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Preface

Astrophysicists analyse the light coming from stellar atmosphere-like objects with
widely differing physical conditions using the solution of the equation of radiative
transfer as a tool. A method of obtaining the solution of the transfer equation
developed to suit a given physical condition need not necessarily be useful in a
situation with different physical conditions. Furthermore, each individual has his/her
preferences to a particular type of methodology. These factors necessitated the
development of several widely differing methods of solving the transfer equation.

In the second half of the twentieth century several books were written on the
subject of radiative transfer: one each by Chandrasekhar, Kourganoff and Soboleyv,
two books by Mihalas, two by Kalkofen and more recently two books by Sen and
Wilson. These books, which describe the developments of the transfer theory, will
remain milestones. They will be of great value to the researcher in this field. A
beginner needs to understand the basic concepts and the initial development of the
subject to proceed to use the latest advances. It is felt that it is necessary to have
a book on radiative transfer which presents a comprehensive view of the subject
as applied in astrophysics or more particularly in stellar atmospheres and objects
with similar geometrical and physical conditions. This book serves such a purpose.
Several methods are presented in the book so that the students of radiative transfer
can familiarise themselves with the techniques old and new.

It became a daunting task to include all the existing techniques in the book as
there is a restriction on its size. This resulted in leaving out a few methods that
are of equal interest as those that appear in the book. I apologize to the authors of
these methods in advance. The subject matter of the book assumes of the student a
knowledge of basic mathematics and physics at the undergraduate level. This book

xi



xii

Preface

is intended to be included in the advanced course work of undergraduate students,
and the course work of graduate students. Several exercises have been included at
the end of each chapter for practising the concepts described in the chapter. These
problems are straightforward and can be solved by direct application of the theory.
Some of them involve just supplying the intermediate steps in the derivations of the
chapter.

The material in the book is largely drawn from the books mentioned earlier and
from various other references cited at the end of each chapter. If there are any errors
these are mine and I shall be grateful if these are brought to my attention. Any
suggestions for improvements and corrections are welcome.

It is a pleasure to thank Dr W. Kalkofen for a brief discussion on the subject
matter of the book. I am grateful to Professor K. K. Sen for not only giving a few
tips on writing books but also for going through the first draft and pointing out
several typographical errors and adding a few conceptual points. This book would
not have been possible without the active help from Mr Baba Anthony Varghese
who very patiently typed the text. His phenomenal computer expertise enabled the
book to rapidly and easily take its present form. It is pleasure to thank him for all
this. I thank Drs A. Vagiswari and Christina Louis for their magnanimous and kind
help in securing me any reference that I needed. Further, I thank Mr M. Srinivasa
Rao, Mr S. Muthukrishnan and Mrs Pramila Kaveriappa for helping me in various
ways during the writing of the book.

There is one person whose memory always lingers on in my mind — that of
Professor M. K. Vainu Bappu. From him I have learnt several aspects not only of
science but also of life. I fondly cherish the memory of my association with him.

I am grateful to my wife Jayalakshmi and my children Rajani (Vaidhyanathan),
Chandra (Edith) and Usha (Madhusudan) — spouses in brackets — for the love and
affection shown to me.

Finally I thank the staff of Cambridge University Press who have been connected
with the publication of the book, especially Dr Simon Mitton and Miss Jacqueline
Garget for clearing my doubts from time to time and Ms Maureen Storey, who very
patiently went through the manuscript and suggested several corrections.

Bangalore Annamaneni Peraiah
October 2000



Chapter 1

Definitions of fundamental quantities of the
radiation field

1.1 Specific intensity

This is the most fundamental quantity of the radiation field. We shall be dealing with
this quantity throughout this book.

Let dE, be the amount of radiant energy in the frequency interval (v, v + dv)
transported across an element of area ds and in the element of solid angle dw during
the time interval d¢. This energy is given by

dE, = I,cosfdvdo dwdt, (1.1.1)

where 6 is the angle that the beam of radiation makes with the outward normal to
the area ds, and I, is the specific intensity or simply intensity (see figure 1.1).

The dimensions of the intensity are, in CGS units, erg cm =2 s~ hz~! ster™!. The
intensity changes in space, direction, time and frequency in a medium that absorbs

Figure 1.1 Schematic
diagram which shows how
the specific intensity is
defined.

Normal to ds=n




1 Definitions of fundamental quantities of the radiation field

and emits radiation. /,, can be written as
I, =1,(r,Q2,1), (1.1.2)

where r is the position vector and €2 is the direction. In Cartesian coordinates it can
be written as

L =1,(x,y,z:a,B,y:1), (1.1.3)

where x, y, z are the Cartesian coordinate axes and «, 3, y are the direction cosines.
If the medium is stratified in plane parallel layers, then

IU =IU(Z597()0; t)a (114)

where z is the height in the direction normal to the plane of stratification and 6 and
@ are the polar and azimuthal angles respectively. If /,, is independent of ¢, then we
have a radiation field with axial symmetry about the z-axis. Instead of z, we may
choose symmetry around the x-axis.

In spherical symmetry, 7, is

1, = 1,(r,0;1), (1.1.5)

where r is the radius of the sphere and 6 is the angle made by the direction of the
ray with the radius vector.

The radiation field is said to be isotropic at a point, if the intensity is independent
of direction at that point and then

I, =1,(r,t). (1.1.6)

If the intensity is independent of the spatial coordinates and direction, the radiation
field is said to be homogeneous and isotropic. If the intensity /, is integrated over
all the frequencies, it is called the integrated intensity / and is given by

o
I =/ I, dv. (1.1.7)
0
There are other parameters that characterize the state of polarization in a radiation

field. These are studied in chapters 11 and 12.

1.2 Net flux

The flux F), is the amount of radiant energy transferred across a unit area in unit
time in unit frequency interval. The amount of radiant energy in the area ds in the
direction 0 (see figure 1.1) to the normal, in the solid angle dw, in time dt and in



1.2 Net flux

the frequency interval (v, v 4 dv) is equal to 1, cos @ dw dv ds dt. The net flow in
all directions is

dvdsdt / I, cosfdw,
or

F, =/Ivcos0da). (1.2.1)

The integration is over all solid angles. This is the net flux and is the rate of flow of
radiant energy per unit area per unit frequency.
In polar coordinates, where the outward normal is in the z-direction, we have

dw = sin0 do dg, (1.2.2)

where ¢ is the azimuthal angle. The net flux F), then becomes

2r pm
F, = / / I,cos0sinfdydo. (1.2.3)
o Jo
The dimensions of flux are erg em2s !l hz L, Equation (1.2.3) can also be written
as
27 /2 2 b4
F, = / dgo/ Iwos@sin@d@—k/ d(p/ I, cosfsinf do
0 0 0 /2
=F(+) — Fu(-), (1.2.4)
where
2w pm/2
F,(+) = / / I, cosfOsin6dbdy (1.2.5)
o Jo
and
2w pm/2
F,(—) = / / I, cos0sin6 do do. (1.2.6)
0 T

The physical meaning of equation (1.2.4) is as follows: F,(4) represents the
radiation illuminating the area from one side and F, (—) represents the radiation
illuminating the area from another side. Therefore F,, the flux of radiation trans-
ported through the area, is the difference between these illuminations of the area.
The flux depends on the direction of the normal to the area. The dependence of the
flux on direction shows that flux is of vector character. In the Cartesian coordinate
system, let the angles made by the direction of radiation with the axes x, y and z
be a1, B1 and y; respectively, then the flux or radiation along the coordinate axes is
given by

F,(x) :/1U cosaydw, (1.2.7)



1 Definitions of fundamental quantities of the radiation field

Fo(y) = / 1, cos By do, (1.2.8)

F,(z) = /IV cos yrdw. (1.2.9)

Furthermore, if a, $> and y» are the angles made by the coordinate axes and the
normal to the area and 6 is the angle between the normal and the direction of the
radiation, then

cos @ = cos g cos oy + cos B cos B2 + cos Y1 €OS ya. (1.2.10)
Substituting equation (1.2.10) into equation (1.2.1), we get
F, = cosay F),(x) + cos B2 F,,(y) + cos y2 F,(2). (1.2.11)

The integrated flux over frequency is
o
F=/ F,dv. (1.2.12)
0

If the radiation field is symmetric with respect to the coordinate axes, then the net
flux across the surface oriented perpendicular to that axis is zero as the oppositely
directed rays cancel each other. In a homogeneous planar geometry, F, (x) and F, (y)
are zeros and only F, (z) exists. In such a situation, we have

+1
F,(z,t) = an I(z, pu,)pdp, (1.2.13)
—1

where . = cos 6.
The astrophysical flux F4,(z, t) normally absorbs the 7 on the RHS of equation
(1.2.13) and is written as

+1
Fan(z,t) = 2/ Iz D d (12.14)
—1

and the Eddington flux Fg, is defined as

1 +1
Fro0) = 5 / I (12.15)

12.1  Specific luminosity

The specific luminosity was suggested by Rybicki (1969) and Kandel (1973). We
define it following Collins (1973).

From figure 1.2, we define the specific luminosity £(y, &) in terms of the
orientation variables ¢ and & as

LY, &) =4n /A 10, P)nO, ¢) - 00, p)dA®, ¢), (1.2.16)

where 71(0, ¢) and 6(0, ¢) are position dependent unit vectors normal to the surface
and in the direction of the observer respectively. The area A over which the specific



1.3 Density of radiation and mean intensity

intensity / (6, ¢) is to be integrated is the ‘observable’ surface and is defined by the
orientation angles v and . It is obvious from equation (1.2.16) that £(, ) is a
function of the orientation of the object with respect to the observer and is measured
per unit solid angle; the total luminosity L is given in terms of L(, §) as

1
L= 4—/ L, &) dQ, ). (1.2.17)
T Jax

1.3 Density of radiation and mean intensity

Let V and X be two regions (see figure 1.3) the latter being larger than the former in
linear dimensions but sufficiently small for a pencil not to have its intensity changed
appreciably in transit. The radiation travelling through V must have crossed the
region X through some element; let X be such an element with normal N. The

Figure 1.2 The angles 6
and ¢ are the angular
coordinates of a point on the
stellar surface, and therefore
represent a local structure.
The angles ¢ and &
represent the orientation of
the stellar body (from
Collins (1973), with

‘ f Y permission).

To
Observer

Figure 1.3 Schematic
N diagram to define density of
radiation.




1 Definitions of fundamental quantities of the radiation field

energy passing through d’¥ which also passes through do with normal n on V per
unit time is

L(Q,N)dE do' dv, (1.3.1)
where
do' = (Q-n)do/r>. (13.2)

If [ is the length travelled by the pencil in V, then an amount of energy
IL,(Q - m(Q -N)dodXdvl
r2 c

(1.3.3)

will have travelled through the element in time //c, where c is the velocity of light.
The solid angle dw subtended by d¥ at P is (Q - N)dX/r? and the volume
intercepted in V by the pencil is given by

dV =1(Q - n) do. (1.3.4)

This amount of energy is given by

1
—I,dvdV dw. (1.3.5)
c

Therefore, the contribution to the energy per unit volume per unit frequency range
(in the interval v, v + dv) coming from the solid angle dw about the direction €2 is
I, dw/c and the energy density is defined as
1
U, =- / I, dw. (1.3.6)
c
The average intensity or mean intensity J, is
1

J=— [ Ido, (13.7)
47
so that
4
U, =27, (13.8)
C

For an axially symmetric radiation field, J, is given by

1 T
Jvz—/ I, sin6 d6
2 Jo

1 1
= 5/ I(w)dp. (1.3.9)
-1

The integrated energy density U is
o 1
U =/ U,dv = —/Idw. (1.3.10)
0 C

The dimensions of energy density are erg cm™> hz~! and those of the integrated

energy density are erg cm™>. The dimensions of the mean intensity are erg cm™2
1,1

s™ hz™.



1.4 Radiation pressure

14 Radiation pressure

A quantum of energy hv will have a momentum of hv/c, where c is the velocity of
light in the direction of propagation. The pressure of radiation at the point P (see
figure 1.1) is calculated from the net rate of transfer of momentum normal to an area
ds, which contains the point P. The amount of radiant energy in the frequency range
(v, v 4+ dv) incident on ds making an angle # with the normal to ds traversing the
solid angle dw in time dt is

I,cosOdwdvdsdt. (1.4.1)

The momentum associated with this energy in the direction 7, is

1
—I,cosfdwdvdsdt. (1.4.2)
c

Therefore the normal component of the momentum transferred across ds by the
radiation is

1
—dodt I, cos’ 0 dwdt. (1.4.3)
C

The net transfer of momentum across ds by the radiation in the frequency interval

(v, v+dv)is
do dt

Cc

/ I, cos’ 0 dwdv, (1.4.4)

where the integration is over the whole sphere. The pressure at the point P is the net
rate of transfer of momentum normal to the element of the surface area containing
P in the unit area; the pressure p,(v) dv can be written in the frequency interval as

1 2n pm
pr(v) = —/ / I, cos” 0 sin6 do d. (1.4.5)
cJo Jo
If the radiation field is isotropic, then
2 T 4
P =0 [ wdi =350 (= cost) (1.46)
c 0 3¢
or in terms of energy density U,
1
pr(v) = ZU,. (1.4.7)

3
The radiation pressure integrated over all frequencies is
o
Pr =/ pr(v)dv (1.4.8)
0
or

1
pr = —/Icos29dw, (1.4.9)
C



1 Definitions of fundamental quantities of the radiation field

where / is the integrated intensity. Furthermore

1
pr=3U. (1.4.10)

It can be seen that the dimensions of radiation pressure are the same as those of

energy density, that is, erg cm ™3 hz ~! and the integrated radiation pressure has the

dimensions of erg cm 3.

1.5 Moments of the radiation field

Moments are defined in such a way that the nth moment over the radiation field is
given by

1 +1
My, (z,n) = 5/1 Ly(z, " dp. (1.5.1)

Following Eddington, we can have the zeroth, first and second moments as:

1. Zeroth moment (mean intensity):

1 +1
J(z) = 5/1 I(z,w)du. (1.5.2)

2. First moment (Eddington flux):
1 +1
CICEEY s (1.53)

3. Second moment (the so called K -integral):

1 +1
K,(z) = 5/1 I(z, p’du. (1.5.4)

1.6 Pressure tensor

The rate of transfer of the x-component of the momentum across the element of
surface normal to the x-direction by radiation in the solid angle dw per unit area in
the direction whose direction cosines are [, m, n is

1
~Ildwl, (1.6.1)
C

where [ is the integrated radiation. If monochromatic radiation is considered, then
I should be replaced by I, dv. The total rate of x-momentum transfer across the
element per unit area is p;(xx):



1.7 Extinction coefficient: true absorption and scattering

1
pr(xx) = —/Ilzda). (1.6.2)
c
Similarly the y- and z-components are given by
1 1
prixy) = — / Ilmdw and p,(xz) = - / Indw. (1.6.3)
c c

The quantities p,(yx), pr(yy), pr(yz), pr(zx), pr(zy) and p,(zz) are similarly
defined for elements of the surfaces normal to the y- and z-directions. These nine
quantities constitute the ‘stress tensor’.

One can see that p,(xy) = p,(yx), pr(xz) = pr(zx) and p,(yz) = p,(zy) or
that the tensor is symmetrical. The mean pressure p is defined by

o1

p= g[pr(xx)+pr(yy)+pr(zz)], (1.6.4)
and

_ 1 o — lU (L65)

p - 3C w = 3 bl 0.

as > +m> +n? = 1.
In the case of an isotropic radiation field
p = prxx) = pr(yy) = pr(zz) = %U, (1.6.6)
and
pr(xy) = pr(yx) =0,
pr(xz) = pr(zx) =0, (1.6.7)
pr(yz) = pr(xy) = 0.

1.7 Extinction coefficient: true absorption and scattering
A pencil of radiation of intensity /, is attenuated while passing through matter of
thickness ds and its intensity becomes [, + dI,,, where

dl, = —I,k, ds. (1.7.1)

The quantity «, is called the mass extinction coefficient or the mass absorption
coefficient. x,, comprises two important processes: (1) true absorption and (2) scat-
tering. Therefore we can write

Ky =Ky + oy, (1.7.2)

where «¢ and o, are the absorption and scattering coefficients respectively. Ab-
sorption is the removal of radiation from the pencil of the beam by a process
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which involves changing the internal degrees of freedom of an atom or a molecule.
Examples of these processes are: (1) photoionization or bound—free absorption by
which the photon is absorbed and the excess energy, if any, goes into the kinetic
energy of the electron thermalizing the medium; (2) the absorption of a photon by a
freely moving electron that changes its kinetic energy which is known as free—free
absorption; (3) the absorption of a photon by an atom leading to excitation from
one bound state to another bound state, which is called bound—bound absorption
or photoexcitation; (4) the collision of an atom in a photoexcited state which will
contribute to the thermal pool; (5) the photoexcitation of an atom which ultimately
leads to fluorescence; (6) negative hydrogen absorption, etc. The reversal of the
above processes may contribute to the emission coefficient (see section 1.8).

The coefficient x| depends on the thermodynamic state of the matter at (pressure
p, temperature 7', chemical abundances «;) any given point in the medium. At the
point r the coefficient is given by

ki, T) =« [p(r,T), T(r),0i(r,T), ... ,ou(r,T)], (1.7.3)

when there is local thermodynamic equilibrium (LTE). This kind of situation does
not exist in reality and one needs to determine the k{ in a non-LTE situation. In static
media «{ is isotropic while in moving media it is angle and frequency dependent due
to Doppler shifts.

Another process by which energy is lost from the beam is the scattering of
radiation which is represented by the mass scattering coefficient «. Scattering
changes not only the photon’s direction but also its energy. If we define the albedo
for single scattering as w,, then

w, =22 (1.7.4)
Ky
is the ratio of scattering to the extinction coefficients.

The extinction coefficient is the product of the atomic absorption coefficients or
scattering coefficients (cm?) and the number density of the absorbing or scattering
particles (cm~>). The dimension of «, is cm~! and 1/k, gives the photon mean free
path which is the distance over which a photon travels before it is removed from the
pencil of the beam of radiation.

1.8 Emission coefficient

Let an element of mass with a volume element dV emit an amount of energy dE,
into an element of solid angle dw centred around €2 in the frequency interval v to
v + dv and time interval ¢ to ¢ + dt. Then

dE, = j,dVdwdvdt, (1.8.1)
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where j, is called the macroscopic emission coefficient or emissivity. The emis-
sivity has dimensions erg cm ™ sr~! hz~! s~!. Emission is the combination of the
reverse of the physical processes that cause true absorption. These processes are:
(a) radiative recombination: when a free electron occupies a bound state creating
a photon whose energy is the sum of the kinetic energy of the electron and the
binding energy; (b) bremsstrahlung: a free electron moving in one hyperbolic orbit
emits a photon by moving into a different hyperbolic orbit of lower energy; (c)
photo de-excitation or collisional de-excitation: a bound electron changes to another
bound state by emitting a photon through collision; (d) collisional recombination: a
photoexcited atom contributes photon energy by collisional ionization; the reverse
of this is called (three-body) collisional recombination; and (e) fluorescence: if a
photon is absorbed by an atom and it is excited from bound state p to another bound
state r, decays to an intermediate bound state ¢ and then to the original state p,
this process is called fluorescence. The energy from the original absorbed photon is
re-emitted in two photons each of different energy.

A true picture of the occupation numbers is obtained only when the statistical
equilibrium equation, which describes all necessary processes that are to be taken
into account, is written. When LTE exists, the emission coefficient is given by

Jy (LTE) = kB, (T), (1.8.2)

where B, (T) is the Planck function:

3 ~1
B,(T) = th—; [exp (%) _ 1} . (1.8.3)

Equation (1.8.2) is known as Kirchhoff—Planck relation. In a non-LTE situation one
has to consider stimulated emission due to the presence of the radiation field and
spontaneous emission and the Einstein transition coefficients involved.

Emission of radiation can also be from the scattered photons. One can write

1
Jir, Q) = H,//U‘f’ @, Hpw, 2V, Q. 1,0, x,Q,t)dV do'. (1.8.4)

The phase function p can be normalized in such a way that

// p(V,Qv,Q,;r,t)dv do = 4m. (1.8.5)

This is the manifestation of the conservation of radiation flux, that is, the emitted
radiation balances that removed from the beam.

Equation (1.8.2) should be corrected for the stimulated scattering by multiplying
it by the correction factor

C2
{1 + le(r,ﬂ,t)}. (1.8.6)

11
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This makes the transfer equation non-linear in /,,. Particles, such as ions, atoms,
molecules, electrons, solid particles, etc., scatter radiation and contribute to the
scattering coefficient.

1.9 The source function

The source function is defined as the ratio of the emission coefficient to the absorp-
tion coefficient:

Sy = Jju/ky- (1.9.1)
From equations (1.7.4), (1.8.2) and (1.8.4), we can write the source function as
Su(r, R, 1) =[1 —wy(r,)]By(r, 1)
+ %;t) / / p(V, v, QO (x, Q1) dv do.
(1.9.2)

1.10  Local thermodynamic equilibrium

The state of the gas (the distribution of atoms over bound and free states) in
thermodynamic equilibrium is uniquely specified by the thermodynamic variables —
the absolute temperature 7 and the total particle density N. The assumption of LTE
gives us the freedom to use (in a stellar atmosphere) the local values of T and N in
spite of the gradients that exist in the atmosphere. In LTE, the same temperature is
used in the velocity distribution of atoms, ions, electrons, etc. Thus the implications
of its assumption are drastic. The velocity distribution of the particles is Maxwellian
and the degrees of ionization and excitation are determined by the Saha Boltzmann
equation (see Mihalas (1978), Sen and Wilson (1998)).

The principle of detailed balance holds good for every transition. This means that
the number of radiative transitions i — j is balanced by the photoexcitation j — i
transitions, where i and j are the upper and lower levels respectively. Thus,

ni[Aij + BijBij(v,T)| = n;B;iBji(v,T) j<i, i=2,..., (1.10.1)

where A;;, B;; and Bj; are the Einstein coefficients and B;; (v, T') and Bj; (v, T') are
the Planck functions given by

2hv}; hvij -1
Bij(v,T) = ol G dl e 1] . (1.10.2)

The radiative ionization from level i is balanced by radiative recombination to i.
This gives us
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ne[Aci + Bei Bic(Vie, T)] = ni Bic Bic(vie, T), i=1,2,..., (1.10.3)
for collisional transition, with the detailed balance transitions given by the relations
niC,-jznjCji, i,j=1,2,... i;ﬁj, (1.10.4)

where the Cs are collisional rates and the subscript ¢ denotes the continuum.

In the LTE situation, the radiative transitions are negligible compared to colli-
sional transitions. This is an important consideration in treating non-LTE conditions
in stellar atmospheres.

1.11  Non-LTE conditions in stellar atmospheres

In LTE conditions the particle distribution is Maxwellian. Every transition is exactly
balanced by its inverse transition, that is, the principle of detailed balance holds good
in LTE. Generally, the excitation and de-excitation of the atomic levels is caused by
radiative and collisional processes. In the interior of the stars collisions dominate
over the radiative processes and LTE prevails. Near the surface of the atmosphere,
the radiative rates are not in detailed balance and there is a strong departure from
the LTE situation and then the non-LTE situation exists and one should adopt a joint
detailed balancing of the excitation and de-excitation of atomic levels. The LTE
condition can be determined by the comparative contribution of collisional rates
and radiative rates — dominance of the former prevails in the LTE situation, while
the opposite situation leads to a non-LTE situation. In stellar atmospheres, non-LTE
predominates and this should be taken into account in any transfer calculations.

Statistical equilibrium equations describe the equilibrium among various pro-
cesses leading to the establishment of an equilibrium state. The state of the gas
is assumed to be described by its kinetic temperature, the degrees of excitation and
the ionization of each atomic level. The equations of statistical equilibrium (or rate
equations) are used to calculate the occupation numbers of bound and free states of
atoms assuming complete redistribution (that is, the emission and absorption profiles
are identical) in a steady atmosphere.

Consider the changes in time of the number of particles in a given state i of a
chemical species « in a given volume element of a moving medium. The net rate at
which particles are brought to state i by radiative and collisional processes is given
by

on;

( a;") = njuPi —nig P+ V - (i - V), (1.11.1)
J#i

where V is the velocity of the moving medium and Pj; represents the total rate of

transfer from level j to level i (radiative and collisional). The second term on the

RHS gives the total number of particles entering and leaving the volume element,

13
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through the divergence theorem. The total number of particles of type o, N, is given
by the sum over all states of species o:

No = nia. (1.11.2)
i

Then we have the continuity equation

<8§;") + V- S(NyV) =0. (1.11.3)

If mq is the mass of each particle of type «, then by multiplying equation (1.11.3)
by m, and summing over all species of particles in this volume element, we get

P =ZmaNa (1.11.4)
o
and
ap
§+V~(pV) =0. (1.11.5)
If the flow is steady, then
> (na P —niaPS) = V- (120, (1L11.6)
J#i

If the atmosphere is static, then equation (1.11.6) becomes

niZPij_Z”leji:O- (1.11.7)
J# JF
We will write a simple model of the statistical equilibrium equation (see Mihalas and
Mihalas (1984), pages 386—398 for a detailed account or Mihalas (1978), chapter 5).
The equation for the population 7; is

c i—1
> mi(Awi + BuiJik +neCui) + Y _nj (BjiJji +n.Cjp)
k=nt1 =

i—1 c
=n; |:Z (Aij + Bijjji +”lecij) + Z (Bikjik +necik):|, (1.11.8)
i=1 k=i+1

where J is the line profile weighted mean intensity. The terms on the LHS of
equation (1.11.8) represent different physical quantities: Y ng(Ax; + BiiJix) rep-
resents the spontaneous and stimulated radiative transitions from higher discrete
levels; > ngn.Cy; represents the collision induced transitions from upper levels;
> n;Bj; J_j i represents the photoexcitation from lower levels; and ) n.n;Cj; repre-
sents the collisional excitation. Similarly the terms on the RHS of (1.11.8) have the
following meanings: n; ) (A;; + Bijj J_j ;) represents the spontaneous and stimulated
transitions to lower levels; n.n; ) C;; represents the downward transitions induced
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by collisions (second kind); n; Y Bjk Jix represents the photoexcitation into higher
levels; and n.n; Y Cj; represents the upward transitions due to collisions with
electrons.

Equation (1.11.8) specifies the gas at a given point in the medium if the radiation
field (through J), temperature and electron density 7, are specified.

1.12  Line source function for a two-level atom

This is one of the most useful quantities in the study of line transfer and has been
studied extensively.

Consider two levels 1 and 2 (lower and upper respectively) of an atom. The
principle of detailed balance gives us (see Mihalas and Mihalas (1984))

g2B21 = g1B12 (1.12.1)
and
2hv3,
Ay = —5 =By, (1.12.2)
C

where g1 and g, are the statistical weights, hvy; is the energy difference between
levels 1 and 2 measured relative to the ground state and A and B are the Einstein
coefficients. The line absorption coefficient in terms of a convenient width As is

hvg
ki (v) = T As (N1B12 — N2By1), (1.12.3)
T AS

where N| and N; are the population densities of levels 1 and 2 respectively and vy is
the central frequency of the line. The line source function S;, (see Grant and Peraiah
(1972)) is now written as

AN,

Sp = .
(B12N1 — By1N»)

(1.12.4)

We will use the following statistical equilibrium equation for a two-level atom:

+00
N |:312/ d(x)J(x)dx + Clz]

—00
+00

=Ny |:A21 + Co1 + By ¢ (x)J(x) dxj|, (1.12.5)

—00
where

(v — o)
X=—"

1.12.6
As ( )

and ¢ (x) is the line profile function (see below) and then combining (1.12.4) and
(1.12.5) we obtain

15
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+o00
S.=(1 —e)/ ¢ (x)J (x)dx + €B, (1.12.7)

where

_ Cay

= 1
Ca1 + Az [1 — exp(hvy/kT)]

€ (1.12.8)

is the probability per scatter that a photon will be destroyed by collisional de-
excitation. When € = 1, LTE prevails and if ¢ < 1, a non-LTE situation occurs.

In equations (1.12.7) and (1.12.8), B is the Planck function, k is the Boltzmann
constant and 7 is the temperature. Sometimes the line source function is written as

g = J+€B (1.12.9)

Ty o
where

€ =¢€/(1—¢) (1.12.10)
and

_ +00

J =f ¢(x)J (x)dx. (1.12.11)

—00

The line profiles are given by (Mihalas 1978):

Doppler:  ¢(x) = 772 exp(—x2), (1.12.12)

1 1
Lorentz: ¢ (x) = ;m, (1.12.13)

+00

Voigt:  ¢(x) =an > / exp(—x2) [(x 2y a2] dy,  (1.12.14)
—0o0

where a is the ratio of the damping width to the Doppler width (I' /47 Avp).

The profile ¢ (x) is normalized such that

400
/ ¢(x)dx = 1. (1.12.15)

—00

1.13  Redistribution functions

In the process of the formation of spectral lines, we assume that scattering is either
coherent or completely redistributed over the profile of the line. These assumptions
are ideal and not achieved in real stellar atmospheres. It is necessary to find out
how after scattering the photons are redistributed in angle and frequency across the
line profile. These calculations are described in the form of partial redistribution
functions. First, we consider an atom in its own frame of reference and find the
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redistribution that happens within the substructure of the bound states. We need to
take into account the Doppler redistribution in the frequency produced by the atom’s
motion. Generally, the directions of the incident and emergent photons are different,
therefore the projection of the atom’s velocity vector along the propagation vectors
will be different for the two photons and a different Doppler shift occurs. This gives
rise to the Doppler redistribution. One needs to average over all possible velocities
to obtain the final redistribution function. This redistribution function will be used in
the line transfer calculation to obtain the correlation (if any) between the incoming
and outgoing photons. In what follows, we will give the redistribution functions that
will be useful in line transfer (see Hummer (1962), Mihalas (1978)).
The probability of emission of a photon after absorption is

R, q,V,q)dv dQ dvdQ, (1.13.1)

where v and q are the frequency and direction of the absorbed photon and v’ and ¢’
are the frequency and direction of the emitted photon. This probability is subject to
the condition

f/// R, q;v,q)dvdQ dvdQ = 1. (1.13.2)

Here d$2 and d? are the real elements normal to directions q and ¢’ respectively. If
¢ (V') dv’ is the probability that a photon with a frequency in the interval (v, v +dv)
is emitted in the interval (v/, v/ + dv’), then

47 // ROV, q;v,QdvdQ =¢(0, q), (1.13.3)

where ¢ (v, ') is the profile function, which is again subjected to the normalization
condition that

/ o' q)dv' dQ = 4m. (1.13.4)

The redistribution functions are given as follows (the roman subscripts are due to
Hummer (1962)):

(a) If we have two perfectly sharp upper and lower states in a bound-bound
transition, the photons follow a Doppler redistribution. This does not apply to any
real line. This redistribution function is given by (see Hummer (1962) and Mihalas
(1978))

g(q.9)
472siny

2
2 — (x —x"cosy) coseczy],

Ri_ap(x,q;x',q) = exp [—x

(1.13.5)
where R;_4p is the angle dependent redistribution function, the x’s are the normal-

ized frequencies (see equation (1.12.6)) and y is the angle between the vectors q
and q'. For isotropic scattering, the phase function is

17
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1
giso(q, q') = g (1.13.6)
JT

and for dipole scattering

3
gdip(q, q') = E(l + cos® ). (1.13.7)

The redistribution function for isotropic scattering was first obtained by Thomas
(1947).
The angle-averaged redistribution function R;_ 4 is given by

1

Ri_a(x,x) = 5 erfc |x|, (1.13.8)

where
_1 [ 2
erfc(x) =2n 2 exp (—t7)dt (1.13.9)
X

and

|X| = max (x, x'). (1.13.10)

(b) In this case, we have an atom with a perfectly sharp lower state and an upper
state broadened by radiative decay or an upper state whose finite life time against
radiative decay (back to the lower state) leads to a Lorentz profile. This applies to
resonance lines in media of low densities in which collisional broadening of the
upper state is negligible, for example, the Lyman alpha line of hydrogen in the
interstellar medium. The angle dependent redistribution function is given by

/ _ N\ 2
Rij—ap(x,q:x'.q) = %exp |:— (x 2x ) cosec? (g)]

/
x H asecz,x+x secZ , (1.13.11)
2 2 2
where ¢ = §/A, 418 being the sum of the transition probabilities from the

concerned states and A the Doppler width given by
1
2kT \2
A =g (3) v = <—> , (1.13.12)
C m

and H is the Voigt function given by

_a oo ) N2 217!
Ha,uw == exp(—y?) [ = v +a?] . (1.13.13)

—00

The function R;; was first introduced by Henyey (1941).
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The angle-averaged R;; function is given by

o X+u X—u

/ exp(—uz) [tan1 = tan”! du,
11z o o
3 [F—x]

(1.13.14)

(SN

Rij—a(x,x)=m

where x = max(|x|, |x|") and x = min(|x|, |x|). R;;—a was first obtained by Unno
(1952) and later by Sobolev (1955). Furthermore,

+00

¢>(x) :/ R”_A(,'SO)(X,X/)dx/: H(a,x), (1.13.15)
—0o0

a being the damping constant.

(c) The atom has a perfectly sharp lower state and a collisionally broadened upper
state. All the excited electrons are randomly distributed over the substates of the
upper states before emission occurs. In this case, the absorption profile is Lorentzian.
The damping comprises radiative and collisional rates and represents the full width
of the upper state. The redistribution function Rj;; is given by

O]

w2siny

/+°° exp(—uz)H(a cosec y, (x — ucos@)cosect) d

X u
oo (x —u)?2 +a?

Rirr—ap(W',q;v,q) = a

’

(1.13.16)

where a is the damping constant of the upper level. Heinzel (1981) gives an Rj;; in
laboratory frame which is different from that of Hummer (1962):

2(q,q) y x—x 4
Riji—ap0W,q;x,q) = =——" | H|a;cosec =, —— cosec =
11-ap (v, @ x. 4) 472 siny |: <a] 2 2 2

! 0
X exp (_x ;x sec? 5) + Err(x', x, J/)];

(1.13.17)

see Heinzel (1981) for Ej;;(x/, x, y).
The angle-averaged R;;;_4 is given by

o0 ’ .
Rijr—a(x’,x) = 717%/ exp(—uz) [tanl (x +Lt) ~tan! <x u>i|
0 a a
X |:tan—l (X +u) _ tan~! (x — u):| . (L13.18)
a a

(d) This function applies when a line is formed by an absorption from a broadened
state i to a broadened upper state j, followed by a radiative decay to state i. It applies
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to scattering in subordinate lines. This was derived by several authors with some
controversy but we will quote from Hummer (1962):

14
g(q q) 4%y
2n2siny 7w

Riv_ap(x',q;x,q) =

+oo exp(—y)H (aj cosec Z, y cot r_ X cosec Z)
/ 2 2 dy, (1.13.19)

2 2
- [(x — x') sec % — Zy] + (a,- sec %)

and the angle-averaged Rjy is

+00
Riy_a(x',x) = ﬂ_%aj/ exp(—u?) du
0

/+1|: _1<x’—x+u(l—u)> _1((x’—x—u(1—u)>:|
X tan — tan
—1 a; ai

du
o« —“r
(x — pu)? + ajz

du, (1.13.20)

where
q-u=pu. (1.13.21)

(e) Heinzel (1981) has given Ry, which becomes R;, R;; and R;;; in special
cases. Ry is given in the laboratory reference frame by

I _ g(q/,q) y x +x/ y
RV(X,q,X,q)—m H ajsecg, 5 secz

/

X 14 ’
cosec E) + Ey(x’,x,y), (1.13.22)

x H (ai cosec %,

where
4 o0 o0
/ — 22 .
Ey(x',x,y) = / f exp[ u-—v 2A/u:|
T Jv=0 Ju=ev
X [exp(—ZAju) — exp(—ZAiev)] cos Cucos Dududv,
(1.13.23)
with
1
Aj=daj, Ai=da, o= o e (%)
1
B = — = cosec (Z) e= (1.13.24)
B 2 5

C=d(x+x), D=p(x-x),

aj, a; being the damping parameters. A detailed study is given in Heinzel (1981,
1982), Hubeny (1982), Heinzel and Hubeny (1983), Hubeny et al. (1983).
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The angle-averaged Ry is given by,

T
Ry_a(x',x) = 8712/ Ry(x',x,y)siny dy. (1.13.25)
0
The corresponding absorption profile is
+00
¢(x) = f Ry (x’,x)dx = H(q; +aj, x). (1.13.26)
—00

The function Ry _ 4 has been calculated by Mohan Rao er al. (1984).
(f) The redistribution due to electron scattering (see Chandrasekhar (1960),
Mihalas (1978)) is given by

1

ROV ) . mc? ie —mc?(v — )2

v,q;v, = s X .

Vo4 =804-4 47kT (1 — cosy)? P 4kTv'2(1 — cos y)
(1.13.27)

From the above equation, the width of the ‘line’ for an incident monochromatic light
scattered in the direction y is

[4"_&2(1 _ J/)T' (1.13.28)
mc

Rangarajan et al. (1991) computed the line profiles using the electron redistribution
function in the framework of discrete space theory (see chapter 6) (see figure 1.4).

(g) The redistribution function developed by Domke and Hubeny (1988) and
Streater et al. (1988) represents the radiative and collisional redistribution of an
arbitrarily polarized radiation in resonance lines. This function is given by (see
Nagendra (1994))

Rpm (x, ws X', 1) = WaRy, (e, s x7, 1) PA (e, 1)
+RE (x, s x, WY PB ey ) + RS (e, s x7, 1) PE (s, 1)
+( = War [ Ry e, s ' 1) P () |
+wp® [R?”(x, s x, 1Y PA e, i)

FRPy (e, 5 X' W) PE (e, ) R (x5 %', 1) PE M/)] +8©

—wp® [R;‘,,(x, i x', WP (e, M’)], (1.13.29)
where
. 3/0 1 A 311
pA N _> pB N="= . 1.13.
(e, 1) 2<1 0), (. 1) 2<1 1) (1.13.30)

The frequency redistribution functions in equation (1.13.29) are
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2
A,B,C . .
Ry (e x'uh) = g/o Ripgri(x, s x',p', A)

3
x [1, Z(+cos2y), sin’ A] dA (1.13.31)

(A = (¢ — ¢")) and « is the probability that re-emission of radiation occurs before
any type of collision, 8 is the probability that re-emission occurs after an elastic
collision but before an inelastic quenching collision, 8® is the probability that
re-emission occurs after an inelastic collision changing the phase of the oscillating
atomic dipole without changing the alignment and W is the probability that intrinsic
level depolarization does not occur during scattering. Nagendra (1994) used the
redistribution function Rppy (equation (1.13.29)) to study the radiation field in
spherical atmospheres.

0.50
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x
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0.10
0.00
-0.30 0.28 0.85 1.44 21.02 2.50
Log x

Figure 1.4 Emergent flux is plotted for a line with total line centre optical depth
T = 10* and € = 10~*. Odd numbers in the figure represent partial redistribution
(PRD) results and even numbers represent those of CRD (complete redistribution).
The curves labelled 1 and 2 are the results without electron scattering and those
numbered 3 and 4 represent non-coherent scattering with g, = 1077, where f is
the ratio of electron scattering to the line absorption coefficient. Curves 5 and 6
represent the results for coherent electron scattering with the same B, value (from
Rangarajan et al. (1991), with permission).
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(h) The Rayleigh redistribution matrix given by (see Chandrasekhar (1960))
D o ’ 3
RRayr(x, ps X', ') = 3(x — x )E

22 2,2 =3u?)(1 - p?
<3 W= W 32 (1= 3 M>>, (1.13.32)

(=)0 =37 31— ph (1 —pu?)

is the coherent limit of the Compton scattering redistribution matrix for photon
energies x < 1. The Compton redistribution matrix is given by (Nagirner and
Poutanen 1994)

D N 3 x o l 1
Rx,u;x', ') = —— de 8 [x' —x —xx'(1 — cos ©)]
167 x” Jo
x P(x, s x5 ), (1.13.33)

where

P(x, w;x', i1 @)

_ 1 + cos? O + w, COS2®—1+2(1—M2)Sin2(p
T\ cos2O@—14+2(1—uPHsin?p 1+cos?2® —2(u? + w?)sin’e )’

(1.13.34)

where w.(= xx'(1 — cos ©)?) is the Compton depolarization factor and © is the
scattering angle given by

cos® = pup' + (1 — u2)2(1 = )2 cos . (1.13.35)

The Dirac §-function in equation (1.13.32) retains the momentum in Compton
scattering. Integrating equation (1.13.33) over ¢, we get

Px, s x', 1y 90),  Icosgpl < 1,

R x,pux p) = —
Comp( n M) 87712 |singp0|

(1.13.36)
where
/ 2 —1 2. -1
cospp = (cos © — up') (1 —p?)"2(1 — )72,
1 1
cos@:l———i——/. (1.13.37)
X X

Iéc(,mp (x, w; x'p’y = 0 for |cos ¢y| > 1 —a condition of cut-offs in the redistribution
matrix at scattering angles given by

cos Oy = pp’ + (1 — )2 (1 — )3, (1.13.38)

23



24

1 Definitions of fundamental quantities of the radiation field

The elements of the ﬁcg,np matrix satisfy certain symmetry relations (see Poutanen
et al. (1990)). The fluorescent line redistribution matrix (isotropic and unpolarized)
is given by

oFe(x")

[Yad(x — xo) + Yp(x — xp)]

x H(x' — )(1—L)<1 O> (1.13.39)
x' = x. T 0 0 ) 13.

where the fluorescent yields are ¥, = 0.035 and Y = 0.035 (Kikoin 1976)
for the 6.4 keV K, and the 7.06 keV kg lines of Fe I respectively, x,, xg are
the corresponding centroid energies, or.(x) is the photoelectric absorption cross
section for Fe I and J, is the absorption-edge jump (see Fernandez er al. (1993)).
H (x" — x) is the Heaviside function which accounts for the absorption threshold at
x. corresponding to 7.1 keV for Fe I K lines.

Rior (6, 15 x', 1) =

N =

The above redistribution functions have been used in Compton scattering prob-
lems by Poutanen et al. (1990).

Rangarajan et al. (1990) studied non-LTE line transfer with stimulated emission.
They obtained the ratio of emission to absorption profiles ¥ (x)/¢ (x) using the R

1.50 T ] T T

1.23

0.95

W)/ O(x)

0.69

0.42

0.15 1 1 L I
0.00 1.00 2.00 3.00 4.00 5.00

X

Figure 1.5 Ratio of the emission profile to the absorption profile for a self emitting
plane parallel medium. The curves labelled 1 and 2 denote the results for Ry
function with stimulated emission parameter p = 0 and 2 respectively where

p = [exp(hv/kT) — n-L Corresponding results for Ryy; function are shown by
the curves labelled 3 and 4 (from Rangarajan ef al. (1990), with permission).



1.14 Variable Eddington factor

and R;j; functions. The function Rj;; gives the same profile for the emission as
for absorption and is similar to that of the complete redistribution (CRD) in the
core and wings except at a few intermediate frequency points whether stimulated
emission exists or not. The emission and absorption profiles are different by several
factors in the case of the R;; redistribution function (see figure 1.5).

1.14  Variable Eddington factor

The quantity f,(r,t) = K,(r,t)/J,(r, t) is called the Eddington factor. This de-
pends on the isotropy of the radiation field. It changes normally from 1/3to 1 in a
stellar atmosphere and is therefore also called the variable Eddington factor.

Exercises
1.1(a) Derive Snell’s law from the principle that a light ray travels in the path that requires
least time. (Hint: use figure 1.6.)

(b) If n is the refractive index of the medium and 7 is the specific intensity, show that
n~21 is constant along the path of the ray.

(c) Show that the specific intensity is invariant along the path of the ray in free space.

1.2(a) Show that the density of radiation on the surface of a star is (27 /c) 1, .
(b) If I is constant in the interval 0 < 6 < 7/2, show that the flux is equal to 7 /.

(c) If I, is constant, show that the energy density of radiation at a distance r from the
centre of the star is given by

21, N
- [1 = 1= (rs/7) }

where c is the velocity of light and r, is the radius of the star. The quantity W =
1 — /1 — (r4/r)? is called the dilution factor. Show that it is equal to 1/2 on the
surface of the star and to (r/2r)? far away from the star.

(d) With constant /,,, show that the flux is given by 77, (r«/ r)2.

1.3 Show that the direction cosines of the direction of propagation of radiation in
spherical polar coordinates (with dw = sin@d0dy) are (1 — u?)/?cosg,
(1—puH'/2 sin ¢ and pu, where @ = cos 6.

Figure 1.6 Schematic
. diagram of Snell’s law: i
i Medium 1 and r are the incident and
refraction angles
respectively.

Medium 2
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1 Definitions of fundamental quantities of the radiation field

1.4 Verify that if I, is independent of ¢, the azimuthal angle, the x- and y-components
of the flux Fy, F) vanish and that in a spherically symmetric medium F) is non-zero
and is given by

+1
Fy(r, 1) =2n/ I(r,p,ypndpu.
—1

15 If I = Z:o:o I,n", where I, is a constant, show that only odd powers of u will
contribute to the flux and only even powers will contribute to the mean intensity.

1.6(a) If R is the radius of a star at a distance D from an observer (D > R) and if no

radiation falls on the star from outside (/ (R, —u, v) = 0), show that the flux from
the star received by the observer is

R\2 [l
2w (—) / I(R, w,v)udpu.
D) Jo

(b) If I is independent of p, write the expression for J, H and K in terms of (R/D)
and show that as (D/R) — oo, J = H =K — 0.

1.7 Show that B(T) = [;° By(T)dv = oT*, where B,(T) is the Planck function,
o = 2mk*/15¢%h3 and o is called the Stefan—Boltzmann constant and is equal to
5.67 x 107 erg cm~2 s~ ! deg™*. (Hint: use the series >0 1/n* = 7#/90. This
is a Riemann zeta-function.)

1.8 Write down all the components of the stress tensor. From these relations show that
the mean pressure is given by p = %[p, (xx) + pr(yy) + pr(z2)].

1.9 Calculate the value of f, the Eddington factor: (a) when I () = I, + Zgo Lu",
where the summation includes only odd powers of n and (b) when [ is different,
say aj and as, in the two ranges (0 < u < 1) and (—1 < u <0).

1.10 Calculate J, H or F and K if I () = |u].

1.11 Show that the angle-averaged R; and R;; functions with dipole scattering are given
respectively by
[e.¢]
[ ewn
x|

[ () G () e

311 _
=3 { 5 erfe (1x]) [3 +2(x* +x?) + 4x2x’2]

1
772

[e ] OS]

R~ Adipole)(x, x) =

— e PRI 21x)? + 1)}

and
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x—t\2(x' —t\*]| dtdu
+3 .
u u 12+ 02
1.12 Using expression (1.13.28), calculate the width for 7 = 10000 K, 30000 K and
X = 4000 A, 6000 A for y = /2.
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Chapter 2

The equation of radiative transfer

21 General derivation of the radiative transfer equation

The equation of radiative transfer is the mathematical expression of the conserva-
tion of radiant energy. We assume that radiation with intensity 1, (r, €2, 7) in the
frequency interval dv, passes in time d¢ through an element of length ds and cross
section do normal to the direction of the ray € into the solid angle dw (see figure
2.1). Let the intensity of the radiation emerging at r + Ar at the end of time ¢ + At
be I, (r+ Ar, Q, t + At). This energy is the difference between the energy absorbed
and that emitted in the volume element, therefore,

[I,(r+ Ar,R2,t + At) — I, (r, 2, 1)]do dwdv dt
=[ju(r, R, 1) —ky(r, R, 1)],(r, R, t)]ds do dwdv dt, (2.1.1)
where j, and k, are the emission and absorption coefficients respectively. Let s

be the path length traced by the ray in passing through this volume element, then
At = As/c and

191, 9l
L+ ArQt+A) — L, Q1) = -—— + =2 )ds, (2.1.2)
c 0t as

do ds
do dw

Iy(r, Q, 1) Iy(r+Ar, Q, t +At)

Figure 2.1 Schematic diagram of transfer of radiation.
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2 The equation of radiative transfer

¢ being the velocity of light. From equations (2.1.1) and (2.1.2) we obtain the
transfer equation:

19 a
-——+ = I\)(ragvt)=j1)(r7g27t)_KV(raQ5t)IU(r’Qvt)' (21'3)
codt 0ds

In the Cartesian coordinate system, the derivative d/ds can be written as
A (Bx) (B () (k) (92 (2
as as ax as dy as a9z
/ olv n olv n al, 2.1.4)
=/|l— m(|— nl—1, 1.
ax ay 9z

where [, m and n are the direction cosines of the ray, Q. Equation (2.1.3) can also
be written in divergent form as

191
—a—t” +div(QL) = j, — k1. (2.1.5)
C

Generally, we study the time independent transfer equation, in which case equation

(2.1.3) becomes
ol,(r, Q) .
o =) (DL, Q). (2.1.6)

In one-dimensional geometry when the medium is divided into plane parallel
layers and if the angle made by the ray with the normal (z-axis) to the layers is
6 (u = cos ), equation (2.1.4) is written as

dl, .
% = jy —kply. 2.1.7)
dz

This is the usual equation of radiative transfer in plane parallel atmospheres.

22 The time-independent transfer equation in spherical
symmetry

In this case the intensity changes with the radius vector r and the angle made by the
ray with the radius vector. In the plane parallel case the angle made by the ray with
the normal to the layers is constant. The transfer equation is

o, .
M . @2.1)
as

Now the derivative d/,/0s can be written
al, d9l,or 0dl, 00
9s  or ds | 00 ds
The ray path along s in the spherically symmetric case is illustrated in figure 2.2. ds
is the length element in the direction of 6 at r, so we have

(2.2.2)



2.2 The time-independent transfer equation in spherical symmetry

dr =cosfds and rdf = —sinfds, 2.2.3)

in which case, equation (2.2.2) becomes
dl, sin6dl,

cosf— — —

ar r a0

Or if we put i = cos 6, equation (2.2.4) becomes

= jy — kol (2.2.4)

al, 1 — 2ol
M—U+ M_”_
ar

= jv —kvly. (2.2.5)
rooou

Alternatively the above equation can be derived as follows: from figure 2.2,

a
p2 +s>=r? or o cosf = i, (2.2.6)
as r

where p is the impact parameter and we obtain

.00 or
—rsinf— +cosf— =1
] ]

S S
or
20
—rsinf— + cos? 6 = 1;
as
therefore

99 1—cos?0
ds rsinf
Substituting equations (2.2.6) and (2.2.7) into equations (2.2.1) and (2.2.2) we obtain

(2.2.7)

al, 1—-cos?0dl,
e N S 228
STy rsing ap vl (2.2.8)

Figure 2.2 Ray path in spherical symmetry.

31



32

2 The equation of radiative transfer

Using the fact that du = — sin 696, equation (2.2.8) can be written as

alv+1—,ﬁ%_

nw— Jv — kvl 2.2.9)
ar

r 3/L_

Equation (2.1.7) for plane parallel layers differs from equation (2.2.9) for spherical
symmetry by the term

1 —u?dl,
roooou’

The geometrical meaning is illustrated in figures 2.3 and 2.4.

In plane parallel geometry the ray makes a constant angle 6 with the normal while
in the spherically symmetric shells the angle made by the radius vector and the ray
direction changes constantly. This change is represented by the term

1 —u?al,
roou

in equation (2.2.5). The ray appears to peak with the radius vector towards the outer
boundary of the spherical symmetry.

23 Cylindrical symmetry

We consider a cylindrical system in the z-direction in which r is the perpendicular
distance from the z-direction. The direction of the ray € requires two angles to
be specified. One is the angle 6 between the z-axis and € and the other is the

Figure 2.3 Ray path in
plane parallel layers. Notice
Ray path that the ray path does not
change its angle with the
0 normal to the plane parallel

A layers.
0

Plane parallel layers

Jo
Lo

Normal to the plane
parallel layers



2.4 The transfer equation in three-dimensional geometries

corresponding azimuthal angle ¢, which is the angle between the projection of 2
on the x—y plane and the coordinate r. The spatial derivative 9/, /ds then becomes

al, 91, (dr al, (do al, (do
— =— |- — | — — 231
as ar (ds>+ a6 (ds>+ ap <ds> ( )

This translates into

al, sinf@sing dl, .

sin @ cos w; Jv — kv ly. 2.3.2)

r 8<p_

24 The transfer equation in three-dimensional
geometries

We will not go into the details of the derivation of the transfer equation in other
geometries but will sketch them briefly. No symmetry is assumed (see Pomraning
(1973)).

(a) Cartesian system

The transfer equation in the Cartesian system is given by

Figure 2.4 Ray path in spherically symmetric shells. Notice how the angle made by
the ray with the radius vector changes.
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2 The equation of radiative transfer

ol 0k

+§al“ j I (2.4.1)
- _ = — K s e N
Max ay 9z Jv viv

where 1, n and & are the direction cosines of the direction € with respect to the x-,
y- and z-axes respectively. These direction cosines are related to each other by

W +EE=1. (2.4.2)

If any two of the three direction cosines are fixed then the third one is automatically
known.

(b) General spherical geometry

Let ® be the polar angle between the radius vector and the x-axis and @ be the
azimuthal angle between the x-axis and the projection of r in the x—y plane. The
direction of  is described by the polar angle 6 between r and 2 and the azimuthal
angle ¢ between r and the projection of € in the x—y plane. Then the transfer
equation is

ar, nol, g 09I, 1—p?0l, Ecot®0l,

- - — _ I ,
Hor T780 T rsn@80 | - on r ap T
24.3)
where
L =1, 0,0, u, ¢ (2.4.4)
and
M =cosf,
n = sin6 cos g, (2.4.5)
& =sinfsing.

Equation (2.4.5) satisfies the relation (2.4.2).

(c) General cylindrical coordinates

The coordinates are r the perpendicular distance from the z-axis, the z coordinate
(from x—y plane) and the angle ® between r and the x-axis. The direction €2 is set
by the polar angle 6 between the z-axis and €2 and the azimuthal angle ¢ between r
and the projection of € in the x—y plane. Then the transfer equation is

ar, N noly al, nal,

— — = —— = jy — kv, 2.4.6
Mar rd®+§ 9z r 3¢ Jv — Kvly ( )

where

L, =1,r0,z2,0,¢) 2.4.7)



2.4 The transfer equation in three-dimensional geometries

and

& =cosb,
U = sinf cos @, (2.4.8)
n = sin @ sin @,

which follow the relation

E4+ul+n’=1. (2.4.9)

(d) Boltzmann equation for photons

The Boltzmann equation describes particle transport in kinetic theory. For a detailed
description see Mihalas (1978) and Mihalas and Mihalas (1984). When the particles
considered are photons, the Boltzmann equation becomes the transfer equation.

Let us have a system of particles with a distribution function f(r, p, ¢), which
gives the number density of particles in the phase space volume element (r,r +
dr, p, p+dp), where p is the momentum. If we allow the function f to evolve within
a particular phase space element during time interval d¢ during whichr — r 4 vdr
and p — p + Fdr, where v and F are the velocity and external force acting on the
particle respectively, then the phase space element evolves from

@@ po — @n@p) = I [@ro@py]. (2:4.10)

where J is the Jacobian of the transformation. To the first order in dt, the Jacobian
of the transformation of phase volume element is J = 1, which means that the
phase volume remains unchanged although the phase space element is deformed. In
the presence of a continuous external force F, the deformation of the phase space
element is continuous and all particles which were originally within the volume
remain there and the volume and hence the particle density remain unchanged. If
collisions occur, there will be a reshuffling from one element of phase space to
another ‘discontinuously’, meaning that their neighbourhood remains unaffected
during the same time interval. This leads us to the fact that the number density in a
phase space element must equal the net number density introduced into the element
by collisions, or

()G (5)6) ()
()= () <= () = (5),, e

This can also be written as,

af Df
5 TV +F-V,)f = (Dt>w” (2.4.12)
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2 The equation of radiative transfer

For photons (rest mass = 0) and when no general relativistic effects are present, F =
0, and photon propagation will be in straight lines with v = c¢n and the frequency
remaining constant.

The photon redistribution function is defined in such a way that
f(r,Q,v,t)dwdv is the number of photons per unit volume at point r and
time ¢, with frequencies in the range (v, v 4+ dv), propagating with velocity c in the
direction €2 into a solid angle dw. Each photon has an energy hv. The number of
photons crossing an element do in time dt is f(c - dt)( - do) dw dv so that the
energy transferred is

dE = chvfcosfdwdvdt. (2.4.13)
In terms of specific intensity, d E is given by
dE = I(r,Q, v, t)do cosb dv dt, (2.4.14)

where 6 is the angle between the direction of the beam and the normal to the
surface or do cos = Q - do. Therefore the distribution function can be written in
terms of the specific intensity through equations (2.4.13) and (2.4.14). The photon
interactions with the material and the net number of photons introduced into the
volume will be the energy emitted minus the energy absorbed divided by the energy
of each photon. Therefore for photons equation (2.4.12) can be written as
1 [8IV ] =kl

— Q- 1
oy Te@ V)i, PR

2.4.15
chv ( )

which is same as equation (2.1.5). It is now understood that the transfer equation is
a Boltzmann equation for a fluid which is not subject to external forces but which
suffers strong collisional effects.

(e) The transfer equation in various curvilinear coordinate systems

For the sake of completeness we write a general formula for the differential opera-
tion in equation (2.1.5) in an arbitrary orthogonal coordinate system. Let (a1, az, az)
be a system of orthogonal curvilinear coordinates connected to the Cartesian coor-
dinates (x, y, z) by the relations (see Grant (1968))

x =x(a1,az,a3), y=y(ai,az,a3), z=z(ai, a, az). (2.4.16)
The square of an element of arc length is given by

ds® = hidai + h3da3 + h3da3, (2.4.17)

2 ax \° ay 2 3z \2
== - — ), i=1,2,3. 2.4.18
! <8a,~> + (3(1,') +<8a,~> ! ( )

where



2.4 The transfer equation in three-dimensional geometries

If f is any scalar function, then the components of (grad f) with respect to unit
vectors along the orthogonal curvilinear directions are given by

(grad f) Lo i =1,2,3 (2.4.19)
ra =—— =12, 4.
& di h; da;
and
divF ! a(th)+a(th)+a(th)
vF = — — — .
/’11/’12]’13 3(11 213 I gy 86!2 3N Fg, 8613 112 gy
(2.4.20)
The volume element dV in orthogonal curvilinear coordinates is given by
dV = hihyhsday day das. (2.4.21)

Integration of div F over a volume given by m; < a; < n;,i =1, 2, 3 is then,

n 112
/diVFdV = I:///’lzh3Fa1 dazda3i| + |:f/h3h1Fa2 da3da1]
my nmp

n3
+ [ / f hihyFyy da da2i| . (2.4.22)
ms3

We give a few special cases below:
1. Rectangular coordinates:
hi=hy=1, day =dx, day=dy, da3=dz. (2.4.23)
2. Spherical coordinates:

x =rsinfcos¢, y=rsinfsing, z=rcosh,
hi=1, hy=r, h3z=rsinb, (2.4.24)
day =dr, day=d0, daz=d¢.

3. Cylindrical coordinates:

x =rcosf, y=rsinf, z,
hy=1 hy=r, hi=1, (2.4.25)
day =dr, day;=d0, daz=dz.

If we have F = Q1, then div(27) is written as

1 d d
div(QI) = —— | — (h h3Q,, [ —(h3h 24,1
iv(Q21) h1h2h3|:8a1 (h2h3Qq, )+8a2( 3h1Qa, 1)

d
—(h1h2Q24,1
+aa3(12a3)]

Q,, 01 Qq, 01 Qq, 01
=4 - 4T S —— =Q-VI. 2.4.26
hy da; + hy dap + h3 das ( )
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2 The equation of radiative transfer

Equation (2.4.26) is satisfied because of the following relation:

0= divQ
_ ! a(hhsz)+a(hh52)+a(hhsz)
_h1h2h3 day 2033 dan 3M134ay daj 172%¢%as 7 |-

(2.4.27)

Now one can derive the standard expressions for the differential operator of radiative
transfer by substituting equations (2.4.23)—(2.4.25) into equation (2.4.27). We note
that

Qo =1, Ry =1, Q¢ =§, (2.4.28)
where
wr4nt+er=1. (2.4.29)

One can choose u to be an independent quantity and then write % = (1—pu?) sin” o,
£2 = (1 — u?) cos w, although there is freedom in choosing this kind of representa-
tion. For example, in spherical geometry,

Q. vi=,0. 0 —u?)? sinwal (1 —MZ.)%Cosa)a_I'
or r a6 rsiné a¢

(2.4.30)

If there is spherical symmetry, the axis can always be rotated so that €2 lies in a plane
¢ = constant. Then v = 37/2 and if Q2 is parallel to the axis § = 0, © = cos @ and
we get the familiar equation for Q - VI:

al 1 —p?al

Q.- VI=u— —,
M8r+ ro ou

(2.4.31)

where p is the cosine of the angle between € and the radius vector.

25  Optical depth

We shall restrict ourselves to the time independent plane parallel transfer equation
(2.1.7). The optical depth is an important quantity that is used in transfer theory. It
is defined as

2
T(z,v) = —[ ky(Z,v)dz. 2.5.1)
21
The negative sign appears because we shall adopt the convention that z and 7, run
in opposite directions. 7, (z) gives the integrated absorption of radiation along the z-
direction in the segment (z> — z1). In the context of a stellar atmosphere 1, increases



2.6 Source function in the transfer equation

from the outside into the star while z (or r in the case of the spherical atmosphere)
increases from the inside towards outside. That is,

atz = Zpax, Ty =0,
atz =0, 7, = Ty max-

(2.5.2)

The optical depth gives an estimate of how much one can ‘see’ through the medium.
We have seen earlier that « I'is the photon mean free path. This means that 7, gives
the number of photon mean free paths.

26  Source function in the transfer equation

Another quantity that plays an important role in the study of radiative transfer is the
source function (see chapter 1). This is defined as the ratio of total emission to the
total absorption, or

Sy = ju/ky. 2.6.1)

The time independent transfer equation in plane parallel atmospheres (2.1.7) is then
written as

U—r =1, — S,. (2.6.2)
aTy

The absorption coefficient k,, consists of contributions from pure or true absorption
and scattering processes. Thus

ky = Ky + 0y, (2.6.3)

where K, is due to true absorption (see chapter 1) and the scattering term o, consists
of coherent, non-coherent, isotropic continuum scattering terms such as Thomson
scattering or Rayleigh scattering. The emission consists of thermal emission and
scattering and is given by

Jv=Jy+Jy = KuBy +ouJy. (2.6.4)
Therefore, the source function obtained from equation (2.6.1) is

Sy = (KyBy 4 0vJy) /(Ky + o). (2.6.5)
If we have local thermodynamic equilibrium, then

Sy = By(T), (2.6.6)

where B, (T) is the Planck function. The equation of transfer (2.6.2) is then

al,
u— =1, — B,(T). 2.6.7)
ot
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2 The equation of radiative transfer

In the case of spectral lines, we need to consider the absorption from continuum and
line:

Ky = ke + K1 (V) = ke + KLy, (2.6.8)

where k. and «; are continuum and line absorption coefficients respectively. ¢, is
the profile function which is normalized such that

+00
/ ¢(v)dv =1. (2.6.9)
—0o0

The line source function comprises contributions from: (1) the continuum thermal
emission k¢, (2) a fraction € (where € is the probability per scatter that a photon is
destroyed by collisional de-excitation) of the emission « ¢€ B, that comes from the
thermal processes, and (3) the redistributed (complete or partial) photons. Thus the
source function is given by (see chapter 1),

+00
Sy = k1 ()(1 —€) / J(W)PW)dv + kL pveBy + kc(V)By.  (2.6.10)

This is one of the more widely studied source functions for a two-level atom model.

27  Boundary conditions

We need to specify the boundary values of the specific intensities at the boundaries
shown in figure 2.4. In stellar atmospheres we have two types of media: (1) finite
media and (2) semi-infinite media. A finite medium is of finite optical depth with
open boundaries on both sides which need the incident radiation on both sides of the
medium, while a semi-infinite medium has an open boundary on one side but the
other side is so thick that it is assumed that it extends to infinity.

We prescribe for example in stellar atmospheres

I; =1(t=0,pu,v) (—1<pu<0 (2.7.1)
and

17 = 1(T = Tpax, 11, V) O=pn=1 (2.7.2)
(see figure 2.5).

In stellar atmospheres, we set I, = 0 and I, is given a finite value. In planetary
work and binary stars, /; # 0 and this plays the pivotal role particularly in planetary
atmospheres. In the case of the lower boundary we set t — oo, and the diffusion
approximation may be applied here.



2.8 Media with only either absorption or emission

28  Media with only either absorption or emission

When the medium neither absorbs (and/or scatters) nor emits radiation (vacuum) we
have j, = k, = 0, and the equation

al )
== jy — k1, 2.8.1)
0z
becomes
al
nr — o, (2.8.2)
0z

or I, = constant, which is consistent with the idea that the specific intensity is
invariant in the absence of sources and sinks. When the medium only absorbs and
there is no emission from the medium, then

al,
n— = —1I,. (2.8.3)
aTy
Integrating the above equation, we get
Iy(t, n) = I,(v) exp[—(zy — 7o)/ 1]. (2.8.4)

The incident intensity Ip(v) is reduced by a factor of exp[— (7, — t,0)/1] when it
passes through an absorbing medium with an optical depth of (7, — 7,0). If the

Parallel lines Spherical symmetry
T=Tmax
z=0, Z min
T
1=0 _ o
Z=7 max T=Tmax > I=I'min
T=0 r=rmax
6=180, p=—1
To observer To observer
Plane parallel layers Q 6=90
S u=0
0
0=0, u=1
To observer

Figure 2.5 Boundary condition in plane parallel and spherical symmetries.
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medium only emits and no absorption takes place, then the transfer equation is

written as
oly(z, m) .
p— = (@ (2.8.5)
Z
or
1 z
L(pn,z) =pn~ / (@ dz+ 1,00, v, w, (2.8.6)
0

which occurs in scattering media, such as planetary nebulae where optically forbid-
den lines are formed. Atoms that are excited to metastable levels due to collisions
remain unperturbed in this state for longer times, due to low nebular densities and
therefore little chance of collisions. When a large number of these atoms accumulate,
some of them decay through ‘forbidden’ transitions with a very small (non-zero)
transition probability of emitting photons. As these photons come through forbidden
lines their probability of reabsorption is very small and they escape the nebulae.

29  Formal solution of the transfer equation

The general transfer equation in general is given by (from equation (2.1.6))

al,
K,0S

=1I,-85,. (2.9.1)
The optical depth is defined as (see figure 2.6)
S
(s, 8,) = / Ky ds. 2.9.2)
\)

51

Equation (2.9.1) is a first order linear differential equation with a constant coeffi-
cient and therefore it will have the integration factor exp(—r,). Using this we can
immediately write the formal solution as (we leave out the subscript v for simplicity)

1,(s) = 1,(0) exp[—T, (s, 0)] + fs Sy (s exp[—1y (s, s") ]k, ds’. (2.9.3)
0

The intensity I,,(s) at a point s is given by equation (2.9.3). The first term on the
RHS represents the intensity at s = 0 reduced by the factor exp[—7, (s, 0)] and the

<~ T(s,89) ‘
|
\ [

S, S

Figure 2.6 Direction of the optical depth.
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second term represents the intensity at any point and in a given direction resulting
from the emission at all the interior points s” reduced by the factor exp[—1, (s, )]
to allow for absorption by the intervening matter. If the matter extends to infinity
then the 7,,(0) exp[—t (s, 0)] term vanishes and equation (2.9.3) reduces to

I,(s) = /s Sy (s exp[—1y (s, s") ]k, ds’. (2.9.4)

If the source function S, contains the intensity then equations (2.9.3) and (2.9.4)
become integral equations.

We shall consider the solution in a plane parallel atmosphere. We shall omit the
subscript v on 7 for the sake of convenience. There are two types of atmospheres
(see section 2.7): (1) the finite atmosphere which is bounded by the optical depths
on the two sides T = 0 and T = 7, (say), and (2) the semi-infinite atmosphere which
is bounded by the optical depth on one side T = 0 and by T — oo on the other side.
The intensities at any point in a finite atmosphere are (see Chandrasekhar (1960))

T d
Ly(t, +u1) = Ly(t, w) exp[—(7, — 1)] +/ 1 Sy(t, u) expl—( — T)/M];t
(1>pn>0) 2.9.5)
and
T d
Iy(t, —p) = 1(0, —p) eXp(—t/M)Jr/O Sy (t, =) exp[—(z —f)/l/«];t
(1>pn>0). (2.9.6)

Equations (2.9.5) and (2.9.6) are the outward and inward intensities respectively (see
figure 2.5), at each level. The emergent intensities are obtained by putting 7 = 0 in
equation (2.9.5) and by putting T = 1, in equation (2.9.6). Thus,

4 d
1,00, w) = L(z,, 1) em(—f,/u)+/0 1 Sv(t,u)GXP(—t/u);t (2.9.7)
and
1 dt
Ly(t, =) = 1,(0, —w) eXP(—rl/u)Jr/O Sy(t, —u) exp[—(z, —t)/u];.
(2.9.8)

Now we shall write similar equations for the semi-infinite atmosphere. These are

o d
I(z, +u) 2/ Su(t, +p) exp[—(r — T)/M];t, (2.9.9)

T d
1(5, =) = 10, 1) exp(— /1) + /0 Sy (1, — ) expl—(z — r)/u]i,

(2.9.10)
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and
e dt
1,0, +p) =/ Su(’»‘i‘ﬂ)exp(_t/ﬂ);' (2.9.11)
0

The RHS of equation (2.9.11) is the Laplace transform of S, (¢, i).

2.10  Scattering atmospheres

The source function is defined in equations (2.6.1) and (2.6.5) as the ratio of emis-
sion and absorption coefficients. The absorption consists of true (or pure) absorption
and scattering (see equation (2.6.3)). We need to specify qualitatively the concept of
scattering and the angular distribution of the scattered radiation. This is done by the
phase function p(cos ®) so that the quantity (see Chandrasekhar (1960))

/

d
v 1, p(cos @)% dm dv do, (2.10.1)

gives the rate at which the energy is scattered into an element of solid angle de' in
the direction ® to the direction of the incident radiation on an element of mass dm,
with o, the mass scattering coefficient. From expression (2.10.1), we obtain the rate
of loss of energy from the incident pencil due to scattering in all directions as

do’
oylydmdvdow | p(cos®) ol (2.10.2)
4
This must be equal to
oyl,dmdvdw, (2.10.3)

which is the energy scattered from the pencil of radiation incident on the element of
mass dm with cross section do, height ds and density p or dm = pcos6 do ds, or

/

d
o1, dmdvde = 6,1, dmdv dw/ p(cos @)%, (2.10.4)

or

do’
/p(cos ®)4— =1, (2.10.5)
4

which means that the phase function is normalized to unity. The scattering of a
pencil of radiation from the direction (6, ¢”) contributes energy to a pencil in the
direction (6, ¢)(¢’ and ¢ are the azimuthal angles) at a rate of
sinf’ do’ do’

opdmdvdwp(®,¢; 0, "), ¢) .

(2.10.6)

where p(0, ¢; 0, ¢’) is the phase function for the angle between the directions
(0, ¢) and (0, ¢'). Therefore the emission coefficient for scattering, J5. s



2.10 Scattering atmospheres

T 2w
jSWGv@:Z_;/ / PO, 9:0", @) 1,(0', ¢)sin6'do’ dg’.  (2.10.7)
0 JO

Generally, the emission coefficients will have contributions from processes other
than scattering. If these other processes are absent, we say that we have a scattering
atmosphere. The alternative to a scattering atmosphere is an atmosphere in LTE
which we have seen earlier. Therefore the source function in a scattering atmosphere
is

(s) _ 1 i ol PN win o) a0l g
S0, ) = — p@,0;0,9),(0,¢)sind do" dy’, (2.10.8)
4 0 Jo
while for an atmosphere in LTE
Sy(LTE) = B, (T). (2.10.9)

We shall show that the flux is constant in a purely scattering atmosphere. Let n
be a unit vector of a certain direction through a point r. Then the source function
(2.10.8) can be written as

1
S,(r,n) = o / pm,n)I(r,n)do®). (2.10.10)
514
Then in this case the transfer equation can be written:
1 1
——(-grad)/(r,n) = I(r,n) — yi / pm,n)I(r,n)dwn’). (2.10.11)
Ky T

Integrating over all directions, equation (2.10.11) becomes

—Ki(n -grad)I (r,n)dw(n) = / I(r,n)dw)

_ L // pm,n)I(r,n)dwn)dw@®’).
4
(2.10.12)

The quantity on the LHS is the divergence of the vector 7 F with components parallel
to x-, y- and z-axes. The first term on the RHS is 47 J and the second term is also
47 J if we use relation (2.10.5), Therefore equation (2.10.12) reduces to

div F = 0. (2.10.13)

This is the flux integral for a conservative problem. Therefore in a purely scattering
atmosphere the flux is constant and in a plane parallel atmosphere it is equal to

dF
— =0 or F, = constant. (2.10.14)
dz
In spherical symmetry, the flux integral becomes
Fy
F=—=, (2.10.15)

where Fj is a constant.
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211  The K -integral

The transfer equation in a plane parallel scattering atmosphere can be written as (see
equation (2.10.7))

dl(z, i, @)
Mi(p:l(mmp)
dt
1 +1 p27
- 1/0 plu, @; 1, @I (T, 1, @) dp' do'.

2.11.1)

In the conservative case the albedo for single scattering @ equals 1, and the flux
F is constant, where 7 F' represents the flux of radiation normal to the plane of
stratification. If we multiply equation (2.11.1) by u and integrate over all solid
angles, we obtain

d +1 p27 5 1 +1 p27
— / I(t, u, )" dpdp = F — —/ f du'de’ I(z, ', ¢')
dt J_1 Jo dr J_1 Jo

+1 p27
x/ /0 dide up(n, ¢; i1, ¢").
-1

(2.11.2)

The phase function p(u, ¢; u', ¢’) can be expanded in a series of Legendre
polynomials as

1/2

Pl g i @) =) P [MM/ + (1= )21 = 1) cos(e — w/)],

(2.11.3)

where @y = 1, which is the albedo for single scattering. By applying the addition
theorem of spherical harmonics, we find that

1 +1 p27 ., 1 , +1 5 ,
— / P(u,cp;u,fp)udud<p=—wm/ nodp = o .
4 —1 Jo 2 —1 3
(2.11.4)
Now equation (2.11.2) becomes
L d +lfznl( ywrdud ! 1 ! F (2.11.5)
- T, ) = - - 5 ) . .
drdt )y ) fo @l arae =4 3¢
or
dK 1 1
- (1-20,)F (2.11.6)
dt 4 3

where



2.12 Schwarzschild—Milne equations and Ad X operators

1

+1 2
o / I(t, w, o)’ dpnde = K (7). (2.11.7)
T J-1 Jo

As F is constant, equation (2.11.6) can be written as

K:%F [(l—%wl)r—i—Q}, (2.11.8)

where Q is a constant. This is called the K -integral.

212 Schwarzschild—Milne equations and A, @, X
operators

We now consider a semi-infinite atmosphere. In a scattering medium, the transfer
equation in plane parallel layers with an independent azimuthal angle is

dl,(z, 1)
pint #

1 +1
=L(t,pn) — —/ PG, 1y (T, 1) dp', (2.12.1)
dt 2 —1

where the phase function p(u, 1') is given by

1 2
p(u, ) = E/o PG, @i, @) dy'. (2.12.2)

In the case of isotropic scattering, p(u, u’') = 1 and equation (2.12.1) becomes

dl,(z, n)
pu—

=IL,(t,n) — J,(1), (2.12.3)
dt

where
1 +1
Jy(1) = E/ I,(t, ) du. (2.12.4)
-1

Equation (2.12.3) is the simplest of the transfer equations with scattering to have
been studied extensively. If we give no incident radiation at t = 0, the formal
solutions from equations (2.9.9) and (2.9.10) are written as

I(T, p) = / exp[—( — T)/M]Jv(t)% O<p=1, (2.12.5)

L(t, —p) = /Or exp[—(r — t)/M]Jv(t)% O<p=1. (2.12.6)

The above solutions can be expressed in terms of J,, (7). We shall omit the subscript
v for convenience. Let us write that

+1
I,(7) = / I(t, Wu'dp. (2.12.7)
-1
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We substitute equations (2.12.5) and (2.12.6) for I (r, ) into equation (2.12.7) and
obtain

00 1
I(t) = f d (1) /0 dp " expl—(t — 7)/u]

T 1
+(—1)”/ er(r)f du " expl—(r — 1)/l (2.12.8)
0 0

If we substitute 1/x for u, equation (2.12.8) becomes

o o dx
I,(t) = / dt J(t)/ | exp[—x(t — 17)]
T X
T o dx
+ (D" / dt J(t)/ —7 expl—x(r — )] (2.12.9)
0 1 xn+
We can write this in terms of the exponential integral:

En(y) = / - i—fexp(—xy). (2.12.10)
1

Using the above integral, equation (2.12.9) is written as (see Chandrasekhar (1960))

T

In(r)=f°° J(r)En+1(r—r>dz+<—1>"/ J(O) Eps1(z — 1) dt.
T 0
2.12.11)

Using equation (2.12.4) we can write J(7) in terms of the exponential integral E,
as follows:

J(t) = %fow JOE, (|t —t|)dt. (2.12.12)

This is called the Schwarzschild-Milne equation for the mean intensity. Further-
more, F' and K are given by

1 +1
F(t) = 5/1 I(z, wWpdpu, (2.12.13)

which is called the Milne equation for flux, and

1 +1
K@) =3 / I(z, pp?dp, (2.12.14)
-1

and can be written in terms of the exponential integral given in equation (2.12.10)
as follows:

T

F(r) = 2/00 JEx(t — 1) dt — 2/ J()Ey (v — 1) dt (2.12.15)
T 0

and
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K(t) = %fow J()Eslt — 7] dt. (2.12.16)

Solving equation (2.12.12) is equivalent of solving transfer equation (2.12.3). The
exponential integrals follow the recursion formulae:

nE,;1(x) = exp(—x) —xE,(x) (n> 1), (2.12.17)

El ()= —E,(x) (n>1) (2.12.18)
and

E/(x) = —exp(—x)/x. (2.12.19)

The first of these relations (equation (2.12.17)) follows from

o0
d
NEpi1(x) = — / exp(—xt) -1~ dr, (2.12.20)
1

after integration by parts. The second (equation (2.12.18)) follows from direct
differentiation of

o0 dt ! d
En(x)=/ exp(—xt) = =/ exp(—x /" 2 (2.12.21)
1 " 0 jz
Furthermore
U gy 1
E,0)= | &= n>2). (2.12.22)

o " n—1

Equations (2.12.12)—(2.12.14) play a most important role in radiative transfer theory
and can be written in operator notation. Equation (2.12.12) is written in operator
notation as (see Kourganoff (1963))

ALf(D)] = %/Ooo F@E, |t —t|dt. (2.12.23)
Similarly F(t) and K () written in operator notation are

()] = 2/00 FEy(t — 1) dt — 2/0r FOEy(t —0)dt (21224
and

X f@0)] = 2/000 f()Es|t — T|dt. (2.12.25)

Several properties of these operators are given in Kourganoff (1963), Chapter 2.
Some of them are (as quoted in Rutten (1999) also):
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A [l]=1- %Ez(f),

1
Atl=1+ §E3(T)’

2 2.12.26
A [*] = 3+ T — E4(1), ( )
1 P ik
AcltP) = 2pt| Y e+ (DI Ep (D),
k=0 "~

where 8, = 0 forevena = p+ 1 —k and 6, = 2/« for odd «. The Schwarzschild—
Milne equation in terms of A the operator is

1 o
J(@)=AJ@)] = 3 / JE |t — t]|dt, (2.12.27)
0
: B=1 (a) 1 (b)
ABI B=g 2T
05 0.5 A[B]
| | | ] !
1 2 1 2 3 1
1= © (d)

B=5E (1)

A[B]

1.0}

0.0 15 2.0 T 1 2 3 4 1
Figure 2.7 (a) B and A(B) with B = 1, (b) B and A(B) with B = exp(—at) and
a= %, (c) B and A(B) with B = (n — 1)Eg(7), (d) B and A(B) with B =1+ ar

anda =3,(e)p = B/A(B), B=1+at, 5 <a <5, () Band A(B), when B is
a ‘pulse’ function (see Kourganoff (1963)).



2.13 Eddington—Barbier relation

or from equations (2.9.9) and (2.9.10) for 7 (0, —p) = 0 we can write J(7) as
1 o
J(r) = 5/ S(T)E (|t — t])dt = A[S(2)]. (2.12.28)
0

The operator ®; is

T

®,[S(1)] = 2/00 S(t)Es(t — ) dt — 2/ S(t)Ex(t — t)dt = F(1),
T 0
(2.12.29)

where F (7) is the astrophysical flux. The operator X is
(0.¢]
NG 2/ S(HE3(|t — t])dt = 4K (7). (2.12.30)
0
Figures 2.7(a)—(f) and 2.8(a)—(d) illustrate the results of operators A and ® respec-
tively with the source function S = B for a given depth dependence.
2.13  Eddington—Barbier relation

The emergent intensity is (in a semi-infinite plane parallel atmosphere)

10, p) = fooo S(t)exp(—t/u)% (2.13.1)

1 2 3 T

Figure 2.8 (a) B and ®(B) with b = exp(—art),a = %, (b) B and ®(B),
B =5E¢(7), (c) B and ®(B) with B =1+at anda = 3, (d) B and ®(B) when B
is a ‘pulse’ function (see Kourganoft (1963)).

51



52

2 The equation of radiative transfer

(see equation (2.9.11)). The emergent intensity is a weighted average of the source
function along the line of sight. The weighting function is the fraction of the energy
emitted that emerges at the surface from each point along the ray whose optical depth
is modified by (z/ur). The specific intensity is the Laplace transform of the source
function. This is useful in solving several problems in radiative transfer theory.

If we assume that the source function varies linearly with the optical depth as

S() =S80+ S,t, (2.13.2)
and substitute this into equation (2.13.1), we obtain
10, ) =So+ S u==58=nw. (2.13.3)

Relation (2.13.3) is known as the Eddington—Barbier relation. It implies that the
emergent intensity is characteristic of the source function at about an optical depth
of unity along the line of sight. This relation has been extensively used in stellar and
solar work and has helped in the interpretation of several observations.

2.14  Moments of the transfer equation

In section 1.5 we defined the moments of the radiation field. We now apply these
moments to the transfer equation. If we apply the zeroth moment to the transfer
equation in plane parallel geometry we obtain

dl
/u—” duzfludu—/Svdu. (2.14.1)
drt
This reduces to
dH,
S =J,— 8. (2.14.2)
dt

In spherical geometry the zeroth moment of the transfer equation is

19(r’H,)
2 ar

Jv — kv . (2.14.3)

The first order moment gives in plane parallel geometry

0K
" = H, (2.14.4)
0Ty
and
K,
+r7'3K, — J,) = —k, H,. (2.14.5)

ar
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2.15  Condition of radiative equilibrium

In stellar atmospheres, energy is transported by radiation and convection. Transport
by conduction is very ineffective except in the solar corona in which the temperature
reaches the order of million degrees. When all the energy is transported by radiation,
it is said that the atmosphere is in radiative equilibrium (see the discussion given in
Mihalas (1978)).

Let us consider a static medium with a time independent radiation field. The
condition of radiative equilibrium is that the total energy absorbed by a given volume
of material should be equal to the energy emitted. Thus the energy removed from
the beam by the volume element is

o
471/ Ky Jy dv (2.15.1)
0
and the energy emitted by the volume element is

o o
471/ Jvdv =47r/ Ky Sy dv. (2.15.2)
0 0
Therefore at each point in the atmosphere, using (2.15.1) and (2.15.2), we obtain

o
471[ ky[Sy — 1y1dv =0 (2.15.3)
0

or
o0
/ KkySy dv Z/KV]UdU. (2.15.4)
0

Thus in planar geometry the condition of radiative equilibrium is equivalent to the
condition that the derivative of the flux is zero or the flux is constant (see section
2.10). In spherical geometry we have

r>F = constant = L/4rm, (2.15.5)

where L is the luminosity.

2.16  The diffusion approximations

If we consider a semi-infinite atmosphere (with boundaries T — oo at one side and
T = 0 at the other), at large optical depths, the solution of the transfer equation
becomes simple. At these depths the photon mean free path is quite small and
the radiation is trapped inside the medium becomes isotropic and reaches thermal
equilibrium, that is, the source function S, approaches the Planck function B,. In
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this case, when 7, > 1 one can expand the source function as follows (see Mihalas
(1978)):

Su(ty) = Y _[d"B,/dt]1[t, — 7,]"/nl. (2.16.1)

n=0

If we substitute this into equation (2.9.9), we obtain (in the range 0 < p < 1)

dtl dr, dt?

v

o ,d"B, dB, d*B,
(o ) = ) u"—— = By(n) + Wb (2162)
n=0

Substitution of equation (2.16.1) into equation (2.9.10) with 7 (0, —u) = 0 gives us
a similar equation in the range —1 < u < 0. Similarly,

& d*'B 1d*B,
Jy(ty) =Z(2n+ n! er” = By(ty) + 3 3 de 2 RN (2.16.3)
n=0 v
> d***t1B 1dB
_ —1 Vo v
n=
d* B 1 1d?*B,
K, (%) _Z(2n+3) ! = 3B(@) + - 2 S (2165)

Jy and K, contain only even order derivatives, while F), contains only odd order
derivatives. Equations (2.16.2)—(2.16.5) converge rapidly. For example, if we write
d*B, /dt)} ~ B,/t)}, then the ratio of successive terms is 1/ 72 or of the order
1/(ky)?> Az?, where (k,) is the average opacity along the path length Az. The con-
vergence is quite rapid. In the limit of large optical depths, one can write equations
(2.16.2)—(2.16.5) as:

dB
L (ty, ) = By(t)) + 1 v,

2.16.6
dar, ( )
Jv(t) = By(ty), (2.16.7)
Hy(r) ~ 222 (2.168)
T ~ — . .
" 3 dr,
and
1
Ky(ty) ~ ng(Tv)o (2.16.9)
Note that
1
Ky(t)/Ju(ty) = 3’ (2.16.10)

which is true for isotropic radiation.



2.17 The grey approximation

2.17  The grey approximation

Although the radiation in stellar atmospheres and other objects is highly frequency
dependent, the approximation of frequency independent radiative transfer gives
some useful results which provide us with a good understanding of the atmospheres,
particularly when mean opacities are used. We write k,, = « and then

oo
1:/ I, dv. (2.17.1)
0

Similarly J,,, S,, B, etc. become J, S, B etc. respectively. Then the transfer equation
in plane parallel layers becomes

dl
Mdr -

When radiative equilibrium exists

I1-5. (2.17.2)

o o0
/ KkpJydv = / KySy dv (2.17.3)
0 0
or
J=2S. (2.17.4)

Equation (2.17.2) then becomes

di
o =11, (2.17.5)
T

the solution of which is
1 o0
J(r) = E/ J(E |t —t|dt. (2.17.6)
0

This integral equation is called Milne’s equation for the grey problem or Milne’s
problem. The solution of equation (2.17.6) simultaneously satisfies the transfer
equation and the condition of radiative equilibrium.

When LTE exists
OR T4

J(t) =S(r) = B[(T(v)] = . (2.17.7)
Taking the zeroth order moment of equation (2.17.5), we obtain

dH

—=J-8S=J-J=0, (2.17.8)

dt
which means that the flux is constant. The first order moment of equation (2.17.5)
gives us

dK

@ _n 2.17.9
17 ( )
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which leads to

K(t):Hr—i—C:iFt—i-C. (2.17.10)
At great depths the specific intensity is represented to a good accuracy by

I(p) =1o+pl,, (2.17.11)
and, at T > 1, that K(t) = l1(1:) and K(t) — %Fr give us

J(tr) — %Fr (r > 1), (2.17.12)

which means that the mean intensity varies linearly as the optical depth. However, at
the surface of the star, this variation need not apply. Therefore we use the expression

3 3
J(@) = JFlr+q(m]= E(aﬂe})[t +q(0)], (2.17.13)
where ¢ (7) is called Hopf function. We need to determine this function.

From equation (2.17.6), we can write
1 oo
T+gq(t) = E/ [t+q@)IE |t —T|dt. (2.17.14)
0
In the limit of T — o0, we obtain
1 1
lim [—J(r) - K(r)] =-F lim[t+¢q(r)—t—C]=0. (2.17.15)
T—o00| 3 4 100
Thus we have C = ¢g(c0). Therefore the equation (2.17.10) can be written as

K(t) = %F[r + g(00)]. (2.17.16)

2.18  Eddington’s approximation

Eddington made the assumption that / = 3K everywhere. Then from equation
(2.17.10) we have

3
Je(m) = FT+C,. (2.18.1)

The constant C, can be calculated from the emergent flux. Therefore from equation
(2.12.15) we obtain,

F(0) = 2f <§Fr + cl> E>(t)dt = 2¢'E3(0) + EF [4—1 — 2E4(0)].
0 \4 4 |3
(2.18.2)

We have E,(0) = 1/(n — 1) and letting F = F(0) we obtain



2.18 Eddington’s approximation

C, =-F (2.18.3)

or

J —3F 2 2.18.4
E(T)—Z (T"i‘g)- (2.18.4)

Therefore in Eddington’s approximation ¢ (t) = % In the case of LTE and radiative
equilibrium we have

3 2
4 . 4
4N ST <T + §>, (2.18.5)

where T is the effective temperature of the star. (The effective temperature of
the star is equivalent to the black body temperature emitting the same flux or it
is the kinetic temperature at the optical depth of unity where continuum radiation
originates.)

Equation (2.18.5) predicts the boundary temperature in terms of the effective
temperature at z = 0. This is

T 1\1/4
! =G) — 0.841. (2.18.6)
eff

the exact value being given by

1/4
T 31/2
T—O = (T = 0.8114.
of

The angle dependence of the emergent radiation field is obtained from equation
(2.18.2) and the equation

o dt
uamzf S(t) exp(—t/p) —,
0 22
and is given by
2 2
10, pn) = §F (u + §> (2.18.7)

The limb darkening which is defined as (0, n)/1(0, 1) is given (in Eddington’s
approximation) by

3 2
I(O,u)/1(0,1)=§<u+§>, (2.18.8)

which is the intensity at an angle cos~! j relative to that of the disc centre.
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58 2 The equation of radiative transfer

Exercises

2.1(a) The radiative transfer equation in spherical symmetry is sometimes written as
2. 01, .
U—+ — | =p)— | =jv—kly.
M ©

Compare this with equation (2.2.9). How do you interpret /,,?
(b) Integration of equation (2.8.2) leads to the invariance of the specific intensity in the

absence of absorption and emission in the medium. In such a medium how do you
interpret the equation in spherical symmetry

ol | 1—p*ol

— — =07
MBr ro o0

2.2 Show that in conservative cases the transfer equation in plane parallel atmospheres
admits a solution of the form

-1
I(T,/L)=C|:1:+,u<l—%wl> :|

2.3 If we have

di+
— 4+t =¢s"
dt +
and
dI~ =S
dt U
show that
T
I7(t) = 1, exp(—71) +/ exp[—(t —)]1ST(2) dt
0
and

T
I7(1) = Lexp[—(T — 1)] + / expl—(1 — OIS (1)t

with Iy = I7(0), I = I~ (t) and T the total optical depth.

2.4 Consider a spherical planetary nebula (see figure 2.9) with the radial optical depth
K'r, where r is the radius. Let the ray in the line of sight PQ make an angle 6 with
the radius at Q and the total optical depth along this ray be 27 cos 6 and let ¢ and
K'I be the running length and optical depth along the ray. J is the constant emission



2.5
2.6

Exercises

coefficient (cm™ ster~!' s~!). Show that the emergent intensity at Q is (no incident
radiation at P).

J
1(0) =

< [1 — exp(—27 cos6)]

and that the outward flux 7 F' is given by

nF =

aJ 1 exp(—27)
iy I D T
K’ 272 272

1+ 2r)].
If J = Jot, where Jy is constant, show that the emergent intensity is
Jo
1) = - {(1+ 27 cos ) [1 — exp(=27 cos )]},

and the flux 7 F is

nF = 2’;(‘/’0 {1 L [3 - exp(-20) (4r2+6r+3)”.

273 412
Derive equations (2.4.3) and (2.4.6).

Milne’s planetary nebula boundary condition is as follows: at the inner boundary of
a spherical shell with radius r;, which envelopes a spherical vacuum, the boundary
condition is 7 (r;, +un) = I(rj, —p). Prove this. Furthermore, if there is a point
source of intensity Iy at the centre of the void sphere with radius r; then show that
1(ri, +10) = Iod(u — 1).

Figure 2.9 Schematic
diagram of a planetary
nebula.

Line of sight
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2.7

2.8

29
2.10
2.11

2.12

2.13

2 The equation of radiative transfer

If the source function S is expanded by the following series around the optical depth
=1

1
S(t) = S(z0) + §'(70)(r — 10) + ES”(TO)(T -0’

find the emergent intensity.

Show that the normally emergent intensity from a finite slab of optical thickness T
in which the source function S is constant and with no incident radiation is given
by

1(0,1) = S[1 —exp(=T)].

Derive equations (2.12.17)—(2.12.19).
Derive equation (2.14.5).

If the source function is given by
Sy = (KyBy +0,J,)/(Kyy + 0y),

where K, is the absorption coefficient, oy, is the scattering coefficient, B, is the
Planck function and J,, is the mean intensity, show that in radiative equilibrium

o0 o0
/ KUBvdv:/ K,J,dv.
0 0

In the case of perfect scattering (w = 1) show that
divF = 0.

Show that F, = constant in planar geometry, F, = Fo/r? in spherical geometry,
where Fy is constant, and F. = Fp/r in cylindrical symmetry.

Assuming that

dl,(ty)
dt,

= -1, ().
Show that the magnitude change Am is given by
Am = 1.0867,

given that

I,
Am = —2.510g10 I—(O) .
v



Exercises

2.14 Using equation (2.9.11) with S(r) = Z;’;O a,t"™ and f0°° ptexp(—p)dp = nl,
derive the Eddington—Barbier approximation. Show that the Laplace transform of
S(t) given above will give the relation (Rutten 1999)

10, +1) = L1, [S()] = Zn'anu

Also show that

2 1
J(x) = A[S(H)] = ap + at + art’ + 30 anEz(r)

1
+ 561153(1) —axE4(7),

4
F(r) = ®(0)[S(1)] = 2a0E3(7) + a; [5 — 2E4(f)] +
and

1 1 1 1 1
J,(0) = —ao+ a1+3a2 25 T==

FO) =S —2
0) = <T—§>,

2.15 Show that

Ai(a+bt) =a+ bt + % [bE3(7) —aEx(T)],
4
D (a+bt) = §b +2[aE3(t) — bE4(1)],

X:(a+bt)= g(a +bt) +2[bEs(t) — aE4(1)],

2.16 Assuming the source function is given by
KkyBy + oy Jy
Sy =—mm,
Ky + 0y

show that

L) = Aq, [ov (1) Ly (8)] + Aq, {[1 — pu(t)] By (1)},

where p, = 0, /(ky + o).
2.17 In spherical geometry, show that
K,
or

where j,, H,, K, are the zeroth, first and second moments of I,, the specific
intensity.

+ - (3K — ) = —kyHy,
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2.18

2.19

2.20

2 The equation of radiative transfer

If S, is given as in exercise 2.16, show that the condition of radiative equilibrium

gives
o0 oo
/ KUBUdl):/ Kydy dv.
0 0

Show that the equations

e (t—1)]dt
I(T,M)Zf S(I)exp[— ]—
0 2

(for outgoing radiation) and

I(x, ) = /Tm exp [— ((f__ﬂﬂ (i% (-1=u=0

(for incoming radiation) are equivalent to

I(r.n) =fmj(r’)exp[—r(r, )ldir — .,
0

where

v/ —r|
r¢s)y=r—sn, t(@,r) = / k()X (s)ds
0

and s,y 1s the distance along the ray to any boundary surface in the direction (—n),
Smax = 00 for outward directed rays in a semi-infinite medium. Substitute the above
result into the definition of J(r) to get

1
Jr) = — /V{jr/) expl—t (', NI/’ —x P} ",

where V represents the volume of the material. This is Peierl’s equation.

Consider an axially symmetric but not spherically symmetric atmosphere (for ex-
ample a rotationally flattened star). (a) Show that I = I(r, ®, 60, ¢). (b) For the
general case where I = I(r, ®, @, 6, ¢) (for example, a rotationally flattened star
illuminated by a companion), show that the transfer equation in spherical coordi-
nates, accounting for all the spatial coordinates, is given by

101 al al ! ol 1 —p*al al
——+,u——|—z——|—o—sin® + Ko scot@
c ot ar r 00 r 0o roou Rlo}
=j—«l,
where y = cos¢sind, o’ = singsinf and 0 is the polar angle between the

direction of the pencil of radiation and the normal to atmospheric layers, ® is the
polar angle of the point on a spherical surface, ¢ is the azimuthal angle of a pencil
of radiation around the normal to the atmospheric layers and @ is the azimuthal
angle of a point on a spherical surface.
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Chapter 3

Methods of solution of the transfer equation

We shall now describe some methods of obtaining the solution of the transfer
equation in a plane parallel medium.

3.1 Chandrasekhar’s solution

The radiation field is divided into streams as was done by Joule in the context of
the kinetic theory of gases. The molecules in a box are presumed to be moving in
three equal pairs of streams — parallel to the length, breadth and depth of the box in
which the gas is situated. Each pair of streams is presumed to be moving in opposite
directions. Schuster and Schwarzschild wrote similar equations in transfer theory.
The transfer equation in plane parallel stratification (see equation (2.12.3)),

dI(z, 1 !
PralSiro T —/ I(r.pydy, 3.1.1)
dt 2 —1

is replaced by a pair of equations for /4 and /_, the outward and inward intensities,
thus

1dI,
S ——1 I
+2d + Iy + 1),
(3.1.2)
e L
2dr 2t

The factor % on the LHS is chosen arbitrarily as in the kinetic theory of gases.

The division of the radiation field into only two streams does not represent reality.
However, by increasing the number of rays one can improve the accuracy and can
solve many problems involving, for example, polarization, anisotropic scattering.

64



3.1 Chandrasekhar’s solution

By following the concept of Schuster—Schwarzschild, we retain the principal
advantage and increase the number of streams. Wick (1943) suggested that the
integral in the transfer equation (2.12.3) can be replaced by the Gaussian sums for
numerical quadrature. This can be written as

+1 J=+n
| e Y arcm. (3.13)

j=n

where the ;s are the 2n roots of the Legendre polynomials P, (u) of order 2n
denoted by 4y, n—1, ...y L1, 42 ... fn—1, Ly and the a;s are the weight factors
(see figure 3.1). Furthermore (see Abramowitz and Stegun (1964)),

MH—i —Mi,
aj = a_j.

(3.1.4)

It is well known that for a given number of subdivisions of the interval (—1, +1),
Gauss’s choice of ;s and a;s gives the best value of the integral, for example

n 1 1
a; m:/ Ly —

Chandrasekhar (1944) used Gauss’s formulae to solve the transfer equation in a

(3.1.5)

plane parallel, semi-infinite, isotropically scattering atmosphere with constant net
flux (see equation (2.12.3)):

dl(z, )
/_Li:

- (3.1.6)

1 +1 / /
1(r,M)—-5 1 I(t,p)dw.

normal to the plane parallel layers

u=1

My

A
. outward beam
0 H—1
- u=0  (plane parallel layer)
"
N\ inward beam
My

u=-1

Figure 3.1 Gaussian points, us.
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3 Methods of solution of the transfer equation

Using equation (3.1.3), equation (3.1.6) is written for 2n linear equations as
dl; 1
pi——=1n— =Y ail; (. j=%1,... 4n), (3.1.7)

dt 2 &
j

where the ;s are zeros of the Legendre polynomials P»,(u), the a;s are the
corresponding Gaussian weights and

I = I(z, ;). (3.1.8)

We now describe Chandrasekhar’s solution for the equation (3.1.7) (see Chan-
drasekhar (1960)). We seek solutions of the form

I = giexp(—ktr) (==£I1,%2,...,%n), 3.1.9)

where the g;s and k are the unspecified 2n 4-2 constants. Introducing solution (3.1.9)
into equation (3.1.7), we obtain

1
gi(1+ pik) = E]Zajgj (3.1.10)

or

_3xas €
' 1+ pik 1+ ik’

(3.1.11)

where C is a constant that is independent of i. Substituting equation (3.1.11) into
equation (3.1.10), we obtain the characteristic equation

Y (3.1.12)
F 1+ pjk

Using equation (3.1.4), the above equation can be written as

n

E —5 =1 1.
= 1-— ujkz

This is an algebraic equation of order n which has k> = 0 as a root as we have

n
Zaj =1. (3.1.14)
j=1

Consequently, the characteristic equation (3.1.13) admits 2n — 2 distinct, non-zero
roots in the form of pairs:

thky (@=1,....,n—1). (3.1.15)

It is understood that equation (3.1.7) will have 2n — 2 independent solutions.
Equation (3.1.7) admits another solution of the form

Ii=b(r+¢q;) (==£l,...,%£n), (3.1.16)



3.1 Chandrasekhar’s solution

where b is a constant. Substituting this into equation (3.1.7), we get

1
i =4i =5 ) 4iq (3.1.17)

J

or
Gi=0+w (i==%1,42,... +n), (3.1.18)

where Q is a constant and equation (3.1.18) will satisfy equation (3.1.17). The
general solution of the system of equations (3.1.9) can be written as

n—1 n—1
Ly exp(—kyT) L_,exp(kyT)
I; =0 —_— + — 4T+ u; + 0
l {Z 1= pike ; 1= pike ’

(i==+1,...,+n), (3.1.19)

a=l1

where b, Liy (0 = 1,...,n — 1) and Q are the 2n constants of integration. We
now apply the following boundary conditions:

I10,—pu)=0 O<p<=<l). (3.1.20)

Furthermore, as T — oo all the integrals that occur in the formal solution (see
equations (2.9.5)—(2.9.11)) converge. The convergence of these integrals over the
source function requires that

S(t, w)exp(—t) > 0 as 1 — oo. (3.1.21)

None of the terms in /; should increase more rapidly than exp(t) as t — oo. This
requires that in the solution (3.1.19), we omit all terms containing exp(+k,7), which
gives us

n—1

Ly exp(—kyT) .
Ii=>b Zm‘f’f‘i‘ﬂl"‘Q} (i ==1,...,%n). (3122)

a=1
The boundary condition (3.1.20) implies that
L i=0att=0, i=1,...,n. (3.1.23)

Therefore from equation (3.1.22), we have

N

L, )
Y i+ 0=0 (=1...n. (3.1.24)
:11_Mika

S

From the above set of equations, one can determine the n constants of integration,
Ly(@x=1,...,n—1)and Q.
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63 3 Methods of solution of the transfer equation

We shall now calculate the flux given by

+1
F= 2/ im (3.1.25)
-1

By replacing the integral by the sums of /; ;s and using equation (3.1.22), the flux
can be written as

—Zb[ZL exp(— kmz o Zazu,+<Q+r>Zazul}

(3.1.26)

By using equations (3.1.4) and (3.1.5) we obtain

2
Zaiu%zg and Y aiu; =0. (3.1.27)

From the identity (3.1.12) we have

a;i i 1
—_— = — a
Zl"‘ﬂla Zl( 1+V~ika>

1 a;
=—\|2- — | =0. 3.1.28
ke < Z I+ p koz) ( )
Substituting the results of equations (3.1.27) and (3.1.28) into equation (3.1.22), we
obtain
4
F = §b = constant. (3.1.29)

We can write /; in terms of F, using equation (3.1.22), as

3 [ =L L, exp(—kyt
Ii:zF{ZM*'“L““LQ (i ==l1,...,+n).

a—1 1+ Mika

(3.1.30)

The mean intensity J is given by
1 [t 1
]:5/_1 Iduzixi:aili. (3.1.31)

Using equations (3.1.5), (3.1.13), (3.1.22), (3.1.27) and (3.1.28), we obtain for the
mean intensity

n—1
J = %F |:‘c +0+) Lq exp(—kat):|. (3.1.32)

a=1



3.1 Chandrasekhar’s solution

If we set
n—1
9(1) = Q0+ ) Lyexp(—kaT), (3.1.33)
a=1
then
3
J = ZF(r +q(7)). (3.1.34)

If there is no incident radiation on the surface at t = 0, then from equations (2.9.9)
and (2.9.10) the formal solution becomes

© d

I(z, 1) = / expl—(1 — 7)/u1S(t, m;’ (3.135)

and
T d

I(t,—pn) = /(; exp[—(tr —t)/u]S(z, u)i O<pu<l. (3.1.36)

From equations (3.1.32), (3.1.35) and (3.1.36), we get
3 =, exp(—kyT)
I(z,+p) = 3 F L;WJFHF/LJFQ (3.1.37)

and

3 n—1 La
I(t,—p) = ZF:X_«: s (9P kaT) = exp(=T/0))

+TH(Q— [l - exp(—r/u)]}.
(3.1.38)

The law of limb darkening or the angular distribution of the emergent radiation is
obtained by putting T = 0 in equation (3.1.37), thus,

3 [ L,

10, u)=-=F . 3.1.39

©0,) =3 {ZH/WJF“JFQ (3.1.39)
a+1
We now evaluate the K -integral. By virtue of the relation (Chandrasekhar 1960),

+n , 281,6

> ajut = (I <4n—1), (3.1.40)

j=£1 [+1

where

5 1 if liseven
=) 0 if 7isodd,
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3 Methods of solution of the transfer equation

we have

Zai,u,? =0. (3.1.41)
i

Using equation (3.1.29), equation (3.1.22) can be written as

3 |2 Ly exp(—ky1) )
IizzF{Zapia+t+,ui+Q (i==+1,...,+n).

= 1T+ pika
(3.1.42)
The K -integral is now written using equation (3.1.42) as
= —F{ZL exp(—keg ‘L’)Z 1 l'u’
+ Wik
+ T+ Q)Y aiu; + Zaiu?}
i i
(i==£l1,...,%£n). (3.1.43)
By using equation (3.1.40), the K -integral becomes
K = %F(r + Q). (3.1.44)

3.2 The H -function

The characteristic roots and the zeros of the Legendre polynomial are connected by
the relationship (see exercise 3.6)

1

ki...kp—1, u1...un = 32 3.2.1)
Let
I
S(p) = ; it + 0. (3.2.2)
The boundary condition requires that (see equation (3.1.24))
S(u)=0 @(=1,...,n). (3.2.3)

Therefore the angular distribution of the emergent radiation given by equation
(3.1.39) can be written as

3
10. 1) = JFS(~p). (3.2.4)

S(p) can be calculated without solving for the constants L, and Q.



3.2 The H -function

We define
n—1
R(w) = [T~ kap). (3.2.5)
a=1

The product S(u)R(u) is a polynomial of degree n in i which vanishes for u =
wi, i =1, ..., n. Therefore the product S(u)R(w) and the polynomial

P = [ Tw = o), (3.2.6)
i=1

differ only by a constant factor. The constant of proportionality can be obtained by
comparing the coefficients of the highest powers of © (namely ") in P(u) and
S(;)R (1) and is given by

(=1)"kiky - - ky—1. (3.2.7)

Therefore, the required equation for S(u) is

P(u)

S() = (=D"kiky - - - kn—1 (3.2.8)
" R(u)
or
n
[T+
S(—p) = ki - kn_y n’jl— (3.2.9)
[T+ kam)
a=1
By using relationship (3.2.1), we get
S(—p) =3"2H), (3.2.10)
where
n
[T+
H(u) = i=1 (3.2.11)

/Jl/l “ee Iun n—1 :
1_[ (1 + ko)
a=1

In terms of H-functions, the angular distribution of the emergent radiation is (see

equation (3.2.4))

1/2
10. ) = =~ FH(). (3.2.12)

From equations (3.1.32), (3.1.39) and (3.2.12), we can write

1/2

n—1
10,0) = J(0) = %F (Z Lo+ Q) - 3TFH(O). (3.2.13)
a=1
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3 Methods of solution of the transfer equation

But from equation (3.2.11)

H(O) =1.
Therefore
3
J(0) = %—F .

This result was first derived by Hopf and Bronstein (see Hopf (1934)).
The constants of integration are given by (see Chandrasekhar (1960))

P(1/ky)
Ly=D" k- kpypo) ———= =1,....,n—1
o ( ) n n lRa(]/ka) (a ’ 7n )a
where
Ro(x) = [T(1 — kg,
B#Fa
and
n n—1 1
0= ZIM - —.
i=1 =1 Ka

a=1

These will give the solution in the nth approximation.

(3.2.14)

(3.2.15)

(3.2.16)

(3.2.17)

(3.2.18)

Now we shall illustrate the solutions in the first and second approximations. The

values of as and us can be found in Abramowitz and Stegun (1964).

32.1 The first approximation

This is obtained for n = 1. We have
1
ai=a_1=1 and pu;=—-—pu =—.
V3
From relation (3.1.13), namely
n

S
l—u?k2 '

we get k = 0, from equation (3.1.24) we get

1
Q—Ml—ﬁ,

and from equation (3.1.33) we get

1
q(t) = N

Then we can find J from equation (3.1.34):

(3.2.19)

(3.2.20)

(3.2.21)

(3.2.22)



3.2 The H -function

3 1
J=-F|t+ —) (3.2.23)
o
and from equation (3.1.39) we get the angular distribution of the emergent radiation
or the law of limb darkening 7 (0, w):

100, w) = %F (u + %) (3.2.24)

This predicts a boundary value for g (t) which is in exact agreement with the Hopf—
Bronstein value.
The inward and outward beams respectively obey the equations

Ldh _, 1(1 +1y) (3.2.25)

ﬁdr_] 5 (I ~1), 2.
Ldl_, 1(1 +1_)) (3.2.26)
V3 dr T autTm e -

These are essentially the equations that Schuster and Schwarzschild derived several
years ago (see equations (3.1.1)) making use of the ideas of kinetic theory of
gases. The difference is that on the LHS of the foregoing equations, we now have
the factor 1/+/3 instead of the factor 1/2 in equations (3.1.2). It appears that if
Schwarzschild had used the present Gaussian formalism, he might have discovered
the Hopf—Bronstein relation some 25 years earlier.

322 The second approximation

In this approximation,

a; =a_1 = 0.652145; ny = —pu—1 = 0.339981;

3.2.27
ar» = a_r = 0.347 855; ny = —u_o = 0.861136. ( )
Using equation (3.2.20) we get
1
k=0, piusk? =aip? +aops = 3 (3.2.28)
or
k ! 1.972027 (3.2.29)
NEYIVIE
Solving for Q and L, we obtain
0 =0.694025, L; = —0.116675. (3.2.30)

The quantity ¢ (7) is given by

q(t) =0.694025 — 0.116 675 exp(—1.972 0277). (3.2.31)
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3 Methods of solution of the transfer equation

The solution in the second approximation is therefore

0.116 675 )

), (3.2.32)
1+1.972027x

3
10. )= F (M +0.694 025 —

Third, fourth and higher approximations can be calculated similarly.

In the spherical harmonic method (SHM), the specific intensity is expanded into a
series of Legendre polynomials p; () (to the desired accuracy), which forms a com-
plete orthogonal set within the range (—1,1). Chandrasekhar stated that the SHM and
the discrete ordinate method are equivalent in all details. However, Kourganoff drew
attention to certain serious limitations of SHM (see Kourganoff (1963), Peraiah and
Grant (1973)). These two methods have difficulty in the analytical representation
of the boundary condition at the free surface where the radiation is discontinuous
(exercises 3.2, 3.13 and 6.11).

33 Radiative equilibrium of a planetary nebula

The transfer equation for the ‘ultraviolet’ radiation (see Ambarzumian (1931),
(1932), Chandrasekhar (1944)) (i.e. radiation beyond the head of Lyman series)
consistent with Zanstra’s theory is

dlI 1t 1
u——=1—>p Idp — —pSexpl—(t1 — 1], (3.3.1)
dt 20 ), 4

where 71 is the optical thickness of the nebula in the ultraviolet radiation incident
on the inner surface of the nebula at T = 7 and p is a quantity less than unity. The
boundary conditions (see exercise 2.6) for the planetary nebula due to Milne (1930a)
are

L=1; atat=1 fori=1,...,n (3.3.2)
and
I ;=0 att=0 fori=1,...,n (3.3.3)

Equation (3.3.1) can be written, using the Gaussian quadratures in the nth approxi-
mation, as

dl; )
ni = pZaJ ——pSexp[ (1—1)] (@(G==£1,...,%n).
(3.3.4)
One can obtain its general solution by substituting
I; = S{giexp(—kt) + hjexp[—(r;1 — )]} (i ==%£1,...,%£n) 3.3.5)

(with g;, h;, and k constants) into equation (3.3.4), giving



3.4 Incident radiation from an outside source

1
gi(l+ku) = Epzajgj (3.3.6)

and

1 1
hi(1— i) = 3P Zajh,- + na (3.3.7)

Applying Chandrasekhar’s method, we get the general solution as

1+ wike 1 — pike

a=l1

pexpl—(r1 — 7)] aj
Lahiie S SE ST N (5T '
TS ( pzl_,@)}

j=1

L= S{i Ly exp(—kqt)  L_gexp(+keT)

(3.3.8)

where L1y, = 1, ..., n are 2n constants of integration.

3.4 Incident radiation from an outside source

If a plane parallel layer receives a parallel beam of radiation in the direction shown
in figure 3.2 with a flux of & F per unit area normal to itself on the medium with
optical depth 7; (see Milne (1930a), Chandrasekhar (1960)) the transfer equation
for isotropic scattering becomes

dl(z, p) _

'udr

1 +1 1
(T, 1) — Ew/ I(t,uydu' — 1 @oF exp(=7/uo),
-1

(3.4.1)

TF

8o

T=

Figure 3.2 Incidence of a parallel beam of radiation.
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3 Methods of solution of the transfer equation

where (g = cosfp and w is the albedo for single scattering. The most fundamental
problem of radiative transfer is the study of the diffuse radiation field. This field is
generated by one or more scatterings of radiation by matter. In deriving the quantities
1(0, w) and I (r1, —p) we obtain the transmitted and reflected radiation from a plane
parallel layer of optical thickness 7| with the boundary conditions 7 (0, —x) = 0 and
I(t1, —p) = Ip. When radiation with a net flux of 7 F is incident on the layer at
7 = 0 as shown in figure 3.2, the reflected and transmitted fractions of this radiation
emerge at T = 0 and v = 1] respectively. This is in addition to the radiation
represented by 7 (0, +x) and I (ty, —u). The radiation with net flux  F' generates
diffuse radiation and the emergent intensities at t = 0 and T = 7 are associated
with what are called the diffuse reflection and transmission of the incident parallel
beam with net flux 7 F.

The solution of equation (3.4.1) can be obtained by applying the method des-
cribed in the preceding sections. The equivalent of this equation in the nth approxi-
mation can be written using Gaussian divisions. Thus

dl; .
,u, = a)Za, ——a)Fexp( t/no) (@ ==1,...,£n).
3.4.2)

The last term on the RHS of the above equation requires a particular integral which
can be written as

1
I; = Zthi exp(—t/mo) (@@ ==x1,...,%n), (3.4.3)

where the %;s are constants which follow the relation

hi <1+ >——w2a,h +1. (3.4.4)

Therefore the particular integral is written as

1 !
I = ;o F (1 T ﬂ) yexp(—t/uo) (i ==%1,...,+n), (3.4.5)
1o

where
—1

2\ —1
= l—wZaJ< ——) : (3.4.6)

Therefore the solution in the nth approximation is

1 —1
Ii—ZwF[ZL exp(—kaT) (1 + pike) ' + 7 exp(— T/N«o)(1+ O) ]

(i=+1,..., +n), (3.4.7)

a=1



3.4 Incident radiation from an outside source

where the constants Ly (@ = 1, ..., n) can be found from the boundary conditions
;=0 att=0 (=1,...,n) (3.4.8)

and from the equations
n i -1

ZLa(l—mka)‘er(] ——‘) =0 (i=1,...,n). (3.4.9)

a=1
The source function S(7) can be written as

1 n
S(t) = é_le |:Z Ly exp(—kyT) + ¥ exp(—r/uo)i|. (3.4.10)
a=1

The radiation field at (r, £x) can be written (see equations (2.12.5) and (2.12.6))
using the above source function as

1 4 _
I(t, +p) = ZwF[Z Ly exp(—ke ) (1 4 ko) ™"
a=1

-1
+yexp<—r/uo>(1+ﬂ) ] (3.4.11)
o
and
I( ) IFXH:L (—kaT)(1 — ukg) ™"
T,—)) =-w exp(—ky)(1 —
n 4 ~ a EXp o MKy
x [exp(—kaT) — exp(=7/u)]
-1
n
+y(1—%> [exp(—f/uo)—exp(—t/u)]}. (3.4.12)
The angular distribution of the reflected radiation is
1 n M —1
I(O,M)zsz{ZLa(l+kau)—1+y(1+M—> } (3.4.13)
a=1 0

Now, we can express the angular distribution 7 (0, ) in terms of the H-functions.
Consider equation (3.4.5) and write the function

1
N(p)=1=zop ) ai(p+u)~", (3.4.14)
j
or
n
N(p)=1-wp® ) aj(p> —pu)™". (3.4.15)
j=1

Comparing this with the characteristic equations (3.1.12), we get
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3 Methods of solution of the transfer equation

N(p)=0 for p=4k (@a=1,...,n). (3.4.16)

By comparing the two quantities H;?:l (p* — ,uJZ)N(p) and [)_ (1 — kgpz), we
find that these two quantities are related through a constant factor (—1)" //L% e ,uﬁ.
Thus we can write

N []@" = ud) = 0" [T =107, (3.4.17)
j=1 a=1

Using equation (3.2.11), we can write equation (3.4.17) in terms of the H-functions
as

& 1
oS ()l L 3.4.18
K Pt L TP T T G419

Therefore the quantity y from equation (3.4.5) is

1
- —-H H(—1up). 3.4.19
14 N (o) (o) H (—110) ( )

The angular distribution of the emergent radiation, which is also the law of diffuse
reflection, is written in terms of H-functions (see equation (3.4.13)) as

1
10, p) = ~wF —2

H(u)H . 3.4.20
2 T (w)H (peo) ( )

35  Diffuse reflection when w = 1 (conservative case)

In this case equation (3.4.10) can be written, using equation (3.4.19), as

1 n—1
S(r) = A_LF |:Z Lo exp(—kq7) + Ly + H (o) H(—po) exp(—t/uo):|,
a=1
3.5.1)

and the angular distribution of the emergent radiation is

n—1

1 -1

a=1

(3.5.2)

Once the constants are eliminated the law of diffuse reflection is written in terms of
the H-functions:

1 0
I(O’M):ZF;H—MO

H () H (1o)- (3.5.3)

If T — oo, equation (3.5.1) becomes



3.6 Iteration of the integral equation

1
S(o0) = ZFL,,. (3.5.4)
Furthermore, at T = 0, from equations (3.5.1) and (3.5.2) we get
1
S0)=1(0,0) = ZFH(MO). (3.5.9)

Multiplying equation (3.5.2) by

n—1
n
1+ — 1+ kg
(1) T+

and comparing the coefficients of x”* on either side we get

ki kp_1Lppy -y = poH (o). (3.5.6)
Therefore
H
L, = HHW) (3.5.7)

ki« kn—iptr-- tn
By making use of the relation (3.2.1), we get

Ly =320 H (o). (3.5.8)

From equations (3.5.4), (3.5.5) and (3.5.8) we get
S(00) 1/2
=312, 3.5.9
50) Mo ( )

which is independent of the order of the approximation. The remarkable fact is that
the H-function describes not only the distribution of the emergent radiation with
constant net flux but also the problem of diffuse reflection of radiation. More of this
will be seen in chapter 5 which describes the invariance principles.

36  Iteration of the integral equation

Consider the monochromatic transfer equation in a plane parallel medium

dl,
Mdtv

=1 - Sw (361)
where the source function S, is given by
Sy =U—-m)B), + @, Jy, (3.6.2)

and

Oy

(3.6.3)

Ky + 0oy
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3 Methods of solution of the transfer equation

From equation (2.12.28) we have
() = Arv [Sy(t)] = A‘L'U [By] + Arv [@v(Jy — By)l. (3.6.4)

The quantity J, (7)) is the solution of an integral equation. One can solve the above
equation by iteration. In LTE J,, — B, and t, — 00, we can write (Mihalas 1970)

(Jy — By) = B, — B, + Ay [@,(Jy — B))], (3.6.5)
where
B, = A [By]. (3.6.6)

If o, = 0, then J, — B, will be equal to B, — B,. But if @, # 0, we can
consider equation (3.6.5) as a first approximation for J,, — B, and calculate improved
estimates by iteration of

(Jy = B)" = (B, — B, +)_ 0", (3.6.7)
j=1
where
0V = Ay [, QU1 (3.6.8)
and
0V = Ay [wy(By — By)]. (3.6.9)

The criterion for convergence is

20W
- - <e€
(Jy — Bv)('/) + (Jy — Bv)(j_l) a

(3.6.10)

at all optical depth ranges. The quantity € is chosen to be as small as possible
depending on the required accuracy and the available computing time. Normally
it is chosen to be between 1072 and 10™*. The convergence is very slow and one
may need as many as 1 /¢ iterations. Let us consider a different analysis. We assume
that the Planck function is expressed as

By(ty) = ay + by, (3.6.11)

and that @, is constant with depth. If we take the zeroth order moment of the transfer
equation we get

dH,
dt =, -S=0-m,)y —B) =%, —B)), (3.6.12)
v

where S, is given by equation (3.6.2) and H, = f I, () d. The first order
moment gives us



3.6 Iteration of the integral equation

dkK,

=H,. 3.6.13
i, v ( )

Using the Eddington approximation that J, = 3K, and substituting equation
(3.6.13) into equation (3.6.12), we get
1d%J,
3 dt?

=L (Jy — By). (3.6.14)

From equation (3.6.11), d*>B, /d '1,'3 = 0 and in view of this we can write equation
(3.6.14) as

1d*(J, — By)
which has a solution
_ 12 12
Jy = By = pyexpl—(34) 21,1 + gy expl(32,) /27, . (3.6.16)

In LTE, we have J, — B, as 1, — o0, then ¢, = 0 and hence

Ju(0) = ay + byt + pyexpl—(Gin) 1, . (3.6.17)
Using the grey solution that J, (0) = 3'/2H, (0) we can evaluate p,. From equation
(3.6.13), we get

1dJ, 1
H, = ng: =3 {bv — pyGa)'/? exp[—(3,\v)1/2]}. (3.6.18)

Applying the boundary condition, we obtain
1
IO =ay+ py =32 Hy(0) = 351by = pu 2], (3.6.19)

which gives

b, —3'%a
Py = v 37 “(1 +)L11)/2). (3.6.20)

We now get

bv _ 3]/2

ay

12

+ == exp[— (G %1, (3.6.21)
312(1 4+ 1/9)

Jy(Ty) = ay +by7y
In a predominantly scattering atmosphere the mean intensity will depart consider-
ably from the thermal source term at large optical depths. If, in equation (3.6.11),
b, = 0, then B, (t,) = a, and equation (3.6.21) becomes

/\L/2 2172
J,(0) = a, = (3.6.22)
’ a2 el

When A, is small, J,,(0) will be much smaller than B, and then t — oo.
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3 Methods of solution of the transfer equation

In early type stars, the main source of opacity is electron scattering and the
scattering term dominates over the thermal terms. The solution of equation (3.6.4)
by iteration will fail if we start iteration with the initial estimate of J,, ~ B,, because
each A-iteration propagates information about the departure of J, from B, only
over a depth of At & 1. This needs 1/ )»L/ ? iterations to obtain the correct solution
which is prohibitive particularly when A,, < 1, which is the case in a predominantly
scattering atmosphere.

37  Integral equation method. Solution by linear
equations

Alternatively, the source function can be approximated by an interpolation formula
which is valid between a discrete set of depth points. This means the integral
operator will be replaced by a sum and a set of linear algebraic equations will replace
the integral equations. Several authors used this method (see Gebbie (1967)). We
shall give Kurucz’s (1969) description of the method.

Assume that the integration in the A-operator is the sum of integrals over N
discrete intervals and write (omitting the subscript v for convenience)

1 N Tj+1
Ji=J@m) == Z/ SMHE; |t — 1| dt. (3.7.1)
2~ J.
j=17Y
The source function S(¢) can be represented by a quadratic interpolation formula of
the form
3 N
Sy =Y 1Y Ciusi, (3.7.2)
k=1 i=1

where the Cjy;s are the interpolation coefficients (see Kurucz (1969)). Inserting
equation (3.7.2) into equation (3.7.1), the jth terms of the sum is given by

1 Tj+1 3 1 N 3 N
Jlj=§/ drElt—ul Y Y CiSi =) mjk Y CiwiSi
T k=1 i=1 k=1 i=1
(3.7.3)
where

L A
Nijk = E/ " Er |t —1yldt. (3.7.4)
Tj

By defining Aj; as

3

N
A= Z Z N1k Ciki (3.7.5)

j=1k=1



Exercises

we can write J; in equation (3.7.1) in terms of Aj; as

N
Jr=>" AuSi. (3.7.6)
i=1
Then we can write the source function as
N
Si=(-w)B+wi=0-w)B +w Y Ai:. (3.7.7)
i=1
In matrix notation,
S=(E—-—@)B+@AS, (3.7.8)
where S and B are N-component vectors given by S = (S1, S2, ..., Sy) and B =
(B1, Ba, ..., By), @ is the diagonal matrix with elements (p);; = p;, E is the unit

matrix and A is the matrix defined in equation (3.7.5). We can get S from
S=E-owA) (E—-o)B. (3.7.9)

For a given set 7; the A matrix may be computed once and for all. After obtaining S
from (3.7.9), we can get J:

J=AS. (3.7.10)

Unlike the iteration method, this gives a direct solution of the integral equation and
is therefore free of the difficulties faced in the iteration procedure.

Other methods which use the two-point boundary character will be described in
chapter 4.

Exercises
31 If J = %(h +1_)and F = I — I_, show using equation (3.1.2) that
1
J = EF(Zt + 1),

where 7 is the optical depth and /_ =0 at t = 0.

32 If I(z,p) = Z?io I;(t) P;(i), where the Pjs are the Legendre polynomials, show
that:

(a)

a_, ;s I/HI( )yd
—=1-1, =z T,
T >/ w du

will become

— =11y,
Md'c 0
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33

34

35

3.6

3.7

3 Methods of solution of the transfer equation

(b)
[ dI_ [+1 d]
N N IS T
21 -1 drt 214+ 3 drt
and
1dL
-—— =0 (=0).
3dt ( )
Show that the relation
+n .
> =2
i=n 1+,Lij
becomes
SR
— 22
=1 Lk

where the j4s and g;s are the roots and weights of the Gauss—Legendre quadrature
formula over the interval (+1, —1) of u.

Show that
+n

Z aij [4i _
1+ pik

i=—n

Show that the solution I; = b(t + ¢;), (i = %1, ..., £n) when substituted into the
equation

dlI; 1 ..
Mid_‘cl:Ii_E Ei ajl; (i,j==x1,...,%n)
will give
1
Mi=qi—§§ a;jq;.-

Show that the characteristic roots and zeros of the Legendre polynomials satisfy the
relation

n—1 n .
l_[ kg 1_[ Mo =372,
a=1 a=1

Show that the third and fourth approximation of Chandrasekhar’s solution gives the
laws of darkening respectively as

3 0.101 245 0.025 30
10. ) = 3 F( 1 +0.703899

1+3.20295 1+ 1.22521u
and

0.08392 0.036 19
1+4.45808, 1+ 1.59178u

3
10, ) = ZF(M+0.70692—

0.009 46
1+1.103194p )



3.8

3.9

3.10

3.11
3.12

Exercises 85

Write the mean intensity J, the net flux F and K in terms of the Gaussian sums in
the first approximation of Chandrasekhar’s solution.

Obtain the first two approximations of the solution of the planetary nebula problem
given in the equation (3.3.8).

If the transfer equation in plane parallel layers with the Rayleigh phase function

y (@', ¢, 0) is given by
dl(z,0)
dt

1 T p2w
cos 6 =1(1,0) — —/ / I(z,0")y(#,¢';0)sin6' do' dy’,
4 0 Jo
where
3
v, ¢,0) = 1 (1 + cos? @) do’
is the Rayleigh phase function and
1
cos® = uu' + (1 — uz)%(l — 1) cos ¢/,

uw=cosf, u =cosb:
(a) Show the above transfer equation can be written (after performing integration
over ¢') as

dl 3
ey - [(3 1T+ Gt — I)K].
dt 8
(b) Furthermore, if the boundary condition is /_; = 0 for r = 0 and none of the /;s

increases as T — 00, show that the angular distribution of the emergent radiation is
given (in the nth approximation) by

3 n—1
10,p)=3F [/H Q+GB-uH) La(l +kalt)_1:|,

a=1
where the L, s and Q are the constants of integration.

(c) Show that in the first and second approximations the solutions are given by
respectively

3 1
10, pn) = ZF(M+37)
and

3 0.044 845
1(0, u):ZF[/L+0.69539—(3—/L2) ]

14+ 1.87083u
(d) Calculate the third and fourth approximations.
Derive the analytical expression 7, in equation (3.7.4).

Assuming radiative equilibrium (equation (2.15.4)) in LTE, then if the temperature
changes from T to Ty + AT, show that to the first order

AT — /oo Ky [Jy — By(Tp)]dv
0

> 9B
/ Ky ——dv
0 oT
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3 Methods of solution of the transfer equation

3.13 The spherical term

1—pu?al
rooou

in the equation

9l 1—pu?al 1t
M+ —=—kl+ K I(t, ) dp
ar ro ou 2 J

is replaced by the Gaussian division points as [0 /9] =y;, i = £1, ..., £n. Define
a polynomial

dQy
du

with @ =O0for [u|=1(m =1,...,2n) and Qnm(p) = (Pn—1 — Puy1)/Cu+1)
+ constant. Define () such that

Py(p) = —

Om() = n(w (1 — u?)

and

+1 +1 dOm

ol +1
Qm(u)—du=—f I—du=/ 1Pw(u) dp.
o -1 dp —1

Using the Gaussian sums in the nth approximation find the values of P, (1), QO (1),
n(p) form=1,...,5.
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Chapter 4

Two-point boundary problems

41  Boundary conditions

The solution of the radiative transfer equation is complete only when the boundary
conditions are specified. We have seen that there are two types of problems in astro-
physics: (1) those in a finite medium and (2) those in a semi-infinite medium. A finite
medium is specified by a given geometrical thickness and the total optical thickness
T changes from O to T corresponding to the geometrical thickness z = z;4x to 0. In
a semi-infinite medium at 7 = Z,,4¢, T = 0 while at z = 0, T — o0 and we need to
specify the incident radiation on both sides. Therefore we specify these conditions
as

I_-(t1=0,2=Zmax) = 4.1.1)
and
14 (T = Tyax, 2 = 0) = B. 4.1.2)

We need to specify the quantities « and B. We shall give an example of how
important it is that one must specify the boundary condition correctly, particularly
in a semi-infinite atmosphere.

Consider a radiation field divided into an outgoing (/) and an incoming (/_)
radiation field (Mihalas 1970). Let u+ = :l:%, then

1dl;
—— "' —J].—B 4.1.3
2 de + ( )
and
1dI_
—————]_-B, 4.1.4)
2 drt
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4.1 Boundary conditions

where B is the LTE source function which is assumed to be constant. By subtracting
equation (4.1.4) from equation (4.1.3) and then adding, we get
%% =1 -1 (4.1.5)
and
ld(Ily — 1)
2 dt
By putting

=1, +1_ —2B. (4.1.6)

J = % Uy +10) 4.1.7)

and substituting equations (4.1.5) and (4.1.7) into equation (4.1.6) we get
1d%J
4 dz?

the solution of which is given by

=J-B, 4.1.8)

J =aexp(2t) + bexp(—21) + B. 4.1.9)

From equations (4.1.9) and (4.1.5) we get

z—i =2aexp2t) —2bexp(—21) =1 — I_ (4.1.10)
or

I+ = 2aexp(2t) + B, (4.1.11)
and

I_ =2be " + B. (4.1.12)

We now specify the boundary conditions

L (Tnax) = B (4.1.13)
and

I_(0)=0. (4.1.14)

Then using these boundary conditions in equations (4.1.11) and (4.1.12), we get

B

a=0 and b:—E. (4.1.15)
Therefore the solutions are
I,(t) = B, (4.1.16)

I_(t) = B[1 — exp(—27)] (4.1.17)
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and
J(t) =B |:1 - %exp(—Zr)}. (4.1.18)

We may guess a value for /_ at the lower boundary t = 7,4, and integrate towards
the surface and at large optical depths this could be

I_(tax) = B. (4.1.19)
This differs from condition (4.1.17) by €', where
€' = BexpQtya)- (4.1.20)

If T4y is large then this error is small. However, it will propagate to the surface
and we get an erroneous solution. One needs to give correct boundary conditions to
obtain correct solutions.

42  Differential equation method. Riccati
transformation

This method of solving the transfer equation by Riccati transformation was intro-
duced by Rybicki (1965). The transfer equation in differential equation form is

dl
u—=1—-—wJ - (1—-w)B. 4.2.1)
dt
Let us assume that I)(@ = 1,...,n) denotes the outgoing streams and I2 the
incoming streams. Let @, be the quadratic weights chosen so that

1 +1
J=3 /1 Iydp =~ we(ly +17). 4.2.2)
- o
In view of equation (4.2.2), equation (4.2.1) can be written as
dl
“"‘d_: =1 —wzwa(lgﬂj)—(l —@)B (4.2.3)
o
and
dlo% 2 1 2
—Ha =1 —w@ Y welly+13) — (1 —w)B. (4.2.4)
o

If the outgoing radiation field is represented by a set of numbers f' related to /!
and the incoming radiation field by the set of numbers f2 related to 12, we can write
equations (4.2.3) and (4.2.4) in the vector form:

df!

- = r''f' + 22 +n! (4.2.5)
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and

de 21l 222 2
—— = =D TR (4.2.6)

where the I's represent various matrices coupling various components and the hs
represent the inhomogeneous thermal terms. The boundary conditions can be written
as

t'(1) = E! 4.2.7)
and
£2(0) = E°. (4.2.8)

We shall rewrite the equations so that we are dealing with only those quantities
whose boundary conditions are known at say ¢ = T. For this purpose Rybicki
suggested that the quantity £ be eliminated by the following transformation

f' =¥ + R, (4.2.9)

where ¢ is a vector and R is a matrix. Substitution of this equation into equa-
tions (4.2.5) and (4.2.6) gives us

d df*  ,dR

¥ 2

R— + == =Ty + TR + T + h! (4.2.10)
dt dt dt

and
df® 21 212 2262 2
—Rd— = RI'*'¢ + RI'*'Rf* + RI'*“f* + Rh”. (4.2.11)
T
Addition of equations (4.2.10) and (4.2.11) gives us
ay

— =T +RI'?)y + (h!' + Rn?)
T
11 21 22 12 dR 2
+(T''R+RI#R+ RO T2 — = ) 2, (4.2.12)
T

If we want the third term on the RHS containing f to vanish, the quantity in the
large brackets must equal zero or

dR

o =T'"R+RI?'R+ R + 12, (4.2.13)
T
If we substitute equation (4.2.13) into equation (4.2.12), we obtain
d
d_'/’ = T" + Ry + (h' + Rh?). (4.2.14)
T

The above two equations are then solved simultaneously with the starting values:

¥(T)=E (4.2.15)
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and
R(T) = 0. (4.2.16)

We thus have the values of R and ¢ in the range 0 < t < T after the integration is
completed. Now we integrate equation (4.2.11) in the form
df?

——= (FZ]R + 1“22) £+ (r2‘¢ + hz), 4.2.17)

from O to 7', with the starting value
£2(0) = E%. (4.2.18)

The final solution is obtained from equation (4.2.9). This method reduces the
two-point boundary value problem to two simple initial value problems. One can
give a simple physical interpretation. The quantity ¥ can be regarded as part of
the outgoing radiation field due to sources in deeper layers and the term Rf? as the
reflection matrix acting on the outgoing radiation field.

This method can give accurate results where the iteration technique fails and can
treat more general cases (see Rybicki (1967)).

43  Feautrier method for plane parallel and stationary
media

The transfer equation can be written as a two-point boundary value problem in
the form of a second order differential equation. We now describe a method due
to Feautrier (1964) for obtaining the solution of the transfer equation in stationary
plane parallel media . The specific intensity is changed into mean-intensity-like and
flux-like variables. The transfer equation is written in terms of these two variables as
a finite difference equation with two boundary conditions. The discretization is ef-
fected in depth, angle and frequency. These equations with the boundary conditions
are written in block tri-diagonal form which is solved by the Gaussian elimination
scheme. This has been applied in plane parallel, spherically symmetric and moving
media (see Mihalas (1978) and Sen and Wilson (1998)).

We shall first consider the transfer equation in a plane parallel, stationary
medium. This is written (see chapter 2) for two oppositely directed pencils +u as

ial(z, +u,v)

3z =«x(z,v)[S(z,v) = I(z,£pn,v)] 0<p <1, 4.3.1)

where the symbols have their usual meanings. We define

1
u(z, u,v) = > [I(z, u,v)+ 1(z, —p,v)], 4.3.2)
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1
U(Z, M, U) = 5 [I(Z’ H, U) - I(Z, —M, U)]9 (433)

where u and v are the mean-intensity-like and flux-like variables. Adding the two
equations in (4.3.1) and using equations (4.3.2) and (4.3.3), we get

M%ﬁ"’) = k(2 V) [SG V) — u(z, 1, V)] (4.34)
and
MW = —Kk(z,V)v(z, 1, V). (43.5)

Eliminating v between equations (4.3.4) and (4.3.5) gives us a second order differ-
ential equation in u. Thus, we have

282u(rv’ M, U)

2 = M(Tlh M, U) - S(t\)s U), (436)
ot}

where dt, = —«(v) dz.
The source function can be independent of  if it is of the form

SW) = ay f b dy AV + B, 4.3.7)

or
S) =a, / RO, v)J,dv' + B,. (4.3.8)

However, if the redistribution function is angle dependent then we need to estimate
S(u, v) instead of S(v). In equations (4.3.7) and (4.3.8) « stands for the scattering
part of the radiation and S represents the thermal terms. If we consider the radiative
equilibrium, then the source function needs to contain radiation of all frequencies.

44  Boundary conditions

The solution of equation (4.3.6) can be found when the boundary conditions at T = 0
(upper boundary) and at T = 1,4 (lower boundary) are specified. At the upper
boundary t = 0, if we set /7 (0, i, v) = 0, then we get v(0, u, v) = u(0, u, v)
from equations (4.3.2) and (4.3.3). This gives us

aM(tlh /’Lv U))
n—

=u(0, u, v). 4.4.1)
aTy

7,=0

At the lower boundary, T, = Ty, 1 (Timaxs s V) = I T (Tnaxs i, v) and this implies
that

v(Tm(JXa M, U) = I+(Tmax’ M, V) - “(Tma)m M, ])). (442)
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By using relation (4.3.5), we get

du(ty, i, v)
p o

= I (Tnax: 11, V) = U (Tax 11, V). (4.4.3)
a1y

Tinax
Equations (4.4.1) and (4.4.2) are the upper and lower boundary conditions.

In a semi-infinite atmosphere at large depths in the atmosphere, the radiation
is effectively trapped and the radiation becomes isotropic and S, — B,. In such
situations we have what is called the diffusion approximation (equations (2.16.1)
and (2.16.2)) at T = T1,,,4. Then we have

0B
I (Tiaxs 4, V) = By (Tiax) + 1 3 - “4.44)
T Tmax
This gives us
u(Tax, s V) = By (Tiax) “4.4.5)
and
B
V(Timaxs K, V) = [ ' > (4.4.6)
8.’:” Tmax

45  The difference equation

We now write the second order differential equation (4.3.6) in its equivalent dif-
ference equation form. The variables t, © and v are discretized at conveniently
chosen discrete points. The depth points are discretized as {74}, (d = 1,2, ..., D),
T <T) <713 <---< 1p (see figure 4.1). Similarly the angle points are discretized
as {um}, m=1,2,..., M), 0 < u; < o < -+ < uy < 1 and the frequency
points as {v,}, (n = 1,2,..., N) 0 < vs. In what follows any variable with a
subscript such as Py, denotes Py, = P(24, tm, V). The integrals are replaced
by quadrature sums. We write a composite set of discrete points combining the angle
and frequency discrete points. This is given by

i=m+m—1)M, I=NM. (4.5.1)
The derivatives are written in the form of difference equations: for example,

dP APyl Py — Py

- — “4.5.2)
dt d+d A‘L’d+% Td+1 — Td

and

| ‘ | ‘ | | e e e e . f— Figure 4.1 Discretization of
T, T, T, T T_T T the optical depth.
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(dP dP
a’p dt |, 1 dt |,
s Bl i , (4.5.3)
g E(ARH%"'AQ#%)
where
1

Afdi%,i =3 (kKax1,i +&ai) |zax1 — zal (4.5.4)

and
1

Atd,i = E (ATd—%,i + ATd—}-%,i)’ (455)

In view of the above, equation (4.3.6) can be written as
2 2
Wi Hj 1 1
<ﬁ) T A, <A i )M
Tg—1i Bdi Td.i Ta-1i Tavli
2
l’l"
+ ﬁ Ud1,i = Udi — Sd.is
il )
i=1,...,1(=NM), d=2,...,D—1. (4.5.6)

In equation (4.5.6), there are i equations at D — 2 depth points. The source function
S in (4.3.7) and (4.3.8) are written in terms of quadrature sums in the discretized
form as

1
Sai = ai Yy Opa,ua, +Bai (G =1.....1), 4.5.7)

i'=1

and

1
Sai = oai Y Raiv gy +Pai (i =1,....1). (4.5.8)

i'=1

Ateach of the D —2 depth points, there is one equation for each value of i. Therefore
we have u; of dimension / (which contains the angle and frequency discrete points)
as (uq);, and the difference equation (4.5.6) can be written in matrix form as

—AqsUs-1 +BsU; — CyUg =Ly, 4.5.9)

Matrices Ay and C; are the (I x I) diagonal matrices and represent the finite-
difference operator. Matrix B, is a full matrix containing the diagonal and off-
diagonal terms due to the scattering terms in equations (4.5.7) and (4.5.8). The
vector L, represents the thermal source terms. We now use the boundary conditions.
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At t = 0 (the upper boundary) we write the discretized form of equation (4.4.1) to
the first order as

wi (uzi —ur ;)

= i 4.5.10
AT Uy, ( )

i
,

(%

The second order accuracy can be obtained by expanding u; by Taylor’s expansion.

Thus
o () g a4 45.11)
U =u 3| — At | — ] . 5.
S i\ar ), " 275 \a? ),
Using equations (4.3.6) for (dzu/drz) and equation (4.4.1), equation (4.5.11) gives
Aur: —uy lA‘L’g’-
LA G-Vt TE) Y i EA IS (4.5.12)
A‘L’%J 2w
or
B, U —C,U,=L;. (4.5.13)

Similarly the lower boundary given in equation (4.4.3) gives

1
. o . AT, 1.
u Uup— 2 D—5
wiluni Zup-i) gy 2 Wi~ Spi) - (45.14)
ATD_%J' Mi
or
—ApUp_1 +BpUp =Lp. (4.5.15)

Here Ay =0and Cp = 0.
The three equations (4.5.9), (4.5.13) and (4.5.15) can be written in matrix form:

B, —C U
-A By -G U
—Aj3 B; —-C; .
—Ap_1 Bp_1 —Cp_ Up_1
—Ap Bp Up

L,

L,

= : ) (4.5.16)
Lp_
Lp

The solution is obtained as follows. Each of elements of the matrix on the LHS
are of dimension / x I, while the vectors Uy, ..., —Up and Ly, ..., —Lp are of
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dimension /. Equation (4.5.16), which contains a block tri-diagonal matrix, can
be solved by the process of forward elimination and backward substitution — the
Gaussian elimination scheme. The vector Uy is expressed in terms of Uy41 and
substituted into the next equation. We obtain U; from equation (4.5.13)

U =B;'CiU; +B;'L; =D,U, + V;. (4.5.17)

Substituting equation (4.5.17) into equation (4.5.9) for d = 2 we get

Uy =DyUs + V3, (4.5.18)
where

D, =DyC; and V, =Dy (Lo +AyV)) (4.5.19)
and

Dy = (B> — AD)) . (4.5.20)

The above equations can be generalized and we write the scheme as follows

Us =DyU4+1 + Vy, (4.5.21)
where

Dy =Dg4-1Cq, (4.5.22)

Vi=Dga-1 Lqs+AsVq_1) (4.5.23)
and

Dya—1 = By —AgDa—1)", (4.5.24)

withd =1,2,..., D

Successive values of Dy and V; are computed fromd = 1tod = D — 1. At
d = D, Cp = 0 and therefore Dp = 0 and U; = Up. When Up is obtained,
successive back substitutions (d = D — 1, ..., 2, 1) into equation (4.5.23) will give
the vector Uy which will give us Ug,,,,. We can evaluate the mean intensity from the
relation

M
Jan =Y buUdmn, (4.5.25)

m=1

where the bs are the angle quadrature weights. The source function is obtained as
Sdan = dn Z Op' Pan' Jan' + Ban (4.5.26)
n/
see equations (4.5.7) and (4.5.8).

The forward and backward sweep in the Feautrier method takes care of the
scattering integrals. This method is stable, compact and can be easily implemented
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in terms of extension to more complex problems. However, it does not give a
physical understanding of the diffusion properties of the radiation field such as
diffuse reflection or transmission (see chapters 5 and 6).

One interesting property is that at depth, the system becomes more diagonal
(1/At? — 0) and the mean intensity J; — Sy or J — S + u?d*S/dz?, which
is equivalent to the diffusion approximation. The discretization in depth is done at
equally spaced points in log 7. This is an advantage in the widely differing optical
depths that are characteristic in a line.

The computing time goes as cDM3N?3, where D is the number of depth points,
M is the number of angle points and N is the number of frequency points. Certain
problems do not require the full set of angle—frequency grid points in which case one
can economize on computer time. In the case of problems which involve coherent
scattering N = 1 and M can be made as small as possible. In such cases, the
Feautrier method becomes quite efficient. But in problems which involve radiative
equilibrium, the number of frequencies can be large. However, the angular informa-
tion is not essential as it is J, that is needed (and not Uy, ) in these calculations. J,
can be obtained through the Eddington factors (Auer and Mihalas 1970)

K,
fo=—. 4.5.27)
Ju
Integration of equation (4.3.6) over u yields
% (fol,
sz) =J,— Sy, (4.5.28)
T}
and the boundary conditions give us
a(fud
fvdv) = hyJ,(0) (4.5.29)
0Ty |,—p
and
a(fulJ, 1/1|dB
AT = <— ! ) , (4.5.30)
0Ty S 3 \ky | 0z S
where
H,(0)
hy, = . 4.5.31
A (#23D

Equations (4.5.28)—(4.5.30) can be solved through difference equations as the angle
dependent equations and the time required goes only as C DN>. We need to know
the depth variation of f, to obtain the solution for each frequency. We obtain the
solution by following the steps given below:
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1. Starting with an assumed S,, (such as S, = B,), we solve equation (4.3.6)
and obtain U, one angle and frequency at a time. This solution will have a
matrix form given by

T;U; =8S;, (4.5.32)

where T; is diagonal and U; and S; represent Uy; and Sy; respectively. The
time required to obtain the full angle dependent radiation field for a given S,
goes as CDMN.

2. Once Uy, is obtained, we can get the depth variation of the fs:

fdn = me,u?n Udmn/z bm Udmn (4533)
m m
and

o =Y buttnUtan/ Y bmUtmn- (4.5.34)
m m

3. Once the Eddington factor f's are determined we solve equations
(4.5.28)—(4.5.30) for S, in terms of J,.. Then S, is reevaluated using the new
values of J,,.

4. If S, obtained in step (3) differs from that used in step (1), we iterate steps
(1)—(3) to convergence. Normally convergence takes place in about three or
four iterations and the saving on the computation time is about a factor of 10.

46  Rybicki method

Rybicki (1971) developed a technique that can save a considerable amount of com-
puter time if we consider complete redistribution of photons in the source function.
In the Feautrier method described above, we can obtain a full frequency dependent
source function with partial frequency redistribution. The calculation requires a
computation proportional to the cube of the number of frequency points.

In several problems of line formation, complete redistribution is sufficient and
in this case information regarding several frequencies is redundant. The source
function then requires the computation of J = f ¢, Jy, dv. Rybicki developed a
method of great power and generality that can compare with that of Feautrier and
which requires much less computing time.

Rybicki described the radiation field in terms of the depth variation vectors at a
given frequency instead of the frequency variation vectors at a given depth. These
are defined as

U; = (Uy;, Ui, Usi, ..., Upi)' . (4.6.1)
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We similarly write
J= (. D, Jp)". (4.6.2)

Now, for each angle—frequency point i, equations (4.5.6), (4.5.12) and (4.5.14) can
be compactly written as

U +UJ=K, (=1,....1), (4.6.3)

where T; is a tri-diagonal (D x D) matrix and represents the differential operator at
frequency i, U; is a diagonal matrix containing the depth variation of the scattering
coefficients ay; in equations (4.5.7) and (4.5.8) and K| is a vector that contains the
depth distribution of the thermal terms at the angle—frequency point i. Furthermore,
we have D equations that define J4:

1
Y o Usy —Ja=0 (d=1,....D), (4.6.4)

i'=i

or

1
Jy= ZVi/U,-/. (4.6.5)

i'=1

Combining equations (4.6.1)—(4.6.5) , we get

T, Ui u Ky
T2 U2 un K2
; S N (4.6.6)
T[ U[ uy K[
Vi V, ... V; E E P

where the Vs are the (D x D) diagonal matrices which contain the depth variation
of the profile function multiplied by the quadrature weights given in (4.6.4). E is the
negative identity matrix and P is the void for equation (4.6.4). However, this will
become useful during the computation of LTE model atmospheres. The solution of
equation (4.6.6) can be found by writing

w=(T7'K) — (T;'0), G=1,...D). 4.6.7)
Then substituting (4.6.7) in (4.6.5), we get
WJ =Q, (4.6.8)

where
1
W=E-) VT 'y (4.6.9)
i=1

and
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1
Q=P-) VT 'K, (4.6.10)
i=l1

where W is a full (D x D) matrix and Q is a vector. We thus solve for J which is
used to obtain the source function S; using equation (4.5.28). We can also solve the
full angle—frequency variation of the radiation field from equation (4.6.7).

The computing time for Rybicki’s method is favourable when compared to that of
the Feautrier method as the former is linear with M N while the latter goes as M3 N3.
Rybicki’s method is more economical when variable Eddington factors and a large
number of frequency points are needed. However, Rybicki’s method is good only
when the source function is written in terms of J in the scattering integral while the
Feautrier method works for general scattering functions. One can combine Rybicki’s
method with variable Eddington factors but one needs to iterate for the solution
which may not be of any advantage.

Rybicki’s method is equivalent to the integral equation method where one can
write

w = A;J + M;, (4.6.11)

where A; is the matrix of the kernel function that is equal to Tl._1 representing J
and the inversion of T; which is less costly than any other way for generating A.
Rybicki’s method has been employed by Rogers (1984) and Rogers and Martin
(1984, 1986).

47  Solution in spherically symmetric media

We shall now see how Feautrier’s method can be applied to a spherically symmetric
system (Hummer and Rybicki 1971, Mihalas 1978, Sen and Wilson 1998).

We use the Feautrier solution of the moment equation through the variable Ed-
dington factor f),. In this way we avoid involving large matrices. We shall consider
the moment equations. The transfer equation in stationary spherically symmetric
media in the steady state condition is written (see chapter 2) as

I, u,v) 1 —p2dI(r, 1, v)
I +

3 =y [L(r, mu,v) — S(r, wl, “4.7.1)
r r I

with the radial optical depth
dt, = —k, dr. “4.7.2)

We can write the first two angular moments of equation (4.7.1) as

2
W =2 [1,(r) = Sy(")] 473

and
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0K, (r) 1
— — [BK,(r) — J,(r)] = Hy(r). “4.7.4)
Kyt

a1y

The variable Eddington factor f,(r) is given by (see chapter 1)

() = 20 415)
PO =30 &
Replacing K, (r) in equation (4.7.4) from equation (4.7.5) we obtain
oL fu(r) ()] _ Gf) = D) = H,(r). (4.7.6)
aT, Ky (r)r
Here S, (r) in equation (4.7.3) will have the general form
Sy(r) = ay(r) f R(r; v, v)J1,(r)dv' + B,(r). 4.7.7)

We can solve the two equations (4.7.3) and (4.7.6) for H, simultaneously. However,
there are difficulties in doing so: (1) we end up with a second and a first order
derivative which will be more difficult to solve and (2) the term (k,(r)r)~! in
equation (4.7.6) tends to diverge towards the surface (opacity per unit volume)
as the particle density changes over several orders of magnitude. This term has a
destabilizing effect on the system. These difficulties can be avoided by making the
transformation (Auer 1971) through what is called the sphericity factor ¢,, defined
as

In(r’q,) = / ' [w] dr' +1nr2, (4.7.8)
re r' fy

where r. is the ‘core radius’, which corresponds to the deepest point in the atmo-

sphere. g, is known if f, is known. Using equation (4.7.8) we can write equa-
tion (4.7.6) as

9 2J
Whavr™h) _ o apy (4.7.9)
aTy

Substituting equation (4.7.9) into equation (4.7.3), we obtain

a |19 27
S RESICT Tt - PR (4.7.10)
oty | qv oty

This is the combined moment equation. If we introduce a new variable,
dX, = —qyk,dr = q,dt,, 4.7.11)
then equation (4.7.10) becomes

az(fv%)rz-]v)

—1.2
et T (Jy — S»). 4.7.12)

The upper boundary condition is obtained at r = R (from equation (4.7.9)) as
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d(fogvr®Jy) 5
- =h J , 4.7.13
IX, v(r u) PR ( )
r=R
where
1 1
o =/ 1R, . v)udu// I(R. i, v) . (4.7.14)
0 0

The lower boundary condition is obtained from the planar diffusion approximation
at the core of the star r = r¢, as given by

0B,
ar

11
H,(rc) = 3 |:K—
v

i| ) (4.7.15)

so that the gradient is set to satisfy the condition that the integrated H,(r.) over all
frequencies equals the flux:

__L (4.7.16)
T 16n2r2’ "
L being the luminosity. Then the lower boundary condition becomes
9B,
9 2,
Shar™ )| _ oy | or NCRAY)
X,

v 0 9B
r=re / i)t ( V) dv
0 oT r=re

The diffusion approximation is valid deep in the atmosphere where the photon mean
free path k! < €R, with € a small number. The lower boundary condition should
be modified according to the physical conditions of the objects under study such as
nebulae etc.

A discrete radial mesh {ry} (d = 1,...,D),where R =r; >rp) > --- >rp =
re and a discrete frequency mesh v, (n = 1,..., N) are introduced to replace the
derivatives with differences in the equations (4.7.12), (4.7.13) and (4.7.17). Splines
(Kunasz and Hummer 1974, Mihalas 1974) or Hermite polynomials (Auer 1976)
can also replace them. The frequency integrals which occur in the source function
can be replaced by the quadrature formulae. The above three equations then become
of the tri-diagonal form suitable for a Feautrier type solution. To obtain the solution
we now need to know the variable Eddington factors f,(r), which can be found
if we know the angular dependence of the radiation field at each radial point for
each frequency or the ratio of «, /J,,(r) and the angular moments at the boundaries.
A ray-by-ray solution of the transfer equation for each frequency is obtained for
a set of impact parameters {p;}, which are chosen to be tangents to the discrete
radial shells, in addition to another set of C impact parameters, which are chosen to
intersect the core including the central ray (see figure 4.2). The impact parameters
are p; i = 1,...,1 and I = D + C, where D is the number of radial and C is
the number of impact parameters in the core). Pj represents the central ray, p. is the
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last ray inside the core (p. < r¢) and p.+1 = r. and P; = R. Each ray p; intersects
all shells with r; > p;. These intersections define another mesh of discrete z-points
{zgi;d=1,...,D;, D =D+ C —i,fori > C,D; = D fori < C}. Therefore,
1
zai = (r] — p?)?. (4.7.18)
Also the ray p; intersects the radial shell r; at an angle whose cosine 1i4; is given
by

1
3 —pH:? _ i

. (4.7.19)
rd rd

Wai = pu(ra, pi) =
If we compute the solution along the rays p; at a particular r4, then knowledge of
I,(zqi, pi) @ = 1,..., Iy) is equivalent to knowledge of the variation of I, (ry, 1)
onthemesh ug; (i =1,...,14, I; =1+ 1—d) overtheinterval 1 > u > 0. In
this way one can construct the Eddington factors.
The (r, ) coordinate system is changed to the (z, p) coordinate system along
the rays; z is measured positive in the direction of the observer and negative in the
opposite direction. p is the impact parameter, the radius r is given by

r=r(zp) =+ p)? (4.7.20)

— observer
Z— ®

Z —>»

Figure 4.2 Schematic diagram of discrete (p, z) mesh. The p;s are the impact
parameters which are chosen parallel to the central ray directed towards the observer
and tangent to the spherical shell chosen to describe the depth variation of the
physical properties of the envelope. The intersections of the rays with radial shells
define a z coordinate along each ray (see Mihalas (1978), page 253 for a similar
picture).



4.7 Solution in spherically symmetric media

and the differential operator in z is given by

9 1—u? 9
22
0z ar rooou

4.7.21)

In terms of equation (4.7.21), the spherical transfer equation of the rays travelling
along £z for a ray with impact parameter p; is written as

j:E)Ii(z, Dis V)

5 = j(r,v) — k(r, V)I=(z, pi, v). (4.7.22)
Z

The quantities j and « have been written as functions of r in the sense of equation
(4.7.20). We define the optical depth dt as

dt(z, pi,v) = —k(r,v)dz. (4.7.23)

The source function S(r, v) = j(r, v)/k(r, v) is assumed to be known at (r, v).
We shall introduce the mean-intensity-like and flux-like variables:
1" (z, pi,v) + 1 (2, pi,v)

u(z, pi,v) = 5 (4.7.24)

and

I (z, pi,v) — I (z, pi, V)

5 (4.7.25)

v(z, pi,v) =

Adding and subtracting the equations in (4.7.22) and using equations (4.7.23)—
(4.7.25), we obtain

v(z, pi, v)

=u(z, pi,v) — Sz, pi, V) (4.7.26)
at(z, pi, v)
and
8 9 -7
outz, pi, ) =v(z, pi, v). (4.7.27)
ot (z, pi, v)

Combination of these two equations will give us the second order equation

3%u(z, pi, v)

= u(z, pi.v) — S(z. pi.v). 4.7.28
PEETr— u(z, pi,v) — Sz, pi, v) ( )

We now need to specify the boundary conditions. (a) The upper boundary condition
atr = Ris

du(z, pi,v)

= u(Zmax> Pi> V)s (4.7.29)
9t(z, pi, v)

where Zyue = (R? — piz)l/ 2. (b) There are two cases in the lower boundary: (1)
When the ray intersects the core rp; = r., we give the diffusion approximation in
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equation (4.7.17) as the boundary condition; (2) When the ray intersects the plane
z = 0, symmetry considerations give us that

v(0, pi, v) = 0. (4.7.30)
This gives us the boundary condition that

8 b | ki

u pi V) 4.7.31)

0t (2, pi» V) |,—0

Equations (4.7.28), (4.7.29) and (4.7.31) are written as finite-difference equations to
give a combined single tri-diagonal system, which is solved by the Feautrier method.
It is assumed that the source function is known.

After computing ug;, = u(z4, pi, Vn) the moments of the radiation field are
determined as

la
Jan =Y Wi i, (4.7.32)
i=1
1y 5
Kan = Z th,')udin- (4.7.33)
i=1

Here the W's are the appropriate quadrature weights. Now the Eddington factors f;,
can be calculated from fy, = Kg,/Jin. Using these factors, the moment equations
are solved again and the process is iterated to convergence.

If the source function consists of a single scattering integral involving J or J
in a line instead of a frequency dependent scattering integral with partial frequency
redistribution, the iteration between the ray equations and the moment equations can
be avoided and a direct solution can be obtained by a Rybicki type solution (Mihalas
1974).

48  Ray-by-ray treatment of Schmid-Burgk

Schmid-Burgk (1975) applied the integral equation method to compute the I and
I~ along each ray (see figure 4.2) in the spherical system. The solutions for /~ and
I are (see chapter 2)

)7
I~ (p.2) =/ K (pe)S(pe) exp [T (p; &, Zmin)1dE, (4.8.1)

IT(p,2) = (Al (p, z0) + I;(p) exp [—7(p; 2, 20)]

+ / <(p)S(pe) exp—(p: 2. O)]de, 4.82)

0

where



4.8 Ray-by-ray treatment of Schmid-Burgk

pe =P+, (4.8.3)
Here

©(p;a,b) = /bak [(p2+z2)%]dz (4.8.4)
and

Zmin = Max(z, zo)- 4.8.5)

The spherical medium is divided into N shells, ry being the outer radius of the
outermost shell. The outer boundary condition is given such that I (ry = rpax, ) =
0, u € (—1, 0) which means there is no radiation incident from the outside.

In the case of the inner boundary conditions as seen in section 4.7 two cases are
considered: (1) For shells zg = (rg — pz)l/ 2 for p < ro (= the radius of the inner
shell surface), zo = O for p > rg, A = 0for p < r;, A = 1 for p > rg, where
rg is the radius of the central source. This is assumed to be totally opaque and to
emit intensity /;(p) from its surface. For spheres on the other hand, zo = 0, A = 1
and I;(p) = 0, for all ps. To calculate the intensities in the equation (4.8.1) and
(4.8.2), the medium is divided into N subshells, each with an outer radius ry and
an inner radius r,_1,n = 1,2,3,..., N and ro = 0. In each of the subshells, the
source function is expanded in powers of the subshell’s radial optical depth variable
T (r) =t(o; 1y, 1):

1 M
Sa(r) == D am T (1) for ryy <7 <1, (4.8.6)
m=0

where a,,,,, are constants.

The intensity at a point on the outer surface of the jth subshell of the ray p with
p < rj (thatis, at z; = (rj2 — pH2)is given (using equations (4.8.1) and (4.8.2))
by

N M ke (p2 4 2)?
_ p-+¢ 1/2
"z =) Z“nm/ %9’7 <p2+52>
n=j-+1m=0 Zn—1 p ¢

¢
X r,;"(pz—f-éz)l/zexp |:—/ K(p2+l2)1/2dl:| d¢

%

N M
= Z Z anmtnm (P) Enj (), 4.8.7)
n=j+1m=0
for 0 < j < N. Furthermore,

I7(p,zn) =0 (4.8.8)

and
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m—1

Ej(p)= [T mp, (4.8.9)
n=j+1
nn(p) = exp(—=t(p; zn, Zh—1), (4.8.10)

where the prime on the product represents the fact that the product is equal to 1 for
n = j + 1. A similar expression can be derived for I*(p, z 7). These quantities can
be used in calculating the moment

1! .
M;(r) = 5/ I(r,yp' du (4.8.11)
—1
which in terms of a,,, is given by
N M
M) =YY aymMinm;. for 0<j<N. (4.8.12)
n=1m=0

The term with n = 0 stands for the contribution from a central source, with ag,, =
0 for m = 0. The condition of luminosity conservation is used to determine the
coefficients a,,,:

)
T 5 5 — Anm M1 m; - (4.8.13)
167272 o
J n=0m=0

Third degree spline functions are used to obtain the source function (M = 3) as
ano + an1®, + Clnz®,% + a113®§, =ay-1,0,
anl + an2Op + 30,302 = a,_1 1, (4.8.14)
an2 +3ap3 = apn—12

for2 <n < N and O, = 1,(r,—1).

The radiation field at the observer can be computed using the ray-by-ray pro-
cedure provided we have the prior knowledge of the source functions (see Peraiah
(1980a,b)). The source function is obtained by solving the transfer equation in the
comoving frame (in spherical symmetry) in the (r, i) coordinate system.

Once we know the source function we can use the formal solution to obtain the
intensities /™ and I~ along a set of rays parallel to the line of sight. Radial optical
depths are used in solving the transfer equation in spherical symmetry while optical
depths along the rays are used to obtain the radiation field in the observer’s frame.
This is described in chapter 7.

49  Discrete space representation

In the ray-by-ray procedure, one needs to know the source function. Following
Mihalas and Mihalas (1984) we present an alternative procedure.



Exercises

In a grey and isotropically scattering spherically symmetric medium, the transfer
equation can be written as

3 aa((r;I)) n %% [(1 - Mz) 1] — k[l —S5] 4.9.1)

Equation (4.9.1) can be written for the oppositely directed beams and then the sum
and differences taken to get

3 88(::3”)) n %% [(1 - ,ﬁ) v] —k[u—S] (4.9.2)
and
uaa((r;”)) + %% [(1 - ,ﬁ) u] = kv, (4.9.3)

where u and v are defined in equations (4.3.2) and (4.3.3). The p-integration is done
on the mesh [,uj_%, Mj+%] (see chapter 6), where

j
Wil = ];czc, J=12,...J, (4.9.4)

the cs being the quadrature weights. Furthermore, 1t 1 =Myl = 0.
Now using equation (4.9.4), equations (4.9.2) and (4.9.3) can be written as

a(rtv)) 1
3cjmj [Tﬂ;} t7 {(1 - “,2'+%)”j+% - (1 - sz_l) ”j—%}

and

2 — TR
_ Mj_%[l—uj_%”uj_% = —k(Uv)). 4.9.6)

The quantities u il and v 4L are replaced by a linear spline approximation (see
2 2

Peraiah and Grant (1973)). The resulting differential equations together with the
appropriate boundary conditions are discretized to obtain a tri-diagonal system
(Mihalas and Mihalas 1984, page 385). This scheme avoids the formal solution of
the transfer equation and needs little computer time.

Exercises

4.1 In the case of reflection nebulae or components of close binary stars, write the bound-
ary condition at T = 0.
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4 Two-point boundary problems

4.2 Derive equations (4.5.12) and (4.5.14) and using the diffusion approximation of the
lower boundary condition derive the equation equivalent to equation (4.5.14).

4.3 Derive equation (4.7.10) using equation (4.7.8).
4.4 Write the difference approximations of equations (4.7.28), (4.7.29) and (4.7.31).

4.5 Using the symmetry of the u4;, about the plane z = 0 and the difference equations of
the second order differential equation (4.7.26), derive a second order lower boundary
condition beyond the central z = 0.

4.6 Write down the moment equations in the (p, z) coordinate system for the spherical

geometry.

4.7 Write a computer program for comparing the computer times taken by the Feautrier
method and the Rybicki method in a finite atmosphere with a total optical depth of
10% (at the line centre) assuming a Doppler profile, 21 frequency points and four
angle points.
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Chapter 5

Principle of invariance

51 Glass plates theory

The most fundamental characteristic of the radiation field in dispersive media such
as stellar atmospheres, planetary atmospheres, planetary nebulae is the diffuse ra-
diation which arises from multiple scattering of radiation by the media. This has
been studied through an approach called the principle of invariance, or invariant
imbedding, due to Ambarzumian (see books by Chandrasekhar (1960), Sobolev
(1963), Kourganoff (1963), Wing (1962), Preisendorfer (1965)). Bellman and his
collaborators have published several papers on this subject (see the bibliography
at the end of the chapter). Before we study this principle, we shall see how the
concept was developed by Sir George Stokes in his glass plate theory (1852, 1862).
In remarkably simple papers, he derived the transmission and reflection factors when
a ray of light passes through a system of glass plates. We shall see below how
he obtained the principle of invariance of reflectance when several glass plates are
arranged parallel to each other, one on top of the other.

He obtained difference equations for the reflection of radiation by a pile of
identical glass plates and derived certain commutation relations for sets of glass
plates. It is remarkable that he was able to obtain transmission and reflection factors
which look similar to those obtained in more complicated media such as stellar
atmospheres. We shall derive the transmission and reflection factors for the set of
glass plates following the treatment given in Hottel and Sarofim (1967).

Consider a single glass plate with a reflectivity r at each face (see figure 5.1) and
transmittivity ¢ for one travel of the ray between the inside surfaces excluding the
loss due to boundary reflections. If x is the angle made by the refracting ray with
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5.1 Glass plates theory

the surface normal, L is the plate thickness, and A is the wavelength, then
t = exp(—/KL/cos x) =expl—4mnnKL/(Acos x)], (5.1.1)

where /C is the absorption index, K is absorption coefficient and n is the index of
refraction.

In figure 5.1, a ray with unit intensity incident at the surface A of the glass plate
AB is traced through the glass plate. The ray undergoes reflections and transmis-
sions as shown in the figure. Let R and T be defined as the ratios of the reflected
and transmitted fluxes to that of the incident flux, then these quantities are given by

R=r+2(1=r)?r(l+r22 +r4 4% 1)

201 N2
:r{l+|:%:|} (5.12)

and
T:(1—r)2t(1+r2t2+r4t4+~--):(1_—% (5.1.3)
e L
Therefore the absorbed part, A, is given by
1 t— T
A:l—(T+R)=+r1—(rt+). (5.1.4)
—r

If we combine a system of n plates with transmittance 7,, and reflectance R,
with another system of m plates with transmittance 7, and the reflectance R,

243
1 r (l—r)zt r2 (I-ntr
A
B
2 232 254
(1-r)t (I-t)tr (I-n)tr

Figure 5.1 Schematic diagram of a ray traced through a single glass plate (see
Hottel and Sarofim (1967) for a similar picture).
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respectively (see figure 5.2), the composite transmittance and reflectance are given
by

T,T,
Towan = TnT(1 + RyRy + RoRS + ) = ——"— (5.1.5)
1—R,Ry,
and
2 Ran2

1 — RuRy

These equations were first derived by Sir George Stokes (1852, 1862); see also
Rayleigh (1920). These equations look remarkably similar to those derived in dis-
crete space theory (see chapter 6). The above equations can be used to produce the
properties of a multiple system starting from a single plate by adding plates or by
the successive doubling of the number of plates.

In this process we can add an infinite number of plates (we shall see the sim-
ilarity to Ambarzumian’s principle of invariance). In figure 5.3 we show how the
reflectance remains invariant after the addition of certain number of plates. The 7
and r factors for a single plate are 0.99 and 0.004, respectively.

It is seen that as more and more plates are added the reflectance reaches an
asymptote: in other words, the reflection property of the system of plates remains

WA
\

A

Figure 5.2 Schematic diagram of a ray traced through composite of m and n plates
(see Hottel and Sarofim (1967) for a similar picture).

n plates

m plates




5.1 Glass plates theory

invariant to the addition of an extra plate. We can equate the reflectivity of m + 1
plates to that of m plates if m is large. If we set n = 1 and m = oo, equation (5.1.6)
becomes

Roo = R+ RooT?> (1 — RgR) ™. (5.1.7)

This gives us
Ro = {1+R2—sz:[(1+R2—T2)2—4R2]1/2}. (5.1.8)

The addition of glass plates is similar to the addition of layers in dispersive and con-
tinuous media. McClelland (1906) studied the continuous problem and calculated
the internal fluxes by adding a thin layer to a homogeneous slab. Schmidt (1907)
modified Stokes’s original approach by adding an arbitrarily thin layer and obtained
the equations

dr

— =kt? 5.1.9

ds ( )
and

dt

— = [kr — (k+ D]t (5.1.10)

ds

where s is the thickness of the slab and the quantities k, [ are constants.

1.0
0.8
c
[
o 06
c
o
o 04
c
<
0.2
0.0 | | |
0 20 40 60 80 100

Number of plates, n

Figure 5.3 The reflectance R, transmittance 7, and absorbance A, of n parallel
plates are shown above. The transmittivity and reflectivity for a single plate are 0.99
and 0.004 respectively, at the plate interface. Notice that from plate 50 onwards the
reflectance R, remains invariant when an additional plate is added to the system
(from Peraiah (1999), with permission; see also Hottel and Sarofim (1967)).
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52 The principle of invariance

The glass plate examples show clearly how the reflection and transmission parame-
ters become invariant (see figure 5.3). Ambarzumian (1942, 1943, 1944) formulated
a similar principle in dispersive media. He considered a layer of infinite thickness
with another layer of infinitesimally small thickness At added to it. This results
in the appearance of additional components of the radiation field in four ways:
(1) the additional layer At scatters part of the direct radiation that crosses it; (2)
another part of the direct radiation scattered by the layer At is directed towards the
boundary and partly reflected by it; (3) the reflected radiation from the boundary of
the medium is also scattered by At layer; and (4) part of the radiation reflected from
the medium is scattered by the layer At back into this surface and partly reflected
again from it.

Fundamental to these ideas is that the intensities at any point T inside a medium
are the combination of several other reflected and transmitted intensities. We shall
explain this point using figure 5.4 as an example. Let us divide the semi-infinite
medium at T into two adjacent parts — the upper part and the lower part witht = T
andt = T~ and T™ = T~ (Kourganoff 1963). The intensities in the upper part are
It(T*) and I—(TY) in the upward (r — 0) and downward (r — oo) directions.
Similarly the intensities in the lower part are I (T ™) and I~ (T ™) in the upward and
downward direction. The intensity /7 (7 ) is not necessarily equal to the intensity
IT(T7). The intensity I (T ™) is a combination of ™ (7 ™) from the lower part and
the reflected part of I~ (T) from the upper part. Thus

IT(TH =17(T7)+ R I (TT), (5.2.1)

where R, is the reflection parameter. This is a fundamental concept in Ambarzu-
mian’s analysis.

Ambarzumian presented his arguments in the form of the principle of invari-
ance which expresses the invariance of the intensity emergent from a semi-infinite

upper portion

T =

-+
_ IJ('T“B/ \ I(T)
T =T
/ \ lower portion

i 1(T)

!

Figure 5.4 Reflected intensities.



5.3 Diffuse reflection and transmission

atmosphere to the addition or subtraction of a layer of small thickness (see the
similarity with the Stokes’s glass plate theory in figure 5.3). This principle has
been extensively used by Chandrasekhar (1960). The relationship between the two
problems of constant net flux and the diffuse reflection was discussed in chapter
3. It is of considerable interest to see that these two problems are connected to the
principle of invariance which can be formulated in the problem of diffuse reflection.
Thus the law of diffuse reflection by a semi-infinite plane parallel medium must be
invariant to the addition (or subtraction) of layers of arbitrary optical thickness to
(or from) the atmosphere. This was first formulated by Ambarzumian (1942, 1943,
1944).

53 Diffuse reflection and transmission

The following treatment of diffuse radiation follows closely Chandrasekhar (1960).
If a parallel beam of radiation of net flux 7 F per unit area normal to itself is
incident on a plane parallel atmosphere of optical thickness t (see figure 5.5) in
the direction (—uo, ¢o), then we need to find the diffusely reflected radiation at
7 = 0 and the diffusely transmitted radiation at t = 7;. If we assign two functions
called the scattering function S(z1; i, ¢; (o, ¢o) and the transmission function
T (z1; 1, @3 10, @0), then it is easy to express the reflected and transmitted intensities
respectively as follows:

F
10, +pn, @) = @S(n; s @5 405 90) (5.3.1)
and
F
I(t1, —p, ) = @T(n; W, @5 o, wo) (0 <p=<1). (5.3.2)

Figure 5.5 Incidence of a
parallel beam of radiation on
a plane parallel atmosphere.

AV4
N

~/
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It is important to note that the intensities in equations (5.3.1) and (5.3.2) refer only
to the diffuse radiation or scattered radiation. For example, the intensity / (z, —u, ¢)
does not include the directly transmitted flux %F exp(—t1/mo) in the direction
(=0, @). Similarly the intensity 7 (0, i, ¢) does not include the diffusely reflected
part of the directly transmitted flux %F exp(—11/1o)-

If there is arbitrary incident radiation with the same angular distribution at all
points on the surface at T = 0, then the solution can be expressed in terms of S and
T.If Iine (', @') is the incident radiation on T = 0 in the direction (—u’, ¢’), the
angular distribution of the reflected and transmitted intensities are

1 1 2
10, pt, ) = 4—/ / SCtis o o3 s @) line(W, @) dp' do’ (5.3.3)
T Jo Jo

and
1 ! o / / / / / /
[(m, —p. ) = — T(tis s 5 s @) line(w', ") dp” de'
T Jo Jo
(5.3.4)
The factor 1/x in equations (5.3.1) and (5.3.2) ensures the symmetry of S and T

in the two sets of (i, ¢) and (wg, o) which is the basis in the Helmholtz principle
of reciprocity, which means

S(t15 (s @3 o, o) = S(T1: (o, P05 U, @) (5.3.5)
and
T (t1; ey 05 1o, 90) = T(T15 (Lo, P05 1y @) (5.3.6)

A plane parallel beam of radiation incident in the direction (—pug, ¢o) will have an
intensity in terms of Dirac’s §-function of

Line(1', ") = T F8(1t" — 110)5(¢" — o). (5.3.7)
In a semi-infinite medium the law of diffuse reflection is therefore written as
F
10, p, 9) = @S(M, @3 140 ¥0)- (5.3.8)
Here, we need to distinguish between two types of radiation: (1) the reduced
incident radiation 7 F exp(—t /o) which travels to the depth t without suffering

any scattering or absorption process; and (2) the diffuse radiation field which is
generated by the multiple scattering. If we represent the latter by the intensity



5.4 The invariance of the law of diffuse reflection

I (z, 1, @), the transfer equation is written

dI(z, i, @)
p B9

=I ’ ’
17 (T, 1, 9)

1 2
7/1/0 plu, o, @) (t, 1, ¢ )du' do’

- iF exp(—7/mo) (i, @3 =0, $0), (5.3.9)
where p(u, ¢; 1, ¢') is the phase function. The boundary conditions are
att=0, 10,—p,9)=0 O<pn=<l (5.3.10)
and
at t=1, I(t;,—,)=0 O<pu<l). (5.3.11)

It is assumed that at T = 7y, there is complete absorption or vacuum. In the case of
a semi-infinite atmosphere which emits diffuse radiation, the boundary condition is
71 — OQ.

For a radiation field with axial symmetry and isotropic scattering
(P(u, @; ', 9"y = 1) with albedo for single scattering @, equation (5.3.9)
reduces to

dI(z, )
n—-——=1

1 1 1
(€1 - s f (@) dp' — ~eF exp(—t/uo) (5.3.12)
dr 27 4

5.4 The invariance of the law of diffuse reflection

If a parallel beam of radiation of net flux ;v F' per unit area normal to itself is incident
on a semi-infinite plane parallel atmosphere in the direction (— o, ¢g), the diffusely
reflected intensity 7 (0, i, ) expressed through scattering function S(u, ¢; (o, o)
is given by

F
10, u,p) = —S(/L ©; 1405 P0)- (5.4.1)

The outward and 1nward intensities are (7, +u, ¢) (0 < u < 1) and I (t, —pu, @)
(0 < p < 1). The semi-infinite medium will diffusely reflect the reduced incident
flux and the inward directed radiation I (r, —u, ¢) and these will contribute to the
outwardly directed intensity, / (t, +u, ¢), which is given by,

F
I(T, +p, @) = m exp(—1/10)S(i, @; 1o, ¢o)

2
4 // S, i i, @I (T, =, @) dp' do'.
T
(5.4.2)

This is the invariance of S(u, ¢; (o, ¢o) to the addition or subtraction of layers.
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Let us consider an axially symmetric radiation field in a semi-infinite medium
with constant net flux 7 F. Let /(0, u) be the emergent radiation and /(z, )
(0O < pn < 1) be the outward directed radiation at t (see figure 5.6). The
difference between these two intensities is the diffusely reflected radiation 7 (7, —u)
at 7. When the medium above t is removed, the intensity /(z, ) is restored to
1(0, w). Therefore the invariance of the emergent radiation / (0, i) to the addition
and subtraction of layers of arbitrary optical thickness follows. The removal of the
medium above t should restore 7 (t, +u) to 1(0, w). This leads to

1 1 p27
I(t,4+p) =10, u) + 4—/ / S, @5 1, N (v, =) dp' dy'.
TH Jo Jo

(5.4.3)
In the case of axial symmetry, we have
1 1
I(t,+n) =10, n) + 5/0 So(p, w1 (z, —p')du’, (54.4)
where
1 1
So(u, u') = 2—/ S, o5 ', 9" dy'. (5.4.5)
T Jo

55  Evaluation of the scattering function

So far we have not specified the scattering function S. We shall evaluate this function
from the principles of the law of diffuse reflection and the law of darkening described
in the last section. We shall derive certain non-linear integral equations which are
nothing but the expressions of the invariance principles.

10, W)
/ /

Figure 5.6 Diffuse reflection of radiation from a semi-infinite medium.



5.5 Evaluation of the scattering function

The first step is to differentiate equation (5.4.2) which involves the law of diffuse
reflection and then pass onto T — 0. Differentiating equation (5.4.2) and then setting
the resulting equation to T = 0, we get

[dl(t, +M,<p)] _
=0

F
p ———S(u, ¢; 1o, ¥0)
T

4o

1 Lpam dl(t,—u', ¢
+—f/ S, @3 1, @) [M} du'd¢’. (5.5.1)
4 Jo Jo dt o

The derivatives in the square brackets, namely dI(t,+u,¢)/dtr and
dI(t,—u', ¢")/dt can be taken from equation (5.3.9),

dl(z, 1, @)
pn e

d = I(t, u, ) — B(t, L, 9), (5.5.2)
T

where

1
B(t, 1, ¢) = 1 exp(—t/mo) Fp(i, ¢; —1o, o)

1 1 27
+H/1/0 P, ¢; M”,(PN)I(T, M//,qﬁ//)du//dgﬂ//, (5.5.3)

p being the phase function. Equation (5.5.2) gives

[dI(t, +, ) 1
7] = —[1(0, +u, 9) — B(O, +1, ¢)] (5.5.4)
L dT =0 +I'L

and
—dI(Ta _M/a (P/)i| ’ 12
A9l _ L o i o). 5.5.5
B O (55.5)

We have made use of the boundary condition that
10, -, ) =0 O=pn=1D (5.5.6)

in deriving equation (5.5.5). Eliminating d 1 (t, +u, ¢)/dt and dI(z, —p/, ¢')/dz
from equations (5.5.4), (5.5.5) and (5.5.1), we obtain

F
40
1 1 p2n dl/«/
o | [ SGgi B0 ) rayt (55.7)
7 Jo Jo 5

By using equation (5.4.1) to replace (0, 4+, ¢) in the above equation, we get
1 1 1

2\ ) S ¢ io.e0) = BO. +1. 9)
mo Mo

d /
:/ dy'. (5.5.8)

1 1 p27
+4—// S, ;s 'y @)BO, =, ¢")
7 Jo Jo
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122 5 Principle of invariance

According to equations (5.4.1), (5.5.3) and (5.5.6), we have

1
B0, +u, ) = —Fp(u ©; =0, 90)

21 d,u”
e / / PG, s "9 S 9" 1o, @o) o de"

Substituting equation (5.5.9) into equation (5.5.8) we get

1 1
(— + —) S, @; o, 9o) = p(, @3 — o, Y0)
no o

2 d,bL//
— / / plu, @5 1'"SW", ¢"; o, 900) ¢"
T Jo Jo

!/

1 2 L / /. M /
t S, @; we)p(—p', ¢'s — 1o, ¢o) /dfp

2 2
16”2// // S, 5 1) p(—=1, 95 1", 9"

du”
x uSu”, ¢"; uofpo) ¢’ v de". (5.5.10)

This is the required integral equation for S.
If there is axial symmetry in the radiation field, equation (5.5.10) becomes

11
(— + —> S, o)
no 1o
1 1 d/'L/ 1 1 d,bL//
= o 1+—f S(/L,u’)—,+—/ S, mo)—;
2 Jo w2 Jo Iz

I d
+ Z/o/ S, 1) S, uo)i “} (5.5.11)

"w

The quantities S(u’, o) and S(u”, po) are separable in the variable, i and wo and
therefore equation (5.5.11) can be rewritten as

11 1! du
—+— S, po)=wo |1+ 5 [ S, w)—
W Mo 2 Jo 2z
1 1 d Vi
x 1+—/ S, wo) - |. (5.5.12)
2 Jo w’

Since S(u, p') is symmetrical in u and ' the two factors on the RHS of the above
equation should be values for p and g of the same function. Therefore, we can

express the scattering function as



5.6 An equation connecting I (0, ) and So (i, u')

11
(— + —> S, o) = @ H(w)H (o), (5.5.13)
Ko 1o

where

1 1 /d/'L/
H(M)=1+§ S, w)—-
0 Iz

1 1 , d/,L/
=14+ = S(u', 1) . (5.5.14)
2 Jo w

If we substitute the value of H (1) into equation (5.5.13), we obtain the non-linear
integral equation for H (u):

1 YHW)
Hupw) =1+ -wouH() Sd L. (5.5.15)
2 0 Htnu
From equation (3.4.20) we have
1
10,p) = oF H(p)H (o). (5.5.16)
4 p+no

If the reflected intensity 7 (0, ) is expressed in terms of the scattering function given
in equation (5.4.1), we get

1 1
<— + —) Sy o) = @ H () H (o). (5.5.17)
Ko 1o

If we compare the results (5.5.13), (5.5.16) and (5.5.17) which are derived from
the two approaches, it is confirmed that these solutions are exact. The H-function
derived in equation (3.2.11) is in the limit as n — oo. This is the solution of equation
(5.5.15)

5.6 An equation connecting / (0, ) and So(u, 1)

If we differentiate equation (5.4.4) and put t = 0, we obtain

rdl dI
Al 4] ——/%(’[(’“q dy'. (5.6.1)
L dt dr=0 =0

And from equations (5.5.4) and (5.5.5) we get
(dl(t, +10)] 1
T = 1O~ BOAw)] (5.6.2)
L T d7=0 w

and
Fdl(z, —/ 1
_E;ﬂq = — B0, -, (5.6.3)
L dt =0 w

where
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1 1
BO, u) = 5 /O PO, WO, wWydp" (=1 <pu<+1) (5.6.4)

(see equations (2.12.1) and (2.12.2)). Substituting equations (5.6.2) and (5.6.3) into
equation (5.6.1), we get

1! / N
1(0, ) = B(0, u) + 5/0 So(u, u)B(O, —p )7 (5.6.5)

or
Lt o
10, 1) = 3 /0 P (s 10, 1)
1 1 1 d“f/
g [ st w0 dn. 566
0Jo w

This is the relation between I (0, 1) and So (e, 1).
For conservative isotropic scattering with constant net flux, equation (5.6.6)
becomes

l ! " " l ! ! / " dl‘l’/ "
10, p)== [ I1O,pn)du” + — S, p)IO, w)—-dp”,
2 Jo 4 Jo Jo I

(5.6.7)
which can be written as,
1 1 , du/
IO, 0)=JO) |1+ = S, ) — | (5.6.8)
2 Jo 2
with
1 1
J(0) = 5_/ 10, w)ydpu. (5.6.9)
0
From equation (5.5.13), we substitute the value of S(u, 1) and obtain
_ 1 VH@W
IO0,u)=JO) |1+ -puH((u) S | (5.6.10)
2 0 Htnp

Using the integral equation (5.5.15) for H(u) with @ = 1, we can write equation
(5.6.10) as

100, ) = J(O)H (p). (5.6.11)

This relation can also be derived directly from the principle of invariance (see
exercise 6.2).



5.7 The integral for S with p(cos ®) = w (1 + x cos ®)

5.7 The integral for S with p(cos ®) = w (1 + x cos ®)

The phase function p is given by
1 1
P, ¢ =w [1 +xpp +x (1 - M2>2 (1 - M’2)2 cos(¢’ — w)]
(5.7.1)
The scattering function S(u, ¢; (o, ¢o) can be written in the form

S, @; 1o, o) = w[So 7))

1

+x (1 — uz)i (1 - /A%)% S1 (1, po) cos(go — w)]
(5.7.2)

Substituting equations (5.7.1) and (5.7.2) into the integral equation (5.5.10) for S,
we obtain

1 1\
So(pe, o) = | — + —
Mo Mo

1 : " " d/‘L
X 1—xuuo+5w (I +xpp™)So(u ,Mo)ﬁ
0

1 ! du’
+—ZU/ S 1) (14 xpt' o2
2 Jo w

1 1 p1 , dﬂ/dpb”
o /0 /0 So(s 1) (1 — xpt't")So(" o)

I*L/ M//
(5.7.3)

and

11\ 1 Vap” >
S1(i, o) = (; + —) {1 + wa./o o (I =" )S1(w, o)

Mo
1 ! dM/ 2 4
X |14+ -xw — (=) S, ) | ¢- 5.7.4)
4 0 M
The equation for Sy can be reduced to
1 1
(; + %> So(e. o) = Y ()W (120) — x¢ (1) (120). (5.1.5)
where
1 1 , dﬂl
W60 =1+ 5 [ Sotu) (57.6)
0 2
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and

1 1
d(pn) =n— EW/O S, ) dp. (5.7.7)

If equation (5.7.5) is substituted for Sy in equations (5.7.6) and (5.7.7), we obtain

1 Ly 1 bow)
=1 + = f d e / d !
Y (u) zww/f(u) N M 2xwu¢(u) N s
(5.7.8)
and
1 Lyw) 1 ')
— g d /+ o / "du.
d(p) =p wa(m/() M+M,M iz zxww(u) A M+M,u
(5.7.9)
The function S can be expressed in terms of the H-functions as follows:
1 1
(— + —> S1(p, mo) = Hi(n)Hi(1o), (5.7.10)
wo o
where
1 1 d /
HiG) =1+ om0 [ (=08 (57.11)

From the above two equations we obtain the non-linear integral equations for H (1):
1 1 (] _ M/Z) , ,
Hi(w) =1+ xopuHi(w) | ————Hi(uw)duw. (5.7.12)
4 0 Ht+u
The properties of the function H(u) and its numerical evaluation are given in
Chandrasekhar (1960).

58  The principle of invariance in a finite medium

So far, we have considered the principle of invariance in a semi-infinite medium.
This principle is not restricted to this medium only. There are many problems which
require the solution of the radiative transfer in finite media. These principles can
be formulated in finite media. This technique has been used in many classes of
problems successfully.

Let us consider a plane parallel medium bounded by t = 0 and 7 = 77. Let a
parallel beam of radiation with net flux v F per unit area normal to itself be incident
at T = 0 in the direction (—pug, o). We need to consider two intensities: (1) the
diffusely reflected intensity 7(0, i, ¢)(0 < @ < 1) in the direction (u, ¢); and (2)
the diffusely transmitted intensity I (1, — i, ¢) at T = 11 in the direction (—u1, ¢).



5.8 The principle of invariance in a finite medium

In general I (7, +u, ¢) and I (7, —, ¢)(0 < pu < 1) are the outward (that is towards
t — 0) and inward (that is T — t7) intensities.

The diffusely reflected and transmitted intensities 7 (0, i, ¢) and I(ty, —u, @)
are expressed in terms of the scattering and transmission functions
S(t1; w1, @; mo, ¢o) and T(ty; (1, @; Mo, o) (Chandrasekhar 1960, Peraiah
1999). Thus,

F
10, u, ) = @S(n; U1, @5 10, 90) (5.8.1)
and
F
I(t, —p, @) = ET(n; W1, @5 10> 90)- (5.8.2)

In addition to the diffuse radiation field in the medium (z = 0 to T = t7), we have
the reduced incident flux in the direction (— g, ¢o) given by

Fr = Fexp(—11/10) (5.8.3)

Our aim is to find the radiation field at any point t inside the medium. Essentially
we need to find:

1. I(z, u, ¢) = the intensity in the outward direction at any level t;
2. I(t, —u, ¢) = the intensity in the downward direction at any level 7;

3. (F/4w)S(t1; 1, ¢; 1o, @o) = the diffuse reflection of the incident radiant
flux by the whole medium from t = 0 to 7 = 71; and

4. (F/4)T (t1; 1, @; 1o, @o) = the diffuse transmission of the incident light by
the whole medium fromt = 0to 7 = 7.

We shall see below how these are estimated.

1. The upward intensity I (z, +u, @) (see figure 5.7) is the combination of:
(a) the reduced incident flux 7 F exp(—t/u) at T reflected by the medium
71 — 7; and (b) the inward radiation (I (z, —u, ¢) reflected by the medium

nF Figure 5.7 The upward
intensity I (t, +u, @).

/ T=T4
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128 5 Principle of invariance

11 — . If S(r1 — ©; 1, @; o, @o) is the scattering function corresponding to
the medium (7] — 7), then the intensity / (z, +u, ¢) is the combination of (a)

and (b) and is given by
F
(T, +1, 9) = @ exp(—1/10)S(T1, —T; (b, @3 140, ©0)
2w
t7 // S(ri — s, 05 1, @I (=, @) dp do'.
TR

(5.8.4)

2. The inward directed intensity I (t — i, @) at any 7 (see figure 5.8) is the
combination of: (a) the transmission of the incident flux = F' by the medium
above t; and (b) the diffusely reflected radiation of the upward directed
intensity 7 (t, +u, ¢) by the medium above 7. Therefore,

F
I(t,—p, @) = 4—T(r; s @5 [L0)

2
t // Sty o, @) (t,+1, @) dp' dy'.
T
(5.8.9)
3. The diffuse reflection of the incident light by the whole medium is the
combination of three components: (a) the reflection of the incident flux by the
part of the medium between t = 0 and t; (b) the direct transmission of the
diffuse intensity I (t, +u, ¢); and (c) the diffuse transmission of the upward

directed intensity incident on the surface at t from the medium below 7.
Combining (a), (b) and (c), we get

F F
@S(t; Wy @5 L0, Y0) = —S(t; Wy @3 100, 90) + exp(—t /) I (T, +1, @)

2
t o f/ T(ts o', @) (T, 4+, ¢ dp' do'. (5.8.6)
T

Figure 5.8 The inward
intensity I (c, —p, @).

1=0

.
7
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4. The diffuse transmission of the incident light by the medium 7 =0to 7 = 14
consists of two parts: (a) the transmission of the reduced incident flux
7 F exp(—1/10); and (b) diffuse radiation I (7, —u’, ")(0 < u’ < 1) T by
the medium of optical thickness (7, —t) incident on the surface below t (see
figure 5.9). Therefore we have

F F
—T (715 i, u; (o, 9o) = — exp(—t/no) T (t1, —T; i, @5 [L0> P0)
4n 4n

+ expl—(r1 — 0)/pll (T, —p1, ¢)

1 1 p27 , ,
+ 4—// T(ti — 15, o; 1, @I (z, =, " dp do'.
i Jo Jo
(5.8.7)

The first term on the RHS represents the transmitted intensity by the reduced
incident flux 7 F exp(—1/ 1) transmitted through the medium (7 — 7), the
second term represents the direct transmission of the diffuse intensity

I(t, —u, ) and the third term represents the diffuse transmission of the
radiation field 7 (t, —u, ¢) by the medium below 7 or by the medium with
optical thickness 71 — 7.

Equations (5.8.4)—(5.8.7) determine the radiation field in a plane parallel
finite medium with the incident flux 7 F' in terms of the scattering and
transmission functions. If the radiation field is axially symmetric then we can
write the solution as (see figure 5.10)

1 1
I(T,+w) =10, n) + ﬂ/o So(00, p, p)I (z, =) di’, (5.8.8)

/

T=

—\

Figure 5.9 Diffuse transmission of the incident light.
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1 1
1(0, +p) = exp(—t/w) I (t, +p) + ﬂfo To(ts o, p)I(t, +u)dp'.
(5.8.9)

and

1 1
I(t, —p) = mfo So(s p, I (z, +p')dp, (5.8.10)

where Sp and Tj are the azimuth independent scattering and transmission
functions respectively. The above three equations enunciate the principle of
invariance of the emergent radiation to the addition (or subtraction) of layers
of arbitrary optical thickness to (or from) a semi-infinite plane parallel
medium with a constant net flux. Furthermore, the emergent radiation is the
transmitted incident flux on the surface t, from below and the inward
directed radiation at any 7 is the reflection of the outward directed radiation
by the layers overlying t.

59  Integral equations for the scattering and
transmission functions

The radiation field described in equations (5.8.4)—(5.8.7) contains the unknown
scattering and transmission functions. To determine the radiation field we have to
calculate these functions. We derive a set of four non-linear and inhomogeneous
integral equations from equations (5.8.4)—(5.8.7) with the boundary conditions

10, =, 9) =0 O<p=1D,
I(tr, +1,9) =0 (0 <p=<1.

/
AL

(5.9.1)

/ =T 1

Figure 5.10 Schematic diagram of transfer of radiation.



5.9 Integral equations for the scattering and transmission functions 131

Equations (5.8.4)—(5.8.7) are differentiated first and then passing on to the limit of
7 = 0or t = 71 (equations (5.8.5) and (5.8.6)), we get

dI(z, +11, ) _F[ L 95 (71: 1, 93 1o, ¢o)
e\t T 9) = —| ——S8(; i, ¢; 1o, ¥0) —
dt =0 4unl no 9t
27 dl(r,—p, ¢
4 // NGHTRZITS w)[i} du'dg’,
7-[“ dT =0
(5.9.2)
A u)) _ F T ki)
dt — 4w Ity
2
dI(t,+1', ¢)
4 // ST 1w, @; u,w)[iw] du'dg',
TT L dt T=T]
(5.9.3)
F 3S(t; . o3 ', ¢ dl(z, i,
0= L (T1; 1 93 ¢>+exp(_f/m[w]
1% a7y dt =1
2 dl(z,+u', ¢)
e /f T(ti; . @3 1, w)[i] ' dg'
T U dt T=T]
(5.9.4)
and
F 1 S AT (15 K, @5 o, 140)
= ——T(T1; W\ @5 0, P0) —
wl Ho In
dI(t) — p19)
+exp(—71/1) [T‘P]
T =0
2
dl(t; — ', ¢")
o // T(t1; 1, @5 1, w)[—(p du'dg'.
T[/’L dT =0
(5.9.5)

The derivatives in the above equations are taken from the transfer equation (5.5.2).
By making use of equations (5.8.2) and (5.9.1) and the boundary conditions in
equation (5.9.1), we can write these derivatives as

dl 1| F
dt =0 wL4u
dI s T My 1
[M] = +—B0, =1, 9), (5.9.7)
dt =0 22
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dI(t, +1, @) 1
[di’“”] = ——B(11, 411 9). (5.9.8)
T T=T] I’L
dl(t’ —HK, ) 1 F
[4] =—— [—T(n; W, ;5 o, wo) — B(t, —u, fﬂ)},
dr S wL4pn
(5.9.9)

where the quantity B is defined in equation (5.5.3). Substituting equations (5.9.6)—
(5.9.9) into the four integral equations which describe the problem of diffuse reflec-
tion and transmission by finite plane parallel medium, we obtain

981(T1; 11, @3 1o, 90)
a‘L’l

11
<_ + —> S(t1, 1, @3 o, wo) +
"o Mo
= p(, ¢; =0, ¥0)

2w
_n/O/O P, os 1", 9" S (T, 1", 9" o, 9o) di dy!

2 d,Uv/
/
—// S(ti, oo, s @) p(=1', ¢ o 90) dg’'

2 2
16”2/f // SCris o s s @) p(=1's @5 1" ¢")

du
x S(ri; 1", 9", o, wo)—w —-d¢", (5.9.10)

dS(T1; 11, @3 o> $o) . 11
= p(u, 3 —po, po) exp | —71 | — + —
a1y no no

1
+ ——exp(—=11/p)
4

"

27 , du
X // PG, s =", " T (z1, 1", 9”5 o, o) o d
0J0

4

1
+ —exp(—11/n)
4

1 p21 dM/
Xf/ T(ti; w93 W p('s ¢'s — 10, ,d<p’

2 2
16712[/ // T(ri, oo W' p(u's =11, 9"
d

x T(t1; ", ¢"; no, <P0)

(5.9.11)

0T (t1, i, ©; 1o, ¥0)
8‘[1

1
;T(n; W, 5 1o, ©0) +

= exp(—71/mo) p(— 1, ¢; — 1o, ¥0o)
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"

dl'l’ d 4

2
—// p(—u, ¢; —M”,QO”)T(H,u”,w”;uo,wo)

2w
+M// S, s s @ (', s —hro, <P0)

2 2
16712// // St w051, @ p, @' =1, ")

M du
x T(t1; 1", @ po, wo) 0 de", (5.9.12)

0T (1, i, ©; 10, ¥0)
811

= exp(—11/m)p(—u, ¢; — 1o, o)
14

exp(ti/w) ['[*" du
+—— p—=w, o; 1", 9" S, 1", 9" o, wo)—-de”
4r 0 Jo M

/

2 w
—// T(ti; s iy @) p(—i, ¢'s —Mo,wo);

2 2
16712[/ // T(ti, i, 03 1, @ p(=1s s 1, 9"
dﬂ”

x S(ri, 1", ¢", 1o, 900)

1
—T(T1; 4, @5 o, 90) +
1o

(5.9.13)

The term 9S/d7; can be eliminated from equations (5.9.10) and (5.9.11), while
dT /a1 can be eliminated from equations (5.9.12) and (5.9.13). The resulting two
equations express the invariance laws of diffuse reflection and transmission to the
addition (or removal) of layers of arbitrary optical thickness to (or from) the medium
at the top and simultaneous removal (or addition) of layers of equal optical thickness
from (or to) the medium at the bottom.

510 The X- and the Y -functions

The scattering and transmission functions S and 7 can be expressed (see Chan-
drasekhar (1960)) in terms of certain functions called the X - and Y -functions. In the
case of isotropic scattering we write these as follows:

1 1
(5 + ;) St s o) = @ [ X (W) X (o) — Y ()Y (o)l (5.10.1)
1 1
<% - ;) T(ty; 1, o) = @ [Y ()X (o) — X (W)Y (no)l, (5.10.2)
0S8 (t1;5 i, o)

5 = oY ()Y (no), (5.10.3)
71
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(L _ l) @i o mo) _ [ixww(uo) - lY(M)X(Mo)],
Ko M 97y Mo n

(5.10.4)

where

[X(X (1) =Y (WY (1h], (5.10.5)

1 1
X(u)=1+—wu/
2 0

w
U

1 I d
Y () = exp(—11/p) + Ew“/() m _MH, [Y)X (1) = X(w)Y ()]
(5.10.6)

If we compare these equations with those of the semi-infinite atmosphere (see
equations (5.5.13) and (5.5.15)), we can write the X- and Y -functions as

_ ! (i) ’ ’ ’
X(w)=1+p (XX ) =YY )] du (5.10.7)
0 MF
and
1 \Ij /
o) = expmifi e [ [VOX G0 = XG0 )] dit

(5.10.8)

where W(u) is a characteristic function. These equations play the same role in a
finite plane parallel medium as the H-function, given by

Y(u)

o H)duw, (5.10.9)

1
H(M)=1+MH(M)/O

plays in the semi-infinite atmosphere or medium. The characteristic function W ()
is generally an even polynomial in i which satisfies the condition

/(;1 WY(pu)dp < % (5.10.10)
The X- and Y-functions become

X(u)— H(u) and Y(u) — 0 as 11 — o0, (5.10.11)
where H (1) satisfies equation (5.10.9). Furthermore,

X(uw) —1 and Y(u) — exp(—71/n) as 11 — 0. (5.10.12)

Combining equations (5.8.1), (5.8.2), (5.10.1) and (5.10.2), we can write the re-
flected and transmitted intensities in terms of the X- and Y-functions:

1
10, p) =~ F—2

1 [X ()X (o) — Y ()Y (o)l (5.10.13)
M+ o
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and

1
10, —p) = ZwFMfo

) [Y (1) X (10) — X ()Y (p20)]- (5.10.14)

The H-, X- and Y-functions are solved by iterative methods (see Chandrasekhar
(1960)).

The physical meaning of the X- and Y-functions is shown in figure 5.11. If the
point source of unit brightness (with total flux of 47 being emitted) illuminates
a plane parallel atmosphere from a distance, then this atmosphere transmits and
reflects part of this radiation due to multiple scattering. The combination of the point
source and the illuminated part of the atmosphere will again appear as a point source
from a large distance. The brightness of this combined source is represented by X
in the same direction as that of the point source and by Y in the opposite direction.
In either case 1/u is always positive.

5.11  Non-uniqueness of the solution in the conservative
case
In the conservative case, we have

1 1
f W) dp = X (5.11.1)
0

and the solutions of equations (5.10.7) and (5.10.8) are not then unique. If X (1) and
Y () are solutions,

X () + O [X (1) +Y ()] (5.11.2)
and
Figure 5.11 Physical
4\ meaning of the X- and
X Y -functions. The combined
brightness of the light

source and the illuminated
atmosphere in a given
direction is X and Y times
the brightness of the source
alone (from van de Hulst
(1948), with permission).
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Y(u) — QulX () + Y (] (5.11.3)

are also solutions. Here Q is an arbitrary constant. In a finite atmosphere, unlike in
the case of semi-infinite atmosphere, in all conservative cases of perfect scattering,
the integral equations derived from the principle of invariance do not satisfy the
condition of uniqueness (see Chandrasekhar (1960)). There is a multiplicity of
solutions. These problems have been extensively studied by Anselone (1960, 1961),
Mullikan (1964a,b,c) and Busbridge (1960).

Fymat and Abhyankar (1969a,b) applied the perturbation technique to the X-
and Y-functions in homogeneous media. They considered a layer whose upper and
lower boundaries are given by T = « and T = $ which has azimuthal independence
with Chandrasekhar’s X («, 8; ) and Y («, B; u) for the radiation incident from
above and X*(«, B; ) and Y*(«, B; w) for the radiation incident from below. They
assumed that the albedo for single scattering 2(7) differs from a constant value
Q0(0 < Q¢ < 1) by a small amount throughout the atmosphere. They expressed
Q(7) as

Q(7) = Qo1 + w(7)], (5.11.4)
where w(t) < 1. Then X («, B8; t) and X*(«, B; T) can be expressed as
X* (o, T ) = X5, 75 ) [1 4+ 2% (e, T3 )],

} (5.11.5)
X(z, B w) = Xo(r, B; w) [1 + x(z, B )]

N Qo L
X (av 137 ,bL) = m/{;/g <X0(avﬂ s M)XO((X’ﬁ ) I’L)
x {o(B) + (1 + o(B) [x*(a, B; 1) + x* (o, B’ 1)}
a1, 1 / N
X exp [—(ﬂ -B) (— + —,>] dp )w(u )—.  (5.11.6)
noou %

The above equation was first derived by Sobolev (1956); Busbridge (1961) derived it
independently. Abhyankar and Fymat (1970) studied the imperfect Rayleigh scatter-
ing in a semi-infinite medium of a planetary atmosphere. They computed Stokes’s
vectors and studied the Babinet and Brewster neutral points using the imperfect
Rayleigh scattering. As the scattering process becomes more and more imperfect (or
2 decreases), the two neutral points approach the sun and for much smaller values
of €2, they coalesce which confirms the observational fact that the neutral points are
closer to the sun.

X- and Y-functions have been tabulated for the finite medium with isotropic
scattering by Chandrasekhar et al. (1952), Sobouti (1963), Carlstedt and Mullikan
(1966).

Ambarzumian’s mathematical equation was developed to solve Milne’s integral
equation. An auxiliary equation for this equation was developed and the solu-
tion sought in the form of a Neumann series whose existence and uniqueness
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are established. The scattering and transmission functions are defined in terms of
N-solutions. The integro-differential equations of the scattering and transmission
functions are obtained in terms of an auxiliary equation in a form suitable for
numerical solution as an initial value problem (see Kourganoff (1963)).

512  Particle counting method

Bellman and his colleagues in a series of papers studied the radiative transfer
problems using the principle of invariant imbedding (see bibliography). They used
what is called the particle counting method. Their procedure consists of the addition
of an infinitesimal layer, then the first order contributions to transmission and
reflection are counted and the integro-differential equations for transmission and
reflection coefficients derived in the limit as the layer thickness vanishes. The X-
and Y-functions of Chandrasekhar are obtained in a similar way. They obtained a
system of simultaneous non-linear ordinary differential equations by replacing the
quadrature over angles by Gaussian sums. These are solved by standard numerical
methods. We shall briefly describe this method for a plane parallel slab following
Sen and Wilson (1990).

A layer of infinitesimal thickness At is added to an inhomogeneous layer of
thickness 7 as shown in figure 5.12. A flux 7 F is incident on the surface at A
making an angle 8y with the inward normal at A. The emergent intensity is assumed
to make an angle 6 with the outward normal. The intensity of light reflected from
the whole medium in the #-direction at a given point on the surface is

10, n) = FR(i, pos; 7) (5.12.1)
(u = cos @, up = cosbp). The reflection function R (i, to; ) gives the fraction of

the reflected energy from the whole medium. Bellman and Kalaba (1956) derived
the following invariant imbedding relation:

: Figure 5.12 Particle
| / nF counting method.
|
. 0
0
\%/ i AT
A =0

T=
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At At o (T)AT
R(p, po; T+ A) =R(p, pos ) | 1l = — — — |+ ———
2 o 4u
w (T Af 1 w (T 1 d Vi
s )—/ R(1, po; r)du/+—( )Ar/ R(u, s r)—“,/
2 n 0 2 0 "

4

1 1
+ w(f)AT/ R(1, peo; T)dM// R, 1t 7) (5.12.2)
0 0

7 )
where @ is the albedo for single scattering. In the above equation, only the first order
terms in At have been retained. The terms on the RHS in equation (5.12.2) can be
interpreted as follows. The first term represents the Lagrangian residue of intensity
due to absorption losses in passing through At on the way in and on the way
out. The second term represents the part directly scattered from Arv, if the incident
radiation on it is in the direction 6. The third term represents the contribution from
the light that is scattered in a layer of thickness At and reflected from the slab
extending from O to 7. The fourth term represents the contribution from the light
reflected from the layer O to 7 and scattered in the layer At. The fifth term is the
contribution from the reflection in (0, t) followed by scattering in (7, T + A7) and
then reflection in (0, t) again. If S(u, wo; 7) is the scattering function such that

S, po; T)

R(w, po; ) = 2 (5.12.3)
m
then 7 (0, n) in equation (5.12.1) becomes
4
10, p) = 4—S(M, Ho; 7). (5.12.4)
n

If we let At — 0 in equation (5.12.2), we get

9 1 1
—S(u, po; T) + (— + —) S, o; T)
ot Ko Mo

1 1 dllv// 1 1 dM/
=w (1) 1+—/ S(u, 1"s 1)—- 1+—/ S(u', pos T)—- |
2 Jo I 2 Jo I

(5.12.5)

If we write

4

1! . d
st =145 [ St (5.12.6)
2 Jo w’
then solving equation (5.12.5) we get
t 1 1
S, no; )= | exp|—|—+— ) (@ —t)|T@)P (10, )P (, 1) dt.
0 no o
(5.12.7)

At t = 0, we assume that
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S(, j1o; 0) = 0. (5.12.8)

Substituting equation (5.12.7) into equation (5.12.6), we obtain

1 ! T 1 1
o, r)=1+—/ {/ eXP[—<—+—>(r—t)]
2 Jo 0 Mmoo Hro

d
x @ (1) (1o, D) (1, 1) d;}ﬁ. (5.12.9)

Once we know ¢ (i, T) from the above equation we can compute S(u, po; ) from
equation (5.12.7) and (0, ) can be obtained from (5.12.4). We have described
above the important steps that lead to the invariant imbedding technique of Bellman
and Kalaba (1956) for solving the transfer problems in plane parallel media. Bellman
et al. (1963) tabulated the diffuse reflection functions R (u;, p;; ) for T = 0 t0 Tax
with intervals of 0.1 and @ = 0,0.1,0.2, ..., 1.0. Kagiwada and Kalaba (1967)
estimated the local anisotropic function by using the principle of invariance, (see
Adams and Kattawa (1970)).

5.13 The exit function

Hovenier (1978) introduced a function call the exit function by using the symmetry
properties. This function can be used instead of two functions to describe the
reflected and transmitted intensities of a homogeneous plane parallel atmosphere. It
contains three double integrals replacing the traditional pair of simultaneous integral
equations for the reflection and transmission functions containing sixteen double
integrals. The integral equation of the exit function can be used for a rapid reduction
of the problem to functions of only one variable.

We assume a purely scattering (no internal sources) plane parallel, homogeneous
layer of optical thickness t with @ as the albedo for single scattering and P (cos ®)
as the phase function. We specify the azimuthal angle ¢ and an incident parallel
beam in the direction (g, ¢o) with a net flux per unit area normalized to 7. The
intensities of the diffuse radiation leaving the slab at the top and bottom are given in
terms of the reflection functions R(u, (o, » — ¢p) and the transmission function
T(w, o, @ — o) respectively. These are (4ppo)~" times the corresponding S-
and T-functions of Chandrasekhar. The standard problem consists of finding the
reflection and transmission functions for a given 7, @ and P (cos ®). The symmetry
properties of the R- and T -functions depend on p, pog and ¢ — ¢9. The azimuthal
difference occurs because of the rotational symmetry of the problem about the
vertical. We have

R(ie, po, ¢ — do) = R(u, 110, o — ). (5.13.1)

T (i, po, @ — ¢o) = T (1, 120, o — ¢). (5.13.2)
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The principle of reciprocity states that the scattering and transmission functions are
unaltered when the directions of incidence and emergence are interchanged. The
principle of reciprocity requires that

R(p, 10, ¢ — do) = R(o, i, po — ). (5.13.3)

By using equation (5.13.1), we get

R(, o, ¢ — do) = R(uo, i1, ¢ — ¢o). (5.13.4)

Turning the layer and beams of incoming and outgoing light upside down, we find

T (i, po, @ — ¢o) =T (o, i, ¢ — o). (5.13.5)

Equations (5.13.4) and (5.13.5) imply that the reflection and transmission functions
are symmetric in u and p1¢. Using this property of symmetry, one can obtain a unified
treatment for replacing the reflection and transmission functions by one function of
the same variables, not necessarily symmetric in © and p9. We may choose to define
the function:

E(u, po, ¢ — ¢o) = (o + )R, o, ¢ — ¢o)
+ (no — )T (1, Lo, ¢ — ¢0)- (5.13.6)

Interchanging w and pg gives

E (o, i, ¢ — ¢o) = (o + w)R(i, (o, ¢ — ¢o)
+ (no — )T (s Lo, ¢ — ¢o).
(5.13.7)

Adding and subtracting equations (5.13.6) and (5.13.7) gives us

1
R(M’ M0, ¢ - ¢0) = 2— [E(,LL, Mo, ¢ - ¢0) + E(,bL(), M, ¢ - ¢0)]7

(no + 1)
(5.13.8)
1
T(/'Lv M0, d) - ¢0) = m [E(I’Lv M0, ¢ - ¢0) - E(/’LO’ M, ¢ - ¢0)]
(5.13.9)

The function E(u, (o, @ — ¢o) which fully describes the intensity of radiation
through the functions R(u, o, ¢ — ¢o) and T (i, o, ¢ — ¢po) at either the top or
bottom is called the exit function. It is clear that knowledge of E(u, o, ¢ — ¢o)
ensures knowledge of R(u, o, ¢ — ¢o) and T (u, o, ¢ — ¢p). It can be seen
from equation (5.13.9) that the function 7 (i, (Lo, ¢ — ¢o) cannot be obtained when
W = o in which case one should apply L’Hdpital’s rule or interpolation.



5.13 The exit function

From the symmetry properties,

E(1, 10, ¢ — ¢0) = E(1, pto, $o — ¢). (5.13.10)

In a semi-infinite layer (7 — O as T — 00)

Eco(1t, 10, ¢ — ¢0) = (10 + 110) Reo (14, 120, ¢ — 0). (5.13.11)

Furthermore, if and only if T = oo, then

E(u, o, ¢ — ¢o) = E(uo. . ¢ — ¢o)- (5.13.12)

In more general terms, one can write the R- and T'-functions in terms of a function
U such that

U, o, @ — éo0) = f (i, o) R(, o, ¢ — ¢o)
+ g(u, o) T (i, o, ¢ — o), (5.13.13)

where f(u, o) and g(u, o) are known functions. Interchanging p and g gives
us

U (o, ey @ — ¢0) = f (1o, R, Lo, ¢ — ¢o)
+ g(o, T (1, o, ¢ — ¢o).
(5.13.14)

The R- and T -functions can be determined if U (i, (o, ¢ —¢o) is completely known
on the condition that the determinant

A, o) = f (1, o) g (o, 1) — f(ro, g, 1o) (5.13.15)

is non-vanishing everywhere.

We shall now derive the fundamental integral equation for the exit function.
We symmetrize the problem by putting two sources of light with exactly the same
physical properties one on each side of the slab. Both the sources send parallel beams
of radiation into the slab in the direction (110, ¢o). This follows from the symmetry
property: the angular distributions of the outgoing radiation are the same at the top
and at the bottom for any optical thickness of the atmosphere. This can be written
as the sum for diffuse light:

R(,U,, M07¢_¢0)+T(/~'L7 M07¢_¢0)~ (51316)

The unscattered directly transmitted component of light is 7w exp(—t/up). Let us
add a thin layer of optical thickness At which has similar physical properties. At
is so small that only its direct transmission and single scattering are important.
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Direct transmission through At in the direction (i, ¢) with the attenuation factor
exp(—At/n) to the first order, single scattering gives (see Chandrasekhar (1960))

w AT 1 1
TP —uno+ (1= 1) (1 = i) cos(d — o)
L0
w AT
= 4—Pr(u, 1o, § — do) (5.13.17)
IO
and
w AT 2. L 1
4—P[MM0 + (1= pu)2(1 — po)2 cos(¢p — ¢o)
i
w AT
MO

Hovenier (1978) gives the exit function as
w
4
@
+ T [1 —exp(—1/p — t/10)] Pr(tt. o, ¢ — o)
1 2 E _ —sE o
+g/ ds/ g™ (.8, ¢ —¢o) —sEGs, 1, ¢ — ¢)
4 0 0

W2 —s2

E(1, pto, ¢ — ¢0) = — [exp(—7/pu0) — exp(—t40)] P (1, po, ¢ — o)

x [Pi(s. o, ¢ — do) — Pr(s. po. ¢" — o) exp(—7/p0)]
1 2
+ o / 1 / d(#[Pt(u, £¢ — @) — exp(—/i) Prlyis 1,6 — ¢
T 0 0
w 1 2
+—/ dsf de¢ WE(w,s, ¢ — @)
T Jo 0

_SE(Sv I’Lv(p _¢/)PF(S7I7¢_¢//)}

moE(t, o, ¢” — ¢o) — tE (o, t, ¢" — ¢o)
X 3 2 .
My —

(5.13.19)

This is the general fundamental integral equation for the exit function. This equation
contains the same information as those derived from the principle of invariance of
Ambarzumian and of Chandrasekhar (1960). For further developments of the exit
function, see Hovenier (1978, 1980).

Nikoghossian (1997) tried to connect the Rybicki quadratic integrals (Rybicki
1977) with the principle of invariance. Ivanov (1978) generalized Rybicki’s results
in a plane parallel medium which scatters monochromatic radiation isotropically.
The concept of two-point bilinear integrals was introduced to connect two different
radiation fields. It is argued that the majority of non-linear equations in trans-
fer theory are connected through the principle of invariance. Hubeny (1987a,b)
provided some physical understanding of the quadratic nature of the theory. The



Exercises

quadratic Q-relation is understood to have a relationship with the principle of invari-
ance. Nikoghossian (1997) supplied general rigorous mathematical derivations of
quadratic and bilinear relations on the basis of the principle of invariance. Kirkorian
and Nikoghossian (1996) applied the variational principle and showed that a strong
connection exists among the conservation laws, the invariance principle and the
quadratic relations. Nikoghossian (1984) computed the mean number of scatterings
using the principle of invariance in a medium with internal sources.

Exercises
5.1 Using the principle of invariance show that 7 (0, u) = J(0)H (u).
5.2 Derive the Hopf—Bronstein relation from the principle of invariance.

5.3 Derive the integral equations for S (in a plane parallel semi-infinite medium) with
the phase function p(cos ®) = %(1 + cos? ©).

5.4 Assuming that
1

Pn =/ X () ()" dp,
0

1
n :/0 Y)W (" du,

prove the following:

1 "y
@ [ AR X Gox ) - oy 6] du
0 Mtu

=1—1[(1—=po)X () +qo¥ (w1,

1 Ny
o [ AR D Gox ) - XY 6] du
0 M-I

= exp(—11/n) + [qoX (1) — (1 — po)Y ()],

1 /2\1_, /
(©) / Mi(u,) [X()X ) =YY W)]du = p1X(w) —q1Y (w)
0o MHF+p

= pu A+ [ = po)X () + po¥ ()]
and
1 M/Z\II(M/) , , ,
@ [ =——=[reXxu) - X@Yu)]du
0 K—H
=q1 X () = pr1Y(p) — pexp(=t1/p) + plgoX (1) + (1 = po)Y (w)].
5.5 Derive the exit function for a homogeneous semi-infinite medium.

5.6 Consider the incidence of a narrow beam of radiation, instead of a parallel beam, on
a plane parallel slab (search light problem of a slab) and derive expressions for the
diffuse reflection and transmission functions.
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Chapter 6

Discrete space theory

6.1 Introduction

We have studied homogeneous, plane parallel scattering atmospheres in chapter 5,
using the principles of invariance in semi-infinite and finite media. These problems
are solvable by the standard techniques of differential equations and expressible
in standard functions. The X- and Y-functions of Chandrasekhar are solutions of
certain integral equations. These cannot be used in a non-homogeneous media
unless one sacrifices the physical characteristics of the medium. These solutions
have been tabulated and it is difficult to use them in practical problems. One has
to make serious physical approximations or resort to a numerical approximation.
The principles of invariance are essentially the statement of the conservation of
energy. Conservation of energy in a finite region can be expressed by what is
called the ‘interaction principle’. In the limit of vanishing thickness of the medium
these principles lead to the integro-differential equations of radiative transfer. The
principle of interaction (see Redheffer (1962), Preisendorfer (1965), Grant and Hunt
(1969b)) generalizes the invariance principles particularly in a finite medium. The
basic idea of the interaction principle is to specify the radiation field in terms of the
transmitted and reflected radiation at any given point in the medium.

Carlson (1963) and Lathrop and Carlson (1967) used a numerical version of
the discrete ordinate technique in neutron reactor calculations. By integrating the
radiative transfer equation over a finite volume in space coordinates and using
the mean value theorem for integrals, we can develop difference equations that
conserve flux. These difference equations are of quite general use in non-uniform
media and curvilinear coordinate systems. This system of equations is solved by
iterative methods. As these equations are the expression of the conservation of flux,
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6.2 The rod model

invariance principles can be expected to be deduced from them. One needs to study
the errors and stability factors of any system of equations. Carlson’s S, methods
did not have a well studied error and stability analysis. This can be overcome by
rewriting equations in what is called ‘invariant S,,” form. In this way, one can test
the stability and estimate the errors due to truncation and round-off of the terms.

The reflection and transmission operators can be expressed in the form of ma-
trices. The matrix structure allows us to perform the desired analysis and to obtain
an explicit solution which essentially expresses the results in terms of the Green’s
function of the transport operator which is related to the probability of quantum exit
as defined and exploited by Ueno (1965) (see also chapter 9). The matrix structure
is the discrete equivalent of the equation of Rybicki and Usher (1966) and converges
to it when we pass the limit of infinitesimally thin segments.

6.2 The rod model

In this, we develop a simple method of solving a one-dimensional monochromatic
problem (see Wing (1962), Sobolev (1963) and Grant (1968a)). We shall describe
this below (see figure 6.1).

We assume that all quantities depend on the length / in a steady state. The optical
depth is defined as

l
r=1() = / ol dl 6.2.1)
0
or
(L) =T. 6.2.2)

We also assume monochromatic radiation and a source which will be increasing in
the direction of 7. A fraction p(t) of the beam is scattered in the direction of the
beam and the remaining fraction 1 — p(t) of the beam is scattered in the opposite
direction and we set @ () as the albedo for single scattering. If 77 (t) and 1~ (7)
are the intensities in the increasing and decreasing directions of t, then

41t =st, (6.2.3)
dt
dl— _ _
_ LI =5, (6.2.4)
dt
I+(’L' ) —— Figure 6.1 The rod model.
0 T ——= =T
| |
I 1
0 l : =L
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where the source functions S* and S~ are given by

STy =BT(m) + (@) [pIT (1) + (1= p)I ()] (6.2.5)
and

ST() =B () + @@ [ - pNIT()+ p@®I (1)) (6.2.6)

We need to specify the boundary conditions at T = 0 and v = 7. These can be as
follows:

I70) =1, 6.2.7)
and
I~(T) = I,. (6.2.8)

There are two aspects of the radiation field: one is the diffusely scattered radiation
field and the other is due to the incident radiation; the intensities I and I~ refer to
the total radiation field. The total source functions S; and S, are written as

ST() =87 (1) + @ () {p(r)]1 exp(—1) + (1 — p(r)) L exp[—(T — )]}
(6.2.9)

and

S; (@) =8, () +@ (@) {(1 — p(x) 1 exp(—7) + p(r) L exp[—(T — )]},

(6.2.10)
and solutions (6.2.3) and (6.2.4) can be written as

It (t) = I exp(—71) + /OT exp[—(r — )]ST (1) dt (6.2.11)
and

I7(t) = Lexp[—(T — )] + /Ot exp[—(r — 7)]S~ (1) dr. (6.2.12)

If the quantities S* and S~ are known, I and I~ are calculated using the quadra-
tures.

63  The interaction principle for the rod

Consider a rod with boundaries at 1 and 2 (see figure 6.2). Intensities / 1+ and 1,
are incident at points 1 and 2 while intensities /;” and 12+ are emergent at the
points 1 and 2 respectively. We shall write the emergent intensities in terms of
the incident intensities. The emergent intensity 12+ at point 2 is the combination
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of the transmitted intensity 3,/ f“ and the reflected intensity ré /212_ , together with
the sources 2;/2 generated within the rod between points 1 and 2. The emergent
intensity /™ is the combination of the reflected intensity r3,5/ 1+ and the transmitted

intensity 7 /2 I, , together with the sources generated within the rod between points
1 and 2. Thus

LI =npll + ryly + 2;/2 (6.3.1)
and
IV =rpli + 6,0 + 55, (6.3.2)

where the subscript 3/2 refers to the averages of the quantities subscripted between
points 1 and 2 of the rod where the flux is measured and the ¢s and rs are the
transmission and reflection coefficients. Equations (6.3.1) and (6.3.2) are termed
the interaction principle for the rod.

We define the cell matrix as

B2 Ty, 2, 1) r(1,2)
Ssj2 = = = 5(1,2). 6.3.3
2 ( st ) ( r@, 1) 1(1,2) (1.2 (©33)

In terms of the cell matrix, equations (6.3.1) and (6.3.2) are written as

A It =5
( 2 )=S3/2< b )+< 3/2). (6.3.4)
I, I, Z3/2

The transmission (#) and reflection (r) coefficients are the ordinary numbers less
than unity in the rod model. They will be matrix operators in the case of beams
of radiation in higher geometries. Therefore one should be careful about the order
of products. We shall interpret the operators ¢ and r in connection with equations
(6.2.3) and (6.2.4).

Let us now examine

P, dr+
=1 o
im (2 " Jant=| 4T (6.3.5)
At=0\ I — 1 dl
dt
It x+
= lim {(AD)'S—ElIl ' )+ @an™! Y (6.3.6)
AT—0 I, P
I+ = ) t_ I+ - Figure 6.2 Interaction
1 1 32 2 2 principle for the rod.
| |
I 1
I > I
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where E is the unit matrix. Let us write that
ST =BTATt+ O(AT), ¥~ =B A1+ O(A71)

and

S_E— (1 —-—op)At  —w(l —p)AT
N\ —m( - p)At (1 —wp)At

Equation (6.3.4) tends (in the limit) to

art + + 14 g+
—— =1 + [pl;y + (1 — p)I; |+ BY,
dl™ - + - -
—— =5 +o [(1=p)If +ply |+ B".

) + 0(AT).

6.3.7)

(6.3.8)

(6.3.9)

(6.3.10)

It appears that equations (6.2.3) and (6.2.4) are consistent with equations (6.3.9)
and (6.3.10) in the limit At — 0. This will be true if and only if at each point of the

rod we have

11 =1—(1—wp)At + O(AD),
rr'=wo(l— p)At + O(A7),
Tt = BTAx + 0(A7),

Y7 =B Ax+ O(A7)

as At — 0.

64  Multiple rods: star products

(6.3.11)
(6.3.12)
(6.3.13)
(6.3.14)

If we know the transmission and reflection properties, we can construct cell matrices
in a given segment. This will give us the full description of the radiation field with
prescribed boundary conditions. If we have two such cells and place them one after
another as shown in figure 6.3, we would like to know the reflection and transmission

+ +
I\I 1\2
l T
1 2
- 1; - ]2— -

Figure 6.3 Composite rod.
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properties of this composite cell. For the two cells, we can write from the interaction
principle by using equation (6.3.4)

A It
2 1
-1 =501,2) o+ 2(1L,2) (6.4.1)
Iy I
and
I L
3 2
> ] =82,3) ~ ]+ 2(2,3). (6.4.2)
5 I8
The emergent intensities for the composite cell are written as
I I
3 1
) =SM3) L ) +EA3), (6.4.3)
Iy 8
where S(1, 3) is given by what is called by Redheffer (1962) the ‘star product’
S(1,3) = 8(1,2) « S(2, 3) (6.4.4)
and
2(1,3)=2(,2) % X(2,3). (6.4.5)

The quantities S(1, 3) and X (1, 3) consist of the transmission and reflection factors
of the two cells. These are given by

G D) r(1,3)
S(1,3) = ( rG.D) 1(1.3) >, (6.4.6)

where
13, 1) =1(3,2)[1 —r(1,2r(3,2)] 7' 12, 1), (6.4.7)
rG. D) =r2, D +1(1,2r3, 2 [1 —r(1,2rG3, 217 12, 1), (6.4.8)
1(1,3) =1t(1,2) +[1 —r3,2)r(1,2)] 7' 12, 3), (6.4.9)

r(1,3) =r(2,3) +1t(3,2r(1,2) [1 —r(3,2r(1,2)17'1(2,3),  (6.4.10)
and the source terms are given by
G, ) =373,2) +1(3,2) [1 —r(1,2)r(3,2)]7!
x[27@2, D +r(1,227(2,3)] (6.4.11)
and
(1,3 =27 (1,2) +(1,2) [1 —r(3,2)r(1,2)]!
x[272,3)+r3. =2, D] (6.4.12)

Any number of composite rods can be added to get the radiation field for the whole
system.
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It is clear that the star operation is associative, which means that it does not
matter how we divide the rod and this division does not have any bearing on the
results. More of this aspect will be seen later. All the previous analysis is applicable
to situations of higher dimensions. We need to divide the region of interest into a
one-parameter set of cells.

6.5  The interaction principle for a slab

In this section we shall study the interaction principle in a slab following closely
Grant and Hunt (1969a,b). Dividing the space into several cells, each immediately
adjacent to the next one, is called by Preisendorfer (1965) ‘the quotient space
decomposition’. This kind of division holds true for other geometries, specially
spherical symmetry. In the case of a slab, the radiation field depends on a single
space coordinate x (or the optical depth) and the angle i = cos @ (see chapter 1).
Therefore at any X, we can write the intensities /*(X, ) and I~ (X, 1), where as
usual, u is the cosine of the angle made by the common normal to the stratification
in the direction in which X increases (see figure 6.4). The intensities /7 (X) and
1~ (X) are written as

Input radiation at X Output radiation at X
+ _
1(X) 1(X)
X
Internal
_ T 7 TEY)
, o5
Cos M \L \
X (Y.X)
sources
Y
X increasing — +
1(Y) 1(Y)
Input radiation at Y Output radiation at Y

Figure 6.4 The interaction principle for a slab.
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I"X)=1(X,+p): 0<p<lia<X<bh, say, 65.0
I (X)=IX,—pn): O<pu<1l;a <X <bh, say, o

where I (X, ) is the specific intensity in the direction of u, while I (X, —u) is the
specific intensity in the opposite direction. We select a finite set of angles u; <
M2 < p3 < -0 < Wj < --- < wp < 1, and write the intensities as vectors in
m-dimensional Euclidean space:

I(X, 1) I(X, —p1)
I7(X) = : , I~ (X)= : . (6.5.2)
I(X, ) I(X, —m)

Let us consider a layer bounded by X and Y (see figure 6.4). We let the intensities
IT(X) and 1= (Y) be incident on this layer and the intensities I~ (X) and /7 (Y)
emerge from the layer. The emergent intensity /7 (Y) is the combination of the
transmitted intensity /7 (X), the reflected intensity /™~ (Y) and the sources 7 (X).
Similarly the emergent intensity /™~ (X) is the combination of the reflected intensity
I (X), the transmitted intensity I~ (Y) and the sources £~ (Y, X) in the layer. This
is the principle of conservation of radiant energy, which can be written as

ITY) =1V, X)IT(X)+r(X, V) (Y)+ =T (Y, X) (6.5.3)
and
I X)=r,XDIT(X)+t(X, V)" (Y)+ X (X,Y), (6.5.4)

where s and rs are the diffuse transmission and diffuse reflection operators respec-
tively. Caution must be exercised in writing the order of these operators (which
are assumed linear) as the product of two matrices is non-commutative. Equations
(6.5.3) and (6.5.4) constitute what is called the principle of interaction. Notice the
similarity between equations (6.5.3) and (6.5.4) and the principle of invariance for a
finite medium given in chapter 5.

Equations (6.5.3) and (6.5.4) are similar to those of Redheffer (1962) except
for the source terms ¥+ and £~ added by Grant and Hunt (1969a). This is an
important addition particularly in the context of stellar and planetary atmospheres,
planetary nebulae and other similar objects. Redheffer’s (1962) work refers to the
transmission line theory. Preisendorfer (1965) explains this principle in greater
detail. The interaction principle is similar to van de Hulst’s work (1965).

Equations (6.5.3) and (6.5.4) can be written as

@\ _ I"(X)
( -0 ) = S(X, Y)( () >+2(x,y), (6.5.5)

where S(X, Y) is called the S-matrix.
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The operators ¢s and rs can be easily understood. For example the operator
r(X, Y) can be understood as

1
r(X, VI~ (Y)= [/ r(X, )Y, =) I, —phdp' s 0<p<1¢.
0
(6.5.6)
The discrete ordinate analogue of r (X, Y) is a matrix:

and this is multiplied by /= (Y) on its right, where 7/~ (Y) is defined as in equation
(6.5.2).

The interaction principle as stated above is extremely general as we have not
included any restrictions (of physical type). The diffuse reflection and transmission
operators and the source terms express the physical characteristics of any type of
medium which we choose to study. Any inhomogeneities can be introduced into
the medium. As the physical properties are specified point by point, we need to
connect these with the global properties of the medium. That is to say that we need
to derive the global radiation field from the local radiation field through the diffuse
transmission and reflection operators.

We need to consider two problems: (1) the external response problems which
means estimation of the fluxes emerging from the layer say (XY), and (2) the
internal field of radiation which means we should be able to find the radiation field
at a point inside the medium in any given direction, that is, I*(x) and I~ (). In the
second case we need to divide the region of interest into several layers and apply the
interaction principle (6.5.3) and (6.5.4). A numerical scheme to solve this system of
simultaneous equations in the discrete ordinate approximations was given in Grant
and Hunt (1969b).

6.6  The star product for the slab

We shall consider two adjacent layers bounded by X, Y and Z. Applying the
interaction principle (6.5.5) to layers (X, Y), (¥, X) and the composite layer (X, Z),
wherea < X <Y < Z < b, we get

IY(y) \ 17(X)

( -0 ) = S(X, Y)( - ) + (X, Y), 6.6.1)
"2\ _ 1+(Y)

< - ) = S(Y, Z)( -2 ) + X(Y, Z) (6.6.2)

and



6.6 The star product for the slab

< ;T)z(; ) = S(X, Z)( fgg ) + 2(X, 2). (6.6.3)
Redheffer (1962) defined the ‘star product’ as

S(X,Z) = S(X,Y) % S(Y, Z), (6.6.4)

(X, Z)=3(X,Y) s £(Y, Z), (6.6.5)

where the S-matrix S(x, z) is written as

S(X.Z) = 1(Z,X) r(X,Z) 6.66)
TN 2 X)) (X, 2) ) -
S(Z, X
T(X.Z) = ( EEX’ z; ) 6.6.7)

The operators in the above S-matrix can be obtained by eliminating I™(Y) and
17 (Y) from equations (6.6.2) and (6.6.3) and these are given by

1(Z,X) =t(Z,Y)[E — r(X,Y)r(Z, V)] t(¥, X), (6.6.8)
1(X,Z) =t(X,Y)[E —r(Z, Y)r(X, )] 1(¥, Z), (6.6.9)
r(X,Z) =r(Y,Z)+t(Z,Y)[E — r(X, Y)r(Z, )]~ r(X, V)1 (Y, Z),
(6.6.10)
HZ,X)=rY,X)+t(X,Y)[E —r(Z,V)r(X, )]~ r(Z, V)Y, X),
6.6.11)

where E is the identity matrix. The source terms are given by

2NZ, X) =T Z,Y)+1(Z,Y)[E —r(X,Y)r(Z,Y)]!

x [rX,. V)7, 2)+ =H (Y, X)] (6.6.12)
SHX, ) =S (X, V) +t(X,Y)[E —r(Z, Y)r(X,Y)]!
x [F(Z,VEHY, X)+ =7, 2)]. (6.6.13)

The above transmission and reflection operators and the source vectors exist when-
ever the inverses [E — r (X, Y)r(Z, Y)]_1 and [E — r(Z, Y)r(X, Y)]_1 exist.

A revealing physical interpretation can be given of the operators in equa-
tions (6.6.8)—(6.6.11). For example, if we expand 7(Z, X) in the form

HZ, X) =) t(Z,X), (6.6.14)
k=0

where
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twW(Z,X) =t(Z,Y)[r(X, V)r(Z, V)IFt (Y, X). (6.6.15)

From equation (6.6.3) we notice that #(Z, X) acts on I (X) to give rise I T (Z). We
consider different orders of scattering using equation (6.6.14). By letting k = 0 we
get the zeroth order of scattering

1(Z,X) =to(Z, X) = t(Z, V)t (Y, X), (6.6.16)

that is the operator ¢(Z, X) results from the transmission from layer X to layer Y
which is #(Y, X) and that from layer Y to layer Z or #(Z,Y) only. If k = 1, first
order scattering occurs:

1
HZ.X)= ) t(Z.X)
0
=1(Z, 1Y, X) +1(Z, V)r (X, Y)r(Z, V)t (¥, X). (6.6.17)

The meaning of equation (6.6.17) is as follows: the first order scattering consists
of diffusely transmitted radiation through the first term on the RHS and diffusely
reflected radiation of the transmitted radiation through the second term on the RHS.
If we put k = 2 we obtain the second order scattering:

HZ,X)=t(Z, Y, X)+1(Z, V)r (X, Y)r (Z, )i (Y,X) +1(Z,Y)
x [r(X, Y)r(Z, V) t(Y, X). (6.6.18)

The three terms on the RHS have the following physical meanings:

the first term is the diffusely transmitted radiation;

the second term is the once diffusely reflected radiation of the diffusely
transmitted radiation of the first term;

the third term is the twice diffusely reflected radiation of the diffusely
transmitted radiation of the first term or once diffusely reflected radiation in
the radiation of the second term.

Similar expansions of equation (6.6.15) for k = 3,4, ..., co gives different or-
ders of scattering of diffuse radiation. This gives us the infinitely transmitted
and reflected radiation or the multiple scattering of radiation. Therefore the op-
erators in equations (6.6.8)—(6.6.11) represent the diffuse radiation field provided
[E—r(X,Y)r(Z, Y)]_1 and [E —r(Z,Y)r(X, Y)]_1 exist. These operators are
easy to compute. The equivalents of these operators are the integral equations for
S and T of chapter 5, whose kernels are too difficult to compute. Here one needs
only the usual matrix operations and a simple matrix inversion gives the diffuse
radiation field.



6.7 Emergent radiation

If we have two layers L and M and S(L) and S(M) are the S-matrices of these
two layers, then

S(L * M) = S(L) * S(M). (6.6.19)

L x M signifies the fact that the two layers L and M are placed side by side with M
to the right. If L and M are inhomogeneous, then

L+M#MxL. (6.6.20)

In general star multiplication is non-commutative. If we have three layers L, M and
N side by side, then we have

S[Lx(M%xN)]=S[(L*xM)=xN]. (6.6.21)

Star multiplication is associative. If S(Z) represents a layer of zero thickness, then

E 0
S(Z) = ( 0 E ) (6.6.22)
and we have
S(Z)*S(L)y=S(L)*S(Z) =S(LxZ)=S(L). (6.6.23)

We can construct the star product series for any number of layers. If the system is
homogeneous, relation (6.6.4) for the layers L and M can be written as

S(L+M)=S(L)*SM)=SM)*S(L), (6.6.24)
as the order of the layers cannot affect the result. If
lim S(M) = S(oc0) (6.6.25)
M— 00
exists, then equation (6.6.24) becomes
S(00) = S(L) * S(00) = S(o0) * S(L). (6.6.26)

This is nothing but the principle of invariance of Ambarzumian (1943). Van de Hulst
(1965) has given a fast scheme for obtaining S-operators for a thick homogeneous
medium.

67  Emergent radiation

We divide the medium into several layers, say N (we will give detailed reasons why
a medium should be so divided in later sections of this chapter) and assume that the
r and ¢ operators are known in advance. We need to find the intensities emerging
from the medium, that is, / X,L 41 and /", and the source vectors ST(N +1,1) and
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27 (1, N 4+ 1). We can find these by using the interaction principle (6.5.5). This can
be written with / 1+ and I, | as the incident intensities as

Iy L' SHN +1,1)
=S 1 7.1
( 1 SN +1D Iy + S, N+1 )’ ©.7.1

t((N+1,1) r(I,N+1) )

where

6.7.2)

S(I’N+1)=(r(N+l’l) t(I, N+1)

The quantities t (N + 1, 1), X (N +1, 1) and £~ (1, N + 1) can be computed using
relations (6.6.8)—(6.6.11) repeatedly, which is the same as saying
SA,N+1)=81,2)«52,3)*---%xS(N,N + 1). (6.7.3)

Equation (6.7.1) will give us only the emergent radiation field. If we need to know
the radiation field at any point inside the medium, we have to follow a different
algorithm.

6.8 The internal radiation field

As in the previous section, we divide the medium into N layers (with N + 1
boundaries). The interaction principle is written for any layer n inside the medium
as

L' =tn+ L) +r(n.n+ DI, +z:+1, (6.8.1)
2
- _ + — —_
Ly =r(n+1,mI +tn,n+ DI, +Zn+%, (6.8.2)
wheren = 1,2, 3, ..., N. We shall solve these equations with the boundary incident

intensities I]Jr and Iy, atn = 1 and N + 1 respectively. Our aim is to obtain the
internal intensities I, and 1, at the boundary of each layer and / , and I,J\; 4 at
the boundary of the medium. We follow the procedure outlined in Grant and Hunt
(1968) and Grant (1968a).

The system of equations (6.8.1) and (6.8.2) can be written for n = 1 as

LI =t DI +r(1,21; + %7,
: (6.8.3)
Iy =r@, DI +1(1,2)1; + 373,
2
forn =2 as
LF=tG.2L +r2,3)1; + =7
: (6.8.4)
L =r(3, 2 +1(2,3)I; + %5
2
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and so on for n = 3,4, ..., N. This system of equations forn = 1,..., N will
be solved to obtain the internal radiation field. Equations (6.8.3) and (6.8.4) can be
written as

+ + - +

Un+% =Tn+1, n)Un_% + R, n + 1)Un+% + En+%, (6.8.5)
— _ + — —

Un+% =R +1, n)Un_% +T(n,n+ 1)Un+% + En+%, (6.8.6)

(6.8.7)
0 0

0 E 0 E
T(n—l—l,n):(o t(n+1,n)>’ T(n,n+1)=<0 t(n,n—i—l))’
0 r(n—l—l,n))

R(n+1,n)=( , R(n,n+l)=<0 0 )

0 r(n,n+1)

and the subscript n + % indicates the average of the subscripted quantity over the
layers n and n + 1.

Equations (6.8.5) and (6.8.6) together with the equations (6.8.1) and (6.8.2) give
us

_An+%Un_%+Un+%—Bn+%Un+%=):n+%, (6.8.8)
where
Tn+1,n) O 0 R(n,n+1)
A 1 = 5 B 1 = )
n+s Rn+1,n) O nts; 0 Tn,n+1)
and
2:+1 U:+1
— 2 — 2
2n+% = =, | Un+% =| v .k (6.8.9)
n+s n+s

We need to specify the boundary conditions for equation (6.8.8) for n = 1 and
n = N since U 1 and Uy, 3 are undefined. We couple the output elements U Ir and
UN+%
U and Ut
! N+

2
or [ 1+ and Iy . These will be the only non-zero elements of U FandU_ ,;
2 N+3

5 are irrelevant.
2
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Equation (6.8.8) can be solved by the method of Gaussian elimination or fac-
torization of the block matrix equation (see Isaacson and Keller (1966)). For n =
Y
N,N—1,...,1 andUN+% = [O UN+%] , we have
UnJr% =Cn+%+Vn+%. (6.8.10)

Substituting this in equation (6.8.8) by letting n be replaced by n — 1 gives

A, 1[G iU+ Y, ]+ -B U =5, 681
Solving for U, , 1, we get
-1 —1
UnJrj [E A 1Cn7%:| BnJr%U %+|:E An+%Cn7%]
x[Zp1 + A0V, ] (6.8.12)

Comparing the terms in equations (6.8.10) and (6.8.11), we can write, if we set
C % =0,

—1

Dn7%=[E A,iC, ] . n=1,2,...,N, (6.8.13)
then

Cpy =D, 1B,y n=12. N (6.8.14)
If we let

Ut

Fn+%=Dn+%An+%’ andVé=U£:< 07 ), (6815)

then

Vo1 =F, 1V, 14D, 1%, 1 n=12.. N (6.8.16)

The block 2 x 2 matrices C, D and F are

0 R(1,n+1) Tn+1,n) 0
C 1= A , F 1=1|n=x
3 7 \0 T,n+1) n+s3 R +1,n) 0

(6.8.17)
E R |
D .. n+
e 0 Tn+%
The components of C, _ 1 are
0 r(I,m)i(n,n+1)
R(1, = ;
(Ln+1) (0 r(1n+ 1) )
(6.8.18)
0 E
T 1) = ,
(n,n+ 1) (o t(n,n+1)>



6.8 The internal radiation field

the component of D, 1 are

R GRS T Beo 6.8.19
T W R,.1 S B W T, (6.8.19)

and the component of F, | are

R(n+1,n) = 0 0 T+ 1,n) = 0 T”/+%
: 0 fn+1,n) ) ’ 0 in+1,n )
(6.8.20)

These quantities are given as follows. The elements of the matrices in equa-
tions (6.8.18)—(6.8.20) will satisfy the following recurrence relations. For n =
1,2,...,n,

r(1,1) =0, (6.8.21)
Ty =1E—r(n+Lordm] ™, (6.8.22)
R,H_% =t(n+1,n)rd, n)TnJr%, (6.8.23)
r(l,n+1) =r(n,n+1)Rn+%t(n,n+1), (6.8.24)
or
ril,n+ 1) =r(n,n+ 1) +tn+1,n)r(l,n)[E—r(n+1,n)r(, n)]_1
xt(n,n+1), (6.8.25)
fn,n+1) = T, 1t(n,n+1), (6.8.26)
2
T =[E—r(Lmrn+1,m]™", (6.8.27)
n+§
tm+1,n)=tn+1,m)T |, (6.8.28)
n+§
Fn+1,n)=r(n+1,m)T . (6.8.29)
n+7
We have
1% V:+% V+ V:+% V™ 0
1= — s = s = - .
n+3 ol n+i VL% n+i Vn+%
(6.8.30)

With the initial condition V| = ]1+ , We can write
2

+ _7 + + -

vn+% =t(n+1, n)Vn_% + [En+% + Rn+%2n+%}’ (6.8.31)
— _ JF —

Vn+% =r(n+1, ”)Vn,% + Tn+% 2”+1 (6.8.32)

2
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forn=1,2,...,N successively Similarly from equation (6.8.10), we can have for
the output intensities 1T a1 I ofU 1 with the initial conditions IIQH
I'y=r(ln+ DI + V,f;y (6.8.33)
17 =in,n+1)I R V (6.8.34)
forn =N,N — 1, ..., 1. Furthermore,
Vni% = Tn+%Vntl FrmT, 1B (6.8.35)
=r(l,n+ Din,n+ DI + V+ . (6.8.36)

The results presented here can be applied in plane parallel or spherically symmetric
geometries. The quantity r(1, n) is the diffuse reflection matrix for the compound
layer 1 to layer n. From equations (6.8.33) and (6.8.34), if we set 1 =0, E+ =

I\J\

E_Jrl = 0 for all n, then the V's vanish and we get

nra

Ly =r(n+ I, (6.8.37)

and

I- =1t(n, n+ 11"

n

= n+%t(n,n+1)1;+l. (6.8.38)

The quantity 7, 1 can be interpreted as the transmission from multiple reflections
2

from layer 1 to layer n across the interface [n, n + 1]. For example, in the case of

the rod we have

Tn+% =[—rn+1Lnrd,n "= Z[r(n +1,m)r1, n))f

=14rn+1,m)yr(,n)+rn+ 1, n)r(l,n)r(n+1,n)r(1,n) +---

(see equations (6.6.14) and (6.6.15) and the following discussion on the several
orders of scattering). As the operators act on vectors to the right, each term in the
expansion of 7(n, n 4 1) such as

rin+1,myr(l,n)---rn+ 1, n)r(,n)t(n,n + 1)

gives the transmission from the (n + 1)th boundary to the nth boundary followed by
a sequence of reflections as shown in figure 6.5. The other operators in equations
(6.8.33) and (6.8.34) can be interpreted similarly. We can thus find the internal
radiation field through equations (6.8.33)—(6.8.36).



6.9 Reflecting surface

69  Reflecting surface

If the surface at N + 1 is a reflecting surface, such as a planetary atmosphere, the
above procedure can be modified slightly. One can write

Iy =rrly.,,. (6.9.1)

where rg is the reflection operator which can be defined as required. Substituting
this into equation (6.8.33) and setting n = N, we obtain

Ijp1 =[E=r(LN +Drel "'V (6.9.2)
Iy =f{(N,N + Drg [E —r(1, N + Drg] ™! v;+%. (6.9.3)

The remaining intensities can be computed from relations (6.8.33) and (6.8.34).

‘We need now to construct the cell matrices Ss or the sources 2s. For this we need
to focus our attention on a particular problem of radiative transfer. In the following
sections we shall concentrate on the procedure for deriving the r and ¢ matrices
or the S-matrices. In section 6.11 we will derive the condition of non-negativity,
stability, existence, uniqueness problems and conservation of radiant flux in a purely
scattering medium.

6.10 Monochromatic equation of transfer

We assume monochromatic radiation and an isotropic phase function (axisymmet-
ric)
Pt pu, )y =P(t;—p,—p') (I=sp<li—l<p <1, (6.10.1)

which can be normalized to

n+l

Figure 6.5 Diffuse reflection due to multiple reflections and transmissions. If we let
R=r(,n), r=r(n+1,n), t =t(n + 1,n), then f(n, n + 1) will be equal to

t+ (rR)t + (rR)zt + - - -. The net effect is multiple reflection and transmission from
the layer bounded by n and n + 1.
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164 6 Discrete space theory

1 1
E/ P(t;p, Wydu =1. (6.10.2)
-1

In this case the transfer equation can be written as (see chapter 2)

1
MW + ) = [1— o (0] BX ()
T
1 1
+ 3o @ f PG (@i (6103)
dl(t, — _
—u% It —p) = [1 — ()] B~ (1)

1 ! / / !/
+ Ew(r)/l Pt —p, w)I(z, pw)du,
(6.10.4)

where 0 < < 1 and the Bs are source terms. As we saw earlier, the integrals can
be replaced by quadratures, for example,

m

b
f Fuydu' =" ¢ f(u) + em. (6.10.5)

J=1

where e, denotes the error which tends to zero for sufficiently large m. Gaussian
quadratures are most useful in this regard and can be written as

0 <|wil <lmal <lpsl < <luml <1, (6.10.6)

with the associated weights ¢;s positive (¢c; > 0, j = 1,...,m). The limits of the
integral in equation (6.10.5) are taken to be —1 to 1, in which case the ;s will be
the zeros of the Legendre polynomial Py, (it). However, as suggested by J. B. Sykes
in 1951, it is convenient to split this interval into two halves and use the us and cs
corresponding to the interval [0,1]. In this case the us are zeros of P, (2u — 1) in
[0,1] and p; > O and p—; = —pu;. In the light of the above arguments, the phase
function in equations (6.10.3) and (6.10.4) can be written in the discrete mode

P(ts iy 1) = P (1) = P(; =i, =) = P,

P(ti pis =) = Pij = (1) = P(vs —pis ) = P Ty O <y <pyj < 1.

(6.10.7)
The normalization condition (6.10.2) becomes in discrete form
1 & 1 &
3 (BT B =5 ) (BT PG =1, (6.108)
i=1 j=1

where



6.10 Monochromatic equation of transfer

P++ P(+pj, +upj) ete. (6.10.9)

We shall write the discrete equation for the slab following Carlson (1963) and
Lathrop and Carlson (1967). We define the ‘cell’ of discretization on the mesh as

['L'n, Tn+1] [Mj7%7 Mj+%i|’ (61010)
over T and pu and
J
Wil = ch, (6.10.11)
k=1
or
Cj ZMH—% _Mj—%' (6.10.12)

Equation (6.10.3) can be integrated over this ‘cell’ (6.10.10) and can be written as

wi(Lnt1,j — In,j)
J\n J n,J +
Tnt+l — Tn

oy 2 [Pt el i+ P el ) (6.10.13)
k

_ +
In+% =1~ wn+%)Bn+1

where c; is defined as in equation (6.10.12), which is also the quadrature weight,
and In+17j and In+l,—j are the mean values over [7,, 7,41]. For example,

Tn+1
[ dr/ o dp I (T, W)/ (Tht1 — T)cj (6.10.14)
-5
and
Mol
In.j =/ Sl (T, /e (6.10.15)
M1
2
The quantities P;i ™" etc., are given by
+ P ik CkIn-Q—%,k

Tnt1 o1 M p NI /
=/ dt/ "+2du/ K+l (T, 1) (r,u)w(r)' 6.10.16)
T

Tyl — Tn)Cj
Mj*% k% (n+ n)(]

Therefore the two equations (6.10.3) and (6.10.4) can be written for m angles in the
discrete form:

M (LF

n+1_IrJlr)+r

+ +
I _rn+%{(l_wn+%)Bn+%

1 ++ o1t -
+ 5P [P Lo+ +2CIn ,” (6.10.17)
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and

=T, {(1 — o, )8,

2

1
- + -~ CI”
MM [ +2CIn+2 L +2CIn+'”‘ (6.10.18)

Here the intensities are vectors defined as

I (T 1) I(ty; —p1)
I = : I = : . (6.10.19)

n . ’ n

I(Ty; m) I(Tn; —1m)
Furthermore,

M= [,uijk], C= [chjk], j=k=m, Tyl = Tnkl = T (6.10.20)
Equations (6.10.17) and (6.10.18) express the conservation of energy over a cell
(n, n+ 1) in terms of the intensities I,T and I;f 11 and the mean values I’ir .- We need

2

to express these mean values in terms of I and I:H and similarly I_Jrl . We will
nt L
2

make the simple linear assumption:
+
n+§ = E=X, Pl +X, IIn+1’

Ly =X, 0l + =X, L

(6.10.21)
n+1°

where X 1 are diagonal m x m matrices. For reasons of stability (Grant 1968b) we
need to choose

1 +
EE < Xn+% <E. (6.10.22)
The matrix inequality stated above means that if the matrices A and B follow the
relationship A < B, then all the elements a;; and b;; of A and B will follow the
relationship a;; < b;; forall i and j.

The best choice in this case (Grant 1968b) is

1
— _E. (6.10.23)

Therefore, the average values I:Jrl and I | can be written, using equations
2
(6.10.23) and (6.10.21), as

I, = (I+ +1 (6.10.24)

n—H)

L= (1 +I ). (6.10.25)



6.10 Monochromatic equation of transfer

Substituting equations (6.10.24) and (6.10.25) in equations (6.10.17) and (6.10.18)

we get
A1 By '\ (A B L
Ci Dy I C, Dy I;+1

+
1
(o) [ 4277 | @020
n+%
where
A=M++ E-Qf 6.10.27
1= 2tn+%( }’l+%)’ ( M M )
1
— +—
Bi=—3 n+%Qn+%, (6.10.28)
1
— -+
Ci = _ETH%QH%’ (6.10.29)
1 __
D, :M+§tn+%(E—Qn+%), (6.10.30)
1
— ++
Ay =M-— Ef,,Jr%(E—QH%), (6.10.31)
1 i
By =37,.1Q, e (6.10.32)
1
— -+
C=37,,1Q, MY (6.10.33)
1 __
Dy =M- -7, (- Qn+%), (6.10.34)
1
++ _ 1 ++
Q1 =57 P LG (6.10.35)

Q*t, Q™ ", Q  are defined similarly. The subscript n + % represents the average
of the subscripted quantities. Equation (6.10.26) can be written in the form of the
interaction principle for the cell (n,n + 1) as

L ~1 B:+l
e e (l_w"+%) B,
n+s
AT Bf I

+K! z 2 A B (6.10.36)
C2 D2 In—H

where

A, B
K= . .10.37
(Cl Dl) (6.10.37)
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The interaction principle for a cell with boundaries 7 and n 4 1 is

L'\ [ te+1n) r(n+1) | g
I o rn+1,n) tn,n+1) I;—H

Stn+1,n)
+< .o ) (6.10.38)

Comparison of equations (6.10.36) and (6.10.38) gives us the cell transmission and
reflection operators t(n + 1,n), r(n + 1,n), r(n + 1,n) and r(n,n 4+ 1) and the
source vectors Xt (n + 1,n) and T~ (n, n + 1):

tn+ 1,n) =t [ATSTT 4 rtTr T, (6.10.39)
tn,n+ 1) =t [A"S™ +r Trt7], (6.10.40)
r(n+1,n) =2t7r TATM, (6.10.41)
r(n,n+1)=2tTr""A™M, (6.10.42)
+ +TA+RT +—A—R—
Sy = T (1=m,1) ¢ [A7B" +r7A7B], (6.10.43)
- “TA"B~ - r+TATRT
%y = T (1-m,1) ¢ [A7B" +r A", (6.10.44)
The different terms in the above relations are explained below:
th=[E—rtr*]", ¢ =[E-r"r]", (6.10.45)
r' - =ATST, rt=A"S"", (6.10.46)
1 —1
+ _ - _ O+t
AT = [M+ STut) (E Qn%)] , (6.10.47)
—1
A = |:M + 5T (E - Qn+%)] , (6.10.48)
++ _ ++
ST =M-2r,,) <E—Qn+%>, (6.10.49)
ST =M-_7, <E — Q;%), (6.10.50)
1
-+ _ —+
St = 2Tn+%Qn+%, (6.10.51)
1
= _ +-
$7T =3 n+%Qn+%. (6.10.52)

6.11  Non-negativity and flux conservation in cell matrices

In the previous section we have derived the transmission and reflection operators in a
given cell with boundaries n and n-+1. We have to show that these operators conserve



6.11 Non-negativity and flux conservation in cell matrices

radiant flux in a conservatively scattering medium. The analysis given here can be
found in Grant and Hunt (1969b). Let us neglect all Xs, the source vectors. We
should have all the intensities positive (/ £ > 0, or all its elements are non-negative).
When ¥ is incident on a detector it can be characterized by a set {d 1< j < m}
with non-negative weights such that

m
Zdj ISODIE (6.11.1)
j=1
or, in the sense of modified vector norm (see Collatz (1966)),
S=|1*], = |pre|,. 6.11.2)

where D is the diagonal matrix whose diagonal elements are {d /i } If we set
D =2nMec, (6.11.3)

then

m
S=|1*] =27 wic |[I* ()] (6.11.4)
j=1

is the total flux crossing the plane of stratification through the detectors in the
positive sense. The matrix norm consistent and subordinate with equation (6.11.2)
is

(pap™)

Jjk

m
A =
Al = maxy

j=1

m
mkaxj;dj |Aji|d; . (6.11.5)

We apply this to the interaction principle (6.5.5) without the source terms. From
equation (6.11.2) we can write

Ir _
() =11
n+1

(we have omitted the subscript D for simplicity), where the m-vector norms were
defined earlier. Equation (6.11.6) gives the total flux entering the slab with bound-
aries at n and n + 1 and [”Injrl H + Hln’ ”] is the total flux emerging from this set.
Using equation (6.11.5), we can write,

|, (6.11.6)
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IS, n+ DIl = max{[lt(n + 1,n) +r(n+1,n)l,
lt(n,n+1)+r(n,n+ 1)} (6.11.7)

If |[S(n,n + 1)]| < 1, then we have

Uzl + 121} < iseun+ DI + 1,5,

5, (6.11.8)

which means that the flux emerging from the slab will be less than that entering it, in
which case we say that S(n, n + 1) is strictly dissipative, as the energy is dissipated
in the slab. Furthermore, if ||S(n, n + 1)|| = 1, we have

Uzl + 12y < 851+ 1200 (6.11.9)

When the inequality holds, we say that S(n, n + 1) is dissipative and when equality
holds it is said to be conservative. When it is conservative, a necessary and sufficient
condition is that every column sum sy, s,’c, such as
m
sk=y diftn+1Ln)+r(n+Lm}d" (k=1,....,m) (6.11.10)
j=1

and

m
se=Y di{fttn+ D +rn+Dyd" (k=1,....m). (6.11.11)
j=1

should be unity.
Furthermore, if 0 < @ < 1, then the transmission and reflection operators of the
cell will have non-negative elements if (a) the cell thickness t is such that

. Mk Mk
T < min , . 6.11.12
(1 — ka",;‘”'ck 1-— wP,j,'("’ck) ( )

and (b) S(n,n + 1) cannot be anything but dissipative. Property (a) can be seen
from the quantities A™, A~ in the equations (6.10.47) and (6.10.48). The matrices
should have non-negative diagonally dominant elements and negative off-diagonal
elements. This condition also leads to relation (6.11.12). Property (b) can be proved
from the following arguments:

o T
lt(n+1,n) +r(n+ 1,0 =mfx22mjcj 1—; 8k
j=1 J
1 = _ _
27 (Pir+ i) ij| @rpurery +0(x)
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T 1 _
— max {1 - [1 — 326 (Pt + Pj,j)” +0(r). (61113

Conservation of flux on scattering gives us relation (6.10.8):
1 m
EZ;(p]Tijj;) =1, (6.11.14)
]:
which in turn gives us

l1n +1.n) +r(n+ 10| =max|:1 —a —w)i:| +0() <1,
k Mk

(6.11.15)

which proves property (b). Similarly, we can prove that ||t (n,n + 1) + r(n,n 4+ 1)||
is also < 1, therefore

[S(n,n+ DI < 1. (6.11.16)
When @ = 1, we have (the conservative case)
[S(r,n+ D=1+ O(z). (6.11.17)

The inverses that occur in the star product operators (6.6.8)—(6.6.13) should follow
the following property (see Varga (1963)). If A is an arbitrary complex m x m matrix
with spectral radius (minimum of the absolute value of the eigenvalues) p(A) less
than unity, then £ — A is non-singular and

(E—A'"=E4+A+A+. . (6.11.18)

the series on the RHS converges. One should ensure that this result is satisfied.

6.12  Solution of the spherically symmetric equation

In the previous two sections we have obtained the solution of the radiative transfer
equation in a plane parallel medium and studied some of the numerical aspects of
the solution. In this section we study a spherically symmetric atmosphere (as shown
in figure 6.6) and derive the solution of the radiative transfer equation following
Peraiah and Grant (1973).

The transfer equation in spherical symmetry is written (in divergence form) as
(see chapter 2)

Lad
2

s {Prew) v 2 {(1-02) 1) + oo
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1 1
=o(r) [l —a@)]b@r) + zw(r) / 1 p(r, w, 1) du’}, (6.12.1)

where o (r) is the absorption coefficient, b(r) are the sources inside the medium and
all other symbols have their usual meanings. The quantities o (r), @ (r), b(r) and
p(r, ., ') are generally piecewise continuous functions of their arguments, and

b(r)=20,0()=0, 0<w <1. (6.12.2)

The phase function p(r, t, n’) is normalized such that

1 1
5/ prop,wydu =1;  prop, ) =0 —1<pu, ' <1. (6.12.3)
—1

If we write
U(r, p) = 4nr?l(r, ),

} (6.12.4)
B(r) = 4nr’b(r),

the transfer equation (6.12.1) can be rewritten as

AU (r, 10
M% -2 [(1 — AU, u)] ToMUr, ) =
r rou

1 1
o(r) i[l —o ()] B(r) + EZU(V)/1 pr, p, pHI(r, u’)du/},

(6.12.5)

Figure 6.6 Schematic
diagram of the diffuse
radiation field in spherical
symmetry. A and B are the
inner and outer radii of the
spherically symmetric
atmosphere. B/A = 11is the
plane parallel case.




6.12 Solution of the spherically symmetric equation

and for the oppositely directed beam, the transfer equation (6.12.1) can then be
rewritten as

aU(r, — 10
0 [0 20w+ o ()U ) =
r rou

1 1
o(r) i[l — @ (r)]B(r) + Ew(") / 1 pQr, =, kI (r, 1) dﬂ/}-
(6.12.6)

Here p lies in the interval (0, 1). We shall employ the same ‘cell’ type integration
that we used in the previous section. This integration is done on the ‘cell’ [r,,, rnﬂ]
[/Lj_ Ny ] defined on a two-dimensional grid (which should not be confused
with X-Y geometry) (Carlson 1963, Lathrop and Carlson 1967). We have

J
Moy =Y a. j=L2....1 (6.12.7)
’ k=1

(S]]

Here the us and cs are the roots and weights of the Gauss—Legendre quadrature
formula. We define the cell boundary by writing u1 = 0, pno = —pu1. It can been
2
seen that W1 < Wj =Syt By performing integration on the u grid, we obtain
2 2

U (r) 1
2 H(i_ .2 +
Cilj g+~ {(1 ,LLJ,+%)UJ_+%(F)

_ (1 —u? 1)Uj_%(r)} +ejo (U] ()

i=3

= a(r)c,-{ [l —w@)]BT(r)

1 J
+ 5w(r)z [p++(r)jj’0j/U,~Jfr(r) +p (e Uy (r)] } (6.12.8)
j=1

where U (r) = U(r,wj), U7 () = UG, =), pT () = plr wj, o),
p_+(r)jj/ = p(r, —u;j, pujr) etc. A similar expression for equation (6.12.6) can be
obtained after integration on the p grid.
The quantities U ,, U" |, U~ , and U , are defined by the interpolation
Jt3 -3 Utz J=2
formula with some loss of accuracy:

(151 = 1y U+ (g = 1)U

t= L i=12 -1
Jt2 Mj+1 = K
(6.12.9)
We shall also set U = U by interpolation or
2 2
1

Uf=u; = 3 (U +uy). (6.12.10)

2 2
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174 6 Discrete space theory

Let us write
Ut() = [UEe), ..., UuF]" . 6.12.11)

Using the matrices (6.12.9), (6.12.10), (6.12.11) we can write equation (6.12.8) in
matrix form as

u u Figure 6.7 Angular
1.0 distribution of the run of
specific intensities from
bottom (n = 100) to the top
(n = 1)of the atmosphere in
the plane parallel case. Here
7 =10, B/A = 1.0, where
B and A are the outer and
inner radii of the
atmosphere, N = 100,
@ =1 pjp = 1for j and k
(isotropic scattering). The
initial conditions are
U =0and Uy, =1
(from Peraiah (1971), with
permission).

0.1

U
TTTTT]

0.01

0.005

|
—_

Figure 6.8 Angular
distribution of U in a
spherically symmetric
atmosphere at different
boundaries inside the
atmosphere (n = 100 to
n=1),7=10,B/A=1.5,
N =100, w = 1 (from
Peraiah (1971), with
permission). The initial
conditions are U 1+ =0and

Uyp =1

TTTT]

0.005

|
L
= o
+
b
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+
oU™(r)) n 1

ar r

1
o(r) {[1 — @ (M]BT(r) + 5@ [P (HCU*(r) +p™ (r)CU” (r)]},

M [ATUT(r) + AU ()] +o()UT(r) =

(6.12.12)
and similarly
—M@ — % [ATU (N +A U ()] +0()U (r) =
o(r) {[1 —o()]B (r)+ %W(F) [P~ ()CUT(r) +p~~ (nCU (n)] }
(6.12.13)
where C and M are the diagonal matrices given by
C =¢8], M=[njsjjr]. (6.12.14)

and BT, B~ are the source vectors similarly defined as in equation (6.12.11). The
matrices AT and A~ are J x J matrices, which we call curvature scattering matrices.
These are given by

Figure 6.9 Angular
distribution of the emergent
intensities fort =5, @ =1
isotropic scattering: (1)
B/A=20;2)B/A=15;
B3)B/A=13;4)

B/A = 1.0. The last one is
the plane parallel case. The

0.5

0.4

0.3 initial conditions are
| — U =0and Uy, | =1
o (from Peraiah (1971), with

permission).

0.2

0.1

0.0 |

-1.0 0.5 0
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_ 2 .
(1 %%XW% )

(Wjr1 — 1)

. k=j+1, j=1,2,...,J—1
(1—u2 )(M-+1—M» 1) (1—u2 )(M 1—;#-1)
j+3/\Y i+ j=3/ \Tima T
¢jAjk = (W1 = 1) (1 — mj—1) " (6.12.15)
k:j,j:l,Z,...,.]
_ 2 o
(= =)
— , k=j—1,j=23,...,J
1= Kj-1)
and
_ 1
CjAjkz —

25j,15k,1-

(6.12.16)
M[U;

Equations (6.12.12) and (6.12.13) are then integrated on the radial grid giving
n+1

- Ur—:_] + rnJr%U-’_

+
nty Tnt} |: <1 a w’”r%) Bn+' *
1 pAT
++
5 n+%p C-

2
1 pPA™
+ 2 +- _ -
n+i T,H-l)UnJr% + <2wn+%pn+é Tot f-12>Un+£:|’
2 P
(6.12.17)
M [U; - U;Jrl] + Tn+%U;+% = Tn+% |: (1 - wn-i—%) Br:+% +
1 4 PA™ n 1 __ pAT _
—w C——|U" |+ |z — U ,
(z L ) N b e A
(6.12.18)
where Ut = U™ (rn) and the variables with subscript n + % are averages over the
cell. Furthermore,
Arn+% =Tyl — I'n,
Tapl = Oy LA L (6.12.19)
o= Arn+%/rn+%’
where Tuyl

is a suitable average of r,, and r,,41 such as %(rn + rn41). The quantities
U™ | are expressed in terms of Uf and UiH using the diamond difference scheme
2
(see equations (6.10.23)—(6.10.25)) and are given by

1 1
+ + + - _ - -
Vi1 =3 U +U5). U, = 3 Uy +U,0)

(S]]

(6.12.20)



6.12 Solution of the spherically symmetric equation 177

After substituting equations (6.12.20) into equations (6.12.17) and (6.12.18) and
comparing the resulting equations with the principle of interaction

+
< U, )_ ( tn+1,n) rin,n+1) )( Ut >+ AT
Uy, r(a+1,n) t(n,n+1) Ut |
(6.12.21)

we obtain the transmission and reflection operators of the cell. These are given
in equations (6.10.39)—(6.10.52) with changes in the Qs. The Qs in spherical
symmetry are

1 pAT
++ _ ++
Q= 2 nt5P €= T 1
n+x
__ 1 L pAT
Q = 27niP C+t .
1 ”;E (6.12.22)
- _ P
Q+=§wn+%p +C+‘C 1,
n+x
1 pPA™
4 _ +—
Q= 5mugp Co
n+§

pij = 1 for isotropic scattering. The curvature scattering matrices A™* and A~ are
given below for j = 2 and 4. For j = 2, u; = 0.21132, uy = 0.78868, «¢| =
¢y = 0.5 (see Abramowitz and Stegun (1965), page 921).

. o[ —025 075 R A B R
A (1_2)_<—0.75 —0.75 > A (J_z)_< 0 0)'
(6.12.23)

for J =4,

w1 =0.06943, ur =0.33001 p3=0.66999, 4 =0.93057,
¢l =0.17393, ¢ =0.32607 c3=0.32607, c4=0.17393,

0.464 94 2.23590 0 0
A =4) = —1.78139 —0.04258 1.15005 0
0 —1.15005 —0.75945 0.58343
0 0 —0.732228 —1.09379
and
j_k = —2.874768;1 6. (6.12.24)

We now present the two pairs of transmission and reflection operators for a basic
cell for a given curvature factor p = Ar/r, At < critical optical depth. For p =
2.83 x 1073, At = 0.05, Bt = B~ = 0.0, U/ (uj) =1.0,@ = 1.0,
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2501E +00 .7727E — 01 .1233E +00 .6737E —01
1) = A839E — 01 7768E + 00 .3549E — 01 .2299E — 01
T 665TE — 02 .2355E — 01 .8856E +00 .1018E — 01
A886E — 02 .1488E — 01 .1782E —01 .9094E 4+ 00
2589E 4+ 00 .1472E 4+00 .1209E +00 .6583E — 01
1) = 6683E — 02 .7758E +00 .4741E —01 .2218E — 01
’ | .6855E —02 .1729E —01 .8808E +00 .1374E — 01
5053E — 02 .1514E — 01 .1450E — 01 .9043E 4+ 00
8392E — 02 .1157E 400 .1230E +00 .6683E — 01
1) = 288E — 01 .3774E — 01 .4084E — 01 .2224FE — 01
| 6736E — 02 2020E — 01 2189E — 01 .1193E — 01
A4941E — 02 .1486E — 01 .1611E —01 .8779E —02
J7684E — 01 .1212E +00 .1267E +00 .6864E — 01
rn 1) = A384E — 01 3999E — 01 .4250E — 01 .2308E — 01
’ | .7070E —02 .2084E —01 .2217E —01 .1204E — 01
S5169E — 02 1527E — 01 .1625E — 01 .8834E — 02

There are no sources as @ = 1 and therefore ¥+ = X~ = 0.

From the condition of stability that we derived in the previous section, we must
have AT >0, A~ >0, 5" >0, S™" > 0. This is possible if

(s 017)

T < Tep = Min . . - (6.12.25)
T2 (1 — 2@ P C./')
for diagonal elements, and for off-diagonal elements
1
A0 PikC
L < min|: min Likk i| (6.12.26)
T i | k=j+1 A
J
where pjy is either pﬁ(_ or p ﬁ;’. The conservation of flux requires that
- Zc] (pjk +) -1 (6.12.27)
and
J
Z (afi = a5) =0. (6.12.28)

The solution of the transfer equation is obtained by dividing the medium into
a number of shells or ‘cells’ in each of which the optical depth satisfies relation
(6.12.25) and (6.12.26). The cell operators given in equations (6.10.39)—(6.10.44)
are computed for all the cells or shells. In all cases we choose a shell whose
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thickness is larger than the 7., (see equation (6.12.25)), then divide this into smaller
shells each of whose optical thickness satisfies relation (6.12.25) and compute the
r and ¢ operators for the composite shell by using the star algorithm given in
equations (6.6.8)—(6.6.13). When the r and ¢ operators for the cell are known, one
can compute the intensities at the boundaries of any shell inside the atmosphere
using the algorithm of the internal field given by equations (6.8.33) and (6.8.34).
We present some results for the spherical case in figures 6.7, 6.8 and 6.9.

Table 6.1 clearly shows that the flux in a conservatively scattering atmosphere is
conserved exactly.

6.13  Solution of line transfer in spherical symmetry

We shall now apply the discrete space theory to compute non-LTE spectral lines
in plane parallel and spherically symmetric atmospheres (see Grant and Peraiah
(1972)). The transfer equation for lines for a two-level atom is written as (see
Jefferies (1970), Mihalas (1978))

A(r,x, ) 1—p?dl(rx, p
iz +
o r I
=k (r) [B+ ¢S, x) — 1(r, x, 11)] (6.13.1)

and

ol(r,x,—p) 1 —/1,2 al(r,x, —u)
M —
ol r I
=kr(r)[B+ ¢)IS(r,x) — 1(r, x, — )], (6.13.2)

Table 6.1 Global conservation for a conservative isotropically scattering shell
illuminated at the inner most boundary » = A. The columns give the total flux from
the shell at radii A and B and satisfy the equation FT(A) + F~(B) = F~(A) = 7.
No incident radiation is given at B, that is, F +(B) = 0. Calculations are based on
eight-point Gauss—-Legendre quadrature (Peraiah 1971).

T=2 =5 =10
F~(B) FT() F~(B) FT@) F=(B) FT(A)
2w 2w 2w 2w 2w 2w
1.0 0.19503 0.30497 0.10383 0.34617 0.05387 0.44163
1.3 0.24617 0.25383 0.13354 0.36646 0.07550 0.42450
1.5 0.27325 0.22675 0.15177 0.34823 0.08650 0.41350
1.7 0.29611 0.203 89 0.16881 0.33119 0.09716 0.40284
2.0 0.32439 0.17561 0.19227 0.30773 0.11254 0.38746

B/A
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where I (r, x, ) is the specific intensity at the radial point r for the normalized
frequency x given by
VYV — Vo
A

x = , (6.13.3)
where Ay is some standard frequency interval. The quantity ¢ (x) is the profile
function of the line (this can be Doppler, Lorentz, Voigt or any other shape (see
chapter 1)) normalized such that

/OO p(x)dx = 1. (6.13.4)

The quantity g is the ratio k./ky of opacity due to continuous absorption per unit
frequency interval A; to that in the line. The source function S(x, r) is given by
¢ (x) B

S0 = et T B e C

where Sc(r) is the continuum source function which in the stellar atmospheric
situation can be written

(r), (6.13.5)

Sc(r) = p(r)B(vo, T'(r)), (6.13.6)

where B(vg, T'(r)) is the Planck function at frequency vy and temperature 7 (r) at
radius r. In the present calculations, we assume that both p (which is arbitrary < 1)
and B are known functions of r. The line source function Sy, () is

A N (r)
(Bi2N1(r) — Bai Na(r))’

Sp(r) = (6.13.7)

where A»1, Bz, B are the Einstein coefficients and Ny (r), N2 (r) are the popula-
tion densities of the lower and upper states respectively. The statistical equilibrium
equation for the two-level atom is

Ny [312/ P (x)J(x)dx + Clz]

=N [A21 + Ca1 + Boy / P(x)J(x) dxj|, (6.13.8)

where the Cs are collisional parameters and J(x) is the mean intensity. If we
combine equations (6.13.7) and (6.13.8) we get

SL(r) = (1—e) /m $(0)J (x)dx + €B, 6.13.9)

where

C
€= 21 (6.13.10)

{C21 + A [1— eXp(—hvo/kT)Tl}
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is the probability per scatter that a photon will be destroyed by collisional de-
excitation. The optical depth can be written as

hvy
dt =k (r)dr = IoA

(N1Bia — NaBay)dr. (6.13.11)

N

We need to find the solution of equations (6.13.1) and (6.13.2) and we assume
that the quantities B, p, €, ¢ are known. We write

h=[1.1,..1",
. ) , (6.13.12)
Ui’n:47rrn [I(:t,ulythn),-'-7I(ilvl/mvxi;fn)] .

Then, we integrate equation (6.13.1) as was done in the previous sections and get
+ + +ut -U-
My, (U, yy = U}, ) + e [AmULH% )+ AmUqu%(r)]
+ — .
+ Tn+%(/3 + ¢)i,n+%Ui’n+% - Tn+% (0B + 6¢’)n+% Bn-‘r%h
1 ! T et v
+ 3T 1Ty By d Y ey (BWDOB[UT U], 1 (6.13.13)
i'=—1

where b and M,,, are the m x m matrices of the quadrature weights and roots of the
angle quadrature given by

b=[b;8;;], My =[u;dj] (6.13.14)

and p, is the curvature factor given by

Ar

Pe = . (6.13.15)
,
The quantities A}, A,, are the curvature scattering matrices. Furthermore,
an+%:1—en+%, tn+%=Tn+1—tn. (6.13.16)

A similar expression for equation (6.13.2) can be written after integration. We now
define an index k corresponding to each (i, j) as

G, )H)=k=j+G—-Dm, 1<K=ml, (6.13.17)

where 7, j refer to the running indices of the frequency and the angle and m and [
refer to the total numbers of angles and frequencies respectively. For each value of

k, we define a coefficient Wy = W, 41 by
)

Wi = a;b;, (6.13.18)

where the a;s are the weights of the frequency quadrature formula. Let

UF ) = [uf

1,n>

T T
LUELD L vEm = vt ] 61319)
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182 6 Discrete space theory

The K -vectors correspond to frequencies to the left (L) and the right (R) of the line

centre. Let ¢, 1 8y be K-vectors, where the elements of g nt) are defined by

n+
8yt = (PB+ €90, 1 B, (6.13.20)

Let®, W, M be K x K matrices defined by

®,. 1 =[Pl = B+, 10, (6.1321)
W, = [Wk,n +%5kk,] (6.13.22)
and
M, A
M = Mo . and AT = A _ . (6.13.23)
. M,, | AL

Now the line transfer equation (6.13.13) and another equation similar to it can be
written after radial integration

M[US, (B) = UL(R)] + o[ AU (R) + AU, (R)]

+7,1 Ut I(R)_rn+1gn+1(R)

n+2 n+

1 T + + - -
+§[ro¢¢ W]H% (U +UF (R + U~ (L) + U (R, |

(6.13.24)

and
— - +u- -ut
M[U, (R) = U, (B)] - pe [A U (R+ATU, (R)]
+ TnJr%q)nJr%U;_% (R) = TnJr%gnJr%(R)
1 T + + - -
+3 [m¢¢ W]H% [US(L) + UF(R) + U (L) + U (R, .

(6.13.25)

with two similar equations with L and R interchanged. If the line profile is sym-
metric, we have UT(R) = Ut (L), g(L) = g(R) and therefore we need to solve
only half the number of equations. By using the diamond scheme of interpolation to
replace U™ | etc.:

n+s

+ +
Uy, = (U + U, ), (6.13.26)
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equations (6.13.24) and (6.13.25) can be written as

where

and

Now, we write the sets of transmission and reflection matrices as

where

T T -
U, Y+ M-3Z_J\U,,

Ze=(

ve=(

=[opp’ W and Z= Y.

tn+1,n) =R [ATA+r""AC],
tn,n+1)=R™T [A_D + r_+A+B]

“FlATC+rTTATA],
[A*B+rTATD],

rn+1,n) =R
r(n,n+1) =R

—1
AF = [M+ fzi] ,

) 2
+— +
r- =-tA Y-,
270
A=M--7Z,,
) +

R* = [E—r*F]7",

where E is the unit matrix.

The source vectors are

2:+] =T+ 1,n) =R [AT +r""A7]g,
2
T, =% (nn+)=1tRT[AT+r TAT]g

n+§

(6.13.27)

(6.13.28)

(6.13.29)

(6.13.30)

(6.13.31)

(6.13.32)

These operators in equations (6.13.30) will give us the transmission and reflection

matrices for the cell with t

n+s

1 < Ter. For the whole atmosphere we need to use

the solution given by the internal field calculations in the equations (6.8.33) and
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(6.8.34). We now apply this theory to compute the line profiles formed in a non-LTE,
spherically symmetric atmosphere. We use the Doppler profile given by

1
P (xi) = e exp[—(xi/8)?]. (6.13.33)
Here 6 is the Doppler width and
xi =aX;,
o = Aip(X;) (6.13.34)
=
Yol A (xi)
where « is the band width and X; and A; are the zeros and weights of a suitable
quadrature formula (|i| = 1,2, ..., I) on the interval [—1, 1]. a; are the weights in
the frequency integration (see Averett and Hummer (1965)):
A. .
4 = % (6.13.35)
> Avg (Xin)
i=—1
where the g;s are the weights in
o0 1 1
/ PO fFX)dX = > aif(X)., Y ai=L1 (6.13.36)
—00 i=—1 i=—1
For each value of k, we define W), = Wk’ ntds where
oW = a;b;. (6.13.37)
Fluxes can be calculated from the formula:
FX
b/a

| | X
4 -3

Figure 6.10 Line profiles for an effectively thin model atmosphere with total optical
thickness 7 = 100. The boundary condition is U™ (t = T, p4j, x;) = 1 and

Ut(t=0,uj,x)=0e=1075 g = 1075. The thermalization length A = 100,
B=(A/ r)2, A < r < B (from Grant and Peraiah (1972), with permission).
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1 m
F =21 Z A Zb,-uj |Ui ()] - (6.13.38)
i=— j=l1

The integral in the line source function Sy in equation (6.13.9) is

J = /oo ¢ (x)J (x)dx, (6.13.39)

and is computed as follows:
T + T -
J = [¢n_%Wn_%Un 60 W, U, ] (6.13.40)
The equivalent width is computed from the formula:

a F
EW = (1 - F) dx, (6.13.41)

—a X
where « is the band width large enough to contain the whole line profile.

We use the following data in the computation of an example: kf = 1, p = 1,
o = 4, ¢(x) is a Doppler profile with unit width in the frequency units. We use a
seven-point Gauss—Legendre quadrature formula for frequency points (i = 7) and
a two-point Gauss rule for angle quadrature (m = 2). In this case, the curvature

matrices are

—-0.25 0.75 -1 0
Af = . A= . 6.13.42
" ( —-0.75 —-0.75 ) " ( 0 0 ) ( )
The step size At ranges between 0.5 and 0.67, and N = 100. Profiles are given in
figure 6.10 and the corresponding equivalent widths in figure 6.11.

6.14  Integral operator method

The solution of the transfer equation discussed in the previous sections is stable and
unique. In this section we present an alternative technique that follows Peraiah and
Varghese (1985).

The monochromatic transfer equation in a spherically symmetric and isotropi-
cally scattering medium (see equations (6.12.5) and (6.12.6)) is written as

U (r, 10
CAGTO N

L _ 3
or rau[(l pHU @, ] = K@) [Sr, w) — U(r, p]

(6.14.1)

and

aU (r, — 10
PO L[ UG -] = K086 ) — UG o),
r rou

(6.14.2)

185



186

6 Discrete space theory

where K (r) is the absorption coefficient and all other symbols have their usual
meanings defined earlier in this chapter. Equations (6.14.1) and (6.14.2) are inte-
grated over the radius—angle mesh [r;, 7; 1] x [i;, nj—1] (shown in figure 6.12).
The quantity U (r, ) is expressed by an interpolation formula given by

U, ) =~ (U + Up1§) + (Uro + U11é)n, (6.14.3)
where
Ut D (6.14.4)
Ar/r Ap/2
1 o1
F=oidric), k=S -, (6.14.5)
Ar = (ri —ri—1),  Ap = (1j — pj-1). (6.14.6)

We estimate the nodal values of the Us in terms of the interpolation coefficients,
Uoo, Uot, Ujo, and Uy;. Thus,

Ui, i) Uaq I 1 1 1 Uno
U(ri—1, Lj U, 1 -1 1 —1 U
(ri—1, ij) 2 o | (6.147)
Ulriopj—1)  Ue 11 -1 -1 Uto
U(V,‘_l, /’Lj—l) Ua 1 -1 -1 1 Ull
from which we obtain
Uoo 1 1 1 1 U,
U, 1 -1 -1 1 1 U,
R b (6.14.8)
Uso 4 -1 1 -1 1 U.
Ui I -1 -1 1 Uy
W/ A
0.95 —
0.90 —
0.85[
| | | | |
1.0 1.2 1.4 1.6 1.8 2.0 b/a

Figure 6.11 Equivalent widths of the profiles given in figure 6.10 (from Grant and
Peraiah (1972), with permission).
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We now define certain integral operators X and Y such that

1

- codu,

AM Ap
1 2

Y =— --dmredr,
V Jav

where

4m 4 3

V=507 -ril)

(6.14.9)

(6.14.10)

(6.14.11)

We express the source function S(r, 1) by an interpolation formula similar to that in

equation (6.14.3):

S(r, 1) = Soo + So1& + (S10 + S11é)n.

(6.14.12)

The interpolation coefficients Sog, So1, S10 and Sy are obtained analogously to

equation (6.14.8).

Substituting equations (6.14.3) and (6.14.12) in equations (6.14.1) and (6.14.2)
and applying the operators X and Y on equations (6.14.1) and (6.14.2) we obtain

after some algebra
1
+ _ 7t + ++) |+
[Mp —pT 5T QE-vy )}Ui

_ 1
- [M; b 1rQ(E- y++):| Ut

1 I B
=(1-o)1QB" + Jr"Qy UL + T Qv U,

i |d c

r
i-1 |a b
1_1 M — = J

Figure 6.12 Schematic diagram of the radius—angle mesh.

(6.14.13)
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and

where

6 Discrete space theory

1
—[M;—p+—5f%ME—y—j]U;

A N
_|:Mq +p +§T QE-vy )1|Ui—1

1 _ 1 _
= (1-o)TQB™ + 57" Qy "U7 4+ 57 Qr U,
+ _
M;, =1 £p,gM,
wy ut
2 z
Hs M3
2 2
M: . 3
- +
M.'—% Mj—%
Hj
p%i —pj
Py =Py
+ ’ :
p = )
Pil _ptl
) J=2
0
1 1
1 1
Q: 9
1
1
1
ptt EprC, YT =-woptC etc,
1A
PRI,
J=ar 6
A 1+ r
p A \2 Ar ’
AA (1 r
q:2_—_ - - )
A 2 Ar
AA Ar - Vv 22
7%2t=2T, A=—, AA=47T(Vi—”i—1>»
r r
1 AA
) =Tl (11_——>v
i—% 2 6 A

(6.14.14)

(6.14.15)

(6.14.16)

(6.14.17)

(6.14.18)

(6.14.19)

(6.14.20)

(6.14.21)

(6.14.22)

(6.14.23)

(6.14.24)



6.14 Integral operator method

1 11— pu2AA
i—5 122
== S 6.14.25

PilT2 A A ( )
_ _ Aw)2

2 2= ()2 + ( ll;) , (6.14.26)
1 1 1A
PP (1 + i—é). (6.14.27)
) J=3 6 r

By setting equations (6.14.13) and (6.14.14) in the form of the interaction principle,
we can get the transmission and reflection operators. The solution obtained satisfies
the following basic tests:

1. invariance of the specific intensity in a medium in which radiation is neither
absorbed nor emitted;

2. continuity of the solution in both angle and radial distibution;
3. uniqueness of the solution; and

4. the condition of zero net flux in a scattering medium with one boundary
having a specular reflector and global conservation of energy.

Hunt and Grant (1969) applied discrete space theory to problems of planetary
atmospheres. Hunt (1972a,b) developed a comprehensive theory of spectral lines in
the Venus atmosphere in which the pressure broadening of the lines and the physical
processes of scattering and absorption by the cloud particles are accurately taken
into account. Wehrse (1981) applied discrete space theory in computing the effects
of abundance changes in the atmospheres of M supergiants. Peraiah and Varghese
(1990) studied Compton scattering in a spherical medium by taking the first three
terms in the Taylor’s expansion of the intensity (see Chandrasekhar (1960)). Mohan
Rao et al. (1990) studied the time spent by a photon during an act of scattering using
discrete space theory. Mohan Rao et al. (1995) have compared discrete space theory
with Auers Hermitian methods (AHM). They found that discrete space theory is
stable with respect to logarithmic spacing of optical depth and gives less error for
the specific intensity at the surface than that given by AHM. Analytical solutions
of the difference equations of discrete space theory have been studied and it was
found that the solution gives the correct surface value and the diffusion limit in a
semi-infinite atmosphere. Plass et al. (1973) applied the matrix operator theory to
Rayleigh scattering media and Waterman (1981) used the matrix-exponential oper-
ator technique to obtain the r and ¢ operators. Wehrse and Kalkofen (1985) studied
the formation of resonance lines in dusty gaseous nebulae using a slight variant of
discrete space theory. Magnan (1976) applied the line transfer and an approximate
solution in spatially correlated random velocity fields. Cassinelli (1971) used the S,
discrete scheme to compute the extended model atmospheres for the central stars of
planetary nebulae.
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Exercises

6.1
6.2

6.3

6.4

6.5

6.6

6.7

6.8

6.9

6.10

Derive equations (6.4.7)—(6.4.13).

Prove the principle of invariance of Ambarzumian from relations (6.4.9)-(6.4.10) for
the rod. Furthermore, show that the reflection factor r, in this case is given by

qg—1+w
qg+1—o

whereg = (1 —@) [l + @ (1 —2p)].

Foo =

Find the explicit solution for the internal field by expanding equations (6.8.33) and
(6.8.34).

If the surface at N + 1 is a perfect reflecting surface, show that
Iy = TN+%t(N, N+D[E—-r(1,N+D]! ;+%
Show that
EARRE S RS
Prove the relation

lm
229 (P put) =1

where the Ps are the phase function elements for conservative isotropic or Rayleigh
scattering atmospheres.

In the case of spherically symmetric atmospheres prove that the relation

J
+ -
Do (A Ay) =o0.
=

must be satisfied for the radiant flux to be conserved.

Compute the critical optical depth in each layer of a plane parallel atmosphere whose
total optical depth is 10 and whose atmosphere is divided into 50 layers assuming
isotropic conservative scattering with J = 2, 3,4, 5.

Repeat exercise 6.8 with B/A = 2,5, 10. Change the number of shells if necessary
to get a meaningful 7.

If the lower boundary at n = N is reflecting (specular reflection) with rg as the
reflection matrix, show that

I7=r(N+ 1L, D) 4+t(1, N+ Drg [E—r(1, N+ Drgl ™ t(N + 1, )1}

+ T A, N+ 1D +1(1, N+ Drg[E — rg(E —r(1, N + Drg] ™"
x DT, N +1).
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6.11 Approximate the specific intensity by

M
T() =) an Pu(),

m=0

and let the (m + 1) coefficients be chosen so that

M
I(Mj)=zampn1(ﬂj)y j=0,1,.... M,

m=0
then assuming the P, (14)s are orthonormal derive the r and ¢ operators of the transfer

equation in spherical symmetry.

6.12 Derive equations (6.14.13) and (6.14.14) and the r and ¢ operators from these equa-
tions.
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Chapter 7

Transfer equation in moving media: the observer
frame

7.1 Introduction

Rapid expansion in nova, stellar atmospheres of supernovae and similar objects is
established through several spectroscopic observations. In spectra of these objects,
the absorption lines shift towards the violet side from the rest position indicating
matter outflow in their atmospheres. These lines are accompanied by red shifted
emission characteristics of P Cygni type as seen in figure 7.1 (see Beals (1950),
Kuan and Kuhi (1975)). Beals (1929, 1931) interpreted the large widths in the lines
of WR spectra to be due to the velocities of expansion of the order of 3000 km s~!
indicative of a rapid outflow of the matter in the outer layers of these stars. He
suggested that this outflow of matter is influenced by the radiation pressure in the
medium.

It is difficult to obtain the solution of the transfer equation in such spherical
media. Beals (1929, 1930, 1931, 1934), Chandrasekhar (1934), Gerasimovic (1934)
and Wilson (1934) investigated this problem assuming the medium to be optically
thin, neglecting the transfer effects. Struve and Elvey (1934) found that the Doppler
widths derived from the flat part of the growth curve were much larger than the ther-
mal value, which they attributed to the ‘turbulent’ motion in the atmosphere which is
non-thermal. Struve’s observations (1946) showed large scale velocities through the
fact that the line profile widths in certain stars were larger than the Doppler widths
obtained from curve of growth analysis of their spectra. The velocities appear to be
directed systematically along the line of sight. Pulsating stars were found to exhibit
periodic changes in Doppler shifts.
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194 7 Transfer equation in moving media: the observer frame

We need to study the radiation field in the atmospheres of stars with extended
and expanding atmospheres such as WR stars, P Cygni stars. We shall study the
solution of the radiative transfer equation without going into the details of the fluid
flow equations. We shall study the transfer equation in two frames:

1. The observer’s frame (inertial or laboratory frame) in which the observer is
fixed with respect to the centre of the star and the radiation field is estimated.
It is generally restricted to velocities of the order of a few Doppler widths.
However, Sobolev’s method gives an approximate solution for the medium
moving with large velocity gradients.

2. The comoving frame, that is the frame moving with the fluid. The advantage
of this frame is that the opacities and emissions in it are isotropic. We shall
study the comoving frame solution in chapter 8.

72 Observer’s frame in plane parallel geometry

The photon frequencies are changed, due to Doppler shifts when the photons are
received in the observer’s frame, from the frame of the atoms contained in the
moving matter. If the matter moves with a velocity of v(r) relative to the external
observer (or the centre of the star) and if the frequency of the photon in the observer’s
frame is v, then the frequency (in the atom’s frame) with which the photon moving
in the direction n is emitted or absorbed is

Figure 7.1 Beals
classification of P Cygni
\ type profiles (Beals, 1950).
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7.2 Observer’s frame in plane parallel geometry

, n-v
v =v—wp (—) (7.2.1)

c
where, vy is the line centre frequency and c is the velocity of light. Therefore, the
opacity and emmissivity of the material as measured in the observer’s frame become

angle dependent. In plane parallel geometry, the time independent transfer equation
is given by (Mihalas 1978)

ol(z, p,v) .
MB—Z = j(z, i, v) — (2, 1, VI (2, w, v). (712.2)
It is ususal to measure the frequency changes in terms of Doppler widths and we
define x as
x/ = x — l’va (723)

where x = (v—vq)/Avp, with Avp the Doppler width given by Avp = vovy,/c and
vy, the thermal velocity parameter. The velocities are measured in units of thermal
velocity v = V /vy,. The changes in the photon frequencies due to the Doppler effect
are negligible in continuum radiation, while they are substantial in line radiation.
Therefore the opacity and emission are affected through the line profile and can be

written as

K(x, 1, 2) = ke(2) + K1) (x, 1, 2) (7.2.4)
and

Jx, . 2) = je(@) + ji@)e (x, w, 2), (7.25)

where k. and «; are the continuum and line centre opacities, j. and j; are the
continuum and line centre emissions and ¢ is the normalized profile function given
by

d)(-xv M, Z) g ¢(-x — MV, U, Z)' (726)

The Doppler profile is given by

Ty 2
o(x, 1,2) = n*%ﬁfl(z) exp —rmw@r , (7.2.7)
82(2)

where

5(z) = 2up®) (72.8)

Avg

The total source function is (see chapter 1)

St = 20D gy PO g0 29

px )+ B T T $x ) + BR)

where
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_ i@
k(@)
Se(z) = icg (7.2.10)

B(2) = kc(2)/xi1(2).
The transfer equation (7.2.2) can be written as

ol(x, u,z)
ot(x, i1, 2)

=1(x,pn, z)—Skx, pn, 2), (7.2.11)

where the optical depth 7 (x, i, z) is given by

1 Zmax
T, 2) = ;/ e(ry s 2) e, (72.12)
Z

with z;,4, the upper surface of the atmosphere. The formal solution of equa-
tion (7.2.11) is written as

I()C, M, Zmax) - I('x7 M, O) exp[_(-x’ m, 0)]

T(x,1,0)
+/ S(.x, M, Z)exp[_l—(-xi M, Z)]dt(-xv M, Z)

= 1(x. 1. 0) exp[—r(x,u,0>]+/0 " (e DSLE)
+B(2)Sc ()] expl—T(x, 1, D)k (2) dz. (7.2.13)

Through equation (7.2.13) the emergent intensity can be computed for a known
source function. If LTE prevails we can use S, = S; = B. The line source function
generally consists of scattering terms which depend on the radiation field which in
turn depends on the moving matter with which it interacts. Moving matter can shift
the line substantially into the neighbouring continuum, thus changing the radiation
field in the line. The mean intensity J which occurs in the line source function will
not be the same as it is in the static case and the line source function has to be written
as

1—¢

Si()) = —

+o00 +1
f dx/ dl(x, ,2)¢(x, 0, z) +€B(z).  (7.2.14)
—00 —1

The profile function ¢ will have to be estimated for each angle—velocity dependent
normalized frequency point, as the profile is no longer symmetric. The approxima-
tion of complete redistribution of photons in the line is inconsistent in a moving
medium. Rybicki (1970) explained several aspects of transfer in moving media
(this paper is highly recommended to anyone who is interested in the transfer of
radiation in moving media). Partial frequency redistribution of photons in the line is
appropriate and this requires the full angle—frequency dependent redistribution. This
problem can be handled only in the comoving frame of the gas as the opacities and
emissions can be used in their isotropic form.



7.2 Observer’s frame in plane parallel geometry

The scattering integral is computed by quadrature sums in the observer’s frame.
However, the line profile ¢ (x — pnv) (=1 < p < 1) shifts between +v and —v
so that the total length of the angle—frequency mesh is 2 |x + v|, which is quite
large. If the material motion is of the order of 200 or 300 vy, we need a mesh
twice as large in the angle—frequency discretization. Furthermore, there is a complex
coupling between the angle and the frequency and therefore we need to use a large
number of angles. This makes the mesh size very large and we are restricted to
smaller material velocities. If we want to deal with higher velocities, it is necessary
to work with the comoving frame.

Equation (7.2.11) can be written as the second order differential equation form
by writing

u(x, p,z) = % [ICx, p,2) 4+ I(—x, —p, 2)] (7.2.15)

and

1
v(x, @, z) = 3 ((x, m,2) = I(—x, —p, 2)] (7.2.16)

for a symmetric line profile, that is ¢(x — puv) = ¢(—x + uV), dt(x, u,z) =
dt(—x, —pu, z)and S(x, u, z) = S(—x, —u, z). We then obtain (see chapter 4)

2

20X D) e ) — S 1. 2). (7.2.17)

At (x, 1, 2)?
This can be solved with the boundary conditions described in chapter 4. At the lower
boundary when the diffusion approximation is assumed one must ensure that the
velocity gradient satisfies the relation dv/dt < 1 which is small over a photon mean
free path. The discrete depth mesh (d) and the angle—frequency mesh (/) are chosen
as described in chapter 4. The mesh on x should include the whole profile which
can vary over the range +2v,,,,. Then the source function is written as (equation

(7.2.14))
Sat = S(x1, i, za) = aarda + By (7.2.18)

where | = m + (n — 1)M, n is the number of frequency points, m is the number
of angle points (m = 1,2, ..., M), the as and s contain the various quantities in
equation (7.2.14) and J; is given by

L
Ji = Z Widaiuar, (7.2.19)
I=1
where ¢4 = ¢ (x; — jvg, z7). One can use the standard Rybicki type scheme (see
chapter 4):
Ty, +wJ =K (=1,....1). (7.2.20)

Many authors have studied the numerical computation of the line in a moving
medium using the plane parallel approximation. These studies were exploratory in
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nature rather than aimed at computing accurate solutions to fit the observations.
Kulander (1968) studied an atmosphere with constant physical properties through
a semi-analytical approach that divided the atmosphere into several layers, and the
solution for the discrete ordinate intensities in each layer was then a linear combi-
nation of elementary exponential functions. Continuity of the intensity components
was assumed at the boundaries and at the interface between two layers. However,
in general, a discontinuous source function was found across the boundary between
the layers with enhancements near the surface. Kulander’s (1967) differential equa-
tion method dealt with media with a continuous variation of properties. However,
Hummer and Rybicki (1967) reasoned that this method is unstable for large optical
depths, although the method of slabs can be used for arbitrarily thick atmospheres.
There is a limitation imposed by the number of frequency and angle points. The
single point angle quadrature used by Kulander is equivalent to the Eddington
approximation. Hummer and Rybicki (1968) extended the Riccati method (Rybicki
and Hummer 1967) to an effectively thin isothermal, differentially expanding, plane
parallel atmosphere to compute the non-LTE source function and the emergent line
profile (see figure 7.2). They used a total optical depth T =20 and e = 1073, b = 1
and § = 1 (see equation (7.2.8)) with a linear velocity law with a velocity gradient
v; of the form

v =19+ TV]. (7.2.21)

The line profile shows the central reversal which develops from the material nearest
to the observer with red shifted emission. The shift is due to the optical depth
effect, the actual changes in the source function being irrelevant. The emission and
absorption from the material nearest to the observer is violet shifted and an optical
depth of unity on the violet side of the line occurs much closer to the surface where
the excitation is smaller, which reduces the violet emission and the line appears red
shifted. The Riccati method has a limitation (see chapter 4) on the angle—frequency
mesh size — not more than 60 components in a hemisphere can be included in the
computation. Kalkofen (1970) applied the integral equation method to the velocity
gradient problem. This method has an advantage over the differential equation and
difference equation methods in that a large number of frequencies and angles can
be taken as the computation time increases only linearly, rather than quadratically
or cubically. Kalkofen computed several profiles (see figure 7.3) generated by an
atmosphere which has a Planck function similar to that of a chromosphere (see figure
7.3(a)). He used the velocity law

10

v(T) = m,

(7.2.22)

with € = 1072 and 8 = 10~*. The emergent intensity profiles are shown in figure
7.3(b).



7.3 Wave motion in the observer’s frame

The important result shown in figure 7.3(a) is that the velocity field has little
effect on the the line source function in spite of the fact that the line profiles
show substantial changes for different values of 7. More photons escape through
the red wing while exactly the opposite happens through the blue wing thus the
source function remains fairly unchanged. The photon escape probability increases
in an expanding atmosphere and this explains the low values of the source function
compared to those for the static atmosphere. A physical discussion of these profiles
is given in Athay (1972) and Mihalas (1978).

73 Wave motion in the observer’s frame

Shine (1975) studied the effect of mesoscale velocity fields on line formation with a
velocity law of the form

. logt
v(t,t) = Bsin |:27r ( Y +t)i|

for the sawtooth waves using the Rybicki type solution to solve the transfer equation.
Cram (1972) and Heasly (1975) studied the effects of acoustic waves on the forma-
tion of solar Ca II lines taking account of the pulse produced changes in temperature
and density. Rangarajan (1997) studied the polarization in the resonance lines in the

presence of wave motion in a plane parallel medium. The transfer equation is given
by (see Chandrasekhar (1960))

1 I I REDI BLUE ! ! Figure 7.2 Normally

emergent intensity at T = 0
=20 for T =20, ¢ = 1073,
e=10 b=1,5 = 1. The dashed

N line is the symmetric profile

produced by a static

atmosphere (see equation

(7.2.21)). The line becomes

broader with increasing

velocity gradient and the
peak intensity is shifted
towards the red (from

Hummer and Rybicki

(1968), with permission).
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7 Transfer equation in moving media: the observer frame

dl(x,u,z)
pem

dZ = _K(-x» M, Z)I(xs M, Z)+j(-xa M, Z)v (731)

where « and j are absorption and emission coefficients and I = (7, I)T with I; and
I, the intensities in the two polarization states. The polarization p is given by

p:% I=L+1, O0=1I—-1I, (7.3.2)

with the usual meanings of the symbols. The absorption coefficient «(x, i, z)
consists of line and continuum parts given by

k(x, p,2) = kip(x, u, 2) + ke(x, 1, 2), (7.3.3)
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Figure 7.3 (a) Planck function and source function in an expanding atmosphere
with e = 1072, B = 10~4, versus static optical depth. (b) Normally emergent
intensity versus x(= Av/Avp) (from Kalkofen (1970), with permission).



7.4 Observer’s frame and spherical symmetry

where ¢ (x, u, z) is the profile function. At the observer, the Doppler shifted fre-
quency is x’ = x — pv, where x is the frequency of the atom and v being the
velocity of the gas. In this case, the profile function becomes

¢(-x» IZ5 Z) :¢()C — U, Z)- (734)

Equation (7.3.1) is solved assuming complete redistribution and using the discrete
space theory described in chapter 6. The continuum source function that has been
used is

1
B(ze) = 1+ 10722 + 100 exp(—7o.7rg), (13.5)

where 7. is the continuum optical depth. Three different types of waves are used:

1. Damped sine wave with v = v’ sin ¢’, where the amplitude v’ is given by

1
v =/ [ 14 (z/7) ] (7.3.6)
where 7* is approximately the depth at which v’ approaches vg. The phase ¢’
is given by
¢’ =2m(z —ct)/cP, (7.3.7)

where P is the period of the wave and z is the height. P is chosen to be 100 s,
= 10_3, ¢=7kms™! and vo = 3 km s~! and the amplitude of the
wave = 3 Doppler units.

2. Undamped sine wave. This is obtained by setting v’ = vy and assuming it is
constant throughout the atmosphere.

3. Sawtooth wave. This is of the form (Shine 1975)

v =19 [2(z — ct)/cPmodar — 1]. (7.3.8)

74  Observer’s frame and spherical symmetry

There have been many attempts to solve the problems of line transfer in the ob-
server’s frame in a spherically symmetric atmosphere. We describe some of the
techniques and their results below. These methods apply in low velocity regimes.

74.1 Ray-by-ray method

Kunasz and Hummer (1974) applied this method when studying line formation in
deeper layers of the expanding atmosphere (see also Tam and Schwartz (1976)). We
have already described this method for static atmosphere in the (p, z) coordinate
system in chapter 4. Kunasz and Hummer solved the line transfer problem with
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complete redistribution, assuming the radial velocity to be a function of radius, using
a velocity of expansion that was a few times the mean thermal velocity. The transfer
equation in the observer’s frame is differenced along the rays and the resulting
coupled linear equations are solved by Rybicki’s scheme. The transfer equation
along the ray is given by (Mihalas 1978)

jE8Ii(x,p,z)
0z

where j(x, p, z) is the emission coefficient and the absorption coefficient (consist-
ing of line and continuum coefficients) is given by

= j(x,p,2)—k(x, p,2) T (x, p,2), (7.4.1)

K(x, p,2) =k (r)¢(x, p, 2) + ke(r) (714.2)
and
1
r(p.z) = (p2 +z2>2 .
(7.4.3)
w(p.2) = ——r.
(p2 + Z2)2
The profile ¢ in equation (7.4.2) is given in the observer’s frame as
¢(x.p.2) =¢[x —u(p. V). r(p. 2], (7.4.4)

where the velocity V () measured in mean thermal units is positive for increasing
r. The optical depth along the ray is given by

Zmax
T(x, p,2) = / K(x, p,z)dz. (74.5)
z
By defining the mean-intensity- and flux-like quantities # and v as (from chapter 4)
1
u(x, p.2) =5 [I7(x.p,2)+1 (x,p,2)] (7.4.6)
and
(I ~
v(x, p.2) = 5 [1F(x, p.2) =17 (x, p,2)]. (7.4.7)
we obtain the second order differential equation (see chapter 4)
%(x, p.z
2 00D, py2) = S, py ), (7.4.8)
9t (x, p,2)

where S(x, p, z) is the source function and is equal to j(x, p, z)/k(x, p, z) (see
equation (7.2.9)). The line source function is given by

SL(r) =[1—e@1J() +er)B(r), (7.4.9)

where €(r) is the probability that a photon is absorbed in the act of scattering, B(r)
is the Planck function at the line centre for the local electron temperature and J(r)
is the intensity averaged over the line profile given by
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00 1
J(r) = %/ dx/lduqﬁ(x/,r)l(x,u,r). (7.4.10)

In terms of the (p, z) coordinate system, equation (7.4.10) becomes

_ 1 +00 r
J(r) = 5/ dxfo dp p(r® = p) 72 [p(x — uV ()T (x, 2, p)
+ ¢+ uV(r) I (x,z, p)] (7.4.11)

(see Kunasz and Hummer (1974)). In terms of equations (7.4.6) and (7.4.7), J(r)
can be written for the positive half of the profile (restricting the integration of x to
from 0 to 00) as

_ 1 o0 r 1
J(r) = 5/0 dxfo dp p(r?* —pH 72 [p(x — nV(r)ulx, z, p)
+o(x +uVr)ulx, —z, p)l. (7.4.12)

We now need the boundary conditions:

1. The incident intensities at the upper and lower boundaries (2,4 ) for the
rays that do not intersect the core are to be specified. This means

du(x, p, z):|
e =xulx,p,2)|.— . 7.4.13
|:3‘E(x, p’ Z) Z2=*Zmax ( p )|Z ma ( )
2. For rays that intersect the central core (p < r.) we have
(&) v(x, p,Zmin) =0 for an opaque core, (7.4.14)
8 b b
(b) —u(x %) =z ux, p, 7))y, forahollow core.
07, 0,9 |y,

(7.4.15)

The Feautrier technique can be used to solve the above problem (see chapter
4). The same discrete meshes {ry} and {pg } are used. We need to include the
whole set of frequency points from —xy to +xy — {x,} withn = £1,..., =N and
x_ny = —xpy. We obtain equations of the form given in chapter 4, and can apply
Rybicki’s method for getting J which needs to be defined only for {rg, 1 < D},
whereas ugiy, = u(zq, pi, x,) corresponds to the mesh {z4;; d;i = 1, ..., D} for the
whole length of the ray. Now T is a square matrix and U is a rectangular Chevron
matrix. For every choice of (i, n) we have the relation,

Ui, = Ainj + Bin, (7.4.16)

where J is given in the discrete form as

N 1

To) = Y on Y ag¢lra: xa — w(ra. p)V a)l tdin- (7.4.17)

n=—N i=1
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We can use the spherical symmetry property and write I*(x, p,z) = IT(x, p — 2)
and this gives us

M(_x’ py Z) = M(xv p - Z)9
(7.4.18)
v(=x, p,2) = —v(x, p, —2).
These allow the elimination of the values of u at —x and +z in terms of +x and —z.
With this in mind, we can rewrite equation (7.4.17) as
B N iq
T=Y o0 ) auil¢lra, xn — paiVal ugin + ¢ [rar, Xn + trai Val ugrin},
n=1 i=1

(7.4.19)

where d’ = D; + 1 — d. When Rybicki’s method is applied, equation (7.4.19)
gives V-matrices which are rectangular and Chevron matrices. Equations (7.4.16)
and (7.4.19) are jointly solved for all values of i and n. This gives the system for J
which is used to obtain solution. This theory has been applied to the lines formed in
expanding atmospheres in the observer’s frame (see figures 7.4 and 7.5).

-1.0 T T

Figure 7.4 Line source
functions for T = 107,
R=r"2e=p=10"2
with the linear velocity law.
The curves are labelled by
V(r). V(R) = 2. The
broken lines show the
corresponding plane parallel
static results (from Kunasz
and Hummer (1974), with
permission).
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7.4 Observer’s frame and spherical symmetry

742  Observer’s frame and discrete space theory

The line transfer equation is solved in the (x, u, r) system using the discrete theory
formalism given in chapter 6. The frequency changes in the observer’s frame from
—x — 'V to +x 4+ uV, where V is the velocity of the moving gas in units of the
mean thermal velocity, x = (v —vg)/Avp, Avg being the Doppler width. We shall
present a general formalism to include complete and partial redistribution functions
in spherical symmetry.

The transfer equation for a non-LTE, two-level atom in a spherically symmetric
atmosphere (Peraiah 1978)

2
iual(x, +u,r) " 1 —wu”ol(x,£u,r) _
or r ou
kp B+ ¢, £, N)]ISC, £, r) = I(x, £p, 1)) (n € (0, 1)), (7.4.20)

where all the symbols have their usual meanings (see chapter 1). The profile function
contains x and this changes as mentioned above in the interval of 2 |[x 4+ V' |. The
source function S(x, £, r) is given by

S, Ep,r) = (@, 2p.r) + B o, £, 1)SL(x, £, 1) + BSc ()],
(7.4.21)
where Sy (x, +u, r) and Sc(r) are the line and continuum source functions respec-

tively. We have retained the functional dependence of £ in S, as this is needed for
angle dependent redistribution functions and is

1 —¢€ +00 +1

SL(X,:I:/.L,V) = 7/ dx/[ R(xs:i::u’;x/s M)I(x/v M, r)d/'l//
¢(x, £p,1) Jooo -1

+ eB(r). (7.4.22)

Figure 7.5 Luminosity
profile for the source
functions shown in figure
7.4 (from Kunasz and
Hummer (1974), with
permission).
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Here R(x,+u; x’, ) represents the angle dependent partial frequency redistribu-
tion function (see chapter 1). The profile function ¢ (x, n) is given by

00 +1
d(x, 1) = / dx// RO, s x', u)Hdu'. (7.4.23)
—00 —1
Integration of equation (7.4.20) according to discrete space theory (see chapter 6) in
the r—u—x mesh gives the equations as (Peraiah and Wehrse 1978)

+ + +r+ e +
M[U . — U]+ pc [A UH% —A UH%]—FTH%G)H% =

(7.4.24)

1
+ ++WHUT o+ RT-WH-U-
TeiSyy 5 - On, [REFWHUT + REWSU

ol—

and
- - - -ut - U =
MU, —U, ] —pe [A Un+% +A Un+%} +rn+%q>n+%un+% =

1
- —+w—t+rt —W—1—
s Sy T =0T, [RTWTTUT+RTW U] L (74.25)

The various quantities in equations (7.4.24) and (7.4.25) are explained thus:

pe = (Ar/r), 41 is the curvature factor, where r, 1 is the average radius of
2

the shell bounded by the radii r,, and r,, 1 and Ar = r41 — 1y

+ + )
S = [0B +€d],11 B, 138 (7.4.26)
M = [My8pm], My = [ ]: (7.4.27)
AE = [ALS ], (7.4.28)

where A¥ are the curvature matrices given in chapter 6;

T
Up =dmr? [, 1 0] (7.4.29)
[t _ + .
O =[O0 ]y = (848, (7.4.30)

(i,j)=k=j+G—-1J, 1<k=<K,K=1J,I=total number of
frequency points and J is the total number of angle points;

@iWi), ] =4, 16 (7.4.31)

where the c¢;s are the angle quadrature weights and
1
ai = Aip(x)/ Y Aip(xin);
i'=—1
the quantities R**, R, R™", R~ are defined as follows:
R 7 (r) = [RGi — V), xir + 1 V(r), 1), -

RO — V), X+ um V); 7] (7.4.32)
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The procedure described in chapter 6 is applied and one gets the cell transmission
and reflection operators, which are given by

th+1,n) =G [ATA+g" g "],
t,n+ 1) =G [A_D + g_+g+_],

(7.4.33)
rn+1,n) =G Tg T [E+ATA],
r(n,n+1) =G " g [E+ATD],
with the source terms
T =Gt [ATST 4 gTTATST,
ZJTF7 =G [A*S* + 7+A+S+] (7:4.39
n+% - t g ’
where E is the unit matrix and
Gt =[E—gtg ],
(7.4.35)

+- _ £A+Y
g SATY-.

g~ and G~ are obtained by interchanging the + and — signs in G™~ and g™ .
Other matrices are

z 7
A=M-2t p-_m-Zo,
2 2
A AR
oo t] aofret]
v _PAT  RTWTE
+ = 3
4 2 (7.4.36)
v __pAT RTWE
B T 2 ’
RTTWt+ AT
Z,— ¢+ . + Pc ’
2 T
R——W—— A*
Z_—¢ — e
2 T

Using the above transmission and reflection operators and the scheme of the internal
and emergent radiation field given in chapter 6, one gets the line transfer solution in
the observer’s frame of the expanding atmospheres.

This method has been applied to a planetary nebula using the redistribution
function Rj;_4 (see chapter 1). The angle independent redistribution function has
been used: this is given by
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7 Transfer equation in moving media: the observer frame

o0
Rij—a(x,x")=n"2 / exp(—u?)
[x—x"]/2

X [tan1 (ﬂ) —tan~! <x — u)j| du,
a a

where x and X are the minimum and maximum of x and x’ and a is the damping
constant (= 4.3 x 10™%) corresponding to pure radiation damping. In a moving
medium, we need to compute the four redistribution functions, namely, R(x +
wV,x'+u' V), Rx+uV,x'—p/V), R(x—uV,x'+u'Vyand R(x—uV,x'—u'V).
For the ¢ profile we could integrate R over x’ but we have used the Voigt profile.
As the medium becomes inhomogeneous in a moving medium and the line centre
optical depth is greater than the critical step size (see chapter 6), we need to divide
the medium into shells and subshells to satisfy the conditions of stability and
non-negativity of the solution. If the shell is halved p times, the optical depth and
the curvature factors in each shell are given by

(7.4.37)

55 = exp(—p)Ty, (7.4.38)
and
ps27P
= , 7.4.39
pss =27 ( )

where 7, and py are the optical depth and curvature factor in each shell respectively.

The inner and outer radii of the nebula are taken to be 3.6 x 10'® cm and 1.2 x
10'7 ¢m (see Wehrse and Peraiah (1979)). The ionization structure adopted is from
Baschek and Wehrse (1975). The central star’s temperature is 7, = 10° K and its
radius R = 0.4R. The resulting optical depth (for 1000 hydrogen atoms per cm?)
at the centre of the hydrogen Lyman alpha line is approximately 1000. This is not
very high compared with many of those observed. However, this is good enough to
show how the method works.

A velocity law that gives the velocity in the nth shell is used and is given by

v, = Uy + Av (N —n+ %), (7.4.40)
where Av = (v — vy)/N, N being the number of shells into which the nebula
has been divided, 1 and N correspond to the outer and inner shells respectively.
The fraction 1/2 on the RHS of equation (7.4.40) signifies the fact that the physical
properties of a shell are represented by those of the shell centre. We have considered
expansion velocities v up to 26 km s~! (& twice the mean thermal units). The
profiles are shown in figures 7.6, 7.7 and 7.8.

Vardavas (1974, 1976) applied the redistribution function in the laboratory frame
and obtained line profiles in a semi-infinite plane parallel medium. He found that



7.4 Observer’s frame and spherical symmetry

there are large differences in the cores of the line compared to those formed by
the partial frequency redistribution. However, Prabhjot Singh (1994) used the angle-
averaged R;;; function in spherically symmetric expanding media and found that
the differences between complete redistribution and partial frequency redistribution
are smaller than those found in the plane parallel case.

743 Integral form due to Averett and Loeser

Averett and Loeser (1984) devised a method which uses the integral form of the
transfer equation in moving media in the observer’s frame. They considered two
types of rays: shell rays which do not intercept the central region of the star and
disc rays which intercept the central region of the star. Consequently, the boundary
conditions of these two rays differ. We shall describe this method by following the
above reference and Sen and Wilson (1998).

We consider a spherically symmetric, radially expanding atmosphere (see figure
7.9) with core radius ro and outer radius R. The atmosphere is divided into several
shells#; i =0,1,2,..., N). The optical depth t; increases from r; = R tor; = ry.

I [ I
5 -
4 L
3 [ uniform velocity |
2 -
1 B .
I
)
| = -

Figure 7.6 Profiles of the emergent H Ly« lines for nebulae expanding with uniform
velocities and with the assumption of open inner boundaries. The full line refers to an
expansion of v = 2vp (& 26 km sfl) and the dashed line to v = vp (= 13 km g1 ).
The static case is shown for comparison by the dash-dot curve. These are the profiles
obtained by solving the line transfer equation in spherical symmetry in the observer’s
frame. The scale is arbitrary (from Wehrse and Peraiah (1979), with permission).
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7 Transfer equation in moving media: the observer frame

There are two types of rays: disc rays and shell rays (see figure 7.9). The shell ray
intersects the circle with radius r; at the point P and becomes tangent to the circle
with radius ry,,. Then if w;,, is the cosine of the angle between the outward ray with

‘ Figure 7.7 Emergent line
7 - r —{  profiles for nebulae

\ open inner boundary expanding with velocity

! gradients 1vp (dashed line)
\ 71 and 2vp (full line). The

! inner boundary is assumed
to be at rest. Photons are
allowed to leave the system
i through the inner surface.

~| The static case is indicated
by the dash-dot curve (from
Wehrse and Peraiah (1979),
with permission).

| velocity gradient

Figure 7.8 Profiles due to
complete redistribution, and
other redistribution
functions (from Peraiah
(1978), with permission).

v=2 B/A=10
€ B =10_3

CRD
-~ " "RI-A ISO

- RI-ADISO
—.—-— RI-ADDIP




7.4 Observer’s frame and spherical symmetry

intensity /™ (I~ is the intensity of the inward ray) specified by r,, at r; and the
outward normal n at r; (at P exactly),

L
im = sign [1 - <—m> } : (7.4.41)
ri

Here m < N for the shell ray, m = cr,, 0 <c¢ < 1 and

+1 for the disc ray,
sign={ +1 for the near half of the shell ray,
—1 for the far half of the shell ray.

The line profile function ¢ (x) (where x = Av/Avp, Av = v — vp) is generally
taken to be Doppler, Lorentz or Voigt. In a static atmosphere the Doppler profile is
¢(x) = (1/7'/?Avp)exp(—x?). In terms of wavelength units this becomes x =
(A — Xp)/AXrp and AAp, that is, the Doppler half width is given by

1
ro (2kT 5)\?
Alp=—|——4+V, , 7.4.42
D c <M + b) ( )

disc ray

shell ray

central region

Figure 7.9 The shell rays through the point P does not intersect the innermost
boundary of the spherical medium (or the the boundary of the central region). While
the disc ray through the point P intersects the inner boundary at the point P’.
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7 Transfer equation in moving media: the observer frame

where Vj, is the turbulent velocity, M is the atomic mass and 7 is the temperature.
Consider a point r; moving with a radial velocity V (r) then if p;,, is the cosine
of the angle made by the ray and the normal at r;

AO
(A — Ag) + ?Mz’mVi
= . 7.4.43
Xikm Ahp ( )

The quantity w;,, V; is the velocity component along the given ray. The subscript k
represents the frequency grid point. If we consider the profile at r; as seen in the
comoving frame at r; moving radially with velocity V;, then x;x,, becomes

A0
(A — 2o) + ? (Wim Vi — im Vi)

/
L= . 7.4.44
Fitm (ALp); ( )

This gives the optical depth along a ray from point r; to any other point r; as seen in
the comoving frame at ;. We need not specify the index [ and simply write x;x,, in
equation (7.4.44). Normally V; is set equal to 0. Let us define V; in terms of V; at r;
as

) A — A
Vie =4 (29) andset xp =K 70 (7.4.45)
c \AAp AXp

We can write, using the relation that x = (A — X¢)/AXp,
Xikm = Xk + (1im Vi — tim Vi) (7.4.46)

We can compute the optical depth 7;4,, of the shell of radius r; as seen from r; for
the wavelength Ay in the direction p;y,:

Tikm = —fK(r)¢(Xikm) (dr/mim), (7.4.47)

where « () is the absorption coefficient at r.
The transfer equation along the ray is

AL S V) p s )+ S, (7.4.48)
k(r,s)ds

If we write
dt, = —k(r)p(v)ds, (7.4.49)

where ¢ (v) is the line profile function, equation (7.4.48) becomes

dl,
Ty

=1,—S,. (7.4.50)
The formal solution of equation (7.4.50) is

I, = / S(ty) exp(—ty)dty + c. (7.4.51)
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The constant ¢ is zero for shell rays and depends on the physics at the inner boundary
for the disc rays. The source function S contains the mean intensity and this is given
atr; by

_ 1 +1 +o00
Ji=3 / du & Ceigm) I (i iy A) d. (7.4.52)
-1 —00

The wavelength integral is replaced by the quadrature:
+00 _
/ ¢ Xikm) 1 (ris fom, A) A = ZAk¢k(’/likm)Iikm = lim, say, (7.4.53)
S z

where the Ags are appropriate quadrature weights such that the normalization over
the profile is satisfied. Thus

> Arr (Xigm) = 1. (7.4.54)
k
The mean intensity is now given by
- M -
Ti=>" Cimlim. (7.4.55)
m=1
In the above relation, it is assumed that J varies linearly with u between I, at Wi,

O < pim < 1) with 1, =0, u;,, =1, wherem = 1,2, ..., M. The coefficients
C;, are given by

(i2 — Hi1), m =1,
Cim =1 (Uigmt1) — Kign—1), m # 1, (7.4.56)
(im — MHiM—1y, m=M,

while the angle quadrature weights satisfy the relation
M
> Cn=1 (7.4.57)
m

To obtain the auxiliary equation for S and J, assume a standard two-level atom with
complete redistribution.
From the formal solution (7.4.51) we get

N
Likm =) Wijtm$). (7.4.58)
j=1
assuming S is isotropic. Or,

N
Likm — Si = Z WijkmSj, (7.4.59)
j=1

where
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7 Transfer equation in moving media: the observer frame

Wijkm = Wijkm — 8ij. (7.4.60)

From equations (7.4.46), (7.4.53) and (7.4.59) we obtain

M N
Ji = Z Cim |:Zk: Ardr (Xikm) (Sj + Z Wijkn15j>], (7.4.61)
m j

T=Y" A (Z W,»,»ksj> + i, (7.4.62)
k j

where
Wijk = Z CimWijikm P Xikm)- (7.4.63)
m
If we let
W/ =" CouWijkm®i (Xikm)- (7.4.64)
m
then
Ti=) WS +5;. (7.4.65)
i

The source function S and the mean intensity J are connected by

J: - B:
. Jiteibi (7.4.66)
1+¢€
(see chapter 1). Then from the preceding analysis, we obtain
1
Si- > WS =B (7.4.67)

where the B;s are the Planck functions. If the quadrature weighting coefficients
Wijkm are known in equation (7.4.59), equation (7.4.67) can be computed easily.
From the formal solution, we know that C = 0 for the shell ray. Then,

N l TN’km
> WijinS) = 5 / S(t) exp (=t — Tiem|) dt — Si, (7.4.68)
j=1 0

where T;i;,; is the optical depth and N’ = 2N for the present shell ray. If S(z)
is assumed to vary linearly between each pair of successive grid points zj, and
T(j+1km and we define

Ajkm = T(j+0)km — Tikm>» J=12,...,N (7.4.69)

and Aogm = Ankm = 0, Wijr, becomes
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exp[—(7i — 7j+1)1q(Aj) +expl—(ti — 7j)Im(Aj-1), j <1

1
Wijkm = 51 m(Aj-1) +m(Ai-2), j=1 (7.4.70)
expl—(tj—1 — t)1g(Aj—1) +exp[—(tj — t)Im(A;)), j > 1
where
1—- —A
m(a) =1 — LX) @47
A
and
1 —exp(—A)
qg(A)=1- — A exp(—A). (7.4.72)
Here the indices km are suppressed on the RHS. In a semi-infinite medium, the disc
ray will have N = N and the contributions W/, | = —K; and W/, = (1 +

An—1)K; are added to the last two columns of j obtained above with
Ki = 2ANn-1D) " expl—(ty — ). (7.4.73)

Further improvements of the weights have been given in Averett and Loeser (1984).

Exercises

7.1 An atmosphere is expanding with a radial velocity of 2 Doppler units. Examine how
the Doppler profile changes with x = =+5 Doppler units for different angles (take
n=0.1,-0.5, 1.0).

7.2 Inexercise 7.1, instead of the Doppler profile, consider the angle independent R;, R;;
and Rj;;. Trace these functions for © = 0.1, 0.5 and 1.0.

7.3 Write a computer code for obtaining the r and ¢ operators given in equation (7.4.33).

7.4 Obtain an expression for the radial velocity in an expanding atmosphere when the
absorption depth of a weak line is known and show that the line depth as fraction of
continuum is independent of p.
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Chapter 8

Radiative transfer equation in the comoving frame

8.1 Introduction

In chapter 7, we studied the solution of the transfer equation in the rest frame of the
observer. There are two difficulties in this way of treating the transfer equation: (1)
the absorption and emission coefficients become angle dependent due to Doppler
shifts in the frequency of the photon and hence become anisotropic and aberration
of light is generated; and (2) the coupling between angle and frequency creates the
practical problem of dealing with an unmanageably large mesh size for computation
in scattering problems. This restricts the expansion velocities to a few times the
mean thermal velocities. When the expansion velocities are very high one needs to
use the comoving frame or the moving frame of the material. As the observer is with
the moving frame, no Doppler shifts in the frequency of the photon occur and the
opacity and emissivity are isotropic. One can use the redistribution functions for a
static atmosphere. For problems involving scattering integrals, one can use a line
profile with a band width which contains the full profile and which does not contain
the velocity components. This makes the angle—frequency mesh small enough to
contain the full profile of a static medium.

Lorentz transformations are used to describe the change (in the relevant physical
variables) between the rest and comoving frames. Lorentz transforms are applicable
when the relative velocity of the two frames is uniform and constant. In reality
we find that the velocities are functions of not only radii but also time. This
means that the fluid frame is not an inertial frame. We shall assume instantaneous
transformation between uniformly moving frames and the moving fluid. In two
uniformly moving frames the transfer equation is covariant if proper account is
taken of Doppler shifts and the aberration of photons when atomic properties are
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calculated. In unsteady or steady differential flows, new terms appear to represent
changes in the Lorentz transformation from one point to another in the medium.
These terms can be derived by using the differential operator (1/¢)d/dt +n - V in
the transfer equation to the transformation coefficient of the specific intensity.

Velocity fields generate Doppler shifts and aberrations of photons giving rise to
advection which describes the ‘sweeping up’ of radiation by the moving fluid. These
effects contain terms of order v/c. However, in the case of line profiles, the effect of
the frequency shift Av is significant only when Av/Avp = v/vy, is important and
not when Av/v = v/c. The Doppler effects due to velocity fields are amplified by
a factor of ¢/v;, by the rapid variation of the line profile with frequency. Therefore
one can ignore the aberration and advection terms and include only the terms due to
Doppler shifts in the transfer equation.

Several authors have computed lines in expanding plane parallel and spherical
media. Hewitt and Noerdlinger (1974) studied the transfer of resonance line radia-
tion in differentially expanding atmospheres. Surdej (1979) computed line profiles
in an expanding envelope using a Sobolev type approximation. Puetter and Hubbard
(1983) considered the effects of source function variation and the total thickness
on the formation of quasar emission lines. Bertout (1984) developed an efficient
method for computing line profiles in stellar envelopes. Abbott (1978) derived the
terminal velocities of stellar winds from early type stars.

82  Transfer equation in the comoving frame

If v and vg are the frequencies of a photon seen in the observer’s and the comoving
frame of the fluid, then

%
b =g <1 n “L> 8.2.1)
C

If we consider the time independent radiative transfer equation in a spherically
symmetric moving medium, the differential operator d/9ds in the observer’s frame is
given by

a1 A,y v) 1 —p?dl(r, i, v)
_I»L + )

— = (8.2.2)
as ar r I

where the radial derivative udl(r, u, v)/0r is evaluated at constant v. However,
if we change the position from r to » + Ar keeping v constant, vy = vo(v, )
will change because the medium is moving with velocity V (r) at r. The variables
that are measured in the comoving frame are labelled by a superscript O such as
1%(r, 1o, vo), jo(r, vo), k%(r, vo) etc. and the quantities (Lo, vo by a subscript O.
The specific intensity in the comoving frame is

1° = 1°Cr, po, vo). (8.2.3)
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The differential operator d1°/ds is given by

dI® _ 91(r, po, vo) dr  B1°(- po, vo) diro  91°(r. po, vo) dvo

ds ar 0s o0 ds avg ds
(8.2.4)
Now, g = cosby, dr = cosbyds, rdfy = — sinby ds (see chapter 2). Therefore
dr dpo  dupo dby  sin®6y 1 —pd
— =py, ——=—".== =9 8.2.5
ds Ho ds dby ds r r ( )

From the Doppler effect (see equation (8.2.2)) we evaluate dvy/ds from

de N 3\}0 dr 31)() d,bL()

— = — 4 — ) 8.2.6
ds ar ds Oug ds ( )
From equation (8.2.1), we have
31)() 0o av
i NS s 8.2.7
or Yo c dr ( )
and
a Vv
I _ v (8.2.8)
Lo c
Substituting equations (8.2.7) and (8.2.8) into equation (8.2.6) we obtain
d Zav VY 1 —pul
AU A ) ) (8.2.9)
ds c or r

Using equations (8.2.4), (8.2.5) and (8.2.9), the time independent transfer equation
in the comoving frame in a spherically symmetric medium is obtained as

AI0(r, wo,vo) 1= g AI0(r, o, vo)
Mo + : =

or r Ao
, voV dInV 7] a1%0r, o, vo)
J0 v0) = k00, o, vo) + 2= | (1= ) + a3 :
re dnr dvg
(8.2.10)
In planar geometry this is
d1°(z, po. vo) gvo \ AV | [ a1°G, po, vo)
o - o K. | =
0z c 0z avg
-0 0 0
J (2, v0) — (2, v0) 7 (2, pro, vo)- (8.2.11)

We should note that:

1. The emission and absorption coefficients j© and « are isotropic in the
comoving frame (unlike in the rest or the observer’s frame).
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2. Scattering terms (which have coupling between angle and frequency) can be
evaluated in a small region around vy.

3. Equations of the type (8.2.10) lead to hyperbolic equations. The solution
requires two boundary conditions in the space variable and one boundary
condition in the frequency variable.

4. The frequency derivative gives the change in the photon frequency v at a
given spatial point in the comoving frame as seen by an external observer or
for the frequency shift of photons as seen in the comoving frame.

5. In the plane parallel case only velocity gradients are important but in
spherical symmetry, a net effect occurs for constant velocities which mean
transverse velocity gradients also occur.

Equation (8.2.10) for spherical symmetry in the fluid frame is more complicated. As
we noted above, equation (8.2.10) is a mixed initial and boundary value problem for
the coupled partial integro-differential equation which was first derived by McCrea
and Mitra (1936). In spite of these complexities the physical advantages outweigh
the mathematical difficulties. Chandrasekhar (1945a,b) obtained solutions in plane
parallel geometry assuming complete redistribution over a rectangular profile in
the comoving frame, treating all radiation flowing at the same angle to the radius
vector and using a linear velocity law. Abhyankar (1964a,b, 1965) generalized
this approach using coherent scattering and a two-stream approach. Lucy (1971)
solved this problem in plane parallel geometry by neglecting the spatial derivative
and including only the frequency derivative. Simonneau (1973) applied the inte-
gral method restricted to linear velocity laws which appears to be stable at large
velocities. Sobolev (1947, 1957) exploited the concept of escape probability in the
comoving frame in the presence of large velocity gradients. This was generalized
to a small extent by Rublev (1961, 1964) and by Lyong (1967). Castor (1970)
developed a more useful escape probability method.

Nordlinger and Rybicki (1974) developed a method similar to that of Feautrier
(see chapter 4) in the comoving frame in planar geometry. Use of a complete re-
distribution function is less accurate when large velocity gradients exist. The angle-
averaged partial redistribution function give inaccurate results (Hummer 1968, Mag-
nan 1974) when used in the rest frame. It may not give inaccurate results when
used in comoving frame calculations. In the rest frame, one needs to use the angle
dependent redistribution functions.

83  Impact parameter method

If complete redistribution is used one can solve the transfer equation in the co-
moving frame using a Rybicki type solution (Mihalas et al., 1975a) and if partial
redistribution is used, then this means using moment equations which eliminate
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the angle variable and one can use the Feautrier type solution. We describe below
a method following Mihalas e al. (1975a,b), Mihalas (1978)) (see also Sen and
Wilson (1998)).

In spherical geometry the (p, z) coordinate system is adopted in place of (r, u)
(see chapters 4 and 7). By using the relations r = r(p,z) = (p? + 252 and
w = z/(p* + z%)'/? we can write equation (8.2.10) (suppressing the 0 super and
subscripts to avoid confusion) as

+ +
i[w} —7(z, p)[w] = j(r,v) —«k(r, v)Ii(Z, D, V),

0z av
(8.3.1)
where
_ vV (r) dInV
V@ p) =——|1—p>+p>—— | (8.3.2)
cr dinr

It is understood that all the quantities are measured in the comoving frame.
We now introduce the Feautrier quantities, that is the mean-intensity- and flux-
like variables defined as

IR _
M(Z? P, V) = 5[1 (Z7 P, \))+I (Z’ D U)] (833)
and
| _
U(Z, p, U) = 5[1 (Zv p, U) _I (Zv p, U)] (834)
Furthermore, the optical depth is given by
dt(z, p,v) = —k(z, p,v)dz. (8.3.5)

Setting y (z, p,v) = v(z, p,v)/k(z, p, v) and using equations (8.3.1)—(8.3.5), we
obtain

ou(z, p,v av(z, p,v
W@ P V) e &PV ) (8.3.6)
at(z, p,v) dv

and
av(z, p,v du(z, p,v
WP V) e PV S SGpy). (837
at(z, p,v) av

where the source function S corresponds to that of an equivalent two-level atom with
complete redistribution or is of the form (see chapter 1)

Sz, p,v)=S(r(z,p),v)=(1— e)f(r) + €B(r), (8.3.8)

where

Vinax 1
f=/ ¢(V)dV/O du (u(z(r, w), p(r, 1), v)), (8.3.9)

where v,;, and v, contain the whole line profile seen in the comoving frame.
We can see from equation (8.3.9) that it is sufficient if we compute the line profile
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function ¢ only once, unlike in the observer’s frame where we need to compute ¢
when v changes to v — vo(1 = [vo(r)/c]p).

Boundary conditions. At the outer radius r = R, I~ = 0, hence u = v and we
therefore have

du(z, p,v) 0u(Zmax, P, V)
71? + ¥ Zmaxs Ps V) Lp = u(Zmax, P> V).
8T(Z’ P U) Zmax v
(8.3.10)
At the plane of symmetry z = 0
v(0, p,v) =0. (8.3.11)

Therefore, for the rays that do not intersect the central portion (core) of the star:

uiz.pv)| (8.3.12)

97(z, P, V) [r=0
For the rays that do intersect the core with p < r, there are two options: (1) if it
is a stellar core then we apply the diffusion approximation giving v and (2) if the
core is hollow (in the planetary nebula case) then v = 0 by symmetry. We need an
initial condition for the frequency where V(r) = 0 and dV (r)/dr > 0. The high
frequency edge at v, of the line profile in the comoving frame cannot intercept
line photons from any other point in the atmosphere, as they will be red shifted. Any
photon incident at the high frequency edge must be a continuum photon. We can
write the initial condition as

u(zZ, P, Vmax) = Ucontinuum- (8.3.13)

This is obtained from equations (8.3.6) and (8.3.7) with the frequency derivative
a/dv set equal to zero, which gives u continuum radiation or we must have

9
(l) =0, (8.3.14)
81) Vimax

which means that the slope of the continuum at v, is zero.
We now discretize the system of equations with the grid {rd, Di, zd,i} (see
chapters 4 and 7) where
{ral, d=1,2,...,D,
{pi}, i=12,...,1,
lzai}, d.i=1,2,....DI.

The frequency grid {v,} is chosen in order of decreasing values (v > vy > --- >
vy) as n increases from 1 to N because the initial condition is set at the highest
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frequency. The quantity J in equation (8.3.9) can be written in terms of quadratures
as

N

Ty =Y o Y aqid(ra, vulz(ra, pi), pi, val- (8.3.15)

n=1

Equations (8.3.6) and (8.3.7) are replaced with their corresponding finite-difference
equations, but before doing this we write U, v, «, At, § as follows:

(1) wqin = u(za, pi, vn); (8.3.16)
(2) U(d:l:%),i,n = U(Zd:t%’ Dis Vn)s (8.3.17)
where
1
Zaxl =5 (zd £ 2d+1); (8.3.18)
1
(3) Kaglin =7 [Ka,in + K@+1),in); (8.3.19)
1
@) Atgin =5 (At .+ Aty (8.3.20)
where
ATyt in =Hardin2d = 2an1], (8.3.21)
ATyt =Koy g [2a-1 —2al: (8.3.22)
and
) 8gin-t = Vain/ Va1 = vn). (8.3.23)

Using equations (8.3.15)—(8.3.23), we can write equations (8.3.6) and (8.3.7) as
follows:

(ud+l,i,n - ud,i,n)

- Ud—i—%,i,n +

S,,1 - 1(v 1. —U,,1; )
d+5,i,n—=5 \"d+5,i,n d+~,i,n—1
A‘L’d %tn 2 2 2 2

(8.3.24)

and

(Ud+%,i,n - vd*%,i,ﬂ)
A7:d,i,n

=Udin— Sdin~+ 3d,l-,n,% (udin — Ud,in—1)-
(8.3.25)

From equation (8.3.24), we obtain Vgrdin
3,
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224 8 Radiative transfer equation in the comoving frame

(ud-i-l,i,n - ud,i,n)
H: :| +5d+%,i,n—%vd+%,i,n—l}

AT, 1.
d+h i,
- Tahn . (83.26)
L4+8y0 0 int

vd+%,i,n

Using equations (8.3.25) and (8.3.26) v, , 1 in €0 be eliminated and a set of second
order equation for u, ; , obtained. This is given by

(ud—i-l,i,n - ud,i,n) (ud,i,n - ud—l,i,n)

[At0gan (14 8y im) ] [Bamin (14 0mgi0y)]

A":d,i,n

= <1 + 5d’i,n_%) Ud,in = Sdim =84, 1Ud.in—1
-1
T 1%a-1in-t (1 +5d—%,i,n—%) Va—1in-1

-1
- 8d+%,i,n—% (1 + 8d+%,i,n—%) Ud+%,i,n—l:| /ATdin. (8.3.27)
With the boundary conditions, we obtain the following system:
Ti,nUi,n + U;,nUi,n—l + V;,nvi,n—l + Wi,nJ = Xi,ns (8328)

where T; ,, is tri-diagonal, U; , and W; ,, are diagonal, V; , is tri-diagonal and X; ,
is a vector. Also

T
Uin = [Ul,i,ns UDips s MD[_l,i,n] (8.3.29)
2
and V; , is given through equation (8.3.26) as
Vin =GinUin +H;nVin-1. (8.3.30)

Here G; , is bi-diagonal and H is diagonal. The system is solved by choosing a
particular ray for a given p; and performing frequency-by-frequency integration
fromn = 1ton = N with the initial condition that U; i, Vg’] and H; ; are all
zeros. Then we get

U1 =A1—B;i1J (8.3.31)
and

Vi1 =Ci1 —Di1l, (8.3.32)
where

Ai =T [X 1, (8.3.33)

B =T, W, (8.3.34)
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Ci1=Gi1A 1, (8.3.35)
Di1 =G 1B 1. (8.3.36)

Successive values of n are given by the scheme

Uiy =Ain—BinJ (8.3.37)
and

Vin = Cin —Dinl, (8.3.38)
where

A, = T,_,i (Xin — U ,Ai 1 — Vi ,Cin1), (8.3.39)

By =T, (Win—U,,Bin1—V, Dini). (8.3.40)

Cin=Gi A +H,C 1, (8.3.41)

D;,=6G;,;B;,, +H;,D;,_. (8.3.42)

For a given ray (p;) with frequency v, equation (8.3.38) is substituted in equation
(8.3.15) to obtain a final system of the form

(1 +3 F,-,HB,-,H> J=) FiAin (8.3.43)
in

in

where the Fs contain the quadrature weights. The solution of equation (8.3.43) gives
J and therefore S(r, v). The quantities U (z, p, v) and v(z, p, v) are obtained from
equations (8.3.37) and (8.3.38). It is now possible to calculate 1%(r, v) and K°(r, v)
in the comoving frame. We can calculate the flux H O(r, v) from v(r, i, v). Thus
we obtain a complete radiation field in the comoving frame. These profiles should
be computed in the frame of the observer at infinity (see figures 8.1 and 8.2 for the
source functions and their corresponding line profiles).

84  Application of discrete space theory to the comoving
frame

We shall now describe the solution of line transfer in the comoving frame using the
discrete space theory described in chapter 6 (Peraiah 1980a,b). Unlike in the pre-
vious sections, the solutions are obtained by directly solving the transfer equations
in the (r, ) coordinate system in the spherically symmetric atmosphere. We obtain
the source function and this source function is utilized in obtaining the line profile
at infinity.
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226 8 Radiative transfer equation in the comoving frame

The transfer equation in the comoving frame of a spherically symmetric, expand-
ing atmosphere (see equation (8.2.10)) for a non-LTE two-level atom with complete

redistribution is
iual(x’lf«,r) 4 l_l’l’zal(x7“'9r)
ar r I
—[K(x,r)+ Kc(r) (x, £, 1)

n [(1 2 vir) +M2d\;£r):|81(x,a:)iczﬂ,r).

=K(x,r)Sp(r) + K.(r)S.(r)

(8.4.1)

Here all variables are measured in the comoving frame. K and K. are the absorption

log S

log T

Figure 8.1 Line source functions versus line optical depths for isothermal models
with various values of R and Vj,4y. For each value of R, the continuum mean
intensity J. is drawn as a dashed curve. For R = 300, an additional source function

is included for Vj;4x = 100 and dV /dt = —0.1 as indicated (from Mihalas et al.
(1975a), with permission).
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coefficients per unit frequency interval in the line and continuum respectively. Sy,
and Sc are the line and continuum source functions respectively and are given by

SL(r) = 1; /Tld,u /:O dx ()1 (x. . 1) + € B(r), (8.4.2)
and

Sc(r) = p(r)Bv, Te(r)), (8.4.3)

K(x,r) =¢(x)KL(r), (8.4.4)

where x is the frequency width in terms of a standard frequency interval (say
Doppler) and is given by
vV — 1V

, 8.4.5
A (8.4.5)

X =

and K is the line centre absorption coefficient. ¢ (x) is the profile function normal-
ized such that

1.8

Figure 8.2 Emergent fluxes
for the models of figure 8.1,
normalized to unity in the
continuum versus
displacement ¥ = X/ Xyax,
where X4y is chosen so
that F is nearly unity at

(1975a), with permission).

1.0
0.8 ]
- 10
0.6 |— Vma71oo 3 —
04— I
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Y = +£1 (from Mihalas et al.
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+o0
/ p(x)dx =1. (8.4.6)

—00
p(r) is an arbitrary factor which is normally less than unity and B(x, T'(r)) is
the Planck function. V (r) is the velocity of the gas in the atmosphere in units of
thermal velocity. The quantity € is the probability per scatter that a photon is lost by
collisional de-excitation. We shall integrate equations (8.4.1) on the lines described
in chapter 6, together with the comoving frame terms given by

|:(1 _MZ)V(I’) +M2dV(r)i| al(x, Zl:,lL,V).
r dr ox

(8.4.7)

In discrete space theory, we approximate integrals by the appropriate quadrature
sums and differentials by weighted differences. For example integration over the
angle variable is effected by the formula

1 J J
/O fydu =Yy cif(up), Y =1, (8.4.8)
j=1 j=1

where ; and c; are the zeros and weights of the angle quadrature formula over [0,1]
and J is the total number of angles. We define the matrices

c=[cdjk], My =[1;8], (8.4.9)

and the corresponding intensities as

I(rn, £p1, Xi)
N 5 | 10, £h2, Xi)
Uy, =dmr . (8.4.10)
I(rnv :l:l’LJv-xi)
and
T
vE=[uf, U5, 05, ] (84.11)
where T indicates the transpose. We shall further write
®, 1 =[P,y = B+, 1 S (8.4.12)
where
B=K/KL (8.4.13)
and
k=j+G-1)J, 1<k<K=1J, (8.4.14)

with i and j the running indices of the frequency and angle quadrature points
respectively and [ the total number of frequency points. The subscript n + % on
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a variable indicates that it represents the average of that variable over the shell
bounded by radii r,, and r,, 1. We shall write

O = Q(xi, 1j), (8.4.15)

Syt = (PB+€d) B, 1 S, (8.4.16)
_ 2

B,’,+% =dmr 1B, ), (8.4.17)

piwg = a;cj, (8.4.18)
1

ai=Aigi/ Y Aigp(xin), (8.4.19)

i'=—1

where the As are the weights of the frequency quadrature. Using equations (8.4.10)—
(8.4.19), equations (8.4.1) are integrated over the angle—frequency-radius mesh and
we obtain (see chapter 6)

+ + +rt -U- +
MU, — U]+ pc [A Un+%+A Un+%]+rn+;cl>n+éUn+% =

1 T - +
1S 1+ 5(1 - E)Tn—k% I:CDCD W] [U+ +U ]’H‘% +MldU”+%

Tnt 3+
(8.4.20)
and
— p— — - + —_
M[U, - U, ] —pc [A+UnH +A UH%] + rn+%d>n+%Un+% =
1 T PN _
T ySuet + 51— 07,0 [qxp W] (U +U],  +MidU,
(8.4.21)
with
M,, 0 A 0
+
M= Mo , At = An ,
0 M,, 0 A
(8.4.22)

where M, = [u;6;;/] and A,j,f are the curvature matrices. The comoving terms given
in equation (8.4.7) are represented by the terms M 1dUi[Jr , in equations (8.4.20) and
2

(8.4.21). M; is given by
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1 2
M, = [M AV, +M pCVH%], (8.4.23)
where
M) 0
Ml
1 m 1 2
M' = . . M = [y,j ajj/] (8.4.24)
0 M)
and
M2 0
M2
M2 = " . M2 = [M}(s,-j/], (8.4.25)
0 M2
where j, j/ = 1,2, ..., J, p. is the curvature factor Ar/rnJr%, AVH% =Vit1—Vy

and V, 1 is the average velocity over the shell bounded by the radii r, and ;1.

The matrix d is determined from the condition of flux conservation and is given by

—dy dy 0
—d, 0O d 0
d=| O —d3 0 d3 0O , (8.4.26)
0 —d; dp
where
di = (xji—y —x))"" fori=2,3,...,1—1 (8.4.27)

and we shall set d; = d; = 0.
The average intensities are approximated by the diamond scheme (Grant 1968):

+ +
(E= X,y U +X, 4 Uf = 0) (8.4.28)
(B= X,y U X, U7 = U,
1
ntl T 2
equations (8.4.20) and (8.4.21), we obtain

A B u" A B Ut S
) = " 4.2
(C D)(U;H) (C’ D’)(U;H)“(S>’ (842

A=M+ 2pAt+ ire— ] [¢¢TW] 'Mid (8.4.30)
= —pe —t®— o1 - = , 4.
2P 2 4 PR

where X E, E being the unit matrix. Introducing equation (8.4.28) into

where
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N ;
B=SpA” = ro [¢¢ W],
N .
C=—3ph" =70 [¢¢ W],
D=M- pAt+ ire_ [¢¢TW] 'Myd
=M - —p, —t® — —0o71 — -Md,
2P 2 4 PR
A =M- oAt Lipy! t[¢¢TW]+1Md
= — — 0. [ —0 — ,
2P 2 4 2!
B = oA+ g [¢¢TW]
= —— 0Oq —TO ,
2P 4
/ 1 — 1 T
C'= Jph” + 70 [¢¢ w],

D’—M+l A+—1<1> I Tw lMd
= 2pc 21 +4G‘L’ 030 +2 1d,

whereo =1—¢candt =1 1.
n+s

(8.4.31)

(8.4.32)

(8.4.33)

(8.4.34)

(8.4.35)

(8.4.36)

(8.4.37)

A comparison of equation (8.4.29) with the interaction principle gives us the
reflection and transmission operators and the source vectors for the basic cell (see

chapter 6 for the procedure). The reflection and transmission operators are

T+ 1,n) =a™ [ATTT+p7871],

R+ 1,n) =a "7+ [E+ ATTH].

(8.4.38)

(8.4.39)

T(n,n + 1) and R(n, n + 1) can be obtained by interchanging + and — signs in the
corresponding T and R operators. The various quantities in equations (8.4.38) and

(8.4.39) are given below:

Y = %a [¢¢TW], Z=0_Y,

At M A~
7z, =z+22 N0y, vy 22
T T T
At Mid A
7. —z-P2 Ny _y_ L2
T T T

B~ ", @~ are written by interchanging the signs. The source vectors are

(8.4.40)

(8.4.41)

(8.4.42)

(8.4.43)

(8.4.44)
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ZL% =tat [AT+BTTAT]S, (8.4.45)
Z,. = ta T [AT+B7TAT]S. (8.4.46)

We need to obtain the non-negative R and T operators given in equations (8.4.38)
and (8.4.39). To achieve this we need to see that the matrices A¥ in equation (8.4.43)
at positive in which case the following conditions on the elements of (A)~! matrices
are required. The diagonal elements of (A)~! should be positive and dominant. This
condition is obtained if

2ur £ ,OcA]—:k — d k [H/%kAVn+% + (1 - V“l%k)'ofvrw%]
B+ 1) — 30 (dpT Wik

Tk,k <

(8.4.47)

The off-diagonal elements of (A*)~! should be negative. This happens if

+ 2 2
2pe N gyy — 2k ket I:Avn+%'u“k,k+l + 'OCVn+% (1 - 'U“k,k—i-l)]
o (¢¢TW)k,k+1

The k41 <
(8.4.48)
for the upper diagonal elements and

+ 2 2
2pe iy g+ 21k [AVnJrleH,k oVt (1 - 'U“k+1,k>]

2

Th+1,k <
4 (¢’¢TW)k+1,k
(8.4.49)
for the lower diagonal elements. We have to select 7, (= T.ey;) such that
Terit = MIn {Tet1 ks Thoks Thokt 1 - (8.4.50)

We use 7., to obtain the R and T operators and the source vectors. 7..; depends
on the number of angles, the number of frequencies, the velocity gradients, the
local velocities, the curvature factors, the profile functions, and the thermalization
parameter €. The atmosphere is divided into N shells so that each shell has an optical
depth < 7. To solve the problem, we need two spatial boundary conditions and
one initial condition on frequency. The radiation field is incident on either side of
the atmosphere as given below:

(a) Uy (ki1 =T, 1) = f (say). (8.4.51)

In this case one can use the diffusion approximation on the surface of the star or
as in the Schuster problem, we can specify the intensity emerging from the star at
t="T:

(b) Ul (xi,t =0, 1)) =0, (8.4.52)

which means that no radiation is incident from outside the atmosphere.
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In the case of the frequency boundary condition we set d1/9x|continuum = 0 (see
section 8.3). This leads to

[dUi 1] =0. (8.4.53)
"2 izt and 1

In addition to the above conditions, we need to specify the boundary conditions on

velocity. Several velocity laws are available and here we use a linear velocity law,

given by

Vg —Va
Viry=1V — @ —A), 8.4.54
(1) = Va+ 2= A) (8.4.54)

where A and B are the inner and outer radii of the atmosphere and V4, Vp and
V (r) are the velocities at radii A, B and r respectively. It should be noted that other
velocity laws can be used as easily as the above law.

The R and T operators are computed for all the shells, each of which has an
optical depth < 7. Then by the internal radiation field scheme (see chapter 6),
we can obtain the intensities U™ at all the boundaries of the shells. Then the source
functions are calculated at different radial points or the shell boundaries.

The line source function is computed from the following:

1—€
S1ra) = — > aigi Y ¢ (U +Uy). (8.4.55)
from which one can get the total source function:
@ (xi) p
Sri,xj)) = —————=Sp(r) + ————=S.(r). (8.4.56)
B R e

We can use the profile function corresponding to a static medium. Consequently,
we need to use only a small number of frequency points which will reduce the size of
angle-frequency mesh. Equally spaced trapezoidal points are used for the frequency
grid. To test the accuracy, 9, 11, 13, 15, and 19 points on the frequency grid are
chosen, odd numbers being selected in order to include the centre of the line at x =
0. The source functions So, S11, S13, S15, S19 have been computed corresponding to
9,11, 13, 15 and 19 frequency points. Sy differs from the others in the fourth or fifth
place, whereas S11, S13, Si15 and Sj9 agree to about ninth place. In order to save
computer time and storage space, one can use 11 frequency points and 2—4 angle
points.

In the rest frame, the application of complete redistribution would lead to inac-
curate results (Magnan 1974) but the results may not be as inaccurate in the co-
moving frame. However, one needs to employ angle dependent partial redistribution
functions in both the frames of moving media. However, according Mihalas et.al.
(1975a) the use of the angle-averaged redistribution function in the comoving frame
may be ‘sufficiently accurate’.
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One can use the angle-averaged redistribution function in the discrete space
theory method (see Peraiah (1980a)). The line source function in this case becomes

(I—¢)

SLCer) =750

') +1
/ dx/f R(x,x"YI(xX', Wydu + eB(x, T,(r)),
—00 —1
(8.4.57)

where R(x, x’) is the angle-averaged partial frequency redistribution and ¢ (x) is
obtained from the relation

+oo
o(x) = / R(x, x")dx'. (8.4.58)

—0o0

The integration of the transfer equation in the comoving frame equation (8.4.1) with
the line source function with angle-averaged partial frequency redistribution given
in equation (8.4.57) can be over the discrete radius—angle—frequency mesh similar to
that of complete redistribution. The only change that is introduced into the discrete
equations (8.4.29)—(8.4.37) is that the matrix [¢¢TW] is replaced by [RW], +h
where W is defined in equation (8.4.18). Once we obtain the source function S(r, x)
in the comoving frame, we need to compute line fluxes in the frame of the observer
at infinity.

In figure 8.3(a), we show a spherically symmetric, radially expanding atmosphere
surrounding a star. One can explain qualitatively the absorption and emission fea-
tures of a spectral line formed in these objects. The formation of lines in these
atmospheres depends on several factors: density distribution, geometrical extension,
expansion velocities etc. Let us consider a transparent envelope so that all photons
reach the observer. For simplicity, we consider a line centre frequency for either
emission or absorption for which the external observer will receive the line centre
frequency from any part of the medium Doppler shifted by an amount corresponding
to the velocity of expansion along the line of sight.

Region (4) in figure 8.3(a) is the region occulted from the observer by the
stellar disc and therefore cannot be seen by the observer. Region (5), the region
projected onto the stellar disc, can emit radiation either without any major reab-
sorption (similar to the formation of a forbidden line in a nebula) or when the
electron temperature is much greater than the colour temperature of the radiation
from the background photosphere. In this case, one would obtain a violet shifted
emission feature. Another possibility that can occur in this region is that the incident
photospheric radiation is absorbed or scattered out of the line of sight resulting in
the formation of a violet shifted absorption feature. Region (3) (the emission lobes
of the sides of the disc) generates photons which are emitted thermally or scattered
by stellar and diffuse radiations from the envelope. In these emission lobes, the line
of sight velocities lie between positive and negative values producing a symmetric
emission feature covering from the violet to the red side of the central frequency
of the line. As region (4) is occulted from the observer by the stellar disc, we
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cannot observe the maximum red shift, therefore we can obtain information about
the velocities only from the blue shift of the absorption or emission feature.

We shall now describe a method to obtain the flux profiles once the source
function is known as a function of frequency and radius. The envelope is divided
into N shells (strictly speaking sectors) with radii r,, 1 = A (the inner radius)
and ry = B (the outer radius). We know in advance the values of the absorption
coefficient « (r), S(r), V (r). We select a set of N rays parallel to the direction of the
observer at infinity. First we consider the side lobes (region (3)). Each ray is defined
by an impact parameter p,, corresponding to the ray n tangential to the sector with

expanding envelope
—

A

N VN Y

70 To the observer

A\
[ — :Dfmz
N ¢ © @@ g O
{C il
L
Y
6 j: il
/

Q2
c Q
P

@)

¢]

|

To observer

Figure 8.3 (a) Schematic diagram of an expanding stellar envelope: (1) central star,
(2) photospheric surface, (3) emission lobe, (4) region occulted from the observer,
(5) absorption feature region (sometimes even emission). (b) Schematic diagram
showing how the line of sight fluxes are computed. (c) Expansion of part of the ray
segment PD in (b) to compute optical depths and intensities.
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236 8 Radiative transfer equation in the comoving frame

radius r;,. This ray will intersect 2(N — n) + 1 sectors, the number 1 represents
the sector with which the ray is a tangent. We need to evaluate the transfer in each

segment such as CD (see figure 8.3(b)). We apply the formal solution

I"'(C) = I"+1(B) exp(—1) + fr Sn+%(t) exp{—[—(tr —1)]}dt, (8.4.59)
0

%)
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Figure 8.4 (a) Frequency and angle independent source function for B/A = 9;
(b) flux profiles of the lines received at the observer F' = F (x)/Fxqx versus
Q = X /Xmax corresponding to the source function given in figure 8.4(a) (from

Peraiah (1980b), with permission).
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where 7 is the optical depth of each segment such as CD. In the observer’s frame,
the line frequencies will have Doppler shifts from (—x to +x) to (x & V) due to
velocities. Therefore the source functions calculated for the lines with frequencies
—x to x in the comoving frame cannot cover the red and blue shifts corresponding
to velocities =V in the line frequencies in the rest frame. We integrate the source
function over the line with respect to frequency so that it can be used over the whole
range of line frequencies in the observer’s frame. The source function is then

+1

Su= Y AiSy(xi,Ta), (8.4.60)
i=—1
1

S,H% =3 (Sn + Sut1). (8.4.61)

We need to estimate the optical depth t¢p accurately to compute /" (C) in region
(3). We divided the segment CD into K smaller segments. Let OD = r,42 and
OC = ry41. Then we divide the segment C D into k smaller segments each of equal
length at point Q1 (this is at C), Qa, ..., Ok (see figure 8.3(c)). Let each segment
be equal to AQ = CD/k. We need to find the cosines of the angles o(Qy)made by
the lines such as O Q1, O Q», ..., O Qy with the ray at Q1, Q», ..., Q. We then
obtain (Qy) as

(08 = cosa(Qy) = L2k, (8.4.62)
0 QO

where
007 =0P>+PQ;, OP=r,
POy =PC+k-AQ, k=01,... k
PC=(2,, -1, (8.4.63)
AQ =CD/k,

— 2 2% 2 24
CD=(rjp—r)2—(r g —r)2.
Now we can compute the frequencies in the observer’s frame using the relation

xo =x + u(Qr) - V(Qx), (8.4.64)

where V (Qy) is the radial velocity along the radius vector O Q at the point Q. The
source functions at the points Q1, Q», ... are obtained by a simple linear interpola-
tion of the values at r,, 41 and r,,4>. For this purpose, one should take the maximum
number of shells which is the same as the number of rays . As the calculation does
not need much storage space or computational time, one can use a large number of
rays. The boundary condition where the ray crosses the Nth shell is given as IV = 0.
Then 7™ =D is estimated using equation (8.4.59) repeatedly along a segment such
as CD. The profile function is computed using equation (8.4.64). For redistribution
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functions one can use equation (8.4.58). We then compute the intensities for each
ray corresponding to each frequency in the range xo — x &+ w(Qr)V (Qk).

The optical depth in each segment such as (QrQr—1) along the line of sight is
computed using the relation

T(x, Ok, Qk—1) = k(Qk, Qk—1)¢(Xo), (8.4.65)

where ¢ (xg) is the profile function and xg is given in equation (8.4.64). k (Qk, Qk—1)
is the absorption coefficient between the points Q; and Q_1. Thus, the monochro-
matic flux is computed by using the formula

p=rn
F, = 271/ I(p)pdp. (8.4.66)
p

=r
A similar calculation is performed of the intensities in region (5) (of figure 8.3(a)).

Mallik (1986) applied this theory to solve problem of H alpha line profiles.
Peraiah and Ingalgi (1990) studied the effects of dust on the equivalent widths of
spectral lines formed in expanding spherically symmetric shells.

8.5 Lorentz transformation and aberration and advection

Lorentz transformation is used for clear understanding of the physical variables
between the rest and the comoving frames. In this section we closely follow Mi-
halas (1978) and Sen and Wilson (1998). Lorentz transformation for four vectors
corresponds to proper rotation in four-dimensional spacetime. If velocity gradients
occur in the medium, local Lorentz transformation has to be used for every v(r)
in spherical symmetry. A point in the laboratory frame is represented by the four
coordinates

(o xh = (xy zader) (8.5.1)
and in the comoving frame by
(X0 X5 X3+ X0) = (x0, Y0, 20, icto). (85.2)

The comoving frame is moving relative to the rest system with a velocity v in the
z-direction. The transformation is effected through the equation

xg=L§xP (@=1.....4), (8.5.3)

where the Einstein convention of summing over repeated indices is used. L is given
by

1 0 0 0
0 1 0 0

L= , 8.54
00 vy By ( )
0 0 —ipy y
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where y = (1 — v2/c3) ™2, B = (v/c), i2 = —1.

It is to be understood that four vectors and four tensors are covariant under
Lorentz transformations, and so are the physical laws which are written in terms of
four vectors or four tensors under this transformation. Here L is Hermitian, which
means that L = L™, where ‘4’ denotes the adjoint (or conjugate) transpose and
L~! = L7, where T denotes the transpose. If we write (see equation (8.5.3))

Xo = LX, (8.5.5)
where X and X are continuum vectors, then
X =L 'X, = L7 X,, (8.5.6)
or
o -1 « B
XY = (L )ﬁ xt. (8.5.7)

Applying the transformation rules to the coordinates, we can show that the measure-
ment of intervals particular to the z-axis is unaffected by the relative motion of the
frames, that is,

AXyg=AX, AYy=AY, (8.5.8)

and Az at rest in the fixed frame is measured by an observer in the moving frame to
the length,

Azo = Az/y, (8.5.9)

which is the famous Lorentz—Fitzgerald contraction effect. Similarly the time inter-
val At in the fixed frame measured by an observer in the moving frame is (by the
time-dilation effect)

Aty = y At. (8.5.10)

From equations (8.5.8)—(8.5.10), we conclude that the spacetime volume is invariant,
or

dv dt = dVydt. (8.5.11)

A covariant four-gradient transformation is given by
g 9 9 109
dx’ 9y 9z ic ot

d d d a0 d d
= sy T/ — E_ s l - _ﬂc_ . (8.5.12)
dxp 9yo dzp ¢ Aty ) ic \ 9 020

We shall now consider the transformation of the radiation field and transfer
related variables. If P¥ is the four-momentum of any particle, then
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8 Radiative transfer equation in the comoving frame

w iE
P” = Px Py Pz~ ) (8.5.13)

where py, py, p; are the components of the ordinary momentum and E is the total
energy of the particle. Now

p* = pi+p;+ i, (8.5.14)
and
E? = p*c® + (moc?)?, (8.5.15)
where my is the rest mass of the particle. For photons
mo=0, E=hv, p=hv/c, (8.5.16)
where £ is Planck’s constant and
h T h
pe ( 0. n,n?, ,-) =T, (8.5.17)
c ¢
where n is the direction of propagation and is given by
n = (ny,ny,n;) = (sinf cos ¢, sin 6 sin g, cos ). (8.5.18)
If Lorentz transformation is applied to equation (8.5.17), we get
(won, vonY, von?. ive) = [vy + vny, vy (n; — B).ivy (1 —n.p)].
(8.5.19)

or equivalently

CU=u): u-p
Yy —up) T—up’

[90: (1 = 1) i wo] = [cp vy (1 — Mﬂ)]-
(8.5.20)

The inverse transformation gives (replace 8 by —j)

| 1 —ul 2
[ - D] = [V((] K 0 P+ Moﬁ)}- (8:5.21)

We can obtain the Doppler shift and aberration from equations (8.5.19)—(8.5.21); we
can easily see from equation (8.5.20) that

vo =vy(l —upB), Doppler shift, (8.5.22)

and
nw—p
1—up’

no = aberration effect. (8.5.23)
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By retaining terms only up to O (v/c) and setting y = 1, we obtain the expressions
for the Doppler shift and aberration in the classical Galilean approximation. These
are

vo = v(l — up), (8.5.24)
_u—=p

mo=1g (8.5.25)

dvg = (1 — uB)dv, (8.5.26)

dpo=dp (1 —pup)™" +(n— BB — up) 2du
~(1—up) tdu. (8.5.27)

From equations (8.5.22) and (8.5.23), we get
dvg =y (1 — up)dv, (8.5.28)
dpo = (1—pB) 2du. (8.5.29)
From equations (8.5.24), (8.5.26), (8.5.27), (8.5.22), (8.5.28) and (8.5.29), we get
dvy = (?) dv (8.5.30)

and

djo = <1)2du. (8.5.31)
Vo
Here terms up to O (v/c) are retained. The elementary solid angle dw is given by
do =sin0dbdp =dudy, (8.5.32)
then from equations (8.5.22) and (8.5.30)—(8.5.32) we obtain
vdvdw = vodvgdwy, (8.5.33)

which means that v dv dw is Lorentz invariant.

Now we shall see how the specific intensity is transformed. By the definition
of the specific intensity (see chapter 1), the number of photons passing through an
elementary area do oriented perpendicular to the z-axis, in the frequency interval
dv, into the solid angle dw, moving at an angle & = cos™! 1 to the z-axis

I 7t1 9
N (r,t, ;m,v)

, dwdvdo cosfdr. (8.5.34)
v
If Ny is number of photons counted by an observer in the comoving frame,
10(r, t, uo, dovdh
Ny = deodvo <do cos Oy dry + gy 0), (8.5.35)
Vo c

where the first term gives the number that would have been counted if do had been
stationary in the comoving frame and the second term gives the density of photons
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(I°/ hvge) times the volume (do v dty) swept out by do in time dfo. Therefore from
equations (8.5.8) to (8.5.11), (8.5.22), (8.5.23) (8.5.34) and (8.5.35), we obtain
I 9 t’ 9 IO b t’ 9
T 1Y) o dvde pde = C RO o e do dio(io + B).
Vo
(8.5.36)

Multiplying both sides by vzvg and using equations (8.5.10), (8.5.23) and (8.5.33),
we obtain

3
I(r,t, 11, v) — (V—”O) 1°(r, 1, 1o, vo). (8.5.37)

The emissivity can be transformed as follows. The number of photons emitted from a
volume in a specified time interval into a specified solid angle and frequency interval
is the same in both frames. If j(r, ¢, i, v) is the emissivity then from equations
(8.5.11) and (8.5.33) we get

j@r, t, u,v)ydwdvdV dt . Jo(r, t, ., vo) dwo dvy d Vo dty
hv - hvo ’

From equations (8.5.11), (8.5.33) and (8.5.38) we obtain

(8.5.38)

2
v
Jr ot w,v) = <v—0) Jo(r, £, vo). (8.5.39)

Notice that j becomes isotropic in the comoving frame.
Emission losses must be matched by the absorption in any frame to maintain the
energy balance. Then in terms of the number of photons, we have

k(ryt, u,v)I(r,t, u,v)ydodvdV dt

hv
k1, o, v0) 1 (1, 1, po, vo) dwo dvo d Vo dio
B hv() '
(8.5.40)
Using relations (8.5.38) and (8.5.37), we obtain
k(ryt, u,v) = (E> KO, 1, v0), (8.5.41)
%
where « is isotropic in the fluid frame. The differential operator in the transfer

equation transforms (between the two frames moving uniformly with respect to each
other) after using equations (8.5.12) and (8.5.19) to

10 (Vo 10 0 0
+"'V_(u)[cato+" V]. (8.5.42)

The transfer equation is covariant. For, from the equations (8.5.37), (8.5.38), (8.5.41)
and (8.5.42), we see that
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101, .
o +m- W, = j, — i1y, (8.5.43)

transforms to

Vo 1 0 0 0 > 0
(7) |:Ea_l‘0 + (Il -V ):| |:<v—0> I" (1o, VO):|
2
- (1) (000 = €0 a0, v0) - (8.5.44)

Vo

If the two frames are in uniform motion with respect to each other then (v/vg) is
constant and only then can equations (8.5.44) be written as

1 0
[; <3—t0) + @ VO)} 1°(uo. vo) = j°(wo) — k() 1%(po. vo). (8.5.45)

which is of the same form as equation (8.5.43).

We need to recognize two important points: (1) although equations (8.5.43) and
(8.5.45) look similar, the latter equation which is at rest relative to the fluid is much
simpler because of the isotropy of the j O(vg) and « (vp); (2) transformation of the
former to the latter is possible if the two frames do not move uniformly with respect
to each other, that is if they are covariant. This implies that the latter equation does
not apply in an expanding or pulsating atmosphere.

We shall now turn to the transformation of the moments of the radiation field,
J, H and K, between the rest and the comoving frames. Using equations (8.5.20),
(8.5.30) and (8.5.37), setting ¥ = | and expanding to the first order in v/c, we get

2
10 dvy dewy = (@) Ldvdw ~ (1 —2uB)l, dv dw. (8.5.46)
V
This gives us
JO=J —28H. (8.5.47)

In a similar way

I podvodwy = (1 — B)(1 — )1, dvdew
~ [u — B(1 — ,ﬁ’)] I, dvdw (8.5.48)

and

1,?#(2) dvodwy = (u — ,3)21v dvdw
~ (u? —2uB)l, dvdo. (8.5.49)

From the above, it follows that

H'=H - B(J +K),
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K = K —28H, (8.5.50)

where J%, H?, K and J, H, K are the frequency integrated angular moments in the
comoving and rest frames respectively. The inverse of this transformation is given
by (changing the sign of §)

J,H K1=1J"+28H°, H' + B(J° + K*), K* + 28H". (8.5.51)

8.6  The equation of transfer in the comoving frame

Covariant differentiation can be applied to the full transformation of the transfer
equation, together with the differential operator for a non-uniform velocity field,
as the comoving frame of a fluid consists of sets of inertial frames attached to the
elements of the fluid, each of which is instantaneously associated with the velocity
of the element of the fluid. Furthermore, Lorentz transformation is applied for the
transformation of the variables between the Eulerian rest frame and Lagrangian
comoving frame which applies strictly to frames in uniform relative motion to each
other. In stellar atmospheres, V = V(r, t). This makes the fluid frames non-inertial.
One can set up an infinite set of local inertial frames and use the Lorentz trans-
formation of the physical variables of the radiation field between the rest and local
comoving frames. The transfer equations that we consider are

v3 10 0 0
— —— +u—|I"(ro, o, vo, to) =

Vo c ot ar

2
(1> [/°00) = K 00) 1o, 10, vo. 10)] (8.6.1)

Vo

for plane parallel geometry, and

v318+ a+1—u2a 0 0
— -— — — 7o, 1O, V0, f0) =
Vo c ot Mar ro ou 0 KO- V0. 10

2
(1> [/°00) = k0 o, 10, vo. 10)] (8.62)
Vo

for spherical geometry.

Assuming one-dimensional flows, we apply Lorentz transformation to a frame
that instantaneously coincides with the moving fluid. If we set y = 1 and ignore
terms of O (v/c)2, then

ro=r, (8.6.3)

r

1
cto(r,t) =ct — — / v(r, t)dr'. (8.6.4)
¢ Jo
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Equation (8.6.3) means that the observers in both the frames see the same space
increments, that is there is no Lorentz contraction. Equation (8.6.4) represents that
retardation effect.

We apply the chain rule to evaluate the derivatives in equations (8.6.1) and (8.6.2)

()= (@), = o) (50).. 3
I O/ por - NSy 310 I/ s ko

v 3 a1 d
+ (—") 4+ (—0) . (8.6.5)
O/ 9o o/ .y 910
@)-G),. -G (3),.m
or) \ot),,, \ot),,, or 9t/ 310
v 3 31 3
+ (—0) 4 (—0) — (8.6.6)
ot v avo ot v dto
@)@~ (@).m ().
or ar vt ar vt aro ar vt o
v 3 a1 3
N (_0> 2, <_0> 9 (8.6.7)
or J e 90 or J v 010

We can use expressions of the first order in S:

v=vo(l + Buo), vo=v(—Bu),

} (8.6.8)
o= (u—pB)/1—=Bw, wu=(uo+ B/ + Bro).

In addition we will make the assumption that the acceleration of the fluid, which is
zero for the steady flow, within the flight of photon mean free path is negligible
compared to the velocity, which means that we neglect dv/d¢, dro/dt, duo/dt,
dvp/0t and 0t/ = 1. We get the following up to O (v/c):

9 2_19 9
(—) (o, 10, Vo, f0) = [1, Ho— _9v _Hovo %Y —é} (8.6.9)
vt

ar c oy’ ¢ g ¢
and
0
— ) (r0, 0, vo, 10) = [0, (1 +2p0B), —vof, —0]. (8.6.10)
O/

Equation (8.6.1) can be written with the above approximation as

v 10 B ¥ . B
{<V_0) [25+M51|+3“|:3 (v_o)/ar]}l (ro, tos vo, fo) =

70 (wo) — kW) I° (ro, 1o, vo, t0), (8.6.11)
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using equations (8.6.5)—(8.6.10) and the first order expressions for (v/vg) etc. Then
retaining the terms up to the first order in (v/c), we get

c B_r() c arg Ao ¢ drgdvg

19 vy 9 o2 —=1) dv 9 Vo dv 9
[__+( )2y o= i ov 0

3ud [ v
+ ial (_o>:| 1°(ro, po, vo, to)
_ 0 ) 0
= j (vo) — k" (vo)I"(ro, (o, Vo, 10)- (8.6.12)

In spherical symmetry an extra term is required. This is given by

<v0>21—M28 v 310_
v roop \\vo N

1—u®aly 31—p> o
v\ A =p)dl 30 = p7) [I0/Y) | o (8.6.13)
Vo r I r I
Using equation (8.5.20) and the facts that v*(I — u?) = vZ(1 — u?) and

a(v/vp)/d = v/c, these extra terms in equation (8.6.13) give

1— 2
ro“ Q{11 + Breo) (3/d120) — Bvo (3/8vo)] + 38} 1°. (8.6.14)

Therefore, the comoving frame transfer equation up to O (v/c) in spherical geometry

10 v\ 0 l—y,% LoV dlnv 0
-2 il 1+ 2271 = _“
{cato+(M0+c>8ro+ ro + c dinrg ) | duo
_ (v 1—M(2) 1— dinv i
cro dlInry avo
3v 5 dlnv
k) | I 1—
+<cro>|: MO( dlnro>:|}

x 1%(ro, 110, vo, t0) = j(v0) — k(v 1°(ro, 120, vo, t0)- (8.6.15)

18

Equations (8.6.12) and (8.6.15) are the comoving frame equations up to terms of
the order O(v/c). They were first derived by Castor (1972). The time derivative
in the above equation is still in the fixed frame allowing for the retardation. The
Lagrangian time derivative consists of two terms: D/DT = d/dt + (v/c)d/dr, the
second term representing the advection term.
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8.7 Aberration and advection with monochromatic
radiation

We shall now consider how aberration and advection change the radiation field. We
study these effects in a plane parallel medium with coherent and isotropic scattering
(Peraiah 1987) with no creation or destruction of photons within the medium. The
monochromatic, plane parallel, steady state radiative transfer equation in a fluid
frame (see equation (8.6.12)) is

Az, ) p? =1 dvdl(z,p)  3u?dv
(n+p) + — +——1I(z, 1)
0z c dz  Iu c 0z

=KI[S—1(z wl (8.7.1)

where we have replaced r( by z and, as we are considering only coherent scattering,
wesetd/dv =0, u = (u' —B)/(1 —w'B)and 0 < w’ < 1 is the cosine of the angle
made by the ray with z-axis; 8 = v/c. K is the absorption coefficient and S is the
source function which in this case is given by

1 +1
s=5 PG G5 (8.72)

where P(z, ,u/l, //2) represents the isotropic phase function. Equation (8.7.1) is
integrated by expanding the specific intensity /(z, i) as

I = IO + glz + TIIM + ET]IZI,Lv (873)

where Iy, I, I, and I, are the interpolation coefficients and

z—z _ 1
= = —(z; ir1), Az=(z; —zi— 8.7.4
%- AZ/2 Z 3 (Zl + Zz+1) Z (Zl i 1) ( )
and
nw— i _ 1
= —_—, = — 7 i N A = ;g — j— 5 87.5
n A2 =5 (j + mj—-1) W= — Hj—1 (8.7.5)

with z;, z;—1 and p;, u;— the discrete points along the z—u discrete grid. Substi-
tuting equation (8.7.3) into equation (8.7.1) and integrating the resulting equation
over the z—u grid, we obtain

2 E+P L+ (g+A ")dﬂl s+ (k432
Az 128 z 8 5228 dz T3 128 Zp Mdz 0
—KS, O<pu<l. (8.7.6)

A similar equation is obtained for the range —1 < p < 0. Here we assume that
dB/dz is constant over the interval (z;, z;—1) and
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- 1
2= (@i + — (Ap)?
iz (u)+12(u),

g= i—i ((M2> — 1), (8.7.7)

I
() =3 (MJZ + M,z»,l)-

The interpolation coefficients lo, I, I, I, are replaced by their corresponding
nodal values (see Peraiah and Varghese (1985)). Thus equation (8.7.6) becomes

i—1,+ i—1,+ i+ L+ _
Aalj_l +Ab1j +Acz;_1+Ade =

(ST ST S ST, (87.8)

with a similar equation for —1 < p < 0:

AT AT AL AL =
(ST ST S ST, (8.7.9)
where

Ij:f’Jr = 1(zj—1, j—1) €tc. (8.7.10)

The coefficients A,, Ab,...,A;,A;)... are functions of Apu, n, AB, B, g, /B;
AB = Bu+1 — Pn. Furthermore,

. 1 . ;
gi—L+ _ Z 5 ( ot g P+*C11*1’*) (8.7.11)

j=1
where the Ps are the phase matrices and the Cs are the angle quadrature weights,
and t is the optical depth given by

At = KAz (8.7.12)

We can write other Ss similarly. Equations (8.7.8) and (8.7.9) can be written for j
angles. Thus we have

(A = 1@y ) If + (A — 7@y ) I = Qv (I + 170 - 1)

(8.7.13)
and
(A/cd _ rQy__) I+ (A/“b — rQy") I, =1Qy (7 +17)),
(8.7.14)
where

{Qj.j. Qijn}=1 (8.7.15)
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and
- )
Al A{Z ‘
AL oAt
A% = : (8.7.16)

A7 4]

A
The matrices A4, A/’ A’“d are defined similarly. Furthermore,

y'H' =PTC, etc,

(8.7.17)
Pt =P(+u, +1u), etc. }

Equations (8.7.13) and (8.7.14) give us the transmission and reflection operators (see
chapter 6 for the procedure and for computations of the internal radiation field). We
set the boundary conditions

I (T = Tyax, :uj) =1,

} (8.7.18)
It(x =0, 1) =0.

The velocity gradient dv/dt is assumed to be constant with dv/dt < 0, and the
boundary conditions on the velocity are

V(T = Typax) = 0,
8.7.19
vit=0)=v } ( )
where v = 0-5000 km s~! (in steps of 1000 km s~ ') (8 = 0-0.0167).
The mean intensities are computed using the formula
1 +1
J= 5/ I(w)du. (8.7.20)
-1
The changes J in Js are computed as follows:
J AJ 100 (8.7.21)
= —— X .
J(w=0) '
where
AJ=J@w=0)—-J@=>D0). (8.7.22)

We need to examine the individual effects of aberration and advection on the
radiation field in the moving medium. It would be interesting to know the effects
of aberration and advection separately, but it is difficult to separate the terms cor-
responding to these phenomena in equation (8.7.1). In this equation, the first term
on the LHS represents aberration, while the second and third terms represent both
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8 Radiative transfer equation in the comoving frame

aberration and advection. Here, we shall set the following conditions for aberration
and advection even though they are artificial:

d
d—'B =0, pB >0, foraberration and no advection,
d; (8.7.23)
>
e 0, B =0, for advection and no aberration.
<

We show J for various effects in the medium with v = 5000 km s~! and = 50 in
figure 8.5(a). We plot the amplification factors defined as J /1008 as a function of
the total thickness of the slab for positive velocities in figure 8.5(b). The amplifica-
tion factors increase with increasing maximum optical thickness (7,4, of the plane
parallel slab when positive velocities are used. Similar characteristics are seen for
negative velocities (see Peraiah (1987)).

T T T T T
80 |— Aberration+Advection |
——————— Only Aberration

= = == Only Advection

60

—_

-
-
.-

40

20 P R —

0 | I | |
10 20 30 40 50
T max

Figure 8.5 (a) J versus the optical depth (Peraiah 1987, Figure 3). Here we have
shown the individual effects of aberration and advection and their combined effect
on the radiation field. (b) Amplification factor Imax /1008 vs Typax for positive
velocities (from Peraiah (1987), with permission).



8.8 Line formation with aberration and advection

We shall now turn to a spherically symmetric atmosphere. Assuming the same
physical situation that is isotropic and coherent scattering, as in the plane parallel
geometry above, we add the sphericity and assume neither creation nor destruction
of photons. The transfer equation in spherical geometry in the fluid frame with terms
up to O (v/c) is (see equation (8.6.15))

aU(r,m) 1 —m? rdp\1oU@r.m)
(m+ B) oy + " |:1+m,3<1—35)1|7_

K)150) — UG my+ 2Py

(r,m)

r

2
-3 [M + mzz—ﬁ} Ur, m), (8.7.24)

where B = v/c, m = (u — B)/(1 — upB), U(r,m) = 4nr?I(r,m),0 <pu < 1.A
similar equation can be written for —1 < u < 0. K (r) is the absorption coefficient
and S(r) is the source function. Equation (8.7.24) and another equation similar to it
(for —1 < pu < 0) can be integrated on the angle—radius grid following the procedure
of Peraiah and Varghese (1985). We shall not describe this as it is too long and
instead we refer the reader to Peraiah (1991a). However, we shall quote some results
in figures 8.6(a) and (b).

It is quite obvious from figure 8.5 and 8.6 that the phenomena of aberration
and advection change the radiation field in both the plane parallel and spherical
geometries.

8.8 Line formation with aberration and advection

We shall consider the changes that can occur in the lines due to aberration and
advection in a spherically symmetric expanding medium. We solve equation (8.6.15)
without the term ¢~ '91y/d1o. This equation is solved for a purely scattering medium
in which no thermal emission occurs (Peraiah 1991b). Complete redistribution will
be employed as a starting point of investigation of the effects of aberration and
advection. Although angle-averaged and angle dependent redistribution functions
are more appropriate, the use of complete redistribution gives the direction of
changes in the line formation in expanding media with aberration and advection
taken into account. We consider an isothermal scattering atmosphere. We use as the
line source function

1 [+l oo
SL = E / / ¢(X/, o, r)U(x/, M0, r) dx/ du“/v (881)
-1 J—o0

where we have put € = 0 and no photon is either created or absorbed, that is there
are no internal sources and sinks. The boundary conditions are
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252 8 Radiative transfer equation in the comoving frame

U (wj,t=T,x)=1, UF(uj,t=0,x)=0 (8.8.2)

and the frequency boundary condition is

du* =0. 8.8.3
n+s i=1,1 ( )

Here T is the total optical depth, T = 1,,,4,. It is assumed that the density changes
as r2. The velocity boundary conditions are the same as those given in the case of
coherent, isotropic scattering, that is

vir=A,1t=T)=0,
v(ir=B,t=0)=nv.

(8.8.4)

25.
14,
3.
-
-8.
-19.
-30. ] ] ] ]
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T
85.0
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=
- v=1000km s
68.0 v=2000
4 v=3000
v=4000
< 51.0 |— 3 v=5000
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Figure 8.6 (a) The quantity J defined in equation (8.7.21) is plotted against the total
optical depth T = 50, for an atmosphere whose ratio of outer to inner radius

B/A =5 for velocities v = 0-5000 km s7! (Peraiah 1991a, Figure 10). (b) The
amplification factor Jyuqx/1008, with B/A = 5 (from Peraiah (1991a), with
permission).



8.8 Line formation with aberration and advection

where v is taken to be 0-5000 km s~! (in steps of 1000 km s~ ') and A and B are
the inner and outer radii of the spherical medium.

In plane parallel geometry, Doppler radial velocity gradients are operative, while
in spherical geometry, two additional phenomena, transverse velocities and spheric-
ity, become operative in changing the radiation field. We need to consider all these
effects together in the expanding atmospheres. The source function in equation
(8.8.1) has been computed and is given in figure 8.7(a) for planar geometry and
in figure 8.7(b) for spherical geometry with B/A = 10. The source function is
calculated for an isothermal atmosphere using a temperature of 30 000 K to calculate
vy, through the formula vy, = (2kT/m H)%, where m g is the mass of the hydrogen

0.0

1000
T=1300 , 5000 .
“12—Te=3x10K |||_----=z= ==
W 24[EZ3
(@]
o
-
-36[
3000 km/s
48— Aberration+Advection+Doppler
5000 km/s -~ - Doppler @
6.0 | |
1 10 20 30
N
0.0

B/A=10

T=1300

_3.0f— Tc=3x10K
Aberration+Advection+Doppler

= = - = Doppler
o —6.0— 1000 km/s T
o 3000 km/s -
o 5000 km/s -
= 90 T
- 1000km/s

—12.0— 3000km/s

50001km/s |
10 20 30
N

Figure 8.7 (a) A plot of log S (see equation (8.81) versus N, the shell number,
where N = 1 corresponds to T = 0 and N = 30 to v = T in planar geometry. The
broken curves represent the variation of the source functions for Doppler velocity
gradients and the continuous curves represent those with additional aberration and
advection effects. (b) Same as (a) but for the spherical case with B/A = 10 (from
Peraiah (1991b), with permission).
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8 Radiative transfer equation in the comoving frame

atom, k is the Boltzmann constant and 7 is the temperature. The velocities v are
given above.

In planar geometry, transverse velocity gradients do not exist (as r — 0o, v/r —
0). But in spherical geometry, we have curvature effects and transverse velocity
gradients. These are represented by the terms [(1 — M%/ r](dU/duo) and (1 —
/L(z))(v/r)(a U/dx), where U = 47r21(x, r, o). In addition to these, the terms due
to aberration and advection given by

U
(o — /3)5,

el () GE)

o] (=22) )

r

are introduced into the transfer equation. Figures 8.7(a) and (b) show these different
effects in the planar and spherical geometries. The combined effect is to reduce the
source function considerably at 7 = 0.

In addition to the linear velocity law, the velocity laws due to Lucy (1971) and
Castor and Lamers (1979) have been used and these are given by

P P27
v(r) = v [1 —(l—a) <7> —a(;) ] (8.8.5)

1\
w = 0.01 + 0.99(1 — —/) , (8.8.6)
X

and

where v(r) is the velocity at r, v, is the terminal velocity, w = v/vo and x” = r/A,
with A the photospheric radius or the inner radius of the spherical shell. In figure
8.8 we have put v(r = A) = v4 = 0and v(r = B) = vp = 50 = vy,. The spherical
shell is divided into N (= 100) shells of unequal optical thickness. Discontinuities
in the velocities and other aspects have been discussed in Peraiah (1991a,b).

89  Method of adaptive mesh

This method is due to Winkler and Norman (1983, 1985) and Mihalas et al.
(1984a,b). The mesh is attached neither to the rest frame nor to the comoving frame.
It is allowed to evolve freely so that one can follow the main physical characteristics
of the flow. This gives accurate and efficient computational schemes. We shall
summarize this method briefly following Sen and Wilson (1998).

In a spherically symmetric medium, the evolution of the mesh is controlled by:
(1) the radial function f” which maintains the global consistency of the mesh; and
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(2) the structure function f* which gives the physical structure of the flow problem.
The main difficulty lies in the formulation of the problem in a conservative form for
the adaptive coordinate system. We shall discuss f” and f*.

The equation that gives the grid motion is

(Af7); + (Af), = og <%) =0, (8.9.1)

where f” is the radial function, f* is the structure function and oy is a positive
constant. The spatial difference A is zone centred, or (Af); = fi+1 — fi. The radial
function is

0.00

-1.24

w 248
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Log(Fx/Fc)

(b)

-5.25 | | |
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X

Figure 8.8 (a) Source functions according to the velocity laws given in equations
(8.8.5) and (8.8.6): (1)ax = —1, (2)or = 0.9 (Peraiah 1991a, Figure 7a). (b) Line
profiles corresponding to source functions given in (a) (from Peraiah (1991b), with
permission).
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8 Radiative transfer equation in the comoving frame

Ar;)? Ar Y A\
fl.r = W,Ar; + Wrz¥ + Wy, ( Ti ) —W,,. ( T mm) ’
(Ari_1Ari41) AFmax j

where Ar; = (r; — ri—1)/Rgcale- The Ws are the weights assigned to each term and
the parameters Rycqle, AFmay, AFmin respectively are the scale of the given problem
and the maximum and the minimum zone sizes; n is typically equal to 4. In the
above equation, the first term represents the spatial grid and the second represents
the stability of the mesh and maintains the monotonicity of the grid spacing (see
Winkler and Norman (1985)). The constant 0, = 0, under which condition the
change is instantaneous. The time-filtering constant is defined as

o, = CVMGP(0., 1.,5f), (8.9.3)
where

5f=f—f" (8.9.4)
and

CVMGP(x,y,z)={;C Lf j:g (8.9.5)

f" being the reference value. This can be changed with each time step n to
=S+ —e)(f" = fHCVMGP(O., 1.,5f). (8.9.6)
The quantity ¢ retains the memory of the structure of the flow after several time
steps. f* is given by,
5= WapAmi + Wi Aml; + Wy Apli + Wpi API; + Wkpl Akpl;
+ WEIAEL + WAV, + Wy AV, (8.9.7)
where
Amj = (mj — mj11)/Mscale,
Aml; = (mj —mj—1)/(m; +mi41),
Apli = [(pim1 = pis) /i)
APl = [(Pi-y — Pis)/P.]
(8.9.8)

i-1— i+1)/Ei] ,
— Vige)’)CVMGP(1,0, Vi — Vi),
(Vi = Viz1)?
[VZ+ V2, +CVI]

[

Akpl; —[ i—1Pi— l_kl+l,01+1)/kzpz] )
=[&
= (V;

AV = CVMGP(1,0,V; — Viiy).

In the above set of equations the natural logarithm of a variable X is denoted by X!
and V = V,. The adaptive radiative transfer equation can be obtained as follows
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(see Mihalas et al. (1984a)). If V is the fluid velocity and f is any differentiable
function, these can be connected to the Eulerian derivative and the Lagrangian
derivative (D/Dt) by the relation

Df —of
D ar +(V-V)f. (8.9.9)
We define the grid velocity as
Ve = ﬂ (8.9.10)
dt

where d/dt is the adaptive mesh derivative taken with respect to the fixed values of
the moving adaptive mesh coordinates. Then from equation (8.9.9), we get

af _df
o= + (Vg . V) f. (8.9.11)

We define V,,; as the relative velocity of the fluid with respect to the adaptive mesh
grid, which is given by

Ve =V-V,. (8.9.12)

From equation (8.9.9) one can get the Reynolds transport theorem as

D% ( - fdvﬂm-d> = /V 5 [% +V-(V f)} dViuid. (8.9.13)
Using equations (8.9.9) and (8.9.10), we get
f pﬂ (f) dv = i/ fdV + | fV.-dS, (8.9.14)
v Dt \p dr Jy v

where V is the volume of the adaptive mesh enclosed by the surface 0V with an
outward pointing surface element dS. Using the above results, we can write the
transfer equation in the adaptive mesh coordinates. From equation (8.6.15), we have
for an expanding spherically symmetric shell,

CIOR AW e
= +v— Z
c \ ot or r2 or

0 1 wufv dv a
— = -+Z(=-=)=-=1|1
+8,u, {( 'u)|:r+c<r 8r) cz:| }
d v w2ov  pa
- — - —+ = — 4+
Bv{v|:( M)cr+c8r+c2

v 1+ u?\ v 2ua .
cr c ar c

where a = dv/dt. Introducing the density p and dvol = L), equation (8.9.15)
can be written in terms of the Lagrangian derivative D /Dt as
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258 8 Radiative transfer equation in the comoving frame
o\ D (1 ad
(%) 5 () + 5o
¢/ Dt \ p avol
9 1 v Arty) a
—Ja-uH|- — - —— |1
+8,u{( M)|:r c (r dvol c2?
a v 23(r*v a
S Y G Y S AN )
av cr c 0vol c

L /1, 8(r V)
+ {4+ 0 =-3u)—+ + I=0. (8.9.16)
cr ¢ ovol 02
We write that
(1.0, 0) Dr
= va £ £ v:—,
Dt
~ dun dv dr
Ve=|(V,, —, — ith V, = —,
§ (l’dt dt) W Ve =

- - - d d d
VreIZV_Vg = (U_ _V’__M,__V>

dt dt dt
= a d 0
V=|—,—,— ).
ar dop adv

Using equations (8.9.9) and (8.9.10), equation (8.9.16) can be written in the adaptive
mesh coordinates as

1dlI ~ 0
-— Vo - I1+1 -V _— 21
- + (Ve ) 1+ 1V e )

d N v 3rPy) a
+@{1‘“)[;+c (7‘ vol )‘c—zH
d N w? 3(rtv) 2,ua
_B_V{v|:(1_3u);+7 dvol :| }
— i+ {K + |:(1 _3M2)i M 9(r%v) + MZ :HI =0, (8.9.17)
cr c

c dvol
which reduces to that of the comoving frame equation if Ve = 0.
Introducing the adaptive mesh volume dV = d,; d dv with the corresponding
surface element S and using relation (8.9.14), equation (8.9.17) can be integrated
over the mesh volume dV to obtain the conservative form of adaptive mesh transfer

and

equation, which is

d I\ - AW 0,
i L ()5 [ () (i) [ 5unay
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1w f3v 8@G%v) a ~

+/Va {“‘ )[ﬁ;(?‘ 3v01>_c_2}1}dv
d 2 U /L 8(r V) -
_/‘/a{v[(l—&u )c_r = avol +62:|I}dV

+/{—j+[fc+(1—3 )—+“—a(r v)+—}1,d‘7=0.
v ¢ dvol c?

(8.9.18)

The discrete form of the above equation can be written for a hypersurface dV =
AV ApAv,using Ar, Ap and Av as the space, angle and frequency differences. It

is
) I ) I
5 (;) . AVA/.LAU =+ Ar V" Upel ( > +r MI AMAV
I 3v B(r v) a
- AM[—M(;) Fa-pd b ( r T vl c—z’)]}”“

N AU[U(1>+U(1—3 SN G v)+—21“AVA,L
cr

c dvol c

o 8(r2v)
r ovol

v 2ua
+ —j+[:<+(1—3u2);+ +f—2]I}AVAMAV=0-

(8.9.19)

The above equation is solved by using the zeroth and first moment equations together
with the variable Eddington factors, so that three equations with three unknowns are
solved. The Eddington factors are computed using equation (8.9.19).

The radiation energy E(v), flux F(v) and pressure P(v) (defined in chapter 1)
are related to the moments J, F and K as follows:

4 _ 4
E() = T.’(\}), Fwv)y=nF@W), P = TK(U). (8.9.20)

The zeroth and first moments of equation (8.9.18) are integrated over frequency v.
We obtain the frequency integrated radiation energy E, flux F and pressure P from

d 9 _
— / Edvol | + / E(Vye-dS) + / ——(r*F) dvol
dt v Jv dvol

9 2aF
+/ |:(E—3P)1+P r U)+a—i|dvol
\% Ccr

avol

+ / {/ [—4mj(v) + CK(U)E(U)]dV} dvol = 0, (8.9.21)
\% 0

d dl /F(V ds)
dt VC re kA% 2 !

and



260 8 Radiative transfer equation in the comoving frame

+/[ +(3Pr—_E)+E?+—(E+P):|dvol

{f / K(U)F(U) dv} dvol = (8.9.22)

The above two equations are solved together with the equations of mass and conti-
nuity given respectively by

dm — pdvol = 0, (8.9.23)

and

d
|:/ pdvol:| / PV -dS = 0. (8.9.24)
dt oV

Equations (8.9.1), (8.9.21), (8.9.22), (8.9.23) and (8.9.24) are written in their dis-
crete forms as follows:

8
_"ga_; LA+ =0, (8.9.25)
) <EA§‘) [8—'" (£> - rﬁ] + PAGY)
st 8t \ p
v 2aF
+ [(E —3P)—+ —2} Avol = (4mky B — ckpE) AE, (8.9.26)
C

i Gao) 2[5 Gl

F 3P —E) kp -
+r(AP+ A0 )+ | —— —(E+P) Avol = — = FAE,
C r C

(8.9.27)
Am — pAvol =0, (8.9.28)
5
5 (pAvol) + A(rvep) =0, (8.9.29)

where & = pAvol, B = the Planck function and k,, kg and k are the Planck mean,
the absorption mean and the flux mean given by

B(v)

ky = / k% (v) v, (8.9.30)
0

kg = / K E®)

E= (v )—dv (8.9.31)
0
o0 F(v)

kp = f [k“(v)+k“(v)]T dv, (8.9.32)
0

where k%(v) and k°(v) are the true absorption and scattering coefficients respec-
tively. Thus we have five equations, (8.9.25)—(8.9.29), for six variables r, m, p, E,
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F and P. The sixth equation is obtained from the Eddington factors. The adaptive

mesh scheme is found to be computationally efficient.

Exercises

8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

8.10
8.11

Derive equation (8.2.10) and its equivalent for a time independent, plane parallel
medium.

If we set x = (v — vp)/Avp, where Avp is the Doppler width, show that equation
(8.2.10) becomes

Al 1—pu?al v
ot s =k (= D)
ar ro o0 r

pdv ) dl
dr | dx’

Derive equations (8.3.26) and (8.3.28). Write down the forms of the matrices G, U’
and V'.

Show that the matrix d in equation (8.4.26) satisfies the relation

Z d,'a,‘ = 0,

using the condition of flux conservation and the g;s defined in equation (8.4.19).
Explain the physical meaning of the boundary condition that d| = dj = 0.

Prepare a table of 7., for different values of u, x, p. and v using relations (8.4.47)—
(8.4.50).

If dv/dr > 0 or < 0, show that in plane parallel atmospheres the choice of the
frequency boundary condition is unique and depends on the sign of dv/dr.

In a spherically symmetric atmosphere, show that unique conditions can be found
only if v > 0, dv/dr > 0 orv < 0, dv/dr < 0 and that due to projection effects
along a ray at the plane of symmetry (z = 0), velocity distribution of the form
(v > 0, dv/dr < 0)or (v < 0, dv/dr > 0), though monotonic in the radial
direction, produces non-monotonic fields along tangent rays.

Show that in a spherical shell, the optical depth along the line of sight at an impact
angle parameter p is given by

2kg (L
T(p) = — tan — 1,
vp 4

where L? = R? — p?, R being the outer radius of the shell and the absorption
coefficient varying as « (r) = «o/ or? assuming a constant .

Show that the matrix L is Hermitian and that L* = L. where * denotes the adjoint or
conjugate transpose. Show also that L=! = L7, where T denotes the transpose.

Derive equations (8.5.47), (8.5.50) and (8.5.51).

Derive equations (8.6.12) and (8.6.15), supplying the intermediate steps.
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262 8 Radiative transfer equation in the comoving frame

8.12 Show that the frequency dependent moment equations for equation (8.6.15) are

v 0 _ 20 l 0 0%
(=) Ba0 = KO+~ (20 + &)

13J9 LY aJ? N 1 3(r>HO) N
ar

c Jt c or r2 ar

9 1/2 v\ d(voK?
+1_[U0(3K3_Jvo)]__(_v+_v>m

cr dvy c\r or avg

= j%0) — k%) J?,

for the zero order moment and

10HY vaH? 9K? 1 2 /v Qv
AR R ”+;(3K8—J,?)+E<—+—>HE

c ot c or or r or
vy 9 1 /2v  9v\ a(wGY)
vy 9 3G9 — HO)] _ (v o v
+ <cr> o [VO( v v c\r + or o
= — k(o) Hy,

where Ge = %fjll 1°r, 140, VO, t)ug duo and we have written Jv0 = JO0, vo, 1)
etc., suppressing the suffix O on r and ¢.

8.13 Derive the frequency integrated moment equations given in exercise 8.12.
8.14 Write out the coefficients Ay, ..., Ag; A, ..., Al in equations (8.7.8) and (8.7.9) in
terms of Au, 1, u2, B, ABand g.

8.15 Derive the two pairs of transmission and reflection operators using equations (8.7.13)
and (8.7.14).

8.16 Solve equations (8.7.24) on the angle—radius grid [m;_1, m;][r; 1, r;].

8.17 Using the procedure to compute the line profiles described in section 8.4, develop
computer code to obtain lines in the different regions in figure 8.3(a).
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Chapter 9

Escape probability methods

Exact numerical methods become costly in terms of computer time when the radi-
ation field is coupled with hydrodynamics. In such situations one needs methods
which are fast and give insight into the physics of the problem in an easy and quick
manner. Escape probability methods satisfy these requirements to a large extent and
therefore became popular. There are ‘first order methods’ due to Biberman, Holstein,
Sobolev and Zanstra, which are reviewed by Irons (1979a,b). The methods due to
Athay (1972a,b), Rybicki (1972), Frisch and Frisch (1975), Canfield et al. (1981,
1984), Scharmer (1981, 1983, 1984) and others are the so called ‘second order
methods’. We shall describe these and others methods in this chapter. These methods
have been reviewed by Rybicki (1984).

Nordlund (1984) developed a method for obtaining an iterative solution of radia-
tive transfer in a spherically symmetric atmosphere using a single ray approxima-
tion. The convergence is achieved in 2-3 iterations to give an accuracy better than
1% in the source function.

The Monte Carlo technique has been used by several authors (see, for example,
Magnan (1970), Panagia and Ranieri (1973); Pozdnyakov et al. (1976)).

9.1 Surfaces of constant radial velocity

The geometrical region from which most of the observed emission at a given
frequency x comes is likely to be a thin zone centred on a surface of constant
radial velocity in such a way that v, = pv, = x, where the term radial velocity
means the velocity along the line of sight, which is different from v, the velocity
along the radius vector (see Mihalas (1978)) measured from the centre of the star.
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9.1 Surfaces of constant radial velocity

In the limit as the width of the line becomes negligible as the thermal velocity
becomes much smaller than the flow of the gases, these zones degenerate to the
radial velocity surfaces. One can study these surfaces for simple velocity laws of the
form v = " (in units of rp = vy = 1). Some of these are: (1) v(r) = constant;
Qv=r;B3) v =1v0(l —r./ r)%, where vy is the terminal velocity in stellar
wind; (4) v = =3 In the last situation the material may be ejected with the escape
velocity and is decelerated by gravity. All the above velocity laws have different
sets of constant radial velocity surfaces. For the velocity laws (3) and (4) these are
shown in figures 9.1(a) and 9.1(b). The fact that the velocity field of the medium
can be represented by a succession of surfaces of constant radial velocities is used
in the escape probability method of Sobolev, which takes care of the existence of
velocity gradients in the medium. When vy, 3> vg4s, an observer at infinity (or in the
laboratory frame) observes the radiation coming from a specific velocity surface.

(b)

occulted!

Observer

|

Figure 9.1 Surfaces of constant radial velocity v; = constant: (a) equal velocity
surface of an accelerating atmosphere with the velocity law

v(r) = voo(l —r¢/ r)l/ 2. (b) equal velocity surfaces of a decelerating atmosphere
with the velocity law v(r) = vo(R/ r)l/ 2. The numbers in the figure represent the
ratio vz /vg (from Kuan and Kuhi (1975), with permission).

1
observer
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92  Sobolev method of escape probability

The spectra of novae, supernovae, WR stars and of stars indicate large scale expan-
sion of the outer layers with the velocity of expansion as large as 3000 km s~!. The
absorption lines show strong violet shifts from their rest positions which indicates
that the material is flowing rapidly towards the observer. Some of these lines are
accompanied by large red shifted emission features producing typical P Cygni
profiles (see figure 9.2). Beals (1950) suggested that radiation pressure is the main
cause of the outflow of the matter, which is supported by current thinking.

The escape of photons is greatly enhanced by the presence of macroscopic
velocity fields — large velocity gradients. A simple theory was developed by Sobolev
(1947, 1957), and is also known as the large velocity gradient theory. The definition
of the escape probability of photons is the probability that a photon emitted at a
given point will escape the medium in a single flight without suffering absorption or
scattering on its way. The escape probability S, of a photon of frequency v emitted
at a point and with a given direction is given by

By = exp(—|tur ), 9.2.1)

where |‘L’U f| is the optical depth along the ray in the forward direction for the fre-
quency v (Mihalas 1978, Rybicki 1984, Sen and Wilson 1998). If the average escape
probability over angles and frequencies with a line profile ¢ (v) of the frequencies
along the ray is B, then this is given by

B= L ?gdf? /ooqb(v)ﬁvdv, 9.2.2)
47'[ 0

Figure 9.2 P Cygni profiles
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9.2 Sobolev method of escape probability

with a normalized profile function and positive optical depths S between 0 and 1. As
mentioned earlier, the velocity gradients must be large for the proper application of
Sobolev’s theory. The size of these velocity gradients can be measured in terms of
what is called the Sobolev length L. This is defined as the length L over which the
profile function of a line is shifted through a distance equal to its own width by the
macroscopic velocity gradients that exist in the moving medium. If we have a line
whose profile ¢ (v) is normalized, with a central frequency vg, then vy changes by
Av when the velocity of the matter changes by Av (the velocity change along the
line of sight). Therefore

d
Av=Lpp=2 (—v> As, 9.2.3)
c c \ds

where As is the distance over which vy, the central frequency of the line changes by
Av to v),. If this shift of frequency is equal to Avp, one Doppler width, then

Av = Avp = vt (9.2.4)
C

where vy, is the mean thermal velocity (= (2kT /m) %) and c is the velocity of light.
Then from equations (9.2.3) and (9.2.4), we get

vo [ dv Vo

— | — ) As = —vy. 2.
C<ds> S = Vi 9.2.5)

If we set As = L, the Sobolev length is

dv
L =vy/

av ‘ (9.2.6)

It is interesting to note that L is independent of v and depends on the velocity
gradient, temperature and composition of the medium and that L is same for all
lines. If R is a typical scale of variation of the macroscopic quantities, then Sobolev’s
theory is applicable only when

L < R. (9.2.7)

If dv/ds is estimated to be V /R, where V is the typical macroscopic velocity, then
from equation (9.2.6) and (9.2.7), we obtain the condition that

v L V. (9.2.8)

Normally vy, is of the order of the speed of sound. The Sobolev theory is also called
the supersonic approximation and can be applied to a medium whose properties are
approximately constant over the Sobolev length. It is the velocity gradient and not
the velocity that is constant over the Sobolev length. When an emitted photon has
travelled one Sobolev length to the point where the profile is Doppler shifted by
one characteristic width, it can travel unimpeded and will easily escape the local
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neighbourhood of the initial point. It is obvious that the velocity field introduces
a natural mechanism for the escape of photons. The region in which photons are
emitted or scattered and affect the intensity in the line is limited to a small region
around the test point. Thus the interaction region is small and may therefore be
assumed to be homogeneous in its physical properties, such as temperature, density,
ionization etc. This means that the theory can be formulated in terms of the local
quantities and a parameter 8 that gives the escape probability of photons summed
over all directions and line frequencies. If we define

J(r) = / Jup () dv, (9.2.9)
then, neglecting the transfer effects, we can write
J(r) = (1= B)Sr) + Bele, (9.2.10)

where the first term is obtained from the value that J would have in the limit of no
escapes, meaning that J = S, corrected for velocity induced escapes. The quantity
B is the probability of penetration of photons, integrated over angle and frequency,
of the specific intensity /. emitted by the core to the test point. If § = B, = 0, then
we have

J(r) = S@r). (9.2.11)

Calculation of g

The velocities are measured in units of mean thermal velocity, that is

Vr)= (9.2.12)
Vth
The frequency shifts are measured in units of Doppler widths, or
N (U N LU (9.2.13)
Avp c

where Avp is the Doppler width.
The optical depth along the ray (in the z, p coordinate system) to the observer at
infinity is
o o0
T(x, p,.2) = / k@, p,x)d7 = / k(XY (x)d7, (9.2.14)
z Z
where
/ 2] 244 1 ’yd
r=("+ 2, =z/r,
@ =2 9.2.15)
X =x'x,z,p) =x = V(@) =x = 'V

Most of the contribution to the optical depth t(x, p, z) in equation (9.2.14) arises
from the region where x” = 0, from z’ = zo(x, p), where



9.2 Sobolev method of escape probability

20V (ro) = xro,

. (9.2.16)
r=(g+p)7.

The surface zo(x, p) is the surface of constant velocity. « (r') can be replaced by

k;(ro) and we change the variable of integration from z’ to x’. From equations

(9.2.15) , we then have

_(E)_x’) _(%) _ {3(M(Z,P)V[V(Z,P)])}
9z ), \dz /), dz p

1% , v
=p ——+U-pu)— =00, (9.2.17)

or ro

where

u=nuz,p), r=r(zp). (9.2.18)

As the region of interaction is small, the above transformation coefficients may be
assumed constant and hence can be estimated at the resonance point z = zo(x, p).
Defining

X
o = [ pmay. 9.2.19)
—0oQ
the optical depth 7 (x, p, z) in equation (9.2.14) can be written as
t(x, p,2) = t(x, p, —00)@[x'(x, p, 2)], (9.2.20)

where x'(x, p, z) is given in equation (9.2.15). Notice that from equation (9.2.19),
we get

d(—00) =0, }
(9.2.21)
®(00) = 1,
k(o) 70(ro)
T(x, p, —00) = 0G0 o) |:1 s <d1nV) } (9.2.22)
% —1
dinr
where k;(ro) = (re?/mc) fijlni(ro) — (gi/gj)nj(ro)/Avp, and
_ ki(ro)

T0(ro) = Ve’ (9.2.23)
In equations (9.2.22) and (9.2.23), we should remember that

ro = ro[zo(x, p), pl, } ©.2.24)

mo = o lzo(x, p), pl.

We now choose a fixed r and calculate 8(r). The escape probability along the ray
is just exp(— ATy ), Where A1 is the optical path length from the point in question
to infinity. Integrating over angles and frequencies, we get

269



270

9 Escape probability methods

1 ! +0o0
By =3 / | du / dxe [x'(x, p, 2)]exp {—7 [x, p(r, ), z(r, W1}
(9.2.25)

The photons that hit the core of the star are assumed to be absorbed and therefore
lost. Equation (9.2.25) is evaluated using equations (9.2.19)—(9.2.24). The matter in
the interacting region is assumed to be sufficiently homogeneous that the distinction
between r and ry is negligible, then

1 +1 1
B(r) = 5/1 dM/O d®exp[—«i(r)®/Q(r, )]

1
=« /0 {1 —expl—xi(r)/O(r, W]} O(r, w) dps. (9.2.26)
If weset V. =rQ(r, n), equation (9.2.26) becomes

B(r) =1—exp[—10(r)]/T0(r), (9.2.27)

where

T0(r) = k1(r)/Q(r, ). (9.2.28)

This result can also be obtained if the angle dependent terms are neglected in
equation (9.2.17).

Calculation of S,

This is defined as the probability of the penetration of photons of specific intensity
I, to the test point. The photons are emitted from the core and the probability is
integrated over angles and frequencies. The test point is taken at a large distance
from the core (—oo). Then from the physical meaning, . can be written as

1 Me 1
Be(r) = 5/1 dM/O d®exp [k (r)®/Q(r, w)]

1
2Ky (r)

1
/ {1 —exp[—wi(r)/Q@r, W1} Q(r, w)ydp, (9.2.29)
e

1
where ©, = [1 — (re/ r)2] 2, rc being the radius of the core. If the velocity varies as
r,thatis V(r) = Ar, where A is a constant, then

1 1
Be = K,“(r)5 {1 —exp[—ki(r)/Al}dp

=3 ({1 — expl—k;(r)/Al} — pe {1 — expl—k; (r)/Al})
Ky (r)
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1 1 2\
=800 -p)=5p|1-1--3 = WB(r), (9.2.30)
2 2 r
where W is the dilution factor given by (see exercise 1.2c)
! 2 VT
W=§|:1—(1—rc/r) ] . (9.2.31)

The above result can be understood from the fact that W is the fraction of the
full sphere contained in the solid angle subtended by the disc and f measures the
probability of penetration from the disc to the test point. It is interesting to note that
both 8 and . are expressed in terms of local variables such as opacity and velocity
gradients. If 8 and B, are known, then using relation (9.2.10) J can be calculated
without actually solving the transfer equation. In the case of a two-level atom with
the assumption of complete redistribution, the source function can be written as

S=(—¢)J+eB, (9.2.32)
and, using equation (9.2.10), we get
S=[(1—€)pl.+eBlle+(1—e)p] . (9.2.33)

One can understand the effects of thermalization on the source function in a
simple way in a uniformly expanding plane parallel medium. If 7 is the integrated
line optical depth in a medium at rest and the velocity gradient g = 9V /ot is
constant everywhere, the specific intensity at the test point 7 along the direction
is

00 1 -1
I(T,/L,X)=/ S(t') exp —f ¢ (x + gur)dt
T wJo
X ¢lx 4+ gu(t' — Hu dt. (9.2.34)
The source function for a two-level atom is given by the integral equation
- +OO
ST)=0—-e)J(t)+eB(r)=(1— e)/ Kglt' — 7|S(r")dt’ + €B(7),
—00
(9.2.35)

where the Kernel function Kg(S) is given by

1 +o00 ld 1 K
KpS)=5 [ ax [ —“¢(x>¢(x+gus>exp[— | o6+ g dz].
—00 0o M mJo
(9.2.36)

In the static case, the kernel is normalized to unity, but in the present situation of
motion, the escape of photons leads to
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+00
/ K|tldt =1- 8, (9.2.37)

—00

where S is the escape probability in plane parallel geometry (see equations (9.2.17)
and (9.2.26) and set the limit »r — 00) given by

p= |g|/01 (1= exp (<1711 %) ] u? . 9.2.38)

Furthermore, equation (9.2.35) for a two-level atom can be written as
+00
S(t)y=(01— e/)/ K'|[t'— 1| Sty dt' + € B'(v), (9.2.39)
—0o0

where K'(7) is the renormalized kernel

Kg(t)

L (1-€)Y=00-=p8)1—¢)and B'(r) =€B(1)/€.

K'(r) =

If thermalization is attained, S varies so slowly that it can be removed from within
the integral and we obtain

S(t) = B'(xr) = €B(1)/(e + B — €p), (9.2.40)

where € > B; then S(t) — B(t) and if 8 > € then S(t) — €B(t) which is the
local creation rate of photons and can be understood on the physical grounds.

Flux profiles of the lines

The flux in the line at frequency x seen by an external observer consists of three
parts: (1) the emission from the part of the envelope seen outside the disc (p > r.);
(2) the emission from the part of the envelope superposed on the core: and (3) the
continuum contribution from the core. Thus the emergent flux F, at frequency x is

Fo=2r /OOO IGx, p. —o0)pdp
=2r /roo S(ro) {1 —exp[—7(x, p, —00)]} pdp
=g " S00) 11— expl—t(x, p, —00) D]} pdp
+ ol /0 exp[—7(x, p, —00)D(x0)] p dp, (9.2.41)

where ro = r at the surface of the constant radial velocity corresponding to x, x.
is the value of x’ from equation (9.2.15) at r = r, thatis x’ = x — /V (') and
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1
u = [1 —(p/ rc)z]z. The factor ®(x.) corrects for occultation of material by the
core. For an expanding atmosphere
d(x.) =0 for x <0,
(9.2.42)
d(x.)~1 for x > 0.

The continuum is unattenuated in the red wing and there is substantial absorption in
the blue wing of the line. The flux F in the continuum just outside the line is

Te
F,=2rl, / pdp = nr?l. (9.2.43)
0

Transforming the variable of integration p to r on the surface zV(r) = r, and
combining the above two equations for F, and F., we can write the line profile R,

as
Ry = (Fy/F,) —1 (9.2.44)
or
Ri= o [ SO R0/ p~00l (1 = expl—tx, p. ~o0) ) dr
¢ 7€ YT min(x)
—i/rCS( )exp|—t(x. p. —00)®(x)
s re) expl—t(x, p, —00) D (x,
— exp[—1(x, p, —00)]} pdp
2 Te
— r_z‘/o {1 —exp[—t(x, p, —00)D(x.)]} pdp, (9.2.45)

where 7y, (x) = r at which V(r) = x, p = p(r, x). The quantity R, (the residual
flux) in equation (9.2.44) gives positive numbers for emission lines and negative
numbers for absorption.

Castor (1970) employed a two-level atom source function (see equation (9.2.33))
with the given velocity law V(r) = V(1 — 1./ r)% and a given 7y(r), a constant
€ and B/I. in the range 1.1 < r/r. < 4. Asymmetric profiles are obtained if
monotonically decreasing functions are used. Characteristic profiles that are similar
to those observed in WR stars are obtained (see figure 9.3). This theory has been
applied to multi-level atoms (see Mihalas (1978), Castor and Nussbaumer (1972),
Castor and van Blerkom (1970)) to explain the spectra formed in Wolf—Rayet stars .

Elitzur (1984) derived the escape probability expressions for the statistical rate
equations in a homogeneous slab of photoionized hydrogen including the effects of
diffuse and external ionizing radiation without using the probabilistic arguments.
Williams et al. (1984) obtained the probabilities of photons escaping from a cold
electron plasma after undergoing the process of multiple scattering. Finn (1971,
1972) studied the probability of photon exit in radiative transfer problems.
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Figure 9.3 Calculated line profiles in expanding spherical atmospheres:

(a)e =9.2 x 1073 Tg(max) = 15; (b) e =2 x 1073, 79(max) = 0.5;
(c)e =2.1x 10_2, To(max) ~ 2 (from Castor (1970), with permission).



9.3 Generalized Sobolev method

9.3 Generalized Sobolev method

Some of the velocity laws have surfaces of constant velocities where the line of sight
may intersect these surfaces more than once (see figure 9.1(b)) such as in the case
decelerating flows. The matter at points of intersection may have different physical
properties. The radiation received by the observer will have passed through these
points. Therefore this radiation must have interacted with the matter at these points
and must contain information on the physical properties of the matter at these points.
Sobolev’s method requires modification to study this problem of the coupling of the
radiation field at several points on surfaces of constant radial velocity.

The problem was studied by Rybicki and Hummer (1978). We shall describe this
method briefly following Sen and Wilson (1998); for a detailed study one can refer
to the original paper of Rybicki and Hummer. This method deals with the problem
in spherically symmetric media and can be applied to three-dimensional velocity
fields. The time independent radiative transfer equation is written as

n- Vi@, v) = —«()e¢ [v L V(r)] [I(r,n, v) — S(r, v)], (9.3.1)
C

where I (r, n, v) is the usual specific intensity at r in the direction n, with frequency
v and V(r) is the velocity of the gas. For a two-level atom, the opacity « (r) is given
by

/’ll)o
k(r) = —Bpn(r), 9.3.2)

47
where Bj; is the Einstein transition probability for the transition 1—2, n(r) is the
population density of level 1 and % and c¢ are the Planck constant and the velocity of

light respectively. The source function for a line in complete redistribution is
S(r) = [1 — €] J(X) + ) B(D), (9.3.3)

where € (r) is the probability per scatter that a photon will be destroyed by collisional
de-excitation and B(r) is the Planck function at r with the local temperature at line
centre frequency vg. The mean intensity J is

Jr) = %/dg(n) /Ooo dv¢[v ) (?)]I(r, nv),  (93.4)

where ¢ (r, v) is the profile function and is normalized such that
o0
/ ¢(r,v)dv =1. (9.3.5)
0

The radiation force per unit volume F due to line photons is

4k (r)
c

F(r) = H(r), (9.3.6)

where H(r) is

275



276 9 Escape probability methods

H(r) = % /dQ(n) -n/ooo dve [v - ?n : V(r)] I(r,n, ). 9.3.7)

The continuous absorption outside the line is assumed to be very small. The formal
solution of equation (9.3.1) for the intensity is

R Yo
I(r,n,v):/ dl;c(r—nl)¢>[v——n~v(r—nl)]S(r—nl)
0 C

R
+ 1" exp {—/ dl'k(r —nl')¢ [V ~ Dy (r— nl/)] }
0 ¢
(9.3.8)

For the definition of the quantities in equation (9.3.8) see figure 9.4. The incident
intensity 7 is specified at infinity (normally / = 0) on the stellar surface which
is called the core. Given the opacity, the source function and the velocity along the
line of sight, equation (9.3.8) can be solved. When the velocity gradients are large
equation (9.3.8) simplifies considerably as Sobolev (1947, 1957) recognized.

The intensity at frequency v of a given ray changes only at certain discrete points
called the resonance points, where the material has just the right Doppler shift to
allow it to absorb or emit at frequency v. These points occur when the line of sight
velocity v; = v - n satisfies the resonance condition

Low _u (9.3.9)

Vo C

In Sobolev’s theory, one determines the radiation field around a single resonance
point. The generalized Sobolev method due to Rybicki and Hummer determines the
radiation field where the line of sight meets the surfaces of constant radial velocity
more than once. As mentioned earlier, the radiation field becomes a function of
the local physical conditions at these points; this is non-local interlocking of the
radiation field. The assumptions made by Rybicki and Hummer are: (1) the slowly

Figure 9.4 Variables
appearing in the formal
solution given in equation
(9.3.8). [ is the distance
backwards along the ray
passing through r with
| direction n. The limit R is
the distance at which an
incident intensity 1€ is
specified (from Rybicki and
Hummer (1978), with
permission).

S
n

=Y

AN |inc
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varying « and S in the integral in equation (9.3.8) are kept outside the integral; and
(2) the velocities are expanded to the first order in /, or in tensor notation

31),'
Vi(r —nl) = V,'(r)—jana—rjl. (9.3.10)
Then
n-v(r—nl) =nv(r) — Q(r, n)l, (9.3.11)

where Q(r, n) is given by
av; dv
Q(I‘, n) = E E ninja_vl- = E E ninjejj = d_ll (9.3.12)
i J i

The anti-symmetric part of dv;/dr; does not contribute to Q, and therefore ¢;; is
taken to be the symmetric rate of strain tensor and is given by

L [ov;  dv;
i==—+—). 9.3.13
6’1] ) (8}’] + 8}’,‘ ) ( )

Now the intensity equation (9.3.8) can be written with the above assumptions (1)

and (2):
R Yo
I(r,n,v) =KS/ dl¢|:v— <?)(n-v+ Ql):|
0
I
X exp{—/c/ dl’¢|:v— (?)(n-vaQl’)”
0

R
+ Ilinc exp{—K / dl/¢|:v — (?)(n -V 4+ Ql/)] }, (9.3.14)
0

where the quantities «, v and Q are to be evaluated at r. The above equation will
now be subjected to a few more transformations. We introduce the dimensionless
distance and frequency,

2]
i V——n-v
A= ~ and & = #, (9.3.15)

where A/ is obtained by differentiating equation (9.3.9), that is

c dv;
Al=—Av [ |—/|,
Vo dl

where Av is the width of the line profile and can be taken as the Doppler width. We

(9.3.16)

define the profile function

Y (§) = Avgp(§Av), (9.3.17)

with the normalization condition that
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+o0
Y(§)dE = 1. (9.3.18)

—00

Then with these new variables, equation (9.3.14) can be written as

00 A
I = St/ d) (€ — A) exp [—r/ d)N ¢ (& — )\’)}
0 0

o
+ I, exp |:—r/ dX (€ — A’):|, (9.3.19)
0
where
Al Kc (9.3.20)
T=K— = —, 3.
Av v Q]

is the total optical depth of the velocity surface at point r measured in the direction
n. The upper limits of the integrals in equation (9.3.19) are actually R/Al but are
replaced by oo because R > AL. A further change of variables is then introduced:

t=(—x, ' =&—M\. (9.3.21)

This results in

& & . &
I = Sr/ dt ¥ (t) exp |:—‘L'/ dt’¢(t’)i| + 1" exp |:—r/ dt’w(t’):|.
t o0

o0 _
(9.3.22)
Introducing another change of the variable of integration
t
W) = / dt’ (1)), (9.3.23)
oo
gives us
I(r,n,v) = S{l —exp[—tW ()]} + I" exp [T W (£)], (9.3.24)

where T W (§) is the optical depth to a particular point within the resonance region
such that W (&) gives a normalized optical depth scale changing between 0 and 1.
We let the side on which & — oo represent the side of the region on which the
incident intensity 77 falls and define I,"® as the limit of I as £ — oo which is
the intensity that emerges out of the resonance region. Equation (9.3.24) then gives
us

IS8 = 1}"e™T 4 S[1 — exp(—1)]. (9.3.25)

This gives the variation of intensities on the slow scale and it remains constant along
a ray until it enters a resonance point. The photons escaping the resonance region
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. em, inc .
meet the second resonant region, /,, 8 acts as the 1 "¢ for the second resonant region,
or

ey = pemey (9.3.26)

v

where the subscripts 1 and 2 denote first and second resonant points. The frequency
integrated intensity weighted by the profile function is given by

i) = /oodv¢ [u _ Q. v(r)] I(r,n,v). (9.3.27)
0 C

I(r, n) can be used to calculate the local excitation of the material and the radiation
force. The slow scale behaviour of the intensity is not sufficient to determine /. We
need to evaluate it by changing to fast variables. Using equation (9.3.25), we get

+00 )
I(r,m) =/ dE Y (&) (S {1 — exp[—t W ()]} + I}" exp[—T W (£)]).

—0o0
(9.3.28)
Using W (&) as the variable of integration, we obtain
1— — ol — —
) =S [1 - M} 4 gL exp(ZT), (9.3.29)
T T

The §-function nature of the profile requires that Ilﬂ’w should be found at v = v,
where

b=+ (?) n-v(r), (9.3.30)

which is the line centre frequency, Doppler shifted by the velocity field along the
line of sight. Equations (9.3.25) and (9.3.29) are the basic equations of the Sobolev
approximation with complete redistribution. Equation (9.3.30) can be applied when
v(r) is replaced by —v(r) as t depends on the absolute value of Q and on the source
function being the same.

The above theory is applied to multiple surfaces of equal radial velocity. For
example, in a double surface problem we can apply equation (9.3.24) to each surface
and use that the emergent intensity at the surface 1 becomes the incident intensity at
the surface 2. Thus, the emergent intensity after passing through the two surfaces is

emg

= exp(—T1) exp(—12) 1" + exp(—11) [I — exp(—11)] 52
+ [1 —exp(—11)] S1, (9.3.31)

where the quantities subscripted with 1 and 2 refer to surfaces 1 and 2. The frequency
integrated intensity (r, n) is given by
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I(r,n) = exp(—1) [M} Jinc

1

+ [1 - exp(—12)] [ﬁ] 5(r)
i [1 - W] S (1), (9.3.32)
1

The source functions for different parameters are shown in figure 9.5. Flux profiles
are given in figure 9.6 and the radiation forces H corresponding to the source
functions in figure 9.5 are shown in figure 9.7. The reader is referred to the papers of
Rybicki and Hummer (1978), Marti and Noerdlinger (1977) and Grachev and Grinin
(1975) for more details.

The method due to Sobolev is sometimes called the first order probability method,
while the methods due to Athay (1972a,b), Frisch and Frisch (1975), Canfield et al.
(1981), Scharmer (1981, 1984) are called the ‘second order probability methods’.
These latter methods work well with partial frequency redistribution, while the
former works only with complete redistribution. The second order methods are more
economical in computer time. Rybicki’s (1972, 1984) core-saturation method and
the operator perturbation methods of Cannon (1973a,b, 1984), Kalkofen (1987) and

Figure 9.5 Source

functions for various models

with purely radiative
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Scharmer (1981, 1984) are based on the escape probability of photons from the

media.

Miyamoto (1949, 1952) and Kogure (1959, 1961, 1967) developed a diagnostic

=10 o=1.0
< Fax=3Tc
le=1
e=10"
| [
0.5 1.0
X
—4
€=0.0001 |=11 0
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e=0 o
5 Max=10
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-
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e=0
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Figure 9.6 Flux profiles for
various values of the
parameter 7 for

Tmax/7e = 3. The inset
shows the location of the
common direction velocity
surfaces for the indicated
value of frequency
displacement x (from
Rybicki and Hummer
(1978), with permission).

Figure 9.7 Radiation forces
H for the source functions
shown in figure 9.5 (from
Rybicki and Hummer
(1978), with permission).
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method based on the Rosseland cycle to explain the abnormal characteristics of Be
stars. They did not treat the problem of the effect of differential Doppler effect on the
transfer of radiation in the stellar envelope. Ueno (1965) studied a new probabilistic
approach to derive the integral equations of the scattering functions for slab media
which contain emitting sources.

94  Core-saturation method of Rybicki (1972)

Osterbrock (1962) discussed the escape of resonance line radiation with complete
redistribution using the fact that most of the photon transfer takes place in the wings
of the line while the core plays mainly a passive role. According to him, the mean
number of scatterings can be connected to a partial integral over the line profile and
this integral gives the probability of emission sufficiently in the wings for escape
to occur in a single photon flight. Rybicki and Hummer (1969) showed that the
thermalization length is mainly determined by the single longest flight in a series of
random flights of the photons, and that this longest flight is connected with the rare
event in which the photon is emitted far in the wings. An improvement in the study
of this problem arises if we eliminate the passive components of intensity in the core
leaving only the active wing components.

The above ideas can be derived as follows. The transfer equation in plane parallel
geometry is

wal,

=, =S, 9.4.1)
Ky 0T

where /), is the specific intensity, S), is the total source function, k,, is the total opacity
divided by the integrated line opacity and t is the integrated line optical depth. When
the opacity «,, is very large in the core of a line and u = 1, the term on the LHS of
equation (9.4.1) can be neglected and we then have

I, =3S,. 9.4.2)
In the case of an isotropic source function this gives us the mean intensity J, as
Jy =S5,. (9.4.3)

Equation (9.4.2) or equation (9.4.3) is regarded as the core-saturation approximation
due to Rybicki (1972).

If the equation (9.4.3) holds true at all line frequencies, the situation is called
complete line saturation; this was discussed by Kalkofen (1966). Core-saturation is
a generalization of the complete line saturation.

We have to find the critical frequency which separates the saturated core and
the unsaturated core frequencies. The unsaturated components are called transfer or
wing components or simply wing. The critical frequency may be decided in such
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a way that the monochromatic optical depth 7, from the given point to the nearest
boundary is of the order of unity or 7, ~ 1. This determines the critical frequency.
If y is the parameter which represents the core—wing separation, then

T, =Y, 9.44)

where y > 1.

Stenholm (1977) applied Rybicki’s core-saturation method to multi-dimensional
non-LTE transfer problems. Stenholm and Stenflo (1977, 1978) extended this
method to the transfer of radiation to magnetic flux tubes. Kalkofen and Ulmschnei-
der (1984) applied it to moving media. We shall describe this method briefly below.

The critical frequency x. is found in such a way that

TH(xe) =, (9.4.5)

where ¢ is the profile function and x. is the dimensionless critical frequency such
that

for core frequencies  |x| < xc,

} (9.4.6)

for wing frequencies  |x| > x..
The source function S for a two-level atom with complete redistribution is
J+€

= —, 9.4.7
T 9-4.7)

where € = €*/(1 + €*), with €* the usual collisional parameter. B is the Planck
function and the integrated mean intensity is

1 r+1 0o

J(@r) = 3 f_l d,u/o dvo(t,v, w)I(t,v, 1, 9.4.8)
where ¢ (7, v, ) is the profile function given by

BT, v, ) = /(e Avp), 9.4.9)
with ¢ the Voigt function,

Y(t,v,u) = H(a,v), (9.4.10)
where a is given in terms of the damping constant I as

a(r) =T/4r Avp (9.4.11)

and v is given by

v—vg— (vo/)uV

9.4.12
Avp ( )

v(t, v, @) =

Also a = 0 for pure Doppler broadening and ¢ = 1 at the displaced line centre
v = [l + (V/c)u], and in a static atmosphere V = 0, the reference optical
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depth coincides with the monochromatic optical depth at the line centre. The profile
function ¢ satisfies the normalization condition:

/Oofzﬁ(r, v, u)ydv = 1. (9.4.13)
0

The integral in equation (9.4.8) can be written as the sum of integrals over the line
and wing frequencies as

1 1
J(t) = —/ dv/du¢1+ —/ dv/d/upl, 9.4.14)
2 v, [LECOTE 2 v, Lewings

which is Rybicki’s (1972) equation for the separation of the core and wing frequen-
cies in the line. Similarly the normalization integral may also be split into core and
wing frequencies. Thus, we define the wing part as

1
aw=5 [  [anserw 9415
v, LEWINGs

and the integral of the profile function over the line core is written as
1
—/ /d,ud)(r, v, u) =1—Q(7). (9.4.16)
2 v, LECOTE

Using equation (9.4.2), we get
I(t,v, u) = S(tr), v, u € core. 9.4.17)

The core-saturation approximation can now be used to write equation (9.4.14) as

J(r):S(l—Q)+%/

v, LeEwings

dv f dudl. (9.4.18)

Using equations (9.4.7) and (9.4.18), we get
1
S=(Q+e)! |:eB + —f dv/du ¢>1]. (9.4.19)
2 v, Lewings

In the above equation, there is no reference to the core photons.

The monochromatic specific intensity /(z, v, u) depends on S(7) in a layer
whose thickness is of the order of a photon mean free path. Equation (9.4.19) can be
of the form

S(1) = X(1, 7)S(T) + Y (1), (9.4.20)

where X is the angle and frequency integrated matrix operator. The above equation
can be solved iteratively as

SW()y =X, )S" V) + Y(1), (9.4.21)

where S is the source function in the nth approximation.
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In the standard core-saturation technique of Rybicki (1972), extended by Sten-
holm (1977) and Scharmer (1981), it is the optical depth at a given point that
decides the separation of the wing photons from those of the core at a given
point. This method treats the escape of photons from the surface of the medium
but neglects transfer within the medium. It cannot treat structure, such as shocks
within the medium. Kalkofen and Ulmschneider (1984) treated this problem. They
used the usual convention where i = —1 points in the positive direction of t. The
monochromatic optical distance § for outward travelling photons between the spatial
grid points 7x and 1441 is given by

1 -
8= —vY (k41 — ), Mtm >0, (9.4.22)

m

where 1 is the average profile in the interval (k, k + 1), which is

& = [I/I(fka Vs M) + ¥ (Tkt1s Vn,s /Lm)] (9.4.23)

| =

for photons of the ray (v, w;,). Similarly for the inward travelling ray, we have

1 -
§=—V (tx — %—1), HUm >0, (9.4.24)
Hom

for the optical distance between the grid points t; and 74— along the ray
(=vp, —p) and 1/_[ is

- 1
¥ =5 [V Gk v ) + ¥ (Tt Vs )] (9.4.25)

in the interval (k, k — 1). Here v, is the discretized frequency displacement (v — vg)
from the rest frequency vy of the line. The profile function is symmetric about the
displaced line centre or

¢(T’ Vi, Mm) = ¢(‘C7 —Vn, _/-’Lm)~ (9426)

This property is used in computing equation (9.4.25) and reduces the number of
computations by half. If

S > v, (9.4.27)

the photons at 7; of the outward beam (v,, ;) are supposed to be in the line core
and if relation (9.4.27) is satisfied for ¢ in the interval (k, k — 1), the corresponding
photons in the inward beam (—v,,, —u,,) will be in the core. The above relation is
not satisfied by the photons in the far wings (v, >< and © = =£u,,). To obtain
the intensity assuming that the source function depends linearly on monochromatic
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optical depth and that the distance to the boundary is large, a generalized Eddington—
Barbier relation has been used. Thus (see chapter 2)

_ I
I(te,v, ) =S [rk + 71#(1'1“ o IL):|' (9.4.28)

Since T = 1% £ Wy /¥ (t, £v,, £1,,) does not coincide with any grid point, we
need an interpolated value of the source function in equation (9.4.28). We write the
intensity as

I (T, Vny fim) = WSj + (1 — W)Sj41, (9.4.29)
where

W= - 1)/3]!'“, (9.4.30)

8,{ is the optical distance along the rays (v,, u;,) and (—v,, —u,,) between the
spatial grid points 7; and 7%, and (j, j + 1) is the depth interval in which the source
point for the outward intensity at tx is located. The inward intensity is

I (tk, —Vn, =) = WS + (1 — W)y, (9.4.31)
with
W=, -1/, (9.4.32)

where (i, i — 1) is the depth interval containing the source point for / ~. The intervals
(j,j + 1) and (i,i — 1) are chosen so that the source points are at unit optical
distance along the corresponding rays from field points 7z at which the intensity is
to be determined.

The optical distance 7 along the rays (v, t;,) and (—v,, —) is

1 [
7= —f dt Y (t, vy, tm). (9.4.33)
n Jo

At the grid points 7;, the intensity Il.Jr in the direction (v, i4;,), across the layer
i, i+1)is
LT =al, | +bSi +cSiy1, (9.4.34)

where the coefficients a, b and ¢ depend on the optical path length over the layer
(i,i+1)and

§ =Ty — 7. (9.4.35)

The inward intensity along (—v;, —u,,) is obtained by integrating across the layer

(l - 17 l)a
I7 =al”, +bS +cSi_1, (9.4.36)

1 11—
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where the quantities a, b and ¢ depend on 8, which is given by
=17 —Ti_1. (9.4.37)

If 6 is small (half implicit differencing), then the coefficients in equations (9.4.36)
and (9.4.37) are

2—-34 8
a=——, b=c=——, §<1. (9.4.38)
246 246
If the mesh is written, then
1
=c=——, b=25§—1D/25+1), §>1. 9.4.39
C= 351 ( )/ (26 + 1) > ( )

The integration weights are obtained from the formal solution of the equation, thus

Titl

It = / dtexpl—(t — T)1S(1) + I expl—(Fis1 — ©)]. (9.4.40)
Ti

If the source function is assumed to be a linear function of monochromatic optical

depthin (i, i + 1), we can obtain an expression of the form (9.4.34) for the outward

intensity with the following coefficients:

1 —exp(—=9§)
R —
exp(d) —1 l]
s ;

a=-exp(—b), b=1
(9.4.41)
¢ = exp(—9) |:

in terms of equation (9.4.35) for the path length §. For short path lengths, we find

b—51 > 1 5 skl
) 3 4 ’ ’

) s )
c =exp(—8)§ |:1 + 3 (1 + Z)i|

The coefficients for /; are obtained in the same way using equation (9.4.37).

(9.4.42)

95 Scharmer’s method

In this method an approximate relationship is developed between the monochro-
matic intensity and the source function by evaluating an approximate solution of
the transfer equation along a ray. This method is sufficiently accurate even with
large velocity gradients and it can be applied easily to multi-level non-LTE and
multi-dimensional problems. One can choose an approximate or accurate solution
to compute the models of radiation hydrodynamics (Scharmer 1981, 1983, 1984).
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An integral equation for the line source function S; is derived using the core-
saturation approximation, the Eddington—Barbier relation and the upper boundary
condition. The transfer equation is given by,

i,

+ =1,-S,, 9.5.1)
dt,

where the 4 and — signs indicate the outgoing and incoming rays respectively. , is
the monochromatic optical depth along the outgoing ray and is given by

v dt.
dt, = (‘/’— + 1) dte. (9.5.2)
r [

where dt. is the continuum optical depth and r is the ratio of the continuum to line
opacities.

An approximate solution, which lies between 7, and S,, can be obtained when
essentially no transfer of radiation occurs in the optically thick core of the line
(core-saturation (Rybicki 1972) or on-the-spot approximation (Osterbrock 1962)).
Therefore, for the frequencies which are optically thick, we have

L)~ S(t), ©Ww>y, u<0, u>0. 9.5.3)

When the optical depth is much smaller than unity the Eddington—-Barbier relation
is valid for an outgoing ray (which is exact only at the surface for a source function
which varies linearly with the optical depth) and is stated as

L)~ Sy(tw=1), ©w<y, u>0. 9.5.4)
For a semi-infinite medium, we need to include the upper boundary and
L)~ L(t,=0), <y, u<0. (9.5.5)

Let us consider a two-level atom. The line source function S; is given by
_J+¢€B

S = —:- 9.5.6
T e ©.5.6)

where J is the integrated mean intensity and €* and € refer to different creation and
destruction processes of photons (Athay 1972a, page 16). J is given by

+00
J=/ budy dv (9.5.7)
—00

where J,, is the average of 7, over u. We divide J between an optically thick core J,.
and the optically thin wings Jy (see section 9.4 on core saturation). Thus, we have

J=J.+Jy= bvJy dv + buJydv. 9.5.8)
core wings

For the core part of the line we can use equation (9.5.3). As §; is independent of u
equation (9.5.3) can be integrated to give
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I~ (9.5.9)

In the case of wings, J, can be written for the rays (incoming and outgoing) as

1[0 1!
Jy = —/ Iydp + —/ Lydpu. (9.5.10)
2J) 2 Jo

The first term can be evaluated using the upper boundary condition in equa-
tion (9.5.5). The second term is evaluated by using the angle-averaged Eddington—
Barbier relation by assuming that S; can be approximated by a linear function of t,,
that continuum opacity is negligible, and that ¢, is depth independent. Then S; is
given as a linear function of the line centre optical depth 7 by

S =ay+bytg =ay +byut, /. (9.5.11)
The emergent intensity from the above source function is

I, =ay,+by/¢y. (9.5.12)
Using equation (9.5.12), we get

1

1! 1 1
5/0 Lydp = 5 [au + Ebv/cbu] = ESz(ré), (9.5.13)

where the quadrature point r(/) depends on v, and not on 1, and
() = Q) (9.5.14)

Therefore we can write J as the combination of contributions from: (1) the core-
saturation approximation; (2) the Eddington—Barbier relation; and (3) the outer
boundary condition for the incoming intensity. Thus,

Ve 00 00
J =28 / dvdv + / Sz o dv + / I3y dv, (9.5.15)
0 Ve Ve

where J; is the mean intensity incident at the top of the atmosphere and v (to) is the
critical frequency which separates the saturated core (7, > y) from the transparent
wing (t, < y). This frequency is defined such that z/ is continuous at v, that is
1:6 = 19 when v = v,. Using equation (9.5.14) we find that v, is given by

1
¢, = Q2ro) ! for y = 5 (9.5.16)
Using equations (9.5.6), (9.5.15) and (9.5.16) and the normalization condition that
oo Ve 1
/ ¢vdv+/ pvdv = -, (9.5.17)
Ve 0 2
we get

o0 o0 o0
'S, —e*B = —251/ ¢y dv +/ Si(T)) ¢y dv +/ J, ¢y dv. (9.5.18)
Ve Ve Ve
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One can use the probability of escape of photons p, (Osterbrock, 1962) as the depth
variable defined as,

o0

Pe(T0) = ¢y dv. (9.5.19)

v(Ty)
If p. is the probability of a wing photon escaping in the direction u > 0, then
equation (9.5.18) can be written as

Pe Pe
€'S) —e*B = -28p, —l—/ Sydp,, —i—/ J—dp,. (9.5.20)
0 0

This equation is not derived from probabilistic considerations but probabilistic
interpretations can be given. It is derived from the core-saturation approximation,
the Eddington—Barbier relation and the upper boundary condition. Equation (9.5.20)
can be written as a first order differential equation as

(J+Qp)d& 548 gdel | pde pde
= — l - E— .
‘ dpe dpe dpe dpe dpe
(9.5.21)
Ife’ =e* =€ andif J~, €, B are not functions of p,, then
ds,
(€ +2p) 2L =7 -5 (9.5.22)
dpe
In a semi-infinite medium, we have
1
Si=J"+B-J) [6//(6/ + 21%»)]7 ) (9.5.23)
as Sy — Band p, — 0.If p, = %,then
Si(t =0)=J~ + (B — I/ +)?
— JeB+ (1 — Jo i, (9.5.24)

where S;(t = 0) is the surface value of the source function S; and € = €¢’/(1 + €’).
The solutions of equation (9.5.21) have been discussed by Athay (1972b, 1976) and
Frisch and Frisch (1975).

The above analysis can be used to obtain the source function in the presence
of large velocity gradients as in Sobolev’s theory, neglecting the incident radiation.
In the limit of large velocity gradients, it is understood that the radiation coming
from below in the wings is equal to the continuum intensity which is independent of
frequency. This gives us

Si(ty) = I, = constant. (9.5.25)
Substituting this into equation (9.5.20) and setting ¢’ = €* = €', we obtain

€(S— B) = —=2p.S; + pele, (9.5.26)
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or
Si=[(—ée)pel.+€Blle + (1 — e)2pe]71 , (9.5.27)

where € = €'/(1 + €’). This is the same as equation (9.2.34), with 8 = 28, = 2p..
This method has been found applicable for intermediate velocity gradients also.
There are discontinuities at the transition point between the core frequencies and the
wing frequencies because of the fact that the non-local radiation is ignored. A more
accurate lambda operator method in a semi-infinite medium is described below; this
method corrects the above disadvantages.
The formal solution for ;& > 0 is written as

oo
I,(t,) = exp(fv)/ Sye ™ dr). (9.5.28)
Ty

+
v

weights w* for outgoing (4) and incoming (—) rays. Thus

S, and I, are related through the quadrature points 7, and the corresponding

(1) = wh(n,) S, (x5). (9.5.29)
To evaluate rvi and wi, we assume that S, is a linear function of t,, then

Sy, =ay + byt,. (9.5.30)
By substituting equation (9.5.30) into equation (9.5.28), we obtain

Iy(ty) = ay +by(zy + 1). (9.5.31)
A comparison of equations (9.5.31) and (9.5.29) gives us

wh=1 and =1, +1. (9.5.32)

By writing the formal solution for u < 0,

Ty
I, =— exp(—rv)/ Sy exp(—1,) dt,, (9.5.33)
0
we obtain
wo=1—exp(—7) and 77 = 2 1. (9.5.34)
w

These expressions contain the upper boundary condition that /,,(0) = 0. Now when
T, — 00, we have

wh=w =1 and 7/ =17f=1 (9.5.35)
and if 7, — 0, we get t+ = 1 (Eddington—Barbier relation) and w~ = 0, which

corresponds to 1,,(0) = O for the incoming rays. The advantage of these quadrature
formulae is that they facilitate a continuous transition from the core to the wing.
This improves the accuracy.

291



292

9 Escape probability methods

The sources in the upper layers cause some of the non-localness of the radiation
field where the optical depth is less than 7,. If we expand w™ and 7., we get

w- — 71, and 71, — Eru. (9.5.36)

In the case of a plane parallel slab, the formal solution is
Ty
I,(t,) = exp(fv)/ Syexp(—1,)dT,,. (9.5.37)
0

The 7,'s and ws for the outgoing rays are calculated as previously assuming S to
be a linear function of optical depth as in equation (9.5.30). Then, we obtain for

L (t):

L () = [1 —exp(=d1y)] (ay + b,{1 + T, — 1, /[1 — exp(—é1,)]}),
(9.5.38)

where 81, = T), — 1,,. From equations (9.5.29) and (9.5.38), we obtain

wh=1- exp(—9dty); =147, — 8rv/w+. (9.5.39)

v

One can obtain the result for a semi-infinite medium if §7, > 1. Andif T, 7, < 1,
then

wh — oty, T,

1
t T, —87,)2 = 5 (Tt 1), (9.5.40)

and when 7, < T, then 7,7 ~ %Tv. This relation can be used to obtain the solution
of non-LTE problems in plane parallel slabs and extended atmospheres but not in
semi-infinite media.

This theory can be applied to obtain the solution of non-LTE two-level atom
problems. The source function in this case is given by

_ b oo, B,
¢y + B v+ B
where all the symbols have their usual meanings (see chapter 1). Let us write the

intensity in terms of an integral operator AI 1 38

: (9.5.41)

v

I, ~ A],[S]. (9.5.42)

From equations (9.5.6), (9.5.41) and (9.5.42) we can write the integral equation for

S as
§ 1 +oo roo ; o
14+€ S——/ / A [ S]d dv

1 +1 poo + ,3
~ B+ - Al B|dudv, 9.5.43
2/,1/0 P “[¢u+/3 } a 0249

where B is very small and at great depths the second term of the above equation
is of the order (1 — p,)S;. Thus the two terms on the LHS cancel at large depths,
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where p, is small. This situation gives rise to numerical problems at large optical
depths and if € is of the same order as the accuracy of the computer. To avoid this
the following procedure is used.

We introduce a new operator §A . Which is the difference between Al ., and the
operator corresponding to complete saturation /,, = S),. Then

SAY, =Af, —1. (9.5.44)

From this equation and equation (9.5.43) we obtain

+1 00
1+€ehHs = <1/ oo+ /3% didv + e*) S (9.5.45)

2J1Jo v+ B

and
1 +1 poo ¢
i _ T v
(Fo)si=5 [, [ won (¢V+ﬂsl>d“d”
1 oo + B
~ (e 46 - 8 — B \)dudv, 5.4
@romry [ [ A”"<¢u+ﬁ3) v 0249
where
1 +1 poo ,3
§=— vdud 9.5.47
I e ©347

is the probability that a line photon is absorbed in a continuum transition.
At great depths where 8A]: .. Vanishes, we get

"+ 88 ~ (" + 8B, (9.5.48)

which gives fairly accurate results for small €*, " and §.
We shall now describe a numerical procedure for solving equation (9.5.46). We
shall write

w-S; = —E, (9.5.49)

where w is a matrix and S; is the vector of the source function
Si(1), 5), ..., Si(n;), where n, is the number of depth points, and E is the
vector of the components of the RHS of equation (9.5.46). By using the symmetry
relation

¢v(_l'l/v v, tC) = ¢l) (l‘l’v -V, TC)»

(9.5.50)
(=, v, Te) = Ty(U, =V, T¢),

we can treat u as a positive variable. Then for each 4, we have rj: and weights
w*. The integral on the LHS of equation (9.5.46) is written as
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[ R R A%
- VAT ——8; ) dud
2/_1/0 ¢ “<¢u+ﬂ l) e

Ny ny
T ¥ ¢’]k moovo T
= Pijk (SA_u + A, )( >w. wlwf, (9.5.51)
;; ij ijk ijk ¢l/k+ﬂ i V] %k
where the operators (SAT_l. ik and SAij correspond to the incoming and outgoing
rays, i = 1,...,n, is the angular index, j = 1, ..., n, is the frequency variable
and k = 1, ..., ny is the depth index. The angular weights w; are calculated using

the Gaussian quadrature and the frequency weights w]‘f are calculated from the
trapezoidal rule. The weights w; are chosen so that correct normalization of the
line profile at all depths is ensured: or

M ny 1
wf = (222%“0 w} ) (9.5.52)
i=1j

at each depth point k. The operator SATJ . demands that the product [¢jx/(¢ijk +
Bi)1S; should be evaluated at rU+ and not at 7,. We assume that this product varies
linearly with depth between k™ and k* + 1, where k™ is defined such that

‘L','jk+ < 'L'j < Tijkt+1>» (9553)

with 7;;;+ the monochromatic optical depth at the depth point k™. Therefore we
have

cijr (T ( ) Si(t,h) ~ ao Ciji+ Stk + (1 —a, ) Cijl++1S51k+ 415 (9.5.54)
where

Cijk = ijr/(@ijk + Br) (9.5.55)
and aar is a linear interpolation coefficient that is given by

ag = (Tijer+1 — o) / (Tijkr 1 — Tijes)- (9.5.56)
Therefore, we can now write,

8A2/k [C,-jkslk] = u)+a6rc,~jk+ Sie+ + u)+(l — a(—)i_)ciijr-&-lSik*-i-l — CijkSlk-
(9.5.57)

For a finite slab w* and 7,7 are given in equation (9.5.39) and for a semi-infinite
medium wt = 1 and 7,7 = 7% + 1. From equations (9.5.57) and (9.5.51), we
can derive an explicit expression for the double integral which contains S;. The
coefficients of Sy, Sj+ and Sj+ | give the contributions for the angle i, frequency
Jj and depth k to the matrix elements of wix, wii+ and wyg+ 1. The summation over
i and j for each k will give the contribution to w for the outgoing rays and a similar
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treatment will give the contribution to the incoming rays. The vector E is calculated
in a similar way. For several physical aspects of this method’s applications, one can
refer to Scharmer (1984).

We shall now describe a linearization procedure for solving a non-LTE problem
exactly. It is similar to the perturbation technique of Cannon (1973a,b) although this
is simpler to formulate. Equation (9.5.46) is written exactly as

+ 1 +1 poo ¢U
(E +8)—5/;1 L ¢V6AU,LL (mS}) d/LdV

1 +1 poo ,3
= (e* B+ - wOA,, | ———B , 3.
(€* +6) +2/_1f0 ) ”(¢U+,B )d,udv (9.5.58)

where § A, is the exact operator given by
I, — 8, = (SAV;;, [Sv]. (9.5.59)

If S;(n) is an estimate of S; and if this estimate does not satisfy equation (9.5.55),
then

; w Lo Py
(F+8) s =2 | eroushn s ) dpdv
~1

2 v+ B
s 1 [*l oo B (n)
—(6 +5)B+5£1 /() ¢v5Avu<¢U+ﬂB>dﬂd\)+E s
(9.5.60)

where E™ is a correction term. This vanishes if Sl(”) is the correct solution of
equation (9.5.58). In order to get the correct solution, we set
(n+1) (n) ()
Sl" = Sl” + BSI” . (9.5.61)
We need equation (9.5.60) to be satisfied when Sl(") is replaced by S,(”H) where
EM™ — 0. Substituting equation (9.5.61) into equation (9.5.60), we obtain for § Sl(n)

(JH)(SS(’”—l - Ooqs SA P55 dpdy = —E®
I 2/ ) v o b0+ B i 1% = s

(9.5.62)

which gives the exact values for the correction term to the line source function.
However, this does not save much computer time. A better estimate of & Sl(”) can

be obtained if § A, is replaced by & A:ﬂ ,«- Therefore we can estimate (Ssl(") from the
equation:

(J+5)5S‘”)—1f+1foo¢ SAT < al BS(”)>dudv%—E(”).
! 2 -1 JO ' " ¢v+ﬁ !

(9.5.63)

This equation is of similar structure to equation (9.5.46) and can be solved similarly.
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The following steps can be used to obtain an accurate solution of the equivalent
two-level atom problem:

1. assume Sl(o) = 0 unless a better value of S; is known;
2. calculate E™ from equation (9.5.60);

3. calculate § Sl(”) by solving equation (9.5.63) and then compute
S[(n+]) — Sl(n) + 851('1)’

4. repeat the above three steps until convergence is obtained to the accuracy of
max|6S l(") /S [(")} < n, where 7 is small enough to satisfy the desired accuracy.

In the case of large optical depths, the final solution can be obtained as follows.
The error term is written as

EM _ (e-r + 5> S\ — (e +8) B — 81", (9.5.64)

where 8 is given by

50 = L[ 74, (109 = 50 anav 9.5.65)
=2/, ) vty v nav, o

and I\ is calculated from the source function S\

S(n) _ ¢v S(n) + :3

B
VT g+ BT g+ B

(9.5.66)
,Sn) approaches Sﬂ") at large optical depths, therefore 5/ — 0 in equation
(9.5.65) and cannot be used to evaluate §.J ) Instead, whenever 7, > 1, we can
use the second order form of the transfer equation:

d2j/
./ _
i Se= (9.5.67)
where
1
]1/) = E[IU(I’La v, TC)+IU(_IJ“7_U7 tC)]' (9.5.68)

This gives a relatively high accuracy for §1™ even for large optical depths. This
procedure has been applied to the non-LTE problem with ¢ = 1070 and optical
depths as high as 10'%.

This method of linearization has been applied to partial redistribution functions
(see Scharmer (1983)). It eliminates the arbitrary distinction between the core and
the wing which helps to simplify the book keeping. The intensities and the source
functions are related by the Eddington—Barbier relations in the core and wing of
the line and the problem is reformulated in terms of lambda operators using the
single-point quadrature formulae for all frequencies.
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The lambda operator is replaced by a numerical matrix operator that is strongly
upper triangular with few elements appearing closely below the diagonal elements.
This is a general method that can be applied in media with differential velocity
fields, partial frequency redistribution and in multi-dimensional geometries which
very few other second order methods are capable of. This allows saturation at all
points in the medium — at boundaries as well as at interior points. This is most
useful in dealing with radiation hydrodynamical phenomena, shocks etc. This kind
of situation is dealt with by the core-saturation technique extended by Kalkofen and
Ulmschneider (1984) (see the previous section).

9.6  Probabilistic equations for line source function

In this section we shall study the probabilistic equations following Athay (1972b,
1984).

9.6.1 Empirical basis for probabilistic formulations
For a two-level atom, the transfer equation for a monochromatic intensity in a plane
parallel slab is written as

dI
dr.,

=1, —S,. 9.6.1)

If we apply [ - - - du over the above equation, we obtain

dH,
dt,

=J,—-S,, (9.6.2)

where as usual H, and J, are the net outward flux and mean intensity respectively.
The source function S, is

Sy = al S+ p B, (9.6.3)

¢+ B ¢y + B

where S is the line source function (which is independent of frequency), ¢, is the
line profile function, B is the ratio of opacities in the continuum and line and B is
the Planck function. If we multiply equation (9.6.2) by ¢, dv and integrate, we get

dH o
/ ¢V dv =M= = Ty dv — (1 —8)S — 8B, 9.6.4)
d‘L’() 0

where 7 is the line centre optical depth and

MdH:/OO Ll dH, dv (9.6.5)
+ B

and
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§= T b dv. (9.6.6)

0 ¢v+,3

The profile function ¢, is normalized to unity

/ dodv = 1. 9.6.7)

Here § gives the probability of continuum absorption of the photon in the band width
of the line. The line source function S is written as

S = [/ Jopy dv + (€ +1) B][1+e+a]—1, (9.6.8)
0

where € is the ratio of the collisional de-excitation rate (from the upper to the lower

level) to the spontaneous transition probability. The quantities o and n represent

losses and gains of photons due to atomic transitions of the line under consideration.
If we define p as

o
p=1-— 5*1/ Jugy dv, (9.6.9)
0
equations (9.6.4) and (9.6.8) become
dH
M? =—pS+3(5S—B) (9.6.10)
and
pS=(+nB—(c+0)S (9.6.11)
respectively.
Combining equations (9.6.10) and (9.6.11), we get
dH
Md—=(6+a+8)S—(e+n+6)B. (9.6.12)
T

The quantities €, § and n give the probabilities for photon creation and destruction
and influence the ratio S/B.

We need to make a comparison between p, which is the flux divergent coefficient
determined non-locally, and p,, the locally determined escape probability. At 79 =
0, we can write

e8]

H,(0) = % /O S, Ex (1) d1y, 9.6.13)

where E>(t,) is the second exponential integral. The contribution § H,(0) in the
interval dt, is given by

SH,(0) 1
d”( ) _ —S,Ex(Ty). (9.6.14)
Ty 2

If we multiply by ¢, and integrate over frequency, equation (9.6.14) gives (by using
equation (9.6.3))
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8H(0)_1f°° S Ba(e)d
Od‘L'() —§0¢vv21—vv
S 1/00 al B(S — B)E2(1,)d (9.6.15)
= Peo — = — Ty v, .0.
P22 ) b0 48 2
where
Pe = l/ dvEr(Ty) dv. (9.6.16)
2 Jo

Equations (9.6.15) and (9.6.10) are very similar with p, replacing p and

1
E/ dvB/(Py + B)E2(1y) dv

replacing §. But the interpretations of these two equations are different. The quantity
d H in equation (9.6.10) is the change in the flux at depth ¢, while § H (0) in equation
(9.6.15) is the change in flux at the surface 79 = 0. Thus, p corresponds to the local
probability of photon emission, while p, corresponds to that at the surface or the
escape probability. An empirical relation exists between p and p., which is given by

111

N — (9.6.17)
P2 2epe

02
Frisch and Frisch (1975) derived the probabilistic equation for the two-level atom
with § = 0 as

2 ds S+ B (9.6.18)
- = — €—, .0.
pdp dp
where

p=€+ (1 —¢€)p,. (9.6.19)

Frisch and Frisch (1975) and Athay (1972b) derived the equation

das € €
295 (1 n _> s+ En (9.6.20)
dpe De De

An equation equivalent to (9.6.18) was derived by Scharmer (1981), (see sec-
tion 9.5). Equation (9.6.20) is not as accurate as equation (9.6.18), although both
equations are approximations of the exact transfer equation. For constant € and B
and € < 1, equation (9.6.18) has the solution

S 2 1

5= €(e” + 2¢ep,)? (9.6.21)
and equation (9.6.20) has the solution

S T 5 €

— = pe>e (9.6.22)
B (2epe)?

299



300 9 Escape probability methods

while the exact relation is

S €
— = ) 9.6.23
B=pie € K pe ( )

Equation (9.6.21) appears to be nearer to the exact solution (9.6.23) than equa-

tion (9.6.22) with the factor 72 in it However, the presence of square roots defies
any physical interpretations in probability theory.

9.62 Exact equation for S/B
From equations (9.6.4) and (9.6.12), we obtain,

/qbu(Jv - S)dv=(e+0+8)S—(c+n+)B. (9.6.24)
We need to evaluate the integral on the LHS. For this we use the relation
1 o
Sy =8 =A,8 -8 = 5/ SyE{lty — nl}dt, — Sy, (9.6.25)
0

where Ej is the first exponential integral. We assume a depth interval (¢}, ;1) in
which S, B, ¢, B are constant and at the optical depth 7; (i denotes the local depth),
the constant values being specified with the mean optical depth 7; as given by

1
Tj = (tjtj+1)7 (9626)
(Finn and Jefferies 1968, Athay 1976). Equations (9.6.24) and (9.6.25) can then be
written as,
. . l_l . . n . .
(ci 008 pi 4 pla) S = 2255 (phr = 2]) = Do Si(p) = pjn)
1 i+1
=(ei+ni+8 — 0l — 0!,))Bi
i—1 Ul
+ ) B (Q}+1 - Q}) +Y B (Q} - Q}H), (9.6.27)
1 i+1
where
pl=Ri- 0, (9.6.28)
S e
R = —f GiEx (|tj — i) dv, (9.6.29)
T2 )
0L = 1/-00 i bi E> (|t - r-‘)dv. (9.6.30)
720y T+ B s

Equation (9.6.27) represents the fact that the sinks are balanced by the sources.
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If we set ¢; = ¢; and consider a two-level atom with no continuum absorption,
equation (9.6.27) can be written for o = 0 as

Pe
(6+2pE)S=EB+/ Sdpe. (9.6.31)
0

It should be noted that this equation is exact at 7y = 0 only. The numerical evaluation
of the solutions for S/B for a few special cases have been given in Athay (1984).

9.6.3 Approximate probabilistic equations

Sometimes approximate probabilistic equations are useful in situations where ac-
curate solutions are not necessary, particularly when it comes to saving a lot of
computing time. As an illustration, we consider a two-level atom without continuum
absorption. From equation (9.6.24), we have

/ Jv¢v dv — S,' = €; Si — € B,’. (9.6.32)

We expand §; in a Taylor series retaining the first three terms, and write
S; 1 2

S; =81+ a7 (toj — TOi) + 3 (toj — ‘(0,‘) , (9.6.33)

or
1ds; 1 4’ 2
Si=8+— ti—1)+ — ti—1)", 9.6.34
T g dog (1 = =) 207 di} (5 =) ( )

where #; and 7; are the frequency dependent optical depths and ¢; is kept constant.
Applying the lambda transform on S; then gives us

Ji= 1= 2E e |+ 25 N E () + - Eam)
i =Si|1—<Ex(n T T
i i ) 2T dTOi ) 20T 2¢i 3T

a2s; | 1 5 T0i 1
4+ — | — — 2E)(1;)) — —E3(1;) — —= E4(1)) |. 9.6.35
dr(%,. |:3¢i2 4 2(i) 200 3(7i) 2¢i2 4(7i) ( )

Multiplying the above equation by ¢; dx, where x is measured in Doppler width, we
obtain

das; 1
Jigidx = S;(1 — po) + — | i pe + —» [ E3(zi)dx
d 7T1/2

T0i 2
+dzsi 1 /2 Eato | &
dt3 | 2n1/2 3 4t bi
2
To: T0o;
—%pe—zjl; E3(n)dx}. (9.6.36)

The integrals in the above equation diverge for large x. This can be avoided by
adding the continuum opacity, but this does not solve the problem. The problem
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lies in the Taylor expansion which includes the derivatives dS/dt; and d*S/d 1'021.
which increase without limit as #; increases. We need to truncate the optical depth
as is done in the Taylor expansion.

Let 79 be the range over which the expansion in equation (9.6.33) is valid and
define

[ .
Ly =Y (9.6.37)
70
with the corresponding limit on frequency integrals in equation (9.6.36) being
Lip(x1) = 1. (9.6.38)

For a Doppler core, we get
xi=(nLj)?. (9.6.39)
From equations (9.6.32) and (9.6.36) we get

1} d*s ds
——-Pe — T0P3 + D4 P+(rope+p3) = (pe +€)S —€B,

2 2 dro
(9.6.40)
where
1 X1
p3 = 1—/2/ E3(ty)dx (9.6.41)
/4 0
and
_ ! T2 E d 9.6.42
P4—m0 ¢—x§— 4(ty) | dx. (9.6.42)

The integration limits in equations (9.6.41) and (9.6.42) are arbitrary. This converts
equation (9.6.40) to a form similar to equation (9.4.18). Differentiating with respect
70 and using the relations

dps dp3 dpe 1 /°° )
OP4 _ by, P2, e, pi=— Ei(zy) dx,
d - P dn P PPV = ¢ E1(to) dx
(9.6.43)
we obtain
2 d*s ds
—— P1+T0pe + P3| —— + (Top1 + pe +€) —
2 dt; dty
de gy 4B | pde (9.6.44)
= - — €— —_—, .6.
P dro dry dro

to terms of order of d>S/d rg.

Equations (9.6.40) and (9.6.44) are obtained on the assumption that ¢, is kept
constant; these equations cannot be applied when ¢, varies with depth. Equation
(9.6.44) gives an improved solution if the second order term is included. The
accuracies of various approximations are discussed in Athay (1984).
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9.7 Probabilistic radiative transfer

In this section a probabilistic radiative transfer equation is derived in plane parallel,
finite and semi-infinite atmospheres in lines and continua. The boundary conditions,
escape probabilities and complete linearization are discussed. We shall study the
one-stream probabilistic equation (Canfield et al. 1984).

The radiative transfer equation in a plane parallel medium is written as

oI, ()
at

where all the symbols have their usual meanings and

=—¢u [Lh (1) — Sul, 9.7.1)

dt = kodx and drt, = ¢, dr. 9.7.2)

We can write the solution of equation (9.7.1) (with no incident radiation (see chapter
2)) as

“f dt
LF(p,w) = / Syexpl—(zy —)/ul—, wu=>0 9.7.3)
7
and

L dt
I (i, o) = —/ Sy exp[—(zy — t)];, n <0, 9.7.4)
Ty

where ;5 and I are the intensities flowing into and out of the atmosphere respec-
tively. 7, 7, and T, are the optical depths at the line centre, at frequency v, and of
the slab at frequency v respectively. The mean intensity of the diffuse radiation field
is written as

1
Jj’(ru) = E/ SvE1(|t — 1)) dt. 9.7.5)
0
The frequency integrated mean intensity is
o
J(r) = / Jy®, dv, (9.7.6)
0
where
D, = Mo¢,, 9.7.7)

with M the normalization constant. Using equation (9.7.5) we can rewrite equation
(9.7.6) as

J4(t) = %/0 deDV/OTmSUEl(It—rId),,)dv. (9.7.8)

If W, and @, are the emission and absorption profiles, we have

S, = SoW, /@, (9.7.9)

303



304

9 Escape probability methods

Then J9(t) can be written as

T 00 T
J(r) = %/ So(t)dt/ ¢uWuE1(ItI¢u)dv=/ So(M) K1 (r — 1) dt,
0 0 0
(9.7.10)

where
1 o0
Ki(r) = 5/0 oYL E(It]gy) dv, (9.7.11)

with 7 and T the line centre optical depths. The quantity J%(z) given in equa-
tion (9.7.10) represents the diffuse component of the radiation field. We must add
the incident radiation to obtain the total mean intensity, J (7). Therefore

J(x) = Jx) + T (0), (9.7.12)

where
. 1 o) 1
J"(r) = Ef (Dvd‘)/ I, (u, T =0)exp(—ty /1) din
0 0

1 00 0
3 /O , dv / 15T = T)expl(T = )/l d.

(9.7.13)

If the boundary intensities 7 and I, in the above equation are given, then J"(t)
can be calculated easily. Therefore, we need to calculate J d(r), the diffuse field.

Applying the operator f(;j dt So(t)d/97 to both sides of equation (9.7.10), we
obtain

o d o o
/ dt So(r)aJ (©) = / dt So(r)i/ dt So(t)K1(t — 1)
0 T 0 at 0

o T
+/ dt So(r)i/ dt So(t)K(t — 7). (9.7.14)
0 at Jo

The first term on the RHS of equation (9.7.14) vanishes as K1(t —¢) = K(t — 7). In
the case of the second term, since 0 < T < o < ¢ < T and the integrand vanishes for
T—t>1,5(t)~ S(t) ~ S(o) and if § is slowly varying or (dIn Sp/dInt) < 1,
we can write

o d o
/ dt So(t)a] @ _ sg<a)/ dr i/d: Ki(t —1). (9.7.15)
0 ot 0 aT

If p.(7) is the probability that a photon will escape the medium in a single flight,
then,

1 [ee) 1 1 e’}
pe(t) = / dv / AW, exp(—tu /1) = ~ / v W, Ex(z,). (9.7.16)
2 Jo 0 2 Jo
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where
T, = T¢y. (9.7.17)

From the definition of p.(7r) and the relationship between Ej(x) and E>(x) (see
Abromowitz and Stegun (1964)) we can write

T 1
fo dt Ki(t) = pe(0) — p.(7) = 37 Pe(T) (9.7.18)
and
T
/ dt Ki(t — 1) = pe(0 — 1) — po(T — 71). (9.7.19)
Therefore,

o 9 T
/0 dl’g/ dt Ki(t — 1) = pe(0) + pe(T) — pe(0) — pe(T —0).
(9.7.20)

Substituting the above equation into equation (9.7.15), applying the operator
S~1(0)d/07 to the result and then replacing o with 7, we obtain

aJ4 3So 3
- = 2[pe(0) + pe(t) = pe(T — 0)] —— — So7= [Pe(T) + pe(T — D).
aT aT at
(9.7.21)
Since p.(0) = %, this equation can be written as
op  Ip; N d1n Sy
— = 2p; — , 9.7.22
3~ ar T 2pz —p) P ( )
where
Jd
=1-—, 9.7.23
P S ( )
Pe(t) = pe(t) + pe(T — 1) — pe(T). (9.7.24)

Equation (9.7.22) is the probabilistic equation for the diffuse radiation field. The
radiation field due to incident radiation must be added to obtain the total radiation
field. The above relation is obtained with the assumption that

dln Sy
dint

(9.7.25)

So far we have treated the radiation field in a one-stream approach. Two-stream
treatments of the radiation field in a finite slab have the advantage of allowing the
specification of the mean intensities at each of the boundaries. No diffuse radiation
will propagate into the medium at these boundaries.
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The mean intensity J, can be written in two parts, J,© and J;, corresponding to
7 and ;. We can write these (with frequency integration) as

JT (1) =/rdt So(OHK{(t — 1) (9.7.26)
0
and
T
J‘(r):/ dt So(1) K1 (t — 7). (9.7.27)

Following a procedure similar to that used for one-dimensional stream transfer, we
obtain for the two-stream probabilistic equation:
0J(7) 0
at At

a
- SOE [Pe(T) + pe(T —1)]. (9.7.28)

BN
[7H @) + 7~ (0)] = 2[pe(0) — pe(x) — pe(T — 1)] 8—T°

Equation (9.7.28) is almost the same as equation (9.7.27) except for the term
2pe(T)9Sp/dt in equation (9.7.28) which will disappear when 7' is large. We define

pE = pe(r) — pe(T)/2 (9.7.29)
and
Pe = Pe(T —7T) — pe(T)/2, (9.7.30)
then
dJ () 4,7 080() apF (1)
= [1—2pS(D)] Pl So 5 (9.7.31)
and
9 (1) B 380(7) ap, (1)
P [1—2p, (1] s So P (9.7.32)

The two-stream approach is similar to the one-stream approach but the former has
the advantage of allowing two boundary conditions.

In the case of semi-infinite atmospheres the probability of photon escape tends
to zero in the deeper layers of the atmosphere. The source function then approaches
the Planck function, or

J(t — 00) = Sp(t = o0) = B(t — ), (9.7.33)
where

o
B =/ ®,B, dv. (9.7.34)
0

One-stream transfer is of sufficient accuracy. In the two-stream case, the boundary
condition in a semi-infinite atmosphere is given by
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JT(t = 00) =J (t = 00) = B(t — 00)/2. (9.7.35)

In the case of a finite atmosphere, two-stream transfer is better with no diffuse
radiation entering from either side, that is

JtTr=0=J(r=T)=0. (9.7.36)

If we apply one-stream transfer, the following boundary condition can be used:

T
J (1) = [ dt St)(K1(ro — 1)), (9.7.37)
0

where 7 is the optical depth at which the boundary condition is imposed. We must
ensure the global energy balance condition (see Hummer and Rybicki (1982)) given
by

T T
/ 0SdT = / peSdt, (9.7.38)
0 0

which means that the number of emissions — number of absorptions = number of
escaping photons integrated over the atmosphere fromt =0tot =T.

The probability that a photon will escape the medium in a single flight is given
by

1 e’} 1
pe®) = / dv / Wy exp(—1o /1), 9.7.39)
0 0
or
1 o0
Pe(T) = 5/ dv V¥, E>[1,]. (9.7.40)
0

In the spectral lines we measure the displacement in the form of x = (v —vg)/Avp,
Avp being the Doppler width, and assume that the emission profiles and absorption
profiles are the same. Then

Pe(T) =/0 dx Y (x)Ex[té(x)], (9.7.41)

where the displacement is measured from the centre of the line (this is true for a
static atmosphere) or

Pe(T) = M/O dx ¢ (x)Ez[te(x)], (9.7.42)
where
D, = Mo,. (9.7.43)

We shall derive some asymptotic expressions for the p.s which are fairly accurate
even at high optical depths and denote them by p,. Osterbrock (1962) assumed that
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photons with an optical depth less than unity escaped the atmosphere. Then p, is

given by
o0
ﬁe(f)%/ (x)dx,
X1

where
Td(x) = 1.

For a Doppler profile,
1 2
D(x) = 12 exp(—x~),
X] — o0 as T — 0o, therefore
1/2
b
Pe = Txl exp(—xlz)

or

Fo(7) = [2n%r(1nr)%]

(9.7.44)

(9.7.45)

(9.7.46)

(9.7.47)

(9.7.48)

Following Ivanov (1973), we change the variable of integration in equation (9.7.42)

to z = 1/¢(x), the probability is then k, /2 and we get

Pe(T) = M/ dz 77 ' X' (2) Ex(1/2),
I

(9.7.49)

where X'(z) is the derivative of x with respect to z. If we set y = t/z, we obtain

Ppe(7) = MX’(T)/O dy y ' Ex(0)X'(x/y)/ X' (1).

(9.7.50)

We will now derive the asymptotic form for p.(t). If T — oo in equation (9.7.50),

we have
lim [X'(c/y)/X'(0)] = y*.

Therefore the asymptotic form of p, is

o0
pe=MX'(7) fo Yy By (y) dy.

After some algebra, we obtain p, as
pe(r) = MT(28)X'(2)/(28 + 1)
and the asymmetric form of K is given by

—MT(28)X"
Ki(t > o0) = #,

(9.7.51)

(9.7.52)

(9.7.53)

(9.7.54)
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where I" is the gamma function. For Doppler broadening, equation (9.7.53) gives

1 171
Fel(r) = [n’ 52(In t)?] . (9.7.55)
If the absorption profile has the form
d(x)=alx|™?, B>1, (9.7.56)

equation (9.7.54) will give the exact asymptotic probability as

B-D
B

which has been evaluated for several physical cases by Puetter (1981).
A strongly interlocked resonance line with radiative and collisional wings, which

_ 1 @-n _¢-n
Pe(t) =aFM 7 r[ }r /28 — 1), (9.7.57)

has a Lorentz profile, has its p, given by

_ 1 a %
pe(r)=—( : ) , (9.7.58)

3 72T

where a = I'/4w Avp and I is the total damping width of the transition.
In the case of linear Stark broadening (with the Holtsmark profile ®(x) =
agx” 3 ), which dominates the absorption profile, p, for hydrogen ions is given by

1 3
pe(T) = Zaffn‘3/‘°F<§)r‘3/5, (9.7.59)
where
ag = 6.9 x 10722 (n,n;)* i T} *n1a. (9.7.60)

Here n, and n; are the principal quantum numbers of the upper and lower levels,
xi = 0.5ifn, = n;+1and x; = 1 otherwise, Ty = T,/10* K, n1 = n,/10'? cm~2,
z is the charge of the ion and n,, = n,.

Canfield and Ricchiazzi (1980) derived an approximate form of p, in bound free
continua given by

pe(®) = ) exp [—tpP —a(B - 1)], 9.7.61)
where
B = max [(3m‘1)%, 1}, (9.7.62)
and
_ v 9.7.63

Equation (9.7.61) is reasonably accurate as long as « is significantly larger than 1
and B is not much larger than 1. This equation gives good values for photon escape
probabilities between T = 0 and fairly large ts.
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9.8  Mean escape probability for resonance lines

An approximate procedure is described below for a two-level atom in a plane
parallel atmosphere of thickness 7" in which photons have a small probability €
of destruction for each scattering (see Frisch (1982, 1984)).

We obtain first a relationship between the mean escape probability (p) and the
mean number of scatterings (N)r, using the principle of global conservation of
energy. Then an approximate relationship of (N)r with € and (Np)r (the mean
number of scatterings when € = 0) is derived from scaling arguments. In addition,
the mean net radiative bracket (p)r is derived for a given slab of optical thickness.

The source function for a two-level atom is written as

S(t,x,n) =

+00
/ / dx'R(x,n, x',n)I(r,x',n) + G(1),
(9.8.1)

cb(X)

where [ is the intensity, T is the mean line optical depth, n is the direction of
propagation, ¢ (x) is the profile function, x is the frequency shift measured in
Doppler widths, R is the redistribution function, € is the probability per scattering
that a photon leaves the line and G (7) is distribution of line photons. Multiplying by
¢ (x), integrating over frequencies and angles and normalizing, equation (9.8.1) can
be written as

St)=(1—-e)J + G(2), (9.8.2)

where S(t) is the frequency integrated source function given by

+00
S(t) = / Z—: #(x)S(z, x,n)dx, 9.8.3)

and J(t) is similarly defined with I replacing S.

The mean escape probability {p)r is then defined as the ratio of the total emer-
gent flux to the rate of emission integrated over space, frequency and directions.
Therefore for a plane parallel case with optical depth 7', we can write

T
(p)r = Total emergent ﬂux/4rr/ S(r)dr. 9.8.4)
0

From the global conservation of photons in the line, (p)7 can be written as

T T
(p)Tsz [S‘(t)—f(t)]dt//o S(r)dr. (9.8.5)

By using equation (9.8.2), we get

1 T T _
(P)r = [/ G(t)dr// S(t)ydr — e]. (9.8.6)
L—elJo 0
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The first term in the square brackets on the RHS is the inverse of the mean number
of scatterings (Hummer 1964) (N ). Therefore equation (9.8.6) can be written as

1 1
(p)r = - [<N>r —e]. (9.8.7)

The mean number of scatterings (N ) accounts for the escape of photons through
the boundaries and the destruction of the photons. As can be seen from equa-
tion (9.8.7), as € — 0, the inverse of the mean number of scatterings tends to the
mean escape probability. Therefore from equation (9.8.7) one gets

(p)r = (UNo)p) ™1, (9.8.8)

where (Np)r is the mean number of scatterings when € = 0 (Hummer 1964).
We shall now find the relationship between S and J from (p);. We introduce the
net radiative bracket

p(t) =1—J(1)/8(1). (9.8.9)

Iron’s (1978) definition of net radiative bracket (p) is

(p)r = /OT p(t)S’(r)dt//OT S(t)dr. (9.8.10)
From equations (9.8.5) and (9.8.9), we obtain

{(p)r = (P)r - (9.8.11)
If 7, = min(z, T — 7) and we set

p(0) = (p)y,, 9.8.12)
then from equations (9.8.8), (9.8.9) and (9.8.12) we obtain

J () = [1=1/{No)y,, ] S(0). (9.8.13)

The above approximation is reasonably accurate far away from the boundaries. If
an appropriate scaling law is used for (No)7, equation (9.8.13) can be used for any
kind of frequency redistribution. This scaling law enters the large scale behaviour of
the radiation field. In the case of complete redistribution the above approximation
can be compared with

J (@) = {1 = [pe(r) + pe(T — D)1} S(2), (9.8.14)
where
1 T
Pe(f)=——/ Ki(t)dt (9.8.15)
2 Jo

is the one-sided escape probability. For resonance lines, equation (9.8.13) becomes
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J@) =[1—a/tm]S(), 1 <17 < (9.8.16)

T
X
where « is a constant of the order of unity. If « is the chosen to be between 1 and
0.5, the errors on the net radiative bracket for large depths and on emergent fluxes
will be about a factor 2 (see figure 9.8).

99  Probability of quantum exit

In this section we shall study the concept of the probability of quantum exit from the
medium (Sobolev 1951, 1963) and derive some useful relations in scattering media.
When a quantum is absorbed at an optical depth t, it will have certain probability
of leaving the medium in a given direction with an altered or unaltered frequency
depending upon the optical properties of the medium. This helps us to find the
radiation field at any point in the medium. Once the probability is known at any
given point in the medium, the radiation field can be calculated by multiplying the
amount of energy coming directly from the source and absorbed at a given point by
the probability of quantum exit at the same depth and integrating all such products
at different depths. This probability can correctly represent the source function.

Figure 9.8 Net radiative
bracket versus optical depth
for € = 0 and a uniformly
distributed source

(G(r) = 1). The Voigt
parameter for the line

a =4.7 x 1072, The full
lines are the large numerical
solution curves and are
labelled with total optical
thickness 7. The dashed
lines represent the analytical
fitting formulae (1) p = 1/7
(2) p = 1/2p. Only half the
slab is shown because of the
symmetry of the problem
(from Frisch (1984), with
permission).




9.9 Probability of quantum exit

We consider a one-dimensional medium with an optical depth 7o (rod model, see
chapter 6), isotropic scattering (p = 1/2) and the albedo for single scattering w.
If the quantum is absorbed at the optical depth 7, let P(t) denote the probability
of quantum exit at the boundary 7 = 0 directly from 7 after some scattering in the
medium. If f(7) is the energy coming out of the source that is absorbed between t
and t 4 dr, then the emergent radiation is given by

I(t =0) = fm P(r)f(r)dr. 9.9.1)
0

On the other side of the medium where T = 79, the intensity is

I(t =Ty = /m P(to— 1) f(r)dr. 9.9.2)
0

If a quantum is absorbed at 7, its probability of exit from the medium without
scattering is (w/2) exp(—7t). If the quantum undergoes a series of scatterings, the
probability is

w

5 /TO P(tyexp[—(r — 7)]d7’. (9.9.3)
0

Therefore, the total probability is
w w [ ’ ’ ’
P(r) = ) exp(—1) + ) P(t")exp [—(r -7 )] dt’. (9.94)
0

In figure 9.9, the medium has thickness tp. The probability of quantum exit at the
depth © + At is equal to the probability of quantum exit from the depth v with
thickness 79 — At with the immediate passage through the additional layer A7. We
denote this probability by P (7). The probability of quantum exit from the depth
T and subsequent passage through additional layers without absorption is equal
to Pi(t)(1 — Art). The probability of exit from 7 followed by absorption in the
adjacent layer and leaving the medium after a series of scatterings is P;(t) At P(0).
Therefore,

P(t + At) = P(t)(1 — At) = Pi(v)AT P(0), 9.9.5)
Pi(t) = P(t) — P(tp — ©) AT P(10). (9.9.6)

Inserting equation (9.9.6) into equation (9.9.5), and letting At — 0, we get

dP(7)
dt

Therefore, we obtain

=—P(t)+ P(r)P0) — P(rp — 7) P(10). 9.9.7)

= T

Figure 9.9 Schematic
% % | | diagram of the rod model.
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PO) =3 (1+7) ©0.9.8)
and

P(t) = 3 (exp(~10) +1). (9.9.9)
where

r= /OVO P(t)exp(—1)dr, (9.9.10)
and

t = /Oro P(to — 7) exp(—1) d, 9.9.11)

r and ¢ being the diffuse reflection and transmission respectively of the quantum exit
from the medium. r and ¢ are connected by the relation

2r = 2{ 41 = [t +exp-w)}. (9.9.12)

The solution of equation (9.9.7) can be of the form

p(t) = Cexp(—kt) 4+ D exp(kt), (9.9.13)
where

[1— P(0) —k]C + P(t0)e"™D =0 (9.9.14)
and

P(10) exp(—kt9)C 4 [1 — P(0) + k] D = 0. (9.9.15)

By using appropriate conditions, setting T = 0 in equation (9.9.13) and then t = 19,
we obtain values for C and D:

PO)expkt — P(19)

~ exp(k) — exp(—k1o)

(9.9.16)

and
_ P(z9) — P(0) — exp(—k7o)
© exp(ktg) —exp(—ktg)

(9.9.17)

After inserting the values of C and D into equations (9.9.13)—(9.9.15) we obtain,
P(0) — P*(t9) = (1 + k) [P(0) — P(9) — P(70) exp(kto)] (9.9.18)
and
k* = [P(0) — 11* — P*(19). (9.9.19)

Solving the above two equations, we obtain
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(I + k) exp(kto) — (1 — k) exp(—k7o)

P0) =(1—k* : 9.9.20
0= )(1 + k)2 exp(kto) — (1 — k)% exp(—kto) ( )
From equations (9.9.16)-(9.9.20) we obtain for P (7):
Pr) = (1 — &2 (1 + k) explk(ro — )] — (1 — k) exp[—k (70 — 7)]
(1 + k)2 exp(kto) — (1 — k)2 exp(—kTp)
(9.9.21)
Inserting equations (9.9.8) and (9.9.9) into equation (9.9.19), we obtain
w? w?
=1-wl+r)+ S0+ r?— Sl exp(—10)]°. (9.9.22)

The quantity P(t) helps us to calculate the emergent radiation. We shall con-
nect P(t) to the emergent radiation field through the resolvent kernel for a one-
dimensional rod following Sobolev (1963) and Grant (1968). If 17 (t) and I~ (1)
denote the intensities in the forward and backward directions, the transfer equations
are written as

dI+
-+ It=st (9.9.23)
T
and
ar-
-+ I~ =S (9.9.24)

(0 < t < T = total optical depth), where the source function S* and S~ are given
by

ST () =BT (1) + o) [pIT (1) + (1 = px)I ()] (9.9.25)
and
ST (t) =B (1) +w() [(1 — p(NIT(v) + p(t)l_(‘[)]. (9.9.26)

Here B are the Planck functions, the + and — signs representing the forward
and backward directions (useful in moving media). w(7) is the albedo for single
scattering and p(t) is the phase function which is equal to % for isotropic scattering.
The boundary conditions are given at T = O and t = T, or I7(0) = I; and
I7(T) = I,. We can use these separately if we wish to interpret /™ and I~ as
corresponding to the total field of radiation. If we separate the incident and diffuse
radiation fields, we should replace the source functions ST, S~ by S; and S,
respectively which gives us

S; (@) = 5@ + o) (p(@) 1 exp(=1) + (1 = p()) L expl—(T — )]}
(9.9.27)

and
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Sy (0 =8 () + @) {1 - p)exp(—1) + p(r) L exp[—(T — 7)]}.
(9.9.28)

The boundary values of the /s are

IT)=1(T)=0. (9.9.29)
The solution of equations (9.9.23) and (9.9.24) can be written (see chapter 2) as

I (1) = L exp(—1) + for ST(t)exp[—(t — 1)]dt (9.9.30)
and

I (v) = Lhexp[—(T — )]+ /OT ST(®)exp[—(r —1)]dt. (9.9.31)

Substituting equations (9.9.30) and (9.9.31) into equations (9.9.25)—(9.9.28), we get

S = g + w&[S], (9.9.32)
where
S+
S = ( o ) (9.9.33)
() e (22) (")
g= _ |+ ol + wlexp[—(t — 17)] (9.9.34)
B l—p p
and
T T
p / expl—(z — NIST () dt + (1 — p) f expl—(z — 1S~ (1) dt
gsoi=| 0 o
(1-— p)/ exp[—(t —)]ST(t)dt + p/ expl—(t — 1)]S™ (¢) dt
0 T
(9.9.35)
Or,

/rdt ST(t)exp[—(t —1)]

1 — 0

E[S(z)]=< (lfp) ( pp) ) . . (9.9.36)
f dt S (1) exp[—(t — 17)]

We set p = % for isotropic scattering and BY = B, ST = §~ = 59, then equation
(9.9.32) becomes

SO = g0 4+ e8], (9.9.37)
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where
1 T
£98%¢&)) = E/ dt S°(t) exp [— (1 — 7)]. (9.9.38)
0

In the case of slab geometry in which the angular distribution enters, the exponential
in the above equation is written as

Ldr
f —exp[—(t —1)/ul = E; (|t — 7). (9.9.39)
0o M

Equation (9.9.37) can be solved by successive approximation. We can write S,,, n =
0,1,2,...and

So=g. (9.9.40)

Snt1 = g + & [S,]. (9.9.41)
We easily see that

S=[1+0t+ @2+ |g=11-0t"s, 9.9.42)
where [ is unity and unit matrix in slab geometry, and

£"[gl=¢ [En_l[g]], n=12..., (9.9.43)
the nth iterate is Neumann series (or N series) (Busbridge 1960).

We shall now examine the existence of the solution to this problem. We present

Grant’s (1968) analysis. We assume S is bound on [0,1]. We introduce norms on
Banach space of the following forms:

ot =max[|ST()|; 1 €0, T)], (9.9.44)

o~ =max[|ST(1)|; 1 €(0,T)] (9.9.45)
and

ISl=0t+0~ (9.9.46)

S is a number on Banach space (complete vector normed space), say B, and

T

150 < 0'+/0 exp[—(z —1)]drt +0_/ exp[—(z —1)]dt

T

< (07 —oD)[l —exp(=T)]
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= (1 —exp(=T))|SI. (9.9.47)
If g € B, so are successive terms Sy, S», . ... Therefore from equations (9.9.47) and
(9.9.42), we have
1Sn+1ll < llgll + woll —exp(=T)I[IS], (9.9.48)
where
wo = max[w(t); T € (0,T)]. (9.9.49)
Therefore,
_
[Sntill = (X +2+---+2D)lgll = ;. Nl (9.9.50)
where
A= awpl[l —exp(—T)] (9.9.51)
and
1Suep = Sull < (A 4+ 4 275) g — 0 9.952)
asn,p — ooif A < 1. (9.9.53)

Therefore S, is a Cauchy sequence provided A < 1 and the solution of equation
(9.9.32) exists. We notice that when T — oo and wyp = 1 (a purely scattering
medium) A — 1, in which case the series (9.9.52) converges slowly or diverges and
when A = 1, the solution does not exist.

We shall now prove the uniqueness of the solution. If there are two solutions S;
and S, and & is a linear operator then S = S — S> should satisfy the homogeneous
equation

S = wé[S]. (9.9.54)
Therefore,

IS = llw& S < IS, (9.9.55)
so that

A =Sl =0. (9.9.56)

If L < 1, we have a contradiction unless ||S|| = 0, which implies S| = $>. For large
T and og = 1, the computation is no longer practical as the Neumann series will not
converge. We note that A < 1. Therefore if

A=awp[l —exp(—-T)] < 1
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we have wg > 1 provided that

T<T,= ln< @0 ) (9.9.57)
wy— 1

which is important in the design of reactors. A similar analysis is given by Anselone
(1960, 1961) for the case of diffuse reflection from a homogeneous slab and for the
general case.

99.1 The resolvents and Milne equations
We start with equation (9.9.32):

wE[S(T)] = fOT dt SOK (|t — 1), (9.9.58)
where

K(t — 1)) = %w exp(—|t — 1|). (9.9.59)

The kernel K depends only on |t — t|. The solution of equation (9.9.32) can be
written in terms of resolvent operator L, which is defined as

S=g+L[gl (9.9.60)

where
T
Lig(n)] = f I'(z,thg()dr . (9.9.61)
0
Therefore, the resolvent kernel is given by
T
r,t)Y=K(r -1+ / K(t" =PI, v)dt". (9.9.62)
0

It can be shown that I'(z, t/) = I'(z/, 7). Equation (9.9.62) can be written, using
this symmetry property, as

r,o)=K(t -7+ /r K@I'(t —x,t)dx
0

T—-1
+ / K@)I(t +x, 1) dx. (9.9.63)
0
We shall write 9I'/d7” and 9" /97 as follows:
ar AK(t -7 T arE", v
or _ 3K(r—7) +/ Kz — 2B o (9.9.64)
ot/ at’ 0 at’

or _ 9K(t — 7))

— + K@ (0,7)—K(T —o)I(T,7)
at at
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T ar(z” — t/
+f0 K(t" - r|)%dr”. (9.9.65)
Therefore,
aIr aIr , /
Py =K@©OI'QO,v) - KT -0 (T — 1)
T ar  ar
+/0 K(t" =) (@ + aw) dt”. (9.9.66)

Furthermore, we can write

T
®(r) =T'0,7) =I'(1,0) = K(7) +/ K(x —t)®x)dx,  (9.9.67)
0

T
I'(z,T) = K(T—r)+/ K(ly —tDI'(y, T) dy. (9.9.68)
0
Weputx =7 — 7,z =T — y, then
T
(T —x;,T)=K(x) +/ K(lx —zp)I'(T — z, T) dz. (9.9.69)
0

If we compare equations (9.9.68) and (9.9.69), we get
'z, T)=T(T,7) = (T — 7). (9.9.70)

Inserting this into equation (9.9.67), we get

T
W(r, ) = / K(lx —t)W¥(x, ) dx, (9.9.71)
0
where
, o'  or , ,
Y(r,7t') = E—F@ —P(D)PE)+ (T — )T —1)). (9.9.72)

Equation (9.9.7) has a non-trivial solution for wy < 1. Therefore for all 7, 7’

or ar , ,
— + — =P(0)P(t) — (T — )T — 1), (9.9.73)
at 0t/
which is clearly symmetric in T and t’.
We note that the quantity (w/4m) '(z, t’) represents the probability that the
quantum absorbed at T will be emitted after several scatterings between depths 7’
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and t’ 4 dt’ per unit solid angle. Therefore, we get the following probability of
quantum exit in slab geometry:

P(z, ) = % exp(—1/1) + % fo T(z, 7')exp(z’ /) dt’. (9.9.74)

Equation (9.9.62) can be written for the slab as

2 00

C(t,t))dt = %Eih —7|ldt’ + %dt’/ Eilt = t|Ej|t" = /| +---.
0

(9.9.75)

The first term represents the probability of quantum exit at T in which the quantum
will be emitted between depths 7" and 7’ +dt’ after one scattering. The second term
represents the emission after two scatterings and so on.

We shall derive the Chandrasekhar’s X- and Y-functions in terms of resolvent
kernels. We start with equation (9.9.58). We have g(r) = exp(—rt) (for the rod
case) and

T
S(t) = exp(—71) + / Kt —t])S(t)dt
0

T
= exp(—1) —i—/ I'(z, ) exp(—1")d1, (9.9.76)
0

from equation (9.9.61).
By differentiating, we obtain

ds T rar  ar
— 4+ 85=TI(t,0) —exp(—0)['(z, T) +/ — + — )exp(—7')d7’
dt 0 adt ot/

=®(@)X(r) — (T —)Y(T), (9.9.77)

where
T
X(T) =1 +/ O (t) exp(—t)dt = S(0),
0

T
Y(t) = exp(—T) —i—/ QT — 1v)exp(—t)dt = S(1). (9.9.78)
0

These are Chandrasekhar’s X- and Y-functions for the rod. For the slab they are
given by

T
X <T, %) =1 +/ D (1) exp(—put) dt (9.9.79)
0
and

T
Y (T, i) =exp(—uT) + / O(T — 1) exp(—ut)dt. (9.9.80)
0

321



322

9 Escape probability methods

We can determine S(t), X(T), Y(T), once we know ®(7) from equation (9.9.67).
We can determine the reflection and transmission factors in terms of X- and Y-
functions. They are defined as

T
r(T):/ S(t)exp(—1)dr, (9.9.81)
0

T
t(T) :/ S(T)exp[—(T — 1)]dr. (9.9.82)
0

These can be expressed in terms of X- and Y -functions by first integrating by parts
and then using equation (9.9.76), giving

2 2
M) = 3 [x (T)—Y (T)] (9.9.83)
and
+(T) = lim ¢ (T, l), (9.9.84)
p—>1 1%
where
1 T
t (T, ﬁ) = / S(t)exp[—u(T — 1)]dT (9.9.85)
0
or
1 1
| Y(T)X <T, —) — XY <T, —)
t(T, —) - s Lty (9.9.86)
2 n—1
so that
(T =YX (T) - X(T)Y'(T), (9.9.87)
where
@)= tim [ (7.0
X'(T)=lim — | X (T, = )|, (9.9.88)
p—>1dp 2z
. d 1
Y(T) = lim — |:Y (T, —)} (9.9.89)
n—>ldp 2z

We have still to solve equation (9.9.67) for @ (7). We write

O (r) = Aexp(kt) + Bexp(—kT). (9.9.90)
This is subjected to the condition that

=1-o. (9.9.91)

This gives us
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rexp(—kT)
(1) = —— P
—r=exp(—2kT)
x {(1 +k)explk(T —1)] — (1 — k) exp[—k(T — 7)1}, (9.9.92)
where
1—k
r=—. (9.9.93)
14k
Now, we can determine I'(t, t), which is given by
1=k 1
I'(t,7) =
2k 1 —r2exp(—2kT)
x (exp(—klf — ') + r2exp(—2kT) exp(k|T — ')
—r {exp[—k(t + 1')] + exp(—2kT) expl[k(t + z/)]}). (9.9.94)
We see that
I'(t,0) = ®(7). (9.9.95)

Inserting equation (9.9.94) into equation (9.9.61), we get

(1 — r?) exp(—kt)
2k(1 — r% exp(—2kt))
x {(1 + k) explk(T — )] — (1 — k) exp[—k(r — 7)1}
= ECI)(r). (9.9.96)
w
Therefore X (T') and Y (T') can be written as
(1 +r)[l —rexp(—2kT)]
1 — r2exp(—2kT)

S(t) =

X(T) = S(0) =

(9.9.97)

and

(1 —r?) exp(—kT)
1 —r2expRkT)

Substituting equation (9.9.97) into equations (9.9.81) and (9.9.82) and multiplying

by a scaling factor %a), as we need to get g = %a) exp(—1), we obtain
1 —exp(2kT)

1 —r2exp(2kT)

Y(T) = S(T) =

(9.9.98)

r(T) = (9.9.99)

and
(1 —r?)exp(—kT)
1 —r2exp(—kT)
Thus we are able to connect the X- and Y-functions of Chandrasekhar to the
probability of quantum exit through resolvent kernels.
A scheme for obtaining resolvent kernels of the integral equation for transfer
problems in isotropically scattering media was given by Wilson and Sen (1973).

1(T) = xp(=T). (9.9.100)
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Exercises

9.1 Draw surfaces of constant radial velocity when V, = c and V (r) = r, where c is a
constant and show that these are the cones # = cos™! ;1 = constant and the planes
z = constant respectively in (r, 6) and (p, z) coordinates.

9.2 Derive equations (9.2.38) and (9.2.39).

9.3 If B(T, o) and B.(t, 0,z), where 0 = dInV /dInr — 1, are defined as B'(t,0) =
f; A, A dx where

Ar =711 +0X?) {1 —exp [—r/(l n GXZ)]},
and

B/(r,0) = p(r,0) when & =0
and

B(1.0) = Pe(r.0.2) when & = (1272,

with the condition that o > —1, calculate 8 and B, for large 7, that is 7 >
max(1, 1 4+ o). Similarly calculate § and S, for small 7, that is T < min(1, 1 4+ o)
for +o0 and —o. Find also B(z, 0) and B.(z, 0, 2).

9.4 Show that at resonance points (see equation (9.3.9)), x = 1.

9.5 If there are N resonance points, show that I, is given by

Ifmzs’:]]incexp< Zr,>+ZS 1 —exp(— 'L'J exp( Zr,)

and the intensity / (r, n) is given by

1= _ N 1— _
1y = e L2 (S +[1_M}Sl
i=2 3

1

1 —exp(—11) !
+7ZS 1 —exp(— rﬂ]exp( 'L’,‘).

71

j=2 i=2
9.6 If

= i /dQl —exp(—71)

4 T

and
1 1-— —

o= L [ aglzePCED)

dm Jo, T

by integrating over all solid angles show that
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1 —exp(—11)
71

j—1
r,> S(rj),

i} 1 N 1 —exp(ty)
Be = E dQexp (—Z ri) _

i= g

T = fule+(1 = P + o [ ag
4

X Z[] — exp(— t,)]exp(

~.

Il
N}

i

where

9.7 If v, is the critical frequency separating the core and wing frequencies and is
determined by

Pt =7y,

show that for a Doppler profile v, is given by

1

2

_<log Tl/2> .
¢(Vc)

Ny = \/—/ exp(— v)dv o

show that Ny = cyt~!, where ¢ is a slowly varying function of 7. If the Voigt
profile is given by

If

p(v) =

show that v, ~ (at/my)? and that Ny, ~ 2a/7ve ~ (4ay /7).
9.8 Derive equations (9.5.20) and (9.5.21).
9.9 Derive equation (9.5.34).
9.10 Derive equations (9.6.36) and (9.6.40).

9.11 Using equation (9.7.21) show that the probabilistic radiative transfer equation for
media in a steady state and with a two-level atom is of the form

. L 0% @
S“a_r (p;+¢€)+ (2p; +¢) Pl (eB),

where the source function Sy for the two-level atom is

= +eB)/(1+e).

9.12 Derive equation (9.7.27).
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9.13 If p* = 1 —J*/Spand p~ = § — J~/Sp, show that equations (9.7.3) and (9.7.31)
can be written as
d 10 I
= So— I =201 [ s0]
aT(o ) (p.) e (P, )2 S0
and
0 1 d i
= (So=I7) =207 == [P s .
aT(o ) (pe)at(e) 0
Further, show that
ot  apf d1n S
e 2pt — o2
ot ot T @pe =07 ot
and
op~  Op, _ _.dInSy
— = 2p, — .
ot ot T @pe =07 ot
9.14 If the optical depth is unity at frequency x (x = (v — vg)/Avp), show that for a
Doppler profile x; = (In 7p) 2 , where 19 is the optical depth at the line centre.
9.15 Show that for a Doppler profile
(No)r ~T(nT)'",
B 1
Pe(T) = W T—> 00
and for the Voigt profile
1 1
(Noyy = (T/fay>. T> -
and
1 1
pe(r) = 3 (a/T)>, T —> 00
9.16 Supply all the steps leading to equation (9.9.21).
9.17 Derive equations (9.9.83) and (9.9.84).
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Chapter 10

Operator perturbation methods

10.1  Introduction

The complete linearization method of Auer and Mihalas (1969) was a significant
advance in solving complex problems of radiative transfer and was followed by the
work of Rybicki (1971), Kalkofen (1974) and others. These are basically Newton—
Raphson linearization methods which are highly efficient but are not favourably
oriented towards computer time and storage. Certain problems such as those which
involve radiation hydrodynamics require faster methods with sometimes a little loss
of accuracy. Operator perturbation techniques were developed to meet the needs of
these problems. An excellent survey of these methods is given in Kalkofen (1987).
Wu (1992) developed a method that can deal with complex models with a
high rate of convergence in multi-level non-LTE line formation calculations. It
essentially consists of linearization of the transfer equation and constraints, then
solving them separately. It overcomes the disadvantage of requiring the simultane-
ous solution of the corresponding equations by the complete linearization method
and the poor convergence rate. Hubeny and Lanz (1992) suggested two approaches
to accelerate the method of complete linearization. The first one is the so called
Kantorovich variant of the Newton—Raphson method by which the Jacobi matrix
of the system is fixed. This reduces the calculation of the number of matrix in-
versions considerably and retains them fixed during the subsequent computations.
The second approach is the application of Ng acceleration. These approaches
reduce the computer time by about 2-5 times. Heinzel (1995) developed a new
multi-level transfer code for isolated solar atmospheric structures, based upon the
approach of Rybicki and Hummer (1991), called MALI (multi-level accelerated
lambda iteration). This is faster than the linearization method of Auer and Mihalas
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10.2 Non-local perturbation technique of Cannon

(1969) by an order of magnitude and the solution is of sufficient accuracy in slab
geometry.

102 Non-local perturbation technique of Cannon

Cannon (1973a,b) introduced a novel and significant departure in numerical radia-
tive transfer. He reduced the order of the system of equations while retaining the
accuracy, which reduces the computer storage and time although with a slower
convergence rate. This technique of operator perturbation consists of dividing the
transfer problem into two parts: (1) corrections to a solution calculated with the
help of an approximate (differential or integral) operator; and (2) the error made
by a solution in satisfying the conservation equation. Linear problems also require
iterations but have the advantage of favourable computer time. We describe this
procedure below following Cannon (1984).

The time dependent transfer equation is

Q- -V =—«(—9), (10.2.1)

where, with the usual notation,

hv

K = E (NLBry — NyByL) ¢(Av) (10.2.2)
and
1—¢ +oo
S= —— d(AV) | dQ R(AV, Q' Av, QI (r, AV, Q)
drep(Av) J_ 4
+ €B,(T). (10.2.3)

Here R is the redistribution function.
We define the operator

1 +00
A= —/ d(AY) | dQ R(AV, Q' Av, Q). (10.2.4)
drp(Av) J_o 47

Now using the operator A in equation (10.2.4), equation (10.2.1) can be written as
1
Q- V)T =—-1+1—-¢e)Al +€B,(T). (10.2.5)
K

The double integral in equation (10.2.4) can be replaced by the quadrature:

Ny Ngy
ZzwikR(Au;,Q;;Av,Q)I(r,Au;,Q;), (10.2.6)
i=1 k=1

I — #
4 (Av)

where N, and Ng are the grid points in Av’ and Q' respectively and w;; are the
appropriate weights. Therefore the numerical equivalent of A is
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N, N%,
1 v Q
S Wi R(AV., QL Av, Q). (10.2.7)
ETIPIPRLE

The perturbation method needs a less accurate operator, say A*:

A* = W R(AV*, QF; Av, Q), (10.2.8)
4n¢(Au);kZ k

where NJ, < Ny, Né, < Ng and o}, are the correctly normalized weights on the
coarse grid {Avi’*} and { Q;(*} Rp is the complete redistribution which satisfies the
relation

Ro(Avy, Q5 Av, Q) = ¢(AV)P(Av). (10.2.9)

Equation (10.2.8) involves the angle quadrature, frequency quadrature and redistri-
bution perturbation technique (AQPT, FQPT and RPT) (see Cannon (1975a,b) and
Cannon et al. (1975)). Equation (10.2.5) may be written in the form

%(S}V)I = T+ (1 —AT+(1—e)(A—AYI, (10.2.10)

where (A — A*) is the perturbation operator. We write that,

[o)e]
I = ZM(”, (10.2.11)
1=0

where the parameter A may be set equal to unity. By substituting equation (10.2.11)
into equation (10.2.10), we obtain for the zeroth order

1
—Q@ VIO =—10 41 -e)A* 1O 4 B,(T), (10.2.12)
K

and higher order expressions are given by
1
—@-WVI'=—1D 4+ 1 -eATD + 1 —e)(A —AHITD, (10.2.13)
K

forall/ > 1.
If we write

EQ =B, (1),

(10.2.14)
EO =1 —e)r—AHI"Y, 1>1, }

then equations (10.2.12) and (10.2.13) will have a general form given by (I > 0)
1
Q- NIV = 1O 4 (—eo)A*TD 4 D, (10.2.15)
K

The solution of equation (10.2.15) can be obtained by first solving for / = 0:
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1
—Q-VI19 = —1<0>+ § § a)lkqb(Av’*)I(o)(r AV*, Q)
K

i=1 k=

+ €B,(T). (10.2.16)

For a plane parallel geometry, Q - V = pd/dz, where u = cos @, that is equation
(10.2.16) becomes

wal® e X My
= 10 4 ZZa)leS(Av’*)I(O)(Z AV, 1) + €By(T).
koz i=1 k=1
(10.2.17)
We write
1
D(z, Av, n) = > [I(z, Av,u>0)+1(z, Av, n < 0)]. (10.2.18)

Then using equations (10.2.17) and (10.2.18), we get the Feautrier second order
differential equation:

NY N

2
p 9 x
[—8—} 0 = O _ e)ZZwlk(]h(A\/ )OO (7, AV, u)
0z i=1 k=1

—eBy(T).

(10.2.19)

The double derivative in this equation can be replaced by a difference equation on a
depth grid {z j} with N, points. We then have

O 40 L0 _ 40
2 e R
19 Aj v,
H——} o0l — L N (10.2.20)
i 9z ; 2 (8 +V5)
where
1
Aj =5 (1 +15) (741 = 25),
1 (10.2.21)

Vi =5 (K +x-1) (27 = 2j-1).

From equations (10.2.19)—(10.2.21), we obtain the matrix system of equations,

A*q)(())l + B*(D(O) C;(D]((El — [GBV]j , (10222)
for j = 1,..., N>. Here d>j(.0) and IT* (unit vector) are vectors of dimension N,

N:L,, the matrix B]*. is full with the quadrature weights w7, the boundary conditions
are
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A1 =0,
v. = 0.

} (10.2.23)

The solution of equation (10.2.22) can now be obtained by the following recursive
scheme:

) ) 0) g (0
@ U V <I>j+1, (10.2.24)
where
v = [B; - A;Vj.’_l]_ {[eB jm* + AT } (10.2.25)
and
0) *y(0) *
\4 [ — AV 1] c. (10.2.26)
(Note that U is a vector while V is a matrix.) CD](O) has been obtained from the above
equations for all j = 1,..., N,, and then £ can be obtained from the following
equation:

EN = -e)(a—-A")10

N/NQ/

1 —¢€
- W R(AV, S, Av, 1O (r, AV, Q!
11— YA .
ZZwlkas(Av’ O Av i)
i=1 k=1
e NNy
- wirR(AV], ), Av, )1 (r, AV, Q)
4n¢(Au);; ' !
Nv’ Nﬂ/
—(1—¢ Z Zw;k¢(Au;*)q><0> (z, AV*, ). (10.2.27)

i=1 k=1

The second term in equation (10.2.27) is known because ®@ has already been
computed on the grid [Avi* , ,u,,:] at the points z;. We need to evaluate the first term
from 7@ on the grid [Av;, ui]. We can obtain this as follows.

We write equation (10.2.1) for the zeroth order :

a1
® =10 4 5O (10.2.28)
kK 0z
where S© is given by

N*, N*
v

SO =1 - E)ZZwlkab(Av’*)d)(o)(z AV, u) +€By(T), (10.2.29)
i=1 k=
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which is already known. We can then compute () from the formal solution:

Z
190G, Avi, g > 0) = / (', A SO
200

l . 4 " dZ/
X eXp | —— k(Z7, Av))d7" | — (10.2.30)
Mk Jz Mk
and

Z
19, Avi, g < 0) = / Kz, Av) SO ()
Zoo

/
X exp I:—L/Z/c(z”, Avi)dz”] d_z, (10.2.31)
Kk Jz Mk
on the fine grid [Av;, Q].
After obtaining the first order correction £ to the zeroth order problem, we
now consider equation (10.2.15) for [ = 1. The same procedure is repeated using
the Feautrier technique to give the recursive scheme for all / > 0:

o =ul +viel) (102.32)
where

¥ =0, [5 " A,,*U,(-’ll], (10.2.33)

Vi =0,C; (10.2.34)
and

0; = [B} —A] }_1]_1 : (10.2.35)

If the series (10.2.11) converges, then it will converge to the exact value as the
transfer equation is linear. The convergence properties were discussed by Cannon
(1973a,b) and Cannon et al. (1975). Local perturbation theory would yield strong
divergence while non-local perturbation gives good convergence even for severe
situations. We need to stress two points here. (1) When we invert the Feautrier
matrices, they are of the size N, N, corresponding to the exact operator A (see
equation (10.2.7)). However, in the non-local perturbation technique, the matrices
to be inverted are of the size NyN x NyN}, where Nj < N, and N < N,. So
there is a saving of computer time of the order (N, N, /N, Nlj)3. Sample calculations
with NJ = 3 and N}, = 1 give convergence to several significant figures after
approximately 10 terms in the perturbation series (10.2.11), whereas the more
accurate A operator representation requires at least N, > 10, N, ~ 3 even for
simple line calculations. We can see that there is a considerable saving in computer
time. (2) In computing the more numerically accessible redistribution functions Ry
instead of R;; and Rj;;, which require a large number of frequency and angle
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points, the inversions in the Feautrier technique require large matrices that create
amplifications of round-off errors which reduces the accuracy of the inversions. This
perturbation technique uses the redistribution Ro which is well behaved and requires
fewer frequencies and angles. This contributes to the saving of computer time.

This method can be applied to the perturbed integral equation. The one-
dimensional integral form of equation (10.2.1) is

S=(1—€eAS+eBy(T), (10.2.36)

where A’ is the operator given by

/+°°/ R(AV, 1; Av, ) du

d(AV)—

#(Av) @avh=y
[ eo[-
X exp|——;
200 H’

Direct numerical solution requires that equation (10.2.37) is discretized on a grid

z
/ K(Z//, AU/) d7"

Z

} Kz, AV d7. (10.2.37)

of [Av, u] by replacing the integrals by approximate quadrature sums. Equation
(10.2.36) is written as

S=(1—-€e)A*S+€eB,(T)+ (1 —e)(A"— A™)S. (10.2.38)
Here AQPT, FQPT and RPT are incorporated as earlier. We use perturbation of the
type (10.2.11), that is

o0

=3 als0, (10.2.39)

=0

from which the following recursive scheme is developed:
SO =1 -e)A*sD 4+ ED, (10.2.40)
where

EY =B, (1),

(10.2.41)
ED — (1 —€)(A — A’*)S(l_l) forall [ > 1. }

The rest of the calculations follow as described earlier.

This method has been adapted by Scharmer by combining it with the core-
saturation method of Rybicki (see chapter 9). Cram and Lopert (1976) and Cram
(1977) applied this technique to solve the velocity dependent transfer equation,
which is given by

wnol

= —¢(av-2v))u-s 10.2.42

where
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_ +1 +00
5= 6[ du/ d(Av)p (Av— EV/L)I(X, Av, 1) + €By(T)
2 —1 —00 c
(10.2.43)
and
k(2 Av, 1) = ko(2)¢ (Av . ;vu). (10.2.44)

Here only complete redistribution is treated. Changing the independent variable Av
measured in the observer’s frame of reference to A& measured in the local rest frame
of the moving gas or A& = Av — (v/c)V u, equation (10.2.42) becomes

= —¢(AEYI = 8), (10.2.45)

Ko 02 ko ¢ dz 9(A§)
where

1—

+1 +o0
=73 ef d“/ d(AE)P(AEI(z, A&, ) + €By(T). (10.2.46)
—1 —00

Note that /(= I’) is invariant under the above transformation. One should take
I/v3(= I' /£3) as the invariant. We write

o0
I = Z Al (10.2.47)
=0

and take the term with 91’/9(A&) in equation (10.2.45) to be of the order of A. We
have the recursive relation

MaI[/ / l—e [* /
= | - —— /1 d

Ko 0Z
—+0o0
X / d(AE) p(AENI (z, AE', u’)—é’z], (10.2.48)
—0o0
where
& =€By(T),
2y qv I (10.2.49)
& RV GV 0l porall 11

T (AE)KS dz I(AE)

The zeroth order solution from equation (10.2.48) corresponds to the zero velocity
problem or the static case. The higher order terms are obtained by correcting this
solution using the error source/sink terms & given in equations (10.2.49), which
contain the velocity gradient.
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103 Multi-level calculations using the approximate
lambda operator

We describe this method following Hamann (1985,a,b, 1986, 1987) and Sen and
Wilson (1998).

The angle-averaged intensity J, at frequency v is calculated from a given source
function S, by the relation

Jy =A,S,, (10.3.1)

where A, is a linear operator called the lambda operator. In the case of line
scattering, we get the averaged intensity J:

+00
JZ/ Jog, dv, (10.3.2)

where ¢, is the normalized profile. We now define A as

J=AS. (10.3.3)
In the case of a two-level atom, S is given by

S=(1-e)J+e€B. (10.3.4)

The first term describes the scattering in the line while the second term represents
the thermal sources. From equations (10.3.3) and (10.3.4) we get

J=A[(—-¢e)J+€B] (10.3.5)
The solution of this is found by using the A-iteration technique:

Juew = AL(1 — €)Jo1a + €B]. (10.3.6)
Cannon (1984) (see section 10.2) introduced an ‘approximate lambda operator’ A*:

A=(A—-A"+ A (10.3.7)
with the following iteration scheme:

J=(A-A"HS+A"S. (10.3.8)
The iteration scheme is then

Jnew — N Spew = (A — A*) Soiq (10.3.9)

(see Cannon (1973), Scharmer (1981)). A* needs to have the following properties:
(1) A* should be easily converted so that J,,.,, and S,,,, can be determined consis-
tently and easily; and (2) A — A* should not give rise to extraneous contributions
from the optically thick line cores so that the usual convergence problems associated
with the conventional lambda iteration are avoided in spite of the fact that this term
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acts on the old source function. Substituting equation (10.3.4) into equation (10.3.9)
we get

Jnew — A [(1 — ) Jpew + €Bl = (A — A*) [(1 — €)Jo1a + €B]
=ASyiu — N1 —€e)Jpiu — N*eB. (10.3.10)

By setting S,;4 equal to Jrg, the above equation can be written as
Joow = [1 = A*(1 = O] " [Jrs — A*(1 — )T ua]- (10.3.11)

In the above scheme Jrs, which is a formal solution, need not be very accurate and
a rough approximation is sufficient for convergence. A simple operator A* which
satisfies the above requirements may be taken from the idea of ‘core saturation’ of
Rybicki (see chapter 9) as

S, in the optically thick line cores,

A’S = 10.3.12
WS {O, elsewhere. (103.12)

We define the (depth dependent) ‘core fraction’ f. as that part of the scattering
integral that falls into the optically thick domain

Vblue
£ :/ oy dv. (10.3.13)
Vred

Now the use of the approximate operator A* becomes a simple multiplication with
the assumption of complete redistribution, which gives a frequency independent
source function or

A*S = f.S. (10.3.14)
The inversion of the local operator is easy, and equation (10.3.11) becomes

Jnew =11 = (1 =€) f17" [Tes — (1 = €) fedoa), (10.3.15)

or

Jnew = Joia = 11— (1 =€) f17" Urs = Joua)- (10.3.16)

This is the ‘accelerated lambda iteration’ (ALI). The quantity (Jrs — Joi4, obtained
through a formal solution, is the source of iteration and the corrections are amplified
by the factor 1/[1 — (1 — €) f.]. The amplification factor increases with the size of
the core fraction.

We shall now determine the core fraction f, in a spherically symmetric expanding
atmosphere. The core fraction f. is defined as

fc _ / blue @(c) dx/ max w(x) dx' (10317)

red —Xmax
Any angle averaging in moving media must be done in the fluid frame, that is
for a fixed comoving frame (CMF) frequency. In equation (10.3.17), the profile
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function ¢(x) is isotropic and x = (v — vg)/Avp, Avp being the Doppler width.
The numerator consists of an optically thick line core between x4 and xpj,. and
the denominator is the normalized profile in the frequency band width +x,,, to
—Xmax (3—4 Doppler widths). A shorter notation is introduced by defining the profile
function:

P(x) = fx p(x) dx’, (10.3.18)

Xmax

then equation (10.3.17) becomes

_ (& (Xbiwe) — ¢ (Xrea)]
@ (Ximax) )

If there exists a ray starting from a given point that reaches the boundary in an
optical depth shorter than y, a parameter of order of unity, then this frequency
is outside the core frequency (x,s and xppe). Two simplifying assumptions are
adopted: (1) only rays in the radial and transverse directions are considered; and (2)
the velocity gradient and opacity are assumed to be constant in the neighbourhood
of the point under consideration.

The core confining frequencies x,.4 and xp;, must be estimated separately for the
two spatial directions considered. Interior points and points closer to the boundaries
need different treatments.

When a photon travels along a given direction with a given impact parameter
p across the spherically expanding atmosphere, it will encounter exact resonance

Je (10.3.19)

with the line absorbing atom only at one spatial point at radius . But the absorption
profile in the fluid frame has a finite width and the interaction may therefore take
place within the finite spatial range around this exact resonance. We consider the

max Figure 10.1 Schematic
representation of the
expanding atmosphere.
Photons from a point at
radius r may escape in all
spatial directions to a
min boundary. When estimating
fe, only the radial and
transverse directions are
considered (from Hamann
(1987), page 42, figure 1,
with permission).
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case of ‘interior points’, in which this ‘scattering zone’ lies completely within the
boundaries of the atmosphere and estimate the optical depth across this zone. We
will calculate the optical depth along a ray. This is nothing but the opacity integrated
along a ray. In an expanding spherical atmosphere with dv(r)/dr > 0, any two
volume elements recede from each other. Therefore a photon of constant frequency
seen in the observer’s frame is continuously red shifted in the comoving frame when
travelling. To evaluate the optical depth, the integration along the spatial coordinate
can be transformed into integration over the comoving frequency x, which involves
the velocity gradient (projected on the ray considered) v'(r, p), which is measured
in Doppler units. Using the second assumption of constancy, we write

trpy = < (10.3.20)
v'(r, p)
The projected velocity gradients in the two spatial directions are
d
Vi, p=0)= v () radial direction,
(10.3.21)
v(r) o
vir,p=r)=—— transverse direction.
r

For an optically thin profile 7(r) < y and we set f. = 0.

We have seen that two volume elements recede from each other, or the CMF
frequency of any photon is red shifted during its motion. Therefore a photon in
the blue wing will have to travel through the whole line core before it can escape.
Therefore if 7(r) > y, the whole blue side of the line belongs to the line core which
means that photons cannot escape but are trapped locally (almost):

if T(r) > y then xpje = Xmax- (10.3.22)

On the other hand, photons from the red wing will leave the scattering zone. X g is
obtained by transforming the optical depth integral into an integral over the CMF
frequency x. Thus,

& (Xred) — G (—Xmax) = % (10.3.23)

The above arguments apply only for radii points that are well away from the
boundaries (or the interior points), where we have

Xred — (—Xmax) < Av, (10.3.24)

where Av is the relative velocity between the radius point considered and the
boundary. In the radial direction, the photon may escape through the outer or inner
boundary, that is

Av = max [V(rpax) — v(r); v(r) — v(rmin) - (10.3.25)
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In the transverse direction, the velocity relative to its intersection point with the
boundary (see figure 10.1) is

rz 2
Av = v(max) (1 - 2—) > (10.3.26)

rm ax

If condition (10.3.24) is not satisfied, we are in the so called ‘boundary zone’, in
which case x4 for the core range must satisfy

® (5rea) = § Crrea — Bv) = L. (103.27)
This equation has two solutions if

Av Av Av
4,(7) _¢<_7> _ 2 <7> -1 2 (10.3.28)

Otherwise, the core is optically thin (f. = 0). The smaller of the solutions lies

<

between the x,.4 for the interior points (see equation (10.3.23), and Av/2. The other
solution lies between Av/2 and X;,,;. As both the solutions lie symmetrically to
Av/2, we get

Xblue = AV — Xyed, (10.3.29)

from which one obtains the core range. This method is used in both the radial and
transverse directions at each radial point and the minimum extension of the core is
taken to estimate the core range. Hamann’s ALI process depends on the core fraction
fc and the quantity y which is chosen so that best convergence rate is achieved.
Hamann (1987) used the ALI scheme to solve the multi-level atom problem in an
expanding spherical atmosphere. We shall now study this problem. We can write the
‘formal solution’ as

Jrs = ASoua, (10.3.30)

where S,y is the source function calculated from the ‘old’ population numbers
Nyiq. The population density is dependent on the radiation field in the multi-level
non-LTE statistical equilibrium equation. The population numbers can be written
symbolically as

n =nQ). (10.3.31)

Equations (10.3.30) and (10.3.31) are solved simultaneously. New population num-
bers n,,,, are calculated from the formal solution, that is

Ny, = N(JFs), (10.3.32)

as in the case of a two-level atom. Equation (10.3.30) and (10.3.32) are repeated in
turn. In analogy to the two-level atom following Cannon (1984; see section 10.2) we
introduce the approximate A* operator and obtain the ‘new’ radiation field, that is,
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Jnew = Jrs + A* (Snew - Sold)o (10.3.33)
Now we introduce equation (10.3.33) into equation (10.3.32) to obtain
Ny = N(Jpew). (10.3.34)

Weletn = (ny, ..., ny) denote the row vector of population numbers of levels 1 to
N at a given depth point, at which the rate equations are given by

Ny P (Nyepy, Mo, JFS) =b, (10.3.35)

where P is the rate coefficient matrix and the row vector b contains essentially zeros
except those columns representing core or number conservation. The off-diagonal
elements of P;; represent the transitions from level i to level j. The diagonal
elements P;; represent the losses from level j to all other levels. Thus we have

Pj==" Pim. (10.3.36)
mj

(see Mihalas (1978)). The Newton—Raphson iteration technique is then applied to
obtain n**+1_ Thus

kD — p® _ <n<k>p _ b) M1 (10.3.37)

where P and M are evaluated from the current solution n®). The matrix M is given
by

3
M;j = o [Z numj:|. (10.3.38)

m

By using equation (10.3.36), we get

Mij = P;j+ Y Dim;. (10.3.39)
m#j
where
8Pm/ 8leﬂ

Dim; = nm on; - fa—m’ (10.3.40)
where Djy; = —Djj, . The coefficient matrix P consists of radiative and collisional
terms:

P=-R-C. (10.3.41)

The new radiation field (10.3.33) must be used when computing the radiative rates
R. The radiative rates create problems because of disproportion between the large
rates in the resonance transitions and the small gains and losses which strongly
influence the solutions (see Scharmer and Carlson (1985)). An appropriate analytical
solution is to introduce a ‘net radiative bracket’ by which these disproportional
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upward and downward rates are cancelled (see Mihalas (1978)). Instead of equation
(10.3.41), we can write

P=-7Z-C, (10.3.42)
where

Zuy = Ry — Z_lRlu, (10.3.43)

u

and u and [ stand for the upper and lower levels respectively. Furthermore,
Zi, =0. (10.3.44)

For line transitions, we find that

Sn ew

Jne
Zul = Aul (1 - ﬂ) (10.3.45)

where Sy is the non-LTE line source function. Now, the derivative in equation
(10.3.40) becomes

3 (7
Diut = Aunug - < S”Lm). (10.3.46)

new

One of the terms that are in (3/9dn;)(---) is

d _
Jnewa—m (S,,glv), (10.3.47)

which contributes only when i = 1 or i = u. This reflects the ‘net radiative bracket’.
The other term in the derivative is given by

1 { 0Jne _ N
(Suew) 1(#) =S [ ( 8wa)¢x dx. (103.48)
1 core 1

Equations (10.3.32) and (10.3.35) are solved simultaneously as is done in the lambda
iteration procedure.
The integration over the line core is performed numerically in ALI as

Xblue
A*S = / Sy dx. (10.3.49)
X

red

Doppler effects can be neglected in the continuum. The approximate A* operator at
r can be defined as

AL(r) =1—exp [— T”y(r)}, (10.3.50)

where

7,(r) = min{z, (r), 1" — 7, (r)}. (10.3.51)
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'™ is the optical depth at the bottom of the atmosphere, y. is a parameter of order

of unity, and A (r) is taken as

T

1 ifr,(r) > ye, (10.3.52)
0 otherwise. -

o<

The application of the above method to some problems is described in Hamann
(1987).

An alternative method was developed by Werner and Husfeld (1985) by combin-
ing Scharmer’s local operator and the perturbation technique for line formation in
static, plane parallel atmospheres which can take upto 100 non-LTE levels. This
was extended by Werner (1986) to compute the non-LTE plane parallel model
atmospheres (see Werner (1987)).

104  Complete linearization method

In the non-LTE problem, the radiative transfer equation and the statistical equilib-
rium equation are solved simultaneously. This is a non-linear problem and therefore
the complete linearization method is best suited. All the variables are globally
coupled and interact with each other. Therefore no variable is considered to be
more fundamental than the others. These variables are strongly coupled through
the radiative transfer equation. Any change in any variable at any given point will
propagate throughout the medium to the variables at other points. This system of
linear equations is indeterminate and has to be solved by iteration (see Mihalas
(1978), chapters 7 and 12, Werner (1987), Sen and Wilson (1998)). The system
of linear constraint equations (statistical equilibrium, particle charge conservation
etc.) at each depth point d is written as

MV, =Cy d=1,2,...,D), (10.4.1)

where My is a matrix of dimension N, x N7 (N, is the number of constraint
equations, N7 is the number of variables describing the population and the radiation
field), Cy is a vector of length N, which contains the error in the constraint equations
evaluated with the assumed populations and radiation field, and

SWy = (8n,...,8np, 8Ne, 8Ta, 81, ..., 8J1,...), (10.4.2)

where J is the frequency integrated mean intensity, ny represents the occupation
numbers, T is the temperature and n, is the number of electrons. Let W, be the
solution of the complete system of constraint equations fy(¥,;) = 0. If \112 is the
approximate solution due to the initial approximated population, then

v, =w) 45w, (10.4.3)
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where W is the perturbation to the current approximate solution \Ilg. The quantity
SW, is so chosen that

FOY +8W,) — 0, (10.4.4)

due to iteration. This quantity §¥, can be obtained from the linearized original
system, that is

3
PRI %3%}. —0. (10.4.5)
j J

We need to express 7 in terms of én, Sn, and 8T by using the linearized transfer
equation. For this the transfer equation in a spherical medium is discretized through
the Feautrier scheme (see chapter 8) and the difference equation is written out
together with the boundary conditions. The solution is obtained by the Gaussian
elimination scheme (Feautrier’s method or the Rybicki scheme — see chapters 4 and
8). The system of equations can be written as

TyJn =Xy + Updu—1 + Vi1, (10.4.6)
H, =A,J, +B,H, 1, (10.4.7)

where J and H are the mean intensity and flux vectors. Furthermore, T is the
tri-diagonal matrix, U is the diagonal matrix, V is the lower bi-diagonal matrix,
A is the lower bi-diagonal matrix, B is the upper tri-diagonal matrix and X is
a vector. The subscript n is the frequency index. Hillier (1990) used the above
complete linearization of Auer and Mihalas (1969) to solve the radiative transfer
equation and the statistical equilibrium equations. He used an improved tri-diagonal
Newton—Raphson operator of Hempe and Schonberg (1986) and Schonberg and
Hempe (1986). He studied line intensities (Hillier 1990). The frequency integrated
mean intensity J is written as

_ +00 Nmax

J= f P lydv =Y onpn, (10.4.8)
- n=1

wy, being the quadrature weights for the frequency points. If the quantities «., S,

k1, and S7 denoting the continuum opacity, continuum source function, line opacity

and line source function are represented by a single variable x; (j =1, 2, 3, 4), then

at each depth point we may write

D 4 3]1
8J; = Z Z o d(sx‘yd. (10.4.9)
d=1 s=1 S

Equations (10.4.6) and (10.4.7) are linearized with respect to the independent vari-
ables and we get
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TnaJn = UnaJn—l + VnaHn—l + axn - aTan + aUan—l + aVan—l
(10.4.10)

and
oH,, = A,0), +B,0H,,_; +0A,J, + 0B, H,,_;. (10.4.11)

dJ is a three-dimensional matrix with d.J;/dxgq as its elements. From equations
(10.4.8) and (10.4.9), we get

D H
01 =YY" 8J1as8%as. (10.4.12)
d=1s=1

Now, we introduce the assumption that the radiation field is influenced by the
level conditions and neighbourhood points, ignoring the effects due to the non-local
terms. Hence we obtain a local operator. The three-dimensional matrix dJ can
be replaced by (3J'), ignoring the non-local terms in the variation matrices. The
dimension of (3J') is D x Np x 4, where Np indicates the degree of depth coupling
(Np = 1 represents pure local variation and Nz = 3 indicates that J depends on
the independent variables in its immediate neighbourhood).

Now, we linearize x in terms of the unknown population numbers and write §x;4
at each depth point and for each independent variable as

N¢
C ax
8Xsqg = Z <8—nj>d $nja, (10.4.13)

j=1

where N, is the number of constraint equations. Then from equations (10.4.9),
(10.4.12) and (10.4.13) we get

- 83}y ;6mjp. (10.4.14)

In equation (10.4.14), if Np = D,r = d, otherwiser =1 — (No + 1)/2 +d. We
can then replace §J by én in equations (10.4.1) and (10.4.3) and they are therefore
coupled at different depths through the radiation field J. The system is solved by
an iterative scheme. The convergence of the scheme depends very crucially on the
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starting solution of the population density. Hillier (1990) points out that a locally
computed Sobolev approximation may be used as a starting model for the CMF
solution. The Sobolev approximation may be continued until it has sufficiently
converged and then the CMF solution can be started, although this switching is
arbitrary. The linearization results in population densities that are unstable and
inconsistent. To avoid these difficulties, Hillier suggests linearization and lambda
iteration and the switching on and off of the temperature variation and switching off
of the Newton—Raphson operation before complete convergence. One requires a lot
of experience in this procedure to obtain the correct results. Furthermore, at each
depth, Ng’s (1974) acceleration with tri-diagonal and penta-diagonal operators and
weights inversely proportional to the variables (Auer 1987) should be used.

10.5  Approximate lambda operator (ALO)

Puls (1991) noted that the lambda operator acting on a line source function is of
affine type. He constructed a simple, local, optimum, parameter free ALO for line
transfer in the CMF, similar to the Sobolev approximation (SA). We describe below
this procedure following Puls (1991) and Sen and Wilson (1998)

We saw earlier that the transfer equation is solved by the impact parameter (see
chapters 7 and 8). The transfer equations in the Feautrier scheme are written as

du(z, p, v vz p.v)]
M + y(z’ D, ])) M = U(Za D \)) (1051)
d7(z, p,v) L v

and
vz, p, [u(z, p,v)]
WP V) poy | P ) SGpa), (1052)
0t (z, p,v) L dv J

where u and v are the mean-intensity- and flux-like variables, which are also called
the Feautrier variables and

y(z, p,v) = r&p) , (10.5.3)
k(z, p,v)

7z p) = 220 [1 2+l (Mﬂ (10.5.4)
cr dinr

We want to solve equations (10.5.1) and (10.5.2) with the given boundary condition
(see chapters 7 and 8). To obtain the solution the Feautrier or Rybicki type method
is used at each depth point. We have (in the notation of Puls)

Trwg = Ugug—y + Vv + Si, (10.5.5)

vi = Grug + Hpve_ . (10.5.6)
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The term W J is ignored. The index k includes the index i of the impact parameter
(or angle) and the frequency index ‘n’. The source function is given by

Jk _ Jek +KkLiSL

Sk = .
Kk Kck + KLk

(10.5.7)

Now it is assumed that the continuum quantities with index ck are constant across
the line profile. Integration over the angle and frequency of the line transfer gives
the mean intensity which can be written in terms of an affine operator as

Jo =V uy, vi, je, ke, kr]+ A'Sp, (10.5.8)

where W is the displacement vector. The subscripts ¢ and L in equations (10.5.7)
and (10.5.8) represent the continuum and the line respectively. #1 and vy are blue
wing variables of the continuum problem. This affine equation is linear only when
je =0, u; = v; = 0. J is the frequency integrated mean intensity which is used in
the rate equation.

We solve the transfer equation (D + 1) times, where D is the total number of grid
points, to obtain the explicit values of the displacement vector Wand the matrix A’.
We have

W =J(S, =0) (10.5.9)
and

Aj = Ji(SL =¢j) —W¥;, (10.5.10)
where e; is the unit vector, or

Ny = Ji(SL = ej; w1 = vy = jo =0). (105.11)
For an affine ALI A4, the ALI scheme can be generally written as

J"= A [S"] 4 (A =AMV, (10.5.12)
or

T"=A[S" 4 AMs" =", (10.5.13)

as in Pauldrach and Herrero (1988). Puls (1991) show that it is the linear term that
has to be approximated for ALI although the lambda operator is of the affine type.
In the multi-level calculations he suggest that the lines should be iterated with fixed
continuum before the continuum is updated again. When the population numbers
stabilize and the relative corrections become small, lines and continuum may be
iterated in parallel until the required convergence is reached.

An ALO of the type

AY = diag [T]!, (10.5.14)

is the ideal choice (Olson et al. 1986) for a strictly local ALO in static problems,
and ensures fast convergence in ALI T is a tri-diagonal matrix. In CMF calculations
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the coupling of the angle and frequency has to be taken into consideration in the
estimation of the diagonal elements. Puls (1991) estimated the contribution of uy
(the Feautrier variable) to the exact diagonal of A" = A}, (where k is the frequency
index for a given ray). Equation (10.5.11) then takes the form

Al = Ji(SL = ei; up = vy = jo = 0). (10.5.15)

Puls showed that for frequencies k = 1, 2, uy ; is purely local and for frequencies
k > 3, uy,; is non-local and is coupled with all other u—1),; and also with the
Feautrier flux-like variables. However, this process of finding the diagonal elements
of A’ is highly involved and time consuming.

Puls attempted to obtain a proper local approximation for uy ;. If the operator V
in equation (10.5.5) is split into diagonals VA and VB (with all elements > 0), we
get for each k, k > 2 (Puls 1991, page 484, equation 9)

Upo = Z(T;l)” [Ukitt—1y,i — VAkivk=1),G—1/2)

i

+ VB vk—1),i+1/2) + 8i1 pii ]

= > (T¢h),bwr. (10.5.16)
i
where
pr = (L> (10.5.17)
Kck + Kki

and by; is the quantity within the square brackets in equation (10.5.16). This approx-
imation is restricted to local terms only, that is all terms except i = [ are neglected
in by;. We define a new ALO A}, through U}, given by

K
A =D "wps Y . (10.5.18)
k=1

where w,; are the quadrature weights for the integration. Convergence of the ALI
cycle can be achieved if Aj*, < A}, where the latter is the exact diagonal operator.
The exact uy; is given by

w =T 'be =T, (baer + -+ bepep) = Y buit(er),  (10.5.19)
i

where t; (e;) is the solution of
Tity = e;. (10.5.20)
The quantity uj ; of the local approximation is given by

up ;= brtr(er). (10.5.21)
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tx1(er) is positive by definition and if we require that u} ; < wux s, then we need to
have the following relation

brtk,(ep) < Zbk,ltk,l(ei)» (10.5.22)

satisfied, which means that

> bri = 0. (10.5.23)
i#l
Puls noted that relation (10.5.23) holds good in most numerical calculations of
a number of models except when these involved a small number of red wing
frequencies in the wind around the thermal point.
Now uz ;» the local approximation, is estimated from
up; = diag(Tk_l)[“k”Z—l,o - VAkvl:—l,—l/2 + VBkvl:—l,l/Z + Pk,0]~
(10.5.24)

The Feautrier variables vg_1,+1,2 are found from equation (10.5.6):

Vi-1,—12 = Gk—1,-12 [uf_1.0— ur—1,-1] + Hi—1,-12v; 5,y (10.5.25)
and

UI:—1,1/2 = Gi-1,12 [Mkfl,l - “Z—l,o] + kal,l/ZUI:_z’l/z, (10.5.26)
with the boundary conditions at the blue and red wings given by

”T,o = Uf,il/z =0. (10.5.27)
From equation (10.5.16), we have

i = Y (T ")y Bk (10.5.28)
1
It can be seen from equations (10.5.24)—(10.5.26) that although “Z,o is given in the
local approximation non-local dependence creeps in through the v* terms defined in
equation (10.5.25) and (10.5.26). This problem can be dealt with in the same way
as before by neglecting the contributions of by_1;, i # [ compared to bx_1 ;. Then
from equation (10.5.28), we have

* —1
Up_11£1 = (Tk—l)zil,zbk*"l' (10.5.29)

Puls, however, followed a different approach for the sake of computational con-
venience. He neglected the contribution of the off-diagonal elements uj—1 ;41 to
”I:—l, 1412 Using ‘**’ to represent the second approximation, we have

U;:iu,l/z = Gk—l,l—l/Zuziu + Hk—l,l—l/ZU/:iz’lfl/z (10.5.30)

and
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Vit i1/2 = G 2wy + B 0120855 14 2 (10.5.31)

To obtain the second approximation in equation (10.5.26) the quantities with
superscript ‘*” are replaced by those with the superscript ‘+x’. As a result of these
changes,

1. the diagonal operator A;*l* depends on purely local quantities u}’ , v,:*l 1172}
2. Aj; = A}/ in the static case.

Puls (1991) constructed the approximate A** using the following procedure:

1. start with ”T,*o = UT,*il/Z =0;

2. compute the term in the brackets on the RHS of equation (10.5.26) for each
frequency k (k =1, 2, ..., K) from the previous solution of ”Z*—l,o and

v** .
k—1,£1/2°
3. compute T~! by using the algorithm of Rybicki and Hummer (1991), ”2?0

obtain from the modified equation (10.5.26), and v;*, 2 from equations
(10.5.30) and (10.5.31);

4. add the new values of the vectors u;™, , and v;* | ; to A™* with the

corresponding spatial and frequency weights; and

5. do the computations for all frequencies and for all rays to obtain A™** and J.

One should note that the constructed A™* is a purely local operator without any
spatial coupling which corresponds to the Sobolev approximation. The local CMF
and ALO reach the static limit for small velocities. Puls (1991) examined the ALI
type solutions for rate equations and found that a formal correspondence between
the local CMF and SA suggests several computationally economical methods for
solving the rate equations.

Puls suggested a judicious combination of CMF and SA to obtain a fast solution
of the transfer and statistical equilibrium equations. The method is parameter free
and works at the optimum convergence rate. The local ALO method resembles SA
in terms of basic principles.

Sellmaier et al. (1993) studied the the non-LTE problem of multi-level radiative
transfer in the total atmosphere of stars with wind in the presence of sub and
supersonic velocity fields. They used the local ALO theory of Puls (1991) and an
ALI scheme to solve line transfer in CMF. The scheme gave excellent convergence
in the case of complex atomic models. They found that the core-saturation method
is inadequate for predicting the line formation in all ranges — strong, weak and
intermediate strengths. They also found that the CMF diagonal operator of Puls
(1991) is the best local ALO for CMF transfer in unified models. This ALO leads to
fast convergence even when 600 line transitions are included.

Hamann et al. (1991) developed a quasi-Newtonian iterative scheme which they
used together with the Briyden update formula. This procedure was found to give
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considerable computational advantages. Repeated computation of derivatives and
inversion of matrices is avoided.

Koter et al. (1993) developed a fast non-LTE technique for computing the con-
tinuum energy distribution and lines in an expanding atmosphere. They applied a
semi-empirical model with a given density velocity and temperature distribution.
They solved the transfer and statistical equilibrium equations in the continuum using
ALI while the line transfer was solved by using SA.

The ALI approach is the contemporary method used for obtaining the solution of
the transfer equation within the constraints of statistical equilibrium in expanding
spherical atmospheres. A comprehensive review of the general scheme of these
methods is given in Hubeny (1992) and Rybicki (1991).

In the ALI method, the following procedures are used:

1. Auer and Mihalas’ (1969) complete linearization of the transfer equation and
the constraint equations;

2. Cannon’s (1973a,b) and Scharmer’s (1981, 1984) (see chapter 9) operator
perturbation scheme which consists of a simple local or non-local ALO
linearization of the source function about an initial value. Furthermore, an
iteration scheme is developed to correct the error introduced due to ALO. The
ideas of core saturation of Rybicki and Newton—Raphson linearization are
widely used to obtain the solution of the non-linear problems;

3. the Feautrier impact parameter method and SA or a mixture of both;

4. ALI to give rapid convergence with Ng’s (1974) or with Auer’s (1987)
acceleration schemes. The main aim of these techniques is to obtain a quick
solution of the transfer equation with its constraint equation without
adversely sacrificing accuracy.

Scharmer and Carlson (1985) used the first order transfer equation to find the
change in population density dn;. They employed Scharmer’s approximate operator

80 (w) = A%, [SS,E")]. (10.5.32)

This method was coded by Carlson (1986) in a program called MULTI which is
widely used for non-LTE line formation. This program is extremely fast and can
handle a few hundred levels and lines (see Rutten (1999)). MULTI can be obtained
from an anonymous ftp at ftp.astro.uio.no:/pub/multi.

10.6  Characteristic rays and ALO-ALI techniques
When the source function is known (or assumed), the transfer equation becomes

a first order partial differential equation for the specific intensity. Using this idea
the intensity is calculated along the spatial grid points defined on the spherical
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atmosphere. (To understand the characteristic or characteristics of surfaces, the
reader should consult any good book on partial differential equations.) The char-
acteristics method is combined with the operator perturbation technique to obtain
the solution of the transfer equation.

Kunasz and Auer (1987) and Olson and Kunasz (1987) used the method of short
characteristic rays to obtain the solution of the transfer equation in planar geometry.
Hauschildt (1992) extended this to expanding spherical atmospheres (see Sen and
Wilson (1998)).

The time independent transfer equation in CMF is

al
y(u +ﬁ)M

9 9
+a—{y<1 )[ o 2(u+ﬁ)—ﬂ}1(v,r,u)}

" ar

9 1— u? 9
—5—{yv[EL—Jil+wﬂuuv+ﬂ%E]IWJ:u4

v r ar

2u+ BB —u?
+y[u ﬁi no)

+ 2+ p? + 2/3“)%] I(v, 7, 1)
:] _KI(V, T, /’L)» (1061)

where B = v(r)/c, v(r) being the velocity of the gas, ¢ is the velocity of light,
y=(1- ﬂz)_%. Equation (10.6.1) is written in the wavelength scale X as

I I dAI)

“’5 +a“ﬁ + a,, o +4da)l = j—«l, (10.6.2)
where
ar =y(r+B),
1+ Bur Ip
au=y<1—u2)[—r ATt

1— u? 9
ax=y[ﬂ—7&l+ﬂuw+ﬂ§£}

The characteristic rays of equation (10.6.2) are defined by
d d
ar _an (10.6.3)
ar  ay

If 5 is the geometrical path length along the characteristic ray (see figure 10.2)
equation (10.6.3) can be written as

dr (10.6.4)
— =da N 0.
ds "
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d
d—’: = a,. (10.6.5)

Equation (10.6.2) along the characteristic ray is written as
al a(Al)

s T4

Integration of equation (10.6.6) along the characteristic ray requires knowledge of
the solution of equation (10.6.5), that is the variation of u along the ray to obtain
a).. We consider only those rays that are tangent to the spherical spatial grid of the
atmosphere, with the impact parameter p. At the point of tangency, the path length
s is set equal to 0. Therefore from equation (10.6.4) we get

luls—o = —B(p). (10.6.7)

We assume that g in the laboratory frame is known so that the variation of i along
the characteristic is determined, or

=j— (k+4a)l. (10.6.6)

2\ 2
pwe(r) = + (1 - p—2> . (10.6.8)
r

The corresponding 1 in the CMF can be obtained from pg through the Lorentz
transformation (see chapter 8). We get (the aberration effect)

_ HE() = B0
1= BImE()

From equations (10.6.8) and (10.6.9), it is clear that u(r) is a local function of r and
depends on r through B(r) and wg(r). Using equation (10.6.4), we can compute

w(r) (10.6.9)

Figure 10.2 Schematic
diagram showing the
direction of a tangential
characteristic ray in a
spherical envelope.
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the accurate path length s along the characteristic ray, using the Gauss quadrature
formula and a linear interpolation for the velocity between the radial points. If
the variation of u along the path and the path length are known, we can integrate
equation (10.6.6) and obtain the intensity. Following Hauschildt and Wehrse (1991)
and Mihalas (1980) the wavelength derivative is discretized to give a static implicit
scheme:

oAl Medy, — Ag—11
0D M T e by (10.6.10)
A A=At M — A1

The substitution of equation (10.6.10) into equation (10.6.6) gives

dl My — M=l .

= — day) I, . 10.6.11

s + ay, e Jae = (ko +4a) Iy, ( )

We shall now define a new optical depth t along the characteristic ray as
Ak _
—dt = |:lqk + ay <4 + 4>i| ds = kds (say). (10.6.12)
Ak — Ak—1

A new modified source function is then written as

U B N (10.6.13)

X K \ A — A1 et o
with
J
S =2 (10.6.14)
K

Equation (10.6.11) can now be written as

dl -

—=1-S. (10.6.15)

dt

The formal solution of equation (10.6.15) along the characteristic ray can be written
as

1

Ti-l _
I =1_,exp(=Ati_1) +/ St)exp[—( — ti)]dt, s < 0,(10.6.16)
T

T
Il_+ — Ii_:-l exp (—AT_1) +/ +1S'(t) exp[—( — 1)]ldt, s> 0.(10.6.17)
Ti
The index i represents the discretization of the radial coordinate with r; = 0 at
the outer boundary. The t;s are the corresponding optical depths of the spatial grids
along the characteristics with 71 = 0, 7; < 7,41 and At; = 1; — 7;41. The starting
point of integration is farthest from the observer (s < 0) and proceeds towards the
observer (s > 0). If the ray tangent to the shell (j + 1) is labelled by the index j
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and we introduce the optical thickness Az;_1 ; along the ray j between the spatial
grid points 7; and 7;—1 we have

1 _
Atioyj =5 @1+ i) |sij —si—1,j]- (10.6.18)

Now, equations (10.6.16) and (10.6.17) can be written (suppressing the ray index j
for convenience)

I7 =1_,exp(—A7i—) + A7, s5>0 (10.6.19)

1

and

IF =11 exp(—Ati_) + AL, 5> 0. (10.6.20)

The quantity AIl.jE can be obtained from S along a characteristic ray interpolated by

either a linear or parabolic polynomial such that

AIF = atS; | +bES + 5. (10.6.21)

1

The coefficients are given by Hauschildt (1992). For the linear interpolation

_ el
a?:O,a:eo,i— ,
AT
€1,i+1 - €l,i
b+ = : ) b = : ’
AT; AT
€1,i+1 _
+ S o
C =€0,i+1 A'L'i s i O’

where

eoi =1 —exp(—Ati_1),

el =Ati_1—ep,;.

Once again, we shall take proper care of the disc rays and the shell rays (see chapters
7 and 8).

We shall now evaluate Alii using ALO-ALI techniques. The integral operator on
S(t) in equations (10.6.16) and (10.6.17) is a matrix operator acting on the vector
(S1, ..., Sn), where the S;s are discretized values of S(r) at the spatial grid points
ri. We can now define the A* of ALO which is chosen close to the A matrix but
retaining only the diagonal terms or sometimes including a few off-diagonal matrix
to give better convergence (Hauschildt 1992). We restrict our treatment to A* with
diagonal elements only. We need to distinguish between disc and shell rays in a
spherical medium. We may write A* as

A* = A+ AS, (10.6.22)

where A€ and A represent the As for the core and shell rays which are tangent
to the radial grid. We set Si = 1 and S’i?g j = 0 for the ith column of the
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approximate A* intensities at the boundaries equal to zero to obtain the formal
solution. This procedure will give us normalized intensities which when integrated
over frequencies and characteristic rays will give the required columns of A*. This
is not absolutely correct as S has contributions not only from S but also from 8/
term. It will, however, only save computer time. Hauschildt (1992) discussed how to
include the d/0X term. The reader is referred to this reference for further discussion.

We consider the core intersecting rays and compute A€. The inward directed
normalized intensities are zero until the grid point i — 1. Therefore

I;0) =
I j) = bf.exp(mi,j) +ag (10.6.23)
ij(v) I U(v)exp( Ate1j), k=i+2,...,N

Furthermore, the outward directed normalized intensity remains zero until the grid
(i + 1), therefore

1'.+.(v) = b.+.

Al ]](v)—b+ exp(Ati_1) +¢;" (10.6.24)

(U) k+1]exp( Afkj) k:l_l,...,l.
The diagonal elements Af; are given by

+00

si= [Tow| i1
J

= Y Yo (I +1). (10.6.25)
e

where the wy ;s are the weights for the angle wavelength quadrature.

The diagonal elements of A can be obtained by considering multiple intersections
of tangent rays with some shells. The outwardly directed intensity (« > 0) can be
computed as follows. As there is a source S; = 1 at r;, there are contributions to the
normalized outward intensity from the source at r; from the points ; with s > 0 and
s <0.Fori > j,let

I+(l)(1))+_1[](1)) l:l,l—f-l,,]—}—l’
7+(2) ot . ) (10.6.26)
L)+ =17(v), l=j,...,10,
with
IMOESARIO}

The sign + denotes the logical do-loop summation in programming language. The
above normalized intensity is the contribution from the source at r; with s < 0. The
total normalized outward directed intensity is given by
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) = 15w+ 1P ). (10.6.27)

The inwardly directed intensity (© < 0) can be computed similarly. Thus we can
obtain the elements of A;;. To improve the accuracy we need to take more core
intersecting characteristic rays. This scheme gives fast and accurate results.

Exercises
10.1 Write out the matrix A in equation (10.2.4).
10.2 If one used isotropic scattering, what would be the form of A in question 10.1.

10.3 What types of quadrature formulae (for frequency and angle) would suit the operator
A* in equation (10.2.8). Use the trapezoidal and Gauss (or Labooto) formulae for
frequency and quadratures.

10.4 Expand the matrices A*, B* and C* in equation (10.2.22).
10.5 Compare the two terms on the LHS of equation (10.2.27) which estimates £,
10.6 If

/’l\)l’/
Kij(n) = 4—]T'Bijni/0(r) [1— (ginj)/gjni)]
and
2hv3 /e -1
ij i&j
Sij = 3 < — 1)
C n;gi

(all the symbols have their usual meanings and p(r) is the number density of atomic
and molecular species) and assuming that no continuum opacities are present, derive
dJ/on; in terms of x and S.
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Chapter 11

Polarization

We shall study the state of polarization of the radiation field in this chapter. We
need to study the scattering problems exactly since light is generally polarized on
scattering. A good example of this is Rayleigh scattering. An initially unpolarized
beam of radiation when scattered at an angle ® to the direction of the incident
beam becomes partially plane polarized in the ratio 1: cos> ® in the directions
perpendicular and parallel to the plane of scattering, which is also the plane of
the direction of the incident and scattered of radiation. The diffuse radiation field
arising out of the scattering of light in the atmosphere must therefore be partially
polarized and we need to formulate the transfer equation correctly and conveniently,
so that many important problems such as polarization in stellar (or solar) planetary
atmospheres (including that of sunlit sky) are studied correctly.

There are several polarization observations of stars, for example the T Tauri stars
which emit linearly and circularly polarized radiation (Bastian 1982, 1985, Nadeau
and Bastian 1986). Magalhas et al. (1986) obtained polarimetric observations of the
semi-regular variable L, Puppis.

Any radiation field is described by four parameters: (i) the intensity, (ii) the
degree of polarization, (iii) the plane of polarization and (iv) the ellipticity of the
radiation at each point and in any given direction. However, it is very difficult to
include such diverse parameters — intensity, a ratio, an angle and a pure number
— in any symmetrical way in formulating the transfer equation. Therefore it is a
matter of some importance to formulate the parametric representations of polarized
light. In a gaseous medium, the radiative transfer equation is formulated by a set of
four parameters called the Stokes parameters, which were introduced by Sir George
Stokes in 1852. We shall do this following Chandrasekhar (1960).
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11.1 Elliptically polarized beam

1.1 Elliptically polarized beam

It is well known that in an elliptically polarized beam the vibrations of the electric
(and the magnetic) vector in the plane transverse to the direction of propagation are
such that the ratio of the amplitudes and the difference in phases of the components
in any two directions at right angles to each other are absolute constants, or

g=5Vsin(wr —¢) and & = O sin(wr —¢,), (11.1.1)

where & and &, are the components of the vibrations along the directions / and r
at right angles to each other (see figure 11.1), w is the circular frequency of the
: : 0) £©0)
vibrations and &, 7, &,
Let & and &, describe the principal axes of the ellipse which are in directions at
angles y and x + /2 to the direction /, and then the equations representing the
vibrations are

, €; and €, are constants.

£, =£PcosBsinwr and &4y =& sin Beoswr, (11.1.2)

where § is an angle whose tangent is the ratio of the axes of the ellipse traced by the
end points of the electric vector. We have assumed that 8 lies between 0 and 7 /2
and its sign is 4+ or — according to whether the polarization is right handed or left
handed. The quantity £© is a quantity proportional to the mean amplitude of the
electric vector and its square is equal to the intensity of the beam. Thus, we have

I= [g(‘”]z - [s,“”]z + [g,@)] — L+ 1. (11.1.3)

If we have an elliptically polarized beam represented by equation (11.1.1), we can
obtain the following relations. From equation (11.1.2) the vibrations in the /- and
r-directions are given by:

Figure 11.1 Schematic
diagram showing the
X directions / and r.

X+m/2
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& = 5(0) (cos B cos x sinwt — sin B sin x cos wt)
(11.1.4)

& = 5(0) (cos B sin x sin wt + sin B cos x cos wt)

Equation (11.1.4) can be reduced to the form of equation (11.1.1) by writing

1
g0 =¢© (cos2 B cos® x + sin” B sin’ X) .

1 (11.1.5)
O = ¢©® <0032 B sin® x + sin® B cos’ X) )
tane; =tanBtan x and tane, = —tanpfcot x. (11.1.6)
The intensities /; and I, in directions / and r are given by
2
I = [Sl(o)] =1 (cos2 B cos? X+ sin’ B sin’ X),
5 (11.1.7)
I, = [ér(())] =1 (cos2 B sin? X+ sin’ B cos® x).
From equations (11.1.5) and (11.1.6) we get
2
2&1(0)‘;%,(0) cos(e] —e,) =2 [E (0)] (0052 B — sin? ﬂ) cos x sin x
= 1cos2Bsin2y. (11.1.8)
Similarly
26760 sin(e; — ;) = I sin28. (11.1.9)

Whenever an elliptically polarized beam can be represented by equation (11.1.1),
we can immediately write that,

1=[T +[e°] =1+ 1. (11.1.10)

2 2
0= [é,(o)] - [E,(O)] =51, A1.1.11)
U =266 cos(e; — ;) = I cos2Bsin2x = (I — ) tan2;  (11.1.12)
and
v =266 sin(e; —e,) = Isin2f = (I — I,)tan2Bsec2x. (11.1.13)

I, Q, U and V are called the Stokes parameters and together represent an ellipti-
cally polarized beam. They are connected by the relations

I>=0°+U>+ V2% (11.1.14)
The plane of polarization and the ellipticity are given by the relation
14
Q2+ U2+ V1
Equation (11.1.1) corresponds to vibration with constant phases and amplitudes.
In practice this does not occur and even in the case of monochromatic light, the

U
tan2y = 5 and sin2p8 = (11.1.15)



11.2 Rayleigh scattering

amplitude and phases vary incessantly, although they remain constant for a great
number of vibrations. The relation obtained above is valid in these situations also.
Further treatment of polarized light can be found in Chandrasekhar (1960).

112 Rayleigh scattering

In 1871, accounting for the blue colour of the sky, Lord Rayleigh discovered the
physical law of the scattering of light that is called Rayleigh scattering. It was
recognized by Maxwell and by Rayleigh himself that this law has a much wider
scope. One of the most important applications of Rayleigh scattering is Thompson
scattering by free electrons.

Rayleigh’s law states that when a pencil of natural light of wavelength A, intensity
I and solid angle dw is incident on a particle of polarizability ¢, energy at the rate

12875 , 3 5 1\ do'

o Ida)xz(1+cos ®)E (11.2.1)
is scattered in a direction at an angle ® to the direction of incidence and in a solid
angle dw'. The scattered light is partially plane polarized: the plane of polarization
is at right angles to the plane of scattering which contains the directions of the
incident and scattered light; and the intensities of the scattered light in directions
(in the transverse plane containing the electric and the magnetic vectors) parallel
and perpendicular respectively to the plane of scattering are in the ratio cos? © : 1.

From equation (11.2.1), we get the scattering coefficient o per particle as

= %a%. (11.2.2)
The Thompson scattering coefficient for electrons is
Op = %, (11.2.3)
where we have substituted
A2 e?
al = (;) o (11.2.4)

into equation (11.2.2). In the above equations, c¢ is the velocity of light, e is the
electronic charge and m, is the mass of the electron.

Let us consider the incidence of an arbitrarily polarized beam on a particle. Let &
and & be the momentary vibrations of the incident beam resolved along directions
parallel and perpendicular respectively to the plane of scattering, then

g =& sin(wr —e) and & =& sin(or — e). (11.2.5)

According to Rayleigh’s law, the vibration of the light scattered through an angle ®
from the direction of incidence is represented by
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®)
&

g

3\, 0 ,
= <§a) SH cos O sin(wt — €1),

1
3\2
= <§> gi‘” sin(wt — €7),

(0)

(11.2.6)

where the phase (€1, €2) and the amplitude, (éﬁo), &) relations in the incident
beam are maintained unaltered in the scattered beam. Therefore, the parameters
representing the scattered light are proportional to (see figure 11.2)

37 2 3
~0 S‘?O)] cos’® = ~aljcos’ O,
2 L 2
3 o0]> 3
2] =501
(11.2.7)
37 2 3
5(‘7 2&60)510) cos(e] — 62)] cos® = EO’U cos ®,
37 2 3
EU 25”(0)%(_0) sin(e; — ez)] cos® = EO‘V cos ®.
If we denote the incident light by the vector
I=),1.,U,V), (11.2.8)
we can express the scattered intensity in the direction ® by
G
Incident light
C.,(S)
|

CH

Figure 11.2 Schematic diagram of the coordinate system of the state of polarization
of the incident and scattered light after single scattering. The scattering plane
contains the directions of the incident and scattered light. The symbols || and L
represent directions in the planes (of scattering and incident light) transverse and
perpendicular respectively to the plane of scattering.



11.3 Rotation of the axes and Stokes parameters

do’
oc— | Rldw, (11.2.9)
4
where
cos’® 0 0 0
3 0 1 0 0
R=- 11.2.10
2 0 0 cos’® 0 ( )
0 0 0 cos? ®

In the case of natural light, I}y =1, = %I and U =V = 0. R is the phase matrix.

113 Rotation of the axes and Stokes parameters

Stokes parameters are referred to certain fixed rectangular axes. We now consider the
transformation law of these parameters when the axes are rotated. The total intensity
I and the parameter V are invariant under the rotation of axes, but Q and U change
with the axes. Let Q" and U’ be the values of Q and U when the axes are rotated
through an angle ¢ in the clockwise direction, then

Q' =1cos2Bcos2(x —¢) and U’ =Tcos2Bsin2(x —¢), (11.3.1)
or
Q' = Qcos2¢ —Usin2¢ and U’ = —Qsin2¢ + Ucos2¢. (11.3.2)

It is more convenient to use intensities (/; and /,) in two directions at right angles
to each other and the parameters U and V than the original /, Q, U and V set of
Stokes.

Now the transformation law of I;, I, U and V for a rotation of the axes can be
readily obtained from equations (11.3.2) and the invariance of / and V. Thus, we
have

Iy +lpszp=0L+1, V =V, (11.3.3)
Iy — Ipynp = (I} — Ir) cos2¢ + U sin 29, (11.3.4)
U' = —(I; — I,)sin2¢ + U cos 2¢, (11.3.5)

or

1
Iy =1, cosqu + I, sin2¢> + EU sin2¢,

. .
Ipinpp =1 s1n2¢ + 1, coszqﬁ — EU sin 2¢, (11.3.6)

U' = —1I;sin2¢ + I, sin2¢ + U cos 29,
Vi =V.
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Therefore if
I1=1[,1,,U,V] (11.3.7)

is a vector whose components /;, I, U and V represent an arbitrarily (partially)
polarized light, the effect of a rotation of the axes through an angle ¢ in the
clockwise direction is to subject I to the linear transformation:

cos?¢  sin®¢ % sin2¢ 0

sin®¢  cos?¢ —% sin 2¢

0
L(¢) = 11.3.8
@) —sin2¢ sin2¢ cos2¢ O ( )
0 0 0 1
It is clear that L(¢) satisfies the group relations
L(¢p1)L(¢1) =L(¢1 +¢2) and L7'(¢) = L(—¢). (11.3.9)

114  Transfer equation for / (0, ¢)

We consider a radiation field in an atmosphere which contains particles, such as
atoms, molecules or electrons, which scatter radiation according to Rayleigh’s law.
We introduce a mass scattering coefficient «, given by

o

Kk =—N, (11.4.1)
0

where N is the number of particles per unit volume and p is the density. An element
of mass dm scatters radiation according to the expression

d /
(;c dm —w> Rldo, (11.4.2)
4

where I is defined in a rectangular system of coordinates in which the directions
parallel and perpendicular to the plane of scattering define the axes. In the case of
electrons, « will be the Thompson scattering coefficient. For molecular scattering,
Rayleigh’s formula for « can be obtained from equation (11.2.2) by setting

n?—1
a= , (11.4.3)
4mrn
where 7 is the refractive index of the medium. Therefore « is given by
8 30,2 _ 1 2
_ & D (11.4.4)
204 Np

We now proceed to formulate the transfer equation for polarized light. The radia-
tion field is characterized at any point in the medium by the four intensities 1; (0, ¢),
1.0, 9), U, ¢) and V (0, ¢), where (0, ¢) are the polar angles corresponding to an



11.4 Transfer equation for I (6, ¢)

appropriately chosen coordinate system through the point under consideration (see
figure 11.3).

If / and r denote the directions in the meridian plane and at right angles to it
respectively, we write

16, ¢) = [11(6, ), 1 (6, ), U©, ¢), V(0, P, (11.4.5)
then the transfer equation can be written as in the vector form
d1,
_d16.9) =10, ¢) — S, ¢), (11.4.6)
kpdS

where S(0, ¢) is the vector source function for I(0, ¢). We need to evaluate the
source function S(0, ¢). We consider the contribution dS(@, ¢; 6', ¢’) to the source
function due to scattering of a pencil of radiation of solid angle dw’ in the direction
(0, ¢'), which is given by

do’

RI ,
4

(11.4.7)

provided (0, ¢’) is referred to the directions parallel and perpendicular to the
plane of scattering. But 1(6’, ¢') is referred to directions along the meridian plane
OPZ and at right angles to it. According to equation (11.3.6), we can transform

V4

X

Figure 11.3 Schematic diagram of the transfer of radiation (from Chandrasekhar
(1960), with permission).
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1(9’, ¢) to the required directions for using equation (11.4.7) by applying the linear
transformation L(—i) (see equation (11.3.6)) to 1(6’, ¢'), where i; denotes the angle
between the meridian plane OPZ through P; whose coordinates are (8’, ¢) and the
plane of scattering OP1P,. Therefore the scattering of the pencil in the direction
(0, ¢’) contributes to the source function in the following quantity:
, , . da

R(cos ®)L(—iI(®’, ¢ )E’ (11.4.8)
which refers to the Stokes parameters to directions at P, parallel and perpendicular
to the plane of scattering. Now we can apply the linear transformation L(w — i3),
where i; is the angle between the planes OP,Z and OPP;, to (11.4.8) to transform
to the coordinate axes at P, — the directions along the great circle arc P,Z and the
direction at right angles to it. Then we obtain dS(0, ¢; 6', ¢') as

dS(, ¢; 0, ¢') = L(r — i»)R(cos ®)L(—iI(®’, ¢/)Z—:. (11.4.9)

From equation (11.4.9), we can obtain the source functions by integrating over all
directions (', ¢’). Thus,

T 2w
SO, ¢) = ﬁ fo fo L(r — i2)R(cos ®)L(—i)I(0'¢) sin@’ db’ d¢'.
(11.4.10)

We can now write the transfer equation (11.4.6) as

d1(, ¢) L
— :I(9,¢)——// PO, p;0", )0, ¢")sin6 dO d¢’,
kpds 4 Jo Jo
(11.4.11)
where the phase matrix P(0, ¢; 0, ¢') is given by
P©,$; 60, ¢") = L(x — i»)R(cos O)L(—i}), (11.4.12)
or
PO, ¢:0'. )
({, l)2 (r,)? (€, D, 1) 0
_ (1, r)? (r, r)? d,r)(r,r) 0
20,0, r)y 2r,r)(r, ) A, D(r,r)+ (r, DU, 1) 0 ’
0 0 0 (A, rytr,r)y — (r, ), r)
(11.4.13)

where from the spherical triangle ZPP, we obtain
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(I,]) =sinfsinf’ + cosd cos B’ cos(¢p’ — ¢),
(r,1) = cos @ sin(¢’ — ¢),

(I,r) = —cos8 sin(¢p — @),

(r,r) = cos(¢’ — ¢).

(11.4.14)

The elements in the phase matrix (11.4.13) are:
1
.07 = 3 [201 = )1 = u?) + 2]
1 2.4 2,1 1
+2pup’ (1= pu)2(1 = p*)2 cos(¢” — @)

1
+ EMZMQ cos2(¢’ — ¢),

—_—

(r.1)* = -p? [1 = cos 2(¢' — ¢)].

—_ DN

(,r)* = - [1 —cos2(¢’ — ¢)].

(r,r)? = % [1+cos2(¢’ — )],

LD D) = u(l = pd) (1 — w7 sin(@’ — ¢)

[\S]

1
+ 5;3;/ sin2(¢’ — ¢), (11.4.15)
LDA ) ==/ (1= )2 (1 = @27 sin(¢ — )
1
- Ew’z sin2(¢ — ¢),

1
A r)(r,r) = —EM/ sin2(¢" — ¢),

(rD(rr) = %u sin2(¢' — ),

DD+ DA ) = (1= )2 (1= )2 cos(@ — ¢)
+ ' cos2(¢" — @),

D) = (DU ) = !
+ (1= i) (=) cos(@ — ¢),

where 1 = cos @ and u' = cos6’. Using equations (11.4.15), the phase matrix can
be written as

Pu,d; 1, ¢) = Q[P“” (e, 1)

+ (1 - /ﬂ)% (1 - u’z)% PO (e, ¢ 11, ") + PP, ¢ 14, ¢>’>},

(11.4.16)
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372 11 Polarization

where
2(1 _ MZ) (1 _ M/2) + M2M/2 MZ 0 0
3 2 1 0 0
(0) N2 2
P ) =4 0 o 0o o |
0 0 0 pupu
(11.4.17)
dup’ cos(p’ — ¢) 0 2usin(gp’ — @) 0
3 0 0 0 0
) VN
PR o) =3 | oursin@' —¢) 0 cos(e/ —¢) 0 ’
0 0 0 cos(¢’ — @)
(11.4.18)
PP (1, 93 1/, ¢')
pru'?cos2(¢’ — ¢) —p’cos2(¢’ — @) puiu'sin2(¢’ —¢) 0
_ 3| —nPeos2¢ —¢)  cos2¢' —¢) —u'sin2(¢ —¢) 0
4| —up?sin2(¢’ —¢)  wsin2(¢’ —¢)  pup'cos2(¢’ —¢) 0
0 0 0 0
(11.4.19)
and
1 000
01 00
Q= 00 a0 (11.4.20)
00 0 2

We can see that
PO, ¢/ ¢)) =PO(u, s 1/, ¢") (i =0,1,2), (11.4.21)

where P stands for the matrix P after its rows and columns have been inter-

changed and the angle variables (u, ¢) have also been interchanged. The symmetry

of the phase matrix for transposition is the mathematical reciprocity for single

scattering provided due allowance is made for the polarization of scattered light.
Now we can write the transfer equation in plane parallel geometry as

dl(z, 1,
M% = I(T, My ¢)
1 +1 p27
e / P(u, ¢ i, NI (z, 1/, @) dp' dg’,
T J-1Jo

(11.4.22)

where 7 is the normal optical depth, measured in terms of the scattering coefficients.



11.5 Polarization under the assumption of axial symmetry

We shall now write the transfer equation for an electron scattering atmosphere.
Rayleigh scattering belongs to the class of conservative scattering. Therefore in
the case of axially symmetric and semi-infinite plane parallel atmospheres with
a constant net flux the total intensity (/; + 1) is quite important. This can be
applied to the predominantly electron scattering atmospheres of early type stars
whose temperatures exceed 15 000 K. Thompson scattering by free electrons agrees
with Rayleigh scattering in the prediction of the angular distribution and the state of
polarization.

In a plane parallel atmosphere with no incident radiation, the axial symmetry of
the radiation field requires that the plane of polarization is along the meridian plane
(or at right angles to it). Then U = V = 0 and [;(r, 1) and I, (7, n) are enough to
describe the radiation field. The transfer equation in this case becomes

d | L.\ _ [ h(t.p
Far\ n@w ) =\ L@

_§/+1 201 — (1 — ) + p?u? p? liww
s/ W2 1 Lw )

(11.4.23)
The boundary conditions are
L0, —u) =1,0,-pn) =0 =0 and O0<p =<1,
(11.4.24)
Li(t,u)=a and I (t,u)=0>b at T — 00,

which correspond to the boundary conditions in a stellar atmosphere.

115 Polarization under the assumption of axial symmetry

This theory predicts an 11% polarization in an electron scattering atmosphere. The
transfer equation was given in the previous section (see equation (11.4.23) and the
boundary conditions (11.4.24)). We rewrite equation (11.4.23) for the components
Ii(t, n) and I, (7, 1) in the directions parallel and perpendicular respectively to the
meridian plane containing the directions pu, thus

dI 3 +1
w—=h——2/ G (1 — Wy dy!
dt 8 -1
+1 +1
+ u2/ L, wW)GBu* —2)du + sz
~1

Ir (Tv M/)(Tv M/) d/’L/j|

(11.5.1)

and
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dl, 3 +1 ) +1
pom =1 =g / Ii(z, pHpw=dp +/ Lo(z, 1) du' |. (11.5.2)
—1 -1

We replace the integrals by the Gauss sums and rewrite equations (11.5.1) and

(11.5.2) as
dl; 3 5
i drl =1I;— g{ZZaj(l — w1,
+ u?[zaj (3u3 —2) 1 + Za,-l,,,-“
(i==+1,...,4+n) (11.5.3)
and

dIr,i 3 2 .
i = by = (Zajlr,j +Zajuj11,j) (i ==+1,...,+n),

(11.5.4)

where [;(t, ) and I.(t, u) are replaced by I;; and I,; respectively and the rest
of the symbols have their usual meanings. Chandrasekhar (1946) gave a general
solution (see chapter 3 for the method) for the discrete equations (11.5.3) and
(11.5.4) as follows:

”ii [L,g exp(—kgT) N L_g exp(/c,gr):|
P I+ pikg I — kg

Il,,-zb:t+u,~+Q—|—(1—pLi2)

n n—1
+ ) Mo (1= kapti) exp(—kaT) + ) Mg (14 kqpti) exp<+kar)},

a=1 a=1
(i==+1,... 4n) (11.5.5)
and
n k2 _
Ir,i = b{f + i + Q — Z:Maljim eXp(+kaf)
a=1
n 2
5 — 1
- > M, exp(+kqT)
a=1 1_/Li/Lcc
(i==£l1,...,%£n), (11.5.6)

where k is a root of

" aj(l—pj) 4
2—2225 (11.5.7)
= L=k

and «2 is a root of
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—2 == —. 11.5.8

Equation (11.5.5) is of the order n in k> and admits 2n distinct non-vanishing roots
for k which occur in pairs as

thky (@=1,...,n). (11.5.9)

Furthermore, equation (11.5.6) is of the order 2n in k% and admits only 2n — 1)
distinct non-vanishing roots for k since k> = 0 is a root. These 2n — 2 roots also
occur in pairs which are denoted by

kg (B=1,...,n—1). (11.5.10)

In equations (11.5.3)and (11.54) Log (B=1,...,n = 1), My (@ =1,...,n),b
and Q are the 4n constants of integration.

We need to impose certain boundary conditions on the solutions (11.5.3) and
(11.5.4): none of the ;s should tend to infinity exponentially as T — oo and there
should be no radiation incident at T = 0. The first condition requires that we can
omit terms containing exp(+«g7) and exp(k, 7). We are then left with

n—1

Lgexp(—kgT)
IZ,-=b{t+u~+Q+(1—M-2) —_—
i i i /.‘52::1 1—}—,u,'1<ﬁ

+ Z My (1 — kaﬂi)exp(_kat)}

a=1
(i==+1,..., 4n) (11.5.11)
and
M, (k2 —1)
Li=bit+u + —1—————exp(—kyT
ri { Mi azna 1 1+ ke Xp(—kqT)
(1==1,...,4n). (11.5.12)

After some simplification, solutions (11.5.3) and (11.5.4) are in the second and third
approximations as follows (see Chandrasekhar (1946) or (1960)):

Second Approximation. The emergent intensities in the two states of
polarization are given by,

0.19265
1+ 1.5275u

+0.021830(1 — 2.23607x) — 0.029516(1 — 1.080 12#)},
(11.5.13)

3
50, 1) = gF{,u +0.69638 — (1 — 42
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3 0.0873215 0.0049193
L0, ) = >F 0.69638 — :
O =3 {“+ 1 +2.23607: T 1+ 1.08012u}
(11.5.14)

where F' is the constant net flux.

Third approximation. The emergent intensities in the two states of
polarization are given by,

3
L0, ) = gF{,u, +0.705927

([ 01402646 00679169
K15 2718380 1+ 11182164
+0.007 18392 (1 — 3.458 589,0)

+0.01861255 (1 — 1.327570)
—0.0328664(1 — 1.046 766u)},
(11.5.15)

0.078 7490 0.014 19099
1+3.458580 1+ 1.32570u

3
10, 1) = gF{u +0.705927 —

0.003 14593
_—— . (11.5.16)
1+1.0467659
The degree of polarization is
1.0, ) — 1;(0,
5= »(0, ) — L0, ) (11.5.17)

C L0, + 10, )
See figure 11.4 and table 11.1 for the laws of darkening in the two states of
polarization.

11.6  Polarization in spherically symmetric media

The problem discussed in the previous section has been studied by Sobolev (1963)
and Siewart and Fraley (1967). Smith and Siewart (1967) analysed this problem
of polarization using the singular eigensolution method developed by Case (1960),
which is well known in neutron transport theory (Case and Zweifel 1961) but has
not been applied frequently in radiative transfer problems. All the solutions that have
been produced use the tabulated Chandrasekhar H-functions in uniform media (for
example see Bond and Siewart (1967)).

Grant and Hunt (1968) applied discrete space theory to obtain the polarized
components of the intensity at different internal points in an inhomogeneous plane
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parallel medium (see chapter 6 on discrete space theory). They solved the transfer
equation for /; and I, with the Rayleigh phase function in plane parallel layers given

by

u% +1(r, 1) = [1 — o ()] B(1)
w(r) +1 / / /
+ > /1 P(r, w, w)I(z, u)dp (11.6.1)
and
I _
—u% +1(r, —w) = [1 — > (D)]B(r)
ZD'(‘[) +1 / / /
. /_1 P(r. . 1)I(r, 1) dyt,
(11.6.2)
where
_ II(T’ /JL) _ B[(T)
I(z, n) = ( 1(e. 1) ), B(r) = ( B.(0) ), (11.6.3)

the phase matrix P is given by

Table 11.1 The laws of darkening in the two states of polarization given by the third
approximation: the degree of polarization of the emergent radiation and a
comparison of the total intensities, given by the theory ignoring the polarization of
the existing field of radiation but incorporating Rayleigh phase function, are shown.
Notice that there is 11% polarization at the limb which is observed in preliminary
observations by Hiltner (1947).

” L0, ) O, u) L;O,n) LO,u) I.0, w0 5() 110, ) + 1,0, ) 10, )
F F  5,0,1) 1) L0 F F
0.0 0.1840 02310 02914 03659 1.2557 0.1134 0.4151 0.4195
0.1 02354 02767 03728 04382 1.1753 0.0806 0.5120 0.5175
0.2 02832 03190 04486 0.5053 1.1264 0.0594 0.6023 0.6076
0.3 03291 03598 0.5213 0.5699 1.0932 0.0445 0.6890 0.6937
04 03738 03997 0.5921 0.6330 1.0691 0.0334 0.7735 0.7773
0.5 04178 04390 0.6616 0.6953 1.0508 0.0248 0.8567 0.8593
0.6 04611 04779 0.7303 0.7569 1.0364 0.0179 0.9390 0.9402
0.7 05041 05165 0.7983 0.8181 1.0247 0.0122 1.0206 1.0203
0.8 0.5467 0.5549 0.8659 0.8789 1.0150 0.0075 1.1017 1.0998
0.9 05891 0.5932 0.9331 0.9396 1.0069 0.0034 1.1824 1.1789

1.0 0.6314 0.6314 1.0000 1.0000 1.0000 0.0000 1.2628 1.2576
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3 2(1 — 2 1 — 2 2,2 2
P(r. ) = > (I = p)( /zu ) Ut o (11.6.4)
4 7 1
and the Bs are the Planck functions such that
Bi(t), By,(t)>0 and O0<w(r) <1, (11.6.5)

where @ (7) is the albedo for single scattering.
The boundary conditions are that I(0, u) and I(tae, ) (0 < u < 1) are
specified. The degree of polarization is calculated by the formula

L) = I ()
@)+ [

+ (11.6.6)

where the + sign corresponds to the intensities I(z,, +u) and n represent the nth
layer of the medium which is divided into several plane parallel layers. P~ is defined
similarly. Grant and Hunt (1968) solved equations (11.6.1) and (11.6.2) and obtained
the polarization given in figure 11.5.

1.0

0.8

| | | |
1.0 0.8 0.6 0.4 0.2 0.0

u

Figure 11.4 The laws of darkening in the two states of polarization for an electron
scattering atmosphere. [ refers to the component polarized with the electric vector in
the meridian plane and r refers to the component with the electric vector at right
angles to the meridian plane (from Chandrasekhar (1960), figure 23, page 247, with
permission).
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Peraiah (1975) computed the polarization in spherically symmetric atmospheres
using the Rayleigh phase function. The transfer equation in spherically symmetric
geometry is written in the divergence form, which is

:L—Z% [rzl(r, ,u)] + ;% [(1 — uHIr, H)]

+1
=o@)I(r,u) — U(r){[l — @ (r)]b(r) + %/1 P(r, e, u)I (r, 1) du’},
(11.6.7)

where all symbols have their usual meanings, o (r) is the absorption coefficient and
b(r) is the source inside the medium at the radial point r. Let us write that

Ur, 1) =r’1(r, p). (11.6.8)

1.0

0.8

0.6

RELATIVE INTENSITY

0.4 U1(I)+ (‘)

0.2

NORMAL GRAZING

Figure 11.5 The angular distribution of the relative intensity of the total radiation
I H+1 L () and of the intensity components / L (I (1) of the radiation
reflected by slabs of optical thickness t = 0.3, 0.5. The atmospheres are illuminated
on their upper surfaces by normally incident beams. I~ (r) = I, (—u) etc. (from
Grant and Hunt (1968), with permission).
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We set w(r) = 1 as we are considering conservative scattering. Then equation
(11.6.7) can be written as

aU (r, 19
Loavew 19

o T [0 =DV G ]+ oV

+1
= ? /1 P(r,p, kYU, uHdp', we(,1) (11.6.9)

and

aU (r, — 10
T D [0 -] + oIV )
r rou

o(r) (! ) o
Z_EfLIH“ﬂL“WUMJWM pe© (11.6.10)

for the oppositely directed beam.
The radiation field is represented by the two perpendicularly polarized intensity
beams Uy (r, u) and Ug(r, u). Thus

Up(r, )
Ur(r,p) |’

where Uy, and Up refer respectively to the states of polarization in which the electric
vector vibrates along and perpendicular to the principal medium. The phase function

U(r,p) = ( (11.6.11)

1S

3 2(1 — 2 1 — 2 2
P(r,u,//)=1< ¢ Mﬂ)/g o Hi )

_ ( PG i) Pra(u i) )

— ) ) (11.6.12)
Por(u, ') Po(u, 1)

The transfer equation can now be written for each component, Uy, and Ug, as

U (r, 1 0
u# = [ = UL | + 0 (UL
r rou

o(r) ! , , , , ,
= 11(H, L7, 12( L, R(r,
5 /1 [Pi1 (e, UG W) + Prau, ! URGr, 1)) d e
(11.6.13)
and

9 — 19
LA G D [(1 — UL, —u)] +o (UL, =)
or rou

a(r) (M ) , ) N
= [1 [Pr1(—p, pHUL(r, 1) + Pro(—p, W Ur(r, )] dp,
(11.6.14)

with similar equations for Ug(r, ().
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The discrete representation of equations (11.6.13) and (11.6.14) and the two
similar equations for Ug(r, i), following the procedure given in chapter 6, are
written as

+ + * 17+ *1— +
M* Uy = Ur) + pe <A+UH£ +A_Un+é> +7,U0"

2

1
= (P++ C*U+ LCU ) (11.6.15)
2 +3 7 +2 +1
and
* + * — * + _
M*(UF —UY,) - <A U, AL U”+2) 6ty
1 o R
=3 Tut) (P *.C U+ | +P+2C U %>, (11.6.16)
where
Un1(L) Un,—1(L)
U*(L) Una(L) B Un.—2(L)
+
Un=<Ui(R) . Uhw) = 5 . U (L) = E ,
Un,m Un,—m
(11.6.17)
Up+j(L) =Ur(ry, £1j), j=12,....m. (11.6.18)

The vector U (R) is defined similarly and

N M 0 . C 0
M :< O M )’ M:[/’L./(Sjk]’ c :( O C )’ C:[Cja/k]’

j=12....m, (11.6.19)

where the ps and Cs are the roots and weights of suitable quadrature formulae.
Furthermore

++
Paﬁ n+l _P(X/S(+I’Ljﬂ +I’Lk) aﬂ)nJ’,%
T (11.6.20)
Potﬂ,n+% = aﬂ(‘i‘ﬂ]:—ll«k) ZPN/S,I‘L-‘:—% Ol,ﬁ = 192’ Mj’ Mk = 0
and
P++ P++
prt o= ! 12 ) 11.6.21
nt s ( | SR Ay ( )
with similar expressions for P:;:' , P T R and P . The quantities with the index

2
n-+ % represent the average of the ‘cell’ bounded by the radii 7, and r;,1 (see chapter
6). The optical depth 7, 1 is calculated using the formula
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n
tn+% = / o(r)ydr = an+% (Fpe1 — ). (11.6.22)

n+1
The curvature factor p, is given by

Ar
Pe = —, (11.6.23)

7

where Ar is the geometrical thickness of the ‘cell” and 7 is the mean radius of the
‘cell’. The quantity A* is given by

AL O
x , 11.6.24
+ ( 0 Ai) ( )

where the As are the curvature matrices (see chapter 6). The average intensities
U £ over the ‘cell’ are expressed as a weighted mean of the interface intensities.

+3
Thus

+ + + Ut — +

(E—XH%)Un +X Un+] _U (11.6.25)

(E—X;Jr%>U;Jrl +X;+%U; =U;+%, (11.6.26)
where E is the unit matrix and X:+ ; are 2m x 2m diagonal matrices with the
structure ’

X, . 1(L)
Xt = "z , (11.6.27)
nt3 X, 11 (R)

where X, 41 are diagonal m x m matrices. Generally we choose X, | 1 = %E for the

N —

diamond scheme.
We can now calculate the transmission and reflection matrices by following the
procedure given in chapter 6. For flux conservation we must have

IT(mn+1,n)+Rn+1,n) =1, (11.6.28)
IT(,n+1)+ R, n+ 1| =1 (11.6.29)

and

1

C; (Ajk — A/k) —0 forall k. (11.6.30)
1

J

This means that

l\) |

m
Z TPy ) + Par (s ) + Pri(=pg, 1)

+ Py (—pj, m)] =1 forall k (11.6.31)
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and

m

1
2 Z Ci[Pa1(1j ) + Poa(uj, i) + Pra(—p, pux)
=1

+ Po(—pj, up)] =1 forall k, (11.6.32)

with two similar equations for P’;_% and P,::%'

Equations (11.6.31) and (11.6.32) should be satisfied exactly. If they are not
satisfied exactly, then renormalization is necessary (Plass et al. 1973). We have
chosen the roots and weights of the Gauss quadrature formula for the us and Cs
respectively. This problem of polarization is solved by using discrete space theory
(chapter 6).

Calculations have been performed for spherical shells whose thicknesses are 1.5
and 5 times their respective stellar radii and whose optical depths are each 10. Fifty
discrete points have been chosen along the radial direction (the spherical shell is
divided into 50 smaller shells, N = 50). The step size At is calculated by using the
formula

Wi £ %,OA;-;

1 ++
Y —w) PitC

AT < Aty = min , (11.6.33)

where At is the optical depth of the ‘cell’. This will ensure the positivity of the r
and ¢ operators and the stability of the numerical method. If in equation (11.6.33),
the quantity At (‘cell’) is smaller than the optical depth of the shell (which is the
one obtained by dividing the spherical atmosphere into N shells), then we need to
subdivide the shell until we get a shell whose optical thickness is less than or equal
to At (‘cell’) given in equation (11.6.33). The r and ¢ operators of the composite
‘cell” are obtained by using the ‘star’ algorithm given in chapter 6. The curvature
factor of the outermost shell is
B—-A

—_, 11.6.34
N B ( )

Pout =

where B and A are the outermost and innermost radii of the spherical atmosphere.
The curvature factor of any shell n inside the spherical medium can be calculated in
terms of p,,; as follows:

Pout

pp=——. (11.6.35)
T 1= (= Dpou
The internal field is computed using the boundary conditions given by
l.att=0(n=1)
U]+(L) =0 forall us,
(11.6.36)

Uf(R) =0 forall us;
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2. and an unpolarized radiation incidentatt =7 (n = N + 1)

Uf(L)y=1 forall pus,

(11.6.37)
Uf(R)y=1 forall us.

This gives a flux of Z}":l Uny+1(L or R) = 1. The degree of polarization is
computed, for any shell n, using the formula

. UER) —UE(L)
" Ur R+ USL)
The results of polarization are shown in figures 11.6, 11.7 and 11.8 below. This
theory has been applied to the distorted (due to self radiation and the tidal influence

of the secondary component) components of close binary systems (Peraiah 1976),
assuming the following model.

(11.6.38)

An electron (or molecular) scattering atmosphere is assumed. If Ny is the density
at A, then the density N (r) is taken as

A\2
N(r) = No (—) . (11.6.39)
r
Therefore, the total radial optical depth 7'(r) is given by

T(r)=o0 /rN(r/) dr', (11.6.40)
A

.01
P
.001
1 1
-1 0 +1
u
Figure 11.6 The angular distribution of polarization along the radius vector
n=1,...,50 for r = 10 is shown. Continuous curves represent the spherical case

with B/A = 5 and the dashed curves represent the plane parallel case with
B/A = 1. Atn =50 for B/A = 1, the polarization is too small to be shown here.
Numbers refer to n (from Peraiah (1975), with permission).
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where o is the scattering coefficient. The results shown in figures 11.6, 11.7 and
11.8 are obtained by solving the transfer equation in a homogeneous medium. It

.01

Figure 11.7 Angular distribution of the emergent radiation for the indicated values
of B/A: dashed curves represent /7 and the continuous curves represent /g. Note
that at u ~ 1, I;, = Ig (from Peraiah (1975), with permission).

Figure 11.8 Angular
distribution of polarization
of the emergent radiation for
7 = 10 and the indicated
parameters of B/A (from
Peraiah (1975), with
permission).

.001 |
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can be seen from equation (11.6.39) that the density changes as 1/r> and therefore
we need to modify the procedure slightly as shells of equal geometrical thickness
are not shells of equal optical thickness. Shells of equal optical thickness have an
advantage in that the curvature factor decreases towards the centre of the star and
the doubling process (or the ‘star’ addition) needs to be applied only in the first few
shells near the top of the atmosphere. The curvature factor p (= Ar/r, where Ar
is the geometrical thickness of the shell and 7 is the mean radius of the shell — 7 is
taken to be the outer radius of the shell in these calculations) and is calculated as
follows. If r,, and r, 41 are the boundaries of the shell (r,,, r,+1), 7,41 is obtained
from the recurrence relation

’
Pn

L (11.6.41)
P+ rnrn+%

I'n+1 =

where p’ = NyA%o and Tyl is the optical thickness of the shell bounded by the
radii 7, and r, 4. Starting from some value for r,, (r; = B, the outermost radius of
the atmosphere), we can calculate the boundaries r,, of the subsequent shells with
the help of equation (11.6.41). Then the curvature factor is calculated from

_ (rp — rna1)
'n

Do (11.6.42)

Bl—

The components of the polarized flux parallel and perpendicular to the polar axis
(Fpor and F,y respectively) are calculated by integrating over the surface of the
apparent disc as described in Harrington and Collins (1968)). The linear polarization
P is calculated from the relation

o —
_ (Fq Fpol)

= . 11.6.43
(Feq + Fpol) ( :

The results for an electron scattering atmosphere are shown in figure 11.9.

18

Figure 11.9 Polarization
versus i, the angle between
13 the line of sight and the
10 orbital plane; f = 0.5 (the

ratio of the centrifugal force

10 6 at the equator to that of
Po, gravity). The numbers refer

° to By /A, where Bp, is the
outermost radius at the pole
(from Peraiah (1976), with
permission).
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Polarization calculations for H, molecule scattering atmospheres are shown in
figure 11.10. The Rayleigh scattering coefficient for Hy molecules as a function of
A(A) is given by

o(Hy) =814 x 107BA™* +1.28 x 107°27% 4+ 1.61273. (11.6.44)

Dumont (1971) obtained a numerical solution of the transfer equation for po-
larized continuum radiation by using the Feautrier numerical method. Barman
and Peraiah (1991) computed models for estimating the linear polarization from
extended dusty outer layers of the components of close binary systems. Cassinelli
et al. (1987) computed the polarization of light scattered from the winds of early
type stars.

117 Rayleigh scattering and scattering using planetary
atmospheres

It is diffuse reflection and transmission of radiation scattered according to the
Rayleigh phase function that gives the illumination and polarization of the sky. The
same physical processes occur in the planetary atmospheres — the scattering of the
sun’s radiation by planets such as Jupiter and Venus.

A parallel beam of radiation of the net flux

¥ =n(F, F,, Fy, Fy) (11.7.1)

per unit area normal to itself in the four Stokes parameters is incident on a plane
parallel atmosphere of optical thickness t; in a given direction (—/xo, o). We need

24

Figure 11.10 The
dependence of polarization
on the extendedness of the
atmosphere for: (1)

A =3162 A and (2)
»=10000 A, for f =0.7,
o = 1andi =90° (from
Peraiah (1976), with
permission).

P%

BP/A
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to find the angular distribution and the state of polarization of the light diffusely
reflected by the surface at t = 0 and that diffusely transmitted at T = 7. The laws
of diffuse reflection and transmission are expressed in terms of a scattering matrix
S(t1; 1, @; 1o, 9o). The reflected and transmitted intensities are given in terms of
these functions as

1
I0: +u, 9) = ES(U, s @5 o, po)F (11.7.2)
and
1
I0; —p, @) = @T(n, W, @3 1o, 9o)F. (11.7.3)

In the above equations the factor 1/u is introduced to maintain the symmetry of S
and T to transposition as was done for the phase matrix given in equation (11.4.21).
We need to distinguish between the reduced incident flux present at different depths
and the diffuse radiation field that arises because of multiple scattering. In view of
these two aspects of the radiation field, we write the radiative transfer equation in
plane parallel geometry as

dI(z, i, @)
p————=1

1 +1 p27
o (T, 14, 9) — E/l/(; P, ¢; ' oHI(z, ', ") dp' dg’

1 _
- ¢ TP, @3 — o, 9o)F, (11.7.4)

with the boundary conditions:

10, —p, ) =0 O<pu=10<¢=<2m),
(11.7.5)

I0, 1, 9)=0  (O<pu=10<¢=<2m).
We notice that when the phase matrix (see equations (11.4.16)—(11.4.20)) is re-
ducible with respect to the last row and column, the Stokes parameter V is scattered
independently of the others according to phase function % cos ®. Then the transfer

equation for V is given by

dv(z, u, )
po e
dt

3 +1 p27 ) % ) %
- 1/0 [uu’+(1—u) (l—u’) COS(w’—w)]
x V(t, ', @)ydu dg'

- gFv [—/LMO + (1 - M(2)>% (1 - Mz)% cos(po — w)] exp(—1/Ho)-

=V(t,u, @)

8
(11.7.6)

If we write V in the following form:
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3
V(T @)= Fy [—WOV(O)(I, 1)
1 1
+ (1 -~ M2)2 (1 - M%)z VD (z, w) cos(po — w)}, (11.7.7)
then we obtain the following pair of equations:

dvO(z, ) 3 (!
p—— = VO, p) - 1/1 1wV Oz, wydu — exp(t/ o)

(11.7.8)
and

dv P (z, ) 3
p———>— =V, p) - —/ w2V (z, 1ydp' — exp(r/po).

dt 8 —1
(11.7.9)
Now remembering that I = [1;, I, U], the transfer equation becomes
dI(z, p, @)
p— T = 1T . )
T
1 +1 e / / / / / /
7T J-1 Jo
1
- ZP(M, ®; — 1o, po)F exp(—1/10), (11.7.10)
where
F=1[F,F, U] (11.7.11)

and the matrix P(u, ¢; i/, ¢’) is the same as that defined in equations (11.4.16)—
(11.4.20) but with the last row and column deleted, that is

1

1 1
P, ¢; 1, ¢) = Q[P(O)(u, w4 (1= w2 (1= 12?) PO, ;' o)

+ PP (1, 5 1, <p’)], (11.7.12)
where
1 00
Q=101 0 [, (11.7.13)
00 2

=

2(1 _ MZ) (1 _ M/Z) + MZMIZ 2

3
PO (u, 1) = 1 w? . (11.7.14)

oS O O
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dpp’ cos(p’ —@) 0 2usin(p’ — ¢)
PO, ;1. ¢) = Z 0 0 0 :
—2u'sin(p’ —¢) 0  cos(¢p’ — @)
(11.7.15)

PO (1, o1 1, )
A cos2(¢’ — ) —pcos2(p — ) pru?sin2(p’ — @)

_3 — w12 cos2(¢’ — @) cos2(¢’ — @) —u'sin2(¢" — @)

=7 © ¢ -9 ¢ —¢ w'sin2(¢" — ¢

—ppu?sin2(¢" — ) psin2(@ —¢)  pup cos2(¢’ — @)
(11.7.16)

The law of diffuse reflection is given by

I | F;
10, n,)=| I, | = 4—QS(IL é; o d0) | B, (11.7.17)
"
U Fy

(see Chandrasekhar (1960)), where

1 1
<— + ;) S, @, 1o, vo)

Mo
s v 22 0\ (V@0 x(ko) 0

=1 xw 228w o || 22000 220 0
0 0 0 0 0 0

3 —dppocos(po — @) 0 2usin(go — @o)
+ 1 0 0 0
2uosin(po — @) 0 cos(po — @)

1 1
x (1= w2)" (1= )" HOGHD (o)

n2udcos2(po — @) —prcos2(po — )  —uprudsin2(go — ¢)

+1| Hicos2@—9)  cos2(e0—9) 140 sin2(go — @)
g sin2(go — @) usin2(po —¢)  —ppocos2(po — @)
x HP (wH? (o) (11.7.18)
and
V() = quH(p); d(n) = Hi(uw)(1 —cp);

1 (11.7.19)
x () = He(u)(1 — cp); E(n) = EqMHr(/'L)-

Hi(w), He(w), HV(uw) and H® (n) are defined in terms of the characteristic
functions
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W
~
[
|

=

S}
—
oo | W
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|

=

S}
—
oo W

(1-02) (o) 3 1)

(11.7.20)

respectively. The constants ¢ and ¢ are functions of H;(u) and H, () (see Chan-
drasekhar (1960)).

The problem of greatest interest is the diffuse reflection of an incident beam of
natural light in which case

1
Fi=F=2F and Fy=Fy=0. (11.7.21)

From equation (11.7.18) we obtain

3 1
IO, u, ) = 2t o) {Ilf(u) [¥ (o) + x (o)l

+ 26/ (1) [ (10) + £ (10)]
— 4o (1= 12)" (1= 118)" HO 0 HD (uo) cos (g0 — )

— (1 —~ ué) HP (W H® (o) cos 2(go — w)} 1oF,
(11.7.22)

3
L0, 1, 9) = 3200+ o) {X WY (o) + x (o)1 + 26 ([ (o) + & (110)]

+ (1= uHP (W HP (o) cos 2(p0 — ) o F, - (11.7.23)
and

U, pn,¢) = m[z (1 — /Lz)% (1 - M%f woHM (1)

x HD (1) sin(gpo — ¢)
1 (1= 13) HO G H (u0) sin2 (g0 — ) Juo .

(11.7.24)

The corresponding expressions for the intensities which represent light that has suf-
fered a single scattering process in the atmosphere can be obtained from equations
(11.7.22)—(11.7.24) by letting

v > pl dw) > 1—p? x(w) —> 1,

Ew) —> 0, HYw) -1 and H? - 1. } (11.7.25)

. 1 1
Therefore we obtain 11( )(O, Ww, ), Hl( )(0, u, @) and U(l)(O, W, ) as

Il(l)(O, @) = m&iz (1 + M(z)) +2 (1 — ,uz) (1 - ,u(z))
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1 1
— 4ppo (1 - u%)z (1 - u2)2 cos(¢o — @)

— 2 (1 - Mg) cos 2(¢0 — @) |uo . (11.7.26)

100, 1) = [1+ 13+ (1= 113) cos 260 — )| o F

3201+ po)
(11.7.27)
and
U0, 1. g) = %[2(1 —uht (1- M%)% o sin(go — ¢)
(u + ro)
+,u<1 —M%> sin2((p0—(p)]u0F. (11.7.28)

The laws of diffuse reflection given in equations (11.7.22)—(11.7.28) are illustrated
in figures 11.11, 11.12 and 11.13 for angles of incidence corresponding to ;o = 0.8
(figure 11.11), uo = 0.5 (figure 11.12) and o = 0.2 (figure 11.13). The variations
of I, I;, I, + I;, I, — I in the principal plane (p9 — ¢ = 0 and ) containing
the direction of incidence and in the plane (g9 — ¢ = :i:%n) at right angles to
the directions of incidence are shown. In the principal plane, U = 0 which is
required by symmetry since, in the plane containing the direction of incidence, the
plane of polarization must be along the direction of / and r. However, in the plane
0o — @ = j:%n , U # 0 and the variation of U is also shown. The intensity of light
which has suffered only a single scattering in the atmosphere is shown in figures
11.11 and 11.12. From the figures, it is seen that /; is more dependent on angle than
I. This is particularly true in the meridian plane for moderate angles of incidence
because /; shows strong variation while /, is nearly independent of angle. One can
understand this on the physical grounds because light polarized at right angles to
the plane of scattering is isotropically scattered while light polarized parallel to
the plane of scattering is scattered in accordance with the phase function 3 cos? ©.
Moreover, in the principal plane, there is a reversal of the sign of polarization, the
polarization vanishing at two points — a phenomenon of neutral points which occurs
in the polarization of the sky.

In the standard problem, we consider a parallel beam of radiation incident on a
plane parallel atmosphere at T = 0 and no radiation incident at T = T, from below,
ie. I(t1, 1, 9) =0 (0 < u < 1). However, in the case of planetary atmospheres,
the atmosphere is illuminated by the sun and the atmosphere rests on solid ground or
an ocean or a cloud bank which will modify the law of diffuse reflection at 7 = 7.
Thus ‘ground’ reflection will modify the boundary condition at T = 7;. One does
not have exact knowledge of the reflecting properties of ground but one can use
Lambert’s law (see figure 11.14) according to which a surface with an ‘albedo’ Aq
reflects as follows:
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10, p, @; o, o) = dopoF (11.7.29)

(see Chandrasekhar 1960, Grant and Hunt 1968).

Therefore, the planetary problem may be stated as follows. A parallel beam
of light of net flux m F (or #F when polarization is taken into account) per unit
area normal to itself is incident on a plane parallel atmosphere in a given direction
(—no, ¢o). The atmosphere is of optical thickness 71. At 71 is the other boundary
(the ‘ground’) which reflects according to Lambert’s law with an albedo Ag. We

1.0

0.8

0.6

0.4

0.2

90 60 K30 O 30 60 90 90 60 30 0

Figure 11.11 The law of diffuse reflection by a semi-infinite atmosphere on
Rayleigh scattering. The ordinates represent the intensities in units of o F and the
abscissae the angle in degrees. An angle of incidence corresponding to g = 0.8 is
considered and the variation of the reflected intensities and the planes ¢y — ¢ = 0
(the curves on the LHS of the diagram) and ¢y — ¢ = 90° (the curves on the RHS of
the diagram) are illustrated. The intensities /; and I, (in directions parallel and
perpendicular to the meridian plane containing the directions of the reflected light),
the total intensity I; + I, and I; — I, are all shown and, in the plane ¢y — ¢ = 90°,
the variation of U is also shown. The intensities / l(l), 1,(1) and UV obtained due to
the light which suffered a single scattering are shown as dashed lines. The total
intensity I; + I predicted by the present exact theory of Rayleigh scattering is
compared to what could be expected (shown by the continuous curves) from a theory
which does not take into account the state of polarization of the radiation field but
allows for an anisotropy of the scattered radiation according to Rayleigh phase
function (from Chandrasekhar (1960), figure 24, page 262, with permission).
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90 60 30 0 30 60 90 90 60 30 0

Figure 11.12 Same as in figure 11.11 but for an angle of incidence of ;g = 0.5.
Notice that the ordinate on the RHS of the diagram is shifted relative to that on the
LHS (from Chandrasekhar (1960), figure 25, page 263, with permission).

yo

Ir=lI

]
-1 - 1 Ir—l -

) [ | | | | | | | | | L J-2.
90 uo 60 30 0 30 60 90 90 60 30 0

Figure 11.13 Same as in figures 11.11 and 11.12 but for iy = 0.2 but here the
results of single scattering are not shown (from Chandrasekhar (1960), figure 26,
page 264, with permission).
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need to find the state of polarization and the angular distribution of the radiation

diffusely reflected from the surface = 0 and also to specify the illumination and

polarization of the ‘sky’ as seen by an observer at t = t;. This is the planetary

problem. For details of the solution see Chandrasekhar (1960).

RELATIVE INTENSITY

1.0 0.5
NORMAL

u 0
GRAZING

Figure 11.14 The effect of a Lambert surface of albedo A. The angular distribution

of the relative intensity of the total radiation [U; (I) — U; (r)] and of the intensity
components U; (r) and U 1 (1) of the radiation reflected by a slab of optical

thickness T = 0.5 is shown. The atmosphere is illuminated on its upper surface by a

normally incident beam. These calculations were done using discrete space theory.

The U's are the intensities (from Grant and Hunt (1968), with permission).
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It is well known that Lord Rayleigh accounted for the principal features of the
brightness and polarization of the sky radiation in terms of the molecular scattering
that is associated with his name. The deep blue of the sky at the zenith is related
to the =% dependence of the scattering coefficient on wavelength (see equation
(11.4.4)) and to the fact that for a small optical thickness 7j, the intensity of
the transmitted light is proportional to ;. Similarly the strong variation in the
polarization of the sky radiation is related to the fact that according to Rayleigh’s
law, the light scattered at right angles to the direction of incidence is completely
polarized while the light scattered in the forward or the backward directions has the
same polarization as the incident light. However, the law of single scattering cannot
account for all the features of the sky radiation. It is known that at right angles to
the sun the polarization is not complete (§ = 87%) and that the polarization in
the direction of the sun is not zero, but it is instead weak and negative. Also for
general angles of incidence there are two points where the light is unpolarized in
the meridian plane. These points of zero polarization are called neutral points. For
angles of incidence < 70°, the neutral points occur between 10 and —20° above and
below the sun. These are the Babinet and Brewster points respectively. When the
sun is low, then near the horizon, opposite the sun and about 20° above the anti-solar
point another neutral point occurs. This is called the Arago point.

There are occasions when all these neutral points occur simultaneously and
persist even after sunset. These may be due to the curvature of the Earth’s atmo-
sphere. For the details of obtaining the solution of Earth’s curvature problem see
Chandrasekhar (1960). Rangarajan et al. (1994) have computed the polarization
of light with non-conservative Rayleigh scattering using the discrete space theory
computational scheme of radiative transfer (Peraiah 1978). They computed the
polarization in a finite medium. They derived several interesting results which we
shall briefly mention here (Abhyankar 1996):

1. Both I and Q = |I, — ;| decrease with w in all directions as the probability
of scattering over absorption decreases.

2. For smaller ts I has double maxima in the plane of the sun’s vertical which
are close to the horizon and these shift towards the zenith as 7| increases.

3. At small values of w, polarization increases when I; < I, and decreases when
I > I,.

4. The Babinet and Brewster points are bright closer to the sun as @ decreases.
Non-conservative Rayleigh scattering brings out the effect of aerosols
prominently.

5. The Arago point moves towards the anti-solar point with decreasing w and
vanishes for small values of w.

6. The polarization is maximum at 90° from the sun, as in the case of
conservative scattering, and decreases as the optical thickness increases and
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increases with decreasing values of w.

7. When ¢y — ¢ = 0, the absolute value of the polarization has two minima and
they move closer as w decreases. In the opposite direction when
¢ — ¢p = 180°, the maximum polarization is shifted towards the horizon as
the sun goes towards the zenith, independent of the v and w values. When
¢ — ¢p = 90° and 270°, the plane of polarization is the same for all values of
o at the zenith, but at the horizon it depends on w (see table 11.2).

Hovenier (1987) developed a unified treatment of polarized radiation emerging
from a homogeneous plane parallel atmosphere by using exit functions. Daguchi
and Watson (1985) studied the circular polarization of interstellar absorption lines.

118 Resonance line polarization

In quantum theory, the resonance line scattering arises from the transition from
an initial ground state to an excited intermediate state and back to the ground

Table 11.2 Neutral points for the transmitted light. The numbers in columns 3-7 are
the zenith angles in degrees (Rangarajan et al. 1994).

Optical ~ Sun’s do w=10 0w=08 w=05 =02 Remarks

depth  position (conservative
T ¢ — o scattering)
0.2 0 84° 62.0 65.2 70.0 75.0 Babinet
0.2 180 84 72.5 76.0 80.0 86.0 Arago
(anti-solar
direction)
0.2 0 60 43.47 454 48.6 52.7 Babinet
80.5 77.5 73.5 68.0 Brewster
0.2 0 36 26.5 28.0 29.5 32.7 Babinet
50.0 48.5 454 41.9 Brewster
0.5 0 84 56.5 61.4 67.0 74.2 Babinet
0.5 180 84 66.2 71.0 77.4 85.3 Two Arago
0.5 0 60 39.0 42.1 47.0 51.7 Babinet
86.9 82.2 75.8 68.6 Brewster
0.5 0 36 24.0 25.6 28.0 31.2 Babinet
54.9 51.7 47.0 422 Brewster
2.0 0 60 36.7 44.6 54.0 Babinet
82.1 70.2 60.6 Brewster
2.0 0 36 21.5 25.6 29.6 32.7 Babinet

64.6 51.7 44.6 40.6 Brewster
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state. In considering these transitions we need to distinguish between the different
substates of each level as specified by the magnetic quantum number m (which
is the eigenvalue of the z-component of the total angular momentum in units of
h). Let Ay, By, and A, represent the different states of the radiating atom, where
A and B refer to the ground (initial or final) and the intermediate (excited) states
respectively, and the subscripts refer to the m values of the different substates in
question. The probability of a transition Ay — B, between a single pair of m

90

60 30 0 30 60 90 90 60 30 0 30 60 90

Figure 11.15 The laws of diffuse transmission on Rayleigh scattering by a plane
parallel atmosphere. The ordinates represent the intensities in units jo F and the
abscissae the angle in degrees. Angles of incidence corresponding to

o =0,1,0.2,0.4,0.5 and 0.8 are considered; also t1 = 0.2 (the arrows indicate the
directions of incidence). The curves in the left hand diagram illustrate the variation
of the net diffusely transmitted light (/; 4 I,-) in the meridian plane. For the sake of
clarity, curves for different angles of incidence have been displaced with respect to
one another: the scales of the ordinates for the successive curves are indicated. The
curves in the right hand diagram illustrate the variation of /; — I, (also in the
meridian plane) for various angles of incidence. The scale of the ordinates has been
staggered, as in the left hand diagram. It can be seen that for ;g = 0.1 and 0.2, the
neutral points occur in positions appropriate for the Babinet (Ba) and the Arago (A)
points. For larger angles of incidence, the neutral points occur on either side of the
‘sun’ in the positions of the Babinet and Brewster (Br) points. The ‘setting’ of the
Arago point therefore coincides with the ‘rising’ of the Brewster point and
conversely (see Chandrasekhar (1960)). Rangarajan et al. (1994) explained the shift
of the Babinet points with non-conservative scattering using discrete space theory
(from Chandrasekhar (1960), page 283, figure 27, with permission).
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states is easily calculable from any given stream of incident radiation. Similarly,
the angular distribution and the state of polarization of the quantum emitted in a
transition B, — A, between a single pair of m states are also known. However,
one must pay attention to the fact that the different sequences of transitions which
are possible starting from the same state Ay are not uncorrelated, because when
transitions from a given state Ay to different substates B, are possible, the wave
functions of these substates have phases which are related in a definite manner to
the phases of the wave functions belonging to Aj. This means that the resulting
transitions B, — A, from the different substates B, will not be independent to each
other. In resonance fluorescence the Stokes parameters /;, I, and U are scattered in
accordance with the phase matrix of the form (see Chandrasekhar (1960))

cos2® 0 0 : 1 10
EEI 0 1 0 +§E2 11 0 |, (11.8.1)
1 0 cos2® 0 00

where £ and E, are constants depending on the initial j value and Aj (= £1 or
0) involved in the transition. In the case of Rayleigh scattering and in the case of
scattering by anisotropic particles, the parameter V is scattered independently of the
rest and according to a phase function of the form

2
§E3 cos ®, (11.8.2)

where E3 is another constant depending on j and Aj. E, E», E3 are given in table
11.3. These constants are due to Hamilton (1947). We can see from table 11.3 that

E|+Ey=1. (11.8.3)

This is an essential condition for conservative scattering. Furthermore, when j = 0
and Aj =1

Ei=1, E2=0, E3=1. (11.8.4)

This is similar to Rayleigh scattering.

Stenflo (1980) pointed out the importance of the diagnostic potential of scattering
polarization measurements in the solar spectrum. The non-magnetic polarization in
lines such as NaDy is a case in point. Stenflo et al. (1980), using the HAO Stokes
polarimeter, found a polarization maximum in the core of the line which is of the
same order of magnitude as the maxima in the wings. Wiehr’s (1981) measurements
do not show this maximum, but the resonance lines Cal 4227 A and Call K have
a similar feature. Stokes’s Q maximum is reduced while Stokes’s U is enhanced.
These characteristics appear to be confined to the Doppler core with the wings being
unaffected, which is interpreted as depolarization and the rotation of the plane of
linear polarization in the core due to the Hanle effect predicted by Omont et al.
(1973). Dumont et al. (1977) and Rees (1978) have studied the cores of the solar
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resonance absorption lines. Dumont et al. (1973) and Auer et al. (1980) assumed
coherent scattering and computed polarization profiles which are in a fairly good
agreement with observation in the line wings but they found it difficult to obtain
the simultaneous existence of polarization of the core and wing maximum. Rees
and Saliba (1982) used frequency redistribution with coherent scattering in the rest
frame of a two-level atom model with natural broadening of the upper level similar
to that of Kneer (1975).
The transfer equation in plane parallel layers for the Stokes vectors I;(t, i) and
I (T, ) is given by (Rees and Saliba 1982)
dI(x, p)
dt
where I(z, ) = [I;(t, ), I.(z, 1)]” and the normalized line absorption profile
¢ (x) is taken to be a Voigt profile given by
H(a, x
P(x) = % (11.8.6)
with constant damping to the Doppler width ratio a. The total source function vector
St is given by

w =B+ ()] (T, ) —Sr(x, W], (11.8.5)

_ ¢)Sp(x, n) + BB
B+
where B = 1 B(1, 1) is the unpolarized continuum source vector and B is the Planck
function. The line source function Sy (x, ) is given by (Dumont et al. (1977)

Si(x,
&mm=<;$g)
_ (1 —e)dm
W)

St(x, 1) , (11.8.7)

+00
/ dx’' / dQY R, n'; x,n)I(x’,n") +B.
—00 4
(11.8.8)

The distribution function R(x’, n’; x, n) gives the correlation in frequency, angle and
polarization between light absorbed at frequency x’ in the direction n’ and emitted

Table 11.3 The constants E|, E; and E3.

Aj E; E> E;3
Qj+5G+2) 3j(6j+7) j+2
10G+DQ2j+2)  10jG+DQji+D 2+
2j—D@2j+3) 32j2+2j+1) 1

10j(j + 1) 10j(j + 1) 2j(j+1)
Qj=3)( -1 3(6j2+5)—1) -1

10j (25 + 1) 102 +1) 2j
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at frequency x in the direction n and d2’ is an element of solid angle about n’. For
a two-level atom with coherent scattering in the rest frame (lower level with zero
width and a naturally broadened upper width), we have the redistribution function
given by (in Hummer’s (1962) notation)

P /, 1 ’_ 2
R;(x',n';x,m) = (. m) exp |:— (x 5 x) cosec’ g:|

47 472 |siny|

!/
x H asecz,x +xsecz , (11.8.9)
2 2 2

where y is the angle between n’, n. To maximize polarization Rees and Saliba
assumed a j = 0 — j = 1 transition so that P(n’, n) has the form of the well
known Rayleigh phase matrix described above.

In terms of the phase matrix equation (11.8.9) can be written as

R/ (x',n'; x,n) = LP(H/, H)LRII(XI, X), (11.8.10)
47 4

where Ry (x', x) is the angle-averaged redistribution function corresponding to the

one in equation (11.8.9). The function in equation (11.8.10) will retain the angular

distribution through the phase function P(n’, n) from which we obtain the polar-

ization and the frequency correlation through the angle-averaged scalar function

R;;(x’, x). For isotropic scattering (see chapter 1) R;;(x’, x) is given by

1 o0
R (x',x) = 37 / exp(—u?)
SRS (e

x [tan_l ()—C_”) — tan~! (x _”)} du, (11.8.11)
a a

where ¥ = max(|x'|, |x]), x = min(|x’|, |x|). The azimuthal integration is done in
equation (11.8.10) and Sz (x, p) is written as

1—¢€ +00

Sp(x, u) = W -

+1
dx Ry (¥, %) f P, LK, 1) dyi' + B,
—1

(11.8.12)

where P (u, ') is the Rayleigh phase function for the Stokes components /; and I,
and is given by

P(u', p) =

2 2 2.2 2
§<2(1 pOA = w=) +pop= ) (11.8.13)

8 w? 1
Rees and Saliba followed the suggestion of Stenflo (1976) and used the approx-

imation of Jefferies and White (1960) which means scattering is applied in the
observer’s frame as a CRD in the line core with a gradual transition to coherent
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scattering (CS) in the wings. They used Kneer’s (1975) approximation which is
given by

Rip(x', x) = (@), 8(x" = x)p(x) + (1 — av x) () (x), (11.8.14)

where
+00
(a), = f ay ¢ (x')dx’ (11.8.15)
—00
and
s 2 2

ay x =1—exp {—(x 1 ) } £ =max (|x'], |x]). (11.8.16)
For CRD,

ay x=0; forCS ay, =1 (11.8.17)

Equation (11.8.5) is written in terms of / = I; + I, and Q = I; — I, in the form
of two equations as follows:

dI
SCT ) =[B+ o)) [1(x, w) — Sh(x, M)] (11.8.18)
and
d
Q(T M =[B+¢o()] [Q(x, ) — S2(x, M)], (11.8.19)

where S; and STQ are given by

¢ ()8 (x, n) + BB

SE(x, p) = , 11.8.20
T(x M) B+ o) ( )
¢ (x)(1 — u*) P (x)
S2(x, p) = . 11.8.21
7 () B+ o) ( )
The line source function for 7 is
STx, w) = Sx) + (% — ,u2> P(x), (11.8.22)
with
1—¢ +o00 +1
S(x) = R11(x’,x)dx’f I(x,u)ydu +eB (11.8.23)
2¢(x) J oo -1
and
3 (1—¢

Plx) = T R dx’fjl [(1 - 3,3) 1, 1)

16 ¢(x) J o
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+3 (1 - ,/2) o', u/)] du'. (11.8.24)

The boundary conditions for a finite atmosphere of total optical depth 7" are that no
radiation is incident on either side of the boundary, that is,

Ix, ) =0(x,u) =0 (t=0,u<0;7=T,u>0). (11.8.25)
The boundary conditions for a semi-infinite model at the lower boundary are
I(x,p)=B, QUx,u)=0; n=>0, (11.8.26)

which are applied below the thermalization depth. The upper boundary condition is
the same as (11.8.25).

The transfer equations (11.8.18) and (11.8.19) were solved using Auer’s (1967)
modified Feautrier finite-difference scheme combined with an iterative process and
the scheme of Vardavas and Cram (1974). Some of the results of how the polar-
ization varies are given in figures 11.16, 11.17, 11.18, 11.19 and 11.20. In Figures
11.19 and 11.20 we see that the polarization profiles with maxima in both cores
and wings. This removes the uncertainties in Auer et al. (1980). Nagendra (1988)
computed resonance line polarization profiles for a large number of models using the
partial frequency redistribution given in equation (11.8.11) in spherically symmetric
media. He used an inverse square law for the opacity, that is,

KE(r)y = Kor 2, (11.8.27)

where KL (r) is the line centre absorption at r, and Ky is that at ry the innermost
boundary of the atmosphere. He employed Schuster boundary conditions, planetary
nebula type boundary conditions and discrete space theory (chapter 6) and derived
the resonance line polarization for PRD shown in figure 11.21. Resonance line po-
larization in expanding spherical atmospheres can be studied by using the Rayleigh

0.1

0.2
0.3

0.4

Log |

0.5

0.6

Figure 11.16 PRD profiles for a finite atmosphere of varying thickness 7': (a)
intensity, (b) polarization. For T = 10, the polarization profile for CRD with § =0
is also shown (from Rees and Saliba (1982), with permission).
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phase function as described in Rees and Saliba (1982). The transfer equation in a
spherically symmetric expanding medium in the comoving frame is (see chapter 8)

CRD ! () ! '

. T=00
—4 r=0

Log |

Figure 11.17 A comparison of the CRD profiles for purely Doppler (a = 0) and
Doppler plus natural (a = 1072) broadening for an isothermal semi-infinite

atmosphere with no background continuum: (a) intensity, (b) polarization (from Rees
and Saliba (1982), with permission).

Log |

Figure 11.18 A comparison of the CS, CRD and PRD profiles for an isothermal
semi-infinite atmosphere with no background continuum: (a) intensity, (b)
polarization (from Rees and Saliba (1982), with permission).
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Figure 11.19 The PRD intensity and polarization profiles for a semi-infinite
isothermal atmosphere with a background continuum (8 = 107, 10~8). Note the
core and wing maxima (from Rees and Saliba (1982), with permission).

Q/I(%)

o=

N W~ 0 O

r=10° _| 1

c=1 .
_____ Intensity
| | — Polarlgatlon|

2

4 6 8 10 12

14

Figure 11.20 The PRD intensity and polarization profiles for the chromospheric
model B =1+ 100exp(—7) (¢ = 1072) with background continuum (8 = 1079,
1078). The polarization profiles have core and wing maxima as in figure 11.19. The
wing maximum is barely detectable for = 10~8 (from Rees and Saliba (1982),
with permission).
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Figure 11.21 The angle
dependence of the emergent
I(=1; + I;) and

Q/I (Q = I; — I) profiles
corresponding to the PRD
scattering mechanism. 7' is
the total optical depth, a is
the damping parameter and
Ryy(x, x') is the
redistribution function.
Three Gauss angle points
are used (w1, uy, 13). The
first numbers in the brackets
refer to B/ A, the ratio of the
outer to inner radii (from
Nagendra (1988), with
permission).



11.8 Resonance line polarization

where Uy, r(x, i, 1) = 4nr21L,R (x, i, r) and k; is the frequency integrated opacity
at the line centre, V (r) is the velocity of the medium at radius r in Doppler units or
mtu, and all the other symbols have their usual meaning. The normalized absorption
profile is represented by a Voigt function
H(a, x)

T

The line source function S(x, u, r) is

1_6 +o0 +1 UL(x/ M/ r)
S , , - d / R /’ /; , 9 ) d /
=50 f_oo ! /_1 (o ’“( Uret'.r) )

1 1
+ 56190)( . ) (11.8.30)

¢(x) = (11.8.29)

The redistribution function R(x’, ; x, ) is adopted from Rees and Saliba (1982)
as

R, w5 x, ) =P/, )R, x), (11.8.31)

where P(u’, i) is the Rayleigh phase matrix for Uy, and Ug. The angle-averaged
R(x’, x) is taken to be

R, x) = p(x)p(x). (11.8.32)

Now equation (11.8.28) is solved in the frame work of discrete space theory (see
chapter 6). The discrete equations for the oppositely directed beams of radiation are

+ + +y7+ -1 + +
M[Un+1—Un]+,oc[A U, +A Un+%]+rn+;cbn+lU |

2 s

1—¢€
_ +
_t’l+%sn+%+ >

+Mdut |, (11.8.33)
n+s

HwHyt L RT-WHU—
Tt [REFWHUT 4+ RTWH U]

_ _ fyr— —yr _ _
M[U; - U, ] - o |:A U A Un+%]+rn+%<bn+%Un+%
1 —e¢
— - —+w-—t+y7t W1
_T”+%Sn+%+TTn+% [R A U +R \%% U ]n+%

+MdU (11.8.34)
n+z
where the different matrices are explained in chapters 6 and 8. Furthermore
M= [l Uy =0, [U],, = Ui £ ras p),

where k = j+ G —-DJ+(p—1IJ,1 <k < plJ,and p is the number of
polarization states (p = 2 in this case). J and [ are the number of angles and

407



408 11 Polarization

frequency points respectively, j and i are the running indices of angle and frequency
points respectively (see Varghese (2000)).

+  _ +
O = (6 07) b
+ ° _ _ .
¢k,n+% - ¢(xlv :I:M, rn+%7 p)’
SE = ] 1B, 18
1= [0B + €bi )41 By 18k (11.8.35)
++ _ [w++ )
Wn+2 [Wk +28kk ]
+ owtt  — gttt e
¢k o+t k n+t ai,n+%cf’
where ai+n+ , are the normalized weights given by
U
att = i+ (11.8.36)
in+y T 200 21J ’ e
++
Zalcf ZRk Kn
k=1 k'=1
with
++ — X
RS oy = ROy xi i), (11.8.37)

The rest of the procedure for obtaining the solution is same as that described in
chapter 6 or 8.

Varghese studied the problem of polarization of radiation in a dusty expanding
spherical atmosphere. He used the CRD function to find the effects of dust on
polarization. The transfer equation in the comoving frame with dust and two states
of polarization is written as

o (UL | 1-0? 0 ( UnGeopn)

Mﬁ( Ur(x, i, 1) >+ r @( Ur(x, p,r) )
wfsron (S ) - ()]
ot d (G )]

] Gt B Gredl) N

where kg, 1S extinction due to dust (only isotropic scattering due to dust is taken
into account), Sl‘f and Sj‘é are the source functions due to dust and are given by

S g, r) = (1 — @) Baugt + Ew/ P, 1)UL g(x, i, r)dyd,
—00

(11.8.39)
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where By, is the Planck function for the dust emission, @ is the albedo of the
dust and P is the isotropic and coherent scattering phase functions. The quantity
Bust 1s normally neglected because the re-emission is far away from the line centre
and may not contribute to the line radiation. Therefore we can neglect this term.
Equation (11.8.38) has been solved using discrete space theory and some of the
results of these calculations are given in figure 11.22.

Mohan Rao and Rangarajan (1993) studied the influence of collisional redistri-
bution on resonance line polarization and found that polarization at the line centre
is a monotonic function of the coherence parameter. Rangarajan (1997) studied the
resonance line polarization when wave motion is present. He solved the transfer
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Figure 11.22 Source functions ((a) and (b)) and their degrees of polarization in a
spherically symmetric expanding medium with dust ((c) and (d)) (from Varghese
(2000), with permission).
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11.23 Time average of the polarization over one full period: (a) a damped
sine wave, (b) an undamped sine wave, (c) a sawtooth wave (from Rangarajan

(1997), with permission).



11.8 Resonance line polarization

equation for the two states of polarization in plane parallel geometry and in the
rest frame. He applied this theory to Ca II K-like lines in a chromosphere, adopting
B = 1077, ¢ = 10~* and a depth dependent damping parameter ¢ = 1073, The
Planck function used was

B(t) = 14 107,%% 4+ 100 exp(—70.77.'/%), (11.8.40)

giving a temperature minimum at about 7, = 1072, where 7 is the continuum
optical depth. Three types of waves have been used: (1) a damped sine wave, (2) an
undamped sine wave and (3) a sawtooth wave. The results of polarization are shown
in figures 11.23.

Poutenen et al. (1996) computed the Compton spectrum reflected from cold
matter. They derived the basic characteristics of the polarized spectra produced
by Rayleigh and Compton scattering by using discrete space theory (see figure
11.24). They derived the angular and polarization properties of the fully relativistic
Compton scattering cross section together with the photoelectric absorption and the
generation of a fluorescent Fe line. The transfer equation for polarized radiation in
plane parallel geometry is

P(x.1 (%)

rel

rel

log x F (x,l)

log x log x

Figure 11.24 The reflected flux F'¢/ (x, p1) and polarization P" ef (x, w) at different
angles of view u for an incident cone of unpolarized radiation with opening angle
cos ™! 1o, (@) o = 0.11 and (b) g = 0.89. The incident flux has a power law
spectrum FM(x’, /) = 8(u' — o) (x") L, where x’ extends upto x” = 8. The solid,
dotted and dashed curves corresponds to i = 0, 0.5 and 0.89 respectively (from
Poutenen et al. (1996), with permission).
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dI(x, 11, )
e T)

= I(x, 1, 7)

+1 . _
+W(x)/ dx/ di/'R(x, s x', pHIx', ', 1),
1
(11.8.41)

where I = [I, 017, dt = ny [aph (x) + asc(x)] dz is the optical depth correspond-
ing to the geometrical depth dz, 0,5, (x) is the photoelectric absorption cross section,
osc 1s the scattering cross section, which is the sum of coherent and incoherent cross
sections o.op(x) and ojpeon(x), and x = hv/ m,c?. The albedo for single scattering
@ (x) is defined in this case as

_ o,c(x)
w(x) = —Gph )+ o)’ (11.8.42)

ﬁ(x, w; x’, ') is the azimuth-averaged polarized 2 x 2 matrix. The general form of
R used by Poutenen et al. (1996) is

Ocoh(X)

Osc(X)

OT Gincoh (X)
UKN (X)Usc (x)

R(x, p; x', 1) = Rpayr(x, s x', 1)

+ l,\{Comp()‘fa 3 x/7 M/)

+ Rﬂuor(-x M3 x, w p) (11.8.43)

Osc (x )

where ﬁRayl is the classical coherent Rayleigh scattering redistribution function,
ﬁCOmp is the incoherent Compton scattering, ﬁﬂuor is the fluorescent line production
redistribution function, ogy is the angle integrated Klein—Nishina cross section for
Compton scattering and o7 is the Thompson scattering cross section. The above
redistribution is described in chapter 1. Equation (11.8.41) has been solved in the
framework of discrete space theory (see chapter 6 and Poutenen et al. (1996) for
details). Green’s matrix is computed numerically by solving the polarized transfer
equation in an optically thick plane parallel slab using discrete space theory. The
Green’s function is given by

G=r(,N+1), (11.8.44)

where r(1, N+1) is the diffuse reflection operator of the radiation diffusely scattered
between the layers 1 and N + 1. This is obtained through internal field computations.

Faurobert (1987, 1988) calculated the linear polarization of the resonance lines
in the absence of a magnetic field in finite and semi-infinite media.

Exercises

11.1 Derive the phase matrix in equation (11.4.13) and the relation given in equations
(11.4.14) and (11.4.15).



References

11.2 Derive equations (11.6.15) and (11.6.16).

11.3 Inequations (11.6.15) and (11.6.16), if the isotropic scattering phase function is used
instead of the Rayleigh phase function, what sort of equation do you obtain? Derive
these equations.

11.4 Derive the condition on phase functions to satisfy the conservation of radiant flux in
a conservatively scattering medium.

11.5 Obtain equation (11.6.29) from the condition of flux conservation. Apply Gauss,
Labotto and trapezoidal points and find which satisfies this relation most accurately.

11.6 Derive the transmission and reflection operators of equations (11.6.13) and (11.6.14)
using discrete space theory. Obtain the condition on the optical (critical) depth.

11.7 If

nw

d( Ii(z, ) >
I (T, 1) :< I(t, w) )

dt I (T, w)

_5/“ [( 2(1—p2) (1= p?) + p2u? p? >< I(z, )}dt/
8J w? 1 I(T, ) ’

I'=U+1), 0=U—-1I)

and I = [1Q]”, write down the transfer equation for I and the corresponding phase
matrix.

REFERENCES

Abhyankar, K.D., 1996, Quarterly J. R. Astron. Soc., 37, 281.
Auer, L.H., 1967, ApJ, 150, L3.

Auer, L.H., Rees, D.E., Stenflo, ].O., 1980, A&A, 88, 302.
Barman, S.K., Peraiah, A., 1991, Bull. Astron. Soc. India, 19, 37.
Bastian, P., 1982, A&A Suppl. Ser., 48, 153.

Bastian, P., 1985, A&A Suppl. Ser., 59, 277.

Bond, G.R., Siewart, C.E., 1967, ApJ, 150, 357.

Case, K.M., 1960, Ann. Phys., 9, 1.

Case, K.M., Zweifel, P.F., 1967, Linear Transport Theory, Addison-Wesley, Reading,
MA.

Cassinelli, J.P., Nordsiek, K.H., Murison, M.A., 1987, ApJ, 317, 290.
Chandrasekhar, S., 1946, ApJ, 103, 351.
Chandrasekhar, S., 1960, Radiative Transfer, Dover, New York.

413



414 11 Polarization

Daguchi, S., Watson, W.D., 1985, ApJ, 289, 621.

Dumont, S., 1971, JOSRT, 11, 1675.

Dumont, S., Omont, A., Pecker, J.C., 1973, Sol. Phys., 28, 271.
Dumont, S., Omont, A., Pecker, J.C., Rees, D.E., 1977, A&A, 54, 675.
Faurobert, M., 1987, A&A, 178, 269.

Faurobert, M., 1988, A&A, 194, 268.

Grant, [.P., Hunt, G.E., 1968, JOSRT, 8, 1817.

Hamilton, D.R., 1947, ApJ, 106, 457.

Harrington, J.P., Collins II, G.W., 1968, ApJ, 151, 1051.

Hiltner, W.A., 1947, ApJ, 106, 231.

Hovenier, J.W., 1987, A&A, 183, 363.

Hummer, D.G., 1962, MNRAS, 125, 21.

Jefferies, J.T., White, O.R., 1960, ApJ, 132, 767.

Kneer, E,, 1975, ApJ, 200, 367.

Magalhds, A.M., Coyne, G.V., Codina-Landaberry, S.J., Gneiding, C., 1986, A&A, 154, 1.
Mihalas, D., Kunasz, P.B., Hummer, D.G., 1976, ApJ, 206, 515.
Mohan Rao, D., Rangarajan, K.E., 1993, A&A, 274, 993.

Nadeau, R., Bastian, P., 1986, ApJ, 307, L5-L8.

Nagendra, K.N., 1988, ApJ, 335, 269.

Omont, A., Smith, E.W., Cooper, J., 1973, ApJ, 182, 283.

Peraiah, A., 1975, A&A, 40, 75.

Peraiah, A., 1976, A&A, 46, 237.

Peraiah, A., 1978, Kodaikanal Obs. Bull. Ser. A, 2, 115.

Plass, G.N., Kattawar, G.W., Catchings, F.E., 1973, Appl. Opt., 12, 314.
Poutenen, J., Nagendra, K.N., Svensson, R., 1996, MNRAS, 283, 892.
Rangarajan, K.E., 1997, A&A, 320, 263.

Rangarajan, K.E., Mohan Rao, D., Abhyankar, K.D., 1994, Bull. Astron. Soc. India, 22,
465.

Rees, D.E., 1978, Publ. Astron. Soc. Japan, 30, 455.

Rees, D.E., Saliba, G.J., 1982, A&A, 115, 1.

Siewart, C.E., Fraley, S.K., 1967, Ann. Phys., 43, 388.

Smith, O.J., Siewart, C.E., 1967, J. Math. Phys., 8, 2467.

Sobolev, V.V., 1963, A Treatise on Radiative Transfer, translated by S.I. Gaposchkin, Van
Nostrand Company Inc., New York.

Stenflo, J.O., 1976, A&A, 46, 61.

Stenflo, J.O., 1980, Proceeding of Conference: Solar Instrumentation; What next?,
Sacramento Peak Observatory, Sacramento.



References

Stenflo, J.O., Bauer, T.G., Elmore, D.F., 1980, A&A, 84, 60.
Stokes, Sir George, 1852, Trans. Camb. Philos. Soc., 9, 399.

Vardavas, .M., Cram, L.E., 1974, Sol. Phys., 38, 3677.
Varghese, B.A., 2000, PhD thesis, Bangalore University.
Wiehr, E., 1981, A&A, 35, 54.

415



Chapter 12

Polarization in magnetic media

121  Polarized light in terms of /, O, U, V

Many books discuss the representation of polarized radiation. We shall start from
the basics of the subject from classical electromagnetic theory. We need to under-
stand the density matrix if we want to study polarized transfer of radiation from
the quantum mechanical point of view. Polarized light is described by the four
Stokes parameters I, Q, U, V, where I denotes intensity, Q and U describe linear
polarization and V describes circular polarization.

The properties of light are described in terms of the electric wave vector E in
the plane perpendicular to the direction of propagation (see Rees (1987)). Let us
consider a quasi-monochromatic wave which is the superposition of many randomly
timed and statistically independent wave trains with a mean frequency v (and
wavelength A). If the resultant wave has a spectral width Av < v, then such a
wave propagating in the +z-direction will have complex analytic representations of
the mutually orthogonal components of E, given by

Ex(t) = a;(t) exp[i (¢x (1) — 27 vt + 27mz/1)],

N (12.1.1)
Ey(1) = ay(t) exp[i($y(t) — 2wvt + 27 z/1)],

where x, y and z form a right handed coordinate system; a, and ay are the ampli-
tudes and ¢, and éy are the phases, which vary slowly with time. They are regarded
as approximately constant over any interval short in comparison with the coherence
time (Av)~! of the wave. The electric vector E traces an ellipse at any given point
z. We need to establish the sign convention. A clockwise rotation as seen by an
observer receiving the radiation is called right handed circular polarization and a

416



12.1 Polarized light in terms of I, Q, U, V

counterclockwise rotation is called left handed circular polarization. In terms of
phase difference

8= ¢r — by, (12.1.2)

where § > 0 corresponds to right handed circularly polarized light. We shall define
the Stokes parameters through the following experiment.

Let light pass through a compensator that subjects Ey to a phase retardation €
relative to E, followed by a polarizer that transmits linearly polarized light inclined
at an angle 6 counterclockwise to the x-axis. Then the component of the electric
vector of the transmitted light in the 6-direction is

E(t;0,€) = Excosf + ey exp(i€) sinf. (12.1.3)

Here the retardation is represented by the experiment exp(i€). The corresponding
transmitted intensity (omitting a constant of proportionality) is

Tirans (0, €) :(E(t;@, €)E*(1;0, €)>7 (12.1.4)

where * denotes the complex conjugate and (- - -) denotes a time average over the
observation period which is 3> v~!, the natural period of the wave.
One can make six intensity measurements with following angle settings:

€ = 0 (no compensator, 8 = 0, /4, /2, 3w /4 with the transmission of
linear polarization);

€ = /2 (compensator is a quarter wave plate);
6 = m /4 and 37 /4 with the transmission of right and left circularly polarized

light.

We can write these six I's using the symbols a, b, ¢, d, e, f as

T
1y = Iiyans(0, 0), Iy = Iyans (E, 0),
b/ 3n
Ie = Liyans <_7 0)7 lg = Iyans | =0 ), (12.1.5)
4 4
T 3w
Ie = Iirans (Z» 5)7 If = Irans Ts E .

Now, we define the Stokes parameters associated with the incident wave E as
follows:

I=1I,+ Ip,
—I,—1
Q=la=1Ip, (12.1.6)
U=I -l
V=I.+1.

In terms of the the amplitudes and phase of E we write
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I=(a3) +(a3).

0 = (a7) — fa3); 121
U = 2(ayay cos §), o
V =2(acay siné).

From equations (12.1.6) and (12.1.7), we note that V > 0 (sin§ > 0) implies an
excess of right handed (clockwise) polarization and V < 0 (sind < 0) implies left
handed (counterclockwise) polarization.

122 Transfer equation for the Stokes vector

The vector transfer equation for the Stokes vector I = (I, Q, U, V)T (T denotes
transpose) is written for polarized light (see Rees (1987)) as
dl

o, =Ka-s). (12.2.1)

In figure 12.1, the Stokes parameters are defined with reference to the coordinate
system X, Y, Z, the Z-axis being in the direction of the observer. K is the absorption
matrix and S the source vector. The absorption matrix in the case of Zeeman split
spectral lines depends on the magnetic field vector B, the inclination y to the line of
sight and x the azimuthal angle relative to the X-axis (see figure 12.1). The theory
formulated below is similar to that of Landi Degl’Innocenti (1976) and Landolfi and
Landi Degl’Innocenti (1982).

Assuming LTE in both continuum and lines and neglecting continuum polariza-
tion, we have

F Figure 12.1 Schematic
diagram of the Stokes vector
B I and the direction of the
emergent vector B.
i
N




12.2 Transfer equation for the Stokes vector

S = B, (T, (12.2.2)

where Iy = [1, 0,0, 0], B, (T,) is the Planck function at the local electron temper-
ature and

K = K.1 + Ko®, (12.2.3)

where K, is the continuum opacity, 1 is the 4 x 4 unit matrix and K is the line
centre opacity for zero damping and zero magnetic field. The line absorption matrix
® is given by

o1 Po  du ov
o 1 P, —9y

o= , 12.2.4
b —, b ), (1224
dv by —dp b
where
1 1
b1 = 5@psin’y + 7 @ +p) (1+cos?y),
1T 1 1
0 =5 |9 — 5 @ + ) |sin’ y cos 2y,
T i
v =5 |bp — 5 @+ ¢p) | sin’ y sin 2y,
L |
dv =3 (¢p — ¢v) cos y, (12.2.5)
1T 1 ]
by = 3 ¢, — 3 (¢, + @) sin® y cos 2,
/ 1 [ / 1 / / 7 -2 .
¢U=§ ¢p_§(¢r+¢b) sin” y sin 2y,
/ 1 ) / / ]
¢y =75 () — dp) cosy

(see also Unno (1956)), where ¢, 5 , are the absorption profiles and ¢[/7,b,r are
anomalous dispersion profiles. The prime notation is introduced to represent an
anomalous dispersion profile which has a shape similar to the negative of the
derivative of the corresponding absorption profile. The indices correspond to a
normal Zeeman triplet (p = the unshifted w-component, b, r = the blue and red
shifted components). If 71,pper and mjeye, are the magnetic quantum numbers of the
Zeeman sublevels in the upper and lower energy levels of the line forming transition
and

dm = Muypper — Miower (12.2.6)

then
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+1 = ba
Am =4 0=p, (12.2.7)
—1=r
The profiles are
¢p = H(a’v+v105)’ ¢1/; =2F (a,U+U[05),
¢p = H (a, v+ vp + vjs), qﬁl’? =2F (a,v+ vp + vjs), (12.2.8)

¢r = H (a,v—vp+vis), ¢ =2F (@, v—vp+ Vi),
where H (a, v) and F'(a, v) are the Voigt and Faraday—Voigt functions given by

_a [T exp(—y?)

and

Fav =L /+°° (v = y) exp(=y?)
21 ) 0o (v —y)? +a?

where a is the damping constant, v is the wavelength measured from the line
centre in the laboratory frame, vp is the wavelength of Zeeman splitting and vy,
is the Doppler shifted wavelength produced by the macroscopic velocity component

measured positively in the direction of the observer. These are given as follows:

dy, (12.2.10)

T'AJ
a=— (12.2.11)
dwcAlp
where I' is the line damping, A¢ is the laboratory line centre wavelength and c is the
velocity of light;
A=A
po G220 (12.2.12)
AAp
where X is the wavelength of the line;
2
geryB
= 12.2.13
vB drmc2Alp ( )

and is the absolute shift of each o-component of a line with the Landeé g-factor,

and with e the electron charge and m the mass;
v-n

cAAp’

and is the Doppler shift caused by the macroscopic velocity field,with v the velocity

Vios = Ao (12.2.14)

vector and n the unit vector along the direction of the observer.
It should be noted that
lim ® = ¢1,
B—0 ¢

where ¢ = H(a, v + vj). The quantities a, v, vp and v,y are measured in units
of Doppler width. For an accurate evaluation of H (a, v) and F (a, v), see Humlicek
(1982).



12.3 Solution of the vector transfer equation with the Milne—Eddington approximation 421

If one wants to work in frequency units rather than wavelength units one should
observe the following transformation to equations (12.2.8):

v, Up, Vjps(wavelength) — —v, —vpg, —vjys(frequency). (12.2.15)
H(a, v) is a symmetric function, while F(a, v) is an asymmetric function in v, or
F(a,—v)=—F(a,v); F(a,v)>0 if v>0. (12.2.16)

If we consider a thin layer dz between z and z + dz with no radiation incident at
z, the incident and transmitted Stokes vectors I(z) and I(z + dz) are approximately
related by the following relation:

I(z +dz) = Ml(2), (12.2.17)

where M is the Muller matrix for the layer, given by

1 0 0 0
M — 0 Cf)S(Sv —sindy O ’ (12.2.18)
0 sindy coséy O
0 0 0 1
dy being the retarded angle with the layer dz as a circular retarder and
Sy = Kooy dz; (12.2.19)
and
Sy >0 if v>wvp or v < —vp, (12.2.20)

which means that the layer acts as a left handed (counterclockwise) circular retarder
in these wavelength ranges.

123 Solution of the vector transfer equation with the
Milne-Eddington approximation

In the Milne-Eddington model the source function varies linearly with the optical
depth 7, or

B,(T,) = By + Bit. (12.3.1)

Furthermore, no = ko/k., the opacity ratio, the line damping, the Doppler width,
the magnetic vector and the line of sight velocity (and hence ® matrix) are constant.
Then from equations (12.2.1) and (12.2.3), we obtain
dl ,
nu— =K I-15), (12.3.2)
dt

where
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K = 1+ nod.

Equation (12.3.2) has a formal solution given by (at T = 0)

S K d
10, 1) = / exp (— f) Kst
0 n I

Integrating by parts, we obtain
K’z dS
‘ > —drt
uw ) drt

From equations (12.2.2) and (12.2.1), we get

I(0, u) = S(0) + / exp (—
0

S(0) = Byl
and

ds _ Bl

dr = D140,

then the integral in equation (12.3.5) can be evaluated analytically to give
10, 12) = (Bo + nBiK| .

If
n1,0,u,v = n0$1,0,U,v

and

Po.UV =10Pp .y

the emergent Stokes parameters are given by

r=so+ "2 [ m? + b+ b+ 03]
nwBi
0 =" [0+ Do+ U+ n) v ey = nupy) +poW |
uBi 2
A [ +n)nu + A +np)moepv —nvpeo) + ,OUW],
pLB
—_ [ +n1)*ny +va]
A
where
W =mngpo +nupv +nvpv
and

(12.3.3)

(12.3.4)

(12.3.5)

(12.3.6)

(12.3.7)

(12.3.8)

(12.3.9)

(12.3.10)

(12.3.11)

(12.3.12)

A=k [0 = nd = = 0l + ph + o + 0} | - W2

A is the determinant of the matrix K’l .

(12.3.13)



12.4 Zeeman line transfer: the Feautrier method

Unno (1956), Rachkovsky (1962a,b) and Beckers (1969a,b) formulated the LTE
transfer equations for Zeeman lines using the classical theory of oscillators of
absorption and emission. Rachkovsky (1963) attempted a non-LTE approach for
the solution of the Zeeman split lines using a complete redistribution in the lines.
A survey of developments is given in Rees (1987) and reference therein. Non-LTE
polarized transfer is much more complicated and this can be seen from workshops
on solar polarization held at Pittsburgh (Stenflo and Nagendra 1996) and Bangalore
(Nagendra and Stenflo 1999).

124  Zeeman line transfer: the Feautrier method

Auer et al. (1997) applied the Feautrier technique to the Stokes vector problem by
omitting the magneto-optical (birefringence) terms (by putting ¢, = ¢y, = ¢}, =
0). They transformed the first order equation to a second order one. We describe the
method following Rees and Murphy (1987).

Let I(4v, +n) be the Stokes radiation vector at wavelength v travelling in the
direction 4+n out of the atmosphere and let I(—v, —n) be its counterpart on the
opposite side of the line at wavelength —uv travelling in the opposite direction. The
quantity —n I(—v, —n) is to be understood as defined with respect to the right
handed reference frame xyZ where y = —y and Z = —z, with the Z-axis parallel
to —n. In this frame B has an inclination 7 — y to the z-axis and an azimuth —x
relative to the x-axis. We write the transfer equation for the Stokes vectors as

dl

— =-KI+j=-KI-1S), (12.4.1)
dz
where
K =k.1 + ko® (12.4.2)
and
j =Kk:B,Ip + koS ®I. (12.4.3)

The physical assumptions are: (i) the magnetic field is strong enough that there are
no quantum interferences between Zeeman sublevels; (ii) collision rates are high and
therefore atomic polarization can be neglected (this means that within each atomic
level, the Zeeman sublevel populations are equal); (iii) complete frequency redistri-
bution is assumed; and (iv) stimulated emission is treated as negative absorption.

In equation (12.4.3), St is the line source function and the other symbols are
same as those given in equations (12.2.2) (12.2.3)—(12.2.5) and (12.2.8)—(12.2.10).
From equation (12.4.1), we have

dI(+v, +n
Ll 4m)

B —K(+v, +mI(+v, +n) + j(+v, +n), (12.4.4)
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and
dI(—v, —n)
B dz
From equations (12.2.8)—(12.2.10) we obtain

= —K(—v, —n)I(—v, —n) + j(—v, —n). (12.4.5)

¢p(—v, —n) = +¢p(+v, +1); ¢, (—v, —n) = =@, (+v, +n);
¢p(—v, —n) = +¢r(+v, +n); ¢p(—v, —n) = —¢; (+v, +n); (12.4.6)
¢r(—v, —n) = +¢p(+v, +n); ¢r.(—v, —n) = —¢, (+v, +n);
and
H(a,—v) = H(a,v); F(a,—v)=—F(a,+v). (12.4.7)

Using these equations in equations (12.2.5) and substituting 7 — y for y and — in
considering the direction —n, we get

¢1(—v, —n) = +¢;(+v, +n);

$o(=v, =) = +do(+v, +n);  ¢p(—v, —n) = ¢ (+v, +n);
¢u(—v, =) = +dy(+v,+n); ¢y (—v, —n) = ¢y (4v, +n);
¢v(—v, —n) = +y (+v, +n); ¢y (—v, —n) = ¢}, (v, +n);

(12.4.8)

Now, we shall introduce a modified Stokes vector i(—v, —n) for the inward directed
radiation, where

I=(, 0, -U V). (12.4.9)

Using equations (12.4.2), (12.4.3), (12.4.4) and(12.4.8), equation (12.4.5) can be
written as

dI(—v, —n - .
—% — —K(+v, 4m)i(=v, —n) + j(+v, +n). (12.4.10)
We shall write,
K = K(+v, +n),
(12.4.11)
J=J(v, +n),

and define the generalized Feautrier vectors

J= % [I(+v, +n) + I(—v, —n)],
(12.4.12)

H= % [I(+v, +n) — i(—v, —n)].

Now equations (12.4.4) and (12.4.10) can be written using equations (12.4.12) as

dy _

— = —KH, (12.4.13)
dz



12.4 Zeeman line transfer: the Feautrier method

dH .
— = —KH +j. (12.4.14)
dz

Eliminating H from equations (12.4.13) and (12.4.14) we obtain a second order

equation for J given by

d K! ary _ KJ —j (12.4.15)
dz dz) ¥ o
The medium can be divided into n layers, that is z1, z2, ..., 2, where z; = 0 and

zy 1s the depth at which the radiation field is thermalized. The boundary condition
at 71 is that there is no incident radiation field which transmits into the atmosphere,
or

I(—v, —n) = 0. (12.4.16)

Or from equation (12.4.13) the boundary condition at 71 as

Y

K -J (12.4.17)
dz
and the boundary condition at zy is
_1dJ
K 7= —I(+v, +n) + J. (12.4.18)
z

Note that equation (12.4.17) and (12.4.18) are the first order boundary conditions.
At the depth zy, one can give the asymptotic approximation for the Stokes vector
(see Auer et al. (1977)). Thus, we have

dB
I(+v, +n) ~ B, Iy — K—ld—”lo. (12.4.19)
Z

Equations (12.4.15)—(12.4.19) are replaced by their finite-difference equivalents on
the zx grid (k = 1, ..., N). The subscript denotes that the variable is evaluated at
Zx. We thus write

Ok = lzks1 — 2kl (12.4.20)

-1 —1
1 (Kk+1 + K, )
Ay==~———" k=1,...,N— L (12.4.21)
2 Sk
Then the difference equations are
BiJi —CiJ =Ly,
A1 +B )k — Gk =Lk, k=2,...,N—1, (12.4.22)
—AnJy-1+ByJy =Ly,

(note: B in the above equations is not the magnetic field vector) where
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12 Polarization in magnetic media

1 1
B1=A1+1+551K1, Ci=A1, Li=Z681iji,

2
A 2A
Ay = zL’ Cy = 7k,
Sk + Sk—1 Ok + 8k—1
By =Ar +Cie + Ky, Li=ji, k=2,...,N—1, (12.4.23)

1 1
Ay =An_1— 51, By=AyN_1+ 51,

1
Ly = SIo(Bun—1 + Bu.w) + An-1lo(By.y — Bo.n-1).

Equations (12.4.22) form a block tri-diagonal system which can be solved using the
Gaussian elimination scheme through the recurrence formulae:

Jv=ry+Ji =1 +DiJkr1, k=1,2,...,N—1, (12.4.24)
where
r =B;'L;, D, =B'Cy,
r = By — AeDy—1) ! (L + Agry—y), (12.4.25)
Dy = By —ADy_ 1) ' Cr, k=2,...,N—1.
The emergent Stokes vector is

1(0) = 2]J;. (12.4.26)

125 Lambda operator method for Zeeman line transfer

One can perform a one-way integration (in the Feautrier method, a two-way integra-
tion is done) in the line of sight.

From equations (12.2.4) and (12.4.2) we can see that the diagonal elements are
all equal to K; = K. + Ko¢;. We can define the line of sight optical depth in terms
of K; as

dt = —K;dz = —(K. + Kody) dz. (12.5.1)

We have a modified absorption matrix and a modified total source function defined
respectively as

K

K=—_1 12.5.2
X ( )
and
S= J (12.5.3)
K

(the actual total source function is S = K~! Jj)- Now equation (12.4.1) becomes
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dl - ~
— —I=KI-S. (12.5.4)
drt

The above equation has a formal solution with lambda transformation with respect
to T and is written as

I(r) = foo expl—(t' — 7)] [S(r’) . K(r’)l(r’)] dr’, (12.5.5)

which reduces exactly to the formal integral for / () when the magnetic field vector
B = 0 and therefore K = 0.

The above equation can be solved by lambda iteration with an initial estimate
of I(r) = 0 (say). Staude (1969, 1970) used this technique but found that the
convergence of the successive iterations is too slow to be practical. Following
Kalkofen (1974), we will describe a numerical representation of the lambda integral

operator.
Letz;(i = 1,..., N) be the geometrical grid and t; be its corresponding optical
depth grid
~ 1
i =Tit1— T = 3 (Krit1+ K1) lzig1 — zil, (12.5.6)
E;i =exp(=6;), i=1,...,N—1

On the interval (7;, 7i+1), we have from equation (12.5.5)
Ti+1 - -
L= ETL, +/ expl— (t/ — 7;)] [S(r/) - K(t’)I(r’)] d'. (125.7)
Ti

We now have an explicit relation between I; and I; ;. On the interval (i,i + 1),
(S — KD is approximated by a linear function of optical depth and is written as

S(1) — K()I(1) = (s - f(I)l_ + [(s - KI)iH _ (s _ KI)I} (t g.n).

(12.5.8)

Equation (12.5.7) can be integrated and after some algebraic manipulations, we
obtain

L =P +Ql_4, (12.5.9)
where
~ 1—1 - -
Pi=[1+®F -GoK] [(Fi-GnS +GSi]
_q-1 .
Q= [1+(Fi _Gi)Ki] <Ei1—GiKi+1>,
1 —E;,

[1—(1+8)E;]
—

(12.5.10)

5!
Il

Gi =
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At the boundary 7y , the Stokes vector is given by (see also equation (12.4.19))
Iy = By nIp. (12.5.11)

Now equation (12.5.9) can be used recursively and the emergent Stokes vector at
7 = 0 is given by

10) =1,. (12.5.12)

126  Solution of the transfer equation for polarized
radiation

An integration method is now presented below which follows Landi Degl’Innocenti
(1987). The transfer equation with Stokes vectors along the ray paths is given by

dl

5. =—Ka-9) (12.6.1)

where I is the Stokes vector, I = (I, Q, U, V)T, Kis a 4 x 4 matrix describing the
absorption and S = (S;, Sg, Su, SV)T is the source function vector. The 4 x 4 K
absorption matrix is given by

ni no nu ny

K=| "¢ ™" PV AU (12.6.2)
noo—pv N1 J26)
pv  pu —po M

Where the ns are related to the ¢s in equations (12.2.3)—(12.2.5) by
ni = ke + koo, ete. (12.6.3)

First we consider a homogeneous equation
d
d—I(s) = —K()I(s). (12.6.4)
s

We define a linear operator O(s, s”) which acts on the Stokes vector at the point s’
to give the Stokes vector at s, or

I(s) = OC(s, sHI(s"). (12.6.5)
The limiting conditions on O(s, s") are

O(s,s) =1, (12.6.6)
1 being the 4 x 4 identity matrix, and

O(s, s") = 0(s, sHO(s', s). (12.6.7)
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Taking the derivative of equation (12.6.5) with respect to s and comparing this with
equation (12.6.4), we obtain the differential equation

iO(s, s') = —K()O0(, s). (12.6.8)
ds

Differentiating equation (12.6.5) with respect to s’ and using equation (12.6.8) we
get

dO(s, s’
d0G:5) _ o5, s")K(s). (12.6.9)
ds’
We can now write the solution of equation (12.6.1) as
N
I(s) = / O(s, sHK(s") ds' + O(s, s0)I (s9) (12.6.10)
S0
and
lim OCs, s")K(s)S(s") = 0. (12.6.11)
s/ ——00

An analytical expression can be obtained for O(s, s’) by first integrating equation
(12.6.8), which gives

OG.s)=1— / K(s))O(s. s) dsi. (12.6.12)

and then substituting for the operator O(s, s”) in the RHS its expression as given by
the LHS of the same equation. Iterating, we obtain

0( o o0 o K S1
5.8 =14 (=" | dsi | dsy--
n—1 s’ s’

~-fSH dsp p [K(s1)K(s2) - - - K(sp)], (12.6.13)

or

o0 (_l)n N N
O(S,s/)=1+2 T / dSI/ ds2...
=1 5! s

. -/S ds, P [K(sDK(s2) - - - K(s)], (12.6.14)

where P is the chronological operator that sets the different matrices according to
the following order:

P {K(s)K(s2) - - K(s,)} = K(s;1)K(s52) - - - K(sjn),
where sj1 > sj2 > - > Sjp. (12.6.15)

The operator O(s, s’) is the generalization of the attenuation operator

exp [—/ K" ds”] (12.6.16)

of the usual transfer equation to the polarized transfer of radiation. The order of the
operator in equation (12.6.15) is connected to the physical fact that two different
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12 Polarization in magnetic media

slabs, say a and b, acting differently on the polarization properties of the radiation
beam do not ‘commute’ in the sense that the emerging polarization in general differs
depending on whether slab « is located in front of slab b or vice versa.

If K = constant, equation (12.6.15) is written as

= (s —s)"
OGs,s)) =1+ Z(—l)”TK”, (12.6.17)
n=1 .
which gives us,
0(s, ') = exp[—(s — sHK]. (12.6.18)

The exponential of a matrix is given by its Taylor’s expansion. This expression can
be computed in terms of the elements of the matrix K, by writing K as a linear
combination of 4 x 4 matrices. The properties of these matrices allow the reduction
of the infinite products of equations (12.6.18) to a closed form. Let

K=nl1+d-A+b-B, (12.6.19)

where @ and b are the formal vectors given by

o ] . ; .
a=n+ip= 3 (77Q +ipg,nu +ipy, v +lpv),
) (12.6.20)
b=n—ip= 2 (ng —ipo.nu —ipu. v —ipy).
and A and B are matrices given by
0100 0010 00 0 1
A= 100 O. A= 0 0 0 C As— OQ—zO ’
000 —i 1 000 0i 00
00i O 0—-i00 1000
(12.6.21)
B, = A} (12.6.22)
A; and B; have the following properties:
[Al', Bj] = AiBj — BjAl' =0,
AA; =61+ Zk: €ikAx, (12.6.23)
B,'Bj = 8,']‘1 —1i ZeijkBk’
k
where €; i is the complete anti-symmetrical tensor. Also
exp(A 4+ B) = exp(A) exp(B), if [A,B] =0. (12.6.24)

Substituting x for s — s’, we get
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O(x) = exp (—n;x1)exp (—5 . Ax) exp (—l; . ﬁx) (12.6.25)
Applying Taylor’s expansion to the exponentials we get

exp (—nrx1) = exp(—nsx)1,

L= sinh(ax) _
—a-A ] = h 1-—a-A,
exp[ a - Ax | = cosh(ax) PR (12.6.26)

3

- o sinh(bx) - -
exp [—b : Bx] = cosh(bx)1 - —— =5 - B

wherea = (@ -a)2, b= (b-b)?.

Substituting equation (12.6.26) into equation (12.6.25) invoking the conjuga-
tion properties of the matrices A and B, we obtain the operator O (see Landi
Degl’Innocenti and Landi Degl’Innocenti (1985))

0(s,s") = exp[—xK]
= exp(—mx){% [cosh(A1x) + cosh(Ajrx)]

— sin(A>x)Mj — sinh(A1x)M3

1
+ 3 [cosh(Ax) — cos(Azx)]M4}, (12.6.27)
M, =
0 Aong —oA1pg  Monu —olNipy  Any —oAypy
1| Aang —oAipg 0 oAy + Aapy  —o Ay — A2py
0| Aanu —oAipy —oAiny — Aapy 0 oAing + Apgo
Aony —oAipy oAinu +Apy —oAing — Aapg 0
(12.6.28)
Mz =
0 Aing +ohp0 Ainu+ohopy  Ainy +o0Aopy
LI Aing —oAapg 0 —o Moy + Apy oMoy — Aipu
0| Ainu +o0hapy olAany — Ajpy 0 —GA277Q+A1,OQ
Ay +0Mopy —oAony + Apy oAang — Arpg 0
(12.6.29)
ay ax azag
2| by by bs3b
My=Z2 |70 720 (12.6.30)
0 Cl] C2 C3C4
dy dy didy

where

431



432

12 Polarization in magnetic media

2+ p?
a=—, ax =nypu — NUPYV,
asy =nopv —NvpeQ, as =nNupPQ —NPU,
%+ p?)
by =nupy —nvpu, b2=n2Q+pé—#,
¢ =1vpo —Ngpv, 2= nonu + popv, (12.6.31)
(0 + p*)
3 =g+ pp + ——— a=nuiv+upy,
di = ngpu — MUPQ; dy =nyng + pveo.
n*+ p?)
d3y = nuny + pupv, d4=n%/+,03+T,
and
Al=@I+B)7, Ar=(a?—p)?, (12.6.32)
where
m* - .
== +G-p?
P n* - p?)
5
- p)
o =

-5 = s1gn(ﬁ . ,5),
I - ol

1

(772_/)2) > o :
9=A%+A§=2[T+(n-p)2 .

Equation (12.6.28) can be applied to obtain the solution of the polarized transfer
equation, through the following steps: (1) divide the path of integration (—oo <
s’ < s) into n intervals and assume that the matrix is constant and equal in each of

these n intervals at the midpoint of the interval. Let sg, 51, 52, ..., Sp—1, 5, denote
the grid points with so = —oo and s, = s, then in the nth interval we have
K@) =K((si-1 —$i)/2) = Ki,  si-1 =t <33 (12.6.33)

(2) in each interval, calculate the operator O numerically from equation (12.6.27)
Oi = exXp [—(S,' - Si—l)Ki]’ (12634)
and calculate the vector V; given by

V; = / l exp [—(si — s)K; | K;S(s") ds’, (12.6.35)
Sic1

which is done by using a standard numerical integration formula; and lastly
(3) compute I(s) using the equation
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n
I(s) = ) 0,0, 1041 Vi. (12.6.36)
i=1
Alternatively, I(s) can be calculated by using the formula:

Si d
Vi= / {g exp [—(si — S/)Ki]} S(s")ds' =8; —0;S;_1 + V/,
Sic1

(12.6.37)
where
S; = S(s)

and
! 5 !/ d /! /!
V; = / exp [—(s,- —s )Ki] {;S(s )} ds'. (12.6.38)
Si—1 §

Inserting equation (12.6.35) into equation (12.6.36) and assuming that the condition
of equation (12.6.11) for the source function holds good at large optical depths in
the atmosphere, we obtain

n
I(s) =S, + Y 0,0,_1 - 0;11V}. (12.6.39)
i=1

The integration method described above has a disadvantage in that the absorption
matrix K is kept constant in each of the n intervals into which the total path of
integration is divided. To get a better solution, one should inverse the number of
intervals n. The advantage in this method is that one can choose the number of
intervals depending upon the variation of the absorption matrix K along the path of
integration which gives better accuracy. This means that the number of grid points

can be conveniently adjusted in advance for the desired accuracy.

127 Polarization approximate lambda iteration (PALI)
methods

The approximate lambda iteration (ALI) methods have been applied to the problems
of polarization calculation. These methods have been found to be quite fast and
required much less computer memory. We shall describe these methods briefly
following a series of papers of Faurobert-Scholl (1991, 1993), Faurobert-Scholl
et al. (1997), Frisch (1999), Nagendra et al. (1998, 1999). For a review of the
approximate lambda iterative methods see Hubeny (1992). An alternative method
has been developed by Ivanov and his coworkers (Ivanov 1995, Ivanov et al. 1997).

The ALI methods use the integral formulations of the transfer equation. The
source function is used to define the lambda operator. This becomes a vector in
the polarized radiation field.
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12 Polarization in magnetic media

We write the transfer equation in a non-magnetic situation (Faurobert-Scholl et
al. 1997) in plane parallel geometry as
oI(z, x, )
p——
aT

where ¢ (x) is the absorption profile function at the normalized frequency point x,
I(Z, 0)T. S(z, ) is the vector source function given (for a two-level atom) by

= ¢, x, n) — d)S(z, p, (12.7.1)

(1 - 6) oo ’ ro ’ /
S(t, n) = T/ P, u)I(x", uydu' dx" + €B(7), (12.7.2)

B(t) = (B,0), (12.7.3)

and € is the probability per scatter that a photon is destroyed by collisional de-
excitation. The phase matrix P(u, n') is given by

A~ A 3 A2
P(u. 'y = Pig + ZWa By (i), (12.7.4)
where the matrix P is the isotropic phase function (the first element is 1 and the
rest are zeros) and Po(z) is given by

p(2) N &
B =50 T2 —3u?) 331 — 1D — w?)

I ( La=3uH( =30 (=3 - u?) )
; .

(12.7.5)

The quantity W, is connected to the quantum numbers J and J' of the lower and
upper levels of the normal Zeeman triplet. In the case of a Hanle effect due to a weak
microturbulent magnetic field, a phase matrix similar to that of equation (12.7.4) can
be used. The Hanle phase matrix can be averaged over the angular distribution of
the magnetic field (Stenflo 1982, Landi Degl’Innocenti and Landi Degl’Innocenti
1988, Faurobert-Scholl 1993). The averaged microturbulent Hanle phase matrix is
described by equation (12.7.4) with W> multiplied by

1 —0.4(s7 +57)), (12.7.6)
where
1 _1
si=y (1+7%) 7. su=2 (1442) 7 (12.7.7)
and
y =0.88¢g, (12.7.8)

IR +D® +1,°

gy is the Landé factor of the upper level and the quantities ['g, D® and I'; are
respectively the rates of radiative damping, depolarizing and inelastic collisions

in units of 107 s~!. H is the magnetic intensity measured in gauss. The phase
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matrix IS(M, wu') can be factorized or the variables u and u’ can be separated (see
Sekera (1963), van de Hulst (1980), chapter 16, Ivanov (1995)). Using Ivanov’s
factorization, we get

P(u, 'y = A AT (), (12.7.9)
where
1
: () -
A(p) = ; ! (12.7.10)
0 ({) 3(1 — u?)

In the case of resonance polarization or polarization by a weak turbulent magnetic
field, one can factorize the t and i dependence of the source function in the form

S(t, 1) = A(WP(v), (12.7.11)

where P(7) is a two-level component column vector depending only on 7 (Rees
1978). Thus P(7) can be written as

(1_6) +oe / + AT/ 7 o ’ /
P(r) = T/ ¢(X)/l A" ()T, x', wydp dx’ + €B(1),
(12.7.12)

where the thermal emission term in B(7) has the same form as in equation (12.7.2) as
B(t) = [B(1), 0]7, which means that B(t) = A(M)B(r). Now the two components
of P(t) are

I—e
2

+00 +1
Pi(7) = / (])(x/)f I(t,x', )W)dp dx' +€eB(t) (12.7.13)
—00 —1

and

W % 1 — +00 +1
Py(7) = (?2) ( 26) f $(x') / [ =3uD 1 )
—00 -1
+ 31— 1?0, X', 1) du’dx’], (12.7.14)

where I and Q are the two Stokes parameters.

One can obtain the integral equation for P(7) by inserting the formal solution of
equation (12.7.1) into equation (12.7.12). Thus we obtain P(7) for a plane parallel
slab of total optical thickness 7" with no incident radiation as

T
P(r) = (1 — e)/ K(t — 7)) d7’ + eB(1), (12.7.15)
0

where the 2 x 2 kernel matrix K is given by
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2 1 [ree 2,7 / : AT N Aga/ / / d/’L/ /
Ko=3[ ¢ (x)dxfo ATGOAG exp[—T el ¢ (/'] = .
(12.7.16)

Therefore, according to Ivanov (1995), the transfer equation with the matrix forma-
tion is
3l (t, 1, x)
p—r
at

where the source matrix is given by

= ¢ (z, 1, x) — p(x)S(2), (12.7.17)

“ 1 —e¢ +oo +1 R R R R
S(r) = /_OO <z>(x’)/_1 AT (WA (z, 1, X'y dx' + §*(1)
(12.7.18)
and
P(t) = S(v)e, e= (1,17, (12.7.19)

and for a plane parallel slab of total optical thickness without incident radiation
~ T ~ ~
St)y=(1- 6)/ K(t —t)S(x)dt + $*(x) (12.7.20)
0
and

eB(1) = $*(1)e. (12.7.21)

The integral equation for the vector P or the matrix S can be written in symbolic
form as

P(r) = (1 —e)AP) + Q(7), (12.7.22)
where Q(7) is a given primary source and A is the integral operator in equations
(12.7.15) and (12.7.18) when T = oo. The integral equation for P can be written
explicitly as

o
Pi(t) = (1 — 6)/ Kii(t —t)Pr()dt + (1 —€)
0
oo
X f Kia(t —t)Po(t))dt + Qi (1) (12.7.23)
0
and

Po(t) =(1— e)/ Kn(t — ) Po(z)dt' + (1 —€)
0

X /00 Koi(x — ) Pr(t))dt' + Qo(1). (12.7.24)
0
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The integral equation (12.7.20) can be written symbolically as

S=(1—-e)AS) + 5" (12.7.25)
With an initial estimate of S denoted by S (n), iteration (n + 1) gives us

Sn+1) =8 +88S. (12.7.26)
The correction term is given by the equation

ABS) = —AS™) + S, (12.7.27)

where A = [E — (1 — €)A], E being the identity operator. The operator A contains
three linear operators: A1; and Ay defined as

Awa f(T) = f(1) = (1 - 6)[0 Kao(t =) f(T)dt', (a=1,2),

(12.7.28)

and Ap defined as
Apfir)=—(1—-¢) /Ooo Kt —1t)f(x)dr, (12.7.29)
with K1» = K»1, A1p = Ao tisdiscretized (t = {7}, i = 1, ..., N). The matrix

A on the LHS of (12.7.27) is replaced by the block diagonal matrix D = {d;;} given
by

A, i) ApG,i)
D= . 12.7.30
(Au(i,i) Azz(i,n) (12730
In terms of the operator A,
g = [ 1-d=orn@ED  —(1=-eAn@D
! —(1—&)AnG,i)  1—0-e)Anii) |

The matrix A on the RHS of equation (12.7.27) can be expressed in terms of A
giving 88 (t;) at each optical depth grid point:

(12.7.31)

88(t) = d;;! [(1 —ASM () — 8™ (zy) + S*(r,-))]. (12.7.32)

In the above equation, each term is a 2 x 2 square matrix. The matrices A(S’ MY (1;)
and d;; are obtained by integrating the transfer equation (12.7.17) with matrices
S(t). From equations (12.7.18) and (12.7.25), we can infer that

ASD)(x) = TP (1), (12.7.33)
where

R +o00 +1 . . R d/'L/

J() = / ¢(x’)/ ATGHAW)HI(x, 1, x/)de/. (12.7.34)

—00 —1

The matrix J ™ is the frequency, and angle-averaged intensity for polarized radia-
tion. We can calculate ™ (t) once we know S (t) from equation (12.7.17) using a
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Feautrier formal solution method and then integrate over frequencies and directions
as in equation (12.7.34). The matrix in the square bracket of equation (12.7.32)
must be calculated accurately for convergence of the solution. The transfer equation
must have pre-conditions to avoid the round-off and truncation errors (Rybicki and
Hummer 1991) in the calculation of the differences J (i) — S (t;). Large optical
depths may cause some difficulty. The matrices d;; need to be computed only once
by solving equation (12.7.17) using S‘(I) given by

§(0) = 8 — n)( é ; ) (12.7.35)

where § is the Dirac delta-function. From equation (12.7.33),
Ao, p(i, 1) = Jo p(Ti). (12.7.36)

The elements of d;; are calculated from equation (12.7.31). We need two different
vectorial source terms P(r) = 8(r — 7;)(1,0)" and P(r) = 8(r — 7;)(0, DT
to calculate D; ;. The former gives Aj11(i,i) and A21(i,i) and the latter gives
A12(i, i) = Ap1(i, i) and A2 (i, i). The computational details and some test cases
are described in Faurobert-Scholl ez al. (1997).

We have described the approximate lambda method for polarization (PALI).
Ivanov (1995) formalism of the transfer equation has been used for the itera-
tive scheme. Nagendra et al. (1998) extended the PALI method described above
(Faurobert-Scholl et al. 1997) to include the Hanle effect which they called the
PALI-H method. In this method they have a Fourier decomposition of the radiation
field in the azimuthal angle which can tackle the depth dependent magnetic field.
This operator perturbation method can handle arbitrarily large amounts of polar-
ization. For details see Nagendra et al. (1998), Nagendra et al. (1999) and Frisch
(1999).

There have been significant advances in the areas of continuum and line polariza-
tion transfer in magnetic white dwarfs (Martin and Wickramasinghe 1979a,b, 1981,
1982; Nagendra and Peraiah 1984, 1985a,b), cyclotron line formation in accreting
magnetized neutron stars (Meszaros 1984, Meszaros and Nagel 1985), maser line
formation in molecular clouds (Goldrich and Kylafis 1982, Western and Watson
1983, Deguchi and Watson 1985).

Several other methods are available for calculating line transfer in magnetic fields
(see for example Domke and Staude (1973)). Faurobert-Scholl (1991) studied lines
using the Hanle effect and partial frequency redistribution.

Exercises

12.1 Supply the intermediate steps between equations (12.3.8) and (12.3.11).

12.2 Develop a computer code to obtain I(0) in equation (12.4.26).
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Chapter 13

Multi-dimensional radiative transfer

13.1  Introduction

So far we have seen the problems of radiative transfer mostly in one-dimensional
plane parallel or spherically symmetric geometries in the context of astrophysical
situations. The book by Sen and Wilson (1990) deals extensively with the basic
techniques for solving radiative transfer problems in spherically and cylindrically
symmetric media (see also Leong and Sen (1969, 1970, 1971a,b), Uesugi and
Tsujita (1969), Kho and Sen (1972)). Taking into account the effects of geometrical
convergence and oblique incidence arising out of the sphericity of the medium,
Bellman, Kagiwada, Kalaba and Ueno (see the references given in Sen and Wilson
(1990)) solved the problems of the diffuse transmission of light from a central point
source through an inhomogeneous spherical shell medium. Tsujita used a corre-
sponding method to solve transfer problems in infinite cylindrical media (see Sen
and Wilson (1990)). Certain approximate techniques such as ray-by-ray methods
may be useful in special circumstances, but we need to explore the solution in
multi-dimensional geometries so that any 7 (X1, Y1, Z1; t1) can be correlated to any
other I (X7, Y2, Z»; 1) exactly. This is essential especially in scattering media which
generate diffuse radiation fields.

However, the developments in multi-dimensional radiative transfer are not as ad-
vanced as the one-dimensional (including curved geometries) case. The solution of
multi-dimensional radiative transfer is most important and is needed in astrophysical
problems. We shall sketch some of the available results in this chapter.
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132 Reflection effect in binary stars

Radiation transfer in the distorted atmospheres of close binary components is a mat-
ter of some difficulty. No symmetric solution of the transfer equation will apply in
this case. The atmosphere is distorted by the self rotation and the tidal forces due to
the proximity of the companion. This can be treated with strictly three-dimensional
radiative transfer. The boundary conditions create another complication since in
addition to the self radiation of the component there is incident radiation from
the companion which needs a special treatment of the boundary conditions. This
requires knowledge of the three-dimensional shape of the surface of the distorted
component which can be obtained through an exact knowledge of the dynamics of
the system. This is similar to the searchlight problem. Chandrasekhar (1958) studied
this problem by applying the principle of invariance to a beam of radiation from a
point source incident on a plane parallel layer (see also Richards (1956)). These
problems have been reviewed extensively in Vaz (1985), Vaz and Nordlund (1985)
and Wilson (1990), Claret and Giménez (1992) amongst others. We shall describe an
approximate numerical computation of the reflected radiation from the component’s
atmosphere.

The radiation field can be divided into two parts: (1) self radiation and (2) radia-
tion incident from the companion. We shall describe the procedure in Peraiah (1982,
1983a,b). Peraiah and Rao (1983, 1998) and Srinivasa Rao and Peraiah (2000).

We assume that the shapes of the components of the binary system are spherical
and that the incident radiation is coming from a spherical surface of the secondary.
The atmosphere of the primary is divided into several concentric spherical shells. In
figure 13.1, we have given the geometrical description of the model. A and B are
the centres of the components, separated by the distance A B. The atmosphere of the
component with its centre at A receives radiation from that with its centre at B. Radii
vector are drawn to intersect the shells at points such as P in the atmosphere of the
component with centre A. We calculate the radiation field at points such as P which
receives the radiation emitted by the surface SW of the component with centre B.
We calculate the ray path lengths Pt, PT», Pt/, PT; etc., to estimate the optical
depths and the radiation field at P due to the incidence of radiation from component
B. The quantities AP, AB and BS(= BW) are known in advance. Furthermore,
the radii AT} At, etc. are also assumed to be known quantities. The lengths SE and
W F are discretized to calculate the corresponding ray paths along Pt etc., inside
the atmosphere. The segment Pt corresponding to S B is calculated by the relation

Pr = Ar—, (13.2.1)
Av

where

L AP
v=wA+uA, MZA_‘EA’
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1
wW=0-puHz,  A=afy +apy +ap'y' —d' By,
BS
N=1-aY,  a=-—,
PB
"= 2)% B ABcos9
o = - ) - )
PB
SE 1
"= (1= BY1, = "= (1 —yH2,
B =0-p) Y=g y=0-y)

PB = (AP?+ AB? —2AP x ABsin@)?,  PE = (SE*+ PS§?)?.

Similarly, the segment Pt’ corresponding to BW is given by

where

P = A7, (13.2.2)
C
d +c'd a=Ar
e = C C = —C
’ At
d'=(0-d:, c=pb—pb,
c’=(1—c2)%, b=ad —da,
WF

b =(1-b)2, a=—

(@)

(b)

Figure 13.1 (a) Schematic diagram of the incidence of radiation from an extended
surface. (b) Schematic diagram of the rod model (from Peraiah (1983b), with
permission).
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d =(1-ad)z.

We now calculate the specific intensity at points such as P due to the ray paths Pr,
P71’ etc. This is done by using the rod model which is fully described in chapter 6
(see figure 13.1(b)). The source function at P is given by

Sa(t) =S(@) +w(r)P(r)Up(7), (13.2.3)

where @ is the albedo for single scattering and the first term on the RHS is due to
the diffusely scattered radiation field while the second term is due to the incident
radiation. The quantity S(t) is given by

St)=0—-w)B(r)+ o (r)P(r)U(1), (13.2.4)

where

_ p l-p _rpt+ pT
P(T)_<1—p p ) B=150 500 (13.2.5)
S=[st, s, U@ =[U"), U (],

with Bs the Planck functions, Us the specific intensities in the opposite directions
along the segments Pt etc., p the probability that a photon is scattered in each of
the two directions (for isotropic scattering p = 0.5) and

St=l-o@IB"+o @) [pOUT (1) + 1~ p)U (D] (13.2.6)
and

ST=[l-@@®]B +o@) [0 —-p)HUT @)+ pO)U (1)]. (13.2.7)
The boundary conditions are

Utr=0=U; and U (t=T)=U,. (13.2.8)

The quantity Uj, in equation (13.2.3) is given by

_ Ui exp(—1)
Up(t) = ( Usexp(—T — 1) ) (13.2.9)

The quantities U; and U, can be specified in advance. The physical meaning of the
vector Up(7) is that the intensity at any given point and in a given direction results
from the incident radiation at T = 0 from all the anterior points reduced by the factor
exp(—1) and by the factor exp[—(7 — 7)]. In this model, the incident radiation is
given at the points Tj, 7 etc., and no radiation is given at the point P. Hence, the
boundary conditions are given by

Uy=0 and U; =1Icosu/, (13.2.10)

where [ is the ratio of the radiations corresponding to the two components with
centres at B and A (and should not be confused with the specific intensity 7 (7, =u)),
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and u’ is given in equation (13.2.1). The intensities U' and U~ are obtained by
solving the transfer equation for the rod (see chapter 6):

dU
M— +U=S, (13.2.11)
dt

1 0
M = ( 0 i ) (13.2.12)

The solution is given by,
1+(T -1)-p)

+y
UT(t) =U; T+T(—p) (13.2.13)
and
(T =0d-p)
U™ (r) =U TXTA =) Ta—p) (13.2.14)
where
T(x) = /x N(xo dx/', (13.2.15)
0

with o the electron scattering coefficient, N (x’) the electron density at x” along the
ray path and 7 the total optical depth. Equations (13.2.13) and (13.2.14) reduce to,

Yoo _ U, L T(1—p)
U(r=T)= 15T =0 Ta=p) and U (r =0) = U1—1 Td—p)
(13.2.16)

Using equations (13.2.6)—(13.2.16), we can compute the source functions S; given
in equation (13.2.3). The source function due to self radiation is obtained by solving
the transfer equation in spherical symmetry given by

aU (r, 10
Lvew 1

2 —
- r@[(l_“ YU (r, u)]+/<(r)U(r, W =

1 +1
Kk (r) {[1 —w(r)] B*(r)+5w(r)/1 P(r, p, uHU(r, M’)du’}

(13.2.17)

and

AU (r, — 19
20 LTG0 -] + k) U G - =
ar rou

1 +1
K(r) {[1 —o((r)]B (r)+ Ew(r)/l P(r, =, U (r, 1) du’},

(13.2.18)
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where U(r, u) = 4nr?l(r, ), 1(r, p) is the specific intensity of the ray at the
radial point » making an angle cos~! 1 with the radius vector. « (r) is the absorption
coefficient and the quantities BT and B~ are the Planck functions (the + and —
signs are useful in a moving atmosphere), P (r, i, 1) is the isotropic phase function
and 0 < p < 1. For a scattering medium, we set = = 1 and Bt = B~ =0, in
which case the source function becomes

1 1
Si(7) = 5/1 I(r, ) dps. (13.2.19)

The details for obtaining the solution of equations (13.2.17) and (13.2.18) are given
in chapter 6.

We now obtain the total source functions at P by adding S, given in equation
(13.2.3) and S given in equation (13.2.19). Thus

St =8a(r, )+ Ss(r) (13.2.20)

This source function is used to estimate the radiation field in terms of 7 (z, +x) and
I(t, —p) which are given by,

I(t,+p) = 1(r, p)exp[—(t1 — 1)/ul
+ /;l Sr(t)exp[—(t —v)/uldt/n (13.2.21)
for the outward intensities and
I(t, —p) = 1(0, —p) exp (—7/p)

+ / Sr(t)exp[—(r —t)/uldt/n (13.2.22)
0

for the inward intensities. The intensities / (t, +ux) and I (t, —u) are shown in figure
13.2.

Thus, by combining the solutions of the rod spherical symmetry and plane
parallel models, we can obtain the radiation field of the reflected light from the
components of close binary stars. This procedure does not give an exact solution of
the problem but by increasing the number of rays such as Pz, etc., the accuracy can
be increased and a computationally fast solution can be obtained.

The limb darkening can be obtained by calculating the radiation at infinity,
using the line of sight scheme described in chapter 6. In figure 13.3, we give the

inward direction outward direction Figure 13.2 Schematic
diagram of the rod model.
=T -
H ! % ayA
T

u=cos Y
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total source function S7 with respect to the shell numbers, and the corresponding
radiation field is shown in figure 13.4.

This method has been applied to the computation of non-LTE lines with the
reflection effect (Peraiah and Rao 1983), assuming a purely scattering medium. It

9 I=10
8 |- 90°

| | | | |
5 10 15 20 25
Shell Number

Figure 13.3 Total source function S7 versus shell number for different values of the
colatitude (see figure 13.1(a)) & = 0°, 30°, 60° and 90° for I = 10, where [ is the
ratio of radiations corresponding to the two components with centres at B and A
(from Peraiah (1983b), with permission).

2 @ P ©
I=10 =0 // \ — IR . IR
h - -~ IR+S v - - - IR+S
\ \
INWARDS 1 OUTWARDS | OUTWARDS
\

Y
(é)]

NN
\ O

X\~ Sp Intensity

-08 -04 0 0.4 0.8 -08 -04 0 0.4 0.8

Figure 13.4 Angular distribution of radiation field for / = 10 and (a) # = 0° and
(b) 6 = 10° (from Peraiah (1983b), with permission).
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was found that the fluxes in the lines are increased at all frequency points, the cores
of the lines receiving more radiation than the wings. The proximity of the secondary
component changes the equivalent widths considerably, that is the equivalent widths
increase with increasing separation between the components.

This method has been applied to expanding atmospheres of close binary com-
ponents using the transfer equation in the comoving frame of the gas (Peraiah and
Rao 1998) and with the light incident on the atmosphere from the secondary. The
transfer equation in the comoving frame is given by

al(x, m,r) 1 —uz ol (x, u,r)
2 + =
ar r o
k(x, r)SL(r) + ke (r)Se(r) — [k (x, r) + ke (X)L (x, 1, r)
N [(1 B MZ)V(r) +M2dV(r):| ol (x, w,r)
r dx

, 0<upu<1 (13.223)
,

with a similar equation for —1 < u < 0, where I (x, u, r) is the specific intensity
making an angle cos™! i with the radius r and x is the normalized frequency x =
(v —vg)/Avp, Avp being the Doppler width and v and v being the frequencies at

—— without reflection B/A=2

,,,,,, with reflection r1/R=1/2 €=0

- -~ with reflection r1/R=1/5 B=0 -

| 1.5
1.5 Vy=0 ; Vg =50 T=1x10%
o
1.0 Lo

el

0.5

0.0 | l l 0.0
-1.0 -0.5 0.0 0.5 1.0

Figure 13.5 Line fluxes with respect to Q = x /X;qx. B/ A is the ratio of the outer to
inner radii of the atmosphere. /R is the ratio of the radius of the primary to the
distance between the centres of stars. V4 and Vp are the velocities at r = A and

r = B in mtu. € is a non-LTE parameter and 8 is the ratio of the absorption in the
continuum to that in the line. 7 is the total optical depth at the line centre (from
Peraiah & Rao (1998), with permission).
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any point in the line and at the line centre respectively. V () is the velocity of the gas
at r in mean thermal units (mtu) and « (x, r) and k. (r) are the absorption coefficients
per unit frequency interval in the line and continuum respectively. The quantities
St and S, are the line and continuum source functions respectively. Assuming a
two-level atom model and complete redistribution, line profiles have been computed
in an expanding atmosphere. In figure 13.5, a profile of the spectral lines is given. A
linear law was used for the velocity of expansion and this produced a PCygni type
profile. In the case of reflection, the core of the line receives more of the photons of
the incident light from the companion and has less absorption. However, the wings
of the line remain largely unchanged. Srinivasa Rao and Peraiah (2000) extended
this method to dusty, irradiated atmospheres of the close binary components.

133 Two-dimensional transfer and discrete space theory

We shall now describe a method of solving transfer equation X—Y geometry using
discrete space theory following Ellison and Grant (1974). Using the interaction prin-
ciple, a set of linear equations for the intensities on a discrete grid in a Cartesian X—Y
domain are developed. This method gives a solution with non-negative intensities
and flux conservation provided the size of the cells of the grid is sufficiently small.
The transfer equation in X—Y geometry is

al(x,0) aU(x,0)
122 +7
ax dy

+k(x)U(x,0) = S(x), (13.3.1)
where

2
Sx)=kx) [l —w@@)]Bx)+ L;U(x) / p(x,0,0")U(x,0")do .
0
(13.3.2)

Here U (x, 0) is the intensity of radiation at the point x = (x, y) of the X-Y plane
in the direction 6 with the x-axis, © = cosf, n = sinf, @ (x) is albedo for single
scattering, k (x) is the absorption coefficient and B(x) is the source at the point x.
P(x,0,0) is the scattering phase function for radiation scattered from direction 6’
into the direction 6.

Let us introduce an operator 7 which relates locally the emergent intensity from
a cell to the incident intensity and internal sources, or

TU =8, (13.3.3)

where the matrix 7' contains the absorption and scattering information and S con-
tains information about the internal sources.

The determination of the operator 7 is different from the usual procedure adopted
in discrete space theory. In multi-dimensional geometry, we assume some ‘flux
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shape’” within each cell. However, this leads to problems in flux conservation and
non-negativity of the intensities. To overcome this difficulty, the operator T is
determined by using the relation (see figure 13.6)

/

U, = U; exp(—xs') + / exp [~k (s" — )] ds, (13.3.4)
0

where the subscripts i and o refer to input and output quantities.

We now determine the 7" operator. We solve the transfer equation (13.3.1) in the
X-Y plane with Xo < x < Xy and Yy < y < Y7 and divide the region into M N
cells, not necessarily of the same size. The angular discretization in the first quadrant
isQ1=1{6lk=1,2,...,K}sothat0 < 0] <y <63--- <0 < /2. The angles
in the other three quadrants are 0, = {¢y|px = 7 — Ok}, O3 = {Px P = 7T + 6k},
Q4 = {Prlpr = 2w — 6}. We choose M = [uidiir] and N = [niSri’], where
k=1,...,K and u; = cos 6 and n; = sin 6.

Now on the cell in the X-Y plane bounded by the lines parallel to the axes at
x =x, x+d8xandy =y, y+ 3y, the averaged intensity on the sides of this cell
U(y + 8y, 0) is given by

x+5x
Sx -U(y+38y,0) = / U'(x', y + 8y, 0)dx’. (13.3.5)
X

IfU'(x,0) = {U(x,0, 8 € Q;}, then the averaged output intensities from the cell
are the vectors U'(x + 8x), U'(y + 8y), ..., U*(x + 8x), where U'(y + 8y) =
Ul(y +6y,00)10r € O1, k=1,..., K}. We define px = (nx/ur)(8x/8y). There
are two types of rays passing through, for which p; > 1 and p; < 1. The symbols
< and > are used to represent directions for which p < 1 and p > 1 respectively.
For example U' (<, y) is the averaged intensity vector on side y for all directions in
the first quadrant such that ny /uyx = tan6y < §y/Sx (these rays enter at the bottom
and emerge at the right), or

Ull<, x4+ 6x) = [U'(x +6x,0), U (x +8x,62), ..., U (x + 6x, k1",
(13.3.6)

Figure 13.6 Schematic diagram of the input and output intensities.
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where T denotes the transpose of the vector. Similarly
Ul>,x +8x) = [U'(x +8x,0p, ), ... U (x + 8x, 001", (13.3.7)

where 1 < k < K and

Ul(<, x + 8x)
U'(x +68x) = ’ . 13.3.8
(x + 8x) (U1(>,x+8x) ( )
We define output vectors
U! 8 U?
gl = (VST e UTO ) e (13.3.9)
U'(y+6y) U=(y +6y)
with U, = [ULU2 U2 UNT, U = (U}, U U;, UNT (for example
Ui, utmin.
The interaction principle is written as
U, Ar+ Py P Pi3 Pis
U? _ Py Ay + Pn Pa3 Py
U, P Py A3+ P P34
Uy P4y Py Py3 Ay + Py
U} x!
U; x?
, 13.3.10
“I v | 7| =3 (13:3.10)
Ut x4
where
M~'(<)
8y
M~'(>)
Kt )
Py = — Y
T om M~ (<)
ox
M~'(<)
8y

XX 5(<<) XXps(<>) XYi(<<) XY,5(<>)
XX s(><) XXps(>>) XY(><) XY 5(>>)
XXps(<<) YXis(<>) YY(<<) YYr(<>) ,
YXis(><) YXp(>>) YY(><) YY(>>)

for r,s=1,...,4, (13.3.11)
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Axx (<) 0 Axy (<) 0

0 0 0 Axy(<)
Ar = s
Ayx (<) 0 0 0
0 Ayx (<) 0 Ayy(<)
r=1,...,4 (13.3.12)
and
= [25 (<), ZX(>), B (<), 2;(>)]T. (13.3.13)

The various matrices in (13.3.11), (13.3.12) and (13.3.13) are defined below (with
similar expressions for N):

M(<) = [uedie], 1<k <k, M(G)=[udw], k <k <K.(13.3.14)

)
Axx(<) == p) (1 S x)]akk/,
Ik

Ayy(>) = (1 - i) (1 - @>:| Sk s
L Pk Nk

i K8x
Axy(<)=|pe (1 = — )| kx>
Ik

M1 )
Ayx(>) = (1 £ y)i| Sk’ »

i Kd
Axy(>) = (1 - 2_y>:| Skk’
L Nk

Ayx(<) = (1 - @ﬂ Sk -
L Mk

The Xs are defined similarly.

The matrices (XY),s(>, <) etc. are more complicated. They involve the scatter-
ing phase function angular quadrature, geometric weighting. For details and further
numerical analysis see Ellison and Grant (1974).

(13.3.15)

134  Three-dimensional radiative transfer

Stenholm (1977) extended Rybicki’s core-saturation method to multi-dimensional
geometry. Stenholm er al. (1991) developed a method for solving the problems
in two- and three-dimensional geometries using an implicit discretization of the
transfer equation in Cartesian coordinates. We shall describe this method briefly
below.

The transfer equation in the three-dimensional Cartesian system is given by

o + o + o (S—1) (13.4.1)
Ny— +tny—+n;— =« —1), -
Tox - Yoy Yoz
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where
ny =sinfcos¢, ny, =sinfsing, n,=cosd (13.4.2)

and 6 is the angle between the ray direction and the positive z-axis and ¢ is the
angle between the positive x-axis and projection of the ray on the x—y plane. S is
the source function. It is assumed that the infalling intensities are given as boundary
values for all surfaces. Equation (13.4.1) is discretized implicitly in the direction of
the rays, that is for positive ny, ny and n,, giving

Ny ny

A_x(1i+1,j+l,k+l —ILi j+1k+1) + Ay

i1, jr ket — Ligrjxrn)
n;
Az

= Kit 1, j+1hk+1(Sit 1,1 k+1 — Dik1,j+1,k+1)- (13.4.3)

+ — it j+1.k+1 — Lit1,j+1.6)

Iit1,j+1,k+1 1s obtained from equation (13.4.3) as

Ny ny

livtjvih+t = | = lij+1he1 + —Liv1jke1 +
i+1j+1k+ Ax i, j+1k+ Ay i+1,j,k+

Nz

Liv1,j+1,k
AZ 5] s

Ny

ny n; -1
K1 LA Sit 141k 1) vl Ay + Az + Kl j+1k41 ) -

(13.4.4)

If the source function is prescribed in advance at all grid points, the intensities can
be determined recursively starting from the point (1,1,1). If the source function is
not known a priori it can be obtained by iteration starting with the value

$"=(1-wo)B, (13.4.5)
where @ is the albedo for single scattering, and
St =1 -o)B+wJ", (13.4.6)

where J” is the mean intensity obtained from S”. This scheme converges slowly.
The rate of convergence can be increased by the method of Ng in which a succession
of immediate previous iterations are used to give enough information to obtain a
better than linear rate of convergence. The accelerated scheme is

S=1—a; —a)S, + a1 8" + 8" 2, (13.4.7)
where the o coefficients are to be determined. Equation (13.4.7) can be written as
=1 -0 —a)S" " +as" 7 +aps" 3. (13.4.8)

The as are determined by minimizing the distance between S and S’ by a method

similar to that of least squares. The equations chosen to minimize are r> =
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Yo wi ik (Sijk— S i )%, the S; j ks being the components of the estimates of the
solution vector and the ws the weights. The normal equations

Aa =b, (13.4.9)

form a system of two symmetric linear equations that determine the two unknown
acceleration coefficients. The elements are given by

An =Y g (S - ASITL) (st - asiy) (13.4.10)
d
and
b= wi kA ((AS] = ASIT ), (13.4.11)
d
with
ASk = gk — gk=1. (13.4.12)

This acceleration scheme is used in the iteration procedure to obtain four successive
estimates of the solution error. Equation (13.4.9) is then solved to obtain the two «s.
The weights are taken to be

wqg =1/8]. (13.4.13)
Cannon’s iteration scheme (see chapter 10) can be used. It is given by

S = A ST+ (A = AN[S"]+ (1 — @)B (13.4.14)
or

S =1 - A (@A - A"+ (1 - @)B]. (13.4.15)

The quantity A[S"] represents the (n 4 1)th iteration of the basic method. The ap-
proximate diagonal is derived analogously to the operator (see Olson et al. (1986)),
which is done by using the following relations:

Sit1,j+1,k+1 =1, (13.4.16)
I it gt = It et ©XPI=Tidk 1 j L k1 — Ti jLk+1 s (13.4.17)
Ii*Jrl,j,k+l = i*+1,j+l,k+l CXPl—=Tit1,j+1k+1 — Tit+l,jk+11s (13.4.18)
Ii*+1,j+1,k = Ii*+1,j+1,k+l eXpl—Ti+1, j+1.k+1 — Ti+1,j+1.kl, (13.4.19)

Substituting equations (13.4.16)—(13.4.19) into equation (13.4.4) we obtain the
local algebraic equation for approximate I*, which gives the diagonal approximate
lambda operator:
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1 Ny
Nit1,j41k+1 = —/ Kit1, j+1k+1  Kitl,jr1k+1 + — [1 — exp(—ATy)]
4 Jo ny

-1
n nz
+A—yy [1 —exp(—ATy)] + A [1- exp(—ArZ)]} dQ.  (13.4.20)

The Ats are the same as those in the exponents of equations (13.4.17)—(13.4.19).
Equations similar to equations (13.4.17)—(13.4.19) are used at the boundaries in the
difference equations for the boundary conditions. A*[S"] can be calculated and then
equation (13.4.15) is used to obtain new estimates of the source function.

Wehrse et al. (2000a,b) developed the diffusion of radiation in moving media in
a three-dimensional geometry using the solutions of Baschek ef al. (1997a,b).

135  Time dependent radiative transfer

Time dependent radiative transfer problems involve the complex interaction of
matter and radiation. When a photon interacts with quantized atomic states one
needs to know the time spent by the photon in the absorbed state or the time
spent by it in two successive scatterings (see Mohan Rao et al. (1990)). There
are several areas in which the time dependence of the transfer of radiation plays
an important role. Most of the research in these problems has used the analytical
approach. Latko and Pomraning (1972) used the synthesis method to solve time de-
pendent two-dimensional non-linear radiative transfer. The synthesis method gives
a logical consistent technique for constructing two-dimensional solutions from a
small number of one-dimensional calculations. Leong and Sen (1972) developed a
probabilistic approach to time dependent transfer in spherically symmetric inhomo-
geneous isotropically scattering media. They derived an integro-differential equation
through four probability functions. They obtained emergent intensities in terms of
scattering and transmission in both directions. Munier (1987, 1988) developed the
integral form of the time dependent transfer equation in plane parallel, spherical,
moving boundaries and three-dimensional geometry.

We shall describe a numerical solution of the time dependent inertial frame
transfer equation in moving media to the order of (v/c). For a full discussion of
this method see Mihalas and Klein (1982). We start with the equations

1
pe(u) = S Uk + I(=p)] (13.5.1)

and

1
qr(pn) = E[Ik(+u) — L (=)l (13.5.2)

Introducing these into the transfer equation, we obtain

101 a1l =
o + Ma_z = kx(Bx — Ir) + uBki(Ix + 3By), (13.5.3)
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where 8 = v/c and

Vk+1 Vk+1
I =/ I,dv, B, =/ B, dv,
Vk Vk

3k Br = ik
1
= 3k B + E[Vk+1(KkBk + K1 Br41) — v (kk—1Br—1 + k. Bi)l,

B being the Planck function. Then in terms of equations (13.5.1) and (13.5.2) for
4w, we obtain from equation (13.5.3)

1 dpi 0qxk
Sk P g By — o) + B (13.5.4)
c 0t 0z

and
1 dgx dpk _
S P an + mBr (i + 3By (13.5.5)
c ot 0z

We shall describe the first order schemes. The z-axis is discretized into the grid
{zg, d =1,2,..., D+ 1} with z5 > z441, which means that z4_ is at the ‘top’ of
the medium and z4—p+1 is at the bottom of the medium. The angle grid points 1,
are chosen from a quadrature formula, while the frequencies are discretized over the
mesh {v;}. All quantities are specified at the centre of the cell z d+l d=1, , D,
while velocities and the flux-like vector ¢ (v) are specified at the cell boundarles 2d-
We use only depth levels and time levels " and suppress reference to angles 1, and
frequencies vi in assigning superscript and subscripts.

(A) An explicit scheme

+

. . 1 .
We centre p" 4 at time " and ¢, * at times /"*2 = 2@" + 1), Equations

(13.5.4) and (13 5.5) can then be written in a standard leapfrog manner as

+1 +1i-1 nty 1 _
(pZ’+ ~ Pyt >(CAtn Dy qu+1)(AZd)

nty [ pnty 1 n+1
“arl [Bd+ 2 (pd+1 TPy

I ntl 3 on+ +1 nt
+§MKZ+%2 (ﬂd g 2+ﬂ;’+f ;’HZ), d=1,...,D, (13.5.6)

— o=

n+s n—1 — —
(qd 2 _qd 2) (CAtn) 1 _M(ps_% _pz+%)(AZd7%) 1 =

1
—EKd(qZ 2+qd >+Mﬁg{(3;c3);}+(xp)g}, d=2,...,D,

(13.5.7)
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+
+ k", B” 2 l(B" L+

_1 1. n+h
where §t" = %(At” 14+ At"T2), K, 12 = l(Kn |
+i vl TRl

B”+1) and B} = 2(,3d E + ﬁd+2) The quantity Azd is the thickness of the dth

slab and Azd_% = §(Azd,1 +Azg). The quantities (k B)); and (kp)); are interpreted
similarly.

To obtain the boundary condition, we use equation (13.5.7) over the half intervals
from the cell edge to the centre for the first and last slabs and the relations

pl=1I+ql =1"+ %(q’f_% +q™ (13.5.8)
and

Phoy =11 —qh.y = (qD+1 Y (13.5.9)
Then,

@ —a) A bu [lﬁ TS pg] (Azy)™!

n—1i n+l n—1i n+1
:—Kg(ql 2+q1 z)/2+,uﬂf/<§ [3B§+Iﬁ+(q1 z*_,_q1 2)/2],

(13.5.10)

_1 o _1 41 -
(@it — g D earm) ]+M[p’;+% — 11+ @y +dpy)2|(azp/)!
n n—%
= _"D+%(‘11)+1 +qD+1)/2

n— nt1
+ MIB?)HK’ZH% [SBZH +1IY - (qD+21 +dpy1) j|
(13.5.11)

We obtain D equations from equation (13.5.6) for D values of p"“i and equa-
2

tions (13.5.7), (13.5.10) and (13.5.11) give D + 1 equations for D + 1 values of

qZJr%. One can update the p and ¢ values by vectorizing the solution either over the
depth grid or over all angles and frequencies.

Equations (13.5.6) and (13.5.7) are subject to von Neumann’s local stability
condition which gives the Courant condition:

cAt < Az/pu,

which gives the required time steps. This is quite useful in the case of radiation flow
but not as useful in the case of fluid flow in which one requires time steps of the
order of At ~ Az/v, where v(K c¢) is the fluid velocity. In the diffusion limit a
more restricted time step limitation of the form Ar < k(Az)?> may be necessary.
This indicates that we should turn to implicit schemes.
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(B) Two-level implicit schemes

We adopt the same spatial centring as in (A) but put all variables at a common time
level. Then equations (13.5.4) and (13.5.5) can be replaced by following equations:

(p;f —pd+.)(cAt”+2) el - githaz™!

n+l Bn+l n+1

-1 _
+ (L —eulg; —qy,1)(Aza) Hap1Parl T Pyyl

n n n
+d- G)Kd+%(Bd+% - pd+%)

1
+ = 2 n+l (ﬂn-i-l n+1 +[32[1_-:_-11 :jl_—:__ll)

1 n n_n n n
+ E(l - e)ukd+%(ﬁdqd +B4119441), d=1,....D (13.5.12)
and

(@5 —gear™H™ Fen(pith —pitH (a7

+ (A —np) - p”+l)(Azd_%)_ = —exi Mgt — (1 - oxliq)
+ euﬁ"+1[3(/<B)"+1 + k) (1= Oppl3(B) + (kep)h],
d=2,...,D. (13.5.13)

Quantities such as k4, (kB)ys and (kp)y are defined as in the explicit scheme.
Boundary conditions over half intervals from equation (13.5.13) are applied over
half intervals of the two end cells. We thus obtain

(! — gD ear™ ™ F2eu( + gt = Az
+20 =" +qi = p(Az) 7! = —pux ”+‘ g7 = (-]
“I‘GM,Bn-H n+1(3Bn+1 +In+l +qn+l) 2
+ (1 - e)uﬁllcg(3B" + 1" —I—ql)
(13.5.14)
and
@5 = aha ) earT 4 ZEM(p”“% — I+ gD azp) !
+20 =l ) — 1 +apiDda) ™ = —epil apl
— (1= E)Kf)+%q$+1 + eﬂﬁ?)ill'fnﬂl (3Bn+ll + 1n+1

— gD A= Oupl k) OBy + 1L =g, (13515

When € = 1 we have a fully implicit or backward Euler scheme and when € = %

we have the Crank—Nicholson scheme.
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If we introduce the solution vector X given by

X =1{q1. P3/2:92: ---»4Ds PD+1/2: 4D+1}> (13.5.16)

then for each angle u,, and frequency v; equations (13.5.12)—(13.5.15) can be
written as

T Xmk = Rk, (13.5.17)

where T, is a tri-diagonal matrix of dimension (2D + 1) and R, is a vector
of length (2D + 1). As the solution is recursive, it cannot be vectorized over the
depth grid. Both the setup and the solution can be vectorized over all angles and
frequencies which are treated in parallel.
Equation (13.5.12) can be written in the form
+1 +1 _ +1 _

DdQZ —i—Edqs_H = deZ-i—% + Gy, d=1,...,D, (13.5.18)
and equation (13.5.13) can be written as

Adpztl% +de3f% =Caq" + Ly, d=2,...,D (13.5.19)
The upper and lower boundary conditions are obtained by putting A; = 0 and
By+1 = 0 respectively in equation (13.5.19). The matrices Ay, By, Cy, Dg, Eg4
and Fy are matrices of order (M x M) if scattering is included. The quantities G p
and L p are vectors and contain all known information from the previous time step
t". Equations (13.5.18) and (13.5.19) can be solved using the following recursion
relations:

qsill = Vd+1PZI% + Waq, (13.5.20)

pjf% = Uy 95t + Tyyts (13.5.21)
where

Ud+% = (F4 — DaVa) " 'Ea, (13.5.22)

Vi = (Cq — AdUd,%)_le, (13.5.23)

Wyq = (Cyq — AdUd_%)_l(Ade_% — Ly), (13.5.24)

Td+% = (Fy — DaVy) " "(DaWy — Gy). (13.5.25)

The solution begins at d = 1, with A} = 0, then the quantities V, W, U, T are
computed recursively for all depths By = 0. At the bottom gp+1 = Wy + 1.
We then back substitute using equations (13.5.20) and (13.5.21) and obtain P;:ll

2

d=1,2,...,D)and q(’j“ (d=1,..., D+1).For applications of this method see
Mihalas and Klein (1982) and for automatic flux limiting see Mihalas and Weaver
(1982).
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136  Radiative transfer, entropy and local potentials

Certain interactions between matter and radiation are irreversible. These were stud-
ied by Wildt (1956). The connection between the theory of the thermodynamics of
irreversible process and radiative transfer through the possibility of the applicability
of a ‘striking theorem’ was suggested by Wildt (1972). According to Prigogine’s
theorem the rate of entropy production has its minimum value in the steady state.
The application of such an extremum principle to radiative transfer would be im-
portant. It could lead to the application of variational techniques in obtaining the
solution of radiative transfer problems. For a comprehensive discussion see Essex
(1984).

Oxenius (1966) treated a two-level atom without continuum using an irreversible
process of emission and Sen (1967) treated this problem by adding the background
continuum. Glansdorff and Prigogine (1964, 1965) introduced the concept of ‘local
potential’ in the studies of non-equilibrium chemical and hydrodynamical processes.
Sen (1972) studied the role of a ‘local potential’ in connection with the non-LTE
radiative transfer. In the above paper, he studied the possibility of introducing a
variational principle based on the entropy of the system to obtain necessary con-
ditions for the existence of a stationary state in the time dependent radiation and
matter interaction.

We shall describe a simple model of the time dependent transfer equation with
two discrete levels due to Sen (1972).

The time dependent transfer equation in a plane parallel medium is

1dl, dI, 109l al,

cdr Tds car Mz
and, assuming that the number densities in the two discrete levels are time depen-
dent, we can write

dn on on
2, 24 2oy (BIZ/Jv¢vdV+Ql2>

=K,(SE— 1) (13.6.1)

dt “ oz ot

—ny <A21 + By / Jupy dv + Qzl). (13.6.2)

I,(z, t, ) is the specific intensity of the unpolarized radiation with frequency v over
a distance ds, n1 and n, are the number densities of the ground and upper states of
the two-level atom, By, Ba; and Aj; are the Einstein coefficients of absorption,
induced emission and spontaneous emission respectively of the two states, ¢, is the
absorption profile (assumed to be the same as the emission profile) and «,, and S} are
the absorption coefficient and source function respectively. J, is the mean intensity.
Q172 and 27 are the rate coefficients for collisional excitation and de-excitation and
are given by the relation

Q12/ Q01 = (g2/81) exp(=hv/kT), (13.6.3)
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where h is Planck’s constant, g1, go are the statistical weights, k is the Boltzmann
constant and T is the kinetic temperature which is assumed to be independent of z
and ¢. The quantities «, and S} are given for a two-level atom by

hv
Ky = 4—¢u(n1312 —n2Bs) (13.6.4)
TT
and
Sy =nyAz1/(n1 B2 — n2Bay). (13.6.5)

From the principle of conservation, we have

n = n| + np = constant. (13.6.6)
This leads to
dny dn
—_— = 13.6.7
dt dt ( )
We define (Krdll, 1967) two temperatures 7, and 7} by the relations
L _ K, 1+2h”3 (13.6.8)
— = —1n s .0.
T, hv c2l,
1 .
7= (k/ej)In(gj/n), j=1,2, (13.6.9)
J

where ¢ is the energy of the jth level and g; is the statistical weight of the jth level.
We write T, as

1
7o~ (k/hv)In(gan1/gin2), (13.6.10)
12

nj = gjexp(—g;/kt). (13.6.11)

From equations (13.6.10) and (13.6.11), we have

hv & €

=2 (13.6.12)
T, T T

From equations (13.6.6), (13.6.11) and (13.6.12), we have
ny = n[(g1/g2) exp(hv/kTiz) + 117", (13.6.13)

n1 = nl(g1/g2) exp(hv/kT12)1[(g1/g2) exp(hv/kTip) + 117" (13.6.14)

It is known that A1 /By = 2hv3/c2 and g1 B1a = g2 B>1. Using these relations, we
get k,, and S* as,

hv
ko = 9l Bia(g1/82) exp(hv/kTio) — Bia]

x [(g2/81) exp(hv/kTi2) + 117 (13.6.15)
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and

3

. 2hv
ST =

b= "5 explUv/kT)) 17"

(13.6.16)

We shall now consider a variation principle based on entropy considerations.
We assume a Maxwell-Boltzmann distribution for the matter and a Bose—Einstein
distribution for the radiation field, and define s, (1) as the local entropy density for

the radiation in a given direction and s; for the gas, giving

2h
sy(pn) = —;[(1 +a)In(l +a) —alnal, (13.6.17)
c
where
a=c1,/2h? (13.6.18)
and
Sj =knj[ln(gj/nj)+1], j=12. (13.6.19)
From equations (13.6.17), (13.6.19), (13.6.1) and (13.6.2), we get
% _ ! E)i ai _&n (13.6.20)
ot cT, ot ot T; ot
and
9, _ L3k Bs; &0 (13.6.21)
dz T, 0z oz T oz
Equations (13.6.1) and (13.6.2) give us
d 2hv3 _ _
S = 22 exp(hv/kTio) = 1] = [expthv/kT) - 1]7')
ot T, c
w 2h2v* 2 0 1
R exp(hvkT,) [exp(hv/kT,) — 1] a\T ) (13.6.22)
ds g1 dny £1 B /]¢ L0
—_— = —— = — | n
dt T, dt T, 1 12 vPy 12
—ny <A21 — By / Juoy dv + 921)1|, (13.6.23)
dS2 159) dnz &2 /
— == == A B J Q
i D di T [nz( 21 + Boy vy + Q21
—n (312/ Jydy, dv + 912)]. (13.6.24)
Therefore,

d(s1 + s2) B hv

dt

kT2

|:n1 (312/ Jypy dv +912>
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—ny <A21 + Boj / Jop, dv + 921>1| (13.6.25)
and
d(s1 + 52) _ d(si+s2) [ev1dng ey dny ’ (13.6.26)
ot dt T, 0z T, 0z
where n1 and n, are given by equations (13.6.13) and (13.6.14). Let
2
sy =5+ Y sj, (13.6.27)
1
then from equations (13.6.22)—(13.6.26), we get
as’ ad d
95’ _0s 31 +s) (13.6.28)
ot at ot
If v1(dn1/0z) and vy (dny/dz) are small, then
8s’_83+hv B/qud—l—Q
ar oz kT1 ni 12 v@Py av 12
—ny <A21 + By / Jypy dv + 921>i| =F say. (13.6.29)
We have
Ti(2)
s'(z, ) = / Fdt. (13.6.30)
10(2)

The global entropy S can be obtained by interpolating over the whole volume and
averaging over the solid angle. Thus,

1 +1
Sziff //F(u(s,t),a)(z,t),Uz,z,t)dszd,udt, (13.6.31)
tJ—1 AJz

where U = (1/T,), w = (1/T12) and U, = (dU/dz). The above analysis has been
done with the azimuthal independent radiation field.

During the evolution of the system §S > 0, which leads to a stationary state.
Using the calculus of variations, the necessary condition for the existence of a
stationary value can be expressed in the form of Euler equations, that is

oF 0 0F
- _ - =0 (13.6.32)
aU dzaU,

and
oF
— =0 (13.6.33)
ow

The quantity F in equation (13.6.29) can be written in the form
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4 U
F =ZPJ~(U)Q(w)+Ps(U)¥, (13.6.34)
j=1

and the Euler equations then become

4 P (U)
Qj(w)——" =0, (13.6.35)
j; / U
4 .
> P 09,@ _,, (13.6.36)
j+1 dw
where
2hv3 .
PIU)=U, P)U)="5Ulexp(hvU/k) — 117",
C
P(U) = [312 / Ty dv + le],
Py(U) = |:A21 + Boi / Jupydv + 921]
and
pnU2h?v* _2
Ps(U) = Texp(th/k)[exp(th/k) — 1],

2hv3
01(@) = & —5—lexp(hveo/k) = 17,

Q2 (w) =Ky, Q3(w) = (hv/K)ony,  Qa(w) = (hv/k)wns.

The quantities U and @ can be obtained from equations (13.6.35) and (13.6.36).
From equations (13.6.31)—(13.6.36) one can obtain S} and «,. The steady state
condition can be obtained by setting (1/c)dl,/dt = 0, dny/dt = dn;/dt = 0,
dsy () /0t = ds1/0t = ds2/0t = 0.

‘We now consider the local potentials. The change in the signs of s and ds, /d¢ are
to be ascertained following Glansdorff and Prigogine (1964, 1965). From equations
(13.6.22) and (13.6.8), we can write

10 1 Kok
cot (E) = — 5 U —exp(=hv/kT)]{[exp(hv/kT,) — 1]

-1 a (1
X [exp(hv/lez) — 1] -1} - ,ua—z <T) (13.6.37)

From equations (13.6.26) and (13.6.13) and assuming that v(dn;/dz) and
va(dny/07) are negligibly small, we get

d 1 k
— | =— ) =——1[(1/g2) exp(hv/kT12) + 1] ( Bi2 | Ju¢ydv+ Q12
ot \ T1» hv
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— [(g2/81) exp(—hv/kT12) + 1] <A21 + By / Jugy dv + 921> }
(13.6.38)

Multiplying equation (13.6.37) by (9/0¢)(1/7,) and equation (13.6.38) by
(0/0t)(1/T12) and adding we get the local potential ¢:

e HEIRE N

¢ is made negative and semi-definite. Integrating over the entire volume of the
atmosphere (plane parallel), we get

V= /sodv =f /wdsz. (13.6.40)
AJz

We can use the variational principle by assuming a quantity £, such that

3
V= 5Eu, (13.6.41)

E, =/1/fdt=/f /godszdt. (13.6.42)
tJAJz

Assuming that ¢ is negative and semi-definite and the ranges of integration are

or

all positive, E, can only diminish during the process of evolution and will take a
minimum value at the stationary state. Now

Ev=// /w(U(z,t),w(z,t),Uz,Uz,wt,z,t)dszdt, (13.6.43)
tJAJz

withU =1/1),0 =1/T12, U +z2=0U/9dz, Uy = U /0t, w; = dw/0t.
The necessary conditions for the existence of a minimum can be written as

v _29% 29 _, (13.6.44)
oU 9z 0U. ot U,

and
3o 90
9 _2% (13.6.45)
do 9t de;

@ in equation (13.6.39) can be written as

oUu aUu
¢ = [Ma—z + P1(U) Q1(w) + Pz(U)Qz(CO)} o

0
+[P3(U) Q3() + P4(U)Q4(w)]a—6:, (13.6.46)

where the P and Q coefficients are similar to those appearing in equations (13.6.35)
and (13.6.36).
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From equations (13.6.44), (13.6.45) and (13.6.46), we get

2
+[P1(U) Q) (@) + Po(U) Q3 (w)

Mozor
9
— Q3(w) P§(U) — Q4(w)P4(U)]8—‘; ~0 (13.6.47)
and
{[Pl(U)Qﬁ () + P2(U) Q5 (w)]
U
— [Q3(w) P3(U) + Q4(w)P4(U)]} =0, (13.6.48)
where
9P, _ 9P U _ U
at aU ar ( )
and
& = Qi(w )— (13.6.49)

As dU/dt # 0, equation (13.6.48) gives the connection between U and w or
between /,, and S7;. Eliminating one of them, one can obtain the differential equation
for solving them.

13.7  Radiative transfer in masers

High resolution interferometry gives the structure of maser sources. The study of
maser radiation gives information regarding small scale structure. For early reviews
of masers see Litwak et al. (1966) and Kegel (1975) and for later developments see
Alcock and Ross (1985) and Elitzur (1990).

A variational technique was used by Sen (1982) on the radiation stability in
a cylindrical homogeneous maser with steady state pumping. He employed time
dependent transfer for the two-level atom of Deguchi (1974).

Exercises

13.1 Assuming that the secondary component is a point source (instead of an extended
source as in section 13.2), describe the distribution of the reflected radiation field of
the atmosphere of the primary component.

13.2 Develop a computer scheme for obtaining the limb darkening when the secondary
component is: (a) a point source and (b) an extended source.

13.3 Using the partial redistribution function R;_4 (isotropic) compute the line profiles in
the expanding irradiated atmospheres of the close binary components.
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13.4 Substitute equation (13.5.21) into equation (13.5.20) and solve the resulting tri-diagonal

system for Pd”:} , and using equation (13.5.21) obtain the equation
2

n+l _ ~—1 n+l1 n—1 _
9 =Cy (Adpd_%+Bde+% Ld)-

13.5 From the solution obtained in exercise 13.4, derive the moments.
13.6 Derive equations (13.6.20) and (13.6.21).

13.7 Expand equation (13.6.39) and write down the full expression for ¢.
13.8 Derive the P and Q coefficients in equation (13.6.46).

13.9 Derive equations (13.6.47) and (13.6.48).
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Symbol index

a = ratio of the damping width to the Doppler width (I" /4w Avp, Avp being the
Doppler width), 16

aj = weights of Gauss—Legendre quadrature formula, 65
b = diagonal matrix of quadrature weights, 181
¢ = velocity of light, 11

d=(xi— —x)~ 1,231

d E, = amount of radiant energy, 1

dw = element of solid angle, 3

erfc(x) = error function, 18

f(x, p, t) =distribution function, 35

f" =radial function in the adaptive mesh, 255
f* = structure function, 255

fu(r, t) = variable Eddington factor, 25

g1, g» = statistical weights, 15

h = Planck constant, 11

Jv = emission coefficient, 10
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470 Symbol index

k = Boltzmann constant, 11

n = refractive index, 25

n; = number density in the state of i, 13

p = impact parameter, 31

p(cos ®) = phase function, 44

p(v',Q'; v, Q; r, t) = phase function, 11

p = Q/I = polarization, 200

pr(v) =radiation pressure, 7

pr(xx), pr(xy), pr(xz) etc. = components of pressure tensor, 8
gy = sphericity factor, 103

q(t) = Hopf function, 56

r = reflectivity, 112

r = position vector, 2

t = transmittivity, 112

u(z, £u, v) = mean intensity-like variable, 93

v(z, £u, v) = flux-like variable, 93

x =normalized frequency (= (v — vg)/As), 15

x, y, z = Cartesian coordinates, 2

x'=x—nuV, 195

A;j, Bjj, Bj; = Einstein coefficients, 12

A4 = diagonal matrix coupling depth points in Feautrier method, 95
B(v;j, T), B,(T), B =Planck function, 12

B, = full matrix coupling depth points in Feautrier method, 95
C.; = collisional rates, 13

Dg.4—1 = auxiliary matrix in Feautrier method, 97

E(u, 1to; ¢o — ¢) = exit function of Hovenier, 142

E,(y) = exponential integral, 48



Symbol index

E = unit matrix, 83

F = integrated flux, 4

F, =net flux, 3

F 4, = astrophysical flux, 4

FE, = Eddington flux, 4

F. = emergent flux at frequency x, 272

H (a, u) = Voigt function, 18

H -function, 71

H, = first moment (Eddington flux), 8

1(0, 1)/1(0, 1) =limb darkening, 57

101{, 13 = intensities in the outward and backward direction, 90
1= Q%+ U*+ V2, 364

I, =intensity in the +pu-direction (outward), 64
I_ = intensity in the —u-direction (inward), 64
IF=1(v,+p), 40

I =1(v,—p), 40

I, = specific intensity, 1

Line(u', @) = incident intensity at 7 = 0, 118
I;, I, = intensities in the two polarization states, 200
I=[1, I, U, V] = Stokes parameters, 366
I=1+ 1,200

J, = average intensity, 6

Jy, = zeroth moment (mean intensity), 8
T=[T2¢(x)J(x)dx, 15

K -integral, 47

K, = second moment (K -integral), 8

K, = true absorption coefficient, 39
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472 Symbol index

K=K+ Ky®, 419

K; = vector which contains the depth distribution of the thermal terms, 100
L = total luminosity, 5

L, &) = specific luminosity, 4

L, = source terms in Feautrier method, 96

M, (z, n) = nth moment of the radiation field, 8

M = matrix with diagonal elements M,,,, 182

M,,, = diagonal matrix of angle quadrature, 182

N1, N> =number density in levels 1 and 2 respectively, 15
N, = number density of the species «, 14

Q=1 —-1,,200

Q=WJ, 100

P (7) = total probability, 313

Pj; = total rate from level j to level i, 14

pP¢ = (px, Dy, Dzs iE/c) = four-momentum of a particle, 210
R(v, q,V', q') = redistribution functions, 17

R, T = ratios of the reflected and transmitted fluxes to that of the incident flux,
113

R, =reflectance of n plates, 114
R = matrix in Riccati transformation, 91
S(u) = scattering functions, 71
S(t1; 1, @3 1o, wo) = scattering function, 119
,(,S) (6, @) = source function with only scattering, 45
S = line source function, 15
S, (r, £, t) = source function, 12
S, = in Carlson’s S,, method, 147

T =temperature, 11



Symbol index

T (t1; 1, @; Lo, @o) = transmission function, 127

T, = transmittance of n plates, 114

T = effective temperature, 57

T; = diagonal matrix (diagonal matrix in Rybicki’s method), 99
U = integrated energy density, 6

U= —I)tan2y, 364

U, = energy density, 6

UL =3 (UE UL 18

U; = discrete representation of u(z, =, v) in Rybicki’s method, 99
V = velocity, 221

V= —I)tan2Bsec2y, 364

V = velocity of the moving medium, 13

W = dilution factor, 25

W = probability that intrinsic level depolarization does not occur during scattering,
22

W = diagonal matrix of angle and frequency quadrature points, 182
X- and Y-functions, 135

X, [f(0)], 49

a, B, y = direction cosines, 2

B = probability of escape over all angles and frequencies, 268

B = angle whose tangent is the ratio of the axes of the ellipse traced by the end
points of the electric vector, 363

B, = escape probability, 266

y = angle between vectors q and q’, 17

é = Dirac delta-function, 23

& = probability that a photon is absorbed in a continuum transition, 293

€ = probability (per scatter) of a photon being destroyed by collisional de-
excitation, 16
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Symbol index

el =¢*=¢,289

€ =¢/(1—¢),16

€*, €' = parameters of differential creation and destruction of photons, 288
n = siné cos ¢, 35

Kk = absorption coefficient, 9

K, = mass extinction coefficient, 9

k; = line absorption coefficient, 15

u=coso,4

= roots of Gauss—Legendre quadrature formula, 65
v = frequency, 1

vV =v—vy(m-v/c), 195

& =cosh, 35

& , & = components of vibrations along the two directions / and r at right angles
to each other, 364

7 F = net flux per unit area normal to itself, 118
p = density, 14

pe = Ar/r = curvature factor, 181

o, = Thompson scattering coefficient, 365

o, = scattering coefficient, 9

7(z, v) = optical depth, 38

¢ (x) = profile function, 15

1,90, 9u, dv, 419

¢ = local potential, 465

w, = albedo for single scattering, 10

w, = quadrature weights, 90

I' = matrix coupling different components, 91

A = Doppler width, 18



Symbol index

Am = magnitude change, 60

As = frequency width, 15

A’ = operator, 336

A* =less accurate perturbation operator, 332
A€ =lambda operator for the core rays, 357
A’ =lambda operator for the shell rays, 357
A+, =lambda operator (B, = A, [By]), 80
AT=1,=A],[8],293

ALf(D)], 49

@ =[(B + dK)dkr ], 182

@,.[f(0)], 49

W () = characteristic function, 134

Q = direction, 2

Q(7) = albedo for single scattering, 136
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Index

aberration, 217, 218, 238, 240-241, 247, 249, 250,
253, 254
aberration and advection with monochromatic
radiation, 247
absorbance, 100
absorption matrix, 418, 419
accelerated lambda iteration, 339, 342
adaptive mesh, 254-257
method, 254
adaptive mesh
scheme, 261
advection, 218, 238, 247, 249, 250, 253, 254
affine ALI, 349
albedo for single scattering, 10, 46, 109, 136-149,
315, 378, 444, 449, 453
Ambarzumian, 116, 117
principle of invariance, 116, 124, 130, 135, 139,
146, 154,
amplification factor, 250-252
amplitude, 417
angle-frequency, 98
angle-frequency mesh, 217
angular distribution of specific intensity, 174
anomalous dispersion, 419
approximate lambda operator, 338, 348
approximate probabilistic equations, 265
Arago points, 396-398
axially symmetric atmosphere, 62

Babinet points, 136, 396-398
Banach space, 317
binary stars, 442
extended sources, 442
point source, 442
birefingence, 423
Boltzmann equation for photons, 30
boundary conditions, 40, 67, 70, 74-77, 81, 85,
88-93, 95, 98, 100-107, 119, 121, 130, 131,
148, 159, 197, 203, 222, 224, 233, 249, 252,

477

288, 289, 290, 303, 306, 307, 315, 333, 351,
373, 375, 378, 383, 388, 393, 403, 425, 442,
444, 455, 459

bremsstrahlung, 11

Brewster points, 136, 395-398

Cartesian coordinate system, 3, 30, 33, 449, 452

cell matrix, 149

Chandrasekhar’s solution, 64

characteristic rays, 353, 354, 357, 358

Chevron matrix, 204

chromosphere, 411

circular retarder, 421

circularly polarized light

left, 417
right, 416

collisional de-excitaion, 11

collisional de-excitation parameters, 181

collisional recombination, 11

comoving frame, 218-221, 225-228, 234, 238,
243,244, 246, 256

compensator, 417

complete linearization, 350, 345, 346, 353

complete redistribution, 13, 22, 25, 99, 196, 201,
209, 213, 220, 226, 233, 251, 271, 279, 280,
282,311

complex analytic representation of the mutually
orthogonal components of E, 416

Compton reflected spectrum, 411

constant net flux, 65, 79, 117, 120, 124, 130, 373,
376

continuity equation, 14

core saturaion method of Rybicki, 282

criterion for convergence, 70

critical optical depth, 282

curvature scattering matrices, 175, 177

curvilinear coordinate systems, 36, 37, 127

damping constant, 19, 208, 283, 420
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Index

degree of polarization, 362, 376, 384
plane parallel, 376
spherical symmetery, 408

density of radiation, 5

diamond scheme, 182, 230, 382

difference equation, 92, 94, 95, 98, 110

differential equation method, 90

diffuse reflection, 76, 78, 79, 117, 154, 162, 387,
391-396, 412

diffusion approximation, 53

dilution factor, 238

discrete space theory, 146, 179, 189, 201, 205, 206,
225,228, 376, 396, 398, 407, 409, 412, 413,
449

distorted atmospheres, 442

distribution function, 35, 36, 400

Doppler broadening, 283, 309

Doppler shifts, 194, 217, 237, 240

Doppler width, 16, 18, 184, 194, 225, 267, 268,
277,307, 310, 400, 420, 421

Eddington approximation, 56, 57, 81, 198
Eddington factor, 25
Eddington factors, 98, 101, 102, 104, 259, 261
Eddington—Barbier relation, 51, 52, 288-290, 291,
296
Einstein coefficients, 12, 15, 180, 404
Einstein transition probability, 275
emergent intensity, 43, 51, 52, 59, 60, 116, 129,
151, 153, 196, 198, 229, 289, 376
emergent radiation field, 57, 157, 315
emission coefficients, 10, 11, 29, 44, 45, 59, 200,
202
energy density, 6-8, 25
entropy, 460, 462, 463
escape probability (Sobolev), of photons, 266, 267
exit function, 139-141
exponential integral, 48
extended atmospheres
dusty, 449
expanding, 448
extinction coefficient, 9, 10
absorption coefficient, 9, 29, 39, 44, 60, 219,
227,238,247, 251, 261, 446, 449, 460
scattering coefficient, 9, 44, 60, 368, 385, 387,
396
extremum principle, 460

Feautrier method, 92, 97, 99, 101, 106
finite medium or atmosphere, 40
first order probability methods, 280
fluorescence, 11
flux, 11
astrophysical, 4, 51
Eddington, 4, 8
net, 2, 3
flux conservation, 146
flux profiles of lines, 272
formal solution of transfer equation, 42

Gauss’s formula (quadrature), 65
general cylinderical coordinates, 34

general spherical geometry, 34
glass plates theory, 112
Green’s function, 361

grey approximation, 55

H-functions, 71, 78, 376
Hanle effect, 434, 438
Helmbholtz principle, 118
Hopf function, 56
Hopf—Bronstein, 73
hyperbolic equations, 220

1,417
Ig, Ip, Ic, 14, I, If, 417
impact parameter, 104-105
impact parameter method, 220
incident intensity, 41
initial condition, 224, 232
integral equation, 79
iteration, 79
linear equations, 82
integral equation method, 198
integral form due to to Averett and Loeser, 209
integral operator, 185, 292
integral operator method, 185
intensity, 8, 41, 57, 108, 113, 118, 119, 125-129,
137, 140, 189, 198, 268, 278, 282, 288, 289,
291, 297, 313, 324, 362, 367-368, 373, 375,
379, 393, 395, 403-407, 416, 417, 444
average,6, 177, 296, 437, 450
mean, 5-6, 14, 48, 56, 68, 81, 93, 97, 105, 157,
196, 202, 213, 214, 221, 275, 282, 283,
288, 345, 346, 453, 440
specific, 1, 4, 40, 52, 56, 58, 61, 74, 92, 153,
180, 189, 191, 218, 241, 247, 268, 270,
271,275, 282, 284, 444446, 448, 449, 460
interaction principle, 158
for the rod, 148
slab, 152
invariance of
specific intensity, 58
the law of diffuse reflection, 119
isotropic radiation field, 8
isotropic scattering, 177, 190

K -integral, 46
kinetic theory of gases, 64

Lambda operator, 292, 296

lambda operator method for Zeeman line transfer,
426

Landeé factor, 434

Laplace tansform, 44

large velocity gradients, 266

law of diffuse reflection, 118, 119

left handed polarization, 363, 417

Legendre polynomials, 65

limb darkening, 57

line formation with aberration and advection, 251

line of sight, 339

line source function, 15, 16

linear velocity law, 230, 253



Index

linearization, 296

local potentials, 460, 464, 465

Lorentz transformation, 217, 238

LTE (local thermodynamic equillibrium), 11, 12
luminosity specific, 4

Lyman, 74

Lyman alpha line (hydrogen), 18, 182

magnitude change, 60
masers, 409
mean escape probability, 310
Milne Eddington approximation, 421
Milne planetary nebulae boundary condition, 59
Milne’s problem, 55
moments of radiation field, 8
K -integral, 8
moments of the transfer equation, 52
monochromatic equation of transfer, 185
Monte Carlo theory, 264
Muller matrix, 421
multi-level accelerated lambda iteration, 330
multi-level calculations, 349
multiple scattering, 273

natural period of the wave, 417

net radiative bracket, 311

Newton—Raphson, 330, 343, 344, 348, 353

Ng’s procedure, 330

non-local perturbation, 330, 335

non-LTE (non-local thermodynamic equilibrium,
11, 13, 16, 24

non-negativity, 163, 168, 169

non-uniqueness of the solution, 135

normalized profile, 195, 267, 338, 340

observer’s frame
discrete space theory, 205
inertial frame or lab frame, 194
plane parallel, 194
spherically symmetry, 201
operator perturbation method, 331
optical depth, 38

® operator, 40
P Cygni type profile, 194
partial frequency redistribution, 280, 438
particle counting method, 137
Peierl’s equation, 62
perturbation technique, 295
phase, 365, 366
phase function, 119, 121, 125, 120
photo de-excitation, 11
Planck function, 10, 11, 14
planetary atmospheres, 189
planetary nebulae, 42
polarization, 362
circular, 363, 397, 417
elliptical, 362-365
linear, 381, 399, 412
polarization approximate lambda iteration (PALI)
method, 433, 438
polarization in magnetic media, 416

pressure tensor, 8
principle of
conservation, 461
detailed balancing, 12
invariance in a finite medium, 126
reciprocity, 118, 140
probabilistic equation, 301
probabilistic radiative transfer, 303
probability of
photon creation, 298
quantum exit, 312
profile
Doppler, 16, 195, 308
Lorentz, 16
Voigt, 16
profile function, 15
absorption, 303, 307
emission, 303, 307

Q,417

quantum exit, 312, 313
quantum numbers, 419, 434
quarter wave plate, 417

radiation hydrodynamics, 287, 297
radiation pressure, 7, 8
radiative bracket, 310
radiative equilibrium, 53

of a planetary nebula, 74
radiative excitation, 280
radiative recombination, 11
radiative transfer equation

cylindrical symmetry, 32

spherical symmetry, 30
ray by ray method, 201
ray by ray treatment, 106, 108
Rayleigh phase function, 85
redistribution function, 16

Re, 21

Rppy,21

Ri—ap, 17

R1_ A(dipole)> 26

Ry_y4, 18

Rij—ap-18

Rr1—Aaddipole) 26

Rrr—a, 19

Rirr—ap, 19

Rirr—a,19

Riv—ap,20

Riv—4,20

Ry_4,21

Ry, 20

Reomp, 23

Rypyors 24
reflectance, 112-114
reflecting surface, 163
reflection effect, 442, 447
refractive index, 25, 368
resolvents (kernel), 319

resonance line polarization, 397, 403, 409

resonance line radiation, 282
resonance points, 276
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Index

Riccati method, 198
Riccati transformation, 90
right handed, 363, 416
rod model, 147, 149
Rosseland cycle, 282
Rybicki method, 99, 101

S, method, 127
Scharmer’s method, 299
Schuster—Schwarzschild, 65
Schwarzschild and Milne equations, 47
semi-infinite medium or atmosphere, 40
serach light problem, 143
shocks, 299
Snell’s law, 25
Sobolev length, 267
Sobolev theory, 267

generalized method, 275
source function, 12, 13

continuum, 180

line, 180
sphericity factor, 103
star product, 150, 154, 171
statistical equilibrium equation, 11, 13, 14
stellar atmosphere, 13, 14, 16, 25, 40

Stokes parameters, 362, 364, 367, 370, 388, 399,

400
striking theorem, 460
supersonic approximation, 267
surface of constant velocity (radial), 264

thermalization length, 184
three dimensional radiative transfer, 442, 452
time-independent transfer equation

plane parallel, 30

transfer equation, 33, 39, 42, 45, 46, 48, 49, 55, 58,

64,74,79,92,93, 108, 119, 131, 163, 173,

178, 179, 196, 205, 212, 226, 234, 244,
251,258, 282, 288, 331, 353, 354, 362,
368, 370, 372, 373, 377, 388, 408, 428,
436, 445-448, 449, 452, 455
for the Stokes vector, 418
in the comoving frame, 218
in three-dimensional geometry, 33
spherical symmetry, 171
transition probability, 42
transmission and reflection factors, 112, 116
transmission and reflection operators, 207
transmission function, 127
transmittance, 114, 115
turbulent magnetic field, 434
two dimensional transfer, 449
two point boundary condition, 88
two-level atom, 15

U, 417

V,417

variational principle, 143, 460, 465
velocity gradient, 198, 199

Venus atmosphere, 189

wave motion in the observer’s frame, 199

X operator, 40
X-function, 133, 135, 136

Y -function, 133, 135, 136

Zanstra’s theory, 74

Zeeman line transfer, 423, 426
Zeeman sublevels, 423
Zeeman triplet, 419, 434



	Cover
	Half-title
	Title
	Copyright
	Contents
	Preface
	Chapter 1 Definitions of fundamental quantities of the radiation field
	1.1 Specific intensity
	1.2 Net flux
	1.2.1 Specific luminosity
	1.3 Density of radiation and mean intensity
	1.4 Radiation pressure
	1.5 Moments of the radiation field
	1.6 Pressure tensor
	1.7 Extinction coefficient: true absorption and scattering
	1.8 Emission coefficient
	1.9 The source function
	1.10 Local thermodynamic equilibrium
	1.11 Non-LTE conditions in stellar atmospheres
	1.12 Line source function for a two-level atom
	1.13 Redistribution functions
	1.14 Variable Eddington factor
	REFERENCES

	Chapter 2 The equation of radiative transfer
	2.1 General derivation of the radiative transfer equation
	2.2 The time-independent transfer equation in spherical symmetry
	2.3 Cylindrical symmetry
	2.4 The transfer equation in three-dimensional geometries
	2.5 Optical depth
	2.6 Source function in the transfer equation
	2.7 Boundary conditions
	2.8 Media with only either absorption or emission
	2.9 Formal solution of the transfer equation
	2.10 Scattering atmospheres
	2.11 The K -integral
	2.12 Schwarzschild–Milne equations and Lambda, Phi, Chi operators
	2.13 Eddington–Barbier relation
	2.14 Moments of the transfer equation
	2.15 Condition of radiative equilibrium
	2.16 The diffusion approximations
	2.17 The grey approximation
	2.18 Eddington’s approximation
	REFERENCES

	Chapter 3 Methods of solution of the transfer equation
	3.1 Chandrasekhar’s solution
	3.2 The H-function
	3.2.1 The first approximation
	3.2.2 The second approximation
	3.3 Radiative equilibrium of a planetary nebula
	3.4 Incident radiation from an outside source
	3.5 Diffuse reflection when omega = 1 (conservative case)
	3.6 Iteration of the integral equation
	3.7 Integral equation method. Solution by linear equations
	REFERENCES

	Chapter 4 Two-point boundary problems
	4.1 Boundary conditions
	4.2 Differential equation method. Riccati transformation
	4.3 Feautrier method for plane parallel and stationary media
	4.4 Boundary conditions
	4.5 The difference equation
	4.6 Rybicki method
	4.7 Solution in spherically symmetric media
	4.8 Ray-by-ray treatment of Schmid-Burgk
	4.9 Discrete space representation
	REFERENCES

	Chapter 5 Principle of invariance
	5.1 Glass plates theory
	5.2 The principle of inariance
	5.3 Diffuse reflection and transmission
	5.4 The invariance of the law of diffuse reflection
	5.5 Evaluation of the scattering function
	5.6 An equation connecting I (0, Mu) and S(Mu, Mu')
	5.7 The integral for S with p(cos Theta = Omega(1 + x cos Theta)
	5.8 The principle of invariance in a finite medium
	5.9 Integral equations for the scattering and transmission functions
	5.10 The X - and the Y -functions
	5.11 Non-uniqueness of the solution in the conservative case
	5.12 Particle counting method
	5.13 The exit function
	REFERENCES

	Chapter 6 Discrete space theory
	6.1 Introduction
	6.2 The rod model
	6.3 The interaction principle for the rod
	6.4 Multiple rods: star products
	6.5 The interaction principle for a slab
	6.6 The star product for the slab
	6.7 Emergent radiation
	6.8 The internal radiation field
	6.9 Reflecting surface
	6.10 Monochromatic equation of transfer
	6.12 Solution of the spherically symmetric equation
	6.13 Solution of line transfer in spherical symmetry
	6.14 Integral operator method
	REFERENCES

	Chapter 7 Transfer equation in moving media: the observer frame
	7.1 Introduction
	7.2 Observer’s frame in plane parallel geometry
	7.3 Wave motion in the observer’s frame
	7.4 Observer’s frame and spherical symmetry
	7.4.1 Ray-by-ray method
	7.4.2 Observer’s frame and discrete space theory
	7.4.3 Integral form due to Averett and Loeser
	REFERENCES

	Chapter 8 Radiative transfer equation in the comoving frame
	8.1 Introduction
	8.2 Transfer equation in the comoving frame
	8.3 Impact parameter method
	8.4 Application of discrete space theory to the comoving frame
	8.5 Lorentz transformation and aberration and advection
	8.6 The equation of transfer in the comoving frame
	8.7 Aberration and advection with monochromatic radiation
	8.8 Line formation with aberration and advection
	8.9 Method of adaptive mesh
	REFERENCES

	Chapter 9 Escape probability methods
	9.1 Surfaces of constant radial velocity
	9.2 Sobole method of escape probability
	9.3 Generalized Sobolev method
	9.4 Core-saturation method of Rybicki (1972)
	9.5 Scharmer’s method
	9.6 Probabilistic equations for line source function
	9.6.1 Empirical basis for probabilistic formulations
	9.6.2 Exact equation for S / B
	9.6.3 Approximate probabilistic equations

	9.7 Probabilistic radiative transfer
	9.8 Mean escape probability for resonance lines
	9.9 Probability of quantum exit
	9.9.1 The resolvents and Milne equations
	REFERENCES

	Chapter 10 Operator perturbation methods
	10.1 Introduction
	10.2 Non-local perturbation technique of Cannon
	10.3 Multi-level calculations using the approximate lambda operator
	10.4 Complete linearization method
	10.5 Approximate lambda operator (ALO)
	10.6 Characteristic rays and ALO-ALI techniques
	REFERENCES

	Chapter 11 Polarization
	11.1 Elliptically polarized beam
	11.2 Rayleigh scattering
	11.3 Rotation of the axes and Stokes parameters
	11.4 Transfer equation for I(Theta, Phi)  
	11.5 Polarization under the assumption of axial symmetry
	11.6 Polarization in spherically symmetric media
	11.7 Rayleigh scattering and scattering using planetary atmospheres
	11.8 Resonance line polarization
	REFERENCES

	Chapter 12 Polarization in magnetic media
	12.1 Polarized light in terms of I, Q, U, V
	12.2 Transfer equation for the Stokes vector
	12.3 Solution of the vector transfer equation with the Milne–Eddington approximation
	12.4 Zeeman line transfer: the Feautrier method
	12.5 Lambda operator method for Zeeman line transfer
	12.6 Solution of the transfer equation for polarized radiation
	12.7 Polarization approximate lambda iteration (PALI) methods
	REFERENCES

	Chapter 13 Multi-dimensional radiative transfer
	13.1 Introduction
	13.2 Reflection effect in binary stars
	13.3 Two-dimensional transfer and discrete space theory
	13.4 Three-dimensional radiative transfer
	13.5 Time dependent radiative transfer
	13.6 Radiative transfer, entropy and local potentials
	13.7 Radiative transfer in masers
	REFERENCES

	Symbol index
	Index

