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Preface

This monograph is an attempt to address the theory of turbulence from the points of
view of several disciplines. The authors are fully aware of the limited achievements
here as compared with the task of understanding turbulence. Even though necessar-
ily limited, the results in this book benefit from many years of work by the authors
and from interdisciplinary exchanges among them and between them and others. We
believe that it can be a useful guide on the long road toward understanding turbulence.
One of the objectives of this book is to let physicists and engineers know about the
existing mathematical tools from which they might benefit. We would also like to
help mathematicians learn what physical turbulence is about so that they can focus
their research on problems of interest to physics and engineering as well as mathe-
matics. We have tried to make the mathematical part accessible to the physicist and
engineer, and the physical part accessible to the mathematician, without sacrificing
rigor in either case. Although the rich intuition of physicists and engineers has served
well to advance our still incomplete understanding of the mechanics of fluids, the rig-
orous mathematics introduced herein will serve to surmount the limitations of pure
intuition. The work is predicated on the demonstrable fact that some of the abstract
entities emerging from functional analysis of the Navier—Stokes equations represent
real, physical observables: energy, enstrophy, and their decay with respect to time.
Beside this didactic objective, one of our scientific goals — in this book and in its
underlying research — was to see what we can learn about the physical properties of
turbulence using Sobolev spaces and the functional analysis methods that are based
on them. As we subsequently show, these spaces — which seem to be abstract mathe-
matical inventions — are in fact representations of observable physical quantities. In
this way we have recovered several parts of the conventional theory of turbulence, de-
riving rigorously from the Navier—Stokes equations (NSE) what had been arrived at
earlier by phenomenological arguments (Kolmogorov [1941a,b]), but in addition we
derive new results. We have shown that the conventional estimate of the number of de-
grees of freedom in homogeneous, isotropic turbulence (viz., (Reynolds number)®#)
is at best an upper bound on the number of degrees of freedom needed for numeri-
cal simulations of real flows. We have also provided a rigorous, mathematical way
to avoid the common underlying assumption of the ergodicity of turbulent flows. In
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fact, we show that (in a suitable sense) time averages of various turbulent flow proper-
ties equal the related ensemble averages with respect to adequate statistical solutions;
we have also found a means for removing the high-wavenumber components of the
flow in such a way as to yield an effective viscosity, while providing a rough upper
bound on the error committed relative to the true solution of the flow equation.

Another task, the second scientific objective of this book, was to make the con-
nection between three of the classical approaches to turbulence: the Navier—Stokes
equations; the dynamical systems approach (following the work and ideas of Lorenz
[1963], Smale [1967], and Ruelle and Takens [1971]); and the conventional statistical
theory of turbulence (following the works and ideas of Kolmogorov [1941a,b, 1962],
Batchelor [1959], Kraichnan [1967], and others — e.g., Landau and Lifshitz [1971]
and Monin and Yaglom [1975]). Before the research underlying the material pre-
sented here, these classical approaches evolved largely independently. In particular,
the conventional theory of turbulence is based mostly on dimensional phenomeno-
logical arguments that traditionally make little reference to the NSE (see Tennekes
and Lumley [1972]). However, we believe it is useful and instructive to show that
many known results can be directly derived from the Navier—Stokes equations. We
develop those connections to the widest possible extent.

The level of mathematical preparation necessary for understanding this material is
an elementary knowledge of partial differential equations and their solutions in terms
of eigenfunction expansions. Terms and concepts beyond that level are presented in
detail as needed. Also included is a brief tutorial on Sobolev spaces and inequalities.
To aid readers unfamiliar with some useful classical inequalities, they are presented
(without proof) in Chapter I along with the tutorial.

Mathematically oriented readers are assumed to be familiar with elementary physics
and continuum mechanics, including such principles as conservation of momentum
and energy and the relationship between stress and strain. For their benefit, Chapter I
contains also a short tutorial on the Kolmogorov (conventional) theory of turbulence.

One of the unresolved difficulties encountered in this monograph is due to limita-
tions in the present stage of the mathematical theory of the NSE; the theory is fairly
complete in the 2-dimensional case but still incomplete in dimension 3. Thus, while
we realize that natural turbulence is usually 3-dimensional, here we sometimes em-
phasize 2-dimensional flows, which are fully within the grasp of modern methods of
functional analysis.

The word furbulence has different meanings to different people, which indicates
that turbulence is a complex and multifaceted phenomenon. For mathematicians,
outstanding problems revolve around the Navier—Stokes equations (such as well-
posedness and low-viscosity behavior, especially in the presence of walls or singular
vortices). For physicists, major questions include ergodicity and statistical behavior
as related to statistical mechanics of turbulence. Engineers would like responses to
questions simple to articulate but amazingly difficult to answer: What are the heat
transfer properties of a turbulent flow? What are the forces applied by a fluid to its
boundary (be it a pipe or an airfoil)? To others pursuing the dynamical system ap-
proach, of interest is the large time behavior of the flow. Another ambitious question



Preface xi

for engineers is the control of turbulence (to either reduce or enhance it), which is al-
ready within reach. Finally, a major goal in turbulence research — of interest to all
and toward which progress is constantly made — is trustworthy and reliable compu-
tation of turbulent flows (see e.g. Orszag [1970] and Ferziger, Mehta, and Reynolds
[1977]).

We do not address here any computational aspects, although this problem is very
much present in our thoughts; neither do we address control problems, nor most of the
practical engineering problems (see Schlichting [1960]). After the introductory and
tutorial Chapter I, the core of the book consists of four chapters, Chapters II-V. Each
of them, in addressing a particular topic, could actually be developed into a whole
independent volume. Chapter II summarizes some classical and some more recent
aspects of the mathematical theory of the Navier—Stokes equations — namely, their
formulation and well-posedness. We start by presenting the physical background of
the mathematical theory, introducing kinetic energy and enstrophy, conservation of
kinetic energy, and the Helmholtz—Leray decomposition of vector fields. We present
function spaces, the spaces of finite kinetic energy and finite enstrophy vector func-
tions, as well as some additional related abstract spaces. After recalling the weak
formulation of the NSE, a starting point of their mathematical theory going back to
the work of Jean Leray in the early 1930s, we recall the main theorems of existence,
uniqueness, and regularity of solutions. Then we describe analyticity properties of
the solutions; first, analyticity in time, which is sometimes related to intermittency (a
question briefly addressed in Sections 6.2 and 6.3 of Chapter V); and second, analytic-
ity in space and time (Gevrey class regularity), which is related in the space-periodic
case to the decline of Fourier coefficients of the solution. Finally, we briefly discuss
the no-slip case with moving boundaries and establish properties of the rate of dissi-
pation of flows.

Chapter III revolves around the idea (hinted at long ago by Landau and Lif-
shitz) that, in the permanent regime, turbulent flows as solutions of NSE are finite-
dimensional. This concept, which in fact follows easily from the Kolmogorov ap-
proach to turbulence, was novel in its time; by now it has been substantiated in many
different ways and extended as well to other equations modeling other physical phe-
nomena. In Chapter III we discuss finite dimensionality of turbulent flows in the
context of determining modes and nodes, showing that such flows are fully deter-
mined by either a finite (sufficiently large) number of modes or a finite number of
observation points (nodes). We discuss also the large time behavior in the context
of attractors and show finite dimensionality of attractors; all these dimensions are
physically relevant and related to the Landau—Lifshitz estimates. We briefly discuss
approximate inertial manifolds, the initial point for multilevel numerical algorithms
under development; in some sense, these algorithms produce in time what multigrid
or wavelet methods produce in space. Chapter IV comes closest to the issue of er-
godicity. We introduce, in space dimensions 2 and 3, stationary statistical solutions
and relate them to the limits of time averages. We consider also the corresponding in-
variant measure and relate it to the attractor that carries it. We then apply these tools
to the study of the cascade processes in turbulent flows.
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Finally, in Chapter V, we study the concept of statistical solutions, the evolution
of the probability distribution of the flow, and homogeneous flows. We start by in-
troducing the time-dependent statistical solutions on bounded domains. Then we
introduce the (space-invariant) homogeneous statistical solutions for space-periodic
flows and flows in the whole spaces. The Reynolds averaged equations are intro-
duced, and we then discuss self-similar homogeneous statistical solutions (SSHSS);
we introduce a 2-parameter family of such solutions from which, on the one hand, we
resolve a paradox on SSHSS pointed out by Hopf [1952] and, on the other hand, we
recover and complete some elements of the conventional theory of turbulence. For
instance, we show how the Kolmogorov spectrum follows naturally from NSE and
how the intermittency of turbulent flows is related to the fractal nature (see Novikov
and Stewart [1964] and Mandelbrot [1982]) of energy dissipation in 3-dimensional
flows.

As with all interdisciplinary work, it is not easy to write a book that is readable
by (and of equal interest to) people with differing perspectives. In order to overcome
this difficulty, we have divided each of the main chapters into two parts: the main
one, in which we hope the language is understandable by all, contains as few math-
ematical technicalities as possible yet still states the results in a rigorous way. Then,
as needed, a long appendix gives the details of the proofs.

The reader should note that some of the cited original articles underlying this
monograph may treat the same problem in two distinct publications: a more phys-
ically oriented treatment appearing in a physics or mechanics journal as well as a
corresponding “heavy” mathematical treatment presented in a mathematics journal.
That is clearly due to the idiosyncrasies of the two kinds of publications and the need
for different presentation styles when addressing the different audiences.

A few remarks will conclude this Preface. First, the authors are fully aware that
this book is difficult to read because, owing to the nature of the subject, it assumes
the reader’s familiarity with several distinct areas of knowledge. The three senior au-
thors hope that the younger generation, more accustomed to interdisciplinary work
than their predecessors, will find this work more readily accessible than will their
elders. In that regard, the three senior authors are delighted that their younger col-
league (RR) had agreed to involve himself so deeply in all the aspects of this book,
and they hope that this bodes well for its future — especially insofar as its interest and
accessibility to the younger generation are concerned.

Second, on the anecdotal side, we recall briefly the genesis of this interdisciplinary
collaboration. For a number of years CF and RT had worked independently on the
analysis of the Navier—Stokes equations; CF had learned the subject from Jacques-
Louis Lions and Giovanni Prodi; he collaborated with Prodi and started to develop a
rigorous theory of statistical solutions of those equations. RT learned the subject from
Jacques-Louis Lions and Jean Leray, and he also worked on the stochastic solutions
of the NSE. Then CF and RT met in the summer of 1970 at a meeting — organized by
Giovanni Prodi — in Varenna (Italy), and CF visited RT at Orsay (France) in the fall
of 1974. Their collaboration started, addressing such different aspects of the NSE as
analysis, statistical solutions, and the long time behavior (dynamical systems point
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of view). At some point RT suggested that their collaboration would become more
interesting if they could join forces with a physicist.

By chance in the spring of 1980, Jacqueline Mossino, a former student of RT, met
Yvain Treve (OM’s co-worker) at a conference on plasma physics in Tucson (Ari-
zona), and contact was established by letter at a time predating e-mail; eventually
they met face-to-face for the first time at a meeting in Dekalb (Illinois) in 1981. At
that time, OM was working with Tréve on finite—mode number approximations of
thermal convection satisfying the first and second laws of thermodynamics and dis-
covered that the qualitative nature of the numerical results depended critically on the
number of modes retained (Tréve and Manley [1982]). As they started to interact,
CF, OM, and RT realized immediately the extent of the common ground between the
two communities and perspectives that they represent. That realization was the orig-
inal stimulus for much of the research reported in this volume. More specifically, the
direction of that research was set by the recognition that a simple, physically based
argument (conservation of energy and momentum in thermal convection; Tréve and
Manley [1981]) yielded a result — a bound on the sufficient number of degrees of free-
dom for this fluid flow — that is essentially equivalent to an elaborate mathematical
exercise in Sobolev spaces (Foias, Manley, Temam, and Treve [1983b]). This collab-
oration has extended through the rest of the 1980s, the 1990s, and beyond.

The youngest author was a graduate student at Indiana University from 1992 to
1996, and he had many opportunities to be exposed to this research through courses,
informal discussions, and seminar lectures. He enthusiastically agreed to participate
in this book, which has been in process for a number of years, and eventually started
to collaborate on more recent works. As indicated earlier, the three senior authors are
delighted that RR has joined them in this task, and they see it as a good omen for a
successful transmittal of these results to the next generation.

Beside the prolonged and extended efforts of the four authors, this book has bene-
fitted extensively from the input and influence of many others by occasional collab-
orations, discussions, and other forms of interaction. It is not possible to name them
all, but we want to thank them for their constructive influence on us. Also, we would
like to extend our deepest thanks to those who have co-authored relevant publications
with one or more of the authors of this book, works that are partially or fully reported
in this monograph: Hari Bercovici, Peter Constantin (with whom three of us had an
extended collaboration), Arnaud Debussche, Jean-Michel Ghidaglia, David Gottlieb,
Martine Marion, Jean-Claude Saut, George Sell, Denis Serre, Edriss Titi, and Yvain
Treve.

Finally, the authors are very grateful to David Tranah and Alan Harvey of Cam-
bridge University Press for their interest, their encouragement, and their great pa-
tience in waiting for the delivery of the manuscript.

Ciprian Foias Oscar Manley
Ricardo Rosa Roger Temam
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I

Introduction and
Overview of Turbulence

Introduction

In this chapter we first briefly recall, in Section 1, the derivation of the Navier—Stokes
equations (NSE) starting from the basic conservation principles in mechanics: con-
servation of mass and momentum. Section 2 contains some general remarks on turbu-
lence, and it alludes to some developments not presented in the book. For the benefit
of the mathematically oriented reader (and perhaps others), Section 3 provides a fairly
detailed account of the Kolmogorov theory of turbulence, which underlies many parts
of Chapters ITI-V. For the physics-oriented reader, Section 4 gives an intuitive intro-
duction to the mathematical perspective and the necessary tools. A more rigorous
presentation appears in the first half of Chapter II and thereafter as needed. For each
of the aspects that we develop, the present chapter should prove more useful for the
nonspecialist than for the specialist.

1 Viscous Fluids. The Navier—Stokes Equations

Fluids obey the general laws of continuum mechanics: conservation of mass, energy,
and linear momentum. They can be written as mathematical equations once a repre-
sentation for the state of a fluid is chosen. In the context of mathematics, there are
two classical representations. One is the so-called Lagrangian representation, where
the state of a fluid “particle” at a given time is described with reference to its ini-
tial position. The other representation (adopted throughout this book) is the so-called
Eulerian representation, where at each time ¢ and position X in space the state —in par-
ticular, the velocity u(x, ¢) — of the fluid “particle” at that position and time is given.
In the Eulerian representation of the flow, we also represent the density p (X, ) as
a function of the position x and time 7. The conservation of mass is expressed by the
continuity equation
i—f + div(pu) = 0. (L.1)

The conservation of momentum is expressed in terms of the acceleration y and the
Cauchy stress tensor o':
3

doj; .
pvi=D o Tl i=123 (1.2)
j=1
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Here y = (y1, ¥2, v3) and ¢ = (0j;);, j=1,2,3, componentwise in the 3-dimensional
case. Moreover, f = (f;, f», f3) represents volume forces applied to the fluid.

The acceleration vector y = y (X, t) of the fluid at position x and time ¢ can be
expressed, using purely kinematic arguments, by the so-called material derivative

Du ou
_ =— 4+ @-V 1.
Y Dt ot (u-Vu, (1.3)

or, componentwise,

8”[ > 8u,» . 1.2.3
)/,—E-f-;uja—x/, L =1,2,0.
Inserting this expression into the left-hand side (LHS) of equation (1.2) yields the
term p(u - V)u, which is the only nonlinear term in the Navier—Stokes equations;
this term is also called the inertial term. The Navier—Stokes equations are among the
very few equations of mathematical physics for which the nonlinearity arises not from
the physical attributes of the system but rather from the mathematical (kinematical)
aspects of the problem.

Further transformations of the conservation of momentum equation necessitate
additional physical arguments and assumptions. Rheology theory relates the stress
tensor to the velocity field for different materials through the so-called stress—strain
law and other constitutive equations. Assuming the fluid is Newtonian, which is the
case of interest to us, amounts to assuming that the stress—strain law is linear. More
precisely, for Newtonian fluids the stress tensor is expressed in terms of the velocity
field by the formula

0jj =M{%+aﬁ} + (Adivu — p)é;;, (1.4)
X an 8)(,‘ ’

where p = p(x,t) is the pressure. Here, §;; is the Kronecker symbol and ., A are

constants. The constant  is called the shear viscosity coefficient, and 34 + 2 is the

dilation viscosity coefficient. For thermodynamical reasons, & > 0 and 34 + 2 >

0. Inserting the stress—strain law (1.4) into the momentum equation (1.2), we obtain

ot

Equations (1.1) and (1.5) govern the motion of compressible Newtonian fluids such
as the air at high speeds (Mach number larger than 0.5). If we also assume that the
fluid is incompressible and homogeneous, then the density is constant in space and
time: p(X,t) = po. In this case, the continuity equation is reduced to the divergence-
free condition:

d
p{_u+(u.v)u}:MAu+(M+k)Vdivu—Vp+f. (1.5)

diva = 0. (1.6)

Because the density is constant, we may divide the momentum equation (1.5) by p
and consider the so-called kinematic viscosity v = @ /pg; we may then replace the
pressure p and the volume force f by the kinetic pressure p/po and the mass den-
sity of body forces f/pg, respectively. In doing so, and taking into consideration the
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divergence-free condition (1.6), we obtain the Navier—Stokes equations for a viscous,
incompressible, homogeneous flow:

9
8_11‘1 — vAu+ (u-V)u+Vp =f, (1.72)

V.u=0, (1.7b)

where, for notational simplicity, we represent the divergence of u by V - u. For all
pratical purposes, the density has actually been normalized to unity; even so, we may
sometimes replace (1.7a) by (1.5), remembering then that V-u = 0 and p is constant.

For more details on the physical aspects of fluid mechanics, we refer the reader to
the classical books of Batchelor [1988] and Landau and Lifshitz [1971].

It is readily accepted that the Navier—Stokes equations govern the motion of com-
mon fluids such as air or water, so we are faced with the persistent challenging ques-
tion of recovering from (1.7) such complex motions as that of smoke dispersion in
the air and the turbulent flow of a river around a bridge pillar.

The flow of fluids at the microscopic level is governed by phenomena in the realm
of statistical mechanics of fluids. The appropriate statistics is given by the solution
of the Boltzmann equation. That equation represents the evolution of the governing
distribution function, which is dependent on the position and velocity of the particles
colliding with one another as a result of thermal excitation at any finite temperature.
The collisions are described by an integral collision operator. In general, the colli-
sion operator represents simultaneous collisions among many particles, necessitating
the use of a many-particle distribution. As such, it is very complicated and essen-
tially impossible to evaluate precisely. Only in the case of dilute gases can one limit
oneself to considering the evolution of a single-particle distribution and to binary col-
lisions, since many body collisions are highly unlikely. In this idealized situation,
the collision operator can be approximated by first-order and second-order spatial
derivatives. The former is the familiar pressure gradient and the latter is the Laplac-
ian operating on the velocity, multiplied by a constant known as the viscosity. With
that approximation in hand, we can take the appropriate moments of the one-particle
Boltzmann equation and so derive first the conservation of mass equation and sec-
ond the conservation of momentum equation that we recognize as the NSE (when the
incompressibility condition is a valid assumption).

Although such a derivation has been carried out for dilute gases, a corresponding
exercise for liquids remains an open problem. This is because binary collisions play
arelatively minor role in liquids, which are much denser than gases and hence feature
collisions between clusters of particles. However, for practical reasons and lacking a
better option, we use the Navier—Stokes equations with a simple constant viscosity
as a reasonable model for liquid flows.

The origin of viscosity imposes a limit on the domain of validity of the Navier—
Stokes equations. Thus phenomena on a length scale comparable to or smaller than
the collision mean free path in air at atmospheric pressure (say, 107> cm) cannot be
described by a continuum model such as the NSE. Subsequently we will learn about
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some natural lengths that characterize the length scale region in which flow energy
dissipation is dominated by viscous phenomena. It will be important then to be sure
that we are still in the regime characterized by a continuum model of the flow. A
similar cautionary remark applies to the amplitude of fluctuations in turbulent flows:
once we are in a regime in which those fluctuations are comparable with thermally (fi-
nite temperature) induced fluctuations, the model based on Navier—Stokes equations
ceases to be relevant.

Nondimensional Form of the Navier—Stokes Equations

It is sometimes convenient, both for physical discussions and mathematical trans-
parency, to consider a nondimensional form of the conservation of momentum equa-
tion. For that purpose we introduce a reference length L, and a reference time 7, for
the flow, and we set

L
x=L,x', t=T', p=Pyp, u=Un', f= T—;f/,
*
where P, = Uf and U, = L,/ T, are a reference pressure and a reference velocity,
respectively. By substitution into (1.7) we obtain for u’, p’, f’ the same equation but
with v replaced by Re™!, where Re is a nondimensional number called the Reynolds

number:
LU,

Vv

Re (1.8)

The value of the Reynolds number depends on the choice of the reference length and
velocity. Usually, if €2 (the domain occupied by the fluid) is bounded then L, can be
taken as the diameter of 2 or as some other large-scale length related to €2, such as
the width of a channel. The choice of U, (and hence of T,) depends on the type of
forcing of the flow; it can be related to the forces applied at the boundary of €2 or to
a pressure gradient, for example. Various choices of L, and U, can be appropriate
for a given flow, leading to various definitions of the Reynolds number, but turbulent
flows result for all appropriate choices when Re is large. How large depends to some
extent on the shape of the domain occupied by the fluid. Once the shape of the do-
main €2 is fixed, however, rescalings in length (L) and velocity (U,) and changes in
viscosity (v) affect the equations only through the single parameter Re.

Hence, different experiments may lead to the same nondimensional equations. For
example, multiplying the velocity by 2 and dividing the diameter of the domain by
2 leaves the Reynolds number unchanged, so we can pass from one experiment to
another; this is the Reynolds similarity hypothesis constantly used in mechanical en-
gineering. At a given Reynolds number, flows remote from the boundaries of the
domain €2, irrespective of the latter’s shape, are similar owing to some universal-
ity properties of turbulent flows. Moreover, with flows around blunt bodies (say,
a sphere), as the body’s radius increases and the flow velocity and/or viscosity is
adjusted so as to maintain the Reynolds number constant, the flow throughout the
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modified flow domain remains similar. That is what has made possible the design of
aircraft by means of relatively small models tested in moderately sized wind tunnels.
In Chapter III, instead of the Reynolds number we will use another nondimen-
sional number: the Grashof number (see Section 13 in Chapter II).
A heuristic argument illustrating the significance of the Reynolds number emerges
by comparing the inertial and dissipation terms of the Navier—Stokes equations. The

inertial term (u - V)u has dimension
Uz
L.

bl

while the dissipation term has dimension

U,
V—.
L
The inertial term dominates when
L.U
Re= 22 1.
v

However, a much more subtle analysis that is valid at each length scale is made for
the Kolmogorov theory of turbulence.

By setting Re = +o0 (i.e., v = 0), we obtain the case of inviscid flows. In this
case, the divergence-free condition is retained but the momentum equation changes,
resulting in the Euler equations for inviscid perfect fluids:

3
a—'; +@-Vyu+Vp=f, (1.92)
V.u=0. (1.9b)

Note that some of the difficulties encountered in studying turbulent behavior, a
largely inviscid regime, arise because the transition from Euler’s equations to the
Navier—Stokes equations necessitates a change from a first-order system to a second-
order one in space (V to A), which involves a singular perturbation.

2 Turbulence: Where the Interests of Engineers
and Mathematicians Overlap

Principal substantive questions related to turbulence have been raised since the begin-
ning of the twentieth century, and a large number of empirical and heuristical results
were derived — motivated principally by engineering applications. This includes the
work of Lamb [1957], mostly on addressing idealized inviscid flows; Prandtl [1904],
on eddy viscosity and boundary layers; Taylor [1935, 1937], on viscous flows; and
von Karman [1911, 1912], on the nature of the boundary layer.

At the same time, in mathematics there appears the pioneering work of Jean Leray
[1933, 1934a,b] on the Navier—Stokes equations. Leray speculated that turbulence is
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due to the formation of point or “line vortices” on which some component of the ve-
locity becomes infinite.! To enable dealing with such a situation, he suggested the
concept of weak, nonclassical solutions to the Navier—Stokes equations (1.7), and
this has become the starting point of the mathematical theory of the Navier—Stokes
equations to this day. We will consider this approach in Chapter II and beyond. It is
noteworthy that, more generally, Leray’s ideas serve also as the starting point for sev-
eral important elements of the modern theory of partial differential equations. Even
today, despite much effort, Jean Leray’s conjecture concerning the appearance of sin-
gularities in 3-dimensional turbulent flows has been neither proved nor disproved.
Let us mention, however, the result of Caffarelli, Kohn, and Nirenberg [1982] (see
also Scheffer [1977]), which considerably extends an earlier result of Leray: Given
the possibility that the singular points are a fractal set (assuming that such a set exists),
the 1-dimensional Hausdorff measure of that set in space and time is 0. Hence the
occurence of smooth line vortices is not possible, explaining our quotation marks
around “line vortices.” Nevertheless, for all physical purposes this powerful mathe-
matical result leaves room for a tremendously complex set of singularities, and so we
remain far from closing the issues raised by Leray’s conjecture.

Before continuing with these historical notes, we remark in passing that engineers
are not directly affected by such purely mathematical issues; rather, they want to
calculate or measure certain physical quantities (forces, velocities, pressures, etc.).
Here, however, beside the possible occurrence of singularities, another critical aspect
of turbulence comes to mind: in a turbulent flow, many interesting quantities vary
rapidly in time and cannot be readily measured. In practice, all that can be measured
in laboratory experiments are averages (usually time averages). These averages are
well-defined, reproducible quantities. This leads to the concept of ensemble averages
underlying the conventional theory of turbulence, and to the concept of statistical so-
lutions of the Navier—Stokes equations (1.7). It leads also to the idea of ergodicity,
which is taken for granted by engineers. Loosely speaking, for all initial experimental
conditions and for all sorts of reasonable ensemble averages, the experiments always
yield the same measured results to within the accuracy of the measurements. We
address here those questions of direct interest to engineers: the need for statistical so-
lutions, the equivalence between ensemble averages and time averages (a question
addressed in Chapter IV), and the so far unchallenged issue of the axiomatic nature
of ergodicity.

We return to our brief overview of some highlights in the history of the studies
of turbulent flows. It is impossible to explore here all the aspects of that history.
Hence, with apologies to all whose important contributions are not mentioned here,
we limit ourselves to those aspects of the history most relevant to the subject of this
monograph.

! In fact, if such discontinuities occur then another question of physical nature needs to be
raised concerning the validity of the Navier—Stokes equations themselves; indeed, at very
short distances of order 10~ cm (the collision mean free path of the particles), the fluid
equations are no longer pertinent.
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Turbulent flows have mystified people for ages, as evidenced for example by
Leonardo da Vinci’s sketches of the turbulent wakes downstream of some bridge
columns. Beginning with careful experimental studies of flows under various exper-
imental conditions (Reynolds [1883, 1895]) and with the subsequent formulation of
the Navier—Stokes equations, turbulence became a subject of thorough scientific in-
quiry. For many years, two difficulties held the attention of various investigators. The
first was a technical mathematical obstacle: the presence of the inertial term (a qua-
dratic nonlinearity) precludes a straightforward use of the many available tools of
perturbation methods. The structure of the equations demands that, at any given step
in an approximation scheme, information from the next step is necessary. This had
led to many attempts at formulating the so-called closure schemes, where at some
step in the approximation sequence an assumption about the nature of the subsequent
term is made, thereby terminating that sequence. Such an assumption, usually jus-
tified in terms of intuitive physical arguments, was then used to break the impasse
in the approximation sequence. In principle, closure schemes by and large call for
unprovable assumptions beyond those composing the basis for the Navier—Stokes
equations. Some of the better-known closure schemes may be found in such texts as
Tennekes and Lumley [1972], Leslie [1973], and Lesieur [1997], although further at-
tempts (and controversies) in this area continue. As we shall find in the present work,
the invention of the so-called inertial manifolds in the context of the rigorous theory
of NSE (as well as of other nonlinear partial differential equations) opens the door to
mathematically more soundly based schemes for computational approaches, offering
an alternative to the conventional closure schemes.

The second obstacle to progress in the theory of turbulence was largely concep-
tual. Namely, how was it possible for a system described by perfectly deterministic
equations to exhibit behavior that was undeniably statistical in nature? This aspect
of turbulent flows, both from the experimental side and from the nascent theoretical
side, is dealt with at length in the monumental work of Monin and Yaglom [1975].
Hopf [1952], followed by Foias and Prodi [1976] (see also Foias [1972, 1973, 1974]),
studied an extension of Liouville’s theorem that in principle yields the probability
distribution function underlying the Navier—Stokes equation. Many of these efforts
rested on the experimental and theoretical work of Taylor [1935, 1937] and von Kar-
man and Howarth [1938], who clarified, on intuitive grounds, the nature of homoge-
neous isotropic turbulence. The simplifications resulting from the symmetries inher-
ent in this idealized form of turbulence yielded the well-known von Karman—Howarth
ordinary differential equation for the self-similar evolution of the two-point veloc-
ity correlation tensor. This idealization has also yielded Kolmogorov’s theory for
the spectrum of homogeneous isotropic turbulence in three dimensions (Kolmogorov
[1941a,b]) (and later Batchelor’s [1959] and Kraichnan’s [1967] corresponding re-
sults for turbulence in two dimensions), a subject of the next section. All of these
results were obtained without full understanding of the origin of the statistical na-
ture of turbulence. A significant breakthrough occurred in the 1960s and 1970s with
the discovery of stochastic instabilities in seemingly innocuous low-order ordinary
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differential equations (Lorenz [1963]) and in some nonlinear difference equations
(Feigenbaum [1980]). Subsequent research (Foias and Prodi [1976], Vishik and Fur-
sikov [1977a,b, 1978], Foias and Temam [1979]) on dynamical systems governed by
nonlinear partial differential equations revealed that such dynamical systems may
reside, in finite-dimensional function spaces, on compact attractors that may be char-
acterized by chaotic behavior.

It is now appropriate to reiterate a point hinted at earlier, namely, the essential
need for careful mathematical analysis when dealing with nonlinear entities such as
the Navier—Stokes equations. While much of our physical intuition serves us well in
the domain of linear phenomena modeled adequately by linear differential and par-
tial differential equations, it can fail us — with potentially disastrous consequences —
in nonlinear domains. A fairly instructive example, outside the realm of this book
but worth mentioning here, concerns modeling sonic flow transition as a boundary
value problem rather than (and more correctly) as an initial value problem (Greenberg
and Treve [1960]). Although this may appear to be unnecessary pedantry, it clearly
makes a lot of difference in the context of, say, nuclear reactor safety (Bilicki et al.
[1987]). Unlike the case in linear systems, in nonlinear systems small causes can lead
to very large effects indeed, as well as to qualitative differences. Because nonlinear
equations can have multiple, qualitatively different solutions (different basins of at-
traction), a small change in initial conditions can sometimes lead to radically different
time-asymptotic behavior. An even more dramatic, counterintuitive example is the
previously mentioned possibility of chaotic behavior in what at first sight seem to be
innocent deterministic systems (Lorenz [1963], Feigenbaum [1980], Smale [1967]).
Here is a class of problems in which necessarily limited computer “experiments” can
lead to misleading conclusions about the behavior of a system as a function of the
governing parameters. Only a thorough analysis of the system can reveal its true
nature. Occasionally, such an analysis will reveal, even without detailed numerical
computations, an unphysical aspect of the system (e.g., infinite energy density, de-
creasing entropy, or other pathologies), which is a clear alert to the flawed nature of
the system model.

In this work we concentrate on those aspects of turbulent fluid flows that can be rep-
resented in terms of so-called Sobolev spaces — that is, a class of functions satisfying
the given boundary conditions — and the given physical constraints, such as diver-
gence-free (incompressible) flow. The various norms (i.e., various integrals of some
seemingly abstract quantities) in these function spaces are in fact readily recognized
as tangible physical quantities that are more or less readily accessible to direct ex-
perimental observation. The relationships among these norms, and the rules for their
manipulations, reveal some aspects of the turbulent flows that justify many ad hoc
interpretations and inspire insights derived from direct observations of turbulence
while also revealing some hitherto unrealized ones. As such, these mathematical en-
deavors can serve to enlarge our intuitive horizons beyond the limits of linear theories
and models.
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3 Elements of the Theories of Turbulence
of Kolmogorov and Kraichnan

Turbulent flows seem to display self-similar statistical properties at length scales
smaller than the scales at which energy is delivered to the flow. Kolmogorov [1941a,b]
argued that, at these scales, in three dimensions, the fluids display universal statisti-
cal features. Turbulent flow is conventionally visualized as a cascade of large eddies
(large-scale components of the flow) breaking up successively into ever smaller sized
eddies (fine-scale components of the flow; Onsager [1945]). Such a cascade, or flow
of kinetic energy from large to small scales, is taken to occur in a regime at lengths suf-
ficiently large for the effects of viscosity to be inconsequential. The apparent energy
dissipation — that is, the removal of energy from one length scale to a smaller one —
is solely due to the presence of the nonlinear (inertial) term in the Navier—Stokes
equations. The energy dissipation rate € = vKg|Vu(x, 1)|? is assumed to be con-
stant in space and time. A further essential assumption is that the cascade proceeds so
that, at every length scale (or at every corresponding wavenumber), there is an equi-
librium between energy flowing in from above to a given scale and that flowing out
to a lower scale. Such a picture and the associated assumptions imply that, in this
range of length scales (or this range of wavenumbers), the energy density at a given
wavenumber can depend only on the energy dissipation rate € and the wavenumber
k itself. Then dimensional analysis alone yields S(k) = const. x €2/3/«/3 for the
energy density. Such a cascade process cannot continue to arbitrarily small length
scales because, as the norm of the Laplacian operator increases with the decreasing
length scale, eventually the effects of molecular dissipation begin to dominate the
nonlinear inertial term. That length, denoted by £, is the endpoint of the inertial
range and the beginning of the dissipation range.

Let us determine £4. At each scale £ (or wavenumber k = £~!), we can define by
dimensional analysis, through € and ¢, a natural time scale t and speed u. Indeed,
€ = 0%/13 gives T = (£*/€)/3 and u = £/t = (£€)'/3. Now, the dissipation length
£, is where the viscous term vAu starts to dominate, on average, the inertial term.
Hence,

A vu v ®-v) u? L
VAu~ — ~ — > @u-Vyu~ — ~ —.
2 lr £ 72
Therefore,
2\!/3 L33
Ez<vr=v<—) — 3 < (—)
€ €
and

L3\ 14
Ly = (?) . 3.1

Kolmogorov thus inferred that, in 3-dimensional turbulent flows, the eddies of
length size sensibly smaller than £, are of no dynamical consequence. As we said,
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the length £, as defined by (3.1) is known as the Kolmogorov dissipation length. The

corresponding wavenumber,
1 e \V4
=—=(—=) , 3.2
Kd » ( 3 ) (3.2)

is the Kolmogorov dissipation wavenumber.

The inertial range, within which inertial effects dominate, is the range ¢; < £ <
£4, where £; = L is the wavelength at which energy is injected in the flow. To each
length £ in this range we can associate a Reynolds number Re, = u£/v; hence,

€ 1/4
Rei/4=6(7> :
N

The largest of these Reynolds numbers obtained for £ = the Kolmogorov macro-scale
length L, ~ L, is the Reynolds number Re of the flow. Hence, with (3.1),

(L* )4/ ’ 34
Re=|— , or L,=Re’"¢,. (3.3)
La

This relationship leads naturally to the heuristic estimate of the number of degrees
of freedom in 3-dimensional flows, which is Re”*. As we shall see, this heuristic
estimate is actually an upper bound on the sufficient (but not necessary) number of
degrees of freedom in 3-dimensional turbulent flows.

We now present a somewhat more elaborate derivation (but one that is still divorced
from the Navier—Stokes equations) of the so-called Kolmogorov spectrum.

Let € denote the average of the energy per unit mass. Then, according to the Kol-
mogorov theory, the length £, at which the turbulent eddies are rapidly annihilated
by the viscosity should be a universal function of € and the kinematic viscosity v,
namely:

Ly = f(v,e). (3.4)

In particular, f should be independent of the choice of units for space and time. Thus,
if we pass from x, 7 to X’ = £x and ¢’ = 7t then we should still have

0= fo', €. (3.5)
Here v’ and €’ are not independent of v and €, and dimensional analysis yields
2 2
0, =8y, Vv = é—v € = 576; (3.6)
73
that is,
§f(.e) = f(E2 v, 620 7%). 3.7)
With the choices
21 21
E— = — and % =-, (ie,7= (ev)l/2 and &£ = el/4 v3/4),
T3 €

T Vv
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the relation (3.7) becomes

1 v\
f, e =~ fA, 1)~ <_> '
& €

Following Kolmogorov, one can also argue that the average energy per unit mass,
e 2, of the eddies of lengths between £/2 and £ (i.e., between the wavenumbers k&
and 2«, where k = 1/¢) should enjoy a similar universal property — namely,

€c2c = 8(€, k), (3-8)

provided that k < k4 (so that the effect of the viscosity can be neglected) and that
is much larger than the wavenumber at which energy is pumped into the flow. Again
the universality of g implies that

E2r%g(e, k) = g(E* 1%, £ \k);

whence, upon taking £ =k and 7 = €/3k2/3 | one obtains

e2/3
€ 2K = CK2/3’ (3.9)

where ¢ = g(1, 1), a universal constant.

Consider now the Navier—Stokes equations with periodic boundary conditions.
That is, we consider the solutions of equations (1.7) that are periodic in space with
period L in each direction. Using Fourier series expansions (see Sections 2 and 5 in
Chapter II for details), we can write

ux)= Y e Gy k=0, by =y (3.10)
keZ3\{0}

For k in (3.10), « = «;|k]| is the corresponding wavenumber, where k; = 2w/L. The
lowest wavenumber is «;. The component of u with wavenumbers between «’ and
k" is

b= Y e, (3.1

K'<k<k”

The energy per unit mass and the enstrophy (square of vorticity) per unit mass are,
respectively,

2 A2
weerl> = Y i (3.12)
K'<k<k”
and
2 2 218 12
e =6 > kP ] (3.13)
K'<k<k”

Note that u,, o = u.
Physicists and engineers assume that, for L >> 1, the time averages of

lue e ()* and  &{ e e (@) (3.14)
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exist (see Chapters IV and V). Note that the first average should be e, -, the aver-
age of energy per unit mass of the eddies of linear size between 1/x” and 1/x’. We
denote these averages by

(e and  kZ (e e (7). (3.15)

Moreover, it is also assumed that these values can be viewed (at least when « is
small) as integrals in the wavenumbers; that is,

/ S(k)drx and / Si(k) dk. (3.16)

Comparing (3.12) and (3.13) with (3.15), we see that if (3.16) makes sense then one
is led to the relation
Si(k) = k*S (k). (3.17)

The function S(k) (> 0) is called the energy spectrum of the turbulent flow pro-
duced by the driving force f in (1.7). Also, the driving force is assumed to have no
high-wavenumber components: f = f,, ¢, where k is comparable in size with « (the
lowest wavenumber).
So, according to Kolmogorov’s theory, we have (see (3.9))
2k 2/3

€
SO0 dx ~ e 7. (3.18)
at least as long as
K KKk <K Kq. (3.19)
Taking the derivative in (3.18) yields
2c €3
Sk) —SQ2k) ~ 3o
whence
2¢ 1 1 1 €23
~ m+1 - _ e —
Sle) ~ 82" ) + = (1 T T o 25m/3>K5/3 (3:20)

as long as 2"« <« «4. For turbulent flows, x; >> k| &~ i and so we may take m > 1

in (3.20). Then
2/3

€
S0 ~ Ce5. (3.21)

where C, = (2/3)c(1 — 27%/3)~1 The form (3.21) for the energy spectrum is called
the Kolmogorov energy spectrum of the turbulent flow. The constant Cy, is known as
the Kolmogorov constant in energy space (there is a similar relation in which a con-
stant Cx appears and takes the name of Kolmogorov constant in physical space; see
(5.26) in Chapter V). The empirical value of Cy is of the order of unity. The range
of k in (3.19) for which (3.21) holds is the Kolmogorov inertial range.

It must be noted that the estimate (3.21) is really a time average, as the ampli-
tude of S(«) fluctuates wildly in time. Furthermore, it is only an approximation. In
reality, for a turbulent flow in a bounded domain, intermittency effects in the energy
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dissipation rate € result in small but measurable corrections to the simple expression
(3.21) (see e.g. Kolmogorov [1962] and Novikov and Stewart [1964]). These cor-
rections depend on the size (say, L) of 2, thus destroying — to some extent — the
universality of turbulence.

As seen in the preceding, the arguments leading up to (3.21) are clearly divorced
from the NSE itself and are applicable solely to turbulent flows in three dimensions.
For flows in two dimensions (which, as stated earlier, are amenable to deep analy-
sis), we must turn to a phenomenological theory proposed by Batchelor [1959] and
Kraichnan [1967]. That theory is in the spirit of Kolmogorov’s approach but does not
parallel it because the physical situation is quite different; hence we offer a separate
exposition.

Two-dimensional flows are not commonly encountered in nature. Examples that
do come to mind are thin liquid films and (to within some approximation) the at-
mospheric layer on the surface of the Earth — although clearly the significant phe-
nomena (e.g., weather and climate changes) occur on scales within which the finite
thickness of that layer must be taken explicitly into account. However, some firm
mathematical results derived in the study of 2-dimensional flows appear to carry
over to some 3-dimensional flows, so it is instructive to follow what can be learned
about 2-dimensional flows. Moreover, further advances in functional analysis of the
Navier—Stokes equations in three dimensions may yield the necessary tools for solv-
ing some critical open problems. For now we turn to a summary of Kraichnan’s work
on the phenomenological theory of 2-dimensional turbulence.

We limit ourselves here to fluid flows in the plane, although much of the theory
could carry over to more general 2-dimensional manifolds. The principal physical dif-
ference between 2-dimensional and 3-dimensional flows is that, in the 2-dimensional
case, the vorticity (i.e., the curl of the velocity) has only one component — in the direc-
tion normal to the plane of the flow. This imposes a severe constraint on the kinematics
and the dynamics of the turbulence. For instance, in addition to the conservation of
energy, the flow must conserve enstrophy, that is, the integral of the square of the
vorticity over the flow domain must be constant. The nonlinear interactions may
be viewed in wavenumber (Fourier) space as three-wave interactions. They cannot
simultaneously satisfy the two conservation principles. Hence, the energy cascade
cannot coexist with the enstrophy cascade; they must occur in distinct portions of
the wavenumber domain. As a consequence, in the turbulent regime (large Reynolds
number) for the 2-dimensional case, there are two contiguous ranges: for wavenum-
bers lower than that at which the forcing of the flow is introduced there is an inverse
energy cascade, with small eddies coalescing into larger ones and with the cascade
terminating at a wavenumber determined by the size of the flow domain. The spec-
trum of the energy, S(k), in that domain is the same as the Kolmogorov spectrum.
Toward the higher wavenumbers, the principal cascading entity is the enstrophy —
that is, the successive breakup of the vortices into ever smaller ones, with the atten-
dant enstrophy dissipation rate 5 resulting from nonlinear interactions and not being
affected by the molecular viscosity above the Kraichnan cutoff length. According to
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Kraichnan, the two portions of the inertial range (i.e., the inverse cascade and the
enstrophy cascade) cannot overlap.

Using arguments based on dimensional analysis along the lines followed by Kol-
mogorov in the 3-dimensional regime, we can now determine the energy spectrum
in the enstrophy cascade region as well as the Kraichnan cutoff wavenumber. Note
first that the enstrophy dissipation rate has the dimension of (time)~3. Assuming
that, in the enstrophy cascade range, the energy spectrum depends only on 7 and the
wavenumber k, we then find that S(k) = const. x nz/ 3/ K3, Similarly, it follows from
dimensional considerations that the Kraichnan cutoff wavenumber is given by

n 1/6

An extended treatment of turbulent flows in two dimensions is presented in Sec-
tion 5 of Chapter I'V.

4 Function Spaces, Functional Inequalities, and Dimensional Analysis

The mathematical theory of the Navier—Stokes equations is based on the use of func-
tion spaces, which are at the heart of the modern theory of partial differential equa-
tions. A formal presentation of the needed tools appears in Chapter II and thereafter
as needed. However, in this section we give an informal introduction and empha-
size that these spaces are not merely inventions of mathematicians; rather, they are
strongly related to the physics of the problem.

The Fundamental Function Spaces

Consider the domain © occupied by the fluid; Q is a domain of R?, which could
be the whole space R? in certain idealized cases. The first natural function space
is L>(Q), the space of square integrable functions on €2; we also have L?(R2)*, the
space of square integrable vector fields on 2. These spaces are endowed with a scalar
product, which we denote by

(u,v) =/u(x)v(x)dx
Q

in the scalar case and, similarly,

(u,v) = / u(x) - v(x) dx
Q

in the vector-valued case. To these scalar products correspond the following norms?

(mean square norms):

1/2 1/2
lu| = (/|u(x)|2dx) , lu| = (flu(X)lde> .
Q Q

2 We will use the same notation | - | for the Euclidean norm in R? and R? (and even C? and
C?), and also for various L2 norms. This abuse of notation, for purposes of simplification,
does not lead to any confusion once the context is taken into account.
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The inner product and the corresponding norm are also related by the so-called

Cauchy—-Schwarz inequality:
1/2 1/2
§<ﬁMWW0 (ﬁwmwﬁ = lullo
Q Q

A.1

[(u,v)| = ’/ u(x)v(x) dx
Q

for all u, v in L2(2). Similarly, for any u, v e L>(2)?, we have
[(w,v)| < |uf|v]. (4.2)
Now, given the velocity vector field u of the fluid in €2,
u:xeQ > u(x)eR?,

we see that the square of the L*-norm, [u|?, is merely twice the kinetic energy of the
flow (assuming that the density of the fluid has been normalized to unity):

()—1/|mﬂd—1uz
eu—29ux X—2u.

Without entering into the details of measure theory, we recall that L?(2) and
L*(Q)? are Hilbert spaces for these scalar products and norms. Also, for L*(Q) (and
the same is true for L?(2)*), the following characterizaton holds:?

u € L*(RQ) if and only if there exists a sequence of smooth
functions u,,, compactly supported in €2, such that |u,| (or e(u,)) 43)
remains bounded and u,, is converging to u (in the distribution '
sense) as n — oQ.

Most of the spaces that we will consider are derived from the space L?(2) and from
another space that we will now introduce, the so-called Sobolev space H'(£2).

In Chapter IT we will address the concept of enstrophy of a fluid velocity u =
(u1, U2, u3), namely,
ou; uj
0x;

E(u) = Z /

By comparison with (4.3), a natural question is the following:

What can we say of a sequence of smooth velocity vector fields u,

4.4
such that E(u,) remains bounded? @4

If Q is bounded,* then one can prove that u, contains one (or more) subsequence(s)
that converge in the distribution sense to some limit u. This vector function u =
(uy, un, u3) is in L2(2)3, as are its (distributional) first derivatives

ou i

PN is = 17 21 3;
8Xj J

3 The functions u, in this characterization of L?(£2) are defined, say, by some kind of approx-
imation procedure.
4 If Q is not bounded, then we should also require that e(u,,) remain bounded as well.
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in fact,
E(u) < sup E(u,).
neN
We say that such a function u belongs to the Sobolev space H'(2)* (with a similar
definition for H'(2) in the scalar case). In some sense:

The space L(2)° consists of all the vector fields u with finite
kinetic energy, and the space H'(S2)? consists of all the vector “.5)
fields u with finite enstrophy.

From the mathematical point of view, the Sobolev spaces H'(Q2) and H'(Q2)? are
Hilbert spaces for the following inner products and norms (see Chapter I1):

du 0
o) = - u(x)v(x)dx+2/ L x,
J J
1 Bu, 8v,
@) =75 / u(x) - v(x) dx + Z 7 0"

lulli = [, u):172, lull; = [(u, w)]"?,

where L is a typical length (e.g., the diameter of €2). In nondimensional variables,
L = 1. As with the space L*(2) and any other Hilbert space, we have the Cauchy—
Schwarz inequality, which in this context reads

|, )] < flulllivfl, [, V)il < flaflddivii (4.6)

for all u, v in H'(Q) and all u, v in H'(Q)3.

Most function spaces that we consider are derived from these two physically obvi-
ous spaces, the space L?(2)* of finite kinetic energy and the space H'(2)? of finite
enstrophy. For instance, two central spaces V and H appear throughout the book; as-
suming for simplicity that €2 is bounded, a mathematically rigorous and physically
intuitive definition of the spaces V and H is as follows:

V is made up of all the limit points (in the distributional sense)

of all the possible sequences of smooth vector fields u,, which

are divergence-free, which satisfy the boundary conditions of the “4.7)
problem, and whose enstrophy remains bounded; that is, E(u,) <

const. < 0Q.

The space H is defined in a similar way, replacing the boundedness of the enstro-
phy by the boundedness of the kinetic energy: e(u,) < const. < co. More details
are given in Chapter II.

Functional Inequalities

The functions belonging to the space H'(R2) (and to other related spaces) satisfy cer-
tain inequalities, which are called Sobolev inequalities in the mathematical literature.
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We make extensive use of these inequalities in the course of this book. Some of them
are proven by interpolation, others by appropriate direct methods (e.g., Gagliardo—
Nirenberg’s, Agmon’s, Ladyzhenskaya’s, and Poincaré’s inequalities). Our objective
here is twofold:

(i) to prove the Ladyzhenskaya and the Poincaré inequalities; and
(ii) to emphasize the physical invariance by dilatation or by change of scale of all
such inequalities.

The Ladyzhenskaya inequality may be described as follows. For a smooth, com-
pactly supported scalar function u in R?, we have

/ lu(x)|*dx < (/ |u(x)|2dx)(/ |Vu(x)|2dx>. (4.8)
]R2 RZ ]R2

In R3, we have

1/2 3/2
/|u(x)|4dx§(/ |u(x)|2dx> (f |Vu(x)|2dx> . (4.9)
R3 R3 R3

In (4.8) and (4.9) — and in (4.10), (4.11), and (4.12) — the smoothness of the func-
tions # and g is assumed for the sake of simplicity, since these inequalities are valid
for more general (less smooth) functions.

Remark 4.1 Note the difference between space dimensions 2 and 3. It is this very
discrepancy between the two cases that induces many of the difficulties in the math-
ematical theory of the Navier—Stokes equations in space dimension 3.

That no dimensional constant appears in the RHS of (4.8) or (4.9) is due to the fact
that these inequalities are invariant by dilatation, or homothety (x +— AXx), or (in
physical terms) that both sides of these inequalities have the same dimension:

UZLZ
U*L* ~ U2L2<T> for (4.8),

U2L3 3/2
UL’ ~ (U2L3)1/2(T> for (4.9).

Remark 4.2 This invariance of the inequality by dilatation (or homogeneity) is com-
mon to many functional inequalities. However, the lack of a multiplicative constant
in the RHS of (4.8) and (4.9) is not usual. In most cases, we know (we can prove) the
existence of a multiplicative constant in the right-hand side of the inequalities, which
in some cases may be obtained explicitly. In general, however, such constants can be
taken as of order unity.

We present now the proof of (4.8). The proof of (4.9) follows a similar idea and uses
(4.8). We start with the following inequality (of Agmon’s type) in space dimension 1:

12 12
|g<x)|zs< /R |g<$)|2ds> ( /}; |g/<s>|2ds> forall xeR,  (4.10)
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for any smooth function g with compact support in R. Since g has compact support,
there exists L > 0 sufficiently large such that g(x) vanishes for x outside (—L, L).
Then we can write

g(x)* = Z/Lg(é)g/(é) d§¢ < Z/ng(é)llg’(é)ldé
and

L L
g(x)? = —2/ 8(6)g'(§) d& < 2[ lg@®)11g' ()l ds.

Adding both identities, we obtain

L
gx)? < leg(S)llg'(S)ldx = /%Ig(é)llg’(é)ld%

Then, using the Cauchy—Schwarz inequality, we find (4.10).
We now prove the 2-dimensional Ladyzhenskaya inequality (4.8). We use the
Agmon inequality (4.10) twice, once in each space direction. We have

4 2 2
u(xy, x2)" = u(xy, x2)“u(xy, x2)

< [( / |u<sl,xz)|2d&)( / |ug1<sl,x2>|2dsl)
R R
1/2
(/|u<x1,sz>|2dsz)(/|ugz(x1,§2)|2déz)] :
R R
Thus,

1/2
/ / u(rr, x2)* dxy dxy < / ( / (e, x)2 dy f |u;l(sl,xz>|2dsl) dx;
RJR R R R
12
f ( f (e, &) dés / |M$2(x1,€2)|2d€2) dx,.
R R R

Using the Cauchy—Schwarz inequality, we obtain

//u(xl,xz)4dx1dxz
RJR
1/2 1/2
< ( f / (&, 1) dé; dxz) ( f / |ugl<sl,x2>|2dsldxz)
RJR RJR
12
( / f |u(x1,sz)|2dszdxl) ( / f |ugz(x1,$z)|2dézdxl)
RJR RJR
< (//|u(x1,x2>|2dx1dx2)<//Wu(xl,xz)ﬂdxldxz),
RJR RJR

which proves (4.8). As mentioned earlier, the proof of (4.9) follows a similar idea:
one first writes u(x1, x,, x3)* as a product of two squares; then one applies the Agmon
inequality (4.10) with respect to one variable and the 2-dimensional Ladyzhenskaya
inequality (4.8) in the remaining two variables.
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With little effort we can now prove another fundamental (often used) inequality:
the Poincaré inequality.’ We assume that u is smooth and that it vanishes outside a
bounded set; in fact, it suffices for u to vanish outside a slab, say —L/2 < x; < L/2.
In space dimension 2 (the proof is the same in any space dimension), we write (4.10)
in direction x; with x, fixed:

1/2
d§ 1) .

12
u(rn, x2)? < (/|u(s,,x2>| ng> (/‘—(sm)

Observing that the RHS of this inequality does not depend on x;, we integrate with
respect to xy, from —L/2 to L/2, and find

//Iu(xl,x2)|2dx1dx2

RJR
u
—(51,)62)

12 1/2
_Lf(fm(sl,xmdsl) ( k dsl) dx;
R\JR &

< (after using the Cauchy—Schwarz inequality and renaming the dummy variable)

1/2
§L<//|u(x1,x2)|2dx1dx2> <// X2) dxldx2> .
RJR
This implies the Poincaré inequality
1/2 o 2 1/2
(/flu(xl,xz)lzdxldxz) §L<// x2) dxldx2> , (411
RJR R JR|9X]

as well as the following form, which is used more often:

1/2 1/2
(//|u(x1,x2)|2dxldx2) §L(//|Vu(x1,x2)|2dxldx2) . (412)
RJR RJR

The Poincaré inequality in higher dimensions can be proved similarly. In three di-
mensions, the form that we will often use reads

1/2 1/2
</ |u(x)|2dx> §L</ |Vu(x)|2dx> ) (4.13)
]R3 ]R3

Remark 4.3 (cf. Remark 4.2) Note that a coefficient L (with dimension of length)
appears in the RHS of (4.11) and (4.12). This length is given in the assumption on u
(it vanishes outside —L/2 < x; < L/2), and both sides of (4.11) and of (4.12) have
the same dimension, namely UL.

Another frequently used version of the Poincaré inequality (which we state without
proof) relates to functions u defined on a bounded domain 2 whose average on 2
vanishes. We will use this inequality in space dimension d = 2 or 3, but for any space
dimension d it reads as follows: There exists a constant ¢ = ¢(£2) such that

3 More precisely, we prove one of the forms of this inequality; another form (valid for space-
periodic functions) is given later in this section.
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/|u(xl,...,xd)|2dx1...dxd 5c(Q)f|Vu(x1,...,xd)|2dx1...dxd (4.14)
Q Q
for all functions u such that
/ u(xy, ..., xqg)dxy...dxqy =0. 4.15)
Q

This inequality will be frequently used for space-periodic functions with zero av-
erage on the period 2. Note that the constant ¢(£2), which is not easy to determine,
has dimension L? (square of a length; see Remark 4.3). In the periodic case, we write
this constant more explicitly as c¢(€2) = &(Q) L2, where L is the smallest period. In
this case, the constant ¢(£2) depends only on the “shape” of €2, in the sense that it is
invariant under dilatation; see Remark 4.2.

More Inequalities

The methods of functional analysis employed throughout this volume rely heavily on
the use of some relatively simple and well-known inequalities, as well as on more so-
phisticated ones. For the convenience of the reader, we list here (without proof) all
inequalities in the first category. We shall then also list those in the second category —
namely, the Sobolev inequalities and some of their variants, which extend (4.8) and
(4.9) in various ways.
Schwarz’s inequality:
e+ )
ab < —|\ea”+ — (4.16)
2 €
for all real numbers a, b and all ¢ > 0.
Young’s inequality:

1 1
ab < ~a” + —b (4.17)
p p
foralla,b > Oandalll < p < oo, with p’ = p/(p—1) (i.e,,1/p+1/p’ =1). Also,
b<farg— L4 418
ab < ;d + 81/(1’_l)p/ ( . )

for all a, b, p, p’ as before and all ¢ > 0.
Holder’s inequality:

1/p , 1/p’
/ u(x)v(x)dx < </|u(x)|”dx> </|v(x)|” dx) (4.19)
Q Q Q

for all measurable functions u and v for which the right-hand side is finite. Here, 1 <
p < o0, p' = p/(p—1), and Q is an arbitrary open set in R?, d € N. Also,

/u(x)v(x) dx < suplu(x)| [ |lv(x)|dx. (4.20)
Q xeQ Q

A weaker form of (4.20) involving the essential supremum of u appears in the sequel.
In addition to the inequalities just listed, we use extensively the Poincaré inequalities
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(4.11), (4.12), and (4.14), as well as related forms of this inequality discussed in the
main text.

Lebesgue Spaces

We have recalled already the definition of the space L?(2) of square integrable func-
tions on a domain Qin R¢, d € N. This is one of the so-called Lebesgue spaces. More
generally, for any 1 < p < oo, we have the Lebesgue space L”(£2), which is the
space of measurable functions whose absolute value to the pth power is integrable:

f|u(x)|”dx < 0.
Q

This space is endowed with the norm

1/p
lullLr@) = (/IM(X)I”dX> . 4.21)
Q

The space L2(2) is a particular case of the preceding spaces, and it is the only one
whose norm is associated with an inner product. Because of the frequent use of the
L?-norm, we denote it simply by | - | and denote the associated inner product by (-, ).

The limiting case p = oo can also be considered. The space L*°(£2) is the space
of measurable functions that are uniformly bounded almost everywhere on 2. More
precisely, a measurable function # = u(x) on 2 belongs to L*°(£2) if and only if
there is a number M > 0 such that |u(x)| < M for almost every x in Q2 (i.e., except
on a set of measure zero). The smallest such M is the norm of u, which is denoted
lull Lo -

With those spaces in mind, the Holder inequality (4.19) reads as

@, v) <l 191l L 0 (4.22)

for all u € LP(2) and all v € L? (), where p’ = p/(p — 1) (i.e., 1/p +1/p’ = 1),
l<p=<oo.

Higher-Order Sobolev Spaces

A number of technical function spaces will be introduced as needed, especially in
Chapter II. However, at this point we would like to mention the higher-order Sobolev
spaces H™(2), which are central in the mathematical theory of partial differential
equations.

For any domain €2 in R?, which may be bounded or unbounded (possibly 2 = R%)
and whose boundary 92 may or may not be smooth:® for integer m > 1, we denote
by H™(L2) the space of square integrable real functions u on £ whose distributional
derivatives of orders up to m are also square integrable. In mathematical notation,

6 Let us mention that there are some difficulties with nonsmooth domains, a question that is
not addressed in this monograph.
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H™(Q) = {ue L*(Q); Du e L*(Q), [a] < m},

where @ = (a1, ...,04) € Nis a multi-integer, [¢] = o+ --- + a4, and D* is a
short notation for

guit - taa

RN

We endow this space with the following inner product and norm:

lull ey = {(u, W) mee)}'/?,
(, W) iy = Z ﬁ Z /Q D%u(x) D*v(X) dx. (4.23)
k=0 [al=k
Here, L is a typical length scale associated with €2; we introduced it in (4.23) to make
the RHS dimensionally homogeneous. In the mathematical context we usually use
nondimensional variables, and then L = 1. The space H"(2) is the Sobolev space
of order m; it is a Hilbert space for the inner product (-, -)) gm(q) and the associated
norm.
Of course, for m = 1, we recover the space H'(S2) previously mentioned. Note
that, like H'(Q) (see (4.3) and after), we can say that

u € H™(Q) if and only if there exists a sequence of smooth
functions u;, compactly supported in €2, such that ||u; | g (o)
remains bounded and u; is converging to u (in the distribution
sense) as j — 0o.

(4.24)

Sobolev spaces based on the Lebesgue spaces L”(2) for any 1 < p < 0o can also
be defined. They are very important in the mathematical theory of partial differential
equations, but they will not be necessary for our purposes in this monograph.

Sobolev Embeddings and Inequalities

An important property of Sobolev spaces are the Sobolev embeddings, based on in-
equalities similar to (4.8) and (4.9), which are generally called the Sobolev inequali-
ties. For instance, (4.8) implies that, in space dimension 2,

H'(R?) c LY(R?);

such inequalities are valid more generally for any (smooth but not necessarily
bounded) domain Q C R?, and imply similarly for such a domain that

H'(Q) c LY(Q).
In the same manner, in space dimension 3, (4.9) implies that
H'(R® c L*RY)

and, for any (smooth but not necessarily bounded) domain 2 C R3,
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H'(Q) c LY Q).
In general, for | < m < d/2, where d is the space dimension,
H™(Q) C L), (4.25)

where 1/qg = 1/2 —m/d. For m = d/2 (e.g., for the important case of d = 2 and
m = 1), the functions in H™(£2) belong to L9(2}), for any finite ¢ (1 < g < 00) and
for any bounded and smooth subdomain 2, of €2. The Sobolev embedding (4.25) is
derived from an inequality similar to (4.8)—(4.9) that is also invariant by dilatation
(dimensionally invariant):

1/q 1/2
</ Iu(x)lqu> <c(m,d, Q) §</ |D"‘u(x)|2dx) , (4.26)
R4 R4

[a]l=m
where the constant c(m, d, 2) depends on m, d, and the shape of 2. Note that both

sides of this inequality have the dimension of UL%/¢ = UL%?~™, and the constant
c(m, d, 2) is a constant that has no dimension.

Remark 4.4 Unlike for (4.8) and (4.9), the constant c(m, d, ) in (4.26) is very
difficult to obtain; and the proof of (4.26) is much more involved than that of (4.8)
and (4.9). The interested reader can learn more about Sobolev spaces in the books of
Adams [1975], Lions and Magenes [1972], and Mazja [1985]; see also a summary in
Temam [1997, Chap. IT].

Remark 4.5 By interpolation, one can supplement the embedding (4.25) with a
large collection of similar inequalities. Indeed, using the Holder inequality (4.19), it
is easy to show that

d(g—r) d(r—2)

1/ = =2
( |u(x)|’dx> < (/ |u(x)|2dx> ( )</ |u(x)|qu) o (4.27)
R4 R4 R4

when 2 < r < g. Hence, with (4.26),
dig=n) dq(r—2)

1/r
</ lu(x)|” dx)
R4

< c(m. d, Q)(/ |u(x)|2dx)m< Z/ |D“u(x)|2dx> T 408)
R4 R4

la]l=m

Compact Mappings, the Rellich Lemma, and Compact Sobolev Embeddings

We conclude this section with a more technical nonintuitive concept: compact embed-
dings and the Rellich lemma, showing that certain Sobolev embeddings are compact.
The Sobolev embedding (4.25) is continuous, which is equivalent to saying that the
following inequality holds (cf. (4.26)):

lull Loy < cllullpm )
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for some constant ¢ independent of . This means that the identity operator is contin-
uous from H™(2) into L4(€2). This holds under the condition that 1/g = 1/2 —m/d,
for 1 <m < d/2 orin the critical case m = d/2 as just explained. When the domain
Q is bounded, L4(£2) is included in L?(€2) for any p < ¢. For simplicity, we consider
only the case m = 1. Then, if 2 is bounded and smooth, we have the embedding

HY Q) Cc LP(Q)

for 1/p > 1/2 — 1/d. The Rellich lemma (see e.g. Adams [1975]) asserts that this
embedding is not only continuous but also compact. This means that a bounded set
in H'(Q) is precompact as a subset of L?(£2). One of the important consequences of
this property is that any sequence {u,},en of functions whose norms in H'($2) are
uniformly bounded contains a subsequence {u,, };cn that converges in the norm of
LP(S2) to some element u in H'(R2). The usual notation for compact embedding is

HY Q) cc L (), (4.29)

for 1/p > 1/2 — 1/d and for Q2 bounded and smooth. This important result is often
invoked in this monograph, especially for proving that the Stokes operator has a
compact inverse, whence we deduce the existence of an orthonormal basis of eigen-
functions of the Stokes operator (see Section 6 in Chapter II).

Alternatively, saying that the embedding (4.29) is compact means that any sequence
weakly convergent in H'() is strongly convergent in L?(£2) for such values of p,
that is, convergent in the L?(€2) norm. See Appendix A.l in Chapter II for some
explanations on weak convergences.
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Elements of the Mathematical Theory
of the Navier—Stokes Equations

Introduction

The purpose of this chapter is to recall some elements of the classical mathemati-
cal theory of the Navier—Stokes equations (NSE). We try also to explain the physical
background of this theory for the physics-oriented reader.

As they stand, the Navier—Stokes equations are presumed to embody all of the
physics inherent in the given incompressible, viscous fluid flow. Unfortunately, this
does not automatically guarantee that the solutions to those equations satisfy the
given physics. In fact, it is not even guaranteed a priori that a satisfactory solution
exists. This chapter addresses the means for specifying function spaces — that is, the
ensembles of functions consistent with the physics of the situation (such as incom-
pressibility, boundedness of energy and enstrophy, as well as the prescribed boundary
conditions) — that can serve as solutions to the Navier—Stokes equations. Animportant
point is made that the kinematic pressure, p, is determined uniquely by the velocity
field up to an additive constant. Hence, one cannot specify independently the initial
boundary conditions for the pressure. This observation leads naturally to a represen-
tation of the NSE by an abstract differential equation in a corresponding function
space for the velocity field.

Two types of boundary conditions are considered: no-slip, which are relevant to
flows in domains bounded by solid impermeable walls; and space-periodic bound-
ary conditions, which serve to study some idealized flows (including homogeneous
flows) far away from real boundaries.

A simplification, without compromising the physics or mathematical rigor, results
from the so-called Helmholtz—Leray decomposition, which is a generalization of the
decomposition of any vector field into a gradient of a potential plus a solenoidal
(divergence-free) component. The generalization consists of taking into account the
accompanying boundary conditions. From the mathematical point of view, it is pos-
sible that some solutions of the Navier—Stokes equations could be highly irregular,
even though no such irregularities are encountered in nature. However, these solu-
tions when smoothed in some sense could represent physical realities. Toward this
end, one can introduce the so-called weak solutions: essentially, an inner product of
the possibly irregular solutions with some sufficiently regular (nice) functions. This
operation is somewhat similar to taking moments of the velocity field with respect

25
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to some distribution function, yielding observable averages of flow quantities. How-
ever, care must be taken not to push this analogy too far, because weak solutions are
not the same as the statistical solutions.

The next major task undertaken in this chapter is the question of existence and
uniqueness of solutions to the Navier—Stokes equations. In three dimensions, where
all practical fluid flows arise, we find that this is still an open problem, suggest-
ing that the 3-dimensional NSE are not a complete description of fluid flows. This
is not too unexpected, because we know (Schlichting [1979, Chap. I11]) that these
equations have been obtained under the natural but unverified hypothesis that the
normal and shearing stresses are strictly linear functions of the rate of deforma-
tion. The departure from linearity may be so small that there are no experimentally
observable consequences. Yet an absence of the corresponding correction in the
equations can be significant enough to reveal mathematical pathologies. It should
be remarked here that other (even small) additional terms serve to regularize the
NSE in three dimensions (Lions [1969]). We do not address this problem here. On
the other hand, the corresponding situation in 2-dimensional flows is well in hand,
with existence and uniqueness of both strong and weak solutions proved beyond any
challenge.

Another important issue raised in this chapter addresses the problem that arises be-
cause not all the terms in the Navier—Stokes equations belong to the same function
space. Thus, all the terms linear in the velocity field u are divergence-free, whereas
the inertial term (u-V)uis not. In principle, some mathematical operations involving
pairs of quantities (say, a and b) require, in concert with our intuitive physical senses,
that a and b be of the “same kind” — not “mixing apples and oranges.” Mathemati-
cally speaking, this can be articulated as requiring that, in general, a and b belong to
the same function space. But sometimes, as in the present case, we must deal with
pairs that are not in the same function space. In order to make the necessary opera-
tions (e.g., inner products) meaningful, it is necessary to introduce special rules. The
concept of dual spaces, mentioned in the body of this chapter and dealt with at greater
length in Appendix A, serves this purpose.

We address the analyticity of solutions of the equations on the real-time axis. Phys-
ically, this corresponds to the demand that the solutions do not evidence any singular
behavior for all time, which is true for the case of flows in two dimensions. We re-
turn then to the dependence of the solutions on the boundary conditions and study the
special case of flows driven by a moving boundary. The chapter ends with Appen-
dices A and B, addressing some delicate mathematical questions raised in the body
of the chapter.

In short, the mathematical theory presented here serves to ensure that the solutions
of the Navier—Stokes equations, when they exist, are consistent with the physics
underlying the flow of incompressible, viscous flows. It leads to tools presented fur-
ther on, tools that allow us to obtain insight into the nature of turbulent flows without
the burden of elaborate numerical computations. At the same time, such tools are
useful for testing the validity of purely numerical efforts.
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We now describe the content of this chapter in words that are mathematically more
technical. In Section 1 we introduce the concepts of kinetic energy and enstrophy; in
Section 2, we present the corresponding boundary value problems to be considered.
We show also that, in the incompressible case, pressure (using the terminology of
meteorology) is a diagnostic variable: this means that, at each instant of time, pres-
sure is a function (functional) of the velocity field — including at time r = 0. Hence,
as we shall see, at + = 0 the initial field of velocities is prescribed, but not the initial
pressure distribution. In Section 3 we introduce the Helmholtz—Leray decomposi-
tion of vector fields, which is a version of the classical Helmholtz decomposition of
vector fields adapted to the boundary conditions. In Section 4 we give the weak for-
mulation of the NSE in which the pressure term disappears; this is the starting point
of the mathematical theory of these equations as introduced by the French mathema-
tician Jean Leray [1933, 1934a,b]. In Section 5 we introduce the function spaces that
we use, and we explain their physical meaning by relating them to the spaces of finite
kinetic energy and finite enstrophy. Section 6 is devoted to the study of the Stokes
operator, which is associated with the linear part of the Navier—Stokes equations and
is a fundamental tool in the mathematical theory of the NSE.

Section 7 recalls the major existence and uniqueness results for the Navier—Stokes
equations and introduces the concepts of weak (less regular) and strong (more regu-
lar) solutions. In Section 8 we recall the fact that, in dimension 2, the solutions of the
NSE are analytic in time — a property with important physical consequences. Sec-
tion 9 concerns analyticity in space in the 2- and 3-dimensional cases; we also show
how this space analyticity implies the exponential decay of the Fourier coefficients
of the solutions. Section 10 introduces the function spaces needed for the Navier—
Stokes equations on the whole space (R? or R?). Section 11 gives the mathematical
framework needed for the treatment of the no-slip case with moving boundaries. We
introduce apropriate “background flows” to rewrite the equations with homogeneous
boundary conditions and added (linear) terms. In Section 12, we present universal
estimates for the energy dissipation in terms of a characteristic velocity and a charac-
teristic length; in Section 13, we introduce the nondimensional Grashof number and
discuss nondimensional estimates. Finally, in Appendices A and B, we give some
mathematical complements (for the mathematically oriented reader) and prove some
of the results alluded to in this chapter.

1 Energy and Enstrophy
We recall from Chapter I the Navier—Stokes equations for a viscous, incompressible,
homogeneous flow:
ou
5—uAu+(u~V)u+Vp=f, (1.1a)
V-u=0. (1.1b)

With the density normalized to p = 1, the kinetic energy of a fluid with velocity
field u = u(x) and occupying a region 2 is given by
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1
e(u) = —/|u(x)|2dx. (1.2)
2 Ja
Another important quantity is the enstrophy,
ou;
E(u) = Z/IVu (x)?dx = Z/ —(x) (1.3)

i,j=1
where d = 2 or 3 depending on whether the flow is 2- or 3-dimensional. As will be
seen shortly, the significance of enstrophy is that it determines the rate of dissipation
of kinetic energy.
If the domain 2 is the whole space (R? or R?) and if the velocity u decays suffi-
ciently rapidly at infinity, then integration by parts using the divergence-free condition
(1.1b) implies the following representation for the enstrophy:

E(n) = / lw(x)|? dx, (1.4)
Q

where @ = curlu is the vorticity vector. (In fact, strophy comes from Greek, mean-
ing rotation.) Relation (1.4) is also valid when €2 is not the whole space, provided the
boundary terms (resulting from the integration by parts) vanish. This is true in many
interesting cases.

Now assume, for simplicity, that & = R3 and that u and p vanish and decay suffi-
ciently rapidly at infinity. Then, we take the scalar product of the momentum equation
(1.1a) with u and integrate over €2. The first term yields

0 1d
/a—l;(x, t)-u(x,t)dx = > /Q|u(x, t)|2dx.

The contributions of the inertial term and of the pressure vanish owing to the diver-
gence-free condition:

[1w v udx—ZZ/ula wdx = 22/ CCIPN

i=1 j=1 i=1 j=1
13
= —— (V-u)u?dx:O (15)
2,
and s
3 ap
Vp-udx = —u;dx = —f p(V-u)dx =0. (1.6)
./Q Z ax; Q

Integrating by parts, we see that the viscous term yields

—U/Au udx——vZ/aul “Z/C))Z/)

i,j=I
= vE(u). 1.7

We are then left with the equation of conservation of energy, which gives the rate of
decay of the kinetic energy:



2 Boundary Value Problems 29
d
—e(u) + vE(u) = / f-udx. (1.8)
dt Q

When there are no volume forces (i.e., when f = 0), the conservation of energy equa-
tion implies the decay of the kinetic energy by viscous effect at the rate —vE(u):

%e(u) = —vE(u). (1.9)

The calculations performed in (1.5), (1.6), and (1.7) play an essential role and are re-
peatedly used in the mathematical theory of the Navier—Stokes equations, even when
the domain €2 is not the whole space.

2 Boundary Value Problems

The Navier—Stokes equations (1.1) are inescapably supplemented with initial and
boundary conditions that depend on the physical problem under consideration.
Throughout this book we mainly consider two distinct types of boundary condi-
tions: the no-slip boundary condition (for bounded domains) and the space-periodic
boundary condition.

The no-slip boundary condition (flow past a rigid boundary) is one of the few that
correspond to a physically accessible boundary condition. Another physically acces-
sible boundary condition is the open boundary (i.e., an open surface of a flowing
fluid for part or all of the boundary!); we will not treat this case specifically, as it can
be handled by methods very similar to the no-slip case. The space-periodic case is
not a physically achievable one, but it is relevant on the physical side as a model for
some flows and is needed in the study of homogeneous turbulence. On the mathe-
matical side, the space-periodic case includes many of the difficulties encountered in
the no-slip case. However, the former is simpler to treat because of the absence of
boundaries (no boundary terms and often no boundary layers). Furthermore, using
the Fourier series as a tool simplifies the analysis and eases visualization of the phys-
ical aspects of the flow.

Flows in unbounded domains, or flows in the whole space (R? or R?), will not
be emphasized here. This case is often discussed in the literature but is not appro-
priate for our present studies owing, in particular, to the lack of compactness. This
characteristic raises technical difficulties that are related to the feasibility of standard
approximation methods and hence to the computability of quantities such as (1.2) and
(1.3). Very special assumptions about the flows must be made to obtain sensible re-
sults. Thus, we will discuss only the whole-space case (without a decay condition at
infinity) as an idealization in the context of homogeneous statistical solutions; some
material preliminary to that study appears in Section 10 of this chapter.

! In the language of partial differential equations, this corresponds to a Neumann-type bound-
ary condition; as we shall see, the no-slip case corresponds to a Dirichlet-type boundary
condition.
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Note, too, that in the periodic case we consider two distinct situations: (i) when
the average flow (over the space domain) is zero and (ii) when it is not necessarily
zero. For that matter, if the volume forces have zero average and the average flow
is zero at some instant of time, then the average flow is zero at all times. This is a
particular case of periodic flows that makes some calculations easier.

In what follows, we describe more precisely each of the boundary conditions just
mentioned. For notational purposes we denote by |€2| the area or the volume of a
given bounded set Q in R? for d = 2 or 3, respectively. The corresponding mathe-
matical settings (e.g., function spaces) appear in Sections 5 and 10.

No-Slip Boundary Condition

This condition corresponds to the case where the fluid fills a smooth, bounded do-
main 2 with a rigid boundary 9€2. Assuming that the motion of the boundary 0€2 is
prescribed (velocity at the boundary = @), the no-slip boundary condition is

u=¢ onod. 2.1
If the boundary is at rest, then

u=20 onof. 2.2)

We always assume that the shape and volume of the domain 2 occupied by the
fluid are independent of time. In this context, the case where the normal component
of ¢ is not zero corresponds to a permeable boundary (as occurs, for instance, in some
flow control problems or with flow past a porous wall).

Space-Periodic Case

As we have already pointed out, the space-periodic boundary conditions are clearly
not accessible in realistic physical situations, but they are useful for idealizations.
They arise in the study of homogeneous turbulence, when it is assumed that walls
are far from the region being studied and thus that the wall effects are not important.
These boundary conditions do not contain the difficulties related to rigid boundaries
(e.g., the presence of boundary layers), but they retain the complexities due to the
nonlinear terms (introduced by the kinematics) that characterize the Navier—Stokes
equations.

For space-periodic flows, we assume that the fluid fills the entire space RY (d =
2, 3) but with the condition that

u, f, and p are periodic in each direction Ox;, i =1, ..., d, with

corresponding periods L; > 0. 2.3)

In this case we use €2 to denote the period:

L1 L1 L2 Lz L3 L3
Q=-——,— | x|——, =) x|——,—=—
22 22 22
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in the 3-dimensional case, and

Ly L, L, L,
Q= (-2t Z1) (=22 22
22 22

in the 2-dimensional case. A simplified case is when all the periods are the same,
L; =L (i =1,...,d); then the period is the cube

a=om=(-% 5)‘?
2°2
A particular case of interest arises when the volume forces have zero space aver-
age, that is, when |
2 /Qf(x, t)dx = 0. 2.4)
Here |€2| denotes the area or the volume of the domain €2, depending on whether d =

2 or 3. Averaging each term in the NSE we notice — using integration by parts, as
illustrated in Section 1, and the periodicity conditions — that several terms vanish; we

are left with the equation
d
— | u(x,t)dx=0.
7 /Q (x,1)

Hence, if the initial average flow is zero then the average flow is zero for all time:

é/ﬂu(x, t)dx = 0. 2.5)

As noted earlier, it is sometimes useful (and simpler) to assume that the average flow
is zero. Moreover, the general case — where the volume forces and the initial con-
dition do not average to zero — can be reduced to this case, as we show henceforth.
First, averaging the momentum equation in this case yields

d
—/ u(x,r)dx = / f(x,1)dx. (2.6)
dt Jo Q
Therefore, if we set .
M, () = —/ u(x, 1) dx 2.7
1€2] Jo
and define M¢(¢) similarly, we obtain
dMy (1)
= M¢(2). 2.8
o t(f) (2.8)

Thus, we easily obtain the average My(¢), for all time, directly from the volume
forces f. We can then write
u=M, +u

and obtain for @, which has zero average, an equation similar to the momentum equa-
tion (1.1a); the only changes are the addition of the advection term (M, - V)u and the
change in the volume force to its perturbation from the average (i.e., f=f—M;
Then, we can absorb the advection term into the independent variable by introducing
the functions
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u(x, 1) = u(x + L,(t), 1),
p(x, 1) = p(x+1Lu(1), 1), (2.9)
fx, ) =Fx+ L@, 0,

where I, (¢) is a primitive of M () — for example,
t
I,(t) = / My(s)ds.
0

Notice that @, j, and f are also periodic with period . The equations for @ and p
are the momentum equation (1.1a) and the divergence-free condition (1.1b) — with u,
p, and f replaced by @1, 5, and f — all functions periodic and with & and f having zero
space average. We need to solve those equations for @l and j, as well as the equation
(2.8) for M(2), in order to recover u(x, t) and p(x, t).

Channel Flows

Another interesting boundary condition, which is not (fully) physically accessible but
is often considered in the mathematical and physical literatures, is the channel flow.
The channel occupies the domain of R?,

Ly L, L, L, L; Lj
Q=-——,— | x|—,— | x|—, —
22 22 22

(in, say, dimension 3). The boundaries x3 (or z) = +L3/2 are rigid ones, with a no-
slip condition as in (2.1); that is,

L;
u=¢ atx; =j:7. (2.10)
On the other hand, the flow is periodic in the directions x; and x;:

u and p are periodic in the directions Ox; and Ox,, with

corresponding periods L, and L. (2.1

Usually, such a flow is sustained by a pressure gradient P in the direction Ox;, which
amounts to choosing f = Pe; (e; = (1, 0, 0) in R?); the total (physical) pressure is
p — Pxy, which is not periodic in the direction Ox;. Concerning the function P =
P(t), we usually consider one of two cases: either the pressure gradient is prescribed
(i.e., P(¢) is given) or the flux is prescribed in the direction Ox; — namely,

L3/2 Ly/2
/ / ui(xy, x2, x3)dxo dxs = F
—L3/2 J—L,y/2

is given and P(¢) is an auxiliary unknown (note that F is independent of x;, by
incompressibility).

We will not consider this case in detail here. Of course, the mathematical tech-
niques that it requires combine those of the no-slip and space-periodic cases.
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Initial Condition

When studying the evolution of a flow, we must also prescribe the initial distribution
of velocities. Mathematically, this amounts to a condition of the form

u(x, 0) =up(x), xe, (2.12)

where uy is given. For consistency, the initial condition must satisfy the appropriate
boundary conditions.

Note that, to obtain a well-posed initial boundary value problem for the Navier—
Stokes equations, we do not prescribe the boundary value of the pressure or its initial
value. As we will see, the pressure is in fact fully and uniquely determined at all
times, including ¢ = 0, as a function of the velocity field u (uniquely up to an addi-
tive constant, since only the gradient of the pressure is accounted for in the momentum
equations). In the terminology used in meteorology, we would say that u is a prog-
nostic variable and p a diagnostic variable.

Combining the initial condition (2.12) with the previous boundary conditions yields
the following (deterministic) initial boundary value problems, which we discuss in
the sequel:

(Phsp), consisting of (1.1), (2.2), and (2.12);

(Pper), consisting of (1.1), (2.3), and (2.12);

(7'7per), consisting of (1.1), (2.3), (2.4), (2.5), and (2.12);
(Pen), consisting of (1.1), (2.10), (2.11), and (2.12).

(2.13)

These problems are well-posed, subject to some restrictions in dimension 3. Problem
(75per) is a special case of (Ppe), so for many purposes it suffices to consider (Pper).
However, very often we consider (75per) for the purpose of simplification. As men-
tioned earlier, we will not consider the channel flow problem (P.,) in detail; it can
be handled by combining the techniques for the no-slip and periodic cases.

Simplified Problems

It is worth mentioning some simplified problems associated with the Navier—Stokes
equations. First, steady-state (or stationary) flows are flows in which the velocity is
independent of time:

u(x,t) =u(x) forall > 0. (2.14)

In order to maintain such a flow, the volume forces f (and ¢ in the nonhomogeneous
no-slip case (2.1)) must be independent of time. In this case, (1.1) reduces to

—vAu+ (u-V)u+ Vp =f, (2.15a)
V.ou=0. (2.15b)

Equations (2.15) constitute the stationary Navier—Stokes equations; they must be sup-
plemented with a boundary condition for u, such as (2.1), (2.2), (2.3), or (2.10)—(2.11).
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In general, solutions of (2.15) are stable only for sufficiently low Reynolds numbers.
The linearized versions of the NSE correspond to cases where the flow is so slow
and viscosity so large that the quadratic (inertial) terms are negligible as compared
to the linear terms. This is known as “creep flow.” Here the inertial terms can be
suppressed, and so (1.1) reduces to

Ju
5 vAu+ Vp =f, (2.16a)
V.u=0. (2.16b)

Equations (2.16) — together with the initial condition (2.12) and one of the boundary
conditions (2.1), (2.2), (2.3), or (2.10)—(2.11) —is a well-posed linear initial boundary
value problem.

In the context of this work, more interesting is the Stokes problem, which is the
linearized stationary version of the Navier—Stokes equations:

—vAu+ Vp =f, (2.17a)
V.u=0, (2.17b)

supplemented by any one of the boundary conditions (2.1), (2.2), (2.3), or (2.10)—
(2.11). Flows appearing in rheology and materials processing are governed by these
equations. More significantly for us, the Stokes problem arises constantly in the the-
oretical (mathematical) study of the NSE because the eigenfunctions appearing in
(2.17) span the function spaces in which the solutions of the full Navier—Stokes equa-
tions reside. We will encounter them in the following sections and chapters.

A Boundary Value Problem for the Pressure

We mentioned earlier that, in the incompressible case, the kinematic pressure field
is fully determined at each instant of time by the velocity field u. More precisely: at
each instant of time, the pressure can be expressed in terms of the velocity field at that
time via the solution of a suitable boundary value problem. In particular, at time t =
0, by prescribing the initial spatial distribution of velocities ug as in (2.12), we auto-
matically prescribe (to within an additive constant) the initial pressure distribution
p(x,0). The pressure at any given point in space is in fact determined by the ve-
locity field everywhere. This is a consequence of the incompressibility assumption.
The sound speed becomes infinite and velocity fluctuations everywhere are coupled
instantaneously. Mathematically, this can be seen by taking the divergence of the mo-
mentum equation, ending up with a Laplace equation for the pressure.

Indeed, consider a solution u of the full Navier—Stokes equations for one of the
problems (Ppgp) or (Pper). The other initial and boundary value problems can be
handled similarly. We take the divergence at each side of the momentum equation
(1.1a), which yields, term by term:
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ou
div — =0,
iv o
div Au =0,
divVp = Ap,
d
d Bu,-
di -Viu} = —uj—
iv{i(u - V)u} i;l o, (uj 8xj>
- 8u_,~ 814,‘

= — —  (by (1.1b)).
2 v, o, (by (1.1b))
i,j=1

Hence, we find the following equation for the pressure:

- ou; du;
Ap =divf— )" 8—;5 (2.18)
ij=1 "t "7

Therefore, in the space-periodic case (2.3), the pressure p is fully defined in terms
of the velocity field u and the volume forces f by equation (2.18) and the periodicity
condition. We obtain p as a quadratic function of u: p = ¥ (u).

In the no-slip case (2.2), we obtain a boundary condition for the pressure p by tak-
ing the scalar product of each term in the momentum equation (1.1a) with the vector n
normal to the smooth boundary 9<2. Thus, using the no-slip condition (2.2), we have

Ju 0
— -n=—(u-n) =0,
ot ot

ap
Vp-n=—,
p-n on

d

Hence, there remains

a
P [f+vAu] - n. (2.19)
on

As may be easily verified, the right-hand sides of (2.18) and (2.19) satisfy the consis-

tency condition
d
/ Apdx:f —pdS(x).
Q s 0N

We conclude that p can be expressed in terms of u by solving the Neumann prob-
lem (2.18)—(2.19). Just as in the periodic case, in the no-slip case we obtain p as a
quadratic function of u,

p=vy). (2.20)

Note that (2.20) holds at each instant of time. In particular, the initial distribution of
pressure p(x, 0) = po(x) is defined by
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po = Y¥(up). (2.21)

In all cases, p is defined up to an additive constant.

An Evolution Equation for the Velocity Field u

Clearly we can infer from the preceding remarks, particulary (2.20), that the full
Navier—Stokes equations amount to an evolution equation for the velocity field u.
That evolution equation is a functional equation and no longer a partial differen-
tial equation. The functional equation obtained by means of (2.20) is not the one
commonly used in the mathematical theory that emerges naturally with the weak for-
mulation of the NSE (see Section 4). However, it is instructive at this point to give
this slightly different form of the evolution equation for u.

With (2.20) in mind, the sum of the inertial term and the pressure gradient is found
to be a quadratic function of u, which we may denote by

B() = (u-V)u+ V().

Then, the momentum equation (1.1a) can be written solely in terms of u:
d
8—'; — vAu + B(u) = f. (2.22)

As just mentioned, this equation is not the usual form of the Navier—Stokes equations,
but it puts in evidence the fact that those equations may be regarded as an evolution
equation for u. A more common form of the evolution equation for u is based on the
Helmholtz-Leray decomposition of vector fields, to which we now turn.

3 Helmholtz-Leray Decomposition of Vector Fields

The Helmholtz decomposition resolves a vector field u in R4 (d = 2, 3) into the sum
of a gradient and a curl vector. There is an appropriate generalization, which we will
call the Helmholtz—Leray decomposition, that is valid for vector fields defined on a
bounded set, taking into account the boundary conditions of the problem. Regardless
of these boundary conditions, for a given vector field w we seek a decomposition of
the form

w=Vg+v, with divv=0. 3.1

Thus, at least locally, v is a curl vector, say v = curl . The assumption that divv =
0 implies
Ag = divw. 3.2)

Equation (3.2) is supplemented by boundary conditions that depend on those of the
original vector field w. Using (3.2) and the boundary conditions, one can derive g
from w; then, from (3.1), one obtains v.

In the space-periodic case, w is periodic (in the sense of (2.3)), so we require v
to be periodic as well. Hence, we impose periodic boundary conditions on g, which
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together with equation (3.2) determine g uniquely in terms of w (up to an additive
constant). We then obtain v from (3.1), so that v is also periodic and divergence-free.
Since divv = 0 it follows that v is indeed a curl vector, say v = curl ¢, with ¢
periodic.

In the no-slip case, w vanishes at the boundary (as in (2.2)) and we require only
that

v-n=0 ondQ. 3.3)
This implies that Vg - n = w - n; that is,

0

—q:w-n on 02. 3.4

on

We conclude that g is solution of the Neumann problem (3.2), (3.4). The necessary
consistency condition

/divwdx:/ w - ndS(x)
Q aQ

follows from the divergence theorem. Thus, ¢ is uniquely defined up to an additive
constant and v is equally well-defined.

Since divv = 0, it follows that v is the curl of a single-valued function ¢ defined
locally. If the boundary 9S2 of 2 is connected — that is, if €2 has no holes (i.e., it is a
simply connected set), then the conditions

divv=0inQ and v-n=0 ond 3.5)

imply that ¢ is a single-valued function in the whole domain €2, with v = curl ¢,
as in the usual Helmholtz decomposition. When the boundary is not connected,
some delicate mathematical (topological) issues appear: v is the sum of the curl of a
single-valued function ¢ and of N multivalued functions ¢y, ..., {y, where N is the
number of holes in the domain (see Temam [1979, Apx. I]).

We observe that, contrary to the usual Helmoltz decomposition, the Helmholtz—
Leray decomposition of w is unique (up to an additive constant for ¢). Indeed if g =
q1 — q» and v = v| — v,, where (g1, v;) and (g, v,) correspond to two such decom-
positions, then

Vg +w=0;
hence,
Ag =0.

In the space-periodic case this implies that g is constant. In the no-slip case, (3.4)
yields

a

—q=w~n=0 on 92,

on

so that ¢ is also constant.
We infer from the preceding remarks that the map w — v is well-defined. We
denote this map by
Pr:wr— v(w). 3.6)
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This map is a projector; that is, if w is already divergence-free then PLw = w. We
will call it the Leray projector (for the corresponding boundary conditions).

The Evolution Equation for the Velocity Field

As indicated earlier, the Navier—Stokes equations are equivalent to a functional evo-
lution equation for u that is not a partial differential equation. We may obtain an
appropriate evolution equation for u using the Leray projector P,. We apply P to
both sides of the momentum equation (1.1a). If u represents an incompressible flow,
then the divergence-free condition (1.1b) holds and it is easy to see that

Ju ou
Pru=nu, PLE = 3 and P, Vp =0.
Therefore, we find that
d
d—ltl + vAu+ B(u) = P, f, 3.7
where we have written
Au=—P;Au, B(u) = B(u,u), B@,v)= P, ((u-V)v). (3.8)

The operator A is the Stokes operator that we introduced earlier. In the space-periodic
case,
Au = —P; Au = —Au,

so that (3.7) is essentially the same as (2.22). However, in the no-slip case,
Au = —P; Au # —Au,
and (3.7) and (2.22) are slightly different. More precisely,
Buw)={ — P)(vAu+f)+ P.((u-V)u),
where I denotes the identity operator, while
B(u) = Pr((u-V)u).

The form (3.7) of the NSE was first derived by Leray [1933], using a slightly differ-
ent presentation based on the so-called weak formulation, which we present in the
following section.

For notational simplicity, we may write the functional evolution equation (3.7) as
an ordinary differential equation (in infinite dimension). In general, we assume for
simplicity that f belongs to H, so that P.f = f; this can always be done, the term
(I — Pp)f being added to the pressure. Then we write

u =F(,u), (3.9)
where

w=u =" F@uw=f0)-vAu- B (3.10)
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In case the forcing term f is time-independent, we say in the dynamical context that
the system is autonomous and simply write

u =F(u), (3.11)
where
F(u) =f — vAu — B(u). (3.12)

4 Weak Formulation of the Navier—Stokes Equations

The weak formulation of the NSE is obtained by multiplying equation (1.1a) by a
“test” function v and integrating the result over 2. The space V of test functions to
be considered is defined more precisely in the following section; loosely speaking,
a test function v is assumed to be divergence-free and to satisfy the same boundary
conditions as u.

For either no-slip or periodic boundary conditions, consider at each instant of time
the vector field

xeQ— u(x,1).

For simplicity, we will denote this vector field at time ¢ by u(-, t) or simply by u(z).
Then, let v = v(x) be a test function belonging to V. In order to obtain the weak
formulation of the Navier—Stokes equations, we take the inner product of the mo-
mentum equation (1.1a) with the test function v(x) and integrate the result over 2.
Using integration by parts when necessary, we can rewrite the following terms:

ou d
/ E(X’ 1) -v(x)dx = Z/ u(x, 1) - v(x) dx;

/Au(x 1) -v(x)dx = — Zf —(x 1) - vi(x) dS(x)

i,j=1

ou; ov;
+ Z / t)a—xj(x) dx

i,j=1

= (owing to the boundary conditions on v)

= Z/ Bul (x)dx

i,j=1

Then, by virtue of the boundary and the divergence-free conditions on the test func-
tion v, we have

f Vp(x,t) - v(X)dx = / p(x, )v(x) - n(x)dS(x) — / p(x,t)divv(x)dx = 0.
Q Flo) Q

Hence, we find that
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d

%/ﬂu(x, t)-v(x)dx+vi§=:1
d

+Z/

ij=1"%

/ 8”[ ( [) 81),' ( )d
— (X, ) —(X)ax
Q ij an

Buj
ui(x, 1) —(x, Hv;(x) dx = / f(x,1) v(x)dx,
ox; Q

which holds for every test function v of the type indicated. In order to simplify the
notation, a more compact form is used by dropping the dummy variable x:

d - ou; _0v;
— 1) -vd —(t)—d
dlLu() v X+UZL8Xj()an X

i j=1
d ou;
O—L@v;dx= | £@¢) -vdx. (4.1
+i§1/9“()ax,»()”’ x /Qovx @)

We simplify further by introducing the following classical notation. For every pair of
vector fields ¢ and ¥ defined on €2,

(0. 9) = /Qq)(x) W (x)dx,

d
- box) WX
(9. 9) = /Q ; oo I

and, if @ is a third vector field,

d
o
b ¥.0) = /Qw,-(x) I/g’)c(%)ej(x)dx. (4.2)

i,j=1
Then, the weak equation (4.1) can be expressed as follows:

The function  — u(z) takes its values in V and satisfies

%(u(t), V) +v(u(), v) + b(u(), u(),v) = (£@),v) 4.3)
for every test function ve V.
Equation (4.3) is supplemented with the initial condition
u(0) = uy. 4.4

This is the weak formulation of the Navier—Stokes equations that goes back to the
pioneering works of Leray [1933, 1934a,b]. It plays an essential role in the mathe-
matical theory of those equations.

Energy Equation

In the derivation of the energy equation in Section 1, we assumed that the fluid fills
the whole space and is at rest at infinity. An extension of this energy equation can be
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obtained for flows corresponding to the initial and boundary value problems (Pgp),
(Prper)s (75pe,), and (P.). This can be obtained using the same idea as in Section 1:
using the weak formulation (4.1) of the NSE, we replace v by u(¢) itself. Then (see
(1.5) and Appendix A.2)

b(u,u,u) = / [((w-V)u]-udx =0, 4.5)
Q

leading to

ld/u HI*dx + i/
- u(x, X+ v
2 dt Q P Q

Alternatively, for every vector field ¢ we set

72 and ¢l = (@, @), 4.7)

2
dx = / f(x,1)-u(x,1)dx. (4.6)
Q

8”,’ ( t)
—(X,
ij

lo| = (@, @)
so that
e(@) =1lpl> and E(p) = |lo|*.

‘We then rewrite (4.6) as

%%m(r)ﬁ +llu@|® = E@), u@)) (4.8)

or, equivalently, as

d
Ee(u(t)) = —vEQ()) + (£(1), u(@)). 4.9)

The rate of change of the kinetic energy, (d/dt)e(u(t)), is the difference between the
power supplied by the external volume forces, (f(¢), u(¢)), and the energy dissipation
rate by viscosity, vE(u(z)). Note that, in reality, almost all of the energy dissipation
takes place in the dissipation range; the inertial range is nearly dissipationless. The
eddies in the inertial range “dissipate” or disappear principally by breaking up into
smaller eddies.

5 Function Spaces

In this section we introduce most of the function spaces (i.e., various ensembles of
suitable restricted functions) appropriate for use in mathematical treatments of the
Navier—Stokes equations. Thus, in general, the term “(a given) function space” may
be regarded as shorthand for a set of functions satisfying some prescribed restrictions
(boundary conditions, integrability, boundedness, etc.). Many such restrictions re-
flect the physics of the case under consideration. We consider here only the no-slip
and periodic boundary cases. The function spaces associated with the whole-space
case are given in Section 10.

There are two fundamental spaces, denoted H and V, for each choice of boundary
conditions. They are natural spaces that take into account the boundary conditions,
the incompressibility condition, and the physical quantities e(u) and E(u) (resp., the
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kinetic energy and the enstrophy). The space H is the space of incompressible vector
fields with finite kinetic energy and with the appropriate boundary conditions required
by each initial and boundary value problem, and V is the space of incompressible
vector fields with finite enstrophy and also with appropriate boundary conditions. We
discuss each boundary condition in turn. In general, we consider a bounded domain
Q in R? with d = 2 or 3, and the starting point is the space L?(2)¢ of square inte-
grable vector fields from  into R¢. As previously remarked, this is the space of finite
kinetic energy vector fields. This space is endowed with the inner product

(u,v) = / u(x) - v(x)dx 5.1
Q

and the associated norm

1/2
ul = (w,w)/? = {/|u(x)|2dx} ) (5.2)
Q

Notice that this norm is associated with the energy per unit mass through the relation
[u|?> = 2e(u). The space L?*(2)? endowed with this inner product and the associated
norm is a Hilbert space.

Another important space, which is associated with the notion of enstrophy, is the
Sobolev space H'(2)¢. It consists of the space of vector fields on  that are square
integrable (finite kinetic energy) and whose gradient is square integrable (finite en-
strophy) (see Section 4 in Chapter I). The associated inner product and norm are

w9
(V) = —/ u(x) - v(x)dx—i—/ Z 4 axv (5.3)

0x; ;

and
lull; = (u, w),”?, (5.4)

where L is a typical length — for example, the diameter of €2 (see Section 1.4, before
(4.6)).

It is useful to distinguish the term related to the enstrophy in the inner product and
in the norm in H'(S2). We define

Ju 3V

(u,v) = / Z v o ¢ (5.5)

and
2 1/2
1/2
hull = (u,w)"* = UZM,}’ (5.6)

so that .

(a,v); = ﬁ(u, V) + (u,v))
and

1
M%EWHW

The quantity || - || is exactly the square root of the enstrophy (see (1.3)).
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A mathematically rigorous and physically intuitive definition of the spaces V and
H is as follows:

V is made up of all the limit points (in the distributional sense)

of all the possible sequences of smooth vector fields u,, which

are divergence-free, which satisfy the boundary conditions of 6.7
the problem, and whose enstrophy remains bounded, that is,

E(u,,) < const. < o0.

The space H is defined in a similar way, replacing the boundedness of the enstrophy
by the boundedness of the kinetic energy, e(u,,) < const. < co. A precise descrip-
tion of these spaces in each case is given in the sequel.

The spaces H and V that we obtain for the problems (Pnbp) (Pper), and (Pper)
are denoted respectively by Hyg, and Vyep, Hper and Vier, and H per and Vper We use
those specific notations whenever necessary; otherwise, when the context is clear or
the situation applies to any of the cases, we just consider H and V.

Loosely speaking, V is the subspace of H'(2)¢ consisting of vector fields that are
divergence-free and satisfy the boundary conditions of the problem (and with space
average on €2 equal to zero for (75per)). The space H included in L?(2)¢ is similar,
but only the boundary conditions on the normal component of the velocity field at the
boundary is retained; more specific details will be given shortly.

We now discuss in turn the spaces associated to each boundary condition.

No-Slip Boundary Conditions

In the no-slip case, the domain €2 is assumed to be bounded and to have a smooth
boundary. More precisely, we assume that

Q2 is open, bounded, and connected, with a C 2 boundary 92 and

such that €2 is on only one side of 9€2. 5-8)

By a C? boundary we mean that the boundary can be represented locally as the graph
of a C? function (i.e., a twice differentiable function).
Based on (5.7), one can prove that?

Huyp ={ueL*(Q)% V-u=0, u-nly =0)}. (5.9)

Similarly,
Visp = {u € HY(Q)? V-u=0, ulzo =0} (5.10)

We endow H g, with the norm | - | and the associated inner product (-, -), inherited
from L2(2)?. For Visp» in view of the Poincaré inequality (see (4.11) and (4.12) in
Chapter I), it suffices to take into account the part of the norm of H'(Q2)? (defined

2 Note that the full no-slip boundary condition u = 0 on 3% is included in the definition of V,
whereas for H the space contains only the condition u-n = 0 on 2. This is a mathematical
technicality that we cannot control.
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in (5.4)) that is connected to the enstrophy (see (5.6)). Hence, we endow Vyg, with
the norm || - || and the associated inner product ((-, -)). The Poincaré inequality in this
context reads

1
lu* < r||u||2 for all u € Vysp, (5.11)
1

where A, is defined to be the best (smallest) constant for which this inequality holds.
This constant is actually the lowest eigenvalue of the corresponding Stokes equation
(see Section 6).

In the mathematical literature, we usually define Vyg, and H,, as the closure in
H'(Q)? and in L>(Q)? (respectively) of the space

Vap = (0 eC(Q); V- u=0}, (5.12)

where C2°(2)? denotes the space of infinitely differentiable vector fields with com-
pact support in £2. The space V,, resembles the space of test functions in the theory
of distributions (Schwartz [1950/51]). In fact, Leray [1933, 1934a,b] introduced it be-
fore the theory of distributions and the Sobolev spaces had even been developed. It
is easily checked that this definition coincides with (5.7).

We do not discuss the case where Q2 is only piecewise smooth (or even a Lip-
schitz domain, i.e., one whose boundary is locally the graph of a Lipschitz func-
tion). This occurs, for instance, with squares in dimension 2 or with wedges; in this
case singularities occur in the corners, and handling them properly would necessitate
lengthy developments obscuring the intrinsic turbulence issues. For the singularities
occurring for flows in domains with corners, see for example Grisvard [1985, 1992],
Kellogg and Osborn [1976], and Serre [1983].

Periodic Boundary Conditions

Recall that for periodic boundary conditions the domain €2 is of the form

¢/ Li L
0 =1}(‘? 3)

For the sake of the boundary conditions, we first define the spaces L%er(Q)d and
Héer(Q)d. They are the spaces of vector fields u = u(x) which are defined for all
x € R?, which are Q-periodic in the sense that they are L;-periodic in each direction
Ox; (i =1,...,d), and which belong respectively to L?>(©)? and H'(0)? for every
bounded open set O C R¢.

Based on (5.7), one can prove that

Voer = {v€ HL,,(2); V- u =0} (5.13)
and, similarly, that
Hper = {ue L2, ()% V-u=0}. (5.14)

per

The Poincaré inequality (see Section 1.4) is not valid in this case. Hence, we endow
Vper With the full norm || - ||; and the corresponding inner product, using for L, say,
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L = min{L,, L, L3}. The space Hp is endowed with the norm | - | and the associ-
ated inner product (-, -) inherited from L?()?. In this case, we have

lul?> < L?||lul|} forall u eV, (5.15)

In the mathematical literature, we usually define Vi, and Hp, as the closure in
H'(Q)? and in L?(22)¢ (respectively) of the space

Voper = (e C2(Q)4; V-u =0}, (5.16)

per

where CSQI(Q)" is the space of Q-periodic, C* vector fields defined on R¥.
A characterization of the spaces Hpe, and Vp, in terms of Fourier series is given

later in this section.

Periodic Boundary Conditions with Zero Space Average

In the case of zero space average, one can prove, in view of definition (5.7), that

per

Voer = {veHl )% /u(x)dx:O, V~u:0} (5.17)
Q
and, similarly, that

Hyper = {u € L7 ()% / u(x)dx =0, V-u= o}. (5.18)
Q
We endow H. per With the norm | - | and the associated inner product (-, -) inherited
from L*(2)“. For Vper we recall that, for periodic functions with vanishing space
average, the Poincaré inequality holds (see Section 1.4). Hence, it suffices to endow
Vper with the norm || - || and the associated inner product ((-, -)). The Poincaré inequal-
ity in this context reads

1 )
lu? < )L—||u||2 for all u € Vi, (5.19)
1

where A, is defined to be the best (smallest) constant for which this inequality holds.
As in the no-slip case, this constant is actually the lowest eigenvalue (A, ~ 1/L?) of
the corresponding Stokes operator (see Section 6).
A characterization of those spaces in term of Fourier series will be given shortly.
In the mathematical literature, we usually define Vper and Hper as the closure in
H'(Q)? and in L?(22)¢ (respectively) of the space
Vper: {ueC<>o (Q)d; / u(x)dx =0, V~u:0}. (5.20)
Q

per

Fourier Characterization of the Function Spaces for Periodic Flows

As noted earlier, one of the advantages attendant to space-periodic flows is the pos-
sibility of using Fourier series. We now show how the function spaces V and H can
be characterized in terms of Fourier series. Then, we introduce further useful spaces.
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Similar spaces for the no-slip case are introduced in Section 6, using more abstract
entities (eigenfunctions of the Stokes operator).
Consider a bounded domain €2 in R¢, with d = 2 or 3, of the form

Ly L, L, L, Ly Lj
Q=|——, — | x|[——, = | x[——, =
22 22 22

in the 3-dimensional case and

L L L, L,
Q== ) x (-2, 2
2°2 272

in the 2-dimensional case. For each index k = (ky, ..., k) in Z? (d-dimensional
vectors with unsigned integer components, hence with no physical dimension) we
can associate wavenumbers ki /Ly, ..., k;/L4. For notational simplicity, we set

k(b M (5.21)
c= ) .

We work with complex representation, for which we take i = +/—1. Then, a square
integrable vector field u = u(x) on Q2 can be represented by the expansion

.k
u(x) = Yyl (5.22)

keZ4

where the amplitudes 1 of each set of frequencies k belong to C¢. The convergence
of this expansion is in the L% norm. Parseval’s identity reads

d
> =12 ) ol (5.23)
keZ
where |Q2| is the volume of 2 in the 3-dimensional case (viz., LL,L3) or the area
(L1L»,) in the 2-dimensional case. Since the vector field u = u(x) is real-valued, we
have

A

u_g =

=5

k
for every k, where Gy denotes the complex conjugate of tik. In the Fourier space the
divergence-free condition reads
.k
Uk« — =0 Vk.
L
Therefore, the space H.; can be represented as

.k
~ 27i¥x A
Hper = {ll = E uge L X; u_g =
kezd

=

K % =0, ) i < oo}. (5.24)
keZd

If the vector field w = u(x) has finite enstrophy or (in other words) belongs to

HI',er(Q)d , then we can write its enstrophy in terms of its Fourier coefficients:

2

E@) = ul? =27(Q Y|+ /. (5.25)

keZd

k
L
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The H' norm becomes

1 k|3 .
lullf = 5 ul* + ) = |9|Z< +27|= >|uk|2, (5.26)

keZd
where L = min{Ly, ..., Ls}. Therefore, we can rewrite V., in the form
.k
Vper = {u = Z ﬁkezmix;
keZd
i = B Sy = 2| X Vil 27
u_k_uk’f ug =0, kXZ:d 5 +27 [ug|® < oop. (5.27)
€

For the vanishing space average case, we have the additional condition

Uy = / u(x)dx = 0. (5.28)
Q

Hence, we obtain the characterizations

I_'I _ _ ~ 2ni5-x,
per = YU = uge L]

keZ4\{0}
iy = G E~ﬁk=0 D Il <oot (529
_ - , .
keZ4\{0}
and
' m’k»x
per= Z ke 'L
keZ4\{0}
_ kK 2 5
iy =, k=0, Z G| <oo}. (5.30)

keZ4\{0}

There are many relevant spaces other than H and V that one can introduce, such as
spaces between V and H, spaces included in V, and superspaces of H. For the sake
of simplicity, we restrict ourselves to the space-periodic case with vanishing space
average (see Section 6 for the analog in the no-slip case).

Indeed, for all s € R we may consider the space

2s

. = k
u_i = Uy, E'llk=0, Z
keZd\[0}

lGg|* < oo}. (5.31)

Note that V5, C V;, for sy > sp, and that V; = V (= Vper) and Vo = H (= Hper).
Hence, VC V, C HforO0<s <1,V,Cc Vfors >1,and V; D H fors < 0. It can
be shown that V; is a Hilbert space for the norm

K| 1/2
||u||v.v=< > |ﬁk|2) :

keZ4\{0}
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Of particular interest are the spaces V, and V_;. The space V), is the domain of the
Stokes operator A = —A in H, as explained in the following section. The space V_;
is the dual space of V, usually denoted V' (= Véer, here); this is the space of linear
continuous forms on V.3 More generally, for all s > 0, V_j; is the dual of V.

It is natural at this point to introduce also the powers A" of the Stokes operator in
the periodic case. As we said, A is just the mapping

2
L ok k L ok
u= Uge 'L = Au= —| uge L.
2 i 2 |g|
keZ4\(0} KeZ4\{0}
Similarly, we define A" as the operator

2r
.k k -k
A oK. . ogik.
u= E e ™MLY > A'u= E r| ke L,
keZA\(0} keZd\{0}

It is straightforward to see that A" maps V;, continuously onto Vy_5, (s, r € R). In
particular, for s > 0, we have A**V,, = H and so Vo5, = D(A®) is the domain of
the (unbounded) operator A® in H.

The similar spaces and concepts for the no-slip case will be introduced in the next
section. In that case, the elements exp(2wix - k/L) are replaced by the eigenfunc-
tions of the Stokes operator A = — P A.

Space—Time Function Spaces

It is useful to regard a function u = u(x, ) as a time-dependent function u =
u(?) with values in one of the function spaces defined previously. There are several
such function spaces that one may consider. For a function space X, we denote by
L?(0, T; X) the space of functions from [0, 7] into X whose norm in X to the pth
power is integrable over [0, T']. Its norm is denoted by

T 1/p
llallzro,7;x) = (/ Iu(t)lf(dt) . (5.32)
0

We also have the space of essentially bounded functions, denoted by L*°(0, T'; X)
and normed with

||ll||Loc(()7sz) = Sup.eSS.'u([)b{. (533)
t€[0,T]

where sup.ess. denotes the essential supremum as in the case of real-valued functions.
This means that |u(?)|x is bounded by a constant for almost every ¢ in [0, T'], and the
smallest such constant is precisely the L°°(0, T'; X) norm of u.

The space of functions that are continuous from [0, T] into X is denoted by
C([0, T]; X), and its norm is that of the maximum on [0, 7]. The most common
spaces are L*(0, T; X) and C([0, T]; X), with X = H, V, and D(A).

3 The less mathematically oriented reader may refer to Appendix A.1 in this chapter for basic
details.



6 The Stokes Operator 49

The duality between V; and V_;, presented earlier in this section, can be extended
to time-dependent functions. The dual space to L?(0, T; V;) is L?'(0, T; V_,) for
1 < p <ooands e, where p’ is the conjugate of p (i.e., 1/p +1/p’ = 1).

6 The Stokes Operator

In this section, some functional settings described in Section 5 in the context of Fourier
series in the space-periodic case are extended to the no-slip case. We return also to
the space-periodic case to provide some additional information. Of necessity, the
framework is more abstract than in Section 5.

The Stokes operator was introduced in Section 3. From the mathematical and phys-
ical points of view it is associated with the linear part of the Navier—Stokes equations
and, as such, plays an important role in the study of the full, nonlinear equations.
Here, we aim to give a short account of the main relevant properties of the Stokes
operator.

The Stokes operator was formally defined by Au = — P, Au, where P is the
Helmbholtz—Leray projector and A is the Laplacian. For a rigorous definition we must
also define the domain D(A) of A, that is, the space of functions in H for which Au
makes sense. One can show that

Au= —P,Au for ue D(A) =V N H*(Q)?, (6.1)

where d = 2 or 3 is the space dimension; 2 is bounded in R? and, in the no-slip
case, is smooth. In what follows, we consider separately each choice of boundary
conditions.

The Stokes Operator in the No-Slip Case

In the no-slip case we assume that the boundary of 2 is smooth (in the sense of (5.8)).
In this case, a difficult-to-prove regularity result asserts that

Au = —PLAll for ue D(A) = Vnsp N HZ(Q)d’ (62)

and A is one-to-one from D(A) onto H.* Note that, since a vector field u in D(A)
belongs to H2(2)¢, the Laplacian Au makes sense and is square integrable, so that
the Helmholtz—Leray projector P;, can be applied to it to yield a vector field Auin H.
It can be shown that, in fact, the Stokes operator maps D(A) onto H. Hence, the in-
verse A~! is well-defined and takes H onto D(A). Because €2 is bounded and smooth,
we have by Rellich’s theorem (see e.g. (4.29) in Chapter I and Adams [1975]) that
H*(Q)is compactly embedded into L2(Q)?. Tt follows also that D(A) is compactly
embedded into H (and V is also compactly embedded into H).
Integration by parts serves to verify that the Stokes operator is symmetric;

4 See Constantin and Foias [1988], Temam [2001], or the original articles by Agmon, Douglis,
and Nirenberg [1959, 1964], Cattabriga [1961], Ghidaglia [1984], and Solonnikov [1964].
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(Au,v) = (u, Av) forall u,vin D(A).

It turns out that A~" is also self-adjoint. From the elementary spectral theory of com-
pact self-adjoint operators in a Hilbert space (see e.g. Courant and Hilbert [1953]),
we can infer the existence of an orthonormal basis {w,, },,cy in H and a sequence of
real eigenvalues {o,,},,cn accumulating at zero, so that

A_lwm =0,W,, m=12....
Setting A, = 1/0,,, we see that
AW, = A,W,,, m=12,....
Since A is a positive definite operator — that is, since
(Au,u) = |[ul|> > 0 forall u#0in D(A)

(which follows from integration by parts) — we see that each A,, is positive. More-
over, we can order them such that

O<A <t <---<Ap<--+, Ay —> +00 asm — +00.

The first eigenvalue, A1, is exactly the best constant for the Poincaré inequality intro-
duced in (5.11) (see Courant and Hilbert [1953]).

Because {w,,},;cn 1s an orthonormal basis in H, we can expand each vector field
u in terms of its projection onto each eigenspace:

oo
u= Z(u, W, )W,, for win H. (6.3)

m=1

For notational simplicity, we set &, = (u, W,,), so that

u= Z UnWw, for uwin H. (6.4)

m=1

The following relation is known as the Parseval identity:

o0
="l (6.5)
m=1
Similarly,
o0
all® =" Al (6.6)
m=1
and -
|Aul> = "2 liim . 6.7)
m=1

More generally, we can define the spaces Vg, for all s > 0, by setting

ueVy = Y Wiyl < oo (6.8)

m=1
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The powers A* (s > 0) of A are defined by
Aw= Kl W 6.9)

m=1
The domain of A® in H is D(A®) = V,,. Moreover, A" maps D(A*) = V,; into

D(A*™") = Vo).
The domain D(A®) = V,, is endowed with the inner product

[e.¢]
W, V)pas) = (AW, A'V) =Y 32 i O, (6.10)
m=1

where v,, = (v, w,,), and with the norm

oo
ulpeasy = [A%u] =D A% i (6.11)

m=1

Notice that, for s = 1/2, we recover the space V; that is,

00 00
2 A2
|u|D(A1/2) = Z Al |” = Z(u’ AmWim) (W, Wy, )
m=1

m=1

D @ AW (U, W) = ) (Au, W) (U, Wy,)
m=1 m=1

= (Au,u) = (u,w) = |u|*.

Hence, D(AY%) = V.
We can also define negative powers of A. Indeed, for s > 0 we define D(A™°) to
be the completed space of H (it is a space larger than H ) for the norm

o0
ulpas) = Y 27 1wy, (6.12)
m=1
We define also
A=) 3w, w,)w,  for we D(A™). (6.13)
m=1

One can show also that, for s > 0, the space D(A™") is identical with (isomorphic
to) the dual space D(A*) of D(A®) and that (see (A.5))
D(A®) C HC D(A™®).

When s = 1/2, we recover V' (i.e., D(A7Y%) = V).

From the expression (6.11) and using Holder’s inequality, it is straightforward to
deduce the so-called interpolation inequalities, which relate the norms associated
with three different powers of A:

|[A%u| < |[A*a|’|A%2a|' (6.14)
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for any real 51 < s < s,, where 0 is given by
s =510 +s2(1 —6). (6.15)

Further regularity results for the Stokes operator can be obtained as long as the
domain €2 is regular enough. More precisely, assume that the domain €2 is of class
C™*2 (in the sense that the boundary is locally the graph of a C”*+? function), where
m € N. Then, if f belongs to H N H m(Q)4, the solution u of the Stokes problem (see
(2.17)) Au = f belongs to H N H m+2(Q). Moreover, the corresponding pressure p
belongs to H"+1(Q)7.

The Stokes Operator in the Space-Periodic Case with Vanishing Space Average

The case of periodic boundary conditions with vanishing space average is almost
identical to the no-slip case. The only difference is the definition of the Stokes oper-
ator A, which now reads

Au=—P Au=—Au for ueD(A) = Vyer N HZ (). (6.16)

per

Then, as before, we have that A is a positive self-adjoint operator with compact in-
verse and possesses a sequence {A,, }ncn Of positive eigenvalues associated with an
orthonormal basis {w,, },,cn. The positive and negative powers of A can be defined
similarly, and we have the identifications D(A"?) = Vper and D(A7Y?) = \'/p’er.

In the periodic case, the eigenfunctions w,, can be found explicitly in view of the
Fourier expansion (5.22). Given that a_y = Ek and that 0 - k = 0, one can rewrite

that expansion in terms of the vector fields as
_ 27i K ox - omikx
Wk = akge L 4 age L7, (6.17)

where for each k the ay are d — 1 independent vectors in C? such thatag -k = 0
and with a_x = ag. Notice that, owing to the condition G_yx = @k, we need only
consider “half” of the ks in Z¢ \ {0} in the expansion in terms of wy.

The eigenvalues are

k 2

)\k=47T2 L

(6.18)

They can be ordered in nondecreasing order so that, for each Ay (k € Z¢ \ {0}), we
have a corresponding eigenvalue X, for an appropriate m € N, with A, 11 > A,,; the
corresponding eigenfunction is w,, = wg.

The Stokes Operator in the General Periodic Case

When the space average is not necessarily zero, the definition of the Stokes operator
remains essentially the same:

Au=—P Au=—Au for ueD(A) = Vper N HZ,(Q)". (6.19)

per
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The difference in this case is that the Stokes operator is no longer positive definite.
Indeed, since nonzero constants belong to the domain D(A) of A, it follows that A is
no longer one-to-one, and it is not invertible. However, we can consider the operator
A defined by

1 s
Au= —u+tAu for ueD(A) = D(A). (6.20)

where, as before, L = min{L, ..., L;}. On integration by parts it follows that
~ 1
(Au,v) = ﬁ(u,V) + (u,v) = (u,v),

for all u in D(A) and all v in V. Hence, A is a positive self-adjoint operator with
compact inverse. Therefore, A possesses a sequence of positive eigenvalues {4, }men
associated with an orthonormal basis {w,,},en. We can now recover the eigenval-
ues {A,}men Of the Stokes operator A, which are related to those of A by A,, =
Am — 1/L%. Then,

O0=M <A< <Ay <--+, Ay — +00 asm — +00.

The eigenvalues and eigenfunctions can also be given explicitly, as in the case of
vanishing space average. They are actually the same, except that now we include the
case k = 0, which is associated with the eigenvalue A; = 0 and with a d-dimensional
eigenspace.

Alternative (Abstract) Definition of the Stokes Operator

An alternative definition of the Stokes operator can be given using the notion of du-
ality introduced in Appendix A.1 of this chapter. Note that, for each vector field u in
V, the map
v i (u,v)
defines a linear functional in V. It is continuous, since the Cauchy—Schwarz inequal-
ity implies that
(u,v)) < lluflivll < Cullvll

for some constant Cy, and for all v in V. Therefore, this linear functional belongs to
V' and can be represented by an element £ in V'. Each u determines uniquely an ele-

ment £(u) in V’ in this fashion. The map u — £(u) is linear, so we denote it by Au.
Clearly, by definition,

A:V =V, (Au,v) = (u,v)) forall u,vinV. (6.21)

For a vector field u smooth enough, it follows easily from integration by parts that,
forall vin V,

(Au,v) = (u,v)) = —(Au,v) = (—PLAu, V), (6.22)

thus establishing the connection with the previous definition of the Stokes operator.
The map A is actually an isomorphism between V and its dual V’. Note that, by
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(6.22), A = —Pr A, so that —A is not, in general, the Laplace operator, as it is in
the space-periodic case. By the Riesz representation theorem (see Appendix A.1), A
is one-to-one from V onto V' with

|Aul|y: = ||u]| forall win V. (6.23)
The domain D(A) of A in H in this context can be naturally defined as
D(A) ={ueV; Aue H}. (6.24)

In the no-slip case, if the domain €2 is not regular enough (a case we do not other-
wise consider) then one would not recover the characterization (6.2) for the domain
of A, and the two definitions of the Stokes operator are not known to be identical.

Asymptotic Behavior of the Eigenvalues of the Stokes Operator

From the physical point of view, the quantities A,, are the eigenvalues for linear
(small or infinitesimal) self-oscillations of the fluid contained in €2; of course, the
corresponding w,, are the associated vector fields.

Concerning the behavior of the A,, as m goes to infinity: it has been proved, inter-
estingly enough, that the behavior is the same as that of the eigenvalues of the Laplace
operator. See, for example, Courant and Hilbert [1953] for the classical results on
the eigenvalues of the Laplace operator; the results concerning the eigenvalues of the
Stokes operator are due to Métivier [1978] for the no-slip case.

In dimension d = 2 or 3, and in either the no-slip case or the periodic case with
vanishing space average, the asymptotic behavior of the eigenvalues is given by

A ~ Aqm>4. (6.25)

More precisely, we know that the limit

)"m
lim —" >0 (6.26)

m—00 }\,lmz/d

exists and depends only on the dimension d and the shape of the domain 2 (see
e.g. Métivier [1978] for details of the no-slip case on smooth domains, Ilyin [1996]
for the no-slip case on nonsmooth domains, and Constantin and Foias [1988] for the
space-periodic case).

Galerkin (Spectral) Projectors

Associated with the Stokes operator are the Galerkin, or spectral, projectors. They are
important in the mathematical theory of the Navier—Stokes equations and will play a
fundamental role in the proofs of most of the results in Chapters IV and V. They are
also well known for their use in the numerical approximation of the NSE via spectral
methods, especially in the periodic case. Here, we simply recall their definition and
some of their properties.
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For every positive integer m, the Galerkin projector P, is defined as the orthogo-
nal projector of H onto the space spanned by the first m eigenvectors wi, wa, ..., Wy,
of the Stokes operator. More explicitly, since {w,,},, is an orthonormal basis for H,
any element u in H can be expressed as

o0
u= Z Gy Wi - (6.27)

m=1

The Galerkin projector P,, is obtained by truncating the highest modes:
Pyu =) " i wy. (6.28)
k=1

By definition, P,, commutes with A, and hence it commutes with every power of A.
Therefore, P, is also an orthogonal projector in each of the spaces D(A*) for s real
and in particular in V = D(AY?) and V' = D(A/?). The basis {W,,},, is actually
an orthogonal basis (but no longer orthonormal) in each space D(A*). The following
inequalities are straightforward:

1
lu— Pyul®> < A—||u — P,u|?® forall uinV, (6.29)
| Pyull> < Aplu> forall uin H. (6.30)

The following inequality, which is needed in the general periodic case (nonvanishing
space average), follows directly from (6.30):

1
| Poul? < (ﬁ +Am>|u|2 for all win H. (6.31)

7 Existence and Uniqueness of Solutions: The Main Results

In this section we describe the main existence and uniqueness results for the Navier—
Stokes equations in dimensions 2 and 3. These results involve two types of solutions,
weak and strong; they are related to the possible appearance of singularities in the
sense that the magnitude of the vorticity vector may become infinite at some points
in space and time. The strong solutions are those for which the vorticity vector (or
its square, the enstrophy) is finite at all times, whereas for weak solutions the enstro-
phy may become infinite at some instants of time. The conjecture of Leray [1933,
1934a,b] concerning turbulence — as yet, neither proved nor disproved — is that the
vorticity vector could indeed become infinite. However, we note in passing that no
flow experiment performed to date has revealed such a singular behavior.

In the 2-dimensional case, the mathematical theory is fairly complete. The weak
solutions turn out to be more regular and are, in fact, strong solutions. Moreover, the
solutions are unique for a given initial condition and exist for all time.

In the 3-dimensional case, the mathematical theory is not yet complete. It is known
that the weak solutions exist for all time, but it is not known whether they are unique.
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On the other hand, strong solutions are unique and can be shown to exist on a certain
finite time interval, but it is not known whether they exist for all time.

The results of existence, uniqueness, and regularity that we shall present here are
classical ones. They can be found in many references on the mathematical theory
of the Navier—Stokes equations (e.g., Constantin and Foias [1988], Ladyzhenskaya
[1963], Lions [1969], Temam [1979, 1983]).3

The existence of solutions is generally proved by constructing approximate solu-
tions® and passing to the limit as the approximation parameter tends to zero (in the
Galerkin approximation, this limit is obtained as the number, say m, of modes in the
Galerkin projector increases to infinity). For uniqueness we work, as usual, with the
equation satisfied by the difference of two solutions satisfying the same initial and
boundary conditions. Regularity results are obtained by means of techniques suitable
for partial differential equations.

We recall the weak formulation of the Navier—Stokes equations as given in Sec-
tion 4:

find a function ¢ — u(t) taking its values in V and satisfying

d
E(u(t)’v) +v(u@),v) + b)), u@),v) = (£@),v) (7.1
for every test function v in V, with u(0) = uy.

The results presented next are valid for any of the initial boundary value problems
(Pasp)s (Poer)s (Pper), and (Pep) (see (2.13)). Therefore, we denote simply by H and
V the corresponding spaces of finite kinetic energy and finite enstrophy.

Existence and Uniqueness in Dimension 3

In the 3-dimensional case, we have the following result concerning the existence of
weak solutions.

Theorem 7.1 (Existence of Weak Solutions in Three Dimensions) Assume that u,
f, and T > 0 are given and satisfy

upeH, feL*0,T; H). (7.2)

We refrain from proving these classical results here, as they can be found in the books already
cited and in other references. In our text and in the appendices we give some indications of
the proofs that we need in the rest of the book. References to the original articles can be
found in the cited works — in particular, in Constantin and Foias [1988] and Temam [2001,
Apx. I11I]. Briefly, the results presented here are primarily due to Leary [1933, 1934a,b], Hopf
[1951], Lions and Prodi [1959], and Ladyzhenskaya [1967].

Approximate solutions are typically obtained by using the Galerkin approximation. This is
the equation obtained by applying the Galerkin projector (6.28) to the Navier—Stokes equa-
tions, which leads to a finite-dimensional equation with a bilinear nonlinearity. Approximate
solutions can be obtained also by finite differences in time and space (see e.g. Temam [2001]).
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Then there exists at least one solution u = (uy, u,, us) of (7.1) such that

Bui 2 PR
F. €L (Q2x(0,T), i,j=123, (1.3)
Xj

Ui,
and w is weakly continuous from [0, T'] into H —that is, for every v € H, the function
t— (u(),v) = / u(x,t) - v(x) dx (7.4)

Q

is continuous. Moreover, the following energy inequality holds:

T
[ =3P @ + vl Py dr
0 T
< 3Oy (0) + /0 @), u@)y(®)dr (1.5)
for all nonnegative real-valued C' functions yr on [0, T such that ¥(T) = 0.

Recall that, in Section 1 (see (1.8)), we formally derived the energy equation

Ld 2 2=t 7.6
EE'“([” +vllu@®)[I” = E@), u(@)). (7.6)

However, it turns out that, for weak solutions in dimension 3, this energy equation is
not necessarily true (more precisely, it is not known whether the equation is true or
not). Again, we note that measurements in all flows of real fluids in three dimensions
satisfy (7.6), in concert with the basic conservation laws of physics. We can only as-
sert the existence of weak solutions satisfying the energy inequality (7.5). Note that
(7.5) implies the following differential inequality (in the distribution sense) on (0, T):

li|u(t)|2 +vlu@®* < @), u@)) (7.7)
2 dt - ’ ' '

Since the real-valued function ¢ — |u(#)|? is not known to be differentiable, we can
only assert that (7.7) is valid in the distribution sense. In turn, (7.7) — together with a
deep result in distribution theory (see Schwartz [1950/51]) —implies that d (Ju(¢)|?)/dt
is a bounded (signed) measure (of the form ot — B2, where (g, i, are probability
measures and «, 8 > 0).

It may happen that weak solutions exists that do not satisfy (7.5), but their exis-
tence has not been proved and we will not consider such solutions: a weak solution
for us means a solution with the properties given in Theorem 7.1, including the energy
inequality. Other consequences of (7.5), besides (7.7), will be discussed in Appen-
dices A and B (see (A.21), (A.40), and (B.4)).

We do not know whether the weak solutions given in Theorem 7.1 are unique. In
fact, the issue of whether the equality in (7.6) holds for all weak solutions lies at the
heart of the uniqueness problem. For strong solutions, we have the following result.

Theorem 7.2 (Local Existence and Uniqueness of Strong Solutions in Three Dimen-
sions) Assume that ug, f, and T > 0 are given and satisfy
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uyev, feL?0,T: H). (7.8)

Then there exists T, (0 < T, < T), depending on the data (namely, Q, v, f, ug,
and T) such that on [0, T,) there exists a unique solution u = (uy, u,, us) of (7.1
satisfying

Bui 314,‘ 821/{,'

i, —, —, ——— e LX(Q x (0, T)), i, j k=123, 7.9
T e SL@X QD). i (1.9)
and u is a continuous function from [0, T,) into V.

Moreover, the strong solutions are unique in the sense that there is no other strong
solution in the sense of (7.8) and (7.9) and no other weak solution on [0, T*) in the

sense of Theorem 7.1.

Later we present further properties of the solutions in dimension 3. They are more
technical and will be needed for some of the proofs in Chapter IV. However, we first
survey the main results in dimension 2.

Existence and Uniqueness in Dimension 2

In dimension 2, the weak solutions exist and are unique.

Theorem 7.3 (Existence and Uniqueness of Weak Solutions in Two Dimensions)
Assume that ug, £, and T > 0 are given and satisfy

upeH, feL?0,T; H). (7.10)
Then there exists a unique solution w = (uy, u,) of (7.1) such that
Ou;
w5 L@ x 0.7), i j=12, (7.11)

J
and u is continuous from [0, T] into H. Moreover, the following energy equation
holds on [0, T]:

Ld 2 2=t 7.12
EEIu(t)I +vllu@®)[I” = E@), u@)). (7.12)

Hence, another difference with the 3-dimensional case is that here the weak solutions
are continuous as functions with values in H (i.e., for the kinetic energy norm), and
the energy equation is satisfied.

As for strong solutions, we have the following result.

Theorem 7.4 (Existence and Uniqueness of Strong Solutions in Two Dimensions)
Assume that ug, f, and T > 0 are given and satisfy

uy eV, feL?0,T; H). (7.13)
Then there exists a unique solution w = (uy, u,) of (7.1) satisfying
dui Ou; 0%u;

ot dx; " 0x;0xg

eL>(Qx (0, 7)), i j k=12, (7.14)

U,

and u is a continuous function from [0, T] into V.



7 Existence and Uniqueness of Solutions: The Main Results 59

As we said, Theorem 7.3 asserts that the weak solutions are continuous in H, that is,
uecC(0,T]; H). (7.15)

However, it is clear from (7.11) that the Navier—Stokes equations possess a regular-
ization effect; namely, one starts with an initial condition u in A and obtains a weak
solution that belongs to L*(0, T; V). This implies that almost everywhere in (0, 7]
the solution u(¢) at time ¢ belongs to the space V. Further regularity can then be ob-
tained from Theorem 7.4. Indeed, there exist #( arbitrarily close to 0 such that u(zy)
belongs to V. Hence, the solution is actually strong on [#o, T ]; hence, it is strong on
(0, T'] and is continuous from (0, T'] into V, that is,

ueC((0,T],V). (7.16)
Furthermore, from (7.14), we see that
ue L*0, T; D(A)). (7.17)

Further regularity of the solutions can be obtained provided the data are sufficiently
regular. For instance, for a positive integer m, denote by H™ any one of the Sobolev
spaces H™(Q)¢, H ;"er(Q)d ,or H ;’ér(Q)d (depending on the boundary conditions) and
assume, in the no-slip case, that Q2 has a C"*2 boundary 92 (i.e., locally the graph of
aC™*? function, with Q only on one side of d€2). Then, for m > 2, if the inititial data
up belongs to V. N H™ and f is given in L2(0, T; H N H™™"), then the solution u =
u(?) belongs to L2(0, T; V N H™*') and is continuous from (0, 7] into H N H™.”
One can also consider the case m = oo, with H™ replaced by C*°.

There is a large collection of theoretical results besides the ones we have just pre-
sented.® One may study solutions in L? spaces, p # 2, or in Besov or other spaces.
One may also study analytic solutions, either in space or time (or both), which are
questions alluded to in Sections 8 and 9.

Remark 7.1 For the proof of Theorem 7.4 (and of (7.16) and (7.17)), we use an
equation for conservation of enstrophy that is obtained by replacing v by Au in (7.1),
instead of replacing v by u as in the energy equation; alternatively, we take the scalar
product of the abstract form (A.22) of the Navier—Stokes equation (see Appendix
A to this chapter) with Au. The resulting enstrophy equation is (A.55). In the 2-
dimensional space-periodic case, the orthogonality property (A.62) holds,

b(v,v,Av) =0 Vvevy,

and the enstrophy equation (A.55) becomes simpler and reduces to (A.65). Exten-
sive use of the enstrophy equations (A.55) and (A.65) will be made in subsequent

7 That the solutions are continuous from (0, 7] to H N H™ and not from [0, T] to H N H" re-
lates to a difficult problem in the theory of evolution PDEs. The continuity holds from [0, T']
to H N H™ if certain compatibility conditions in the data are satisfied. This problem is not
specific to the Navier—Stokes equations; it appears for all initial boundary value problems.
See a detailed account of this problem in general and for the NSE in Temam [1982].

See along (but still incomplete) list of such results, with corresponding references, in Temam
[2000].

oo
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chapters. Note that in the no-slip case the orthogonality property (A.62) is no longer
valid, although we do have

b(v,v,Av) =0 VveV.

Observe that Av and — Av are not equal in the no-slip case (whereas they are equal in
the space-periodic case) and that Av + Av is a gradient, by definition of A (see (6.1)
and (6.2)).

Remark 7.2 InTheorems 7.3 and 7.4, the solutions depend continuously on the data.
In particular, for 7 > 0 fixed and finite, the mapping

(v,up, f) > u

is continuous for v € (0, 0o) and for ug and f in the function spaces mentioned in the
corresponding theorems.

In the 2-dimensional case, thanks to the uniqueness of the solutions we may define
the solution operator that takes the initial condition at a given time to the solution at
some later time. Indeed, assuming that the forcing term f is given in L} (0, oo; H)
(as defined in (A.14) in Appendix A), then for any initial condition u(¢g) = ug at a
given time ¢y > 0, Theorem 7.3 implies the existence of a unique solution u = u(z)

that is defined for ¢ > t(. The solution operator is defined by
S(t; to)ug = u(t) (7.18)

and is a continuous map from H into itself. In case the forcing term f is time-
independent, it follows that S(¢; o) = S(t — t¢; 0), so it suffices to consider ¢ty = O.
We may then denote the solution operator by

S()up = u(r), (7.19)

where u(?) is the unique solution of (7.1), for t > 0, such that u(0) = uy.

Further Properties of the Solutions in Dimension 3

With respect to the possible occurrence of singularities, we can learn more by exam-
ining the structure of the weak solutions of the Navier—Stokes equations. Note first
that inequality (7.5) implies in particular that, for all # and for almost all #( such that
0 <ty <t < T, the following integral inequality holds:

1 ! 1 !
5|u(r>|2+v / la(s)|I* ds < §|U(Io)|2+ / (f(s), u(s)) ds; (7.20)

to
see Appendix A.2 for details. The points #( for which this inequality holds are the
so-called Lebesgue points® of the scalar function ¢ > |u(¢)|?, and those include

9 We say that t is a Lebesgue point of an integrable function ¢ — g(¢) if

to+h
E/ g(t)dt — g(tg) ash — 0.

o
The set of points that are not Lebesgue points of g has measure zero.
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to = 0. There might be other solutions in the weak sense for which the energy in-
equality (7.5) is not satisfied; however, here, a weak solution with a given initial
condition is to be understood as one for which all the properties stated in Theorem 7.1
hold.

Recall the weak continuity

ueC([0,T]; Hy), (7.21)

where now we have used the notation given in Section 5 (see (A.17)). From this weak
continuity, we deduce that t — |u(¢)| is lower semi-continuous; that is, for every ¢
in [0, T'],
lu(r)| < liminf|u(s)|>. (7.22)
s—>t

In particular, we see that u(¢) makes sense for every ¢ in [0, T']. Now, from the energy
inequality (7.20), we see that a weak solution u = u(¢) is continuous from the right
at all Lebesgue points #q of |u(-)|?; that is,

lu(t)| — |u(ty)| ast — to, t > to. (7.23)
It follows from (7.20) that'”
uel™®0,T; HYNL*O,T; V). (7.24)

Hence, the solution u = u(#) belongs to V for almost every ¢. Then, recall that Theo-
rem 7.2 assures the existence of a unique (local) strong solution starting with an initial
condition in V (unique even among the weak solutions). This means that the weak
solution u = u(¢) must become regular during “short” intervals of time throughout
its existence. With that in mind, we consider the following sets:

Y ={te[0,T); u(t) eV}, (7.25a)
={rel0,T); ul) ¢V}, (7.25b)
o={te(0,T); uelC((t —t,t+1); V) for some t > 0}. (7.25¢)

By definition, o is clearly open; hence, it can be written as a countable union of dis-
joint open intervals — say,

o=JI I =B (7.26)
jeN
By Theorem 7.8, for each t € X, the solution is strong on some interval [7, t + 7).

Therefore, any point in X \ o (i.e., in X but not in o) is a left endpoint of one of the
subintervals /;. Thus, ¥ is of the form

2 = Jlw. 8. (7.27)
jeN
Moreover, X \ o is countable since it is the set {c;};. Thus, the Lebesgue measure

of o is the same as that of ¥. On the other hand, since the solution u belongs to

10 The space L>(0, T; H) is defined in (A.12); see Appendix A.
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L%*(0, T; V), it belongs to V almost everywhere, so that the Lebesgue measure of %¢
is zero. Thus, o and X have full measure on [0, T]. The mappings ¢ +—> [u(t)|? and
t — |lu(?)||? are continuous on o (i.e., they are continuous at any point in ¢); they
are also continuous from the right at the points of X \ o.

We can define for any #; and ¢,, with #; <, a map Sy (¢2; t;) on the set

Dy, 5;1) = {uo € V; there exists a strong solution u(z)
on [ty, t;] such that u(¢)) = ug} (7.28)

by setting
Sy (t2; tug = u(z2). (7.29)

One can verify that, for each ¢, > ¢, the set D(Sy (#2; #1)) is an open subset of V.
Moreover, Sy (f2; t1) is a continuous map from Dy, «,.;,) — endowed with the topol-
ogy (norm) of V —into V.
In case the forcing term f is time-independent, it suffices to consider #; = 0; we
set
Sy (t2)ug = u(t2) (7.30)
on

Dy, +,) = {uo € V; there exists a strong solution u(t)
on [0, t5] such that u(0) = ug}. (7.31)

Then one can prove the following:

If ug € V and

7o
i } (132)

’; .
ty < cv- mm{— —
LA+ ol

then Uy € DSv(l‘z)'

Further results are given in Appendix A.2.

8 Analyticity in Time

In the previous section we considered weak and strong solutions of the Navier—Stokes
equations and saw that their time derivative is integrable as a function in time, with
values in some appropriate spaces. We now show that the strong solutions are ac-
tually analytic in time as a function with values in the domain D(A) of the Stokes
operator. This is obtained in both the 2- and 3-dimensional cases. Notice that, in the
2-dimensional case, this result applies also to the weak solutions because they are ac-
tually strong solutions. We follow the original work of Foias and Temam [1979]. We
assume for simplicity that the forcing term f is time-independent, and we remark that
f is only assumed to belong to H; the case where f depends on time and f belongs to
L*>(0, T; H) can be treated in exactly the same way, provided f is itself analytic in
time in the region of analyticity of u that we derive in the proof.
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A previous analyticity result is due to Masuda [1967], who assumed that f is time-
dependent and analytic both in space and time and then showed that the solution is
also analytic both in space and time. Analyticity in time of the solutions of the NSE
has also been previously proven by Iooss [1969]. Analyticity in space will be consid-
ered in the next section, following the work of Foias and Temam [1989].

We turn our attention now to the time analyticity of the solutions. The result in
Foias and Temam [1979] considers also the case of nonhomogeneous no-slip bound-
ary conditions. For simplicity, however, here we consider only the homogeneous
no-slip case, as well as the periodic case. We treat both the 2- and 3-dimensional
cases at the same time, but the analyticity in the 2-dimensional case is further ex-
tended globally in time to an open neighborhood of the positive real time axis. We
also present more explicit estimates in the 2-dimensional periodic case.

Time Analyticity in the 3-Dimensional Case

The idea is to start from the Galerkin approximation, for which analyticity in time is
trivial because it is a finite-dimensional system with a polynomial nonlinearity. The
crucial part, then, is to obtain suitable a priori estimates for the solution in a complex
time region that is independent of the Galerkin approximation. Those estimates will
allow us to pass to the limit and obtain a time-analytic solution for the Navier—Stokes
equations. The passage to the limit is based on classical theorems concerning conver-
gence of analytic functions (see e.g. Dunford and Schwartz [1958]). In contrast with
the study of weak solutions, no compactness theorem is needed to pass to the limit
for the Galerkin approximation in this case, because the theory of analytic functions
provides for the uniform convergence of the functions as well as of their derivatives.
Hence, the crucial point is the derivation of the a priori estimates in the complex plane.
For the sake of simplicity, we will formally derive them directly for the solution of
the Navier—Stokes equations.

In order to extend the solutions of the NSE to complex times, we complexify the
spaces H, V, V’, and D(A). The elements of the complexified version of a real vec-
tor space are of the form u = u; + iu,, where u; and u, belong to the corresponding
real space and i = +/—1. The complexified spaces are denoted by Hc, Ve, V¢, and
D(A)c. The inner product in the complexified space H¢ takes the form

(w,v)c = (w +iuy, vy +ivy) = (uy, vi) + (w2, v2) +i[(uz, vy) — (uy, v2)],

and similarly for V¢ and the other spaces.
We must also extend the linear operator A and the bilinear operator B to the com-
plexified spaces; they take the form

Acu = Au; + iAu,
and
B(u,v)c = B(uy,vy) + B(uy, vo) +i[B(uy, v2) + B(uy, vy)].
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The operator Ac is a linear self-adjoint operator in H¢, with D(Ac) = D(A)c. The
operator Bc: Vg x Vg — V(. is still a bilinear operator. The compexified trilinear
operator is defined via

b(u,v,w)c = (B(ua, V)¢, wW)c.

Note that b(-, -, -)c is no longer antisymmetric in the last two variables; because of
that, the important orthogonality property (4.5) (see also (A.33)) is lost in the com-
plexified case.

The Navier—Stokes equations can be extended to complex times ¢ € C as

du

— +vAcu+ B(u)c =T, (8.1

d¢
where now we haveu = u(¢). Givenug € V (or even H, for that matter), the Galerkin
approximation of (8.1) has an analytic solution with u(0) = u that is defined for ¢
in a complex neighborhood of the origin. For this local analytic solution, the a priori
estimates that we are about to derive formally can be obtained rigorously.

For notational simplicity, in the following computations we drop the subscript C
for the inner products, norms, and operators just defined. Only for the functional
spaces do we keep, for clarity, the subscript C.

We fix 0 € (—n/2, w/2) and consider the time ¢ = se?® for s > 0. We want to
compute the derivative

1d . 1d . .
zanu(se"’)n2 = 5£<u<se'9), Au(se'))

1( ,,du 1 o, du
=—|e'—,Au|+=|u,e’A—
2 de 2 dc

= Ree' d_u, Au |,
d¢

where in the last step we used the fact that the real Stokes operator is self-adjoint and
thus the complexified Stokes operator is hermitian. Then, using (8.1) we find

1d A . . A
37 lu(se®)||* + vcosO|Au(se’)|*> + Ree®b(u, u, Au) = Ree’(f, Au).  (8.2)
A

From the definition of the complexified trilinear operator b, it is clear that each es-
timate for the real operator leads to a similar estimate in the complexified case, but
with a larger multiplying constant. From the estimate (A.26b), for instance, the fol-
lowing estimate holds (can be proved) in the complexified case:

|b(u, u, Au)| < ¢;llu¥?|Au|*? (8.3)

for a constant ¢;, which may be larger than the one for the real case.!! An application
of Young’s inequality to (8.3) yields

T Actually, we prove (8.3) and other similar inequalities by simply writing u = u; + iu,,
expanding by linearity, and using the inequalities for real-valued vector fields.
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vcosf 2 Cy 6
|b(u, u, Au)| < |[Au|” + ————|lu]| (8.4)
4 v3cos3 6
for another constant c,. For the forcing term, we use
cosf 1
(£, Aw)| = 2527 | Au? + ——[f. (8.5)
vcosf

Hence, we deduce the inequality

d 012 6y (2 2 2 2
— [Ju(se’ + vcosf|Au(se’ < —fF+ ———
dsll (se™)| [Au(se™)|” < vcosQ'l U3COS39|

Note that on a time ray of fixed angle 0, the role of the viscosity is played by v cos 6,
which decreases with |6].

We show in Appendix B.2 how one can use (8.6) to derive a priori estimates on
u. Then, by using the Cauchy integral formula in complex analysis, we also derive
a priori estimates on the time derivative of u. We consider the open set

ull®. (8.6)

A(Jluolh) = A°(Jluoll, If], v, 2)

= {{ =se’; 10] < % 0<s(

| 2 2C2
v cos 6 v3cos3

1
< . 8.7
203 + ||llo||2)2} ®-7

We show in Appendix B.2 that this set is a domain of analyticity of the solution u =
u(¢). The origin ¢ = 0 belongs to the closure of A°(|[ug|)), and A°(|lug]|) is a neigh-
borhood of the real time interval where the solution is strong. Moreover, inside this
domain we have

@) < V2222 + llugl®)  for ¢ € A(Jluoll, If], v, ). (8.8)

We may now obtain a priori estimates for the time derivative by using the Cauchy
formula .
d*u k!
©_ L[ 19 g, (89)
dtk 2mi Jr (z — O)FF!

where T is a circle inside A°(Jlug]|) and ¢ is inside the circle. Whence,

d* k!
H MO KB ol k=01, (8.10)

k Tk
dt re

where rr is the radius of the circle I'. From the inequality (A.26b) in the real case,
we deduce the following inequality in the complexified case:

|B(w)| < ciflul’?|Aul"?, (8.11)

where c; is as in (8.3). Then — from the equation (8.1), the estimate (8.10), and the
inequality (8.11) — one can see that

1
lAu(g)] = d—Cz(Illloll, If], v, Q) for ¢ €K, (8.12)
K
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where K is a compact subset of A°(Jlug|) and dk is the distance between K and the
boundary dA°(|Jug||) of the domain of analyticity A°(|lug])).

Finally, applying the Stokes operator A to the Cauchy formula (8.9) and now using
the estimate (8.12), we deduce the inequalities

dha@)| k!
AT =< @CZ(HUOH’“.'?V’ Q) fOr é‘EK’ k=0’1729---a (813)

for any compact subset K of A%(|lug]).

As mentioned before, these estimates are obtained first for the Galerkin approxi-
mation of the solutions. Then, we pass to the limit to find that the strong solutions
are analytic in time from A°(|ju,||) into D(A) and satisfy the same estimates as their
Galerkin approximation.

Global Analyticity in the 2-Dimensional Case

In the 2-dimensional case, we know from (A.57) that the solution u = u(¢) with ini-
tial condition ug in H belongs to V for all ¢ > 0, and it satisfies a uniform bound of
the form

lu@)|l < CCe, [uol, If],v,€2), 7>=¢>0, (8.14)

for all ¢ > 0. This dependence is indeed on the H norm of the initial condition uy.
But the bound may blow up as ¢ decreases to zero, because the initial condition is
only assumed to belong to H and hence may not belong to V.

We thus apply our previous argument starting at any time ¢, > 0, and we obtain
the analyticity in the domain

to + A(C(t0/2, lugl, If], v, Q) C to + A([u(to) ).

By taking the union for all 7y > 0 of the domains in the LHS of this inclusion, we
obtain the analyticity in an open, pencil-like domain

A*(lug)) = A*(lagl, If|, v, 2) = U {to + A°(C(to/2, luol, If], v, Q))};  (8.15)
to>0
this is a neighborhood of the positive real axis and has ¢ = 0 at its boundary. More-
over, our previous estimates extend to all of A™(Jug|) in the sense that

la(@)ll < Cie, lugl, If], v, ) for ¢ € A™(Juol, I, v, ), Re¢ =& >0, (8.16)

forall e > 0, and

d*u(¢) k!
'AT < $C5(|u0|,|f|,v, Q) for (EK, k=0,1,2,..., (817)
for any closed (not necessarily compact) set K in A™(Jug|) with positive distance dx
from the boundary of A™(|ug|).

If the initial condition ug belongs to V, then the bound in (8.16) holds (with differ-
ent constants) on the whole domain up to ¢ = 0. In this case, the construction of the
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domain A*(|lug||) is different but similar to the one just described; it depends now on
the enstrophy |ug|| of the initial condition ug. In this case, we have

la(@)|l < Ci(lluoll, If], v, ) for ¢ € AT(JJuoll, f], v, Q) (8.18)
and
d*u(?) k!
'A I < WCQ(IIUOII, Ifl,v, ) for ¢eK, k=0,1,2,..., (8.19)

for any closed (not necessarily compact) set K in A*(|jug||) with positive distance
dk from the boundary of A*(Jlugl|).

Improvements in the 2-Dimensional Periodic Case

In the 2-dimensional periodic case, the enstrophy of the solutions admits a simple,
explicit bound (in terms of the data f, v, ©2) that is uniform in time. Indeed, for the
solution with initial condition uq in H, it follows from (A .66) that

2
la()|I* < vz—Mm2 for t > T(|uol, If], v, Q). (8.20)

With this estimate in time, one can obtain explicit bounds on the constants appear-
ing in (8.18) and (8.19), as well as on the width (in the imaginary direction) of the
domain of analyticity A*(|lug||). The computations in this case are similar to those
presented in the next section, where the time analyticity is obtained for the solution
not with values just in D (A) but with values in Gevrey-type spaces. Here, we restrict
ourselves to presenting the final result.

One can check that the domain of analyticity can be taken as

AT(Jluol) = A(lluoll, If], v, 2) = {¢ €C; [Im¢| < min{Re ¢, o)},  (8:2D)

where 8¢ is the (largest) width of the pencil-like domain A™, estimated by

%= )L<1 l |2>1 ( (1 - >) | (8.22)
c3V 5 | log| ¢4 3 , .
o= 17 U4A1 g v4k1

where c¢3 and ¢4 depend only on the shape of the domain 2. In the closure of this
domain, the following bound holds:

2
Uzkl
where c¢5 depends only on the shape of the domain 2. Similar bounds for the time
derivatives of the solutions can also be obtained from the Cauchy formula (8.9).

lw(@)1? < esv?ag + 2|lugll* + 1> for ¢ e AT(lluoll, Ifl, v, ), (8.23)

9 Gevrey Class Regularity and the Decay of the Fourier Coefficients

We have seen already that the Navier—Stokes equations in space dimensions d = 2
and 3 possess some regularization properties in the sense that, for positive times, the
solutions become more regular than the initial condition (see e.g. Theorems 7.1, 7.2,
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7.3, and 7.4). In this section we present a stronger regularization property: we show in
the periodic case that, for an initial condition in the space V, the corresponding strong
solution becomes analytic in both space and time. This is proven for two and three
space dimensions with periodic boundary conditions and zero space average.'? In the
3-dimensional case, this result is local in time. In the 2-dimensional case, this regu-
larization is global in the sense that it extends to a neighborhood of the positive real
time axis. The analyticity in space is obtained with the help of the so-called Gevrey
spaces, and it is actually shown that the solutions are analytic in time as functions
with values in the Gevrey class of analytic functions in space. For the analyticity in
space, it is necessary to assume that the forcing term f is also analytic, and we as-
sume (for simplicity) that f is time-independent; the case where f depends on time
can be treated in exactly the same way, provided f is itself analytic in time in the re-
gion of analyticity of u that we derive in the proof. We follow here the work of Foias
and Temam [1989]. See the introduction of Section 8 for further remarks on the ana-
Iyticity of the solutions in time and in space.

After establishing the space analyticity of the solutions in the 2-dimensional peri-
odic case, we derive, as a consequence, the exponential decay of the Fourier coeffi-
cients with respect to their Fourier mode.

Gevrey Spaces

In Section 6 we defined, for each s € R, the domain D(A*) of the power A® of the
Stokes operator A. Similarly, for each o, s > 0, the Gevrey space D(exp(cA?)) is
defined as the domain of the exponential of 0A*. We can give a precise characteriza-
tion of this space by means of Fourier series as follows. In Section 5, we saw that a
vector fieldue H = H per 18 characterized in terms of Fourier series as a function

u= )" P D L 9.1)
kezZd
such that
k ~ d
E~uk=0 forall ke Z 9.2)
121 Y [ow]* = |uf® < oc. 9.3)
keZd

For the Gevrey spaces, we can define the operator exp(cA*) in Fourier space by
(cAYu=Y" 2 K 5 i i 9.4)
exp (o = exp|o| 27— exp| 2mwi— - .
P P L k €Xp "L )
keZ4
where the power (k/L)? is to be taken componentwise. The domain D (exp(cA*))

is defined as usual by

12 So far, the method used in the space-periodic case does not extend to other boundary con-
ditions — such as, for example, the no-slip case.
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D) ={ueH; ¢ ueH). 9.5)

Therefore, a vector field u € D(exp(cA*)) can be characterized in terms of Fourier
series representation (9.1) by the divergence-free condition (9.2) and by the condition
that the Fourier coefficients decay exponentially fast in the sense that

2s
20|27 K7 A
1 § 2ot lik]> = e u)? < 0. (9.6)
kezd

The norm in the space D(exp(cA*)) is given by
[u|peory = le™ u| for we D(e™). 9.7)

The space D(exp(cA*)) is actually a Hilbert space, and the associated inner product
is given by
(W, V) peory = (e u, e"'v)  for u,veD(e™). (9.8)

In what follows, we will be mostly concerned with the case s = 1/2. Another
Gevrey-type space that we will consideris D(A'/? exp(cA'/?)), which is also a Hilbert
space; its inner product is given by

1/2

(W V) poaemsry = (A2 0, A2 y) = (e w, e vy (9.9)

for u, v e D(AY? exp(0A'/?)); the associated norm is given by

2 1/2 joAY? 12 AS 112
Ul ey = 1A ) = e ul]
k : 4ﬂ0|5|
= 27| —| e ™ ITla? 9.10
21 |1 [y | (9.10)
keZd
forue D(A"? exp(cAl/?)).
For notational simplicity, in this section we set

[“lo=1" |D(gr7A‘/2)v (5o = (s ')D(gaAl/z)v ©.11)

l-llo=1- |D(Al/2evA'/2)’ () = (, ’)D(Al/ZeaA'/zy )

Estimates for the Nonlinear Term in the Periodic Case

In the 3- or 2-dimensional periodic cases, each estimate for the nonlinear inertial term
in the spaces H, V, and D(A) can be properly generalized to Gevrey-type spaces. We
present here two estimates that will be used in the sequel; their proofs will be given
in Appendix B.3.

In the 3-dimensional case we know that, for every u, v, w in D (A exp(cA"/?) with
o > 0, the bilinear term B(u, v) satisfies the inequality

1" B(u,v), ™ Aw)|

1/2 1/2 1/2 1/2
S C1|Al/2eaA u|1/2|Ae(TA u|1/2|A1/2eO'A v“Ae(TA W|l/2, (9.12)
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where ¢ depends only on the shape of the domain €2 (i.e., on the ratios of the periods).
The inequality (9.12) implies that the bilinear term B(u, v) belongs to D (exp (0AY?)
in this case.

The inequality (9.12) is also valid in the 2-dimensional case. However, in order
to obtain a better estimate for the width of the region of time analyticity, we use
the inequality that derives from inequality (A.50) of Brézis and Gallouet [1980] (see
(A.51a)). Foru,v,win D(Aexp(cA"/?) with o > 0, the bilinear term B(u, v) satis-
fies the inequality

1™’ B(u, v), ™’ Aw)|

172 0AV2 1 172 cAl2 AlL2 |Ae " u? \"?
o o o.
=< C2|A e u||A e V||A€ W|(1+10g m) s (913)

where ¢, depends only on the shape of the domain €2.

Analyticity in the 3-Dimensional Periodic Case

As in the time analyticity discussed in Section 8, the idea is to start from the Galerkin
approximation (for which analyticity in time is trivial, since it is a finite-dimensional
system with a polynomial nonlinearity) and then obtain suitable a priori estimates for
the solution in a complex time region that is independent of the Galerkin approxi-
mation. Those estimates will allow us to pass to the limit and obtain a time-analytic
solution for the Navier—Stokes equations. The passage to the limit is based on clas-
sical theorems concerning convergence of analytic functions (see e.g. Dunford and
Schwartz [1958]). For the sake of simplicity, however, we will formally derive the
a priori estimates directly for the solution of the Navier—Stokes equations. We com-
plexify the spaces and the operators as in Section 8, but we keep the same notation
as that used for the real case.

Because we now want to establish the analyticity in time of the solutions as func-
tions with values in Gevrey spaces, we must assume that the forcing term f itself
belongs to a Gevrey space. Hence, we assume that

feDE ") (9.14)
for some o > 0.
The NSE can be written for complex times ¢ € C as

du
E + vAu+ B(u) =f, (9.15)

where u = u(¢). Given ug € V (or H), the Galerkin approximation of (9.15) has an
analytic solution with u(0) = uy that is defined for ¢ in a complex neighborhood of
the origin. For this local analytic solution, the a priori estimates that we shall derive
formally can be rigorously justified.

We fix 0 € (—n/2, /2) and consider the time ¢ = se’® for s > 0. Later, we
will restrict 6 to the interval (—m/4, w/4). At the initial time ¢ = 0, the solution
u(0) = up belongs only to V but not necessarily to any Gevrey-type space. We will
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show that, as the real part of the complexified time increases, the solution becomes
Gevrey-regular and the width of the space analyticity (measured by the parameter o)
also increases. To account for this increase in the width of analyticity, we consider
the parameter o as a function 0 = ¢(s cos ) of the real part of the complexified
time. We will show that, for an appropriate function ¢ = ¢(s cosf), we have the
regularization

. 12
u(sele) c D(Al/zego(sCOSG)A

)

for s positive and small enough. For simplicity we assume, in view of the assumption
(9.14), that ¢ < o7 and, moreover, that the bound ¢’ < v)»ll/ % holds.3
We show in Appendix B.4 that, as long as

T T
be|l——,— |, 0=<s=<To(uol), (9.16)
4’4
where
To(lluoll) = To(llaoll, If| Q) 3’ 9.17)
u = u ’ (77])7 = .
ool TRl e 8a (V222 + [[uol®)?
and /3
V2,
a=144v2¢, + W'ﬂ‘”’ (9.18)
1
we obtain ‘ "
uCse™) 12 s cosgy < V227> + 2[[uoll. (9.19)

In view of the assumptions ¢’ < vkll/z and ¢ < oy, we can consider ¢(§) =
min{vkll/ 25, o1} for all £ > 0. This choice of ¢ is not continuously differentiable
but can be approximated by continuously differentiable functions (satisfying the re-
quired assumptions), so that (9.19) holds for this choice of ¢. Then we define the
region

A (luol) = A% (haoll, £l v, )
i0 T
el = ’ 6 -,
{{ se'”; 18] < 1
0 < s < To([uoll. If]s,. v, ), vAY%s[sin 6] < 01}. (9.20)

This set is a domain of analyticity of the solution u = u(¢) of the complexified
Navier—Stokes equations. The origin { = 0 belongs to the closure of AOUl ([lag]]), and
AOUI(HuO [l is a neighborhood of the real time interval where the solution of the (real)
NSE is strong. Moreover, for the closure of this domain we have

1/2 O
WP yizguiscsmary < VA + 20wl for ¢ € A% (lwoll, Floy, v, ). (9:2D)
As mentioned before, these estimates are obtained first for the Galerkin approxi-

mation of the solutions. Then, we pass to the limit to find that the strong solutions are

13 Note that for the exponential term ¢ A!/? to be nondimensional, we expect ¢ to have the
dimension of length; since s cos 6 has the dimension of time, ¢’ is expected to have the di-
mension of length over time, which is the dimension of vkll/z.
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analytic in time from A%l(Huoll) into D(A"? exp(g(scosf)AY?)), where ¢(§) =
min{vkll/ 2’;‘ ,o01}, and that the strong solutions satisfy the same estimates as their
Galerkin approximation.

In summary, we have shown that if up € V and if f € D(exp(olAl/ 2)) with
o1 > 0, then there exists To([luoll, |fls,, v, 2), given by (9.17) and (9.18), such
that: (i) the corresponding strong solution with u(0) = ug of the Navier—Stokes
equations can be extended to a solution of the complexified NSE (9.15) that is ana-
Iytic from A(;](||u0||, If]s,, v, Q) into D(AV? exp(p(scos@)A?)), where ¢(£) =
min{vkll/ 25 ,01}; and (ii) on the closure of this domain of analyticity, the estimate
(9.21) holds.

Analyticity in the 2-Dimensional Periodic Case

In the 2-dimensional case, owing to the uniform bound on the enstrophy of the strong
solutions, the domain of analyticity can be extended to a neighborhood of the whole
positive real axis. Moreover, we can use more favorable estimates for the nonlinear
term to obtain a wider width of analyticity. The estimate we use for the nonlinear
term is given by (9.13). Then, as shown in Appendix B.4, as long as

0e _E, z » 0=<s5 < To(lluolD, 9.22)
4" 4
where

To(lluoll) = To(llaoll, £y, v, )

fl, 2 fl, e
_ [CM(H £y, Nuol )1ogc9<1+ Iflo,  uol )} 9.23)

vzkl Vz)xl 1)2)»1 Vz)ul

(here cg and ¢y are constants depending only on the shape of the domain €2), the fol-
lowing estimate holds:

lu(se™) 17 cosn) < 72107 + 2[uoll?, (9.24)

where c;7 depends only on the shape of the domain. As before, we can choose ¢ (§) =
min{vkll/ 2$ ,o01} for & > 0. Then we define the region

A%, (ol = A%, (lwoll, Iflo,. v, €2)
=1¢ = se'?: 0] < r

- - 9 4 k

0 < s < To([uoll. If]s,. v, ), VA %s[sin 6] < 01}. (9.25)

This set is a domain of analyticity of the solution u = u(¢) of the complexified

Navier—Stokes equations. The origin { = 0 belongs to the closure of A(ZT](||u0||).
Moreover, on the closure of this domain we have

U g2gptemirary < €7hw? +2[ugl® for ¢ e A% (luoll, [flo. v, ). (9.26)
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In the 2-dimensional case, the strong solutions exist for all positive time and their
enstrophy is uniformly bounded. Hence, the domain of analyticity of the solutions
can be extended to a neighborhood of the positive real axis. Indeed, we know from
(A.66) that, foreach t > 0,

@ < lluol? o |f| 9:27)

Then, repeating our previous argument with the initial condition u(z() at time ¢y >
0, we obtain the analyticity of the solution on the domain

to+ A% ((luoll> + F17/0022)"?) C 10+ & (lu(o) ).

By taking the union for all 7y > 0 of the domains in the LHS of this expression, we
obtain the analyticity in an open, pencil-like domain

AL (ol = ([ {to + A%(luol® + £/ (07 21)) )k (9.28)
to>0
this is a neighborhood of the positive real axis and has { = 0 on its boundary. More-
over, our estimates extend to all of A’;l (Jup]) in the sense that

2
|u(§)|D(A1/Ze¢(scosﬂ)A1/2) =< 67)"1‘) +2||u0” + |f|

for ¢ = se e A+ haolls [£loy, v, €. (9:29)
From (9.23), (9.25), and (9.27), we can write the domain of analyticity as
AL (laol)) = A% (laoll. [fls,, v, Q) = {¢ €C; [Im¢| < min{Re¢, 8o}},  (9.30)

where & is the (largest) width of the pencil-like domain A, , estimated by

5o > mi { 2 ,\<1+ Ll >1 ( (1+ i )) _1} 9.31)
miny —, |ciov og|c , .
0= v)»ll/z 10VA] V2 g\ 11 o2

where c|o and c;; depend only on the shape of the domain 2.

Hence, we have shown that if ug € V and if f € D(exp(c;A"/?)) with o1 > 0 then
there exists To(|[uoll, |fls, v, 2), given by (9.23), such that: (i) the corresponding
strong solution with u(0) = u of the NSE can be extended to a solution of the com-
plexified Navier—Stokes equations (9.15) that is analytic from AJg] (laoll, If]s, v, 2)
into D(A"? exp(¢(scosf)A?)), where p(§) = min{v)»ll/zé, o1}; and (ii) on the
closure of this domain of analyticity, the estimate (9.26) holds.

Finally, if the initial condition u is known to be only in H then we can use the
fact that, in the 2-dimensional case, the weak solutions are actually strong solutions,
and a uniform bound on the enstrophy of the solution holds for time that is bounded
away from the initial time. Then, we obtain the analyticity of the solution in a pencil-
like domain that is a neighborhood of the positive real axis. There is also a uniform
bound depending on |ug| that holds on every subset of the domain of analyticity that
is bounded away from zero.
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Exponential Decrease of the Fourier Coefficients

An immediate consequence of the space analyticity of NSE solutions in the 2-
dimensional periodic case just derived is the exponential decrease of the Fourier
coefficients of each solution with respect to the wavenumber. We have proven that,
for a forcing term f in the Gevrey space D(exp(c;A"/?)) with oy > 0, and for an
initial velocity field uy in V (or even in H), the corresponding flow u = u(¢) is
analytic in both space and time. Moreover, after some short transient time when the
radius of analyticity of the solution u(¢) increases, we find u(#) in the Gevrey space
D(exp(8oAY?)) with 8¢ as in (9.31). According to (9.29), the norm of u(¢) in this
space is bounded uniformly in time:

2
O3 2oy < €7rv? +2]u]* + vz—Mm2 for t > 8, (9.32)

where 8 is the width of analyticity of the pencil-like domain A? as given by (9.31).
From the Fourier series characterization (9.10) of the space D(exp (80AY?)), we
obtain

2
‘ a0 < M2, 9.33)

k
L

WO yzgnnny = 27121 )

keZd

where M? is the bound on the RHS of (9.32). Whence, it is straightforward to deduce
the following crude bound:

.
[ag|” <

7
27 |Q 1L
We thus conclude that each Fourier coefficient i, decreases exponentially with re-
spect to its wavenumber 2|k|/|L| — uniformly with respect to time and uniformly
with respect to the initial enstrophy |ug||.

Note that if the forcing term is a trigonometric polynomial, as in the Kolmogorov
theory of turbulence, then f belongs to the Gevrey space D(exp(o;A"/?)) for any
o1 > 0. Therefore, the exponential rate of decrease in (9.34) holds for 6y given
by (9.31).

If the initial condition uy belongs only to the space H of finite kinetic energy, then
(owing to the regularization of the solutions in the 2-dimensional case) the solution
u(t) belongs to V and is uniformly bounded in V after a transient time t > ¢y > 0,
with ¢y depending uniformly on |ug|. We can then proceed as before to obtain an ex-
ponential decrease of the Fourier coefficients of u(¢), uniformly with respect to the
initial kinetic energy |ug|?/2.

k ‘e‘z”%} . (9.34)

Remark 9.1 A similarresult based on different considerations was obtained in Foias,
Manley, and Sirovich [1989a].

Remark 9.2 A method inspired by the Gevrey-class method was introduced in Gru-
jic and Kukavica [1998, 1999]. They provided analogous results in terms of L”-norms
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of initial data and also dealt with the issue of estimating the radius of spatial analy-
ticity of solutions in the case of Dirichlet boundary conditions.

10 Function Spaces for the Whole-Space Case

As mentioned previously, we deal with the whole-space case only in the context of
homogeneous statistical solutions, which are the evolution of homogeneous proba-
bility distributions of an ensemble of flows (see Chapters IV and V); no individual,
deterministic solution is considered. For comparison with results of individual ex-
periments, moments of such distributions are used. The domain filled by the fluid is
Q = R? with d = 2 or 3, depending on the space dimension. Like the periodic case,
the whole-space case arises in the study of homogeneous turbulence. For this study,
we do not ask the total kinetic energy

1 2
e(n) = E/Qlu(x)| dx

to be finite; otherwise the very assumption of homogeneity would be contradicted,
since the flow would have to vanish at infinity. Naturally, in this case we will consider
only local energies. In particular we will derive, in the space homogeneous case, a
suitable energy equation for the local average kinetic energy

1 1

2101 Jow,
Thanks to the homogeneity assumption, the local average kinetic energy is, in fact,
independent of the subdomain considered.

We introduce now the function spaces that will be useful for flows on the whole
space RY (d = 2, 3). For notational purposes we consider the scalar product and
norm in the spaces L?(R%)? and H'(R%)? given by

e(u) lu(x)|? dx.

(u,v) =/ u(x) - v(x) dx,
R4

1 d (10.1)
«mmp=ﬁmwm+2¥%m@mo
and
lu = (wwyy>  ful; = (u, )’ (10.2)

Here, L is a typical length scale that could be associated, by dimensional analysis,
with the kinematic viscosity and a typical velocity or with the force driving the flow,
whatever the force (since there is no typical length in the geometry of the problem).'*
As in the other cases, we distinguish the term associated with the enstrophy:

d
(@ v) =) @Oyu V0. [ufl = (u, )" (10.3)
i=1

14 The outer length of order (v3/¢)"/* Re¥/* ~ Ltaylor Re!/? can serve as such an L (Foias and
Temam [1983], Foias, Manley, and Temam [1986]).
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However, as we have just mentioned, we omit flows decaying sufficiently fast at in-
finity for the total energy and the total enstrophy to be finite; such a situation is not
consistent with the homogeneity assumption. Therefore, we shall consider spaces of
functions with only finite local kinetic energy and finite local enstrophy. For that pur-
pose it is appropriate to define the space L} .(R?) (resp., L3 .(R?)) of real-valued
functions on R that are locally (square) integrable — that is, of real-valued functions
on R that belong to L'(Q) (resp., L?(Q)) when restricted to any bounded measur-
able set Q in R?. Similarly, the space H] (R9) is the space of real-valued functions
on R? that belong to H'(Q) when restricted to a bounded open set Q. These spaces
can obviously be generalized to vector-valued spaces L1 (R9)? and H] (R9)4.
We can now consider divergence-free vector fields with finite local energy and fi-

nite local enstrophy by setting

Hie = fueL? (RH4; V.u=0} (10.4)

loc
and
Viee = fue HL (R V.u =0} (10.5)

Itis appropriate to define measures of the local average energy and the local average
enstrophy. For that purpose, we define the following quantities for a given bounded
set Q in R, with volume or area denoted by |Q|:

(w,v)g = L/ u(x) - v(x) dx, (10.6)
101 Jo

d
(W, v)g = Y (05,1, 0:,)0. (10.7)

i=1
(@, v)1,0 = (W,v)g + (u,v)g, (10.8)

and

o=@ w,’ [ullp=(u)’ ule=m@uw/; 109

By setting Q(L) = (—L/2, L/2)¢ for L > 0, we endow Hio. and V), with the
family of seminorms'® | - [o(z) and || - |l1,o(z) for L € N, respectively, which makes
them complete metric spaces when endowed with the following distance between two
vector fields u and v:

[u—vipwr) la —vliow)
dHOC (ua V) = B dVoc(ua V) = .
1 §2L(1+ lu —viow) 1 L%:\IZL(lJr o = vlgw)

We need dual spaces in this case, also. Dual spaces are needed to handle the in-
ertial term of the Navier—Stokes equations in order to make sense out of (u - V)u
when uisonly in V (Vi, in the present case). In the whole-space case, the appropri-
ate duality is associated with the space V, of vector fields in V), that have compact

15" A seminorm has the same properties as a norm, except that |u|g(,, = 0 does not imply
u = 0. For example, |/, u dx| for the functions u defined and integrable on a set  is a
seminorm.
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support on R?. Indeed, if w belongs to V, and if u and v belong to V), then, for L
sufficiently large that Q (L) contains the support of w, it follows from (A.26f) that

b(u, v, W) < c(L)uldé lallyi Vg, VI g IWlow- (10.10)
The constant, c(L), now depends on L because the norms involve averages and thus
have powers of L in the denominator. Notice that the trilinear term b(u, v, w) is now
defined formally as an integral over the whole space, but it agrees with that on (A.26f)
because w has compact support. Estimate (10.10) shows that b(-, -, -) extends to a
continuous operator from Vi X Vi, X V. into R. Therefore, it is natural to consider
the dual space V/ of V, given by the continuous linear functionals defined on V... The
topology in V, is such that v, converges to v in V, if and only if there exists L > 0
sufficiently large such that (a) Q(L) contains the compact support of v and v,, for all
n in N and (b)

Ve — viigw) = 0

as n goes to infinity. With such topology, V. is a linear subspace of V..
For a given linear functional ¢ in V/, we can denote its value £(v) at an element v
in V, by the product
Lv) = (L, v). (10.11)

As in the bounded cases, we can identify vector fields in H), as linear functionals in
H)o. via the L? inner product. Then we have the continuous injections

Ve C Viee C Hioe C V.. (10.12)

The estimate (10.10) shows that B(u, v) can be extended to be a continuous bilinear
operator on Vi x Vi, with values on the dual space V/ of V,:

B(-, ) vloc X Vloc — Vc, (1013)

11 The No-Slip Case with Moving Boundaries

As mentioned in Section 2, the no-slip case can be considered with nonvanishing
boundary conditions. They may represent either permeable or flexible (deformable)
boundaries — when the normal component of the nonvanishing boundary condition
is not zero — or moving boundaries: moving objects embedded in a fluid, a container
moving with fluid inside, or moving boundaries surrounding a fixed domain (as with,
e.g., Couette—Taylor flows). In the case of moving boundaries, special geometries
must be considered in order for the physical domain occupied by the fluid to remain
the same (e.g., a rotating sphere or cylinder and sliding channels). Otherwise, a more
elaborate mathematical modeling would be necessary, but this case is not addressed
here.

In the remainder of this monograph (except for this section and the next), we will
not discuss nonvanishing boundary conditions in general, but the reader should keep
in mind that several of the results presented in this monograph can be extended to the
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case where the boundary is not at rest. Several such extensions are in fact available in
the literature, and we cite them where appropriate. In this section, we shall describe
only the mathematical framework used to handle this case, which essentially amounts
to removing a suitable background flow from the solution, thus reducing the problem
to an evolution equation with added linear terms and vanishing boundary conditions.

We follow the framework presented by Foias and Temam [1979]. The domain 2
occupied by the fluid is assumed to be an open, bounded, connected set in RY (d =
2, 3); its boundary 92 is assumed to be smooth in the sense that it is locally the graph
of a C? function with 2 located on one side of the boundary. It is also assumed that
02 has a finite number of connected components I'}, ..., Iy, k e N.

The nonhomogeneous boundary condition reads

u=¢ onodf2. (11.1)

We assume that the function ¢ is time-independent and belongs to H*?(3$2)¢, which
is the space of the trace of functions'® in H?(2). Moreover, we assume that the aver-
age of the normal component of ¢ over each connected component of the boundary
vanishes:

/(p~ndF:O, j=1 ...k (11.2)
l_'.

where n is the outward unit normal on 9€2. It is clear that, for the sake of conserva-
tion of mass, the average of the normal component of ¢ over all 92 should be zero;
hence, the sum of the quantities in (11.2) should vanish. From the mathematical point
of view, this zero mass flux follows from the divergence theorem and the incompress-
ibility condition. Hence, (11.2) is more than that required by incompressibility alone;
it is needed for our construction of the background flow (defined shortly).

The space of functions ¢ in H¥?(3Q)? satisfying (11.2) will be denoted by
H¥%(9Q)“. From Foias and Temam [1978] and Lions [1969] (see also Hopf [1951])
we see that, given § > 0, there exists for any ¢ in H¥2(32)¢ a vector field ®; in
H2(22)4 such that

V.®; =0 in Q, ®; = ¢ ondQ2, (11.3)

and
|b(v, @5, V)| < 8ll@ll 332504 IVII* (11.4)

forall vin V. The map ¢ — Asp = ®; defines a linear continuous operator As from
H¥20Q)4 into H2()4.

The importance of the operator A; that takes ¢ into ®; is twofold. First, it allows
us to transform the problem into one with vanishing boundary conditions (see (11.8)),
which is more convenient for a number of purposes. Second, it guarantees that the

16 For any function @ in H2(2)?, we can define the trace of ® on 32, denoted ®|;q; it co-
incides with the restriction of ® to the boundary 0€2 when @ is a smooth function. The
trace ®|;q belongs to H¥?(3Q2)?, and the mapping ® — trace ®|;q is a bounded linear
operator from H?(2) onto HY?(3Q)?.
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linear part of the transformed system of equations is positive (see (11.13)), which is
essential for the derivation of certain important energy estimates (see (11.14)). A con-
crete example of such an operator is given by (12.29).

Let a boundary condition ¢ be given in H¥2(3$2)¢. For each 8, the vector field ®;
is divergence-free and is equal to ¢ on the boundary of 2. Then, we may look for a
solution of the nonhomogeneous Navier—Stokes equations in the form

u= &+, (1L.5)

with u vanishing on the boundary of the domain 2. In this context, the term ®; is
usually called “background flow” in the literature, although it is not actually a flow, in
general: it is not a stationary or time-dependent solution of the Navier—Stokes equa-
tions. By (11.3), the vector field u must also be divergence-free. Substituting (11.5)
in the NSE, we find the following equation for u:

ou _
8—'; — VAT + (@ V)i + (®5 - V)a + (@-V)®s + Vp =T, (11.6a)
V.id=0, (11.6b)
where .

The boundary condition for u reduces to the homogeneous no-slip condition:

u=20 onof, (11.8)

and the initial condition reads
u(0) = a9 =ugy — P, (11.9)

where u is the initial condition for the evolution of the velocity field u = u(z).
Because of the homogeneous boundary condition (11.8) and the divergence-free

condition (11.6b), we expect the vector field u to belong to H or V. Hence, we can

rewrite equations (11.6) in a functional form in V' similar to the homogeneous case:

di B}
d—l; + vAil + B(@) + B(@, ®5) + B(®;, 1) = P, f, (11.10)

with the initial condition
u(0) = uy. (11.11)

The distinction from the homogeneous case (boundary at rest) is the presence of addi-
tional terms in the linear part of the equation:

VAl + B(@i, ®5) + B(®s, 0). (11.12)

The estimate (11.4) is then crucial to show that, for small enough &, the linear term
(11.12) is V-elliptic, that is,

(vAu + B(u, ®5) + B(®s,0),u) > gllﬁll2 (11.13)

for all w in V. Note that the third term in the LHS of (11.13) actually vanishes owing
to the orthogonality property of the trilinear term (see (A.33)).
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Moreover, since ®; belongs to H?*(Q)4, one can check from (11.7) that f belongs
to L2(2)2. Hence P, f does indeed make sense and belongs to H.
From (11.10) and (11.13), it follows (upon taking the inner product of (11.10) in H
with u) that |
— 2 v — 2 r3 —
EEIHI + EIIUII < If|[al.
Whence,

—|f% 11.14
v%I I (11.14)

This expression provides the basic a priori estimates for the construction of the solu-
tions. Note that this estimate relies on the fact that ®; (nonunique) can be constructed
so that it satisfies (11.13).

With the estimate (11.13) in mind, one can obtain the appropriate existence and
uniqueness results similar to the homogeneous case, as well as the results on time
and space analyticity. Similar long-time estimates (derived in the Appendix A for the
homogeneous case) can also be obtained.

Other explicit ways to construct a background flow (extension of the boundary data
inside the domain as divergence-free vector fields, not necessarily solutions of the
NSE) have been proposed and used in the literature for specific purposes. Miranville
[1993] proposed such a construction to improve the estimate of the attractor dimen-
sion for channel flows. Constantin and Doering [1992] proposed a crude construction
of the background flow that was sufficient for their objective (see Section 12). Fi-
nally, Wang (see Temam and Wang [1995] and Doering and Wang [1998]) proposed
the construction of a background flow with components oscillating in the direction
perpendicular to the boundary — with the aims of assessing boundary layer problems
and extending the work of Constantin and Doering (see Section 12).

[a()|* < [ap?e ™" +

12 Dissipation Rate of Flows

An important quantity in the statistical study of turbulence is the average rate of en-
ergy dissipation €, defined heuristically as

€ = v((Vu)?), (12.1)

where (-) denotes a suitable ensemble average. According to Kolmogorov [1941a], a
universal bound on € can be derived heuristically in the following way: If

e =1’ (12.2)

represents the average energy per unit mass in a turbulent flow with a rate of energy
dissipation €, then t. = e/e should represent a characteristic time for the dissipation
of energy; the characteristic mean velocity should be U = +/2e. The corresponding
length ¢ = Ut, can be viewed as the average distance traveled by the turbulent eddies
until they dissipate. Thus, we find that the average rate of energy dissipation should
be of the order U

€~ — =

. 12.3
i 7 (12.3)
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In a series of articles, Constantin and Doering [1992, 1994, 1995] derived rigor-
ous bounds in the form of (12.3), in a suitable sense, directly from the Navier—Stokes
equations. The bounds were derived for shear flows and channel flows and were later
extended to more general boundary-driven flows by Doering and Wang [1998]. For
the sake of illustration, we consider here the bound in the case of 3-dimensional shear
flows, following Constantin and Doering [1992]. We also present the bounds obtained
in the periodic case by Foias [1997].

Bounds on the Energy Dissipation for a 3-Dimensional Shear Flow

Our analysis is based on the 3-dimensional Navier—Stokes equations:

9
a—‘; —VAu+ (u-Vyu+ Vp =0, (12.4a)
V.ou=0. (12.4b)

The fluid is contained between rigid parallel plates located at z = 0 and z = h. We
write X = (x, y,z) andu = (uy, u, u3). We impose L-periodic boundary conditions
in the x and y directions, so that the domain is of the form 2 = (0, L) x (0, L) x (0, k).
The fluid is driven by the boundary at z = 0 moving in the x direction at a speed

U, so that
u(x,y,0,t) = Uey, u(x,y, h,t)=0, (12.5)

where e is the unit vector in the x direction.
The ensemble average in the heuristic definition (12.1) of the energy dissipation
rate is interpreted rigorously as

1 T
(g) = lim sup — g(t)dt, (12.6)
T—o0 T 0
which is well-defined for bounded functions g = g(¢). Then, the rate of energy dis-

sipation is interpreted as
%

= @munz» (12.7)

€
where |Q2| = hL? is the volume of the domain €. The aim is to establish rigorous
bounds on € in terms of v, k, L, and U.

For the laminar flow we have

h—z

Ulaminar = U A €, (128)
and the dissipation rate is given by
UZ
€laminar = Vﬁ- (129)

This is generally regarded as a lower bound on the dissipation rate of turbulent flows,
but some authors believe that certain quantities increasing with turbulence can also
reach values below those of laminar flows.
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For nonexplicit solutions we must find means to estimate the total enstrophy. By
taking the inner product of the momentum equation (12.4a) with u, integrating on €2,
and using integration by parts (as done in Section 1), we find that

1 d 9

~ Ll +vlu@®|? = —v M %, y,0, 1) dx dy. (12.10)
lu(®)* + viu@)]|? U

2dl (O,L)Z 8z

Assuming that |u(z)| is bounded uniformly in time, the time average of this equation
yields

2 Bul
v([u))?) = vU _ 2 (x,y,0)) dx dy. a12.11)
(0,L)2 aZ

However, we have no means of bounding the term on the RHS of (12.11) in terms of
the data of the problem. To circumvent this difficulty, the velocity field is decom-
posed into two parts in a way akin to what has been done for the well-posedness of
flows with moving boundaries, as described in Section 11: one of the terms in the
decomposition satisfies the boundary conditions of the problem, while the other van-
ishes at both boundaries z = 0 and /4. More precisely, we write

u(x,y, z,t) = ¢p(2e +v(x,y,z,1), (12.12)
where
¢(h) =1, $0) =0, (12.13)
and
v(x,y,0,1) =0, v(x,y,h,t)=0. (12.14)

It follows from (12.12) that v must be divergence-free and periodic with period L in
the directions x and y. Substituting for u in the Navier—Stokes equations (12.4), we
find an evolution equation for the field v = (vy, v2, v3):

9 9
a—: — VAV 4 (V- V)V + ¢a—v Fusglel +Vp=vée,  (12.15a)
X

V.v=0. (12.15b)

The terms ¢’ and ¢ represent the first- and second-order derivatives of ¢.
From the relation (12.12), we find that

Qv b
lul? = ||v||2+2f ¢ B—;dx+L2/0 16/ dz. (12.16)
Q

Thus, the dissipation rate € can be expressed in terms of an ensemble average involv-
ing the vector field v:

v ’ , 0V v " '
= — 2 —d — dz. 12.17
¢ hL2<”VH + /ch - x>+h i (12.17)

To estimate the ensemble average in (12.17), we use the energy equation for v,
which is obtained by multiplying the momentum equation (12.15a) by v and integrat-
ing over the domain 2. Using integration by parts (as illustrated in Section 1), we find
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1 d 9
~ LR +vIvi))? + v/ o' L gx = —/ ¢'v 13 dX. (12.18)
2dt Q 0z Q

The idea is to choose ¢ appropriately so that the term that is quadratic in v in the
right-hand side of (12.18) is dominated by the dissipative term on the left-hand side.
This is accomplished by choosing ¢ such that its first-order derivative is small in
some suitable sense. Because of the different boundary conditions at z = 0 and z =
h, we cannot simply choose ¢ to be a constant. The solution is to choose ¢ constant
throughout most of the domain, except on a small layer near the boundary.

We split the quadratic term into two parts: one with the integration in z between 0
and i /2, and the other with the integration between z = /2 and z = h. For the first
part, we use the fundamental theorem of calculus and the fact that v vanishes at the
boundary z = 0 to write

< an
vj(xvyvzat)zfo %(x’y’§9t)dc

for j =1, 3. This yields, upon using the Cauchy—Schwarz inequality, the following
estimate for the integral over x and y of this part of the quadratic term:

‘/f vl(x,y,z,t>v3(x,y,z,t>dxdy‘
(0,L)x(0,L)

29 2 1/2
v
SZ// (/ _(xsysgvt) dé‘)
©,Lyx©0,)\Jo | 9¢
| s 2 1/2
(f LI R) d:) dx dy
0| 9¢
h/2 9 2 9 2
Z Vi U3
=5 —(x,y,¢,1) +‘—(x,y,§',t) >dxdydz.
2 //(‘O,L)X(O,L)w/(‘) ( ile 0
(12.19)
Similarly, for the second part we write
h
ov;
Uj(x:ya%t):_f a_](x9y3§7t)d§1
: ¢
and we obtain
/f vi(x, y, 2, Hvs(x, y, z, 1) dx dy‘
(0,L)x(0,L)
h—z// /’h<8v1 2 'aU3 2
S _(x7y7§7t) + _(x7y7§7t) dXdde'
2 ©,0)x0,L) Jr/2\ | 9C ile
(12.20)

Combining (12.19) and (12.20), we bound the quadratic term on the RHS of (12.18)
as

h/2 h
—/ PV dx < lmax{/ 7|¢'(2)| dz, / (h — Z)Iq’)’(z)ldz}llvllz. 12.21)
Q 2 0 /2
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Then, we look for ¢ such that ¢’ is small in the sense that

h/2 h
max{/ 7|9'(2)| dz, / (h — Z)|¢/(Z)Idz} <. (12.22)
0 /2
For such ¢, using (12.21) and (12.22) we obtain the following estimate from (12.18):
d 0
VO + v + 2v/ o' L ax < 0. (12.23)
dt Q 0z

From this estimate, if the kinetic energy of v is uniformly bounded in time then we
can take the time average of (12.23) to find that

2 ,81)1
vll“+2 | ¢'—dx) <O. (12.24)
@ 0z

Using this estimate in (12.17) yields the bound

h
v 72
€< —/ 19/ dz. (12.25)
h Jo

We must still show that the kinetic energy of v is bounded and find ¢ such that
(12.22) holds. Then we will be able to obtain a more explicit bound in (12.25).

To show that the kinetic energy of v is bounded, we estimate the term linear in v
in the LHS of (12.18); we use simply the Cauchy—Schwarz and Young inequalities:

/8U1 2 " ’ 2 2
—v/qb M oax <v(L / 16/ dz) Iv] (12.26)
Q@ 0z 0

h
%
< vL2/ |¢'(2) > dz + Z||v||2. (12.27)
0

Inserting (12.27) into (12.23), we find that

d 2, Y 2 2 " )
—|v(OI" + < lIv(D)|I” < 2vL / ¢ (2)|” dz. (12.28)
dt 2 0

This implies that the kinetic energy is uniformly bounded in time.

Hence, it remains only to find ¢ satisfying (12.22) and the boundary condition. The
goal is to find such a ¢ that yields a bound in (12.25) as sharp as possible (i.e., as
small as possible). Constantin and Doering [1992] chose ¢ of the form

528—27) if0<z<s,
P =1 % if §<z<h-3, (12.29)
Sh—z) ifh—8<z<h,

where 0 < § < h is the thickness of the boundary layer for ¢ as explained earlier.
Notice that, with this choice, the “background flow” ¢ e, is not a real flow because it
is not a solution of the Navier—Stokes equations. Observe also that this is an example
of the lifting operator A described in Section 11.
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For this choice of ¢, the condition (12.22) becomes

Us
— <. (12.30)
4
Hence, we let
5= 2V (12.31)
=7 .
For this choice of ¢ and §, we find
2 U3
. 12.32
/ 1¢'(2)|>d =55~ % ( )

Inserting this estimate into (12.25) yields the following bound on the energy dissipa-
tion rate: 5
U’
€ < — 12.33
=3 (12.33)

This is a rigorous bound of the order of that predicted by Kolmogorov’s theory.

Bounds on the Energy Dissipation for Periodic Flows

Consider now the fully periodic case — that is, when the flow is periodic in all direc-
tions. For simplicity, we assume the periods are the same in all directions; hence 2 =
(—L/2,L/2)%, where d = 2 or 3, depending on the space dimension. We assume
that f belongs to V = D(A"/2). For the characteristic speed, we take the quantity

1 1/2
U= Tan lim sup( / [u(?)| dt) . (12.34)
We also consider a length scale associated with the forcing term f:
|A—1/2 fl 1/2
Li=—7+—) . 12.35
We will show that
(1+2
v’ 12.36
< .
e = 27 (lulP) <o Lf - (12.36)
provided the Reynolds number is sufficiently large, that is, if
UL 1
Re= — > —, (12.37)
v (4]

where ¢, is a numerical constant independent of the data of the problem.
In the space-periodic case, we have the energy inequality (see (7.7)):

%%m(mz +vlu®|? < (£, u@). (12.38)

As shown in Appendix A, the kinetic energy in this case is uniformly bounded in time.
Hence, we can take the time average of (12.38) to find that

v{llull?) < ((F,w) < [f[{lu]) < |f{ju*)"/> (12.39)
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Upon dividing by L%2, we obtain

If|U
<

€< i (12.40)

We now look for an estimate for [f| in terms of the length parameters L and Ly and
of the average velocity U. We take the inner product in H of the momentum equation
(1.1a) with A~'f to find

1d
zE(u, AT v, A7) + b(u,u, ATIE) = (F, A7) (12.41)

The RHS of (12.41) is equal to | A~/2 f|2. Hence, we take the time average of (12.41) —
and use that the kinetic energy of u is uniformly bounded in time — to obtain

AT < v(@, £) + (b(u,u, AT'F)). (12.42)

We bound the first term in the RHS of (12.42) as in (12.39). For the second term, we
use the skew symmetry of the trilinear term together with Holder’s inequality:

|b(u,u, A7'E)| = [b(u, A7, )| < eauP AT £ L)
Using now Agmon’s inequality (A.29) or (A.48), we have
|b(u, u, A7'E)| < ci|u>| A2 £)V2) AV 2 £)1/2, (12.43)
Then, (12.42) yields
|ATV2 812 < wLY|E|U + ¢ LY AY=328)V2 1 AV 28122, (12.44)

Multiplying (12.44) by |f| and dividing the result by |A~"/2f|? implies that
A]/2f|1/2|A(d—3)/2f|]/2 5

f? I£1]
dj2 | d
If| < vL —|A*1/2f|2U +c L A (12.45)
Inserting this into (12.40) yields
|f|2 ) d/z|f||A1/2f|1/2|A(d—3)/2f|1/2 3
€ < VWU + C]L |A71/2f|2 (1246)
If the condition (12.37) on the Reynolds number holds, we obtain
|f|2 3 42 |f||A1/2f|1/2|A(d73)/2f|1/2 3
€ < CleU +c L |A_1/2f|2 U-. (12.47)
The interpolation inequalities (6.14) derived in Section 6 give
I£] < |ATV2E)2 A2 112,
12.48
|A(d73)/2f| < |A71/2f|(47d)/2|A1/2f|(d72)/2. ( )
Hence, from (12.47),
|A1/2f| a2 |A71/2f|(d+2)/4 s
ESCI<L|A—1/2f| + L |A‘1/2f|(d+2)/4)U: (12.49)

From the definition (12.35) of the length scale Ly, we can rewrite (12.49) as
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d=2
2

d+2
L\2 L \Z\U3
¢ < c1<—> ’ (1 n <—f> )U—. (12.50)
L L L

Since the first eigenvalue of the Stokes operator in the space-periodic case is 472/L>
(see (6.18)), one can check that

L < L (12.51)
Therefore, (12.50) yields
d+2
L\2 U?
€< 6’0(—) ’ -, (12.52)
Ly L

where c( is a numerical constant. Hence, (12.36) holds.

The relation (12.52) is not exactly the same as that derived by Kolmogorov [1941a],
owing to the additional term involving the length scale L. However, one must bear
in mind that, under Kolmogorov’s derivation, the forcing term was assumed to be a
trigonometric polynomial containing only lower-order modes. More precisely, f is
of the form ,

f(x) = Z fre' TrX (12.53)

keZ4\{0}
2 k| <k

for some xy > 0, which represents the highest possible wavenumber in the Fourier
representation of f. In this case, one can check that

1
Ly>—. (12.54)
: Ko
Therefore, (12.52) implies
a2 U3
€ < co(Lkp)2 T (12.55)

For ko ~ 2m/L, we recover rigorously Kolmogorov’s estimate (12.3).

13 Nondimensional Estimates and the Grashof Number

As mentioned in Section I.1, the variables associated with fluid flows, as in many other
physical systems, are not completely independent; rescaling two or more variables
appropriately leads to the same fluid flow behavior. In the case of flows of incom-
pressible viscous fluids, multiplying the velocity field by a given factor and dividing
the characteristic length scale of the physical domain occupied by the fluid by the
same factor leaves the Reynolds number unchanged; hence, the resulting flows are
essentially the same. This fact, known as Reynolds similarity, makes wind tunnel
simulations appropriate. With this in mind, it is useful to consider nondimensional
quantities that allow us to relate different systems. One important nondimensional
quantity is the Reynolds number just mentioned. Another nondimensional quantity
that we use often is the so-called Grashof number, which is proportional to the forc-
ing term f. The Grashof number is denoted by G; it is defined in terms of the forcing
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term f, the viscosity v, and some other parameter with the dimension of length. The
usual candidate for the length parameter is derived from the first eigenvalue of the
Stokes operator, A;, which has the dimension of L~2. For dimensional reasons, the
explicit form of G depends on the spatial dimension, so we consider the two cases
separately. This Grashof number was introduced in Foias et al. [1983b] by analogy
with the Grashof number used in thermohydraulics, where the force f is the buoy-
ancy force.

The 2-Dimensional Case

We assume first that f is time-independent and that it belongs to the space H. The
forcing term has the dimension of acceleration — that is, L/ T2, where T is a time
scale and L is a length scale. Hence, the norm |f| in H of f has the dimension of
L?/T?. Since the kinematic viscosity v has the dimension of L2/ T, we find that |f|/v?
has the dimension of L~2. Then, since A, (the first eigenvalue of the Stokes opera-
tor) has the dimension of L2, we see that |f]/(v2A,) is nondimensional. Hence, in
the 2-dimensional case, we define the Grashof number by
G= |f—| (13.1)
l)z)ul
Several estimates obtained for the solutions of the Navier—Stokes equations in the
previous sections and in the appendices can now be expressed in terms of the Grashof
number. For instance, in the 2-dimensional case, with periodic boundary condition
and vanishing space average or with a no-slip boundary condition, the energy equa-
tion (7.7) implies the following asymptotic bounds, as shown in Appendix A (see
(A.53) and (A.54)):

lim sup|u(r)|> < v2G?; (13.2)
t—00
T
) 1 2 2, A2
lim sup — lu(s)||“ds < v°r,G% (13.3)
T—o00 T 0
and, for any T > 0,
1 t+T v
lim sup —/ lu(s)|?ds < [ = +v?a, |G (13.4)
t—00 T t T

Note that the left-hand sides of these expressions are not nondimensional; the quan-
tities multiplying the Grashof number on the corresponding right-hand sides make
the expressions dimensionally consistent. All the limits in (13.2)—(13.4) are uniform
with respect to initial conditions bounded in H.
In the 2-dimensional periodic case we have, owing to the orthogonality property
(see (A.62)),
b(u,u, Au) = 0.

We also obtain (see (A.66) and (A.67)):
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lim sup[u(r)||> < v?1,G?; (13.5)
—00
: Lt 2 2,22
lim sup — [Au(s)|“ds < vAG7; (13.6)
T—o00 T 0
and, forany T > 0,

. Lo 2 VA 2,2 \A2

lim sup — [Au(s)|“ds < | — +v~A] |G~ (13.7)

—>00 T t T

As before, the limits are uniform with respect to initial conditions bounded in H (not
necessarily V; this is due to the regularization property of the NSE).

In the 2-dimensional periodic case, for f still in H, we can also obtain a simple
and explicit bound for the width 8, of the pencil-like domain A" of time analyticity
of the solutions (see (8.22)) derived in Section 8:

- 1

~ c3vA (1 + G2 log(cs(1 4+ G2))’
where c3 and ¢4 depend only on the shape of the domain €2 (i.e., on the ratio L, /L1).
Moreover, if f belongs to the Gevrey space D(exp (oAl 2)) for some o, > 0, then
the same bound holds (with possibly different constants c3 and c4) as obtained in Sec-
tion 9 (see (9.31)) for the width of the domain Afn of time analyticity with values in
Gevrey space.

If the forcing term f = f(¢) is time-dependent and belongs to L*°(0, co; H), then
the bounds (13.2)—(13.7) can also be obtained by defining the Grashof number as!’

(13.8)

G= lim sup [£(2)]. 13.9)
1—>00

vzkl
In the case of estimates (13.2), (13.3), and (13.4), we can also consider forces only in
V’. Here the Grashof number is proportional to ||f||y+, and the powers of v and A;
must be modified accordingly.

The 3-Dimensional Case

In the 3-dimensional case, the quantity |f| has the dimension of LY 2/ T2. Hence, we
must take different powers of v and A, in the definition of the Grashof number. Since
v has the dimension of L%/ T, we see that | f|/v? has the dimension of L~%2. Then,
since A; has the dimension of L~2, we consider the power )\31/ 4, which has the dimen-
sion of L~3/2. Hence, we define the Grashof number in the 3-dimensional case by
= |f—| (13.10)
V2 '

17 Since in this case f may only be bounded almost everywhere, the limit is taken in the sense
of the essential supremum. We recall that the essential suppremum of a function g is the
smallest M such that the set of points where |g| exceeds M has measure zero. The limit in
(13.9) is to be understood as the smallest number M such that, for any ¢ > 0, there exists a
T > 0 such that the set of points ¢ in [T, oo) where [f(¢)| exceeds M + ¢ has measure zero.
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With this definition of the Grashof number, the estimates corresponding to (13.2),
(13.3), and (13.4) now read as follows:

v2
lim sup|u(r)|> < WG% (13.11)
—00 1
Lt 2 2,1/2~2
lim SUPF lu(s)||"ds < v°A{"G"; (13.12)
T—00 0
and, forany T > 0,
) 1 t+T 5 1 v 5 5
hfnil;p? t la(s)||-ds < W T +vor GO (13.13)
- i

The lack of the orthogonality property (A.62) means that other estimates in the
3-dimensional case corresponding to those just obtained for the 2-dimensional case
are exponential in G.

Appendix A Mathematical Complements

A.1 Function Spaces

The aim in this section is to recall in more detail some of the function spaces that we
use throughout the book and that are based on the spaces H and V of finite kinetic
energy (L?) and of finite enstrophy (H') (see Section 5). We start with the concept
of duality in function spaces, then we consider the weak topology in H, and finally
we examine space—time function spaces.

Dual Spaces — Riesz Representation Theorem

For every Hilbert space V associated with every choice of boundary conditions, we
can define a corresponding dual space V' consisting of all the linear functionals de-
fined on V. We may do this in a way akin to the theory of distributions or generalized
functions. The distributions are continuous linear functionals acting on the space of
compactly supported infinitely differentiable functions; the square integrable func-
tions are identified as linear functionals through the L? inner product. Here, we
proceed in a similar fashion. Consider the set of all continuous linear functionals

V> £(V)

from V into R; continuity here means that there exists a constant C, depending on
the functional £, such that
LWl = Clivllv

for all vector fields v in V. We denote by V' the set of all continuous linear function-
als on V. This is a vector space that we endow with the norm

[€(v)|
€]y = sup .
vev [IVllv

v#0

(AD)
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The Riesz representation theorem is a simple yet powerful result. It states that any
Hilbert space V is isomorphic to its dual; that is, there exists a one-to-one linear map-
ping A from V onto its dual V’. Furthermore, for every £ in V' and u in V such that
Au = £, we have

(Au,v)y vy = (u,v)y, foreveryvinV,

where (-, -)y/, v denotes the pairing (duality) between V' and V.
In our case, this operator A is, in general, the same as the Stokes operator A.

The Pair V, H

The pair of Hilbert spaces V, H appears in the mathematical theory of the evolu-
tionary Navier—Stokes equations: V is a subspace of the Sobolev space H'(2)¢ (the
suitable space of vector fields with finite enstrophy), and H is the closure of V in
L?(2)?, the space of square integrable vector fields. Hence,

VCH,

V is dense in H, and the injection (embedding) of V in H is continuous.

If the injection of V in H is compact, we have seen in Section 6 how one can de-
fine an unbounded operator A in H (same as the A just described) whose inverse A~!
is compact in H. We can also define all the powers A® of A, and then V, H, and
V' are the same as (isomorphic to) the domains of A'/2, I, and A~"/2, respectively;
in particular, we obtain the triplet V, H, V' as in (A.5). Here, we want to introduce
and describe the triplet V, H, V' by a different method — one that extends to the case
where the injection of V in H is not compact.

One can identify the space H with a subspace of V'. Indeed, given a vector field u
in H, we can consider u as a linear functional in V' given by

Vi (u,v). (A2)
It is continuous on V because
[(w,v)| < [u|g|vlg < cilulllvlly < Calvily

for suitable (dimensional) constants ¢{, C, > 0, with ¢; independent of u and C, de-
pending on u; here we have used the usual Cauchy—Schwarz inequality and the fact
that the norm on V, | - ||y, dominates (in the sense of (5.11) and (5.19)) the norm on
H, | - |g. More specifically, in the periodic case with nonvanishing space average, it
follows from inequality (5.15) and the definition (A.1) of the dual norm that

lully: < Liulg, (A3)

where L = min{L, ..., L;}. In the no-slip case and in the periodic case with van-
ishing space average, it now follows from inequalities (5.11) and (5.19) that

1
lally: < 7z lula. (A4)
Af
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Since V is dense in H and the injection mapping from V into H is continuous, we
infer by duality that its adjoint from H’ into V' is continuous with a dense image.
Identifying further H with its dual H', we infer that

VcCHCV, (A.5)

where each space is dense in the following one and the embeddings are continuous.
With this identification in mind, we can consider elements in V' also as vector fields
and denote them by the usual letters u and v, though strictly speaking an element
in V' is not a function on €2 and does not make sense pointwise. We will denote by
(¢, v)yr v, or more simply (¢, v), the action £(v) of an element £ of V' on an element
v of V. This notation is consistent with (A.2) when £ = u € H. If £ belongs to V’
but not to H, then the product (¢, v) is called the duality product between V' and V,
and it is simply the application of the linear functional u to v; in general, it does not
make sense as an integral of the product of two functions. However, when u is more
regular (i.e., when u € H), this application becomes exactly the L? inner product be-
tween u and v. The duality product can be thought of as a generalization of the L?
product to less regular vector fields u (belonging to V' but not to H) at the expense
of v being more regular (belonging to V). It is similar to the situation in the theory
of distributions, where, for instance, the Dirac delta is not a function in the classical
sense. The dual norm of an element u in V' can be rewritten as

|(u, V)|
lufly, = sup ; (A.6)
vev [IVllv
v#0
and the following generalized form of the Cauchy—Schwarz inequality holds:
(w,v) < |lu|ly/||v|]ly foralluin V' andall vin V. (A.7)

For each choice of the boundary conditions we obtain, then, the dual spaces Vrfsp,
Vier» and V.

The space V' is naturally present in the mathematical theory of the Navier—Stokes
equations. The reason is that, for a flow u in the natural space V of finite enstrophy,
the inertial term (u - V)u does not, in general, belong to H; it belongs instead to the
larger space V'.

We indicated in Section 6 that usually we can identify the spaces V and V' with
the domain of powers of the Stokes operators, D(A'?) and D(A~"?), respectively.
The only exception is the periodic case with nonvanishing space average, where some
adjustment is needed because A is positive but not positive definite.

Weak Topology in Normed Spaces

In a Hilbert space X, one can define a topology (concept of convergence) weaker than
the usual topology corresponding to the norm | - ||x. We say that a sequence {u,},
converges weakly to u in X if, for all vin X,

(w,,v)x - (u,v)x asn— o0.
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In order to emphasize the difference, we say sometimes that u,, converges strongly to
uin X if u, converges to u in the usual sense — that is, if |u, —ul|x — 0Oasn — oo.

It is easy to see that {u, },, converges strongly to u in X if and only if u,, converges
weakly to u in X and |[u, || x converges to ||u||x.

In order to visualize the concept of weak convergence, one can think of the func-
tions u,, = sinnx in X = L*(0, 1); itis easy to see that u,, goes to 0 weakly in L2(0, 1)
but not strongly.

More generally, if X and X’ are two normed spaces in duality (X' dual of X in the
aforementioned sense) then one can define two different topologies on X: (i) that of
the norm, u, — u if and only if ||u,, —u|| — 0 as n — oo; and (ii) the weak topol-
ogy denoted o(X, X'), for whichu, — wifand only if, forall vin X, (w,, v)x x» —
(u,v)x x’asn — o0.

Of particular interest to us in this chapter is the weak topology on H; we denote
by H, the space H endowed with this weak topology. This space is important be-
cause, in general, the continuity of the weak solutions of the 3-dimensional NSE (see
(A.18)) is known to be achieved only in this weak sense (i.e., in the space (A.17)).

One must keep in mind that, unlike the spaces V and H (whose norms are em-
bedded in the physics of the Navier—Stokes equations as enstrophy and energy), the
weak topology on H has been introduced as a mere technicality commanded by our
present limitations in the understanding of the theory of these equations. One may
surmise (or hope) that better theorems will be derived, ones for which such a concept
is no longer needed.

Space—Time Function Spaces

It is customary and useful to regard a function u = u(x, #) as a time-dependent func-
tion u = u(r) with values in appropriate function spaces. There are several function
spaces that one may consider; moreover, the function ¢ — u(#) might be continu-
ous, continuously differentiable, integrable, square integrable, and so on, leading to
several types of space—time function spaces. In order to set down the notation we
consider, for instance, a function space X, which might be H, or V, or the domain
Vys = D(A®) of some power s € R of the Stokes operator A.
The space of continuous functions on an interval / and with values in X is denoted
by
C, X). (A.8)

Typically, the interval I will be I = [0, T] or (0, T') but, more generally, it can be
any interval with endpoints @ and b, —o0 < a < b < +00, and it can be either open
or closed at either a or b. The norm in C(/, X) is taken to be the maximum of the
X-norm over I, unless otherwise stated.

One can also work with spaces of integrable functions. For functions defined on
an interval / with endpoints @ and b (—oo < a < b < 400), one may consider the
space

LP(a,b; X) or LP(I;X) (A.9)
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of functions whose X-norm to the pth power is integrable over I, with p > 1.'% In
this case the functions are defined almost everywhere (i.e., up to a set of measure
zero), so it does not make any difference whether / is open or closed. Hence, it has
been the convention to denote this space by L?(a, b; X) instead of L?((a, b), X) or
L?([a, b]; X). The norm in this space is

b 1/p
||u||ma,b;x>=( / |u<r>|§dr) , (A.10)
a

where we denote the norm of X by | - |x. The Cauchy—Schwarz and Holder inequal-
ities hold on those spaces exactly as in the real-valued case, as long as p > 1. The
spaces L”(a, b; X) are Banach spaces, that is, complete normed spaces.

As in the real-valued case, when p = 2 we obtain a Hilbert space L?(a, b; X) with
inner product

b
(W, V) 12a,; %) =/ (u(®),v(1))x dt; (A1)

again, we have denoted the inner product in X by (-, -)x.
For p = 0o, we denote by

L®(a,b; X) or L*(;X) (A.12)

the space of essentially bounded functions from 7 into X (i.e., bounded uniformly
except possibly on a set of measure zero). We norm this space with the norm
allLooa,b; x) = sup.ess.[u(r)|x; (A.13)
t€fa,b)
here, “sup.ess.” denotes the essential supremum (as in the case of real-valued func-
tions). Hence, |u(?)|x is bounded by its L°°(a, b; X )-norm except possibly on a
subset of [a, b] of measure zero.
For all these L? spaces, if the interval I is infinite then there is a corresponding
“local” space
LY (a,b;X) or L} (I X), (A.14)

which is the space of functions that are locally in L” in the sense that they belong
to L?(J; X) for every bounded subinterval J of I. This space has a metric (but
not a norm) under which it is complete, but we will not work with it explicitly. A
nonzero constant function, for instance, belongs to LIPOC(R; X) for all p > 1, but
not to LP(R; X). Typically, the solutions of the Navier—Stokes equations belong to
L%OC(O, oo; V) but not to L?(0, oo; V), since they may not decay to zero as t — 0.

The duality product between V and V' carries over to space—time function spaces.

The duality product between L*(a,b; V) and L?(a, b; V') reads

b
/ (u(®),v())dt, (A.15)
and the Cauchy—Schwarz inequality in this space takes the form

18 A case with p < 1is discussed later (see (A.43)), but the space is no longer a normed space.
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b 1/2 b 1/2
s( / |u(t)|2v/dr) ( / |v(t)|zvdt) : (A.16)

Similarly, for any s €e Rand any 1 < p < oo, L"’(a, b; V_y) is the dual space of
L?(a, b; V), where 1/p +1/p’ = 1.

Another useful space is that of continuous functions with values in X = H,,, where
we recall that H,, is the space H endowed with its weak topology. This leads to the
space

b
/ (u(®), v(1)) dt

C(I; Hy), (A17)

which is the space of weakly continuous functions from 7 into H. The functions on
this space are weakly continuous in the sense that, for each vector field v in H, the

function
t— ),V (A.18)

is continuous from the interval [ into R. This is a space occurring naturally when
we work with the weak solutions of the Navier—Stokes equations. Typically, a weak
solution of the NSE in dimension 3 belongs to C([0, c0); H,,).

A.2 Weak and Strong Solutions of the NSE in Dimension 3

Here we present further results concerning the solutions of the NSE in dimension 3.
These results will be needed for some of the proofs in Chapter I'V.

The Energy Inequality

Consider a weak solution u = u(¢) on the interval [0, T'] in time. The forcing term
f = f(¢) is assumed to belong to L>(0, T; H).

As stated in Theorem 7.1, this solution satisfies the energy inequality (7.5). This
implies in particular that, for every nonnegative test function ¢ € C2°(0, T') (i.e., ¢ is
an infinitely differentiable, nonnegative, real-valued function with compact support
on (0, 7)),

1 T T T
—5/0 IU(S)Izw/(S)dSvLV/O cl)(S)IIll(S)IIZdSS/0 p(s)(E(s), u(s))ds. (A.19)

This means that the weak solution satisfies the following differential inequality in the
distribution sense on [0, T] :

lilll(t)l2 +ollu@? < @), u@) (A.20)
2dt - ' ' '

The energy inequality (7.5) is obtained by passing to the limit (as the number of
modes goes to infinity) in the corresponding equation for the solution of the Galerkin
approximation of the Navier—Stokes equations, which is obtained by applying the
Galerkin projector (6.28) to the system of equations. As shown in Appendix B.1, the
inequality (A.19) implies that, for every Lebesgue point!® 7 of ¢ > |u(z)|? (hence,
for almost every #; see footnote 9) and every r with0 <ty <t < T,

19 The Lebesgue points of a function were defined in footnote 9.
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1 d 1 !
FuOPF +v / lu()l*ds < S futo)* + f (£(s), u(s)) ds. (A.21)
to 10

The energy inequality (7.5) also implies that 7, = 0 belongs to the Lebesgue set of
t — |u()|?, so that (A.21) holds, in particular, for ¢t = 0. Conversely, it can be
shown that a weak solution which satisfies the differential inequality (A.20) in the
distribution sense on [0, 7'] and for which ¢, = 0 belongs to the Lebesgue set of ¢ —
lu(t)|> must also satisfy the energy inequality (7.5) and hence be a weak solution in
the sense of Theorem 7.1. As mentioned earlier, there may be solutions that do not
satisfy the energy inequality (A.21), but, for us, a weak solution always means a solu-
tion which is weakly continuous, which belongs to L2 (Q x[0,T)) together with its
first-order derivatives in space, and for which the energy inequality holds in the dis-
tribution sense, with o = 0 being a Lebesgue point of lu()|?.

More generally, we consider weak solutions on an arbitrary time interval / in R,
finite or not, and open or closed at either endpoint. Then, a weak solution on / is a
solution which is weakly continuous in /, which for every bounded interval J C [
belongs to L?(2 x J) together with its first-order derivatives in space, and for which
the energy inequality (A.21) holds (in the distribution sense) in /. Moreover, if the
interval [ is closed at the left endpoint then we require that the left endpoint be a
Lebesgue point of [u(-)|2.

The Abstract Functional Equation and Nonlinear Inequalities

Recall the functional form of the Navier—Stokes equations given in (3.7):
du
a + vAu+ B(u) =f. (A.22)

We have dropped the Helmholtz—Leray projector P, on f because we already assume
that f = f(¢) takes its values in H. As in (3.9), we may write this equation in the
concise form

u =F(, ), (A.23)
with

u=u;= a5 F(t,u) =f(t) — vAu — B(u). (A.24)

The operator B(-) = B(-, -) was defined in (3.8) by B(u,v) = P.((u - V)v). This
requires (u - V)v to be in L2. Hence, B(u,v) isa priori not defined for u and v in V.
More regularity is needed. One may take, for instance, either u or v in the domain
D(A) of the Stokes operator. In fact, consider the formal relation

(B(u,v),w) =b(u,v,w), (A.25)

where the trilinear operator b(-, -, -) was defined in (4.2). The trilinear form b(u, v, w)
is defined and in three dimensions the following inequalities hold, for some appro-
priate constant cy, in the following cases:
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1, v, w)| < cilul*lull*v]|V*|Av]¥*|w|, ueV, ve D(A), we H; (A.26a)

|b(a, v, w)| < clul|?| Au|?||v|/|w], ueD(A), veV, we H; (A.26b)
|b(u, v, w)| < cilu* Au|¥*||v|[|w], ueD(A), veV, we H; (A.26¢c)
|b(u, v, w)| < cilul||v]||w|/*|Aw|¥*, ucH,veV, weD(A); (A.26d)
|bGu, v, w)| < crful v w4 w4, ueV,veV, weV; (A26e)
1b(a, v, w)| < ciluY4lu)¥* v Y4 v ]I wl, ueV,veV, weV. (A.26f)

These inequalities can be obtained by applying Holder’s inequality, the Ladyzhen-
skaya inequality (see Section 1.4)

lalzs < colulul?, uev, (A27)

and Agmon’s inequalities:
i < ealul M Aul’, weD(A); (A.28)
luz < ealluf/?|Aul?, weD(A). (A.29)

Here ¢, is some appropriate constant (see e.g. Constantin and Foias [1988] or Temam
[1979] for details).

One can see from (A.26a) and (A.26¢) that B(u, v) is indeed well-defined (with
values in H) foruin V and v in D(A) or vice versa. On the other hand, the inequal-
ity (A.26f) can be used to extend the definition of B(-, -) to less regular spaces. In
fact, for u and v in V we see from (A.26f) that B(u, v) belongs to the dual space
V' = D(A™Y?), with

1B, V)[ly: < cilul*al¥* [v]"4IvI4, w,veV. (A.30)

This is actually an extension of the operator B(-, -) as defined in (3.8), but for nota-
tional simplicity we still denote this extension by B(-, -). In this case B(u, v) belongs
to V', so the trilinear operation b(u, v, w) is now to be understood in the duality sense

b(u,v,w) = (B(u,v),w), u,v,weV. (A.31)
A useful inequality follows from (A.30) when v = u:
By < ciful?ul?, ueV. (A.32)

Moreover, the orthogonality property of the inertial term illustrated in (1.5) is funda-
mental and extends to

b(u,v,v) = (B(u,v),v) =0, u,veV, (A.33)

for all types of boundary conditions considered here. The orthogonality property
(A.33) implies, in particular, the skew symmetry of the trilinear operator with respect
to the last two arguments:
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b(a,v,w) (= (B(u,v),w)) = =b(u,w,v) (= —(B(u,w),v)),
u,v,weV. (A34)

The proof of (A.33) follows in the same manner as that of (1.5).

A Priori Estimates

We now return to the weak solutions of the Navier—Stokes equations. If u = u(z) is
a weak solution on a time interval [0, T'], then we know from (7.24) that u belongs
to L>(0, T; H) and to L2(0, T; V). Therefore, one can check from (A.24), (A.32),
and (6.23) that

t — F(t,u(t)) = f(r) — Au(t) — B(u(r)) € L*>(0, T; V). (A.35)
Hence, the functional equation holds in the dual space V' with
u e LY30,T; V). (A.36)

Before we proceed, let us observe the following. With (A.36), we can now assert
that (A.22) holds for almost every ¢ in [0, T'], and we can take the scalar product of
(A.22) with u(z), for almost every #, in the duality (pairing) between V and V'. We
obtain

@' @), u®) + vlu@® >+ b@@), u@), u@) = E@), u@)).
In view of (1.5) or (A.33), there remains
@'@®),u®) +vlu@®)|* = E@), u@)). (A.37)

This relation is similar but not identical to the energy inequality (7.7). Namely, since
the function ¢ +— (u’(¢), u(¢)) is not known to be integrable (we know only that u
belongs to L2(0, T; V) and u’ belongs to L*3(0, T; V')), we cannot assert that

(', u) ! luf?
u,u)yy =-—|u
vhv 2dt

in the distributional sense.

We now proceed as follows. From the energy inequality (A.21), we can derive
a priori estimates for the weak solutions. Hereafter for simplicity we consider only
the no-slip and zero-average periodic cases, for which the Poincaré inequalities hold
(see (4.12), (4.13), and (4.14) in Chapter I). Then, using the Cauchy—Schwarz and
Young inequalities on (A.21), we find that

t l l t
/ lu(s)[I*ds < ~Ju(to)* + —— / I£(s)|* ds (A.38)
0 v VAl Jyg

for almost all #¢ (including to = 0) and all r with 0 <ty < ¢ < T. The following
a priori estimate can also be obtained, but its proof is more involved and is left to
Appendix B.1:
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1 t

lu(®)|®> < Ju(ro)|?e "1~ 4 T/ e VM=) ()2 ds (A.39)
VAL 1o

for almost all 7 (including 1o = 0) and all r with0 <7y <t < T.
In the particular case where f belongs to L>(0, T; H) (e.g., when f is time-
independent), the estimates (A.38) and (A.39) imply that

! 1 1
f la()[I*ds < =[u(o)|* + ——I€ll7ooqy.r 1) (E — 10) (A.40)
to v VAL

and
1
v22

lu(n)]* < u(to)Pe" 1070 + IE117 oo g0y (L — €710 (A4T)

For the weak solution given in Theorem 7.1, it follows in particular that

lu(@)* < Jugl?e ™" + €112 00 072 1) (1 — €771) (A.42)

V223
forallO0 <t <T.

If the forcing term f = f(¢) belongs to L°°(0, co; H), then any weak solution u =
u(?) defined for all # > O satisfies also the following a priori estimate:

T 1
f |[Au(r)|*?dr < C3<T + T) VT >0 (A.43)
0 VAL

for some constant C3 > 0 independent of 7. This estimate is particularly useful for
obtaining further regularity for the support of the stationary statistical solutions when
the forcing term is time-independent. The proof of this estimate is more involved
and is given in Appendix B.1; note that (A .43) implies that u(z) belongs to D(A) for
almost every ¢, even for weak solutions.

A.3 Weak and Strong Solutions of the NSE in Dimension 2

‘We now consider the 2-dimensional case.

A Priori Estimates Using the Energy Equation

Recall from Section 1 that the energy equation (7.12) is obtained by (a) taking the inner
product of the momentum equation with the solution u and (b) using the orthogonality
property b(u, u, u) = 0 of the inertial term. As in the 3-dimensional case, this orthog-
onality property actually holds in a more general sense. Namely,

b(u,v,v) =0 (A.44)

for any pair of vector fields u and v in V. This implies, in particular, the skew sym-
metry of the trilinear operator with respect to the last two arguments:

b(u,v,w) = —b(u,w,v), u,v,weV. (A.45)
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In the 2-dimensional case, the trilinear term also satisfies the following inequali-
ties for some appropriate constant c;:

|b(u, v, w)| < cilul?[ul|2v]*|Av]?|w|, ueV, ve D(A), we H; (A.46a)

|b(u, v, w)| < cilul?|Au|?||v|||w]|, ueD(A), veV, we H; (A.46b)
|b(u, v, w)| < cilul||v]/|w|"?|Aw|"2, ueH,veV, weD(A); (A.46c)
b, v, w)| < cilul"?ul|?v] [w]"? (w2, ueV, veV, weV; (A46d)
b, v, w)| < cila|Y?al|V2v|V2 v ]| 2w, ueV,veV, weV. (A.d46e)

These inequalities can be obtained by applying Holder’s inequality, the Ladyzhen-
skaya inequality (see Section 1.4)

lullzs@) < colul a2, uweV, (A47)
and Agmon’s inequality
lullz@) < c2lul/?|Aul2, we D(A), (A.48)
where ¢, is some appropriate constant. We also have the interpolation inequality
lull < colu]’?|Au]"?, weD(A). (A.49)
Brézis and Gallouet [1980] derived the useful inequality

|Au]?

1/2
W) , ueD(A), (A.50)

[all () < c2llul| (1 + log

which implies the following inequalities for the trilinear term:

|Au|2 1/2
[b(u, v, w)| < clllllIIIIVII(1 + log 2 2) Iwl,
jall
ueD(A),veV, we H; (AS5la)
|A3/2V|2 1/2
) Iwl,

b(u,v, < Av[l1+1
[b(u,v,w)| < cilul| VI( + log AV

ueH, veD(A), we H. (A.51b)

In the 2-dimensional case, the energy equation (7.12) in Theorem 7.3 means that a
weak solution u = u(#) on [0, T'] satisfies the integral equation

%|u<r>|2+v / lu(s)|I* ds = %|“(lo)|2+ / (f(s), u(s)) ds (A.52)

to
forall 0 < tg <t < T. In this case, it is straightforward to obtain the analog of the
a priori estimates (A.38) and (A.39) as

lu(@)|* < Juto)Pe™M10710) + I 11200 g, 1y (1 — €211 (A.53)

VA2

and
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! 1 1
f lu()*ds < —[uo)* + —— 1€ 17y o) (& — 10) (A.54)
to v vV )\.1

forall0 <ty <t <T.

A Priori Estimates Using the Enstrophy Equation

Further estimates can be derived from the enstrophy equation. This equation is ob-
tained by taking the inner product of the momentum equation with the vector field
Au. Upon doing so, we find that

%%Hu“z + v|Au|® + b(u, u, Au) = (f, Au). (A.55)
From this equation, one can obtain the following estimates:
la@®) |l < CUIfllo© 00: 1), V> ), t = T(|lugl, Ifllz00,00: ), V> ), (A.56)
la@)|l < C(e, uol, Il 001y, v, ), £ =& >0, (A.57)
la@®|l < Cllaoll, 11l ,00:1)> v, §2), 1= 0; (A.58)
also,

1 t+T
?/ lAu(s)Pds < CUIfll Lo isr:my. v, ). 1= T(lugl, I, v, ). (A59)
t

One can also show that
[Au(®)| < C(Ifll 2,00, 1), V5 2), ¢ = T(uol, IEll00,00;), V5 2),  (A.60)
[Au(®)| < C(e, lugl, Ifllzxe 001, v, ), > >0. (A.61)

Improvements in the 2-Dimensional Periodic Case

In the 2-dimensional periodic case with a vanishing space average, the inertial term
satisfies a further orthogonality property that enables us to obtain better a priori esti-
mates. The orthogonality property is that

b(u,u, Au) =0 (A.62)

for all vector fields in D(A). A useful consequence of this property can be obtained
by applying (A.62) to u + v and to u — v and then subtracting the results (or by dif-
ferentiating (A.62) with respect to u). This gives us the identity

b(v,u, Au) + b(u,v, Au) + b(u,u, Av) =0, (A.63)

which holds for all vector fields u and v in D(A). Similarly, differentiating (A.63)
with respect to u yields the identity

b(v,w, Au) + b(v,u, AwW) + b(w, v, Au)
+b(u,v, AW) + b(w,u, Av) + b(u,w, Av) =0, (A.64)

which is valid for all vector fields u, v, w in D(A).
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Now, with (A.62) in mind, the enstrophy equation (A.55) in the 2-dimensional
periodic case reduces to

1d 2 )
5 g eI+ viAu®]” = (1), Au(r)). (A.65)

This provides us with an estimate for the enstrophy which is similar to that for the
kinetic energy — namely,

. 1 e
@1 < uto)Pe™ 0 4 = 11,1 =€) (A66)
1

forall 0 <ty <t < T. We also obtain the estimate

! 1 1
/ |Au(s)* ds < ;||ll(t0)||2 + ;nfuix(,o,,;m(r — 1o) (A.67)
to

forall0 <ty <t <T.

Appendix B Proofs of Technical Results in Chapter I1

B.1 Energy Equation and A Priori Estimates

We now present the proofs of some of the a priori estimates mentioned in Section 7.

Proof of the Integral Form (A.19) of the Energy Inequality

Assume that the forcing term f = f(¢) belongs to L>(0, T; H) and let u = u(¢) be
a weak solution defined on [0, T']. As stated in Theorem 7.1, this solution satisfies
the energy inequality (7.5). In particular this implies that, for every nonnegative test
function ¢ € C2°(0, T) (i.e., ¢ is an infinitely differentiable, nonnegative, real-valued
function with compact support on (0, 7)), the following inequality holds:

T

1 T T
_5/ |11(S)|2</’/(S)ds+\1/ p(s)llu(s)|)* ds S/ p(s)(E(s),u(s))ds. (B.D)
0 0 0

It is also valid for any continuous nonnegative function ¢ that vanishes at t = 0 and
T and whose derivative ¢’ is integrable; this can be proven by approximating ¢ by a
sequence {¢,}, of functions in C>°(0, T') and then passing to the limit n — oo in the
relations (B.1) for ¢,,.

Let ¥ be a nonnegative function in C ([0, T1). For given tp and ¢ with 0 < 7y <
t < T, consider m € N such that 7o + 1/m < t — 1/m. For any such m, let 6,, be the
continuous piecewise linear function that equals 1 on [z +1/m, t —1/m], O on [0, #¢]
and [¢, T'], and is linear on [¢(, to + 1/m] and [t — 1/m, t]. Then (B.1) holds for ¢ =
Oy, and we have ¢’ = 0, + 0,,¢’. The relation (B.1) for ¢ = 6, reads
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1

lo+% 1 t
e G ACTIOr Sy R EITAC IO

1 to+$ 1 t
-3 / () On()¥"(s) ds = = / ()P ()9 (5) ds

T T
T / o(s)u(s)2ds < / o(s)(E(s), u(s)) ds. (B.2)
0 0

Using the Lebesgue differentiation theorem (See Appendix A.5 in Chapter IV), we
can pass to the limit as m goes to infinity in (B.2). From the choice of 6,,, and since
Y is continuous and |u(-)|? is integrable (it is essentially bounded) on (0, T'), the first
two terms in the LHS of (B.2) converge to

—u(to) Py (to) + Flu® >y (1),

provided #( and ¢ are Lebesgue points?° of |u(-)|>. The next two terms in the LHS of
(B.2) vanish at the limit. Then we find that, for any pair of Lebesgue points #( and ¢
of Ju(-)|? (hence, almost everywhere) with 0 <ty <t < T,

1 t
5|u(r>|2w> +v / Y(s)llu(s)||* ds

1 t
§§|u(t0)|2¢(to)+/ Y(s)(E(s), u(s))ds. (B.3)

The next step is to obtain (B.3) for every ¢ in (¢, T']. For that purpose, fix an arbi-
trary t > to, with o a Lebesgue point of [u(-)|? in [0, T). Let t; be a sequence of
Lebesgue points of [u(-)|> converging to ¢. Hence, (B.3) holds with 7 replaced by 1.
From the weak continuity in H of the weak solution, we find

lu(t)|* < liminfu(t;)|.
Jj— o0

Hence, by passing to the limit j — oo in (B.3) (with #; instead of ), we obtain that
(B.3) holds for any ¢ and any Lebesgue point 4 of [u(-)|?, as well as for any nonneg-
ative function i in C'([0, T1). Thus we have established that, for any nonnegative
C! function Y on|[0, T], any ¢ in [0, T'], and any Lebesgue point 7y of [u(-)|? (hence,
for almost every #() and with 0 < ¢y < ¢ < T, the following inequality holds:

1 t
5|u<r)|21/f<z> +v / Y(s)llu(s)||* ds

1 t
§§|u(t0)|2¢(t0)+/ Y(s)(E(s), u(s))ds. (B.4)

In particular, by choosing ¥ identically equal to 1, we prove the energy inequality
(A.19).

Finally, we want to establish that 1y = 0 is a Lebesgue point of ¢ — |u(¢) |2 (i.e.,
that (B.4) holds also for ¢ty = 0). For that purpose we work directly with (7.5). First

20 The Lebesgue points of a function are defined in footnote 9.
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notice that (7.5) holds for any continuous, nonnegative function y that vanishes at
t = T and whose derivative ¥’ is integrable; this can be proven by approximating
by suitable functions as we did for (B.1). Then, for any 7 such that 0 < t < T, take
¥ to be identically equal to zero on [z, T'], linear on [0, 7], and such that {(0) = 1.
Then we obtain

T 1 1 T
/ {2—|u(r>|2 + v||u(r>||2w(t>} dt < =[u(0)]* + f @), u@)y(t)dt. (B.S)
o |2t 2 0
Let T go to zero to find that

1 T

lim sup — / lu(®)|> dt < [u(0)>. (B.6)
=0+t T Jo

From the lower semicontinuity of # — |u(¢)|>, which follows from the weak conti-

nuity in H of the weak solutions, one can show the opposite inequality in (B.6) — and

with lim inf instead of lim sup . Hence, o = 0 is a Lebesgue point of ¢ — |u(t)|>.

Proof of the A Priori Estimate (A.39)

We start from the energy inequality (B.4). We bound the term with the volume forces
using the Poincaré inequality:

1 1 s Vs
(., w) < |f|ju] < Wlflllllll = mlfl + 5 lull™.

Hence, we obtain
t 1 t
la(®))*y(t) +v / Y(s)lluls)|I* ds < |1l(fo)|21/f(l‘0)+v—M / W(s)If(s)|* ds.

Choosing ¥/(¢) = exp(vA;t) and neglecting the second term in the left-hand side
yields
1 t
O P < )P+ — [ )P ds,
VA

to

which implies (A.39).

Proof of the A Priori Estimate (A.43)

Assume that f = f(¢) belongs to L*°(0, oo; H) and let u = u(z) be a weak solution
defined for all + > 0. We know (see Section 7) that there exists a relatively open set
o C [0, 0o) of total measure in [0, co) such that u is a strong solution on the intervals
of 0. For each T > 0 consider the open set o7 = o N (0, T). Let {(«;, B;)}; be the
connected components of o7, so that o7 = | J(«;, 8;) and u is a strong solution on
each (o;, B;). We also know that each [«;, B;) is a maximal interval of regularity of
the weak solution, where “regularity” is used in the sense of being a strong solution
on that interval. Note that the family {(«;, B;)} depends on T, but for simplicity we
omit this fact from the notation. Then, on each subinterval («;, 8;) we are allowed
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to take the inner product of the momentum equation with Au, which implies (using
(A.26) and Young’s inequality) that

1d
muun2 +v]Aul* < [£(0)]* + Collul® (B.7)

on (a;, B;) for each i and for some constant Cy > O that is independent of i. From
(B.7) and the assumption that f belongs to L>°(0, co; H), we have

1d
Muun2 + v]Au]? < Ci(W2AY? + |ju?)? (B.8)

for another constant C; > 0. Note that vz)\ll/ * has the same physical dimension as
lu|®. Divide (B.8) by (v2A{? + [[u]|*)? to find that

d

(L+ [ul?)? dr

v|Au|?

R e = 2O
1

laf? + 2

upon integration on (¢, B), for o; < o < B < B; we obtain

1 1 A |Au(t)|?
T 24172 2+ 241/2 2+2v 24172 242
VAT H BT v+ (o)l o WA+ a7

/ 241/2 2
52c1/ W2l 4 a1 dr.

Because [«;, f;) is a maximal interval of regularity, it follows that |ju(8)]| goes to
infinity as 8 /' B;. Hence, we find

B Au@P i
“/ GO P = / W3+ @) dr
«; 1 o

Summing up this result in i yields
|Au()[?
or WA + lu()]?)?
Since o7 has total measure in [0, T'], the preceding inequality means that
T T
’ /0 (v2x11/|;4:(|t|:1|(2t)||2)2 @r=a /0 OB+ uyds. B9
We infer from (A.40) that

dr < cl/ W32 + lu@))?) dr.
or

! 2 2, T o
v [ fla@®)f"dt < lao|”+ —If|" VT >0, (B.10)
0 VA

and we deduce from (B.9) that

u/T |Au(n) dt<C( L 1w |2+T> VT>0 (Bl
o WA+ un»? T T LW = ‘

for some constant C, > 0 independent of 7. Using the Holder inequality, (B.11), and
again (B.10), we then see that
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A 2/3
/ [Au® dr = / e 2»/'2 :(ﬁll(z)n 7 7R+ RO di

! A 2 2/3
S</o <v2x|1/2uf)||| &S ) (/ ("2*”2+Ilu<t)||2)dr>

1 , 1/3 1 , 2/3
SC3<W|U0| +T) <m|uo| +T) ,

r 1
/ |[Au(r)|*3dr < C3(ﬁ|uo|2 + T) VT >0 (B.12)
0 v )‘1/

so that

for some constant C3 > 0 independent of 7. This finishes the proof of (A.43).

B.2 Time Analyticity

We now prove the estimate (8.8) concerning the time analyticity of the strong solu-
tions of the 3-dimensional Navier—Stokes equations.
The NSE can be extended to complex times ¢ € C as

d_ll + vAcu+ B(u)c =f, (B.13)
d¢
where u = u(¢). Given uy € V (or even H, for that matter), the Galerkin approx-
imation of (B.13) has an analytic solution with u(0) = u that is defined for ¢ in
a complex neighborhood of the origin. For this local analytic solution, the a priori
estimates that we are about to derive formally can be obtained rigorously.

For notational simplicity, in the following computations we drop the subscript C
for the inner products, norms, and operators defined previously. We only keep, for
clarity, the subscript C for the functional spaces.

We fix 8 € (—n/2, m/2) and consider the time ¢ = se®® for s > 0. We want to
compute the derivative

——||u< e)|? ———<u<se'9) Au(se™))
< pdu ) 1< 0 du)
e’ —, Au | + u,e’A
—2\" 4 2 d¢

= Ree d_u, Au |,
d¢

where in the last step we used the fact that the real Stokes operator is self-adjoint and
thus the complexified Stokes operator is hermitian. Then, using (B.13) we find

1d A
5d—||u(se’9)|| +vcos@|Au(se’)|? + Reeb(u, u, Au) = Ree’(f, Au). (B.14)

From the definition of the complexified trilinear operator b, it is clear that each es-
timate for the real operator leads to a similar estimate in the complexified case, but
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with a larger multiplying constant. From the estimate (A.26b), for instance, the fol-
lowing estimate holds (can be proved) in the complexified case:

|b(u, u, Au)| < cil[u¥?|Au|*? (B.15)

for a constant ¢;, which may be larger than the one for the real case.?! An application
of Young’s inequality to (B.15) yields

vcosf 2 co 6
|b(u, u, Au)| < |Au|” + ————lu|| (B.16)
V> cos’ 0
for another constant c,. For the forcing term, we use
cosf 1
(£, Aw)| = 2527 | Au? + ——[f). (B.17)
4 vcosf

Hence, as in Section 8, we deduce the inequality

< Ju(se™) | + v cos 6] Au(se)? < P+ 2l (BS)
ds vcosf v3cos3 o
Note that on a time ray of fixed angle 0, the role of the viscosity is played by v cos 6,
which decreases with |6].
Setting
¥(s) = llu(se™)|?,

we see that

| |2 26‘2 3

f —y". B.19
v cos 6 + v3cos39y ( )

y' =
This expression is of the form
y <a+by?.

Divide (B.19) by (¢ + y)? with ¢ = v2A1/? (hence c has the same dimension as y in
the 3-dimensional case; in the 2-dimensional case we take ¢ = vZA;). Then integrate
between s and s to find

K 3
1";5/( a by )dsf(a—i-b)(s—so).

T2di (et )2 1’ ery)r

Thus,
¢+ y(so)

(a@+b)(s — so)(c + y(50))%

c+y(s) = i

Hence, as long as
1

s —850 < s
2(a + b)(c + y(s0))?

it follows that
¢+ y(s) = vV2(c+ y(s0)).

21 Actually, we prove (B.15) and other similar inequalities by simply writing u = u; + iuy,
expanding by linearity, and using the inequalities for real-valued vector fields.
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Therefore, if

2 ey 22 o ! (B.20)
s .
v cosé v3cos3f ) T 2(c + |lugl|?)?

lu(se™) | < V222 + Juol?). (B.21)

then we have

Now consider the open set

A(llaoll) = A(laoll, If], v, )

" b4 2 ) 2¢y
—le=se 101 <Z, 0 24+ 2
{{ sevs 16] < 2 <S(vc0s9| | +v3cos36’>

1
< . B.22
20742 + Jluol*)? } (B22)

This set is a domain of analyticity of the solution u = u(¢). The origin ¢ = 0 be-
longs to the closure of A%(|lugl|), and A°(|lug]|) is a neighborhood of the real time
interval where the solution is strong. Inside this domain we have

la@)? < V2022 + ugl?)  for ¢ € A(Juoll, If], v, Q). (B.23)

B.3 Bilinear Estimates in Gevrey Spaces

We want to prove the estimates (9.12) and (9.13) in Section 9. We borrow the proof
from Foias and Temam [1989]. We write (see Section 5)

. omiky
u(x) = Z Uge L7,

keZd
wx) =y BN, il = My
keZd
We use similar notations for v and w. We have
(B(u,v),w) = Qli Y (f- ;- W), (B.24)
j+k=1

where j, k, 1€ VAS Similarly,

(™ B(u,v). eAw) = |Q0i " (- J)(F5 - W 122N

j+k=1
=1Q1i Y @ HE; - WPk,
j+k=1
Since
N — k| = [jl = [k +jI — k| = [j| <0,
we have

2 *
™ B(u,v), e Aw)| < Q1 Y [ag]1§1195 1% 1. (B.25)
jtk=1
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The RHS of (B.25) is equal to the integral

/ E)Y(X)0(x) dx,
Q
where
JTik-X o1~ K m‘i-x A ﬂil-x
EX) = Y Jiple? Y, y(x) = YOI, 00 = Y Pl
kezd jezd lez4

This integral can be estimated exactly as (B(u*, v*), Aw*). Hence, the standard esti-
mates for the nonlinear term (see Appendix A) allow us to obtain, for instance, (9.12)
and (9.13)

B.4 Time Analyticity in Gevrey Spaces

We now prove the estimates (9.21) and (9.26) concerning the time analyticity of the
strong solutions of the Navier—Stokes equations as functions with values in Gevrey
spaces. Recall that the norms appearing in (9.21) and (9.26) were defined in (9.11).

Analyticity in the 3-Dimensional Case
The forcing term f is assumed to belong to a Gevrey space:

feDE ") (B.26)
for some o > 0.
The Navier—Stokes equations can be written for complex times ¢ € C as

du
E + vAu+ B(u) =f, (B.27)

where u = u(¢). Given ug € V (or even H), the Galerkin approximation of (B.27)
has an analytic solution with u(0) = uy that is defined for ¢ in a complex neighbor-
hood of the origin. For this local analytic solution, the a priori estimates that we are
about to derive formally can be rigorously justified.

We fix § € (—m/2,7/2) and consider the time ¢ = se’ for s > 0. Later, we
will restrict 6 to the interval (—m/4, w/4). At the initial time { = 0, the solution
u(0) = u belongs only to V but not necessarily to any Gevrey-type space. We will
show that, as the real part of the complexified time increases, the solution becomes
Gevrey-regular and the width of the space analyticity (measured by the parameter o)
also increases. To account for this increase in the width of analyticity, we consider
the parameter o as a function 0 = (s cos ) of the real part of the complexified
time. We will show that, for an appropriate function ¢ = ¢(s cosf), we have the
regularization

u(sem) c D(Al/Zego(scosO)Al/z

)

for s positive and small enough. For simplicity we assume, in view of the assumption
(B.26), that ¢ < o and, moreover, that the bound ¢’ < vkll/ 2 holds.??

22 See footnote 13.
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With all this in mind, we wish to compute the derivative

1d
Ed—Hu(S@ )”(p(YCO?@)

— 11|A1/2 @(scosf)A2
2ds

d , . , .
= Re <<d_(e‘ﬂ(3 C059)A1/2u(S619))’ e‘ﬂ(X C059)A1/2u(S619)>> ) (B.28)
N

u(sei9)|2

Using
d . ; ) .
d_(eq;(é cosG)Al/2u(SetG)) — /(5 cos 0) cos AV 29 (s cosO)Al/zu(seIO)
s
. d .
+ £/%?C °°S9)A1/2—u(se10), (B.29)
dg
we find from (B.28) that
1d i / i0 1/2
Ed—Hu(se )”w<sc059> @'(scosB)cost Ree” (Au, A7 ")y (scos6)
(d .
+Re e'9<—“(se'9), Au) . (B.30)
dC @(scosb)

Omitting the arguments of u = u(se’®) and ¢ = ¢ (s cos §) for notational simplicity,
we obtain via equation (B.27) that

1d 2 2 / 1/2
E%llu”‘/) + vcosf|Aul, = ¢'(s cos ) cos0(Au, A’ u),

—Ree”(B(u), Au), + Ree”(f, Au),. (B.31)

Using estimate (9.12) for the nonlinear term, using that ¢’ < vA!/2, and using the
Cauchy—Schwarz and Young inequalities, we have

1d 2
——||u|| +vcosO|Aul,

2ds
1/2
< v{?cosO|Aul,ull, + cillull¥?|AulY? + [f],|Aul,
v cosf 3 3 6 2
< Au —vk cosf@|ul|? + ———|lu f
< |Aul? 1cosOlul? U3COS39|| I+ 5 If15
vcosf 1
< |Aul? + ~1°272 cos® 0 + ———u] If12

v3cos? 6 osg 0 2v cos @

where c3 and c4 depend only on the shape of the domain 2. Thus, using also assump-
tion (B.26) for the forcing term and that ¢ < o7, it follows that

3/2

2 VA @, (B.32)

i||u||2 +vcosf|Aul’ <
4 ¢ —

ds +

v3cosd 0

where u = u(se’) and ¢ = ¢(s cos@). Now, assuming |§| < /4 and defining
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1 012
y(s) =1+ WIIU(SE s cos 0y (B.33)
we see that 4
i < viiay’, (B.34)
ds
where f
342
a=144v2c, + W'“i- (B.35)
VoA

Notice that a is nondimensional and that y(s) is a nondimensional function of time.
Then, as long as

0e _Z, il , 0=<s < To(lluol), (B.36)
4 4
where

33

To(Jju = To(Jluoll, |f]e;, v, 2) = , B.37
0(” 0”) ()(” 0” | | 1 ) 861(1)2)\,11/2+ ||ll0||2)2 ( )

we obtain y(s) < 2y(0); that is,
[uCse™) 12 s cosgy < V22T + 2[[uoll. (B.38)

In view of our assumptions that ¢’ < vkll/ % and ¢ < o1, we can consider ¢(§) =
min{vkll/ 2‘;‘ ,o1} for all £ > 0. This choice of ¢ is not continuously differentiable,
but it can be approximated by continuously differentiable functions (satisfying the
required assumptions) so that (B.38) holds for this choice of ¢. Then we define the
region

A (ol = A (laoll, Iflo,, v, )

i0 7
= = ;10 —,
{{ se 0] <

0 < s < To(luoll, [flo, v, ), vAY’s|sin6] < 01}. (B.39)

This set is a domain of analyticity of the solution u = u(¢) of the complexified
Navier—Stokes equations. The origin { = 0 belongs to the closure of Aoal ([lag]]), and
AOUI (Jlugll) is a neighborhood of the real time interval where the solution of the (real)
NSE is strong. Moreover, for the closure of this domain we have

WO sesemmrnrzy < VAT +2lluol” for ¢ €AY (uoll, Ifly,, v, Q). (B.40)

As mentioned before, these estimates are first obtained for the Galerkin approxi-
mation of the solutions. Then, we pass to the limit to find that the strong solutions are
analytic in time from A, (|luol|) into D(A"?exp(¢(s cos ) A'/?)), where ¢(§) =
min{vkll/ 25, o1}, and that the strong solutions satisfy the same estimates as their
Galerkin approximation.

In summary, we have shown (as in Section 9) thatifug € V and f € D(exp(o1A4"?))
with o1 > 0 then there exists To(|[uoll, |f]s,, v, 2), given by (B.37) and (B.35), such
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that: (i) the corresponding strong solution with u(0) = ug of the Navier—Stokes
equations can be extended to a solution of the complexified NSE (B.27) that is ana-
Iytic from A%l(||u0||, If]5,, v, Q) into D(AV? exp(p(scos@)A?)), where ¢(£) =
min{vkll/ 25 ,o01}; and (ii) on the closure of this domain of analyticity, the estimate
(B.40) holds.

Analyticity in the 2-Dimensional Periodic Case

In the 2-dimensional case, owing to the uniform bound on the enstrophy of the strong
solutions, the domain of analyticity can be extended to a neighborhood of the whole
positive real axis. Moreover, we can use more favorable estimates for the nonlinear
term to obtain a wider width of analyticity. The estimate we use for the nonlinear
term is given by (9.13), and the calculations are similar to the 3-dimensional case —
up to equation (B.31). Then, we use instead (9.13) to find that

ld 2 1/2
5%”“”4@ + vcosG|Au|w < v/ cos6|Aul,lull, + [f|,|Aul,
+ callul?|Aul, | 1+ 1o | Auly \"*
21812 &l

v cosf
<
- 2

2
If]

3
Aul?> + Zvi, cosO|ul?
| |“’+2V1 I ”“’+2v0059 v

3c3 4 |Aul?
1+1 s
2vcos€”u”“’ +log Al

|Aul? +

v cosd 1
< f2 - 3)\12 39
- 2 2vcos9| |¢’+2U 1608

2
Cs 4 [Aul;

+ u 1+1o ,
vcos@” ”‘p< g)»1||u||(%

where c¢5 depends only on the shape of the domain 2. Then, using the assumption
(B.26) on the forcing term and that ¢ < oy, we have

d 3
a”u”é + vcos@lAu@ < v |f|(2,] + v3)ﬁ cos’ 6
2es |Aul2
+ ull;{1+1o . B.41
Ucwen|u< B Sl (B.4D)

We now handle the logarithmic term as follows. First define

2
 Aup

= .
allul2

(B.42)

Then we can gather a few terms from (B.41) and write
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vcosf 2¢s |Au|?
. Aul? 4141 ¢
5 Aul, T vcos9”“”¢< +log Jllul
2 26‘5 2
= ||u||¢ —v)»lzcose+—||u||(p(1+10gz) . (B.43)
v cos 6

The RHS of (B.43) can be written as a function of z in the form
—az+ B +logz) (B.44)
for z > 0, which has a global maximum at z = 8/«, so that
—az+ (1 +logz) < Blog(B/a). (B.45)
Therefore, we find from (B.43) that

vcosf 2cs |Au|2
— Aul? + u*(1+10 ¢
5 Al s Ul il
2cs 4 4es|ua?
< ul|’ log——. (B.46
~ vcosf Il log Av2cos? 6 ( )
Inserting this estimate into (B.41) yields
d , vcosf 2 3 2 3.0 3
$||u||¢ + > |Auf, < vcos0|f|”‘ + v'Ajcos’ 6
2cs5 4 4Cs||u||é
———|lul| log ————— B.47
+ vcos@” ly gklv2cos29 ( )
with u = u(se?) and ¢ = ¢ (s cos0). Defining y by
46‘5 .
— 2 i0\ 12
y(is)=e+ m| o+ WH“(W Mlipes cos o (B.48)
we see that p
d—y < viicey?log y, (B.49)
s

where cg is a constant depending only on the shape of the domain Q. If y(s) < 2y(0),
then

i% < vhicey*log2y(0). (B.50)
Hence, as long as |
0 S K ear (@) log 2(0) (83D
we have y(s) < 2y(0); this implies that
lu(se™)I? < c7aw? + 2w, (B.52)

@(scosb)
where c7 depends only on the shape of the domain. Thus, (B.52) holds as long as

T T

e [_Z’ Z}’ 0 <s =< To(lluol)), (B.53)

where
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To(llaoll) = To(llaoll, |£ls,, v, €2)
f], 2 f), 2\1™
_ [ch(]Jr I, N fluoll >logC9<1+ I, n fluoll )} (B.54)

1)2)\.1 Uz)nl 1)2)\.1 1)2)»1

(here cg and cg are constants depending only on the shape of the domain €2). As be-
fore, we can choose ¢ (§) = min{vkll/ 23;, o1} for £ > 0. Then we define the region

A (o) = A (laoll, Iflo,, v, )
i0 s
el = ’ 6 -,
{{ se 0] < 1
0 < s < To([uoll. flo,, v, ), vAY?s|sin 6] < 01}. (B.55)

This set is a domain of analyticity of the solution u = u(¢) of the complexified
Navier—Stokes equations. The origin ¢ = 0 belongs to the closure of A(zrl(||u0||).
Moreover, on the closure of this domain we have

U g commary < €720 +2[uol> - for ¢ € A% (luoll, [floy, v, @), (B.56)
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Finite Dimensionality of Flows

Introduction

In principle, the idea that solutions of the Navier—Stokes equations (NSE) might be
adequately represented in a finite-dimensional space arose as a result of the realization
that the rapidly varying, high-wavenumber components of the turbulent flow decay
so rapidly as to leave the energy-carrying (lower-wavenumber) modes unaffected.
With the understanding gained from Kolmogorov’s [1941a,b] phenomenological the-
ory (see also Section 3), it appeared that, in 3-dimensional turbulent flows, only
wavenumbers up to the cutoff value k; = (¢/v3)'/* need be considered. This is the
boundary between the inertial range, which is dominated by the inertial term in the
equation, and the dissipation range, which is dominated by the viscous term. As ex-
plained by Landau and Lifshitz [1971], the question is then reduced to finding the
number of resolution elements needed to describe the velocity field in a volume — say,
a cube of length £, on each side. Clearly, if the smallest resolved distance is to be
L4 = 1/k4, then the number of resolution elements is simply (£9/£4)%. On adduc-
ing some phenomenological and intuitive arguments, it was argued that this ratio is
Re”*, where Re is the Reynolds number. An alternate way to count the number of
active modes is as follows: since these modes are those in the inertial range, their fre-
quency « satisfies kg < k < k4, with kg = 1/£¢; we conclude that, for k;/k( large,
that number is of the order of (Kd/K())3 = (Eo/ﬁd)3.

A similar approach in the case of 2-dimensional turbulent flows leads to the esti-
mated number of the resolution elements as (£ /@,7)2 = (ky /ko)?, where £, is the
so-called Kraichnan cutoff length and «,, = 1/£,,. Again, phenomenological and in-
tuitive arguments lead to the conclusion that here this ratio is simply Re.

Most of this chapter is devoted to determining the extent to which these estimates
are realistic. Such an exercise is important because the estimates (perhaps we should
say “guesstimates”) just described are, in practice, very large numbers — sometimes
beyond the capabilities of modern computational resources. This barrier to com-
putational fluid dynamics tempts the practitioner to seek low-resolution models of
turbulent flows. However, this would be an egregious error, especially if one de-
scends to such models as the Lorenz [1963] three-mode model of convectively driven
turbulence. It is now known that the chaotic behavior of that model is an artifact
of its severe truncation (see Treve and Manley [1982]), leaving behind essentially a

115



116 IITI  Finite Dimensionality of Flows

caricature of the true system. The Lorenz system is still extremely instructive because
it shows that deceptively simple nonlinearities can lead to chaotic, turbulent-like be-
havior, but it definitely is not an adequate model of real convective turbulence.

On the mathematical side, the first type of finite dimensionality result appeared
in the work of Foias and Prodi [1967]; finite dimensionality was also alluded to by
Ladyzhenskaya [1972]. Then, Foias and Temam [1979] showed that the attractors of
the Navier—Stokes equations have finite dimension. As we shall explain, this work
was followed by subsequent efforts in three different directions: (i) generalizations
of the work of Foias and Prodi [1967]; (ii) making connections with the approaches
of Kolmogorov and of Landau and Lifshitz; and (iii) exploring some numerical ap-
plications. As mentioned in the Preface, we will not explore numerical applications;
this chapter is thus devoted to the first two directions.

In Section 1 we study the proposition that NSE solutions in terms of eigenmode
expansions can be represented by a large but finite number of so-called determin-
ing modes. The case of 2-dimensional flows with different boundary conditions is
explored in some detail. It turns out that the upper bounds on the number of deter-
mining modes for the no-slip and periodic boundary conditions is somewhat larger
than the corresponding estimates arrived at by the nonrigorous arguments mentioned
earlier. One may believe that the larger values are overestimates generated by the
limitations of the available functional analysis tools; namely, the inequalities we use
lead to upper bounds only and so the end results of this (and the following) section are
at best sufficient conditions. Nonetheless, evidence exists that such estimates are op-
timal; in particular, the lower estimates on the dimension of attractors by Babin and
Vishik [1983] and Ziane [1997]. The resolution of this apparent contradiction would
be that there are indeed many active modes but only a few of them are significant.
This is only a speculative thought, and there is still much work to do in reconciling
the very large estimates on the numbers of degrees of freedom (from the mathemat-
ical theory as well as from the conventional theory of turbulence) with the practical
needs of engineers and the practical limitations in computational fluid dynamics.

Section 2 deals with the so-called determining nodes — that is, the question of
the necessary set of points in the configuration space at which the evolution of a 2-
dimensional turbulent flow must be followed so as to obtain a faithful representation
of the flow. Not surprisingly, the bound on the number of these nodes, for the corre-
sponding boundary conditions, is essentially the same as in the case of eigenfunction
expansions.

Because of the fundamental difficulties with the solutions of Navier—Stokes equa-
tions in three dimensions, no significant effort is expended here on the corresponding
numbers of determining modes and nodes. However, for some partial results the
reader is referred to the original papers: Constantin, Foias, and Temam [1985b], Con-
stantin, Foias, Manley, and Temam [1985a], and Foias and Temam [1984].

Section 3 takes a completely different approach to the question of finiteness of the
function space in which the permanent solutions to the NSE reside: studying the prop-
erties of their attractors. These entities contain the solutions for all possible initial
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conditions after a long time. Clearly, the attractors are invariant in the sense that, if
an initial condition happens to be on the attractor, it stays there forever by defini-
tion. An important attribute of an attractor is its dimension, that is, the number of
orthogonal coordinate axes in the space in which it exists. That space is necessarily a
subspace of the function space of the solution. The practical use of this attribute, say
dim(A), lies in its relation to the number of degrees of freedom of the solution (e.g.,
the number, say n, needed to parameterize the attractor) n < 2dim(A) + 1 (see e.g.
Maiie [1981], Foias and Olson [1995], Robinson [1998, 1999], and Friz and Robinson
[2000]; see also Eden, Foias, Nicolaenko, and Temam [1994] and Takens [1985]).
Before we proceed with the description of our results, let us recall the concept of
dimension of a fractal set. Although many other definitions are available, only two
notions of dimension will be considered here: the Hausdorff and the fractal dimen-
sions. The fractal dimension of a bounded set X in a metric space H is defined by

dp(X) = limsup M,
s—o+ In(1/6)
where Ny (§) is the smallest number of balls of radius § necessary to cover X (which
may be infinite, since X is not required to be compact). The definition of Hausdorff
dimension is slightly more involved and is done through coverings of X by balls of
radii not larger than § and counting their total volume. More precisely, givend, ¢ > 0,
we first define the quantity

0.1

uu(X.d. e) =inf Y rfl, 0.2)
iel
where the infimum is for all coverings of X by a family {B;};c; of balls of radii r; <
e. Clearly, uy (X, d, ¢) is a nonincreasing function of . The quantity uy(X,d) €
[0, oo] defined by

/’LH(X»d) = IIH})MH(Xv ds 8) = Sup/*LH(Xa dvg) (03)
&> e>0

is the d-dimensional Hausdorff measure of X. It is easy to see that, if u(X,d’) <
oo for some d’, then g (X, d) = 0 for every d > d’. Thus, there exists d € [0, 0o]
such that uy(X,d) =0ford > dyand uy(X,d) = oo ford < dy. This number d
is called the Hausdorff dimension of X and is denoted dg (X ). The fractal dimension
can also be defined similarly to the Hausdorff dimension by taking only coverings of
X by balls of radius exactly ¢. The reader is referred to Federer [1969] for the proper-
ties of Hausdorff measures and dimension; see also Falconer [1985]. The Hausdorff
dimension is always smaller than or equal to the fractal dimension. They are usually
different, and it can even happen that the fractal dimension of X is infinite while its
Hausdorff dimension is zero.

We start again with flows in two dimensions. Preliminary to the actual estimation
of the attractor dimension, it is necessary to discuss the concept of compactness. This
may seem to be an exercise in pedantry, but its importance in the present case is shown
by the following consideration. One readily appreciates that continuous functions on



118 IITI  Finite Dimensionality of Flows

any finite bounded interval of the real line have the intuitively obvious fundamental
property of achieving there their maximum and/or minimum. In more abstract set-
tings, such as the present case of multidimensional function spaces, we need a similar
property — that is, compactness — which is necessary for arriving at best approxima-
tions, iterated solution methods, and so forth. It must be noted that not all spaces
have such a property. Hence we must exercise care, especially since one can invent
simple counterexamples — even in the 1-dimensional case, where compactness does
not prevail (see Wouk [1979]).

Initially, the dimension of the attractors for the Navier—Stokes equations was cal-
culated by exploiting the available Sobolev inequalities and then employing the re-
lationship between that dimension and the prevailing Lyapounov exponents, as first
conjectured by Farmer, Ott, and Yorke [1983]. This effective (but somewhat cumber-
some) approach was significantly simplified by the use of the Lieb—Thirring [1976]
improvement of the Sobolev inequalities, introduced for the NSE by Temam [1986].
Here one need not deal with the hard-to-obtain Lyapounov exponents; instead, one
uses the well-known eigenvalues of the orthonormal functions arising in the Lieb—
Thirring inequalities to calculate the attractor dimension. Apart from the simplifica-
tion, the estimate of the attractor dimension is improved and yields dimensions that
are comparable to those estimated in terms of the ratios (arrive at phenomenologi-
cally) of the macroscopic lengths to the cutoff lengths.

The last part of this section addresses the dimension of the attractor for flows in
three dimensions. Backed by the empirical evidence that — at least at the macroscopic
observational level — real turbulent flows evince no singular behavior, it is assumed
that there exists a subset of solutions in the relevant function spaces that is regular.
For those solutions one can then calculate the dimension of their attractor by methods
outlined in the preceding paragraph for the 2-dimensional cases. The result shows
that the conventional, phenomenological estimate of Re®* is actually an upper bound
for the attractor dimension.

Section 4, the final section of this chapter, addresses a means for decreasing to a
manageable size the number of modes needed for calculating the solutions to Navier—
Stokes equations. Until recently, such efforts were confined to using somewhat con-
troversial “closure approximations.” It has now been realized in the context of the
general theory of nonlinear partial differential equations that, for some of these equa-
tions, the high-wavenumber components of the spectrum could be expressed uniquely
in terms of the low-wavenumber components, forming the so-called inertial mani-
folds. Unfortunately, the available necessary conditions for the existence of such
manifolds have not been shown to hold for the NSE; this is related to the property
of fluid turbulence that all length scales are present in the turbulence. However, it
has been shown that an approximate inertial manifold can be constructed for tur-
bulent solutions (see Foias, Manley, and Temam [1987a, 1988b]). This suffices for
constructing an approximate Navier—Stokes equation whose attractor can be made
arbitrarily close to the attractor for the exact equation. This implies that the exact solu-
tion to the approximate equation (or model) can be made arbitrarily close to the exact
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(though perhaps uncomputable, in practice) solution. Three practical consequences
of the existence of the approximate inertial manifold have been realized: (1) novel
time-saving computational algorithms, the nonlinear Galerkin method (Marion and
Temam [1989]) and the “incremental unknown” methods that operate in the context
of the spectral methods, the finite element methods, and finite differences (see e.g.
Dubois, Jauberteau, and Temam [1999], Costa, Dettori, Gottlieb, and Temam [2001],
and Faure, Laminie, and Temam [2001]); (2) an effective viscosity accounting for
the relegation of the high-wavenumber components to the approximate inertial man-
ifold onto which the evolution of the low-wavenumber components is constrained
(Foias, Manley, and Temam [1991]); and (3) the recognition that an n-mode eigen-
mode expansion of the solution to the approximate Navier—Stokes equation yields
an accuracy comparable with a 2n-mode approximate solution of the exact equation
(see Garcia-Archilla, Novo, and Titi [1999]).

Elements of the Mathematical Theory of the NSE

For the reader’s convenience, we now recall, from Chapter II, some elements of
the mathematical theory of the Navier—Stokes equations that will be needed in this
chapter.

We consider the Navier—Stokes equations

u, —vAu+ (u-Vyu+ Vp =f, (0.4a)
V.-u=0, (0.4b)

in Q c RY (d =2 or 3) with v > 0 and f = f(x). We endow the system with either
the no-slip boundary conditions or the space-periodic boundary conditions. In the
first case we assume more precisely that

Q C R? is open, bounded, and connected, with a C? boundary

9. 0.5)
and require that
u=0 onoQ. 0.6)
In the space-periodic case, we assume that
d
L L; .
Q= —,— ), L;>0,i=1,...,d, 0.7
]]( ) ) >0, i 0.7)
and require that
u=u(x,t), p=p(x,t),and f = f(x) withx = (x4, ..., x,) are
Lo . 0.8)
L;-periodic in each variable x, ..., xg4;

for simplicity,

f f(x)dx = / u(x,t)dx =0. 0.9)
Q Q
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We now recall the mathematical setting of the problem. In the no-slip case, we
denote by V the set of smooth (say, C*°) divergence-free vector fields on €2 that are
compactly supported in 2. In the space-periodic case, V is the space of smooth (C*)
divergence-free vector fields on R¢ that are periodic with period 2. In either case we
let H be the closure of V in L2(22)? and let V be the closure of V in H(Q)?. In H
and V we consider (respectively) the scalar products

(u,v) =fu(X)'V(X)dX, (u, v)) _/Z o _dx
Q

ox; 0x;
and the associated norms, denoted by
lul = (u,w)”? for ueH, vl = (v,v)"/? for veV.

We recall that the spaces H and V can be characterized as follows. In the no-slip
case,
H={uel*(Q)¢% V-u=0, u-n|yg =0}
and
V={ueH' @ V-u=0, ulse =0},
where n denotes the outward unit normal to 0€2. We remark that u - n| 3 makes sense
whenu e L?(Q)? and V - u = 0 in the distribution sense. In the space-periodic case,

H = {u € Lier(Q)d -u=0, /Qu(x) dx = O}
and
V= {veHI',er(Q)d; V.u=0, /Qu(x)dx=0},

where H]. (Q)¢ is the space of R¢-valued functions u defined on R that are L;-
periodic in each variable x; (i = 1,...,d) and such that ulp € H'(0)¢ for every
bounded open set O in R¢. The functions in H! ()¢ are easily characterized by

per
their Fourier series expansion
2
k . o
lug|” < oo,

.k —
H}ier(Q)d {ll = Z ﬁkezmix; ﬁ—k = ﬁk, Z <ﬁ + 2w E
kezd keZd

where L = min{L, ..., L;} and

Hence, we also have




Introduction 121

The problem posed in the weak formulation of the NSE with either no-slip or
space-periodic boundary conditions is as follows. Given T > 0, ug in H, and f in
L*(0,T; H), find a function u in L>(0, T; H) N L*(0, T; V) such that

%(u, v) +v(u,v) +b(u,u,v) =(f,v) forall veV (0.10)

in the distribution sense on (0, 7)) and with u(0) = u in some suitable sense. Here

d
v
b(u,v,w) = E fu[%wjdx,
Q i

i,j=1

and if f is square integrable but not in H then we can replace f by its Leray projection
on H, so that f is always assumed to be in H.

Note that the pressure term disappears in the weak formulation of the problem.
This is because the gradient of a function is orthogonal to the space of solenoidal
functions. More precisely, with respect to the inner product in L?(2)¢, we have

H* ={ue (@)% u=Vp, pe H(Q))
in the no-slip case and

H={uel*)% u=Vp, pecH' (Q)9%}

per

in the space-periodic case. In any case, we have the so-called Leray projector
P : L*(Q)¢ —> H,

which is the orthogonal projector onto H in L?(2)¢.
The trilinear operator b = b(u, v, w) defined previously can be extended to a con-
tinuous trilinear operator defined on V. Moreover,

b(u,v,v) =0 for u,veV, (0.11)

which implies that
b(u,v,w) = —b(u,w,v) for u,v,weV. 0.12)

An equivalent formulation for the NSE is achieved with the definition of the Stokes
operator
Au=—P;Au forall ue D(A) =V N H*(Q)". (0.13)

The Stokes operator is a positive self-adjoint operator, so we can work with fractional
powers of A. We will consider, as explained in Chapter II, the positive and negative
powers of A: A* witho € R and @ > 0 or « < 0; we also explained in Chapter 11
how D(A%*) and D(A™*) are paired through the “duality” product (a bilinear form
from D(A%) x D(A™%) into R). In particular, we have D(A'/?) = V, and it follows
that A: D(AY?) — D(A'/?) with

(Au,v) = (u,v)) forall u,ve D(A"?),
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where (-, -) is the duality product between D(A™"?) and D(AY?). Moreover, the tri-
linear operator b(u, v, w) leads to the bilinear operator B: D(AY?) x D(AV?)
D(A™?) defined by

(B(w,v),w) =b(u,v,w) forall u,v,we D(Al/z).

We then have the following functional formulation of the NSE: Given T > 0,
ug in H, and f in L?(0, T; H), find u in L>®°(0, T; H) N L*(0, T; V) with u’ €
LY(0, T; D(A™"%)) forall T > 0 such that

u +vAu+ Bu) =f (0.14)

and u(0) = u in some suitable sense, where B(u) = B(u, u).

Because the domain 2 is assumed to be bounded, it follows by Rellich’s lemma
that V is compactly embedded in H, so that A~! is compact as a closed operator in
H. Hence, there exists an orthonormal basis {w,, }>-_; in H such that

AW, = A, W,,, m=12,....

Moreover, we have that
O<A < < <Ay <-++, Ay — 400 asm — +oo.

We also recall the Poincaré inequality

2 _ 1 2
[ul” < )\—||u|| YueV. (0.15)
1
In what follows we denote by P, the orthogonal projector of H onto the space spanned
by Wi, Wa, ..., W,,. The following inequalities will be useful:
1
lu— P,ul* < - Pul? YueV, VmeN; (0.16)
| Puul> < Aplul®> VueH, VmeN. (0.17)

In fact, as shown in Chapter II, we need to define solutions of (0.14) that possess
further properties; in this way we introduced in Section I1.7 the concepts of weak and
strong solutions to the Navier—Stokes equations (0.14). We have seen also that the
results of existence and uniqueness of solutions are different in space dimensions 2
and 3 (see Theorems 7.1-7.4 in Chapter II) and that, for technical reasons, the very
notion of a weak solution differs from one space dimension to the other. In space
dimension 2, the weak solutions of (0.14) are also assumed to satisfy

w' eL?0,T; D(A7?)) forall T > 0, (0.18)

and this suffices for all technical purposes. In space dimension 3, we can only obtain
weak solutions of (0.14) that satisfy, instead of (0.18),

w' e LY30,T; D(A™V?) forall T > 0. 0.19)

Since this information is not sufficient, we also require the 3-dimensional weak so-
lutions to satisfy further properties, which we proved in Chapter 11 (see Theorem 7.1



1 Determining Modes 123

and the discussion in the section entitled “Further properties of the solutions in di-
mension 3”). Particularly important for many purposes are the energy inequalities
(7.5) and (7.7) and their consequences (I1.A.38) and (I1.A.43).

On a more technical side, we will also need from Chapter II (more specifically,
Sections 7-9 and Appendix A) several estimates for the inertial term — either through
B(u, v) or through b(u, v, w).

1 Determining Modes

As discussed in the previous section, theories based on dimensional analysis and
heuristic arguments suggest that the long-time behavior of turbulent flows is deter-
mined by a finite number of degrees of freedom. The first rigorous result in this
direction, based on the Navier—Stokes equations, was given for 2-dimensional flows
by Foias and Prodi [1967]. Loosely speaking, they showed that if a number of Fourier
modes of two different solutions of the NSE have the same asymptotic behavior as ¢
goes to infinity, then the remaining infinite number modes also have the same asymp-
totic behavior. Subsequent efforts have been concerned with estimates on how many
low modes are necessary to determine the behavior of the remaining modes; on find-
ing other modes, besides the Fourier modes, that can determine a flow in this sense;
and on finding other forms of the finite dimensionality of the flow. As we stated in
the Introduction, this chapter is devoted to this topic; we start here with the Fourier
determining modes.

To be more precise, let us consider two velocity fields u = u(x, ¢) and v = v(x, t)
satisfying the 2-dimensional Navier—Stokes equations and corresponding to two pos-
sibly different forcing terms f = f(x, ¢) and g = g(x, ¢). More explicitly, u and v
satisfy the equations

9
8—‘; —vAu+ (u-V)u+Vp =T, (1.1a)
V.u=0, (1.1b)
and
ov
i VAV + (v-V)v+ Vg = g, (1.2a)
V.v=0, (1.2b)

with the corresponding pressure terms p = p(X,t) and ¢ = ¢g(X, t). The boundary
conditions are the same for both problems: either no-slip on a bounded smooth do-
main or periodic with vanishing space average (see Section I1.2). Clearly, (1.1) and
(1.2) share the same Stokes operator.

Recall from Section I1.6 the Galerkin projections P,, associated with the first m
modes of the Stokes operator. We can expand each solution in the form

u(x, 1) =Y aOwe(x), V(1) =Y d(O)wi(x),

k=1 k=1
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where the w; are eigenfunctions of the Stokes operator. The Galerkin projections
correspond to the first (say, m) modes:

m

m
Pou(x, 1) =Y ik(OWe(x),  Ppy(x,1) = Y D) wi(x).
k=1 k=1
It is assumed that the forcing terms f and g have the same asymptotic behavior for
large time, that is,

/|f(x, 1) —g(x,0))?dx — 0 ast — oo. (1.3)
Q

Then, the first m modes associated with P, are called determining modes if the con-
dition
/|Pmu(x, 1) — P,v(x,0)]?dx — 0 ast — 00 (1.4)
Q
implies

/Iu(x, 1) —v(x,1)|?dx — 0 ast — oo. (1.5)
Q

Of course, (1.5) then implies stronger results. The two solutions u = u(¢) and v =
v(t) have the same asymptotic behavior in a stronger sense — namely, their difference
decays to zero in stronger norms, for example, that associated with the enstrophy:

2
wauj(x, 1) — Vuj(x,1)[>dx — 0 ast — oo, (1.6)
j=17¢

or even many stronger norms.

The first explicit estimate of the value of the number m in terms of nondimensional
parameters was given by Foias and colleagues [1983b]." Such estimates are usually
obtained in terms of the Grashof number G, which was introduced in Section I1.7. It
is a nondimensional number that depends on the viscosity v, the first eigenvalue A;
of the Stokes operator, and the asymptotic strength of the forcing term measured in
terms of its L2-norm, that is,2

1/2
F =lim sup(f|f(x, t)|2dx> ) (1.7)
—00 Q

Note from (1.3) that F would be the same if defined in terms of the forcing term g
in (1.2).
The Grashof number is defined as

G=—. (1.8)

This was preceded somewhat earlier by a purely physically reasoned argument identifying
the connection between (a) the number of degrees of freedom (sufficient number of modes)
in terms of the Grashof number and (b) the conservation of energy and momentum in Benard
convection (Treve and Manley [1981]).

The limsup in (1.7) is actually to be understood in the sense of the essential supremum, since
the functions are only required to be in L°°(0, co; H); see footnote 17 in Chapter II.

(S}
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The first estimates given in Foias et al. [1983b] were (i) an upper bound for the small-
est number m of determining modes of the order of G(I + log G)!/? for the case of
periodic boundary conditions and (ii) an upper bound of the order of G? for the case
of no-slip boundary conditions. Jones and Titi [1993] subsequently improved the
upper bound (in the case of space-periodic flows) to be G. We shall prove a result
that combines those two works; the proof is based on the following generalization of
the classical Gronwall lemma.

Lemma 1.1 Leto = a(t) and B = B(t) be locally integrable real-valued functions
on [0, 00) that satisfy the following conditions for some T > 0:

1 t+T
lim inf —/ a(t)dr > 0, (1.9)
t—oo T P
1 t+T
lim sup — o (t)dr < o0, (1.10)
t—00 T t
1 t+T
lim —/ BH(t)dr =0, (1.11)
t—oo T P

where o~ (t) = max{—a(t), 0} and B7(t) = max{B(t), 0}. Suppose that & = &(t) is
an absolutely continuous nonnegative function on [0, 00) that satisfies the following
inequality almost everywhere on [0, 00):

d—§+aé<,3 (1.12)
- <B. .

Then £(t) — Oast — 0.

The proof of Lemma 1.1 is given in the Appendix to this chapter. A weaker version,
with the assumption that () — 0 ast — o0, is due to Foias et al. [1983b]. The im-
provement in Lemma 1.1 is due to Jones and Titi [1992] and is needed for the periodic
case.

We treat each boundary condition separately. We start with the no-slip case, ob-
taining an upper bound of the order of G? for the number of determining modes. In
the periodic case, in order to obtain an upper bound of the order of G, we work with
the V-norm (the square root of the enstrophy) and exploit the orthogonality property
B(u,u, Au) = 0 (see (A.62) in Chapter II), which is not valid in the no-slip case;
we show that the difference between the velocity fields u(¢) and v(¢) decays to zero
in the V-norm as ¢ goes to infinity. We remark that, in view of the upper bounds on
the dimension of the global attractor (see Section 3), which are of the order of G in
the no-slip case and of G?/?(1 + log G) in the space-periodic case, there is room for
future improvement in the upper bound estimates for the lowest number of determin-
ing modes.

Determining Modes in the No-Slip Case

We consider the solutions u and v of (1.1) and (1.2), respectively, with no-slip bound-
ary conditions and with the forcing terms f and g satisfying (1.3). We assume that
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(1.4) holds. We want to show that if m is sufficiently large (of the order of G?) then
(1.5) holds. For this purpose, we write w = u — v. From (1.4) we know that

|P,W(t)| — 0 ast —> 0. (1.13)

We need to show that |Q,,w(?)| decays to zero as well, where Q,, = I — P, is
the projection onto the modes higher than m. By writing the functional form of the
Navier—Stokes equations for u and v (as in Chapter 11, equation (3.7)) and subtract-
ing them, we find that

‘Z—V: + VAW + B(w,u) + B(v,w) = £(1) — g(t). (1.14)

Taking the inner product of (1.14) with Q,,w in H yields

%%IQmW(I)IZ + V[ QuWI? + b(W. u, QW) + b(V. W, QW)
= (@) —g®), Qnw). (1.15)
We want to apply Lemma 1.1 with £(¢) = |Q,,w(¢)|>. First, we write
b(w,u, Q,,w) = b(P,w,u, Q,,w) +b(Q,w,u, Q,,Ww). (1.16)
We bound the second term in (1.16) by using the estimate (A.46d) from Chapter 11
and Young’s inequality as follows:
[6(QmwW, 0, QuW)| < 1| QuWIIIQmWwll[ull < gIQmWIZIIUII2 + gIIQmWIIZ-
For the first term in (1.16), we use the estimate (A.46e) from Chapter I1:
|b(Paw, u, QW)| < c1 Puyw| 2 [ Pyuw]| 2 ] V2 a2 ]| @ uw ]

Now, for the remaining trilinear term in (1.15), we use the orthogonality property
(I1.A .44) and write

b(v,w, Q,,w) = b(v, P,w, 0, W);
then we estimate this term in a manner similar to the preceeding one:
160V, Paw, QuW)| < c1lVI2 V12 Pyw] V2| Puw V211 QW
For the RHS of (1.15), we use the Cauchy—Schwarz inequality to obtain
(f(@) —g@), Qnw) < If(1) — g1 QmWI.

Taking these estimates into account, we find from (1.15) that

L 0w + 210wl — <L a2l 0w
——|Quw —10uw|® — =—|u mW
2dt 2 2v

1/2 1/2 1/2 1/2
< 1| Puw| 2 Puw |2 a2 a2 0wl
1/2 1/2 1/2 1/2
+ etV 2V 2 w2 Puw 21 QW |

+ 1£(t) — g QmWI. (1.17)
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Using the inequality A, 11| Q,,W|*> < || Q,,W||? in the second term of the LHS of (1.17),
we obtain a relation for £() = |Q,,w(t)|* of the form

©C e <p (L18)
dt % =P )
with
012 2
@) = vy — L) (1.19)
and

B) = ci| Puw| 2 Puw ]| 1a] 2 u]) 2] QW
+ etV 22 Puw] 2 Paw 2 QW]
+ I£(t) — g1 Qmwl. (1.20)

Since the solutions u = u(¢) and v = v(¢) are bounded uniformly for ¢ bounded
away from zero in both the H and V norms (for the initial condition in H, see Sec-
tion I1.7), and since by assumption || P,,w(¢)|| decays to zero as ¢ goes to infinity, it
follows that

B({) —> 0 ast — oo.

From (II.A.52) and using that |u(#)| is uniformly bounded in time, one can deduce
the following inequality for sufficiently large T':

1 t+T , 2 5
7/ lu(s)[|“ds < vz—MllfllLoo(,,,”;H). (1.21)
t

Then, it is straightforward to see that « satisfies the condition (1.10) of Lemma 1.1.
For the condition (1.9) we have, using (1.21) and (1.7),

1 [T c2 1 [T
lim inf — (1) dt > vipuy — — lim sup — lu(o)||? de
t—oo T J, Vo oisoeo T,
- 2c12F2
v - .
= m+1 ])3)\.1

Therefore, if m is sufficiently large that

2¢3F?

_, 1.22
U4)»1 ( )

)\m-&-l >
then (1.9) is satisfied and we can apply Lemma 1.1 to deduce that £(¢) = |Q,,w(?)|?
goes to zero as ¢ goes to infinity. Since, for m — oo, we have A, ~ ¢’Aym for some
nondimensional constant ¢’ (see (6.25) in Chapter IT), we see that (1.22) is satisfied
provided m is such that

m > ¢G>, (1.23)

where G is the Grashof number defined in (1.8) and c¢ is some other nondimensional
constant depending only on the shape of the domain 2. We have thus proved the fol-
lowing theorem.
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Theorem 1.1 Suppose that m € N is such that
m > cG?, (1.24)

where G is the Grashof number defined in (1.8) and c is a constant depending only on
the shape of the domain 2. Then, the first m modes are determining in the sense of
(1.4) and (1.5) for the 2-dimensional Navier—Stokes equations with no-slip boundary
conditions.

Determining Modes in the Space-Periodic Case

We now consider the space-periodic case. Let u and v be the solutions of (1.1) and
(1.2), respectively, with periodic boundary conditions and with the forcing terms f
and g satisfying (1.3). We assume that (1.4) holds. We want to show that if m is suf-
ficiently large (of the order of G) then (1.5) holds. As in the no-slip case, we write
w = u — v and know from assumption (1.4) that

|P,w(t)] — 0 ast — oo. (1.25)

We need to show that | Q,,w(¢)| decays to zero as t — oo, where Q,, = I — P, is the
projection onto the modes higher than m. We will actually prove this convergence in
a stronger norm; namely, we will show that

Qmw ()|l — 0 ast — oo. (1.26)

This provides the best available estimate to date (i.e., a sufficient condition) for an
upper bound on the number of determining modes in the space-periodic case.
As in the no-slip case, we have
dw
dr
Taking the inner product of (1.27) with AQ,,w in H, we obtain

1d
2dt

+ VAW + B(u, w) + B(v,w) = £(t) — g(¢). (1.27)

QW) I* + V]| QmAW|* + b(W, u, AQ,,W) + b(V, W, AQ,,W)
= (f(r) —g@), AQ,w). (1.28)

We want to apply Lemma 1.1 with (1) = || Q,,w(?)||*>. Since Q,,Ww = w — P, w,
we write

b(w,u, AQ,,w) +b(v,w, AQ,,w) = b(w,u, Aw) + b(v,w, Aw)
—b(w,u, AP,w) — b(v,w, AP,W).
Since v =u — w and b(w,w, Aw) = 0 (see (I1.A.62)), we then write
b(w,u, AQ,w) +b(v,w, AQ,,W) = b(w,u, Aw) 4+ b(u,w, Aw)
—b(w,u, AP,w) — b(v,w, AP,W).
Using now the identity (II.A.63) yields



1 Determining Modes 129
b(w,u, AQ,,w) +b(v,w, AQ,w) = b(w,w, Au) — b(w,u, AP,w)
—b(v,w, AP,w).
Finally, writing w = P,w + Q,,w, we obtain
b(w,u, AQ,,w) + b(v,w, AQ,,W)
=b(Qw, O,w, Au) + b(P,w, Q,,W, Au)
+ b(Q,,w, P,w, Au) + b(P,w, P,w, Au)
—b(w,u, AP,wW) — b(v,w, AP,w). (1.29)
We now estimate each term in (1.29), starting with the terms involving P,,w. Using
the estimates (I1.A.46), we find
|b(PuW, QW AW)| < c1] Puw| 2| AP, w['2 ] 0wl Aul
< c12’| PuWI* [ QW || Aul,
|6(QuW, Puw, AW)| < ¢1] QuW|"?|AQ W2 || P,yw]| Aul

< A2 Pl QW] | Aul¥?,
|b(Puw, Pyw, Aw)| < ci| P,,w|"*|AP,w|"?|| P,w||Au| < c1A,| Puw|*|Aul,

|b(w,u, AP, w)| < ci|w|"2lw||"/*|lul[|AP,w|"?|| AP, W]/

5/4 1/2 1/2
< o w2 w2 [l Puwl,

|b(v, w, AP,wW)| < c1|VI"2(IV]I 2| wll| A Pyw| 2| AP, w2

5/4 1/2 1/2
< a2 VIRV 2w | Pw ).

For the remaining term, we again use Young’s inequality:

16(Q W, QuW, AW)| < ¢1|Q,W|"*AQ W2 Q,,W|l| Aul

1
< c1 75 |40, Wl QW Aul
)”m-H
2
c v
< ——|AuP QuwI* + —|AQ,W|>.
1»‘m+1 4
Finally, we estimate

1
() — 8(1). AQuW) = [f(1) — g1 AQmW| = (1) — g + £|AQmW|2-

Taking these estimates into consideration, we find from (1.28) the differential
inequality
1d , v , o} 2 » _ B
——1 0w —|AQ,,W|* — Au nW| < —, 1.30
Zdt”Q l +2| QW o |[Au|“|Q Wl > (1.30)

m+1

where § = B(¢); this is similar to (but more involved than) equation (1.20), and it con-
tains all the terms containing P,,w. From (II.A.52) and using that ||u(#)|| is uniformly
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bounded for ¢ bounded away from zero, one can deduce the following inequality for
sufficiently large T':

1 t+T 2
2 2
7/[ [Au(s)|"ds < §|f|L°0(t,t+T;H)'

Thus,
2

_ 1 [T 5 2F
lim supT |[Au(s)|“ds < (1.31)
t

t—00 v2
Using (1.31) and the fact that the solutions u = u(¢) and v = v(¢) are bounded uni-
formly for ¢ bounded away from zero in both the H and V norms (for the initial
condition in H, see Section I1.7), one can verify that 8 = B() satisfies the condition
(1.11) of Lemma 1.1.

Let now
2¢?

a(t) = Vins — |Au(n)|?, (1.32)

m—+1

and set £(¢) = ||Q,,w(¢)||>. With the inequality |[AQ,,W|*> > A,.41]|Q.WI|%, we re-
write (1.30) as

d§
=+ af < B. 1.33
i §<p (1.33)

It remains to check condition (1.9) of Lemma 1.1. Using (1.31), we see that

T s 2c12 2F?
lim inf — a(t)dt = viyq — — >0,
t—oo T J; Vi V2
where the strict inequality holds if
4¢2F?
2 — 1.34

m+l =~ v4k1 ( )

Because A, ~ ¢’A;m in two dimensions (see (I1.6.25)), we see that (1.34) is satisfied
provided m is such that
m > cG, (1.35)

where G is the Grashof number defined in (1.8) and c is a constant depending only
on the shape of the domain €2 (here, the ratio between the periods in the two space
directions). Therefore, we have proved the following theorem. Note that the weaker
dependence on G in the space-periodic case (cf. (1.24)) is attributed to the absence of
boundary layers in the former case.

Theorem 1.2 Suppose that m € N is such that
m > cGQG, (1.36)

where G is the Grashof number defined in (1.8) and c is constant depending only on
the shape of the domain Q2 (i.e., the ratio between the periods in the two space direc-
tions). Then, for the 2-dimensional Navier—Stokes equations with periodic boundary

conditions and vanishing space average, the first m modes are determining in the
sense of (1.4), (1.5), and (1.6).
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2 Determining Nodes

The notion of determining modes considered in the previous section is a natural one —
when associated with a Fourier decomposition of the flow. However, in many practical
situations, the experimental data are collected from measurements at a finite number
of points in the physical space, often through devices such as the hot-wire anemome-
ter (see Hinze [1975]) or, in modern technology, laser velocimetry (see Buchahave,
George, and Lumley [1979]). In view of those cases, a more appropriate notion (for
nodal values) is that of determining nodes.

A set of points in the physical space (i.e., in the domain filled by the fluid) is called
a set of determining nodes if, whenever the difference between the measurements at
those points of the velocity field of any two flows goes to zero as time goes to infinity,
then the difference between those velocity fields goes to zero uniformly on the do-
main. The first result proving the existence of a finite number of determining nodes
was given by Foias and Temam [1984]. A number of subsequent works have been
devoted to reducing the estimate for the lowest number of determining nodes, partic-
ularly in the periodic case. The presentation here relies on the article by Foias and
Temam [1984] just mentioned and on a more recent result by Jones and Titi [1993].
The latter article provides an upper bound of the order of G, the Grashof number in-
troduced in Section I1.7 (see (1.8)) in the case of 2-dimensional flows with periodic
boundary conditions. We will also show the existence of a finite number of determin-
ing nodes in the case of no-slip boundary conditions. However, the corresponding
estimate is more involved and depends exponentially on the Grashof number; this
estimate is probably not physically significant, and we do not attempt to derive an
explicit expression of the bound in this case.

As for the number of determining nodes, we observe that — in view of the upper
bounds on the dimension of the global attractor (see Section 3), which are of the order
of G in the no-slip case and of G?/3(1 + log G) in the space-periodic case — there is
room for future improvement in the upper bound estimates for the lowest number of
determining nodes obtained so far.

We consider two velocity fields u = u(x,t) and v = v(x, t) satisfying the 2-
dimensional Navier—Stokes equations

]
a—l; —VAu+ (u-V)u+Vp =, (2.1a)
V.u=0, (2.1b)
and
av
i VAV+ (v-V)v+ Vg =g, (2.2a)
V.v=0, (2.2b)

corresponding to two different forcing terms f = f(x, ) and g = g(x, t); the corre-
sponding pressure terms are p = p(X,t) and ¢ = g (X, t). The boundary conditions
for both problems are either no-slip on a bounded smooth domain or periodic with
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vanishing space average (see Section I1.2). We assume, as in the case of determining
modes, that f and g have the same time-asymptotic behavior, that is,

/|f(x, 1) —g(x,0)?dx — 0 ast — oo. 2.3)
Q

We consider a set of N nodes or measurement points, denoted by
&= {x',xz, ...,xN}, 2.4)

where superscripts are used to avoid confusion with the coordinates of a given point
in space. We assume that the points in £ are uniformly distributed within the domain
2 in the sense that Q2 can be covered by N identical squares Qj, ..., Qy such that
each square contains one and only one of the given points. Of course, the simplest
realization of such a set £ (which may not provide the smallest value of N), is ob-
tained by considering points X/ on a regular mesh in the space.

The assumption that the measurements of the flows u and v at the points in £ reveal
the same time-asymptotic behavior can be expressed, for instance, by the condition

, rlnaxN|u(xj, 1) —v(x/, 1) —> 0 ast — oo. (2.5)
J=L...

The set £ is then called a set of determining nodes if (2.5) implies
/|u(x, 1) —v(x,0))?dx — 0 ast — oo. (2.6)
Q

As with determining modes (space-periodic case), we will actually show that, when
(2.5) holds, the two solutions u = u(¢) and v = v(¢) have the same asymptotic be-
havior in a stronger sense — namely, their difference decays to zero in the stronger
norm that is associated with the enstrophy:

2
Z /|Vuj(x, 1) — Vo (x, )]*dx — 0 ast — oo. 2.7
j=17¢

In order to measure the difference between the velocity fields throughout the set
&, we introduce the following quantity, which is defined for each velocity field w:

n(w) = max |w(x/)|. (2.8)
I<j<N

There are two key ingredients in the proof of the existence of a finite number of
nodes. One is Lemma 1.1, already used for determining modes. The other is the fol-
lowing lemma, which is due to Jones and Titi [1993] and is an improvement over
a similar result in Foias and Temam [1984]. A proof of this lemma is given in the
Appendix.

Lemma 2.1 Let the domain Q2 be covered by N identical squares. Consider the set
E={x!x2,...,.xM} of points in 2, distributed one in each square. Then, for each
vector field w in D(A), the following inequalities hold:
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c

C
WP = =n(w)* + ——— AW, 2.9)
1 AMN
C
IWl* < cNp(w)* + m|AW|2, (2.10)
1
C
[Wil7 oy < eNn(W)* + mlAwlz, (2.11)
1

where the constant ¢ depends only on the shape of the domain 2.

We now consider each type of boundary condition separately, starting with the no-slip
case.

Determining Nodes in the No-Slip Case

We consider two solutions u and v of (2.1) and (2.2), respectively, with no-slip bound-
ary conditions and with the forcing terms f and g satisfying (2.3). We assume that
(2.5) holds. Let the domain €2 be covered by N identical squares, and let £ =
{x',x%,...,x"} be a set of points in €2, distributed one in each square. We want to
show that if NV is sufficiently large, then (2.6) holds. For that purpose, we write w =
u — v. From (2.5) we know that

n(w(t)) — 0 ast — 0. (2.12)
We need to show that |w(z)| decays to zero as well. Actually, we will show that
[w(@®)|| — 0 ast — oo. (2.13)

By writing the functional form of the Navier—Stokes equations (equation (I1.3.7)) for
u and v and then subtracting them, we find
aw
dr
Taking the inner product of (2.14) with Aw in H, we obtain

+ vAw 4+ B(w,u) + B(v,w) =f(t) — g(1). (2.14)

%% IW() |12 + vIAW]® 4 b(W, u, AW) + b(v, w, Aw) = (£(1) — (1), Aw). (2.15)

In the no-slip case we do not attempt to derive an upper bound in terms of the
Grashof number, so for simplicity we denote by C a generic constant that might de-
pend on €2, v, f, g but not on the initial conditions uy and vy; for clarity, we still keep
¢ to denote constants that might depend only on the shape of the domain. Our only
aim here is to show that (a) there exists a finite number of determining nodes and
(b) they are independent of the initial conditions.

We estimate the trilinear terms in (2.15) using (II.A.46b) and Young’s inequality:

V C
|b(w, u, AW)| < ¢;|w|"?|lu|||Aw|*? < E'AW'2 + ;||u||“|w|2, (2.16)

Vv c
|b(v, w, Aw)| < c1[v|"?|Av|"2||w]|Aw| < glAWI2 + ;IVIIAVIIIWIIQ- (2.17)
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The RHS of (2.15) is estimated as follows:

3
[(£(2) —g@), AwW)| < glAWI2 + ﬂlf — g (2.18)
Thus, (2.15) yields

d c c 3
d—llw(t)ll2 +v]Aw] < < flul*|w]* + = |v[|Av|[[w]® + = |f — g[*. (2.19)
t V- v v
From (2.10), we have
|AW|?> > cA N ||w||> — cNn(w)?. (2.20)

Using the Poincaré inequality in the first term on the RHS of (2.19) and using (2.20),
we obtain

w2+ (cvmn — =< ju)2 = < wiiaw] ) w2
— [|W cV — — — —|W W w
dt : A3 v

3
< ;|f —g? + cA3Np(w)2. (2.21)

This inequality is of the form

§+aé <B (2.22)
dt - ’

for £(t) = ||w(t)||*>. We infer from (2.3) and (2.12) that B(¢) goes to zero as ¢ goes
to infinity. We want to apply Lemma 1.1, and for that purpose we need only check
the required conditions on «. They follow, for instance, from the fact that, for large
times, the solutions are bounded uniformly in V and the time average of the square of
their norm in D(A) is bounded uniformly; both bounds are independent of the initial
conditions but depend on the viscosity, the domain, and the forcing terms (see (A.56)
and (A.59) in Chapter IT). For the first condition (1.10), we find

=00

1 t+T
lim inf 7/ a(r)dt > cviN — C(f, g, v, Q). (2.23)
t

Therefore, for N sufficiently large, condition (1.10) is also satisfied and it follows
from Lemma 1.1 that £(¢) = ||w(t)||> goes to zero as ¢ goes to infinity. Hence, the set
€ is a set of determining nodes. We have thus established the following result.

Theorem 2.1 Let the domain 2 be covered by N identical squares. Consider a set
E={x!x2, ..., xV} of points in 2, distributed one in each square. Let f and g be
two forcing terms in L>°(0, oo; H) that satisfy (2.3), and let

F = lim sup|f(¢)| = lim sup|g(t)|. (2.24)
o

—>0o0 t—

Then there exists a constant C = C(F, v, Q2) such that, if

N > C(F, v, Q), (2.25)
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then & is a set of determining nodes in the sense of (2.5), (2.6), and (2.7) for the 2-
dimensional Navier—Stokes equations with no-slip boundary conditions.

Determining Nodes in the Space-Periodic Case

We now consider two solutions u and v of (2.1) and (2.2), respectively, with periodic
boundary conditions and with the forcing terms f and g satisfying (2.3). We assume
that (2.5) holds. As before, we let the domain 2 be covered by N identical squares
and let £ = {xl, x2, ..., xV} be a set of points in €2, distributed one in each square.
We want to show that if N is sufficiently large — at least of the order of the Grashof
number G defined in (1.8) — then (2.6) and (2.7) hold. For that purpose, we write w =
u — v. From (2.5) we know that

nw()) — 0 ast — 0. (2.26)

As in the no-slip case, we will show that ||[w(z)| also decays to zero. We write the
functional form of the Navier—Stokes equations for u and v and then subtract them

to find
dw

dt
By taking the inner product of (2.27) with Aw in H, we obtain

+ vAw + B(w,u) + B(v,w) = f(t) — g(¢). (2.27)

%% IWOII* + V| AWI® + b(W, u, AW) + b(v, W, Aw) = (f(1) — g(1), AW). (2.28)

Now we want to exploit the orthogonality property that s valid in the space-periodic
case,
b(w,w, Aw) =0, (2.29)

as well as the polar identity obtained by differentiating (2.29) (see (A.62) and (A.63)
in Chapter II):

b(a,w, Aw) + b(w, u, Aw) + b(w,w, Au) = 0. (2.30)
Then, we rewrite the trilinear terms in (2.28) as
b(w,u, AW) + b(v,w, Aw)
=b(w,u, Aw) + b(u,w, Aw) (using v=u — w and (2.29))
= —b(w,w, Au) (using (2.30)).

Therefore, (2.28) becomes
1d
> Iw()|1> + v|AW|* = b(w, w, Au) + (£(1) — g(1), Aw). (2.31)

We estimate the terms in the RHS of (2.31) by means of the inequalities (I1.A.46a),
(2.9), and the Young inequality:



136 III Finite Dimensionality of Flows
b(w,w, Au) + (£(r) — g(1), Aw)
< ailw|2lwl|Aw|"?|Au| + |f — g||Aw|

< — (W) | AW | Au| + —— | Aw][|w]|| Au]
A A2NY
1 v
+ - If —gl” + S 1Aw]?
—|Aw| + o lAul vl
mn(w)‘/2||w|||Aw|'/2|Au|+ Lie—gp. (2.32)

Using (2.32), we find from (2.31) that

d 2 2 ¢ 2 2
—||w(z Aw|" — ——|Au|7||w
dr” "+ v|Aw]| )leNl [“lIw]

c 1
< S IwllAW! P Aul + Sif — g (2.33)
1

Now we use (2.10) to bound (from below) the second term in the LHS of (2.33):

|AW|?> > cA N ||w|1> — cNn(w)?. (2.34)
Hence, (2.33) yields

i||w(r)||2 + [Ny — ——|Au? ) |wl? < B (2.35)
dt MVN - )

where § = f(¢) contains all the terms involving powers of n(w) and |f — g|. For ¢
bounded away from zero, the time average of the square of the norm of the solutions
in D(A) is uniformly bounded (see (A.59) in Chapter II), so one can can verify that
the time average of B(¢) goes to zero as ¢t goes to infinity. We now rewrite (2.35) in
the form

‘;—f +af < B. (2.36)

Again, since (for ¢ bounded away from zero) the time average of the square of the
norm of the solutions in D(A) is uniformly bounded, one can check that condition
(1.10) on « in Lemma 1.1 is satisfied. Finally, in order to verify condition (1.9), we
use estimate (A.67) (which is valid in the periodic case) to find

1 t+T c F2
liminf — a(t)dt > ch Ny — —— —. (2.37)
t—oo T [J, AUN 12
Thus, (1.9) is satisfied provided
cF
N > =cG. (2.38)
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Therefore, for N satisfying (2.38), we can apply Lemma 1.1 to deduce that £(¢) =
lw)|? goes to zero as ¢ goes to infinity. Hence, the set £ is a set of determining
nodes, and we have established the following result.

Theorem 2.2 Let the domain Q2 be covered by N identical squares and consider a
set £ = {x',x%,...,xV} of points in Q, distributed one in each square. Let f and g

be two forcing terms in L*°(0, oo; H) satisfying (2.3), and let

F = limsup|f(¢)| = lim sup|g(?)|. (2.39)
t— 00 t—00
If
N > cG, (2.40)

where c is a constant that depends only on the shape of 2 (i.e., the ratio between
the periods in the two space directions), then the set £ is a set of determining nodes
in the sense of (2.5), (2.6), and (2.7) for the 2-dimensional Navier—Stokes equations
with periodic boundary conditions.

3 Attractors and Their Fractal Dimension

The finite-dimensional behavior of a system can also be established by using the con-
cept of a global attractor. It was shown in the 1970s that the Navier—Stokes equations
possess a compact attractor of finite dimension — without any restriction in space di-
mension 2, and with a regularity assumption in space dimension 3.

The global attractor encompasses most of the possible permanent regimes of the
flow. Itis a subset of the phase space H, which attracts all the possible trajectories of
the system. In particular, for a given initial condition, the corresponding flow u(x, ¢)
at each time ¢ belongs to the phase space H and, as time evolves, approaches the
global attractor in the metric of H. If the fluid is very viscous (v is sufficiently large)
then the flow becomes laminar and the attractor reduces to one point, which is the
representation of the only stable laminar flow in the phase space. As the viscosity de-
creases (more precisely, as the Reynolds number increases), it is conjectured on the
basis of experimental data and by comparison with simpler differential equations that
the attractor becomes more complicated — possibly a fractal set — and that the flow
becomes more complex as the orbit representing the flow in the phase space tends to
wander around the attractor.

Establishment of finite Hausdorff and fractal dimensionalities of the global attrac-
tor implies, at least in theory, the possible representation (parameterization) of the
permanent regimes of the flow in terms of a finite number of parameters. In this sec-
tion we discuss in more detail the concept of the global attractors, their dimension,
and several estimates of their dimension in terms of physical parameters depending
on the space dimension and the choice of boundary conditions. A connection with
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the Kolmogorov-Landau—Lifshitz point of view is also made. We start with the 2-
dimensional case; then we discuss the generalization of the relevant concepts to the
3-dimensional case.

Throughout this section, we assume that the force f in (1.1a) is time-independent.

3.1 The Global Attractor for the 2-Dimensional Navier—Stokes Equations

The starting point in the theory of global attractors is the formalization of the solution
operator as a semigroup acting on a function space. In the case of the 2-dimensional
NSE, given a divergence-free vector field uy = ug(x) in the space H of finite energy,
there exists a unique solution u(x, ¢), t > 0, with the initial condition u(-, 0) = u
and such that u(-, r) belongs to H for all + > 0; this defines a family of operators
{S(#)};>0 that associates, to each such ug € H, the flow at time ¢t > 0: S(*)up =
u(-, t) € H. From the existence and uniqueness properties of the solutions, we also
deduce the semigroup property of the family of operators:

S(t)oS(s) =St +s) Vt,s >0. 3.1

The well-posedness of the system of equations also assures that each S(¢) is a con-
tinuous operator in H and that each trajectory t — S(¢)uy is continuous in H (see
Theorem 7.4 in Chapter I1). The global attractor for {S(t)},>0 is a set A in H with
the following properties.

(i) Ais compactin H.
(ii) A is invariant for the semigroup (i.e., S(t).A = A for all ¢ > 0).
(iii) A attracts all bounded sets in H; that is, for every bounded set B in H,

disty(S(#)B, A) — 0 ast — oo.

Here, disty denotes the distance in H between two subsets.’ The global attractor,
when it exists, is unique.

An important preliminary step in proving the existence of the global attractor is
proving the existence of a bounded absorbing set, which is a bounded set 5 in H
with the property that, for each bounded subset B of H, there is a time T = T(B)
such that S(#) B C B forall + > T. The existence of such a set is actually necessary,
since any bounded neighborhood of the global attractor must be a bounded absorbing
set.* In the literature on dynamical systems, some authors refer to dissipative sys-
tems that possess an absorbing set as “dissipative.” This concept is indeed intimately
connected to the physical concepts of dissipativity; usually, proving the existence of
an absorbing set depends heavily on the positivity of the viscosity factor, v > 0.

3 This is defined by disty (A, B) = sup, 4 infyepla — b|y. Strictly speaking, it is a semidis-
tance between sets and not a distance, because disty (A, B) = Oimplies only that A C B.The
Hausdorff distance in H between compact sets is 65 (A, B) = disty (A, B) + disty (B, A).

4 Physically, the presence of an absorbing set relates to (assumes) the dissipative nature of the
equation.
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Another property needed for proving the existence of the global attractor is some
kind of compactness of the semigroup. The semigroup {S(¢)};>o is called asymp-
totically compact in H if, for any sequence {t,}, of nonnegative numbers with
t, — oo and any sequence of “initial conditions” {ug,}, bounded in H, the se-
quence {S(¢,)up,}, is precompact in H (i.e., it contains a convergent subsequence).
The asymptotic compactness property, together with the existence of a bounded ab-
sorbing set 3, guarantees the existence of the global attractor .A. This set turns out
to be the w-limit set of 3, which is defined as follows:

w(B) = {ue H; w= lim S(t)gn, ty = 00, {Wouly C H bounded}. (3.2)

One can see from this definition that the concept of asymptotic compactness is a very
natural one. Moreover, the existence of the global attractor is equivalent to the exis-
tence of a bounded absorbing set and the asymptotic compactness property of the
semigroup. The notion of asymptotic compactness is due to Ladyzhenskaya [1991];
see also Abergel [1989, 1990]. A related concept is that of asymptotic smoothness (see
Hale [1988]), which requires the existence of a compact attracting set; it is essentially
equivalent to the asymptotic compactness property. Another form of compactness is
used in Temam [1997].

In the case of the Navier—Stokes equations, a stronger form of compactness is avail-
able: the semigroup {S(¢)},>¢ for the NSE is uniformly compact in the sense that, for
every bounded set B in H,

Jsos (3.3)
t>to
is precompact in H for any 7y > 0. This follows from the a priori estimate (A.56) in
Appendix II.A, which reads, for f independent of ¢:

IS@uoll = C(f], v, 2), = T(luol, [f], v, ). G4

The estimate (3.4) implies that the set in (3.3) is a bounded set in the space of finite
enstrophy V, which is compactly embedded in H.

The condition of uniform compactness is stronger than that of asymptotic compact-
ness. The difference is that, under uniform compactness, the sequence #,, need not go
to infinity for the set {S(¢,)uo,}, to be precompact in H. The uniform compactness
property is common for parabolic systems on bounded domains. This property usu-
ally follows from the smoothing effect of the system combined with the compactness
of the Sobolev embeddings.’ The asymptotic compactness property appears in para-
bolic systems on unbounded domains and hyperbolic systems on arbitrary domains.
We refer the reader to Temam [1997] for a thorough discussion of the subject.

The estimate (3.4) implies not only the uniform compactness of the semigroup but
also the existence of a compact absorbing set, since the constant is independent of the
initial condition (only the time of absorption depends on the initial condition); this

3 The concept of Sobolev embeddings is introduced in Chapter I, Section 4. Furthermore, as
indicated there, such embeddings can be compact.
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assures the existence of the global attractor for the Navier—Stokes equations in dimen-
sion 2. It also follows that the global attractor is actually a bounded subset of V. The
long-term behavior of the solutions to the 2-dimensional Navier—Stokes equations
was first investigated by Foias and Prodi [1967]. Ladyzhenskaya [1972] discussed a
number of issues related to attractors for these equations. Then Foias and Temam
[1979] proved the first result of existence of a global attractor in the 2-dimensional
case, and they also proved that its Hausdorff dimension is finite (with a proof that
easily extends to the fractal dimension). Another useful regularity property proved
by Foias and Temam [1979] is that the global attractor is not only compact in H and
bounded in V but is also compact in the domain D(A) of the Stokes operator. This
is obtained by using the time analyticity of the solutions of the NSE in dimension 2
(Section 8 in Chapter II).

In Foias and Temam [1979], the domain €2 is assumed to be bounded and of class
C?. On the mathematical side, subsequent efforts were devoted to establishing the ex-
istence of the global attractor on unbounded and/or nonsmooth domains: Ladyzhen-
skaya [1992] proved the existence of the global attractor on bounded, nonsmooth
domains; Abergel [1989] and Babin [1992] considered smooth, unbounded, channel-
like domains; Ilyin [1996] treated the case of nonsmooth domains with finite measure;
and Rosa [1998] considered nonsmooth, unbounded channel-like domains. Another
sequence of publications — extending the results of the first two articles on the math-
ematical and physical sides — is devoted to the question of Hausdorff and fractal
dimensions of the global attractor, with discussions of the physical significance of the
estimates. We now turn our attention to this question; in the course of the discussion,
the relevant references will be cited.

Attractor Dimension

The dimension of the global attractor can be estimated in terms of the physical param-
eters of the problem. For the 2-dimensional Navier—Stokes equations, it is customary
to use a single nondimensional constant called the Grashof number, defined as

| f1

- 1)2)\,1 ’

(3.5)

As noted earlier, the first proof of the finite dimensionality of the global attractor of
the 2-dimensional NSE is due to Foias and Temam [1979]. The actual bound there
was exponential in G, and subsequent endeavors aimed at improving (reducing) that
estimate and making it physically more realistic (see e.g. Babin and Vishik [1983,
1986], Constantin and Foias [1985], Constantin et al. [1985a], and Constantin, Foias,
and Temam [1988]).

Two kinds of attractor dimensions are of interest here: the fractal dimension (dimy)
and the Hausdorff dimension (dim g ); the definition of these dimensions was recalled
in the Introduction to this chapter. In case the domain €2 is bounded and of class C 2,
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the Hausdorff and fractal dimensions of the global attractor for the 2-dimensional
Navier—Stokes equations were estimated by Temam [1986] as

dimy(A) <G and dims(A) < 2G, 3.6)

respectively, where the constants ¢; and ¢, depend only on the shape of the domain
Q (i.e., they are scale-invariant). The estimate (3.6) was possible owing to the use in
Temam [1985, 1986], the first time in this context, of the Lieb—Thirring inequalities,
which are collective Sobolev inequalities (see (A.20)). It also relied on the use of
global Lyapunov exponents introduced for the NSE by Constantin and Foias [1985],
who obtained (3.6) with G replaced by G? for general bounded domains.® The tech-
nique of computing Lyapunov exponents for the estimation of the dimension was later
extended to more general equations by Constantin, Foias, and Temam [1988] in what
is now known as the CFT framework.

As we just mentioned, the estimate (3.6) was obtained for bounded, smooth do-
mains (of class C?). An estimate of the same order was obtained by Ilyin [1996] for
nonsmooth unbounded domains with finite area (see also Abergel [1989] and Rosa
[1998] for unbounded channel-like domains). A further improvement in the periodic
case is due to Constantin et al. [1988] and is described later in this section.

From the physical viewpoint, the prevalent phenomenon in space dimension 2 is
the cascade of enstrophy, and it would be natural to estimate the dimension N of the
attractor in terms of the Kraichnan dissipation length ¢, = (v3/n)"/°, where 7 is the
enstrophy dissipation rate (see Kraichnan [1967]):

N ~ oy 37
(z)’ G7

where { is a characteristic macroscopic length of the flow. In the space-periodic case,
a rigorous proof of this result was eventually obtained by Constantin et al. [1988] as
the conclusion of a work period that extended over more than five years. This result
is reported at the end of Section 3.1.

Before that, in Section 3.1 we present the (chronologically earlier) result in space
dimension 2 that does not differentiate between (i.e., is valid for both) the space-
periodic case and the no-slip case. These results are expressed in terms of a length
£4, which is the 2-dimensional analog of the Kolmogorov dissipation length:

Y
N~{[—]. (3.8)
La
As discussed (in physical terms) in Section 5 of Chapter IV (“The effects of walls

on Kraichnan’s dissipation length”), a rather compelling physical argument shows
that this length £, is actually comparable to Kraichnan’s length £,. Therefore, the

¢ And by G(log G)'/? in the space-periodic case. A further improvement for the 2-dimensional
space-periodic case is described later.
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(chronologically earlier) estimate based on €4, N ~ (£ /Ed)z, is actually a good ap-
proximation of the physical estimate (£q /K,,)2 obtained in the space-periodic case.
In the no-slip case, the mathematical and physical difficulty’ is that we do not have
a good estimate of the Kraichnan dissipation length £,; thus we are content with the
estimate based on £,, which we now describe.

Let us recall the definition of £, and introduce its estimate in terms of the Grashof
number G. For heuristical reasons, the quantity £, is defined through dimensional
analysis as £, = (v3/€)!/*, where € is the energy dissipation rate. The energy dissi-
pation is formally defined in turbulence theory as the ensemble average

€ =v(|Vul’); (3.9)

here |Vu|? denotes the modulus of the tensor Vu = Vu(x, ¢) and not a functional
norm. We may define a rigorous analog of this space-dependent quantity by replac-
ing the ensemble average with the supremum over all initial conditions on the global
attractor of an asymptotic time average:

1 t
€ = v limsup sup —/ lu(s)|? ds, (3.10)
0

t—00 ugeA t

where u = u(s) is the solution corresponding to the initial condition uy.? For the
macroscopic characteristic length we take, say, £, = 1 /All/ 2, Then, instead of (3.6),
one may estimate directly that

Y 79%
dimgy(A) < C1<—> s dimf(.A) < C2<—> . (3.11)
Zd Ed

From (A.54) in Chapter II (written with 79 = 0 and u(zp) = up), we recall the
estimate

! 1 t
f lu(s)*ds < —[ul* + ——|f[*, (3.12)
0 v Vel

which is valid for all # > 0. Therefore, one can bound the energy dissipation as de-
fined in (3.10) as

1
e < —|f> =v3A3G> (3.13)
vV
Hence,
1%
<_) -G, (3.14)
Ly

and one can see that (3.6) is actually a consequence of (3.11).

=

On the mathematical side, the difficulty is that the orthogonality property b(u, u, Au) = 0,
which is valid in the space-periodic case (see (A.62) in Chapter I1), is not valid in the no-slip
case. This results in a physically unrealistic upper bound estimate of £(/¢, (and thus of the
attractor dimension) as an exponential function of £y/¢,.

8 To compare (3.9) and (3.10), note that A;||u||? and (Vu)? have the same dimension.
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As mentioned before, in the space-periodic case an improved estimate of the di-
mension of the attractor — using the dissipation of enstrophy 1 and the corresponding
Kraichnan dissipation length £, —is available and is presented later in this section.

The estimate on the dimension of the attractor is obtained via the CFT frame-
work (Constantin, Foias, and Temam [1985]; see also Temam [1997]). In the CFT
framework, one computes the evolution of infinitesimal volume elements in the phase
space. If we consider the evolution of an m-dimensional volume element, the volume
element may expand in some directions and contract in others. In general, however,
the linear part of the equation dominates the nonlinear term in the sense that the
“majority” of nearby orbits in the phase space approach each other. Hence, if m is
large enough, then the volume element will expand in some directions but contract
in most directions — in such a way that its m-dimensional volume decreases in time.
The fractal and Hausdorff dimensions are related to how large one needs to take the
dimension m of the volume element for its volume to decrease in time regardless of
its position in space. We now sketch the principle of the proof.

If we write the Navier—Stokes equations in the short form (see Section I1.3)

du
— =F(u), u(0) = uy, (3.15)
dt

then an infinitesimal box with sides El, ..., &" € H and a common vertex initially

at ug evolves in time according to the first variation equation corresponding to the
linearization of (3.15) around the actual orbit u = u(¢):
d§'

yie DF(wE',  §'(0) =&, (3.16)

foreveryi =1, ..., m; here ’g'(l), ..., &y are the sides of the infinitesimal box at time
zero, and DF (u) is the Fréchet derivative of F at u (actually at u(z), ¢ being dropped).
The volume of the box is the m-dimensional determinant of the vectors &', ..., &,
denoted by |£!(t) A --- A E™(t)|?, and the exponential rate of variation of the volume
is given by the following trace:

Tr(DF(w) o Q,), 3.17)

where Q,, = 0,,(t) = Q,.(t; uyp, E(l), ..., &) is the orthogonal projector of H onto
the space spanned by £'(¢), ..., £”(¢). Indeed, one can show (see e.g. Temam [1997])
that the evolution of the m-dimensional volume element obeys the equation

1d
wm‘(r) A NEMOP = Tr(DF) 0 Qu()IE W A--- AE"®)F. (3.18)

If the trace is negative then the volume is decreasing. In order to estimate this rate
uniformly in space and asymptotically in time, one considers the following quantity:

1 t
qm = limsup sup sup {—/ Tr(DF(S(s)ug) o Q,u(s; up, ’g'(]), ) ds},
t—>00 ugeA Ef)EH 0
& 1<1
i=1,...,m 3.19)
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and we look for m such that
qm < 0. (3.20)

For such an m, every m-dimensional infinitesimal volume eventually decays in time.
From this and with further analysis one can usually show that the Hausdorff and frac-
tal dimensions of A are bounded according to

dimy(A) < m, dimy(A) < Cm, (3.21)

where C is an appropriate constant depending on the data. The details of the estimate
of the trace (3.17) and of ¢,, are technical and are given in Appendix A.3.

Lower bounds on the dimension of the attractor are also available. The first result
is due to Babin and Vishik [1983]; see also Liu [1993]. The lower bound in Babin
and Vishik [1983] matches the upper bound later obtained by Ziane [1997] for a 2-
dimensional elongated channel driven by a constant pressure, which shows that, at
least in this case, the upper bound obtained with the CFT theory is sharp.

Improvements in the 2-Dimensional Space-Periodic Case

In the space-periodic case, estimates such as (3.6) of the dimension of the global at-
tractor can be improved by considering the dimension with respect to the V-norm
instead of the H-norm. Notice that the global attractor is a bounded set in D(A) (ac-
cording to estimates that exploit the time analyticity of the solutions; see Section I1.8)
and hence is also compact in V. Thus, the Hausdorff and fractal dimensions, whose
definitions depend on the metric considered, can also be computed with respect to
the V-norm. However, for the global attractor of the Navier—Stokes equations, the
dimensions turn out to be the same whether they are considered in the H-norm or in
the V-norm. In the space-periodic case, it is (for technical reasons) by working with
the V-norm that we obtain the best estimate. In this estimate the Kraichnan dissipa-
tionlength £, = (v3/n)V/®, which is related to the enstrophy dissipation rate 7, arises
naturally.

For the estimate of the dimension with respect to the V-norm, one computes the
evolution of the finite-dimensional volume elements and then calculates the volume
in terms of the V-norm. In this case, the g,, are defined by

1 [ ~
gm = limsup sup sup {;/ Tr(DF(S(s)ug) o O,,(s; ug, ’;'(1), &) ds},
0

=00 uwpeA glev

g I<1
i=1..., m (322)
where now we use the orthogonal projector in V onto the space spanned by &!(1), ...,
&™(t), which we denote by Qm = Q(t; ug, E('), ..., &3"). The trace is computed using
the inner product in V, and the trilinear term is handled with the help of the polar
identity (II.A.63), which is valid only in the periodic case. The Lieb—Thirring in-
equality, suitably modified, is also used. We thus obtain the following estimates for

the dimensions of the global attractor in the periodic case:
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o\ 2o \\V?
dimy (A) < c6<—> (1 +log<—)> , (3.23)
Ly 4y
o\ 2o \\3
dims(A) < 206<£—> (1 + 10g(£—>> . (3.24)
n n

Here £o = 1/AY? is a characteristic macroscopic length, and £, = (v3/n)"/% is the
Kraichnan dissipation length. The quantity 7 is the enstrophy dissipation rate, de-
fined according to

1 t
n =V, sup limsup—/ |Au(s)|* ds. (3.25)
upe A t—>© t 0

This definition is the rigorous analog of the definition in the conventional theory of
turbulence through ensemble averaging, namely,’

n = v(|Aul?); (3.26)

here |Au| denotes the modulus of the vector Au = Au(x, ¢) and not a functional
norm. Using the dissipation length £,, the heuristic estimate of the number of de-
grees of freedom of a 2-dimensional turbulent flow is

6y
N (E) ; (3.27)

up to the logarithmic term, this is precisely what we obtained in (3.23) and (3.24).
Using the enstrophy equation (II. A.65), one can proceed as in the no-slip case to
obtain a bound on the enstrophy dissipation rate:

A
n < 22 =336 (3.28)
v
whence we deduce that
1/3
dimy (A) < cG* 3(1 + log G) , (3.29)
1/3

dim/(A) < 2¢6G*? (1 + log G) : (3.30)

This improvement, which is consistent with the predictions of the conventional the-
ory of turbulence, is due to Constantin et al. [1988].

An Example of Trivial Attractors for Arbitrarily Large Grashof Numbers
in the Space-Periodic Case

The previous results may seem to imply that the dimension of the global attractor in-
creases with the Grashof number G, which is proportional to |f|. This is not quite

9 To compare (3.25) and (3.26), note that A;|Au|?> and (Au)? have the same dimension.
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the case, as we have derived only the upper bounds. The actual dependence of the
dimension on the forcing term is more subtle: we may have G arbitrarily large, yet
the global attractor may be reduced to a single point and thus have zero dimension.
This occurs, for example, in the 2-dimensional space-periodic case when the forc-
ing term f is a particular eigenfunction associated with the first (smallest) eigenvalue
of the Stokes operator. In this case there is only one fixed point, and this fixed point
is asymptotically stable (i.e., it attracts all the other trajectories); the global attractor
consists only of this fixed point. This result is due to Marchioro [1986]. In Appen-
dix A.4 we present the proof given in Constantin et al. [1988].

We now consider the 2-dimensional periodic case with the same period L in both
directions (i.e., L| = L, = L). We assume that the forcing term f has the particular

form
27X

f(x) = (a?ﬁ) sin I (3.31)

where « is an arbitrary real number and x = (xq, x;). It is straightforward to check
that f is an eigenvector of the Stokes operator associated with the first eigenvalue
)\.1 = 47T2/L21

Af = M f. (3.32)

One can also check directly that
B, f)=(f-V)f =0. (3.33)

The result that we shall describe holds not only for (3.31) but also for any force satis-
fying both (3.32) and (3.33), even if the boundary conditions are different. Since we
repeat the eigenvalues according to their multiplicity (see Section 6 in Chapter II), the
first four eigenvalues coincide: A = A, = A3 = A4. They correspond to the choices
k = (1, 0) and (0, 1) — with ay in the 2-dimensional vector space C (as a vector space
over R) — in the Fourier expansion in terms of the basis (6.17) given in Chapter II.

Consider the vector field |
a=—f. 3.34
u=- . (3.34)

From (3.32) and (3.33), we find
vAu = f, B, u) =0.
Hence, u is a fixed point of the Navier—Stokes equations:
vAu + B(u,u) =f.

We will show in Appendix A.4 that the global attractor consists only of u, that is,
A = {u}. This is achieved by showing that every solution u = u(z) converges to ot
asymptotically in time:

ll_i)rrololu(t) —u|=0. (3.35)

Since this holds for the solution u = u(#) with an arbitrary initial condition uy in
H, we deduce that the global attractor consists of exactly {u}. Recall that this was
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obtained for an arbitrary forcing term f of the form (3.31). For such a force, the cor-
responding Grashof number reads

fl Lol
Uz)ul - Uz)ul ’
Since « is arbitrary, the Grashof number can be arbitrarily large, but the attractor is
always A = {u}.

3.2 The 3-Dimensional Navier—Stokes Equations

The main difficulties in the 3-dimensional case are due again to the lack of well-
posedness of the system of equations. In particular, we cannot speak of a semigroup
in the phase space H, and the notion of global attractor must be adapted in a suitable
way. In what follows we consider two related notions.

First, we consider invariant sets bounded in V and, as predicted heuristically in the
conventional theory of turbulence, obtain estimates for their fractal and Hausdorff di-
mensions of the same order as the number of degrees of freedom of a turbulent flow.
Note that one of the properties of the global attractor for an arbitrary semigroup is in-
variance, which is naturally associated with permanent regimes. The global attractor
is the maximal bounded invariant set (for the inclusion relation), but within the global
attractor there might be orbits or sets of orbits that are more regular and still invari-
ant. In the 2-dimensional NSE, for instance, the global attractor is actually compact
in D(A) (for forces in H; see e.g. Foias and Temam [1979]), and the global attrac-
tor itself (or parts of it) might be even more regular. Likewise, in the 3-dimensional
case there might be several subsets that consist of global orbits belonging to V or
to a more regular space. Because of the local uniqueness of the solutions that start
with an initial condition in the space V, it makes sense to speak of invariant sets that
are bounded in V. A semigroup can be defined on those subsets, and their fractal and
Hausdorff dimensions can be estimated; our first aim in this section is to present such
estimates.

Second, we present the notion of a weak global attractor. It is essentially a global
attractor with respect to the weak topology: it is weakly compact, invariant in a suit-
able sense, and attracts all the orbits in the weak topology; it encompasses most of
the asymptotic regimes of the system. This weak global attractor will be studied in
Chapter IV in connection with the stationary statistical solutions of the 3-dimensional
Navier—Stokes equations.

The Hausdorff and Fractal Dimensions of Invariant Sets Bounded in V

The technique of estimating the fractal and Hausdorff dimensions through the lin-
earized equations (in order to estimate the decay of volume elements) requires us to
consider only sets that are bounded in V and invariant. The invariance here is to be
understood in the following sense: A set X in V is invariant if, for any initial con-
dition ug in X, the corresponding unique local solution extends globally in time to a
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unique solution u = u(#) that is defined for all # € R and with values u(¢) in X. For
such invariant sets the CFT theory applies and, following Constantin et al. [1985a,b],
we can prove that the fractal and Hausdorff dimensions of any invariant set bounded
in V have bounds that are exactly of the same order as the number of degrees of
freedom predicted in the conventional theory of turbulence. As explained earlier, the
number of degrees of freedom of a 3-dimensional turbulent flow is

(2)
N~|—], (3.36)
Ly

where £ is a characteristic macroscopic length for the flow and £, is the Kolmogorov
dissipation length. The dissipation length is defined heuristically through dimen-
sional analysis as £, = (v3/€)'/4, where € is the energy dissipation rate.

Consider, then, a bounded set X in V that is invariant in the sense just described.
Within the set X we have global existence and uniqueness of solutions, so the CFT
theory can be applied in the same way as in the 2-dimensional case. We need to esti-
mate the dimension of volume elements whose volume decays in time. We define the
quantities

dm = lim sup sup sup {l / TI'(DF(U(S)) © Qm(S; U, E(l)’ LR E?;)) dS},
0

t—00 upeX §6EH

&5 1<1
i=l..., m

(3.37)
and we look for m such that
qm < 0. (3.38)

In the expression for g,,, w = u(#) is the unique global solution with the initial con-
dition u(0) = uy € X; the )‘;'(’) (j =1,...,m) are initial conditions for the linearized
Navier—Stokes system

d§’ i i i

pie DFw&',  &(0) =&, (3.39)
which is globally well-posed; and Q,, = Q,,(¢; uy, & (1), ..., &¢) is the orthogonal pro-
jector of H onto the space spanned by the corresponding solutions £'(¢), ..., (1),

at time 7, of the linearized equation. Similarly to the 2-dimensional case, we obtain
the estimate

qm < —cim” 4k, (3.40)
where Ql
_ V _ Cg 5/4
K1 = —2C7|Q|2/3’ Ky = _1)11/4 €, (341)

the constants c¢7 and cg depend only on the shape of the domain €2, and the rate of
energy dissipation € is rigorously interpreted as

1 t
€ = vlim sup sup m/ /|Vu(x, s)|2dxds. (3.42)
0 Ja

t—o00 ugeX
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For m given by

T
m—1 <C9|§2|<—3> <m (3.43)
)
with cg = (4c¢5)%, we have
qm <0, %51, j=1...,m—1 (3.44)
q'n

Therefore, by taking £( = |2|'/? to be the characteristic macroscopic length and with
L4 = (v3/€)/* as the dissipation length, the Hausdorff and fractal dimensions of the
invariant set X can be estimated by

3

0\’ ¢
dimy (X) < col =), dimp(X) < 2¢10( — ) . (3.45)
Zd Ed

where cj( is some suitable constant that depends only on the shape of €2.

The Weak Global Attractor in Dimension 3

In the 3-dimensional case, following Foias and Temam [1985], we may define a no-
tion of global attractor with respect to the weak topology. This attractor is denoted
the weak global attractor, A,,, and is defined by

Ay = {uo € H; there exists a weak solution u = u(z), defined on R

and uniformly bounded in H, such that u(x, 0) = uo(x)}. (3.46)

The role of the weak global attractor is to encompass all of the asymptotic behavior
of the system. This is achieved by the properties of attraction (in the weak topology)
and invariance. These two properties will be made precise shortly. First, let us notice
that A is a bounded set in H. Indeed, one has

1
ch{ueH; |u|§—|f|}. (3.47)
1))\.]

This follows from the a priori estimate (II.A.41). The invariance is a trivial conse-
quence of the following definition.

Let uy belong to A, and let u = u(r) be a global weak solution
with u(0) = ug and uniformly bounded in H, as required in the

3.48
definition of A4; then, at any other time ¢ € R, the velocity field ( )
u(t) also belongs to A,,.
As for the attraction property, A,, is weakly attracting in the following sense:
For every weak solution u on [0, 00), it follows that u(z) — A, (3.49)

in H, ast — o0.

This means that every weak neighborhood of A,, will eventually contain u(z). The
proof of this property is slightly more technical and is given in the Appendix to this
chapter.
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Finally, the weak global attractor is also weakly compact:
A, is compact for the weak topology of H. (3.50)

The proof of this weak compactness property is similar to that of the attraction prop-
erty and is also given in the Appendix.

An important open question concerning the weak global attractor is whether it is
included and bounded in V. This would imply, in particular, that all the trajectories
inside the weak global attractor are strong solutions and hence are unique.

Alternate approaches to the notion of an attractor for the 3-dimensional Navier—
Stokes equations are due to Ball [1997] and Sell [1996].

4 Approximate Inertial Manifolds

The notion that turbulent flows have a finite number of degrees of freedom — as in-
dicated by the Landau—Lifshitz description, or by the existence of a finite number
of determining modes or nodes and a finite-dimensional attractor — strongly sug-
gests that, for practical purposes, it might be possible to describe the evolution of a
turbulent flow by a finite, reasonably sized set of parameters. Approximate inertial
manifolds give (in an approximate sense) a practical answer to this question.
Consider the decomposition of the velocity field of the flow, say u = u(x, ¢), into
two parts,
u=y-+z, 4.1

where y = y(X, t) is a variable with relatively few dimensions (in the sense that ¢
y(-, t) has its values in a vector space with relatively few dimensions), while z =
z(x, t), the remaining part, is somehow enslaved by y. The relation between these
two parts of the flow could be represented by a functional relation of the form

z=(y). 4.2)

Generally, such a decomposition can be carried out exactly when there is an adequate
separation of scales. That is not the case for turbulent flows, but an approximate de-
composition is possible. A natural candidate to start with stems from the Fourier
representation of a flow:

u(x, 1) =Y i () wi(x),

k=1

where the w;, are eigenfunctions of the Stokes operator (remember that, in the peri-
odic case, this expansion coincides with the usual Fourier series expansion). The
finite, low-dimensional part can consist of the low eigenmodes,

Y%, 1) = Pyu(x, 1) = ) i (1) Wi (x), (4.3)
k=1

while z contains the remaining modes,
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oo
z(x,t) =u(x,t) —yx,t) = Z i (D) Wi (x). 4.4
k=m+1

Each eigenfunction wy is associated with an eigenvalue X; of the Stokes operator.
Those eigenvalues are positive and nondecreasing, with Ay — oo ask — oo (see Sec-
tion I1.6). The quantity £; = 1/+/A¢, which has the dimension of length, measures in
some manner the characteristic wavelength associated with wy, while x; = 1/, rep-
resents the spatial frequency (or wavenumber) of the corresponding eigenfunction. In
the periodic case, these interpretations are exact. The low modes, represented by y,
are thus related to the large-scale structures of the flow; the high modes, represented

by z, are related to the small scales.
An exact relation of the form (4.2) leads to a system of ordinary differential equa-
tions for the evolution of the flow. Indeed, recall the functional equation form of the

NSE given in Section I1.3:

du

dr
With the decomposition (4.1) in mind — and with y and z given by (4.3) and (4.4), re-
spectively — we can formally obtain the equations corresponding to the evolution of
the low and high modes by applying to (4.5) the Galerkin projector P,, and its com-
plement Q,, = I — P,,. Hence, we find

+ vAu + B(u) =f. “4.5)

d
d—f  VAY + PuB(Yy +12) = Puf, 4.6)
dz
E+vAz+ OnB(y+1z) = Q,f. 4.7

If an exact relation of the form (4.2) holds, then the high modes are given in terms of
the low modes and hence we need only consider the evolution equation for the low
modes; this takes the form

dy

7T VAY + P, B(y + ®(y)) = Puf. (4.8)

This is a system of ordinary differential equations for the unknowns iy, is, ..., .
The portion or “surface” of the phase space (the infinite-dimensional function space
for the velocity field u) defined by the relation (4.2) is known as an inertial manifold.
The corresponding finite-dimensional system (4.8) is known as the inertial form of the
system (equation (4.5)). This picture is consistent with the Kolmogorov description
of turbulence in 3-dimensional flows (and, similarly, with the Kraichnan description
of turbulence in 2-dimensional flows). In that picture we have, in particular, an iner-
tial range, say [k, k4], and the dissipation range [x,, 00). In the dissipation range,
the viscous effects dominate and so the energy is thought to be dissipated by vis-
cosity without interacting further with other modes. The bulk of the energy relevant
for the motion of the flow is then mostly contained in the modes with wavenumbers
lower than the Kolmogorov cutoff wavenumber ;. In accordance with this theory,
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one could expect the relation (4.2) to occur for k,, (the highest mode among the low
modes in the separation of scales) of the order of k.

However, the exact relation (4.2) is not known to exist. The existence of such a
relation has been proved (in a mathematically rigorous way) for a number of partial
differential equations modeling turbulent phenomena in mechanics, chemistry, and
other fields. It is still an open question whether the 2-dimensional or 3-dimensional
Navier—Stokes equations possesses such an inertial manifold.

More plausible is the existence of an approximate relation of the form (4.2), that is,

z~ O(y). (4.9)

More precisely, one could have that the flow u(¢) = y(¢) + z(¢) is close to y(¢) +
Ci>(y(t)) in the sense that, for all times (or, at least, for large ¢),

lz(t) — D(y(1)| < ¢ (4.10)

in some suitable norm | - |, where ¢ is a small number. When (4.10) holds, the man-
ifold Z = ®(¥) is called an approximate inertial manifold. Tt provides us with an
approximate law relating the high modes to the low modes. In constrast with inertial
manifolds, a number of approximate inertial manifolds are known to exist and their
explicit expressions have been derived (see the references cited in Remark 4.1). They
have been used also in the development of several multilevel numerical methods. In
fact, the Galerkin approximation of the Navier—Stokes equations corresponds to the
flat manifold Z = 0. For a given approximate inertial manifold Z = ®(§¥), one can
consider an approximation to the NSE by the finite-dimensional system

a5 o
d—f 4 VAY + PuB(§ + ®(§)) = Puf. @11

Note that the solution ¥ = y(#) of this system does not coincide with the low-mode
part of the exact flow, y(r) = P,u(t), because the enslaving is not exact. Never-
theless, one can expect that, the smaller the error ¢ in (4.10), the better the approx-
imation (4.11) in the sense that y(¢) + &J(y(t)) would be closer to the exact solu-
tion u(¢). Starting from this simple idea, the time multilevel approximation of the
Navier—Stokes equations has developed in directions that are beyond the scope of
this work (see Remark 4.1). The decomposition (4.1) is at the heart of such methods,
although approximations like (4.11) are not directly used.

Another practical aspect of the concept of an approximate inertial manifold is that,
even when an exact inertial manifold is known to exist, it might be more useful (for
computational purposes) to have on hand an explicit form for an approximate iner-
tial manifold, since inertial manifolds are usually obtained implicitly. Furthermore,
although the proof of existence of the approximate relation (4.9) requires that z be
well inside the dissipation range, practical experience suggests that, by choosing the
cutoff wavenumber «,, well inside the inertial range, one can still derive a reasonably
good approximation (4.10) with a relatively low-dimensional system (4.11).

As just mentioned, there are a number of explicit approximate inertial manifolds
for the Navier—Stokes equations in the 2- and 3-dimensional cases. We now describe
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the first nontrivial example of such a manifold (called the FMT manifold after Foias,
Manley, and Temam [1987c, 1988b]).

We consider the 2-dimensional NSE with either no-slip boundary conditions or
periodic boundary conditions with vanishing space average. The forcing term is as-
sumed to be time-independent and to belong to the space H. We proceed in a some-
what heuristic manner; the details of the proof are given in Appendix A.6. The first
observation (proved result) is that — in the decomposition (4.1), (4.3), and (4.4) — with
m sufficiently large, the component z(¢) is small after a finite time r > T':

A 3o\2
lz(1)] = Mo (1 + log —"’) (4.12)
)\m-H )‘-1
for t > T and for some constant'® M, depending on the data v, |f|, and ; here, the
time 7 depends on these data and on |ug|. With this in mind, we consider the bilinear
term
B(w) = B(y +2z) = B(y,y) + B(y,2) + B(z,y) + B(z, 2).

We see that, for large times, the term involving only z should be much smaller than
those involving both y and z, which, in turn, should be much smaller than the term
involving only y. In other words,

|B(z, z)| < |B(Yy,2)l, [B(z,y)| < |B(y, y)l. (4.13)
Hence, from (4.7) we expect that
dz
o +vAz+ 0, B(y) = Q,f. (4.14)

Moreover, the relaxation time for z is of the order of vA,,;, which is much larger
than the relaxation time v\, of the large eddies; hence the time derivative dz /dt is
very small. Indeed, one can show that, for ¢t > T,

dz (1)
dt

) )\'1 )\‘m 1/2
1

m+1

for another constant M, (see the comments in Remark 4.2). Hence, we neglect this
term in (4.14) and obtain the FMT manifold:

VAZ+ Q,B(y) ~ Q,f. 4.16)
Since Az = AQ,,z and AQ,, is invertible, we can rewrite (4.16) in the form

2~ ®,(y) = WAQ,) (Quf — 0QnB(Y)). (4.17)

In fact, as shown in Foias et al. [1988b] and as we prove in the Appendix to this chap-
ter, the following estimate holds for large times (say, t > T):

- a\? Am
lz() — Pu(y@)| < No<A—l> (1 + log k_1) (4.13)

m

10" See the comments in Remark 4.2.
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where Ny is a constant depending on the data v, 2, and |f|; T depends on the same
quantities and also on the norm |ug| of the initial condition. The estimate (4.18) is
to be compared with the estimate (4.12) corresponding to the flat manifold ® = 0
associated with the Galerkin method.

As mentioned at the beginning of this derivation, the estimate (4.18) holds for m
large enough. In the periodic case we can give an explicit upper bound estimate, in
terms of the Grashof number, of this minimum number m of modes to be contained
in the low-mode component of u (i.e., an estimate for A ). This estimate in the
periodic case reads

Am
s oG, (4.19)
Al
where G is the Grashof number defined by
If]
G= 4.20
N7y (4.20)

and cq is a constant that depends only on the shape of the domain Q2 (i.e., the ratio
between the periods).

The manifold z = Cf>m()7) can be regarded as part of a family {&Jm}m, which pro-
vides better and better approximations by increasing m. Several other families of
approximate inertial manifolds have been constructed after this first one (see e.g.
Titi [1988], Foias, Jolly, Kevrekidis, and Titi [1988a], Temam [1989], Debussche and
Temam [1994], Debussche and Dubois [1994], and Rosa [1995]). In the last three
works, the error for the families decreases exponentially with A, and decreases as

a power of 1! 41 for all other manifolds.

Remark 4.1 Starting from the simple ideas just described, the time multilevel ap-
proximation of the Navier—Stokes equations has developed in directions that are be-
yond the scope of this work. In particular, multilevel decompositions of the form

u=y+z+---+z,,
with

mo mi o0
Y= E UrWi, 21 = E UrWi,s oooy Zy = E U Wi
k=1 k=mo+1 k=m,_1+1

have been considered with » = 2 or 3 or larger. Also, in the case where r = 1, the
decomposition (4.1)—(4.3) has been used for values of m for which the approxima-
tions (4.13) and (4.15) (relying on the idea that dz/d¢ is small) are no longer valid.
Without entering too much into the details, let us point out some references on the nu-
merical applications. The nonlinear Galerkin method was proposed by Marion and
Temam [1989, 1990] and further studied by a number of authors; see the description
and references in Marion and Temam [1998]. The dynamical multilevel method was
introduced and implemented by Dubois, Jauberteau, and Temam [1998, 1999]. These
methods can be seen as a dynamical version of the multigrid and multilevel wavelet
methods, which are static methods (i.e., conceived for stationary problems). The ex-
tension to spectral and pseudo-spectral methods is developed by Costa et al. [2001].
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A totally different route (the Galerkin postprocessing method) has been followed by
Titi and his collaborators; see for example Garcia-Archilla et al. [1999].

The next remark is also relevant to the numerical aspects.

Remark 4.2 The previous analysis is described from a mathematical perspective.
Concerning a physical perspective, two observations are important. First, the physical
value of estimates like (4.12), (4.15), and (4.18) depend on the value of the “constants”
My, M|, and Ny, which involve the Grashof (or Reynolds) number of the flow and
which may be quite high. In particular, it is believed in turbulence theory that the
small eddies evolve rapidly so that, for an estimate like (4.15) to imply that dz /dt is
small, it will probably be necessary for A, to be very large, with /> much larger
than k;. However, we compensate for this discouraging physical remark with a more
encouraging one: z and dz/dt are highly oscillating functions (in time and space),
and their time average values are believed to be much smaller than their maximum
value. Hence, beyond the limitations of current mathematical techniques, one can
hope to derive (e.g., for |z(¢) — &Dm(y(t))l) an estimate much better than (4.18), or
perhaps like (4.18) but with a “small” constant Ny. In numerical applications, it is
found that A, is much smaller than required by the analysis here; /2, smaller than
kg4, 1s usually somewhere inside the inertial range.

A practical result of obtaining an approximate inertial manifold, both in the 2- and
3-dimensional cases, is that one can obtain an effective viscosity arising from the sev-
erance of the high-wavenumber components z. For the sake of simplicity, we limit
ourselves to the cases where the driving force f has no components in common with
z (i.e., where Q,,f = 0).

Consider first the 2-dimensional case. We have recognized (4.11) as an approxi-
mate Navier—Stokes equation. In that spirit, we want this approximation to retain as
many of the properties of the exact equation as possible. In particular, for periodic
boundary conditions, we want the nonlinear term in (4.11) to be orthogonal to Ay.
This can be accomplished by subtracting a suitable quantity from the nonlinear term.
After some elementary manipulations (see Foias, Manley, and Temam [1991]), that
quantity takes the form

|AZ)? A
"lage ™
where Z = ®(§). This quantity can be combined with vA§¥ to yield an effective
Viscosity
Vet 2p = v(l + 'Ai'z). (421
|Ay|?

On carrying out a similar exercise in three dimensions, where we would wish to
retain the orthogonality of the nonlinear term with respect to ¥ itself, we find that in
this case the effective viscosity takes the form

_ llz]?
Veit3p = V{1 + —— |. (4.22)
I¥11%
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Appendix A Proofs of Technical Results in Chapter 111

We now present the more technical (mathematical) proofs omitted from the preced-
ing sections of this chapter.

A.1 Proof of the Generalized Gronwall Lemma 1.1

In view of assumptions (1.9) and (1.10), we let #y > 0 be such that

1 t+T
T/ a(t)dt =y (A.D)
t
and
1 t+T
7/ a (1)dr <T (A.2)
t

for all # > t( and for some y > O and I' < oo.
By the classical Gronwall lemma, we deduce from (1.12) that

0<é&@) < é(to)exp(—/ta(a) da) + /Iexp<—/la(a) d0>ﬁ+(r) dr. (A3)

Fort > t > ty, we let k be an integer such that t + kT <t <t 4 (k+ 1)T. Then

¢ t+kT t
exp(—/ a(o) do) < exp(—/ a(o) dU) exp(—/ a(o) d")
g . 1+kT

< e VT < =y (DT, (T+N)T < =y (=1)

where we have set I'' = exp((I" 4+ y)T). Thus, from (A.3) we obtain

0 <&(1) <E(t)Me 7070 ¢ r// e 7D Y (1) dr. (A.4)

140
Now, we take k¢ to be an integer such that 7o + (ko — )T <t <ty + koT. Then we
can bound the second term in the RHS of (A.4) as follows:

t ko to+kT
/ e 7B (1) dr < Zf e 7D (1) dr
0 i1 Jio+G=DT

ko

to+kT
< / e_y(ko_k_l)T,B+(T)dT
k=1 Y10+(k=DT

to+kT
<7 maxk/ BH(t)dr
0

k=1,..., to+(k=DT
1 s+T
< Te’T sup — Bt (r)dr.
s=>10 T K

Thus, from (A.4) we find

1 s+T
0 < &) <&(tg)e 770 4 T/ Te?T sup T B (1) dr. (A.5)

§=10 s
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Let ¢t go to infinity in (A.5) to obtain

1 t+T
0 < limsup &(r) < I'"Te?T sup - BT (1) dr. (A.6)

t—00 t>to t

Finally, let ¢ go to infinity and deduce, using the assumption (1.11) on 8, that
lim &(t) = 0.
—>00

This completes the proof of Lemma 1.1.

A.2 Proof of Lemma 2.1

Consider first a square Q = (0, £) x (0, £), with £ > 0. Fix x° = (x¢, yo) in Q, and
let u = u(x) be a smooth function defined on Q. For any x = (x, y) in Q, we have

y

u(x,y) —u(xo, yo) =/ u,(é, y)d€+/i u,(xg, 1) dn.

X0 Yo
Hence, using the Cauchy—Schwarz inequality,

4 4
|u<x,y)—u(xo,yo)|zsze/ lu, (€, y>|2ds+26/ luy (xo, n)|* dn.
0 0

After integration on Q on the dummy variables (x, y), we find

¢ ¢ e
/ / lu(x, y) —u(xo, yo)|*dxdy < 252/ / u, (&, y)|* d& dy
0 Jo 0 Jo

L
+2¢° f lu, (xo, n)|* dn. (A7)
0

We need to estimate the second term on the RHS of (A.7). It will be an estimate of
the type of trace theorem (traces in the sense of Sobolev spaces). First, we write

u, (xo, n)* =u,(x, n)? +2 / u, (&, N, (€, 1) dE

4
<u,(r 042 / (€, m)luya (&, )] dE.
0

Then, upon integration in x and n over Q and by using the Cauchy—Schwarz and
Young inequalities,

l
¢ f u,(x9, 1) dn
0

14 4 ¢ ¢
S/O /0 uy(x,n)zdxdnJrZZ/O /0|uy($, My (&, n)| d& dn

2 2 2
= 2||uy||L2(Q)2 + E ||uxy||L2(Q)2~ (AS)

Inserting (A.8) into (A.7), we obtain
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2 2 2 2 2 2 2
”u”LZ(Q)Z — £7u(xo, y())l <2 ”ux”LZ(Q)Z +4¢ ”uy”LZ(Q)Z

+ 20 172 g (A9)

Now, consider the domain €2 and let it be covered by N identical squares with sides
of length ¢. Let also £ = {x',x2,...,x"} be a set of points in €2, distributed one
in each of the squares. By applying (A.9) to each of the squares — with (x¢, yo) re-

placed by the corresponding point x/ within the square — and summing over all the
squares, we find

N
2 2 i\ 12 2 2 2 2 4 2
hall 2 — €D )P < 200y 72 + 42 10y 152 gy + 240y 172 g
Jj=1

Recalling that the norm of D(A) is equivalent to that of H 2(Q)? (see (6.2) and (6.16)
in Chapter IT), we obtain

N
lu? < €2 " jux))|* + 4€||ul? + ct*| Aul’. (A.10)
j=1

Using the interpolation inequality
lull < clul"/?Au]/? (A.11)

(see (A.49) in Chapter IT) and Young’s inequality, we infer from (A.10) that
N
lu? <262 ) ju(x))|* + ct*|Aul’. (A.12)
j=1
By astraightforward application of the interpolation inequality (A.11) and Agmon’s
inequality (I1.A.48), we deduce from (A.12) the inequalities

N
hal® < > jux)? + c€?| Auf? (A.13)
j=1
and
N
ulieig < Y u(x)? + ct?| Auf? (A.14)
j=1

Here the constant ¢ depends only on the shape of the domain €2.

The number N and the length £ of the sides of the squares that appear in equa-
tions (A.12)—(A.14) are obviously related. Indeed, the area |€2| of the domain is of
the order of N¢2. The Grashof number is defined in terms of A, the first eigenvalue
of the Stokes operator, so we would like to relate £ and N to A;. We may do so using

the relation ‘

~lar

where c is a constant that depends only on the shape of 2 (i.e., the constant does not
change if we rescale the domain). Hence, we have

A
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02 = .
MN

for a possibly different constant ¢, which also depends only on the shape of the do-
main. By substituting for £2 in the aforementioned inequalities and then using the
simple estimate

N .
> lux)? < Nn(g),

Jj=1

we obtain the estimates claimed in Lemma 2.1.

A.3 Estimates for the Dimension of the Global Attractor

We now sketch the estimate of the trace (3.17) and of ¢, that we used for estimating
the dimension of the global attractor in the 2-dimensional case with either no-slip or
space-periodic boundary conditions.

We compute the trace in the definition of g, by observing that, if {¢(?), ..., @, (?)}

is an orthonormal basis of Q,, H = span{§'(¢), ..., £"(t)}, then we have
Tr(DF(u(#)) o Qin(t)) = Z(DF(H(I))%(I), @;(1)). (A.15)
j=1

For each j =1, ..., m we can write, using the orthogonality property (II.A.33),

(DF(u)g;, ;) = —v(Ag), 9;)) — (B(u, ¢;) + B(g;, ), ¢;)
= —vlg;* — b(g;, u, ¢)).
The trilinear terms add up to

m

Zb(q»,,u ) = / > Z ©ji ()0, ux (X) @ (X) d,

j=11ik=1

where ¢;;(x) (i =1, 2) are the space components of ¢;(x) and the u;(x) are those of
u(x). For each x in 2, we can estimate

U o dur 2 172
ijzz Y s{i%jlwx,.uk(x)ﬁ} p(x), (A.16)
where ,
P =) ¢i(x)”. (A.17)
Thus, e
fjb(wj,u, 9)| < lullplL, (A.18)

j=1

where |p|;2 is the L?(2)-norm of p. Therefore,
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m

Tr(DE@(1)) o () = v > lg 012 + lu@) o). (A.19)
J=l
At this point, we need the following collective Sobolev inequality (of Lieb—Thirring
type) to obtain a sharp estimate of the L?(£2)-norm of p:

2 <3 ) llgj O] (A.20)
j=1
where c3 is a constant depending only on the shape of 2. The original inequality
was obtained by Lieb and Thirring [1976] in the context of quantum mechanics, with
the domain being the whole space; the proof of (A.20) is reported and simplified in
Temam [1997].
Using the Cauchy—Schwarz inequality, we thus obtain

Te(DF () 0 Q) < —> S o017 + S u@l?. (A2l
-2 = J 2v
Because {¢;, ..., @} is an orthonormal family in H, one can show that the following
estimate is valid: .,
Do = 2+ + A (A22)
j=1

From Section I1.6, the eigenvalues of the Stokes operator satisfy
Aj~cahij as j — o0 (A.23)

(see (I1.6.25)), where c4 is a constant depending only on the shape of 2. One can
check that
Mt Ay > cshm? (A.24)

for another constant c5 depending only on the shape of 2. Therefore,

V)\,l

Tr(DF(u() o Qu(®)) = —c5— m* + ;—illu(t)HZ. (A.25)

From (A.25), we can derive the following estimate for g,,:

gm < —Kk1m* + 2, (A.26)
where
k1= S =25 (A.27)
1= S5 VAL 2= 5 2 .
and € is given by (3.10). For m given by
2100\ /2
m—1< <£> <m, (A.28)
K1
one can check that
qm <0, @SL j=1...,m—1 (A.29)
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Therefore, the Hausdorff and fractal dimensions of the global attractor can be esti-
mated by

dimy(A) < m, dims(A) <2m. (A.30)
Since
() =Ce) =) (2)
K1 Uesvi2) e ta)’
we obtain 5 ,
. Z0 . Zo
dimy(A) < ¢l — ), dims(A) <2 — ), (A.31)
Lq ’ Ly

where ¢, is some constant dependent only on the shape of 2.

A.4 Proof of the Triviality of the Attractor with Force in the First Mode

We now consider the 2-dimensional space-periodic Navier—Stokes equations with
the particular forcing term of the form (3.31). We want to prove that the global attrac-
tor is reduced to the fixed point (3.34), which we do by establishing the asymptotic
decay (3.35).

Let u = u(¢) be an arbitrary solution of the Navier—Stokes equations with initial
condition u(0) = ug. The energy and enstrophy equations for u = u(t) (see (4.8)
and (A.65) in Chapter IT) read

Ld o 2_
S 2 OF +vluIP = (f, u@)

and
1d
EEIIUU)II2 +v]Au()* = (f, Au(r)) = (Af, u(®)) = ri(f, u(®)).

Multiplying the energy equation by A; and subtracting it from the enstrophy equation,
we obtain

1d
M(nun2 — Mul®) +v(|Au)® — Aqful?) <0, (A.32)

where we have omitted the time dependence in u = u(z).
Using the expansion of a vector field in terms of the basis {w;, k = 1,2, ...} of
eigenfunctions of the Stokes operator (see (6.4) in Chapter II), that is,

o0

u= dw,
k=1
we see that
oo
hal? = 2qfuf® =" (e = A .
k=5
Similarly,

o0
[Aul® = Aqful® =) A — Apl]?
k=5

(o]
> s O — 2> = As(ull® = Aiful?).
k=5
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Thus, (A.32) yields

1d
m(ﬂun2 — Mlu?) + vas(ful* = Auf?) < 0.

Therefore,
lim (Ju@)|* = Aifu()[?) =0. (A.33)

Consider the Galerkin projector P, associated with the first four eigenvalues (which
coincide), and let Q4 = I — P4 be its complement. We have

o0 o0
|Qqul* =) Ji, > < (e = A * = (lal® = AiJuf?).
4 ; k )\5 — )\’1 ; k 1 )\5 — )\1 1
Hence, by (A.33),
tlim |Q4u(t)| = 0. (A.34)

Define v(¢) = u(t) — u. From (3.32), we have that P,u = u and hence Q4v(t) =
Qqu(t). Thus, |Q4v(2)| decays to zero asymptotically in time. It remains to show
that | P4v(¢)| decays to zero as well. Subtracting the stationary Navier—Stokes equa-
tions for u from those for u, we obtain

d
EV + vAv + B(v,v) + B(v,u) + B(u,v) = 0.
Taking the inner product in H of this equation with P4V yields
1d
§E|P4v|2 + M| Pav]* 4+ b(v, v, Pyv) + b(v, 0, Pyv) + b(ii, v, Pyv) = 0.

We now decompose the trilinear terms according to v = P,v + Q4v. Recall that
the solutions of the 2-dimensional NSE are uniformly bounded in time in the norms
associated with both H and V. Therefore, since |Q4v(?)| decays asymptotically to
zero in time (see (A.34)), we see that all the trilinear terms with Q4v in one of the
entries decay asymptotically to zero as well. Hence, we can write

1d ) 5
§E|P4V| + VAL PaV|" + b(Pav, Psv, Pyv)
4+ b(Pyv,u, Pyv) +b(u, Pyv, Pyv) = B(1),

where S(t) vanishes asymptotically in time. From the orthogonality property of the
trilinear term, we have
b(P4V, P4V, P4V) =0.

From differentiation of this relation with respect to P4v, we also find that
b(Pyv,u, Pyv) + b, Pyv, Pyv) = —b(Pyv, Pyv, ).

Moreover, from the Fourier representation of the space-periodic vector fields in terms
of the eigenfunctions (6.17) in Chapter II, one can check that

b(P4V, P4V, l_l) =0.
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This holds simply because all three entries are eigenfunctions associated with the
smallest eigenvector A;. We are then left with

L pvP o PP = i)
—— | Pyv v v|© = ,
T 110y
whence we deduce that
lim | Pyu(z)| = 0.
t—00
This, together with (A.34), implies that
lim |u(z) —u| =0,
=00

which proves (3.35). Since this holds for the solution u = u(¢) with an arbitrary ini-
tial condition ug in H, we deduce that the global attractor consists of exactly {u}.

A.5 Attraction and Compactness of the 3-Dimensional
Weak Global Attractor

We start with the proof of the weak attraction, where we present a stronger result than
the one announced in Section 3. Then we give the proof of weak compactness.

Weak Attraction of the Weak Global Attractor

The weak attraction holds in a stronger sense, namely, A,, attracts all the solutions
in the weak topology uniformly for initial conditions bounded in H. More precisely,
we will show that if {ug,}, is a sequence of initial conditions bounded in H, say

[up,| < C; forall neN, (A.35)

and if u, = u,(¢) are weak solutions on [0, co) with u,(0) = uy,, then for every
neighborhood U of A, in the weak topology there exists a time 7 > 0 such that
u,(t)yeld forallt > T and all n € N.

The proof of this result is by contradiction. Assume it is not true. Then we can find
a neighborhood U of A,, in the weak topology as well as two subsequences, {n;};
(nj € N) and {#;}; (tj — 00), such that u,,(7;) does not belong to ¢/. From (A.35)
and the a priori estimates (I1.A.42) and (I1.A.40), we find that

u,, is bounded in L*°(0, co; H) N LZ(O, T;V)forall T > 0. (A.36)

In particular, u,,(z;) is bounded in H. Hence, extracting a subsequence from {n;};
and {#;}; (and still denoting it {n;};, {t;};), there exists vo in H such that

u,, (1;) — vo weakly in H. (A.37)

Since u,, i () does not belong to I/ and since U is a neighborhood of A, in the weak
topology, it follows that
Vo ¢ .Aw. (A38)
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We will now show that vy does belong to A,,, establishing a contradiction. Define
vj(t) = u,,(t +1;) fort > —t;, with v;(z) = 0 forr < —1#;. From (A.36), it follows
that

v; is bounded in L*¥(R; H)N L2(—T, T;V)forall T > 0. (A.39)

Moreover, each v; is a solution of the Navier—Stokes equations. Exactly as in the
proof of the existence of weak solutions, one can pass to the limit in the corresponding
equations for a suitable subsequence of v; to deduce that there exists a weak solu-
tion v = v(¢), defined on all R, that is the limit of that subsequence. Finally, one can
check that v(0) = vy and that v(¢) is bounded in H, uniformly for ¢ in R. Therefore,
by the definition of the weak global attractor, vy € A,,, which contradicts (A.38).
Hence, the weak global attractor does attract all the orbits in the weak topology, uni-
formly for initial conditions bounded in H.

Weak Compactness of the Weak Global Attractor

The proof of the weak compactness of A4, is similar to that for weak attraction. Con-
sider an arbitrary sequence {ug,}, in A,. By (3.47), A, is bounded; hence, there
exists a subsequence {uOnj} ;j that converges weakly in H to some element vo. We
need to show that v, belongs to A,,. For that purpose, we proceed as in the proof of
the weak attraction property. We consider the global solutions u,, = u,(¢) on R that
correspond to each element u,, as provided in the definition of A,,. Since A, is
bounded in H, one can obtain the appropriate a priori estimates to show that those
solutions have a subsequence that converges to another solution v, which is also de-
fined on R, with the property that v(0) = vq. Thus, vy € A,,. Therefore, A, is
weakly compact in H.

A.6 Error Bounds for the FMT Approximate Inertial Manifold

We now prove in a rigorous way the estimate (4.18) for the FMT approximate iner-
tial manifold. For the periodic case we also prove the explicit upper bound estimate
(4.19), in terms of the Grashof number, of the minimum number of modes to be con-
tained in the low-mode component of u in order for relation (4.18) to hold.

Assume for the moment that (4.12) and (4.15) hold. Likewise, assume that the fol-
lowing two estimates also hold for ¢ > T':

Al 1/2 )\m 1/2
Iz < M1<A ) (l + log T) ; (A.40)
m+1 1
A 1/2
|AZ(1)] < M2<1 + log x_1> . (A.41)

We want to estimate the difference between the solution u = y + z and the approxi-
mation y 4+, where Z = ®(y). This amounts to estimating z — Z. From the definition
of ®, we see that
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VAZ + QnB(y) = Qnf.
Subtracting this equation from the equation (4.6) for z, we find
VA(z —7) = —2' — 0, B(y,2) — 0., B(z,y) — 0., B(z,12), (A.42)

where (for simplicity) we have set z' = dz/dt. Using estimates (4.12), (4.15), (A.40),
and (A.41) for z together with estimates (A.46a), (A.46b), and (A.51a) from Chap-
ter 11 for the nonlinear term, we bound the RHS of (A .42) as follows:

AyI® )
+ cilz) 2|zl 2 ||yl ? | Ayl/2

vA(z —2)| < |2/| +61IIYI|||Z||(1 + log ——>
Ayl

+ cilz|"?||z||| Az|/*

A 1/2 5o\2
< M1<)L ) <1+10g A—"’)
m—+1 1

oy ” ||< Al >l/2(1 " )\-m>1/2<1 » |Ay|2 )1/2
C og — (0]
VI 5 SEWETE

2,12 M N o\ 1/2) 4 011/2
My M s — " 1+ log W Iyl 1Ay
m

By (A.56) in Chapter II we know that, for large ¢, u(¢) is uniformly bounded in V
by a constant that is independent of the initial data — say,

la()l = Ci (A.43)

fort > T. In particular,
ly®l < G

fort > T; since y contains only the lower modes, we also have the estimate
|Ay())] < M2 Iy @)l < G2
Thus, we find that

~ )\1 12 )\m 12 )"1 12 )"m
[VA(z — 7)| < M, 1+ log — + c1C1 M, 1+ log —
)‘-m+1 )\] )\.m.t,_] )\1

e 1/2 5o\2
eCMy Ml <_) <1 +log _)
)\'erl )‘1

a2 A
< (M) 4 c1Ci(M,? +A1Mé/2)M11/2)<)L—1> <1+10g k—’")
m+1

This implies that

1/2
|A(z(t) — @, (y®)))| < N2</\A' > (1 + log i) (A.44)
1

m+1
fort > T, where

M+ C1C1(Mll/2 +)»1Mé/2)M11/2

Vv

N> (A.45)
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The inverse of the Stokes operator is a bounded operator; when restricted to the
space Q,, H, itsnormin H is given by A;nl 1 and the norm of its square root, AT2Q,,
is A,/3. Thus, we obtain via (A.44) the estimates

} A 12 b
|z(t) — Pu(y(®)| < No< ) (1 + log —) (A.46)
Am+1 Al
and
N a2 Aom
lz(z) — @p(y@)Il < N1( ) (1 + log —) (A.47T)
)\m+l )‘-l
for t > T, where
N2 N2
NQ = )\_1 and N1 = W (A48)

This proves, in particular, (4.18).

We now prove the estimates (4.12), (4.15), (A.40), and (A .41). We start with (4.12).
Taking the inner product in H of the evolution equation (4.7) with z and using the
orthogonality property of the trilinear operator, b(y + z, z, z) = 0, we find

1d
EE'Z'Z +vlz|* = (Quf, 2) — b(y,y,2) — b(z,y, 7). (A.49)

We estimate the terms in the right-hand side by using the estimates for the trilinear
term as in (A.44):

(mev Z) - b(y! Y7 Z) - b(z7 yv Z)

|Ay/?
Myl

1/2
< |Onfllz| +01IIYII2<1 + log ) lz| + cilzllz] |yl

o Iflllzl +

A 1/2
lal?lzli(14+1og == ) + Iz [u]
- )Ll/Z Al;{z%rl )\1 )LI/Z

<zl + Ot + 2L 1+log + =Lz ul.
— 4 U)\m " v)‘«m+l )LIV{L%H

Thus, using also (A.43), we deduce from (A.49) that

d 3v C1C1 4 4c 2C4 )»
—lz* + ( ~ )n I < — 'me'2+T 1+1g—. (A.50)

dt 2 m+1 VAm41
Therefore, by assuming
2C[C1 2
Amyt = ; (A.51)
v
we obtain
d 2 2 2 2 ~4 )\m
— |z + vz 10nEP + 2CH1+10g 22 ). (A.52)
dt m+1 Al
Hence,

d 4 Am
E|z|2+vxm+1|z|2 < o (|me|2+c%Cf‘(l+1og A—l» (A.53)
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We infer from (A.53) that, fort >ty > T,

(|me| +cict <1 +log —)> (A.54)

12O < |2(tg) e P10 4

m+1
By increasing T if necessary we find that, for ¢ > T,

lz(1)|* < %(ImeI + ¢ C; <1 + log —>> (A.55)
m+1

This implies (4.12) with

£12 4 2012
My = Jet+ei ¢ (A.56)
V)‘erl

The proof of (A.40) makes use of the enstrophy equation and is similar to the pre-
vious proof. We take the inner product in H of the evolution equation (4.7) with Az
to find

d
EE”ZHZ +v|Az|* = (Quf, Az) — b(y + 2,y + 2, Az). (A.57)

Recall from (A.53) in Chapter II that u(#) is uniformly bounded in H, for large ¢, by
a constant that is independent of the initial condition:

2
lu@)] < Co = —If]. (A.58)
U)Ll

Then, we estimate the RHS of (A.57) in a similar way:
(Onf, Az) —b(y+ 2,y + 2, Az)
< |10nfllAzZ| + |b(y,y + 2, AZ)| + |b(z,y + 2, AzZ)|

| Ayl
Mlyl?

1
< |OnfllAz] + cillyllly + 2l (1 + log ) |Az| + c1]z]'| Az| 2 |ly + 2]

IA

A 172
|me||Az|+201C12(l+log A“) |Az| +2¢,Cy/> C1|Az)Y?
1

93ctcicy
v

IA

v 3ciC m
E|Az|2+ Z1Qnf)F + L <1+1 o )LH)-F
1

We thus have from (A.57) that

d 3c2 C m 93c4c2ct
Ellzllz—i-lezl <—|Q £2 4 L <1+1 og x+1>+ ‘UO L. (A59)
1
Hence,
d 3cict Ao 93c4c2ct
E||Z||2+V)»m+1||l||2 —IQ,,,fl +— <1+1 “)+ Clv" L. (A.60)
1

From (A.60) we conclude that, fort >ty > T,

lz())? < llz(ty)||Pe” " Ama =10

Vz)‘m+l

Am
<|me|2 + ¢t (1 + log M“) + 243c;‘cgc;‘>. (A.61)
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By increasing T if necessary we deduce that, for t > T,

lz(0)|?* <

(|me|2 +cic (1 + log ’“*‘) + 243c?c§c,4). (A.62)

m+1 1

This proves (A.40) with

My = ——=(Quf* +ciC} +243c}CiCHY2. (A.63)

1/2

For (4.15) we use that the solutions of the 2-dimensional Navier—Stokes equations
are analytic in time and use the Cauchy formula for the time derivative, as established
in Section II.8:

1 z({)

_— d
“ Pi—or

where I" is a circle in the complex plane centered at ¢ (for the complexified time).
Thus, using (4.12),

1 z A Ao V72
12/(t)| < 2_/ |t| @;:2 ld¢| < c2aMo > ll(l+log )\_1) (A.65)
I - m+

for some appropriate constant c,. This proves (4.15).
Finally, for (A.41) we use the evolution equation (4.7) and write

(A.64)

d
VAZ = me_ QmB(y+Z)_ d_f (A66)
Thus,
dz
dt|

Upon using the appropriate inequalities for the nonlinear term and using the estimates
obtained so far, one can deduce (A .41). We omit the details.

The upper bound estimate (4.19) on A4 in the periodic case follows from the esti-
mate (A.51) and an explicit estimate for C; in (A.43). This explicit estimate is given
in Chapter II by equation (A.66), which implies, for large times (say, t > T),

1
|Az| < —ImeI + —IQmB(y +2) t3

(A.67)

2
2 2
HI- < ——If|". A.68
la@®) I~ < U2M| | ( )
Thus, C; = /2 /v2x|f]| and, from (A.51), it suffices that

Am
> 8c2G (A.69)

1



IV

Stationary Statistical Solutions of the
Navier—Stokes Equations,
Time Averages, and Attractors

Introduction

As mentioned earlier in this text, we take for granted that the Navier—Stokes equa-
tions (NSE), together with the associated boundary and initial conditions, embody all
the macroscopic physics of fluid flows. In particular, the evolution of any measured
property of a turbulent flow must be relatable to the solutions of those equations. In
turbulent flow regimes, the physical properties are universally recognized as randomly
varying and characterized by some suitable probability distribution functions. In this
and the following chapter, we discuss how those probability distribution functions
(also called probability distributions or measures, or Borel measures, in the mathemat-
ical terminology; see Appendix A.l) are determined by the underlying Navier—Stokes
equations. Although in many cases such distributions may not be known explicitly,
their existence and many useful properties may be readily established. For many prac-
tical purposes, such partial knowledge may be all that is needed. Thus we note that
the issue of an explicit form of the distribution function — in particular, whether this
measure is unique or depends on the initial data —is still an incompletely solved math-
ematical problem. But there are enough firm results available assuring that many of
the widely accepted experimental results are meaningful and in consonance with the
theory of the Navier—Stokes equations.

For instance, measurements of various aspects of turbulent flows (e.g., the turbulent
boundary layer) are actually measurements of time-averaged quantities. On the other
hand, theoretical considerations are often couched in terms of ensemble averages —
that is, averages with respect to some (presumably existing, but unavailable) probabil-
ity distribution function. Thus it is assumed more or less explicitly that: (a) suitable
probability distribution functions exist, assuring the existence of meaningful ensem-
ble averages; and (b) there is an established connection between time-averaged and
ensemble-averaged quantities.

Suitable probability distributions are known to exist, subject to some (still unre-
solved) technical mathematical questions; as revealed in this and the following chap-
ter, they have many properties that are assumed in practice by physicists on intuitive
grounds.

Conventionally, the question of the relationship between the two types of averages
has been dealt with, in analogy with classical statistical mechanics, by an ad hoc
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“ergodic hypothesis.” According to that hypothesis, the solutions of the NSE charac-
terizing a given turbulent flow will, over time, sample almost all of the attractor in the
phase space and so time averages are precisely equal to ensemble averages. An al-
ternative statement of the ergodic hypothesis in current use is that time and ensemble
averages (moments) are equal to one another. Note that this alternative statement of the
ergodic property does not necessarily imply that, in the phase space, the trajectories of
the turbulent solutions come arbitrarily close to all the points in the attractor. However,
as discussed in this chapter, the equality of the two kinds of averages can be proved in a
suitable sense — without invoking any ad hoc “ergodic hypothesis” — provided that one
is careful in defining the time averages (using Banach limits). This clearly strengthens
reliance on conventional measurement techniques, because the nature of interactions
leading to the statistical description of gas kinetics (classical statistical mechanics) is
quite different from the mechanisms underlying the statistics of turbulence, and the
usual argument by analogy may not be appropriate (cf. Rose and Sulem [1978]).

Before delving into the mathematical intricacies of statistical solutions of the
Navier—Stokes equations, we present a simplified, heuristic overview of the results
obtained in this chapter. We focus our attention here on stationary statistical solutions
of the NSE — that is, the statistics of turbulent flows at times long after the flow was
initiated and (in the terminology of our earlier discussion) when the flow reaches the
attractor. Under these conditions it is natural to expect that, to within the expected
experimental errors, measurements of any aspect of the flow made at different time
intervals should yield identical values.

For the sake of completeness, this chapter starts by recalling, from Chapter II, the
meaning of a solution u = u(¢) with a given initial condition u(0) = uy. If the initial
conditions are given according to a probability distribution (1o = p(u) on the phase
space, then the solutions at some later time ¢ will be distributed according to another
probability distribution u; = @ ,(u). For an abstract form of the autonomous NSE

u' =F(u) 0.1)

in some space H, the evolution of the probability distributions , (¢ > 0) is given in
terms of a Liouville-type equation:

d
d_z/cb(u) d(u) = /(F(ll), ®'(w) dp,(w) =0 0.2)

for all suitably defined moments ®. When statistical equilibrium is considered, the
probability distribution ., is time-independent. This leads us to introduce the con-
cept of a stationary statistical solution, which is a time-independent solution of (0.2).
In other words, the stationary statistical solutions are probability measures u = p(u)
satisfying the stationary Liouville-type equation

/(F(U), @'(w)) du(u) = 0. 0.3)

As shown in this chapter, if solutions of the NSE generate a semigroup (i.e., a
well-defined time-dependent family of maps from the initial condition ug to the cor-
responding solution u(#) at a later time ¢), as they do in the 2-dimensional case, then



Introduction 171

the stationary statistical solutions coincide with the usual notion of an invariant mea-
sure for a dynamical system. For the 3-dimensional NSE, however, the measures
associated to stationary statistical behaviors are as shown in (0.3).

Then, preparatory to showing the relationship between time and ensemble aver-
ages, the limiting operation defining a time average is specified very carefully. With
the time average thus identified, a probability distribution function . = p(u) is de-
fined as a so-called time-average measure:

T
Lim l/ O (u(r))dt =/d>(u) du(a) 0.4)
T—oo T J§

for any suitable ®. Here LiM7_, , represents a generalized concept of limit that we
define later on in the chapter. The text then proceeds to demonstrate that any time-
average measure is, in fact, a stationary statistical solution of the NSE. In this way, a
simple relationship (viz., equality) between time and ensemble averages of the phys-
ical properties of fluid flows is established. In the 2-dimensional case, even more can
be said: time-average measures (defined by (0.4)) and ensemble averages (defined by
(0.3)) are, in fact, equivalent.

Because of the known difficulties with the solutions of NSE in three dimensions,
one would expect difficulties with establishing the existence of time-average mea-
sures. Somewhat surprisingly, this is not the case. Thus, the possible lack of regular-
ity of 3-dimensional solutions for long times does not preclude the existence of time
averages.

The chapter ends with a discussion of the relationship between the asymptotic be-
havior of the solutions in both three and two dimensions, their corresponding global
attractors, and the stationary statistical solutions.

As a final note to this heuristic overview, it is important to add the warning that
in both the 2- and 3-dimensional cases, there are no uniqueness theorems for the
corresponding stationary statistical solutions of the Navier—Stokes equations. The
resulting ambiguities are resolved by appealing to the existence of the so-called
Sinai—Ruelle—-Bowen (SRB) measure. This measure is unique and, in many systems
underlying physical phenomena, is appropriate for characterizing those phenomena.
However, it is still an open question whether the SRB measure exists for the NSE.
There are several references on this subject; see, for instance, the reviews by Viana
[1997], Young [1997], and Ruelle [1998] as well as the original works by Sinai [1972],
Bowen and Ruelle [1975], and Ruelle [1976].

There is an extensive literature related to statistical hydrodynamics in fluid mechan-
ics and physics. We cannot review this literature here, but we would like to mention
a few classical references: the original articles of Kolmogorov [1941a,b, 1962] and
Kraichnan [1967, 1972]; the review article of Orszag [1970]; the books of Batchelor
[1959, 1988], Landau and Lifshitz [1974], and Monin and Yaglom [1975]; the more
recent books of Frisch [1995] and Lesieur [1997]; and the references therein. At the
interface of mathematics and physics, the book of Dubois, Jauberteau, and Temam
[1999] contains some review chapters on the statistical theory of turbulence. On the
mathematical side — and beside the articles, cited elsewhere, written by the authors of
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this book — we should mention the significant contribution of Hopf [1952], the pio-
neering work of Prodi [1961], and the book by Vishik and Fursikov [1988], which is
fully devoted to the mathematical aspects of statistical hydrodynamics and contains
many important results on statistical and stochastic solutions of the NSE.

1 Mathematical Framework, Definition of Stationary Statistical Solutions,
and Banach Generalized Limits

This section is divided into three parts. In the first part we recall the mathematical
framework for the 2- and 3-dimensional Navier—Stokes equations and recall the main
existence and uniqueness results to be used in the following sections. Although this
part (Section 1.1) reproduces material already given in previous chapters, we believe
this summary might be useful for those who wish to read this chapter but not the pre-
vious ones, which are much different in their content. The second part of this section
motivates the definition of a stationary statistical solution and gives its rigorous defi-
nition. In the last part we recall the concept of generalized limits.

1.1 Weak and Strong Solutions of the Navier—Stokes Equations
We consider the Navier—Stokes equations
u, —vAu+ (u-V)u+ Vp =f, (1.1a)
V.-u=0, (1.1b)

in 2 C RY (d =2 or3) with v > 0 and f = f(x). We endow the system with either
the no-slip boundary conditions or the space-periodic boundary conditions. In the
first case we assume more precisely that

QCcR%is open, bounded, and connected, with a C 2 boundary 0€2, (1.2)

and we require that
u=20 ono. (1.3)

In the space-periodic case, we assume that

d
Li L; .
Q:U<7,7>, Li>0,i=1..,d, (1.4)
and require that
u=u(x,t)and p = p(x,1), X = (x1, ..., Xg), are L;-periodic in
. (1.5)
each variable x1, ..., x4
and, for simplicity,
/ f(x)dx = / u(x)dx = 0. (1.6)
Q Q

We now recall the mathematical setting of the problem. Let

V={ueC®Q)? V-u=0)
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in the no-slip case and
V= {“GCCOO(Q)d; uiln, = uilr,, (=1,....d), /U(X)dXZO, V-u:O}
r

in the space-periodic case, where [; and ;4 (i =1, ..., d) are the faces x; = 0 and
x; = L; (respectively) of 0€2. In either case we let H be the closure of V in L2(Q)?
and let V be the closure of V in H'(Q)?. In H and V we consider (respectively) the
scalar products

(u V)—/U(x)-v(x)dx and ((u V))—/ Xd:a_u.ﬁdx
T Q ’ N Q5 ox; Ox;

as well as the associated norms, denoted by
lul = (u,w)/? for ueH, vl = (v,v)"/? for veV.

We recall that the spaces H and V can be characterized as follows. In the no-slip
case,
H={uel*(Q)¢% V-u=0, u-n|yo =0}
and
V={ueH)(Q) V- -u=0},

where n denotes the outward unit normal to d€2. We remark that u - n|3 makes sense
whenu e L?(2)? and V - u = 0 in the distribution sense. In the space-periodic case,

H:{ueL2 (Q)d;V~u=0,fu(x)dx=0}
Q

per
and

per

V:{veHl 4 V-u=0, /u(x)dx:O},
Q

where Hll)er(Q)d is the space of R?-valued functions u defined on R¥ that are L;-
periodic in each variable x; (i = 1,...,d) and such that u|p € H 1(©)4 for every

bounded open set O. The functions in H;er(Q)d are easily characterized by their
Fourier series expansion:
K%\ . o,
lug|” < oo,

.k — 1
H} (@) = {u =) e i = Y (L— +27 |3
keZd keZd

where L = min{L, ..., Ly} and

Hence, we also have

A omikyx 4 = k
V={u= Uge L7 g =0k, —-ag =0,
{ E k Kk ko Uk E
KkeZ4\{0} keZ4\{0}

k| < oo}
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and
u= Y N i =B =0, Y [l < oo,
L
keZ4\{0} keZ4\{0}

The problem posed in the weak formulation of the NSE (with either no-slip or
space-periodic boundary conditions) is the following: Given T > 0, ug in H, and f
in L?(0, T; H), find a function w in L>*°(0, T; H) N L*(0, T; V) such that

%(u, v) +v(u,v) + b(u,u,v) = (f,v) VveV, 1.7

in the distribution sense on (0, 7), and with u(0) = u in some suitable sense. Here

b(u,v,w) = Z/u, w,dx

i,j=1
if f is square integrable but not in H then we can replace it by its Leray projection on
H, so that f is always assumed to be in H.
Note that the pressure term disappears in the weak formulation of the problem.
This is because the gradient of a function is orthogonal to the space of solenoidal
functions. More precisely, with respect to the inner product in L?(2)¢, we have

T ={ue (@ u=Vp, pe H(D
in the no-slip case and
=f{ueL*(Q)% u=Vp, pe H, ()
in the space-periodic case. In any case, we have the so-called Leray projector
P LA(Q)¢ — H,

which is the orthogonal projector onto H in L2(2)?.
The trilinear operator b = b(u, v, w) defined previously can be extended to a con-
tinuous trilinear operator defined on V. Moreover,

b(u,v,v) =0 forall u,veV, (1.8)
which implies that

b(u,v,w) = —b(u,w,v) forall u,v,weV. (1.9)

An equivalent formulation for the NSE is achieved with the definition of the Stokes
operator
Au= —P; Au forall ue D(A) =V NH*(Q)". (1.10)

The Stokes operator is a positive self-adjoint operator, so we can work with fractional
powers of A. We will consider, as explained in Chapter II, the positive and negative
powers of A: A® for ¢ € R with @ > 0 or ¢ < 0; we also explained in Chapter I1
how D(A%*) and D(A™%) are paired through the “duality” product (a bilinear form
from D(A%) x D(A™%) into R). In particular, we have D(A"?) = V, and it follows
that A: D(AY?) - D(A™"?) with
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(Au,v) = ((u,v)) forall u,ve D(AY?),

where (-, -) is the duality product between D(A~"/?) and D(A"?). Moreover, the tri-
linear operator b(u, v, w) leads to the bilinear operator B: D(AY?) x D(A'?)
D(A™?) defined by

(B(u,v),w) =b(u,v,w) forall u,v,we D(Al/z).

We then have the following functional formulation of the Navier—Stokes equations:
Given T > 0, ugin H, and f in L>(0, T; H), finduin L>*(0, T; H)NL*(0, T; V)
withu’ e L'(0, T; D(A~Y2)) such that

u +vAu+ Bu) =f (1.1D)

and u(0) = u( in some suitable sense, where B(u) = B(u, u).

Concerning the initial condition u(0) = uy, ifu € L?(0, T; V) and satisfies (1.7)
then u € C([0, T]; D(A™"?)), so that u(0) = uy makes sense. In the other formu-
lation, if u e L(0, T; V) and u’ € L'(0, T; D(A™Y?)), then u is weakly continuous
from [0, T'] into H (i.e., t — (u(t), v) is continuous for each v € H), so that u(0) =
u( again makes sense. For simplicity, we denote by H,, the space H endowed with
its weak topology; thus the weak continuity of u = u(#) can be expressed as u €
C([0, T1, Hy).

We will have the opportunity to use the following inequality for the bilinear
operator:

1/2

I B pa-12) < clul”?[u]¥* forall ueV, (1.12)

where c is a constant depending on 2.

Since the domain €2 is assumed to be bounded, it follows from the Rellich lemma
that V is compactly embedded in H, so that A~' is compact as a closed operator in
H. Hence, there exists an orthonormal basis {w,,}>-_; in H such that

AW, = A, W,,, m=12,....
Moreover, we have that
O<t <A< <Ap <-4, Ay —> 400 asm — +o0.

We also have the Poincaré inequality

lul?> < %,”“”2 forall ueV. (1.13)

In what follows we denote by P,, the orthogonal projector of H onto the space spanned
by wi, wa, ..., w,,. The following inequalities will be useful:

lu— P,ul® < /\inu — P,ul®> VueV, VmeN; (1.14)

| Poul> < Aplul> VueH, VmeN. (1.15)

In fact, as shown in Chapter 11, we need to define solutions of (1.11) that possess
further properties; in this way we introduced in Section I1.7 the concepts of weak
and strong solutions to the Navier—Stokes equations (1.11). We have seen also that
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the results of existence and uniqueness of solutions are different in space dimensions
2 and 3 (see Theorems 7.1-7.4 in Chapter II) and that, for technical reasons, even
the notion of weak solution differs from one space dimension to the other. In space
dimension 2, the weak solutions of (1.11) are also assumed to satisfy

w' eL*0,T; D(A™V?) forall T >0, (1.16)

and this suffices for all technical purposes. In space dimension 3, we can only obtain
weak solutions of (1.11) that satisfy, instead of (1.16),

w'elL¥30,T; D(A7V?) forall T > 0. (1.17)

Since this information is not sufficient, we also require the 3-dimensional weak so-
lutions to satisfy further properties, which we proved in Chapter II (see Theorem 7.1
and the discussion in the section entitled “Further properties of the solutions in di-
mension 3”). Particularly important for many purposes are the energy inequalities
(I1.7.5) and (I1.7.7), together with their consequences (I1.A.38) and (II.A.43).

On a more technical note, we will also need from Chapter II (Sections 7-9 and Ap-
pendix A) several estimates for the inertial term, either through B(u, v) or through
b(u,v,w).

1.2 Definition of Stationary Statistical Solution

In order to motivate the definition of a stationary statistical solution, we first consider
the 2-dimensional Navier—Stokes equation and its associated semigroup {S(#)},>¢ in
H. For this and for later purposes, we first recall the definition of the image of a
measure by a mapping. If u is a probability distribution on H and g is a continuous
(measurable) mapping from H into itself, then g(u) is the probability distribution
defined by

g(u)(E) = n(g '(E)) (1.18)

for every set E C H that is u-measurable. Alternatively, if ® is a continuous and
bounded function from H into R, then

/H ®(u) dg(41)(u) = /H ®(g(w) dyu(w). (1.19)

We next use this concept to define, in the 2-dimensional case, the evolution of a
probability distribution governed by the Navier—Stokes equations.

Suppose we are given a probability distribution jo as initial data. Then, since
the solutions to the NSE evolve according to u’ = F(u) (see (1.11)), it follows that
(i) vo = S(*)ug if and only if ug € S (t)"'vo and (ii) the probability distribution
w,(E) for vy to be in the set E C H is the same as the probability o (S(t) ' E) for
u, to be in S(+)~'E. Therefore,

w(E) = no(S(t)'E),

which means, according to (1.18), that &, is equal to S(#)to. Remember that we can
extract information from the system through the averages
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f<I>(u) du (),

where ® € L'(u,), for all t > 0. Hence, information on the evolution of such mo-
ments is particularly useful.

Remark 1.1 For the sake of simplicity, we assume throughout this chapter and the
next that, whenever the domain of integration is not specified, the integral is over H.

It follows promptly from (1.19) that

/.tb(u)d,u,(u) =/<I>(S(t)u)du0(u) Yo e L' (1)), Vt > 0. (1.20)

Using that u’ = F(u), we can formally differentiate (with respect to time) the term
on the RHS of (1.20). Thus we find that those quantities vary in time according to

d d
Z/q)(u)duz(ll) = E_/CD(S(t)u)dMo(u)
d
= /(d—S(t)ll, ¢’/(S(t)ll)> dpuo(u)
t
= /(F(S(t)u), P'(S(Hw) dpo(w)

= /(F(u), @'(w)) du, ()

for suitable differentiable functions ®. We have applied a generalized chain differ-
entiation rule to differentiate the term ¢t — ®(S(¢)u), for which the appropriate
notation is

d d )
oS = (Esmu, ® (S(t)u)).

The preceding sequence of equalities leads to the Liouville-type equation

d
EfCD(U)er(u) =/(F(U),<I>'(U))duz(U)- (1.2D)

If statistical equilibrium has been reached by the system, then the moments of ® (i.e.,
the statistical information) do not change with time, so the time derivative in (1.21)
must be zero:

d
7 f @ (u) dp,(u) = 0; (1.22)
in other words,

[é(u)dﬂt(u):fé(u)duo(u) Vo e LY (1)), Vt > 0. (1.23)

From (1.23), we easily deduce that (1, = g for every positive time ¢. Hence, after
renaming io to w, it follows from (1.20) that

/@(u)du(u) :/CD(S(t)u)du(u) Vo e L'(w). (1.24)
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The relation (1.24) is equivalent to u(E) = u(S ) "'E) for every measurable set £
in H. This leads us to the definition of an invariant measure.

Definition 1.1 A probability density (measure) i on H is called an invariant mea-
sure for the semigroup {S(t)};>0 if

u(E) = u(S)'E) Vi=0 (1.25)

for every measurable set E in H.

Remark 1.2 In view of the definition of probability distribution as a Borel measure
(see Appendix A1), it suffices to require in Definition 1.1 that (1.25) hold for all closed
or all open subsets E of H.

Remark 1.3 The definition of invariant measure involves S(z)~! instead of S(¢)
because the important relation is (1.24), which is equivalent to (1.25). The condi-
tion that w(E) = pu(S¢)E) for all t+ > 0 and all measurable sets E does not, in
general, imply (1.24). One can nonetheless show that, if a semigroup {S(#)};>0 is
one-to-one, then (1.25) implies that u(E) = w(S()E) for all + > 0 and all mea-
surable sets E; if the semigroup is onto, then the converse implication holds. If the
semigroup is not one-to-one then from (1.25) we can deduce only that u(S(#)E) =
w(S@)ISH)E) > w(E). A measure satisfying this inequality is called accretive.
The concept of accretivity can be extended to the 3-dimensional NSE, where a semi-
group is not well-defined (see Appendix C for more details).

From (1.21) and (1.22) we deduce that, in statistical equilibrium,

/(F(u), @’'(u)) du(u) = 0. (1.26)

Now, in contrast to equation (1.25), equation (1.26) makes sense even if a semi-
group is not well-defined, as in the case of the 3-dimensional Navier—Stokes equa-
tions. We can thus generalize the concept of invariant measure to the 3-dimensional
case by defining the stationary statistical solutions as the solutions to (1.26). Sim-
ilarly, (1.21) also makes sense when a semigroup is not defined, and a solution
{1 }i>0 of (1.21) is called a (time-dependent) statistical solution of the equation
u’ = F(u), a concept that we study in the next chapter. At this point, and in order
to make these definitions rigorous, we must first define a class of functionals ®
for which (1.26) and (1.21) make sense. In this chapter we consider only station-
ary statistical solutions; time-dependent statistical solutions are treated in the next
chapter.

Definition 1.2 We define the class T of test functions fo be the set of real-valued
functionals ® = ®(u) on H that are bounded on bounded subsets of H and such that
the following conditions hold.
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(i) For any u €V, the Fréchet derivative ®'(u) taken in H along V exists. More
precisely, for each u € V, there exists an element in H denoted ®'(u) such that

[P(u+v) — ) — (P'(w), V)]

v —0 as|v|—>0, veV. (1.27)
v

(ii) ®'(w) €V forallu eV, and u — ®'(u) is continuous and bounded as a func-
tion from Vinto V.

For example, we can take

d)(u) = W((“, g1)7 [ERX} (ll, gm)),

where ¥ ECCI (R™), meN, and gy, ..., g, € V. In this case,

') =) YU g, .., (U, gn))E),

j=1

where 0; indicates the derivative of v with respect to its jth argument. This ex-
ample includes the case ®(u) = p(|P,ul?) with p € C!(R), and then ®'(u) =
20'(|Pyul?) Pyu.

Let now 1 denote a probability measure on H such that

f lull dp(u) < oo, (1.28)

where ||u|| = oo for u € H \ V. Note that this implies that w(H \ V) = 0. Then, for
any test function &,

ut— (vAu+ B(u) —f, ®'(u))
is continuous in V and
|(vAu+ B(u) — £, ®'(w))| = [v((u, &) + b(u, u, d'(w)) — (f, ®'(w))]
< vluf®’ @I + ciful? )& @) + |f]|P'(w)]

1/4 1/2
< llull + A ) + 23 1£]) supl| @' (w)]l,
ueV

where we used the inequalities (1.12) and (1.13). Thus, since w(H \V) = 0, it follows
from (1.28) and the estimate just given that

/(vAu + B(u) — £, ®'(u)) du(u)
makes sense and is finite. Thus, we propose the following definition.

Definition 1.3 A stationary statistical solution of the Navier—Stokes equation is a
probability measure u on H such that
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m/w%wm<w (1.29)
m)fmm»@m»wmn=o (130)
for any test functional ® € T, where F(u) is as in (1.11); and
(iii) lul* = (f, w}du@) <0
Ei<[ul2<E>
VEy, E>, 0 < E < E3 < +00. (1.31)

The condition (1.31) is a weak form of an energy-type inequality. It leads to a bound
on the integral in (1.29) and to an estimate of the support of the measure © on H. In
fact, let E denote the set E = {E; < |u|?> < E,} forgiven0 < E| < E; < 400. We
then have

fmmwwfm/MW@
E E

172
|ﬂ(/1m2muu9
E

If] 1/2
= W(fEIIHIVdM(u)) (by (1.13)),
1

which implies, taking (1.29) into account, that the u-integral of (f, u) on E is finite.
Hence, we can deduce from (1.31) that

IA

IJFWW@s/mwww,
E E

so that, from the previous estimate,

1/2
v/ﬁuu%ﬁwu)_ Uz(/ﬂunzuwuﬁ .
E

||2

/Ilull du(a) < —— (1.32)

Hence,

In particular, for £y = 0 and E, = +o0 we find, since u({u € H; |u|| = 4+00}) =
w(H\V) =0, that
If|?

—_. 1.33
7Y (1.33)

/wﬁwms

Now, from (1.32) and (1.13), we deduce that
If|?
vzkzl

, P
[ul® = 55 fdi < 0.
E 1

ﬁmes
E

and hence
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On the other hand, if we choose E; = |f|2/1)2)\.21 and E, = 400, we see that

P
lul” —

>0
v

for all w in E, so that necessarily u(E) = 0. Therefore,
u(ue H; |ul < [f]/va}) =L

This shows that the measure u is carried by a bounded set in H:

v)q

We emphasize that our definition of stationary statistical solutions, as well as prop-
erties (1.32) and (1.34), are valid for both the 2- and 3-dimensional Navier—Stokes
equations.

Note that the existence of stationary statistical solutions follows readily from the
well-known facts that (i) in both two and three dimensions, the set of stationary (weak)
solutions is not empty (see e.g. Constantin and Foias [1988] and Temam [1997]) and
(ii) a delta function supported by {u.}, where u, is a stationary solution of the NSE, is
a stationary statistical solution. Indeed, if u, is a stationary solution of the NSE then
F(u,) = 0, where F(-) is given by (1.11). Then, if u(u) = 8(u — u,) (i.e., du(u) =
§(u — uy) du), we have

f
supp u C {ueH; u| < u} (1.34)

/(F(u), '(w) du(a) = [(F(u), ®'(u))s(u — u,) du
= (F(u,), ®'(u,)) =0.

However, the problem that we face in the next two sections is not the existence of
stationary statistical solutions but rather their determination via time averages, which
allows us to relate time averages with ensemble (phase-space) averages.

Remark 1.4 Note that the suppport of an invariant measure consists only of points
that are nonwandering. More precisely, let u be an invariant measure for the semi-
group {S(#)};>0. Let F = supp u, which is the smallest closed set of full u-measure,
w(F) = 1. We claim that, for any u € F and any set A containing u and relatively
open in F, there exists a sequence 7, — oo of positive times such that S(z,) AN A #
¢ for all n € N. Indeed, first note that £(A) > 0; otherwise, F' \ A would be a closed
set of full measure, properly included in F, so that F would not be the support of 1.
Consider then the positive orbit of A, y*(A) = (J;.,S(s)A. Since u is invariant
and S(+)~'S(t)B D B for every set B in E, we find that

w(SOyH(A) = w(S@®) SOy (A) = u(yt(A) Vi >0.
Since
Sy *(A) c yt(A) for t >0,

we obtain

0 < u(y (M)\SOY*(A) = ny(A) — nS®OY*(A) <0.
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Hence,
n(y A\ S@)y*(A) =0.

On the other hand, if S(f)A N A = @ for all ¢ large enough (say, r > T), then
ANS(T)yT(A) =@ andso A C yT(A)\ S(T)y*(A). Hence, from the relation just
displayed, u(A) < u(y*(A) \ S(T)y*(A)) = 0, which would contradict the fact
that £ (A) > 0. Therefore, we must have S(r)A N A # ¥ for arbitrarily large ¢.

1.3 Definition and Properties of Generalized Limits

We conclude this section with the concept of generalized limit. For the physics-
oriented reader, let us point out that the introduction of this generalized limit serves
to mitigate concerns over some mathematical technicalities. It has no effect on the
practice of actual laboratory measurements of time averages.

In short, a generalized limit is any positive linear functional that extends the usual
limit. The use of such limits enables us to avoid any assumption of ergodicity of
orbits in phase space and still relate time averages with ensemble averages in the
phase space. The use of generalized limits will become clear in the next section; for
the moment, let us make its definition more precise in the setting relevant to us and
recall a few of its properties.

Definition 1.4 A generalized limit is any linear functional, denoted LiM7_, o, de-
fined on the space B([0, 00)) of all bounded real-valued functions on [0, 0co) and
satisfying

(i) Livt g(T) = 0 Vg € B([0,00)) with g(s) = 0 Vs = 0; (1.35)
(i) Liv g(T) = lim g(T) Vg € B([0, o) (1.36)

such that the usual limit, denoted limr_, », g(T'), exists.

We have mentioned that the generalized limits are, in the case of interest to us, exten-
sions of the classical limit to all bounded real-valued functions on [0, c0). Hence, any
bounded real-valued function on [0, co) admits a generalized limit, which coincides
with the classical limit whenever the classical limit exists. Note that this generalized
limit may not be unique for a given function because there may be different such ex-
tensions, but it will be uniquely determined once we fix a particular extension (see
Appendix A.2 for more details).

Any such generalized limit can be shown to possess also the following properties:

(iii) liTm inf g(T) < TLIM g(T) <limsupg(T) VgeB([0,00)); (1.37)
—00 —00 T—00
(iv) | Liv (7| < lim sup|g(7)] < suplg(T)| Vg € B10. 00). (1.38)

Property (1.38) follows easily from (1.37). For the proofs of the existence of general-
ized limits and of property (1.37), see Appendix A.2.
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In what follows, we are interested only in generalized limits of time averages — that
is, when g(T') is of the form

1 T
g(T) = 7/ f(0)dt (1.39)
0

for bounded, measurable functions f. In this case, we have also the following invari-
ance property:

(v) For f e L*(0,00) and g(T) = (1/T) fOT f(¢)dt, we have
TLIM g(T +1)= TLIM g(T) Vr=0. (1.40)

A proof that the invariance property (1.40) follows from the other properties can be
found in Appendix A.2. One can prove the existence of generalized limits that sat-
isfy (1.40) for any g € B([0, 00)); however, we will consider only g in the form of a
time average, so we can consider all generalized limits satisfying only the properties
(1)—(v) just listed.

Remark 1.5 The generalized limit described in Definition 1.4 allows some freedom
in its construction. For instance, given a particular go € B([0, o0)) and a sequence
t; — oo for which go(#;) converges to a number £, we can construct a generalized
limit LiM7_, o, for which LiM7_, o, g0 = €. On the other hand, if we require that (1.40)
hold for any g € B([0, 00)), then LiM7_, » is unique for a class of functions larger
than those that admit a classical limit.

2 Invariant Measures and Stationary Statistical Solutions
in Dimension 2

In this section we consider only the 2-dimensional case. Our aims in this case are to
show that invariant measures can be obtained from time averages and that invariant
measures and stationary statistical solutions are actually equivalent concepts. This
equivalence in dimension 2 justifies to some extent the use of stationary statistical
solutions in the 3-dimensional case considered in the next section, where we cannot
work with invariant measures because the semigroup is not well-defined.

Generating invariant measures as limits, in a suitable sense, of time averages of so-
lutions of the 2-dimensional Navier—Stokes equations is accomplished in a way akin
to the Birkhoff ergodic theorem and the Krylov—Bogoliubov theory: relating time
averages with ensemble (phase-space) averages, but without assuming any ergodic-
ity or chaoticity of the flow. This is made possible by the use of generalized limits
(introduced in the Section 1.3), a tool from functional analysis that allows us to by-
pass the usual ad hoc conjectures of ergodicity.

Note that we do not solve the question of ergodicity. A particular invariant mea-
sure may or may not be ergodic, which means that the limit of the time averages may
be taken in the classical sense or in the generalized sense. In the generalized sense,
this limit might be some weighted average of the accumulation points. For example,
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for an attracting homoclinic cycle — heteroclinic orbits and corresponding limit points
forming a closed curve, with nearby orbits winding around and approaching it — the
invariant measure obtained as a generalized limit of the time averages of any solution
converging to this attractor is a convex combination of the delta functions supported
on each fixed point. It is important to observe that, even in a generalized sense, an in-
variant measure exists and we can still relate time averages with ensemble averages.
In what follows, we use LiM7_, o, to denote any such generalized limit.

2.1 Invariant Measures and Stationary Statistical Solutions
Generated by Time Averages

The ergodicity problem addresses the question of whether we can relate time aver-
ages with ensemble averages via the classical notion of limit. Our aim is to relax the
use of the classical limit to allow for generalized limits, obtaining in this way cer-
tain measures that we call time-average measures. Indeed, we will show that, for a
solution t > S(#)uy, the time averages

1 T
7/0 @(S(t)uo) dt

are bounded uniformly, for 7 > 0, for any continuous function ¢ : H — R. This
implies that their generalized limit

1 T
Tlﬁl\o’lo?/() @(S(t)ug) dt

exists. We do not know, however, whether this limit holds in the classical sense.
Nonetheless, note that a map exists which associates to each function ¢ the general-
ized limit just displayed; this map is a linear functional on the space of continuous
functions ¢: H — R. Using the compactness of the semigroup {S(¢)};>0, we then
show that this map can be represented by a measure ; on H in the sense that

1 T
Liv — / o(S(yug) di = / () dyu(u) @)

for any ¢. This is how time averages can be related to ensemble averages. Note that
the existence of a probability distribution p satisfying (2.1) is based, in the 2- and
3-dimensional cases, on a characterization of measures known in the mathematical
literature as the Kakutani—Riesz theorem (see Bourbaki [1969] and Rudin [1987]);
this theorem is recalled in Apppendix A, which also includes another technical (math-
ematical) tool repeatedly used hereafter, the Tietze extension theorem.

We now set the following definition in the 2-dimensional case.

Definition 2.1 A probability measure . on H such that

1 T
Liv —/ o(S(Hup) dt =f p)du(a) VoeC(H), (2.2)
T—oo T Jy H
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for some ug € H and some generalized limit LIM1_, «, is called a time-average mea-
sure of the solution through u.

Note that (2.2) implies that such a time-average measure must be a probability mea-
sure —namely, a measure that is positive and of unit mass. These properties are true for
the left-hand side of (2.2) and hence must be true for the right-hand side, as well. Here
C(H) denotes the space of continous real-valued (not necessarily bounded) functions
on H.

We first show that, for any ug € H, there exists a time-average measure of the solu-
tion through uy. In fact, we show that, for any uy and any generalized limit LiM7_, o,
there exists a time-average measure of the solution through u( for which (2.2) holds
with this choice of generalized limit. Note that, as mentioned in the Introduction, the
time-average measures may not be unique for a given uy € H, since they depend on
the choice of a generalized limit. We later prove that any such time-average measure
is, in fact, an invariant measure for the semigroup {S(#)},>0-

Proposition 2.1 For any initial condition uy € H and any choice of LiMr_ «, a
time-average measure . of the solution through g exists for which (2.2) holds with
this choice of generalized limit LIM7_, «o; that is, the time averages of the orbit start-
ing at wqy converge to a probability distribution in the sense of this limit.

Proof. Letug € H be fixed. In the 2-dimensional case, we know that the semigroup
{S(t)};>0 possesses an absorbing set B, C H that is bounded in D (A) (see Foias and
Temam [1979] and the estimates in Section 8 of Chapter II). Therefore, the closure
X = B, of B, in H is compact in H. Let T, > 0 be such that S(1)uy € B, C X for
allt > T,.

Let now ¢ € C(H), the space of continuous real-valued functions on H. Since
t > u(z) is continuous in H and S(#)u belongs to a compact set in H for t > T,,
it follows that the whole orbit {S(¢#)uo},>¢ is compact in H. Hence, t — ¢(S(t)ug)
is continuous and bounded. Thus, the time average

1 T
?/0 @(S(t)uo) dt

makes sense and is bounded for 7 > 0. Its generalized limit

1 T
L(p) = TL;H\;IoF/O @(S(H)ug) dt

is therefore well-defined for a given LiMm7_,, . Note that L = L(gp) is linear in ¢,
since LIM7_,  is a linear functional and the integral operation is also linear.

We also observe that, for any given ¢, L(¢) depends only on the restriction of ¢
to X. Indeed, if ¢ € C(H) is another function such that ¢|x = ¢|x, thengp — ¢ =0
on X and

p(S@ug) —e(SMug) =0 Vi > T,
where T,, as defined before, is the “absorbing time” after which S(#)u has entered
X. Hence,
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T,

T
fo{¢(S(t)uo)—¢(5(t)uo)}dt= ; {p(S(Hug) — @(S(t)ug)} dt

forall T > T,. Therefore,

1 T
Lig—-9)=Lm 7/0 {p(SMwo) — @(S(t)ug)}dt

1 [T
= L — {p(S(Hug) — @(S()mo)} dt
—00 0

=0.

Thus, L(¢) = L(¢), which shows that L(¢) depends only on the values of ¢ on X.

A useful consequence of this remark is the following. Let i be a continuous real-
valued function on X, that is, ¢ € C(X). Since X is closed in H, we can extend
to a continuous function ¢ in C(H) such that ¢ equals ¥ on X.! Therefore, we can
define a functional G = G () on C(X) through G () = L(¢), where ¢ is any ex-
tension of v to H.

Like L, this functional G = G(y) is obviously linear and positive; namely, G
is a positive linear functional on C(X). Because X is compact, it follows from the
Kakutani—Riesz representation theorem (see Theorem A.l) that there exists a mea-
sure 1 on X such that

G(Iﬂ)=/X1/f(ll) dju(u)

for all ¥ in C(X).

The measure p can be naturally extended to a measure on H by simply setting
W(E) = u(E N X) for any measurable subset E of H. Clearly, u(H \ X) = 0.
Moreover, for any ¢ € C(H) we have

1 T
Liv / o(S(uo) di = L(p) = G(glx)
— 00 0

= / @lx (w) dp(u)
X

= / p) du(u),
H

where the last step follows from the fact that u is carried by X (i.e., u(H \ X) = 0).
Finally, note that for ¢ = 1 we obtain w(H) = LiM7_,» 1 = 1, so that p is a pos-
itive measure on H of total mass 1; it is a probability measure on H. W

We have obtained the existence of measures by considering the limits of time aver-
ages, and we now proceed to show that these measures are invariant for {S(#)}:>o.
Toward that end, let i be a time-average measure of the solution through some
ug € H. Let ¢ be a continuous real-valued function on H and let T > 0. Note that
the function ¢ o S(7): u > @(S(r)u) is also a continuous real-valued function on
H, and it is bounded because the orbits {S(f)ug},>¢ are all bounded in H. Hence,
from (2.2) with ¢ replaced by ¢ o S(t), we find

! We use here the Tietze extension theorem, recalled as Theorem A.7 in Appendix A.
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f @(S(T)u) dp(w)

1 T
= Tldihgo?/o o(S(t +1t)ug) dt

+T

1
Liv — @(S(H)ug)dt

T—o0

T

1 T 1 4T 1 T
}ihgo{?/() <P(S(t)uo)dt+?/; p(S(t)ug) dt — ?/(; w(S(t)uo)dt}

1 T
Lt T/o (S(Nuay) dt

t+T T
+ LIM{l[/ @(S(t)up) dt —/ go(S(t)uo)dt“
T—oo| T T 0

= /w(u) du(a).

Thus,
fw(S(f)U)du(u) =/<p(u)d,u(u)

for any > 0 and any ¢ € C(H). By a suitable approximation argument and using
the density of C(H ) in L'(1), we obtain this same relation for any ¢ € L!(1). Then,
considering ¢ = ¢g as the characteristic function of E (i.e., the function equal to 1
on E and to 0 on the complement H \ E), we deduce that

W(E)=pn(SH'E) VYr>0

for any measurable set E in H. This proves that S(¢#) = w (see (1.18)), and so u is
an invariant measure for the semigroup {S(#)};>0. We have thus obtained the follow-
ing result.

Theorem 2.1 Any time-average measure is invariant for the Navier—Stokes semi-
group {S(1)}>o.

It remains to show (in the 2-dimensional case) that any invariant measure is a sta-
tionary statistical solution — as well as the converse of this claim. The proof, which
is quite technical, is left to Appendix B.1. Here, we simply state the result as follows.

Theorem 2.2 Let i be a probability measure on H in the 2-dimensional case. Then
w is invariant for {S(t)},>0 if and only if it is a stationary statistical solution.

2.2 Regularity of the Support of an Invariant Measure

We end this section with a result that extends the relation (2.2) between time averages
and ensemble averages to functions ¢ that are defined only on V or on the domain
of the Stokes operator A, D(A) = {v € V; Av € H}. This will enable us to apply
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formula (2.2) with, for example, the functions 7; x, defined on D(A) by n; x,(V) =
v;j(xo) for some component v; (j = 1, 2) and some point X in £2. These functions
are important in the study of correlation functions and power spectra in the statistical
study of turbulence.

First, the following lemma states that an invariant probability measure is carried
by an absorbing set of the semigroup {S(#)};>0 (see Section I11.3 for the concept of
an absorbing set).

Lemma 2.1 Let |4 be an invariant probability measure for {S(t)};>¢, and let B, be
a bounded set in D(A) that is absorbing for {S(t)};>0. Then w(H \ B,) = 0.

Proof. Foreachr > 0, let B, = {u € H; |u| < r}. Since B, is absorbing, there
exists a time 7, > 0 such that S(z)B, C B, forall t > ¢,. Hence, B, C S(t,)'B,, so
that 1 (S(t,)"'B,) > n(B,). Since p is an invariant measure — that is, we have (1.25)
for all # > 0 and all measurable (e.g., closed or open) sets E — we also have u(B,) =
w(S(t,)"'B,). Hence,

1> w(B,) = u(S(t,)'By) > n(B,).

On the other hand, since H = |J,_, B, with B,, C B,, if r; < ry, then u(B,) —
w(H) =1lasr — oo. Hence u(3,) = 1, which implies that u(H \ B,) =0. B

Proposition 2.2 Let uy € D(A) C H and let u be a time-average measure of the
solution through u. Then

1 T
L 7/ ¢(S(l)uo)dt=f @(u) dp(u) (2.3)
— 00 0 H
for any ¢ € C(D(A)).

Note that the integral on the RHS of (2.3) makes sense for ¢ in C(D(A)), the space
of continuous real-valued (not necessarily bounded) functions defined on D(A), be-
cause w is an invariant measure and we infer from Lemma 2.1 that w(H \ D(A)) = 0.

Proof of Proposition 2.2. Since ug € D(A), it follows that the whole orbit through
ug belongs to a closed ball X in D(A), which can be made large enough to contain
an absorbing set B, bounded in D(A). Note that, since X is a closed ball in D(A),
it is also closed in H.2

Let X be endowed with the H-norm and let ¢ € C(D(A)). Since D(A) C H, it
is obvious that ¢|x € C(X). Thus, since X is closed in H, it can be extended to a
function continuous on H with ¢|x = <p|x.3 Then, since S(t)ug € X forallr > 0, it
follows that

2 Indeed, suppose without loss of generality that X = {u € D(A); |Au| < r}. Let u, be a se-

quence in X converging to an element u in H. Since Au,, is bounded in H, it has a weakly
convergent subsequence in H, say Au,; — V. Since A~!is compact, we have that u, —
A7lv strongly in H. Thus u = A~'v belongs to D(A) with |Au| = lim,,_, o, |Au,,| < r; this
shows that u € X and hence that X is closed in H.

See footnote 1.
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T T
/ @(S(t)uo) dt =/ @(S(t)uo) dt
0 0
for all T > 0. Hence,
1 [T 1 [T
TL—I}\go?/O o(S(Hugy)dt = YI_,_I}XIOT/O e(S(Huy) dt. 2.4)

On the other hand, by Lemma 2.1, u(H \ B,) = 0; since we have chosen X to
contain BB,, we thus find that w(H \ X) = 0. Therefore, the integral

/ () du(u)
H

makes sense and, moreover,

f pu)du(u) = / @ (u) du(u)
H X
= f p(u) du(a)
X

= / @(u) dp(u). (2.5)
H
The identity (2.3) now follows from (2.2), (2.4), and (2.5). W

One can similarly prove the following result. It is not a straightforward consequence
of Proposition 2.2 because the functions ¢ are only continuous in the V-topology,
which is weaker than the D(A)-topology.

Proposition 2.3 Let ug € V and let u be a time-average measure of the solution
through uy. Then

1 T
Liv — / o(S(yug) di = / o) dyu(u) 2.6)
forany ¢ €C(V).

Remark 2.1 Note that, owing to the regularization property of solutions of the
Navier—Stokes equations (they belong to D(A) for ¢+ > 0 even if u( belongs only
to H; see equation (A.61) in Chapter II), the requirements that 1y € V in Proposi-
tion 2.3 and that up € D(A) in Proposition 2.2 are not very restrictive. By this we
mean that, for any u in H, we can shift the solution by a positive time #( and consider
as the initial condition the vector field u(tg) = S(to)uo, which belongs to D(A). The
generalized limit in Proposition 2.2 remains the same, and we can therefore consider
functions ¢ in C(D(A)) or C(V) for any time-average measure.

3 Stationary Statistical Solutions in Dimension 3

We follow the approach of Section 2 to obtain stationary statistical solutions for the
3-dimensional Navier—Stokes equations as generalized limits of time averages. The
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proof is essentially the same; the main difference is that we do not have a priori es-
timates guaranteeing the regularity of the solutions for all time ¢t > 0, and for this
reason we must work with the weak topology of H to obtain a compact absorbing set.
A compact absorbing set is needed to allow our use of the Kakutani—Riesz represen-
tation theorem* to deduce the existence of a measure associated with a generalized
limit of time averages. The other major difference is the lack of uniqueness of the
weak solutions, which prevents us from working with invariant measures. That, in
turn, is one of the reasons for introducing the stationary statistical solutions.

3.1 Stationary Statistical Solutions Generated by Time Averages

We recall that H,, denotes the space H endowed with its weak topology. In the 3-
dimensional case, the appropriate definition of a time-average measure is as follows.

Definition 3.1 A probability measure i on H such that

1 T
L ?/ p(u())dt =/ @(u) dp(w) (3.D
— 00 0 H

for any ¢ € C(Hy,), for a given weak solution u = u(t) of the NSE on [0, 00), is
called a time-average measure of the solution u.

The existence of time-average measures is assured by the following result.

Proposition 3.1 For any weak solution u on [0, 00) and any given generalized
limit LIM7_, », there exists a time-average measure (. of W satisfying (3.1) with this
LiM7_ o0 .

Proof. Letuy = u(0). Consider
K, ={ve H; [V < [uo* + [f7/v7A])

endowed with the weak topology of H. Since K,, is bounded, closed, and convex in
H, it follows that K, is compact. Also, from the a priori estimate (II.A.41), we see
that u(z) € K, for all ¢t > 0.

Letnow ¥ € C(K,). Since t > u(r) is weakly continuous and u(z) belongs to the
compact set K,, in H,, the function t — v (u(z)) is well-defined, continuous, and
bounded. Thus,

1 T
?/0 Y(u(r))de

makes sense and is bounded for 7 > 0. Therefore, its generalized limit

T

1
G) = Lm — ; y(u(r))de

is well-defined. Note that G = G (y) is linear in v, since LIM7_,  is a linear func-
tional. Note also that G = G (¥) is positive. Hence, G is a positive linear functional

4 See Appendix A and the comment before Definition 2.1.
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on C(K,). Therefore, by the the Kakutani—Riesz representation theorem (explained
in Appendix A), there exists a measure i on K,, such that

G() =/K Y du(m) Vi €C(Ky).

The measure u can be easily extended to a measure on H by simply setting u(E) =
w(E N K,) for any measurable set E in H. Clearly, u(H \ K,,) = 0.
Now, if ¢ € C(H,,), then obviously ¢|k, € C(K,,). Therefore,

1 r 1 T
TLEfo?/O pu())dt = T@g};/ﬂ ®lk, () dt
=G<<p|,<w>=/ ok, (w) duu(u)
Ky

= f p) du(w),
H

where the last equality follows from the fact that u(H \ K,,) = 0.
Finally, if we take ¢ = 1then u(H) = LiM7y_,» 1 = 1, so that u is a probability
measureon H. W

The proof of Proposition 3.1 enables a straightforward deduction of the following
corollary, which is used in the proof of Theorem 4.2.

Corollary 3.1 Let u be a weak solution of the NSE defined for all t > 0, and let n
be a time-average measure of u. Set uy = u(0) and consider the set

Ky = {ve H: |V]” < Juo* +|f*/v?A7) 3.2)
endowed with the weak topology of H. Then (3.1) holds for all ¢, which restricted to

Ky, belongs to C(Ky,). In particular, (3.1) holds for all 9. H — R that are weakly
continuous on bounded subsets of H and all ¢ € C(D(A™?)).

Once we have obtained the existence of time-average measures, we may state the
following important result.

Theorem 3.1 Any time-average measure is a stationary statistical solution.

The proof that the time-average measures are stationary statistical solutions is much
more involved than in the 2-dimensional case and is given in Appendix B.2. Here we
shall simply illustrate a few ideas involved in the proof. We need to prove properties
(1.29), (1.30), and (1.31). The idea of the proof of (1.30) is simply to show that

1 T
[(F(u), ®’'() dpu(u) = L ?/0 (FQu()), ®'(u(r))) dt

L ! Tdd) 1)) dt
M — (E (u()))

T—oo T Jy

1
Liv (@ (7)) — ®(u(0))

0 (sincet — ®(u(r)) is bounded);
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however, some of these steps — although intuitively valid — are not actually legitimate
mathematically. For instance, depending on @, the function u — (F(u), ®'(u)) may
not be continuous on H, so that the first step does not follow directly from u being
a time-average measure (see (3.1)). For the next two steps, the difficulty is that the
map t — P (u(r)) might not be differentiable. What we do then is approximate & =
@ (u) by ®(P,u) and F = F(u) by some suitable F; (u) using also a Galerkin pro-
jector Py. Then, letting m, k — oo in the appropriate order, we prove (1.30).

Properties (1.29) and (1.31) are treated similarly. In order to illustrate the technique
of using the Galerkin projectors we prove (1.29), which is simpler. We leave (1.30)
and (1.31) to Appendix B.

Let 1 be a time-average measure of a weak solution u = u(¢) with u(0) = u,. Let
®(u) = || P,u|? for m € N. Thus, ® € C(H,) and, from (3.1),

1 T
/IIPmullzdu(u) = Lim —/ | Pyu(e)|* dt. (3.3)
T—oo T 0
From the estimate (1I.A.40), we have
1/TII ®)|*dt < 1| * + : £ (3.4)
— u — —_ . .
T Jo =T TV,
Since || P,ull < |lu]|, it follows that
1/THP O dr < /Tn O di < = Juol® + ——|f]
_ U < — u < —|u — .
T Jo T Jo Y e

Then, by the positivity of the generalized limit LiM7_, o,, We obtain

L 1/THP OPdr < Livt| = uo2 + —— |
™ — U < LiM{—|u —
o0 T Jo Toeo|vT 0 V2,

<
1
= ——If1%;
Uzkl
together with (3.3), this implies
1
P,u|*d < f|%.
/II ul|“dp(u) < v2A1| |

Because || P,ul|> 7 |lul|> as m — oo pointwise in H (with |lu|| = co on H \ V), it

follows by the monotone convergence theorem (see Rudin [1987]) that

. 1
/||u||2du(u) = lim /||Pmu||2du(u) < —5—If* < o0
m—00 v Al

This proves (1.29). As already mentioned, the remaining part of the proof of Theo-
rem 3.1 is left to Appendix B.

The estimate (3.4) has another consequence. It allows us to extend the relation (3.1)
between time averages and ensemble averages to more general functions ¢. Indeed,
we have the following result.

Proposition 3.2 Let u be a weak solution of the NSE defined for all t > 0, and let
W be a time-average measure of u. Let
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2 2 27,2492
Ko ={veH; |v|]” < [uo|” + [f]7/v7A7}. (3.5)

Then (3.1) holds for all ¢ : H — R that are Lipschitz on K, — that is, such that there
exists a constant L > 0 with

lp(u) —@(v)| < Lju —v|

forallua,vin K.

An important example of a function ¢ allowed by Proposition 3.2 is ¢(u) = |u|?,
which is associated with the kinetic energy of a flow. The proof of this proposition is
given in Appendix B.3.

3.2 Regularity of the Support of Time-Average Measures

We show in Section 4 that any time-average measure is carried by the weak global
attractor in the 3-dimensional case. However, unlike the global attractor in the 2-
dimensional case, it is not known whether this weak global attractor is regular — that
is, if it is included in D(A) or even in V. For this reason, the result we present next is
a bit surprising; it states that any time-average measure u is nevertheless carried by
D(A) (i.e., w(H \ D(A)) = 0). This is an important regularity result, since it allows
us to relate time averages to ensemble averages via (3.1) with functions ¢ that are
only defined and weakly continuous in D(A), such as the functions ; x, (w) = u;(X¢)
used in the pointwise correlation functions in the statistical study of turbulence.

Proposition 3.3 Let | be a time-average measure of a weak solution of the NSE
defined for all t > 0. Then u is carried by D(A); that is, n(H \ D(A)) = 0.

Proof. Letu = u(¢) be a weak solution on [0, o), and let ; be a time-average
measure of u. Our aim is to show that

[|Au|2/3 du(u) < oo, (3.6)
H

from which we can deduce that (H \ D(A)) = 0. The proof of (3.6) is based on the
formal relation between the ensemble average

f |Au*’? dpu(u) 3.7
H
and the time average

l ! 2/3
Lim |[Aa(r)|*/° dt, (3.8)
T—oo T Jp

and on a priori estimates for the NSE showing that the generalized limit (3.8) is finite.
However, we do not prove that (3.7) equals (3.8). That equality does not follow from
the fact that y is a time-average measure, because the function u — |Au|?/? is not
weakly continuous on H (see Proposition 3.1 and Corollary 3.1). What we do instead
is approximate this function by |A P,,u|>/? for m € N, which is weakly continuous
on H, so that
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1 T
/|Apmu|2/3dp,(u) =T]_,H\C/>IOF/ |AP,u(t)*? dt. (3.9)
H e 0

Then, since |A P,u| /' |Au| pointwise on H (with |Au| = co on H \ D(A)), it fol-
lows by the monotone convergence theorem (see Rudin [1987]) that

flAu|2/3du(u) = lim /|APmu|2/3d/L(u). (3.10)
H m—00 H

Therefore, we need only show that

1 T
LM — | |[AP,u@)|*?dt
T Jo

T—o0

remains bounded when m — oo. For that purpose, let T > 0. This boundedness
follows from the a priori estimate (see (A.43))

T
/ [Au(®)|?3dt <31+ T) VYT >0 (3.11)
0

for some constant ¢z > 0 independent of 7. Indeed, from (3.11) and using that
|Pyu| < [u| for alluin H and all m € N, we find that

1 7 1+7T
7/ | P, Au(t)|*? dt < 5 + <2¢3 VT >1,
0

where c3 obviously does not depend on m either. Therefore, we deduce that

2/3

1 T
lim sup T |P,Au(t)|”” dt < 2cs.

T—o0 0

By property (1.37) of the generalized limit, this gives us the bound

17 17
LM = | P Au(r)|*/? dt glimsup?/ |PnAu(n)|??dt <2¢5. (3.12)
0 0

T—o0 T—00

From (3.12), (3.9), and (3.10), we conclude that
/|Au|2/3d,u(u) <2¢3 < 00.
H

Hence u(H \ D(A)) = 0, and the proof is complete. W

4 Attractors and Stationary Statistical Solutions

Stationary statistical solutions, invariant measures, and global attractors are all related
to the asymptotic behavior of a system. Stationary statistical solutions and invariant
measures are measures on the phase space, whereas global attractors are sets in the
phase space. Our aim in this section is to relate these objects by showing that, in di-
mension 2, any stationary statistical solution (or, equivalently, any invariant measure)
has its support included in the global attractor; in dimension 3, all the stationary sta-
tistical solutions generated by time averages have their support included in the (weak)
global attractor.

This result is expected, of course — at least in the 2-dimensional case, where we have
a well-defined semigroup. The support of an invariant measure is made only of points
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that are, in particular, nonwandering (see Remark 1.4), and there are only wandering
points outside the global attractor. In principle, however, the global attractor may also
contain some wandering points (e.g., some heteroclinic orbits); hence, in the absence
of ergodicity, we may have several different stationary statistical solutions supported
on different parts of the global attractor and with their support properly included in
the global attractor. As we said in the Introduction to this chapter, the existence of
multiple attractors — each with its own basin of attraction — or the existence of multi-
ple stationary statistical solutions is a theoretical (mathematical) possibility that we
cannot disprove at our present level of understanding. However, as discussed in an
extensive literature that is beyond the scope of this monograph, many dynamical sys-
tems are endowed with a unique invariant measure — that is, the Sinai-Ruelle—Bowen
(SRB) measure — suited for computing physically significant moments. For the sake
of completeness, we mention here that such SRB measures may be computed by
means of a variational principle, maximizing the following functional over all invari-

ant measures p:
h(p) = / Y ke,

1i>0
where h(p) is the measure-theoretical entropy of a map with an invariant measure p
and the A;(u) are the Lyapunov exponents for trajectories starting at u. Of course, it
is not known whether the dynamical system underlying the Navier—Stokes equations
(in two or three dimensions) satisfies the conditions sufficient for the existence of the
corresponding SRB measure.

4.1 The 2-Dimensional Case: The Support of an Invariant Measure
Is Included in the Global Attractor

We start with the 2-dimensional case, which is simpler. Let 3, be a bounded subset of
D(A) that is absorbing for the semigroup {S(#)},>0 associated to the 2-dimensional
NSE. In other words, B, is such that, for any given bounded set B in H, there exists a
time T such that S(r)B C B, for all t > T. Recall that in Chapter I1T we introduced
the global attractor for {S(7)};>0, defined as the w-limit set of 3,:

A=JS)B.. .1
>0 s>t

where the closure (indicated by the overline) is taken with respect to the H-topology.
Before proceeding, note the following alternate expression of the global attractor.

Lemma 4.1 Let {t;}ren be a sequence of positive numbers such that t; — 00 as
k — oo. Then the global attractor A defined by (4.1) is also equal to the set

() S0 Ba.

keN
Proof. Let us temporarily denote the latter set by .A’; we want to show that A" =

A. We have A C B, and so, using the invariance of A, we see that A = S(#;).A C
S(t;)B, for all k € N. Thus, A C A’. On the other hand,
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S(t)B, C U S(s)B, VYt (0<t<ty), VkeN.
s>t

Hence, since 1, — 00,

A=SeB.c() () US®B,

keN keN 0<t<ty s>t
= US®)B. = A.
>0 s>t

Therefore, A= A". W

Theorem 4.1 In dimension 2, any probability measure  that is invariant for the
Navier-Stokes equations (i.e., for the semigroup {S(t)};>0) has its support included
in the global attractor A.

Proof. Let T, > 0 be such that S(t)B, C B, for all t+ > T,. Hence, the sequence
of sets {S(kT,)B,}ien is decreasing. Therefore, from Lemma 4.1 with t;, = kT, we

see that
u(A) = kli)rgo w(SkT)B,). 4.2)

Now, since B, is absorbing, the set S(kT,)15, is also absorbing for each k € N.
Then, by Lemma 2.1, it follows that u(S(kT,)B,) = 1 for all k € N. Hence, using
(4.2), we find that £ (A) = 1. Since A is closed in H and since supp  is the smallest
closed set of full -measure, we conclude that suppu € A. W

4.2 The 3-Dimensional Case: The Support of a Time-Average Measure
Is Included in the Weak Global Attractor

Consider now the 3-dimensional case. Recall that in Section I11.3 we introduced the
weak global attractor, defined by

A, = {uo € H; there exists a weak solution u = u(z) of the NSE, defined
on all of R, uniformly bounded in H, and such that u(0) = uo}. “4.3)

Recall also that .A,, has the properties that
1
ch{ueH; |u|§—|f|}, 4.4
U)\]

so that A,, is bounded in H; it is invariant in the following sense:

If ug belongs to A, and u = u(z) is a global weak solution
with u(0) = ug and uniformly bounded in H, as required in the
definition of A4, then the velocity field u(z) also belongs to A, at
any other time ¢ € R.

(4.5)

The attractor A, is weakly attracting in the sense that, for every weak solution u on
[0, o0), we have
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u(t) - A, in H, ast — oo 4.6)

and
A, is compact for the weak topology of H. 4.7

We next prove that any time-average measure has its support included in the weak
global attractor A,,.

Theorem 4.2 In dimension 3, any time-average measure (4 of the NSE has its sup-
port included in the weak global attractor A,,.

Proof. Let u be a weak solution on [0, 0o) associated with the time-average mea-
sure u, and let ug = u(0). Consider the set

Ky, ={ve H; [V]* < |ugl* + |f]¥/v?A7)

endowed with the weak topology of H. Since K,, is bounded, closed, and convex in
H, it follows that K, is compact. Also, it follows from the a priori estimate (I1. A .41)
that u(¢) € K,, for all + > 0 and that, from (4.4), A,, C K,,.

Let O D A, be weakly open in H. Then O N K,, is an open neighborhood of A,,
relative to K,,. Because A,, is closed in K,,, we can separate .A,, and the relatively
closed set K,, \ O by open sets in K,,.> Hence, there exists another weakly open set
O’ > A, in H such that its weak closure O'* N K,, in K,, is contained in O N K.

Now O'* N K, and K, \ O are disjoint closed subsets in K,,. Hence there exists
a continuous function® ¢ € C(K,) with 0 < ¢ < 1 and such that ¢(v) = 1for v €
o™ n K, and ¢(v) = 0forv € K,, \ O. Thus, since u(H \ K,) = 0 (see (1.34)),
¢ <1, and ¢ vanishes outside O N K,,, we obtain

w(O0) = n(ONKy) =/ dp(u) 2/ p(u)dp(u) = /w(U) dp(u).
ONKy ONKy

Since ¢ € C(K,,) we find, thanks to Corollary 3.1,

1 T
n(O) = /fp(u) dp(u) = LM 7/ p(u(r))dr.
—00 0

By the weak attraction property (4.6) of A,,, we now have u(¢t) € O’ N K,, for all
t > T, for some Ty sufficiently large. Then, since ¢ = 10on O’ N K,,, we find

1 T
w(O) = TLithTf() p(u(r))de

1 To T
Lim —|:./ <p(u(t))dt+/ <p(u(t))dt}
T—oo T 0 T

0

Lim 1/T0 ((t))dt—l—T_TO 1
= — u = 1.
Tooo| T 0 ¢ T

3 We use here that K, is a compact Hausdorff space and hence a normal topological space, so
that disjoint closed sets can be separated by disjoint open sets; see e.g. Dunford and Schwartz
[1958].

6 We use here Urysohn’s lemma; see Theorem A.6.
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Hence, £ (O) = 1. Thus, we have shown that
nw(@) =1 YO > A, weakly openin H.

Since the measure p is regular in the sense given in (A.4), we obtain u(A,) = 1.
Since A,, is closed (in both the weak and the strong topologies in H ), this implies
that supp u C A,,, which completes the proof. W

5 Average Transfer of Energy and the Cascades in Turbulent Flows

One of the aspects of the Kolmogorov theory of turbulence is that in 3-dimensional,
fully developed turbulence, energy within the inertial range is transferred from large
to small eddies. Another aspect is the energy cascade, where energy is transferred to
smaller and smaller eddies — nearly without viscous dissipation — until eddies become
sufficiently small and reach the dissipation range. In this section, our aim is to put
these notions on rigorous mathematical grounds as consequences of the properties of
the Navier—Stokes equations.

In turbulent flows, it is understood that the energy introduced at the low end of
the spectrum is transferred in average to the high-end (high-wavenumber) portion of
the spectrum, where it is eventually dissipated by molecular viscosity. In a statisti-
cal steady state, conservation of energy demands that the dissipation rate match (on
average) the rate at which energy is supplied to the flow. When there is extensive sep-
aration between the portion of the spectrum where molecular dissipation dominates
and the portion where energy is injected into the flow, we have a region of the spectrum
in which the effects of small finite viscosity are negligible. In that spectral region,
the energy dissipation rate is governed by the inertial term acting to break up flow
velocity structures of any length into smaller ones, evoking the image of an energy
cascade (Onsager [1945]). Although this picture originally evolved in the context
of 3-dimensional turbulence, it has also prevailed in studies of 2-dimensional turbu-
lence, where of necessity (owing to enstrophy conservation) the cascading entity is
predominantly enstrophy rather than energy. In both cases, those parts of the spectra
where cascades occur are referred to as inertial ranges. These concepts of turbulence
have been based primarily on empirical and heuristic grounds. As we said before, we
now aim to put these notions on rigorous mathematical grounds and to relate them to
the study of statistical solutions of the Navier—Stokes equations.

We consider the time-average measures constructed earlier in this chapter and show
that, on average with respect to those measures, the energy is indeed transferred from
large to small eddies in the range beyond that where energy is injected into the sys-
tem. This is obtained for the NSE with either periodic boundary conditions that have
vanishing space average or with no-slip boundary conditions. We also show that there
is an inverse transfer of energy to lower modes, in the portion of the spectrum below
the injection of energy.
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These results hold independently of the existence of the inertial range. In case
the inertial range exists, the average net transfer of energy to higher modes extends
indefinitely, beyond the inertial range and into the dissipative range. What charac-
terizes the inertial range (when it exists) is that, within it, the average net transfer of
energy occurs with a certain specific and nearly constant rate, leading to what is called
the energy cascade, an issue that we also address in this section. These results were
announced in Foias, Manley, Rosa, and Temam [2001b,c]. It is particularly interest-
ing to observe that, in the 3-dimensional case, we can prove these results rigorously,
using only the current state of the mathematical theory of the Navier—Stokes equa-
tions. In particular, as discussed in Section I1.7, the energy equation is not available
and we are content with the energy inequality (7.7) of Chapter II (see (5.9) in this
chapter).

We also address 2-dimensional turbulence. We show, in particular, the direct and
inverse transfers of energy and enstrophy within appropriate ranges of length scales.
The direct enstrophy cascade and the inverse energy cascade in this case are also
addressed. We should mention here a result by Constantin, Foias, and Manley [1994]
asserting that, in order for the Kraichnan inertial range spectrum to be sustained within
a statistically stationary turbulent flow, the forcing term must have at least two eigen-
modes: one acting as a power source and the other as a power sink. A single mode is
not sufficient to sustain such a regime. Most of the results presented in this section
have been arrived at previously in the general literature addressing turbulent flows on
heuristic and/or intuitive grounds.

5.1 Energy Transfer and the Cascade in 3-Dimensional Turbulence

We consider both the no-slip and the periodic boundary conditions. In the case of
periodic boundary conditions, for the sake of simplicity we assume that the space av-
erage of the velocity field vanishes.

As we have seen in Section I1.6, we can expand each velocity field u in H in the

form
o0

u= iw,
k=1

where the wy, are the eigenfunctions of the Stokes operator. Each eigenfunction wy
is associated with an eigenvalue A, which has the dimension of (length)~2. The
quantity £; = 1/4/Ay reflects (in some sense) the characteristic wavelength or size
associated with wy, while k; = 1/£; represents the spatial frequency, or wavenum-
ber, of the corresponding eigenfunction.

Because the family {w;}, of eigenfunctions of the Stokes operator is an orthonor-
mal family in the space H, the total kinetic energy of the flow is given by

o0

1 2 1 A 12
e(w) = SJuf* = E;W :
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Similarly, the total enstrophy of the flow is given by
E@) = [ul”> =Y il =Y wllil”.
k=1 k=1

In general, for 1 < m’ < m” < oo, we denote the constituent of u with wavenum-
bers between i,y = /A, and K = /Ay bY

m”

We, o = D W (5.1)

k=m'

The corresponding energy and enstrophy are respectively

m//
Wy ) = 2l P = o S Jagl?
4 uKm/,Km// = = uKm/,Km// == Z U
2 2 =
and

m m”

2 E ~ 2 § 21812

E(uKm/,Km//) = ||uKmr,I(m// ” = )\,k|l/lk| = Kk |uk| .
k=m k=m

Note that u,, - = u.

As for the forcing term f, we assume it to be time-independent and to contain only
a finite number of modes — say, between «,, and k5 for some 1 < m < m < co. More
precisely, using the notation just introduced, we assume that

T (5.2)

As usual, we denote by P,, the spectral projector onto the first m eigenfunctions of
the Stokes operator, and we set Q,, = I — P,,.

We start with the transfer of kinetic energy on average with respect to time-average
measures. We show that in the range [« 1, 00) — that is, beyond the injection of en-
ergy — the average net transfer of energy is from lower modes to higher modes (from
large to small eddies), while in the range [«1, K,_n_l), provided m > 1, the transfer
is from higher modes to lower modes (large to small eddies). Next, we address the
direct energy cascade between neighboring length scales within the inertial range.

Average Net Transfer of Kinetic Energy

We split the velocity field u into two components: a large-scale component y contain-
ing the large structures (eddies) and a small-scale component z containing the small
structures (eddies). Thus,

u=y-+z, (5.3)

where

y= Zﬁkwk, z= Z U Wy. (5.4)
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The kinetic energy contained in the large and in the small eddies is given by

m o0

_1 2_1 A2 _1 2_1 A2
e(y) = 3 ll —Z;W, e(2) = 2| —2k§+1|uk|.

We are interested in how energy is transferred between y and z. First, we consider
the case where m > m, that is, beyond the injection of energy.
Recall the Navier—Stokes equations in their functional form:

du
m + vAu+ B(u,u) =f. (5.5)

On taking into account (5.3), (5.4), and (5.2), the Navier—Stokes equations (5.5) lead
to the following coupled equation for the evolution of the large and small eddies:

d
d—§+vAy+PmB(y+z,y+z):me, 5.6)
dz
E-l—l)AZ-i— OnwB(y+1z,y+1z)=0. 5.7
The associated energy equations read
1d 5 )
Sz Yyl b(y+2z.y+2.y) = (K y), (5.8)
1d , s
37/ E izl +b(y + 2.y +2z.2) <0. (5.9

Note that in the 3-dimensional case we can rigorously guarantee only the inequality
in (5.9) (see (7.7) in Chapter 11).” However, for the large eddies (represented by y),
we do have an equality in (5.8) because y is finite-dimensional.

Owing to the orthogonality property (II.A.33) of the nonlinear term, we find for
almost every ¢ that

b(y+zyy =0 b(y+zz1z)=0. (5.10)

Another consequence of the orthogonality property is the skew symmetry of the tri-
linear term with respect to the last two variables (see (I1.A.34)), which implies, for
almost every ¢,

b(y, z, Y) = _b(ys y. Z), b(z’ y. Z) = _b(zv z, Y) (511)

Define, then,
(I)Z(y) = _b(z9 z, Y) + b(ys y’ Z),

ch(Z) = _b(Ya y, Z) + b(Z’ z, Y)

Note that, for almost every ¢,

(5.12)

7 An equality holds in (5.9) if we replace %(d/dt)lz(z)l2 by (z’, z). However, as explained in
Appendix A.2 of Chapter II (see, in particular, after (A.37)), the lack of regularity in dimen-
sion 3 means we know only that %(d/dt)lz(t)l2 < (z/, 7).
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@,(y) + Py(2) =0.

Using (5.12) and (5.11), we rewrite the energy equations (5.8) and (5.9) in the follow-
ing form:

d
26V FVE®y) = @u(y) + .y, (5.13)

%e(z) + VE(z) < Oy(2), (5.14)

where E(y) and E(z) denote the enstrophy associated with y and z, respectively.

In (5.13), the term vE(y) represents the rate of energy dissipation by viscous ef-
fects per unit time for the large length scales, the term (f, y) represents the energy
flow injected into the large length scales by the forcing term, and the term ®,(y)
clearly represents the net amount of kinetic energy per unit time that is transferred
from the small length scales to the large length scales. Similarly, in (5.14), vE(z) rep-
resents the dissipation of kinetic energy per unit time by viscous effects for the small
scales, while ®y(z) represents the net amount of kinetic energy per unit time that is
transferred from the large scales to the small scales. Moreover, note that

_b(y7 y9 Z) = (_B(Y» Y), Z)v _b(z9 z, Y) = (_B(Z9 Z), y)v

hence the term in the first expression is the energy flow induced in the higher modes
by inertial forces associated with the lower modes, while the term in the second ex-
pression is the energy flow induced in the lower modes by inertial forces associated
with the higher modes. We can thus see, for instance, that the net transfer of energy
®y(z) is the energy flow in the higher modes induced by the inertial forces associ-
ated with the lower modes minus the energy flow in the lower modes induced by the
inertial forces associated with the higher modes.
In a more precise notation, we can write the rate of net transfer of energy as

e, (@) = ¢ (u) —er (w), (5.15)

where
€ (W) = —b(We; e, Uiy, Wiy1,00) (5.16)
e (W) = by, cor Wiy, 000 Wiy, i) (5.17)

The term ¢, (u) represents the rate of transfer of energy from the lower modes to the
higher modes; e (u) represents the rate of transfer of energy from the higher modes
to the lower modes. Then we can rewrite (5.13) and (5.14) as

d

Ee(ukl,w) +VvEy, ) = —¢, @) + (£, u,, ), (5.18)
d
Ee(uxmﬂ,oo) FVEW,,,, 1, 00) < €, (0). (5.19)

The claim is that, on average, this net transfer of energy occurs only into the small
scales. Hence, if (-) denotes a suitable ensemble average, we should have



5 Average Transfer of Energy and the Cascades in Turbulent Flows 203

(e, (W) = (Py(2)) = —(P,(y)) = 0. (5.20)

We want to show rigorously that, with respect to an arbitrary time-average measure,
beyond the range of injection of energy the average net transfer of energy does indeed
occur in this sense — a result obtained heuristically by Kolmogorov [1941a,b].

Let 1 be a time-average measure of the Navier—Stokes equations. Then (see The-
orems 5.1 and 2.1), there exists a weak solution u = u(¢) defined on [0, c0) such that

T
LiM i/ go(u(t))dt:/ o (u) du(u) (5.21)
T—oo T 0 H

for all test functions ¢ in C(H,,).® The functions ¢(z) = E(z) = ||z||* and ®y(z) are
not allowed in this relation, but we proceed formally and assume, in particular, that
those choices for ¢ in (5.21) are permissible. The rigourous justification of the results
to be obtained here is given in Appendix B.4.
We integrate (5.14) in time, from 0 to 7' > 0, for this particular solution associated
with the time-average measure. We find
T

T
e(z(T)) + v/ E(z(t))dt < e(z(0)) —l—/ Dy (z (1)) dt.
0 0

Dividing this inequality by T and taking the generalized limit as T goes to infinity,
we obtain, using that the energy e(z(#)) < e(u(t)) is uniformly bounded in time,

1 (7 1 (7
v%_l}n;{o ?/0 E(z(t))dt < TL_I)I\;IO T/o Dyy(z(1))dt.
Hence, from (5.21) we see that

(@y(2)) = v(E(z)) = 0. (5.22)
This proves (5.20).
We now consider the modes that are below the injection of energy. For that pur-
pose, we assume m > 1 and consider m such that | < m < m. In this case, P,f =0
and the Navier—Stokes equations split as follows:

d
d—f—i—vAy—i—PmB(y—i—z,y—i—z):O, (5.23)
dz
Z +vAz+ Q,B(y+2z,y+12z) = Q,f. (5.24)

By taking the inner product in H of equation (5.23) with y, we obtain the following
energy equation for the lower modes:

d
Ef(y) +VvE(y) = P.(y), (5.25)
where ®,(y) is defined, as before, according to (5.12).

8 This is the space of continuous real-valued (not necessarily bounded) functions on H,,; see
Section 2 after Definition 2.1.
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Then, taking the time average of the energy equation (5.25), we obtain
(@2(y)) = v(E(y)) = 0. (5.26)

In other words, the transfer of energy is from higher modes to lower modes, which is
called an inverse transfer of energy; this is in contrast to the previous, direct energy
transfer. This inverse transfer of energy into the large scales may be responsible for
the observed persistent low-wavenumber coherent structures in turbulent flows.

We summarize this result as follows.

Theorem 5.1 Consider the 3-dimensional Navier—Stokes equations with either pe-
riodic boundary conditions having vanishing space average or with no-slip boundary
conditions. Assume that the forcing term £ contains only lower-order modes in the
sense that f = sz“Kn_? for some 1 < m < im < 0o. Let |4 be a time-average measure
corresponding to this £, and let {-) denote the ensemble average associated with this
probability measure. Then, on average with respect to i and for any m > m, energy
is transferred from the lower modes (large eddies) ., , = Py to the higher modes
(small eddies) u,,, ., o = QW in the sense that

(e, (W) = V(E(,,,;,00)) = 0. (5.27)

Here ¢, (u), defined by (5.15), represents the net amount of kinetic energy per unit
time that is transferred from the large scales into the small scales (wavenumber higher
than k,,); the term v(E(,,,, «)) represents the average dissipation of kinetic en-
ergy per unit time by viscous effects among the higher modes.

Furthermore, if m > 1 then, for any 1 < m < m, energy is transferred into the
lower modes (large eddies) uy, ., = Pyu in the sense that

(e, (W) = —v(E(uy,,)) < 0. (5.28)

Direct Energy Cascade

When the part of the spectrum dominated by molecular dissipation is distant from
the wavenumber range where energy is injected, the intervening spectrum (the iner-
tial range) is governed by the nonlinear inertial term in the Navier—Stokes equations.
There, the spectrum is determined by an energy cascade wherein the eddies break
up into successively smaller ones. For such a cascade picture, the velocity field is
separated into several distinct parts, each containing eddies within a relatively small
range of length scales. Our aim is to study the transfer of energy between consecu-
tive ranges. According to the Kolmogorov theory, there is no dissipation of energy
by viscous effects within the inertial range, and the energy is simply transferred to
smaller and smaller length scales. In that theory, there is no constraint due to enstro-
phy conservation as in the 2-dimensional case that we will consider shortly.

For our purposes, it is sufficient to split the flow into three parts, according to three
length-scale ranges. Recall that we assume Q;f = 0 for some m € N. Then, we
consider m’, m” € N such that m” > m’ > m. Write



5 Average Transfer of Energy and the Cascades in Turbulent Flows 205

u=y+w-+z, (5.29)
where

y = uK],Km/_lv W= uKm/,Km//s 7= uKm//_H,OO' (530)
Upon decomposing the NSE according to (5.29), and taking (5.2) into considera-
tion, we see that the velocity field associated with the wavenumbers between «,,,» and

kmr (i.e., w) evolves according to
dw
dt

By taking the inner product in H of (5.31) with w, we obtain an evolution equation

+vAW+ B(y+w+z,y+w+1z)=0. (5.31)

for the energy associated with the modes between «,, and «,:

1d
EEe(w)+vE(w) =—-b(y+w+z,y+w+z,w). (5.32)

Here, as in the equation for |y|? in (5.8), we obtain an equality because w contains
only a finite number of modes.
The RHS of (5.32) can be written as

—b(y+w+z,y+w+2z,w) = Oy(W+12z) — Pyiy(2), (5.33)

where

Oy(w+1z)=—-b(y,y,Ww+1z) +bW+2z,Ww+1zY), A

—Pyiw(z) = P (y+wW) =—b(z,2,y+W) +b(y+WwW,y+w,12). 639
As we have seen earlier in this section, ®y(w - z) represents the net amount of kinetic
energy per unit time that is transferred into the wavenumbers larger than or equal to
K, While @y (z) = —P,(y + w) represents the net amount of kinetic energy per
unit time that is transferred into the wavenumbers larger than «,,». Hence, the term
®y(w+12z) — Oy, (z) represents the net amount of kinetic energy per unit time that
is transferred into the wavenumbers between «,,,» and «,,~.

By expanding the trilinear terms in the RHS of (5.33) and using the skew-symmetry
property of the trilinear term with respect to the last two variables, one can readily
check that (5.33) indeed holds. Actually, it holds for arbitrary functions y, w, z, which
are not necessarily associated with a spectral decomposition of u.

We know from the preceeding results (see Theorem 5.1) that

(Py(W +12)) > v(EW+12)) = v(EW)) +V(E(@Z) >0
and
_<cby+w(z)> < —v(E(2)) <O0.

Since w contains only a finite number of modes, one can obtain a more precise rela-
tion (see Appendix B.4 for details), namely,

(Py(W +12) — Pyiw(2)) = v(EW)) = 0. (5.35)

‘We can rewrite this relation in the form
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(Pyrw(2)) = (Py(W + 7)) — v(E(W)). (5.36)
In a more explicit form using definition (5.15), we have

(eq, (W) = (e, (W) = v(EW, i) (5.37)

m "% m

In other words, the average net transfer of energy into the modes higher than «,, is
equal to the average net transfer of energy to the modes higher than «,, minus the
energy lost to viscous dissipation within the range [k,’, k]

In the energy cascade, for [k, k,,~] inside the inertial range, the viscous dissipa-
tion is negligible and the energy is simply transferred to smaller and smaller length
scales. This cascade occurs whenever

<eKm/f (u)> Z (e/{m/,l(u» >> v<E(uKm/,Km//)>' (538)

~

The range of wavenumbers x > kj up to where (5.38) holds is called the inertial
range in 3-dimensional turbulence.

5.2 Enstrophy Transfer and the Cascade in 2-Dimensional Turbulence

The energy transfer in the 2-dimensional case is exactly as in the 3-dimensional case:
above the range where energy is injected into the system, energy goes from lower
modes to higher modes; in the range below the injection of energy, energy goes from
higher modes to lower modes.

As for the cascade, however, there is an important modification. Because of vor-
ticity constraints in the 2-dimensional case, there is a similar transfer of enstrophy
between neighboring modes: beyond the modes where energy is injected into the sys-
tem, enstrophy goes from lower modes to higher modes, whereas for the modes below
the injection of energy, enstrophy goes from higher modes to lower modes. Then,
within a certain range above the injection of energy, there is a much stronger direct
transfer of enstrophy, leading to a direct enstrophy cascade instead of a direct energy
cascade. On the other hand, below the injection of energy, an inverse energy cascade
takes place. The region containing both an inverse energy cascade and a direct en-
strophy cascade is what defines the inertial range in the 2-dimensional case. Beyond
the inertial range, the cascade ceases and viscous effects dissipate the enstrophy.

Next we consider the details of the transfer of enstrophy and of the enstrophy cas-
cade. Then we discuss conditions on the forcing term that enable the existence of the
Kraichnan inertial range spectrum. For further results on the Kraichnan spectrum,
see Foias, Manley, Jolly, and Rosa [2001a].

The direct and inverse transfers of energy hold in the 2-dimensional case with either
no-slip or periodic boundary conditions (with vanishing space average), exactly as in
the 3-dimensional case (we omit the details). However, for the transfer of enstrophy,
we consider only the 2-dimensional periodic case. Indeed, only in this case is the
necessary orthogonality property needed for our proof available (see Appendix I1. A,
equations (A.62)—(A.64)):
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b(u,u, Au) =0 (5.39)

for u in D(A). This relation is an important one that leads to the conservation of
enstrophy by the nonlinear term. This, in turn, seems to be responsible for the ap-
pearance of the enstrophy cascade characteristic of 2-dimensional turbulence. As
seen in Appendix II. A, the identity (5.39) also leads to the relations

b(v,u, Au) + b(u,v, Au) + b(u,u, Av) =0 (5.40)

and

b(v,w, Au) + b(v,u, Aw) + b(w, v, Au)
+b(u,v, AwW) + b(w,u, Av) + b(u,w, Av) =0 (541
for u,v,w in D(A). These identities will be used in the definition of the enstrophy
transfer functions.
As in the 3-dimensional case, we assume that f is time-independent and that it con-
tains only a finite number of modes, between Km and k;, forsome 1 <m <m < o0;

that is,
f=f - (5.42)

Before discussing the transfer of enstrophy, we state the results on the transfer of en-
ergy in the 2-dimensional case.

Theorem 5.2 The results in Theorem 5.1 hold also for the 2-dimensional Navier—
Stokes equations with either periodic boundary conditions having vanishing space
average or with no-slip boundary conditions: If m > 1, we obtain the following re-
lation for all 1 <m < m:

(e, (W) = —v(E(uy,q,)) <0. (5.43)

Furthermore, instead of simply (5.27), we obtain the following more precise relation
forallm > m:

(e, (W) = v(E(uy,,;,00)) = 0. (5.44)

Average Net Transfer of Enstrophy

We split the velocity field u into two components, a large-scale component y (con-
taining the large eddies) and a small-scale component z (containing the small eddies):
u=y-+z, (5.45)
where
m oo
Y= we,  z= Y &w (5.46)
k=1 k=m-+1

The enstrophy contained in the large and small eddies are given (respectively) by

m m
E(y) = lIylIP =) alil> = wZ 1l
k=1 k=1



208 IV Stationary Statistical Solutions of the NSE

and
o0 o0
2 A2 21A 2
E@=zI*= Y Mlicl = Y wlicl.
k=m+1 k=m+1

We are interested in how the enstrophy is transferred between y and z. First, we con-
sider the case where m > i — that is, beyond the injection of energy.

In order to find the evolution of the enstrophy associated with each component of
the velocity field, we take the inner product in H of the NSE with each component.
We thus obtain (see (5.6) and (5.7))

1d
Mnyn2 +v|Ay|* = (f, Ay) — b(y + 2,y +z, Ay), (5.47)

1d
§E||z||2+v|Az|2 =—b(y+zy+z Az). (5.48)

In contrast to the 3-dimensional case, we have equality in both enstrophy expressions
(5.47) and (5.48) (as well as in the energy equations).

Similarly to the analysis for the transfer of energy, we write, using first (5.39) and
then (5.40),

—b(y+z,y+1z,Az) = —b(y,y, Az) — b(z,y, Az) — b(y, z, Az)
= —b(y,y, Az) + b(z, z, Ay). (5.49)
We can also write
—b(y+1z,y+z, Ay) = —b(z, z, Ay) — b(y, z, Ay) — b(z, y, Ay)
= —b(z,z, Ay) + b(y,y, Az). (5.50)

Define, then,
‘I’z(Y) = _b(zv z, AY) + b(Y7 y. AZ)?

Wy (z) = —b(y,y, Az) + b(z, z, Ay).

Note that, for almost every ¢,

(5.51)

W, (y) + "I]y(z) =0.

Next, we rewrite the enstrophy equations (5.47) and (5.48) in the following form:

1d
Muyn2 + v|Ay|* = W, (y) + (f, Ay), (5.52)

1d
zallzll2 + v|Az* = Wy (2). (5.53)

In (5.52), the term v|Ay|? represents the dissipation of enstrophy per unit time by
viscous effects for the large scales, and the term W, (y) represents the net amount of
enstrophy per unit time that is transferred into the lower modes. In (5.53), v|Az|?
represents the dissipation of enstrophy by viscous effects, and Wy (z) represents the
net amount of enstrophy per unit time that is transferred into the higher modes.

As in the transfer of energy, we can write (5.52) and (5.53) in a more explicit form.
We define
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¢, () = Qf,?m(u) — Qf,jm(u), (5.54)

where
6,;:(“) = _b(ukl,/cms Wyt ks Aukm+1700)7 (555)
6,:1 (ll) = b(ukm+17007 Uy, 1,005 AuK],Km)' (556)

The term € (u) represents the rate of transfer of enstrophy from the lower modes to
the higher modes; € (u) represents the rate of transfer of enstrophy from the higher
modes to the lower modes.

Now we can rewrite (5.52) and (5.53) as

1d
EEHHK],K”, ” + VlAulq,Km |2 = _eKm(u) + (f, Au/{],/cm)s (557)

z%nuk,,,ﬂ,oon2 +vlAug,, 0l? = €, (W) (5.58)
We want to show rigorously that, with respect to any time-average measure corre-
sponding to f, the transfer of enstrophy in the range beyond that of the injection of
energy occurs only from the lower modes to the higher modes.

Let u be a time-average measure of the Navier—Stokes equations. Then, in the
2-dimensional case (see Definition 2.1 and Remark 2.1), there exists a weak solution
u =u(t) = S(t)ug defined on [0, c0) with uy € D(A) such that

1 T
Liv —/ o(S(H)up) dt =f p(u) du(u) (5.59)
T-oo T Jo H

for all ¢ in C(D(A)).°
We integrate (5.14) in time (from O to 7 > 0) for this particular solution, which is
associated with the time-average measure. We find

1 2 ! 2 1 2 !
Ll +vf Az dt = 2 |2(O)] +f Wy (2 (1)) dt.
0 0

Dividing this inequality by 7" and taking the generalized limit as T goes to infinity,
we obtain, using that the enstrophy ||z (¢) I < [lu(®)]|? is bounded uniformly in time,

I 5 I
vTL_I)I\;IOT/O |[Az(t)|"dt = TL—I}XIo?/O Wy (z(2)) dt.
Hence, from (5.59) we see that
(Wy(2)) = v(|Az*) = 0. (5.60)

This proves the direct transfer of enstrophy in the range beyond that of injection of
energy.

We now consider the modes below the injection of energy. For this purpose, we
assume that m > 1 and consider m such that 1 < m < m. In this case, P,f = 0 and
the Navier—Stokes equations split as follows:

9 This is the space of continuous real-valued (not necessarily bounded) functions on D(A);
see Definition 2.1.
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d
d—f—i—vAy—l—PmB(y—i—z,y—i—z) =0, (5.61)
dz
E—i—vAz—i— OnB(y+z,y+1z)=Q,f. (5.62)

By taking the inner product in H of equation (5.61) with Ay, we obtain the following
enstrophy equation for the lower modes:
1d
2dt
Then, taking the time average of the enstrophy equation (5.63), we have

1> + vIAy[* = W,(y). (5.63)

(W,(y)) = —(¥y(2)) = v{|Ay[*) = 0. (5.64)

In other words, the average net transfer of enstrophy is from higher modes to lower
modes, which is called an inverse transfer of enstrophy.
We summarize this rigorous result as follows.

Theorem 5.3 Consider the 2-dimensional Navier—Stokes equations with periodic
boundary conditions and vanishing space average. Assume that the forcing term f
contains only lower-order modes in the sense that f = f,(m,,% for some 1 < m <
m < oo. Let ju be a time-average measure corresponding to this £, and let (-) denote
the ensemble average associated with this probability measure. Then, on average
with respect to . and for any m > m, enstrophy is transferred from the lower modes
(large eddies) uy, ,, = Pyu to the higher modes (small eddies) u,,, ., oo = Qpnu in
the sense that

(€0, (W) = v{|Au,,, o) = 0. (5.65)

Here €, (u), defined by (5.54), represents the net amount of enstrophy per unit time
that is transferred into the small scales; the term v(|Au,,,,, ~|*) represents the aver-
age dissipation of enstrophy per unit time by viscous effects among the higher modes.

Furthermore, if m > 1 then, for any 1 < m < m, enstrophy is transferred into
lower modes (large eddies) uy, ., = Pyu in the sense that

(€, W) = —v(|Au,, %) <0. (5.66)

Direct Enstrophy Cascade

The enstrophy cascade in two dimensions is similar to the energy cascade in three
dimensions. The velocity field is separated into several distinct parts, with each part
containing eddies within a relatively small range of length scales. Then, within a
certain range above the injection of energy (the so-called inertial range), there is
hardly any dissipation of energy by viscous effects; the energy is simply transferred
to smaller and smaller length scales.

We split the flow into three parts, according to three length-scale ranges. Recall
that we are assuming Qf = 0 for some /m € N. Then, consider m’, m” € N such that
m” > m’ > m. We write
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u=y+w-+z, (5.67)
where

Y=Wew s W= e, Z=Ug , oo (5.63)

We now decompose the NSE in accordance with (5.67), taking (5.42) into consid-
eration. The velocity field associated with the wavenumbers between «,,» and «,,
(i.e., w) evolves according to

d
d—‘;v+vAw+B(y+w+z,y+w+z):0. (5.69)

Taking the inner product in H of (5.69) with Aw, we obtain an evolution equation
for the enstrophy associated with the modes between «, and «,,~:

1d
EEIIWII2 + VAW = —b(y+W+2,y + W +1z, Aw). (5.70)

We claim that the RHS of (5.70) can be written as

_b(y +w+ z,y +w+ z, AW) = GI(m/,l(u) - éKm/url(u)
= Wy (W +2) — Uy (2), (5.71)

where, according to definition (5.54),

C , (m) =Vy(W+1z)=—-b(y,y, A(W+2)) +b(w—+2z,w+z, Ay),

m’—1

(5.72)
=& (@) =Wy, (2) = —b(z,2, A(y + W) + b(y + W,y + W, 2).

The term €, ,

into the mocineslhigher than or equal to «,-, and similarly for €,
QEKle (u) — QEKli
is transferred into the wavenumbers between «,,» and «,,~.

The proof of (5.71) follows from properties (5.39), (5.40), and (5.41) of the trilinear
term. Indeed, we can expand the RHS of (5.71) as follows:

(u) represents the net amount of enstrophy transferred per unit time
e (u). The term
(u) represents, then, the net amount of enstrophy per unit time that

Wy(W+2z) — Wy, w(z) = —b(y,y, A(W+2)) +b(w+2z,w+2z, Ay)

+b(y+w,y+w,Az) —b(z,z, A(y + w))

= —b(y.y, AW) — b(y.y, Az) + b(W,w, Ay)
+ b(w, z, Ay) + b(z, w, Ay)
+b(z,z, Ay) + b(y,y, Az) + b(y,w, Az)
+b(w,y, Az) + b(w,w, Az) — b(z, z, Ay)
—b(z,z, Aw)

= —b(y,y, AW) + b(w,w, Ay) + b(w, z, Ay)
+ b(z,w, Ay) + b(y,w, Az) + b(w,y, Az)
+ b(w,w, Az) — b(z, z, AW).
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We leave the first and last terms unchanged, apply (5.40) to the second and seventh
terms, and apply (5.41) to the remaining terms. This yields

Wo(W+2z) — Wy w(z) = —b(y,y, AW) — b(y,w, Aw) — b(w, y, Aw)
— b(z,w, AW) — b(w,z, AW) — b(z,y, AW)
—b(y,z, AW) — b(z, z, AW)
=-—b(y+z,w,AW) —b(y+z2+Ww,y+1z, Aw).
Finally, owing to (5.39), we have
b(w,w, Aw) = 0;
we subtract this vanishing term from the previous expression and find
Wo(w+2z)— Wy w(z) =-b(y+w+z,y+w+z, Aw),

which proves (5.71). Note that this equality actually holds for arbitrary v, w, z, not
only those that are associated with a spectral decomposition of an arbitrary vector
field u; such a decomposition was not used in the foregoing computations.

We thus have the equation

1d
3 77 VI A+ VIAW = Wy (W +2) — Uy (2) (5.73)
or, in a more explicit form,
1d ) )
EEIIUK,,,,,KM,, 1”7+ vlAuy o0 |" =€, (@) =€, (u). (5.74)

Integrate (5.73) in time from O to 7" and divide by T to find
L+ [ aword
—|lw — w
2T 7 J, Sas

1 1 /7
=57 Iw(0)[1* + T /0 (Wy($)(W(s) +2(5) — Wy(o)4wis)(Z(5))) ds.

Take the generalized limit of this relation as T goes to infinity; then, because the en-
strophy [|[w(?)|| < |lu(?)] is uniformly bounded in time in the 2-dimensional case,
we find

(Uy(W+2) — Wy (@) = v{|AW]) > 0. (5.75)

In a more explicit form, we have
(€, W) = (&, W) = v(|Auy,, ). (5.76)

In other words, the average net transfer of enstrophy into the modes higher than «,,»
is equal to the average net transfer of enstrophy into the modes higher than or equal
to k,,» minus the enstrophy lost to viscous dissipation within the range [k, k]

In the enstrophy cascade, for [«,,’, k,,7] inside the inertial range, the viscous dis-
sipation is negligible and the enstrophy is simply transferred to smaller and smaller
length scales. This occurs whenever
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(€, W) 2 (&, ) >v{Au,, . [°). (.77

m'—1

The range of wavenumbers x > kj up to where (5.77) holds is called the inertial
range in 2-dimensional turbulence, as in 3-dimensional turbulence.

As proved in Theorem 5.2 (see (5.44)), within the enstrophy cascade range there is
still an average net transfer of energy to higher modes:

(e, (W) = v(E(uy,,) ) =0 (5.78)

for k,, > k. Because

1
2 2
E(uKm+1,OO) = ||uKm+1,00|| < P |Aukm+1,00| s
m+1

we find from (5.78) and (5.65) that

1
(e, () = K2—<€Km(u)>- (5.79)
m+1

Hence, for large x|, the average net transfer of energy to higher modes is sig-
nificantly smaller than the corresponding transfer of enstrophy. In other words, in
the range beyond that of the injection of energy, the transfer of enstrophy to higher
modes is more significant and yields the characteristic direct enstrophy cascade of
2-dimensional turbulence.

Inverse Energy Cascade

The inverse energy cascade takes place in the range below that of the injection of en-
ergy. Let us consider, then, 1 < m’ < m” < m with m > 1. Recall that m is a lower
bound on the modes that are active in the forcing term. Typically, for this cascade
to occur, we need m >> 1. We decompose the flow as in the direct energy cascade;
that is,

u= uK[,K +uKm/,Kmu +u'(m”+lvoc' (580)

m’—1

Proceeding as for (5.37), we obtain

(e, (W) = (e, (W) —v(EQy,, i, .)) (5.81)

Now, as we have seen in Theorem 5.1 (see also Theorem 5.2), we have in this case
an inverse transfer of energy:

(e, (w) <0, (e, () < 0.

m

Then, as long as

(el(m// (u)> é <eK ’—l(u)> << _U<E(uK,n/,KmH)>a (582)

m

there is an inverse energy cascade — from higher modes to lower modes. This is con-
sistent with the heuristic conclusions in Kraichnan [1967].

As we have shown previously, within the range corresponding to the energy cas-
cade (hence, below that of the injection of energy), both energy and enstrophy are
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transferred to the lower modes. Indeed, from (5.43) and (5.66) we have the following
relations for 1 <m < m:

(—e, () = V(E(uy, () >0, (5.83)
(—€,, ) = v(lAu,, ,,[*) > 0. (5.84)

Here, —e¢,, (u) (resp., —€&,, (u)) denotes the transfer of energy (resp., enstrophy) to
the lower modes. Since u,, ., contains only modes larger than or equal to «,,, we

see that
2

2 2 2
|AuK],Km| = Km”uK],Km || =KmE(uK]7Km)'

Thus, using (5.83) and (5.84), we obtain
(=€, (W) < Kkpm(—e,, ). (5.85)

Hence, for «,, very small, we see that the (inverse) average net transfer of energy to
lower modes is much stronger than the corresponding transfer of enstrophy, so that —
below the injection of energy — the inverse energy cascade prevails.

5.3 Kraichnan’s Cascade Mechanism

We now turn to a more physical (heuristic) discussion and consider a remarkable
mechanism for explaining the cascades in 2- and 3-dimensional turbulence. This
mechanism was introduced by Kraichnan [1972], and it was later exploited by Frisch,
Nelkin, and Sulem [1978]. Here we follow the presentation in Foias [1997]. We start
with the 2-dimensional periodic case with vanishing space average, and then we treat
the 3-dimensional case. We denote the upper bound on the wavenumber components
present on the forcing term as k = ;.

In the 2-dimensional case, the mechanism that we describe is associated with the
conservation of enstrophy by the inertial term, which imposes the direct enstrophy
cascade in the inertial range beyond the injection of energy. For « within the inertial
range, the flow of enstrophy per unit mass!'® to higher modes is nearly constant:

(k7 Ec(w) ~ 1,
where 7 is the total rate of enstrophy dissipation per unit mass,
n=vcilAuf) = (P (f, Aw)).

Conventionally, the dissipation of enstrophy is thought to occur only at very small
scales — below a certain length scale £,. The associated wavenumber is «,,, and the
range [k, 00) is the so-called dissipation range. This k, is the Kraichnan dissipa-
tion wavenumber (see Kraichnan [1967]; see also the previous discussions in Sections
I11.3 and 1.3).

10 Note that 2 = A; has the dimension of (length)~2. Since the density has been normalized
to 1, multiplication by «? has the effect of normalizing the mass to 1.
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Consider the components of the velocity field of the form u, 5., that is, with
wavenumbers in the range [k, 2«x). The wavenumber « has the physical dimension
of (length)~!, and the component of the velocity field with wavenumber « is consid-
ered to represent eddies of linear size about « L. Thus, the component u, . of the
velocity field is thought to represent the system of eddies of linear size in the range
(1/2k, 1/k]. The energy in this component can be written as

1 1 .
o) = Sueal = D0 il (5.86)

Kk<x<2k

where |ii;|?/2 is the kinetic energy corresponding to the wavenumber x, and x =
)\lk/z (recall that A is the kth eigenvalue of the Stokes operator; see e.g. (5.4)). For
notational simplicity, we write the sum (5.86) in the expression of the energy per unit
mass as an integral in the wavenumbers:

2k
Kie( 2y) = S(x)dx.

K

The function S(x) is precisely the energy spectrum function. Similarly, we can write

2k
KIE(We20) = [[ue e =/ xX*S(x)dx
K
and
2k
K%|Auk,2k|2=f S dx.
K
Notice that, from these identities,
Kte(e o) X kS(K), KTEM ) = 26°S(k), ki AU, |* = k7S (k).

The condition (5.77) for [k, 2x) to be within the region of direct enstrophy cascade
then reads
Vi3S (k) K ki (€, (u)).

Moreover, as we have discussed, the transfer of enstrophy per unit mass within the
inertial range is nearly constant and equal to 1, so we see from (5.77) that [«, 2«) is
within the inertial range as long as

Vi3S (k) < 1. (5.87)

Now we describe the mechanism explaining the cascade in the 2-dimensional case.
The transfer of enstrophy is considered to be produced by the breakup of eddies with
wavenumbers in [«, 2«) into eddies of linear size smaller than or equal to 1/2«. This
breakup is assumed to occur after the eddy travels a distance comparable to its lin-
ear size. Since the energy of the eddies with linear size in the range (1/2«, 1/k] is on

average about
2k

SO dx ~ kS(k),

K

we see that the average velocity of those eddies is
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Ve & kS )2,

Hence, the time necessary for those eddies to travel a distance comparable to their

linear size is
1 1

m ~ KBS ()12
On the other hand, the enstrophy of eddies with linear size in the range (1/2«, 1/x] is

e &

2K
/ x2S(x)dx ~ 21S(k).

Therefore, according to the breakup mechanism, the average dissipation of enstrophy
per unit time — within the inertial range where the direct enstrophy cascade occurs —
should be

38
n~ 0 S,
From this it follows that
n2/3
Sk) ~ P (5.88)

According to the previous argument (see (5.87)), one expects (5.88) as long as

K>k and vkdS(k) <K 1. (5.89)
Therefore, from (5.88) and (5.89), we see that
772/3 n 1/6
S(k) ~ — aslongas k <k Kk, = <—3> : (5.90)
K v

which also gives an explicit expression for the cutoff wavenumber «,.
In the 3-dimensional case, the role played by the enstrophy in the preceeding argu-
ment is taken over by the energy. Condition (5.38) for the direct energy cascade reads

vkS(k) < €, (5.91)
where € is the total average rate of energy dissipation per unit mass:
€ =k V(E@W) = k().

Within the inertial range, energy is simply transferred to higher modes at a nearly
constant rate that is approximately equal to €.

The breakup mechanism is such that a transfer of energy is produced by the breakup
of the eddies with size between (1/2x, 1/«] into eddies of linear size smaller than or
equal to 1/2«. Proceeding as in the 2-dimensional case, this mechanism leads to the
following expression for the average dissipation of energy per unit time:

_ kS(K)

K

€ ~ (kS(k)) k.

Thus,
e2/3

S(K) ~ m
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as long as ¥ > ik, with
vict3e2/3 K €.
Therefore,

2/3

1/4
Sk) ~ < aslongas k <k K kg = (%) . (5.92)
v

33
The cutoff wavenumber 4 is Kolmogorov’s dissipation wavenumber (see Section 3 in
Chapter I). The spectra given by (5.92) and (5.90) are called, respectively, the Kolmo-
gorov spectrum for 3-dimensional turbulence (Kolmogorov [1941a]) and the Kraich-
nan spectrum for 2-dimensional turbulence (Kraichnan [1967]); see also Monin and
Yaglom [1975] and Rose and Sulem [1978].

The Effects of Walls on Kraichnan’s Dissipation Wavenumber

As discussed in Section II1.3, the technique for calculating the number of degrees
of freedom (in two dimensions) in the presence of a no-slip boundary condition is
hampered by the difficulty in estimating the Kraichnan cutoff wavenumber «,,. The
mathematical method used in Section III.3 for estimating the dimension of the attrac-
tor involved the wavenumber «;, whose definition was strikingly similar to that of the
Kolmogorov wavenumber for 3-dimensional fluid flows. This certainly seems to be
at odds with the dominance of the Kraichnan spectrum in 2-dimensional turbulence.
Fortunately, the results developed in this section offer an approach that provides an
explanation for why — although, in the spectral portion of interest, the energy cas-
cade is negligible when compared with the enstrophy cascade — the Kolmogorov-like
wavenumber (i.e., one that is dependent on the energy dissipation rate €) is a “close”
approximation of the total Kraichnan dissipation number.

As seen in the earlier portions of this section, the net average flow of energy from
some point in the spectrum (say, ¥ > i, where i is the highest wavenumber present
in the driving force f) to the end of the inertial range at «,, is given by

Wit e, 17) = &2 [{ee @) — (e, ()], (5.93)

where «7¢, (u) is the rate of net energy transfer per unit mass at the wavenumber «
within the inertial range. Henceforth, we limit ourselves to the portion of the Kraich-
nan inertial range in which the spectrum is given by 7?/3x 3 and where, as follows
from our earlier discussion, the rate of net transfer of enstrophy is (Kl2 E, () ~ .
Here we neglect the departure from this spectrum in the boundary layer abutting the
solid boundary. In a sense, we assume that the characteristic length (say, L) of the
flow domain is by far much larger than the thickness of the boundary layer. Using that
spectrum allows us to obtain useful results involving some norms (which are integrals
over the flow domain) by carrying out the required calculations in the corresponding
Fourier domain.

To proceed further, recall that we have (e, (u)) < (&, (u))/«> for all k > i. Now
we rewrite the LHS of (5.93) in the Fourier domain as
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Ky +2
X K
e, I2) = v | —yuzvﬁﬁmﬁi)
« X K

Remember that the integral in this expression is actually a sum (Fourier series). How-
ever, since k, is large, we can consider this sum as the Riemann sum of an integral;
whence the abuse of notation by using this integral sign. We then rearrange the terms
to obtain

Kﬂumnzv#”m<K)+m@wm»

2

- z/zln<'&) e (5.94)
K Ky

Now, since k7(€,., (w)) ~ n

K
E=«ile,) = vn2/3ln(7"> + L

7 2/3 P
< v3(7> [m(-’]) + 1], (5.95)
V- K

where we have used the definition of k), = (n/ 1376 Hence, we have

R
ki=— = (m( ) + 1) (5.96)
vV K

We have thus arrived at a characteristic wavenumber «: associated with the small
but finite energy transfer in parallel with the enstrophy cascade. We find that this
characteristic wavenumber is expressed in terms of the Kraichnan cutoff wavenum-
ber k. This estimate is not affected by the exclusion of the boundary layer from the
preceding discussion. Indeed, the integral of

ov; ow;
E vi—w; —w;—v; ], v=PFPu w=0.u
T 8x, 8x,~
iJ

over the boundary layer (which should have been excluded from the computation of
(e, ) in the definition (5.95)) of € is small when compared to ¢,. (This fact involves a
sophisticated mathematical argument that is beyond the scope of the present heuristic
discussion.)

Finally, using the same argument as in the case of periodic flows, we estimate the
dimension of the attractor for the no-slip case as (k,, /k1)?, that is, (kz/k1)>.

Appendix A New Concepts and Results Used in Chapter IV

The purpose of this appendix is first, in Section A.1, to recall a few fundamental facts
about measure theory that are used throughout this chapter and the next. In Sec-
tion A.2 we discuss the concept of generalized limits, which we use in defining the
limits of time averages.
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A.l1 Background on Measure Theory

In the first part of this chapter we used the expression “probability distribution,” which
is commonly seen in the physical literature; the usual mathematical expression is that
of a probability measure — in particular, the Borel measures (Rudin [1987]) or the
Radon measures (Bourbaki [1969]).

For the convenience of the reader, we recall here a few basic facts in measure the-
ory. Borel measures are defined as measures on the Borel family of a topological
set X (the o-algebra generated by the open and closed subsets of X); Radon mea-
sures are defined as linear functionals on the set of continuous functions on X. We
adopt the Borel point of view for this presentation, but the equivalence between Borel
and Radon measures follows from the Kakutani—Riesz representation theorem. In-
deed, we have used this equivalence (and the theorem) throughout this chapter, when
time-average measures were defined as linear functionals on C(X); see Sections 2
and 3.

A measurable space is a couple (X, M) where X is a set and M is a collection of
subsets of X (the “events™) with the properties that (i) the empty set is in M, (ii) com-
plements of sets in M belong to M, and (iii) countable unions of sets in M belong
to M. From the first two properties, the whole set X must belong to M; from this
and the previous properties it follows that countable intersections of sets in M also
belong to M. A collection M with these properties is called a o-algebra.

A measure on a measurable space (X, M) is a nonnegative set function u: M —
[0, co) with the properties that (@) = 0 and u( Uges E) = Y pes M(E) for all
countable, pairwise disjoint collections £ C M. A probability measure on a measur-
able space (X, M) is a measure u on (X, M) with the property that ©(X) = 1.

For our purposes, it suffices to consider measures on the space H or on subsets of
H. Because we wish to take into account the topology of H, it is natural to require
that the open and closed sets belong to the corresponding o-algebra. Therefore, it
is natural to consider the so-called Borel o-algebra of H. By definition, the Borel
o-algebra of a given topological space X is the smallest o-algebra that contains the
open subsets (and hence also the closed subsets) of X. The sets in the Borel o-algebra
of X are called the Borel sets of X or the Borel measurable sets of X. A measure
defined on a Borel o-algebra is called a Borel measure, and a probability measure
defined on Borel o-algebra is called a Borel probability measure.

We also consider the space H endowed with the weak topology — that is, the space
H,,. This could, in principle, lead to a different Borel o-algebra. However, that does
not happen. The o-algebra generated by the weakly open sets in H coincides with
that generated by the strongly open sets in H. Indeed, since weakly open sets are
open for the strong topology, it is obvious that Borel sets in H,, are Borel sets in H.
On the other hand, since H is separable, any open set in H is a countable union of
open balls. Moreover, from the Parseval identity |u|?> = Y men |, w,,)|?, any open
ball in H, say {u € H; |[u — ug| < r}, can be written as a countable intersection of
weakly open sets:
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m
fueH; lu—ugl <r} =) {u €H: Y |(u—upwf < rz}.
meN j=1
Therefore, any open set in H belongs to the Borel o-algebra of H,,.

We also want to take into account the topologies of V, D(A) and D(A™"%); hence
we wish to compare the corresponding Borel sets. For instance, any open set in V
can be written as a countable union of closed balls in V, and any closed ball in V,
say fueV; |lu —ug|| <r}, can be written as a countable intersection of closed sets
in H:

fueV: lu—ugll <r} = ({ueH; [[Pyu— Pyugl <r}.
meN
Therefore, any Borel setin V is a Borel set in H. On the other hand, since any set in
V that is open with respect to the topology of H is also open in V, it follows that the
intersection of V with any Borel set of H is a Borel set of V. One consequence of
this fact is that any Borel measure p on V can be extended to a Borel measure ' on
H through the relation u/(E) = w(E N'V) for every Borel set E in H. Similar state-
ments hold for D(A), D(A~?), and for subsets of D(A), V, H, H,,, and D(A~Y?).

A concept we will use often is that of a support of a measure. For a Borel probabil-
ity measure p on H, the support of p (denoted supp ) is the smallest closed set of
full measure. A nontopological concept is that of a carrier of a measure: we say that
a measurable set E C H carries u if E is a set of full measure — that is, if u(E) =1
or w(H \ E) = 0. Notice that carriers are not unique, in general. Another important
concept is that of regularity of the measure. Since H is separable, any Borel proba-
bility measure © on H is automatically regular in the sense that, for every Borel set
E in H, we have

W(E) =sup{u(K); K C E, K compactin H}, (A.1)
w(E) =inf{u(0); E C O, Oopenin H}. (A.2)

This regularity result holds not only for H but for any metrizable, separable, complete
space — also called Polish spaces (see Bourbaki [1969]). Therefore, since sets in H
can be written as countable collections of bounded sets in H and since bounded sets
in H endowed with the weak topology are metrizable as well as separable, we can
obtain this regularity also with respect to the weak topology. More precisely, we have

Ww(E) =sup{u(K); K C E, K weakly compact in H}, (A.3)
w(E) = inf{u(0); E C O, O weakly open in H}. (A4)

Actually, the regularity (A.3) follows directly from (A.1) because compact sets in H
are weakly compact. Similar regularity results follow with respect to the topologies
of D(A), V, and D(A™"?).

An important consequence of the regularity of a Borel probability measure is the
density of the continuous functions (or just weakly continuous functions) in the space
of integrable functions. In the case of interest to us, if x is a Borel probability measure
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on H and if ¢ is a u-integrable function on H then, given any ¢ > 0, there exists a
function v defined on H and continuous (or just weakly continuous) such that

/Iw(u) —y|duu) <e.

With these remarks in mind and for the sake of simplicity: throughout this work,
a measure, probability measure, density, or probability distribution always means a
Borel probability measure on H, whereas a measurable set always means a Borel
measurable set, unless otherwise stated.

We now quote (without proof) the classical theorems that are used in Chapters IV
and V. Each theorem is followed by a (nonexhaustive) list of places where it has been
used.

Theorems in Measure Theory

Theorem A.1 (Kakutani—Riesz Representation Theorem) Let X be a locally com-
pact Hausdorff space. Let A be a positive linear functional on C.(X), the space
of compactly supported, continuous real-valued functions on X. Then there exists a
o-algebra M in X that contains all Borel sets in X, and there also exists a unique
positive measure |1 on M which represents A in the sense that

@) Af = [y fdp) forevery f €Co(X)
and which has the following additional properties:

(b) u(K) < oo for every compact set K C X;
(¢) w is outer regular in the sense that, for every E € M, we have

w(E) = inf{u(0); E C O, O open};

(d) w is inner regular in the sense that, for every open set E and for every E C M
with u(E) < 00,

W(E) =sup{u(K); K C E, K compact};

(e) wis complete —thatis, if E€ M, A C E, and u(E) =0, then A € M.

We recall here that a Hausdorff topological space is one in which points can be sep-
arated by disjoint open neighborhoods. The space H is Hausdorff, as is any Hilbert
space. For a proof of Theorem A.1, see Rudin [1987].

The Kakutani—Riesz representation theorem was used, for example, in the proof of
the existence of time-average measures (Propositions 2.1-2.3 and 3.1).

Theorem A.2 (Monotone Convergence Theorem) Let (X, M, ) be a measure
space. Let {g,} be a monotone increasing sequence of nonnegative, real-valued, j1-
measurable functions (not necessarily integrable) that converge -almost everywhere
to a function g. Then
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1im/gn(X)du(X)=/g(X)dM(X)~
n—o0 X X

For a proof of the monotone convergence theorem, see Dunford and Schwartz [1958]
or Rudin [1987]. This theorem was used on several occasions; see Section 3.

Theorem A.3 (Lebesgue Dominated Convergence Theorem) Let1 < p < oo, let
(X, M, ) be a measure space, and let Y be a Banach space. Let {g,} be a sequence
of functions in LP(X, M, u; Y) (i.e., functions from X into Y that are in L? with re-
spect to the measure |1). Suppose {g,} converges j-almost everywhere to a function
g, and suppose there exists a function g in LP (X, M, u; Y) such that |g,(s)| < |g(s)]
wn-almost everywhere. Then g belongs to LP(X, M, u; Y) and {g,} converges to g
in LP(X, M, ; Y).

This theorem is used on several occasions, in particular for the proof of Theorem 3.1
(see Appendix B.2). For a proof of Theorem A.3, see Dunford and Schwartz [1958].

TheoremA.4 Let (X, Xx, p) = (X1, Zx,, 4) X (X2, Zx,, L) be the product of two
positive o-finite measure spaces. Then we have the following results.

(i) (Tomelli Theorem) If f is a nonnegative p-measurable funcion on X then, for
w-almost all x| in X;: the function f(xy, -) is A-measurable; the (extended real-
valued ) function sz f (-, x2) dX(xy) is w-measurable; and, with x = (x1, X3),

/{ f(xhxz)d/\(xz)}dﬂ(xl):/ f(x)dp(x),
X1 X3 X

irrespective of whether the integrals have finite or infinite values.

(i1) (Fubini Theorem) Iffis a p-integrable function on X then, for pn-almost all x;
in Xi: the function f(xy,-) is h-integrable on X,; the (extended real-valued)
function sz f(, x2) dX(x3) is w-integrable on Xy; and, with x = (x1, X3),

/{ ﬂmmmmmpmm=/ﬂm@m.
X1 X2 X

For a proof of the Tonelli and Fubini theorems, see Dunford and Schwartz [1958].
Tonelli’s theorem is used in the proof of Proposition C.3, Fubini’s in the proof of
Theorem V.1.1.

Theorem A.5 (Lebesgue Differentiation Theorem) If f € LllOC (0, 00) then, for al-
most every t € [0, 00), it follows that

] 1 t+h
;ng Fis)ds = f(0):

the points t where the convergence holds are called the Lebesgue points of f.

This is a simplified version of the Lebesgue differentiation theorem that will be suffi-
cient for our purposes (we use it, e.g., in Theorem 3.1). For its proof, see Hewitt and
Stromberg [1975].
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Theorems in Topology

Theorem A.6 (Urysohn Lemma) Let A and B be disjoint closed sets in a normal
topological space X. Then there exists a continuous real-valued function f, defined
on X, such that 0 < f(x) < 1with f(A) =0and f(B) = 1.

We recall that a normal topological space is one with the properties that (i) singletons
(sets consisting of a single point) are closed and (ii) for every pair of disjoint closed
sets A and B, there exist disjoint neighborhoods of A and B.

For a proof of the Urysohn lemma, see Dunford and Schwartz [1958]. This lemma
is used in the proofs that invariant measures have their support included in the global
attractor for the 2-dimensional case (Theorem 4.1) and that time-average measures
have their support included in the weak global attractor for the 3-dimensional case
(Theorem 4.2).

Theorem A.7 (Tietze Extension Theorem) Let X be a normal topological space,
let A be a closed subset of X, and let f be a bounded real-valued continuous func-
tion defined on A. Then there exists a continuous real-valued function F defined on
X such that (i) F(x) = f(x) forall x in A and (ii) sup,c x| F(x)| = sup,c 4| f(x)].

For a proof of the Tietze extension theorem, see Dunford and Schwartz [1958, Cor.
1.5.4]. This theorem is used in proofs of the existence of time-average measures
(Propositions 2.1-2.3 and 3.1).

Theorems in Functional Analysis

Theorem A.8 (Hahn—Banach Theorem) Let a real-valued function p defined on a
real linear space X satisfy

p(x+y) < p(x)+p(y) and p(ax)=ap(x)

fora > 0and x,y € X. Let f be a real-valued linear functional defined on a sub-
space Y of X with
f(x) = px), xe¥.

Then there exists a real-valued linear functional F on X for which

F(x) = f(x), xeY; F(x) < pkx), xeX.

For a proof of the Hahn—-Banach theorem, see Dunford and Schwartz [1958]. This
theorem is used in the definition of the Banach limit Lim7_, .; see Section A.2.

Theorem A.9 (Krein—Milman Theorem) If K is a compact subset of a locally con-
vex topological vector space X and if E is the set of extremal points of K, then the
closed convex hull of E is equal to the closed convex hull of K. If K is convex, then K
itself is equal to the closed convex hull of E.



224 IV Stationary Statistical Solutions of the NSE

An extremal point of K is a point x such that x = ax; + (1 —a)x, with0 <a < 1
and x;, x, in X if and only if x; = x, = x. A topological vector space is a linear
vector space endowed with a topology that renders continuous the operations of vec-
tor addition and scalar multiplication. A locally convex topological vector space is a
topological vector space with the property that any neighborhood of the origin con-
tains a convex neighborhood.

For a proof of Krein—-Milman theorem, see Dunford and Schwartz [1958]. This
theorem is used in the proof of existence of time-dependent statistical solutions of
the Navier—Stokes equations (Theorems 1.1 and 1.3).

Theorem A.10 (Arzela—Ascoli Theorem) Let (X, dy) be a compact metric space
and let (Y, dy) be a complete metric space. Let C(X, Y) denote the space of continu-
ous functions from X into Y, endowed with the metric

p(f1, f2) = supda(fi(x), f(x)).

xeX

Let S be a subset of C(X,Y). Suppose that S is pointwise compact (i.e., for each
x € X the set { f(x); f € S} has compact closure in Y') and equicontinuous (i.e., for
each € > 0 there exists § > 0 such that if d\(x1, x2) < § then d2(f(x1), f(x2)) < €
forevery fin S). Then S has compact closure in C(X,Y).

For a proof of the Arzela—Ascoli theorem, see for example Naylor and Sell [1982].
This theorem is used in the proof of Theorem V.1.1 on the existence of time-dependent
statistical solutions.

Theorem A.11 (Aubin Compactness Theorem) Let Xy, X, X; be three Banach
spaces and suppose that Xy and X are reflexive, Xo C X with compact injec-
tion and X C Xi with continuous injection. Let T > 0 and py, p1 > 1. Consider the
space

Y={veL?0,T; Xo); v/ =dv/dt € L"(0, T; X1)}

endowed with the norm

Ivlly = IVllLroo,7:x0) + IV 1 Lr10,7: x1)-

Then the injection of Y into L?°(0, T; X) is compact.

For a proof, see Aubin [1963] or Temam [2001]. This theorem is used in the proof of
Theorem V.1.1, and it is also used in the proof of existence of weak solutions of the
Navier—Stokes equations. Another very useful compactness theorem of this type is
Theorem 13.2 in Temam [1995].

Theorem A.12 (Prokhorov Theorem) Let {p,}, be a sequence of Borel probabil-
ity measures on a complete and separable metric space S. Then {p,}, has a weakly
convergent subsequence if and only if, for each ¢ > 0, there exists a compact set K,
in S such that p,(K.;) > 1— ¢ forall nin N.
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We recall that a sequence of Borel probability measures {0,}, on a metric space S is
said to converge weakly to a Borel probability measure p on S if, for every continu-
ous bounded real-valued function ¢ on S,

/SW(S)dpn(S) e fsw(S)dp(S)

as n goes to infinity. For a proof of the Prokhorov theorem, see Prohorov [1956, Thm.
1.12] or Gihman and Skorohod [1974, Thm. VI.1.1]. This theorem is used in the proof
of Theorem V.2.3 on the existence of homogeneous time-dependent statistical solu-
tions on the whole space.

A.2 Banach Generalized Limits

We prove here the existence and a few properties of generalized limits as defined in
Section 1.3; these are also called Banach generalized limits. For notational simplic-
ity, let G = B([0, 00)) be the set of bounded real-valued functions on [0, c0). Define
on G the functional

p(g) =limsup g(t) VgeG. (A.5)
t—0

It is easy to see that the functional p = p(g) is a gauge function on G; that is,

p(f+¢g <p(f)+ p(g) and p(ag) = ap(g) forall f, g€ G and all @ > 0.
Consider now the subspace

Gy = Hg e G; lim g(t)exists},
1—>00
and define on G the linear functional
Ao(g) = tlggo g() Vg eGo.

Note that A¢(g) = p(g) for all g in Gy. Hence, by the Hahn—Banach extension the-
orem, there exists a linear functional A defined on the whole space G such that

A(g) = Ao(g) = tlirgo gt) VgeGy (A.6)
and
A(g) = p(g) VgeG.

‘We show now that A is a generalized limit in the sense of our Definition 1.4. In view
of (A.6), we need only prove property (1.35). For that purpose, note that if g(#) > 0
for all + > 0 then —g < 0 and, clearly, p(—g) < 0; hence A(—g) < p(—g) < 0and
thus A(g) > 0, which proves the positivity of A. This completes the proof that A is
a generalized limit.

It remains to prove properties (1.37), (1.38), and (1.40) for an arbitrary generalized
limit LIM7_, » . Let g € B([0, 00)). Define

g(T)=supg(t) VT =0.

t>T
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Note that g(7') — g(T) = 0 for all T > 0. Therefore, by (1.35), it follows that
TLlhgog(T) < TLf\fo g().

But LiM7_, o g(T) = limy_, o §(T) = limsupy_, o, (7). Thus,

LIM g(T) < limsup g(T).

T—o0

Similarly, using g(T') = inf,>7 g(7), one can show that
Lim g(T) > liminf g(T),
T—o0 T—00
proving (1.37). Property (1.38) follows easily from (1.37) by noting that

limsup g(T) < sup|g(T)| and liTm inf g(T) > —sup|g(T)|.
— 00 T>0

T—o0

Finally, let us prove (1.40). Let f € L*°(0, 00), and set

1 T
(1) == f F(@0)dt.
0
Clearly g € B([0, 00)), so LiM7_, , g(T') makes sense. Now take 7 > 0 and write

Lim g(T + 1)
T—o00
T+t

1
= LM —— t)dt
™ f@

1 T+t 1 T
= LIM —/ f@)dt + LIM[T_H/O f(t)dt—?/o f(z)dt}

1 1 T+t 1 T+t
LIM g(T) + LIM |:<T+r —?)/(; f(t)dt—i—?/T f(t)dt]

T+t

— Liv g(T) + LiM | —————
L g )+Ti“§o[ (T + 1)

Observe that, by (1.37) and the fact that f € L*°(0, 00),

T T+t 1 T+t
el ), s ) roal

< 1im [ 227y =0
_TLIT;O Tl L®(0,00) [ = V.

1 T+t
fOdt+ — f f(t)dti|.
T Jr

Thus,
Lim g(T 4+ t) = Lim g(7T),
T—o0 T—00

which proves (1.40).
In order to prove the existence of a generalized limit with the property described
in Remark 1.5, one need only replace Gy by G + span go and set Ag(go) = £.
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Appendix B Proofs of Technical Results in Chapter IV

We now present the more technical proofs omitted from the previous sections of this
chapter.

B.1 Equivalence between Invariant Measures and Stationary Statistical
Solutions in Dimension 2 (Proof of Theorem 2.2)

In what follows, we restrict ourselves to the 2-dimensional case. Let w be a prob-
ability measure on H. Assume first that u is invariant for the semigroup {S(#)};>0
on H generated by the 2-dimensional Navier—Stokes equations. From Lemma 2.1, it
follows that w(H \ B,) = 0 for an absorbing set 3, bounded in D(A). On B,, the
function u > |[u||? is bounded and so

/ la)l* du(u) < oo,
H

which is condition (1.29) for u to be a stationary statistical solution. For (1.31), we
proceed as follows. Let0 < E| < E; < oo, andlet E = {ue H; E| < |u| < E}.
Since u is an invariant measure and since, from (1.29), u — v|lu]|?> — (f, u) belongs
to L'(w), we have that

/E{VIIUII2 -, whdu () = /E{VIIS(I)HII2 -, SOw}dum) Vi =0.

This means that the right-hand side of the equality just displayed is constant in ¢, so
it does not change if we integrate in ¢ from O to 7" and divide it by 7. Thus, we find

1 T
/{V||ll||2 — (f, w}dp(u) 7/ f{v||S(t)u||2 — (£, S(Hw)}du(uw) dt
E 0 E

1 T
/ = / WIS@ul® = (f, S(w)} dt du(u),
el Jo
where in the last step we are allowed to use the Fubini theorem (see Theorem A .4),
since the map (¢, u) — S(¢)u is (jointly) continuous and
(t,w) = v[SOul? — (£, S

belongsto L' on [0, T] x H forall T > 0. Then, using the energy equation (I11.A.52),
we obtain

1 [ 1
/{vllull2 —(f,widu) = 5/ ?{Iu|2 —|S(Hu*}du(u) VT > 0.
E E

Since t +— S(f)u is bounded in H, we let T — oo and find, using the Lebesgue
dominated convergence theorem, that actually

f il = (f, w)} dp(u) =0,
E
which implies (1.31).
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Letus now prove (1.30). Let ® be a test functional, ® € 7. Form € N, set ®,,(u) =
®(P,u). Note that &/ (u) = ®'(P,u)P, and that, in fact, d,, isaC ! functional on
H. On the other hand, for any u € D(A), the solution ¢ — S(t)u is C! from [0, 00)
into H. Thus, for u € D(A) we see that t — ®,,(S(t)u) is of class C! with

%@m(S(t)u) = (F(S(H)u), ®/ (S(H)w)) V1 >0, Yue D(A). (B.1)

Since p is invariant, we have

/(F(S(f)u)y @, (S(t)w)) du(u) = /(F(U), ®,,(0)) du ().
Thus,

1 T
/ (F @, &) @) du(w = fo / (F(S()), Dp(S()w) dpe(u) dr

1
sz 7(F(5(:)u),@;n(S(t)u))dtdu(u),

where we have again used Fubini’s theorem in the last step. Then, from (B.1) and the
fact that u(H \ D(A)) = 0 (from Lemma 2.1),

1
f (F(u), &/, (w) du(u) = f @ (S(T)0) — @ () dye(w).

Because ©,, is bounded, letting T — o0 in this equation yields

/ (F(u), @}, (w)) dju(u) = 0.

Then, since ¢, (u) = &'(P,u)P,, we see that

f(PmF(U), ®'(P,w)) du(u) = /(F(ll), P, ®'(P,w) dp(u) = 0.
But P,u — uin V as m — oo for all ve V, so that
(F(u), P, ®'(P,u)) — (F(u), ®'(u)) asm — oo, u-a.e.;

here the convergence p-almost everywhere follows because w(H \V') = 0. Moreover,
since @’ is bounded, the following estimate holds with some positive constant c:

(F(u) P, ®'(P,w)) < c([ull + |lu]®> + |f]),

where the right-hand side is p-integrable.!! Therefore, we can apply (the Lebesgue
dominated convergence) Theorem A.3 to find

/(F(u), ®'(w)) dpu(u) = Tim /(F(ll), Py ®'(Pyw) dju(a) =0,

1" (For the physics-oriented reader.) It is assumed here that we work with the nondimensional
Navier—Stokes equations, in which case all quantities (including u and f) are nondimen-
sional and v is the inverse of the Reynolds number (see (1.8) in Chapter I). Otherwise, some
dimensional constants should appear in front of ||u||> and |f] in the inequality just displayed
and in other places that follow (e.g., (B.13) and thereafter).
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an equality that holds for every test functional ®. This proves (1.30), which completes
the proof that w is a stationary statistical solution.

For the converse, let ;. be a probability measure on H and assume that  is a station-
ary statistical solution. In order to show that p is an invariant measure for {S(#)},>0,
we show first that, for any test functional ® € 7T,

f O (S(t)u) diu(u) = / d)dum) Vr>0. (B.2)

Toward this end, consider for each m € N the Galerkin approximation (see Section 6)
of the Navier—Stokes equation:

du,,
7 = P,F(u,) = P,f — P,B(u,,) — vAu,,,

u,(0)=P,ue P, H,

and denote by S,,(z)u = u,,(¢) its solution operator. Note that S,,(z)u is defined for
all uin H, with §,,(0) = P,,. By taking the inner product in H of the equation for
u,, with u,, itself, one finds an energy equation which reveals that the solution u,,(z)
exists for all ¢ € R, so that {S,,(¢)};cr is a group in P, H. This group property and
the regularity of the solution operator are the main reasons for the adequacy of this
approximation.

The operator u — S,,(t)u, foreacht € R, is also Fréchet differentiable as an opera-
torin H. Denote its differential atu € H by D S,,(¢)u; this is a bounded linear opera-
tor on H. We can also consider the adjoint in H of D S,,(¢)u, denoted (DyS,,(#)u)*
which is also a bounded linear operator on H. We will show that DyS,,(f)u is a
bounded operator from D(A7Y?) into itself, so that its adjoint, (DyS,,(r)w)* is a
bounded operator from V into itself.

Let @ be a given test functional, ® € 7. Since S,,(t)u € V for all + € R and all
u € H, and since ¢ — S,,(¢)u is continuously differentiable from R into H for any
u € H, we see that

%CD(Sm(t)u) = (PuF(Su(w), '(Su(Hhw)) V(t,w)eR x H.

Therefore,
/ O (S(T)) de(w)
_ / (Pyu) dpe(u)

T
+/ /(PmF(Sm(t)u), O'(Sp(Hw)du()dr VT >0. (B.3)
0

Note that @, as a test functional in 7, is continuous on V with respect to the norm
of H; thus, since u(H \V) = 0, it follows that ® is p-integrable. It is therefore
legitimate to integrate with respect to w, as we have done.
Define
D,,(t,u) = O(S,,(Hu) V(r,u)eR x H.
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One can show that, for each r € R, the map u — ®,,(¢, u), u € H, is a test functional
with Fréchet derivative

(@)t W) = (DuSp(Hw)* @'(S,(Hw)  ¥(t,w) eR x H. (B.4)
We want to rewrite (B.3) by showing that

(PuF(Sn)w), @'(Sp(t)w)) = (PuF(Ppw), (Pn),(t,w) V(r,w)eR x H.
(B.5)
In order to prove this identity we first note, using the group property of {S,,(t)},cr in
P, H, that

D, (@, Su(—t)v) = &(S,,,(t) Su(—=t)v) = &(P,v) V(,v)eR x H.
Thus, ®,,(¢, S,(—1)v) is time-independent. On the other hand,
%Qm(ta Sm(_t)v) = (q)m);(t, Sm(_t)v)
- (PmF(Sm(_t)V)’ ((Dm):l(t’ Sm(_t)v)) V(t’ V) € R x H,

where (®,,);(-, -) denotes the derivative of ®,, with respect to the first variable. Since
the function ®,,(¢, S,,(—t)v) is time-independent (as we have just shown), its time
derivative vanishes and we find

((Dm);(tv Sm(_t)v) - (PmF(Sm(_t)V), (CDm):l(l‘, Sm(_t)v)) = 0 V(l, V) € R x H.

For any u € H, we can take v = S,,(f)u € P, H and so, since S,,(—t)v = P,u, we
obtain

(@,);(t, Pyu) — (P F(Pyu), (0,),(1, P,u)) =0 Y(t,u)eR x H.  (B.6)
On the other hand,
d
(cbm);(t’ Pyu) = E®(Sm(t)u) = (P, F(Sn(uw), CD/(S,,,(Z‘)U)),

so that (B.6) leads to (B.5).
Taking (B.5) into account, it follows from (B.3) that

fm&mwmw
=/mmmm®

T
+/ /(PmF(Pmu),(d)m);(t,u))du(u)dt YT >0. (B.7)
0

Because u — ®,,(¢, u) is a test functional in 7 for each ¢ € R, it follows from our
assumption that u is a stationary statistical solution that

/(F(u), (), (t, w)) dpu(u) =0 ViR,

Hence, we can rewrite (B.7) as
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/ D (Su(T)w) dp(u)
= / O (Pyuu) dp(w)

+/0T/[(PmF(Pmu)v (@p)y (7, Puw)) — (F(w), (), (7, )] dpa(u) dr.
Since ®,,(¢, u) = &, (¢, P,u), it is easy to deduce that
(D) (1, 1) = (@) y (2, Pp) = Pp(Dy), (2, Pyu) = Pp(P), (2, u).  (B.8)
Then, using also that (-, P,,-) = (P, -), we have

fCD(Sm(T)U)du(ll)
=/¢(Pmu)dM(U)

T
+ / /(PmF(Pmu) - PmF(ll), (q)m);(ta ll)) d[,l,(ll) dt VYT > 0.
0

Now P, F(P,u) — P,F(u) = P, B(u) — P, B(P,,u); using again (B.8) and the fact
that (-, P,,-) = (P, -), we obtain

/®(Sm(T)u) dp(a)
=/<I>(Pmu)du(u)
+ /OT/(P,,,B(u) — PuB(Pyu), (®,,),(t, ) du(u) dt
:/(I)(Pmu)du(u)

T
+/ /(B(u)—B(Pmu),(d)m){,(t,u))du(u)dt VT > 0. (B.9)
0

The next step is to show that, as m goes to infinity, the time integral term in (B.9)
vanishes and we are left with (B.2).

In the 2-dimensional case, the following inequality holds for the trilinear operator
(see (A.46d) in Chapter II):
1/2 1401 1/2

1/2 1/2

[b(u, v, W)| < cifal = vl[|wl 5wl Va,v,weV (B.10)

for a suitable positive constant ¢;. Hence, using (B.10) and (1.9), we find that
|(B(u) — B(Pyu), (®p),(t, 0))]
= |b(u, u, (D), (t, ) — b(Pyu, Pyu, (D), (¢, w)|
= |b(u — Pyu,u, (0,),(z,w)) + b(P,u,u — Pyu, (), (t, w)]
< 2¢ifu — Pyu] 2 lu — PyulZuf 2 )2 (@), ¢, w)|
+ a1l Ppu 2 Pyu| P a = Pyl = Poull 2 (@,), ¢, )

< deilu— Pyul?u— Pyull a2 a2 (@), w).
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Then, using (1.14),
[(B(w) — B(Pyu), (), (2, w)|

4C]
< gl = Pyulu a2 (@), ¢, )|
Am

461 2 ,
< WIIUII (@), W)l VYV, w)eR x H. (B.1D)

We need now an estimate for ||(®,,),(z, w))||. We have

(D)t w) || = [AY2 (D), (2, W]
= sup (AY3(®,),(t, ), V)

veH,|v|<I

= sup (®,),(t,u), AY?v) (by the density of V in H)
veV,|v|<l

= sup ((DuSn(Hw)*®'(S, (1)), AY2v) (from (B.4))
veV,|v|<l

= sup (D' (S,()u), (DyS,u(t)u)A?v)

veV,|vi<l

= sup (A2Q/(S,(Hu), A7V2(DyS,u(H)u)AV?v)
veV,|v|<l

= sup O (SuOWII(DuSn®)W) AV pa-12).
veV,|v|<l

Thus, since ®'(-) is bounded on V (because ® is a test functional in "), we find that

1/2
I(@m)ut u)l < c2 sup [[(DuSuOWAY?V] pa-2) (B.12)
veV,|v|<l
for some positive constant ¢,. It remains to estimate

sup [[(DuSu(OWAV|pa-zy = sup  [(DuSu(®OWV| pa-12),

veV,v|<l veH,|A~V2y|<1

which is essentially the norm of D, S,,(t)u regarded as an operator from D(A™"?)
into itself. Let then v € H and set

V() = (DuSu(H)w)v,
which solves the equation
d
Evm + VAvm + PmB(Vma um) + PmB(uvam) =0 Vvt ERs Vm(O) =V,
where u,, = u,,(t) = S, (¢)u. Take the inner product in H of the expression just
displayed with Ay, to find
1d

§E|A_l/zvm|2 + l)|Vm|2 = _b(vm, Uy, A_lvm) - b(uma Vins A_Ivm)

= b(va Ailvmv um) + b(llm, Ailvma Vm)-

Since we treat here the 2-dimensional case, the last term can be estimated as
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BV, A7 Vo, W) + (W, A7V, Vi)
< 31Vl AV2A7 Y, V2 A AT, 2, 2y, )
3/2) A—1/2 1/2 1/2 1/2
< 3l AT 29 2 g | 2wy )Y
3
v 4 _
< clval + (—) LA 2V P 1 Pl |12,
2 v
with suitable constants ¢3 and c4. Hence,
d _
—AT v, 2 < es|AT2 VP P llu )

dt
for a constant cs depending on v. Integrating this inequality, we find

t
AT 2y, () < |A1/2vm<0)|2exp(cs f |um(s)|2||um(s)||2ds) vt > 0.
0

Similarly to (IT.A.41) and (II.A.40), using that |u,,(0)| = | P,u| < |u] yields12

[w,()* < luf* + il (B.13)
- vzkzl
and
' > ik
Vf lw,()|°ds < |u]* + —1.
0 VAY
Thus,

A2 v, (1)1 < |[A72v,,(0)* exp(c7(1 + [u)(t + [u]?) Vi >0

for a constant ¢; depending on v, |f|, and X,. Since the support of u is bounded in
H (see Theorem 4.1), we find

IATY2(DySp(Owv|> < |A72v > exp(cg(14+1)) Vi >0, Yuesupppu,
for another positive constant cg. Then,

sup  [[(DuSu(OWAV|pa-vzy = sup  |JAT/2(DySu(H)u)v]
veV,|v|<l veH,|A~/2v|<l

< e v >0, Yuesupp u.
Hence, from (B.12),

/ cg(1+1)
m ’ i - ’ .
(D)o (t, W) < cre vVt >0, Yuesuppu

From (B.11) we now have

4C]

cg(14+1)
1/4
M

[(B(a) — B(Pyu), (D), (1, w)| < lul*cse VteR, Yu€supppu.

This inequality holds for all u in supp u, so it holds for u p-almost everywhere in H.
Therefore,

12 See footnote 11.
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T
| 15~ sepaw. @0 ducu a
0

4C1 Cco cr
= )\1/4 /” Il dﬂ(u)f s+ gy = )»1/4

for some constant (with respect to m) cr depending also on 7, where at the last step
we used (1.29). We may let m go to infinity to deduce from (B.9) and the above that

/ DS, (THu) du(a) — / ®(P,u)du(u) — 0 asm — o0 (B.14)

for every T > 0. On the other hand, the support of i is bounded and so, from (B.13),
S,n(T)u is uniformly bounded in H for u € supp u and m € N. Moreover, P is
bounded on bounded sets; thus ®(S,,(T)u) is uniformly bounded for m € H and for
u, p-almost everywhere on H. Hence, we can use that S,,(T)u — S(T)u for all u
in H as m goes to infinity; using then the Lebesgue dominated convergence theorem,
we obtain

/CD(Sm(T)u)du(u) — /CD(S(T)u)du(u) asm — 00 (B.15)

forall T > 0. Similarly,

/(D(Pmu)d,u(u) — /dD(u)dy,(u) asm — 00 (B.16)

for all T > 0. From (B.14), (B.15), and (B.16), we find

/@(S(T)u)dpb(u) = /@(u)du(u) vT > 0,

thus proving (B.2).

Finally, one can show that the test functionals of 7 are dense in the space of con-
tinuous functionals on H, which in turn is dense in L'(1). Hence, we can take ® in
(B.2) to be the characteristic function of any given measurable set E in H. Doing so,
we find that £ (S(7)'E) = w(E) for any 7 > 0. Therefore, the stationary statistical
solution p is an invariant measure for the 2-dimensional Navier—Stokes equations.

B.2 Time-Average Measures Are Stationary Statistical Solutions
in Dimension 3 (Proof of Theorem 3.1)

Let us now consider the 3-dimensional case. Let i be a time-average measure of
a weak solution u = u(#) on [0, 00), and let uy = u(0). Thus w is a probability
measure; in order to show that p is a stationary statistical solution, we need to prove
properties (1.29), (1.30), and (1.31). Property (1.29) was proved in Section 3, so we
start by proving (1.30).
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Let ® be a test functional in 7. One would like to show that

1 T
/‘(F(ll), ®'(w)) du(u) = L ?/0 (FQu(r)), ®'(u(r))) dt

T

| (T d
=L — [ Sowme)dr
Ty @ PO

1
= Lim —{®u(r)) — ®u(0))}
T—ooo T
=0,

but the problem is that u — ®’(u) and u — F(u) are not sufficiently regular, so
that the function u — (F(u), ®’(u)) is not necessarily weakly continuous on H; this
prevents us from proving the first step. Moreover, ¢ — ®(u(z)) is not sufficiently
regular, as well, which prevents us from proving the second step.

Our strategy is thus to approximate & and F by functions with the appropriate reg-
ularity. For m € N, set ®,,(u) = ®(P,u), and for k € N define F;.: V — V' by

Fi(u) =f —vAu — B(Pyu) VueV.
We have the following estimate:

|(F(u), @,,(0) — (Fi(u), ®;, ()|
= |b(u,u, @, (u)) — b(Pru, Pyu, @, (u))|
= |b(u — Pyu,u, @ (0)) + b(Pru,u — Pyu, &) (w))]

m

< 2¢illullju — Peul|AY*®) (w)]

-1/2
< 2cil[u X 71T — Poul|AY4P, ' (Pu) |

—1/2
< 2e 0 P4 @ (P |

for a suitable constant ¢; > 0. Since ®’ is bounded, we find

—1/2

|(F(u), ®,,()) — (Fc(), @, )| < c2x i Al YueV (B.17)

m

for another suitable constant ¢, > 0.
Assume for the moment that ¢ — ®,,(u(¢)) is absolutely continuous for ¢ on any
compact inverval of [0, co) with

%Cbm(u(t)) = (F(u()), ®,,(u(r))) a.e.ton [0, 00). (B.18)

Then,

VT >0
(B.19)

] T
‘7 / (F(u(t)), ®,,(u(1))) dt
0

_ | Pn(T) = Ppu@O) | _ 3
o T -7
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for some suitable constant ¢z > 0, since ® (and hence ®,,) is bounded on bounded
subsets of H and since u = u(¢), r > 0, is bounded in H. Letting T — oo in (B.19),
we find that

T
lim % / (F(u(r)), @}, (u(r))) dt = 0. (B.20)
0

T—00
From (B.17), we have

1 T
‘7 / (Fe(u(t), ¥/, (u(r)) dr
0

< —

T
| (Fu@®), @, @@))) = (Fx(u@)), @,,u(r)))dr

1 T
+ ‘; / (Fu(n)), @;,(u(r))) dr
0

1 T
f (F(u(r)), ), (1)) dt|.

But from the estimate (I1.A.40) we may deduce that

< can At = [ lu()|® dt + | —

—/ lu(®)|* dr < —IUOI +—|f|
Thus, using also (B.20), we find

_ c
lim sup <Ak¥12)\1/4 3 |f|2

T—o0

1 T
?/ (Fe(u(r)), @, (u(r))) dr
0

Hence, properties (1.35) and (1.37) of the generalized limit unply that

< WV S g2 (B.21)

17 /
Liv - i (Fe(u(n), @), (u())) dr| < 3, vy

T—o0

Now, since u — (Fy(u), ¢/ (u)) belongs to C(H,,), it follows from the definition
of the time-average measures in dimension 3 that

1 T
[ . o) dw) = Lin 2 [ (B, @) ) a

Hence, from (B.21),

_ Cc
1/2)»1/4 3

2
ey If)2. (B.22)

‘/(Fk(u), @, (w) du(n)| <

Using again (B.17) and also (1.29), we obtain

/(F(u), ®,,(w) du(u)| <

/(Fk(“)» @) (u)) dp(u)

+ '/(F(u), @, () — (F(w), @,,(w)) du(u)

-1/2 C3 ~1/2
< hihn S P ean i / il dyau)

<c )\k‘/le/“
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for another constant ¢4 > 0. Now let k — o0 to find that

/(F(u)a @, (w) dj(w) =0

or, plainly,
/(F(u), P, ®'(P,u))du(u) =0 for any test functional ® € 7. (B.23)

Since P,u — uin V as m — 00, we have
(Fw), P, ®'(Pw) — (F(u), ®'(w))
for w-almost every u (since w(H \ V) = 0). Moreover, since ®' is bounded in V,
(F(), P, ®'(P,w)) < cs(l|ull + [[ul* + [f])

for a suitable constant ¢s > 0. Since the RHS of this inequality is integrable, we can
apply the Lebesgue dominated convergence theorem to (B.23) to find

/(F(U), ®'(w)) dp(w) = lim f(F(u), P, @'(P,u)) dju(u) =0,

which is (1.30).

It remains to prove (B.18). Let I C [0, oo) be a bounded interval and let {[s;, #;1} ;
be an arbitrary finite collection of nonoverlapping subintervals of /. Note that ®,, is
of class C! in H, so we can apply the mean value theorem to find that

> 1 @wu(t) — Buuls) =Y |(D;,@Gu() + (1= )uls)), ut;) — u(s;))
' i

J

’

where 0 < 6; < 1. Since &/ is bounded in V, we find

D I®unu()) — Pp(uls))| < 6 Y llult) —uls)llv
- 4

J
I
<cey. / ha'(2) |y de (B.24)
jo

for some constant ¢g > 0. Butu’ € L(I; V') (see (1.11)), so we may conclude from
(B.24) that, for any given ¢ > 0, there exists a § > 0 such that, if

> I — sl <8,

J
then

D 1 @nu(t) — Buus;)| < &,
J

which means that ®,, is absolutely continuous on /. Now, using again the mean value
theorem, for 0 <t <t + h we have

Ol 1) = n0O) _ Ly 46 1 gy, -+ ) - )

1 t+h
= E/ (F(u(r)), ®,,(u(t + 6h))) dt
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for some 8, 0 < 0 < 1. Hence,

Puw(u(t + h)) — Pu(u())
h

1 t+h
== / (F(u(r), @}, (u(r))) dr

t+h
+ %/ (F(u(r)), @, (u(t + 0h)) — @, (u(r)))dr.  (B.25)

Because @/ is bounded and F(u()) belongs to L} (0, 0o; V'), we have that

© —~ (Fu(r)), @, u()))
1

belongs to L. (0, o). Thus, for every Lebesgue point of this function (see Theo-
rem A.5), that is, fora.e. t > 0,

1 t+h
}lli_r>r(1) 7 / (F(u(r)), CI>,’ﬂ(u(r))) dt = (F(u(t)), @;n(u(t))). (B.26)
Moreover,

1 t+h
E/ (F(u(r)), ®,,(u(t + 6h)) — @, (u(7))) dr

1 t+h
< sup [|[Py(u(r+60h)) — (Dm(u(T))”Z/ IF()lly dr. (B.27)

0<t<h

Since T — F(u(t)) belongs to L'IOC(O, oo; V'), it follows that, for every Lebesgue

point of this function — that is, for a.e. r > 0 — we have

1 t+h
Z/ IFu()llv dt — [[Fu@)lly ash — 0.

On the other hand, by the continuity of ®,, on V' and the continuity of u(-) in V’,
sup ||<Dm(u(t +0h)) - (Dm(u(f))” -0 vz = 0

0<t<h

as h goes to zero. Thus, (B.27) gives
1 t+h
}lzin}) " / (F(u(r)), CD,’n(u(t—i-Qh))—CD,'n(u(r))) dt =0 for a.e.t>0. (B.28)
g '

Using now (B.26) and (B.28), we deduce from (B.25) that

lim Cnlult + h)z — Pu@®) _ (F(u(t)), ®,,(1)) for ae.t>0,

which proves (B.18). This completes the proof of (1.30).
It remains to prove property (1.31). For that purpose we show that

/,o’(|u|2)[u||u||2 — (f,w]du) <0 (B.29)
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for any p € C2([0, o), R) such that

p'(s)>0 forall s >0 (B.30)
and
sug{|p(s)| +1p" ()]} < 0. (B.31)

Then, (1.31) follows from (B.29) if we approximate the step functions by functions
of the form required for p in (B.30) and (B.31). The difficulty in proving (B.29) is
that the functions ¢ +— u(z), u — |u|, and u + ||u|| are not sufficiently regular, so
we cannot show that

/ o' (luPlul? - (f, wldu(u)

1 T
= L — / o' (lu@® P lu@)* — (f, u())ldt
— 00 0

< L o ta (u(®)?) dt
- T T Jy dtp

1
==L —[pu(T)) = p(u(O)]
=0.

Hence, as before, we approximate |u| and |lu|| by (respectively) | Pyu| and || P,ull,
k, m € N; the passages involving 3,0 (lu(®)]?) require more care.

Let then p € C2([0, 00), R) satisfy (B.30) and (B.31). Let I C [0, c0) be the
“good” set for the energy inequality (I1.7.5). Fix T > 0 for the moment, and for each
jeNletl; eNand {t,};, be such that

O=to<tin<---<tjy =T,
Witht_/"1€l()f0rl=1,...,lj—1, and

lim max l(tj,z+| —t1)=0. (B.32)

j—oo I=0,..., j
Then, since p is of class CZ,

p(u(T)*) — p(lugl?)
-1

=Y ()1 = p(lul D]

=0
1i—1

=Y P/ @ralu ) + (=6 Dl ) DI = )R,
=0

with 6;; such that 0 < 6;; <1for{=0,...,[; —1, jeN.
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Using (I1.7.5) and (B.30) we deduce that

p(u(T)*) — p(lugl?)
-1

<Y P/ Gilul ) + (A =6 D)) / T 20 ) — vl P dr
1=0 4,1
T
= /0 2[(F, u(®)) — viu@®I*1p (lu@)|?) dt

l.f_l 1 1+1
-y / 20(F, u()) — viu®|?]
1=0 “U!

(o' (@) *) — '@ 1lultj 140> + (1 =6, Dlu; NP} dt.
Hence,

T
p((T)*) — p(lupl?) =2 / o (lu@®)I(E, u@)) — viu@)|*1dt

0

T
- 2/ [(£,u@®) —vlu@®)|*18;(1)dr,  (B.33)
0

where
-1
Bi =D Xy o0 (@) = 'O 110ty 10 + (1= 6; ) u; ) P)):
=0

here xs = xs(t) denotes the characteristic function of a set S.

From (I1.7.23), the function ¢ — |u(?)| is continuous from the right at any point
in Ip. From the energy inequality (I1.7.5) we also have, for any ¢t > 0 and any se-
quence {#;}; converging to ¢ from the left with each ¢; € I, that |u(t.,-)|2 — |u@®)|?.
Since p’ is continuous, we therefore deduce, taking (B.32) into account, that

Bi(t) > 0 asj— 0 forall t€[0,7). (B.34)

Moreover, since u = u(t) is bounded in H, we see that ¢ — p’(lu(?)|?) belongs to
L*°(0, 0co0) and that

PO lu )P + (A= 6; Dlu( )
is bounded uniformly in j and k. Hence, 8; € L*>°(0, oo) with
IBjll 2¢(0,00) bounded uniformly in j. (B.35)

Then, from (B.34), (B.35), and the fact that ¢ > (¢, u(t)) — v[u(z)||> belongs to
L'(0, T), we can infer from Theorem A.3 that

T
lim [ 2[(F, u(®)) — vllu@)|*18;(t) dt = 0;

j— Jo

hence, from (B.33) we find
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T
p(Iu(T)*) — p(jugl®) <2 / [(F,u(®)) — viu@®)*1p'(Ju@)[dt VT > 0.
0

Then, since p is bounded,

1 T
liminf — | 2[(F, u@®) = vlju®|*1p'(u)|*) dt
—00 0
2y 2
> limint p(lu(D)| )T pUwol) _ o (536

Since p’ is nonnegative and since || P u|| < ||u|| for every u € V and every m € N,
we obtain from (B.36) that
T

lim inf % | 2(E ) - vl Ppu() 110" (lu()]*) dr = 0. (B.37)
Since p” is assumed to be bounded, for k € N we have
lp'(la@®)]?) = p'(|Pea(®)]?) < 1] [u@)|* — [Peu) |
= c1(u(®) + Peu(t), u(t) — Peu(r))
< cilu®) + Pru@®)||u(?) — Pru(?)|
< 2cilu(®)|[u() — Peu(t)|

for some constant ¢; > 0. Because u = u(¢) is bounded in H and belongs to V for
almost every ¢ > 0, using (1.14) we find that

10" (@) ?) = p'(|Pru(®)?) < ealu(r) — Peu()] < e22;*u(e) — Pruo)|
< e Plu@)| for ae.r>0 (B.38)

for some other constant ¢, > 0. Using (B.38) and (1.15), we now obtain

2 T
’7/ o' (lu@®)*) = p'(|Pea(@)HUE, u(t)) — v Py} dt
0

T
2
Al/z / la@®)|I{If]lu@)]| + V)\m|u(l)|2}dt
oL+ Apm)
= )»1/2T / a()||? dt,
but from the energy inequality (I1.7.5) we have

1/Tu OPdi < —JuoP + ——|fP
T Jo =ur° V2

(see (3.4)). Therefore, since u = u(t) is bounded in H, we end up with

2 T
‘7 /O [o'(lu®)®) — p'(|Pra)HUE, u(r)) — vl Pyu()|*} dt

14 o

< CSF (B.39)
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for a suitable constant ¢3 > 0. From (B.37) and (B.39), we deduce that

1 T
lim inf — / 2[(F, u(®)) — vl Pru®)|*1p'(| Pyu()|?) dt
—> 00 0

14+ ho

77 VT > 0. (BAO)
k

—c3

Now, the function
u > 20/ (|1PuP[(f, w) — v|| Pyull’]

belongs to C(H,,) and p is a time-average measure; thus, from (3.1) — and using (1.37)
and (B.40) — we infer that

/ 20(| Peu)[(F, w) — v Pyul2] die(w)

T—o0

1 T
= Lim T 20'(|Pea@®)P)[(F, u(r)) — v Pyu)|*1dr
0

T
> liTminf% 20" (1P (S, (@) = v]| Puu(0)||*1dt
— 00 0

1+ A,
T
Letting k — oo and using the Lebesgue dominated convergence theorem, we deduce
that

2 f o' (luH[(E, w) — v| Pyul*ldua) > 0.

By the Lebesgue dominated convergence theorem once again, we find (as m — 00)
that the inequality (B.29) holds for every p € C 2(10, 00), R) satisfying (B.30) and
(B.31). Then, as mentioned earlier, we may easily deduce (1.31) from (B.29). This
completes the proof of Theorem 3.1.

B.3 Proof of Proposition 3.2

The proof of this proposition is simple. We approximate ¢ by the map u — ¢(P,,u),
where P, is the Galerkin projector associated with the first m eigenvalues of the
Stokes operator. This map is weakly continuous in H, so it follows from (3.1) that

T
LIM% o(Pout)) dt = / o(Pou) dyu(u). (B.A1)
H

T—o0 0

We now take the limit m — oo in both sides of (B.41). For the term on the right-
hand side, we note from the proof of Proposition 3.1 that w is carried by Kj; that is,
w(H \ Ko) = 0. Then, since |P,u| < |u| for any u in H, it follows that ¢ (P,,u)
is bounded p-almost everywhere, uniformly in m. Moreover, since P,u — u as m
goes to infinity, it also follows that ¢ (P,,u) converges to ¢(u) as m goes to infinity.
Therefore, using again Theorem A.3 yields that
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/w(Pmu)du(u)ﬁfw(u)du(u)
H H

as m goes to infinity.

For the LHS term of (B.41), we use the assumption that ¢ is Lipschitz continuous
in Ky, the estimate (3.4) on the time average of lu(?)||, and the properties of the
Galerkin approximation. We find

1 [T 17
7[ lpu(®)) — ¢ (Puu(n)|dt < L?/ lu(®) — e(Puu(r))| de
0 0

<L 1/Tn Ol dt < —
<757 [ I <1z
AlrleT o )\1412

for some constant ¢ that is independent of 7 and m. Take the generalized limit to
obtain

< c
— )\1’{12'

1 (7 1 (7
TL—IMOT/O ¢(U(I))dt—TLlhg07/() @(Pyu(r)) dt

Let m — oo to conclude the proof.

B.4 Average Transfer of Energy

We prove here the results that were stated without proof and used in Section 5 —

namely, (5.22), (5.26), and (5.35). We give the details of the proof for (5.22). The

proofs of (5.26) and (5.35) are similar (see the discussion at the end of this section).
From (5.14) we obtain the inequality

T T
O L [ B < tq [ eweod B4
0 0

e(z(0))

T T T T
Because y contains only a finite number of modes, we obtain the following bound
(using (I1.A.34) and (I1.A.26)):

qDy(Z) = _b(Ya y, Z) + b(z5 z, y)
= —b(y,y,2) — b(z,y,2) < Cylyllz]* < Cplul’, (B.43)

where C,, depends on ,, = k2, which is the square of the frequency of the high-

est mode of y. Since |u(z)| is uniformly bounded in time (see e.g. (I11.7.24)), we are
allowed to take the generalized limit in (B.42) and so we find

1 [T 1 [T
vTL_I)h;IOT/O E@z@))dt < TLingon() Oy (z(2)) dt. (B.44)

As we did in (B.43), one can check that ®(z) satisfies the Lipschitz condition of
Proposition 3.2. Thus, we obtain

1 T
Liv - 0 Dy (2(1)) dt = (By(2)).

T—o0
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It follows then from (B.44) that

T
v Lim lf E@(t))dr < (CDy(Z)>. (B.45)
T—oo T Jy

Now, choose n > m and consider the Galerkin projector P, and its complement Q, =
I — P,. We have E(z) > E(P,z). Thus,
T 1 T
LM — E(z(t))dt > Lim — E(P,z(t))dt.
L - [ Eoyar= o 7 [ )
Moreover, since E(P,z) is continous in H,,, we find from (5.21) that

T
LM % E(P,z(1))dt = (E(P,2)).

T—o00 0

Therefore, (B.45) implies
WE(P,2)) < (Dy(2)).

Since E(P,z) converges monotonically to E(z) as n goes to infinity, it follows from
the monotone convergence theorem (see Theorem A.2) that

lim (E(P,z)) = lim / E(P,z)udu(u) = / E(z)udu(u) = (E(z)).
n—00 n—00 H H
Hence, taking the (usual) limit as n goes to infinity in the relation (B.46), we find

V(E(z)) < (Py(2)),

which completes the proof of (5.22).

As mentioned in the beginning of this section, the proofs of (5.26) and (5.35) are
similar; the only noticeable difference is that we obtain an equality instead of an in-
equality. This is due to two facts: first, that we start respectively from the equations
(5.25) and (5.32) (instead of the inequality (5.14)); second, that E(z) is replaced re-
spectively by E(y) and E(w), which are continuous in H,, — in which case we can
apply (5.21) directly.

Appendix C A Mathematical Complement: The Accretivity
Property in Dimension 3

For any setw C H let X, w (¢ > 0) denote the set of all points u(z) such thatu = u(-)
is a weak solution on [0, co) with initial condition u(0) € w. In the 2-dimensional
case this set is exactly w(t) = S(#)w. In both the 2- and 3-dimensional cases, the
following result holds.

Lemma C.1 If w is a Borel measurable set in H then, for any t > 0, the set ¥, is
measurable with respect to the Lebesgue extension of any Borel probability measure
in H.

The proof of this lemma is left to Section C.3. With this lemma in mind, we can make
the following definition.
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Definition C.1 A probability measure p on H is called accretive if
n(Eiw) = plw) V=0

for every measurable subset w C H.

For any set w C H we have
YnZhw C Xyt Vi, t >0,
so it follows that if 1 is accretive then
w(Eiw) = p(Ei—sps0) = (X E0(s)) = n(X)

forall 0 < s < r and all measurable subsets w C H, which means that the function ¢ €
[0, o0) = (X, w) is nondecreasing. Our aim is now twofold. In the 2-dimensional
case we want to prove a property stronger than accretivity — namely, that any invari-
ant measure u is such that u(2,w) = p(w) forall # > 0 and for every measurable set
w in H. In the 3-dimensional case, we want to show that any time-average measure
is accretive.

C.1 The 2-Dimensional Case: A Stronger Result

In the 2-dimensional case, the following result, stronger than accretivity, follows from
the injectivity of the assoc