earth.

Continental crust Oceanic crust Depleted mantle Undepleted mantle

Concentration

U (wt ppm) 1.1 0.9 0.006 0.02

Th (wt ppm) 4.2 2.7 0.04 0.1

K (wt%) 1.3 0.4 0.01 0.04

Heat generation

(10�10 W/kg) 2.7 1.7 0.02 0.057

(10�6 W/m3) 0.7 0.5 0.006 0.02
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deep materials (where we assumed that the temper-

ature is independent of depth). The obvious bound-

ary condition at the surface is T(0, t)¼T0 (surface

temperature). When thermal diffusivity is constant,

the solution of equation (17.8b) for these boundary

and initial conditions is given by

Tðz; tÞ � T0 ¼ T1 � T0ð Þ erf z

2
ffiffiffiffiffi
�t
p

� �
(17:9)

where t is the time measured from the time of injection

of hot materials to the surface at a mid-ocean ridge (this

is the ‘‘age’’ of the lithosphere) and erf(y) is the error

function defined by erf yð Þ ¼ ð2=
ffiffiffi
p
p
Þ
R y
0 exp �z2

� �
dz

(see Chapter 8, (8.11)).

Problem 17.2

Show that equation (17.9) is the solution of

equation (17.8b) with appropriate boundary and initial

conditions.

Solution

Using the definition of error function erf(y), one finds

d erfðyÞ=dy ¼ ð2=
ffiffiffi
p
p
Þ exp �y2

� �
and d 2erfðyÞ=dy2 ¼

�ð4y=
ffiffiffi
p
p
Þ exp �y2

� �
. Therefore @T

@t ¼ T1 � T0ð Þ�
ðd erf�=d�Þð@�=@tÞ ¼ � T1 � T0ð Þz=2 ffiffiffiffiffiffi

p�
p½ 
 exp ��2

� �
t�3=2

where � � z=2
ffiffiffiffiffi
�t
p

. Similarly @2T=@z2 ¼ �½ T1 � T0ð Þ�
z=2�

ffiffiffiffiffiffi
p�
p 
t�3=2 exp ��2

� �
. Therefore @T=@t ¼ �

ð@2T=@z2Þ. Noting that erf 0ð Þ ¼ 0 and erf 1ð Þ ¼ 1 it

is easy to show that both initial and boundary

conditions are met.

Equation (17.9) provides a good approximation for

the temperature–depth profile for the oceanic upper

mantle. Other boundary conditions involving latent

heat release associated with partial melting at the base

of the lithosphere were proposed (e.g., MCKENZIE,

1969; YOSHII et al., 1976), but the presence of a large

degree of partial melting at the base of the oceanic litho-

sphere is not supported by the later petrological studies

(e.g., PLANK and LANGMUIR, 1992). The basic feature

of this model is that for the shallow region, z� 2
ffiffiffiffiffi
�t
p

,

the temperature profile is linear with respect to depth,

T� T0 ¼ ½ðT1 � T0Þ=p
ffiffiffiffiffi
�t
p

z
�
ðdT=dzÞ0 � 8K=km for

t ¼ 100 Myr ðT1 ¼ 1600KÞ
�
whereas the temperature

approaches an asymptotic value, T1, for z=2
ffiffiffiffiffi
�t
p

	 1.

Therefore z ¼ 2
ffiffiffiffiffi
�t
p

gives a rough measure of the

thickness of the lithosphere (for �=10�6 m2/s and

t=100 (30) Myr, z� 110 (60) km). Fig. 17.2 shows

the temperature–depth relationship in a typical

Earth’s mantle where the near-surface temperature

profile corresponds to the error function solution.

Some modifications are needed when a more realistic

behavior of thermal diffusivity is included. At near-

surface conditions (i.e., at relatively low temperatures),

thermal diffusivity is controlled mostly by phonon

conduction. Thermal conductivity (diffusivity) due to

phonons decreases with temperature (e.g., KITTEL,

1986). Consequently, the temperature gradient

increases with depth leading to somewhat higher tem-

peratures at the deep portion of lithosphere than in a

simple model where temperature dependence of ther-

mal diffusivity is not included.

Being thicker than the oceanic lithosphere, the con-

tinental lithosphere is colder, but the difference in
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FIGURE 17.2 (a) A typical temperature–depth profile of Earth’s

mantle. (b) A close-up of temperature–depth profiles in the

near-surface region.
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temperatures between the oceanic and continental

upper mantle becomes small at deeper portions

(>200km). In the continental lithosphere, the concen-

tration of radioactive elements is larger (particularly

in the upper crust) and the crust is thicker than in the

oceanic regions. Therefore the effects of radioactive

heating cannot be ignored. SCLATER et al. (1980, 1981)

made a detailed comparison of temperatures between

oceanic and continental lithosphere (see also

ARTEMIEVA, 2006). The difference in temperatures is

one important factor that determines the difference in

creep strength between oceanic and continental upper

mantle. The difference in water content also contributes

to the ocean versus continent difference in strength

(see Chapter 19).

A well-defined temperature gradient in Earth is the

adiabatic temperature gradient. This is a temperature

gradient in amaterial thatmoves vertically in the gravity

field without the exchange of heat with surroundings.

If the vertical motion is fast enough compared to the

time-scale of thermal diffusion, then adiabatic gradient

would be achieved. In reality, the temperature in the

deep mantle is more or less adiabatic rather than a

constant temperature assumed above. When material

motion occurs adiabatically, then there is no change in

entropy, i.e.,

dS ¼ @S

@P

� �
T

dPþ @S

@T

� �
P

dT ¼ 0: (17:10)

Thus, using the equation of hydrostatic equilibrium

(dP = �g dz, equation (17.1))

dT

dz
¼ � @S=@Pð ÞT

@S=@Tð ÞP
�g ¼ Tg	th

CP
(17:11)

where we used the thermodynamic relationships,

@S=@Tð ÞP¼ CP=T and @S=@Pð ÞT ¼ �	thV (see Chapter

2), and the definition of thermal expansion, 	th ¼
ð1=VÞ @V=@Tð ÞP. For typical values of relevant para-

meters (T¼ 2000K, g¼ 10 m/s2, 	th¼ 2� 10�5 K�1,

CP¼ 1200 J=K � kg), the adiabatic temperature gradi-

ent is �0.4K/km.

Temperature in the deeper regions can be inferred

from seismological observations combined withmineral

physics constraints. The seismological observations

show that Earth’s mantle is solid (except for a small

amount of melt locally). Therefore the temperature in

the mantle must be below the melting temperature (the

liquidus) of mantle materials. Simply from this con-

straint, we can see that the temperature gradient,

dT=dz, must decrease significantlywith depth, otherwise

temperature in the deep portions (say z> 200km) of the

mantle would significantly exceed the melting temper-

ature. Such a notion is consistent with the inference of

mantle temperatures from the depth of seismic disconti-

nuity. If these discontinuities (at 410 and 660km, for

example) are caused by phase transformations, then

their depths (i.e., pressure) must depend on the temper-

ature. By comparing the actual depth of these disconti-

nuities with the phase diagrams of corresponding

materials, temperatures at these depths can be inferred

(AKIMOTO et al., 1976; AKAOGI et al., 1989; ITO and

KATSURA, 1989). In this way the temperature gradi-

ent in the transition zone has been estimated to be

dT=dz ¼ 0:5� 0:2K=km. More direct estimate of

temperature and other thermal properties (such as ther-

mal expansion) is possible from seismological observa-

tions when the effects of thermal properties on seismic

wave velocities are taken into account. BROWN and

SHANKLAND (1981) conducted such a study and con-

cluded that in much of the Earth’s mantle the temper-

ature gradient is nearly adiabatic (a similar, extensive

study was made by SHIMAZU (1954)).

Similarly, the fact that the outer core is molten

indicates that the temperature there exceeds themelting

temperature of the core materials (Fe-rich alloy), but

the fact that the inner core is solid demands that the

temperature at the inner core boundary (5150km),

ICB, must be the melting temperature of the core mate-

rials. In fact this latter constraint, in principle, gives a

tight estimate of temperature, but due to the large

uncertainties in experimental determination of melting

temperature, the temperature estimate at the ICB is

poorly constrained. SHEN et al. (1998) determined the

melting temperature of pure Fe at the ICB pressure to

be 5800� 1000K. This should be considered to be the

upper limit of the temperature at ICB, because alloying

materials likely reduce the melting temperature signifi-

cantly. ALFÉ et al. (2002a) calculated the melting tem-

perature of core materials including the effects of

secondary components. They estimated a similar melt-

ing temperature at the ICB (�5800 K).

Analysis of depth variation of density and elastic

properties also provides some constraints on temper-

ature distribution. To understand how it works, let us

consider a simple case of compression of a homogene-

ous material. When density changes with depth through

the change in temperature and pressure, we have,

d�

dz
¼ @�

@P

� �
T

dP

dz
þ @�

@T

� �
P

dT

dz
: (17:12)

Inserting equation (17.1) and using the definitions of

bulk modulus and thermal expansion, one has,
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d�

dz
¼ �

2g

KT
� �	th

dT

dz
: (17:13)

This relation means that if the density changes through

compression and thermal expansion, then the actual

depth variation in density depends on the depth varia-

tion in temperature.

Let us consider a case where the temperature–depth

relation follows the adiabatic gradient, namely,

dT=dzð Þad¼ Tg	th=CP. Inserting this relation into

(17.13), one obtains,

d�

dz

� �
ad

¼ �
2g

KT
� �	th

Tg	th

CP

¼ �
2g

KT
1� T	2

thKT

�CP

� �
� �

2g

KS
¼ �g

V2
�

(17:14)

where V 2
� � V 2

P � 4
3V

2
S ¼ KS

� and use has been made

of the relation KT ¼ KS 1� ð	2
thKTT=�CVÞ

� �
� KS�

1� ð	2
thKTT=�CPÞ

� �
(equation (4.21)).

Although the concept of adiabatic temperature

gradient is well defined and nearly adiabatic temper-

ature gradient is often assumed for much of the deep

Earth, deviation from adiabatic temperature gradient

in convecting fluids can occur. One of the causes for

this is the effect of heating by radioactive elements.

When a significant amount of radioactive elements are

present, then heat is generated in a moving material

and the assumption of adiabaticity will not be satisfied

(e.g., BUNGE et al., 2001).

The depth variation of density can also be inferred

from seismological (plus gravity) observations. A

ratio of actually inferred depth gradient of density

to theoretical values corresponding to adiabatic com-

pression (i.e., equation (17.11)) is known as the Bullen

parameter,

�B � V2
�ðd�=dzÞ=�g ¼

d�=dz

d�=dzð Þad
: (17:15)

By definition, the Bullen parameter should be one for

regions where density is determined by compression in

the adiabatic temperature gradient. In contrast, in

regions of super-adiabatic gradient, the density

increases with depth less than in the case of adiabatic

gradient. Therefore the Bullen parameter will be less

than one in such a case. When the density increases

with depth more than adiabatic compression due to

phase transformations or the change in chemical com-

position (i.e., increase in Fe content with depth), then

the Bullen parameter will be larger than one. Fig. 17.3

shows Bullen parameter as a function of depth. Note

that the Bullen parameter is nearly one in most of the

core and the lower mantle, whereas it is less than one in

the shallow upper mantle and higher than one in the

transition zone. It should be noted, however, the

Bullen parameter is determined with some uncertain-

ties and therefore some deviations from adiabaticity

are allowed by the data.

Problem 17.3

Assuming that the error bar for the Bullen parameter is

�10%, estimate the range of temperature gradients

allowed by the data for regions where adiabatic

temperature gradient is inferred (�B ¼ 1).

Solution

From (17.15),

�B � V2
�ðd�=dzÞ=� g ¼

d�=dz

d�=dzð Þad

¼ d�=dzð Þadþ�ðd�=dzÞ
d�=dzð Þad

¼ 1þ�ðd�=dzÞ
d�=dzð Þad

where ðd�=dzÞ is the variation in depth dependence of

density due to the deviation in temperature gradient

from adiabatic gradient. Thus �ðd�=dzÞ ¼ @�=@Tð Þ �
�ðdT=dzÞ ¼ ��	th ��ðdT=dzÞ and using equa-

tion (17.14), one gets �B ¼ 1� ð	thKS=�gÞ� dT=dzð Þ �
1þ �B. Therefore, the errors of the Bullen parameter

translate into the errors of temperature gradient as
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� dT=dzð Þ ¼ �ð�g=	thKSÞ��B � �0:5K=km for the

errors of 10% of the Bullen parameter respectively.

Note that quite a large range of non-adiabatic temper-

ature gradient is allowed even for the lower mantle and

the core by the data.

In summary, the gross structure of temperature–

depth profile of Earth’s interior can be understood

based on the adiabatic temperature gradient plus

conductive profiles in the horizontal boundary layers.

Among the horizontal boundary layers, the thermal

structure of the lithosphere at the surface is well

known. In contrast, thermal structure of other possible

boundary layers is poorly known. One of them is the D00

layer at the bottomof themantle. Two lines of argument

can be used to constrain the thermal structure of the D00

layer. One can extrapolate temperature from a shallow

region assuming the adiabatic gradient. If one assumes

T� 1900K at 660km and uses the adiabatic gradient of

0.4K/km, then the temperature at the bottom of the

mantle would be �2800K. Similarly, one can also

extrapolate temperature from the inner core boundary

(at 5150 km). Assuming the temperature there to be

�5800K, and using the adiabatic temperature gradient

of �0.7K/km in the core, then the temperature at the

core–mantle boundary would be �4600K. Therefore

there would be �2000K temperature change near the

core–mantle boundary implying a well-defined thermal

boundary layer. However, this estimate of a temper-

ature increase has large uncertainties. The largest uncer-

tainty is due to the fact that the estimated temperature

at the inner core boundary is the upper bound because

of the effects of light elements to reduce the melting

temperature. The temperature change across the D0 0

layer is likely to be substantially smaller than 2000K.

The temperature profile in the D0 0 layer can also be

estimated from the heat flux from the core, the thermal

conductivity of D00 layer materials and the thickness

of the layer. Ignoring the contribution from radioac-

tive elements and from convective heat transport, the

temperature change across the D0 0 layer is given by

�T ¼ hðJ=kÞ where J is the heat flux from the core

(per unit area), k is the thermal conductivity (�10W/

mK) and h is the thickness (�100 km) of the D00 layer.

Assuming the total heat flux from the core is 2� 1012W

(i.e., J¼ 1.3� 10�2W/m2) which is �5% of the total

heat flux from Earth, one gets �T¼ 1300K. One notes

that all the assumed parameters are rather poorly con-

strained (uncertainty of each parameter is likely to be

as much as a factor of �2) and we must conclude that

the temperature profile in the D0 0 layer is not well

known at this time.

17.3. Composition of Earth and other
terrestrial planets

The gross chemical composition of a planet can be

inferred from themean density. However, more detailed

knowledge of composition is often needed to investigate

the dynamics and evolution of a planet. This section

provides an overview of the current status of our know-

ledge of the chemical composition of Earth and other

terrestrial planets. Emphasis is on the composition of

Earth for which we have far more detailed constraints

than the compositions of other planets.

17.3.1. Planetary atmospheres and the volatiles
in Earth and terrestrial planets

In a typical terrestrial planet like Earth, the total mass

is dominated by non-volatile materials such as silicates

and metallic iron. However, at the surface there are

layers composed primarily of fluids (atmosphere and

hydrosphere (oceans)). There is strong evidence that a

significant amount of aqueous fluid is present in

Earth’s crust, and water (and other volatile materials)

is also present in various forms in the deep Earth (and

other planets). These volatile materials have weak

chemical bonding and they have important influence

on mechanical properties. Table 17.3 summarizes the

composition of the atmosphere (hydrosphere) of vari-

ous terrestrial planets. The atmosphere is made pri-

marily of N2 and O2 with a small amount of CO2 and

H2O and other molecules. The hydrosphere (oceans) is

mostly made of H2O. Our main concern in this book is

the mechanical properties of solid Earth, but as will

be seen later, interaction of solid Earth with surface

fluid layers (particularly with hydrosphere (H2O)) has

important influence on the properties of solid Earth.

Note that the concentration of water in the atmosphere

of Venus is much lower than that of Earth.

TABLE 17.3 Composition of planetary atmosphere/ocean

(unit ppb kg/kg of total mass) (data from HARTMANN, 1999).

Venus Earth Mars

H2O 6� 10 2.5� 105 �5� 103

CO2 105 0.4 �103
N2 2� 103 2� 103 3� 102
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17.3.2. The composition and structure of Earth

Models of Earth’s composition
Among the rocks in the crust, sedimentary rocks

are formed by transportation and compaction of pre-

existing minerals and therefore they are of secondary

origin: their formation involves small chemical pro-

cesses. In contrast, volcanic rocks such as basalts are

formed by partial melting of some parent rocks and

they represent the fundamental chemical differentia-

tion processes in Earth. Among the various volcanic

rocks, basalt is the most abundant on Earth and on

many of the other terrestrial planets and the formation

of basalt, particularly the basalt at mid-ocean ridges

(mid-ocean ridge basalt, MORB in short) is considered

to be themost important volcanic activity onEarth. The

mid-ocean ridges have a total length of �8� 104 km,

and �27 km3 (or �8� 1013 kg) of basalt is created in a

year at mid-ocean ridges. This volcanism is due to the

partial melting caused by the upwelling of hot materi-

als by convection. Consequently, the upper mantle

materials should have chemical composition that can

produce mid-ocean ridge basalt upon partial melting.

Based on the chemical compositions of various rock

types on Earth, Ringwood proposed a model of com-

position of Earth (e.g., RINGWOOD, 1975; GREEN and

FALLOON, 1998). Basic assumptions in this model are

(1) basaltic volcanism at mid-ocean ridges is the most

fundamental volcanism that is due to the partial melt-

ing of rocks in the deep upper mantle, (2) Mg- and

Fe-rich rocks (peridotite) occasionally found as xeno-

liths are the residue of partial melting. Based on these

assumptions, Ringwood proposed that mid-ocean

ridge basalt is formed by partial melting of materials

in the deep upper mantle (deeper than�100 km) whose

composition is similar to most peridotites but contains

a larger amount of Ca-, Al-rich minerals than most

peridotites (these minor elements are needed to form

basalt). He called this hypothetical rock in the source

region pyrolite which is a mixture of mid-ocean ridge

basalt and (depleted, i.e., differentiated) peridotite

such as harzburgite (Table 17.4). Chemical composi-

tion of some peridotite xenoliths is close to the

pyrolite (e.g., xenolith from Kilbourne Hole (KLB1)

TABLE 17.4 Composition of the silicate portion (crust and mantle) of Earth (wt% of oxides).

For Py-1, Py-2 and CI model, data from MCDONOUGH and SUN (1995).

For MORB, granite and harzburgite, data from CARMICHAEL et al. (1974).

Py-11 Py-22 CI3 MORB4 Harzburgite5 Granite

SiO2 45.0 45.0 49.9 49.27 43.37 71.32

TiO2 0.201 0.17 0.16 1.26 0.15 0.27

Al2O3 4.45 4.4 3.65 15.91 1.19 14.31

Cr2O3 0.384 0.45 0.44 — 0.56 —

MnO 0.135 0.11 0.13 0.13 0.14 0.07

FeO 8.05 7.6 8.0 10.36 7.59 2.06

NiO 0.25 0.26 0.25 — 0.14 —

MgO 37.8 38.8 35.15 8.49 45.35 0.52

CaO 3.55 3.4 2.90 11.26 0.79 1.05

Na2O 0.36 0.4 0.34 2.58 0.15 2.62

K2O 0.029 0.003 0.022 0.19 — 6.87

P2O3 0.021 — — 0.13 — 0.03

H2O — — — 0.35 — 0.65

1 Primitive mantle based on the pyrolite model based on peridotites, komatiites and basalts.
2 Primitive mantle based on the pyrolite model based onMORB and harzburgite. (These twomodels differ

in the assumed process of chemical differentiation. Py-1 assumes differentiation not only by production of

MORB but also by production of komatiite that occurred mostly in the Archean (older than �2.7 Gyr).

Py-2 assumes differentiation caused by the formation of MORB, a process that occurs at present.)
3 The model composition based on the CI chondrite.
4Mid-ocean ridge basalt.
5Depleted peridotite made mostly of olivine and orthopyroxene.
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in New Mexico in USA: (JAGOUTZ et al., 1979)). The

pyrolite model for mantle composition assumes that

the mantle has a nearly homogeneous (with depth)

composition.

There is another type of model of the chemical

composition of Earth. This model is based on the

composition of the solar system inferred from cosmo-

chemistry. Two observations provide us with some

ideas about the overall chemical composition of the

solar system. One is the chemical composition of

primitive meteorites, called carbonaceous chondrite.

This is a type of chondrite that is a mixture of various

minerals including iron, and a variety of silicate min-

erals. These materials are not in chemical equilibrium

and the age of this type of chondrite is among the

oldest in various materials in the solar system

(4.57Gyr). Consequently, carbonaceous chondrite is

considered to be made of a mixture of various materi-

als in the earliest stage of the history of the solar

system. Another source of information as to chemical

composition of the solar system comes from the

analysis of chemical composition of the sun’s outer

convective layer from optical spectroscopy. The com-

position of the refractory elements of carbonaceous

chondrite agrees well with that of the sun’s convective

layer, and therefore it is generally believed that the

composition of carbonaceous chondrite is

representative of that of the primitive solar system.

One model for the chemical composition of Earth

assumes that Earth’s composition is the same as the

composition of refractory elements of (type I) carbo-

naceous chondrite. This is called the chondrite model

of Earth (Table 17.4). Chondrite composition has

higher SiO2 content and lower MgO content than

the pyrolite model. As a consequence, the chemical

composition of the upper mantle peridotites and that

of pyrolite has significantly lower SiO2 content than

CI chondrite. This means that if Earth has a chon-

dritic bulk composition, then there must be some

regions deep in Earth where a large amount of Si

occurs. If this region is the lower mantle (or some

part of the deep mantle), it would imply that the

upper mantle and the deep mantle are not mixed well

throughout the history of Earth. Therefore mantle

convection must be somewhat layered. In contrast, if

the mantle is indeed more or less chemically homoge-

neous, it would be consistent with a whole mantle

convection model of material circulation.

These two models (pyrolite and chondrite models)

are the most important and well-defined models for

the bulk composition of Earth. As you can understand

from the above description, the pyrolite model does

not have direct constraints on the composition of the

deep mantle (below the region from which basalts are

produced). The chondrite model provides an insight

into the bulk chemical composition of Earth, but it

provides only a loose constraint on the composition

of the mantle (the precise composition of the mantle

depends on the composition of the core and the details

of chondrite composition).

Note that random sampling of surface rocks or

meteorites does not give a good estimate of the bulk

composition of Earth’s interior. Rocks on Earth’s sur-

face or in space are there for some geological reasons,

and therefore they represent a highly biased sampling of

Earth’s interior. In inferring the composition of Earth’s

interior, it is important to understand the chemical (and

physical) processes by which rocks are distributed in

Earth and in space.

The direct sampling of Earth materials is limited to

the depth from which rocks are carried to the surface.

The maximum depth from which most xenoliths (rock

fragments) are transported is�200 km. Although there

are some unusual cases where rocks are considered to

have been carried from more than 300 km deep in the

mantle (e.g., HAGGERTY and SAUTTER, 1990), their

volume fraction is extremely small and it is not obvious

if these rocks are representative of these deep portions

of Earth’s mantle.

There are some geochemical constraints on the

composition of the core. First, from the cosmochemi-

cal abundance, the only plausible material that is con-

sistent with the density of the core is iron (plus some

minor elements). The abundance of other plausible

components of the cores of planets (such as FeS) can

also be inferred from the theory of condensation

assuming that materials that have been condensed at

certain regions of solar nebulae are the source materi-

als of a planet formed at that position of the solar

system (LEWIS, 1974) (see also HARTMANN, 1999).

The composition of the core, however, may also have

been modified during Fe–silicate separation.

These petrological or geochemical models of Earth’s

composition must be consistent with geophysical obser-

vations. A detailed comparison of models with seismo-

logical observations will be made in the following

sections. Before going into detail, I should note that

the pyrolite model (homogeneous composition) is con-

sistent with a simple whole mantle convection model

whereas the chondrite model implies layering in major

element composition (the deep mantle needs to be

enriched with Si relative to the shallow mantle), and
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hence some dynamic processes need to be invoked to

explain the layering in the chemical composition.

Crust
One of the most important observations about the

crust is its heterogeneity. The crust is heterogeneous

both laterally (variation with geological setting) and

radially (variation with depth). The composition of the

oceanic crust is different from that of the continental

crust. Oceanic crust is made of a thin layer of sedi-

ments and a thicker basaltic layer. The thickness of the

basaltic layer on the ocean floor is nearly homogene-

ous throughout the world and is �7 km. In contrast,

the continental crust varies its thickness from �20 km
to �70 km and its composition also varies from gran-

itic in the shallow portions to basaltic in the deeper

portions. It is generally considered that crust materials

are formed by a partial melting of upper mantle mate-

rials and that the difference in the composition and

structure of crusts between the oceanic and continental

regions is due to the difference in the nature of partial

melting. There is evidence that the melting responsible

for the formation of the continental crust involves a

larger amount of water (e.g., CAMPBELL and TAYLOR,

1983). Although a typical continental crust has two

distinct layers (the upper and the lower continental

crust), there is evidence that the lower continental

crust has been removed (delaminated) in some regions

(e.g., MEISSNER and MOONEY, 1998).

The crust is made of silica-rich rocks such as

basalt or granite. Important minerals in these rocks

include quartz (SiO2), plagioclase ((Na,K)AlSi3O8-

CaAl2Si2O8) and pyroxenes ((Mg,Fe,Ca)SiO3)). Hydrous

minerals such as muscovite ((K,Na)Al2AlSi3 (OH)2O10),

phlogopite (KMg3AlSi3(OH)2O10), amphibole

((Mg,Fe,Ca)2Mg5Si8(OH)2O22) are also common in

the crust. More silica (SiO2)- and/or calcite (CaCO3)-

rich rocks are found as sedimentary rocks (e.g., chart or

limestone (or marble)) in some regions of the crust. The

densities of these rocks are �2500–2900 kg/m3.

Crustal rocks have a range of grain size and water

content. Basalts have fine grain size ranging from sub-

micron size in glassy, ‘‘fresh’’ basalts to a fewmillimeters

for well-annealed basalts (gabbro). Granitic rocks usu-

ally have a large grain size of the order of mm to 10mm.

As a general rule, a newly formed volcanic rock that has

been cooled quickly has small grain size and grain size

increases by annealing. However, when these rocks are

deformed at high stresses, then grain size becomes small

(see Chapter 13). Highly deformed rocks in crustal shear

zones (mylonites) have a grain size on the order of a

few to several tens mm. The water content in crustal

rocks varies from one to another. Many crustal rocks

contain a large fraction of hydrous minerals, but some

of the lower crustal rocks contain very few hydrous

minerals (HACKER et al., 2000).

Mantle
A layer below the Moho is called the mantle. Three

distinct layers are identified in the mantle based mainly

on seismological observations: (1) the upper mantle,

(2) the transition zone and (3) the lower mantle.

(i) Upper mantle
The upper mantle is the layer below the Moho to

�410 km depth. At the Moho, seismic wave velocities

(and densities) significantly increase. The seismological

observations are consistent with the model of olivine-

rich composition such as peridotite (Table 17.4) but

some mixture with more pyroxene and/or garnet-rich

rocks such as eclogite is also consistent with many geo-

physical and geochemical observations (e.g., ALLÈGRE

and TURCOTTE, 1986). There is evidence for heteroge-

neous upper mantle from petrological and geochemical

studies of basalts (e.g., KOGISO et al., 1998).

One of the remarkable features of the uppermantle is

its mechanical layering: the lithosphere–asthenosphere

structure. There is a near-surface strong layer

(�50–200 km thick) followed by a weak layer below.

The strong layer is referred to as the lithosphere, and a

weak layer the asthenosphere. Such a mechanical layer-

ing is inferred from the presence of a low velocity and

high attenuation zone aswell as themechanical response

of near-surface layers for some time-dependent loading

(see Chapter 18). The asthenosphere in the shallow

upper mantle (its exact depth depends on tectonic

setting, but is generally from �50 to �200km) was

first recognized by GUTENBERG (1926, 1948, 1954).

Subsequent studies using mostly surface waves support

this notion and further indicated that such structure

changes from one region to another. As we learn in

Chapters 11 and 19, the low seismic wave velocity and

high attenuation imply that materials are mechanically

weak. But the relationship between seismic properties

and long-term rheological properties is not simple (see

Chapters 11 and 19 for more detail).

Partial melting in the upper mantle produces basal-

tic magmas. There is no doubt that partial melting

occurs in the upper mantle. Indeed estimated temper-

atures in the shallow upper mantle (�100 km) are close

to or exceed the solidus of upper mantle rocks (see

Fig. 17.2). Consequently, it was widely believed that
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significant partial melting occurs in the shallow

upper mantle at the global scale causing low seismic

waves and high attenuation (e.g., GUTENBERG, 1926;

SHIMOZURU, 1963; SOLOMON, 1972; SHANKLAND

et al., 1981; FORSYTH, 1992). However, recent exper-

imental and theoretical studies of partial melting sug-

gest that such a notion is not supported, and the

significant partial melting is likely to be limited to the

very vicinity of volcanoes (see Chapters 18–20).

Another important feature of the upper mantle is

anisotropy. Seismic wave propagation in this layer is

in most cases highly anisotropic (see Chapter 21).

Strong anisotropy is consistent with a model contain-

ing a significant amount of olivine. A popular global

Earth model such as PREM (DZIEWONSKI and

ANDERSON, 1981) includes anisotropy in the top

220 km. PREM is constructed based mainly on the

data set of body wave travel times, free oscillation

and surface waves that reflect the global average struc-

ture including mantle and crust below both oceanic

and continental regions. However, the anisotropic

structure is rather complicated and the inclusion of a

discontinuity at 220 km as a global feature may not be

appropriate. Another global model such as ak135

(KENNETT et al., 1995) does not have such a disconti-

nuity at 220 km depth. However, the ak135 model is

based mainly on travel time data of body waves and

hence is biased toward the continental regions where

most of the data are collected. The origin of disconti-

nuities in the deep upper mantle (�200–300km) is not

well understood. High-resolution seismic studies using

converted waves often detect discontinuities in this

depth region (e.g., GAHERTY and JORDAN, 1995;

REVENAUGH and JORDAN, 1991). There is growing

appreciation that the structure of deep upper mantle

is highly heterogeneous (e.g., DEUSS andWOODHOUSE,

2002; GU et al., 2001). A phase transformation in

orthopyroxene occurs at around this depth range

(SHINMEI et al., 1999). The observed regional variation

of these discontinuities may reflect a regional variation

in composition such as the concentration of orthopyr-

oxene (MATSUKAGE et al., 2005). An alternative model

is that at least one of these discontinuities, i.e., the

Lehmann discontinuity, is due to the change in aniso-

tropy: from anisotropic structure in the shallow upper

mantle to isotropic structure in the deep upper mantle

(KARATO, 1992). Another possibility includes the

change in the nature of anisotropy due to the change

in water content. Evidence for local/regional variation

of water content in the deep upper mantle is recently

reported (SHITO et al., 2006). The laboratory studies by

JUNG and KARATO (2001b) suggest that a change in

water content will result in a change in lattice-preferred

orientation hence seismic anisotropy. Consequently, if

such a fabric transition occurs in a narrow depth inter-

val it will cause a seismic discontinuity.

Another important feature of the upper mantle is

the possible presence of partial melting at the bottom

of the upper mantle. REVENAUGH and SIPKIN (1994)

suggested the presence of such a layer, and similar

studies have been reported (e.g., VINNIK and

MONTAGNER, 1996; SONG et al., 2004). Partial melting

at the bottom of the upper mantle is a distinct possi-

bility because upwelling materials from the transition

zone likely contain a large amount of water exceeding

the water content in the upper mantle minerals at the

solidus. In such a case, dehydration melting will occur

as soon as materials come into the upper mantle just

above the 410-km discontinuity (BERCOVICI and

KARATO, 2003; KARATO et al., 2006).

The composition of the upper mantle can be inferred

from rocks at the surface. In addition to silica-rich rocks

that compose the crust, we also find much denser rocks

such as peridotites or eclogites. The densities of these

rocks are �3200–3400 kg/m3 at ambient conditions.

These rocks are made of minerals that contain a larger

amount of (Mg,Fe)O and a smaller amount of SiO2

than most crustal minerals and are often called ultra-

mafic (i.e., very Mg,Fe-rich) rocks. They have more

compact crystal structures than most crustal minerals.

The important minerals in these rocks include olivine

((Mg,Fe)2SiO4), pyroxenes ((Mg,Fe,Ca)SiO3) and

garnets ((Mg,Fe,Ca)3(Al,Fe)2Si3O12). The ultramafic

rocks occur as fragments in volcanic rocks (xenoliths)

or in the deeply eroded fault zones in the collision zones

in the continents or in the transform faults in the oceans.

Hydrous minerals such as phlogopite and amphibole

are less common in these rocks (except for serpentine

(Mg3Si2(OH)4O5) as an alteration product). The densi-

ties and seismic wave velocities of these rocks are largely

consistent with the seismological observations, and

these rocks are considered to be the main constituent

of the upper mantle.

The microstructures of upper mantle rocks can be

investigated from xenoliths or from rocks carried to the

surface by erosion or tectonic uplifting (exhumation).

Upper mantle rocks have a range of grain size. Fine-

grained rocks (�50 mm) can be found in shear zones or

some deep xenoliths (‘‘sheared lherzolites’’; NIXON and

BOYD, 1973) whereas the most typical grain size for

upper mantle rocks is a few mm (e.g., MERCIER, 1980;

KARATO, 1984).
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Water contents of upper mantle rocks have been

extensively studied (e.g., BELL and ROSSMAN, 1992;

INGRIN and SKOGBY, 2000; BOLFAN-CASANOVA,

2005). The water content varies markedly from one

rock to another. Spinel lherzolites (peridotite in the

shallow upper mantle) contain up to �30 ppm wt and

garnet lherzolites (peridotites from deep upper mantle)

up to �180 ppmwt. There is some suggestion that

water content in olivine increases more rapidly with

depth than that in clinopyroxene and garnet. These

water contents are well below the solubility limits of

water in these minerals. Note, however, that these

observations may not represent the water content

of rocks in Earth’s upper mantle. It is likely that some

of the original water has been lost during the transfer of

these rocks to the surface due to the fast diffusion of

hydrogen or some water could have been added during

the transport.

(ii) Transition zone
The layer between �410 to �660 km is separated from

the layer above and below by the marked discontinu-

ities in density and seismic wave velocities at these

depths and both density and seismic wave velocities

increase very rapidly with depth in this layer (in fact

a steep gradient extends to �900 km, but we use a

convention that a layer below 660 km is defined as

the lower mantle). Based on a number of studies pio-

neered by Birch and Ringwood (e.g., BIRCH, 1952;

RINGWOOD, 1975), it is now well established that

most of these features can be attributed to phase trans-

formations that occur in major mantle minerals such

as (Mg, Fe)2SiO4 and (Mg,Fe)SiO3 (Fig. 17.4).

However, some contribution from chemical layering

cannot be ruled out (e.g., ANDERSON and BASS, 1986;

OHTANI, 1988; AGEE, 1993).

Themajor constituents in this layer arewadsleyite (in

the shallow transition zone; �410 to �520km), ring-

woodite (in the deep transition zone;�520 to�660 km)

and majorite garnet. An important nature of these min-

erals, particularly wadsleyite and ringwoodite is that

they can dissolve a significantly higher amount of

impurities including ‘‘water (hydrogen)’’ (KAWAMOTO

et al., 1996; KOHLSTEDT et al., 1996) and ferric iron

(O’NEILL et al., 1993). The maximum amount of water

that can be stored in this layer is�3 wt%, but the actual

water content is not well known. HUANG et al. (2005)

inferred water content in the transition zone in the

Pacific to be �0.1–0.2 wt% from observed electrical

conductivity. However, regional variation in water con-

tent is highly likely (see BLUM and SHEN, 2004; TARITS

et al., 2004). Garnet is a unique mineral that has unusu-

ally high creep strength under water-poor conditions

(KARATO et al., 1995a). Consequently regions in

which garnet controls the strength (such as the sub-

ducted oceanic crust in the transition zone; IRIFUNE

and RINGWOOD, 1987) may have a relatively high vis-

cosity compared to the surrounding regions if the water

content is low. However, KATAYAMA and KARATO

(2007) showed that the relative strength between garnet

and olivine changes with water content: at high water

contents, garnet will be weaker than olivine.

A subtle, but important feature in geodynamics, is

the topography on ‘‘410-’’ and ‘‘660-km’’ discontinuities.

Although on average the depths of these discontinuities

are 410 and 660km respectively, the exact depths of the

boundaries change regionally (e.g., SHEARER and

MASTERS, 1992). This is considered to be due partly

to the lateral temperature variation through the effects

of temperature on the pressure at which the relevant

phase transformation occurs (Chapter 2). Variation in

chemical composition such as water content will also

result in topography of these boundaries.

Due to the large density contrast across the transi-

tion zone, delamination of oceanic crust is possible in
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FIGURE 17.4 A major mineralogical constitution of Earth’s mantle.

Px, pyroxenes; Mw, magnesiowüstite.
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the transition zone if the rheological properties satisfy

some conditions (KARATO, 1997a). SHEN and BLUM

(2003) reported evidence of subducted oceanic crust on

top of the 660 km discontinuity.

There are no data to constrain the grain size of

transition zone rocks. However, laboratory studies

and mineral physics-based modeling suggest that

the grain size in the transition zone is largely con-

trolled by the kinetics of phase transformation and is

likely to depend on the temperature at which a phase

transformation occurs (RIEDEL and KARATO, 1997;

KARATO et al., 2001).

(iii) Lower mantle
The lower mantle is, in most part, remarkably homo-

geneous. This can be demonstrated by the Bullen

parameter that is close to 1 (Fig. 17.3), indicating

homogeneous chemical composition and nearly adia-

batic temperature distribution. Also most of the lower

mantle is nearly isotropic: the maximum amount of

anisotropy is less than 1/100 of that of the uppermantle

(MEADE et al., 1995).

The density and seismic wave velocities of the lower

mantle are consistent with a model composition of

a mixture of (Mg, Fe)SiO3, CaSiO3 perovskites and

(Mg,Fe)O.

However, recent high-resolution seismological stu-

dies challenge this traditional view of featureless lower

mantle. It is well established that the bottom �200 km
thick layer (D0 0 layer) is highly heterogeneous and

anisotropic (e.g., LAY et al., 1998; GARNERO, 2004).

Analysis of seismological observations strongly suggests

that the deep lower mantle is chemically heterogeneous

(see Chapter 20; KARATO and KARKI, 2001). There are

some hints as to a more extensive chemical heterogene-

ity in the deep layer possibly starting from �1600 km
depth (KELLOGG et al., 1999; VAN DER HILST and

KÁRASON, 1999). Evidence of (perhaps local or

regional) seismic discontinuities was reported at around

900–1200km depth (e.g., KAWAKATSU and NIU, 1995;

KANESHIMA and HELFFRICH, 1999). KARATO (1998d)

proposed that the regional variation in anisotropy in the

lower mantle is caused by the regional variation in the

stress level (see also MCNAMARA et al., 2001, 2002,

2003). An alternative model is that the anisotropy is

caused by layering (KENDALL and SILVER, 1996). The

relative merits of these models are discussed in

Chapter 21. Another notable structure of the D0 0 layer

is the presence of an ultra-low velocity layer where shear

wave velocity is lower than the average value by asmuch

as 20–30% (GARNERO et al., 1998). Partial melting is

a possible cause for the ultra-low velocity region

(WILLIAMS and GARNERO, 1996) but the enrichment

in iron is an alternative explanation (GARNERO and

JEANLOZ, 2000).

Phase transformations in major minerals such as

(Mg, Fe)SiO3 perovskite in the deep lower mantle

have been reported (e.g., WANG et al., 1992; SAXENA

et al., 1996; SHIM et al., 2001; MURAKAMI et al., 2004;

OGANOV and ONO, 2004; TSUCHIYA et al., 2004b). If

this is confirmed, they may explain some of the anoma-

lies in the deep lower mantle.

The D0 0 layer is considered to be a thermal and

chemical boundary layer and its structure reflects the

dynamic processes of this planet including the forma-

tion of some plumes. There is a clear correlation

between the low velocity anomalies in the lower mantle

and the distribution of hotspots (e.g., GARNERO,

2000). LAY et al. (1998), GARNERO (2004) and LAY

et al. (2005) provide excellent reviews of study of the

D0 0 layer.

There are no direct observations on the grain size

or water contents in lower mantle rocks. However,

observation of no appreciable seismic anisotropy in

the majority of the lower mantle implies that the

grain size must be rather small (less than �1 cm) in

most of the lower mantle. YAMAZAKI and KARATO

(2001b) inferred that grain size in the shallow lower

mantle is a few mm based on the comparison of visco-

sity inferred from post-glacial rebound with the labo-

ratory data on diffusion coefficients. KUBO et al.

(2000) investigated the grain size after the transfor-

mation to lower mantle mineralogy and suggested

that the grain size of materials penetrating into the

lower mantle may be rather small (<10 mm).

Experimental studies show that the lower mantle

minerals have much lower solubility of water than the

transition zone minerals, although the actual values of

solubility differ significantly among different studies

(BOLFAN-CASANOVA et al., 2000, 2002 2003;

MURAKAMI et al., 2002; LITASOV et al., 2003).

Core
Earth’s core has much higher density than the mantle

and is composed of two layers: the inner and the

outer core. The outer core has no resistance to

shear deformation and is considered to be made of

molten iron. Based on Hf isotope analysis LEE

and HALLIDAY (1995) inferred that the core was

formed some �60 Myr after the formation of the

solar system (for more recent results see WOOD and

HALIDAY, 2005). Therefore the formation of the core
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was almost contemporaneous with the formation of

Earth. However, the age of the inner core is unknown.

Based on a conjecture that strong dynamo action is

only possible with the energy release due to the solid-

ification of the inner core, BREUER and SPOHN (1995)

suggested that the inner core was formed initially at

the Archean–Proterozoic boundary (�2.7 Gyr ago).

However, the need for the presence of the inner core

for geodynamo was recently questioned (e.g., GUBBINS

et al., 2003). Some recent calculations suggest a rather

young age of the inner core (e.g., LABROSSE et al.,

2001), but such results are highly sensitive to the

assumed amount of heat sources (e.g., potassium con-

tent) and the heat flux at the core–mantle boundary

(e.g., NIMMO et al., 2004).

The inner core has non-zero shear wave velocity and

hence is largely solid. However, the density of the outer

core is �6–9% lower than that of molten iron as

inferred from high-pressure studies (BIRCH, 1964;

BROWN and MCQUEEN, 1980, 1982; ANDERSON,

2002). Consequently the presence of some light ele-

ments is inferred. However, the amount and speciation

of light elements are not well constrained. Most of the

candidate elements (H, O, C, K, Si, S) can be dissolved

in the molten iron at high pressures and temperatures

although the solubility of these elements depends on

oxygen fugacity and hence oxygen and silicon, for

instance, cannot be dissolved in a large amount simul-

taneously. Also based on the first-principles calcula-

tion ALFÉ et al. (2002b) showed that although the

dissolution of oxygen results in a large density jump

at the inner-core boundary (5150 km), silicon or sulfur

do not. Consequently, the precise determination of the

jump at ICB will provide some constraints as to the

light elements in the outer core. The possible presence

of potassium is important as an energy source for the

core. The composition of the core is often inferred

based on the consideration of chemical equilibrium

between silicates and iron during core formation (e.g.,

WOOD et al., 2006). However, KARATO and MURTHY

(1997) argued that a large fraction of core inherits the

composition of core of accreted small planetesimals

and the core composition is likely to be out of equili-

brium with silicates, and the relevance of inference of

core composition from the chemical equilibrium dur-

ing core formation is questionable.

BUFFETT et al. (2000) pointed out that the amount

of light elements in the outer core should have

decreased with time as a result of secular growth of

the inner core and these light elements are likely to have

been deposited on top of the outer core. If the outer

core is saturated with some of these light elements,

then the growth of the inner core results in the super-

saturation leading to the precipitation of light elements

or compounds containing light elements. A part of the

D0 0 layer including the ultra-low velocity layer might

correspond to this ‘‘sediment’’ layer.

The inner core has a finite rigidity. Therefore the

inner core–outer core boundary (sometimes called sim-

ply the inner core boundary, ICB) represents the solid–

liquid transition. The density of the inner core is

consistent with pure iron (and some Ni). Therefore the

inner core is relatively pure compared to the outer core.

The crystal structure of the inner core iron is not well

understood but the hcp (hexagonal-close-pack) struc-

ture is most likely (ANDERSON, 2002).

Several points are noteworthy about
the inner core:

(1) The inner core has most likely been formed by the

solidification of the liquid outer core due to secular

cooling. However, the time of inner core formation

is not known.

(2) If the ICB represents the solid–liquid transition,

and if the outer core contains some light elements,

then the solid–liquid transition (melting) must

occur with some temperature (pressure) interval.

Consequently, a finite width is expected for the

ICB. The width of the ICB depends on the melting

phase relation as well as the dynamics of compac-

tion (SUMITA et al., 1996). A detailed study of the

structure of the ICB will provide useful constraints

on the nature of light elements.

(3) The shear wave velocity in the inner core is rather

slow and Poisson’s ratio is consequently large

(�0.44 as compared to �0.28–0.30 for the mantle).

It was sometimes considered that this is due to par-

tial melting (e.g., FEARN et al., 1981; SINGH et al.,

2000). However, recent first-principles calculations

of elastic properties of iron suggest that the large

Poisson’s ratio of the inner core can be explained

without invoking partial melting (ALFÉ et al., 2000;

STEINLE-NEUMANN et al., 2001). In fact, the low

viscosity of iron in the inner core conditions makes

it difficult to retain a significant amount of melt

(SUMITA et al., 1996). The observed seismic wave

attenuation of the inner core is rather small (highQ)

for ametallicmaterial close to themelting point, and

suggests that partial melting is not needed to explain

seismic wave attenuation in the inner core. Instead, a

large grain size is implied by the small attenuation.
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(4) The inner core is anisotropic (SONG, 1997; TROMP,

2001). Anisotropy is strong (�3% in P-wave velo-

city, faster along the rotation axis) and has roughly

the axial symmetry. However, there appear to be

some details about the anisotropic structure. First,

there is evidence that the surface of the inner core is

nearly isotropic and the thickness of the isotropic

layer is different between two hemispheres (SONG

and HELMBERGER, 1998). Second, some authors

suggest that in the very center of the inner core

there is a region where the anisotropy is different

from the shallower regions (ISHII andDZIEWONSKI,

2002; BEGHEIN and TRAMPERT, 2003b).

(5) The Q values of QP=200–600 (BHATTACHARYA

et al., 1993; SOURIAU andROUDIL, 1995; CORMIER

and LI, 2002; LI and CORMIER, 2002; WEN and

NIU, 2002) which is surprisingly large (i.e., low

attenuation) for a metal close to the melting tem-

perature (QS=85 for PREM). A plausible explan-

ation is that the inner core has a large grain size

(�100–1000 m: see BERGMAN, 1998 and also dis-

cussions in Chapter 19).

(6) The inner core is floating in the liquid outer core and

therefore if there is any torque, it can rotate relative

to the mantle. Some dynamo calculations predicted

that the inner core might rotate relative to the man-

tle, and two papers published in 1996 presented

evidence of inner core rotation from seismological

observations (SONG and RICHARDS, 1996; SU

et al., 1996). However, later studies questioned the

reliability of these works (e.g., SOURIAU, 1998;

SOURIAU and POUPINET, 2002) and the issue of

inner core rotation remains controversial (see also

CREAGER, 2000; TROMP, 2001). BUFFETT (1997)

showed that the inner core rotation is possible

when the viscosity of the inner core is either

very low (<1016 Pa s) or very high (>1020Pa s).

Rheology of the inner core plays an important role

in the inner core dynamics.

The core is made of Fe–Ni alloy with some light

elements (BIRCH, 1964). The exact nature of light

elements is still controversial (POIRIER, 1994). The

comparison of the density estimated from seismologi-

cal observations with high-pressure experiments or

theoretical calculations shows that the outer core

contains a significant amount of light elements, but

the inner core density is consistent with nearly pure

Fe (þNi).

17.4. Summary: Earth structure related
to rheological properties

The important factors that control themechanical prop-

erties of Earth and other planets include (1) major

element chemistry, (2) temperature (and pressure),

(3) water content and (4) grain size. Among them the

major element chemistry of Earth’s interior is fairly well

constrained. Temperature is not well known parti-

cularly in certain critical regions such as the D0 0 layer.

However, the overall temperature distribution in Earth’s

mantle and core is now well constrained including the

temperatures in the upper mantle. The largest uncertain-

ties in terms of structure and composition that affect the

mechanical properties (particularly rheological proper-

ties) are water content and grain size. Both of these

factors could change the viscosity of Earth materials

by more than a few orders of magnitude but neither of

them is well known.

Variations of water content from one region to

another might influence the rheological contrast

between these regions. Similarly, water content in

Earth is likely to be different from other terrestrial plan-

ets such as Venus. Venus is considered to have less water

than Earth although Venus is otherwise very similar

to Earth. The unique tectonic style on Earth (plate

tectonics) and the strong magnetic field produced by

vigorous convection in the metallic core may both be

due to the presence of water in Earth. The grain size in

Earth may differ from one region to another by a few

orders of magnitude leading to large variation in

strength in different regions. Although these factors

(water content and grain size) are poorly constrained,

much progress is being made through the interdiscipli-

nary studies among mineral physics and geophysical,

geochemical observations to constrain these parameters

and thereby improving our understanding of dynamics

of Earth and planetary interiors (e.g., KARATO et al.,

2001; SOLOMATOV, 2001; HALL and PARMENTIER,

2002; KARATO, 2003b, 2006b; BLUM and SHEN, 2004;

SHITO et al., 2006).
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18 Inference of rheological structure
of Earth from time-dependent
deformation

Deformation of Earth can occur with a range of time-scales including attenuation of seismic

waves (at a time-scale of �1–103 s), post-glacial crustal rebound (�1010–1011 s), and deformation

associated with mantle convection (�1014–1015 s). Theoretical analyses of observations on these

processes of time-dependent deformation provide us with clues as to the non-elastic properties of

Earth’s interior. However, the time-scales, and hence the strain (and stress) magnitude involved in

these processes are different, and therefore microscopic mechanisms can be different among the

deformation involved in these processes. A brief review is presented on the essence of these processes

including the nature of deformation and the methods of studying them, in addition to some of the

representative results.

Key words seismic wave attenuation, Q, post-glacial rebound, relative sea level, geoid, dynamic

topography, isostasy.

18.1. Time-dependent deformation and
rheology of Earth’s interior

Observations on time-dependent deformation of Earth

provide important constraints on the rheological prop-

erties of Earth’s interior. Time-dependent deformation

of Earth can be directly observed from seismic or geo-

detic measurements or indirectly from gravity meas-

urements. These phenomena have different time-scales

and different strain (stress) amplitude. Consequently,

different physical processes may operate for different

time-dependent deformation processes.

For seismic wave attenuation (or Chandler wobble),1

deformation occurs at short time-scales (1–103 s for

seismic waves, �107 s for Chandler wobble), low stress

level (<103 Pa), so deformation is linear but strain

involved is small (�10� 6�10� 8).2 The distribution of

non-elastic properties for this time-scale is well deter-

mined mostly from seismological observations. The

best-studied time-dependent deformation of Earth is

the one due to the surface loading after the melting of

ice sheets. Themain data related to post-glacial rebound

include the sea-level change recorded on the coastlines

as well as the change in Earth rotation due to the change

in the moment of inertia caused by the change in mass

distribution. The time-scale of this phenomenon is

1010–1011 s. Deformation of Earth also occurs due to

the internal loading associated with mantle convection.

At these time-scales (�1014�1015 s), deformation is

nearly steady state. Although deformation is not time-

dependent, constraints on rheological structures can be

1 A small variation in Earth’s rotation axis that occurs at the time-scale of

�400 days. The period of this wobble can be calculated from the elasticity

of Earth that involves an anelastic component.

2 Tidal deformation of planets is another important type of deformation

that is associated with energy loss. The strain magnitude associated with

tidal deformation strongly depends on the distance of two bodies and can

be high, and deformation could be non-linear. 323



obtained because steady-state deformation associated

with the flow of materials is sensitive to the rheological

contrasts in certain regions of Earth. The nature of

deformation at this time-scale is inferred mainly from

the anomalies of gravity field.

The main purpose of this chapter is to provide a

theoretical framework of these methods, assumptions

involved and the nature of deformation associated with

these phenomena and some representative results on

rheological structures. A more detailed description of

theory and observations can be found in KARATO and

SPETZLER (1990) and ROMANOWICZ and DUREK

(2000) for seismic wave attenuation, NAKADA and

LAMBECK (1987), PELTIER (1989) and LAMBECK and

JOHNSTON (1998) for post-glacial rebound and HAGER

(1984), RICHARDS and HAGER (1984) and HAGER and

CLAYTON (1989) for the inference of rheological struct-

ure from the gravity field. As we will learn, these

methods are complementary: each has its own advant-

ages and limitations. Understanding the basic frame-

work of the models used to infer rheological structures

and the nature of deformation (stress level and the

strain magnitude) is critical in assessing the results

from these studies.

18.2. Seismic wave attenuation

Basics
Deformation associated with the propagation of seis-

mic waves and other similar processes (free oscillation,

Chandler wobble, tidal deformation) occurs with

rather slow time-scales compared to some of the typical

laboratory measurements of elasticity. Most labora-

tory measurements of elasticity use either ultrasonic

waves or the interaction of light (laser beam) with

acoustic phonons that use a frequency range of

�107�1010 Hz, whereas the propagation of seismic

waves occurs at a time-scale of �1–10�3 Hz (for body

wave, surface waves and free oscillation) and�10�7 Hz

for Chandler wobble. In addition, most of Earth’s

interior is at a high temperature (i.e., more than

�50% of melting temperature). Consequently, even

in these relatively short-time-scale deformation pro-

cesses (as compared to deformation with geological

time-scale), deformation involves a significant non-

elastic component.

Seismic wave attenuation can be either measured by

the amplitude decay of propagating waves or through

the broadening of peaks of standing waves. Seismic

wave attenuation is usually characterized by aQ factor

defined as (see Chapters 3 and 11)

Q�1 � �E

2pE
(18:1)

where �E is the energy loss per unit cycle, and E is

the energy stored in a material. Details of seismolog-

ical methods of determining Q can be found in some

standard textbooks (e.g., LAY and WALLACE, 1995;

AKI and RICHARDS, 2002). In measuring seismic

wave attenuation from propagating waves, one uses

a general expression for the amplitude of attenuating

waves,

Xðx; tÞ ¼ A0 expð�axÞ exp io t� x

V

� �h i
(18:2)

where a is the attenuation coefficient,o is the (angular)

frequency, x is distance, t is time and V is the velocity

of the elastic wave. Using the definition of Q, one can

show that

Q�1 ¼ 2aV

o
(18:3)

hence,

Xðx; tÞ ¼ A0 exp �
o

2VQ
x

� �
exp io t� x

V

� �h i
: (18:4)

It is seen that attenuation, Q�1, can be determined

either from the frequency dependence of amplitude at

a given propagation distance, x, or by the variation of

amplitude with distance for a given frequency. Note

that, if Q (and V) changes with distance, this equation

needs some modification (Problem 18.1). Attenuation

can also be measured from the broadening of peaks of

free oscillation.

The spatial resolution of measurements of seismic

wave attenuation (both depth variation and lateral

variation of seismic wave attenuation) is better than

other methods of inferring rheological properties such

as the inference from post-glacial rebound or from

geoid anomalies (see the later part of this chapter).

However, the rheological properties inferred from

seismic wave attenuation are only indirectly related to

long-term rheological properties.

Problem 18.1

Show that when attenuation and velocity of seismic

waves change (weakly) on the position, x, then

equation (18.4) can be generalized to Xðx; tÞ ¼ A0�
exp �o � t�=2ð Þ exp io t� x=Vð Þ½ �with t� ¼

R
ðdx=V �QÞ.
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Solution

In the case where the attenuation coefficient, �, changes

as a function of position, we should interpret

equation (18.2) as a local equation where a xð Þ is a

weak function of position. Then the amplitude of

seismic wave is given by A ¼ A0 exp �a xð Þ � x½ �.
Therefore dA=A ¼ �x � da� a � dx � �a � dx where

we used the approximation, da=dxj jx	 a. Integrating

this equation and using Q�1 ¼ 2aV=o, one obtains

A¼A0 exp �
R
aðxÞdx

� �
¼A0 exp �o

2

R
ðdx=VðxÞ �QðxÞÞ

� �
�A0 exp �o � t�=2ð Þ with t� �

R
ðdx=VðxÞ �QðxÞÞ.

Seismic wave attenuation and long-term rheology
Attenuation of seismic waves is sensitive to tempera-

ture and pressure (as well as other variables such as

water content and grain size). Generally, the tempera-

ture and pressure dependence of seismic wave atten-

uation is complicated (see Chapter 11) but in most

cases (high temperatures) its dependence on these vari-

ables can be expressed as,

Q�1ðT;P;C;LÞ / o � �ðT;P;C;LÞ½ ��� (18:5)

where T is temperature, P is pressure, C is some para-

meter characterizing chemical environment (e.g., water

content), L is grain size, t is the characteristic time

of relaxation and � is a non-dimensional parameter

with �¼ 0.3
 0.1 (see Chapter 11). In many cases,

attenuation involves thermally activated processes,

then �ðT;P;C;LÞ / exp H�QðPÞ=RT
� �

, and

Q�1ðT;P;C;LÞ / exp �
�H�QðPÞ

RT

� �
: (18:6)

Therefore Q is a strong function of depth as well as

geodynamic environment. Figure 18.1 shows a range of

Q(z) models where Q is assumed to change only with

depth. Several points must be noted.

(i) Attenuation is small in the very shallow part (i.e.,

the lithosphere), whereas in a layer below the

lithosphere, there is a layer in which attenuation

is high, i.e., the asthenosphere.

(ii) Attenuation becomes small at deeper portions,

but the increase in Q with depth is modest (Q in

most of the lower mantle is �300–400).
(iii) There is some suggestion that attenuation becomes

somewhat higher (i.e., lowerQ) toward the bottom

of the lower mantle.

In almost all of the previous models of attenuation

in Earth’s mantle, Q is assumed to be independent

of frequency. This is a common limitation of these

models that is inconsistent with one of the most robust

features of laboratory observations (see Chapter 11).

This means that there is a systematic bias in the

Q(z) models such that the attenuation in the deeper

portions tends to be over-estimated.

I should also mention that a one-dimensional model,

Q(z), is a gross simplification. In the real Earth, the

lateral variation in Q can be as large as the depth varia-

tion (this is similar to the case of viscosity). There have

been several attempts to determine the lateral variation in

Q (e.g., FLANAGAN and WIENS, 1994; ROMANOWICZ,

1995; TSUMURA et al., 2000; SHITO and SHIBUTANI,

2003a; GUNG and ROMANOWICZ, 2004; LAWRENCE

and WYSESSION, 2006).

Note that to the extent that attenuation follows

equation (18.6), attenuation and long-term creep are

closely related. Long-term creep resistance (measured

by effective viscosity that is defined as �eff � �=2 _",

see Chapters 3 and 19) depends on temperature and

pressure as

�effðT;PÞ / exp
H�creep
RT

� �
ðfor constant stressÞ

(18:7a)

and

�effðT;PÞ / exp
H�creep
nRT

� �
ðfor constant strain rateÞ

(18:7b)
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FIGURE 18.1 One-dimensional models of seismic wave attenuation

in Earth’s mantle (after LAWRENCE and WYSESSION, 2005).
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where H�creep is the activation enthalpy for creep and

n is the stress exponent (n¼ 1–5). In many cases

H�Q ¼ �H�creep (with �¼ 0.8–1.0). Consequently, there

is a close connection between the spatial variation in

attenuation and viscosity in these cases, namely,

log Q�1ðT;PÞ=Q�10

� 	
log �ðT;PÞ=�0½ � ¼ �n� ðconstant stressÞ

(18:8a)

or

log Q�1ðT;PÞ=Q�10

� 	
log �ðT;PÞ=�0½ � ¼ �� ðconstant strain rateÞ

(18:8b)

where Q�10 and �0 are the seismic wave attenuation

and effective viscosity at a reference state (infinite

temperature).

As we will see later, the depth variation of Q sum-

marized above (Fig. 18.1) correlates well with that of

long-term viscosity (see Fig 18.9). Obviously, some

differences are present in the microscopic processes

of attenuation and long-term creep (see Chapters 8, 9

and 11) and consequently, relation (18.8) should be

used with great caution.

ANDERSON and GIVEN (1982) proposed that the

frequency dependence of attenuation follows the

power-law relation (18.5) in a certain frequency

range, om5o5oM, but Q / o for o4oM and

Q / o�1 for o5om. They argued that seismic

frequencies are inside the om5o5oM. This is

referred to as an absorption band model for seismic

wave attenuation. Although the power-law relation-

ship is very well established by the laboratory studies

(see Chapter 11), and to a lesser extent by seismo-

logical observations (e.g., ANDERSON and MINSTER,

1979; SMITH and DAHLEN, 1981; SHITO et al., 2004),

the frequency dependence of Q outside the absorp-

tion band is not well constrained either by experi-

ments or seismological observations (there is a

suggestion for Q / o for o4oM by SIPKIN and

JORDAN (1979), but later studies do not confirm this

suggestion). I should also point out that in the

absorption band model the energy dissipation would

be negligible at the low-frequency limit, which is

physically unreasonable. At the low-frequency limit

(o! 0), any solid material at high temperatures will

behave like a viscous liquid and Q / o as opposed to

Q / o�1.

18.3. Time-dependent deformation
caused by a surface load: post-
glacial isostatic crustal rebound

Slow crustal movement after the last glacial period has

been one of the most important data sets to infer

Earth’s rheological structure. After the end of the last

ice age, huge ice sheets that covered the polar regions

melted rather quickly from �2� 104 to �6� 103 yr

ago. The areas that were covered by the ice sheets

tend to ‘‘rebound,’’ but this rebound was not instant-

aneous as would have been the case if Earth behaved

like an elastic body. In contrast, the crustal uplift

(recorded by the change in the shore lines, i.e., the

relative sea levels, RSL) has been occurring gradually

with a characteristic time-scale of several 103 yr. This

indicates that Earth behaves like a viscous body in this

process. By analyzing this process through theoretical

modeling, one can infer the viscosity of the Earth’s

mantle.

The physical conditions of viscous deformation

associated with post-glacial rebound can be estimated

as follows. The stress associated with this phenom-

enon is on the order of removed load, so that

����gh� 60MPa (��, density difference between

ice and the rock; h, the thickness of the ice sheet,

h� 3� 103m) just beneath the previous ice sheets,

and ����gh� 0.03–3MPa far from the previous ice

sheet (in these areas the load is due to the change in sea

level that is h � 1–102m). The stress level

for this phenomenon is similar to those for most

tectonic processes (�0.1–100MPa). However, strain

associated with this phenomenon is on the order

of vertical movement=horizontal scale � 10�4�10�6,
which is much smaller than those for long-term tec-

tonic processes and is similar to the elastic strain.

Because of this small strain, issues of transient creep

cannot be ignored in analyzing the post-glacial

rebound (KARATO, 1998c).

18.3.1. Basic theory

Let us consider a case where there is a thin layer (the

asthenosphere) that has a significantly lower viscosity

than other portions. In this case, viscous flow to relax

stress occurs mostly in this thin channel.

Consider a two-dimensional model of relaxation

corresponding to an initial topography of the surface

(Fig. 18.2). Let us assume that the lithosphere is thin

enough compared to the wavelength of the load so that
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the stress caused by the lithosphere deformation is

negligible compared to the pressure caused by the top-

ography (a case where the elastic stress in the lithos-

phere is not negligible will be considered later). Under

this assumption, the surface topography, w x; tð Þ, is

directly related to the lateral variation in pressure

p x; tð Þ,

pðx; tÞ ¼ �gwðx; tÞ: (18:9)

This pressure gradient causes a viscous flow, u x; tð Þ,
which is described by the Navier–Stokes equation,

0 ¼ � @p
@x
þ � @2u

@x2
þ @

2u

@z2

� �
� � @p

@x
þ � @

2u

@z2
(18:10)

where we assumed that @2u=@x2 	 @2u=@z2 because

H	 l (H: thickness of a low viscosity layer �100–
200 km, l: the size of ice sheet �103–104 km).

Solving,�@p=@xþ �ð@2u=@z2Þ ¼ 0, one obtains,

u ¼ 1

2�

@p

@x
ðz� hÞ2 �Hðz� hÞ
h i

(18:11)

where h is the thickness of the lithosphere.

Thus the mass flux qx in the asthenosphere is

given by,

qx ¼
Z H

0

u dz ¼ � 1

12

@p

@x

H3

�
: (18:12)

Inserting equations (18.9) and (18.12) into the equation

of continuity, �@w=@ t ¼ @qx=@x, one obtains,

� @w
@t
¼ � H3

12�

@2p

@x2
¼ �H3rg

12�

@2w

@x2
(18:13)

or

@w

@t
¼ k

@2w

@x2
(18:14)

with

k ¼ H 3�g

12�
: (18:15)

Assuming w / exp �t=�ð Þ cosð2px=lÞ, one finds,

� ¼ 3l2�
p2�gH3

: (18:16)

From the observed relaxation time, � , and the wave-

length of the load, l, one can estimate �=H3. Note that

� / l2 (a larger scale deflection relaxes more slowly

than a small scale deflection) and that the viscosity

can be estimated only when one knows the thickness

of a low viscosity layer.

If viscosity does not change with depth, then l	H

and the above analysis will not work. In such a case, one

considers deformation of a half-infinite space loaded at

the surface. There is no space-scale in this problem other

than the length-scale of the load, l. From the dimen-

sional analysis, it can be shown that the characteristic

time (relaxation time) in this case must be given by

� / �=�gl (see Problem 18.2) and a more complete

analysis shows (e.g., TURCOTTE and SCHUBERT, 1982)

� ¼ 4p�
�gl

: (18:17)

Note that the relaxation time is inversely propor-

tional to the wavelength (compare this with

equation (18.16)).

Problem 18.2

Using the dimensional analysis, show � / �=�gl.

Solution

The characteristic time of isostatic adjustment must be

related to the gravity force that is proportional to �g,

viscosity, �, and the wavelength of topography, l.
Therefore we assume that the relaxation time is given

by � / ð�gÞa��l	 . The dimension of the left- and the

right-hand sides of this relation must be the same,

i.e., ½� � ¼ ½�g��½���½l�	 , where [X] is the dimension of

the quantityX. Consequently, 1 ¼ �2�� �, 0 ¼ �þ �
and 0 ¼ �2�� � þ l. Therefore � ¼ �1; � ¼ 1 and

	 ¼ �1 and hence � / �=�gl.

w

H u
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z
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λ
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FIGURE 18.2 A schematic model for flow of materials associated

with post-glacial rebound. Viscous flow occurs mostly in the low-

viscosity layer (asthenosphere).
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18.3.2. Effects of elastic lithosphere

In the previous analysis, we ignored the stress in the

lithosphere. If the lithosphere is thick, then the defor-

mation of the lithosphere due to surface load causes

significant pressure variation. Consider the effects of

a thin elastic layer on post-glacial rebound. We exam-

ine its effects using the theory of bending of a thin

layer. The moment balance of an elastic thin layer

reads (see e.g., TURCOTTE and SCHUBERT, 1982),

D
@4w

@x4
¼ f (18:18)

where D ¼ Eh3=12ð1� 
2Þ is the flexural rigidity

(E, Young’s modulus; h, thickness of the lithosphere;


, Poisson’s ratio) and f is the vertical force per unit

area acting on the plate. Thus

p ¼ �gwþ f ¼ �gwþD
@4w

@x4
: (18:19)

Consequently, if we consider a thin channel model of

flow of matter associated with a surface load, upon

substituting (18.19) into (18.13), we get

@w

@t
¼ k

@2w

@x2
þ k

�g

@2f

@x2
¼ k

@2w

@x2
þ kD

�g

@6w

@x6
: (18:20)

Inserting w / exp �t=�ð Þ cosð2px=lÞ,

� ¼ l=2pð Þ2ð1=kÞ
1þ ðD=�gÞ 2p=lð Þ4

: (18:21)

For l� lc � 2p D=�gð Þ1=4, the effect of lithosphere

is negligible and the result agrees with (18.21), but

for l5lc, much of the load is supported by elastic

deformation of lithosphere and for l	 lc,

� ! 9ð1�
2Þ
4p6 ð�=EÞðl

6=H3h3Þ.

Problem 18.3

Consider two types of loading; (1) loading by 100 km

wide mountain range and (2) loading by 3000 km wide

ice sheet in a region of lithosphere with thickness of

h¼ 50 km, Young’s modulus E¼ 80GPa (the Poisson

ratio is 
¼ 0.3). Discuss how the load is supported in

these two cases.

Solution

From lc � 2p D=�gð Þ1=4 the critical length for the

elastic support in this case is lc� 160 km. Therefore a

mountain range is largely supported by the elastic

deformation of the lithosphere whereas the ice sheet

will be supported by the fluid pressure or viscous

stress.

Problem 18.4

Assume that there was a surface depression due to the

sudden melting of an ice sheet (with a disk shape).

Ignoring the effect of lithosphere, sketch how the

surface topography will change with time for a thin

channel model (see equation (18.16)) and for a depth-

independent viscosity model (equation (18.17)).

Solution

For a thin channel model (equation (18.16)), the

relaxation time is larger for longer wavelength

topography. Therefore with time, topography will

become smoother (Fig. 18.3a). In contrast, for a

homogeneous viscosity model, the relaxation time is

longer for short wavelength topography. Consequently,

topography will become more rugged with time

(Fig. 18.3b) which is not consistent with the

observations. The wavelength dependence of relaxation

times can provide a constraint on the depth variation

on rheology including the depth variation of viscosity

and the thickness of the lithosphere.

18.3.3. Importance of non-linear rheology

Most of the theoretical models of deformation asso-

ciated with post-glacial rebound assume linear

(Newtonian) rheology. This choice is mostly for

mathematical simplicity, but in most of the laboratory

deformation experiments, stress–strain-rate relations

are non-linear. The non-linear rheology is a result

of deformation by the motion of crystal dislocations

(a) (b)

FIGURE 18.3 A schematic diagram showing the evolution of surface

topography after the melting of an ice sheet corresponding to (a) a

thin channel model and (b) a depth-independent viscosity model (the

effect of elastic lithosphere is ignored).
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(dislocation creep, see Chapter 9). Evidence for non-

linear dislocation creep is strong for shallow upper

mantle that includes the microstructures of deformed

rocks from the upper mantle (Chapter 19) and the

presence of strong seismic anisotropy (Chapter 21).

However, based on laboratory studies of the deforma-

tion of rocks with a wide range of grain size, distri-

bution of seismic anisotropy and also the analysis of

post-glacial crustal uplift data, KARATO andWU (1993)

concluded that linear rheology (diffusion creep) may

dominate in the deep upper mantle. The observations

on seismic anisotropy and fabric development in the

lower mantle minerals also suggest that materials in

the lower mantle may deform by diffusional creep

(KARATO et al., 1995b) except for the near D 0 0regions

(KARATO, 1998d).

It has often been argued (see e.g., TURCOTTE and

SCHUBERT, 1982, p. 326; SCHMELING, 1987) that

Earth materials may show apparent linear rheology

for post-glacial rebound although long-term rheology

for convection is non-linear. Discussions are as follows

(TURCOTTE and SCHUBERT, 1982). Assume a non-

linear rheology,

_" ¼ A�n: (18:22)

Consider that stress has two components,

� ¼ �c þ �g (18:23)

where �c is convection-related stress and �g is glacial

rebound-related stress. Thus,

_" ¼ Að�c þ �gÞn � A�nc 1þ n
�g
�c

� �
� _"c þ _"g (18:24)

where _"c ¼ A�nc and _"g ¼ nA�n�1c �g. Therefore by

defining �c � �c= _"c and �g � �g= _"g, one gets

�g
�c
¼ 1

n
: (18:25)

(SCHMELING (1987) made a more sophisticated analy-

sis using the Levy–von Mises formulation of non-

linear rheology (see Chapter 3)). In this analysis,

rheology for glacial rebound is linear because of the

assumption, �g 	 �c. This is not true in most cases.

The stress magnitude for convection is roughly the

same as those for glacial rebound at least in regions

near the paleo-ice sheets (�g � �gw � 1MPa and

�c � � _" � 1MPa). Furthermore, mathematical treat-

ment such as the Taylor series expansion of non-linear

stress terms may not be justified on the microscopic

physical basis. The non-linearity comes mainly from

the dependence of dislocation density on stress

( _" ¼ �b�, with � � b�2 �=�ð Þ2, � is the dislocation

velocity, see Chapter 9). The Taylor expansion of

this term therefore corresponds (physically) to a change

in dislocation density. However, at the strain levels such

as those associated with the post-glacial rebound, no

appreciable dislocation multiplication occurs and hence

the validity of such a mathematical treatment is dubi-

ous. In an end-member case where dislocation density is

unchanged, then if dislocation velocity is a linear func-

tion of stress (see Chapter 9), then �g=�c � 1.

Problem 18.5*

A well-documented mechanism by which dislocation

density changes is the multiplication through the

Frank–Read source (see Chapter 9). In order for this

mechanism of dislocation multiplication to work, a

dislocation segment must move a distance that is

significantly larger than the average distance of

dislocations. Using the dislocation density versus stress

relation, � � b�2 �=�ð Þ2 (equation (5.74), �, dislocation

density; b, the length of Burgers vector; �, shearmodulus;

Chapter 5) and the Orowan relationship ( _" ¼ �b�, �:
dislocation velocity, Chapter 9), show that in order to

change dislocation density strain must significantly

exceed "c � �=�.

Solution

Integrating the Orowan equation (9.3) with time, one

gets " ¼ �bl where l is the distance of dislocation

motion. Now, the dislocation density is related to the

mean dislocation distance, l 0, as � � 1=l 02. Therefore,

l=l 0 � �e=b�. Inserting this into " ¼ �blwith l ¼ l 0, one

gets "c � �=� ¼ "e where "e is the elastic strain. This

equation means that in order for appreciable

dislocation multiplication to occur, strain magnitude

must significantly exceed the elastic strain.

18.3.4. Importance of transient creep

In post-glacial rebound, the initial elastic strain caused by

the melting of ice sheets is slowly relaxed by plastic flow.

Consequently, the strain magnitude is initially that of

elastic strain corresponding to the initial load and the

magnitude of plastic strain involved in this phenomenon

is only a fraction of this elastic strain and is small (�10�4
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in near the former ice sheets and �10�6 far from the

melted ice sheets). Since all solids show some transient

creep behavior at small strain level, transient creep may

not be ignored. WEERTMAN (1978) PELTIER (1985a),

SABADINI et al. (1987), and SMITH and CARPENTER

(1987) discussed the role of transient creep in post-glacial

rebound. However, the formulation of transient creep in

these studies is not adequate, and furthermore the quality

of the data they used was not high enough to reach clear

conclusions as to the contribution of transient creep.

The analyses of transient creep presented in

Chapters 8 and 9 indicate that in both diffusional and

dislocation creep, significant transient creep occurs when

applied stress ismodified until steady-state internal stress

distribution and/or microstructure is formed. The nat-

ure of transient creep is somewhat different between

diffusional creep and dislocation creep, but the con-

stitutive relation of transient creep behavior in both

cases can generally be written as (KARATO, 1998c),

_" ¼ ð _"0 � _"sÞ exp �
t

�

� �
þ _"s (18:26)

where _"s is steady-state strain rate, _"0 is the initial

strain rate and � � "e= _"s is the characteristic time.

The detailed studies on transient creep are missing

but recent studies on micro-creep (e.g., JACKSON,

2000) provide some insight into micro-strain transient

creep. These results suggest that the viscosity inferred

from post-glacial rebound provides a lower bound for

steady-state viscosity and the difference between the

apparent viscosity inferred from post-glacial rebound

and long-term (‘‘steady-state’’) viscosity can be as

much as a factor of �10 (e.g., KARATO, 1998c).

18.3.5. Observations and some results

In order to determine the rheological properties from

the time-dependent crustal motion after the melting of

ice sheets, one needs to know (1) the volume of molten

ice sheets (history of the ice sheet melting) and (2) the

vertical crustal movement after the ice sheet melting.

Actual observations on post-glacial rebound are the

relative sea-level (RSL) changes that can be observed

along the coastlines. The contribution to RSL can be

classified into three sources,

RSLð
; l; tÞ ¼ &Rð
; l; tÞ þ Z1ð
; l; tÞ þ Z2ð
; l; tÞ
(18:27)

where 
 and l are latitude and longitude respectively,

&R is RSL corresponding to a rigid Earth, Z1 is the

contribution from deformation of crust caused by the

change in load in land due to melting of ice sheets and

Z2 is from deformation of crust caused by the change in

load in the sea due to the melting of ice sheets (hydro-

isostasy). The first effect reflects the history of ice sheet

melting which is only imperfectly known. The third

effect is sensitive to the geometry of coastline as well

as the distance of the observational point from the ice

sheet. Therefore it is important to separate (i) the

uncertainties in the history of ice sheet melting and

(ii) the effects of coastline to infer the rheology of the

mantle from RSL data.

Due to the combination of these three effects, the

RSL versus time curve depends on the location

(Fig. 18.4). In the near-field, the first and the second

effects dominate and hence the RSL falls with time due

to crustal uplift. Note that the rate of crustal uplift in

melting of ice sheet

RSL

time

near-field far-field

sea water

time

RSL

FIGURE 18.4 A cartoon showing the nature of the relative sea level (RSL) after the melting of an ice sheet.

Note the difference between the near-field and far-field.
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this area is highly sensitive to the history of melting of

the ice sheet. In particular, the RSL curves in the

periphery of previous ice sheets (e.g. Boston bay) are

extremely sensitive to the exact geometry of ice sheets

that is poorly constrained. Therefore, strong con-

straints on mantle rheology cannot be obtained from

such data. Instead, these data can be used to place

constraints on the history of ice sheet melting. The

RSL curves from the central regions of previous ice

sheets (e.g., Hudson bay) are less sensitive to the exact

geometry of ice sheets, although the data are sensitive

to the volume of ice sheets. These data can be used to

place constraints on mantle rheology. The third effects

dominate the RSL versus time curves in the far-field. In

this case, up to�6� 103 yr ago when the melting of the

ice sheets was completed, the RSL curve is dominated

by the effects of increase in seawater (eustatic sea level

change), and after �6� 103 yr ago, it is dominated by

the delayed response of the solid Earth to seawater

loading (hydro-isostasy).

The RSL curves in these regions (far from the ice

sheet) are insensitive to the details of change in the

geometry of ice sheets and therefore they provide useful

constraints on the rheology of the mantle. The effects

of uncertainties in melting history can further be mini-

mized by considering the difference in RSL in two sites

in the same region (NAKADA and LAMBECK, 1989). To

understand this, we must understand the effects of the

coastline geometry on RSL. Since the RSL in the far-

field is dominated by the hydro-isostasy, the geometry

of the coastline can play a significant role (NAKADA,

1986; NAKADA and LAMBECK, 1987, 1989). Consider

two islands of different sizes. For a small island (small

in comparison to the thickness of the lithosphere,

asthenosphere), the change in load due to the change

in the volume of seawater is nearly homogeneous and

no mass flow will occur between the ocean and the

island. Such an island acts as a passive marker of sea-

level change and the RSL will be sensitive to the inte-

grated viscosity of the mantle. In contrast, for a large

island, increase in seawater volume causes mass flow

from the ocean side to the island, causing crustal uplift

and the RSL from these regions is sensitive mainly to

the upper mantle viscosity. A similar argument applies

to the RSL at a straight coastline and the RSL at a deep

bay area. If one compares RSL records of these points

in a similar area, then one can differentiate between the

viscosity of deepmantle and that of the shallow (upper)

mantle.

Time-dependent mass distribution associated with

post-glacial rebound results in a time-dependence of

the moment of inertia of Earth that can be detected by

the time dependence of the gravity field and the result-

ant Earth rotation (PELTIER, 1985b; YUEN et al.,

1982). These data are particularly sensitive to the vis-

cosity of the deep mantle that occupies a large fraction

of Earth’s mass.

Analysis of RSL provides very tight constraints

as to the absolute value of ‘‘average’’ viscosity,

h�i¼ 3� 1021 Pa s (the Haskell value, (HASKELL,

1937; MITROVICA, 1996)). However, the depth variation

of viscosity is not well constrained. For the upper mantle,

most studies show �� (1–10)� 1020Pa s, with large

regional variations. For the lower mantle, �� 1022Pa s

(NAKADA and LAMBECK, 1989), but no constraints are

obtainedbelow�1200km frompost-glacial rebounddata

(MITROVICA andPELTIER, 1991a, 1991b).Rotationdata

provide some constraints on the lower mantle viscosity,

�� 1022Pa s (e.g., YUEN et al., 1982; PELTIER, 1985b).

The remaining problems are given below.

1. Lateral variation in viscosity has not been well

resolved although it is expected to be large (at least

one order of magnitude) (e.g., NAKADA and

LAMBECK, 1991).

2. Any fine viscosity–depth structures are hard to

resolve from these studies, although complicated

rheological stratification can be predicted from

mineral physics studies (Chapter 19).

3. All of these (ice sheetmelting-related) time-dependent

deformation processes involve very small strains.

Plastic properties of polycrystalline solids are

usually dependent on strain magnitude. At small

strains, transient creep as opposed to steady-state

creep usually occurs. Therefore the viscosity that is

inferred from these analyses may reflect the visco-

sity for transient creep, whereas the viscosity rele-

vant to mantle convection is that for steady-state

creep. The difference between them can be signifi-

cant for some mechanisms of plastic flow.

18.4. Time-dependent deformation
caused by an internal load and
its gravitational signature

18.4.1. Basic theory

Excess mass inside Earth causes anomalies in the gra-

vity field and the nature of the gravity field caused by

the excess mass is sensitive to the mechanism by which

excess mass is supported. Consequently measurements

of the gravity field combined with the inference of
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excess mass distribution provide constraints on the

mechanisms of support of excess mass and hence the

rheological structure of Earth’s interior.

The gravity between a pointmassM and a unit mass

is given by Newton’s law,

g ¼ �GM

r 2
er (18:28)

where G is the gravity constant (G¼ 6.67� 10�11m3

kg�1s�2), r is the distance between the two masses

and er is the unit vector along the direction of r. Most

of the important relationships on gravity can be

derived from this law. The energy is conserved during

themotion ofmatter by gravity. Consequently, one can

define the gravity potential, U, from which the gravity

force is derived3

g ¼ rU: (18:29)

From (18.28) and (18.29), the potential for a point

mass is given by

U ¼ GM

r
: (18:30)

With this definition, the gravity potential is high toward

the mass. When the mass distribution is modified, then

the gravity potential will also be modified. The change

in the equi-potential surface (geoid), �N, associated with

mass anomaly, �M, can be calculated from (18.30)

as �U ¼ 0 ¼ G�M=r� GM0�N=r
2 ¼ �Uþ grðrÞ �N

ðgrðrÞ ¼ �GM0=r
2; �U ¼ G�M=r: change in gravity

potential due to the mass anomaly) and hence

�N ¼ � �U

grðrÞ
¼ r�M

M0
: (18:31)

This means that the excess mass increases the height

of the geoid (Fig. 18.5). However, it is important to

note that actual anomalies in the gravity field associ-

ated with excess mass are caused not only by the pres-

ence of anomalous mass itself but also by the distortion

of density boundaries due to the presence of mass

anomalies (HAGER, 1984; RICHARDS and HAGER,

1984). The nature of distortion of density boundaries

depends on the way in which the mass anomaly is

supported in Earth and hence is sensitive to the rheo-

logical structure. Therefore the gravity observations

provide some constraints on the rheological structure

of Earth’s interior. Let us consider three cases.

Elastic (or rigid body) support
When the size of the mass anomaly is small compared

to the thickness of elastic lithosphere, then it will be

supported by elastic distortion (see equation (18.21)).

In this case, distortion is small and the geoid anomaly is

caused mainly by the presence of a mass anomaly and

the effect of deformation of the boundary is negligible.

Therefore, a positive geoid anomaly is associated with

the presence of an excess mass.

Static equilibrium (isostasy)
If the anomalous mass (density) is in a stratified fluid

layer with different densities, then a static equili-

brium is possible in which an anomalous mass is

located at the boundary between two fluids, if the

vertical position of the anomalous mass is such that

the pressure at the bottom of the anomalous mass is

the same as the pressure of the ambient fluid

(Fig. 18.6). Such an equilibrium state is referred to

as isostatic equilibrium. If we use a one-dimensional

model (sheet mass anomaly), the condition for iso-

stasy reads,Z r0

r1

��ðyÞ dy ¼ 0 (18:32)

where �� yð Þ is the density anomaly, r1 is the distance of

the bottom of the density anomaly from Earth’s center

and r0 is the distance to the top of the density anomaly.

Although the integrated mass anomaly for a column of

materials is zero for this structure, there is a finite

geoid anomaly. This is due to the fact that the effect

of the mass anomaly on the gravity potential depends

on the density anomaly as well as the distance between

rigid mantle

Δρ

geoid
anomaly

FIGURE 18.5 The excess mass and the geoid.

3 This sign convention is common in geophysical literature, but is opposite

to a more common convention where potential energy, �, associated with

a force f is f = �r�.
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the mass anomaly and the observational point. A mass

anomaly closer to the observation point (surface)

makes a more important contribution to the geoid.

For more details, let us consider the gravity field

caused by a sheet of mass. From the relation (18.28), it

can be shown that the anomaly in the gravity field,

�gr rð Þ (negative toward the center of Earth), due to

the two-dimensional anomaly of density is given by

(Problem 18.6)

�grðrÞ ¼ �2pG
Z r

r0

��ðxÞ dx: (18:33)

Problem 18.6

Derive equation (18.33) from (18.28).

Solution

Consider the gravity at a distance r from a thin layer

of thickness dywith density anomaly ��. Using (18.28),

the gravity due to the ring with a radius x to xþ dx is

�ð2pGx dx dy ��=ðx2 þ r2ÞÞ � ðr=
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2 þ r2
p

Þ. Integrating

this with respect to x, the gravity anomaly due

to this mass anomaly is dgr ¼ �2pG��ðyÞ dyR1
0 ðxr=ðx2 þ r2Þ3=2Þ dx ¼ �2pG��ðyÞ dy. Integrating

this with respect to y, one obtains �grðrÞ ¼
�2pG

R r
r0
��ðxÞdx.

Using (18.29), the anomaly in gravity potential at

the surface (r ¼ ra) is

�UðraÞ ¼ �2pG
Z ra

r0

 Z r

r0

��ðxÞ dx
!

dr (18:34)

where r0 is the bottom of the mass anomaly. From

equations (18.32) and (18.33), it is obvious that for

a density distribution satisfying the isostasy (i.e.,

equation (18.32)), gravity anomaly is zero. However,

there is a finite anomaly of the gravity potential and

hence of geoid for an isostatically compensated struc-

ture. To see this point, we integrate equation (18.34) to

get (Problem 18.7),

�UðraÞ ¼ 2pG
Z ra

r0

y � ��ðyÞ dy: (18:35)

Using equation (18.31), the geoid anomaly �N is

given by,

�N ¼ � 2pG
gr

Z ra

r0

y � ��ðyÞ dy: (18:36)

Problem 18.7*

Derive equations (18.35) and (18.36) and show that

when a positive mass anomaly is supported at a

density boundary isostatically, then one would expect

a positive geoid anomaly associated with a positive

mass anomaly.

Solution

Applying (18.29) for a one-dimensional case, one gets

�U rað Þ ¼
R ra
r0
�gr yð Þ dy. Integrating this equation byparts,

�U rað Þ ¼ ra �gr rað Þ � r0 �gr r0ð Þð Þ �
R ra
r0
ðd�gr rað Þ=dyÞy � dy.

Using the condition for isostatic equilibrium (e.g.,

(18.32)) and the relation d�gr=dy ¼ �2pG �� yð Þ (from
(18.33)), one gets �U rað Þ ¼ 2pG

R ra
r0
y � �� yð Þ dy. Using

(18.32), �N ¼ �ð2pG=grÞ
R ra
r0
y � �� yð Þ dy.

When a positive mass anomaly is supported at a

density boundary (see Fig. 18.6), the higher density

portion must be located in a less dense, upper layer.

Let us consider a simple case where a density anomaly

�� occurs at the depth range rb to rb þ � and��� occurs
at rb to rb � �. Then �N ¼ �ð2pG=grÞ

R ra
r0
y � �� � dy

¼ �4pG���=gr ¼ 2� � ��=�> 0 where we used a

relation gr ¼ �2pG
R
d� ¼ �2pG� with �, mass per

unit area.

Dynamic topography
In a dynamic Earth, excess mass or mass deficit may be

supported by the stress associated with fluid motion.

The flow of matter caused by density anomalies will

exert stress and hence deflect density discontinuities

and results in additional geoid anomalies. The deflec-

tion of density discontinuities due to dynamic flow

is referred to as dynamic topography. The effect of

Δρ

−Δρ

geoid anomaly
caused by an isostatically
compensated structure

FIGURE 18.6 The mass distribution at a density boundary with

isostatic equilibrium.
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dynamic topography on gravity is large. For example,

the surface will be depressed in the region of a down-

welling current associated with excess mass (subduction

zones) as much as an order of 1–10 km. If the mantle

has constant viscosity, the effect of a surface depression

will be larger than the effect of excess dense mass, so

that one would see a negative gravity anomaly (negative

geoid anomalies) over subduction zones. In reality,

positive geoid anomalies are observed over the subduc-

tion zone. This means that the dynamic topography is

less than expected for the simplest case of homogeneous

viscosity. An increase in viscosity with depth is implied

by this observation as we will learn in this section.

The dynamic topography is maintained by convec-

tive flow. Consequently, the rheological properties

inferred from this observation must be identical to

those for long-term deformation. The rheological

properties inferred from this type of observation there-

fore do not have problems due to the contribution

from transient creep that is an important issue in the

application of results from post-glacial rebound.

In principle, the dynamic topography and related

rheological stratification could be investigated through

a study of the distortion of density boundaries.

However, the resolution of such measurements is

limited. Consequently, in most cases, geoid anomalies

and density anomalies are used as data and we infer

rheological stratification through the search for the

rheological structure that best reproduces the observed

geoid (or other gravity-related observations).

Because all the density anomalies, including those

due to the distortion of density boundaries, are ulti-

mately caused by the density anomalies associated with

convectingmaterials, we assume that the density anoma-

lies caused by the distortion of density boundaries

(dynamic topography) are also proportional to the den-

sity anomalies of convectingmaterials. Consequently we

extend the relations (18.36) (or (18.35)) to,

�UðraÞ ¼ 2pGra

Z ra

r0

Kðy; �ðyÞÞ � ��ðyÞ � dy (18:37)

and

�NðraÞ ¼ �
2pGra
gr

Z ra

r0

Kðy; �ðyÞÞ � ��ðyÞ � dy (18:38)

where �� rð Þ is density anomaly, K r; � rð Þð Þ is a non-

dimensional function called the geoid kernel that

depends on the rheological structure, � rð Þ, flow geo-

metry and the density contrasts at the boundaries.

To see how K r; � rð Þð Þ is related to the rheological

structure, let us consider a simple model. The cause

of dynamic topography is the distortion of a density

boundary due to viscous stress. The stress associated

with the deflection of a density boundary is � ��ð Þbgw
( ��ð Þb: density jump at the boundary, w: the topo-

graphy on the density boundary). The stress associated

with viscous flow is � �bð2pu=lÞ where �b is the

viscosity of materials near the boundary, u is the

flow velocity and l is the space-scale at which flow

pattern changes. Therefore at dynamic equilibrium,

w � ð2p�bu= ��ð ÞbglÞ. Now if one uses the Stokes for-

mula for homogeneous viscosity (i.e., �0�u� �0g ¼ 0),

then u � ðl2 ��ð Þ0g=4p2�0Þ ( ��ð Þ0: density contrast

driving convection, �0: average viscosity) and

ð��Þbw � ð��Þ0
�b
�0

l
2p
: (18:39)

Note that the dynamic topography can be large. For

��ð Þ0= ��ð Þb � 10�3---10�2, �b ¼ �0 and l�103 km, the

amplitude of topography is on the order of

w� 1–10km. It must also be noted that the dynamic

topography and hence the geoid kernel does not depend

on the absolute value of viscosity but depends on the vis-

cosity contrast (radial variation in viscosity). Therefore

knowing ��ð Þ0 and l, one can calculate the geoid kernel

for various �b=�0 to find a best-fit model. Since the most

important contribution to the geoid is from the surface

topography, �b effectively corresponds to the viscosity of

upper mantle and �0 to that of average mantle that is

dominated by deep mantle viscosity. For a more com-

plete description, see HAGER (1984), RICHARDS and

HAGER (1984) and HAGER and CLAYTON (1989).

Fig. 18.7 illustrates how different rheological struct-

ures cause different dynamic topography and hence

different geoid anomalies at subduction zones. (a) If

the viscosity is constant, then at both surface and inter-

nal density boundaries, the deflection of the boundary

is given by w � ½ ��ð Þ0= ��ð Þb� ðl=2pÞ. Although the

topography of each boundary depends on the density

contrasts at boundaries, ��ð Þb, the integrated density

anomaly from each boundary is the same and given by

��ð Þbw � ��ð Þ0ðl=2pÞ. Consequently, the geoid anom-

aly caused by topography is dominated by that of the

surface and is negative. The total geoid anomaly is the

sum of this negative anomaly and the positive anomaly

due directly to the presence of a positive mass anomaly

of subducting slabs. Since surface topography has

a strong effect, the net anomaly will be negative.

(b) If the deep mantle has a higher viscosity, then the

flow velocity is much smaller. Consequently the vis-

cous drag by flow will now be smaller and the resultant
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dynamic topography will be less and the magnitude of

the negative geoid anomaly due to topography will be

small. As a result, the total geoid anomaly is dominated

by the positive anomaly caused directly by the positive

mass anomaly associated with subducting slabs.

In summary, geoid anomaly does not depend on

the absolute values of viscosity, but it depends on the

viscosity contrast. This is in marked contrast to the

viscosity inferred from post-glacial rebound in which

the data depend on the magnitude of viscosity but only

weakly on the viscosity contrast.

One of the important input parameters for this

exercise is the density anomaly, ��. �� can be estimated

from tomographic images of velocity anomalies using a

conversion factor as

��

�
¼ @ log �

@ logVP;S

�VP;S

VP;S
(18:40)

where, �VP;S=VP;S is velocity anomaly. Values of

@ log �=@ logVP;S are critical in this exercise and the val-

ues of @ log �
@ logVP;S

corresponding to temperature anomalies

can be calculated from mineral physics (e.g., KARATO,

1993a; KARATO and KARKI, 2001, see Chapter 20).

However, chemical heterogeneity and/or phase trans-

formations can significantly modify these values.

Key issues in the use of geoids to infer viscosity

include (i) the resolution of the seismic tomography

model to infer �� and (ii) the velocity to density con-

version factor. The results also depend on the assumed

convection pattern (whole mantle or layered).

Recognizing the first point, KIDO and CADEK (1997)

focused on oceanic regions where the effects of che-

mical heterogeneity are likely to be small. They found

that a large class of models fit the data equally well

including models with both a low- and a high-viscosity

transition zone. Uncertainties are particularly large

in the upper mantle where the largest velocity hetero-

geneity occurs. This is due to the effects of chemical

heterogeneity. Uncertainties in density estimates asso-

ciated with subducting slabs and those in the transition

zone and the lower mantle are also large.

18.4.2. Observations and some results

As discussed in section 18.2, density anomalies with a

short wavelength (<200 km or so) are supported elasti-

cally. It is the long wavelength geoid anomaly that can

be used to constrain rheological structures. The key

data in this exercise are geoid anomalies and density

anomalies. The long wavelength geoid can be deter-

mined by satellite geodesy with great accuracy. The

estimate of density anomalies in Earth is not straight-

forward. In most cases, density anomalies are inferred

from observed anomalies of seismic wave velocities,

but converting velocity anomalies to density anomalies

is not trivial as discussed in Chapter 20. Furthermore,

the geometry of mantle convection is also important.

The observed plate motion on Earth’s surface can be

used to place some constraints on flow geometry.

Large uncertainties still exist as to the nature of flow

top deformation

bottom deformation

η1

η2

η1 = η2
Δρ

top bottom
total

Δρ

geoid
anomaly

η1

η2

η1 < η2

top deformation

bottom deformation

Δρ

Δρ

topbottom

total

geoid
anomaly

FIGURE 18.7 Schematic diagrams showing the deformation of density boundaries caused by steady-state flow corresponding to: (a) a case

of constant viscosity and (b) a case where viscosity of the deep layer is much higher than that of a shallow layer (after HAGER, 1984).
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in the mantle, particularly around the transition zone

(e.g. WEN and ANDERSON, 1997; FORTE, 2000).

The most remarkable long wavelength geoid ano-

maly is the circum Pacific high geoid highs. Starting

from HAGER (1984) and RICHARDS and HAGER

(1984) dynamic interpretation of this long wavelength

geoid anomaly invariably showed evidence of a large

increase in viscosity in the deep mantle. The subse-

quent studies, however, also showed that there is sig-

nificant non-uniqueness of this type of modeling: the

same data are equally well fit by different models

(e.g., KING, 1995a, 1995b; KIDO and CADEK, 1997;

CADEK and VAN DEN BERG, 1998).

These studies have shown that there is a large in-

crease in viscosity with depth (average viscosity of the

lower mantle is a factor of � 30–100 higher than that

of the upper mantle). Some fine structures of rheolog-

ical profiles have been proposed in these studies

including high viscosity layers in the deep lower mantle

(FORTE and MITROVICA, 2001) and a low viscosity

channel below the 660-km discontinuity (KIDO and

CADEK, 1997; FORTE, 2000). But due to the complica-

tions associated with the inference of density anoma-

lies in these regions (the transition zone and the lower

mantle), these features are not well resolved. One

of the main issues in this type of study is the estimate

of density anomalies. The effects of phase transform-

ations (in the transition zone) and the possible effects

of chemical heterogeneity on density (Chapter 20)

make a robust estimate of density anomalies in these

regions and hence rheological properties difficult. In

addition, THORAVAL and RICHARDS (1997) showed

the importance of boundary conditions on the inference

of rheological structure from gravity signals. The

dynamic topography, and hence inferred viscosity pro-

files, depends also on the geometry of convection that

affects the stress magnitude on the density boundaries

(e.g., WEN and ANDERSON, 1997; FORTE, 2000).

The inference of mantle viscosity has a long and

twisted history. After the classic studies by Haskell

(1935a, 1935b, 1937), extensive studies were made in

the mid-1970s to mid-1980s, and the majority of these

studies emphasized the constancy of viscosity with

depth: the viscosity of the lower mantle was considered

to be not higher than that of the upper mantle by a

factor of �2 (e.g., CATHLES, 1975; PELTIER, 1989).

However, the later study by NAKADA and LAMBECK

(1989) who paid attention to the details of hydro-iso-

static response along the coastline and the separation

of melting history from mantle response, indicated a

significant increase in viscosity with depth in the deep

mantle. Also the development of a new method of

inferring rheological profiles from dynamic interpreta-

tion of geoid anomalies by HAGER (1984) and

RICHARDS and HAGER (1984) improved our ability

to infer deep mantle rheology. These studies showed a

large increase in viscosity in the deep mantle (e.g.,

HAGER, 1984). The advantages and limitations of

these methods are as summarized in Fig. 18.8.

Through the combination of these studies, we now

have a goodmodel for a gross one-dimensional viscosity–

depth profile: the average viscosity of the mantle

is �1021 Pa s, but the viscosity of the upper mantle is

on average significantly lower than that of deep mantle

(Fig. 18.9; HAGER, 1984; NAKADA and LAMBECK,

1989; PELTIER, 1998; FORTE and MITROVICA, 1996).

One should note that, beyond the general conclu-

sion summarized above, most of the features of the

ice sheet melting
↓ ↓

viscous flow in solid Earth
↓ ↓

 relative sea level (RSL) change
↓

geoid anomalies

1. Sensitive to absolute values of viscosity 1. Insensitive to absolute values of viscosity
2. Insensitive to radial variation in viscosity 2. Sensitive to radial variation in viscosity
3. Small strains (short time-scale) 3. Large strains (long time-scale)
4. Insensitive to deep mantle viscosity 4. Deep mantle viscosity can be inferred
5. Loading function is reasonably well
    known

5. Loading function is not well known:
    large uncertainties in density anomalies

Post-glacial rebound Dynamic topography 

internal density contrast

convection-induced stress

dynamic topography

FIGURE 18.8 A comparison of two methods of inferring mantle viscosity.
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rheological structure of Earth’s interior remain poorly

constrained. They include:

(1) Lateral variation in viscosity is expected to be large,

but it is not well resolved from the post-glacial

rebound or geoid anomalies (e.g., NAKADA and

LAMBECK, 1991; ZHANG and CHRISTENSEN,

1993; CADEK and FLEITOUT, 2003). As noted

above, the lateral variation in viscosity inferred

from post-glacial rebound can be smaller than that

for long-term deformation.

(2) There is some hint as to the presence of a low vis-

cosity region in the subduction zone upper mantle

due to the release of water (e.g., KARATO, 2003b).

BILLEN and GURNIS (2001) and BILLEN et al.

(2003) suggested such regions in the subduction

zone from the analysis of gravity and topography.

(3) The distribution of seismic anisotropy provides

strong evidence for non-linear rheology at least in

the boundary layers (Chapter 21), but evidence for

non-linear rheology is not well documented from

the study of post-glacial rebound nor geoid anom-

alies (e.g., KARATO and WU, 1993).

(4) Some studies based on geoid anomalies suggest the

presence of a low viscosity layer just below the 660-

km discontinuity (KIDO andCADEK, 1997; FORTE,

2000) and very high viscosity layers in the deep

lower mantle (FORTE and MITROVICA, 2001).

Such conclusions are subject to large uncertainties

due mainly to the uncertainties in density anoma-

lies and the flow pattern in these regions.

(5) Mineral physics-based modeling suggests a highly

complicated rheological structure (KARATO, 1997b;

KARATO et al., 2001) but such a small-scale rheo-

logical structure is beyond the resolution of current

geodynamic study of mantle rheology.

18.5. Summary

Non-elastic properties of Earth can be inferred from a

range of observations on time-dependent deformation.

They include seismic wave attenuation, post-glacial

crustal uplift and geoid anomalies associated with

mass distribution in Earth. To a rough approximation,

the results of the depth distribution of inferred non-

elastic properties are similar (compare Fig. 18.1 and

Fig. 18.9). The fundamental reason for this similarity

is the fact that attenuation in Earth is described, in most

cases, by the relation (18.5),Q / ��Q, and viscosity is also
related to the characteristic time, � / ��. Both processes
are thermally activated and therefore the functional

relationships are similar. In the case of olivine and

MgO for which some detailed experimental studies

have been made on both long-term creep and seismic

wave attenuation, even the activation enthalpies are

similar between these two processes. Consequently,

there is a close connection between long-term creep

and seismic wave attenuation, and in fact, the depth

profile of Q1=� zð Þ ð/ �QÞ is similar to that of viscosity,

�ðzÞ.
However, some details can be different among the

non-elastic properties inferred from different types of

observations. It was discussed in Chapter 9, for exam-

ple, that transient creep is likely to play an important

role in the post-glacial rebound and in that case the

influence of water on viscosity of the upper mantle will

be weaker than that for a long-term (quasi-) steady-

state creep. Similarly, the degree to which water affects

attenuation can be different from that of long-term

creep.

I should emphasize that the non-elastic properties

inferred from seismic wave attenuation and from the

post-glacial rebound probably involve small strain,

and consequently, the mechanical response of materi-

als to these short-term phenomena can be different

from the rheological properties relevant to long-term,

quasi steady-state deformation. Also it must be noted

that the inference of the viscosity profile from the geoid

(or any gravity signals) is subject to the uncertainties in

the inferred density anomalies that cause geoid anoma-

lies. It is important to appreciate the limitations and

advantages of each method when comparing results

from different approaches.

500 25002000150010000

1020

1021

1022

η (
P

a s
)

Depth (km)

VM2
LJN
FM
HC
SH

FIGURE 18.9 Viscosity–depth profiles inferred from geodynamic

modeling (PELTIER, 1998).
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19 Inference of rheological structure
of Earth from mineral physics

The current status of our understanding of the rheological structure of Earth’s interior from a

mineral physics point of view is reviewed. The rheological structure of the lithosphere–

asthenosphere system is discussed in detail as well as the rheological structure of the deep mantle

and the inner core. The inferred rheological structures depend critically on the temperature, water

content, grain size and stress as well as the constitutive relations that control the dependence of

rheological properties on these variables. These variables can be inferred for the shallow portions of

Earth and some detailed analyses of the rheological structures there are presented including the

regional variation in the rheological structure of the lithosphere. In contrast, temperature, water

content and grain size are poorly known for Earth’s deep interior. In addition, some of the important

material parameters for deep Earth materials that determine the sensitivity of the rheological

properties on these variables are not well constrained. Consequently, the inference of the rheological

structure of Earth’s deep interior can only be made with large uncertainties. In these cases, emphasis

is placed on the basic framework by which rheological structures of Earth may be inferred from

mineral physics rather than on specific models.

Keywords lithosphere, asthenosphere, partial melting, phase transformations, water, grain size.

19.1. Introduction

Similar to any other physical properties, the rheolog-

ical properties in Earth and other terrestrial planets

change both radially and laterally, and the manner in

which the rheological properties change in space (and

possibly in time) is highly dependent on the physical

mechanisms of deformation. In this chapter, we will

integrate the results summarized in previous chapters

to present various models of rheological properties of

Earth. As we have learned in the previous chapters,

unlike elastic properties, rheological properties are

highly sensitive to the variation in temperature as well

as other factors such as water content and grain size.

These key parameters can be inferred for the shallow

portions of Earth from geophysical, geochemical or

geological observations (see Chapter 17) and some

detailed experimental studies on the dependence of

rheological properties on these variables are

available for upper mantle minerals such as olivine.

Consequently, inference of rheological structures of

the shallow portions of Earth’s interior can be made

with some confidence (e.g., KARATO and WU, 1993;

KOHLSTEDT et al., 1995; HIRTH, 2002; KARATO and

JUNG, 2003).

However, currently very little is known about the

actual temperature, grain size and water content in the

deep Earth (and in other terrestrial planets), and fur-

thermore the dependence of rheological properties on

these variables is known only for very few minerals

such as olivine. Consequently, it is difficult to present

any definitive models of rheological properties of deep338



Earth (and other planets) at this time.1 Even for the

shallow regions where key parameters can be inferred

with some confidence, possible variations in these

parameters (such as temperature, grain size and water

content) are so large that I believe that it is important

to present a theoretical framework (or methodology)

to infer rheological properties in addition to presenting

some particularmodels. Therefore inmany cases where

I discuss the models of rheological structures, I have

chosen to show a range of plausible structures for a

range of parameters that are geologically or geophysi-

cally acceptable. In this way, the reader will obtain a

solid physical basis behind any models of rheological

structures to make her/his own judgment on the uncer-

tainties in published models, or even preferably to

develop her/his own new models.

In this chapter, I will first discuss some general

principles for inferring rheological properties based

on mineral physics (section 19.2). The rheologi-

cal properties of shallow regions are summarized in

section 19.3 in some detail with the emphasis on the

lithosphere–asthenosphere structure. The rheological

properties of the deep mantle (the transition zone and

the lower mantle) are reviewed in section 19.4 and

those in the core are reviewed in section 19.5.

19.2. General notes on inferring the
rheological properties in Earth’s
interior from mineral physics

19.2.1. Constitutive relations

The most important concepts in developing models of

rheological structures are:

(1) Strength of materials may be controlled either by

brittle failure or plastic flow (Chapter 7). When

strength is controlled by brittle failure, the

strength is a function of variousmaterial parameters

and variables that describe thermodynamic and

mechanical conditions as (see Chapter 7),

� ¼ �0 þ � �n � �Ppore

� �
(19:1)

where � is the strength, �0 is the ‘‘cohesion strength,’’

� is the friction coefficient, Ppore is the pore fluid

pressure and � is a non-dimensional constant. The

parameters �0, � and � (�0� 10MPa, �� 0.7,�� 1)

are nearly independent of materials and temperature

and strain rate (see Chapter 7). However, the

strength in this regime is sensitive to the pore fluid

pressure, Ppore, as well as the stress state (tension,

compression or shear) that changes the normal stress

�n. The lithosphere in this depth range is weaker for

tension than compression. A large amount of water

(fluids) reduces the strength of lithosphere in this

regime through the increase in pore pressure.

(2) Strength in the plastic flow regime is in most cases

controlled by thermally activated processes. At

low stresses (�=�510�3; �: stress, �: shear modu-

lus), deformation by plastic flow is described by the

following power-law formula (Chapters 9 and 10)

_" ¼ A
�n

Lm
Cr

OH exp �H� COH;Pð Þ
RT

� �
(19:2)

where _" is strain rate, A is a constant, L is grain size,

COH is hydrogen (water) content,H� ¼ E� þ PV� is

activation enthalpy for creep (E*, activation energy;

V*, activation volume), R is the gas constant, T is

temperature and P is pressure. In this regime, the

strength may be defined through viscosity, � ¼ 2� _"

(�, viscosity), namely,

�� ¼
1

2ACr
OH

Lm

�n�1
exp

H� COH;Pð Þ
RT

� �
for a given stress (19.3a)

or

� _" ¼
Lm=n

2A1=n � Cr=n
OH � _"ðn�1Þ=n

exp
H� COH;Pð Þ

nRT

� �

for a given strain rate (19.3b)

or

�� _" ¼
L2m=ðnþ1Þ

2A2=ðnþ1Þ � C2r= ðnþ1Þ
OH

� _"ð Þð1�nÞ=ð1þnÞ

exp
2H� COH;Pð Þ
nþ 1ð ÞRT

� �
: (19.3c)

for constant energy dissipation rate.

1 The current status of research in deep Earth rheology is in much the same

state of study as the elasticity of deep mantle minerals in the 1950s. One

should recall Birch’s ‘‘dictionary’’ for high-pressure research (BirchF., 1952).

High-pressure (rheological) form Ordinary meaning

Undoubtedly Perhaps

Certain Dubious

Positive proof Vague suggestion

I hope that some readers will make this ‘‘dictionary’’ outdated in the

near future by making further advancements of this important, but

currently undeveloped, area of Earth science.
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Problem 19.1

Derive equation (19.3c).

Solution

From equation (19.2), one gets � ¼ 1=2�ð Þ1=ðn�1Þ

Lm=ACr
OH

� �1=ðn�1Þ and _" ¼ 1=2�ð Þn=ðn�1Þ Lm=ACr
OH

� �1=ðn�1Þ.
Therefore �¼ 1

2
L2m=ðnþ1Þ

A2=ðnþ1Þ�C
2r=ðnþ1Þ
OH

ð� _"Þð1�nÞ=ð1þnÞ � exp 2H�ð

COH;Pð Þ= nþ1ð ÞRTÞ.

Therefore the spatial variation of viscosity depends

on how stress or strain-rate varies with space as well as

the spatial variation of T, COH and L. Two points may

be noted about water effects. (1) The water content

COH is a function of temperature and pressure if a

material is in chemical equilibrium with a water ‘‘res-

ervoir’’ (open system). If a system is closed with respect

to water (hydrogen), then COH is a constant. (2) The

activation enthalpy,H*(COH, P), is a function of water

content, but in many cases it is a discrete function of

water content: activation enthalpy changes abruptly

with water content and in a certain range of water

content it remains a constant (Chapter 10). In these

cases, the activation enthalpy can be assumed to be a

constant within a certain range of water content.

In many cases, the grain size, L, is assumed to be a

constant. However, grain size may vary from one place

to another through various processes (see Chapter 13).

For instance, when grain size is controlled by phase

transformations (or chemical reactions), it will change

with temperature–pressure history. When grain size is

controlled by grain-growth kinetics, grain size will be

temperature-dependent.

At higher stresses �=�410�3, strength determined

by plastic flow is still thermally activated, but the

influence of stress on thermal activation becomes sig-

nificant, and the functional relationship between stress,

strain rate and temperature is markedly different from

that for a power-law creep. A generic flow law appro-

priate for this regime is (Chapter 9)

_" ¼ B COHð Þ�n0 exp �H�0 COH;Pð Þ
RT

1� �

�̂ COH;Pð Þ

� �q� �s� 	
(19:4)

where B(COH) is a constant, n0 � 2, H�0 ¼ E�0 þ PV�0 is

the activation enthalpy for creep (E�0, activation energy;

V�0, activation volume), q and s are constants and other

symbols are the same as before. This flow regime is

called exponential flow law regime. Deformation by dis-

location glide over the Peierls potential (Chapter 9) is an

example. Deformation by twinning is another impor-

tant case that occurs for someminerals including calcite.

Similar to the power-law creep,H�0; �̂ can be a function

ofwater content, but inmany cases they are constant for

a given mechanism (these parameters are likely to be

different between water-poor and water-rich environ-

ments, but they remain constant in one regime). So

these quantities can be left as constants. However,

B(COH) is likely to be dependent on water content

(or water fugacity) (see Chapter 10). Creep rate

(or strength) in this regime is insensitive to grain size,

but sensitive to chemical environment such as water

content. The temperature and strain rate dependence

of strength of materials for this regime can be written as

�

�̂ COH;Pð Þ ¼ 1� RT

H�0 COH;Pð Þ

� �1=s

log
_"0 COHð Þ

_"

" #1=q
(19.5)

where _"0 � B COHð Þ�n0 . For a large range of stress

and temperatures, log _"0 does not change much.

Therefore the variation of strength with temperature

(or strain rate) in this regime is determined mostly by

the RT=H�0 COH;Pð Þ
� �1=s

term (or log _" term) and hence

the strength is much less sensitive to temperature and

strain rate than in the power-law creep regime. Similarly

pressure effect is through RT=H�0 COH;Pð Þ
� �1=s

and

�̂ COH;Pð Þ, and therefore it is much weaker than in the

power-law creep regime. Importance of the exponential

flow law (the Peierls mechanism of flow, for example)

in geological processes was first emphasized byGOETZE

and EVANS (1979).

Strength of Earth materials can be characterized by

either equations (19.1), (19.3) or (19.5). Note that the

constitutive relation (19.5) represents a mechanical

behavior between brittle failure (19.1) and power-law

creep (19.3). Equation (19.4) means that as temperature

goes to T! 0, deformation is possible only when � � �̂
and �̂ is (nearly) independent of temperature. Figure 19.1

shows the variation of strength with temperature and

strain rate represented by these three equations.

From equations (19.3a–c), the following points can

be noted.

(i): The values of n and m depend on the dominant

mechanisms of plastic flow, that can be inferred

from laboratory experiments in combination

with inferred physical and chemical conditions

in Earth. For diffusional creep, n¼ 1 and m¼ 2–3
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(Chapter 8). For dislocation creep, n¼ 3–5

and m¼ 0 (Chapter 9). Presence and absence

of seismic anisotropy can also be used to infer

the dominant mechanisms of deformation

(Chapters 14 and 21).

(ii): Temperature usually reduces the viscosity in the

exponential fashion, � / exp H�=RTð Þ for con-

stant stress (� / exp H�=nRTð Þ for constant

strain rate, � / exp 2H�= nþ 1ð ÞRTð Þ for con-

stant energy dissipation rate).

(iii): Pressure has a large effect on rheology, and usually

increases the viscosity as � / exp ðE� þ PV�Þ=RTð Þ
for constant stress (� / exp ðE� þ PV�Þ=nRTð Þ for
constant strain rate, � / exp 2 E� þ PV�ð Þ= nþ 1ð ÞRTð Þ
for constant energy dissipation rate) (see

Chapter 10).

(iv): Viscosity is independent of stress for linear rheol-

ogy (n¼ 1), but viscosity decreases with stress

for non-linear rheology (� / �1�n for constant

stress in the power-law creep regime). This effect

becomes very strong at high stress levels, and

viscosity decreases exponentially with stress at

very high stress levels (see Chapter 9). In the expo-

nential regime, sensitivity of strength to temper-

ature, pressure and water content is weaker than

in the power-law creep regime (for details see

below).

(v): Grain size has a large effect on viscosity at high

temperature and low stress. Under these condi-

tions grain size affects the viscosity as

� / Lm exp H�=RTð Þ for constant stress

(� / Lm=n exp H�=nRTð Þ for constant strain rate,

� / L2m=ðnþ1Þ exp 2H�= nþ 1ð ÞRTð Þ for constant

energy dissipation) (see Chapter 8; L, grain size;

m, a constant (m¼ 2–3)).

(vi): Water content has a large effect on the viscosity. In

many cases, water content affects the viscosity

as � / C�rOH exp H� COHð Þ=RTð Þ for constant stress
(� / C

�r=n
OH exp H� COHð Þ=nRTð Þ for constant strain

rate, � / C
�2r=ðnþ1Þ
OH exp 2H� COHð Þ= nþ 1ð ÞRTð Þ

for constant energy dissipation) (see Chapter 10;

COH: water content, r: a constant (r¼ 1–2)). Note

that the dependence of activation enthalpy on

water content is usually discrete: H� ¼ H�1 for

water-poor conditions, H� ¼ H�2 for water-rich

conditions.

(vii): A phase transformation affects rheological pro-

perties in the plastic flow regime through its

effects on chemical bonding and crystal structure

as well as through the changes in grain size and

water distribution and also through the redistrib-

ution of internal stress–strain (see Chapter 15).

(3) The overall creep strength of a multi-component

aggregate is some average of strength of each com-

ponent. The overall strength depends on the geo-

metry of phases as well as the volume fraction of

phases (see Chapter 12). The presence of a minor

phase could have large effects if the minor phase has

amuchdifferent strength thanothers and if theminor

phase is connected each other. An important exam-

ple is a partial melt (e.g., KOHLSTEDT, 2002), but

this effect is also important in a solid–solid mixture

with a large strength contrast (a likely example is

the lower mantle material that is composed of a

mixture of (Mg, Fe)SiO3 perovskiteþ (Mg, Fe)O,

e.g., YAMAZAKI and KARATO, 2001b).

In addition to these effects, effects of varying the

major element chemical composition and mineralogy

will also control the rheological structure. Note that

some of these effects are mutually related. For

instance, the content of water (hydrogen) dissolved in

minerals may increase with pressure leading to pressure

weakening (as opposed to normally observed pressure

hardening) in certain cases. Similarly, grain size of

rocks increases with temperature when grain growth

occurs. In such a case, viscosity of a rock may increase
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FIGURE 19.1 A schematic diagram showing the dependence of

the (normalized) strength, �=�0, on the temperature corresponding

to three constitutive equations: brittle fracture (friction)

(equation (19.1)), power-law creep (equation (19.3a)) and the

exponential flow law (the Peierls mechanism, equation (19.5)).

T0 and �0 are the reference temperature (1500 K) and the

reference strength (10 MPa), respectively. A strain rate of 10�15 s�1 is

assumed.
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with temperature (as opposed to normally observed

temperature weakening; SOLOMATOV, 1996).

In the following, I will illustrate how these factors

may be integrated in developing models of rheological

structures of Earth and planetary interiors. Although

the emphasis in this book is ductile rheology, I will

briefly touch upon the strength in the brittle regime for

completeness (for brittle fracture, see also Chapter 7).

19.2.2. Spatial variation of stress and strain rate

As seen in section 19.2.1, the spatial variation in effec-

tive viscosity for non-linear rheology depends on the

spatial variation in stress (strain rate). Consider two

cases: a case of constant stress with depth and a case of

constant strain rate with depth. For a power-law rheol-

ogy, the effective activation enthalpy for the former

case is H*, while for the latter it is H�=n. This causes a

large difference in the depth variation of effective vis-

cosity (e.g., KARATO, 1981b).

The spatial distribution of stress and strain rate

is controlled by the nature of deformation. In a few

cases, simple patterns of distribution of stress and strain

(rate) can be inferred including the case of deformation

of materials caused by the motion of surface plate and

bending (folding) of a plate (Fig. 19.2). The two-dimen-

sional flow pattern in a corner can also be calculated

analytically if the stress and strain-rate relation is linear

and the effective viscosity is homogeneous (see e.g.,

TURCOTTE and SCHUBERT, 1982). Both stress and

strain (rate) are high near the corner because of the

rapid change in flow geometry there (Fig. 19.3).

Problem 19.2

What is the depth variation of stress or strain rate in a

two-dimensional flow beneath a moving plate driven

by the motion of plate?

What is the variation of viscous strain rate in a

bending plate across the plate (assume incompressible

fluid behavior)?

Solution

For a two-dimensional flow, because of the condition for

continuity of shear stress, the (shear) stress is constant

with depth. strain rate at each depth depends on the local

viscosity and changes with depth (Fig. 19.2a).

Bending (folding) causes tensional strain in the outer

side and compressional strain in the inner side, the

central plane being a neutral strain with no strain. If

the volumetric strain is zero, then the corresponding

strain distribution changes within a plate as shown by

Fig. 19.2b. Both stress and strain is zero on the central

neutral plane, and the strain (rate) increases as a distance

from the central neutral plane. The distribution of stress

depends on the local rheological properties.

19.2.3. Spatial variation in thermochemical
variables and grain size

The principles governing the spatial variation of tem-

perature and pressure are discussed in Chapter 17.

Thermal conduction controls the temperature varia-

tion when the vertical motion is small. When the verti-

cal motion is fast (compared to the conduction

time-scale), then the adiabatic change in temperature

becomes important. Pressure is in most cases con-

trolled by the hydrostatic equilibrium.

Spatial variation in a composition such as water

(hydrogen) content is controlled by the advective

transport (transport by fluid flow) and diffusion.

Diffusion is, however, effective only to a short distance.

Consequently, chemical composition can be largely het-

erogeneous in many geological systems. An important

example is the re-distribution of water (hydrogen) by

partial melting (e.g., KARATO, 1986; HIRTH and

KOHLSTEDT, 1996; see Chapter 10). This process will

be discussed in section 19.3.3 in some detail.

The principles controlling the grain size are dis-

cussed in Chapter 13. The most important mechanisms

are phase transformations, dynamic recrystallization

and grain growth. Changes in grain size associated

with phase transformations can be large. A specific

case for subducting slabs will be discussed in sec-

tion 19.4. Grain size can be quite small where high-

stress deformation occurs. In typical hot regions of the

upper mantle for which grain size is inferred from

mantle xenoliths, grain size is on the order of a fewmm.

19.3. Strength profile of the crust
and the upper mantle

19.3.1. The brittle–plastic transition (see also
Chapter 7)

In the shallow portions of Earth, the strength of mate-

rials is controlled by the brittle failure. The basic physics

of the brittle failure is reviewed in Chapter 7. Assuming

that the near-surface rocks contain a large number of
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pre-existing faults, the strength in this regime is deter-

mined by the strength against the propagation of faults.

Under these conditions, the strength controlled by brittle

failure is insensitive to rock type, strain rate, but sensitive

to pore-fluid pressure and stress state (compression ver-

sus tension), and increases nearly linearly with effective

confining pressure (see equation (19.1)). Therefore, the

strength of rock at near-surface is very low and increases

nearly linearly with depth in the brittle regime. In con-

trast, the strength controlled by plastic flow is sensitive

to temperature and, in regions where temperature

increases significantly with depth, the strength decreases

with depth. In this regime (the plastic-flow regime), the

strength of rocks is also sensitive to the strain rate and

rock types (see equation (19.2)). Consequently, the

strength versus depth profile in the shallow Earth has a

maximum (or maxima) at a certain depth and hence

much of the load in the lithosphere is supported in the

region around the strength maximum (Fig. 19.4).

In constructing such a diagram, it is assumed that

the two processes of deformation (i.e., brittle failure

and plastic flow) are independent. Under this assump-

tion, the smaller of the strengths calculated for each

mechanism is chosen to be the strength of the material.

An extensive discussion on the validity of this assump-

tion (independence of brittle and plastic deformation)

is given by KOHLSTEDT et al. (1995). This is a simplifi-

cation of more complicated behavior of materials, and
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FIGURE 19.2 (a) The stress and strain (rate) distribution in deformation of materials beneath a moving plate (the strain distribution is

controlled by the viscosity distribution). (b) The strain (rate) distribution in a bending (folding) plate.
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in reality a broad regime of semi-brittle behavior is

observed. Microscopically, this semi-brittle behavior

occurs when the interaction of cracks with dislocations

becomes significant. Such an interaction reduces the

stress concentration at the crack tip and thereby

reduces the tendency for unstable localized deforma-

tion. However, a major limitation is that there is no

well-accepted constitutive relation for the semi-brittle

regime (Chapter 7). In addition, rheological properties

of minerals at high-stress conditions are not appro-

priately treated in this work. For example, the role of

exponential flow such as the Peierls mechanism or

deformation by twinning (in orthopyroxene) is not

included in this model. Consequently, the strength

profile near the peak strength shown in Fig. 19.4 (after

KOHLSTEDT et al., 1995) has a large uncertainty and is

likely to overestimate the actual strength substantially.

19.3.2. Crust

The crust of the oceanic region is made of basalt (or, in

the deeper portions, diabase or gabbro that are rocks

with the same chemical composition as basalt but with

coarser grain size). Deformation there is in most cases

by brittle fracture and plastic deformation occurs only

in the close vicinity to the mid-ocean ridge where tem-

perature is high (e.g., YOSHINOBU and HIRTH, 2002).

Plastic deformation of the crust is important in the

continental environment. The continental crust is

made of two different layers: the upper crust is made

of granitic rocks and the lower crust is made of basaltic

rocks or some metamorphic rocks derived from basalt

(see RUDNICK and FOUNTAIN, 1995). In most conti-

nents (and in island arcs), seismicity is confined to the

upper crust. Seismicity in the lower crust is very

rare (JACKSON, 2002a). The continental lower crust

deforms by plastic flow and it plays an important role

in continental tectonics (e.g., ROYDEN et al., 1997;

MEISSNER and MOONEY, 1998).

Rheological properties of crustal materials are

more accessible than those of mantle materials for

two obvious reasons. First, deformation of crustal

materials can be studied directly through the studies

of exposed crustal rocks (e.g., SIBSON, 1977; RUTTER

and BRODIE, 1992; HIRTH et al., 2001). Second, the

experimental studies of deformation of crustal materi-

als require less extreme conditions than those of mantle

materials. However, rather surprisingly, the current

status of experimental studies on deformation of crus-

tal rocks is less complete than that of upper mantle

materials (e.g., olivine). The main reasons for this

include (i) the slow kinetics of chemical equilibrium

with respect to water, and the resultant large ambiguity

in interpreting the experimental observations (see

PATERSON (1989) for a review on quartz), and (ii) the

fact that at low temperatures relevant for the crust,

stress levels are high at experimental conditions, and

consequently a high-resolution, low-pressure appara-

tus such as the gas-medium Paterson apparatus (see

Chapter 6) has limited applications (in order to inves-

tigate the flow laws in the ductile regime, the confining

pressure must exceed the deviatoric stress; Chapter 6).

Consequently, in many of the studies on deformation

of crustal materials, a low-resolution, high-pressure

solid-medium apparatus such as the Griggs apparatus

was used, which results in large errors in mechanical

data. To illustrate this point, I should point out that the

functional relationship between water fugacity (water

content) and rheological properties of crustal rocks

or minerals has not been well constrained by the

laboratory studies at this time. For quartz, for which

a large number of experimental studies have been per-

formed, some attempts have been made to quantify

the influence of water fugacity on strain rate (e.g.,

HIRTH et al., 2001; KOHLSTEDT et al., 1995). These

studies suggest _" / f rH2O
with r� 1. In contrast, POST

et al. (1996) inferred r� 2. These estimates contain

large uncertainties. These authors estimated the value

of r by comparing the strength at different pressures

without making corrections for the activation volume

term. Consequently, the estimated value of r should be

considered to be the lower bound. Second, the data

used by these authors include low-precision tests using

a solid-medium deformation apparatus such as the

results by KRONENBERG and TULLIS (1984). For cli-

nopyroxene HIER-MAJUMDER et al. (2005b) deter-

mined the water fugacity dependence and pressure

dependence of creep (in the diffusional creep regime),

but since the pressure range is limited (100–300MPa),

neither of these parameters characterizing water fugac-

ity dependence (r) nor pressure dependence (V*) was

constrained well from that study. As KARATO (2006a)

emphasized, there is a very strong trade-off between

the values of r andV* at low pressures (< 0.5GPa), and

these parameters cannot be determined with small

enough errors from the experiments below 0.5GPa

(see Chapter 10).

Geological and geophysical observations on defor-

mation in the crust are summarized by SIBSON (1977)

(see also SCHOLZ, 2002). Deformation in shallow

(upper) crust is mainly by brittle (highly localized)

deformation. The mode of deformation gradually
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changes to ductile deformation at deeper portions.

Localized deformation is common in the transi-

tional regime, leading to the formation of mylonites

where deformation occurs mainly in the ductile man-

ner but in a localized fashion. In the even deeper

portions (the lower crust), deformation is more

distributed. Such a trend is consistent with the

depth variation of seismicity (e.g., JACKSON, 2002a;

SCHOLZ, 2002).

A simple model of rheological structure of the con-

tinental crust (and shallow upper mantle) is shown in

Fig. 19.4. In such a model, the continental crust is

assumed to be composed of two distinctive petrological

units, granitic upper crust and more mafic lower crust

(gabbro or diabase or metamorphic rocks with mafic

composition). Since the strength of granitic rocks is sig-

nificantly smaller than that of mafic rocks (under water-

rich conditions), the strength versus depth profile across

the continental crust has two distinct minima. The large

uncertainties in this estimate include the water content

and temperature in the actual crust (e.g., HACKER et al.,

2000), and the uncertainties in the experimental data on

the influence of water content (water fugacity). For the

review of this subject, see RUTTER and BRODIE (1992)

and TULLIS (2002). Reviews from geophysical or geo-

logical points of view include ROYDEN et al. (1997),

HACKER et al. (2000) and JACKSON (2002b).

In order to highlight the nature of the trade-off

between the influence of temperature and water on

the strength–depth profile, the strength versus depth

profiles for a near-surface layer composed of a crustal

rock were calculated for a few different temperature–

depth profiles (corresponding to Venus and typical

continental crust on Earth) and for either ‘‘dry’’

(water-free) or ‘‘wet’’ (water-saturated) conditions

(Fig. 19.5). We consider a crust made of a coarse-

grained basalt (diabase). The experimental results on

diabase by CARISTAN (1982) and MACKWELL et al.

(1998) are used. Note that both temperature and

water content have large effects on the strength. The

influence of water is very strong compared to that for

uppermantle rocks (see Fig. 19.6). This is a result of the

stronger influence of water (hydrogen) on the plastic

deformation in silica-rich (crustal) rocks than in silica-

poor (mantle) rocks (see Chapter 10). However, the

influence of surface temperature is even more impor-

tant. Because the surface temperature on Venus is much

higher than that on Earth (by �450K), the strength of

crust of Venus in the ductile power-law creep regime is

likely to be lower than that of Earth’s crust (for the same

major element composition) even though Earth’s crust

is likely to have a larger water content. Indeed, the

Magellan images show evidence of pervasive crustal

deformation on Venus (SOLOMON et al., 1991) suggest-

ing a weak ductile crust on that planet. The influence of

grain size on the strength of crust in the ductile regime is

discussed by RYBACKI and DRESEN (2004).
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assumed to be composed of coarse-grained basalt (diabase) (similar

results can be obtained for other silica-rich rocks). (a) Two

temperature–depth profiles corresponding to Earth and Venus are

considered. (b) Two temperature–depth profiles on Earth
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pressure (V), pore pressure ¼ 0.8�pressure (E)).
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19.3.3. Upper mantle

The upper mantle is made of olivine, orthopyroxene

and other minor phases. In most cases, olivine is

weaker than other phases and volumetrically

dominant, and therefore olivine is usually assumed to

determine the rheological properties of the upper man-

tle. This assumption can be challenged in some cases

where the grain size of orthopyroxene is much smaller

than that of olivine (e.g., BOULLIER and GUEGUEN,

1975). It is also possible that the rheological contrast

among different minerals (such as olivine and ortho-

pyroxene) changes with water content. However, a

large contrast in grain size is not often observed in

naturally deformed rocks and the water effect on rheo-

logical properties of orthopyroxene has not been quan-

tified. Consequently, I will make a conservative

assumption that olivine controls the rheological prop-

erties of the upper mantle.2 Based on this assumption,

the effective viscosity of the upper mantle can be pre-

dicted in some detail, once temperature, pressure,

stress (or strain rate), water content and grain size are

given (Fig. 19.6). In this chapter I will discuss the follow-

ing topics related to the rheological properties of the

uppermantle: (1) The strength of the lithosphere, (2) the

cause of the lithosphere–asthenosphere boundary, (3)

the rheological contrast between the oceanic and the

continental upper mantle, and (4) the rheological sig-

nificance of the Lehmann discontinuity.

19.3.3.1 The strength of the lithosphere
The lithosphere is a strong near-surface portion of

Earth. The strength of the lithosphere has an impor-

tant influence on a number of geodynamic problems. A

particularly important issue is the strength of the oce-

anic lithosphere that determines whether plate tecton-

ics occurs or not. In order for subduction to occur at

ocean trenches, which is a key element in plate tecton-

ics, a lithosphere must be able to bend at a trench. If the

lithosphere is too strong, then subduction is not possi-

ble, and hence the convection occurs only in the deeper

portion of a planet and the surface layer does not par-

ticipate in convection. This style of convection is called

‘‘stagnant-lid convection’’ (SOLOMATOV and MORESI,

1996). The transition between plate-tectonic type con-

vection to stagnant-lid type convection occurs when the

strength of the lithosphere reaches a certain value.

V* = 20 × 16–6 m3/mol
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FIGURE 19.6 The strength profile of the upper mantle for a typical

geotherm of the oceanic upper mantle based on the flow laws of

olivine in the power-law dislocation creep regime. The strain rate is

assumed to be constant with depth and the strength corresponding to

a strain rate of 10�15 s�1 is calculated. Part (a) shows the

strength–depth profiles for the water-free case for a range of

activation volume. Part (b) shows the strength–depth profiles for a

range of water content. The water content is assumed to be

constant with depth (closed-system behavior). An activation volume

of V*¼ 14� 10� 6m3/mol is assumed. A jump in water content at

some depth will lead to a jump in strength (e.g., HIRTH and

KOHLSTEDT, 1996).

2 Transient weakening effects due to small grain size of orthopyroxene

may play an important role in short-term deformation events such as

deformation associated with continental collision. Orthopyroxene could

become weaker than olivine at high hydrogen contents. Also at stresses

exceeding �150MPa, orthopyroxene deforms by transformation to

clinopyroxene. Above this stress, orthopyroxene is much weaker than

olivine. In these cases, the rheological properties estimated from coarse-

grained olivine will be the upper limit for the actual creep strength.
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In a simple model where the strength of the litho-

sphere is expressed by a ‘‘yield stress,’’ the critical yield

stress to allow a plate tectonic style of convection is

�200MPa (e.g., RICHARDS et al., 2001). If one uses a

model assuming truly plastic and truly brittle behavior,

then the peak strength for an oceanic lithosphere will

be �800MPa (see Fig. 19.4), that would exceed the

critical strength for plate tectonics. Consequently, the

cause of weakening that allows plate tectonics on Earth

needs to be sought. There have been several models to

explain the apparent weakness of the oceanic litho-

sphere. The first is to invoke the reduction of strength

due to the interaction of cracks and dislocations (semi-

brittle behavior). Deformation involving both disloca-

tions and cracks has been identified both in laboratory

samples and in naturally deformed rocks, but the limi-

tation of this model is that there is no well-established

microscopic model for semi-brittle behavior and a quan-

titative prediction of strength is not possible at this

time (see Chapter 7). The second model is to attribute

the strength reduction to localized deformation (e.g.,

BERCOVICI and RICARD, 2005). Localized deformation

is ubiquitous at modest to low temperatures, which

reduces the strength of materials (Chapter 16). Indeed,

localized deformation such as brittle fracture is known to

occur at a stress lower than the strength in the ductile

regime (see Chapter 7). Again, the limitation is that there

is no well-accepted model for localized deformation

under the deep lithosphere conditions that allows us to

predict the strength profiles (Chapters 7 and 16). Third,

similar to the secondmodel, KORENAGA (2007) suggests

that themacroscopic strength of the lithosphere of Earth

is reduced by the strength of thin cracks containing

serpentine formed by deep thermal cracking. Finally,

stress-induced transformation of orthopyroxene to cli-

nopyroxene could significantly reduce the strength of the

lithosphere. Orthopyroxene cannot support deviatoric

stress above the threshold stress for this transformation

(�200MPa) (RALEIGH et al., 1971). Above this stress,

orthopyroxene behaves like a weak component, and

hence deformation will be concentrated in orthopyrox-

ene. However, the details of deformation caused by this

phase transformation are not well constrained.

19.3.3.2 The lithosphere–asthenosphere boundary
Let us now consider the nature of the lithosphere–

asthenosphere transition. Our focus is on the factors

that control the strength in the ductile regime. Two

issues are critical here: (1) the physical cause of the

lithosphere–asthenosphere transition, and (2) the

dependence of thickness of lithosphere on definitions.

Obviously these two questions are related because the

cause of the lithosphere–asthenosphere transition

depends on the definitions.

I will first discuss several different definitions of

lithosphere. The lithosphere is defined as a strong

(near-surface) layer above a weak asthenosphere.

However, as we have learned before the meaning of

‘‘strong’’ or ‘‘weak’’ depends on the physical conditions

at which deformation occurs particularly the stress

level and the time-scale. Consequently, the thickness

of the lithosphere depends on the definition. In fact, the

thickness of the lithosphere can vary as much as a

factor of �5 or more as we will see below.

Lithosphere thickness by various definitions

(i) Mechanical lithosphere: 1. From
seismological observations

The seismic lithosphere may be defined as a layer of

high seismic wave velocities on top of a seismic low-

velocity zone. Because the structure of a low-velocity

layer cannot be determined in any detail using the

traditional body-wave travel-time analysis, the lithos-

phere–asthenosphere structure is usually studied using

surface waves. These studies show that the thickness of

the oceanic lithosphere is �50–100 km (KANAMORI

and PRESS (1970) estimated it to be�70 km) but varies

with its age: the thickness changes from �0 km at the

mid-ocean ridges to �50–100 km at ages older than

�80 Myr (YOSHII, 1973; FORSYTH, 1975). Surface

waves are sensitive to the depth variation of structures,

but their resolution is poor because the wavelength

is large (to investigate lithosphere–asthenosphere

structure, one needs to use surface waves with

�500–1000 km wavelength). The recent studies using

reflected body-waves show, however, that the thick-

ness of a high-velocity lithosphere does not change

much with the age and is �65 km (GAHERTY et al.,

1999). In this study, the thickness of the oceanic litho-

sphere is defined by the depth at which a reflection of

body-waves comes from. Therefore that depth corres-

ponds to a depth at which a sharp velocity jump

occurs. Fig. 19.7 summarizes the thickness of seismic

lithosphere determined by seismic wave velocities.

One important complication in estimating the thick-

ness of the seismic lithosphere is the influence of aniso-

tropy (Chapter 21). REGAN and ANDERSON (1984)

showed that the estimated thickness of the oceanic

lithosphere depends strongly on anisotropy and the

lithosphere thickness does not appear to increase with

age somuch when anisotropy is included in the analysis.
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ANDERSON (1979) suggested that the thickness of

the continental lithosphere determined by JORDAN

(1975) (�400km) might be overestimated due to the

influence of anisotropy. The recent studies including

the influence of anisotropy show �200–300 km thick

seismic lithosphere for old cratons, and the deep con-

tinental roots are highly anisotropic (e.g., GUNG et al.,

2003). These studies clearly show that truly thick litho-

sphere is limited to the Archean cratons and the boun-

dary between thick and thin lithosphere is

sharp suggesting that chemical composition is different

between Proterozoic (younger than �2.7 Gyr) and

Archean (older than �2.7 Gyr) mantle.

(ii) Mechanical lithosphere: 2. From seismicity
Earthquakes in the oceanic lithosphere occur only

in the relatively shallow, cold portions (CHEN and

MOLNAR, 1983). The depth of this layer corresponds

roughly to an isotherm of �870K. JACKSON (2002a)

used the distribution of seismicity to infer the thick-

ness (strength distribution) of the continental litho-

sphere but HANDY and BRUN (2004) pointed out

that the relation between seismicity and strength is

indirect.

(iii) Mechanical lithosphere: 3. From
observations on bending (flexure)

The thickness of the lithosphere can be determined from

the geometry of bending. In this approach, we assume

that Earth is rheologically stratified as an elastic layer

(the lithosphere) at the surface and a weak (low-

viscosity) layer below (e.g., WALCOTT, 1970; PELTIER,

1984; FORSYTH, 1985; NAKADA and LAMBECK, 1989;

MCKENZIE, 2003). When a load is applied at the

surface (e.g., ice sheets, volcanoes), then there will be

elastic deformation of the lithosphere. The bending of

the lithosphere is characterized by a flexural rigidity,

D ¼ Eh3=12 1� 	2
� �

(h, thickness of lithosphere; E,

Young’s modulus; 	, Poisson’s ratio; Chapter 18), and

by analyzing the topography (and gravity), one can

determine D. Knowing the elastic properties (Young’s

modulus, E, and Poisson’s ratio, 	) one can determine

the effective thickness of the lithosphere, h. The thick-

ness of the lithosphere determined by this method is

also plotted in Fig. 19.7. In general, elastic thickness

inferred from bending observation is much thinner

than the thickness of seismic lithosphere (the results

by PELTIER (1984) are an exception, but a later work

by NAKADA and LAMBECK (1987) showed that the

inference of lithosphere thickness from post-glacial

rebound observation is highly non-unique due to

strong trade-off between mantle viscosity and litho-

sphere thickness, and the influence of melting history

of ice sheets, see Chapter 18). WALCOTT (1970) noted

that the thickness of elastic lithosphere depends on

the age of loading: longer is the age, thinner is the

lithosphere.

(iv) Thermal lithosphere
The thickness of the lithosphere may be defined by the

temperature profile. When temperature reaches a cer-

tain value, materials will become soft. Therefore the

lithosphere–asthenosphere boundary may correspond

to a certain temperature. Let us consider the oceanic

upper mantle. When hot materials are carried to the

surface at mid-ocean ridges and cooled from above

while they spread (with velocity 
), then the tem-

perature profile across the near-surface layer is

given by the error function, Tðz; tÞ � T0 ¼ T1 � T0ð Þ
erf z=2

ffiffiffiffiffi
� t
p� �

, where T1 is the temperature of hot,

deep materials, T0 is the surface temperature, � is

thermal diffusivity (Chapter 17). One can define the

bottom of the lithosphere as the depth at which tem-

perature reaches a certain fraction of this asymptotic

temperature. From this equation, it follows immedi-

ately that the thickness of the lithosphere with this

definition increases with
ffiffi
t
p

where t is the age of the

lithosphere,

d /
ffiffiffiffiffi
�t
p

: (19:6)
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FIGURE 19.7 The relation between the thickness of the lithosphere

versus the age of the lithosphere corresponding to various definitions

of a lithosphere (modified from KARATO and JUNG, 1998). Circles are

from surface-wave studies by FORSYTH (1975), solid squares are from

body-wave studies by REVENAUGH and JORDAN (1991) and GAHERTY

et al. (1996). The solid curve marked ‘‘seismic’’ denotes the results

from YOSHII (1973) and the curve with ‘‘flexure’’ denotes elastic

bending of the lithosphere. The seismic lithosphere is generally

thicker than the lithosphere defined by bending (flexure).
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The relation (19.6) is also shown in Fig. 19.7. This

model works for the oceanic lithosphere (see

Chapter 17). For the continental lithosphere, the defi-

nition of ‘‘age’’ becomes ambiguous, but if the ‘‘age’’ is

interpreted to be the time from the last tectonic (vol-

canic) event, then the relation similar to (19.6) roughly

holds for continents as well. The lithosphere thickness

defined in this way could be inferred from the surface

heat flow measurements (e.g., POLLACK et al., 1993;

ARTEMIEVA, 2006).

(v) Lithosphere defined by the flow pattern
The thickness of a lithosphere may be defined based on

the flow pattern. When the surface plate moves hori-

zontally, materials near the surface move with almost

the same velocity as the surface plate, but materials

deep in the mantle will have quite different velocities.

One may define the lithosphere as a layer where materi-

als move with a velocity higher than a certain fraction

of the surface velocity (say 90%). For a simple two-

dimensional flow driven by the surface motion of a

rigid plate, one can get the depth variation of flow

velocity of the mantle as (Problem 19.3),

uðzÞ ¼ uð0Þ 1�
R z

0
ðdx=�ðxÞÞR L

0
ðdx=�ðxÞÞ

" #
(19:7)

where L is the depth at which horizontal flow is zero.

The horizontal velocity of mantle materials is nearly

the same as the surface where viscosity is large, but will

deviate from the surface velocity when viscosity

becomes low. Fig. 19.8 illustrates the depth variation

of horizontal flow velocity. Note that the velocity pat-

tern shows a sharp kink at a depth at which viscosity

becomes low. A low viscosity layer decouples motion

between a layer above and below.

If the depth variation of viscosity is written as

� zð Þ ¼ �0 exp �z= ~L
� �

, then the lithosphere thickness

defined this way is given by

zL ¼ ~L log 1� �ð Þ expL
~L
þ �

� �
: (19:8)

where � � u zLð Þ=u 0ð Þ. For � ¼ 0, zL ¼ L and � ¼ 1,

zL ¼ 0 as it should be. The flow pattern depends on

the boundary condition, i.e.,L, and the depth variation

of viscosity, ~L. Lithosphere defined by the flow pattern

is not directly observable. However, distribution of

seismic anisotropy, that is caused by finite-strain defor-

mation, provides some clues as to the flow pattern in

the mantle (see Chapter 21).

Problem 19.3

Derive the relations (19.7) and (19.8).

Solution

In the two-dimensional model, the shear stress is

independent of depth and therefore � ¼ � zð Þð@u=@zÞ
where u is the horizontal velocity, and �(z) is the

depth-dependent viscosity. Therefore by integrating

this (stress � is constant with depth) with the

boundary condition that the horizontal velocity is zero

at z¼L, one obtains uðzÞ ¼ uð0Þ 1�
R z

0
ðdx=�ðxÞÞR L

0
ðdx=�ðxÞÞ

" #
.
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FIGURE 19.8 The flow pattern of material caused by the horizontal

motion of a surface plate, where u is the horizontal velocity of the

material, u0 is the horizontal velocity of the surface plate and t is the

age of the lithospheric plate.
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If � zð Þ ¼ �0 exp �z= ~L
� �

is inserted into this, then after

integration, 1� u zLð Þ=u 0ð Þ ¼ exp zL= ~Lð Þ�1
exp L= ~Lð Þ�1 and hence (19.8).

Physical mechanisms for the lithosphere–asthenosphere
boundary: generalities
The primary cause for the lithosphere–asthenosphere

transition is temperature: asthenosphere is made of

softer materials than lithosphere because of higher

temperatures. This is obvious for the thermal defini-

tion of lithosphere, equation (19.6). Other definitions

are on the basis of mechanical properties. To a first

order, any mechanical properties, rheological and

elastic properties, become ‘‘softer’’ at higher temper-

atures. Let us consider rheological properties. The

lithosphere–asthenosphere transition occurs at a

depth at which viscosity of materials becomes small

enough. For example, the lithosphere defined by

bending (flexure) is controlled by the elastic–plastic

transition that is controlled by the Maxwell time

(Chapter 3). If the Maxwell time is significantly larger

than the time-scale of processes, then that region

behaves like an elastic material and is regarded as a

lithosphere, i.e.,

�M T;P; �;COH;Lð Þ � � T;P; �;COH;Lð Þ
M P;T;COHð Þ

4 �geo (19:9)

where �geo is the time-scale of the relevant geological

phenomenon. Effective viscosity depends on a

number of parameters including temperature, pres-

sure, stress, water content and grain size (see

section 19.2). Therefore the Maxwell time (viscosity)

is a function of temperature, stress and water content,

�M ¼ �M T;P; �;COH;Lð Þ, hence the lithosphere–

asthenosphere boundary is a function of these variables

as well as the time-scale of the process, �geo (elastic con-

stant,M, depends only weakly on pressure, temperature

and water content; Chapters 4, 11).

Among these variables, the influence of grain size will

be ignored because there is no reason to suppose any

large variation in grain size across the lithosphere–

asthenosphere boundary, and the dominant deforma-

tion mechanism in this region is likely to be dislocation

creep in which the effective viscosity is insensitive to

grain size. The temperature and pressure effects can be

combined if one uses the homologous temperature

scaling i.e., � T;P;COHð Þ � � T 0 T;P;COHð Þð Þ with T 0 ¼
T=Tm P; COHð Þ (see Chapter 10). So to a good

approximation, equation (19.9) can be reduced to

�M T 0; �ð Þ4�geo.

Let us consider how the difference in the stress level

and time-scale as summarized in Table 19.2 may affect

the inferred lithosphere thickness. Other factors being

the same, the increase in stress reduces viscosity and

hence reduces the lithosphere thickness. Similarly, if

the time-scale of deformation becomes larger, then

critical viscosity to satisfy inequality (19.9) becomes

larger hence lithosphere thickness will become smaller.

Fig. 19.9 shows a relation between stress and the

temperature at the base of the lithosphere for a range

of time-scales of deformation, water content. In this

calculation, I consider only dislocation creep, so the

influence of grain size is ignored (this can be justified

because there is strong seismic anisotropy in this region

(see Chapter 21)). Note that the temperature (and hence

the thickness) at the bottom of the lithosphere depends

strongly on the stress magnitude. The lithosphere

defined in terms of bending (flexure) corresponds to

a stress of� 0.1–1GPa, and corresponding temperature

(thickness) is much lower (smaller) than that for lower

stresses. The application of these results to a seismolog-

ically defined lithosphere–asthenosphere boundary is

not straightforward because the physical mechanisms

that control the temperature dependence of ‘‘softness’’

for seismic wave propagation are different from long-

term plastic deformation (Chapters 11 and 20, see also

Fig. 19.10 and related discussions).

The direct influence of partial melting is not con-

sidered because its effect is likely to be small (the frac-

tion of melt in Earth’s mantle is in most cases less than

�1%. The presence of �1% melt will reduce the vis-

cosity only by �20%, see Chapter 12). An important

effect of partial melting is its influence on re-distribution

of water (hydrogen), so the influence of partial melting

can be understood from Fig. 19.9 if one knows how

water is distributed as a result of partial melting.

Influence of partial melting and water (hydrogen)
The depth at which the lithosphere–asthenosphere

transition occurs roughly coincides with the depth at

which geotherm is close to or above the solidus

TABLE 19.2 Time-scales and stress magnitudes for various

geophysical processes.

Time-scale (s) Stress (MPa)

Seismic waves 1–103 10�4–10�2

Bending 1011–1014 102–103

Mantle convection 1014–1015 1–10
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(Chapter 17). Consequently, partial melting was often

considered as a cause for the lithosphere–asthenosphere

transition (e.g., SKINNER et al., 2004; RINGWOOD,

1975). However, as discussed in Chapter 12, the direct

effect of partial melting, i.e., the influence of the pres-

ence of melt phase on rheological properties is small for

a typical upper mantle system (at low pressures) if the

melt fraction is less than �1%. The melt fraction in the

asthenosphere (�50–150 km) is estimated to be less than

0.2% (e.g., LANGMUIR et al., 1992). Therefore a classic

idea that the presence of a small amount of melt is the

cause of the asthenosphere is not supported by the

mineral physics observations (e.g., KARATO, 1986;

KARATO and JUNG, 1998).

A more important role of partial melting on rheo-

logical properties is likely to be through its effect on

re-distributing water (KARATO, 1986). This idea is

based on the experimental observations of a large differ-

ence in water solubility between melts and solid min-

erals, and of the strong effects of the presence of water

on rheological properties. When partial melting occurs

in a system that is closed with respect to water, then

water is removed from the solid minerals that increases

the creep strength of the solid part. At the same time, the

presence of melt will reduce the creep strength of a rock

(Chapter 12). The net effect will then be

_" ¼ _"0 � F1 
1ð Þ � F2 
2ð Þ (19:10)

where _" is the strain rate of a partially molten material,

_"0 is the strain rate before partial melting, F1 
1ð Þ is a
function representing the influence of removal of water

by partialmelting that depends on the degree ofmelting,3


1 , and F2 
2ð Þ is a function representing the influence

of the presence of melt that depends on the fraction of

melt, 
2, and the geometry of themelt pocket such as the

dihedral angle (Chapter 12). In general, F1 
1ð Þ51 and

F2 
2ð Þ41 and the net effect of partial melting depends

3 The degree of melting should not be confused with the fraction of melt

(Box 10.2).
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on the competition of these two effects, i.e., either

F1 � F241 or F1 � F251. When we consider rheological

properties of a material after the removal of melt, then

F2 
2ð Þ ¼ 1, so we only consider the influence of water

removal and the net effect is always hardening.

Let us consider some more details of F1 
1ð Þ and
F2 
2ð Þ. If the strain rate for a totally water-free sample

is much less than the actual strain rate of a sample with

some water,4 and if the process of partial melting is

fractional melting then (Chapter 10)

F1 
1ð Þ ¼ COHðfinalÞ=COHðinitialÞð Þr� exp � r
1
k

� �
(19:11)

where r is the water content exponent (�1.0
 0.3)

and COH(initial, final) is the water content in solid

minerals before or after partial melting respectively.

The presence of melt enhances deformation following

F2 
2ð Þ � exp 3B �ð Þ
ffiffiffiffiffi

2

p� �
(19:12)

where B(�) is a function of the dihedral angle, �

(Chapter 12). So the net effect is

_" ¼ _"0 � exp �ð Þ (19:13)

with

� � 3B �ð Þ
ffiffiffiffiffi

2

p
� r
1

k
: (19:14)

If �> 0, there will be softening, whereas if �< 0, there

will be hardening due to partial melting. Assuming frac-

tional melting with a constant melt fraction, one can

show that a partially molten material is weaker than the

initial material at small melt fraction but becomes stron-

ger than the unmelted material if the degree of melting

exceeds a critical value, 
14
c. From the relation

(19.14), this critical value is given by,


c ¼ 3B �ð Þ
ffiffiffiffiffi

2

p k

r
: (19:15)

With reasonable values of relevant parameters (3B(�)

� 5–10, 
2� 1%, k� 10�2, r� 1), one has 
c� 0.5–1%.

Problem 19.4

Derive equation (19.15).

Solution

Let us assume fractional melting and assume that the

melt fraction at any time is fixed to be 
2. Let us also

assume that the production rate of melt is constant so

that 
1 ¼ Ax, where x is a parameter to describe the

progress of melting. Then from equation (19.14), �¼ 0

at x ¼ xc � ð3B �ð Þ
ffiffiffiffiffi

2
p

=AÞ ðk=rÞ. Inserting this into


1 ¼ Ax, we get the critical degree of melting as


c � 3B �ð Þ
ffiffiffiffiffi

2
p

ðk=rÞ. If the degree of melting is

below this value, �> 0, so partial melting softens the

material. Above this value of 
1, �< 0 and there will be

hardening.

In contrast, when one considers the rheological

properties of materials after the completion of chem-

ical differentiation due to partial melting or after cool-

ing below the solidus, then the melt fraction is zero,

and the only effect is through F1 
1ð Þ � exp �r
1=kð Þ,
and the influence of partial melting is always harden-

ing. In this case, significant hardening occurs when

r
1=k43�4 (for r¼ 1, k¼ 10�2, 
143�4%).

Let us apply this concept to the processes beneath a

mid-ocean ridge. Beneath a mid-ocean ridge, hot mate-

rials ascend nearly adiabatically. Because the adiabatic

temperature gradient is less than the pressure depend-

ence of solidus (i.e., dT=dzð Þad5dTs=dzwhere dT=dzð Þad
is the adiabatic temperature gradient and Ts is the

solidus), the temperature of ascending materials will

reach the solidus at a certain depth. Then partial melt-

ing begins and water content of a rock will start to be

reduced. Consequently, the solid part of the rock will

be strengthened. So in a column of material beneath a

ridge in which partial melting proceeds, the above

analysis involving both F1 
1ð Þ and F2 
2ð Þ applies and
we conclude that partial melting initially softens the

material but when the degree of melting exceeds


c ¼ 3B �ð Þ
ffiffiffiffiffi

2
p
ðk=rÞ �0:5�1%ð Þ the material starts to

become harder than before. As the materials beneath a

ridge ascend they eventually turn to move to the sub-

horizontal direction and temperature will drop due to

cooling from above. Consequently, at a distance far

away from the ridge, the majority of materials there are

free from melt. The rheological profile in this region is

therefore determined mostly by the degree of melting

that has removed water beneath the ridge (i.e., F1 
1ð Þ).
The degree of melting beneath the ridge is controlled by

the interplay between geotherm and solidus and increases

as material ascends. When the geotherm becomes

higher than the solidus for a given water content, par-

tial melting starts. However, the degree of melting at

this stage is controlled by the water content and is small

(usually less than �0.2 %). At a point where the geo-

therm becomes higher than the solidus for a water-free

4 If this condition is not met, then the contribution from the strain rate of

totally water-free material must be added to the net strain rate.
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system, the degree of melting increases abruptly and

exceeds a few %. For a typical oceanic upper mantle

this occurs at �60–70 km (e.g., LANGMUIR et al.,

1992). Consequently, a sharp decrease in F1 
1ð Þ occurs
at this depth and this depth makes a sharp change in

viscosity (HIRTH and KOHLSTEDT, 1996).

Note that the above discussion holds for a typical

upper mantle (and lower crust) where dihedral angles

are non-zero. There are some experimental observa-

tions suggesting that the dihedral angle decreases with

pressure (MIBE et al., 1998). The small influence of

partial melting cited above is based on low-pressure

experiments on upper mantle systems. Evidence of

complete wetting (i.e., zero dihedral angle) at high

pressures is reported by Yoshino et al. (2007).

The extension of the above discussion to a seismo-

logically defined lithosphere–asthenosphere boundary

is not straightforward. The lithosphere–asthenosphere

transition is characterized by a relatively sharp decrease

in seismic wave velocity and an increase in attenuation

with depth. Both of these features indicate that the asthe-

nosphere is a layer where materials are soft. In under-

standing what soft means in seismological observations,

it is important to recall that there are two distinct mech-

anisms by which seismic wave propagation is affected

by the softness. These are anharmonicity (Chapter 4)

and anelasticity (Chapter 11). Anharmonicity is essen-

tially the effects of thermal expansion and hence

reflects the temperature effect. Anharmonicity reduces

the elastic constant almost linearly with temperature

(Chapter 4). Since the temperature in the oceanic upper

mantle changes with depth and age following roughly the

error function formula (Chapter 17), the combination of

temperature and pressure effects provides a broad mini-

mum in velocity at the depth where the temperature–

depth profile has a large change in slope as temperature

approaches the adiabat (Fig. 19.10). Consequently, the

depth at which this minimum occurs changes with age, t,

following zs /
ffiffiffiffiffi
�t
p

.

The influence of anelasticity was invoked in the late

1970s to early 1980s to explain the relatively sharp

lithosphere–asthenosphere transition (e.g., GUEGUEN

and MERCIER (1973) and MINSTER and ANDERSON

(1980); for recent similar works see also FAUL and

JACKSON (2005) and STIXRUDE and LITHGOW-

BERTELLONI (2005a)). Anelasticity depends exponentially

on temperature and hence a somewhat sharper transi-

tion is expected. However, the transition expected from

thermal models is still gradual (Fig. 19.10). Therefore

these models cannot explain some observations suggest-

ing a sharp, although small, velocity reduction at the

lithosphere–asthenosphere boundary (e.g., REVENAUGH

and JORDAN, 1991; GAHERTY et al., 1999). FAUL and

JACKSON (2005) also included the influence of grain size,

but its effect is small (Chapter 11). Incorporation of a

sharp change in water content could make a relatively

sharp change in the velocity–depth relation (KARATO

and JUNG, 1998). However, the ability of this model to

explain a sharp velocity reduction is limited to �1%
(corresponding to a QS of �100). If there is more than a

several percent sharp velocity drop at the lithosphere–

asthenosphere boundary as suggested byRYCHERT et al.

(2005), then some other mechanisms such as the direct

effects of partialmelting or a change in lithologywill need

to be invoked.

19.3.3.3 Rheological contrast between the continental
and oceanic upper mantle
Seismological as well as geochemical studies showed

that the contrast between the continental and the oce-

anic upper mantle to �200–300 km is a long-lived

structure, at least more than �2 Gyr (CARLSON et al.,

1994; GUNG et al., 2003). The rheological contrast

between the oceanic and the continental upper mantle

is a critical factor in understanding the long-term sur-

vival of the deep continental roots. DOIN et al. (1997)

and LENARDIC and MORESI (1999) for example

showed that in order to preserve thick (>200 km) con-

tinental roots more than �1 Gyr, the viscosity of the

continental roots must be significantly (by a factor of

�103 or more) larger than that of the oceanic upper

mantle at a similar depth. Since the mineralogy is likely

to be similar between the continental and the oceanic

upper mantle (except for minor components such as

clinopyroxene and garnet (e.g., JORDAN, 1981)), the

main cause for the rheological contrast between the

oceanic and the continental upper mantle must be

either the difference in temperature or water content

(or both). According to SCLATER et al. (1981),

RUDNICK et al. (1998) and ARTEMIEVA (2006) how-

ever, the temperatures in the Archean craton (old con-

tinents) at 200 km depth are close to the mantle adiabat

and hence similar to that of the oceanic mantle.

Therefore a likely cause for the rheological contrast

is the contrast in water content. However, there are two

conflicting observations about the water content in the

continental uppermantle. On the one hand,most of the

magmas found in the continents (e.g., kimberlites) con-

tain a larger amount of volatiles including water

(PASTERIS, 1984) and some authors assumed that

the continental upper mantle is water-rich (e.g.,

KOHLSTEDT et al., 1995). On the other hand, if the
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continental upper mantle has undergone a larger

degree of depletion due to partial melting (e.g.,

JORDAN, 1981), then the continental upper mantle

would have much less water than the oceanic upper

mantle (e.g., POLLACK, 1986). If a large portion of the

continental lithosphere is water-rich, then its viscosity

will be lower than that of the oceanic upper mantle at

the same depth (below�200 km), and it will be difficult

to understand the longevity of a thick continental litho-

sphere as demonstrated by geochemical studies (e.g.,

PEARSON, 1999). This apparent paradox can be solved

if one accepts that the continental upper mantle is

heterogeneous and the majority of the continental

upper mantle is depleted with water but occasionally

it is hydrated by local volcanic activities. However, it is

not easy to obtain a factor of �103 difference in vis-

cosity by the contrast in water content alone: if

the water content in the oceanic asthenosphere is

�1000 ppm H/Si, then the water content of the con-

tinental lithosphere will have to be �1 ppm H/Si. A

combination of a lower temperature and a lower water

content of the continental lithosphere than those of the

deep oceanic upper mantle could yield a large viscosity

contrast needed to stabilize the continental deep roots

(Fig. 19.11).

19.3.3.4 The Lehmann discontinuity
A seismic discontinuity is observed at around

�200–250 km depth mostly in the continental upper

mantle. At this depth the seismic wave velocity increases

slightly with depth. This is referred to as the Lehmann

discontinuity (e.g., REVENAUGH and JORDAN, 1991;

GU et al., 2001; DEUSS and WOODHOUSE, 2004). The

Lehmann discontinuity is enigmatic because there is no

known phase transformation in major constituent

minerals at this depth (Chapter 17). There have been

some suggestions that the Lehmann discontinuity might

be related to rheological behavior of upper mantle

materials. REVENAUGH and JORDAN (1991) (see also

GAHERTY and JORDAN, 1995) proposed that the layer

above the Lehmann discontinuity corresponds to the

deformed state and the layer below corresponds to the

annealed state, implying no active deformation in

the deep continents. However, it is difficult to under-

stand the physical reason for the transition to annealed

state. KARATO (1992) proposed that the Lehmann dis-

continuity might correspond to the change in deforma-

tionmechanisms fromdislocation creep in the shallower

mantle to diffusional creep in the deeper upper mantle.

This hypothesis is based on the known large difference

in activation volume between dislocation creep and dif-

fusional creep in olivine that makes dislocation creep a

favorable mechanism of deformation in the shallow

portion. An implicit assumption here is that the grain

size in the deep upper mantle is fixed by some mecha-

nism such as the Zener pinning (see Chapter 13) so that

grain size does not grow over the critical size for dis-

location creep. DEUSS and WOODHOUSE (2004) dis-

cussed that the regional variation in the depth of the

Lehmann discontinuity is consistent with this model.

19.4. Rheological properties of the deep
mantle

The mantle below the 410-km discontinuity occupies

�80% of the mantle and the rheological properties of

materials there have an important influence on the

dynamics and evolution of this planet. However,

the rheological properties of Earth materials below

the transition zone are poorly constrained at this time

because of the lack of reliable direct measurements of

rheological properties under these conditions. The

obvious reason is the difficulties in quantitative defor-

mation experiments under deep mantle conditions (for

details see Chapter 6). Consequently, the discussions

below are necessarily more sketchy than the discussion

on the rheological properties of the shallower portions

of Earth. However, some estimates of rheological

properties are possible by the combination of (1)

systematics between rheological properties and crystal

structure (see Chapter 15), (2) distribution of
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FIGURE 19.11 Viscosity contrasts (for a given stress) between

continental and oceanic upper mantle as a function of contrasts in

temperature and water content at �200 km depth (Cw is the water

content).
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homologous temperature (T/Tm, Tm, melting temper-

ature), (3) (limited) results of direct mechanical tests,

(4) diffusion coefficients measured at deep mantle con-

ditions and (5) models of grain-size distribution.

19.4.1. Transition zone

The transition zone of Earth’s mantle is made mainly

of high-pressure polymorphs of olivine and pyroxenes,

i.e., wadsleyite, ringwoodite and majorite (see

Chapter 17). The presence of seismic anisotropy in

the transition zone (e.g., TRAMPERT and VAN HEIJST,

2002) suggests that the dominant mechanism of defor-

mation is dislocation creep, although in some regions

of small grain size (e.g., in a cold subducting slabs

after phase transformation), diffusional creep will be

important. Direct deformation experiments on major-

ite garnet have not been performed but some prelimi-

nary results are available for deformation of wadsleyite

and ringwoodite (SHARP et al., 1994; CHEN et al.,

1998; KARATO et al., 1998; KUBO et al., 1998;

MOSENFELDER et al., 2000; THUREL and CORDIER,

2003; THUREL et al., 2003a, 2003b; XU et al., 2003;

NISHIHARA et al., 2007b). Most of these studies are for

dislocation creep and they suggest that wadsleyite and

ringwoodite are stronger than olivine compared at

similar conditions. KARATO et al. (1998) also reported

evidence for the transition in deformation mechanisms

between dislocation and diffusional creep (or super-

plasticity) in ringwoodite (Fig. 19.12). This transition

was inferred by the microstructural observations

including dislocation density and the morphology of

grain boundaries. However, there is no consensus as to

the role of water in deformation of these minerals.

Based on the observed enhancement of the kinetics of

olivine to wadsleyite phase transformation, KUBO et al.

(1998) inferred that water significantly enhances plastic

deformation of wadsleyite. In contrast, based on defor-

mation experiments of powder samples, CHEN et al.

(1998) reported that water weakening effects are very

small for wadsleyite and ringwoodite. Based on the

systematics in creep and crystal structure (KARATO,

1989c), KARATO et al. (1995a) suggested that ringwoo-

dite is somewhat stronger than olivine and garnet is

significantly stronger than other co-existing minerals,

and therefore a subducting slab in the transition zone

is rheologically stratified having a relatively strong

garnet-rich paleo-oceanic crust. JIN et al. (2001) reached

the same conclusion. However, KATAYAMA and

KARATO (2007) noted that the relative strength of gar-

net and olivine changes with water content.

The kinetics of phase transformation may affect the

rheological properties (see Chapter 15). It was some-

times speculated that the internal stress (strain) associ-

ated with a phase transformation might enhance

deformation (transformational plasticity) (SAMMIS

and DEIN, 1974; PARMENTIER, 1981; PANASYUK and

HAGER, 1998). These authors suggested that there may

be a weak layer near the 410- or 660-km discontinuity

due to transformation plasticity. However, the analysis

of microscopic mechanisms of this process suggests

that this effect is not important in most hot regions

(Chapter 15).

Another better documented process is the weaken-

ing due to grain-size reduction. When a phase trans-

formation occurs, the grain size of new phase material

is sometimes reduced. VAUGHAN and COE (1981) pre-

sented the first experimental data showing weakening

due to grain-size reduction associated with the olivine–

spinel phase transformation using a germanate analog

(Mg2GeO4). RUBIE (1984) discussed the possible role

of grain-size reduction due to the olivine–spinel phase

transformation in controlling the rheological proper-

ties of slabs. The physics of this process is discussed in

Chapter 13. Briefly the grain size after a phase trans-

formation is sensitive to the temperature at which the

phase transformation occurs: when a phase transfor-

mation occurs at low temperatures, resultant grain size

of a new phase tends to be small. RIEDEL and KARATO

(1997) and KARATO et al. (2001) made a detailed
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FIGURE 19.12 A deformation mechanism map for ringwoodite

inferred from microstructural observations (after KARATO et al.,

1998), where T is the temperature, Tm is melting temperature, L is

grain size, and b is the length of the Burgers vector. Diffusional creep

in fine-grained samples is inferred from the low dislocation density

and the presence of many four-grain junctions that suggest significant

grain-boundary sliding (see Chapter 8). Dislocation creep in coarse-

grained samples is inferred from the high dislocation density.
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analysis of this process for subducting slabs and sug-

gested that significant weakening occurs in a cold slab

but not in a warm one.

In summary, the transition zone minerals are some-

what stronger than the upper mantle minerals com-

pared at similar conditions. The strength difference

probably increases with the amount of garnet in the

transition zone. Grain-size reduction in cold regions of

subducting slabs due to phase transformations will

reduce the strength locally. Water is likely to reduce

the creep strength of transition zone minerals, but the

quantitative experimental data are missing at this time.

19.4.2. Lower mantle

The lower mantle of Earth is composed mainly of

(Mg, Fe)SiO3 perovskite and (Mg, Fe)O. Based on the

absence of seismic anisotropy, KARATO et al. (1995b)

suggested that most of the lower mantle is deformed by

diffusional creep (or superplasticity), although some

regions of the bottom boundary layers may be

deformed by dislocation creep. Flow laws of various

perovskites were determined and a general trend in

dislocation creep of crystals with perovskite structure

was investigated (e.g., BEAUCHESNE and POIRIER,

1990; WANG et al., 1993). These results can be com-

pared with the extensive data set on deformation of

(Mg, Fe)O ((Mg, Fe)O is stable at ambient conditions

and many data are available for the rheological pro-

perties of this mineral at room pressure (for a review

see FROST and ASHBY (1982)). The result suggests that

(Mg, Fe)O is significantly weaker than perovskite in

dislocation creep regime (see also Chapter 15).

Direct deformation experiments on (Mg,Fe)SiO3

perovskite are very limited. KARATO et al. (1990) per-

formed room-pressure indentation tests on single crys-

tal MgSiO3 perovskite and inferred the slip systems.

MEADE and JEANLOZ (1990) andMERKEL et al. (2003)

performed deformation experiments on silicate perov-

skite at lower mantle pressures at low temperatures.

However, since rheological properties are sensitive to

temperature, the relevance of these low-temperature

experiments is questionable. CHEN et al. (2002b) per-

formed deformation experiments of silicate perovskite

under modest temperatures and high-pressure condi-

tions and CORDIER et al. (2004) conducted similar

experiments at higher pressures. CHEN et al. (2002b)

obtained semi-quantitative results on the creep

strength and suggested that silicate perovskite is stron-

ger than other minerals in the mantle, but the flow law

parameters are not determined and the reported very

weak temperature dependence of strength is highly

unusual. CORDIER et al. (2004) did not determine the

strength but inferred the slip systems from X-ray stud-

ies. Both of these studies are for dislocation creep.

However, almost nothing is known, at this time,

about the quantitative rheological properties and dom-

inant slip systems of silicate perovskite under the con-

ditions relevant to Earth’s lower mantle from direct

deformation experiments.

The rheological properties of the lower mantle may

be estimated from diffusion coefficients. This approach

has merits for two reasons. First, diffusional creep is

likely to be a dominant deformation mechanism in

most portions of the lower mantle as KARATO et al.

(1995b) suggested. In such a case, the viscosity of the

lower mantle can be inferred from the diffusion coef-

ficients. Second, the measurements of diffusion coeffi-

cients are easier than the measurements of creep

strength under high-pressure conditions. In fact, there

have been several experimental studies to determine

the diffusion coefficients of oxygen or silicon under

lower mantle conditions (e.g., YAMAZAKI et al., 2001;

YAMAZAKI and IRIFUNE, 2003; VAN ORMAN et al.,

2003). Given plausible estimates of temperatures and

grain size, one can infer the viscosity profile from

these studies (e.g., YAMAZAKI and KARATO, 2001b,

Fig. 19.13). They found that a grain size of �2–3mm

gives a viscosity of �1022 Pa s as inferred from geo-

physical methods (Chapter 19). Note that the available

experimental data on diffusion in the lower mantle

minerals show relatively small activation energies and

volumes leading to an only modest increase in viscosity

with depth in the lower mantle.5 YAMAZAKI and

KARATO (2001b) noted that (Mg, Fe)O is likely to be

much weaker than co-existing perovskite in the diffu-

sion creep regime as well as in the dislocation creep

regime. Consequently, the geometry of a weaker phase,

(Mg, Fe)O, is likely to play an important role in con-

trolling the creep strength of a two-phase aggregate

(see Chapter 12). Another important point is a possible

non-monotonic pressure dependence of diffusion coef-

ficients. ITO and TORIUMI (2007) showed, based on

molecular dynamics calculations, that the diffusion

coefficient of oxygen in MgO has its minimum at a

mid-lower mantle depth. If this result applies to Earth’s

5 There was a speculation that the activation volume decreases with pressure

to explain the geophysically inferred modest depth variation in viscosity

(see Chapter 10). Such a model is physically unreasonable and is not

required to explain the observation.
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lower mantle, then the viscosity of the lower mantle

will have a maximum at a mid-lower mantle depth.

The role of water on plastic deformation was not

investigated in any of these previous studies on the lower

mantle phases although the solubility ofwater (hydrogen)

was studied (e.g., BOLFAN-CASANOVA et al., 2002, 2003;

MURAKAMI et al., 2002). The role ofwater on rheological

properties is known to be large in all previous studies for

low-pressure minerals (Chapter 10) and there is an urgent

need to determine the influence of water on rheological

properties of the lower mantle phases.

Recently a new phase (the post-perovskite phase) in

silicate (Mg, Fe)SiO3 was found and it is proposed that

a significant fraction of the bottom part of the lower

mantle might be made of this new phase (MURAKAMI

et al., 2004; OGANOV and ONO, 2004). Nothing is

known about the rheological properties of this phase,

but based on theoretical calculations, this mineral is

likely to have large elastic anisotropy (TSUCHIYA et al.,

2004a). Therefore an understanding of the rheological

properties, particularly the slip systems of this mineral,

is important in interpreting seismic anisotropy in terms

of flow pattern (see Chapter 21).

19.4.3. Some topics on deep mantle, related
to rheological properties

A large number of important geodynamic issues

are closely related to the rheological properties in the

deep mantle minerals. They include (1) the origin of

deep and intermediate earthquakes (e.g., GREEN

and HOUSTON, 1995; KARATO et al., 2001), (2) the

rheological contrast between different geochemical

reservoirs (e.g., MANGA, 1996; BECKER et al., 1999)

and (3) the structure and dynamics of plumes (e.g.,

KORENAGA, 2005). In all of them, an understanding

of the rheological properties of Earth materials under

deep Earth conditions is critical. For example, in inves-

tigating the origin of deep (and intermediate depth)

earthquakes, we need to understand the rheological

properties of subducting slabs, not only their ‘‘steady-

state’’ rheological properties but also the instabilities of

deformation (Chapter 16). The nature of mixing of

different geochemical reservoirs depends on the rheo-

logical contrasts as well as on the density contrasts

among them. Perhaps the most important cause for

rheological contrast is the difference in water content.

However currently almost nothing is known about the

effect of water on the rheological properties of deep

mantle minerals. Finally, the recent observations of

structures of plumes by high-resolution tomography

(e.g., MONTELLI et al., 2004) show not-so-hot and

thick plumes which are a marked contrast to the classic

model of a plumewith a big head and a hot and thin tail

(e.g., WHITEHEAD and LUTHER, 1975; HILL et al.,

1992). The geodynamic significance of such observa-

tions has been investigated based on the basic physics

of rheological properties (e.g., KORENAGA, 2005;

KARATO, 2007).

19.5. Rheological properties of the core

19.5.1. Outer core

Seismic shear waves do not propagate through the

outer core and therefore the outer core must be made

mainly of liquid. The fundamental microscopic physics

for the viscosity of a liquid is different from that of a

solid and the viscosity of the outer core does not play a

very important role in the core dynamics in compar-

ison to the role of rheological properties in mantle

dynamics. Consequently, I will only discuss this issue

briefly for completeness. For a more detailed discus-

sion on the physical properties of liquids, see POIRIER

(2000), MARCH and TOSI (2002), and BARRAT and

HANSEN (2003). The viscosity of the outer core may

be inferred based on low-pressure measurements of

viscosity of molten iron (alloy) (SECCO, 1995) with an

extrapolation based on some theoretical models.

POIRIER (1988) showed that the viscosity of a molten

1000 2000 3000
Depth (km)

MgO

MgO
MgO

3%
10%
30%

3%
10%
30%

3%
10%
30%

3%
10%
30%

MgO
18

20

22

24Lo
g η

 (P
a s

)

18

20

22

24

perovskite

perovskite

perovskite

perovskite

D

BA

C

3000 2000 1000
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inferred from the diffusion coefficients in perovskite and (Mg, Fe)O

(after YAMAZAKI and KARATO, 2001b). The viscosity was calculated

from diffusion coefficients assuming a constant grain size for a range

of geotherms. A modest depth variation in viscosity is predicted due

to the small activation energy and volume.
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liquid follows a homologous temperature scaling law,

i.e., � / exp �Tm Pð Þ=Tð ), similar to solids. Viscosity on

the order of 10�3–10�2 Pa s is inferred (POIRIER, 1988).

Since the viscosity of the outer core is so low, the outer

core can be treated as an inviscid liquid except for a

thin boundary layer (the Ekman layer) in most geo-

dynamo modeling (e.g., MERRILL et al., 1998).

19.5.2. Inner core

The inner core is solid, and is likely to be made of an

iron-rich alloy with a hexagonal close pack (hcp)

structure (Chapter 17). Recent seismological observa-

tions show surprisingly rich details of the central part

of this planet. They include the discovery of strong

anisotropy and possible relative rotation of the inner

core with respect to the mantle (e.g., SONG, 1997;

TROMP, 2001). An understanding of rheological

properties of the inner core materials helps the geo-

dynamic interpretation of these observations. First,

the development of anisotropic structure depends on

the rheological properties such as the deformation

mechanism (dislocation versus diffusional creep) and

the slip systems of dislocations (Chapter 14). Second,

the nature of inner core rotation depends on its rheo-

logical properties. BUFFETT (1997) showed that the

gravitational interaction between the inner core and

the mantle can have an important control on the

inner core rotation, and that the inner core rotation

cannot occur when its viscosity is in the range of

1017–1020 Pa s. Therefore two issues, namely the mag-

nitude of viscosity and the mechanisms of deforma-

tion, need to be investigated to understand the

geodynamic significance of these observations.

The temperature in the inner core is close to its

melting temperature (0.96–0.99 Tm), and since thermal

conductivity of metallic iron is very high, the magni-

tude of deviatoric stress is expected to be low. KARATO

(1999, 2000) estimated that the deviatoric stress in the

inner core is �10–104 Pa. Therefore the deformation

mechanism in the inner core would be diffusional creep

unless grain size is large. BERGMAN (1998) estimated

the grain size of the inner core from the kinetics of

crystallization and obtained �102 m. The grain size of

the inner core can also be inferred from the observed

seismic wave attenuation. Attenuation in the inner core

is characterized by the Q values of QP¼ 200–600

(BHATTACHARYA et al., 1993; SOURIAU and ROUDIL,

1995; CORMIER and LI, 2002; LI and CORMIER, 2002;

WEN and NIU, 2002) which is surprisingly large (i.e.,

low attenuation) for a metal close to the melting tem-

perature. A plausible explanation for this low attenu-

ation is to invoke a large grain size. Using the

experimental data by JACKSON et al. (2000a), one can

estimate the grain size of �102–103m. Such a large

grain size is in harmony with the high-temperature,

low-stress conditions in the inner core and is consistent

with the observations of seismic wave scattering (e.g.,

CORMIER et al., 1998; VIDALE et al., 2000; VIDALE and

EARLE, 2000). With this range of large grain size,

deformation in the inner core may occur by dislocation

creep that could result in lattice-preferred orientation.

In fact, deformation at the stress estimated above

would lead to a grain size of �1–104m if grain size is

controlled by dynamic recrystallization (Chapter 13).

The order of magnitude of the effective viscosity of the

inner core can be inferred from the crystal structure–

plasticity systematics reviewed in Chapter 15. Such an

analysis yields viscosities of�1015–1019 Pa s (KARATO,

2000). Interestingly, the viscosity values based on this

rough estimate are close to the boundary between

‘‘locked’’ and ‘‘free’’ regimes for the mantle–inner core

gravitational coupling calculated by BUFFETT (1997).

Some direct deformation experiments have been

performed on hcp iron at high-pressure conditions

(WENK et al., 2000; MERKEL et al., 2004), but the

significance of these results to the inner core is ques-

tionable, because the stress and temperatures (in most

cases room temperature) in these experiments are

vastly different from those expected in the inner core.

It was sometimes considered that the inner core of

Earthmay contain a large fraction of melt (e.g., FEARN

et al., 1981; SINGH et al., 2000). However, the presence

of a large fraction of melt is unlikely because of effi-

cient compaction (SUMITA et al., 1996), and partial

melting is not required to explain seismic attenuation.

Most of the rheological properties of the inner core can

be attributed to solid-state processes.
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20 Heterogeneity of Earth structure
and its geodynamic implications

Lateral heterogeneity in Earth exists at various scales. Such heterogeneity includes the lateral variation

in seismic wave velocities and attenuation as well as the topography on seismic discontinuities. This

chapter focuses on the seismological observations on large-scale (� 100 km or larger) heterogeneity

and provides a summary of (i) basic seismological observations on lateral heterogeneity of velocity

and attenuation and the depth of seismic discontinuities, and (ii) their geodynamical interpretation.

Interpretation of heterogeneity in seismic observations is not straightforward because a variety of

factors could cause the lateral variation of seismological observables. However, some important

conclusions have been obtained including (i) the large depth variation in the amplitude of velocity

anomalies, and (ii) the fact that the ratio of anomalies in S- and P-wave velocities can be naturally

interpreted by thermal anomalies, if the nature of anharmonicity and anelasticity is appropriately

taken into account. In contrast, inferring chemical heterogeneity from seismological observations is

challenging because of either low or poorly known sensitivity of observable parameters to chemical

composition. Issues of identifying chemical heterogeneity are discussed including the heterogeneity in

major element chemistry as well as heterogeneity in hydrogen (water) content.

Key words seismic tomography, topography on discontinuities, anharmonicity,Grüneisen parameter,

anelasticity.

20.1. Introduction

Earthmodels discussed in Chapter 17 are characterized

by laterally homogeneous and almost isotropic

structure. One of the standard models, PREM

(DZIEWONSKI and ANDERSON, 1981), introduced an

anisotropic layer in the topmost region (top 220 km),

but the model is still highly idealized in that anisotropy

is considered only in the top 220 km layer and more

importantly, properties are assumed to be independent

of the horizontal coordinate (i.e., the longitude or lat-

itude). Such an ideal structure (i.e., a laterally homoge-

neous model) would, however, correspond to a static

(dead) Earth, because there would be no driving forces

for convection in such an idealized Earth.

In a real dynamic Earth, there must be deviations

from such a structure corresponding to the lateral

variation in density (temperature and/or chemical

composition) that provides a driving force for convec-

tion. Also the structure in a dynamic Earth often

becomes anisotropic due to flow-induced anisotropic

structures. Therefore the deviations from an ideal

structure, namely the lateral variation in seismic wave

velocities and density, and the anisotropic structures,

are closely related to the dynamics of the Earth’s inte-

rior. High-resolution probing of the Earth’s interior

through seismology can provide crucial data to map

out these deviations from an ideal structure.

In this chapter we focus on lateral heterogeneity

(seismic anisotropy is discussed in Chapter 21). We

will first learn the basic concepts behind seismic tomog-

raphy and other high-resolution seismology from which

the fine structures of the Earth can be determined. Then 363



a brief review is provided on the basic results for lateral

heterogeneity. The focus of this chapter is the interpre-

tation of these observations based on mineral physics.

Results from previous chapters (Chapters 4 and 11)

are synthesized to provide a basis for interpretation of

lateral heterogeneity in terms of physical and chemical

anomalies in the Earth.

20.2. High-resolution seismology

20.2.1. Fundamentals of high-resolution
seismology

Seismic tomography (velocity tomography)
The most commonly used technique to infer velocity

heterogeneity is seismic tomography. Tomography is a

powerful method to determine the three-dimensional

structure of an object from the (two-dimensional) data

outside of it. In seismology, a large number of data

collected on Earth’s surface are inverted for three-

dimensional structures. The basic concept of seismic

tomography is reviewed in LAY and WALLACE (1995)

and some technical details can be found in NOLET

(1987a) and IYER and HIRAHARA (1993).

The anomalies in seismic wave velocities can be

inferred from (i) travel-time anomalies of body waves,

(ii) anomalies in the dispersion of surface waves1 and

(iii) anomalies in the frequencies of free oscillations.

The use of travel-time anomalies is the most straight-

forward technique, first developed by AKI et al. (1977)

and DZIEWONSKI et al. (1977). In fact, in classic papers

such as FUKAO et al. (1992) and VAN DER HILST et al.

(1997), travel-time anomalies of body waves were used

to obtain high-resolution images of fast velocity

anomalies corresponding to subducted materials.

Although simple, a major disadvantage of this techni-

que is that it is sensitive to uncertainties in the location

of earthquakes. To appreciate this, let us consider the

influence of uncertainties in earthquake location of

� 10 km (this is a typical value of uncertainty). With a

distance of� 1000 km, this will yield the uncertainty in

velocity of � 1%. Improvement in earthquake loca-

tions played an important role in enhancing the reso-

lution of body-wave tomography2 (e.g., ENGDAHL

et al., 1998). An important improvement in the theo-

retical approach is the development of waveform inver-

sion (e.g., NOLET, 1987b). In this technique, not only

the travel-times of certain waves but also the whole

data set of seismic records are used to constrain the

structure of Earth. In addition, there is a complication

due to the fact that there is a significant deviation from

ray theory (i.e., Snell’s law) in the propagation of

actual seismic waves. The wavelength of seismic

waves is often comparable to the scale of the lateral

variation of the structure (for instance, an S-wave of

frequency of 100 s has a wavelength of 400–600 km).

Consequently the effects of a finite wavelength must

be evaluated when structures whose characteristic

length is comparable to the wavelength of seismic

waves (NOLET, 2000; NOLET and DAHLEN, 2000) are

to be determined. This is quite different from medical

tomography, in which the wavelength of X-rays

(� 0.1 nm) is much shorter than the scale of hetero-

geneity (� 1 cm).

A somewhat different approach is used when one

uses surface waves or free oscillation data. The ampli-

tude of surface waves decreases with distance less than

body waves and consequently surface waves provide

rich data on the structure of the upper mantle. The use

of surface waves is critical for the study of upper

mantle structure (e.g., ANDERSON et al., 1992;

ZHANG and TANIMOTO, 1993). The velocity of surface

waves depends on the frequency as well as the depth

variation of elastic properties. From the frequency

dependence of the phase velocity of surface waves one

can infer the structure of Earth’s near-surface layers.

The amplitude of surface waves decreases with depth

and the information on the Earth’s structure is limited

to relatively shallow portions of the Earth (in most

cases the upper mantle). In the analysis of free oscilla-

tion, one uses the slight deviation of free oscillation

peak frequencies from those corresponding to an Earth

with an ideal structure. Because the deviation of the

real structure from the ideal structure often results in

splitting of a peak, this distortion is often referred to as

a ‘‘splitting function’’ (e.g., DAHLEN and TROMP,

1998). Results from the analysis of free oscillation are

free from the uncertainties in the location of sources

1 Seismic waves are classified into bodywaves and surfacewaves. Bodywaves

are waves that propagate through a three-dimensional body without the

influence of a surface boundary. When a free surface is present in otherwise

infinite material, the displacement of the wave must satisfy the surface

boundary conditions, and consequently, there will be special types of waves

in which material displacement is confined to near-surface regions. These

are called surface waves. The surface boundary conditions are satisfied by

the combination of solutions with various ‘‘modes.’’ Free oscillation is a

special type of surface wave for which the boundary conditions at the

surface are satisfied for waves propagating in a finite body.

2 Note that to determine earthquake locations, we need to know the struc-

ture of Earth. Therefore the precise location of earthquakes is made

through an iterative process.
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but these results usually have low spatial resolution.

Also these results are sensitive to the focal mechanisms

(source processes such as the direction of propagation

of rupture).

When one uses the data on the spheroidal modes

of free oscillation, then one could infer the density

anomalies as well as the velocity anomalies. This is

because the spheroidal modes of free oscillation

involve the radial motion of materials against gravity

and hence they are sensitive to the density distribution.

Anomalies in the gravitational field can also be used to

obtain some insights into the density variation.

Although the resolution of such an approach is limited,

some intriguing results have been obtained from such

an approach (ISHII and TROMP, 1999; TRAMPERT

et al., 2004; see also MASTERS and GUBBINS, 2003).

Thus, in seismic tomography, we are dealing with a

less than ideal data distribution and because the scale

of lateral heterogeneity is comparable to the wave-

length of seismic waves, the seismological records are

influenced by finite-frequency effects. Consequently,

key to the success of seismic tomography are: (1) the

development of better networks of seismic stations, (2)

the improvement in computer technology to handle a

large volume of data and (3) the development of better

theoretical techniques to determine three-dimensional

structure from noisy two-dimensional data, including

the effects of finite wavelength.

Note that in most velocity tomography, elastic

isotropy is assumed. However, as we will learn in

Chapter 21, the amplitude of anisotropy is comparable

to the amplitude of velocity heterogeneity in some

cases. Some bias can be introduced by this assumption

(e.g., GUNG et al., 2003).

Topography and the nature of discontinuities
Tomography is not the only technique to infer hetero-

geneous structures. Another equally useful technique is

the mapping of topography on discontinuities. A sim-

ple Earth model such as PREM has several discon-

tinuities such as the ‘‘410-km’’ or the ‘‘660-km’’

discontinuity. However, the actual depths of these dis-

continuities can deviate from these average values.

Mapping the topography on these discontinuities can

be made using signals caused by the conversion of

seismic waves (from S to P or vice versa) or using the

reflected waves. The topography on these boundaries

has significant geodynamic implications. First, the

density contrasts across these discontinuities are gen-

erally large (a few percent). Therefore, the topography

on these discontinuities results in a large lateral

variation in density which has an important influence

on the convection pattern (e.g., PHIPPS MORGAN and

SHEARER, 1993). Second, the topography on these boun-

daries may be caused by various factors including lateral

variation in temperature and/or chemical composition

(e.g., BINA and HELFFRICH, 1994; HELFFRICH, 2000;

BLUM and SHEN, 2004). Consequently understanding

the causes of the topography on these boundaries will

improve our understanding of distribution of these

parameters. Caution must be made in interpreting these

results. The most important is that the topography

obtained from these analyses depends on the wavelength

of seismic waves. This is due to the fact that in a real

Earth with a multi-component system, the structure of a

discontinuity can be complicated. For example, the ‘‘660-

km’’ discontinuity may be composed of various small-

scale discontinuities at different depths each of which has

a different sharpness and different magnitude of jumps in

density/seismic wave velocity (e.g., WEIDNER and

WANG, 2000). For a review of studies on the topography

of discontinuities see SHEARER and MASTERS (1992),

FLANAGAN and SHEARER (1998), SHEARER (2000)

and GU et al. (2003).

The impedance contrast can also be determined

when the amplitude of waves passing through a dis-

continuity is analyzed. When a seismic wave goes

through a velocity (or density) discontinuity, reflection

and refraction will occur and therefore a P-wave, for

example, will be converted to both P- and S-waves. The

amplitude of converted waves is sensitive to the impe-

dance contrast at the discontinuity, and hence the

velocity (or density) jump at a discontinuity can be

determined from the observations of the amplitude of

converted waves. Also from a detailed analysis of the

waveforms, the sharpness of the boundary can be

inferred (e.g., BENZ and VIDALE, 1993; VAN DER

MEIJDE et al., 2003). The sharpness of a discontinuity

contains some information as to the physical and

chemical state of the Earth’s interior (e.g., WOOD,

1995; KARATO, 2007).

Attenuation tomography
The sensitivity of anelastic properties to physical

and chemical conditions in the Earth is quite different

from that of seismic wave velocities (Chapter 11).

Consequently, seismic wave attenuation provides

important additional data to infer physical and chem-

ical states in Earth’s interior. Attenuation can be deter-

mined by (i) the measurements of amplitude decay

with distance or (ii) from the broadening of peaks

of free oscillation (or from the modifications to the
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waveform). Both amplitude and broadening measure-

ments are subject to a number of complications. Among

them, the most important source of uncertainty is the

influence of geometrical spreading or focusing effects.

One way to minimize the uncertainties in the body-

wave attenuation measurements is to use the relative

amplitude of P- and S-waves recorded for the same

source–station pair (e.g., SHITO and SHIBUTANI,

2003a). GUNG and ROMANOWICZ (2004) discussed

some of the technical issues in attenuation tomography

with special reference to long-wavelength records such

as surface wave data. In general, spatial resolution and

errors in attenuation tomography are worse than those

in velocity tomography (e.g., ROTH et al., 1999).

However, in regions with dense source–station coverage

such as the Philippine Sea upper mantle (e.g., SHITO

and SHIBUTANI, 2003a) and Tohoku, Japan (e.g.,

TAKANAMI et al., 2000; TSUMURA et al., 2000), rela-

tively high-resolution images of attenuation can be

obtained. SHITO and SHIBUTANI (2003b) and SHITO

et al. (2006) used both velocity and attenuation

tomography to infer the distribution of water in the

upper mantle. LAWRENCE and WYSESSION (2006)

inverted attenuation simultaneously with the velocity

throughout the whole mantle using the body-wave

data. The attenuation tomography is reviewed by

ROMANOWICZ (1994) and ROMANOWICZ and DUREK

(2000).

20.2.2. Some basic results

The first tomographic images of Earth’s interior at the

global scale were published in 1984 (DZIEWONSKI,

1984; WOODHOUSE and DZIEWONSKI, 1984). These

pioneering studies revealed that there are large

anomalies in seismic wave velocities at both the top

and the bottom of the mantle. Low velocities along

mid-ocean ridges were documented, but large-scale

anomalies in velocities were also found near the bot-

tom of the mantle. The pattern of anomalies in the D0 0

layer has a long-wavelength feature and is character-

ized by a circum-Pacific high-velocity anomaly and

0
1000

900

800

700

600

500

400

300

200

100

0

0°

330°

300°
300°

–30°

0° 30
°

300° 60
°270°

10 20 30 40 50 60 70 80

–5% +5%δ VS

Distance along Mid-Atlantic Ridge (deg)

D
ep

th
 (k

m
)

90 100 110120 130 140 150160 170 180 190 200

FIGURE 20.1 A result of high-resolution velocity tomography (S-wave velocity anomalies) in the upper mantle along the mid-Atlantic

ridge (MONTAGNER and RITSEMA, 2001). Low-velocity anomalies beneath ridges are in most cases shallow (< 150 km), whereas in regions

near hotspots, low-velocity anomalies occur in the deeper portions. Plate 8.

366 Deformation of Earth Materials



two broad low-velocity anomalies, one beneath the

south Pacific and another beneath Africa. These

long-wavelength features turned out to be robust

features even after improvements in the resolution

(e.g., RITSEMA et al., 1999; MASTERS et al., 2000).

In addition, some detailed structures related to hot

upwellings as well as cold down-going materials have

been determined (e.g., FUKAO et al., 2001; MONTELLI

et al., 2004). The main observations can be summar-

ized as follows.

(1) There are well-developed low-velocity anomalies

beneath mid-ocean ridges but their depth extent is

limited to� 150km (ZHANG and TANIMOTO, 1992,

1993;MONTAGNER andRITSEMA, 2001) (Fig. 20.1).

(2) There are high-velocity regions at the bottom of

the mantle around the Pacific corresponding to the

location of present and recent-past subduction

zones (DZIEWONSKI, 1984; TANIMOTO and

ANDERSON, 1990) (Fig. 20.2).

(3) There are two broad regions of low velocity at the

bottom of the mantle, one beneath the south Pacific

and another beneath Africa (DZIEWONSKI, 1984;

TANIMOTO and ANDERSON, 1990) (Fig. 20.2).

Some of the boundaries between these low-velocity

regions and surrounding regions are sharp (e.g.,

WEN et al., 2001).

(4) Low-velocity anomalies beneath ‘‘hot spots’’ are

deep (> 200 km), and in some cases extend down

to the core–mantle boundary but in other cases they

extend only to � 660km (ZHANG and TANIMOTO,

1992, 1993; MONTAGNER and RITSEMA, 2001;

MONTELLI et al., 2004; ZHAO, 2004) (Fig. 20.1).

(5) High-velocity anomalies beneath the continents are

deep (� 200–300km) but are dependent on the age

of continents. The very old Archean (older than

� 2.7Gyr) continents generally have a thicker root

than young Proterozoic continents (e.g., JORDAN,

1975; ZHANG and TANIMOTO, 1993; GUNG et al.,

2003).
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(6) High-velocity anomalies associated with slabs

continue to a greater depth. In some cases, one

can trace the high-velocity anomalies to near the

core–mantle boundary, but in many regions, there

is significant distortion of the morphology of high-

velocity anomalies around 500–800 km and at

depths close to the core–mantle boundary, anoma-

lies become fuzzy (e.g., FUKAO et al., 1992, 2001,

2003; GRAND, 1994; VAN DER HILST et al., 1997;

ROMANOWICZ, 2003; ZHAO, 2004) (Fig. 20.3).

(7) The amplitude of velocity anomalies decreases

significantly with depth until it becomes high again

toward the bottom of the mantle (e.g., MASTERS

et al., 2000; ROMANOWICZ, 2003) (Fig. 20.4).

(8) The amplitude ratio of anomalies of S- to P-wave

velocities, RS/P, has a distinct depth variation.

In the shallow upper mantle, this ratio is � 1–1.5,

whereas it increases to � 3 in the deeper mantle

(e.g., MASTERS et al., 2000; ROMANOWICZ, 2003)

(Fig. 20.5).
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(9) The anomalies in S-wave velocities correlate with

those of P-wave velocities, but the correlation

between S-wave velocities and bulk sound wave

velocities is weak and sometimes negative, partic-

ularly in the very deep lower mantle. Similarly, the

correlation between S-wave velocity anomalies

and density anomalies becomes negative in some

regions, including the very deep lower mantle

(ISHII and TROMP, 1999; MASTERS et al., 2000)

(Fig. 20.2).

(10) There is a distinct topography for some of the

discontinuities (e.g., SHEARER and MASTERS,

1992; FLANAGAN and SHEARER, 1998; GU et al.,

2003). The ‘‘660-km’’ discontinuity tends to

be deeper in regions near subduction zones. In

contrast, the topography of the ‘‘410-km’’ discon-

tinuity is sometimes anti-correlated with that of

the 660-km discontinuity and sometimes not

(Fig. 20.6).

(11) Three-dimensional mapping of attenuation struc-

ture has been performed (e.g., HASHIDA, 1989;

ROMANOWICZ, 1995, 2003; ROTH et al., 1999;

BILLIEN et al., 2000; TAKANAMI et al., 2000;

TSUMURA et al., 2000; SHITO and SHIBUTANI,

2003a; GUNG and ROMANOWICZ, 2004). These

studies show enhanced attenuation in the shallow

upper mantle beneathmid-ocean ridges, deep into

the mantle near hot spots and some parts of the

subduction zone upper mantle (wedge mantle)
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FIGURE 20.4 The rms (root-mean-square) values of

S-wave velocity anomalies as a function of depth

(ROMANOWICZ, 2003).
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(Fig. 20.7). Regional variation in attenuation in

the lower mantle has also been documented by

LAWRENCE and WYSESSION (2006).

20.3. Geodynamical interpretation
of velocity (and attenuation)
tomography

It is customary to interpret low- (high-) velocity regions

as hot (cold) regions and materials there are subject to

(negatively) buoyant forces. Obviously mid-ocean

ridges are hot and subducting slabs are cold and these

regions are seen as low- and high-velocity anomalies

respectively. However, such an interpretation is not

always secure because in many cases the influence of

other factors such as the variation in chemical compo-

sition causes anomalies of magnitude comparable to

the anomalies due to temperature variation. This is

particularly true in the deep Earth where the amplitude

of the temperature effect will decrease (due to high

pressure), whereas the amplitude of the chemical effect

may not decrease as we will learn below. If the varia-

tion in iron content is the major factor, for example,

then low-velocity regions would have a higher density

(higher Fe content) andwould be sinking as opposed to

rising. In fact, a non-thermal origin for velocity

anomalies has been proposed in several cases. Based

on a comparison of the amplitude of velocity anoma-

lies due to plausible temperature variations and to the

variation in chemical composition, STACEY (1992)

argued that the majority of velocity anomalies in the

lower mantle are due to chemical rather than thermal

effects. Using the observations of both P- and S-wave

velocity tomography, KARATO and KARKI (2001) and

SALTZER et al. (2001) discussed evidence for chemical

heterogeneity based on the comparison of P-and

S-wave tomography in certain regions of the deep

mantle. In most cases, chemical heterogeneity in

major element composition such as Mg–Fe and Mg–Si

is considered (e.g., FORTE and MITROVICA, 2001;

TRAMPERT et al., 2001; DESCHAMPS et al., 2002), but

heterogeneity in minor components such as calcium

(KARATO and KARKI, 2001), aluminum (JACKSON

et al., 2004b) and hydrogen (water) (e.g., NOLET and

ZIELHUIS, 1994; KARATO, 2003b; SHITO et al., 2006;

VAN DER MEIJDE et al., 2003; BLUM and SHEN, 2004)

was also proposed. Furthermore, on the basis of the

expected small velocity variation due to the thermal

effect, DUFFY and AHRENS (1992) proposed that the

velocity anomalies in the majority of the lower mantle

are due to the variation in the fraction of melt. In fact,

interpretation of low-velocity anomalies in terms of

partial melting is rather popular both for the shallow

and the deep portions of the mantle (e.g., WILLIAMS

and GARNERO, 1996; TOOMEY et al., 1998), although

such an interpretation is not often justifiable as we will

learn in this chapter. Even in a case where a thermal

interpretation of velocity anomalies is valid, it is not

straightforward to obtain the correct conversion factor

to infer temperature anomalies corresponding to veloc-

ity anomalies. If one uses the commonly reported tem-

perature variation of velocity at high frequencies, one

would obtain unreasonably high temperature and den-

sity anomalies. Subtle physics such as the influence of

anelasticity needs to be incorporated in interpreting

seismic tomography (KARATO, 1993a).

The results of seismic tomography have another

direct geodynamic application. Velocity anomalies

may be translated into density anomalies if the con-

version factor is known. The density anomalies can

then be used to calculate the flow pattern for a given

viscosity profile. Such an approach has been used to

infer the flow pattern and the rheological structure of

Earth’s interior (e.g., PHIPPS MORGAN and SHEARER,

1993; KING, 1995b; FORTE, 2000). These two prob-

lems, i.e., the cause of anomalies and the density to

–20

–20

km

GD02

GDA98

FS98
km

20

20

–20 km 20
FIGURE 20.6 Topography of transition zone discontinuities

(ROMANOWICZ, 2003).
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velocity conversion factor are related. As I discussed

above, if the cause of the velocity anomaly is the

anomalies in iron content, then the density to velocity

conversion factor will be negative, although the con-

version factor is positive if there is a thermal origin for

the velocity (and density) anomaly.

All of these issues are of great geodynamic signifi-

cance, but the physical basis for these discussions

involves subtle physics involving the mechanical prop-

erties of materials that need to be analyzed with great

care. This chapter provides a summary of the mineral

physics basis for interpretation of heterogeneity of

seismic wave velocities and attenuation.

20.3.1. Origin of lateral heterogeneity: some
fundamentals

Generalities: variation of seismic wave velocities
with physical/chemical factors
In the most general case, seismological observations

(assuming elastic isotropy) would provide us with the

data on the lateral variation of P- and S-wave velocities

(from which the lateral variation in bulk sound wave

velocity can be calculated), the lateral variation of

seismic wave attenuation and the lateral variation

of density. As I discussed in Chapter 17, the lateral

variation in pressure in Earth’s mantle is so low that

the lateral variation of these quantities should be due

to the anomaly in temperature, T, and/or chemical

composition, Xi, and/or the fraction of melt (or some

other phases), �, and hence3

� logVPðS;�Þ ¼AVPðS;�ÞT �Tþ
X
i

AVPðS;�ÞXi
� logXi

þ AVPðS;�Þ� ��
(20:1a)

� logQ�1PðSÞ ¼AQ�1
PðSÞT

�Tþ
X
i

AQ�1
PðSÞXi

� logXi

þ AQ�1
PðSÞ�

��
(20:1b)

� log � ¼ A�T �Tþ
X
i

A�Xi
� logXi þ A�� ��;

(20:1c)

where � logVP(S,�) is the anomaly in P- (S- or bulk

sound) velocity, � logQ�1PðSÞ is the anomaly in P- (S-)

wave attenuation and � log � is the anomaly in density.

AVPðS;�ÞT � @ logVPðS;�Þ=@T
� �

Xi�
etc. are the parameters

representing the sensitivity of the seismic wave velocity

to a certain parameter such as temperature.

In writing these equations, I treat the fraction of

melt as an independent variable, which is not rigor-

ously true. The fraction of melt is controlled by the

thermodynamic conditions (temperature, pressure and

chemical composition) but also by the process of melt

transport (note that the melt fraction is different from

the degree of melting that is uniquely defined by

the composition, temperature and pressure, see

Chapter 10). Therefore � can be modified independ-

ently by P, T and Xi. Therefore it is convenient to treat

the influence of melt separately from that of temper-

ature, and chemical composition. In other words, the

coefficients AVPðS;�ÞT;AVPðS;�ÞXi
are the partial derivatives

corresponding to a (hypothetical) fixed melt fraction.

When all of � logVP � logVS � logQ
�1
P � logQ�1S

�
� log �Þ are available as observed data, then

equations (20.1a), (20.1b) and (20.1c) can be combined

to yield,

� logVP

� logVS

� logQ�1P

� logQ�1S

� log �

0
BBBBBBBB@

1
CCCCCCCCA
¼

@ logVP

@T
@ logVP

@ logX1
� � � @ logVP

@ logXn

@ logVP

@�

@ logVS

@T
@ logVS

@ logX1
� � � @ logVS

@ logXn

@ logVS

@�

@ logQ�1
P

@T

@ logQ�1
P

@ logX1
� � � @ logQ�1

P

@ logXn

@ logQ�1
P

@�

@ logQ�1
S

@T

@ log �
@T

@ logQ�1
S

@ logX1

@ log �
@ logX1

� � �

� � �

@ logQ�1
S

@ logXn

@ log �
@Xn

@ logQ�1
S

@�

@ log �
@�

0
BBBBBBBBBBBBB@

1
CCCCCCCCCCCCCA

�

�T

� logX1

�

�

�
� logXn

��

0
BBBBBBBBBBBBBB@

1
CCCCCCCCCCCCCCA

: ð20:2Þ

Note that this equation has a maximum of five data

values at each point and has nþ 2 unknowns, where n is

the number of chemical components. Inmany cases, not

all of these data are available. Density anomalies are

difficult to constrain, although some pioneering works

for mapping density anomalies have been made

(e.g., ISHII and TROMP, 1999; DESCHAMPS et al.,

2001; MASTERS and GUBBINS, 2003; TRAMPERT

et al., 2004). In many cases, it is assumed that there is

a unique relation between velocity and density anoma-

lies, and the coefficient in such a relation is determined

from gravity and seismic observations (e.g., FORTE

et al., 1994). In these cases, density anomalies are not

3 Because � logW ¼ ð@ logW=@ logZÞ � logZ ¼ ð@ logW=@ZÞ �Z
(W ¼ VPðS;�Þ; Q

�1
PðS;�Þ, Z ¼ T; Xi; �), one can use either

AWZ � @ logW=@ logZ or ~AWZ � @ logW=@Z. These are equivalent.
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independent observations. Anomalies in seismic wave

attenuation are also more difficult to determine than

anomalies in seismic wave velocities, and in many

cases, attenuation tomography is not available or is

available only with much poorer resolution. So in gen-

eral, we only have a limited number of observations to

constrain anomalies in physical/chemical properties.

Therefore the first challenge in using tomographic

images to infer physical/chemical heterogeneity is to

reduce the possible number of independent unknowns

through the use of some models based on a theoretical

understanding of material properties. The second chall-

enge is to determine the values of matrix elements, Aij,

i.e., the partial derivatives of various physical properties

with respect to temperature, composition and the degree

of partial melting. In many cases, experimental data on

the matrix elements are incomplete and one needs some

theoretical models to extrapolate the experimental data

to perform the inversion of equation (20.2).

Note also that equation (20.2) is in general non-

linear because the matrix elements, Aij (�T, � logXi,

��), are a function of unknowns, (�T, � logXi, ��), as

will be shown later. Therefore equation (20.2) must be

solved through iteration.

If we focus only on seismic wave velocities and

density, then using the relations VS ¼
ffiffiffiffiffiffiffiffi
�=�

p
, VP ¼ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

ðKS þ 4
3�Þ=�

q
and V� �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
V 2

P � 4
3V

2
S

q
¼

ffiffiffiffiffiffiffiffiffiffiffi
KS=�

p
(VS,

shear wave velocity; VP, compressional wave velocity;

V�, bulk sound wave velocity), the lateral variation

in seismic wave velocities can be written in terms of the

lateral variation in elastic constants and density, namely,

� logVS ¼
1

2
ð� log�� � log �Þ (20:3a)

� logVP ¼
1

2
B � � log�þ 1� Bð Þ � � logKS � � log �½ �

(20:3b)

and

� logV� ¼
1

2
ð� logKS � � log �Þ (20:3c)

whereB � 2 1� 2�ð Þ=3 1� �ð Þ ¼ 4
3 �=ðKþ 4

3�Þ ¼ 4
3V

2
S=V

2
P

and � is the Poisson ratio. Among these three velocities,

two are independent, and one can choose two out of

three (VS, VP and V�).
4

In inferring the origin of velocity heterogeneity, it is

useful to consider the ratios of velocity anomalies.

If one takes a ratio of anomalies of two different velo-

cities, then the factor that caused the anomalies

(e.g., temperature anomalies) will be cancelled, and

the ratio depends only on the partial derivatives that

are the material properties.5 Consequently, the infer-

ence of the cause of velocity anomalies is less non-

unique when a ratio of two velocity anomalies is used.

The ratios of various anomalies can be written as

R�=S �
� log �

� logVS
¼ 2

~�� � 1
(20:4a)

R�=P �
� log �

� logVP
¼ 2

Bð~�� � 1Þ þ ð1� BÞð~�K � 1Þ
(20:4b)

RS=P �
� logVS

� logVP
¼ 1

ð1� BÞðð~�K � 1Þ=ð~�� � 1ÞÞ þ B

(20:4c)

and

R�=S �
� logV�

� logVS
¼

~�K � 1

~�� � 1
(20:4d)

where

~�K �
� logKS

� log �
(20:5a)

and

~�� �
� log�

� log �
: (20:5b)

It immediately follows from (20.4c) and (20.4d) that

RS=P ¼
1

ð1� BÞR�=S þ B
: (20:6)

Note that R�/S< 0 corresponds to RS=P41=B ¼
3V 2

P=4V
2
S .

These relations (i.e., equations (20.4) and (20.5)) are

useful because elastic constants are in many cases

essentially dependent on density (i.e., Birch’s law; see

Chapter 4). If the lateral variation of properties is due

to temperature variation then ~�K;� is related to the

4 Although VP contains both K and �, VP and VS are independent. In an

(isotropic) elastic material, there are two independent elastic moduli and

therefore there are two independent elastic wave velocities. Either one

chooses VP;VSð Þ or V�;VS

� �
does not matter.

5 This is true only when anomalies depend on temperature (and other

variables) in a linear fashion.When anelasticity is important, for example,

anomalies depend on temperature in a non-linear fashion, then the ratio

itself depends on temperature.
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Grüneisen parameters as ~�K;� ¼ 2�
K;�
þ 1

3 (see equa-

tion (4.34)). The behavior of the Grüneisen parameters

has been investigated in theoretical and experimental

studies (see equation (4.43)), and therefore one can

place some constraints on the ratios defined by equa-

tion (20.4). A comparison of mineral physics predic-

tions with seismological observations was made by

KARATO and KARKI (2001), TRAMPERT et al. (2001)

and DESCHAMPS and TRAMPERT (2003) and will be

discussed later in this chapter.

Thermal origin
Let us first consider the simplest case where chemical

composition is kept constant and partial melting or

other phase transformations do not have any effect.

In this ideal case, equations (20.1a), (20.1b) and (20.1c)

are simplified to give

� logVPðS;�Þ ¼ AVPðS;�ÞT �T (20:7a)

� logQ�1PðSÞ ¼ AQ�1
PðSÞT

�T: (20:7b)

and

� log � ¼ A�T �T: (20:7c)

In this case, we have only one unknown quantity, the

temperature anomaly, �T, so if we have lateral varia-

tions of P- and S-wave (or bulk sound wave) velocities

(and attenuation), they are not independent but there

must be relationships among them. For instance,

RS=Pð�Þ �
� logVS

� logVPð�Þ
¼ AVST

AVPðS;�ÞT
(20:8a)

or

R�=P S;�ð Þ �
� log �

� logVP S;�ð Þ
¼ A�T

AVPðS;�ÞT
(20:8b)

or

RP S;�ð Þ=Q�1
P Sð Þ
�
� logVP S;�ð Þ

� logQ�1P Sð Þ
¼

AVP S;�ð ÞT

AQ�1
PðSÞT

: (20:8c)

These ratios are (nearly) independent of �T and are

determined only by material properties.

The detailed physics of the temperature dependence

of seismic wave velocities is discussed in Chapter 4.

Let us first consider the simplest case where the temper-

ature dependence of seismic wave velocities arises only

from anharmonicity. In this case, the temperature sensi-

tivity of the seismic wave velocity is given approximately

by a linear function of temperature as (see Chapter 4)

V1PðS;�Þ T;P;Xi; �ð Þ ¼ V1PðS;�Þ T0;P;Xi; �ð Þ�
1� 	PðS;�Þ P;Xið Þ � T� T0ð Þ
� �

(20:9)

where I write the seismic wave velocity as

V1PðS;�Þ T;P;Xi; �ð Þ where the suffix 1 is used to

indicate that this velocity corresponds to the

velocity at an infinite frequency, and 	PðS;�Þ P;Xið Þ(� �

@ logV1PðS;�Þ=@T
� �

P;Xi;�
¼ �ðAVPðS;�ÞT

Þah, the suffix ‘‘ah’’

means anharmonicity) is a constant that is nearly inde-

pendent of temperature but depends strongly on pressure

(and chemical composition). This constant can be deter-

mined by high-frequency elasticity measurements or by

first-principle calculations (see Chapter 4). The experi-

mentally determined values of 	P(S,�)(P, Xi) for represen-

tative minerals are summarized in Table 20.1. In the

simplest case, this effect is through the change in density

due to thermal expansion and the resultant change in the

elastic constant (i.e., Birch’s law; see Chapter 4).

Consequently, 	P(S,�)(P, Xi) is related to the coefficient

of thermal expansion and the Grüneisen parameter as

(Problem 20.1)

	PðS;�Þ ¼ �AVPðS;�ÞT ¼ 
th �
PðS;�Þ �

1

3

	 

(20:10)

with �
P
� B�

K
þ 1� Bð Þ��, �S

¼ �� and �� ¼ �K
.

Therefore if the lateral variation in seismic wave

velocities is due to the lateral variation in temperature

and the temperature effect is only through the anhar-

monic effect (through thermal expansion), then,

RS=Pð�Þ ¼
�

S
� 1

3

�
Pð�Þ � 1

3

(20:11a)

and

R�=P S;�ð Þ ¼
1

�
Pð�Þ � 1

3

: (20:11b)

Equation (20.11b) implies that the conditions

for R�=P S;�ð Þ40 are equivalent to the condit-

ions for �
PðS;�Þ4

1
3 (or ~�K;� ¼ 2�

K;�
þ 1

3
4 1) and

@ logVPðS;�Þ=@ log �4 0.

Problem 20.1

Derive equation (20.10).

Solution

By taking the derivative of equation (20.9) with respect

to T, one has @ logV1PðS;�Þ=@T ¼ �	PðS;�Þ. Now if one
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writes an equation for seismic wave velocities as

VPðS;�Þ ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
CPðS;�Þ=�

p
with CP ¼ KS þ 4

3�, CS ¼ �,
C� ¼ KS, then @ logVPðS;�Þ=@T ¼ 1

2 @ logCPðS;�Þ=@T�
�

@ log �=@TÞ ¼ 1
2 ð@ log �=@TÞ @ logCPðS;�Þ=@ log �� 1

� �
.

By definition, @ log �=@T ¼ �
th and from the defini-

tion of the Grüneisen parameter, @ logCPðS;�Þ=@ log � ¼
2�PðS;�Þ þ 1

3 (Chapter 4) where �P ¼ B�� þ 1� Bð Þ�K
(B � 2 1� 2�ð Þ=3 1� �ð Þ ¼ 4

3 ð�=ðKþ 4
3�ÞÞ ¼ 4

3 ðV2
S=V

2
PÞ),

�S ¼ �� and �� ¼ �K. Therefore 	PðS;�Þ ¼ �1
2

ð@ log �=@TÞ @ logCPðS;�Þ=@ log �� 1
� �

¼ 
th �PðS;�Þ � 1
3

� �
.

In many cases, experimental studies are conducted

only under limited conditions. Consequently some

extrapolation is often needed. The most important

extrapolation is extrapolation to different (higher)

pressures. In order to extrapolate laboratory results

to higher pressures, we use equation (20.10) and two

empirical relationships for anharmonic properties,

namely, 
th= 
thð Þ0 ¼ �=�0ð Þ��T (equation (4.42)) and

�=�0 ¼ �=�0ð Þ�1 (equation (4.44)) (the density depend-

ence of thermal expansion is more important than that

of the Grüneisen parameter). This simple approach

with �T¼ 4–5 yields results that are closely in agree-

ment with those from a more sophisticated approach

by STIXRUDE and LITHGOW-BERTELLONI (2005b).

The values of 	PðS;�Þ Pð Þ (i.e., �@ logV1PðS;�Þ=@T) for

Earth’s mantle are given in Table 20.2 and are plotted

in Fig. 20.8 (thick solid line). I used the experimental

results on 	PðS;�Þ Pð Þ under limited pressure conditions

(Table 20.1), and used the above-mentioned semi-

empirical relations to extrapolate in terms of pressure.

RS/P and R�/S are calculated from 	PðS;�Þ Pð Þ and ther-

mal expansion and the results are shown in Fig. 20.9a,b

(thick solid lines).

The results are subject to large uncertainties when

a phase transformation occurs (deep upper mantle and

transition zones). However, the following gross feat-

ures are robust. The absolute magnitude of this coef-

ficient decreases significantly with depth. The absolute

values of 	S Pð Þ are larger than those of 	P Pð Þ, implying

that the lateral variation inVS is larger than that ofVP.

TABLE 20.1 Temperature derivatives (@ log V1PðSÞ=@T ¼ �	PðSÞ) of seismic wave velocities in typical mantle minerals.

@ log V1PðSÞ=@T ¼ �	PðSÞ is almost independent of temperature but decreases strongly with pressure (see Chapter 4). Units are P (GPa),

T (K), 	P, 	S (10� 5 K�1).

Mineral P T 	P 	S Remarks Ref.

MgO RP1 300–1800 6.8 8.8 Single crystal2 (1)

Al2O3 RP 300–1800 4.9 6.9 Single crystal (1)

Olivine (Fo) RP 300–1700 6.8 9.0 Single crystal (1)

Olivine (Fa) RP 300–700 7.0 7.5 Single crystal (1)

Olivine (Fo90Fa10) RP 300–1500 6.7 7.9 Single crystal (1)

Pyrope RP 300–1000 4.5 4.4 Single crystal (1)

Majorite RP 280–1073 3.0 4.0 Polycrystal (2)

Wadsleyite RP to 7 300–873 4.1 5.8 Polycrystal (3)

Wadsleyite RP 278–318 6.2 6.7 Polycrystal (4)

Ringwoodite RP 295–923 4.8 4.9 Single crystal (5)

MgSiO3 perovskite RP 257–318 7.9 8.4 Polycrystal (6)

MgSiO3 perovskite 1.5–8.0 300–800 – 9.8 Polycrystal (7)

(1): Data compiled by ANDERSON and ISAAK (1995).

(2): Calculated from SINOGEIKIN and BASS (2002).

(3): Calculated from LI et al. (1998).

(4): Calculated from KATSURA et al. (2001).

(5): Calculated from SINOGEIKIN et al. (2003).

(6): Calculated from AIZAWA et al. (2004).

(7): Calculated from SINOGEIKIN et al. (1998).
1Room pressure (0.0001GPa).
2 Elastic wave velocities are average velocities using the Voigt–Reuss–Hill averaging scheme.
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TABLE 20.2 Temperature derivatives of seismic wave velocities, AVS;PT , and thermal expansion,
th, in Earth’s mantle. These values can

be used to convert velocity anomalies to temperature anomalies, namely, �T ¼ � log VP;S=ðAVP;S TÞtotal, if the velocity anomalies

are inferred to be due to temperature anomalies. The errors are � 10% for the upper mantle and � 20% for the transition zone and

the lower mantle. Note that the correction for the anelastic effects depends on Q. The average one-dimensional Q model of QLM9

(LAWRENCE and WYSESSION, 2005) is used but the actual Q likely varies from one region to another. The unit is 10� 5 K�1.

Depth (km) � AVSTð Þah � AVPTð Þah � AVSTð Þan � AVPTð Þan � AVSTð Þtotal � AVPTð Þtotal 
th

24.4 7.25 5.90 – – – – 3.00

40 7.71 6.08 – – – – 3.00

60 8.09 6.24 – – – – 3.00

80 8.60 6.48 8.24 3.36 16.84 9.85 3.04

115 8.87 6.59 8.30 3.38 17.17 9.97 3.04

185 8.97 6.67 8.35 3.40 17.32 10.08 3.09

220 8.97 6.55 8.35 3.44 17.32 10.03 3.09

220þ 8.65 6.23 4.67 1.83 13.32 8.06 2.75

265 8.36 6.15 4.66 1.82 13.02 7.97 2.83

310 7.71 5.66 4.63 1.80 12.34 7.46 2.56

355 7.45 5.47 4.58 1.77 12.04 7.24 2.45

400 7.28 5.33 4.53 1.73 11.8 7.06 2.38

400þ 6.48 4.01 2.44 0.95 8.92 4.96 2.50

450 6.01 3.72 2.49 0.97 8.50 4.70 2.28

500 5.64 3.50 2.52 0.98 8.16 4.48 2.11

550 5.31 3.29 2.54 1.00 7.85 4.29 1.95

550þ 5.31 4.84 2.54 1.00 7.85 5.83 1.80

600 4.94 4.50 2.55 1.00 7.49 5.50 1.65

635 4.94 4.50 2.55 1.00 7.49 5.50 1.65

670 4.89 4.46 2.55 1.00 7.44 5.46 1.63

670 7.07 3.81 1.38 0.56 8.46 4.37 2.00

721 6.88 3.74 1.37 0.57 8.26 4.31 1.93

771 6.70 3.68 1.37 0.58 8.07 4.26 1.87

871 6.35 3.48 1.35 0.57 7.70 4.04 1.75

971 6.02 3.28 1.33 0.56 7.35 3.84 1.64

1071 5.71 3.09 1.46 0.60 7.18 3.70 1.53

1171 5.43 2.92 1.44 0.59 6.87 3.51 1.44

1271 5.20 2.79 1.42 0.58 6.62 3.37 1.36

1371 4.95 2.65 1.58 0.64 6.53 3.29 1.28

1471 4.74 2.53 1.55 0.62 6.30 3.15 1.21

1571 4.52 2.40 1.53 0.61 6.04 3.00 1.14

1671 4.34 2.29 1.50 0.59 5.84 2.89 1.08

1771 4.17 2.20 1.38 0.54 5.54 2.74 1.03

1871 4.00 2.10 1.35 0.53 5.36 2.63 0.98

1971 3.82 2.00 1.33 0.52 5.14 2.52 0.93

2071 3.67 1.92 1.04 0.41 4.71 2.33 0.88

2171 3.53 1.84 1.02 0.39 4.56 2.24 0.84

2271 3.40 1.77 0.99 0.38 4.39 2.15 0.80

2371 3.27 1.70 0.97 0.37 4.25 2.07 0.76

2471 3.15 1.63 0.80 0.30 3.96 1.93 0.73

2571 3.04 1.57 0.78 0.30 3.82 1.86 0.70

2671 2.93 1.50 0.77 0.29 3.70 1.79 0.66

2771 2.82 1.45 0.76 0.29 3.59 1.74 0.63

2871 2.72 1.39 1.21 0.45 3.94 1.85 0.61

2891 2.70 1.38 1.20 0.45 3.91 1.83 0.60



These predictions are consistent with the observations

noted before (items (7) and (8)). However, this simple

model has three major problems:

(1) The magnitude of temperature anomalies corre-

sponding to the observed velocity anomalies calcu-

lated from this model is too high. A typical shear

wave velocity anomaly in the shallow regions near

mid-ocean ridges is � 4–6% (e.g., MASTERS et al.,

2000). Using the high-frequency values of

AVST ¼ @ logVS=@T, one would find a temperature

anomaly of� 500–750K. This would cause a much

higher degree of partial melting and amuch thicker

oceanic crust than is observed.

(2) The S-wave velocity anomalies to P-wave velocity

anomaly ratio, RS/P, would be � 1.0–1.5 for this

mechanism throughout the mantle whereas the
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FIGURE 20.8 Plots of AVS;PT � @ log VP; S=@T
� �

as a function of

depth. The data summarized in Table 20.2 are used together with a

theoretical model of the pressure dependence of the anharmonicity.

The representative error bar is 10–20%. (a) For S-wave velocities,

(b) for P-wave velocities. Thick lines correspond to � @ log V1P; S=@T,

i.e., the anharmonic effects. Contributions from anelasticity

are shown by thin broken lines. This effect is dependent on Q,

which also depends on the local temperature and other factors.

Shown here are the anelastic effects corresponding to average Q.

This effect is large in low-Q regions and small in high-Q regions.

The net � @ log VP;S=@T is the sum of these two effects (shown

by thin lines).
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of depth predicted from mineral physics models. Thick
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expansion. Thin lines show the results including the influence

of anelasticity.
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observed values significantly exceed these values in

the deep lower mantle (see Fig. 20.5).6

(3) The density to S-wave velocity anomaly ratio R�/S
is � 0.3–0.5 if this model is applied. The density

to S-wave velocity anomaly ratio inferred from

geodynamic modeling is much less than these

values, � 0.1–0.3 or even negative (e.g., FORTE

et al., 1994).

Consequently, I conclude that the model consider-

ing only the anharmonic effect is not consistent with

geophysical observations. However, at seismic fre-

quencies, the temperature dependence of seismic wave

velocities comes not only from anharmonicity but also

from anelasticity, and if one includes the influence

of anelasticity these three problems can be solved

simultaneously, at least to a large extent as firstly

shown by KARATO (1993a). For weak anelasticity,

the functional form of the temperature dependence is

approximately given by (see Chapter 3)

VPðS;�Þ o;T;P;Xi; �ð Þ ¼ V1PðS;�Þ T;P;Xi; �ð Þ�

1� 1

2
cot


p
2
Q�1PðS;�Þ o;T;P;Xi; �ð Þ

� �
(20:12)

where Q�1 / o�
, 0<
< 1.

The term in square brackets in equation (20.12)

represents the anelastic effects and the temperature

dependence is non-linear (see Chapter 11),

Q�1PðS;�Þ o;T;P;Xi; �ð Þ
Q�1PðS;�Þ o;T0;P;Xi; �ð Þ ¼ exp �


H�PðS;�Þ
R

1

T
� 1

T0

	 
� �

(20:13)

whereH�PðS;�Þ is the activation enthalpy for attenuation.

From equations (20.9), (20.10), (20.12) and (20.13), one

has (Problem 20.2)

AVPðS;�ÞT ¼ ðAVPðS;�ÞTÞah þ ðAVPðS;�ÞTÞan (20:14)

with

ðAVPðS;�ÞTÞah ¼ �	PðS;�Þ (20:15a)

and

ðAVPðS;�ÞTÞan 	 �
H�PðS;�Þ
pRT2

Q�1PðS;�Þ (20:15b)

where I used an approximation, ð
p=2Þ cot 
p=2ð Þ 	 1.

Here the parameterH�PðS;�Þ must be determined by low-

frequency attenuation measurements (see Chapter 11).

Given this parameter and the values of QPðS;�Þ deter-

mined from seismology, one can make corrections for

the effects of anelasticity, �ðH�PðS;�Þ=pRT2ÞQ�1PðS;�Þ. As

discussed in Chapter 11, experimental studies ofQPðS;�Þ

are far more complicated than those of high-frequency

elasticity and currently available data are limited to a

small number of minerals (olivine, MgO, Al2O3, cal-

cite, titanate perovskites) at low pressures. Theoretical

calculations of this term, i.e., the activation enthalpy

for attenuation, are also difficult. Consequently the

uncertainties of parameters related to anelastic effects

are larger than those of anharmonic effects. However,

several general points can be noted.

(1) Except for a case where a material is highly hetero-

geneous, attenuation for volumetric deformation,

i.e., Q�1� , is significantly smaller than attenuation

for shear deformation, Q�1S (=Q�1� ). In such a case,

QP=QS 	 3V2
P=4V

2
S ¼ 1=B. The exception is atte-

nuation in a partially molten material in which

bulk attenuation in not negligible (see Chapter 11;

KARATO, 1977; BUDIANSKI and O’CONNELL,

1980; HEINZ et al., 1982).

(2) Attenuation is in general highly sensitive to

temperature and water content (Chapter 11).

Consequently, lateral variation in attenuation is

usually larger than that of seismic wave velocities.

Problem 20.2

Derive equation (20.14).

Solution

Taking the logarithm of equation (20.12), one has

logVPðS;�Þ ¼ logV1PðS;�Þ þ log 1� 1
2 cotð
p=2ÞQ�1PðS;�Þ

h i
.

Now taking the derivative of this equation with respect

to temperature, one finds

@ logVPðS;�Þ
@T

¼
@ logV1PðS;�Þ

@T

�
1
2 cotð
p=2Þ

1� 1
2 cotð
p=2ÞQ�1PðS;�Þ

@Q�1PðS;�Þ
@T

:

Using equation (20.13), @Q�1PðS;�Þ=@T ¼ Q�1PðS;�Þ


H�PðS;�Þ=RT
2. Assuming that the effect of anelasticity is

6 A comparison of mineral physics models with seismological observation

of RS=P needs to be made cautiously. The results shown in Fig. 20.4

are average RS=P for a given depth. If chemical heterogeneity exists

or if anelasticity plays an important role RS=P should change laterally.
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small, i.e., 1
2 cotð
p=2ÞQ�1PðS;�Þ 
 1, and using ð
p=2Þ�


p=2ð Þ 	 1, one obtains @ logVPðS;�Þ=@T	�	PðS;�Þ
�ðH�PðS;�Þ=pRT2ÞQ�1PðS;�Þ.

Combining the values for anharmonic effects

(	PðS;�Þ Pð Þ) with the experimental data on activation

enthalpy of attenuation and seismologically deter-

mined QPðS;�Þ, one can calculate AVPðSÞT o;T;Pð Þ. One

major uncertainty in doing this is the estimation of the

influence of anelasticity. In fact, there are no experi-

mental studies on anelasticity under deep Earth con-

ditions at this time. However, the formulation (20.14)

indicates that one does not have to predict the magni-

tude of attenuation from laboratory (or theoretical)

studies. Instead seismologically observed values of

attenuation, i.e., Q, can be used to estimate the effect

of anelasticity. In this formulation, the only parameter

that we need to calculate AVPðSÞT is the activation

enthalpyH�PðS;�Þ. Again, the activation enthalpy changes

with pressure, although there are no data on the infl-

uence of pressure on anelasticity. A common practice

in such a case is to use a first-order approximation that

the activation enthalpy is proportional to the melting

temperature, H�PðS;�Þ ¼ �PðS;�ÞRTm. The value of � and

Tm(P) (melting temperature) are obtained from the

experimental studies. Equation (20.15b) is translated

to ðAVPðS;�ÞTÞan 	 �ð�PðS;�ÞTm=pT2ÞQ�1PðS;�Þ. Therefore

the ratio of these two terms is given by � �
ðAVPðS;�ÞTÞan=ðAVPðS;�ÞTÞah ¼ ð1=	PðS;�ÞTÞ � ðTm=TÞ ð�PðS;�Þ=pÞ�
Q�1PðS;�Þ. If one inserts typical values of parameters, one

will obtain �	 1.0 for the upper mantle and �	 0.2–0.5

for the lower mantle.

The results are shown in Figures 20.8 and 20.9. It is

noted that:

(1) The absolute values of AVPðSÞT decrease signifi-

cantly with depth due to the pressure effects on

thermal expansion and attenuation. This means

that the amplitude of heterogeneity of seismic

wave velocities should decrease with depth if ther-

mal effects are dominant. This is consistent with

the observation (7). However, the values of AVPðSÞT

are mineral-dependent and as a consequence, there

are jumps in this value at seismic discontinuities.

(2) The influence of anelasticity on AVPðSÞT is very large

in the shallow mantle where attenuation is large

(QS� 100): the effect of attenuation is to change

the absolute values of AVPðSÞT by a factor of � 2.

In the lower mantle where the average attenuation

is small (QS� 300), the influence of anelasticity

is less important in the shallow lower mantle but

its effects are not negligible, particularly in regions

of high attenuation (e.g., plumes) and in the deep

lower mantle.

(3) In most cases, attenuation is larger for S-waves

than for P-waves. Consequently, the incorporation

of anelasticity effects increases RS=Pð�Þ �
� logVS=� logVPð�Þ ¼ AVST=AVPðS;�ÞT. This effect

is strong in regions of high attenuation.

Consequently, there should be a systematic variation

in RS/P(�) at a given depth such that it is larger in hot

regions than in cold regions. OKI (2006) reported a

regional variation in RS/P(�) in the lower mantle that

is consistent with this model. Such a systematic var-

iation in RS/P(�) is a natural consequence of the tem-

perature sensitivity of anelasticity, and this

observation suggests that anelasticity is important

in the lower mantle. In the extreme case where the

influence of anelasticity dominates, we have

RS=Pð�Þ 	 3V 2
P=4V

2
S ¼ 1=B. (However, the regional

variation in RS/P may also be due to the regional

variation in chemical composition.)

(4) Similarly, the incorporation of anelasticity reduces

R�=P S;�ð Þ � � log�=� logVP S;�ð Þ ¼A�T=AVPðS;�ÞT. This

effect is strong in regions of high attenuation.

However, this value is always positive if lateral

heterogeneity is caused by the heterogeneity in

temperature.

Problem 20.3

Assuming that the lateral heterogeneity in seismic

wave velocities is caused by the heterogeneity in

temperature, discuss the lateral variation in RS/P.

Solution

When a thermal origin is assumed, then RS=P ¼
AVST=AVPT. If only an anharmonic effect is considered,

then, RS=P¼ AVSTð Þah= AVPTð Þah¼	S=	P. Now, as we

learned in Chapter 4, 	S;P is nearly independent of

temperature, and consequently, RS/P should not vary

regionally if only an anharmonic effect is important.

However, the anelastic effect is sensitive to temperature

and hence RS/P will vary laterally if the anelastic effect is

important. Let us consider the lowermantle. In the lower

mantle AVS;PT

� �
ah




 


 decreases strongly with depth due to
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the increase in pressure, but AVS;PT

� �
an




 


 is only weakly
dependent on depth. Consequently, the relative

contribution of the anelastic effects increases with

depth. At 1000 km, the contribution from anelasticity

is only � 20% so the change in anelasticity has little

effect and RS=P�1:8 (Fig. 20.9). In contrast, near

the bottom of the lower mantle the contribution of

anelasticity is larger (� 40%). In a hot region, the

influence of the anelastic effect is large and RS=P�2:3;

whereas in cold regions RS=P�1:9 (Fig. 20.9).

The last two points can be illustrated by an

RS=P�R�=S plot (Fig. 20.10). If the observed lateral var-

iation in seismic wave velocities and density had a ther-

mal origin, the data must lie in the right bottom region in

this figure. In particular, RS=P43V 2
P=4V

2
S ¼ 1=B and

R�=S 5 0 are conditions that cannot be attained by

any thermally induced anomalies (for a material with

	s
	p
5 AVsTð Þan

AVpTð Þ
an

). When observed data are plotted on this

diagram, it is seen that most of the data from Earth’s

mantle do indeed fall within this region, although the

data from very deep regions (deeper than � 2300km)

and some data from the upper mantle are outside these

regions. I conclude that when the influence of anelasticity

is included, the model assuming a thermal origin for the

lateral heterogeneity in seismic wave velocities and den-

sity can explain the majority of large-scale seismological

and geodynamic observations except for limited regions

such as the ocean–continent contrast in the upper mantle

and the very deep lower mantle (deeper than� 2300km).

In the very deep lower mantle, current seismological and

geodynamic observations showing very large values of

RS/P (and equivalently a negative RS/�)
and negative

values of R�/S are difficult to explain using a thermal

model.

I must also note that the one-to-one correlation

between velocity and attenuation assumed in equa-

tion (20.14) is valid only within the absorption band

(i.e., in the frequency region where Q�1 / o�
) and

when there are no other mechanisms of anelasticity at

higher frequencies. A particularly important case is ane-

lastic relaxation due to partial melting which may have

peak frequencies that are higher than the seismic fre-

quency band (see Chapters 3 and 11). In these cases, the

method of inversion using the above formula has to be
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FIGURE 20.10 A plot of RS/P against R�/S predicted from the thermal and chemical origin of heterogeneity as compared with actual

observations (after KARATO and KARKI, 2001). Plate 11.
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modified to include the influence of relaxation caused by

processes whose characteristic frequencies are higher

than seismic frequencies.

Effects of phase transformations
A lateral variation in temperature can cause the lateral

variation in dominant phases if the temperature and

pressure conditions are favorable for phase transfor-

mations. If the discontinuity is sharp enough, then

this effect is seen as topography on discontinuities

(e.g., SHEARER, 2000). If the discontinuity is not very

sharp, then this effect will be seen as a modification

to the lateral variation in seismic wave velocities.

The influence of phase transformation is particularly

important when the absolute value of the Clapey-

ron slope, dP=dTð Þeq, is large. For example, for

dP=dTð Þeq	 8 MPa=K (2MPa/K), the topography of

the discontinuity corresponding to a� 500K variation

in temperature would be � 130 km (� 30 km). Phase

transformations usually cause a large variation in seis-

mic wave velocities and densities and consequently it

will have important effects on the lateral heterogeneity

in seismic wave velocities. ANDERSON (1987b) dis-

cussed possible roles of phase transformations in the

interpretation of lateral heterogeneity, see Fig. 20.11.

Let us consider the variation of seismic wave velocity

across a finite temperature interval in which a phase

transformation from phase 1 to phase 2 occurs. The

velocity change for this temperature interval is given by

� logV1
PðSÞ ¼

@ logV 1
PðSÞ

@T
�T1 þ

V2
PðSÞ � V1

PðSÞ

V1
PðSÞ

þ �
@ logV2

PðSÞ
@T

ð�T� �T1Þ (20:16)

whereV1;2
PðSÞ is the P- (S-) wave velocity of phase 1 and 2

and � � V2
PðSÞ=V

1
PðSÞ; where I have assumed that a

phase transformation from phase 1 to phase 2 occurs

at T¼T0þ �T1. Similar equations can be written for

density. Because of the presence of a number of phase

transformations, the interpretation of tomo-

graphic images of the mantle transition zone is compli-

cated (ANDERSON, 1987b; see also STIXRUDE and

LITHGOW-BERTELLONI, 2005a). OGANOV and ONO

(2004) and TSUCHIYA et al. (2004a) discussed the pos-

sible role of a phase transformation of (Mg, Fe)SiO3

perovskite to a post-perovskite phase for the lateral

variation in seismic wave velocities in the D0 0 layer.

Their calculations show that this phase transformation

has a large Clapeyron slope (� 8–10MPa/K) and the

transformation from perovskite to a post-perovskite

phase increases the shear wave velocity but not the

bulk sound wave velocity. Consequently, the perov-

skite to post-perovskite transformation can provide

an explanation for large values of RS/P and negative

values of RS/�. However, the negative values of R�/S
cannot be explained by this model and require the

chemical heterogeneity.

Chemical origin
Now let us consider the effects of variation in chemical

composition. In a chemically evolving planet like

Earth, there must be some degree of chemical hetero-

geneity. Chemical heterogeneity is usually investigated

through a petrological or geochemical approach based

on the study of rock samples (e.g., HOFMANN, 1997).

However, the sampling range of these direct approaches

is limited. In this section, I will briefly review the issues

in identifying chemical heterogeneity through a geo-

physical approach in which geophysical (mostly seis-

mological) observations are interpreted in terms of

chemical composition. The most important points to

recognize are (i) velocity variations due to a plausible

chemical heterogeneity in the Earth are of the same

order of magnitude as those due to temperature varia-

tion, but (ii) there are several distinct differences

between thermal and chemical anomalies that allow

us to distinguish a thermal origin from a chemical

origin for the anomalies. To show these points, let us

consider the influence of a variation of Fe=ðFeþMgÞ.
A 5% increase in Fe=ðFeþMgÞ will result in a reduc-

tion of the shear wave velocity of � 2% (for olivine),

which would correspond to the effect of a � 150–200K

increase in temperature (in the upper mantle). Also note

that when a change in Fe=ðFeþMgÞ is the cause of a
velocity variation, the velocity variation has a negative

correlationwith the density variation. Table 4.4 summa-

rizes some of the experimental data on the influence of

chemical composition on seismic wave velocities. It is

clearly seen that when one atom is substituted

by another with a large difference in atomic weight

slow

fast a phase boundary

FIGURE 20.11 Lateral variation in phases due to the lateral

variation in temperature and/or chemical composition leads to large

lateral variation in seismic wave velocities.
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(e.g., the substitution of Fe withMg), then many partial

derivatives are negative, whereas if the substitution

occurs with a similar mass (e.g., substitution of Al with

Mgþ Si), then the partial derivatives are positive.

Two issues must be addressed: (i) how to identify

the influence of chemical heterogeneity as opposed to

that of thermal anomalies and (ii) how to reduce the

number of unknowns in order to uniquely infer the

nature of chemical heterogeneity. The first issue has

already been discussed. A ratio–ratio plot such as

Fig. 20.10 provides good guidance for identifying

non-thermal effects. As discussed above, the negative

value of R�/S and the very large values of RS/P in the

deep lower mantle, and very small positive or negative

values of R�/S in the upper mantle, strongly suggest

either the effects of phase transformations or the influ-

ence of the chemical heterogeneity.

How many parameters (unknowns) do we need

to make such an inversion? Unlike petrological or geo-

chemical observations, geophysical observations pro-

vide only a small number of data values from a single

position (� logVPðSÞ; � logQ
�1
PðSÞ; � log �). Therefore one

needs to have a good model to reduce the number of

unknowns to infer the anomalies in chemical composi-

tion from seismological observations. If the concentra-

tions of all the possible major elements are treated

independently, then there would be too large a number

of unknowns and one could not uniquely determine the

chemical heterogeneity from seismological observa-

tions. In many previous studies, the number of

unknowns was chosen to be arbitrarily small to allow

inversion (e.g., FORTE and MITROVICA, 2001;

DESCHAMPS et al., 2002), but there have not been

many studies to justify the validity of such an assump-

tion. In doing so, it is important to distinguish the

influence of major element composition such as Mg,

Fe, Ca, Al and Si from that of trace elements such as

hydrogen. MATSUKAGE et al., (2005) addressed this

question in an attempt to investigate the heterogeneity

in the major element composition of the upper mantle

(see also SCHUTT and LESHER, 2006). They found that

the chemical heterogeneity of rocks in the oceanic

upper mantle can be characterized by a single param-

eter such as Mg# (Mg# is the molar ratio of Mg to

(MgþFe)). This is due to the fact that in the oceanic

uppermantle, the compositional variation is controlled

mainly by the variation in the degree of partial melting

of a single common rock (i.e., pyrolite) at more or less

the same conditions (beneath mid-ocean ridges).

However, for rocks in the continental upper mantle,

another parameter, such as opx# (the molar fraction of

orthopyroxene) is also needed to characterize the

chemical composition. This reflects the fact that the

composition of rocks in the continental regions

is controlled not only by partial melting under shallow

mantle conditions but also by a mixing of several

components with different Si=ðSiþMgþ FeÞ ratios.
Therefore the number of unknowns in chemical com-

position in equation (20.2) becomes n¼ 2 (in addition

to Mg#, the hydrogen content is also important as we

will learn later) or n¼ 3 (hydrogen contentþMg# þ
opx#). Consequently, it is possible to determine the

lateral heterogeneity in the chemical composition

from seismic tomography if both the velocity and

the attenuation tomography data are available with

similar resolution (SHITO et al., 2006).

It should be noted that even in the simplest case

of oceanic upper mantle where a single parameter

(Mg#) is enough to characterize the composition, one

should not calculate the dependence of the seismic

wave velocity on the chemical composition from

½@ logVPðS;�Þ=@XMg� ðXMg �Mg=ðFe þ MgÞ �Mg#Þ and
the abundance of each mineral as is often done

(e.g., FORTE and MITROVICA, 2001; DESCHAMPS

et al., 2002). When Mg# changes, all other composi-

tions such as the abundance of Ca, Al, Si, etc. will

also change following the rule of chemical reaction

associated with partial melting. The influence of all

of these factors must be included when the dependence

of the seismic wave velocity on the chemical composi-

tion is parameterized (MATSUKAGE et al., 2005). This

can be shown mathematically as d logVPðS;�Þ=dXMg ¼
@ logVPðS;�Þ=@XMg þ

P
ð@ logVPðS;�Þ=@XiÞ ð@Xi=@XMgÞ.

When one uses Mg# as a parameter to represent the

major element composition, one should use

d logVPðS;�Þ=dXMg and not @ logVPðS;�Þ=@XMg. In some

cases, these two can even have a different sign (see

MATSUKAGE et al., 2005).

The effects of chemical composition on seismic

wave propagation are three-fold. First, when one ele-

ment replaces another in a solid solution, then usually,

the effect on the elastic constants is mostly through the

change in density. This is because the electrostatic

charge and stiffness of ions that can be replaced are

similar except for their atomic weight. In fact, for most

minerals, the Fe=ðFeþMgÞ ratio does not change the

bulk modulus so much (see Chapter 4). In such a case,

the term �� log � dominates in equation (20.3), and

hence R�=PðSÞ � � log �=� logVP;S50. Second, when

the amount of one element is modified, the volume
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fraction of minerals could change. For instance, when

the amount of Al (and/or Ca) is reduced in the upper

mantle, the volume fraction of garnet will be reduced,

which has an important effect on seismic wave veloc-

ities. Third is the influence on anelasticity. To see how

the change in chemical composition may affect attenu-

ation, let us consider the general relationship

Q�1PðSÞ o;T;P;XH; �ð Þ / o
ð Þ�
 (20:17)

where 
¼ 0.2–0.4 and 
 is the characteristic time of the

relation process, which is inversely proportional to the

mobility of defects (see Chapter 11). Experimental stud-

ies on the influence of major element composition

(such as Fe=ðFeþMgÞ) on the defect mobility indicate

that a variation in Fe=ðFeþMgÞ by 3% (usually

Fe=ðFeþMgÞ ¼ 10� 3%, see Chapter 17) would

result in a change in Q of only � 5%, which is less than

the error bars of anelasticitymeasurements in seismology

and the resultant effects on the seismic wave velocity are

also too small to be detected (less than � 10� 2%).

However, the variation in water (hydrogen) content

could have an important effect. Dissolution of hydro-

gen changes the concentration of point defects and

hence has a large influence on the characteristic relax-

ation time, 
 . In most cases, 
 / X�rH ; where XH is the

concentration of hydrogen (r� 1–2, Chapters 10 and 11)

and AQ�1
PðSÞXH

� @ logQ�1PðSÞ=@ logXH ¼ 
r. One expects

a broad range of water content in Earth’s mantle

(� 10� 5–10� 1 wt%, see Chapter 17). This will lead to

a variation of Q by a factor of � 10, and hence the

variation of velocity of a few percent. The presence

of water (hydrogen) can also affect the unrelaxed seis-

mic wave velocities, V1PðS;�Þ (e.g., JACOBSEN, 2006).

However a large effect is limited to a relatively large

water content (� 1 wt%). Consequently, the most

important influence of water (hydrogen) on the seismo-

logical signature, in most cases (less than 1 wt% water),

is its influence on attenuation. Electrical conductivity

can also provide a robust estimate of water (hydrogen)

content (for a more complete discussion of these issues

see KARATO (2006c)).

One important point to be noted about the chemical

effect is that unlike the thermal effect, which is reduced

significantly by pressure (due to the large pressure

effect of thermal expansion, Chapter 4), there are no

obvious reasons for the chemical effect to change with

pressure, and in fact, for many minerals, the pressure

effect on AVPðS;�ÞXi
is generally less than that on AVPðS;�ÞT.

Consequently, the chemical effect will be more visible

in the deeper mantle (Problem 20.4).

Problem 20.4*

Assuming that Fe content does not affect the bulk

modulus (Chapter 4), but does affect the density,

show that @ logV�=@XFe changes with pressure much

less than @ logV�=@T (Fig. 20.12).

Solution

When the bulkmodulus is insensitive to the Fe content,

then equation (20.3c) leads to

@ logV�

@XFe
¼ � 1

2

@ log XFeMFe þ 1� XFeð ÞMMg

� �
@XFe

�

�
@ log XFeVFe þ 1� XFeð ÞVMg

� �
@XFe

�

where MFe;Mg is the molecular weight of the Fe (Mg)

end-member, and VFe;Mg is the molar volume of

the Fe (Mg) end-member. Therefore @ logV�= @XFe¼
�1

2
�M=M��V=Vð Þ	�1

2
ð�M=MÞ ð50Þ (�M�MFe�

MMg;�V�VFe�VMg), where I have used an app-

roximation that the ionic radii of Fe and Mg are

similar but the atomic weights are largely different

(i.e., �M=Mj j� �V=Vj j). Since the atomic weight

does not change with pressure (and temperature),

@ logV�=@XFe is nearly independent of pressure

(and temperature). In contrast, @ logV�=@T changes

Aij

AVP(S,φ) Xi

AVP(S,φ) T

Pressure (depth)

thermal effect

chemical effect

FIGURE 20.12 A schematic diagram showing the depth (pressure)

variation of partial derivatives indicating that the chemical effect

becomes more visible than the thermal effect in the deeper portions

of the Earth.
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significantly with pressure as can be seen from

@ logV�=@T	�	� Pð Þ	�	� 0ð Þ �=�0ð Þ��T �� 0ð Þð�0=�Þ�
�

1
3Þ, where I have used the relation 
th Pð Þ=
th 0ð Þ¼
�=�0ð Þ��T and ��	 constant (Chapter 4). From this

equation it is obvious that @logV�=@T


 

 is reduced

significantly with depth, whereas @ logV�=@XFe



 

 is

nearly independent of depth.

Direct effects of partial melting
In addition to its effects through the change in major

element chemistry and water content, partial melting

has direct effects on seismic properties, i.e., the effect of

the presence of melts on mechanical properties. Some

details of the effects of partial melting on seismic pro-

perties are discussed in Chapter 11. The presence of

melt affects the seismic wave propagation in several

ways. First, melt has different elastic moduli (zero

shear modulus and a much smaller bulk modulus)

than those of solid minerals. Consequently, a mixture

of melt and solid has different elastic properties than a

pure solid. Second, deformation of melt occurs by

viscous flow as well as by elastic compression.

Consequently, deformation becomes time-dependent

and there will be attenuation and seismic wave veloc-

ities become frequency-dependent.

O’CONNELL and BUDIANSKI (1977) provided a

detailed analysis of both elastic and anelastic pro-

perties of partially molten materials (liquid and solid

mixtures) (TAKEI (1998) obtained similar results for

relaxed moduli through the analysis of deformation

due to grain–grain contact, see also TAKEI (2000,

2002)). Briefly, the elastic and anelastic properties of

a partial melt depend on the contrast in bulk modulus,

the viscosity of the melt and the geometry of the melt

pocket. When the contrast in bulk modulus is large

(this is usually the case for silicates), then the presence

of a melt phase reduces the compressional wave veloc-

ity and increases bulk attenuation (Chapter 11). This

effect is also sensitive to the melt geometry. Fig. 20.13

shows the RS/P (for low-frequency, relaxed velocities)

as a function of the aspect ratio of the melt pocket and

the bulk modulus ratio. For equilibrium geometry,

partial melting in typical mantle conditions will lead

to RS=P � 1�1:2, whereas a highly flattened melt

pocket could yield RS=P � 2�2:5. The range of values
of RS/P for partially molten materials is within the

range of thermally induced anomalies (see Fig. 20.9)

and therefore the values of RS/P cannot be used to

uniquely identify the presence of flattened melt pockets.

The recent experimental study showed that the fre-

quency dependence of attenuation is weak for a parti-

ally molten peridotite due to the presence of a broad

peak in the seismic frequency range (JACKSON et al.,

2004a) as compared to that of melt-free olivine aggre-

gates for which attenuation depends on frequency

through a power law, Q / o
 with 
¼ 0.2–0.4 (see

Chapter 11). The seismological observations on the

frequency dependence of attenuation in the Philippine

Sea upper mantle are, however, consistent with melt-

free olivine and not with a partially molten peridotite

(SHITO et al., 2004). This indicates that either partial

melt is not present in this region or that even if there is

partial melting the characteristic frequency of attenu-

ation is away from seismic frequencies. Furthermore,

rather surprisingly, the extensive studies on the struc-

ture of the mantle beneath a mid-ocean ridge failed to

find evidence formelt-induced anisotropy (WOLFE and

SOLOMON, 1998), suggesting that regions of significant

melt (>1%) are highly localized. Alternatively, partial

melt may exist in these regions but the shape of themelt

pocket is not modified by stress. Similarly, high elec-

trical conductivity is often considered as evidence

for partial melting (SHANKLAND et al., 1981).

However, KARATO (1990) suggested that high electri-

cal conductivity can be attributed to high water

(hydrogen) content without invoking partial melting

(this was confirmed later by WANG et al. (2006)).

Geochemical/geodynamic observations indicate that

at a given time and point beneath mid-ocean ridges,

aspect ratio, α
0.001

0

1

RS/P

2

0.01 0.1

105 400

25
10
5
3

2

β = 1

ν = 0.25

100
50

1

FIGURE 20.13 A plot showing the influence of the bulk modulus

ratio, � � Ksolid=Kmelt , and the aspect ratio, 
, of melt pocket on RS/P

for (relaxed) seismic wave velocities of partially molten rocks (after

TAKEI, 2002).
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the volume fraction of melt is less than 0.1%

(SPIEGELMAN and KENYON, 1992; SPIEGELMAN and

ELLIOTT, 1993). Consequently, I conclude that there is

little seismological observation to support the presence

of a significant fraction of partial melting inmost of the

Earth’s mantle. Melting must occur at least beneath

volcanoes, but these observations suggest that the frac-

tion of melt in a broad region beneath volcanoes (mid-

ocean ridges) is small, presumably due to efficient melt

transport. Also petrological studies have shown that

the degree of melting in the deep upper mantle

(> 70 km) is controlled by the amount of water (and

carbon dioxide) and is � 0.1% (LANGMUIR et al.,

1992). The ultra-low velocity zone near the bottom of

the mantle might be a region of partial melting

(WILLIAMS and GARNERO, 1996; LAY et al., 2004),

but an alternative explanation in terms of high Fe

content is also possible (GARNERO and JEANLOZ,

2000).

The above summary suggests that regions with a

significant amount of melt are highly localized.

Identifying these regions is important for Earth science.

There are several ways bywhich the presence ofmelt can

be inferred. For example, the presence of melt often

leads to bulk attenuation (see Chapter 11). Bulk attenu-

ation is expected to be very small for solid-state mecha-

nisms of anelasticity. Consequently, the detection of

bulk attenuation is a way to identify the presence of

partial melt. Also, if a large lateral variation in seismic

wave velocities is observed without a large variation in

attenuation, the presence of partial melt is inferred when

the influence of major element chemistry is small.

Grain size
Grain size should not have any effect on high-

frequency seismic wave velocity, V1PðS;�Þ. However, grain

size may affect anelasticity. FAUL and JACKSON (2005)

proposed that in addition to temperature and pressure,

grain size has some effects on seismic wave attenuation

and hence indirectly seismic wave velocities in the

upper mantle. Note, however, that the influence of

grain size on seismic wave attenuation is probably not

very large for a plausible range of grain size in Earth’s

upper mantle. The grain size for most of the upper

mantle xenoliths is in the range of � 3–10mm

(e.g., MERCIER, 1980; KARATO, 1984), and using the

experimentally obtained grain-size sensitivity of atten-

uation, Q / Lq with q� 0.25, one expects a change in

Q of� 30%,which results in a change in velocity of only

0.3% (0.1%) for Q¼ 100 (Q¼ 300). For thermoelas-

ticity (see Chapter 11), grain-size sensitivity is stronger,

q� 0.5 (Q / o
ð Þ
, 
	 0.25, 
 / L2). But the absolute

value of attenuation due to thermoelasticity is small

(Q> 1000, Chapter 11) and the influence of grain size

on attenuation through this mechanism is not large.

I conclude that the grain-size effect is modest com-

pared to the effect of water (hydrogen) content and

temperature.

20.3.2. Topography on discontinuities and
its geodynamic significance

I have already discussed the lateral variation in seismic

wave velocity due to the lateral variation in mineral

phases. When the radial variation in mineral phases

occurs as a seismic discontinuity, this lateral variation

will appear as topography on the discontinuity.

Fig. 20.6 shows some of the examples of topography

on mantle discontinuities (for reviews on this

topic see GU et al. (1998), SHEARER (2000) and

ROMANOWICZ (2003)). If we know what controls the

depth of the discontinuity, then from the topography

of the discontinuity we can learn the lateral variation of

parameters that control the depth of the discontinuity.

Seismic discontinuities may be caused by: (1) phase

transformations, (2) changes in chemical composition

and/or (3) changes in microstructures (such as the

lattice-preferred orientation). Consequently, when

the parameters (physical or chemical) that control

the depth of discontinuities change laterally, then

there will be lateral variation in the depth of the dis-

continuity. Generally, one can write

�z ¼ @z

@T

	 

Xi;M

�Tþ
X
i

@z

@Xi

	 

T;M

�Xi þ
@z

@M

	 

T;Xi

�M

(20:18a)

or

�z ¼
@P=@Tð ÞXi ;M

�Tþ
P
i

@P=@Xið ÞT;M�Xi þ @P=@Mð ÞT;Xi
�M

�g

(20:18b)

where �z is the topography on a boundary and

�T, �Xi and �M are anomalies in temperature,

chemical composition and microstructure respectively.

@P=@Tð ÞXi;M
, @P=@Xið ÞT;M and @P=@Mð ÞT;Xi

are the

parameters that are determined by material properties

that can be investigated by laboratory studies (or by

theoretical models).

The nature of these parameters depends on the phys-

ical origin of the discontinuity. Let us consider two

examples. One is a discontinuity caused by a phase
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transformation. In this case, the effects ofmicrostructure

are negligible. We need to consider only @P=@Tð ÞXi;M

and @P=@Xið ÞT;M. @P=@Tð ÞXi ;M
is the Clapeyron slope

that is known for most phase transformations

(Table 2.3, Chapter 2). @P=@Tð ÞXi;M
40 for olivine to

wadsleyite transition (410 km) and @P=@Tð ÞXi;M
50 for

the ringwoodite to perovskiteþmagnesiowüstite transi-

tion (660km). Consequently, the topography on the 410-

and 660-km discontinuity would be anti-correlated if

the topography were caused by the lateral variation in

temperature.

The influence of the chemical composition on

the phase boundary, @P=@Xið ÞT;M, is well known only

for the variation in Fe=ðFeþMgÞ. For the olivine

to wadsleyite transformation (the 410-km discontin-

uity), @P=@XFeð ÞT;M50, whereas for the ringwoodite

to perovskiteþmagnesiowüstite transformation, @P=ð
@XFeÞT;M 	 0. In addition to Fe=ðFeþMgÞ, water

content may also modify the depth of discontinuity.

Briefly, the presence of water (hydrogen) increases the

stability fields of transition zone minerals relative to

upper and lower mantle minerals, and consequently,

the 410-km discontinuity will be shallower and the

660-km discontinuity will be deeper when a large

amount of water is present (WOOD, 1995; HIGO et al.,

2001; CHEN et al., 2002a; SMYTH and FROST, 2002; see

also KARATO, 2006b).

Another is the case of a discontinuity caused

by microstructural variations. They include the

Lehmann discontinuity at around 220 km (KARATO,

1992; GAHERTY and JORDAN, 1995) and the disconti-

nuity at the top of the D0 0 layer (at around 2700 km).

The regional variation in the depths of these bound-

aries may reflect the regional variation in microstruc-

tures such as the lattice-preferred orientation. The

nature of lattice-preferred orientation is sensitive to a

number of parameters including stress, temperature

and water content (Chapter 14), the details of which

remain to be determined (e.g., JUNG et al., 2006). The

above analysis shows that in order to infer �T, �Xi and

�M from the topography of discontinuity, one needs to

have more than one observation, a situation much the

same as the situation in inferring thermal and chemical

anomalies from tomographic images. Such studies

include GU et al. (2003) and BLUM and SHEN (2004),

but separating various effects is not straightforward.

An alternative way is to investigate the correlation of

topography of various discontinuities. For example, if

the topography of ‘‘410-’’ and ‘‘660-km’’ discontinuities

in a certain region is caused by thermal anomalies

associated with a vertical flow of materials, then

temperature anomalies near these boundaries are

likely to be similar (except for the effect due to

latent heat). Consequently, �z410=�z660¼ dP=dTð Þ410�
�T410=ð dP=dTð Þ660�T660Þ/ dP=dTð Þ410= dP=dTð Þ660. The
value of dP=dTð Þ410= dP=dTð Þ660 is known from labor-

atory studies (the Clapeyron slope, see Chapter 2),

so that one can determine if the thermal origin of the

topography of the boundaries is consistent with obser-

vations or not. We know dP=dTð Þ410= dP=dTð Þ66050

from mineral physics, so if the anomaly is thermal, then

�z410=�z66050. Any deviation from this would imply that

at least one of the assumptions is not met in this region.

As has been discussed above, several factors could

cause the topography on the discontinuity. Therefore

when the topography alone is investigated, its inter-

pretation is non-unique. A combination with other

observations could narrow the plausible causes for top-

ography. For example, BLUM and SHEN (2004) com-

bined the observations of topography of the 410-km

discontinuity and velocity anomalies in the transition

zone to infer the water content in the transition zone.

20.3.3. Summary of inversion scheme

A key issue in inverting tomographic images in terms

of the physical and chemical state of the Earth’s inte-

rior is to identify the cause for lateral variation (in

velocities and in attenuation). If only one data value,

say the anomaly in VS, is available for a given point

in the Earth, then the interpretation of anomalies in

terms of physical or chemical conditions is non-unique.

The same velocity anomaly could be due to an anomaly

in temperature or in chemical composition or due to

partial melting. For this reason it is critical to have

multiple data sets for a given region. These multiple

data sets must be for those quantities whose depend-

ence on thermal or chemical anomalies are distinctly

different. In this sense a joint inversion of velocity and

attenuation anomalies is very useful because the sensi-

tivity of velocity and attenuation to thermal and chem-

ical anomalies are quite distinct as summarized above.

Similarly, a joint inversion ofVP andVS (orV� andVS)

is useful because the sensitivity of these two velocities,

particularly V� and VS, to thermal and chemical

anomalies is different. In doing a joint inversion of

multiple data sets, one must make sure that the data

sets that one uses have a similar resolution. Technical

issues for obtaining joint VP and VS (or V� and VS)

tomographic images are discussed by MASTERS et al.
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(2000). In many cases, the quality of data from which

anomalies of VP and VS are obtained is quite different

and consequently, there can be systematic difference

in errors for these anomalies. In addition, the wave-

lengths are different between the two waves for the

same frequency, which could also cause a systematic

difference in errors. Consequently, it is important to

check the consistency of the data when tomographic

images of two different velocities are compared. One

way is to see if the relation (20.6) is satisfied by the data

on VP and VS (or V� and VS) (KARATO and KARKI,

2001). Deviation from the relation (20.6) means that the

joint inversion contains some inconsistency. When

tomographic images are analyzed in regions where seis-

mic discontinuities occur (e.g., a transition zone), then

the topography on the discontinuities can also be used

to infer the origin of lateral heterogeneity.

Some issues in identifying the cause for heterogene-

ity have already been discussed using a ratio–ratio plot

(Fig. 20.10). Here I will summarize some additional

points using the velocity and attenuation tomography

together. For simplicity, let us first treat a case in which

the influence of partial melting and grain size is neglig-

ible. In this case, the influence of temperature, water

content and major element chemistry can be summar-

ized as follows.

(1) If themajor cause for lateral variation of properties

is the lateral variation in major element chemistry,

then attenuation will be nearly constant whereas

seismic wave velocities will have a large variation.

(2) If the major cause for lateral variation of properties

is the lateral variation in water content, then atten-

uation will have a large lateral variation, whereas

seismic wave velocities will have a relatively small

lateral variation.

(3) If themajor cause for lateral variation of properties

is the lateral variation in temperature, then both

seismic wave velocities and attenuation will have a

large lateral variation.

Consequently, a plot such as that shown in

Fig. 20.14 provides a guide for inferring the cause of

lateral variation. If the variation in seismic wave veloc-

ities is large but the variation in attenuation is small,

then we can infer that there is a large variation in major

element chemistry. If, in contrast, there is a large var-

iation in attenuation but a relatively small variation in

seismic wave velocities, the most likely cause of lateral

variation is the lateral variation in water content.More

quantitatively, equation (20.2) can be solved to deter-

mine the lateral variation of temperature, major

element composition and water content, if more than

three observations are available and a simplified

parameterization for the influence of major element

chemistry is used. SHITO et al. (2006) performed such

an inversion for a region where high-resolution veloc-

ity and attenuation tomography are available.

I note that although such an inversion is possible in

certain regions, the ability to determine thermal and

chemical anomalies is limited at this time. One of the

main reasons for this is the resolution of seismic

tomography. In order to separately determine these

parameters, one needs to have high-resolution tomo-

graphy of two seismic wave velocities (VP and VS (or

V� andVS)) and attenuation from the same region with

a similar level of resolution. Another obvious limita-

tion is the incomplete knowledge of mineral physics

parameters, i.e., Aij. Progress in these two areas is

critical to make this approach useful. In the next sec-

tion, I will review some of the results of such an inver-

sion to infer thermal and chemical anomalies in Earth’s

interior.

20.3.4. Origin and geodynamic significance of
lateral heterogeneity: Some examples

Upper mantle
A large lateral variation in seismic waves is observed in

the upper mantle. Key mineral physics parameters,

AVPðS;�ÞT, are reasonably well constrained for the upper

δ log Q–1

δ l
og

 V

major element
chemistry

temperature

water

FIGURE 20.14 A schematic diagram of the attenuation

anomaly–velocity anomaly relationship showing distinct trends

for temperature-control, major element chemistry-control

and water-control cases (after SHITO and SHIBUTANI, 2003b).
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mantle. The application of thesemineral physics results

to tomographic images of the oceanic upper mantle

yields plausible temperature and density anomalies if

the effects of anelasticity are included.

One of the most significant conclusions on the oce-

anic upper mantle is that the low-velocity anomalies

associated with mid-ocean ridges are shallow and

sometimes asymmetric (e.g., ZHANG and TANIMOTO,

1992, 1993). These observations provide strong sup-

port for the notion that upwelling at mid-ocean ridges

is in most cases passive: upwelling occurs because

of the separation of the overlying plates but not by

the buoyancy force of hot materials. In contrast, low

velocity regions associated with ocean islands such as

Hawaii and Island extends deeper to the transition

zone or deeper (e.g., MONTELLI et al., 2004). Using

the model presented here, amplitude of temperature

anomalies in plumes can be estimated. The results

yield � 200–300K for plumes in most cases that is

much less than the temperature anomalies expected

from a classic model of plume originating from the

bottom thermal boundary layer.

Continental roots are deep but the exact depth of

continents is somewhat controversial. Influence of

anisotropy has an important effect on the estimated

depth (e.g., ANDERSON, 1979; GUNG et al., 2003).

Velocity and density anomalies associated with conti-

nents cannot be solely attributed to thermal anomalies

(e.g., JORDAN, 1981; FORTE et al., 1994). Continental

upper mantle has different major element chemical

composition than that of oceanic upper mantle.

However, mapping the anomalies in chemical compo-

sitions is challenging because the seismic wave velo-

cities are less sensitive to major element chemistry than

temperature (e.g., MATSUKAGE et al., 2005; SCHUTT

and LESHER, 2006). The contrast between oceanic and

continental upper mantle is mostly in density but the

anomalies in seismic wave velocities are subtle.

In addition to the heterogeneity in major element

chemistry, evidence for heterogeneity in water (hydro-

gen) content has been suggested. Based on the combi-

nation of high-resolution velocity and attenuation

tomography, SHITO et al. (2006) and SHITO and

SHIBUTANI (2003b) found that in addition to the high

lateral variation in major element chemistry in the

shallow upper mantle (< 150 km), there is a water-

rich region in the deep upper mantle (� 300–400 km)

beneath the Philippine Sea (Fig. 20.15). Subduction

of an old and cold lithosphere in this region is likely

to have transported water deep into the upper mantle.

However, inverting the velocity and attenuation

anomalies is challenging both from seismological and

mineral physics points of view. One needs reliable high-

resolution velocity and attenuation tomography from

the same region, and also the water content depend-

ence of seismic wave velocities and attenuation must be

characterized in detail.

Transition zone
One of the most prominent features of tomographic

images on the transition zone is the presence of high-

velocity anomalies in the broad regions of the transi-

tion zone particularly in the western Pacific. This

implies that subducted slabs are deformed and stag-

nant in some of the transition zone (e.g., FUKAO et al.,

1992, 2001; ROMANOWICZ, 2003; ZHAO, 2004). The

transition zone or the 660-km discontinuity provides

a strong resistance to subduction, presumably due to

the negative Clapeyron slope at the 660-km disconti-

nuity or high viscosity of the lower mantle. Also note

that this means that subducted slabs are relatively soft

(KARATO et al., 2001). However, there is a distinct ring

of high-velocity anomalies in the bottom of the lower

mantle corresponding to surface trenches, suggesting

that stagnation of materials at the transition zone is

only a temporal feature and these cold materials ulti-

mately sink to the bottom of the mantle. This type of

hybrid convection was demonstrated by numerical

modeling incorporating the negative Clapeyron slope

corresponding to the phase transformation at the

660-km discontinuity (e.g., HONDA et al., 1993;

TACKLEY et al., 1993).

Observations on the topography on discontinuities

can be used to infer the presence of chemical heteroge-

neity. If the lateral variation in temperature is the cause

for lateral variation in topography, the topography on

the two discontinuities (‘‘410-’’ and ‘‘660-km’’) would be

anti-correlated because the Clapeyron slope has differ-

ent signs for the phase transformation corresponding to

these two discontinuities. In general, topography on the

410-km discontinuity is less pronounced than that on

the 660-km discontinuity and the correlation (or anti-

correlation) between the topography on the 410-km and

the 660-km discontinuity is poor (e.g., FLANAGAN and

SHEARER, 1998; GU et al., 1998, 2003). These results

suggest the presence of chemical heterogeneity in the

transition zone, although the nature of chemical hetero-

geneity is not clearly understood.

An important subject about the transition zone is its

water content. The mineral physics studies clearly

show that the transition zone minerals can dissolve

up to � 3 wt% of water (see Chapter 17). If indeed
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the water content is this much, it will have an impor-

tant influence on the dynamics and chemical evolution

of Earth. There have been some attempts at inferring

water content of the transition zone based on seismo-

logical observations (e.g., VAN DER MEIJDE et al.,

2003; BLUM and SHEN, 2004; SUETSUGU et al., 2006).

VAN DER MEIJDE et al. (2003) used the sharpness of the

410-km discontinuity to infer the water content, and

BLUM and SHEN (2004) and SUETSUGU et al. (2006)

used the topography of the 410-km discontinuity and

the velocity anomalies in the transition zone to infer the

water content. Again, inferring the water content

remains a challenging subject.

Lower mantle
The most prominent feature of the lower mantle is the

high-velocity ring corresponding roughly to the surface

trenches, and the presence of two broad regions of low

velocities (beneath south Pacific and Africa). Also the

continuation of high-velocity anomalies associated

with subducting slabs can be seen down to the deep

lower mantle at least in the eastern Pacific and beneath

Tibet to western Asia (e.g., GRAND, 1994; VAN DER

HILST et al., 1997). These observations, together with

the observations on the transition zone, suggest that

mantle convection is, at least at present and in the recent

past, wholemantlewide although evidence of significant

resistance for convection currents is clear in the transi-

tion zone. The two broad low-velocity regions corre-

spond to the broad swell in the Pacific (e.g., MCNUTT,

1998) as well as in Africa (LITHGOW-BERTELLONI and

SILVER, 1998). The location of these broad low-velocity

regions corresponds roughly to the location of surface

hotspots (e.g., WOODHOUSE and DZIEWONSKI, 1989;

GARNERO, 2000). Consequently, it is considered that

these low velocity regions represent upwelling.

However, these low velocities are not all due to high

temperatures. The anti-correlation of the S-wave
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velocity anomaly and the bulk-sound velocity anomaly

(RS/�< 0), and the very large values of RS/P indicate

that anomalies in this region cannot be due solely

to thermal anomalies (KARATO and KARKI, 2001). A

sharp boundary extending from the core–mantle boun-

dary (CMB) to� 500 km above the CMB suggests that

chemical heterogeneity is likely to be present in the

deep lower mantle (WEN, 2001). However, the extent

to which chemical heterogeneity is present in the lower

mantle is not clear. KELLOGG et al. (1999) proposed,

based largely on the interpretation of tomographic

images of VAN DER HILST and KÁRASON (1999), that

the bottom � 1000 km of the lower mantle is chemi-

cally distinct from the regions above. I should empha-

size that the physical basis for such an argument is

weak. Because jAVPðS;�ÞT j decreases significantly with

depth while jAVPðS;�ÞXi
j does not, chemical effect

becomes more visible than thermal effect with depth

(Problem 20.2). Consequently, the observations sug-

gesting a more important role for chemical effect with

depth do not necessarily mean that the degree of chem-

ical heterogeneity increases with depth. KARATO and

KARKI (2001) discussed that chemical anomalies are

required to explain available seismological data only in

the bottom� 500 km (or less). FORTE andMITROVICA

(2001) attempted to map the chemical heterogeneity in

the deep lower mantle. Presence of partial melting was

proposed by WILLIAMS and GARNERO (1996).

The recent discovery of the post-perovskite phase of

(Mg, Fe)SiO3 has introduced another complexity in

interpreting seismological data on the bottom of the

mantle (e.g., MURAKAMI et al., 2004; OGANOV and

ONO, 2004; TSUCHIYA et al., 2004a). OGANOV and

ONO (2004) argued that most of the seismological

observations such as the large RS/P and negative R�/S
can be attributed to the phase transformation from

perovskite to post-perovskite. However, the currently

available data on seismic wave velocities such as RS/P

and R�/S are not enough to distinguish thermally-

induced phase transformation from the influence of

this phase transformation. The sharpness of velocity

contrast (e.g., WEN, 2001) and/or some data on density

distribution (e.g., ISHII and TROMP, 1999; GARNERO

and JEANLOZ, 2000; TRAMPERT et al., 2004) suggest

the presence of chemical heterogeneity in the D0 0 layer.

Detecting density anomalies from geophysical obser-

vations remains challenging, however (e.g., MASTERS

and GUBBINS, 2003).
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21 Seismic anisotropy and its geodynamic
implications

Earth materials are anisotropic to some extent and the nature of anisotropic structures can be

inferred from a range of seismological observations. Anisotropic structures carry valuable

information as to the anisotropic fields that reflect the dynamic processes in Earth’s interior

including the geometry of flow. Therefore seismic anisotropy provides an important insight into the

dynamics of Earth’s interior. However, both observations and the interpretation of seismic

anisotropy are not straightforward. Following the description of some of the fundamentals of

seismic wave propagation in an anisotropic material, I will review the basic seismological

observations on anisotropy. This is followed by a brief summary of the essence of the processes that

may cause anisotropic structure formation. They include lattice-preferred orientation of anisotropic

crystals and shape-preferred orientation of (isotropic or anisotropic) materials with distinct elastic

moduli (or other types of layered structure). In most cases, seismic anisotropy is caused by lattice-

preferred orientation of elastically anisotropic minerals. The relation between seismic anisotropy

and deformation in such a case is mineral specific, and also depends on the physical and chemical

conditions that change the elastic and plastic anisotropy of minerals. Following detailed discussions

on the mechanisms of lattice-preferred orientation and other microscopic processes of anisotropic

structure formation, some geodynamic implications of seismic anisotropy are discussed in the final

section.

Key words azimuthal anisotropy, polarization anisotropy, shear wave splitting, Christoffel

equation, lattice-preferred orientation, shape-preferred orientation.

21.1. Introduction

In the previous chapter, we learned how to investigate

the dynamics of Earth’s interior through the study of

small deviations of real Earth structure from an ideal

model assuming that Earth materials are isotropic.

However, most rocks in Earth’s interior show some

degree of anisotropy and the magnitude of velocity

variation with direction is in many cases comparable

to that of heterogeneity. Therefore the results of seis-

mic tomography summarized in the previous chapter

are valid only when they represent anomalies of velo-

cities averaged over the directions.

However, by taking the average over the directions,

one will lose some important information on Earth’s

structure. In this chapter, we will focus on the direc-

tional dependence of seismic wave velocities, i.e., seis-

mic anisotropy. The anisotropic structure of a rock

reflects the anisotropic field in which the rock was

formed or deformed. Anisotropic field includes stress

or strain field as well as a temperature gradient or

a magnetic field, all of which have an important

influence on the way in which Earth works. Therefore

studies of anisotropic structure can provide valuable

information for understanding the dynamics of Earth’s

interior. 391



Although its potential importance is obvious,

there are two important complications in investigating

the dynamics of Earth’s interior from seismic aniso-

tropy. First, the measurement of anisotropy from seis-

mology is not straightforward. In most cases, complete

characterization of anisotropic structure is impossible

and consequently, some simplifying schemes are

used in the seismological measurements of anisotropy.

Furthermore, depending on the technique used, the

spatial resolution for the determination of anisotropic

structure can be quite different. In order to interpret

seismological observations on anisotropic structures,

it is important to understand the merits and limita-

tions of each technique. Second, geodynamic inter-

pretation of seismic anisotropy requires the

understanding of processes of anisotropic structure

formation. There has been major progress in both

the experimental and the theoretical sides of this

issue, but there remain some major issues particularly

concerning the physical processes of anisotropic

structure development for materials in Earth’s deep

interior.

In this chapter I will first provide a brief summary

of the essence of seismic wave propagation in an ani-

sotropic material (section 21.2). Key concepts such

as azimuthal and polarization anisotropy will be

defined in section 21.3 and the nature of seismological

observations on anisotropy is reviewed. Then some

important observations are summarized in section 21.4

including anisotropy in the crust, the upper mantle, the

transition zone, the lower mantle and the inner core. In

section 21.5, some key mineral physics models are

summarized that provide the bases for the geodynamic

interpretation of seismic anisotropy. A brief summary

of the processes of lattice-preferred orientation and

the formation of a layer structure will be presented.

Finally, in section 21.6, some geodynamic interpreta-

tions of seismic anisotropy are discussed.

21.2. Some fundamentals of elastic wave
propagation in anisotropic media

Wave propagation in an anisotropic media is compli-

cated. Recall that in the most general case, there are 21

independent elastic constants (Chapter 4) and conse-

quently, in order to fully characterize anisotropic

structures, one would need an impractically large num-

ber of data. Consequently, in almost all seismological

studies on anisotropy, only some aspects of anisotropy

are studied. In interpreting these results, it is important

to understand the nature of the approximations

or assumptions behind these studies. This section pro-

vides a brief summary of the fundamentals of seismic

wave propagation in anisotropic media to help the

geodynamical interpretation of seismological data. A

more detailed account of elastic wave propagation in

an anisotropic material is given in SMITH and DAHLEN

(1973), CRAMPIN (1981) andMONTAGNER andNATAF

(1986).

When the body-force such as gravity can be ignored

(this is the case for short wavelength waves), the equa-

tion of motion of an anisotropic elastic material is

given by (e.g., LANDAU and LIFSHITZ, 1959),

�
@2ui
@t2
¼
X
j;k;l

Cijkl
@2uk
@xj@xl

(21:1)

where � is density, ui is displacement, t is time, x is the

spatial coordinate and Cijkl is the elastic constant

tensor.

Let us consider a plane wave,

ui ¼ ai exp io t�
X
k

qkxk

 !" #
(21:2)

where ai is the polarization vector that defines the

direction of displacement, qk is the slowness vector.

Substituting equation (21.2) into (21.1), one has,

�ai ¼
X
j;k;l

Cijklqjqlak: (21:3)

Now let us define

qj ¼
1

V
nj (21:4)

where V is the (phase) velocity1 of seismic wave, and

n is the unit vector parallel to the direction of propa-

gation of waves. ThenX
k

ðTik � �V2�ikÞak ¼ 0 (21:5)

where

Tik ¼
X
j;l

Cijklnjnl: (21:6)

1 The velocity defined here is called ‘‘phase velocity’’ because it is a velocity

with which the phase of a plane wave, �o ðt�
P

k qkxkÞ, propagates.
There is another definition of velocity of elastic waves, called ‘‘group

velocity’’ that is the velocity at which the energy propagates with a wave.

The distinction between them is important when a seismic wave contains

various frequency components.
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Problem 21.1

Derive equation (21.5).

Solution

Inserting (21.4) into (21.3), one has �V2ai ¼P
j;k;l

Cijklqjqlak. Therefore
P
j;k;l

Cijklnjnlak��V2ai ¼

P
k

P
j;l

Cijklnjnl��V2 �ik

 !
ak ¼

P
k

ðTik��V2 �ikÞak ¼ 0.

Equation (21.5) is called the Christoffel equation. Tik

is a 3� 3 symmetric matrix and therefore, for a given

propagation direction ni, (21.5) has three solutions. For

an isotropicmaterial, it can be shown from (21.6) thatTik

has a form (we choose i¼ 1 as a direction of propagation)

(note that K ¼ C11 þ 2C12ð Þ=3 and � ¼ C44 ¼ C11 � C12ð Þ=2),2

T ¼
Kþ 4

3� 0 0
0 � 0
0 0 �

2
4

3
5: (21:7)

Problem 21.2

Derive equation (21.7).

Solution

By definition n¼ (1,0,0). So T11 ¼
P
j;l

C1j1lnjnl ¼ C1111

¼ C11, T22 ¼
P
j;l

C2j2lnjnl ¼ C2121 ¼ C44 ¼ T33 and all

other Tij¼ 0. Now for an isotropic material,

K ¼ C11 þ 2C12ð Þ=3 and � ¼ C44 ¼ C11 � C12ð Þ=2, so

C11 ¼ Kþ 4
3�, hence T ¼

Kþ 4
3� 0 0

0 � 0
0 0 �

2
4

3
5.

For an isotropic material, the Christoffel equation

becomes

ðKþ 4
3�Þ � �V

2 0 0

0 �� �V2 0
0 0 �� �V2

2
4

3
5 � a1

a2
a3

2
4

3
5 ¼ 0: (21.8)

This equation has three eigenvalues (�V2 ¼ Kþ 4
3�,

and two degenerated solutions �V2 ¼ �) and corre-

sponding eigenvectors, a¼ (100), (010) and (001).

Thus the first solution corresponds to the P-wave

for which the polarization direction is parallel to the

direction of propagation, whereas the other two solu-

tions correspond to S-waves for which the polarization

directions are perpendicular to the propagation direc-

tion (transverse waves). Such a clear distinction

between P- and S-waves is no longer present in a

general anisotropic material. However, in a weakly

anisotropic material, such a relation holds approxi-

mately and terms quasi-P (qP) wave and quasi-S (qS)

waves are sometimes used to refer to these waves. Note

that the directions of polarization of transverse waves

are controlled by the symmetry of the anisotropic

structure of the material (this is how an optical polar-

izer works). In the above case, two orthogonal direc-

tions of polarization are (010) and (001) directions.

From the above analysis, one should note that there

are two different ways of observing anisotropy in an

elastic medium. First is the variation of elastic wave

velocity with the orientation of wave propagation. This

is often referred to as azimuthal anisotropy. Second is the

difference in two shear wave velocities (of the same prop-

agation direction) with different polarization directions.

This is referred to as polarization anisotropy. Obviously,

polarization anisotropy occurs only for shear waves, and

the nature of polarization anisotropy, in general, changes

with the direction of wave propagation. These two con-

cepts are schematically shown in Fig. 21.1.

2 For the relationship between the Voigt notation of elastic constants, Cij,

and the full tensor notation of elastic constants, Cijkl, see Chapter 4.

Typical values of elastic constants are given in Table 21.1 (for olivine).

x1

x3

x2

θ

qSV

qSHqP

FIGURE 21.1 A schematic diagram showing the wave propagation

in an anisotropic medium. Velocity can be dependent on the direction

of wave propagation (azimuthal anisotropy). For shear waves

(transverse wave), velocities of two waves with different polarization

can be different (polarization anisotropy).
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Velocity anisotropy can be illustrated by several

diagrams. Because seismic wave velocities are the func-

tion of direction of propagation and (in the case of

shear waves) also the function of polarization, one

can represent the values of three velocities as a function

of direction of propagation using the coordinate fixed

to a crystal. Figure 21.2a is an example in which two-

dimensional cross sections of such velocity surfaces are
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FIGURE 21.2 (a) Three elastic wave velocities as a function of the

propagation direction in typical mantle minerals, (b) directions

(shown by bars) of polarization of the faster S-wave as a function of

the direction of the wave propagation. Both results are under ambient

conditions (note that anisotropy can change with pressure, see

Fig. 21.14). In (a), VSH indicates the phase velocity of shear waves

whose polarization direction is on the plane of wave propagation and

VSV is the phase velocity of shear waves whose polarization direction

is normal to the plane of wave propagation. For pyrope these two

velocities are nearly identical.
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shown for three different waves as a function of direc-

tion of propagation. For a given direction of wave

propagation, there are three velocities. Polarization of

each wave can be determined by solving the Christoffel

equation (21.5). For a certain symmetry orientation,

two shear wave velocities are the same. For example, in

a cubic system (spinel or MgO), the two shear waves

propagating along the h100i and h111i orientations
have the same velocity. Waves propagating along

such directions will show no shear wave splitting.

This type of diagram does not show the direction of

the polarization of the faster S-waves. Figure 21.2b is

another type of diagram in which the orientations of

the polarization of the faster S-waves are plotted (using

a stereographic projection) as a function of the direct-

ion of wave propagation.

The nature of azimuthal anisotropy can be

shown from the extension of the above discussions. In

the following we shall make an assumption of weak

anisotropy. In this case we shall investigate a small

deviation from isotropic case, so that the directions of

quasi-P and quasi-S waves’ polarization are the same as

those in an isotropic material. We define the coordinate

system as follows: x1 is the direction of propagation
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of waves, x3 is the vertical plane normal and x2 is

the direction normal to both x1 and x3. Azimuthal

anisotropy can be investigated either by changing the

orientation of ni in the x3¼ 0 plane or by rotating the

elastic constant matrix but fixing the propagation

direction of waves.

Let us use the second approach (which is equivalent

to the first approach). In this case, the nature of azimu-

thal anisotropy is determined by the nature of change

in elastic constant matrix, Cijkl, upon rotation. The

change in matrix due to rotation across an axis can be

determined by the operation of a 3� 3 matrix, aij, (see

Fig. 21.3)

aij ¼
cos � sin � 0
� sin � cos � 0

0 0 1

2
4

3
5: ( 21:9)

The elastic constant matrix is transformed into a new

form by this rotation,

C 0ijkl ¼
X3

r;s;t;u¼ 1

airajsaktaluCrstu: (21:10)

The seismic wave velocities have azimuthal depend-

ence only up to 4� terms (cos 4�, sin 4�). This is not a

result of truncation but the exact result. The reason

for this is the fact that the azimuthal anisotropy

comes from the rotation of Cijkl matrix (a fourth

rank tensor), so that the rotation involves

multiplying four matrices containing sin � and cos �

(see (21.10)).

The matrix Tik in this case is given by,

Tik ¼
C11 C16 C15

C16 C66 C56

C15 C56 C55

2
4

3
5: (21:11)

If the x3¼ 0 plane is a symmetry plane, then all the

elastic constants which contain an odd number of suf-

fices equal to 3 will vanish so that C15 (¼C1113)¼C56

(¼C1312)¼ 0, then,

Tik ¼
C11 C16 0
C16 C66 0
0 0 C55

2
4

3
5 (21:12)

with C11,C66,C55� C16. Solving the Christoffel equa-

tion one obtains,

�V2
P ¼C11 �

C2
16

C11 � C66

�V2
SH ¼C66 þ

C2
16

C11 � C66

�V2
SV ¼C55:

(21:13)

Here VSH is the velocity of quasi-shear wave with the

polarization direction in the x2 direction (i.e., the hor-

izontal polarization), and VSV is the velocity of quasi-

shear waves with the polarization direction in the x3
(the vertical polarization) (for the definition of SH and

SV waves see Box 21.1).

[100]
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(b)
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[001] [100]
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olivine FIGURE 21.2 (cont.)

x1

x2

x3

x ′

x ′

θ

2

1

FIGURE 21.3 Rotation of the coordinate system.
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Problem 21.3

Derive equation (21.13).

Solution

Inserting equation (21.12) into equation (21.5), one

obtains,
C11 � �V2 C16 0

C16 C66 � �V2 0
0 0 C55 � �V2

2
4

3
5 � a1

a2
a3

2
4

3
5 ¼ 0

0
0

2
4
3
5.

For this equation to have non-trivial solution, one needs

to have
C11 � �V2 C16 0

C16 C66 � �V2 0
0 0 C55 � �V2

������
������ ¼ 0. Therefore

C55 � �V2
� �

C11 � �V2
� �

C66 � �V2
� �

� C2
16

� �
¼ 0, and

the solutions (the eigen-values) are: �V2
1 ¼ C55,

�V2
2 � C11 � C2

16= C11 � C66ð Þ and �V2
3 � C66þ

C2
16= C11 � C66ð Þ where I used an approximation

C16 � C11;C66. The corresponding eigenvectors can

be calculated from (21.5) to obtain the relation (21.13).

Now in order to investigate the azimuthal aniso-

tropy, we will rotate the crystal around the x3 axis.

Using equations (21.9) and (21.10), one gets a new elastic

constant matrix. Then using this new elastic constant

matrix, one calculates Tik and solves equation (21.5) to

obtain velocities and the polarizations of three elastic

waves. In the case where x3¼ 0 is a symmetry plane, the

velocities of seismic waves propagating on the x3¼ 0

plane are given by (CRAMPIN, 1981),

�V2
P ¼ Aþ Bc cos 2�þ Bs sin 2�þ Cc cos 4�
þ Cs sin 4� (21:14a)

�V2
SH ¼ Dþ Ec cos 4�þ Es sin 4� (21:14b)

Box 21.1 Seismological nomenclatures

Seismology is a science that is more than a century

old, and consequently some technical jargon has

been introduced in seismology. In order to read

and understand the seismological literature,

an understanding of the basic terminology is

necessary. For an introduction to seismology,

LAY and WALLACE (1995) is a good start, and

for a higher level presentation, see DAHLEN and

TROMP (1998) and AKI and RICHARDS (2002).

The displacement of materials associated with

elastic waves is called polarization. The polarization

vector for the P-wave is always parallel to the pro-

pagation direction. For S-waves, the polarization

vectors are on a plane that is perpendicular to the

propagation direction (for simplicity, we consider

only weak anisotropy). A combination of the polar-

ization direction and the direction of wave propaga-

tion defines the plane onwhichmaterial displacement

occurs. Seismologists often classify S-waves into SH

and SV waves based on the orientation of these

planes. As discussed in the text, the directions of

polarization of S-waves are controlled by the sym-

metry of anisotropy.When one of the symmetry axes

of the elastic constants lies on the horizontal plane,

then one of the polarization directions of the S-waves

will be in the horizontal plane.When one considers a

wave that propagates nearly horizontally (i.e., sur-

face waves), then the other direction of polarization

will be the vertical direction. In these cases, one can

classify S-waves into SH (S-waves in which material

motion is in the horizontal plane) and SV waves

(material motion in the vertical plane). Similarly,

PH (PV) wave is a P-wave in which material motion

(and propagation direction) is horizontal (vertical).

Other technical terms include:

Love wave a type of surface wave in which

displacement is in the horizontal plane;

Rayleigh

wave

a type of surface wave in which

displacement is mostly in the vertical

plane (both A. E.H. Love (1863–1940)

and Lord Rayleigh (J.W. Strutt;

1842–1919)were physicistswhodid their

major work in late nineteenth century);

S (P) an S- (P-) wave directly coming from a

source to a receiver;

ScS a body wave that originates as an S-

wave and is reflected at the core–mantle

boundary and comes back as an S-wave;

SKS a body wave that originates as an

S-wave and is converted to a P-wave in

the outer core and converted back to the

mantle as an S-wave. An advantage of

using this wave is that any information

on the polarization in the initial S-wave

phase is eliminated as the wave goes

into the liquid outer core, so any infor-

mation on anisotropy must be from the

place after the last P- to S-wave con-

version. This helps to locate the region

of anisotropy below the receiver.
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�V2
SV ¼ Fþ Gc cos 2�þ Gs sin 2� (21:14c)

with

A ¼ 3ðC11 þ C22Þ þ 2ðC12 þ 2C66Þ
8

Bc ¼
ðC11 � C22Þ

2

Bs ¼ C16 þ C26

Cc ¼
C11 þ C22 � 2ðC12 þ 2C66Þ

8

Cs ¼
C16 � C26

2

D ¼ C11 þ C22 � 2ðC12 � 2C66Þ
8

Ec ¼ �Cc

Es ¼ �Cs

F ¼ C44 þ C55

2

Gc ¼
C55 � C44

2

Gs ¼ C45

(21:15)

where the elastic constants are defined with respect

to a coordinate system in which x3 is the vertical

axis, and the seismic wave propagates in the horizontal

plane and the angle � is measured from the x1 axis.

If in addition, the x2¼ 0 plane is the symmetry plane

then out of Cijkl, those containing an odd number of

suffices equal to 2 vanish (e.g., C16 (¼C 1112)¼C26

(¼C2212)¼ 0). Then equation (21.14) is reduced to

�V2
P ¼ Aþ Bc cos 2�þ Cc cos 4� (21:16a)

�V2
SH ¼ Dþ Ec cos 4� (21:16b)

�V2
SV ¼ Fþ Gc cos 2�: (21:16c)

Note that in both cases an SH-wave has only 4�

terms but an SV-wave has only 2� terms.

Problem 21.4*

Explain why an SH-wave has the four-fold symmetry

(only 4� terms) whereas an SV-wave has the two-fold

symmetry (only 2� terms) in the plane of wave

propagation if the plane is a symmetry plane.

Solution

Without the loss of generality, we can choose a

coordinate system in which x3 is the vertical axis, and

the seismic wave propagates in the horizontal plane

normal to x3 (the angle � is measured from the x1
axis). Then remembering that the particle motion

occurs on the x1–x2 plane for an SH-wave, we note

that the velocity of an SH-wave is determined to the

first order by an elastic constant corresponding to the

shear strain "12 associated with the shear stress �12, i.e.,

C1212 (¼C66). If one rotates the coordinate (around the

x3 axis) by p=4, then by exchanging x1 $ x2 one finds

C1212 ¼ C66ð Þ $ C2121 ¼ C66ð Þ. Therefore the velocity of
an SH-wave is invariant for the rotation of p=4 so that it

has four-fold symmetry. The velocity of an SV-wave

propagating along the x1 axis is controlled by the shear

strain of "13 associated with the shear stress �13, i.e.,

C1313 (¼C55). Upon exchanging x1 $ x2, it will

change to C2323 ¼ C44 6¼ C55ð Þ. Consequently, it has the
two-fold symmetry but not the four-fold symmetry

(obviously by exchanging x1 $�x1, the elastic

constant does not change).

21.3. Seismological methods for detecting
anisotropic structures

21.3.1. Azimuthal anisotropy

The case for azimuthal anisotropy is straightforward

from the above analysis. The azimuthal anisotropy of

P-waves propagating in the horizontal plane can be

analyzed using equation (21.14a) (or (21.16a)). In

many cases, the cos 2� term dominates and

�VP

VP
� Bc

A
¼ 4

3

C11 � C22

C11 þ C22ð Þ þ 2 C12 þ 2C66ð Þ
ðcos 2� termÞ:

(21.17)

The azimuthal anisotropy was first proposed by HESS

(1964) and found in the uppermost mantle by RAITT

et al. (1969) in the eastern Pacific by an explosion

seismological experiment (they only determined P-

wave anisotropy, i.e., A and Bc). Similar azimuthal

anisotropy was also found in some portions of conti-

nents (BAMFORD, 1977) and in the inner core (SONG,

1997; TROMP, 2001).

Azimuthal anisotropy can also be observed for

shear waves. For an SH-wave,

�VSH

VSH
� Ec

D
¼ � C11 þ C22ð Þ � 2 C12 þ 2C66ð Þ

C11 þ C22ð Þ � 2 C12 � 2C66ð Þ
ðcos 4� termÞ

(21.18)

and for an SV-wave,
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�VSV

VSV
� C55 � C44

C55 þ C44
ðcos 2� termÞ: (21:19)

Note that the anisotropy of a Rayleigh wave is

controlled by that of P- and SV-waves, so that the

cos 2� term usually dominates. Azimuthal anisotropy

of surface waves has been studied by FORSYTH (1975),

TANIMOTO and ANDERSON (1984, 1985),MONTAGNER

and TANIMOTO (1990, 1991) and MONTAGNER (2002).

Most of these studies are on the upper mantle because

surface waves are sensitive to the structures of shallow

portions. However, by using the overtones (higher

modes), one can infer anisotropy in the deeper portions.

TRAMPERT and VAN HEIJST (2002) reported azimuthal

anisotropy of the mantle transition zone using the over-

tones of surface waves (signals contained in the over-

tones are weak and the robustness of the results of this

paper is not yet well established).

Azimuthal anisotropy is determined by measuring

the wave velocities in a place in Earth as a function

of the direction of wave propagation. To do this one

needs a large number of source–station combinations.

One of the important limitations of this method is

that different waves passing through a place with

different directions must pass different regions out-

side the study region. Consequently, the influence of

lateral heterogeneity needs to be corrected (Fig. 21.4).

This is not trivial because the amplitude of lateral

heterogeneity is similar to that of anisotropy in most

cases.

Problem 21.5

Derive equation (21.19).

Solution

Following (21.14c), we obtain �ðV2
S1
� V2

S1
Þ ¼ 2c7c

where VS1
; VS2

are the fast and slow velocities of SV

waves. Therefore

V2
S1 � V2

S2

V2
S1 þ V2

S2

¼ C55 � C44

C55 þ C44
� �VS

VS
:

21.3.2. Polarization anisotropy

The difficulty of correcting the influence of lateral

heterogeneity can be eliminated if one focuses on the

difference in seismic wave velocities between two shear

waves with different polarizations. In this case, the

polarization anisotropy can be determined from one

seismic record and consequently there is no influence

of lateral heterogeneity. In practice, this polarization

anisotropy is analyzed in two different ways. First,

when a seismic wave propagates through an aniso-

tropic medium, then two shear waves with different

polarization vectors will have different velocities and

therefore they arrive at different times. This phenom-

enon is called shear wave splitting. By looking at seismic

records one can determine the travel time difference of

two shear waves, and if one has records of shear waves

with two different directions of displacement, then one

can also determine the directions of polarization

(Fig. 21.5). In the case where one looks at a vertically

traveling wave (e.g., SKS wave), then one can use the

analysis from (21.11) through (21.13) to find the velo-

cities and the polarization vectors of two shear waves.

The directions of the two polarization vectors are con-

trolled by the symmetry of the elastic constants, and

the magnitude of splitting is given by

�VS

VS
� C55 � C44

C55 þ C44
(21:20)

where I use the coordinate system such that x3 is

the vertical axis. Note that this result is identical to

(21.19) because we are looking at the same type of

waves (SV-waves). The relation between the body-

and the surface-wave anisotropy was investigated by

MONTAGNER et al. (2000).

R2

R1

R3

S1 S2

S3

Study region

FIGURE 21.4 A schematic diagram showing a way in which

azimuthal anisotropy is measured. Si indicates the source and Ri

denotes the receiver. Note that waves used to determine azimuthal

anisotropy in a study region must pass through different regions

between a source and a receiver.

Seismic anisotropy and its geodynamic implications 399



Shear wave splitting is a powerful tool to investigate

anisotropic structure. One advantage of this method is

that because anisotropic structure can be inferred from a

single record, the result is free from the influence of lateral

heterogeneity. However, a major limitation is that it is

hard to identify where shear wave splitting occurs. For

example, when one uses an SKS wave (shear wave that

goes to the outer core and comes back from the core–

mantle boundary, see Box 21.1), any place from the

core–mantle boundary to the station can cause shear

wave splitting. There is some progress to determine

three-dimensional anisotropic structures from shear

wave splitting measurements. When one uses a wave

converted from P- to S- at a discontinuity, then shear

wave splitting must occur in the materials above the dis-

continuity (e.g., PARK and LEVIN, 2002). Also using the

back-azimuth and/or frequency dependence of splitting

one can obtain some constraints on the depth variation of

anisotropy (e.g., CHEVROT, 2000; SALTZER et al., 2000;

CHEVROT and VAN DER HILST, 2003), but the uncertain-

ties in locating the anisotropic structures are still large.

Second, and another commonly used approach, is

to analyze seismological data assuming transverse iso-

tropy and determine the ratio of VSH=VSV. Transverse

isotropy is a particular type of anisotropic structure in

which the elastic properties do not depend on the ori-

entation in the horizontal plane, but they are different

between properties in the horizontal and vertical direc-

tions. One example is a horizontally layered structure.

In such a case, the P-wave has anisotropy with respect

to the direction of propagation (PH, PV), and the

horizontally propagating S-wave has anisotropy with

respect to the direction of polarization (SH, SV). Since

polarization anisotropy is better constrained, the ratio

of velocities of SH and SV waves, VSH=VSV, is inves-

tigated in most of the literature. The amplitude of

SH–SV anisotropy can be calculated from the previ-

ously given relation, (21.14), as

VSH

VSV

� �2

¼ D

F
¼ C11 þ C22 � 2 C12 � 2C66ð Þ

4 C44 þ C55ð Þ (21:21)

where as before the elastic constants are defined using

a coordinate system in which x3 is the vertical axis.

In contrast to the azimuthal anisotropy, the meas-

urements of the polarization anisotropy of S-waves

can be made with less problems of heterogeneity. In a

measurement of polarization anisotropy, one investi-

gates a seismogram at a single station and determines

the difference in velocities of two shear waves that have

different polarizations. One may compare the phase

velocities of Love and Rayleigh waves that depend on

SH- and SV-wave velocities respectively. Indeed, this

SH–SV polarization anisotropy was recognized in the

early 1960s in one of the first reports on the evidence of

seismic anisotropy (AKI and KAMINUMA, 1963). By

using the fact that surface waves with different fre-

quencies sample different ranges of depth, one can

determine the depth variation of anisotropic struc-

tures. Such studies include FORSYTH (1975), NATAF

et al. (1986), MONTAGNER and TANIMOTO (1990,

1991) and BEGHEIN and TRAMPERT (2003a).

Similarly, the analysis of free oscillation provides

information as to the anisotropic structure of Earth.

The principle is similar to the surface waves, because

both surface waves and free oscillation belong to the

same class of elastic vibration in which the displace-

ment of materials is constrained by the boundary con-

ditions. Anisotropic structures can be determined by

investigating the splitting of peaks of free oscillation.

Free oscillation of Earth has many peaks correspond-

ing to various ‘‘modes.’’ If Earth were a perfectly

homogeneous sphere, then these peaks would be sharp

and well defined. Anisotropy (as well as rotation and

heterogeneity) will cause the splitting of these peaks.

Consequently, by investigating the nature of splitting

of free oscillation peaks with various frequencies, one

S

R

S1

Vs1 = Vs2

S2

Vs1 ≠ Vs2

S1

S2

S2

S1

FIGURE 21.5 A schematic

diagram showing how shear wave

splitting occurs.
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can investigate the depth variation of anisotropic struc-

tures (e.g., WOODHOUSE et al., 1986;MONTAGNER and

KENNETT, 1996).

21.4. Major seismological observations

Important seismological observations on anisotropy

can be summarized as follows.

(i) Significant anisotropy is observed in the crust,

particularly in the areas with intense deforma-

tion (e.g., CRAMPIN, 1984).

(ii) Significant azimuthal anisotropy of P-waves

(Fig. 21.6, RAITT et al., 1969; SHIMAMURA et al.,

1983) and Rayleigh waves (Fig. 21.7, TANIMOTO

and ANDERSON, 1984, 1985; MONTAGNER and

TANIMOTO, 1990, 1991; DEBAYLE et al., 2005) is

observed in the shallow oceanic upper mantle

and in some of the continental upper mantle

(BAMFORD, 1977; FUCHS, 1983; SAVAGE, 1999).

(iii) In most of the shallow upper mantle VSH>VSV

(AKI and KAMINUMA, 1963; NATAF et al., 1984,

1986; GAHERTY and JORDAN, 1995; BEGHEIN

and TRAMPERT, 2003a). However, in the old

oceanic upper mantle and also beneath mid-

ocean ridges VSV>VSH (NATAF et al., 1986;

MONTAGNER and GUILLOT, 2000, 2002).

(iv) Seismic anisotropy beneath hotspots is somewhat

different. In the upper mantle beneath Hawaii,

VSH>VSV anisotropy is stronger than other

regions (MONTAGNER and GUILLOT, 2000)

(Fig. 21.8).GAHERTY (2001) reported that beneath

Iceland, VSH > VSV is observed in the deep upper

mantle (> 100km) whereasVSV> VSH anisotropy

is observed in the shallow upper mantle

(< 100km). The modifications to the azimuthal

anisotropy (shear wave splitting pattern) are

found aroundhotspots (e.g.,WALKER et al., 2001).

(v) In most regions, strong shear wave splitting, up

to � 2 s (typically � 1 s) is observed. Usually

such a splitting result shows good correlation

with surface geology and is interpreted to be

due to the anisotropic structure in the shallow

upper mantle. The polarization of the fast

shear wave is nearly parallel to the direction of

geological structure (e.g., Fig. 21.9, SILVER,

1996; see also SAVAGE, 1999). Similarly, the

direction of polarization of the faster S-wave

in a convergent boundary is nearly parallel to

the strike of a trench near the trench whereas it

becomes orthogonal to the trench away from

the trench (e.g., SMITH et al., 2001; NAKAJIMA

and HASEGAWA, 2004; LONG and VAN DER

HILST, 2005; Fig. 21.10).

(vi) The amplitude of anisotropy in the upper mantle

decreases with depth (MONTAGNER and

TANIMOTO, 1990, 1991) (there are some excep-

tions, see DEBAYLE et al., 2005).

(vii) However, there are somehints as to the presence of

anisotropy in the transition zone around 400–800

km depth (MONTAGNER and KENNETT, 1996;

VINNIK and MONTAGNER, 1996; WOOKEY

et al., 2002; BEGHEIN and TRAMPERT, 2003a).

TRAMPERT and VAN HEIJST (2002) reported

azimuthal anisotropy in the transition zone using

the highermode data of surfacewaves (Fig. 21.11).
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FIGURE 21.6 Azimuthal anisotropy in the uppermost mantle in the

Pacific (after RAITT et al., 1969). The measured P-wave velocities

are plotted as a function of the azimuth.
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FIGURE 21.7 Azimuthal anisotropy of Rayleigh waves of 200 s

period. Bars indicate the propagation direction of fast Rayleigh waves.

The results represent the anisotropic structure of the asthenosphere,

�100–200 km depth (after TANIMOTO and ANDERSON, 1984).
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(viii) Most of the lower mantle is devoid of any signifi-

cant anisotropy (MEADE et al., 1995;

MONTAGNER and KENNETT, 1996). However,

significant shear wave anisotropy is documented

in some portions of the D0 0 layer (the bottom of

the mantle) (KENDALL and SILVER, 1996;

VINNIK et al., 1998; GARNERO et al., 2004;

PANNING and ROMANOWICZ, 2004). Usually

VSH > VSV in the D0 0 layer, but the magnitude of

anisotropy changes from one place to another.

Anisotropy is strong in regions where average

velocity is higher than normal. Evidence for azi-

muthal anisotropy in theD0 0 layer is controversial.

(ix) There is a strong anisotropy in the inner core. The

anisotropy has nearly axial symmetry and the

fast P-waves are along the rotation axis

(Fig. 21.12; MORELLI et al., 1986; WOODHOUSE

et al., 1986; DUREK and ROMANOWICZ, 1999;

TROMP, 2001). However, anisotropy is depth-

dependent (e.g., SONG, 1997) and there is some

suggestion for hemispheric asymmetry (e.g.,

TANAKA and HAMAGUCHI, 1997).

21.5. Mineral physics bases of geodynamic
interpretation of seismic anisotropy

In order to translate observed seismic anisotropy in the

geodynamic context, one needs to understand the

physical mechanisms by which anisotropic structures

are formed. There are two distinct structures that can

cause seismic anisotropy. One is a layered structure

including the shape-preferred orientation (SPO) of iso-

tropic or anisotropic materials and another is lattice-

preferred orientation (LPO) of anisotropic minerals.
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21.5.1. Anisotropy due to a layered structure

When a material contains two components with differ-

ent properties (chemical composition, density or vis-

cosity), upon deformation the two regions will change

their shape. After large deformation, one could obtain

a highly layered structure (e.g., CHRISTENSEN and

HOFMANN, 1994). The scale of layering, i.e., the mean

thickness of layers depends on the mechanisms of

deformation (stirring), but in many cases it can reach

a small size compared to the wavelength of seismic

waves (� 10–100 km for body waves, � 100–1000 km

for surface waves). If the layer thickness is much

smaller than the wavelength of seismic waves, then
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FIGURE 21.9 The direction of

polarization of faster shear waves

(SKS) in the continent (after SILVER,

1996). The direction of

polarization of a faster S-wave is

nearly parallel to the trend of the

orogenic belt.
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to the trench. Such a trend is common to many subduction zones.
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such a layered structure will appear to be a homo-

geneous but anisotropic structure.

Consider a layered structure made of two isotropic

materials (Fig. 21.13). By definition, there is a symmetry

axis normal to the plane. The elastic constants corre-

sponding to such a structure have the same symmetry as

the elastic constants for a hexagonal structure and have

five independent components (see Chapter 4).3 This type

of anisotropy is referred to as transverse isotropy or

radial anisotropy. In order to fully characterize the

nature of a layered structure, one would need to deter-

mine five independent seismic wave velocities (for a

more complete analysis, see BACKUS, 1962).

Consider the deformation of a layeredmaterial. For

compression normal to the layer (corresponding to

deformation associated with a PV-wave), stress in

each layer must be identical, whereas for compression

within the plane of a layer (deformation associated

with a PH-wave), strain must be the same for each

layer (because of the assumption that the wavelength

of the wave is much larger than that of the thickness of

each layer). A similar argument applies to the
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FIGURE 21.11 Azimuthal

anisotropy of the transition zone as

determined by the overtones of

surface waves (after TRAMPERT and

VAN HEIJST, 2002).
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FIGURE 21.12 Anisotropy in the inner core (after DUREK and

ROMANOWICZ, 1999; TROMP, 2001). The velocities of P-waves

propagating nearly parallel to the rotation axis are significantly faster

than those propagating normal to the rotation axis. The details of the

anisotropic structure such as the depth variation of anisotropy are not

well constrained.

d1

d2M2

M1

FIGURE 21.13 A finely layered structure. The elastic constants for

deformation in the layering plane and normal to the layering plane are

different, and are characterized by five independent elastic constants.

3 Using the elastic constants of a material with a hexagonal symmetry

(see Chapter 4), it can easily be shown that all the coefficients of

azimuthal anisotropy in equation (21.14) vanish

(Bc¼Bs¼Cc¼Cs¼Ec¼Gc¼Gs¼ 0).
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deformation associated with SH- and SV-motion. For

SH-wave propagation, the particle motion is in the

layering plane. By assumption the wavelength of the

seismic wave is much larger than that of the thickness

of each layer, and therefore the strain in each layer

must be the same for SH-motion. For SV-motion,

materials move vertically in each layer. Strain in each

layer can be different, but stress must be the same.

Therefore the elastic moduli for the two types of defor-

mation correspond to homogeneous stress for the hor-

izontal motion and homogeneous stress for vertical

motion and hence,

MH ¼M1d1 þM2d2 (21:22)

and

MV ¼
1

d1=M1 þ d2=M2
(21:23)

where M1(2) is the elastic modulus of phase 1 (2) and

d1þ d2¼ 1. It follows that for a horizontally layered

structure with any elastic constants, we always have

VSH VPHð Þ4VSV VPVð Þ (21:24)

where VSH(SV, PH, PV) are the velocities of

SH(SV, PH, PV)-waves.4

The contrast in elastic modulus is given by

MH �MV

Mh i � � �M

Mh i

� �2

(21:25)

and hence

VPHðSHÞ � VPVðSVÞ

VPðSÞ
	 
 � �

2

�M

Mh i

� �2

(21:26)

where � is the fraction of a secondary phase,

�M 	M1 �M2 and Mh i 	
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
M1M2

p
. Note that the

elastic modulus ratio is proportional to the square of

elastic modulus contrast. This makes sense because

the elastic constant ratio does not depend on which

material is softer (always MH > MV). But this also

means that in order for this mechanism to cause

significant seismic anisotropy, one needs a large con-

trast in elastic moduli. For example, for � � 1%,

�M=M must be on the order of 1. The only plausible

mechanism for this to happen is partial melting. If

�M=M � 10%, then the only way to obtain substan-

tial anisotropy is when the fraction of secondary mate-

rial is large, � � 50%. The latter combination works

only for special cases. A plausible case is a layering due

to the stirring in a two-phase mixture such as the

deformed mixture of a mixture of peridotite and eclo-

gite (e.g., ALLÈGRE and TURCOTTE, 1986). Similar

layering may occur in the transition zone (a mixture

of garnetite and peridotite (with wadsleyite or

ringwoodite)) and in the D0 0 layer (a mixture of

paleo-oceanic crust and peridotitic components

(made of perovskite and magnesiowüstite)).

When a two-phase mixture is deformed to large

strains, a layered structure will be formed. However,

the plane of layering is parallel to the shear plane only

at infinite strain. At a finite strain there will be a finite

tilt (GAY (1968) investigated the geometry of an inclu-

sion in an infinite matrix and concluded that the tilt

depends on the viscosity contrast between the inclusion

and the matrix). In this case, a layered structure will

result in azimuthal anisotropy with azimuthal depend-

ence through a 2� term (KARATO, 1998e). In such a

case, the sense of shear can be inferred if the sign of 2�

is determined from seismology.

21.5.2. Lattice-preferred orientation
(see Chapter 14)

Most rock-forming minerals are elastically aniso-

tropic. Therefore when the crystallographic orienta-

tions are non-random, an aggregate of minerals will

show macroscopic anisotropy (when viewed at a scale

significantly larger than grain size).5 The plastic defor-

mation of a polycrystalline material often leads to a

non-random distribution of crystallographic axes

called lattice-preferred orientation (LPO). LPO can

also be made by anisotropic nucleation and/or growth

of crystals during crystallization from melt, phase

transformations and recrystallization.

Elastic anisotropy caused by LPO depends on the

elastic anisotropy of constituent minerals and the ori-

entations of each mineral (i.e., LPO). Elastic constants

of most minerals are anisotropic (Chapter 4), except for

garnet (see Fig. 21.2). Consequently, any non-random

distribution of crystallographic axes will cause elastic

anisotropy of an aggregate. A typical case is summar-

ized in Table 21.1 where the elastic constants of

deformed olivine aggregates under typical upper man-

tle conditions are shown based on the experimental

4 The second subscript indicates the direction of the particle motion.

Therefore PH (PV) is a P-wave that propagates along the horizontal

(vertical) direction.

5 The assumption that the grain size is significantly smaller than the wave-

length of seismic waves is valid, except perhaps for the inner core where

grain size is probably notmuch smaller than the wavelength of bodywaves

(this causes significant scattering of body waves, see Chapter 17).
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data. Also note that the nature of elastic anisotropy for

a given mineral can change with pressure (and temper-

ature) (Fig. 21.14). A particularly notable case is MgO

for which even the qualitative feature of anisotropy

(faster or slower direction) changes with pressure (see

Chapter 4). This unique feature is common to many

minerals with cubic structure (e.g., ringwoodite (sili-

cate spinel)) that have an intrinsic instability caused by

the softening ofC44 upon compression (see Chapter 4).

The elastic constants of an aggregate can be calculated

from the elastic constants of its constituent minerals

and their orientations (see Chapter 12).

Two points need to be emphasized concerning the

nature of LPO. First, LPO will be developed by plastic

deformation only when deformation occurs by some

specific mechanisms (dislocation creep and/or twinning).

Among them, deformation by dislocation creep is the

most important mechanism to cause LPO in Earth’s

interior. Deformation by diffusional creep (or grain-

boundary sliding) does not usually produce LPO.

Deformation by dislocation creep (or twinning) occurs

at relatively high stress and/or large grain size.

Consequently, anisotropic structures tend to develop in

certain regions in Earth where stress is high (i.e., boun-

dary layers, see KARATO, 1998d; MONTAGNER, 1998).

Second, when deformation is due to dislocation

creep, the resultant LPO depends on (i) the physical

and chemical conditions of deformation and (ii) the

geometry of deformation (and in some cases the geo-

metry of stress and other fields such as the magnetic

field). The physical conditions of deformation control

the relative ease of deformation by different slip sys-

tems. The relative contributions from different slip

systems determine the nature of LPO for a given defor-

mation geometry. Consequently, in order to infer the

geometry of deformation from seismic anisotropy, one

needs to know the dominant slip system(s) under a

given physical and chemical condition.

olivine
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post-perovskite

perovskite
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FIGURE 21.14 The depth variation of VSH=VSV due to the perfect

alignment of major constituent minerals. The horizontal plane is

assumed to be (010) for all minerals. Note the large effects of pressure

on elastic anisotropy. The seismic anisotropy may change with depth

due to the depth variation in LPO (the horizontal plane may change

from (010) to another plane or to a more complicated LPO).

TABLE 21.1 Elastic constants, Cij (GPa), of deformed olivine

aggregates evaluated at pressure of 5 GPa and temperature of

1573 K (these are typical values and the actual values can vary

from these values dependent on the strength of lattice-preferred

orientation).

i \ j 1 2 3 4 5 6

A-type fabric

1 236.3 84.5 81.5 0.4 3.4 0.3

2 218.5 82.9 � 1.8 1.2 0.3

3 208.0 � 1.3 6.1 0.2

4 64.9 � 0.1 � 1.9

5 68.7 0.3

6 66.6

B-type fabric

1 221.3 84.3 83.3 � 0.3 0.8 1.6

2 223.5 81.7 � 1.4 1.0 1.6

3 215.5 � 1.3 1.1 � 0.4

4 68.9 0.7 � 0.4

5 67.4 � 0.4

6 69.4

C-type fabric

1 223.2 83.6 83.3 0.3 � 3.7 0.3

2 209.8 81.9 0.8 1.5 0.3

3 228.5 0.4 � 5.9 0.2

4 67.9 0.2 � 1.9

5 71.1 0.3

6 66.6

E-type fabric

1 236.8 82.3 84.1 � 0.6 0.4 0.1

2 207.7 82.7 � 2.6 � 0.3 � 1.0

3 217.4 � 2.1 � 1.9 � 0.7

4 65.0 0.1 0.4

5 71.1 1.4

6 68.5

Reference axes are defined as 1: shear direction, 3:

shear plane normal and 2: perpendicular to both 1 and

3 directions.
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One obvious, but important conclusion is that the

relation between seismic anisotropy and the geometry of

flow is mineral specific and also depends on the physical

and chemical conditions. The VSH=VSV41 corresponds

to the horizontal flow for a case where anisotropy is

caused by LPO of olivine under limited conditions (A-,

B-, E-type, but not for C-type; for olivine LPO see

Chapter 14, also see Problem 12.6), but is not necessarily

true for other conditions and for other minerals.

Similarly, the notion that the direction of polarization

of the faster S-wave is parallel to the flow direction is true

only for the olivine-dominated case under limited phys-

ical and chemical conditions (A-, C- and E-type, but not

for B-type). It is also important to recall that the nature of

elastic anisotropy can change with pressure (and temper-

ature). In short, both elastic and plastic anisotropies are

different among different minerals, and both of them can

change with physical and chemical conditions, and there-

fore the relation between seismic anisotropy and the

nature of flow (e.g., flow geometry) can change from

one region of Earth to another. In order to interpret

seismic anisotropy in terms of geodynamics in one region

(say the lower mantle), one needs to know the relation

between seismic anisotropy and the nature of flow appro-

priate for materials in that region. A relation appropriate

for a certain region of Earth (e.g., the lithosphere) cannot

be applied to other regions in general.

Important progress in recent years includes: (i)

experimental studies on the variation of LPO (in oli-

vine) under various physical and chemical conditions

that have revealed a rich variety of LPO (e.g., JUNG and

KARATO, 2001b; KATAYAMA et al., 2004; JUNG et al.,

2006; KATAYAMA and KARATO, 2006), and (ii) the new

development of a high-pressure large-strain deforma-

tion technique (e.g., XU et al., 2005) that allows us to

investigate LPOs in deep Earth materials. (iii) Also

there has beenmuch progress in the numerical modeling

of LPO (e.g., KAMINSKI and RIBE, 2001; KAMINSKI,

2002; WENK, 2002). One advantage of this approach is

the ability to simulate complicated deformation history.

However, a major limitation of this approach is the fact

thatmost of the conclusions from this approach, such as

the geometry of LPO and the rate at which LPO

changes with deformation, hinge on the material prop-

erties that are not always well constrained.

Problem 21.6

Using the results given in Table 21.1, calculateVSH=VSV

for A-, B-, C- and E-type olivine fabric corresponding to

the horizontal shear. Also calculate the direction of the

polarization of the faster shear waves.

Solution

Simply use the numbers from Table 21.1 into

equation (21.21) to obtain: VSH=VSV ¼ 1:02 (A-type),

1.01 (B-type), 0.98 (C-type) and 1.01 (E-type). The

direction of polarization can be inferred from the

comparison of C44 and C55. For A-, C- and E-type

fabrics, C55 > C44 and therefore the polarization of

the fast S-wave is along the x1 direction (flow

direction), whereas for B-type fabric C55 < C44, so the

flow direction is normal to the polarization direction of

the fast S-wave.

21.6. Geodynamic interpretation of seismic
anisotropy

21.6.1. Generalities

The first issue in the geodynamic interpretation of

anisotropy is to identify the type of anisotropic struc-

ture that causes seismic anisotropy, namely either it is

due to a layered structure or to lattice-preferred orien-

tation (LPO). This can be made through several meth-

ods. For example, anisotropy due to horizontal

layering would result in transverse isotropy, namely a

type of anisotropy in which wave propagation is iso-

tropic in the horizontal plane. Therefore if azimuthal

anisotropy is significant, one can conclude that hori-

zontal layering is unlikely to be the cause of anisotropy.

One caveat in this inference, however, is that even in

strictly horizontal shear flow, the resulting layered

structure may have some tilt (KARATO, 1998e). In

this case, the structure will have azimuthal anisotropy

where the seismic wave velocities depend on 2�. If

anisotropy is found to be due to LPO, then one needs

to find out the relation between LPO and flow field for

the materials in the relevant region of Earth.

21.6.2. Seismic anisotropy and its geodynamic
implications

Gross distribution of anisotropy in Earth’s interior
Figure 21.15 shows a gross depth distribution of aniso-

tropy in Earth’s interior. Distribution of anisotropy is

three dimensional and this diagram is certainly an over-

simplification of the actual distribution, but does show

some essential features. The average amplitude of
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seismic anisotropy is large in the shallow Earth (upper

mantle) and at the very bottom (D0 0 layer). The ampli-

tude of anisotropy in the inner core (not shown) is again

large. The depth variation of seismic anisotropy partly

reflects the depth variation of elastic anisotropy of con-

stituent materials, but it also reflects the depth variation

of dynamic processes that cause LPO. For example, the

elastic anisotropy of minerals in the upper mantle does

not change with depth so much whereas the amplitude

of anisotropy decreases significantly with depth.

Similarly, the elastic anisotropy of lower mantle miner-

als is comparable to that of the upper mantle, yet the

amplitude of anisotropy of the bulk of the lower mantle

is much less than that of the upper mantle. These obser-

vations suggest that the depth variation of the amplitude

of seismic anisotropymainly reflects the depth variation

in the dynamic processes of Earth’s interior.

Crust
The deformation of the crust occurs mostly by brittle

fracture in its shallow part (e.g., continental upper

crust) but by ductile deformation in the deeper part

(e.g., continental lower crust). Consequently, the most

important anisotropic structure in the shallow crust is

aligned cracks (i.e., SPO). In this case, the pattern of

anisotropy reflects the stress field as opposed to the

strain field6 (e.g., CRAMPIN, 1978; KANESHIMA, 1990).

In the lower crust, however, deformation occurs by

plastic flow. Most of the plastically deformed crustal

rocks show significant lattice-preferred orientation

and have some degree of elastic anisotropy (e.g.,

SIEGESMUND et al., 1989). However, the anisotropic

layer in the crust is thin (compared to the mantle) and

the anisotropic structure is not always persistent at a

large scale, and consequently, there is a relatively small

signal from the crustal anisotropy in the seismic record

compared to those from the upper mantle (e.g.,

SILVER, 1996).

Upper mantle
Seismic anisotropy in the upper mantle is well docu-

mented both by body- and surface-wave studies. The

classic work by RAITT et al. (1969) demonstrated

the azimuthal anisotropy in the uppermost oceanic

mantle. They found significant azimuthal anisotropy

of P-waves (�
3%), the fast direction nearly

parallel to the (paleo) spreading direction. Global

studies include TANIMOTO and ANDERSON (1984,

1985), MONTAGNER and TANIMOTO (1990, 1991),

MONTAGNER and RITSEMA (2001), BEGHEIN and

TRAMPERT (2003a). Seismic anisotropy in the upper

mantle is in most cases attributed to the lattice-

preferred orientation of minerals particularly that of

olivine (e.g., NICOLAS and CHRISTENSEN, 1987). The

role of layering such as layering of partial melt was also

suggested (e.g., AKI, 1968; BLACKMAN and KENDALL,

1997), but evidence for melt-induced anisotropy has

not been convincingly demonstrated yet. In fact, one

of the most striking observations on the oceanic upper

mantle is the failure to observe evidence for partial

melting from shear wave splitting measurements near

a mid-ocean ridge (e.g., WOLFE and SOLOMON, 1998).

Melt appears to be concentrated in very narrow regions

beneath a mid-ocean ridge.

When anisotropy is attributed to LPO, then the

relation between LPO and the tectonic field must be

understood to interpret seismic anisotropy in terms

of tectonic field. The classic work by Nicolas (reviewed

in NICOLAS and CHRISTENSEN, 1987; BEN ISMAIL and

MAINPRICE, 1998) is used in most geodynamic inter-

pretations of upper mantle seismic anisotropy (e.g.,

VAUCHEZ and NICOLAS, 1991; NICOLAS, 1993;

SILVER, 1996; SAVAGE, 1999; MONTAGNER and

GUILLOT, 2000; TOMMASI et al., 2000). In this model,

anisotropy is due mainly to the A-type olivine fabric.

Consequently, the direction of polarization of the fast

shear wave is parallel to the flow direction, the direc-

tion of the fast Rayleigh wave is parallel to the flow

direction and VSH=VSV41 (< 1) corresponds to the
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FIGURE 21.15 The depth variation of the polarization anisotropy,

VSH=VSV , in the Earth’s mantle (after MONTAGNER and KENNETT,

1996).

6 The distinction between stress and strain is critical for finite strain (see

Chapter 1).
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horizontal (vertical) flow. Such a relation was used to

infer the convection pattern in the upper mantle

(e.g., TANIMOTO and ANDERSON, 1984; NATAF et al.,

1986). The observed convergent boundary-parallel

shear wave splitting is interpreted, in this model, by

the shear motion along the convergent boundary called

transpression (e.g., NICOLAS, 1993).When this model is

applied to interpret subduction zone anisotropy, then

one needs to invoke a complicated flow pattern where

flow near the trench is dominated by trench parallel

flow as opposed to trench normal flow (e.g., RUSSO

and SILVER, 1994; SMITH et al., 2001). A major chal-

lenge to this paradigm came from the experimental

finding that olivine LPO changes with physical and

chemical conditions particularly with water content

as reviewed in Chapter 14 (JUNG and KARATO,

2001b). When deformation in olivine occurs (with

some water) at relatively low temperatures (above a

certain stress), then the direction of polarization of

the faster shear wave will be perpendicular to the flow

direction (B-type fabric). Similarly, when olivine is

deformed at high temperature with a large amount of

water, then the horizontal flow will result in

VSH=VSV51 (C-type fabric). KARATO (2003b) pro-

posed an alternative model to explain trench-parallel

(or convergent boundary-parallel) anisotropy by the B-

type olivine fabric. KNELLER et al. (2005) made a

detailed numerical modeling to investigate the spatial

variation of olivine LPO in the subduction zones.

However, in most of the lithosphere or in the astheno-

sphere, olivine fabric is either A-, E- or C-type, and

consequently, the correlation between the fast shear

waves (Rayleigh waves) and flow pattern is similar to

what has been assumed based on the A-type olivine

fabric (see Problem 12.6). There is evidence of conver-

gent boundary-parallel flow in the structures of

deformed rocks from the shallow upper mantle (e.g.,

NICOLAS, 1993; MEHL et al., 2003). However, the

degree to which transpression occurs at a greater

depth is not known. To distinguish these models, it is

critical to map out the depth variation of anisotropy in

the subduction zone.

In addition to olivine, another volumetrically

important mineral that may affect seismic anisotropy

is orthopyroxene. However, the LPO of orthopyroxene

is less extensively studied than that of olivine (e.g.,

CHRISTENSEN and LUNDQUIST, 1982).

Transition zone
The transition zone is the key to a number of geody-

namic problems. In Chapter 20, we learned that there is

evidence for a significant modification to the convec-

tion pattern in the transition zone. Therefore one

expects a signature in the seismic anisotropy of a

change in flow pattern in the transition zone.

However, very little is known about the nature of

anisotropy in the transition zone at the present time.

Earlier works using shear wave splitting suggested only

weak anisotropy in the transition zone (e.g., FISCHER

andWIENS, 1996), but the resolution of these studies is

not high. Some later studies using overtones of surface

waves or free oscillations have revealed some degree of

anisotropy in the transition zone. MONTAGNER and

KENNETT (1996) and BEGHEIN and TRAMPERT

(2003a) showed evidence for SH–SV polarization ani-

sotropy in the transition zone. TRAMPERT and VAN

HEIJST (2002) showed the presence of azimuthal ani-

sotropy (see also VINNIK and MONTAGNER, 1996).

The pattern of transition zone azimuthal anisotropy,

from their study, is quite distinct from that of the upper

mantle. However, the geodynamic significance of this

observation is unknown because we do not know the

nature of LPO of minerals in the transition zone (at the

time of writing, 2007). In the transition zone, a volu-

metrically important mineral that has a large elastic

anisotropy is wadsleyite (in the upper transition zone).

However the LPO of wadsleyite is not well known.

TOMMASI et al. (2004) presented the results of numer-

ical modeling of LPO in wadsleyite and discussed the

geodynamic implications of transition zone aniso-

tropy. However, the results of such a model depend

entirely on the assumed plastic anisotropy of wadsley-

ite that is unconstrained at the present time. In the

lower transition zone, volumetrically important miner-

als, i.e., ringwoodite and majorite, are all nearly elasti-

cally isotropic and they cannot contribute to seismic

anisotropy. If there is any seismic anisotropy present it

must be due to a layered structure or LPO of a volu-

metrically small but highly anisotropic mineral such as

akimotoite (silicate ilmenite).

Lower mantle
The majority of the lower mantle is devoid of aniso-

tropy. This was first noted by the study of shear wave

splitting by MEADE et al. (1995), who showed that the

magnitude of shear wave splitting from most of the

lower mantle is less than � 0.2 s. This is surprising

because the lower mantle minerals are elastically as

anisotropic as upper mantle minerals (Figs. 21.2 and

21.15). KARATO et al. (1995b) compared this value

with the expected shear wave splitting resulting from

LPO in perovskite (and magnesiowüstite) (� 10 to
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� 20 s) and concluded that the most likely cause for the

lack of anisotropy is that lower mantle minerals deform

by diffusional creep (or superplasticity). The absence of

anisotropy is also suggested by the analysis of free oscil-

lation (MONTAGNER and KENNETT, 1996). However,

anisotropy does exist in some regions of the lowermost

mantle (e.g., VINNIK et al., 1995; KENDALL and

SILVER, 1996, 1998; GARNERO et al., 2004).

The absence of strong anisotropy in the bulk of the

lower mantle, and the presence of significant aniso-

tropy in the D0 0 layer can be naturally explained by

the dynamics of mantle convection and the general

nature of deformation mechanisms in polycrystalline

aggregates. The D0 0 layer is likely to be a boundary

layer of convecting mantle and therefore deformation

there probably occurs at higher stress and strain than

deformation elsewhere. If this view is combined with

another well-established mineral physics concept that

LPO develops only at high stress, then the localized

distribution of anisotropy can be attributed to the

stress–strain distribution and the change in deforma-

tion mechanisms in minerals (KARATO, 1998d). In

particular, KARATO (1998e) emphasized the role of

highly anisotropic (Mg, Fe)O (see also YAMAZAKI

and KARATO, 2002). This hypothesis has been

explored by numerical modeling (MCNAMARA et al.,

2001, 2002, 2003) who showed that anisotropy in the

lower mantle is confined to regions where subducted

slabs collide at the core–mantle boundary in which

deformation occurs at high stress to large strains. A

serious limitation to current knowledge is the lack of

definitive experimental data on the LPO of silicate

perovskite. KARATO et al. (1995b) determined the

LPO of CaTiO3 perovskite (an orthorhombic perov-

skite) under the high-temperature, power-law disloca-

tion creep regime, and inferred that the [100](010) slip

system dominates. But a similar study on (Mg,Fe)SiO3

perovskite is missing at this time (2007).

PANNING and ROMANOWICZ (2004) reported

highly variable anisotropy in the D0 0 layer beneath the

central Pacific and suggested that variable anisotropy

might reflect a complicated flow pattern in that region

from which plumes are considered to rise. However,

the mineral physics basis for such an inference is miss-

ing because the relation between the anisotropic struc-

ture of minerals in the D0 0 layer and the flow pattern is

not yet well known. Similarly, a detailed study on

anisotropy was conducted in the D00 layer beneath

Cocos plate (ROKOSKY et al., 2004). A major compli-

cation to the interpretation of D00 layer anisotropy is

the discovery of a post-perovskite phase. According to

theoretical calculations, this phase is likely to have

modest elastic anisotropy (OGANOV and ONO, 2004;

TSUCHIYA et al., 2004a), and therefore its role in seis-

mic anisotropy needs to be included in the analysis, but

the nature of LPO of this mineral is not known.

OGANOV et al. (2005) estimated the slip system of a

post-perovskite phase based on the first-principle cal-

culation in which the concept of crystal dislocation is

not included. They predicted slip planes of (110).

However, the recent experimental results on an analog

material of post-perovskite (CaIrO3) by YAMAZAKI

et al. (2006) show a slip plane of (010) (with a slip

direction of [100]). I note that the validity of the use

of analog materials to infer the dominant slip system is

unknown. For materials with a B-1 structure (NaCl-

type crystals), NaCl and MgO show quite different

LPOs. The slip systems and LPO of perovskite and

post-perovskite phases of (Mg, Fe)SiO3 are poorly

constrained at this time.

In addition to the anisotropy in the D0 0 layer, there

are reports on anisotropy in the top lower mantle

(WOOKEY et al., 2002; WOOKEY and KENDALL, 2004).

These authors reported evidence for anisotropy by shear

wave splitting and the nature of anisotropy there is

VSH > VSV. Anisotropy caused by (Mg,Fe)O will be

very small there because the elastic properties of

(Mg,Fe)O at this depth are nearly isotropic.

Consequently, anisotropy in the shallow lower mantle

is likely to be caused by LPO of perovskite, but the

nature of LPO inperovskite is poorly known at this time.

Inner core
The inner core, the central part of Earth, has strong

anisotropy (e.g., SONG, 1997; TROMP, 2001). To a good

approximation, anisotropy has an axial symmetry and

P-waves propagate faster along the rotation axis than

perpendicular to it (by � 3%). The presence of strong

anisotropy in the inner core is remarkable. The inner

core is very likely to be in a calm environment because

the lateral variation in temperature should be low

because of the efficient heat transfer both in the outer

and the inner core. Melt-induced anisotropy (aligned

melt pocket) was suggested by SINGH et al. (2000), but

the presence of a significant melt fraction is unlikely

because of efficient compaction due to gravity (SUMITA

et al., 1996). Therefore anisotropy due to LPO is the

most likely cause. Indeed, the material composing the

inner core of Earth is most likely to be hcp iron, which

has a highly anisotropic crystal structure and hence

anisotropic elastic constants. This anisotropy also

implies that either plastic deformation in the inner
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core occurs by dislocation creep or the crystallization

of hcp iron occurs anisotropically or both. If the latter

is the dominant mechanism, then the influence of

deformation must be small.

Since the stress levels in the inner core are likely to be

low, it is not obvious if dislocation creep operates or not.

Consequently, KARATO (1993b) and BERGMAN (1997)

proposed that LPO in the inner core may develop by

anisotropic crystallization. Similarly, YOSHIDA et al.

(1996) proposed that LPO in the inner coremay develop

by stress-induced grain-boundary migration. However,

as I discussed in Chapter 17, the grain size of the inner

core is likely to be large, of the order of 100–1000m. In

such a case, dislocation creep can operate if stress is

modest (e.g., above � 102 Pa). After the evaluation of

various sources of stress in the inner core (KARATO,

1999, 2000) concluded that the stress caused by the

magnetic field is the most important stress in the inner

core. In this case, there is a connection between the

magnetic field and the anisotropy of the inner core,

and seismological observations of anisotropy may pro-

vide a clue as to the generation of a geomagnetic field.

However, the details of flow due to the magnetic force

are unknown (also see BUFFETT and BLOXHAM, 2000).
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BillienM., Lébeque J.-J., and Trampert J. (2000) Global maps

of Rayleigh wave attenuation for periods between 40 and 150

seconds. Geophysical Research Letters 27, 3619–3622.

Bina C.B. andHelffrich G. (1994) Phase transition Clapeyron

slopes and transition zone seismic discontinuity topography.

Journal of Geophysical Research 99, 15 853–15 860.

Birch F. (1952) Elasticity and constitution of the Earth’s

interior. Journal of Geophysical Research 57, 227–286.

Birch F. (1961) The velocity of compressional waves in rocks

to 10 kilobars, Part 2. Journal of Geophysical Research 66,

2199–2224.

Birch F. (1964) Density and composition of mantle and core.

Journal of Geophysical Research 69, 4377–4388.

Blacic J.D. (1972) Effects of water in the experimental

deformation of olivine. In Flow and Fracture of Rocks (ed.

H.C. Heard, I.Y. Borg, N.L. Carter, and C.B. Raleigh),

pp. 109–115. American Geophysical Union.

Blacic J.D. (1975) Plastic-deformation mechanisms of quartz:

the effect of water. Tectonophysics 27, 271–294.

Blackman D.K. and Kendall J.-M. (1997) Sensitivity of tele-

seismic body waves to mineral texture and melt in the mantle

beneath a mid-ocean ridge. Philosophical Transactions of

Royal Society of London A 355, 217–231.

Bloomfield J. P. and Covey-Crump S. J. (1993) Correlating

mechanical data with microstructural observations in defor-

mation experiments on synthetic two-phase aggregates.

Journal of Structural Geology 15, 1007–1019.

Bloss F.D. (1971) Crystallography and Crystal Chemistry.

Holt, Reinhart and Winston, Inc.

Blum J. and Shen Y. (2004) Thermal, hydrous, and mechan-

ical states of the mantle transition zone beneath southern

Africa. Earth and Planetary Science Letters 217, 367–378.

BlumW., Eisenlohr P. andBreutinger F. (2002)Understanding

creep – A review. Metallurgical and Materials Transactions A

33, 291–303.

Boland J.N. and Tullis T. E. (1986) Deformation behaviour

of wet and dry clinopyroxenite in the brittle to ductile tran-

sition region. In Mineral and Rock Deformation: Laboratory

Studies (ed. B. E. Hobbs and H.C. Heard), pp. 35–50.

American Geophysical Union.

Bolfan-Casanova N. (2005) Water in the Earth’s mantle.

Mineralogical Magazine 69, 229–257.

Bolfan-Casanova N., Keppler H., and Rubie D.C. (2000)

Water partitioning between nominally anhydrous minerals

in the MgO-SiO2-H2O system up to 24 GPa: implications for

the distribution of water in the Earth’s mantle. Earth and

Planetary Science Letters 182, 209–221.

Bolfan-Casanova N., Keppler H., and Rubie D.C. (2003)

Water partitioning at 660 km depth and evidence for very

low water solubility in magnesium silicate perovskite.

Geophysical Research Letters 30, 10.1029/2003GL017182.

Bolfan-CasanovaN., Mackwell S. J., Keppler H., McCammon

C., and Rubie D.C. (2002) Pressure dependence of H solubility
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Gannarelli C.M. S., Alfé D., andGillanM. J. (2005) The axial

ratio of hcp iron at the conditions of the Earth’s inner core.

Physics of Earth and Planetary Interiors 152, 67–77.

Garnero E. J. (2000) Heterogeneity of the lowermost mantle.

Annual Review of Earth and Planetary Sciences 28, 509–537.

Garnero E. J. (2004) A new paradigm for Earth’s core–mantle

boundary. Science 304, 834–836.

Garnero E. J. and Jeanloz R. (2000) Fuzzy patches on the

Earth’s core–mantle boundary? Geophysical Research Letters

27, 2777–2780.

Garnero E. J., Maupin V., Lay T., and Fouch M. J. (2004)

Variable azimuthal anisotropy in Earth’s lowermost mantle.

Science 306, 259–261.

Garnero E. J., Revenaugh J., Williams Q., Lay T.,

and Kellogg L.H. (1998) Ultralow velocity zone at the core–

mantle boundary. In The Core–Mantle Boundary Regions

(ed. M.E.W.M. Gurnis, E. Knittle and B.A. Fuffett),

pp. 319–334. American Geophysical Union.

Garofalo F. (1965) Fundamentals of Creep and Creep-Rupture

in Metals. MacMillan.

Gay N.C. (1968) Pure shear and simple shear deformation

of inhomogeneous viscous fluids. 1. Theory.Tectonophysics 5,

211–234.

Getting I. C., Dutton S. J., Burnley P.C., Karato S.,

and Spetzler H.A. (1997) Shear attenuation and

dispersion in MgO. Physics of Earth and Planetary Interiors

99, 249–257.

Getting I. C. and Kennedy G.C. (1970) Effect of pressure on

the EMF of chromel–alumel and platinum–platinum 10%

rhodium thermocouples. Journal of Applied Physics 41,

4552–4562.

Ghose S. (1985) Lattice dynamics, phase transitions and

soft modes. In Microscopic to Macroscopic (ed. S.W. Kiefer

and A. Navrotsky), pp. 127–163. Mineralogical Society of

America.

Gill S. P.A. and Cocks A.C. F. (1996) A variational approach

to two dimensional grain growth – II. numerical results. Acta

mater 44, 4777–4789.

Gilman J. J. (1985) Hardness test: a mechanical microprobe.

In Science of Hardness Testing (ed. J.H. Westbrook and

H. Conrad), pp. 51–74. American Society for Metals.

Gilman M. J. (1981) The volume of formation of defects in

ionic crystals. Philosophical Magazine A 43, 301–312.

Glansdorff P. and Prigogine I. (1971) Thermodynamic

Theory of Stability, Structure and Fluctuation. John Wiley &

Sons.

Gleason G.C. and Tullis J. (1995) A flow law for dislocation

creep of quartz aggregates determined with the molten slat

cell. Tectonophysics 247, 1–23.

Goetze C. and Evans B. (1979) Stress and temperature in

the bending lithosphere as constrained by experimental rock

422 References



mechanics.Geophysical Journal of Royal Astronomical Society

59, 463–478.

Goldsby D.L. and Kohlstedt D.L. (2001) Superplastic

deformation of ice: experimental observations. Journal of

Geophysical Research 106, 11 017–11 030.

Gordon R.B. (1965) Diffusion creep in the Earth’s mantle.

Journal of Geophysical Research 70, 2413–2418.

Gordon R.B. (1971) Observation of crystal plasticity under

high pressure with application to the Earth’s mantle. Journal

of Geophysical Research 76, 1248–1254.

Gordon R. S. (1973) Mass transport in the diffusional creep

of ionic solids. Journal of the American Ceramic Society 65,

147–152.

Gordon R. S. and Terwillinger G.R. (1972) Transient creep

in Fe-doped polycrystalline MgO. Journal of the American

Ceramic Society 55, 450–455.

Gottstein G. and Mecking H. (1985) Recrystallization.

In Preferred Orientation in Deformed Metals and Rocks

(ed. H.-R. Wenk), pp. 183–232. Academic Press.

Grand S. (1994) Mantle shear structure beneath Americas

and surrounding oceans. Journal of Geophysical Research 99,

11 591–11 621.

Green D.H. and Falloon, T. J. (1998) Pyrolite: a

Ringwood concept and its current expression. In The Earth’s

Mantle (ed. I. Jackson), pp. 311–378. Cambridge University

Press.

Green H.W., II. (1984) ‘‘Pressure solution’’ creep: some

causes and mechanisms. Journal of Geophysical Research 89,

4313–4318.

Green H.W., II. (1970) Diffusional flow in polycrystalline

materials. Journal of Applied Physics 41, 3899–3902.

Green H.W., II. and Borch R. S. (1987) The pressure depend-

ence of creep. Acta Metallurgica 35, 1301–1305.

Green H.W., II. and Houston H. (1995) The mechanics of

deep earthquakes. Annual Review of Earth and Planetary

Sciences 23, 169–213.

Greenwood G.W. (1994) Denuded zones and diffusional

creep. Scripta Metallurgica et Material 30, 1527–1530.

Greenwood G.W. and Johnson R.H. (1965) The deforma-

tion of metals under small stresses during phase transforma-

tions. Proceedings of the Royal Society of London A 238,

403–422.

Gribb T. T. and Cooper R. F. (1998) Low-frequency shear

attenuation in polycrystalline olivine: grain boundary diffu-

sion and the physical significance of the Andrade model for

viscoelastic rheology. Journal of Geophysical Research 103,

27 267–27 279.

Gribb T. T. and Cooper R.F. (2000) The effect of an equili-

bratedmelt phase on the shear creep and attenuation behavior

of polycrystalline olivine. Geophysical Research Letters 27,

2341–2344.

Griggs D.T. (1967) Hydrolytic weakening of quartz and other

silicates. Geophysical Journal of Royal Astronomical Society

14, 19–31.

Griggs D.T. (1974) A model of hydrolytic weakening in

quartz. Journal of Geophysical Research 79, 1653–1661.

Griggs D.T. and Baker D.W. (1969) The origin of deep-

focus earthquakes. In Properties of Matter Under Unusual

Conditions (ed. H. Marks and S. Feshbach), pp. 23–42.

Interscience.

Griggs D.T. and Blacic J.D. (1965) Quartz: anomalous weak-

ness of synthetic crystals. Science 147, 292–295.

GrimmerH. (1979) The distribution of disorientation angles if

all relative orientations of neighbouring grains are equally

probable. Scripta Metallurgica 13, 161–164.
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Kê T. S. (1947) Experimental evidence of the viscous behavior

of grain boundaries in metals. Physical Review 71, 533–546.

Kekulawala K.R. S. S., Paterson M. S., and Boland J.N.

(1978) Hydrolytic weakening in quartz. Tectonophysics 46,

T1–T6.

Kekulawala K.R. S. S., Paterson M. S., and Boland J.N.

(1981) An experimental study of the role of water in quartz

deformation. In Mechanical Behavior of Crustal Rocks: the

Handin Volume (ed. N. L. Carter, M. Friedman, J.M. Logan,

andD.W. Stearns), pp. 49–60. AmericanGeophysical Union.

Kelemen P. B., Hirth G., Shimizu N., Spiegelman M., and

Dick H. J. B. (1997) A review of melt migration processes in

the adiabatically upwelling mantle beneath oceanic spreading

ridges. Philosophical Transactions of the Royal Society of

London 355, 283–318.

Kellogg L.H., Hager B.H., and van der Hilst R.D. (1999)

Compositional stratification in the deep mantle. Science 283,

1881–1884.

Kelly A., Tyson W.R., and Cottrell A.H. (1967) Ductile and

brittle crystals. Philosophical Magazine 15, 567–586.

Kendall J.-M. and Silver P.G. (1996) Constraints from seis-

mic anisotropy on the nature of the lowermost mantle.Nature

381, 409–412.

Kendall J.-M. and Silver P.G. (1998) Investigating causes

of D0 0 anisotropy. In The Core–Mantle Boundary Region (ed.

M.E.W.M.Gurnis, E. Knittle and B.A. Buffett), pp. 97–118.

American Geophysical Union.

Kennett B. L.N., Engdahl E.R., and Buland R. P. (1995)

Constraints on seismic wave velocities in the Earth

from travel times. Geophysical Journal International 122,

108–124.

KepplerH.,WiedenbeckM., and Shcheka S. S. (2003) Carbon

solubility in olivine and the mode of carbon storage in the

Earth’s mantle. Nature 424, 414–416.

Keyes R.W. (1963) Continuum models of the effect

of pressure on activated processes. In Solids Under

Pressure (ed. W. Paul and D.M. Warschauer), pp. 71–91.

McGraw-Hill.

Khisina N.R., Wirth R., Andrut M., and Ukhanov A.V.

(2001) Extrinsic and intrinsic mode of hydrogen occurrence

in natural olivines: FTIR and TEM investigation. Physics

and Chemistry of Minerals 28, 291–301.

KidoM. and Cadek O. (1997) Inferences of viscosity from the

oceanic geoid: indication of a low viscosity zone below the

660-km discontinuity. Earth and Planetary Science Letters

151, 125–137.

King S.D. (1995a) Radial models of mantle viscosity: results

from a genetic algorithm. Geophysical Journal International

122, 725–734.

King S.D. (1995b) The viscosity structure of the mantle.

Review of Geophysics 33, 11–17.

Kingery W.D. (1974a) Plausible concepts necessary and

sufficient for interpretation of ceramic grain-boundary phe-

nomena: I. Grain-boundary characteristics, structure, and

electrostatic potential. Journal of the American Ceramic

Society 57, 1–8.

Kingery W.D. (1974b) Plausible concepts necessary and

sufficient for interpretation of ceramic grain-boundary phe-

nomena: II. Solute segregation, grain-boundary diffusion,

and general discussion. Journal of the American Ceramic

Society 57, 74–83.

Kingery W.D., Bowen H.K., and Uhlmann D.R. (1976)

Introduction to Ceramics. John Wiley & Sons.

Kinsland G.L. and Bassett W.A. (1977) Strength of MgO

and NaCl polycrystals to confining pressures of 250 kbar at

25 ºC. Journal of Applied Physics 48, 978–985.

430 References



Kirby S.H. (1977) The effects of the �–� phase transforma-

tion on the creep properties of hydrolytically-weakened syn-

thetic quartz. Geophysical Research Letters 4, 97–100.

Kitamura M., Kondoh S., Morimoto N., et al. (1987) Planar

OH-bearing defects in mantle olivine. Nature 328, 143–145.

Kitamura M., Matsuda H., and Morimoto N. (1986) Direct

observation of the Cottrell atmosphere in olivine. Proceedings

of Japan Academy 62, 149–152.

Kittel C. (1986) Introduction to Solid State Physics. John

Wiley & Sons.

Kliewer K.L. and Koehler J. S. (1965) Space charge in ionic

crystals. I. General approach with application to NaCl.

Physical Review 140, A1226–A1240.

Kneller E.A., van Keken P. E., Karato S., and Park J. (2005)

B-type olivine fabric in the mantle wedge: insights from high-

resolution non-Newtonian subduction zone models. Earth

and Planetary Science Letters 237, 781–797.

Kocks U.F. (1970) The relation between polycrystal defor-

mation and single crystal deformation. Metallurgical Trans-

actions 1, 1121–1143.

Kocks U.F., Argon A. S., and Ashby M.F. (1975) Thermo-

dynamics and kinetics of slip. Progress in Materials Sciences

19, 1–288.

Kocks U.F., Jonas J. J., andMecking H. (1979) The develop-

ment of strain-rate gradients. Acta Metallurgica 27, 419–432.
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Lebensohn R.A. and Tomé C.N. (1993) A self-consistent

anisotropic approach for the simulation of plastic defor-

mation and texture development of polycrystals: application

to zirconium alloys. Acta Metallurgica et Materials 41,

2611–2624.

Lee D.-C. and Halliday A.N. (1995) Hafnium–tungsten chro-

nometry and the timing of terrestrial core formation. Nature

392, 771–774.

Lee K.-H., Jiang Z., andKarato S. (2002) A scanning electron

microscope study of effects of dynamic recrystallization on

the lattice preferred orientation in olivine.Tectonophysics 351,

331–341.

Lemaire C., Kohn S.C., and Brooker R.A. (2004) The effect

of silica activity on the incorporation mechanisms of water in

synthetic forsterite: a polarized infrared spectroscopic study.

Contributions to Mineralogy and Petrology 147, 48–57.

Lenardic A. and Moresi L.N. (1999) Some thoughts on the

stability of cratonic lithosphere: effects of buoyancy and vis-

cosity. Journal of Geophysical Research 104, 12 747–12 759.

Levien L. and Prewitt C. T. (1981) High-pressure structural

study of diopside. American Mineralogist 66, 315–323.

Lewis J. S. (1974) Chemical composition of the solar system.

Scientific American 230, 50–65.

Li B., Liebermann R.C., and Weidner D. J. (1998) Elastic

moduli of wadsleyite (�-Mg2SiO4) to 7 GPa and 873 K.

Science 281, 675–677.

Li J., Hadidiacos C., Mao H.-K., Fei Y., and Hemley R. J.

(2003a) Behavior of thermocouples under high pressure in a

multi-anvil apparatus. High Pressure Research 23, 389–401.

Li J. C.M. (1963) A dislocation mechanism of transient

creep. Acta Metallurgica 11, 1269–1270.

Li L., Raterron P., Weidner D. J., and Long H. (2006) Plastic

flow of pyrope at mantle pressure and temperature. American

Mineralogist 91, 517–525.

Li L., Ratteron P., Weidner D. J., and Chen J. (2003b) Olivine

flow mechanisms at 8 GPa. Physics of Earth and Planetary

Interiors 138, 113–129.

Li L., Weidner D. J., Chen J., et al. (2004a) X-ray strain

analysis at high pressure: effect of plastic deformation in

MgO. Journal of Applied Physics 95, 8357–8365.

432 References



Li L.,WeidnerD. J., Ratteron P., Chen J., andVaughanM.T.

(2004b) Stress measurements of deforming olivine at high

pressure. Physics of Earth and Planetary Interiors 143/144,

357–367.

Li P., Karato S., and Wang Z. (1996) High-temperature creep

in fine-grained polycrystalline CaTiO3, an analogue material

of (Mg,Fe)SiO3 perovskite. Physics of Earth and Planetary

Interiors 95, 19–36.

Li X. and Cormier V. F. (2002) Frequency-dependent

seismic attenuation in the inner core 1.A viscoelastic inter-

pretation. Journal of Geophysical Research 107, 10.1029/

2002JB001795.

Li Y. and Langdon T.G. (1998) High strain rate superplas-

ticity in metal matrix composites: the role of load transfer.

Acta Materialia 46, 3937–3948.

Lidiard A. B. (1981) The volume of formation of

Schottky defects in ionic solids. Philosophical Magazine A

43, 292–300.

Liebermann R.C. (1982) Elasticity of minerals at high

pressure and temperature. In High Pressure Research in

Geosciences (ed. W. Schreyer), pp. 1–14. Schweizerbartsche.

Liebermann R.C. (2000) Elasticity of mantle minerals (exper-

imental studies). InEarth’s Deep Interior:Mineral Physics and

Tomography (ed. S. Karato, A.M. Forte, R.C. Liebermann,

G. Masters, and L. Stixrude), pp. 181–199. American

Geophysical Union.

Liebermann R.C. and Ringwood A.E. (1973) Birch’s law

and polymorphic phase transformations. Journal of Geophys-

ical Research 78, 6926–6932.

Lifshitz I.M. (1963) On the theory of diffusion–viscous flow

of polycrystalline bodies. Soviet Physics JETP 17, 909–920.

Lifshitz I.M. and ShikinV.B. (1965) The theory of diffusional

viscous flow of polycrystalline solids. Soviet Physics, Solid

State 6, 2211–2218.

Lin J.-F., Sturhahn W., Zhao J., et al. (2005) Sound

velocities of hot dense iron: Birch’s law revisited. Science

308, 1892–1894.
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Rüpke L.H., Phipps Morgan J., Hort M., and Connolly

J. A.D. (2004) Serpentine and the subduction zone water

cycle. Earth and Planetary Science Letters 223, 17–34.

Russo R. and Silver P.G. (1994) Trench-parallel flow beneath

the Nazca plate from seismic anisotropy. Science 263,

1105–1111.

Rutter E.H. (1972) The influence of interstitial water on

the rheological behaviour of calcite rocks. Tectonophysics

14, 13–33.

Rutter E.H. (1976) The kinetics of rock deformation by pres-

sure solution. Philosophical Transactions of the Royal Society

of London A 283, 203–219.

Rutter E.H. (1983) Pressure solution in nature, theory

and experiment. Journal of the Geological Society of London

140, 725–740.

Rutter E.H. (1986) On the nomenclature of failure transitions

in rocks. Tectonophysics 122, 381–387.

Rutter E.H. (1995) Experimental study of the influence of

stress, temperature, and strain on the dynamic recrystalliza-

tion of Carrara marble. Journal of Geophysical Research 100,

24 651–24 663.

Rutter E.H. (1998) Use of extension testing to investigate

the influence of finite strain on the rheological behaviour of

marble. Journal of Structural Geology 20, 243–254.

Rutter E.H. and Brodie K. (1988) The role of tectonic

grainsize reduction in the rheological stratification of the

lithosphere. Geologische Rundschau 77, 295–308.

Rutter E.H. and Brodie K.H. (1992) Rheology of the lower

crust. In Continental Lower Crust (ed. D.M. Fountain,

R. Arculus, and R.W. Key), pp. 201–267. Elsevier.

Rutter E.H. and Brodie K.H. (2004) Experimental grain size-

sensitive flow of hot-pressed Brasilian quartz aggregates.

Journal of Structural Geology 26, 2011–2023.

Rutter E.H., Casey M., and Burlini L. (1994) Preferred crys-

tallographic orientation development during the plastic and

superplastic flow of calcite rocks. Journal of Structural

Geology 16, 1431–1446.

Rybacki E. and Dresen G. (2000) Dislocation and diffusion

creep of synthetic anorthite aggregates. Journal of Geophysical

Research 105, 26 017–26 036.

Rybacki E. and Dresen G. (2004) Deformation mechanism

maps for feldspar rocks. Tectonophysics 382, 173–187.

Rybacki E., Gootschalk M., Wirth R., and Dresen G.

(2006) Influence of water fugacity and activation

volume on the flow properties of fine-grained anorthite

aggregates. Journal of Geophysical Research 111, 10.1029/

2005JB003663.

Rybacki E., Paterson M. S., Wirth R., and Dreibus G. (2003)

Rheology of calcite–quartz aggregates deformed to large

strain in torsion. Journal of Geophysical Research 108,

10.1029/2002JB001833.

Rychert C.A., Fischer K.M., and Rodenay S. (2005) A sharp

lithosphere–asthenosphere boundary imaged beneath eastern

North America. Nature 434, 542–545.

Ryerson F. J., Weed H.C., and Piwinskii A. J. (1988)

Rheology of subliquidus magmas 1. Picritic compositions.

Journal of Geophysical Research 93, 3421–3436.

SabadiniR., Smith B.K., andYuenD.A. (1987) Consequences

of experimental transient rheology. Geophysical Research

Letters 14, 816–819.

Sakai T. and Jonas J. J. (1984) Dynamic recrystallization:

mechanical and microstructural considerations. Acta Metal-

lurgica 32, 189–209.

Saltzer R.L., Gaherty J. B., and Jordan T.H. (2000) How are

vertical shear wave splitting measurements affected by varia-

tions in the orientation of azimuthal anisotropy with depth?

Geophysical Journal International 141, 374–390.

Saltzer R.L., van der Hilst R.D., and Karason H. (2001)

Comparing P and S wave heterogeneity in the mantle.

Geophysical Research Letters 28, 1335–1338.

Sammis C.G. and Dein J. L. (1974) On the possibility of

transformational superplasticity in the Earth’s mantle.

Journal of Geophysical Research 79, 2961–2965.

Sammis C.G., Smith J. C., and Schubert G. (1981) A critical

assessment of estimation methods for activation volume.

Journal of Geophysical Research 86, 10 707–10 718.

Sammis C.G., Smith J.C., Schubert G., and Yuen D.A.

(1977) Viscosity depth profile of the Earth’s mantle: effect of

polymorphic transitions. Journal of Geophysical Research 82,

3747–3761.

SandströmR. (1977) Subgrain growth occurring by boundary

migration. Acta Metallurgica 25, 905–911.

Sato H., Sacks I. S., Murase T., Munchill G., and Fukuyama

H. (1989) Qp-melting temperature relation in peridotite at

high pressure and temperature: attenuation mechanism and

implications for the mechanical properties of the upper man-

tle. Journal of Geophysical Research 94, 10 647–10 661.

Sato M. (1971) Electrochemical measurements and control of

oxygen fugacity and other gaseous fugacities with solid electro-

lyte sensors. InResearch Techniques forHighPressure andHigh

Temperature (ed. G.C. Ulmer), pp. 43–99. Springer-Verlag.

SavageM.K. (1999) Seismic anisotropy and mantle deforma-

tion: what have we learned from shear wave splitting? Review

of Geophysics 37, 65–106.

Saxena S.K., Dubrovinski L. S., and Lazor P. (1996) Stability

of perovskite (MgSiO3) in the Earth’s lower mantle. Science

274, 1357–1359.

Schmalzried H. (1995) Chemical Kinetics of Solids. VCH.

Schmeling H. (1985) Numerical models on the influence of

partial melt on elastic, anelastic and electric properties of

References 441



rocks. Part I: elasticity and anelasticity. Physics of Earth and

Planetary Interiors 41, 34–57.

Schmeling H. (1987) On the interaction between small- and

large-scale convection and postglacial rebound flow in a

power-law mantle. Earth and Planetary Science Letters 84,

254–262.

Schmid S.M. and Casey M. (1986) Complete fabric analysis

of some commonly observed quartz c-axis patterns. In

Mineral and Rock Deformation: Laboratory Studies, The

Paterson Volume (ed. B. E. Hobbs and H.C. Heard),

pp. 263–286. American Geophysical Union.

Schmidt C., Bruhn D., and Wirth R. (2003) Experimental

evidence of transformation plasticity in silicates: mimimum

of creep strength in quartz. Earth and Planetary Science

Letters 205, 273–280.

Scholz C.H. (2002) The Mechanics of Earthquake and

Faulting. Cambridge University Press.

Schubert G., Turcotte D.L., and Olson P. (2001) Mantle

Convection in the Earth and Planets. Cambridge University

Press.

Schutt D.L. and Lesher C. E. (2006) Effects of melt depletion

on the density and seismic velocity of garnet and spinel

lherzolite. Journal of Geophysical Research 111, 10.1029/

2003JB002950.

Sclater J. C., Parsons B., and Jaupart C. (1981) Oceans and

continents: similarities and differences in the mechanisms

of heat loss. Journal of Geophysical Research 86, 11535–11552.

Sclater J.G., Jaupart C., and Galson D. (1980) The heat flow

through the oceanic and continental crust and the heat loss of

the earth.Review of Geophysics and Space Physics 18, 269–312.

Scott D.R. and Stevenson D. J. (1984) Magma solitons.

Geophysical Research Letters 11, 1161–1164.

Scott T. and Kohlstedt D.L. (2006) The effect of large melt

fraction on the deformation behavior of peridotite. Earth and

Planetary Science Letters 246, 177–187.

Secco R.A. (1995) Viscosity of the outer core. In Mineral

Physics & Crystallography (ed. T.H. Ahrens), pp. 218–226.

American Geophysical Union.

Seeger A. and Schiller P. (1966) Kinks in dislocation lines and

their effects on the internal friction in crystals. In Physical

Acoustics, Vol. III – Part A (ed. W. P. Mason), pp. 361–495.

Academic Press.

Selitser S. I. and Morris J.W., Jr. (1994) Substructure for-

mation during plastic deformation. Acta Metallurgica et

Materials 42, 3985–3991.

Shankland T. J. (1977) Elastic properties, chemical compo-

sition, and crystal structures of minerals. Geophysical Survey

3, 69–100.

Shankland T. J., O’Connell R. J., and Waff H. S. (1981)

Geophysical constraints on partial melt in the upper mantle.

Review of Geophysics and Space Physics 19, 394–406.

Sharp T.G., Bussod G.Y., and Katsura T. (1994)

Misrostructures in beta-Mg1.8Fe0.2SiO4 experimentally

deformed at transition-zone conditions. Physics of Earth and

Planetary Interiors 86, 69–83.

Shearer P.M. (2000) Upper mantle discontinuities. In Earth’s

Deep Interior: Mineral Physics and Tomography from the

Atomic to the Global Scales (ed. S. Karato, A.M. Forte,

R.C. Liebermann, G. Masters, and L. Stixrude), pp. 115–131.

American Geophysical Union.

Shearer P.M. and Masters G. (1992) Global mapping of top-

ography on the 660-km discontinuity. Nature 355, 791–796.

Shen G., Mao H.-K., Hemley R. J., and Duffy T. S. (1998)

Melting and crystal structure of iron at high pressures and

temperatures. Geophysical Research Letters 25, 373–376.

Shen Y. and Blum J. (2003) Seismic evidence for accumu-

lated oceanic crust above the 660-km discontinuity beneath

southern Africa. Geophysical Research Letters 30, 10.1029/

2003GL017991.

Sherby O.D., Klundt R.H., and Miller A.L. (1977) Flow-

stress, subgrain size and subgrain stability at elevated temper-

atures. Metallurgical Transactions A 8, 843–850.

Sherby O.D., Robbins J.L., and Goldberg A. (1970)

Calculation of activation volumes for self-diffusion and creep

at high temperatures. Journal of Applied Physics 41, 3961–3968.

Shewmon P.G. (1989) Diffusion in Solids. The Minerals,

Metals & Materials Society.

Shieh S.R., Duffy T. S., and Li B. (2002) Strength and elasticity

of SiO2 across the stishovite–CaCl2-type phase boundary.

Physical Review Letters 89, 10.1103/PhysRevLett. 89.255507.

Shim S.-H., Duffy T. S., and Shen G. (2001) Stability

and structure of MgSiO3 perovskite to 2300-kilometer depth

in Earth’s mantle. Science 293, 2437–2440.

Shimamoto T. and Logan J.M. (1981) Effects of simulated

gouges on the sliding behavior of Tennessee sandstone.

Tectonophysics 75, 243–255.

Shimamura H., Asada T., Suyehiro K., Yamada T., and

Inatani H. (1983) Longshot experiments to study velocity

anisotropy in the oceanic lithosphere of the northwestern

Pacific. Physics of Earth and Planetary Interiors 31, 348–362.

Shimazu Y. (1954) Equation of state of materials composing

the Earth’s interior. Journal of Earth Science, Nagoya

University 2, 15–172.

Shimizu I. (1992) Nonhydrostatic and nonequilibrium ther-

modynamics of deformable materials. Journal of Geophysical

Research 97, 4587–4597.

Shimizu I. (1994) Rock deformation by pressure solution

and its implications to the rheology of lithosphere: a review.

Structural Geology 39, 153–164.

Shimizu I. (1998) Stress and temperature dependence of

recrystallized grain size: a subgrain misorientation model.

Geophysical Research Letters 25, 4237–4240.

442 References



Shimozuru D. (1963) On the possibility of the existence of the

molten portion in the upper mantle of the earth. Journal of

Physics of the Earth 11, 49–55.

Shinmei T., Tomioka N., Fujino K., Kuroda K., and

Irifune T. (1999) In situ X-ray diffraction of enstatite up to

12 GPa and 1473K and equation of state. American

Mineralogist 84, 1588–1594.

Shito A., Karato S.,MatsukageK.N., andNishihara Y. (2006)

Toward mapping water content, temperature and major ele-

ment chemistry in Earth’s upper mantle from seismic tomog-

raphy. In Earth’s Deep Water Cycle (ed. S.D. Jacobsen and

S. van der Lee), pp. 225–236. American Geophysical Union.

Shito A., Karato S., and Park J. (2004) Frequency dependence

ofQ in Earth’s upper mantle inferred from continuous spectra

of body wave. Geophysical Research Letters 31, 10.1029/

2004GL019582.

Shito A. and Shibutani T. (2003a) Anelastic structure of the

upper mantle beneath the northern Philippine Sea. Physics of

Earth and Planetary Interiors 140, 319–329.

Shito A. and Shibutani T. (2003b) Nature of heterogeneity of

the upper mantle beneath the northern Philippine Sea as

inferred from attenuation and velocity tomography. Physics

of Earth and Planetary Interiors 140, 331–341.

SibsonR.H. (1975) Generation of pseudotachylyte by ancient

seismic faulting. Geophysical Journal of Royal Astronomical

Society 43, 775–794.

Sibson R.H. (1977) Fault rocks and fault mechanics. Journal

of Geological Society of London 133, 191–213.

Siegesmund S., Takeshita T., and Kern H. (1989) Anisotropy

of Vp and Vs in an amphibolite of the deeper crust and its

relationship to themineralogical, microstructural and textural

characteristics of the rock. Tectonophysics 157, 25–38.

Silver P.G. (1996) Seismic anisotropy and mantle deforma-

tion: probing the depths of geology. Annual Review of Earth

and Planetary Sciences 24, 385–432.

Silver P.G., Mainprice D., Ben Ismail W., Tommasi A.,

and Barroul G. (1999) Mantle structural geology from

seismic anisotropy. In Mantle Petrology: Field Observations

and High Pressure Experimentation (ed. Y. Fei, C.M. Bertka,

and B.O. Mysen), pp. 79–103. The Geochemical Society.

Simpson C. and Schmid S. (1983) An evaluation of criteria to

deduce the sense of movement in sheared rocks. Geological

Society of America Bulletin 94, 1281–1288.

Singh A.K. (1993) The lattice strain in a specimen (cubic

system) compressed nonhydrostatically in an opposed anvil

device. Journal of Applied Physics 73, 4278–4286.

Singh A.K., Mao H.-K., Shu J., and Hemley R. J. (1998)

Estimation of single-crystal elastic moduli from polycrystal-

line X-ray diffraction at high pressure: application to FeO and

iron. Physical Review Letters 80, 2157–2160.

Singh S.C., TaylorM.A. J., andMontagner J.-P. (2000)On the

presence of liquid in Earth’s inner core.Science 287, 2471–2474.

Sinogeikin S.V. and Bass J.D. (1999) Single-crystal elasti-

city of MgO at high pressure. Physical Review B 59,

R14 141–R14 144.

Sinogeikin S. V. and Bass J.D. (2002) Elasticity of majorite

and a majorite–pyrope solid solution to high pressure:

implications for the transition zone. Geophysical Research

Letters 29, 10.1029/2001GL013937.

Sinogeikin S.V., Bass J.D., and Katsura T. (2003)

Single-crystal elasticity of ringwoodite to high pressures

and high temperatures: implications for 520 km seismic

discontinuity. Physics of Earth and Planetary Interiors

136, 41–66.

Sinogeikin S.V., Chen G., Neuville D.R., Vaughan M.T.,

and Lierbermann R.C. (1998) Ultrasonic shear wave veloc-

ities of MgSiO3 perovskite at 8 GPa and 800K and lower

mantle composition. Science 281, 677–679.

Sipkin S. and Jordan T.H. (1979) Frequency dependence

of QScS. Bulletin of Seismological Society of America 69,

1055–1079.

Skemer P.A., Katayama I., Jiang Z., and Karato S. (2005)

The misorientation index: development of a new method for

calculating the strength of lattice-preferred orientation.

Tectonophysics 411, 157–167.

Skemer P.A., Katayama I., and Karato S. (2006) Deforma-

tion fabrics of a peridotite from Cima di Gagnone, central

Alps, Switzerland: evidence of deformation under water-rich

condition at low temperatures. Contributions to Mineralogy

and Petrology 152, 43–51.

Skinner B. J., Porter S.C., and Park J. (2004) Dynamic

Earth: an Introduction to Physical Geology. John Wiley &

Sons.

Skogby H. (1994) OH incorporation in synthetic clino-

pyroxene. American Mineralogist 79, 240–249.

Skogby H., Bell D.R., and Rossman G.R. (1990) Hydroxide

in pyroxene: variations in the natural environment. American

Mineralogist 75, 764–774.

Skogby H. and Rossman G.R. (1989) OH� in pyroxene: an

experimental study of incorporation mechanisms and stabi-

lity. American Mineralogist 74, 1059–1069.

Smith B.K. (1985) The influence of defect crystallography

on some properties of orthosilicates. In Metamorphic

Reactions, Kinetics, Textures and Deformation (ed. T.A. B.

and D.C. Rubie), pp. 98–117. Springer-Verlag.

Smith B.K. and Carpenter F.O. (1987) Transient creep in

orthosilicates. Physics of Earth and Planetary Interiors 49,

314–324.

Smith G. P., Wiens D.A., Fischer K.M., Dorman L.M., and

Hildebrand J.A. (2001) A complex pattern of mantle flow in

the Lau back-arc. Science 292, 713–716.

Smith M.F. and Dahlen F.A. (1981) The period andQ of the

Chandler wobble. Geophysical Journal of Royal Astronomical

Society 64, 223–281.

References 443



Smith M.L. and Dahlen F.A. (1973) The azimuthal depend-

ence of Love and Rayleigh wave propagation in a slightly

anisotropic medium. Journal of Geophysical Research 78,

3321–3333.

Smyth J.R., Bell D.R., and Rossman G.R. (1991)

Incorporation of hydroxyl in upper-mantle clinopyroxenes.

Nature 351, 732–735.

Smyth J.R. and Frost D. J. (2002) The effect of water on the

410-km discontinuity: an experimental study. Geophysical

Research Letters 29, 10.129/2001GL014418.

Solomatov V. S. (1996) Can hot mantle be stronger than cold

mantle? Geophysical Research Letters 23, 937–940.

Solomatov V. S. (2001) Grain size-dependent viscosity

convection and the thermal evolution of the Earth. Earth

and Planetary Science Letters 191, 203–212.

Solomatov V. S., El-Khozondar R., and Tikare V. (2002)

Grain size in the lower mantle: constraints from numerical

modeling of grain growth in two-phase systems. Physics of

Earth and Planetary Interiors 129, 265–282.

Solomatov V. S. and Moresi L.N. (1996) Stagnant lid

convection on Venus. Journal of Geophysical Research 101,

4737–4753.

Solomon S.C. (1972) Seismic wave attenuation and partial

melting in the upper mantle of North America. Journal of

Geophysical Research 77, 1483–1502.

Solomon S.C., Head J.W., Kaula W.M., et al. (1991)

Venus tectonics: initial analysis from Magellan. Science 252,

297–312.

Song T.-R.A., Helmberger D.V., and Grand S. P. (2004)

Low-velocity zone atop the 410-km seismic disconti-

nuity in the northwestern United States. Nature 427,

530–533.

SongX. (1997)Anisotropy of the Earth’s inner core.Review of

Geophysics 35, 297–313.

Song X. and Helmberger D.V. (1998) Seismic evidence for an

inner core transition zone. Science 282, 924–927.

Song X. and Richards P.G. (1996) Seismic evidence for the

rotation of the inner core. Nature 382, 221–224.

Souriau A. (1998) Earth’s inner core: is the rotation real?

Science 281, 55–56.

Souriau A. and Poupinet G. (2002) Inner core rotation: a

critical appraisal. In Earth’s Core: Dynamics, Structure,

Rotation (ed. V. Dehant, K.C. Creager, S. Karato, and

S. Zatman), pp. 65–82.

Souriau A. and Roudil P. (1995) Attenuation in the upper-

most inner core from broadband Geoscope PKP data.

Geophysical Journal International 123, 572–587.

Spetzler H.A. and Anderson D.L. (1968) The effect of tem-

perature and partial melting on velocity and attenuation in a

simple binary system. Journal of Geophysical Research 73,

6051–6060.

Speziale S., Jiang F., and Duffy T. S. (2005) Composi-

tional dependence of the elastic wave velocities of mantle

minerals: implications for seismic properties of mantle rocks.

In Earth’s Deep Mantle (ed. R.D. v. d. Hilst, J.D. Bass,

J. Matas, and J. Trampert), pp. 301–320. American Geophys-

ical Union.

SpiegelmanM. (2003) Linear analysis of melt band formation

by simple shear. Geochemical Geophysical Geosystems 4,

10.1029/2002GC000499.

Spiegelman M. and Elliott T. (1993) Consequences of melt

transport for uranium series disequilibrium in young lavas.

Earth and Planetary Science Letters 118, 1–20.

Spiegelman M. and Kenyon P.M. (1992) The requirement of

chemical disequilibrium during magma migration. Earth and

Planetary Science Letters 109, 611–620.

Spiers C. J., De Meer S., Niemeijer A.R., and Zhang X.

(2004) Kinetics of rock deformation by pressure solution

and the role of thin aqueous films. In Physicochemistry

of Water in Geological and Biological Systems (ed.

S. Nakashima, C. J. Spiers, L. Mercury, P.A. Fenter,

and J.M.F. Hochella), pp. 129–158. Universal Academy

Press.

Spiers C. J., Schutjens P.M.T.M., Brezesowsky P.H.,

et al. (1990) Experimental determination of constitutive

parameters governing creep of rocksalt by pressure solution.

In Deformation Mechanisms, Rheology and Tectonics (ed.

R. J. Knipe and E.H. Rutter), pp. 215–227. The Geological

Society.

Spingarn J.R., Barnett D.M., and Nix W.D. (1979)

Theoretical description of climb controlled steady state creep

at high and intermediate temperatures. Acta Metallurgica 27,

1549–1562.

Spingarn J.R. and Nix W.D. (1978) Diffusional creep and

diffusionally accommodated grain rearrangement. Acta

Metallurgica 26, 1388–1398.

Spray J.G. (1987) Artificial generation of pseudotachylyte

using friction welding apparatus: simulation of melting on a

fault plane. Journal of Structural Geology 9, 49–60.

Srolovitz D. J. and Davis S.H. (2001) Do stresses modify

wetting angles? Acta Materialia 49, 1005–1007.

Stacey F.D. (1992) Physics of the Earth. Brookfield Press.

StaufferD. andAharonyA. (1992) Introduction to Percolation

Theory. Taylor and Francis.

Steinle-Neumann G., Stixrude L., Cohen R.E., and Gülseren

O. (2001) Elasticity of iron at the temperature of the Earth’s

inner core. Nature 413, 57–60.

Stevenson D. J. (1989) Spontaneous small-scale melt segrega-

tion in partial melts undergoing deformation. Geophysical

Research Letters 16, 1067–1070.

Stipp M. and Tullis J. (2003) The recrystallized grain size

piezometer for quartz. Geophysical Research Letters 30,

10.1029/2003GL018444.

444 References



Stipp M., Tullis J., and Behrens H. (2006) Dislocation creep

of quartz: the effect of water on flow stress and micro-

structure. Journal of Geophysical Research 111, 10.1029/

2005JB003852.

Stixrude L. and Lithgow-Bertelloni C. (2005a) Mineralogy

and elasticity of the oceanic upper mantle: origin of the low-

velocity zone. Journal of Geophysical Research 110, 10.1029/

2004JB002965.

Stixrude L. and Lithgow-Bertelloni C. (2005b) Thermody-

namics of mantle minerals – I. Physical properties.

Geophysical Journal International 162, 610–632.

Stocker R. L. and Ashby M.F. (1973) Rheology of the upper

mantle. Review of Geophysics and Space Physics 11, 391–426.

Stroh A.N. (1954) The formation of cracks as a result of

plastic flow. Proceedings of the Royal Society of London A

223, 404–414.

Stroh A.N. (1955) The formation of cracks in plastic flow II.

Proceedings of the Royal Society of London A 232, 548–560.

Stünitz H., Fitz Gerald J.D., and Tullis J. (2003) Dislocation

generation, slip systems, and dynamic recrystallization in

experimentally deformed plagioclase single crystals. Tectono-

physics 372, 215–233.

Stünitz H. and Tullis J. (2001) Weakening and strain local-

ization produced by syn-deformational reaction of plagio-

clase. International Journal of Earth Sciences 90, 136–148.

Sturhahn W., Toellner T. S., Alp E. E., et al. (1995) Phonon

density of states measured by inelastic nuclear resonant scat-

tering. Physical Review Letters 74, 3832–3835.

Su W.-J., Dziewonski A.M., and Jeanloz R. (1996) Planet

within a planet – rotation of the inner core of the Earth.

Science 274, 1883–1887.

SuetsuguD., Inoue T., YamadaA., ZhaoD., andObayashiM.

(2006) Towards mapping three-dimensional distribution of

water in the transition zone from P-wave velocity tomography

and 660-km discontinuity depths. In Earth’s DeepWater Cycle

(ed. S.D. Jacobsen and S. van der Lee), pp. 237–249. American

Geophysical Union.

Sumino K. (1974) A model for the dynamical state of disloca-

tions in crystals. Materials Science and Engineering 13,

269–275.

Sumita I., Yoshida H., Hamano Y., and Kumazawa M.

(1996) A model for sedimentary compaction in a viscous

medium and its application to inner-core growth.

Geophysical Journal International 124, 502–524.

Sung C.-M., Goetze C., and Mao H.-K. (1977) Pressure dis-

tribution in the diamond anvil press and shear strength of

fayalite. Review of Scientific Instruments 48, 1386–1391.

Suzuki H. (1962) Segregation of solute atoms to stacking

faults. Journal of Physical Society of Japan 17, 322–325.

Tackley P. J. (2000a) Self-consistent generation of tectonic

plates in time-dependent, three dimensional mantle convection

simulations, 1. Pseudoplastic yielding. Geochemistry, Geophy-

sics, Geosystems 1, 2000GC000, 036.

Tackley P. J. (2000b) Self-consistent generation of tectonic

plates in time-dependent, three dimensional mantle convec-

tion simulations, 2. Strain weakening and asthenosphere.

Geochemistry, Geophysics, Geosystems 1, 2000GC000, 043.

Tackley P. J., Stevenson D. J., Glatzmaier G.A., and Schubert

G. (1993) Effects of endothermic phase transition at 670 km

depth in a spherical model of mantle convection in the Earth’s

mantle. Nature 361, 699–704.

Tada R. and Siever R. (1986) Experimental knife-edge

pressure solution of halite. Geochemica et Cosmochemica

Acta 50, 29–36.

Tada R. and Siever R. (1987) A new mechanism for pressure

solution in porous quartzose sandstone. Geochemica et Cos-

mochemica Acta 51, 2295–2301.

Takanami T., Sacks I. S., and Hasegawa A. (2000) Attenua-

tion structure beneath the volcanic front in northeastern

Japan from broad-band seismograms. Physics of Earth and

Planetary Interiors 121, 339–357.

Takei Y. (1998) Constitutive mechanical relations of solid–

liquid composites in terms of grain-boundary contiguity.

Journal of Geophysical Research 103, 18 183–18 203.

Takei Y. (2000) Acoustic properties of partially molten

media studied on a simple binary system with a contro-

llable dihedral angle. Journal of Geophysical Research 105,

16 665–16 682.

Takei Y. (2002) Effect of pore geometry on Vp/Vs: from

equilibrium geometry to crack. Journal of Geophysical

Research 107, 10.1029/2001JB000522.

Takeshita T. (1989) Plastic anisotropy in textured mineral

aggregates: theories and geological applications. In Rheology

of Solids and of the Earth (ed. S. Karato and M. Toriumi),

pp. 237–262. Oxford University Press.

Takeshita T. and Wenk H.-R. (1988) Plastic anisotropy

and geometric hardening in quartzites. Tectonophysics 149,

345–361.

Takeshita T., Wenk H.-R., Molinari A., and Canova G.

(1990) Simulation of dislocation assisted plastic deformation

in olivine polycrystals. In Deformation Processes in Minerals,

Ceramics and Rocks (ed. D. J. Barber and P.G. Meredith),

pp. 365–377. Unwin Hyman.

Takeuchi S. and Argon A. S. (1976) Steady-state creep

of alloys due to viscous motion of dislocations. Acta

Metallurgica 24, 883–889.

Takeuchi S. and Suzuki T. (1988) Deformation of crystals

controlled by the Peierls mechanism. Strength of Metals and

Alloys (ICSMA 8), 161–166.

Tan B., Jackson I., and Fitz Gerald J.D. (1997) Shear wave

dispersion and attenuation in fine-grained synthetic olivine

aggregates: preliminary results. Geophysical Research Letters

24, 1055–1058.

References 445



Tan B., Jackson I., and Fitz Gerald J.D. (2001) High-

temperature viscoelasticity of fine-grained polycrystalline

olivine. Physics and Chemistry of Minerals 28, 641–664.

Tanaka S. and Hamaguchi H. (1997) Degree one heterogene-

ity and hemispherical variation of anisotropy in the inner core

from PKP(BC)-PKP(DF) times. Journal of Geophysical

Research 102, 2925–2938.

Tanimoto T. and Anderson D.L. (1984) Mapping mantle

convection. Geophysical Research Letters 11, 287–290.

Tanimoto T. and Anderson D.L. (1985) Lateral heterogene-

ities and azimuthal anisotropy of the upper mantle: Love and

Rayleigh waves 100–250 s. Journal of Geophysical Research

90, 1842–1858.

Tanimoto T. and Anderson D.L. (1990) Long-wavelength

S-wave velocity structure throughout the mantle.

Geophysical Journal International 100, 327–336.

Tapponnier P. and Francheteau J. (1978) Necking of the

lithosphere and the mechanics of accreting plate boundaries.

Journal of Geophysical Research 83, 3955–3970.

Tarits P., Hautot S., and Perrier F. (2004) Water in the mantle:

results from electrical conductivity beneath the French Alps.

Geophysical Research Letters 31, 10.1029/2003GL019277.

Taylor G. I. (1934) The mechanism of plastic deformation of

crystals. Proceedings of the Royal Society A 145, 362–415.

Tharp T.M. (1983) Analogies between the high-temperature

deformation of polyphase rocks and the mechanical behavior

of porous powder metal. Tectonophysics 96, T1–T11.

Thompson A.B. (1992) Water in the Earth’s upper mantle.

Nature 358, 295–302.

Thoraval C. and Richards M.A. (1997) The geoid constraint

in global geodynamics: viscosity structure, mantle heteroge-

neity models and boundary conditions. Geophysical Journal

International 131, 1–8.

Thurel E. and Cordier P. (2003) Plastic deformation of wad-

sleyite: I. High-pressure deformation in compression. Physics

and Chemistry of Minerals 30, 256–266.

Thurel E., Cordier P., Frost D. J., and Karato S. (2003a)

Plastic deformation of wadsleyite: II. High-pressure deforma-

tion in shear. Physics and Chemistry of Minerals 30, 267–270.

Thurel E., Douin J., and Cordier P. (2003b) Plastic deforma-

tion of wadsleyite: III. Interpretation of dislocation slip sys-

tems. Physics and Chemistry of Minerals 30, 271–279.

Tingle T.N., Green H.W., II., Young T.E., and Koczynski

T.A. (1993) Improvements to Griggs-type apparatus for

mechanical testing at high pressures and temperatures. Pure

and Applied Geophysics 141, 523–543.

Tommasi A.,MainpriceD., CanovaG., andChastel Y. (2000)

Viscoelastic self-consistent and equilibrium-based modeling

of olivine preferred orientations: implications for the upper

mantle seismic anisotropy. Journal of Geophysical Research

105, 7893–7908.

Tommasi A., Mainprice D., Cordier P., Thoraval C., and

Couvy H. (2004) Strain-induced seismic anisotropy of

wadsleyite polycrystals and flow patterns in the mantle tran-

sition zone. Journal of Geophysical Research 109, 10.1029/

2004JB003158.

Toomey D.R., Wilcock W. S.D., Solomon S.C., Hammond

W.C., and Orcott J. A. (1998) Mantle structure beneath the

MELT region of the East Pacific Rise from P and S wave

tomography. Science 280, 1224–1227.

Toramaru A. and Fujii N. (1986) Connectivity of melt

phase in a partially molten peridotite. Journal of Geophysical

Research 91, 9239–9252.

Toriumi M. (1982) Grain boundary migration in olivine at

atmospheric pressure.Physics of Earth and Planetary Interiors

30, 26–35.

ToriumiM. and Karato S. (1985) Preferred orientation devel-

opment of dynamically recrystallized olivine during high tem-

perature creep. Journal of Geology 93, 407–417.

Tosi M. P. (1964) Cohesion of ionic solids in the Born model.

Solid State Physics 16, 1–120.

Trampert J., Deschamps F., Resovsky J. S., and Yuen D.A.

(2004) Probabilistic tomography maps chemical heterogene-

ities throughout the lower mantle. Science 306, 853–856.

Trampert J., Vacher P., and Vlaar N. J. (2001) Sensitivities of

seismic velocities to temperature, pressure and composition in

the lower-mantle. Physics of Earth and Planetary Interiors

124, 255–267.

Trampert J. and van Heijst H. J. (2002) Global azimuthal

anisotropy in the transition zone. Science 296, 1297–1299.

Treagus S.H. (2002) Modelling the bulk viscosity of two-

phase mixtures in terms of clast shape. Journal of Structural

Geology 24, 57–76.

Treagus S.H. (2003) Viscous anisotropy of two-phase com-

posites, and applications to rocks and structures.

Tectonophysics 372, 121–133.

Tromp J. (2001) Inner-core anisotropy and rotation. Review

of Earth and Planetary Sciences 29, 47–69.

Tsenn M.C. and Carter N.L. (1987) Upper limits of power

law creep of rocks. Tectonophysics 136, 1–26.

Tsuchiya T., Tsuchiya J., Umemoto K., and Wentzcovitch

R.M. (2004a) Elasticity of post-perovskite MgSiO3.

Geophysical Research Letters 31, 10.1029/2004GL020278.

Tsuchiya T., Tsuchiya J., Umemoto K., and Wentzcovitch

R.M. (2004b) Phase transition in MgSiO3 in the Earth’s lower

mantle. Earth and Planetary Science Letters 224, 241–248.

Tsumura N., Matsumoto S., Horiuchi S., and Hasegawa A.

(2000) Three-dimensional attenuation structure beneath the

northeastern Japan arc estimated from spectra of small earth-

quakes. Tectonophysics 319, 241–260.

Tsutsumi A. and Shimamoto T. (1997) High-velocity frictional

properties of gabbro.Geophysical Research Letters 24, 699–702.

446 References



Tullis J. (2002) Deformation of granitic rocks: Experimental

studies and natural examples. In Plastic Deformation of

Minerals and Rocks, Vol. 51 (ed. S. Karato and H.-R.

Wenk), pp. 51–95. Mineralogical Society of America.

Tullis J., Christie J.M., and Griggs D.T. (1973) Microstruc-

ture and preferred orientations of experimentally deformed

quartzites.Geological Society of America Bulletin 84, 297–314.

Tullis J., Shelton G.L., and Yund R.A. (1979) Pressure

dependence of rock strength: implications for hydrolytic

weakening. Bulletin Mineralogie 102, 110–114.

Tullis J. and Yund R.A. (1980) Hydrolytic weakening of

experimentally deformed Westerly granite and Hale albite

rock. Journal of Structural Geology 2, 439–451.

Tullis J. and Yund R.A. (1982) Grain growth kinetics of

quartz and calcite aggregates. Journal of Geology 90, 301–318.

Tullis J. and Yund R.A. (1985) Dynamic recrystallization of

feldspar: a mechanism of shear zone formation. Geology 13,

238–241.

Tullis T. E., Horowitz F.G., and Tullis J. (1991) Flow laws of

polyphase aggregates from end-member flow laws. Journal of

Geophysical Research 96, 8081–8096.

Tullis T. E. and Tullis J. (1986) Experimental rock deforma-

tion. In Mineral and Rock Deformation (ed. B. E. Hobbs and

H.C. Heard), pp. 297–324. American Geophysical Union.

Tungatt P.D. and Humphreys F. J. (1984) The plastic defor-

mation and dynamic recrystallization of polycrystalline

sodium nitrate. Acta Metallurgica 32, 1625–1635.

Turcotte D. L. and Schubert G. (1982) Geodynamics:

Applications of Continuum Physics to Geological Problems.

John Wiley & Sons.

Twiss R. J. (1977) Theory and applicability of a recrystallized

grain size paleopiezometer. Pure and Applied Geophysics 115,

227–244.

Uchida T., Funamori N., and Yagi T. (1996) Lattice strains in

crystals under uniaxial stress field. Journal of Applied Physics

80, 739–746.

Underwood E. E. (1969) Quantitative Stereology. Addison-

Wesley.

Urai J. L. (1983)Water-assisted dynamic recrystallization and

weakening in polycrystalline bischofite. Tectonophysics 96,

125–157.

Urai J. L. (1987) Development of microstructure during

deformation of carnalite and bischofite in transmitted light.

Tectonophysics 135, 251–263.

Urai J. L., Means W.D., and Lister G. S. (1986a) Dynamic

recrystallization in minerals. In Mineral and Rock

Deformation: Laboratory Studies (ed. B. E. Hobbs and H.C.

Heard), pp. 166–199. American Geophysical Union.

Urai J. L., Spiers C. J., Zwart H. J., and Lister G. S. (1986b)

Water weakening in rock salt during long-term creep. Nature

324, 554–557.

van der Hilst R.D. and Kárason H. (1999) Compositional

heterogeneity in the bottom 1000 kilometers of Earth’s mantle:

toward a hybrid convection model. Science 283, 1885–1888.

van der Hilst R.D., Widiyantoro R.D. S., and Engdahl E.R.

(1997) Evidence for deep mantle circulation from global

tomography. Nature 386, 578–584.

van der Meijde M., Marone F., Giardini D., and van der

Lee S. (2003) Seismic evidence for water deep in Earth’s

upper mantle. Science 300, 1556–1558.

van der Molen I. and Paterson M. S. (1979) Experimental

deformation of partially-melted granite. Contributions to

Mineralogy and Petrology 70, 299–318.

van der Wal D., Chopra P.N., Drury M., and Fitz Gerald

J.D. (1993) Relationships between dynamically recrystallized

grain size and deformation conditions in experimentally

deformed olivine rocks. Geophysical Research Letters 20,

1479–1482.

vanHoutte P. andWagner F. (1985) Development of texture by

slip and twinning. In Preferred Orientation in Deformed Metals

and Rocks (ed. H.-R. Wenk), pp. 233–258. Academic Press.

VanOrman J.A. (2004)On the viscosity and creepmechanism

of Earth’s inner core. Geophysical Research Letters 31,

10.1029/2004GL021209.

Van Orman J.A., Fei Y., Hauri E.H., and Wang J. (2003)

Diffusion in MgO at high pressure: constraints on deforma-

tion mechanisms and chemical transport at the core–

mantle boundary. Geophysical Research Letters 30, 10.1029/

2002GL016343.

Vauchez A. and Nicolas A. (1991) Mountain building: strike-

parallel motion and mantle anisotropy. Tectonophysics 185,

183–191.

Vaughan P. J. and Coe R. S. (1978) Geometric flow properties

of the germanate analog of forsterite. Tectonophysics 46,

187–196.

Vaughan P. J. and Coe R. S. (1981) Creep mechanisms in

Mg2GeO4: effects of a phase transition. Journal of Geophysical

Research 86, 389–404.

Vidale J. E., Dodge D.A., and Earle P. S. (2000) Slow differ-

ential rotation of the Earth’s inner core indicated by temporal

change in scattering. Nature 405, 445–448.

Vidale J. E. and Earle P. S. (2000) Fine-scale heterogeneity in

the Earth’s inner core. Nature 404, 273–275.

Vineyard G.H. (1957) Frequency factors and isotope effects

in solid state rate processes. Journal of Physics and Chemistry

of Solids 3, 121–127.

Vinnik L., Breger L., and Romanowicz. (1998) Anisotropic

structures at the base of the Earth’s mantle. Nature 393,

564–567.

Vinnik L. and Montagner J.-P. (1996) Shear wave splitting in

the mantle from Ps phases. Geophysical Research Letters 23,

2449–2452.

References 447



Vinnik L., Romanowicz B., Le Stunff Y., andMakayeva L. I.

(1995) Seismic anisotropy in D0 0-layer. Geophysical Research

Letters 22, 1657–1660.

Voce E. (1948) The relationship between stress and strain

for homogeneous deformation. Journal of Institute of Metals

74, 537–562.

von Mises R. (1928) Mechanik der plastischen Formändern

von Kristallen. Zeitschrift für Angewandte Mathematik und

Mechanik 8, 161–185.

Voorhees P.W. (1985) The theory of Ostwald ripening.

Journal of Statistical Physics 38, 231–252.

Voorhees P.W. (1992) Ostwald ripening of 2-phase mixtures.

Annual Review of Materials Science 22, 197–215.

Waff H. S. and Blau J.R. (1979) Equilibrium fluid distribu-

tion in an ultramafic partial melt under hydrostatic stress

conditions. Journal of Geophysical Research 84, 6109–6114.

Waff H. S. and Blau J.R. (1982) Experimental determination

of near equilibrium textures in partially molten silicates at

high pressures. In High-pressure Research in Geophysics (ed.

S. Akimoto and M.H. Manghnani), pp. 229–236. Center for

Academic Publication.

Walcott R. I. (1970) Flexural rigidity, thickness, and viscosity

of the lithosphere. Journal of Geophysical Research 75,

3941–3954.

Walker K. T., Bokelmann G.H., and Klemperer S. L. (2001)

Shear-wave splitting to test mantle deformation models

around Hawaii. Geophysical Research Letters 28, 4319–4322.

Wall A. and Price G.D. (1989) Electrical conductivity of the

lower mantle: a molecular dynamics simulation of MgSiO3.

Physics of Earth and Planetary Interiors 58, 192–204.

Wallace D.C. (1972) Thermodynamics of Crystals. Wiley.

Walsh J. B. (1968) Attenuation in partially molten material.

Journal of Geophysical Research 73, 2209–2216.

Walsh J. B. (1969) New analysis of attenuation in partially

molten rock. Journal of Geophysical Research 74, 4333–4337.

Wang D., Mookherjee M., Xu Y., and Karato S. (2006) The

effect of water on the electrical conductivity in olivine.Nature

443, 977–980.

Wang J.N. (1994) Harper–Dorn creep in olivine. Materials

Science and Engineering A 183, 267–272.

Wang J.N., Hobbs B.E., Ord A., Shimamoto T., and

ToriumiM. (1994) Newtonian dislocation creep in quartzites:

implications for the rheology of the lower crust. Science

265, 1203–1205.

Wang J.N. and Nieh T.G. (1995) Effects of the Peierls stress

on the transition from power-law creep to Harper–Dorn

creep. Acta Metallurgica et Materialia 43, 1415–1419.

Wang Y., Durham W.B., Getting I. C., and Weidner D. J.

(2003) The deformation-DIA: a new apparatus for high tem-

perature triaxial deformation to pressures up to 15 GPa.

Review of Scientific Instruments 74, 3002–3011.

Wang Y., Guyot F., and Liebermann R.C. (1992) Electron

microscopy of (Mg,Fe)SiO3 perovskite: evidence for struc-

tural phase transitions and implications for the lower mantle.

Journal of Geophysical Research 97, 12 327–12 347.

Wang Z. and Ji S. (2000) Diffusion creep of fine-grained

garnetite: implications for the flow strength of subducting

slabs. Geophysical Research Letters 27, 2333–2336.

Wang Z., Karato S., and Fujino K. (1993) High temperature

creep of single crystal strontium titanate: a contribution

to creep systematics in perovskites. Physics of Earth and

Planetary Interiors 79, 299–312.

Wang Z., Karato S., and Fujino K. (1996) High temperature

creep of single crystal gadolinium gallium garnet. Physics and

Chemistry of Minerals 23, 73–80.

Wang Z., Mei S., Karato S., and Wirth R. (1999) Grain

growth in CaTiO3–perovskiteþFeO–wüstite aggregates.
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